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APPROXIMATION DIOPHANTIENNE ET DISTRIBUTION
LOCALE SUR UNE SURFACE TORIQUE II

PAR HUANG ZHIZHONG

REsuME. — Nous proposons une formule empirique pour le probléme de distribution
locale des points rationnels de hauteur bornée. Il s’agit d’une version locale du prin-
cipe de Batyrev-Manin-Peyre. Nous la vérifions pour une surface torique, sur laquelle
des courbes rationnelles cuspidales et des courbes rationnelles nodales toutes les deux
contribuent aux meilleures approximations en dehors d’un fermé de Zariski. Nous dé-
montrons qu’en enlevant une partie mince, il existe une mesure limite et une formule
asymptotique pour le grossissement critique.

ABSTRACT (Diophantine approzimation and local distribution on a toric surface II).
— We propose an empirical formula for the problem of local distribution of rational
points of bounded height. This is a local version of the Batyrev-Manin-Peyre principle.
We verify this for a toric surface, on which cuspidal rational curves and nodal rational
curves all give the best approximations outside a Zariski closed subset. We prove the
existence of a limit measure as well as an asymptotic formula for the critical zoom by
removing a thin set.

1. Introduction

1.1. Contexte et heuristique. — Concernant les variétés ayant beaucoup de
points rationnels, une question naturelle est combien il y en a de hauteur bornée
et comment ils sont distribués. Dans des années 1990, Batyrev et Manin ont

Texte regu le 17 janvier 2019, modifié le 2 mas 2019, accepté le 6 mai 2019.

HUANG ZHIZHONG, Institut fiir Algebra, Zahlentheorie und Diskrete Mathematik, Leibniz Uni-
versitdt Hannover, Welfengarten 1, 30167 Hannover, Deutschland e  E-mail : zhizhong.
huang@yahoo.com

Classification mathématique par sujets (2010). — 11G50, 11K60, 14M25.

Mots clefs. — Points rationnels de hauteur bornée, approximation diophantienne.

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE 0037-9484/2020/189/$ 5.00
© Société Mathématique de France d0i:10.24033 /bsmf.2803



190 HUANG Z.

conjecturé une formule asymptotique (cf. [1, 3.11 & 3.12]) qui donne une prédic-
tion pour ’ordre de croissance du cardinal de I’ensemble des points rationnels de
hauteur bornée. Peyre (cf. [29, Conjecture 2.3.1]) a ensuite reformulé et raffiné
leur conjecture sous une forme faisant intervenir des mesures, que nous appel-
lerons distribution globale et nous énongons comme suit. Soit X une «bonney
variété sur Q (cf. [30, Notations 2.1]). On note X (Aq)B" I'ensemble des points
adéliques de X pour lesquels I'obstruction de Brauer-Manin a ’approximation
faible est triviale. On associe une hauteur de Weil exponentielle H au fibré

anticanonique w;(l .

PrINCIPE 1.1 (Batyrev-Manin-Peyre, [30] Répartition empirique 5.3). — 1l
existe un ouvert U C X tel qu’en notant et k£ = rg Pic(X),

(1) du,B = Z dp,

PEU(Q)
H(P)<B
on ait
;6 — ¥, B
B(log B)<—1°0:8 — 71X >

au sens de convergence vague pour certaine mesure p5 déduite d’un produit

de mesures [ [, cy,y(q) tv sur X (Aq) par restriction a X(Aq)Pr.

Remarquons qu’en fait, la partie réelle j1o, est une mesure a densité continue
relativement a la mesure de Lebesgue sur X (R) (cf. [29, 2.2.1]). Alors que la
conjecture de Batyrev-Manin est vérifiée pour beaucoup de variétés presque de
Fano [30, Définition 3.1], voire singuliéres, ce principe sous forme de mesure
est rarement abordée dans la littérature. Pourtant, les travaux de Batyrev et
Tschinkel [4], [2] semblent étre en faveur de cela pour les variétés toriques.

Nous nous demandons dans quelle mesure une version plus forte de ce
principe puisse étre valide. A savoir, prenons un ouvert Dg(B) d'un point
Q@ € X(R) pour la topologie réelle dont la taille dépend de B. Pourrions-nous
espérer qu’il existe une mesure px g, définie localement sur le lieu réel de X
que nous préciserons dans la suite, telle que pour certain x’ > 1,

(2) > §p ~ Vol(Dg(B))B(log B)* ~ux.q, B — o0?
PeDg(B)NX(Q):H(P)<B

Une motivation de ce probleme est ’étude de la distribution locale des points
rationnels. Il fut considérée en premier par S. Pagelot [28], ot il a pris pour
Dg(B) des boules de rayon =< B~+ (r sera appelé facteur de zoom dans la suite)
et ou il a constaté, sur certaines surfaces toriques, des phénomenes variés pour
la distribution locale des points rationnels autour d’un point fixé (décrite par
la mesure pux ¢ dans (2)), méme pour de différents r d’une variété fixée. Tout

cela n’est pas a priori reflétée par la distribution globale (i.e. la mesure p5*
dans (1)).
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DISTRIBUTION LOCALE SUR UNE SURFACE TORIQUE II 191

Pour établir I’existence de px g, il faut souvent retirer certaines sous-variétés
localement accumulatrices et bien choisir le facteur de zoom r. Les travaux de
D. McKinnon et M. Roth ([26] et [27]) concernant approximation diophantienne
sur les variétés algébriques fournissent une constante o de nature arithmétique et
géométrique, appelée constante d’approzimation (Définition 2.1). S. Pagelot défi-
nit dans [28] la constante essentielle ass (Définition 2.2) qui caractérise 'approxi-
mation diophantienne générique. Par définition, on a o < aegs. En prenant le fac-
teur de zoom r entre o et cegs, la forme de px, @ nous permet de récupérer plus d’in-
formations qui sont «négligées» dans la considération (1). Voir des explications et
des illustrations dans [19]. Nous espérons que les constantes «, cess jouent un role
tout comme les invariants de Fujita (les invariants (L), ¢(L) dans [1, 2.1 & 3.12])
dansle programme de Batyrev-Manin-Peyre (Principe 1.1) (cf. aussi le travail [23]
et les références dedans).

Dans [18, (1.1)] et [19, (1.2)] nous avons défini une famille de mesures qui
capturent les points dans Dg(B). Maintenant nous continuons & proposer des
formules asymptotiques prédisant ’ordre de grandeur dans le cas r = Quess.
Nous désignons par A1 (X) le groupe de Chow des 1-cycles modulo I’équivalence
algébrique, et par {(X) le rang du sous-groupe de A;(X) engendré par les
classes des courbes rationnelles C' vérifiant (Q, C') = aess(Q). Tout au long de
cet article, sauf si mentionné autrement, toutes les constantes d’approximation
et tous les degrés seront calculés par rapport au fibré anti-canonique. Pour une
partie Y de X(Q), nous notons {dy.g, g} 5 la famille de mesures de zoom de
facteur r comptant les points rationnels sur Y de hauteur < B (cf. §2.2) définie
sur Pespace tangent (ToX)r.

FORMULE EMPIRIQUE 1.2 (version faible). — En dehors d’une partie mince
M, nous avons que pour toute fonction f continue a support compact définie
sur (ToX)r.,

_dim X _
(3) Sx\1.Q.B e (f) = Of (B 55 (log B9,

REPARTITION EMPIRIQUE 1.3 (version forte). — 57 qiess(Q) > dim X, alors en
dehors d’une partie mince M, nous avons

1
4 : 1) O
@ B!~ (log B)U) -1 X\M,Q, B ctess 7 Octese

au sens de convergence vague pour une certaine mesure §

sur (ToX)m.-

Qoss

L’étude des formules 1.2 & 1.3 devrait ajouter une nouvelle évidence sur la
connexion entre 'arithmétique des corps globaux et celle des corps de fonctions.

1.2. Résultats principaux. — Suite aux travaux [18] et [19] qui démontrent la
formule 1.3 pour la surface X3 et 1.2 pour Y, respectivement, dans cet article
on considere la surface torique Y3 dont I’éventail est représenté au milieu de la
Figure 1.1 suivante. Admettant P? et P! x P! comme modeéles minimaux, elle
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192 HUANG Z.

est une surface de del Pezzo généralisée (cf. [8]) (c’est-a-dire la désingularisation
minimale d’une surface de del Pezzo singuliere de degré 5). Le résultat sur ces
trois surfaces donne des évidences fortes sur le principe que le couple (o, (tess)
et la facon dont elles sont calculées devraient caractériser I’accumulation locale
des points rationnels.

8 2 6 2 6
4 1 4 1
3 5 7 3 5 7

FIGURE 1.1. Les éventails de Yy, de Y3 et de P! x P!

Nous fixons tout au long ce travail le point central @ = [1: 1] x [1 : 1]. Notre
premier résultat principal, concernant 'approximation de () par d’autres points
rationnels sur Y3, dit que des courbes nodales, qui couvrent une partie dense de
Y3 et font déja des objets centraux d’étude pour la surface Yy [19], et des courbes
cuspidales donnent en méme temps les meilleurs approximants en dehors d’un
fermé de Zariski (cf. §3.4.1, §3.4.2). Autrement dit, ces ceux types de courbes
achevent la constante a.

THEOREME 1.4 (cf. Proposition 4.1, Corollaire 4.3). — Nous avons

e a(Q,Y3) = 2. Elle s’obtient sur les trois courbes rationnelles lisses
li;(1 < i < 3) de degré minimal passant par Q. Ces courbes sont lo-
calement accumulatrices ;

® (s(Q) = % Elle peut étre calculée sur des courbes nodales et des
courbes cuspidales passant par ().

Les courbes l;;1 < i < 3 sont en fait les (transformations strictes des)
sections de bidegré (1, 1) joignant @ et I'un des 3 points éclatés dans Pt x P! (cf.
(13)). Il s’en suit que la surface Y3 et la partie Y3\U?:1 l; vérifie la conjecture de
D. McKinnon [26, Conjecture 2.9]. Bien que des courbes nodales et des courbes
cuspidales aient la méme valeur de constante d’approximation, le point ) est
approché de maniére radicalement différente suivant elles (cf. §2.3), a cause
de la fagon dont a est calculée sur les courbes rationnelles (cf. Théoréme 2.3).
Le premier type correspond a l'approximation d’un nombre quadratique et le
travail [19] montre que le nombre des points rationnels entrant dans le zoom
critique est faible et il n’existe pas de mesure décrivant la distribution locale
(cf. Théoreme 2.4). Alors que pour le deuxiéme on approche un point rationnel
sur le corps de base Q. Dans ce cas l'ordre de grandeur est comparable avec
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la croissance de hauteur et les points sont répartis asymptotiquement suivant
une mesure limite (cf. Théoréme 2.5).

Notre deuxiéme théoreme principal confirme que la Répartition Empirique
1.3 vaut pour Y3.

THEOREME 1.5 (cf. Théorémes 7.6, 7.15, 7.16). — Soient Z = \J>_, 1;,U =
Y3\ Z.

1. Pour2=0a(Q,Y3) <r< %, nous avons

%5Y3,Q,B,r — O,
ou 0, est une mesure a support dans Z ;

2. Pour r = qess(Q) = %, il existe une partie mince, qui est la réunion de
Z du type I et M du type II, telle qu’en notant V = Y3(Q)\ (Z(Q)UM),
nous ayons

1
BY
o1 5% est une mesure est absolument continue par rapport da la mesure

ov.q.B,3 — 03,

de Lebesque sur R2.

C’est un fait empirique que la difficulté d’établir 'existence de la mesure
limite augmente lorsque le degré de la surface baisse. Ceci est parallele avec la
conjecture de Batyrev-Manin sur la répartition globale (1). Méme s’il n’est pas
ardu d’établir une majoration uniforme d’ordre de grandeur B 540 (cf. Propo-
sition 4.4) pour r = g, cependant, démontrer des formules asymptotiques ainsi
que la convergence de mesures de zoom est un processus beaucoup plus délicat,
et surtout on a dii surmonter la difficulté pour travailler avec le paramétrage
donné par des courbes nodales dans [19, §5.2.2]. Nous renvoyons au Théoréme
7.6 pour une formule asymptotique précise comprenant la mesure 3 et un
terme d’erreur. Ce serait intéressant de pouvoir interpréter le facteur arithmé-
tique qui apparait dans le terme principal de fagon géométrique comme dans le
Principe 1.1. Signalons que la densité de la mesure & 5 fait apparaitre les trois
courbes [;,1 < 7 < 3 qui sont localement accumulatrices. Ceci est analogue au
résultat pour la surface X3 (cf. [18, Théoréme 1.3]).

Les parties minces (Définition 6.1), dont la contribution a été considérée
comme négligeable dans plupart de cas (cf. le théoréme de S.D. Cohen, [34,
§13 Theorem 1]), se montrent parfois problématiques dans le programme de
Batyrev-Manin (Principe 1.1). Elles ont été reprises depuis le premier contre-
exemple de V. V. Batyrev et Yu. Tschinkel [3]. Mais ¢’est rare dans la littérature
qu’on soit capable de contrbler le cardinal de la partie obtenue en retirant
une partie mince. A la connaissance de l'auteur, les seules réussites jusqu’au
présent sont le résultat du Rudulier [22] (cf. aussi [31, §8]) ol elle a considéré
des schémas de Hilbert des points sur des surfaces, et celui de Browning et
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Heath-Brown [5] sur la variété bi-projective Z?:o z;y? = 0 admettant une
structure de fibration en quadratiques. Un fait intéressant pour la surface Yj
est que la partie mince de type IT M consiste en précisément les points sur des
courbes cuspidales. Le Théoréme 1.5 (2) dit que les parties minces ont aussi
des influences non-négligeables pour le probleme de distribution locale. Il nous
fournit ainsi un autre exemple sur la gestion de ces ensembles.

Bien que la paire (o, ciegs) soit un indicateur pour détecter les sous-variétés
localement accumulatrices (Définition 2.2), on aurait besoin d’un critére vis-a-
vis des points rationnels a retirer dans la démonstration des formules 1.2 et
1.3. Dans [31, §4], s’inspirant des études de familles des courbes rationnelles
sur les variétés, Peyre a introduit la notion de liberté définie pour chaque point
rationnel, analogue aux pentes a la J.-B. Bost. Ceci a pour but d’améliorer le
Principe 1.1. Il semble raisonnable que cette notion puisse aussi s’insérer dans
notre cadre (voir aussi [32, §7] pour une autre discussion).

1.3. Heuristique géométrique. — Pour soutenir les formules 1.2 & 1.3, nous
tendons a donner, dans un travail a venir, une analogie géométrique s’inspirant
celle du Principe 1.1. Tl s’agit d’une sorte de «distribution» des courbes ra-
tionnelles sur une variété algébrique. A la lumiére d’un théoréme de McKinnon
et Roth (Théoreme 2.3) et a l'aide de la théorie de déformation, en prenant
en compte seulement des courbes ayant des multiplicités suffisamment grandes
en @, cette heuristique nous fournit une interprétation des ordres de grandeur
sur B et surtout sur log B compatible avec tous les résultats connus, comme
l'avait déja constaté par Pagelot [28] pour la surface P! x P! que le bon ex-
posant sur log B ne coincide pas avec celui dans le cas global. En réalité, pour
Y3 étudiée dans ce texte, toutes telles courbes réalisant la constante essentielle
appartiennent aux classes m[w;gl],m € N34, qui forment un sous-groupe de
A1(Y3) de rang 1 et donc I(Y3) = 1 (ce qui suggere que la puissance sur log B
devrait étre [(Y3) —1 =0).

1.4. Outils analytiques. — Expliquons les méthodes que ’on utilise, comment
le zoom critique se traduit en des problémes analytiques et d’ou la partie mince
intervient.

1.4.1. Descente a la Legendre. — En considérant la famille de courbes nodales
{Cap} (27) & parametres (a,b) € Z2,.,, et en choisissant pour chaque (a,b) un

paramétrage P! — C, (dont les parametres sont notés (z,y) € Z2,.,,), nous
obtenons une application rationnelle P! x P! --» Y3 qui donne un paramétrage
local des points rationnels sur Y3 par les C, ;. L’idée clef ici est que plutét que
de dénombrer les points sur chaque courbe C, 3, ¢’est-a-dire fixer le coupe (a, b)
en comptant (x,y), ce qui était la méthode adoptée dans [19], on compte di-
rectement les couples (a,b) x (x,y) et il se trouve que les (a,b) sont paramétrés

par les (z,y) quand on restreigne a des équations de Pell-Fermat avec certaine
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condition de divisibilité que I'on précise tout de suite. Ce passage nous permet
d’éliminer les parametres (a,b). Il a des similarités avec la méthode de «des-
cente» qui remonte & Legendre et Dirichlet (cf. par exemple [24] pour un survol
historique et les références dedans) et est récemment reprises par Fouvry et
Jouve dans les travaux [10], [11] et [12] pour traiter la solution fondamentale
des équations de Pell-Fermat 2% — Dy? = 1.

Plus précisément, il s’avere qu’il faut se concentrer sur les solutions des
équations du type comme par exemple, (cf. (51) pour la forme la plus générale
que ’on considére)

(5) ar® —by> =b—a,

avec b > a > 0, pged(a,b) = 1. En écrivant (5) en a(z? + 1) = b(y? + 1), nous
en déduisons que
aly?+1, b|a?+1,

puisque pged(a,b) = 1. Nous arrivons donc au paramétrage
2> =bk—1, y*=ak—1, keN,

et nous voyons que pged(x? + 1,42 +1) = k = k(x,y) et

y2 41 2241
TRy T May)
En rajoutant la condition supplémentaire
(6) b—alz—y,
qui est équivalente a
(7) (@ —y*)/k(z,y) |2~y & x+y|k(zy),

la résolution de I’équation (5) plus la condition (6) finalement se transforme en
z+y|k(r,y) &2 =-1 mod (r+y) < y?>=—-1 mod (z+y).

On est alors amené a un probléme de distribution des racines de congruence
polynomiale quadratique, pour lequel nous appuyons sur un résultat de Hooley
(cf. [16, Theorem 3], [17, Theorem 2]).
La partie mince entre dans cette histoire en changeant le signe de I’équation
(5) comme suit.
az? —by* =a—b.
Dans ce cas nous sommes amené au probléme de congruence

2:

?=y*=1 mod (z+7).

Ceci n’est plus quadratique mais linéaire puisque nous avons de maniére équi-
valente,
(x+1)(z—1)=0 mod (z+y),

qui admet en général plus de solutions.
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En effet, définissons pour F(X) € Z[X] un polyndme entier,
or(n)=#{1<m<n:n| F(m)}.

Lorsque deg F(X) = 2, il est classiquement connu d’aprés Ingham [20] et
Erdés [9] que
(8)
Z (n) crX; si F'(X) irréductible sur Q;

rn)~
1$mex ¢ crXlog X; si F(X) a deux racines rationnelles distinctes.
1.4.2. Répartition modulo 1 des racines de congruence polynomiales. — Pour
obtenir une mesure limite de dimension 2, nous avons besoin en outre d’estimer
des sommes plus raffinées que (8) suivantes qui ressemble a

(9) > L6, ,6.] (T;) :
1<I<SMEX
F(l)=0 mod m
pour 0 < 01 < 65 < 1.

Quand F(X) est irréductible, Hooley [16], [17] démontré en premier que la
série (L), formée par des couples (I,m) € N2;1 numérotés convenablement tels
que F(I) = 0 mod m, est uniformément répartie dans Uintervalle ]0,1]. Par
conséquent, la somme (9) ci-dessus se comporte comme ~ cp(fy — 6;)X. En
pratique, le probléme de comptage nous amene a une somme suivante plus gé-
nérale que (9). Par un processus de «limite doubley, nous arrivons & démontrer

que

l 2 q
Z L6, ,0.] () ~ XCr Gi’
1<i<m m 01 (r)
F(1)=0 mod m

G(LymgX

m

ol G :]0,1]—Rs¢ est une fonction continue bornée (cf. Proposition 7.13).

Le cas ot F(X) est réductible est récemment abordé par Dartyge et Mar-
tin [7]. Leur résultat implique que les points rationnels correspondant & ce cas
ne se répartissent pas assez aléatoirement et donc sont a retirer dans notre
dénombrement. Plus de détails se trouvent dans §A.2.2.

1.5. Organisation du texte. — Nous commencons par rappeler la définition des
constantes approximation et de I'opération de zoom dans §2. Une discussion
de la géométrie de Y3 occupe de §3, ou les équations de la famille de courbes
nodales et celle de courbes cuspidales sont données en détails (§3.4). Nous
démontrons le Théoreéme 1.4 et le Théoréme 1.5 (1) dans §4 et nous donnons
une majoration uniforme naive (Proposition 4.4) dont la preuve est relativement
courte. Pour démontrer la Répartition empirique 1.3, nous avons besoin du
paramétrage des points rationnels par des courbes nodales, donné dans §5. La
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définition de partie mince est ensuite rappelée dans §6. En particulier pour
la surface Y3 nous démontrons que ’ensemble des points se situant sur des
courbes cuspidales forme une partie mince (§6.2). Le dénombrement se déroule
dans §7. Nous établions la convergence vague de la famille de mesures de zoom
(§7.3 et §7.4) en dehors de la partie mince (§7.5). Dans I’Appendice A, nous
étudions, en suivant Erdds et Hooley, des problémes de congruence polynomiale
dans les cas irréductibles (§A.1) et scindés (§A.2), avec une référence spéciale
a l'équirépartition modulo 1 des racines de congruence (§A.1.2 et §A.2.2).

1.6. Notations. — () désigne la fonction le Mébius, 7(-) désigne la fonction
donnant le nombre de diviseurs. La lettre p est réservé aux nombres premiers.
La condition p”||n signifie que p¥ | n et p**! { n. On désigne par a = OJ pour
un nombre réel a si /a € Q. Soit E C Z"™, on note Epyem le sous-ensemble de
FE définie par

Eprem = {(z1,-+ ,x,) € E: pged(z;,1 <i < n) =1}

Soient b, ¢,m € Z. On écrit désormais b = ¢[m] pour b = ¢ mod m. Définissons
une fonction arithmétique g : N»; — N>, donnée par

vp(n)
(10) g(n):Hp[ =1, neN.

p

Pour un domaine I C R™, 1;(-) désigne sa fonction caractéristique.

2. Constante d’approximation et opération de grossissement

2.1. Constantes d’approximation et constantes essentielles. — La notion de con-
stantes d’approximation fut introduite en premier par D. McKinnon dans [26],
comme étant une généralisation de mesure d’irrationalité dans 'approximation
diophantienne classique. Elle apparait aussi dans le travail de pionnier de S.
Pagelot [28] sur la distribution locale des points rationnels. Cette notion est
ensuite reprise et réétudiée systématiquement par D. McKinnon et M. Roth
dans [27]. Nous résumons briévement quelques propriétés dont nous aurons be-
soin ici et nous renvoyons le lecteur a [27, §2], [18, §1.1.3] et [19, §2] pour plus
de détails.

Soient X une variété projective irréductible définie sur Q, Qg € X (Q) un
point algébrique réel fixé et L un fibré en droites gros tel qu’il induise une
application birationnelle de X sur son image et bien définie sur un ouvert Uy
contenant Qg. Nous y associons une hauteur de Weil exponentielle H et nous
fixons une distance projective archimédienne d(-,-) (cf. [27, §2]).

DEFINITION 2.1 (McKinnon-Roth, cf. aussi [19], Définition 2.2). — Soit V/
une partie constructible de X. La constante d’approzimation o(Qo, V') est le
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supremum des d > 0 tels que I'inégalité du type de Liouville suivante

3C(6) >0, Vye(VNnU)(Q) \{Qo}, d(Qo,y)°H(y) > C(d),
soit valide.

D’apreés cette définition, la valeur de a(Qo, V') est indépendante du choix de
la distance et celui de la hauteur. Une plus petite valeur de la constante cor-
respond a de meilleures approximations, contrairement & la notion classique de
mesure d’irrationalité (puisque nous avons imposé 'exposant sur la distance).

DEFINITION 2.2 (Pagelot). — Soit V' une partie constructible de X. La con-
stante essentielle (par rapport a V') est
aess(Q07 V) = sup OJ(QO, Y)

Y CVpartie constructible
dense pour la topologie de Zariski induite

Par convention, aess(Qo) = ess(Qo, X). V est dite localement accumulatrice si
elle vérifie

aess(QOa V) < aess(QO)-

La constante essentielle mesure donc I'approximation générique du point Q,
et les variétés localement accumulatrices contiennent des points plus proches de
Qo- Ces deux notions sont utiles pour interpréter le principe célebre dans I'ap-
proximation diophantienne : toute approximation suffisamment «bonne» (i.e.
dont la constante d’approximation est plus petite que la constante essentielle)
devrait étre faite sur certaines sous-parties strictes de la variété.

Les courbes rationnelles jouent un roéle tres important dans le comportement
local des points rationnels (comme conjecturé par McKinnon [26, Conjecture
2.7]). Leur constantes d’approximation sont calculées de la fagon suivante.

THEOREME 2.3 (McKinnon-Roth, [27], Theorem 2.16). — Soient C une courbe

rationnelle définie sur Q et L un faisceau inversible ample sur C et Qo € C(Q).
Soit ¢ : P1 — C le morphisme de normalisation. Alors

. d
O[(6207 C) = O‘ess(QO; O) = PEgir)[}llI(lQo) mPrP,

ot d = dego (L), mp est la multiplicité de la branche de C passant par Qg
correspondant a P et

0 sik(P)¢R;
r(P)=<¢1 sik(P)=Q;
2 sinon,
ol par convention, rp = 0 signifie que m;irp =00
2.2. Opération de grossissement. — On résume la définition de 'opération de

zoom. Pour plus de détails, voir [19, §2.2].
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2.2.1. Enoncé du probléme. — On note CE?OX I’espace vectoriel des fonctions
continues & support compact définie sur (T, X)r (I'espace tangent de X en
Qo) & valeurs réelles. En ayant fixé un difféomorphisme local

0: XR) --» (T, X)r,

pour Y un sous-ensemble de X (Q), la famille de mesures de zoom {dv,q,.5,r}B
(de facteur r par rapport a Y') est définie par

(11) dvumr(f)= > f(Bpx)), VfeCyX.

z€Y:Hr(z)<B

Si U est un sous-schéma de X, on écrit souvent dy,q,,B,» POUr 6r(Q),Qo,B,r-
Plus le facteur de zoom r est grand, plus le zoom est faible (c’est-a-dire on
compte plus de points). Si r < (U, Qo), alors on a dy,g,. B, — g, la mesure
de Dirac concentrée sur Qg ([19, Proposition 2.8]). Le cas le plus intéressant
est quand U est une partie dense de X tel que a(Qo,U) = qess(Qo) < 00
et que l'on prend le facteur de zoom r = qess(Qo), appelé critique. Il semble
exister souvent un «saut» de dimension du support de mesures de zoom quand
le facteur 7 traverse auss(Qo). On espére aussi que pour 1 > qess(Qo), les points
se distribuent de fagon plus uniforme autour de Q. Le résultat [19, Théoréme
1.2 (2)] est un premier pas dans cette direction.

Le probléme (2) maintenant se pose de la maniére suivante : Existe-t-il
B =pB(r),y=~(r) =20 et §, une mesure sur (To,X)r tels que

0U,Qo, B,

BP(log BT — 9, B— 0

(12)
au sens de convergence vague?

REMARQUE. — La formulation de la série (11) dépende a priori de la hauteur
et du difféomorphisme local choisis. La derniére est évidemment fonctorielle :
un changement d’une carte locale devrait produire une autre mesure limite qui
est la composée de ’ancienne avec cette application. Toutefois, dans tous les
exemples connus, la fonction de densité de la mesure limite reste invariante et
donc semble étre une propriété intrinseque et géométrique.

2.3. Comparaison entre les courbes nodales et les courbes cuspidales. — Com-
parons maintenant I’approximation sur les courbes cubiques ayant des singulari-
tés de types différents en le point & approcher. Lorsque les pentes des tangentes
en ce point sont irrationnelles, il s’agit essentiellement de I'approximation des
nombres algébriques irrationnels par les nombres rationnels. Lorsqu’elles sont
rationnelles, on revient a ’approximation des nombres rationnels.

Par meilleur illustrer cette différence, nous prendrons des cubiques affines
d’équation simple se plongeant dans P2. On munit le fibré O(1) d’une hauteur
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de Weil absolue exponentielle H. Choisissons sans perte de généralité le point
Qo = [0: 0: 1] & approcher et définissons la distance (pour [u : v : w] € P%(Q))

ul)

Cas 1. — Considérons la courbe nodale C : y* = z* 4+ az? pour a € Qxo.
Les tangentes en points (0,0) ont les pentes ++/a. Un paramétrage pour C est
donné par

d([u:v:w]) = max (‘g

i

k—s (K* — a,k(k* — a)).
On voit alors que la distance induite est |k? — a|, qui est équivalente &
min(|k — val, [k + Val).

Donc pour approcher le point (0, 0), il faut que k approche ++/a (correspondant
aux deux branches dans la normalisation). La constante d’approximation est
alors égale au degré (par rapport & O(1)) de C divisé par 2 si a # 0. Car, si
I'on note ¢ : Co — C la normalisation, le sous-schéma ¢=(Qg) = {&+/a} n’est
pas défini sur Q. On a alors rp = 2, VP dans le Théoreme 2.3.

THEOREME 2.4 ([19] Théoréme 1.3). — Nous avons
o(Q0,€) = aes(@0,€) = 5.
et
5C,Q0,g,B(X(5)) =0:(1).
Cas II. — Considérons la courbe cuspidale C' : y? = 22 avec le point de

rebroussement Qp = (0, 0) ayant la tangente y = 0. Un paramétrage usuel pour
cette courbe est

t— (t%,13).

D’ot la distance induite se calcule comme [t2|. La constante d’approximation
est alors divisée par 2 car mp = 2 dans le Théoreme 2.3.

THEOREME 2.5 (Pagelot [28], cf. [19] Théoréme A.1). — Nous avons

Oé(Q(),C/) = aess(Qchl) = g

et que
1
E(SC/,QO,%,B(X(E)) — 03,
une mesure @ support dans C'.
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On finit la discussion en observant que a(Qo,C) = a(Qo,C’), mais

5C,Q0,g,B(X(5)) = 0(5@,@0,%,13()((5)))-

La maniére dont on calcule @ peut entrainer de différents ordres de grandeur
dans le zoom.

3. Géométrie et courbes rationnelles sur Y3

Nous considérons dans cet article la surface torique obtenue en éclatant 3
des 4 points invariants par l’action du tore de P! x P!. Nous désignerons par
Y3 cette surface puisque Yy a été réservée a la surface étudiée dans [19]. Sans
perte de généralité, on peut supposer que Y3 est I’éclatement en

P=[1:0]x[1:0], Po=1[0:1]x[1:0], P3=[1:0]x][0:1].
On fixe désormais

Q

[1:1] x[1:1]

le point & approcher.

3.1. Géométrie de Y3. — Nous utilisons les coordonnées [z : y] x [s : t] de
P! x P! pour les points différents de P;,1 < i < 3. Rappelons ’éventail de Y3
(Figure 1.1). Les courbes passant par ) de degré minimal sont les (transforma-
tions strictes des) courbes rationnelles I;,1 < 4 < 3 définies par les équations

(13) y==x, t=s, yt=us.
On note Z = U?:l I, et U = Y3\ Z. 1l existe trois diviseurs exceptionnels

E; (1 <i < 3) (par rapport au modele minimal P x P1). La classe du diviseur
anticanonique est

[wy,]=0(2,0) + O(0,2) — [E1] — [Es] — [E3].
Ses sections globales s’identifient a celles de [w;llxpl] qui s’annulent en les
points éclatés. Une base S est donnée par
(14) xz?st, y3st, txy, stwy, wyst, y3t>.

On identifie localement T Y3 sur la carte (y # 0) N (t # 0) a Pespace affine R?
via
x S
(15) Q:[a::y]x[s:t]»—>(w,z):<—1,t—1),
Yy
sur lequel on utilise la distance pour le dénombrement :

(16) d((w, 2)) = max(|wl, [2]).

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



202 HUANG Z.

La courbe yt = s s’écrivant wz + w + z = 0 (une hyperbole) sous ce difféo-
morphisme divise R? en deux régions

17 Ri={(w,2):wz+w+2z>0}, Ro={(w,z):wz+w+z<0}.

3.2. Calcul de hauteur. — Nous utilisons la hauteur de Weil absolue associée
a w;; définie par

 maxses(f(P)) e
HP) = eed(f Py resy T € (Y \L_JE> @

Pour un point P = [z : y] X [s : t] avec

pged(z,y) = pged(s, t) = 1,

on a
(18) pged(a?st, y?st, >y, 2wy, vyst, y*t?)
= pged(pged(z, s) pged(z, t) pged(y, s) pged(y, 1), y*t?)
= pged(z, t) pged(y, s) pged(y, t).
3.3. Symétries. — De la structure de I’éventail de Y3, nous constatons qu’il

est symétrique par rapport a la droite engendrée par le 3-iéme rayon. Cette
surface admet donc l’automorphisme relevant celui de P! x P! s’écrivant en
coordonnées homogenes comme suit.

(19) D:lx:y] x[s:t]—>[s:t] x[x:y]

Il fixe le diviseur exceptionnel Fy, échange E5 avec E3 et préserve le diviseur
anticanonique w{,sl ainsi que la hauteur associée définie dans §3.2. Dans les
coordonnées (w, z) (15), Papplication ® n’est rien d’autre que la permutation
de coordonnées

(00® oo ")(w,2) = (zw).

Cette symétrie nous permet de ramener ’étude aux régions

(20) S ={(w,2) €R?:w >0,z > w},
(21) Sy = {(w,2) € R* : w < 0,wz +w + 2z > 0},
(22) Ss = {(w,2) € R?:w>0,wz +w+ 2z < 0},
(23) Sy={(w,2) eR*:w <0,z <w}

On a (rappelons (17))
SlUSQCRl, SgUS4CR2.

TOME 148 — 2020 — N° 2



DISTRIBUTION LOCALE SUR UNE SURFACE TORIQUE II 203

3.4. Courbes nodales et courbes cuspidales sur Y3. — Les équations a 3 para-
metres ¢, d, e € Zgrcm :

c(t — 8)?xy +d(y — x)*st — eyt(y — x)(t —s) = 0,
définissent des courbes comme étant des sections de w{,;. Pour une telle section
irréductible (< cd # 0), un calcul de 'annulation de la matrice Hessienne donne
que les pentes des tangentes en @ se coincident si et seulement si e? = 4cd, ce
qui revient & la condition qu'il existe (r1,72) € (Zio)prem tel que
(24) c=ri d=r3 e=2rrs.
3.4.1. Famille de courbes cuspidales. — Nous obtenons donc la famille de
courbes cuspidales
(25) Ryy oy i 73 (t — 8) %2y + 73 (y — )2t — 2ry7oyt(y — ) (t — 5) = 0.
Dans les coordonnées (w, z), elles s’écrivent
(26) (r1z — row)? + zw(riz + raw) = 0.
Nous avons (rappelons 'automorphisme ® (19)) ®(R,, ,) = Ry, r, €t la pente
de la tangente en @ = (0,0) est :—f Les points rationnels sur la famille

{Rn,rz}n,rzezgrem de courbes forment un ensemble mince de la région R,.

Nous en discutons plus loin dans §6.

3.4.2. Famille de courbes nodales. — Lorsque les coefficients ¢, d, e ne vérifient
pas la condition (24), nous obtenons en général une famille de courbes nodales
a 3 parametres. La sous-famille qui sera utile est la suivante, également utilisée
pour I’étude de la surface Yy dans [19] :

(27) Cayp s axy(s — t)> = bst(x —y)?, (a,b) € Z2

prem*

Les tangentes en Q = [1 : 1] x [1 : 1] ont les pentes i\/g Elles sont donc
irrationnelles si et seulement si ab # 0.

4. Déduction des constantes d’approximation et majoration naive

Le but de cette section est consacrée a la démonstration du Théoreme 1.4,
puis sa conséquence, le Théoréme 1.5 (1), et & celle d’une version faible du
Théoréme 1.5 (2). Elle s’agit d’une majoration naive pour le zoom critique, qui
est en faveur de ’heuristique de Batyrev-Manin (cf. [19, §2.2]).

4.1. Bornes inférieures uniformes. — La proposition suivante correspond a la
premiére partie du Théoréme 1.4 (1). Elle se découle par une minoration directe.

PROPOSITION 4.1. — Nous avons
a(Q,Y3) = 2.
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Démonstration. — Rappelons (15) et (16). Fixons P = [z : y] X [s : t] # Q.
Supposons sans perte de généralité que s # t. On a alors

t2zy| s 2
H _.(P)d(P)? > | -1
“’Yg( )A(P) pged(z, t) pged(y, s) pged(y, t) (t )
_ |xy| (S _ t)2
pged(, t) pged(y, s) pged(y, t)
> 1.

Cela montre que «(Q,Y3) > 2 par la Définition 2.1. Mais les courbes spéciales
l;,1 <4 < 3 de (13) vérifient a(Q, ;) = 2. D’ou o(Q,Y3) < a(Q,1;) = 2. Ceci

clot la démonstration. ]
4.2. Constante essentielle. — FEnsuite on démontre une borne inférieure pour
les points généraux en augmentant la puissance 2 a g On va l'utiliser pour
obtenir la constante essentielle (Théoréeme 1.4 (2)).

PROPOSITION 4.2. — Pour P = [z : y] X [s : t] n'appartenant pas aux trois
courbes 1;,1 <1 < 3, i.e.

(28) vEy, s#t ws Ayt

tel que d(P) < C avec 0 < C < 1, il existe alors D = D(C) > 0 tel que
H _.(P)d(P)? > D.

w

Y3
Démonstration. — Commencons par I’encadrement
x x
—1’<C=>1—C<H<1+C.
Y Y

Par conséquent,
ol-

1
-1 <(1-0)"!
” ( )

vy

T

T T 1‘
y y |
Et de méme pour |§ - 1|. On a aussi

w(S_l)ﬁ_l\
y \t Yy

g - 1]) = (1+C)d(P).

m_l‘:
yt
x
<(1+C’)max<’—l
Y

)

En minorant d(P) de la maniére suivante,

1
€T 2

Y

Sl

d(P)? > 2 1 -3
(P) m (1+0C)z,

t

; ‘
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et en rappelant 'hypothese (28), nous avons alors

5

H__.(P)d(P)3

“v3
> lzyst] 3—1“4 s _ gt A=CF
pged(z, t) pged(y, t) pged(y, s) 1z s yt 14+0C)z
1
3

_ ( |yl It] lyt — xs| )
pged(y, t) pged(y, s) pged(y, t) pged(w, t) pged(w,t) pged(y, s)
x|z —yllt—s|(1—C)*(1+C)=
>(1-C)21+0) 2. O

COROLLAIRE 4.3. — Soit U lowvert Y3\ (Z = U?:l l;). Nous avons

5
(29) Oé(U,Q) = aess(Q) = 5
Les courbes (13) sont les variétés localement accumulatrices.
Démonstration. — Les courbes nodales Cy 5, ab # O vérifient a(Cyp, Q) = %
d’apres le Théoreme 2.3 et leur réunion couvre ’ouvert dense U. D’ou
5
aess(Q) < a(QaCa,b) = 5
D’apres la Proposition 4.2, nous savons
5
Qess (@) = a(Q,U) > 9

Cela démontre (29). Alors que les courbes I;,1 < ¢ < 3 de (13) sont lisse et de
degré 2 et donc vérifient a(Q,1;) = 2. O

Démonstration du Théoréme 1.5 (1). — On applique [19, Proposition 2.7] et
I’on obtient que pour 2 < 7 < 2, pour tout f € Cg(Yg) et B> 1,o0na

0v3,Q,B.(f) = 02,0,B,r(f)-

La convergence de la suite {B_(l_%)5Z7Q7B7T}B résulte du théoreme de Pagelot
(Théoreme 2.5). O

4.3. Majoration uniforme. — Sans utiliser les courbes nodales (27), nous dé-
montrons le résultat faible suivant.

PROPOSITION 4.4. — Pour ¢ > 0 fizé, on a que, pour tout B suffisamment
grand et pour tout § > 0,

#{PeU(Q):H, 1(P) < B,d(P) <eB %} <;. Bs+.
Y3
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Démonstration. — Introduisons les notations
(30) €1 = ngd(ya t)a €2 = ngd(Z‘, t)a €3 = ngd(y7 5)7
t t—xs
(31) fhi=-1, fo= —, fo= L2
€1€3 €1€2 €2€3
T s
(32) g1 =—, g2 = —.
€9 €3

Reprenons la démonstration de la proposition 4.2,
5 1
1> H -1 (P)d(P)? > |fifafs]? |z — yllt — 5|
3
On voit que

(33) le —y|, [t—=sl, fi, fo, f3 <L

On va ensuite déduire des encadrements pour les parametres g1, g2, €1, afin
de démontrer qu’ayant les fixé, il n’y a qu’un nombre fini (dépendant de ) de

choix pour es, e3. La condition de zoom
] s—1

Y

<. B7%,

’ <. B%

implique que

(34) t| >. B¥, |y|>. B%.

D’ott 'on déduit

(35) |s| >. B%, |z|>. B3.

La condition que la hauteur soit bornée implique que
|zseeges| < |xsfifaeleses| = |zyst| < Bejeges.

D’ot 'on déduit, grace a (35),

(36) e < BS.

D’apres (33), on a

t—xs
fr="?

Donc une fois que f1, fo et e; sont choisis, il n’y a qu'un nombre fini de valeurs
possibles pour le produit g;go.. Puisque
(37) #{(n1,n2) € N2;1 ining =n} =71(n) = O(né)

pour tout 6 > 0, on a donc démontré qu’ayant fixé fi, f2,eq, le nombre des
(91,92) est O,;’E(B‘S).

Il nous reste a déterminer es, e3. Fixons fi, f2, e1 ainsi que g1 et go. Comme
yt # xs, on a

= fifeel — g1g2 < 1.

€o€3

fifael # gigo & f3 # 0.
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Soit Ca(e) > 0 tel que
max(|y — x|, [t — s|) < Ca(e).

Le cardinal des (eq, e3) possibles est majoré par (compte tenu des signes pos-
sibles de x,y, s, 1)

4#{(u,v) € Z}2)rem : |U'gl - flelv| < 02(6) et |v92 - f2€1U| < 02(6)}’

ol on compte les points primitifs sur un réseau du déterminant |f3| dans un
carré d’aire 4C5(¢)? dont I'intérieur contient I'origine. On en conclut qu’il n’y
a qu’un nombre fini de choix pour es, ez une fois que f1, f2,e1, g1, g2 sont choi-
sis ([14, Lemma 2]). La majoration qui fallait démontrer résulte de (33), (36)
et (37). O

5. Paramétrage par des courbes nodales

On rappelle brievement le paramétrage donné par la famille de courbes no-
dales (27) utilisé de maniere cruciale dans [19]. L’équation de C, ; s'écrit sous
les coordonnées (w, z) comme

a(l+w)z? = b(1 + 2)w?,
Le paramétrage rationnel que l'on utilise est (cf. [19, 5.3.1])
(38)
U:fa:b] X [u: v

iyl x s ] = e CW)] % {GU(U —v) , v(bv — au)

Didads =~ Didads diDods = dyDads |’
oll
(39) dy = pged(u,b),  do =pged(v,a), ds=pged(u—v,b—a),
Dy = pged(u?,b), Dy = pged(v?,a).
Nous avons (cf. [19, 5.12])

v " bv — au
10 d(z,t) = — d(y,s) = —- dly. ) = '
(40) pged(z, t) 4y’ pged(y, s) dy’ pged(y, t) dydads

En le composant avec le difféomorphisme local g, nous obtenons donc le para-
métrage des points dans les régions S;,1 < i < 4 (20)-(23) comme suit :
au? —bv?  au? — bv? )

w(bv — au)’ v(bv — au)

(1) (00 (@) x (u,0)) = (w,2) = (

En particulier nous voyons que = = ¥, ce qui signifie que 7 est la pente du
point (w, 2).
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Soient
(42)
9 9 b u b

Ty =3 (a;0) x (u,v) €Ny oy X Loy 20> a>0,u>v>0,4/=- < =< =&,

a v a
(43)

b

T2:{(a,b)><(u,v)eNireme§rem:b>a>0,u>—v>0,—z> a},
(44)

u b
Ty = ,b) X (u, e N? x 72 b>a>0u>—-v>0,—— <4/— 7,
3 {(a ) X (u,v) orem Srem a U v . a}

(45)
2 2 . U b
Ty = {(a,b) x (u,v) € N3 o X Zprem.b>a>0,u>v>0,; < \/;}

LEMME 5.1. — Pour P = (a,b) x (u,v) € U?:1 T;, nous avons au?® — bv? < 0
si et seulement si P € T3 UTy.

Démonstration. — Un calcul élémentaire nous donne :

b b
au2bv2<0<ﬁ>\/;<Z<\/;<i>(a,b)><(u,v)€T3UT4. O

PROPOSITION 5.2. — L’application po W donne une bijection entre l’ensemble
T; et ’ensemble des (w,z) € Q? satisfaisant a max(|wl, |z|) < 1 dans S; pour
tout 1 <1< 4.

Démonstration. — Tout d’abord pour (a,b) x (u,v) € (N»1)2. ., x (N1 x

Z_40)prem 'application g o ¥ (41) nous donne (w, z) avec max(|wl, |z|) < 1.
Réciproquement, étant donné (w,z) € U?:1 S; tel que max(|w|,|z]) < 1, les
égalités
b 2(1

— z ( + U}) (> 0)’ E —

(46) a  w2(l+2) v

SR

déterminent de fagon unique les couples (a,b) € N2 . et (u,v) € (N X Z)prem.
De cette maniére, nous avons que si max(|w|, |z|) < 1,
b 21
b_zUrw)
a  w2(l+2)
S(z—w)(z+w+zw) >0

Sz>wetz+w+zw >0 ou z<wetz4+w+ zw <O,
4

@(w,z)EUSi.
i=1
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De plus,

1+wz 2z  22(1+w) b u b

(w,2) €51 = — <K =< - & - < =< -,
l+zw  w  w?(l+42) a v a
1 b

(w,2) € Sy = +w(—i><—£ - Y 2
1+2 w w v a
1 b

(w,z) € S5 = +w(—3)>—5>1 & 1<—E< -,
1+2 w w v a

1 b
(w,2) €84 = 4/ +w3>i>1 & 7>E>1.
142z w w a v

Nous avons donc établi

(00 U)(T}) = {(w,2) € Q*: (w, 2) € S;, max(|w], |2]) < 1}. O

La distance (16) se calcule sur U?Zl S; par, d’apres (41),

2 2 2 2 u? b
au® —bv au” —bv ==
47 d((w, z)) = max , =& a
(47) ((w, 2)) < w(bv — au) |’ |v(bv — au) ) b_u
a v
puisque nous avons supposé |2| > 1 et donc |%| = |2] > 1.
6. Parties minces
6.1. Définition. — Le phénomeéne d’accumulation globale causé par des parties

minces est déja constaté dans plusieurs travaux, puisque le nombre des points
de hauteur bornée qu’elles contiennent est parfois non-négligeable. Il s’avere
qu’elles jouent aussi un réle dans notre probleme de comptage.

