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QUANTUM GROUPS AND QUANTUM COHOMOLOGY

par Davesh MAULIK & Andrei OKOUNKOV

Abstract. — In this paper, we study the classical and quantum equivariant cohomol-
ogy of Nakajima quiver varieties for a general quiver (). Using a geometric R-matrix
formalism, we construct a Hopf algebra Y, the Yangian of (), acting on the coho-
mology of these varieties, and show several results about their basic structure theory.
We prove a formula for quantum multiplication by divisors in terms of this Yangian
action. The quantum connection can be identified with the trigonometric Casimir
connection for Yq; equivalently, the divisor operators correspond to certain elements
of Baxter subalgebras of Yg. A key role is played by geometric shift operators which
can be identified with the quantum KZ difference connection.

In the second part, we give an extended example of the general theory for mod-
uli spaces of sheaves on C2, framed at infinity. Here, the Yangian action is analyzed
explicitly in terms of a free field realization; the corresponding R-matrix is closely
related to the reflection operator in Liouville field theory. We show that divisor oper-
ators generate the quantum ring, which is identified with the full Baxter subalgebras.
As a corollary of our construction, we obtain an action of the W-algebra (’M(gl(r)) on
the equivariant cohomology of rank r moduli spaces, which implies certain conjectures
of Alday, Gaiotto, and Tachikawa.

Résumé. (Groupes quantiques et cohomologie quantique) — Dans cet article, nous étu-
dions la cohomologie équivariante classique et quantique des variétés carquois de Naka-
jima pour un carquois général ). Utilisant un formalisme de R-matrice géométrique,
nous construisons une algébre de Hopf Y, le Yangian de @, agissant sur la coho-
mologie de ces variétés, et démontrons plusieurs résultats sur leur structure. Nous
prouvons une formule pour la multiplication quantique des diviseurs en termes de
I’action du Yangian. La connexion quantique peut étre identifiée avec la connexion
trigonomeétrique de Casimir pour Y¢; de facon équivalente, les opérateurs de diviseurs
correspondent & certains éléments des sous-algébres de Baxter de Y. Un rdle clé est
joué par les opérateurs de décalage géométriques qui peuvent étre identifiées a la
connexion KZ aux différences.

Dans une seconde partie, nous donnons un exemple détaillé de la théorie générale
des espaces de modules de faisceaux de C? trivialisés & I’infini. Dans ce cadre, ’action
du Yangian est analysée explicitement en termes d’une réalisation par champs libres;
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vi

la R-matrice correspondante est intimement reliée a I’'opérateur de réflexion en théorie
de Liouville des champs. Nous démontrons que les opérateurs de diviseurs générent
I’anneau quantique, qui peut étre identifié avec les algébres de Baxter pleines. Comme
corollaire de notre construction, nous obtenons une action de la W-algébre 6Zz)(g[(r))
sur la cohomologie équivariante des espaces de module de rang r; ceci implique cer-
taines conjectures de Alday, Gaiotto, et Tachikawa.
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CHAPTER 1

INTRODUCTION

1.1. Fundamental structures and conjectures

1.1.1. — This paper is about the equivariant quantum cohomology of Nakajima quiver
varieties [83, 85]. We see it as part of a larger project [8] which connects equivariant
quantum cohomology of symplectic resolutions with their quantizations and derived
autoequivalences. These connections, however, will not be discussed here.

Here we develop a general structural theory for quantum cohomology of Nakajima
quiver varieties associated to an arbitrary quiver ). We formulate our answer in terms
of a certain Hopf algebra Y, called the Yangian of (), which acts on the cohomology
of Nakajima quiver varieties.

The construction of Y5 and an analysis of its basic structure theory is another
objective of this paper and occupies the bulk of its first half. In the case when @ has
no loops, this construction is related to work of Varagnolo [120] and Nakajima [87],
who construct a certain subalgebra of Y via generators and relations. In this paper,
we give an alternative approach which we will describe shortly.

In the second half of the paper, we work out explicitly what our theory means
for the quiver with one vertex and one loop. In other words, we work out explicitly
the quantum cohomology of the moduli spaces ¢} (r,n) of framed rank r torsion free
sheaves on C2, generalizing the previous work [100, 73] on the Hilbert schemes of
points.

1.1.2. — Let X be a smooth quasi-projective variety with an action of a reductive
group G. Quantum cohomology is a commutative associative deformation of ordinary
multiplication in equivariant cohomology H¢(X) defined by

(1.1) (11 %72,73) = > ¢” (71,72, 73) 5 »
8>0

where (v1,72) = [x 71 U2 is the standard bilinear form on H¢(X), 3 ranges over
the cone of effective classes in Ho(X,Z), ¢° denotes the corresponding element of the
semigroup algebra of the effective cone, and

<717’72373>ﬁ € HG(ptaQ)
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2 CHAPTER 1. INTRODUCTION

is the virtual count of rational curves of degree [ meeting cycles Poincaré dual
t0 v1,72,73. See e.g., [21, 53] for an introduction.

As defined by (1.1), the structure constants of quantum multiplication are formal
power series in ¢?. However, one conjectures that for all equivariant symplectic res-
olutions, and Nakajima quiver varieties in particular, the series in (1.1) represents a
rational function of ¢°. We will prove a slightly weaker statement below. Thus we get
a family of commutative associative multiplications on H¢(X).

Note that working in equivariant cohomology is crucial as all nonequivariant counts
(71,725 73) 5 vanish for trivial reasons for 8 # 0.

1.1.3. — A basic property of quantum multiplication is that
(1.2) lxy=7, Vye€HgX).

For any structure of a commutative associative algebra with unit on a vector space H,
the operators of multiplication form a maximal commutative subalgebra of End(H).

In particular, the operators of quantum multiplication, for different values of the
quantum parameters ¢, form a by(X)-dimensional family of maximal commutative
subalgebras in the algebra that they all generate. For brevity, we call these subalgebras
the algebras of quantum multiplication. For ¢ = 0, they specialize to the algebra of
classical multiplication in H¢(X).

Not much is known or conjectured about this algebraic structure for general X.
For Nakajima quiver varieties, by contrast, one expects the following very strong link
with much-studied structures in representation theory and mathematical physics.

1.1.4. — The Nakajima quiver varieties M ¢ (v, w) with parameters
vweN,  geR!, ¢ec!

are associated to a quiver () with the vertex set I. The quiver () may have loops and
multiple edges. Nakajima varieties have large groups G of automorphism that preserve
(or scale, for ¢ = 0) their natural symplectic form (). By construction, the space

H(w) = D He (Mo,c(v,w))

will be a module over the Yangian Y¢g. By construction, operators of cup product by
characteristic classes of universal bundles form a commutative subalgebra in Yg.

1.1.5. — The algebras Y generalize Yangians of simple finite-dimensional Lie alge-
bras, as defined by Drinfeld [27]. Their origins lie in the theory of quantum integrable
systems, see e.g., [34, 54, 64, 112] for an introduction.

A powerful correspondence between quantum integrable systems and moduli of
vacua in supersymmetric gauge theories (of which Nakajima varieties are examples)
was proposed in the work of Nekrasov and Shatashvili [96, 95, 97]. In particular,

1. Note the quantum product is trivial unless ¢ = 0 because all curve contributions are propor-
tional to the weight / of the symplectic form.
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1.2. BAXTER SUBALGEBRAS AND QUANTUM MULTIPLICATION 3

quantum group actions on their cohomology or K-theory constructed by Varagnolo
and Nakajima fit into this framework.

For us, the main prediction of Nekrasov and Shatashvili is a conjectural identifi-
cation of algebras of quantum multiplication with Bazter subalgebras(® in the Yan-
gian Ygq.

1.1.6. — Independently, Bezrukavnikov conjectured a relation between the mono-
dromy of the quantum differential equation, see (1.15) below, and autoequivalences
of D® Cohg X for symplectic resolutions X, see Section 1.6.2. This was inspired, in
part, by the work of T. Bridgeland [13, 14], see also [4].

Towards the end of the special 2007/08 year at IAS, it was realized this conjecture
is naturally a composition of two more basic ones. The first, which is proven in this
paper for Nakajima varieties, identifies the quantum differential equation with the
trigonometric Casimir connection for a certain Lie algebra gg. A related conjecture
about quantum cohomology of Laumon spaces was made in [37].

For finite-dimensional Lie algebras, trigonometric Casimir connections were defined
and studied by Toledano Laredo in [119]. As explained there, they are very closely
related to the Yangians of the same Lie algebras. This links the conjectural frameworks
of Nekrasov-Shatashvili and Bezrukavnikov. The trigonometric Casimir connection
generalizes the rational Casimir connection studied in [41, 79, 118] and also by C. De
Concini (unpublished).

After this, the second step of Bezrukavnikov’s conjecture becomes a geometric
description of the monodromy of trigonometric Casimir connections. This could be
viewed as a natural extension of the monodromy conjecture made in [119].

1.1.7. — It appears the ideas of both Nekrasov-Shatashvili and Bezrukavnikov may
apply more generally than just for symplectic resolutions. For example, Laumon spaces
discussed in [37] have a natural Poisson structure which is not symplectic.

Similarly, the most general moduli of vacua considered by Nekrasov and Shatashvili
fail all key property of Nakajima varieties: they may not be smooth, not symplectic,
and not resolutions of singularities.

In this paper, we use the existence of a symplectic form and of a proper map
to an affine variety in an essential way. It is would be very interesting to make our
constructions work in greater generality.

1.2. Baxter subalgebras and quantum multiplication

1.2.1. — The construction of Yg and the notion of a Baxter subalgebra are best
explained in the original language of quantum inverse scattering method. The main

2. Also known as Bethe subalgebras.
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4 CHAPTER 1. INTRODUCTION

ingredient there is an R-matriz, that is, a collection of vector spaces F; and operator-
valued functions

(1.3) Rp, r;(u) € End(F; ® Fj)
which satisfy the Yang-Baxter equation
(1.4) Ri2(u) Rig(u + v) Rosz(v) = Ra3(v) Ris(u + v) Ria(u),
as operators in F; ® F; ® F),. Here
Ri2 = Rp, r, ® 1, € End(F; ® F; ® Fy),

et cetera. In principle, the argument u could be taken from an arbitrary abelian group;
the case u € C corresponds to Yangians.
For m € End(F) and all W € {F;}, consider the operators

Tp(m,u) = trp (m® 1) Rp,w (u) € End(W),

where the trace is taken over the first tensor factor. In the formalism of Faddeev,
Reshetikhin, and Takhtajan [104], these operators generate the Yangian Y associated
to R.

1.2.2. — Let & C [[ GL(F;) be the centralizer of all R-matrices and take g € &. It
follows at once from the Yang-Baxter equation and invertibility of R that

(1'5) [TF1 (g7u1)7TF2(g’u2)] =0.

A pictorial proof of this is given in Figure 1. This means the operators Tr(g,u), for
fixed g € & and all F € {F;}, u € C generate a commutative subalgebra of the
Yangian. This is what is called a Baxter (or Bethe) subalgebra.

FIGURE 1. From the YB equation and [g ® g, R] = 0 we deduce that
Rp, r, conjugates gr, Rr,, wgr, Rr,,w to the product in the opposite or-
der. Taking the trace over F» ® Fi gives (1.5).
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1.2. BAXTER SUBALGEBRAS AND QUANTUM MULTIPLICATION 5

1.2.3. — Assuming for simplicity that & is connected, a natural parameter set for
Baxter subalgebras is a maximal torus

$ C & /Centralizer(Y).

It may be compactified to $ D $ by considering limits of Baxter subalgebras as g
degenerates. To connect with quantum cohomology, we need a map

(1.6) $— H*(X,C)/2mi H*(X,Z),

that extends to
$ — Kéhler moduli space of X.

1.2.4. — There is a small, but essential detail in this identification, namely a shift of
origin,
931 miky € H*(X,C)/2ni H*(X, Z)
for a certain class
kx € HX(X,7/2)
that we call the canonical theta characteristic.
When X = T*Y then kx is the pull-back of the canonical class Ky to X. Nakajima

varieties are cotangent bundles only in sense of stacks, but still kx is well-defined,
see Section 2.2.8.

1.2.5. — It is very convenient to incorporate the shift

(1.7) P — (_1)(ﬂ,~)qﬁ

into the definition of the quantum product. We call it the modified quantum product.
With this modification, we can use the map

(1.8) Hy(X,Z) 3 ¢% — ) e 9",

dual to (1.6), to identify operators Tr(g,u) with operators of quantum multiplication.
Note that a trace over an auxiliary space is an element in the group algebra C[9"],
or its completion if the auxiliary space is infinite-dimensional.

1.2.6. — To turn this into a practical description of the quantum product, one needs
an R-matrix construction of the Yangian Yg.
The main geometric idea is simple and uses the embedding

(1.9) |_| Mo, c(Vi,W1) X Mp ¢ (v2,W2) — Mo, (Vi + va, W)
vi+ve=w

as a fixed point set of a C*-action. This embedding is, of course, well-known and
played a central role in the work of M. Varagnolo and E. Vasserot [121, 122], H. Naka-
jima [88], and A. Malkin [70]. See in particular the paper [89] for further developments
in this direction, closely related to our construction.
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6 CHAPTER 1. INTRODUCTION

1.2.7. — Suppose a torus A acts on a holomorphic symplectic variety X preserving
the symplectic form. Then under fairly general hypotheses listed in Chapter 3, one
can define a collection of maps, called stable envelopes,

Stabe : Hg, (X*) — Hg, (X)

parameterized by certain chambers € in Lie(A). Here Ga denotes the centralizer of A
in G. Stable envelopes enjoy a number of remarkable geometric properties, see Chap-
ters 3 and 4.

For A = C* with fixed points (1.9), there are just two chambers £ and one defines

R(u) = Stab:é o Stabg,

where u € C = Lie A is the equivariant parameter for A. The Yang-Baxter equation
and other expected properties of R-matrices follow easily from general properties of
stable envelopes. Thus, we have R-matrices (1.3) for

{Fi} = {HW)}wenr-

See Chapter 5 for a precise definition of the corresponding Yangian Yo and Chap-
ter 6 for further discussion of its properties.

1.2.8. — Our R-matrices have the form
h
R(u) =1+ T +O(u™?),
where i € HZ(pt) is the weight of the symplectic form and

rc SQQQ,

is an invariant tensor for a certain Lie algebra gg which contains the Kac-Moody Lie
algebra associated to the quiver Q. In particular, the action of gg on H(w) generalizes
the construction of Nakajima [83, 85]. The action of g commutes with R-matrices.
If @ is a quiver of finite type then, modulo center, gg is the corresponding Kac-
Moody Lie algebra, Bliin general it is larger. For example, it may not be finitely

generated like go = gl(1) for the quiver with one vertex and one loop. We expect the
assignment

Q— gq

to behave well with respect to the natural operations on quivers. In particular, the
results of Section 4.3 relate g r and gg, where

Q-@=qr

is a covering of quivers corresponding to I' C 71(Q’). An example of this is the well-

known relation between gl(1) and infinite Toeplitz matrices.
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1.3. QUANTUM MULTIPLICATION BY DIVISORS 7

1.2.9. — A maximal torus EQ C gq is identified with

where h and 3 act on Hg(cMy,c(v,w)) by multiplication by linear functions of v and
w, respectively. Note that 3 is central in gg and Yq.

1.2.10. — The Lie algebra g¢ acts on H (w) by correspondences of the following shape.
Let 0 # a € N! be a dimension vector and choose wy € N’ so that wg - a # 0. For
example, one can take wyg = §; for ¢ € supp a.

For all v,w, there is a canonical Lagrangian cycle

Ty w,awe C MV + a,w) X M(v,w) X M (a,wp).

One can view this cycle as a correspondence between the second and the first factor
in which the third factor is a parameter. This gives a map

(1.11) Hg(M(a, wo)) = (8Q) »
which is surjective unless a < 0, see Proposition 5.3.4. Here
(1.12) 90 =ho @ EP (s0).,

is the root decomposition of gg, that is, the decomposition into the eigenspaces of
the adjoint action of h. Reading the same correspondence ry . o.w, in the opposite
direction produces operators in (gq)_, -
1.2.11. — From the construction of X = My (v,w) as a quotient by the action
of GL(v) = [];c; GL(v;), one has tautological bundles U; on X of ranks v; for i € I.
The corresponding map
7' — Pic(X) = H*(X,Z)

given by det(V;), ¢ € 1, is expected to be surjective for all v and an isomorphism for v
sufficiently large (see Section 1.7 below). Dually, we have

Hy(X,Z) — 9%,

where $) 22 (C*)! is the torus with the Lie algebra b. Since this matches (1.8), we can
state the following precise version of the Nekrasov-Shatashvili principle:

Conjecture 1. — The Baxter subalgebras of Y g corresponding to g € $) are the algebras
of modified equivariant quantum multiplication for Nakajima varieties.

1.3. Quantum multiplication by divisors

1.3.1. — Conjecture 1 may be approached in two steps, the first one being the identifi-
cation of operators of quantum multiplication by divisors, that is, elements of H? (o).

The Yangian Y has a grading which after doubling corresponds to cohomological
degree. In this paper, we prove the following

SOCIETE MATHEMATIQUE DE FRANCE 2019



8 CHAPTER 1. INTRODUCTION

Theorem 1.3.1. — The operators of cohomological degree 2 in the Baxter subalgebra
are the operators of modified quantum multiplication by elements of HE(cM)saut

Here

(113) H(‘;(W)taut C HG((JM)
is the subalgebra spanned by the characteristic classes of the tautological bundles. An

equality in (1.13) is expected.

1.3.2. — Theorem 1.3.1 means the following concrete formula for quantum multipli-
cation by

Cl()\) = Z )\z C1 (GUZ)
The Lie algebra gg has an invariant bilinear form such that
(80)a L (9Q)s, a+B#0,

see Theorem 5.3.11. Abusing notation, we denote by

{ea} C(8Q)ar{e-a} C (8Q)-as

dual bases of root subspaces. Note the dimensions of the root spaces, known as root
multiplicities, are finite by surjectivity in (1.11).
Theorem 1.3.1 is equivalent to the following

Theorem 1.3.2. — We have

(1.14) c1(A) *modif -+ =c1(A)U - —h Z (A a) 13
6-a>0

(e}
prm €q o+,

where modified quantum product means the substitution (1.7), the sum is over roots
of gg with multiplicity, and dots stand for a multiple of the identity.

The multiple of the identity left as dots in (1.14) is uniquely fixed from Equation (1.2).
The operator ¢;(A)U lies in the Yangian Y if § > 0 or in a certain completion
of the Yangian for general 6, see Section 10.1.1. Changing 6 corresponds to flops of
Nakajima varieties and Formula (1.14) has the expected flop-covariance.
One can compare (1.14) to the more abstract structural statement for quantum
multiplication by divisors derived in [12].

1.3.3. — For A € HZ(X) consider the operators

(1.15) Vi = % —Ax
acting in H¢(X) ® Q(¢°) by
d

ax
Note that % = 0 if X is purely equivariant, that is, A comes from HZ(pt). It is
known very generally that
[VM vu] =0
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for all A\, u € HZ(X). Hence any section of the projection HZ(X) — H?(X) defines a
flat connection on a trivial HZ(X)-bundle over H?(X). This connection is known as
the quantum differential equation or Dubrovin connection.

Formula (1.14) precisely means that the quantum differential equation for Nakajima

varieties is a trigonometric Casimir connection in the sense of [119]. To be precise, we
prove this for H?(X )aus, which is expected to be the whole H?(X).

1.3.4. — Conjecture 1 would be implied by the affirmative answer to the following

Question 1. — Do the operators (1.14) have a simple joint spectrum? Equivalently, is
quantum cohomology of Nakajima varieties generated by tautological divisors?

In this paper we treat the following special case.

Theorem 1.3.3. — The quantum cohomology of the moduli space of framed torsion-free
sheaves on P? is generated by the divisor.

These moduli spaces are Nakajima varieties associated the quiver of with one vertex
and one loop. Our proof of Theorem 1.3.3 is based on an explicit representation of
quantum multiplication by divisor in terms of Heisenberg operators.

1.4. Shift operators and gKZ

1.4.1. — For simplicity, let us replace the group G by its maximal torus T. By con-
struction, the elements of H;(X) ® Q(¢?) are functions on

tx H*(X),
where t = Lie T. The operators (1.15) define a flat connection along the H?(X)-di-

rections. In fact, this is a part of a flat difference-differential connection, in which the
difference part corresponds to the lattice

Cochar(T) C t.
The corresponding operators
S(0) € End H1(X) ® Q[[¢”]]

are known as shift operators because they shift the values of the equivariant parame-
ters in V). They are constructed geometrically as follows.

1.4.2. — Let
c:C* =T
be a cocharacter of T. To it, one associates a nontrivial X-bundle p
X—— X~
ls
Pl
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over P!, see Chapter 8. By definition, rational curves in X~ that map to the base P!
with degree 1 are the o-twisted rational curves in X. Their enumerative geometry is
closely related to the Gromov-Witten theory of X. In particular, the shift operator
S(o) is constructed from the virtual count of twisted 2-pointed rational curves with
marked points in p~1(0),p~1(c0) = X, see Section 8.1.7.

The flatness condition

[vA, e~ S(o)| = 0
is the € = 1 specialization of Proposition 8.2.1. Here eds is the translation by o € t.
1.4.3. — The key step in our proof of Theorem 1.3.2 is an explicit computation of
the shift operators S(o) for certain special cocharacters o.

An action of C* on a symplectic resolution X is called minuscule if H°(Ox) is
generated by functions of weight 0,+1. One easily shows, see Section 2.6, that the
C*-action from (1.9) is minuscule. For minuscule o, the operators S(c) may be com-
puted in term of R-matrices as follows.

1.4.4. — A o-fixed point € X7 defines a section (, of p. The classes of these sections
(2] € Ha(X™,Z)

lie in a single Hy(X,Z)-coset. Thus, up-to an overall multiple, ¢¢ is a well-defined

function from the set of components of X7 to the group algebra of Hy(X,Z). In fact,

for Nakajima varieties, there is a preferred way to fix the ambiguity, see Section 9.1.5.
Recall the stable envelope maps

Staby : H1(X?) — H7(X)
and their ratio R, = Stab_! o Stab, . Define
V{ = Stab} ' oV o Stab, .
Theorem 9.3.1 in Section 9.3 is equivalent to the following

Theorem 1.4.1. — For minuscule o, VS commutes with the difference connection
(1.16) U(t+0) = (=1)O=x) ¢¢ R, T(t),
where we consider ¥ € Hy(X?) ® Q(¢”) as a function of t € t.

Here kx is the canonical theta characteristic discussed in Section 1.2.4.

1.4.5. — In the case of (1.9), we have
¢“=q"=q"01,

where ¢¥ lies in the torus $ with Lie algebra h. We thus recognize in (1.16) the
quantum Knizhnik-Zamolodchikov equation of Frenkel and Reshetikhin, see [46].
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1.4.6. — It follows from Theorem 1.4.1 that the operator (—1)(¢*x) ¢¢ R, commutes
with operators of quantum multiplication for minuscule o. This plays a key role in
the proof of Theorem 1.3.2. In other words, we determine the quantum connection
V. through the commuting difference connection.

For this to work, it is important to relate Nakajima varieties with different framing
vectors w as in (1.9). For instance, quantum cohomology of the moduli spaces of
framed torsion free sheaves on C? is a object of significant geometric interest, see
below. From our perspective, it is easier to determine it for general rank then just in
the special case of Hilbert schemes.

—

1.5. Yangian of g[(1) and instanton moduli

1.5.1. — In the second half of the paper, we make the general theory explicit in the
case of the quiver @) with one vertex and one loop. Denote

r =Wy, n =\Vi.
The corresponding Nakajima variety

M(r,n) =M o(v,w)

is the moduli space of framed rank r torsion-free sheaves & on P? with c3(¢f) = n.
A framing of a sheaf ¥, by definition, is a choice of an isomorphism

¢: |, —0iL

where L., C P? is a fixed line. Usually, the line L., is viewed as the line at infinity
of C? c P2. The group

G = GL(2) x GL(r)

acts naturally on ¢(r,n), the first factor acting on C? while the second acts by
changing the framing.

See, for example, [86] for an introduction to the geometry of M (r,n). It plays an
important role in Donaldson theory [26] and in mathematical approaches to super-
symmetric quantum gauge theories, particularly in the work of Nekrasov [94]. By a
theorem of Donaldson, a dense open subset of oM (r,n), r > 1, that parameterizes
locally free sheaves is the moduli space of framed U (r)-instantons of charge n.

1.5.2. — For r = 1, oM(r,n) becomes the Hilbert scheme of points, the quantum
cohomology of which was determined in [100], a result that found applications to the
enumerative theories of curves in threefolds [74].

Theorem 1.3.2 gives a new proof of this result and extends it to higher rank. We
expect it to play a role in the higher rank Donaldson-Thomas theory of threefolds.
In fact, higher rank DT theory of threefolds was one of the main motivations for the
present work.
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12 CHAPTER 1. INTRODUCTION

—

1.5.3. — In Chapter 12 we relate the Lie algebra gg to the Heisenberg algebra gl(1)
that acts on the cohomology of ¢#(r,n) by the work of Nakajima [84], Grojnowski
[50], and Baranovsky [6].

To be precise, for an arbitrary quiver we discuss two versions of the Yangian:
the Yangian Y mentioned above and another, more economical, algebra Y which
we call the core Yangian. They correspond to different normalization of R-matrices:
those for Y fix vacuum vectors while those for Y scale them by certain I'-factors, see
Section 6.1.10. o

For oM (r,n), g{(1) C Y, while gg C Y is the quotient of gl(1) by the constant loops

—

gl(1) C gl(1).

1.5.4. — Recall that Nakajima’s Heisenberg algebra acts irreducibly on the cohomol-
ogy H(1) of

(1) = | |H(1,m),

and this identifies H(1) with the standard Fock space of one free boson. Stable en-
velopes give a map

H(1)®" — H(r),

which makes it possible to describe H(r), and the Yangian action on it, in terms of r
free bosons.

In this way, one recovers and genga\lizes many familiar objects of conformal field
theory. For example, the Yangian of gl(1) contains the Virasoro algebra in the Feigin-
Fuchs representation.

The quantum integrable system given by the classical, that is ¢ = 0, product in
cohomology, is a certain generalization of the second-quantized trigonometric quantum
Calogero-Sutherland system to r interacting bosonic fields, see Section 14.2. More
generally, a connection between the quantum, that is ¢ # 0, product in cohomology
and a quantum intermediate long-wave equation is explored in [93].

1.5.5. — In the literature, one can find many different ways to construct and study

_—

algebras that may be called a Yangian of gl(1), see for example [29, 31, 40, 36, 67,

78, 108, 107]. Perhaps one of the advantages of our approach is that our Y(gl(1)) is
obtained by a general procedure, applicable to an arbitrary quiver.

1.5.6. — For us, R-matrices are the main objects of study and those for o}#(r,n) turn
out to be related to very igtgesting operators in CFT. Namely, in Section 14.3 we
relate the R-matrix for Y(gl(1)) to the reflection operator in Liouville theory. As far
as we know, the Yang-Baxter equation satisfied by R has not been previously explored
in the conformal field theory context.

Recall that Theorems 1.3.1 and 1.3.3 identiflt\he algebra of quantum multiplica-
tion for oM(r,n) as a Baxter subalgebra in Y(gl(1)). The identification of R gives a
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mechanical procedure to write the corresponding commuting operators in terms of
free bosons.

1.5.7. — During the workshop at the Simons Center in January 2010, we were asked
by Nakajima and Tachikawa whether our theory can help with some of the questions
raised in the work of Alday, Gaiotto, and Tachikawa [2].

The connection is, indeed, very strong and some simple/a\pplications are immedi-
ate. For example, it is easy to describe the image of Y(gl(1)) in its representation
on H(1)®" in terms of the vertex algebra %)(gl(r)). This is discussed in Section 19.2.
We anticipate many further applications in this direction. Similar results have recently
been obtained by Schiffman-Vasserot [107].

Although applications to the conjectures of [2] appear at the end of the paper,
they require very little of the preceding machinery. In particular, this is about purely
classical cohomology of ¢#(r,n), quantum products play no role.

Classical limits of the formula from which this discussion with Nakajima and
Tachikawa started were later independently found in [28] and also [110].

1.6. Further directions

‘We conclude this Introduction with a brief discussion of some natural directions in
which one can pursue the results of this paper.

1.6.1. K-theory. — In [87], Nakajima constructs an action of %/, (gxy) on the equivari-
ant K-theory of quiver varieties. Here gx is a Kac-Moody Lie algebra and %, (gxm) is
the quantized universal enveloping of the loop Lie algebra of giy:. These algebras are
defined by explicit generators and relations, see [87].

A natural extension of the present work to K-theory would produce a larger Hopf
algebra 9/,(gq), defined in the style of [104] and acting naturally on Kg(cMg). At
least for quiver varieties, one can construct a K-theoretic analog of stable envelopes,
which we expect to be the key ingredient for such project.

For the Jordan quiver, the K-theoretic R-matrix was computed in [101]. As ex-
pected, it is closely related to the results of [35, 108].

1.6.2. Monodromy of QDE and categorification. — The quantum differential Equa-
tion 1.15 defines a connection V with regular singularities on the Ké&hler moduli
space 9 of (Mg, which is a compactification of the torus § = (C*)’. Consider the
regular points

Y)reg:{qEﬁ|Vaqa7él}

of this connection. The monodromy of V defines a homomorphism

B = 71($reg) — Y(gQ),

where bar denotes a certain completion.
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A generalization of the Toledano Laredo’s monodromy conjecture for trigonometric
Casimir connections [119, 47] identifies B with what should be called the quantum
Weyl group of %, (g¢). It was further conjectured by Bezrukavnikov that this action
of B lifts to

B — Aut D’ Cohg oMy.

This is known in a handful of cases, in particular for Hilbert schemes of points
of C2, see [9]. Perhaps a categorical version of stable envelopes, obtained from the
parabolic induction functors for quantizations of Nakajima varieties, is the proper
technical tool to attack these problems.

1.6.3. Higher rank Donaldson-Thomas theory. — The quantum cohomology of
Hilbert scheme of points of a symplectic surface S is closely related to the Donaldson-
Thomas theory of threefolds fibered in S over a curve. In particular, in the case of A,
surfaces, this point of view lead to an explicit description of DT invariants of toric
threefolds [74].

For higher rank sheaves on ADE surfaces, there is again a close connection with
DT theory, via Diaconescu’s work on ADHM-sheaves [25], see also [19]. Arguments
parallel to those in this paper should give an effective determination of the virtual
invariants of the moduli of ADHM sheaves on a smooth projective curve in terms of
our operators of quantum multiplication.

Using a Beilinson-type construction, as in Section 7 of [25], the ADHM moduli
spaces can be identified with a certain moduli space of higher-rank framed complexes
on ADE-fibrations over curves.

For general quivers, Theorem 1.3.2 implies an identification (up to a scalar func-
tion) between the small J-function and I-function in these geometries (as defined in
[19]),without any change of variables required.

1.6.4. Hilbert Schemes of points of general surfaces. — For a general surface S, quan-
tum cohomology of the Hilbert schemes of points and DT theory of S-fibrations will
diverge and we expect the latter to have a better structure. However, we expect the
classical cohomology Hilb(.S) to be described as a ¢ = 0 Baxter subalgebra for a cer-
tain R-matrix. In fact, this R-matrix should be the reflection operator R associated
in Section 13.4 to the Frobenius algebra H = H¢(S). This is a joint project with
Vivek Shende and one of its potential goals could be a better structural understand-
ing of some of the many mysterious universal generating series in the theory through
representation theory of Yangians.

1.6.5. K-theoretic DT theory. — Perhaps one of the most challenging projects for the
future would be to upgrade the connection with DT theory of 3-folds to the level of
K-theory. K-theoretic DT invariants are a subject of interest in both mathematics and
theoretical physics, due to their M-theoretic interpretation [92] and their connection
to the motivic DT invariants [75].
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1.7. Update

This work reflects what we knew in 2010, with some improvements to exposition
made during 2010-12. As we revise it in the early 2017, it seems necessary to add
a certain bare minimum of references to subsequent developments, in particular, in
connection with directions for further researched outlined above. We decided to limit
all such updates to this section.

A survey of the progress since 2012 may be found in [98, 99]. In particular, lec-
tures [98] explain the extension of the present work to equivariant K-theory, including
application to K-theoretic Donaldson-Thomas theory. In K-theory, the quantum dif-
ferential equations studied here become quantum difference equation. Those were
determined in [102] for all Nakajima varieties.

The monodromy problem for the quantum difference equations was analyzed in [1].
This analysis may be directly linked to Bezrukavnikov’s quantization in characteris-
tic p > 0, to the monodromy conjectures above [9], and to the categorical stable
envelopes [52].

K. McGerty and T. Nevins proved in [76] that the equivariant cohomology of Naka-
jima varieties is generated by characteristic classes of tautological bundles (which is
a property also called Kirwan surjectivity). At several points, e.g., in Section 1.2.11
or in the statement of Theorem 1.3.1 we had to work our way around Kirwan surjec-
tivity which was not known at the time. The results of [76] make these workarounds
unnecessary.

The goals stated in Section 1.6.4 were achieved by N. Arbesfeld [5].
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CHAPTER 2

NAKAJIMA VARIETIES

In this chapter, we recall definitions and basic facts on the geometry of Nakajima
quiver varieties. There is a large literature on the subject, although most of what we
need can be found in the original references [83, 85] and papers of Crawley-Boevey
[22, 23]. We also explain some results on natural group actions on Nakajima quiver
varieties.

2.1. Definition

2.1.1. — Let @ be a quiver, i.e., an oriented multigraph, with finite vertex set I. We
allow loops and multiple edges in (). The quiver data is simply the adjacency matrix

Q = (aj)ijer
where
gij = |{edges from ¢ to ]}|
For what follows, we can assume that multiple edges have the same orientation

in Q. We also consider quivers @ and Q with vertex set given by the union I U I of
two copies of the set I and with adjacency matrices

—~ (Q+Q" id =~ [(Q ©
Q_< id o)’ Q_<id 0)'

2.1.2. — A representation of a quiver is an assignment of a coordinate vector space
to each vertex and of a linear map to each arrow. The dimension of a representation
is an element of N/, where N = Zx,.

For v,w € N/, denote by Repa(v,w) the space of representations of the quiver Q

of dimensions v; for ¢ € I and w; for ¢ € I. Using the trace pairing, we can write

(2.1) Repg = Rep@ &) (Repé>* ,

which gives this linear space a symplectic form w. This symplectic form is preserved
by the action of

G, =[] GL(vi), Gu=]]GL(w).
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We can also define an action of the group

H Sp(2a:i) [ [ GL(g:5),

i#j
as follows. Given a vertex 4, loops at this vertex contribute a factor
End(C%)®%: & its dual 2 End(C%) @ C%:,

to Repg where the symplectic form is induced by the symmetric trace pairing on the
first factor and the standard symplectic form on the second. The factor Sp,(2¢;;) acts
naturally on the second factor. Similarly, given distinct vertices i, j, the contribution
of edges between these vertices is naturally identified with

(Hom(C"*,C") @ C%) @ its dual

and the factor GL(g;;) acts in the natural way. By construction, these groups also
preserves the symplectic form w.

2.1.3. — The symplectic form w is scaled by the action of C* scaling the second
summand in (2.1). We denote by % its C*-weight. When there are other C*’s around,
we denote this one by C;.

We set

Geage = | [ Sp(20:0) [ | GL(gi;) x C5;.
i i#i

As we shall see, this group will act uniformly on all families of quiver varieties

associated to Q.

2.1.4. Weight convention. — In this paper, we embed group weights into Lie algebra
weights. For example, we will also use i to denote the generator of the equivariant
cohomology of C;.

2.1.5. — Sometimes it is convenient to consider, following Crawley-Boevey, represen-
tations of the quiver @, with vertex set I U {oco} and adjacency matrix

Q+Q"T w
(2:2) Qu = ( )

Note that we have a natural identification

Repg(v,w) = Repg_ ((v,1)).

Furthermore, this isomorphism is equivariant with the natural action of the groups
above. For the action of G\ on the right-hand side, we define an edge group Ggg,.
analogously to the last section, and it contains a copy of both G\, and Gegge-
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2.1.6. — Consider the moment map
= Repg(v,w) — g7,
for the action of G, where g, = Lie G,. Denote by
v =1lov, 8" Cal

the fixed points of coadjoint action. If we identify g} with g, via the trace pairing, 3,
corresponds to scalar matrices, i.e., a copy of C for every i € I such that v; # 0. We
consider the preimage

3= u_l(ﬁv)'

In general, this may be reducible and nonreduced.

2.1.7. — Note for any = € Repg_, its stabilizers in G, is the quotient of units by
scalars for some associative algebra over C. Hence the G,-stabilizer of z is finite if
and only if it is trivial.

