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TROPICAL CYCLE CLASSES
FOR NON-ARCHIMEDEAN SPACES
AND WEIGHT DECOMPOSITION
OF DE RHAM COHOMOLOGY SHEAVES

BY YIrFenGg LIU

ABSTRACT. — This article has three major goals. First, we define tropical cycle class maps for
smooth varieties over non-Archimedean fields, valued in the Dolbeault cohomology defined in terms of
real forms introduced by Chambert-Loir and Ducros. Second, we construct a functorial decomposition
of de Rham cohomology sheaves, called weight decomposition, for smooth analytic spaces over certain
non-Archimedean fields of characteristic zero, which generalizes a construction of Berkovich and
solves a question raised by himself. Third, we reveal a connection between the tropical theory and
the algebraic de Rham theory. As an application, we show that algebraic cycles that are trivial in the
algebraic de Rham cohomology are trivial as currents for Dolbeault cohomology as well.

REsSUME. — Cet article a trois objectifs majeurs. Premiérement, nous définissons des applications
de classes de cycle tropicales pour des variétés lisses sur des corps non archimédiens, a valeurs dans la
cohomologie de Dolbeault définie en termes de formes réelles introduites par Chambert-Loir et Ducros.
Deuxiémement, nous construisons une décomposition fonctorielle des faisceaux de cohomologie de
de Rham, appelée décomposition par le poids, pour des espaces analytiques lisses sur certains corps
non archimédiens de caractéristique zéro, qui généralise une construction de Berkovich et résout une
question posée par lui-méme. Troisiémement, nous révélons une connexion entre la théorie tropicale et
la théorie de de Rham algébrique. Comme application, nous montrons que les cycles algébriques qui
sont triviaux dans la cohomologie de de Rham algébrique sont également triviaux en tant que courants
pour la cohomologie de Dolbeault.

1. Introduction

This article has three major goals. First, we define tropical cycle class maps for smooth
varieties over non-Archimedean fields, valued in the Dolbeault cohomology defined in terms
of real forms introduced by Chambert-Loir and Ducros [9]. Second, we construct a functorial
decomposition of de Rham cohomology sheaves, called weight decomposition, for smooth
analytic spaces over non-Archimedean fields embeddable into Cg (see below), which gener-
alizes a construction of Berkovich and solves a question raised by himself in [6]. Third, we
reveal a connection between the tropical theory and the algebraic de Rham theory. As an
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292 Y. LIU

application, we show that algebraic cycles that are trivial in the algebraic de Rham coho-
mology are trivial as currents for Dolbeault cohomology as well.

In this article, by a non-Archimedean field, we mean a complete topological field with
respect to a nontrivial non-Archimedean valuation of rank one. We fix a finite field F
throughout the article. Denote by Zyg the ring of Witt vectors in F and Qg the field of
fractions of Zg. Then Qp is naturally a non-Archimedean field, which is locally compact.
Moreover, we fix a complete algebraic closure Cg of Qg, which is also a non-Archimedean
field.

1.1. Tropical cycle class map

Let K be a non-Archimedean field. In [9], Chambert-Loir and Ducros define, for every
K-analytic (Berkovich) space ) X, a bicomplex (<7°, d’, d”) of sheaves of real vector spaces
on X concentrated in the first quadrant @. If X is paracompact, then we define the Dolbeault
cohomology (Definition 3.1 and Remark 3.2) of X to be

ker(d”: AP (X) — P71 (X))
im(d”: AN (X) - APU(X))

HP4(X) ==

Moreover, we have an integration map
/ aly " (X)e = R
X

forn = dim(X), where <% " (X ). is the space of (1, n)-forms on X whose support is compact
and disjoint from the boundary of X.

By [19] and [9], we know that for every p > 0, the complex («%¢"*, d”) is a fine resolution
of the sheaf ker(d”: d; 0 ,Q%)f ’1). In Section 3, we will construct a canonical Q-subsheaf
T of ker(d”: A — o#P’") such that the induced map

T ®q R — ker(d”: #f° — o)
is an isomorphism. In particular, we have a canonical isomorphism
HY(X, 7¢) ®¢ R = H?Y(X)

for every p,q > 0.

Recall that in the complex world, for a smooth complex algebraic variety ¢, we have
a cycle class map from CH? (&X) to the classical Dolbeault cohomology Hg’p (*") of the
associated complex manifold *". Over a non-Archimedean field K (see below), then we
may associate a separated scheme & of finite type over K to a K-analytic space ™" [3,
Section 2.6]. We put

Hﬁgp(gc) = Hq(gcan7 f%(pan)
The following theorem is an analogue of the above cycle class map in the non-Archimedean
setup.

() In this article, we assume that all K-analytic spaces are good, Hausdorff and strictly K-analytic. See Section 1.5.
@ See [9, Remarque 1.2.12] for an analogy with the complex case.
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TROPICAL CYCLE CLASSES AND WEIGHT DECOMPOSITION 293

THEOREM 1.1 (Definition 3.8, Theorem 3.9, Corollary 3.12). — Let K be a non-Archime-
dean field and &0 a separated smooth scheme of finite type over K of dimension n. Then there
is a tropical cycle class map

clirop: CH? () — H (),
Sfunctorial in & and K, such that for every algebraic cycle Z of & of codimension p,

(1.1) /C%an Clirop(Z2) ANw = /Z“ 1)

for every d”-closed form w € JngC:np TP (M) with compact support.

In particular, if U is proper and Z is of dimension 0, then
[ . cluen(2) = dex 2.

The above theorem has the following corollary.

CoROLLARY 1.2 (Corollary 3.13). — Let K be a non-Archimedean field and &0 a proper
smooth scheme over K. Let NSP (0) be the quotient of CH? ( ) modulo numerical equivalence.
Then we have

dim H{;) () > dim NS? () ® Q
Jor every p > 0.

REMARK 1.3. — Let the situation be as in Theorem 1.1.

1. The tropical cycle class respects products on both sides. More precisely, for
%: € CH? () withi = 1,2, we have

Cltrop(%l - Zn) = Cltrop(zl) A Cltrop(%z)’
where we have used the natural pairing

A HPL91 (56) x HPZJIZ(SC) N HP1+P2,41+42(56).

trop trop trop
Such compatibility is used in deducing Corollary 3.13.

2. We may regard the Formula (1.1) as a tropical version of the Cauchy formula in multi-
variable complex analysis.

3. Based on this theorem, we will give a counterexample of the Kiinneth decomposition
for the cohomology theory H;.>. in Example 3.14.

trop

1.2. Weight decomposition

Suppose that K is of characteristic zero. We have the following complex of ¢y -modules in
either analytic or €tale topology:

d d d
Qy:0x = Q% - Q) — Q% — -+,

known as the de Rham complex, where cx = ker(d: Ox — Q}() is the sheaf of constants.
It is not exact from the term Q) if dim(X) > 1. The cohomology sheaves of the de Rham
complex f,’d/ dQ27" are called de Rham cohomology sheaves.

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



294 Y. LIU

For p > 0, denote by Y7 the subsheaf of 22°'/dQ22~" generated by sections of the form

dfal . dfap
Z fal fotp

where the sum is finite, ¢, are sections of cx, and fy; are sections of Oy. In particular, we
have T)? = cy, and that Yy is simply the sheaf Yx defined in [6, Section 4.3] in the case of
¢tale topology.

THEOREM 1.4. — Suppose that K is embeddable ® into Cy. Let X be a smooth K-analytic
space. Then for every p > 0, we have a decomposition

Qp/del ! = @y /del e
weZ

of cx-modules in either analytic or étale topology. It satisfies the following:
(i) (QE/dQE™")y, = O unless p <w < 2p;
(i) YTy C (Qy Cl/dQ)’}_I)zp, and they are equal if p = 1;
(iii) (Q}l(’d/dﬁx)l coincides with the sheaf Vx defined in [6, Section 4.5] in the case of étale
topology.
Such decomposition is stable under base change, cup product, and functorial in X .

The proof of this theorem will be given at the end of Section 5. We call the decomposition
in the above theorem the weight decomposition of de Rham cohomology sheaves.

COROLLARY 1.5. — Suppose that K is embeddable into Cg. Then for every smooth
K-analytic space X, we have Q;;Cl /dOx = Yx & Wy in étale topology. This answers the
question in [6, Remark 4.5.5] for such K.

REMARK 1.6. — We expect that Theorem 1.4 hence Corollary 1.5 hold by only requiring
that the residue field of K is algebraic over a finite field and K is of characteristic zero. In
Theorem 1.4(ii), it is probably not true that the inclusion Y2 C (24°/dQ5™"),, is an
isomorphism when p > 2.

1.3. Connection between tropical and de Rham theories

The following theorem reveals a connection between ker(d”: ,ef/; 0 427{ ’1) and the
algebraic de Rham cohomology sheaves of X (in the analytic topology).

THEOREM 1.7 (Proposition 6.2, Theorem 7.1). — Let K be a non-Archimedean field
embeddable into Cy, and X a smooth K-analytic space. Let .,2”; be the subsheaf on X

of Q-vector spaces of Q)’;’CI /de,'}_1 generated by sections of the form % Ao A % where
[i s are sections of O%. Then

1. the canonical map .,2”)5 ®q tx — Tp is an isomorphism of sheaves on X ;

2. there is a canonical isomorphism Z§ ~ T of sheaves on X.

() However, we do not choose any such embedding.
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TROPICAL CYCLE CLASSES AND WEIGHT DECOMPOSITION 295

For a proper smooth scheme ¢¥ of dimension n over a general field K of characteristic
zero, we have a cycle class map clgr: CH? (X)) — Hﬁﬁ(@&/ K) with values in the algebraic
de Rham cohomology. It is known that when K = C, the kernel of clgr coincides with the
kernel of the cycle class map valued in Dolbeault cohomology. In particular, if clgr (Z) = 0,
then [y @ = 0 for every d-closed (n — p,n — p)-form w on &*". In the next theorem,
we prove that the same conclusion holds in the non-Archimedean setting as well, with mild
restriction on the field K.

THEOREM 1.8. — Let k C Cy be a finite extension of Qp and X a proper smooth scheme
overk of dimensionn. Let Z be an algebraic cycle of & of codimension p such that clgr (%) = 0.
If we put Yo = X @y Cr and 7o = % Qi Cr, then

/ w=0
Zan

for every d”-closed form w € sz&gnp nTp ().

We remark that in the above theorem, we do not know whether cliyop(Z) = 0 or not. If
we know the Poincaré duality for H** (™), then cliop(Z) = 0. Nevertheless, we have the
following result for lower degree.

THEOREM 1.9 (Theorem 7.3). — Let &b be a proper smooth scheme over Cg. Then
1. Htlr’olp((%) is of finite dimension.
2. For a line bundle < on & such that clar (Z) = 0, we have clizop(Z) = 0.

To the best of our knowledge, the first conclusion in the above theorem is the only known

case of the finiteness of dim Hf’,’oqp((%) when both p,q are positive and ¢¥ is of general

dimension. Note that in the above theorem, we do not require that ¢¥ can be defined over
a finite extension of Qp.

REMARK 1.10. — We can interpret Theorem 1.8 in the following way. Let k be a number
field. Let ¥ be a proper smooth scheme over k of dimension n, and % an algebraic cycle
of & of codimension p. Suppose that there exists one embedding too: k < C such that

/ w=0
(Z®k 106 0O)2"

for every d-closed (n — p,n — p)-form w on (&L ®k.ioo C)*". Then for every finite field F and
every embedding tp: k — Cp, we have

/ w=0
(%®k,£p CF)an

for every d”-closed (n — p,n — p)-form w on (X ®,; Cr)*".
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1.4. Structure of the article

We start in Section 2 by reviewing the relation between Chow cohomology and sheaves of
Milnor K-theory, in order to define tropical cycle class maps later.

In Section 3, we introduce the Dolbeault cohomology for non-Archimedean analytic
spaces and construct the tropical cycle class map for smooth varieties over non-Archimedean
fields. We show an integration formula for tropical cycle classes in Theorem 3.9, which can
be regarded as a tropical version of the Cauchy formula in multi-variable complex analysis.
As a corollary, we give a lower bound for the dimension of a certain Dolbeault cohomology
in terms of algebraic cycles modulo numerical equivalence.

In Section 4, we review the theory of rigid cohomology, and compute some logarithmic
differential forms on strictly semistable schemes in terms of rigid cohomology. These will be
used later.

In Section 5, we prove Theorem 1.4. We work mainly in the étale topology, by using de
Jong’s alteration and the theory of rigid cohomology reviewed in the previous section. In
particular, our terminology “weight decomposition” comes from the notion of weights in
rigid cohomology. The theorem for analytic topology will be deduced easily from the one for
étale topology.

In Section 6, we construct the so-called log-differential cycle class map, through

Q-subsheaves of de Rham cohomology sheaves spanned by logarithmic differential forms.
The main result we show is Theorem 6.6, an analogue of Theorem 1.8 in this context.

In the last Section 7, we first reveal a connection between the tropical theory and the
algebraic de Rham theory in Theorem 7.1. In particular, this implies that the tropical cycle
class map and the log-differential cycle class map are essentially the same one. Based on this,
we deduce Theorems 1.8 & 1.9.

1.5. Conventions and notation
General conventions and notation
— For a product --- x W x --- in a category, we denote by
prw: o xWx.o > W
the canonical projection morphism to the factor W.

— If & is a scheme over an affine scheme Spec 4 and B is an A-algebra, then we
put g = &l Xspeca Spec B. Such abbreviation will be applied only to schemes,
neither formal schemes nor analytic spaces. If ¢{ is a scheme over Spec K° for a
non-Archimedean field K, then we write ¢s for X .

— Let X be a site. For a complex of abelian sheaves -#® on X. We put H*(X, %) =
h*RT (X, %); and denote by H*(X, %) the sheaf on X associated to the presheaf
U H*(U, % |U). Whenever we have a suitable notion of de Rham complex (2%, d)
on X, we denote by H3, (X) = H*(X, Q%) = h*RI'(X, Q%) the corresponding de
Rham cohomology of X, which is by definition the hypercohomology of the de Rham
complex.

4¢ SERIE - TOME 53 — 2020 — N° 2



TROPICAL CYCLE CLASSES AND WEIGHT DECOMPOSITION 297

— Denote by G, := Z[T, T~!'] the multiplicative group scheme over Z. For an integer
n > 0, denote by A" (resp. P*) the affine (resp. projective) space over Z of relative
dimension n.

Conventions and notation for non-Archimedean geometry

— Throughout the article, by a non-Archimedean field, we mean a complete topological
field whose topology is induced by a nontrivial non-Archimedean valuation | | of
rank 1. If the valuation is discrete, then we say that it is a discrete non-Archimedean field
by abuse of terminology. In the main text, discrete non-Archimedean fields are usually
denoted by lower-case letters like k, k', etc. In addition,  will always be a uniformizer
of a discrete non-Archimedean field, though we will still remind readers of this.

— Throughout the article, we fix a finite field F. Denote by Zy the ring of Witt vectors in F
and Qp the field of fractions of Zg. We fix a complete algebraic closure Cg of Qp, both
being non-Archimedean fields.

— For a non-Archimedean field K with valuation | |, put
K°:={xeK||x|<1}, K°={xeK]|lx|<1}) K:=K°/K>.

Denote by K? an algebraic closure of K and K2 its completion. A residually algebraic
extension of K is an extension K’/ K of non-Archimedean fields such that the induced
extension K’/ K is algebraic.

— Let K be a non-Archimedean field. All K-analytic (Berkovich) spaces are assumed to
be good [3, 1.2.16], Hausdorff, and strictly K-analytic [3, 1.2.15]. Thus, a K-analytic
space is locally compact. Note that for a separated scheme ¥ of finite type over K,
the associated K-analytic space (" is good, HausdorfT, and strictly K-analytic; it is
moreover o-compact hence paracompact.

— Let K be a non-Archimedean field, and 4 an affinoid K-algebra. We then have the
K -analytic space ¢#(A). Denote by A° the subring of power-bounded elements of 4,

which is a K°-algebra. Put Ay := A° ®ko K. We say that A is integrally smooth if A is
strictly K-affinoid and Spf A° is a smooth formal K°-scheme.

— Let K be a non-Archimedean field. For a real number r > 0, we denote by D(0;r)x
the open disk over K with center at zero of radius r as a K-analytic space. For real
numbers R > r > 0, we denote by B(0; r, R)g the open annulus over K with center
at zero of inner radius r and outer radius R as a K-analytic space. An open poly-disk
(of dimension n ) over K is the product of n open disks D(0; r;)x over K for an integer
n>0.

— Suppose that K’/K is an extension of non-Archimedean fields. For a K-analytic
space X and a K’-analytic space Y, we put

X®kK =X xpux) MK, Y xgX:=Y xyyx) (XBkK').
For a formal K°-scheme X and a formal K’°-scheme 2), we put

x@[@ K°:=x XSpf K© Spr/o’ D xge X =9 X§pf K’ (}:@KOKM)'

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE
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— If k is a discrete non-Archimedean field and X is a special formal k°-scheme in the
sense of [4], then we have the notion X, the generic fiber of X, which is a k-analytic
space; and X, the closed fiber of X, which is a scheme locally of finite type over E
and a reduction map n: X, — X,. For a general non-Archimedean field K, we say
that a formal K°-scheme X is special @ if there exist a discrete non-Archimedean field
k C K and a special formal k°-scheme X’ such that X ~ X¥'®go K°. For a special formal
K°-scheme, we have analogously a reduction map n: %X, — X, which is canonically
defined. In this article, all formal K°-schemes will be special. Note that if Z is a
subscheme of X;, then 7! Z is usually denoted as 1Zl%, in rigid analytic geometry
and is special.

— Let K be a non-Archimedean field and X a K-analytic space. For a point x € X,
one may associate two nonnegative integers sx (x) and 7g (x) as in [2, Section 9.1]. For
readers’ convenience, we recall the definition. The integer sx (x) is equal to the tran-

scendence degree of &/ (x) over K; and the integer 7g (x) is equal to the dimension of

the Q-vector space /| S#(x)*|/ /| K*|, where ¢#(x) is the completed residue field of x.

In the text, the field K will always be clear so will be suppressed in the notation sk (x)
and tx (x).

Acknowledgements. — The author is partially supported by NSF grants DMS 1602149
& 1702019 and a Sloan Research Fellowship. He thanks Walter Gubler, Phillipp Jell,
Klaus Kiinnemann, and Weizhe Zheng for helpful discussions. He also thanks the anony-
mous referee for very careful reading and numerous helpful comments on the article.

2. Chow cohomology revisited

In this section, we study Chow cohomology of a smooth scheme via sheaves of Milnor
K-theory.

DEFINITION 2.1 (Sheaf of rational Milnor K-theory). — Let (X, Ox) be a ringed site. We
define the p-th sheaf of rational Milnor K-theory ! for (X, Ox) to be the sheaf associated
to the presheaf assigning an open U in X to K 11,” (Ox(U)) ® Q ([27, Section 6.1]). Here for
a (commutative) ring R and an integer p > 1, K 11,” (R) is the abelian group generated by the
symbols { f1,..., fp} with fi,..., f, € R*, modulo the two relations

Li{fi...o o fifloooo oy =4 fivoos fod 4 o fohs

2. 4fie o fooo 1= fioo fpy=0.
We also adopt the convention that Ké” (R) =Z and K;,u (R)=0if p <O.

Let k be a field. Let X be a smooth scheme of finite type over k. For every integer p > 0,
denote by X(?) C X the subset of points of codimension p. For x € X, denote by k(x) the

® In fact, the theory of special formal schemes can probably be developed directly over K, without requiring that
everything is defined on a discretely valued subfield, but with a lot of technical complications since the valuation
ring involved is not Noetherian.
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residue field at x and i,:Speck(x) — X the induced morphism. By [27, Théoréme 5], we
have a functorial exact sequence
(2.1 0— .y —)%P’Oi)%p’l &@P’Zi...
of Q-sheaves on X (in the Zariski topology) for every p > 0, where
A= P iKY (k(x) @ Q.
xeX(f)

The differential map d: %27 — #4777 in (2.1) is given by residue homomorphisms (see
for example [25, Section 1]).

