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ON A THEOREM OF SAEKI CONCERNING
CONVOLUTION SQUARES OF SINGULAR MEASURES

BY THOMAS KORNER

ABsTRACT. — If 1 > o > 1/2, then there exists a probability measure p such that
the Hausdorff dimension of the support of p is o and p * p is a Lipschitz function of
class a — %

REsUME (Carrés de convolution des mesures singuliéres). — Si 1 > a > 1/2, alors

il existe une mesure de probabilité p avec support de dimension d’Hausdorff « tel que

1 * p est une fonction Lipschitz de classe oo — %

1. Introduction

We work on on the circle T = R/Z. We write 7 for the Lebesgue measure
on T and |E| = 7(E). We say that a function f : T — C is Lipschitz g if

supsup |h| 7P| f(t + k) — f(t)] < o0
teT h#£0

for some 1 > 8 > 0.

In a famous paper [11], Wiener and Wintner constructed a singular measure
w such that p* p € LP(T) for all p > 1 and other authors have given further
examples along these lines (see Chapter 6 of [2] and [4]). The strongest result is
due to Saeki [10] who constructs a singular measure p with support of Lebesgue
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440 KORNER (T. W.)

measure zero such that p* y = f7 where f has a uniformly convergent Fourier
series. He also remarks that this can be improved to give p * u = f7 with f
Lipschitz 8 provided that 8 < 1/2, but leaves the proof as an exercise to the
reader. This paper may be considered as an extension to that exercise, although
I believe that the results obtained are more precise and that the method used
is not that envisaged by Saeki.

The object of this paper is to prove the following theorem.

THEOREM 1. — If1 > a > 1/2, then there exists a probability measure u such
that the Hausdorff dimension of the support of u is o and p* p = f1 where f
is Lipschitz a — %

At the two extremes @ = 1 and a = 1/2 we get the following versions of
Theorem 1.

THEOREM 2. — There exists a probability measure i such that the support of
u has Lebesgue measure 0 and pxp = f where f is Lipschitz 8 for all B < 1/2.

THEOREM 3. — There exists a probability measure p such that the Hausdorff
dimension of the support of p is 1/2 and p+pu = f7 where f is continuous with
uniformly convergent Fourier series.

We shall see, in Corollary 23, how to show that all these results remain true
if we replace T by R. We note a consequence of Corollary 23 here.

LEMMA 4. — Suppose G : R — R is a positive continuous function of bounded
support. Then, given any € > 0, we can find a positive measure o with support
of Lebesgue measure zero such that o x 0 = F1gp where Tg is Lebesgue measure
and F is continuous with ||F — G * G|« < €.

This indicates that the any numerical method for finding the approximate
‘convolution square root’ must overcome substantial difficulties.

The next lemma shows that, at the relatively coarse level of Hausdorff di-
mension and Lipschitz coefficients, these results must be close to best possible.

LEMMA 5. — (i) If u is a measure whose support has Hausdorff dimension o
and p* = fr where f is Lipschitz 3, then o — % > 0.

(ii) If p is a measure whose support has Hausdorff dimension o and p* p =
fT where f is continuous, then o > %
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CONVOLUTION SQUARES OF SINGULAR MEASURES 441

Proof. — (i) Since f is Lipschitz 3, it follows that (see, for example, [1] Chap-

ter II §3)
> If(k)| < Cintt 2R

n<|k|<2n-—1
for some constant C; depending on f. Since |f(k)| = |(k)|?, we have
> )P < il
n<|k|<2n—1

and so, if n > 0,

2n—1 | .
Z (k) ? < Cyn~(1+28—2n)/2

k[t~
k=n

for all n > 1 and some constant C3. By Cauchy’s condensation test,

|a(k)|?
E o] converges
k0

whenever (1 +28)/2 > n.
We know (by Theorems I and V of Chapter 3 in [7]), that if o is a non-zero
measure with

) &>

nvergent
||t

k#0

for some 0 < ) < 1, it follows that the Hausdorff dimension of supp p must be
at least n. Thus the Hausdorff dimension of supp x4 must be at least n for each
n with (1 + 28)/2 > n. We conclude that the Hausdorff dimension of supp p
must be at least (1 + 203)/2.

(ii) This follows the proof of (i) with 8 = 0. O

Our method of proof gives two slightly stronger versions of the theorems
announced above which we state as Theorems 7 and 8. We need a preliminary
pair of definitions.

DEFINITION 6. — Suppose that ¢ : R — R is a strictly increasing continuous
function with ¥ (0) = 0.

(i) We say that a set E C T has Hausdorff ¥ measure zero if, given € > 0,
we can find a countable collection I of closed intervals such that

UI2E and Y w(lI)) <e.

Iez I€T
(if) We say that function f: T — C lies in Ay if
sup  (|A)THF(t+h) = f(1)] < oo

t,h€T,h#£0
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442 KORNER (T. W.)

THEOREM 7. — Let 1 > a > 1/2. Suppose that ¢ : R — RT is a strictly
increasing continuous function with ¢(0) = 0 and t=P(t) — 0 as t — 0+
1

whenever B8 < a — 5. Then there exists a probability measure u such that the

Hausdorff dimension of the support of p is o and px p = fr with f € Ay.

