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SMALL TIME EQUIVALENTS FOR THE DENSITY
OF A PLANAR QUADRATIC LANGEVIN DIFFUSION

BY JACQUES FRANCHI

ABSTRACT. — Exact small time equivalents for the density of the (heat kernel) semi-
group, with a control of the error term, are obtained for a quadratic planar analogue of
the Langevin diffusion, which is strictly hypoelliptic and non-Gaussian, and hence of
a different nature from the known Riemannian, sub-Riemannian and linear-Gaussian
cases. Two regimes are considered, an unscaled and a scaled one, where both can be
seen as natural extensions beyond the degenerate Langevin-Gaussian framework. The
result for the scaled regime seems to be the first such one in a non-Gaussian strictly
hypoelliptic framework. The method is half-probabilistic, half-analytic.

RESUME (Equivalents en temps petit pour la densité d’une diffusion de Langevin
quadratique plane). — Cet article fournit des équivalents exacts en temps petit, avec
controle du terme d’erreur, relatifs a la densité (noyau de la chaleur) du semi-groupe
associé & une diffusion quadratique plane, analogue non gaussien de la diffusion de
Langevin. Dans ce cadre strictement hypoelliptique non gaussien, différent des cadres
sous-riemannien et gaussien (linéaire), le régime de base et un régime rééchelonné sont
considérés, qui sont tous deux des prolongements naturels du cas dégénéré Langevin-
gaussien. L’étude du régime rééchelonné semble la premiere de ce type dans un tel
cadre. La méthode suivie est mi-probabiliste mi-analytique, pour les deux régimes.
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546 J. FRANCHI

1. Introduction

The problem of estimating the heat kernel, or the density of a diffusion,
particularly as time goes to zero, has been extensively studied for a long time,
firstly in the elliptic case, and then largely solved and understood in the sub-
Riemannian case too. We only reference articles [20, 2, 4, 5, 17], and the
existence of other works on that subject by Azencott, Molchanov and Bismut,
quoted in [4].

To summary roughly, a very classical question addresses the asymptotic
behavior (as s N\, 0) of the density ps(x,y) of the diffusion (z;) solving a
Stratonovich stochastic differential equation

k S . S
Zs :x—i—Z/ Vj(xz;) o dW? +/ Vo(zr)dr,
=170 0
where the smooth vector fields V; are supposed to satisfy a Héormander condi-
tion.

The elliptic case (when Vi, ..., V} span the whole tangent space everywhere)
being very well understood for a long time [20, 2], the studies focused then on
the sub-elliptic case, that is to say, when the strong Hérmander condition (that
the Lie algebra generated by the fields V7, . .., Vi has maximal rank everywhere)
is fulfilled. In that case these fields generate a sub-Riemannian distance d(z, y),
defined as in control theory, by considering only C'! paths whose tangent vectors
are spanned by them. Then the wanted asymptotic expansion tends to have
the following Gaussian-like form:

(1) pe(a,y) = V2 exp(—d(z,y)?/(2€)) (Zw(x,y) o @(Enﬂ))

£=0

for any n € N*, with smooth ~,’s and ~y > 0, provided z,y are not conjugate
points (and uniformly within any compact set which does not intersect the
cut-locus). See in particular ([4, theorem 3.1]). Note that the condition of
remaining outside the cut-locus is necessary here, as shown in particular by [5].

The methods used to get this or a similar result have been of a different
nature. In [4], G. Ben Arous proceeds by expanding the flow associated to the
diffusion (in this direction, see also [7]) and using a Laplace method applied
to the Fourier transform of x4, then inverted by means of Malliavin’s calculus
(with a deterministic Malliavin matrix).

The strictly hypoelliptic case, i.e., when only the weak Hérmander condi-
tion (requiring the use of the drift vector field Vj to recover the full tangent
space) is fulfilled, remains much more problematic, and thus is rarely addressed.
There is a priori no reason that the asymptotic behavior of ps(x,y) remains
of the Gaussian-like type (1). Indeed this already fails for the mere Gauss-
ian Langevin process (ws, f; Wr dT): the missing sub-Riemannian distance
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must be replaced by a time-dependent (actually Carnot-Carathéodory) distance
ds((a'c, x); (y, y)) which presents some degeneracy in one direction, namely the

missing d((&,2); (¥, y))z/(2€) must be replaced by
6 e, 2,1, 2
Sle-9 -5 @-n| +5 -y
Ly, 2 12 €, 7
= (le-i"+ S |@e-n-56@-n|).
and actually, for any € > 0 and &, z,79,y € R? we have

(2) pe((#,2); (9, 9))
3wzem{m_yp+uux—m—ew—yvﬂ%¥]_

T gpdg2d 2¢

As in this Gaussian-Euclidean Langevin case this expression is actually an exact
one, and holds not only asymptotically, we then have

3) pe ((&.<2); (3. 9)
32 [|:b—92+12|<w—y>—;<x—y>\2]
exp|—

e 2e ’

forany e > 0and &, z,y,y € R Thus, in this scaled formulation, in the energy
we recover a true, time-independent squared distance. So that, referring to the
Riemannian and sub-Riemannian cases, there is no clear reason a priori to
favour the unscaled version (2) to the scaled version (3). We shall emphasize
this point of view below.

Barilari and Paoli [3] considers a general Gaussian hypoelliptic n-dimensional
diffusion (X), solving a linear equation dX; = A X;dt + BdW,, for a d-
dimensional Brownian motion W. Taking advantage of the explicit exact ex-
pression for the heat kernel p; which is computable in such a linear Gaussian
case, the authors provide the full small time asymptotics for p;.

Paoli [18] analyzes the small time asymptotics on the diagonal, relative to
the heat kernel of a manifold-valued strictly hypoelliptic diffusion, in the spirit
of previous works by Ben Arous and Léandre.

See also [9] and [19] for non-curved, strictly hypoelliptic, perturbed cases
where Langevin-like estimates hold (without precise asymptotics), roughly hav-
ing the following Li-Yau-like form:

(4)  CleN e Cdmn)® < (zy)
< CeN e_(fldg(acg,y)g7 for0<e<egg.

In [11] a small time asymptotics of a simple model was only partly computed,
similar to the one analyzed below but in five dimensions, in the specific off-
diagonal regime of a dominant normalized Gaussian contribution. Thus the

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



548 J. FRANCHI

energy term appeared as given by the same squared time-dependent distance
as in the Langevin case, the strictly second chaos coordinate appearing only in
the off-exponent term, as a perturbative contribution.

A stronger interest lies in a significant strictly hypoelliptic diffusion, namely
the relativistic diffusion, first constructed over Minkowski’s space (see [10, 13]).
It makes sense over a generic smooth Lorentzian manifold as well, see [12]. In
the simplest case of Minkowski’s space R"?, it consists of the pair (€, &5) €
HY x RM = TiRl’d (parametrized by its proper time s, and analogous to a
Langevin process), where the velocity (&) is a hyperbolic Brownian motion.
Note that even there, a curvature constraint must be taken into account, namely
that of the mass shell Hd, at the heart of this framework.

This (Dudley) relativistic diffusion, even restricted to 3 dimensions which
already contain the essence of the difficulty, constitutes a significant exam-
ple, altogether explicit, physical and not too complicated, allowing a priori to
progress towards the understanding of a more generic, but less accessible to be-
gin with, strictly hypoelliptic (degenerate) case. However even this apparently
simple example proves to be very delicate to analyze, regarding the small time
asymptotics.

The present work handles a simpler example, also of the Langevin type,
hence strictly hypoelliptic, degenerate but non-Gaussian. It also pertains to
the Euclidean case of what [1] recently considered and called “kinetic Brownian
motion”, on a Riemannian manifold. In this setting we obtain the exact small
time (¢ N\, 0) equivalent for the heat kernel density p.(0;x), together with
a control of the error term, for constant z and also in an interesting scaled
case where x exhibits some dependence on €. To the author’s knowledge, the
latter is the first example of a result of this type in a non-Gaussian strictly
hypoelliptic framework. It reveals a different nature from the known Gaussian
framework, see Remark 2.2 below.

The present work was influenced by a beautiful article [4], which deci-
sively handled the off-cut-locus (hence in particular off-diagonal) generic sub-
Riemannian framework, as far as the small-time asymptotics of the heat kernel
is considered. Thus the strategy adopted below starts as the strategy followed
by G. Ben Arous. However the present purpose is to deal with a strictly hy-
poelliptic situation, to which [4] does not apply. A main obstacle to handle a
strictly hypoelliptic framework is the lack of sub-Riemannian distance. For that
reason, a strategy adapted to such a degenerate framework can only partially
follow the method of [4].

As the author is not yet ready to handle a generic strictly hypoelliptic frame-
work, and actually doubts that a generic unified treatment (or even, unified
generic result) be possible (different strictly hypoelliptic frameworks could pro-
duce different types of results; the present one already differs notably from the
classical Gaussian Langevin case regarding the scaled energy, see Remark 2.2
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below), the focus here is on a simple first example, which allows explicit com-
puting of the Fourier transform of the heat kernel, and then concentrating on
some finite-dimensional oscillatory integral. On the contrary, the choice of a
2-dimensional framework is unessential, but avoids even heavier notation and
computations which higher dimensions would call for. According to the above
remark about the Gaussian-Euclidean Langevin case, we consider both the un-
scaled and the scaled asymptotics, and the latter appears here as the most
interesting, maybe indicating that the known settings are more interestingly
extended to the strictly hypoelliptic framework in this way.

Besides, focusing on the present relatively simple example allows handling
of the “pseudo-cut-locus” case, the analogue of conjugate points; which is del-
icate, even in the sub-Riemannian framework: the cut-locus constitutes a real
difficulty in that case, see for example [5], and its case does not seem to be
generically solved in a sub-elliptic framework. Furthermore the choice of a rel-
atively simple particular framework allows expressing of all coefficients of the
wanted equivalents, together with a control of the error, which will likely be
out of reach in an even slightly more generic framework; however even in the
present setting most functions that come into the scaled result remain implicit.
In order to keep the already heavy enough computations within reasonable
bounds, we focus on the asymptotics for the process started from 0.

Whereas the unscaled regime was already considered by V. Kolokoltsov in
his book [16], by different, purely analytical means, see Remark 2.8 below, the
scaled study seems to be the first one of this type in such a framework.

Organization of the content. In Section 2 the strictly hypoelliptic diffusion under
consideration is described, and the central results, relating to both the unscaled
case and the scaled case, are gathered in Theorem 2.1. Corollary 2.7 states that
the squared Carnot-Carathéodory pseudo-distance yields the right exponent in
the unscaled asymptotics, as in the (sub-)Riemannian [4] and Gaussian [3]
frameworks.

Section 3 develops the leading strategy of the proof, which begins as that
of [4]: the first main tool is a Fourier-Parseval expression for the density of the
heat kernel under consideration, see Proposition 3.4. Here the lack of metric
and geodesics forbids the use of a geodesic tube as in [4]. This is replaced by
another key tool, which is the explicit computation of the Fourier transform,
which is possible due to the choice of a Langevin-like diffusion of a quadratic
type. The latter explains the reason for this choice, and why the present
strategy could hardly be extended to non-quadratic examples, see Remark 2.5
below. The expression for the heat kernel density obtained in this way contains
an oscillatory integral which is not computable, but which is no longer infinite-
dimensional.

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



550 J. FRANCHI

In Section 4 the oscillatory integral is analyzed which results from the pre-
ceding section, in the non-degenerate “off-cut-locus” case w # 0. As the dimen-
sion has now become finite, this does not need to resort to Malliavin calculus
as in [4]. The saddle-point method is implemented, as described at the begin-
ning of Section 4, after eqn (11). Since the saddle-point equation can not be
fully solved in the complex plane, some implicit solution is exhibited. Several
technical estimates are then needed, in particular to ensure that the implicit
saddle point found in this way is either the only one or the dominant one, and
then eventually yields the right equivalent.

Section 5 is devoted to the singular case w = 0, which is delicate too, and is
analogous to the study at a sort of cut-locus, relating to some absent metric.
The saddle-point method is implemented again, with technical difficulties more
or less of the same nature as in the case w # 0, but not the same. A quasi
saddle-point must be used. The control of the error term is somewhat looser
than in the non-degenerate case.

Section 6 is devoted to the unscaled asymptotics, in both the pseudo-cut-
locus and the non-pseudo-cut-locus cases. It specifies the previous analysis of
([16, Section 3.6]). The saddle-point method is implemented twice again, in
a way somewhat resembling that of the preceding degenerate setting, though
with different normalizations and other technical difficulties.

2. A planar Langevin diffusion, and the results

The planar Langevin diffusion we consider here reads as x5 = (ws, ys), with
a standard real Brownian motion (w,), a C? non-constant function f(R — R)
and

Ys == /Osf(wf)df

See [1] for the generalization to a generic Riemannian manifold, called “kinetic
Brownian motion”.

Consider the scaled diffusion s — 25 = (\/5w575/ f[ﬁwT]dT), which
0

has the same law as [s +— 2!, = z.,] and satisfies the stochastic differential
equation

drS = /e Vi(25) dws + € Vo (25) ds  (analogous to (2.1) in [4]),

with Vi = 0, Vo = f(w) 8y, [Va, Vo] = ['(w) 0y, [V, [V4, Vol] = " (w) 8y, so that
i, [Va, Vo), [V1, [V1,V0]] span R? at any point, provided f'(w) = f’(w) =0
cannot occur for some w. Obvious examples are f(w) = acosw + bsinw,
f(w) =achw+bshw (with (a,b) # (0,0)).

Then the Hormander hypoellipticity criterion ensures the existence of a
smooth density p.(-,-) with respect to the Lebesgue measure for the random
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variable z.. The density of x5 is p. as well. We are interested in small values
of e.

We thus fix (w,y) € RQ, and look for the exact equivalents as time & Y\
0 of the generic value p. (O; (w,y)) of the density of z§, and of the scaled
Pe (0; (w, Ey)). We shall first consider the non-degenerate “off-pseudo-cut-locus”
case w # 0, and then the degenerate case w = 0.

