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STABILITY OF OSCILLATING BOUNDARY LAYERS
IN ROTATING FLUIDS

BY NADER MASMOUDI AnND FrEDERIC ROUSSET

ABSTRACT. — We prove the linear and non-linear stability of oscillating Ekman boundary layers
for rotating fluids in the so-called ill-prepared case under a spectral hypothesis. Here, we deal with the
case where the viscosity and the Rossby number are both equal to €. This study generalizes the study
of [23] where a smallness condition was imposed and the study of [26] where the well-prepared case was
treated.

RESUME. — On prouve la stabilité linéaire et non-linéaire de couches limites oscillantes de type
Ekman pour les fluides tournant dans le cas de données mal préparées sous une hypothése spectrale.
On s’intéresse au cas ou la viscosité et le nombre de Rossby sont du méme ordre e. Cette étude généra-
lise celle de [23] ou une condition de petitesse était imposée et celle de [26] ot les données bien préparées
étaient traitées.

1. Introduction

We consider the following system describing the evolution of a rotating fluid in a rectan-
gular domain

e X uf

v
Opuf +uf - Vut + +?p—5Au£:0,

V-us =0

(M

forz = (y,2) € Q = T2 x (0,1) with the Dirichlet boundary condition

) W =0
and the initial condition
3) u?t:o =u0.

Here T2 is the periodic torus with periods a; and ag, namely, T2 = R?/(a;Z X a3Z) and
a1, az > 0. Moreover, e = ez is the vertical unit vector and ”T“ is the Coriolis force.
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956 N. MASMOUDI AND F. ROUSSET

This system describes the motion of a rotating fluid as the Ekman and Rossby numbers
go to zero (see Pedlovsky [25], and Greenspan [14]). It can model the dynamics of the ocean
or the atmosphere far from the equator or a rotating fluid in a container. Note that, here, we
take the horizontal viscosity and the vertical viscosity to be equal. We point out that in many
previous works the horizontal viscosity was supposed constant whereas the vertical viscosity
v goes to 0 (see for instance [17]) or in some other cases, the vertical viscosity was supposed
much smaller than the horizontal viscosity. This anisotropy has the advantage of making the
boundary layers more stable.

In this paper, we look at the case where the vertical and the horizontal viscosities are equal.
We study the convergence of solutions to (1) towards a solution of the limit system (9) defined
below once the time oscillations are filtered out.

We recall that this system and related ones were studied by several authors. In the “well-
prepared” case in domains with boundary, like €2, we refer to Colin, Fabrie [5], Grenier, Mas-
moudi [17], Masmoudi [22]. For general initial data, and for the periodic case, we refer to
Grenier [15], Embid and Majda [9], Babin, Mahalov and Nicolaenko [2, 1], Gallagher [12]
or in particular cases where there is no boundary layer, or where the boundary layer can be
eliminated by symmetry (Beale and Bourgeois [3]). These results rely on the introduction of
a group to filter the oscillations in time, a method which was previously used by Schochet
[30] to investigate related problems in the torus concerning the compressible-incompressible
limit.

In [23], the “group method” was extended to the case of domains with boundary, by solv-
ing a superposition of an infinite number of boundary layers. These layers create an extra
term in the limit equation. In [23], the stability of these boundary layers was proved in the
case where the horizontal viscosity goes to zero slower than the Rossby number (or in the
small data case). In this paper, we would like to give a spectral assumption (which we think
is optimal) and which yields the stability of such boundary layers.

In the well prepared case, a similar spectral assumption was used to prove the stability
of the boundary layer [26]. This spectral assumption is optimal since the instability of the
boundary layer was proved in [7] if the spectral assumption does not hold.

In the following sections, we recall the main properties of the approximate solution of (1)
constructed in [23] (see also [4]), in particular, we recall the properties of the limit system,
of the boundary layers and the assumptions on the torus which are needed. Next, we shall
give our main assumption on the spectral stability of the boundary layers and state our main
result.
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STABILITY OF BOUNDARY LAYERS 957

1.1. Properties of the approximate solution

To state our main result, we first recall the main properties of the approximate solution
u?PP of (1) constructed in [23]. In particular, u®PP describes the formal limit of (1) and the
boundary layers. The details of the construction will be recalled later. The approximate so-
lution is under the form

t z 1—=z

. t
(4) uapp = umt (gutyx) +ub (gy g7 T7t7y> +u’r, T = (y,Z) € Ti X (07 ]-)

where the remainder term " satisfies u” = O(¢) (a precise statement will be given later). The
interior term u'™* can be expressed as

u™ (71, t, ) = L(T)w™ (¢, )
where £(7) = ™Y, Lu = —P(e x u) and PP is the Leray projector on divergence-free vector
fields with zero normal component in . We denote Z = 21 Zx 217,x 287, 72 = 217,% 217,
and we denote elements of Z3 by k = (k, k3) € Z3 with k € Z2 = 277 x 227, We have an
expansion

(5) w(t,z) = Y bt k)M (2),
kez3
so that
(6) u™ (7, t, ) = L(T)(w™ (t,2) = Y b(t, k)eVMF ()BT
kez3

and w'™ solves the limit system (9). Note that N k= ekvfF is an eigenvector of L. We
assume that the initial data is chosen such that b(0, (0, k3)) = 0 for every k3 i.e. we exclude
initial values with modes which depend only on z. We shall also assume that the torus is non
resonant in the sense of [2] to insure that the condition b(, (0, k3)) = 0 for every k3 remains
true for positive times (see below for a precise definition).

We can express the dominant boundary layer term u? as

ub(r, 2,2 t,y) = u"0(1, Z, t,y) + u (1, Z', t,y)
where

1ti R+ 1—i k,—

1 - . _— -
ub’a(T» Z,ty) = 3 Z b(t, k)e’k'ww‘(k)‘f(_l)ﬂks (thre e + R m T Z>
k

for o =0, 1, with

nFE =1+ Ak), BPE = MF0) Fie x MF(0).
Note that since terms under the form (0, k3) are excluded in the above sum, we have n*= > 0
and hence, we have a superposition of terms which are small far from the boundary. Never-
theless, the rate of decay, n**, goes to zero when I%I tends to £1.
In view of the above definition of the boundary layers, we introduce the operators

1 /T = _1+4i K, = _1—i k,—
B(1,2)q = —3 > g BT (—1)7k (h’”e VAU AP il Z)
k

for any sequence ¢ = (g5)fezs S0 that if ¢ is taken under the form gz = b(t, k)e’* ¥, we have
B (1,y,2)q = ub? (1, Z,t,y).
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In a similar way, we also define

L) =Y M (o) o =0, 1.
R

Again, note that if ¢ is taken such that gz = b(t, k)e?*¥, then we have L7 (7)q = w(t,y, o).

We shall allways assume that the initial data is sufficiently smooth and vanishes at a suf-
ficient order at z = 0, z = 1 in order that b(t, k) decay to zero sufficiently fast. In particular,
we assume that

(7) [|w®

Ve = Y [b(0,k)]*|k]* < oo forsome s bigenough.

kez?
This yields that w(t) € V3, for 0 <t < T* where T is the life span of a smooth solution
of the limit system (9). Hence, by using that s > % + 2, we have since

1 )2 k| 2|k/? ’
(72) < mro = g <2
n k| — |ks] ki + k3

that

SR+ () + () ) <o
E K 7

to finally obtain the important property
+oo
(8) sup/ ‘8ZB”(T,Z)(w(t,y,J))‘(1+|Z|+|Z2|)dZ<+oo, c=0,1
y Jo

which insures that the boundary layers are sufficiently localized in the vicinity of the
boundary.

1.2. The limit system
We denote by w'™t = > kezs b(t, k)N* the solution in L>(0, T*; Viym) of the following
system
8twint 4 @(wint, wint) + ?(wint) — _vp in Q,

V-w™=0 inQ,
)

w™.n=+w3 =0 ondQ,
w™(t =0) = w?,
where T* is the time of existence of the smooth solution w'™ of (9) and Q (w'™, w'™), S(w'™?)
are respectively a bilinear and a linear operator of w'™®.
The bilinear operator is given by
(10) Q™ w™) = > b(t,Db(t,m)ap, N (X).
_EEZ.X?(LLL,Eﬁ) ~
ADHAmI=A(R)

The numbers ag,,;, are constants and the set A(l,m) = {l +m, Sl +m, |+ Sm, SI+ Sm}
with the notation

S(ly,12,13) = (I1, 1o, —13)
is the set of possible resonances.
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The linear operator is defined by
S(w'™) = (D(E) +iI(R)b(t, k)N (X)
k

where
D) =v2{(1 - AR}, I(k)=V2{AE)1-AE)?E}.

Note that S(w'™) is a damping term, since D(k) > 0, that depends on the frequencies A(k).

1.3. Non resonance assumption on the torus

In the case of a non resonant torus (see [2] for the definition), the quadratic term Q(w, w)
only includes trivial resonances, namely the resonances only take place with the 2d non os-
cillating geostrophic part:

(11) {(I_C,l_,m) |]_€€A(I_,TT’L)} C {(]_C,l_,’n_’L) |k‘3m3l3:O}

which yields in particular the global existence of strong solutions to the limit system. We also
know in that case that for k € A(l,7m), and A\(I) + A(mm) — A(k) # 0
1 _
12 . — < C(|I|* + |m|®
(12 ST =g < OO+ bl
for some d > 4. We recall that for almost all choices of a; and az, the torus T2 is non resonant

(see [2]).

Besides, if at ¢ = 0, we have

/ w® dzdy = 0,
x7y

we see that this holds for any ¢. Indeed, in the non resonant case there are only trivial
resonances, namely with the slow modes (the geostrophic modes) (k1, k2, 0). Notice then
that the modes (k1, k2,0), and (—k;, —k2, k3) do not create a resonance with (0, 0, k3), since
(k1,k2) # (0,0), and then |A(—k1, —ko, k3)| < 1. Hence we get that for all ¢ the modes such
that A(k) = +1 are absent. This is a crucial fact in our analysis since the boundary layers
for the modes A(k) = +1 behave like the boundary layers in the vanishing viscosity limit of
the Navier-Stokes equation without the fast rotation (these layers are of Prandtl-type). For
such a case, the stability of the boundary layer is known if the horizontal viscosity is much
bigger than the vertical one (see [22]), in other cases instability is more expected [16] except
in dimension 1 [27] or for analytic data [29].

1.4. Stability assumption on the boundary layer profiles

The main difficulty in the convergence proof is to get an estimate for (1) linearized about
the approximate solution u®PP: we study

(13) 8tv+uapp~Vv+v-Vuapp—€Av+Vp+ezv =0, zeT2x(0,1)

with the boundary condition (2) and the initial condition v,,—y = vo(z). We would like to
prove an estimate like

lo(D)I* < el
for some norm || - || with v > 0 independent of €. Even in the well-prepared case such an
estimate is not always true, it depends on a spectral stability property of the boundary layer
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960 N. MASMOUDI AND F. ROUSSET

profiles. If the boundary layer profiles are spectrally stable, this estimate can be proven as well
as nonlinear stability, [26]. Whereas if they are unstable, we can only get an estimate with
7 of the order of e~! and in this case nonlinear instability can be proven [7]. The spectral
stability depends on the amplitude of the boundary layer, numerically, one can prove that
boundary layers with too large amplitude are unstable [21]. The aim of the next subsection
is to formulate a stability assumption on the boundary layer profiles which generalize the
spectral stability assumption of the well-prepared case formulated in [26].

