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TROPICAL CYCLE CLASSES
FOR NON-ARCHIMEDEAN SPACES

AND WEIGHT DECOMPOSITION
OF DE RHAM COHOMOLOGY SHEAVES

 Y LIU

A. – This article has three major goals. First, we define tropical cycle class maps for
smooth varieties over non-Archimedean fields, valued in the Dolbeault cohomology defined in terms of
real forms introduced by Chambert-Loir and Ducros. Second, we construct a functorial decomposition
of de Rham cohomology sheaves, called weight decomposition, for smooth analytic spaces over certain
non-Archimedean fields of characteristic zero, which generalizes a construction of Berkovich and
solves a question raised by himself. Third, we reveal a connection between the tropical theory and
the algebraic de Rham theory. As an application, we show that algebraic cycles that are trivial in the
algebraic de Rham cohomology are trivial as currents for Dolbeault cohomology as well.

R. – Cet article a trois objectifs majeurs. Premièrement, nous définissons des applications
de classes de cycle tropicales pour des variétés lisses sur des corps non archimédiens, à valeurs dans la
cohomologie de Dolbeault définie en termes de formes réelles introduites par Chambert-Loir et Ducros.
Deuxièmement, nous construisons une décomposition fonctorielle des faisceaux de cohomologie de
de Rham, appelée décomposition par le poids, pour des espaces analytiques lisses sur certains corps
non archimédiens de caractéristique zéro, qui généralise une construction de Berkovich et résout une
question posée par lui-même. Troisièmement, nous révélons une connexion entre la théorie tropicale et
la théorie de de Rham algébrique. Comme application, nous montrons que les cycles algébriques qui
sont triviaux dans la cohomologie de de Rham algébrique sont également triviaux en tant que courants
pour la cohomologie de Dolbeault.

1. Introduction

This article has three major goals. First, we define tropical cycle class maps for smooth
varieties over non-Archimedean fields, valued in the Dolbeault cohomology defined in terms
of real forms introduced by Chambert-Loir and Ducros [9]. Second, we construct a functorial
decomposition of de Rham cohomology sheaves, called weight decomposition, for smooth
analytic spaces over non-Archimedean fields embeddable into CF (see below), which gener-
alizes a construction of Berkovich and solves a question raised by himself in [6]. Third, we
reveal a connection between the tropical theory and the algebraic de Rham theory. As an
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292 Y. LIU

application, we show that algebraic cycles that are trivial in the algebraic de Rham coho-
mology are trivial as currents for Dolbeault cohomology as well.

In this article, by a non-Archimedean field, we mean a complete topological field with
respect to a nontrivial non-Archimedean valuation of rank one. We fix a finite field F
throughout the article. Denote by ZF the ring of Witt vectors in F and QF the field of
fractions of ZF. Then QF is naturally a non-Archimedean field, which is locally compact.
Moreover, we fix a complete algebraic closure CF of QF, which is also a non-Archimedean
field.

1.1. Tropical cycle class map

Let K be a non-Archimedean field. In [9], Chambert-Loir and Ducros define, for every
K-analytic (Berkovich) space (1)X , a bicomplex .A �;�X ; d0; d00/ of sheaves of real vector spaces
onX concentrated in the first quadrant (2). IfX is paracompact, then we define the Dolbeault
cohomology (Definition 3.1 and Remark 3.2) of X to be

Hp;q.X/ WD
ker.d00WA p;q

X .X/! A p;qC1
X .X//

im.d00WA p;q�1
X .X/! A p;q

X .X//
:

Moreover, we have an integration mapZ
X

WA n;n
X .X/c ! R

for n D dim.X/, where A n;n
X .X/c is the space of .n; n/-forms onX whose support is compact

and disjoint from the boundary of X .

By [19] and [9], we know that for every p � 0, the complex .A p;�
X ; d00/ is a fine resolution

of the sheaf ker.d00WA p;0
X ! A p;1

X /. In Section 3, we will construct a canonical Q-subsheaf
T p
X of ker.d00WA p;0

X ! A p;1
X / such that the induced map

T p
X ˝Q R! ker.d00WA p;0

X ! A p;1
X /

is an isomorphism. In particular, we have a canonical isomorphism

Hq.X;T p
X /˝Q R Š Hp;q.X/

for every p; q � 0.

Recall that in the complex world, for a smooth complex algebraic variety X , we have
a cycle class map from CHp.X / to the classical Dolbeault cohomology Hp;p

@
.X an

/ of the
associated complex manifold X an. Over a non-Archimedean field K (see below), then we
may associate a separated scheme X of finite type over K to a K-analytic space X an [3,
Section 2.6]. We put

Hp;q
trop.X / WD Hq.X an

;T p
Xan/:

The following theorem is an analogue of the above cycle class map in the non-Archimedean
setup.

(1) In this article, we assume that allK-analytic spaces are good, Hausdorff and strictlyK-analytic. See Section 1.5.
(2) See [9, Remarque 1.2.12] for an analogy with the complex case.
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TROPICAL CYCLE CLASSES AND WEIGHT DECOMPOSITION 293

T 1.1 (Definition 3.8, Theorem 3.9, Corollary 3.12). – LetK be a non-Archime-
dean field and X a separated smooth scheme of finite type over K of dimension n. Then there
is a tropical cycle class map

cltropWCHp.X /! Hp;p
trop.X /;

functorial in X and K, such that for every algebraic cycle Z of X of codimension p,Z
Xan

cltrop.Z / ^ ! D

Z
Z

an
!(1.1)

for every d00-closed form ! 2 A n�p;n�p

Xan .X an
/ with compact support.

In particular, if X is proper and Z is of dimension 0, thenZ
Xan

cltrop.Z / D deg Z :

The above theorem has the following corollary.

C 1.2 (Corollary 3.13). – Let K be a non-Archimedean field and X a proper
smooth scheme overK. Let NSp.X / be the quotient of CHp.X /modulo numerical equivalence.
Then we have

dim Hp;p
trop.X / � dim NSp.X /˝Q

for every p � 0.

R 1.3. – Let the situation be as in Theorem 1.1.

1. The tropical cycle class respects products on both sides. More precisely, for
Z i 2 CHpi .X / with i D 1; 2, we have

cltrop.Z1 � Z2/ D cltrop.Z1/ ^ cltrop.Z2/;

where we have used the natural pairing

^WHp1;q1
trop .X / �Hp2;q2

trop .X /! Hp1Cp2;q1Cq2
trop .X /:

Such compatibility is used in deducing Corollary 3.13.

2. We may regard the Formula (1.1) as a tropical version of the Cauchy formula in multi-
variable complex analysis.

3. Based on this theorem, we will give a counterexample of the Künneth decomposition
for the cohomology theory H�;�trop in Example 3.14.

1.2. Weight decomposition

Suppose thatK is of characteristic zero. We have the following complex of cX -modules in
either analytic or étale topology:

��X WOX D �
0
X

d
�! �1X

d
�! �2X

d
�! � � � ;

known as the de Rham complex, where cX WD ker.dWOX ! �1X / is the sheaf of constants.
It is not exact from the term �1X if dim.X/ � 1. The cohomology sheaves of the de Rham
complex �p;cl

X =d�p�1X are called de Rham cohomology sheaves.

ANNALES SCIENTIFIQUES DE L’ÉCOLE NORMALE SUPÉRIEURE



294 Y. LIU

For p � 0, denote by ‡pX the subsheaf of �p;cl
X =d�p�1X generated by sections of the formX

˛

c˛
df˛1
f˛1
^ � � � ^

df˛p
f˛p

;

where the sum is finite, c˛ are sections of cX , and f˛i are sections of O�X . In particular, we
have ‡0X D cX , and that ‡1X is simply the sheaf ‡X defined in [6, Section 4.3] in the case of
étale topology.

T 1.4. – Suppose thatK is embeddable (3) into CF. Let X be a smoothK-analytic
space. Then for every p � 0, we have a decomposition

�
p;cl
X =d�p�1X D

M
w2Z

.�
p;cl
X =d�p�1X /w

of cX -modules in either analytic or étale topology. It satisfies the following:

(i) .�p;cl
X =d�p�1X /w D 0 unless p � w � 2p;

(ii) ‡pX � .�
p;cl
X =d�p�1X /2p, and they are equal if p D 1;

(iii) .�1;cl
X =dOX /1 coincides with the sheaf ‰X defined in [6, Section 4.5] in the case of étale

topology.

Such decomposition is stable under base change, cup product, and functorial in X .

The proof of this theorem will be given at the end of Section 5. We call the decomposition
in the above theorem the weight decomposition of de Rham cohomology sheaves.

C 1.5. – Suppose that K is embeddable into CF. Then for every smooth
K-analytic space X , we have �1;cl

X =dOX D ‡X ˚ ‰X in étale topology. This answers the
question in [6, Remark 4.5.5] for such K.

R 1.6. – We expect that Theorem 1.4 hence Corollary 1.5 hold by only requiring
that the residue field of K is algebraic over a finite field and K is of characteristic zero. In
Theorem 1.4(ii), it is probably not true that the inclusion ‡pX � .�

p;cl
X =d�p�1X /2p is an

isomorphism when p � 2.

1.3. Connection between tropical and de Rham theories

The following theorem reveals a connection between ker.d00WA p;0
X ! A p;1

X / and the
algebraic de Rham cohomology sheaves of X (in the analytic topology).

T 1.7 (Proposition 6.2, Theorem 7.1). – Let K be a non-Archimedean field
embeddable into CF, and X a smooth K-analytic space. Let L p

X be the subsheaf on X

of Q-vector spaces of �p;cl
X =d�p�1X generated by sections of the form df1

f1
^ � � � ^

dfp
fp

where
fi ’s are sections of O�X . Then

1. the canonical map L p
X ˝Q cX ! ‡

p
X is an isomorphism of sheaves on X ;

2. there is a canonical isomorphism L p
X ' T p

X of sheaves on X .

(3) However, we do not choose any such embedding.
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For a proper smooth scheme X of dimension n over a general field K of characteristic
zero, we have a cycle class map cldRWCHp.X / ! H2p

dR.X=K/ with values in the algebraic
de Rham cohomology. It is known that when K D C, the kernel of cldR coincides with the
kernel of the cycle class map valued in Dolbeault cohomology. In particular, if cldR.Z / D 0,
then

R
Z

an ! D 0 for every @-closed .n � p; n � p/-form ! on X an. In the next theorem,
we prove that the same conclusion holds in the non-Archimedean setting as well, with mild
restriction on the field K.

T 1.8. – Let k � CF be a finite extension of QF and X a proper smooth scheme
overk of dimensionn. Let Z be an algebraic cycle of X of codimensionp such that cldR.Z / D 0.
If we put X a WD X ˝k CF and Z a WD Z ˝k CF, thenZ

Z
an
a

! D 0

for every d00-closed form ! 2 A n�p;n�p

Xan
a

.X an
a /.

We remark that in the above theorem, we do not know whether cltrop.Z / D 0 or not. If
we know the Poincaré duality for H�;�.X an

/, then cltrop.Z / D 0. Nevertheless, we have the
following result for lower degree.

T 1.9 (Theorem 7.3). – Let X be a proper smooth scheme over CF. Then

1. H1;1
trop.X / is of finite dimension.

2. For a line bundle L on X such that cldR. L / D 0, we have cltrop. L / D 0.

To the best of our knowledge, the first conclusion in the above theorem is the only known
case of the finiteness of dim Hp;q

trop.X / when both p; q are positive and X is of general
dimension. Note that in the above theorem, we do not require that X can be defined over
a finite extension of QF.

R 1.10. – We can interpret Theorem 1.8 in the following way. Let k be a number
field. Let X be a proper smooth scheme over k of dimension n, and Z an algebraic cycle
of X of codimension p. Suppose that there exists one embedding �1W k ,! C such thatZ

.Z˝k;�1C/an
! D 0

for every @-closed .n�p; n�p/-form ! on .X ˝k;�1 C/an. Then for every finite field F and
every embedding �FW k ,! CF, we haveZ

.Z˝k;�F CF/an
! D 0

for every d00-closed .n � p; n � p/-form ! on .X ˝k;�F CF/
an.

ANNALES SCIENTIFIQUES DE L’ÉCOLE NORMALE SUPÉRIEURE



296 Y. LIU

1.4. Structure of the article

We start in Section 2 by reviewing the relation between Chow cohomology and sheaves of
Milnor K-theory, in order to define tropical cycle class maps later.

In Section 3, we introduce the Dolbeault cohomology for non-Archimedean analytic
spaces and construct the tropical cycle class map for smooth varieties over non-Archimedean
fields. We show an integration formula for tropical cycle classes in Theorem 3.9, which can
be regarded as a tropical version of the Cauchy formula in multi-variable complex analysis.
As a corollary, we give a lower bound for the dimension of a certain Dolbeault cohomology
in terms of algebraic cycles modulo numerical equivalence.

In Section 4, we review the theory of rigid cohomology, and compute some logarithmic
differential forms on strictly semistable schemes in terms of rigid cohomology. These will be
used later.

In Section 5, we prove Theorem 1.4. We work mainly in the étale topology, by using de
Jong’s alteration and the theory of rigid cohomology reviewed in the previous section. In
particular, our terminology “weight decomposition” comes from the notion of weights in
rigid cohomology. The theorem for analytic topology will be deduced easily from the one for
étale topology.

In Section 6, we construct the so-called log-differential cycle class map, through
Q-subsheaves of de Rham cohomology sheaves spanned by logarithmic differential forms.
The main result we show is Theorem 6.6, an analogue of Theorem 1.8 in this context.

In the last Section 7, we first reveal a connection between the tropical theory and the
algebraic de Rham theory in Theorem 7.1. In particular, this implies that the tropical cycle
class map and the log-differential cycle class map are essentially the same one. Based on this,
we deduce Theorems 1.8 & 1.9.

1.5. Conventions and notation

General conventions and notation

— For a product � � � �W � � � � in a category, we denote by

prW W � � � �W � � � � ! W

the canonical projection morphism to the factor W .

— If X is a scheme over an affine scheme SpecA and B is an A-algebra, then we
put XB WD X �SpecA SpecB. Such abbreviation will be applied only to schemes,
neither formal schemes nor analytic spaces. If X is a scheme over SpecKı for a
non-Archimedean field K, then we write X s for X eK .

— Let X be a site. For a complex of abelian sheaves K � on X . We put H�.X;K / WD

h�R�.X;K /; and denote by H�.X;K / the sheaf on X associated to the presheaf
U 7! H�.U;K jU /. Whenever we have a suitable notion of de Rham complex .��X ; d/
on X , we denote by H�dR.X/ WD H�.X;��X / D h�R�.X;��X / the corresponding de
Rham cohomology of X , which is by definition the hypercohomology of the de Rham
complex.

4 e SÉRIE – TOME 53 – 2020 – No 2



TROPICAL CYCLE CLASSES AND WEIGHT DECOMPOSITION 297

— Denote by Gm WD ZŒT; T �1� the multiplicative group scheme over Z. For an integer
n � 0, denote by An (resp. Pn) the affine (resp. projective) space over Z of relative
dimension n.

Conventions and notation for non-Archimedean geometry

— Throughout the article, by a non-Archimedean field, we mean a complete topological
field whose topology is induced by a nontrivial non-Archimedean valuation j j of
rank 1. If the valuation is discrete, then we say that it is a discrete non-Archimedean field
by abuse of terminology. In the main text, discrete non-Archimedean fields are usually
denoted by lower-case letters like k; k0, etc. In addition,$ will always be a uniformizer
of a discrete non-Archimedean field, though we will still remind readers of this.

— Throughout the article, we fix a finite field F. Denote by ZF the ring of Witt vectors in F
and QF the field of fractions of ZF. We fix a complete algebraic closure CF of QF, both
being non-Archimedean fields.

— For a non-Archimedean field K with valuation j j, put

Kı WD fx 2 K j jxj � 1g; Kıı D fx 2 K j jxj < 1g; eK WD Kı=Kıı:
Denote by Ka an algebraic closure of K and cKa its completion. A residually algebraic
extension ofK is an extensionK 0=K of non-Archimedean fields such that the induced
extension fK 0=eK is algebraic.

— Let K be a non-Archimedean field. All K-analytic (Berkovich) spaces are assumed to
be good [3, 1.2.16], Hausdorff, and strictly K-analytic [3, 1.2.15]. Thus, a K-analytic
space is locally compact. Note that for a separated scheme X of finite type over K,
the associated K-analytic space X an is good, Hausdorff, and strictly K-analytic; it is
moreover � -compact hence paracompact.

— Let K be a non-Archimedean field, and A an affinoid K-algebra. We then have the
K-analytic space M .A/. Denote by Aı the subring of power-bounded elements of A,
which is a Kı-algebra. Put As WD Aı ˝Kı eK. We say that A is integrally smooth if A is
strictly K-affinoid and SpfAı is a smooth formal Kı-scheme.

— Let K be a non-Archimedean field. For a real number r > 0, we denote by D.0I r/K
the open disk over K with center at zero of radius r as a K-analytic space. For real
numbers R > r > 0, we denote by B.0I r; R/K the open annulus over K with center
at zero of inner radius r and outer radius R as a K-analytic space. An open poly-disk
(of dimension n) overK is the product of n open disksD.0I ri /K overK for an integer
n � 0.

— Suppose that K 0=K is an extension of non-Archimedean fields. For a K-analytic
space X and a K 0-analytic space Y , we put

X b̋KK 0 WD X �M .K/ M .K 0/; Y �K X WD Y �M .K0/ .X b̋KK 0/:
For a formal Kı-scheme X and a formal K 0ı-scheme Y, we put

Xb̋KıK 0ı WD X �SpfKı SpfK 0ı; Y �Kı X WD Y �SpfK0ı .Xb̋KıK 0ı/:
ANNALES SCIENTIFIQUES DE L’ÉCOLE NORMALE SUPÉRIEURE
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— If k is a discrete non-Archimedean field and X is a special formal kı-scheme in the
sense of [4], then we have the notion X�, the generic fiber of X, which is a k-analytic
space; and Xs , the closed fiber of X, which is a scheme locally of finite type over ek;
and a reduction map � WX� ! Xs . For a general non-Archimedean field K, we say
that a formalKı-scheme X is special (4) if there exist a discrete non-Archimedean field
k � K and a special formal kı-schemeX0 such thatX ' X0b̋kıKı. For a special formal
Kı-scheme, we have analogously a reduction map � WX� ! Xs which is canonically
defined. In this article, all formal Kı-schemes will be special. Note that if Z is a
subscheme of Xs , then ��1 Z is usually denoted as �Z ŒX� in rigid analytic geometry
and is special.

— Let K be a non-Archimedean field and X a K-analytic space. For a point x 2 X ,
one may associate two nonnegative integers sK.x/ and tK.x/ as in [2, Section 9.1]. For
readers’ convenience, we recall the definition. The integer sK.x/ is equal to the tran-

scendence degree of H̃ .x/ over eK; and the integer tK.x/ is equal to the dimension of
the Q-vector space

p
jH .x/�j=

p
jK�j, where H .x/ is the completed residue field of x.

In the text, the field K will always be clear so will be suppressed in the notation sK.x/
and tK.x/.

Acknowledgements. – The author is partially supported by NSF grants DMS 1602149
& 1702019 and a Sloan Research Fellowship. He thanks Walter Gubler, Phillipp Jell,
Klaus Künnemann, and Weizhe Zheng for helpful discussions. He also thanks the anony-
mous referee for very careful reading and numerous helpful comments on the article.

2. Chow cohomology revisited

In this section, we study Chow cohomology of a smooth scheme via sheaves of Milnor
K-theory.

D 2.1 (Sheaf of rational Milnor K-theory). – Let .X;OX / be a ringed site. We
define the p-th sheaf of rational Milnor K-theory K p

X for .X;OX / to be the sheaf associated
to the presheaf assigning an open U in X to KMp .OX .U // ˝ Q ([27, Section 6.1]). Here for
a (commutative) ring R and an integer p � 1, KMp .R/ is the abelian group generated by the
symbols ff1; : : : ; fpg with f1; : : : ; fp 2 R�, modulo the two relations

1. ff1; : : : ; fif 0i ; : : : ; fpg D ff1; : : : ; fi ; : : : ; fpg C ff1; : : : ; f
0
i ; : : : ; fpg,

2. ff1; : : : ; f; : : : ; 1 � f; : : : ; fpg D 0.

We also adopt the convention that KM0 .R/ D Z and KMp .R/ D 0 if p < 0.

Let k be a field. Let X be a smooth scheme of finite type over k. For every integer p � 0,
denote by X .p/ � X the subset of points of codimension p. For x 2 X , denote by k.x/ the

(4) In fact, the theory of special formal schemes can probably be developed directly overK, without requiring that
everything is defined on a discretely valued subfield, but with a lot of technical complications since the valuation
ring involved is not Noetherian.
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residue field at x and ix W Spec k.x/ ! X the induced morphism. By [27, Théorème 5], we
have a functorial exact sequence

0! K p
X ! K p;0

X

d
�! K p;1

X

d
�! K p;2

X

d
�! � � �(2.1)

of Q-sheaves on X (in the Zariski topology) for every p � 0, where

K p;q
X D

M
x2X.i/

ix�K
M
p�q.k.x//˝Q:

The differential map dWK p;q
X ! K p;qC1

X in (2.1) is given by residue homomorphisms (see
for example [25, Section 1]).

The sheaf K p;q
X is obviously flasque. Therefore, we have a canonical isomorphism

Hq.X;K p
X / Š

ker.dWK p;q
X .X/! K p;qC1

X .X//

im.dWK p;q�1
X .X/! K p;q

X .X//
:(2.2)

In particular, we obtain the following.

L 2.2 ([27]). – Let X be a smooth scheme of finite type over a field k. Then

1. For every p � 0, we have a canonical isomorphism

Hp.X;K p
X / ' CHp.X/Q WD CHp.X/˝Q:

2. For q > p � 0, we have Hq.X;K p
X / D 0.

3. For an irreducible closed subset Z of X of codimension p, we have

Hq.X; iZŠi
Š
ZK p

X / D 0

if q ¤ p, and
Hp.X; iZŠi

Š
ZK p

X / Š Q;

where iZ WZ ! X is the closed embedding, and i ŠZ is right adjoint to the functor iZŠ, which
is isomorphic to iZ� in this case, between the derived categories of abelian sheaves.