Since the method used in this article relies among others on a specific qua-
dratic calculation, namely Proposition 3.3 then yielding Proposition 3.4 below,
from now on we focus on a quadratic function f.

2.1. The example of a quadratic function f. — Consider

1 1
f(z) =az?*+c with a #0, so that / f(\/ng)dT:a/ ew?dr +c,
0 0

and up to the mere affine transform (y — ay+-c), we can restrict toa = 1,¢ = 0.
Thus

1
pe = p(0;(-,+)) is the density of (ﬁwl,EQ/ w? ds),
} 0
and of (wg,/ w? ds) as well.
0

2.2. Theresults. — The central aim of this article is to establish the following
exact equivalents, which address both scaled and unscaled heat kernels, with a
control of the error term.

€

THEOREM 2.1. — Denote by p:(0; (-,-)) the density of (ws,/ w? ds) under

the law of the standard real Brownian motion (ws) started from 0.

A) For all (w,y) € R" xR and any L. going to infinity, as e \, 0 we have

3
NGl ) 1+(9( elog (;)LE>
w?R(7) shy/q(7) 27 g2
w?(o(7) — 1)}

pe(0; (w,e9)) =

X exp 5
€

where T 1= yw=2, ¢ = q(1) €] — 7
saddle-point equation

2 ool is the unique solution to the

_ chy/gshy/G— /g
T Vg
o(r) :=14+7q— \/qcoth\/g and
R(r) = ch,/qsh,/q — 2q coth,/q + \/q
’ 2q3/2 ShQ\/a ’
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Moreover, the implicit functions q, R and o are analytic on {0 < 7 <
oo},

. . . _ _ 45 .
(i) q decreases from infinity to —mw* and q(1/3) =0, ¢'(1/3) = — 5
(ii) R increases from 0 to infinity and R(1/3) = 4+, R'(1/3) = 22 ;

(iii) o s megative but o(1/3) = 0, satisfies ligng =limp = —o0, and is
strictly concave.

Furthermore, o'(1/3) =0, ¢"”(1/3) = =15, and

(iv) as 7\ 0: q(7) ~ 772, o(7) ~ Z—Tl, R(T) ~ 473;

(v) asT S oo: q(T) = *7T2+7T\/g+ O o(r) = —m2r+21y/274+0(1),

T

R(r) = 2022500
The graphs of the functions q, 0, R are depicted on Figure 2.1.

/2
B) Let K :/0 COS(W) 2 df ~ 2.15. For any positive y, ase \, 0

cos 6

we have
2
. _ 1/3 VeK Ty
P 0] = [+ O 2 o7
C) For all (w,y) € R* xR, as e \, 0 we have

1+ 0(e) ox Ty T/ 2wy 3w?
B Pl7g2 ™

Pe (Oa (U)vy)) \/Sy? 53/2 T&

(4m2+ 3)|w]®  (27?— 3)w?
2472y e 48 w2y

D) For any positive y, as € \, 0 we have

P (0:(0,9)) = [1 + O(2/%)] ﬁ% exp[ m y} ,

REMARK 2.2. — Part A of Theorem 2.1 handles the scaled non-pseudo-diagonal
case w # 0, whereas Part B handles the scaled “pseudo-cut-locus” case w = 0.
Despite the lack of a metric, this second case is analogous to the cut-locus case
of the sub-Riemannian setting, which is already rather specific in that context,
see [5] for example. Of course the increase of the sub-process (y;) excludes a
truly diagonal case.

The term S := w?(1 — o(y/w?)), which is the limit of —2¢log p (0; (w, e y))
and appears in the leading term e~5/2¢ of Part A of the statement, is time-
independent and is a strictly convex function of y with a minimum at “’72
Recall that in the Langevin-Gaussian setting (which corresponds to f = Id
and is strictly hypoelliptic too) the analogous term is the squared Carnot-

Carathéodory distance d. (0; (w,sv))2 = 4w? 4+ 12v% — 12vw. Despite some
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q(T)

o() o(t)

FIGURE 2.1. Graphs of the functions ¢, ¢, R of Theorem 2.1.A

analogy, the present scaled setting (parts A and B) behaves in a different way:
S exhibits a non-quadratic behaviour, by [A(iv), (v)] and B: clearly for fixed w
as y — 0 or y — oo, and furthermore, for large %2 we have S = S(w,y) ~ Z—;.

REMARK 2.3. — Part C of Theorem 2.1 handles the unscaled non-pseudo-cut-
locus case w # 0, whereas Part D handles the unscaled pseudo-cut-locus case
w = 0, again analogous to the cut-locus case of the sub-Riemannian setting.

The time-dependent energy term which appears in Part C of the state-
ment appears to be more complicated than its sub-Riemannian and Langevin-
Gaussian analogues. But as in these two cases, and as in a generic Gaussian case
as well, see [3], it happens to have the form d. (O; (w, y))2/25, where d. denotes
the Carnot-Carathéodory (pseudo-)distance. See Remark 2.6 and Corollary 2.7
below.

REMARK 2.4. — The expression of the scaled pseudo-diagonal case B can be a
posteriori derived from the expression of the unscaled pseudo-diagonal case D,
by the mere transform y +— €y, except for the control on the error term. Owing
to this and to the preceding remark 2.3, it could be tempting to compare the
scaled squared Carnot-Carathéodory pseudo-distance d. (O; (w, 6y))2 derived
from the exponent of the case C, to its counterpart w? (1 — Q(y/wQ)) of the case
A. Now, whereas on the one hand they are both time-independent functions,
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2

equal to the product of w? by a function of 7 = yw ™2, since formally

2 - -
de (0; (w,sy)) w™? =7 — 2121 + % + 1427;2;237 - 222;5 )

but on the other hand, though they are both w27 — 2727 + O(1) (hence

positive) for large 7, for small 7 the formal d. (0; (w,zzy))2w_2 does not even
remain non-negative.

REMARK 2.5. — A refinement of the calculations of this article, adding a
component vg = fos w. to the Langevin diffusion (z4), would yield the ex-
tension of Theorem 2.1 to the asymptotics of p. (0; (w,v,y)), and then of
pg((wo, Yo); (w, y)) and even pg((wo, Vo, Yo); (w, v, y)), but at the price of heav-
ier computations, though the present ones are already heavy enough. On the
contrary, any generalization to other strictly hypoelliptic (non-Gaussian) set-
tings seems to remain problematic, in so far as the quadratic character of the
present diffusion is crucial here (and in [16]).

REMARK 2.6. — Since Stroock & Varadhan and then Bismut [6], the diffu-
sion under study is classically associated with a control problem, where the
control replaces the driving Brownian motion, and then a minimal action func-
tional or energy F.(x,z') is necessary for the controlled process to go from x
to 2’ within a duration of e. Moreover, 2¢ E.(x,2") equals the squared Carnot-
Carathéodory pseudo-distance. It is well known that in the (sub-)Riemannian
setting the Carnot-Carathéodory pseudo-distance is the (sub-)Riemannian dis-
tance, and that for small € this energy E.(x,z") appears as the dominant term
of —logp.(z,z’') (see [4]). The latter remains true for a generic hypoelliptic
linear Gaussian diffusion, as recently underlined by D. Barilari and E. Paoli
([3, Corollary 1.2]).

In the present case of the quadratic Langevin diffusion (zs), the controlled
(skeleton) equation reads

Xg:/ VO(X:)dT+/ Vi(X?) do,
0 0

S
= (vs,/ v? dT) , for any control v € H{,
0
and the associated energy functional is
E.(0; (w,y)) := min{%/ e H([0,e],R), 0. = w,/ v? = y}
0 0

Setting u(t) := v(et), we equivalently have the squared Carnot-Carathéodory
pseudo-distance:

(5) 2€E5(0;(w,y)):min{/ollf)ueHol([o,l],R),Ml:w7/olu2:y/g}.
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The following corollary states that the energy E.(x,2’) (= 2—18 the squared
Carnot-Carathéodory pseudo-distance) yields the correct exponent in the un-
scaled small time asymptotics of p., in the case of the quadratic Langevin dif-
fusion (x5) as well, hence not only in the (sub-)Riemannian and in the generic
hypoelliptic linear Gaussian settings. Extending that observation even under
a small perturbation would demand caution, owing to the high sensitivity of
oscillatory integrals, see [15].

COROLLARY 2.7. — In the unscaled cases C, D of Theorem 2.1, for all (w,y) €
R* x RY, as € \, 0 we have

1+0(/e) _ .
pe(0; (w,y)) = 7(\3[) e~ Ee(0:(wy)) .

8ye
VeE  poow).

\/8myed

The technical proof is given in the appendix (Section 7). A noteworthy

De (0; (0, y)) = [1 + (9(52/3)}

feature of this proof is to let the above constraint fol pu? = 4 appear exactly as
the key saddle-point equation (28).

REMARK 2.8. — During the revision process of this article, I. Bailleul drew at-
tention to the book [16] by V. Kolokoltsov, that is devoted to asymptotic expan-
sions, and particularly to small-time expansions of some types of heat kernels.
V. Kolokoltsov systematically starts from a heat equation, and doesn’t use any
probability theory to express solutions (specifically, heat kernel densities p; (-, -),
he calls “Green functions”, though this often designates fooo (pt — Poo)dt) or ap-
proximate solutions. Thus the methods of [16] are purely analytical, mainly
based on Hamiltonian calculus of variations, and then on approximation pro-
cedures in the spirit of the parametrix method.

As does the present article, V. Kolokoltsov observes in [16] that (roughly)
a quadratic hypothesis on coefficients intervenes rather naturally, in order to
allow efficient computations and approximations. Thus, his concrete and repre-
sentative example (regarding small-time asymptotics), presented in ([16], Sec-
tion 3.6), addresses the heat kernel equation

8pt(w7 y) — E 82pt(w7 y) _ w72 apt(wa y)
ot 2 Ow? 2 dy

where h is some additional positive parameter (where it is enough to set equal
to 1, regarding small-time asymptotics). In other words, as is done here, he
actually considers the 2-dimensional diffusion-SDE:

Ty = (\/Ews,g/ w?dt) = \/E/ aw(xt)dwt—i—g/ wfay(xt)dt.
0 0 0
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Note that the correspondence between the present notation and that of [16]
is ((y,x) in [16] = (wv'h, —hy/2) here); the minus sign in front of y being
natural since the adjoint infinitesimal generator must be used. Note also that
the additional parameter h doesn’t help in handling the scaled cases A, B of
Theorem 2.1, which are not considered in [16].

Thus in [16], Section 3.6, V. Kolokoltsov exactly addresses the unscaled cases
C, D of Theorem 2.1; however by different means (for example, although he also
stresses the same saddle-point equation (12), his contour change is not at all
like 4.2 or 5.1 below) and by only sketching the proof and computations. In the
degenerate unscaled case, his result is that of Case D, up to the multiplicative
constant which appears not to be the right one and which Theorem 2.1.D
corrects. And in the undegenerate unscaled case, his result is expressed in
a less concrete and explicit way than C', closer to Corollary 2.7, again up to
the multiplicative constant (which does not appear clearly in the expression
of [16]).

3. Fourier expression of p.

3.1. Laplace transform of (w1, fol w2 ds) under [Py. — We perform the com-
putation of a slightly more general Brownian Laplace transform. The principle
of this type of computation goes back to Marc Yor [21].

PRrROPOSITION 3.1. — We have

E, [exp(/ol [os ws + s wi]ds)]

s —1/2 1,01 [° 9 L
= |:1 - 91/162 flkgd8:| fO (fs efT gaTdT) ds — fO g
0

exp 5

0 ( Sl sagan el gds)2
2 (1 —af, ¢ ffgds) ’

where ag,vs are real deterministic, vs < 0, and g solves the Riccati equation

+

g = g? —1—527 (equwalent to the linear equation d2 exp( fo ) =
—27, exp(— [y 9)) a-e. on [0,1].
Proof. — Set

(6) Y= EOl:eXp</01[asws+’78w§]d8):|'
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Consider the exponential Pp-martingale defined (for some deterministic C*
function g) by

S
MY = exp(/ gTwwaTff/ g2 w? dT)
0
S S
eo(3 [o-tast b [ o -)tar).
0 0

Denoting by PY the new probability law having MY as the density on F, with
respect to [Py, we have:

1
Y@f 9/2 ]Eg[exp<;g1wf+/o |:Oésws+ ('Y %(ge 93))W§}d5>}

1
(7) ]Eg[exp<%g1w%+/ Qg Wy dS)}7
0

by taking g almost everywhere solving the Ricatti equation ¢’ = g% + 2v.
On the other hand, the Girsanov formula provides a (P?, Fs) Brownian

motion B such that ws = By — fos gr wy d7, and then w, = fos exp(f; g) dB,.
Hence, for any real r:

EQ{(mﬁ/olaswsdsﬂ

([ e f oo

o[l o [ 5ol
([ e o [ [ o)
:/O ref19+/s el 70, 4]

This yields the covariance matrix of the PY-Gaussian variable (wy, fol
namely

s ws ds),

( el el o, anel) gds>
fo (f fga dr)e Joas fo (f el s oszT) ds )’
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whence the density of (wl, fol Qg Wy ds) with respect to PY. Thus

(8) Eg[exp</01aswsds—mfﬂ
:/Rzev—rf [2&%1{( / / el o dr) ds

: ‘ ‘ dudv
_9 ng ‘rd f gd + 2/ Qf gd ):|
U/U/(; (/‘S e [0 T)e 1 S v o e J1 S o fietK

N f:ef:gaTdT 2ds v 2 [l
L s K PO 2 P

det K det K
1 1 s
efrga 'refsgs
R G R
det K 2mv/det K

1/2

1 s - 1/p1 f:g 2
= (1 + 2r/ 2 s 9d8> w exp | ol €77 o) ds + 2r det K
’ 2 <1+27’f01 €2f1 gd5>

by a classical Gaussian computation. Finally by (6), (7) and (8), taking r =
—g1/2 we have