We start by freezing the slow variables ¢ = t° and y = 3/° in the coefficients of the approx-
imate solution. Let us set ¢ = ¢(t°,3°) = (b(¢°, E)eik'yo)gezg. We want to study the stability
property of the equations

Vv exXv
Ve

o+ (£ (2)g+B (g,g)q)~Vv+v-V(£ (2)g+B (E,E)q)—}— eAv =0,

3

Let us define for each sequence g = (gj)zezs the oscillating boundary layer profile V(7, Z, )
as

VT, Z,q) = L7(T)q + B (7, Z)q,

we can take the Fourier transform in y and set Z = z/¢ and 7 = ¢/e to get the family of
one-dimensional problems

ek ek
Orw+V(r,Z,q) - (Z; >w+w- (Z; )V"(T,Z,q)

zZ zZ

ik
+ (; )p+exw+62|k|2w—8zzw20,
z

iek - wp + 0zw3z =0
which is now set for Z € (0, +00) with the boundary condition
(14) w(r,ek,0) = 0.

We recall here that we use the notation k = (k, k3) where k € Z2. Finally, we can set £ = ¢k
and use for £ # 0 the Leray projection P (£) in the half-space which is recalled in section 19
to rewrite the equation as

(15) Orw =P (§LS (&, 9w, i§-wp + 0zwz =0

where L9 (7, €, ) is defined as

(16) Li(ﬂfa Q)w = _VU(T7 Za Q) Zg w—w- 26 Va(Ta Z7 q)_e X w_|§|2w+aZZw-
Oz 0z

The non-autonomous operator P L7 (7,&,q) generates a strongly continuous family of
evolution operators in the sense of [20], Chapter 7, S.(1, 7, £, q) on He = {w € L?(0,400),
i€ - wp + Ozwz = 0}. As usual, the main property of ST (7,7',§,q) is that 7 +—
ST (1, 7', €, q)wo is the unique solution of (15) for 7 > 7’ with value wg for 7 = 7',

Let us fix s > 1 such that (8) holds when we replace w(t,y,0) by L7(T)g. A set K C
V3o (Q2) or more precisely in {g | Y gezs [k1**°]gz|* < oo} (using the identification between

sym
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STABILITY OF BOUNDARY LAYERS 961

the function and its Fourier coefficients) will be called a uniform stability set if for every r, R,
0 < r < R, there exist C(r, R) and «(r, R) > 0 such that

(17) Vv e He, |S9(T, T’,f,q)v|L2(R+) < C’e—a(T—T/)|v|Lz(R+), vr>7>0,0=0,1

for every ¢ € K and £ such that r < || < R.

We point out that there are uniform stability sets. Indeed, a vicinity of zero is a uniform
stability set since we can prove as in [23, 6] that all weak amplitude boundary layers are stable
when (8) is matched.

Let wint(t) = > kezs b(t, k)N be the solution of (9). Our main stability assumption is:

(H) We assume that the set K = {(gx(t,y) = b(t,k)e™ ¥)zezs, t € [0,T], y € T2}, isa
uniform stability set.

REMARK 1. — Note that we can define more generally the stability set Ko C V35, (€2) as
the set of ¢ having the property that for every 0 < r < R, there exist C(r, R,q) > 0 and
a(r, R,q) > 0 such that (17) holds. By continuity of S with respect to ¢ and compactness,
we easily get that every compact set £ C Kj is a uniform stability set. In particular, this
yields that for every bounded set B C V() with s > so, we have that if B is included

in Ky, then B is a uniform stability set. Consequently, the assumption (H) is matched if
K C Ko (where K is defined in the statement of (H) and K is bounded in V3 (©2) for s > so.

sym

Since the operator LS has only quasi-periodic coefficients there is no easy characteriza-
tion of the assumption (H), for example in term of the spectrum of L. When the initial data
is prepared so that the coefficients of L are periodic in time, we can use Floquet’s theory to
replace in the assumption (H) the decay estimate (17) by an assumption on the spectrum of
S9.(T,0,¢, q) where T is the period: if the spectrum o (ST (T',0,&, q)) is contained in the open
unit disk D, then the estimate (17) is verified. Finally, we note that (H) is the natural general-
ization of the assumption used in the well-prepared case. Indeed, in the well prepared case,
since LS. does not depend on 7 the stability assumption was formulated in term of the spec-
trum of P, (§)IL9 (&, g): it was basically assumed in [26] that the spectrum of P (§)ILF (&, q)
is contained in {Re A < 0}. By the standard theory of analytic semi-groups, it is easy to
prove that this assumption on the spectrum implies the estimate (17). This is proven in [13]
in a close setting.

1.5. Notations

We denote by || - || the norm of L?(T2 x (0, 1)) and by (-, -) the associated scalar product.
We also define the weighted higher order norms:

[v]1% e = lloll* + €2 Vo]?,
[vl13.c = lol® + 2| Voll* + 4|Vl
We will also use some anisotropic norms, namely

(18) o2, = Y. 1Z%)?

a€Z3, |a|<m

where Z1 = 8,, Zy = 8,,, and Z3 = ez(1 — 2)9, and denote by H™,_ the Hilbert space
defined by this norm.
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1.6. Main result

Our main result is:

THEOREM 2. — We consider a torus T3 non-resonant in the sense of [2] and w® € Veym Jor
s sufficiently large such that in the expansion
w'(z) = D b (k)e™ Y MF ()
kez3
we have 0°(k) = 0 if k = (0,0,ks). Moreover, with the notation ¢°(y) = (q2(y))r =
(b0(k)et* )z, we assume that

s { [u® —w® — B°(0, 2)(¢°(4)) = B'(0, 175)(¢° @) lm < c=°
V(e — w® = B0, £)(¢(w)) — B0, 222)(¢° W)l < e

for some m > 2,3/4 < o < 1 and some constant ¢ > 0. Let w'™(t) be the solution of (9),
we assume that (H) holds. Then, there exists eq such that for all 0 < € < €, the system (1)
has a unique weak solution u¢ € L>(0,T; L*(Q2)) N L?(0,T; Hg () with initial value u®°.
Moreover,

(20)

w e (Dwm 5 (L2 ey - (L) it

g € [

< Cre“.
L*(0,T;L?(R))

In addition, if o = 3/4 in (19), there exists a time Ty which depends on w® and on ¢ (but not
on €) such that (20) holds on (0, Tp).

Let us give a few remarks about this theorem.

REMARK 3. — 1) First, we note that when 3/4 < « < 1, the uniform time of existence
and convergence 7 is only limited by the stability assumption (b(t, k)e®*¥) rezs € Ko, In
particular, it may be arbitrarily large even if the data is large. This is due to the regularity
of the limit system which is better than the regularity of the 3D Navier-Stokes in the non-
resonant case (see [2]).

2) We also point out that the assumption that the torus is non-resonant is used to ensure
that b(¢,k) = 0 for k = (0,0, k3) and that the result holds if we know that b(t, k) = 0 for
k = (0,0, k3) as well as an estimate of the type (12). Indeed, for the modes k& = (0, 0, k3), the
boundary layer we get is of Prandtl type (the rotation does not play any part). It was handled
in [23] only with the crucial assumption that the vertical viscosity over the horizontal one also
goes to zero.

3) We shall see in the proof that the result is actually more precise. A sufficient condition
on the regularity of w® is s > d + 5 where d is given in (12). The convergence will take place
in a space with horizontal regularity m where 2 < m < s — d — 3. Moreover, we notice that
the error estimate, namely Cre® sees the boundary layer and hence the boundary layer can-
not be removed from the estimate (20). This is stronger than the estimates in [17, 23]. How-
ever, our result requires the use of an initial data which depends on € and which is sufficiently
close to the approximate solution at t = 0. The convergence is stated in L> (0, T’; L2(2))
but as will be seen from the proof in section 5.1, we need to prove estimates in a stronger
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STABILITY OF BOUNDARY LAYERS 963

space, namely Y,,,. In particular, the solution we construct is a strong solution which yields
the uniqueness of the weak solutions by the classical strong-weak uniqueness argument.

4) Finally, we note that the proof of Theorem 2 is completely different from the proof of
the stability in the well-prepared case in [26] and the proof of the small data case in the ill-
prepared case [23].

The paper is organized as follows: in the next section, we give some details about the con-
struction of the approximate solution, then, in the next sections, we prove the linear stability
of this approximate solution; finally section 5 is devoted to the proof of Theorem 2. Ap-
pendix A is devoted to the definition and the proof of some simple properties of semi-classical
operator-valued pseudo-differential calculus. These properties are crucial in the study of the
linear stability. Finally, the Appendix B gathers some useful properties of the Leray projec-
tion in the strip and in the half-space.

2. Construction of an approximate solution

2.1. Some definitions and notations

We will use the notations of [23]. Let us denote by V° the subspace of L?(2)? consisting

of divergence-free vectors (div u = 0), and tangent to 99Q (u3(z = 0) =uz(z =h) =0)
VO ={ue L*(Q)3 V- -u=0,u3(z =0) = ug(z = h) = 0};
we also define, for m > 0, V™ the space
V™ =H™Q)?*nVY,

where H™(Q) is the classical Sobolev space W2™(Q).

Let T3 = T2x] — 1,1[= T2 x R/2Z be the torus of periods respectively a1, a; and 2, and
E the linear operator from L2(2)? into L?(T3)? defined by Eu(z) = u(z) for0 < z < h,
and for —h <z <0

(21) Eu(z) = S(u(—=2)),
where S is the linear operator from R3 into R3, defined by
22) SX; = X; SXo=X, SX3=—Xs

for all X € R3, which corresponds to a symmetry with respect to the plan X3 = 0.

We also introduce V'™ = {u € H™(T3)3,V - u = 0}, Hence E'E u = Idyo where E’ is
the restriction from L?(T?3)3 onto L?(Q2)3. In the sequel we will work in the space V™

sym?
V= BV A B(V™)),

sym
which consists of vectors u € V™ that satisfy extra boundary conditions on the vertical
derivatives.

We also introduce a norm on V',

1
uly, = 51Bultm,
which is conserved by the group £, namely |£(7)ulvm = |ulvz, . for every 7 € R. We will

also use the following notations (see the appendix 2.2 of [23] for a precise construction):
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964 N. MASMOUDI AND F. ROUSSET

o X_: (yl,y2az)_: (yaz)a

e NF(X) = MP¥(2)e?*¥ is an eigenvector of L associated to the eigenvalue i\(k) =
i ks/|kl;
e forw € L>(0,T,Vg,y,), we set
(23) w(t, X) = ) b(t, HN*(X),
kez3

then we have for all ¢, |w(t)|%,s§,m =2|Q| S5 [b(t, k) 2| k%

2.2. Study of the group

We study here the group £, in particular, we give the expression of the eigenvectors N*.
Using the construction in the appendix of [23], we get for k = (k,k3) € Z3 and k # (0,0)
that N¥(X) = M*(2)e*¥ where

2 cos(ks z)nq (k)
24) MF*(z) = | 2cos(ks z)na(k)
2i sin (k3 2)ns (k)

and .
mk) = 113;?1‘1)2 (ﬂ% - (21' (E)>
na(k) = { i?,)(\l(CIZ)? ("E N |122| O)
na (k) = 1/ 1= ;(’“)2

Notice then that N¥(X) € V2, and that we have LN* = \(k)N*.

sym>

2.3. Approximate solution

Here, we construct the approximate solution U?PP = (u2PP p?PP). The aim is that U?PP
satisfies (1) up to a small error and the boundary condition (2) exactly.

To guess a good choice for U?PP, we expand the solution in the following form U%+eU* +
e2U? + ... where

(25) U° = U, t,2) + U°(1,t,y, Z) + U°(7, t,y, Z'),

where we recall that 7 = t/e, Z = z/e and Z' = (1 — z)/e. Even though it is not clear
whether we can push this expansion to all order, this will allow us to guess the first terms.
Hence, arguing as in [23], we get

HO(T, t) = ﬁ(T)EO(T = 0’ t) — L(T)wint(t)

which is exactly the term '™ in (4).