2.1.8. — Given 6§ € Z!, it defines a character of G, by the convention
(9:) — H(detgi)ei eCx.
We define
My =3/ G,
= Proj P C 3,4,

n>0

where the subscript né denotes the corresponding G, -isotypic component. The map u
descends to a map

B Mo — 3y
Definition 2.1.1. — A Nakajima quiver variety is a fiber of this map:
%,C(va) = ﬁ_1(<)7 ¢ € v

2.2. Basic properties

2.2.1. — The following result is proven in [83]

Proposition 2.2.1. — For any Q,v, and w there exits a finite set {a;} C NI such that
My ¢ (v,w) contains a strictly semistable point only if

aj-0=0a;-¢(=0

for some i.
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These hyperplanes are closely related to the roots of the Lie algebra go that will
be associated to the quiver @ in Section 5.3. One corollary of this proposition is that,
for 6 in the complement of these hyperplanes, the natural map

B:cMy — by
is smooth, although it is possible that the domain is empty.

We also state the following result, which is well-known. Since we do not use it in
the paper, it can be safely skipped. However, we sketch its proof briefly.

Proposition 2.2.2. — If there exists a free G, -orbit contained in 3, then [ is surjective
for all values of 6. The generic fiber is smooth and affine.

Proof. — If there exists a free orbit, then the moment map u is smooth at any point
of this orbit and, in particular, the image of 3 contains a dense, Zariski-open set U
of 3y. By Theorem 1.2 of [22], after further shrinking, the entire fiber of any point of U
consists of simple representations of (). These are f-stable for all stability conditions
0; consequently, the GIT quotient for any choice of 6 equals the categorical quotient
of the fiber, which is affine. This proves the second statement.

For the first statement, we use the definition of quiver varieties via hyperkahler
reduction, as in [83]. Let U, denote the maximal compact subgroup of G,. If we take
the hyperkdhler moment map, then the image of the locus of free U,-orbits contains
R! xU c R! x3,. Since it is stable with respect to multiplication by unit quaternions,
it contains {6} x 3, for any suitably generic 6. Consequently, fi is surjective for general
0. Finally, if 8 lies on a wall on the space of stability conditions,there is a factorization

%' - % — v,
where 6’ is a nearby stability condition. We can assume p is surjective for §’ which
implies p is surjective for all 6. O

In this paper, we are mainly interested in the case where 6 is generic in the sense
of Proposition 2.2.1 and when { = 0. We say 8 > 0 if §; > 0 for all i. This condition
implies that 6 is generic in the above sense, for arbitrary quiver () and dimension
vectors v, w.

2.2.2. Group actions. — By construction, the group

Gw Ge es - 0;
(2.3) G= { X Gedg ¢

Gw x Hl Sp(2qii) Hi;éj GL(Qij), ¢(#0

acts on oMy ¢(v,w). The larger group also acts on (:]lvfg and the map
Ti: oMo — 30 @h"
is G-equivariant.
The action of G is not faithful on oM ¢ (v, w). The center Z(G,) of G, has a natural

map

pq : Z(Gy) = Gedge-
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There is also a map
7q : Ker(pg) — Gw

given by constants acting by multiplication on C":.
The images of these maps act trivially on oM ¢ (v, w), and we could work with the
corresponding quotient groups

gdge = Gedge/Im(pQ)7 G\IN = GW/Im(TQ)

and their product G'.

However, it is sometimes convenient to work with the larger group G since the
tautological bundles considered shortly admit a natural G-equivariant structure. In
practice, most of the geometric calculations and constructions considered later (e.g.,
R-matrices, quantum operators) will naturally take values in G’-equivariant cohomol-

ogy.

2.2.3. Symplectic resolutions. — By construction, Nakajima varieties have an alge-

braic Poisson structure which is symplectic on their smooth locus. The group G pre-

serves this symplectic form when ¢ # 0 and scales it by the character & when ¢ = 0.
Furthermore, they come with a projective map

7 Mo, (v, w) — HMo,¢(v,w) = Spec Clu" ()]

to an affine algebraic variety.

Although 7 is not always birational, it follows from section 10.3 of [83] that it is
birational onto its image. In particular, for 6 generic in the sense of Proposition 2.2.1,
Mp,¢c(v,w) is an equivariant symplectic resolution. When ¢ = 0 it carries a natural
torus action that scales w and is an example of the general theory considered, for
example, in [60].

2.2.4. Tautological bundles. — As G,-quotients, Nakajima varieties have tautological
bundles %; of ranks v;, 1 € I, associated to representations

G, — GL(C").

For uniformity, we consider the (topologically trivial) bundles %J;, i € I, of ranks w;
on a similar footing. Since these bundles carry a representation of G,,, their equivariant
Chern classes capture the framing weights.

2.2.5. Equivariant lifts. — The matrix elements of the matrices

Q+Q", @
are dimensions of vector spaces which naturally carry representations of G, essentially
by the definition of the group G. As a result, we have a natural lift of Q +Q” and Q to
matrices with values in the representation ring K¢(pt). Recall from Section 2.1.4 that

we embed group weights into Lie algebra weights. Here we treat h etc. as elements
of Kg(pt).
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If we endow K¢(pt) with the involution given by taking duals, the Hermitian trans-
pose of @) satisfies the relation

(2.4) @) =heQq,

where 7 denotes the character of G associated to (C;:.
The Cartan matrix of @) admits an equivariant lift

C=1+n"'1-(Q+Q").

— —C n!
C= ,
1 0
and define the Hermitian forms

(2.5) (v,v)g =v*CV

((v,w), (V, Wl»@ = (v,w)*C(V,w).

We also set

for v,w,... € Kg(pt).
Given an arbitrary G-variety X and

v,w,v,w' € Kg(X)!,
the forms (2.5) still make sense and takes values in Kg(X). Of course, very often, one

takes just the nonequivariant specialization of (2.5).

2.2.6. Tangent bundle. — Given 6 generic, if oM ¢(v,w) is nonempty, its dimension
is given by
dim My, (v, w) = [|(v, )%,

with respect to the nonequivariant version of (2.5). Using the equivariant lifts de-
scribed above, we can identify the K-theory class of the tangent bundle as follows.

Lemma 2.2.3. — For 0 generic, we have the identification
(2.6) TMy ¢ (v,w) = [|(V, V)5,
in Kg(cMo,c(v,w)), where

D, W € Kg(cMy,c(v,w))!

are vectors of tautological bundles.

Proof. — On the affine space of representations of @, the tangent bundle is given by

TRepa(v,w) = (6?)’ GZZ))* Q (607 GZZ))

Since the moment map is submersive, the tangent bundle on cMp ¢ (v, w) is obtained
by subtracting off

g\f ® h_l — v
which gives the result. O
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2.2.7. Splitting of tangent bundle. — Using the orientation of ), we can define a
virtual bundle

T2 = (Qij — 6ij) Hom(V;, V;) + > Hom(W;, V;) € K (cMo,c(v, w)).

i, i

If H C G denotes the subgroup preserving the decomposition (2.1), then the ex-
pression lifts to K g (cMy ¢(v,w)) where it satisfies the identity

\%
(2.7) TeMp,c(v,w) = T2 + 171 @ (TH/2) .
Nakajima varieties may be viewed as open substacks of the cotangent stacks stacks

My c(v,w) = T* (Repé /GV)

and the virtual bundle 7%/2 is the pullback of the tangent bundle from the base in
this sense.

2.2.8. Theta characteristic. — One notes that
(2.8) Kgr = c1 (Tl/z) mod 2 € H2(M,Z/2)

is independent of the orientation of (). We call it the canonical theta characteristic
of My ¢ (v,w). It will be responsible for signs in the formulas for quantum multiplica-
tion.

2.2.9. — Alternatively, Nakajima varieties may be defined using representation of the
quiver (), and parameters
Coo = - Z Vi C’L

icl
This is because diagonal scalars in ]
of Qoo.

ieIufoo} GL(v;) act trivially on representations
2.2.10. — Note that for € generic,
(2.9) Mo,c(v,0) =10

because when w = 0 the action of G, cannot be free.

2.3. Torus-fixed points

In this section, unless stated explicitly, we assume throughout that 0 is generic in
the sense of Proposition 2.2.1, so ¢Mp ¢(v,w) is in particular a smooth holomorphic
symplectic variety.

SOCIETE MATHEMATIQUE DE FRANCE 2019



26 CHAPTER 2. NAKAJIMA VARIETIES

2.3.1. — Let
(2.10) A C Kerhi C Gedge X Gw

be a torus. Since A preserves w, its fixed locus oM ¢ (v, w)A is a smooth holomorphic
symplectic variety. In fact, it is a union of product of smaller Nakajima varieties,
which can be seen as follows.

23.2. — Take z € My,c(v,w)” and let X € Repg(v,w) be a point above it. The
subgroup

G” C Gy X Gedge X Gy
such that

1-G,—-G"—-A—>1

acts on the orbit of X. Since the G, action is free, we get a map G* — G, that splits
the above sequence. This gives homomorphisms

(2.11) A 25 Gy X Gedge X G — A
with identity composition and such that X is fixed by ¢(A).
2.3.3. — A homomorphism ¢ is equivalent to a lift of v, w, and @ to vectors and

matrices with values in Ka(pt), consistent with the embedding (2.10). To this, one
associates a new quiver Q)4 as follows. We set

I,=1xA",
where A" is the character group of A, and
(Q¢)(¢,/\),(j,u) = coefficient of v/\ in @,

where \,v € A”. This is an infinite quiver with a free action of the group A" by
automorphisms. We take dimension vectors

(v¢)(i’)\) = coeflicient of A inv;

and similarly for wg. These have finite support, which may be disconnected. Clearly,
representations of quivers factor over connected components of supports. Finally,

G,, = (G)*™ ca,
and this defines the pull-back (64,¢s) of (6, ().

2.3.4. — We consider two lifts ¢; and ¢, in (2.11) equivalent if they define the same
action of A on Repg.

Proposition 2.3.1. — We have

Moo (v, W) = | | M,
o/~
where oMy is the Nakajima variety associated to the quiver Qg and the data
Vg, Wg, 04, (y above.
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Proof. — 1t is clear that
Repa(v, w)¢(A) = Rep§¢ (g, wWe).
The moment map p takes this fixed locus to
* A *
(0)°™ =g,
and coincides with pe. It remains to check that
f-stability < 64-stability.

The = implication is trivial. The set of all #-destabilizing subrepresentations is a
projective variety with an action of A. If nonempty, it has an A-fixed point which is
a 0-destabilizing subrepresentation. O

2.3.5. — As a first example, take A to be the maximal torus of ngge. Recall that
is largest quotient of Geqge that acts nontrivially. We have

AN = H(Q,7Z)

!
edge

and

Qs — Qo /A" =Q
is the universal abelian cover of ). In particular, for any @, Q4 is a quiver without
loops at vertices.

2.3.6. — The restriction of the tangent bundle of oMy ¢(v,w) to the A-fixed locus is
given by the same Formula (2.6), but interpreted in the A-equivariant K-theory via
the map ¢.

Expanding (2.6) in characters of A, one expresses the A-eigensubundles in the
normal bundle to M ¢(v,w)* in terms of the tautological bundles of c};.

2.3.7. — Because the splitting (2.7) is equivariant with respect to all group actions,
we have
(2.12) c1(N+)mod 2 = Ky, + Ky

in H?(cM",7/2) for any torus A that preserves the symplectic form.

2.4. Tensor product of Nakajima varieties

2.4.1. — For this paper, the main example of the above fixed-point construction arises
as follows.
Take a decomposition
w = W/ _|_ W/l

and define
A~C* cCc G,
as the subgroup that scales the first term in
(2.13) CY=C%eC%, icl,
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with weight 1. In other words, we take
w=zw +w’ € Kcx(pt)!,
where z is the defining representation. Then the fixed points are precisely

(2.14) || MoV W) x My c(v' W) = My ¢ (v, w),

v/4v!'=v
as in (1.9). Indeed, the fixed points in (2.14) correspond to
v=2zVv +Vv’

and all other ones are empty because of (2.9).
The embedding (2.14) will play a key role in this paper and we call it tensor product
of Nakajima varieties. See Section 5.1 for a discussion of this term.

2.4.2. — For a tensor product of Nakajima varieties, the normal bundle to the fixed
locus is

N=2z2N,®z2"'N_,

+

where z%! is the torus weight,

N_ = ZHom(GZz)g,GUQ') + Z Hom(V,, W) @ h™!
(2.15) — " Cyj Hom(V;, V)

in the K-theory of the fixed locus, where C;; denotes the equivariant Cartan matrix
and

N, =h't®NY.

2.5. Slices
2.5.1. — Recall the affine quotient
(’jMO,C = ﬂ'_l(C)/Gv-

Its closed points are the closed G,-orbits in p=1(¢) C Repg, and those correspond

to isomorphism classes of semisimple representations of Q or Q.
The natural map

(2.16) My e — Moy

takes a f-semistable representation to its semisimplification, see Proposition 3.20
in [85].
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25.2. — Given X € My, it natural to study 7~ !(X), bearing in mind that it
may be empty. Following Nakajima, see Section 6 in [83], 7~1(X) may be described
as (7')71(0) for a different quiver @’. Here 0 € ¢}/, is the zero representation.

See Proposition 3.2.2 in [87] and Section 4 in [23] for the proof of the following

Theorem 2.5.1 ([83, 87, 23]). — For any X € oMy c(v,w) there exist a quiver Q' and
dimension vectors (V',w') such that:

— an analytic neighborhood U of X in My, (v,w) is isomorphic to an analytic
neighborhood U’ of 0 in M o(V',W') x C* and

— this isomorphism may be lifted to an isomorphism Yx between (7')~1(U’) and
7~ Y(U) that preserves the fibers of .

These isomorphism are equivariant with respect to the stabilizer G' C G of the repre-
sentation X.

We call the maps Y x slices and for brevity write them as rational maps
Yx M (VW) x CF -5 M(v,w)

even though this is not what is claimed in Theorem 2.5.1. The integer k that appears
here is the difference in dimensions, see also (2.18) below.

2.5.3. — The data Q’,v/,w’ are constructed as follows. As a representation of Q,
X has a unique decomposition

X =X.oo@x
iel’

into nonisomorphic simples X; with multiplicities v;. We denote by

d(X)i; = (dim Xj),, ie€Iu{oo},je I' U {oo},
the matrix of their dimension vectors. The subgroup
GL(1) x G C GL(1) x G,

is the stabilizer of X € Repg_ and the matrix d(X) describes its subgroup conjugacy
class.
The representation X, is distinguished from the rest by

and then

because (dim X ), = 1.
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2.5.4. — By definition, I’ U {oco} is the vertex set for the new quiver @/ and Vv’ is
the new dimension vector. We use the matrix

d: Zl'u{oo} N ZILI{OO}

to transfer the other quiver data to I’ Ll {co}. For example, we set
¢ =dC.
It follows that
¢=0, vV-0=0,

because v =d(X) - v/ and

Y. Gd(X)i; =0, V)

i€IU{oo}

by the moment map equation.

2.5.5. — The adjacency matrix of ), and in particular, the new framing vector w’ is
found from the formula
(2.17) (a,0)qr, = (d(X)a,d(X)b)q.;

see (2.2) for the matrix of this quadratic form.
In the course of the proof, one uses reductivity to write

o =0 ® oy
and identifies du='(g) = (gv - X)“ and

~ V

Repg, = (gv - X) /gv'X
as Gy, x G'-modules, where Z denotes the symplectic perpendicular. This leads to
(2.17).
2.5.6. — Note that Q. may have loops at the distinguished vertex oo, in fact
= 2

(2.18) #{loops at oo} = k = ||(dim X0, w), |15

where k is the number from Theorem 2.5.1. These loops contribute a vector space
factor to Repg, because v, = 1. Note that (2.18) also describes this vector space as
a G’-module.

2.5.7. — The following is immediate:

Proposition 2.5.2. — If X, is the only nonzero representation in X then Q' is iso-
morphic to the subquiver of Q formed by the support of vV = v — dim X, and
(2.19) w =w—hCdim X .

This also covers the trivial case when X = 0 and d(X);; = d;;.

ASTERISQUE 408



2.5. SLICES 31

2.5.8. Example. — Consider the A,-quiver, that is, that is the quiver with

1+ht —ht

-1 1+r1 —p!
C:

-1 1+n!
We fix 1 <i < j <n and take
w = had; + ad;,
where a is a weight of G,,. For

J
dim Xo =a ) 6
k=1

there is a torus fixed representation X., with such dimension. It takes the framing
vector at the jth vertex, applies the arrow in @ to it (j —¢) times, and sends it to the
framing vector at the ith vertex. Note that the final map in Hom(V;, W;) has torus
weight A®~! and the framing weight ha compensates for this.

If the other X;’s are zero, we get

W/ = aéi_l + ha5j+1
from Formula (2.19).

2.5.9. Example. — Take the quiver with one vertex and one loop, for which C is a
1 x 1 matrix

C=01-t)1—-1t2), t1Qty=Ah,
where ¢; and ¢, are the weights of Geqge. For
w=a+at;"t;",
there is a torus-fixed representation X, with
dim Xoo = a(l+ ¢+ +77).

Just like in the previous example, it takes a framing vector of weight a and applies
the t1-arrow to it (n — 1)-times (the weights have go change by tl_l every time to
compensate for the t; weight of the arrow). We find

w =at;" +aty .

This and the previous example are special cases of slices considered in Section 6.2.
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2.5.10. — Equivariance in Theorem 2.5.1 means that slices commute with taking fixed
points. That is, if A’ C G’ is a torus preserving the symplectic form then

’ A/ ’
(Sx)* (M VW) x CO) s M (v, w)A
is an isomorphism of open subsets of quiver varieties (the fixed points are quiver
varieties by Proposition 2.3.1).
In particular, slices are compatible with tensor products, in the sense that the
following diagram commutes

(2.20) M(wp) x M(W') x C - === - = M(wg) x M(w)

where the vertical arrows are inclusions of fixed points and the representation X is
padded by zeros as necessary.

2.6. Minuscule coweights

2.6.1. — Let X be an algebraic variety. We call an action
0:C* — Aut(X)
minuscule, if the algebra H°(X,Ox) is generated by functions of o-weight {—1,0,1}.
Equivalently, there is an equivariant embedding
Xy = Spec H*(X,0x) — V,

where V is a linear representation of o with weights in {—1,0,1}. This notion will
play a crucial role below.

2.6.2.

Proposition 2.6.1. — The C* -action corresponding to the tensor product of Nakajima
varieties s minuscule.

Proof. — It is enough to prove that
EN

is generated by the functions of o-weight in {0, £1}. Since G, is reductive, the natural
map
ClRepg]™ — C[3]
is surjective.
By the first fundamental theorem of invariant theory, see for Example Section 9.5 in
[124], the G,-invariants are generated by all possible contraction of tensorial indices.
Concretely this means either functions of the form

tI’P1P2 tee Pk,
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where Py, P, ..., Py is a closed chain of edges of Q starting and ending at a v-vertex,
or any matrix coefficient of

PP Py,
where Py, P, ..., Py is a chain of edges going from one w-vertex to another. Clearly,
the o-weights of all these functions are in {0,+1}. O
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CHAPTER 3

STABLE ENVELOPES

Let a torus A act on a nonsingular quasiprojective algebraic variety X and let
t: XA — X denote the inclusion of the fixed locus. We have a natural map

o HA(X) — Ha(Xh)
of degree 0. Our goal in this section is to construct a reasonably canonical map in the
other direction
Stabe : Ha(X?) — Ha(X)
that takes middle degree to middle degree. We will call Stabe () the stable envelope
of . The main ingredients in its construction will be:

— an A-invariant holomorphic symplectic form w on X,
— a choice of a certain chamber € C a = Lie(A).

Stable envelopes appear to be useful in a broader context than strictly required for the
purposes of the present paper. We therefore discuss them in that greater generality.
For symplectic resolutions, a much simpler approach may be used, as we explain in
Section 3.7. In many examples, we expect the stable envelopes to specialize to well-
known constructions.

We begin by explaining various conventions we use and recalling several basic
constructions.

3.1. Assumptions and conventions

3.1.1. Assumptions on X. — We assume that X is a nonsingular algebraic variety
and w € H°(Q2X) is a holomorphic symplectic form on X. In addition, we require a
proper map

(3.1) m: X — Xo

to an affine variety Xj.
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3.1.2. Group actions. — We denote by

ACTcCG— Aut(X)
a pair of tori A C T in some reductive group G acting on X. We denote by a Ct C g
the corresponding Lie algebras. We assume:

— w C H°(Q%) is an eigenvector of G, fixed by A;
— the proper map 7 is G-equivariant;
— X is a formal T-variety.

See [49] for a discussion of formality. In particular, it implies H:(X) is free as a
module over H}(pt). While this condition is convenient, we expect it can be removed
with a little care.

We denote by

he g,
the G-weight of w. By our assumption, A is in the kernel of .
Example 3.1.1. — For X = M(r,n), we take
G = GL(2) x GL(r),

where the first factor acts on P2 keeping the line at infinity, while the second factor acts
by changing the framing. We take T to be the maximal torus of G and A = TNGL(r).
The proper map 7 is the map to the Uhlenbeck moduli space.

Example 3.1.2. — More generally, for X = oMy o(v,w) with @ generic, we take G as
defined in Section 2.2.2 and T its maximal torus. The proper map 7 is the map

T2 eMp,o(V, W) — Mo o(V,w).
Given a decomposition
i
w3
i=1
we obtain a homomorphism
A={(z1,...,2:)} = Gy

given by w =Y., w(® z; as in Section 2.3.

3.1.3. Signs and adjoints. — The varieties X we will encounter in the paper have no
odd cohomology, although the following discussion may be easily modified to include
odd cohomology.

When X is proper, integration over X

WH/XVGQ(’&)
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may be defined as an equivariant residue, making H = H3(X) a commutative Frobe-
nius algebra over Q(t). In fact, it will prove very convenient to introduce the following
sign twist in the Frobenius trace 7

") = (-pFamx [ o,
X
Recall that X is holomorphic symplectic, so dim X is even. For example, if
X =T*Y and [Y] is the class of the zero section, then
T (Y?) = x(¥).
In this paper, we define adjoints using 7. Concretely, this means the following.
Consider a T-equivariant cycle, i.e., a Q-linear formal combination of invariant sub-

varieties
n
Z=Y aZpC ] X:
=1

Notice that we have abused notation to write a cycle as a subset of the ambient
variety.

Fix asubset S C {1,...,n}. Then Z, viewed as a correspondence, defines a operator
i€s i¢s

see Section 3.2.5 for further discussion. For example, Z could be the diagonal A C
X x X and then, for S = {1}, ©4 is the identity map.

Using 7, we may move factors X; from the source of the map ©z to the target,
and back. We call these new operators adjoint to ©z and denote them by (©z)7, to
distinguish it from the ordinary permutations of factors. They acquire a sign (—1)?,

where ) )
p=3 Z dim X; — 5 ZdimXi,
€S’ €S
and S’ is the source index set for the map (©z)7.
For example, if S’ = {1,2} then

(04) (1 ® 72) = (1) dimX /X 1 Una = 7(1 Una) € Q(Y).

3.2. Basic constructions
3.2.1. Chamber decomposition. — The cocharacters
o:C* = A
form a lattice of rank equal to the rank of A. We denote
ar = Cochar(A) ®z R C a.

Each weight x of A defines a rational hyperplane in this vector space.
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Definition 3.2.1. — The torus roots are the A-weights {a;} occurring in the normal
bundle to XA.

The root hyperplanes partition ag into finitely many (open) chambers

CIR\UOZZ;:UQZ'.

Example 3.2.2. — In Example 3.1.1, we have

xA= || JIHib(C?n),

nit-Fnr=n

the normal weights « are the roots of GL(r)
a > diag(a1,...,ar) — a; — aj,

and the chambers € are the usual Weyl chambers.

Example 3.2.3. — Similarly, in Example 3.1.2, we have
%,Q(V,W)A = |_| M (v(l),w(l)) X oo X M (V(T),W('r)>

v(1)+-<-+v(7"):v

by Proposition 2.3.1 and the normal weights are again the roots of GL(r).

The stratification of ag by root hyperplanes coincides with the stratification by
the dimensions of the fixed-point locus. In particular, if o does not lie on any hyper-
plane a;- then X7 = XA

3.2.2. Attracting, or stable, manifolds. — Let € be a chamber as above. One says that
a point x € X is €-stable if the limit
lin(lJa(z) e XA

exists for one (equivalently, all) cocharacter o € €. The value of this limit is indepen-
dent of the choice of o € €. We will denote it by limg z.
Given a subvariety Y € X*, we denote by

Attre(Y) = {z |lime(z) € Y}

the set of points attracted to Y by the cocharacters in €. We have the following:

Lemma 3.2.4. — Let Z be a connected component of X”. Then
lim¢ : AttI‘g(Z) — 7
is an affine bundle.

Remark 3.2.5. — Note this affine bundle is T-equivariant.
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Proof. — We apply the classical ]ﬁalynicki—Birula theorem to a smooth o-equivariant
projective compactification X C X. We get a diagram
Attre(Z)—— Attre(2)
liml hml
72— 7

of o-equivariant maps in which the horizontal arrows are open dense embeddings and
lim is an affine bundle. Since o acts with positive weights on the fibers of lim, any
nonempty closed subset of the fiber contains the origin. Therefore, lim is also an affine
bundle. 0

Example 3.2.6. — In Example 3.2.2, take X = o#(2,n), € = {a; > az}, and
Z={% & | € Hilb(C?,n;)} .
Then Attre(Z) is a vector bundle with fiber Ext'(F, i (—1)), where A (—1)

means the twist by minus the line at infinity of P2.

3.2.3. Partial order by attraction. — The choice of a chamber € determines a partial
ordering on the set
Fix = mo(X?)
of connected components Z of the fixed locus. This is a transitive closure of the
relation
Attre (Z2)NZ' #£0=>Z = Z'.

Using a projective compactification as in proof of Lemma 3.2.4, one sees that this

is indeed a partial order, that is

Z<ZandZ XZ=2=17.
Lemma 3.2.7. — For any component Z of X the set

Attrl(2) = | | Attre(Z)
Z'<Z

is closed in X.
We call Attr’é(Z) the full attracting set of Z.

Proof. — Consider the map (3.1) and choose an A-equivariant embedding
XO —V

into a linear representation V' of A. Let V>, C V denote the span of those weight
subspaces that are non-negative on €. We have

7r (m) C Xo N Vs,

for any component Z C XA.
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Let z lie in the closure of Attre(Z). Then 7(x) € V> and the limit
2 = limez € Attre(Z) N XA
exists by the properness of w. Denoting by Z’ € Fix the component that contains 2’
we see that Z’ < Z and so we are done. O
3.2.4. The ample partial order. — It will be more convenient to work with a different
partial order on Fix which is a priori finer, that is

7<7 =7Z<7Z,

but is much easier to describe.
Let o € € be a cocharacter and let C = P! be the closure of a o-orbit. The degree

(\[C) €Z, X e Pie(X),

may be computed by equivariant localization in terms of weights of A at the fixed
points of C. This number must be positive if A is ample.
We therefore choose any A-linearization of an ample line bundle A and define

(3.2) Z>7 & (weight A|, — weight )‘|z') le > 0,

where weight >\|Z € a* is the weight of the A-action on the fiber of A restricted to fixed

point component Z. Note that the ambiguity in the choice of linearization cancels out
of (3.2).
See also Section 4.8.5 below for a related discussion.

Example 3.2.8. — Recall that, by construction, Nakajima varieties come with a dis-
tinguished ample class, namely

0=> 0;c1(V).
Consider the fixed points of the tensor product action
(3.3) Zy = Mo c(1,w) x Mo (v = 1, ) € Mo (v, w +w)
as in (2.14). By construction,
weight ¢ (GUi)|Z,7 = 7.
Therefore
(3.4) Zy>Zy < 60:-n>0-7.

In particular, if §; > 0 for all ¢ then Zy = Z; is minimal with respect to the ample
order.
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3.2.5. Lagrangian correspondences. — Given a holomorphic symplectic variety M
with symplectic form w, recall that a subvariety Z C M is isotropic if the restriction
of w to the smooth locus of L vanishes. It is Lagrangian if it is also middle-dimensional.
We say that a cycle is Lagrangian if each component is Lagrangian.

Let Y be another holomorphic symplectic variety on which group G acts with the
same weight 7 of the symplectic form wy . Let

LCcXxY

be a T-invariant Lagrangian cycle with respect to the form wx — wy. Recall that we
use C to denote cycles as well as subvarieties.
If L is proper over X, it defines a map

Or : Hi(Y) L Hi(L) 5 Hy (X).

As an equivariant residue, O, may be defined with a weaker properness assumption:
T has to have proper fixed points in the fibers of the push-forward.

See, for example, [18] for a general discussion of operators defined by correspon-
dences. In particular, ©1 depends only on the class [L] of L in the T-equivariant
Borel-Moore homology of X x Y. Also

Or, 00L, = OL,]o[L,)-
Here the convolution L; o Lo of two cycles is defined by
[L1] o [L2] = (p13)« A™([L1] x [L2]),
where the maps
XXxY XY XZeE XxVYxZ 22 Xx2Z

are the inclusion of the diagonal and the projection, respectively. Here A* denotes
Gysin pullback with respect to a regular embedding. When the map p;3 is proper on
the support of Ly Xy Lo, its image is isotropic. As a consequence, the convolution
[L1] o [L2] is the cycle class of a T-invariant Lagrangian cycle in X x Z.

3.2.6. Steinberg correspondences. — Let L C X x Y be a Lagrangian correspondence

as above.

Definition 3.2.9. — A Steinberg correspondence is a Lagrangian correspondence
LCcXxY

as above such that there exist proper equivariant maps
X =X vy
to an affine G-variety V such that
LCXxyY.

The following easy lemma gives a sufficient condition for Steinberg correspondences
to be closed under convolution.
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Lemma 3.2.10. — Given Steinberg correspondences
LicXxyY, LyCY xy,Z,

the convolution Ly o Lo is a Steinberg correspondence if there exists a commutative
diagram of equivariant proper maps

(3.5) y 2w,
"
Vo —V,

with V' affine.

Proof. — Both X and Z map admit proper, equivariant maps to V. It is clear that
the assumptions imply
LioLy C X xvy Z. O

We say that two Steinberg correspondences are composable if they satisfy the
sufficient condition described above when they share a common factor.

Example 3.2.11. — Fix a quiver Q and dimension vectors v,v(®) for i = 1,...,n, such
that v > Y v(), and similarly for w,w(®). We have a proper map

ﬁe%,( (V(i)vw(i)> — Mo (Z V(i)azw(i)) = Mo (v, W),
i=1

where the first map is given by affinization and direct sum, while the second map is
given by taking the direct sum with the zero representation. We will only consider
proper maps to affine varieties of this form or products of such maps. As a result, if we
have two such maps with the same domain, a commutative diagram of the form (3.5)
always exists since the two targets can both be included into a still-larger o} ¢ (v, w).
Therefore, the associated Steinberg correspondences will always be composable.

Given a possibly disconnected variety X, if we have a collection of composable
Steinberg correspondences between components of X, we can consider the subalgebra
of End H:(X) that they span. When the context is clear, It will be called the Steinberg
algebra of X.

3.3. Characterization of stable envelopes

3.3.1. Supports. — For the ease of reading formulas, we use restriction signs for the
natural restriction maps in equivariant cohomology. Given a closed T-invariant subset
Y C X and a class v € H;(X) we say that v is supported on Y if

MNarxvy) = 0.

Equivalently, suppy C Y means that the Borel-Moore class v N [X] is pushed
forward under ¥ — X.
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3.3.2. Polarization. — Let Z € Fix be a component of X* and let Nz be the normal

bundle to Z in X. Any chamber € gives a T-invariant decomposition
Nz=N,®N_

into A-weights that are positive and negative on €, respectively. The symplectic form w

gives

(3.6) (Ny)Y =N_®he Kr(Z),

where 7 denotes a trivial line bundle with the corresponding action of T.
Because h is trivial on A, the class

2 _ (_1\(codim Z)/2 _ 2
(37) e =(-1) (N2l oy = L1 07
is a perfect square. Here +a; € a* are the roots that occur in N .

Definition 3.3.1. — A choice of a square root ¢ in (3.7) will be called a polarization
of Z in X. The sign in +e(N_) agrees with polarization if +e(N_) restricts to ¢
in H,(pt).

Example 3.3.2. — While polarization is a purely formal choice, geometrically natural
choices save on signs.
For example, if X = T*Y with A-action induced from Y, we can take € to be the
product of nonzero A-weights in the fibers of TX — TY.
More generally, let a cocharacter
c:C* =T

be such that (h,0) = —1. This generalizes the scaling action of C* in the fibers
of T*Y. Then we can choose the weights in ¢ as the o-negative weights in the fiber
of Nz over some chosen x € Z°.

Example 3.3.3. — We have a canonical polarization associated to Nakajima varieties
as follows. Recall from Section 2.2.7 that we have a virtual splitting of the tangent
bundle

v
ToMyc(v,w) = T2 + 1~V o (TV/?2)

Let € denote the product, weighted by multiplicity, of the nonzero A-weights in the
restriction of (T%/2)V to some x € Z.
3.3.3. Degreein A. — Since A acts trivially on X”*, we have

Hy(X?) = Hy o (X?) ®cp/a) ClH]-

While there is no canonical splitting

(3.8) C[t] & Clt/a] ® Clq],

any such splitting leads to the same increasing filtration of H;(X”) by the degree
degp in Cla]. Clearly,

(3.9) gt Hy (X*) = Hyja(X") ® Cla].
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3.3.4. Characterization. — Choose a chamber ¢ C a and an polarization ¢ of XA.
The following theorem is the main result of this section.

Theorem 3.3.4. — There exists a unique map of Hy(pt)-modules
Stabe . : Hy(X?) — Hy(X)
such that for any Z € Fix and any v € Hf/A(Z), the stable envelope I' = Stabe ()
satisfies:
(i) suppI' C Attr’é(Z)7
(ii) L, ==+ e(N_) U=, according to polarization,
(iii)
dega |, < 3 codim Z', for any Z' < Z.
Remark 3.3.5. — The chamber and the polarization are independent parameters in
the construction of Stabe . The former being much more important than the latter,

we abbreviate
Stab¢ = Stabg’s,

once some polarization € has been specified.

Remark 3.3.6. — We will see Stabe is given by a Lagrangian correspondence on
X x XA, and, in particular, it maps middle degree to middle degree.

The existence of Stabg will be proven later. We now prove the uniqueness a map
satisfying the conditions of the theorem.

Proof. — Let v € Hy(X) be supported on a union of attracting sets and satisfy
degp " v < % codim Z,

for any embedding ¢ : Z — X of a fixed component. We claim this forces v = 0.
Pick a total ordering on Fix refining < and choose Z € Fix so that v is supported
on Attr}é(Z). We can factor ¢« = f3fof1, where

z L Attre(2) & Attrl(2) & X
Here f; is regular and f; is open. The support condition on v means that

for a certain Borel-Moore homology class «. Standard excess intersection arguments
then show

SN2l =e(N-)Nfi f5 a
The multiplication by e(N_) is injective on (3.9) and
degp e(N_) = 1 codim Z.
Because this exceeds the degree of the right-hand side, f; f3 @ = 0. Since f; is

an isomorphism, this forces f3« to vanish, meaning that v is supported on a smaller
union of strata. Arguing inductively, we see v = 0.
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Now if I'1,T's € H3(X) are two classes satisfying (i)—(iii) then their difference
satisfies the hypothesis above, hence vanishes. U

3.4. Lagrangian residues

Let L be an A-invariant Lagrangian and let
t: 4 — X

be an embedding of a component of XA. The form *w is symplectic and so we can
talk about isotropic and Lagrangian subvarieties of Z.

Lemma 3.4.1. — LN Z is an isotropic subvariety of Z.

Proof. — Let W be an irreducible component of W of L N Z. For a general point
w € W, there exists a sequence of points z1,zs,... in the smooth locus of L ap-
proaching w such that limit of T3, L exists as k — oo and contains the tangent space
T, W. This can be seen, for instance, by choosing a Whitney stratification of L for
which L N Z is a union of strata. Since the symplectic form on Z is the restriction of
the symplectic form on X, the lemma follows. O

Now suppose an polarization € of Z has been chosen.

Lemma 3.4.2. — There is a unique Lagrangian cycle Resz L supported on LN Z such
that

VL) =€¢[Resz L]+ -,

where dots stand for terms of smaller A-degree.

Proof. — The class «*[L] is supported on a subvariety L N Z of dimension at most
%dim Z. Therefore, its A-degree can be at most

codimy L — codimz(L N Z) < = codimx Z.

1
2

Assuming L N Z is middle-dimensional, denote by L1, Lo, ... its Lagrangian irre-
ducible components. We have

CIL =D L] fit e

where f; € H, (pt) is a homogeneous polynomial of degree % codimy Z and dots stand
for terms of smaller degree.

In order to calculate f;, we shrink X to a neighborhood of a smooth generic point
of L;. Furthermore, we can degenerate to the normal cone of Z inside X and restrict
to a transverse slice through a generic point of L;. After these simplifications, the
following lemma finishes the proof. O
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Lemma 3.4.3. — Let V = C" be a vector space equipped with the diagonal action of A
by characters x1,...,Xn. Let X = V ® VYV be the symplectic vector space equipped
with the induced action of A and suppose we have a Lagrangian A-invariant conical
subvariety L C X. Then the residue of [L] at the origin 0 = Z C X is an integer

multiple of € = [T}_; x;-

Proof. — We embed A in T = (C*)™*!, the maximal torus of Sp(2n) x C*, the stabi-
lizer of the line Cw € Q%(X). We can use T to degenerate L via a family of A-invariant
conical subvarieties to a T-invariant conical subvariety and calculate the residue for
this limit. Since T scales w, this limit is still Lagrangian. On the other hand, the only
such T-invariant subvarieties are unions of Lagrangian coordinate planes. For a La-
grangian coordinate plane, it is clear that the residue is a product of the characters x;
up to a sign. O

Lemma 3.4.4. — For any A-invariant Lagrangian L and any chamber €, there exists
a Lagrangian cycle L' supported on Attré(Z) such that
degp t*([L] — [L']) < % codim Z.