1 1
Yy = Eg{exp(/ 0 W ds+glw%/2>} X e_fo 9/2
0
1 . —-1/2
= (1 — g1 e2f1 gds>
0

fol (fsl efjg o dT)QdS —grdet K /1 /2
s - g
2(1—glf0162f1gd8) 0

= [1 _ gl/ollefgds}_l/Q
Jo U el- Yapdn)’ds — [ g . 91 <f01 (/) el- gOéTdT)efls gds>2
? 2(1—g1f0 fbd8>

X exp

X exp
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COROLLARY 3.2. — For any real deterministic continuous function o and con-
stant 7y, we have

o 470

2 2
0 (Rereren) s (Baayes)
- Wehy o 2 2vevchy

Moreover, for constant o,y we have
a?th 'y)

’72 ! 2 1
Eq|e f—/ )] e (
{ Xp(‘“‘“ 2 Jo Vaiy P\ T2y

Proof. — We apply Proposition 3.1 with v, = —v2/2, so that we can take
g = 7, yielding:

SNy ——

fl (fl e’ o d'r)zdsf’y 7(‘[01 (f: 7 ar dT) EW(S_I)dS)z
0 s
2 + 2 (kvfol e2v<8*1>ds)
\/1 — *yfol e27(s—1) g

exp<f: (e aradf sy (e >>)

exp

2 2eYchy

e Ychy

2 2
1 fol (G'stsl e 7 o, dT) ds (fol sh(v s) as ds)
= Vi, P 2 +

2y e chy

The second formula of the statement is deduced from the first one by taking
oy = ¢ 1[1—y,1)(s) and letting 7 \, 0. This yields
1

sh(ys)asds — ashy and

1 1 2 042 1 1 2
(e”s/ e "7 o, dT) ds = —2/ (e”s/ eJ’TdT> ds
s n 0 sV(1—n)

S— —

v(
a2 1_n S — — — 2 a2 ! S —YSs — 2
= 72772/0 ey (e Ya=m) _ e "’) ds+’Y2772 /1_71627 (e T —e 7) ds
a? 2, _ony _ a? _ a?shy
:273772(6777_1) (e e 27)+0(77)_>%(1—e 27): yey
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and then

Eo {eXp(awl B 7; /Olw?ﬂ

B x/clhiv eXp(a;S:j - Q:iihc?» B \/clhiv eXp<a22t7M> ' -
3.2. Fourier transform of (w1, fol w?ds) under Pq. — 1t is given by the fol-

lowing expression, by means of the above and of analytic continuation. The
detailed proof is given in the appendix (Section 7).

PROPOSITION 3.3. — For all (o, ¢) € R, we have

1
Eo[exp<iozw1 +11& wzﬂ

0

= (chQ\/g - sinQ\/g)il/4

X e is n(f)/2\/? Sh9+sin79 do
Py e 0 ch @ + cosd

5 (sh(2V/€) + sin(2V/€)) + i(sh(2v/€) — sin(2V/€))
4V/€ (ch(2/€) + cos(2V%))

3.3. Fourier expression for the scaled p. (0; (w,ey)). — We deduce the Fourier
expression for p. (0; (w,e y)) from the above Proposition 3.3.

PROPOSITION 3.4. — For all (w,y,e) € R x R} xR, we have

) p-(0; (w,ey))

et [ Tifha) —y) -~ Hiz)
= R
A7V 2m e5 Jo { xp [ 4e

g \/Esh —sin T 1/4
+ Z/O ch —cos [chﬁ—cosﬁ] da,

where we set:

shy/z — siny/z 5
1 h(z) = —————— d
(10) () chy/x — cos\/z X W an
L .
Hz) w SV ST 2
chy/x — cos\/T
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1
Proof. — Since p. is the density of (\/§w1,52/ w? ds) under Py, we have
0

21 e/ 2 p. (05 (w, y))

£5/2 ) )

= — / gilavteu) , dudv]e ilewtey) qo d¢
2 R2 R2
o5/2

= — Eq exp<ia cwi +ife? > —ilewtey) go de
2 R2
1 ! w | €y
il EO exp<iaw1 +Z§/ )]el(f 7) dad€
27T 0

_ / s
V2 Jr (ChQ\/E—SiHZ\/E)%
y (sh(2v/€) + sin(2v/€)) + i(sh(2/€) — sin(2V/€)) e
2V/€ (ch(2V€) + 005(2\/@)

2,/1¢| i
. exp[ sn(©) [ shng ao - 1
B w?\/€ (ch(2v/€) + cos(2V%)) /e
sh(2/€)+ sin(2v/€) + i [sh(2v/€) — sin(2v/€)]
d¢ [Ch(Q\/E) + cos(2\/g)r/4

sh(2v/€) + sin(2v/€) + i[sh(2/€) — sin(2v/€)]

2./1€] i
y
X GXP[ sgn(é‘)/o hoteoss 40— 5

w?\/€ (ch(2v/€) + cos(2V/€)) /e
sh(2v/€) + sin(2v/€) + i[sh(2/€) — sin(2v/€)]

23/4

" Vor e
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93/4 o

B \/27‘&' 0

[ch(Q\/E) + COS(Q\/E)} v

sh(2v/€) + sin(2v/€) + i [sh(2V/€) — sin(21/€)]

2+/& .
cons [
0

ch 6+cos 0 52

w?/€ (ch(2/€) + cos(2V/9)) /e

B sh(2+/€) + sin(2v/€) +i[sh(2\/g) — sin(2\/g)] de
23/4 0 1/4
+ N [Ch(2\/g) + COS(Q\/E)}

sh(2v/€) + sin(2y/€) — i[sh(2/€) — sin(2v/€)]

2\/5 .
; h §-sin 0 18y
X exp [_Z /0 hoteoss 40+ 2

B w?/€ (ch(2/€) + cos(2V/€)) /e
sh(2v/€) + sin(2y/€) — i[sh(2/€) — sin(2v/€)]

dg
23/4 0

- \/27T 0

2
x R t/_
sht+sint+z[shtfsint]
i/tsh0+sin0 do — Zth
4 0 ch O+cos 0 482
w? (cht + cost)t/2e Lt
sht+sint +i[sht —sint]
1 > 7 ! sh 0+sin @ 7 sht—sint
= \/ﬁA §R{exp|:4A ch9+cos€d0—§ArCtg(sht+sint)
" i(sht —sint) — (sht + sint) " wt  iyt?
ex —_—
P cht — cost 4e 42

(cht+ cos t)1/4

X exp

43/2
(cht — cost)
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_ 1 /“%{exp[i(sht—sint)—(sht+sint)Xth_ith
\/27‘&' 0

cht —cost 4e 4e?
. [ sho—sino t3/2
x eXp[l/ gjg;d&“ x— .
4 Jo hocos? (Cht—COSt)l/4

Finally, changing t in v/t above, we obtain:
2 (2m)%2 52 p. (0; (w, y))
/°° { [i(sh\/i—sin\/i) — (shv/t +sinvt)  w?Vt iyt
RS exp
0

>< PR —
chv/t — cos vVt 4e 42

[‘ VE hsing ¢/
X exp i/ sho—sind gy | 4 x dt
4 0 c cos (Ch\/i— cos \/i) 1/4

Owing to the notation (10) and changing y into ¢y, this is precisely the claim
of (9). O

REMARK 3.5. — Since h(z?) and H(z?) are even analytic functions of z € R,
the functions h and H are analytical on R .

The two following lemmas deal with the above functions A and H, respec-
tively on R, and on the imaginary interval i] — w2, co[. Their technical proofs
are given in the appendix (Section 7).

LEMMA 3.6. — The analytical functions h and H increase and are non-negative
on Ry, and satisfy:

(i) hz) = 22 [1 Y S 0(954)} and H(z) = 2522 — 2 24 4 O(af)
near 0;

(ii) h(z) = wiV/z(1+ O(e™V?)) and H(z) = w?/z(1 + O(e™V)) — 2w?
near infinity.

They admit increasing positive smooth reciprocal functions h~' and H™' on

*

RY, such that

(ii)) bl (@) = Fo[l+ e + O] and H'(2) = /9% (14 0())

w2
near 0;

(iv) h™'(z) = 2?(w™*4+0(e™")) and H*(z) = [z + 2w2]2(w*4+0[67x/w2])
near infinity.

LEMMA 3.7. — First consider the range 0 < x < w2. There,

—i h(2iz) = (cothy/z — cotgy/z)w’/z =: A(z)
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is an increasing positive smooth function of x €]0, 7%[, such that \(z) = % x+
O(x3) near 0 and \(x) ~ wiw\ji near ©2. And

H(2iz) = (cothy/z 4 cotgy/z)w?/z — 2w® =: A(x)
is a decreasing negative smooth function of x €)0, w2[, such that A(z) = —% x2+

O(x3) near 0 and A(x) ~ ;f\“}; near 7. Moreover, for any real t > —72 we
have
(ih — H)(2it) = 2w? (1 — Vtcothvt);

for —m2 <t <0 this means:
(ih — H)(2it) = 2w*(1 — \/[t] cotg/[¢]).

REMARK 3.8. — Lemma 3.7 entails that A'(z) = 2h/(2iz), and then that
R (iR;) =R%; and also A'(z) = 2i H'(2ix).

4. Asymptotics for p. in the non-pseudo-cut-locus case

Recall the obvious necessary condition: (w,y) € R x Ri. We will now
address the scaled p. (O; (w,sy)), in the non-pseudo-diagonal sub-case, which
means the restriction of w € R*. According to (9), we have to evaluate R {JY},

where
(11)

T i(h(z) —yx) — H(z) i [Y"sh —sin
J? .—/O expl 1z 4 /0 ]

4 ch — cos
. 1/4 ]
8 chy/x — cos\/x *

>~ Z(h(:lf) 7yl’) *H(I) & i—1)sh 0—(i+1) sin O
= / expl 1z + <( 4)(ch9—(cose)) + %)d@ dzx .
0 0

Classically, see for example [8], such a one-dimensional oscillatory integral
must be analyzed by the stationary phase method, or some variant of it, such as
the most efficient saddle-point method (explained in [8]). The basic observation
is that the dominant contribution necessarily arises from the neighborhoods
of the stationary points, within the complex plane, i.e., the points at which
the complex derivative of the phase (here z — i(h(z) — yz) — H(z)) vanishes.
Thus these stationary or saddle-points solve the so-called saddle-point equation,
namely: h'(z) +iH'(z) = y.

Then a convenient change of contour has to be found and performed, in order
to integrate along a new contour which goes through the dominant saddle-
point(s) (i.e., those which yield the dominant contribution to the integral).
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A convenient neighborhood of the saddle-point(s) must then be specified, and
the corresponding contribution evaluated.

Of course, a control of the contribution of the complement of the above
neighborhood of the saddle-point(s) is necessary, and even more when it is not
known, as will be the case below, whether all saddle-points have been detected.
Thus a lot of estimates will be necessary, some of them being somewhat delicate,
even more so as we shall have at our disposal only an implicit or an almost
saddle-point.

Actually, in the present case the following supplementary feature deserves
mention: the main contribution of J¥ happens to be possibly purely imaginary,
while we want to analyze 3 {JY}; so that we have to overcome this difficulty
by choosing a new contour which lets the possibly dominant, purely imaginary
part, appear clearly.

This is the route we follow, from now on, to deal with the four cases of
Theorem 2.1.

4.1. The saddle-point equation in the scaled sub-case w # 0. — This case,
w # 0 corresponds to the off-cut-locus case in the sub-Riemannian setting,
see in particular [4, 5]. Then the saddle-point equation corresponding to (11)
is W +iH' = y. The following lemma will provide an implicit solution. It’s
technical proof is given in the appendix (Section 7).

LEMMA 4.1. — The smooth map u — % has a negative derivative on
RY, and maps R to ]O7 é] The smooth map v ﬁ has a positive
derivative on |0, 2x[, and maps [0, 27| to [%700[.

By Lemma 3.7 we have A(q) = —ih(2iq) and A(q) = H(2iq), whence
R'(2iq) + i H'(2iq) = )‘I;A, (¢), and then 2iq solves the above saddle-point
equation if and only if (A" + A’)(q) = 2y, i.e., if and only if
12 po ¥ VD) -2

T /i (eheya) - )
which by Lemma 4.1 has a unique solution ¢ = ¢(7) in R, for 0 < 7 < % And
for 7 > %, 2iq solves the above saddle-point equation if and only if

Y 2iVg- sin(2i,/q) _ 2V—q— sin(2y/—q)
w?  2i,/q (1 —cos(2i\/q))  2v/=q (1 —cos(2y/=q))’
which by Lemma 4.1 has a unique solution q = ¢(7) in [~72, 0], the limit case
q(c0) = —7? corresponding to the actual possibility w = 0.
Moreover, Lemma 4.1 shows that ‘g—; < 0on {—7% < q < 0o}, except possibly

at ¢ = 0. Now (12) expresses 7 as an analytic function of ¢ €] — w2, o[, which
at 0 equals % — 4—25(] + O(g?), so that %’; = —4—25 < 0. This establishes the
following.
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LEMMA 4.2. — The saddle-point equation (12) determines a decreasing an-
alytic implicit function ¢ = q(7) of T > 0. We have lignq = 00,q(00) =

—m%,4(5) =0 and ¢/ (5) = =3

Note that the above does not exclude the eventuality of saddle-points outside

iR.

4.2. Change of contour (in the scaled sub-case w # 0). — The above leads to
the necessity of changing the contour Ry for J¢ in (11), into

[0, 2iq) | J (2ig+ Ry,

for any given ¢ €] — 72, 0o[. Recall that we deal here with the case w # 0.

To this aim, we need the integrand in (11) to be holomorphic in the half-band
R := R, +i] — w2, 0], i.e., holomorphic in the interior of R and continuous
on R.

The only possible difficulty at this point could come from the ratio
(i—1)sh6—(i+1) sin 0
ch 0—cos 0 .

Now its denominator (ch — cos @) vanishes only for 6 € (1 £ i)nZ, which

(within the image VR we have to consider, using the usual continuous de-
termination of the square root) reduces the possible singularities to the set
{0k := (14 i)km |k € N}.

