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GROWTH OF SELMER GROUPS OF HILBERT
MODULAR FORMS OVER RING CLASS FIELDS

BY JaN NEKOVAR

ABSTRACT. — We prove non-trivial lower bounds for the growth of ranks of Selmer groups of
Hilbert modular forms over ring class fields and over certain Kummer extensions, by establishing first
a suitable parity result.

RESUME. — On donne des bornes inférieures non triviales sur la croissance des rangs des groupes
de Selmer de formes modulaires de Hilbert sur les corps de classes d’anneau et sur des extensions de
Kummer, en démontrant d’abord un résultat de parité.

0. Introduction

0.1. — Fix an algebraic closure Q of Q, a prime number p and embeddings ., : Q — C and
ip Q— @p.

Let F be a totally real number field and g € Si(n, 1) a cuspidal Hilbert modular newform
over F of parallel weight k, trivial character (which implies that k is even) and (exact) level n.

Let K be a totally imaginary quadratic extension of F' and x : A} /K*A}, — C* a
(continuous) character of finite order. Fix a number field L C Q such that i, (L) contains all
Hecke eigenvalues A4 (v) of g and all values of x; denote by p the prime of L above p induced
by i.

Let V(g) = V;(g) be the two-dimensional representation of Gr = Gal(Q/F) with coef-
ficients in Ly, attached to g: if v { copn is a prime of F', then V (g) is unramified at v and

det (1 — Fr(v)geom X | V(9)) = 1 — ip(Ag(v)) X + (Nov)*~1 X2,
The Tate twist V. = V(g)(k/2) is self-dual in the sense that there exists a skew-symmetric
isomorphism V — V*(1) = Homy, (V, L,)(1).
Denotebyn = ng/p : AL /F*Ng pAj — {£1} the quadratic character corresponding
to the extension K/F.

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE
0012-9593/06/© 2008 Société Mathématique de France. Tous droits réservés



1004 J. NEKOVAR

0.2. — Normalising the reciprocity map recy : A} /K* — Gal(K?/K) so that the local
uniformisers correspond to geometric Frobenius elements, we identify x with the corespond-
ing Galois character x : G = Gal(Q/K) — 0% C Ly; put Ky = @Ker(

canonical isomorphisms

x) . There are

H}(K, Ve X:I:l) -, (H}(va V)® Xﬂ:l)Gal(KX/K) _ H}(KX, V)(Xﬂ),
where H ;(—) are the Bloch-Kato Selmer groups and
MY ={me M |Vo e Gal(Ky/K) o(m)= x(o)m},

forany O, [Gal(K, /K )]-module M. The action of the complex conjugation p € Gal(K, /F)
on H}(K,,V) interchanges the eigenspaces H (K, V)X which implies that their di-
mensions

hi(K,V @ x*') i= dimp, H}(K,V ® x*")

are equal to each other: h}(K, Vex)=h(KVex!).

0.3. — Denote by 7 = =(g) the (irreducible, cuspidal) automorphic representation of
GLy(Ar) generated by g, and by 6, the automorphic representation of GL2(Ap) generated
by the theta series of x. They are both self-dual, as the central character of = (resp., of 6,)
is trivial (resp., is equal to n = ng/p, and 0, @ n = 6, ).

The Rankin-Selberg L-function L(7 X 6,, s) has Euler factors

Ly(m x Oy, 5) = ] det(1 — Fr(w)geom (Nw)/27% | (V @ x) ™) 7,

wlv

where v 1 oop is a prime of F and w a prime of K (cf. [13, 12.6.2.2]). We shall abuse
the notation and write L,(m x yx,s) instead of L,(m x 6,,s). The complete L-function
L(m % x,8) = [[o Lo(m X X, 8) is equal to L(m x x~!, s), has holomorphic continuation to
C and a functional equation of the form

L(m x x,8) =e(m X x,8) L(m X x,1 — s),

e(m x x,8) = c(m x x)Y* S e(n x x, ), e(r x x,3) € {£1}.
Put

Fan(K, g, %) = 0rds_j L(m % X,8) = ordacrja [ Lo(r % x,9)

vtoo
(the I-factors L, (7 X x, s) for v | oo take finite non-zero values at s = 1/2).

The conjectures of Bloch and Kato ([2], [8]) predict that
(0.3.0.1) ran (K, 9,%) = W5 (K, V ® X).

The main result of the present article is the following theorem.
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GROWTH OF SELMER GROUPS 1005

0.4. Theorem. — Assume that ¢ € Si(n,1) is potentially p-ordinary, ie., that there
exists a finite solvable extension of totally real number fields F'/F such that the base change
BCpip(m(g)) is equal to m(g'), where g’ is a p-ordinary (cuspidal) Hilbert eigenform over
F' (equivalently, that there exists a character of finite order ¢ : A}, /F* — Q" such that the
newform associated to g ®  is p-ordinary; see [13, 12.5.10]). If g has complex multiplication
by a totally imaginary quadratic extension K' of F, assume, in addition, that p # 2 and that
K' ¢ K,. Then:

L If 24 7an(K, g, X), then 21 h3(K,V @ X).

2. If 2| ran(K, g, x) and if there exists a prime v | p of F which does not split in K/ F and
Sfor whichm(g)y = St @ p, p : Fy — {£1}, xw = po Nk, /F,, where w is the unique
prime of K above v (as g is potentially ordinary, this can occur only if k = 2, see [13,
12.5.4]), then 2 | h}(K,V ® X)-

( The hypothesis in (2) can be interpreted as saying that the Euler factor at v of the p-adic coun-

terpart of L(m X x, 8) has a trivial zero of odd order at the central point; cf. [13, 12.6.3.10] and
[13,12.6.4.3].)

0.5. Corollary. — Let K[oo] C K2 be the union of all ring class fields of K in the sense of
[1, 1.1] (the Galois group Gal(K[oo]/K) is the quotient of Gal(K?"/K) by reck (A%)). Let
Ky /K be afinite subextension of K[oo]/ K. Assume that g € Sy(n, 1) is potentially p-ordinary;
if g has complex multiplication by a totally imaginary quadratic extension K' of F, assume, in
addition, that p # 2 and that K' ¢ K. Then

h}(KOaV) = dimLp H}(K(),V) > |X_(97K0)|7

where
X*(g,Ko) = {x : Gal(Ko/K) — C* | e(w(g) x x, 3) = +1}.

