
Bull. Soc. Math. France
147 (2), 2019, p. 221-257

THE SADDLE-POINT METHOD IN CN AND THE GENERALIZED
AIRY FUNCTIONS

by Francesco Pinna & Carlo Viola

Abstract. — We give a new version of the saddle-point method in N complex vari-
ables, for any N ≥ 2. We apply our theorem to the asymptotic analysis of suitable
multiple integrals of Airy’s type.

Résumé (La méthode du col dans CN et les fonctions d’Airy généralisées). — Nous
donnons une nouvelle version de la méthode du col en N variables complexes, pour
tout N ≥ 2. Nous appliquons notre théorème à l’analyse asymptotique de certaines
intégrales multiples du type d’Airy.

1. Introduction

1.1. The saddle-point method in C, a generalization of Laplace’s method for
real integrals, yields asymptotic formulae for integrals

(1) I(τ) =
∫
γ

eτh(z)g(z) dz,
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222 F. PINNA & C. VIOLA

where z is a complex variable, as the real parameter τ tends to +∞. In (1),
γ is a path contained in an open set ∆ ⊂ C and not necessarily bounded, and
g(z) and h(z) are holomorphic functions in ∆.

The origin of the saddle-point method can be traced back to a posthumous
paper of Riemann [13]. Several authors, since the end of the nineteenth century
(see, e.g., [8], [3], [2], [15]), applied the saddle-point method to integrals of type
(1). The basic principle of the method, in its standard version, consists in
replacing γ with a new integration path λ, equivalent to γ by Cauchy’s theorem
so that

(2) I(τ) =
∫
λ

eτh(z)g(z) dz,

where λ contains a ‘nondegenerate’ (or ‘simple’) saddle-point z0 of eh(z), i.e.,
at which

(3) h′(z0) = 0, h′′(z0) 6= 0,

and, along λ, |eh(z)| = exp(Reh(z)) is maximal at z0 and at no other point
on λ. Under such conditions, and assuming g(z0) 6= 0 and the integral (2) to
be absolutely convergent, the main term in an asymptotic expansion of I(τ),
as τ → +∞, is determined by the values g(z0), h(z0) and h′′(z0).

One of the earliest applications (in [2]) of the saddle-point method concerns
the asymptotic study of the Airy function

(4) Ai(t) := 1
2πi

∫
γ1∪γ2

exp
(
tζ − 1

3ζ
3) dζ (t ∈ R, t→ +∞),

where the integration path is the union γ1 ∪ γ2 of two of the three half-lines
defined by

(5) γk =
{
%e2kπi/3 ∣∣ 0 ≤ % < +∞

}
(k = 0, 1, 2).

In (4), γ1 ∪γ2 is oriented from e4πi/3∞ to e2πi/3∞. The integral (4) was intro-
duced by Airy [1] in connection with a problem in optics, and is transformed
into an integral (1) by setting

(6) ζ = τ1/3z, t = τ2/3 (τ > 0).

This substitution yields

(7) Ai(τ2/3) = τ1/3

2πi

∫
γ1∪γ2

exp
(
τ

(
z − 1

3z
3
))

dz,

and this integral is of type (1) with g(z) = 1 and h(z) = z− 1
3z

3. The solutions
of h′(z) = 0 are z = ±1, and the relevant saddle-point for the integral (7) to
apply the saddle-point method is seen to be z0 = −1.
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Similarly, let

(8) Aik(t) := 1
2πi

∫
γ0∪γk

exp
(
tζ − 1

3ζ
3
)

dζ (k = 1, 2),

with γ0, γ1 and γ2 defined in (5), where the path γ0 ∪ γk is oriented from
e2kπi/3∞ to +∞. With the substitution (6) we get

(9) Aik(τ2/3) = τ1/3

2πi

∫
γ0∪γk

exp
(
τ

(
z − 1

3z
3
))

dz,

and for the integrals (9) with k = 1, 2 the relevant saddle-point is z0 = 1.
Applying to the integrals (7) and (9) the asymptotic formula (23) below

with z0 = −1 and z0 = 1 respectively, with g(z) = 1 and f(z) = exp(z − 1
3z

3),
and with τ = t3/2 in place of n, one easily gets, for t→ +∞,

Ai(t) ∼ 1
2
√
π
t−1/4 exp

(
−2

3 t
3/2
)

and
Aik(t) ∼ − i

2
√
π
t−1/4 exp

(
2
3 t

3/2
)

(k = 1, 2).

We refer to [4], pp. 279–289, or to [12], pp. 40–61, for a detailed treatment
of the saddle-point method in C and its applications to the Airy integrals.

1.2. The problem of extending the saddle-point method to integrals

(10)
∫
Γ

eτh(z1,...,zN )g(z1, . . . , zN ) dz1 · · · dzN

over suitable manifolds Γ in CN withN ≥ 2 was studied by Fedoryuk [6]. In [7],
Chapter 1, Section 4.5, Fedoryuk gives a brief account of his method. As is well
known, the complex Morse lemma ([5], Prop. 3.15, p. 142, or [7], p. 125) en-
sures that in a neighbourhood of a nondegenerate saddle-point

(
z

(0)
1 , . . . , z

(0)
N

)
of exph(z1, . . . , zN ) (see Definition 3.2 below) there exists a local change of vari-
ables transforming h(z1, . . . , zN )−h

(
z

(0)
1 , . . . , z

(0)
N

)
into a sum of squares. Sim-

ilarly to [16], Theorem 1, pp. 480–482, using Morse’s lemma one gets an expan-
sion of the integral (10) into an asymptotic power series of τ−1 as τ → +∞, pro-
vided the integration manifold Γ can be transformed into a manifold Λ equiv-
alent to Γ by Cauchy–Poincaré’s theorem, thus preserving the value of (10),
containing the nondegenerate saddle-point

(
z

(0)
1 , . . . , z

(0)
N

)
of exph(z1, . . . , zN )

as an interior point, and such that

(11) max
(z1,...,zN )∈Λ

Reh(z1, . . . , zN )
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is attained only at
(
z

(0)
1 , . . . , z

(0)
N

)
. Moreover, the coefficients of such an asymp-

totic series can be computed using Fedoryuk’s method (see [16], Theorem 2,
p. 483 and [7], formula (1.61), p. 125). Thus the main difficulty to get the
asymptotic expansion of (10) through Fedoryuk’s method is to locate the rel-
evant nondegenerate saddle-point

(
z

(0)
1 , . . . , z

(0)
N

)
and prove the existence of a

manifold Λ containing
(
z

(0)
1 , . . . , z

(0)
N

)
and satisfying the properties above.

In order to find a constructive process to transform Γ into an equivalent
manifold of ‘steepest descent’ for Reh(z1, . . . , zN ) thus ensuring that, on such
a manifold, (11) is attained only at

(
z

(0)
1 , . . . , z

(0)
N

)
, Fedoryuk introduced tech-

niques from algebraic topology based on homology groups, which, beside their
theoretical interest, proved to be difficult to apply in concrete examples. In fact,
in an example of dimension N = 2 arising from catastrophe theory, Ursell [14]
showed the non-uniqueness of steepest descent surfaces (see also the discus-
sion in Kaminski [11]), with the result that in most cases there is no available
method to transform the integration surface Γ into an equivalent surface Λ sat-
isfying the required properties, and not even a criterion to find towards which
nondegenerate saddle-point the surface Γ should be deformed.

The main example considered by Ursell [14] is an integral in C2 representing
a natural two-dimensional generalization of the Airy integral (4)–(7). Ursell
obtained results on the asymptotic behaviour of such an integral over a surface
with four nearly coincident saddle-points. His final comment is: “For two
complex variables little seems to be known . . . More work is needed on a method
of steepest descents for two complex variables, particularly on the deformation
of the two-dimensional surfaces of integration”.

The main purpose of the present paper is to circumvent the difficulties in-
volved in Fedoryuk’s topological deformation process by introducing a more
flexible analytic method to find the relevant nondegenerate saddle-point(
z

(0)
1 , . . . , z

(0)
N

)
of f(z1, . . . , zN ) for an N -dimensional integral

(12)
∫
Γ

f(z1, . . . , zN )ng(z1, . . . , zN ) dz1 · · · dzN (n ∈ N, n→ +∞),

for any fixed N ≥ 2. For the treatment of (12) with n ∈ N, we need not
assume f(z1, . . . , zN ) 6= 0. In Theorem 4.2 we obtain an asymptotic formula
for the integral (12) under assumptions which permit us to avoid the search
for an equivalent integration manifold of steepest descent for |f(z1, . . . , zN )|.
In Section 5 we give a self-contained proof of Theorem 4.2. We treat (12) as
an N -times iterated integral, and we apply the one-dimensional steepest de-
scent method to each variable successively. This allows us to dispense with
the global deformation process of the integration manifold. Our method, being
independent of Morse’s lemma, in principle could be extended, under suitable
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new assumptions, to the asymptotic analysis of the integral (12) in the neigh-
bourhood of a degenerate saddle-point of f(z1, . . . , zN ).

The applications we give in Section 6 show that in several interesting cases
the assigned integration manifold Γ can rather easily be transformed into an
equivalent manifold Λ satisfying the assumptions of Theorem 4.2. Our The-
orem 4.2 generalizes to any dimension the result proved for N = 2 by Hata
in [9], where the author applies his method to prove nonquadraticity measures
for logarithms of suitable rational numbers and concludes the introduction with
the words: “To establish the CN -saddle method may be an interesting problem
itself”.

Our result is based on the notion of ‘admissible’ saddle-point of f , which
we introduce in Definition 3.3 below. In Remark 3.4 we show that such a
notion is not essentially restrictive: up to applying a suitable invertible linear
transformation of the variables z1, . . . , zN , every nondegenerate saddle-point(
z

(0)
1 , . . . , z

(0)
N

)
is transformed into an admissible saddle-point.