If 1 > a > 1/2 and (t) = t*~ /2, we recover Theorem 1. If o = 1/2 and
¥(t) = (logt=1)=2 for 0 < t < 1/2, we recover Theorem 3 since the Dini-
Lipschitz test tells us that any function in Ay must have uniformly convergent
Fourier series. (See, for example, [1] Chapter IV §4.)

THEOREM 8. — Let 1 > a > 1/2. Suppose that ¢ : R — RT is a strictly
increasing continuous function with ¢(0) = 0 and t=P(t) — 0 as t — 0+
1

whenever B8 < o — 5. Then there ewists a probability measure p such that

supp u has Hausdorff 1 measure zero and pu* u = fr with f Lipschitz B for all
1

B<a-—s5.

If o =1 and ¢(t) = ¢, we recover Theorem 2.

Section 2 is devoted to the proof of the key Lemma 9. The proof is probabilis-
tic and, as in several other papers, I acknowledge the influence of Kaufman’s
elegant note [8]. In the Section 3 we smooth the result of Lemma 9 to obtain
Lemma 17 which we later use in Section 5 to prove a Baire category version
of Theorem 7. In the final section we sketch the very similar proof of a Baire
category version of Theorem 8.

In my opinion, the main ideas of the paper are to be found in the proofs of
Lemmas 10 and 26.

2. The basic construction
The key to our construction is the following lemma.

LEMMA 9. — Suppose ¢ : N — R is a sequence with ¢(n) — oco as n — oo. If
1>~ >0 ande >0, there exist an M () and no(p,v,€) > 1 with the following
property. If n > ng(@,v,€), n is odd and n¥ > N we can find N points

zj €{r/n:relZ}

(not necessarily distinct) such that, writing

N
M:N_lzéwjv
j=1

we have
¢(n)(log n)*/?

s p({k/n}) —n7l < e=—
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and

M(v)
p({k/n}) < N

foralll1 <k <n.

Since any event with positive probability must have at least one instance,
Lemma 9 follows from its probabilistic version.

LEMMA 10. — Suppose ¢ : N — R is a sequence with ¢(n) — 0o as n — oo.
If 1 > v > 0 and € > 0, there exists a M () and an no(¢p,vy,€) > 1 with the
following property. Suppose that n > ng(k,v,€), n is odd, n” > N and X1,
X, ..., XN are independent random variables each uniformly distributed on

Iy={r/neT:1<r<n}
Then, if we write 0 = N1 Zjvzl dx,, we have

¢(n)(logn)'/2

-1
o xo({k/n}) - 7| < SN

and

M(v)
o({k/n}) < T

for all 1 < k < n, with probability at least 1/2.

(The condition n odd can be removed but has the advantage that 2X; is
also uniformly distributed on I',,.)

We start our proof of Lemma 10 with a simple observation.

LEMMA 11. — Suppose that 0 < Np <1 and m > 2. Then, if Y1, Yo, ..., YN
are independent random variables with

it follows that

Proof. — If we set
then

N N n N
Pr<ZYjZm> = ZPr<ZYj=k> <> w
j=1 k=m j=1 k=m
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444 KORNER (T. W.)

But

ukt1 _ (N—Kp _ 1
Uk k — k
for all N > k > m and so

N
2(Np)™
Pr( YjZm)gZukSQumg (Np) .

j=1

O

LEMMA 12. — If1 > v > 0 and € > 0, there exists an M(v,e) > 1 the
following property. Suppose that n > 2, n” > N and X, Xo, ..., XN are
independent random variables each uniformly distributed on

P,={r/n:1<r<n}.
Then, with probability at least 1 — €/n,

N
3" 6x,({r/n}) < M(y,0).

j=1
forall1 <r <n.

Proof. — Since 1 — v > 0 we can find an integer M(v,¢) such that
n2=Me)(1-7) < €/2 for all n > 2. Fix r for the time being and set

Yj = ox,({r/n}).
We observe that Y7, Y3, ..., Yy are independent random variables with
Pr(V;=1)=n"", Pr(Y;=0)=1-n"".
By Lemma 11, it follows that

Allowing r to vary, we see at once that

N
Pr (Z5Xj({r/n}) > M(~,¢€) for some 1 <r < n>
j=1

n N €
<Y P (Y ox (/) 2 M1,9) <
r=1 j=1

as required. O
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CONVOLUTION SQUARES OF SINGULAR MEASURES 445

We now make use of a technique that goes back to Bernstein but is best
known through its use to prove Hoeflding’s inequality (see for example §12.2
of [3] or Hoeffding’s paper [6]). Recall the following definition.

DEFINITION 13. — A sequence W, is said to be a martingale with respect to a
sequence X, of random variables if

(i) E|W,| < oo,

(ii)) E(Wri1|Xo, X1,... X)) = W,

The next lemma is standard.
LEMMA 14. — Let § > 0 and let W,. be a martingale with respect to a sequence
X, of random variables. Write Y41 = W,11 — W,.. Suppose that

E(eM+1|Xo, X1, ... X,) < etr+12’/2

for all |\| < & and some a,y1 > 0. Suppose further that A > SN a,. Then,
provided that 0 < x < Ad, we have

—x2
Pr (|WN — Wo| > sc) < 2exp (ﬂ) .