Proof. – Both (1) and (2) are direct consequences of (2.2). For (3), let U WD X nZ be the
complement. Then we have the Gysin exact sequence

� � � ! Hq.X; iZŠi
Š
ZK p

X /! Hq.X;K p
X /! Hq.U;K p

U /! HqC1.X; iZŠi
Š
ZK p

X /! � � �

as K p
X jU

Š K p
U . By (2.2), we know that the restriction map Hq.X;K p

X /! Hq.U;K p
U / is

an isomorphism if q 62 fp � 1; pg, is injective if q D p � 1, and is surjective if q D p. Thus,
Hq.X; iZŠi

Š
ZK p

X / D 0 if q ¤ p. When q D p, we have two cases:

— if Z is nontrivial in CHp.X/˝Q, then we have canonical isomorphisms

Hp.X; iZŠi
Š
ZK p

X / Š ker.Hp.X;K p
X /! Hp.U;K p

U // Š K
M
0 .k.Z//˝Q Š QI

— if Z is trivial in CHp.X/˝Q, then we have canonical isomorphisms

Hp.X; iZŠi
Š
ZK p

X / Š coker.Hp�1.X;K p
X /! Hp�1.U;K p

U // Š K
M
0 .k.Z//˝Q Š Q:

The lemma is proved.
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In what follows, we will denote by

clunivWCHp.X/Q ! Hp.X;K p
X /

the map obtained in Lemma 2.2(1).
LetZ be a regular irreducible closed subscheme of X of codimension p. For later use, we

provide an explicit description of cluniv.Z/ as follows: choose a finite affine open coveringU˛
of X . If Z \ U˛ ¤ ;, then we choose a regular sequence f˛1; : : : ; f˛p 2 OX .U˛/ such that
Z\U˛ is defined by the ideal .f˛1; : : : ; f˛p/. Let U˛i be the nonvanishing locus of f˛i . Then
fU˛i j 1 � i � pg forms an open covering of U˛nZ. Thus, the element ff˛1; : : : ; f˛pg 2
KMp .OX .

Tp
iD1 U˛i // gives rise to an element in Hp�1.U˛nZ;K

p
X / and hence an element

c.Z/˛ in Hp.U˛; iZŠi
Š
ZK p

X /. We have the following lemma.

L 2.3. – Let the notation be as above. Then under the isomorphism in Lemma 2.2(3),
the class c.Z/˛ 2 Hp.U˛; iZŠi

Š
ZK p

X / equals 1. In particular, it does not depend on the choice
of f˛1; : : : ; f˛p.

Proof. – To ease notation, we suppress the subscript ˛ in the proof.
We first construct a Dolbeault representative � 2 K p;p�1

U .U nZ/ of the (alternating)
closed Čech cocycle ff1; : : : ; fpg 2 K p

U .
Tp
iD1 Ui /, where we have used the ordered covering

U WD fU1; : : : ; Upg of U nZ. For I � f1; : : : ; pg, put UI WD
T
i2I Ui . For i D 0; : : : ; p � 1,

we inductively construct (alternating) closed Čech cocycles

�i D f�i;I 2 K p;i
U .UI / j jI j D p � ig

satisfying d�i WD fd�i;I 2 K p;iC1
U .UI / j jI j D p � ig D 0. The class �0 is simply

f�0;f1;:::;pg D ff1; : : : ; fpg 2 K p;0
U .Uf1;:::;pg/g:

We have d�0 D 0 since ff1; : : : ; fpg actually belongs to K p
U .Uf1;:::;pg/. Suppose that

we have �i�1 for some 1 � i � p � 1. As K p;i�1
U is acyclic, the Čech cohomology

Hp�i .U ;K p;i�1
U / is trivial. Thus, there exists #i D f#i;J 2 K p;i�1

U .UJ / j jJ j D p � ig

with ıU#i D �i�1, where ıU denotes the Čech differential for the covering U . Now we
set �i WD d#i . Since ıU �i D ıUd#i D ıUd#i D d�i�1 D 0, we know that �i is a closed
Čech cocycle, which satisfies d�i D 0. The last closed Čech cocycle �p�1 D f�p�1;fig 2
K p;p�1
U .Ui / j i D 1; : : : ; pg can be glued to a Dolbeault representative � 2 K p;p�1

U .U nZ/

we are looking for.
In practice, we may take

#1;J D

(
ff1; : : : ; fpg 2 K

M
p .k.�//˝Q � K p;0

U .UJ /; J D f2; : : : ; pg;

0; J ¤ f2; : : : ; pg;

where � is the generic point ofUf2;:::;pg. Since f1; : : : ; fp is a regular sequence, the intersection
ff1 D 0g \ Uf2;:::;pg if of pure codimension 1. Denote by �1 the set of generic points of
ff1 D 0g\Uf2;:::;pg, which is a finite subset ofU .1/

f2;:::;pg
. Then we have a function�1W�1 ! Z

given by the vanishing order of f1. For j > 1, let f .1/j be the residue of fj to the set �1. Thus,
we have

�1;I D

(
�1 � ff

.1/
2 ; : : : ; f

.1/
p g 2 K p;1

U .UI /; I D f2; : : : ; pg;

0; I ¤ f2; : : : ; pg:
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By induction, we may take

�i;I D

(
�i � ff

.i/
iC1; : : : ; f

.i/
p g 2 K p;i

U .UI /; I D fi C 1; : : : ; pg;

0; I ¤ fi C 1; : : : ; pg:

for i D 2; : : : ; p � 1. We explain the notation inductively: � i is the set of generic points of
ff1 D � � � D fi D 0g \ UfiC1;:::;pg, which is a finite subset of U .i/

fiC1;:::;pg
; �i W� i ! Z

is given by the vanishing order of f .i�1/i ; and f .i/j is the residue of f .i�1/j to the set � i

for j > i . In particular, we may glue f�p�1;f1g; : : : ; �p�1;fpgg together to give an element
� 2 K p;p�1

U .U nZ/. Then the lemma follows as ff1 D � � � D fp D 0g coincides with Z \ U ,

and �p�1 � f .p/p has vanishing order 1 along it.

For those ˛ such that Z \ U˛ D ;, we set c.Z/˛ D 0. Then by the above lemma, we can
glue the collection fc.Z/˛g hence obtain an element c.Z/ 2 H0.X;Hp.X; iZŠi

Š
ZK p

X //. By
Lemma 2.2(3) and the local to global spectral sequence, we obtain a canonical isomorphism
H0.X;Hp.X; iZŠi

Š
ZK p

X // Š Hp.X; iZŠi
Š
ZK p

X /.

L 2.4. – Let the notation be as above. The image of the class c.Z/ under the map
Hp.X; iZŠi

Š
ZK p

X /! Hp.X;K p
X / coincides with cluniv.Z/.

Proof. – The lemma follows directly from Lemma 2.3 and Lemma 2.2.

R 2.5. – Suppose that k is of characteristic zero and X is a smooth scheme of
finite type over k. We have the algebraic de Rham complex

��X WOX D �
0
X

d
�! �1X

d
�! �2X

d
�! � � � ;

and the algebraic de Rham cohomology Hi
dR.X=k/ WD Hi .X;��X /. Moreover, we have the

algebraic de Rham cycle class map

cldRWCHp.X/Q ! H2p
dR.X=k/:

One can construct cldR via cluniv as follows: we have a (Q-linear) map of complexes

K p
X Œ�p�! ��X

sending a section ff1; : : : ; fpg 2 K p
X .U / to

df1
f1
^ � � � ^

dfp
fp
2 �

p;cl
X .U /:

It induces the map

Hp.X;K p/ D H2p.X;K p
X Œ�p�/! H2p.X;��X / D H2p

dR.X=k/:

Then cldR is simply the composition of cluniv with the above map.
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3. Tropical cycle class map

In this section, we introduce the Dolbeault cohomology for non-Archimedean analytic
spaces, define the tropical cycle class map for separated smooth schemes over a non-
Archimedean field, and study some basic properties.

First we recall some facts from the theory of real forms on non-Archimedean analytic
spaces developed by Chambert-Loir and Ducros in [9]. (See also [16] for a slightly different
formulation.) Let K be a non-Archimedean field, and X a K-analytic space. There is a
bicomplex .A �;�X ; d0; d00/ of sheaves of real vector spaces on (the underlying topological space
of) X , where A p;q

X is the sheaf of .p; q/-forms ([9, Section 3.1]). It is known that A p;q
X D 0

unless 0 � p; q � dim.X/. We have an integration functorZ
X

WA n;n
X .X/c ! R

for n D dim.X/ and A n;n
X .X/c denotes the set of .n; n/-forms with compact support.

D 3.1 (Dolbeault cohomology). – Let X be aK-analytic space. We define the
Dolbeault cohomology of X to be the sheaf cohomology

Hp;q.X/ WD Hq.X; ker.d00WA p;0
X ! A p;1

X //:

R 3.2. – Suppose that X is paracompact. Then by [19, Corollary 4.6] and [9,
Corollaire 3.3.7], the complex .A p;�

X ; d00/ is a fine resolution (5) of ker.d00WA p;0
X ! A p;1

X /

for every p � 0. In particular, we have a canonical isomorphism

Hp;q.X/ '
ker.d00WA p;q

X .X/! A p;qC1
X .X//

im.d00WA p;q�1
X .X/! A p;q

X .X//
:

On the other hand, we have the sheaf of rational Milnor K-theory K �
X for the ringed

topological space .X;OX / from Definition 2.1.

D 3.3. – Let X be aK-analytic space. For every p � 0, we define a (Q-linear)
map of sheaves

�
p
X WK

p
X ! ker.d00WA p;0

X ! A p;1
X /

as follows. For a symbol ff1; : : : ; fpg 2 K p
X .U / with f1; : : : ; fp 2 O�X .U /, we have the

induced moment morphism .f1; : : : ; fp/WU ! .Gan
m;K/

p. Composing with the evaluation
map � log j jW .Gan

m;K/
p ! Rp, we obtain a continuous map

tropff1;:::;fpgWU ! Rp:

If we endow the target with coordinates x1; : : : ; xp where xi D � log jfi j, then we define

�
p
X .ff1; : : : ; fpg/ D d0x1 ^ � � � ^ d0xp 2 ker.d00WA p;0

X .U /! A p;1
X .U //:

It is easy to see that �pX factors through the relations of Milnor K-theories, hence induces a
map of corresponding sheaves. See also Remark 3.4. Finally, put

T p
X
WD K p

X = ker �pX :

It is canonically a subsheaf of ker.d00WA p;0
X ! A p;1

X /.

(5) Recall that we have assumed that allK-analytic spaces are good in Section 1.5.
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R 3.4. – In Definition 3.3, the factorization of the first Milnor relation is due to
the additivity of differential forms; and the factorization of the second Milnor relation is due
to the fact that the image tropff1;:::;fpg.U / has dimension at most p � 1.

In fact, the factorization of Milnor relations is not relevant in Definition 3.3. We include
this observation in the definition simply for the preparation of defining cycle class maps in
Definition 3.8 later.

P 3.5. – Let K be a non-Archimedean field and X a K-analytic space. Then
�
p
X induces an isomorphism

T p
X ˝Q R ' ker.d00WA p;0

X ! A p;1
X /:

Proof. – It suffices to show that the induced map

�x WT
p
X;x ˝Q R! ker.d00WA p;0

X;x ! A p;1
X;x /(3.1)

on stalks is an isomorphism for every point x 2 X .

We fix a point x 2 X . For a neighborhood U of x in X that is an analytic domain, and
f1; : : : ; fN 2 O�X .U /, we have the induced tropicalization map

tropU WU
f1;:::;fN
������! .Gan

m;K/
N � log j j
����! TN ˝Z R ' RN :

We say that .U If1; : : : ; fN / is a basic chart at x if

— tropU .x/ is the origin of RN ;

— tropU .U / is an integral polyhedral complex (6) such that every maximal polyhedron
contains the origin.

It follows from [12, Section 3.30] (which generalizes [5, Corollary 6.2.2]) that those U in all
basic charts at x form a fundamental system of neighborhoods at x.

Now we take a basic chart .U If1; : : : ; fN / at x. Let CU be the set of all maximal polyhedra
of tropU .U /. For � 2 CU , let L.�/ be the Q-linear subspace of TN;Q WD TN ˝Z Q spanned
by � . We have an inclusion X

�2 CU

p^
L.�/ �

p^
TN;Q

of Q-vector spaces, hence a surjective map

rU WHomQ

 
p^
TN;Q;R

!
! HomQ

0@X
�2 CU

p^
L.�/;R

1A :
By [20, Proposition 3.20], the canonical map

�U WHomQ

 
p^
TN;Q;R

!
! ker

�
d00WA p;0.tropU .U //! A p;1.tropU .U //

�
(6) In this article, a polyhedron in TN ˝Z R is a subset defined by finitely many non-strict inequalities. A polyhedral
complex in TN ˝Z R is integral if it consists of polyhedra with slopes in TN .
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factors through rU and induces an isomorphism

HomQ

0@X
�2 CU

p^
L.�/;R

1A �
�! ker

�
d00WA p;0.tropU .U //! A p;1.tropU .U //

�
:

Here, A p;q.tropU .U // is the set of .p; q/-forms on tropU .U / (see [20] for more details).

On the other hand, we have a Q-linear subspace T p
X .U /f1;:::;fN of T p

X .U / generated
by �

p
X .ffi1 ; : : : ; fip g/ where ffi1 ; : : : ; fip g is a subset of ff1; : : : ; fN g. Since �U factors

through rU , the map

�
p
X WT

p
X .U /f1;:::;fN ! ker

�
d00WA p;0.tropU .U //! A p;1.tropU .U //

�
factors through HomQ

�P
�2 CU

Vp L.�/;R
�
. Moreover, it induces isomorphisms

T p
X .U /f1;:::;fN

�
�! HomQ

0@X
�2 CU

p^
L.�/;Q

1A
hence

T p
X .U /f1;:::;fN ˝Q R

�
�! ker

�
d00WA p;0.tropU .U //! A p;1.tropU .U //

�
:

Taking colimit over all basic charts at x, we conclude that �x (3.1) is an isomorphism. The
proposition follows.

Proposition 3.5 has the following corollary, which provides the Dolbeault cohomology
Hp;q.X/ with a canonical rational structure.

C 3.6. – LetK be a non-Archimedean field andX aK-analytic space. Then for
all p; q � 0, we have a canonical isomorphism

Hq.X;T p
X /˝Q R ' Hp;q.X/:

In particular, the real vector space Hp;q.X/ has a canonical rational structure.

R 3.7. – Let � be an automorphism of X as an analytic space, not necessarily
K-linear. It naturally induces actions �� on both Hp;q.X/ and Hq.X;T p

X /, which are
compatible under the isomorphism in Corollary 3.6. In other words, the rational structure
on Hp;q.X/ is invariant under ��.

In what follows, we will always regard Hq.X;T p
X / as a subspace of Hp;q.X/. Now we are

ready to define the tropical cycle class map.

D 3.8 (Tropical Dolbeault cohomology and tropical cycle class map).

Let K be a non-Archimedean field and X a separated scheme of finite type over K.

1. For p; q � 0, we define the tropical Dolbeault cohomology of X to be

Hp;q
trop.X / WD Hq.X an

;T p

Xan/:

It is a rational subspace of Hp;q.X an
/.
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2. If X is moreover smooth, then we define the tropical cycle class map cltrop to be the
composition

CHp.X /Q
cluniv
���! Hp.X ;K p

X /! Hp.X an
;K p

Xan/

Hp.Xan;�
p

Xan /

����������! Hp.X an
;T p

Xan/ D Hp;p
trop.X /:

The following theorem can be regarded as a tropical version of the Cauchy formula in
multi-variable complex analysis.

T 3.9. – Let K be a non-Archimedean field and X a separated smooth scheme of
finite type overK of dimension n. Then for every algebraic cycle Z of X of codimension p, we
have the equality Z

Xan
cltrop.Z / ^ ! D

Z
Z

an
!

for every d00-closed form ! 2 A n�p;n�p

Xan .X an
/c with compact support. Here, if we write

Z D
P
i ai Z i where Z i ’s are prime, then we defineZ

Z
an
! WD

X
i

ai

Z
Z

an
i

!:

Proof. – By linearity, we may assume that Z is prime, that is, a reduced irreducible closed
subscheme of X of codimension p. To prove the theorem, we may replace K by a finite
extension. Thus, we may further assume that Z is generically smooth overK. Let Z sing � Z

be the singular locus [1, 07R1], which is a proper closed subscheme of Z hence a closed
subscheme of X of codimension > p. Put U WD XnZ sing, Z reg WD ZnZ sing, X WD X an,
U WD U an, andZ WD Z

an
reg. In particular, Z reg is smooth overK, and iZ WZ ,! U is a Zariski

closed subset.
In [9], we have the bicomplex .D�;�U ; d0; d00/ of currents and a map A �;�U ! D�;�U of

bicomplexes. In particular, we have a map T p
U ! Dp;�

U of complexes for every p � 0 hence
the induced map

Hp.U;T p
U /! Hp.U;Dp;�

U /:

Denote by cl0tropWCHp.U /Q ! Hp.U;Dp;�
U / the composition of cltrop with the above map.

To ease notation, put

A p;q;cl
‹

WD ker.d00WA p;q
‹ ! A p;qC1

‹ /;

Dp;q;cl
‹

WD ker.d00WDp;q
‹
! Dp;qC1

‹
/:

We fix a form ! 2 A n�p;n�p;cl
X .X/c . By [9, Lemme 3.2.5], ! belongs to A n�p;n�p;cl

X .U /c .
The proof consists of two parts. We first reduce the theorem to an explicit Formula (3.2)

of local integration. Then we establish it.

S 1. We describe explicitly the class cl0trop.Z reg/ 2 Hp.U;Dp;�
U / in terms of local coho-

mology. We choose a finite affine open covering U˛ of U and f˛1; : : : ; f˛p 2 OU .U˛/

such that Z reg \ U˛ is defined by the ideal .f˛1; : : : ; f˛p/ such that the induced morphism
.f˛1; : : : ; f˛p/W U˛ ! ApK is smooth. Let U˛i be the nonvanishing locus of f˛i . Put
U˛ WD U an

˛ and U˛i WD U an
˛i . Then fU˛i j i D 1; : : : ; pg is an open covering of U˛nZ.
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Thus, the element �pU .ff˛1; : : : ; f˛pg/ gives rise to an element in Hp�1.U˛nZ;A
p;0;cl
U / '

Hp�1.U˛nZ;A
p;�
U /, and we denote its image under the composite map

Hp�1.U˛nZ;A
p;�
U /! Hp�1.U˛nZ;D

p;�
U /

ı00

�! Hp.U˛; iZŠi
Š
ZDp;�

U /

by c.Z/˛, where ı00 is the coboundary map in the corresponding Gysin exact sequence. By
Lemma 2.3, c.Z/˛ does not depend on the choice of f˛1; : : : ; f˛p. Therefore, fc.Z/˛g gives
rise to an element c.Z/ 2 H0.U;Hp.U; iZŠi

Š
ZDp;�

U //. By Lemma 3.10 below, we know that
Hq.U; iZŠi

Š
ZDp;�

U / D 0 for q < p, hence we have an isomorphism Hp.U; iZŠi
Š
ZDp;�

U / '

H0.U;Hp.U; iZŠi
Š
ZDp;�

U // obtained from the local to global spectral sequence. By Lemma 2.4
and construction, the image of c.Z/ in Hp.U;Dp;�

U / coincides with cl0trop.Z reg/.

S 2. By Lemma 3.10 below, we have a canonical isomorphism

Hp.U˛; iZŠi
Š
ZDp;�

U / ' ker.Dp;p;cl
U .U˛/! Dp;p

U .U˛nZ// � Dp;p;cl
U .U˛/:

Let �˛ 2 A p;p�1;cl
U .U˛nZ/ be a Dolbeault representative of �pU .ff˛1; : : : ; f˛pg/ as a coho-

mology class in Hp�1.U˛nZ;A
p;0;cl
U /, with induced class Œ�˛� 2 Hp�1.U˛nZ;D

p;�
U /. By

partition of unity, we may write ! D
P
˛ !˛ with !˛ 2 A n�p;n�p

U .U˛/c . By Lemma 3.10,
we may regard c.Z/ as a current on U , and c.Z/˛ and ı00.Œ�˛�/ as currents on U˛. Then we
have Z

X

cltrop.Z / ^ ! D hc.Z/; !iU D
X
˛

hc.Z/˛; !˛iU D
X
˛

hı00.Œ�˛�/; !˛iU˛

and Z
Z

an
! D

X
˛

Z
U˛\Z

!˛:

To prove the theorem, it suffices to show that

hı00.Œ�˛�/; !˛iU˛ D

Z
U˛\Z

!˛

for every ˛. Here, h ; i denotes the pairing between currents and forms.

S 3. In what follows, we suppress the subscript ˛. We summarize our data as follows:

— an affine smooth scheme U over K of dimension n; put U WD U an,

— a smooth irreducible closed subscheme Z of codimension p defined by the ideal
.f1; : : : ; fp/ where f1; : : : ; fp 2 OU .U / such that the induced morphism
.f1; : : : ; fp/W U ! ApK is smooth; put Z WD Z

an,

— � 2 A p;p�1;cl
U .U nZ/ a Dolbeault representative of �pU .ff1; : : : ; fpg/ as a cohomology

class in Hp�1.U nZ;A p;�
U /, and

— ! 2 A n�p;n�p
U .U /c .

Our goal is to show that

hı00.Œ��/; !iU D

Z
Z

!(3.2)

holds. Here we recall that Œ� � 2 Hp�1.U nZ;Dp;�
U / is the class induced by � , and

ı00WHp�1.U nZ;Dp;�
U /! Hp.U; iZŠi

Š
ZDp;�

U /
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is the coboundary map, in which the target Hp.U˛; iZŠi
Š
ZDp;�

U / is canonically a subspace
of Dp;p;cl

U .U /. As Z is a closed Zariski subset of U of codimension p, the image of
A n�p;n�p
U .U /c under d00 is in A n�p;n�pC1;cl

U .U nZ/c . By definition, the following diagram

Hp�1.U nZ;Dp;�
U /

ı00

��

� A n�p;n�pC1;cl
U .U nZ/c

h ; iU // R

Dp;p;cl
U .U / � A n�p;n�p

U .U /c

d00

OO

h ; iU // R

is commutative. Therefore, we have

hı00.Œ��/; !iU D

Z
UnZ

� ^ d00!:

Thus, it suffices to show that Z
UnZ

� ^ d00! D
Z
Z

!:

Obviously, the equality does not depend on the choice of the Dolbeault representative.

S 4. Let U i � U be the nonvanishing locus of fi . Then we have an open covering
U D fUig of U nZ, where Ui D U an

i . For I � f1; : : : ; pg, put UI WD
T
i2I Ui .

Let us recall the construction of a Dolbeault representative � . For i D 0; : : : ; p � 1, we
inductively construct (alternating) Čech cocycles

�i D f�i;I 2 A p;i;cl
U .UI / j jI j D p � ig:

The class �0 is simply

f�0;f1;:::;pg D �
p
U .ff1; : : : ; fpg/ 2 A p;0;cl

U .Uf1;:::;pg/g:

Suppose that we have �i�1 for some 1 � i � p�1. As A p;i�1
U is acyclic, the Čech cohomology

Hp�i .U ;A p;i�1
U / is trivial. Thus, there exists

#i D f#i;J 2 A p;i�1
U .UJ / j jJ j D p � ig

with ıU#i D �i�1, where ıU denotes the Čech differential for the covering U . Now we set

�i D d00#i WD fd00#i;J 2 A p;i;cl
U .UJ / j jJ j D p � ig:

The last closed Čech cocycle �p�1 D f�p�1;fig 2 A p;p�1;cl
U .Ui / j i D 1; : : : ; pg is simply a

Dolbeault representative of �pU .ff1; : : : ; fpg/ 2 Hp�1.U nZ;A p;�
U /.