But for k = 0, i.e., at 0, we have the integrand (1714) (Sélheai(z;lg)sme +o ~ 8

and for k € N*, in the vicinity of 0y, setting u := (6 — 0} ), an easy computation
yields
ch® — cosf = (—1)*[ch(km)(chu — cosu)
+ sh(km)(shu+ isinu)], (i—1)sh6 — (i+1)sinf
= (=1)*[sh(k7)(i — 1)(chu — cosu) + ch(k7)((i — 1) shu
+ (i + 1) sinu)],
and then

GZDshO-GHD)sinf — (; 4 1) coth(km) + O(6 — 6).

This shows that there is no true singularity at all in v/R, and that we can apply
the Cauchy theorem to perform the desired change of contour.

We then need to specify some values of the functions coming into the play.
First, for any real (bounded) ¢ and non-negative = we have:

\/ 72 12 \/ 72 2 —
(13) Vo +it = W—&—isgn(t) %::a—i—ib,
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from which elementary computations entail

; shv/z + it — sin/x + it _ shv/z + it + sinvz + it
chvz + it — cos\/x + it chv/z + it — cosv/z + it

i (sh(a +b) —sin(a — b)) — (sh(a + b) + sin(a — b))

B ch(a + b) — cos(a — b) '

By the very definition (10) of (h, H), with 7 = y/w?, for any non-negative z
we thus have

w2 [ih(z +it) — H(z +it) — iy (z + it)]
=24T7t—1iTx

N i((a —b)sh(a+b) — (a+b)sin(a — b)) — ((a + b)sh(a + b) + (a — b) sin(a — b)) .

ch(a + b) — cos(a — b)

Thus, setting N(t,z) = w2R{(ih— H —iyld)(z+it)} and N(t,z) =
w2 {(ih — H —iyld)(z +it)}, for any (t,2) € R x R} we have

(14) w2 [ih(z +it) — H(z +it) — iy (x + it)] = N(t,z) + i N(t,z),

with

_ _ (a+b)sh(a+b) + (a—b)sin(a —b)
(15) N(t,z)=2+Tt ch(a + b) — cos(a — b)
and

. _ (a—"0)sh(a+b) — (a+0b)sin(a —b)
Nt ) = ch(a + b) — cos(a — b) o

Note in particular that we have the following.

LEMMA 4.3. — As 2 — 400 we have h(x + it) ~ H(z + it) ~ w?\/z and

I z+it((i714) (Scklheai(ci;l(,))Sina + %)d& ~ loiw, uniformly for bounded real t.

Hence, for any positive R, changing the partial contour [0, R] of J¢ into

[0, 2iq) | J (2iq + [0, R]) |J (R + 2i[0, ]) ,
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by (11) and Lemmas 3.7 and 4.3 we obtain

=1
+ lim Rexp li[h(%q + ) —y(2ig + x)] — H(2iqg + x)
R—oo Jg de
V2igtx
1—1)sh0—(i2+1)sin @
+A (( 4)(ch9—(5059)) + %)d@ dx
a i (h(2it — (21t — H(2it
it [ 100208+ B) =it + R) — H(2it + R)
R—oo 4e
VZIATR (1) sh O (541) im0
i—1)sh6—(z sin 1
+/0 ( 4 (chf—cos0) +ﬁ>d0 dt
= Iéy + jg7
with

yt—l—wQ(l—\/fcoth\/f)
2¢e

Vit (i—1)sh6—(i+1)sin6
i—1)sh0—(2 sin 1
+/O ( 4 (ch6—cos0) +@)d0 dt

q
1Y = Qi/ exp
0

and
= /mexp [i(h(%q + ) — y(2iq + x)) — H(2iq + )
0 de
(16) +/O ((Z—li(bslhge—fz;l‘g))51n9 + 219)d9‘| d .

Now to evaluate the first term IY, note that for ¢t > —n2, denoting o := sign(t)
we have

Vit (i—1)sh 6—(i+1)sin @
i—1)sh6—(3 sin 1
A ( 4 (ch—cos8) + %)da

4 (ch @—cos ) + 2170)d9

_/\/7|<1+m‘ (i = 1)sh[(1 + 0i)6] ~ (i + Dsin[(1 + 00)e] | 1)d0
0

_ /(1+m’)\/7| ( (i—1)sh 0—(i+1) sin 0
0

P ch[(1 + 01)8] — cos|(L + o) 20
o (VI L VT
:Z/ (cotg@—coth@)dﬁ—l—z/ <0—cotg9—coth9>d9 eR,
0 0
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so that the first term also reads

a t + w? (1—+/tcothv/t
Isy:Qi/ exp yt+w? (1= vicothvi)
0

2¢

o (VI
+ 1 / (cotg 8 — coth 0) df
0

1 VIt
—|-*/ (—cotg@—coth@) do|dt

which belongs to ¢ R, and then will not contribute when taking the real part of
JY.

Thus we are left with the determining contribution js’/ of (16). We cut it
into two parts:

(17) J¢=D!+RY,

the former corresponding to the integral from 0 to some small positive r., to
be specified later on, and the latter corresponding to the integral from r. to
infinity.

4.3. Dealing with the dominant part DY (in the case w # 0). —

4.3.1. Behaviour of the phase near the saddle-point. — By Lemma 4.2 and the
very choice of ¢ = ¢(7) > —n? solving (12), and by Lemma 3.7, for 0 < z < r.
we have

i(h(2iq + x) — y(2iq + x)) — H(2iq + x)

=i(h(2iq) — 2iqy) — H(2iq) + [i b (2iq) — H"(2ig)] 2° /2 + O(r?)

2
= 2w*(1 — \/gcoth\/q) +2qy — d (1—/gcoth\/q) w’z? /4 + O(r2)

dg?
2q coth,/q — /q — ch,/qsh\/q .
— 9,2 2,2 3
=2w*(1 +7¢ — /g cothy/q) + 1647 s /g w x4+ O(r2)
=2w? o(7) — w? R(1) 2*/8 + O(r3),
where
(18)

ch,/qsh,/q — 2q coth,/q + \/q

o(1) :=1+7q—/qcothy/qg and R(7):=

2q3/2 shz\/cj
4.3.2. The case of T = 5 < %, i.e., ¢ = q(1) > 0. — Setting z := 1/q(7),
we have 47 = % and then ¥(z) := jz(j)ch‘zz = 222 — 2thz — sh?z is

non-positive, since w”(z)% =3ch%?z —2ch*z — 1+ 2thz < 3ch?z — 2ch*z —
1+2A22<0.
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This shows that z'(7) < 0 (even < 0 for ¢ > 0) on the one hand. On the
other hand,

z(chzshz — 2)
2sh2z ’
chzshz —222cothz+ 2 -1

R(r) = 223sh?z - 2(1) 2/ (1) >0,

o(tr) =1—zcothz +

which successively imply R'(7) = R(7)2(z2" (1) + 2/(1)?),

/
0 (1) = (2% cothz — ch zsh z — z);s;;)z =22>0, ¢'(r)=2z2(7) <0,
2z%sh?*
% R/(1) = 62° + 423 sh?z — 3ch zsh3z — 32sh?z =: ¢(2)
2 (T
such that

o(2) :==4¢(2/2)
=322+ (2% —32—-3shz)(chz—1), ¢'(0)=¢"(0)=¢®0)=0,

422 +5 z
@(z) =chzshz (3 > +33)—— —24
©'Y(z) =chzs z( s +(=° + )ShZ

1222 + 15 22 +33
z2 z4+ 22 z4 —24
1+2+4  1+5+ &5
h 2 sh 12+47z2+z4 1+22+z4 -t 1+z2+z4 -t
= —z2*chzs i - =
tehzshz {4 55 + 55 2 T4 6 ' 120

<0,

< chzshz(

whence (z) < 0 and then @(z) < 0.

Thus, for 0 < 7 < & we successively have 2/(7) < 0 < R/(7), with z(
( -) = —oq, zz’(%): ,andasr/‘% () %(1—37’)
§(1 —37)? and R(7) 45, and as 7 N\ 0: z(7) ~ ?v q(1) ~ 471_2, o(1) ~ _—7}

and R(T) ~ 473.
1

4.3.3. The case of oo > 7 = Y > 3, ie, 0> q = q(1) > —72. — In

w2

this case, according to Section 4.3.1 and setting ¢ := /|q| €]0, 7], on the one

hand we have 47 = % and then QCC,?IH) S = (+cosCsin¢ —2¢2 cotg ¢ =:
0(¢) > 0, since 50'(() = cos2(C + 2¢% 4 2¢%cotg?( — 4¢ cotg ( is easily seen to
be positive, by handling separately the sub-cases ¢ < 5 and ¢ > 5 > 1. This
shows that ¢’(7) < 0.

On the other hand we have

14 27¢? — 7 sin¢ — (Zsin™2¢

o(t)=1—-7¢*—cotg¢ and R(7)= % sin’C
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This entails ¢'(1) = —(? < 0, ¢”(7) = —((7) {’(7) < 0, and successively:

cos(sin®C + (sin¢ — 2¢%cos¢  6(¢)

R(T> = 92 C3 SiH3C - 2 <-3 Sin2C )
;4
%z,s(lf)g R'(1) = 6¢* — 4¢*sin®¢ — 3¢ sin®¢ — 3cos ( sin’¢C =: 5(¢)
such that

o(¢) = 45(¢/2) = 3¢3 — (¢3+ 3¢+ 3sin (1 — cos (),
o'(0) = ¢"(0) = o (0) =0,
0(4)(4) = (¢ —33¢ +33sin¢) cos ¢ + (12¢% — 15 + 15cos () sin ¢
CZ

——(=Ccos¢+sin¢) >0 for O<C<5

¢? 3
(using cos¢ >1— l and sin¢ > ( — 6) ;

60 24
>(33+)C+24§2—<1+>C3—93>0 for z<(<7T
T T 2
. . 2¢
using —cos(<1>sin( >2——|.
s
whence o(¢) > 0 and then 6(¢) > 0, for 0 < { < m, i.e., for 7 > 1.

Thus, for 7 > & we successively have (/(r) > 0, R'(7) > 0, with ((3+) =0,
{(5+) = o0, CC’(1 )= T andas T\ 31 q(7) ~ F(1-37), o(r) ~ —F(37 — 1)°

and R(3+) = st;andas T /oo sir}2§ = 27—@—#0(1), () =7— \/?+O(1)
q(t) = -7 + 71—\/7—1— O " o(r) = —n21 + 2727 + O(1) and R(r) =

L(2r)¥2 + O(r).
Note the following consequence of Lemma 4.2 and of the above Sections 4.3.2
and 4.3.3.

LEMMA 4.4. — o(7) is a non-positive analytic function of T > 0, which in-
creases from —oo to 0 on ]0,1/3], decreases from 0 to —oo on [1/3,00][, and is
strictly concave. R(T) is an increasing positive analytic function of T > 0, with
R(0+) =0, R(1/3) = 4/45, R(c0) = 0.

4.3.4. Behaviour of the dominant part DY (case w # 0). — For any positive
7 and 0 < z < r., denoting o := sign(q) = sign(q(7)) we have

1-—
V2ig+z=(ci+1)/]|¢gl + —=
44/q|
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and then

V2ig+z
(i—1)sh6—(i+1)sinf 1
/ ( 4 (ch 97203 G)S + %) dg
(oi+1)/]dl
(t—1)sh 6—(i+1) sin 0 2
~/O ( 4)(ch 0—cos 0)s + 2170)d9 + O(Ts)

n 1—o01 o x <(z 1) %h[ zn+1)\/|?] (i+1) sin [(01+1)\/m] n 1 )
4 |q| (ch |:(0'1+1)\/@} cos[ O‘lJrl)\/'?]) 2(01'-&-1)\/@

1 Vil gt 1
:7/ 7+0 cotgﬁfg+ coth@ ) db
2 /o 6 2 2

0

+ ((a + 1) coth+/|g] + (0 — 1 cotg\/g ) 16\/> (2)

\f \/ﬁcoth\/af 1 1T
= 1{r<1/3} <10gw sh\[ 54 x| + 12173y BV
V . v/—qcotgy/—q —1 2
1 1
+ 1rs1/3) (Og\/smf 24 z | +0(r?)
NG .v/qcothy/q—1 9
=1 .
og”sh\/a—i—z 84 x+ O(r?)

Therefore, according to Section 4.3.1, (11), (16) and (17) we obtain

€

V2ig+z
i—l)shO—(i+1)sin9
+/0 ( 4 (chf—cos 0) 19)d9‘|d
2
_ [ Ve exp| o(7)
shy/q 2¢e
2

DY = / " exp [W‘ o(r)=w? ()& /8+0(r?)
0

(
3
+O<Ts+rg)]
€

T thy/qg —1
></ exp[—w R(T)x2+imx] dx .
0

32¢ 8q
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Then
Te 2R th,/qg — 1
/ exp| BT o VaCOthya L T
0 32¢ 8¢

:/rsexp[ sz(T) } {1+  acothyg = 1 —l—(’)(r?)} dz

8q
2R(1—
16€ 155 x2/2
w2R(T

has the real part

(i VI
1 € 2 9 2
2R / /2 dy (1—&—(’)(7‘5))

iy (o -o(£eel-222])

Hence we obtain

RO =\ s 5]

<1+(’)< +r2— erxp[—%])).

Choosing r. = w/slog% x L, for any L. going to infinity as € \, 0, this yields
(19)

%{Dg}_\/wzz;sﬁhq\(;;(? exp{wZQE(T)] x (1+(9< elog®(L )L3>>

4.4. Dealing with the residual part RY (in the case of w # 0). — Recall that

sh(2 -2
or = w (¢ = q(r)), and by (11), (14), (16) and (17), that

> w?(N +iN)(2¢,z) O 1) sh0—(i41) sin 8
RY :/ exp[ 1z +/0 (< e %)d& da .

) \/gcoth\/afl 9
LtiyE s e+ 00

dx

Recall from the beginning of Section 4.2 that the integrand of the second term of

the exponent is continuous on R, and even bounded. Indeed its denominator
vanishes only on (1ii)7rZ on the one hand, and on the other hand, for large x we

have a ~ \/z,b =2 ~ T’ so that cosy/2iq + x is bounded, while chy/2iq + x ~
chy/x +1 % — 00.