Proof. — Observe that, if 0 < A\ < 4,

N N
I[‘:e,\(wj\,_wo) _ ]Ee)‘(Y1+Y2+"'+YN) _ EH e Yr < H eamﬁ/g < eA,\Z/Q

r=1 r=1
where A = "N | a,. Thus

Pr(Wy — Wy > x)e)‘m < eAN/2
and so

Pr(Wy — Wy > z) < AN /D)2,

Setting A = 2 A~ we get

Pr(Wy — Wy > z) < e~ /(24)
Exactly the same argument applies to the martingale —W,. so

Pr(Wo — Wy >z) < e~ /(24)
and combining the last two inequalities gives the required result. O]
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Proof of Lemma 10. — Let M(v,1/4) be as in Lemma 12 and set M(y) =
M(v,1/4). Fix r for the time being and define Y7, Y2, ..., Yy as follows. If
S 1 6x, ({u/n}) < M(y) for all u with 1 < u < n, set

2j — 1

Yj=- + b2, ({r/n}) + 2 x,+x; ({r/n}).

Otherwise set Y; = 0. We take Wy = 0 and
J
W= Y.
m=1

We now find EY; given that the values of X;, X3, ... X;_; are known. To
this end, observe that, if s is a fixed integer, X; + s/n and 2X; are uniformly
distributed over T',,. Thus, if 571 6x, ({u/n}) < M(y) for all u with 1 < u <
n, then

. J71
8, = -2 =L B ({r/n) + 23 B, o, (/)

j—1
2j—1 1 =1
=— Z4+2) —=o.
n +n+ Z?’L

If it is not true that 2721 dx, ({u/n}) < M () for all u, then, automatically
EY; = EO0 = 0. Thus the sequence W} is a martingale.

In order to apply Lemma 14 we must estimate E(e*¥7), given that the values
of X1, X, ... X;_; are known.

First suppose that
j—1
3 ox, ({u/n}) < M(3)
v=1

for all u with 1 < uw < n. Observe that Y; < 2M(y) and if we set Z; =
Y; + (2§ — 1)/n, then Pr(Z; # 0) < j/n. Thus, provided only that n is large
enough and 0 < A < 1/(2M(v)),

X AEYF < \FEYF |)\|’“E|Y|’“
>\Y Ty
B =y g ey
= AFE(|Y;F|Z; =
—14+PxZ ZI |"E(] | |Z; =0)
k=2
IXNPE(|Y;]*1Z; # 0)
+Pr(zj7éo)z o

k=2
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§1+i(|>‘|(29k;1/”+%i 2|A|M @AM)"
k=2 k=2
= (A[2N = 1)/n)" N & (2AM0))"
L LN @M)°

2N—1/n Z y2- (2AM (y 222 .

<1+ (4M(7)* + 1)%,\2 < exp (8(M(7)2 + 1)%,\2) .
If it is not true that 3721 dx, ({u/n}) < M () for all u, then, automatically
E(eM7) = E(1) =1 < exp (8(M('y)2 + 1)%)@) .
Combining the two cases we obtain
E(e*"|Xo, X1,... X,_1) < exp ((8M(7)2 + 1)%%’) :

Applying Lemma 14 with

N? N 1 1/2
A=16(M () + 1) and ¢ = NP UoBn)
n nl/2

we see that (since ¢(n) — 0o as n — 00) we can choose ny(¢,~, €) so that
Pr(|Wy — Wo| > ¢(n)(logn)'/>?Nn~1/?) < 1/(4n)

for all n > ngy(¢,~,€). For the rest of the proof we assume that n satisfies this
condition.
By Lemma 12 we know that with probability at least 1 — 1/(4n),

N
> 6x,({r/n}) < M(v)

v=1

for all 1 < r < n whence

j—1
> ox,({r/n}) < M(v)
v=1

for all » with 1 <r <n and all 1 < j < n so that

25 -1
Yy ==

{r/n}) +2 x4, ({r/n})

v=1
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forall1 < j <n and so

N . j-1
Wy —Wo=>_ <—2J -1 + dax,; ({r/n}) + 225Xv+x,-({7“/n}))
v=1

‘ n
j=1
N2 n n
=T + Z Z5Xv+Xj({7“/"})~
v=1j=1

Combining the results of the last two paragraphs, we see that, with proba-
bility at least 1 — 1/(2n), we have

> ox, ({r/n}) < M(y)
v=1

for all » with 1 < r <n and

S0 b, ({r/nd) = S| < g (logm) /2N n 2.

v=1j=1

If we write 0 = N1 Zjvzl dx,, then this inequality can be written

-1 (logn)'/2
loxo({r/n}) —n |§6W
If we now allow r to take the values 1 to n, the result follows. L]

3. Point masses to smooth functions

In this section we convert Lemma 9 to a more usable form.
We write 14 for the indicator function of the set A (so that I4(z) = 1 if
xz € A and [4(z) = 0 otherwise).

LEMMA 15. — Suppose ¢ : N — R is a sequence with ¢(n) — 0o as n — oo.
If 1 > ~v >0 and € > 0, there exist an M(y) and an no(d,7,€) > 1 with the
following property. If n > ng(d,7,€), n is odd and n¥ > N we can find

zje{r/n:relZ}
(not necessarily distinct) such that, writing
n
9= 37 DTz —2m oy 2m) )
j=1
we have g x g continuous and
. 1 1/2
(3) flg g — 1loo < 208

(ii) [B] =g * g(t + ) — g * g(t)] < 222008 W o iy b e T, B £ 0,
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(iii) |g(t)] < MO for all t € T.