For " > 0 and I � f1; : : : ; pg, put

V I" WD fx 2 U j fI .x/ 2 @.D.0; "/
I
/I fj .x/ 2 D.0; "/; j 62 I g;

and U" WD U nV ;" . Here, fI WU ! .AIK/
an is the morphism induced by ffi j i 2 I g;D.0; "/ is

the closed disk of radius "with center at zero; @.D.0; "/
I
/ is the Shilov boundary of the closed

poly-diskD.0; "/
I

; and U nV ;" is the closure of U nV ;" in U . As d00! 2 A n�p;n�pC1
U .U nZ/c ,

there is a real number "0 > 0 such that d00! D 0 on V ;"0 . Thus, for every 0 < " < "0, we haveZ
UnZ

� ^ d00! D
Z
UnV ;"

� ^ d00! D �
Z
UnV ;"

d00.� ^ !/ D �
Z
U"

d00.�p�1 ^ !/:(3.3)

Since U" is a closed subset of U , the forms ! and hence � ^ ! have compact support on U".
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S 5. Now we have to use integration on boundaries V I" and the corresponding Stokes’
formula, for some fixed 0 < " < "0. We use the formulation of boundary integration through
contraction as in [16, Section 2]. We consider first a tropical chart

tropW WW ! .Gan
m;K/

N � log j j
����! RN ;

where W is an open subset of U". Since V I" is a KI" -analytic space of dimension n � jI j
for some extension KI" =K of non-Archimedean fields, the codimension of tropW .W \ V

I
" /

in tropW .W / is at least jI j. We denote by �I the union of closed faces in tropW .W \ V
I
" /

of codimension exactly jI j. For every i 2 I , we choose a tangent vector !i for the closed
face �fig of �; of codimension 1, as defined in [16, 2.8].

Suppose that I D fm1; : : : ; mj g where 1 � m1 � � � � � mj � p. If ˛ is an
.n; n � i/-superform on RN with compact support, then we defineZ

�I

˛ WD

Z
�I

h˛I �!m1 ; : : : ;�!mj if1;:::;j g:

It is easy too see that the above integral does not depend on the choice of !i ; however, it
does depend on the order. We may patch the above integral to define the integral

R
V I"
˛ for

an .n; n�jI j/-form ˛ on V I" with compact support. The negative signs for !i ensure that we
have the following Stokes’ formulaZ

V I"

d00˛ D
X
j 62I

.�1/.j;I[fj g/
Z
V
I[fjg
"

˛

for an .n; n � jI j � 1/-form ˛ on V I" with compact support, for jI j � 1. Here, .j; J / is the
position from the rear of the index j when J is ordered in the usual manner. However, for
the initial Stokes’ formula, we haveZ

U"

d00˛ D
Z
@U"

˛ D �
X
jI jD1

Z
V I"

˛

for an .n; n�1/-form ˛ onU" with compact support. Here, the inclusion @U" �
S
jI jD1 V

I
" is

obvious. The other inclusion
S
jI jD1 V

I
" � @U" is due to the compatibility of relative interior

under composition [3, 1.5.5 (ii)]. In particular, we have

�

Z
U"

d00.�p�1 ^ !/ D �
Z
@U"

�p�1 ^ ! D
X
jI jD1

Z
V I"

�p�1;I ^ !:(3.4)

In general, for 1 � i � p � 1, we haveX
jI jDi

Z
V I"

�p�i;I ^ ! D
X
jI jDi

Z
V I"

d00#p�i;I ^ !

D

X
jI jDi

Z
V I"

d00.#p�i;I ^ !/

D

X
jI jDi

X
j 62I

.�1/.j;I[fj g/
Z
V
I[fjg
"

#p�i;I ^ !

D

X
jJ jDiC1

Z
V J"

X
j2J

.�1/.j;J /#p�i;Jnfj g ^ !
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D

X
jJ jDiC1

Z
V J"

.ıU#p�i /J ^ !

D

X
jJ jDiC1

Z
V J"

�p�.iC1/;J ^ !:

Combining with (3.3), (3.4), we haveZ
UnZ

� ^ d00! D
Z
V
f1;:::;pg
"

�0;f1;:::;pg ^ ! D

Z
V
f1;:::;pg
"

�
p
U .ff1; : : : ; fpg/ ^ !(3.5)

for every 0 < " < "0.

S 6. By (3.5), the theorem is reduced to the formulaZ
V
f1;:::;pg
"

�
p
U .ff1; : : : ; fpg/ ^ ! D

Z
Z

!(3.6)

for sufficiently small " > 0. Note that @D.0; "/ is actually a point, which we denote by �."/,
we have a morphism f1WU ! .A1K/

an. Denote byUf1g WD U�."/ the fiber ofU over �."/. It is a
smoothK1-analytic space purely of dimension n�1 for some non-Archimedean field exten-
sion K1=K determined by ". Then we have the induced map f2WUf1g ! .A1K1/

an hence the
fiber Uf1;2g WD .Uf1g/�."/. Inductively, we have Uf1;:::;pg, which is a smoothKp-analytic space
purely of dimension n�p for some non-Archimedean field extensionKp=K determined by ".
The underlying topological space Uf1;:::;pg, which is canonically a subspace of U , coincides
with V f1;:::;pg" (see [3, Section 1.4]). Moreover, from definition, we haveZ

V
f1;:::;pg
"

�
p
U .ff1; : : : ; fpg/ ^ ! D

Z
Uf1;:::;pg

!:

Then (3.6) follows from the successive application of Lemma 3.11.

L 3.10. – Let U be a paracompact K-analytic space without boundary. Let
iZ WZ ,! U be a Zariski closed subset of codimension at least p for some p � 0. Then
i ŠZDp;q

U D 0 for q < p, and we have a canonical isomorphism

Hp.U; iZŠi
Š
ZDp;�

U / Š ker.Dp;p
U .U /! Dp;pC1

U .U /˚Dp;p
U .U nZ//;

where the map in the kernel is induced by the differential d00 to the first factor and the restriction
to the second factor.

Proof. – Let j WU nZ ! U be the open immersion. Then j �Dp;q
U D Dp;q

UnZ
. We explain

that U nZ is also paracompact. In fact, since U is locally compact and paracompact, it can
be written as a disjoint union U D

`
Ui of open and closed subsets Ui in which each Ui is a

union of countably many compact subsets fUij g. We may assume that each Uij is an affinoid
domain. Since Z is Zariski closed, the complement Uij n Z is a countable union of affinoid
domains. Thus, Ui nZ is � -compact, hence U nZ is paracompact.

Using partition of unity [9, Proposition 3.3.6], we know that both Dp;q
U and Dp;q

UnZ

are acyclic. In particular, Hi .U;Rj�j �D
p;q
U / D 0 for i ¤ 0. By the exact triangle

iZŠi
Š
ZDp;q

U ! Dp;q
U ! Rj�j �D

p;q
U

C1
��!, we know that Hi .U; iZŠi

Š
ZDp;q

U / D 0 for i ¤ 0.
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By [9, Lemme 3.2.5], we have i ŠZDp;q
U D 0 for q < p. Moreover, we have a canonical

isomorphism

Hp.U; iZŠi
Š
ZDp;�

U / ' ker.iZŠi ŠZDp;p
U .U /

d00
�! iZŠi

Š
ZDp;pC1

U .U //;

in which the right-hand side is canonically isomorphic to

ker.Dp;p
U .U /! Dp;pC1

U .U /˚Dp;p
U .U nZ//:

The lemma is proved.

L 3.11. – Let X be a paracompact K-analytic space purely of dimension n, and
f WX ! .A1K/

an a smooth morphism. For every " > 0, let �."/ 2 .A1K/
an be the boundary

point of the closed diskD.0; "/. Then for every compactly supported form ! 2 A n�1;n�1
X .X/c ,

we have for sufficiently small ", Z
X0

! D

Z
X�."/

!:

Here, X0 (resp. X�."/) denotes the fiber of X over 0 (resp. �."/).

Proof. – Since f is smooth, we haveZ
X0

! D hıdiv.f /; !iX :(3.7)

By the Poincaré-Lelong formula [9, Théorème 4.6.5], we have

(3.7) D hd0d00 log jf j; !iX D
Z
X

log jf j ^ d0d00!(3.8)

by [9, (4.4.3.3)]. Since d00! has compact support on X n X0, there exists "0 > 0 such that
d00! D 0 on X nX"0 where X" WD fx 2 X j jf .x/j � "g. Now for every 0 < " < "0, we have

(3.8) D
Z
X"

log jf j ^ d0d00! D �
Z
X"

d0 log jf j ^ d00! D
Z
X"

d00.d0 log jf j ^ !/(3.9)

by the Stokes’ formula. By the Stokes’ formula again, we have

(3.9) D
Z
@X"

d0 log jf j ^ !:(3.10)

Now by the definition of integration [9, Section 3.7], [9, Proposition 4.6.6], and possibly
replacing "0 by a smaller positive real number, we have

(3.10) D
Z
X�."/

!:

The lemma follows.

Theorem 3.9 has following corollaries.

C 3.12. – Let K be a non-Archimedean field and X a proper smooth scheme
over K of dimension n. Then for every algebraic cycle Z of X of dimension 0, we haveZ

Xan
cltrop.Z / D deg Z :
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Proof. – Since X is proper, we may take ! to be the constant function 1 on X an in
Theorem 3.12. Then the conclusion follows asZ

Z
an
1 D deg Z :

C 3.13. – Let K be a non-Archimedean field and X a proper smooth scheme
overK. Let NSp.X / be the quotient of CHp.X /modulo numerical equivalence. Then we have

dim Hp;p
trop.X / � dim NSp.X /˝Q

for every p � 0.

Proof. – Without loss of generality, we may assume that X has dimension n � p.
It suffices to show that for algebraic cycles Z1; : : : ; Z r on X of codimension p, if they
are linearly independent in NSp.X /, then they are linearly independent in Hp;p

trop.X /.
Suppose that cltrop.Z1/; : : : ; cltrop.Z r / are linearly dependent in Hp;p

trop.X /. Then there are
c1; : : : ; cr 2 Q, not all zero, such that Z WD c1 Z1 C � � � C cr Z r is zero in Hp;p

trop.X /, that
is, cltrop.Z / D 0. As Z is nonzero in NSp.X /, there is an algebraic cycle Z

0 on X of
codimension n � p such that deg.Z � Z

0
/ ¤ 0, where Z � Z

0
2 CHn.X / is the intersection

product of Z and Z
0. Since the tropical cycle class map preserves ring structure, we have

cltrop.Z / ^ cltrop.Z
0
/ D cltrop.Z � Z

0
/:

Thus, cltrop.Z � Z
0
/ D 0. However, by Corollary 3.12, we haveZ

Xan
cltrop.Z � Z

0
/ D

Z
.Z �Z

0
/an
1 D deg.Z � Z

0
/;

which is a contradiction. The corollary follows.

We finish this section by exhibiting a counterexample of the Künneth decomposition
for H�;�trop.

E 3.14. – Let X1; X2 be two separated schemes of finite type over a non-
Archimedean field K. Put X WD X1 �SpecK X2. We have a canonical mapM

p1Cp2Dp;q1Cq2Dq

Hp1;q1
trop .X1/˝Q Hp2;q2

trop .X2/! Hp;q
trop.X /:(3.11)

We say that the Künneth decomposition holds for .X1; X2/ if the above map is an isomor-
phism for every .p; q/.

We now show an example that the Künneth decomposition fails for certain projective
smooth schemes over K D CF. Take X1 D X2 to be an irreducible projective smooth
curve over CF of genus g � 1 with good reduction. Then we have dim H0;0

trop.X i / D 1;
dim H1;1

trop.X i / D 1 by Theorem 7.3(2); dim H0;1
trop.X i / D dim H1;0

trop.X i / D b
1.X an

i / D 0 by
Remark 7.4 and the assumption that X i has good reduction. Therefore, for .p; q/ D .1; 1/,
the left-hand side of (3.11) has dimension 2. However by Corollary 3.13, the right-hand side
of (3.11) has dimension as least dim NS1.X /˝Q, which is 3 as g � 1.
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4. Rigid cohomology and logarithmic differential forms

In this section, we review the theory of rigid cohomology developed in, for example, [7]
and [22]. Then we study the behavior of logarithmic differential forms in the rigid coho-
mology.

Let R be the category of triples .K;X;Z/ where K is a non-Archimedean field of char-
acteristic zero; X is a scheme of finite type over a subfield of eK; and Z is a Zariski closed
subset of X . A morphism from .K 0; X 0; Z0/ to .K;X;Z/ consists of a field extension K 0=K
and a morphism X 0 ! X ˝ eK fK 0 whose restriction to Z0 factors through Z ˝ eK fK 0. Let
V be the category of pairs .K; V �/ where K is a field and V � is a graded K-vector space. A
morphism from .K; V �/ to .K 0; V 0�/ consists of a field extension K 0=K and a graded linear
map V � ˝K K 0 ! V 0�.

We have a functor of rigid cohomology with support: Ropp ! V sending .K;X;Z/
to H�Z;rig.X=K/. Put H�rig.X=K/ WD H�X;rig.X=K/ for simplicity. The following lemma
summarizes properties which will be used extensively in this article.

L 4.1. – Let notation be as above.

1. Suppose that we have a morphism .K 0; X 0; Z0/ ! .K;X;Z/ with X 0 ' X ˝ eK fK 0 and
Z0 ' Z ˝ eK fK 0. Then the induced map H�Z;rig.X=K/ ˝K K

0 ! H�Z0;rig.X
0=K 0/ is an

isomorphism of finite dimensional graded K 0-vector spaces.

2. For Y D XnZ, we have a long exact sequence:

� � � ! Hi
Z;rig.X=K/! Hi

rig.X=K/! Hi
rig.Y=K/! HiC1

Z;rig.X=K/! � � � :(4.1)

3. If bothX ,Z are smooth, andZ is of codimension r inX , then we have a Gysin isomorphism
Hi
Z;rig.X=K/ ' Hi�2r

rig .Z=K/.

4. Suppose that K is residually algebraic over QF. Then both X;Z can be defined over a
finite extension F0 of F, and the sequence (4.1) is equipped with the absolute Frobenius
action of degree jF0j by functoriality. In particular, each item V in (4.1) admits a direct
sum decompositionV D

L
w2Z Vw whereVw is the maximal subspace ofV such that all of

its generalized eigenvalues under the previous Frobenius action are Weil jF0jw=2-numbers;
it is clear that Vw is independent of the choice of F0.

5. Suppose that X is smooth and Z is of codimension r , then Hi
Z;rig.X=K/w D 0 unless

i � w � 2.i � r/. If X is moreover proper, then Hi .X=K/ is of pure weight i .

Proof. – Part (1) is due to [14, Corollary 3.8] and [6, Corollary 5.5.2]. Parts (2) is a
standard fact in rigid cohomology; see for example, [7] and [22]. Part (3) is due to [28]. Part (4)
is due to [10, Sections 1 & 2]. Part (5) is due to [10, Theorem 2.3].

We will extensively use the notion of K-analytic germs ([6, Section 5.1]), rather than
K-dagger spaces, for a non-Archimedean field K. Roughly speaking, a K-analytic germ is
a pair .X; S/ where X is a K-analytic space and S � X is a subset. We say that .X; S/ is
a K-affinoid germ if S is an affinoid domain. We say that .X; S/ is smooth if X is smooth
in an open neighborhood of S . We have the structure sheaf O.X;S/, and the de Rham
complex ��

.X;S/
when .X; S/ is smooth. (See [6, Section 5.2] for details.) In particular, we

have the de Rham cohomology H�dR.X; S/ when .X; S/ is smooth. For a smoothK-analytic
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germ .X; S/ where S D M .A/ for an integrally smooth K-affinoid algebra A, we have a
canonical functorial isomorphism H�dR.X; S/ ' H�rig.SpecAs=K/ (see [7, Proposition 1.10],
whose proof actually works for general K).

The following lemma generalizes the construction in [14, Lemma 2].

L 4.2. – Let K be a non-Archimedean field of characteristic zero. Let .X1; Y1/ and
.X2; Y2/ be two smooth K-affinoid germs. Then to every morphism 'WY2 ! Y1 of K-affinoid
domains, one can associate in a functorial way a pullback map

'�WH�dR.X1; Y1/! H�dR.X2; Y2/:

It satisfies the following conditions:

(i) if ' extends to a morphism .X2; Y2/! .X1; Y1/ of germs, then '� coincides with the usual
pullback;

(ii) for a finite extension K 0 of K, if we write X 0i (resp. Y 0i ) for Xi b̋KK 0 (resp. Yi b̋KK 0)
for i D 1; 2 and '0 for 'b̋KK 0, then '0� coincides with the scalar extension of '�, in
which we identify H�dR.X

0
i ; Y
0
i / with H�dR.Xi ; Yi /˝K K

0 for i D 1; 2;

(iii) if Y1 D M .A1/ and Y2 D M .A2/ for some integrally smooth K-affinoid algebras A1
and A2, then '� coincides with '�s WH

�
rig.SpecA1;s=K/ ! H�rig.SpecA2;s=K/ under

the canonical isomorphism H�dR.Xi ; Yi / ' H�rig.SpecAi;s=K/ for i D 1; 2, where
's W SpecA2;s ! SpecA1;s is the induced morphism.

Proof. – Put X WD X1 �K X2, Y WD Y1 �K Y2; and denote by � � Y the graph of ',
which is isomorphic to Y2 via the projection to the second factor. Denote by ai WX ! Xi the
projection morphism. We have maps

H�dR.X1; Y1/
a�
1
�! lim
�!
V

H�dR.V /
a�
2
 � H�dR.X2; Y2/;

where V runs through open neighborhoods of � in X . We show that a�2 is an isomorphism.
Then we define '� as .a�2/

�1 ı a�1 . The functoriality of '� is straightforward but tedious to
check; we will leave it to readers.

The proof of properties is similar to that of [14, Lemma 2]. Using the Mayer-Vietoris
sequence, we may assume that there are elements t1; : : : ; tm 2 OX1.X1/ such that dt1; : : : ; dtm
form a basis of �1.X1; Y1/ over O.X1; Y1/, and there exist a K-affinoid neighborhood
U" � X of � with an element " 2 jK�j, and an isomorphism

U" \ Y
�
�! M .Kh"�1Z1; : : : ; "

�1Zmi/ �K �;

in which Zi is sent to ti ˝ 1 � 1 ˝ '�ti . Note that Kh"�1Z1; : : : ; "�1Zmi is an integrally
smoothK-affinoid algebra, and SpecKh"�1Z1; : : : ; "�1Zmis is isomorphic to AmeK . Thus, by
[14, Lemma 2], the restriction map H�dR.X2; Y2/ ! H�dR.X;U" \ Y / is an isomorphism.
We may choose a sequence of such U" with

T
" U" D �. Then lim

�!"
H�dR.X;U" \ Y / '

lim
�!V

H�dR.V /. Thus, a�2 is an isomorphism.
Properties (i) and (ii) follow easily from the construction. We now check Property (iii), as

it is important for our later argument. The induced projection morphism

M .Kh"�1Z1; : : : ; "
�1Zmi/ �K � ' U" \ Y ! Yi
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extends canonically to a morphism of formal Kı-schemes

Spf.Kh"�1Z1; : : : ; "�1Zmib̋KA�/ı ! SpfAıi ;

where A� is the coordinate K-affinoid algebra of � which is isomorphic to A2. Therefore,
the restriction map H�dR.Xi ; Yi /! H�dR.X;U" \ Y / coincides with the map

a�i;s WH
�
rig.SpecAi;s=K/! H�rig.Spec.Kh"�1Z1; : : : ; "�1Zmib̋KA�/s=K/

induced from the homomorphism Ai;s ! .Kh"�1Z1; : : : ; "
�1Zmib̋KA�/s of eK-algebras.

Note that a�2;s is an isomorphism, and that .a�2;s/
�1 coincides with the restriction map

H�rig.Spec.Kh"�1Z1; : : : ; "�1Zmib̋KA�/s=K/! H�rig.SpecA2;s=K/

induced from the homomorphism .Kh"�1Z1; : : : ; "
�1Zmib̋KA�/s ! A2;s sending "�1Zi

to 0 for all i . Property (iii) follows.

The following example will be used in the computation later.

E 4.3. – Let k be a discrete non-Archimedean field of characteristic zero. For an
integer t � 0, define the formal kı-scheme

Etk WD Spf kıŒŒT0; : : : ; Tt ��=.T0 � � �Tt �$/;

where$ is a uniformizer of k. Up to isomorphism, Et
k

does not depend on the choice of$ .
Let Et

k
be its generic fiber of Et

k
. Let Et

k
be the k-affinoid algebra

khj$ j�
1
tC1T0; � � � ; j$ j

� 1
tC1Tt ; j$ j

1
tC1T �10 ; � � � ; j$ j

1
tC1T �1t i=.T0 � � �Tt �$/;

which is integrally smooth, as Spf.Et
k
/ı is the formal completion along a smooth open in

some semistable scheme over kı. For example, when t D 1, let E be the blow-up of the
kı-scheme kıŒT0; T1�=.T0T1 � $/ along the maximal ideal .T0; T1;$/; then Spf.E1

k
/ı is

isomorphic to the formal completion of E alongZ~, whereZ is the exceptional divisor and
Z~ is the complement of its intersection with other two irreducible components of the special
fiber.

Moreover, M .Et
k
/ is canonically a k-affinoid domain in Et

k
, and the restriction map

H�dR.E
t
k/! H�dR.E

t
k ; M .Etk// ' H�rig.Spec.Etk/s=k/

is an isomorphism by [14, Lemma 3]. If k is residually algebraic over QF, then we have

Hp
rig.Spec.Etk/s=k/ D Hp

rig.Spec.Etk/s=k/2p

for every p � 0.

R 4.4. – More generally, let A be an integrally smooth k-affinoid algebra where
k is a discrete non-Archimedean field of characteristic zero. Consider a smooth k-analytic
germ .X; S/ where S is the subset of the generic fiber of SpfAıŒŒT0; : : : ; Tt ��=.T0 � � �Tt �$/
defined by the equality jT0j � " for some " > 0. Then we have a canonical functorial
isomorphism

H�dR.X; S/ ' H�rig.SpecAs=k/˝k H�rig.Spec.Etk/s=k/

by Lemma 4.2, the Künneth decomposition for de Rham cohomology, and [14, Lemma 3].

Now we study the behavior of logarithmic differential forms in the rigid cohomology. We
first review the notion of strictly semistable schemes.
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D 4.5 (Strictly semistable scheme). – Let k be a discrete non-Archimedean
field. We say that a scheme X over kı is strictly semistable of dimension n if X is locally of
finite presentation, Zariski locally étale over SpecKıŒT0; : : : ; Tn�=.T0 � � �Tr � $/ for some
uniformizer $ of k.

For every integer 0 � r � n, denote by X Œr�
s the union of intersection of r C 1 distinct

irreducible components of X s . It is a closed subscheme of X s whose irreducible components
with their reduced structure are smooth.

Let k be a finite extension of QF. Let S be a proper strictly semistable scheme over kı of
dimension s such that every irreducible component of S Œr�

s is geometrically irreducible
for every r � 0. We fix an irreducible component E of S s and let E 1; : : : ; EM be
all other irreducible components that intersect E . For a subset I � f1; : : : ;M g, put
E I WD .

T
i2I E i /\ E (in particular, E ; D E ) and E ~I D E InS ŒjI jC1�

s . For two subsets I; J
of f1; : : : ;M g, we write I � J if I � J and numbers in J nI are all greater than those in I .