If f(z1, . . . , zN ) 6= 0 and

(13) f(z1, . . . , zN ) = exph(z1, . . . , zN )

with a given holomorphic function h(z1, . . . , zN ), there is no ambiguity on the
value of the logarithm of f , and hence on the power

f(z1, . . . , zN )τ = exp (τ log f(z1, . . . , zN ))

for τ /∈ Z, provided one takes log f(z1, . . . , zN ) = h(z1, . . . , zN ), whence

(14) f(z1, . . . , zN )τ = exp(τ h(z1, . . . , zN ))

as in (10). In this case our Theorem 4.2 holds with τ ∈ R, τ → +∞, in place
of the integer exponent n→ +∞ in (12).

In Section 6 we apply Theorem 4.2 to prove asymptotic formulae for N -fold
Airy integrals of the type considered by Ursell [14] for N = 2, but without
restrictions concerning the mutual distance of the saddle-points. We give a full
treatment of such integrals for N = 2. For arbitrary N , we prove the required
asymptotic formula for a suitable choice of the N integration paths.

2. The saddle-point method in C

We briefly recall some well known aspects of the classical one-dimensional
saddle-point method which will be used in the following sections. The aim of
the method is to prove an asymptotic formula for an integral

(15) In =
∫
λ

f(z)ng(z) dz (n ∈ N, n→ +∞),
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where λ is a piecewise continuously differentiable path contained in an open
set ∆ ⊂ C and not necessarily bounded, and f(z) and g(z) are holomorphic
functions in ∆.

We assume that the path λ contains a nondegenerate saddle-point z0 of f(z),
i.e., a point satisfying

(16) f(z0) 6= 0, f ′(z0) = 0, f ′′(z0) 6= 0,

at which g(z0) 6= 0. Moreover, we assume

(17) |f(z)| < |f(z0)|

for all z in the closure of λ in C ∪ {∞}, z 6= z0.
By Cauchy’s theorem we may plainly assume that, in a neighbourhood of

z0, λ coincides with the line tangent at z0 to the path η of steepest descent
for |f(z)|, i.e., of maximal slope for |f(z)| satisfying (17). It is easily seen that
this tangent line (the line of steepest descent for |f(z)| at z0) has the parametric
equation

(18) z = z0 + reiϑ, r ∈ R,

where

(19) ϑ = hπ − 1
2 arg

(
−f
′′(z0)
f(z0)

)
, h ∈ Z.

In (19), the parity of the integer h must be chosen so that the orientation of
the line (18) for increasing r agrees with the orientation of the path λ in (15).

We prove (19). Since η is the path of steepest descent for |f |, the gradient
∇|f | is tangent to η. By the Cauchy–Riemann equations, ∇ arg f is orthogonal
to ∇|f |. Thus arg f is constant along η, i.e.,

arg f(z)
f(z0) = 0.

Therefore, by (17),

(20) f(z)
f(z0) =

∣∣∣∣ f(z)
f(z0)

∣∣∣∣ < 1 for all z ∈ η, z 6= z0.

By (16), Taylor’s formula yields

f(z)
f(z0) = 1 + f ′′(z0)

f(z0)
(z − z0)2

2! +O
(
|z − z0|3

)
,

whence, by (20),

(21) − f ′′(z0)
f(z0) (z − z0)2 +O

(
|z − z0|3

)
> 0

for z ∈ η, z 6= z0, z → z0.
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In a neighbourhood of z0 we parametrize η with r ∈ R such that |r| = |z−z0|.
Hence, for z ∈ η and for any sufficiently small |r|,

z = z0 + reiϑ(r)

where

arg(z − z0) =
{
ϑ(r) for r > 0
ϑ(r) + π for r < 0.

Thus, dividing (21) by |z − z0|2,

−f
′′(z0)
f(z0) e

2iϑ(r) + O(|r|) > 0.

For r → 0 we get

(22) − f ′′(z0)
f(z0) e2iϑ > 0,

where
ϑ = lim

r→0
ϑ(r)

is the argument of the tangent vector to η at z0. By (22),

2ϑ+ arg
(
−f
′′(z0)
f(z0)

)
= 2hπ, h ∈ Z,

and (19) follows.
As is well known (see, e.g., [4], pp. 279–285), under the above assumptions

(16)–(17), and assuming g(z0) 6= 0 and the integral (15) to be absolutely con-
vergent for every sufficiently large n, the following asymptotic formula holds:

(23) In =
√

2π eiϑg(z0)

√
|f(z0)|
|f ′′(z0)|

f(z0)n√
n

(1 + o(1)) (n→ +∞)

with ϑ given by (19).

3. Definitions and preliminary results

Let f be a function of N complex variables z1, . . . , zN , holomorphic in an
open set ∆ ⊂ CN and such that, for each j = 1, . . . , N , ∂f/∂zj does not vanish
identically.

Definition 3.1. — A point
(
z

(0)
1 , . . . , z

(0)
N

)
∈ ∆ is a saddle-point of f if

(24)

f
(
z

(0)
1 , . . . , z

(0)
N

)
6= 0

∂f
∂zj

(
z

(0)
1 , . . . , z

(0)
N

)
= 0 for j = 1, . . . , N.
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228 F. PINNA & C. VIOLA

Let H(z1, . . . , zN ) denote the hessian determinant of f :

H(z1, . . . , zN ) = det


∂2f
∂z2

1
. . . ∂2f

∂z1∂zN

...
. . .

...
∂2f

∂zN∂z1
. . . ∂2f

∂z2
N

 .

Definition 3.2. — A saddle-point
(
z

(0)
1 , . . . , z

(0)
N

)
∈ ∆ of f is nondegenerate

if
H
(
z

(0)
1 , . . . , z

(0)
N

)
6= 0.

Clearly the notion of nondegenerate saddle-point is independent of the or-
dering z1, . . . , zN of the variables.

For a given ordering z1, . . . , zN , we also define the minors:

(25) Hj = Hj(z1, . . . , zN ) := det


∂2f
∂z2

1
. . . ∂2f

∂z1∂zj

...
. . .

...
∂2f

∂zj∂z1
. . . ∂2f

∂z2
j

 (j = 1, . . . , N).

Definition 3.3. — A saddle-point
(
z

(0)
1 , . . . , z

(0)
N

)
∈ ∆ of f is admissible with

respect to the ordering z1, . . . , zN of the variables if

Hj

(
z

(0)
1 , . . . , z

(0)
N

)
6= 0 for j = 1, . . . , N.

Remark 3.4. — Since HN (z1, . . . , zN ) = H(z1, . . . , zN ), an admissible saddle-
point with respect to an ordering of the variables is also a nondegenerate saddle-
point. Conversely, if

(
z

(0)
1 , . . . , z

(0)
N

)
is a nondegenerate saddle-point of f , there

exists a homogeneous linear transformation of the variables:

(26)


z1 = a11w1 + · · ·+ a1NwN

· · · · · · · · · · · ·
zN = aN1w1 + · · ·+ aNNwN

with coefficients ahk ∈ C, depending on f and on
(
z

(0)
1 , . . . , z

(0)
N

)
and satisfying

det

a11 . . . a1N
...

. . .
...

aN1 . . . aNN

 6= 0,
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such that the point
(
w

(0)
1 , . . . , w

(0)
N

)
, corresponding to

(
z

(0)
1 , . . . , z

(0)
N

)
through

(26), is an admissible saddle-point of the function

f̂(w1, . . . , wN ) := f(a11w1 + · · ·+ a1NwN , . . . , aN1w1 + · · ·+ aNNwN )

with respect to the ordering w1, . . . , wN .
To prove this, denote

A =

a11 . . . a1N
...

. . .
...

aN1 . . . aNN


and

(27) H0 =


∂2f
∂z2

1
. . . ∂2f

∂z1∂zN

...
. . .

...
∂2f

∂zN∂z1
. . . ∂2f

∂z2
N


∣∣∣∣∣∣∣∣∣(
z

(0)
1 ,...,z

(0)
N

)
,

whence detH0 = H
(
z

(0)
1 , . . . , z

(0)
N

)
6= 0. We have

∂
∂w1
...
∂

∂wN

 f̂ = tA ·


∂
∂z1
...
∂
∂zN

f.
Here and in the sequel we denote by tM the transpose of a matrix M. It
follows that

Ĥ0 :=


∂2f̂
∂w2

1
. . . ∂2f̂

∂w1∂wN

...
. . .

...
∂2f̂

∂wN∂w1
. . . ∂2f̂

∂w2
N


∣∣∣∣∣∣∣∣∣(
w

(0)
1 ,...,w

(0)
N

) = tAH0A.

Since the matrix H0 is symmetric, by a theorem of Autonne–Takagi (see [10],
p. 153, Corollary 2.6.6 (a)) there exist a unitary matrix U and a diagonal ma-
trix D such that

H0 = U D tU .
Choosing A = t(U−1) = (tU)−1, whence detA 6= 0, we get

D = U−1H0
tU−1 = tAH0A = Ĥ0.

Hence Ĥ0 is diagonal and nonsingular because

det Ĥ0 = (detA)2 detH0 6= 0.
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Therefore

det Ĥ0 =
(
∂2f̂

∂w2
1
· · · ∂

2f̂

∂w2
N

)(
w

(0)
1 , . . . , w

(0)
N

)
6= 0,

whence, for j = 1, . . . , N ,

Ĥj

(
w

(0)
1 , . . . , w

(0)
N

)
= det



∂2f̂
∂w2

1
0 . . . 0

0 ∂2f̂
∂w2

2
. . . 0

...
...

. . .
...

0 0 . . . ∂
2f̂

∂w2
j



∣∣∣∣∣∣∣∣∣∣∣∣∣(
w

(0)
1 ,...,w

(0)
N

)
6= 0.

Let
(
z

(0)
1 , . . . , z

(0)
N

)
be an admissible saddle-point of f with respect to the

ordering z1, . . . , zN . By the implicit function theorem, for each j = 1, . . . , N−1
the system

(28) ∂f

∂z1
= · · · = ∂f

∂zj
= 0

is locally solvable with respect to z1, . . . , zj . In other words, in an open neigh-
bourhood νj+1 of

(
z

(0)
j+1, . . . , z

(0)
N

)
in CN−j there exist j holomorphic functions

Z1j(zj+1, . . . , zN ), . . . , Zjj(zj+1, . . . , zN )
satisfying the following j identities:

(29)


∂f
∂z1

(Z1j(zj+1, . . . , zN ), . . . , Zjj(zj+1, . . . , zN ), zj+1, . . . , zN ) = 0
· · · · · · · · · · · · · · · · · · · · · · · · · · ·
∂f
∂zj

(Z1j(zj+1, . . . , zN ), . . . , Zjj(zj+1, . . . , zN ), zj+1, . . . , zN ) = 0

for all (zj+1, . . . , zN ) ∈ νj+1, with

(30) z
(0)
1 = Z1j

(
z

(0)
j+1, . . . , z

(0)
N

)
, . . . , z

(0)
j = Zjj

(
z

(0)
j+1, . . . , z

(0)
N

)
.

