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TRANSFER FACTORS FOR JACQUET-MAO’S METAPLECTIC
FUNDAMENTAL LEMMA

BY VIET CUONG DO

ABSTRACT. — In an earlier paper, we proved Jacquet—Mao’s metaplectic fundamental
lemma, which is the identity between two orbital integrals (one is defined on the
space of symmetric matrices and the other one is defined on the twofold cover of the
general linear group) corrected by a transfer factor. In this paper, we restricted our
calculation to the case where the relevant representative is a diagonal matrix. The
purpose of the present paper is to show that we can extend this result for the more
general relevant representative. Our proof is based on the concept of Shalika germs
for certain Kloosterman integrals.

RESUME (Facteur de transfert pour le lemme fondamental métaplectique de Jacquet-
Mao). — Dans un article précédent, nous avons prouvé le lemme fondametal méta-
plectique de Jacquet—Mao qui est I'indentité entre deux intégrales orbitales (I'une est
définie sur espace des matrices symétriques et I’autre est défine sur le revétement a
deux feuillets du groupe général linéaire) corrigée par un facteur de transfert. Dans cet
article, nous avons limité notre calcul au cas ou le représentant pertinent est une ma-
trice diagonale. Le but du présent article est de montrer que nous pouvons étendre ce
résultat au représentant pertinent plus général. Notre preuve est basée sur le concept
des germes de Shalika pour certains intégraux Kloosterman.
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390 VIET CUONG DO

1. Introduction

Let K be a global field (that is, a number field or the function field of a
curve over a finite field) and A be its ring of adeles. Jacquet conjectured that
(cf. [4, 5]) the cuspidal representation of GL,(A) distinguished by a general
orthogonal subgroup should be the lifting of a cuspidal representation of its
metaplectic cover GL,.(A) (a certain twofold cover of GL,.). Jacquet and Mao
have suggested that to solve this conjecture, we establish two relative trace
formulas (one for the group GL, and one for its metaplectic cover GL,) and
then compare them. Roughly speaking, the relative trace formula attached
to a group is an identity between two expansions of a certain integral, known
as “geometric expansion” and “spectral expansion”. The terms of geometric
expansion are quite explicit but complicated. The terms of spectral expansion
contain information about automorphic representations. By comparing the
geometric side of two relative trace formulas, we obtain a comparison between
the two spectral sides.

One of the steps of this approach is precisely the fundamental lemma that
we now state.

Let F' be a non-Archimedean local field, O its valuation ring, and k its
residue field. Assume that the cardinality ¢ of &k is odd. We choose once for all
a uniformizer @ of O (i.e., a generator of the maximal ideal of O). We write v
for the valuation of F and |.| for the norm, normalized such that |z| = ¢~¥(®).

Let B, be the standard Borel subgroup of GL, (the subgroup of invertible
upper triangular matrices) with unipotent radical N, and let 7). be the maximal
split torus contained in B,.. Let S, be the variety {g € GL,|'g = g} and W,
be the Weyl group of T...

Let ¢ : F — C* be a nontrivial additive character of level 0 (i.e., 1 is trivial
on O, but nontrivial on w~10). We then define a character  : N,.(F) — C*
of NT(F) 0(77,) = 1/) (% Z::Q ni_u).

The local metaplectic cover GL,(F) of GL,(F) is an extension of GL,(F)
by {£1} (cf. [8, page 40]). We can write the elements of GET(F) in the form
g = (g,2), with ¢ € GL,.(F) and z € {£1}, and the group multiplication is
defined by

(9,2)(9,2") = (99", x(9,9")2%"),

where x is a certain cocycle (cf. loc. cit. for the definition of x). This cover
splits (canonically) over N, (F) (the splitting o over N,.(F) is simply defined
by o(n) = (n,1)); it also splits over GL,(O). Let x* be the canonical splitting
over GL,(O) (cf. [8, Propostition 0.1.3]). The function « : GL,(O) — {£1} is
then defined by £*(g) = (g, k(g)). We denote by GL;(O) the image of GL,.(O)
via the splitting x*. -

We say a function f on GL,(F) is genuine, if it satisfies f(g,2) = f(g,1).2.
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Let H, be the set of the smooth functions with compact support on GL,.(F)
which are bi-GL,.(O)-invariant. This F-vector space is equipped an algebraic
structure by the convolution

b+ ¢ (x) = / o(0)¢ (g ')dg.
GL.(F)

Its unit element is the function defined by

)1 if g € GL,(O)
$ol9) = {O otherwise.