We notice that u° does not vanish on 99Q; we only have (u° - n) /o0, Where n is the nor-
mal to the boundary. This requires the introduction of a boundary layer. For the boundary
layer, we only construct U9, near z = 0, since the construction of U° near z = 1 is similar.
We recall that the modes (0, k3) are excluded due to the assumption on the initial data and
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STABILITY OF BOUNDARY LAYERS 965

on the resonances of the torus. So, we only deal with the case —1 < A(k) < 1. Using the
construction in section 4 of [23], we get @° = > .;s R* where

(26) RF(2) = —%b(t, k) exp [z ((k.y) + @)}
% |:hl_c,+ exp(— (1\;_51) nl_c,+§) + hE,— exp(— (1\/_51) ,r]l_c,— g)

In a similar way, we get that 4° = > kezs T* where T* has the same formula as R*. Hence,
ub =@ 4+ aP.

It remains to construct the remainder term u". Of course, a good guess for u” is to take
eUL. However, we would like to get an approximate solution u®PP which is divergence-free
and which vanishes on the boundary. The rest term is under the form

u" =Y (RE+TEH) + 3 rF + ey + R?
k k
and hence consists of four terms. We refer to [23] for the details on the construction of these
four terms. The main property of this correction term is that for all |a| + |3] < s —d — 5,

@7 1(0(2)8:) g u" || L= < Cae,  [10:((2)0:) 05 u" || = < Ca,

where ¢(z) is a smooth bounded function which is equivalent to z and 1 — z in the vicinity
of 0 and 1 respectively.

e R% and TF which are introduced to insure that R* and T* satisfy the divergence free
condition. However, R} creates a trace at z = 0 and T¥ creates a trace at z = 1 of
order €.

e 7% which is used to cancel the traces RE(z = 0) and TF(z = 1). Since, we have to
take r* which is divergence-free, we have to construct r¥ and r& which have a trace at
z = 0and z = 1 of order ¢. This is actually easier to handle than the trace on the third
component we started with. Besides, the term e x r* is responsible for the Ekman
damping in the limit equation.

e ¢} isintroduced to cancel the non resonant oscillating terms which do not yield a con-
tribution in the limit equation. More precisely, we have

Y(r ) = —£(r) / " 1L(-)Qw, w) — Qlw, w)] (Hdr.

We also point out that due to the non resonance assumption, we know that
|1V(7,t)|| gs-a—1 < C for a constant which does not depend on 7 ort < T

e R3 which takes into account the boundary condition of r, . This was constructed in
section 4.3 of [23].

3. Linear stability

We study the linearized system about the approximate solution:
(28) Té(v,p)=F, V-v=0, z€T2x(0,1)

where
X
T¢(v,p) = 0w + u?PP - Vo +v - Vu?PP + Vp + XU Aw
€
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with initial data
(29) v(0,z) = vo(z)

and the boundary condition (2). Let us define v ¥ by F v"¥ = 1,45, F,v, for somer > 0
and k*(eDy)v by F(k°v) = K°(e§) Fyv(§) with k°(€) a smooth function which vanishes for
|€] > 2r. The main result of this section is

THEOREM 4. — We assume that (H) holds. Then, there exist o > 0, v > 0 such that for
everye > 0, T > 0, withee?T < 1, we have

T
(30) IIU(T)||2+62||WHF(T)II2+/ el Vol®
0

T T
sl + eI+ [ e mmn|+e [ 1F12).
0 0

Throughout the paper, < stands for < C where C > 0 is independent of ¢ € (0,1), T if
ge”T < 1. Note that by using the Cauchy Schwarz inequality and the Gronwall inequality,
we can get from (30) the estimate

T
()| + 2|9/ (1) 2 + / (elvoll? + = 0 )2 )

T
S (ol + 10§ 712 + [ @ +FIP)
0

for some 4 > - which gives an estimate of v with respect to the source term F' and the initial
data only. Nevertheless, in order to handle the nonlinear stability, it is important to keep the

term
T
/ ‘(HSF, HS’U)‘
0

in the right-hand side since it will allow to use the structure of the nonlinear term of the
Navier-Stokes equation and hence to get some better estimates.

The aim of the remaining part of the section is to prove Theorem 4. Note that for the
moment we have a control of the L> (0,7, H') norm only for the high frequency part of v.
We will derive an estimate for all the frequencies in paragraph 3.6.

3.1. Proof of Theorem 4

We start with a localization in frequency of the equation similar to the well prepared case
[26]. We will deal with large, medium and small frequencies in different ways. For a smooth
bounded function «, we apply the Fourier multiplier k(¢ D,) to the equation 13. We get

(31) T¢(kv,kp) = kF +C
where the commutator C is defined as

C = —[k,u®P? - V]v — [k, Du®PP|o.
By using the same argument as in [26], [28], we have the estimate

32) ICl® < e*lIVoll* + vl
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Note that these commutator estimates are actually proven in a more general case in
Lemma 16.
We first deal with the case where k = x” is supported in €|k| > R. We have

PROPOSITION 5. — There exists R > 0 sufficiently large such that we have for every e €
(0,1) and every T' > 0:

T T
Iwio@ e+ [ bl s [ (ol e+l 1) + ol
0 0

Note that for the proof of this lemma we do not need to use (H).

Proof. — We use the same argument as in the well-prepared case treated in [26]. Using that
u®PP is divergence free, the standard energy estimate for (31) gives
T

T
oI+ [ TRl S sl + [ (<ol + LE o + 1))
0 o
< IsPwo? + / (™M Is2ol? + el I + liC)?).
We notice that
V&L ol > R%eH|w"o]|?
so that for R sufficiently large, the singular term ¢ ~!||xZv||? in the right hand side of (33) can

be absorbed by the left hand side. By using also (32), this yields
T

T
(3) D) e / IFoll? e S / (1003 . + 21 FI2) + 1o

To conclude, it suffices to estimate €2||VxLv(T)||2. This is an easy consequence of the fol-
lowing lemma:

LeEmMA 6. — Consider u a solution of
(34) 8tu—€Au—|—exTu+Vp:H, Vou=0 z€Q

with the initial condition u(0,x) = uo(z) and the boundary condition (2). Then, we have the
estimate

T T
(35) 2| Vu(T)|? + / (1V2ul? + eleul?) < & Vuoll® + / (=Ml + 1))

We first end the proof of Proposition 5 by using Lemma 6. We can use Lemma 6 with

u = kLv and

H = —u?P . Vily — (kfv) - Vu®PP + kLF 4 C.
This yields

T
2IREol? § ATREwlP + [ (7l + eIVl + el PP+ ol ).
0

To conclude, it suffices to add (33) times a sufficiently large constant and the last estimate.
We now turn to the Proof of Lemma 6:
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Proof of Lemma 6. — We take the scalar product of (34) by 9;u, since d,u is divergence free
and verifies the boundary condition (2); we have

— _ dl 2
(Vp,du) =0, (—Au,dyu) = a(§||vu|| )

and hence we get

T

T
AT + [ 10l? S el uol? + [ (181 + &l ol

By using the Young inequality, we find after multiplication by &

T T
6O SIVuDIP+ [ lowl? S 2ITuol+ [ (1P + ).
0 0

Next, we use the classical regularity result for the Stokes equation [11]. We consider (34) as

—sAu—l—Vp:H—eXU

— 0w, V-u=0

and we find that
IVl S IHI? + e ull® + [|9.ull*.
To end the proof, it suffices to integrate in time, to multiply by ¢ the last estimate and to use

(36). This ends the proof of Lemma 6.

We now consider R as fixed. The next step is to consider the case where k = k* is sup-
ported in k| < 7.

PROPOSITION 7. — There exists v > 0 sufficiently small such that we have for every € €
(0,1) and every T > 0

T T
weoP+ [ elwevol? s [ (ol e+ 6 Fnoo)]) + s uol
0 0

Again, note that the assumption (H) is not used.

Proof. — Again we use a direct energy estimate as in [26]. Since (e x k°v, k°v) = 0, we get

T T
G o + [ eleTol < [ (ICIF + ol + 6 Funo)] + 57) + ool

where the singular term S°¢ is defined by
S = 6_1/ |sPvs] <|6‘Zub| + |8Zrub|) |&°v| dz.
Q

Again, we use (32) to estimate C and hence it remains to study S¢. To estimate this term, we
shall use the inequality

o eors([loa) <z [osp<s [P i samo=o
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Note that since 0,k°v3 = —01k°v; — O2k°vo because of the incompressiblity condition, we
can use (38) twice to get

z z 1
|Iis’l)3|2 < z/ |8z/<;sv3|2 < z/ |Vh,‘»csvh|2 < 23/ |8thnsvh|2,
0 0 0

1
|k*v)? < z/ 10, K°v|?.
0
This yields

5_1/ |k°vs| [07u®| |Kv| dz
Q

+oo
< 0. Vs | |06 sup/ Z%0,8B°(, Z)wi“t(t,y,0)| dz
v Jo

< er||[Vev|?.

To get the last inequality, we have used that ||V, x° f|| < r||&® f|| by definition of x® and our
regularity assumption which gives

+o0o
sup/ Z2|07B° (1, Z)w™ (t,y,0)| dZ < +o0
v Jo

following (8). The same argument in the vicinity of the boundary z = 1 shows that
671/ |k*vs| |0z ub! | |k%v| dx < er||VaSv]2.
Q

Consequently, we can choose r sufficiently small to absorb the singular term S¢ in the left
hand side of (37). This ends the proof of Proposition 7. O

Finally, it remains the most difficult case where x(ek) = ! is supported in /2 < elk| <
2R. Note that r and R are now fixed. We have the following estimate:

ProPOSITION 8. — Under the assumptions of Theorem 4, we have for € and T such that
gemT <1
T

T
l — l l
W@+ [ ol S Tl + [ (s TIEIR 4 ol ).
0 0

The assumption (b(t, k)e? ) kezs € K is crucial in the proof of Proposition 8.

3.2. Proof of Proposition 8

In this section, due to the oscillations in the boundary layers, we use an approach com-
pletely different from the one of the well-prepared case used in [26]. The proof of this Propo-
sition is the most technical part and we split it into various steps. First, we rewrite (31) by
using the Leray projection P(D,,) which is recalled in section B.2. Let us set v = x'v, we get
the equation

(39) ' = P(D,)R'(eD,)L7v' + B(DyR (w'F+5C), Vo' =0, z€9,

where &' is compactly supported with a support slightly bigger than ! and takes the value 1
on the support of x! in order that &' = x and IL¢ is defined by
exXv

Lfv = eAv — u®P . Vv — v - Vu?PP —
€
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Next, we shall estimate differently v’ in the interior of the domain and in the vicinity of the
boundary. We decompose v' as
1-2

)

A .
(40) vl = x50 X (@)

ot

where x? is compactly supported in [0, 2], and x*™* is compactly supported in [§, 1 — §]. Note
that x'"* depends on & though we forget this dependence in the notation. Multiplying (39)
by x for x one of the truncation functions '™, x* = x(2/6), x> = x*(1 — 2/6), we get

(41) 8:(xv') = P(Dy)R' (eDy)L (xv') + H
(42) V- (xv') = —0.x v}

where

(43) H = xP(Dy)R! (5'F + 5'C) +C' + €2

with the new commutators C! and C? defined by

(44) ¢l = [X,P(Dy)ﬁl(eDy)}L%l,

45) % = P(D,)7(eD,) [X,Hf] o,
Thanks to (155) in Lemma 19, we get that

(46) ICH S '+ el Vo' || + 2| Av']] < 10! 2,e-

Note that in the following < stands for < C and that C may depend on §. Besides, the explicit
computation of C? and a new use of the commutator estimates (see the appendix of [26] or
Lemma 16) gives that

(47) IC%E S Mol + el Vo'l < o l.e-

Finally, note that if we choose % such that the support of 7 is again slightly larger than the
one of &' then we have

(48) H =7 (eD,)H.