0.6. Example. — Let E be an elliptic curve over F'. It is expected that E is modular in the
sense that there exists g € Sa(n, 1) such that L, (E/F, s) = L,(n(g), s + 1/2), for all primes
v of F'. If this is the case, assume that E has potentially ordinary reduction (= potentially
good ordinary or potentially multiplicative reduction) at all primes of F' above p. If E has
complex multiplication by Q(v/—D), assume, in addition, that p # 2 and F(v/—D) ¢ K,.
Theorem 0.4 then implies the following:

1. If 2fords—1 L(E/K, X, s), then
24 (dimy (B(Ky) © 1)) + corko, , (T(E/Ky) @ O1,)* ).

2. If 2 | ords—1 L(E/K, x, s) and if there exist a prime v | p of F' which does not split in
K/F and a character p : F;y — {#£1} such that x,, = po Nk, /p, and the quadratic
twist £ ® p has split multiplicative reduction at v, then

2| (dimp (B(Ky) © L)% + corko, , ((E/Ky) @ 01,,)* ).
There is an obvious variant of this statement when F is replaced by an abelian variety Ag

with O, — Endp(Ay), where Ly is a totally real number field of degree [Lg : Q] = dim(Ay).
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1006 J. NEKOVAR

0.7. Example [7]. — Let ¢ # 2 be a prime number and Fj a totally real number field such
that Fy N Q(ug=) = Q. Leta € Op, — {0} be an element satisfying a ¢ F;? and, for each
finite prime vy of Fy not dividing ¢, ord,,(a) < g. Foreach r > 1, put F,. = FoQ(uge )",
K, = Fy(ugr); then Gal(K,./Fy) — (Z/q"Z)* and Gal(K,( 4/a)/K,) — Z/q"Z. Fix
an injective character x, : Gal(K,( 4/a)/K,) — @ ; then x,. (more precisely, x, o recx., )
factors through A% /KXAY, .

Let go € Sk(ng,1) be a cuspidal Hilbert newform over F of parallel weight &, trivial
character and level ng; put V- = V, (go)(k/2). Forr > 1, denote by g, the corresponding base
change newform over F;. (i.e., BCF, ;r(7(g0)) = 7(gr)). An easy exercise in group theory
(see §3.1 below) shows that, for each r > 1,

H}(Fo(Va),V)=H}(Fo,V) o P H} (K., V @ xs)-

s=1

0.8. Theorem. — In the notation of 0.7, assume that (Nvo|q) 7(go)w, i a principal series rep-
resentation and that (Yvgla) 7(go)v, is not supercuspidal. Put n(()aq) = ngo/(ng, (aq)™) and

d = (-1 AN WLy e Z - {0}. Then:

1. Foreachr >1, e(n(g,) X Xr, 3) = (g). (See [7, Thm. 6] for a special case.)

2. Assume that gq is potentially p-ordinary. If go has complex multiplication by a totally
imaginary quadratic extension K{j of Fy, assume that p # 2 and that (g = 1 (mod 4)
or K|, # Fo(v/—q)) (the latter condition is automatically satisfied if 2 { [Fy : Q]). If

(g) = —1, then

Vr>0  Ry(Fo(a),V)—hp(Fo,V) >,
Fo(%/a),V) —h}(Fo,V) =7 (mod?2),
h}(FO(:u’qrv q(/a)7v) - h}(FOa V) > q'r -1

~— ~—

0.9. Corollaire. — In the notation of 0.7, assume that E is a modular elliptic curve over Fy
such that for each prime vy of Fy above q (resp., dividing a) there exists a quadratic twist of
E with good reduction (resp., semistable reduction) at vo. If E has complex multiplication,
assume that p # 2 and that (¢ = 1 (mod4) or Fo ® Endg(E) # Fo(v—q)) (the latter

condition is automatically satisfied if 2  [Fy : Q]). Assume, finally, that (%) = —1, where

d = (=1)FUAN(cond(E)(@D). Then, for each prime number p such that E has potentially
ordinary reduction at all primes of Fy above p, the ranks

sp(E/—) :=rkg E(—) + corkg, HI(E/—)[p™]
satisfy
VP20 s, (B/Fo( @) - sp(E/Fo) 2,
sp(E/Fo( Va)) — sp(E/Fo) =7 (mod2),
sp(E/Fo(ugr, Va)) = sp(E/Fp) > ¢" — 1.
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0.10. Remarks. — (1) The proof of Theorem 0.4 does not use any explicit formula for the
global root number (7 (g) X x, 3) (in fact, such a formula is not available in general). Instead,
the local root numbers enter the picture indirectly, through their representation-theoretical
characterisation ([18], [19, Thm. 2], [17]) that appears in a refinement of the method of Cor-
nut and Vatsal ([1]).

(2) A suitable strengthening of the methods of [12] or [5] would allow us to drop the as-
sumption of potentially ordinary reduction at p in Example 0.6 (if the order of x is a power
of p, this can be done, in many cases, by combining [12, Thm. 6.4], [5, Thm. 4.3] and [16,
Thm. 1]).

(3) In the special case p = ¢ there are more elementary approaches to Corollary 0.9 ([12,
Thm. 7.1], [6, Prop. 4.13], [3, Thm. 4.2, 4.6]), which do not require E to be modular but
instead assume that s,(E/Fy(up)) = ords=1L(E/Fy(pp),s) (mod2), which under fairly
general circumstances follows from [16, Thm. 1].

(4) If x* = 1, then x = ¢ o Ng,p, where ¢ : A}, /F* — {£1}, and

H}(K,V®yx)=H}F,V®p) e H(F,V & engr).
In many cases [13, Thm. 12.2.3] applies to ¢ ® ¢ and g ® ¢nk,r, yielding

Tan(K,9,X) = h3p(K,V ® x) (mod2).

1. Proof of Theorem 0.4

In this section we prove Theorem 0.4, following closely the arguments in [13, §12.9]. The
main difference is that the non-vanishing results of [4, §4] are replaced by their strengthening
proved in [1]. We are going to use the notation from [1] and [13, ch. 12].

Assume that g € Sy (n, 1) is potentially p-ordinary and, if g has complex multiplication
by a totally imaginary quadratic extension K’ of F, that p # 2 and K’ ¢ K,.. Put® = n(g),
N = NK/F, €0 = &(Ty X Xu,3) € {1} ande = e(r x x,3) = [[, €. Note that e,
does not depend on the choice of an additive character, by the self-duality of V ® Ind k¢ (x)
([14,2.2.1(1)).