The sheaf 7”7 is obviously flasque. Therefore, we have a canonical isomorphism
ker(d: #7(X) — 427 (X))
im(d: 27N (X) = (X))

In particular, we obtain the following.

2.2) HY(X, #F) =

LEMMA 2.2 ([27]). — Let X be a smooth scheme of finite type over a field k. Then
1. For every p > 0, we have a canonical isomorphism
H?(X, %) ~ CH?(X)q .= CH?(X) ® Q.
2. Forq > p >0, wehavqu(X,Ji&p) =0.
3. For an irreducible closed subset Z of X of codimension p, we have
HY(X,iziig ) =0
ifq # p, and
H? (X, iziy ) = Q.

whereiz: Z — X is the closed embedding, and i 'Z is right adjoint to the functor iz, which
is isomorphic to iz in this case, between the derived categories of abelian sheaves.

Proof. — Both (1) and (2) are direct consequences of (2.2). For (3),let U := X \ Z be the
complement. Then we have the Gysin exact sequence

o= HYUX, iziify #5E) — HUX, ) — HUU, ) — HITV (X, igiiy ) — ---

as Ji&phj =~ 7. By (2.2), we know that the restriction map HY(X, %) — HY(U, #7) is
an isomorphism if ¢ & {p — 1, p}, is injective if ¢ = p — 1, and is surjective if ¢ = p. Thus,
HY(X, iZ!i’Z%(p) =0if g # p. When g = p, we have two cases:

— if Z is nontrivial in CH? (X) ® Q, then we have canonical isomorphisms
H? (X, iziiy #f) = ker(HP (X, #5F) — HP (U, #)) = KY (k(Z2))  Q = Q;
— if Z is trivial in CH? (X) ® Q, then we have canonical isomorphisms
HP (X, iziiy #f) = coker(H? ™1 (X, #f) — HP7 (U, ) = KY (k(Z2)) @ Q = Q.

The lemma is proved. O
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In what follows, we will denote by
Cluniv: CH? (X)Q — H? (X, €%/XP)

the map obtained in Lemma 2.2(1).

Let Z be a regular irreducible closed subscheme of X of codimension p. For later use, we
provide an explicit description of clyyiy (Z) as follows: choose a finite affine open covering U,
of X.If Z N U, # @, then we choose a regular sequence fy1, ..., fap € Ox(Uy) such that
Z NU, is defined by the ideal (fo1, - - ., fap). Let Uy be the nonvanishing locus of fy;. Then
{Usi | 1 <i < p} forms an open covering of Uy\Z. Thus, the element { fy1,..., fap} €
KM (0% (N}~ Uai)) gives rise to an element in H?~!(Uy\Z, #’) and hence an element
¢(Z)o in HP (Uy, iz1i #F). We have the following lemma.

LEMMA 2.3. — Let the notation be as above. Then under the isomorphism in Lemma 2.2(3),
the class c(Z)y € HP (Uy, izgi!Z%/Xp) equals 1. In particular, it does not depend on the choice

Offotl» s fclp‘

Proof. — To ease notation, we suppress the subscript « in the proof.

We first construct a Dolbeault representative 6 € Ji/f P _I(U \Z) of the (alternating)
closed Cech cocycle { fi, . . ., Jr} € %ff (ﬂf’ _, Ui), where we have used the ordered covering
U :={U,....Up}of U\Z.For I C {l,...,p},putUr := ey Ui. Fori =0,...,p—1,
we inductively construct (alternating) closed Cech cocycles

6i = {61 € A" UD | 1] = p—i}
satisfying d6; := {d6; 1 € %f’Hl(UI) | [I| = p—i} = 0. The class 6, is simply

00,1,y = {f1.-... fp} € %f’O(U{l,...,p})}-
We have dfy = O since {fi,..., fp} actually belongs to thlf(U{l p1). Suppose that
we have 0,1 forsome 1 < i < p — 1. As Jfl;”i_l is acyclic, the Cech cohomology
HP~ (U, Ji/f’i_l) is trivial. Thus, there exists ¥; = {J; 5 € Jiff’i_l(UJ) | |J] = p—1i}
with 8§y = 6,—;, where 8y denotes the Cech differential for the covering U. Now we
set §; := dd);. Since Sy b; = dydd; = dydd; = dfi_; = 0, we know that 6; is a closed
Cech cocycle, which satisfies df; = 0. The last closed Cech cocycle 8,—1 = {0,141 €
%U”’I’_I(Ui) |i =1,..., p}can be glued to a Dolbeault representative 0 € %/UP’P_I(U\Z)
we are looking for.
In practice, we may take

b = {{fl,..-,fp} e KM (k) 8 Q € AL°WUy), J =12,....ph
’ 0, J#4{2,...,p},

where 7 is the generic point of Uy, 3. Since f1, ..., fp isaregular sequence, the intersection
{fi = 0} N Ug,.. p if of pure codimension 1. Denote by I'! the set of generic points of

{/1 = 0}NUy,.. py, which is a finite subset of U{(Zl,)...,p

given by the vanishing order of f;. For j > 1, let fj(l) be the residue of f; to the set I'!. Thus,
we have

.....

- Then we have a function p': ' — Z

w0 0y e PN UnD, T =12, p),

2] =
BT, 1442, ph

4¢ SERIE - TOME 53 — 2020 — N° 2



TROPICAL CYCLE CLASSES AND WEIGHT DECOMPOSITION 301

By induction, we may take

B T R P A (/) R S T W

01 .
0, I #{i+1,...,p}
fori = 2,..., p — 1. We explain the notation inductively: I'? is the set of generic points of
{fi=---= fi =0} N Ugt1,.. p}y, which is a finite subset of U{(i’ll p w7
is given by the vanishing order of fi(i_l); and fj(i) is the residue of fj(i_l) to the set I'
for j > i. In particular, we may glue {6,_1 1},...,6p—1,(p}} together to give an element
6 € 4P~ (U\Z). Then the lemma follows as { f; = --- = f, = 0} coincides with Z N U,
and P~ - £{P has vanishing order 1 along it. O

For those « such that Z N U, = @, we set ¢(Z)q = 0. Then by the above lemma, we can
glue the collection {c(Z)q} hence obtain an element ¢(Z) € HY(X,H?(X,izi, #y{)). By
Lemma 2.2(3) and the local to global spectral sequence, we obtain a canonical isomorphism
HO(X. HP (X, izl ) = HP (X, iziy ).

LEMMA 2.4, — Let the notation be as above. The image of the class ¢(Z) under the map
H? (X, izgi!Z%g(p) — H?(X, Jpr) coincides with clypiy(Z).

Proof. — The lemma follows directly from Lemma 2.3 and Lemma 2.2. O

REMARK 2.5. — Suppose that k is of characteristic zero and X is a smooth scheme of
finite type over k. We have the algebraic de Rham complex

d d d
Qy:0x = Q% - Q) - Q% — -,

and the algebraic de Rham cohomology HfiR (X/k) :== H (X, Q%). Moreover, we have the
algebraic de Rham cycle class map

clgr: CH? (X)q — H3E (X /).
One can construct clgr via clyy,;y as follows: we have a (Q-linear) map of complexes
A -pl > Q%
sending a section { f1,.... fp} € & (U) to

dh

= e QPW).

It induces the map
H? (X, #?) = H? (X, 4 [-p]) — H?? (X, Q%) = H3E (X /k).

Then clgg is simply the composition of clyy;, with the above map.
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3. Tropical cycle class map

In this section, we introduce the Dolbeault cohomology for non-Archimedean analytic
spaces, define the tropical cycle class map for separated smooth schemes over a non-
Archimedean field, and study some basic properties.

First we recall some facts from the theory of real forms on non-Archimedean analytic
spaces developed by Chambert-Loir and Ducros in [9]. (See also [16] for a slightly different
formulation.) Let K be a non-Archimedean field, and X a K-analytic space. There is a
bicomplex (<%, d’, d”) of sheaves of real vector spaces on (the underlying topological space
of) X, where %Xp’q is the sheaf of (p, q)-forms ([9, Section 3.1]). It is known that M{’q =0
unless 0 < p, ¢ < dim(X). We have an integration functor

/ g™ (X)e > R
b'¢
for n = dim(X) and .524' (X), denotes the set of (n, n)-forms with compact support.
DEerINITION 3.1 (Dolbeault cohomology). — Let X be a K-analytic space. We define the
Dolbeault cohomology of X to be the sheaf cohomology
HP4(X) = HY(X, ker(d": o#f"* — arf"")).
REMARK 3.2. — Suppose that X is paracompact. Then by [19, Corollary 4.6] and [9,

Corollaire 3.3.7], the complex (<%*,d”) is a fine resolution ® of ker(d”: 2 — ")
for every p > 0. In particular, we have a canonical isomorphism

ker(d": o4l (X) — o421 (X))

HP9(X) ~ - a1 o7 .
im(d”: e (X) — 25" (X))

On the other hand, we have the sheaf of rational Milnor K-theory .#;> for the ringed
topological space (X, Ox) from Definition 2.1.

DEerINITION 3.3. — Let X be a K-analytic space. For every p > 0, we define a (Q-linear)
map of sheaves
2 — ker(d": AP0 — )

as follows. For a symbol {f1...., f,} € P (U) with fi,.... f, € O%(U), we have the

induced moment morphism (f1,..., f,):U — (G} x)?. Composing with the evaluation
map —log| |: (G5 x)? — RP?, we obtain a continuous map

trop{fl ,,,,, fp}: U — Rp.
If we endow the target with coordinates xy, ..., x, where x; = —log]| f;|, then we define

L{free s fo}) =dxy Ao Adx,y € ker(d”: APO(U) — P (U)).

It is easy to see that tf factors through the relations of Milnor K-theories, hence induces a
map of corresponding sheaves. See also Remark 3.4. Finally, put

TE = [ kertf.
It is canonically a subsheaf of ker(d”: 424’ 0 d; ’1).

( Recall that we have assumed that all K-analytic spaces are good in Section 1.5.
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REMARK 3.4. — In Definition 3.3, the factorization of the first Milnor relation is due to
the additivity of differential forms; and the factorization of the second Milnor relation is due
to the fact that the image tropgs, . r,3(U) has dimension at most p — 1.

.....

In fact, the factorization of Milnor relations is not relevant in Definition 3.3. We include
this observation in the definition simply for the preparation of defining cycle class maps in
Definition 3.8 later.

PROPOSITION 3.5. — Let K be a non-Archimedean field and X a K-analytic space. Then
t)’(’ induces an isomorphism

T @R ~ ker(d": #P° — ).

Proof. — It suffices to show that the induced map
3.1) T I, ®q R — ker(d": oy — /)

on stalks is an isomorphism for every point x € X.

We fix a point x € X. For a neighborhood U of x in X that is an analytic domain, and
Jf1.-... fn € O%(U), we have the induced tropicalization map

,,,,, —1
tropy: U fl—fiv» (ann,K)N ﬂ Ty ®zR~RV.

We say that (U; f1,..., fn) is a basic chart at x if
— tropy (x) is the origin of RY;
— tropy (U) is an integral polyhedral complex © such that every maximal polyhedron
contains the origin.
It follows from [12, Section 3.30] (which generalizes [5, Corollary 6.2.2]) that those U in all
basic charts at x form a fundamental system of neighborhoods at x.

Now we take a basic chart (U; f1, ..., fn) at x. Let Cy be the set of all maximal polyhedra
of tropy (U). For t € Cy, let L(7) be the Q-linear subspace of Ty, := Ty ®z Q spanned
by 7. We have an inclusion

4 D
Y AL® c A\ Twe

t€Cy

of Q-vector spaces, hence a surjective map

p p
ry: Homg (/\ TN,Q,R> — Homg | Y~ /\L().R

tely

By [20, Proposition 3.20], the canonical map

p
y: Homg (/\ TN, R) — ker (d”: 2P0 (tropy (U)) — /P! (tropy (U)))

(®) In this article, a polyhedron in Ty ®z R is a subset defined by finitely many non-strict inequalities. A polyhedral
complex in T ®z Ris integral if it consists of polyhedra with slopes in 7.
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factors through ryy and induces an isomorphism

p
Homg | Y~ /\L(?).R = ker (d”: 7P (tropy (U)) — /7 (tropy (U))) .

TE GU
Here, o774 (tropy (U)) is the set of (p, g)-forms on tropg (U) (see [20] for more details).

On the other hand, we have a Q-linear subspace 9{ Oy, fy of ﬂxp (U) generated

by tf(’({ﬁl,...,ﬁp}) where {fi,,..., fi,} is a subset of {fi,..., fn}. Since 7y factors
through ry, the map

f: T Uy, 5y — ker (d7: 7P (tropy (U)) — /P (tropy (U)))

factors through Homg (Z,Ecu A? L(7),R). Moreover, it induces isomorphisms

hence

.....

Taking colimit over all basic charts at x, we conclude that 7, (3.1) is an isomorphism. The
proposition follows. O

Proposition 3.5 has the following corollary, which provides the Dolbeault cohomology
H?-9(X) with a canonical rational structure.

COROLLARY 3.6. — Let K be a non-Archimedean field and X a K-analytic space. Then for
all p,q > 0, we have a canonical isomorphism

HY(X, ) ® R ~ HP(X).

In particular, the real vector space H?-4(X) has a canonical rational structure.

REMARK 3.7. — Let 0 be an automorphism of X as an analytic space, not necessarily
K-linear. It naturally induces actions ¢* on both H?9(X) and HY(X, 9; ), which are
compatible under the isomorphism in Corollary 3.6. In other words, the rational structure
on H?-4(X) is invariant under ¢ *.

In what follows, we will always regard H? (X, gXP ) as a subspace of H?-7(X). Now we are
ready to define the tropical cycle class map.

DEerINITION 3.8 (Tropical Dolbeault cohomology and tropical cycle class map).
Let K be a non-Archimedean field and ¢X a separated scheme of finite type over K.
1. For p,q > 0, we define the tropical Dolbeault cohomology of & to be

HS () = HY(30™, T ).

It is a rational subspace of H?4( (™).
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2. If ¥ is moreover smooth, then we define the tropical cycle class map cliop to be the
composition

CH? (K)o M H? (X, ‘%/SIZ) N Hp(gcan’%gzan)
Hp(aéan:fgcan)
- - Hp(gcan7 ygzgan) — Hp’p(SC).

trop

The following theorem can be regarded as a tropical version of the Cauchy formula in
multi-variable complex analysis.

THEOREM 3.9. — Let K be a non-Archimedean field and & a separated smooth scheme of
finite type over K of dimension n. Then for every algebraic cycle 7 of &0 of codimension p, we

have the equality
/ Clirop(Z) Nw = / 1)
(%aﬂ czan

for every d”’-closed form o € dgc;p PP (I e with compact support. Here, if we write

Z =Y, a; Zi where Z;’s are prime, then we define

/ w = E ai/ .
czan czan

Proof. — By linearity, we may assume that % is prime, that is, a reduced irreducible closed
subscheme of ¢ of codimension p. To prove the theorem, we may replace K by a finite
extension. Thus, we may further assume that Z is generically smooth over K. Let Zing C Z
be the singular locus [1, 07R1], which is a proper closed subscheme of % hence a closed
subscheme of &0 of codimension > p. Put U := X\ Zsing, Zreg = 2\ Zsing, X = X,
U:= " and Z = %;‘jg. In particular, Zy. is smooth over K, andiz: Z < U is a Zariski
closed subset.

In [9], we have the bicomplex (Z;;°,d’,d”) of currents and a map «/;* — Z;;° of
bicomplexes. In particular, we have a map Z}” — .@5" of complexes for every p > 0 hence
the induced map

H?(U, 77) — H (U, 2§°).
Denote by cl{mp: CH?(U)q — H? (U, @5") the composition of clirop With the above map.

To ease notation, put

sl ; ,q+1
AP = ker(d”: T — AT,

sl , 4+1
2P0 = ker(d": 2P — P,

We fix a form o € ;a/;_p’"_p’CI(X)c. By [9, Lemme 3.2.5], w belongs to M)?_p’"_p’d(U)c.
The proof consists of two parts. We first reduce the theorem to an explicit Formula (3.2)
of local integration. Then we establish it.

STEP 1. We describe explicitly the class clf,,,( Zreg) € H?(U. 2{;*) in terms of local coho-
mology. We choose a finite affine open covering %y of U and fo1,.... fap € Ou(Ua)
such that Zyeg N %y is defined by the ideal (fo1, ..., fap) such that the induced morphism
(fats---s Jap): Ua — A;} is smooth. Let %/,; be the nonvanishing locus of f,;. Put

Uy = U" and Uy; == ;. Then {Uy; | i = 1,..., p}is an open covering of Uy \Z.
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Thus, the element tf;({ fa1. .- .. fap}) gives rise to an element in H?~1(Uy\ Z, Mé”o’d) ~
HP~ Y (U, \Z, Mé’ **), and we denote its image under the composite map

L] —_ L] 8” . . L]
HP N UN\Z, 2% = HP N UN\Z, 2f°) — HP (Uy,izii, 25°)

by ¢(Z)y, where §” is the coboundary map in the corresponding Gysin exact sequence. By
Lemma 2.3, c¢(Z), does not depend on the choice of fy1. ..., fap. Therefore, {c(Z)q} gives
rise to an element ¢(Z) € HO(U,H?(U,izi%,2%")). By Lemma 3.10 below, we know that
HY(U.izii, 2*) = 0forq < p, hence we have an isomorphism H? (U, iz, 25°) ~
HY(U,H?(U.izi ’29{;")) obtained from the local to global spectral sequence. By Lemma 2.4
and construction, the image of ¢(Z) in H? (U, 2{;"*) coincides with clf,,  ( Zreg)-

STEP 2. By Lemma 3.10 below, we have a canonical isomorphism

H? (Uy,iziiy 28°) ~ ker(257% (Uy) — 2857 (Ug\2)) C 257 (Uy).
Let 0, € ;zfé”p_l’d(Ua\Z) be a Dolbeault representative of t/;({ fa1. ..., fap}) as a coho-
mology class in Hp_l(Ua\Z,le’O’Cl), with induced class [6,] € H?"'(U,\Z, 2[°). By
partition of unity, we may write = Y_, wy With wy € ;" ?(Uy).. By Lemma 3.10,

we may regard c¢(Z) as a current on U, and ¢(Z), and §”([0,]) as currents on Uy,. Then we
have

[X clirop(Z) A0 = (e(Z), 0)u = Y (e(Z)e @a)u = Y _(8"([6a]) wa)u,

o o

and

/ w:E Wy -
czan
o

UyNZ
To prove the theorem, it suffices to show that

(8" ((8a)). wa)u, = / n

UysNZ
for every a. Here, (, ) denotes the pairing between currents and forms.

SteP 3. In what follows, we suppress the subscript . We summarize our data as follows:
— an affine smooth scheme % over K of dimension n; put U := ™",

— a smooth irreducible closed subscheme % of codimension p defined by the ideal
(fi,.... fp) where fi,...,fp € Oqu(U) such that the induced morphism
(fiseeos fp): U — AR is smooth; put Z := Z*",

— 0 € PP U\ Z) a Dolbeault representative of 7/ ({ f1, ..., f»}) as a cohomology
class in H?~Y(U\Z, «7/*), and

—wedl PP,
Our goal is to show that
(3.2) @' (@0l = [ o
holds. Here we recall that [0] € HP~'(U\Z, 2{*) is the class induced by 6, and
§"HPYUN\Z, 28°) — HP (U,iziy 25°)
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is the coboundary map, in which the target H? (U, iz\i 'Z @{J”') is canonically a subspace
of 2pPN(U). As Z is a closed Zariski subset of U of codimension p, the image of
)PP (U), under d” is in 7)) PPN (U Z)... By definition, the following diagram

Hp_l(U\Z,@g’.) % %lr]z—p,n—p—i-l,cl(U\Z)c (,)u R

SHJ Td//
(u

7579(U) x AP (U)e —————R

is commutative. Therefore, we have

(6" (0], 0)u = /U inde.

/ 9/\d”a)=/a).
U\Z z

Obviously, the equality does not depend on the choice of the Dolbeault representative.