Let 7—~lr be the set of smooth functions with compact support on @T(F ),
which are bi-GLJ(O)-invariant and genuine. This F-vector space is equipped
an algebraic structure by the convolution

fo () = / F((9. 1)) 7' ((g. 1) F)dg.
GL,(F)

Note that the function § — f(§)f(§~'%) on GL.(F) is {#1}-invariant and
that the integration is over GL,.(F) ~ {£1} \ GL,(F). Its unit element is the
function defined by

oll9,1)) = {”‘g) 1o € GL{O)

0 otherwise.

The group N, acts on S, by n.s = ‘nsn and N, x N, acts on GL, by
(n,n').g = n~tgn. We say an orbit N,s (respectively, (N, x N,)g) is relevant
if the restriction of 62 (respectively, (n,n’) — 6(n~tn’)) on the stabilizer (N,)s
(respectively, (N, x N;)4) of s (respectively, of g) is trivial.

Consider the standard Levi subgroup M of GL, of type (r1,...,7). Thus,
M is the group of matrices of the form diag(g;) with g; € GL,,. We denote
by wgr, the longest Weyl element of GL,. (i.e., the r x r permutation matrix
which entries are one on the second diagonal and which other entries are 0). Let
wyr = diag(wgr,, ). Let Ty be the group of matrices of the form diag(a;1Id,),
where Id,, is an identity matrix of size r; and a; € F'* — the center of M. It
follows from [9, Theorem 1] that the elements of the form wyst (respectively,
of the form wgr, wyst) with t € Thy (when M runs through the set of standard
Levi subgroup of GL,.) form a system of representatives for the relevant orbits
of N, (respectively, of N, x N,.). So we then have a bijection between the sets
of relevant orbits: wyst — war, wart. The elements of the form wyst as above
are called relevant elements. We denote by W, the set of relevant elements in
W, (i.e., the intersection of the set of relevant elements and W,.). If w € W,
then the unique M such that w = wj; is denoted by M,,. We also write T3, for
Tnr. For instance, if w = Id,, then My, = T14, = 1, and if w = wqar,, then
My, = GL,, and Tye, (F) = TeL, = {p1d,|3 € F*} ~ F*. The stabilizer

WGL,.
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392 VIET CUONG DO

of t € T,.(F) (respectively, wgr, t) in N, (respectively, N, x N,) is trivial. In
this sense, the diagonal matrices are representatives of the largest orbits. From
now on, we shall drop the subscript M in the notation wpst when we do not
want to specify what the standard Levi subgroup is.

We denote by C° (S, (F)) (respectively, C2°(GL,.(F))) the space of the smooth

function of compact support on S,.(F') (respectively, on GL,.(F)). Let ¢ be a

function in C°(S,(F)) and f be a genuine function in C°(GL,(F)). For each
wt as above, we consider orbital integrals of the form

I(wt, @) = / o (*nwtn)6? (n)dn
N /(Nr)wt
and

J(wt, f) = / flo(n)  (wer,wt, Da(n)0(n'n)dndn’.
NT‘XNT/(NTXNT)UJGLTUJ':
If ¢ € H,, then the function ¢s, () € C°(S,(F)). By abusing the notation
H, for the algebra {¢s, (r)|¢ € H,}, our fundamental lemma is the following
conjecture.

CONJECTURE 1.1 (Jacquet-Mao). — There exists a homomorphism h : H, —
Hy, such that J(wt, f) = A(wt)I(wt,h(f)), where f € H,, and A(wt) is an
explicit transfer factor.

Since h is an homomorphism between two algebras, it should send the unit
element of one to the unit element of the other. The (suggested) transfer factor
for the largest orbit (w = Id,) is then calculated by the following propositions.