1.1. Reduction steps
1.1.1. — Let X, (resp., Yoo = {T1,..., 74}, d = [F : Q]) be the set of all primes of F' above p
(resp., above co). Put
2, =3,(g9) = {v € X, | vdoesnot split in K/F,
Ty =St @ p, p: Fy — {1}, xw = po Nk, /F,}

(where w is the unique prime of K above v). As g is potentially p-ordinary, 7, is not super-
cuspidal for any v € ¥,,, which implies that

-1 ex
(1.1.1.1) WweS, m(-l)e =4 =~ 57X
1, veE Xy
(see[13, 12.6.2.4]). At the archimedean primes,
(1.1.1.2) Yv € Y ny(—1) = =1, €y = 1.
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1008 J. NEKOVAR

1.1.2. Reduction to the case k = 2. — Assume that £ > 2 and that Theorem 0.4 has been
proved for k = 2. Asin[13, 12.9.5.1], let ¢’ € S3(n’,1) be a weight 2 specialisation of the
twisted Hida family containing a twist of the p-stabilisation of a p-ordinary twist of g; put
7' =x(g"), V' =V,(¢')(1). As k > 2, we have £, (9) = @ ([13, Lemma 12.5.4]). According
to [13, 12.7.14.5(v), (ii), (iii)] (combined with (2.2.3.1) below),

(1.1.2.1) g has complex multiplication by K’ <= ¢’ has complex multiplication by K’;
(1.122)  7an(K,9,X) = Tan(K, 9, X) + 1Zx(9)| = ran (K, ¢', x) + 125 (g")| (mod 2);
(1.1.2.3) hp(K, V@ x) = hi(K,V @)+ [Zx(9)] = hj (K, V' ® x) + |Zx(¢)| (mod2).

As Theorem 0.4 holds for ¢’ by assumption, the statements 1.1.2.1-3 imply that it also
holds for g (in fact, one can always choose ¢’ satisfying X, (¢') = @, by [13, 12.7.10]).

1.1.3. Further reduction in the case k = 2 (cf. [13, 12.10.1]). — From now on, until the end
of §1, k = 2. Assume that Theorem 0.4 has been proved for £ = 2 under the following
additional assumption:

(1.1.3.1) ITCE,, 240  (-1)FEET =g xx, 1) =-

There is precisely one case in which the assumptions of Theorem 0.4 (¢ = —1 or |2,| # 0)
are satisfied, but 1.1.3.1 is not:

Sd=15l=1 e=-L

In this case fix a totally real cyclic extension Fy/F of odd order n > 1 in which the unique
prime v € X, splits completely and put K1 = F1 K, x1 = x o Nk, /k : Ay, /K{AL — C*
(thus (Kl)X1 = FlKX), T = BCFI/F(TI') = Tl'(gl), A = Gal(Fl/F) = Gal(Kl/K),
A = Hom(A,C*). As g is potentially p-ordinary, so is the base change form g; over Fj.
Furthermore, if g has complex multiplication by K’ ([K’ : F| = 2), then g; has complex

multiplication by F; K/, and

(1132) K’gZKX <~ F1K/§ZF1KX:(K1)X1~
We have
e(mxxn3)=[[e(rx Oy @a),2), hpELV@x1) =Y hj(K,V@xa).
aEE aez
As

e(rx (Oy®a),3)=c(r x (6, ®a), 1)
by the functional equation, it follows that
(1.1.3.3) ran (K, 91, X1) = ran(K, g,x) (mod?2).
Similarly,
he(K, V@ xa)=hp(K, V(1) @x o) =hi (K, Voxa™')  ([13,12.59.5Gv)])
= h}(K,V®xa™")
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(the last equality follows from the fact that the action of the complex conjugation p €
Gal(Fy K, /F) interchanges the ya- and x ~!a-eigenspaces for the action of Gal(F1 K, /K)
on H(F1K,,V)), which implies that

(1.1.3.4) hy(K1,V®x1) =hp(K,V®Yx) (mod2).
Finally,
(1.1.3.5) Yyi(g1) ={v1 | v, ve Ey(9)}

Putting (1.1.3.2-1.1.3.5) together, we obtain that Theorem 0.4 holds for g iff it holds for g;.
However, g; satisfies (1.1.3.1), as there are n > 1 primes above p in F;. This concludes the
proof of the reduction step to the case when (1.1.3.1) holds.

1.2. Passage to a Shimura curve

1.2.1. — Thanks to 1.1, we can (and will) assume that ¥ = 2 and that there exists a non-
empty subset ¥ = {P;,..., P} C X, for which (1.1.3.1) holds; fix such X (in fact, we can
always take s = 1 or s = 2). Our goal is to show that ran (K, g, x) = h}(K,V®x) (mod?2).

1.2.2. Choice of a quaternion algebra. — As

5=Hev=an(—1)ev
“T I I mEne=EnEaeEn=sd I g-1)e,

VEX oo VEX vZXUE VEEUY
(by (1.1.1.1-1.1.1.2)), the condition (1.1.3.1) implies that
[T n(-De = (nFa-
VEIUY o

This means that there exists a (unique) quaternion algebra B over F' with local invariants

]., ’UEEU{Tl}
inv, (B) = { —1, Ve T~ {n}
Ny(—1) €y, veg€YUX,.

1.2.3. Proposition. — (1) There exists a (unique) irreducible (cuspidal) automorphic
representation ©' of B such that 1 = JL(n') is associated to 7' by the Jacquet-Langlands
correspondence. The representation ' has trivial central character, 7w, = 1 if v € Xoo — {11},
and ), is the weight 2 holomorphic discrete series.

(2) There exists an F-embedding t : K — B; fix such t.

(3) Yo & XUX, there exists anon-zero t,(K})-invariant linear form £, : w), — C(x;1).

Proof. — (1) At each finite prime v of F' at which m,, is a principal series representation we
have n,(—1) e, = 1 ([13, 12.6.2.4(i)]), hence B is unramified at v, by construction. This im-
plies that 7 lies in the image of the Jacquet-Langlands correspondence. The central charac-
ters of m and 7’ coincide and the archimedean behaviour of 7/ follows from the corresponding
local correspondence.

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



1010 J. NEKOVAR

(2) At each finite prime v of F' which splits in K /F we have n,(—1) e, = 1 ([13, 12.6.2.4]);
thus B is ramified only at primes of F' that do not split in K /F, which implies the existence
of ¢.

(3) By construction, inv, (B) = n,(—1) ¢, foreach v ¢ X UX,; we apply the fundamental
results of [18] and [19, Thm. 2] (see also [17]) (note that, if inv, (B) = 1, then dim(x)) =
dim(m,) = 00). O

1.2.4. Proposition. Choice of an order. — There exists an Op-order R C B such that Vv ¢
Y U X, L((m)Be) # 0; Yo € %, R, is an Eichler order of level o(n)) = o(m,) (hence
dim(n))® =1).