Moreover, for each 1 ≤ k < j < N and for each (zj+1, . . . , zN ) ∈ νj+1, we can
solve the system of the first k equations in (28)–(29) with respect to z1 = Z1j ,
. . . , zk = Zkj . Thus, shrinking here and in what follows the neighbourhood
νj+1 if necessary, we get the k identities

(31)



Z1j(zj+1, . . . , zN ) =
Z1k(Zk+1,j(zj+1, . . . , zN ), . . . , Zjj(zj+1, . . . , zN ), zj+1, . . . , zN )
· · · · · · · · · · · · · · · · · · · · · · · · · · · ·
Zkj(zj+1, . . . , zN ) =
Zkk(Zk+1,j(zj+1, . . . , zN ), . . . , Zjj(zj+1, . . . , zN ), zj+1, . . . , zN )

for all (zj+1, . . . , zN ) ∈ νj+1.
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Lemma 3.5. — For all k, j such that 1 ≤ k ≤ j < N we have

∂Zkj
∂zj+1

(zj+1, . . . , zN ) =

(−1)k+j+1 δj+1,k

Hj

∣∣∣∣
(Z1j(zj+1,...,zN ),...,Zjj(zj+1,...,zN ),zj+1,...,zN )

,

where Hj is defined in (25), and δj+1,k is the determinant obtained by removing
the last row and the k-th column from the determinant Hj+1.

Proof. — Differentiating the identities (29) with respect to zj+1 we get
∂2f
∂z2

1

∂Z1j

∂zj+1
+ · · · + ∂2f

∂z1∂zj

∂Zjj

∂zj+1
+ ∂2f

∂z1∂zj+1
= 0

· · · · · · · · · · · · · · · · · · · · · ·
∂2f

∂zj∂z1

∂Z1j

∂zj+1
+ · · · + ∂2f

∂z2
j

∂Zjj

∂zj+1
+ ∂2f

∂zj∂zj+1
= 0,

and the lemma follows from Cramer’s rule. �

Lemma 3.6. — Let

f̃j(zj+1, . . . , zN ) := f(Z1j(zj+1, . . . , zN ), . . . , Zjj(zj+1, . . . , zN ), zj+1, . . . , zN )

for j = 1, . . . , N − 1. Then

∂2f̃j
∂z2
j+1

= Hj+1

Hj

∣∣∣∣
(Z1j(zj+1,...,zN ),...,Zjj(zj+1,...,zN ),zj+1,...,zN )

.

Proof. — Owing to the identities (29), for l = j + 1, . . . , N we get

(32) ∂f̃j
∂zl

= ∂f

∂zl
(Z1j(zj+1, . . . , zN ), . . . , Zjj(zj+1, . . . , zN ), zj+1, . . . , zN ).

Hence, by Lemma 3.5,

∂2f̃j
∂z2
j+1

= ∂2f

∂zj+1∂z1

∂Z1j

∂zj+1
+ · · · + ∂2f

∂zj+1∂zj

∂Zjj
∂zj+1

+ ∂2f

∂z2
j+1

= 1
Hj

(
∂2f

∂zj+1∂z1
(−1)j+2δj+1,1 + · · · + ∂2f

∂zj+1∂zj
(−1)2j+1δj+1,j + ∂2f

∂z2
j+1

Hj

)

= Hj+1

Hj
,

where in the last equality we have applied the Laplace expansion of the deter-
minant Hj+1 along the last row. �
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4. Further lemmas and statement of the main theorem

4.1. Let N ≥ 2, let f(z1, . . . , zN ) and g(z1, . . . , zN ) be holomorphic functions
in an open set ∆ ⊂ CN , let

(
z

(0)
1 , . . . , z

(0)
N

)
∈ ∆ be an admissible saddle-point

of f(z1, . . . , zN ) with respect to the ordering z1, . . . , zN (see Definition 3.3),
and let g

(
z

(0)
1 , . . . , z

(0)
N

)
6= 0. For any integer n ≥ 1, let

(33)
In =

∫
λN

dzN
∫

λN−1(zN )

dzN−1 · · ·
∫

λ2(z3,...,zN )

dz2

∫
λ1(z2,...,zN )

f(z1, . . . , zN )ng(z1, . . . , zN ) dz1

be an N -fold integral, where for each j = 1, . . . , N − 1 the path λj depends
on zj+1 ∈ λj+1, . . . , zN ∈ λN . We assume λ1, . . . , λN to be (not necessarily
bounded) piecewise continuously differentiable paths such that (z1, . . . , zN ) ∈
∆ for all zN ∈ λN , zN−1 ∈ λN−1(zN ), . . . , z1 ∈ λ1(z2, . . . , zN ), and the integral
In to be absolutely convergent for every sufficiently large n.

Let

(34) z
(0)
N ∈ λN

be an interior point of λN , and let the maximality condition

(35)
∣∣∣f̃N−1(zN )

∣∣∣ = |f(Z1,N−1(zN ), . . . , ZN−1,N−1(zN ), zN )|

<
∣∣∣f (z(0)

1 , . . . , z
(0)
N−1, z

(0)
N

)∣∣∣
hold for all zN ∈ νN∩λN , zN 6= z

(0)
N , where the functions Z1,N−1, . . . , ZN−1,N−1

and the neighbourhood νN are defined by the identities (29) with j = N − 1,
and

f̃N−1(zN ) = f(Z1,N−1(zN ), . . . , ZN−1,N−1(zN ), zN )

is defined as in Lemma 3.6. We have f̃N−1

(
z

(0)
N

)
= f

(
z

(0)
1 , . . . , z

(0)
N

)
by (30).

By Definition 3.3, by (32) with l = N and Lemma 3.6 with j = N − 1, by (16)
and by (35), z(0)

N is a nondegenerate saddle-point of the function f̃N−1(zN ).
Thus we may clearly assume, without loss of generality, that in a circular
neighbourhood of centre z(0)

N and radius

(36) %N > 0

the path λN coincides with the line of steepest descent at z(0)
N for

∣∣∣f̃N−1(zN )
∣∣∣.

Next we assume conditions similar to (34)–(35), successively for j = N − 1,
N − 2, . . . , 1. For each j with 1 ≤ j ≤ N − 1 and for any fixed (zj+1, . . . , zN ) ∈
νj+1 such that zN ∈ λN , zN−1 ∈ λN−1(zN ), . . . , zj+1 ∈ λj+1(zj+2, . . . , zN ), let

(37) Zjj(zj+1, . . . , zN ) ∈ λj(zj+1, . . . , zN )
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be an interior point of λj(zj+1, . . . , zN ), and let

(38)
∣∣∣f̃j−1(zj , zj+1, . . . , zN )

∣∣∣ < ∣∣∣f̃j(zj+1, . . . , zN )
∣∣∣

for all zj ∈ λj(zj+1, . . . , zN ), zj 6= Zjj(zj+1, . . . , zN ), (zj , zj+1, . . . , zN ) ∈ νj ,
where f̃j−1 and f̃j are defined as in Lemma 3.6, and f̃0 := f . For zj =
Zjj(zj+1, . . . , zN ), the two sides of (38) are equal by the identities (31) with
k = j − 1.

For any fixed (zj+1, . . . , zN ) ∈ νj+1, zj = Zjj(zj+1, . . . , zN ) is a nondegen-
erate saddle-point of f̃j−1(zj , zj+1, . . . , zN ). For, by (38),

f̃j−1 (Zjj(zj+1, . . . , zN ), zj+1, . . . , zN ) 6= 0;

by Lemma 3.6 and by the identities (31)

∂2f̃j−1

∂z2
j

(Zjj(zj+1, . . . , zN ), zj+1, . . . , zN ) =

Hj

Hj−1

∣∣∣∣
(Z1j(zj+1,...,zN ),...,Zjj(zj+1,...,zN ),zj+1,...,zN )

6= 0;

and by (32), (31) and the last of (29)

∂f̃j−1

∂zj
(Zjj(zj+1, . . . , zN ), zj+1, . . . , zN ) =

∂f

∂zj
(Z1j(zj+1, . . . , zN ), . . . , Zjj(zj+1, . . . , zN ), zj+1, . . . , zN ) = 0.

Thus we may assume that in a circular neighbourhood of centre Zjj(zj+1,
. . . , zN ) and radius

(39) %j(zj+1, . . . , zN ) > 0

the path λj(zj+1, . . . , zN ) is the line of steepest descent for
∣∣f̃j−1(zj , zj+1,

. . . , zN )
∣∣ at zj = Zjj(zj+1, . . . , zN ).

By applying the maximality assumptions (38) successively for j = 1, 2, . . . ,
N − 1 and then (35) at the N -th step, we get the inequality

(40) |f(z1, . . . , zN )| <
∣∣∣f (z(0)

1 , . . . , z
(0)
N

)∣∣∣
for all (z1, . . . , zN ) in a suitable neighbourhood of

(
z

(0)
1 , . . . , z

(0)
N

)
such that

zN ∈ λN , . . . , z1 ∈ λ1(z2, . . . , zN ) and (z1, . . . , zN ) 6=
(
z

(0)
1 , . . . , z

(0)
N

)
. We
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require that (40) holds also away from
(
z

(0)
1 , . . . , z

(0)
N

)
. We assume that for

any neighbourhood σ of
(
z

(0)
1 , . . . , z

(0)
N

)
there exists a real number µ = µ(σ)

with 0 < µ < 1 such that

(41) |f(z1, . . . , zN )| ≤ µ
∣∣∣f (z(0)

1 , . . . , z
(0)
N

)∣∣∣
for all zN ∈ λN , . . . , z1 ∈ λ1(z2, . . . , zN ) satisfying (z1, . . . , zN ) /∈ σ.