PROPOSITION 1.2 (cf. [1],[2]). — Let F be a local field of positive characteristic.
Let t = diag(ty, ..., t.); we denote by a; = [[;_, t;. We then have

J(t, fo) = A()I(t, o),
where (agreeing that ag = 1)
—1/2
A(t) = C(—l)za‘zr(nxodz) v(a;)

r—1
[
i=1

Here, ¢ : k* — {£1} is the nontrivial quadratic character, and (-, ) is the
WEeil constant defined by the following: given a compact open neigborhood (2
of 0 in F, for |a| large enough, we have

[ o (%) do =t 200,00

PRrROPOSITION 1.3 (cf. [3]). — Proposition 1.2 is still true when F is a local
field of characteristic zero, with a sufficiently large residual characteristic.

I[I ~aat ).

j#Zr(mod2)
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Similar identities are expected to be true for other relevant orbits.

From now on, we focus only on the case where F' is a local non-Archimedean
field of characteristic zero and the residual characteristic of F' is larger than
2r 41 (the condition for the residual characteristic is needed in our calculation,
cf. Propositions 2.2 and 3.3). For t = diag(ajajil17 1 <j<r)eT.(F), we
introduce two new factors:

r—1 *1/2
Ar(t) = C(—l)zjzr(modg) v(a;) H o
i=1
-a.‘l
% H [W(Gja;_ll,@/J)(aja;_lhw)v(% ]_1)
jZr(mod2)
and
—1/2

A (t) = C(_l)zjzr(modz) v(ay)

r

r—1
[
i=1

x H [V(aja;—llaw)(aja;_lhw)v(afaj_—ll)} .

j=r(mod2)

Here, (,) : F* x F* — {1} is the Hilbert symbol. It is a bilinear form on F*
that defines a nondegenerate bilinear form on F*/(F*)? and satisfies

(.Z‘,—JC) = (x,y)(y,az) =1

Our main result is the following:

THEOREM 1.4 (The main theorem). — Let ¢ be a smooth function of compact
support over Sy.(F) and f be a smooth genuine function of compact support
over E}TJT(F) If ¢ and f satisfy J(t, f) = A-()I(t, &) (respectively, J(t, f) =
AL()I(t, ¢)) for all t € T,.(F), then for all w € W and all t € T,,(F) there
exists Ay, (t) (respectively, Al (t)) (we refer to Theorem 4.7 for the formula of
Ay, (t) and of Al (t)), such that J(wt, f) = Ay (&) I(wt, @) (resp. J(wt, f) =
Al (OI(wt, ¢)). Moreover, the factors Ay (t) and Al (t) are independent of f
and ¢.

It should be mentioned that to calculate A, (and A!)), we must use both
A; and A}. When w = 1Id,, we have A, (t) = A.(t) and Al (t) = AL(t).

Let g € GL,.(F). We denote by a;(g) the determinant of the submatrix made
of the first ¢ lines and of the first 4 columns of the matrix g (with the convention
that ag(g) = 1). We consider a sequence 0 =19 < 11 < -+ < 7y, = m, such
that the set {a,,(g)} contains all the nonzero elements of {a;(g)|0 < i <7} (m
and r; depend on g). Given 0 =rg <11 < --- < 1, = m, we define a sequence
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394 VIET CUONG DO

(Yi)1<i<m € {0,1}™ as follows:

U =0,y:= Y (rj—rj=1) mod2 VI<i<m-—1
j=i+1
For instance when g € T,.(F'), we have m =r, r; =i for all ¢ € {1,...,7} and

)1 ifi#rmod2
vi= 0 if 7%= rmod?2.

Now let ¢1 be the function ¢; : GL.(F) — {£1} defined by

Tj—l*yj]

)v<aT,.(g)ar]._l(g>1)[” -

TiTTi—1

g H ((—1)[ 2 ]arj (g)arjfl(g)_l,w

Here, m,r;,y; depend on g (defined as above; we use this kind of notation
to simplify a formula), and [z] is the integral part of a real number z. For
instance, when t = diag(ajajil17 1<j<r)eT.(F), we have

o= ] (oot =)o,
j#Zr(mod2)
Note that a;(*ngn) = a;(g), for all 1 < i < r. Using Propositions 1.2 and
1.3 we have

J(t, f) = Ar(t)I(t, go-01)

for all t = diag(aja;_;,1 <j <r).
Applying the main theorem for ¢ = ¢p.¢1 and f = fy, then the (suggested)
transfer factors of any kind of relevant orbits are calculated.