In order to control the size of the phase we need the following. Recall that

= w/slog% X L.
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PROPOSITION 4.5. — For small enough ¢ we have 2 o(7) — sup N (2¢(7),z) >
x>7e
Rgr) T§~

This control is crucial, since it will in particular ensure that other saddle-
points, if they exist, yield an asymptotically negligible contribution. The deli-
cate technical proof of Proposition 4.5 is given in the appendix (Section 7).

4.5. Conclusion in the scaled sub-case w 7% 0. — The beginning of Step 1 of
the proof of Proposition 4.5 shows that N(2¢,z) ~ —/z as  — 0.
Fix T > 250(7)? such that N(2¢,r) < —/x/2 for x > T, and cut the

expression of RY appearing at the beginning of Section 4.4 into fTT + f;o . Then,
using Lemma 4.3 and Proposition 4.5, we deduce that

T 2 o
RY = / @(exp{wN(qu%)D N / e
Te de T

w?o(7) w2R(T)r§ 3 > —z 2
O(exp[ 5e " 36e ])—1—0(6 )/w?ﬁ/s,ee x° dx

w2 o(r w2
= O(exp[f%(log%)&:]) + O(¢) e~ 25T

—R{D} x OV + ﬁewzsi(”)

by (19) and Lemma 4.4. By (17) and Lemma 4.4, this entails
(20) R{JY} =R{DY} x (1+ O(Ve)).
Now, according to (9),(11), we have
—w?/2e
p=(0; (w,ey)) = Iy

Finally, with (18), (19), Lemmas 4.2 and 4.4, this establishes Part A of Theo-
rem 2.1.

R LIV

5. The scaled pseudo-cut-locus sub-case w = 0

This case is analogous to the cut-locus case of the sub-Riemannian setting,
which is already specific in that context, see [5]. For w = 0, (11) reads:

_ Yy (i—1)sh—(i+1)sin 0 1
JY = / exp [—463: +/ ( i(chO—cost) T %)dﬁl dx .
0 0
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5.1. Change of contour. — As observed in Section 4.1, this case corresponds
to T = oo and ¢ = —?, roughly. Precisely, looking for a saddle-point under the
form y = —2i(m —v)? and VX = (1—i)(m —v), for a small positive v = v(e,y),
instead of Equation (12) we find:
(21)

iy (ifl)shf (z+1)s1nf

= h
2e VX 4 (ch /X — cos \/X) 2\/7 enee
Y ) (i4 1) cotgr 144 .
71 —) = €.
L (1+i)(n - v) Yy s e
e(l—v/m)

2y(n—v)2=e(1+(m—v)cotgr), ie., tgv=

which has a unique solution v = 5= + O(e?), ie., x = —2i(n? — £ o+ 0(e %)).

Note that the justification for the change of contour given at the beginning
of Section 4.2 still holds here. We change the contour R into [0, —2i(m —
v)? U (= 2i(r —v)? + Ry), as follows.

(r—v)? (1—4)vt
. yt i=1)sh0—(i41)sing
Je = _21/ exp l—% +/ (( 4)(Ch9—(c059)) 19>d91
0 0

oo
+/ exp
0

[x — 2i(m — v)?]

r—2i(r—v)? (i—1) sh 0—(i41) si 0
i—1)sh0—(z sin 1
+/0 ( 4 (ch@—cos0) ?)de dx

(m—v)*
- Y iR
+2th—I>I;o | exp 2—€(t—|—7)
fait (i=1)sh0—(it1)sing
11— S —(? S1n 1
+/0 ( 4 (ch@—cos0) 70)d9

Since

>

(1-i)ve (i—1)shf—(i+1)sin6 | 2
/0 ( ch @—cos 0 + §>d

Vit
= 2/ (§ — cotg0)db = 2log[smt
0

|eR,

the first term belongs to 4R and does not contribute when taking the real part
of JY.
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Let us verify that the last term (Rlim -+ +) vanishes: its modulus is controlled
—00
by

/\/ R—2it

limsup sup exp [% { ( (= 14) thgei(é;lg;in o4 %) do }]

R—oo 0<t<(m—v)? 0

= limsup e?®
R—

with
R+ OQ/R) (1—1)sh—(i+1) sin 0
1—1)sh0— (2 sin 1
ZR = R A ( 4 (ch0—cos 0) + %)de
r h 0-+sin 0 R+iO(R™) (i—1) sh 0—(i41)sin 0
_ 1 s sin i—1)sh6—(¢ sin 1
7/0 (2«9 4(ch;_ co<9))d0+§R / < 4 (ch 0—cos 0) +%)d6
_1)

_ (7, 1) sh [R+it]—(i+1) sin[R+1t] 1
- log {ch R—cos R + R { 2 (ch [R+it]—cos[R+1i]) + R+it> dt}

:ilog{ichR COBR]—}-(’)(R‘1 — —00 as R — 0.

Thus we have
(22) w72} = exp |- ] () + RUT2Y).

where (for € < & = o(1) to be specified later)

B 5 - Vez—2i(r—v)? ) .
Jg — / exp[yz:c+/ ((zfl)shef('ﬂrl)sme +219>d9:| da
0

4e o 4 (chO—cos0)
5 _ (m=v), /1 ST
(23) = / exp lyzx + %/ e (§ — cotgf)df | du
0 de 0
and J® = same integrand is the residual integral. Note that as in the

beginning of Section 4.4, the second term in the above exponent is bounded for
0<z<1.

5.2. Handling the dominant term jg, — According to (23), we have

£ . 1/2
jE:/ o1 “‘[ (m—v)+g ] / dr .
0 0 iny/(m—v)2 &

Set v/ :=27mv — 1% = ¢/y + O(e?) and write

Sinw/(']T—V)Q“F%:Sin[ﬂ'— (7('_1/)2"_%} :Slnlim}
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Then, for any £ = o(1), such that € = o(¢), changing z into 2v'x we have

1/2

5/2’/, . ’ 2 ST
7 _dzyv’ T™—V)*+w'x
Jg = 21// e 2 ( ) dx
0 sin v/ (1—iz)
T/ (m—v)2+iv'z

g/2v’ myu
= 21// - \Fd:c
0

where
v'x
Xi=—7
(m—v)*’
. \/1+X2+1 \/1+X271
U:=+(m—v)2+ive=(r—v) ,
V(1 —ix) U U
YUy - 2=
T+U "’ sin V'’ Vv
We have 0 < vz < /2, |U — | = O(€), 3, < 2m|V] < ¢, and |\/17— \FZ| =
V|? ~ . .
] = e = OUVP) — O). e, g

parts we obtain

5 g/2v’ ”qu
Je = 21// VZ + O(%/2)] da
0

g/2v’ ”yV
= 0(&?) +2\F/ —H U g

N oo e U2 47U
=0(EP) + 7% l % J U0l ezzins —\/(r =) (2n—1)
g/2v' ,
_ dei / o B d U4nU 1o
ez o dr T—iz
_ ~5/2 ~ 4e/272 —3mv+v?
- g/2v' ,
4ed / _deyy i Unl gy

1—ix

— €
yVv' Jo dzx
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Now

d gy WOEaU | &UP+aU)

U 2(1 —ix)3/2  2VU? + 7UV1 —ix
i+ )32 (72 4 O(E))

(1+x )3/2 +0()
(z—x )(m+ O \/1—1—1‘24—1 \/1+x2—1
o V2 (1 +22) 2(1+22?) 2(1+22)
7+ 0(é)

(e [
1+x2 1+x2

_ (x\/\/1+ax2+1 + \/\/1+w2—1)
1422 1422

2(1+22)

+0(e).

Thus we have

B - g/2v z ~
R{JG} = O +¢/VE) + ;\/l; LGjE w)Q +1 —(:(;3/2 + (’)(5)} dx

oame [ G(x)
~5/2
O +e/VE+VeE) + o T2
with
VitzZ+1 Vifz?-1 yv'c
G("E) (\/ 1+x2 - \/ 1422 ) |: 2¢ :|
VitzZ+l Vitaz—1 y'z
+<’I’\/ T+22 \/ 12 ) |: 2 :|
. y'v  w .
Since - =3 + O(e), we also have G(z) = F(x) + O(g)/x, with
(21) F) = (8 - oA ) con(3)
+ <x\/‘ 111222“ \/ 11122_1) sin %)
= 7”1"_'&22“ (2 —V1+ :132) cos(%)
+ Vll':_f <2+ \/1—1—3:2) bln(%).
Moreover,

/oo F@) g — o) = 0(e/2)*?.

/21,/ 1 + $2
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Therefore we obtain

R{JE} = QW\FK +O(E2 +e/VE+ Y2 4 \fe8),
y

o0
with K:/ LGN
0 1+£C2

Performing the change of variable z = tgf, we find
K= / [cos(8) —tgOsin(§)] cos(&2) + [tgfcos(§) +sin(§)] sin(%))
X V2cosfdf

/2 tg6—360
:/0 COS(%) cos@ de .

Hence, taking € = £'/% we obtain

(25) R{JE} = zw\/jfwo(é/ﬁ),

00 F /2
with K:/ (x)2 dx:/ cos(@) Cosodﬁ
0 1+13 0

LEMMA 5.1. — We have K > 0, and actually K ~ 2.15.

Proof. — As @ runs [0,7/2], (tg0—36) decreases from 0 to v/2—3 arctg (v/2) >
—1.46, and then increases to oo, with tg(1.4) — 3(1.4) < 1.6. Hence for 0 <
0 < 1.4 we have |tgf — 30| < 1.6 and then cos(2%-3%) > cos(0.8) > 0.69.
Therefore,

1.4 /2
K>0.69/0 ﬁdg_/u \/Ede

3 3-14

:0.69/ \/Ede_/
5—1.4 0
1 3 T-14

>0.69/ \/%d9+0.69/ \@de—/ a2
pis sm 7—14
571.4 1 0

=1.38(vV2 - Vr —28)+0.69 (Z —1)V2 — (7 — 2.8)

7. > 0.53.
sm(ifl 4)

REMARK 5.2. — Integrating by parts using

d
~24 Vit V(}i;ﬁ;gl (V1+22+2),
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we also have

K= / [ 1112 +1 cos(%) + 7%_1 sin(‘;)} dx
0

/2
/ cos tge 9 0%39 do .
0

5.3. Control of the residual term J >°. — For any positive z, set

iyt 42 -1
B =) . =)
=V and fi=|—up,

so that ,/1 4+ ﬁ = a + i3, and parametrize the integral in the exponent
of (23) by

r=2(r—v)?sh(2t), a=cht, B=sht, tcR,;

sothat z > e'/3 & t > ¢ = ‘ZZ; +0(e), and setting U; := (7 —v)(cht+isht),
the residual integral in (22) reads
(26)

5 0o AW Uy
JX =4(r — 1/)2/ exp [(qu)y sh(2t) + %/ (§ — cotg 9)d01 ch(2t) dt.
€ e 0

/

Now

Ut
/ (% — cotg 9) do
0

Ut
= / d (IOg smG)
0

= /t (1 — (7 —) sin[2(m — v)ch s] —ish[2(m — v)sh s])
chs+ishs ch[2(m — v)shs] — cos[2(m — v) ch 5]
X (shs+ichs)ds

_ /t (Sh(Zs)Jri
o ch(2s)
_ sin[2(w—v)ch s] sh s+sh[2(m—v)sh s] ch s4-i[sin(2[r—v)ch s] ch s—sh[2(m—v)sh 5] sh s]) ds
ch[2(7—v) sh s]—cos[2(7m—v) Chs])/(ﬂ'—l/)
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and then
(27)

%{/()Utd(log Sigg)}

[ S) — (m—v sin[2(m —v)ch s]sh s + sh[2(7m—v]sh s) ch s
_/O (th(Q) ( ) ch[2(m — v) sh s] — cos[2(m — v) ch 8] )

~ logch(2t) TV
= 5 .
s B B
with I, := 2/ sin[2(m—v)ch s]sh s + sh[2(m—v)sh s]ch s
0

ch[2(m — v) sh s] — cos[2(m — v) ch ]
of [ atos )}

B ! sh[2(m—v)sh s]sh s — sin[2(7—v)ch s] ch s
= Arctg(tht) + (7r—1/)/0 ch[2(m — v) shs] — cos[2(m — v) ch §]

Ita

S,

S.
The proof of the following technical lemma is given in the appendix (Section 7).

LEMMA 5.3. — For any positive constant T > 0, there exists a positive constant
go such that for 0 < e <eg andt > T, we have ER{Ut cotg Ut} > 5= sht. We
also have I; > sht for 0 < e < egg and for any t > 0.

Integrating then by parts in (26), we obtain

) 4i oo U, — )2
Jo = e exp [;/ (% — cotgb) d@] d(exp [WJ Sh(Qt)} )
y 0 2ie
die (r—v)%y s )
= — lim exp TSh@T) + 3 ; d (log sin@)

die (m—v)%y e 0
Ty exp lm sh(2¢’) + 5/0 d (log 515)

2Um— e8] _)\2 U,
+ M/ exp l(ﬂy)y sh(2t) + %/ d (log ,.09)] (sht+icht)
1y o 2ie 0 sin

X (U% — cotg Ut) dt,
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so that, using (27) and then Lemma 5.3 (and the expression of cotg Uy in its
proof), we obtain

™

{ [ch(QT)} 1/4 -z IT} +O(e) [Ch(%,)} .

|j§°’ = 0O(e) lim

T—oo

+ O(e) /Ooe_ﬂ%ft [ch(2t)]3/4 (‘U{W + |cotg Ut‘) dt

> 3t_ TV o) h[2(w—v) sht]4cos[2(m—v) cht
= 0(5) + 0(5)/ ez * ! (\/cﬁ@t) + \/zh{QEﬂ'fug Sht}*COS%QETK‘*IJ; Cht%) dt

e’

= 0(e) + O(s)/ T sht gy
n
! dt L
© = O(elog =
" (E)/MHO(E) V/ch[2(m—v) sh ] —cos[2(m—v) ch ] (log 2)

472

since we have cos [2(7T—U) ch t] =1-2v%+27vt? + (’)(t4 + 0242 + u4) and then
ch [2(m — v)sht] — cos[2(m — v) cht] = 27t + 20° — 2mvt® + O (¢ + V2)2

~ 27%t? near £'/% and > 72t% on [51/ 2 7], for any small enough positive constant
7.