DEFINITION 6.1 (Definition 3.1.1 [33]). — Soit X une variété integre sur Q.
Soit M un sous-ensemble de X (Q) vérifiant qu’il existe une variété V et un
morphisme f:V — X tels que

L MC f(V(Q));
2. Le morphisme f est génériquement fini et il n’admet pas de section
rationnelle.
Alors M est dite du type I si la fibre générique de f est vide. Il est dit du type

IT sila variété V est integre et le morphisme f est dominant. Une partie mince
est une réunion finie d’ensembles du type I ou II.

Une partie mince du type I est donc contenue dans l’ensemble des points
rationnels d’un fermé de Zariski. Alors que celle du type II est parfois dense
dans X pour la topologie de Zariski.
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6.2. Ensemble mince dans Y3. — Considérons I’ensemble
(48) M= {(w,2) €Q*: —w—2z—wz=0#0} CRy.

C’est un ensemble se trouvant dans la partie au-dessous de I'hyperbole wz +
w + z = 0 et dense dans S pour la topologie réelle.
D’apres le paramétrage ¥ (38),

wzsz@(““imlf?&a) P <u2b) <1b> -0,

. ss 2 3 s .
Soit V' la sous-variété de Ay . d’équation

23 = (23 —21) (1 — 21).

Pour y € Q, soit (y(z1),y(22)) € (N X Zg)prem défini par y = zgzi Considé-

rons 'application rationnelle 7 : V' --» Y3 donnée par
™ (21,22, 23) = U((21(21), 21(22)) X (22(21), 22(22)))-

Elle est donc génériquement de degré 2. Alors nous avons que M C Im(7)(Q).
D’ou M est une partie mince dans Y3.

PROPOSITION 6.2. — Un point P = (w,z) € Q? est dans M si et seulement
s’tl existe une courbe cuspidale Ry, », (26) passant par P.

Démonstration. — Une des courbes R, ,,, vue comme une équation en A = 27
s’écrit comme
(49) w? (1 + 2)A\? — 22w\ + 2%(1 +w) = 0,

avec le discriminant

A =422 (1 - (14+w)(1+ 2)) = —4w?2?(wz + w + 2).
Donc un point (w,2) € Q? est sur R,, ., seulement si
(50) A=0¢&—(wz+w+2z)=0.

Réciproquement, si un point (w,z) € M, alors I'équation (49) admet deux
solutions rationnelles distinctes, qui correspondent & deux courbes cuspidales
passant par M. OJ

7. Dénombrement d’approximants

Cette partie technique est consacrée a la démonstration du Théoreme 1.5
(2). Apres une étape préparatoire de finitude et de réduction (§7.1 & §7.2), on
établit le résultat principal — le Théoréme 7.6, dans §7.3 et §7.4 et le Théoréeme
1.5 (2) en résulte. A la fin dans §7.5 on finit par une discussion courte sur le
nombre des points dans I’ensemble mince.
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7.1. Finitude des parametres. — Le lemme suivant détermine les parametres
possibles qui sont de nombre fini quand on regarde le zoom dans un voisinage
borné fixé. Rappelons que U = Y3 \ Uf:l l; (13) et les notations (39).

LEMME 7.1. — Soient € > 0. Nous avons que pour tout P = [a : b] X [u : v] €
U(Q) tel que d(P)2 Hw;l(P) <e,
3

b—al |au? — bw?|
Dy, Dy, : < L
b g D\Dod; ~°
Démonstration. — Reprenons les notations (30), (31) et rappelons encore la

démonstration de la Proposition 4.4. Compte tenu du paramétrage dans §5,
nous voyons que les quantités

lau? — bv?| lau? — bv?|
e =vl= " T T
TR IR VA R |
etes D etez Dy
ol = lyt — xs| _ |(b— a)(au? — bv?)|
€2€3 DlDng

sont finies dans tout voisinage borné grace a (33). Il en est de méme pour les

quantités
b—al |au? — bv?|

ds ' D1 Dyd3

De plus, I’égalité

lau? — b?|  d3  |au® — bv?

—-= = X d
D1 dayds D, D1 Dods 2

|z =yl x| fol =

et la finitude ci-dessus impliquent que ds ainsi que Dy sont finies grace a la
relation dy < Do < d%. De méme pour dy et Dy en considérant |t —s| x |f1]. O

7.2. Réduction aux problémes de congruences. — Pour C3 € N3i,D € Zg
avec pged(Cs, D) = 1, on considére I’équation suivante en (a,b) X (u,v) €
Z%rcm X Z}%rcm :
(51) Ecy.p : C3(au® — bw?) = D(b — a).
LEMME 7.2. — Pour tout (a,b) x (u,v) € (NZ;)prem X (ngo)prem vérifiant
C3|b—a et (51), nous avons
o o b—a
pged(u?, b) pged(v®,a) | D, pged(u —v,b—a) | o
3
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Démonstration. — Puisque

au® — b = a(u® —v?) — (b — a)v? = b(u? — v?) — u*(b — a),

nous avons
b—a
Cs
Gréace & (52), la premiére divisibilité est évidente puisque ces deux termes sont
premiers avec b — a. Pour voir la deuxieme, il suffit simplement d’observer que
pour tout nombre premier p | pged(u — v, b — a), écrivons p¥|| pged(u — v, b — a)
pour certain k > 1. Sip | D, comme pged(Cs, D) = 1 et pged(u—v,b—a) | b—a,
on obtient
b—a

k
(53) P o

Pour les p1 D, (53) est automatique, grace encore a (52). O

(52)  pged(u?,b) pged(v?, a) pged(u — v,b — a) | au® — bv* = x D.

Le lemme suivant est une généralisation de la transformation faite dans
I'introduction du texte pour 1’équation (5).

LEMME 7.3. — Fizons (u,v) € Z2,.,, tel que
D
(54) min(u?,v?) > ——,
C3

alors tout (a,b) € (N%,)prem vérifiant (51) s'écrit

031}2 + D Cgu2 + D
(a’ b) =

(55) k(u,v) 7 Ek(u,v)

ou on pose pour (z,y) € Z2,

k(I, y) = ngd(Clez + D7 0392 + D)

Démonstration. — Etant donné un (a,b) € (N2 )prem vérifiant Ec, p (51),

nous avons (Czu? + D)a = (C3v? + D)b, et un raisonnement identique comme
pour (5) donne bien (55). O

L’observation suivante est 1’étape cruciale pour réduire le comptage aux
problémes de congruences. Elle joue un réle tout comme le passage de (5) & (7)
en supposant la condition (6). Introduisons la notation remplacant désormais
d3 :

b—a b—a
56 = = .
(56) @ ds pged(u — v,b — a)
PROPOSITION 7.4. — Fizons g € N>1. Pour tout (a,b) x (u,v) € (N;l)prcm X
(Zg,éo)prCm vérifiant (54) et (51), la condition
(57) u—+v| gk(u,v).
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équivaut a l’assertion suivante :
(58) cs | Csq.

Démonstration. — Grace au Lemme 7.2, nous avons
b—a|b—a
C3 Cg, ’
et donc C3 | ¢3. Adaptons les notations introduites dans le Lemme 7.3. Soit
q' | q tel que ¢z = ¢'Cs. Nous avons
b—a u? — v?
= = pged(u —v,b—a
Cag’ ~ Kwv)g  T° ( )
Cs(u? —v*)
=pged (u—v, ———=
be ( " k(w0)

k(u,v)  u?—0? u? — v?
= d .
Pee ( uto k(u,v) G k(u,v)

pged(u —v,b—a) =

Alors nous en déduisons que u + v | ¢'k(u,v). En particulier si ¢’ | ¢, on a a
fortiori uw+ v | gk(u,v).
Supposons maintenant (57) et écrivons

gk(u,v) = AMu +v)
pour A € N3;. Définissons

/ q / A

q = —_— = ————
pged(q, A) pged(g; A)
Nous avons ¢'k(u,v) = N(u + v),pged(N,¢’) = 1. D’ott nous déduisons que
qd |u+wvet N |k(u,v). Cela nous permet d’écrire

b—a uw—0v? ¢ (u—v)

Cs  k(w,v) N

et nous avons donc X' | u —v. Alors

o

I J—
— pecd (u o Cw(uv))

pged(u — v, b — a) = pged (u -,

)\/

= UA_, % pged(X, Csq')
b—a
= Tl
puisque pged(k(u,v),C3) = 1, X | k(u,v). D’ott ¢5 = Cs3¢’ avec ¢ | g. |

La prochaine proposition révele que les courbes cuspidales interviennent dans
le dénombrement en changeant le signe de (51).
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PROPOSITION 7.5. — Rappelons ’ensemble mince M (48) et notons Ac, p
Uensemble des (a,b) x (u,v) € (N;l)prcm X (Zio)prcm vérifiant (54) et (51).
Nous avons (90 o U)(Ac,,p) "N M # & si et seulement si Cs,—D = 0. En
particulier dans ce cas le polynomial C3X?% + D est réductible dans Z[X]. Par
conséquent, o o ¥ restreinte a

|_| AC3,D n (T3 U T4) — (TQYE;)R
(C3,D)ENz 1 xZ <o
pgcd(C3,D)=1
Cs,— D=0

donne un paramétrage de ’ensemble mince

{(w,z) € M N (S3USs) : max(|w|, |z|) < 1}.

D’apres la Proposition 6.2, ’ensemble M est compris des points sur les
courbes cuspidales R,, ,,. Pour la topologie réelle, une telle R,, ,, a plusieurs
composantes connexes. Le résultat ci-dessus implique que celle qui passe par
Q@ vivent seulement dans la région (S5 U Sy) U ®(S3U Sy) (P est 'automor-
phisme (19)).

Démonstration. — Prenons (w, z) € QQQ(U?Z1 S;). Rappelons le paramétrage
pour les coordonnées (w, z) (41). Nous calculons

(au? —bv?)?  au® — bv? au? — bv?

wz+w—+z = 3

wv(bv — au) u(bv —au)  v(bv — au)
_ (au? —bv?)(b—a)
B (bv —au)?
Par la définition de I’ensemble M, po \II(U?:1 T;) N M # & si et seulement si
—(au® = bv?) (b —a) = 0.

En particulier nous voyons que au? — bv? < 0 puisque b > a. Nous déduisons
du Lemme 5.1 que I'image d'un tel point est dans S3 U S,. De ’équation Ec, p
(51), la condition ci-dessus est équivalente &

D D
—~(b-a)P==0e-——=0
(b=a) &
Le résultat en découle puisque nous avons imposé que D, (C3 soient premiers
entre eux et que C'5 > 0. Le dernier énoncé découle de la Proposition 6.2. [

7.3. Région S;. — Gréace a la similitude du calcul, nous nous bornons alors
pour la suite de cette sous-section & la région S7 (20). Comme expliqué précé-
demment, cette région n’intersecte pas ’ensemble mince M. Pour 1 > g9 >
0,61 > 65 > 1 fixés, on désigne par g, 8 pour ces parametres et ’on considere

(59) R(g,0) = {(w,2z) € 81 162 < z < £1, 0w < z < bLw},
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une région trapézoidale et x.g(-) = 1) (-) la fonction caractéristique. Elle
sert d’une fonction «test». Pour déduire le Théoréme 1.5 (2), il suffit d’établir la
convergence de la suite {0,-1(5,)v,¢,5,2 (Xe.0)} B, car toute fonction continue &
support compact est la limite uniforme d’une suite de fonctions caractéristique
de la forme x. g.

THEOREME 7.6. — On a
59*1(Sl)mU,Q,B,g(X§,Q)
E(wzyvw + 2) (loglog B) &
Xep(w,z) ————>dwdz+ O — ,
</ T et " \(1og B)5"

ot E 1 ]0,00[ — [0, 00[ est une fonction croissante en escalier.

|

=B

REMARQUE. — La mesure obtenue fait apparaitre les courbes I;, 1 < i < 3 (13)
de degré 2 et la somme de leur puissances est égale exactement a la constante
essentielle g

7.3.1. Déroulement du comptage. — Pour P = [z : y|X[s : t] tel que poU(P) €
S1, 0on a

(60) max(|2”st, [y?st], [Pyl [s*zyl, [zyst], [y*¢%]) = |s*zy],

Pour (a,b) x (u,v) € T} (42), la formule (cf. §3.2) pour calculer la hauteur par
rapport aux parametres a, b, u, v est donnée, grace a (18), (38) et (40), par

B
pged(z,t) pged(y, s) pged(y, )
a’bu?(u —v)3
DiD3d3

H((¢ 0 ¥)(a,b) x (u,v)) =

La distance (16) restreinte a Sy est, d’apres (47),

SHIS
XS

Qo

(61) d((0 o W)(a,b) x (u,v)) =

Qo

S

L’équivalence établie dans la Proposition 7.4 nous permet de faire lien avec le
probléme de congruences polynomiales. Nous allons faire une partition des para-
metres (a,b) x (u,v) € Ty selon la famille des équations (Ec,,p)cseNs,,DeZy
(51). D’aprés le Lemme 5.1, dans T} on a au®? — bv?> > 0, et donc D > 0
puisque b > a. Pour D1,Ds € N31,D1Ds | D,pged(D1,D2) = 1 et W €
N1, pged(W, D) = 1, nous définissons EaQ?D,W(D) (D désigne les parametres
Dy, Dy) Tensemble des (a,b) x (u,v) € Ty satisfaisant & I’équation Ec, p (51)
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et vérifiant (62), (63),(64) et (65) suivantes.

(62> Dl = ngd(u27 b)7 D2 = ngd(U27 CL)7
b—a
63 du—v,b—a)=
(63) peed(u — v,b—a) = G
U u? b
_2 T T _z
(64) 92<;<91, e B 5<”g_;<513 3,
200,200 _ )3 2002 (1 — )33
(65) a bu2(u2 31}) _ a’bu (u v)2032W <B
DiD3d; (b —a)*DiD3

D’aprés le Lemme 7.2, (63) est bien définie. Un calcul donne que (54) est
garantie par (64) quand B >

7 L A Paide du Lemme 7.3, nous pouvons
éliminer les parametres a,b dans (64) et nous obtenons

(66) 02 < % <01, ew(Csuv — D) < BED(u+ v) < e1v(Csuv — D),

équivalente & (64).

LEMME 7.7. — On a
(67)
0
59—1(sl)mU,Q,B,g(X;,Q) = #( |_| Eé&p,w(D)> :
C3,D,WeNx1,pged(CsW,D)=1

D1 D3| D,pged(D1,Dz)=1
La réunion disjointe dans (67) est finie.
Démonstration. — Le Lemme 7.1 et les identités (51) et (63) nous révélent que

pgcd(u2, b) pgcd(vz, a)es L, 1,

et

lau? — bv?| _ G D <. 1
pged(u?, b) pged(v2, a) pged(u—v,b—a) Oz~ pged(u2,b) pged(v2,a) 7
et donc C3, D, W = O, (1). O
7.3.2. Conditions de seuils. — Avant de poursuivre le dénombrement, nous
allons premiérement trouver dans cette section pour chaque point P = (a,b) x

(u,v) € E%E,D,W(D) une condition pour qu’il soit dénombré. Soit (w,z) =

0o U(P). Il g’avére que la condition (65) donne une équation de seuil (cf. (69)).

LEMME 7.8. — Pour tout P = (a,b) X (u,v) € T\ qui vérifie (51), (62), (63)
et (65), notons

(68) (wo, 20) = B3 0o U(P) = (B3w, B 2).
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Alors nous avons

-1
DzCzW3
(69) 20Woy 20 + wo > %
DiD;
Démonstration. — D’apres le Lemme 7.3,
_CgU2+D _C3’LL2—|—D
 k(u,v)  Ek(u,v)
on a
D(b — —
au® — bo? = (b—a) _ D(u+v)(u—v)
Cs k(u,v)
— D)(u—
by — au — (Csuv ) (u U).
k(u,v)
Nous avons donc, d’aprés la définition du zoom et (41),
2 > au? — bv? 2 D(u+v)
= 87 = BT7 = 377.
(70) = s ’ v(bv — au) ’ v(Csuv — D)
Nous obtenons que
20Cauv? 2
71 ————— > B5.
(71) D(u+v) ~
Avec la condition (65) et I'identité
b—a u? — v?
s k(u,v)’
on obtient
(72) W3(C30* + D)*(Csu® + D)u® < B(u+v)*DiDj.
Cette borne supérieure nous donne la majoration
C3W3uto*
73 s~ __ < B.
(73) DID3(u+ vy

Ces deux inégalités (71) & (73) donnent

<C§’W3) AR
< )
D3D3 (u+ v)g D(u+ v)

qui elle-méme implique
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D’apres la définition du paramétrage ¥ et du difféomorphisme local ¢ (15),
nous avons la relation entre les parametres (u,v) et les coordonnées (w, z),

(74) vt_zZ_2

2
Wo 5
0 -,
20
En prenons la puissance g, nous obtenons la borne inférieure cherchée puisque
wy, 29 > 0 dans la région S7. O

d’ou nous obtenons

16 1
DC>W's wo \ °
—2 <z <1+O>

2 1
T w§ (2o + wo) 5.
Dy D3 <0

(=P

LEMME 7.9. — Conservons la notation (68). Pour tout € > 0, il existe pg > 0
ne dépendant que de Cs,D,W,e tel que pour tout P = (a,b) x (u,v) € Ty
vérifiant zo < €, (51), (62), (63) et

piciw?

2
S+ B,
DiD3

(75) ZoWoV/ 20 + wo =

la condition (65) soit vérifiée pour tout B >c, pw,. 1.

Démonstration. — Notons
U Z
00 = — = 20 > 1.
v Wo

La condition (75) implique (69), qui nous donne

5

5 5
2 2 2 212
20 05 < ~0 DiDj

V7o + wo B VIito, D%C};%W?’

<cy,D,W,e 1,

et donc
(76) b0 <cs,pwe 1.
D’apres I’identité (70), nous avons

BE _ 20v(C3uv — D) _ 29Csuv? B
~ Du+v) T u+tv

&

En combinant (76), ceci implique aussi
(77) u,v <cy.p.we BY.
En utilisant 'inégalité (71) on obtient aussi

1
(78) 20 >cy,Dwe 1, U, v >>c, pw,e BS.
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On peut alors déduire la condition de hauteur (65), ou de la maniére équivalente
a (72), d’une inégalité du type

20Cauv?

5
3
W3Csutv* + ppute? < < - 5) (u+v)*DiD3,

u+v

ol pu1 = Oc¢y,p,w(1). Pour achever cette inégalité avec la condition (75), il
suffit d’utiliser les encadrements

1<by <oy,pwel, 1<y Dwe 20 <E, UV S>Lc, D We B3

qui rassemblent (74), (76), (77), (78) et de suivre la preuve du lemme précédent.
g

Nous concluons des Lemmes 7.8 et 7.9 qu’en prenant une fonction test (59),
nous pouvons remplacer la condition (65) par (69).

COROLLAIRE 7.10. — Nous avons
0 e, 0
(79) #Eé;,D,W(D) = #Eé;,D,W(D) + O(# EI%'E;,D,W(D))a
ot E%’SQ,D’W(D) consiste en les (a,b) x (u,v) € Ty vérifiant (51), (62), (63),

(66), (69) et Er%§7D7W(D) est l’ensemble des (a,b) x (u,v) € Ty satisfaisant
aux mémes conditions précédentes sauf (69) est remplacée par (cf. (75))

.1 s 1
DzC2W3 D0z W3 2
(80) — 22— < zwovzo + wo < ——25— + poB7 5.
D?D3 D2D2
7.3.3. Réduction du comptage. — Le but dans cette section est d’utiliser la

Proposition 7.4 pour réécrire le cardinal #Egg p.w (D) dans le Corollaire 7.10
en une somme de racines de congruences quadratiques. Premiérement nous
éliminons la condition de pged (63). Au vu de la deuxiéme divisibilité du Lemme
7.2 et de (58), on a c3 = C3W et une inversion de Mébius nous donne

(s1) $EEL o D) = () #8585 (Do)
qlw
ou pour ¢, D1, Dy € N3 fixés, B%3D7W(D, q) est constitué des (a,b) x (u,v) €
T, vérifiant (51), (57), (62), (66), (69).
Nous allons désormais nous concentrer sur un seul ensemble Bgc’g pw(D,q)
pour Cs, D, W, Dy, D5, q fixés.
Nous avons, grace a la co-primalité pré-supposée,

D; = pged(u?,b) = pged(u?, au® — bv?) = pged (u2, bc_aD) = pged(u?, D).
3

De la méme maniere,
Dy = pged(v?, a) = pged(v®, D).
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Donc nous pouvons appliquer une inversion de Mébius pour éliminer ces condi-
tions de co-primalité.

LEMME 7.11. — Nous avons

0 0
82)  #BEg pwDa) = > ph)uh)#Bg pw (D, h,q)
hy,h2€Ns;

Dlhl,DthlD
pged(hi,ha)=1

ot B%’f)D)W(D, h, q) est l'ensemble des (u,v) € N2
et

(83) h1D; I u2, hoDo | 1}2 < g(h1D1) | u, g(thg) | v,

vérifiant (57), (69), (66)

La condition de divisibilité (57) maintenant s’écrit,
(84) q(Csu® 4+ D) =0[u+v], ¢(C3v* + D) = 0[u +v].

L’une de ces deux conditions implique l'autre. La restriction a la région Sy
implique ¥ > 1 et impose donc I'unicité des couples de solutions (u,v). Nous
allons désormais nous concentrer sur u et u+v. Introduisons les notations m, n
de sorte que

(85) u=g(h1Di)n, u+v=m.
Alors la condition de co-primalité de (u,v) implique celle de (m,n) :
(86) pged(u,v) = 1 <= pged(m,n) = 1 et pged(m, g(h1D1)) = 1.
Maintenant (83) et (84) s’écrivent
87 m—g(hDi)n =0[g(h2Ds)], q(C3g(h1D1)*n® + D) = 0[m].
Puisque pged(hy D1, haDs) = 1, soient 1 < v, < g(haDs) tel que
719(h1Dy) = 1[g(ha D))

Nous obtenons

yim — v1g(h1D1)n = y1m — n = 0[g(haDs)].
Puisque v = m — g(h1D1)n > 1,

71 < m —719(hiDi)n < yaim —n.

Il existe donc un entier [ € N tel que
(88) ~ym — g(haD3)l = n,
et la condition de congruence dans (87) maintenant devient
(89) q(Csg(h1D1hyD2)?1? + D) = 0[m]
avec la condition de co-primalité pour (m,l) déduite de (86) :

(90) pged(m, g(h1D1hyDs)) = pged(m, 1) = 1.
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Nous faisons une derniere inversion de Mébius qui élimine ces dernieres condi-
tions de pged. Soient

e | pged(m, g(hiD1)), ez | pged(m, g(heD2)),  es | pged(m, 1),

tels que pged(es, g(h1D1hoDs)) = 1. Alors ejeses | ¢D sinon la congruence
(89) n’a pas de solution. Ecrivons

(91) m = ejegesm’, | = esl’.
Nous pouvons enfin réécrire (89) comme
q03g(h1D1h2D2)263 (l,)2 + qD
e1eés €1€2€3
Les relations entre (I',m’) et (u,v) sont, d’apres (85), (88) et (91)

(92) = 0[m/].
(93) u+v=eresesm’, u=g(h1D1)es(yieream’ — g(haD2)l).
En résumé, nous avons établi la formule suivante.

LEMME 7.12. — Nous avons (e désigne les paramétres e1, ea, e3)

(94) #5221, w(D,h,q)

- > (ﬁu(e))#ca%(uh,e,q),

erea|g(h1D1haD2),pged(er,ez)=1
erezes|qD,pged(es,g(h1D1he D2))=1

ou C%§D7W(D, h, e, q) est l’ensemble des couples (I',m’) € Nx1 x Nxq vérifiant
les conditions (93), (66), (69) et

(95) F(') = 0[m],
ot
C3g(h1D1hoD5)? D
(96) F(X) = Fey pupeg(X) = 10 PDIDEs o 0D gy
e1€eg €1€2€3
7.3.4. Une étape clef. — Nous allons démontrer la formule asymptotique sui-

vante en appliquant la Proposition A.3, puisque la condition (66) ne donne pas
directement une forme sommatoire souhaitée. Les notations dans cette propo-
sition et sa preuve sont indépendantes de celles utilisées avant.

PRrROPOSITION 7.13. — Soient A, X > 0 et 0 < 95 < ¥y < 1 vérifiant A > ¥;.
Soit G :10,91] = Rsgo une fonction continue. Soit F(Y) € Z[Y] un polyndme
irréductible de degré d > 2. Rappelons ag, Bq dans la Proposition A.3. Alors
nous avons

v 2d
! loglog X
S L (A - l) _ x} (ZF _dz o<<0g0g>>)
LmeN, F()=0[m] m 9,/ G(2) (log X)?

m?GA-L)<X
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Démonstration. — Fixons o = %, 8 = % Divisons Uintervalle |95,91] en
O(%) sous-intervalles {Jj }x ol
(loglog X)#
Jo — — 4 2S5
k= 1Tk Thet1],  Thel =Tk + (log X)®

et définissons la fonction en escalier H par

H(z) = ;Ié{]ri G(y), pour z € Jg.

Puisque G est uniformément continue sur [¢2, ¥1], il existe ¢y > 0 une constante
absolue telle que

VIT) < (8182)"

0<  sup (\/G(x) P (log X)«

z€[V2,01]
On obtient donc

(97) e

\/T 92
= Z (/ (WVHG) T - \/G(a?)‘l)dx)

_ ((Z|Jk> loglogX) >—O<(l(()ig)§())i)ﬁ>.

Nous avons, griace & la Proposition A.3 et (97),

Z 119,5,04) (A - ’I”f’L)

I,mEN>1,F(1)=0[m]
m?H(A-—L)<X

>S4

LmEN>1, F(l)z [m]
m2H(A-L)<X

-2 ()

lmeN>1,F(l) o[m
m2H(A— ,)<X

Y2 ey
k I,meN,F(l)=0[m)]

m<X % /\/H(rr)
(Z%) O<X%Xk:(1€()lg01g§())(ﬁ);m)

— ZpX3
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Or nous avons aussi, en appliquant encore la Proposition A.3 et le raisonnement
ci-dessus pour la somme entre la plus grosse parentheése ci-dessous,

Z 119,,04) <A - 7;)

I,meN>1,F(1)=0[m]
m?G(A-L)<X

= Z 1]1927191] (A - Til)

I,meN>,F(1)=0[m]
m2H(A-L)<X
l
+0 1A719 0 <>
( i I (1oglug.ZX> e m
X2 /(\/H(A=L)+co T )<m<X2/1/

F(1)=0[m]

e iode +O(Xé(loglogX)o‘)

P2/ G(m) (IOgX)B
Ceci acheve la preuve de la formule énoncée. O
7.3.5. Dénouement. — Nous appliquons la Proposition 7.13 pour estimer ’en-

semble (',%’SQJ:)(D7 h, e, q) dans le Lemme 7.12.

COROLLAIRE 7.14. — I existe une constante I' = I'c, p(D,h, e, q) > 0 telle
que
(98)
0
#Cég D W(Dv ha €, q)

dzd 1 (loglog B)#
— B} FZ}'// Xealw, 2 Seap D CUVE+ W) A2 w+0(Bs(Og ng)é),
zt+w (log B)™s

OU
Dicéw?’}

€cy,ppw(2) =1 {95 cT > D203

Xeo est définie par (59), F(X) = Fc,,D,hD,e,q(X) est le polynome (96) et la
constant Zx est définie dans la Proposition A.1.

Démonstration. — Quitte & décomposer la région R(e,d) (59) en des petites
piéces, on peut supposer pour la suite que tous les points dans Ccf D W(D, h,e, q)

(94) vérifient la condition de seuil donnée par les équations ( 9) dans les
Lemmes 7.8 et 7.9 pour B >¢, peg, 1.

Ecrivons par simplicité

g1 =g(D1h1), g2 = g(Dahy).
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Avec le changement de parameétres (93), nous avons
v = erezesm’ —u = e3gig2l’ — erezes(yigr — 1)m’,
et d’olt
(99)
Cs uv? Cgegg?gg( ")? (616271 U erez eteemr U ’
— = m - = - .
Du+v Dejes g2 m' ) \ 9192 92 m/
Quitte & rajouter un terme d’erreur d’ordre grandeur O(1), nous pouvons ré-
écrire (66) comme

(100) €1€271 €162 01 < L < €1€271 €162 ) .
92 G192 1+61 ~ m’ 92 9192 1+ 62’

U /
Eg(m/)QG (A — TTL/> < B S El(m/)QG (A — l/) .

m

[SUM]

Remarquons que ejes | g1g2 et y191 = 1. Nous avons donc

€1€e271 l/ :| €1€9 02 €1€2 91
g(haDs) — m/ G192 146027 g1g2 14 61
€1€271 S €162 eiea 0

= b)
92 9192 G192 1+0

{ C]0,1],

Vo = 0.

Nous appliquons la Proposition 7.13 avec

Cse3g(hiD1ha D) [ eren 2
Gz) = = - F(Y)=F oY
(:E) D€1€2 z g192 z ’ ( ) C3,D,hD, ,q( )
0; B3
A= 6162’71’ 9, = e1€2 L x— 5 Ci=12),
92 9192 1 +0; €

Il en découle que
e,0
#Ca;Dyw(D, h,e, q)

I
(> oy et )
I';m’'eN,F(I")=0[m’] I';m’eN,F(I")=0[m’]

(m')2esG(A-L)<BE  (m)?e,G(A-L)<BE
_pt_ (Dae)izZr <11) / dz
(Cse3g(hiDrhaD2)*)2 \VEz Ve ) Jo, [y(aaea )2
9192
L0 B%(loglogB)%
(log B)*7
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=

. Dz / /"1 dzd6 0( 1loglogB)2>
9203 e59(D1hy Dshs) 0, 23/B(1+0) log B) 2

(
(
D3 Zr // B dzdw +0<Bi (loglogB)z%).
202639 D1h1D2h2 ez\z 51 FWy ztw (logB)T

92<

S

B

Nous obtenons donc la formule énoncée avec
D3
FC3,D(D7h797Q) = T . U
2032 €3g(D1h1D2h2)

Il nous reste & traiter le terme d’erreur introduit dans (79) du Corollaire
7.10. Le méme raisonnement comme ci-dessus nous donne l’estimation

(101)  #E5? , (D)

dzd log log B)?

e B // ggm)“vw(B;(OgO%z)
AT

Z+w (log B) =~
_0 B%(loglogB)%
(log B)*%7 )

ou
DiCIW? DiCiW? .
0= {(w7z) P —2— < 2wVt w < ——s— +,U0(B_5)}
DiD3 DiD3

Rassemblons les égalités (67), (79), (81), (82), (94), (98) et (101), nous sommes
prét a démontrer le Théoreme 7.6.

Démonstration du Théoréme 7.6. — Dans ce qui suit, pour éviter des formules

;. . - 1 .
superflues, on écrira le terme d’erreur sous la forme non-explicite o(B5) car il
sera clair d’ou viennent ces contributions. Soient Cs, D, W, D1, D3, q € N tels
que

pged(CsW, D) = pged(D1,D2) =1, DDy | D, q|W.

En les fixant et en sommant sur les formules (82), (94), (98), nous obtenons la

formule pour le cardinal de ’ensemble Bag p.w (D, q) comme suit. Il existe une
constante

Zey,pwD,q) = > p(hy)pu(hs)
hi,h2€Ns,
D1 hi,Daha|D
pged(hi,h2)=1
3 ZrD3
X Z H 1i(e) 1 =
erez|g(h1D1haD2),pged(er,e2)=1 j=1 2032 639(D1h1D2h2)

erezes|qgD,pged(es,g(h1D1heD2))=1
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telle que
#BC'3 DW(D7Q)
@ 2wz + w
_35Z63DW ,q // Xe,o(w cs,0.DW >dzdw+0(B%).
- z+w
Nous concluons de (81) qu’en fixant C3, D, W, Dy, D,

0
#E03 D, wl Z K < > B%‘;D,W (D, q)

W

E +w
= B3 // Xeo(w Cs,.D.D.W (Zz:_uwz )dzdw—i—O(B%)

ou

Ec, pow() =Y p < ) Zoy,p.w (D, q) €oy 0D g(T).
alw

En reportant dans (67) et (79), rappelons 'estimation (101), nous obtenons
finalement

69_1(SI)QU7Q7B,%(X§7Q) = Z Z # Cg,D W(D)

Cg,D,WGN;l D1D2|D
pged(C3W,D)=1 pgcd(D1 D»)=1

+
—B5// Xe0( : w)dzdw—i—o(Bé).
== z4+w
ol

(102) E(x) = > > Ec, p.o.w(z). O

C3,D,W€N>1 D1D2|D
pged(C3W,D)=1 pged(D1,D2)=1

7.4. Autre régions. — Dans les régions Ss,Ss, 54 ((21)—-(23)), la situation est
similaire, malgré un changement mineur de hauteur et de distance. Nous rap-
pelons le polyndéme F(X) (96). En écrivant

qug(h1D1h2D2)263X2 n qD
€162 €1€2€3
q 2 q
= C- h1D1hyD X D) = X),
616263( 3(g(hDihaDz)es X)™ + ) €1€2€3g( )

le (non-)scindage du polynome C3 X2+ D équivaut a celui de G(X). Rappelons
la Proposition 7.5 et 'observation dans §7.4, les points rationnels dans la partie
mince M (48) correspond a la famille d’équations Ec, p (51) avec —CsD = [.
Alors en dehors de M, au moins un des Cs,—D # [. Donc ces polyndémes
restent irréductibles et nous conduisent toujours au probléme du congruence
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quadratique. Nous esquissons ici le résultat et nous ne rentrerons pas dans le
détail puisque la méthode et les calculs sont presque pareils.

7.4.1. Région S;. — Le Lemme 5.1 nous dit que pour au? — bv? > 0 pour
(a,b) x (u,v) € Ty. En reportant dans (51), nous avons toujours D > 0. Donc
le résultat sous-entendu ressemble au Théoreme 7.6.

THEOREME 7.15. — Pour toute f € C§(Y3) (cf. §2.2), on a

So-1(55)n0,@,8,3 (f)

E/ 5
_ gt /f 5, (Fwzy/z +w) dwdz +0; (loglogB); 7
—wz\/z +w (log B) e

ot B (-) est une fonction en escalier définie de fagon analogue a E(-) (102).

7.4.2. Régions Ss et Sy. — Comme expliqué précédemment, on doit retirer
0

dans la somme (67) les ensembles Eé’; pw (D) dont les parametres vérifient
—C3D = [O0. La mesure limite obtenue s’écrit de la fagon suivante.
THEOREME 7.16. — Pour toute f € Cg(Yg), on a pour i = 3,4,

6 -1 S3 nU,Q, B,z(f)

_ pt E’ég w(=2)vz +w) (loglog B)& \ \
-7 </f —2)Vztw dwdz+0f<mg3fgﬁ>)’
5 -1(84)NU,Q, B,g(f)

\
U\\»—l

E’é wzy/—(w + 2)) (loglog B) ¢
: dwdz 40, | £282082)° 11
</f ~(w+2) i <<10g3>26ﬁ>>

ot pour i = 3,4,

E{S/I() = Z Z E”Si,CB,D,D,W(.)

C3,WeN>1,D€Z o D, D;|D
pged(CsW,D)=1,—DC3#0 pged(D1,D2)=1

est définie de fagon analogue a des quantités dans la preuwve du Théoréme 7.6.

7.5. Décompte de la partie mince. — Rappelons que M est entierement conte-
nues dans la région Ro. Dans l'esprit de ’équidistribution globale, il n’est pas
raisonnable a croire que la distribution locale autour de () soit décrite par une
partie semi-algébrique qui n’est pas dense pour la topologie réelle. La majora-
tion suivante améliore celle dans la Proposition 4.4.

LEMME 7.17. — Pour toute région R a support compact dans S3 U Sy, nous
avons

1
on,q,8,3(1r) <g B* log B.
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Démonstration. — Par un argument comme le Lemme 7.1, nous n’avons qu'un
nombre fini de parametres Cs, D possibles paramétrant localement les points
de M dans R. Soit € > 0 tel que R C B(0,¢). Une borne de type (66) pour les
points dans T5 U Ty nous donne que, compte-tenu de la Proposition 7.5, pour
un certain v(Cs, D,e) > 0,

5M,Q,B,g (1r) < Z Z oc;x2+p(n),

—Cs,D=0 1
Cs.D< 1 n<y(Cs,D,e)B5

chaque somme pour C3,D fixés contribuant a lordre de grandeur
0037D(Bé log B), en utilisant la Proposition A.7. D’ou la majoration énon-
cée. g

La Proposition A.7 et les raisonnements dans §7.3 nous suggeérent qu’on
devrait avoir une minoration du type, pour tout £ > 0 suffisamment grand,

onr,0,8,3 (X(€)) >« B log B.

(La minoration évidente >, B 3 peut étre déduite du Théoréeme 2.5.) Cepen-
dant, le résultat de Dartyge-Martin [7, Theorem 1] (cf. §A.2.2) suggere aussi
que, si 'on prend une fonction trigonométrique dite A, alors il devrait exister
C(h) > 0 telle que

Orrq.p,3(h) ~ C(h)B3.

Ces deux formules donnent une autre évidence en faveur de non-équirépartition
des points dans M.

Annexe A. Congruences polynomiales et équidistribution modulo 1,
d’apres Erdds et Hooley

Nous considérons ici une version de congruences polynomiales a résidu fixé a
la Hooley. Nous serons concernés par des dénombrements analogues au cardinal
de I'ensemble des (I,m) € N? tels que

(103) MB? <m< MBS, m<—<mn, F(l)=0m),

l
m
o1 0 <A <A,0<m<n <1et F(X) € Z[X] est un polynéme de degré
> 2. Nous allons distinguer deux cas dans la discussion selon que F(X) est
irréductible ou non dans Z[X].

Etant donné F(X) € Z[X], on définit la fonction

(104) or(n) =#{1 <k < n: F(k)=0[n]}.
C’est une fonction arithmétique multiplicative.
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On y associe la série de Dirichlet (définie pour R(s) suffisamment grand)

(105) Dp(s) = QL(S”).
n=1 n
A.l. Cas irréductible. — On discute premiérement le cas ot F(X) est irré-

ductible sur Z[X].

A.1.1. Ordre Moyen. — Une observation qui remonte a Dedekind et Erdds
dit que la série Dp(s) se comporte de facon similaire & la fonction zéta de
Dedekind associée au corps de nombres engendré par une racine de F(X). En
conséquence on en déduit 'ordre moyen de or (Proposition A.1), a l'aide d’une
méthode d’analyse complexe standard.

PRrROPOSITION A.1 (Erd6s, [9]). — Supposons que F(X) € Z[X] est irréduc-
tible. Soit 6 une racine algébrique de F(X) et notons Kp = Q(0) le corps de
nombres qu’il génére. Alors nous avons

Dr(s) = Crp ()¥(s),

ot (i (8) est la fonction zéta de Dedekind du corps Kr et W(s) est méromorphe
et bornée dans le demi-plan R(s) > % + &,Ve > 0. Par conséquent, la série
Dp(s) admet un pole simple en s = 1. De plus, il existe \ €]0,1[ dépendant du
polynome F' tel que

> or(n) = ZrX + O(X?),

n<X
o,
(106) Zp = (1) lim (s — 1), (5).
S—r
Démonstration. — cf. e.g. [13, §5] ou [6, §7] O
REMARQUE. — Une formule asymptotique pour 'ordre moyen de o est éga-

lement obtenue par Hooley [15], [16] dans le cas quadratique.

A.1.2. Equirépartion modulo 1. — Nous continuons & supposer dans cette sec-
tion que le polynéme F(X) est irréductible. Hooley [17] a démontré le résultat
suivant sur des sommes d’exponentielles. Ce théoréme a été énoncé pour les
polyndémes primitifs, mais la méme preuve s’applique aussi & ceux qui ne sont
pas forcément primitifs.

THEOREME A.2 (Hooley [17], Theorem 1). — Soient X > 1,h € Nxq,d =

deg F(X) =2 et
RX)= S Y exp<2”]ih”>.

1<k<X F(v)=0[k]
1<v<k
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Alors

3 3(d®+1) _
R(h X) = Or <h X (log log X) ) i gy vd

(log X)d4 d!

(N.B. Le résultat original de Hooley omet lordre de grandeur de h. Mais on le
récupére facilement de sa preuve.)

Le but de cette section est de démontrer :

PrOPOSITION A.3. — Pour tout intervalle compact I C R, nous avons

CAN (loglog X )
Z Z L (E) =ZrlI|1X +0 <X (log X)Ba )~
1<k<X  veZ
F(v)=0[k]

ot Zp est (106) et
1 1
=(d®>+1 = -4y
g 3( +1), fBa 304

Nous notons (s;) la suite construite en numérotant les nombres rationnels
(pas nécessairement réduit) 7 € [0, 1] tels que F'(v) = 0[k] par rapport a 'ordre
croissant des dénominateurs. C'est-a-dire 31 < {2 comme éléments de (s,) si

et seulement si
k1 < ko, ou ki =ko et vy <ws.

Le théoreme de Hooley implique que la suite (s,) est équirépartie modulo 1,
au sens de Weyl (cf. [21, Chapter 1]). Nous avons besoin d’une estimation de la
discrépance Dy (s;,) de cette suite. Pour la définition de la discrépance, voir par
exemple [21, Chapter 2]. Les outils sont I'inégalité de Koksma-Denjoy (cf. [21,
p. 143]) et celle de Erdés-Turdn (cf. [21, Theorem 2.5 p. 112]).

THEOREME A.4 (Koksma-Denjoy). — Soient (x,,) une suite de nombres réels
dans [0,1] et N > 1. Soit ¢ une fonction mesurable & variation bornée définie
sur]0,1] (on note V() la variation totale de ¢). Alors

1 & L
N;wzn)/o 6

THEOREME A.5 (Erdés-Turdn). — Pour tout m € N1, on a

< V(9)Dn (wn).

m N
1 1)1 .
Dy (z,) =0 (m + g:l 7w n§:1exp(2mhxn) ) ,

ot la constante implicite est absolue.
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COROLLAIRE A.6. — Avec les notations ci-dessus, nous avons
log log N)3 (@*+1)
D (sn) = O (log log )26 .
(log )30
Démonstration du corollaire. — Fixons N € N> et notons
N
(107) S(h,N) =Y exp (2mihy) .

n=1

Soit M le dénominateur de x . D’apres la Proposition A.1 et la relation sui-

vante
> or(k) <N <Y or(k)

k<M k<M
il existe C1,Cy deux constantes absolues positives telles que
(108) Ci1M <N < CyM
Nous avons aussi la comparaison suivante
S(hyN)=R(h,M)+ O(or(M)) = R(h, M) + O(M*), Ve >D0.

D’ot, en utilisant le Théoréme A.2 et l'estimation d’Erdés-Turdn (Théoréme
A.5), nous calculons que pour tout m € N>,

Dx(sn) = O (nll +Z;‘Jb5(h,N)D
ERSHE RIS

h
L 3(d?+1)
1 hé(loglogM)z n 1
h (log M)da M1-e

v
+vm

3=

S

oF<
0F<

< (log M) )
m = WD) P
(loglog M)z (¢*+1)

nous obtenons, compte-tenu de (108),

(loglog M) 3 (@*+1) _ Oy (loglog N')3(d*+1)
(log M )5 (log N)&oa ]

(loglog M)2(@*+D)  logm
(log M )da Ml-e

En prenant

Dn(sn) = Op (

la majoration souhaitée. O
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Démonstration de la Proposition A.3. — Quitte & décomposer 'intervalle I en
une union de sous-intervalles disjoints, on peut supposer que |I| < 1 et I C
|ng, no+1] avec ng € Z. Pour k € N fixé, tout v € Z tel que 7 € I correspond

a un unique 0 < v’ <k —1 tel que % € I — ng. Posons

N=NX) =Y orlk).

k<X

D’apres la Proposition A.1, N ~ ZrpX. Alors compte tenu de 'inégalité de
Koksma-Denjoy (Théoréme A.4) et du Corollaire A.6,

L Xou@E-r ¥ u(f)

k<X wEZ k<X F(v')=0[k]
F(v)=0[k] 0w’ <k—1
N 1
= Z 11-no(sn) = N/ 17—pno(z)da + O (NDn(sn))
n=1 0
N(loglog N)3(@*+1)
— N|I|+ O  Mloglog )25
(log N)3%a
log log X )3 (@*+1)
— Zpl1|X + Oy | x U0slos X7 .
(log X ) 594
A.2. Cas scindés. — Nous nous intéresserons exclusivement dans cette sec-

tion aux polyndémes quadratiques scindés, i.e. réductible sur Z[X]. Fixons
a € Nx1,c € Zyg. Définissons

F(X)=aX?+c
La condition que F'(X) soit réductible revient & (on note A(F') le discriminant)
A(F)=0¢ —ac=0.

A.2.1. Ordre moyen. — La fonction donnant le nombre de congruents o ainsi
que la série de Dirichlet Dg(s) sont de nature différente de celles dans les cas
irréductibles. En effet il s’agit ici d’un probléme additif de diviseurs, qui fut
considéré en premier par Ingham [20].

PROPOSITION A.7. — Nous avons

Dr(s) = ((s)®(s),

ot ((s) est la fonction zéta de Riemann et &(s) est holomorphe, bornée et sans
zéros pour R(s) > 1 +¢,Ve > 0. Par conséquent, la série Dp(s) admet en s = 1
un pole d’ordre 2 et converge absolument pour Rs > 1. De plus, il existe une
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constante C'r > 0 telle que

Z or(n) ~ CpXlog X.
n<X

A.2.2. Répartition uniforme. — Sil’on consideére des sommes d’exponentielles
R(h,X) définies de fagon similaire comme dans le Théoréme A.2 pour un po-
lynéme F quadratique scindé, Martin et Sitar ont démontré [25, Theorem 1.4]
que R(h,X) = O(X(logX)\/i_H‘e). Comme conjecturé dans [25, p. 14], on
ne devrait pas espérer une majoration du type R(h, X) = o,(X). Récemment
Dartyge et Martin [7, Theorem 1] réussissent & établir la formule asymptotique

R(h, X) = C(F,h)X + O(X5+%),

ou C(F,h) # 0 dépend de F et de h. Une conséquence immédiate de leur
résultat est que, en rappelant la somme d’exponentielle S(h, X) (107),

%S(h,X) S C(F,h)£0, X — .

Le critére de Weyl (cf. [21, Chapter 1, Theorem 2.1]) nous dit que la suite (s,,)
formée par les racines de congruence n’est pas uniformément répartie modulo 1.
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ABSTRACT. — In sharp contrast to a classical result of Godefroy and Shapiro, Mujica
and the second author showed that no translation operator on the space H(CY) of
entire functions of infinitely many complex variables is hypercyclic. In an attempt to
better understand the dynamics of such operators, in this work we show, firstly, that
no convolution operator on H(CV) is cyclic or n-supercyclic for any positive integer
n. In the opposite direction, we show that every non-trivial convolution operator on
H(CN) is mixing. Particularizing Arai’s concept of Li-Yorke chaos to non-metrizable
topological vector spaces, we show that non-trivial convolution operators on H((CN)
are also Li-Yorke chaotic.
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RESUME (Chaos pour les opérateurs de convolution sur l’espace des fonctions entiéres
en une infinité de variables compleres). — Contrastant fortement avec un résultat
classique de Godefroy et Shapiro, Mujica et le deuxiéme auteur ont montré qu’aucun
opérateur de translation sur I'espace H(CY) des fonctions entiéres en une infinité de
variables complexes est hyper cyclique. Pour mieux comprendre la dynamique de tels
opérateurs, dans ce travail, nous montrons premiérement qu’aucun opérateur de convo-
lution sur H(CN) n’est cyclique ni n-supercyclique, quelque que soit I’entier positif n.
Dans le sens opposé, nous montrons que tous les opérateurs de convolution non tri-
viaux sur H(CV) sont mélangeant. En appliquant le concept, défini par Arai, de chaos
de Li-Yorke sur des espaces vectoriels topologiques non métrisables, nous montrons
que les opérateurs de convolution non triviaux sur H(CV) sont également Li-Yorke
chaotiques.