Proof. — Let x; and p be as in Lemma 9. Then g = p* nlj_(2p)-1,(2n)-1) and
o)

g*xg = *u* (n]I[_(Qn)—l’(2n)—1) * TlI[[_(Qn)—1,(2n)—1)) = W * [ * ’I’LZAn
where
A, = max(0,1 — n|zl|).

Thus g * g is the simplest piecewise linear function with

gxg(r/n) =nu* p({r/n}).
By inspection, g * g is continuous everywhere, linear on each interval [r/n, (r +
1)/n], and
¢(n)(logn)'/
lg*g(r/n) —1| < T Npz

Conclusions (i) to (iii) follow at once. O
We now smooth g by convolving with a suitable function.

LEMMA 16. — Suppose ¢ : N — R is a sequence with ¢(n) — 0o as n — oo.
If 1 > v >0 and € > 0, then there exists an M () and an no(d,7,€) > 1 with
the following property. If n > no(p,7y,€) and n? > N, we can find a positive
infinitely differentiable function f such that
. n n 1/2

@) I * f = 1o < e2nlogn)

() [ £l < 26802 onn) .

(iii) [|flloo < 2252

(i) 17/l < 10n2M(1)N.

(v) Jp f(t)dt=1.
(vi) supp f can be covered by N intervals of length 2/n.

Proof. — The nature of the result is such that it suffices to prove it when n is
odd. Let K : R — R be an infinitely differentiable positive function such that
K(z) =0 for |z| > 1/4, |K'(z)| < 10 for all  and [, K(x)dz = 1. We define
K, :T—Rby K,(t) =nK(nt) for —1/2 <t < 1/2.

If we take g as in Lemma 15 and set f = g * K,,, then the results of this
lemma follow at once from the corresponding parts of Lemma 16. O

Our method of proof for Theorems 7 and 8 is not sufficiently delicate to
make use of the careful estimates we have made so far, so we shall be rather
more lax in our bounds from now on.
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LEMMA 17. — Suppose that k is an integer with k > 1, and o — % >pB>0
If € > 0 there exists an mqy(k,a,B,e) > 1 with the following property. If
m > my(k,a,B,¢) we can find a positive infinitely differentiable function F
which is periodic with period 1/m such that

Q) |F*F =1l <e

(il) |(F=F)| <m!=*

(i) [|Flloc <mF,

(iv) [F']loo < m2+t

(v) [, F(t)dt = 1.
)

(vi) We can find a finite collection of intervals T such that

U IDsuppF and Z |T|(IHka) /(D) ¢

IeT IeT
(vii) |h|A=FB)/ AV|F x F(t +h) — Fx F(t)| < € for all t,h € T with h # 0.
(viii) |E(r)| < e for all r # 0.

Proof. — Set k = (a + 3)/2, ¢(r) = log(r + 1), n = mF and take N = [n"].
Provided that m is large enough, Lemma 16, tells us that we can find a positive
infinitely differentiable function f such that

(@) I+ f =1l < €.
(i) [I(f* £)l <m=*e.
(i) [[flloo < m*.
(") (1 loe < m2*.
() Jp f)dt =1.
(vi’) supp f can be covered by [m**] intervals of length 2/mF.

By the mean value theorem, condition (ii’) gives
(i) [R|7Yf % f(E+h) = f* f(t)] <m~* for all t,h € T with h # 0.

If we set F(t) = f(mt), we see, at once, that F' is positive infinitely differ-
entiable function such that

(") |F* F —1]|oo < €2.
(ii) [|(F* F)'|| < m*=*
(iii) [[Flloo < m*.
(1) [l < m?H+1.
(v) J;F(t)dt =1.
(vi”) We can find a collection Z of m x [mF*] intervals of length 2/m*+! which
cover supp F'.
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CONVOLUTION SQUARES OF SINGULAR MEASURES 451

Looking at (vi”) we see that, provided only that m is large enough,
Z |1kt D/ (1) < itk o o(kat )/ (k1) 5y =(k1) (1ka)/(R41) <
IeT

Thus condition (vi) holds for m large enough.
Next we observe that, if r # 0,

[F@)P = |FxF(r)| = |(FxF = 1)(")] < |F x F ~ 1] < &
and so condition (viii) holds.
To obtain condition (vii) we note first that, by condition (ii) and the mean
value theorem
|n|"YF % F(t+h) — Fx F(t)| <m!'~*8
for all t,h € T with m~1/2 > |h| # 0.
Thus, if m~*+D > |a| > 0,

|n|~A=kB)/ (V| F & F(t + h) — F * F(t)|
= |h| =R/ D) |~ F « F(t 4+ h) — F % F(t)|
< e B| B/ (B 1=kB < g = (D) (A=B)R/ (1) 1=R5 <

for all 0 < |h| < m~*+1. But, if [A| > m~*+1, condition (i') tells us that
|h|~=kB)/ (kD p 4 B(t 4+ B) — F * F(t)]
< D A=RB)/ (k1) —h(148) < =1 < ¢

so condition (vi) holds for all h # 0 and we are done. O

4. A Baire category context

The object of this section is to state a Baire category version of Theorem 7
and take some preliminary steps towards its proof.
In order to use Baire category we need an appropriate complete metric space.