Thus, by (22), (25) and the above, and since v = QL + O(e?), we have
Yy

R{JY} =€~ (o (27TK\/5+ 0(55/6)> — K % e~ e [1+ 0(51/3)]'

According to (9) and (11), we thus have established Part B of Theorem 2.1.

6. The unscaled asymptotics of p. (0; (w, y))

6.1. Unscaled saddle points. — We again use Proposition 3.4, but under the
change y — y/z, to switch from the previous scaled case to the present unscaled

one. According to (9), we have to evaluate f {Jé’/s}, given by (11). Then the

corresponding saddle-point equation, in the sub-case w # 0, is b’ +i H' = y/e.
Thus Equation (12) becomes: 2iq is a saddle-point if and only if

vy sh(2ya) 2.

w?e 2,/ (ch(2/q) — 1)

As observed in Section 4.1 and already implemented in Section 5.1, this cor-
responds to ¢ ~ —72, roughly. So that the unscaled sub-case w # 0 shares

features of both scaled sub-cases w # 0 and w = 0. Precisely, looking for a
saddle-point under the form y = —2i(r — v)? and /X = (1—4)(7 — v), for a

(28)
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small positive v = v(e, y, w), we find that (28) reads:

. w2e sin v cos v
sinv =4/——4/1+ ——, whence
2y ™=V

3
w?e w2 [we]? a2 5
o= e e e [P i o

As to the unscaled sub-case w = 0, Equation (21) becomes

2
29) 2y (r—v)2 =2 (1 + (7 — tev), ie., tgv= e (d-v/m) ,
(29) 2y (r-v)? = (14 (= )eotgy). e, gy = SR
which has a unique solution v = % + %—&—0(56), X = —22'(71'2—%—}—0(54)).
6.2. The unscaled pseudo-cut-locus sub-case w = 0. — By performing the

same change of contour as in Section 5.1, with the above value for v replacing
the previous one, we get the following analogue of (22):

B) R = hir 2] x (R +RUY)

with (for € = o(1) to be specified below)

~ £ ) — V)\/ e u2
31) s ;:/ eXp[_“ﬁyﬂ/ R (—cotg&)dﬁ]d
0 0

o0
and jgo = same integrand is the residual integral. Then we follow the

€
analogous Section 5.2. According to (31) we have

e — 11/2
ji- [ ] ],
0 S

€ 4 T
(m—v)2+4¢

Again set v/ = 27 — v? = 2 /y + O(e*). For any é = o(1) such that v = o(8),
we have
/ s v /
é/2v’ ) ’ — &/2v’ -
g5 = 21// e e (r—v)tivie dr = 21// ~ 2 VY dx
0 } 0

Sin|: v/ (1—ix)

4\ (r—v)2+iv'z

g/2v’ my,
2 [ V74 0 da
0

e/2v

O(AB/Q +2\f/ —%VTI U4nU ..

1—ix
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. iyé 24 P
=0 + 12 l% Crmllisremern [l —0) (2 —v)

A !
5 5/211 _imyu’ d

4% 5~ % JUl4rU
y\/7 ; e 2¢e daj Tz dl’
_ 25/2 2 2\ _ 4e*V2nZ 3mv4u?
=082 + 2 /V¢) e i
e/2v N
_ 4e%i o5 i U4nU g
W o dx V 1 '

Now the control of the last term above is also as in Section 5.2, up to replacing
O(e) by O(v) = O(?). Hence we obtain
2 G(a) 0(?)
1+a2 1+ a3/

2 &2

yVv' Jo

R{JG} = O(62 +2/V?) + +0(e?)

)

with

A _ V1+z241 Vitz2-—1 yv'x
G(z) = (\/ s — T Tra? cos | 47
VitzZ+1 VitzZ—1\ . | gz

+ (x Trez T T+a2 S 527 | -

Since y;;f = £ + O(¢?), we have G(z) = F(x) + O(e2)\/z, with the same
3/2

function F' as in Section 5.2, and f;;;y, fj;é dz = 0/ 3/% = O(e?/¢)

Therefore we obtain

A 2
R{J§} = % K + O 4 Ve + Y8 1 e,

2/3 we obtain

Hence, taking é = ¢

2n K e

(32) R{JS} = + (9(55/3), with K as before, in (25).

Then the control of the residual term jgo is straight forwardly adapted from
Section 5.3, to yield |J>| = O(e?log 1). By (30), (32), and since v = ;— +
Ty
O(e*), we have
2K e 2nK e —x%y
FO(E) ) = ZEE S (14 02,
VY y/e

Hence, according to (9) and (11), we have established Part D of Theorem 2.1.

aiap = e
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6.3. The unscaled sub-case w 7# 0. — Perform the same change of contour as
in Sections 4.2 and 5.1, starting from (11) written as

yle — 7 oer | H(2) —xy/e) — H(x)
JE/ —/0 exp[ 1c

VT
(i—1)sh6—(i+1)sin 6 1
+/0 ( - 4(sch072050)s + 29)d9‘| dx,

in which w # 0, and with v = ’g; + Z’W + 4’5;':%5[“5—2;]3/24— :;7352 + (’)(55/2)

of Section 6.1, which was derived from the saddle-point equation (28) by sub-
stituting —q = (7 — v)2.
The validity of Section 4.2 is not modified by the mere change of y into y/e
(for any fixed positive €), so that, as seen with (16) and (17), the real part for
y/e
g

is again unchanged under the replacement of its integration path R, by
[—2i(r —v)2+ Ry [.

Then Section 4.3 (actually 4.3.1 and 4.3.3) is adapted in the following way.
According to Remark 3.5 and Lemma 3.7, for 0 < z < & = o(y/2) (to be
specified later) we have

(ih— H)[o = 2i(r —v)*] =202 [1 = \J(m = 0)? + Zeotg \[(m —v)2 + 2

Thus proceeding as in Section 5.1, with

V=2 vt = [P (WO agea (Ve (o)

Y 2y 2y

Qw2e 2 2, w2e\3/2
=™ (1 + oty w'e — A5 (ﬂ) "+ 0()

and &€ = o(y/¢) to be specified below, we have the following analogue of (22)
and (30):

— )2 . . .
(33) R{JY/?} = exp [(”2;)9] x R{JS + J5 + J51,
6.3.1. Handling the dominant term j§ — with
¢
Yo (i h—H)[z—2i(m—v)? ive
%A“% g

0

+

(i—1)sh §—(i+1) sin 9
4 (ch0—cos 0) 19)d9‘|d
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(and jf, j§ = féT, f;o same integrand, for some small enough constant T' > 0)

5/21/
= 21// exp
0

(ih—H)[2'z=2i(r=1)°] /s
4e 2¢e2

(m—v) 4 /1+(_’r“’f)2
/ % cotg& 0| dx

/2 w? v’z U
=20/ —(1—U cot —=—+11 d
1//0 exp[zg( U cotgU) 52 + 3 Og(sinU)] T,

with the notation of Section 5.2. As in the beginning of Section 5.2, we then
obtain

(34)
g/2v w2U iyu':c
JO—Q\/>62E/O exp{ oz cotng]
2
T o]
1—x
&2 w?U 2 wv'x
=92 2e _ L oV 4 _
VU es /0 exp[%v[ = +O0(V[Y] 262}
« [\/@—HO <3/2,1/4 ]
w2 g/2v’ 2 U
2 [T o) [\ S + o<g3/251/4)] o
with
0.(z) = 2 w? UU+m) yv2(i+ )z B Uv?(1 — 2iz — 2?)
T ev(l-dw) [ 202 2r2w? e 6m2 (U + )

The computational proof of the following is given in the appendix (Section 7).

LEMMA 6.1. — We have the following expansion: for 0 < v'z < &/2,

O.(2) = wly 37102 B (472 + 3)|w)® (27 — 3)w?
STV 283 4e 1672y € 24 2y
x3 x2 o«
+O0(5m + 2 +E+Ve)
iwtz B [
24y (1 —ix)

2

2
4n?43 272-3 3/2 wy T
- 47§7r2 w E+ g 3 ( ) X

+ 23 T 1 —dx

Y
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Therefore, setting

w2y  w?  (An?+ 3wl (2n% - 3w

35 D =2V Y
(35) ) =TS E T T Teryaye 24 2y
7Tw2 w g
- -2 40
2ev [ 6y +0t )]

and changing z into £3/4 x, according to (34) we have

ge—3/4
2/ w2y /2w a?
ety — - 0<s>12‘”2]

eXp|:24y(1 15‘5/41) o 1—ie3/4x

JE =2V x eP=(wv) 53/4/

0

x {\/ = + O 1/4)} x[1+0(7

= (2n)%/2 (22) e x ePelw) ¢ Js

+%+5+\/g)}dx

and by taking & = &3/4,

1
v 207 i wh w2y /2T z?
0 / eXp[ = [1—0(5)]1_1-1/3/%}
0

0= 24y (1— 153/41)

[yt + 0ue )] [1+ 0, (2)] o

(the notation O,(-) emphasizes a dependence upon z, opposite to constant

o))

- -11)4 3/4
e [ o] 1h0,(8) ds
. 1— e/ 1+ O(e )]as \/1—i53/4[1+0(5)]x
=/, TP 1+ 3/2[1+ O(e)] 22

X
1—i0, (51/4)
[V [ OV i Ol O )
0 1+ 0, (Ve)
e VE 140, (8)ar
1—iO0g (/%)
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::jﬁ“xii;gexp[(—x/wgyw-+ca4v€>—iczxe”49x2]

x [1+ 04 (Ve) +i0, ()] da
140 [ 3 ]1/4 5
-/ el -(1- o +ioEn) Y]

0
VT (2w?y)t/4
14+ 0(Ve) +i0(e/1) R
VT /O eXP[(l —0.(Ve) +i0(e /4))2} o
1+ 0(VE) +i0(Y)
B (Sw2y)l/%

X

The last equality is precisely justified as follows: with all the above O, (-) being
real, firstly,

/Oooexp[—(l—oz(\@) +1i 0, () $2/2} dx

‘Aimkuﬂmwﬁwﬂﬂ“

§/ ’exp [0.(Ve) 2] — 1‘67302/2 dx

0

< /°° o—[1—O(VA2*/2 g /OO T2 4y — O(JF) |
0 0

and secondly,
/ exp [— (1+i Oz(sl/‘l)) x2/2] dx
0

:/ cos [Om(51/4) z2} e—%°/2 dx—i/ <in |:Om(51/4) zz} = 7/2 4
0 0

= V72 [1-0(v7) +i0(Y)].
Thus we obtain
o2m3/2 ¢
VY

6.3.2. Control of the first residual term J:. — According to (33) and the be-
ginning of the above Section 6.3.1, and parameterizing by x = 2(m — /)% sh(2t)

(36) R{J5} = [1+0O(Ve)]

exp [De(w, y)] .
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as in Section 5.3, we have the following analogue of (26):

(37) Ji, Ji = Alr — v)? {/T/TOO}

2

. U
exp |5 (1= U cotg Uy) — 555 (m = v)?sh(2t) + § / (5 — cotg 9)d0] ch(2t) dt .

The computational proof of the following is given in the appendix (Section 7).

LEMMA 6.2. — We have

2t2
1-— %{UtCOtht} = g X (1 — V27T

21 a2 [1 +O(V+t2)] +O(V2)> .

Therefore, for some small enough constant 7' > 0, € > 0 and for n <t < T,
we have

4722 /5 9
_1 T2 1 22 +O(V )}

1 —R{U; cotg U} < %
r 4 2,2
<7 1_7”7/5+O(,,2)}
14

i 1/2 _|_ﬂ-2772
o 3/2
2N+ 0
~Th- 20”63/[2 O], O(uz)]
v v+ 5 1+ 0(v)]
[ 1+ 0(v) 2
= — 1 —
v |1 w0zt o) w5a O

1 1+0(v)
20m2(4)32 v 14+ O(v)] +5/4

I
<
+
—
<
[
SN—
|

T a2, v+ OW) 5

v _1 (“’2) ><207r2—|—(’)(u) +(9(y )
™ [ _(2yN3/2 ¥V 2

< T - (&) 5+ 002

whence by (35):

’lU2 7rw2 Y 2 [ow?
= D.(u) |1~ VE (s - T2/ + 0)

2
(V3 — 10717 + O(V5)).

= D.(w,y) —
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Taking T' < %(%)1/4, we have 1072 T2 < 224/ % and then

2 373
1;)—65)?{1 — Uy cotgUs } < De(w,y) — 11/070/20 +(’)(5_1/2).

Owing to (37) and (36), we thus obtain

T 2
‘jﬂ §4(7r—1/)2/ exp[g;%{l—Utcotht}
n

+ ;gre{/ow (% — cotg H)dt‘)}]ch(%) dt

= O(1) exp [De(w,y) - 7‘1250/:)2 + 0(6_1/2):| =R{JE} x Oe) .

6.3.3. Control of the second residual term j§ — According to (37), we are
left with

oo

5l <ow [

T

2 U
exp [1;)5 R{1-U; cotg U, }+R {/0 d (log siza) } } ch(2t) dt .

U
Recall Uy = (m—v)(cht+isht), (27) R {/ d (log siﬁe)} = Llogch(2t) —
0

mT—v
T,

By Lemma 5.3 we have

v 2 [ _ 2 _
|J5| = O(l)eﬁ/ exp[—wusht— u 1 Z/sht} ch(2t)%/* dt

T 4de
o) (wlie 2)5/4

_ o(l)e%/ o~ e AT 20
shT V1+u?

— O(l) e*g—g/ 6—7r1112u/(5s) (1 + u3/2)du
shT

go ot ey "\ 3¢ B+OWE) e
=0()e=""5" =R{J5}e \/T =R{J5}O(e)

by (35) and (36).
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6.3.4. Conclusion of the unscaled sub-case w # 0. — Using (9), (11), (33),
(35), (36) and the above Sections 6.3.2 and 6.3.3, we finally derive:

—w?/2e

e _(r=)?%y v v v
p=(0; (w,y)) = Yo xe Tz R{JG + JT 4 J5)

1+ 0(/5) 2 ()

= - 77 D
24/2ye3 x exp 2e 22 + De(w.y)
1+ 0(ye w2 v w? 3w?