For I � f1; : : : ;M g, we have the open immersion E ~I � E InS ŒjI jC2�
s , whose complement

is
`
I�J;jJ jDjI jC1 E ~J . Thus, we have maps

H�rig. E ~I =k/!
M

I�J;jJ jDjI jC1

H�C1
E~
J
;rig
. E InS ŒjI jC2�

s =k/
�
�!

M
I�J;jJ jDjI jC1

H��1rig . E ~J =k/;

where the second map is the Gysin isomorphism. In the above composite map, denote by �IJ
the induced map from H�rig. E ~I =k/ to the component H��1rig . E ~J =k/ if I � J , and the zero
map if not.

In general, for I � J , there is a unique strictly increasing sequence I D I0 � I1 � � � � �

IjJnI j D J and we define

�IJ WD �
IjJnI j�1
J ı � � � ı �II1 WH

�
rig. E ~I =k/! H��jJnI jrig . E ~J =k/;

and �IJ D 0 if I � J does not hold. Together, for i � j , they induce a map

� ij W
M
jI jDi

H�rig. E ~I =k/!
M
jJ jDj

H�Ci�jrig . E ~J =k/;

such that � ij jH�rig. E~
I
=k/

is the direct sum of �IJ for all J with jJ j D j . First, we have the

following lemma.

L 4.6. – Let notation be as above. For every 0 � p � s, the restriction of

�0p WH
p
rig. E ~=k/!

M
jJ jDp

H0
rig. E ~J =k/

to Hp
rig. E ~=k/2p is injective.

Proof. – By the long exact sequence of cohomology with support (4.1), the kernel of
the map �0p is a weight preserving extension of k-vector spaces HpCjI j

E I ;rig. E =k/ for jI j < p.

Therefore, the lemma follows since HpCjI j

E I ;rig. E =k/ is pure of weight p C jI j < 2p by [28,
Theorems 5.2.1 & 6.2.5] (with constant coefficients).
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Denote by Zr . E /~ the abelian group generated by irreducible components of E I with
jI j D r . Denote by ŒZ � the generator corresponding to a component Z of E I . Note that
the set I is determined by Z , which we denote by I.Z /. Put Z. E /~ WD

LM
rD0Z

r . E /~. We
define a wedge product

^WZ. E /~ ˝Z. E /~ ! Z. E /~;

which is group homomorphism uniquely determined by the following conditions:

— Z1 ^Z2 D .�1/
r1r2Z2 ^Z1, if Z1 2 Zr1. E /~ and Z2 2 Zr2. E /~;

— ŒZ1� ^ ŒZ2� D 0 if I.Z1/ \ I.Z2/ ¤ ;;

— ŒZ1� ^ ŒZ2� D ŒZ1 \ Z2� if Z1 \ Z2 ¤ ;, I.Z1/ \ I.Z2/ D ;, and I.Z1/ �

I.Z1/ [ I.Z2/.

It is easy to see that ^ is associative and maps Zr1. E /~ ˝ Zr2. E /~ into Zr1Cr2. E /~. We
have an (injective) class map

cl~WZ. E /~ !
M
I

H0
rig. E ~I =k/ '

M
I

k�0. E I /

sending ŒZ � to 1 corresponding to the irreducible component of E I.Z/.

For an element f 2 O�.S an
k ; �

�1 E ~/, that is, an invertible function on some open neigh-
borhood of ��1 E ~ in S an

k , we can associate canonically an element div.f / 2 Z1. E /~. In
fact, there exists an element c 2 k� such that jcf j D 1 on ��1 E ~. Thus, the reduction fcf is
an element in O�E . E ~/, and we define div.f / to be the associated divisor of fcf , which is an
element in Z1. E /~. Obviously, it does not depend on the choice of c. Finally, note that by
the definition of rigid cohomology, we have a canonical isomorphism H�dR.S an

k ; �
�1 E ~/ '

H�rig. E ~=k/.

P 4.7. – Let notation be as above. Given f1; : : : ; fp 2 O�.S an
k ; �

�1 E ~/, if
we regard df1

f1
^ � � � ^

dfp
fp

as an element in Hp
dR.S an

k ; �
�1 E ~/ ' Hp

rig. E ~=k/, then we have

�0p

�
df1
f1
^ � � � ^

dfp
fp

�
D cl~

�
div.f1/ ^ � � � ^ div.fp/

�
:(4.2)

Proof. – The question is local around the generic point of every irreducible component
of E I with jI j D p. So we fix such an irreducible component Z (with jI.Z /j D p) and take
an affine open neighborhood S 0 of the generic point of Z in S such that it admits a smooth
morphism

f W S 0 ! Spec kıŒT0; : : : ; Tp�=.T0 � � �Tp �$/;

where $ is a uniformizer of k, satisfying

— E D E 0 and E i (i D 1; : : : ; p) are all the irreducible components of T s that
intersect E , where E i is defined by the ideal .f �Ti ;$/;

— E I WD
T
i2I E i is irreducible and nonempty for I � f1; : : : ; pg.

Note that

— d.cf /
cf
D

df
f

;

— both sides of (4.2) are multi-linear in f1; : : : ; fp 2 O�.S an
0;k ; �

�1 E ~/; and
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— df
f
D

df 0

f 0
in H1

rig. E ~=k/ if jf j D jf 0j D 1 on ��1 E ~ and ef D ef 0.
Thus, we may assume that fi D f �Ti . Then as both sides of (4.2) are functorial in f under
pullback, we may assume that S 0 D Spec kıŒT0; : : : ; Tp�=.T0 � � �Tp �$/ and fi D Ti .

Put S 0 WD Spec kıŒT1; : : : ; Tp� and let gW S 0 ! S 0 be the morphism sending Ti to Ti
(1 � i � p). For I � f1; : : : ; pg, let E 0I be the closed subscheme of S 0s defined by the ideal
.$; Ti j i 2 I /. Then g induces an isomorphism E I ' E 0I . Similarly, we have maps

� 0
I
J WH

�
rig. E 0~I =k/! H�Ci�jrig . E 0~J =k/

for I � J and � 0ij for i � j , where E 0~I D g. E ~I /. It is easy to see that � 0IJ D �
I
J if we identify

H�rig. E 0~I =k/ with H�rig. E ~I =k/ through g�. Therefore, it suffices to show the equality (4.2)
for S 0, that is,

� 0
0
p

�
dT1
T1
^ � � � ^

dTp
Tp

�
D 1 2 H0

rig. E 0f1;:::;pg=k/ ' k:

However, S 0, which is isomorphic to Ap
kı

can be canonically embedded into the proper
smooth scheme Pp

kı
over kı. Thus, the rigid cohomology H�rig. E 0~I =k/ and the map � 0ij can

be computed on Pp;an
k

. On the generic fiber S 0k , we similarly define T I to be the closed

subscheme Spec kŒT1; : : : ; Tp�=.Ti j i 2 I / of S 0k for I � f1; : : : ; pg, and T
~

I D

T In
S
I J T J . We may similarly define maps ˛IJ WH

�
dR.T

~

I / ! H��jJnI jdR .T
~

J / and ˛ij
via algebraic de Rham cohomology theory. Then we have canonical vertical isomorphisms
rendering the diagram

H�dR.T
~

I /
˛I
J //

'

��

H��jJnI jdR .T
~

J /

'

��

H�rig. E 0~I =k/
�0
I
J // H��jJnI jrig . E 0~J =k/

commutative. From the standard computation in algebraic de Rham cohomology, we have

˛0p

�
dT1
T1
^ � � � ^

dTp
Tp

�
D 1 2 H0

dR.T f1;:::;pg/;

where T f1;:::;pg is just the point of origin. Thus, the proposition is proved.

5. Weight decomposition of de Rham cohomology sheaves

In this section, we prove Theorem 1.4 for étale topology, and then deduce the one for
analytic topology. In particular, sheaves like OX , cX , and the de Rham complex .��X ; d/ are
understood in the étale topology, until we say otherwise.

D 5.1 (Marked pair). – Let k be a discrete non-Archimedean field. A marked
k-pair .X ; D/ of dimension n and codimension t consists of an affine strictly semistable
scheme X over kı of dimension n (Definition 4.5), and an irreducible component D of X Œt�

s

that is geometrically irreducible.

We start from the following lemma, which generalizes [6, Lemma 2.1.2].

ANNALES SCIENTIFIQUES DE L’ÉCOLE NORMALE SUPÉRIEURE



318 Y. LIU

L 5.2. – Suppose that K is embeddable into bka for some discrete non-Archimedean
field k. Let X be a smoothK-analytic space, and x a point of X with s.x/C t .x/ D dimx.X/.
Given a morphism ofK-analytic spacesX ! Y�, whereY is a special formalKı-scheme, there
exist

a finite extension K 0 of K, a finite extension k0 of k contained in K 0,

a marked k0-pair .X ; D/ of dimension dimx.X/ and codimension t .x/,

an open neighborhood U of .bX =D/� b̋k0K 0 in X an
K0 ,

a point x0 2 .bX =D/� b̋k0K 0,
a morphism of K-analytic spaces �WU ! X , and

a morphism of formal Kı-schemes bX =Db̋k0ıK 0ı ! Y,

such that the following are true:

(i) � is étale and �.x0/ D x;

(ii) the induced morphism .bX =D/� b̋k0K 0 ! Y� coincides with the composition

.bX =D/� b̋k0K 0 ,! U
�
�! X ! Y�:

Proof. – Put t WD t .x/, s WD s.x/, and n WD t C s. By [6, Proposition 2.3.1], by possibly
replacing k and K by suitable finite extensions, we may replace X by .B �k Y /b̋kK, where
B D

Qt
jD1 B.0I rj ; Rj /k for some 0 < rj < Rj and Y is a smooth k-analytic space

of dimension s, and x projects to b 2 B with t .b/ D t and y 2 Y with s.y/ D s.
Denote by P the kı-scheme P1

kı
with the point 0 on the special fiber blown up, and byP the

formal completion of P along the open subscheme Psnf�.0/; �.1/g, which is isomorphic
to Spf kıhX; Y i=.XY �$/ for some uniformizer $ of k. By further replacing k and K by
suitable finite extensions such that j$ j < rj =Rj for every j , we may assume that there is an
embedding

Q
t P� � B whose image contains b such that �.b/ D 0, where 0 is the closed

point in
Q
t Ps that is nodal in every component. In particular

Q
t P� is a neighborhood

of b.

For Y , we proceed exactly as in the Step 1 of the proof of [6, Lemma 2.1.2]. By shrinking Y
if necessary, we have, following Berkovich’s construction (after Raynaud) in the beginning of
Step 3 of the proof of [6, Lemma 2.1.2], an integral scheme Y 0 proper and flat over kı and
open subschemes Z

0
� W0 � Y 0s , such that W 0 WD ��1 W0 is a strictly affinoid domain,

isomorphic to a neighborhood of y in Y , and is a neighborhood of Z0 WD ��1 Z
0.

Now we put two parts together. Define Y D
Q
t P � Y 0 where the fiber product is

taken over kı, and W D
Q
t Ps � W0 where the fiber product is taken over ek. Then

W WD
Q
t P��W

0 coincides with��1 W in Y an
k . Moreover,WK is a neighborhood of x where

WK denotes the inverse image of W in X D .B �k Y /b̋kK. Note that we have the induced
map ˛WWK ! Y� ofK-analytic spaces by restriction. By the same argument in Step 2 of the
proof of [6, Lemma 2.1.2], we have finitely many open affine subschemes Yi for 1 � i � l
of Y such that WK;i WD ˛�1Yi� is an affinoid subdomain of WK and WK D

Sl
iD1WK;i .

By [6, Lemma 2.1.3 (ii)], we may assume that WK;i comes from an k-affinoid subdomain Wi
of W for every i by replacing k and K by suitable finite extensions if necessary. Making a
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finite number of additional blow-ups, we may also assume that there are open subschemes
Wi � W with Wi D ��1 Wi and W D

Sl
iD1 Wi .

Now we proceed as in Step 4 of the proof of [6, Lemma 2.1.2]. Take an alteration
'W X 0 ! Y from a strictly semistable scheme X 0 over kı after further replacing k andK by
suitable finite extensions, and a point x0 2 X 0an

K such that '.x0/ D x. By a similar argument,
one can show that �.x0/ 2 X 0s ˝ek eK has dimension at least s. On the other hand, we have
s.x0/ � s and t .x0/ � t . Thus, s.x0/ D s and t .x0/ D t . Denote by C the Zariski closure
of �.x0/ in X 0s , equipped with the reduced induced scheme structure. Suppose that C is
contained in t 0 C 1 distinct irreducible components of X 0s . Then t 0 � t as the codimension
in X 0s of the intersection of t 0 C 1 distinct irreducible components is t 0. We take an affine
open subscheme U 0 of X 0 satisfying: D

0
WD U 0 \ C is open dense in C ; '.D

0
/ is contained

in W; U 0 is étale over Spec kıŒT0; : : : ; Tn�=.T0 � � �Tt 0 ��/ for some uniformizer$ of k such
that D

0 is the zero locus of the ideal generated by .T0; : : : ; Tt ; �/. Now we blow up the ideal
generated by .Tt 0C1;$/, and then the strict transform of the ideal generated by .Tt 0C2;$/,
and continue to obtain an affine strictly semistable scheme X over kı such that the strict
transform D of D

0 is an irreducible component of X Œt�
s . Possibly after further replacing k

and K by suitable finite extensions, and replacing X by an affine open subscheme such that
X s \ D is dense in D, we obtain a marked k-pair .X ; D/ of dimension n and codimen-
sion t such that 'W X ! Y is étale on the generic fiber. Here, the further finite extension
of ground fields is to ensure that D is geometrically irreducible. Note that .'an

K /
�1WK is

a neighborhood of x0 containing ��1 D as '.D/ � W. Here, x0 2 X an
K is an arbitrary

preimage of the original x0 2 X 0an
K , which exists by construction.

We take U to be an arbitrary open neighborhood of ��1 D, and � to be 'an
K jU

. By
the same argument in Step 5 of the proof of [6, Lemma 2.1.2] by using the covering
W D

Sl
iD1 Wi constructed above, the morphism ' induces a morphism of Kı-formal

schemes bX ='�1W
b̋kıKı ! Y hence a morphism bX =Db̋kıKı ! Y. The conclusions of

the lemma are all satisfied by the construction.

From now on to the end of this section, we assume that K is a residually algebraic
extension of QF.

D 5.3 (Fundamental chart). – LetX be aK-analytic space and x 2 X a point.
A fundamental chart of .X I x/ consists of data .DL; .Y ; D/; .D; ı/;W; ˛Iy/ where

— .Y ; D/ is a marked k-pair of dimension t .x/C s.x/ and codimension t .x/, where k is
a finite extension of QF;

— DL is an open poly-disk over L of dimension dimx.X/ � t .x/ � s.x/, where L is
simultaneously a finite extension of K and a (residually algebraic) extension of k;

— D is an integrally smooth affinoid k-algebra, and

ıW SpfDıŒŒT0; : : : ; Tt ��=.T0 � � �Tt �$/
�
�! bY =D(5.1)

is an isomorphism of formal kı-schemes, where $ is a uniformizer of k;

— W is an open neighborhood of .bY =D/� b̋kL D .��1 D/b̋kL in Y an
L ;
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— y is a point in DL �L W with t .y/ D t .prW .y// D t .x/, s.y/ D s.prW .y// D s.x/,
and such that prW .y/ belongs to .��1 D/b̋kL and its image under the reduction map
is the generic point of DeL;

— ˛WDL �L W ! X is an étale morphism of K-analytic spaces such that ˛.y/ D x.

Note that the field k will be implicit from the notation (as it is not important).

The isomorphism (5.1) induces an isomorphism SpecDs ' D of ek-schemes, and an
isomorphism

ı�WHp
dR.DL �L .W; .�

�1 D/b̋kL// ��! pM
jD0

Hj
rig.D=k/˝k Hp�j

dR .Etk/˝k L(5.2)

of L-vector spaces [14, Lemmas 2 & 3] and [6, Corollary 5.5.2]. Here, Et
k

is the k-analytic
space defined in Example 4.3. Denote by Hp

w.DL; .Y ; D/; .D; ı/;W / the subspace of the left-
hand side of (5.2) corresponding to the subspace

pM
jD0

Hj
rig.D=k/w�2.p�j / ˝k Hp�j

dR .Etk/˝k L

on the right-hand side. In particular, all elements in Hp�j
dR .Et

k
/ are regarded to be of weight

2.p � j /. Then we have a direct sum decomposition

Hp
dR.DL �L .W; .�

�1 D/b̋kL// DM
w2Z

Hp
w.DL; .Y ; D/; .D; ı/;W /:(5.3)

Finally, we denote by Hp

.w/
.DL; .Y ; D/; .D; ı/;W / the subspace of Hp

dR.DL �L W / as the
inverse image of Hp

w.DL; .Y ; D/; .D; ı/;W / under the restriction map

Hp
dR.DL �L W /! Hp

dR.DL �L .W; .�
�1 D/b̋kL//:

R 5.4. – Note that the composite morphism of formal kı-schemes

Spf..Etk/
ıb̋kıDı/! SpfDıŒŒT1; : : : ; Tt ��=.T1 � � �Tt �$/

ı
�! bY =D

induces an isomorphism

Hp
dR.W; .�

�1 D/b̋kL/ ' Hp
rig..E

t
k/s ˝ek D=L/:

Therefore, an element ! 2 Hp
dR.DL �L W / belongs to Hp

.w/
.DL; .Y ; D/; .D; ı/;W / if and

only if the restriction of ! to f0g �L W belongs to Hp
rig..E

t
k
/s ˝ek D=L/w under the above

isomorphism, by Example 4.3.

R 5.5. – Note that Hp
w.DL; .Y ; D/; .D; ı/;W / D 0 unless p � w � 2p, and

the decomposition (5.3) is stable under base change along a residually algebraic extension
of K (and L accordingly). We warn that the decomposition (5.3) depends on all of the data
.DL; .Y ; D/; .D; ı/;W /, not just the L-analytic germ DL �L .W; .��1 D/b̋kL/.
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L 5.6. – For part of the data .DL; .Y ; D/; .D; ı/;W / from Definition 5.3 and f 2
O�.DL �L W /, we have

df
f
2 H1

.2/.DL; .Y ; D/; .D; ı/;W /:

Here, we regard df
f

, a priori a closed 1-form on DL �L W , as an element in H1
dR.DL �L W /.

Proof. – We may assume L D K without lost of generality. We may also rescale f such
that jf j < 1. Then f restricts to a morphism of formal Kı-schemes, denoted again by

f W Spf..Etk/
ıb̋kıDıb̋kıKı/! SpfKıŒŒT ��:

On the generic fiber, since the Shilov boundary of M .Et
k
b̋kDb̋kK/ consists of one

point and the image of the induced morphism M .Et
k
b̋kDb̋kK/ ! D.0I 1/K does not

contain 0, the pullback of T on M .Et
k
b̋kDb̋kK/ has constant norm. In other words,

the morphism M .Et
k
b̋kDb̋kK/ ! D.0I 1/K induced by f factors through a morphism

M .Et
k
b̋kDb̋kK/ ! M .Khr�1T; rT �1i/ for a unique number r < 1 in

p
jK�j. By

replacing K by a finite extension, we may assume r 2 jKııj. Then Khr�1T; rT �1i is
integrally smooth, and we have SpecKhr�1T; rT �1is ' .Gm/ eK . Moreover,

H1
rig.Gm=K/2 D H1

rig.Gm=K/ ' H1
dR.D.0; 1/K ; M .Khr�1T; rT �1i// D K

�
dT
T

�
:

Thus, Lemma 4.2(1) and Remark 5.4 imply the lemma.

D 5.7. – Let X be a K-analytic space and x 2 X a point.

1. Let f KEt.X I x/ be the category whose objects are fundamental charts of .X I x/, and a
morphism

'W .DL2 ; .Y 2; D2/; .D2; ı2/;W2; ˛2Iy2/! .DL1 ; .Y 1; D1/; .D1; ı1/;W1; ˛1Iy1/

consists of extensions K � L1 � L2 (7) such that k1 � k2, and a morphism

ˆ.'/WDL2 �L2 W2 ! DL1 �L1 W1

of L1-analytic spaces sending y2 to y1, and such that

ˆ.'/�Hp

.w/
.DL1 ; .Y 1; D1/; .D1; ı1/;W1/ � Hp

.w/
.DL2 ; .Y 2; D2/; .D2; ı2/;W2/

for all p;w 2 Z. Note that ˆ.'/ needs not to respect each factor.

2. Let KEt.X I x/ be the category of étale neighborhoods of .X I x/. Recall that its objects
are triples .Y; ˛Iy/ where ˛WY ! X is an étale morphism sending y 2 Y to x, and
morphisms are defined in the obvious way. In the notation .Y; ˛Iy/, the morphism ˛

will be suppressed if it is not relevant. For a presheaf F on XKet, the stalk of F

at x is defined to be Fx WD lim
�!.Y;˛Iy/

F .Y / where the colimit is taken over the

category KEt.X I x/.

3. We have a functor ˆW f KEt.X I x/! KEt.X I x/ sending an object

.DL; .Y ; D/; .D; ı/;W; ˛Iy/

of f KEt.X I x/ to .DL �L W;˛Iy/, and a morphism ' to ˆ.'/.

(7) Even when L1 D L2, we regard DL1 and DL2 as two different poly-disks.
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The following lemma generalizes [6, Proposition 2.1.1].

L 5.8. – Suppose thatK is embeddable into CF andX is a smoothK-analytic space.
Fix an arbitrary point x 2 X and let .Y; ˛0Iy0/ be an object of KEt.X I x/. Then

1. there exists an object .DL; .Y ; D/; .D; ı/;W; ˛Iy/ 2 f KEt.X I x/ such that its image under
ˆ admits a morphism to .Y; ˛0Iy0/;

2. given two morphismsˇi Wˆ.DLi ; .Y i ; Di /; .Di ; ıi /;Wi ; ˛i Iyi /! .Y; ˛0Iy0/ in KEt.X I x/
for i D 1; 2, there exists an object .DL; .Y ; D/; .D; ı/;W; ˛Iy/ 2 f KEt.X I x/ together
with morphisms 'i to .Di ; .YLi ; Di /; .Di ; ıi /;Wi ; ˛i Iyi / in f KEt.X I x/ for i D 1; 2 such
that the following diagram

ˆ.DL1 ; .Y 1; D1/; .D1; ı1/;W1; ˛1Iy1/

ˇ1

))

ˆ.DL; .Y ; D/; .D; ı/;W; ˛Iy/

ˆ.'1/
33

ˆ.'2/ ++

.Y; ˛0Iy0/

ˆ.DL2 ; .Y 2; D2/; .D2; ı2/;W2; ˛2Iy2/

ˇ2

55

commutes.

Proof. – Let n be the dimension of X at x; we may assume by arguing locally that X is
of dimension n. Put t WD t .x/ and s WD s.x/.

For (1), by [6, Proposition 2.3.1], after replacing K by a finite extension, we may assume
Y D DK �K X 0 and y0 2 Y such that t .prX 0.y0// D t and s.prX 0.y0// D s, where
X 0 is a smoothK-analytic space of dimension s C t . Now we only need to apply Lemma 5.2
to Y D SpfKı, the pair .X 0I prX 0.y0//, and the structure morphism X 0 ! Y� D M .K/.
The existence of .D; ı/ is due to the argument in Part (iv) of the proof of [14, Theorem 2.3].