Proof. — We can take L’ to be the closure of limgl(:lz Resyz L), counting multiplicity.
O

Lemma 3.4.5. — Let L C X be an A-invariant Lagrangian subvariety supported
on Attr’é(Z). Then there exists a unique Lagrangian cycle L' such that L' — L is
supported on |, _, Attré(Z’) and

degp t3/[L'] < % codim Z’
forany Z' < Z.

Proof. — The existence follows by induction from Lemma 3.4.4. The uniqueness is
shown as in Section 3.3. O

In conclusion, we note that if L is T-invariant, then so are all other Lagrangians
occurring in the above lemmas.

3.5. Proof of existence

Consider the (possibly disconnected) T-variety X x X” equipped with the antidiag-
onal symplectic form (w, —w|xa). We construct Stabe by exhibiting a correspondence
between X” and X.

Proposition 3.5.1. — There exists a T-invariant Lagrangian cycle Stab Zg on X x XA,
proper over X, with the following properties:
(i) For any Z € Fix, the restriction of Z¢ to X x Z is supported on Attré(Z) X Z;
(ii) the restriction of [Te] to Z x Z equals £ e(N_) N[A], according to polarization,
where A is the diagonal;
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(iii) for Z' < Z, the restriction of [Z¢] to Z' X Z has A-degree less than % codim Z'.

This shows the existence of Stabge by taking the map
Hy(X*) — Hi(X)
induced by the correspondence Z¢. Properness over X insures this map is well-defined.
Proof. — Fix some Z and let =L be the closure of the preimage of A under the map
Attr¢e Z X Z — Z X Z,

with sign as above. Then L is a A-invariant Lagrangian supported on Z x Attré (Z2)
which satisfies (i) and (ii). Using Lemma 3.4.5, we can modify it on lower strata so
that to achieve (iii). Repeating this for all Z € Fix, we obtain a Lagrangian cycle Z¢
and it remains to check that its support is proper over X.

As in the proof of Lemma 3.2.7, choose a A-equivariant embedding

m:Xg—V

into a linear representation of A and let V; C V¢ be the subspaces formed by A-in-
variant and weights positive on €, respectively. Let

p:Vso— Wy

be the natural projection. Consider the closed set 7=1(V>o) C X (this is just the
union of all attracting manifolds), along with the morphism

por:m H(Vs0) — V.
By construction, the Lagrangian cycle Z¢ lies in the fiber product
7 (Vo) xv, XA C X x XA

Indeed, we construct Zg by starting with the diagonal A ¢ X* x X* and taking
attracting manifolds and closures. The fiber product is closed with respect to both
these operations.

On the other hand, the projection onto the first factor

W_I(VZO) XVo XA — X

is proper: since the map m : X — V is proper, we can reduce the statement to the
claim that

Voo xv, Vo =V

is proper, which is obvious. U

‘We note the following corollary of the proof. It will play an essential role in proving
various properness statements later.

Proposition 3.5.2. — Let X denote the union of all attracting manifolds. Then
ﬁZQj - X+ X Xo XA.
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Remark 3.5.3. — Suppose X = T*Y where Y is a smooth projective variety and
assume the action of A is induced from an action on Y with isolated fixed points {ps}.
Then a choice of chamber € defines an A-invariant Bialynicki-Birula stratification
of Y by locally closed varieties V. In this case, the stable envelope map Stabe
defines a collection of Lagrangian cycles on X. These can be identified (up to a
sign depending on the polarization) with the characteristic cycles of the constructible
sheaves (ji)1Qv, where ji denotes the inclusion into Y. See, in particular, [3] for
recent developments in this direction.

3.6. Torus restriction
Let € be a chamber and let ¢’ C € be a face of some dimension. Consider
a =Span¢€ Ca

with associated subtorus A’. The cone € projects to a cone in a/a’ that we denote
by €/€".
Let € be an polarization of X ¢ X. We can factor

into weights that are zero and nonzero on a', respectively. The factors induce an
polarization of XA ¢ XA and XA C X, respectively. In the following lemma, we
take these induced polarizations.

Lemma 3.6.1. — The diagram

(3.10) H (XA Stabe H(X)
Stam A/
H(X")

s commutative.

Proof. — This follows from the uniqueness of the stable envelopes. Let Zg/, Z¢ ¢/ be
the Lagrangian correspondences constructed in Proposition 3.5.1, and consider their
convolution

[Ze,e'] = [Zeje] o [Le],

which defines a Lagrangian cycle class in X* x X.

If we can show it satisfies the properties in Proposition 3.5.1, then uniqueness
of Stabg gives the result. In fact, using the definition of the chamber €/€’, most of
the properties are immediate. For example, (iii) follows from the degree constraints
of either Zg/ or L/ O
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3.7. Symplectic resolutions
3.7.1. — In this paper, we are mainly interested in equivariant symplectic resolutions,
X — Xo = Spec H°(0x),

see [60] for a comprehensive discussion. For symplectic resolutions, stable envelopes
are easier to construct and enjoy stronger properties.

In addition to Nakajima quiver varieties oM o for 6 generic, examples of symplectic
resolutions include T*(G/P), where P C G is a parabolic subgroup.

3.7.2. — We begin with the universal deformation of the pair (X,w)

) (L v

]

[0]— B = H2(X,C),
(3.11)
in which the period map ¢ associates to a deformation (X’,w’) the class of w’
in H%(X') = H?(X). This universal deformation may be written down explicitly
for Nakajima varieties and in all other examples, see [60] for further discussion.
The deformation (3.11) is G-equivariant, where G acts on the vector space B by
the character A. Therefore, the group

G, =KeriD A
acts on each fiber of ¢.
3.7.3. — Suppose we are given a class

oV € H, (X, Z)

that is an effective curve class in some fiber (X', w’) # (X,w). Then

/w'zO

and hence deformations with nonzero holomorphic curve classes belong to a union of
hyperplanes in the base B.

Definition 3.7.1. — A coroot hyperplane of X is a hyperplane of B along which the
deformation of X has nonzero holomorphic curve classes.

Over their complement

o 1
B°=B\ |J (@)
coroots

the fiber of ¢ is affine. It is an interesting question to find a geometric definition of
coroots of X themselves rather than just their associated hyperplanes.

SOCIETE MATHEMATIQUE DE FRANCE 2019



50 CHAPTER 3. STABLE ENVELOPES

3.7.4. — Consider the diagonal
A° - )20 X Bo ()ZO)A,

where X° = ¢~ 1(B®). Since the fibers over B° contain no holomorphic cycles, the
inclusion

(3.12) Attre A° < X° x go (X°)
is a closed embedding and defines a family of cycles over B°. We denote by
éi@ = AttI‘¢ A°

its closure in X x5 XA. In particular, we can take the A-fixed points

~\A ~ ~
(E@) (—>XA XB XA

1

B

Proposition 3.7.2. — For any b € B, the top-dimensional components of
~ \A .
(Ze) no')
are Steinberg correspondences.

Proof. — All fibers of ¢ are symplectic resolutions and we can find a universal proper
G-equivariant map 7
X .7
¢ J
id
B——B

into a vector bundle V over B. The torus A acts trivially on B and we denote by ‘720
the subbundle formed by A-weights that are nonnegative on €. As in the proof of
Proposition 3.5.1, one shows

Therefore
~ A _
(Ze) < XA xz XA
On the other hand, it is known that the ¢-fibers of

XX%XC}ZXB)’Z
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are isotropic. ") Therefore, their intersections with a symplectic subvariety XA x XA
are at most Lagrangian. Their Steinberg property is clear from the above. U

Remark 3.7.3. — This proposition gives an abundant source of Steinberg correspon-
dences, as we will see below.

Theorem 3.7.4. — The correspondence Ly is the specialization ofﬁz’g to the central
fiber, that is

el = 13 [Ze ] € HEM (X x XP).

Proof. — It suffices to check the right-hand side satisfies the conditions of Proposi-
tion 3.5.1. Properness is shown exactly as in the proof of Proposition 3.5.1. Similarly,
conditions (i) and (ii) follow from construction.

To show (iii) we the consider inclusion

L2 xZ > X x XN, Z#7,
of an off-diagonal component of X” x X”. By Proposition 3.7.2
Cde] =D filLd 4, fi€ HPM™Z (o),

where L; are the Lagrangian components of the intersection and dots stand for terms
of smaller A-degree. The required degree bound

1
degy fi < 3 codim Z’

follows from a much stronger claim: all f; are divisible by 4. We state this as a separate
result. O

For any X, not necessarily a symplectic resolutions, we can write
(3.13) [%HXAXXA =+e(N_)UA + off-diagonal,
where the second term is a class supported on

|| 21 x 2., 2z eFix
Z1=2Z>

Theorem 3.7.5. — For symplectic resolutions,

[Ze] =+e(N_)UA mod hHy (X" x X*).

Prgvof. — Let Z,Z’ be two different components of X*. We will show the pull-back
of Z by

|XA><XA

127 X7 X xg XP

1. This widely known and used statement may be deduced from the results of Kaledin [59] and
Namikawa [91]. Further details may be found in the forthcoming lecture notes of V. Ginzburg on the
subject.
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is divisible by A, which also completes the proof of the last theorem. We choose a
general line ¢ C B through the origin in the base of the deformation and denote
by X, the restriction of X to £. We may factor ¢ = 15 0 t; where

Z'x 7 25 (XM 0 (XM 225 X x5 XA,
Only the central fiber of X, contains holomorphic curves. Therefore, if we consider
the connected component W of (X,)* x, (X;)” containing Z x Z’, the contribution
of W to ¢} [%] is supported over the origin, i.e.,

Suppw s [i] cZ xZ.

Therefore * [EZ] factors through
t7 o (t1)« = multiplication by . O
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PROPERTIES OF R-MATRICES

4.1. Definition and braid relations
4.1.1. — We fix some polarization £ and consider the maps
Stabe : Hg, (X*) — Hg, (X)

parameterized by the chambers €. Here Gp is a reductive group which commutes
with A and we denote ga = Lie Ga.

The maps Stabe become isomorphisms after inverting e(N_). Therefore we can
make the following

Definition 4.1.1. — We define
Re ¢ = Stabg," oStabe € End (Hg, (X*)) ® Q (ga) -

4.1.2. Example. — Take X = T*P! with the action of A = C* induced from P'. We
have

XA ={0,00}.

Let u be the A-weight in ToP' and let C} C Ga scale the cotangent fibers with
weight —h. Let the polarization € be given by the fibers. Then

Stabe(0) = [P!] + [Fa], Stabe(oo) = —[Fuol,
for € = {u > 0} where
[P'] = zero section,
[Fs] = fiber over co € P!,

Similarly
Stab_¢(0) = —[Fp], Stab_g(c0) = [P'] + [Fyl.

For {z1, 22} = {0,000}, we have
—u—h 0 —u —h
Stab )= , .
a ig(zj”zl- ( —h U) < 0 u-— h>
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Therefore,

(4.1) R(u) = )

where s is the permutation of 0 and co. Up to proportionality, this is Yang’s original
R-matrix. It is normalized so that R(u) = 1 on the invariants of s.

4.1.3. — It will be convenient to represent rational functions appearing in R¢/ ¢ as
formal power series in inverse roots using some splitting (3.8) and

1 1 T z?
:7_72_‘_73_*_._.
a—+x o o o

Here o € a* is a root, i.e., a weight appearing in the normal bundle to X*, and
z is the (Ga/A)-equivariant Chern root of the corresponding weight subspace of N_.
Since we only inverting e(N_), all denominators occurring in the R-matrices are of
this form.

One should keep in mind that this expansion depends on a splitting (3.8) and
reexpand accordingly if the splitting is changed.

For a different polarization, the R-matrices differ by conjugation by a diagonal +1
matrix.

4.1.4. Root R-matrices. — Evidently, it is enough to consider R-matrices correspond-
ing to a pair of chambers €, €’ separated by a wall a = 0. Here « is a root and we may
assume that a(€) > 0. Consider the subtorus A, C A with Lie algebra a, = Kera.
We denote

X = XA,

For the A/A,-action on X, there are two chambers, namely o = 0. We take the
induced polarization of XA C X and denote by

Ry = Rco,>0 € End(HéA(XA)) ® Q(ga/0a)

the corresponding R-matrix.
From Lemma 3.6.1 we have the following

Corollary 4.1.2. — If € and €' are separated by a wall o = 0 then

Rere = Ra.

We call operators R, the root R-matrices.
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4.1.5. R-matrices for Nakajima varieties. — Given a quiver @), vector w, and a generic
choice of 0, we define
(4.2) Mw) =| M olv,w),

where we dropped the moment map parameters on the left-hand side for brevity, and
define

H(w) = Hg(M(w)).

Consider a tensor product of Nakajima varieties as in Section 2.4. There are two
chambers

¢={u>0}, € ={u<0},
where u is the weight of the defining representation of A = {z} = C*. We denote
Ry wi(u) = Rer ¢ € End(H(W) @ HW")) ® Q(u)

the corresponding R-matrix.

4.1.6. — More generally, a decomposition
v
i=1

gives a homomorphism
A={(z1,.-.-,2n)} — Gu
given by w = Y1, w® z; as in Section 2.3. By Proposition 2.3.1
MW)A =M (W(l)) X oo X M (W(n))

and hence

H'GA(CJVZ(W)A) - H (W(l)) QR---QH (W(n)) .

The walls are the roots of GL(n)
a=a;—a;, 1<i<j<n,

and the corresponding fixed loci are of the form

M(w)™ =M (w(“ + w(j)) x [ o+ (W(k)) ,

k#i,j
where A/A,, acts only on the first factor. We conclude
Ro = Ry wi (@i — aj)ij,

where the subscript means that it operates in the ith and jth tensor factors.
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4.1.7. Normalization. — From definitions, we have the following
Proposition 4.1.3. — We have
Ra=1+0(a_1), o — 0.

In other words, R, as a formal power series in o' starts with the identity operator.
For symplectic resolution, we deduce from Theorem 3.7.5

Proposition 4.1.4. — We have
R, =1+0(h), h—D0.

In other words, R, acts as identity on Hg, (X*)/hHg, (X*).

4.1.8. Braid relations. — Let § C € be a codimension 2 facet and let
C=0),C,...,C,=C

be the chambers containing § as a facet, in cyclic order around 3J.

Proposition 4.1.5. — We have

(4.3) Rey e, Reye, " Reyp 1,00, =1

This relation, too obvious to be called a theorem, is of fundamental importance for
much of what follows.

4.1.9. Example. — In the setup of Section 4.1.6, take
5: {(Ll = az = ag}.
Then (4.3) gives
(4.4)  Riz(a1 — a2) Riz(ar — a3) Ras(az —a3) =
Ra3(az — a3) Riz(a; — a3) Ria(a; — az),

which is the Yang-Baxter equations with a spectral parameter.

4.2. Changing the torus

4.2.1. — Suppose we have and inclusion of tori
A1 C Ag,

where As preserves the symplectic form. Clearly,

roots (A1) = roots (Az) la. \ {0},

and so every chamber €; C a; is contained in at least one closed chamber €5 C as.
From Lemma 3.6.1, we deduce the following
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Proposition 4.2.1. — Let chambers €1, &} C a; be faces of €3, €L C as, respectively.
Then the diagram

He,, (XP0) — 2 H (xM)
ch,ql JRc’l,cl
Stabg/ /e’

Hg,, (X*2) ——— Hg, (X™)

s commutative.

Here Stabg, /¢, really means Stabg, /¢, ,, where €2 ; C €5 is the minimal face that
contains &;.

4.2.2. — Note that there could be many walls between €, and €/, even when ¢; and
¢! are adjacent. Thus enlarging the torus leads to factorization of root R-matrices.
4.2.3. — In practice, it convenient to reduce to the situation when

dim a; = 1, dim Ao = 2,

by restricting to root R-matrices for A; and replacing as by a generic line in as/ay,
if necessary. Denoting by (uj,us2) the corresponding coordinates in ay, we can go
between

Co={u; >us >0}, € ={uy>0>u}

by crossing the walls in the decreasing order of u; /us.
4.2.4. Example. — We continue with Example 4.1.6 and take

a; = {(a1,0,...,0)},

az = a3 & C(0,aq,...,a,).
To ensure that as/a; is generic in a/ay, it is enough to take
(4.5) ag > az > -+ > ap.
Then X% = X% while

XY =M (w(l)) X M (w — W(l)) .
In a;, we have two chambers
¢ ={a1 >0}, € ={0>a1},
corresponding to
C={a1>ay> ->a,}, €={ax> >a,>a1}.

in az. Crossing from €5 to €, we get

(4.6) Rer ¢, = Rin(ar —ap) -+ Ri3(a1 — a3) Ri2(a1 — as)
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in the stable basis of H, (X®) corresponding to the chamber (4.5) in a/a;. For a
different choice of chamber, one reorders the factors accordingly.

4.3. Covers and factorization of R-matrices

4.3.1. — It is interesting to elaborate on the factorization considered in Section 4.2
in the following special case. Let @@ be a quiver. We take two vertices i, j € I and

w = ad; + 9;,
where a is a weight of A; =2 C*. We have
M(w) = M (8:) x H(8;)-
The corresponding R matrix
Ry, m,(a) € End(H; ® H;) ® Q(a), H; = H(d;),

is one of the main building blocks of the theory.

4.3.2. — We take Az/A; to be the maximal torus of G'edge and denote by
L= (Ay/A)" = Hi(Q,Z)
its character group. As explained in Section 2.3.5

M(w)A2 = M(8;) x M(5;),

where % are the quiver varieties associated to the universal abelian cover é of the
quiver Q. B

Here we lift vertices of ) to vertices of () that correspond to the trivial character
of As/A;. They form a fundamental domain for the action of T.
4.3.3. — The walls in A, that we need to cross are of the form
(4.7 a=v, 7ve€T,
and the corresponding fixed loci are %(WW), where

W'Y = aé,w- —+ 5]"

Recall that I' acts freely on the vertices of @ and the ad,; term in w means that
the corresponding framing arrow goes from a space of weight a to a space of weight ~.
On the wall (4.7) these weights match and we get fixed points.
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4.3.4. — To order the walls (4.7), we pick a generic vector ¢ € as/a; and order them
in the decreasing order of v(¢). Then

(48) Ruto s, () = [] Bty (a — )

in the stable basis corresponding to €; 3 ¢ and the ordering of the product is such
that we cross the wall with the larger value of ~(t) first.

Here R is the R-matrix for the quiver @ and we use the embedding A — a} to
write arguments of the R-matrices.

The infinite product (4.8) is locally finite, that is, all but finitely many factors act
trivially on any given cohomology group.

4.3.5. — The action of I" on @ extends to its action on the corresponding Yangian V,
which will be defined and discussed in Chapter 5. It satisfies

ﬂY(x)|H(w) :$|H('y*1w)’ z EY’

where the action on framing vectors is by

Note that varieties Q%(W) and N (y~'w) are naturally isomorphic and the matrix R
is invariant under v ® 7.
Rewriting (4.8) in terms of this action, we obtain the following

Theorem 4.3.1. — We have

—

(4.9) Ri (@) = [[ (" ®1) - Raty o, (a — )
yel

in the stable basis for the mazimal symplectic torus in Gedqge, where the ordering of

the factors corresponds to choice of a chamber as in Section 4.3.4.

Factorization of this kind play an important role in the theory of quantum groups,
see [32].

4.3.6. Example. — Let @ be the quiver with one vertex and one loop. Then
@ = AOOy

on which the group I' & 7Z acts by shifts. This action naturally extends to an action
on

Y =Y(gls)-

The R-matrix in basic representation of Y(gl, ) may be found, for example, by
fusion of R-matrices for fundamental representations. This gives a certain infinite
product formula for the R matrix for @), which is an object of significant interest.
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4.4. Adjoint operators

In this section, we assume X9 is proper for some g € Ga. As in Section 3.1.3, this
defines the Poincaré pairing

(Y1,72)x = /X’Yl Uz € Q(ga)

on both X and XA, the sign-twisted trace map 7, and the corresponding adjoints.
In particular, the adjoint Stabg of the map Stabe is given by the correspondence

. A
= (1)t (Ze),) € XA X X,

Here codim : Fix — Z denotes the codimension of a component of X* and the
subscript 21 refers to a permutation of factors.

Note that since Zg is not proper over X*, equivariant localization is required to
define the adjoint as an operator.

Theorem 4.4.1. — For any polarization € and any chamber &, we have

Stab” s o Stabg = 1.

Proof. — Let A : X — X x X be the diagonal map and consider the cycle class
C = A"(Z7¢ x Ze)

on XA x X x X”, where we have pulled back along the internal X x X factor. By
construction,

(4.10) Stabig o Stab_¢ = (plg)*(C),

where p3 is the projection along the middle factor.
We claim C is proper over XA x X”. Indeed, as in the proof of Proposition 3.5.1,
we have

ZZQ: C XA X Vo W_I(VZ()).
Since V>o N V<o = Vp, we conclude
C c XA xy, 7 (Vo) xv, XA,

whence the claim. Therefore, the composition (4.10) is defined in nonlocalized equiv-
ariant cohomology and, in particular, has no terms of negative degree in equivariant
parameters.

On the other hand, we may compute (4.10) by localization, that is, as a sum of
equivariant residues for all triples (Z1, Z3, Z3) € Fix*3. When

Zy = Zy = Zs,

the stable and unstable Euler classes precisely compensate the denominator in the
localization formula, giving the diagonal as a result. All other residues have negative
A-degree and hence cancel out. O
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Corollary 4.4.2. — We have
R = R,

«

for any root R-matrix R, .

Note R, is an operator from Hg, (X A) to itself, so R7, coincides with the adjoint
with respect to the Poincaré pairing.

4.5. Unitarity

4.5.1. — In the theory of quantum groups, an R-matrix

R(u) € End(V®V)® Q(u)
is called unitary if it satisfies
(4.11) Ry (u) = R(—u)7,
where the subscript in Ro;(u) means that we permute the tensor factors. We will show
that R-matrices for Nakajima varieties are unitary.
4.5.2. — Consider the following general setup. Let a group of the form

Ga=AxG
act on X, where A is a torus preserving the symplectic form w. Define ¢ € Aut Ga by
¢-(a,9') = (a7, g").

It gives a pull-back map ¢* € End H;, (X) which is a homomorphism of algebras.
In particular, ¢* is anti-linear over the base ring

¢*(ay) = —ad*(y), a€a.
In the cohomology of the fixed locus
Hg, (X*) = Hg (X*) © Qla]

the action of ¢* amounts to a — —a, a € a.

4.5.3. — Since weights positive on € are precisely the weights negative on —€, the
following diagram commutes

Note that Stabg is literally the same correspondence as Stab_¢ for the opposite action.
In particular, for A = C* we conclude

(4.13) R(—a) = R(a)™".
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4.5.4. — For tensor products of Nakajima varieties, we have
Mw +w)? = M(w) x MWw), A=C*.

Note, however, from Section 2.4 that the ordering of factors in the product above
depends on a lift
A— G,
and not just on the image of A in G,, modulo the kernel of the action. The two lifts
!/

aw+w ovs. w4z lw ,

where z € C* give the same action, but different identification of the fixed locus with
the product. From (4.13), the corresponding R-matrices are

R(u) = R(-u)s;,
where u € Lie C*. We thus obtain the following

Proposition 4.5.1. — The R-matrices for Nakajima varieties are unitary.

4.6. Action of Steinberg correspondences

We consider the setup of Section 3.2.6. The union of walls for X and Y defines a
partition of a into chambers and we let € be one of those. Let

LcXxyY

be a Ga-invariant Steinberg correspondence.
For any polarization of A-fixed loci, we denote by

g = (_1)codim /2 e
the opposite polarization. Assuming polarizations e x, ey of XA, Y have been fixed,
we take
E=€xEy
as a polarization of X x YA C X x Y. Using it, we define the residue
La =Resyayysn L C XA x YA

as a Lagrangian cycle class supported on L”, see Section 3.4. As a fixed-point set of
a Steinberg correspondence, L” is Steinberg and hence so is La.

Theorem 4.6.1. — The diagram

Stabe‘

He, (Y?) H, (V)
| e
He (XM —2  He (X)

(4.14)
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is commutative for every €. In particular, the Steinberg correspondence Or, inter-
twines the R-matrices of X and Y.

For solutions of the Yang-Baxter equation, an important invariant is their algebra
of symmetries, that is, the commutant of R(u) for all w. The theorem shows that it
contains the Steinberg algebra of X for our geometrically constructed R-matrices.

Proof. — We fix one chamber € and define
(4.15) L' =Stab” ;. 0O oStabe., C XA x YA

By Theorem 4.4.1, this makes the diagram (4.14) commute for one particular cham-
ber €, after tensoring with Q(ga).

We claim the pushforward along X x Y used in the definition of L’ is proper. This
is shown as in the proof of Theorem 4.4.1. Namely, we may assume V is a linear
representation of A. Let

(%0, 7,y,Y0) EXAXxX XY xYA

be such that
(z,20) € 2%, (z,y) €L, (y,90) € Le.

It then follows that z,z,y,yo map to the same point of V5 = VA, implying the
properness.

Hence L' is well-defined as a nonlocalized cycle class. It is Ga-invariant and La-
grangian, being a composition of such classes. It may be computed by equivariant
localization with an arbitrary choice of equivariant parameters.

In particular, we may chose the equivariant parameters to be at infinity of a. Taking
into account the signs in adjoints, we have

2] =ev Ayl + o, [N =ex Ayl + o,

where dots stand for terms of smaller A-degree. Therefore, at infinity of a, only these
diagonal terms contribute and thus L’ is supported on L”. By our construction,

[L] =ex&y Respa L+ -+ .

Iz

We see that polarizations exactly cancel the denominators in localization formula,
thus

L' = La.

Since the original choice of € was arbitrary, the theorem follows. O

4.7. Vacuum matrix elements

4.7.1. — Let Z € Fix be minimal with respect to the partial order defined by a
chamber €.
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Theorem 4.7.1. — If Z € Fix is minimal as above then
e(N; ® h)
e(N4)
where Ny are the stable/unstable subbundles of the normal bundle to Z and ~; €
Hg, (2).

(R_e,c " 71,72) = / Y1 U2 U
z

In other words, the corresponding matrix elements of R_¢ ¢ equal the operator of
classical multiplication by the class
e(N;: ® h) e(N-)

= H: (Z ized -
C(N+) e(N, ®h) S GA( )local ed

Proof. — We use Theorem 4.4.1 and equivariant localization. By minimality of Z,
the attracting set
Attre (Az) C X x Z

is closed and hence is the relevant component of Zy. Further, Z x Z is the only
component of XA x Z that this attracting set intersects. The localization contributions
give

/2 e(N_)? e(N,®h)

eNVz) ~ e(Ny) -

(_1)codim(Z)

4.7.2. — Here e(Ny) are equivariant Euler classes, in the sense that they account for
the nontrivial action of A on e(Ny). Since A acts trivially on the base Z, we may
expand e(Ni) in the characteristic classes of the same bundles with trivial A-lin-
earization.

For example, if A = C* and it acts on N, by its defining representation then

e(N-) h
4.16) ————— =1+ —rkN_
416) SN em T LTy N
h h 1
+ F (Cl(N_) + §I'kN_(I‘kN_ + 1)) + O (1/,3) 5
where u € a* is the weight of the defining representation.
4.7.3. — For example, consider the tensor product of Nakajima varieties as in Exam-
ple 3.2.8 in Section 3.2.4. If # > 0 then the minimal component in (3.3) is
(4.17) Zy = My,c(v,w) = My c(v,w +w'),

which corresponds to
n=20
in (3.3). By Formula (2.15), we have

(4.18) N_|, = P v
Recall that oM (0, w) is a point.
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4.7.4. — In particular, for moduli spaces of framed sheaves, this embedding takes the
form

M >F =0 dF € Mr+r").

Its normal bundle is

N_ = Extpe (0", F (—1)) = Hpa (F (—1))®".
The bundle
Taut = Uy = Hp=(F (1))
is the tautological bundle on the moduli spaces of framed sheaves.
Theorem 4.7.1, combined with (4.6), gives an R-matrix formula for the operators

of classical multiplication by characteristic classes of N_. We will revisit this point
below.

4.7.5. — For general 6, the component (4.17) is not minimal. We therefore adopt the
following terminology.

For all 0, we will call Zy the vacuum or the lowest weight component. We will
call the minimal component the true vacuum component. For Nakajima varieties it
coincides with Zy if > 0.

When the vacuum Zj is not the true vacuum, the relation between the vacuum
matrix elements of the R-matrix and the operators of classical multiplication becomes
more complicated. It will be explored in Section 4.9.

4.8. Classical R-matrices

4.8.1. — In this section, we assume that X is a symplectic resolution. Recall the root
R-matrices and the subtori A, introduced in Section 4.1.4. From Propositions 4.1.3
and 4.1.4, it follows that

(4.19) Ry =1+ Zra +0(a™?),

for a certain operator
ro € End(Hg, (X7)).

Definition 4.8.1. — The operator r, is called the classical R-matrix.
Note that r, does not depend on a choice of a splitting (3.8).

Proposition 4.8.2. — There is a Steinberg correspondence ro, C XA x X? that defines
the operator rq.

Proof. — Let
Stabs : Hg, (X*) — Hg, (X®),
the map corresponding to the chamber a > 0. By Theorem 4.4.1,
R, = Stabl ;o Stabsg.
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We compute this push-forward by (A/A.)-equivariant localization. From Theo-
rem 3.7.5, we can write

[Stabso] | xax xA = Vdiag + P Yofi-diag-

Further, by Proposition 3.7.2,
1 codim Z—
/YOff—diag|Z><Z, = 2 codim Z—1 [CZ,Z/] 4o

for a certain Steinberg cycle Cz z+ C Z x Z'. Here codimension is computed in X©
and dots stand for terms of smaller degree in «.

It follows that the quadratic in Yog.diag term doesn’t contribute to r, while terms
linear in Yof diag contribute a Steinberg correspondence. Same is obviously true for
the diagonal term. O

4.8.2. — Note from the proof of Proposition 4.8.2

kN[ka]
(4.20) ro = ( Z rT> A + off-diagonal,
keQxo
where N¥l is the A-weight space of the normal bundle to X” with weight kc. This
is because the diagonal terms only occurs from the diagonal terms in the localization
formula, that is, from the expansion of
e(N2)> e(Ng®h)
e(N%)e(NY) e(Ng)
as in the proof of Theorem 4.7.1. Here the codimension and the normal bundles are
taken in X*.

(_1)% codim

4.8.3. — In particular, for tensor product of Nakajima varieties the normal bundle to
the fixed locus is identified in (2.15). From (4.20), we can then identify the diagonal
part of the classical R-matrix

(421) Tdiag = ZWZ®V1+ZV1®W1—ZC” Vi®V]'.
Here v; denotes the operator of multiplication by v; € N and so on.
4.8.4. — The classical R-matrices satisfy a classical version of the braid relation.

Concretely, the terms of degree —2 in ay, ag, as in the expansion of (4.4) as a;—a; — 0o
give

[ri2,r13 +ra3) =0

(4.22) [r23,T12 +r13] = 0,
which is equivalent to the equation
S S — - Tij
(4.23) [F12,T13] + [T12, Tos] + [T13,T23] =0, Ty = o _Ja_-
i A

This is know as the classical Yang-Baxter equation with spectral parameter, see e.g.,
Section 6.3 in [33].
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For brevity, we call r and not ¥, which contains the exact same information, the
classical R-matrix. In the conventional terminology [33], T is known as the classical
R-matrix for the Yangian.

4.8.5. — Our next goal is to show that the off-diagonal terms in (4.20) are additive
over the coroot hyperplanes of the symplectic resolution X. This additivity is best
stated in the following language.

Define a map

p : Fix = Pic(X)* ® a*
as follows. Fix an A-linearization for a basis D1, Da, ... of Pic(X) modulo torsion and
let
n(Z)(D) € a”

be the character of A-action in D. If D is ample, this is the moment map for the
corresponding Fubini-Study symplectic (1, 1)-form.

A different choice of the linearization changes p by a translation. In particular the
difference

w(Z) — p(Z') € Pic(X)* ®@ a*

is defined uniquely. If C' is an irreducible A-invariant curve joining Z and Z’ then by
localization

(4.24) w(Z) — p(Z") = [C] ® weight(T,,C), p=CnNZ.
Here [C] € H3(X,Z) defines an element of Pic(X)* via the natural pairing
(C, D) = deg Dlc.
4.8.6. — Let 3 € Hy(X,Z) be an effective class such that 5+ is a coroot hyperplane
of X and let Xz be the general fiber over the coroot hyperplane 8+ in (3.11).

For any root a, Xg has its own classical R-matrix r,(Xg). The closure of ro(Xg)
defines a Steinberg correspondence r, g in the fibers of

XA x XA (Xp)A x (X)A

|

0¢ Bt

(4.25)

Here X g is the restriction of the universal deformation X to the hyperplane 3+. We
have the following

Theorem 4.8.3. — Let Z,Z' be two different components of X*. If
w(Z) - w(z) eQB®a

for some B such that B+ is a coroot hyperplane then

Yal gz = Yabl gy 7
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Otherwise, Tol, g is empty.

Proof. — We first note that for r, to be nonempty, Z and Z’ must lie in the same
component of X*. Therefore, there must exist a chain of A-invariant rational curves
with tangent weights proportional to « that joins Z and Z’. From (4.24), we conclude

wZ)-p(Z)=y®a
for some v € Ha(X, Q).
To simplify the notation, we will assume that
dim B = 2.

If dim B > 2, we can pick a general 2-plane in the base B of the universal defor-
mation and restrict X to it.
We denote by

Xx (XA Z %227 %2
the inclusion of an A-fixed component and the fiber over the origin 0 € B, respectively.
Recall that ¢ denotes the projection to B. We claim
¢! (WL) , 7t is a coroot hyperplane,

4.26 supp 3% C
(4.26) PP t3 {gb_l(O), otherwise,

where Z is an in Section 3.7.

Indeed over a general point of a divisor 8+ C B, 3 is the only effective cycle
in H3(X). For the support to be nonempty, there must be a chain of curves of class g
joining Z and Z', whence

w(Z)-p(z)=pes
for some 0 € a*. This implies v € QF and and § € Qa.
We can factor the inclusion ¢ as follows

Z'x Z 7l x Zp +> Z' % Z,
where Z s denotes the restriction of Z to the divisor B+ C B. From (4.26), we conclude
(4.27) 3Z2=Y fi@)u.Li+---, degy fi(a) = L codimZ' — 1,
where
L; C 2’6 X Zg
are certain Steinberg correspondences and dots stand for classes that are either of
smaller A-degree or in the image of ¢5,. Note that

1} 0 1y* = multiplication by h?,

and therefore the dots in (4.27) do not contribute to classical R-matrices. By contrast,
the leading term in (4.27) is what goes into the correspondence ry g. This concludes
the proof. O
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4.9. Diagonal matrix elements of R-matrices

49.1. — To simplify notation, we assume that A = C* and that the cocharacter
o € € gives this isomorphism. Let A € Pic(X) be ample and we linearize it so that
its weight is trivial on the vacuum components Zy. We label all other components Zj,
of XA by a nonnegative integer k—the weight of \.

By construction, our R-matrix comes with a a block Gauss decomposition of the
form

-1

Uoo Soo  Sor  So2
(4.28) . U Un St Si2
’ | U Uxn Uz Sa2 ’

where the blocks are indexed as above and

S,U : Hy, (X*) — He, (X"
is given by

S, U = 4+u~°4m/2 ResoStab.e,

according to polarization, where

Res : Hg, (X) — Hg, (X*)
is the restriction map. With this normalization
(4.29) Sij = 0;5 + O(w™), u— oo,

and similarly for Uj;.

4.9.2. — Note that (4.28) implies

(4.30) Roo = Ugg' Soo

which is the content of Theorem 4.7.1. The proof of Theorem 4.7.1 shows
Uso' Soo

Un' S e(N_)

4.31 _ — N
(4.31) U221522 e(N_® h)

U

as operator on Hg, (X A), where N_ is the unstable part of the normal bundle.
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4.9.3. — Similarly to (4.30), one computes, for example
Ry = U S11 + Rio S5y Uoo Ros.-
In general, the diagonal matrix elements Ry, may be computed as follows. Define
- -1
Uij = Uy Uiy

and equate the (k,4) matrix elements in

UR=S.