3.2.1. Interior estimates. — We start with the case x = x™*. The estimate of x™*»! can be
obtained by a direct energy estimate. We shall first establish the estimate:

T T
int, [ — int, [ int, [ l
@) AP+ [ S eI+ [ (e S+ o)
0 0

The only difficulty is that we have to deal with the fact that x™*v! is not divergence free. When
we take the scalar product of (41) by x'™v!, we can write

(P(Dy)R! (D, )Le (x™0'), ™ot ) = (LE(™0'), P(D, )R (D) (')

= (Lo(etoh), w00t ) + (L (™)), [P(Dy)R! (D), x™ o)
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since v' is divergence free. Hence by using again the commutator estimate (155) of Lemma
19, we get

(P(D ) (€D )]Ls( int l) th,ul> _
(LeGemtot), xm0t) + 0) (| + el Vo] + 2| av' ) [ ™'

where O(1) is bounded by a constant which is independent of €. The first term in the above
equality can be handled by standard integration by parts as previously. This yields

T
(50) ™ (D)) + / £V (™ 2

T
S [ (e + 1) ™)+ 5°)
0
where the singular term S¢ is given by
S = 6—1‘(Xintazubvl’xintvl)‘+€—1‘( 1nt8 /U U thvl)‘ = Sf + SS

By using the localization of the support of x'** we have
k,+

€ — g in
(51) 5515 210 NI O)f ™" exp (= ) ™!

k,+

k
< Z |b t k |M )” intvl”2 5 ||Xint7}l||2

and hence this term is Well controlled. The estimate of S5 is similar. To conclude, we finally
notice that since the Fourier transform of v' is localized in €|k| > r, we can write

IV O™ P = V(MR (£0,)0' |2 = RV (™o ||?
Z 6_2”th l||2

and hence, we deduce (49) from (50) by using the Young inequality which gives for every
n>0

(10 lz.e + 1) ™ 0! < Cme(IHIP + 10'13.0) +ne™ I )?
and the estimates (32), (46), (47).

3.2.2. Estimates near the boundary. — We now explain how to estimate x(z/8)v! which will
be denoted as x*v! in the following in order to simplify the notations. The estimate of x* v
which can be obtained in a similar way will not be detailled. We shall establish

T
(52) IR+ / (=7 I 12 + £V (o)1)
T
ST O +eenT [
0

T
+667°T/ (ol + V0] + £ | A0t | + 2|0 ).
0

We study (41), (42) with x = x>°. Note that since x*v' is compactly supported in T2 x [0, 26],
we can use Lemma 20 and replace the Leray projection P(D,,) by the Leray projection in the
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half-space P (D,)) modulo a small remainder term. This means that we can study in T2 x R .
the equation

(53) O (x"') = P (Dy)R(eDy)L*(x*v") + H + E°, V- (x"') = —9.xv'
where
E® =X (P(D,) — P4 (Dy) )7 (eD, )L (x"')

where X? is a smooth function with a support slightly bigger than x*. Thanks to Lemma 20,
we have

(54) 1B S 0! + e Vo] + 2 A0 S [lo 2.
Again, note that E° verifies

(55) E° =7 (eD,)E".

We add to (53) the only boundary condition

(56) Xl (t,y,0) = 0.

Since x®v' is not divergence free, we first lift the divergence to recover a problem with a di-
vergence free constraint. We choose in a classical way d such that

(57) V-d=-08,x"v, d(ty,0)=0
and also in such a way that
(58) 7'(eD,)d = d.

This is possible (see [11]) since

/8szvé = —/xbazvé =/xb(2)/Vy'vZ =0.
z y

Moreover, we can have
(59) ldll zre+r S 10 e, s> 0.

Note that since d is chosen with the property (58), we can use that r» < ¢|k| on the support
of & and (59) to get that

(60) e fldll S IIv']l

Moreover, by taking the time derivative of (57), we also get that

(61) e |0rd]] < [|9el-

Now, let us set w = xbv' — d, we deduce from (53), (57) that w solves
(62) dyw = P, (D,)R(eDy)L*w + H + E° + E' + E?,
(63) V-w=0

forz = (y, z) € T2 x R, with the boundary condition

(64) w(t,y,0) = 0
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where L% is the operator

LYfw = eAw
— (WL, 19,0) + w 0L, 2,1,9) + X(3) WM (L 1y, 2) — w(2,8,9,0)) - Vo
—w- V(uim(ﬁ,t,y’o) +ub0(L, 2 6,y) + x(%) (u™ (L, 8, y,2) — uim(ﬁ,t,y,o)))

exXw
75 .

In this operator, we have introduced X which is again a smooth compactly supported function
such that ¥x® = x®. Moreover, we recall that the notation u?? refers to the main boundary
layer in the vicinity of z = 0. The main interest of the introduction of x is that the term

w? = x(3) (w (2 1y, 2) — u (2, 1,0,0))
verifies
(65) [w’llLe S 6, [[Vw’|r~ S 1.

In the above estimates, < is independent of § for 0 < § < 1. In the right-hand side of (62),
E" is the error term coming from d, i.e

E' = 8,d — P, (D,)R(eD,)L¥*d.
Hence we have
1B S ll8edll + [Vl + lldl| + el Ad]| + e~ ||d]|
and hence, thanks to (59), (60), (61), we get
(66) IBY] < elldso | + [[']| + el Vo | S 11860 | + [[0'[11e-
The other error term E? is defined as

B = —P4(9,)n(c0,) (u" (£, 552,9,0) +w) - V(x'v')

_val . V(ub’l(ﬁ, %,t,y) _|_,ur>)

so that by using (27) and the same trick as in (51) with the regularity assumption on the
coefficients, we get

(67) 1B S el Vo'l + 1o < o' fle-
Finally, note that E! and E? verify
(68) ®E'=E', FE>=FE2
To estimate the solution of (62), (63), we can use the following general principle:

LEMMA 9. — Consider a linear equation of parabolic type in a domain )
(69) ow=A"w+ F

with the boundary condition w,9q = 0 and the initial condition w(0,x) = wo(x). Consider

two weighted norms N&. and || - ||7,e. Assume that there exists an approximate solver G*PP such
that if we define
w?PP(t) = G*PPF, F = (F,wp)
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then w?PP satisfies the boundary condition and the initial condition and moreover, there exists
Cr > 0 such that

(70) Np(w*P) < Or || Fllz,e
and if we define the rest operator R*P as
R*™PF = §,w™P — AP _ F,

then, there exists Ct, . > 0 such that

(71) [(R*PPF,0)|I7,e < Ct e[| Fllir,e-

Moreover, for every € > 0 and T > 0 such that

(72) Cre <1,

there exists C > 0 (C = ZkZO(C%‘,s)k) such that the exact solution of (69) satisfies
(73) Ni(w) < COr || Fllz,e-

The proof of this lemma which only relies on a simple iteration scheme is postponed to
the end of the section.

We shall first explain how we can use Lemma 9 to estimate the solution of (62), (63). In
other words, we need to find an approximate solver G®PP. A similar idea was used in [18];
nevertheless, here our approximate solver will be completely different. We define the dilation
operators

M.f(Z) = \/Ef(EZ), M f(1,Z) = ef(er,e2).

Note that M. is anisometry on L?(R ) and M, from L?([0, T]xR ) to L?([0, T'/e] xR.).

We notice that thanks to (65), we can rewrite the operator as

1
Lbw = ~M 'L (q(t, v), sDy)Msw +0(1) <5|Vw| + |w|)
P (Dy) = ME_IIP)"F(EDQ)ME

where ¢(t,y) = (qz(¢,y)) with

ai(t,y) = b(t, k)e’™ .
In the above equality, O(1) is bounded by a number independent of § if /6 < 1. The rescaled
operator L? is defined by

L*q, &)w = (922 — §*)w — (L% + B°(r, Z)q) - (Zf ) w

z

—w - (?) (qu—{—BO(T,Z)q) —e X w.

z

Next, we use a frozen time approximation, we rewrite (62) as
1
(74) gM;1P+(sDy)E(5Dy)T(q(O, y),eD,)M.w + R°w = H'

where the symbol 7 (g, £) is the differential operator acting only on the 7 and Z variables
defined by
T(Qa g)w = 8—,—11) - H—‘g- (q» f)wa
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where LY is defined in (16) and Rfw is defined by

Rew = %M;lﬂ’ﬁ_(sDy)E(sDy)(T(q(O,y),eDy) - T(q(t,y),eDy))Msw

+P(D,)O(1) (6]Vew] + [w])
and hence satisfies the estimate
T T T
a5 [ IR S @+ ) [ Vel 2@ 1) [l
0 0 0
The source term H' in the right-hand side of (74) is defined by
(76) H'=H+E°+ E' + E2

Thanks to our assumption (H), it is natural to define our approximate solver G*PP and our
approximate solution w?PP as

(77) WP = GPPF = M;'Op, & (eD,)M.D.F,
where
H? 1
F = , D.F = (eH' e2wy),
Wo
and with a slight abuse of notation, we define M_F as
M. F = (M.H', M wy).

To define the operator-valued symbol g, we first define for data F(r, Z) = (F(7, Z),uo(2)),
the operator G(g, £) (acting on functions depending on 7 and Z) such that G(q, &) F(r, Z) :=
u(T, Z) is the solution of

(78) Oru =P (E)LY(E)u+F, i€ -up +dzus =0
such that (0, Z) = uo(Z), u(r,0) = 0.

By using the operator G(g, §), we can define a symbol g such that
(79) 9(y,€) = G(q(0,y),¢)

and then a semi-classical operator-valued pseudo-differential operator Op,, as in the Ap-
pendix A. In particular for F(7,y, Z), we have the definition

(80) Op,F =Y _ e*™G(q(0,y),ek) F(r,k, Z).
k

With a slight abuse of notation, we shall sometimes use the notation G(¢(0,y),eD,) in
place of Op,. Note that the operator M. acts only on the 7 and Z variables. Consequently,
we can write

(81) G*PPF = Opgappv 9P (y, &) = Ma_lg(yy §)M:D.

and hence G®PP is itself an operator valued semi-classical pseudo-differential operator with
symbol g?PP,
Note that because of (48), (55), (68), since we want to solve (74) only for data such that

(82) T eD)H = H', Two = wo,
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the introduction of & in the definition (77) is justified. To prove that w®? = G*PF is a
good approximate solution, we want to use the semi-classical pseudo-differential calculus of
section A seeing the symbol g(y, £) as an operator on L2([0, T] x R ) or L= ([0, T], L?(R.)).
The aim of the following lemma is to study the dependence of G(g, £) in gq. In particular,
we prove that it is smooth in g and we estimate the derivatives. This will imply that g is smooth
in y and hence we will be able to use Lemmas 16 and 17 of Appendix A.
We introduce the following notations:

[vle,2 = [lvllL2(0,0)xr.),  [Vle,00 = V]l ((0,0),L2(R4))s
[vlle,2 = ||U||L2((0,®)><'JI‘§XR+)a [vlle,cc = ||U||L°°((0,@),L2(1rng+))~
LEmMA 10. — Thanks to (H), for every £ in the support of El, for every q in KC and for every

m, there exist ay, > 0 and Cp, > 0 such that for every © > 0, for every F = (F'(t,-),uo(+)),
F(ta ')» uO() € Hf

(83) |Dy'G(q,€)Flo,co + |D;'G(q,8)Fle2 + 02Dy G(q,§)Fle 2
< C'm<|F|@,2 + |UOIL2(R+)>
(84) |0zDy'G(q,8)Fle,co +10:D7'G(q,8)Fle,2 + [0z2D7"G(q,€) Fle,2

< Cm(|F|®,2 + |UO|H1(]R+))'

We also postpone the proof of this Lemma to the end of the section.