Dedicated to the memory of Professor Jorge Mujica (1946-2017)

1. Introduction

In the last 30 years, the study of the dynamics of continuous linear operators
(in short, operators) on topological vector spaces has been intensively explored.
References [6, 25] provide deep and detailed surveys of the theory. In this paper,
we are mainly interested in the linear dynamics of convolution operators on
spaces of entire functions of infinitely many complex variables. We remark
that several results about the linear dynamics of (not necessarily convolution)
operators on spaces of entire functions of infinitely many complex variables
have appeared in the last few decades, see, for instance, [3, 7, 9, 10, 11, 15, 18,
19, 20, 22, 24, 29, 31].

A classical result due to Godefroy and Shapiro [23] states that every non-
trivial convolution operator on the space H(C") of entire functions of several
complex variables is hypercyclic (the definition will be given in Section 2).
Moreover, Bonilla and Grosse-Erdmann [13] showed that these convolution
operators are even frequently hypercyclic, which is a stronger notion than hy-
percyclicity. In sharp contrast with these results, Mujica and the second author
[18] proved that no convolution operator on H(CY) can be hypercyclic. At first
sight this result seems surprising, since it is well known that every f € H(CY)
depends only on finitely many variables (see [17, p. 162]). Based on these facts,
the following question arises:

Which other dynamical concepts are satisfied by convolution op-
erators on H(CN)?

The purpose of this paper is to answer this question, either positively or neg-
atively, for the following concepts (the definitions will follow in Section 2):
n-supercyclicity, cyclicity, Li-Yorke chaos (notions that are weaker than hyper-
cyclicity), and mixing. In contrast with the aforementioned result of Godefroy
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and Shapiro, we will show that no convolution operator on H(CY) can be ei-
ther cyclic or n-supercyclic for any positive integer n (Theorem 3.1), but every
non-trivial convolution operator on H(CY) is mixing (Theorem 3.3).

Recall that the Birkhoff transitivity theorem gives the equivalence between
hypercyclicity and topological transitivity for operators on Fréchet spaces. In
particular, mixing implies hypercyclicity in this case. The Baire category the-
orem (the metrizability and completeness of the space) is the key to proving
the Birkhoff transitivity theorem. For operators on a Fréchet space F, it is
well known that hypercyclicity does not imply mixing. So, it is natural to ask
if mixing implies hypercyclicity when F is not a Fréchet space. In [11, p. 254,
Example 1], Bonet constructed the following example, which is mixing but not
hypercyclic. Let 7 = AB, A > 1, where B is the backward shift on ¢5. The
operator 7 is mixing (hence, hypercyclic), and it has a dense set P of periodic
points. Let e; be the i-th canonical unit vector of £5. We denote by £ the
dense topological subspace of ¢5, which is the linear span of {e; : i € N} U P.
Clearly, T acts continuously from & into itself, it has a dense set of periodic
points on &, and it is mixing. Since every element of £ has a finite orbit, 7
cannot be hypercyclic.

Note that the space in Bonet’s example is metrizable (in fact, it is normed)
but not complete. So, it is natural to ask if, in a non-metrizable complete,
separable locally convex space, every mixing operator is hypercyclic. The an-
swer is no, and the same example given by Grosse-Erdmann to answer [11,
Open question 13.(2)] is a mixing non-hypercyclic operator. The details of this
example will appear in Example 3.2. New examples of mixing non-hypercyclic
operators on a non-metrizable complete, separable locally convex space will be
provided by Theorem 3.3.

The notion of chaos in linear dynamics was introduced by Godefroy and
Shapiro [23] in 1991. They adopted Devaney’s definition of chaos. Recall that
an operator on a Fréchet space is chaotic if it is hypercyclic and it has a dense set
of periodic points. The notion of chaos for operators on an arbitrary topological
vector space was given by Bonet [11]. He adopted Devaney’s definition of
chaos replacing the condition “hypercyclicity” with “topological transitivity”,
but both concepts coincide in Fréchet spaces (note that the Bonet and Grosse-
Erdamnn examples above are chaotic). In addition to these notions explored in
linear dynamics, we mention the first mathematical definition of chaos given in
1975 by Li and Yorke in [28], which is currently known as Li-Yorke chaos. The
classical notion of Li-Yorke chaos was introduced for continuous maps defined
on metric spaces. By [8, Theorem 9], hypercyclic operators on Fréchet spaces
are Li-Yorke chaotic.

Since H(CY) is a complete non-metrizable locally convex space, the classical
notion of Li-Yorke chaos does not make sense for convolution operators on
H(CN). Recently, Arai [2] introduced the notion of Li-Yorke chaos for an action
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of a group on a uniform space. Since every topological vector space is a uniform
space, we will adopt Arai’s definition of Li-Yorke chaos (the definition is given in
Section 2). Using this definition we will prove that every hypercyclic operator
on a topological vector space is Li-Yorke chaotic (Corollary 3.5), and every
non-trivial convolution operator on H(CY) is Li-Yorke chaotic (Theorem 3.6).
We will also observe in Remark 3.8 that Grosse-Erdmann’s example is Li-Yorke
chaotic, whereas Bonet’s example is not.

It is worth mentioning that the criteria that appear in the literature to prove
that an operator does or does not satisfy some notion of linear dynamics are, in
general, for operators defined on F-spaces. Since H(CV) is not a metric space,
the known criteria are not useful to prove Theorems 3.1 and 3.3. However, to
show Theorem 3.6, we will adapt a criterion obtained by Bernardes et al [8]
for operators on Fréchet spaces to operators on Hausdorff topological vector
spaces. This criterion is the key of the proof.

The following diagram summarizes the relation between the notions of linear
dynamics raised in this paper for operators on an arbitrary topological vector
space:

Li-Yorke chaos <——= hypercyclicity =———=> supercyclicity ==> cyclicity

I l

mixing =——=> topological transitivity n-supercyclicity

2. Preliminaries

Let V be a subset of a Hausdorff topological complex vector space E and
let T: E — E be a continuous linear operator (from now on, we just write
operator). The orbit of V' under T, denoted by orbr(V), is the subset of E
given by

orbr (V) = G TF(V).
k=0

If V = {z} is a singleton, and orbz(V) = {T*x : k € Ny} is dense in E, where
Ny ={0,1,2,3,...}, then T is said to be hypercyclic and x a hypercyclic vector
for T. If the linear span of orby (V') is dense in E, then T is said to be cyclic
and x a cyclic vector for T. If V = span{z} and orbp(V) = C-{T*x : k € Ny}
is dense in F, then T is said to be supercyclic and x a supercyclic vector
for T. If V is a vector subspace of dimension n and orbz (V) is dense in E,
then T is said to be n-supercyclic and V' a supercyclic subspace for T. Note
that the notions of 1-supercyclicity and supercyclicity are equivalent. Also,

an n-supercyclic operator, for n = 2,3, ..., need not be cyclic (for an infinite
dimensional example, see [14]). Hilden and Wallen [27] proved that no operator
on C*, n = 2,3..., can be supercyclic. So, n-supercyclicity does not imply
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supercyclicity in general. For properties and results about supercyclicity and
n-supercyclicity, we refer the reader to [14, 21, 26, 27]. We say that T is
mizing (respectively topologically transitive) if for any two non-empty open
sets Uy, Uz C FE, there is ng € N such that T"(Uy) N Uy # 0, for all n > ng
(respectively, 7™ (Uy) N Uy # 0).

As was stated in the Introduction, the classical notion of Li-Yorke chaos was
introduced for maps defined on metric spaces. The definition is the following:
given a metric space (M,d) and a continuous map f: M — M, we recall that
a pair (z,y) € M x M is called a Li-Yorke pair for f if

liminf d(f™(z), f"(y)) =0 and limsupd(f"(x), f"(y)) > 0.

n—00 n—00
A scrambled set for f is a subset S of M such that (z,y) is a Li—Yorke pair for
f whenever x and y are distinct points in .S. The map f is said to be Li—Yorke
chaotic if there exists an uncountable scrambled set for f.

As we also mentioned in the Introduction, Arai [2] introduced the notion of
Li-Yorke chaos for an action of a group on a uniform space. Adopting Arai’s
definition of Li-Yorke chaos in the particular case for operators on a Hausdorff
topological vector space E, we have the following:

e A pair (z,y) € E x E is said to be asymptotic for T if for any neighbor-
hood of zero U, there exists k € N such that 7" (x — y) € U for every
n >k, that is, if 7"(x —y) — 0. A pair (z,y) € E x E is said to be
prozimal for T if for any neighborhood of zero U, there exists n € N
such that T™(z — y) € U, that is, if the sequence {T"(z — y)}52, has a
subnet converging to zero.

e A pair (z,y) € E x E is said to be a Li-Yorke pair for T if it is proximal
but not asymptotic. In other words, (z,y) is a Li-Yorke pair for T if
and only if the sequence {T"(z — y)}32; does not converge to zero but
has a subnet converging to zero.

Using this definition of Li-Yorke pair, scrambled set and Li-Yorke chaos for
operators on a Hausdorff topological vector space are defined as in the case of
maps on a metric space.

It is easy to check that if F is metrizable, and we consider a translation-
invariant metric (this metric exists by definition of metrizability), then both
definitions of Li-Yorke chaos coincide.

2.1. Convolution operators on H (CY). — In this section, we prove some tech-
nical results about convolution operators that we need to show the main results
of this work. First, we present some preliminary results about the space H(CN ).

Given the topological product CN = [152, C, we consider the complex vector
space of all entire functions f: CY — C, which is denoted by H(CN). It is
well known that there are only two usual locally convex topologies on H(CN):
the compact open topology 7y and its bornological associated topology 75 (see
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[4, 17]). It is also known that, with both topologies, H(CY) is separable. For
details and properties of these topologies we refer the reader to [1, 4, 5].

For each n € N, we consider the canonical inclusion J,: C* — CV, the
canonical projection m,: CN — C™ and the corresponding linear mappings

Ji feH(CY) = fod, e H(CY), 7w fo € H(C™) = fnom, € H(CY).
Since 7, o J,, = Idcn, it follows that
(1) J, om,, = Idycn), foreachneN.

So, H(C™) can be seen as the vector subspace of H(CY) of all entire functions
on CN that depend only of the n first variables, through the injective map 77,
for each n € N. It is easy to check that

(2) 1 (H(C)) C m3(H(C?)) C -~ C my(H(C™)) C -~ C H(CY).
By [17, p. 162] or [4, Corolario 38|

(3) H(C) = J{faomn: fu e H(CM)} = | mr(H(C™)).
n=1 n=1

Also, by [1, Proposition 1.3] the topology 75, which was independently in-
troduced by Nachbin [30] and Couré [16] coincides with the inductive limit
topology of the Fréchet spaces H(C™), n € N, that is,

(H(CY), 75) = indpenH(C"),

where H(C") is endowed with its usual topology, the compact open topology.
More precisely, 75 is the strongest locally convex topology on H(CY), for which
the maps w} are continuous. If 7 represents any of the topologies m, 75 on
H(CN), then the linear operators

Jr f € (H(CY), 1) = fod, € H(C)
7h: fn € H(C™) = fnom, € (H(CY),7)

are continuous, and it follows from (1) that H(C™) is topologically isomorphic
to a complemented subspace of (H(CY),7). In particular, 7}(H(C")) is a
closed proper subspace of (H(CY),7). For background information on these
topologies, we refer the reader to the book of Dineen [17].

Finally, we recall that the translation operator by & € CN,

e H(CY) — H(CY)

is given by (r¢f)(x) = f(z — &), for every z € CN. Analogously, we define
translation operators on H(C"™) for each n € N.

REMARK 2.1. — It is interesting to note that, if £ € CV is such that 7, (£) = 0,
then the translation operator 7¢ on H(CY) coincides with the identity operator
on 7 (H(C™)), that is, T¢|rx (3 (cny) = Id. Hence, 7, (H(C")) is a closed proper
subspace of (H(CY), 7) and r¢-invariant.
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DEFINITION 2.2. — A convolution operator on (H(CY),7) is a continuous lin-
ear mapping

L: H(CY) — H(CM)
such that L(ref) = 7¢(Lf) for every f € H(CN) and ¢ € CN. Analogously

we define convolution operators on H(C™) for each n € N. We say that a
convolution operator is non-trivial if it is not a scalar multiple of the identity.

LEMMA 2.3. — Let f € H(CY), k € N and T be a linear map on H(CY).
Then there is N € N such that T'f = 73 ((T'f) o Jn) for everyi = 0,... k.
Moreover, if f = f, o m, with f, € H(C") for some n € N, and L is a linear
map on H(CY) that commutes with all the translation operators (in particular,
if L is a convolution operator), then

L*f =y ((L¥f) o Jn) = m, 0 Jn(LE f)
for every k € Ng.

Proof. — By (3) we may write

f = Fno ©Tngs Tf = fry © Ty oo oy T f = frp © Tongs
with f,, € H(C") for every i =0,--- ,k. Let N =max{n; :¢=0,...,k} and
¢ € CN be such that 7 (£) = 0. Then 7, (¢) = 0 for every i =0, --- , k and
(T f) (@) = (T° ) (x = &) = fa, 00y (2 =€)
= fus (T (2) = 70, (€)) = f (0, () = (T" f) ()

for every x € CN and every i = 0,---,k. On the other hand, given any
= ()32, € CN) if we take € = (0,...,0,xN41,TN12,...) € CN, then

(Tlf)(x) = Tﬁ(Tif)(x) = (Tzf)(x - 6) = (Tif)(xla -,2N,0,0,.. )
= (T'f)(Iy omn(z)) = (T'f) o Iy o ().

Thus, T f = w4 (T f) o Jn) for every i =0, ..., k.

Now, suppose that f = f,om, and L is a linear map on H(C") that commutes
with all the translation operators. Choosing ¢ € CN such that 7, (&) = 0, we
get

re(f)=f 7e(Lf)=L(ref) = Lf,...,me(L*f) = L(re(L*1f)) = L*F,

for every k € Ny. Using the same ideas as in the first part of the proof we
obtain

LM =m((Thf) o ),
for every k € Ny. O
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This lemma tells us that the operator 7 o J* acts as the identity on orby,(f),
whenever f = f,, om, € H(CY) and L is a convolution operator.

If f=f,om, € H(CY) with f, € H(C") and £ € CV it is not difficult to
verify that 7¢ f = (7, (¢)fn) © Tn. In this sense, the following question is quite
natural:

Does every convolution operator L on (H(CN),7) satisfy Lf =
(Lyfn) © n, where L, is a convolution operator on H(C™)?

The following lemma gives a positive answer to this question.

LEMMA 2.4. — Let L be a convolution operator on (H(CN), 7).
(a) For any n € N, the mapping L, := J} o Loxw}: H(C") — H(C"), is
a convolution operator. We say that L, is the convolution operator on
H(C™) associated to L.

(b)
L(fnomn) = (Lnfn) om,, forevery f, € H(C") and n € N.

(¢) L is a scalar multiple of the identity on H(CN) if and only if L, is a
scalar multiple of the identity on H(C™), for every n € N.
Proof. — Let n €N, f, € H(C") and f := f,, om, € H(CN).
(a) Note that
(4) Lnfn=JyoLom,(fa)=JyoL(f)=(Lf)oJy.

Let a € C". We want to show that 7, 0 L,, = L, o 7,. Applying (4) we
have

[Ta © Ln|(fn)(2) = Ta(Ln fn)(2) = (Lnfn)(z — a) = (Lf) o Ju(z — a)
= (Lf)(n(z) = Jn(a)) = [, @) (L] (Ja(2)),

for every z € C" and so [74 0 Ly,](fn) = [T, (a)(Lf)] © J5n. Using the fact
that L is a convolution operator we get

[Ta o Ln](.fn) = [L(TJ"(a)f)] oJy, = [L((Tafn) ° 7771)} oJy
= (L omy(raf)] 0 dn = T 0 Lo (Tafu) = [Ln 0 mal(fu).

(b) Applying Lemma 2.3 to the entire function f,, o7, and using (4) we get
5)  L{fnomn) =m((L(faomn)) 0 Jn) = 75 (Lnfn) = (Lnfn) © T
(c) Let A € C be such that Lg = \g for every g € H(CY). Then
(Lnfrn)om, =Lf = (Afn) o ma.

Since 7% is injective, it follows that L., f, = Af,. Therefore, L, is a
scalar multiple of the identity.
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Conversely, suppose that for each n € N, there exists A\, € C such
that Ly, fr, = A fn for every f,, € H(C™). It is not difficult to verify that,
if g € mr(H(C™)), then Lg = \,g. Note that to prove the assertion it
suffices to show that A\, = A, for any n,m € N. So, let n,m € N
with n < m. By (2) we may choose g € H(CY) such that g # 0 and
g € mE(H(C™)) C w5, (H(C™)). Thus, A\ng = Lg = A9 and, since
g # 0, it follows that A\, = A, a

Below we list some remarks about the previous lemma.

REMARK 2.5. — (1) For £ € CY, the convolution operator (7¢)n = 7y, (¢) is
a concrete example of a convolution operator associated to the transla-
tion T¢.

(2) The hypothesis that L commutes with the translation operators is es-
sential to show Lemma 2.4(b). In fact, consider the linear mapping
L: f € H(CY) — fo B € H(CY), where B is the backward shift on CY.
Since m; € H(CY), we have (Lm)(§) = &, for all £ = (§;)32, € CV.
Denoting the identity function on C by Idc, we have m; = Idc o and
LyIde = 0. Thus, L(Idc om) # (L1 Ide) o 7.

(3) Lemma 2.4(b) allows us to write the orbit orby(f) in terms of convolu-
tion operators on H(C"), that is, if f = f, om, € H(CY), and L is a
convolution operator on (H(CY),7), then

Lf - (Lnfn) O T, sz = L((Lnfn) o 7Tn) = Ln(Lnfn) O Ty = (Lifn) O Ty,
and proceeding by induction it follows that
ka = (L']fzfn) O T,

for every k € Ny.
(4) By the proof of part (c), it is clear that we may rewrite it in the following
way:
L is a scalar multiple of the identity on H(CY) if and only if L,, is a
scalar multiple of the identity on #(C™) for infinitely many n € N.

3. Linear dynamics of convolution operators on H.(C")

In this section, we will study the linear dynamics of convolution operators
on (H(CY), 7). We start by proving that convolution operators on H(CV) are
neither cyclic nor n-supercyclic for any n € N. This result improves a result of
Favaro and Mujica [18], which states that no convolution operator on H(CV)
is hypercyclic.

THEOREM 3.1. —  (a) No convolution operator on (H(CY), 1) is cyclic.
(b) No convolution operator on (H(CY), 1) is n-supercyclic, for any n € N.
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Proof. — Let L be a convolution operator on H(CW).

(a)

Let f € H(CY). Then, we may write f = f, o, with f,, € H(C"). By
Lemma 2.3 the orbit of f under L is

otbr (f) = {L*f ke No} = {z((L*f) 0 J,,) : k € No} C m(H(C™)).

Since 7 (H(C™)) is a closed proper subspace of (H(CN),7), we have
spanorby (f) C mk (H(C™)).

Therefore, span orby,(f) cannot be a dense subset of (H(CY), 7). So, there
is no cyclic entire function for any convolution operator on (#(CY), 7).
Hence, L is not cyclic.
Let n € N,n > 1, and let V be an n-dimensional vector subspace of
H(CY) with generators fi,..., f,. Then L¥(V) is a vector subspace of
H(CY), generated by L¥f;,---  LFf,, and with dimension less than or
equal to n, for every k € Ny. If we write fi = fi, 0o Ty, 5 fn =
fm, © Tm,,, with f,, € H(C™), for every i = 1,--- ,n, then it follows
from Lemma 2.3 and (2) that
LE(V) C ol (H(C™)) + -+,

My,

(H(C™")) C m (H(T™)),

for every k € Ng, where m := max{m; : i = 1,...,n}. Therefore,
orb (V) = | L*(V) c =}, (H(C™))
k=0
and so orby (V) cannot be dense in (H(CY), 7). Thus, no finite-dimen-

sional subspace of H(CV) is supercyclic for L. Hence, L is not n-super-
cyclic. O

Now we will prove that non-trivial convolution operators on (H(CY),7) are
mixing and Li-Yorke chaotic. However, first, we will give the details about
Grosse-Erdmann’s example mentioned in the Introduction. Grosse-Erdmann
kindly clarified some details about the example and communicated to us that
it is a mixing operator. The details are as follows:

EXAMPLE 3.2. — Consider the countable direct sum of £, denoted by @, ; ¢2,
with its usual topology. This topology coincides with the inductive limit topol-
ogy induced by the inclusions

N 0o
O’N:®€2—>®A€2, (xl,...,xN)n—>(xl,...,xmo,...)
n=1 n=1

with N € N. Here, Eny:l {5 is considered with its usual topology. Consider
a mixing operator on fs (for example, the weighted backward shift 7 given in
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the Introduction). Thus,

S: @zz — @Kg, (20)02y — (Tan)o,

is mixing. In fact, let non-empty open subsets U,V C @, | lo, & = (z,)72, €
Uand y = (yn)52; € V. Now, let N € N, such that x, = 0 = y,, for all
n > N. Then, o5 (U) and o' (V) are non-empty open subsets of @n 1 Lo
Since the direct sum of N copies of 7 is mixing (see [25, Proposition 2.40]),
there is ¢ € N, such that

(@T) o (U)) No (V) #0,

for all k > ¢q. Now, for each k > ¢, considering w®) € J;,l(U), such that
k
(@fj:l T) (w®)) € o' (V), we get on(w®)) € U and S* (o (w®)) € V.

It is easy to see that S is not hypercyclic, since for any element « = ()22, €
@Zo:l {5, there is some N, such that z; = 0, for all £k > N, and the same is
then true for all its iterates by S.

THEOREM 3.3. — Every non-trivial convolution operator on (H(CY), 1) is miz-
ng.

Proof. — Let U and V be open non-empty subsets of (H(CY), 7). Since

H(EC) = | m(H(C) and 7L(H(C) € m(HC™), n<m,
n=1

there exists ng € N, such that U N7 (H(C™)) # 0 and V N7} (H(C™)) # 0 for
every m > mg. Since L is a non-trivial convolution operator on (H(CY),7), it
follows from Remark 2.5(4) that there is some n € N, n > ng, such that L,
is a non-trivial convolution operator on H(C™). It follows from the classical
result of Godefroy and Shapiro that L,, is mixing. Now, since (7)~*(U) and

n

(m%)~1(V) are non-empty open subsets of H(C"), there exists N € N, such

n

that
Ly ((m) 7 0) N (m) (V) # 0
for every k > N. We claim that
LFU)YNV #£0

for every K > N. Indeed, let k£ € N, such that k > N. By choosing f,x €
(7))~ Y(U), such that LE f.; € (7)~1(V), we obtain that f,; o7, € U and

Lk(fnk o 7Tn) = (Lﬁfnk) O Ty = ’/T;;(Lf;fnk) eV
Thus, LF(fur, 0 m,) € L¥(U) NV, and the assertion follows. O
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Before proving that convolution operators on H(CY) are Li-Yorke chaotic,
we will prove a characterization of Li-Yorke chaos that involves the existence
of semi-irregular vectors. This characterization was obtained by Bernardes Jr.
et al. [8] for operators on Fréchet spaces. We will generalize this fact for Haus-
dorff topological vector spaces. The definition below is known for Fréchet
spaces.

Let FE be a Hausdorff topological vector space and let T' be an operator on
E. A vector z € F is said to be a semi-irreqular vector for T, if the sequence
(T"x)$2_, does not converge to zero but has a subnet converging to zero. It is
easy to see that (z,y) € F x F is a Li-Yorke pair for T, if and only if x — y is
a semi-irregular vector for 7'

As was mentioned in [8], the notion of semi-irregularity makes sense only for
infinite-dimensional spaces. Indeed, an easy application of the Jordan form im-
plies that there are no semi-irregular vectors for operators on finite-dimensional
spaces.

THEOREM 3.4. — Let E be a Hausdorff topological vector space and let T be
an operator on E. The following assertions are equivalent:

(i) T is Li-Yorke chaotic.
(ii) T admits a Li-Yorke pair.
(iii) T admits a semi-irregular vector.

Proof. — Since the implications (i) = (ii) = (iii) are immediate, we just need
to show that (iii) = (i). Let  be a semi-irregular vector for T'. Then for every
a, A € C, with a # A, the sequence {T"(ax — Az)}22; does not converge to
zero, but it has a subnet converging to zero. Hence, span{z} is an uncountable
scrambled set for T and, thus, T is Li-Yorke chaotic. O

As an immediate consequence of this theorem we obtain the following;:

COROLLARY 3.5. — FEwery hypercyclic operator on a separable topological vec-
tor space is Li-Yorke chaotic.

THEOREM 3.6. — Every non-trivial convolution operator on (H(CY),7) is Li-
Yorke chaotic.

Proof. — Let L be a non-trivial convolution operator on (H(CY), 7). We will
show that L has a semi-irregular entire function. Since L is not a scalar multiple
of the identity, it follows from Lemma 2.4(c) that there exists n € N such that
the convolution operator L, associated to L is not a scalar multiple of the
identity. So, L,, is a non-trivial convolution operator on H(C"), and it follows
from the classical result of Godefroy and Shapiro that L,, is hypercyclic. In
particular, there exists a semi-irregular function f,, € H(C") for L,,. If we set
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f = fnom, € H(CY), then f is a semi-irregular function for L. In fact, since
(6) L*f = (Lypfn) o mn = m, (L fn) ,  for every k € No,

it follows immediately from (6) that the sequence (L¥ f)2° ) has a subsequence
converging to zero. On the other hand, if L¥ f — 0 in the topology of (H(CN), 7),
then

LEfo =T oms (LEf,) = J5(LFf) - 0 in H(C™)

when k& — oo, but this contradicts the fact that f, is a semi-irregular function
for L,. Therefore, (L* )72, does not converge to zero, and so f is a semi-
irregular function for L. Applying Theorem 3.4 we obtain the desired result.

O

COROLLARY 3.7. — Every non-trivial convolution operator on (H(CY),7) is
mixing and Li- Yorke chaotic.

REMARK 3.8. — Bonet’s example 7 acting on the non-complete normed space
£ is a mixing operator that is not Li-Yorke chaotic, because each vector of £
has a finite orbit. Consequently, there is no semi-irregular vector for 7. On
the other hand, Corollary 3.7 and Example 3.2 give operators on complete non-
metrizable, locally convex spaces that are mixing and Li-Yorke chaotic (note
that, in Grosse-Erdmann’s example, if we choose a hypercyclic vector x for T,
then (z,0,0,...) € @, {2 is a semi-irregular vector for S). So, the following
question arises:

Is every mixing operator on a complete non-metrizable topologi-

cal vector space Li-Yorke chaotic?

Alfred Peris Manguillot kindly communicated to us the following example,
which shows that the answer is negative:
Consider

¢ = {(x,) € CY,; there is some m € N such that x,, = 0 for all n > m}

equipped with its natural locally convex topology, which is the strongest one
that can be defined on it. With this topology, ¢ is a complete non-metrizable
locally convex space (for details, see [12, p. 591] or [32, p. 56] or [33, p. 200]).
Consider the operator T'= I 4+ B on ¢, where [ is the identity operator, and
B is the backward shift on . By [25, Example 12.17] T is mixing. Note that
T is not Li-Yorke chaotic, since there is no semi-irregular vector for T'. Indeed,
for x € ¢, x = (x1,...,%k,,0,0,...), with g, # 0, it follows that the ko-th
coordinate of T"x is xy,, for all n € Ng. Hence, (T" )52, does not have subnet
converging to zero.
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SUR LA REPRESENTATION DES ENTIERS PAR LES FORMES
CYCLOTOMIQUES DE GRAND DEGRE

PAR ETIENNE FOUVRY & MICHEL WALDSCHMIDT

RESUME. — Pour chaque entier d > 4, nous étudions la suite des entiers positifs
représentés par une des formes binaires cyclotomiques ®,,(X,Y’) pour les n positifs tels
que @(n) > d. Le cas d = 2 a été étudié dans notre précédent texte avec C. Levesque
(« Representation of integers by cyclotomic binary forms », Acta Arith. 184 (2018),
no. 1, p. 67-86, http://arxiv.org/abs/1701.01230). Notre démonstration repose sur
une variante d’un énoncé de C.L. Stewart and S.Y. Xiao (« On the representation of
integers by binary forms », Math. Ann. 375 (2019), p. 133-163, http://arxiv.org/
abs/1605.03427) concernant les valeurs communes prises par deux formes binaires de
méme degré et de discriminants non nuls. Toutes les constantes sont effectivement
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1. Introduction

Rappelons ([6]) que la suite (®,(X,Y)),>1 des formes cyclotomiques est
définie par la formule de récurrence

X" =y =[] ®(X,Y).
k|n
Le polynéme ®,(X,Y) est homogéne de degré p(n) (¢ fonction indicatrice
d’Euler) et il est relié au polyndme cyclotomique ¢,,(t) € Z[t] par la formule
P, (X,Y) =Y*M4,(X/Y).
Puisque, pour n > 3, le polynéme ¢,,(t) n’a aucun zéro réel, on a donc 'inégalité
o (2, y) > max(|a]7), |y[#),

uniformément sur x et y réels.

Pour N > 2 et d entier pair, on désigne par A4(N) le cardinal de I’ensemble
des entiers 1 < m < N tels qu'il existe un entier n et des entiers (z,y) vérifiant
les trois conditions

p(n) = d,
(1) ,(z,y) =m,

max(|z|, |y[) = 2.
On s’intéresse au comportement asymptotique de Ag(N) pour d fixé et N
tendant vers l'infini. Il est alors sage d’introduire la derniére condition de (1)
puisque pour tout p premier on a ®,(1,1) = p et le cardinal des p < N masque-
rait le terme principal de lestimation qui sera donnée en (6). Par convention,

nous réservons la lettre p aux nombres premiers. Enfin, si n est un entier impair,
on a l'égalité

D,,(X,Y) =9,(X,-Y).
On peut ainsi ajouter, aux conditions de (1), la condition de congruence
(2) n # 2 mod 4,

sans modifier ’étude de A4(N).
Appelons totient toute valeur prise par la fonction ¢. La suite croissante des
totients est ainsi

T:={1,2,4,6,8, 10, 12, 16, 18, 20, 22, 24, 28, 30, ...}.

Cette suite contient la suite des p — 1 mais reste mystérieuse a de nombreux
points de vue (on se reportera avec profit aux articles de Ford [4] et [5] traitant,
entre autres choses, de la fonction de comptage de la suite ¥ et du nombre
de solutions & 1’équation p(n) = d). Il est naturel de restreindre 1’étude de
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A4(N) au cas ou d est un totient pair. L’étude de A(N) a été traitée dans [6,
Théoréme 1.3] ou il est prouvé qu’il existe deux constantes Cy = 1,403132. ..
et C%, =0,302316... telles que, uniformément pour N > 2, on a 1’égalité

N , N N
T~ L2 s T0| ——3 )
(log )= (log N)3 (log )2
Les constantes Cy et C4 se définissent au moyen des valeurs, au point s = 1,
de certaines fonctions de Dirichlet L(s,x) ou x est le caractére de Kronecker

attaché aux corps quadratiques de discriminants —4, —3 et 12.
Pour un totient d > 4, les outils de [6] conduisent & la majoration

(3) A (N) = Cy

(4) A4(N) = O(N (log N)1-161),

(voir corollaire 4.11 et sa preuve ci—dessous).

Par rapport a [6], le présent travail innove en injectant résultats et méthodes
de [9] que nous décrirons au §2. Contentons—nous pour 'instant de donner
notre résultat principal qui améliore notablement (4). Pour son énoncé, nous
introduisons les notations suivantes :

e sid est un totient, on note d' le successeur immédiat de d dans la suite T.
e pour d entier > 3, on pose
2/9+73/(108v/3) sid =3,
(5) na =1 (1/2+9/(4Vd))/d si4d<d<?20,
1/d pour d > 21.

On prouvera donc le

THEOREME 1.1. — Soit d > 4 un totient. Alors, il existe une constante Cyq > 0,
telle que, pour tout € > 0 et uniformément pour N > 2, on a [’égalité

(6) Ad(N) = CaNT + O(N# ) + O-(N"+9),

REMARQUE 1.2. — La formule (6) est d’autant plus précise que df — d est

grand. Ainsi, dans le cas particulier ou d > 6, la minoration triviale
d'>d+2,
réduit la formule (6) en sa forme plus grossiére

Ag(N) = CyN7 + O(N7T2).

REMARQUE 1.3. — Le théoréme 1.1 suppose d > 4. La formule (3) correspond
donc au cas d = 2. Mais, par la présence au dénominateur du facteur (log N )%7
elle differe notablement de (6). Cette différence s’explique comme suit. Il y a
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trois formes cyclotomiques de degré 2. Ce sont les trois formes quadratiques
binaires
(7) P3(X,Y)=X?+ XY +Y? y(X,Y)=X?>+Y? et

Ps(X,Y) = X% - XY +Y2
Puisque ®4(X,—-Y) = ®3(X,Y) les formes Pg et P53 représentent les mémes
entiers. Mais les formes @3 et &4 a la différence des formes cyclotomiques de
degré au moins 4, ont un nombre infini d’automorphismes comme définis au

§4.4. Par exemple on a Aut®, = O(2,Q) (le groupe des matrices orthogonales
2 x 2 & coefficients dans Q).

L’objet des théorémes 1.4 et 1.6 est de compléter la formule (6). Nous pré-
cisons d’abord la constante Cjy.

THEOREME 1.4. — Soit d > 4 un totient. La constante Cy de la formule (6)
vérifie l’égalité

(8) Cd = Z Wnp, A@n

nZ2 mod 4
p(n)=d
ot
1 .
2 sidin,
) wo= 1
5 sid|n,
et

A, = // dzdy.
@, (z,y)<1

Voici deux exemples dans lesquels la formule (8) donnant la valeur de la
constante Cy se simplifie.

1. Soit p > 5 un nombre premier de Sophie Germain, c’est-a-dire tel que
le nombre ¢ = 2p 4 1 soit premier. Alors ¢ est 'unique entier # 2 mod 4
tel que p(£) = 2p et on a I'égalité

1
CQp = ZAq:.g.

On conjecture qu’il y a une infinité de nombres premiers de Sophie Ger-
main.
2. Supposons que d > 4 est une puissance de 2, disons d = 2*.

On désigne par M l’ensemble des nombres entiers m > 1 dont le dé-
veloppement binaire m = 2% 4 292 + ... 4 2% est tel que chacun des
nombres F,, = 22" + 1 est premier (nombre premier de Fermat). L’en-
semble M contient les entiers 1,2,3,...,31; on ne connait pas d’autre
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élément de M. Pour chaque m € M vérifiant m < k, on définit
lp(m) = 2" F, F,, - Fa,,

de sorte que p(¢x(m)) = 2. Les entiers n # 2 mod 4 tels que p(n) = d
sont d’une part n = 2d, qui est multiple de 4, d’autre part les £x(m)
avec m < k, qui sont aussi multiples de 4, et enfin, si k € M, £ (k)/2
qui est impair, avec A@k(m = A<sz<k>/z- Alors

éAcpzd + é Z A@Zk(m) sik ¢ M,
Ca=11 1 e 1
gAea + 3 ;A%(m) + A, SikEM,
m<k
avec
he = /°° At 20(1/dy?
2d oo (L t4)2/d d T'(2/d)

(cf. §6.1 et [9, Corollaire 1.3 et § 5]).

Nous montrerons que ’on a

lim A<I>n =4,

n—o0

C’est une conséquence de I’énoncé plus précis suivant, concernant le domaine
fondamental cyclotomique O,, défini par

On = {(z,9) €R? | ®p(z,y) <1}

THEOREME 1.5. — Soit € > 0. Il existe ng = ng(e) tel que, pour n > ng, le
domaine fondamental cyclotomique O,, d’indice n contient le carré centré en O
de coté 2 — n~ 11 et est contenu dans le carré centré en O de coté 2 +n~1+e.

Enfin nous discutons de l'optimalité de la formule (6)

THEOREME 1.6. — On adopte les notations du théoréme 1.1. Soit d > 4 un
entier tel que d et d + 2 soient des totients. Il existe une constante positive
vg > 0 telle que pour N suffisamment grand, on ait l’inégalité

.Ad(N) > CdN% —‘rUdN‘f?.

REMARQUE 1.7. — 1l est naturel de conjecturer qu’il y a une infinité de d tels
que d + 2 soit aussi un totient : c’est une conséquence de la conjecture des
nombres premiers jumeaux. Enfin, on peut tout a fait envisager des énoncés
analogues sous I’hypothése df = d + v oll v est un entier pair fixé. Cette
extension nécessiterait une adaptation des propriétés de confinement décrites
aux §4.1, §4.2 et §4.3.
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2. Valeurs prises par une forme binaire

L’objet de cette section est de décrire précisément le résultat de Stewart et
Xiao [9]. Ce résultat déja mentionné plus haut est a la base de notre travail.
Dans toute cette section F' = F(X,Y") est un polynéme homogene de Z[X,Y]
de degré d > 3. On dit alors que F est une forme binaire de degré d. Un entier
m est dit représenté par une forme binaire F' s’il existe (x,y) € Z? tel que
F(z,y) = m. On désigne par Rp(N) le cardinal de I’ensemble des entiers m
représentés par F' et vérifiant 0 < |m| < N. On appelle automorphisme de F

toute matrice U de G1(2,Q)
U= (Ul U2> 7
us uUg
telle que

Muni de la multiplication des matrices, I’ensemble des automorphismes de F'
forme un sous—groupe fini de G1(2,Q), noté AutF'. Il existe alors une ensemble
G de dix sous—groupes finis de Gl(2,Z) tel que que pour toute forme binaire F’
de degré d > 3, il existe T € Gl(2,Q) et un unique G € G vérifiant

AutF = TGT .

L’ensemble G contient en particulier les deux groupes suivants

1. Dy, groupe diédral a quatre éléments, engendré par

()« (0" 5).

2. Dy, groupe diédral a huit éléments, engendré par

(1) = (%o)

A partir de la décomposition précédente, Stewart et Xiao construisent un
nombre rationnel Wg (voir [9, Theorem 1.2]) dont la définition, de nature
algébrique, est longue puisqu’elle envisage les dix possibilités pour G. Disons,
pour mémoire, que Wg tient compte des déterminants des réseaux de Z2? dont
l'image, par certains sous—groupes de AutF, est incluse dans Z2. En vue des
applications, nous nous restreignons a deux cas particuliers

1. Cas ot G = Dy. Soit A le sous—réseau des éléments (v, w) € Z? tels que,

pour tout A € AutF on ait A (Z) € Z2. On pose alors

(11) WF:%(1—M).
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2. Cas ou G = Dy. D’abord A est défini comme précédemment. Le groupe
AutF possede exactement trois sous—groupes de cardinal 4, notés Gy,
G4 et Gs. On désigne par A; (1 < i < 3) le sous—réseau des éléments
(v,w) € Z? tels que, pour tout A € G; on ait A (::}) € 7Z2. On pose

alors

1 1 1 1 5
12 We =5 (1 g ~ )]~ A )

Ap = // dzdy,
[F(z,y)|<1

I’aire de la région fondamentale associée a F'. Enfin, pour d > 4 entier pair,
nous introduisons la constante 3} définie par

gt — 3/(dvVd) pour d=4,6, 8
“7 174 pour d > 10.

Notons

(13)

Nous pouvons maintenant énoncer le résultat fondamental de [9, Theorem 1.1].

THEOREME 2.1. — Pour tout d > 3 il existe une constante B4 < 2/d ayant
la propriété suivante : Pour toute forme binaire F' de degré d, de discriminant
non nul, pour tout € > 0, on a, uniformément pour N > 2 l’égalité

(14) Rp(N) = Ap WpN# + Op(NFPate).

Si, dans la formule (14), on se restreint aux formes binaires F de degré pair
d > 4, de discriminant non nul, sans facteur linéaire réel, on peut donner a Bq
la valeur B, définie en (13).

3. Valeurs communes a deux formes binaires

Aux formes binaires F} = F1(X1, X2) et F» = F5(X3,X4) on associe les
deux fonctions de comptage suivantes :
1. Pour B > 2, Np, g,(B) est le cardinal de 'ensemble

{(.231,%‘2,333,.734) S z* | z:qlg,)é A |332| < B,Fl(xl,acg) = FQ(I3,J)4)}.
2. Pour N > 2, Rp, r,(N) est le cardinal de I’ensemble
{n| |n| < N,n = Fi(x1,22) = Fo(x3,24), pour certains (z1, za, rs,x4) € 24}.

Généralisant la définition (10), on dit que Fy et Fy sont isomorphes s'il existe
U € G1(2,Q) tel que

(15) Fi(X1, X2) = Fo(u1 X1 + uaXo, us X1 + usXo).
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En particulier deux formes isomorphes ont méme degré. Nous prouverons au

§3.1le

THEOREME 3.1. — Soient Fy et Fy deux formes mon isomorphes de méme
degré d > 3. On suppose de plus que les discriminants de Fy et de F» sont non
nuls et qu’au moins une des formes F; n’est pas divisible par une forme linéaire
non nulle @ coefficients rationnels. Alors, pour tout € > 0 on a la majoration

(16) N, p,(B) = O(B™¥9),

ot ng est défini en (5).

REMARQUE 3.2. — La condition que I'une des formes Fj et F5 ne contient pas
de facteur linéaire sur Q est importante. Considérons les deux formes

Fi(X1,X,) = X1 (X2 + X2
et
Fy(X3,X4) = X3(X3 +2X3).

Elles ne sont pas isomorphes. L’égalité Fy(0,22) = F3(0,24) = 0 implique
inégalité N, g, (B) > B2, ce qui est supérieur a la partie droite de (16).

Du théoreme 3.1 nous déduirons le

COROLLAIRE 3.3. — Soient Fy et Fy deux formes vérifiant les hypothéses du
théoréme 3.1. On suppose de plus que les deux formes Fy et Fy sont définies
positives. Alors pour tout € > 0 on a l'inégalité

Rp, F, (N) < Nnate,

Démonstration du corollaire 3.3. — Les hypotheses impliquent les inégalités
| Fy (1, 22) | > max(|z{], |25]) et | Fa(xs, v4) | > max(|25], |25]),
uniformément pour x; € R. Par conséquent, si on a
—N < Fy(z1,22) = Fp(x3,24) < N,
on a alors

max |z;| < N.
=1,2,3,4

1=1,4,9,

11 suffit alors de remplacer B par O(N#) dans la majoration (16). O
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3.1. Preuve du théoreme 3.1. — Puisque les formes F et Fy sont de discrimi-
nants non nuls, I’hypersurface X de P3(C) définie par I’équation

(17) XIFl(Xl,Xg)—FQ(X37X4) =0
est lisse. Nous inspirant de [9], nous décomposons Ng, r,(B) en

1 2
(18) Nrra(B) = Ny, (B) + N, (B) + 1,
ou
. Ng?Fz (B) est le nombre de quadruplets non nuls (21, xo, 3, 24) de Z*, vé-
rifiant max |z;| < B, et tels que le point projectif associé (z1:xq:x3:24)
appartienne & X, mais ne se situe pas sur une droite (complexe) contenue
dans X,
. g)FQ (B) est le nombre de quadruplets non nuls (21, xo, 3, 24) de Z*, vé-
rifiant max |z;| < B, et tels que le point projectif associé (x1:xg:x3:x4)
appartienne a une droite (complexe) contenue dans X.

Nous prouverons d’abord la

PRrROPOSITION 3.4. — Pour tout € > 0 et uniformément pour B > 1, on a
l’inégalité

N, (B) < Binate,
Puis la
ProprosITION 3.5. — Uniformément pour B > 1, on a l'inégalité
N2 (B) < B.
En combinant ces deux propositions et la formule (18) on compléte la preuve

du théoreme 3.1.

3.1.1. Preuve de la Proposition 3.4. — Six = (21 : T2 : x3,: ¥4) est un point
de P3(Q), on désigne par h(x) la hauteur de x, c’est-a-dire le maximum des
|;|, si (z1, 2,23, 24) est un quadruplet d’entiers premiers entre eux dans leur
ensemble, représentant x. Notons aussi NV)(X, B) le cardinal de I’ensemble
des x de P?(Q) appartenant & X mais non situés sur une droite contenue dans
X et de hauteur h(x) < B. En décomposant suivant la valeur § du pged de
(z1,x2,x3,x4) on déduit 'inégalité

(19) N By < S NOEX, B/o).

1<6<B
Un résultat de Salberger [7, Theorem 0.1], donne 'inégalité
N(l)(Y, B) <« Bina+e
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valable pour toute surface projective Y C P"*(Q), géométriquement intégre de
degré d > 2. La surface X vérifie cette propriété. En effet supposons qu’il existe
des polynomes A et B de degré > 1 tels que

Fi (X1, X2) — F5(X3,Xy) = A(X1, X, X3, X4)B(X1, X2, X3, X4).

Calculant les dérivées partielles par rapport a chacun des X;, on voit que tout
point (w1 : z9 : 3 : 24) de P3(C) tel que

A($1,$2,x3,$4) = B(I’l,$2,$3,x4) = 07

est un point singulier de X. Puisqu’on est dans P3(C), les deux surfaces d’équa-
tion A = 0 et B = 0 ont une intersection non vide. Ainsi X serait singuliere, ce
qui contredit la propriété de lissité énoncée au §3.1.

11 suffit de sommer sur § < B I'inégalité (19) pour compléter la preuve de la
Proposition 3.4.

3.1.2. Droites contenues dans X. — Afin de démontrer la Proposition 3.5,
nous donnons des conditions nécessaires pour qu'une droite projective de P3(C)
appartienne a X en exploitant le fait que dans I’équation (17) définissant X, les
paires de variables (X7, X3) et (X3, X4) sont séparées.

LEMME 3.6. — Sous les hypothéses du théoreme 3.1, si une droite projective
de P3(C) appartient a Uhypersurface X définie par (17) et contient un point
rationnel, elle est définie par des équations

{Xl = w1 X3 + us Xy

(20)
Xo = uz X3 +us Xy,

ot l'un au moins des u; est irrationnel.

Démonstration. — Pour a = (a1, as, as, aq) et b = (b1, ba, bs, by) deux quadru-
plets non nuls et non proportionnels de nombres complexes, on suppose que la
droite projective Dy, de P3(C) définie par les équations

{a1X1 +asXo+ a3 X3+ a1 X4 =0

(21) Dab :
b1X1 + b2X2 + b3X3 + b4X4 =0

est contenue dans X et contient un point rationnel.
e Sia; = ax = 0 et az # 0, on substitue X3 = —(aq/a3)Xy dans la

deuxiéme équation de (21) qui devient ainsi

asbs — asb
(22) by X1 4 by Xy = %X&
3
— Si agbs — azby = 0, cela signifie que X contient une droite de la
forme

a3 X3+ as X4 =0
(23) {33 484

b1 X1 +bX5 =0.
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Exploitant la forme particuliére de 1’équation (17) définissant X, on
déduit

b1 X1 + by Xo divise Fy (Xl,Xg) et az X3 + a, Xy divise FQ(X37X4).