Remark 4.1. — For every (zj+1, . . . , zN ) ∈ νj+1 with zN ∈ λN , . . . , zj+1 ∈
λj+1(zj+2, . . . , zN ), the radius %j(zj+1, . . . , zN ) is not uniquely defined. Since
zj = Zjj(zj+1, . . . , zN ) is a nondegenerate saddle-point of f̃j−1(zj , zj+1,
. . . , zN ), we can plainly choose (39) to be a continuous function of zj+1, . . . , zN .
Thus for each j = 1, . . . , N −1 there exists %j > 0 such that %j(zj+1, . . . , zN ) ≥
%j for all zN ∈ λN , . . . , zj+1 ∈ λj+1(zj+2, . . . , zN ) with (zj+1, . . . , zN ) in a
neighbourhood of

(
z

(0)
j+1, . . . , z

(0)
N

)
. Defining

% = min{%1, . . . , %N}

with %N in (36), for each j = 1, . . . , N the path λj is the line of steepest descent
for
∣∣∣f̃j−1(zj , . . . , zN )

∣∣∣ at zj = Zjj(zj+1, . . . , zN ) (j = 1, . . . , N − 1), zN = z
(0)
N ,

in the neighbourhood of centre
(
z

(0)
j , . . . , z

(0)
N

)
and radius % > 0.

4.2. We can now state our main theorem.

Theorem 4.2. — Let N ≥ 2, let f(z1, . . . , zN ) and g(z1, . . . , zN ) be holomor-
phic functions in an open set ∆ ⊂ CN , let

(
z

(0)
1 , . . . , z

(0)
N

)
∈∆ be an admis-

sible saddle-point of f(z1, . . . , zN ) with respect to the ordering z1, . . . , zN , and
let g

(
z

(0)
1 , . . . , z

(0)
N

)
6= 0. Let Hj(z1, . . . , zN )(j = 1, . . . , N−1) and HN (z1, . . . ,

zN ) = H(z1, . . . zN ) be the hessian determinants defined in (25), and let
H0(z1, . . . , zN ) := 1. Under the assumptions in Section 4.1 (in particular (34),
(35), (37), (38) and (41)), for the integral In defined in (33) the following
asymptotic formula holds as n→ +∞ :

(42) In = (2π)N/2ei(ϑ1+···+ϑN )g
(
z

(0)
1 , . . . , z

(0)
N

) ∣∣∣f (z(0)
1 , . . . , z

(0)
N

)∣∣∣N/2

√∣∣∣H (z(0)
1 , . . . , z

(0)
N

)∣∣∣
×
f
(
z

(0)
1 , . . . , z

(0)
N

)n
nN/2 (1 + o(1)),
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where, for j = 1, . . . , N ,

(43) ϑj = hjπ −
1
2 arg

− 1
f
(
z

(0)
1 , . . . , z

(0)
N

) · Hj

(
z

(0)
1 , . . . , z

(0)
N

)
Hj−1

(
z

(0)
1 , . . . , z

(0)
N

)


with hj ∈ Z.

Remark 4.3. — In formula (43) one can choose any value of the argument
(e.g., the principal argument). Accordingly, as in (18)–(19), the parity of the
integer hj must be taken so that the orientation of the line of steepest de-
scent for |f | at

(
z

(0)
1 , . . . , z

(0)
N

)
with respect to the variable zj agrees with the

orientation of the path λj in the integral In.

Remark 4.4. — For N = 1, the asymptotic formula (42) becomes (23). For
N = 2, (42) was proved by Hata [9]. In the proof of Theorem 4.2, for the o(1)
in (42) we shall obtain O

(
(logn) 3

2 +ε/
√
n
)
. However this form of the error

term is immaterial, since by Fedoryuk’s theorem ([7], formula (1.61), p. 125)
the term o(1) in (42) can be expanded into an asymptotic series of the form∑∞
k=1 ckn

−k, and therefore is O(1/n).

Remark 4.5. — If f(z1, . . . , zN ) is written in the exponential form

f(z1, . . . , zN ) = exph(z1, . . . , zN )

with a given function h(z1, . . . , zN ) holomorphic in ∆, according to our discus-
sion in Section 1 regarding (13)–(14), the proof of Theorem 4.2 can be modified
in an obvious way to yield the asymptotic formula (42) with a real parameter
τ → +∞ in place of the integer n→ +∞.

We postpone the proof of Theorem 4.2 to Section 5. In this section we prove
some lemmas.

First of all, we parametrize the whole integration paths λN , λN−1(zN ), . . . ,
λ1(z2, . . . , zN ) respectively by parameters rN , rN−1, . . . , r1 varying from −1
to 1, so that z(0)

N corresponds to rN = 0, and similarly Zjj(zj+1, . . . , zN ) cor-
responds to rj = 0 for j = 1, . . . , N − 1.

By notation abuse, for zN ∈ λN , rN 7→ zN , we write

(44)
{
zN = λN (rN ), −1 ≤ rN ≤ 1
z

(0)
N = λN (0),

and subsequently, for j = N − 1, N − 2, . . . , 1,

(45)
{
zj = λj(rj ; rj+1, . . . , rN ) := (λj(zj+1, . . . , zN ))(rj), −1 ≤ rj ≤ 1
Zjj(zj+1, . . . , zN ) = λj(0; rj+1, . . . , rN ).
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Thus, defining

(46)
F (r1, . . . , rN ) := f(λ1(r1; r2, . . . , rN ), . . . , λN−1(rN−1; rN ), λN (rN )),
G(r1, . . . , rN ) := g(λ1(r1; r2, . . . , rN ), . . . , λN−1(rN−1; rN ), λN (rN )),

for the integral (33) we get

In =
1∫
−1

· · ·
1∫
−1

F (r1, . . . , rN )nG(r1, . . . , rN )

× ∂λ1

∂r1
· · · ∂λN−1

∂rN−1

dλN
drN

dr1 · · · drN .

(47)

By Remark 4.1, there exists r̂ with 0 < r̂ < 1 such that, for

(48) r1, . . . , rN ∈ [−r̂, r̂],

the paths λN (rN ), . . . , λ1(r1; r2, . . . , rN ) are the lines of steepest descent for

|f(Z1,N−1(zN ), . . . , ZN−1,N−1(zN ), zN )| at z(0)
N ,

· · · · · · · · · · · · · · · · · ·
|f(z1, . . . , zN )| at Z11(z2, . . . , zN )

respectively, whence, by (18),
(49)

λN (rN ) = z
(0)
N + rN e

iϑN ,

λN−1(rN−1; rN ) = ZN−1,N−1(λN (rN )) + rN−1e
iϑN−1(rN ),

· · · · · · · · · · · · · · · · · · · · · · · · ·
λ1(r1; r2, . . . , rN ) = Z11(λ2(r2; r3, . . . , rN ), . . . , λN (rN ))

+r1e
iϑ1(r2,...,rN ).

By (19), (30) and Lemma 3.6,

(50) ϑN = hNπ −
1
2 arg

(
− 1
f

HN

HN−1

)∣∣∣∣
(z(0)

1 ,...,z
(0)
N

)
, hN ∈ Z,

as in (43) for j = N , and, for j = 1, . . . , N − 1,

(51) ϑj(rj+1, . . . , rN ) =

hjπ −
1
2 arg

(
− 1
f

Hj

Hj−1

)∣∣∣∣
(Z1,j−1(λj ,...,λN ),...,Zj−1,j−1(λj ,...,λN ),λj ,...,λN )

,

hj ∈ Z.
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From (30) and (49) we obtain

(52)


λN (0) = z

(0)
N ,

λN−1(0; 0) = ZN−1,N−1

(
z

(0)
N

)
= z

(0)
N−1,

· · · · · · · · · · · · · · · · · ·
λ1(0; 0, . . . , 0) = Z11

(
z

(0)
2 , . . . , z

(0)
N

)
= z

(0)
1 .

Hence, by (51), (52) and (30),

ϑj(0, . . . , 0) = ϑj

defined in (43).

Lemma 4.6. — For each k, j = 1, . . . , N ,

(53) ∂λk
∂rj

∣∣∣∣
rk=···=rN =0

=


0, if 1 ≤ j < k ≤ N
eiϑj , if j = k

eiϑj
∂Zk,j−1
∂zj

(
z

(0)
j , . . . , z

(0)
N

)
, if 1 ≤ k < j ≤ N.

Proof. — For j ≤ k, (53) is an immediate consequence of (49). If k = j − 1,
from (49) and (52) we get

∂λj−1

∂rj

∣∣∣∣
rj−1=···=rN =0

= ∂

∂rj
Zj−1,j−1(λj(rj ; rj+1, . . . , rN ), . . . , λN (rN ))

∣∣∣∣
rj=···=rN =0

=
(
∂Zj−1,j−1

∂zj

∂λj
∂rj

)∣∣∣∣
rj=···=rN =0

= eiϑj
∂Zj−1,j−1

∂zj
(λj(0; 0, . . . , 0), . . . , λN (0))

= eiϑj
∂Zj−1,j−1

∂zj

(
z

(0)
j , . . . , z

(0)
N

)
,

i.e., (53) for k = j − 1.
For any k < j we use descending induction. We assume (53) for k = j −

1, j − 2, . . . , l+ 1 with 1 ≤ l ≤ j − 2, and prove (53) for k = l. By (49) we have

∂λl
∂rj

∣∣∣∣
rl=···=rN =0

= ∂

∂rj
Zll(λl+1(rl+1; rl+2, . . . , rN ), . . . , λN (rN ))

∣∣∣∣
rl+1=···=rN =0

=
(
∂Zll
∂zl+1

∂λl+1

∂rj
+ · · ·+ ∂Zll

∂zj

∂λj
∂rj

)∣∣∣∣
rl+1=···=rN =0

,
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whence, by the inductive assumption and by (52),

∂λl
∂rj

∣∣∣∣
rl=···=rN =0

= eiϑj

(
∂Zll
∂zl+1

∂Zl+1,j−1

∂zj
+ · · ·+ ∂Zll

∂zj−1

∂Zj−1,j−1

∂zj
+ ∂Zll
∂zj

)∣∣∣∣(
z

(0)
l+1,...,z

(0)
N

) .
From the last identity (31), with k, j replaced by l, j − 1 respectively, we get

∂

∂zj
Zl,j−1(zj , . . . , zN )

= ∂

∂zj
Zll(Zl+1,j−1(zj , . . . , zN ), . . . , Zj−1,j−1(zj , . . . , zN ), zj , . . . , zN )

= ∂Zll
∂zl+1

∂Zl+1,j−1

∂zj
+ · · · + ∂Zll

∂zj−1

∂Zj−1,j−1

∂zj
+ ∂Zll
∂zj

.