Thanks to Lemma 10 and Lemma 15, we get that

w2 = |G Fllrz = ||Op, 7' (c0,) M.D.F (', 2) dr”)

’T/E,2
S elMEH |7)e 2 + Vel Mewo |l S el H |72 + Vel|woll.
By the same method, we get

_1
[w*P [ 1,00 = |G*PPF|7,00 = €72

Opy7 (60, )M D.F(r', Z) dT’)

e
S 3| MEH e 2 + [ Mewo|l S €2 | HY |72 + [lwo.
In a similar way, since
IMI' = IMZ10,, OMIP =TT MI0,, OzM. =eM.D,,

we find

10-(G** F) |72 S 1 H |I,2 + € [|woll,

10:(G** F) |72 S |H |I,2 + £~ F[|wol| + % || Vo |

10 (G*PF) |12 S e LI H 1,2 + €~ ¥[|wol| + £~ (| Vawo,

10=(G*P F) 100 S &~ 2| H |72 + &~ |wol| + [[Vawo .
Consequently, we define the weighted norm NZ.(u) by

Ni(u) = e ullrz + [Vullrz + 18wl re + e VZullrz + e 2 |ull 7,00 + €2 | Vit 7,00
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Note that the norm N5 (w) involves Vw in our definition. Nevertheless, since we use only this
norm for functions whose Fourier transform in y is supported in r < €|£| < R, the terms
involving V in the norm actually give a useful, non redondant piece of information for 9,
only.

We also define the weighted norm || F||7 . as
| Flize = | 2 + &= lwol| + &2 | Vawo];
we have actually proven that
(85) Np(G*PPF) S 1 F |7 e-
Moreover, by using again Lemma 10 and Lemma 15, we get by the same method that

(86) N5 (0ppg g F) S Call Fllre.

We can now check that w?PP is a suitable approximate solution. To have clear notations
in the following computation, we use the notation

Opr = 7(q(0,y),eDy).

To check that G?PP is a good approximate solution, we write
1
Me '"P, (eDy)R' (¢Dy)Op 7 M. OD gopp F + REOD gups F
1
= M 'P(eDy) K'(eDy)Op 7 M:OD guon F + REOPgunn F +C"

where K'!(¢) is a smooth compactly supported function with a support slightly bigger than
the one of % and such that

(87) K'% =%
The commutator C" is defined by
T 1 - -
Cr=_M; 'P,(eDy)K'[R, Op£]OP jors F
and hence is very similar to C. In particular, thanks to (85), we have
(88) IC" 72 < ell Fllze-

Next, we write
1
~MZ'P(eDy) K" (€Dy)Op 7 MO gosn F + REOpgas F +C"

1
== gM;lOpP+KlOpTMEgapp-7-— + Reopgappf+ CT + le

1,
M. 'Opp, girgMeDeF + R°Opyurn F +C" + R'F + R*F.

Since by definition, the symbol g, is chosen such that

P (E)K'(€)T (a(0,y),€)g(y, €) = K'(£)1d,
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we get thanks to (82) and (87) that

éM 1P, (D, )R(eDy)Op 7 M-OD yups F + REOD jupo F
= K'eDy)H' + R°Opyups F +C" + R'F + R*F = H' +C" + R'F + R*F.
The remainder R F is defined by
R'F = éME_IP_i_(eDy)E(eDy)OpTl}—
with the symbol ! given by
r(5,€) = (V(t/2,a(t,9), 2) - eDy + D2 ) g™ (3, €).
Consequently, thanks to (86), we have
(89) ||R1]:”T,2 SelFllz,e.
In a similar way, thanks to Lemma 16 and (86), we have for m > 7

(90) IR?Fllzz S & > N° (0D pygemnF) S el Flre.
la|<2

Finally, thanks to (75), we also have
©n IR*Opgars Flir2 S (6 + T)IF[I7e-
To use the result of Lemma 9, we set
R*PPF = REG*P(y,eD,)H' +C" + R'F + R*F
and we see thanks to (88), (89), (90), (91) that

92) [B*PFllre S (0 +T + &) Fllr.e-

Consequently, thanks to Lemma 9, for € and § sufficiently small, there exist 7° and C° > 0

such that
Nio(w) < C°|| Fllzo,..

To get an estimate on a longer interval of time, we can reiterate the process as long as
q(t,y) € K. Indeed, since ¢(T°,y) € K, then we can use the same method as previously
for T < T9° we rewrite the analogous of (74) but we replace 7 (w™"°(0,y),eD,) by
T (w™9(T%, y),eD,). The same argument as previously allows to get an estimate on
[T°,2T°]. The iteration of the argument finally allows to get for some C > 0, vy > 0

independent of 7', that
93) Ni(w) < CeT|| Flre

for every T' > 0 such that w'™(t,y,0) € K, for ¢t € [0,T].
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Finally, we can multiply (93) by €2, use that w = x%v! — d and the estimates (43), (46),
(47), (66), (67), (59), (60) to get in particular that

T
O AP+ [ (I + I TOI)
’ T
S b +een” [ FP
- 0
e [ (ol + 2Tl + a0t + 2a?).
0

This ends the proof of (52).

We can now end the proof of Proposition 8. At this point, we shall restrict € and T such
that ee7” < 1; this will allow to absorb the terms in the right hand side still depending
on o' which involve higher order derivatives by another estimates. At first, we can use the
decompositions (40) and (52), (49) (we recall that we get an estimate near the upper boundary
z = 1 completely analogous to (52)), to get

T
(95) IR+ [ (IR + el vt )
0
T
S O+ [P
0
T
(96) (1) [ (ol + 21Tl + a0t |2 + 20 )P).
0

To conclude, we use Lemma 6 to estimate higher order derivatives. We get

T
O AITHDIE+ [ (ol + V)
0
T
SEATwlP+ [ (TR + TR + ol + Il + <l FI?).
0
Finally we can add (97) and (95) times a sufficiently large constant to get
T
[ (T + 2 Vo' || + / (E_lllleI2 +e||Vo!|? + el o + €3||V2vl||2)
0
T
S e ul, +ee” [ FI?
0
T
+(1+eemT) / (ol + 2 9u]® + | adt | + e8|
0
and hence, for ¢ sufficiently small, and ee”°?" < 1, we finally get the result of Proposition 8.
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3.3. End of the proof of Theorem 4

To get (30), we collect the estimates of Propositions 5, 7, 8. We get for ¢, T' such that
cemT < 1.

T
le(I? + Vo™ (D)) . + / (el vell? + o™ )12)

T
< €T (llvoll* + [lvg" 117 ) +/ (e IFI2 + [v]]? + 22 [ V]? + | (5°F, 5°0)] ).
0
For ¢ sufficiently small, this gives

T
©8) (D) + VIR + / (el vell? + o712

T
S (ool + g F 12+ [ (s IR + ol + (e Fynov)])
0
and hence Theorem 4 follows by using the Gronwall inequality.

3.4. Proof of Lemma 9
We represent the exact solution w of (69) as

w = Z wk
where
w® = G*PP(F,wp), R°= R*P(F,w°)
and for k > 1 we define recursively w* and R* as
wh = —G*P(R*1,0), R =R*P(R*1,0).
Thanks to (70), (71), we easily get by induction that
Ni(w") < Cre(CE ) I(Fywo)lzes  [I1R* e < (CF ) I(F, wo)lre

and hence, thanks to (72), we get that

Ni(w) < COre (32 (CHM) I (Frw0)lze < CroC |[(F,wo)re-
k>0

3.5. Proof of Lemma 10

We start with the proof for m = 0. In this section, < means < C where C is independent
of ©.
We can write the solution of (78) under the form

G0, OF(7) = 5,00, ©uo + [ 81,70, OF OF () dr
and hence, thanks to (H), we get that
G@OFI S e Tluol + [ e CIEG dr'
This yields by standard results on convolutions tﬁat

1G(g, ) F(7)lle,c0 < lwol + [IF]le,2
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and that

(99) 1G(a,)F(T)lle2 < lwol + [ Flle,2-

Next, we can reintroduce the pressure and rewrite the equation (78) as

(100) ot virZa) - [ Jusu- () vmzag+(* )
7 0z 7

+exu+ |§|2u —0zzu=0
with the divergence free condition
1€ - up + Ozuz = 0.
Consequently, the standard energy estimate gives
P+ [ 1ozl < fuof? + [ 1EE 4 [l
0 0 0

and since the right-hand side is already estimated thanks to (99), we also get
(101) 102G(q,§)F()lle,2 < lwo| + [[F'lle,2-
To estimate higher order derivatives, we use again Lemma 6 (with ¢ = 1); we get

182ull® 00 + 10-ullE 2 + 1022ulld 2 S 070l + [|IF1E 2 + [[ulld 2
and since the right-hand side is again already bounded thanks to (99), we get that

102G(q,§)Fllo, + 10:G(a,§) Fllo,2 + 1022G(a,§) Fllo,2 < lwol + [|Flle,2-

This ends the proof of (83), (84) for m = 0.

The general case follows by induction, we shall just explain how to handle the case m = 1.
The regularity of the solution of (78) with respect to g follows from standard regularity results
for solutions of parabolic equations whose coefficients smoothly depend on a parameter [10].
Taking the differential of (78) with respect to ¢ in the direction h, we find that

(6 = P4 (©L+(7,4,)) Dgu- h = B!

R' = —((DyV ) (;ﬁ >u+u- <;§ )qu-h)

zZ zZ

with

and Dyu - h/—o = 0. Consequently, we have
Dyu-h = G(q,€&)(R,0).
By using (83), (84) for m = 0, we get
|Dqu - hlo,co + |Dgu - hlo,2 + [0zDqu - hlo 2
+|0zDgu - hlo,oo + |0-Dyu - hle.2 + |0zzDqu - hle 2

< R'o, < |hl(Jul,2 + 107ule, )

Consequently, we can use again (83), (84) for m = 0 to get the result form = 1.
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3.6. Estimates of the gradient

The aim of this section is to estimate ||Vv(T')||?, we first give a crude estimate:

THEOREM 11. — Under the assumptions of Theorem 4, we have
T
102) ST+ [ (0wl + IVl + < Vpl?)
0

T T
SNl + e (Juoll + [0+ [ I E R0l e [ IFI)
0 0

Note that this estimate is relatively crude since we only have a control of £3||Vv(T)||?
whereas, because of the size of the boundary layers, we would expect a control of €2|| Vo (T) |2
as we had for the large frequency part of the solution. Nevertheless, this estimate will be use-
ful in Section 4. The reason is that in the proof we do not use in an optimal way the structure

of the singular term e~ 'e x v.

Proof of Theorem 11
To get (102), it suffices to use Lemma 6, then multiply the estimate (35) by € and finally
use (30). O

To get better estimates of some components of Vv, we shall rewrite the equation (28) un-
der an equivalent form which is classically used in fluid mechanics. We define n = 0yv3—dsv1
and w = vs. Note that n is the third component of the curl of v. Taking the curl of (28) and
using that v is divergence-free, we easily get that the equation for 7 is given by

103)  om— 2 — can
g
=0 (uapp - Vg +v - VusP? + Fg) — 0y (uapp -Vor +v - VuiP? + Fl).

For the equation on w, we first derive the equation for the pressure. We take the divergence
of (28) to get

(104) Ap = g+V~ (F—uapp~VU—v-Vuapp>

and next, we take the Laplacian in the third component of (28) and we use (104) to get

3277_5A2w= (A°7T3—azv'>(—uapp-Vv—v-Vuapp—}—F)

(105) 8, Aw+

where 73 stands for the projection on the third component i.e. m3(v) = vs. Next, thanks to
(2) and the fact that V-w = 0, we notice that the boundary condition for (103), (105) is given
by

(106) N/00 = W/a0 = 0w/ 90 = 0.