For (2), we put Di WD DLi , and may assume K D L1 D L2. For i D 1; 2, we choose a
relative compactification Y i ,! Y i over kıi , where Y i is proper. Such compactification is
needed to construct a formal schemeY (see below) in order to apply Lemma 5.2. ThenWi is

open in Yi�, where Yi D
c
Y i b̋kıi Kı. Consider the étale morphism

˛00WY
0
WD .D1 �K W1/ �Y .D2 �K W2/! Y;

and a point y00 2 Y
0 projecting to y1 (resp. y2) in the first (resp. second) factor. Again by [6,

Proposition 2.3.1], we may find an object of the form .DK�KX 0; ˛0Iy0/ in KEt.X I x/ such that
t .prX 0.y

0// D t and s.prX 0.y
0// D s as in (1) with a morphism to .Y 0; ˛00Iy

0
0/. Now we apply

Lemma 5.2 to X 0, the point prX 0.y
0/, Y D Y1 �Kı Y2, the morphism

X 0
.ˇ1;ˇ2/
�����! W1 �K W2 � Y�;

where ˇi equals the composition

X 0 ' f0g �K X
0
� DK �K X 0 ! Di �K Wi ! Wi .i D 1; 2/

with the last arrow being the projection. We obtain a marked k-pair .Y ; D/ of dimen-
sion s C t and codimension t , for some discrete non-Archimedean field k containing k1; k2
and contained in (possibly a finite extension of)K; an open neighborhoodW of .bY =D/� b̋kK
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in Y an
K , a point u 2 W , an étale morphism ofK-analytic spaces �WW ! X 0 such that �.u/ D

prX 0.y
0/, and a morphism of formal Kı-schemes  D . 1;  2/W bY =D

b̋kıKı ! Y1 �Kı Y2
compatible with �. As  i maps the generic point of D eK to the generic point of .Di / eK ,
we may replace .Y ; D/ by an affine open such that  i .D eK/ � .Di / eK for i D 1; 2. In
particular, we have morphisms  i W bY =D

b̋kıKı ! cY i =Di
b̋
kı
i
Kı. Note that  i does not

necessarily descent to any finite extension of k. By the proof of [14, Theorem 2.3], there is an
integrally smooth k-affinoid algebra D and an isomorphism ı as in (5.1). Finally, we take a
point y 2 DK �K W above y0 such that prW .y/ D u.

Now the object .DK ; .Y ; D/; .D; ı/;W; ˛Iy/ has been constructed with the obvious ˛
(with L D K possibly a finite extension of the starting one). Let ˆ.'i / be the composite
morphism DK �K W ! DK �K X 0 ! Di �K Wi for i D 1; 2. It remains to show that

(i) For i D 1; 2, every p, every w, and an element ! 2 Hp
rig.Di=ki /w , we have

.ˇi ı �/
�.ı�i /

�1! 2 Hp

.w/
..Y ; D/; .D; ı/;W /:

(ii) For i D 1; 2 and an arbitrary coordinate T of Et
ki

, we have

.ˇi ı �/
�.ı�i /

�1 dT
T
2 H1

.2/..Y ; D/; .D; ı/;W /:

For (i), as we have morphisms of formal Kı-schemes

Spf..Etk/
ıb̋kıDıb̋kıKı/! bY =D

b̋kıKı  i
�! cY i =Di

b̋
kı
i
Kı ! SpfDıi b̋kıi Kı;

Lemma 4.2 implies that .ˇi ı �/�.ı�i /
�1! coincides with ��i ! in

Hp
dR.W; .�

�1 D/b̋kK/ ' Hp
rig..E

t
k/s ˝ek D=K/

in view of Remark 5.4, where

�i W .E
t
k/s ˝ek D eK ! .Di / eK

is the induced morphism of (affine smooth) eK-schemes. Thus, (i) follows from weight preser-
vation of rigid cohomology.

For (ii), we only need to apply Lemma 5.6 to the function T .

Now we are ready to define the desired direct summand .�p;cl
X =d�p�1X /w in the weight

decomposition of de Rham cohomology sheaves.

D 5.9 (De Rham cohomology sheaves with weights). – Suppose that K is
residually algebraic over QF and X is a smooth K-analytic space. Let p � 1 be an integer.

For every object U of XKet, define .�p;cl
X =d�p�1X /.U /

pre
w � .�

p;cl
X =d�p�1X /.U / to be

the image of elements ! 2 �
p;cl
X .U / such that for every point u 2 U , there exists a

fundamental chart .DL; .Y ; D/; .D; ı/;W; ˛Iy/ of .U Iu/ such that ˛�!, regarded as an
element in Hp

dR.DL �L W /, belongs to Hp

.w/
.DL; .Y ; D/; .D; ı/;W /. The assignment

U 7! .�
p;cl
X =d�p�1X /.U /

pre
w defines a sub-presheaf .�p;cl

X =d�p�1X /
pre
w of �p;cl

X =d�p�1X .

We define .�p;cl
X =d�p�1X /w to be the sheafification of .�p;cl

X =d�p�1X /
pre
w , which is canoni-

cally a subsheaf of �p;cl
X =d�p�1X .

The following lemma can be proved by the same way as for [6, Corollary 5.5.3].
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L 5.10. – Let K 0=K be an extension such that K 0 is embeddable into CF. Let X be
a smooth K-analytic space and & WX 0 WD X b̋KK 0 ! X the canonical projection. Then the
canonical map of sheaves on X 0

Ket

&�1.�
p;cl
X =d�p�1X /˝L K

0
! �

p;cl
X 0 =d�p�1X 0

is an isomorphism, where L is the algebraic closure of K in K 0.

The following theorem establishes the functorial weight decomposition of de Rham coho-
mology sheaves in Theorem 1.4 in the case of étale topology.

T 5.11. – If K is embeddable into CF and X is a smooth K-analytic space, then
the following hold:

1. under the situation of Lemma 5.10, we have

&�1.�
p;cl
X =d�p�1X /w ˝L K

0
D .�

p;cl
X 0 =d�p�1X 0 /w ;

for every w 2 Z;

2. the image of the composite map

.�
p1;cl
X =d�p1�1X /w1 ˝ .�

p2;cl
X =d�p2�1X /w2

! �
p1;cl
X =d�p1�1X ˝�

p2;cl
X =d�p2�1X

^
�! �

p1Cp2;cl
X =d�p1Cp2�1X

is contained in the subsheaf .�p1Cp2;cl
X =d�p1Cp2�1X /w1Cw2 ;

3. the sheaf .�p;cl
X =d�p�1X /w is zero unless p � w � 2p;

4. the canonical map M
w2Z

.�
p;cl
X =d�p�1X /w ! �

p;cl
X =d�p�1X

is an isomorphism;

5. for every morphism f WY ! X of smooth K-analytic spaces, we have

f #.f �1.�
p;cl
X =d�p�1X /w/ � .�

p;cl
Y =d�p�1Y /w

for every w 2 Z. Here, f # denotes the canonical map f �1��X ! ��Y and induced maps
of cohomology sheaves.

Proof. – Part (1) follows from the definition and Remark 5.5. Part (2) follows from the
definition and Lemma 5.8(2).

For the remaining parts, it suffices to work on stalks. Thus, we fix a point x 2 X with
t D t .x/ and s D s.x/.

For (3), take an element Œ!� in the stalk of .�p;cl
X =d�p�1X /w at x for some w < p or w > 2p.

We may assume that it has a representative ! 2 �
p;cl
X .U / for some étale neighborhoods

.U Iu/ of .X I x/. By definition, we have a fundamental chart .DL; .Y ; D/; .D; ı/;W; ˛Iy/

of .U Iu/ such that ˛�! D 0 in Hp
dR.DL �L .W; .��1 D/b̋kL// by Remark 5.5. Then

there exists an open neighborhood W � of .��1 D/b̋kL in W , such that ˛�! D 0

in Hp
dR.DL �L W

�/. In other words, Œ!� D 0 in the stalk of .�p;cl
X =d�p�1X /w at x as ˛ is

étale and we are working with differential sheaves in étale topology.
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For (4), we first show that the map is injective. Let Œ!� be an element in the stalk
�
p;cl
X;x=d�p�1X;x . Suppose that we have Œ!� D

P
Œ!�1w D

P
Œ!�2w in which both Œ!�1w and

Œ!�2w are in the stalk of .�p;cl
X =d�p�1X /w at x. We may choose an object .U Iu/ 2 KEt.X; x/

such that Œ!�iw has a representative !iw 2 .�
p;cl
X =d�p�1X /.U /

pre
w for i D 1; 2 and everyw 2 Z,

and
P
!1w D

P
!2w . In particular, Œ!� has a representative ! WD

P
!1w D

P
!2w on .U Iu/.

Fix a weight w 2 Z. It suffices to show that Œ!1w � D Œ!
2
w � in the stalk at x. By Definition 5.9,

there exist two fundamental charts .DLi ; .Y i ; Di /; .Di ; ıi /;Wi ; ˛i Iyi / of .U Iu/ such that
˛�i !

i
w belongs to Hp

.w/
.DLi ; .Y i ; Di /; .Di ; ıi /;Wi / for i D 1; 2. By Lemma 5.8, we may find

another fundamental chart .DL; .Y ; D/; .D; ı/;W; ˛Iy/ 2 f KEt.U Iu/ as in that lemma. Then
we have ˆ.'i /�!iw 2 Hp

.w/
.DL; .Y ; D/; .D; ı/;W / for both i D 1; 2. However, ˆ.'1/�!1w

and ˆ.'2/�!2w , after restriction to Hp
dR.DL �L .W; .�

�1 D/b̋kL//, must be equal, as they
are both the weight w component of ˛�! in Hp

dR.DL �L .W; .��1 D/b̋kL// under the
decomposition (5.3). As the map Hp

dR.DL �L W / ! .�
p;cl
X =d�p�1X /x factors through

Hp
dR.DL �L .W; .�

�1 D/b̋kL//, we have Œ!�1w D Œ!�2w . Finally, Lemma 5.12 below implies
that the map in (4) is surjective as well.

For (5), we take a point y 2 Y such that f .y/ D x. We may take a fundamental chart
.DL; .Y ; D/; .D; ı/;W; ˛Iy/ of .X I x/ and replace X by DL �L W and x by y. By the same
proof of Lemma 5.8(2), we may find a fundamental chart .DL0 ; .Y 0; D

0
/; .D0; ı0/;W 0; ˛0Iy0/

of .Y Iy/ such that .f ı ˛0/�Hp

.w/
.DL; .Y ; D/; .D; ı/;W / � Hp

.w/
.DL0 ; .Y 0; D

0
/; .D0; ı0/;W 0/.

This confirms Part (5) since Hp

.w/
.DL; .Y ; D/; .D; ı/;W / (resp. Hp

.w/
.DL0 ; .Y 0; D

0
/,

.D0; ı0/;W 0/) restricts to the weight w part in the stalk of �p;cl
X =d�p�1X (resp. �p;cl

Y =d�p�1Y )
at x (resp. y), by Lemma 5.12 below.

The following lemma is the most crucial and difficult part in the proof of the weight
decomposition.

L 5.12. – Let the assumptions be as in Theorem 5.11. We take a point x 2 X .
For any fixed weight w, an object .DL; .Y ; D/; .D; ı/;W; ˛Iy/ 2 f KEt.X; x/, and an element
! 2 Hp

.w/
.DL; .Y ; D/; .D; ı/;W /, the induced class Œ!� 2 �p;cl

X;x=d�p�1X;x belongs to the stalk

of .�p;cl
X =d�p�1X /w at x.

We first explain why the lemma is not immediate. For simplicity, let us assume that DL is
trivial. To prove the lemma, we have to find an étale neighborhood U of x such that ! lies
in .�p;cl

X =d�p�1X /.U /
pre
w . However, no matter what U we take, there are always points u of U

such that its image in W is not in .��1 D/b̋kL. On W n.��1 D/b̋kL, there is a priori no
obvious control of the form !, so it is a question to show that one can choose a fundamental
chart at u such that the induced form has weight w.

Before the proof, let us explain the main steps. Again, we assume that DL is trivial at
this moment. In Steps 1 & 2, we make the germ .W; .��1 D/b̋kL/ a better shape. We will
construct a strictly semistable scheme S over kı together with an irreducible component
E on the special fiber, and an étale neighborhood .W \; y\/ of x above .W; y/ equipped
with a morphism to .��1 E ; ��1 E \/ where E \ D E nS Œ1�

s . In Step 3, we study some basic
structure of the boundary part ��1 E n��1 E \. In Step 4, we choose an appropriate covering
of ��1 E with nice behavior of ! on some open neighborhood of ��1 E \ in every member of
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the cover. In Step 5, we show that ! has weight w (in certain sense) even on the boundary
part ��1 E n��1 E \. Finally, we conclude the lemma via functoriality in rigid cohomology in
Step 6.

Proof. – We may assume L D K and write D D DL. To simplify notation, we denote
by V the K-analytic domain .��1 D/b̋kK in W . By Example 4.3 and Lemma 5.6, we
may assume that the image of ! in Hp

dR.D �K .W; V // is in Hp
rig.D=K/w in view of the

decomposition (5.2).

S 1. We choose a smooth kı-algebra D\ (of relative dimension s) such that its $ -adic
completion is Dı, where we recall that $ is a uniformizer of the discrete non-Archimedean
field k � K. In particular, we may identify .SpecD\/s with D, and M .D/with a k-affinoid
domain in .SpecD\/an

k
. As in Lemma 4.2, we have germs .W; V / and ..SpecD\/an

k
; M .D//

and a morphism V ! M .D/b̋kK induced from ı. We choose a neighborhood U" of the
graph of the previous morphism in W �k .SpecD\/an

k
as in the proof of Lemma 4.2, such

that the induced map

H�dR.W; V /! H�dR.W �k .SpecD\/an
k ; U" \ .V �k M .D///

is an isomorphism. By a similar argument in the proof of [14, Lemma 2], we may replace W
by a smaller open neighborhood of V such that there is a morphismW ! U" sending V into
U" \ .V �k M .D// whose induced map

H�dR.W �k .SpecD\/an
k ; U" \ .V �k M .D///! H�dR.W; V /

is the inverse of the previous isomorphism. In other words, we have a morphism
ı0WW ! .SpecD\/an

K sending V into M .D/b̋kK such that, although ı0jV
might not

coincide with the original morphism V ! M .D/b̋kK induced from ı, we still have that
the induced map

H�rig.D=K/ ' H�dR..SpecD\/an
k ; M .D//˝k K

ı0�

��! H�dR.W; V / ' H�rig..E
t
k/s ˝ek D=K/

coincides with the pullback map.

S 2. We choose a compactification .SpecD\/k ,! T k over k, and define T to be
the kı-scheme T k

`
.SpecD\/k

SpecD\. Apply [21, Theorem 8.2] to the kı-variety T and

Z D ;. We obtain a finite extension k0=k, an alteration S \
! T k0ı and a k0ı-compact-

ification S \
,! S where S is a projective strictly semistable scheme over k0ı such that

S nS \ is a strict normal crossing divisor of S (concentrated on the special fiber). We may
further assume that every irreducible component of S Œr�

s is geometrically irreducible for
every r � 0. To ease notation, we replace k by k0 and possibly K by a finite extension. We
may fix an irreducible component E of S s such that its generic point belongs to S \

s and
maps to the generic point of T s ' D. Note that the complement of E \ WD E \ S \

s in E is
exactly S Œ1�

s \ E . Denote by � E the unique point in S an
K who reduction is the generic point

of E eK . Then ��1 E eK is an open neighborhood of � E in S an
K .
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Define W \ via the following Cartesian diagram:

W \ //

��

��1 E eK
��

W
ı0 // T

an
K ;

and let ı\WW \ ! S� b̋kK D .��1 E /b̋kK be the induced morphism, where S WD bS = E .
We choose a point y\ 2 D �K W \ that lifts y and such that ı\.prW \.y\// D � E . The
image of the form ! in Hp

rig.D=K/w induces a class Œ!\� 2 Hp
rig. E \=K/w via restriction

along the alteration. Therefore, there exists a monic polynomial P 2 kŒX� whose roots are
all Weil jekjw=2-numbers such that P.Fr�/Œ!\� D 0 where Fr denotes the relative Frobenius
of E \=ek. We fix an open neighborhood U of ��1 E \ inS� such that Œ!\� has a representative
!\ 2 Hp

dR.U b̋kK/.
By construction, we may remove a Zariski closed subset of W \ of dimension at most

sCt�1 such that the morphismW \ ! W hence the composition D�KW \ ! D�KW
˛
�! X

are both étale. In particular, .D �K W \Iy\/ is an object of KEt.X I x/.

S 3. Now we define a continuous function

d E WS� ! Œ0; 1/;

such that d E .x/ D 0 if and only if �.x/ 2 E \, as follows: For a point x 2 S�, choose an
open neighborhood Sx of �.x/ in S such that Sx is étale over

Spf kıŒŒt0��ht1; : : : ; tr ; trC1; t�1rC1; : : : ; ts; t
�1
s i=.t0 � � � tr �$/(5.4)

for some 0 � r � s; and if we write fj for the image of tj in Sx , then E \ \Sx is defined by
the equations f0 D 0 and f1 � � � fr ¤ 0. Since j$ j � jf0.x/j < 1, we may define

d E .x/ WD 1 �
log jf0.x/j

log j$ j
;

which is independent of the choice of the étale coordinates hence is continuous. It is clear
that d E .x/ D 0 if and only if jf0.x/j D j$ j, which holds if and only if �.x/ 2 E \. Moreover,
the map d E is proper. This can be reduced to the case whereS is the formal scheme (5.4) in
which the properness of the map x 7! jt0.x/j is straightforward.

Let E 1 be an open subscheme of E and put E
\
1 WD E \ \ E 1. For " > 0, put

.��1 E 1/
<"
WD fx 2 ��1 E 1 j d E .x/ < "gI

.��1 E 1/
�"
WD fx 2 ��1 E 1 j d E .x/ � "g:

Then .��1 E 1/
<" form a fundamental system of open neighborhoods of ��1 E

\
1 in ��1 E 1.

Indeed, letU1 � ��1 E 1 be an open neighborhood of ��1 E
\
1. Consider .��1 E 1/

�1=2, which
is a compact subset of ��1 E 1. Thus, the image of the function d E on .��1 E 1/

�1=2nU1 is a
compact subset of .0; 1=2�. Thus, there exists " > 0 such that d E .x/ > " if x 62 U1. In other
words, U1 contains .��1 E 1/

�" hence .��1 E 1/
<".
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S 4. For every point e 2 E , we fix an affine open neighborhood Se of e in S together
with an étale morphism to

Spf kıŒŒt0��ht1; : : : ; tr ; trC1; t�1rC1; : : : ; ts; t
�1
s i=.t0 � � � tr �$/;

where r D r.e/ � 0 is the unique integer such that e 2 S Œr�
s nS ŒrC1�

s , such that

— if we denote fe;i the image of ti inSe, then E \e WD E \ \Se is defined by the equations
fe;0 D 0 and fe;1 � � � fe;r ¤ 0;

— if we denote by F e the subscheme of Se defined by fe;0 D � � � D fe;r D 0, then there
exist an integrally smooth k-affinoid algebra Fe together with an isomorphism, which
we fix,

SpfF ıe ŒŒte;0; : : : ; te;r ��=.te;0 � � � te;r �$/ ' cSe=F e
(5.5)

of formal kı-schemes, sending te;i to fe;i for 0 � i � r .

Note that F e necessarily contains e by our choice of r . For every point e 2 E , we further-
more fix an open neighborhood Ue of ��1 E \e in U , together with an absolute Frobenius
lifting 'eWUe ! U satisfying properties

(a) '�e fe;i D f
jekj
e;i for 1 � i � r (as in [10, Lemma 3.1.1]);

(b) j.'�e g�g
jekj/.x/j < 1 for all regular functions g on cSe= E \e

and all x 2 Ue at which both
g and '�e g are defined (as [6, Lemma 6.1.1]);

(c) P.'�e /!
\ D 0 in Hp

dR.Ue b̋kK/.
SinceUe\��1 E e, where E e WD E \Se, is an open neighborhood of ��1 E \e in ��1 E e, there
exists "e > 0 such that Ue contains .��1 E e/

�"e by Step 3.

By (5.5) and Remark 4.4, we know that the restriction map

H�dR.S�; �
�1 F e/! H�dR.Ue; .�

�1 E e/
�"e \ ��1 F e/

is an isomorphism, both sides being isomorphic to H�rig.SpecFe;s=k/˝kH�rig.Spec.Er
k
/s=k/.

In particular, we have the notion of weights on H�dR.S�; �
�1 F e/˝k K.

S 5. For a point e 2 E , the element !\ 2 Hp
dR.U b̋kK/ induces an element

!e 2 Hp
dR.S�; �

�1 F e/˝k K. We claim that !e has weight w for every e 2 E .

Without lost of generality, we assume!e 2 Hp
dR.S�; �

�1 F e/. If r.e/ D 0, that is, e 2 E \,
then it is trivial as Œ!\� 2 Hp

rig. E \=K/w . Now we assume that r > 0.

To compute the weight, we use the Frobenius lifting 'eWU 0e ! Ue where U 0e � Ue is
a smaller open neighborhood of ��1 E \e. Assume that U 0e contains .��1 E e/

�"0e for some
0 < "0e < "e. We introduce more notations as follows: Fix an integer N > jekj."0e/�1. Take a
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totally ramified extension kC=k with an element$C 2 kıC such that$ rN
C D $ . We consider

the following kC-affinoid algebras

F0 D Fe b̋kkCh�1; ��11 ; : : : ; �r ; �
�1
r i;

F1 D Fe b̋kkC * te;0

$ rN�r
C

;
$ rN�r
C

te;0
;
te;1

$C
;
$C

te;1
; : : : ;

te;r

$C
;
$C

te;r

+
=.te;0 � � � te;r �$/;

F2 D Fe b̋kkC * te;0

$
rN�rjekj
C

;
$
rN�rjekj
C

te;0
;
te;1

$
jekj
C

;
$
jekj
C

te;1
; : : : ;

te;r

$
jekj
C

;
$
jekj
C

te;r

+
=.te;0 � � � te;r �$/:

Note that F0 is integrally smooth. We have natural isomorphisms

{1WF1
�
�! F0; te;i 7! $C�i ; 1 � i � r; te;0 7! $ rN�r

C

rY
iD1

��1i I

{2WF2
�
�! F0; te;i 7! $

jekj
C �i ; 1 � i � r; te;0 7! $

rN�rjekj
C

rY
iD1

��1i :

For ˛ D 1; 2, we define a formal kıC-scheme S˛ via the following pullback diagram

S˛ //

��

cSe=F e
b̋kıkıC
(5.5)

��

SpfF ı˛ // SpfF ıe ŒŒte;0; : : : ; te;r ��=.te;0 � � � te;r �$/˝kı k
ı
C

so thatS˛;� is canonically a kC-affinoid domain in U 0˛ b̋kkC by our choice of N . Moreover,
{˛ induces an isomorphism, denoted again by {˛,

{˛W SpfF ı0
�
�! S˛

of formal kıC-schemes. Properties (a) and (b) of the Frobenius lifting 'e implies that it induces
by restriction a morphism 'eWS1;� ! S2;�, and the composition

{�12;� ı 'e ı {1;�W M .F0/! M .F0/

is a Frobenius lifting. By Lemma 4.2, we have induced isomorphisms

{�1 WH
�
dR.U

0
e
b̋kkC;S1;�/ ��! H�rig.SpecF0;s=kC/;

.{�12 /�WH�rig.SpecF0;s=kC/! H�dR.U
0
e
b̋kkC;S2;�/:

On the other hand, by [14, Lemma 3], we have isomorphisms

r˛WH�dR.S�; �
�1 F e/˝k kC

�
�! H�dR.U

0
e
b̋kkC;S˛;�/

for ˛ D 1; 2 via restriction satisfying r2 D .{�12 /� ı {�1 ı r1. In particular, we may equip
H�dR.U

0
e
b̋kkC;S˛;�/with a weight decomposition inherited from that of H�dR.S�; �

�1 F e/.
Recall that we have !e 2 Hp

dR.S�; �
�1 F e/ obtained from !\ by restriction. Let !0 be

the unique element in Hp
rig.SpecF0;s=kC/ such that .{�12 /�!0 D !e. By Property (c) of the

Frobenius lifting 'e, we have that P.{�1 ı'
�
e ı.{

�1
2 /�/!0 D 0. However, {�12 ı'e ı {1W SpfF ı0 !