Thus, it suffices to show that

STEP 4. Let U; C </ be the nonvanishing locus of f;. Then we have an open covering
U = {U;} of U\Z, where U; = U™ . For I C{1,...,p},put Ur == (;c; Ui-

Let us recall the construction of a Dolbeault representative 6. Fori = 0,...,p — 1, we
inductively construct (alternating) Cech cocycles

0; = {61 € AU | I = p—i}.
The class 6 is simply
o410 = B 1 os foh) € 2 Up o)

Suppose that we have 6; _; forsome 1 <i < p—1.As ,;zflf il acyclic, the Cech cohomology
HP~H (U, 2" ") is trivial. Thus, there exists
O =iy ey (U || =p—i}
with §yd; = 6,1, where §y denotes the Cech differential for the covering U. Now we set
0 = d"9; = {d"V;. s € AL U ||| = p—i}.
The last closed Cech cocycle 61 = {0,143 € FZP ;) | i = 1,..., p} is simply a

Dolbeault representative of iy ({ f1...., fp}) € HP "YU\ Z, o5°).
Fore >0and I C{l,..., p}, put

R _
V] ={xeU| fi(x) € 3D, ) ): f;(x) € DO.e),j &1},

and U, := U\V2. Here, f1:U — (Af{)an is the morphism induced by { f; | i € I}; D(0,¢) is

the closed disk of radius ¢ with center at zero; d(D (0, 8)1) is the Shilov boundary of the closed

poly-disk D(0, ) ; and U\V2 is the closure of U\V? in U. As d"w e AP U\ Z),,
there is a real number gy > 0 such that d”w = 0 on VS%. Thus, for every 0 < & < gg, we have

(3.3) /U\Z OAd'w= / OAd'w = —/ d"(0 A w) = —f d"(Op—1 A ).

U\V¢ ANZS Ue
Since U is a closed subset of U, the forms w and hence 6 A w have compact support on U,.
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STEP 5. Now we have to use integration on boundaries V/ and the corresponding Stokes’
formula, for some fixed 0 < & < g9. We use the formulation of boundary integration through
contraction as in [16, Section 2]. We consider first a tropical chart

tropy: W — (G’;‘,{‘,K)N lgll) RV,
where W is an open subset of Us. Since V,/ is a K/-analytic space of dimension n — |I|
for some extension K/ /K of non-Archimedean fields, the codimension of tropy, (W N V1)
in tropy (W) is at least |7|. We denote by o7 the union of closed faces in tropy, (W N V1)
of codimension exactly |/|. For every i € I, we choose a tangent vector w; for the closed
face oy;y of oy of codimension 1, as defined in [16, 2.8].

Suppose that I = {my,...,m;} where 1 < m; < .-+ < m; < p.Ifaisan

(n,n — i)-superform on RY with compact support, then we define

/oe::/ (@ —mys ooy —Om; )1, 53
or or

It is easy too see that the above integral does not depend on the choice of w;; however, it
does depend on the order. We may patch the above integral to define the integral |, yl o for

an (n,n — |I|)-form o on V, with compact support. The negative signs for w; ensure that we
have the following Stokes’ formula

"oy — _1)G1UUD
/;,: der = Zﬂ:( b /Vlum “
& ,] &

for an (n,n — |I1| — 1)-form & on V,/ with compact support, for |/| > 1. Here, (j, J) is the
position from the rear of the index j when J is ordered in the usual manner. However, for
the initial Stokes’ formula, we have

d”az/ az—Z/ o
Ue £l =1 vd

foran (n,n—1)-form o on U, with compact support. Here, the inclusion dUs C |7/, vIis
obvious. The other inclusion ;|- VI C 39U, is due to the compatibility of relative interior
under composition [3, 1.5.5 (ii)]. In particular, we have

3.4 —f d’(,- /\a)):—/ Op1 Aw = / Op—1.1 N .
Ue 7 v, ! |§=:1 vi ¥ L1

In general, for 1 <i < p — 1, we have

Z. [V’ Op—ig A = Z ./V’ d"Opig A

|I|=i |I|=i
=Y fvl d" (Vi A )
=i Ve
-y Z(_l)(j,zu{j})/wm Byid A0
=i j¢I ve
= 2 / 2 DIy A
T=i+17YE jes
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= Z /I/J(Sgﬂp_i)J AN

[J]=i+1
= Z /J 91,_(,'4_1)’] ANW.
| |=it+17 Ve

Combining with (3.3), (3.4), we have

(35) /U\ZG/\d//a) Z/V{l AAAAA ” 90’{1 ..... p}/\a) 2/;/{1 AAAAA ” ré’({fl,...,fp})/\w

forevery 0 < ¢ < &o.

STEP 6. By (3.5), the theorem is reduced to the formula
(3.6 [0 pbthesipno=[ o

for sufficiently small € > 0. Note that dD(0, ) is actually a point, which we denote by 7n(e),
we have a morphism f1: U — (Ag)*". Denote by Uy1y := Uy (e the fiber of U over n(e). Itisa
smooth Kj-analytic space purely of dimension n — 1 for some non-Archimedean field exten-
sion K;/K determined by e. Then we have the induced map f>: Ugyy — (A}<l )2™ hence the
fiber Ugy 23 := (Ug1})(e)- Inductively, we have Uy, 1, which is a smooth Kj-analytic space
purely of dimension n — p for some non-Archimedean field extension K,/ K determined by .

.....

Then (3.6) follows from the successive application of Lemma 3.11. O

LEmMA 3.10. — Let U be a paracompact K-analytic space without boundary. Let
iz:Z — U be a Zariski closed subset of codimension at least p for some p > 0. Then
i ’Z.@{}’q = 0 for g < p, and we have a canonical isomorphism

H?(U,iziiy 2§°) = ker(257 (U) — 280771 (U) @ 287 (U\2)),

where the map in the kernel is induced by the differential d” to the first factor and the restriction
to the second factor.

Proof. — Let j:U\Z — U be the open immersion. Then j* 7 = 2(,. We explain
that U \ Z is also paracompact. In fact, since U is locally compact and paracompact, it can
be written as a disjoint union U = || U; of open and closed subsets U; in which each U; is a
union of countably many compact subsets {U;; }. We may assume that each U;; is an affinoid
domain. Since Z is Zariski closed, the complement U;; \ Z is a countable union of affinoid

domains. Thus, U; \ Z is o-compact, hence U \ Z is paracompact.
Using partition of unity [9, Proposition 3.3.6], we know that both 27! and 7Y,
are acyclic. In particular, H/(U,Rj,j*25?) = 0fori # 0. By the exact triangle

1 .
izil P07 > 9P - R j* 907 5 we know that Hi (U, izl 259) = 0fori # 0.
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By [9, Lemme 3.2.5], we have i !Z.@{J”q = 0 for g < p. Moreover, we have a canonical
isomorphism
HP (U, igiiy 90°) = ker(iziy 207 (U) > igiib 2871 (U)),
in which the right-hand side is canonically isomorphic to
ker(20P (U) — 287 (U) @ 287 (U\2)).

The lemma is proved. O

LEMMA 3.11. — Let X be a paracompact K-analytic space purely of dimension n, and
f:X - (A}()an a smooth morphism. For every ¢ > 0, let n(¢) € (A}()an be the boundary
point of the closed disk D(0, ). Then for every compactly supported form o € M;_l’"_l (X)e,

we have for sufficiently small e,
/ 0= / 0.
Xo Xnee)

Here, Xq (resp. Xp(s)) denotes the fiber of X over 0 (resp. n(e)).
Proof. — Since f is smooth, we have
(3.7) / o = (aiv(s), 0)x-
Xo
By the Poincaré-Lelong formula [9, Théoréme 4.6.5], we have
(3.8) 3.7 = (dd"log|f|, w)x :/ log|fIAdd"w
X

by [9, (4.4.3.3)]. Since d”w has compact support on X \ Xy, there exists g > 0 such that
d"w =0o0n X \ X,, where X, := {x € X | | f(x)| > &}. Now for every 0 < & < &9, we have

(3.9) (3.8) = / log| fIAndd"w = —/ dlog|fIndew= / d’(d" log | f| A @)
X Xe Xe
by the Stokes’ formula. By the Stokes’ formula again, we have
(3.10) (3.9) = / d'log|f| A ow.
X

Now by the definition of integration [9, Section 3.7], [9, Proposition 4.6.6], and possibly
replacing ¢ by a smaller positive real number, we have

(3.10) :/X w.

n(e)

The lemma follows. U
Theorem 3.9 has following corollaries.

COROLLARY 3.12. — Let K be a non-Archimedean field and & a proper smooth scheme
over K of dimension n. Then for every algebraic cycle 7 of &0 of dimension 0, we have

[ cluop(®) = dee 7.
(%an
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Proof. — Since & is proper, we may take @ to be the constant function 1 on &*" in
Theorem 3.12. Then the conclusion follows as

/ 1 =deg Z. O

COROLLARY 3.13. — Let K be a non-Archimedean field and X a proper smooth scheme
over K. Let NSP (&X) be the quotient of CH? () modulo numerical equivalence. Then we have

dim H2:? (&) > dim NS? () ® Q

trop

for every p > 0.

Proof. — Without loss of generality, we may assume that ¢¥ has dimension n > p.
It suffices to show that for algebraic cycles Z1,..., Z, on & of codimension p, if they
are linearly independent in NS?(&X), then they are linearly independent in Hﬂ;f;(@&).
Suppose that clirop(Z1), - - .. Clirop (Zr) are linearly dependent in Hfr;)’;((%). Then there are

c1.....cr € Q,not all zero, such that Z = ¢ 2y + -+ + ¢, Z, is zero in Hi, (), that

is, Cliop(Z) = 0. As Z is nonzero in NS? (&), there is an algebraic cycle Z on & of
codimension n — p such that deg(Z - Z') # 0, where Z- Z' € CH" (&) is the intersection
product of Z and Z'. Since the tropical cycle class map preserves ring structure, we have

Cltrop(%) A Cltrop(z/) = Cltrop(z : %/)
Thus, clirop(Z - %'y = 0. However, by Corollary 3.12, we have

[ eenZ 2= [ 1= den(Z- 2
g (-7
which is a contradiction. The corollary follows. O

We finish this section by exhibiting a counterexample of the Kiinneth decomposition
for Hyy

trop-

EXAMPLE 3.14. — Let Xy, X» be two separated schemes of finite type over a non-
Archimedean field K. Put ¢l := 1 Xspec k cX2. We have a canonical map

(3.11) D HEGT (901) ®¢ Hiy? (K2) — HE, (E0).
p1+p2=p.q1+92=q

We say that the Kiinneth decomposition holds for (X1, &X») if the above map is an isomor-
phism for every (p, q).

We now show an example that the Kiinneth decomposition fails for certain projective

smooth schemes over K = Cy. Take &1 = &, to be an irreducible projective smooth
curve over Cy of genus g > 1 with good reduction. Then we have dim H?;gp(ﬂc,-) = 1;
dim H{;,, () = 1 by Theorem 7.3(2); dim Hya, () = dim Hyzo, () = b1 (™) = 0 by

Remark 7.4 and the assumption that &; has good reduction. Therefore, for (p,q) = (1, 1),
the left-hand side of (3.11) has dimension 2. However by Corollary 3.13, the right-hand side
of (3.11) has dimension as least dim NS! (&) ® Q, whichis 3 as g > 1.
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4. Rigid cohomology and logarithmic differential forms

In this section, we review the theory of rigid cohomology developed in, for example, [7]
and [22]. Then we study the behavior of logarithmic differential forms in the rigid coho-
mology.

Let R be the category of triples (K, X, Z) where K is a non-Archimedean field of char-
acteristic zero; X is a scheme of finite type over a subfield of K; and Z is a Zariski closed
subset of X. A morphism from (K’, X', Z’) to (K, X, Z) consists of a field extension K’/ K
and a morphism X’ — X ® K’ whose restriction to Z’ factors through Z ® g K'. Let
0 be the category of pairs (K, V'*) where K is a field and V'* is a graded K-vector space. A
morphism from (K, V*®) to (K’, V'®) consists of a field extension K’'/K and a graded linear
map V* g K' — V'°.

We have a functor of rigid cohomology with support: R°PP  — 9 sending (K, X, Z)
to H’erig(X/K). Put H:ig(X/K) = H;(,rig(X/K) for simplicity. The following lemma
summarizes properties which will be used extensively in this article.

LeEmMMA 4.1. — Let notation be as above.

1. Suppose that we have a morphism (K', X', Z") — (K, X, Z) with X' ~ X Q¢ K’ and
Z' ~ Z Qg K'. Then the induced map H‘Z,rig(X/K) Rk K' — H‘Z/’rig(X//K’) is an
isomorphism of finite dimensional graded K'-vector spaces.

2. ForY = X\Z, we have a long exact sequence:

(4.1) ++ > HY 4 (X/K) > Hi, (X/K) - Hi, (Y/K) > HY L (X/K) — -+ .

3. Ifboth X, Z are smooth, and Z is of codimension r in X, then we have a Gysin isomorphism
HY, . (X/K) ~H; > (Z/K).

4. Suppose that K is residually algebraic over Qg. Then both X,Z can be defined over a
finite extension ¥' of F, and the sequence (4.1) is equipped with the absolute Frobenius
action of degree |F'| by functoriality. In particular, each item V in (4.1) admits a direct
sum decomposition V.= @D, <z Vi where Vy, is the maximal subspace of V such that all of
its generalized eigenvalues under the previous Frobenius action are Weil |F'|*/2

it is clear that Vy, is independent of the choice of F'.

-numbers;

5. Suppose that X is smooth and Z is of codimension r, then H"Z,rig(X /K)w = 0 unless

i <w < 2(i —r). If X is moreover proper, then H (X / K) is of pure weight i.

Proof. — Part (1) is due to [14, Corollary 3.8] and [6, Corollary 5.5.2]. Parts (2) is a
standard fact in rigid cohomology; see for example, [7] and [22]. Part (3) is due to [28]. Part (4)
is due to [10, Sections 1 & 2]. Part (5) is due to [10, Theorem 2.3]. O

We will extensively use the notion of K-analytic germs ([6, Section 5.1]), rather than
K-dagger spaces, for a non-Archimedean field K. Roughly speaking, a K-analytic germ is
a pair (X, §) where X is a K-analytic space and S C X is a subset. We say that (X, S) is
a K-affinoid germ if S is an affinoid domain. We say that (X, S) is smooth if X is smooth
in an open neighborhood of §. We have the structure sheaf (x sy, and the de Rham
complex QEX’ ) when (X, S) is smooth. (See [6, Section 5.2] for details.) In particular, we
have the de Rham cohomology Hj, (X, §) when (X, §) is smooth. For a smooth K-analytic
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germ (X, S) where S = oM(A) for an integrally smooth K-affinoid algebra A, we have a
canonical functorial isomorphism Hj, (X, §) >~ H;ig (Spec A;/ K) (see [7, Proposition 1.10],
whose proof actually works for general K).

The following lemma generalizes the construction in [14, Lemma 2].

LEmMA 4.2. — Let K be a non-Archimedean field of characteristic zero. Let (X1, Y1) and
(X2, Y2) be two smooth K-affinoid germs. Then to every morphism ¢:Y, — Y1 of K-affinoid
domains, one can associate in a functorial way a pullback map

¢*:Hgg (X1, Y1) = Hig (X2, Y2).
1t satisfies the following conditions:

(1) if @ extends to amorphism (X,,Y,) — (X1, Y1) of germs, then ¢* coincides with the usual
pullback;

(ii) for a finite extension K' of K, if we write X| (resp. Y!) for X;®@xK' (resp. Y;®xK')
fori = 1,2 and ¢’ for QxK', then ¢'* coincides with the scalar extension of ¢*, in
which we identify Hig (X[, Y/) with Hip (X;,Y;) ®k K' fori =1,2;

(i) if' Y1 = M(Ay) and Yo = oM(Az) for some integrally smooth K-affinoid algebras A,
and A,, then ¢* coincides with (pS*:H:ig(Spec A15/K) — H:ig(Spec Az 5/ K) under
the canonical isomorphism Hig (X;,Y;) =~ H;ig(Spec Ais/K) for i = 1,2, where

@s:Spec Az s — Spec Ay ¢ is the induced morphism.
Proof. — Put X = X; xg X»,Y = Y1 xg Y5; and denote by A C Y the graph of ¢,
which is isomorphic to Y, via the projection to the second factor. Denote by ¢;: X — X; the
projection morphism. We have maps

Hig (X1, Y1) 5 lim Hyp (V) <> Hig (X2, Y2).
14
where V' runs through open neighborhoods of A in X. We show that a} is an isomorphism.
Then we define ¢* as (a3)™! o a}. The functoriality of ¢* is straightforward but tedious to
check; we will leave it to readers.

The proof of properties is similar to that of [14, Lemma 2]. Using the Mayer-Vietoris
sequence, we may assume that there are elements ¢y, ...,t, € Oy, (X1) suchthatdzy, ..., dty,
form a basis of Q!(X;,Y;) over 0(X;,Y;), and there exist a K-affinoid neighborhood
U, C X of A with an element ¢ € |K*|, and an isomorphism

U NY S MEK(EZy, ... Zn)) xk A,

in which Z; issentto ; ® 1 — 1 ® ¢*#;. Note that K(¢"'Z,,...,e"'Z,,) is an integrally
smooth K-affinoid algebra, and Spec K(¢71Z;,...,s71Z,,)s is isomorphic to AT Thus, by
[14, Lemma 2], the restriction map H3g (X2,Y2) — H3g(X,Us N Y) is an isomorphism.
We may choose a sequence of such U, with (), U, = A. Then li_I)n‘9 Hig (X, U NY) ~
liII)lV Hgg (V). Thus, a; is an isomorphism.

Properties (i) and (ii) follow easily from the construction. We now check Property (iii), as
it is important for our later argument. The induced projection morphism

MEK(EZy, e 2 ) xk AU, NY = Y;
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extends canonically to a morphism of formal K°-schemes
Spf(K(e™'Zy,....,e ' Zn)®k Ap)°® — Spf AL,
where A is the coordinate K-affinoid algebra of A which is isomorphic to A,. Therefore,
the restriction map Hip (X;, Y;) — H3g (X, Ug N Y) coincides with the map
a rlg(speC Al S/K) e H;g(speC(K(g_lZl RN 8_1Zm)®KAA)S/K)
induced from the homomorphism 4;; — (K(¢'Zy.,....6 ' Z,)®kAa)s of K-algebras.
Note that aj , is an isomorphism, and that (a3 ;)" coincides with the restriction map

(Spec(K (¢! Z1,..., 67 Zn)®k An)s/ K) — H},(Spec Az s/ K)

r1g rg
induced from the homomorphism (K(s~'Zy,...,6 1 Z,)®Kk Ar)s — Aas sending e7' Z;
to O for all i. Property (iii) follows. O

The following example will be used in the computation later.

ExAMPLE 4.3. — Let k be a discrete non-Archimedean field of characteristic zero. For an
integer ¢ > 0, define the formal k°-scheme
€, = Spk°[[To..... T/ (To - T, — w),

where w is a uniformizer of k. Up to isomorphism, & does not depend on the choice of .
Let E} be its generic fiber of &} . Let E. be the k-affinoid algebra

k(@ | T Ty, || Ty, [ | AT T o | F TN )(To - Ty — ),

which is integrally smooth, as Spf(E})° is the formal completlon along a smooth open in
some semistable scheme over k°. For example, when 1 = 1, let £ be the blow-up of the
k°-scheme k°[Ty, T1]/(ToT1 — @) along the maximal ideal (T, 71, w); then Spf(E,i)o 1s
isomorphic to the formal completion of & along Z, where Z is the exceptional divisor and
Z% is the complement of its intersection with other two irreducible components of the special
fiber.

Moreover, oM (E}, 1) is canonically a k-affinoid domain in E? , and the restriction map

Hig (E}) — Hig By, M(E})) = HE,(Spec(Ey)s/ k)

is an isomorphism by [14, Lemma 3]. If & is residually algebraic over Qr, then we have

HZ, (Spec(E})s/ k) = HE (Spec(EL)s/k)2p
for every p > 0.