COROLLARY 1.5. — Let F' be a local field of characteristic zero with a suffi-
ctently large residual characteristic. Let wt be a relevant orbit of GL,.. We
then have

J(wt7 fO) = Aw (t)¢1 (wt)I(wt7 ¢0)

The integral J above is, in fact, the Kloosterman integral, which is consid-
ered in [7, 6] (see Section 2). So we have the following density theorem for the
Kloosterman integral:

PROPOSITION 1.6 (cf. [6]). — If the diagonal orbital integral J(t, f) of a func-
tion f € CSO(GT_JT(F)) vanishes for all t € T,.(F), then all the orbital integrals
J(wt, f) with w € WE and t € T,,(F) of f vanish.

Assume that a function ¢ € C°(S,(F)) satisfies I(t,¢) = 0, for all t €
T, (F). We then have

I(t’ ¢) = Ar(t)‘](t7 0)
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for all t € T,.(F). Applying the main theorem for the couple of functions (¢, 0),
we obtain the following density theorem:

PROPOSITION 1.7. — If the diagonal orbital integrals I(t, ) of a function ¢ €
C (S, (F)) wvanishes for all t € T,.(F), then all the orbital integrals I(wt, $)
with w € WE and t € T,,(F) of ¢ vanish.

We now state the organization of this manuscript. The main tool we use to
prove the main theorem (Theorem 1.4) is Shalika germs, which describe the
asymptotic behavior of the orbital integrals. In Section 2 (and Section 3), we re-
call this asymptotic behavior of the integral J (and the integral I, respectively)
and do some calculation for the germ functions. The main theorem is proved
by induction in Section 4. In this section, we introduce some intermediate in-
tegrals that are designed to use in inductive argument. The germ relations are
used to handle cases when we cannot use these intermediate integrals directly.

The proof of the main theorem follows the guidelines of [6] closely; the new
ingredient is the occurrence of the factors A, and A!.

In the following sections, we need (to recall) some properties of the Hilbert
symbol and of the Weil constant.

PROPOSITION 1.8 (cf. [9, Proposition 1], [2]). — For a,b,c € F* we have:
1. (a,b) = (b,a).
2. (a,be) = (a,b)(a,c).
3. If v(a),v(b) are even, then (a,b) = 1.
4. Ifv(a) is even, v(b) is odd, then (a,b) = (a,w).
5. Ifv(a),v(b) are odd, then (a,b) = (—ab, w).
6. If a € k*, then (a,w) = ((a).

PRrROPOSITION 1.9 (cf. [9, Proposition 2]). — Let ¢ be a nontrivial additive
character of level 0. We have:

1. v(a,v) =1 if v(a) is even.

2. ~(ab,¥) = y(a,9)y(b; ¥)(a,b).

2. Computation of the germ on the J side

For the convenience, we shall rewrite the orbital integral J. Suppose that
w € Wf and t € T,,. Then let P, = M,N, be the standard parabolic
subgroup, which has Levi factor M,,. Let V,, = N, N M,,. We have (cf. [7,
page 916])

(Nr X NpJwep, wt = N = {(n1,n2)|war, ny 'war, wng = w}

for all t € T,,. Furthermore, N is the set of (n1,n2) € N, x N,. with ny € V,,,

t(ny ") = Y(war, mwar,) € Vi and nay = wny " w.
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396 VIET CUONG DO

LEMMA 2.1. — Any point of the orbit of wgr,, wt under the action of N, X N,
can be uniquely written in the following form

t
p(ur, uz,v) = war, uiwtvug

with u; € Nyw(F) and v € V,,(F).

Proof. — Since N, C P, by using the Levi decomposition for elements of N,.,
we can rewrite any element of the orbit of wgr, wt under the action of N, x N,
as below:

ny tfwer, wtng = war, (war, ny wer, Jwtng
= wGLT,tultvlwtvgug
= wGLT,tul[tvlwt(wtvflw)][(wtvlw)vg]uQ
= wGLrtulwtvug.
Here, u; € Ny (F), v; € Vo (F), v € V,,(F), such that viu; = t(wc;LTnfleLT)7
voug = ng and v = (wlviw)ve. The last identity follows: (wgar, ‘viwar,,
whvy tw) € NY.
Suppose that wgr, ‘uywtvuy = war, ‘vjwtv'vh with u;,u; € N, (F) and
v,v" € Vo, (F). We then have

[war ‘t(ul_lull)wGLT]wGLrwt(v’uéuglvfl) = wgr, wt.