Therefore
∂λl
∂rj

∣∣∣∣
rl=···=rN =0

= eiϑj
∂Zl,j−1

∂zj

(
z

(0)
j , . . . , z

(0)
N

)
. �

Lemma 4.7. — Let

SN =

α11 . . . α1N
...

. . .
...

αN1 . . . αNN


be a symmetric matrix (αhk = αkh) such that, for each j = 1, . . . , N , the
submatrix

Sj =

α11 . . . α1j
...

. . .
...

αj1 . . . αjj


is nonsingular, i.e., detSj 6= 0. Let

TN =

β11 . . . β1N
...

. . .
...

βN1 . . . βNN


be the upper triangular matrix defined by

(54) βkj =


0, if 1 ≤ j < k ≤ N
1, if j = k

(−1)k+j djk

detSj−1
, if 1 ≤ k < j ≤ N,
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where djk is the determinant of the matrix obtained by removing the j-th row
and the k-th column in Sj. Then tTNSNTN is the diagonal matrix given by

tTN SN TN =


detS1 0 . . . 0

0 detS2
detS1

. . . 0
...

...
. . .

...
0 0 . . . detSN

detSN−1

 .

Proof. — Let

tTN SN =

γ11 . . . γ1N
...

. . .
...

γN1 . . . γNN

 ,

let detS0 := 1, and djj := detSj−1 for j = 1, . . . , N . Since αhk = αkh, from
(54) we get

γjk =
N∑
h=1

βhjαkh = 1
detSj−1

j∑
h=1

(−1)h+jdjhαkh.

If k ≤ j, the last sum is the Laplace expansion along the last row of the
determinant of the matrix obtained from Sj by replacing the j-th row with the
k-th row. Therefore

(55) γjj = detSj
detSj−1

,

and

(56) γjk = 0 for k < j,

whence tTN SN is an upper triangular matrix. Thus (tTNSN )TN is the product
of two upper triangular matrices, and hence is upper triangular. Moreover

t(tTN SNTN ) = tTNtSNTN = tTNSNTN ,

because SN is symmetric. Thus tTN SN TN is upper triangular and symmetric,
and hence is diagonal.

The j-th entry on the diagonal of (tTN SN )TN is

(57) γj1β1j + · · ·+ γjjβjj + · · ·+ γjNβNj ,

with βj+1,j = · · · = βNj = 0 by (54), and γj1 = · · · = γj,j−1 = 0 by (56). Also,
by (54), βjj = 1 for j = 1, . . . , N . Thus (57) equals

γjj = detSj
detSj−1

by (55). �
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Lemma 4.8. — For r > 0, let EN (r) and RN (r) be the functions defined by

(58) EN (r) =
∫
· · ·
∫

x2
1+···+x2

N
≤r2

e−(x2
1+···+x2

N )dx1 · · · dxN = πN/2 (1−RN (r)) .

Then, as r →∞,

(59) RN (r) = O

(
e−r

2/N

r

)
.

Proof. — We consider the error function

erf t := 2√
π

t∫
0

e−x
2
dx (t > 0)

and the complementary error function

erfc t := 1− erf t = 2√
π

+∞∫
t

e−x
2
dx.

Using L’Hôpital’s rule we get

lim
t→+∞

∫ +∞
t

e−x
2dx

(t et2)−1 = 1
2 ,

whence

(60) erfc t ∼ e−t
2

√
πt

(t→ +∞).

We remark that (60) is the first term in the well known asymptotic expansion

erfc t = e−t
2

√
πt

(
1 +

L−1∑
l=1

(−1)l (2l − 1)!!
(2t2)l +O

(
1
t2L

))
(t→ +∞)

for any integer L ≥ 1, although (60) suffices for our purposes.
The hypercube defined by the inequalities

− r√
N
≤ xj ≤

r√
N

(j = 1, . . . , N)
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is plainly contained in the sphere x2
1 + · · ·+ x2

N ≤ r2. Therefore

(61) EN (r) >
r/
√
N∫

−r/
√
N

· · ·
r/
√
N∫

−r/
√
N

e−(x2
1+···+x2

N ) dx1 · · · dxN

=

 r/
√
N∫

−r/
√
N

e−x
2
dx


N

=
(√

πerf r√
N

)N
= πN/2

(
1− erfc r√

N

)N
.

Since (1−X)N ≥ 1−NX for 0 < X < 1, from (58) and (61) we get

πN/2 (1−RN (r)) = EN (r) > πN/2
(

1−Nerfc r√
N

)
,

whence

RN (r) < Nerfc r√
N

= O

(
e−r

2/N

r

)
(r → +∞)

by (60). �

Remark 4.9. — A standard but tedious calculation yields the exact value of
RN (r), namely

(62) RN (r) =


e−r

2 m−1∑
l=0

r2l

l! , for N = 2m

erfc r + e−r2
√
π r

m∑
l=1

(2r2)l

(2l−1)!! , for N = 2m+ 1.

Thus, by (60) and (62), the asymptotic formula (59) can be improved to the
exact order of magnitude:

(63) RN (r) = O(e−r
2
rN−2) (r →∞),

but we need not use (63) for the proof of Theorem 4.2.

5. Proof of Theorem 4.2

By (46),

∂F

∂rj
=

j∑
l=1

∂f

∂zl

∂λl
∂rj

(j = 1, . . . , N),

with

(64) ∂f

∂zl

∣∣∣∣
r1=···=rN =0

= ∂f

∂zl

(
z

(0)
1 , . . . , z

(0)
N

)
= 0 (l = 1, . . . , N)
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by (24), whence
∂F

∂rj
(0, . . . , 0) = 0 (j = 1, . . . , N).

Also, by (64),

∂2F

∂rk∂rj
(0, . . . , 0) =

j∑
l=1

(
∂

∂rk

∂f

∂zl

)
∂λl
∂rj

∣∣∣∣∣
r1=···=rN =0

=
k∑
h=1

j∑
l=1

∂2f

∂zh∂zl

∂λh
∂rk

∂λl
∂rj

∣∣∣∣∣
r1=···=rN =0

.

Hence, with the notation (27),

(65) ∂2F

∂rk∂rj
(0, . . . , 0) =((

∂λ1

∂rk
, . . . ,

∂λk
∂rk

, 0, . . . , 0
)
H0

t
(
∂λ1

∂rj
, . . . ,

∂λj
∂rj

, 0, . . . , 0
))∣∣∣∣

r1=···=rN =0
.

Here and in what follows, we identify a 1× 1 matrix with its entry.
Let

T0 =

D11 . . . D1N
...

. . .
...

DN1 . . . DNN


be the upper triangular matrix defined by

(66) Dkj =


0, if 1 ≤ j < k ≤ N
1, if j = k

(−1)k+j δjk

Hj−1

∣∣∣
(z(0)

1 ,...,z
(0)
N

)
, if 1 ≤ k < j ≤ N,

where Hj−1 is defined by (25), and, as in Lemma 3.5, δjk is the determinant ob-
tained by removing the last row and the k-th column from the determinant Hj .
Let E0 be the diagonal matrix

E0 =


eiϑ1 0 . . . 0

0 eiϑ2 . . . 0
...

...
. . .

...
0 0 . . . eiϑN

 ,

with ϑj defined in (43). By Lemmas 4.6 and 3.5, and by (66), the vectors on
the left and on the right of H0 in (65) are, respectively, the transpose of the
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k-th column and the j-th column in T0E0. Therefore, by (65),

(67)


∂2F
∂r2

1
. . . ∂2F

∂r1∂rN

...
. . .

...
∂2F

∂rN∂r1
. . . ∂2F

∂r2
N


∣∣∣∣∣∣∣∣
r1=···=rN =0

= t(T0E0)H0T0E0.

By Lemma 4.7 with SN = H0 and TN = T0, the matrix tT0H0 T0 is diagonal,
and its entries on the diagonal are

Hj

(
z

(0)
1 , . . . , z

(0)
N

)
Hj−1

(
z

(0)
1 , . . . , z

(0)
N

) (j = 1, . . . , N).

Since the diagonal matrices commute and E0 is diagonal, we get
t(T0E0)H0T0E0 = E0(tT0H0T0)E0 = E2

0 (tT0H0T0),

whence

(68) t(T0E0)H0T0E0 =


e2iϑ1 H1

H0
0 . . . 0

0 e2iϑ2 H2
H1

. . . 0
...

...
. . .

...
0 0 . . . e2iϑN HN

HN−1


∣∣∣∣∣∣∣∣∣∣(
z

(0)
1 ,...,z

(0)
N

)
.

Thus, by (67) and (68), in a neighbourhood of r1 = · · · = rN = 0 we obtain by
Taylor’s formula

F (r1, . . . , rN ) = f
(
z

(0)
1 , . . . , z

(0)
N

)
+ 1

2! (r1, . . . , rN )

e
2iϑ1H1/H0 . . . 0

...
. . .

...
0 . . . e2iϑNHN/HN−1


∣∣∣∣∣∣∣(
z

(0)
1 ,...,z

(0)
N

)t(r1, . . . , rN )

+O
(
|r1|3 + · · ·+ |rN |3

)
= f

(
z

(0)
1 , . . . , z

(0)
N

)
+ 1

2

N∑
j=1

e2iϑj

Hj

(
z

(0)
1 , . . . , z

(0)
N

)
Hj−1

(
z

(0)
1 , . . . , z

(0)
N

) r2
j

+O
(
|r1|3 + · · ·+ |rN |3

)
.