LEMMA 18. — (i) Consider the space F of non-empty closed subsets of T. If
we set
dr(E,F) = jgg;ggle fI+ ;gg;ggle fl;
then (F,dr) is a complete metric space.
(ii) Consider the space E consisting of ordered pairs (E, u) where E € F and
W is a probability measure with suppu C E and fi(r) — 0 as |r| — oco. If we
take

de ((E, ), (F,0)) = dp(E, F) +sup |f(r) — &(r),

rEL
then (€,dg) is a complete metric space.
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(iii) Consider the space G consisting of those (E, p) € € such that pxp = f,7
with f,, continuous. If we take

dg (B, u), (F,0)) = de ((E, u), (F,0)) + [fu = frlls,

then (G,dg) is a complete metric space.

Proof. — (i) This space was introduced by Hausdorff in [5] and is discussed,
with proofs, in [9] (see Chapter II §21 VII and Chapter III §33 IV).

(ii) Suppose that (E;, 11;) is a Cauchy sequence in (€, dg). Then E; is Cauchy
in (F,dr) so we can find an E € F such that dz(E;, E) — 0 as j — oc.

By the weak compactness of the set of probability measures, we can find
Jj(k) — oo and p a probability measure such that ;i) — p weakly. Since
fjky(r) — 0 as |r| — oo and

SUIZ> |y (1) — By ()] — 0 as k,l — oo
re

we have fi(r) — 0 as |r| — oo. Since Ej) 2 supp 4 and dx(Ejx), E) — 0 as
k — oo, we have E D supp y, so (E,u) € £. Weak convergence tells us that
(k) (r) — fu(r) for each fixed r and so

de ((Bjry (r))s (B, 1)) — 0

as k — oo. Since a Cauchy sequence with a convergent subsequence must
converge to the same limit as the subsequence,

df,' ((Eja uj)? (Ea .u)) -0
and we are done.
(iii) If (E}, u;) is a Cauchy sequence in (G, dg), then it is Cauchy in (£, dg).
Thus we can find an (E, u) € £ with
df((Ej7“j)7 (Eap‘)) — 0.
Since f,, is Cauchy in the uniform norm, f,; converges uniformly to some
continuous function f. By looking at Fourier coefficients or using properties of
weak convergence, p* y = f1,s0 (E,u) € G and
dg ((Eja ,U,]'), (Ea /J’)) — 0.
O

LEMMA 19. — Let 1 > a > 1/2 and suppose that ¢ : R — RT is a strictly
increasing continuous function with 9(0) = 0 and t=P¥(t) — 0 as t — 0+
whenever f < o — % If f € Ay, let us write

wy(f) = sup  P(B)THFE+h) - ()]
R0

) )
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Consider the space Ly consisting of those (E,u) € G such that p* p = f,7
with f, € Ay. If we take

dw((E»M),(F»U)) = dQ(E,F) +w1/;(fu - fo),

then (Ly,dy) is a complete metric space.

Proof. — This follows a standard pattern. It is easy to check that (Ly,dy) is
a metric space. If (E,, yt,,) forms a Cauchy sequence in (L, dy), then it forms
a Cauchy sequence in (G, dg). Thus there exists a (E, p1) € G such that

dg((Ennu'n)a (E,M)) -0

as n — oo.
Let us write p, * p, = f7 and p, * g, = f7 with f,, and f continuous. If
m > n, we have

SRS = f)(E+B) = (f = fo) (1)
<P(R) T = fm)(E+h) = (f = fm) (B)]
+ PR (fn = Fm)(E+B) = (fo = Fm) ()]
)T = ) (E+h) = (f = Fm) O]+ dy ((Bns i), (B )
)7 = Fm)(t 4 h) = (F = Fm) ()] + sup dy((Bp, 1p), (B, 1g)

P,g=n

(
(

Allowing m — oo, we deduce that

¢(|h|)_1|(f = fa)t+h) = (f = fa)(@®)| < sup dw((Epvﬂp)a (Eqvl‘q))

p,q=>n

forall t,h €T, h #0. Thus f — f, € Ay and
(f fn) < sup dw(( pnufp) (quuq))

P.a2n
It follows that f € Ay, (E,u) € Ly and

dw((Enyun)v (E7p')) -0

as n — 0o. ]

< Y(|h|
< (|h

We recall some well known properties of wy, which we will use later.

LEMMA 20. — Let ¢ : R — R™ be a strictly increasing continuous function
with ¥(0) = 0 and t > (t) for all t > 0. Let Ay be the set of continuous
functions f : T — C with

sup  P(Ih))Hf(E+h) = ()] < o0
t,h€T,h£0

and let us write

wy(f) = sup  P(R)TF(E+h) = F(2)]

t,h€T,hs£0
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for all f € Ay. Then

(i) If f,g € Ay, then f+g € Ay and

wy (f +9) S wy(f) + wy(9)-
(i) If f,g € Ay, then f+g € Ay and

wy (£g) < wy(F)llglloc +wy (9IS lloo-
(iii) If f € Ay and g € LY(T), then f xg € Ay and
wy (f * g) <wy (gl

(iv) If f : T — C has continuous derivative, then f € Ay and

wy () < [1f [loo-

Proof. — The proofs are much the same as those for the corresponding results
on differentiation. O

We can now state our new version of Theorem 7.

THEOREM 21. — Suppose a, ¢ and (Ly,dy) are as in Lemma 19. The com-
plement of the set

H ={(E,u) € Ly : E has Hausdorff dimension o}
is of first category in (Ly,dy).

The use of Baire category is, of course, merely a book keeping convenience
and the reader who prefers a more direct construction will be able to extract
one from our proof of Theorem 21.