Compte tenu de ’hypothese sur les F;, ces conditions de divisibilité
contredisent I’hypothese qu’il y a un point rationnel sur la droite
définie par (23).

— Si agbs —azby # 0, on remplace X3 par la valeur donnée par la pre-
miére équation de (21) et X4 par la valeur donnée en (22) condui-
sant a

F1(X1,X2) = Fa(X3, X4) = (ashs — azbs) " Fa(—ay, az) (b1 X1 + b2 X>)?,

ce qui contredit ’hypothése que le discriminant de F} est non nul.
e Sia; = ay = 0 et ag # 0, par le méme type de raisonnement suivi
précédemment, on est ramené au cas ou (a,as) # (0,0).
e Par symétrie, on suit le méme raisonnement dans les trois cas suivants :
sia3=a4=O, Sib1:b2200u51b3:b420.
e En conclusion de la discussion précédente, nous avons prouvé que si
Da b, contenue dans X, posséde un point rationnel, on a nécessairement

(24) (0,170,2), (ag,a4), (bl,bg), et (bg, b4) sont 7’5 (0,0)

e Supposons maintenant ai1bs = asb; et a; # 0. Multipliant la premiere
équation de (21) par —b; et la seconde par aq, on obtient que dans ce
cas le systeme d’équations définissant D, p, est équivalent a

a1 X1 +azXs +a3X3+as Xy =0
(a1b3 — Clgbl)Xg + (alb4 — a4b1)X4 = 0
Or (24) a éliminé le cas (b1, b2) = (0,0). On en déduit que 'hypothese a1be =
azby et a; # 0 est impossible.

e Supposons maintenant a1bs = asby et as # 0. Mais ce cas est impossible
par un raisonnement identique. Puisque par (24) le cas (a1,a2) = (0,0)
est interdit, on est ramené a supposer que a1bs # asb;.

e Pour finir on suppose donc que aiby # agby. Par résolution d’un systéme
(2,2) en les inconnues X; et X5 et de déterminant non nul, on voit que
le systéme (21) est équivalent &

X1 = u1 X3+ ux Xy
Xo = u3 X3 + ug Xy,

ou les u; sont des nombres complexes. On a donc 1’égalité
(25) Fr (X3, X4) = Fr(u1 X3 + uo Xy, us X3 + ua Xy).
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— Si det (4! w2) = 0, cela signifie que par exemple, on a, pour un
certain A complexe, 'égalité us X5 + ua Xy = Musz X3 +usXy) donc
en reportant, on déduit ’égalité

Fy(X3,X4) = (us X3 + ua Xa) F1 (M, 1),

ce qui contredit ’hypothése de non nullité du discriminant de F5.

— Si det (i u2) # 0, par (25) on voit que les formes Fy et Fb sont
isomorphes par un changement de variables linéaire a coefficients
complexes. L’hypothése de non isomorphisme, sur G1(2,Q), de F;
et F5 implique que parmi les u; I'un au moins est irrationnel.

Ceci termine la démonstration du lemme 3.6. O

3.1.3. Preuve de la proposition 3.5. — On sait que pour tout d > 3, il existe
un entier £(d), tel que, toute surface lisse de P3(C) de degré d contient au
plus £(d) droites. Pour des études fines concernant cette constante ¢(d) on se
reportera a [8] et & [3] par exemple.

Gréce au lemme 3.6, on est ramené a dénombrer ’ensemble des quadruplets
d’entiers (x1,...,24) avec max |z;| < B, vérifiant

T1 = U1T3 + U2T4
T2 = U3T3 + UsTq,
sachant que I'un au moins des u; est irrationnel. Disons que c’est u;.
e si dimg(1,u1,u2) = 3, la seule solution en (1, r3,z4) € Z3 de I'équation
1 = uixs + ugxy est (0,0,0),
o si dimg(1, u1,u2) = 2, on exprime uz = a + buy, avec a et b rationnels
et on est ramené a 1’équation

1 — azxy = (x3 + brg)us,

qui implique z1 — axy = x3+bxry = 0. Donc le systeme (20) admet O(B)
quadruplets (z1,...,z4) solutions de hauteur inférieure & B.

Ceci termine la preuve de la proposition 3.5.

4. Quelques propriétés des formes cyclotomiques

Dans ce paragraphe nous prouvons quelques résultats généraux concernant
les formes cyclotomiques ®,(X,Y) dont le degré est d = ¢(n). Ces divers
résultats seront nécessaires lors de la preuve des théoremes 1.1, 1.4, 1.5 et 1.6.
En particulier les résultats des sections §4.1, §4.2 et §4.3. ne seront utilisés que
pour la preuve du Théoreme 1.6. Nous rappelons d’abord plusieurs formules
classiques sur les ®,,(X,Y"). Ces formules ne sont que la version homogene des
formules correspondantes sur les ¢, (x).

Nous rappelons certaines notations et conventions : si n > 1 est un entier,
on désigne par p(n) la valeur de la fonction de Mobius, w(n) est le nombre de
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facteurs premiers distincts de n, k(n) est le radical de n, ¢’est-a—dire le produit
de tous les premiers divisant n, d(n) le nombre de diviseurs. On dit que deux
nombres rationnels u et v sont congrus modulo le nombre premier p si on a
u — v € pZy, ou Z, est 'anneau des entiers p-adiques.

Sim > 2 est factorisé en n := p"m, avec p{m et r > 1, la forme ®,, vérifie
les identités suivantes

(I)n(Xv Y) = H(Xd - Yd)u(n/d)v
d|n

@, (XP",Y?P")
(bm(XpT_l’YpT_l),

(26) 3,(X,Y) =
@n(X, Y) — q)pm(Xpr_l 7 Ypr—l).

Par itération de cette derniere formule, on parvient a

(27) ‘I)n(X, Y) = @K(n) ()("L/"ﬁ(n)7 YTL/H(H)).

Nous rappelons quelques valeurs de ¢,, en certains points :

0 sin=1,
(28) dn(1)=qp sin=p" (k>1),
1 siw(n)>2,
et
-2 sin=1,
Gns2(l) sin>2,2|n,
(29) (1) =<1 sin>3,2¢tn,
1 sin >4, 4n, n #2°
2 sin>4, n=2"

Pour majorer les coefficients de ®,, nous utiliserons le résultat suivant, di a
P. Bateman [1, p.1181]. Quand P est un polyndme, nous désignons par L(P)
(longueur de P) la somme des valeurs absolues des coefficients de P.

LEMME 4.1. — Pour toutn > 1, on a

L(¢y,) < nd)/2

Les majorations classiques des fonctions arithmétiques d(n) et ¢(n) im-
pliquent alors que pour tout € > 0 et pour n suffisamment grand, on a

(30) p(n)L(n) < e
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4.1. Propriétés de confinement modulo p. — Nous prouvons que pour tout a
et b entiers ®,,(a,b) est, pour tout m divisant n, restreint a quelques classes de
congruence modulo m.

PROPOSITION 4.2. — Soient n > 2 et p un premier divisant n. Alors pour tout
aetbdeZ ona

(31) D, (a,b) =0, 1 mod p.

Démonstration. — Remarquons d’abord que lorsque p = 2 ou lorsque b =

0 mod p, ’énoncé précédent est trivial. Enfin on peut se restreindre au cas
b, 1% 1%
n sans facteur carré.

C’est une conséquence de l'inclusion des images ®,,(Z,Z) C @, n)(Z,Z), qui
se déduit directement de (27). Commencons par le cas ot n est un nombre
premier. On a

LEMME 4.3. — Soient p > 3 un nombre premier, a et b deux entiers. Alors on
a les congruences

1. Sia#bmodp, on a
®,(a,b) =1 mod p,
2. Sia=bmodp, on a
®,(a,b) = pa?~* mod p?.

Démonstration du lemme 4.3. — C’est une conséquence de la formule a? =
a mod p. Dans le premier cas, on écrit

®,(a,b) = (a®? —b")/(a—b) = (a —b)/(a —b) = 1 mod p.
Dans le second cas, on écrit
®,(a,b) =aP™t +aP b+ +abP 24P

on pose b = a + pt avec t entier et on développe suivant la formule du bindéme
pour obtenir le résultat. O

Poursuivons la démonstration de la proposition 4.2. On suppose donc que n
est sans facteur carré et on pose

n=pm =pp2- Pt
Par itération de (26), on a I’égalité
(32) Op(a,b) = [ @p(am,pmyrim/m),
mi|m
Ceci nous amene a décomposer le produit & droite de 1'égalité (32) en

®,(a,b) = ®! (a,b)®,(a,b),
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ou <I>IL correspond & la condition a™* #Z ™! mod p et ® le produit complé-
mentaire. Par le lemme 4.3, on a ®,(a™*,b™') = 1 mod p si et seulement si
a™ # b™ mod p. Ceci implique que ®] (a,b) est un nombre rationnel qui est
produit et quotient d’entiers congrus a 1 mod p. C’est donc un nombre rationnel
congru a 1 mod p.

Par définition, on a 1’égalité

(33) P, (a,b) := H O, (a™, b™ )u(m/ml)_
my|m

(a/b)™1=1 mod p

D’apres ce qui précede, pour compléter la preuve de la congruence (31), il reste
a prouver que én(a, b) est un rationnel congru a4 0 ou 1 mod p.

Soit ¢ 'ordre de (a/b) modulo p. Ainsi ¢ divise p—1 et le produit apparaissant
dans (33) est sur les m; tels que

¢ divise my et my divise m.

Ce produit est vide lorsque £ { m; c’est par exemple le cas si a Z b mod p et si
(p—1,m) = 1. On suppose donc que ¢ | m. Quitte & réindicer les p;, on peut
supposer que £ est de la forme
t=ps-pp,
avec 1 < r < t, avec la convention que £ = 1 si » = 1. Posant alors h =
Pri1 - pe = m/l et my = €may, on récrit la définition (33) comme
(34) O (a,b) = [ @pla™,pim2)rh/m2),
mal|h
On articule la discussion suivant plusieurs cas.

e si h =1, le produit apparaissant dans (34) ne contient qu’un seul terme
a savoir @, (a’,b?). Il est congru & 0 mod p, d’aprés le lemme 4.3.2.
e si h # 1, en utilisant la formule de Mobius, on écrit (34) sous la forme

a’mz ptmz) )u(h/mz)

.(a,b) = [ (@p( .

TVLQUI

)

ol maintenant chaque fraction du produit est congrue & a‘™2(P—1) mo-
dulo p (lemme 4.3.2). Ainsi chacune de ces fractions est un entier premier
a p. Le nombre rationnel ®,,(a,b) vérifie donc

z afmz(Pfl) Zmﬂh u(h/mz)

®,,(a,b) = = 1 mod p,

en utilisant de nouveau la formule de Mébius. Ceci termine la preuve de
la proposition 4.2. O
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4.2. Propriétés de confinement modulo 9. — Par la proposition 4.2, on sait
que si 3 |n, on a ®,(a,b) =0, 1 mod 3. Ce n’est pas assez satisfaisant pour la
future application. Nous utiliserons une version plus précise avec la

PRrROPOSITION 4.4. — Soit k > 2. Alors pour tout a et tout b entiers, on a la
congruence
®3i(a,b) =0, 1, 3mod 9.

Démonstration. — Les cubes modulo 9 forment ’ensemble
9(9) :={0, 1, —1}.
Or
®3(u,v) = u® 4+ uv + 2.
Si u et v parcourent ’ensemble 9(9) on voit que ®3(u,v) parcourt I’ensemble
£ =10,1,3 mod 9}.
Pour terminer la preuve de la proposition, il suffit d’utiliser le fait que
3k—1 3k—1
O3k (a,b) = P3(a” 07 ),
conséquence de (27). O

4.3. Propriétés de confinement modulo 4. Nous envisageons maintenant le cas
ol n est pair. Par la remarque (2), on peut méme supposer que 4 | n et on écrit
que 2%||n avec k > 2.

1. Soit a pair et b impair. Par application itérée de (26), on voit ®,,(X,Y)
est produit et quotient de polynémes de la forme ®,x (X, Y) ol « est
un nombre impair. Puisque ¢ (X,Y) = X2° " + Y2 et k > 2, on
déduit que Pyr(a®,b*) =0+ 1 =1 mod 4 et, par conséquent, que

P, (a,b) =1 mod 4.

2. Soit a et b pairs. Puisque ®,,(X,Y) est somme de mondémes de la forme

Cup XHY"Y avec u+v = ¢(n) et ¢, entier, on voit que 4 | ¢, ,a*b”, d’ott
®,,(a,b) = 0 mod 4.

3. Supposons a = b = 1mod4. On écrit ®,(a,b) = b¥Me,(a/b) =
#n(1) mod 4. Et, d’aprés (28), ceci vaut 2 mod 4 si n = 2% avec k > 2
ou 1 mod 4 si n # 2F. D’ou

®,,(a,b) =1, 2 mod 4.

4. Supposons a = —b = 1mod 4. On écrit ®,(a,b) = b¥Me, (a/b) =
¢n(—1) mod 4. Il suffit d’appliquer les deux derniéres lignes de (29) pour
conclure que 'on a, dans ce cas

®,,(a,b) =1, 2 mod 4.

5. Supposons a = —1 mod 4. On utilise la relation ®,(a,b) = ®,(—a,—b)
valable pour n > 3.
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Nous rassemblons ces divers résultats sous la forme de la

PROPOSITION 4.5. — Soit n un entier divisible par 4. Alors pour tout a et tout
b entiers, on a la congruence

D, (a,b) =0, 1, 2mod 4.

4.4. Automorphismes des formes cyclotomiques. — Soit ®,,(X,Y’) une forme
cyclotomique de degré d = ¢(n). Par la définition (10), rechercher les automor-
phismes de ®,, consiste & rechercher les matrices U de G1(2,Q)

o-(22)
Uz Ugq
telles que

(35) D, (X,Y) =P, (w1 X + uaY,uz X + ugY).

Cette égalité formelle entraine que I'ensemble U,, des racines primitives n—iémes
de 'unité est stable par 'application H de C dans C définie par
(36) 2 M) = A

U3z + Ug
Si U,, a au moins trois éléments (c’est-a—dire n > 5 et n # 6), il y a un cercle
et un seul contenant U,,. Il s’agit du cercle S' et celui—ci est stable par H.
Les transformations de C de la forme (az +b)/(cz + d) (avec (a,b,c,d) € C*
et ad — be # 0) laissant S! globalement invariant sont connues : il s’agit des
transformations z — pz et z — p/z avec p nombre complexe de module 1.
Ainsi la fonction H définie en (36) a nécessairement une des quatre formes

H(z) =2, —z, 1/z, —1/z,
puisque les u; sont des rationnels. Enfin pour tout n > 1, on a I’équivalence
¢Eel, = 1/£el,
et seulement pour n = 0 mod 4, ’équivalence
Eel, < —£€0U,.
Nous voyons donc que si
1. sin=0mod 4, et n > 8§, onaZlZiﬂ”:z7 —z, 1 -1
32+ug . z z
. u1z+us
2. 31n7‘é0mod4,n25etn;&6,onam—z, —z.
Revenant & la définition (35) et rappelant que ®,, est une forme homogene de
degré ¢(n) on obtient les matrices U :

1. Pour n=0mod 4, et n > 8, on a

g (£ 0 +1 0 0 +1 0 +1
“\o+1)7 Vo) \+10) \x10
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2. Pour n 20 mod 4,n >5et n# 6, on a

g (£ 0 0 +1
N0 £1/7 \£1 0 /)~
Les petites valeurs de n (celles vérifiant (n) = 2) se font directement grace aux

formes explicites données en (7). En notant Dy le groupe diédral a 2k éléments,
on obtient la

PROPOSITION 4.6. — Soitn > 3 un entier. Alors le groupe des automorphismes
Aut®,, de ©,(X,Y) est
Dy si 4 divise n,

Aut®,, =
" Dy dans le cas contraire.

Nous en déduisons :
COROLLAIRE 4.7. — Pourn >3, on a Wy, = w, ot wy, est défini par (9).

Démonstration. — Les groupes d’automorphismes des formes cyclotomiques
sont constitués de matrices a coefficients entiers. Ainsi, dans les définitions
(11) et (12), quand F est une forme cyclotomique, les réseaux A et A; sont
égaux a Z2, leur déterminant vaut 1. |

4.5. Isomorphismes entre formes cyclotomiques. Rappelons que la défini-
tion d’isomorphisme entre deux formes binaires a été donnée en (15). La pro-
position suivante caractérise les formes binaires cyclotomiques isomorphes.

PROPOSITION 4.8. — Soient ny et ng deuz entiers positifs avec ny < ng. Les
conditions sutvantes sont équivalentes.
(1) On a p(n1) = p(na) et les deuzx formes binaires cyclotomiques @, et
®,,, sont isomorphes.
(2) Les deux formes binaires cyclotomiques ®,, et ®,, représentent les
meémes entiers.
(3) ny est impair et ng = 2n;.

Les formes binaires cyclotomiques ®,,(X,Y") avec ¢(n) = d et n non congru
a 2 modulo 4 forment donc un systéme complet de représentants des classes
d’isomorphisme des formes binaires cyclotomiques de degré d.

La démonstration de la proposition 4.8 utilisera le lemme suivant :

LEMME 4.9. — Soit n un entier positif. Le groupe de torsion du corps cyclo-
tomique Q((,) est cyclique, d’ordre n sin est pair, d’ordre 2n sin est impair.

Démonstration du lemme 4.9. — Le groupe de torsion du corps cyclotomique
Q(¢n) est cyclique, d’ordre multiple de n. S’il est d’ordre supérieur a n, alors
il contient une racine primitive de 'unité d’ordre pn, avec p premier, dont le
degré est ¢(pn). On en déduit p(pn) = ¢(n), d’ott il résulte que p = 2 et que n
est impair. (]
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Démonstration de la proposition 4.8. — (1) = (3) Supposons ®,,, et D,,, iso-
morphes avec n; < ns. Il existe une matrice

(“1 “2) € GL,(Q)

us ug
telle que

U1Gn, + U2 )
u3Cn, + Ug

Cnl =

On en déduit que les corps cyclotomiques Q(¢,,) et Q(¢n,) coincident, et le
lemme 4.9 donne le résultat.
(3) = (2). Si ny est impair et ng = 2ny, alors ¢n, (t) = ¢n, (—t), donc les
deux formes binaires cyclotomiques ®,,, et ®,,, représentent les mémes entiers.
(2) = (1). En utilisant les notations du théoréme 2.1 et du corollaire 3.3,
nous avons, par hypothese les égalités

(37) Rq)l (N) = R<1>2 (N) = Rq)l,q’z (N)7

pour tout N > 1. Par le théoréme 2.1 la premiére égalité de (37) implique
v(n1) = ¢(n2). Enfin si ®,,, et ®,,, n’étaient pas isomorphes, le corollaire 3.3
entralnerait que la deuxiéme égalité de (37) serait impossible pour N suffisam-
ment grand. O

4.6. Résultats auxiliaires de comptage. — Notre démonstration du théoréme
1.1 au §5 utilisera I’énoncé suivant [6, Theorem 1.1].

THEOREME 4.10. — Soit m un entier positif et soient n,xz,y des entiers ra-
tionnels vérifiant n > 3, max{|z|, |y|} > 2 et @, (x,y) = m. Alors

2 1
max{|z|, |y|} < —=m#™ et par conséquent, p(n) <

V3

Nous en déduisons le

log m.
log3 &

COROLLAIRE 4.11. — Pourd > 2 et N > 1, on a la majoration
Aa(N) < 29N (log N) 161

Démonstration du corollaire 4.11. — D’apres le théoreme 4.10, les conditions
o(n) > d et ®,(x,y) < N impliquent max{|z|,|y|} < %N%. Notons que
Ag(N) = 0 pour N = 1 et N = 2. La condition max{|z|,|y|} > 2 permet
d’obtenir ¢(n) < é log N, donc n < 5.383(log N)116! (formule (1.1) de [6]).
Il en résulte que le nombre de triplets (n, z,y) tels que p(n) > det &, (z,y) < N
est majoré par

16
35.383N% (log N)*161, O
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5. Démonstration des théorémes 1.1 et 1.4
Pour n entier avec ¢(n) >4 et N > 1, on désigne par B, (NN) ’ensemble
(38) B,(N):={m < N |m=®,(a,b) avec max(|al,[b]) >2}.
Par le théoreme 4.10, on a I'implication
B, (N) # 0= ¢(n) < logN,
soit encore
B, (N) # 0 = n < log N logloglog N,

uniformément pour N > 10. Ainsi, par la définition de Ag4(IV) et par la restric-
tion (2), nous avons 'égalité

(39) AN =] U B
n#2 mod 4
p(n)>d

)

ou cette réunion porte sur un nombre fini de n.
Le terme principal dans Uestimation du cardinal de A4(N) sera

> [Ba)]:

n#2 mod 4
p(n)=d

L’égalité |Bn(N)‘ = Rg, (N) permet d’appliquer le théoréme 2.1 & chacun des
termes de cette somme :

’Bn(N)’ =As, Wd)"N% + O<1>“)5(N62+6),

Grace au corollaire 4.7, on a Wy, = w,. On obtient
(40) > [BaN)] = CuNT + Ot
n#2 mod 4
e(n)=d

avec la valeur de Cy annoncée dans la formule (8).

5.1. Minoration de A4(IN). — En restreignant le nombre de termes dans
Pégalité (39), on a la minoration

ANz B

n#2 mod 4
»(n)=d
(41) > > [Bu)| = DY |Ba (N)N B, (N)].
n#2 mod 4 ny<ns
p(n)=d e(n1)=¢p(n2)=d

ni, naZ2 mod 4

La premiére partie du membre de droite de (41) est traitée dans (40).
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Pour la seconde partie, on écrit 'égalité | By, (N) N By, (N)| = Re, s,,(N).
Par la proposition 4.8 les formes ®,,, et ®,, ne sont pas isomorphes. Le corol—
laire 3.3 donne ainsi la majoration

‘Bm(N) N B, (N ’ = O(N"Fe),
En conclusion, nous avons prouvé la minoration suivante de Ag(N) :
Ay(N) > CyNi — O(NPite) — O(N+e),
qui se simplifie en
(42) Ag(N) > CqaNT — O(N"+2),
puisque, d’apres (5) et (13), on a pour tout d > 4 pair, I'inégalité

(43) na > B
5.2. Majoration de A4(IN). — On écrit maintenant

AN 2| B+ An (),
Rt

dont on déduit la majoration

(44) AdNY < 7 [Ba(N)| + Agt (V).
i

Le premier terme de cette majoration a déja été traité en (40). Pour majorer
Ayt (N) on utilise le corollaire 4.11 avec d remplacé par d'. Revenant en (44),
on a donc prouvé la majoration

(45) Ad(N) < CqNi + O(NPi+e) + O(N# (log N)161).
Cette formule appliquée en remplacant d par d' donne la majoration
Ay (N) < N7

ou il n’y a plus de puissance de log N parasite. Reportant cette derniere majo-
ration dans (44), I'inégalité (45) est améliorée en

(46) Ag(N) < CdN% + O(NB;;Jrs) i O(Ndlf),

En combinant (42), (46) et l'inégalité (43), on termine la preuve de (6). Les
preuves des théoremes 1.1 et 1.4 sont complétes.
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6. Preuve du théoréme 1.5

6.1. Région fondamentale d’une forme binaire définie positive. — Quand F est
une forme binaire définie positive de degré d, on désigne par O(F’) I’ensemble
des (x,y) € R? tels que F(z,y) < 1. C’est un compact du plan euclidien rap-
porté au repére orthonormé (O, i, j) Il est délimité par une courbe algébrique
de degré d et de classe C*°, d’équation F(z,y) = 1. Rappelons (§ 1) que Ap
désigne 'aire de O(F). Le changement de variable (z,y) — (t,y) avec © = ty

donne
+oo dt
A :// dxdy:/ _
F F(z,y)<1 —o0 F(t7 1)2/d

Quand F' a ses coefficients algébriques, ce nombre est une période au sens de
Kontsevich — Zagier. L’article [2] est consacré au calcul de Ap.

On désigne par L(F') la longueur du polynéme F(X,1) et par m(F') le mi-
nimum de la fonction F'(¢,1) sur R. Comme F' est homogene de degré d, on a,
pour tout (x,y) € R?,

m(F) max{|z], [y} < F(z,y) < L(F) max{|z], [y[}*.

Il en résulte que O(F) contient le carré centré en O de coté L(F)~1/4

{(z,y) € B* | max{lz|,|y|} < L(F)""/7},

, & savoir

et qu’il est contenu dans le carré centré en O de coté m(F)~1/< .
{(x,y) € R? | max{|z|,|y|} < m(F)~¥}.
Par conséquent,

AL(F)™ %1 < Ap < 4m(F)~2/4,

6.2. Le domaine fondamental cyclotomique O,, pour n > 3. — Pour n > 3,
O, = O(®,) est la région fondamentale de la forme cyclotomique ®,, et son
aire est Ag, .

Pour n > 3, O, est symétrique par rapport a la premieére bissectrice et
symétrique par rapport au point O. De plus, si n est divisible par 4, O,, est
symétrique par rapport aux axes de coordonnées. Si n est impair, O, s’obtient
a partir de O,, par symétrie par rapport & un des axes de coordonnées.

Pour n = 4, Oy est le disque z? + 3% < 1 et

oo dt
A<I>4:/700 mZﬂ'.

Quand p est un nombre premier impair on a

too dt
Ap = .
% \/700 (1+t+t2+_.,+tp—1)(p—l)/2
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Par exemple Oz est I'intérieur de Uellipse 22 + 2y + 3y = 1 et

BT 1+t+2 3

6.3. Démontration du théoreme 1.5. — La démonstration du théoreme 1.5 re-
pose sur des estimations de ®,(t) : majorations et minorations. L’estimation
de m(¢,) donnée dans [6] ne suffit pas pour démontrer le théoréme 1.5.

Montrer que O,, contient le petit carré revient a démontrer, pour n suffi-
samment grand,

(47) ®,(z,y) <1 quand max{|z|,|y|} <1—n"1T

alors que montrer que O,, est contenu dans le grand carré revient a démontrer,
pour n suffisamment grand,

(48) ®,(z,y) >1 quand max{|z|,|y|} >1+n"1Te

Les relations @, (x,y) = ®,(y,z) = ®,(—z, —y) (pour n > 3) permettent de
se limiter au domaine |y| < z.
Si P € R[X] est un polynéme de degré d, on a

|P(t)| < L(P) max{L, [t|}*
pour tout ¢t € R. En particulier
n(t) < L(n) max{1, [¢[}#

pour tout ¢t € R.
De (30) on déduit, pour tout € > 0, pour n suffisamment grand et pour tout
t € R, l'inégalité

(49) dn(t) < e max{1, [t|}¥™).

Montrons que cela implique (47). Soit n suffisamment grand et soit (x,y) sa-
tisfaisant

0<ly<z<1-—ntte
Posons t = x/y. On a [t| > 1 et, en utilisant (49) avec €/3,
@, (z,y) = yW(n)éf’n(t) < y“o(n)eng/at“"(”) — ppmen™? o (1 — n71+5)¢(n)e”5/3.
Pour n suffisamment grand on a
o(n) > nt=s/3 logz <log(l—n~'"¢) < —n~'*e,

d’ou

o(n)logx < —n2/3,
c’est-a-dire
2:/3

x@(n) < e ™

Ceci compléte la démonstration de (47).
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Pour démontrer (48), on doit minorer ¢, (t). Nous utiliserons les estimations
données par les deux lemmes suivants ; la premiére nous sera utile quand |t| —1
n’est pas trop petit, la suivante quand |¢t| — 1 est positif et petit.

LEMME 6.1. — Pour tout t € R et pour tout n > 3, on a

Gn(t) = [t2 711t = 1) T] L)~

i
Démonstration. — Le résultat est trivial si |¢t| < 1. Pour commencer prenons
t> 1. De
(50) t" =1 =on(t) [ ] 0a(®)
i
on déduit
(51) t" = 1< ¢a(t) [T (L(0a)t? @) = gn(0)t" =2 ] L(ga).
i i

On minore t" — 1 par (¢ — 1)t"~!. Par conséquent,

tﬁﬁ(")_l(t — 1) < d)n(t) H L(¢d)’
e

ce qui est la conclusion du lemme 6.1 pour ¢ > 1.

Supposons t < —1 et n pair. Dans ce cas, t" — 1 = [¢|™ — 1; dans le produit
(50) il y a deux facteurs négatifs, & savoir ¢1(t) =t — 1 et ¢2(t) =t + 1, et on
remplace (51) par

" = 1< 6u ()17 T] L(a).
i

On conclut avec
" — 1> (¢ = D[t

Enfin pour ¢ < —1 et n impair, le membre de gauche de (50) est —|¢|™ — 1,
et dans le membre de droite le seul facteur négatif est celui correspondant a
d =1, a savoir ¢1(t) = —|t| — 1. Ainsi
1" + 1= 6u(®) [T 10a(t)] < du()t"" TT L(ga).
d|n d|n
d#n d#n
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Comme [¢|™ + 1 est minoré par |¢|™ on a une estimation plus précise que celle
du lemme 6.1, a savoir

190 < 6, (1) T] Ligw): O
i

LEMME 6.2. — Pour tout t € R et pour tout n > 1, on a
|6 (t) = du(1)] < |t = 1 max{1, [¢[}*™ o (n)L(¢n)
et
|6 () = Gu(=1)| < [t + 1 max{L, [¢[}*™ " o(n)L(¢n).

Démonstration. — On pourrait faire intervenir la dérivée de ¢,, dont la lon-
gueur est majorée par ¢(n)L(¢,), mais on peut aussi faire un calcul direct
comme ceci. Ecrivons

@(n)

Gn(t) =D ajt!.
§=0

Alors ag + ay + -+ + agyn) = On(1), ao| + |ar]| + - + |agm)| = L(dn) et

@(n) _
Pn(t) —Pn(1) = ) a;(t" —1).
j=1
On écrit
-1 X
—1 2"
- =0
et
-1 _ . i—1 (n)—1
] < jmax{l, [t|}’ 7" < p(n)max{1, |t|}? ,

ce qui donne

@(n)

[6n(t) = dn(1)] < |t = Lmax{L, [t} p(n) D Jayl.
j=1

La méme démonstration donne

@(n)
|6 (t) = n(=1)| < [t + L max{1, [t} o(n) Y |ay]. O
j=1
Démonstration de (48). — Soit n un entier suffisamment grand et soit (z,y) €

R? vérifiant 0 < |y| < x et
x> 1+n 1t
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On a

1
log x > En*HE et @(n)logz > n?/3.

On pose t = x/y, de sorte que |¢| > 1. On écrit

O (z,y) = y* M on(1)
et on minore ¢, (t) en considérant deux cas.

e Premier cas. Supposons
_ne/
t>14+e "
Cette minoration implique

[t] — 1 1 </2

—n

>
2| 2
On utilise le lemme 6.1 et (30), ol € est remplacé par /2, pour obtenir
€ 1 €
6al®) 2 D11 — e 2 Jee
d’ou
1 e/2
O, (z,y) > -afMe 20,
(.’I;,y) — 2x €
On a
o(n)logz > n?/% > 202 4 log 2,

ce qui donne ®,(z,y) > 1 pour n suffisamment grand.
e Deuxiéme cas. Supposons maintenant

L<|t|<14e .
On a
|t -1

o Shi-1s e et log(|t] — 1) — log [t| < —n®/2.

On utilise les majorations

p(n)logt| < n(lt| — 1) < ne ™"

et
log([t| — 1) + (@(n) — 1) log [t| +n°/® + log 2

e/

< —n? 4 ne ™" 4 /3 +10g2 < 0
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pour n suffisamment grand. Le lemme 6.2 et (30), ol € est remplacé par
/3, donnent

|¢n(t) - ¢n(1)| <

|on(t) — dn(=1)| <
ce qui implique ¢, (t) > 1/2. Alors

sit>1,

N =N =

sit<—1,

1
(bn(z7y) > in(n)
avec |y| = z/[t|. On a
p(n)logly| = ¢(n)logz — p(n)log [¢,

ns/2

log [t] < e_"E/Q7 p(n)loglt| <me™ ",
d’ou
@(n)logz — @(n)log|t| > n?/% - ne """ > log 2
pour n suffisamment grand, ce qui implique ®,,(z,y) > 1. O

La preuve du théoréme 1.5 est complete.

7. Preuve du théoreme 1.6

On se place sous les hypotheses de ce théoréme. Soit d > 4 un totient tel
que d + 2 soit aussi un totient. Soit n; < ng < --- < ny la liste des entiers tels
que

n; 2 mod 4 et p(n;) =d,

et un entier m tel que p(m) = d + 2. On part de la minoration

Aa(N) >

By (NYU---UB,, (N)UB,(N)

ou on utilise la notation (38). Par le principe d’inclusion—-exclusion on a la
minoration

(52) Ai(N) >

B (N)U---U Bnt(N)‘ n )cn,m(N)

ol Cpm (IN) est Pensemble complémentaire
Crm(N) :={u€Z | ueBy(N)etug B, (N)U---UB,, (N)}.

Le premier terme & droite de la minoration (52) est minoré en combinant (41)
et (42) :
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Pour minorer le cardinal de Cp ,,(N), nous commencons par exhiber un en-
semble de couples d’entiers (a,b) de densité positive dont I'image par ®,,, ap-
partient & Cp,m(00). On a

LEMME 7.1. — Soitd, t, ny, ..., ny et m des entiers comme ci—-dessus. Il existe
alors un entier D et des classes de congruence ag et bg mod D tels que

a=ap et b=bymod D = D,,(a,b) ¢ (Bnl(oo) U-~-UBnt(oo)>.

Démonstration du lemme 7.1. — A chaque entier n; on associe 'entier w(n;)
défini comme suit :

e si n; n'est pas de la forme 2"3%, alors w(n;) est le plus petit diviseur
premier > 5 de n;,

e sin; est de la forme 2"3% avec h > 2, alors w(n;) = 4,

e sin; est de la forme 3% avec k > 2, alors w(n;) = 9.

On pose alors

D := ppem{w(n;)}.

Pour définir ag et by mod D, nous allons fixer leurs classes de congruence mo-
dulo chacun des w(n;), avant d’appliquer le théoréme chinois pour remonter
en des classes modulo D :

e Siw(n;) est un nombre premier > 5, alors w(n;) divise n; et p(w(n;)) =
w(n;)—1 divise d. On a alors pour @ = 0 mod w(n;) et b = 2 mod w(n;)
les congruences

®,,(a,b) = b2 =4 #0, 1 mod w(n);

donc ®,,(a,b) n’appartient pas a 'image de ®,,, d’aprés la proposition
4.2. On fixe ag =0 et by = 2 mod w(n;).

e Si w(n;) = 4, c’est que n; est de la forme 2"3F avec h > 2. On remarque
que d est divisible par 4 (rappelons que ¢(n;) = d > 4). Dans ce cas
d + 2 est congru & 2 modulo 4. Les seuls m tels que ¢(m) = d + 2 et
m Z 2mod 4 sont de la forme m = p° avec p = 3mod4 et s > 1.
Par la formule (28), on a pour a et b congru a 1 modulo 4, ®,,(a,b) =
om (1) =p =3 mod 4, et ®,,(a,b) n’est pas dans 'image de ®,,,, d’apres
la proposition 4.5. On fixe donc ag = by = 1 mod 4.

e Si w(n;) =9, alors n; est de la forme 3% avec k > 2. Par conséquent,
6 | p(n;) = d. Soit m tel que p(m) = d + 2. Alors @,,(0,b) = b9+2.
Donc si 31 b, on a ®,,(0,b) = b> mod 9. Si on impose a = 0 mod 9 et
b = 2mod 9, on voit que ®,,(a,b) = 4 mod 9. Ce n’est pas une valeur
prise par ®sx, par la proposition 4.4. On fixe donc ayp = 0 mod 9 et
bp =2 mod 9.

Le lemme 7.1 en résulte. (]
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Soient M > 2 et (M) V'ensemble des couples d’entiers (a,b) tels que
lal, [b] < M et a = ap et b = by mod D, avec les notations du lemme 7.1.
Il existe cg > 0 tel que

(53) B, (E(coNT7)) C Cpym ().

Notons p(n) le nombre de solutions de I’équation n = ®,,(a, b) avec (a,b) €
S(coNﬁ) . On a donc I'égalité

(54) Zp E(coNTH)| ~ (4¢3 /D?)N T2

Pour appliquer l'inégalité de Cauchy—Schwarz, on écrit la partie gauche de
léquation (54) comme

(55) Zﬂm=§:LNMS&WWW“2%(Zp )

n A(n)>1
ot p(n) est le nombre de solutions & I’équation n = ®,,(a,b) avec |al, |b] <
colN T, Développant le carré, on voit que Y. p?(n) est le nombre de points
entiers de hauteur < N7 sur la surface de P3 (C) définie par

‘I)'rn(XhXQ) - ‘I)’rn(X37X4) =0.

Cette surface est lisse de degré > 3. Elle contient donc O(1) droites. Sur chacune

de ces droites il y a O(N %ﬂ) points de hauteur < N T2 . Pour compter les
points entiers non situés sur ces droites, on suit la méme démonstration que
pour la proposition 3.4 (voir aussi [9, Lemma 2.4]). Le nombre de ces points
entiers est en O(N?) pour un certain ¥ < 2/(d + 2). Regroupant les deux
contributions, on a donc la majoration

Zp ) < N7,

Combinant (54) et (55) on obtient la minoration
@ (E(coNT))| > N752.

Retournant a (53) puis a (52) on complete la preuve du théoreme 1.6.
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A HENSTOCK-KURZWEIL TYPE INTEGRAL
ON ONE-DIMENSIONAL INTEGRAL CURRENTS

BY ANTOINE JULIA

ABSTRACT. — We define a non-absolutely convergent integration method on integral
currents of dimension 1 in Euclidean space. This integral is closely related to the
Henstock-Kurzweil and Pfeffer integrals. Using it, we prove a generalized fundamental
theorem of calculus on these currents. A detailed presentation of Henstock-Kurzweil
integration is given in order to make the paper accessible to non-specialists.

RESUME (Une intégrale a la Henstock-Kurzweil sur les courants entiers de dimen-
ston 1). — On définit une intégrale non absolument convergente sur les courants en-
tiers euclidiens de dimension 1. Cette intégrale est inspirée des intégrales de Henstock-
Kurzweil et de Pfeffer. Dans ce contexte, on démontre un théoréme fondamental gé-
néralisé sur ces courants. On donne aussi une présentation détaillée de 'intégrale de
Henstock et Kurzweil, pour les non-spécialistes.

1. Introduction

The goal of this paper is to present an integration method for functions de-
fined on the support of an integral current of dimension 1 in Euclidean space.
This method is inspired from the Henstock-Kurzweil (HK) and Pfeffer integrals
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[23, 20, 32], and, like them, tailored to the study of the fundamental theorem
of calculus. The HK integral is a variant of the Riemann integral; it is more
general than the Lebesgue integral, in the sense that all Lebesgue integrable
functions are HK integrable, but non-absolutely convergent; there exist func-
tions that are HK integrable, while their absolute value is not; in the same way
that the series Y, (—1)*k~! converges, while >, k= does not. A classical
example of such functions is the derivative of x — 22 sin(z~2) for z € (0,1].

An integral that solves this problem was defined in two different ways by
A. Denjoy and O. Perron in the early twentieth century, see [36]. R. Hen-
stock and J. Kurzweil independently found a simpler, equivalent definition of
this integral; we will use the HK formalism, but refer the reader to [18] for
a comparison of these three approaches. For functions defined on a bounded
interval [a, b], the fundamental theorem of calculus of the integral of HK is the
following:

THEOREM A ([33, Theorem 6.1.2]). — Let f : [a,b] — R be a continuous
function that is differentiable everywhere, then its derivative f' is HK integrable
on [a,b] and there holds:

b
(1) (HE) / f' = F®) - f(a).

Note that several other integration methods have been defined for which
Theorem A holds, see, in particular, [2, 3, 7] and a “minimal” theory in [6].
The (Denjoy-Perron-)Henstock-Kurzweil integral is now well understood and
its integrable functions and their primitives have been completely characterized
[8]. It is also interesting to note that a small variation in the definition of the HK
integral yields the McShane integral [28], which is equivalent to the Lebesgue
integral. Lastly, although the present paper focuses on scalar valued functions,
we mention that HK-like integration of Banach space valued functions has
raised considerable interest [15, 37, 5], in particular with an application to the
Cauchy problem in [10].

The Riemann-like formulation of the HK integral makes it straightforward
to allow for singularities in the above theorem; if f is only differentiable at all
but countably many points of [a,b], the result still holds. This statement is,
in some sense, optimal. Indeed, as shown by Z. Zahorsky in [41], the set of
non-differentiability points of a continuous function is a countable union of Gy
sets. In particular, if it is uncountable, it must contain a Cantor subset by
[30, Lemma 5.1], and to any Cantor subset of an interval having zero Lebesgue
measure, one can associate a “Devil’s Staircase,” which has derivative equal
to 0 outside of the set and is non-constant.
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However, the differentiability condition can be relaxed and replaced by a
pointwise Lipschitz condition. Thus, a more general statement is

THEOREM B ([33, Theorem 6.6.9]). — Let f : [a,b] — R be a continuous
function that is pointwise Lipschitz at all but countably many points, then, it
is differentiable almost everywhere in [a,b], its derivative f' is HK integrable
on [a,b], and identity (1) holds.

Natural extensions of the fundamental theorem of calculus include the Gauss-
Green (or divergence) theorem and Stokes’ theorem. For the former in bounded
sets of finite perimeter an integral was developed by W.F. Pfeffer in [32], fol-
lowing, in particular, J. Mawhin [26] and J. Mafik [25]. The results naturally
extend to Stokes’ theorem on smooth oriented manifolds. For singular vari-
eties, an integral adapted to Stokes’ theorem was defined by the author on
certain types of integral currents in Euclidean spaces [21, 22]. Let us also
mention works on integration on more fractal objects with different methods
[40, 19, 42].

The present paper corresponds to the second chapter of the author’s thesis
[21], which focuses on one-dimensional integral currents. These are treated
separately from the higher-dimensional ones, as they can be decomposed into a
countable family of curves. We, thus, define an integral closer to the Henstock-
Kurzweil one, which we call the R; integral.

Given an integral current T of dimension 1 in R", define Indec(T') to be the
subset of spt T" containing the points in the support of an indecomposable piece
of T (see Section 3 for the notations on currents). Denote by ||T'|| the carrying

measure of T', by ? its tangent vector field and by spt T its support. The main
result of this paper is the following;:

THEOREM 1.1 (Fundamental theorem of calculus for 1-currents). — Let T be
a fized integral current of dimension 1 in R™ and u be a continuous function
on sptT. Suppose that w is pointwise Lipschitz at all but countably many
points in Indec(T) and that w is differentiable ||T|| almost everywhere, then

x — (Du(x), ?(x» is Ry integrable on T and

(OT)(w) = () [ (Du.T).
T
This theorem is equivalent to Theorem B when T represents a bounded
interval.

Summary of the paper. — In Section 2, we define the integral of Henstock
and Kurzweil and its main properties along with schemes of proofs of the main
theorems. We also give an equivalent definition of integrability — inspired from
the Pfeffer integral — which will be useful in the sequel. It is important to
note that the Pfeffer integral is not equivalent to the HK integral.
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In Section 3, we recall the definition of integral currents of dimension 1
in Euclidean spaces and define the main ingredients of R; integration: pieces
of a current and functions on the space of pieces of a current; we also study
the derivation of these functions, following H. Federer [16, Section 2.9] and
W.F. Pfeffer [33, Section 9.3] and [34]. Section 4 contains the definition of
R, integration and the proof of its main properties, as well as the proof of
Theorem 1.1.

Possible generalizations. — First, one can ask if u could be allowed to be
discontinuous outside of the set of positive lower-density points of ||T'||, yet
remain bounded. Proposition 3.5 and Example 2.10 show that this is not
straightforward.

A natural question would be whether Theorem 1.1 could be generalized to
normal currents in Euclidean spaces. Indeed, by a Theorem of S.K. Smirnov
[38], normal currents of dimension 1 also admit a decomposition into Lipschitz
curves. More precisely, given a current 7" of dimension 1, with finite mass and
finite boundary mass in R™, there exists a finite measure p on the space of
finite length Lipschitz curves in R™ such that

(2) T = / b1 du(),

where [y] is the integral current of dimension 1 associated to the Lipschitz
curve v with multiplicity 1 and orientation given by the parameterization.
However, there is no a-priori constraint on the measure p; it can be some-
what diffuse, as the carrying measure of a normal current can be absolutely
continuous with respect to the Lebesgue measure. It is, therefore, impossible
to work with countable sums of pieces, and one would probably need another
notion of piece of a normal current to define suitable Riemann sums. Recall
that Fubini-type arguments do not work well with non-absolutely convergent
integrals, as shown in [33, Section 11.1]. Note also that the space of curves, on
which we would have to integrate is far from Euclidean.

Another natural idea would be to consider integral currents of dimension 1
in Banach spaces or complete metric spaces, following [1] or [13].

Acknowledgements. — 1 wish to thank my PhD advisor Thierry De Pauw and
my academic older brother Laurent Moonens, for their help during this thesis
work, as well as Marianna Csornyei for a helpful conversation on the Besicovitch
covering theorem. I also thank the anonymous referee for her or his corrections
and suggestions. I wrote my PhD thesis at the Institut de Mathématiques de
Jussieu, Université Paris Diderot USPC.

Finally, I wish to mention that the notions of pieces and subcurrents stud-
ied in this paper and in [21, 22] are very close to the subcurrents defined by
E. Paolini and E. Stepanov in [31] for normal currents in metric spaces.
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2. The integral of Kurzweil and Henstock

Here, we give a short presentation of the Henstock-Kurzweil integral. The
proofs of these results can be found in any treaty on the subject, such as
[27, 33, 18, 17]. Let us also mention the very detailed recent book [29] — in
French, and Appendix H to [11].

2.1. Definition and classical properties. — A non-negative function defined on
a set £ C R is called a gauge if its zero set is countable. In the classical
definition of the Henstock-Kurzweil integral, gauges are always positive, but
for our purposes it makes sense to allow the gauge to take on the value zero in a
countable set. A tagged family in an interval [a, b] is a finite collection of pairs
([aj,bj],25)j=1,2,. p, where one has a < a1 <b; <as <---<a, <b, <D
and for all j, z; € [aj_1,a;]. The body of a family P is the union denoted by
[P] of all the intervals in P. A tagged partition in [a,b] is a tagged family
whose body is [a,b]. If 0 is a gauge on [a,b], we say that a tagged family (or
a tagged partition) is J-fine, when for all j, b; — a; < §(z;). In particular, it
holds that §(x;) > 0, for all j.

DEFINITION 2.1. — A function f defined on a compact interval [a, b] is Hen-
stock-Kurzweil integrable on [a,b] if there exists a real number «, such
that for all € > 0, there exists a positive gauge ¢ on [a,b], such that for each
0-fine tagged partition P = {([a;_1,a;],z;)};=1,..p, it holds that:

P

Zf(xj)(aj —aj_1) —a| <e

=1

In the following, we will write o(f,P) for the sum on the left-hand side,

whenever P is a tagged family. If « exists as above, we denote it by (HK) f; f.
This definition is well posed as a consequence of the following key result.

LEMMA 2.2 (Cousin’s lemma [18, Lemma 9.2]). — If I is a closed bounded
interval, and 0 is a positive gauge on I, then a d-fine tagged partition of I
exists.