SpfF ı0 is a Frobenius lifting of the Frobenius endomorphism of SpecF0;s over fkC D ek.
Therefore, !0 and hence !e have weight w.
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S 6. To conclude the lemma, it suffices to show that for every point u 2 W \, there exists
a fundamental chart .DL0 ; .Y 0; D

0
/; .D0; ı0/;W 0; ˛0Iy0/ of .W \Iu/ such that ˛0�.ı\/�!\

belongs to Hp

.w/
.DL0 ; .Y 0; D

0
/; .D0; ı0/;W 0/.

Note that ı\.u/ belongs to S� b̋kK. Let e be the image of �.ı\.u// in E . Take an
element .DL0 �L0 X 0; ˛0Iy0/ 2 KEt.W \; u/. Applying Lemma 5.2 to the morphism X 0 '

f0g �L0 X
0

˛0

�! S� b̋kL0 and the point y0, we obtain a marked pair .Y 0; D
0
/ with

a morphism cY 0=D
0 b̋k0ıL0ı ! Sb̋kıL0ı after possibly enlarging L0. Note that the

codimension of .Y 0; D
0
/ is r.e/. We may shrink .Y 0; D

0
/ such that the image of D

0

in Sb̋kıL0ı is contained in F e ˝ek eL0. Complete the above data to a fundamental chart
.DL0 ; .Y 0; D

0
/; .D0; ı0/;W 0; ˛0Iy0/ of .W \Iu/ with the induced morphism

.W 0; .��1 D
0
/b̋k0L0/! .S�; �

�1 F e/b̋kL0:
Then the claim that ˛0�.ı\/�!\ belongs to Hp

.w/
.DL0 ; .Y 0; D

0
/; .D0; ı0/;W 0/ follows from

Remark 5.4, Lemma 5.6, and the claim in Step 5.

R 5.13. – From the proof of Theorem 5.11, we know that the support of
.�

p;cl
X =d�p�1X /w is contained in the subset fx 2 X j s.x/ � 2p � w; s.x/C t .x/ � pg.

Now we are ready to prove Theorem 1.4. We begin with the case of étale cohomology and
then the case of analytic topology.

Proof of Theorem 1.4 in étale topology. – Recall that sheaves like OX , cX , and the de
Rham complex .��X ; d/ are understood in the étale topology.

The direct sum decomposition has been proved in Theorem 5.11(4). Property (i) follows
from Theorem 5.11(3).

For Property (ii), the inclusion‡pX � .�
p;cl
X =d�p�1X /2p follows from Theorem 5.11(2) and

Lemma 5.6. Now we show that .�1;cl
X =dOX /2 � ‡

1
X . We check the inclusion on stalks. Take

a point x 2 X with s D s.x/ and t D t .x/. For every class Œ!� in the stalk of .�1;cl
X =dOX /2

at x, we may find a fundamental chart .DL; .Y ; D/; .D; ı/;W; Z ; ˛Iy/ of .X I x/ such that
Œ!� has a representative ! 2 H1

.2/
.DL; .Y ; D/; .D; ı/;W /. Note that the decomposition (5.2)

specializes to the decomposition

H1
dR.DL �L .W; .�

�1 D/˝k L// D H1
rig.D=L/˚H1

dR.E
t
k
b̋kL/:

By linearity, it suffices to show that elements in both H1
rig.D=L/ and H1

dR.E
t
k
b̋kL/ can

be represented by logarithmic differential of invertible functions étale locally, up to a
constant multiple. The case for H1

dR.E
t
k
b̋kL/ follows from Example 4.3. Now we consider

H1
rig.D=L/2.
We repeat certain process in Step 2 of the proof of Lemma 5.12 as follows. Choose a

smooth kı-algebraD\ (of dimension s) such that its$ -adic completion isDı, a compactifi-
cation .SpecD\/k ,! S k over k, and define S to be the kı-scheme S k

`
.SpecD\/k

SpecD\.

Then we obtain a finite extension k0=k, an alteration S \
! S k0ı and a k0ı-compactification

S \
,! S where S is a projective strictly semistable scheme over k0ı such that S nS \ is a

strict normal crossing divisor of S . We may further assume that all irreducible components
of S Œr�

s are geometrically irreducible for every r � 0. To ease notation, we replace k by k0

and possibly L by a finite extension. We may fix an irreducible component E of S s such
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that its generic point belongs to S \
s and maps to the generic point of S s ' D. Thus, there

is a unique point � E 2 .
c
S \
/� such that �.� E / is the generic point of E .

Now we apply the setup in the beginning of this section to S and E . Note that E \ S \
s

coincides with E ~. It suffices to show that every class in H1
rig. E ~=k/2 can be represented by

the logarithmic differential of an invertible function on some étale neighborhood of � E . Put
E Œr� WD E \ S Œr�

s for r � 1. We have E Œ1�n E Œ2� D
`M
iD1 E ~

fig. Consider the following Gysin
exact sequence

H1
rig. E =k/! H1

rig. E ~=k/! H2

E Œ1�;rig
. E =k/! H2

rig. E =k/:(5.6)

We claim that the restriction map H2

E Œ1�;rig
. E =k/ ! H2

E Œ1�n E Œ2�;rig
. E n E Œ2�=k/ is an isomor-

phism. In fact, it fits into another Gysin exact sequence

H2

E Œ2�;rig
. E =k/! H2

E Œ1�;rig
. E =k/! H2

E Œ1�n E Œ2�;rig
. E n E Œ2�=k/! H3

E Œ2�;rig
. E =k/

in which H2

E Œ2�;rig
. E =k/ D H3

E Œ2�;rig
. E =k/ D 0 by the semi-purity theorem (see [13] (8)) as

the codimension of E Œ2� in E is at least 2. By the purity theorem (Lemma 4.1(3)), we have a
canonical isomorphism

H2

E Œ1�n E Œ2�;rig
. E n E Œ2�=k/ ' H0

rig. E Œ1�n E Œ2�=k/ '

MM
iD1

H0
rig. E ~

fig=k/;

where the right-hand side is canonically isomorphic to Z1. E /~ ˝ k. Therefore, we may
rewrite (5.6) as

H1
rig. E =k/! H1

rig. E ~=k/! Z1. E /~ ˝ k ! H2
rig. E =k/:

in which the last mapZ1. E /~˝k ! H2
rig. E =k/ is nothing but the Chern class map (see [24,

Section 6]). As Hi
rig. E =k/ is of pure weight i by Lemma 4.1(5), we have the isomorphism

H1
rig. E ~=k/2

�
�! ker.Z1. E /~ ˝ k ! H2

rig. E =k//:(5.7)

Now take a divisor D D
PM
iD1 ci Œ E fig� with ci 2 Z such that its Chern class in

H2
rig. E =k/ ' H2

cris. E =k/ is trivial. Then by [24, Section 5] and [11, Remarque 3.5] there
exists some integer � > 0 such that �D is algebraically equivalent to zero, and in particular
O E .�D/ is an element in Pic0

E =ek.ek/. Since Pic0
E =ek is a projective scheme over the finite fieldek, one may replace � by some multiple such that O E .�D/ is a trivial line bundle. Therefore,

there exists a function Qf 2 O�E . E ~/ with div. Qf / D �D. We may choose a finite set of
affine open subschemes SpecRi of S such that .SpecRi /s form an open covering of E ~ and
Qf j.SpecRi /s

lifts to an invertible function fi 2 .Ri ˝kı k/�. By Proposition 4.7, for i ¤ j ,

we have dfi
fi
D

dfj
fj

on some open neighborhood of ��1..SpecRi /s \ .SpecRj /s \ E ~/

in .SpecRi /an
k
\ .SpecRj /an

k
(9). Therefore, we may choose an open neighborhood Ui

of ��1..SpecRi /s \ E ~/ in .SpecRi /an
k

such that for i; j , we have dfi
fi
D

dfj
fj

on Ui \ Uj .

(8) Although in [13], the author did not prove the semi-purity theorem for the rigid cohomology. But it is a formal
argument from the purity theorem, which is known for the rigid cohomology.
(9) To apply Proposition 4.7, one may need to take further alteration to obtain a new pair .S 0; E 0/ such that E 0~ is
the inverse image of .SpecRi /s \ .SpecRj /s \ E~.
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In particular, the collection fdfi
fi
g gives rise to a section of ‡1

S an in an open neighborhood

of ��1 E ~, whose image is�D under the map H1
rig. E ~=k/! H2

E Œ1�;rig
. E =k/ ' Z1. E /~˝k

by Proposition 4.7. Thus, (ii) is proved.

For Property (iii), when X has dimension 1, it follows from (the proof of) [6, Theorem 4.3.1].
In general, it suffices to show that .�1;cl

X =dOX /1 � ‰X by [6, Theorem 4.5.1 (i)] and
Theorem 5.11(4). However, this follows from the definition of‰X , Theorem 5.11(5), and the
case of curves.

Proof of Theorem 1.4 in analytic topology. – Now sheaves like OX , cX , ‡pX , and the de
Rham complex .��X ; d/ are understood in the analytic topology. The corresponding objects
in the étale topology will be denoted by OXKet , cXKet , ‡

p
XKet

, and .��XKet
; d/.

Note that we have a canonical morphism �WXKet ! X of sites, and OX D ��OXKet , cX D
��cXKet , �

p
X D ���

p
XKet

for every p � 0. We claim that the canonical map

�
p;cl
X =d�p�1X ! ��.�

p;cl
XKet

=d�p�1XKet
/

is an isomorphism. It will follow from:

(a) �p;cl
X D ���

p;cl
XKet

as subsheaves of �pX ;

(b) d�p�1X D ��d�
p�1
XKet

as subsheaves of �pX ; and

(c) R1��d�
p�1
XKet
D 0.

Assertion (a) is obvious. Both (b) and (c) will follow from the general fact that Ri��F D 0

for i > 0 and any sheaf of Q-vector spaces F on XKet. In fact for every x 2 X , we
have .Ri��F /x D Hi .H .x/; i�1x F /, where H .x/ is the completed residue field of x and
ix W M .H .x// ! X is the canonical morphism, and we know that the profinite Galois
cohomology Hi .H .x/; i�1x F / is torsion hence trivial for i > 0.

Now for w 2 Z, we define .�p;cl
X =d�p�1X /w D ��.�

p;cl
XKet

=d�p�1XKet
/w . Then we have a

decomposition

�
p;cl
X =d�p�1X D

M
w2Z

.�
p;cl
X =d�p�1X /w ;

stable under base change and functorial in X and satisfying Property (i).

For Property (ii), we have the inclusion ‡pX � ��‡
p
XKet

as subsheaves of �p;cl
X =d�p�1X ,

which is canonically isomorphic to ��.�
p;cl
XKet

=d�p�1XKet
/. Thus, we have the inclusion of sheaves

‡
p
X � .�

p;cl
X =d�p�1X /2p. When p D 1, we have to show that ��‡1XKet

� ‡1X . We check this
on the stalk at an arbitrary point x 2 X . Take an element Œ!� in .��‡1XKet

/x . We may assume
that it has a representative ! 2 �1X .U / for some open neighborhood U of x that satisfies
˛�! D df 0

f 0
C dg0 for some finite étale surjective morphism ˛WU 0 ! U and f 0 2 O�.U 0/,

g0 2 O.U 0/. Then we have ! D deg.˛/�1 df
f
C dg where f (resp. g) is the multiplicative

(resp. additive) trace of f 0 (resp. g0) along ˛.
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6. Cohomological triviality before tropicalization

In this section, we study the sheaf ‡pX (in analytic topology) in more details. We show
that it also has a canonical rational structure. Then we construct the so-called log-differential
cycle class map and prove Theorem 6.6.

D 6.1. – Let K be a non-Archimedean field of characteristic zero. Let X be a
smooth K-analytic space. For every p � 0, we define a (Q-linear) map

�
p
X WK

p
X ! �

p;cl
X =d�p�1X

of sheaves on X as follows. For a symbol ff1; : : : ; fpg 2 K p
X .U / with f1; : : : ; fp 2 O�X .U /,

we put

�
p
X .ff1; : : : ; fpg/ WD

df1
f1
^ � � � ^

dfp
fp

;

where the right-hand side is regarded as an element in �p;cl
X .U / and hence in .�p;cl

X =d�p�1X /.U /.
It is easy to see that �pX factors through the relations of Milnor K-theories, hence induces a
map of corresponding sheaves. Finally, put

L p
X
WD K p

X = ker�pX :

It is canonically a subsheaf of �p;cl
X =d�p�1X .

P 6.2. – Let K be a non-Archimedean field embeddable into CF, and X a
smooth K-analytic space. Then the canonical map L p

X ˝Q cX ! ‡
p
X is an isomorphism of

sheaves on X for every p � 0.

Proof. – By definition, it suffices to show that the map L p
X ˝Q cX ! ‡

p
X is injective on

stalks. Thus, we fix a point x 2 X with s D s.x/ and t D t .x/. Take an element

F D

MX
lD1

bl�
p
X .F

l / 2 cX .U /˝Q L p
X .U /;

such thatF D 0 in‡pX .U /, whereU is a connected open neighborhood of x, and bl 2 cX .U /,
F l 2 K p

X .U /. It suffices to show that possibly after shrinking U , the elements �pX .F
l / are

linearly dependent in ‡pX .U / over Q.

Write F l D
PNl
˛D1 c

l
˛ff

l
˛1; : : : ; f

l
˛pg where cl˛ 2 Q and f l

˛ˇ
2 O�X .U /. We apply

Lemma 6.3 to the finite collection ff l
˛ˇ
g and adopt the notation there. Then by the Künneth

decomposition, Example 4.3, and Proposition 4.7, we have for every subset � � f1; : : : ; tg
with j�j � p that

MX
lD1

bl

NlX
˛D1

cl˛

X
�W�,!f1;:::;pg

�.�/
Y

2�

d l˛�.
/
cl~

0@ ^
ˇ 62�.�/

div.gl˛ˇ /

1A 2 M
I;jI jDp�j�j

H0
rig. E ~I =L/

(6.1)

vanishes, for some finite extension of non-Archimedean fieldsL=cX .U /. Here, �.�/ 2 f˙1g is
certain sign determined by �, and the multiple wedge product is taken in the increasing order
of the relevant indices.
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Note that H0
rig. E ~I =L/ is canonically isomorphic to Q˚�0. E~

I
/ ˝Q L, and for every l ,

NlX
iD1

cl˛

X
�

�.�/
Y

2�

d l˛�.
/
cl~

0@ ^
ˇ 62�.�/

div.gl˛ˇ /

1A 2 M
I;jI jDp�j�j

Q˚�0. E~
I
/:

Thus, there exist b0
l
2 Q, not all being zero, such that (6.1) vanishes for every � if we replace

bl by b0
l
.

This implies that there is an open neighborhood V 0 of y contained in V such that
���

p
X .F

0/ is exact where F 0 D
PM
lD1 b

0
l
�
p
X .F

l /, by Lemma 4.6 and [6, Lemma 5.2.3(iii)].
By shrinking V 0, we may assume that the restricted morphism �WV 0 ! U 0 is finite étale,
where U 0 WD �.V 0/ is an open neighborhood of x in U . Write ���pX .F

0/jV 0
D d!0 for some

.p � 1/-form !0 on V 0. Then �pX .F
0/jU 0

D .deg�/�1d!, where ! is the trace of !0 along
�WV 0 ! U 0. The proposition follows.

L 6.3. – Let K be a non-Archimedean field embeddable into CF, and X a smooth
K-analytic space. Let x 2 X be a point with s D s.x/ and t D t .x/. For finitely many elements
f˛ 2 O�X .U / where U is an open neighborhood of x in X , there exist

a proper strictly semistable scheme S over kı of dimension s such that every irreducible
component of S Œr�

s is geometrically irreducible for every r � 0, wherek is a finite extension
of QF,

an irreducible component E of S s ,

an open neighborhood W of .��1 E ~/b̋kL in S an
L , where L is a finite extension of K

containing k, and E ~ D E nS Œ1�
s ,

a closed subset Z of S k of dimension at most s � 1,

a point y 2 V WD DL�L
Qt

D1 B.0I r
 ; R
 /L�LW that projects to � E inW , where DL is

a poly-disk of dimension s over L, and � E 2 W is the unique point whose reduction is the
generic point of E eL,

a morphism�WV ! U that is étale away from DL�L
Qt

D1 B.0I r
 ; R
 /L�L .W \ Z

an
L /,

such that �.y/ D x,

integers d˛1; : : : ; d˛t and functions g˛ 2 O�.W /, such that

��
df˛
f˛
�

d
�
��g˛

Qt

D1 T

d˛




�
��g˛

Qt

D1 T

d˛




is an exact 1-form on V for every ˛. Here, T
 is the coordinate function on B.0I r
 ; R
 /L
for 1 � 
 � t , which will be regarded as a function in O�.V / via the obvious pullback;
and �WV ! W is the projection morphism.

In particular, j��f˛ � .��g˛
Qt

D1 T

d˛


 /�1j is a constant on V .

Proof. – The existence of the data except for the last part follows from [6, Proposi-
tions 2.1.1, 2.3.1]. The existence of integers d˛1; : : : ; d˛t and functions g˛ 2 O�.W / (after
possibly shrinking W ) is fulfilled by (5.2), Example 4.3 and Theorem 1.4(ii).

The last assertion is due to [6, Theorem 4.3.1(i)].
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D 6.4 (Log-differential cycle class map). – LetK be a non-Archimedean field
of characteristic zero and X a smooth scheme of finite type over K. We define the log-
differential cycle class map cllog to be the composition

CHp.X /Q
cluniv
���! Hp.X ;K p

X /! Hp.X an
;K p

Xan/
Hp.Xan;�

p

Xan /

����������! Hp.X an
;L p

Xan/:

Suppose that X is a geometrically connected proper smooth scheme over K of dimen-
sion n. We have a pairing

h ; iX WHp.X an
;L p

Xan/ �Hn�p.X an
;L n�p

Xan /! K(6.2)

coming from the composite map

Hp.X an
;L p

Xan/�Hn�p.X an
;L n�p

Xan /! Hn.X an
;L n

Xan/! Hn.X an
; �nXan=d�n�1Xan/ ' K

in which the last isomorphism comes from the following lemma.

L 6.5. – Let K be a non-Archimedean field of characteristic zero. Let X be a
geometrically connected proper smooth scheme overK of dimensionn. Then we have a canonical
isomorphism Hn.X an

; �n
Xan=d�n�1

Xan/ ' K.

Proof. – Put X WD X an. By the spectral sequence Ep;q2 D Hp.X;�
q;cl
X =d�q�1X / )

HpCq.X;��X / and the GAGA comparison isomorphism H�dR.X/ ' H�dR.X=K/, it suffices
to show that Hi .X;F / D 0 for i > n and every abelian sheaf F on X , which holds
by [3, Proposition 1.2.18]. Then we have canonical isomorphisms Hn.X;�nX=d�n�1X / '

H2n
dR.X=K/ ' K.

The following theorem is an analogous version of Theorem 1.8 for cllog. We will eventually
reduce Theorem 1.8 to this one.

T 6.6. – Let k be a finite extension of QF and X a geometrically connected proper
smooth scheme over k of dimension n. Let Z be an algebraic cycle of X of codimension p such
that cldR.Z / D 0. Then

hcllog.Z /; !iX D 0

for every ! 2 Hn�p.X an
;L n�p

Xan /.

Before the proof, we review some facts about cup products from [1, 01FP]. Let X be a
topological space, k a field, n � 0 an integer. Let � be a sheaf of k-vector spaces on X .
Suppose that we have two bounded complexes F �;G � of sheaves of k-vector spaces on X ,
with a map of complexes of sheaves of k-vector spaces

�WTot.F � ˝k G �/! �Œn�:

Then we have a bilinear pairing

[�WHi .X;F �/ �H2n�i .X;G �/! H2n.X;�Œn�/ D Hn.X;�/

for every i 2 Z. Now suppose that we have four bounded complexes F �1 ;F
�
2 ;G

�
1 ;G

�
2 of

sheaves of k-vector spaces on X , maps ˛1WF �1 ! F �2 , ˛2WG �2 ! G �1 , and

�1WTot.F �1 ˝k G �1 /! �Œn�; �2WTot.F �2 ˝k G �2 /! �Œn�;
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such that �1 ı .idF�
1
˝ ˛2/ D �2 ı .˛1 ˝ idG �

2
/. Then we have the following commutative

diagram

Hi .X;F �1 /

Hi .X;˛1/
��

� H2n�i .X;G �1 /
[�1 // Hn.X;�/

Hi .X;F �2 / � H2n�i .X;G �2 /

H2n�i .X;˛2/

OO

[�2 // Hn.X;�/

(6.3)

for every i 2 Z.

Proof of Theorem 6.6. – Put X WD X an. Note that we have the following commutative
diagram

Hp.X;L p
X /

��

� Hn�p.X;L n�p
X /

[ //

��

Hn.X;L n
X /

��

Hp.X;�
p;cl
X =d�p�1X / � Hn�p.X;�

n�p;cl
X =d�n�p�1X /

[ // Hn.X;�nX=d�n�1X /:

The goal is to show that cllog.Z / [ ! equals zero in Hn.X;�nX=d�n�1X /. Denote by � the
image of cllog.Z / in Hp.X;�

p;cl
X =d�p�1X /, and regard ! as in Hn�p.X;�

n�p;cl
X =d�n�p�1X /.

We show � [ ! D 0.

To explain the idea, we first give a “fake” proof. We have the conjugate spectral
sequence Ep;qr associated to the de Rham complex .��X ; d/, abutting to H�dR.X/ D

H�.X;��X / with

Ep;q2 D Hp.X;�
q;cl
X =d�q�1X / D

2qM
wDq

Hp.X; .�
q;cl
X =d�q�1X /w/:

We make the following assumption: the differential map dp;qr of the spectral sequence
preserves the above direct sum decomposition with respect to the weight w for r � 2. Then
we have an induced map Hp.X; .�

q;cl
X =d�q�1X /2q/ ! HpCq

dR .X/. It is not hard to see that
the pairing (6.2) factors through the pairing H2p

dR.X/ � H2n�2p
dR .X/ ! K for de Rham

cohomology. Therefore, the conclusion follows.