Therefore
(69)

F (r1, . . . , rN ) = f
(
z

(0)
1 , . . . , z

(0)
N

)1−
N∑
j=1

Ajr
2
j +O

(
|r1|3 + · · ·+ |rN |3

)
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where

Aj = −1
2e

2iϑj

Hj

(
z

(0)
1 , . . . , z

(0)
N

)
f
(
z

(0)
1 , . . . , z

(0)
N

)
Hj−1

(
z

(0)
1 , . . . , z

(0)
N

) (j = 1, . . . , N).

By (43),

arg(2Aj) = 2ϑj + arg

− Hj

(
z

(0)
1 , . . . , z

(0)
N

)
f
(
z

(0)
1 , . . . , z

(0)
N

)
Hj−1

(
z

(0)
1 , . . . , z

(0)
N

)
 = 2hjπ,

whence Aj is real and positive. It follows that

(70) Aj = 1
2

∣∣∣∣∣∣
Hj

(
z

(0)
1 , . . . , z

(0)
N

)
f
(
z

(0)
1 , . . . , z

(0)
N

)
Hj−1

(
z

(0)
1 , . . . , z

(0)
N

)
∣∣∣∣∣∣ > 0 (j = 1, . . . , N).

Let µ1 be a constant satisfying

0 < µ1 < min{A1, . . . , AN}.

By (69), there exists a constant h0 with 0 < h0 ≤ r̂, where r̂ is the constant in
(48), such that

(71) |F (r1, . . . , rN )| ≤
∣∣f (z(0)

1 , . . . , z
(0)
N

) ∣∣ (1− µ1(r2
1 + · · ·+ r2

N )
)

for all (r1, . . . , rN ) ∈ [−h0, h0]N .
By the assumption (41) there exists a constant µ2 with 0 < µ2 < 1 such

that

(72) |F (r1, . . . , rN )| ≤ µ2

∣∣∣f (z(0)
1 , . . . , z

(0)
N

)∣∣∣
for all (r1, . . . , rN ) ∈ [−1, 1]N \ [−h0, h0]N .

Let K > 0 be a constant to be chosen later, and let n1 > e2K be an integer
such that

(73) (logn1)K
√
n1

≤ min
{
h0,

√
1− µ2

µ1

}
.

Let Ωn1 ⊃ Ωn1+1 ⊃ Ωn1+2 ⊃ . . . be the sequence of spheres defined by

Ωn :=
{

(r1, . . . , rN )
∣∣∣∣ r2

1 + · · ·+ r2
N ≤

(logn)2K

n

}
(n ≥ n1).

For (r1, . . . , rN ) ∈ [−h0, h0]N \Ωn we get by (71)

(74) |F (r1, . . . , rN )| ≤
(

1− µ1
(logn)2K

n

) ∣∣∣f (z(0)
1 , . . . , z

(0)
N

)∣∣∣ .
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By (73),

µ2 ≤ 1− µ1
(logn1)2K

n1
≤ 1− µ1

(logn)2K

n
(n ≥ n1).

Therefore, by (72), the inequality (74) holds for all (r1, . . . , rN ) ∈ [−1, 1]N \
Ωn(n ≥ n1). Using (74), we show that the contribution given by [−1, 1]N \Ωn
to the integral In in (47) is negligible. For this purpose we use the asymptotic
formulae

(75)
(

1− µ1
(logn)2K

n

)n
= O

(
e−µ1(logn)2K

)
(n→ +∞),

and, for (r1, . . . , rN ) ∈ Ωn, n→ +∞,

G(r1, . . . , rN )∂λ1

∂r1
· · · dλNdrN

= ei(ϑ1+···+ϑN )g
(
z

(0)
1 , . . . , z

(0)
N

)
(1 +O(|r1|+ · · ·+ |rN |))

= ei(ϑ1+···+ϑN )g
(
z

(0)
1 , . . . , z

(0)
N

)(
1 +O

(
(logn)K√

n

))(76)

and (
1 +

O
(
|r1|3 + · · ·+ |rN |3

)
1−

∑N
j=1Ajr

2
j

)n

= 1 +O

(
n

(
(logn)K√

n

)3)
= 1 +O

(
(logn)3K
√
n

)
.

(77)

For (76) we have used (53).
Let

Jn :=
∫
· · ·
∫

[−1,1]N\Ωn

F (r1, . . . , rN )nG(r1, . . . , rN )∂λ1

∂r1
· · · dλNdrN

dr1 · · · drN .

By the absolute convergence of In for every sufficiently large n (say, for n ≥ n0),
and by (74) and (75), we get

|Jn| ≤
(

1− µ1
(logn)2K

n

)n−n0 ∣∣∣f (z(0)
1 , . . . , z

(0)
N

)∣∣∣n−n0

×
∫
λN

|dzN | · · ·
∫

λ1(z2,...,zN )

|f(z1, . . . , zN )|n0 |g(z1, . . . , zN )| |dz1|

= O
(
e−µ1(logn)2K

∣∣∣f (z(0)
1 , . . . , z

(0)
N

)∣∣∣n) .
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Hence, by (69), (76) and (77),

In =
∫
· · ·
∫

Ωn

F (r1, . . . , rN )nG(r1, . . . , rN )∂λ1

∂r1
· · · dλNdrN

dr1 · · · drN + Jn

= ei(ϑ1+···+ϑN )g
(
z

(0)
1 , . . . , z

(0)
N

)
f
(
z

(0)
1 , . . . , z

(0)
N

)n(
1 +O

(
(logn)3K
√
n

))

×
∫
· · ·
∫

Ωn

1−
N∑
j=1

Ajr
2
j

n

dr1 · · · drN

+O
(
e−µ1(logn)2K

∣∣∣f (z(0)
1 , . . . , z

(0)
N

)∣∣∣n) .

(78)

We shall now prove an asymptotic formula ((84) below) for the integral

(79)
∫
· · ·
∫

Ωn

1−
N∑
j=1

Ajr
2
j

n

dr1 · · · drN .

Substituting
√
Ajn rj = uj(j = 1, . . . , N), (79) becomes

(80) 1√
A1 . . . AN nN/2

∫
· · ·
∫

Ω∗
n

1− 1
n

N∑
j=1

u2
j

n

du1 · · · duN

with

(81) Ω∗n =
{

(u1, . . . , uN )
∣∣∣∣ u2

1
A1

+ · · ·+ u2
N

AN
≤ (logn)2K

}
.

If (u1, . . . , uN ) ∈ Ω∗n then
N∑
j=1

u2
j ≤ A(logn)2K

where A = max{A1, . . . , AN}. Hence1− 1
n

N∑
j=1

u2
j

n

= exp

−n
 1
n

N∑
j=1

u2
j +O

 1
n2

 N∑
j=1

u2
j

2




= exp

− N∑
j=1

u2
j

(1 +O

(
(logn)4K

n

))
.
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Therefore

(82)
∫
· · ·
∫

Ω∗
n

1− 1
n

N∑
j=1

u2
j

n

du1 · · · duN

=
(

1 +O

(
(logn)4K

n

))∫
· · ·
∫

Ω∗
n

exp

− N∑
j=1

u2
j

 du1 · · · duN .

Let µ0 = min{A1, . . . , AN}. From (81) and Lemma 4.8 we obtain

∫
· · ·
∫

RN \Ω∗
n

exp

− N∑
j=1

u2
j

 du1 · · · duN

<

∫
· · ·
∫

∑N

j=1
u2

j
>µ0(logn)2K

exp

− N∑
j=1

u2
j

 du1 · · · duN = πN/2 RN
(√
µ0 (logn)K

)

= O
(

(logn)−Ke−(µ0/N)(logn)2K
)
.

Hence

∫
· · ·
∫

Ω∗
n

exp

− N∑
j=1

u2
j

 du1 · · · duN

= πN/2 −
∫
· · ·
∫

RN\Ω∗
n

exp

− N∑
j=1

u2
j

 du1 · · · duN

= πN/2
(

1 +O
(

(logn)−Ke−(µ0/N)(logn)2K
))

.

(83)

From (80), (82) and (83) we get, for n→ +∞,

∫
· · ·
∫

Ωn

1−
N∑
j=1

Ajr
2
j

n

dr1 · · · drN = πN/2
√
A1 · · ·ANnN/2

×
(

1 +O

(
(logn)4K

n

))(
1 +O

(
(logn)−Ke−(µ0/N)(logn)2K

))
.

(84)
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Since (logn)4K/n = o
(
(logn)3K/

√
n
)
, by (78) and (84) we obtain

In = ei(ϑ1+···+ϑN )g
(
z

(0)
1 , . . . , z

(0)
N

) πN/2
√
A1 · · ·AN

f
(
z

(0)
1 , . . . , z

(0)
N

)n
nN/2

+O

(
(logn)3K

n(N+1)/2

∣∣∣f (z(0)
1 , . . . , z

(0)
N

)∣∣∣n)
+O

(
n−N/2(logn)−Ke−(µ0/N)(logn)2K

∣∣∣f (z(0)
1 , . . . , z

(0)
N

)∣∣∣n)
+O

(
e−µ1(logn)2K

∣∣∣f (z(0)
1 , . . . , z

(0)
N

)∣∣∣n) .
If K > 1/2, the last two error terms are negligible in comparison with

O

(
(logn)3K

n(N+1)/2

∣∣∣f (z(0)
1 , . . . , z

(0)
N

)∣∣∣n) .
Choosing K = 1

2 + ε
3 with an arbitrarily small ε > 0 we conclude that

In = C
f
(
z

(0)
1 , . . . , z

(0)
N

)n
nN/2

(
1 +O

(
(logn) 3

2 +ε
√
n

))
where, by (70),

C = ei(ϑ1+···+ϑN )g
(
z

(0)
1 , . . . , z

(0)
N

) πN/2
√
A1 · · ·AN

= (2π)N/2ei(ϑ1+···+ϑN )g
(
z

(0)
1 , . . . , z

(0)
N

) ∣∣∣f (z(0)
1 , . . . , z

(0)
N

)∣∣∣N/2

√∣∣∣H (z(0)
1 , . . . , z

(0)
N

)∣∣∣ . �

6. Generalized Airy functions

6.1. In [14] Ursell studies the asymptotic behaviour of certain double integrals
depending on a large parameter. Special cases of the integrals considered by
Ursell can be written in the following form, generalizing to the two-dimensional
case the Airy integrals (7)–(9):
(85)(
τ1/3

2πi

)2 ∫
Γ1

∫
Γ2

exp
(
τ(−1

3z
3
1 −

1
3z

3
2 + az1 + bz2 + cz1z2)

)
dz1 dz2 (τ → +∞),

where each of Γ1 and Γ2 is the union of two of the three half-lines (5). Combin-
ing Ursell’s Theorems 1 and 2 ([14], pp. 254–255) with Lemma 2 ([14], p. 262)
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one obtains an asymptotic expansion for the integrals (85) under the restric-
tion that |a|, |b| and |c| are small enough (this restriction implies that the four
saddle-points in (85) are all close to (0, 0)).