REMARK 4.4. — More generally, let A be an integrally smooth k-affinoid algebra where
k is a discrete non-Archimedean field of characteristic zero. Consider a smooth k- analytic
germ (X, S) where S is the subset of the generic fiber of Spf A°[[Ty, ..., T]]/(To--- Ty — @)
defined by the equality |7To| < e for some ¢ > 0. Then we have a canonical functonal
isomorphism
Hip (X. S) = Hiy,(Spec A,/ k) ® Hiy(Spec(EL)s/ k)
by Lemma 4.2, the Kiinneth decomposition for de Rham cohomology, and [14, Lemma 3].

Now we study the behavior of logarithmic differential forms in the rigid cohomology. We
first review the notion of strictly semistable schemes.
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DEFINITION 4.5 (Strictly semistable scheme). — Let k be a discrete non-Archimedean
field. We say that a scheme &l over k° is strictly semistable of dimension n if &{ is locally of
finite presentation, Zariski locally étale over Spec K°[Ty, ..., T,]/(To--- T, — w) for some
uniformizer w of k.

For every integer 0 < r < n, denote by 363 I the union of intersection of r + 1 distinct
irreducible components of &ls. Itis a closed subscheme of X whose irreducible components
with their reduced structure are smooth.

Let k be a finite extension of Q. Let & be a proper strictly semistable scheme over k° of
dimension s such that every irreducible component of & E'] is geometrically irreducible
for every r > 0. We fix an irreducible component & of & and let &1,..., Ep be
all other irreducible components that intersect . For a subset I C {1,..., M}, put
Er = (Nies €i) N &€ (in particular, €y = €) and 8;9 = 81\05”9”“]. For two subsets I, J
of {1,..., M}, wewrite [ < J if I C J and numbers in J\/ are all greater than those in /.

For I C {l,..., M}, we have the open immersion &5 C 81\05”51“2], whose complement
s ycrr=11141 &Y. Thus, we have maps

. Q . 1 ~ °o— QO

Hi 67/~ @ B @nsi™h=> @ Hy'E/b,

I1cJ,|J|=|I1|+1 ICJ,|J|=|1|+1
where the second map is the Gysin isomorphism. In the above composite map, denote by & 5
the induced map from H;ig(c‘f? / k) to the component H;igl (8? /k)if I < J, and the zero
map if not.

In general, for I < J, there is a unique strictly increasing sequence I = Iy < I{ < -++ <
I)j\1) = J and we define

£ =€) oo g] THE(EY k) > HIZ M (E9 k),

and £ 5 = 0if I < J does not hold. Together, for i < j, they induce a map
&: P HL (7 /0 — @ Hi T (€57,
|1)|=i [J=j

is the direct sum of 55 for all J with |J| = j. First, we have the

such that £/ . €10
rig

following lemma.

LeEmMA 4.6. — Let notation be as above. For every 0 < p <'s, the restriction of

£0:HE (EV/k) - @D HY(ET/K)

[J|=p

to H?,

rig( E° k) is injective.

Proof. — By the long exact sequence of cohomology with support (4.1), the kernel of
the map Sg is a weight preserving extension of k-vector spaces g2t (E/k) for |I] < p.

Er,rig
Therefore, the lemma follows since ng’Lié(g / k) is pure of weight p + |I| < 2p by [28,
Theorems 5.2.1 & 6.2.5] (with constant coefficients). O
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Denote by Z”"(£)? the abelian group generated by irreducible components of £; with
|I| = r. Denote by [#] the generator corresponding to a component Z of £;. Note that
the set / is determined by %, which we denote by I(Z). Put Z(&)® = @f’lzo Z"(E)°. We
define a wedge product

NZ(EP®Z(EY - Z(O°,
which is group homomorphism uniquely determined by the following conditions:
— Z\ANZy= (=112 Zy A Zy,if Z1 € ZT(E)° and Z, € Z72(E)°;
— [ZA A [Z2] = 0if 1(Z1) N I(Z2) # 0

— [z A[Z2] = [Zan )it ZinZa # 0, 1(Z1) NI(Z2) = @, and I(Z1) <
I(Z1) U I(%).

It is easy to see that A is associative and maps Z"1 ()Y ® Z™2(E)Y into Z"1172(€)°. We
have an (injective) class map

d®: z(&)° — @Hng(a’?/k) ~ (P kmoten
I

sending [ Z] to 1 corresponding to the irreducible component of ().

Foranelement f € 0*(S, 7w~} 80) that is, an invertible function on some open neigh-
borhood of 771 &% in 83", we can associate canonically an element div(f) € Z! (8)0 In
fact, there exists an element ¢ € k* such that [cf| = 1 on 7! & Thus, the reduction ¢ f 1s
an element in ﬁ”g(g ), and we define div( /') to be the associated divisor of ¢ f , which is an
element in Z'(&£)®. Obviously, it does not depend on the choice of c. Finally, note that by
the definition of rigid cohomology, we have a canonical isomorphism H§g (5% e Q7) s

He (E9/k).

rig

PROPOSITION 4.7. — Let notation be as above. Given fi,..., f, € O*(S3", n~! 80), if
we regard % Aver A dfﬁ as an element in HZ (S8, 71 EV) ~ Hf’lg(go/k), then we have
d d . .
4.2) £ ( fl N ﬁ) = cl? (div(f1) A -+ Adiv(fp))
il fp

Proof. — The question is local around the generic point of every irreducible component
of &7 with |I] = p. So we fix such an irreducible component % (with [I(Z)| = p) and take
an affine open neighborhood &y of the generic point of Z in & such that it admits a smooth
morphism

f:30 — Speck®[Ty, ..., Tp)/(To--- T, — @),
where @ is a uniformizer of k, satisfying

— & = Epand & (i = 1,...,p) are all the irreducible components of &, that
intersect £, where &; is defined by the ideal (f*T;, w);

— &1 :=()ies €i isirreducible and nonempty for I C {1,..., p}.

Note that
_def) _ df.
cf o

— both sides of (4.2) are multi-linear in f1,..., f, € ﬁ*(@S”O Tt 80); and
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— 4 = inHL(EV/K)if | f|=|f|=1onz'E%and f = f".

Thus, we may assume that f; = f*T;. Then as both sides of (4.2) are functorial in f under
pullback, we may assume that &g = Speck®[Ty....,Tp]/(To--- T, — w) and f; = T;.

Put §" = Speck®[Ty,...,T,) and let g: §y — &’ be the morphism sending 7; to T;
(1<i<p)Forl C{l,...,p} let & be the closed subscheme of &’ defined by the ideal
(w,T; | i € I). Then g induces an isomorphism £; ~ £. Similarly, we have maps

i H(EF TR — H T (EF /1K)
for I C J and E/;- fori < j,where 8}0 = g(é’?). It is easy to see that 5’5 = £1 if we identify
H:ig(é”’lo / k) with H:ig(<5’§9 / k) through g*. Therefore, it suffices to show the equality (4.2)
for &, that is,

.....

dr dT,
o (Tf Ao T”) =< i
p

However, &', which is isomorphic to A,’;o can be canonically embedded into the proper
smooth scheme ]P’,fo over k°. Thus, the rigid cohomology H:ig(é”,o / k) and the map &’ ; can
be computed on }P’ﬁ " On the generic fiber &, we similarly define & ; to be the closed
subscheme Speck(Ty,...,Tpl/(T; | i € I)of § for I < {1,...,p}, and 9? =
I 1\Urcs & 7. We may similarly define maps o} HER(g?) — H;EIJ\”(CTCJ?) and o}
via algebraic de Rham cohomology theory. Then we have canonical vertical isomorphisms
rendering the diagram

HyR (T5) —2— HZ V(D)

Zl lz

24
He (67 /) —2 H V(R k)

commutative. From the standard computation in algebraic de Rham cohomology, we have
dr T,

YN

4 T1 Tp """

where & ¢1,... py is just the point of origin. Thus, the proposition is proved. O

.....

5. Weight decomposition of de Rham cohomology sheaves

In this section, we prove Theorem 1.4 for étale topology, and then deduce the one for
analytic topology. In particular, sheaves like Oy, cx, and the de Rham complex (2%, d) are
understood in the étale topology, until we say otherwise.

DEerINITION 5.1 (Marked pair). — Let k be a discrete non-Archimedean field. A marked
k-pair (0, D) of dimension n and codimension t consists of an affine strictly semistable
scheme &Y over k° of dimension n (Definition 4.5), and an irreducible component ) of SCE ]
that is geometrically irreducible.

We start from the following lemma, which generalizes [6, Lemma 2.1.2].
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LeEmMA 5.2. — Suppose that K is embeddable into l:afor some discrete non-Archimedean
fieldk. Let X be a smooth K-analytic space, and x a point of X with s(x) + t(x) = dim, (X).
Given a morphism of K-analytic spaces X — )y, where %) is a special formal K°-scheme, there
exist

— a finite extension K' of K, a finite extension k' of 'k contained in K’,
— a marked k'-pair (0, &) of dimension dimy (X) and codimension t(x),
— an open neighborhood U of(ﬁC/@)n@\)k/K’ in X%,
— apoint x' € (56/@)”®sz/,
— a morphism of K-analytic spaces p: U — X, and
— a morphism of formal K°-schemes 56/@®k/o K° -9,
such that the following are true:
(1) pis étale and p(x') = x;

(1) the induced morphism (56/ 0@)"@]{/[( "' — 9, coincides with the composition
(X @K > UL X -9,

Proof. — Putt := t(x),s := s(x),and n := t + s. By [6, Proposition 2.3.1], by possibly
replacing k and K by suitable finite extensions, we may replace X by (B xx Y)®x K, where
B = ]_[;-=1 B(0;r;, Rj)x for some 0 < r; < R; and Y is a smooth k-analytic space
of dimension s, and x projects to » € B witht(b) = trand y € Y with s(y) = s.
Denote by (P the k°-scheme PP , with the point 0 on the special fiber blown up, and by 9 the
formal completion of 2 along the open subscheme 2, \{7(0), 7 (c0)}, which is isomorphic
to Spfk°(X,Y)/(XY — @) for some uniformizer w of k. By further replacing k and K by
suitable finite extensions such that || < r; /R; for every j, we may assume that there is an
embedding [ [, B, C B whose image contains b such that 7(b) = 0, where 0 is the closed
point in [], <25 that is nodal in every component. In particular [], 3, is a neighborhood
of b.

For Y, we proceed exactly as in the Step 1 of the proof of [6, Lemma 2.1.2]. By shrinking Y
if necessary, we have, following Berkovich’s construction (after Raynaud) in the beginning of
Step 3 of the proof of [6, Lemma 2.1.2], an integral scheme ¥’ proper and flat over k° and
open subschemes 7' C W C Y., such that W' := 7~ 9 is a strictly affinoid domain,
isomorphic to a neighborhood of y in ¥, and is a neighborhood of Z" := 7' Z'.

Now we put two parts together. Define % = [], &2 x ¥ where the fiber product is
taken over k°, and % = [[,Bs x W where the fiber product is taken over k. Then
W =[], Bnx W’ coincides with 7~ % in Y;". Moreover, W is a neighborhood of x where
Wx denotes the inverse image of W in X = (B xx Y)® K. Note that we have the induced
map a: Wx — ), of K-analytic spaces by restriction. By the same argument in Step 2 of the
proof of [6, Lemma 2.1.2], we have finitely many open affine subschemes )’ for 1 < i </
of 9 such that Wg; = ')} is an affinoid subdomain of Wx and Wx = Ule Wk.i.
By [6, Lemma 2.1.3 (ii)], we may assume that Wg ; comes from an k-affinoid subdomain W;
of W for every i by replacing k and K by suitable finite extensions if necessary. Making a
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finite number of additional blow-ups, we may also assume that there are open subschemes
W; C Wwith W; = 7' W; and W = J!_, Wi

Now we proceed as in Step 4 of the proof of [6, Lemma 2.1.2]. Take an alteration
@: A’ — Y from a strictly semistable scheme &0’ over k° after further replacing k and K by
suitable finite extensions, and a point x” € JE™ such that ¢(x') = x. By a similar argument,
one can show that 7(x’) € &, Q7 e K has dimension at least s. On the other hand, we have
s(x’) > sand ¢1(x’) > t. Thus, s(x’) = s and 7(x’) = t. Denote by C the Zariski closure
of 7(x) in &, equipped with the reduced induced scheme structure. Suppose that C is
contained in ¢’ + 1 distinct irreducible components of SC; Then ¢’ < ¢ as the codimension
in 0, of the intersection of # + 1 distinct irreducible components is /. We take an affine
open subscheme 9/ of & satisfying: &) := %' N Cis open dense in C; ¢(Z)') is contained
in W; U is étale over Speck®[Ty, ..., Ty]/(To - - - Tyr — ) for some uniformizer @ of k such
that @' is the zero locus of the ideal generated by (To, ..., Ty, m). Now we blow up the ideal
generated by (Ty 41, @), and then the strict transform of the ideal generated by (Ty/ 42, @),
and continue to obtain an affine strictly semistable scheme &X' over k° such that the strict
transform &) of &' is an irreducible component of SC?]. Possibly after further replacing k
and K by suitable finite extensions, and replacing ¢¥ by an affine open subscheme such that
Xs N &) is dense in ), we obtain a marked k-pair (&0, ) of dimension n and codimen-
sion ¢ such that ¢: X' — ¥ is étale on the generic fiber. Here, the further finite extension
of ground fields is to ensure that /) is geometrically irreducible. Note that (¢3") ™! Wk is
a neighborhood of x” containing 771 Q) as ¢()) C W. Here, x' € J¥ is an arbitrary
preimage of the original x’ € %", which exists by construction.

We take U to be an arbitrary open neighborhood of 77! %), and p to be w;}n| U B
the same argument in Step 5 of the proof of [6, Lemma 2.1.2] by using the covering
W = Ul_l W; constructed above, the morphism ¢ induces a morphism of K°-formal
schemes 56/[/,_1%)@;(0[( — 92) hence a morphism 36/@@);(01( — 92). The conclusions of
the lemma are all satisfied by the construction. O

From now on to the end of this section, we assume that K is a residually algebraic
extension of Qg.

DEerINITION 5.3 (Fundamental chart). — Let X be a K-analytic space and x € X a point.
A fundamental chart of (X ; x) consists of data (Dr, (¥, ). (D, §), W,«; y) where

— (Y, D) is a marked k-pair of dimension #(x) + s(x) and codimension ¢ (x), where k is
a finite extension of Qpg;

— Dy, is an open poly-disk over L of dimension dimy(X) — ¢#(x) — s(x), where L is
simultaneously a finite extension of K and a (residually algebraic) extension of k;

— D is an integrally smooth affinoid k-algebra, and

(5.1) 8:Spf D°[[To. ... . TN|/(To-Ts —w) = Y, 4
is an isomorphism of formal k°-schemes, where @ is a uniformizer of k;

— W is an open neighborhood Of(@/Q@)n@kL = (' D)®k L in Y"
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— yisapointin D xz W with 1(y) = 1(pry () = 1(x), s(») = s(pry (1) = s(x),
and such that pry, (y) belongs to (7! 2))®x L and its image under the reduction map
is the generic point of J7;

— a:Dy, Xz W — X is an étale morphism of K-analytic spaces such that a(y) = x.

Note that the field & will be implicit from the notation (as it is not important).

The isomorphism (5.1) induces an isomorphism Spec Dy ~ ) of k-schemes, and an
isomorphism

p . .
(5.2) §*:Hiy DL > (W, (r ' D& L)) — @ HL,(D/ k) @i Hix (B}) & L
j=0

of L-vector spaces [14, Lemmas 2 & 3] and [6, Corollary 5.5.2]. Here, Ef{ is the k-analytic
space defined in Example 4.3. Denote by HE (Dz, (Y%, &), (D, §), W) the subspace of the left-
hand side of (5.2) corresponding to the subspace

V4
P HL,(D/ k) w—20o—j) @k Hig” (B}) & L
j=0

on the right-hand side. In particular, all elements in Hfl’l; J (E} ) are regarded to be of weight
2(p — j). Then we have a direct sum decomposition

(5.3) Hi D xp (W, (v D& L)) = D HE DL, (Y. D). (D.8), W).

weZ

Finally, we denote by Hf’w)(DL, (Y. ), (D,8), W) the subspace of HdpR(DL xr, W) as the
inverse image of H, (D, (¥, &), (D, §), W) under the restriction map

HE. (DL xp W) > HE, (D xp (W, (w7 D)®k L)).

REMARK 5.4. — Note that the composite morphism of formal k°-schemes
oS o o Ly
Spf((ER)°®roD°) — Spf D°[[Th,.... Ti)|/(Ty -+ Ty — w) — Y 9
induces an isomorphism
HI (W, (' D)@ L) = HE ((EL)s ®F D/L).

Therefore, an element w € HY, (D xz W) belongs to H‘(”w)(DL, (Y%, D), (D,§), W) if and
only if the restriction of w to {0} x; W belongs to Hf’ig((E +)s ®f /L)y under the above
isomorphism, by Example 4.3.

REMARK 5.5. — Note that HY (D, (%, ), (D.,§), W) = Ounless p < w < 2p, and
the decomposition (5.3) is stable under base change along a residually algebraic extension
of K (and L accordingly). We warn that the decomposition (5.3) depends on all of the data
DL, (Y. D). (D,8), W), not just the L-analytic germ Dy xz, (W, (™! D)@ L).
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LEMMA 5.6. — For part of the data (Dr, (Y, ), (D,8), W) from Definition 5.3 and f €
0*(Dy, xp, W), we have

d
Tf € Hby,y L. (Y. D). (D.8), W).

Here, we regard %, a priori a closed 1-form on Dy, xp W, as an element in H(‘iR Dy xz W).

Proof. — We may assume L = K without lost of generality. We may also rescale f such
that | f| < 1. Then f restricts to a morphism of formal K°-schemes, denoted again by

£ SPI((EL)°®ko D°®po K°) — Spf K°[[T]].

On the generic fiber, since the Shilov boundary of W(E};@kD(’X\)k K) consists of one
point and the image of the induced morphism M(EL®rD®xK) — D(0; 1)k does not
contain 0, the pullback of 7 on M(E ,i@kD@kK ) has constant norm. In other words,
the morphism M (E], RxD®rK) — D(0; 1)k induced by f factors through a morphism
M(ELRkD&cK) — M(K(r~'T,rT~")) for a unique number r < 1 in /|[K¥|. By
replacing K by a finite extension, we may assume r € |K°°|. Then K{r~'T,rT7!) is
integrally smooth, and we have Spec K (r ' T, rT~!); ~ (G,,) g. Moreover,

dr
Hig(Gim/K)2 = Hy(G/K) = Hog (DO, ), MK (r~'T,rT 1)) = K {7} :
Thus, Lemma 4.2(1) and Remark 5.4 imply the lemma. O

DEerINITION 5.7. — Let X be a K-analytic space and x € X a point.

1. Let fEt(X ; x) be the category whose objects are fundamental charts of (X;x), and a
morphism

¢: (D1, (Y, D2).(D2.82), Wa, 2: y2) = (D, (Y, Dh). (D1,681), Wi, a1 y1)

consists of extensions K C L; C L, ™ such that k; C k», and a morphism
®(9):Dr, xp, Wo = D, xp, Wi

of Li-analytic spaces sending y, to y;, and such that

()" H(, )DL, (Y4, D). (D1,81), Wi) C H{,\ (D1, (Y. D2). (D2, 82), Wa)
for all p, w € Z. Note that ®(¢p) needs not to respect each factor.

2. Let Et(X ; x) be the category of étale neighborhoods of (X; x). Recall that its objects
are triples (Y, «; y) where @: Y — X is an étale morphism sending y € Y to x, and
morphisms are defined in the obvious way. In the notation (Y, «; y), the morphism «
will be suppressed if it is not relevant. For a presheaf .# on Xg, the stalk of .7
at x is defined to be %, = lim Z(Y) where the colimit is taken over the

i — Y.a5y)
category Et(X; x).
3. We have a functor ®: fEt(X; x) — Et(X; x) sending an object
(DL, (Y. D). (D.5),W.a: y)
offEt(X; x) to (Dp xr W,a; y), and a morphism ¢ to ®(¢p).

(™ Even when L1 = L3, we regard D, and Dy, as two different poly-disks.
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The following lemma generalizes [6, Proposition 2.1.1].