Unfortunately, we do not know whether the above assumption is true or not. Therefore,
we need to consider a different de Rham complex in order to have certain Frobenius action
on the entire complex so that the weight decomposition will be carried to the entire conjugate
spectral sequence. The ad hoc de Rham complex uses log crystalline sites, which will be
constructed through Steps 1–3 below. Steps 4–5 complete the remaining argument for the
proof.

S 1. To construct the ad hoc de Rham complex, we need the adic topology of X . By [26,
Theorem 2.24], we may associate to a K-analytic space X an adic space Xad, and we have a
canonical continuous map 
X WXad ! X of topological spaces which makes X a maximal
Hausdorff quotient of Xad. Let .��

Xad ; d/ be the de Rham complex on Xad. Then we have a
canonical map


�1X .��X ; d/! .��
Xad ; d/
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of complexes of sheaves of k-vector spaces on Xad. Denote by �ad (resp. !ad) the image of �
(resp. !) under the canonical map

Hi .X;�
i;cl
X =d�i�1X /! Hi .Xad; �

i;cl
Xad=d�i�1

Xad/

for i D p (resp. i D n�p). Note that when i D n, the above map is an isomorphism, by the
same argument for Lemma 6.5.

We claim that there exists an alteration f W X 0 ! X possibly after replacing k by a finite
extension, such that f �!ad is in the image of the canonical map

H2n�2p.X 0ad; ��n�p�
�

X 0ad/! Hn�p.X 0ad; �
n�p;cl
X 0ad =d�n�p�1

X 0ad /;(6.4)

where X 0 D X 0an.

Assuming the above claim, we deduce the theorem as follows. Applying (6.3) to X 0ad and
the sheaf � WD �n

X 0ad=d�n�1
X 0ad , we obtain the following commutative diagram

Hp.X 0ad; �
p;cl
X 0ad=d�p�1

X 0ad/

˛1

��

� Hn�p.X 0ad; �
n�p;cl
X 0ad =d�n�p�1

X 0ad / // Hn.X 0ad; �/

H2p.X 0ad; ��p�
�

X 0ad/ � H2n�2p.X 0ad; ��n�p�
�

X 0ad/

˛2

OO

ˇ2

��

// Hn.X 0ad; �/

H2p.X 0ad; ��
X 0ad/

ˇ1

OO

� H2n�2p.X 0ad; ��
X 0ad/ // Hn.X 0ad; �/

in which the maps among various complexes of sheaves are defined in the obvious way. By
the above claim, there exists !0 2 H2n�2p.X 0ad; ��n�p�

�

X 0ad/ such that ˛2.!0/ D f �!ad.
Thus,

f ��ad [ f
�!ad D f

��ad [ ˛2.!
0/ D ˛1.f

��ad/ [ !
0:(6.5)

Note that we have the following commutative diagram

CHp.X 0/Q //

cldR

��

Hp.X 0; �
p;cl
X 0 =d�p�1X 0 /

//

��

Hp.X 0ad; �
p;cl
X 0ad=d�p�1

X 0ad/

˛1

��

H2p.X 0; ��
X 0
/ // H2p.X 0ad; ��

X 0ad/
ˇ1 // H2p.X 0ad; ��p�

�

X 0ad/

by Remark 2.5. As cldR.Z / D 0, we have cldR.f
� Z / D 0. Thus, ˛1.f ��ad/ D 0 and f �� [

f �! D 0 by (6.5). However, as f �WHn.Xad; �n
Xad=d�n�1

Xad / ! Hn.X 0ad; �n
X 0ad=d�n�1

X 0ad/ is
injective, we have � [ ! D 0. The theorem is proved.

S 2. Now we focus on the claim in Step 1. We first introduce some new sheaves onX . For
a (proper flat) integral model Y of X , define K p

X;Y to be the sheaf on Y s associated to the
presheaf

U 7! lim
�!

��1 U�U

KMp .OX .U //˝Q; U � Y s;

where the colimit is taken over all open neighborhoodsU of ��1 U inX . Denote 
Y WX
ad !

Y s the induced continuous map. We have a canonical map K p

X;Y ! 
Y�

�1
X K p

X induced
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from the canonical map lim
�!��1 U�U

KMp .OX .U // ˝ Q ! lim
�!��1 U�U

K p
X .U /. We claim

that the induced map

lim
�!

Y


�1Y K p

X;Y ! 
�1X K p
X ;(6.6)

where the filtered colimit is taken over all integral models Y of X , is an isomorphism of
sheaves on Xad. In fact, denote by K pre;p

X the presheaf U 7! KMp .OX .U // ˝ Q on X .
Then K p

X;Y is simply .
Y�

�1
X K pre;p

X /C, whereC denotes sheafification. Since sheafification
commutes with pullback and taking colimit, we have

lim
�!

Y


�1Y K p

X;Y

�
�! lim
�!

Y


�1Y .
Y�

�1
X K pre;p

X /C
�
�!

0@lim
�!

Y


�1Y 
Y�

�1
X K pre;p

X

1AC :
By [26, Theorem 2.22], we have a cofiltered limit Xad ' lim

 �Y
Y s induced by 
Y . Applying

Lemma 6.7 below to the presheaf 
�1X K pre;p
X on Xad, we have0@lim

�!
Y


�1Y 
Y�

�1
X K pre;p

X

1AC ��! .
�1X K pre;p
X /C

�
�! 
�1X .K pre;p

X /C D 
�1X K p
X :

Thus, (6.6) is an isomorphism.

Put��;�
X;Y
WD 
Y�


�1
X ��X . Then we have a complex of sheaves of k-vector spaces .��;�

X;Y ; d/
on Y s . Again by Lemma 6.7, the canonical map

lim
�!

Y


�1Y .�
�;�

X;Y ; d/! 
�1X .��X ; d/(6.7)

is an isomorphism.

For every p � 0, we have a canonical map

�
p

X;Y WK
p

X;Y ! �
�;p;cl
X;Y =d��;p�1

X;Y

similar to Definition 3.3. Denote by L p

X;Y the image sheaf of �p
X;Y in the above map. Passing

to the quotient of isomorphisms (6.6) and (6.7), we obtain a canonical isomorphism

lim
�!

Y


�1Y L p

X;Y ' 

�1
X L p

X :(6.8)

S 3. By [3, Proposition 1.3.6 (i)] and the fact that the topos on Xad is equivalent to the
G-topos on X under 
X , we know that the canonical map

Hn�p.X;L n�p
X /! Hn�p.Xad; 
�1L n�p

X /

is an isomorphism. On the other hand, by the isomorphism (6.8) and [1, 0A37], the canonical
map

lim
�!

Y

Hn�p.Y s;L
n�p

X;Y /! Hn�p.Xad; 
�1L n�p
X /

is an isomorphism. Together, we may assume that ! is in the image of the map

Hn�p.Y s;L
n�p

X;Y /! Hn�p.X;L n�p
X /
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for some integral model Y . By [21, Theorem 8.2], possibly after replacing k by a finite
extension, we have a projective strictly semistable scheme Y 0 over kı with an alteration
f W Y 0 ! Y . PutX 0 WD Y 0an. If we put��

X 0;Y 0
WD 
Y 0��

�

X 0ad , then .��
X 0;Y 0

; d/ is a complex of

sheaves of k-vector spaces on Y 0s and we have a canonical map

.�
�;�

X 0;Y 0
; d/! .��

X 0;Y 0
; d/:(6.9)

Note that we have the exact sequence

0! ��n�p�1�
�

X 0ad ! ��n�p�
�

X 0ad ! �
n�p;cl
X 0ad =d�n�p�1

X 0ad Œp � n�! 0

of complexes of sheaves on X 0ad, which induces a short exact sequence

H2n�2p.X 0ad; ��n�p�
�

X 0ad/

! Hn�p.X 0ad; �
n�p;cl
X 0ad =d�n�p�1

X 0ad /! H2n�2pC1.X 0ad; ��n�p�1�
�

X 0ad/:

Thus, ! is in the image of (6.4) if and only if ! maps to zero in H2n�2pC1.X 0ad; ��n�p�1�
�

X 0ad/.
Since we have assumed that ! comes from Hn�p.Y s;L

n�p

X;Y /, it suffices to show that the
composite map

Hn�p.Y 0s;L
n�p

X 0;Y 0
/! Hn�p.X 0;L n�p

X 0 /

! Hn�p.X 0ad; �
n�p;cl
X 0ad =d�n�p�1

X 0ad /! H2n�2pC1.X 0ad; ��n�p�1�
�

X 0ad/

vanishes. However, the above composite map coincides with the following one

Hn�p.Y 0s;L
n�p

X 0;Y 0
/! H2n�2pC1.Y 0s; ��n�p�1�

�;�

X 0;Y 0
/

! H2n�2pC1.Y 0s; ��n�p�1�
�

X 0;Y 0
/! H2n�2pC1.X 0ad; ��n�p�1�

�

X 0ad/:

Therefore, the claim in Step 1 is reduced to the vanishing of the map

Hn�p.Y 0s;L
n�p

X 0;Y 0
/! H2n�2pC1.Y 0s; ��n�p�1�

�

X 0;Y 0
/:(6.10)

S 4. The advantage of .��
X 0;Y 0

; d/ is that the entire complex admits a canonical Frobe-

nius action as we explain as follows. Fix a uniformizer of k; let Y 0� and Spec.kı/� be
the log schemes equipped with the canonical log structure as in [18, (2.13.2)]. Then the
induced morphism Y 0� ! Spec.kı/� is log smooth as Y 0 is strictly semistable over kı.
Let Y 0�s ! Spec. Qk/� be the induced morphism of log schemes equipped with the pullback
log structure as in [18, (2.13.2)]. Finally, let SpfW.ek/� be the formal log scheme whose log
structure is the canonical lifting of Spec.ek/� as in [18, Definition (3.1)]. Here, we use the
Zariski topology in the construction of log schemes and log crystal sites instead of the étale
one in [18]. There is a canonical morphism uW .Y 0�s = SpfW.ek/�/log-cris ! Y 0s of sites. By [18,
(5.4) & Proposition (2.20)], we have a canonical isomorphism

Ru�O
log-cris
Y 0�s =SpfW.ek/� ˝W.ek/ k ' .��X 0;Y 0 ; d/

in the derived category of abelian sheaves on Y 0s , where O log-cris
Y 0�s =SpfW.ek/� denotes the structure

sheaf in the log crystal site. Note that when applying [18, Proposition (2.20)], we use the trivial
covering as Y 0� ! Spec.kı/� is log smooth. Since OY 0�s =SpfW.ek/� admits a Frobenius action
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over Specek, we obtain a Frobenius action on the entire complex .��
X 0;Y 0

; d/ in the derived
category.

For w 2 Z, denote by .�p;cl
X 0;Y 0

=d�p�1
X 0;Y 0

/w the maximal subsheaf of �p;cl
X 0;Y 0

=d�p�1
X 0;Y 0

generated by sections of generalized weight w. We claim that

(a) the image of the canonical map K p

X 0;Y 0
! L p

X 0;Y 0
! �

p;cl
X 0;Y 0

=d�p�1
X 0;Y 0

is contained in

the subsheaf .�p;cl
X 0;Y 0

=d�p�1
X 0;Y 0

/2p for every p;

(b) the image of the canonical map ��;p;cl
X 0;Y 0

=d��;p�1
X 0;Y 0

! �
p;cl
X 0;Y 0

=d�p�1
X 0;Y 0

is contained in

the subsheaf
L2p
wD0.�

p;cl
X 0;Y 0

=d�p�1
X 0;Y 0

/w for every p.

Then the triviality of the map (6.10) follows easily from an argument of spectral sequences.
In fact, we have a map of spectral sequences �Ep;qr ! Ep;qr abutting to the canonical
map H�.Y 0s; �

�;�

X 0;Y 0
/ ! H�.Y 0s; �

�

X 0;Y 0
/ induced from (6.9), whose second page consists

of canonical maps Hp.Y 0s; �
�;q;cl
X 0;Y 0

=d��;q�1
X 0;Y 0

/ ! Hp.Y 0s; �
q;cl
X 0;Y 0

=d�q�1
X 0;Y 0

/. Consider the
following commutative diagram

Hn�p.Y 0s;L
n�p

X 0;Y 0
/ // �En�p;n�p2

//

�dn�p;n�p
2

��

En�p;n�p2

dn�p;n�p
2

��

�En�pC2;n�p�12
// En�pC2;n�p�12 :

By (a), (b) and the fact that .��
X 0;Y 0

; d/ has a Frobenius action, the composite map

Hn�p.Y 0s;L
n�p

X 0;Y 0
/! En�pC2;n�p�12

obtained from the above diagram factors through

.En�p;n�p2 /2n�2p !

2n�2p�2M
wD0

.En�pC2;n�p�12 /w ;

hence must be zero. By a similar argument, we know that for every r � 2, the (inductively
defined) map

Hn�p.Y 0s;L
n�p

X 0;Y 0
/! En�p;n�pr

dn�p;n�pr
�������! En�pCr;n�p�rC1r

vanishes. Therefore, (6.10) vanishes as a consequence of spectral sequence.

S 5. The last step is devoted to the proof of the two claims (a) and (b) in Step 4. We remark
that they are not formal consequences of Theorem 1.4.

By definition, �
p;cl
X 0;Y 0

=d�p�1
X 0;Y 0

is the sheaf on Y 0s associated to the presheaf

U 7! Hp
dR.�

�1 U /, and �
�;p;cl
X 0;Y 0

=d��;p�1
X 0;Y 0

is the sheaf on Y 0s associated to the presheaf

U 7! Hp
dR.X

0; ��1 U / by [6, Lemma 5.2.1]. We check (a) and (b) on stalks. We fix a point
x 2 Y 0s .

To prove (a), it suffices to consider the case where p D 1. Let U � Y 0 be an open
affine neighborhood of x. Take f 2 O�.X 0; ��1 U s/; we have to show that the image of df

f

in H1
dR.�

�1 U s/ is of generalized weight 2 for a possibly smaller open neighborhood U of x.
First, by [16, Proposition 7.2] and possibly shrinking U , we may replace f by the restriction
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of a(n) (algebraic) function f 2 O.Uk/ without changing jf j, hence the image of df
f

in H1
dR.X

0; ��1 U s/ by [6, Theorem 4.2.1], and the image of df
f

in H1
dR.�

�1 U s/. Since Y 0 is

projective, we may choose a closed embedding Y 0 ,! PN
kı

into a projective space. Choose an
open affine neighborhood V of x in PN

kı
such that V \ Y 0 � U and f jV\Y 0

D gjV\Y 0
for

some g 2 O�.Vk/. Since PN
kı

is smooth, by Lemma 5.6, dg
g

belongs to H1
rig.Vs=k/2. Thus,

its image in H1
dR.�

�1 Vs/ is of generalized weight 2. By functoriality of log crystal sites for
the morphism Y 0 ! PN

kı
, we conclude that the image of df

f
in H1

dR.�
�1.V \ Y 0/s/ is of

generalized weight 2. Here, ��1.V \ Y 0/s is the inverse image in X 0.

Claim (b) is a consequence of [15, Theorem 0.1] and [10, Theorem 2.3]. In fact, we have
a functorial map of spectral sequences 0Ep;qr !

00Ep;qr abutting to H�dR.X
0; ��1 U / !

H�dR.�
�1 U / with the first page being

0Ep;q1 D Hq
rig.U .p/

s = SpfW.ek/�/˝W.ek/ k ! 00Ep;q1 D Hq
log-cris.U .p/

s = SpfW.ek/�/˝W.ek/ k;(6.11)

where U .p/
s is the disjoint union of irreducible components of U Œp�

s , equipped with the
induced log structure from Y 0�s . By [15, Theorem 3.1, Lemma 4.6] and [10, Theorem 2.3], we
know that the weights of (the finite dimensional k-vector space) 0Ep;q1 are in the range Œp; 2p�.
Thus, the image of Hp

dR.X
0; ��1 U / ! Hp

dR.�
�1 U / is contained in

L2p
wD0 Hp

dR.�
�1 U /w

where Hp
dR.�

�1 U /w is the subspace of Hp
dR.�

�1 U / of generalized weight w, since the map
(6.11) is Frobenius equivariant and the Frobenius acts on the entire spectral sequence 00Ep;qr .

L 6.7. – Let I be a cofiltered category. Let i 7! Xi be a diagram of topological
spaces over I . Let X D lim

 �i
Xi be the limit with projection maps 
i WX ! Xi . Let P be a

presheaf on X . Then the canonical map 
lim
�!
i


�1i 
i�P

!C
!PC

is an isomorphism. Here, we regard 
�1i and 
i� as pullback and pushforward of presheaves
respectively, andC denotes sheafification.

Proof. – Consider the collection B of open subsets of X of the form 
�1i Ui for i 2 I

and an open subset Ui ofXi . Then B is a basis of the topology onX . It suffices to show that
for every U 2 B, the canonical map 

lim
�!
i


�1i 
i�P

!
.U /!P.U /

is an isomorphism. This is obvious as I is cofiltered.

7. Cohomological triviality for tropical cycle classes

In this section, we study tropical cycle class maps and prove Theorem 1.8, by first esta-
blishing the relation of maps �pX and �pX in the following result.
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T 7.1. – Let K be a non-Archimedean field embeddable into CF, and X a smooth
K-analytic space. Then ker �pX D ker�pX . In other words, we have a canonical isomorphism

T p
X ' L p

X

of sheaves on X for every p � 0.

Proof. – It suffices to check the equality on stalks. Thus, we fix a point x 2 X with
s D s.x/ and t D t .x/.

Let U be an open neighborhood of x. Take an element

F D

NX
˛D1

c˛ff˛1; : : : ; f˛pg 2 K p
X .U /;

where c˛ 2 Q and f˛ˇ 2 O�X .U /. We apply Lemma 6.3 to the finite collection ff˛ˇ g and

adopt the notation there. In particular, j��f˛ˇ �.��g˛ˇ
Qt

D1 T

d˛ˇ


 /�1j is a positive constant

on V , which we denote by c˛ˇ .

Define three tropical charts as follows.

— The first one uses f˛ˇ (1 � ˛ � N; 1 � ˇ � p), which induce a moment morphism
U ! .Gan

m;K/
Np, hence a tropicalization map

tropU WU ! .Gan
m;K/

Np � log j j
����! RNp:

— The second one uses functions g˛ˇ (1 � ˛ � N; 1 � ˇ � p), which induce a moment
morphism W ! .Gan

m;L/
Np, hence a tropicalization map

tropW WW ! .Gan
m;L/

Np � log j j
����! RNp:

— The third one uses functions ��g˛ˇ (1 � ˛ � N; 1 � ˇ � p) and T
 (1 � 
 � t ), which
induce a moment morphism V ! .Gan

m;L/
NpCt , hence a tropicalization map

tropV WV ! .Gan
m;L/

NpCt � log j j
����! RNpCt :

We have a commutative diagram

W
tropW // RNp

V

�

��

�

OO

tropV // RNpCt

M�

��

M�

OO

U
tropU // RNp;

in which M� sends a point .x˛ˇ ; x
 / 2 RNpCt D RNp � Rt to .y˛ˇ / where

y˛ˇ D � log c˛ˇ C x˛ˇ C
tX


D1

d˛ˇ
x
 ;
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and M� is the projection onto the first Np factors. Note that

�
p
X .F / D

NX
˛D1

c˛

p^
ˇD1

d0y˛ˇ ;

hence

M���
p
X .F / D

NX
˛D1

c˛

p^
ˇD1

0@d0x˛ˇ C
tX


D1

d˛ˇ
d0x


1A
as a .q; 0/-superform on RNpCt .

It is elementary to see that

���
p
X .F / D

X
��f1;:::;tg;j�j�p

��!� ^

0@^

2�

dT

T


1A ;(7.1)

where

!� D

NX
˛D1

c˛
X

�W�,!f1;:::;qg

�.�/
Y

2�

d˛�.
/


0@ ^
ˇ 62�.�/

dg˛ˇ
g˛ˇ

1A :
Here, �.�/ 2 f˙1g is a certain sign determined by �, and all multiple wedge products are taken
in the increasing order of the relevant indices.

On the tropical side, we have

M���
p
X .F / D

X
��f1;:::;tg;j�j�p

M�� M!� ^

0@^

2�

d0x


1A ;
where

M!� D

NX
˛D1

c˛
X

�W�,!f1;:::;qg

�.�/
Y

2�

d˛�.
/


0@ ^
ˇ 62�.�/

d0x˛ˇ

1A :
We show .ker�pX /x � .ker �pX /x . We assume that �pX .F / is an exact form on U , and

we need to show that �pX .F / D 0 on a possibly smaller open neighborhood of x. Since
���

p
X .F / is exact, it induces the zero class in

Hq.DL �L
tY


D1

B.0I r
 ; R
 /L � .W; .�
�1 E ~/b̋kL//:

By the Künneth decomposition and the Formula (7.1), we know that !� induces the
zero class in Hq�j�j

dR .W; .��1 E ~/b̋kL/ for every �. Therefore by Lemma 7.2 below, there
exists a compact neighborhood W 0 of .��1 E ~/b̋kL contained in W such that M!� D 0

on tropW .W
0/ for every �. Therefore, ���pX .F / D 0 on ��1W 0, and we are done since � is

an affine surjection.
We show .ker �pX /x � .ker�pX /x . We assume that �pX .F / D 0 on U . Then by the

similar argument as above, we may conclude that there is an open neighborhood V 0 of y
contained in V such that ���pX .F / is exact. By shrinking V 0, we may assume that the
restricted morphism �WV 0 ! U 0 is finite étale, where U 0 WD �.V 0/ is an open neighborhood
of x in U . Write ���pX .F /jV 0 D d!0 for some .p � 1/-form !0 on V 0. Then �pX .F /jU 0 D
.deg�/�1d!, where ! is the trace of !0 along �WV 0 ! U 0. So �pX .F / is zero in the stalk at x.
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The theorem is proved.

L 7.2. – Letk be a finite extension of QF andK a non-Archimedean field containingk.
Suppose that we have

a proper strictly semistable scheme S over kı of dimension s such that every irreducible
component of S Œr�

s is geometrically irreducible for every r � 0,

an irreducible component E of S s ,

an open neighborhood W of .��1 E ~/b̋kK in S an
K where E ~ D E nS Œ1�

s ,

invertible functionsg1; : : : ; gh 2 O�.W; .��1 E ~/b̋kK/, which induce the tropicalization
map tropW WW ! Rh,

c1; : : : ; cN 2 Q and ˇ1; : : : ; ˇN W f1; : : : ; pg ! f1; : : : ; hg.

Put

! WD

NX
˛D1

c˛

�
dgˇ˛.1/
gˇ˛.1/

^ � � � ^
dgˇ˛.p/
gˇ˛.p/

�
and

M! WD

NX
˛D1

c˛
�
d0xˇ˛.1/ ^ � � � ^ d0xˇ˛.p/

�
;

where x1; : : : ; xh are the natural coordinates on Rh.
Then ! induces the zero class in Hp

dR.W; .�
�1 E ~/b̋kK/ if and only if M! D 0 on tropW .W

0/

for some compact neighborhood W 0 of .��1 E ~/b̋kK contained in W .