To characterize integrability, the following proposition is useful:

PROPOSITION 2.3 (Cauchy criterion for integrability [18, Theorem 9.7]). —
A function f is HK integrable on the interval [a,b], if and only if for each
e > 0 there exists a positive gauge § on [a,b], such that whenever P and Pq
are 0-fine tagged partitions of [a,b], it holds that

|0(f7 iPl) - U(fv :P?)| <€
Let us also list some fundamental properties of HK integrable functions.
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THEOREM 2.4 ([18, Theorems 9.8-9.13]). — Let f be a Henstock-Kurzweil in-
tegrable function on the interval [a,b]:

(i) If g is HK integrable on [a,b], and X is a real number, then f + \g is
HK integrable, and

) [ (4 2g) = ((HK) / b f) i\ ((HK) / bg> .

(it) If a function g is equal to f almost everywhere on [a,b], then g is also
HK integrable and has the same integral.

(iii) If g is Lebesgue integrable, it is also HK integrable, and the two integrals
coincide.

(iv) The restriction of [ to a subinterval [¢,d] C [a,b] is HK integrable on
[e,d].

(v) (Saks-Henstock lemma) For € > 0 and 6, a positive gauge correspond-
ing to € in the definition of integrability of f, given any tagged family
(([aj,b;],x5))5_; in [a,b] there holds

P

bj
> )by —ay) - (K) [ 1

j=1 i

< 2e.

(vi) The function F : [a,b] — Ryx — (HK) [ f is continuous; it is called
the indefinite HK integral of F. Also, if f is non-negative, I is
non-decreasing.

(vii) The function F above is differentiable almost everywhere with the deriv-
ative equal to f.

(viii) f is Lebesgue measurable.
(iz) f is Lebesque integrable if and only if | f| is HK integrable.

Finally, we state three important convergence properties in the space of
Henstock-Kurzweil integrable functions:

THEOREM 2.5. — Let (fn)n be a sequence of HK integrable functions on the
interval [a,b]. Suppose that f, — f pointwise almost everywhere. If any one of
the following three conditions holds, then f is HK integrable, and (HK) [ f =
lim, (HK) [ fn:
(i) (Monotone convergence theorem) For almost oll x, for all n, fn,(x) <
fnt1(x), and there holds sup, (HK) [ f, < +oc.
(i) (Dominated convergence theorem) There exist HK integrable functions
g and h, such that for alln, g < f, < h almost everywhere.
(iii) (Controlled convergence theorem [18, Theorem 13.16]) (fn(z))n is
bounded for almost all x € [a,b], and for all € > 0, there exists a posi-
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tive gauge on [a,b] such that for all n, for all §-fine tagged partition P
of [a,b]:

< €.

o(P, f) — (HK) / 5

In the latter case, the sequence (f,), is called HK equiintegrable. The
third statement has no equivalent in Lebesgue integration and relies strongly
on the use of gauges.

The two first results are corollaries of the third, but they can also be proved
using only the Saks-Henstock lemma and purely HK techniques; we will give
such a proof for the monotone convergence theorem of R; integration (see
Theorem 4.16). However, when possible, it is quicker to rely on Lebesgue
integration results and statement (ix) of Theorem 2.4. We conclude this section
with a first version of the fundamental theorem of calculus for the Henstock-
Kurzweil integral, which allows F' to have points of non-differentiability.

THEOREM 2.6 ([18, Theorem 9.6]). — If F : [a,b] — R is continuous and
differentiable at all but countably many points, then F' is HK integrable on
[a,b], and F is the indefinite integral of F'.

One can generalize this result to less regular functions F'. This requires the
introduction of another notion.

2.2. AC, functions and the Fundamental Theorem of Calculus. — This sec-
tion closely follows the presentation of Sections 1.9 to 1.11 in T. De Pauw’s
survey [12]. The proofs can be found there, and also in the book of W.F. Pfeffer
(33].

A function F' defined on [a,b] is AC,, if for every set D C [a,b] of zero
Lebesgue measure and every € > 0, there exists a positive gauge § on D such
that whenever P is a §-fine family in [a,b] tagged in D, it holds that

(3) Y F@d-Fo)l<e

([e,d]),z)eP

In particular, an AC, function is continuous. If f is HK integrable, then its
indefinite integral F'is AC,, indeed, if D is a Lebesgue null set, we can consider
the function fpe := fl1p.. As HK integration is insensitive to modifications on
Lebesgue null sets, F' is also the primitive of fpe, so for € > 0, we can apply
the Saks-Henstock lemma 2.4(v) and find a gauge § corresponding to €/2 on
[a,b]. Considering the gauge dp = d|p by the Saks-Henstock lemma for any
dp-fine tagged family P in [a,b], since fp is equal to zero on D, condition (3)
is satisfied. The following converse statement holds:
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PROPOSITION 2.7 ([33, Theorem 6.4.4]). — If F' is AC. and almost everywhere
differentiable in [a,b], then F’ is HK integrable, and

b
F(b) - Fla) = (HK) / P
a
We first find a general condition that ensures that a function is AC,. Recall
that a function F' defined on an interval I is pointwise Lipschitz at a point
xzel,if

F(y) - F
Lip, F' := limsup M < +o0.
y—zyel ly — =
PROPOSITION 2.8 ([33, Proposition 6.6.3]). — A continuous function F that

1s pointwise Lipschitz at all but countably many points is AC,.
Recall also Stepanoff’s theorem:

THEOREM 2.9 (Stepanoff [33, Theorem 6.6.8]). — If F: I — R is pointwise
Lipschitz at all points of some set E in the interior of I, then F is differentiable
almost everywhere in E.

Combining Proposition 2.8, Theorem 2.9 and Proposition 2.7 yields

THEOREM B ([33, Theorem 6.6.9]). — Let f : [a,b] — R be a continuous
function that is pointwise Lipschitz at all but countably many points, then, it

is differentiable almost everywhere in [a,b], its derivative f’ is HK integrable
on [a,b], and identity (1) holds.

2.3. An equivalent definition of the HK integral. — All the above properties of
the Henstock-Kurzweil integral can be extended to the case where the interval
[a,b] is replaced by a simple Lipschitz curve I' C R™ (closed or not). Indeed,
one can consider an arc-length parameterization v of I' and work on f o~. If
f is pointwise Lipschitz at y(z) along ', f o+ is pointwise Lipschitz at . The
only thing that is not straightforward is relating differentiation in the ambient
space R™ with differentiation along the curve. However, a Lipschitz curve has
a tangent line at almost all points. In the next section, we consider countable
sums of simple Lipschitz curves to develop Henstock-Kurzweil integration on
integral currents of dimension 1. The sum of curves can often be decomposed
in several ways, and Example 2.10 shows that the choice of the decomposition
can have an effect on the integral, hence the need for a definition of integrability
that does not depend on the decomposition.

EXAMPLE 2.10. — In R2, consider the curve I't corresponding to the graph
in (0, 1] of the function

x v f(x) = dist(z, {t € (0,1],2tsin(t"2) — 2t ' cos(t~2)} = 0).
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The curve I't is a Lipschitz curve and has length v/2; orient 't towards the
positive first coordinate. Let I'~ be the reflection of I'" across the horizontal
axis. The union of curves I'" and I'" can also be seen as the (closure of) the
union of the graphs on (0,1] of # — £ sgn(zsin(z=2) — 227 cos(z72)) f(x).
Let T and T be the corresponding curves. Let u be the function defined in R2
by

2sgn(zs) (71 sin(zy?) — 227 ' eos(27?)) if 21 > 0,20 #0,
0 otherwise.

(xl,ﬂjg) — {

If v, 4=, v and 7 are the respective arc length parameterizations of the curves
above, the functions v oy* and u oy~ are HK integrable on [0, /2] with the
respective indefinite integrals z — 4+/2x2?sin(z~2). However, the functions
wov and u o7 are, respectively, equal to +|(u o y7)'|, which are not HK
integrable. These curves are plotted in Figure 2.1.

Y rt y r
a LY
AR LAY
LAY
’ Y
. .
.
:" 1 .
¢ Y .
L) LN Y
A Y] L4 .
— X
I

FIGURE 2.1. u is HK integrable on I'T and I'™ but not on I' or I.

In order to generalize the Henstock-Kurzweil integral to other settings, it
is necessary to use more flexible tools. In particular, we need to remove the
dependency on the parameters and allow for families instead of partitions, so
that some “small part” of the domain can be left out. The precise meaning of
a “small part” is a key point here.

This will be formalized in the next section, but let us first state an equivalent
definition of HK integrability on an interval. In order to define what “small”
is we will consider functions F' defined on the space of finite unions of disjoint
compact intervals in [a,b] (or equivalently on equivalence classes of bounded
subsets of finite perimeter of [a,b]). Such a function is subadditive if given
two families, U and U, of closed intervals of [a,b], and it holds that

[F (U u W] < [F ()] + [F ()]
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F is additive if for U and U as above with £1([U] N [W]) = 0, it holds that
FWu ) = F(u]) + F(UD).

F' is continuous on the space of finite unions of intervals if given a sequence
U; of families of intervals with #U; < C and £'([U;]) — 0, and it holds
that F([U;]) — 0. In particular, there is a one-to-one equivalence between
continuous functions f : [a,b] — R with value 0 at a and continuous functions
on the space of finite unions of intervals of [a,b]. Indeed, consider such an
f :a,b] = R. One can associate to it a function F' on the space of finite
unions of intervals by

F(lay,yJU---Ulap,yp ) = flyn) = f(@n) + - 4 fyp) = flzp)-

As f is uniformly continuous on [a,b], F is continuous; it is also additive
by definition. Conversely, given a continuous additive F', one can define f
on [a,b] by f: x — F([a,z]). As F is additive, for z < y, there holds
f(y) — f(z) = F([z,y]), and the continuity of F' implies that of f.

Note that it is critical for the following to work on finite unions of intervals,
and, hence we mention only finite additivity. One can associate such a function
to a measure defined on an interval. Subadditivity is then always verified, but
additivity is equivalent to the measure being non-atomic. Continuity holds
when a measure is absolutely continuous and has bounded density with respect
to the Lebesgue measure.

These notions seem impractical but we will see in the following section that
they can be easily generalized. Indeed, while intervals are not well suited to
algebraic operations, they can be seen as currents of dimension 1 in R, using
their canonical orientation and giving them multiplicity 1. The following prop-
erty is a reformulation of HK integrability in the language of Pfeffer integration
(see Theorem 6.7.5 in [33]).

THEOREM 2.11 (Equivalent integrability condition [33, Theorem 6.7.5]). —
A function f defined almost everywhere on [a,b] is Henstock-Kurzweil inte-
grable, if and only if there exists a non-negative subadditive continuous function
G on the space of finite unions of intervals in [a,b] and a real number I with
the property that for all € > 0, there exists a gauge § — not necessarily positive
everywhere — and a positive number T such that whenever P is a 0-fine tagged
family in [a,b] with

G([a,b]\ [P]) <,
it holds that |I — o(f,P)| < e.

A key result for this definition is the following. It implies that a tagged family
satisfying the above constraints exists, it is a sort of generalization of Cousin’s
lemma (Lemma 2.2), where one considers families instead of partitions:
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LEMMA 2.12 (Howard-Cousin lemma for an interval [33, Proposition 6.7.6]).
— Let § be a gauge on [a,b] (with possibly countably many zeros). Let G be a
non-negative, subadditive, continuous function on the space of a finite union of
closed intervals in [a,b]. For every T > 0, there exists a d-fine tagged family P
in [a,b] with

(4) G([a,b]\ [P]) < 7.

REMARK 2.13. — The integral of Henstock and Kurzweil is not equivalent to
that of Pfeffer. The integrability condition in the above statement differs from
that of Pfeffer in that the latter considers families consisting of regular sets of
finite perimeter — in one dimension; these are finite unions of intervals. See
Example 12.3.5 in [33].

3. Integral currents of dimension 1 and their pieces

3.1. Notations. — In the following, f|4 denotes the restriction of the function
f to the set A, while uL f and uL_ A denote the multiplication of the (possibly
vector valued) measure p by the (scalar) function f or the indicator function of
A; spt u is the support of p. In R™, with the usual Euclidean metric, we denote
the norm of a vector z by |z| and the distance by dist(-,-). The usual scalar
product of x,y € R™ is z - y, while the product of a vector v with a covector
7 is denoted (n,v); U(z,r) and B(z,r) are, respectively, the open and closed
balls of center x € R™ and radius r > 0.

The Hausdorff measure of dimension 1 is denoted by H!. If 11 is a scalar mea-
sure, set; p denotes the points  where p has positive density of dimension 1,
i.e. where

O (u, x) := limsup(2r) "  u(B(z,7)).
r—0
In the following, integrals in the sense of Lebesgue with respect to a measure
p will be denoted (£) [ du, omitting (£) when there is no ambiguity.

A set E C R" is 1-rectifiable if there exists a countable collection of Lip-
schitz curves ; : R — R", such that 3'(E \ U;7;(R)) = 0. A set is 0-
rectifiable if it is countable.

An current of dimension 1 in R™ is a continuous functional on the space
of smooth differential forms of degree 1 with compact support: D!(R"™). The
space of such currents is denoted by D;(R™). A current of dimension 0 is
a distribution, and a current of dimension 1 can be seen as a wvector valued
distribution. The mass of a current 7' € D;(R") is the number

M(T) = sup{T(w),w € D' (R"), k] < 1} € [0, +o0].

Currents of finite mass are representable by integration: currents of dimension
0 with finite mass are signed measures, and currents of dimension 1 with finite
mass are vector valued measures. We denote by ||T'|| the carrying measure

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



294 A. JULIA

of a current, i.e. the total variation of the associated signed or vector measure.
The support of a current 7' is the smallest closed set spt T', such that T'(w) =0
for all w supported in the complement of sptT. The boundary of a current
T € D1(R™) is the current IT € Dy defined by IT(f) = T(df) for all w €
DO(R™) = €°(R™). The flat norm of a current 7' € D1 (R™) is the number

F(T) := sup{T(w), w € DYR"), |w| < 1,|dw| < 1} € [0, +00].

If v: [0,t1] — R™ is a simple Lipschitz curve, we denote by [v] the current
of dimension 1 defined by

1(w) = / ey (6)), (1)) .

It holds that M([[~]) f (t)| dt, and M(O[v]) is either 0 or 2, depending
on whether ~ is an open curve or a closed curve. The carrying measure of
v is 1Dl = HE L v([0,¢1]). We work mostly with integral currents
of dimension 1, which include currents representing curves of finite length.
A current T' € D;(R") is integral (T € I;(R™)) if it has compact support and
can be written as a countable sum of simple Lipschitz curves [v;], such that

> M([y]) = M(T) and Y M(3[y;]) = M(9T).
J J
In particular, the density set of T, set ||T||, is 1-rectifiable. This characteriza-
tion of integral currents is very specific to the one-dimensional case.

An integral current T is decomposable if there exists two non-trivial in-
tegral currents @ and R with Q@ + R = T and M(T) = M(Q) + M(R),
M(@OT) = M(9Q) + M(OR). If such a pair does not exist, T is called in-
decomposable. A cuwrrent T' € I;(R") is indecomposable if and only if it is
associated with an oriented simple Lipschitz curve with unit multiplicity.

3.2. Pieces of a current. — Let T be an integral current; an integral current S
is a piece of T if

IS < |7} and | T = S| < |[T].
The notion of the piece of a current differs from that of the subcurrent defined
in [21, 22] for integral currents in any dimension where the condition is S]] L
|7 — S]|. Subcurrents of T are pieces of T', but the converse holds only if T" has

multiplicity 1 almost everywhere. However, our definition of piece coincides
with the subcurrents defined by Stepanov and Paolini in [31].

EXAMPLE 3.1. — Consider the current T = 2[[0,2] € I;(R!), then

e The currents [0, 2] and 2[0, 1] are pieces of T,
e 3[0,2], 3710, 2] and —[0,2] are not pieces of T.
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PROPOSITION 3.2. — An integral current S is a piece of T € I (RY) if and only
if there exists a |T|| measurable function g : R™ — [0, 1], such that S =T L g.

Proof. — Suppose S = T L g, then ||S|| = |[T||Lg < ||T]| and ||T — S| =
1T (1 = g) < [T
Conversely, suppose S is a piece of T'. Then S is of the form ﬂ'Cll_(GS]IMS)?,

and T = H'L (07 ]lMT)?, where 6g and 07 are supposed to be non-negative,
respectively, and H' L Mg and H'L M7 almost everywhere. By the hypotheses
on S it holds that H*(Mg \ M) = 0, as well as

0g < 0p, H'L Mp almost everywhere, and

|0T? — 05§| < Op, H'L My almost everywhere.

This, in turn, implies that ? = ? at J(! at almost all points where fg is
positive. Define the function g by

o) — 0 if « ¢ My, or 0p(z) =0,
9(w) = {95(3@)/97«(36) otherwise.

Clearly, g(x) € [0,1] for all z € R* and S =T L g. O

In particular, elements of a decomposition of T" are pieces of T'; however, an
indecomposable piece of T may not be a piece of any element of the decompo-
sition of T' (see Figure 3.1).

FIGURE 3.1. S is not a piece of an indecomposable element of T

3.3. Continuous function on the space of pieces of T. — Denote by 8<(T') the
collection of all pieces of T'.

DEFINITION 3.3. — A function F on 8<(T') is continuous, if given a sequence
(Sj); in 8<(T') that converges to 0 in the flat norm with sup; M(95;) < +oc,
we have F(S;) — 0; F is additive if whenever S; and Sy are in 8<(T") with
S1+ S2 € 8<(T) (which is equivalent to ||S1]| + ||S2]| < ||T|), it holds that
F(S1+ 52) = F(S1) + F(S2); F is subadditive, if instead for each Sy, Ss as
above, we have F(S; + S3) < F(S1) + F(S2).
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Continuous additive functions on 8<(T') include the restriction of 1-charges
as defined in [14]: 1-charges are continuous linear forms on the space of nor-
mal currents of dimension 1: N;(R™) equipped with a certain topology. In
particular, they include representatives of continuous functions f on R™ and
continuous differential forms w of degree 1 on spt T, defined, respectively, as

O : S dS(f)

and
A S /<w,?>d\|5||.
Another important example is the mass of pieces:

PROPOSITION 3.4. — For every T € I;(R™), the function S — M(S) is con-
tinuous and additive on 8<(T).

Proof. — Additivity is clear. For the continuity, let (S;); be a sequence in
8<(T) converging in the flat norm to S € 8<(7T') with sup; M(95;) < +oo.
First notice that M(S) < liminf; M(S;) by lower semi-continuity of mass in
the flat norm topology. So, all we have to show is that lim inf; M(S;) > M(S).
In order to do this, for ¢ > 0 define a smooth 1-form w in R™, such that
|w(z)] <1 for all z and R(w) > M(R) — ¢, for each R € 8<(T'). Such a form
exists. Indeed, by the definition of mass, there exists a smooth form w, such
that jw(z)] <1 for all z € R and T'(w) > M(T') — e. Now, given R € 8§<(T),
it holds that

Rw)=T(w)— (T — R)(w) >M(T) —e—M(T — R) > M(R) —e.
By definition of flat convergence, S;(@w) — S(@), which implies that M(S;) <
M(S) — € — ¢, for all j large enough. Since ¢ is arbitrary, M(S;) — M(S). O

As a consequence, to a ||T||-Lebesgue integrable function f in R™, one can
associate the continuous additive function on 8<(7'):

Ap:Se /deSH.

In the definition of ©f, one can ask whether the continuity assumption of f
on sptT can be relaxed. For instance, if f is continuous on set; || T]|, is that
sufficient for © to be continuous? Clearly, if T' is indecomposable, setq ||T']| =
spt T, but if one considers a current that has a countable decomposition, things
are different:

PROPOSITION 3.5. — There exists an integral current T of dimension 1 in R?
along with a bounded function f continuous on sety |T||, but not on sptT such
that the function on 8<(T') associated to the variation of f:

O : S dS(f)
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is not continuous.

Proof. — Consider a union of disjoint circles U;’il Cj, where for j =1,2,...,
C; is centered at (a;,0) = (277,0) and has radius r; := 37UV, Define
the function f piecewise on each Cj, so that f = 1 at the top (the point
(277,37971)) of each circle, f = —1 at the bottom ((277,—-37771)) of each
circle and f is smooth. A good choice is f(x1,22) = rj_ly if (z1,22) € C;. Let
7 be a field of tangent unit vectors to the circles, oriented positively and

T=seLJo | T
J
Clearly, sptT = Uj C;U{(0,0)}. Let us check that set, [|T']| = |J; C;: forr >0
if 21=Jo <y < 2790 it holds that
IT)(U(0,r)) < > 2mr; < 3o,
J=Jjo

Thus ©(||T|,0) = 0 and 0 ¢ sety | T||.

Y

Cy

FIGURE 3.2. The current T and the sequence (5;); of pieces

Consider the sequence of pieces S; € 8<(T') corresponding to the half circles:
S; =TL{(z1,22),277 <z <279 437771} (see Figure 3.2); S; tends to 0
in mass and for all j, M(0S;) = 2. However, 95;(f) = 2 - 0. Therefore, the
function S+ 0S(f) is not continuous on 8<(T'). O

3.4. Derivation. — We use the terms derivation and derivate, following H. Fed-
erer [16, Section 2.9]. For a function on 8<(T'), there is a notion of derivation
along T, similar to the differentiation of measures in Radon-Nikodym theory:
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DEFINITION 3.6. — For « in sptT and § > 0, consider the subset 8<(T', z, )
of 8<(T') consisting of all pieces S of T such that

1. x € spt S,
2. S is indecomposable,
3. diamspt S < 4.
If 8<(T,x,9) is not empty for some positive d, the point x is called good in
T. In this case, we can define the upper and lower derivates of F' along T
at x, respectively, as
— F(S F(S
DpF(x):=inf sup F5) and DpF(r):=sup inf Q
6>08 (T,2,6) (S) 550 8<(Tz,8) M(S)
F is derivable along T at x € sety ||T| if the upper and lower derivates of F
at x along T coincide, and the corresponding derivate is denoted D¢ F(x).
A related notion we will use is that of almost derivability: a function F' on
8<(T) is almost derivable at = € setq |T|| if the upper and lower derivates
of F along T at x are finite.

We denote by Indec(T') the set of points x € R™, such that 8< (7', z,d) is not
empty for some § > 0; T has upper density at least 1/2 at a point of Indec(T),
and thus it holds that Indec(T') C sety ||T']] and

FH! (sety ||| \ Indec(T)) = 0.
However, the latter set can be large, as we now show:

PROPOSITION 3.7. — There exists an integral current T of dimension 1 in R?
such that sety ||T|| \ Indec(T) is uncountable.

Proof. — A way to define such a set is to consider a fat Cantor subset of [0, 1].
For instance, one could let C' be the set obtained by removing iteratively the
middle intervals of length 4% for k = 1,2,... from [0,1]; C is a compact
totally disconnected set with £'(C) =1/2 > 0.

For each k = 1,2,..., there are 287! segments of length 47* in the com-
plement of C; denote them by S for j = 1,2,...,28"1. In R?, let R} be the
square Si x [0,47%]. We can consider the current defined by

T:= Z [[bdryRi]],
k,j

where the boundary curves of the squares are given a canonical orientation
(see Figure 3.3); T is a cycle that has a finite mass equal to four times the
length of the complement of C' in [0,1], and, therefore, T' € I;(R?). Clearly,
spt T' = (C'x{0}) Ul ; bdry R} D[0,1]%. The question is how to characterize
set1 ||T||, and whether there exist points of C' Nsety ||T||, such that there is no
indecomposable piece S of T' with = € spt S.
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T

0O . « O . P I - O

FIGURE 3.3. A cuwrrent T for which setq || 7| \ Indec(7T’) is uncountable.

CrAmM 1. — Suppose S is an indecomposable piece of T', then S is a piece of
[bdry R7] for some k € {1,2,...} and j € {1,...,2F"1}.

Proof. — By contradiction, let S € 8<(T') be indecomposable and fix = €
spt S N bdry R and 2/ € spt S N bdry R}, with (k,j) # (k',j'). Without
loss of generality, we can suppose that 0S = 6,7 — d,. We can also suppose
that ¢ = (21,0) and 2’ = (2),0) with 27 < 2} and z; = max{t € Si}, =
min{t, t € Si:} As S is indecomposable, and the differential form (z1, z2) — ej
is the differential of (21, 22) — 21, it holds that

[e Braisl =af -

However, since S is supported inside [z1,2}] x R and ? = ?, it holds that
IS]| almost everywhere

[0 3111 < 1T a4 ) x B0 (G2 o,z = 1)
<Lieen(zy,2)]) <y — a1,

where we used the fact that C N [z, 2] ] contains a fat Cantor subset of C,
which has positive Lebesgue measure. This is a contradiction. |

The above claim implies that for all z € C\Uk,j cl Si,, x is not in the support
of any indecomposable piece of T. It remains to prove that C Nsety ||T]| \
Uk CISZ is uncountable. For z € (0,1), O (||T|,z) > ©*}(H' L E¢,x) =
1 —OL(HL C,x), so we only need to prove that C' N {z,O0L(H'L C,z) < 1}
is uncountable.

In [9, Theorem 1], Buczolich proved that the set of points of a nowhere
dense perfect set P C R, where P has lower density larger than ~ for any
v > 0.5 is always of first category in P. This implies that the set of points of
density less than 1 is of second category in P, which, in turn, implies that it
is uncountable (P is a Baire space with the topology inherited from R, see, for
instance, [30, Chapter 9]). Note that there are more precise ways to characterize
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the points of a Cantor set with given densities, see, for instance, the paper by

Besicovitch [4]. O
PROPOSITION 3.8. — Let Ay be the function on 8<(T) associated to a Lebesgue
IT|| integrable function f defined almost everywhere on sety ||T|| by

Aj:S— /deSH.

If f is continuous at x € sety ||T||, and = is good in T, then Ay is derivable at
x along T with derivate D1 F(x) = f(x).

Proof. — For a good point = € sptT, € > 0, choose § > 0, such that |f(y) —
f(z)| < eforall y € U(z,d). For S € 8<(T,,9)

A4(8) = F&)ME) < [ 1) - £(@)] dIS]w) < M(S).
Letting € go to zero, we can conclude. O

QUESTION 3.9. — If F is a continuous function defined on 8<(T), are the
extended real valued functions D, F, DrF and D7 F ||T| measurable? Are
they Borel measurable?

For Henstock-Kurzweil integration in one dimension and for Pfeffer integra-
tion on sets of finite perimeter, such results rely on the Vitali covering theorem
and a derivation operation. A “covering” theorem using pieces of T" would be
useful. An alternative would be to study a suitable decomposition of T', but
this approach is made difficult by the fact that there can be pieces of T' that
do not belong to any decomposition of T' (recall Figure 3.1).

DEFINITION 3.10. — Let T be an integral current of dimension 1 in R™ and let u
be a function defined on set; ||T']]. Fix a good point x € sety ||T'||. The function
u is differentiable along T at x if there exists a linear form Du(z) on R™, such
that for all € > 0, there exists § > 0, such that whenever y € set; ||T||NU(z, ),
and there is an S € 8< (T, z,30) with y € setq ||S]|, it holds that

lu(y) — w(z) = Du(z) - (y — z)| < ely —xl.

Note that if u is differentiable in R™ or differentiable on spt T in the sense
of Whitney [39], then u is differentiable along T with the same differential.

THEOREM 3.11. — Suppose that u is a continuous function on sptT for some
T € Ii(R™). Fiz x € setq ||T||, such that 8<(T,x,0) # 0 for some § > 0, then
the following three statements hold:
(i) If u has pointwise Lipschitz constant Lip, u =0 at x, then ©,, is deriv-
able at x along T, and D1 O,(x) =0.
(i) If uw is pointwise Lipschitz at x, then O, is almost derivable at x with
— Lip, u < 2,0, < D70, < Lip,u.

TOME 148 — 2020 — N° 2



INTEGRATION ON 1-CURRENTS 301

(iii) If? has a ||T|| approxzimately continuous representative at x (which we

still denote by T ), || T|| has finite upper density at x and u is differen-
tiable at x along T, then ©,, is derivable at x along T, with D1 O, (x) =

(Du(z), T (x)).

REMARK 3.12. — The assumption that T hasa |T|| approximately continuous
representative at x is satisfied for ||T|| almost all . (We will prove that as
Claim 1 in the proof of Proposition 4.3.)

Proof. — Let us start with (i) and (ii). For € > 0, there exists ¢ such that
whenever y € spt T with |y — z| < 4,

u(y) — u(@)] < (M +€)ly — =,

with M := Lip, u. Given an indecomposable S € 8<

(
diamspt S < 4, S is of the form 4 [0, M(S)] with v(0
y4. Since |y+ — x| + |z — y—| < M(S), we get

04 (S)] = |u(y+) — u(y-)|
< lu(ys) — u(@)| + |u(z) — u(y-)|
< (M + ¢) M(S).

T), with = € spt .S and
) = y- and y(M(S)) =

As € is arbitrary, this is enough to prove (ii) and (i), where we have M = 0.
We turn to (iii).

If Du(x) = 0, we can apply (i), and, thus, we can suppose Du(z) # 0. Fix
€ > 0. There exists d; > 0 such that for any r € (0, d;),

1T (B(z, 7))

(5) o < 26,
with 6 := ©*(||T||,z) € (0,4+00). Replace T with its IT|| approximately

continuous representative at . Denote by E; . the set

By = sety ||T[| N {y T () - T(@) > 2|Dtec(x)|} .

There exists d2 > 0, which we can suppose to be less than or equal to 1, such
that whenever r € (0, d3),

ITNB,r) N Eoe) ¢
IT[(B(z,r)) 40| Du(x)|

(6)
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For S € 8<(T, z,d2), the vector field S is equal to T ||S|| almost everywhere
and if furthermore S represents a curve joining z to y, then we have 95 =
0y — 0z Asfor j=1,...,n the 1 form z — €] is the differential of the 0-form
Z = zj, we can write:

y—r= (yl _xl)el"_""i_(yn_mn)en :ZaS(ZHZj>ej
j=1

=Y Stz ee = 3 [ (e T dISle; = [ Tals).

The same identity with opposite sign is true if 9S = 6, — §, instead. Denote
by dg the diameter of spt S. By (5) and (6),

ly -2 — M(S)T (2)] < / T (@) - T ()| ]| S| (2')

2| Du(z)| M(S),

< 2|5 (Eze NB(x,ds)) +

as |?(x’) - ?(m)| < 2 for ||T']] almost all 2/, in particular in the exceptional
set B .. Furthermore, as ||S]| < ||T||, and by (6) we have

—r — T 6||T||(]-D)(x7ds)) €
Iy = = M(S)T(r)] < Tggrp w5 + s M(S)
269(15 €

S i Du@)] T 2 Dui) M)

Finally, as S is indecomposable, it holds that dg < M(S) and

5 M(S).

(7) [y =2 = MET (@) < g M

By differentiability of u along T at x, there exists d3 > 0, such that for y €
U(0, d3) N'sety | T]|, such that there exists S € S<(T',z,d3) with y € spt .S,

lu(y) — u(z) — (Du(z),y — )| <ely — zl.
Let § := min{dy, 2, 03} and choose S € 8<(T', z,d). We can write S as ST+5~,
where ST and S~ are indecomposable, St = d,+ — 0, and S~ = 0, — 0,
with M(S) = M(ST) + M(S™), and we have
0.,(8) = 0u(ST) +0,(S7) = uly™) — u(z) + u(z) — u(y").
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Thus, we can write
10.(5) — (Du(z), T (2)) M(S)|
< Ju(y*) — u(z) — (Du(x), T (¢)) M(S )|
+ u(z) — u(y™) — (Du(x), T (x)) M(S7)|
and study only the first term of the right-hand side. We have
fuly*) — ulz) — (Du(x), T (x)) M(ST)|
< Ju(y*) - u(z) — (Dulx),y — )|
+(Du(a),y* — @) — (Du(z), T ()) M(ST)|
< ely™ — a| + | Du(a)|ly" - — M(S) T (x)|
< 4eM(SY),

by (7) applied to ST. Doing the same with S~ and summing concludes the
proof: there exists ¢ > 0 such that for all S € §<(T',z,0),

10u(8) = M(8) (Du(x), T (2))] < eM(S)
and ©, is, thus, differentiable along T at . O

If one assumes only approximate continuity of the tangent — as we just did —
the assumption that the currents S used in the derivation are indecomposable
is necessary:

ExXAMPLE 3.13. — Counsider the function h : (x,y) — y and the current T
associated to an infinite staircase with steps indexed by j, with height (y length)
377 and length (2-length) 277 symmetric in the x direction, converging at (0, 0)
(see Figure 3.4). If one considers a sequence of subcurrents S; composed of a
very small “intervals” (length 4=7) around 0 and a vertical part of the step, it

T

of

FIGURE 3.4. The piece S is not suitable for a differentiation
basis of T at 0.
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holds that
On(S;) =379C +0o(377).

Thus limj @;L(S])/M(SJ) =C>0.
However, if we consider a sequence of indecomposable currents R;, with 0 €
spt R; and M(R;) — 0, by the above Theorem we will get ©,,(R;)/ M(R;) — 0.

An alternative restriction would be to bound the regularity of the pieces.
This is actually how one proceeds in higher dimensions in [32, 22|, as indecom-
posability is not a useful notion in dimensions strictly larger than 1.

4. Integration

We first need an analogue to Cousin’s lemma in order to decompose a current
of dimension 1 into small pieces.

4.1. Howard Cousin’s lemma for currents of dimension 1. — Given a current
T € I (R™) and a gauge on setq |||, a tagged family in T is a finite collection
P of pairs (S;,x;) for j =1,...,p, where

S; € 8<(T') is indecomposable,
xzj €sety || T||NsptS; and

p
IS < I
=1

(If T has multiplicity 1 almost everywhere, the last condition prevents the pieces
from overlapping.) Such a tagged family is subordinate to a decomposition
T1,Ts,... of T, if there exists a partition of P indexed by k into families Py,
each in the respective T}.

A gauge on a set E is a non-negative function § such that the set {x €
E,é(x) = 0} is countable. If ¢ is a gauge on a set E C sety ||T]|, a J-fine
tagged family in 7" is a tagged family as above, such that for all (S,z) € P, it
holds that € F and diamspt S < §(z). Furthermore, given a non-negative
subadditive function G on 8<(T'), and a positive real number 7, a tagged family
Pis (G, 7)-full it G(T — [P]) < 7.

LEMMA 4.1 (Howard-Cousin lemma). — Let T be an integral current of di-
mension 1 in R™. Let F' be a subadditive continuous function on 8<(T). Given
e >0 and § a gauge on sety ||T||, for any decomposition Ty, Ts, ..., there exists
a (|F),€)-full, o-fine tagged family subordinate to this decomposition.

Proof. — Fix a decomposition of T. For each k choose 75 : [0, M(T})] — R”
to parameterize T}, by arc-length, so that T}, = [0, M(T})]. Let o := doy;
it is a gauge on I, := [0, M(T})].
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Since T is integral, there exists kg such that, for all & > kg, T} is a cycle.
Also, M(Ty) — 0 as k — oo. Since F is continuous and subadditive, there
exists k. such that

(8)

<€
2.

ke
F <T -3 Tk>
k=1
For k = 1,2,..., ko, consider the interval I = [0,M(T})], along with the
gauge 0 and the continuous additive function ’yffF on 8<([Ix]) defined by
v F([a,b]) = F(yag([a,b]), for 0 < a < b < M(T). Note that it is enough to
define 'y;fF on indecomposable pieces of [I], as in this case, all pieces are a
finite sum of disjoint indecomposable pieces. Apply Lemma 2.12 to I, § o g,
|’yfF\ and €/(2ko) to get a § oy fine (vf, €/ (2kp))-full tagged family Py, in Ij.

The collection v4 Py, defined by {(vk#S, vk (z)), (S, z) € Pk} is a o-fine tagged
family in T} (as -y has Lipschitz constant 1), which satisfies

[P (T = [ Pal) | = (v P[] = [PR))] <

<
2ko

Summing over k = 1,2, ..., ko and using (8) yields
ko ko

P(3on- | U
k=1

k=1
The collection P := UZO:1 Vi Py is, therefore, a tagged family in T that is §-fine
and (F, €)-full. O

<

|

4.2. AC., functions on 8<(T). — A function F on 8<(T') is AC. if given a
IT|| null set E C sety ||T||, for every € > 0, there exists a gauge 6 on E with

[E((PDI <

whenever P is a J-fine tagged family in 7. We say that a tagged family is
anchored in a set F, if for all (S, z) in this tagged family, z € E. Here, as the
gauge 0 is defined only on F, P is automatically anchored in E. The next two
propositions are adapted from [34, Theorems 3.6.6. and 3.6.7].

PROPOSITION 4.2. — If F' is a continuous additive function on 8<(T'), which

is ACy, and such that D F(x) > 0 almost everywhere, then F' is non-negative,
i.e. forall S € 8<(T), F(S) > 0.

Proof. — It is enough to prove that F(T') > 0, indeed, if T” is in 8<(T'), the
restriction of F' to 8<(T") satisfies the hypothesis of the proposition. Let N be
the set of points x, such that D, F(x) < 0. For € > 0, there exists a gauge oy
on N, such that |F([P])| < €, whenever P is a §y fine tagged family anchored
in N. For each z at which D, F(z) > 0, there exists A,, such that for all
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S e 8<(T,z,A;), F(S) > —eM(S)/M(T). Define a gauge 0 on setq |T'|| by
letting

5z) = on(z) ifze ]Y,
A, otherwise.

Using Lemma 4.1, find a d-fine tagged family P in T with |F(T — [P])] < e.
Let Px be the subfamily of P consisting of all the elements anchored in N.
Denoting by P* the complement of P yields:

F(T) > F(9]) = F(T - [9]) = F(P]) + P(Px]) — € > 3
Since € is arbitrary, F/(T') > 0. O

PRrROPOSITION 4.3. — If a continuous additive function F is almost derivable
everywhere in sety || T||, except in a countable set Er, then F is AC,.

Proof. — Let N be a ||T|| null set. For e > 0, and k = 1,2,..., let Uy be
a neighbourhood of N with ||T'||(Ux) < 27%¢/k. For x € N \ Er, choose a
positive integer k, and a positive A,, such that U(z,A,) C Uy, , and for all
S e8<(T,x,Ay), |F(S)| < ks M(S); ky and A, exist by almost derivability of
F at x. Define a gauge § on N by

{0 if v € Br,

) =
@ =NA, ifre N\ By

Given a ¢-fine tagged family P anchored in N, partition P into families P}, for
k=1,2,..., such that (S,z) € Py if and only if k, = k. All but finitely many
of these families are empty, and it holds that

PRI<D D IFOI<Y kY, M(S Z IT|(Ux) <e. O
k=1 (S,x)€Ps k=1 (S,z)ePy k=1
4.3. The R; integral on integral currents of dimension 1. —
DEFINITION 4.4. — A function f defined ||T|| almost everywhere on setq ||T||,

is Ry integrable on T if there exists a continuous additive function F' on
8<(T'), and for every e > 0, there exists a gauge J and a positive real number
7, such that whenever P is a d0-fine tagged family in 7" with |F(T — [P])| < 7,
it holds that:

(9) [F(T) = o(f,P) <e
(Where o(f,P) denotes the Riemann sum }_, ocp f(2) M(S5).)

F(T) is also the Ry integral of f on T', and we sometimes denote it (Ry) [ f
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QUESTION 4.5. — Is it equivalent to asking that each family be subordinate to
some decomposition? This is not clear because a piece of T can very well not
be a piece of any decomposition (see Figure 3.1).

According to Example 2.10, it is not sufficient to be integrable on all elements
of one given decomposition to be integrable on the whole current. However,
suppose f is integrable on each piece for two decompositions, is the integral the
same?

We list the main basic properties of the integral. The proofs of the two first
ones use elementary comparisons and the fact that given two gauges §; and ds,
the minimum of the two is a gauge and that if P is a min(d;, d)-fine family, it
is also ¢; and do-fine. Similarly, if 71 < 75 and P is (G, 7)-full in T, then it is
(G, 72)-full.

PROPOSITION 4.6. — The space of Ry integrable functions on T is a linear
space and the integral f — I(f,T) is linear on this space. Furthermore, if
f<gand f and g are Ry integrable on T, then (R1) [ f < (R1) [ g

PROPOSITION 4.7 (Cauchy criterion). — A function f is Ry integrable on T if
and only if there is a continuous non-negative subadditive function G on 8<(T')
and for every € > 0, there exists a gauge 0 and a positive real number T such
that for any two §-fine (G, 7)-full families P1 and Ps,

(10) o(f;P1) —o(f, P2)| <e

PROPOSITION 4.8. — Let f be Ry integrable on the current T € I;(R™). For
all S € 8<(T), f is Ry integrable on S and T — S, and I(f,S)+I(f, T —S5) =
I(f.T).

Proof. — Let G be a continuous non-negative subadditive function on 8<(7")
associated to the integrability of f on T. Fix S € 8<(T) and notice first that
GL8<(S) and GL8< (T —S) are also non-negative, continuous and subadditive.
Given € > 0, choose a gauge d on sety ||T'|| and a positive 7 associated to ¢/2 in
the definition of integrability of f; dL_sety ||T°— S| is a gauge on sety | T — S| ,
so by Lemma 4.1, there exists a d-fine (GL 8<(T — S), 7/2)-full tagged family
Pin T — S. Now, given two 0-fine (G L 8<(5),7/2)-full families in S: P; and
P2, we define the concatenations PUP; and PUP;. Since [P] € 8<(T'—S) and
[P1], [P2] € 8<(S), we have [P U Pq],[PU P3| € 8<(T), so the concatenations
are families in 8<(7T'). They are also d-fine and for j = 1,2,

GT—-[PUP))=G(T—-S—[P+5—2])
<GT-S-P)+GS-Pj) <7
by subadditivity of G' and definition of P an P;. Therefore, by Proposition 4.7
lo(f;PUPL) —o(f,PUP2)| = [o(f,P1) —o(f,P2)| <e.
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Thus, since €, P; and Py are arbitrary, one can apply the Cauchy criterion
lemma 4.7 to S, which proves that f is R; integrable on S. By a similar
argument f is Ry integrable on T' — S. Therefore, for € > 0, choosing a gauge
¢ and a positive 7 adapted to the integrability of f on T, S and T — S at the
same time, yields for §-fine (G,T — S,7/2) and (G, S, 7/2)-full families P and
P in T — S and S, respectively,

[I(f,T) = (I(f. T = S)+ 1(f.9))l
<[I(f,T) = o(f,PUP)+I|I(f, T = 5) —o(f. ) + [I(f,S) — o (£, )|
< 3e,

because P U P’ is a d-fine (G, T, 7)-full tagged family in T. As € is as small as
we want, this concludes the proof. O

This allows us to define a function F on 8<(T') by S — I(f,S), called the
indefinite integral of f (on T).

PROPOSITION 4.9. — The indefinite integral F' of f defined above is additive
and continuous on S<(T).

Proof. — For the additivity: let S; and S2 be two pieces of T, such that
S1+ Sy € 8<(T). Clearly, S; and Ss are pieces of S1 + Sa, so it suffices to
apply Proposition 4.8 to see that F'(S1) + F(S2) = F(S1 + S2).

For the continuity: if (S;); is a sequence of pieces of T converging to 0 €
8w (T) with sup; M(9S;) < oo, we want to show that F(S;) goes to zero
as j tends to infinity. By additivity, it is equivalent to show that I(f,T —
S;) — I(f,T). For € > 0 choose a gauge 6 and a positive 7 associated to the
integrability of f on T. As can be seen above, for all j, 6 and 7/2 are associated
to 2e for the integrability of f on T'— ;. Let P be a é-fine (G, T — S;, 7/2)-full
tagged family in 7' — S;. This satisfies

lo(f,P) — F(T —5;)| < 2e.
By continuity of G, if j is large enough, we can suppose that
G(T —[P)) <G(T - 8;)+G(S; — [P]) <7/2+7/2,
so P is (G, T, 7)-full, and
lo(f,P) = F(T)| <e.

Therefore, for large enough j, |F(T) — F(T — S;)| < 3¢, and we conclude

that F'(S;) — 0 as j tends to infinity. This proves that F' is continuous on
8<(T). O

THEOREM 4.10 (Saks-Henstock lemma). — f is Ry integrable on T if and
only if there exists a continuous additive function F on 8<(T) satisfying: for
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all € > 0, there exists a gauge 0 on sety ||T||, such that whenever P is a d-fine
tagged family in T':

(11) D IF(S) = fa)M(S)| <.
(S,z)eP
Proof. — If the second condition in the statement is satisfied, it is straightfor-

ward to prove that f is R; integrable on T', with integral I(f,T) equal to F(T),
and the ”control function” G = |F|, indeed, for e > 0, if ¢ is a gauge on T as-
sociated to €/2 in the statement of the theorem, and P is a d-fine, (G, €/2)-full
tagged family in T'

[F(T) = o(f, P < |F(T) = D F(S)|+ Y |F(S)~ fl) M(5)| <.

(S,x)eP (S,z)eP

Similarly, one proves that F' is the indefinite integral of f.

Conversely, suppose f is R; integrable on T'. The proof is very similar to that
of the corresponding statement for the Henstock-Kurzweil integration. Suppose
that f is Ry integrable on T and for € > 0, fix a positive number 7 < ¢/4 and a
gauge ¢ on setq |||, such that whenever P is a d-fine (| F|, 7)-full tagged family
inT,

o(7,P) = F(T)| < 7.

Let P be a d-fine tagged family in T, without any hypothesis on the remainder
|F(T — [P])|. Notice first that since T' — [P] is an integral current, there exists
a o-fine, (|F|, 7)-full tagged family Q in T — [P], which implies that P U Q is a
o-fine (|F|, 7/2)-full tagged family in T', and

(12) DS = f@MES) < D [F(S) — fa) M(S)].

(S,z)eP (S,z)ePUQ

Therefore, it is enough to prove that (11) holds for (|F|, 7)-full families in T', and
we suppose that P is (|F'|, 7)-full. We can write P as {(S1,z1), ..., (Sp, zp)} and,
reordering, assume that for some ko < p, if 1 < j < ko, |F(S;)— f(z;) M(S;)| >
0, whereas for kg +1 < j < p, ||F(S;) — f(z;) M(S;)| < 0. For j =1,...,p
use the Ry integrability of f on S; to define a d-fine, (F'L S;, 7/p)-full tagged
family P;, such that |o(f,P;) — F(S;)| < €/(2p). Consider the families

Pt = {(S1,21),..., (Sky, Thy)} U Prot1 U+ UP,, and
PT=PU---U Tkg U {(517.’171),. R (Sko’xko)}'
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P+ and P~ are both §-fine, (|F|, 7)-full families in T, and, therefore, (12) holds
for both. Furthermore, it holds that

ko ko
SOIE(S)) — Fag) M(S)| = |3 F(S;) = f5) M(S)
j=1 j=1
<[o(77) = FT)|+ 3 lolf0) — F(sp| < §+ L)
j=ko+1
and symmetrically
ST RS — Fla) MS) = | DT F(S)) — f;) MIS))
Jj=ko+1 j=ko+1
ko
< lo(,97) = PO+ D [o(£.5) = F(S)) < § + o
j=1

Combining the two inequalities above yields

P
D IF(S;) = fla;) M(S))| < e. O
j=1

PROPOSITION 4.11. — If f is Ry integrable on T, then given any decomposition

T =Ti+To+..., fis Ry integrable on Tj, for all j with I(f,T) = > . I(f,T}).
In fact, f o~; is HK integrable on [0, M(T})].