LEMMA 5.8. — Suppose that K is embeddable into Cy and X is a smooth K-analytic space.
Fix an arbitrary point x € X and let (Y, ag; yo) be an object of Et(X; x). Then

1. there exists an object (DL, (Y, ), (D, 8), W,a;y) € fEt(X; X) such that its image under
® admits a morphism to (Y, ag; yo);

2. given two morphisms Bi: ®(Dr,, (Y, Di), (Di, 8), Wi, ai; yi) — (Y, 0; yo) in Bt(X; x)
Sori = 1,2, there exists an object (D, (Y, 0).(D,8), W,a;y) € fEt(X;x) together
with morphisms ¢; to (D;, (?//Li, Di), (Di,8:), Wy, ai: yi) in fEt(X: x) fori = 1,2 such
that the following diagram

ODr,. (Y. D). (D1,81), Wi, 15 y1)
®(¢1)

\
®(p2) /

®(Dr,. (Y, D2).(D2,82), Wa,a2: y2)

\

OO, (Y. D). (D.8), W.a;y) (Y. @o; yo)

/

commutes.

Proof. — Let n be the dimension of X at x; we may assume by arguing locally that X is
of dimension n. Put ¢ := #(x) and s := s(x).

For (1), by [6, Proposition 2.3.1], after replacing K by a finite extension, we may assume
Y = Dk xx X’ and yo € Y such that ¢(pry/(yo)) = ¢ and s(pry/(yo)) = s, where
X' is a smooth K-analytic space of dimension s + 7. Now we only need to apply Lemma 5.2
to Y = SpfK°, the pair (X'; pry/(»9)), and the structure morphism X’ — 9, = M (K).
The existence of (D, §) is due to the argument in Part (iv) of the proof of [14, Theorem 2.3].

For (2), we put D; := Dr,, and may assume K = L; = L,. Fori = 1,2, we choose a
relative compactification Y; — ?, over k?, where ?I is proper. Such compactification is
needed to construct a form/a\l scheme 9) (see below) in order to apply Lemma 5.2. Then W; is

open in %);,, where 9; = @@kf K°. Consider the étale morphism

(3(6: Y = (D] XK Wl) Xy (D2 XK Wz) — 7Y,
and a point y; € Y’ projecting to y; (resp. y») in the first (resp. second) factor. Again by [6,
Proposition 2.3.1], we may find an object of the form (Dx xx X', &’; y’) in Et(X; x) such that
t(pry/(y")) =t and s(pry,(y")) = s asin (1) with a morphism to (Y’, &g; y,). Now we apply
Lemma 5.2 to X', the point pry/(¥), Y = D1 Xko P>, the morphism

X’MWI XKWZCmn»

where B; equals the composition
X {0 xg X' CDg xxg X' = Dixg W; =W, (i=1,2)

with the last arrow being the projection. We obtain a marked k-pair (¥, &) of dimen-
sion s + ¢ and codimension #, for some discrete non-Archimedean field k£ containing k1, k»
and contained in (possibly a finite extension of) K; an open neighborhood W of (¥ / D QK
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in Y, apointu € W, an étale morphism of K-analytic spaces p: W — X’ such that p(u) =
pry/(y’), and a morphism of formal K°-schemes ¥ = (Y1, ¥2): @/Q@@)kOKO — D1 Xgo V>
compatible with p. As ¥; maps the generic point of ) to the generic point of (2;)g.,
we may replace (¥, 0)) by an affine open such that ¢; (Dg) C (Di)g fori = 1,2.In
particular, we have morphisms ;: {2;/ / (@@ko K° — i//\l / 9; @kio K°. Note that y; does not
necessarily descent to any finite extension of k. By the proof of [14, Theorem 2.3], there is an
integrally smooth k-affinoid algebra D and an isomorphism § as in (5.1). Finally, we take a
point y € Dx xx W above y’ such that pry, (y) = u.

Now the object (Dg, (¥, ). (D,8), W,a; y) has been constructed with the obvious a
(with L = K possibly a finite extension of the starting one). Let ®(¢;) be the composite
morphism Dx xg W — Dg xg X' — D; xg W; fori = 1,2. It remains to show that

(1) Fori = 1,2, every p, every w, and an element w € Hgg(cf/)i/k,-)w, we have

(Bi 0 0)* 65 w € HY (Y. D). (D.8). W).

(ii) Fori = 1,2 and an arbitrary coordinate T of E , we have

(Bi 0 )" 61) 7 T € Hb (Y, D). (D.5). W),
For (i), as we have morphisms of formal K °-schemes
SPI((EL)°Bro D°Bio K°) = Yy o@ro K 2> Gy, o BroK° — SpEDi By K°.

Lemma 4.2 implies that (B; o p)*(8}) "' coincides with p*w in

HZ (W, (n! D&k K) = HE (EL)s @ D/K)
in view of Remark 5.4, where

pi: (Ep)s ®f D — (Di)k

is the induced morphism of (affine smooth) K -schemes. Thus, (i) follows from weight preser-

vation of rigid cohomology.
For (ii), we only need to apply Lemma 5.6 to the function 7. O

Now we are ready to define the desired direct summand (22 /dQ2™"),, in the weight
decomposition of de Rham cohomology sheaves.

DEerFINITION 5.9 (De Rham cohomology sheaves with weights). — Suppose that K is
residually algebraic over Qp and X is a smooth K-analytic space. Let p > 1 be an integer.

For every object U of Xg, define (22/dQE™)(U)5°® < (QE/dQE™")(U) to be
the image of elements w € Q)’;’CI(U ) such that for every point u € U, there exists a
fundamental chart (D, (¥, D). (D,8),W,a;y) of (U;u) such that a*w, regarded as an

element in HffR(DL xr, W), belongs to Hf’w)(DL, (Y. ), (D,8), W). The assignment
U > (25 /dQE™")(U)5* defines a sub-presheaf (22 /dQ2 "5 of @2 /dQ2™".
We define (Qj’;’Cl / dQ)I;_l)w to be the sheafification of (Qj’;’01 / dQ)f’}_1 P, which is canoni-

cally a subsheaf of Q2 /dQ2~".

The following lemma can be proved by the same way as for [6, Corollary 5.5.3].
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LEMMA 5.10. — Let K'/K be an extension such that K' is embeddable into Cy. Let X be
a smooth K-analytic space and ¢: X' == XQgK’' — X the canonical projection. Then the
canonical map of sheaves on X,
sl Qb/deL ) @ K — Qb /del!
is an isomorphism, where L is the algebraic closure of K in K'.

The following theorem establishes the functorial weight decomposition of de Rham coho-
mology sheaves in Theorem 1.4 in the case of étale topology.

THEOREM 5.11. — If K is embeddable into Cy and X is a smooth K-analytic space, then
the following hold:

1. under the situation of Lemma 5.10, we have
cTQE /ARy Yy oL K = (25 /dQ% .
forevery w € Z;
2. the image of the composite map
(QF"/dQF ™, ® (QF /AP,
— QP /dQp ! @ Qb2 /deRTt S qprteed jqqpiteat
is contained in the subsheaf(Q)I;l+p2’°1/d9§‘+p2_1)w1+w2 ;
3. the sheaf (L' /dQE™"),, is zero unless p < w < 2p;
4. the canonical map
Pt /day ™, - ef/dey

weZ

is an isomorphism;
5. for every morphism f:Y — X of smooth K-analytic spaces, we have
AU /dg ) C (@A

Jor every w € Z. Here, [*# denotes the canonical map f~'Q% — QY and induced maps
of cohomology sheaves.

Proof. — Part (1) follows from the definition and Remark 5.5. Part (2) follows from the
definition and Lemma 5.8(2).

For the remaining parts, it suffices to work on stalks. Thus, we fix a point x € X with
t =t(x)and s = s(x).

For (3), take an element [w] in the stalk of (Qf,’}’cl / dQ)’;_l)w at x for some w < p or w > 2p.
We may assume that it has a representative w € Q§’°1(U ) for some étale neighborhoods
(U;u) of (X;x). By definition, we have a fundamental chart (D, (¥%, ), (D,8), W,a;y)
of (U;u) such that a*& = 0in Hi, (DL xz (W, (x7!D)®L)) by Remark 5.5. Then
there exists an open neighborhood W~ of (77! ))®xL in W, such that a*w = 0
in Hi; Dz xz W7). In other words, [@] = 0 in the stalk of (Q)’;’Cl/dQ)’}*l)w at x as o is
¢tale and we are working with differential sheaves in étale topology.
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For (4), we first show that the map is injective. Let [w] be an element in the stalk
Q)’}’;]/dﬂ)’;;l. Suppose that we have [w] = Y [w]}, = Y [w]? in which both [w]} and
[@]? are in the stalk of (Q2°'/dQ22™"),, at x. We may choose an object (U;u) € Et(X, x)
such that [w]%, has a representative i, € (22 /dQ2~")(U)}* fori = 1,2 and every w € Z,
and > ol = Y 2. In particular, [w] has a representative w := Y ol = > w2 on (U;u).
Fix a weight w € Z. It suffices to show that [} ] = [@2] in the stalk at x. By Definition 5.9,
there exist two fundamental charts (Dz;, (¥%;, ;). (Di. &), Wi, a;; yi) of (U;u) such that
a¥wl, belongs to Hf’w)(DLi, (Y;. Di), (D;,8;), W;) fori = 1,2. By Lemma 5.8, we may find
another fundamental chart (D, (¥, D). (D, 8, W,a:y) € fEt(U; u) as in that lemma. Then
we have ®(¢;)*w;, € H{,,(DL, (¥, D), (D,8), W) for both i = 1,2. However, ®(¢1)*w,,
and ®(¢2)*w2, after restriction to H(’;R Dz xz (W, (771 D)®k L)), must be equal, as they
are both the weight w component of a*w in Hi, (DL x, (W, (77! D)®k L)) under the
decomposition (5.3). As the map Hi, (DL xz W) — (Q}’}’Cl/dQ}‘}_l)x factors through
HA, (DL xp (W, (7' )®k L)), we have [w]}, = [0]?. Finally, Lemma 5.12 below implies
that the map in (4) is surjective as well.

For (5), we take a point y € Y such that f(y) = x. We may take a fundamental chart
Dz, (Y, D). (D,§), W,a;y) of (X;x) and replace X by Dz, x; W and x by y. By the same
proof of Lemma 5.8(2), we may find a fundamental chart (D, (¥, N, (D', &), W o'y
of (¥ y) such that (f o &/)*HZ, (DL, (Y. D). (D.8).W) € HZ, (D (Y. D). (D', 8). W").
This confirms Part (5) since Hf’w)(DL, (Y%, D),(D,8), W) (resp. Hf’w)(DL/, Y, D),
(D', 8", W")) restricts to the weight w part in the stalk of Q)’}’Cl/dﬂ)’;_l (resp. Q?’Cl/dQ’;_l)
at x (resp. y), by Lemma 5.12 below. O

The following lemma is the most crucial and difficult part in the proof of the weight
decomposition.

LEMMA 5.12. — Let the assumptions be as in Theorem 5.11. We take a point x € X.
For any fixed weight w, an object (DL, (Y, ), (D,8), W,a;y) € fEt(X, x), and an element

w € Hf’w)(DL, (Y, D), (D,8), W), the induced class [w] € Q}l;:;]/dﬂfz’_xl belongs to the stalk

of (@4 /dQP™),, ar x.

We first explain why the lemma is not immediate. For simplicity, let us assume that Dy, is
trivial. To prove the lemma, we have to find an étale neighborhood U of x such that w lies
in (Q)";’CI /dQ271)(U)5°. However, no matter what U we take, there are always points u of U
such that its image in W is not in (7' )Qx L. On W\ (7' D)« L, there is a priori no
obvious control of the form w, so it is a question to show that one can choose a fundamental
chart at u such that the induced form has weight w.

Before the proof, let us explain the main steps. Again, we assume that Dy, is trivial at
this moment. In Steps 1 & 2, we make the germ (W, (™' $))®x« L) a better shape. We will
construct a strictly semistable scheme & over k° together with an irreducible component
& on the special fiber, and an étale neighborhood (W', y¥) of x above (W, y) equipped
with a morphism to (71 &, 771 &%) where &' = &\ 5&1]. In Step 3, we study some basic
structure of the boundary part 7! E\n 1 & " In Step 4, we choose an appropriate covering
of 7 =1 £ with nice behavior of @ on some open neighborhood of 771 £ Tin every member of
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the cover. In Step 5, we show that w has weight w (in certain sense) even on the boundary
part 7~ &\x 1 &". Finally, we conclude the lemma via functoriality in rigid cohomology in
Step 6.

Proof. — We may assume L = K and write D = Dg. To simplify notation, we denote
by V the K-analytic domain (7' ))&k K in W. By Example 4.3 and Lemma 5.6, we
may assume that the image of w in Hiy (D xg (W, V)) is in Hf’ig(f/]/K)w in view of the
decomposition (5.2).

STEP 1. We choose a smooth k°-algebra D! (of relative dimension s) such that its w-adic
completion is D°, where we recall that @ is a uniformizer of the discrete non-Archimedean
field k C K. In particular, we may identify (Spec D), with &), and ¢¥(D) with a k-affinoid
domain in (Spec D”)in. As in Lemma 4.2, we have germs (W, V') and ((Spec D”)zn, M(D))
and a morphism V — oM(D)®x K induced from §. We choose a neighborhood U, of the
graph of the previous morphism in W xj (Spec Dt')zn as in the proof of Lemma 4.2, such
that the induced map

HSr (W, V) — Hig (W xx (Spec DD, U, N (V xx M(D)))

is an isomorphism. By a similar argument in the proof of [14, Lemma 2], we may replace W
by a smaller open neighborhood of V' such that there is a morphism W — U, sending V' into
U: N (V x oM (D)) whose induced map

Hir (W xg (Spec DN U, N (V x M(D))) — Hig (W, V)

is the inverse of the previous isomorphism. In other words, we have a morphism
8:W — (Spec D”)j,‘(n sending V into ¢M(D)®;K such that, although 8’|V might not
coincide with the original morphism V — ¢M(D)®; K induced from §, we still have that
the induced map

HE, (D/K) ~ Hig (Spec DY, M(D)) @k K s Hig (W, V) ~ Hi, (EL)s ®F D/K)

coincides with the pullback map.

STEP 2. We choose a compactification (Spec D), < & over k, and define & to be
the k°-scheme & i | [(spec piy, SPec DY. Apply [21, Theorem 8.2] to the k°-variety & and
Z = @. We obtain a finite extension k’/k, an alteration & "o ro and a k’°-compact-
ification & LREN o where & is a projective strictly semistable scheme over £° such that
O\S " is a strict normal crossing divisor of & (concentrated on the special fiber). We may
further assume that every irreducible component of & E'] is geometrically irreducible for
every r > 0. To ease notation, we replace k by k&’ and possibly K by a finite extension. We
may fix an irreducible component & of &', such that its generic point belongs to & E and
maps to the generic point of &, ~ . Note that the complement of &% := €N & E in £'is
exactly & EI] N €. Denote by o¢ the unique point in §% who reduction is the generic point
of &z. Then 7! € is an open neighborhood of o¢ in §% -
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Define W via the following Cartesian diagram:

Wﬂ_>7-[*181?

|, |

8 an
W——— Ik,

and let 8": W% — 6,8 K = (7' €)@ K be the induced morphism, where & = 3/8».
We choose a point y! € D xgx W that lifts y and such that §%(pryu(y%) = og. The
image of the form w in Hfig(f/)/K)w induces a class [07] € Hfig(é’n/K)w via restriction
along the alteration. Therefore, there exists a monic polynomial P € k[X] whose roots are
all Weil |’l;|w/ 2_numbers such that P(Fr*)[w"] = 0 where Fr denotes the relative Frobenius
of & / k. We fix an open neighborhood U of 771 & "in &, such that ["] has a representative
ot e HE (U K).

By construction, we may remove a Zariski closed subset of WU of dimension at most
s+t —1 such that the morphism W% — W hence the composition Dxx W% — Dxgx W % x
are both étale. In particular, (D xx W¥; y%) is an object of Et(X 1 X).

STEP 3. Now we define a continuous function
de: 6, —[0,1),

such that dg(x) = 0 if and only if 7 (x) € 8”, as follows: For a point x € &,, choose an
open neighborhood &, of 7(x) in & such that &, is étale over

(5.4) SPER°[[to]] (11 - s trs tr1s oo L 157 1) /(L0 1y — @)

for some 0 < r < s; and if we write f; for the image of #; in &, then ehn &, is defined by
the equations fo = 0 and fi--- f; # 0. Since |w| < | fo(x)| < 1, we may define

log | fo(x)]

de(x) =1-
log|m|

which is independent of the choice of the étale coordinates hence is continuous. It is clear
that dg(x) = Oif and only if | fo(x)| = |@ |, which holds if and only if 7 (x) € e, Moreover,
the map d¢ is proper. This can be reduced to the case where & is the formal scheme (5.4) in
which the properness of the map x > |to(x)]| is straightforward.

Let £ be an open subscheme of £ and put 8”1 = &N &,. Fore > 0, put
(r e ={xen & | de(x) <&}
(et ={xen & |de(x) <&l
Then (7~! £1)=¢ form a fundamental system of open neighborhoods of 7! 83 inz 1.
Indeed, let U; C 7~ €, be an open neighborhood of 77! 82. Consider (7' £€1)=1/2, which
is a compact subset of 7~! €. Thus, the image of the function d¢ on (7' &1)V/2\U, is a

compact subset of (0, 1/2]. Thus, there exists ¢ > 0 such that d¢(x) > ¢ if x € U;. In other
words, U; contains (7~ £1)=* hence (771 &1)=°.
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STEP 4. For every point e € &£, we fix an affine open neighborhood &, of e in & together
with an étale morphism to

SPEA®([t0])(t1s - -+ s trs byt s by o oo Bss 85 ) (L0 < 1y — ),

where r = r(e) > 0 is the unique integer such that e € § Er]\é” Er“], such that

— if we denote f,; the image of ; in &,, then 85 = &' G, is defined by the equations
fe,O = 0and fe,l "'fe,r # 0;

— if we denote by ¢f, the subscheme of &, defined by fe0 = -+ = fe = 0, then there
exist an integrally smooth k-affinoid algebra F, together with an isomorphism, which
we fix,

(5-5) SpfF:[[le,O, B te,r”/(le,o e le,r - ZD') = é\e/&’e

of formal k°-schemes, sending . ; to fe; for 0 <i <r.

Note that &7, necessarily contains e by our choice of r. For every point e € &, we further-
more fix an open neighborhood U, of 7! 85 in U, together with an absolute Frobenius
lifting @.: U, — U satisfying properties

@) @) fe,i = fel’]jl for1 <i <r (asin[10, Lemma 3.1.1]);

(b) |(prg— ¢®)(x)| < 1 for all regular functions g on &, s¢z andallx € U, at which both
g and ¢ g are defined (as [6, Lemma 6.1.1]);

(©) P(p})o" = 0in Hi; (U, 8k K).
Since U, N~ &,, where €, := £NG,, is an open neighborhood of 7! 85 inz~!E,, there
exists &, > 0 such that U, contains (7! £,)=%¢ by Step 3.

By (5.5) and Remark 4.4, we know that the restriction map
Hc.lR(Gﬂ’ n_l C?e) - H(.iR(UEs (77:_1 8e)§8€ N 77,'_1 C?e)

is an isomorphism, both sides being isomorphic to H?, g(Spec Fes/k)®rH; . (Spec(EY)s/ k).

In particular, we have the notion of weights on Hgg (&, ' F,) ok K.

STEP 5. For a point e € &, the element o' € HgR(U®kK) induces an element
we € HIR (6, 771 F ,) ®k K. We claim that w, has weight w for every e € €.

Without lost of generality, we assume w, € HdpR(Gn, 7 v ,). Ifr(e) = 0, thatis, e € e,
then it is trivial as [0!] € Hf’ig(é’u/K)w. Now we assume that r > 0.