Fori=0,...,k — 1, we get the following system of block matrix equations
(4.32) (ﬁko ﬁk,k71> =- (Rk,o Rk,kfl) )
where

Ry -+ Rog-1
(4.33) = : : )
Ri_10 -+ Rp—1k-1
while for ¢ = k, we obtain
Ry
Ryk = Uy Sk — (ﬁko ﬁk,k—l)
Ri_1k
Since
=14+0(®@u™),

the square matrix (4.33) is invertible as a series in u~1. This proves the following

Theorem 4.9.1. — We have

_e(N-)
~ e(N_®h)
where dots stand for a universal noncommutative expression in the coefficients of the
1/u-expansion of R;;, Rji, i < j < k, and of the operators

Rk g, T

+1
& , 1< k.
e(N_ ®h) Z;
These corrections are found from
Rox
(4.34) Rk = Uy Sk + (Rk,o Rk,kq) -t :
Re_1

4.9.4. — In particular, Theorem 4.9.1 gives a way to relate operators of classical

multiplication to vacuum matrix elements of R-matrices in the case then the vacuum
is not the true vacuum in the sense of Section 4.7.5.
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4.9.5. — The relationship in Theorem 4.9.1 simplifies for operators of small coho-
mological degree because they appear in small coefficients of the 1/u-expansion. For
example, from

Rij:O(u_1)7 275‘77

we conclude the following

Proposition 4.9.2. — We have

U,;jSkk = Ry — Z Ry; R, + O(uig).
i<k

4.9.6. — For Nakajima varieties Proposition 4.9.2 means the following. Recall the
Example 3.2.8 in Section 3.2.4 and suppose 6 % 0. Then

Zy < Zy, 0-n<0.
Denote
H(w), = Hg, (Mo (n,W))-
Consider the matrix element R, o of the R-matrix
Ryo: H(w)o @ H(W'), — H(w), ® HW')\_,
and the operator Ry, going in the opposite direction. Then Proposition 4.9.2 implies

e(NQ)

(4:35) e (N @)

= Rgpo — Z RO,an,O + 0(u73),
6-n<0

where
N = @,

is the unstable normal bundle to Zy, as in (4.18).

Observe that in (4.35) the sum is effectively over n < v simply because
HW)y_p,=01if n £ v. It is convenient that we don’t have to restrict the range
of summation explicitly.

4.10. Flops and stable envelopes
4.10.1. — Let X be a symplectic resolution and let

X . X

|

(4.36) 0——B,
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be its deformation. For our present goals, it suffices to take B a generic line in the
base of (3.11) in Section 3.7. By definition, a flop of X is another family over the
same base B

Xﬂop(ﬁ Xﬁop

|

0B,
together with an isomorphism

X \ X 4F> Xﬂop \ Xﬂop

|, ]

B\ {0} —%— B\ {0}

of families over the punctured base. We require F to:

1) be equivariant with respect to all group actions,
2) preserve the symplectic form,
3) induce identity on the affine quotients.

For symplectic resolutions, 3) implies 2) because it implies the graph of F is La-
grangian in the product of fibers.
An example is provided by the natural isomorphism

Mo.ic (v, W) = Moy 1 (v, W),
where 6,0 are arbitrary, t € B\ {0} = C*, and ( is generic.
4.10.2. — The closure of the graph of F defines a cycle in X xp )Z'ﬂop, the restriction
of which to the origin defines a G-invariant Steinberg correspondence
F C Xqop x X.
For brevity, we denote the induced map
F: HE(X) S He(Xaop)
by the same letter. This is an isomorphism because both families are topologically
trivial.
4.10.3. — For example, if @Q is the quiver with one vertex and no edges, (v,w) = (1,n)

then this is the classical Mukai flop of

T*P(WV), 6> 0,

MooV, w) = {T*IP’(W), 9 <0,

ASTERISQUE 408



4.10. FLOPS AND STABLE ENVELOPES 73

where W = C" is the framing space and P(WW) is the projective space of lines through
the origin in W. In this case

(4.37) F =P(WVY) x P(W) 4+ T*Universal hyperplane,

where T+ denotes the conormal bundle and P(W) C T*P(W) is the zero section. Note
this cycle is GL(W) x C*-invariant.

4.10.4. — Let A C G be a torus preserving the symplectic form. Any such torus acts
trivially on the base B. Since a flop is an A-equivariant isomorphism over B\ {0}, we
have a natural bijection

[ Fix(X) 5 Fix(Xaop)
of components of A-fixed loci. By taking fixed points, F' induces a certain flop (po-
tentially trivial)

F; C Zgop,5i) X Zi

of each component of Z; C X*A.

4.10.5. — Since flop is a Steinberg correspondence, Theorem 4.6.1 implies the follow-
ing square commutes for any chamber €

. Stabg .
(4.38) Hg, (X*) Hg, (X)
lFA lF
Stabg’ﬂop .
H('EA (XﬂAOp) HGA (Xf0p)-

Here the cycle Fj is residue of F, it is a Steinberg cycle supported on FA with signs
determined by the polarizations of the fixed loci.

Lemma 4.10.1. — The correspondence Fp is the flop of X”, up to signs determined
by polarization.

Proof. — By construction
Fl o iz, =0 J#f(0),
in A-equivariant cohomology. Therefore Fa vanishes outside the graph of f. On the
graph of f, the statement holds by definition. O
4.10.6. — In the example of the Mukai flop, consider the Lagrangian subvarieties
oy = THP(U) C T*P(W)

corresponding to linear subspaces U C W. In particular, oy is the zero section while
oo = 0. From (4.37), one computes

(439) F(O’U) =0yl — (—l)dimUUWV.
The coefficient of oy v is the sum of

ow - ou = (-1 O (BD)) = (~1)HU dimU
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and the analogous number for a hyperplane section of U.
Let A C GL(W) be a maximal torus with eigenbasis ej,...,e, € W and the
corresponding fixed points z; = P(Ce;) € P(W). We have

Stab(z;) = oy, + ov,,,, Ui = Span(e;,...,en)
for some choice of chamber and polarization. We see that
F(Stab(z;)) = oy+ + oUL s

where U;-,; = WV. This is the stable basis for A action on T*P(W") for the same
chamber and suitable polarization.
The induced bijection of fixed loci is

f(CL'z) = ]P)(an—H-l)’
where {£1,...,z,} is the dual basis of WV.

4.10.7. — Different cones in the space of the stability condition 6 give different flops
of a given Nakajima variety. Among them is the maximal flop

Fmax - W—Q,C(Vaw) X %,C(Vzw)

that corresponds to the opposite cone of stability conditions. For an arbitrary sym-
plectic resolution X, one similarly expects to have a flop Fi,.x that takes the ample
cone of X to its opposite.

We next observe that for any chamber €, the map

Stabe : Hg, (X*) — Hg, (X)

is characterized by its behavior near the diagonal and the opposite triangularity of
the supports of Stabe and Fi,.x Stabg.

Theorem 4.10.2. — The map Stabg is uniquely determined by the the conditions (i),
(ii) in Theorem 8.3.4 together with a symmetric condition for its mazximal flop

supp Fiax © Stabg(Zi) - Attré(Zﬂole‘(i))

Proof. — The above support condition is satisfied by (4.38) and Lemma 4.10.1.
Since a maximal flop takes an ample class to minus an ample class while preserv-
ing A-weights, we have

i>j e f(i)<f()
in the ample partial ordering, for any €. Thus the supports of Stabe and Fiax Stabe
are triangular the opposite way. Hence

-1
. = fl o o ¢
(4 40) Fmax| A « XA S abe ,flop | XA x XA max,A (S a‘b | XA x XA>

is a Gauss factorization, and therefore unique. O
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4.10.8. — We see from (4.40) that flops give a way to package the information about
stable envelopes that is somewhat different from R-matrices. This packaging has sev-
eral convenient features, among them:
— flops are given by Steinberg correspondences, a very economical and geometric
data,
— the maximal flop F,ax can be factored into a product of flops that cross a single
wall in the space of 0’s,
— additional constraints on Fp,,x may be deduced from a noncanonical isomor-
phism
%74(\/’ W) - W—H,C (Vv w)
that replaces all quiver data by transposed with respect to some chosen bilinear
form.
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CHAPTER 5

YANGIANS

5.1. Tensor products

5.1.1. — Let X satisfy the hypotheses of Section 3.1. By definition, we say that X is
a tensor product and write
X=X --0X,
if the maximal torus A C PGL(n) acts on X preserving the symplectic form so that
(1) XA =X; x - x Xy,
(2) the roots of X are the roots «;; of PGL(n),
(3) the corresponding fixed loci are of the form
X =Xy x [ X
k#i,j
We view this definition as provisional; perhaps a better set of axioms will emerge
later. Note that neither existence or uniqueness of tensor products is claimed.
If one requires X to have a unique, up to multiple, holomorphic symplectic form,
then this rules out trivial nonuniqueness of the form

X — X X vector representation of A.

5.1.2. — In the case of quiver varieties, recall oM(w) from Section 4.1.5. For any

decomposition
n
i=1

into nonzero terms, we have
M(w) = @) M (w:),

corresponding to the decomposition

w = E Z; Wj

as in Section 2.4. Here
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513. — For X = X; ® --- ® X,,, the construction of Chapters 3 and 4 gives a set
of R-matrices
Rij(ai—aj) EEnd(F1®'--®Fn)®Q(f), F; :HéA(Xi)

satisfying the Yang-Baxter Equation (4.4), a familiar setup in quantum integrable
systems.

5.1.4. — Given an operator
ng(al - ag) € End(F1 ® FQ),

its matrix elements in F; are operators on F5. Our main interest is the algebra of
operators thus obtained for Nakajima varieties. This algebra is an example of a Yan-
gian.

5.2. Construction of Yangians

5.2.1. — Yangians are Hopf algebras associated to rational solutions of the Yang-
Baxter equation. There are several ways to describe a Yangian. For us, it is the
so-called RTT = TTR formalism of [104] that arises naturally. We briefly recall the
basics.

For simplicity, we limit the use of the categorical language, even though many
construction and properties are best stated in the language of tensor categories, see
for example [114].

5.2.2. — Let k D Q be a commutative ring without zerodivisors. We write
® = Q, End = Endy
for brevity. Let {F;} be a collection of free k-modules and let
Rp, r;(u) € End(F; ® F;)(u)

be a collection of operator-valued rational functions of u satisfying the Yang-Baxter
Equations (1.4). We assume the normalization

R(c0) = 1.
We also fix /i € k that divides R(u) — 1. In geometric applications, this will be the

weight of the symplectic form.

5.2.3. — To this data, one associates a Hopf algebra Y over k that acts on
(5.1) Fi(u) € F; @ k[u].

and more generally on

(5.2) Fo(u1)® - QF, (up) =F;, ® - F;, klu1,...,u,]

This action commutes with multiplication by the u;’s, so may be viewed as a family
of Y-modules indexed by AJ.
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5.2.4. — While F;[u] is a more logical notation for (5.1), the use of parentheses is
traditional. The variable u in (5.1) is called the evaluation parameter, in reference to
the following.

By one of their many definitions, Yangians are Hopf algebra deformations
of %U(g[u]), where g is a Lie algebra over k and g[u] is the Lie algebra of g-valued
polynomials in u. The identity map

glu] — g @ K[u]

may be viewed as family of evaluation homomorphisms g[u] — g and any g-module
F can be made a g[u]-module F(u) by pull-back.

5.2.5. — A certain care is required if rk F; = oo for some F;. We will always assume
a grading
F=@ (7).,
aEZm™

such that all graded pieces are k-modules of finite rank. We further require that
(Fi)a # 0 only for « in a translate of a certain nontrivial cone, which we will assume
to be (Zx()" for simplicity.

The R-matrices will always have grading 0. This makes Y a graded algebra and
F;(u), with the grading induced from F}, a graded module. The coproduct
(5.3) A:YSYRY
to be defined below, takes values in the following completed tensor product. By defi-
nition,

Yey=p(Yay),

while

Y va-p®ys € (YRY),
B
if B ranges in a translate of (Z>¢)™. Such infinite sums act naturally on any F;(u1) ®
F;(u2). The iterates of A make (5.2) tensor products of (5.1) as Y-modules.

5.2.6. Definition. — We define Y as the subalgebra
(5.4) YT [ Endupu,.un) (Fiy(w) ® - @ F (un))

V1yeeesln

generated by the following operators. Let
(5.5) W=F(u) ® & F,(up)

be one of the spaces in (5.4) where, for brevity, we write F}, in place of F;, to denote
some element of the set {F;}. Choose an additional Fy € {F;} called an auziliary
space and define

(56) RFo(u),W :RFO,FH(U_un)---RFO,Fl(u_Ul)-
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Let
m(u) € Fy ® Fy ® k[u]
be a polynomial in u with values in operators in Fj of finite rank. Here
Fy = Homy(Fy, k)
is the graded dual module.
Because m(u) has finite rank and % divides R — 1, the following operator

1
(5.7) E(m(u)) = ~ Resu=co trr, m(u) Ry, (u),w € End(W)

is well-defined for all W in (5.5). Since it comes from an expansion of rational functions
of u—u; as u — o0, it depends polynomially on u, ..., u,. Thus, it defines an element
of the right-hand side in (5.4).

By definition, Y is the k-subalgebra in (5.4) generated by 1 and (5.7) for all Fy and
all m(u). In English, the Yangian Y is the algebra generated by

all coefficients of the u — oo expansion of
all matrix coefficients of the operators (5.6) for

all auxiliary spaces Fj.

Additionally, since all nontrivial matrix elements are divisible by &, we divide by A in
(5.7).

5.2.7. — The product in (5.4) includes the factor W = k corresponding to
{i1,42,...,in} = 0.

This 1-dimensional Y-module is the counit of the Yangian.

5.2.8. — After inverting £, (5.7) makes sense for any rational function m(u) of u, in
particular,

(5.8) E(mu™") = {

While such operators are not in Y, they will play a role in computation of commutation
relations (5.12) below.

Rl trm, k=1,
0, k> 1.

5.2.9. RTT = TTR equation. — By construction, (5.7) extends to a surjection
(5.9) E : Tensor algebra <® F,eF' ® ]k[u]) —- Y.
The Yang-Baxter equation shows it factors through the quotient by
(6.10)  (m1(u1) @ ma(u2)) - Rpy (U1 — ug)—
Rp,p,(u1 — ug) - (ma(ug) ® my(u1)), mi(u) € F; @ FY @ klu).

This is known as the RT'T = TTR relation. The letter T being overused in this paper,
we substitute it in this context by E.
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The quotient of the tensor algebra by (5.10) is of the same size as the symmetric
algebra. This is still very big and below we will discuss how to write further relations
in Yangians.

5.2.10. Filtration in the Yangian. — The Yangian Y is filtered by degree in u, that is,
by defining

deg E(m(u)) = deg, m(u)
on the generators of the Yangian. We set deg, 1 = 0.

Equation (5.8) shows this filtration does not extend to the algebra generated by
these more general operators. Therefore, one has to be careful in situations where
they appear.

Since scalars cancel out of the RT'T = TTR equation, it takes the form

G (e, B )] = E ([ 2 mw) om0 )+

where r is the classical R-matrix
h
Ru) =14 —r+0(u™?)
U

and dots in (5.11) come from the O(u~2) term above.
Note that in the right-hand side of (5.11) there are terms of the same degree as in
the left-hand side. They come from the expansion

1 1 v V2
=—+S++-
u—v U u u

and (5.8), giving the right-hand side of the following Formula (5.12).

Proposition 5.2.1. — We have
(5.12) [E(mu’), E(m/v?)] = E ((tr®1) [ryy,m@m/Ju't) + .-
where dots stand for terms of smaller degree in u.
Proof. — Were it not for (5.8), the right-hand side of (5.11) would have smaller total
degree in u and v than deg, m(u) + deg, m’(v).

Each application of (5.8) brings the total degree up by 1. Note, however, that it
can be applied only once and with respect to the variable u, because all terms in

(5.11) have nonnegative degree in v. Therefore, the dots in (5.11) have total degree
at most deg, m(u) + deg, m’(v) — 1 and can be neglected. O

5.2.11. — Note the commutation relation (5.12) has the form
[aui,buj] = [a,b]u"™, a,becg,

of the commutation relations in the Lie algebra of polynomials g[u] with values in a
Lie algebra g.
In fact, one of our goals is to show that for the Yangian associated to a quiver @

grY = Ulgq[ul)
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for a certain Lie algebra gg. Here grY denotes the associated graded of Y for the
filtration by degree in wu.

5.2.12. Coproduct. — The set of W of the form (5.5) is closed with respect to tensor
product. There is a corresponding projection

[[Endw — ] End(W @ W').
W W,W
By applying this projection to E(m(u)), it is easy to see that it sends Y to the
image of the map
(5.13) YEY = [[ End(WeWw’).
VAT

The completion is needed because matrix elements of Rr, r,gr, are infinite sums of
products of matrix elements of Rr, r, when dim Fj = oo.

This defines a natural coproduct (5.3) on Y up to an ambiguity arising from the
kernel of (5.13). We will prove at the end of this chapter that Y is flat over k and
that, as a corollary, the map (5.13) is injective so this ambiguity does not arise. In the
meantime, we only discuss the coproduct as evaluated on pairs of representations.

The coproduct is not commutative and in general

Fi(u1) ® Fa(ug) 2 Fa(ug) ® Fi(u1)
as Y-modules. However,
Fi(u1) ® Fa(uz) ®xjuy,uy) k(u1,u2) = Fo(ug) @ Fi(u1) @kfuy uz) K(u1, us2)
with the explicit intertwiner
RY = (12) Rpy, 5, (w1 — u2).

This follows at once from the Yang-Baxter equation.

5.2.13. Translation automorphism. — All spaces W in (5.5) have an automorphism ¢,
that acts by

Se(ug) =u;+c¢, i=1,2,...,
on the variables u; and as identity on F;’s. It preserves Y because it amounts to a

reexpansion of R(u — ¢) in inverse powers of u. We denote the corresponding auto-
morphism of the Yangian also by ¢..

5.2.14. — In the rest of this chapter, we specialize to the case of Nakajima varieties,
see Section 5.1.2. We fix a quiver @ and set

k=Hg,,.(pt;Q),
(5.14) F;=Hg,,, (M(5:),Q).
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Here w = §; is the delta-function at some i € I. Note that in this case G, = 1. The
tensor product construction will identify

He, (MwW)A) = Q) Fi(ui) @ -+ ® Fiua,),
el

where A C G, is a maximal torus and

Uil
egl(W;), i€l

U'iwi
are the equivariant parameters for the group G,,.
The collection (5.14) can be enlarged by allowing arbitrary dimension vectors w in
place of §;. This does not change the Yangian Y because, as we will see, Y already
injects into the endomorphisms of tensor products of F;(u;).

5.3. The Lie algebra g¢

5.3.1. — Let go C Y be the span of operator E(my), where mg is constant polynomial
in u. In other words, g¢ is spanned by the matrix elements of the classical R-matrix r.
Formula (5.12) shows gg is a Lie algebra. The following is clear

Proposition 5.3.1. — All elements of £ € gg are primitive, that is,
AL =¢(R@14+1Q¢E,
when evaluated on pairs of representations. In particular,
[A¢,R] =0,
(5.15) [A¢, 1] =0,
that is, go commutes with R-matrices.

We expect that gq is the Lie algebra of primitive elements of Y.

5.3.2. — As defined, gg is a Lie algebra over k. We expect a natural isomorphism

80 = (8Q)g ®o k
for a certain Lie algebra over Q. We think the required Q-structure may be constructed
using the Decomposition Theorem.
5.3.3. — The identity

R(u)_l = R(—u)lg
from Section 4.5 implies the symmetry of r, that is,

rw,w' =Tw'w,

after identifying W @ W’/ and W’/ @ W.
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5.3.4. — It follows from Formula (4.21) that
EQ C 9@

where EQ acts by linear functions of v and w. Linear functions can be taken with
k-coefficients or Q-coefficients, and this defines b, as k-submodule with a canonical
Q-submodule. All structures in b, are defined over Q.

Recall the quadratic forms (2.5) with values in Kg(pt). Here we evaluate them
at 1 € G, in other words, we use the nonequivariant Cartan matrix. The inverse of
the nondegenerate form (-, - )z from (2.5) defines a bilinear form (-, - )5 on bo. From
(4.21) we conclude

r = Z hl®hl+7
ieIul
where
(hi, B ) = ds;
and dots stand for off-diagonal elements. Note that, with our conventions,

While this looks unusual from the perspective of finite-dimensional Lie theory (in
which Cartan matrices are nondegenerate), this is very convenient and has been used
before e.g., in [43].

By construction, off-diagonal elements have a nonzero commutator with EQ acting
in one of the tensor factors. We deduce the following

Proposition 5.3.2. — EQ is a mazimal commutative subalgebra of gg.

5.3.5. — For brevity, we write h = EQ, g = gg- By Proposition 5.3.2, we can write

(5.16) g=hoPon,
n#0

where n € Z! and gy is spanned by £ such that
§: Hg(M(w,v)) — Hg(eM(w,v +n)).
The vectors 1 such that g, # 0 are called the roots of g. Clearly
(5.17) (80, 85] C Garts-
We call a root 71 positive if n € N7,

5.3.6. — The decomposition (5.16) parallels the root decomposition for Kac-Moody
Lie algebras. As for a Kac-Moody Lie algebra, we define the coroot

h,=Cneh
for every root n. These satisfy

(5.18) (@, 8)g = alhg) = (has hg)g.
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Proposition 5.3.3. — Let n be a Toot and consider the commutator map
gy ®g-n — b
Its image is k h, and this gives an embedding
gn = g\in = Hom(g—_, k).
Later we will see that, in fact, this gives an isomorphism g, = g\in.

Proof. — Take & € g, and consider the (7, 0)-weight space in (5.15). One of the terms
is

[E@l,th@h"] =_€®Zhi(n)hi=_§®hn'

‘We conclude

(519) []— ®E, rn,—n] =£(® hnv

where r,, _,, denotes the corresponding weight component. Both claims follows from
this. O
5.3.7. — By construction, g comes with modules F,, containing vectors |w) of lowest
weight, that is,

(5.20) gylw) =0, 7 #0.

Recall that n > 0 means n € NZ. Also
hlw)y=w(h)|w), hebh

and |w) is the unique, up to multiple, vector of weight w. We denote by F,,(n) C F,
the subspace of weight w + 7. The g-action gives maps

(5.21) gy — Fu(n), g-n — Fu(n)”

that take £ € g, to £ |w) and dually for g_,,.
Proposition 5.3.4. — If n £ 0 and w(h,) # 0 then the maps (5.21) are injective.
Proof. — Take { € g, and & € g_,,. Then

& &lw) =[] lw) = w (¢, €]) Iw),

where the step in the middle follows from (5.20). Now the claim follows from Propo-
sition 5.3.3. O

Corollary 5.3.5. — All roots spaces are k-modules of finite rank.

Corollary 5.3.6. — All roots are either positive or negative.
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5.3.8. — The (1, —n)-weight component of r defines a map
Fy(0) ® Fiy(n) — Fu(n) ® Fu(0).
Since F,(0) = k, this gives an operator
Py« Fu(n) — Fu(n).

Proposition 5.3.7. — We have

(5.22) P2 = —w(h,) Py
Proof. — The proposition follows from considering the map
Fu(0) ® Fu(0) ® Fu(n) — Fu(n) ® Fu(0) ® Fu(0),
given by (4.22). O

Proposition 5.3.8. — If n > 0 and w(h,,) # 0 then image of (5.21) is the image of P,
and Py, respectively.

Here P7\7/ denotes the transpose map between the dual modules.
Proof. — Apply both sides of (5.19) to |w) ® |w). O

Corollary 5.3.9. — The root subspaces g+, are dual projective modules over k. The
classical r-matriz

Tp,—n € 8n ® G-y
is the canonical element of this tensor product.

Corollary 5.3.10. — The commutator pairing from Proposition 5.3.3 is perfect.

5.3.9. — We summarize the preceding discussion in the following

Theorem 5.3.11. — All roots of gg are either positive or negative. All roots spaces are
projective k-modules of finite rank. The Lie algebra gg has an invariant bilinear form
(+, +)g such that r is the corresponding invariant tensor. With respect to this form,

g n=9,

Since for Nakajima varieties k is a polynomial ring, the modules g,, are free. Conse-
quently, we can choose bases {egf)} of the root spaces so that

(@S)veﬁ )g = ba,—3 " 0i ;-
Correspondingly, we write
52 D OUTTIED 3) SR
a#0 1

One should bear in mind, however, that it is the invariant tensor r that is canonically
defined, while choosing bases of root spaces is a matter of convenience.
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5.3.10. — For future use, we record here the following easy lemma:

Lemma 5.3.12. — For each root a # 0, the quadratic operator
> e,
i
acts via a Steinberg correspondence on each F(v).
Proof. — Since [eq, €—q] acts via a scalar, it suffices to prove this for a > 0. Choose wq

such that h,(wp) # 0. Up to a nonzero scalar, the claim then follows from considering
the action of the composition of Steinberg operators

' aq,0a%Ta,—a

on F,,(0) ® Fy,(v). O

5.3.11. — We note that the projector P, has a direct geometric meaning for Nakajima
variety. It is given by a Steinberg correspondence

Py C M(w,m) X M (w,n)

supported on
Stab (oﬂ%(w,n) X e]%(w,O)) NeM(w,0) x M(w,n)

viewed as A-fixed loci in oM (2w, 7).

5.4. Operators of classical multiplication
5.4.1. — In the Yangian Y, we have the operators
(5.24) E(w)(wlu¥), weZ!, k=1,2,3,...,
where
|w)(w| € End H¢(cM(w))

is the orthogonal projector onto the vacuum. Recall from Figure 1 that for any g such
that

l9® g, R(u)] =0
the operators
trr, (9 ® 1)Rp, w(u) € End(W) ® Q(u)

commute for all W and all values of u as a consequence of the Yang-Baxter equation.
In particular, for g = |w)(w]| this shows the operators (5.24) commute.
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5.4.2. — If 0 > 0, the vector |w) is the true vacuum in the sense of Section 4.7.3. This
implies that the operators (5.24) are operators of cup product by certain characteristic
classes of the virtual bundle

1-mON_=1-he> w,
where N_ is the negative part of the normal bundle to the embedding
W(WN) (2N W(W + W//).

In particular, this gives another reason why these operators commute.
It is also clear that the operators (5.24) generate all characteristic classes of U; in
the case 6 > 0.

5.4.3. — For general 0, the relation between the operators (5.24) and the operators
of classical multiplication may determined along the lines of Theorem 4.9.1. Since the
general expression in Theorem 4.9.1 is rather complicated and requires working in a
certain completion of the Yangian, we will not do it here.

For the operators of classical multiplication by divisors, which is what we need for
the proof of the main result of the paper, the case of general 6 will be considered in
Section 10.1.

5.4.4. — In Proposition 5.5.3 below we will see the Yangian also contains the opera-
tors of multiplication by characteristic classes of the bundles %);.
These bundles are trivial but carry nontrivial group action, so this gives

lim He; (pt) — center(Y).

w

5.4.5. — We call the subalgebra
(5.25) Classical C Y C HEnd Hg( My c(v,w)),

v,w

generated by the characteristic classes of {U;,W;}, the algebra of classical multipli-
cation. Recall we assume that 6 > 0, otherwise a certain completion of the Yangian
is required.

As already discussed, the algebra of classical multiplication is expected () to sur-
ject onto all operators of cup product in each factor of (5.25). The following weaker
statement will be sufficient for our purposes. Recall that t denotes the Lie algebra of
a maximal torus in G.

Proposition 5.4.1. — After tensoring with Q(t), the algebra of classical multiplication
surjects onto all operators of cup products in each factor of (5.25).

1. This has now been established in [76].
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Proof. — There is a C* action on oMy ¢ (v, w) that scales all quiver data by the same
scalar. After tensoring with Q(t), we may replace the cohomology of oMy (v, w) by
the cohomology of oMy ¢(v, w)C”. The structure sheaf of the

Diagonal C oMy,¢(v,w) X oMy (v, w)

may be resolved by tautotological bundles %;, see [85]. Since cjl/lg,g(v,w)(cX is com-

pact, it shows that its cohomology is spanned by characteristic classes of tautological
bundles. O

5.5. The structure of the Yangian

5.5.1. — In this section we assume 6 > 0 for simplicity. Our goal here is the following

Theorem 5.5.1. — The Yangian is generated by the Lie algebra gg and the operators
of classical multiplication. We have

grY = U(gq[ul),

with respect to the filtration by degree in u.

In the course of the proof, it will be convenient to choose a splitting of

which exists because gg is a projective k-module. We will write £ = E({) using
such splitting. A concrete splitting may be constructed using the projectors P, from
Section 5.3.8.

5.5.2.
Proposition 5.5.2. — If E(m) = 0 then

E(mu®) € Yy,
where Y, C Y is the corresponding filtration subspace.

Proof. — Since k = 0 this is a tautology, we take k > 0.
The map E is h-equivariant and we can assume that m is an eigenvector of h of
weight u. If u # 0 then

(5.26) p(h) E(muf) = [E(h), E(mu®)] = [E(hu®),E(m)] + -+ =+,

where the step in the middle is based on (5.12).

If 4 = 0 then E(muF) is a linear combination of diagonal matrix elements of the
R-matrix. Theorem 4.9.1 expresses diagonal matrix elements of the R-matrix in terms
of the off-diagonal ones and characteristic classes of N_.
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All terms involving off-diagonal matrix elements in Theorem 4.9.1 have degree < k.
This is because they are at least quadratic the entries of the R-matrix and there is a
degree shift from the expansion

Ru)=1+)_

n>0

R,
un+1

to the filtration in the Yangian: matrix coefficients of R,, belong to Y<,,.
Now consider the characteristic classes of N_. We have

e(N-) :1+hz nlch, N_ +---

e(N_® h) = yntl ’

where dots stand for characteristic classes of degree < n. In particular, applying this
to (2.15), we get

1
EE(muk) = Z(mawi) chy Vs + Z(m,vi) chy, W;

K3

— Z Ci,j(m,vi) cthUj + .- B
1)
where the pairing with v;,w; € b is the trace pairing and dots stand for elements
in Y. Note that by induction all characteristic classes of U; and W; of degree < k

are in Y.
If E(m) = 0 then (m,w;) = (m,v;) = 0 and this concludes the proof. O

The following is a corollary of the proof.

Proposition 5.5.3. — If 0 > 0, all characteristic classes of V; and UW; lie in Y and
this inclusion preserves degree.

The case of general 8 may be treated using Theorem 4.9.1. In this case, a certain
completion of the Yangian is required.

5.5.3. Proof of Theorem 5.5.1. — By Proposition 5.5.2 and (5.12), the operators
E(¢u?) for £ € go generate the Yangian and satisfy the relations in gg[u] modulo
lower degree terms. This gives a surjective map

WU(golu]) — grY — 0.
Its injectivity may be seen as follows. For any faithful representation of a Lie algebra
0 — g — End(F)

the corresponding representation of the universal enveloping algebra in tensor powers
of F

0 — Ug — @ End (F®")
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is injective. Since the Yangian is defined as a subalgebra of endomorphisms of tensor
products, it remains to check that the map

golu] — grY

is injective, which is elementary. In fact,
i i i—1
(5.27) E(&u )|F(U) =v <§|F> +00™"), v— oo,

where v is the evaluation parameter for the representation F'(v) and we identify all
F(v) with F = F(0) as linear spaces. Equation (5.27) means that the Yangian degen-
erates into the loop algebra when all evaluation parameters are very large.

The last claim of the theorem, the fact the operators of classical multiplication and
gg generate the Yangian follows from (5.26).

5.5.4. — As a consequence of the above result, we see that grY and thus Y are flat
as k-modules. It follows that the map (5.13) is injective. Indeed, using flatness, it
suffices to prove injectivity after tensoring with the fraction field K of k (which we
denote by subscript for brevity). We then have inclusions

Yk @Yk — [[End Wk ® [[End Wi — [] End(Wk) ® End(Wg).
w w w,W’
Injectivity after completion then follows from this case by decomposing the kernel

into bi-graded pieces.
As a corollary, the coproduct

A:YSYRY
is well-defined.
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CHAPTER 6

FURTHER PROPERTIES OF THE YANGIAN

6.1. The core Yangian

6.1.1. — In this section we assume 6§ > 0. By Proposition 5.5.3, the Yangian Y
contains all characteristic classes chy(%W;) of the bundles %%;. Since %W; are trivial,
chi (%;) add little geometric value and it may be desirable to have a smaller algebra Y
that does not contain them. The goal of this section is to define such core Yangian

YcYek[s'],

where § C k is a certain equivariant constant that depends on the equivariant Cartan
matrix C of the quiver. In particular, if the nonequivariant Cartan matrix is invertible
then 6 " €k and Y C Y.

6.1.2. — Recall from Theorem 4.9.1 and from the proof of Proposition 5.5.2 and that
the characteristic classes of U; and %w; come from the operator of cup product by

=y € He, (eM(w) x (W)
that appears in the diagonal matrix elements of the R-matrices. Here
N_ =) Hom(W;,¥;)+ Y  Hom(V;, W) ® h™"
(6.1) — )" Ci; Hom(V;, V5)

in the negative part of the normal bundle to cM(w) X HM(w') inside M (w + w’) and
C is the equivariant Cartan matrix.

6.1.3. — The basic idea for defining Y is the following. Complete the square in (6.1)
as follows

(6.2) N_=-— Z Cij Hom (@Z,@;) + Z (C_l)ij Hom (GZZ)HGZZ);) ® h—l,

where
C_l € Mat(|[|, KGA(pt)localized)
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is the inverse of the equivariant Cartan matrix and
(6.3) P=Y-h"'eC'w

as vectors in Kg, (cM(w) x M (W) ® Kg, (pPt)iocalizea- In particular, the Chern char-
acter R

chW=chW—e"(chC)~! chW
is defined if C is invertible (). However, it may contain terms of negative cohomological
degree if the nonequivariant Cartan matrix is not invertible, see below.

The main feature of (6.2) is that its second term is a purely equivariant object
and so its Euler class may be taken out as an overall factor fromAthe R-matrix.
The diagonal matrix elements of the new R-matrix generate only chy @. This smaller
algebra will be the desired core Yangian Y.

We now proceed with the realization of the this plan.

6.1.4. — Let G be a complex reductive group and f € C(G) a rational function on G.
We define
chy f € C(LieG)

by the series expansion

>k chy f(€) = flexp(af)), €€LieG, zeC.
k

This has negative terms if f is not regular at 1 € G.

Functoriality of chy f with respect to homomorphisms ¢ : G’ — G may fail if
¢(Lie G') lands in the pole divisor of the Chern character. Because of this, we work
in G-equivariant K-theory and cohomology for some fixed group G if the nonequiv-
ariant Cartan matrix is not invertible.

For the rest of this section, we fix a group G such that

Ga D GDC,

where C; is the group that scales all quiver data by the same number ¢t € C*.

6.1.5.

Lemma 6.1.1. — The matriz C is invertible in localized G-equivariant K -theory and
ch,C1=0, k< -2

Proof. — For the first claim, it suffices to consider the case G = C; . Then

C=1+t>—t(Q+Q"),

where ) is the nonequivariant adjacency matrix of the quiver Q. Clearly, this is
invertible. As a real symmetric matrix, Q + Q7 is semisimple. This implies C~! has
poles of order < 2 for G = C}°.

1. Recall from Section 2.1.4 that we embed group weights into Lie algebra weights. While con-
venient, this could be confusing, especially in the context of Chern character. For example, by this
rule, ch i = e,
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h/2

For general G, the matrix e"/ < ch C is Hermitian when the equivariant parameters

lie in the Lie algebra

8c = Lie Gcompact = {f,é* = _f}
of the compact real form of G. Therefore, its eigenvectors and eigenvalues are analytic
along any real-analytic arc through the origin in g.. In particular, the orders of the
poles of (ch C)_:l along any arc are the orders of vanishing of the eigenvalues of ch C
along the same arc. The latter are determined by the coefficients of the characteristic

polynomial, and, therefore, semicontinuous as a function of the arc. Since they are < 2
for G = C}°, the lemma follows. O

6.1.6. — We define § as the lowest degree term in the expansion
detchC=48+---.

By construction
chy 1 € Mat(|1], He (p)[5~),
for all k.

6.1.7. — Let Qg be the quiver with the adjacency matrix Q + Q7, in other words,
(6.4) Qg = Q \ {framing vertices}.
Let Path(Q4) denote the path algebra of Q4 and let

I(Qq) = Path(Qa) / (X, [a,a’])

denote the preprojective algebra of (Qy. Here a* is the arrow in Q4 opposite to an
arrow a € Q.

The group Gedge acts naturally on Path(Q4) and II(Qg), this action is dual to the
defining action of Ge4ge On representations of these algebras. In other words, the action
of Gedge On the generators of Path(Q,) is recorded in the matrix C. In particular, the
natural grading on Path(Qg), in which every arrow has degree 1 is given by minus
the weight of the C;‘-action. All these weight spaces are finite-dimensional.

By construction, Path(Q,) has orthogonal idempotents e;, ¢ € I, namely paths of
zero length that start and end at a vertex ¢. We set

Path(Qq)i; = e; Path(Qq) e,

and similarly for II(Q4). It is known, see for example [71, 30|, that
(6.5) character II(Qq);; = (C ! )ji =h'® (C_l)ij ,
provided @ is not a quiver of ADE type. We recall that by our convention C;; records
edges going from j to 1.