For the system (103), (105), we can prove:
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THEOREM 12. — Under the same assumptions as in Theorem 4, we have

T T
107 (DI + [V )?) £ T (Jlvoll3 . + / (5 F,s%0] + / IFI?)

and also

T T
(108) (| Von (D)2 + [Veo(T)2) S € (llooll3. + / |(5°F, 5°0)| + ¢ / 17)1?)
for some vy > 0.

Proof. — To estimate the solution of (103), (105), we multiply (103) by  and (105) by —w
and we add the two equations. We use (106) to get thanks to integration by parts that

a1
dt 2
< (190l + Yo azu| + 1F1) (IVa] + 1aw]).

(Il + 19w2) + (Va1 + | Aw|?) - e~ (@0, m) + (@21, w))

The crucial fact in the above identity is that
(O:w,n) + (8:2m,w) =0

so that the singular term vanishes. Consequently, we can use the Young inequality, the esti-
mate (38) and multiply by 2 to get
T
(In(D)* + IVw(T)II?) + 53/0 (IVll* + || Awl|?)

T
< &(noll® + [ Vuwo %) + / (elvoll? + llo]? + e 7).
Since the right hand side of the above estimate was already estimated in (30), we get (107).
To get (108), we use that V - v = 0, to get
Apve = 01 — 0s0,w, Apvy = —0on — 010w, Aj =95 + 65
This immediately yields that
[Vavill S lInll + 10:wll, =1, 2

and hence (108) follows from (107).

4. Higher order conormal derivatives

The estimates of Theorem 4 are sufficient to get a nonlinear stability result when it is pos-
sible to construct a very accurate approximate solution. Indeed, we can very easily estimate
weighted derivatives under the form 6'“'8;;‘. It suffices to apply the operator s'o"@;‘ to (28),
to rewrite the obtained equation as

T¢ (el ogv,el*lorp) = el*lag F + ¢

where C is a well-controlled commutator and then to apply Theorem 4. The drawback of this
approach is that this yields by Sobolev embedding a bad control of the L>° norm which is
needed to prove the nonlinear stability by a fixed point argument. Since here we have been
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only able to construct an approximate solution with ||R®|| < e, we cannot use this rough
approach to conclude.

In order to conclude, we would want to prove as it was done in [26], [28] that we can esti-
mate tangential derivatives, i.e. dyv where v is still the solution of (28) without loss. This
means that we want to estimate [|0;v|| and not glel |0y v||. Here a new difficulty appears
which was not present in the well-prepared case. Indeed, when we apply 9, to (28), we have
in particular to handle the commutator

[0y, (W™ + ) - V]v = 8,u™ - Vv + 9,u’ - V.
The second term has the same property as in the well-prepared case since u} = 0, we get that
18yu” - Vol|* < [IVhol?

and hence this term can be handled by a Gronwall type argument since it involves only first
order tangential derivatives. The main difficulty comes from the term 9, u'™*- Vv. In the well-
prepared case, we have ul™ = 0 and hence the same argument as above is valid. Nevertheless,
here we do not have ul"* = 0, we only have ug“/taﬂ = 0. Consequently, we have the estimate

10,ug 0.0l < [l -]l

where p(z) is a smooth bounded function which behaves as z and 1— z in the vicinity of z = 0
and z = 1 respectively. The usual method in the case of initial boundary value problems for
viscous conservation laws (see [24], [19], for example) is to work in conormal spaces and to
consider simultaneously the derivatives in the directions tangent to the boundary and the ad-
ditional vector field ¢0,. Note that it is legitimate to apply this last vector field ¢0, to the
equation since (¢9,v),5q = 0. Nevertheless, in the case of our singularly perturbed incom-
pressible Navier-Stokes equation, it does not seem easy to use readily this method. Indeed
©0,v does not verify the incompressibility condition and moreover V - (¢9,v) is not small.
To overcome this difficulty, we shall use that ul"* is highly oscillating in time. We recall that
ultt is defined by
ul® = Z b(t, k) e Ttk Y9 gin(ksz) = Z b(t, k)eMRT kY24 gin (ks z).
Kk K, k30

Thanks to this definition, we introduce

Ws(t,z) = Z k; b;t(’kk))em(k)t/seik'y% sin(k3z).
K, k3 £0
Note that we have
(109) WS =e 10;ul + O(1)
and that
(110) W; 00 = 0.

Next, we introduce the vector fields

Zj =0 +eW;(t,x)0,,j =1,2, Zz=eTlp(2)0,
where I" > 1 will be chosen sufficiently large. Since [W$| < ¢ thanks to (110), we have
(a1 9,01 S 1Z50] + 1 2]
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and hence we can recover good estimates on dyv from estimates on Zv. The main property
of these vector fields as we shall see below is that they have good commutation property with
respect to 7. Consequently, let us define the weighted norms

ol = > 1252252230,

lo|<m
Yo (v) = [oll7, + €2 Vanlls, + €2l Vusl7, + 2 Vo T2 + 2| Vol %,
Yrm(v) = sup Y (v(T)),
[0,7]

T
Drm(v,p) = [ (£ 0, + el Tl + 20, + 21Tl + HIV2,).
0

Note that the norm || - ||,,, that we have just defined is equivalent to the norm || - ||,,, defined
in (18) because of (111), this is why we have abusively used the same notation. In order to
deal with the source term in an optimal way, we also use the notation

(o) = 3 ‘(Z§3Z§“2Zf‘1u,Z§3Z§“2Zf“v)‘.
jal<m

Our main result is:

THEOREM 13. — Under the same assumptions as in Theorem 4, we have for every m

T T
(112)  Y7u(v) + Drm(v,p) gewT(Ym(UOH/ (K°F, nsv)m—}-s/ IFI2,).
0 0

Proof of Theorem 13
We shall prove (112) by induction on m. In the proof, the harmless numbers contained in
< are also independent of T" > 1.

Note that for m = 0, the estimate (112) follows by collecting (102), (30), (108). To present
the main idea without too much technicalities, we first give the proof of (112) for m = 1. At
first, let us study what happens to (28) when we apply the vector field Z; for ¢ = 1, 2. The
case where we apply Z3 is easier because of the e weight in the vector field, and will not be
detailed. Moreover, most of the terms which appear in the computation are similar to the
ones which appear when we apply Z; to the equation since eW 70, behaves in the same way
as Zs.

Fori =1, 2, we get
(113) T¢(Zw, Zip) = Z;F — C?
where
c?=cf +cf,
Clz = Zu®P? . Vv — €0, W;0,v
C¥ = cu® . VWfv +v - Z;Vu™ + e0,pVWi + eAWfv + 2eVWF - V.
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Note that thanks to the crucial property (109), we have, using the notation v, = (v1,vy) for
vectors of v € R3, that

CZ = (iulr® — e0,WF)0,v + 9;(u® +u") - Vo + 0ul™ - Vv — eWF,uPP - Vo
(114) = 0(e)d.v + 9;(ub + u") - Vo + dull - Vyv — eWF0,u™PP - Vo
By using that
o(2)0,u’ = 0(1)
since ¢(z) vanishes on the boundary and by using also the inequality (38), we get that

T T T
@5 [P S [ (290l + IV + 1Vw0I?) S Drotvin) + [ ol
0 0 0

where in the second inequality we have used the property (111).
Finally, let us notice that

(116) v. <Ziv> = VW - 8,0 = d;.

A difficulty comes from the nonvanishing divergence of Z;v. To estimate the solution of
(113), we follow the same scheme as in the proof of Theorem 4. We use the same localization
in frequencies. We begin with the small frequencies, which is actually the more difficult. We
apply k°(eDy) to (113) to get

(117) T¢(k*Zv, K Zip) = k°Z;F — k°C% + C*
where the commutator C® satisfies the estimate
(118) Ice)1? S %[ Vollf + (o]l

We use the estimates (115), (118) and the standard energy estimate for (117) to obtain

T
1K Z DI +2 [ 1920l + (9 Zip,n* Z0)
0

<5+ Draton) + | " (1ol + 210 + (Fo, )
where the singular term S¢ is defined as
S€ = )(Zﬂ/ - 0,ul, Zi'u)‘.
As in the proof of Proposition 7, we can estimate the singular term
S <er||VZo||?

and hence we can absorb it in the left-hand side. Next, we have to be careful with the term
involving the pressure since Z;v is not divergence free. We write thanks to integration by
parts and (116)

(k°VZip, °Z;v)

e(k®Zip, K*VWS - 0,v)
—e(k®0,Z;ip, VW - v) — e(k°0,Zip, k*VO,W - v)

and hence we get
(6°VZip, k*Zw)| S e[ Vplalvll,
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so that we finally find

T
(119) W 2D +e [ IV Zal?
0

T
S Dro(,p)+ [ (Il + 219012 + eVl ol + (7)1 ).
0

In a similar way, by combining the previous argument and the arguments in the proof of
Proposition 5, we get in the high frequency region

T
1200 Wz + [ (el + el Ziol)
0

T
S Do)+ [ (10l + 29l ++e9pl1 ol + (F0)1).
0

It remains the medium frequency estimates. In this range of frequency, we can lift the
nonzero divergence and use the result of Proposition 8. Indeed, let us first establish some
useful estimates on d;. Thanks to (116), we have

T T
(121) |1 e [ 19012 £ eDrotw.)
0 0
and
T T
(12) [ 19ai? s [ 19l s e Dro(w.p).
0 0

Moreover, we notice that

1 1 1
(123)  [di]2 S 151 Zovll? + £20:05]2 S 151 Zov]? + 2 Vavll® S (75 + %) Va(v)
and hence, by taking the time derivative, we also have
T T
(124) | 1o s [ ool
0 0
Now let us choose as before D; which satisfies the boundary condition (2) and such that
(125) V-D;=d,.
By using (121), (122), (123), (124), we get
T
(126) | (102 +19D40P) £ eDro(w.p),
0
T
(127) | 192D £ e Dro(w.),
0
1
(128) 19Dl S (5 + ) Il
T T
(129) [ (1o + 1vami?) < [ i
0 0
To estimate ' Z;v, we shall consider the equation satisfied by
(130) w=Ziw - D,
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A very usefull remark already used to get (60) is that

(131) e ||s' Dil|* S 1KV D2

Combined with (126)-(129), this gives very good estimates on D,.
Thanks to (113), we get

(132) T¢(k'u, Zip) = k' Z;F — k'CZ +C'+ R, V- (k'u)=0

where C! is the commutator [x!, 7¢] and hence still satisfies the estimate (118) and R' is de-
fined by

(133) R! = T¢(x'D;,0).
Consequently, by combining (126), (127), (129) and (131), we get the estimate
T T
(134 J RIS [ (21001) + 2Dro(w.).
0 0

Next, since u solves (132), we can use the result of Proposition 8 to get
T
s + VO + [ (Il + el Tul?)
0

T
S (Iuoll? + IV suo)l) + e [ (IFIZ +IWCHI2 + ICH2 + IRIP).
0

Now, we can use (126), (128) and (131) and the fact that u = Z;v — D; plus the estimates
(115), (118) and (134). From now on, we restrict € and T such that ee’” < 1. This yields

T —
(135) K Zeo(D) + IV Z0)DIP + Jy (716 Ze0]? + ¢V (6 Z20) 12
T
< €7 ([joo |3+ 1K oo R+ Drow p) -y (T IFI3+ o]+ Vol3+e* 0,013

Note that by combining (119), (120), (135), we have actually proven that

T
(136) 120+ [ (920l + 12077

T
STV + Dro(w )+ [ (1ol +eeTIFR).
0

Next, since u solves
(137) T¢(u,Zip) = Z;F —C? 4+ R, V-u=0

where
R =T°(D;,0),
we get thanks to the result of Lemma 11 that

T
SIVa@I? + [ (0wl + V220l + 21V 2pl)
0

T
SENTuol+ [ (Iul? + <2 IvalP +2c2 P + 2IRI)
0
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and hence by using (130) and (126), (127), (128), (129), we find
T
13%) SIVZuDI + [ (21020 + IV 20l + |9 7))
0

T
S (lool? + 1900l) + Dro(v,) + [ (Il + <2V 20l + Dro(w,p) + 21 FI).
0

To conclude, we can add (112) for m = 0 and a large constant (independent of ) times (136)
plus (138) to get

[o(D)IF + 2 [Vo(D)|IF + Dr,i(v,p)
T
S0+ [ (o) + eITlhlol -+ ol + €l FIR).
Next, we use the Young inequality to write for every § > 0
ellVplly o]l < gEQIIVpr +C(8)|vlI?
and we choose § sufficiently small to absorb €%||Vp||? in D1 (v, p) so that we get
[v(D)[F + V(DT + D1 (v, p)
SETY(w)+ [ ((F0)s + ol + e F2),

and we conclude by using the Gronwall inequality as in the end of the proof of Theorem 4.