_1+0Lve) i e N s
2 2y53 2¢ 2¢ 2e 4e

(@4 3)wf (277 = 3)w?
167\ 2y e 242y

(recall v = 2mv — 12

2w2e L artes w2e\*? ., (we)\’
=T R — j— [
y 127 2y 62 2y
+ 0(55/2)>

wly  m/2w?y  3w?  (4n%+ 3)|w|?

= —Y 7 x LA T . AN I’A bt I
/8y &3 expl 2.2 T T g 4e 2412y €

(2m2 - 3)w?
48 w2y

1+ 0(e) exp[ 2y (1_4 w2e  3w?e

2m2y 2wy

N 4m2+3 [ we 3/2_ 272 -3 [ w2e 1°
6 2m2y 6 22y '
This ends the proof of Part C' of Theorem 2.1, and the whole proof, except for
the following last section.

7. Appendix: Some technical proofs

Here are the technical proofs which were postponed so far, and even when
non-trivial or delicate, only require elementary means.

Proof of Corollary 2.7. — We have to evaluate the energy FE. (0; (w,y)) de-
fined by (5), and to compare it with the exponents in Parts C, D of Theorem 2.1.

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



592 J. FRANCHI

According to the Euler-Lagrange equation we must have ji = A u, hence

wsh(at) or wsin(at)

e = - forw#0, or
sh a sin «v
pr = Bsin(krt)  for w =0,
2 2 [, chasha-a o —cosasino
— = = — or — 5 , Or
w?e  w? J, K ash?a a sin’a
1 2
Q:/MQ:E for w =0,
15 0 2

whence
1 2 2
.o chashat+a  ,/( w y o[ Wy
/0 w= 2sh2a/(w2a) “ (shza * 5) o« (sin2a €> o

1 21,2, 2
/ﬂQZﬂ T =Y for w=0.
0 €

2

Note that by substituting o = /£q into the above, the condition fol w? =
y/e reads exactly as the saddle-point equation (28).
Thus, for w = 0 we get E.(0;(0,y)) = % for any £ > 0, namely exactly
the energy which appears in Part D of Theorem 2.1.
And as to Part C of Theorem 2.1, for w # 0 and small €, we get some small
v > 0 such that
2y T — vV 4+ cosvsinv

26 (7m—v)sin®y
and then successively:
2 2 3
wle v v v 9 5 1 4 5
9y Y (1*;*§+;+[4*5*37]V +0(v )),
= w?e v 1 17,2 5 17,3
€= ﬁ:’/(lfg*[ﬁs?}’/Jr[m Toms )V

+ [t — 5 — BV + 0()),
= =3

= € 5 14 € 5 ~.
V:6(1+%+[%+W]62+ﬁ+[%748ﬂ'2+1§§)7]1-4}€4
+ 0(55)> as in Sections 6.1 & 6.3,
2 ~
VQ:Q‘;—;(H;JF 3+ 558 +0()),
v e (1o oo [+ S [ - ]+ 0),
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w 2y 5 - -
= (1B EE R - - [k + &]E0@),

w? w?  w?  wr?
== 4+ — o),
sin?v 1/2+ 3 + 15 + (V)
so that
(m—v)?r w® y
et S22 ()
6( (w y)) 2¢e sin?v €
m2w? 7 w?  myr  ww?  wwiv V2
S < R . O e
T 2w 2¢ 2e € eV 3¢ 2¢
2 ’LU2V2
+[5 +1]= -+ 0
_ Ty my2uly ﬁjL[er;}ﬂ_[;_L]w:
262 53/2 de 6 87 \/% 3 272 Sy

+0(Ve).

Thus E.(0; (w,y)) precisely gives the energy appearing in Part C' of Theo-
rem 2.1. ]

Proof of Proposition 3.3. — Taking o = 0 and v = iv/2¢ in Corollary 3.2, for
small positive ¢t we have:

aleo(tf )] - Zomm

which, by analytic continuation and monotone convergence, is valid for any
positive t < m2/8, in any region where the square roots of the right hand side
admit a continuous determination. This yields the same domain of validity for
the formula

! 1 a?tgy/2t
E {exp(aw +t/ w2>} :exp(>,
0 ! 0 cosy/2t 2v2t

and as well, by analytic continuation with respect to «, for the formula

! 1 a? tgy/2t
E {exp(iaw +t/ wQ)] :exp<—>.
" ' 0 cosv/2t 2v/2t

The vertical segment %]—17 1] is contained in a domain of validity for ¢. In-
deed, taking t = i ¢ and /2t = (1 +isgn(€))+/]€] = (1 + i)\/€ we successively
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have:
tgv/2t _ tg\/|€] + i sgn(€)thy/[€]
V2t (1 —isgn(¢ tgfth\/E)(l +isgn(€))/|¢]
_ (V1€ + V€D + isen(€) (/1] — of/1€])
(1 +tg2\/I€]th2V/[€)) 2v/1€]
_ (sh2V/[g]) + sin(2\/J¢])) + i sgn (&) (sh(2/[€]) — sin(2y/[€]))
2/1€ (ch(21/]€]) + cos(2V/[€]))
B (sh(2v/€) 4 sin(2v/€)) + i (sh(2V/€) — sin(2V/€))
B 2v/€ (ch(2V/€) + cos(2V%)) ’
cosV/2t = cos\/€ chy/€ — isiny/Eshy/€
cosy/|€] chy/[€] — i sgn(€) siny/|€] shy/|€]

and for |¢| < 72 /4,

Arg( COS\/@Ch\/@ —isgn(&) Sin\/ESh\/E)
= —sgn(§) Arctg (tgV/[¢] thy/[€])

sgn (&) /2\/? shf + sin 6 o
2 Jo chf+cosf '

\/COS\/% = \/cos §ch\/g — ¢sin §Sh\/g
= \/cos\/Ech\/E —isgn(§) sin\/ESh\/m

VI gt ¢ s
= (chQ\/@ sm%ﬁ) exp l—4 sgn(f)/o wd&

ch@ + cos@

These functions are well defined and analytic, at least for || < 72/4. This
establishes Proposition 3.3, first for « € R and [£| < 7%/4, and then for all
(o, &) € R? by analytic continuation. a
Proof of Lemma 3.6. — First,

d [th—sinx } 72—20hxcosxx shz —sinz hi(x)

dx 2

with hy(z) := 2z — 2z chzcosz 4+ chzshz — chzsinz —shx cosx + cosxsin z,

chz —cosz | (chz — cosz) chz —cosz  (chx —cosx)?
hy(z) = 2xchzsinz — 2zshxcosx + 2 — 4chx cosx + ch(2z) + cos(2z)

=2z (chasinz —shzcosz) + 2(chx — cosz)? > 0.

R} is positive for 0 < z < 7 since in that range d%(chmsinx —shzcosz) =

2shzsinz > 0 and then (chzsinz — shzcosz) > 0; and for > m: since
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4 [7(0}’;;1)2} has the sign of 2xshz — (x 4+ 1)(chz — 1) > (z — 1)shx > 0, we
have
hy(z) - (chz — 1) —z(chz+shz) (chz—1)> 1
2re* T ev o T et
hr —1)2
ST DT s,
mer

Therefore b} and h; are positive, which entails that the positive smooth func-
tion h increases on R.. The remaining about A is banal. Similarly,

d {shz+sinx ]_ —2shzxsinz shx + sinx ha(x)

dz |chz —cosz | (chx—cosx)Qz chz —cosz (chz — cosx)?

with he(z) := —2zshzsinz + chasha + chzsinz — shacosz — coszsinz,
and then 3 hy(z) = sh?z + sin?z — 2 (chasinz + shzcosz) > sh?z — ze”.
Now L [2shzsinz —z (chasinz+shzcosz)] = (tgz+thz —2z) chz cosz is
positive on ]0, 7], since - (tgz + thz — 2z) = tg?z — th®z > 0 on 0, %] and
tgx +thr —2x <0on |5, 7]

Hence, on ]0,7], [2shasinz — z (chasinx 4+ shz cosz)] and then § h(z) >

2
(shz — sinz)? are positive. Then for z > m L {smhef - 1] has the sign of
)2 90 r—1)2
f—fl —th z, which is positive since it has derivative Ch((fi)l)zimjl > (m(fl);ghzz >
. hy(z)  sh2nm 4
0; therefore 52 > =% —1 > <.

This proves that hg is positive, hence that the function z %J;
increases on R .

d chx—cosz] _ shz4sinx _ 2 : x _ chx—cosx
Then - log[ — 2] = Sha—coss — o hasthe sign of § — GEE=EE, whose

derivative is 2227802 () lence the smooth function H increases and is

2(sh z+sin z)
non-negative on R, .
The remaining about H is banal. O

Proof of Lemma 3.7. — We successively have

sh(\/ﬂ) = shy/2 cosv/z + ichy/x siny/z,
sin(\/%) = chy/x siny/z + ishy/z cosvz,
cos(V2iz) = chy/z cosy/z — ishy/z siny/z,
ch(V2iz) = chy/z cosy/z + ishy/z siny/z,
and then

shy/z — siny/z _(1-4) chy/z siny/z — shy/x cos\/z
chy/z — cos\/x 2shy/x siny/x
= (1 — i) (cothy/z — cotg/x) .
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The expression displayed in the statement for A\(x) follows easily. Then,

d T T
w2

—A = cothx — cot _—
dx (@ ) cotha — cotgx + sin?z  sh2z

is a sum of positive terms (since % [ch xsinx — sh x cos x} = 2shzsinz > 0).
The case of H is very similar, but with
o d

T
w2 —A(2?) = cothz + cotgx — —— — ———
dx () +cotg sin?z  sh2z

X

The decreasing property of A now follows from the fact that, for 0 < x < ,

we have
2 T x
cothx+cotga¢<7< —
sin?x  sh2z

Indeed, the latter is equivalent to the positivity of £(x) := % + % -2,
which holds (since £(0+) = 0 and) by the following:
U(x) sinz—xzcosz shz—axchae d (z) U(m) T(x)
20 sindz sh3z ' dxr 2z  sin'z  shiz

with o(z) := 2(1+2cos’x) —3cos v sinx and 7(z) := x(1+2ch?xr) —3chzsha,
which are positive since

l/

(x) = 25111(233) 4x cos(2x),
o' (x) = 8xsin(2z) >
7'(x) = 2zsh(2z) — 4sh®z, 7"(z) = 4z ch(2x) — 2sh(2x),
7" (x) = 8w sh(2z) >

o’(z) = 4sin’z — 22 sin(22),

Finally,
2 2 1 1
— |cothx + cotgx — 2| =2 st shta <0
ends the proof. O
Proof of Lemma 4.1. — The derivative of the first map, multiplied by
2(chu — 1)2, equals
hu —1 :
2shu — Culztim(u—kshu) < u):=(1- 7{—;) shu —u — %,

which satisfies ¢’ (u) = (1 — 2) chu—gshu—1- <p”(u =(2- 71‘—;) shu —

gchu—3, " (u) = (%—1—) chu—% shu—f <p”"(u) = —% shu chu <0

so that ¢(u) < 0.
The derivative of the second map, multiplied by v?(1 — cosv)?, equals

(1 — cosv)(v +sinv) — v?sinv =: 3(v),
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which satisfies ¢(0) = @(27) = 0 and

G(r+z) = (1+cosx)(m +x —sinz) + (7 +z)?sinz

Y

(2—%)(7r+x—sinx)+(7r+ z)%sinz

=T (4 —2®) + (n° — 24 2z + 2 )blnl‘
which is clearly positive for 0 S r < 2, and is
%(4—z2)+(ﬂ2—2+2ﬂ$+%)x
:27r+7r2:6+37”x2+x3>0 for -1 <x <0,

\%

showing that ¢ > 0 on [r — 1,7 + 2]. Then for 0 < z < 7 we have
p(2r —x) = (1 —cosz)(2m — x —sinz) + (21 — z)?sinz
> (12—2 - g)@w—x—sinm) (277—33)2 sin x
= (r—2)(1 - £)2® + (4n(r —2) + & + ) sinz > 0.
Then for 0 < v < v/8 we have

Z o) >3 (% - ﬂ)(v—i—sinv) —2sinv = (1 - %) - (1+ %) sinwv

v2 'u2 8 U2
>(1*E)v*(1+ﬁ)(0* 120) (1440 > 0.
Since v/8 > m — 1, this ends the proof that ¢(v) > 0 for 0 < v < 2. O
Proof of Proposition 4.5. — e Step 1. By (15) we have
(a +b)sh(a+b) + (a — b)sin(a — b)
N(2 — N(2 = -2 thy/q .
(24.0) (2¢.2) ch(a +b) — cos(a — b) Vacothyg
By Section 4.3.1 we have N(2¢,0) = 2 () and N(2¢,7:) = 20(7) —
R(t)r2/8 4 O(r3).
Then by (13) (with ¢ = 2¢(7)) and setting r := /4¢? + 22, we successively
have
a= T;m, b = sign(q)y/ 5%,
ab=q>—7% (a+bla—b)=2>0 da*+b=r,
Ja 1z a Ob 1z —b 8b Oa
A T A ] =
oz 4a[r ] 2r’ Oz 4b{r ] 2 “or " os 0,
9 a9 o 1[0 0] dath_axb or s
dr  Or da  Ox 0b 2r | Oa ob|’ dr  2r ' Ox r
9 N@g2) = sh(a+b)sin(a—b)  (a+b)sin(a—1b)+ (a—b)sh(a+)
oz ’ [ch(a + b) — cos(a — b)]2 27 [ch(a 4 b) — cos(a — b)] '
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Now the wanted result will follow from the negativity of %N (2¢, x) for positive
x. Thus the proof reduces to proving that
¥ = [(a + b)sin(a — b) + (a — b) sh(a + b)|[ch(a + b) — cos(a — b)]
—2rsh(a +b) sin(a —b) > 0.