Proof. — The first part of the statement is clear. For the second part, it suffices

to notice that Zle T; — T as k goes to infinity with sup,, M(G(Zle T;)) <

M(9T), for all k. By continuity of the indefinite integral F of f on T,
k 9]

i1 F(Ty) = 2,2, F(T;) = F(T). U

PROPOSITION 4.12. — If f is defined almost everywhere in sety | T| and is
Lebesgue integrable with respect to ||T||, then f is Ry integrable on T. As a
consequence, the integral of a Ry integrable function does not depend on its
values on a ||T|| null set.

Proof. — Let f be Lebesgue integrable with respect to ||T||. Extend f by 0, so
that it is defined everywhere in sptT. Fix € > 0. By the Vitali-Carathéodory
theorem (see [35, 2.24], there exists two functions g and h with g < f <
h almost everywhere, (£) [(h — g)d||T|| < €, and g and h are, respectively,
upper and lower semi-continuous. By upper (or lower) semi-continuity of the
function g (or h), for each = € spt T, there exists d(z) > 0, such that whenever
y € spt T NU(x,d(x)),

g(y) < f(z) —e  (respectively h(y) > f(x) —¢).
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Note that d(z) can be chosen for g and h at the same time for each z. Suppose
that P is a d-fine tagged family in 7', with M(T — [P]) < e,

(©) [ 9dl#)l - M) < a(£.9) < (&) [ gl )]+ eM(D).

If P and P, are two such families, it holds that

o (f;P1) —o(f, P2)] < (£) /(h —9)d|| T + 2 M(T).

As € is arbitrary, we can use Proposition 4.7 to prove that f is R; integrable.
The R; integral of f coincides with its Lebesgue integral. Indeed, choosing a
sequence (P;); of d-fine families in T with the masses M(T' — [P;]) going to 0,
it holds that

(L)/gdll[%}ll - (L)/gdHTH

and the same holds for h.

In particular, if f is Ry integrable on T, and g is equal to f, ||T|| almost
everywhere, then g— f is equal to zero ||T'|| almost everywhere and is, therefore,
Lebesgue integrable with respect to ||T'||, and, thus, R; integrable on T', and
g =(g9g—f)+ f is also R; integrable with the same integral (and indefinite

integral) as f. O
PROPOSITION 4.13. — If f is Ry integrable on T, then its indefinite integral
Fis AC..

Proof. — Let N be a ||T|| null set. By the Saks-Henstock lemma, for € > 0,
there exists a gauge § on sety ||T|, such that

D IF(S) = f@)M(9)] <,
(S,z)eP
for every d-fine tagged family P in 7. As F' does not depend on the value of f
on N, we can suppose that f(x) =0, for all z € N. If P is anchored in N, we
have

IF(PDI< > IF(9) <e
(S,x)eP
which proves that F' is AC, on T. O

PROPOSITION 4.14. — If f is Ry integrable, then it is ||T|| measurable.

Proof. — Consider a decomposition of T: T1,T5,... and a representative of
f, still denoted by f. The function f is Ry integrable on each T =: [v«]
and, therefore, f o, is HK integrable on [0, M(T})], and, thus, Lebesgue
measurable. As 7, is a homeomorphism from (0, M(T})) to its image, f is
IT%|| measurable, and also, f := fLspt||Tk| is ||T]] measurable. Consider the

function f : x — supy, fr(z); f is |T|| measurable as a pointwise supremum
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of measurable functions. The function f — f is equal to zero at each point of
sptTh UsptTo U .-+ C sety |T]. By definition of decomposition of currents,
IT|| = Y72, |7l and for all k, as T is indecomposable, sptTj, = sety || T},
and, therefore,

I (R”\ U sptTk> ~0,

k=1
thus, f = f, |T|| almost everywhere. This proves that f is || T’|| measurable. [

PROPOSITION 4.15. — A function f is Lebesque integrable with respect to ||T|
if and only if f and |f| are Ry integrable on T'.

Proof. — Without loss of generality, we can suppose that f is non-negative
and R; integrable, we also fix a representative of f with respect to ||T|. Tt
suffices to show that f is Lebesgue integrable with respect to ||T||. For k =
1,2,..., consider the function fx := fl, f@)<k)- Since by Proposition 4.14,
f is ||T|| measurable, fy is |T|| measurable and bounded and thus Lebesgue
integrable with respect to |T|| (which is a finite measure). The sequence fj
is non-decreasing and converges pointwise to f. Furthermore, the sequence
((L) [ fed|IT]l),, = ((R1) [7 fx),, is bounded from above by (R1) [;. f. The
Lebesgue monotone convergence theorem implies that f is Lebesgue integrable
with respect to ||T|. O

THEOREM 4.16 (Monotone convergence theorem for the Ry integral.) — Sup-
pose that (fi)k=1,2,... is a ||T| almost everywhere non-decreasing sequence of
R1 integrable functions on T. If there exists f : set1 ||T'|| — R, such that fi(x)
converges to f(z) |T|| almost everywhere, and if, furthermore, the sequence
of integral: (Ry1) [, fr for k =1,2,... is bounded from above. Then, f is Ry

integrable on T with
T T

This result can be easily proved using the Lebesgue convergence theorem.
However, in order to further illustrate gauge integration techniques, we give a
proof that does not rely on the measurability of f or on Lebesgue integration
results.

Proof. — Since the R; integral of a function does not depend on its values in
a ||T|| null set, we can suppose that f; converges pointwise to f everywhere
and that for all © € sety |T|, the sequence (fi(z))x is non-decreasing. Up
to subtracting f1, we can also suppose that all the f; are non-negative (by
linearity of the integral). For k = 1,2,..., let Fj be the indefinite R; integral
of fr on T} it is non-negative. Notice also that for all S € 8<(T'), and for k < ¥/,
Fi(S) < Fj»(S) by the last part of Proposition 4.6. Since Fy(T') is bounded
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from above, it converges to a limit F(T); similarly, we can define F(S) for any
S € 8<(T), as both (Fi(T — S))r and (F(S)) are non-decreasing sequences
bounded from above by F(T) > Fy(S) + Fi,(T — S); F is non-negative. The
function F on 8<(T) is also additive, indeed, supposing S, S" and S + S’ are
in 8<(T), we have

F(S+8) = lim Fi(S+8') = lim (Fu(S) + Fu(S") = F(S) + F(S).

Let us now prove that F' is continuous. Fix sequence (S;); in 8<(T") with
sup; M(95;) < oo and F(S;) — 0. For each k, the sequence (Fj(S;)); goes to
0 as j goes to oo and, similarly, Fi(T' — S;) — Fi(T) as j — oo. Thus, since
for all k and j, F(T) > F(T — S;) > Fi,(T — S;), given € > 0, there exists ko
such that for all k > ko, Fi,(T) > F(T) — ¢/2.

There exists also jo, such that for all j > jo, Fi, (T — S;) > Fi(T) — €/2.
This implies that for all j > jo and all £ > ko,

F(T) > F(T — S;) > Fu(T — S;) > Fy, (T — S;) > Fi, (T) — g > F(T) —e.

Thus, F is non-negative, additive and continuous on 8<(T'). Since F(S) >
Fy(S) for all k, if P is an (F,7)-full tagged family in 7" for some 7 > 0, P is
also (Fg, 7)-full for all k.

From now on the argument follows the method of [29, 4.42]. Fix ¢ > 0; there
exists [, such that for all k > I, F(T) — Fy(T) < ¢/4. For each k > [, fix a
gauge d;. on setq ||T'||, such that for all dj-fine, (| F)|, €/4)-full families P in T,

> E(S) ~ @) M(S)] < 25
(z,S)eP

Define a new series of gauges (i) such that for = € setq || T,

Ok (z) = 11Snji2k 85 ().

Note that dj, is, indeed, a gauge, as a finite union of countable sets is countable.
For each x € sety ||T||, fix I(z) > I, so that 0 < f(z) — fr(z) < /(4 M(T))
whenever k& > I(x). Moreover, let d(x) := &) (x) be a gauge on sety ||T7|.
To check that the zero set of § is countable, notice that it is contained in the
countable union of the zero sets of the gauges ¢j,.

Let P be a ¢/fine, (F,e/4)-full tagged family in T'. It is also (F}, e/4)-full,
as we said above. Let I’ be the maximum of the indices I(z) over (z,S5) € P.
For | <k <, let Py be the subfamily of P consisting of all the (z,5) € P with
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I(x) = k. We can write

v
o(f,7) — F(T) = 3 o(f,P4) — F(T)
k=l
V v
= Z( (fsPe)—o(f5.Pr) +Z (fe, Pr) Fk([?k]))‘f’ZFk([?k])*F(T)
k=l

k=l

To control the first term, by the choice of I(z), for all k, we have

0<a(f,Pr) —a(fuPr) < 1\;/([[(?;3]);
Sum over k =1,...,1' to obtain
v
0<> a(f,Pr) — o(f1Pk) < 1\16[(([;]))2 < i

k=l

For the second term, for any k by the Saks-Henstock lemma applied to f; and
Pr, we have

|7 (fes Pr) = Fu([Pa])] < -

Summing over k yields

4

> o (fi, Pr) — Fi([Pa])| < 2

k=l

Finally, for the third term, notice that for all & > [,

Fi([Px]) > Fi([Px])

and, summing, we obtain

l/
F(T) 2 F(P) 2 Y Ful(Pa)) = F((P) = F(T) - < = F(T) = ¢/2,
k=l

as P is (F},e/4)-full in T. Combining the three above estimates we get
lo(f,P) = F(T)| <,

which proves that f has R, integral F(T) on T. By the same reasoning one
can prove that f is R; integrable on S € 8<(T") with integral F'(S) and that,
thus, F' is the indefinite integral of f on T ]
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4.4. Fundamental theorem of calculus for the R; integral. —

PROPOSITION 4.17. — If F is a continuous additive function on 8<(T), which
is AC, and derivable ||T|| almost everywhere, then x — Dr F(x) is Ry inte-
grable on T with indefinite integral F .

Proof. — Let N be the set of non-derivability points of F' in sety [|T||. Let f
be the function defined on sety ||T'|| by f(x) =0if x € N and f(z) = D¢ F(z)
otherwise. For € > 0, let § be a gauge on sety || T||, such that whenever P is a 0-
fine tagged family in T anchored in N, |F([P])| < € and for all z € sety ||T||\ N,
0(z) is a positive number, such that for all S € §< (T, z,d(z))

[F(S) = f(2) M(5)] < e M(S).

If P is a d-fine tagged family in T with |F(T —[P])| < ¢, let Py be the subfamily
of P containing all the pairs (S, z) € P with € N. It holds that

|[F(T) —o(f,P)]
<IF@ [P+ FIPD 4 YD F(S) - £ M(S)
(S,z)eP,x¢ N
< 3e

Thus, f is Ry integrable in 7" with I(f,T) = F(T'). Since F|[s_(s) satisfies the
hypothesis of the theorem for any S € §<(T), I(f,S) = F(S), and F' is the
indefinite integral of ®p F on T. O

PROPOSITION 4.18. — If uw is a continuous function on sptT, differentiable
IT|| almost everywhere and such that ©,, is AC, then the function

s D7 04(x) = (Du(e), T (2))
is Ry integrable on T with indefinite integral ©,,.
Proof. — Using Proposition 4.17 it suffices to prove that the set
(2,0, is not derivable at #} U {z, D7 O (z) # (Du(z), T (2))}

is ||T"|| negligible. By Theorem 3.11 (iii), u is differentiable ||T|| almost every-

where, and, thus, we only need to prove that the set of points x at which
has a | T|| approximately continuous representative is ||T'|| negligible.

CLam 1. — The function z — T is |IT|| approximately continuous ||T'|| almost
everywhere, i.e. for || T|| almost every z, for every € > 0, there exists 6 > 0 such
that

O™ (|TI|{y, | T () - T ()| > 6},2) < e
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Proof. — The measure ||T|| in R™ is finite and Borel regular, and, therefore,
the Besicovitch covering theorem holds for ||T'|| (see [24, Theorem 2.7]). Or, in
the words of H. Federer [16, 2.8.9, 2.8.18], the ambient space R" is directionally
limited, and the collection of balls

{(z,U(z,r) |z € R",r > 0},

forms a Vitali relation for the measure ||T'||. Furthermore, the function T .
sety [|T|| = A1 (R™) is ||T|| measurable. Thus, by [16, 2.9.13], the vector func-

tion T' is ||T|| approximately continuous ||T|| almost everywhere. ]
U
We can finally restate and prove our main result:

THEOREM 1.1 (Fundamental theorem of calculus for 1-currents). — Let T be
a fized integral current of dimension 1 in R™ and u be a continuous function
on sptT. Suppose that u is pointwise Lipschitz at all but countably many
points in Indec(T) and that w is differentiable ||T'|| almost everywhere, then

x — (Du(x), ?(:17» is Ry integrable on T and

(OT)(w) = () [ (u.T).
T
Proof. — Let ©,, be the function on 8<(7") associated to the variations of w.
By Theorem 3.11(ii), ©,, is almost derivable at all points of set; ||T|| except
for a countable set. By Theorem 4.3, O, is AC,. By Theorem 3.11 (iii),
©,, is derivable ||T|| almost everywhere along T with a derivative equal to

(Du(z), 7(30)) Use Propositions 4.17 and 4.18 to conclude. O
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ABSTRACT. — The Rauzy gasket R is the maximal invariant set of a certain renormal-
ization procedure for special systems of isometries naturally appearing in the context
of Novikov’s problem in conductivity theory for monocrystals.

It was conjectured by Novikov and Maltsev in 2003 that the Hausdorff dimension
dimpg (R) of the Rauzy gasket lies strictly between 1 and 2.

In 2016, Avila, Hubert and Skripchenko confirmed that dimg(R) < 2. In this note,
we use some results by Cao—Pesin-Zhao in order to show that dimg(R) > 1.19.

RESUME (Bornes inférieures pour la dimension de la baderne de Rauzy). — La ba-
derne de Rauzy R est I’ensemble maximal invariant pour une certaine procédure de
renormalisation sur les systémes d’isométries speciaux issus du probléme de Novikov
en théorie de conductivité des monocristaux.

Il fut conjecturé par Novikov et Maltsev en 2003 que la dimension de Hausdorff
dimy (R) de la baderne de Rauzy est strictement comprise entre 1 et 2.

En 2016, Avila, Hubert et Skripchenko ont confirmé que dimg(R) < 2. Dans cette
note, on utilise des résultats par Cao—Pesin—Zhao afin de montrer que dimg (R) > 1.19.
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1. Introduction

The Rauzy gasket is a fractal subset of the standard 2-simplex. It was given
life by Arnoux and Rauzy [1] in the context of representing low-complexity
subshifts as interval exchange maps, although it was only given a name later.
It is also related to frequencies of letters in ternary episturmian words [2],
dynamics of special systems of isometries [7], and a particular case of Novikov’s
problem around the trajectories of electrons on Fermi surfaces in the presence
of constant magnetic fields [6, 3]. It is depicted in Figure 1.1.

\

N /l////

FicURE 1.1. The Rauzy gasket.

Concretely, the Rauzy gasket is defined as follows. Consider the standard
2-simplex A = {(x1,z9,23) € Ri i1 + 29 + 3 = 1}. We decompose A into
three simplices Aj = {(21,22,23) € A x; > 3, ;) } and a hole A\U§:1 A
The projectivizations of the matrices

111 100 100
My=|010], My=(111], Mz=|o010
001 001 111

induce weakly contracting maps f;: A = A;, j = 1,2,3. In this context, recall
from [2] that the Rauzy gasket is the unique non-empty compact subset of A
such that

R=fi(R)U f2(R) U f3(R).

The fact that the Rauzy gasket has zero Lebesgue measure has been proved
by several authors, including Levitt [9]', Arnoux—Starosta [2] and De Leo—
Dynnikov [6].

1. Using an argument attributed to Yoccoz.
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A general conjecture by Novikov and Matlsev [10] from 2003 implies the
following particular statement about the Rauzy gasket:

CONJECTURE 1.1 (Novikov—Maltsev). — 1 < dimg(R) < 2.

Some numerical experiments by De Leo and Dynnikov [6] suggest that
1.7 < dimg(R) < 1.8, and Avila-Hubert—Skripchenko [4] established that
dlmH(R) < 2.

The main result of this note is the following theorem:

THEOREM 1.2. — dimy(R) > 1.19.

The proof of this result occupies the remainder of this text.

2. Lower bounds on the Hausdorff dimension of the Rauzy gasket

In this section, we give a lower bound on dimyg(R) via the construction of
appropriate uniformly expanding repellers inside R.

2.1. General framework. — We will use somewhat general methods to obtain
bounds for the Hausdorff dimension of a uniformly expanding repeller in dimen-
sion 2. These methods rely on estimating the singular values of the derivatives
of the maps defining the set. More precisely, given n uniformly contracting
maps T4, ...,T,: X — X, where X C R? is a compact set, and a repeller K de-
fined as the unique non-empty compact set such that K = (J;_, Tx(K), we need
to estimate quantities of the form max,ex | D.Tk| and mingex ||(DoT%) ",

where || - || denotes the largest singular value. Since for any a,b,c,d € R one
has that
‘(aiﬂ‘¢ﬁ+b2+§+d2+¢@2+W+c2+¥P4@d&ﬁ
cd o 2 ’

we obtain the simple estimates

\/a2+62+c2+d2 (e
2 —|l\cd

which we will write as |- ||~ < [|- | < |- I

There are several methods in the literature to obtain lower bounds on the
Hausdorff dimension of repellers. For our purposes, the thermodynamical
method of Cao—Pesin—Zhao [5] is quite useful. In a nutshell, they consider a re-
peller A of a C?-expanding map g on a surface, a parameter 1 < s < 2, and the
potential 1/15(% g) = logal(xa g) + (S - 1) log ag(iﬂ, g)a where al(l.a g) Z aQ(x7 g)
are the singular values of D,g. Observe that ||D,g||” < ai(z,g9) < ||D.g|*
and [|(D.g) 1|~ < az(z.9)"L < (Dug)1I*-

< Va2 + b0+ + a2,
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By Corollary 3.1 of [5], one has that
dim(A) > sy,

where s; is the unique root of the equation P(g,—%*°(-,g)) = 0 and P(g,0)
stands for the topological pressure of the potential 6, i.e.,

P(g,0) := sup{ /Gd,u D is g—invariant}

(see (3.2) and (2.4) in [5]). The theory of (subadditive) thermodynamical for-
malism (as explained? in Section 3 of [8], for instance) states that

P(g,0) <0 < Z Z exp(Om, (x)) < oo,

m>1zeFix(g™)

where 0,,(z) := Zm L9(g7 (2)).
In general, s — P(g7 —1*(-,g)) is a continuous and strictly decreasing func-
tion of s. Therefore, s; > sq for all so with

m—1
Y e |- Y @@ | =
=0

m2>1xzeFix(gm)

2.2. The Rauzy gasket. — Observe that each composition fi o f;, with k # j,
is a contraction on A (cf. Lemma 2 in [2]). Thus, for each integer n > 2, the
unique non-empty compact subset K, such that

Kn - U fin O0---0 fi1(Kn)a
€S,
where S, = {1,2,3}"\{(1,...,1),(2,...,2),(3,...,3)}, is a uniformly expand-
ing repeller contained in R.

In the following, we consider the Riemannian metric on TA = {(v1,vq,v3) €
R3 : vy + vy + v3 = 0} induced by the usual Euclidean scalar product of R3
normalized so that the vectors (g1, €2, €3), {€1,£2,e3} = {—1,0,1} have norm 1.
In particular, B = {(1,—1,0), (-1, —1,2)/v/3} is an orthonormal basis of T'A.

REMARK 2.1. — A natural alternative is to consider the Fubini—Study metric
d(Rz,Ry) = % on the projective space PR>®. However, we chose the ad
hoc Riemannian metric above because the operation of taking exterior powers

would lead to heavier calculations.

The repeller K3, defined by g13 sending each A; = f;,, o---o f;, (A), with
1 € S13, onto A, is uniformly expanding with respect to this Riemannian metric.

2. Cf. Lemma 3.2 of [8] in particular.
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Indeed, we can estimate the smallest expansion factor as
1

maXges,; MaXgeA, || (Dwgl3)_1 H+

to obtain a value of at least /3.
Now, denote by

a = log (rggx max ||Dx913||+> , b=log ( min mln H 1913)1”)

TEA 1€S13 TEA

and Fix(g¢7%) = exp(em) for all m (i.e., ¢ = log(|S13]) = 1og(313 —3)). Observe
that

logay(z,9) <a and logas(z,g) <b

for every x € J;g,, Ai- Hence,
m—1 )
Z ¥ (g13(x), 913) < (a+b(so — 1))m
=0

and we deduce that

-1

Yo > e |- v (gls(x). 019)

3

m>1 zGFix(g{%) 7=0
> Z exp((c—a —b(sp — 1))m) = oo,
m>1

ife—a—>b(so—1)>0,1ie., so<1l+(c—a)/d
This way, we obtain the bound

c—a
b

With the help of a computer, we can find the exact values of a and b. We
obtain:

86185 2
a = log (320&/3), b=log <49172481/ 15%) and ¢ = log(1594320),

which yields dimy (K13) > 14 <% > 1.08.

This lower bound can be improved by restricting it to a smaller fractal.
Indeed, instead of using every sequence in Si3, we can take a subset of such
sequences designed to optimize the previous bound by decreasing the values of
a and b while trying to maintain a large value of ¢. The heuristic we use is as
follows:

dimpy (Ki3) > 51 > 1+

D,g13||T in ascending order,

assigning a number 7 (i) to each i € S
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2. Find the ¢ € Si3 that maximizes log(r*(i)) — log(max,en, [[Dzg13]| 1)
and denote it by i*. Let Sf; = {i € S, : r¥(i) < r*(i*)}. For
the remaining steps, we ignore the elements of S13 \ Sj5. Let o/ =
logmaxgen,. [|[Degi3™.

3. Sort the i € Sj; according to min,ea, ||(Dzg13) ||~ in descending or-
der, assigning a number r~ (i) to each i € Sif.

. . 4 .. log(r~ (i))—a’
4. Find the ¢ € S7; that maximizes Tog(1/ min,ea, [(D2g15) 1T and denote
it by i**. Our new set of sequences is now Sj;~ = {i € S5 : 77 (i) <

r~(i**)}, and we have b = log(l/mingea,.. [[(Dzg13)"*|7) and ¢ =

log(r~(:**)). We also define a = 1ogmaxiesl+; max,en, || Dzgis||™ (it

may happen that a < @', as we have removed more sequences).

We repeat this heuristic until the list of sequences does not change. We get the
following final values:

2
a = log <6800\ / 839>, b = log (615627\ / 51_)) and ¢ =log(898224).

Thus, we obtain the bound dimg(K;3) > 1+ % > 1.19 and we establish the
lower bound dimy(R) > 1.19.

REMARK 2.2. — The lower bound on dimg(R) produced by this method can
be improved by taking larger values of n. Nevertheless, some numerical exper-
iments suggest that such bounds will not exceed 1.3. Since we have used very
coarse approximations, it is quite likely that these numbers are far from the
actual value of dimy(R).
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ON THE EQUIVARIANT BLOW-NASH CLASSIFICATION
OF SIMPLE INVARIANT NASH GERMS

BY FABIEN PRIZIAC

ABSTRACT. — We make progress towards the classification of simple Nash germs
invariant under the involution changing the sign of the first coordinate, with respect
to equivariant blow-Nash equivalence, which is an equivariant Nash version of blow-
analytic equivalence, taking advantage of invariants for this relation, the equivariant
zeta functions.

RESUME (Sur l’équivalence Nash aprés éclatements équivariante des germes Nash in-
variants simples). — On effectue des avancées en direction de la classification des
germes Nash simples invariants sous l'involution changeant le signe de la premiere
coordonnée, par rapport & I’équivalence Nash aprés éclatements équivariante, qui est
une version Nash équivariante de I’équivalence analytique apres éclatements, en tirant
parti d’invariants pour cette relation, les fonctions zéta équivariantes.

1. Introduction

The classification of real analytic germs requires us to carefully choose the
equivalence relation used. One may think about the (right) C'-equivalence.
However, this is too strong, as illustrated by the example of the Whitney
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family fi(z,y) = 2y(y — x)(y — tz), t > 1 (f; and fy are C'-equivalent if
and only if ¢ = '), while the topological equivalence is too rough. In [19],
T.-C. Kuo suggested an equivalence relation for which the Whitney family has
only one equivalence class: the blow-analytic equivalence. More generally, any
analytically parameterized family of isolated singularities has a locally finite
classification with respect to blow-analytic equivalence.

Two real analytic germs are said to be blow-analytically equivalent if, roughly
speaking, they become analytically equivalent after compositions with real
modifications, e.g. compositions of blowings-up along smooth centers. From
the definition of this equivalence relation, further studies on real analytic germs
were stimulated. In particular, invariants have been constructed for blow-
analytic equivalence, like the Fukui invariants ([15]), as well as the zeta func-
tions of S. Koike and A. Parusiniski ([18]), inspired by the motivic zeta functions
of J. Denef and F. Loeser ([8]), using the Euler characteristic with compact sup-
ports as a motivic measure.

A refinement of blow-analytic equivalence was defined for Nash germs, that
is, germs of real analytic functions with a semialgebraic graph, by G. Fichou in
[10]: the blow-Nash equivalence, that is, the Nash equivalence after composi-
tions with Nash modifications. The algebraicity involved allowed Fichou to use
the virtual Poincaré polynomial ([22] and [9]), which is an additive and multi-
plicative invariant on AS sets ([20] and [21]) encoding more information than
the Euler characteristic with compact supports, in order to define new zeta
functions, invariant for the blow-Nash equivalence of Nash germs. Recently,
in [6] J.-B. Campesato gave an equivalent alternative definition of blow-Nash
equivalence as arc-analytic equivalence, proving that the blow-Nash equivalence
of [10] is, indeed, an equivalence relation; he defined a more general invariant
for it, the motivic local zeta function.

In [13], G. Fichou used his zeta functions of [10] to classify simple Nash germs (a
germ is called simple if sufficiently small perturbations provide only finitely many
analytic classes) with respect to blow-Nash equivalence. He showed that this clas-
sification actually coincides with the real analytic one, that is, the AD E-classifi-
cation of [2]. An analog result for blow-analytic equivalence is not known.

In this paper, we are interested in real analytic germs invariant under right
composition with the action of the group G = Z/2Z ounly changing the sign
of the first coordinate (which we will simply call invariant germs). In [24],
we defined the equivariant blow-Nash equivalence for invariant Nash germs,
which is; roughly speaking, an equivariant Nash equivalence after compositions
with equivariant Nash modifications. Using the equivariant virtual Poincaré
series ([14]), which is an additive invariant on G-AS sets, as a motivic mea-
sure, we constructed “equivariant” zeta functions, which are invariants for the
equivariant blow-Nash equivalence.

Similarly to the nonequivariant frame, we ask if the equivariant blow-Nash
classification of invariant Nash germs could coincide with the equivariant Nash
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classification for sufficiently “tame” invariant singularities. The equivariant
analytic classification of simple invariant real analytic germs was established
by V.I. Arnold in [1] (see also [16]). The representatives for this classification
are the invariant singularities Ay, By, Ck, Dk, Fs, E7, Es and Fy (see Theorem
2.1 below). We will first show that a simple invariant Nash germ is G-blow-Nash
equivalent (and even G-Nash equivalent) to one of these germs. The largest
part of our study will then consist in trying to distinguish, with respect to
G-blow-Nash equivalence, the invariant ABC D E F-singularities, notably using
the equivariant zeta functions.

For some cases, we will be faced with either the equality of the respective
equivariant zeta functions of a couple of germs or the fact that they are equal
if and only if the respective equivariant virtual Poincaré series of specific sets
are equal. The former situation is, in particular, due to the fact that the
equivariant virtual Poincaré series can not distinguish two different algebraic
actions on the same sphere as soon as there is at least one fixed point. As for
the latter situation, we do not know if the invariance of the virtual Poincaré
polynomial under bijection with the AS graph (see [23]) “generalizes” to an
invariance of the equivariant virtual Poincaré series under equivariant bijection
with the AS graph. If this is proven to be true, it should allow us to compute
all the coefficients of the equivariant zeta functions considered.

The next section is devoted to the equivariant Nash classification of simple
invariant Nash germs; we prove that it coincides with the equivariant real
analytic classification of [1] and [16]. Indeed, two invariant Nash germs are
equivariantly Nash equivalent if and only if they are equivariantly analytically
equivalent (Proposition 2.3). This can be deduced from an equivariant Nash
approximation theorem of E. Bierstone and P. Milman in [4].

In Section 3, we justify the fact that a germ G-Nash equivalent to a germ of
the list ABCDEF is, in particular, G-blow-Nash equivalent to it. On the other
hand, one can notice that, forgetting the G-action, the invariant singularities Ay
and By, or Cy and Dy, Eg and Fy, are both A-, or D-, E-singularities. Since
equivariant blow-Nash equivalence is a particular case of blow-Nash equiva-
lence, and because the AD E-singularities are not blow-Nash equivalent to one
another ([13]), we are reduced to comparing, with respect to G-blow-Nash
equivalence, the invariant germs of the families Ay and By, or C) and Dy, Fg
and Fy.

Section 4 recalls the definition of the tools we are going to use to do so: the
equivariant zeta functions. Sections 6, 7 and 8 are devoted to the comparison of
the invariant germs of a specific couple of families (A and By, Cy and Dy, and
finally Fg and Fy). We proceed as follows. We begin by computing the first
coefficients of the equivariant zeta functions (that is, the coefficients of degree
strictly smaller than the degree of the germs) in order to extract first cases
of non-G-blow-Nash equivalence. Reducing our study to the remaining cases,
we then compute the coefficient of degree equal to the degree of the germs.
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Finally, for the cases for which it is not sufficient, we compare the coefficients
of higher degrees of the respective equivariant zeta functions.

These comparisons lead to interesting examples of computations of equivari-
ant virtual Poincaré series. The first one, to which Section 5 is devoted, is the
computation of the equivariant virtual Poincaré series of the fibers over 0, —1
and +1 of the quadratic forms Q, (y) := >.7_, v7 — 23:1 Yz, j» equipped with
four different actions of G.

Acknowledgements. — The author wishes to thank J.-B. Campesato, G. Fi-
chou, T. Fukui, A. Parusinski, R. Quarez, G. Rond and M. Shiota for useful
discussions and comments.

2. Equivariant Nash classification of invariant simple Nash germs

Consider the affine space R"™ with coordinates (z1,...,%,). We denote by s
the involution of R™ changing the sign of the first coordinate x:
R™ — R™
s:
(1,22, ..., xp) = (=21, T2y ..., Tp)

This equips R™ with a linear action of the group G = {idgn, s}.

In this paper, a function germ f : (R™,0) — (R, 0) will be said to be invariant
if f is invariant under the right composition with s, that is, if f is the germ of
an equivariant function (we equip R with the trivial action of G).

In [1] and [16], the classification of invariant, simple, real analytic germs
(R™,0) — (R, 0) with respect to equivariant analytic equivalence, that is, right
equivalence via an equivariant analytic diffeomorphism (R",0) — (R™,0):

THEOREM 2.1 ([1], [16]). — An invariant simple real analytic function germ
(R™,0) — (R,0) is equivariantly analytically equivalent to one and only one
invariant germ of the following list:

Ay, k>0: :I:m%:l:xé“—k@, Eg: +a% + a3 + 25+ Q,
Br, k>2: +a2k + 22 4+ Q, E7: £2% + 23 + 2073 + Q,
Cr, k>3: 22zy+ 25+ Q, Eg: 42?2 + 23 + 25+ Q,

Dy, k> 4: :I:x%—i—x%mgj:x’g*l—i-Q, Fy: dat+ 23+ Q,

where Q = a2 4 .-+ £ 22, with s = 4 for singularities Dy, and Ej, and s = 3
in the other cases.

REMARK 2.2. — If we forget the action of the involution s on R", we notice
that the families A and By, and Cy and Dy, Eg and Fy, E;, Eg, of Theorem 2.1
are singularities A, and D, Fg, E7, Es.

In this paper, we are interested in the classification of invariant Nash germs
(R™,0) — (R,0), that is, germs of equivariant analytic functions with semi-
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algebraic graphs. Recall (see, for instance, [5] Corollary 8.1.6) that a Nash
germ can be considered as an algebraic power series, via its Taylor series. The
above classification is also valid for invariant simple Nash germs with respect
to equivariant Nash equivalence, that is, right equivalence via an equivariant
Nash diffeomorphism (R™,0) — (R™,0), according to the following proposition:

PROPOSITION 2.3. — Let f,h: (R™ 0) — (R,0) be two invariant Nash germs.
Then f and h are equivariantly Nash equivalent if and only if they are equiv-
ariantly analytically equivalent.

This property is a particular case of the following result:

THEOREM 2.4. — Let G be a reductive algebraic group acting linearly on R™
and RP. Consider two equivariant Nash germs f : (R™,0) — (R?,0) and h :
(R™,0) — (RP,0). If f and h are equivariantly analytically equivalent, then
they are equivariantly Nash equivalent.

REMARK 2.5. — e Since a Nash diffeomorphism is, in particular, ana-
lytic, the converse is obviously true.
e Any finite group is reductive.

Proof (of Theorem 2.4). — Suppose there exists an equivariant analytic dif-
feomorphism ¢ : (R™,0) — (R™,0) such that f o¢ = h. Denote F(x,y) =
f(y) — h(x) for z,y € R™. Then F : (R*" 0) — (RP,0) is a Nash germ and
can be considered as an algebraic power series in Ry4([z, y]]P, and ¢(z) as an
equivariant convergent power series in R{x, y} such that F(z,¢(z)) = 0.

Therefore, by Theorem A of [4] and Example 11.3 of [26], we can approximate
¢(x) by an equivariant algebraic power series ¢(z) such that F(z,¢(z)) = 0,
and we do the approximation closely enough so that a(x) remains a diffeo-
morphism. As a consequence, 5 : (R™,0) — (R™,0) is an equivariant Nash
diffeomorphism such that f o 5 = h.

Notice that, actually, Theorem A of [4] is about approximation of equivari-
ant formal solutions of polynomial equations by equivariant algebraic power
series, but it is also true for algebraic power series equations. Indeed, following
G. Rond’s ideas, it is possible to reduce it to the case of polynomial equations,
as in [3] Lemma 5.2 and [7] Reduction (2) of the proof of Theorem 1.1, us-
ing arguments of the proof of Lemma 8.1 in [25], along with the fact that the
morphism R[z, y](z.) — Rag[[, y]] is faithfully flat by [5] Corollary 8.7.16. [

3. Equivariant blow-Nash equivalence

Now, we want to study the classification of invariant simple Nash germs with
respect to G-blow-Nash equivalence via an equivariant blow-Nash isomorphism
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(G = {idgn, s}). We first recall the definition of G-blow-Nash equivalence via
an equivariant blow-Nash isomorphism of [24]:

DEFINITION 3.1. — Let f,h : (R®,0) — (R,0) be two invariant Nash germs.
We say that f and h are G-blow-Nash equivalent via an equivariant blow-Nash
isomorphism, if there exist

e two equivariant Nash modifications oy : (M f,of_l(())) — (R™,0) and
on : (Mp, 0, (0)) — (R™,0) of f and h, respectively (we refer to [24] for
the definition of an equivariant Nash modification),

e an equivariant Nash isomorphism ® between G-globally stabilized semi-
algebraic and analytic neighbourhoods (M, 0;1(0)) and (Mp,,0;,'(0))
such that ® preserves the multiplicities of the Jacobian determinant of
oy and o4 along their exceptional divisors,

e an equivariant homeomorphism ¢ : (R™,0) — (R",0),

such that the following diagram commutes:

(My,071(0)) ————— (Mp, 0, '(0))

¢

(R™,0) (R™,0)
\ /
(R,0)
We have the following;:
PROPOSITION 3.2. — An invariant simple Nash germ (R™,0) — (R,0) is G-

blow-Nash equivalent via an equivariant blow-Nash isomorphism to an invariant
germ of the list of Theorem 2.1.

Proof. — This comes from the fact that if f and h are equivariantly Nash
equivalent invariant Nash germs (R™,0) — (R,0), then they are G-blow-Nash
equivalent via an equivariant blow-Nash isomorphism.

Indeed, if f and h are equivariantly Nash equivalent via an equivariant Nash
isomorphism ® : (R™,0) — (R"™,0), then we have the following commutative
diagram:

]

(R™,0) (R™,0)
l l
(R",0) 2 (R",0)
f h
\(K i /
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Now, if f7(0), or h=1(0), has only one irreducible component at 0 € R",
the identity idg» : (R™,0) — (R™,0) is an equivariant Nash modification of
f, or g, so that f and g are G-blow-Nash equivalent via an equivariant blow-
Nash isomorphism. If this is not the case, we have to perform a composition
o5 (Mf,afl(O)) — (R™,0), or oy, : (My,a;,"(0)) — (R",0), of successive
equivariant blowings-up along G-invariant smooth Nash centres, such that
e the irreducible components of the strict transform of f~(0) by oy, or
of h=1(0) by o, do not intersect,
e fooy and jac oy, or h ooy and jac oy, have only normal crossings
simultaneously,
e there exists a finite collection of G-invariant affine charts for o, or for
op, such that, on each of these charts, the action of G is of the form

(1,22, ..., &pn) > (121, €2T2, ..., €xTy),

where ¢; € {£1} (so that the action of G on My, or on My, can be
locally linearized on the normal crossings, in the sense of [24]),
e after each blowing-up, f and h remain equivariantly Nash equivalent

(perform o}, with such properties with respect to h, then construct o as the
pullback of oy, via the equivariant Nash diffeomorphism ®). O

The second step of the study will consist in understanding the relations, with
respect to G-blow-Nash equivalence via an equivariant blow-Nash isomorphism,
between the invariant Nash germs of the list of Theorem 2.1.

Equivariant blow-Nash equivalence (or equivariant blow-Nash equivalence
via an equivariant blow-Nash isomorphism) is a particular case of the blow-
Nash equivalence (or blow-Nash equivalence via a blow-Nash isomorphism)
defined in [10]. In [13], Fichou proved that the classification of simple Nash
germs (R™,0) — (R, 0) with respect to blow-Nash equivalence via a blow-Nash
isomorphism is the same as Arnold’s AD E-classification of real analytic germs
with respect to right analytic equivalence.

As a consequence, the A, D, E-singularities, belonging to different blow-
Nash classes, cannot be G-blow-Nash-equivalent via an equivariant blow-Nash
isomorphism either. We are then reduced to trying to distinguish the invariant
germs of the families Ay and By, or Cy and Dy, Eg and Fy.

For this purpose, we will use the equivariant zeta functions defined in [24],
which are invariants for equivariant blow-Nash equivalence via an equivariant
blow-Nash isomorphism.

4. Equivariant zeta functions

Let f: (R",0) — (R,0) be an invariant Nash germ. We recall the definition
given in [24] of the equivariant zeta functions of f.
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Denote £ := {y: (R,0) = (R",0) | v(t) = a1t + ast? + ...,a; € R"} the
space of formal arcs at the origin of R™. The action of G on R™ naturally
induces an action of G on L, by left composition with s. For m € N\ {0}, the
space

m=1{7:(R,0) = (R™,0) | v(t) = a1t + ast®> + ...+ amt™}

of arcs truncated at order m + 1 is globally stable under this action, as well as
the spaces

An(f):={v€Ln | foylt)=c™+...,c# 0},
AAL(f) = {7 € Lo | for(t) = +t"+ ...} and
AL(f)={v€Lm| fory(t)=—t"+...}.

These latter sets are Zariski constructible sets equipped with an algebraic action
of G, and we define

Z§(u,T) =Y YA u™" ™ € L [[u([T])

m>1

and

27  (w,T) =Y B9AR(N)u™ ™ T™ € Zlul ([ )[[T]),

m>1

the naive equivariant zeta function and the equivariant zeta functions with sign
of f, respectively.

Here, 3Y(-) denotes the equivariant virtual Poincaré series on G-AS sets
of [14]; it is an additive invariant with respect to equivariant isomorphisms,
with values in Z[[u]], such that, if X is a compact nonsingular G-AS set,
BE(X) = Y ,cpdimz, Hi(X; G)u’, where H,(X;G) denotes the equivariant
Borel-Moore homology of X with coefficients in Z, defined in [17].

REMARK 4.1. — e By an isomorphism between arc-symmetric sets we

mean a birational map containing the arc—symmetric sets in its support.

e The equivariant virtual Poincaré series of a point is —*7, the equivariant

virtual Poincaré series of two fixed points is 25 and the equivariant

virtual Poincaré series of two points exchanged by G is 1; see [14] Ex-
ample 3.12.

e If S¢ denotes the unit sphere in R%, then

59(5) = l+u+...+u? if G acts via the central symmetry of R%,
2 +u+...+u? if G acts with a fixed point

u— 1
(see [14] Example 3.12).

e If R? is equipped with any algebraic action of G, then 3% (R%) =
see [14] Example 3.12.

ud+1 .

u—1"
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o If X is a G-AS set and if the affine space R? is equipped with any
algebraic action of G, then 3% (X x R?) = u?3%(X) (the product X x R?
is equipped with the diagonal action of G): see [14] Proposition 3.13.

e If X is a G-AS set and if the affine line R is equipped with an algebraic
action of G stabilizing 0, then 3% (X x (R*)?) = (u—1)?8Y(X); see [24]
Lemma 3.9.

o If X is a G-AS set, then the coefficients of the negative powers of u
in BY(X) are all equal to > ;5 3:(X%), where X is the fixed point
set of X and $3;(-) denotes the i*" virtual Betti number ([22]); see [14]
Proposition 4.5.

THEOREM 4.2 (Theorem 4.1 of [24]). — Let f,h : (R™,0) — (R,0) be two
invariant Nash germs. If f and h are G-blow-Nash equivalent via an equi-
variant blow-Nash isomorphism, then Z?(u, T)=ZZ(u,T) and Z?’i(u, T) =
Z8% (u, T).

REMARK 4.3. — In the rest of this paper, we will simply talk about equivariant
blow-Nash equivalence to refer to equivariant blow-Nash equivalence via an
equivariant blow-Nash isomorphism.

In the next parts of the paper, we are then going to use the equivariant zeta
functions in order to try to distinguish the families Ay and By, and C} and
Dy, Eg and Fy, with respect to G-blow-Nash equivalence. More precisely, we
will show that, in some cases, some terms of the respective equivariant zeta
functions of the germs considered are different.

On the other hand, we will prove that, in some other cases, the equivariant
zeta functions are equal.

Before this, in the following section, we compute equivariant virtual Poincaré
series associated to the quadratic form

P q
Qp.qy) == Zy? - Zy;2;+ja
i=1 j=1

where p,¢ € N, (y1,...,Yptq) € RPTZ. More precisely, we compute the equi-
variant virtual Poincaré series of the algebraic sets

Yp,q = {Qp,q =0} and Y;zg,q = {Qp,q =&},
for £ = &1, in the cases where the action of G on RP*4 is given by

LYt Ups Ypt 1o - - Upta) = (ZY1 - Yp Ypt1s - -+ Ypha)s

2. (Z/l, o Yy YUptis - 7yp+q) = (y17 sy Ypy —Yp+1s - - - 7yp+q)7

3. (y17 s Ypy Uptis - ay[)+q) = (_yla ceey T Ypy TYptls e _yp+q)7

4.0or (Y1, Yps Uptis- s Uptq) = (Ul s Ups Ypt1s -« > Yptq)-
This will turn out to be useful in the comparisons of the equivariant zeta
functions.
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5. Computation of 3%(Y,,,) and B¢ (Y ¢

p9q)

We have the following result:

PROPOSITION 5.1. — 1. If0 <p < q, then

wPTa_ 9 +up71

Y o
5G(Y )= P in the case n°1,
P,q) — up+<1_uq+up+1

- in the three other cases.

2. Ifp=q#0, then

u2p_up+up71

BG(Yp,q) = {u%_q;p_il_uwl

u—1

in the cases n°1 and n°2,

in the two other cases.

3. If p=0, then

G u
Yp4) =——.
(Y ) =
REMARK 5.2. — If ¢ < p, just exchange the roles of p and ¢ along with the
actions of the cases n°1 and n°2.

Proof (of Proposition 5.1). — If p = 0, then Y, ; = {0} and 8% (Y, ) = -5
by Remark 4.1.

If 0 < p < g, as in [12] Proof of Proposition 2.1 and [13] Proof of Lemma
3.1, we apply the equivariant change of variables u; = y; + Yitp, Vi = ¥i — Yitp

for i =2,...,p and the equation @, , = 0 becomes
P p+q
V=g T Y wivi— Y yi =0,
i=2 j=2p+1

the action of G on the new coordinates u;, v; being trivial in the cases n°1, n°2
and n°4, and changing their signs in the case n° 3.

Asin [12] and [13], we write, by additivity of the equivariant virtual Poincaré
series,

BY(Yp,q) = BY (YVp,g N {uz # 0}) + BC (Vg N {uz = 0}).

Because, if us # 0, the coordinate vs is determined via an equivariant isomor-
phism by us and the other variables that are free, we have (Y, , N {us #

0}) = BE(R* x RP+4=2) = (4 — 1)22_ (see Remark 4.1). Furthermore, the

u—1

equation describing Y, , N {us = 0} is

p p+q
2 2 2 _
Vi Ypar T Y wivi— Y yi =0
i=3 j=2p+1
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(notice that the variable v is then free) and, by an induction, we obtain

p p+q
G 1—1 -1 G 2 2 2
BT (Yp,q) = Z“p+q+ ftuPp Y1 = Ypy1 — Z y; =0
i=2 j=2p+1
wP-l 1 B p+q
= uq+17u — T B qui v - D w =0
j=2p+1

Now, in order to compute 3¢ ({y% - y§+1 — ?Igp—&-l yJQ = O}), we equiv-

ariantly blow up the latter algebraic set at the origin of R?"P%2; in the chart
y=w, Yy =wz;, i =p+1,2p+1,...,p+ q, the blown-up variety is defined
by

p+q
2 2 2| _
w1 =254 — E zi | =0,
j=2p+1
the action of G being given by
® (W, 2p41, 22p41s- -5 Zpiq) = (—W, —2p41, —Z2p11, .-, —Zpyq) in the case
n°l,
o (W, Zp41, 22p41, -5 Zptq) = (W, —Zpt1, Z2p+1, - - - » Zptq) Il the case n°2,
o (W, 2Zp41, 22p41,- -1 Zptq) = (—W, Zpt1,22p+1, - - - » Zptq) in the case n® 3,
o (W, 2Zp41,22p+1s - -5 Zptq) = (W, Zp41, 22p41, - - - 5 Zptq) ID the case n°4.
We have
p+q
G 2 2 2 _
B Y1 = Ypy1 — E ?Jj—o \ {0}
j=2p+1
p+q
e 2 2 _ _
=0 T—2p — E z; =0 \{w=0}
i=2p+1

— BO(R" x §7°7)
= (u—1)8(s777)

Finally, since the action of G on the sphere S97P is the central symmetry in
the case n°1 and admits a fixed point in the three other cases, we have

wd—Pt+l_q

pE(s1P) = {uqupﬂlﬂ

u—1

in the case n°l1,

in the three other cases

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



340 F. PRIZIAC

(see Remark 4.1). Using the additivity relation

ptq
3¢ —yp— Y. Y =0p\{0}
j=2p+1
r+q
=8 QUi -y — D i =0¢ | - B°(0})
Jj=2p+1
and the equality % ({0}) = -5, we obtain the desired result.