In the spirit of [14], we apply our Theorem 4.2 to study in some cases the
asymptotic behaviour of N -dimensional integrals of Airy’s type:

(86)
(
τ1/3

2πi

)N ∫
Γ1

· · ·
∫
ΓN

exp (τ h(z1, . . . , zN )) dz1 · · · dzN (τ → +∞),

where, as in (85), each of Γ1, . . . , ΓN is the union of two of the three half-lines
(5), and where

(87) h(z1, . . . , zN ) =
N∑
j=1

zj +
∑

1≤k<l≤N
zkzl −

N∑
j=1

1
3z

3
j

is a cubic polynomial with no condition about the vicinity of the saddle-points.

6.2. In this section we study the asymptotic behaviour of the integrals (86) for
N = 2, i.e.,

(88)
(
τ1/3

2πi

)2 ∫
Γ2

dz2

∫
Γ1

exp
(
τ

(
z1 + z2 + z1z2 −

1
3z

3
1 −

1
3z

3
2

))
dz1,

where each of Γ1 and Γ2 is the union of two of the three half-lines γ0, γ1, γ2 in
(5).

Up to complex conjugation or to the interchange of z1 and z2, we have four
distinct cases:

(i) Γ1 = Γ2 = γ0 ∪ γ1,
(ii) Γ1 = Γ2 = γ1 ∪ γ2,
(iii) Γ1 = γ1 ∪ γ2, Γ2 = γ0 ∪ γ1,
(iv) Γ1 = γ0 ∪ γ2, Γ2 = γ0 ∪ γ1.

In the above cases (i)–(iv) we denote the function (88) by 2Ai1(τ2/3), 2Ai2(τ2/3),
2Ai3(τ2/3), 2Ai4(τ2/3), respectively.

Let

(89) h(z1, z2) = z1 + z2 + z1z2 −
1
3z

3
1 −

1
3z

3
2 .

The saddle-points of f(z1, z2) = exph(z1, z2) are the solutions of the system

(90)
{

∂h
∂z1

= 1 + z2 − z2
1 = 0

∂h
∂z2

= 1 + z1 − z2
2 = 0.

Eliminating z2 we get

z1(z1 + 1)(z1 − ϕ+)(z1 − ϕ−) = 0
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with
ϕ± = 1±

√
5

2 .

Thus the saddle-points are
(z1, z2) = (0,−1), (−1, 0), (ϕ+, ϕ+), (ϕ−, ϕ−).

Moreover
∂2f

∂z2
1

= f(z1, z2)
(
∂2h

∂z2
1

+
(
∂h

∂z1

)2
)
,

∂2f

∂z1∂z2
= f(z1, z2)

(
∂2h

∂z1∂z2
+ ∂h

∂z1

∂h

∂z2

)
,

∂2f

∂z2
2

= f(z1, z2)
(
∂2h

∂z2
2

+
(
∂h

∂z2

)2
)
.

Hence at each saddle-point we get

H1(z1, z2) = ∂2f

∂z2
1

= f(z1, z2)∂
2h

∂z2
1

= f(z1, z2)(−2z1),

H(z1, z2) = ∂2f

∂z2
1

∂2f

∂z2
2
−
(

∂2f

∂z1∂z2

)2

= f(z1, z2)2

(
∂2h

∂z2
1

∂2h

∂z2
2
−
(

∂2h

∂z1∂z2

)2)
= f(z1, z2)2(4z1z2 − 1).

Therefore the admissible saddle-points with respect to the ordering z1, z2 of
the variables are
(91) (z1, z2) = (−1, 0), (ϕ+, ϕ+), (ϕ−, ϕ−).
With notation as in (29), from the first equation (90) we get
(92) Z11(z2) = ±

√
1 + z2

in the cut plane z2 ∈ C \ (−∞,−1], where
√

1 + z2 > 0 for z2 > −1. In (92)
we must take the − sign for z2 = 0 or z2 = ϕ−, and the + sign for z2 = ϕ+.

We now apply Theorem 4.2 to obtain asymptotic formulae for (88) in the
above cases (i)–(iv).
(i) 2Ai1 .
This is the special case, for N = 2, of the function NAi1 defined in (98) below.
From the discussion in Section 6.3 we see that the relevant saddle-point for
2Ai1(τ2/3) is (ϕ+, ϕ+). Setting N = 2 in the asymptotic formula (108) below,
we obtain

(93) 2Ai1(t) ∼ − t−1/2

2π
√

5 + 2
√

5
exp

(
7 + 5

√
5

6 t3/2
)

for t→ +∞.
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(ii) 2Ai2
In this case we show that, according to (91)–(92), the relevant saddle-point is
(z1, z2) = (ϕ−, ϕ−), with

(94) z1 = Z11(z2) = −
√

1 + z2.

This function is a one-to-one mapping of

∆2 := {z2 ∈ C \ (−∞,−1]}

onto
∆1 :=

{
z1 ∈ C

∣∣ Re z1 < 0
}
,

with fixed point ϕ−. In order to apply Theorem 4.2 we must change the
integration path γ1∪γ2 for z2 to an equivalent path λ2 ⊂ ∆2 passing through ϕ−
and such that

Reh(−
√

1 + z2, z2) < Reh(ϕ−, ϕ−) = h(ϕ−, ϕ−)

for all z2 ∈ λ2, z2 6= ϕ−, where h is the polynomial (89).
It is convenient to seek the image λ̃1 = Z11(λ2) ⊂ ∆1 of λ2 through (94), so

that
Reh(z1, z

2
1 − 1) < h(ϕ−, ϕ−)

for all z1 ∈ λ̃1, z1 6= ϕ−, since z2 = z2
1 − 1 is the inverse of (94). From (89) we

get

(95) h
(
z1, z

2
1 − 1

)
= −1

3z
6
1 + z4

1 + 2
3z

3
1 −

2
3 .

We choose λ̃1 to be the path of steepest descent for | exph(z1, z
2
1 − 1)| con-

taining z1 = ϕ−. Arguing as in Section 2 we see that λ̃1 is defined by

arg exph
(
z1, z

2
1 − 1

)
= Im h

(
z1, z

2
1 − 1

)
= Im h(ϕ−, ϕ−) = 0,

i.e., by (95),
Im(z6

1 − 3z4
1 − 2z3

1) = 0.
Writing z1 = x1 + iy1 we easily get the equation

y1
(
3x1y

4
1 +

(
1 + 6x1 − 10x3

1
)
y2

1 − 3x2
1 − 6x3

1 + 3x5
1
)

= 0.

Hence λ̃1 is the connected component in ∆1 of the quintic in R2

3x1y
4
1 +

(
1 + 6x1 − 10x3

1
)
y2

1 − 3x2
1 − 6x3

1 + 3x5
1 = 0

containing the point x1 = ϕ−, y1 = 0 and having asymptotes y1 = ±
√

3x1,
i.e., γ1 and γ2. Thus, writing z2 = x2 + iy2, we see that the path λ2 contains
the point x2 = ϕ−, y2 = 0 and has asymptotes y2 = ±

√
3 (x2 + 1). Hence λ2

is equivalent to γ1 ∪ γ2 by Cauchy’s theorem.
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For any fixed z2 ∈ λ2 we must change the integration path γ1 ∪ γ2 for z1 to
an equivalent path λ1(z2) through Z11(z2) = −

√
1 + z2 so that

(96) Reh(z1, z2) < Reh(−
√

1 + z2, z2)

for all z1 ∈ λ1(z2), z1 6= −
√

1 + z2.
If z2 = ϕ− we choose λ1(ϕ−) = λ̃1. If z2 6= ϕ−, let V1(z2) and V2(z2) be the

‘valley-sets’ of Reh(z1, z2), i.e., the two connected components of the open set
V (z2), with vertex at the saddle-point z1 = −

√
1 + z2, such that (96) holds for

all z1 ∈ V (z2).
It is easily seen that Reh(z1, z2) is strictly monotonic for

z1 = iy1, −∞ < y1 < +∞.

Therefore W1(z2) := V1(z2) ∩ ∆1 and W2(z2) := V2(z2) ∩ ∆1 are both un-
bounded. Hence we may choose λ1(z2) ⊂W1(z2)∪W2(z2)∪{−

√
1 + z2 }, with

asymptotes γ1 and γ2.
We recall that τ2/3 = t. We apply Theorem 4.2 with τ ∈ R in place of n (see

Remark 4.5). From (43) we get ϑ1 = ϑ2 = π/2. Then the asymptotic formula
(42) yields

2Ai2(t) ∼ t−1/2

2π
√

5− 2
√

5
exp

(
7− 5

√
5

6 t3/2
)
.

(iii) 2Ai3
In this case the relevant saddle-point is (z1, z2) = (−1, 0). Let λ2 be the curve
defined in the previous case (ii), let λ′2 be the part of λ2 lying in the halfplane
Im z2 ≥ 0, and let λ′′2 be the half-line

λ′′2 =
{
z2 ∈ R

∣∣ ϕ− ≤ z2 < +∞
}
.

We replace the integration path γ0 ∪ γ1 for z2 with

µ2 := λ′2 ∪ λ′′2 .