To study of the sign of 9, which is a function of the two variables —72 < g <
00,0 < x < 0o, we shall use the alternative (positive) coordinates

0:=a—b and t:=a+b.

We thus have t2 — 02 = 4qg > —4n?, t2 + 602 = 2r, Ot = 2 > 0, and we must
show that

(38) ¢ =®(0,t):= [tsinf + Osht|[cht — cosf] — (6> +t*)shtsind >0,
within the range under consideration, which now reads {9 > 0,t > 0,t? >
0% — 47r2}.

o Step 2. Clearly, ®(0,t) > 0 for 2m + 1)m <6 < 2(m + 1)7.

Therefore we have to consider the cases 2mw < 6 < (2m + 1)7, for m € N.
t2n+1

Expanding ®(6,t) with respect to ¢, we have ®(6,t) = Z eI ®,,(0),
with
®,(0) :=4"0 — (4n* — 1)sinh — Hcosh — 6% sinf — cos O sin § L{n=0} -

Then for n > 1: ®,41(0) — ©,,(f) = 4™ x 30 — 4(2n + 1) sinf > 4sinf x (3 x
4n=1 —2n — 1) > 0, and ®1(0) — ®o() = 30 — 4sin 6 + cosfsinf is positive
too, since (P17 — Pg)(2mm) = (P1 — ®g)'(2m7) = 0 and (P — §y)"(0) =
4(1 — cosf)sinf > 0.

Moreover, we have

®(0) = 0 +sinf — 6 cosf — cosfsinf — 6% sin § = 2sin(§) Dy (6),

with
Do (6) := (0 +sin6) sin(§) — 6% cos (%)
= HSiH(g) + (3 —0%)cos(d) — £ cos(2)
9/2) (=D (0/2)**
= Z Ck = Z W Ck;

keN k>3
ok —1
5

with ¢, = 4k(4k — 3) —
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Now for any k& > 4 we have —256 = c¢3 > cx—1 > cj since C}ffl = 9 x
k_39k2_o4k_ )
9’€9—28gi2+7§3k—é13 > 9, and for 0 < 6 < 7:
/] 2k
(éi))! Cko 62 c;, 96 y 9k — 32k% — 24k — 1
2k—2 - -
% cpq  Sk(2k—1)cp—1  8Kk(2k —1) 9k — 288k2 + 792k — 513
- 45 y 9F — 32k? — 24k — 1
4k(2k — 1) = 9k — 288k2 + 792k — 513
45 9k — 32k% — 24k — 1

S 712 % 9F 288k 4+ 702k — 513
since
112(9% — 288k? + 792k — 513) — 45(9% — 32k% — 24k — 1)
=67 x 9¥ — 30816k* + 89784k — 57411
> 67 x (9% — 460k? + 1340k — 857) > 67 x (9* — 460 x 42 + 1340 x 4 — 857)
=67 x 3704 > 0.

This shows the positivity of ®o(f) and then of all ®,(#), hence the wanted
positivity of ®(6,t), for 0 < 6§ < 7 and all positive t. This proves (38) in the
case where m = 0.
e Step 3. We are left with the cases 2m7m < 6 < (2m + 1)m,m € N*, of
the preceding step.
Setting 0 =: 2mm + « and t =: V62 — 472 + s, we have to consider the range

s>0<a<m.
We set to := \/4(m2 — 1)72 + dm7a + o2 > Vira + 2. We have

®(0,t) =tchtsina+ (mm + «/2)sh(2t) — (¢/2) sin(2a) — (2mm + a) cosasht
— (6% +t*)shtsin
= (ta + s)(chto chs+shtyshs)sina + (mm + £)(ch(2ty)sh(2s)
+ sh(2tq) ch(2s)) — sin(2a) tets
— (2mm 4+ o) cosa (chty shs+sht, chs)
— (472 + 2t2 + 2t,s+ s?)sina (cht, shs + sht, chs)

=2 (A" (;ZL)! * Bn (QS;TL!) ’

n>0

with
Ap =4"(m7+ §)sh(2t,) — (2mm + a)cosasht, — (4n — 1) sinat, chi,
—l{p=0} ta cOSasina — 2[n(2n —1)+2r% + ti} sinashty
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and

B, =4"2mm + a)ch(2t,) — 2mm + a)cosacht, — (4n+ 1) sinat, shi,

— 1gnopy cosasina — [4n® — 1 4+ 4x” + 2¢2] sinacht, .
Thus for any n € N we have:

Api1 — A, =4" x3(2m 7+ «) chitysht, — 4dsinat, cht, —2(4n + 1) sinasht,
> achito (4" x 3shity — 4to) 4 2shte (4" x 3mmchi, — (4n + 1))
>ty chty(3 x 4™ —4)
+2shta(2(n+1) x 37(1 + 21+ 0*/2) —dna — a) > 0

and

Byy1— Bp, =4" x 3(2mm + a) ch(2t,) — 4sinat, sht, —4(2n + 1) sinachit,
> 4a(3 ch(2t,) —to shta) +2(2n+ 1)(37r ch(2t,) — 2, chta) >0.

Then

A — Ay =32mm + «)chtyshi, — QSina(Qtachta +shta) +t, cosasin o
> 3(2m + @) chitgshtg — 20 (2t chig +shta) — ta /2
> shta(ﬁwchta —2a —acht, — %) > shta((w+4a)chta —2a — %)
>2(1+a)sht, >0,

B; — By =32mm+ «a)ch(2t,) —4sinat,shit, — 4sinacht, 4 cosasin o
> 3(2w + o) ch(2t,) —4atyshit, —4dacht, — «
> 9ar (ch?t,, + sh?t,) — 4ash?t, —4acht, — a
> 2 (2ch?t, + 3sh?t,) > 0.

Moreover,

Ag = (mm+ §)sh(2ty) — (2m 7 + a) cosasht, +sinat, cht, — Lo cosasina
—2[27% + t2] sinasht,
> ((2mm+ a)lchty — 1] — 2a[27® + 2] ) sht, + (cht, — cosa) o sina
2 4
> ((2m + a)[%" + ;—1] —2[27% + t2]a) shi,

2
> (27 (472 — 15) + (87 — 9)a) % sht, >0,
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and
Bo:(2m7r+o¢)ch(2ta)f(2m7r+o¢)cosachtafsinoztashta7%220‘)
— [4772 — 1+2ti] sinacht,
> (2mm+ a)ch(2t,) — 2m7 + a)cht, — atysht, —
— [4n® — 1+ 2t2]acht,
> (274 a)(chtq —1)(2¢hta + 1) — atqshtq —a— [47° — 14 2t Jachi,
> (2W+a)[%+%](chta+shta+l)—atashta—a
— [4n® — 1+ 27 ]acch i,
2 4
> ((277—}—04)[% + tﬁ] — [4n® — 1+ 2t2] ) cht,
2 4
+((2W+a)[%+;ﬁ] — aty)sht, + 72 — a
> (4 + T+ (2”2%3)153 —4m® +1-2t2)acht,
+ (47® + (2“2%3)% —ta)asht, + (47% — 1)a
> (1+7ra—|—(2”27_9)ti)achta+ (4r% — 3 + 7T;ti)ozshta + @4r? —1)a

>4r%a > 0.
This ends the proof of (38), hence of Lemma 4.5. O
Proof of Lemma 5.83. — Fix T >0, set a := 2(mr—v), and consider

A :=2sht sinfacht] + 2chtsh[asht] — (chlasht] — cos[acht]) cht,
0t :=2cht sin[acht] + 2shtsh[asht] — (chlasht] — cos[acht]) sht.

Since we have

sin[2(m — v) cht] — ish[2(m — v) shi]
ch[2(m — v)sht] — cos[2(m — v) ch ]

cotg Uy =
Ui cotg Uy

(m—v)
chtsin[2(m—v)cht] + shtsh[2(m—v)sht] + i(shtsin[2(m—v)cht] — chtsh[2(m—v)sht])
ch[2(m — v) sht] — cos[2(m — v) ch ] ’

hence

%{Ut COtht} Cshi— Ot
(m—v)/2 ch[2(m — v)sht] — cos[2(m — v)cht]’

then we only have to verify, for small enough € > 0, that g, > 0 for t > T, and
that )\t > 0.
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We have g} = A;cht+ Bysht, with A; := 2sh[asht] + cos[acht] —chlasht],
and

B; :=2achtcoslacht] +2achtchlasht] — achtshlasht] — ashtsin[acht]
+ 2sinfacht].

Then A}/a = 2chtchlasht] —shtsin[acht] — chtsh[asht] > 0 entails A; > 0,
and since chtshlasht] +sht < chtchlasht], we have

By, > a(chlasht]+2cosfacht])cht—2 > a(l+2cosa)cht—2 > 2acht—2 > 10.

Hence o, > 10t, whence for ¢ < g9 and t > T: g; > 5t — 2sin(2v) > 572 —
4v > 0.
Then we have A\ > a; cht — 2sht, with

oy :=2sh[acht] — chlasht] 4+ coslacht] and
a~'a) = (2chacht] —sh[asht])cht + sin[acht]sht > ch[acht]cht —sht > 0.

Whence a; > g = 2sha — 1+ cosa > 2a — 1 > 11 for any small positive ¢,
and then

At > 9cht > 0 (which entails I} > cht) for any ¢ > 0. O

Proof of Lemma 6.1. — We successively have:

71'2’!112 ™ 71'27 w 3/2
y2 = 2 6(1+4 e - 253 (92) ) o),

2472y 673
U=sm—v+ 2(1717/ oy T 8%; Iu)ff +O0('x)?,
U(U +7) =2r% = 3nv + 12 + 1(3;(:”3)” <+ sﬂ((ny—?ﬁ +0('z)3,

2U0 v v? zuz 2m—v) (v I)2
U+m 1— 27 = 4n? + + 1672 (m—v)3
)?

(9[(1/3: V(Va:) + 2V )+V3],
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o)
_UU+m) yv?(i+z)x  UV?(1 - 2ix —a?)
272 22wl e 672 (U + )
= 27r( gys"'sz 454;%5(211)%)
+ ﬁ(w—zg l(%)%) +O(2+ &)
i SRl 1 S e+ 5 ()Y + 0]
+ |t — 1 421155 w’e + 22133 <wi,f>3/2 +0()]
+0(& +52\£+5)}
= 1o - - )
e R () o)) 2
wil -1 5 - o e + 2R (50 + 0 @
+0(* + &)
— (1 — 2z — 2? )“é[l— g—jjJr%( e +(9(s))
+0(@) 2> +0(8 + Ve + 5)}
i.e.,
O outa) = 1- /o - e - 25 ()]
T w ™ 2y w2y ™ Yy
- z[l - - et e - S (50)
_ {14_ 217;7;33(157;)3/2} 22
+ O + e + %32 1 7).
Since
V= Lo (1- R ute + 22 (45) P+ O(),

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE

603



604 J. FRANCHI

we equivalently have
e32(1 —ix)
T/ w?y/2

/1_'
M@E( )(171411781'#;-3wg+ 17r27r—33( 1)3/2+O( ))

O (x)

w2 w?
_ 1 _ 3 Jw?e _ 4r?43 2 223 (w2e\3/2 ¥3 | X2 v _3/2 2
=1l=5r\V oy — Torgy WET TG (Qy) JFO(E tetetee +5)

i _ 3 w3e _ 47?43 2—3 (w?e\3/2
Z|:1 167ryw€+ 67r3(2y) x

_ 4m343 ., 2 272 -3 (w3e
[1 187y WET 5o (2y
Hence

320, (x 3/2
1_7 2e 47r+3,w _’_27(13'#;3(1;7)/

7_[_\/11)27_ 1672y

oS +¢ 5+553/2+52)

+
w?e\3/2_ 1%
+(57) 6m(1 — ix)
2
4772+3 212 —3 (w? 3/2 z
- [1_ 487r2y E+ 6w (2y€> :|172‘1,’

which is directly equivalent to the formulation of Lemma 6.1.

Proof of Lemma 6.2. — From the above proof of Lemma 5.3, we see that

R{U,cotgUs}  cht sin[2(r—v)cht] + shtsh[2(m—v)sht]
~ ch[2(r —v)sht] —cos[2(m —v)cht]

(=)
Then for small ¢t we successively have:
cos[2(r—v)cht] =1 — 202 4+ 2mut® + O(t* + ¢ + 1) ;
ch[2(m—v)sht| = 1+ 27%% — 6mvt® + O(t* + 12¢%);
ch [2(m — v) sht] — cos[2(m — v) ch ]
=20 + [l —dv/m] ) [1+ O(¢* +v°)];
sh[2(m—v)sht] = 2(m — )t + O();
shtsh[2(m—v)sht] = 2(r — v)t* + O(t");
sin2(r—v)cht] = —2v + 7t? + S t* + O(t° + vt* + %)
= (77152 — 2u) [1 + O(t2 + ug)] ;
—2v+at? + Tt O(t° + vt® + 1P ;

chtsin[2(m—v)cht] =
(37rt2 — 2V) [1 + (’)(t2 + 1/2)].

chtsin[2(m—v)cht] 4+ shtsh[2(r—v)sht] =
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Hence

(m

—— R{U; cotg U } =

v x (3mt? = 2v) [14+ O(t? + 1?)]
2(v2 4+ m2[1 —dv /7] 2) [1 4+ O(t2 + 1?)]
1+ 22+ 00+ 12+t /v)
14 w22 /v? — Ant? v 4+ O (V2 + 2 + ¢4 /1?)
m2[1 = 5v/27] 82 v* + O (V2 + 2 + t*/1?)
(14 72[1 —dv/7]2/v2) [1 + O (12 + t2)]
m2[1 = 5v /27 2 /v [1 4+ O(t2 + v2)] + O(v?)
(1+ 721 —dv/m]t2/v2) [1 + O(v? + t?)
721 — 5v/2n] 2
V2 4+ m(m — 4v)t?

,1/)

=1+

]
— 14 1+ 02 +1)] +0(?),

whence the expansion of Lemma 6.2. (]

1]
2]

[3]

[10]
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