To compute the weight, we use the Frobenius lifting ¢.: U, — U, where U, C U, is
a smaller open neighborhood of 77! 85 Assume that U/ contains (7' £,)=% for some
0 < &, < &. We introduce more notations as follows: Fix an integer N > |k|(¢,)~!. Take a
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totally ramified extension k1 / k with an element w4 € k3 such that wiN = w. We consider
the following k-affinoid algebras

= -1 -1
Fo = FoQiky(ti, 1y oo, T T ),
~ e w_’;_N_r le1 Wy ler Wy
Fi = F.Qrk+ N s B [(teo -+ tey — @),
wy e,0 W4 e W4 ler
rN—rlk| k| k|
PN le,0 wy fe1 @y ley Ty
F2=Fe®kk+ =, B =, DI =, /(te,O"'te,r_w)-
rN—rlk| teo k|l 2,1 k|l to
w’+ ) w+ B w+ })

Note that Fj is integrally smooth. We have natural isomorphisms
;
nWwF —Fy, ti—>o405,1<i <71 teo wiN_r l_[fi_1§
i=1

_ PR &

~ k . N—rlk —

12: F, — Fy, tg,ir—>w‘+‘ri,1§l§r, te,or—>wi rl ‘Hril.
i=1

For o = 1,2, we define a formal k¢ -scheme &, via the following pullback diagram

S e/, Oroks

| 5

Spf F2 —— Spf Felle,0r- -+ le )]/ (oo - Loy — ) ®po kS,

so that &, is canonically a k-affinoid domain in Ué@qu by our choice of N. Moreover,
1o induces an isomorphism, denoted again by 4,

1o SPEF — G4

of formal k¢ -schemes. Properties (a) and (b) of the Frobenius lifting ¢, implies that it induces
by restriction a morphism ¢.: 81,, — &, ,, and the composition

130 0 e © 11,n: M(Fo) = M (Fo)
is a Frobenius lifting. By Lemma 4.2, we have induced isomorphisms

17 Hyg (U, ®xk 4. &1.) — HY,(Spec Fos/ k).

(13)*: Hy, (Spec Fo s/ ky) — Hig (U/Bik+. G2 p).
On the other hand, by [14, Lemma 3], we have isomorphisms
ra: Hig (85, 77 F o) @k ky — Hig (U, @xk+. Sa.p)

for « = 1,2 via restriction satisfying r» = (1;1)* o i} o ry. In particular, we may equip
HER(Ué®kk+, Sa,y) with a weight decomposition inherited from that of HS, (&, 77! &7 ,).

Recall that we have w, € Hé’R(Gn, n~ 1 & ,) obtained from " by restriction. Let wo be
the unique element in Hf,, (Spec Fo,s/k+) such that (1;')*wo = w,. By Property (c) of the
Frobenius lifting ¢,, we have that P(1} ogX o (151)*)wo = 0. However, 151 og, 011: Spf Fy —
Spf Fy is a Frobenius lifting of the Frobenius endomorphism of Spec Fo s over IZ = k.
Therefore, wy and hence w, have weight w.
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STEP 6. To conclude the lemma, it suffices to show that for every point u € W, there exists
a fundamental chart (D, (¥, &), (D’,8'), W', a’;y") of (W u) such that a’*(8%)*w"
belongs toH DL, (Y, D). (D',8), W').

Note that 8”(u) belongs to & ®kK Let e be the image of 7(8%(x)) in &£. Take an
element (Dy/ xL/ X' oy € Et(Wu u). Applying Lemma 5.2 to the morphism X' =~

{0} xp X’ % 06 ®kL and the point y’, we obtain a marked pair (¥, &) with
a morphism 5{/\ /D QoL — G®goL” after possibly enlarging L’. Note that the
codimension of (¥, &) is r(e). We may shrink (%', &') such that the image of &
in G®yo L' is contained in 7, % L. Complete the above data to a fundamental chart
(D, (y .9 ), (D', 8"), W, a';y") of (W u) with the induced morphism

W, (P DV®k L) — (&, n ' F ) &L

Then the claim that o”*(8%)*w" belongs to H(w)(DL/, (Y, DN, (D', 8, W) follows from
Remark 5.4, Lemma 5.6, and the claim in Step 5. O

REMARK 5.13. — From the proof of Theorem 5.11, we know that the support of
(Q)’;’Cl/dQ}’}_l)w is contained in the subset {x € X | s(x) > 2p —w, s(x) + (x) > p}.

Now we are ready to prove Theorem 1.4. We begin with the case of étale cohomology and
then the case of analytic topology.

Proof of Theorem 1.4 in étale topology. — Recall that sheaves like Oy, cx, and the de
Rham complex (2%, d) are understood in the étale topology.

The direct sum decomposition has been proved in Theorem 5.11(4). Property (i) follows
from Theorem 5.11(3).

For Property (ii), the inclusion Y§ C (2 )’;’Cl /A%, follows from Theorem 5.11(2) and
Lemma 5.6. Now we show that (Q ;;Cl /dOx)2 C Yy. We check the inclusion on stalks. Take
a point x € X with s = s(x) and ¢ = ¢(x). For every class [@] in the stalk of (Q;(’CI/dﬁX)z
at x, we may find a fundamental chart (Dr, (¥%, &), (D,$8), W, Z,a;y) of (X; x) such that
[w] has a representative w € H}z) D, (Y, D), (D, $), W). Note that the decomposition (5.2)
specializes to the decomposition

Hig Dz x (W, (7' D) & L)) = H}((D/L) & Hig (B, & L).

By linearity, it suffices to show that elements in both Hrllg(pf[)/ L) and H R(E;{@;{L) can
be represented by logarithmic differential of invertible functions étale locally, up to a
constant multiple. The case for H}iR (Ef{@kL) follows from Example 4.3. Now we consider
HY (D/L)s.
We repeat certain process in Step 2 of the proof of Lemma 5.12 as follows. Choose a
smooth k°-algebra D (of dimension s) such that its w-adic completion is D°, a compactifi-

cation (Spec D) <> & over k, and define § to be the k°-scheme &’ ]_[(Spec Doy, Spec D"
Then we obtain a finite extension k’/ k, an alteration & LN Ekm and a k’°-compactification
S LN & where & is a projective strictly semistable scheme over k’° such that &\ & Tis a
strict normal crossing divisor of &. We may further assume that all irreducible components
of & Lr] are geometrically irreducible for every r > 0. To ease notation, we replace k by k’
and possibly L by a finite extension. We may fix an irreducible component £ of &5 such
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that its generic point belongs to ¢’ E and maps to the generic point of § ~ &. Thus, there

is a unique point o¢ € ((S)u),7 such that (o) is the generic point of £.

Now we apply the setup in the beginning of this section to & and €. Note that £ N & i
coincides with . It suffices to show that every class in HL. g(ff9 / k)2 can be represented by
the logarithmic differential of an invertible function on some étale neighborhood of o¢. Put

el =¢n é”gr] for r > 1. We have &I\ ¢P = ]_[f‘i1 82}. Consider the following Gysin
exact sequence

(5.6) (/k) — HL (E°/k) — HA

rig

(E/k) — H2 (E/k).

r1g 8[1] rig

(8/k) — H? (8\8[2]/k) is an isomor-

We claim that the restriction map H> £ 12

el
phism. In fact, it fits into another Gysin exact sequence

8[2] (8/k) e Hzg[l] (&/k) — Hg[l]\8[2] (8\82]/k) - H?S[z] (E/k)

in which Hé{z] (E/k) = Hg[z] (£/k) = 0 by the semi-purity theorem (see [13]®) as
the codimension of ¢@in €isat least 2. By the purity theorem (Lemma 4.1(3)), we have a
canonical isomorphism

J(ENER ) ~

H, HE (EMN\EP k) ~ GBHng ENK).

i=1

1]\8[2]

where the right-hand side is canonically isomorphic to Z'(£)¥ ® k. Therefore, we may
rewrite (5.6) as

HL(E/k) — HL,(EC/k) — 21 (&)° @ k — H2,(E/K).

in which the last map Z' (&) ® k — H2_(E/ k) is nothing but the Chern class map (see [24,

rig
Section 6]). As H’ng({f / k) is of pure weight i by Lemma 4.1(5), we have the isomorphism

(5.7) (EC/k)2 = ker(Z'(E)° ® k — HZ,(E/k)).

r1g

Now take a divisor D = Y/ ¢;[Eqy] with ¢; € Z such that its Chern class in
HZ, (E/k) ~ HZ (E/k) is trivial. Then by [24, Section 5] and [11, Remarque 3.5] there
exists some integer « > 0 such that uD is algebraically equivalent to zero, and in particular

O¢(uD) is an element in Pic? 7 (k) Since Pic’ e/F is a projective scheme over the finite field

k, one may replace u by some multiple such that ~ﬁg;(;LD) is a trivial line bundle. Therefore,
there exists a function f € ﬁ(’;(é’o) with div(f) = pD. We may choose a finite set of
affine open subschemes Spec R; of & such that (Spec R;)s form an open covering of &% and

f|(SpecR~) lifts to an invertible function f; € (R; ®ko k)*. By Proposition 4.7, fori # j,
we have dei = df—fj on some open neighborhood of 7~!((Spec R;)s N (Spec R;)s N 80)

in (Spec R;)i" N (Spec R;);" ©. Therefore, we may choose an open neighborhood U;

— .. . df;
of 771((Spec R;)s N 80) in (Spec R;)" such that for i, j, we have dfif = i onU; NU;.
i J
(® Although in [13], the author did not prove the semi-purity theorem for the rigid cohomology. But it is a formal
argument from the purity theorem, which is known for the rigid cohomology.
© To apply Proposition 4.7, one may need to take further alteration to obtain a new pair (&§”, &’ such that £’
the inverse image of (Spec R;)s N (Spec R;)s N ev.
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In particular, the collection {dT{"} gives rise to a section of T;yan in an open neighborhood
of 771 ¥, whose image is 1D under the map H}ig(go/k) — Hém rig(c‘f/k) ~ ZY Ok
by Proposition 4.7. Thus, (ii) is proved.

For Property (iii), when X has dimension 1, it follows from (the proof of) [6, Theorem 4.3.1].
In general, it suffices to show that (Q)l(’d/dﬁx)l C Wy by [6, Theorem 4.5.1 (i)] and
Theorem 5.11(4). However, this follows from the definition of Wy, Theorem 5.11(5), and the
case of curves. O

Proof of Theorem 1.4 in analytic topology. — Now sheaves like Oy, cx, T}’(’ , and the de
Rham complex (2%, d) are understood in the analytic topology. The corresponding objects
in the étale topology will be denoted by Oy, , cx,,, Tf(’ét, and (Q'ét, d).

Note that we have a canonical morphism v: X¢, — X of sites, and Oy = v« Oy, cx =
VaCx,,, QF = vy Q;[ for every p > 0. We claim that the canonical map

Qpel /Ay - va@F/deE "
is an isomorphism. It will follow from:
(a) Q)’;’Cl =, Q)’;;fl as subsheaves of Q%;
(b) dQ&7" = v*d9§;1 as subsheaves of Q%; and
() Rlv*d9§;1 =0.

Assertion (a) is obvious. Both (b) and (c) will follow from the general fact that R v,.% = 0
for i > 0 and any sheaf of Q-vector spaces .# on Xg. In fact for every x € X, we
have (Riv,.7), = HI(SH(x),i; .F), where §H(x) is the completed residue field of x and
ix: M(SH(x)) — X is the canonical morphism, and we know that the profinite Galois
cohomology H! (§#(x),i;1.) is torsion hence trivial for i > 0.

Now for w € Z, we define (Q§’Cl/d9§_l)w = v*(Q}‘l}:l/dQ}lgl)w. Then we have a
decomposition
Qp/dey = D@y /dey .
wWeEZ

stable under base change and functorial in X and satisfying Property (i).

For Property (ii), we have the inclusion Y§ C v, T}?ét as subsheaves of Q2'/dQb™",
which is canonically isomorphic to v (Qf}zl / de};l). Thus, we have the inclusion of sheaves
Y2 c (QF/dQE™"),,. When p = 1, we have to show that . Ty, C Tx. We check this
on the stalk at an arbitrary point x € X. Take an element [@] in (v« T}(ét)x. We may assume
that it has a representative € Q3 (U) for some open neighborhood U of x that satisfies
o = df—f// + dg’ for some finite étale surjective morphism o: U’ — U and f' € 0*(U’),
g’ € O(U’). Then we have w = deg(a)™! % + dg where f (resp. g) is the multiplicative
(resp. additive) trace of f’ (resp. g’) along c. O
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6. Cohomological triviality before tropicalization

In this section, we study the sheaf T)f (in analytic topology) in more details. We show
that it also has a canonical rational structure. Then we construct the so-called log-differential
cycle class map and prove Theorem 6.6.

DEFINITION 6.1. — Let K be a non-Archimedean field of characteristic zero. Let X be a
smooth K-analytic space. For every p > 0, we define a (Q-linear) map

ALt — @brdeb!

of sheaves on X as follows. For a symbol { f1,..., f,} € JF(U) with f1,..., f, € O5(U),
we put

dh Al

f I’

where the right-hand side is regarded as an element in QP Cl(U ) and hence in (22 f}’d / de}_l)(U ).
It is easy to see that )tp factors through the relations of Milnor K-theories, hence induces a
map of corresponding sheaves. Finally, put

LY = [ ker A%

A fieeoi fp) =

It is canonically a subsheaf of Q2 /dQ2~".

PROPOSITION 6.2. — Let K be a non-Archimedean field embeddable into Cg, and X a
smooth K-analytic space. Then the canonical map ,,2”; ®qQ tx — T)? is an isomorphism of
sheaves on X for every p > 0.

Proof. — By definition, it suffices to show that the map £} ®q cx — Yy is injective on
stalks. Thus, we fix a point x € X with s = s(x) and ¢t = ¢(x). Take an element

M
F =Y L (F) e x(U) @ L (U),
I=1

such that F = 0in T}f (U), where U is a connected open neighborhood of x,and b; € ¢x(U),
Fl e %(P (U). It suffices to show that possibly after shrinking U, the elements A§(F Iy are
linearly dependent in Y{ (U) over Q.

Write F! = Za 1 a{fall, e, fofp} where cé € Qand fofﬂ € Oy (U). We apply
Lemma 6.3 to the finite collection { /. ofﬂ} and adopt the notation there. Then by the Kiinneth

decomposition, Example 4.3, and Proposition 4.7, we have for every subset I' C {1,...,¢}
with |I'| < p that
(6. 1)
Zbl Zc Z € l_[ M(y)ydo /\ div(gfxﬁ) € @ rlg(g /L)
a=1 v—{1,...,p} yel B&u(T) 1,|I|=p—|T|

vanishes, for some finite extension of non-Archimedean fields L/cx (U). Here, €(1) € {1} is
certain sign determined by ¢, and the multiple wedge product is taken in the increasing order
of the relevant indices.
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Note that H, &Y /L) is canonically isomorphic to Q@70(£7) ®q L, and for every /,
N, .
> a2 € [T dagnd”| N divige) | € D Q™.
is1 1 yer B(T) LiT=p-IT]

Thus, there exist b; € Q, not all being zero, such that (6.1) vanishes for every T" if we replace
by by b;.

This implies that there is an open neighborhood V'’ of y contained in V such that
p*AL(F') is exact where F' = Y11, b)A%(F'), by Lemma 4.6 and [6, Lemma 5.2.3(iii)].
By shrinking V’/, we may assume that the restricted morphism w: V' — U’ is finite étale,
where U’ := u(V') is an open neighborhood of x in U. Write u*A% (F')|,,, = do’ for some
(p — D)-form @’ on V'. Then Aj’; (F’)|U, = (deg )" 'dw, where w is the trace of @’ along
u: V' — U’. The proposition follows. O

LEmMA 6.3. — Let K be a non-Archimedean field embeddable into Cy, and X a smooth
K-analytic space. Let x € X be a point withs = s(x) andt = t(x). For finitely many elements
Jo € O%(U) where U is an open neighborhood of x in X, there exist

— a proper strictly semistable scheme & over k° of dimension s such that every irreducible
component of & Er] is geometrically irreducible for every r > 0, where k is a finite extension

of Qr,

— an irreducible component € of &,

— an open neighborhood W of (m™! 8O)®kL in 85", where L is a finite extension of K
containing k, and v = E\ SEI],

— a closed subset 7 of & of dimension at most s — 1,

— apointy € V :=Dp x, ]_[;=1 B(0;ry, Ry)L < W that projects to og in W, where Dy is
a poly-disk of dimension s over L, and 6¢ € W is the unique point whose reduction is the
generic point of €7,

— amorphism p:V — U that is étale away from Dy x [T,,—y B(0:ry. Ry) xp. (W N Z70),
such that u(y) = x,

— integers dy, . .., dy and functions go € O* (W), such that

t dy
Jfe (el )
® fe B * t day
o V'8 Hy:l TJ’

is an exact 1-formon V for every a. Here, T, is the coordinate function on B(0;r,, R, )L
for 1 <y < t, which will be regarded as a function in 0* (V') via the obvious pullback;
and v:V — W is the projection morphism.

In particular, |/* fo - (V* gy ]_[;:1 Tlfi“”)_1| is a constant on V.

Proof. — The existence of the data except for the last part follows from [6, Proposi-
tions 2.1.1, 2.3.1]. The existence of integers dgy1, . .., dy; and functions g, € 0*(W) (after
possibly shrinking W) is fulfilled by (5.2), Example 4.3 and Theorem 1.4(ii).

The last assertion is due to [6, Theorem 4.3.1(1)]. O
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DEerINITION 6.4 (Log-differential cycle class map). — Let K be a non-Archimedean field
of characteristic zero and ¢¥ a smooth scheme of finite type over K. We define the log-
differential cycle class map cliog to be the composition

1univ Hp(wan’A{’ an)
CH?(X)q —2% HP (X, HL) — HP (I, H Fun) —— HP (™, L7 ).
Suppose that ¢ is a geometrically connected proper smooth scheme over K of dimen-
sion n. We have a pairing

(6.2) (Vo HP(X™, L) x 7P (H, Lgad) — K

coming from the composite map

HP (I, L00n) xH' P (I, L08) = H (0, L) — H (I, Qgan /dQ4) = K

in which the last isomorphism comes from the following lemma.

LEMMA 6.5. — Let K be a non-Archimedean field of characteristic zero. Let X be a

geometrically connected proper smooth scheme over K of dimension n. Then we have a canonical

isomorphism H" (J0*", Q" .. /dQ"20) ~ K.

n
can an
X X

Proof. — Put X = J"". By the spectral sequence E5*? = HP(X, QSI(’CI/dQ?{l) =
H?*4(X, Q%) and the GAGA comparison isomorphism Hi, (X) >~ H3g (X/K), it suffices
to show that H*(X,.%) = 0 fori > n and every abelian sheaf .# on X, which holds
by [3, Proposition 1.2.18]. Then we have canonical isomorphisms H” (X, Q% /dQS’(_‘) ~
H3% (X/K) ~ K. O

The following theorem is an analogous version of Theorem 1.8 for cljog. We will eventually
reduce Theorem 1.8 to this one.

THEOREM 6.6. — Let k be a finite extension of Qg and & a geometrically connected proper
smooth scheme over k of dimension n. Let Z be an algebraic cycle of & of codimension p such
that clar (Z) = 0. Then

(cliog(?). w)g =0

for every € H* P(*", Lgad).

Before the proof, we review some facts about cup products from [1, 01FP]. Let X be a
topological space, k a field, » > 0 an integer. Let Q2 be a sheaf of k-vector spaces on X.
Suppose that we have two bounded complexes .#°*,¥* of sheaves of k-vector spaces on X,
with a map of complexes of sheaves of k-vector spaces

x: Tot(F* Qi 9°) — Qn).
Then we have a bilinear pairing
Uy HY (X, Z°) x H" (X, 9°) — H*(X, Q[n]) = H* (X, Q)

for every i € Z. Now suppose that we have four bounded complexes 77, .%5,9;, 9, of
sheaves of k-vector spaces on X, maps «j: #; — F5,02:9, — 47, and

21 Tot(Fr @k 92) — Qnl. x2: Tot(F3 @k 95) — Qn).
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such that y; o (idgl- ®ay) = 20 (01 ® id%-). Then we have the following commutative
diagram

. . U
(6.3) H (X, 7?) x H2 (X9 —1 L H'(X,Q)

H (X, )l THZ”" (X,02) H

Uyo

H (X,.7;) x H» (X9 —2 L H'(X,Q)

foreveryi € Z.