We note two nice corollaries.

COROLLARY 22. — Given € > 0 we can find a measure p with support of
Hausdorff dimension 1/2 and a continuous function f : T — R such that
pw*p=fr and

[f =1 <e.

Proof. — We apply Theorem 21 with o = 1/2 and v(t) = (logt~!)~2 for
0 <t < 1/2. Since (T, 7) € Ly, this tells us that we can find (E, ) € H with
dy((T, 1), (E, p)) <e. O

The statement of the next corollary involves measures on R rather than T.
We denote Lebesgue measure on R by 7.

COROLLARY 23. — Suppose G : R — R is a positive continuous function of
bounded support. Then, given any € > 0, we can find a positive measure o with
support of Hausdorff dimension 1/2 such that o x 0 = Frg with F continuous
and ||F — Gl|e < €.
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Proof. — We suppose € < 1/16. Since the result is invariant under multiplica-
tion by a constant, dilation and translation, we may assume that supp G C
[-1/16,1/16] and [, G(t)dt = 1. Define g : T — R by g(t) = G(t) for
[t| < 1/16, g(t) = 0 otherwise. We apply Theorem 21 with o = 1/2 and
Y(t) = (logt™)72 for 0 < t < 1/2. Since (supp g, gr) € Ly, this tells us that
we can find (E, p) € H with

dy ((supp g, 97), (E, 1)) <e,
and so in particular px u = fr with ||f — g * 9|l < €. We observe that
E C[-1/8,1/8] and so
supp pu * 1 C [—1/4,1/4].
Thus we can choose a probability measure ¢ on R corresponding to y in a

natural way so that o x 0 = Frg with F(t) = f(t) for |t| < 1/4, F(t) =0
otherwise. The result follows. O

Theorem 21 follows from the following simpler result.

LEMMA 24. — Suppose «, ¥ and (Ly,dy) are as in Lemma 19. Let H, be
the subset of consisting of those (E,u) € Ly such that we can find a finite
collection of intervals T with

UI2E and Y |1]*T/" < 1/n.
IeT Iez
Then H,, is dense in (Ly,dy).
Proof of Theorem 21 from Lemma 2. — We first prove that H, is open in

(Ly,dy). Suppose that (E, 1) € H,. By definition, we can find a finite collec-
tion of closed intervals Z with

UJI2Eand ) |11/ < 1/n.
Iez IeT
Since Z is finite we can find an 1 > 0 such that
> ([ + 20 < 1/n.
IeT

Let Z consist of intervals [a — 7, b+ 5] with [a,b] € Z. If (F,0) € Ly, with
dd)((Ea“)a (F7 U)) <mn,

then, automatically,

U IDF and Z |1)(n=D/Cn) < 1/
IeZ Iel

and (F,o0) € Hy,.
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Lemma 24 tells us that H, is dense in (Ly,dy) so it follows that the com-
plement of H,, is of first category. Thus the complement of H = (,—; H, is of
first category. If (E,pu) € H then we can find finite collections Z(n) of closed
intervals such that

UI2Eand Y |1*F/" <1/n
IeT IeT

for all n > 1 and so F, and therefore supp u, has Hausdorff dimension at least
«a and we are done. O

The proof of Lemma 24 is simplified by the following observation.

LEMMA 25. — Suppose o, ¥ and (Ly,dy) are as in Lemma 19. If (E,p) € Ly
and € > 0, we can find an infinitely differentiable function g : T — R and a
closed set H such that (H,g7) € Ly and

dw((E,p), (H, gT)) < €.

Proof. — This is just a smoothing argument. If we take K, as in the first
paragraph of the proof of Lemma 16 and set

g=K,*xu, H=F+ [—n_17n_1],

then the required result holds, provided only that n is large enough. O

5. The main construction

Lemma 25 shows that Lemma 24 will follow at once from the following
smoothed result.

LEMMA 26. — Suppose that n > 1, g : T — R is an infinitely differentiable
positive function with
/g(t)dt =1
T

and H is closed set with H D suppg. Then, given ¢ > 0, we can find an
infinitely differentiable positive function f: T — R with

/Tf(t)dt =1

and a closed set E D supp f such that (E, f1) € H,, and
d¢((E, fr), (H, gT)) <e€.
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Proof. — Since H,, 2 Hp+1, we may restrict ourselves to the case when o +
4/n < 1. Set o/ = a+4/n and ' = a + 3/n. By looking at what happens
when k — o0, we see that we can choose k sufficiently large that
ko/ +1 kB —1 a4 2
, a+ —.
kE+1 k+1 n
Since g is infinitely differentiable, repeated integration by parts shows that
there exists a constant C; such that

19(r)| < Cufr|~GF+

for r # 0 and so there exists a constant C such that
* > Irlla(r)] < Clm| =G4+
lr|>m

for all m > 1.