Proof. — Fix any Op-order Ry C B. There exists a finite set Sy D ¥ of primes of F
such that, for each v ¢ Sy, the following conditions hold: Ry, is a maximal O ,-order in
B, — M(F,), t;1(Ro,) = Ok v, X is unramified and o(7) = o(m,) = 0 ( <> m, isan
unramified principal series representation). This implies, by [9, 2.3], that £, ((x/,)%) # 0 for
allv ¢ Sp. On the other hand, for each v € Sy — (¥ U ), there exists a vector z,, € 7,
such that £,(z,) # 0. As the central character of 7/, is trivial, there exists an O ,-order
R(v) C B, such that z,, € (7/,)®")", Forv € %, let R(v) C B, be any Eichler order of level
o(my,). The Op-order R C B given by its localisations

Ry, v & So
R(v), v E Sy— Yo

e
has the required properties. O

1.2.5. Shimura curve. — Fix an Op-order R C B satisfying Proposition 1.2.4 and put H =
R*. From now on, we shall work with the Shimura curve Nj; (in the notation of [15, 1.4] and
[1, 2.1.2]). By construction,

/ .
7H =7 ® ®woo(ﬂ';)R” # 0.

1.3. CM points

1.3.1. — Asin[l, 2.2, fix an isomorphism B,, — M;(R) and denote by z € C, Im(z) > 0
the unique point fixed by ¢(K*) C B* C B;, — GLy(R). Let

C={[z,b1--bslu | bs € Bp} C CM(Ny, K)

be the (P; - - - Ps)-isogeny class of the CM point [z, 1]z on the curve Nj;.

Recall that the conductor of a CM point x = [z,b]g € CM (Ng, K) is the non-zero ideal
¢(z) C O satisfying

Vo & o tyH(byRybyY) = OFp + c(2)Ok .

Similarly, the conductor of x is the smallest non-zero ideal ¢(x) C Op (w.r.t. divisibility)
such that

Y0 E S xo((Opw +c(x)O0k0)") = 1.
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1.3.2. Lemma. — Yv ¢ X UX, Vz € C, ord,(c(x)) < ord,(c(x)) (the R.H.S. depends only
onC, by[l,(2.2.4.1)]).

Proof. — There exists z, € (7)) such that £,(z,) # 0. As
Vae Ky by(m(to(a)) zo) = x5 (@) Lo(z0),
it follows that x, (t; 1(R:)) = 1; but t, 1 (R,) = O, + ¢(2)Ok 4, by definition. O
1.3.3. Corollary-Definition. — Put co = c(x)/(c(x),(P1---Ps)*®) and ¢ = c(x)/(c(x),
(Py--- Ps)®) (which is independent of the choice of © € C). Then co | ¢ and c(x) =
coP" ---Pl's (n; € N). Ascy | ¢ x is a character of G = Gal(K[cP*®]/K), in the

notation of [1, 1.2.2]; let xo : GE]C) — C* be the restriction of x to the torsion subgroup
G = (G©))0rs of GL©).

1.3.4. Lemma. — For eachm € N, there exists a CM point x.,, € C which is good in the sense
of [1, 4.2.3] and satisfies (Py - -+ Ps)™ | ¢(xm).

Proof. — Let
X [[Pu(T) > C
i=1
be the [];_; K5 -equivariant surjection from [l, (4.2.2.3)]. Foreachi = 1,...,s choose a
pathv; = (yo — -+ — Ya,) € Pa,(7;) such that Z;(yo) = m and Z;(ya,) = m + a;; the
CM point z,, = X(7y1,...,7s) has the required properties. O

1.4. Quotient of the Jacobian of the Shimura curve

1.4.1. — Asin [15, 1.16], denote by J(NN};) the Jacobian of the curve Nj;. As recalled in
[1,2.1.7]and [15, 1.18], there exists an isogeny J(N};) — Ag x A; (defined over F'), where:
Ay is an F-simple abelian variety with Endr(Ag) = Op,, Lo is a totally real number field
of degree [Lg : Q] = dim(Ay), there is a unique embedding o9 : Ly < R such that the
L-function L(o¢ Ao/ F, s) = L(cg h*(Ap), s) (in the notation of [14, 0.0]) is equal (Euler fac-
tor by Euler factor) to L(n’,s — 1/2) = L(m,s — 1/2), a = dim @/, (7})% > 1 and
Homp(Ag, A1) = 0 (in the notation of [1, 2.1.7], 7’ = 7w (0yg)). As o¢(Lg) is the field gener-
ated over Q by the Hecke eigenvalues of g, there is a unique embedding i : Ly — L satisfying
iaJL 01 = [ B

Forj =1,...,a, denote by pr; : A§ — Ay the projection on the j-th factor.
142, — Put S ={v|cdg/p,v # Pi1,...,Ps}. According to Proposition 1.2.4,
(1.4.2.1) Yoes  L((x)) £0.

Denote by

ls = ®£U : ®7r:, — C(x5")

veS veS
the tensor product of the linear forms £, (v € S); above, x5 = [[,es Xv : [[ves Ki — C*.
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1.43. — Asin[l, 2.4.3], put A = Op, ®o,, Ao As explained in [1, 2.1.7], ['(4, Q}MF) is a
free L ®g F-module of rank one and the projection J(Nj;) — A x Ay — Ag induces
an isomorphism
~ / *
DA Q) 0rn € B @7
o:L—C
In particular, there is a natural E*-equivariant projection on the term corresponding to
g = ic><>|L:
i *
r:T(A,Q )" ®pr, C— ®m(w;)Rv.
The linear form £g induces a linear map
!/

s 1. 4 / / -1
ts ®id: ®'U)(oo T = <®vezmus 7T”) ®Xs
and it follows from (1.4.2.1) that there exists j € {1,...,a} such that
(1.43.1) (s ®id) o7 o pr} (T(A, QY p) ®F.r, C) #0.
In the notation of [1, 2.1.3], let & : Nj; — A be the morphism (defined over F) given by

a: N 45 J(NG) — A8 x Ay — A8 25 Aq.

1.5. End of the proof

1.5.1. — Using Lemma 1.3.4, choose a sequence of good CM points {z,,} C C satisfying
(Py---Ps)™ | c¢(xy,) for all m € N. By (1.4.3.1), the main non-vanishing result from [1,
Theorem 4.3.1] applies to the sequence of points {a(z,)} C Ao(K[cP>]) and the character
xo: if m € Nis large enough, then there exists a character y,, : G(© — Q" of finite order
with the following properties:

(1.5.1.1) the restriction of x,, to Géc) is equal to xo;
(1.5.1.2) c(xm)cgt = c(zm)c™t (hence (Pr -+ P)™ | ¢(Xm));
(1.5.1.3) ex, (1®a(zm)) #0 € @@oLO Ao (K[cP™)).