Formula (6.5) provides the following geometric interpretation of the K-theory
classes (6.3).
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6.1.8. — Recall that we assume 6 > 0. This means that the natural map of bundles
over oMy,o(v, w)
P Path(Qa)i; ® W; — V;
Jjel
is surjective for all ¢ € I. Choose a G-invariant linear map (not algebra homomor-
phism)
s : TI(Qq) — Path(Qq)

splitting the canonical surjection in the other direction. The moment map equations
for cMp,o(v, w) equal the relations in II(Q4) modulo terms in the image of %/;. There-
fore

(6.6) @ s (H(Qd))ij ®W; — Vi — 0,
jelI
is still surjective.

The grading by C;* makes the class of II(Qq);; well-defined in completed G-equiv-
ariant K-theory. From (6.5), we have the following

Proposition 6.1.2. — If Q is not of ADE type, § > 0, and G contains C;*, then the
G-equivariant K-class of V is minus the kernel in (6.6).

There should be a more general statement valid for all quivers and all stability
conditions.

6.1.9. Example. — Let @ be the quiver with one vertex and one loop, that is the
quiver with the adjacency matrix @ = (1). Then

I(Qa) = Cz,y)/(zy — yz) = Clz, y].
The variety
M o(n,1) = Hilb, (C?)
is the Hilbert scheme of point of C2, that is, the moduli space of ideals I C Clz,y] of
codimension n. The tautological sequence

0—1—-Clz,y] - Clz,y]/I -0
is precisely the sequence
0 — Ker — II(Qq) — ¥V — 0.

6.1.10. — We defined the K-classes that appear in (6.2) and their Chern characters.
We now consider the operator

e(N-) c(NY, u)

(6.7) N B (N ®hLu)
where
(6.8) c(L,u) = u™ L + ¢y (L) u™ =1 4. ..
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is the Chern polynomial and the bundle arguments of the Chern polynomials in (6.7)
are taken with the trivial action of w.
By definition, we set

(6.9) loge(L,u) = Z chy LIn® o, 1™y = (%)]C Inw
k

for any K-theory class L whose Chern character is defined. Here In"" u = u(lnu—1)
etc. This generalizes (6.8) and is the usual (-regularization of infinite products given
by I'-functions, see for example [106, 115].

In particular, this defines e(N_) / e(N_ ® h) for

N_=-— Z C;; Hom (@“@;) .
In fact, we will only need it for
(6.10) =-h"'®) (C'),; Hom (W;, %)) .
We set

- |v:v’ =0

e(N.)
e(]/\\f_ ® h) v=v=o
and define the new matrix R as a scalar multiple of the old R-matrix

(6.11) R=T(w,w)R.

T(w,w) =

Tautologically, it also satisfies the Yang-Baxter equation.

The old R-matrix was normalized to act by 1 on the vacuum vector, while the new
matrix R acts by a certain multivariate I-function. An example of T'(w, w’) is given in
Section 16.2.1 below. The appearance of I'-functions in normalization of R-matrices
is a well-known phenomenon in the theory of quantum groups, see for example [61].
Here we have yet another angle from which it can be seen.

6.1.11. — We modify the definitions of Section 5.2.6 as follows. For W as in (5.5),
define

ﬁpo(u)’w = P:FU,F" (u—up) -+ ﬁFO)Fl (u—u).
We can write R R
Rpywyw = €79 Rp (0) Wregs
where Epo(u),w,reg has a 1/u-expansion and A+, is the singular part of the u — oo

expansion of log Rg, (,),w- In particular, ysing is a scalar operator.
In fact, Lemma 6.1.1 implies

chy No(1—h) =0, k<-—1.
Therefore
(6.12) Ysing = C—2 Y y+c g nu
for certain scalar operators

C_9,C_1 € k[(;_l][ul, ey un]
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of equivariant degree —2 and —1, respectively. The dependence on u; comes from
InCY(uw—u;) =InYw) —ujlnu+ -,
and is at most linear.
Definition 6.1.3. — The core Yangian
YCY®kd

is the algebra generated by the matrix coefficients of c_5, c_1, and all coefficients of
the 1/u expansion of Rp,(y),w,reg- Inside Y we have a Lie algebra

gp C Y
generated by c_s, c_1, and the u™! coefficient of RFO(M)’W)reg.
Arguing as in Section 5.5 we obtain the following

Theorem 6.1.4. — The core Yangian Y is generated by gb and the operators of cup
product by chy @1 fork>1andiel.

6.2. Slices and intertwiners

6.2.1. — Consider the following setup. It will not be the most general, but will suffice
for our purposes and will illustrate the general ideas. Consider Hj(cM(w)), where
T C Gy X Gedge is a torus and

w:aiéi—i—ajéj.

Here 6; and 4; are delta functions at some vertices 4, € I and a;,a; are weights
of T.

As explained in Section 2.6, the first fundamental theorem of invariant theory gives
an embedding of o} (w) into a particular vector representation V' of T. The weights
of this representation correspond to closed paths in (6.4) as well as paths that start
and end at vertices in {4, j}.

6.2.2. — Let P be a path of the form
. P, P .
jJ— e —0— .. e =1

where dots represent vertices of Q and P; are arrows from @Q. The weight of the
corresponding Gy-invariant function fp € ClcMy(w)] is computed as follows

wp = —weight fp =a; —a; + Ztk,
where t; is the weight of the arrow P,. We assume that T is such that
(6.13) wp # —weight fp/

for any other generator fp: of C[cMy(w)]. This assumption is satisfied in examples
from Sections 2.5.8 and 2.5.9.
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Denote T" = Kerwp and let zp € %(W)T/ be the unique, up to multiple, nonzero
fixed representation. By construction, T scales zp with weight wp. By our assumption

(6.14) Mo(w)™ = Czp,

where Czp is the line through zp.

6.2.3. — Let X p denote the slice at zp

(6.15) Yp MV W) XU -3 M(v,w),
where
(6.16) vV =v—dimzp, wW=w-hA®Cdimzp

by Proposition 2.5.2 and
U (Cdimeﬂ%(v,w)fdimc}/l(v',w’)

is a vector space factor with the T’-character given by (2.18). In particular, restricting
to the origin in U we obtain a map

Epo MV, W) --3 M(v,w),

which is regular in the neighborhood of the central fiber of o#(v’, w’) and hence defines
a map

Ypo : Hy (M(v,w)) — Hy (M, w')).
Proposition 6.2.1. — The map Xp is a Y-intertwiner.

Proof. — Since slice is a Steinberg correspondence, the bottom arrow in the diagram
(2.20) intertwines the R-matrices on both sides. The vector space U contributes a
scalar factor to the R-matrix, therefore Yp o intertwines R-matrices, up to a multiple.

To see that it intertwines ﬁ-matrices, it suffices to note that
V=W -h'@C'W=D-h'eC W=
from (6.16). O

6.2.4. — Let T be a torus in Gw X Gedge that contains T’ and a maximal torus
A’ Cc G, . For any chamber € C LieA’, we have a map

Stabe : (X) Hz(cM(0:)®" — Hz(cM(W)),

which becomes an isomorphism after tensoring with Q(Lie 'T') and intertwines the
action of both full and core Yangians. The order of tensor factors here is determined
by the chamber €, see Section 4.1.6 .

We denote K = Q(Lie T) and denote by a}, the T’-weights in w’ = )" a},; 0.

SOCIETE MATHEMATIQUE DE FRANCE 2019



100 CHAPTER 6. FURTHER PROPERTIES OF THE YANGIAN

Proposition 6.2.2. — For any €, the map Stabe restricts to isomorphism

Q) Fu(at) ® K = Hy(MW)) @K

k,l
of Yangian modules, where Fy are as in (5.14).
Here the evaluation parameters aj, are as in Section 5.2.14 and the order of tensor
factors as before. Note, in particular, the proposition implies the tensor product on

the left gives isomorphic Yangian modules for any ordering of tensor factors.
We begin with the following

Lemma 6.2.3. — The torus T’ has a zero weight in U and, therefore, a unique fized

point in oMo(w').
The second claim here follows from the first because of (6.14).

Proof of Proposition 6.2.2. — By Theorem 4.4.1, the inverse map is given by Stab” ;.
The lemma shows M(w’ )T/ is proper, therefore Stab” , is well-defined in localized
T’-equivariant cohomology. O

6.2.5. — Now for oM (w) we want to do the same: first enlarge T to include a maximal
torus A = (C*)2 C G, and then restrict to T’-equivariant cohomology. For A, there
are only two chambers €5 and €, corresponding to a; 2 a;. Let

Stab . Stab
Fi(a;) ® Fy(a;) == H (M (w)) <= Fy(a;) ® Fi(a;)
be the corresponding maps.

Proposition 6.2.4. — The map Stab~ becomes an isomorphism after tensoring with K.

Proof. — The inverse map is given by StabZ. By construction the line (6.14) has
weight wp which is negative on €. and therefore transverse to the images of attracting
manifolds. Thus Stab’ is well-defined in localized T’-equivariant cohomology. O

Note that the analogous statement for Stab. fails since the push-forward along
Czp is not defined in T’-equivariant cohomology. We have, however, the following

Proposition 6.2.5. — The operator
(Xpo o Stabs)” : Hy/ (M(W')) @ K — Fj(a;) @ Fy(a;) ® K

is a well-defined Y-intertwiner.

Proof. — The map is well-defined by Lemma 6.2.3 since the image of X p is trans-
verse to Czp. It is an intertwiner because its transpose is. O
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6.2.6. — We summarize the preceding discussion as follows. Suppose
Mo(a;d; + ajdj)T' = Cuzp,
where P is a path that starts at j and ends at i. Define a}; by the formula
Za;l 6k = a;6; + a;0; — h® Cdimzp,

where dim zp is a vector with values in K (pt).

Theorem 6.2.6. — The slice at xp gives rise to two Y-intertwiners:
(6.17) Fi(a;) ® Fj(a;) @ K — (X) Fi(aj;) ® K

and

(6.18) ®Fk(a;cl)®K_’Fj(aj)®Fi(ai)®K7

where the equivariant parameters are specialized to T', K = Q(Lie T'), the order of
the Fy(aki)-factors is arbitrary in (6.17) and reverse in (6.18).

Proof. — The first map is given by
Stab” ¢ 0¥ o Stabs,

for € matching the order of factors. The second map is its transpose. O

6.3. The dual Yangian

6.3.1. — We define the dual Yangian Y* as the algebra generated by the operators

(6.19) E*(m*(v)) = Resy=o trr, m*(v) Rw,ryv) € Y™,
for all W of the form
(6.20) W = Q) F & k(ui)oo,
i=1
and

m*(v) € Fy ® Fy @ v~ 'k[v™ 1.

Here k(u)o denotes rational functions of u regular at u = oco.

In English, Y* is generated by matrix elements of the same matrices R(u — v) but
expanded in ascending powers of v. In particular, the operators E* depend rationally,
not polynomially, on the evaluation parameters u;.

Note that the operators E* (m,lv_l) already give all matrix elements of R(u) and
their orbits under shift automorphism span Y*.
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6.3.2. — There is a natural pairing between Y and Y* defined as follows. Let
M(u) =my(u1) ® -+ - @ my(ug)

be an element in the domain (5.9) of the map E and, similarly, let
M*(v) = mi(v1) ® --- @ mj (v)

lie in the domain of E*. Let
—
R(u,v) = [ Rlui—vy)

1
1

i
i<l

INIA
IA
IA A

be the corresponding R-matrix where (7, j)th term acts in the spaces with evaluation
parameters u; and v; and the ordering of the R-matrices is as in (5.6). We define

(B B0 (w) = || tru (04(0) © 007 (0) Res0)

_ Ll _1._7”] try M*(v) E(M(u))

(6.21) = ] try, M(u) E* (M (v)),

|:U1"'uk

where coefficients are taken in the u; — 0o, v; — 0 expansion and the subscripts of
traces indicate tensor factors in which they are taken.

6.3.3. — As defined, (6.21) is a pairing between the domains of E and E*. It is clear,
however, that the kernels on both sides are exactly the kernels of E and E*. In other
words, we have the following:

Proposition 6.3.1. — We have

KerE = (Y*)*, KerE* = (Y)*.

6.3.4. — By counstruction, (6.21) is a Hopf pairing, that is
(ab,c) = (a ® b, Ac)

and vice versa, where (-, -) is extended to
Y2 @ (Y)®2 L k

multiplicatively. Tautologically, this pairing stores the same information as the R-ma-
trices.
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6.4. Intertwiners and relations

6.4.1. — Let W as in (6.20) be a Y*-module and let
C:wW—-w

be a k(u, u')-linear map, where

W' =) Fir @ k(ujy) oo,

=1
be another Y*-module of the same form. Suppose that for certain values of u and v’
the map C becomes a Y*-intertwiner, that is,

[y,C] € Hom(W,W') ® 1
for all y € Y* and a nontrivial ideal
ICk(u,u)oo

in the local ring of the point (u,u’) = (00, 0, ..., 00).

Note that Y*-intertwiners are operators that commutes with all R-matrices and,
therefore, the same as Y-intertwiners, up to extension of scalars. Intertwiners produce
elements in (Y*)1 and hence relations in Y as follows.

6.4.2. — Let It C k[u,u’] denote the perpendicular of I with respect the residue
pairing.
Proposition 6.4.1. — For any f € I and any

me Q) F @) F:.
we have a relation
(6.22) Res, E(fmC) = Res, E(fCm)
in the Yangian Y.
Here Res,, means taking the coefficient of (u; - - - u,)~! in the u; — oo expansion. Also
note that m : W/ — W is an operator of finite rank, therefore both mC and Cm are
in the domain of E.

Note that in the product fC under the E-sign in the left-hand side of (6.22) we
should keep only the singular (that is, polynomial) terms in the u; — co expansion
because the residue in (5.7) vanishes for regular terms. Similarly for v} — oo in the
right-hand side of (6.22).

Proof. — For any y € Y* we have
tryy mCy —tryy Cmy €1l
and therefore
Res, Resy (trw fmCy —trys fCmy) =0.
This is equivalent to (6.22). O
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6.4.3. — The whole discussion can be repeated for the core Yangian Y in place of Y.
Since slices produce Y-intertwiners, the following question seems natural.

Question 2. — Do all relations in Yangians come from slices?

6.5. Baxter subalgebras and Casimir connection

6.5.1. — Recall that h C gg acts by linear functions of v and let $ = (C*)! be the
torus with Lie algebra h. Since go commutes with R-matrices, we have

[9® g, R(w)] =0
for any g € $. Recall from Section 1.2.2 this implies the operators
1 1
(623) EFo (g uk) = ﬁ |:uk+1:| tI'Fo (g oY 1) RFo(uLW
commute for all £ = 0,1,... and all auxiliary spaces Fy for which the trace trg, is

well defined. This

In general, Fj is not finite-dimensional and the trace in (6.23) is an infinite sum.
However, it is well defined as a formal series in the variable g € ) if Fy satisfies the
grading assumption from Section 5.2.5. We denote by

qv c kf)/\
elements of the group k-algebra of the character group $”. These functions of g will

be terms in our formal series. Introduce an algebra Y[[$"]] of formal series in q" with
coefficients in Y by

Y5 =14 > wa'

v>vo
Herey, € Y and v > vy means v — vg € ZIZO. We have

1 1
620 En(u) = ¢ || S b 0 ® D R € V(9]

as a consequence of our grading assumption.

By definition, the subalgebra of Y[[$)"\]] generated over k[[$"]] by the commuting
operators (6.24) is called the Bazter subalgebra. It is a formal family of commuting
subalgebras of Y.

6.5.2. — Baxter subalgebras are graded with respect to the cohomological grading
on the Yangian and

deg ..n Er, (g uk) = 2k.

In particular,

(Baxter subalgebra) coh degree 0 = WU (H)[[9™]],
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where § C go acts by linear functions of v and w. Because k has nontrivial cohomo-
logical grading, the universal enveloping algebra here is over

Q = (k) coh degree 0°

Our goal now is to describe the degree 2 part of Baxter subalgebra. It is spanned,
over degree 0 part, by equivariant constants and u~2 coefficients in (6.23).

6.5.3. — Evidently, only diagonal matrix coefficients contribute to the trace in (6.23).
The v~ 2-term of the diagonal matrix coefficients of R-matrices was computed in
Proposition 4.9.2. The result can be stated as follows. Let

Mo,c(v,w) X My (V' ,W') C Moc(v+V,w+w)

be a fixed component and let R, . w be the corresponding diagonal block of the
R-matrix. It follows from Proposition 4.9.2 that

111

(625) ﬁ |:U2:| RV,W,V”WI = (W — CV) X Chl GZ)’ +h Z €al_q @€_geq + -+,
6-a>0

where ch; ' is a vector of ch; U, i € I, C is the nonequivariant Cartan matrix, and

dots act by a scalar operator in H¢ (M (v, w')).

6.5.4. — For F, as above define

x(Fo) € H[[H"]]
by requiring
tre, g hy = 1(x(Fo))

for all n € b*. Here h, = Cn € b, see Section 5.3.6. Since trp, g hy, depends linearly
on 7, this is well defined. Clearly, x(F}) is linear in the K-theory class of Fj.

Lemma 6.5.1. — We have

(6.26) tre, gea e—a = —a(x(Fo))

o

q
1—q>

The rational function in (6.26) is to be expanded in one direction or another,
depending on a 2 0, to represent an element of k[[$"]].

Proof. — Using
(6.27) [ea;€—a] = Pa
we compute
trp, geae—o =trp €_o geéq
= qa t—’I'Fo g€_o€n
=q% tTF, g€a €—a — 4% trF, g ha,

whence the conclusion. O
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6.5.5. — From Lemma 6.5.1 we deduce the following:
Proposition 6.5.2. — We have

(6.28) Er,(9u®) = x(Fo) b V' —h Y o
6-a>0

where dots stand for an element of U(h)[[H"]].

e—aea+"'a

By Theorem 10.2.1 below this means that the degree 2 part of Baxter algebra is
spanned by operators of quantum multiplication by g-dependent tautological divisors

A= x(Fo) € b[[H"]]

and equivariant constants.
Using Formula (10.3), we can rearrange the terms in (6.28) as follows

(6.29) w-chi V' —h Y (a, w) 5

0-a>0

—€_ g€y =

||
(|W W| —h Z (loof, w q e—aea +-
6-a>0

where dots stand terms from %/(h) and
a, a >0,
ol =
—a, a<0.

The second line in (6.29) is manifestly an element of Y[[$)"']] while the sum over « in
the first line converges in a different formal series completion—the one corresponding
to the effective cone of My .
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QUANTUM MULTIPLICATION

7.1. Preliminaries

We first set some notation regarding equivariant Gromov-Witten invariants. Sup-
pose we are given a smooth quasi-projective variety X equipped with the action of a
reductive group G. For each effective curve class § € Eff (X) C Ho(X,Z), its associ-
ated k-point genus 0 Gromov-Witten invariants are given by integrals

<'717~-~7’7k>0X,k,ﬁ:/ ev (1 X Ryg) .

(Mo, (X,B)]

for v; € H;(X,Q). Here, the integral is defined over the virtual fundamental class on
the moduli space of k-pointed stable maps to X. As always, if X is noncompact (as
in our case), the above expression can be defined via equivariant residue. However,
since the evaluation maps are proper, operators of quantum multiplication are defined
without localization.

7.2. Modified reduced operators

7.2.1. — We recall some general results from [12] for the quantum product for any
equivariant symplectic resolution

X — Xo = Spec H°(Ox).

Due to the presence of the symplectic form w, the moduli space of maps carries
a reduced virtual class in degree one larger than the usual virtual dimension. This
reduced class determines the purely quantum contributions to all divisor operators
via the relation

(7*71,72)=(7U71W2)+ﬁ2(7-/3)q5/7 ev' (71 M)
>0 [M0,2(X;5)]

vir,red

Moreover, the pushforward of the reduced virtual fundamental class under the
evaluation map

ev : Mo)g(X, ,6) — X2,
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is a Q-linear combination of Steinberg correspondences of X x x, X. In particular, it
does not depend on equivariant parameters. We denote by

Qa.rea € End H(X) ® Q[Ef(X)]]
the purely quantum operator defined by the reduced class

(Qz,red * V1,72) = Z 7° /7 ev' (1 Myg).

B8>0 [Mo,2(X,8)]

vir,red

This is a correspondence-valued element in the completion of the semigroup algebra
of the effective cone of X, each coefficient of which is a Steinberg correspondence for X.

7.2.2. — Note that by (1.2),
Q2,red -1=0.
This uniquely determines the coefficient of the diagonal in Qg eq from the other

terms. It will be convenient to work modulo scalar operator contributions to Qg req in
this chapter; this relation allows us to fix this indeterminacy.

7.2.3. — Given
kx € H*(X,Z/2),
we define the modified quantum operator Qg red,x for X by the substitution
¢" = ()PP B e Hy(X, ).
This is equivalent to changing the origin in the K&hler moduli space
H?(X,C)/2miH*(X,Z) to Tikx.
Let a torus A act on X preserving the symplectic form and let Y Cc XA be a
connected component. Assume we have chosen
ky € HX(Y,Z/2),
such that
c1(Ny) =kx + Ky mod 2,
where N, is the positive part of the normal bundle to Y for some (equivalently, any)
choice of the chamber € C a = Lie A.
For Nakajima varieties, the canonical theta characteristics kK were defined in (2.8)
and connected to the parity of ¢1(Ny) in (2.12).

7.2.4. — Our next goal is the following:
Theorem 7.2.1. — For X and Y as in Section 7.2.3, the diagram

. Stabg .
H;(Y) H;(X)
Q2,red,nyl LQZred,nX
. Stab” .
(7.1) H(Y) HT<X)
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is commutative for any € and any polarization, after applying the map

QIEfH(Y)]] — QIEH(X)]]

t0 Q2 red,ky @nd working modulo scalar operators on Hy(Y).

Note that the bottom arrow in (7.1) is a priori defined only in localized equivariant
cohomology. As a part of the proof, we will see that the composition of the top, right,
and the bottom arrows in (7.1) is well-defined without localization.

The proof of this theorem will require the discussion of broken and unbroken curves
in equivariant localization. We recall the relevant definitions and results from [100].

7.3. Broken curves

7.3.1. — Let f : C — X be an A-fixed point of MOQ(X, () such that the domain C is
a chain of rational curves

C=C,uCyU---UCY,

with the two marked points p1, p2 lying on C; and Cj, respectively.
If at every node of C' the A-weights of the two branches are opposite and nonzero
then we say that f is an unbroken chain. We say that f connects the points

zo = f(p1), zx = f(p2)
of X through the sequence of nodes
z; = f(C;iNCiy1), i=1,....k—1.

Note that all of these points are fixed by A.

More generally, if (C, f) is an A-fixed point of Mg (X, 3), we say that f is an
unbroken map if it satisfies one of three conditions:

1. f arises from a map f: C — XA,

2. f is an unbroken chain, or

3. the domain C is a chain of rational curves

C=CUCU---UC(C
such that Cj is contracted by f, the marked points lie on Cy, and the remaining
components form an unbroken chain.

Broken maps are A-fixed maps that do not satisfy one of these conditions.

In this last possibility, the contribution of these curves is block-diagonal with re-
spect to A-fixed locus of X, i.e., scalar on each connected component Y, hence we will
focus on the unbroken chains in what follows.

7.3.2. — We refer the reader to Section 3.8.3 of [100] for the proof of the following.

Theorem 7.3.1([100]). — Every map in a given connected component of Mo 2(X, B)A is
either broken or unbroken. Only unbroken components contribute to Qg rea in A-equiv-
ariant localization.
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7.3.3. — Let f be an unbroken chain as before and let let O(1) be a A-linearized
ample line bundle on X. We may restrict it to fixed point z; to get elements of a*.
We have the following

Lemma 7.3.2. — For an unbroken chain, the points
0(1)|m' ea*, i=0,...,k,
form a monotone sequence of distinct points of a real line.

Proof. — We denote this sequence by c¢;. Let w denote the (nonzero) A-weight
of T,,C. By the unbroken condition, the same weight occurs at all nodes and the
weight of T},,C is —w. By localization, the terms of the sequence

Co—C1 Ck—1 — Ck

ge ey

w w

are the degrees of f*0(1) restricted to C;, hence positive integers. O

7.3.4. — Lemma 7.3.2 is effective in ruling out unbroken loops. More generally, we
have the following

Lemma 7.3.3. — There are no A-fized unbroken chains connecting two points in the
same component Y of XA.

Proof. — The A-weight of (1), is constant for y € Y, which contradicts the fact
that points in Lemma 7.3.2 are distinct. O

7.4. Proof of Theorem 7.2.1
7.4.1. — Given € Hy(X,Z) and 1,72 € Hy(Y), the statement to prove is

1 dim
(7.2) Z (_l)(ﬁaK«Y)J’_Q d Y (71772>,§’,red =
B'—B
L X
(_1)(ﬁ,nx)+§ dlmX< Stabe(71), Stab_¢(72)>,6 4 + cg,

where cg is a constant independent of the insertions 7, 2.
The sign (—1)% codimx ¥ ¢comes from the sign in the definition of the adjoint Stab” .

7.4.2. — Recall that every coefficient of Q2 red,xx is given by a Steinberg correspon-
dence. As in the proof of Theorem 4.6.1, this implies the convolution

Stab” ¢ © Q2 red, i x © Stabe .

is obtained by a proper push-forward. In particular, its coefficients can be determined
by any specialization of equivariant parameters.

This means we can compute the RHS of (7.2) by A-equivariant localization, and
study its limit after taking the equivariant parameters associated to a to infinity, while
setting h = 0 at the same time.

ASTERISQUE 408



7.4. PROOF OF THEOREM 7.2.1 111

7.4.3. — We only need to consider unbroken components of M (X, 3)" in equivari-
ant localization.

Since stable envelopes are proportional to fixed points modulo A, setting A = 0
implies that only components where both marked points map to Y will give nonzero
contribution.

If we fix a component of Mg (X, B)A whose elements consist of curves for which
both marked points lie on a contracted component attached to an unbroken chain.
Since the evaluation map to Y x Y for this component factors through the diagonal,
the contribution of this component will give a scalar operator, so we can ignore it.
By Lemma 7.3.3, unbroken chains do not contribute either, so the only contributions
come from stable maps which factor through Y. Furthermore, since the localization
contribution only depend on the equivariant normal bundle to Y in X, we may replace
X by the total space N of the normal bundle.

7.4.4. — For a vector bundle
p:N—->Y

we have the following general result. Suppose A acts on N fiberwise and NA =Y. We

decompose
N =P N,
A

according to the characters A € AY C a*.
Given cohomology classes v1,...,v € H'(Y) we want to understand the asymp-
totic behavior of the Gromov-Witten invariant

(P (71)s -+ 0" ()5, € Qa")

defined via equivariant residue, as the variables in a approach infinity. Here, g > 0 is
the domain genus and 8 € Hy(Y,Z) = Hy(N, Z) is the degree of the map.

The residue invariant can be expressed in terms of the Gromov-Witten invariants
of Y by adding an Euler class insertion determined by N. The following computation
is then a standard application of Riemann-Roch:

Lemma 7.4.1. — We have the asymptotic behavior given by

~ H A~ (e1(Nx),8)—rk Na(1-9)
A

* * N Y
P (71)s - P (W) g gk (Vi W) gk

7.4.5. — We only need the g = 0 case of the above lemma. Also
Ny, =NY,
because of the symplectic form. Therefore, the prefactor in Lemma 7.4.1 becomes
(=1)© W48 / det N.

Since
(det N+)2/detN = (_1)%rkN — (_1)§codimxy
the equality (7.2) follows.
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7.5. Additivity

7.5.1. — Suppose Y as above factors
Y = Yi X Y27

as it is the case in our main Example (1.9). Then dim H°(Y,Q?) > 2, leading to
further constraints on quantum cohomology of Y.

Proposition 7.5.1. — We have
Q%/,red = Q2Y,1red ®1+1® Q;?red'
Proof. — Let B = (81, B2) according to
Hy(Y,7Z) = Hy(Y1,Z) © Hy(Y2,Z).
If 1 # 0 and (2 # 0 then the virtual fundamental class may be doubly reduced,
meaning that the reduced obstruction theory admits a further surjection to a trivial
rank 1 bundle. See Section 3.5 in [100]. As a result, the corresponding reduced class

vanishes. If 1 = 0 or f2 = 0, then the curve maps to a point in one of the factors,
and the above additivity is obvious. O

7.5.2. — Notice that additivity is not the same as primitivity.
In Proposition 7.5.1, we are restricting to diagonal contributions; the off-diagonal
terms will still be non-zero.
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SHIFT OPERATORS

8.1. Definition
8.1.1. — For any X and any cocharacter
0:C* - G C Aut(X)
we can associate an X-bundle over P! as follows
(8.1) X~ =(C*\0)x X/CZ,

where C acts on the first factor by scaling and on the second via the homomor-
phism o. This is just the classical operation of passing from a principal C*-bundle
over P! to the associated X-bundle.

8.1.2. — Since ¢;1(X) = 0, we have ®

(8.2) a(X™) = (24 92X (0, h)) - [Fiber] € H*(X™,Z),

where fiber refers to the natural projection
p: X~ — (C? \0)/C* = P!,

the inner product is the standard pairing of characters with 1-parameter subgroups.

8.1.3. — Let G° be the centralizer of the image of o in G. We define
(8.3) G~ =G7 x CF C Aut(X™),

where the second factor scales the second (by convention) coordinate of C2. This
group preserves the fibers Xg, Xo of p over 0,00 € P!. More precisely, it fixes X
point-wise, but acts nontrivially on X.

We denote by ¢ an element of Lie CX. This is a new equivariant parameter which
we have for X™.

1. In the present discussion, one does not need to assume X symplectic. It suffices to assume that
1 .
the canonical bundle of X is a pure character, which we denote by A2 dim X
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8.1.4. — Any point of X gives a section of p
(8.4) (PP xzCcX™, ze€X°.
The homology class of this section gives an element
¢ € HYX?,Z)® Hy(X™,Z).
More formally, for any D € H?(X~,Z) we define
(8.5) (D,¢) = proj, incl*(D) € H(X?),

where

proj incl ~
X7 2L xopt 2L X

are the natural maps.
8.1.5. — We have
(8.6) 0 — Ho(X,Z) — Ha(X™,Z) — Ha(P) 2 Z — 0.

Any section (, gives a noncanonical splitting of the above exact sequence.
In particular, the degrees 3 € Hy(X™,7Z) such that p(3) = [P!] form a single
Hy(X,Z)-coset of sections. For § in this coset, we consider

MN(/B) = evil(XO X Xoo) - MOQ(XN?/B)a
where Xo, Xoo C X are the fibers of p over 0,00 € P!,
8.1.6. Example. — Take
X =T*P' = M (1,2)
for the quiver @ with one vertex and no arrows. This is the quotient of pairs

b
A= (a,1 a,2> € Hom(C%,C!), B= <b1> € Hom(C?, C2)
2

such that AB =0 and A # 0 by the action of G, = GL(1). Take

o(z) = (z 1) € Gy.

Then X = {xg, T}, where
2o ={a2=0,B=0}, %o ={a1=0,B=0}.
The variety X"~ is the relative cotangent bundle to the P'-bundle over P! given by
Blpoint P2 — PL.

‘We have
[Czo] = line in P2, [(...] = exceptional divisor,

and so [(z,] — [Cs..] is the generator [P!] of Hy(X,Z).
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8.1.7. — We use the spaces X~ to define shift operators
S(0) : Hg~ (Xoo) — H~ (Xo) ® Q[IE(X™)]]

as follows.
Given v, € Hi. (Xo) and 72 € Hin (X ), we define the matrix element
(8.7 S w= Y [ etxmw)
p(e)=[pr M@

By definition, the matrix coefficients (8.7) take values in formal power series in ¢
with coefficients in the localized G™-equivariant cohomology of a point, although the
operator S(o) itself is integral. In particular, (8.7) depends on

e € Lie(C}) C Lie(G™).

Our eventual goal will be to find o,71, 72 such that the integral in (8.7) is proper
of correct dimension, thus independent of all equivariant parameters.

8.2. Intertwining property
Given D € HZ (X"), we set

0
—q’ = D) ¢° € Hy(X™).
30 ¢ (/ﬁ >q, B € Ha(X™)
Note that this is nonequivariant, that is, depends only on the class of D in nonequiv-

ariant cohomology.
If we consider the restriction Do = D| € HZ.(Xo), let Mp,(q) denote the
0

operator of quantum multiplication by Dy, and similarly for X.

Proposition 8.2.1. — For any D as above, the operator (8.7) satisfies

(8.8) ¢ 2 5(0) = Mp,(4) o S(0) ~ S(0) ©Mp_.(0)

Proof. — For brevity, set Y = X°.
We compute S(o) by localization with respect to the CX-factor in (8.7). The domain
of an CX-fixed map in (C, f) € M~ (5) is a union

C=CyUC;UCqx,
where f: Cy — X is a o-fixed map, f(Cw) C X, and C is of the form (8.4)
Ci = Cy

for some point y € Y.
Standard localization arguments (see e.g., Chapter 27 in [53]) give a factorization

(8.9) S(0) = Wo U, Vo,
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with the following factors. We define

(8.10) %)= Y, ¢
BEH5(Xo,Z)

/ ev* (71 X 72)
[Mo2(X0.8)]""" €~ 2
Here 15 is the cotangent line at the second marked point and the integral is computed
in equivariant cohomology. The unstable 8 = 0 contributions to (8.10) are defined to
give
(8.11) Uy =14+0(%), B>0.
If we evaluate ¥ via virtual localization, we obtain precisely the localization contri-
bution of the Cj.

In the definition of ¥, one replaces € — ¥ by —¢ — 91 and Xy by X-

Note the virtual class in (8.10) is the ordinary, nonreduced virtual fundamental
class. The reduced virtual class gives

(8.12) Ty =1+ 0(h),

if X is holomorphic symplectic.
The middle factor ¥y is of the form

\Ijl = Lo« qcrl’zcn

where 19, L denote the inclusion of Y into Xy and X, respectively, I' is multiplication
by a class in H*(Y") that absorbs the deformation and obstruction contributions of Cj.
The class ¢ was defined in (8.5); ¢¢ is a monomial which varies depending on the
connected component of Y. Note that by localization

(8.13) (¢, D) = 15(D) — 15,(D).
It is standard [21, 53] to abbreviate
Te(72) = ¥ ev*(72).

The convention (8.11) means that

(1 7k(72))g = Ok+41 / 71 U e,
X

where angle brackets denote equivariant genus 0 GW-invariants of X and subscript
refers to invariants of degree § = 0. With this convention, the string and divisor
equations yield

(8.14) (71, 7k(72), D) g = </ﬂ D> (11, me(v2)) g + (115 Te—1 (12 U D)) g5

for all k > 0 and all degrees . Similarly, the topological recursion relations (see e.g.,
Section 26.4 in [53]) read

(8.15) (7, Tk(72)7D>g = Z <'717D777>ﬁ’ (n" Tk71(72)>,8—ﬁ’

for all k > 0 and all degree splittings, where >.n ® 1V is the Poincaré dual of the
diagonal in X2.
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Combining (8.14) with (8.15) gives
0
(816) E@WOZMDO(q)O\Ifo—‘I’OOMDO(O),

where Mp,(0) denotes the operator of classical multiplication by Dy. By the same
reasoning

(8.17) 58%\1/00 — Mp_(0) 0 Way — Toy o Mp_ (q).

Finally, (8.13) gives

(8.18) 68%‘1’1 Mp,(0) o ¥; — ¥; o Mp_(0).

The combination of (8.16), (8.17), and (8.18) completes the proof. O

8.3. Shift operators are quantum operators

In this section, we extend Proposition 8.2.1; as a consequence, we will see that shift
operators are quantum operators after passing to the € = 0 limit.
Let
M (B) = evip(Xo X Xoo) € Mo3(X™, )
denote the moduli space of twisted maps from last section, equipped with an extra
marked point e.
Given v € Hi.(Xo), we define the operator So(o;v) by

619 (uSoein = > @[ eidonx ) Uerins).
p(B)=p1) 7 IMEBIT
Lemma 8.3.1. — We have the factorization

So(a;7) = M, (q) 0 S(0),

where M., (q) denotes quantum multiplication operator for ~y.

Proof. — We follow the approach of Proposition 8.2.1. If we compute So(o;v) by
localization with respect to the CX-factor. As before, this gives a factorization

(8.20) So(o;7y) = ¥ ¥y Uo,
where the second and third factor are as before and the first factor is defined by
ev X Y2 X
(821) (1, T qe) =e- / e xmxy)
GHQ(X) Mo 5(X,8)]" €— 12

When we expand this expression, the leading term with no s is simply quantum
multiplication by «. The terms with positive powers of 15 can be expanded using the
topological recursion relation of (8.15) to give quantum multiplication by v composed
with the 8 > 0 contribution to ¥g.
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The result is the factorization
Ul =M,(q) o Ty
Combining with (8.9) gives the statement of the lemma. O

Given vy € H(.. (X)), we can define the operator So,(0; y) in the analogous manner,
and we can derive the formula

Sec(037) = S(0) © M4 (q),
in the same way.
If we restrict to G7-equivariant cohomology by setting € = 0, then for v € H¢~ (X),
we have g Y = oo 7Y after this specialization. In particular, we have

So(057) = See(37),
after setting ¢ = 0.
As a corollary, we see that the shift operator S(o)|c=o commutes with all quantum

multiplication operators. If we fix a splitting of (8.6), it can thus be identified with
quantum multiplication by

S(0)],_, (1) € Heo (X) ® QIE(X)].
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CHAPTER 9

MINUSCULE SHIFTS AND R-MATRICES

9.1. Setup

9.1.1. — In this chapter, we consider shift operators S(o) satisfying the following
additional assumptions:

1. X is a symplectic resolution,
2. o preserves the symplectic form w,
3. o is minuscule,

see Section 2.6 for a discussion of the last condition.