Proof of Theorem 6.6. — Put X := *". Note that we have the following commutative
diagram

HP (X, £0) x 1S L T0 7 ) pm——— L 7

| l |

HP (X, Q2/dQ2™")  x HvP(X, QY P9/dei P~ — H7 (X, Q1 /dQn ).

The goal is to show that cliog(Z) U w equals zero in H" (X, Q% /dQ2%!). Denote by ¢ the
image of cliog(Z) in H?(X, 22 /dQP™"), and regard o as in H*7(X, Qy 7/dQy77").
We show { Uw = 0.

To explain the idea, we first give a “fake” proof. We have the conjugate spectral

sequence EP*? associated to the de Rham complex (Q%,d), abutting to Hip(X) =
H*(X, Q%) with

2q
EDY = HP (X, Q4 /ded ") = @ HP (X, (% /dQE ).

w=q
We make the following assumption: the differential map d?*? of the spectral sequence
preserves the above direct sum decomposition with respect to the weight w for r > 2. Then
we have an induced map H? (X, (Q?(’c1 /AL — Hgl'{ 7(X). It is not hard to see that
the pairing (6.2) factors through the pairing Hﬁﬁ(X ) x Hzﬁ_zl’ (X) — K for de Rham
cohomology. Therefore, the conclusion follows.

Unfortunately, we do not know whether the above assumption is true or not. Therefore,
we need to consider a different de Rham complex in order to have certain Frobenius action
on the entire complex so that the weight decomposition will be carried to the entire conjugate
spectral sequence. The ad hoc de Rham complex uses log crystalline sites, which will be
constructed through Steps 1-3 below. Steps 4-5 complete the remaining argument for the
proof.

STEP 1. To construct the ad hoc de Rham complex, we need the adic topology of X. By [26,
Theorem 2.24], we may associate to a K-analytic space X an adic space X4, and we have a
canonical continuous map yx: X2 — X of topological spaces which makes X a maximal
Hausdorff quotient of X4, Let (Q2%.4-d) be the de Rham complex on X ad_ Then we have a
canonical map

V)FI (93(3 d) - (Q;(ad s d)
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of complexes of sheaves of k-vector spaces on X4, Denote by {,q (resp. waq) the image of ¢
(resp. w) under the canonical map

HY (X, Q§/dQi™) — H (X9, QL0 /dQil
fori = p (resp.i = n — p). Note that when i = n, the above map is an isomorphism, by the
same argument for Lemma 6.5.

We claim that there exists an alteration f: ' — 0 possibly after replacing k by a finite

extension, such that f*w,q is in the image of the canonical map
(6.4) H22P (X 1, Q%) — HY7P (X, QTR /dQi hh),
where X' = &'*".

Assuming the above claim, we deduce the theorem as follows. Applying (6.3) to X’* and

the sheaf Q2 := Q% .,/ dQ;’(Ta}i, we obtain the following commutative diagram

HP (X", QP2 /AP« HP7P (X4, Q Pel/dQly i) ———— HA (X7, Q)

X/ad X/ad X’ad
| - \
H2p (X/ad, TZPQ;(/ad) x H2n—2p(X/ad, T<n—p Q;(/ad) H” (X/ad, Q)
ﬂlT lﬂz ‘
HZP(X/ad,Q;(,ad) x H2n72p(X/ad’Q;(/ad) H"(X/ad,Q)

in which the maps among various complexes of sheaves are defined in the obvious way. By
the above claim, there exists o’ € H>""22(X"4 1o, , Q% ) such that a3 (@) = f*waq.
Thus,

(6.5) f*Caq U [T wag = f*Caa Uaa(0) = a1 (f*fag) Uw'.
Note that we have the following commutative diagram

CH” () — HP (X', QL /AL ") —— HP (X4, QP /dQP !

X/ad X/ad
CldRJ/ J/ J/al
H2 (', Q1) —— H2P(X',Q3,,,) — s H2P (X7, 15, Q3,)

by Remark 2.5. As clqr (%) = 0, we have clgr (f* %) = 0. Thus, a1 (f*¢.q) = 0and f*¢ U
f*w = 0by (6.5). However, as f*: H"(X?4, Q% ,/dQY ) — H'(X?4, Q% /dQEL) is
injective, we have { U w = 0. The theorem is proved.

STEP 2. Now we focus on the claim in Step 1. We first introduce some new sheaves on X . For
a (proper flat) integral model ¥ of ¢, define jig(p y 1o be the sheaf on ¥ associated to the
presheaf
U lim KM (oxU)®Q. UCY,.
r—lycu
where the colimit is taken over all open neighborhoods U of 7! 9/ in X . Denote yy: X ad _,
Y, the induced continuous map. We have a canonical map %&p y = Yy vy 'ty induced
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from the canonical map 1£>n Jig(p (U). We claim
that the induced map
(6.6) n_n)lyz;%;jy -y AL,

Y
where the filtered colimit is taken over all integral models ¥ of X, is an isomorphism of
sheaves on X4, In fact, denote by #"” the presheaf U — KM (0x(U)) ® Q on X.

Then J¢3’ o 18 SImply (Y gy LA™ P) T, where + denotes sheafification. Since sheafification
commutes with pullback and taking colimit, we have

KM(0x(U) ® Q — lim

r—lycu =l ucU

+
lim y' 1y, = limyy! (yyayy A S | limyy yyary A7
Y Y
By [26, Theorem 2.22], we have a cofiltered limit X24 ~ lim ys induced by yy. Applying
Lemma 6.7 below to the presheaf y; ' 7 % on X4, we have
+
lgnl/n;l)/y*)/fle%/;re’p (yxl(%/lﬁl'e 17)+ _) y—l(e%/Pre P)+ — )/_lfp
Y
Thus, (6. 6) is an isomorphism.

Put QF X, y = YyxVx Q . Then we have a complex of sheaves of k-vector spaces (Q
on ¥Y,. Again by Lemma 6 7, the canonical map

(6.7) lim yyl(QX - d) — yx ' (Q%,d)
y

X (yad)

is an isomorphism.
For every p > 0, we have a canonical map

P y :Jifp QTsP Cl/dQTP 1

similar to Definition 3.3. Denote by L8 g the image sheaf of A% X,y in the above map. Passing
to the quotient of isomorphisms (6.6) and (6.7), we obtain a canonical isomorphism

(6.8) @yilgﬁy ~ y ' LP.

STEP 3. By [3, Proposition 1.3.6 (i)] and the fact that the topos on X 24 is equivalent to the
G-topos on X under yx, we know that the canonical map
H" P(X. 23 77) — H" P(X* y 7 g™ ")
is an isomorphism. On the other hand, by the isomorphism (6.8) and [1, 0A37], the canonical
map
H_H)l Hn—p(ys, g)?,—yp) > H* P (Xad, y—laip)?_}’)
Y
is an isomorphism. Together, we may assume that w is in the image of the map

H"P(Y,. Z33)) — P (X, 23 77)
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for some integral model ¥. By [21, Theorem 8.2], possibly after replacing k by a finite
extension, we have a projective strictly semistable scheme %’ over k° with an alteration
Y — Y. Put X' == Y* If we put Q% y =y + Q5 then (Q3, - d) is a complex of

sheaves of k-vector spaces on ys and we have a canonical map
t,0 .
(69) (QX/,?/’d) g (Q /’y”d)'
Note that we have the exact sequence

. . n—p,cl n—p—1
0 g Tﬁn—p—lgxfad - TSn—pQX/ad - QX/ad /dQX/ad [p - n] - 0

of complexes of sheaves on X’24, which induces a short exact sequence
2n—2 rad
H" p(X‘jl 7775n—p9;(/ad)

— rad n—p,cl n—p—1 2n—2 1 rad
— H"P(X"*, QU B /dQL 8T - B 2PN (X ey 1Q5 )

Thus, @ is in the image of (6.4) if and only if @ maps to zero in H>" 2P+ (X", 1, _, Q% ).
Since we have assumed that @ comes from H" 77 (Y., .Z" 4 ) it suffices to show that the
composite map

H'P(Y,. L5 7)) > H P (X 257

s P(X’ad,sz” neyaQlyh

X/ad ) g H2n 2p+1(X/ad 77<n —p— IQX/ad)

X /ad
vanishes. However, the above composite map coincides with the following one

Hn—p(ys’gn )/ ) N H2n 2p+l(y T<n—p— IQ o /)
H2n 2t (ysa Tfn—p—l QX/,?//) - H2n_2P+1 (X/ad’ Tfn—p—l Q;(/ad)'
Therefore, the claim in Step 1 is reduced to the vanishing of the map

(6.10) H"™?(Y,, £y, f’)—>H2” 2P (Y T e 1925 4)-

STEP 4. The advantage of (223, o d) is that the entire complex admits a canonical Frobe-

nius action as we explain as follows. Fix a uniformizer of k; let % and Spec(k°)* be
the log schemes equipped with the canonical log structure as in [18, (2.13.2)]. Then the
induced morphism % — Spec(k°®)* is log smooth as ¥’ is strictly semistable over k°.
Let y;x — Spec(lg)>< be the induced morphism of log schemes equipped with the pullback
log structure as in [18, (2.13.2)]. Finally, let Spf W(F)X be the formal log scheme whose log
structure is the canonical lifting of Spec(’lz)>< as in [18, Definition (3.1)]. Here, we use the
Zariski topology in the construction of log schemes and log crystal sites instead of the étale
one in [18]. There is a canonical morphism w: (% / Spf W(k)*)iog-cris — ¥, of sites. By [18,
(5.4) & Proposition (2.20)], we have a canonical isomorphism

log-cris _ N .
RuLOync) s oewiy< Bwi K = Ry, - d)

in the derived category of abelian sheaves on ¥, where ﬁ;i;r;s ey~ denotes the structure
sheaf'in the log crystal site. Note that when applying [18, Proposition (2.20)], we use the trivial

covering as % — Spec(k°)* is log smooth. Since ﬁy/‘x / SpEW ()~ admits a Frobenius action
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over SpecE we obtain a Frobenius action on the entire complex (2, o d) in the derived
category. ’
For w € Z, denote by (Q7; Clc ,/dQy, Y ! )w the maximal subsheaf of Qp °£ ,/dQY,

generated by sections of generahzed weight w. We claim that

(a) the image of the canonical map 72 y = .,5,” y = QP ool /dQ , 1s contained in
the subsheaf (Qﬁ;,d?/ /dQX, y,)z » for every p;

(b) the image of the canonical map Q;f’ ; / dQ;’/P ?/1 — Q;dy / dQ)p(, }g/ is contained in
the subsheaf @27, Q;,Cly / dQ;, Iy )w for every p.

Then the triviality of the map (6.10) follows easily from an argument of spectral sequences.
In fact, we have a map of spectral sequences "EZ? — EZ? abutting to the canonical
map H*(¥,, Q;,' y,) — H‘(';l/;, Q. ,) induced from (6.9), whose second page consists
of canonical maps H? (Y., Q”fl/dfz y o = HP(Y, Qr Clc /dQ;];ly/). Consider the
following commutative diagram

Hn—p(y gn P) TEn p.n—p En p.n—p
K 4

XY
+ —p.n— n—p.n—p
=P ”l ldz

TE;—p+2,n—p 1 En p+2,n—p— 1
By (a), (b) and the fact that (23, o d) has a Frobenius action, the composite map
Hn_p(y f” )/ ) Eg—p+2,n—p—l
Kl /

obtained from the above diagram factors through
2n—2p—2
By " Phanap > P EPTIT,,
w=0
hence must be zero. By a similar argument, we know that for every r > 2, the (inductively
defined) map

_ dnfp,nfp _ o
H” p(«ys’gn p)_>En p.n—p T E;l p+rn—p—r—+1

vanishes. Therefore, (6.10) vanishes as a consequence of spectral sequence.

STEP 5. The last step is devoted to the proof of the two claims (a) and (b) in Step 4. We remark
that they are not formal consequences of Theorem 1.4.
By definition, Q” C{ ./ dQ 2/ is the sheaf on ‘}/S associated to the presheaf

U+ Hi (71 9), and Q“’ cl /dQJ”’ ,1 is the sheaf on ¥, associated to the presheaf

XY

U +— Hix (X', 771 ) by [6, Lemma 5. 2 1]. We check (a) and (b) on stalks. We fix a point
x e Y.

To prove (a), it suffices to consider the case where p = 1. Let % C ¥ be an open

affine neighborhood of x. Take f € 0* (X', n~! U;); we have to show that the image of %
in HéR (w1 ) is of generalized weight 2 for a possibly smaller open neighborhood % of x.
First, by [16, Proposition 7.2] and possibly shrinking 9/, we may replace f by the restriction
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of a(n) (algebraic) function f € (%) without changing | f|, hence the image of %
in Hix (X', 71 ;) by [6, Theorem 4.2.1], and the image of % in Hlp (771 ). Since ¥ is
projective, we may choose a closed embedding ¥ < IP’,?Q into a projective space. Choose an
open affine neighborhood ¥ of x in P, such that ¥ N ¥ C % and f |

some g € 0*(Uy). Since IP,’:’O is smooth, by Lemma 5.6, %g belongs to H

any = 8lgny for
rlig(GUS/k)z. Thus,
its image in HéR (w1 W) is of generalized weight 2. By functoriality of log crystal sites for
the morphism %' — P, we conclude that the image of % in Hig (x7H(V N Y)y) is of
generalized weight 2. Here, 771 (U N Y'); is the inverse image in X'.

Claim (b) is a consequence of [15, Theorem 0.1] and [10, Theorem 2.3]. In fact, we have
a functorial map of spectral sequences 'Ef*? — "EP? abutting to Hiz (X'. 77! U%) —
HS (w ! 9/) with the first page being

6.11)

/Ef’q — Hq

rig(%gf’) / SpEW(K)*) ®ypey k — "EP? = HY

log-cris

(%3(!})/ Spf W(Fkv)x) ®W(l:) k,

where GUE" ) is the disjoint union of irreducible components of %E" !, equipped with the

induced log structure from y;X By [15, Theorem 3.1, Lemma 4.6] and [10, Theorem 2.3], we
know that the weights of (the finite dimensional k-vector space) "EV* are in the range [p, 2 p].
Thus, the image of Hi (X', 77! ) — HEy (7~ %) is contained in @7, HiR (71 U)
where HY, (w1 9/),, is the subspace of Hip (7! %) of generalized weight w, since the map
(6.11) is Frobenius equivariant and the Frobenius acts on the entire spectral sequence "EZ*¢.

O

LEmMA 6.7. — Let J be a cofiltered category. Let i +— X; be a diagram of topological
spaces over J. Let X = l(it_ni X; be the limit with projection maps y;: X — X;. Let & be a
presheaf on X. Then the canonical map

+
(li_gny,-lyi*ﬁ) - 7"
1

is an isomorphism. Here, we regard y;' and yix as pullback and pushforward of presheaves
respectively, and + denotes sheafification.

Proof. — Consider the collection 3 of open subsets of X of the form y'U; fori € J
and an open subset U; of X;. Then . is a basis of the topology on X . It suffices to show that
for every U € 3, the canonical map

(li__n; y;‘y,-*ﬂ) U) - 2(U)

is an isomorphism. This is obvious as .J is cofiltered. O

7. Cohomological triviality for tropical cycle classes

In this section, we study tropical cycle class maps and prove Theorem 1.8, by first esta-
blishing the relation of maps t4 and A% in the following result.
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THEOREM 7.1. — Let K be a non-Archimedean field embeddable into Cg, and X a smooth
K-analytic space. Then ker ‘L')? = ker kf;. In other words, we have a canonical isomorphism
T =2
of sheaves on X for every p > 0.

Proof. — 1t suffices to check the equality on stalks. Thus, we fix a point x € X with
s =s(x)and t = t(x).
Let U be an open neighborhood of x. Take an element

N
F = an{fals ooy Jap) € «%&p(U),

a=1
where ¢q € Q and fop € Ox(U). We apply Lemma 6.3 to the finite collection { fog} and

adopt the notation there. In particular, |u* fog-(v* gap ]_[i,=1 T,,d *f7)=1| is a positive constant
on V', which we denote by cqg.

Define three tropical charts as follows.

— The first one uses fop (1 < o < N,1 < B < p), which induce a moment morphism
U— (G K)Np, hence a tropicalization map

—log||
tropy: U — (Gi‘,ﬁK)Np LRV

— The second one uses functions g (1 < a < N,1 < B < p), which induce a moment
morphism W — (G5! L)NP, hence a tropicalization map

-1
tropy: W — (G0, )Nr ZELL gV,
— The third one uses functions V*geg (1 <o < N,1 < B < p)and T, (1 <y < 1), which
induce a moment morphism V' — (G%} L)NP+’ , hence a tropicalization map
-1
tropy: V — (G )N Zloell gD+

We have a commutative diagram

tropy, RNP

w

v tropy RVp+
MJ/ lu

U U RAp,

in which /i sends a point (xog,x,) € RVP = R¥? x R? to (y,4) Where
t

Yap = —logcap + Xap + Z dopyXy,
y=1
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and Vv is the projection onto the first Np factors. Note that

N p
H(F) =) ca N\ dvap.
a=1 B=1
hence
N )4 t
FP(F) =) ca d'Xep + Y dapyd'x,
a=1 B=1 y=1
as a (¢, 0)-superform on RV?+7,
It is elementary to see that
dT:
7.1 *AR(F) = *or A -1,
(7.1) WAL(F) Y vern| AT
rc{l,...thIT<p yerl

where

N
dgg
or=Y ca Y. €O]]duonw| /N -

a=1 uTe>{l,..q}  yel pa(r) Sob
Here, (1) € {£1} is a certain sign determined by ¢, and all multiple wedge products are taken
in the increasing order of the relevant indices.
On the tropical side, we have

f*tl(F) = > v ar Al N\ dxy .
rc{1,..t}l<p vel
where
N
or = Z Ca Z €(v) l_[ dui(y)y /\ d'xqp
a=1 T{l,..q} yell B&u(T)
We show (kerA%), C (kert}),. We assume that A% (F) is an exact form on U, and
we need to show that r)f(F ) = 0 on a possibly smaller open neighborhood of x. Since

/L*)L)p((F ) is exact, it induces the zero class in

t
HYDL x, [ BO:ry. Ry x (W, (x7' ))& L)).
y=1
By the Kiinneth decomposition and the Formula (7.1), we know that wr induces the
zero class in Hg;lrl(W, (w1 80)(§)kL) for every I'. Therefore by Lemma 7.2 below, there
exists a compact neighborhood W’ of (n~! 80)(§)kL contained in W such that or = 0
on tropy, (W') for every I'. Therefore, u*t§ (F) = 0 on u~'W’, and we are done since j is
an affine surjection.

We show (kertf)x C (kerA%),. We assume that tf(F) = 0 on U. Then by the
similar argument as above, we may conclude that there is an open neighborhood V' of y
contained in V such that ,u*)&}’;(F ) is exact. By shrinking V’, we may assume that the
restricted morphism w: V/ — U’ is finite étale, where U’ := (V') is an open neighborhood
of x in U. Write /L*)L}p((F)lv, = dw’ for some (p — 1)-form @’ on V’. Then A,’;(F)|U, =
(deg 1)~ 'dw, where w is the trace of @’ along ju: V' — U’. So A% (F) is zero in the stalk at x.
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The theorem is proved. O

LEmMMA 7.2. — Letk be afinite extension of Qg and K a non- Archimedean field containing k.
Suppose that we have

— a proper strictly semistable scheme & over k° of dimension s such that every irreducible
component of & Er] is geometrically irreducible for every r > 0,

— an irreducible component € of &,
— an open neighborhood W of (' E°)&x K in &% where e =&\ @S”E],

— invertible functions g1, ..., gn € O*(W, (7! 80)®k K), which induce the tropicalization
map tropy: W — R",

— c1,...,cN €QandBq,....BN:{1,...,p} = {1,... K}

Put
ul dgg, (1) dgs.(p)
a)::an _OPal ) A A 2P
=\ g 8Ba(p)
and
N
&=y e (dxp) A AdXp(p)
a=1
where x1, . .., xp are the natural coordinates on R”.

Then w induces the zero class in Hig (W, (x™! ENRKK) if and only if & = 0 on tropy, (W)
for some compact neighborhood W' of (™! 8©)®kK contained in W.