The assumptions in Theorem 0.4 imply that g does not have complex multiplication by
any totally imaginary quadratic extension of F' contained in K, , , which means that the main
result of [15, Thm. 3.2] applies to the non-torsion point ex (1 ® a(z,)), yielding

(1.5.1.4) h(K,V®@xg') =1.
As m is large enough, we also have
(1.5.1.5) (™ X Xm, %) = -1,
by [1, 2.4.12(3)], hence
Tan(K, 9, Xm) = 1= h}(K,V ® xm) (mod?2).
Finally, as the restrictions of x and x,, to the torsion subgroup of G(¢) coincide, we have
ran(K, 9,x) = h} (K, V @ X) = ran(K, g, Xm) — h} (K, V ® Xm) =0 (mod2),

by Proposition 2.1.2(5) below (which was earlier proved in [13, 12.6.4.7(v)] in the special case
when (¢, (p)) = (1)). This finishes the proof of Theorem 0.4.

4¢ SERIE — TOME 41 - 2008 — N° 6



GROWTH OF SELMER GROUPS 1013

1.5.2. — In fact, it is enough to appeal to a weaker non-vanishing result [1, Thm. 2.5.1],
which does not require the CM points x,,, to be good and which yields, for m large enough,
a character y,,, : G© — Q" satisfying 1.5.1(1) and 1.5.1(3), but not necessarily 1.5.1(2).
The equality (1.5.1.5) in this case follows from [1, Prop. 2.6.2(2)].

2. Iwasawa theory

Throughout this section we assume that g € Sk(n(g), 1) is a potentially p-ordinary Hilbert
modular newform of level n(g); let 7 = m(g). We also fix K asin 0.1 and put n = ng/p.
Fix a non-empty subset ¥ = {Pi,...,P;} C ¥, and an ideal ¢ C Op relatively prime to
PP, Asin[l, 1.2.2], set K[cP*] = U,y K[cP™ -+ P"], G©) = Gal(K[cP™]/K)
and GYY = (G9)

tors”

2.1. e-factors
2.1.1. — For a character y : G(¢) — C* of finite order, let
£y = (Ty X Xu, 5) € {£1}, €y = &(my X Xu, 3) € {£1},
where
~ {_L v € Ex(g)
1, v & Xy (9)
is the modified local e-factor defined in [13, 12.6.3.10] (if ¥ > 2, then ¥, (g) = @ and &, = ¢,

for all v). If x’ : G(© — C* is another character of finite order, denote the corresponding
local e-factors by &/, and &),.

2.1.2. Proposition. — Let x, X' : G©) — C* be characters of finite order such that Xlge =
x’|G(<)C). If v is a prime of F, then: ’
1. Ifv]ooorifvfoosplitsin K/F, thene, =€, =€, =¢, = 1.
2. Ifv="P; (i=1,...,8), then&, = &, = n,(—1).
3. Ifv|cdg/p, v # Pr,..., P, thene, = ¢, and €, = &,.
4. If v { oocdk p, then e, = €, (more precisely, x, = X, = 1 if v does not split in K/F')
and
s {1, if m, is not supercuspidal
! o ()00 if m, is supercuspidal.

5' 'ran(Ka 97 X) - h}(K7V ® X) = Tal’l(K7g? X/) - h}‘(K7V ® X’) (m0d2)

Proof. — (1)[13,12.6.2.2.1, 12.6.2.4].

(2) As v | p and g is potentially p-ordinary, , is not supercuspidal; apply [13, 12.6.2.4(i),
(i)].

B)Let S = {v | edg/p, v # Pi,...,Ps}. By[l, 1.2.7], G{” has a subgroup G\ -
U'(c,Pr---Ps) = [[yes Us,, where each U}, is isomorphic to a quotient of (K})°/F;, via
the reciprocity map recg. If v € S does not split in K/F, then (K})° = K, which means
that x, depends only on x| SICE thus x, = x/,, which implies that e, = ¢/ and &, = &,. If
v € S splits in K/F, we conclude by (1).
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(4) If m, is not supercuspidal, then &, = &, = n,(—1) = 1 (recall that v is unramified in
K/F, by assumption), by [13, 12.6.2.4(i), (ii)]. If =, is supercuspidal, thene, = €, = ¢}, =
& = n,(v)°(™) by [13, 12.6.2.4(iii)]. If v is inert in K/F, then x,, = x/, = 1, as both x, and
X, are unramified and K = O  F,;. If v splits in K/F, then e, = ¢;,, by (1).

(5) Ase:=T], & isequal to & :=[], &, by (1)—(4), we deduce from [13, 12.6.4.3] that

BH(K,V @ X) — h}(K,V @ X) + ran(K, g, X) =
hi(K, V@ x')—hi(K,V&x)+ra(K,g,x') (mod2),

where ﬁ}(K ,V ® x) denotes the dimension of the “extended Selmer group"” ﬁ}(K ,V®Xx)
defined in [13, 12.5.9.2]. On the other hand, [13, Thm. 10.7.17] implies that

hy(K,V®x) =hj(K,V ®©x') (mod2),

as explained in the proof of [13, 12.6.4.7(v)]. Combining the two congruences, we obtain the
desired result. O

2.1.3. Proposition-Definition. — (1) em (7 X X0, 3) 1= e(mxx, 3) [[5=1 7p,(—1) ep, € {£1}
depends only on T and xo = X| -
0
(2) If'k > 2, then eym (7 X X0, 5) = &( X X, 3) for any x satisfying x| 4> = Xo-
0
(3) If n € Nis large enough and (P; - - - Ps)"™ | ¢(x). then e(m X X, 3) = €lim (T X X0, 3).