Hence, v’ u2u2 5wt € Vo (F) and war, t(uy 'uf)war, € Vi (F). This implies
that {ubuy ', uy *u}} € Ny (F)NVy(F) = {Id,}. Thus, u; =} for alli € {1,2}.
As a consequence, we have v = v'. O

Note that the map pu is an isomorphism of analytic varieties (over F') N, (F') x
Ny (F) x Vi (F) onto the orbit of wt. Thus,

J(wt, f) = / f(wer, "urwtvus, 1))0(uiugv)duy dudus.
Ny (EF)X Ny (F)XVy, (F)

Denote by f’ the function g — f((wgL,.g,1)), Yg € GL,; then f' € C°(GL,.(F)).
The integral J is then the orbital Kloosterman integral Kloos(wt; f'), which is
considered in [7] (in loc. cit., it is denoted by I(wt; f')). This integral converges
and defines a smooth function on T, (F).

We let M be the standard Levi subgroup of type (r — 1,1). The corre-
sponding element wj; is (wG%Tfl (1)) We denote by Ty " the set of matrices
t € Ty, (F), such that det(t) = det(was)det(wgr,). There exists a smooth
function Ko on Twa™ (cf. [7, 6]) with the following property: for any
h € C*(GL,.(F)), there is a smooth function of compact support wy on Thy,
such that

Kloos(wpt, h) = wp(t Z Kot (a)Kloos(war, 3, h).
af=t
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The sum is over all pairs in {(a,3) € (Twu"",Tcr, (F))|af = t}. Taking
h = f', we have
J(wat, f) = wy( Z Koy (@) (wer, B, f)-
af=t

The function Ky is the germ (for the side J) along the subset T o"".

PROPOSITION 2.2 (cf. [6, Proposition 3.1]). — Suppose that the residual char-
acteristic of F is larger than r. Let

o = diag(a,...,a,a' " det(wprwar,)).

Then, for |a| sufficiently small,
_(r=1? r T _ _ _
it (@) = la| =7 v (1) (55007 ) ala )

Note that the characteristic of k is larger than r; we then have % e OF
for all 1 <4 < r — 1. Since in our case 6(n) = (3 >_,ni—1,) (not O(n) =
Y(Yi_omi—1,) in loc. cit.), our formula (using the same processing) is a bit
different from the one of Jacquet (in loc. cit.).

3. Computation of the germ on the I side

The discussion of [7, §2] applies to our situation, where GL,.(F') is replaced
by S,(F), and the group N, x N,. (N, x N,. acts on GL, by g — 'ngn’) by the
group N,(F) acting on S,.(F). Suppose that w € W,F and t € T,,. Then let
P, = My N, be the standard parabolic subgroup, which has Levi factor M,,.
Let V,, = N, N M,,. We have

(N wt = (N2)w = {n € N,|'nwn = w}

for all t € T,,. Furthermore, (N,),, is the set of n € V,, such that 'nwn = w.
Any element of the orbit of wt can be written in the form (using the Levi
decomposition for the elements of N,. C P,)

¢ tthvu

with u € Ny (F) and v € V,,(F). Denote by v; = w'vwv. We then have that
vy is an element of V! = {v € V,,|wlvw = v}.

LEMMA 3.1. — Any point of the orbit of wt can be written uniquely in the
form

v(u,v1) = ‘uwtviu
with u € N (F) and v1 € VA(F).
Proof. — The proof is similar to the proof of Lemma 2.1. O
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The map v is a diffeomorphism of N,.(F)x V,1(F) onto the orbit wt in S,.(F).
Thus,

I(wt, ¢) = / o (fuwtvyw)0(uvy ) dudv .
Ny (F)x VL (F)

Now, we let M be the standard Levi subgroup of type (r — 1,1). As before,
there exists a smooth function L5 on Tho' with the following property:
for any ¢ € C°(S,(F)), there is a smooth function of compact support we,
such that

I(wart, ) = wy(t Z Lus ™ (@) (war, B, ¢).
af=t
The sum is over all pairs in {(a, 8) € (Twy", Tan, (F)) | a8 = t}. The function
LySt is the germ (for the side I) along the subset T ™" .