Proof. — We adopt the notation in Section 4. Let e € &£ be a point. There is a unique
subset /(e) of {1,..., M} such thate € 8?@). We choose an affine open neighborhood &,
of e in & together with functions f, ¢ and f,; in (&) fori € I(e) such that §, N £ is
defined by the ideal (fe,0. fe,; | i € I) forevery subset I C I(e). We may further assume that
&e N € isirreducible forevery I. Put £, := §, N Eand &, := 5. N E;.Forl < B <h,
suppose div(gp) |, =D icr(e) @p.e.i Ceiforape; € Z.Then |gg-[Ties() £o17"isequal to
aconstantcg . € R onsome compact neighborhood W, (forall 8) of (=1 (5. N 80))@(1(
inWnN@E'E)RnK.

Put

N
Z = ca (divgpm) Ao A div(g, () -
a=1

Then the restriction of Z to &, is equal to

Ze = Z be,il <<ip (div(fE,i]) ARRRRAN div(fe,ip)) ’

{ij<-<ip}Cl(e)

where fe i, <..<i, € Q is uniquely determined by ¢, and ag . ; via an explicit formula which
we omit.

On the other hand, on W,, the tropicalization map tropy, factors through another one

tropy,: We — RI©
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induced by functions f; for i € I(e). In other words, we have an affine map v,: R/©®) — R?
determined by ag.; and cg., whose explicit formula is left to the reader, such that
tropyy |, = Ve © tropyy, . Moreover, it is straightforward to check that we have

* v ’ ’
Vo = E be,i1 <w<ip (d Xeyiy Noo A d xe,ip) s

{i1<-<ip}ClI(e)

where x,; fori € I(e) are the natural coordinates on R’ (),

We first consider the “only if” direction: Assume that  induces the zero class in
HgR(W, (w71 80)®kK). By Proposition 4.7, we have Z = 0. Thus, Z, = 0 for every
ee€ & As

div(fe,i)) A AdIV(fei,) = e N Eiy,nipy # 0,
we have be i <..<j, = 0 for all subsets {i; < --- < i,} C I(e). Therefore, v;&o = 0.
Now we take a finite subset £ C € such that {£, | ¢ € E} form a covering of €.
Then W’ := |,z We is a compact neighborhood of (=1 £¥)&; K contained in W, and
moreover @ = 0 on tropy, (W').

We then consider the “if” direction: Assume @ = 0 on tropy (W’) for some compact
neighborhood W’ of (n_lc‘fo)@kl( contained in W. Then for every e € &, the image
tropy, (W N W’) always contains a p-dimensional polyhedron that is parallel to the plane
spanned by {xei, ..., Xe,,} for every subset {i; < --- < i,} C I(e). In particular, we must
have b, ;, <..<;, = 0 for all subsets {i; < --- < i,} C I(e). This implies that Z = 0. By
Proposition 4.7, Lemma 4.6, and Theorem 1.4(ii), we know that w induces the zero class
in H2. (W, (n 7 E9) & K).

The lemma is proved. O

1,1

The following theorem shows the finiteness of Hy/,,

line bundles.

and studies the tropical cycle class of

THEOREM 7.3. — Let X be a proper smooth scheme over Cg. Then
l. Htlr’(}p((?x) is of finite dimension.
2. dimHLL (50) = 1if S0 is an irreducible curve.

trop

3. For a line bundle T on & whose (algebraic) de Rham Chern class clqr(Z) €
H2. (0/Cy) is trivial, we have clirop(Z) = O.

Proof. — We put X = ™. By Theorem 7.1, we have a canonical isomorphism
Htlr’;p(SC) ~ H' (X, .%}). By Proposition 6.2 and Theorem 1.4, we have

H'(X,Qy"/d6x) = H' (X, Wx) & H' (X, %) ®q Cr.

For (1), it suffices to show that dim H!(X, Q;(’Cl/dﬁx) < oo. In fact, we have a
spectral sequence EZ*? abutting to Hiz (X) = H*(X,Q%) with the second page terms
EYY = HP (X, Q?;Cl/dQ?l). Thus, it suffices to show that both H?>(X, Cy) and H?(X, Q%)
are finite dimensional. Since the homotopy type of X is a finite CW complex by [17],
dim H (X, Cy) < oo for every i € Z. By GAGA, H! (X, Q%) is canonically isomorphic to
the algebraic de Rham cohomology HQR((‘%/ Cp) for every i, hence finite dimensional.
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For (2), we know that dim H' (X, Q}l(’d/ dOx) = 1 from the discussion for (1). Thus,
dim Htlr’olp(SC) < 1. However, from Corollary 3.13, we have dim Htlr’olp(c%) > 1. Thus, (2)
follows.

For (3), by Theorem 7.1, it suffices to show that cliog (Z) is zero in H! (X, Q)l(’d/dﬁx). Note

that the map CH' (¥)q — H' (X, 23 /d) factors as

CH'(80)q — H'(&0. Q' /dOg) — H (X, @y /doy).
in which the first map factors through the algebraic equivalence (up to torsion) by [8, (0.5)].
Thus, cliog(Z) = 0 since Z has the trivial de Rham Chern class. O

REMARK 7.4. — Suppose that &0 is an irreducible proper smooth curve over Cg. Then
we also have dim Htlr’gp(SC) = dim H?;OIP(SC) = b1(H™). In fact, by the argument for
Theorem 7.3, we have dim Hyop () = dimHO(J™™, Yw) = b'(H™) by [6, Corol-
lary 4.3.5 (iii)].

From now on, we fix an embedding R < Cp.

DEerINITION 7.5 (Tropical trace map). — Let X be a proper smooth Cg-analytic space of
dimension n. We have a total integration map

/:H"(X, I¥) - H"(X) - R
X
By the isomorphism .73 ~ £ in Theorem 7.1, Lemma 6.2, and by extending the above
map linearly over Cg, we obtain a Cg-linear map
Try*P: H" (X, T3) ~ H" (X, Z}) ®q Cr — CF,

called the tropical trace map for X .

REMARK 7.6. — We expect that dim H"” (X, Z§') = 1 in the setup of Definition 7.5. Then
it is an interesting question to ask the value of [, on H"(X, .Zy). Suppose that X = (3"
for U in Proposition 7.7, then we know (assuming dim H” (X, .7y') = 1) that the restriction
of [ to H*(X, .7}') takes values in Q by Corollary 3.12. Therefore, the tropical trace map

Tr;;op does not depend on the choice of the embedding R < Cp, and factors through the
canonical isomorphism H” (X, (% /dQ%!)2,) = Cy in Lemma 6.5.

The following proposition can be regarded as a certain algebraicity property of the trop-
ical trace map, which is defined via transcendental way.

PROPOSITION 7.7. — Letk C Cy be a discrete non-Archimedean subfield, and X a geomet-

rically connected proper smooth scheme over k of dimension n. If we put 0, == X Q. Cr, then

the tropical trace map Trg;.?, factors through the canonical map

(7.2) H (957, Tan) — H' (G, (Qgan /dQ?x_:};)zn).

In particular, H" (5", (2" an /dQ'é;a£)w) ~ Cy if w = 2n, and is trivial otherwise.

Proof. — Put X = &i". The last assertion follows from the previous one and the
following facts:
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t . . .
— Tr);Op is nonzero as one can write down an (n,n)-form on X with nonzero total
integral;

— H"(X,Q%/dQY ™) = @ H (X, (% /dQ%1)y,) by Theorem 1.4;
— H"(X,Q%/dQ% ") ~ Cy by Lemma 6.5; and

— theimage of H" (X, Yy) — H" (X, Q% /dQ%~ 1) is contained in H" (X, (Q%/dQ%1)2,)
by Theorem 1.4.

To prove the factorization of Tr;(mp, we may replace ¢¥ by ¥ through an alteration
Y — I with Y smooth and geometrically connected, due to the functoriality of Tri°P
and the fact that the pullback map H" (3", Q" ogan /dQ c‘x““) — H" (Y, Q" an/dQ yﬂ“) is
an isomorphism. Thus, we may assume that ¢\ is pI‘O]CCthe

Define E% to be the quotient sheaf in the following exact sequence

(7.3) 0— Yy — (Q;’(/dQ;‘(_l)Zn — E% — 0.

It is functorial in X. One can show that the sheaf EY is supported on {x € X | s(x) > 2}.
This suggests that one should expect H' (X, E ¥) = 0 fori > n — 1, which suffices for the
proposition. In fact, such vanishing result can be proved if we have semistable resolution
instead of alteration. In the absence of semistable resolution, we need an ad hoc argument
as follows.

Take an arbitrary cohomology class « € H"1(X, E%). Since X is (Hausdorff and)
compact, by [1, 09V2, 01FM], there is a finite open covering U = {U; | i = 1,...,M}
of X such that « is represented by a(n) (alternating) Cech cocycle e = {a; € E%(Ur) |
I c{l1,....M},|I| = n} onU, where Uy = (;¢; U; as always. By refining U, we may
assume that ay is in the image of the map (Q% /dQE~1)(U;)b,, — E%(Uy) for every I (See
Definition 5.9 for the notation). By Lemma 7.8 below and possibly replacing k by a finite
extension inside Cg, we have a proper flat integral model ¥ of & such that if Z1,..., Zp
are all reduced irreducible components of %, then the covering {(7 ™! Z)QkCr | i =
1,..., M} refines U (here, M might be different from the previous one). By [21, Theorem 8.2],
possibly after further replacing k by a finite extension inside Cg, we have a (proper) strictly
semistable scheme ¥ over k° with an alteration ¥ — . Put X' = (¥ ®; Cp)*
and let f: X’ — X be the induced morphism. For simplicity, we may also assume that
every irreducible component of y’}” is geometrically irreducible for every » > 0. In parti-
cular, if we denote by Z,..., Zy all irreducible components of ¥/, then the covering
(' ZD®kCr | i =1,...,M'} refines f1U .= {f~'U; |i =1,...,M}.

We claim that f*a = 0 where f*a is the canonical image of f o in H" (X', E%)).
Assume the claim. We prove the factorization of Try°P. Take an element w in the kernel
of (7.2). We have to show that Try°?(w) = 0. By (7.3), we know that ® = &(a) for
some ¢ € H* (X, B %) where §: H” (X, EY¥) — H"(X,Tg) is the induced coboundary
map. By the claim, we know that f*w = 0, so Tr;‘,’p( f*w) = 0 as well. However, since
TryP(f*) = deg(f) Try"P (), we have Trtrop (w) = 0. Thus, combining with the fact that
H™ (X, Q% /dQy~ 1) ~ Cp, the proposition is proved modulo the previous claim.

To prove the claim, we may replace f*a by a and assume that %' = ¥ to ease notation.
Moreover, we may assume that o is represented by a Cech cocycle {o; | I C {1,....M},|I| = n}
of the sheaf 8% with respect to the open covering U = {U; | i = 1,...,M} in which
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Uy =(x"! Zl-)@)kCF. We may also assume that U is fine enough such that «; can be lifted to
a section o of Q% under the surjective composite map Q% — (Q%/dQ% 1), — Ef

%
We study a typical n-fold intersection of U. Without loss of generality, we consider
U,y = (Vi Ui N2, Zi = 0, then Uy, = @. So we may assume that
Niei Zi = ]_[]-L=1 C;, where each C; is a geometrically irreducible proper smooth curve

.....

Now we take a typical member Cin{Cy...., Cr}. Put ¥ = O\ yﬁ"]. Then we have
c
e =Cn Y =11 2.

c=1
where 2. is isomorphic to Speck. We may cover C by affine opens {C, | 1 < b <
B} such that 771C, =~ Ez_l xr cM(Cp) for some integrally smooth affine k-affinoid
algebra Cj such that C, = Spec(Cp)s, where E; is defined in Example 4.3. Note that by
Remark 4.4, an element o in Hjg (Ug, 771 Cp) can be written as a finite sum of w,_1 A w1
where w,—1 € HiZ (EZ 1) (regarded as in Hig' (Ue. 771 Cp)) and wy € Hig (U, 771 Cp).
Then Example 4.3 and Theorem 1.4(ii) imply that @ has a representative in g (Ug, 71 Cp).
In other words, we may find an open neighborhood Vj, of 771 (; in U and an element
By € Yg(Vp) such that 0‘21 ,,,,, 'l}|Vb — Bp induces the zero class in Hfj (V). On the other
hand, 77! P, is isomorphic to E} for every 1 < ¢ < C. Thus, by Example 4.3 again, we
may find an element y. € Yy (W,) where W, = (7' P,)®x Cy such that Q1,.m} |y, — Ve
induces the zero class in Hj, (W;). Note that {V,, | 1 <b < By U{W. |1 <c¢ =< C}L form

an open covering of Up. The existence of 8; and y. (for an arbitrary subset of {1,..., M}
of cardinality n and an arbitrary C) ensures that we can refine the covering U such that o
becomes trivial everywhere in the refined one. In particular, « = 0in H*1(X, E ¥). O

LEMMA 7.8. — Let K be a discrete non-Archimedean field and & a projective scheme
over K. For every finite open covering U = {U; | i = 1,...,M} of (X Qk I/(;)a“, there
are a finite extension K' /K in K* and a proper flat integral model Yof X @k K' over K'° such
that for every irreducible component Z of Y., there is some U; € U containing (T 'R x K2,

Proof. — The proof of [23, Theorem 4.2] in fact implies the canonical isomorphism
(X ®k K™ = lim Trop(X ®k K*.0)
L
of topological spaces, where the limit is taken over all projective embeddings t: ¥ ®x K; —
IE”ZI(‘) defined over finite extensions K;/K in K2. Here, we adopt the notation in [23]. In
particular, Trop( X ®k K2, t)is a closed subset of Trop(IP’%‘)). Since (X ®k I/(E)an is compact
and U is finite, by an easy topological argument, we may find a single projective embedding
Xk K1 — P%l with a finite open covering U’ of ’I‘rop(IP’]I\(f;l ) such that the pullback of U’
along the composite map
(I ®x I/(v\a)all ~ l(iLnTrop(SC ®x K2, t) = Trop(X ®k Ka, 1) —> Trop(]P’%)

L
refines U. We claim that one can find a finite extension K’/K; in K2 and a proper flat
integral model 2 of IP’II}’, over K’® such that for every irreducible component ¢ of s, there
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exists some U/ € U’ containing the image of (x~! Q)@ x K under the tropicalization map
(]P’%%)aln — Trop(IP’%) [23, Section 3]. Then we can take ¥ to be the closure of (X ®k K')
in &2, which satisfies the requirement in the lemma.

It remains to prove the claim (for K; = K without loss of generality). To make our
construction functorial, we consider a nonempty finite set /. Denote by P! the projective
scheme over Z of relative dimension |/ | — 1 with homogeneous coordinates (X;);cs. By the
construction in [23, Section 3], we have

Trop(PL,) = ((~o0.00]’ \ {oo’}) /R

where R acts by diagonal addition, under which the tropicalization map is simply given
by (—log|X;|)ier- We have an obvious isomorphism

Trop(PL.) — P’ := {(xi)ics € [0,00]" | min{x; | i € I} =0} C [0,00]"
of topological (tropical, in fact) spaces. We denote by
T (IP’%\a e
the tropicalization map. Now we construct some standard open covering of P’. Take a

nonnegative integer M and a positive real number §. For an integer k satisfying 0 < k <
M + 1, we put

[0,8) k=0;
M= S (k=18 (k+1)8) 1<k<M:
(M§, +00] k=M+ 1.
For an I-tuple k = (k;);es of integers between 0 and M + 1, we put
=T
iel

which is an open subset of [0, oc]?, and put Ji’M = Ii’M N P! In particular, Ji’M is empty
if and only if k& does not contain 0. This suggests us to introduce the set

FL =tk = (ki)ier €Z1 |0 <k; < M + 1, min{k; | i € I} = 0}

as a discrete model of P/, Then {Ji’M | k € Fi}is a finite open covering of P/. Moreover,
for every finite open covering U’ of Trop(IP’%\a) hence of P/, one can find a finite extension
K'/K inside K2 and a positive integer M such that {J,‘i’M | k € C%ZI‘,I} refines U’ where
8 = —log|w| for a uniformizer w of K’.

To prove the claim, we may assume U’ = {Ji’M | k € &Vil} and K’ = K without

loss of generality (and then take / = {0,..., N}). We are going to construct some integral
models (@f of P4 over K°. Let D' be the zero locus of [[;; X;, which is a divisor of P%.
Put f/Dil = Pf(o. For r > 0, we define by induction p‘/Df to be the blow-up of 06/35_1 along
the reduction of D in the special fiber of c/@f_l. Now we describe 0735

We first look at an easy case where |/| = 2. Then (_F/Df is a proper strictly semistable
curve (over K°) whose special fiber has 2r + 3 irreducible components, all isomorphic to ]P’}?.
Moreover, for r > 0, we can label those irreducible components by the set C%f, say {Qf s

such thatn‘%Qi@@Kﬁ = r‘l(JZ’r).When 1| =1, 05/35 is always isomorphic to Spec K°.
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In particular, it is also true that we may label its irreducible components by the set J&f (which
is a singleton), say {Q”, }, such that 7~ (Q ) @x K? = ¢! (Ji’r).

To describe the general case, we need some notation. For k = (kj)ies € j&f, let I C I be
the subset where k; = r + 1, and let lgb be the (/ \ Ix)-component of k. For two tuples
k = (ki)ier. k' = (k})ier € C%f, we say that they are adjacent if |k; —kj| < 1 foreveryi € I
and k; = kj for at least one i; in this case, we denote by Jy ;- C I the (nonempty) subset

. I oo
where they coincide, and k Nk’ € F,* their common Ji k’-component. Now for general
I and r > 0, we assert that

1. The scheme (,73: is proper strictly semistable 19 over K°.
2. One can write the set of irreducible components of (335) sas{ Qf « | k€ “Wyf} (in a
unique way) such that n_l(Qik)@KI?a =71 (J,‘i’r).

3. Two irreducible components Qf » and Qf « have nonempty intersection if and only if

Tk

k and k' are adjacent; in this case, their intersection is isomorphic to Qr%ak,.

4. We have that @), , is isomorphic to P%.

5. The scheme ka is a (P')/c-fibration over Q:Yfkb. Here, Qi\l% is the special fiber

aVi . I\Ik
of 53_\1 K that is, I?\ K

6. The reduction of D’ in CG/Df has nonempty intersection with ka if and only if I} # 0;

in this case, the intersection is a normal crossing divisor and its complement in ka is
. 14V
an (A')’c-fibration over Qrilkjkb'
The proof of these assertions is a straightforward but tedious exercise in blow-up computa-
tion, by induction on |/ | and r. We will leave details to the reader.
Finally, we take 2 = 3311‘4 Then for every irreducible component @ of 2;, there is some
(unique, in fact) member Ji’M in the open covering U’ = {Ji’M | k € C%II‘,,} that contains

(equals, in fact) T ((71_1 Q)@ KJ?’). Thus, the claim is proved. O

Proof of Theorem 1.8. — By Lemma 7.9 below and possibly replacing k by a finite
extension in Cr, we may assume @ € gad ™ 7(H™). Put X = H*". We regard o as the
induced class in H*~7""7?7(X). By Corollary 3.6, we may further assume that w is an element
in H?(X, 7}/). By Theorem 3.9, we need to show that

/ clirop(%) A w0 = 0.
X

However, by Proposition 7.7, it suffices to show that (cliog( 7). @) ¢ = 0 where cljog is defined
in Definition 6.4. However, this follows from Theorem 6.6. O

(10) Recall that a scheme over K° is strictly pluri-nodal if it is Zariski locally smooth over
Spec K°[X1,Y1,..., X, Y1/ (X1 Y1 —m,..., X, Y —w).
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LEMMA 7.9. — Let the assumption and notation be as in Theorem 6.6. Then for every
p,q > 0, the canonical map
lignﬁfglz’:?;(%z?) — g (")
k/
is an isomorphism, where the colimit is taken over all finite extensions k' of k in Cy.
Proof. — The lemma follows from the fact that for every f € 0*(X5", V) where V is
a rational affinoid domain, there is a function g € @*(Xy/, V') for some k' such that

gk_,l(V’) = Voand f7!. Si & has norm 1 on some open neighborhood of V, where
sk 5" — X037 is the canonical projection. Here, we have used [6, Lemma 2.1.3 (ii)]. O
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