Proof. — (1) By Proposition 2.1.2, the individual terms in

5(7T X X, %) ani(_l) Ep, = H 7711(—1) Ev

vtPy - Py
are the same for y and x’.
(2) If & > 2, then each 7p, is a principal series representation [15, 12.5.4], hence
np,(—1)ep, = 1 ([15, 12.6.2.4(1)]).
(3) If n is large enough, then each term np,(—1) ep, is equal to 1, by [11, Prop. 3.8] and
[10, Thm. 20.6]. O

2.2. Ranks

2.2.1. — Fix a character xo : G(()C) — O3, where L is a number field such that i, (L) con-
tains all Hecke eigenvalues of g. Letp | pbeasin 0.1; put O = Or,p, and A = O[[G'®]]. For
any O[G{"]-module M, define

Mgy =M ® 0;

0165 Txo
then

Aoy = O[[G9 /G = OllXy, ..., X)), r= D _[Fr Q)

4¢ SERIE — TOME 41— 2008 — N° 6



GROWTH OF SELMER GROUPS 1015

2.2.2. — We say that a prime v of F is exceptional if v | p,v t Py---Psand 7, = St ® p
(u? = 1). Denote by M(g, K;c, Pi,..., Ps; xo) the set of all exceptional primes of F that
do not split in K/F and satisfy

(X0)w =mo Nk, /F,, ifv|cdg/p

ord,(n(g)) =1, ifv{cdg/rp
(where w is the unique prime of K above v). If £ > 2, then there are no exceptional primes.
2.2.3. — Let x : G(® — O be a character of finite order, where O’ is the ring of integers in

a finite extension of L,. The extended Selmer group of V' ® x ([13, 12.5.9.2]) sits in an exact
sequence

0— @ B (Ku,Vy ® xw) — HH(K, V@ x) — HHE,V®x) — 0,
wlv|p
where v (resp., w) is a prime of F' (resp., of K) and
0—VS—V-—>V, —0
is an exact sequence of Ly, [Gal(F,/F,)]-modules arising from the potential p-ordinarity of g.

Denote by h°, ﬁ} and h} the dimensions of the respective cohomology groups over the frac-
tion field of O’; then

(2.2.3.1) By (K, V@x) —hi(EVex) =Y (K, V, ®xuw),
wlv|p
where
1, m=St®u@®=1),xw=mnoNgk,/r,

hO Kwavv_ ®Xw =
( ) 0, otherwise

([13, 12.5.8]). In particular, h°(K,,V,” ® xw) = 0 and I;}(K, Vex) = hi(KVex)if
k> 2.

2.2.4. Proposition. — Assume that k = 2. Let x : G\ — O'* be a character of finite order
satisfying x| ) = xo and such that (Py - -- Ps)" | ¢(x), for large enoughn € N. Then:
0

1. E}(K,V ®x) —h(K,V®x) = |M(g,K;c, P1,..., Ps;xo)| (mod2).
2. If there exists an exceptional prime of F' that splits in K/F, assume, in addition, that
thereisi € {1,...,s} such that Fp, = Q,. Then

RYE,V ® x) — hY K,V ®x) = |M(g,K; ¢, Py,..., Py xo)|-

Proof. — If w is a prime of K dividing P, - - - Ps, then x2, # 1 if n is large enough, which
means that w does not contribute to the R.H.S. of (2.2.3.1).

Let v be an exceptional prime of F. If v does not splitin K/F and v | cdk,p, then x,, =
(x0)w (note that the decomposition group of v in G(©) is finite, as v does not split in K/F)
and

hO(Kva_ ® Xw) = hO(KWVv_ ® (XO)w) = {17 Ve M(97K,07 P ,PS’XO)

0, v M(g,K;c,Py,...,Ps;x0)-
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If v does not split in K/F and v { cdg/p, then v is inert in K/F (vOx = w) and x,, is
unramified; thus x,, = 1 and (using [13, (12.3.9.1)])

1, i ified <= ord, =1
BO(K, Vo ® y) = wis unr.aml e ord,(n(g))
0, otherwise

_J1, veM(g,K;c, P, ..., Ps;xo)

03 'UgM(g,K;C,Pl,-.-,PS;X()).
If v splits in K/F (vOx = ww'), then the h°-termsin (2.2.3.1) for w and w’ are the same; this
proves (1). Under the assumptions of (2), there is ¢ such that Gal(K [P°]/K) is isomorphic
to a product of Z,, by a finite abelian group. As the decomposition groups of w and w’ in
Gal(K[P]/K) are infinite, it follows that x2, x2, # 1if n is large enough; thus w and w’
do not contribute to the R.H.S. of (2.2.3.1). O

2.2.5. Proposition. — Fix a Gg-stable O-lattice T C V. Let w|v|p be as in 2.2.3. Define
Zy = hTIL’n @ HO((Ka)waa (vV/1),),

Wwe |w

where K, /K runs through all finite subextensions of K[cPf® --- P®°|/K and (V/T), is the
image of V, in V/T. Then

17 ’UEM(97K;C7P17'~-’PS;XO)
corkp ) EB (Zw) xe) =
0) U¢M(97K;07P1)"'3P5;X0)‘

wlv

Proof. — If the decomposition group of w in K[cPf®--- P>®]/K is infinite, then the
L.H.S. is equal to zero ([13, 12.6.4.10]). We can assume, therefore, that v is exceptional and
does not split in K/F. Choose an isomorphism G - G x (G(C) / G((,C)); then o be-
comes a character of G(©) and D ((Zw)(XO)) =D (H(Ku, (V/T); ® (X5 )w)) ®0 A(xe)s
where D(—) denotes the Pontrjagin dual (cf. [13, 9.6.5]); thus
17 UEM(gaK;CaPh'"aPS;XO)
0, ’UgM(g,K;C,P].,...,PS;XO),
by the proof of Proposition 2.2.4. O

COI'kA(XO) (Zw)(XD) - hO(KUJaV'lT 029 (X(Tl)w) = {

2.2.6. — Fixafinite set S of primes of F' containing ¥,UX¥., and all primes dividing n(g), and
asubset¥ C §—(X,UX). Asin[13, 12.5.9.1], consider the corresponding Greenberg’s lo-
cal conditions for T"and V/T'. In order to simplify the notation, put K, = K[cP™® - -- P].

2.2.7. Proposition. — (1) The (co)-ranks
V=12 tkay Hi o (Keo/ K, T)20) = cotka, ) HY(Ks /Koo, V/T) 1) = 7(g)
(where ﬁ}’IW(KOO/K, T) is the A-module defined in [13, 8.8.5]) are equal to the same integer

r(g) and do not depend on S and ¥'.
(2) Assume that eum (T X X0, %) = —1. If g has CM by a totally imaginary quadratic

extension K' of F, assume thatp # 2 and K' ¢ K5O Then
r(g) =14 |M(g,K;¢, Pr,. .., Psxo0)| (mod2).
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Proof. — (1) See the proof of [13, 12.6.4.12].
(2) Let x : G — O™ be a character of finite order such that x| o = Xo and
0
(Py -+ Ps)™ | e(x), for large enough n € N. We have

r(g) = h}(K,V ®x) (mod?2) [13,10.7.17]
=h;(K,V®Xx)+|M(g,K;c,P1,...,Ps;x0)| (mod2)  Proposition 2.2.4(1)
=1+ |M(g,K;c,P1,...,Ps;x0)| (mod?2) Theorem 0.4(1)

(Theorem 0.4(1) applies, as e(m X X, 1) = enm (T X X0, ) = —1, by Proposition-Definition
21303)). 0

2.2.8. Proposition. — Assume that k = 2 and ey (7 X X0, 3) = —1. If g has CM by a totally

imaginary quadratic extension K' of F, assume thatp # 2 and K' ¢ K Ker(xo), If there exists
an exceptional prime of F that splits in K/ F, assume, in addition, that thereisi € {Py,. .., Ps}
such that Fp, = Qp. Then:

(1) The (co)-ranks in Proposition 2.2.7(1) are equal to

’I"(g) =1+ |M(9»K;C,P1,~-~,PS;X0)|-
(2) corka,,, S%};T(Koo)(xoil) = 1, where S}/ (Ks) C HY (K, V/T) is Greenberg's
strict Selmer group [13, 9.6.5].