Let t = diag(a, ..., a,a’ " det(wywar,)). Since wg is a smooth function of
compact support, we can choose |a| small enough, such that wg(t) = 0. We
consider the pair (a, 8) € (Twa"", Tar, (F)), such that a8 = t. Since det(a) =
det(wpwgr,) = det(t) (by definition), we have det(8) = 1. Moreover, § =
diag(z, z,...,2z) with 2" = 1.

We denote by [z] the integral part of a real number z. Let K, = Id, +
w™gl,.(O) be the principal congruence subgroup of GL,.(F). We denote by
c¢1(r) the scalar

c1(r) = vol(w™O)~ (=],

Let ¢ be the product of the characteristic function of wgr,, Ky NS, (F) and the
scalar ¢;(r). We have the following lemma:

LEMMA 3.2. — Let § = diag(z, z,...,2) with 2" = 1 and ¢ as above. For m
large enough, we then have

1, ifz=1,

0, otherwise.

I(wGLrﬂa ¢) = {

Proof. — Firstly, we calculate the integral I(wgr,,¢). After a unimodular
change of variables, this integral has the form

I(wgr,, ¢) = /¢ ( = ”2 )@dmm

where = (z; ;) is a symmetric matrix such that
- _ o, ifti+j<r+1,
YT, ifi4j=r+ 1.

The variables are the entries x; ; € F' with i + j > r + 2, i < j and the entries
T4 € F with 2 > r + 2.

TOME 149 — 2021 — N° 2



TRANSFER FACTORS FOR JACQUET-MAO’S FUNDAMENTAL LEMMA 399

The number of entries z; ; with i+j > r+2is 2r=1  The number of entries

zi; with 20 > 7 +2is r — [%32] + 1 = [4]. So the number of variables of the
r(r—1)

above integral is % +[5] = [é]

Now, with ¢ the product of the characteristic function of wqr,, Ky and the
scalar ¢ (r), this integral is equal to

Cl(T)/Q/J (W) ® d;

integrated over the domain

2;; =0 mod w™Ofori+j>r+2.

Moreover, since 1 is of order 0, we have ¥ (2:;]> = 1. This implies that

/1/) (W) ® diy ;= vol(w™O)F] = e1(r) 1.

In consequence, the first assertion is proved.

We choose m large enough, such that z ¢ 1 + @™, for all z that satisfy
2" =1 and z # 1. We then have ‘nwgy, fn ¢ wgL, Km,¥n € N,.(F). The
second assertion follows. O

As a consequence, we obtain
1) LU (a) = I(wyra, 6),
where
o = diag(a,...,a,a' " det(wprwer,)),

and |a| small enough.
Our goal of this section is to compute the germ Ly or, which amounts to
the same thing, the integral I(wysa, ¢) where ¢ is the function defined above.
Let P be the parabolic subgroup of type (r — 1,1) and N its unipotent
radical. Then, P = MNy. We denote by Vjy = N, N M and V};, = {v €
Varlwatvwy = v} If w € Vi, then u = (u; ;) is of the following form:
u;,; = 0 for (4,7) ¢ {(4,7), (4,r)|1 < i <r},
U =1for1 <i<r.

If v € Vi, then v = (v; ;) is of the following form:
vip=0for1 <i<r—1,
vi; =1for1 <i<r,
v;; =0 for ¢ > 7,
Vij = V(r—j),(r—i) for 1 <o <j<r—1.
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The orbital integral I(wase, ¢) can be written as follows:

(2) Hwpa, @) = /¢(tuwtvu)9(u2v)(®::_11duiyr) ® dvj ;.