9.1.2. — We define
(9.1) Staby : H*(X7) — H*(X).

to be the stable envelope maps corresponding to the two chambers 2 0 of Lie C* and
an arbitrary choice of polarization. We will see a close relation between S(o) and

(9.2) R, = Stab~! Stab, .

9.1.3. — It follows from our assumptions and (8.2) that
c1(X™) = 2[Fiber]

and hence that

(9.3) vir dim M~ (8) = dim X.

for all B in (8.7). This means S(o) has cohomological degree 0.

9.14.

Lemma 9.1.1. — With the assumptions of Section 9.1.1, all o-weights in the normal
bundle to X7 are £1.

Proof. — Choose a proper map X — V, where V is a linear representation of o with
weights in {0,+1}. For any z, the o-orbit of z is either contracted by the map to V'
or is mapped isomorphically to a line of weight +1.
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If there is a weight k # %1 in the normal bundle to some component Y of X then
the corresponding normal directions are mapped to a point in V. Hence, their closure
meets another component Y’ of X, where same weight k& has to occur again. Using
induction on < and finiteness of the number of component of X7, we see that this is

impossible. O
9.1.5. — Recall from (8.5) that every component of X defines a curve class
Hy(X™,Z). If we fix a splitting of (8.6), we can project to obtain curve classes
in Hy(X,Z).

A more convenient way of making this choice is as follows. Choose a o-linearization
for a basis Z1,%s, . . . of Pic(X). Given x € X, we define (, € Ho(X,Z) so that

[ = aesdy

x

where (, is the Section (8.4) and il is the lift of Z; to X~ that uses the fixed lin-

earization. A change of linearization adds a overall constant to (.

For Nakajima varieties, the entire group of automorphisms G acts naturally on all
tautological bundles and their associated determinant bundles. In this case, we can
arrange for the linearization of Pic(X) to be compatible with this natural lineariza-
tion. If we know that these tautological divisor classes span Pic(X), this completely
determines the linearization and thus gives a preferred normalization of the map (.

9.1.6. — In particular, take o to be the action corresponding to a tensor product of
Nakajima varieties, that is to
w=zw +w’ v=2zv +V’,
as in Section 2.4. Then
(€, c1 (V) = vi.

In other words, connected components of X7 are distinguished by the value of v/
and

(—— Hy(My(v,w),Z)

| |

(9.4) Vi————b"

under the natural map on the right.
For example, for T*P' as in Section 8.1.6, we get

()

in the basis {zg, Zco }-
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9.1.7. — Recall that & is defined as ¢; (T'/2) modulo 2, where T/2 is a half of tangent
bundle as in (2.7).

Lemma 9.1.2. — For minuscule o
(¢,k) = % codim X mod 2.

Proof — Since ¢ is minuscule, the o-weights of T%/2 when restricted to fixed loci
lie in the set {0,+1}. Moreover, the number of nonzero weights equals %codim Xe.

Therefore, the bundle T1/2 restricted to ¢, is a sum of O(k), k € {0,£1}, and the
number of nontrivial terms in this sum equals % codim X 7. O

9.2. Properness

Proposition 9.2.1. — For X and o be as above, the convolution
(9.5) Stab” 0 S(o) o Stab_
is proper and defines a Steinberg correspondence in X7 xx, X°.
Proof. — Since o is minuscule, we have proper C}-equivariant maps
X->XocV=Ev,
li|<1

where CX acts on V; with weight . Applying (8.1), we get a proper map
X~ V=@ vielh),
li]<1

to a vector bundle V over P*. Moreover, the fiberwise image of Stab_ is contained in
the subbundle

Veo=Vo®0aV_1®0(-1) C V.
Now let
(9.6) (T4,23,22,71) € X7 x X x X x X7

be a quadruple of points in the definition of the convolution (9.5). Since 7(z2), m(x3) €
V<o and O(—1) has no sections, we must have

m(z2), m(x3) € V.
Moreover, by Proposition 3.5.2, we have
m(zq) = w(x3), w(x2) = m(21).
Since a section of 0(z) is fixed by evaluation at i + 1 points, we conclude
m(zq) = w(z3) = w(xa) = w(x1)

and any section of X~ connecting x3 and xo maps to the corresponding constant
section of V. Since the fibers of this projection are proper, the proposition follows. [
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9.3. Computation of S(o)
9.3.1. — Let
R, oo € End Hg (XZ) ® Q(Lie G™)
be the G™-equivariant R-matrix for the fiber X . Since C acts on X, via the

cocharacter 01, R, » is obtained from the G’-equivariant R-matrix by the substi-
tution

E—€&—ceo(l), €elieG.
Theorem 9.3.1. — For X and o as in Section 9.1.1, and ( as in Section 9.1.5,
(9.7) Stab ' S(o) Staby = (—1)(¢"¥) ¢* R, .
Proof. — Using (9.2) and Lemma 9.1.2 we may restate this as commutativity of the
following diagram

(_l)codim /2 qc

He (X)) He (X7)

T Stab”

Hé,\, (Xo)a

S(o)

where codim /2 denotes the locally constant function on X7 given by taking half the
codimension in X. By Proposition 9.2.1, we may compute the composition

Stab” o0S(c) o Stab_,

with any choice of equivariant parameters.

We choose /1 = 0 and € — 00, where ¢ is the equivariant parameter for the CX-action
in (8.3). In particular, since i = 0, stable envelopes are diagonal and we must have

Ty = T3, T2 =21,
in (9.6) above. Also i = 0 implies
U=V, =1

by (8.12) above.

Next consider the operator ¥y. It counts constant sections C; of X~ corresponding
to

Ty =T3=T9g=1x1 € X°.
By Lemma 9.1.1, the normal bundle to C; is
Ojv = Nl(l) @ Nfl(_l) D TmeU)

where Ni; are o-eigenspaces in the normal bundle N to X? in X and twists are
by 0(3), i = +1.
It follows that Cy € M~ (() is unobstructed with tangent space

TClMN(C) = (Nl)o D (Nl)oo S Tleaa
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where the subscripts 0,00 € P! denote the fibers of N, (1) over the respective points.

We observe that these correspond precisely to the normal directions to Stab_ (z;).
In the end, all contributions to the integral cancel except for the sign in the defi-

nition of adjoint Stab” . This sign gives (—1)c°dim/2, O

9.3.2. — In particular, for o as in Section 9.1.6, we have
X7 =[JeM( W) x M, W)
and B
¢ =g =q¢'®L
after restricting to functions on § as in (9.4). Our computation of S(o) together with
the results of Section 8.3 imply the following

Corollary 9.3.2. — For tensor products of Nakajima varieties, the operator
(" ©1) R(u)

belongs to the algebra of modified operators of quantum multiplication.
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CHAPTER 10

QUANTUM MULTIPLICATION BY DIVISORS

10.1. Classical multiplication by divisors

10.1.1. — A vector A € h = C! corresponds to a divisor

(10.1) a(h) =) Ne(V

which we identify with the corresponding cup product operator. Using

(10.2) [as€—a] = ha

we obtain from (4.35)

(10.3) c1(w) = E (w)(w|u?) + R Z )€a€oq + -
6% <0

where the sum over roots is with multiplicity,
a(w) =w(hy) = a-w,
and dots stand for a quadratic polynomial in v, that is, an element of 2(h) of degree

at most two.

10.1.2. — Since E (Jw)(w|u?) comes from the 1/u? coefficient of the R-matrix, its
coproduct will involve itself and the 1/u coefficient, that is, the classical r-matrix.
From Theorem 5.3.11, we compute

(10.4) AE (Jw)(w|u?®) = E (Jw){w|u?) ® 1 + 1 ® E (jw){w|u?) +

+ hz (w|e_geq |W) e_q @ eg,
a,B

where dots stand for terms in 2/(h)®2. Using (10.2), we compute

a-w, B=a>0,

otherwise.

(wle_peq lw) = {;

We deduce the following
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Theorem 10.1.1. — We have
Aci(N) =N ®@1+1@c1(AN)—h Y (N e_a®eq+-,
6-a>0

where the sum is over roots o of gg with multiplicities and dots stand for terms

in U(H)®?

10.1.3. — In particular, we have
R(u) Aci(A\) R(u) ™! = A°c;(N)
(10.5) =Aci(A\)+h Z (e—a®eq —eq ®e_y).

0-a>0

10.2. Quantum operators

10.2.1. — We denote by Q()\) the operator of modified quantum multiplication by
the divisor (10.1). By construction

Q( —Cl +hz ﬂﬁ) ﬁ)\ ﬁ) Q2,red(ﬂ)a

where 8 € Hy(cM,Z) is an effective curve class and Qg req(3) is the image of the
corresponding reduced virtual class under the evaluation map. The quantum part
of Q(A) is a linear combination of Steinberg correspondences.

10.2.2.
Theorem 10.2.1. — We have

Q) =c1 (A hz aeae_a—i—n-,

0-a>0

where the sum is over roots of gg with multiplicity and dots denote a scalar operator.

The scalar operator is fixed by the requirement that the purely quantum part
of Q(A) annihilates the identity.

Proof. — For brevity, we write Q = Q()).
Let AQ be the pullback of the operator Q under the stable envelope map

He(eM(wW')) @ Hg(M(W")) — Hg(M(W' +w")).
We can decompose it

AQ=) A.Q

according to the weights of h ® 1. Here
[h®1,A,Q] = a(h) ALQ.
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In other words, A,Q increases v’ by a. By Proposition 7.5.1 and Theorem 10.1.1,
we have
AQ=Q®1+1®Q.
By Corollary 9.3.2,
[(¢"® 1) R(u), AQ] =0,
which means
Ru) AQR(u)™' =) ¢ AQ.
The purely quantum part in Q is a Steinberg correspondence, hence commutes with
R-matrices. Taking into account the classical part, we get from (10.5)

DA-a)8aQ=h Y ad) (ea ® e~ e @ea),
o 0-a>0

which uniquely determines all A,Q with « # 0.
Now consider

Qremainder = Z(_l)(ﬂ’ﬁ) qﬁ )‘(/8) Q2,red(ﬁ) + Z OZ(A)

B 0-a>0

«

1—gq~

€af_q-

By Lemma 5.3.12, this is a Steinberg correspondence. Moreover, it commutes with
h and is primitive in the sense that

AQremainder = Qremainder R®1+1® Qremainder-

The following proposition finishes the proof. U
10.2.3.
Proposition 10.2.2. — Let © be a family of Steinberg correspondences
Ovw C My

defined for all v,w. If it is primitive
AB=0R1+1Q06
and commutes with f then © € EQ.

Recall that EQ acts by multiplication by linear function of v and w. Again, by A in
the above proposition, we mean the pullback of © under the stable envelope map.

Proof. — By hypothesis, © preserves the decomposition
Hg (M (w)) = €D He (M (w,v))

into EQ—Weight subspaces. In particular,
(10.6) [, [w)(w|] =0,

where |w)(w| is the projector onto the v = 0 part.
Since © is a Steinberg correspondence on each component,

[R(u), AB] = 0
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This and (10.6) implies
[tr1 ((jw)(w| ® 1) o R(u)), O] =0,

where the trace is over the first tensor factor and © acts in the second tensor fac-
tor. By the results of Section 4.7, this means that ©,,, commutes with operators of
classical multiplication by all characteristic classes of the tautological bundles. Propo-
sition 5.4.1 implies that ©,, is itself an operator of classical multiplication. Since it
has cohomological degree 0, it can only be a multiple of the identity. The primitivity
condition forces this multiple to be a linear function of v and w. O
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CHAPTER 11

COTANGENT BUNDLES OF GRASSMANNIANS

In this chapter, we illustrate the general theory for the simplest possible quiver Q—
that with one vertex and no arrows. The corresponding Nakajima varieties are cotan-
gent bundles of Grassmann varieties.

Grassmann varieties are among the oldest objects of study in algebraic geometry;
in particular, their quantum cohomology has been described by many authors from
many different angles, see e.g., [7, 15, 16, 48, 62, 77, 105, 111]. The modest goal of this
chapter is to help the reader align his favorite point of view on Grassmannians with
the direction of this paper.

11.1. Quantum cohomology

11.1.1. Setup. — For the quiver @) with one vertex and no arrows, the Nakajima

quiver data is a pair of matrices
N
n k
cr_cC
B

where C™ = C"! is the framing space and k = v;. Let X be the corresponding quiver
variety

X = %,O(kan) = {(Av B)aAB = 0}//9 GL(k)a
where

rk A =k, >0,
rk B =k, 0 < 0.
In either case, X = @ if £ > n. The map

{KerA, 0 >0,

stable points = {

(A,B)— L=
Im B, 0 <0,

makes X a vector bundle over the Grassmannian
_JGr(n—k,n), 6 >0,
| Gr(k,n), 0<0
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of possible L C C™. The fiber of this vector bundle is Hom(C"/L, L), whence
X =T"Gr.

Of course, Grassmann varieties of complementary dimension are isomorphic, but
this isomorphism is not canonical, in particular not GL(n)-equivariant. Here we are
interested in G-equivariant quantum cohomology of X, where

G = GL(n) x C}.

The second factor in G scales the cotangent directions with weight —#.

11.1.2. Divisors. — The tautological bundle UV = 9, is identified as follows
C/L, 0 >0,
V= /
L, 0 <0,

that is, ? is the universal quotient bundle for § > 0 and the universal subbundle
for 8 < 0. The line bundle

0(1) = (Atorg)*"?

is the very ample generator of Pic X. The corresponding projective embedding of the
Grassmannian is classically known as the Pliicker embedding.

It is elementary to see that c;(0(1)) generates Hi(X). Therefore quantum multi-
plication by this class uniquely determines the algebra of quantum multiplication.

11.1.3. The affine quotient. — Let

m: X — Xo

be the affinization of X. Its target X, may be described in terms of square-zero
matrices D, or differentials. Let

D ={D|D*=0} C EndC".
denote the set of square-zero matrices. It is stratified by GL(n)-orbits

(11.1) D, = {tkD =1}, r:O,l,Q,...,[gJ.

The map
(A,B)— D =BA
gives
Xo =2 D<,, r=min(k,n—k).
The fibers of m are Grassmann varieties, namely

7' (D)= {L|ImD C L CKerD}.

In particular, 771(0) = Gr.
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11.1.4. The Steinberg variety. — By definition, the Steinberg variety is
6=X X X, X.

The stratification (11.1) gives a decomposition into irreducible components
6 =|J6u,
d

where G4 is the closure of X xp__, X. In particular,

Sy = diagonal,
S, = Gr x Gr.

For us, the most important stratum is G;.

11.1.5. Lines on X. — Let £ € Hy(Gr,Z) be the effective generator. Curves of class ¢
are lines in the Pliicker embedding. Two points L; # Ly € Gr lie on a line ¢, 1, if

dlIIlLl n L2 = dlle - 1,

in which case
le,LQ:{L‘LlﬂLQCLCLl—FLQ},

Lines on X are the lines in the fibers of w. Therefore G; is formed by pairs of
points that lie on a line.

11.1.6. Torus-fixed curves. — Let A C GL(n) be the diagonal torus. Since X} = {0},
we have

XA =Gt
This is a finite set formed by coordinate subspaces
Ls = @ (Ces,
sesS

where {ey1,...,e,} € C" is the coordinate basis and S C {1,...,n} ranges over subsets
of cardinality dim L.

The set of reduced irreducible A-invariant curves in X is also finite, formed by lines
lg g/ joining fixed points Lg and Lg with |S A S’| = 2. Their tangent A-weights have
the form

i(ai_aj)v {i,j}:SAS/,

from which one concludes the following

Lemma 11.1.1. — The only unbroken A-fixed chains in X are covers of lines branched
over fized points.
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11.1.7. Quantum product by divisor. — For d =1,2,... let
Q4 C Huiadle(X x X)
be the following Steinberg correspondence

(11.2) Qi =d(—1)"%ev, [Mo2(X,dl)]

The sign (—1)"? is taken from the definition of modified Gromov-Witten invariants,
that is, it comes from pairing d¢ with

kx = c1(Gr) = n0(1).
The factor of d is introduced in (11.2) so that
(113) Qquantum =h Z qdz Qd

d>0

virtual,reduced *

is the modified purely quantum multiplication by 0(1).

Proposition 11.1.2. — For all d > 0 we have
(11.4) Qi = Q1 = £6;.

Proof. — As a first step, we compute the push-forward (11.2) modulo terms sup-
ported on the diagonal. We do this by A-equivariant localization.

Recall that only unbroken maps contribute to localization of reduced virtual classes.
Suppose the marked points of an unbroken map f evaluate to distinct points of XA.
Then by Lemma 11.1.1 f has the form

d
f: pt == és,s/ C Gr,
ramified over Lg, Lg: € Gr™. In particular
Aut f =7Z/d,
and hence f contributes
—(=1)™ Euler’ H' (f*TX)~" € Q(a),

to localization of Qq. Here Euler’ is the product of nonzero A-weights in the virtual
A-module H'(f*TX).

To be precise, there are two zero weights in this module. One occurs in HO(f*T¥g s')
and is taken out by the automorphism of a 2-pointed P'. The other occurs
in H'(f*T*¢ss/) and is taken out by passing to the reduced invariants. The
minus sign appears because T*/g g has weight —h under the C;-action while in

(11.3) we take out a factor of A.
Since

[ TIX=geg~*, & =fTGr,
Lemma 11.1.3 below shows
Qd (_l)dimGr

11. =
(11.5) EulerT, X x X Euler T}, Gr x Gr
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for any off-diagonal p € G, that is, for any

p=(Ls,Ls), |SAS|=2.

This proves (11.4) modulo a class supported on the diagonal.

133

To show the contribution of the diagonal vanishes, it suffices to note that Qi
annihilates the identity in cohomology and so does &;. Indeed, the fibers of 7 are

positive-dimensional over ®,._1.

O

Lemma 11.1.3. — Let A be a torus and let & be an A-equivariant bundle on P without

zero weights in the fibers &y, o over fized points. Then

Euler’ H (T & J*) = (—1)387 +%T+#2 Euler (5 @ 1),

where #z = dim H (S & & *)A.

The sign in (11.4) is easily determined from (11.5), but we will not need it in what

follows.

11.2. The stable basis

11.2.1. Tensor product structure. — As usual, we define

W(n) = |_| (J’fe)o(k, n)
k

The A-action makes c#(n) a tensor product

M(n) = M(1)®", M(1) = 2 points.

We write
H(M(1),Q) = Q0) ® Q[1) = Q%
where
vik) =k|k).
Similarly,

H (M) =@)" = @ «qls),

Ssc{1,...,n}
where we identify

subsets of {1,...,n} < {0,1}"

using indicator functions. In G-equivariant cohomology, we replace Q above with the

equivariant cohomology ring of a point.
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11.2.2. Polarization. — Recall from Example 3.3.3 that we have a canonical choice
for polarization of any Nakajima variety. In the case at hand, this gives

Stabg |S> |Ls
(11.6) = (£1)4™ ¢ Buler T, Gr,

= Euler Hom(%, C" & %)

depending on the sign of §. Here the Euler class is the product of A-weights.
Note the two possibilities in (11.6) differ by an overall scalar, which means that all
geometric operators act canonically in the stable basis.

11.2.3. Classical r-matrix. — We claim

go = 9l(2)
with its natural action on Q? and, by tensor product, on H- (CM(n)A) Indeed, the

classical r-matrix is computed as follows in terms of the matrix units e;; € gl(2).

Proposition 11.2.1. — We have
r=-eg ®e11+er1 ®ep — €1 e — e1p @ eopt-

Proof. — For oM(1) ® oM (1) this was computed in Section 4.1.2. In general, it follows
by additivity of the classical r-matrix. O

Other ways to write the r-matrix include
r=w®w—Zeij®eﬂ
ij
=—eQf—fRe+---,
where
e=e1w, [f=eo1, W=eg+ e,

and dots stand for a diagonal operator.

11.2.4. Quantum multiplication in stable basis. — Recall the operators Qg are Stein-
berg correspondences. Therefore, by Theorem 4.6.1, their action in the stable basis
does not depend on the choice of a chamber € for A.

The following proposition gives a direct verification of Theorem 10.2.1 for cotangent
bundles of Grassmannians.

Proposition 11.2.2. — We have

Qquantum =h

where dots stand for a diagonal operator.
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Proof. — By Proposition 11.1.2, the statement to prove is

Ql = ef + e
Since dim ¢M” = 0, Theorem 4.4.1 gives
(11.7) QialS) =D (~1)%™r(Stab_¢ |S’) ® Stabe [S), Q1) |S) .

I
The coefficient in (11.7) may be computed using (11.6) and (11.5) and recall that we
can set i = 0 in this computation, which makes stable envelopes diagonal. For either
sign of 6, this gives

0, |SA S| > 2,

1, |SA S| =2,

proving the proposition. O

(81 QualS) = {

11.2.5. — It is an interesting combinatorial and geometric question to compute the
transition matrix between the stable basis and the fixed-point basis in H¢(X).

In the quantum integrable system language, the fixed-point basis corresponds to
the eigenbasis at ¢ = 0, while the stable basis is the coordinate basis, that is, the
spin basis of the spin chain for X = T*Gr. Thus, the question is equivalent to explicit
diagonalization of the Hamiltonian at ¢ = 0.

For the inhomogeneous XXX spin chain, the answer was known to Nekrasov and
Shatashvili. The corresponding symmetric functions are rational analogs of the inter-
polation Schur functions. Just like Schur functions may be deformed to Macdonald
polynomials associated to root systems of type A and, more generally, to nonreduced
BC root systems, these rational interpolation Schur functions naturally lie in the
family of special functions studied by E. Rains in [103].

In [109], D. Shenfeld shows how this identification is a example of the general
abelianization procedure for stable bases.

11.3. Yangian action

11.3.1. The Yangian of g[(2). — Yangians of finite-dimensional Lie algebras have been
studied in great detail, see for example the exposition in [17, 33, 81, 82|. We recall
Y(gl(2)) is generated by countably many generators, the coefficients EE;-C)

erating series

in the gen-

E
EZJ(U)Z(S”—{_Z#’ 2] 6{172}7
k>0
subject to the RTT = TTR relations. These relations are written in terms of the
matrix
E E
E(u) = ( 11(u)  Eia(u)

E21(U) E22(U)> € End Q2 ® Y(g[(2))[[u—1]]
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and have the form
(11.8) R(u — v) E(u) E(v) = E(v) E(u) R(u — v).
The equality in (11.8) is an equality in
(11.8) € End(Q* ® Q%) ® Y(gl(2))[[u"",v™1]].
The R-matrix in (11.8) is

1
Rw) = (1-2)/(1-~) € End(@® Q) [lu ™)
where s is the permutation of tensor factors. The scalar factor, which plays no role in

(11.8), is chosen here so that R(u) equals the R-matrix for o#(1) ® c#(1) computed
n (4.1) for h = 1.

11.3.2. Evaluation representation. — Consider the map Y(gl(2)) — End Q? given by
€ji 1
(11.9) Eij(u) — (5” 7)/(1 E)‘
This takes E(u) to R(u) and is indeed a representation of Y(g[(2)) by the Yang-Baxter
equation. We denote by Q?(a) this representation precomposed with the translation

automorphism of the Yangian. It is well-known, and can be seen as in Section 5.5.3,
that

(11.10) M KerQ*(a1) ®--- ® Q*(az) = 0.
n=1
Traditionally, a different representation of the Yangian, namely
€ij
Eij(u) — i + ZJ
is called the evaluation representation. The two are related by a composition of au-
tomorphisms
E(u) = E(~u)", E(u) = f(u)E(u)
of Y(gl(2)), where the superscript T' denotes transposition and f(u) = 1+ O(u~1!) €
QI[[u~1]] is an arbitrary scalar factor.

11.3.3. Comparison of Yangians. — Let Y denote the Yangian constructed in Chap-
ter 5. This is an algebra over k = Q[A]. The Yangian Y is graded by cohomological
degree and A has cohomological degree 2. Therefore, Y is uniquely reconstructed,
via the Rees algebra construction, from its specialization at 7 = 1, with the induced
filtration. We set 7 = 1 in what follows.

Proposition 11.3.1. — We have
Y(gl(2)) = Yo.

Proof. — Since the generators of Y satisfy the RT'T = TTR relation (5.10), we have
a surjective homomorphism Y(gl(2)) — Y. Its injectivity follows from (11.10). O
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11.3.4. The center of Y(g((2)). — For any Lie algebra g, we have
Center %U(glu]) = U(Center(g)[u]),

see e.g., Section 2.12 in [82]. The center of U(gl(2)[u]) deforms to the center Z
of Y(g!(2)), which is freely generated by the coefficients in the expansion

qdet E(u) =1+ Z qdet, u*
k>0

of the quantum determinant
qdet E(u) = Ej1(u) Eoa(u — 1) — Egq (u) E1o(u — 1).
The quantum determinant is group-like
A qdet E(u) = qdet E(u) ® qdet E(u)
and

u—a

qdet E(u)|Q2(a) =T 1

Whence the equality of ideals

(11.11) (qdetk>k>0 - (chk Gw)kzo cz

11.3.5. The core Yangian. — The nonequivariant Cartan matrix for @ is C = (2),
which is invertible. Therefore

YQ C YQ.
The classical r matrix for the core Yangian Yg equals

r—C_1w®w:—%h®h—e®f—f®e,

where
h=-ei1 —ey € 5[(2)

This is the classical r-matrix for s[(2). This means the core Yangian Y¢ is a filtered
deformation of U(s((2)[u]).

Proposition 11.3.2. — We have
Yo =2 Y(sl(2)).
Proof. — Let 3 = gl(1) denote the center of gl(2). By deformation from
U(gl(2)[u]) = U(s1(2)[u]) ® U(3[ul]),

we get
Yo®Z=Ygo=VY(gl(2)) =Y(sl(2) ® Z.
Taking the quotient by the ideal (11.11) gives the desired isomorphisms. O
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11.3.6. — Baxter subalgebras in Y(gl(2)) appeared in mathematical physics as quan-
tum integrals of motion of the XXX spin chain with quasi-periodic boundary condi-
tions.

Proposition 11.2.2 and Section 6.5 shows the operator

Q =C (0(1)) U+ Qquantum
of modified quantum multiplication by ¢1(0(1)) lies in the Baxter subalgebra corre-
sponding to
g=¢" € GL(2).
Since the operator ¢1(0(1))U in H(X) has distinct eigenvalues, the algebra of

quantum multiplication equals the Baxter subalgebra in Y(gl(2)). This is one of the
most basic examples in Nekrasov-Shatashvili theory.
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CHAPTER 12

CLASSICAL r-MATRIX AND gi(1).

12.1. Setup

12.1.1. Moduli of framed sheaves. — We now specialize our general discussion to the
quiver @ with one vertex and one loop. We take ¢ = 0, § > 0 and denote

(r, n) = (Wl,Vl).

The corresponding Nakajima variety o} (r, n) is the moduli space of framed torsion-
free sheaves of with

tkef =7, c(cF) =n,

on P2, see [86]. Framing means a choice of trivialization of & along P? \ C2. It implies
c1(of) = 0. As usual, we set

r)= |_| M(r,n).

In particular,

M(1) = Hilb = |_| Hilb,,

is the Hilbert scheme of points of C2.
Our goal in the rest of the paper is to make the general theory explicit in this very
important special case.

12.1.2. Uhlenbeck space. — The affine variety
U(r,n) = Mp,o(r,n)

is the Uhlenbeck compactification of the moduli of framed instantons. The canonical
map

M(r,n) — U(r,n)

takes a torsion free sheaf ¢¥ to the vector bundle &V together with the support
of §7VV /&F, counting multiplicity.
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12.1.3. Group actions. — Concretely, o}#(r,n) is the GL(C™)-quotient of the spaces
of quadruples

X, X:C"—-C", A:C"—-C", B:C"—>C"
satisfying the equation

and stability condition: the image of A must generate C™ under the action of X;
and XQ.

The framing group G,, = GL(r) acts by the automorphisms of C" or by changing
the framing in the sheaf description. The group Gedge = GL(2) acts by

X X X
g- 1) _ (911 X1+ 91242 , g-A=A, g-B=det(g)B
Xo g21 X1 + ga2 Xo

in the quiver description. In the sheaf description, it acts by automorphisms of P?
preserving C2.
We fix a maximal torus A C GL(r) with

a = Lie A = diag(aq, ..., a,)
and take G = A x GL(2). Note that A is central in G.

12.1.4. Fixed loci. — By Example 3.2.2, we have
M(r) = M(1)*", M(1)=| |Hilb,.

In the sheaf description, o} (r)” is the locus of direct sums

M) = {@z,}
i=1
of ideals I; C Clz1,z2] = Oc:.

12.1.5. Polarization. — Our general prescription for polarizations of Nakajima vari-
eties gives the following for instanton moduli.

Following Example 3.3.2, consider the C*-action on C? that scales one coordinate
axis, say the xo-axis. This scales w with weight —1. One of the components X s
the following Quot-scheme

Qn = {F | 220" C F C 0%} C M(r,n).

It is middle-dimensional. Since w pairs C*-weight spaces of total weight 1, it is
Lagrangian. In the quiver description, it is given by
X,=0, B=0,

that is, by representations of one half of the quiver Q.
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As out polarization, we take weights that are normal to @,. Those are easily
identified, giving

(12.2) e=[[1I(a; — a)™

i=1j#i
for the component
Hilb,,, X - -- x Hilb,, C M(r)".

12.1.6. R-matrices. — Our general theory produces an R-matrix
R(u) € End (Hg, (Hilb)®?) ® Q(ga),
which solves the Yang-Baxter equation with spectral parameter
u=a; — as.

Our goal now is to identify R(u) and the corresponding Yangian. We use the
boldface letter to denote this particular R-matrix. It will be characterized in terms of
the Virasoro algebra in Chapter 14.

12.1.7. — As a first step, in Section 12.4 we show the corresponding classical r-matrix

is the r-matrix for gl(1), modulo zero modes. The action of gl(1) on the cohomology of
Hilbert schemes was constructed by Nakajima [84] and Grojnowski [50]. Its extension
to higher rank is due to Baranovsky [6].

12.1.8. — In principle, R(u) may be computed from the R-matrix of Y(gl(c0)) using
the factorization in Theorem 4.3.1, see [113]. In particular, the classical r-matrix is
very easy to determine in this approach. Here we take a different route to the same
result.

12.2. Baranovsky operators

12.2.1. — We recall from [6] the definition of Baranovsky operators 8. For k > 0,
consider the locus

(12.3) B C  M(r,n+k) x C* x M(r,n)

of triples (&', z,sf) such that &7’ C of and of /oF' is a length k sheaf supported at z.
We have [6]

dim®B = 2rn 4+ rk + 1,
which is the middle dimension of the product. Note that 98 is G-invariant.
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12.2.2. — Next, B is a Lagrangian Steinberg correspondence between the first factor
and the other two, which can be seen as follows. We embed

(CZ = (Cl,Cg) — ((1131 — Cl)k,l’g — Cg) € Hilby, .

Note this pulls back the translation-invariant symplectic form. Consider the maps

Hilby, x M(r,n) —— M(r + 1,n + k) <— Hilby x M (r,n + k)

|

U(r+1,n+k).

Here the horizontal arrows are formed by taking direct sums and the vertical is the
canonical projection to the Uhlenbeck space. It is clear that points on the correspon-
dence B map to the same points of U(r + 1,n + k).

12.2.3. — The correspondence B defines a map

O : H;(C?) ® H(M(r,n)) — He(cM(r,n + k).

We define the operators B_i, k > 0, as the matrix elements of ©y with respect to
the C2-factor, that is

B_r(v)-n=0Om(y®n), 7€ HC?).

12.2.4. — For k > 0, we define Bi () as the matrix elements of the adjoint operator
O% : Hg(C?) ® Hg(M(r,n + k) — Hg(eM(r,n)) @ K,

see Section 3.1.3. A larger base ring K is required because the adjoint correspondence
is not proper and equivariant localization is needed to define it as an operator. We
will see that

. 1
K= HG(pt) |:det(c2:| 5

where
tq
detce ( ; ) = t1ty € Q[gl(2)]
2

is the determinant of the defining representation.
Also note that since we permute the source and target of ©g, the operator ©F
gets a sign, namely

(=1 = (—1)7 dimeM(rnth)+3 dimH(rn)
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12.2.5. — For r = 1, Baranovsky operators specialize to the original Nakajima oper-
ators, up to normalization. We denote them by (7). It is a theorem of Nakajima
that these satisfy

(12.4) [k (71), i (72)] = kO (71 U2),

see [84]. Recall from Section 3.1.3 that 7 involves a sign. Since 7; are cohomology

classes on a surface,
== [
C2

where the integral is defined as an equivariant residue. In particular

1
12.5 1)=- .
(12.5) (1) = -3 pro
12.2.6. — Since [ () is a Steinberg correspondence, there exist a Steinberg corre-

spondence (B (y)a that makes the following diagram commute

for every chamber € and every k < 0. Here we use that A does not act on the C?
factor in (12.3). By taking adjoints, the same holds for k > 0 after tensoring with K.

Theorem 12.2.1. — We have
5k(’)’)A=Zl®-~-®ak(’y)®~-®1,
i=1
where a(7y) acts in the ith tensor factor.

12.2.7. — In particular, Theorem 12.2.1 and commutation relations (12.4) imply
(12.6) [Br (1), B (V2)] = 710 0T (71 U 2),

which is a theorem of Baranovsky, see [6].

12.3. Proof of Theorem 12.2.1

12.3.1. — By Theorem 4.6.1, the operator in question is given by a correspondence
supported on BA. From definitions

(12.7) BA = T Iz, T Ji) ¢
{(Dr.rB7)}
where I;, J; € M(1), I; C J;, and
supp J;/I; C {z},

for all . The connected components of B are classified by the second Chern classes
of I;, J;, and their dimensions are computed as follows

dim = 2 + Zmax (ca(I;) — ca(Ji) — 1,0).
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In particular,
K

BA = U %Y') U lower dimension,

i=1

where %gi) denotes the corresponding correspondence for r = 1 acting in the ith
factor.

12.3.2. — The top dimensional components %ﬁ“ are irreducible. Therefore, to com-
pute the Lagrangian residue of B, it suffices to find a smooth point b of % on each
of them.

By symmetry, we may assume i = 1. In (12.7), we take a point b € B* such that

iL':OE(CQ, Ilz(x’f,xg), J1:0,
while 0 ¢ supp I;,supp J; for ¢ > 1. Lemma 12.3.2 below gives a rational map
ficM(r k) x M(r,n) --» M(r,n + k)

which is an isomorphism in a neighborhood of b. Denoting the correspondence (12.3)
by B, k, we have

f*(%'r,n,k) = %T,O,k X dlage}{(nn)
in a neighborhood of b.

Note that polarizations in Theorem 4.6.1 enter in the combination €x &y. There-
fore, the residue of the diagonal is always the diagonal and the computation is reduced
to the case n = 0.

12.3.3. — The correspondence
B0k CM(r k) x C?
has the following quiver description:
Bk = {B=0,(X1 —21)" =0,(Xz — z2)* =0},

where x = (1, 3) € C2. Our reference point b on it is given by

0 1 00
1 0 0 0 O
Xi=19 1 o0 o X2=0A=1, 9 o
Lemma 12.3.1. — The variety B, ok is smooth at b and its nonzero tangent A-weights
are
(a1 —a)®", i=2,...,r
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Proof. — In a neighborhood, the operator X; — z; will remain a regular nilpotent
and the (1,1)-entry of A will remain nonzero, hence the triple (X;, X2, A) may be
brought to the normal form

T 1 * %
T1 0 *
X1 = 0 1 x » Xo=P(X), A= 0 * =

by a unique element of GL(n). Here P is a polynomial of degree < n and stars stand
for arbitrary numbers. Thus a neighborhood of F in 9B is isomorphic to C™*1. The
computation of the tangent weights is straightforward. O

12.3.4. — In particular, we see that
TyB/TyB" = T,Q1 /To Q

as A-modules.

Since B is smooth at b, its Lagrangian residue is £%8”. Further, the normal weights
to B agree with the polarization (12.2). This finishes the proof modulo the following
lemma used above.

12.3.5.
Lemma 12.3.2. — Suppose the eigenvalues of X1 may be partitioned

Eigenvalues(X;) = |_| E;

into a nontrivial disjoint union. Then a neighborhood of (X1, Xs, A,0) in M(r,n) is
GL(r)-equivariantly isomorphic to an open set in [[M(r, |E;|).

We are grateful to the referee for pointing out that this statement, with a different
proof, is the factorization property of [11].