If p=qe N\ {0;1}, we do as before in order to obtain the equality
p—1

ﬁG(YILq) = up+1u 1

+uP B ({yf — ypar = 0})

(notice that the quantity 8%({y7 — y2,, = 0}) is the same in the cases n°1
and n°2). Now, as above, we equivariantly blow up at the origin of R? and
look in the chart y; = u1, Yp+1 = U1Vp41; the blown-up variety is given by the
equation

u%(l — U12)+1) =0

and the action of G is given by

o (u1,vpy1) — (—u1, —vp41) in the case n°l,
o (u1,vpy1) — (U1, —vpt1) in the case n°2,
e (u1,vpy1) — (—u1,vpt1) in the case n°3,
o (u1,vpy1) — (u1,vp41) in the case n°4.

As a consequence,

1 in the cases n°1 and n°2,

25 in the two other cases

Bl — v =0}) = {

(see Remark 4.1) and we obtain the desired result.
If p =g =1, we have 89(Y, ) = B¢ ({y? — y2,1 =0}) and we can use the
previous computation. O

This proposition can be used to compute the quantities ﬁG( ) Indeed:

PRrROPOSITION 5.3. — We have

O = e (B () — B9 (V)
and

) = s (B9 (Vping) — B9 (V)
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Proof. — We show the first equality, the proof of the second one being similar.
Denote Z, 4 the projective algebraic set

p q
[Yi:...: Y, € PPTL(R) | ny - ZYIJQ-H' =0
i=1 j=1

As in [11] Proof of Corollary 2.5, we can equivariantly compactify Yp‘i‘ql into
the projective algebraic set Z, 441, the part at infinity being equivariantly
isomorphic to Z, , (we equip PPT4(R) and PPT4~1(R) with the actions of G
naturally induced from the considered action on the variables of RP19).

Now, we compute ﬂG(Zp,q)7 using, as in [11] Proof of Proposition 2.1, the
fact that the projection

R AN
(s oY) = 1+ )

is a piecewise algebraically trivial fibration, compatible with the respective
considered actions of G. More precisely, we can cover Z,, by the globally
G-invariant open subvarieties

U; ::Zp,qm{yvi#o}ﬂie{11"'7p+q}7

and, for each i € {1,...,p+ ¢}, we can define the isomorphism
©; P (U) = Yy N {yi # 0} — U; x R*
Y1y s Yise s Uprq) = (W1 0%t D Yprgl, i)

For i € {1,...,p+ q}, if the sign of the coordinate y; is changed under the
action of G, we equip R* with the action of G given by the involution z — —z.
If y; remains unchanged under the action of G, we equip R* with the trivial
action of G. Furthermore, equipping the product U; x R* with the diagonal
action, this makes the isomorphism ¢; equivariant.

By the additivity of the equivariant virtual Poincaré series, the quantity
BY (Y, \ {0}) can be written as the alternating sum of the terms

> 6G<p‘1<ﬂ Um)>,1§rSp+q,

JcA{1,...,p+q}, Card(J)=r meJ

and, via the equivariant isomorphisms ¢;, we have

lrne)) () =) e ()

As a consequence, once again due to the additivity of the equivariant virtual
Poincaré series,

5G(Yp’q \{0}) = (u— 1)66(217,11)-
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Therefore,
BOWY,)) = B%(Zpai1) = B9 (Zp.a)
= L (e \ (0) — 850\ 0))
= (B a) — B9 (). -

6. The germs Ay and By

In this section, we want to study the relations with respect to G-blow-Nash
equivalence between the invariant germs of the families

F(x) = ix% + ekw];H +Q and gf(z):= e;gx%k + x% +qQ,

where ¢, € {—1;+1}.

First, if any two invariant Nash germs are G-blow-Nash equivalent, they are,
in particular, blow-Nash equivalent and then, according to [11] Theorem 2.5,
they have the same co-rank and index.

Therefore, if two germs f;* and f;' are G-blow-Nash equivalent, they have

the same quadratic part up to permutation of the variables z1, z3,...,z,. Fur-
thermore, we know, by [13] Proposition 3.4, that k = [ and, if k£ = [ is odd, that
€x = €. If k is even, f,jl(xhxg,mg, cey Tp) = f,;l(:m, —T9,T3,...,Ty), and

the (linear) change of variables is equivariant with respect to the involution s
on R™; ,:r ! and fe ! are, then, G-Nash equivalent, in particular G-blow-Nash
equivalent.

As a conclusion, inside the family Ay, we are reduced to trying to distinguish
the germs

ot (2) = 4t d bt +Q and  fFT(2) = —2t F g+ Q)

where €, € {—1;+1} and +2? + Q and —2? + Q' are the same quadratic part

up to permutation of the variables x1,x3,...,Zy.
Similarly, if two germs g;* and g;' are G-blow-Nash equivalent, they have
the same quadratic part, up to permutation of the variables xo,...,x,, and

k =1and ¢, = ¢. As a consequence, the classification of the germs By up to
G-blow-Nash equivalence is the same as their classification up to equivariant
analytic equivalence.

Finally, if two germs f;* and g;%" are blow-Nash equivalent, then k = 2k’ — 1
and €; = €/, and, furthermore, +2% + @ and +3 + @’ are the same quadratic
part up to permutation of all variables. Consequently, it remains to look at the
relation between the germs

fooo1 =ex3F +naf +Q and gy = ext + /23 + Q'
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where €,7,17 € {1,—1} and nz? + Q = 2% + Q' up to permutation of all
variables.

In the following parts of this section, we will compute some terms of the
equivariant zeta functions of fr and gx. In virtue of Theorem 4.2, this will
allow us to make further distinctions inside each of the above couples of germs
in some cases.

6.1. Computation of the first terms of the equivariant zeta functions. — If h is
an invariant Nash germ (R™,0) — (RR,0), recall that, for m > 1,

Ap(R)={y{t) =ait+ -+ ant™ € Ly, | hoy(t) =ct™ +--- ,c# 0}
={veLlyplhoy(t)=ct™+ -, ceR}I\N{vyE€ Ly | hoy({t)=0xt"+---}
Since h is an invariant germ, the latter sets are both globally stable un-
der the action of G on L,, and, by the additivity of the equivariant virtual
Poincaré series, the quantity 3%(A,,(h)) is equal to the difference 3% (%A, (h))—
BE (A% (Rh)), where

A, (R) :={y €Ly | hoy(t) =ct™+---,c€R} and

A (W) :={y € Lpm | hoy(t) =0xt™ +---}.

Fix k > 0 and consider the invariant germ f;" (21, ..., %,) = nri+exb ™ +Q.
We denote 3 = = and 72t + Q = Qpq = D11 ¥i — Y, Ypr; in such a way
that G acts on the renamed coordinates via the involution n°1 or n°2, depending
on the sign of 7.

We first compute 8¢ (A%, (fo)) for m < k + 1. Notice that the set A;(f;")
is empty and, consequently, 5% (A;(f;")) = 0.

PROPOSITION 6.1. — Suppose k > 2 and m < k + 1.
1. If pq =0, then
BE(AN(FT) =

B
m+r(Pprq .
UT me:2'l".

m+(r+1)(p+aq)+1 .
{“ ifm=2r+1,

2. If (p,q) = (1,1), then

g (gemy = {0\ 0D ¢ =21,
mAk (r—Du?mB% (Y11 \ {0}) +u*B%(Y11) if m =2r,

3. If pg #0 and (p,q) # (1,1), then

1 _1uPta=2)_1 Hhx
umu(r(—i- ))((p—i—q) ) uup+q7271 B (Yp,q \ {O})
u r+1)(2+p+q

. + ifm=2r+1,
ﬂG(A(V)n( k’n)) = u-l1 (r—=1)(p+q—2) _
um D@ =2 et =1 g%y, \ {0})
+ur(2+p+q)5G(yp,q) if m=2r.
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Proof. — We follow the computation steps of [13], keeping the track of the
action of GG in our context.
An arc « of L, can be written as

Y(t) = (art + -+ amt™ et + o ep ™ T ™)

aq [07%%
1 1
Cl C
= . |t+x] T tm:<“1)t+---+(am>tm
. . C1 Cm
czlﬂrq Cfn-&-q

if ¢; == (c},...,T"). The group G acts on L,, changing the sign of the
variables ¢}, or cf“, in the case n°1, or n°2.

We begin with the case pg # 0, (p,q) # (1,1) and m = 2r + 1 odd. An arc
7 of L,, belongs to A% (fi") if and only if

m

Qp,qg(c1) =0,
(I)p,q(cla 02) = 07

@pglcr) + 21;11 Dy q(ct, c2r—t) =0,

Yt—1 Ppgler, carrt) =0,
where ®,, , is the function on RPT4 x RP*4 defined by @, 4(u,v) =237 uv;—
2 Z?=1 Up+5Vp+j -

The first equality of the system means ¢; € Y, , by definition. Now, if ¢ # 0,

the variables ¢}, ..., cl, are determined by c}, and the other (free) variables via

an equivariant morphism. Therefore,
BEAL(F) = BE (AN N {el # 0}) + B (AL (F") N {el = 0})
= 8% (¥ \ ({0} X Yy ) x RHm=D0r0-0)41)
+ B9 (AL (f") N {er = 0})
=y DEHEDHBE (v, O\ ({0} X V1))
+ 8% (A% (fe™ N {cl = 0})
Next, we have
BE (AN (i) n{er = 0}) = wmHmm D DHBE (v 0\ ({0} X Ypma,))
+ B (A (F) N {el = ¢t =0}),
and we obtain by induction
BE(AS (fo™) = umHm=NEta= Gy A\ (0})
+ B9 (AL () N {el = ... =/ =0}).
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Ifel=...=c =0, then & = ... = T =0 (since Q,,(c1) = 0), and the
other variables verify the system

Qp,qg(c2) =0,
(I)p,q(027 C3) = 07

Qp,q(cr) + 22;21 Dy q(ct, cort) =0,
D tes Ppglce, cary1—e) = 0.
Noticing that the vector ¢, as well as the variables a,,_1, a., are free and re-
naming the remaining variables, we have 3¢ (A9, (fr)N{cl =... = =0}) =
urt P RG (A (™). Consequently,

BG(A%(f;?n)) — um+(m—1)(p+q—1)+156‘(yp’q \ {O}) + u2+(p+q)5G(A2%2< ean))

and, by an induction on the index m,

r—1
BO(AS, (J7)) = B (Vg \ {0}) 3 i Hpraym=2m 2t ta-1) 1
t=0

DR GO A7) ) e = 0))

As a conclusion, since the system describing AJ(f;") N {c1 = 0} is trivial, the
variables a;, as well as the vectors ¢y and c3, are free and

r(p+q-2) _q (r+1)(2+p+q)
€ m, (r —1u u
BEANT) = w0 S O Vg MOD + = —
If m is even, m = 2r, the system describing A% (") is
Q@p,q(c1) =0,
(I)P,Q(Clv 62) =0,
::_11 ¢)P7q(cta82r—1—t) =0,
r—1
@palcr) + 22421 Ppqlcr, cor—e) = 0.
Therefore, by similar computations, we obtain
r—2
BG(AS@(JCI:W)) = 5G(Yp ¢ \{0}) Z wt@Fpta)ym=2t+(m—2t=1)(p+q—1)+1
t=0

+ulr DD g0 (Yo7
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Since AJ(f;") is described by the equation @, 4(c1) = 0, the vector ¢y as well
as the variables a; and as being free,

. . our=Dte=2) _ 1
BEAR(fR) = w0 =2 = O (Y, 0\ {0})

FU O, ),

Finally, if (p,¢) = (1, 1), the same process gives

r—1 om , wirtD .
ﬂG(AO ( ;»77)) _ ﬂG(YLl \ {O}) tioz U2 -+ Tu—1_ lf m = 27‘ + 1,
) ﬁG(YLl \ {0}) Z::O u?m + U4TﬂG(Y1’1) lf m = 27".
If pg = 0, since Y, 4 = {0}, the equations @, 4(c1) = ... = Qpq¢(c,) = 0 impose
c1,...,C to be zero vectors, and, the other variables being free, we have
Mt (p+a)+1 .
. r—  ifm=2r+1,
BE(AN(FE™) = S+ . 0
T lf m = 2r.

REMARK 6.2. — We obtain the same quantities for 3% (A% (gf)) with m < 2,
providing that we equip the set Y}, , with the trivial action of G. Indeed,
the computation steps above remain equivariant if the group G acts on L,
changing the sign of the variables a;.

PROPOSITION 6.3. — Let h be an invariant Nash germ (R™,0) — (R,0) and
m > 2. Then

BE(°Am(h)) = u" B (A7, _1 (h)).

Proof. — Notice that °A,,,(h) ={y € Ly | hoy(t) =0xt+---+0x ™1 +
ct™ +- - }. Therefore, the system describing %A, (h) is the same as the system
describing A% _(h), the last n variables being free.

m—1

As a consequence, we have an equivariant isomorphism between °A,, (h) and
the product R™ x A% ,(h) (this set is equipped with the diagonal action of G,
the first term being equipped with the involution s), and, consequently,

BY ("An (h)) = u" B (A7, 1 (). 0
We also compute 8% (AS, (f5")) for m < k+ 1:

PROPOSITION 6.4. — Suppose k > 2 and m < k + 1.
1. If pq =0, then

0 ifm=2r+1,
um+T(p+Q)BG(YZ£q) if m = 2r.

BE(AS (i) = {
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2. If (p,q) = (1,1), then

Gy ae (pemyy _ )t BE (YL \ {0}) ifm=2r+1,
B (Am(fk- 77)) - {(T B 1)U2mﬂG(YL1 \ {O}) + u4rﬂG(Yfl) if m = 2r,

3. If pg # 0 and (p,q) # (1,1), then

ur(Pta—2)

w11 gG iy A\ (0}) if m o= 2r + 1,
€, o w(r=D(p+a—2)

BE(AL(fR™) = qumalr Do 2w s g6 (Y, 0\ {0))

+u” 2+p+q),3G(Y;ﬁq) if m = 2r.

Proof. — We first deal with the case pq # 0, (p,q) # (1,1) and m = 2r even.
Keeping the notations of the proof of Proposition 6.1, the system describing

A8, (07 s

Qp,q(c1) =0,
(I)p,q(clv 62) = Oa

:;11 (I)p,q(cta C2T—1—t> = Oa
@paler) + 2021 Ppglerscart) = €
The computation steps are the same as in the proof of Proposition 6.1, and we
have
(r=1)(p+9-2) _ 1
m T - U
FOAS, (7)) = w0022 60 (y, 1\ (o))

+ u(rfl)(2+p+q)5G(Ag (f;”))

Since the set A5(f") is described by the equation @, 4(c1) = € and the other
variables being free, we obtain the result.
If m is odd, m = 2r + 1, as in the proof of Proposition 6.1, we obtain

r(p+q—2) _q
€, m_ (r u
FEAS, (7)) = wrmub D01 =258y, 1\ {0))
+ u(r—l)(2+p+q)ﬂG(A§( ;?7) N {01 _ O})

and the set A5(f5") N {c; = 0} is empty.
Similar considerations provide the results for the cases (p,q) = (1,1) and
pq = 0. O

REMARK 6.5. — Again, we have the same quantities for 3%(AS,(gf)) with

m < 2l, providing that we equip the sets Y, ; and Ypf ¢ With the trivial action
of G.

Now, we are ready to deduce distinctions, with respect to G-blow-Nash
equivalence, between f,j’+ and f.'~, or between fo,_q and g, in some cases:
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COROLLARY 6.6. — Let k > 1. Suppose that the invariant germs
o (2) = 4a? ek 1 Q and fi7 (x) =~ +erh T+ Q'

have the same quadratic part up to permutation of the variables x1,x3, ..., Ty.
Then they are not G-blow-Nash equivalent.

As a consequence, the classification of the germs A, up to G-blow-Nash
equivalence is the same as their classification up to equivariant analytic equiv-
alence.

Proof (of Corollary 6.6). — We begin by assuming k > 2. We first compare
B9 (Aa(fi ")) and BC(Aa(f7))- Since 5 (“Aa(f)) = ul TPTIEE (AQ(fi™)) (by
Proposition 6.3) and AY(f;") = L1, we are reduced to comparing 3% (A3(fe™))
and 5 (A3(fy 7))

Denote by p the number of signs + and by ¢ the number of signs — in
the quadratic part of f'" and fg'~ (notice that pg # 0). Then, according to
Proposition 6.1,

BE(AS(F™) = uPHPHIBE (V).

Therefore, by Proposition 5.1,

e if p < ¢, then
p+q _ 4,49 p—1
5G(Ag( 1:+)) = U2+p+qu Y ;—u and
: w—
uPTe — yd 4 P+t

u—1

FOAYf 7)) = o

)

e if ¢ < p, then

Ptq _ P q+1
G (A0 &t 2 u uttu
BE(AS(fT)) = u? TP and
u—1
wPTe — P + 91

u—1

In particular, 8¢ (AS(foT)) # BE(AY(fo7)) if p # q. Consequently, if p # g,
the naive equivariant zeta functions of f,z’+ and f;~ are different, and, by
Theorem 4.2, these germs are not G-blow-Nash equivalent.

If p = q, BEANF0T)) = BY(A(fe 7)), and we look at the term
BE(AFH(f") of the equivariant zeta functions with sign +. According to
Proposition 6.4,

50(148( ;,7)) = y2tpta

BEATHFM) = w2 B (Y1)

and, by 5.3, 89(Y,5)) = 25 (B¢ (YVppt1) — BY(Y,p)). Since the quantity
BY(Y,,,) is the same in either of the cases n°1 and n°2, we are reduced to
comparing the quantities 3%(Y}, ,41) in the cases n°1 and n°2.
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We have
G —1
6 (}/p u2p+17§jp+l+up+l

2p+1_, p+1 p—1 .
w_—ullFw i the case n°l,
p1) =

u—1

in the case n°2,

and, as a consequence, 3 (A3 (fi ) # B (AT (f7)), so fi and fo~ are
not G-blow-Nash equivalent in the case p = ¢ either.

If k = 1, notice that f{""(z,y) = ex? + Qp4(y), and we are reduced to
comparing B (AY(f51)) and B9 (AY(F57)) as well. We have SE(AY(f7")) =
WHPHBC (Y, ) B € = +1, and BO(AY(FEM) = uPHIBC (Y, 40n) if € =
—1. As above, we can show, for instance if € = +1, that SE(A(f0T)) #
BO(AY(f{ ™)) when p+1 # g, and AO(AF(f0)) # BO(AT(FP7)) i p+1 = g,

(|

REMARK 6.7. — If k =0, f5""(z,y) = ex + Qp 4(y) and, using the notations of
the proof of Proposition 6.1, the left members of all the equations describing
AQ (f5™M), or A5, (fs™), for m > 1, contain a term ea; + ..., so that each of
these sets is equivariantly isomorphic to an affine space. As a consequence (see
Remark 4.1), the respective equivariant zeta functions of f5’+ and f5~ are
equal.

COROLLARY 6.8. — Let k > 2. Suppose that the invariant germs
194 g
for_1 = ex%k + nx% +Q and g = ez%k + n’x% + Q'

have, up to permutation of all variables, the same quadratic part, with p signs
+ and q signs —.

Ifp<qandn =41 orq < pandn = —1, then far_1 and gx are not
G-blow-Nash equivalent.

Ifp=q+1o0orq=p+1, then for,_1 and g are not G-blow-Nash equivalent.

Proof. — We first deal with the case p < ¢ and n = +1 (notice that p # 0);
the case ¢ < p and n = —1 is symmetric.
As in the proof of previous Corollary 6.6, we have

BE(AY(far—1)) = w**PHIBE(Y,,,q) and BE(AG(gr)) = u*TPTIBC(Y,,q)

where, in the left equality, the set Y, 4 is equipped with the action n°1 and, in
the right one, with the trivial action of G. Since the corresponding equivari-
ant virtual Poincaré series are different by Proposition 5.1, 3% (Aa(fox—1)) #
B%(Aa(gr)), and the naive equivariant zeta functions of faor_; and g are dif-
ferent. As a consequence, for_1 and gi are not G-blow-Nash equivalent.

Now we suppose p = g + 1 (the case ¢ = p + 1 is symmetric). In particular
q < p, so we can assume 77 = +1 (the case ¢ < p and 7 = —1 was handled
above, being symmetric to the case p < g and n = +1).

We consider BY(A7"(fak—1)) = w?*PT13G(Y,Hl) and BY(A5'(gr) =
u?tPragG (v il (Proposition 6.4). Due to Proposition 5.3, we know that
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BV, ) = 5 (B9(Ypq41) — B9(Yp,q)). By Proposition 5.1, the respec-
tive quantities BG(Ypyq) for for_1 and gi are equal, whereas the quantities
BY(Yy4+1) = BY(Y,,) are different. Consequently, the equivariant zeta func-
tions with sign + of for_1 and g are different, and, therefore, the latter germs
are not G-blow-Nash equivalent. O

REMARK 6.9. — In the other cases, the quantities 39(Y}, 4) and 8% (YS,) are
the same for for_1 and g.

6.2. Computation of 3 (A2 (f2r—1)) and BE(Az2x(gr)). — For the contin-
uation of the section, due to Corollaries 6.6 and 6.8, we only need to consider
the germs

for—1 = ex3" + nz? + Q and gi, = ex" + /23 + Q'

which are assumed to have the same quadratic part @ 4, such that p > ¢+ 1
andn=+lorg>p+1andn=-—1.

In order to prove that the germs for,_1 and g are not G-blow-Nash equivalent
in some of these cases either, we will compute the coefficients 3% (Aap, (fox—1)) and
BE(Aak(gr)) of their respective naive equivariant zeta functions:

PROPOSITION 6.10. — Suppose k > 2.
1. If pq =0, then
BY(AG (far—1)) = uFTIHREFORCG({ oy =0})  and
BY (A% (g1)) = u*F I EC ({gy = 0}).
2. If pg # 0, then

wPta—2)(k—1) _ 1

wubta—2 — 1

B (A (for—1)) = UQk_Qu(p+q)(k+1)/8G(Yp,q \ {0})
b6 (L o))

(the group G acts on Y, 4 via the involution n°1 or n°2 depending on
the sign of n) and

uPta—2)(k=1) _ 1

ubta—2 — 1

BY (A3 (gr)) = u*F PulPrOEFDEE(Y, A\ {0})
+ Uk(p+q)+2k_16(;({gk _ O})
(the group G acts trivially on 'Y, ).

Proof. — We keep the notations of the proof of Proposition 6.1 and we proceed
as in [13] Proof of Lemma 3.3. First, suppose that pg # 0. An arc v of Ly
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belongs to AY, (for—1) if and only if

Qp,qg(c1) =0,
ép,q(cla 02) = 0»

k—
t:11 )y q(ct,con—1-1) =0,
k—
€a* + Qpq(cr) + thll D, 4(ct,c25-1) = 0.

We have
B9 (A (far-1)) = uFTER=DETDRGE (Y, A\ {0})
+ B9 A% (far—1) N el = ... = 4 = 0}),
and 5G(Agk(f2kfl) N{eg =...=4 =0}) = “2+p+q5G(Cgk—2), if C%_s
denotes the algebraic set described by the equations

Qp,qglc1) =0,
<I>p,q(ch 02) = Oa

k-2
=1 (I)p,q(cta CZk—S—t) =0,
k—2
eat® + Qpq(ck—1) + o1 Ppqlcr cop—2-4) = 0.
By an induction, we obtain

k—2

ﬁG(Agk(ch—l)) _ ﬁG(Y;)7q \ {0}) Z wut@tpta) 2k—2t+(2k—2t—1)(p+q—1)+1
t=0

+ u(k=DEHP+a) 3G (09),
Since CY is defined by the equation ea?* + @, ,(c1) = 0, and since the vec-

tor co and the variable as are free, we deduce the desired expression for
BY (A9, (f2r—1)). The steps of computation are the same for 5 (A9, (gx)).

If pg = 0, the vectors ¢y, . .., cx_1 are zero vectors, and the system is reduced
to the equation ea?* + Q, ,(ck) = 0, the other variables being free. O
Since p > g+ 1 and n = 41 or ¢ > p+ 1 and n = —1, the quantity

BG(YP,q) is the same for for_1 and gx. As a consequence, in order to compare
BY (Aak(far—1)) and BY(Asi(gx)), we are reduced to considering the quan-
tities ¢ ({far—1 = 0}) and B9({gr = 0}) (notice that B¢ (°Ask(far—1)) =
B%(°Aax(gr)) by the results of Section 6.1). We compute these equivariant
virtual Poincaré series for all k > 2, p,q € Nand n € {1,-1}:

LEMMA 6.11. — We have
BY({ for—1 = 0}) = B9 ({ex] + naf + Q = 0})
— (k=1)B%({naf +Q = 0}) + (k —1)8°({0}),
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where the second set in the right member is considered as an algebraic subset of
R™ !, and G acts on the considered sets via the involution n°1 or n°2 depending
on the sign of n, and

B8 (gx = 0}) = B9(ext +n'a3 + Q' = 0}) — pB%({n'a3 + Q' = 0})
—78%({n'23 + Q' =0}) + (k — 1) ({0}),

where the second and third sets in the right member are considered as algebraic
subsets of R"™1, the group G acts on the second set via the involution n°4
(trivial action), on the third set via the involution n°3 (change of signs of all
coordinates) and

1. if k =214+ 1 is odd, then p =7 =1 and G acts on the first set in the
right member via the involution n°1 or n°2 depending on the sign of e,

2. if k=2l is even, then p=1, T =1—1 and G acts on the first set in the
right member via the involution n°3.

Proof. — We begin with 3% ({far—1 = 0}). Recall that
foro1(@1, 22,23, .., 7)) = €23 + 02t + Q(as, ..., zn).

We proceed to an equivariant blowing-up of the algebraic set {for—1 = 0} at
the origin of R™. In the chart xo = w, x; = uv;, i = 1,3,...,n, the blown-up
variety is defined by the equation

u? for_3(vi,u,vs, . .., v,) = 0,
the action of G being given by the involution
(v1,U, V3, ..., Un) > (=01, U, V3, ..., Up)-
We have 8Y({far—1 = 0} \ {0}) = BY({fax—3 = 0} \ {u = 0}), therefore,
B9 ({far—1 = 0}) = B9 ({ far—3 = 0}) = BC({nv} + Q(us, ..., vn) = 0,u = 0})
+89({0}).

We then obtain the desired result by an induction.

For the computation of 3%({gx = 0}), recall that gi(z1,72,73,...,2,) =
ex?F +n'23+Q' (23, . .., ,) and proceed to an equivariant blowing-up of the set
{gr = 0} at the origin of R", seen in the chart z; = u, z; = wv;, i = 2,3,...,n.
In this chart, the blown-up variety is defined by

ugp_1(u,v9,v3,...,0,) =0,
the action of G being given by the involution
(U, V2,03, ..., V) = (—u, —Vg, —U3, ..., —Up),
and we have

B%({gr = 0}) = 89({gr—1 = 0}) = B{n'a3 + Q'(w3, .., wa) = 0}) + B({0}).
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One further equivariant blowing-up of {gr_1 = 0} provides the equation

u29k71(u7 V2,03, ... 7”71) =0,
the group G acting via the involution (u,va,v3,...,v,) > (—u, V2, V3, ..., V).
The desired expression is then obtained by an induction. |

REMARK 6.12. — According to Proposition 5.1, the quantity 3 ({n'z3+ Q' =
0}) is the same if G acts via the involution n°4 or via the involution n°3.
Therefore, in the previous Lemma 6.11, we can simply write pf< ({n'z3 + Q' =
0}) + 78%({n'e3 + Q" = 0}) as (k — DBY({n'z3 + Q' = 0}) with G acting
trivially on the latter set.

Because p > ¢+ 1and n = +1or ¢ >p+1andn = —1, we have 3% ({nz? +
Q = 0}) = BS({n'z3 + Q" = 0}), and we are finally reduced to comparing
BE ({ex3 + nx? + Q = 0}) and BY({ex? + 22 + Q' = 0}). The cases where
these quantities are different are those where the germs for,_1 and g are not
G-blow-Nash-equivalent:

COROLLARY 6.13. — If k is odd and if p > ¢+ 1, n = +1 and e = —1 or
q>p+1,n7=—1 and e = +1, then the germs fop,_1 and gy are not G-blow-
Nash-equivalent.

Proof. — Assume that k is odd and suppose that p > ¢+ 1, n = +1 and
e = —1 (the case ¢ > p+ 1, n = —1 and € = +1 is symmetric). We have
{ex? +nz? + Q = 0} = Y, 441, where Y}, ;.41 is equipped with the involution
n°l, and {ex? + n'z3 + Q" = 0} = Y, 441, where Y, ;41 is equipped with
the involution n°2. Then, by Proposition 5.1, 3% ({ex% + na? + Q = 0}) #
B9 ({ex? +n'z5 + Q' = 0}) and % (Aap(for—1)) # B (Aak(gr))- 0

In the remaining cases, the quantities 8¢ ({ez3+n2?+Q = 0}) and B¢ ({ex?+
n'z2 + Q' = 0}) are equal, so % (Aai(for—1)) = B (Aai(gx)). As a conse-
quence, for these cases, we are led to look at the remaining coefficients of the
equivariant zeta functions of for_1 and gi. In the following section, we begin
with the computation of the terms 8% (AS, (fox—1)) and 8% (A5, (gr))-

6.3. Computation of 3 (AS, (fax_1)) and 8% (A5, (gr)). — We assume that
we are not in one of the previous cases for which we showed that for_1 and g
are not G-blow-Nash-equivalent. In particular, we have

5G(Am(f2k—1)) = 5G(Am(gk)) and BG(A%(fzkfl)) = 5G(A§n(gk))
for m < 2k, and

B9 (Agk(far-1)) = B9 (Azk(gr))-

Now, the same steps of computation as in the proof of Proposition 6.10
provide the following formulae for BG(Agk(fzk,l)) and BG(Agk(gk)):
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PRrOPOSITION 6.14. — Suppose k > 2.
1. If pq =0, then

BE(A 2k(f2k 1)) = w2 IR C (£ 1 = €})  and
BY (A5 (gr)) = w?FTTHITO G ({g, — ¢}
2. If pg # 0, then

BO (AL, (fars)) = u2k 2@+ g6y, \fo y(pra—2) (k1) _ |
e P+q—2 —1

+ yFrta) +2k*15G({f2k—1 =¢})

(the group G acts on Y, , via the involution n°1 or n°2 depending on
the sign of n) and

wPta—2)(k—1) _ 1

ﬂG(Agk(gk» _ UQk_2u(p+q)(k+1)BG(sz,q \ {0}) e "

+ul PTG (g = €})

(the group G acts trivially on 'Y, 4).

As in the previous Section 6.2, we are reduced to considering the quantities
BE({ for—1 = £}) and B9 ({gr = £}). Below, we give the first steps of computa-
tion of these equivariant virtual Poincaré series for all k > 2, (p, q) 6 N2\ {(0, 0)}

and n € {1, —1} We write for_1 = exzk—i-nx%—i—Q = exzk-i-zl VY- Z] 1 y,,ﬂ
and g, = ex?* + /23 + Q = ex?* + 30y — j:l ypﬂ». Then:

LEMMA 6.15. — We have

BE({ fak—1 = €})

uq+2u —1 + uP~ 1BG({em2k +y1 - yp+1 j 2p+1 yJ 5})
sz <p<ugq,
up+2“ 71 +ut™ B9 ({exdh + yf — Ypr1 Za =q+1 yJ &3)

— B if 0 < q<np,
W (e =€) =
(et o - £ = ) =0
B ({eadt + y2 + 3P, y2 = €}) ifa=0,
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the group G acting only changing the sign of y1 or y,4+1 depending on the sign
of m, and

wItt =L P BY ({exdt — ;’ing yi=¢}) ifo<p<g,

up*‘l%—&-uqﬁc({ex%k—i—zg;qﬂ y]2 =¢}) if0<q<p,
BY({gr = €}) = Qurtt 5t 4 urpC ({eath = ¢}) ifp =g,

B9 ({extt = X0 1 y7 = €}) if p=0,

BY ({eat® + X0, v = €}) ifa=0,

the group G acting only changing the sign of x1.

Proof. — We focus on the case 2 < p < ¢ and proceed as in the proof of Propo-
sition 5.1; in order to compute 3Y({far_1 = £}), we apply the (equivariant)
change of variables u; = y; + Yitp, Vi = Yi — Yitp for i = 2,...,p, and the
equation for_1 = £ becomes

p pt+q
2k 2 2 2 _
€12 +y1—yp+1+ZWi— Z yj = ¢
i=2 j=2p+1

Then, as in the proof of Proposition 5.1, we use the stratification by the globally
G-stable subsets {for—1 = &} N{us = ... = u; = 0,u;41 # 0}, along with
the additivity of the equivariant virtual Poincaré series, to obtain the desired
formula for 3% ({ far_1 = &£}).

As for B%({gr = €}), we can apply the equivariant change of variables
Wi = Yi +Yitp, Vi = Yi —Yiyp for i =1,... p (the strata {gr =&} N{ur =... =
u; = 0,u;41 # 0} are G-globally stable). O

REMARK 6.16. — Regarding the equation for,_1 = £, we could also have ap-
plied the change of variables w1 = y1 + Yp+1, V1 = Y1 — Yp+1, provided that
G acts on these new coordinates via the involution (up,v1) — (—v1, —uy)
or (ui,v1) — (v1,u1) (depending on the sign of ). However, the stratum
{far—1 = &} N{uy # 0} is not globally stable under this action of G.

From these formulae, among the remaining cases for which we did not es-
tablish that the germs for_1 and gx are not G-blow-Nash equivalent, we first
extract the cases for which 6G(A§k(f2k_1)) = BG(Agk(gk)):

PROPOSITION 6.17. — Ifp > g+l andn=e¢ =41 orq > p+1l andn == —1,
we have 5 (A5, (far-1)) = (A5, (9x))-

Proof. — Similarly to the previous proofs, we focus on the case p > g+1,q # 0
and ) = e = +1. Then, B9 ({for_1 = £}) = up”w%_ll_l—kuq’lﬁc;({—kx%kvw%—
yf,_H +Z§:q+1 yj2 = 5}) On the latter set, the action of G only changes the sign
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of y1, so that we can use the equivariant change of variables u = yq41 + Yp+1,
U = Yq4+1 — Yp+1 in order to obtain the equality

p
(o =€) = L pung® (L et gf 4 Y gl =

-1 ‘
Jj=q+2

Therefore ﬁG(Agk(fgk,l)) = BG(Agk(gk)) if and only if BG({-I—:[%’“ +y? +
j —gt2 yJ =¢&}) = BY({+a?F Z] g1 y7 = ¢}) (recall that, on the latter
set, the action of G only changes the sign of ).
Now, if £ = —1, both sets are empty, and if & = +1, they are compact,
nonsingular and equivariantly homeomorphic to spheres having a nonempty
fixed point set. As a consequence, for f = 41, BG({—HU%’“ + 2 +

5 q+2 y] = f}) = 5G({+m + Zj G+ yJ f}) (see Remark 4.1) and
5G( 2k(f2k—1)) :5G(A§k(gk))- U

Finally, we give the cases for which the equality 3¢ (Agk (for—1))=B¢ (Agk (9x))
depends on the equality of two equivariant virtual Poincaré series:

PROPOSITION 6.18. — o If k is even, and if p > ¢+ 1, n = +1 and
€ = —1, the equality BG(Agk(fgk_l)) = BG(Agk(gk)) is true if and only
if the equivariant virtual Poincaré series of the algebraic subsets {f:cngr
y? + Ef(llyf = ¢} C REFL K = p — q, equipped with the action of
G only changing the sign of y, and {—x%’“ + ZZK:l 22 = 5} C RE+L
equipped with the action of G only changing the sign of x1, are equal.

o If k is even, and if ¢ > p+ 1, n = =1 and ¢ = +1, we have
BE (A (far—1)) = ﬁG(Aék(gk» if and only if 4 ({23 —y2 - 1,1y =
&}) = p9({atr - L 22 =¢}).

Proof. — If we focus on the case p > ¢+ 1, ¢ # 0, n = +1 and ¢ = —1, the
same computation as in the proof of the previous Proposition 6.17 provides the
cquivalence 49 (A5, (foc1)) = 3°(A5,(ov)) if and only if 3% ({~s3" + 4t +

] q+2yj f}) ﬁG({ ‘r2k+2] =q+1 y] f}) O

REMARK 6.19. — 1. Recall that we showed in Corollary 6.13 that the
germs for_1 and gi are not G-blow-Nash equivalent in the case k odd
andp>qg+1,n=+1,e=—-lorqg>p+1,n=—1, e =+1 (notice
that in the previous proof of Proposition 6.18, we did not use the fact
that k was even).

2. Forgetting the action of G, the virtual Poincaré polynomials of the alge-
braic subsets {x% — Zfil Y = 5}, & =41, of RE+! can be computed
using the invariance of the virtual Poincaré polynomial under bijection
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with the AS graph (see [23]). However, we do not know if the equivari-
ant virtual Poincaré series is invariant under equivariant bijection with
the AS graph.

As a consequence of the results of this Section 6.3, we will then consider the
other coefficients 3% (A (far—1)) and BY (A (gx)), and BG(A%(f%,l)) and
6G(A§V[ (gx)), M > 2k, of the equivariant zeta functions of for_1 and gy, in the
cases of Propositions 6.17 and 6.18. In the next section, we will show that the
comparison of these quantities reduces to the comparison of the equivariant
virtual Poincaré series of { far—1 = £} and {gr = &} as well.

6.4. The last terms of the equivariant zeta functions. — Suppose p > ¢ + 1,
n=e=-+1lorkeven, p>qg+1, n=+1, e = —1. The following results will
also be true for the respective symmetric cases.

We first establish the equality between the last coefficients of the naive
equivariant zeta functions of for_1 and gi (and, therefore, the equality of
Z¢  (u,T) and chi (u, T)):

fak—1

PROPOSITION 6.20. — For all M > 2k, we have
5G(AM(f2k—1)) = 5G(AM(9k>)-
Proof. — Let M be greater than 2k. We prove that
B (AR (fak-1)) = B (A3 (91)

(this will give the desired result because of Proposition 6.3 and the additivity
of the equivariant virtual Poincaré series).

As in the proofs of Propositions 6.1 and 6.10, consider the system of equa-
tions defining A9, (far—1). The same computations will bring, in the expression
of BY(A%,(fak—1)), a contribution of (a multiple in Z[u][[u=1]] of) B (Y, ,\{0})
and a contribution of the equivariant virtual Poincaré series of a set defined
by a system whose first equation is €a?* + Q, 4(c1) = 0. Stratifying this last
algebraic set with the subsets {ci = ... = clfl =0, #0},i=1,...,p+q,
and {c; = 0} provides a contribution of 8% ({far_1 = 0} \ {0}) and a new
system where ¢; = 0, a; = 0 and whose first (nontrivial) equations are the ones
defining A% (for—1), for m = min(M — 2k, 2k).

As a consequence, we can repeat the same steps of computations on this
system, and this will give further contributions of 3%(Y,, \ {0}) (provided
by the equations Q@ 4(c1) = 0) and BC({far—1 = 0} \ {0}) (provided by the
equations a3 + Qp 4(c1) = 0).

Since these systems and these operations are also valid for the computation
of B%(A9,(gr)) and because, in the considered cases, the quantities 3¢ (Y}, ) are
equal for fo, 1 and gi and ({far—1 = 0}) = B¢ ({gr = 0}), the expressions
of BE(A%,(far—1)) and BE(AQ,(gx)) are identical. O
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Similar considerations bring the following results for the last coefficients of
the equivariant zeta functions with signs:

ProprOSITION 6.21. — 1. Ifp > q+1, n =€ = +1, then for all M > 2k, we
have ﬁG(A%/[(fgk,l)) = BG(Afw(gk)), and, consequently, Zg’il(u,T) =
Zgi’i(u,T).

2. If k is even, and if p > g+ 1, n = +1 and e = —1, we have the equality
sz,l(%T) = Z5%(u,T) if and only if B¢ ({—23" + y* + SR =
£}) = B9 ({—a3* + Zfil 22 = &}) (the former set is a subset of RET!
equipped with the action of G only changing the sign of y and the latter
set is a subset of RET1 equipped with the action of G only changing the

sign of x1).

Proof. — Let M be greater than 2k. The system defining Afw(fgk,l) is ob-
tained by replacing 0 by £ in the right member of the last equation of the system
defining A$;(fax—1). Consequently, the same argument works as in the proof
of previous Proposition 6.20, and ﬁG(Af\/I(fgk,l)) = BG(A%(gk)) if and only if
the contribution given by the very last equation provided by the computation
is the same for for_1 and gy.

As in the proof of Proposition 6.4, if M is odd, this contribution is the
equivariant virtual Poincaré series of an empty set, and if M is even and not
a multiple of 2k, it is 5%(Y}5,); in both cases, B (A5, (fan_1)) = B (A5, (gr))-
Finally, if M is a multiple of 2k, the respective contributions are 3 ({ fox_1 =
¢}) and B ({gr, = &}), hence the result by Lemma 6.15 (see also the proofs of
Propositions 6.17 and 6.18). O

6.5. Conclusion. — As a conclusion, we summarize and gather the results of
the previous sections in the following theorem:

THEOREM 6.22. — Let k > 2. Suppose that the invariant germs
far—1 = ex3* +nat + Q and gy = ex?* + 125 + Q'

have, up to permutation of all variables, the same quadratic part, with p signs
+ and q signs —.
1. If
epsqgn=+lorqg<p n=—1,
ep=q+tlorg=p+1,
e kisodd, andifp>q+1,n=+1,e=—-1org>p+1,n=-1,
e=+1,
then for—1 and gi are not G-blow-Nash equivalent.
2. Ifp>q+1,n=e=4+1orq>p+1,n=c=—1, then ZfG%il(mT) =

G,
78 (u,T) and Z3* (u,T) = Z5(u, T).
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3. e Ifkiseven, andifp>q+1,n=4+1,e=—1, then Z& (u,T) =

2k—1

Zﬁ (u,T). Furthermore, ZG’,fil(u T) = Zc’g(u T) if and only if

BO({ a3 +v* + 25 0 = 6)) = BO({—att + 205, 2 = }).
o Ifk is even, and if g >p+1,n=—1, e =+1, then mec 1(u,T)

ch (u,T). Furthermore, ZG{ (u,T) = ng(u T) zf and only if

Bé({ag -y’ - i v =€)) = 0 ({of - i 2E = }).

In particular, in the cases 2 and 3, we are not able to determine whether or
not the germs for_1 and g are G-blow-Nash equivalent.

REMARK 6.23. — 1. As one can see from the computations, the fact that
the equivariant Poincaré series of a given sphere is the same for any
action of G on it with a nonempty fixed point set (see Remark 4.1)
induces equalities between coefficients of the respective equivariant zeta
functions of for,_1 and gg.

2. If the equivariant virtual Poincaré series was proved to be an invariant
under equivariant bijection with the AS graph, this could allow us to
compute (and compare) the quantities B¢ ({—23* +12 + K y2 = €))

and f9({—at* + T, 2 =¢€}).

7. The germs C}, and Dy

In a second time, we plan to make progress towards the classification with
respect to G-blow-Nash equivalence of the invariant germs of the families

Rk (2) := +a? + x3xs + eprh 4+ Q and 7 () i= aiwy + el + 22 + Q'

where €, € {—1;+1}.

By the same arguments as in the introduction of Section 6, we know that
if two germs h;* and h;' are G-blow-Nash equivalent, they have the same
quadratic part up to permutation of the variables x1,xzy,...,2,, and, by [13]
Proposition 3.11, that £ = [ and €, = ¢;. Therefore, inside the family Dy, it
remains to show that the germs

Rkt (x) i= 4a? 4+ xdrs +epri 4+ Q  and
e (2) = —af + 23wy + ey 4 Q)

where ¢, € {—1;+1} and +2? + Q and —z% + Q' are the same quadratic part
up to permutation of the variables x1,x4,...,z,, and are not G-blow-Nash
equivalent. As a consequence, the classification of the germs Cj up to G-blow-
Nash equivalence is the same as their classification up to equivariant analytic
equivalence.
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As for the family Cj, if two germs 7" and r;' are G-blow-Nash equivalent,
they have the same quadratic part up to permutation of the variables x3, ..., x,,
k:landek:q.

On the other hand, if two germs hi* and r;}" are G-blow-Nash equivalent
then k = k' + 1, ¢4 = e and +2? + Q and +22 + Q' are the same quadratic
part up to permutation of all variables. As a consequence, we focus on the
comparison of the germs

hpy1 = 3z +exh +ne?+Q and 7 = 22xy + exk + /22 + Q'

where €7, € {1,-1} and n2? + Q = n'z3 + Q' up to permutation of all
variables.

In the following, as we did for the families Ay and By, we study and compare
the respective equivariant zeta functions of hj and rg; using Theorem 4.2, this
allows us to extract further cases of non-G-blow-Nash equivalence.

7.1. Computation of the first terms of the equivariant zeta functions. — Fix k >
4 and consider the invariant germ h{"(x1, ..., x,) = 923 + 2323 + exh 1 + Q.
Denote zy = 2, 13 = z and 727 +Q = Qpq = Y11 Y7 — Y5 Ypr; (G acts on

the renamed coordinates via the involution n°1 or n°2 depending on the sign
of 1), so that hy"(z,2,y) = 222 + 2" 1 + Qp 4 ().

The following proposition gives the computed expressions for 3¢(A%, (k™))
(see the beginning of Section 6.1 for the definition of A% (h) for h an invari-
ant Nash germ) if m < k — 1. The same expressions can be obtained for
BY (A (rs_,)), providing that Y, , is equipped with the trivial action in this
case.

PROPOSITION 7.1. — Suppose 2 <m < k — 1.
1. If p+q=1, then

A .
ru?mtt pu ifm=2r4+1,
47 +2

G AO he™)) =
5 ( m( k )) (7‘—1) 2m+1+ T me:27‘
2. If p+q#1, then

3r+2+(r+1)(p+q)& (BC (Y, \ {O}) + 1)

w33+ +1)(p+<1)

€ ifm=2r+1,
5G(Agn(hk’n)) = Ul e a—)_
Ugrﬂrﬂ)(mq)% (5G(Yp,q \ {0}) + 1)
+u3r+1+r(”+Q)6G(Yp7q) if m = 2r.
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Proof. — As in Section 6.1, we follow the computations of [13], paying atten-
tion to their equivariance with respect to the considered actions of G.
Here, we write an arc « of £, as

ait+ -+ apt™
bit+ -+ bpyt™
Aty = | et ent™

6117+‘1t 4+t C%ﬂltm
aj (€29
b} b;” ay am

= olt+ 4+ Sm [t =b | t+--+ | b | T

E : €1 Cm

0117+q C;ZlJrq

(the group G acts on L, changing the sign of the variables c}, resp. ¢ 1 oin
the case n°1, or n°2).
We focus on the generic case pg # 0, p+q # 1. First suppose that m is odd,

= 2r 4+ 1. Then an arc vy of £, belongs to A% (k") if and only if

Qp,q(c1) =0,
atby + @, 4(c1,c2) =0,
a%bg + 2a1a9b1 + Qp7q(62) + <I>p7q(cl, 03) =0,

(t+1)
at Zé t+1

D, q(ct, 027'—t) 0,

2r+1—(t+1)
t25 t+1

T aZboy_o + 2307
+ Zt:l
S atbarpi—a +2302)
+ 22:1 Py, g(cts corp1-1) = 0.

a5b2r—5—t + an(cr)

a5b2r+1757t

Stratifying A2 (hy") with the G-globally invariant subsets {c} L=

L —0,¢f £0},i=1,...,p,and {c] = ... =& =0} = {c; = 0}, as

we did in the proof of Proposition 6.1, we obtain, by additivity of the equivari-
ant virtual Poincaré series,

= u2><(27’+1)+27’(p_1)+2Tq+1BG(Yp7q \{0})

+ BE(AN (A" N {er = 0}),

BE(AR (h™)
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the algebraic set A% (hy7) N {c1 = 0} being described by the system

a%bl = 07
a3bs 4 2a1a2b; + Qp 4(c2) =0,

ot abar—a +2300 7 ar Y50 t—&-t1+1 asbar 5t + Qpq(cr)
+ZT_1 p,q(ch Cor— t) 0,

S afbor1_or 42 Zt 10t E?Tﬁ_l(tﬂ asbary1_5_t
+ Zt:Q Py, 4(ct, c2r11-1) = 0.