It remains to estimate |V Z;vp,|| and || Vus||. We use again (137). The result of Theorem
12 gives
2 2 2
E(IVnun(T)[? + [Ve(T)]?)
T
< uoll3. + / (NP I + £lCZ) + £ RI + el + | Vul?)
and hence we can use that u = Z;v — Dy and (126)-(129) and (115) to get
T
(|9 Ziw(T)|? + |V Zivs(T)|?) S Yi(vo) + Dra(v,p) + [0(T) |3+ J (<1 P12 + [1oll?)

and we can conclude since all the terms in the right-hand side have already been estimated.

We have given the proof for m = 1, the general case follows by induction, this is left to
the reader. O

5. Nonlinear stability

In this section we prove the main theorem 2. We introduce a new notation, namely for
f e Hm. (Q), we denote for z € (0,1)

117 (2) = Z 1Z% flL2(12)

a€eN3 | |a|<m
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where the integration only takes place in the y variable. An important remark is that, for
every f € H..(Q2), we have by Sobolev imbedding
If (5 2)|Leer2y S [F(H2)lm m > 2.

Consequently by Leibniz’ formula, we find

|fg|m§|f|m |9|ma m > 2.

5.1. Proof of Theorem 2

For the proof of theorem 2, we recall that u*PP = 4"t 44> 44", then we can see that uPP is
an approximate solution to (1) with an error term F¢ which has size /¢ in L>°(0, T; L*(£2)).
Moreover, we can describe more precisely the structure of £'¢. Namely, we have

e X u?PP
(139) F*® = 0P + — - eAUPPP 4 PP . VPP + Vp
and we can see that F© can be decomposed as
FE = Fa,l +Fs,2

with two types of terms. The first term F*>! contains boundary layer terms such as u®PP - Vu?
and hence has an L2 norm of size 1/¢ and is concentrated near z = 0 or z = 1. The other type
is F5°2 which has an L? norm of size ¢ and which comes for instance from the time derivative
of Y.

For each € > 0, the existence theory for the Navier-Stokes system yields the existence and
uniqueness of a solution u® to (1) in L> (0, T¢; H*(Q2)) with the initial data u*° on some time
interval T > 0. Proving that the time 7° > 0 can be taken uniform in £ and the convergence
of u® — L(£)w to zero will be done together. We set v = u® — u®P where we recall that
u®PP = 4" 4 4% 4+ 7. Note that v depends on ¢, but we drop this dependence in ¢ in the
notation. We find that v solves

(140) 6tv+uapp-Vv+v'Vuapp+exT”—aAv+Vp:—FE—U.V'U
div(v) = 0, v=0o0n 0N v(t =0) = u0 — u?PP(t = 0).

We start with the case 3/4 < o < 1. Let us define
T° = sup{to |Vt € [0,t0], Yin(v(t)) < 002520‘}

for some big constant Cy. We recall that Y, (v(0)) < c?e2* for some constant ¢, hence by
continuity 7° > 0 with the choice Cy > ¢. Notice that (140) can be written as 7°(v,p) =
—(F*¢ + v - Vv). Hence, we can use Theorem 13 to deduce that for 0 < T' < T, we have

T
(4D Ve + Drn(e) S €7 (Yoo + [ (8°(F + 0 Vo), w0)m +
0

T
(142) 5/0 I(F= +v-V0)l2,).

We have to estimate the different terms appearing on the right-hand side of (141). We recall
that F'¢ can be written as F¢ = F=! 4+ F=2 (for simplicity of notation, we assume that F=:!
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is a boundary layer at z = 0, the term at z = 1 can be treated in a similar way by replacing
z by 1 — z). We have

T
/ |/(HS(F6,1 +F6’2),I{S’U)m|
0 Q

T T ! 1 1/2
s [+ [ [ (1 ([ oaaz) ) dyas
0 o Jrz MJo 0
T T
S [UF 2+ ol + 02 [ vl
0 0

T T
3
S [l +carne+ S [ vilias
0 0

Moreover, we also have
T T
[ 1 [ @ vowoml o [ vz
0 Q 0
T 3/4
< CT1/4Cg/2E3/2a—3/4(E/ ||VU||$”)
0

1 T
< OTCSe%3 + gs/ |Vvl|?,ds
0

The first term in the above estimate yields the restriction 6 — 3 > 2« that is o > 3/4.
Besides,

T T 1
e / lo- Vol < e / / o2, Vo2, + [vs[2, 10:0]2, ddt
0 0 0
T
S é 2zUh|lm ||VUh||m hU||m zU3||m ||V3]|m 2Ullm
<e [ 10.0nllm lonllm 195012 + [92v3lm o3l 1050112, de
0

T
< e sup (Jonln (1950 + 10:05llm) [ 19012,
[0,T7] 0
< e ' sup Y, (v(t)? Dy (v,p) < C§ €2~ Dy (v, p)
(0,77

and this term can be absorbed in the left-hand side if € is small enough since o > 1/2. Finally,
we have

T
- [ s ore,
0

Hence, by Gronwall’s lemma, we deduce that for all ' > 0, there exists an € such that for
€ < g9, we can take T°¢ > T and we have

T
(143) sup o(@)|>+ [ elVol < Cpee
0<t<T 0

ifa > 3/4.

REMARK 14. — The proof of Theorem 2 shows that for « = 3/4, we have a similar result
but only on a finite time interval (0, Tp) where Ty depends on the initial data w® and the con-
stant ¢ appearing in (19). In some sense, it appears from the proof of the theorem that the

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



992 N. MASMOUDI AND F. ROUSSET

value oo = 3/4 is critical. However, it may seem more natural to have a critical result at the
value @ = 1/2. But we were not able to prove Theorem 2 when 1/2 < a < 3/4. The main
problem comes from estimating the nonlinear term fOT | [o (55 (0.V0), £50) .

Appendix A

Simple results about operator valued semi-classical pseudo-differential calculus

We consider smooth symbols A(y, £). Here, for each y, &, A(y, §) is an operator from H,
to L?(R;) where H¢ is a closed subspace of L?(R;). We only need to consider operators
associated with symbols of degree zero which basically verify

(144) 10507 A(y, )| £, 2(24) < Cass-

We associate to A a semi-classical pseudo-differential operator acting on functions on
T? x R, defined by

(145) Ay, 0,)w = Opquw(y, z) = Y e*VA(y,ek)id(k,-)(2)

keZ?

where w(k, z) are the Fourier coefficients of w(:, z), that is to say:
w(y,z) =Y e*Vi(k,z), wk,z)= / e~ *Yu(y, z)dy;
k Tz

here we assume that dy is normalized such that sz dy = 1. We shall only give the proof of
the properties that we have used; for more details, we refer for example to the book [€].

A.1. Continuity in L2

Let us define

|Alp,0 = sup sup [0 A(Y, &)l c(me,L2®s))-
¥:€ |a|<M
We also introduce the space H C L*(T? x Ry)

H= {w € LQ(TZ X RJr)) UA)(ka ) € Hsk}'

We have the following result

LEMMA 15. — There exists C > 0 such that for every ¢, € € (0,1),
VYw e H, [Opawllr2(r2xr,) < ClA|mollwllz2 (12 xry )

for M > 2.
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Proof. — We follow the method to prove the boundedness of pseudo-differential operators
in [31]. We expand A(y, ek)w(k,-) in Fourier series:

Ay, ek)w(k Ze”yA lLek)yw(k, ), A(l,ek) =/ e Y Ay, ek) dy
T3
Since A(y, k) is smooth in y, we have
A+ TP Aeh) = [ (=AY AR dy = [ 01— 8,)N Gy, k) dy
T2 T2

and hence we get

. 1
(146) AL ek)|cery) S WM&N,O-

Since

Opw = Z ety ( Z et v A(l, sk)wk> ,

1 k
we get by using the Bessel identity that for NV > 1

0 S S [Si | - (  va)

k

and hence thanks to (146), we obtain

[Opawl|l < |A|2NOZ s |l| = > lwel?,

k

which finally gives, by a new use of Bessel’s identity
[Opawl < |Alno llwl]-

This ends the proof.

A.2. Product

Here we only need to study the product of a differential operator and of a pseudo-
differential operator of order 0 which is obvious and the product of a bounded Fourier
multiplier and a pseudo-differential operator of order zero. Note that here we want to prove
that the residual is small in €.

LEMMA 16. — Let B(&) € L(L?) and A(y, £) be two symbols; then

OpgOpw = Opgw +eOprw, VYw e H
where there exists C such that for every € € (0,1),
Vw € H, ||Opgw|(r2(r2xr,)) < C|Bloa|Alamollwlla
Jor M > 5 where
|Blo1 = Slglp IVeB(&)|cra(ry)-
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Proof. — We write

OpzOpw(y,”) = Y / R =) e B(ek) Ay, el)id(l, -) dy’
k1 YT

= Z et Z ¢! *=VY B(ek) (/ e Ay, El)dy')ﬁ;(l, )
1 k T

=Y ey kY B(ek) Ak, el)i(l, )
l k

=Y ity (Z Y B(e(k + z))A(k,d))w(z, ).
l k

Consequently, the symbol of OpzOp 4 is C defined by
Cly,el) = e*B(e(k + 1)) A(k,el).
k

Note that the object is well-defined since B is uniformly bounded and fl(k, el) is fastly de-
creasing in k. By Taylor’s expansion, we can write

B(e(k +1)) = B(el) + eB' (el ¢k) - k, Bl(g,g)z/lDB(ngtc)dt
0

and hence we get
OppOpaw(y,-) = Oppaw(y,-) +€Oprw(y,-)
where R is defined by
R(y,§) =) e*YB' (& k) - kA(K, &).
k

Since B! is uniformly bounded and A is fastly decreasing, we easily get that R satisfies (144).
More precisely, we have

|R[m0 S |Bloi |Ala4a,0-

We end the proof by using Lemma 15.

A.3. Version with time dependence
Here, we consider the case where for each y, £, A(y, £) is an operator from L?(0,T’; Hy)
or L>(0,T; He) to L2((0,T) x Ry) or L>=((0,T); L2(R4)). Let us set
lwlir2 = lwllL2o,r),L2r2xR)4)s W70 = [WllLoo([0,77,22(T2 xR)4)

and

| Allar,0,r,2 = sup sup [0y A(y, &)l (L2 (0,17, He), L2 ([0,T],L% (B4 )))
v, lal<M

[ Al[a1,0,7,00 = sup sup |85A(y75)|L(L°°([O,T],Hg),Lz([O,T],LZ(R+)))7
U.€ la|<M
IBllo,1,r,2 = sup IVeBll(z2(o,11,L2(R4)))
IBllo,1,7,00 = sup IVeBll(ze(j0,7],L (R )))-

Then we have the following properties:
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LeEmMMA 17. — There exists C > 0 such that
Vw € L*([0,T], H), [|Opawllr2 < CllAlmor2lwlre,
[Opsw||T,00 < ClA|a1,0,7,00[|W]| 7,2,
and
OppOpyw = Oppaw + e0pp
with
vw € L*([0,T], H), |Opgwllr2 < C|Blloa,r2llAllmor2llwllr,2,

[0Prw|T,00 < ClIBllo,1,7,00 |4l a1,0,7,00 [ wl2-

The proof can be obtained by the same method as in the previous version and we shall
not detail it.