Proof. — For nearby X; we can still group the eigenvalues according to the same
partition. We denote
P:C"—->C" i=1,...,0u)
the corresponding spectral projectors.
The projectors P; are canonically defined and, in particular, commute with the cen-

tralizer of X; in GL(n). We thus may assume they project onto coordinate subspaces
and replace the GL(n)-quotient by [] GL(|E;|). For each 4, the quadruple

(Zi,W;, Ay, Bj) = (P; X1, P; Xy P, P; A,B F;)

solves (12.1). Because the starting point (X7, X2, A, 0) is stable, each of these blocks
remains stable in a certain neighborhood. Thus we get a map to [[ e#(r, |E;|). Clearly,
it is GL(r)-equivariant.
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The original data (X7, X5, A, B) may be reconstructed as follows. Since Y P; = 1,
all we need is to recover
W;; = P, X, P
for i # j. It is a solution of
lelj — Wiij = —AiBj,

which exists and is unique because the spectra of Z; and Z; are disjoint. O

12.4. Classical r-matrix
12.4.1. — Denote k = H(pt) and let
) € Ho(eM(1,0)) =k
be the identity element. We abbreviate
an = ap(1)
in this section. It is a theorem of Nakajima [84] that the map
kla_1,a_0,a_3, | = Hg(cM(1))
given by
fefh,

is an isomorphism. We will use it to identify its source and target.

12.4.2. — We define
F= K[a,l, a_9,_3."" :I
The operators a,,, n > 0, act on F satisfying (12.4) and annihilating the vector
vac=1=1).

Following the tradition in quantum field theory, F is called a Fock space. The
operators a,, generate a Heisenberg algebra in End(F).

12.4.3. — Consider
R(u) € End (F ® F) @k Q(ga)-

By Theorem 12.2.1, it commutes with the operators
Bn(Da=0n ®14+1Q ay.
We define
afzan®1:|:1®an.
These satisfy
(12.8) [af, o] = 2k7(1) 641 be s

where ¢, € {£} as a consequence of (12.4).
We see the operators a;F generate two new commuting Heisenberg subalgebras
of F® F and R commutes with one of them.
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+

(12.9) FRF=Fr@F .
We denote by End ™~ the image of End(F~) in End(F®?),

12.4.4. — Using the operators o;-, we can write

Lemma 12.4.1. — The operator R belongs to End™.

Proof. — The operators ;' act irreducibly on F* and commute with R. O
12.4.5.
Lemma 12.4.2. — An operator in End™ is uniquely determined by its matrix elements

in the subspace
vac® F c F®2,

Proof. — Let A € End™ and suppose that
(12.10) (A-vac®vi,vac® v2) = 0,

for all vy, vy € F, while

(12.11) (A H aZ,, vac ® vac, H a_, vac® vac) # 0,

for some partitions u,v. We may further assume, the partitions p,v in (12.11) are
chosen minimal with respect to |ul,|v|. Then taking

v = Ha,m vac, v = Ha,,,i vac,

in (12.10) and expanding
1@ ap = 5(ay —ay),

we get a contradiction. O

12.4.6. — The subspace

vac® F C Hg(eM(2)R) @ K
is a vacuum subspace in the sense of Section 4.7. By Theorem 4.7.1, the corresponding
matrix element of R(u) is the operator of classical multiplication by

e(N_) hrk N_

12.12 —_— =14 — 4+
( ) e(N_® h) +a1—a2 T
where
—UuU = ag — a1

is the A-weight of N_. By Formula (2.15),

k N- 1,0y =™

In the sheaf interpretation, the unstable normal bundle N_ to

M) 2I— 08I € M?2)
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is the tautological bundle of the Hilbert scheme
N_ = Taut = H°(O/I).

Hence rk N_ is indeed the number of points.

12.4.7. — Consider the operator

Lo=— 3" a_x(1) ax(pt),

k>0
where
pt = [0] = detc2 € HZ(C?)

is the class of the origin. Note that since pt and 1 are proportional, they may be
distributed arbitrarily between the two factors. From

[ (pt), cu (V)] = =k Sk,

one has the following

Lemma 12.4.3. — L acts by multiplication by n in H(M(1,n)).

12.4.8.
Theorem 12.4.4. — The classical r-matriz for JM(1) x M(1) equals
(12.13) r=— Z a”, (1) a, (pt).
n>0
Proof. — This commutes with «;f and has correct vacuum matrix elements by
Lemma 12.4.3. We conclude by Lemma 12.4.2. O

12.4.9. — Expanding out (12.13), we get the following formula for the action of r on
cohomology of M (r1) x M (rs)

(12.14) r=vaw+wev+y B_i(l)® Bi(pt),
k0

where

act by multiplication by the rank and instanton charge, respectively, compare with
(5.23).
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12.4.10. — We conclude
gqQ = g/l(l\) ® ]K/zero modes,

where zero modes (or constant loops) refer to central elements By(vy). The brackets in
this Lie algebra

[V, Bn(7)] = =16 (7),
(12.15) Brn(7), B (V)] = 7(y UY) 18 gm W,

are a special case of the relation (5.11).
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CHAPTER 13

FREE BOSONS

13.1. Fock spaces

13.1.1. — Anticipating application to algebraic surfaces other than C2, we will put the
commutation relations (12.15) in a more abstract framework, in which the insertions
take values in a general commutative Frobenius algebra H over a ring K.

To go back to framed sheaves on C2, one takes

(13.1) H = Hg(C?) [ : ] , K =Hg(pt) [#}

detc2 detg2

with the trace map
T:H—-K

given by 7(y) = — [2 7. We denote this Frobenius algebra H(C?).
Most of the material in this section is completely standard and is recalled mainly
for setting up the notation.

13.1.2. Heisenberg algebras. — Let H be a free K-module with a nondegenerate sym-
metric bilinear form (-, - ). Consider the space
H[z*!] = H @ K[z*1]

of polynomial loops, that is, Laurent polynomials f(z) with values in H. This has a
natural skew-symmetric form

(13.2) o= [@o, [=§m

For example

{vz"mz""y =n(v,n), ~v,neH

The form (13.2) makes H[2*'] @ K a Heisenberg Lie algebra. We denote by §jeis =
$eis(H) its universal enveloping algebra and denote by ., (7) € $eis the image of y2™.

Note that $ieis has a center, generated by the identity and the zero modes ag(7),
v e H.
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13.1.3. Translation automorphisms. — The additive group of H acts on $eis(H) by
automorphisms
Sy (O‘n(n)) = O‘n(n) - 671,0 ('Ya 77)) v,M € H.
We denote
$Heis™ = K[H,qq] X Heis,

where K[H,qq] denotes the group algebra of the additive group of H. By definition, it
is spanned by linear combinations of ¢, v € H.

Introduce the corresponding Lie algebra elements

log(7) = log 6y
which satisfy the relations

[Oén('}’), alog(n)] = 5n,0 (’Ya 77)

13.1.4. Fields. — The commutation relations in $jeis™ are best summarized using
fields, or generating functions. Consider
an(y)
(13.3) $(7:2) = mog(7) + a0(7) logz =y =" == 27",
n#0

where z € C* is a variable. Then

[@(7; 2), d(m;w)] = (7,1) (108(2 — W)|21>w| — 10g(W = 2)jw|>|2|) -
Here
(w/z)"

10g(2 — W) |25 | = logz — Y o

n>0
is the series expansion in the region |z| > |w|. We will also consider

(13.4) a(v;2) =0¢(v;2) =Y an(v) 27",

where

0
0=z—.
“0z
The coefficients of the fields (13.4) generate $eis(H).

13.1.5. Fock spaces. — The Fock representation of Heis™ is generated by the vacuum
vector |0) such that
an(y)]0) =0, n>0.
We denote
In) =6y 0).
These satisfy
ao(y) In) = =(v,n) [n)
and generate an irreducible $jeis-module that we denote F(7). We have

Fin) 2F0) =S (z_I]HI[z_l]) as vector spaces,
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the first isomorphism being the action of ¢,. The module structure of F(n) varies with
7, but only in how the center of $eis acts.

13.1.6. Adjoints. — There is an anti-involution on $eis; defined by

*_

(an(’)/))* = Offn(’}/)ﬂ Sp =S—n

that is,
¢(77 Z)* = _¢(77 Z_l)'

The Fock representation has a unique inner product for which |n) are orthonormal
and the anti-involution * coincides with taking the adjoint operator. We will use this
inner product to define matrix elements of operators.

13.1.7. Normally ordered products. — Consider a product (v, z)a(n,w) of two

fields. Its matrix elements are given by convergent series in the region |z| > |w|.

At z = w they have a singularity. This is regularized by commuting all annihilation

operators to the right. In other words, one defines the normally ordered product by
2w

(13.5) a(y,2) a(n,w) = (v,n) er oy, 2) an, w) 5,

where the first, singular, term is to be expanded in the region |z| > |w|. The normally

ordered term in (13.5) is regular at z = w, in fact

(13.6) ( safy,z) a(n,w) : fl,fg) € K[zil,wil],

for all f;, fo in the Fock space.

By linearity, we can say that the normally ordered product : a(v, z) a(n, z) : takes
an element v ® n € H®? as an argument.

A generalization of (13.5), known as Wick’s theorem, explains how to normally

order any product of normally ordered monomials in a(v;,2;). See for example [44,
24, 55].

13.1.8. Grading. — Recall we assume ( -, - ) to be nondegenerate and let g—1 € H®? be

the inverse quadratic form. Then : a2 : (g7!,2) is a well-defined operator-valued

Laurent series, from which we can extract the constant term [ : a® : (¢7!,2). The
following computation is standard

Lemma 13.1.1. — Let the Fock space be graded by

deg |77> = (77777)/27 deg Q_p ="N.

Then %f :a?: (g1, 2) is the grading operator.

This is a generalization of Lemma 12.4.3.
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13.2. Insertions and coproducts

13.2.1. — Note that in (13.6) we evaluate both operators at the same point
z=w € C*, but they still take two distinct cohomology insertions + and 7, or,
equivalently, a element of v ® n € H®? as an argument.

To write an operator with a single cohomology insertion, we need a coassociative
coproduct

A:H — H®?
and its iterates
H > 5 — 42" € H®".
We can then construct an operator
def A
i (y,2) = a (777 2)

which depends on a single point z € C* and also depends linearly on a single coho-
mology insertion ~.

we have

13.2.2. — For example, for H = H;(C?) [7(181@2]

1 =—1@pt=—pt®1.

This is because the comultiplication, as adjoint to multiplication, gets the sign
—1 = (—1)29mC Therefore, the Formula (12.13) can be recast in the following form

(13.7) r= 5/ (a7)?: (1),
modulo zero modes ag(7).

13.2.3. — Because of the Frobenius algebra structure on H, Wick’s formula for the
operators : a” : (y) takes the following particularly nice form.

For any symmetric Frobenius algebra, there is a canonical central element e € H
such that
m(y?) = ey
for all v € H. Here m : H®? — H is the multiplication map. This is associated with
gluing a handle in the context of 2-dimensional topological quantum field theories,
see for example [63]. One has

T(e) = I’kK H.

In particular, if Hl = H*(S) then this is the Euler characteristic of S (recall we

assume H is commutative for simplicity).

Lemma 13.2.1. — We have
(13.8) :a":(71)(z1) : @™ : (12)(22) =

min(n,m)

Z cr(z1,22) : a"_k(zl)am_k(z2) : (lezek_l) ,
k=0
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where

(13.9) ck(z1,22) = (= (( — 2>k

k! zZ1 — ZQ)

Here (n)r = n(n+1)--- (n+k—1) and the combinatorial factor in (13.9) is the number
of ways to form k pairs of elements from {1,...,n} and {1,...,m}, respectively.
Two terms in (13.8) require a special discussion. For k = 0, the insertion is defined
to be
Y ]
For n = m = k, the whole term is defined to be

cr(z1,22) T(71y2 " ).

Proof. — This is an exercise in matching the Wick’s formula with the graphical cal-
culus for Frobenius algebras, as explained, for example, in [63]. The tensor operations
H®2 — H@(n+m—2k)
that arise from Wick’s formula, are interpreted graphically as surface of genus k£ — 1

with two incoming and n + m — 2k outgoing holes, hence equal to

1\ A(n+m—2k)
Y1 ® y2 — (71726k 1) e .

Note for k = 0, the surface is disconnected, whence the need to consider this case
separately. The other special case n = m = k is the case of no outgoing holes. In this
case, there is only the scalar operator left in Wick’s formula. O

It is straightforward to generalize this lemma to more than two normally ordered
monomials.

13.3. Virasoro algebra
13.3.1. — For an arbitrary x € H, define
(13.10) T(v,k) =% : o’ : () + da(yk) — 7y K?).

This field generates a Virasoro-like subalgebra of the Heisenberg algebra, known as the
Feigin-Fuchs or background charge Virasoro algebra. The statement for an arbitrary
H should also be considered known, see for example the discussion in Section 5 of [66].

13.3.2. — We denote by L, (7, k) the coefficients of T'(v, k), that is,
T(y,k) =Y La(y,k) 27"
neE”Z
Theorem 13.3.1. — The operators L, (7, k) satisfy
5 nd—n
(13.11)  [La(y1); Lm(72)] = (0 = m) Litm (71 72) + 7(7172(€ = 1267)) S —5—
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These are the familiar Virasoro relations adorned with cohomology labels. The
element

(13.12) c=e—12k*cH

plays the role of the central charge.

13.3.3. OPEs. — The most efficient way to encode the commutation relations for the
operators T is via the operator product expansion. This goes as follows. Let the fields

A(z) = Z anz" ", B(z)= Z by 27"
neZ nez

satisfy a commutation relation of the form

k
4, Bw)] = 3 0u(w) (w ) dlew),

k>0

where 6(z,w) =) _,(z/w)™ and Cy(w) are some fields like A and B. Then

nez

A(2)B(w) = [A_(2), Bw)] + : A(2) B(w) :
k
(13.13) ~ Y Ci(w) (wai) . ivw
k

where A_(2z) = ), an 2" and ~ means equality modulo terms that remain regular
as z — w. In particular, in (13.13) we dropped the normally ordered term.

13.3.4. Proof of Theorem 13.3.1. — Let

_ Waw o 1 _
G_z—w_ex/2—e—x/2’ z = In(z/w),

denote one of the Green’s functions of the 0 operator on the cylinder. Since we will
only deal with expansions as z — w, we may ignore the monodromy of G.

Proposition 13.3.2. — The field T satisfies the following OPE

(13.14) T'(71)(2) T(72)(w) ~
3G T(m y2(e — 126%)) + 2G° T(m172) (w) + G OT (1172) (w),

where e € H 1is the handle-gluing element.
Proof. — Direct computation using Lemma 13.2.1. ]

This proposition finishes the proof of Theorem 13.3.1. O
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13.3.5. Lowest weight. — From definitions, we compute
Ln(’}/, H) |77> = 03 n> 03
while

Lo(v, &) [n) = 5 T(v(n* — &%)) [n).
For v =1 and x = 0 this specializes to Lemma 13.1.1. The element
(13.15) d=1(m*-r*) el
should thus be viewed as the conformal dimension of |n), that is, the lowest weight of

the Virasoro module F(n).

13.3.6. Irreducibility. — We have the following standard
Lemma 13.3.3. — The Virasoro module F(n) is irreducible for generic n.

Proof. — For n — oo, Virasoro algebra degenerates to Heisenberg algebra which acts
irreducibly. O

13.4. Reflection operator

13.4.1. — Lemma 13.3.3 implies for generic 0, F(n) is a Verma module for Virasoro
algebra with central charge (13.12) and lowest weight (13.15). Note, however, that
the map

(n,£) — (d,c)
is many-to-one, in particular, the 4 points (£7, £x) give isomorphic Virasoro modules
for generic parameters. This implies the following

Proposition 13.4.1. — For generic n and any choice of signs, there exists a unique,
up to multiple, operator Ry 1 that makes the following diagram

F(n) ————F®)
S
F(£n) F(+n)

commute. It depends rationally on n, k € H.

T(+k)

The first + in Ry 4+ is for 7, the second—for k. The intertwiner R4 4 is a ratio-
nal function of 1,k € H because it solves linear equations in which n and x enter
polynomially. We normalize it so that

REI;EZ |77> = |5177> .
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13.4.2. — In down-to-earth terms,

Rax [JLop(vik) In) = [T Loy (s £5) | m)

for all partitions u. For generic 7, these vectors form a basis of F(£7).
In particular, R1y preserves the grading by |u|, hence is a direct sum of finite-
dimensional operators.

13.4.3. — It is easy to see that

(13.16) R__an(y) RZL = —an (7).

Thus of the four operators Ry only one is really nontrivial. Also, we note

(13.17) n=0=>R,_=R__.

13.4.4. — The operator R_ is known as the reflection operator in Liouville CFT,

see [117], while we will identify R(u) with the operator R, _ for
H = Hy(C?) | 3]

detcz

in Chapter 14. Thus, the Liouville reflection operator will be identified with
RY = (12)R.

The Yang-Baxter equation satisfied by R.(u) is a new and unexpected aspect of the
theory.

13.4.5. — In addition to the inner product discussed in Section 13.1.6, the action of
the Virasoro algebra equips the Fock space with the Shapovalov inner product, such
that
Ll =L_,,
where dagger denotes the adjoint operator with respect to the Shapovalov product.
We have
R_yLi =L R 4,
therefore R_, is precisely the operator that relates the two inner products. In par-
ticular, the determinant of the graded pieces of R is very closely related to Kac de-
terminant for Virasoro algebra, see [57, 42]. We will see the classical results of Feigin
and Fuchs on it from a new perspective in Chapter 14.
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THE FULL R-MATRIX

14.1. Zero modes

In Section 12.4.10, we identified the Lie algebra g¢ for instanton moduli o(r) with

—

the algebra gl(1) modulo the zero modes. On the other hand, we saw in Chapter 13

the convenience and importance of including the zero modes in the considerations.
Later, a different normalization of R(u) will be introduced which will reconcile

these two points of view. For now, until the Section 14.3.1, we set zero modes to zero.

14.2. Cup product by divisor

14.2.1. — Generalizing the formula for r, we define

@n:%/:a":(l).

These are examples of Fourier coefficients of vertex operators, see e.g., [44, 55]. The
following operator €2, while not a Fourier coefficient of a vertex operator, plays an
important role in the theory.

14.2.2. — Define the operator |9| by
|0] - 2" = |n]|2".
This is a composition of 9 = z% and the Hilbert transform. We define

0= %/ raldla: (1) =) no_non(1).

n>0

14.2.3. — The operator Q appears in the following formula due to M. Lehn [65].
Recall that

O(1) = AP Taut, Taut =V, = Hp(F(-1))
is the ample generator of the Picard group of o(r).
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Theorem 14.2.1 ([65]). — The operator of cup product by ¢1(0(1)) in Hy(Hilb) is given
by
(14.1) al@1) V- =—-B3+(a—371)s+ 510

Here a is the weight of the framing torus A = C* that acts trivially on (1)
itself, but nontrivially, namely with weight a, on the tautological bundle. Such an
insignificant additional parameter is usually suppressed and, in particular, it is not
present in Lehn’s formulation.

Lehn’s theorem may be also deduced from the factorization of R(u) into R-matrices
for Y(gl(oc0)) given in Theorem 4.3.1, see [113].

14.2.4. — Lehn’s theorem identifies the operator of cup product by ¢;(0(1)) with the
second quantized trigonometric Calegero-Sutherland Hamiltonian, see for example
[20] for a comprehensive discussion.

The explicit form of the Calogero-Sutherland operator in the basis of power-sum
symmetric functions (that is, in the natural basis of the bosonic Fock space) was com-
puted by Richard Stanley [116] and rediscovered many times since. The equivalence
between Lehn’s and Stanley’s formulas was noticed, apparently, by many people, [72]
being one of the early references, see the discussion in [20].

Note that classes of torus-fixed points in Hj(Hilb) are trivially eigenfunctions of
cup product operators and their identification with Jack polynomials, that is, CS
eigenfunctions, was noted earlier, see in particular [90]. At about the same time, it was
recognized by Mark Haiman that the more general Macdonald polynomials correspond
to the classes of fixed points in the equivariant K-theory of Hilbert schemes, see for
example [51].

14.2.5. — We will see the analogous integrable system for ¢ (r,n) is a coupled r-tu-
ple of Calogero-Sutherland systems. The coupling is triangular, so the spectrum is
additive, which is obvious from the geometric description of torus-fixed points. Inde-
pendently of our work, the same quantum integrable system appeared in [28].

The algebra of operators of quantum multiplication gives a one-parameter defor-
mation of cup product operators and thus a deformation of the Calogero-Sutherland
quantum integrable system. It has been identified with the quantum Intermediate
Long Wave equation [93]. In particular, this allows to determine the spectrum of the
latter as well as to give an explicit construction of integrals of motion.

14.2.6. — Taking the expansion (12.12) one step further, we get

e(N_) hitk  hei(O(1) + 3 A2 rk(rk +1)
e(N_®7i)_1+ u + u? LA

(14.2)
where u = a; — ag and ¢;(0(1)) is the operator from Theorem 14.2.1 with a = 0. This

is because we already accounted for the fact that N_ has weight —u with respect to
the rank 2 framing torus.

ASTERISQUE 408



14.2. CUP PRODUCT BY DIVISOR 163

14.2.7.
Proposition 14.2.2. — We have

Ao h __ B ,__.2 s

Here and in what follows, ®, denotes the result of substituting o™ for o in the
definition of ®,,.

Proof. — Denote by P the orthogonal projection onto vac € F. We compute

p) o p) — —‘I>§,2),
(14.4) PO (8;)°P0) = (8?)% + ®),
where upper indices like the one in P(!) denote an operator acting in the corresponding
tensor factor of F ® F. It is very instructive to see how Fourier coefficients of vertex

operator produce something which isn’t one upon taking vacuum matrix elements.
Now the result follows from comparing (14.1) with (14.2). O

Note, for example, that

ho ho._ R, _. L
R(—u)u:l—E«I)Q—?@:; +ﬁ(‘§2) +O0(u™?),

because the permutation of tensor factors flips the sign of a~. This illustrates general
results on unitarity of R-matrices, see Section 4.5.

14.2.8. — We now consider an (r + 1)-fold tensor power of F and denote by

o, i=0,...,r

the Heisenberg operators in the corresponding tensor factors. We denote

g 1 _ .
G — = | . () — qUn.
®, = o aN)™: (1)
and
Q) = Z na(,izza;j)(lA).
n>0

In particular, <I>5112) = ®,_ and Q) is the operator {2 acting in the ith tensor
factor. Generalizing (14.4), we compute

(14.5) PO e PO — 303 4 QU
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14.2.9. — We consider X = ¢#(r) and the action of the maximal torus A of GL(r)
on it. Fix a chamber € C a and denote by Q; the operator that makes the following
diagram commute

Stab
For —— Hg(M(r) @ K
chl \LU c1(0(1))
Qr Stabe .
F Hi(M(r)) @ K.
Consider the following modified step function

1, z >0,

o(z) =41/2, z=0,

0, z <0,

and define
0e(i,5) = e((ai — aj)le) -
Theorem 14.2.3. — The operator Q. is given by

(14.6) Qu = Z (—‘I{gi) + (a; — %h)@gz)) +h Z 0e (i, 5) QU

i=1 ij=1
This is a special case of Theorem 10.1.1. We recall the proof.

Proof. — Using Theorem 4.7.1 and Equation (14.2), in particular, the operator Q.
may be computed from the 1/u? coefficient of the R-matrix from Example 4.2.4. We
substitute the formula from Proposition 14.2.2 and expand using (14.5). This gives
the result. O

14.2.10. — Note for the standard chamber €, we have

r . 1 1 ; )
140 3 el = o010 453 [ 00
where
Bea® 4 ta.
For general €, the final sum in (14.7) is over all 4, j such that a; — a; is positive
on C.

14.3. R-matrix as a Virasoro intertwiner

14.3.1.

Theorem 14.3.1. — The operator R(u) is obtained by substitution
1 1

(14.8) a=—ao, 77:i k=—"

V2’ V2

into the Virasoro intertwiner R, _ for H = H(C?).
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Here u = a; — as and H(C?) is the Frobenius algebra (13.1). The square roots in
(14.8) are needed because of the factor 2 in (12.8). In other words, they are there
because the vector (1,—1) has length v/2.

14.3.2. Proof of Theorem 14.3.1. — From Lemma 12.4.1, we know that R(u) acts only
in the F~ factor in (12.9). To find out how it acts in F~, we will use the intertwining
relation with the operators Q; for the two chambers

ay 2 as.

We express Qg in terms of a* and note that et commutes with R. In particular,
the first term in the right-hand side of (14.7) commutes with R. Therefore we have,
for €4 = {a; 2 a2}

(14.9) —QQdZ“'+i/a+:@f:ﬂ)+/a+(%t;haizaa)(m

where dots stand for terms that commute with R.
Since R commutes with a™, it has to intertwine the coefficients of its modes in
(14.9), therefore it has to intertwine the operators

1

(14.10) To()=t:(a () + ( —a

a‘i—Z@a‘) (V) +---

for all v € H;(C?). Here dots stand for a scalar operator that will be fixed in a minute.
Strictly speaking, since a™ does not include zero modes, the above argument shows
that R intertwines all coefficients of T'1 except the constant term f T+ (7). However,
this constant term can be obtained as commutator of other coefficients of Ty, by
Virasoro commutation relations.
We now compare (14.10) with (13.10). The two operators become identical if we

substitute
1 1
a=—a , k=—F7=h,

V2

and make the zero mode present in (13.10) act via the identification
(14.11) Hg (M(2)*) ® K = F(a1) ® F(az).

This identification fixes the constant term left as dots in (14.10). Thus R(u) is iden-
tified with Ry_ by the uniqueness of the latter.

[\

14.3.3. The determinant of R(u). — By construction, R(u) is a product of two trian-
gular operators, namely of the composition

Stabe HG (X) Restriction HG (XA),

Hg(X™)
and the inverse of the analogous composition for the other chamber. Each of these
operators has simple diagonal parts, yielding a factorization for the determinant of
the graded pieces of R. This gives an alternative derivation of the product formula

for the determinant of the Shapovalov form [57, 42].
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14.3.4. — From (13.16) and (13.17), we conclude
R(0) = (12),
where (12) is the permutation of the two factors. This is because

(12)a(12) = —a™.

14.4. The 1/u expansion of R

14.4.1. — In this section we derive an expansion of log R(u) in inverse powers of the
spectral parameter u. We write

T(y): = —%a’(v) +T'(Y)x, Thi=%:(@):(NxLda (y)+--,

where dots stand for a constant term that cancels out of the equation

(14.12) RT,(y)R'=T_().
We look for solutions in the form
r™
R = —
n>0

where, in particular,

1_1 . —\2 .
r()—i/.(a )< (h)

is, up to normalization, the familiar classical R-matrix. We denote by R("™) =
exp (Zo <n<m %) the successive approximations. The recurrence relations for n > 1

take the form

(14.13) £, a ()] = 2u=*"] exp(ad(log R™1)) - T/, (),

where [u~"*!] denotes the coefficient of u~"*!. These fix r(™ uniquely up to an
additive constant. The constant is determined by the requirement that r(® annihilates
the vacuum vector.

14.4.2. — Solving Equations (14.13), we obtain

R R GE

6 (8% :
1 4 L[ 2.
(14.14) r<3>=5/:(a ) .(h)—E/.(a )22 (he)
1 N2
- 1 (0a™)” : (2h% + he),

where

e = —detc2 € Hg(pt)
is the handle-gluing element. Of course, since our Frobenius algebra is 1-dimensional,
all cohomology insertions may be converted to coefficients in the formula.
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14.4.3. — Further structures in this expansion will be discussed elsewhere. Here we
only note the following. The normally ordered polynomials in the field @™ and its
derivatives are, from definitions, vertex operators in the Heisenberg vertex algebra.
Integrals of such operators are known as residues of vertex operators. They act as
infinitesimal automorphisms of the Heisenberg vertex algebra.

Theorem 14.4.1. — The logarithm of R is a residue of a vertex operator, that is
() = / . Po(a™, 80", 8%, he) : (1),
for some polynomials P,.

Proof. — The commutator of a vertex operator with a residue of a vertex operator is
again a vertex operator. Therefore, by induction, the equation for r™ has the form

[r("), of(fy)] = vertex operator.
One can see explicitly that this equation is solved by a residue of a vertex operator. [
14.4.4. — Also note that in the grading such that

degax =degh=1, dege=2
the polynomial P, is homogeneous of degree

deg P, =n+ 2.
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CHAPTER 15

QUANTUM MULTIPLICATION FOR M (r,n)

We can now return to the formulas for quantum multiplication for o} (r,n) using
the computations of the last chapters.

15.1. Explicit formulas

Let us first state explicitly the operator for modified quantum multlphcatlon
by ¢1(0(1)). We will express them in terms of the Heisenberg operators oy, )(pt) and
(_Zk(l) for k > 0 and 1 < ¢ < r. These satisfy the commutation relations

[ag)(pt), Ot(j])c(l)] = —51‘,]‘]{: = (Si’j -k - T(pt).
Up to a scalar operator, we have
Q = Cubic + Quadratic + Purely Quantum,

where we have decompose the contribution of classical multiplication into cubic and
quadratic expressions in the Heisenberg generators. The formula for the cubic term is

Cublc—z—f > (tit2a(1a, (e, (pt) + ol (1)l (pr)ad (pt) )

n,m>0

The classical quadratic term is

Quadratic = — Z Z(tl +t2) - (a; + n) : a(fl(l)aﬁf)(r)t)

1=1n>0
+ 33 (1 4 t2) - n- @) (1)ald (pr).
i<j n>0

The purely quantum term is

n

Purely quantum = (¢; + t2) Z lnq n
n>0 -4

Za ) and B, (pt) = Za

: ﬁ—n(l)ﬁn(pt)v

where
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are the Baranovsky operators.
We can determine the scalar discrepancy as follows. For r > 1, there is no correction
required. For r = 1, we need to add the scalar term

Za_n o, (pt).

n>0

—(t1 + tz)

This follows from the evaluation of Q - 1 which comes via the following lemma.
Lemma 15.1.1. — We have the following vanishing statement:
(15.1) Br(pt)-1=0, ifk>2, ork=1,r>2.

Proof. — The dimension of the fiber of the punctual Baranovsky correspondence in
(12.3) over a generic point of M (r,n) is
r-k—1,

which is positive under the hypotheses of the lemma. Therefore, the pushforward of
the fundamental class under this projection vanishes. O

15.2. Generation statement
As a corollary, we can deduce the following:

Theorem 15.2.1. — The divisor c1(0(1)) generates the quantum cohomology ring
of M(r,n).

Proof. — Tt suffices to show that Q(q,t1,%2,a1,...,a,) has distinct eigenvalues for
generic values of the parameters.
First, notice that by taking the substitution

ti =t to=1t"1a; =ta;
and studying the limit

Qo = hm Q
o0 t
as t — 0o, we can ignore the cubic term, and show the remaining operator has distinct
eigenvalues.
For n > 1, let

Vi = @ Qel®.
i=1
‘We have an identification

o = Sym* (P V)

characterlzed by sending vac®” to 1 and requiring a( 9 »(1) to act by multiplication

by en on the right-hand side. In other words, if we think of the left-hand side as r-tu-
ples of partitions, then the right-hand side is the decomposition into parts of size k.
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We can decompose Qg in terms of V,, as follows. Let

r 1—
An(q7al7~'-;ar) = _nz <(11‘ + 2”) Eii +7’LQZEji
i=1

i<j
n2qn

Ly,
1—gqgm >

_|_

be a matrix valued function acting on V,,, where Ej; is the matrix with 1 in position
(4,%) and 0 elsewhere. We extend A,, by zero to an operator on €V, and, by the
Leibniz rule, to a derivation D(A,) on Sym* (@ V,,). Then it follows from our formulas
that

Qo= D(An).

In particular, the eigenvalues of Qp are non-negative linear combinations of the
eigenvalues of A,,. The nondegeneracy of the spectrum of Q is a consequence of the

following lemma. O
Lemma 15.2.2. — For very general values of ay,...,a, and q, there is no nontrivial
finite linear relation

n,s

between the eigenvalues {75?} of Ap(gq,a1,...,a,), with ¢, ; € Q.

Proof. — Suppose otherwise. Then there exists such a relation that is valid for all
values of parameters for which the operators A,, are well-defined. Let n be the largest
index appearing in the relation with some nonzero coefficient c,, ;.

Fix a base point p = [¢ = 0,a4,...,a,] € C x C*" so that the a; are distinct. The
eigenvalues of A, (p) are

. 1—
vﬁ”(p)=—n<ai+ 2")7 i=1,...,m

Let U C C x C*" be the complement of the discriminant loci for A;(q,a;) with
j < n; each A; has nondegenerate spectrum over U. Since p € U, we know that U is
nonempty.

Let ¢ = €>™/™ be a primitive n-th root of unity. Choose an analytic path T :
[0,1) — U such that I'(0) = p,

lir%F(s) = (¢,ay,...,a.),

and that I' meets the hypersurface ¢ = ( transversely at this limit point. As ¢ — (, the
last term in the formula for A, dominates the others. Since the matrix }, ; Ey; has

eigenvalues {1,0,...,0}, it follows from perturbation theory of linear operators that
one of the eigenvalues of A,, goes to infinity on the order of ﬁ as s — 1, while

the others grow at a slower rate (or remain bounded). Without loss of generality, we
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can assume that it is 77(11). Furthermore, for j < k, the operator A; has a well-defined

limit as ¢ — (, so its eigenvalues remain bounded.
Therefore, if we take the relation (15.2) along the path T, %(11) dominates the other
terms, so this forces its coefficient to vanish:

Cn,1 = 0.

For 1 < i < r, if we choose a permutation o of 1,...,r that sends 1 to i, then we

can choose a path from p to o(p), contained in the hyperplane ¢ = 0, and concatenate
with the path o(T") starting from o (p). Under this concatenation, the eigenvalue ’y,(f) is
now the dominant term, so this forces

Cn,i = 0

for all 4. This is a contradiction, so no nontrivial relation exists. O
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GAMMA FUNCTIONS

16.1. The bundle 2

16.1.1. — Recall that the main ingredient in the construction of the core Yangian
Y is the Chern character of

D=V —hteClyw.

We begin by identifying this K-theory class for the moduli spaces of framed sheaves.
Let t1,ts denote the weights of the Geqge = GL(2) action on C?. Then i = tl_ltz_l,
written multiplicatively, and the equivariant Cartan matrix equals

C = (]. - tl)(l - tQ),
as already discussed in Section 2.5.9. If

W:E a;

is the character of the framing space then

(16.1) FleClw= a t‘%(a; Py = character H°(C?,0%"),
-t )

where GL(2) acts on C? and G,, = GL(r) acts by automorphisms of the trivial bundle
0®7. In gauge theory, G, is known as the group of constant gauge transformations.
This gives us the following interpretation of .

16.1.2. — In the sheaf language, the tautological bundle % is interpreted as the bundle
with fiber H1(P?, 5/ (—1)) over ¢f € oM(r), where (—1) denotes twisting down by the
line at infinity. We claim

V=-HC% &)

in K-theory of o(r). Indeed, consider the following exact sequence of sheaves on P2

0—F(-1) = F (+00) — @0]?1 (d)@r — 0,

d>0
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where P! = P2\ C? is the line at infinity. From the corresponding long exact sequence
and its special case ¢ = O, we obtain

0 — H°(C% &) — H°(C?,0%") - UV — 0,

as desired.

16.2. Barnes’ I'-function

16.2.1. — Moduli spaces of framed sheaves provide a nice example of the I'-function
regularization from Section 6.1.10. In particular, the bundle (6.10) for w = w’ = 1
specializes to the negative of (16.1) with r =1 and a1 = 1.
We have
character H°(C?,0)" = Z a” it

3,j>0

thus, symbolically,
c(H°(C%,0)Y,u) = “ H (u—a+tii+ tgj)”.
3,j>0

This is regularized using Barnes’ multiple I'-function (specifically, double I'-function),
see [106] for a modern reference, with the result that

(16.2) c(H°(C?,0),u) =T'(u—a|ty,t2) " .
Note that the same regularization (and, essentially, for the same reason) appears as
the perturbative part of Nekrasov partition functions, see [94].

16.2.2. — By definition,

0
logT'(ul t1,t2) = Z-C(s,ul t, 82| _»

where

1 o0 dZ e—’lLZ
tity) = — | —2° Rs > 2.
C(Sv'U" 1 2) F(S) /0 2 z (1 _ e—tlz)(l _ e—tzz)’ 5>

An asymptotic expansion of {(s,u|t1,t2) as u — +00 may be obtained by expand-
ing

1 k 0/r2
= 2" ch, H”(C*,0)
(1 —et1%)(1 — e t27) kgz

and integrating term-wise to get

I'(s+ k&
(16.3) C(s,ulty,ta) = Z I‘((s)u”l chy H°(C?,0).

k>—2
Since
0 I'(s+k)

il _ (_1\k+1q,(k)
53 (8] wrtE o = DT 0w

this verifies the agreement between (6.9) and (16.2).
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16.3. The matrix R
16.3.1. — For w = a; and w’ = ay the I-factor from (6.11) specializes to

c(H°(C2,0)V,u — h)

(164) Tlulw.w) = = a0, o), w

['(ulty,t2)
= =ul(u|t)'(u|ts),
F(U+t1 —|—t2|t1,t2) ( | 1) ( | 2)

where v = a1 — ag and T'(u | t;) is the single Barnes’s I'-function, defined similarly .
We define R =T'(u|w,w') R.