We easily find

h(−
√

1 + z2, z2) < h(−1, 0) = max
z2∈µ2

Reh(−
√

1 + z2, z2)

for all z2 ∈ λ′′2 , z2 6= 0. Similarly to case (ii), for any fixed z2 ∈ λ′′2 we replace
the integration path γ1 ∪ γ2 for z1 with the steepest descent path µ1(z2) for
| exph(z1, z2)| through −

√
1 + z2, which clearly has asymptotes γ1 and γ2. For

any fixed z2 ∈ λ′2 we argue as in case (ii).
We now have ϑ1 = π/2 and ϑ2 = 0. Thus (42) yields

(97) 2Ai3(t) ∼ − it
−1/2

2π exp
(
−2

3 t
3/2
)
.

(iv) 2Ai4
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Plainly

2Ai4(t) = 2Ai1(t) + 2Ai3(t).

Hence from (93) and (97) we obtain

2Ai4(t) ∼ − t−1/2

2π
√

5 + 2
√

5
exp

(
7 + 5

√
5

6 t3/2
)
.

6.3. In this section we apply Theorem 4.2 to the N -dimensional Airy integral

(98) NAi1(τ2/3) :=
(
τ1/3

2πi

)N ∫
Γ1

· · ·
∫
ΓN

exp (τh(z1, . . . , zN )) dz1 · · · dzN

with h(z1, . . . , zN ) given by (87), and with

(99) Γ1 = · · · = ΓN = γ0 ∪ γ1

oriented from e2πi/3∞ to +∞, where γ0 and γ1 are defined in (5).
The saddle-points of f(z1, . . . , zN ) = exph(z1, . . . , zN ) are the solutions of

the system

(100)


∂h
∂z1

= 1 + z2 + z3 + · · ·+ zN − z2
1 = 0

∂h
∂z2

= 1 + z1 + z3 + · · ·+ zN − z2
2 = 0

· · · · · · · · · · · · · · · · ·
∂h
∂zN

= 1 + z1 + z2 + · · ·+ zN−1 − z2
N = 0.

Using the symmetry of the system (100) we seek solutions satisfying z1 = · · · =
zN . We set z1 = · · · = zN = ϕN , say. Then (100) yields

ϕ2
N − (N − 1)ϕN − 1 = 0,

whence the saddle-points(
z

(0)
1 , . . . , z

(0)
N

)
=
{

(ϕ+
N , . . . , ϕ

+
N )

(ϕ−N , . . . , ϕ
−
N )

where

(101) ϕ±N =
N − 1±

√
(N − 1)2 + 4
2 .

The relevant saddle-point for (98)–(99) turns out to be

(102)
(
z

(0)
1 , . . . , z

(0)
N

)
=
(
ϕ+
N , . . . , ϕ

+
N

)
.
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It is easy to see that (102) is an admissible saddle-point. By (25) and (100) we
have, for j = 1, . . . , N ,

Hj

(
ϕ+
N , . . . , ϕ

+
N

)
= exp

(
j h
(
ϕ+
N , . . . , ϕ

+
N

))
· det


−2ϕ+

N 1 . . . 1
1 −2ϕ+

N . . . 1
...

...
. . .

...
1 1 . . . −2ϕ+

N

.
This j×j determinant equals (−2ϕ+

N−1)j−1(−2ϕ+
N +j−1), as is easy to prove

by induction on j. Therefore

(103) Hj

(
ϕ+
N , . . . , ϕ

+
N

)
=

(−1)j
(
2ϕ+

N + 1
)j−1 (2ϕ+

N + 1− j
)

exp
(
j h
(
ϕ+
N , . . . , ϕ

+
N

))
(j = 1, . . . , N).

By (101) we get Hj(ϕ+
N , . . . , ϕ

+
N ) 6= 0. Hence (102) is admissible.

By the system (100) and by (29), for each j = 1, . . . , N − 1 the functions

Z1j(zj+1, . . . , zN ), . . . , Zjj(zj+1, . . . , zN )

are defined by

1 + (j − 1)Zkj + zj+1 + · · ·+ zN − Z2
kj = 0,

whence

(104) Z1j(zj+1, . . . , zN ) = · · · = Zjj(zj+1, . . . , zN )

=
j − 1 +

√
(j − 1)2 + 4(1 + zj+1 + · · ·+ zN )

2 ,

where the square root is positive for zj+1 > 0, . . . , zN > 0. The + sign preceding
the square root is justified by the condition

Zkj
(
ϕ+
N , . . . , ϕ

+
N

)
= ϕ+

N .

With the notation of Theorem 4.2 we choose

(105) λN = ΓN = γ0 ∪ γ1.

By (87) and (104) we easily get

h(Z1,N−1(zN ), . . . , ZN−1,N−1(zN ), zN ) = (N − 1)(N − 2)
2

(
1 + (N − 2)2

6

)
+
(

1 + (N − 1)(N − 2)
2

)
zN + N − 1

12
(
(N − 2)2 + 4(1 + zN )

)3/2 − z3
N

3 .

By elementary arguments we see that

Reh(Z1,N−1(zN ), . . . , ZN−1,N−1(zN ), zN )
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along γ0 is maximal at zN = ϕ+
N , and along γ1 is maximal at zN = 0. Hence

the assumptions (34) and (35) are satisfied for z(0)
N = ϕ+

N and for λN given by
(105).

For each j = 1, . . . , N−1, the existence of a path λj(zj+1, . . . , zN ) equivalent
to (99) by Cauchy’s theorem, containing the point Zjj(zj+1, . . . , zN ) given by
(104), and satisfying (38), can be proved similarly to the case of 2Ai2(τ2/3), as
follows.

Let Θ ⊂ C be the angular region defined by

Θ :=
{
z ∈ C

∣∣ − π/6 ≤ arg z ≤ 2π/3
}
,

and let
δ = δ′ ∪ γ1

be the border of Θ, with

δ′ =
{
%e−πi/6 ∣∣ 0 ≤ % < +∞

}
.

For any fixed zj+1, . . . , zN ∈ Θ, from (104) we get

−π/12 ≤ argZkj(zj+1, . . . , zN ) ≤ π/3,

and
h(Z1,j−1(zj , . . . , zN ), . . . , Zj−1,j−1(zj , . . . , zN ), zj , . . . , zN )

= s1 + s2 + s3 + 1
2(j − 1)(j − 2)

(
s1 + 1 + 1

6(j − 2)2
)

+ 1
12(j − 1)

(
(j − 2)2 + 4(1 + zj + s1)

)3/2

+
(

1 + (j − 1)(j − 2)
2 + s1

)
zj −

1
3z

3
j

(106)

with

s1 =
N∑

m=j+1
zm, s2 =

∑
j+1≤k<l≤N

zkzl, s3 = −1
3

N∑
m=j+1

z3
m.

For zj ∈ δ moving from e2πi/3∞ to e−πi/6∞, a straightforward computation
shows that

Re
((

(j − 2)2 + 4(1 + zj + s1)
)3/2

)
and Re

((
1 + (j − 1)(j − 2)

2 + s1

)
zj

)
are both increasing, whereas − 1

3 Re(z3
j ) increases for zj ∈ γ1 and vanishes

identically for zj ∈ δ′. Thus from (106) we see that

Reh(Z1,j−1(zj , . . . , zN ), . . . , Zj−1,j−1(zj , . . . , zN ), zj , . . . , zN )
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is increasing. Hence the intersections with Θ of the valley-sets in the plane of
the variable zj with vertex at the saddle-point zj = Zjj(zj+1, . . . , zN ) are both
unbounded. Moreover, for zj → +∞ we have −z3

j /3→ −∞ whence
exph(Z1,j−1(zj , . . . , zN ), . . . , Zj−1,j−1(zj , . . . , zN ), zj , . . . , zN )→ 0.

Thus there exists z∗j > 0 such that the halfline {z∗j ≤ zj < +∞} is contained
in one of the valley-sets above. This proves the existence in Θ of a path
λj(zj+1, . . . , zN ) for zj equivalent to (99) by Cauchy’s theorem and satisfying
(37)–(38).

In order to get the asymptotic formula (42) for NAi1(τ2/3), we compute
f(ϕ+

N , . . . , ϕ
+
N ) = exph(ϕ+

N , . . . , ϕ
+
N ) and the determinants Hj(ϕ+

N , . . . , ϕ
+
N )

given by (103). From (87) and (101) we obtain

h
(
ϕ+
N , . . . , ϕ

+
N

)
= N(N − 1)

6 +
(

2
3N + N(N − 1)2

6

)
ϕ+
N

= N(N − 1)
2

(
1 + (N − 1)2

6

)
+ N

3

(
1 + (N − 1)2

4

)√
(N − 1)2 + 4.

(107)

From (103) we get, for j = 0, 1, . . . , N ,

Hj

(
ϕ+
N , . . . , ϕ

+
N

)
= (−1)j

(
N +

√
(N − 1)2 + 4

)j−1

×
(
N − j +

√
(N − 1)2 + 4

)
exp

(
jh(ϕ+

N , . . . , ϕ
+
N )
)
.

Therefore
− 1
f(ϕ+

N , . . . , ϕ
+
N )

Hj(ϕ+
N , . . . , ϕ

+
N )

Hj−1(ϕ+
N , . . . , ϕ

+
N )

> 0.

Thus, by (43) and Remark 4.3,
ϑ1 = · · · = ϑN = 0.

From (98), (103) and (42) we obtain

NAi1(τ2/3) ∼ (−i)N τ−N/6

(2π)N/2

(
2ϕ+

N + 1
)−(N−1)/2 (2ϕ+

N + 1−N
)−1/2

× exp
(
τh
(
ϕ+
N , . . . , ϕ

+
N

))
.

Substituting τ2/3 = t, by (101) and (107) we finally get

NAi1(t) ∼ (−i)N t−N/4

(2π)N/2

(
N +

√
(N − 1)2 + 4

)−(N−1)/2 (
(N − 1)2 + 4

)−1/4

× exp
((

N(N − 1)
2

(
1 + (N − 1)2

6

)
+N

3

(
1 + (N − 1)2

4

)√
(N − 1)2 + 4

)
t3/2

)
.

(108)
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