Appendix B
The Leray projection

B.1. The case of a half space
In this section, we study the symbol P (k) for k # 0. We look for a decomposition

%
(147) v=u+<;p>,z>0, ik -up + Oyuz = 0, uz(0) =0
2D

and we set P (k)v = u. It is convenient to introduce also Q4 (k) = Id — Py (k). We have
the following properties:

LeEMMA 18. — 1) The operator P (k) can be written for every v € L?*(R,.) as

Py (k)v(z) = Inv(z) — /]R K (k,z,2" (') dz', Vz2>0

Lhw(z) = (gh(Z) )

and there exists C > 0 such that the matrix K (k, z, z') satisfies the estimate

(148) VE£0, |Ku(k 2 2")| < Clkl (e—"fl ===l | e—l’f‘(m’)).

where

ii) There exists C > 0 such that the operators P (k) satisfy for k # 0 the uniform estimates
(149) Vo€ L*(Ry), |Py(k)v|rer,) < Clv|re(r,)-

iii) Let k(&) be a smooth bounded function which vanishes in the vicinity of zero and x(z)
another smooth bounded function; then there exists C' > 0 such that we have the uniform
estimate

(150) Ve € (0,1), Yo € L*(R,), ‘ [X(z),m(k)n(ek)]v <

L2Ry) ™

5|U|L2(R+)-

The precise expression of K will be given in the proof.
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Proof. — Note that ii) is a direct consequence of 1) and the Schur Lemma since

sw [ Kehn <0 s [ (K <
2>0 z'>0

z'>0 22>0

Let us prove iii); we have

[x(2), B4 (k)s(ek) |

- [x(2), @4 (R)x(er) o
= /Z/ K, (k,z,2")k(ek) (x(z) - X(z'))v(z') dz

and hence since x is smooth, we get thanks to (148)

’ /z/ K+(k,z,z')f~c(gk) <X(z) — X(Z/))v(z') ds

S [ (1M — 2 ol MO e 1) Kb ()
< [ (e F 1 B et (e

S [ (et st ey

for some ¢ > 0, where in the two last lines, we have used the inequality Xe=% < e~ for
X > 0 and the fact that on the support of x, we have |k| > ¢ > 0. The result follows by a
new use of the Schur Lemma since

—Cp—z _c ’ —Cly—z _c 4
sup/ e~ <=7 4 ¢ E(Z+z)dZ§C€, sup/ e~ =21 4 ¢ 5(z+z)dz/§C€.
2'20J2>0 2>0J2/>0

It remains to prove i). The result follows by an explicit computation. Thanks to (147), we
find that p solves the ODE

(azz - |k|2>p = ’ik’l)h + az'USy azp(o) = U3(0)'

The unique bounded solution is given by

+o00
b= [ (i) + () )i B g
: ||
- / (ik - wn(2)) + 8zv3(z’))e—lk\zCOSh(|’€|Z') e — 3O) ks
0 |kl ||

and hence, after an integration by part, we find

oo +cosh(|k /
p=- / ik - on(2")e 2 COS|(k|||Z) + vg(2")e” 1" cosh(|k|z) d2’

z h k /

- / ik - vh(z')e_|kz(m|(k|||z) — vs(2") e *lZ sinh(|k|2) d2’.
0

Note that this also yields

+oo
0.p = v3(z) — / ik - vp(2")e”FI= sinh(|k|2) 4 vs(2')|k|e** sinh(|k|z) d2’

- / —ik - vp(2") e F12 cosh(|k|2') + vs(2')|k|e*1Z sinh(|k|2").
0
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Finally, since

it suffices to read the expression of K ; we find
(151)
2 ’ ’ ’
%e"’”z cosh(|k|z) kllTklze_““'Z cosh(|k|z) —ikie™1¥l*" cosh(|k|z)
+(K, 2,2 ) = kika o—Ik|2" cog z —ge_““'z/cosh k|z —ikze_““'z,cosh k|z s
Ki(kz,2) = | Skae W cosh(lklz) 2
—ikye =" sinh(|k|2) —ikge™1F1= sinh(|k|2") —|k|e~IFI=" sinh(|k|2)
for0 < z < 2/, and
(152)
2
%e*|k|zcosh(|k|z’) %e*““'zcoshﬂkp’) ikie~ 11 sinh(|k|2")
Ky(k,z,2") = %e‘|k|zcosh(|k|z') %e‘|k|zcosh(|k|z’) ikge~ 112 sinh(|k|2") )
ikie~ %1 cosh(|k|z) ikoe~I¥I% cosh(|k|2") —|k|e~I*I* sinh(|k|2")

for z > 2z’ > 0. The estimate (148) follows immediately from the above expressions.

B.2. The case of a strip.

We now study the operator P(k), for k # 0. We now look for the decomposition

ik
v=u-+ (;IJ),zE(O,l), ik - up + Oyuz =0, wuz(0) =0, uz(1l) =0.
=D

LEMMA 19. — 1) The operator P(k) can be written for every v € L?(Ry) as

P(k)v(z) = Inv(z) — /(0 y K(k,z,2"w(z")d2', Vz>0

Lho(z) = (;)h(z) )

and there exists C > 0 such that the matrix K (k, z, 2") satisfies the estimate

where

(153) VE£0, |Ki(k, 2 2")| < Clk| (efl’cl ===l 4 e*'kl(HH*Z’)).
ii) There exists C > 0 such that the operators P(k) satisfy for k # O the uniform estimates
(154) Yv € LQ(R+), |P(k)U|L2(O,1) S C|'U|L2(0’1).

iii) Let k(&) be a smooth bounded function which vanishes in the vicinity of zero and x(z)
another smooth bounded function; then there exists C' > 0 and we have the uniform esti-
mate

(155) Ve € (0,1), Yo € L2(0,1), ‘ [X(z),m(k)n(sk)}u <

£2(0,1) ~

5|U|L2(0,1)-
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Proof. — We now solve the ODE
0..p — |k|?p = ik - vy 4+ D,v3, z € (0,1),  8,p(0) = v3(0), D.p(1) = v3(1).

The explicit resolution gives

Z . sinh(|k|(z — 2")) , ,
- k- vp + Oy0g ) TMERE T 2))
P /0 (z s 113)) ] z

1
) cosh(|k](1 — 2') ,
_ k- 0,v3 )| ————=—"" cosh(|k|z) d
/0 (ik - on -+ 0:04) ks i cosR(klz) dz
cosh(|k|(z — 1) cosh(|k|z)
O s m W s k]
and hence after an integration by parts, we find

1 4 : —
b= _/ (zk _ thOSh(|k|(1 — 2")) cosh(|k|2) . sinh(|k|(1 )

cosh(|k|z) )dz’

|k[sinh |&| Y3 sinh K|
e sinh(|k|(z — 2’))  cosh(|k|(1 — 2'))
+ /0 (zk . vh( ] = [k[sinh[F] cosh(|k|z))

_ sinh([k[(1 —2"))

+03(cosh(|k|(z—z’)) i ]

cosh(|k|z))) dz'.

Note that we have used the fact that

_ sinh(Jk|z) _ cosh([k|(z — 1>) —o.

cosh |k|
vg(O)(icosh(Wz) i Flsiah

|k| sinh ||

Finally, we can rewrite the pressure under the more convenient form

p:_/1i|k Y (e—lklz’ cosh(|k|z) N e~ IFI(2=2") cosh(|k|z))dz,

?I 1 — e—2lk| 1 — e—2lkl
! (e"“z, cosh(|k|z) e_|k|(2_zl)cosh(|k|z)>d ,
B N D I G ‘
*k e 1z cosh(|k|z") e 1FI(=2) cosh(|k|2") ,
_/0 Zm.’vh( ]__6—2|k| + ]_—6_2|k| )dz
* e sinn(kl2) oG sin([k])
e sin z e sin z ,
+/0 vs (I—e2F) T 1_com )a

By taking the derivative with respect to z, we also find

1 _ o, _ —_! .
L e ¥1#"sinh(|k|z) = e 1kI=2") sinh(|k|2)
0.0 =w(z) — [ il - @z
. k| ( 1— e2lkl 1 — e 2kl )

1 —Ikl2" ginh(lk —1&l(2=2") ginh(|k
_/ 7]3|k|<e sinh(|k|z) e sinh(| |Z))dz’

1 — e—2lkl 1 — e2lkl
3 /Zzﬁ -vh|k|(— e~ ¥ cosh(|k|2") . e~ 1kI(2=2) cosh(|k|z’)) &
o |kl 1 — e2lk| 1— e 2lkl
: 1= sinh((k]=') | ¢~¥2=2) sinh([k|2")
e sin z e s z ,
+/0 v3|k|(_ (1_6—2|k|) + 1 — e—2lk| )dz :
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Consequently, since

d.p
we find
K(k,z,2') =
|k|a+(k z,2") klk"‘ +(k,2,2") —ikia_(k,z,2")
(156) 21| |1kk|2a+(k z,2") \k|a+(k 2,2") —ikya_(k,2,2") |,0<z<2,
—ik1by(k,z,2") —ikeby(k,2,2") —|k|b-(k,z,2")
. %a+(k,z’,z’) kllkklz +(k, 2, 2) —ik1by(k, 2, 2)
(157) = 1~ o—2/F] kllkk‘z at(k, 2, 2) |k|a+(k 2, z) —ikoby(k, 2, 2) |,0<2 <z
tkia_(k,2',2) iksa_(k,2',2) —|klb—(k,2',2)
where
ai(k,z,2") = e ¥ cosh(|k|z) + e ¥12==) cosh(|k|z),
a_(k,z,2") = e ¥ cosh(|k|z) — e IkI2=2) cosh(|k|z),
bo(k, 2, 2') = e ¥ sinh(|k|2) + e 1¥12=*) sinh(|k|2)
b_(k,z,2") = e 1¥1¥ sinh(|k|2) — e~ 1¥I2==) sinh(|k|2).

Thanks to (156), (157), the estimate (153) follows easily and next, we obtain ii) and iii) as
previously.

B.3. Estimate of P — P

LEMMA 20. — Let k(&) be a smooth bounded function which vanishes in the vicinity of zero
and x1(2), x2(z) two smooth bounded functions which are compactly supported in [0, 1), then
there exist C > 0 and ¢ > 0 such that we have the uniform estimate
(158) Ve e (0,1), Vo € L*(Ry), |X1(P - ]P)+)K(5k)X2U|L2(]R+) < Ce = Jo|paay)

Proof. — We can use the explicit expressions given by (156), (157) and (151), (152). This
yields

Ix1(2) (P - IP’Jr)/'i(f?k)><2(2‘)v|
1

—+oo
< [ @Rl (ke (g = 1)+ e 2 ) g
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and hence if the support of x(§) is in |{] > r > 0 and the supports of x and x’ are in [0, ¢],
6 < 1, we find

1 () (P = P ) e(ek)xa(2)o]

“+o0
g/ Xl(z)m(z’)n(ek)|v(z')|(|k|e*“c”Hle3 +|k|e*2lkl<1*5>) !
0

+oo
§/0 x1(2)x2(2" )k (ek)|v(2)|e” < dz'.

The estimate (158) follows by using again the Schur Lemma.
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