Now, if a; # 0, then b; = 0, and the coordinates b, . . ., ba,._1 are determined
by a1 and the other variables (via an equivariant morphism), and thus

wl2r+2+2r(p+g)]+1

BE(AD, (™) N {er = 0}) = (u—1) p—
+ B9 (AN(hy") N {er = 0,a1 = 0}).
If ¢; = 0 and a; = 0, the remaining coordinates verify the system
Qpq(c2) =0,
a%bl + (I)p’q(CQ, 03) =0,
agbz + 2aza3b1 + Q, ,(c3) + Pp 4(c2, 1) = 0,

Zt 2 ¢ 2bor o1 + QZt 2 At 26 t+t1+1 asbar—s—t + Qpq(cr)
+ Zt:2 pq(ct, cort) =0,

o aibory1_or + 2 Z: Z?ﬂﬁl (t+1) asbar 1165t
+ Z::z Py, g(ct; corp1-1) = 0.

Notice that the vector ¢, and the variables a,,, b,,_1 and b, are free and that,
if we rename the variables, these equations define the set A2, ,(h3"), so that

BEAN(h™) N{er = 0,01 = 0}) = u™PHIBE (AT, o (hy)")).

By an induction process, we then obtain

r—1
BE (A (B™) = 8% (Vg \ {O}) [Z ! FHrry2xmmy 2D e
t=0

r—1
Z ut(3+p+Q)u(m—1—2t)(p+q+1)+3]
0

+ u(’"_l)(3+P+Q)BG(Ag(hZ’") N {01 =0,a; = 0})7

the equations for A3(hy")N{c; = 0,a; = 0} becoming trivial. As a consequence
(notice that forallt =0,...,r—1,2x (m—=2t)+ (m—2t—1)(p+q¢—1)+1=
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(m—-1-2t)(p+q+1)+3),

ur(pta—1) _1

BY(AY, (hi")) = w2t pta) (B (Ypq \ {0}) +1)

ubta—1

w33+ (r+1)(p+q)

_|_ —
u—1

If m is even, m = 2r, the system defining A9, (hy") is

Qp,q(c1) =0

atby + @, 4(c1,02) =0,

St aba 2+ 237 il til Y a5boy 15
+3) q)p,q(ct702r—1 t) 0

STy afbar—oe + 2200 ar Y agbar—s—t + Qpagler)
+ 302 @y gler c2p—t) =0,

and we have

r—2

FE(AL (™) = B9 (¥, 0\ (0)) [Z B2 (22 e
t=0
r—2
Z ut(3+17+f1)u(m12t)(P+Q+1)+3]
t=0
+ u(r—l)(3+p+q)56‘(Ag(hem))
Because AJ(hy") is described by the equation @, 4(c1) = 0, and since the vector
co as well as the variables a1, as,b; and by are free, we obtain
r=1)(p+g—1) _q

wPta—1 — 1 (BG(Yp,q \ {0}) + 1)

+ u3T+1+T(p+q)ﬁG()/p q)- 0

B (™) = wir )

As for B9 (AS,(h")), we have the following expressions if m < k + 1:

PROPOSITION 7.2. — Suppose m < k — 1.
L If (p,q) = (0,1), then
2m+1 . _
G 3 €N _ ru me—2T+1,
As (b =
A A () {(7" — u?mTt 4 u““BG(Yél) if m = 2r.

2. If (p.q) = (1,0), then

ru2mtl ifm=2r+1,

G A& €, —
B (Am(hkn)) - {(T — Dumt 4 u4r+lﬂG(Y1§’0) if m = 2r.
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3. If p+q#1, then
WD) LI (BY(Y, , \ {0)) + 1)

ifm=2r+1
BY(AS, (h™M)) = 1) (pra— ’
mk D ek DRI (66 (v, A\ {0)) + 1)
() GO (YE ) if m=2r.

Proof. — If we keep the notations of the proof of Proposition 7.1, the system
defining Afn(hzn) is obtained by replacing 0 by ¢ in the right member of the last

of the equations describing A%, (h$"). Furthermore, the system for A§(h{") N
{e1 = 0,a; = 0} has no solution, whereas Ag(h;”’) is described by the equation

Qp,q(c1) =&, O

We are now able to show that the germs h2’+ and hy "~ are not G-blow-Nash
equivalent:

COROLLARY 7.3. — Let k > 4. Suppose that the invariant Nash germs
R (@) i= 42t + 2wy + el + Q and by (z) i= —2f + wdas + ek 4+ Q

have the same quadratic part up to permutation of the variables x1,x4,...,ZTy.
Then they are not G-blow-Nash equivalent. As a consequence, the classification
of the germs Dy, up to G-blow-Nash equivalence is the same as their classifica-
tion up to equivariant analytic equivalence.

Proof. — We compare 3%(Ao(h;")) and B (Az(h5 ™). Because
BY(A2(hy™) = B (“Aa(hi")) — B (AS(R"),
BY(°Ax(h")) = u" B9 (AY(hy™))  (by Proposition 6.3)

and AY(h$") = Ly, we are reduced to comparing the quantities 3% (AJ(h5™))
and B%(AS(hy7)).

Now, if p denotes the number of signs + and ¢ the number of signs — in
the quadratic part of h2’+ and hy~ (notice that p + ¢ # 1), we have, by
Proposition 7.1,

BE(A(RE™)) = utPHIBE(Y,,,q)
Consequently, if p # ¢, we can use the same arguments as in the proof of
Corollary 6.6 to conclude that the naive equivariant zeta functions of hZ’Jr and
hy~ are different and, therefore, that the germs h2’+ and hy~ are not G-blow-
Nash equivalent.
If p = ¢, we compare 3% (A3 (k")) and B (AF (R 7). Since, by Propo-
sition 7.2,

BE(AT () = ut 2O (Y],

p,q )
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we can, in this case as well, use the arguments of the proof of Corollary 6.6, in
order to conclude that the equivariant zeta functions with signs + of h2’+ and
hy~ are different. O

Using again the formulae of Propositions 7.1 and 7.2, we then extract cases
for which the germs hjy1 and 7 are not G-blow-Nash equivalent:

COROLLARY 7.4. — Let k > 3. Suppose that the invariant germs
hpy1 = x2x3 +exk +na? +Q and 1y = 2lxo + exh + 02t + Q'

have, up to permutation of all variables, the same quadratic part, with p signs
+ and q signs —.

Ifp <qgandn=+1o0rq < pandn = —1, then hxt1 and i are not
G-blow-Nash equivalent. If p=q+1 or ¢ = p+ 1, then hiy1 and r, are not
G-blow-Nash equivalent.

Proof. — For the first point, focus, for instance, on the case p < g and n = +1.
As in the proof of Corollary 7.3, we consider 3% (A3(hy+1)) = P44 (Y, ,)
and BY(AY(ry)) = u*TPT93%(Y, ). Since the action of G on the former set
Y),q is the action n°1 and the action on the latter set Y}, 4 is the trivial action,
we obtain 5% (Az(hrt1)) # B9(Az(rr)).

For the second point, assume, for instance, p = ¢ + 1. Suppose furthermore
that 7 = +1 and consider the quantities B%(A3" (hyi1)) = u*PT1p%(Y,H1)
and BE(AF'(ry)) = wtPTagl(y,fly. By Proposition 5.3, Y(Y,Il) =
L (B9(Ypp) — BY(Yp,4)). Since ¢ < p and n = +1, the quantity 3%(Y, )
is the same for hyi1 and 7y, while the quantities 3%(Y,,) are different (see
Proposition 5.1). As a consequence, 3% (A3 (hyy1)) # BE (A (rs)). O

Now, we are going to study the other coefficients of the equivariant zeta
functions of hiy; and r; in the remaining cases, that is, if p > ¢+ 1 and
n=+1lorqg>p+1and n = —1. Notice that, in these cases, the quantities
BE(Yp,q) and BE(YS,) are identical for hyyq and .

7.2. Computation of 3¢ (A (hg11)) and BF (Ag(rx)). — Assuming that the
Nash germs hyy1 and i have the same quadratic part @ 4, with p > ¢+1 and
n=+1orq>p+1andn= —1, we first compute the coefficients 5% (Ax(hx11))
and BY(Ag(ry)) of their respective naive equivariant zeta functions. Bear-
ing in mind Proposition 6.3, we actually give formulae for 8% (A?(hj41)) and

BE(AR(rr)):
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ProproOSITION 7.5. — Suppose k > 3. Then

l(p+q—1)
WS DS (36(Y, 0\ {0))
+u3l+1+(l+2)(p+q)w

upta—1_-1
BY(AL (hiyr)) = +u3l+1+<l+1>(p+i>5G(§hk+1<x2,x3,0> =0}) if k=20+1,
1=1)(p+q—1
31+(l+1)(p+q)“T111 (B9 (Ypq \ {0}) +1)
3P+ 3G (Lhy (0, 23,y) = 0}) if k=2,
and
3z+2+(z+1)(p+q)w (85 (Ypq \ {O])
+u31+1+(z+2)(p+q)%
BE(AY(m) = 4 D00 5C (), 2,0) = 0))  if k=21 41,
l
3l+(l+1)<p+q)% (B (Ypq \ {0}) +1)
PP+ 3G ({14.(0, 29, y) = 0}) if k=2l.

Proof. — We do the computations for 8% (A9 (hj41)).
First, suppose k to be odd, k = 2] + 1. Keeping the notations of the proof
of Proposition 7.1, the set A9(hg41) is defined by the system

Qp,q(c1) =0,
a%bl + <I>p7q(cl, CQ) =0,
a%bg + 2a1a9b1 + Qp7q(62) + q)p7q(61, 03) =0,

Zt 1 at b2l 2t + 2 Zt 10t 25 ti;rl) asboj_5_+ + Qp,q(cl)
+ Z @, q(ct7 coi—t) =0,

6b2l+1 + Zt 14t b2l+1 ot + 2 Zt 1 Gt Z?ltil (t+1) a6b2l+1—67t
+Zt:1 p,q(ct7021+1—t) =0.

Proceeding as in the proof of Proposition 7.1 (see also the proof of Proposi-
tion 6.10), we obtain

)u(p+q H_1

ﬁG(Ag(th)) _ u3l+2+(l+1)(11+ W (BG(}/;J,Q \ {0}))

1-2
+ Z ut P (k=120 (kg D)+3 4o (=1 B Fpta) g6 (69
t=0
if S denotes the algebraic set defined by the equation ebf”l +a2by = 0, the

variables as, a3, ba, b3 as well as the vectors c¢s, c3 being free. Hence the desired
result.
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If we suppose k even, k = 21, the set AP (hy1) is described by the system

Qp,q(c1) =0,
a%bl + <I>p’q(cl, CQ) = 0,

Zi;i a?b2l—1—2t +2 Zi;? at Z(Qslz_t:(tﬂ) asba—1-5—¢
+ 30001 Ppgler cam1-4) = 0,

b2 4+ 3t a2y o 425 a2 asbar s+ Qpglcr)
+ Zi;i (I)p,q(ctv ca1—t) = 0,

and we have

wd=D(p+e-1) _ 1
wpbta—1 — 1
+ u(l—l)(3+p-~-q)ﬁG(Sg)7

ﬂG(Ag(hk-&-l)) — 3D (p+a)

(B (Ypg \{0}) +1)

where S9 is the algebraic set given by the equation €b?' + @, ,(c1) = 0, with
free variables ay, as, bo and free vector cs. O

Since, in our present framework, the quantity ﬂG(Ypﬂ) is the same for hgiq
and 7, we are reduced to studying the equivariant virtual Poincaré series of
the G-algebraic sets {hjt1(x2,x3,0) = 0} and {ry(z1,22,0) = 0} if k is odd,
or {hg+1(0,23,y) = 0} and {ry(0,z2,y) = 0} if k is even.

Notice that, if k is even, 8% ({hx11(0,23,y) = 0}), and 3% ({rk(0, z2,y) = 0})
have been already computed in Lemma 6.11: if k is even, and if p > ¢+ 1 and
n=4+1lorqg>p+1and n = —1, the equivariant virtual Poincaré series
BE ({his1(0,23,y) = 0}) and B%({rx(0,z2,y) = 0}) are equal, and, therefore,
B9 (Ax(hitr)) = BE (Ag(rr))-

In the next lemma, we compute {hy41(z2,23,0) = 0} and {ri(z1,z2,0) = 0}
if kis odd, k =20+ 1:

LEMMA 7.6. — We have

u ’LL2

BY ({hary2 (w2, 3,0) = 0}) = B9 ({23 + ez} = 0}) — —,
u—1 wu-1

where the latter set is considered as an algebraic subset of R? on which the

group G acts trivially, and

u u2

u—1 wu-—1

B9 ({rais1(z1,22,0) = 0}) = B9({a? + ex3 = 0}) —

where the latter set is considered as an algebraic subset of R? on which the
group G acts only changing the sign of the coordinate x.
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Proof. — We make the computation for B9 ({ros1(21,22,0) = 0}).
C0n51der the equation x?zy + eleH = 0. If x5 # 0, it is equivalent to
22 + exd =0, and if x5 = 0, it becomes trivial. Consequently,
2

B ({raea (w1, 22,0) = 0}) = B9 ({af + exd’ = 03\ {(0,0)}) + —,

and we use Lemma 6.11 to write 8% ({z? + 23 = 0}) = BY({z? + e23 =
0}) = (1= 1DA°({af = 0}) + (1 = DBYH{(0,0)}) = BY({2F + ez} = 0}) (recall

also that the equivariant virtual Poincaré series of a point is —*7). O

If € = +1, the sets {z3 + 23 = 0}) and {z? + 2% = 0} are both reduced to a
single point. On the other hand, if ¢ = —1, we have 8% ({23 —22 = 0}) = 2“:1“,

whereas 3% ({22 —22 =0}) = & u_“frl (see Proposition 5.1). As a consequence:

COROLLARY 7.7. — If k is odd and if ¢ = —1, the germs hpy1 and 1 are not
G-blow-Nash equivalent.

Ifp>qg+landn=+1lorqg>p+1andn=—1,andif k is even or k is odd
and € = +1, the coefficients 3% (A (hiy1)) and B9 (Ax(ry)) of the respective
naive equivariant zeta functions of hry; and r, are equal. We are then led
to look at the coefficients BG(Agk(th)) and ﬁG(Agk(rk)) of their respective
equivariant zeta functions with signs.

7.3. Computation of 3G (AS (hyy1)) and 8% (A% (7). — For the cases listed
above, we consider the quantities ﬂG(Ai (hiy1)) and B¢ (Ai(rk)), expressed by
the following formulae (just follow the steps of computation of the proof of
Proposition 7.5):

PROPOSITION 7.8. — Suppose k > 3. Then,

wlpta—1)
3l+2+(l+1)(p+q)T111 (BG(YP . \ {O}))

3l+1+(142) (ptq) u "D g
+u R

BO(AL (hiwr)) = § +udH DD BE ({hy (w0, 5,0) = €}) if k=21 +1,
(I=1)(p+q—1) _
Do w21 (56 (Y, N\ {0)) + 1)
+U/3l+l(p+Q)ﬁG({hk+l(07x?ny) = €}> ka:Ql’
and
3z+2+(z+1)(p+q)w (8% (Ypq \ {O)
u(L 1)(p+q 1)
Jru:ﬁ,z+1+(l+2)(zo+q)qui_l_ll
ﬁG(Ai(Tk-)) _ 31D (p+a) 5G({rk(x1,x2, 0) =¢}) ifk=20+1,
w=1( 1)
uBH D+ w1 (3G (Y, N\ {0)) 4 1)
+u3l+l(P+‘1)ﬁG({rk(O, T2,y) = £}) if k=21.
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If k is even, we can use the formulae of Lemma 6.15 and the same arguments
as in the proofs of Propositions 6.17 and 6.18 in order to establish the following
facts:

PROPOSITION 7.9. — Suppose k is even, k = 20 > 4.

1.Ifp>qg+1landn=€e=+4+1o0orq>p+1andn =€ = —1, then
B9(AL (hisr)) = BO(AL (re)).

2. e lIfp>q+1,n=+1 and e = —1, the equality BG(Ai(th)) =
ﬁG(Ai(Tk)) is true if and only if the equivariant virtual Poincaré
series of the algebraic subsets {—x%l +y? —|—ZZK 11 y? = 5} c RE+L
K :=p—gq, equipped with the action of G changing only the sign
of y, and { x3 Zz 1 22 {} C RE*L equipped with the trivial
action of G, are equal.

e lfg>p+1,n=—-1ande = +1 we have ﬁG(Ag(th)) =

BG(Ai(rk)) if and only if 6G({ —y? ZZKllyf = f})
BY ({3 - i, 22 =€)

If £Kisodd, k = 2l +1 and € = +1, andifp> q+1and n = +1 or
q > p+1landn = —1, we are reduced to comparing 3¢ ({hj41(72,23,0) = £}) =

BY ({3zs +a3t = €}) and B9 ({ri(z1,22,0) = €}) = B ({afwa +23 = &}).
We are going to show that these two quantities are equal and, therefore:

ProOPOSITION 7.10. — Ifp>qg+1andn=4+1orq>p+1andn=—1, and
if k is odd and € = +1, then ﬁG(Ai(th)) = BG(Ag(rk)),

Proof. — We compute the equivariant virtual Poincaré series of the nonsin-
gular curve C' := {23y + y2'™" = €} of R2, on which the group G acts only
changing the sign of the first coordinate xq, or trivially.

First suppose the action of G is the former one. Suppose also | > 2. We
equivariantly compactify C' in the projective space P?(R) with homogeneous
coordinates [X : Y : Z], on which G acts via the involution [X : Y : Z] — [-X :
Y:Z]=[X:-Y:—-Z]. Wedenote by T := {X2Y 722 4 Y2+l = ¢7214+1}
this compactification, and by p := [1: 0 : 0] the point at infinity.

The equivariant compactification I' is singular at the fixed point p, as one
can see in the globally invariant chart X # 0. If (yo,29) are the coordinates
in this chart, the group G acting via the involution (yg,20) — (—yo, —20), We
denote by C’ the curve I' N {X # 0} = {yo22' 2 + y2'* = €227} (the point
at infinity is the fixed point ¢ =[0: £ : 1] of C).

Equivariantly blowing-up I' at p resolves the singularity; in the chart yy =
UgUg, 20 = Up, where the action of G is given by (ug,ve) +— (ug, —vg), the
equation of the strict transform is uy + u2l+1 — &3 = 0, and it intersects
the exceptional divisor at the single point pg Wlth coordinates (ug,vg) = (0,0).
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The resolved compact G-variety, denoted by f, is equivariantly homeomorphic
to a circle equipped with an action of G fixing the two points py and gq.
As a conclusion, we have

B9(C) = BT\ {p}) = BT\ {po}) = B(T) = 5% ({po})

4ot
= U —_ =
u—1 u-—1 u—1

(see Remark 4.1).

If I = 1, the point p of T" is not singular, and I' is a compact nonsingular
G-variety equivariantly homeomorphic to a circle with two fixed points, p and
q.

If now we suppose that the affine space R? with coordinates (zg,%o) is
equipped with the trivial action of G, we will obtain the same expression for
B%(C), since the equivariant homology of a circle is the same as soon as there
is at least one fixed point.

Consequently, the equivariant virtual Poincaré series B ({hg11 (72, 73,0) =
€1) = A% ({adws + o2+ = €}) and A ({ry(e1,22,0) = €}) = A ({adea +
w2 = ¢}) are equal, and, then, 8Y (A5 (hit1)) = BC (A% (rh)). O

In the next section, we will look at the last part of the respective equivariant
zeta functions of hiyi and 7. Still supposing that p > ¢+ 1 and n = +1 or
q>p+1and n=—1, we will show that, if k£ is even or k is odd and ¢ = +1,
their comparison reduces as in Proposition 7.9.

7.4. The last terms of the equivariant zeta functions. — Suppose p > ¢+ 1 and
n=+1lorqg>p+1andn=—1. Suppose that k is even or that k is odd and
€ = +1. The naive equivariant zeta functions of hy41 and ri are equal:

ProrosITION 7.11. — For all M > k, we have
B9 (A (higr)) = B (Anr(ri)-
Proof. — Let M be greater than k. We prove that

B (Afy (hi1)) = B9 (AR (re))-

Suppose k to be even, k = 2[. Consider the system of equations describing
AQ;(hg11) and AS,(rg). The same computations as in the proofs of Proposi-
tions 7.1 and 7.5 bring, in both expressions of 8% (A, (hxy1)) and 3% (A, (r1)),
an equal contribution of 3%(Y,, \ {0}) and a contribution of the equivari-
ant virtual Poincaré series of a set defined by a system whose first equation
is eb + Qpq(c1) = 0. Stratifying this last algebraic set with the subsets
{el = ... = =0,¢ #0},i =1,...,p+q, and {¢c; = 0} provides a
contribution of B ({hgs1(0,z3,y) = 0} \ {0}), or A% ({ri(0,z2,y) = 0}\ {0})
(it is the same quantity in our hypothesis), and we are led to the further con-
dition ¢; = 0, and then b; = 0, in the previous system.
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Now, stratifying with the subsets {a; # 0} (this will provide an equal contri-
bution for hiy1 and ri) and {a; = 0}. If a; = 0, shifting by —1 the indices of
the remaining variables a; and ¢;, we obtain a new system, whose first equations
are, if M > 2k:

Qp,q(c1) =0,

®, 4(c1,c2) =0,

atby + @pglc2) + Ppqlcr,c3) =0,

a?bs + 2arasbs + P, 4(c1,¢4) + Pp g(c2,c3) =0,

Zi;? agbo—1-2¢ +2 Zi Zgl til Y Gsbor 15
+ Zi: )y q(ct,ca-1-1) =0,

b3+ Y aZboy o+ 2502 4 2 by sy + Qpg(er)
+ Z:}j Dy q(ce,co-¢) = 0.

These equations can be obtained from the system defining Ag(hk+1), by re-
placing the term eb?’ with eb3! in the last equation and imposing b; to be 0 in
the other ones.

Therefore, a similar process to the one outlined above can be applied, which
provides further equal contributions for 8% (A, (hgy1)) and BE(AY,(r%)). In
any case, the final equation will be either @ 4(c1) = 0, €b3' + Qp 4(c1) = 0 or
trivial, so that the induced respective contributions are equal as well.

As a consequence, 39(AS,(hri1)) = B9 (A, (r)) and BE(Apr(hry1)) =
B9 (Ans(11)):

If kisodd, kK = 2l + 1, and € = +1, from the initial system of equations
defining AY, (hx+1) and A, (r%), we are reduced to considering a system whose
first equation is b2 4 a?b; = 0 (see the proof of Proposition 7.5). Therefore,
by = 0. Stratifying with the subsets {a; # 0} and {a; = 0}, we then get, after
a renaming of the variables, a system whose first nontrivial equations are, if
M > 2k:

@p,q(c1) =0,

®, ,(c1,c2) =0,

aibs + Qpqlc2) + Ppqlcr,c3) =0,

atbs + 2aiazby + O, 4(c1,cq) + @ 4(ca,c3) =0,

S a2by g o+ 23 as o tgfir agbay1-s5-¢
+ Zi:1 @y q4(ct, c2141-1) =0,

by + 21:1 agboro—or + 2 Zi;i ay Z?S—t;(tﬂ) asbaryo—s—t + Qpqlcit)
+ 3y Ppglcrs carra—y) = 0.
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Repeating the process provides further equal contributions for 3% (A, (hr41))
and B9(A9,(rr)) and, if M > 2k, we are led to a new system whose first
equation is b2 + Q, 4(c1) = 0. We will show in Lemma 7.12 below that the
respective induced contributions are equal.

In any case, these repeated steps of computations will eventually allow us to
consider a single equation, which will be either Q) 4(c1) =0, b?lﬂ +a3b; =0,
b?“'l + Qp,q(c1) = 0 or trivial.

Consequently, if kisodd, 3% (A%, (hr+1)) = BE(AS, (%)) and BC (Ans (hit1)) =
BE(Ans (1)) as well. O

LEMMA 7.12. — Suppose that k is odd, k =21+ 1, p > g+ 1 and n = +1 (the
property will also be true if ¢ >p+1 and n=—1). Then

B ({his1(0,23,y) = 0}) = B ({ri(0, 22,) = 0}).

Proof. — Applying successive blowings-up as in the proof of Lemma 6.11, we
obtain

B ({hi+1(0,23,y) = 0}) = BC ({exs + Qpq(y) = 0})
— kBY({Qp.q(y) = 0}) + kB ({0})
= B9 (R — kB9 ({Qpq(y) = 0}) + kB ({0}).

We have the same expression for 3% ({ry(0,z2,y) = 0}) and, therefore, since
p>q+1and n = +1, the two quantities are equal. O

As for the last part of the equivariant zeta functions with signs of hg1; and
r, adapting the computations of the proof of Proposition 7.11, we obtain the
following (still under the hypothesis at the beginning of Section 7.4):

ProroOSITION 7.13. — 1. Suppose k is even.

o Ifn =c¢, then for all M >k, BG(A%/[(th)) = ﬁG(A%/[(rk)), and,
consequently, the respective equivariant zeta functions with signs of
hr4+1 and 1y are equal.

o Ifn=+1, e = —1, we have the equality Z,?ﬁl(u,T) = ZTC;;’E(U,T)
if and only if B ({~a§ +y* + X5y = €}) = B9 ({—ak +
Zilil 22 = 5}) (the former set is a subset of RETY equipped with
the action of G only changing the sign of y, and the latter set is a
subset of RETY equipped with the trivial action of G).

o Ifn=—1,e=+1, wehavethe equalityZG;’fl(u,T):ZGf(u T) if and
only if 6 ({a§ —y* =051 2 = €}) = 89 ({af — i, 22 = €}).
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2. Suppose k is odd and € = +1.
o If n = 41, the equality Z,i’fl(u,T) = 7254w, T) is true if and
only if the quantities 5G({.’E§ +192 —|—Zfi}1 Y = g}) and ﬁG({ﬁcé“ +
ZiK:1 22 =¢}) are equal.
e If n = —1, the equality Zfi’il(u,T) = Zfi’g(u,T) is true if and
only if the quantities ﬂG({x’§ —y? - Zfi}l Yl = f}) and ﬁG({xlﬁ —
S 2= ¢}) are equal.

Proof. — Let M be greater than k. Since the system describing A§W(hk+1) and
AS(ry,) is obtained from the one defining A9, (hxy1) and A9, (ry) by replacing
0 by £ in the right member of the last equation, we are reduced, as in the proof
of Proposition 7.11, to considering a single equation.

If k is even, k = 21, this equation is either @, 4(c1) = &, eb?l + Qpqlc1) =¢
or an equation with no solution. Under our current hypothesis, the quantity
BG(Yzﬁq) is the same for hi41 and rg. If € = 7, we can show, as in the proof of
Proposition 6.17, using the formulae of Lemma 6.15, that 3% ({hx11(0, x3,y) =
€}) = BE({r(0,22,y) = £}). If € = —n, we also use Lemma 6.15 to obtain the
desired equivalences.

If k is odd and € = +1, the final equation is either @, 4(c1) = &, b?”l +
atb; =&, b?”l + Qp.q(c1) = £ or an equation with no solution. The quantity
BG(Ypf,q) is the same for hi41 and rg, and we showed in Proposition 7.10 that
BE ({hit1(z2,73,0) = &}) = BY({rx(x1,22,0) = £}). Finally, we can obtain
formulae similar to the ones in Lemma 6.15 for 8% ({hx11(0,z3,y) = £}) and
BE({r(0,x2,y) = £}) if k is odd, and this provides the desired equivalences.

O

7.5. Conclusion. — We gather the results obtained in the following statement:

THEOREM 7.14. — Let k > 3. Suppose that the invariant germs
hpy1 = 2523 + exh + na? + Q and 1y, = 239 + exh + 7'zl 4+ Q'

have, up to permutation of all variables, the same quadratic part, with p signs
+ and q signs —.
1. If
ep<qgn=+lorq<p n=-1,
ep=q+lorg=p+1,
e kisodd, e=—1,
then hi4+1 and ri are not G-blow-Nash equivalent.
2. If kis even, and if p >qg+ 1, n=+1,e=+1orqg>p+1,n=-1,
e =1, then Z§  (u,T) =25 (u,T) and Zy° (u,T) = Z55(u, T).
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3. e Ifkiseven, and ifp>q+1, n=+1, e =—1, then Z&H(U,T) =
Z8 (u,T). Furthermore ZG’5 (u,T) = 285 (u,T) if and only if
5 ({=ab 492+ SIS 02 = €)) = 99 ({ ok + L, 22 = ¢)).
o Ifkiseven, and if¢q>p+1, n=—1, e = +1, then thﬂ(u T)=
a 5 _ 7G, :
Zp (u,T). Furthermore, Z,> (u,T) = Zrk_E(u T) zf and only if

59 ({ah — g2 — X7 7 =€) = 59 ([ah - 5, 22 = €}).
o Ifkisodd, and if p>q+1,n=+1, e=+1, then Z& (u,T) =

hrpit

Z& (u,T). Furthermom Zfi’g (w,T) = Z&*4(u,T) zf and only if
ﬁG({Z'S—i—y +Zl 1 y’L g}) 5G({x2+zz 1 z g})
o Ifkisodd, and if ¢ >p+1,n=—1, e =+1, then hk“(u T) =
G E _ 7G, ;
Zy (u,T). Furthermore, Z,> (u,T) = Zrkf(u T) zf and only if
K 1
59 ({a =12 = DX 02 =€) = 9 ({af - £, 2 = €)).
In particular, in the cases 2 and 3, we are not able to determine whether or
not the germs hog11 and ry are G-blow-Nash equivalent.

REMARK 7.15. — If we forget the G-actions, the virtual Poincaré polynomials
of the algebraic subsets {21 + SR 2 = ¢} and {z*+! — SRy = ¢}
of RE+1 ¢ = 41, can also be computed using the invariance of the virtual
Poincaré polynomial under bijection with the AS graph (see Remark 6.19).

8. The germs Eg and F}

Finally, we study the classification with respect to G-blow-Nash equivalence
of the families
¢ (x) = Faf + a3 +ex3 +Q
and
wé(z) == ex] + a3 + 22 + Q'

where € € {—1;+1}.

If two germs ¢¢ and ¢¢ are G-blow-Nash equivalent, they have the same
quadratic part up to permutation of the variables x1,xy,...,2, and, by [13]
Proposition 3.14, € = €¢’. Furthermore, we will show in Corollary 8.3 below that
the germs

0t () = +a] + 23 + exf + Q and ¢ (z) == —af + 25 + ex§ + Q'

where € € {—1;+1} and +22 +Q and —2? 4+ Q' are the same quadratic part up
to permutation of the variables x1, x4, ..., x,, are not G-blow-Nash equivalent,
so that the classification of the germs Eg up to G-blow-Nash equivalence is the
same as their classification up to equivariant analytic equivalence.
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If two germs w® and w® are G-blow-Nash equivalent, they also have the
same quadratic part, up to permutation of the variables xz3,...,z,, and ¢ = ¢
as well; the classification of the germs Fj up to G-blow-Nash equivalence is the
same as their classification up to equivariant analytic equivalence.

If now two germs ¢ and w® are G-blow-Nash equivalent, then ¢ = ¢’ and
+22 + Q and +2% + Q' are the same quadratic part up to permutation of all
variables, so that we intend to compare the germs

o(x) = 23 + exs + nrf + Q and w(z) = x5 + ex] +n'a3 + Q'

where €,m,1 € {1,—1} and nz? + Q = 23 + Q' up to permutation of all
variables.

As in the previous two parts, we will consider the respective equivariant
zeta functions of ¢ and w, along with Theorem 4.2, to try to distinguish these
invariant germs with respect to G-blow-Nash equivalence.

We begin with the computation of the first coefficients 3% ( Az (), 8% (As()),
BE(A4()) of the naive equivariant zeta function of ¢ (notice that the set A; (i)
is empty so that 5% (A4;(p)) = 0). Due to Proposition 6.3, we can focus on the
quantities 3%(AY (¢)), m < 4. The corresponding expressions for w are similar,
in this case, equipping the set Y}, , with the trivial action of G.

PROPOSITION 8.1. — Write ¢ = ¢(x,2,y) = 2% + e2* + Qp4(y). We have
W2 t)
BE(AY(p)) = utPFage (Y, ), BO(AY(p)) = u2P+D+3BE (Y, \{0}) + 2

and 39(A}(p)) = uPPFDFOR(Y, o\ {0}) + uPPFOTOBE ({(0, 2,y) = 0}).

Proof. — If m > 1, we write an arc y of £, as
ait + -+ apt™

bit + -+ + bypt™
y(t) = At+- b tm

Cle_qt 4+ an-HItm

ai Am,
bi b,ln ay U

= G Jt4+- 4| Sm [t"=b |t+--+ ]| b | tT
: C1 Cm
Czla+q ngq

(the group G only acts in changing the sign of the coordinates c}, or c? 1 in
the case n°1, or n°2).
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The set AJ(¢) is described by the single equation @, 4(c1) = 0, the other
variables remaining free. The set A3(y) is defined by the system

@p,q(c1) =0,
a3 + @, 4(c1,e2) =0,
and, stratifying with the G-globally invariant subsets {c} = ... = ci =0,
¢t #0},i=1,...,p,and {c} =... =} =0} = {¢; = 0}, we obtain
BY(A3(p)) = uSHRE=DTH GG (v, A\ {0}) + B(A3(0) N {er = 0}).
If ¢; = 0, then a; = 0 and the other variables are free, hence the desired

expression.
Finally, AJ(¢) is described by the system of equations

@p,q(c1) =0,
a$ + @, 4(c1,02) =0,
b} + 3a%az + Qp 4(ca) + ®(c1,c3) = 0.

Equivariantly stratifying A}(¢) as we did for A3(¢), we get the equality
BY(AQ(p)) = utTPPmDTFBE (Y, A\ {0}) + BY(AQ(p) N {er = 0,01 = 0}),
the set A}(¢)N{c1 = 0,a; = 0} being given by the equation ebf +Q, 4(c2) = 0.

O

Using the same way of computation, we obtain the following expressions for
the first terms of the equivariant zeta functions with signs of ¢:

PROPOSITION 8.2. — We have 8%(A3(p)) = u**P+apC¢(vE ), B¢ (AS(p)) =
WP O (Y, A\ {0}) + L and 9 (A(p)) = BPHOFOEE (Y, \ {0)) +
wPPrOT6 3G ({p(0, 23,y) = £}).

As we did in Sections 6.1, 6.2, 7.1 and 7.2, we deduce the following distinc-
tions:

COROLLARY 8.3. — 1. The germs ¢“% and ¢~ are not G-blow-Nash
equivalent.
2. If p<qandn=+41 orq<pandn= —1, then the germs ¢ and w are
not G-blow-Nash equivalent.
3. Ifp=q+1o0orq=p+1, then ¢ and w are not G-blow-Nash equivalent.

Ifp>qg+1landp=+1orqg>p+1and n= —1, the respective quantities
B4(Y,,,) and BG(ng’q) are identical for ¢ and w. Furthermore, notice that,
equivariantly, {¢(0,23,y) = 0} = {fs(z2,y) = 0}, or {p(0,23,y) = &{} =
{f3($2,y) = 5}7 and {w(O,xl,y) = O} = {QQ(ml,y) - 0}’ or {W(O,.’[l,y) = 5} =
{g2(z1,y) = £}. Therefore, due to the computations of Section 6.2, we can
state the following:
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PRrROPOSITION 8.4. — Suppose that p > g+ 1 andn =+1 orq > p+1 and
n=-—1.
1. Form <4, B%(A,(¢)) = % (Am(w)).
2. Form <3, BY(AS,(v)) = BY (AL, (w)).
3. e Ifn=c, then 6G<Ai<«>)) (A5 ().
o Ifn=+1 and e = —1, then B%(A5(p)) = B¢ (A5(w)) if and only
if the equivariant virtual Poincaré series of the algebraic subsets
{—a5+y2 + ZlKllyf = ¢} C RETL K := p —q, equipped with
the action of G only changing the sign of y, and { x] —|—ZZ (2=
f} C REHL equipped with the action of G only changing the sign
of x1, are equal.

o Ifn=—1ande=+1, then we have 3% (A§(¢)) = 5G(A§( )) if and
only if B ({z§ —y? = X0, w2 = €}) = 89 ({al = /2, 22 = €}).

For these cases, we then have to look at the other coefficients of the equivari-
ant zeta functions of ¢ and w. We begin by showing that, under this hypothesis
p>q+1,n=+4+1orqg>p+1, n=—1, the respective naive equivariant zeta
functions of ¢ and w are equal:

ProproOSITION 8.5. — Ifp>qg+1andn=+1orq>p+1 andn=—1, then
for all M > 4, we have B%(Ax(p)) = BE (A (w)).

Proof. — Letting M be greater than 4, we prove that 3% (A%, (¢)) = B9 (A9, (w)).
If we consider the system defining the two latter sets, the same computations
as in Proposition 8.1 provide an equal (under our current hypothesis) contri-
bution of 3%(Y,, \ {0}), and we are reduced to considering a system whose
first condition is a3 = 0, and the next equation is (after a shift of indices)
b} + Qp.q(c1) = 0. This equation induces equal contributions for 3 (A9, ()
and B9 (A%, (w)) as well (recall that {p(0,23,y) = 0} = {f3(w2,y) = 0}, and
{w(0,21,y) = 0} = {g2(z1,y) = 0}).

We then stratify with respect to the coordinates of ¢; as we did in the
proofs of Propositions 6.20 and 7.11, and we obtain a further condition b; = 0.
If M > 8, the first subsequent equations become

a3 + Qp,q(c1) = 0,
3&%&3 + @, 4(c1,02) =0,
€bj + 3aza3 + 3a3as + Qp 4(c2) + ®(c1,c3) = 0.

Another stratification with respect to the vector ¢; provides an equal (by
Lemma 7.12) contribution of 3% ({¢(z2,0,y) = 0}) = B%({h4(0,z3,y) = 0}),
or BY({w(w2,0,y) = 0}) = B¢ ({r3(0,z2,y) = 0}), and the condition ay = 0.

Carrying on with the computation, we obtain the equivalence 3% (A9, (y)) =
BY (A%, (w)) if and only if B¢ ({¢ = 0}) = B¢ ({w = 0}), from the equations of
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the form eb? + ag’, + Qp,q(c1) = 0 with 45 = 35’. In Lemma 8.6, we prove that
B9 ({p = 0}) = BS({w = 0}). O

LEMMA 8.6. — Suppose thatp >qg+1 andn=+10orq>p+1 andn=—1.
Then

B9({p = 0}) = B({w = 0}).

Proof. — Suppose that p > ¢+ 1 and n = +1. Considering an equivariant
resolution of singularities of the G-algebraic set {w = 0}, we compare the
quantities 3% ({w = 0}) and 3% ({¢ = 0}).

Write w(z) = 2% + e2* + Q,4(y) (the group G acts via the involution
(x,2,y) = (x,—z,y)). Using an equivariant change of coordinates as in the
proof of Proposition 5.1, we can assume g = 0. We then equivariantly blow up
the G-algebraic set {w = 0} at the origin of R™:

e in the chart = w, z = wv, y; = ww;, with G-action (u,v,w;) —
(u, —v,w;), the equation of the blown-up variety is

u? [u+ evZvt + Qp.q(w)] =0,

e in the chart x = vu, z = v, y; = vw;, with G-action (u,v,w;) —
(—u, —v, —w;), it is

v?[ou? + ev? + Qp 4 (w)] =0,

e in the respective charts x = wju, 2 = wyv, y; = w; , y; = wjw; for
i # 7, with G-action (u, v, w;) — (u,v,w;), it is

ww;u® + 6’LU]2-U4 +1+Q(w)] =0.

The set of points of the strict transform of {w = 0}, which are in the first
chart but not in the second one, is given by v = 0,u+ @, 4(w) = 0, and, there-
fore, it is equivariantly isomorphic to an affine space; the respective induced
contributions for 3%({w = 0}) and B%({¢ = 0}) are equal. Now, the set of
points of the strict transform, which are in one of the last charts but not in
the second and the first ones, is given by v = 0,u = 0,1 + Q(@) = 0; it is the
empty set (¢ = 0).

Furthermore, notice that the intersection of the strict transform of {w = 0}
with the exceptional divisor is a circle with a nonempty fixed-point set.

Consequently, we are reduced to considering the equivariant virtual Poincaré
series of the algebraic set of R™ defined by the equation zx> 4 22 +Qpq(y) =0,
G acting via (z,2,y) — (—z,—z,—y) (for ¢, the involution would have been
(x,z,y1,9:i) — (x,2,—y1,¥i)). We equivariantly blow up this G-algebraic set
at the origin of R™ as well:

e in the chart * = w, z = w,y; = ww;, with G-action (u,v,w;) —
(—u,v,w;), the equation of the blown-up variety is

u?[vu? + ev? + Qp.q(w)] =0,
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e in the chart z = vu
(u, —v,w;), it is

, 2 = v, y; = vw;, with G-action (u,v,w;)

v [ 4 e + Qpq(w)] = 0,
e in the respective charts * = wju, 2 = w;v, y; = w; , ¥; = wjw; for
i # j, with G-action (u, v, wj, w;) — (u,v, —w;, w;), it is

wJQ- [vw?-u?’ +ev? + 1+ Q(w)] = 0.

The set of points of the strict transform, which are in the second chart but
not in the first one, is given by u = 0,€ + @, o(w) = 0; it is the Cartesian
product of an affine line and the set Y, ©, and, therefore, it induces an equal
contribution for 3% ({w = 0}) and 8% ({y = 0}) under our current hypothesis.
As for the set of points of the strict transform, which are in one of the last charts
but not in the first and the second ones, it is given by u = 0,v = 0, 1+Q(w) = 0,
and, thus, it is empty.

On the other hand, the intersection of the strict transform with the excep-
tional divisor provides equal contributions for 5% ({w = 0}) and 3% ({¢ = 0})
as well.

As a consequence, we can focus on the equation zz? + €22 + Q,4(y) = 0
in R™, the group G acting via (z,z,y) — (—=x,z,y) for w (respectively via
(z,z,11,yi) — (x,2,—y1, i) for ¢). We equivariantly blow up once again:

e in the chart ©x = w, z = wv,y; = ww;, with G-action (u,v,w;)
(—u, —v, —w;), the equation of the blown-up variety is

uz[uv +ev? + Qp,q(w)] =0,

e in the chart x = vu, z = v, y; = vw;, with G-action (u,v,w;) —
(—u,v,w;), it is

v vu? + € + Qp,q(w)] =0,
e in the respective charts x = wju, z = w;v, y; = w; , y; = wjw; for
1 # j, with G-action (u,v,w;) — (—u,v,w;), it is

w? [vwju? + ev® + 1+ Q(w)] = 0.

By similar arguments to those above, we are reduced to considering the
equation uv+ev?+Q, 4(w) = 0. We can then stratify with respect to v and show
that the induced respective contributions for 3% ({¢ = 0}) and ¢ ({w = 0}) are
also the same. This finally proves the equality 3% ({¢ = 0}) = 3%({w = 0}).

O

Similarly to what we did in the proofs of Propositions 6.21 and 7.13, we can
adapt the proof of Proposition 8.5 in order to state a sufficient and necessary
condition for the equality of the respective equivariant zeta functions with signs
of ¢ and w to be true:

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



380 F. PRIZIAC

PROPOSITION 8.7. — 1. Supposep > q+1 andn = +1. Then, ZE*E(U,T) =
ZS¢(u, T) if and only if we have the equalities
o Bl + 2+ .5 R =€) = BO({ad + i 1 7 =£}),
* B%ex 07 + T fyf &) = p(ert + 05, 27 = €)),
o and FO((a} +eaf +0f + DLT0E = &) = B9 b eof +

21 1 z 5})

where, in the left members of the equalities, the considered sets are al-
gebraic subsets of RET2 equipped with the action of G only changing
the sign of y, and, in the right members, the sets are subsets of R¥+2
equipped with the action of G only changing the sign of x1.
2. Suppose ¢ > p+1 and n = —1. Then, Zg’f(mT) = Z%¢(u,T) if and

only if we have the equalities

o B9({a8 —y? = L, y? = €}) = BO({ad - Zf; z =¢&}),

o 59({ex} — v~ Zf fy? &) = F%({ext — T, 57 = €)),

o ond fO({a} +erd —y" = YL0E =€) = BO({ad + et -

i1 22 =€)

REMARK 8.8. — As we showed in the proof of Proposition 6.17, we have
e vt + Xy vf = 6)) = BGIg{+w1+ZZ 22 = €}) and FO({—x} —
v - Nin v =) =B9({—at - XL, A = €)) for £ = £1.

We finally gather the results of this section in one theorem:

THEOREM 8.9. — Suppose that the invariant germs
() = 23 + ey + i + Q and w(w) = 23 + exf +n'af + Q'
have, up to permutation of all variables, the same quadratic part, with p signs
+ and q signs —.
1. If
epsqgn=+lorqg<p n=—1,
ep=q+lorqg=p+1,
then ¢ and w are not G-blow-Nash equivalent.
2. e lIfp>gq+1,n=+1, then Zg(u,T) = Zf(u,T). Furthermore,
. . K
ZGg(u T) = Z5%(u, T) zf and only if B ({x3 + 1y + Do 11y22 =
K
&) = B9 + s, 2 = &), B(erd 10"+ iy vl = 8)) =
BE{ert+X [, 22 E}) and B ({z3+exs+y> + 300 i = €)) =

ﬁG({x2+€m1+Zz L2 =E}).
e Ifqg>p+1,n=—1, then ZG(u T) = ZG(u T) Furthermore,

Z85(u,T) = ZGf(u T) if and only if BG({:EQ —y? - ZzKllyf =
)= - XL, =€), pOert —y* - R = €)) =
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B ({ext -0, ZfK: €}) and BC({ad+exd—y2 =S P = €)) =
BG({xg + ext — > i1 z; =¢&}).

In particular, in the case 2, we are not able to determine whether or not the
germs ¢ and w are G-blow-Nash equivalent.

REMARK 8.10. — Forgetting the G-action, the respective virtual Poincaré
polynomials of the algebraic subsets {z® + ez* + 325 42 = ¢} and {z® +
ezt — Zfil y? = ¢}, e = 41, € = +1, of RE*+! can be computed using the in-
variance of the virtual Poincaré polynomial under bijection with the AS graph
(see also Remarks 6.19 and 7.15). If the equivariant virtual Poincaré series was
shown to be an invariant under equivariant AS bijection, it should be possible
to compute the quantities considered above.
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