3) If K C K., C Ku is an intermediate field such that xq factors through xg
Gal(K., /K)tors — O3, then the (co)-ranks

Vi=1,2 rkAéxé) H, (KL /K, T) (tty = corkAz(Xé) HY(Ks/K.,,V/T) s =1(9)
(where A' = O[[Gal(K., /K)]]) are all equal, do not depend on S and ', and satisfy

r'(g) >7(9),  7'(9) =r(g9) (mod2).

Proof (cf. [13,12.6.4.12,12.9.8]). — (1), (2) Denote the coranks in (2) by s+ (g). The
exact sequence

H (Koo, V/T) iy — €D (Zu) ity — Hj(Ks /Koo, V/T) ) —
wlv|p
— Syjr(Koo) 21y — 0
([13, (9.6.5.1)]) combined with Proposition 2.2.5 and 2.2.7 implies that
r(9) = sx(9) + | M(g, K;c, Pi,..., Ps;xo)l.
For m € N large enough, let x,, be asin 1.5.1; then
WEV@xm) =1,  h(KV&xm)=1+|M(g,K;c,Pr,...,Psx0)l,
by (1.5.1.4) and Proposition 2.2.4(2). Finally,
WKV @ xm) 27(9),  h'(K,V @ xm) =7(9) (mod2)
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by [13, 10.7.17], which implies that
st(9) =1,  r(g)=1+|Ml(g,K;c,Pr,..., Ps;xo)l-
(3) This follows from [13, 8.10.11(ii)] and [13, 10.7.17(iii)]. O

2.2.9. Proposition. — Let R be the quotient of the ordinary Hecke algebra defined in [13,
12.7.7] (Spec(R) is the branch of the cyclotomic Hida family of parallel weight pass-
ing through the p-stabilisation f° of a p-ordinary twist of g). Let R = R[[G)]] and
7 = R Ker(xo : O[G(()C)] — O) (q is a minimal prime of R). Let T be the big Galois
representation defined in[13, 12.7.15.3] (then Tp /PTp — V, where P is the arithmetic point
of R corresponding to f°). Assume that eym (7™ X Xo, %) = —1. If g has CM by a totally
imaginary quadratic extension K' of F, assume that p # 2 and K' ¢ Kx"X®) Then:
(1) The ranks

Vi=1,2 rkﬁ?ﬁ}-’lw(Kw/K, T)g= rkﬁE (ﬁ;VIW(Koo/K, T)L)a =1.

(2) For all but finitely many arithmetic points P' of R, r(gp') = 1, where gp: € Sy/(n’,1)
satisﬁes V(gp,)(k’/Q) AN Tp//PlTp/.

Proof (c¢f [13,12.9.8,12.9.11]). — The four ranks in (1) are equal, by [13, 12.7.15.7(1),
12.7.16.8(i)]; denote their common value by h. Let ¢’ = gp+ be as in (2). According to [13,
12.7.15.8(ii1)],

h <r(g), h=r(g") (mod?2).
Choose P’ such that k' = 2 and 7(g’),, is a principal series representation for all v | p (cf. [13,
12.7.10]); then M(g, K;c, Py, ..., Ps;x0) = &. Applying (a slight variant of) Proposition
2.2.8(1) to ¢’, we obtain r(¢g’) = 1, hence h = 1. The statement (2) follows from the fact that
h =r(g’) for almost all P’. O

3. Proof of Theorem 0.8

3.1. Kummer theory

3.1.1. — Asin 0.7, let ¢ # 2 be a prime number and Fj a totally real number field such that
FoNQ(ug=) = Q. Leta € Op, — {0} be an element satisfying a ¢ F;? and, for each finite
prime vo of Fyy not dividing ¢, ord,, (a) < g. Forr > 1, put . = FoQ(uqr)t, K = Fo(pugr)-

3.1.2. — Letr > 1. As Fo N Q(ug~) = Q,
Gal(K,/Fy) — Gal(Q(uqe)/Q) — (Z/q"Z)*.
The map
F} ®7/q"7 = H (Fo, pgr) ~> H (K, pgr) = K ® Z/q"Z
is injective, as
|Ker(res)| = [H' (K. /Fo, pgr)| = |H(K:/ Fo, pgr)| < [H?(Fo, pgr)| = 15
thus a ¢ K9, which yields, by Kummer theory, an isomorphism

Gal (Kr( q%)/Kr) = figr, g+ 9(~a)/ Va.

4¢ SERIE — TOME 41 —2008 — N° 6



GROWTH OF SELMER GROUPS 1019

A choice of a compatible system of roots 4/a € Q such that ( 4/a)? = " "/a determines a
compatible system of isomorphisms

Gal (K, (Va)/Fy) — pgr x (Z/q"Z)*,
under which Gal (K.( 4/a)/Fy( 4/a)) corresponds to (Z/q"Z)*.
3.1.3. Proposition. — Let H be a finite group acting on a finite abelian group A; let G = AxH.

Let L be afield of characteristic zero containing all roots of unity of order equal to the exponent
of A. Then the L|G]-module L|G /H| decomposes into simple L|G]-modules as follows:

LG/H = @ Mmdiih (xe1),
[x:A—L*]
where x runs through a set of representatives of H\Hom (A, L*) and H,, C H is the stabiliser
of x.

Proof. — Easy exercise. O

3.1.4. — For a subfield k¥ C Q, put G, = Gal(Q/k). If k¥’/k is a finite subextension of Q/k,
denote by

Resy/ /i : (Gx — Mod) — (G — Mod), Indy /i, : (G — Mod) — (G — Mod)
the corresponding restriction and induction functors, respectively.