16.3.2. Zero modes and the singular part of R. — From (16.3), or the Stirling formula,
we compute

1
(16.5) —InT(u—a|w,w)

h
1 1\1 1
=7(1) Yy — 1 1@ - —)-+0(
7(1) In u—7(a) Inu+ 27’((1) 15 u—l— 3
as u — oo. This gives the following identification of the central operators c_s and
c_1 from Section 6.1.11. Write Mg, & for the (w| - |w) vacuum matrix element of an
operator M corresponding to w = 1. Then

(C—Q)@,Q =T7(1)r, (C—l)g,z = fo(1),

where r = v is the rank and
50221(@...@@0@...@1
i=1

is the Oth Baranovsky operator. Here and in what follows we identify
(16.6) Hg (M) @ K2 F(a1) ® -+ ® F(a,),

generalizing (14.11) to arbitrary rank. Thus the zero modes appear in the Yangian.
Note by construction the operators (c_;), , have the same span as the operators

ch; D for i € {-2,-1}.

16.3.3. — We stress that in what follows we adopt the identification (16.6) and that,
for now on, all formulas involving « include the zero modes.

1. It is related to Euler’s I'-function by

exp((u/t1 — 1/2)Intq)

Tulty) = T

T(u/t).
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1634 — Slmllarly, consider the vacuum-vacuum matrix element of the regular
part Rreg of R as in Section 6.1.11. The new terms coming from (16.5) give

B A

where
/L\Oz%/:aQ:(l)—é,
where we keep the zero modes, compare with (13.7). Note the familiar ((—1) = —%
term.
16.3.5. — Recall the classical r-matrix (12.14) and note its matrix elements gave

Bn(1), B_n(pt) € Y(gl(1)), n>0.
Since the core Yangian is an algebra over k[d '] where
0 = tity,

we have

B_n(1) = 671 B, (pt) € Y(gl(1)).
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CORE YANGIAN MODULO A

17.1. Semiclassical R-matrix

17.1.1. — Since h = —t; — to does not divide § = t;t2 we may study Y modulo #,
which leads to great simplifications.
Define the semiclassical R-matrix Rg. by
R(u) = 1 + hRe(u) + O(H2).

Modulo £, the generators of Y are primitive and act by matrix coefficients of Rg.
The Yang-Baxter equation becomes the classical Yang-Baxter equation for Rgc. It
implies the generators of Y/AY form a Lie algebra g . and

Y/RY = Ug,,).

17.1.2. — The Lie algebra g, may be described explicitly by its action in the basis
of stable envelopes of o (r)”, where
A C SL(2) x GL(r)

is a maximal torus. Since oM (r)” is finite, the classes of A-fixed points form an eigen-
basis for operators of classical multiplication.

In A-equivariant cohomology, stable envelopes are proportional to fixed points, and
thus diagonalize operators of classical multiplication. Steinberg correspondences act
nicely in this basis by the general principles explained in Section 4.6.

17.1.3. — The fixed points of the maximal torus of SL(2) on the Hilbert schemes
are Nakajima varieties of type A, see in particular Section 4.3.6. We will see a close
connection between g,. and the corresponding Lie algebra gl(co).

17.2. Stable basis for Hilb,,
17.2.1. — The stable basis for ¢#(1) = Hilb is identified as follows. Let

(2 ))ese
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be the standard maximal torus. To match standard symmetric functions conventions,
we choose the z — oo chamber, that is,

¢ ={u<0},

where u = log z. The other choice may be obtained by a permutation of coordinates.
A subscheme of C? has a z — oo limit if and only if it is set-theoretically supported
on the zy-axis

62 = {xl = 0}
In particular, the stable basis must be a Q-linear combination of the Nakajima de-
scendents of the zo-axis

by = Ha—ui(EZ) |> .

The notation is chosen to agree with the traditional map of the equivariant coho-
mology of the Hilbert scheme to symmetric function that takes

(17.1) a_i(¢2) — multiplication by py.

17.2.2. — Recall the sign-twisted inner product on cohomology from Section 3.1.3 and
transport it to symmetric functions using (17.1). This gives the Jack inner product
on symmetric functions

[Pks 1] = Ok b (—t1/t2)

with parameter —t;/t2. In [69], this parameter is denoted «.

Gram-Schmidt orthogonalization of monomial symmetric function my with respect
to this inner product gives, by definition, the basis of Jack symmetric functions. We
define

Jy= t|2A| - integral Jack polynomial as in [69].
This is normalized so that
(17.2) I= ] t=00) +1) — tra(@)) mr + - -
Oex
and is a polynomial in ¢1,t5 of degree |\|. Here
a@)=X—3, (O = A; —1
denote the arm- and leg-length of a square 0 = (4, j) in the diagram A. Note that the

product in (17.2) is the Euler class of N at the monomial ideal

(17.3) b= (adai ) | eHib.

=1,2,...

17.2.3. — The following is well-known and is a a consequence of the orthogonality of
classes of fixed points [1,] in cohomology

Proposition 17.2.1 ([90, 123, 68]). — The map (17.1) sends [1,] to Jy.
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17.2.4. — Let us polarize Hilb" by the Euler class of N_. We then have the following

Proposition 17.2.2. — The map (17.1) sends the stable envelope of 1\ to the Schur
function sy.

Proof. — Schur functions are triangular with respect to J, and proportional to them
modulo /. This shows stable envelopes are proportional to Schur functions. By (17.2)
we have

ho=e(Ny)sy++ e

which fixes the normalization. O

17.3. Differential operators on C* and gl(c0)

17.3.1. — Let e, denote the function

(17.4) eq(x) = €e".
Let ¢ € C* be a parameter and consider
d
aussoc:(C Du el D=—.
Z (D, exe) dx

It may be identified with differential operators on C* via the map z = e.. The
parameter € may be scaled away but it will be convenient to keep it. We denote by

@ = (@assoc)Lie

the same algebra viewed as a Lie algebra.
The center of &) is spanned by 1 € Dassoc Which we denote by D° to avoid confusion.

17.3.2. — The natural action of ) on e, Cle+.], s € C, gives a family of embeddings
ps : D) — gl(c0)

into the Lie algebra gl(co) of all infinite matrices with finitely many nonzero diag-

onals. Its image is the unipotent Jordan block of the automorphism of gl(co) that

corresponds to the shift of the Dynkin diagram.

The diagram shift automorphism is the deck transformation of the universal cover
of the quiver with one vertex and one loop. From this point of view, the description
of &) as automorphism-finite vectors in gl(co) is intrinsic, while its identification with
differential operators is less so.

The Lie algebra gl(co) has a central extension gT(;) which may be pulled back to
a central extension

(17.5) 0—Cec—d—D— 0.

This extension does not depeAnd on s.

Representation theory of /) was studied by Kac and Radul [56] and many others.
Here we will see the simplest representations: those obtained from the half-infinite
wedge representations of gl(co).
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17.3.3. — By construction, the representation 7, = /\00/2 ps is the &) module with
basis

(17.6) Nis) = A\ e et
=1

where
A=A =X >->0
is a partition. Usual rules of linear algebra give a well-defined answer for the action of

the off-diagonal elements of /) in this basis. For the diagonal elements, it is convenient
to use the (-regularization

(= ” >
D= e+8) =k [z"es D en—iye
=1 i=1
where e, = e,(x) as in (17.4). Note
oo 1 oo
Z Ei—i)e = + Z le(ri—iye = €—ie] s
. es - ]- .
i=1 i=1
where the second term is a Laurent polynomial in e.. In particular,
s 1
(D% ==~ .
ms(D7) e 2
The central extension (17.5) is normalized so that
ms(c) = 1.
17.3.4. — For |y as in (17.3) we have
on e” — —Ait1—(i—1)t
chGZ)|IX— 71_6_7:126 ! 2,
i=1

where a is the framing weight and t1, t5 are the tangent weights of the two coordinate
axes. We see that if

tl = —t2 = —¢
then the map
(17.7) F(a) > Stab[l}] — |X\;a+€/2)
identifies
~ c 1
(17.8) ch® = + exp D.

6(66/2 _ 6—8/2) 65/2 _ 6—6/2

Here exp(D) is a generating function for the operators D* € %), in other words

my (exp D) = 3 2 7 (DY) # explm, (D).

k>0
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17.3.5. — Generalizing (17.8), we have

Proposition 17.3.1. — The identification (17.7) gives

&>

8sc =
Proof. — It remains to check that it takes

a_i(l2) — e € c:C/\),

which is easy. For example, mapping both sides of (17.7) to the Schur function s,
this becomes the classical rule for multiplication of Schur functions by power-sum
functions. O

17.4. Pliicker relations
17.4.1. — Let 1, be the operator of wedge product by e,
YoV =¢€q AV

and let 9 be the adjoint operator with respect to inner product in which the vectors
(17.6) are orthonormal. More canonically, the operators v are associated to bases of
representations dual to ps.

17.4.2. — Consider the operator
Q= > .®Y;
a€s+Ze
which depends only on the Ze-coset of s. It defines a map
QT @y = Moqe @ Mer_¢
provided
s’ =5 mod Ze.

This map commutes with gl(co) and, hence, with C@

17.4.3. — Classically, Q is used to describe the image of the natural embedding
GL(V) — GL(A'V),

where V' a vector space, which for simplicity can be assumed to be finite-dimensional,
see [58, 80]. Matrix elements of g € GL(V) acting on A’V are the minors of g.

Commutation with Q gives quadratic relations for minors of g, analogous to the
better known Pliicker relations among maximal minors of a rectangular matrix (that
is, among the Pliicker coordinates on the Grassmann variety). Here we use the term
Pliicker relations in the broader sense.
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17.4.4. — We denote by
E(\, p; s,u) = (u; 8| Rsc(u) |A; 8)
= Y E(\pss)e mP(w),

k>—1

matrix elements of Re. in the first (by convention) tensor factor. Here E(A, y; )i € g,
and the singular central terms
Ch_QGZ): 2 Ch_lcpzi
5

€
are only present if A = p. By construction, E(X, u; s,u) only depend on u + s in the
sense that

(17.9) YVt E(\ ;s +t,u—t)=E(\ u;s,u).

17.4.5. — By construction, E(\, u; s)x generate Y/hY and all relations between these
generators are linear. Among them are the Pliicker relations, which become linear

(17.10) E®1+1860 =0, ¢cg,,
at the Lie algebra level.

Proposition 17.4.1. — Pliicker relations and (17.9) span all linear relations among
matriz elements of Rec.

This statement is a variation on the classical theme. For convenience, we give a proof.

17.4.6. — We divide the proof of Proposition 17.4.1 into a sequence of lemmas.
Lemma 17.4.2. — Suppose ¥ |A) # 0 and |u) # Yy |A) for all b. Then
(RIEIA) = (ulYa E¥2 1N

forall € g..
Note the hypothesis of the lemma implies © # .
Proof. — Expand
(17.11) 0= (A1 e £®1+1®§,Q] DE@1 NN,
where |p, A) = |p) ® |A). O
Corollary 17.4.3. — Pliicker relations imply

EQA\ 5 8,u) # 0 = 1) = ¢p g |A)

for some a,b € s + Ze.

In the language of Chapter 11, this means the corresponding points of the half-infinite
Grassmannian must lie on a line.

Proof. — Otherwise, we can find a in Lemma 17.4.2 such that (u|v¢, = 0. O
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17.4.7. — Let A # p lie on a line, which means that there exists k,l € Z such that

{k} =6\ 6(n), {1} =6(k)\6(),
where 6(\) = {\; — i} C Z. Using Lemma 17.4.2, we can add or remove elements
in 6(A) N S(u), which means there exists Ey;(s,u) such that

E(A, p; 8,u) = £Eg (s, u)

with the sign determined from the action of the operators v in the basis |A).
Lemma, 17.4.2 further implies

Ert1,i+1(s,u) = Exi(s+¢€,u)
(17.12) = Epi(s,u+¢),

where the second step is based on (17.9).

17.4.8. — Now consider diagonal matrix elements of Rg.. Here we have the following
Lemma 17.4.4. — Suppose ¥ |A) # 0 and % |u) # 0. Then

(17.13) AEIA) = (A Ya g IN) = (I €)= (plPa Edg 1),
forall§ € gg.
Proof. — Expand (\ pu| 1@ ¥ [€©1+106,9] 5@ 1 |\, p). 0

We denote the difference of the matrix elements in (17.13) by Egi(s,u), where
a = ke + s. For example,

E0,0(37u) = E(®7®;S+5au) - E(@,@;S,U).

One can choose a different parameter s’ € s + Ze for p in (17.13) which shows the
relation (17.12) is valid for k = I.
17.4.9. — Symbolically, Lemma 17.4.4 and (17.12) shows

E(\ A5 s,u) = ‘“ Z Eoo(s,u + ka)”.
ke&(X)

A better way to write this relation is the following.
For each partition A, define

corners) : Z — {£1,0}

as the difference of the following indicator functions

cornersy = Z de(my — Z de(D)-

inner corners [J outer corners [J

Here ¢([0) = j — i is the content of the square J = (%, ). This may also be defined

using the identity
Z cornersy (k) t* = (t — 1) Z Nt
k
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Lemma 17.4.5. — We have
E\ A s,u) = Z cornersy (k) E(9, &; s, u + ke).
k

Proof. — Follows from Lemma 17.4.4 and (17.12). O
17.4.10.
Proof of Proposition 17.4.1. — Previous lemmas reduce the matrix elements of Rg

to shifts in u of the operators E(&, &; s,u) and Egg(s,u), k # 0.

The algebra g, is graded by eigenvalues of the adjoint action of D, this is the
grading by the difference & — [ of Ex;. Each graded piece is further filtered by the
degree in u, with 1-dimensional factors. This shows there are no further linear relations

among the coefficients of E(&, &;s,u) and Ego(s,u), k # 0. O
17.4.11. — The factorization of Section 4.3.6 gives the following formula for the semi-
classical R-matrix
Eij; ® Ejigivk
17.14 - B o i
(17.14) Rsc ‘ Z u— ke
1,7,kEZL

in terms of the classical R-matrix
Tgi(co) = Z Eij ® Eji
4,jEL
for gl(co). The operator (17.14) acts in half-infinite wedge representations of gl(oo)

via the (-regularization discussed in Section 16.2.2.
It is instructive to retrace the steps of the above proof with this explicit formula.
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—_

THE YANGIAN OF gl(1)

18.1. Generators of the core Yangian

18.1.1. — By Theorem 6.1.4, Y is generated by the Baranovsky operators g, and
chk@ for k = —2,—1,... Here, for brevity, we write 3, = 8,(1).

The following theorem shows it suffices to add a single operator chl@ to the
Baranovsky operators to generate the Yangian.

Theorem 18.1.1. — The core Yangian Y is generated by the Baranovsky operators
B+1, and the operator of cup product by

Qu = ch, U
of cup product by chy of the bundle P = —HO(C?,&).
Proof. — Follows from the corresponding statement modulo #. O
18.1.2. — The generation statement can be made more effective using the following

geometric fact. Parallel results were proven by M. Lehn for the cohomology of Hilbert
schemes and by O. Schiffmann and E. Vasserot for the K-theory of oH(r).

Proposition 18.1.2. — For any k and [,
(18.1) [2d(Qu)" 81, 2d(Qur)' 51
is an operator of classical multiplication.

Proof. — Recall that the Baranovsky operators 41 are defined using the correspon-
dence

B, ={(C,z,5)} CM(r,n+1) x C* x M(n)

formed by exact sequences
(18.2) 0—-0— =0, —0.

On this correspondence, we have a tautological line bundle ¢/ and the action
of ad(Q.) introduces a factor of

c1(F/§) = — chi (H"(C?,0)) + chy (H"(C*, &) € HE(B1)-
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Therefore
(ad(acl)kﬂ1(’y)> o (ad(acl)l5—1(’)’/))
= (=1)"(mi3)« (e (/)" er(F/9) Tis(v x 7))
where 7;; are the projections to respective factors in the correspondence

{(05[1,9,@%,.'1}1,%2)} - W(r,n) X W(T’n-i_ 1) X W(T, Tl) X (Cz X (Cz,

in which %/¢ = O,,. The (—1)" factors comes from our sign conventions, see Sec-
tion 12.2.4.

The product ad(@cl)lﬂ_1 ad(@cl)kﬁl in the opposite order is, similarly, computed
by pushing forward

(D" a@/R) (—a@ /F)"
along the ¢/-factor in the correspondence defined by
O)F =0y, i=1,2.

We now note that outside of the diagonal o4 = % the two correspondences are
canonically isomorphic, because necessarily

¢ =ch+dch, G=cndk
as subsheaves of the common double dual 4"V = ¢4’V. Clearly,
FilG = [ Fsi,

which identifies the integrands and shows the commutator (18.1) is supported on the
diagonal &4 = $%. This means it is an operator of classical multiplication. O

From the proof above we have the following

Corollary 18.1.3. — We have
ad(acl)kﬁl,&d(acl)lﬂ—l] = (-1 [ﬂl,ad(@cl)kJrlﬂ—l .

18.1.3. — The commutator in Proposition 18.1.2 can be explicitly identified. We do
it using equivariant localization following [108].

To set up equivariant localization, we need to identify the normal bundle to 9B;.
We have the following

Proposition 18.1.4. — The tangent bundle to B1 fits into an exact sequence of the
form

(18.3) 0 — TB; — TM(r,n+ 1) ® TeM(r,n) — Ext'(Q,F(-1)) — C(=h) — 0,
where C(—h) is the trivial bundle with equivariant weight —h.

In particular, B, is smooth, which is a special case of Theorem 5.7 in [85]. The
sequence (18.3) may also be found there for more general Hecke correspondences
among Nakajima varieties.
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Proof. — Let
¢ = (&,&y) € Ext'(f,F (-1)) @ Ext' (§,{(-1))

be a tangent vector to M(r,n + 1) x M(r,n). A sheaf homomorphism (in our case,
inclusion)

00—
deforms with & to first order when the commutator

vanishes. Here ' . o
Ext' (7, JB) ® Ext? (B8,C) — Ext"*7 (7, C)
is the usual composition of Ext groups. Note that
rk Ext' ((, F(—1)) = 2rn +r,
while
dimeM(r,n+ 1) X M(r,n) — dim By = 2rn+r — 1.
In fact, the obstruction [¢, ¢] to deforming ¢ lies in the following corank 1 subbundle

of Ext*((, F(—1)).

For every deformation of 57 there is some deformation of { C ¢¥. This means the
image of {g +— £y ¢ lies in the image of {, — ¢ &, and hence the obstruction [£, ¢]
lies in the image of the first arrow in the following piece of the long exact sequence

Ext' (¢, 0(-1)) — Bxt' (¢, F (-1)) — Ext'(§,0;) —
— Ext*(¢, §(-1)).

By Serre duality,
Ext*(¢,0(-1)) =0,
while
Ext'((,0,)" ® O(—h) = Ext'(Cs, Q).
‘We have
Extl(OZ,g/”%l ~C,

canonically trivialized by the class of the extension (18.2). This gives the exact se-
quence stated. O

18.1.4. — Suppose we are at a fixed point ({,0,5f) € B of the torus action. Consider
a free resolution of ¥ and its restriction to C2

(18.5) 0 — @ Ccz (wi) — ) Ccz (vi) — Flea = 0

where v;, w; € (LieG)* are the equivariant weight of the generators and relations.
(Note that these include the framing weights.) We have

chof = Ze”i —Zewi,

ch( =chgf —e’ (1 —e ")(1—e'2)

and
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if the generator with weight vy, surjects onto ¢ /(. The characters of the Ext-groups
in (18.3) are computed as follows
(1 —ch{ chy)
Q- m)d—eh)
where bar denotes the dual representation, that is, e¥ = e~ ".
Let N . )81 denote the normal bundle to the Baranovsky correspondence at the

at the point ((,z, )
Lemma 18.1.5. — We have
ch NgosyB1 —ch Tgp9)B1 =e " ch( —e"*ch( —e " +1
=e "V chf — e chf —e " 41,

ch Ext! (¢, (~1)) =

where vy 1s the weight of /¥ .

Note that the trivial weight 1 here cancels with the trivial weight that comes from

the expansion of e’ ch(}, and similarly for the weights —e=".

Proof. — Direct computation from (18.3). O
Proposition 18.1.6. — We have

where &f is the universal sheaf on oM (r) x C?, the right-hand side is viewed as operator
of cup-product by this cohomology class in Hg(M(r)).

(18.6) Br(m),

Note, for example, that the 1/u term here gives the familiar result

1), Ba ()] = = [ 0 tkF = el

It is clear from Grothendieck-Riemann-Roch that the right-hand side of (18.6) gen-
erates the same algebra as chy, <.

Proof. — We use equivariant localization. Let ¢ be a torus-fixed sheaf as in (18.5)
and let

[F] € HEM™ (M (r,n)),

denote the class of this fixed point. The computation of

(ﬁml) o Bor(v) - [, [&71) /()15

1
u— ad(@cl)
is given by summing 1/(u — v;) over all generators of ¢¥ with a certain equivari-
ant weight that accounts for the normal bundle to ®B; and for the tangent bun-
dle to oM(r,n + 1) x oM(r) x (C?)2. This equivariant weight is determined from
Lemma 18.1.5.
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The product in the opposite order involves summation over all relations w; in the
resolution (18.5), because they correspond to torus-fixed sheaves that contain ¢7. The
new generator has weight w; — i, therefore we sum 1/(u —w; +h) with a weight which
is again computed from Lemma 18.1.5.

The resulting sum simplifies using the elementary identity

Z h H’Uk—’l)i—}—hl—[ Ve — W;
- u—vk#k VL — U; ivk—wi—i—h
h w —w; — h Wg — V4
(18.7) Zu—wk—l—ﬁn Wy — w; Hwk—vi—h
k i#k %
u—v;+h U — W;
= -1
H u—v; Hu—wi—f—h ’

% i

which is proven by observing that it is a partial fraction expansion in the variable .
(This identity also appears in [108].) Since

c((’?v7u) = H(u - Ul)/ H(u - wi)a

%

the result follows. O

Another proof of Theorem 18.1.1. — Follows from the above proposition and Theo-
rem 6.1.4. O

18.2. Slices and screening operators

18.2.1. — In Section 6.2 we constructed geometrically core Yangian intertwiners from
slices. In this section, we identify algebraically the intertwiner corresponding to the
slices from Section 2.5.9. They turn out to be the well-known screening operators for
Virasoro modules.

By the boson-fermion correspondence, screening operators specialize to Pliicker
relations modulo /. Thus, by Proposition 17.4.1, they generate the relations in the core

—

Yangian of gl(1). Hence, for Y(g/[(T)), the answer to the question from Section 6.4.3
is afirmative.

18.2.2. — We recall some basic notion, in the generality of Chapter 13.
A field Y(n,2z) =3, Yn(n) 2™ is called primary of dimension A\ € H if it satisfies
the OPE

T(v,2)Y(n,w) ~ (ziiwﬁ

Equivalently,
[Ln (’7)7 Yo (77)] = Yern((n)‘ -n- m)) 777) .
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In particular, if A = 1 then the operator
Vo) = [ ¥(n.2)
commutes with all operators L, (7).

18.2.3. — Define normally ordered exponential of a field Y (v, z) by

cexpY (2): (v)=7()+:Y(2): (v) + % Y22 () +---,

where terms of the form : Y (2)" : () are defined using the n-fold coproduct H — H®"
as in Section 13.2.
These satisfy the usual rules like

% cexpY(z): (y) =: <882Y(z)> expY(2) : (7).

18.2.4. — Let n be an eigenvector of multiplication operators in H. We define nV by

(18.8) = (v,n")n,

for all v € H. Define
Vu(z) =: expud™(2) : (n),

where
¢ = ¢(1) _ ¢(2)
is the antiderivative of the field o, see Section 13.1.4. In particular, we have
_ _ 2z
(18.9) a” (v,2) ¢ (n,w) ~ —— (v,m) + -
z—w
18.2.5. — Since the operator V,, involves aiqg, it has nontrivial commutation relations

with oy , namely
[ag (1), Vu(2)] = 2u(7,1") Vou(2).
This means

V,. : F(a1) ® F(az) — F(a1 — pun") ® Flaz + un").

18.2.6.

Proposition 18.2.1. — If n is an eigenvector of multiplication as in (18.8) then the
operator

2 \
L1 (em )Vu(z)
is primary for T(z, K) of dimension
= ple — pkK.

Here e € H is the handle-gluing element.

Proof. — This is a standard computation that uses (18.9) and Lemma 13.2.1. O
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18.2.7. — In particular, primary of dimension 1 can give rise to Virasoro intertwiners.
In the case
1
(1810) H = HG((CQ) |:2:| s K=h= —t1 — to, T]v =e = —{1tq,
det(c

we have

) 11

pe—pK=1= p=—,—.
t1 to

For the integral fz“2(e’"v)V,,(z) to be well-defined, the integrand has to have in-
tegral powers of z. The nonintegral powers of z come from the logz term in ¢,

namely
plogzay _ ,—u(ai—az2,nY)
€ * ) | @) 0F(an) = 7 ().
For the case (18.10), this integrality constrain becomes

to a1 —aq

1
(.uze_:u‘(al_aq)’nv)z_*_ =-né€Z, m =
t1 tq tq

and similarly for p = 1/t,.

18.2.8.

Theorem 18.2.2. — For every n € Z the screening operator
/z*% Vi (2) : F(ag +nty — t2) ® Faz) — Flaz +nt1) ® F(az — t2)
is a map of Y-modules.

Proof. — The operator clearly commutes with the Baranovsky operators and inter-
twines the Virasoro operators T4 (z) by Proposition 18.2.1. Formula (14.9) expresses
the operator of classical multiplication by divisor in terms of the Baranovsky operators
and T4 (z), therefore the screening operator intertwines it as well. Now Theorem 18.1.1
finishes the proof. O

18.2.9. — Note, in particular, the screening operators annihilates the vacuum vector
for n < 0. This is reflected in the poles of the R(u) at

u:h,ﬁ—tl,h—%l,...
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CHAPTER 19

YANGIAN AND VERTEX ALGEBRAS

19.1. The operator ch

19.1.1. — Since the operator QCI plays an important role in Theorem 18.1.1, we give
a formula for it that modifies the formula in Theorem 14.2.3. R

More compact formulas are obtained for Chern character of U ® h'/2, where
ch h'/? = e"/2. This is the familiar twist by the square root of the canonical bun-
dle (of C?, in this case). However, only the overall shape of the formula will be used
below, not the details.

We define

a-1[:ppl8: 0.
as in Section 14.2.2 and denote by
€> :{al > "'>a7‘}

the standard chamber for A. The analog of Theorem 14.2.3 is the following

Proposition 19.1.1. — Under the identification

Stab¢>

F(a1) ® - ® F(ar) —— Hg(eM(r)) ® K,

as in (16.6), we have
~ N\ 3 .
(19.1) ch, (Gv® h1/2) - —Zg/ : (a(’)) L)+ i/ oD (72 + 2e)

+ %hZ/a(i) 9 (1) + Lh Q.

1<J
For other chambers, one rearranges the ), ; term accordingly.

Proof. — The inclusion of zero modes and the ®1/2? twist removes the ®5-term from
Formula (14.6). Therefore, the two sides of (19.1) differ by a scalar operator that we
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can determine by evaluating on the vacuum vector. This is straightforward, using
ea—)‘z/2 ) ; . ,
mh g g ey o7 @) T (W 2e)a),

where h = —tl — tg, e = —tltz. O

19.1.2. — Let
U, C EndF(a;) ® --- ® F(a,)

denote the algebra generated by all Fourier coefficients of vertex operators, that is,
/z" : P(a(i),aa(i),aza(i),...) €9,

for any n € Z and any normally ordered polynomial P in the fields a®, i =1,...,r,
and their derivatives.

Proposition 19.1.2. — The action of Y on F(a1) ® - -+ ® F(a,) factors through a map
(19.2) Y — 9, [Q].
The map (19.2) is equivariant with respect to the translation automorphism.

Note the translation automorphism
Sc (a(i)> =a® - 7(c)

of the Heisenberg vertex algebra has a natural extension to U, [ﬁ] This extension

leaves €2 invariant.

Proof. — This follows at once from Formula (19.1) and Theorem 18.1.1. O

19.1.3. — It may be curious to notice that the Q term disappears from the corre-
sponding guantum operator Q upon averaging over all |¢| = 1 in the principal value
sense.

19.2. Yangian and “/-algebras

19.2.1. — Our goal in this section is to describe the image of the map (19.2) in terms
of the so-called % vertex operator algebras. This provides a link to the ideas of Alday,
Gaiotto, and Tachikawa [2], the existence of which was suggested to us by Nakajima
and Tachikawa.

The “W-algebras first appeared in mathematical physics as extended symmetry
algebras of conformal field theories, see for example [10] for a survey. Following Feigin
and Frenkel [38, 39], they may be described as explicit subalgebras of the Heisenberg
vertex algebra. This is the description that we use here.
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19.2.2. — Let K be a commutative ring and let
H~K"

be a free K-module of rank r with a nondegenerate quadratic form. The setup is like
in Chapter 13, except neither product nor coproduct on H is required. One should
view H as a Cartan subalgebra of a reductive Lie algebra, with the restriction of a an
invariant bilinear form. Here we need the form

(19.3) (z,z) = fo,

that corresponds to the Lie algebra gl(r).
One defines the Heisenberg algebra $eis(H) as in Chapter 13 and the algebra of
Fourier coefficients of vertex operators

U(H) D $Heis(H)
as in Section 19.1.2. For any orthogonal decomposition H = H; & Hs, we have
T(H) = V(H,) ® T(Hy),

where the completion is the usual completion required to collect terms in a product
of two series.

19.2.3. — Let
n=(0,...,1,-1,...,0),

range over the simple positive roots of gl(r). For each 7, consider the corresponding

Heisenberg field
ay(@) =3 (o) —altV) 7L,
n
Here we denote the argument by = to emphasize a small discrepancy between the con-
ventions of Chapter 13 and standard CFT conventions. In Chapter 13, the arguments
of the fields were coordinates on C*. Here z is a coordinate on C and the exponents
of x are shifted by 1, that is, by the conformal dimension of the field.
Since (n,n) = 2, we have

2
an () ay(y) ~ ma

and the field

1 o2+ E dayy

4 7" 2 oz

generates a Virasoro vertex algebra which we denote by
Bic, C V(Kn).

Here & is a parameter that enters the definition of the %/-algebra. To match it to
conventions in the literature, we note that

_ B V2

V2 B

T, =
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in the book [44] and that the central charge of Uit, equals 1 — 6.

19.2.4. — By definition, see for example [44], a vertex operator algebra is a collection
of operator-valued distributions, called vertex operators, satisfying certain axioms. In
CF'T, these correspond to local chiral operators and, as in any mathematical formula-
tion of QFT, the locality of these operators is really the key axiom. A specific feature
of 2-dimensional conformal field theories is the presence of the Virasoro algebra among
its chiral operators.

While the language of vertex operators is very rich and concise, for our current
purposes it will be sufficient to work with the following classical algebraic structures
associated to a vertex algebra:

— the associative algebra generated by the Fourier coefficients of vertex operators,
such as U(H), %W(gl(r)), or Vit,,

— the Lie algebra generated by the Fourier coefficients of vertex operators with
respect to the commutator, which will be indicated by a subscript like Ui (H),
Whie(gl(r)), or Vit, Lie,

see Chapter 4 in [44]. Clearly, the latter generates the former.

To describe the %)(gl(r)) as a subalgebra of B(H), we will use the following char-

acterization due to Feigin and Frenkel. Recall that for each n we have

B(H) = B(Kn) ®B(n™).
Theorem 19.2.1 ([38, 39]). — The algebra Wi (gl(r)) is the intersection

(19.4) Whie(gU(r)) = () ity Lie ® Brie(n™),
n

where 1 ranges over the simple positive roots of gl(r).
The following outline of the argument was kindly provided by E. Frenkel.

Proof. — The proof proceeds in 4 steps.

First, for generic values of the parameter, the vertex %/-algebra is equal to the
intersection of the kernels of the screening operators. This is the most non-trivial
step, proved in two ways: first, in Proposition 3 of [38] (this proof is reproduced in
Theorem 15.4.12 of [44]) and second, in Theorem 4.6.9 of [39]).

Second, in the case of s[(2), the kernel of the screening operator is the Virasoro
vertex algebra for generic values of the parameter. This is proved in Proposition 4 of
[38] (this proof is reproduced in 15.4.14 of [44]) and in Proposition 4.4.4 of [39].

Next, the kernel of the i-th screening operator is equal to the tensor product of the
Virasoro vertex algebra along the i-th simple root and the Heisenberg vertex algebra
orthogonal to the i-th root. The proof is given in the proof of Proposition 5 in [3§]
and in 15.4.15 of [44].

Finally, the same results hold for the algebras of Fourier coefficients of vertex
operators. This is proved in Proposition 2 of [38] and Theorem 4.6.11 of [39]. O
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We define
W(sl(r)) = W(gl(r)) N B(Z™),
where Z C H C gl(r) is the center. This implies

W(gl(r)) = B(Z) @ W(sl(r)).

19.2.5. — To compare this with our formulas, we take
v=1€ Hg(C?
in the Formula (14.10). Since (1,1) g, (c2) = 7(1), we have
our a,(1) = 1/7(1) standard o,

where Heisenberg operators associated to the quadratic form (19.3) are considered
standard. Further, since

1®1
AT
we have in (14.10)
(19.5) [z To(1) =[] Ty |

1 )
aor—>a0+§m7

where n = (1, —1) is the root of gl(2) and

t t
(19.6) k= /(1) = - At
The shift of zero modes

(19.7) (aél), a(()2)> - <a[()1) + 3R, a(()2) — %h)

compensates for the difference between 0 = z% in Ty and % in T5,.
19.2.6. — Generalizing (19.7), we incorporate the shift of the zero modes by kp,
where p is the half-sum of positive roots, in the definition of %)(gl(r)). This is an
automorphism of the ambient Heisenberg vertex algebra.

19.2.7. — Nakajima varieties produce lowest weight Yangian modules. Any action
of a graded algebra A = @ A, on a lowest weight module canonically extends to a
certain completion A O A. Neighborhoods of zero in this completions are left ideals

generated by @, .y An.

Proposition 19.2.2. — The action of Y on F(a1) ® -+ ® F(a,) factors through a map
(19.8) Y — B(Z) ® W(sl(r)),

where B(Z) D V(Z) is a completion as above.
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Proof. — Extract the n-component from the operator (19.1) as in Section 14.3.2.
Using (19.1) and (19.5), we conclude

Qo1 € Weie(gl(r) + KQ ® 1,

where the second term is written with respect to the decomposition H = Z @ Z*.
Therefore

Qa1, Be1 € B(Z) & W(sI(r))
and Theorem 18.1.1 completes the proof. O

19.2.8. — The proof of (19.4) by Feigin and Frenkel uses a screening operators char-
acterization of Yit,. Those can be matched to the screening operators of Section 18.2.

19.2.9.
Proposition 19.2.3. — The map

(19.9) Y — W(gl(r))
induced by (19.8) is surjective.

Proof. — Follows from the corresponding statement for 7 = k = 0 proven by Frenkel,
Kac, Radul, and Wang in [45]. When /i = 0, the nonlocal term € drops out and the
surjectivity

~

Y/RY = UG) — W(glr))| _ — 0

k=0
is true without completion, see [45]. Clearly, it implies the surjectivity after comple-

tion. U

19.2.10. — One of the goals of [2] is a characterization of interesting cohomology

classes in terms of the %/-action. For example, one can consider the vector of identities
1 € Hg(eM(r))

in the cohomology of each ¢#(r,n). In this direction, there is the following simple
result. Define

B = (2aQu) - .

Proposition 19.2.4. — The vector of identities 1 satisfies

B(pt) -1 = {

0, k<rn-—1
-1, n=1k=r—1.

)

Proof. — The operator S, (pt) is defined by a proper push-forward with fibers of
generic dimension rn — 1, therefore it annihilates any cohomology class of degree less
than rn — 1. This proves the first claim.
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If n = 1 then generic fibers are projective spaces P"~! on which the generator ch; P
restricts to the hyperplane class ¢;(0(1)), up-to equivariant corrections. Therefore

(19.10) By = (<A QLT 1 = ‘(/Pr_fl(@“”ﬂ e

where an extra (—1)" comes from the definition of 8; = 87, see Section 12.2.4. [
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In this paper, we study the classical and quantum equiv-
ariant cohomology of Nakajima quiver varieties for a gen-
eral quiver (). Using a geometric R-matrix formalism, we
construct a Hopf algebra Y, the Yangian of @), acting on
the cohomology of these varieties, and show several results
about their basic structure theory. We prove a formula for
quantum multiplication by divisors in terms of this Yangian
action. The quantum connection can be identified with the
trigonometric Casimir connection for Yg; equivalently, the
divisor operators correspond to certain elements of Baxter
subalgebras of Y. A key role is played by geometric shift
operators which can be identified with the quantum KZ
difference connection.

In the second part, we give an extended example of the gen-
eral theory for moduli spaces of sheaves on C2, framed at
infinity. Here, the Yangian action is analyzed explicitly in
terms of a free field realization; the corresponding R-ma-
trix is closely related to the reflection operator in Liouville
field theory. We show that divisor operators generate the
quantum ring, which is identified with the full Baxter sub-
algebras. As a corollary of our construction, we obtain an
action of the W-algebra %J)(gl(r)) on the equivariant co-
homology of rank r moduli spaces, which implies certain
conjectures of Alday, Gaiotto, and Tachikawa.
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