Let m be a positive integer and let n > 0. Provided that m is sufficiently
large, Lemma 17 (with « replaced by o and 8 by ') tells us that we can find
a positive infinitely differentiable function F), which is periodic with period
1/(2m + 1) such that

(D)m [ Fm * Frn — 1o < 1.
(iD)m  (Fmx F)'|| < m{=ke),
(i) || Fmlloc < 4%Fm2*,
(V)m  [[Fplleo < 426 imR 4L,
(Vm  Jp Fm(t)dt = 1.
(vi), We can find a finite collection of intervals Z,, such that
U I D supp F;,, and Z |7 (ke / (1)
I€Z,, Iez

and so

1
>orettn < =
n

I€T,,
(Vii)ym,  woy(Fm * Fi) <.
(Viii)y, |Ep ()] < n for all 7 # 0.
If we set G, (t) = g(t)Fin () and

10 = ([ Gnteras)  anio

then, automatically,
supp f C E Nsupp Fi,.
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Thus, by choosing an appropriate finite set A and setting H = A U supp f, we
can ensure that (E, f7) € Ly,

dg ((E7 fT)’ (H7 gT)) < 6/4

and we can find a finite collection of intervals Z such that

1
U I2Eand Y 1o/ < -
n
I€eZ,, I1€Z,,
We have shown that (E, f7) € H, and all we need to do is to show that, for
appropriate choices of n and m, we have

Slélzlf(r) — 9 <e€/4, |f*f—g*glle <e/4

and wy (f * f — g*g) < ¢/4. Without loss of generality we may suppose € < 1,
so simple calculations show that it is sufficient to prove

sup 19(r) = G (r)| < /8, [lg % g — G * Ginllo < /8
re

and wy(g* g — Gp % Gpy) < €/8.
Using (v),, we have
§0) = Gu()| = 300 = D2 30 = ()

j=—o0

=129 —w)Fn(u)| < D [a(r = u)||Fn(w)]
u#0

u#0
o0
<> latr—wln<n D 196 <e€/8
u#0 j=—00

for all r, provided only that 7 is small enough. We now fix 1 once and for all
so that the inequality just stated holds and
-1
1< (Iglls +wy(g*g) +1) ¢/24
but we leave m free.
We have now arrived at the core of the proof which lies in showing that
lg*g— Gm*Gnlloo < €/8 and wy(g* g — G * Gr) < €/8

provided only that m is large enough. The proofs of the two inequalities are
similar. We start with the first which is slightly easier.

We write

P,(t) = Z g(r) exp(irt).

Irl<m
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By % we see that, if m > 1,
*k lg = Panlloos [1(g = Pm)'lleo < Cm|~ZE+2).
We shall take m sufficiently large that m > 1 and

lg = Plloo, 11(g = P)'lloo < 1.

Now, since F,, is periodic with period 1/(2m + 1) and P,, is a trigonometric
polynomial of degree at most m,

P o (2m + V)u + v) = Ep((2m + 1)u) P (v)
for all 4 and v so that

(P Fom) * (P F)) (2 + )+ v) = (B (2 + 1)) Py (v))
= ((PmFm)A((2m + Du+ v))

= (P * P)(Frn % Fip)) ((2m + 1)u + v)
and (P Fm) * (PnFm)(t) = (P * Pr) (6) (Fi * Fin) (2).

Using this equality, we obtain
19 %9 —Gm*Gnlloo = [lg* g — (9Fm) * (9Fm)leo
< llg* g = P * Palloo + [| P % P — (P Fin) % (P Fin) [loo
+ (P Fm) % (PmFm) — (9Fm) * (9Fm)lloo
= llg %9 — P * Prnllo + || P % P — (P % Prn) (Frn % Fin) [l oo
+ (P Fim) * (P Fm) — (9Fm) * (9Fm)| -
We estimate the three terms separately.

First we observe that
g * g — P * Prmlloc = (g = Prm) * (9 = Prm) +2(9 — Pin) * Prn |0
<|I(g = Pm) * (9 = Prn)lloc + 2[I(g = Prn) * Prn |
< g = Pl +2llg = Pralloo | Pl
< llg = Pullz +2llg = Palloc (1 + llglloc) < €/12.
provided only that m is large enough.

Next we observe that

| (P Fm) * (P Fm) — (9Fm) * (9Fm)ll 0o
S ||((g - Pm)Fm) * ((g - Pm)Fm)Hoo + 2”((9 - Pm)Fm) * (ng)”oo
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IN A

1tg = Pr)lloc [ Fimlloo)® + 2llg = Paulloc | Fin llso 19l oo | Prn [l

19 = Prn) Full26 + 2119 = Prn) Fnlloo | g Prn [l
|
1tg = Pr)lloo [ Fimlloc)® + 219 = Prnlloo | Frn ll o llglloo (1 + [lgllo)

(
<

42 m lglloo (1 + llglloo) < €/12

2
2%, 2k
< <m2k+24 m > +

m2k+2
provided only that m is large enough.
Finally we note that
| P % P — (P % Pr) (Fon % Fip)[loo = [[(Prn % Prn)(1 = iy % Fi) [ 0o
= [|[Pm * Plloc|l1 = Fin * Fiu | 0o
< ||Pm||c2>o||1 — Fop * Fip oo
< (14 lglloo)?n < €/12
Combining our estimates we obtain ||g * g — G, * G ||eo < €/4 as required.
We turn now to the second inequality. Much as before,
Wy(g*9— Gm *Gm) =wy(g* g — Py % Pr)
+ wy (Pm * Py — (P, % Pp)(Fpy Fm))
+ ww((PmFm) * (P Fy) — (gFy,) * (gFm)).

‘We bound the first term.