In the situation of 3.1.2, apply Proposition 3.1.3 to

A= Gal (K,(Va)/K,) = pgr,  H=Gal(K,(~a)/Fo(~a)) = (Z/q"Z)%;
we obtain, for any field L D Q(pqr),

(B.14.1)  Indg aymyp(Z)®L=L[Ax H/H] = @ps, ps = Indg, /5, (Xs),

where xs : Gal (K ( 4/a)/Ks) — L* is an injective character (of order ¢*) and p; is an
absolutely irreducible representation of G of dimension ¢(g®). If s > 1, denote by p the non-
trivial element of Gal(K,/Fs) — Gal (Q(ug:)/Q(uqs)"); then Pxs = x5 . As the order of
Xs 1s odd, it follows that x s (more precisely, xs o recg, ) factors through A% /KA .

If M is an L|Gr,]-module, the projection formula
Il’ldk.//k (X ®L Resk//k(Y)) = Indk//k(X) ®L Y
together with (3.1.4.1) imply that

(3.1.42)  Indg waym © RESp (aaym, (M) = @IndK /o (Resge, /(M) ® Xs) -

s=0

3.2. e-factors

3.2.1. — In the situation of 3.1.1, let go € Sk(no, 1) be a cuspidal Hilbert modular newform
over Fy of parallel weight k, trivial central character and level ng; put V- = V,,(go)(k/2). For
r > 1, denote by g, the base change of go over F;. (i.e., 7(g.) = BCF, ;r(7(g0)))-
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3.2.2. — It follows from (3.1.4.2) and Shapiro’s Lemma that

(3.2.2.1) Vr>1  H}F(Va),V)=H}(F,V)e P HH K,V &Xs)

s=1

(taking L D Q(pqr) in 0.1), hence
(3.2.2.2) Vr>1 h}(FO( q%)v V) - h}(FO( qr—\l/a), V) = h}(K'N Ve X'r)'

3.2.3. Proposition. — Assume that (Vvgla) 7(go)w, is not supercuspidal and that (Vvg|q)
(9o )w, IS @ principal series representation. Then:

Vr>1  e(n(gr) X Xrr 3) = <§) . d=(=1)F Ny

where a(®) = a/(a,b>) is the prime-to-b part of a, for any non-zero ideals a, b in the ring of
integers of a given number field.

Proof. — Fixr > 1. Let v be a finite prime of F;.. Our assumptions imply that

vramifies in K,./F, <= v|q
(3.2.3.1)
vlavig = vlc(xr) = v|ag

It follows that the condition H(K,,x,) from [13, 12.6.3.5] is satisfied. Applying [13,
12.6.3.9], we obtain

e(m(gr) X Xrs %) = (_1)[Fr:@] K, F, (u(gr)(q)) (_1)|R(1)°ﬁ{v+6(xr)}l (_1)|R(1)*ﬂ{v|c(xr)}|7
where n(g,) C Op, is the level of g, and R(1)° (resp., R(1)™) contains those elements of
Y1 (g,) which are ramified (resp., inert) in K,./F, (see [13, 12.6.3.2]). By (3.2.3.1), we have
R(1)° = @ and
R(1)™ n{v [ e(xr)}
={v|a; visinertin K, /F,, n(g;) = St ® p, pu : FY,, — {£1} is unramified}
={v|a;visinertin K./ F;, n(g,) = St ® p, p : F,, — {£1}, o(7(gs)») = 1}
={v|a;visinertin K, /F,, n(g;) =St @ p, p : F}Y,, — {£1}, 21 o(m(gr)v)}
(as (g, )y is not supercuspidal), hence
e(m(gr) X xry 3) = (=1)
As F,./F is unramified outside g, it follows that
n(g) @ =nP0r,, () =nf?Op,.
Let F/ = Q(ugr)t, K" = Q(pqr). If Iy C Op, is an ideal prime to g, let I, = I(OF, ; then

[F:Q] nK, /F. (n(gr)(“q)).

nKT/FT(Ir) =T"NK'/F’ (NFT/F’ (1))
= N(I,) (mod¢") = N(I)?)/? = N(Ip)*~"/? (mod g),
hence

N (1)

—1)[Fo:Q]
Nk, r,(IoOF,) = <T) , (—=1)lF0 nk, 5, (IoOF,) = <(1)N(IO)> .

q

Taking Iy = n(()aq), we obtain the desired result. O
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3.2.4. — The proof of Proposition 3.2.3 shows that the formula for e(m(g,) X X, ) still
holds if we replace the assumption “(Vvg|g) 7(go)s, 1 @ principal series representation”
by “(Yvolg) 7(go)v, 1S not supercuspidal, and the extension K,.( 4/a)/K, is ramified at all
primes above ¢”, as R(1)° N {v { c(x)} = & in this case.

3.3. End of the proof
3.3.1. — The statement of Theorem 0.8(1) follows from Proposition 3.2.3.

3.3.2. — By (3.2.2.2), the first line in the statement of Theorem 0.8(2) will follow from The-
orem 0.4(1) applied to each g; and xs (1 < s < r). As gg is potentially p-ordinary, so is
gs- By 3.3.1, 24 ran (K, gs, Xs), SO it remains to check that if g, has CM by a totally imagi-
nary quadratic extension K’ of Fj, then K’ is not contained in Ks( «4/a). If K’ C K¢ ( 4/a),
then K’ = K, and go has CM by a totally imaginary quadratic extension K|, of Fy such
that F,. K, = K,. However, the only quadratic extension of F, contained in K is Fy(1/q%),
where ¢* = (—1)(@=1/2¢; thus ¢ = 3 (mod 4) and K}, = Fy(y/—q), which contradicts the
assumptions.

It remains to show that, in the case when 2 { [Fy : Q], go cannot have CM by K|, =

Fy(v/—q), ¢ = 3 (mod 4). If that were the case, then each finite prime vy of Fy ramified in
K/ Fo would divide g, hence 7(go ), would not be supercuspidal; thus 7(go) v, = (1, 1), ),
wheren' = nx; /r, ([13,12.6.1.2.3]). Asthe central character of go is trivial, n;,, = =2, hence
n,,(—1) = 1. This would imply that 1 = [T, 74, (—1) = (—1)¥**%, which contradicts our
assumption.
3.3.3. — Let us now prove the last line in the statement of Theorem 0.8(2). For each s =
0,...,7, ps = Indg, /g, (Xs) is an absolutely irreducible LG r,]-module of dimension ¢(g*®).
If1 < s < r,then ps ®1, Ly occurs in H }(KT( 4/a), V) with odd multiplicity, by Shapiro’s
Lemma combined with Theorem 0.4(1) applied to each g, and . As the trivial representa-
tion pg occurs with multiplicity h}(FO, V), it follows that

W (K (Wa),V) = hp(Fo, V) > > dim(p,) = Y ¢(g°) =¢" — 1.
s=1 s=1
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