Proof. – We adopt the notation in Section 4. Let e 2 E be a point. There is a unique
subset I.e/ of f1; : : : ;M g such that e 2 E ~I.e/. We choose an affine open neighborhood S e

of e in S together with functions fe;0 and fe;i in O.S e/ for i 2 I.e/ such that S e \ E I is
defined by the ideal .fe;0; fe;i j i 2 I / for every subset I � I.e/. We may further assume that
S e \ E I is irreducible for every I . Put E e WD S e \ E and E e;i WD S e \ E i . For 1 � ˇ � h,
suppose div.gˇ /j E e

D
P
i2I.e/ aˇ;e;i E e;i for aˇ;e;i 2 Z. Then jgˇ �

Q
i2I.e/ f

�aˇ;e;i
e;i j is equal to

a constant cˇ;e 2 R>0 on some compact neighborhoodWe (for allˇ) of .��1.S e\ E ~//b̋kK
in W \ .��1 E e/b̋kK.

Put

Z WD

NX
˛D1

c˛
�
div.gˇ˛.1// ^ � � � ^ div.gˇ˛.p//

�
:

Then the restriction of Z to E e is equal to

Ze WD
X

fi1<���<ipg�I.e/

be;i1<���<ip
�
div.fe;i1/ ^ � � � ^ div.fe;ip /

�
;

where ˇe;i1<���<ip 2 Q is uniquely determined by c˛ and aˇ;e;i via an explicit formula which
we omit.

On the other hand, on We, the tropicalization map tropW factors through another one

tropWe WWe ! RI.e/
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induced by functions fi for i 2 I.e/. In other words, we have an affine map �eWRI.e/ ! Rh

determined by aˇ;e;i and cˇ;e, whose explicit formula is left to the reader, such that
tropW jWe

D �e ı tropWe . Moreover, it is straightforward to check that we have

��e M! D
X

fi1<���<ipg�I.e/

be;i1<���<ip
�
d0xe;i1 ^ � � � ^ d0xe;ip

�
;

where xe;i for i 2 I.e/ are the natural coordinates on RI.e/.

We first consider the “only if” direction: Assume that ! induces the zero class in
Hp

dR.W; .�
�1 E ~/b̋kK/. By Proposition 4.7, we have Z D 0. Thus, Ze D 0 for every

e 2 E . As
div.fe;i1/ ^ � � � ^ div.fe;ip / D S e \ E fi1;:::;ipg ¤ 0;

we have be;i1<���<ip D 0 for all subsets fi1 < � � � < ipg � I.e/. Therefore, ��e M! D 0.
Now we take a finite subset E � E such that f E e j e 2 Eg form a covering of E .
Then W 0 WD

S
e2E We is a compact neighborhood of .��1 E ~/b̋kK contained in W , and

moreover M! D 0 on tropW .W
0/.

We then consider the “if” direction: Assume M! D 0 on tropW .W
0/ for some compact

neighborhood W 0 of .��1 E ~/b̋kK contained in W . Then for every e 2 E , the image
tropWe .We \ W

0/ always contains a p-dimensional polyhedron that is parallel to the plane
spanned by fxe;i1 ; : : : ; xe;ip g for every subset fi1 < � � � < ipg � I.e/. In particular, we must
have be;i1<���<ip D 0 for all subsets fi1 < � � � < ipg � I.e/. This implies that Z D 0. By
Proposition 4.7, Lemma 4.6, and Theorem 1.4(ii), we know that ! induces the zero class
in Hp

dR.W; .�
�1 E ~/b̋kK/.

The lemma is proved.

The following theorem shows the finiteness of H1;1
trop and studies the tropical cycle class of

line bundles.

T 7.3. – Let X be a proper smooth scheme over CF. Then

1. H1;1
trop.X / is of finite dimension.

2. dim H1;1
trop.X / D 1 if X is an irreducible curve.

3. For a line bundle L on X whose (algebraic) de Rham Chern class cldR. L / 2

H2
dR.X=CF/ is trivial, we have cltrop. L / D 0.

Proof. – We put X WD X an. By Theorem 7.1, we have a canonical isomorphism
H1;1

trop.X / ' H1.X;L 1
X /. By Proposition 6.2 and Theorem 1.4, we have

H1.X;�
1;cl
X =dOX / D H1.X;‰X /˚H1.X;L 1

X /˝Q CF:

For (1), it suffices to show that dim H1.X;�
1;cl
X =dOX / < 1. In fact, we have a

spectral sequence Ep;qr abutting to H�dR.X/ D H�.X;��X / with the second page terms
Ep;q2 D Hp.X;�

q;cl
X =d�q�1X /. Thus, it suffices to show that both H3.X;CF/ and H2.X;��X /

are finite dimensional. Since the homotopy type of X is a finite CW complex by [17],
dim Hi .X;CF/ <1 for every i 2 Z. By GAGA, Hi .X;��X / is canonically isomorphic to
the algebraic de Rham cohomology Hi

dR.X=CF/ for every i , hence finite dimensional.
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For (2), we know that dim H1.X;�
1;cl
X =dOX / D 1 from the discussion for (1). Thus,

dim H1;1
trop.X / � 1. However, from Corollary 3.13, we have dim H1;1

trop.X / � 1. Thus, (2)
follows.

For (3), by Theorem 7.1, it suffices to show that cllog. L / is zero in H1.X;�
1;cl
X =dOX /. Note

that the map CH1.X /Q ! H1.X;�
1;cl
X =dOX / factors as

CH1.X /Q ! H1.X ; �1;cl
X =dOX /! H1.X;�

1;cl
X =dOX /;

in which the first map factors through the algebraic equivalence (up to torsion) by [8, (0.5)].
Thus, cllog. L / D 0 since L has the trivial de Rham Chern class.

R 7.4. – Suppose that X is an irreducible proper smooth curve over CF. Then
we also have dim H1;0

trop.X / D dim H0;1
trop.X / D b1.X an

/. In fact, by the argument for
Theorem 7.3, we have dim H1;0

trop.X / D dim H0.X an
; ‡1

Xan/ D b1.X an
/ by [6, Corol-

lary 4.3.5 (iii)].

From now on, we fix an embedding R ,! CF.

D 7.5 (Tropical trace map). – Let X be a proper smooth CF-analytic space of
dimension n. We have a total integration mapZ

X

WHn.X;T n
X /! Hn;n.X/! R:

By the isomorphism T n
X ' L n

X in Theorem 7.1, Lemma 6.2, and by extending the above
map linearly over CF, we obtain a CF-linear map

Trtrop
X WHn.X;‡nX / ' Hn.X;L n

X /˝Q CF ! CF;

called the tropical trace map for X .

R 7.6. – We expect that dim Hn.X;T n
X / D 1 in the setup of Definition 7.5. Then

it is an interesting question to ask the value of
R
X

on Hn.X;T n
X /. Suppose that X D X an

a

for X in Proposition 7.7, then we know (assuming dim Hn.X;T n
X / D 1) that the restriction

of
R
X

to Hn.X;T n
X / takes values in Q by Corollary 3.12. Therefore, the tropical trace map

Trtrop
X does not depend on the choice of the embedding R ,! CF, and factors through the

canonical isomorphism Hn.X; .�nX=d�n�1X /2n/ Š CF in Lemma 6.5.

The following proposition can be regarded as a certain algebraicity property of the trop-
ical trace map, which is defined via transcendental way.

P 7.7. – Let k � CF be a discrete non-Archimedean subfield, and X a geomet-
rically connected proper smooth scheme over k of dimension n. If we put X a WD X ˝k CF, then
the tropical trace map Trtrop

Xan
a

factors through the canonical map

Hn.X an
a ; ‡

n
Xan

a
/! Hn.X an

a ; .�
n
Xan

a
=d�n�1Xan

a
/2n/:(7.2)

In particular, Hn.X an
a ; .�

n
Xan

a
=d�n�1

Xan
a
/w/ ' CF if w D 2n, and is trivial otherwise.

Proof. – Put X WD X an
a . The last assertion follows from the previous one and the

following facts:
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— Trtrop
X is nonzero as one can write down an .n; n/-form on X with nonzero total

integral;

— Hn.X;�nX=d�n�1X / D
L
w2Z Hn.X; .�nX=d�n�1X /w/ by Theorem 1.4;

— Hn.X;�nX=d�n�1X / ' CF by Lemma 6.5; and

— the image of Hn.X;‡nX /! Hn.X;�nX=d�n�1X / is contained in Hn.X; .�nX=d�n�1X /2n/

by Theorem 1.4.

To prove the factorization of Trtrop
X , we may replace X by Y through an alteration

Y ! X with Y smooth and geometrically connected, due to the functoriality of Trtrop
�

and the fact that the pullback map Hn.X an
a ; �

n
Xan

a
=d�n�1

Xan
a
/ ! Hn.Y an

a ; �
n
Y an

a
=d�n�1

Y an
a
/ is

an isomorphism. Thus, we may assume that X is projective.
Define „nX to be the quotient sheaf in the following exact sequence

0! ‡nX ! .�nX=d�n�1X /2n ! „nX ! 0:(7.3)

It is functorial in X . One can show that the sheaf „nX is supported on fx 2 X j s.x/ � 2g.
This suggests that one should expect Hi .X;„nX / D 0 for i � n � 1, which suffices for the
proposition. In fact, such vanishing result can be proved if we have semistable resolution
instead of alteration. In the absence of semistable resolution, we need an ad hoc argument
as follows.

Take an arbitrary cohomology class ˛ 2 Hn�1.X;„nX /. Since X is (Hausdorff and)
compact, by [1, 09V2, 01FM], there is a finite open covering U D fUi j i D 1; : : : ;M g

of X such that ˛ is represented by a(n) (alternating) Čech cocycle ˛ D f˛I 2 „nX .UI / j

I � f1; : : : ;M g; jI j D ng on U , where UI D
T
i2I Ui as always. By refining U , we may

assume that ˛I is in the image of the map .�nX=d�n�1X /.UI /
pre
2n ! „nX .UI / for every I (See

Definition 5.9 for the notation). By Lemma 7.8 below and possibly replacing k by a finite
extension inside CF, we have a proper flat integral model Y of X such that if Z1; : : : ; ZM
are all reduced irreducible components of Y s , then the covering f.��1 Z i /b̋kCF j i D

1; : : : ;M g refinesU (here,M might be different from the previous one). By [21, Theorem 8.2],
possibly after further replacing k by a finite extension inside CF, we have a (proper) strictly
semistable scheme Y 0 over kı with an alteration Y 0 ! Y . Put X 0 WD .Y 0 ˝k CF/

an

and let f WX 0 ! X be the induced morphism. For simplicity, we may also assume that
every irreducible component of Y 0Œr�s is geometrically irreducible for every r � 0. In parti-
cular, if we denote by Z

0

1; : : : ; Z
0

M 0 all irreducible components of Y 0s , then the covering
f.��1 Z

0

i /b̋kCF j i D 1; : : : ;M
0g refines f �1U WD ff �1Ui j i D 1; : : : ;M g.

We claim that f �˛ D 0, where f �˛ is the canonical image of f �1˛ in Hn�1.X 0; „nX 0/.
Assume the claim. We prove the factorization of Trtrop

X . Take an element ! in the kernel
of (7.2). We have to show that Trtrop

X .!/ D 0. By (7.3), we know that ! D ı.˛/ for
some ˛ 2 Hn�1.X;„nX / where ıWHn�1.X;„nX / ! Hn.X;‡nX / is the induced coboundary
map. By the claim, we know that f �! D 0, so Trtrop

X 0 .f
�!/ D 0 as well. However, since

Trtrop
X 0 .f

�!/ D deg.f /Trtrop
X .!/, we have Trtrop

X .!/ D 0. Thus, combining with the fact that
Hn.X;�nX=d�n�1X / ' CF, the proposition is proved modulo the previous claim.

To prove the claim, we may replace f �˛ by ˛ and assume that Y 0 D Y to ease notation.
Moreover, we may assume that ˛ is represented by a Čech cocycle f˛I j I � f1; : : : ;M g; jI j D ng
of the sheaf „nX with respect to the open covering U D fUi j i D 1; : : : ;M g in which
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Ui D .�
�1 Z i /b̋kCF. We may also assume that U is fine enough such that ˛I can be lifted to

a section ˛0I of �nX under the surjective composite map �nX ! .�nX=d�n�1X /2n ! „nX .
We study a typical n-fold intersection of U . Without loss of generality, we consider
Uf1;:::;ng WD

Tn
iD1 Ui . If

Tn
iD1 Z i D ;, then Uf1;:::;ng D ;. So we may assume thatTn

iD1 Z i D
`L
jD1 Cj , where each Cj is a geometrically irreducible proper smooth curve

over ek. Then Uf1;:::;ng D
`L
jD1 U Cj where U Cj WD .�

�1 Cj /b̋kCF.

Now we take a typical member C in f C1; : : : ; CLg. Put C~ WD CnY Œn�s . Then we have

Cn C~ D C \ Y Œn�s D

Ca
cD1

Pc ;

where Pc is isomorphic to Specek. We may cover C~ by affine opens f C b j 1 � b �

Bg such that ��1 C b ' En�1
k
�k M .Cb/ for some integrally smooth affine k-affinoid

algebra Cb such that C b Š Spec.Cb/s , where Et
k

is defined in Example 4.3. Note that by
Remark 4.4, an element ! in Hn

dR.U C ; �
�1 C b/ can be written as a finite sum of !n�1 ^ !1

where !n�1 2 Hn�1
dR .En�1

k
/ (regarded as in Hn�1

dR .U C ; �
�1 C b/) and !1 2 H1

dR.U C ; �
�1 C b/.

Then Example 4.3 and Theorem 1.4(ii) imply that ! has a representative in‡nX .U C ; �
�1 C b/.

In other words, we may find an open neighborhood Vb of ��1 C b in U C and an element
ˇb 2 ‡nX .Vb/ such that ˛0

f1;:::;ngjVb
� ˇb induces the zero class in Hn

dR.Vb/. On the other

hand, ��1 Pc is isomorphic to En
k

for every 1 � c � C . Thus, by Example 4.3 again, we
may find an element 
c 2 ‡nX .Wc/ where Wc WD .��1 Pc/b̋kCF such that ˛f1;:::;ngjWc

� 
c

induces the zero class in Hn
dR.Wc/. Note that fVb j 1 � b � Bg [ fWc j 1 � c � C g form

an open covering of U C . The existence of ˇb and 
c (for an arbitrary subset of f1; : : : ;M g
of cardinality n and an arbitrary C ) ensures that we can refine the covering U such that ˛I
becomes trivial everywhere in the refined one. In particular, ˛ D 0 in Hn�1.X;„nX /.

L 7.8. – Let K be a discrete non-Archimedean field and X a projective scheme
over K. For every finite open covering U D fUi j i D 1; : : : ;M g of .X ˝K cKa/an, there
are a finite extensionK 0=K in cKa and a proper flat integral model Y of X˝KK

0 overK 0ı such
that for every irreducible component Z of Y s , there is someUi 2 U containing .��1 Z /b̋K0cKa.

Proof. – The proof of [23, Theorem 4.2] in fact implies the canonical isomorphism

.X ˝K cKa/an
Š lim
 �
�

Trop.X ˝K cKa; �/

of topological spaces, where the limit is taken over all projective embeddings �W X ˝K K1 !

PN.�/K1
defined over finite extensions K1=K in cKa. Here, we adopt the notation in [23]. In

particular, Trop.X˝KcKa; �/ is a closed subset of Trop.PN.�/dKa
/. Since .X˝KcKa/an is compact

and U is finite, by an easy topological argument, we may find a single projective embedding
�W X˝KK1 ! PNK1 with a finite open covering U 0 of Trop.PNdKa

/ such that the pullback of U 0

along the composite map

.X ˝K cKa/an
Š lim
 �
�

Trop.X ˝K cKa; �/! Trop.X ˝K cKa; �/! Trop.PNdKa/

refines U . We claim that one can find a finite extension K 0=K1 in cKa and a proper flat
integral model P of PNK0 overK 0ı such that for every irreducible component Q of Ps , there
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exists some U 0i 2 U
0 containing the image of .��1 Q/b̋K0cKa under the tropicalization map

.PNdKa
/an ! Trop.PNdKa

/ [23, Section 3]. Then we can take Y to be the closure of �.X ˝K K 0)
in P , which satisfies the requirement in the lemma.

It remains to prove the claim (for K1 D K without loss of generality). To make our
construction functorial, we consider a nonempty finite set I . Denote by PI the projective
scheme over Z of relative dimension jI j � 1 with homogeneous coordinates .Xi /i2I . By the
construction in [23, Section 3], we have

Trop.PIdKa/ D
�
.�1;1�I n f1I

g
�
=R;

where R acts by diagonal addition, under which the tropicalization map is simply given
by .� log jXi j/i2I . We have an obvious isomorphism

Trop.PIdKa/
�
�! PI WD f.xi /i2I 2 Œ0;1�I j minfxi j i 2 I g D 0g � Œ0;1�I

of topological (tropical, in fact) spaces. We denote by

� W .PIdKa/
an
! PI

the tropicalization map. Now we construct some standard open covering of PI . Take a
nonnegative integer M and a positive real number ı. For an integer k satisfying 0 � k �

M C 1, we put

Iı;M
k
WD

8̂̂<̂
:̂
Œ0; ı/ k D 0I

..k � 1/ı; .k C 1/ı/ 1 � k �M I

.Mı;C1� k DM C 1:

For an I -tuple k D .ki /i2I of integers between 0 and M C 1, we put

Iı;M
k
WD

Y
i2I

Iı;M
ki

;

which is an open subset of Œ0;1�I , and put Jı;M
k
WD Iı;M

k
\ PI . In particular, Jı;M

k
is empty

if and only if k does not contain 0. This suggests us to introduce the set

K
I
M D fk D .ki /i2I 2 ZI j 0 � ki �M C 1;minfki j i 2 I g D 0g

as a discrete model of PI . Then fJı;M
k
j k 2 K

I
M g is a finite open covering of PI . Moreover,

for every finite open covering U 0 of Trop.PIdKa
/ hence of PI , one can find a finite extension

K 0=K inside cKa and a positive integer M such that fJı;M
k
j k 2 K

I
M g refines U 0 where

ı D � log j$ j for a uniformizer $ of K 0.
To prove the claim, we may assume U 0 D fJı;M

k
j k 2 K

I
M g and K 0 D K without

loss of generality (and then take I D f0; : : : ; N g). We are going to construct some integral
models P

I
r of PIK over Kı. Let DI be the zero locus of

Q
i2I Xi , which is a divisor of PIK .

Put P
I
�1 WD PIKı . For r � 0, we define by induction P

I
r to be the blow-up of P

I
r�1 along

the reduction of DI in the special fiber of P
I
r�1. Now we describe P

I
r .

We first look at an easy case where jI j D 2. Then P
I
r is a proper strictly semistable

curve (overKı) whose special fiber has 2rC3 irreducible components, all isomorphic to P1eK .

Moreover, for r � 0, we can label those irreducible components by the set K
I
r , say fQIr;kg,

such that��1.QIr;k/b̋KcKa D ��1.Jı;r
k
/. When jI j D 1, P

I
r is always isomorphic to SpecKı.
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In particular, it is also true that we may label its irreducible components by the set K
I
r (which

is a singleton), say fQIr;kg, such that ��1.QIr;k/b̋KcKa D ��1.Jı;r
k
/.

To describe the general case, we need some notation. For k D .ki /i2I 2 K
I
r , let Ik � I be

the subset where ki D r C 1, and let k[ be the .I n Ik/-component of k. For two tuples

k D .ki /i2I ; k
0
D .k0i /i2I 2 K

I
r , we say that they are adjacent if jki �k0i j � 1 for every i 2 I

and ki D k0i for at least one i ; in this case, we denote by Jk;k0 � I the (nonempty) subset

where they coincide, and k \ k0 2 K
Jk;k0

r their common Jk;k0 -component. Now for general
I and r � 0, we assert that

1. The scheme P
I
r is proper strictly semistable (10) over Kı.

2. One can write the set of irreducible components of .P
I
r /s as fQIr;k j k 2 K

I
r g (in a

unique way) such that ��1.QIr;k/b̋KcKa D ��1.Jı;r
k
/.

3. Two irreducible components QIr;k and QI
r;k0

have nonempty intersection if and only if

k and k0 are adjacent; in this case, their intersection is isomorphic to Q
Jk;k0

r;k\k0
.

4. We have that QIr;0 is isomorphic to PIeK .

5. The scheme QIr;k is a .P1/Ik -fibration over Q
InIk

r�1;k[
. Here, Q

InIk
�1;0 is the special fiber

of P
InIk
�1 , that is, PInIkeK .

6. The reduction ofDI in P
I
r has nonempty intersection with QIr;k if and only if Ik ¤ ;;

in this case, the intersection is a normal crossing divisor and its complement in QIr;k is

an .A1/Ik -fibration over Q
InIk

r�1;k[
.

The proof of these assertions is a straightforward but tedious exercise in blow-up computa-
tion, by induction on jI j and r . We will leave details to the reader.

Finally, we take P D P
I
M . Then for every irreducible component Q of Ps , there is some

(unique, in fact) member Jı;M
k

in the open covering U 0 D fJı;M
k
j k 2 K

I
M g that contains

(equals, in fact) �
�
.��1 Q/b̋K0cKa

�
. Thus, the claim is proved.

Proof of Theorem 1.8. – By Lemma 7.9 below and possibly replacing k by a finite
extension in CF, we may assume ! 2 A n�p;n�p

Xan .X an
/. Put X WD X an. We regard ! as the

induced class in Hn�p;n�p.X/. By Corollary 3.6, we may further assume that ! is an element
in Hp.X;T p

X /. By Theorem 3.9, we need to show thatZ
X

cltrop.Z / ^ ! D 0:

However, by Proposition 7.7, it suffices to show that hcllog.Z /; !iX D 0where cllog is defined
in Definition 6.4. However, this follows from Theorem 6.6.

(10) Recall that a scheme overKı is strictly pluri-nodal if it is Zariski locally smooth over

SpecKıŒX1; Y1; : : : ;Xr ; Yr �=.X1Y1 � �; : : : ;XrYr �$/:

4 e SÉRIE – TOME 53 – 2020 – No 2



TROPICAL CYCLE CLASSES AND WEIGHT DECOMPOSITION 351

L 7.9. – Let the assumption and notation be as in Theorem 6.6. Then for every
p; q � 0, the canonical map

lim
�!
k0

A p;q

Xan
k0
.X an

k0 /! A p;q

Xan
a
.X an

a /

is an isomorphism, where the colimit is taken over all finite extensions k0 of k in CF.

Proof. – The lemma follows from the fact that for every f 2 O�.X an
a ; V / where V is

a rational affinoid domain, there is a function g 2 O�.X an
k0 ; V

0/ for some k0 such that
&�1
k0
.V 0/ D V and f �1 � &�

k0
g has norm 1 on some open neighborhood of V , where

&k0 W X an
a ! X an

k0 is the canonical projection. Here, we have used [6, Lemma 2.1.3 (ii)].
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