Wy (g * =P * Pry) < wy((9 = Pm) * (9 — Prm ))+2w¢((g—P ) * Pr)
< (9= Pm) % (9= P)) [l o + 201 ((9 = o) % Pl
(9= Pn) * (9= Pu)lloo +2l(g = Pn)’ *PmHoo
< (g = Pm)llocllg = Pralloo + 2[1(g = Prn) ool P [l oo
< (g = Pm)llocllg = Prlloo + 2[1(g = Prn) lloo (1 + llglleo) < €/12

provided only that m is large enough.

Next we bound the third term.
wy (PmFim) * (P Frn) = (9Fm) * (9Fm))
Swy (((g — Pp)Fn) * ((9 - Pm)Fm)> + 2wy (((g — Pp)Fy) * (ng)>

< (9= Pru)Fn) * ((9 = P F)) Il + 20 ((g = Po) F) * (9Pm)) |
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(9= Pm)Fn) % ((9 = Pm)Fn) | + 2] (9 = Pm) Fn) * (9Pm)|
(9= Pm) Fn) looll (9 = Pr) Fmlloo + 21((9 = Pr) i) oo |9 Pom 1o
(9= P lloo | Fmlloo + |9 = Prnlloo 1 Eulloo) g = Pl oo [l Pl
+2(l(g = Pon) llool1Fmlloo + 19 = Ponlloo [ F |00 900 | Prn 1o

C C
2% k41, 2k+1 2%k, 2k
= <m2k+24 m?* + 2k+24 m m2k+24 m

I
I
(I

IA

(
(
|

IA

C C
+2 <m2k+2 42Fm?" 4 m2kt2 42k+1m2k+1) llglloo (1 4 llgllso)
< £
12

provided only that m is large enough.
Finally we estimate the second term
Wy (Pm * Py, — (P * Pp) (Fpy % Fm)) = wy ((Pm * P )(1 — Fp, Fm))
< ||Pm * P ||oowy (1 — oy % Fiyy) + wop (P * Pr)||11 — Fr * Fi || oo
= || Pm, * P || coweyy (Frm % Fin) + wy (P * P |1 — Fiy % Fi || oo
< NP * Pralloon + wy (P % P

Estimates of a familiar kind show that

Wy (P * Pry) S wy(9 % 9) + wy (P % Py — g % g)

(9%9)
S wy(gxg) + wy((Pm — g) % (P — 9)) + 2wy (P — g) % 9)
SWw(g*g)+II(g Pp) loollg = Prmlloo + 211(g = Prm)"lloollglloo
Swylg*g)+

and, similarly,
1P * Prallos < llg % glloo +1 < [lgl% +1
provided only that m is large enough. Thus
Wy (P * P = (P % Prn) (Fn % Fr)) - < (w(g % 9) + lgll2, +2)n < /12

provided only that m is large enough.

Combining our estimates we obtain
wy(g*xg—Gm*Gp) < €/4
and this completes the proof. O
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6. The second theorem

The proof of Theorem 8 follows much the same path as that of Theorem 7,
so we shall sketch it leaving the proofs to the reader.

We use a Baire category version in an appropriate metric space.

LEMMA 27. — Let 1 > o > 1/2. As before, let us write Ag for the set of
continuous function with
sup A 7P|f(t+h) — f(1)] < o0
t,hET,h#£0

and set

ws(f) = sup [B7P|f(t+h) — f(2)]

t,heT,h#£0
whenever f € Ag. Chose B so that

1
0<B;j<Bjpi<a-—s3

and B; — o — 3 as j — oo.
Now consider the metric space (G,dg) introduced in Lemma 18. Let M be

the space of those (E,p) such that p* p = f,m with fi, € Ng<1/2—a Mg If we
take

dm((E, ), (F,0)) = dg(E,F) +» 277 min (1,wg, (fu — f,)),

j=1

then (M, dm) is a complete metric space.
We can now give a Baire version of Theorem 8.

THEOREM 28. — Let 1 > o > 1/2. Suppose that 1 : R — R is a strictly

increasing continuous function with ¢(0) = 0 and t=P¢(t) — 0 as t — 0+

whenever f < o — % The complement of the set

H ={(E,u) : E has Hausdorff » measure zero}
is of first category in (M, dnm).

Theorem 28 follows from the following simpler result.

LEMMA 29. — Suppose o, ¢ and (Ly,dy) are as in Lemma 27. Let H, be
the subset of consisting of those (E,u) € Ly such that we can find a finite
collection of intervals T with

U IDFE and Zw(m) < 1/n.

IeT IeT
Then K, is dense in (M, dam).
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A smoothing argument shows that it is sufficient to prove the following form
of Lemma 29.

LEMMA 30. — Suppose thatn > 1, g : T — R is an infinitely differentiable
positive function with

/Tg(t)dt =1

and H is closed set with H O suppg. Then, given ¢ > 0, we can find an
infinitely differentiable positive function f: T — R with

/Tf(t)dt =1

and a closed set E D supp f such that (E, f1) € K, and

d;c((E,fT), (H, g'r)) <e.

The form of the metric dp, allows one further simplification. We observe
that Lemma 30 follows at once from the following version.

LEMMA 31. — Suppose that g : T — R is an infinitely positive differentiable
function with

/Tg(t)dt =1

and H is closed set with H O suppg. Then, given € > 0 and N > 1, we can
find an infinitely differentiable positive function f : T — R with

/ f@®dt=1

T

and a closed set E D supp f such that (E, f7) € Ky,
dg(E,F) < ¢

and

way(f*f—g*g) <e

The proof of Lemma, 31 is essentially the same as that of Lemma 26.
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