The variables are the entries u;, € F' with 1 <4 <r —1, the entries v; ,_; € F
with 1 <14 < r —1, and the entries v; ; € Fwith1 <i<j<r—-1,i<r—j.
Denote by ca(r) the number of variables of above the integral. We then have

cz(r):(r—1)+[T;1}+;((r_2)2(7a_1)_ {T;D: {T”ir—?’}

After a unimodular change of variables, (2) can be written as

o) = ol =0 [ oo (Z=102 ) o oy,

where z = (z; ;) denotes a matrix of the following form:

;5 =0 fori+j <,

zi; =afori+j=nr,

xi,j = xj,i~
The variables are the entries x; ; € F with i +j > r + 1,4 < j, the entries
x;; € F with 27 > r 4 1, the entry z,, is a dependent variable. The entry .,

can be computed (from the condition that the determinant of the matrix x be
det(wGLT)) by

a" ! det(was)xr,, +det |

Tr—2r—1 Tr—2r | det(wGLT)'
a - Typ—1,-2 Tr—1,r—1 Tr—1,r
LTyl - Tpr—2 Ly r—1 0

)

Let Z be a subset of {(i,7)|1 < i < j < r}. We denote by 27 the matrix
obtained from x by replacing the entries x; ; and z;; by 0 with (4, ) € Z. For
instance, the above condition of x,, can be written as follows:

a” "t det(war)zy, + det(z{}) = det(war, ).

Since ¢ is the product of the characteristic function of war, K,, and the
scalar ¢ (r), the above integral is equal to

7'“7 Tir+1—1
|a@mqm/¢<Z“B;H)®““
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integrated over the set:

z; ;=1 mod w"Ofori+j=r+1,

x;; =0 mod w"Ofori+j>r+1,75>41, (i,j) # (r,r),

Zrr =0 mod w™O.

The last condition can be written as follows:
det(z1™}) = det(wgr,) mod " 'w™O.

By singling out the variable x2, (= z,2) from the left-hand side, we have
(3)  2x2,ay+ x%yrazz + det (2121} = det(wgr,) mod a" rw™O,
where y,z € 1 + @™0O. Both y and z depend only on the variables z; ; with

(i,4) # (2,7).

We denote T' = det(x{(”r)’(g”")}) — det(wgr, ). Since z2, = 0modw™O,
we have T = 0mod aww™(@. We then have y? — 2T € 1 4+ ™. This implies
that 2 — 2T has a square root in F for m large enough. Assume that p is a
square root of y? — 2T. Since y*> — 2T € 1 + @™, we have (u— 1)(u+ 1) €
w™O. This implies that max{v(y —1),v(p+ 1)} > . We can suppose that
v(p—1) = max{v(p — 1),v(ux + 1)} (otherwise, we change u to —u). We get
then p=1+@™/20 and p+1=2+1+ w20 € O*. Thus, v(p— 1) > m,
i.e., p € 1+w™O. We have proved that there exists a square root u of y% — 2T,
such that p € 14+ @™O.

The condition (3) can read

a’z (xzm _¥= M) (xgm _ Tyt M) =0 mod a" 'z™O.

az az

For |a| small enough (i.e., the valuation of a large enough), from the defini-
tion of y, z and T, we have = € ¢ '@w™O and =L € —2a7! + o~ 'w™O.
Thus, the above condition is equivalent to

—ytp
az

Using this condition, we can integrate the variable zs, away from the or-
bital integral I to obtain the scalar factor |a|"~2vol(w™©) multiple by a new
integral. The new integral has the same form as the old one, but the domain
of integration is defined by

mod a" ?w™O.

IEQ,T. =

z;; =1 modw"Ofori+j=r+1,
z;; =0 mod w™Ofori+j>r+1,(i,5) # (r,r),(2,7)
T=0 modaw™0O.
The determinant of z{(""):(27)} has the form
H x; j det(war,) + aX

i+j=r+1
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with X € @w™Q. Thus, the condition on T can read

H z;; =1 mod aw™O.
t+j=r+1

Now, we integrate over the variables x; ; with i+j > r+1, (¢,7) # (r,7),(2,7)
and get

(4) Iwya, ¢) = |a"~2=2 ey (r)vol(@™0) 2= 11 (4, 1),

where the function I(a,r) is defined as follows.
If r = 24, then

I(a,r) = vol(@™O)~! /w (
The domain of integration is defined by

z; =1 mod w™O

a

i3, .27 =1 mod aw™O.

If r =20+ 1, then

I(a,r) = vol(@™O) ™! /1/) (
The domain of integration is defined by

z; =1 mod w™O

x1 + 2T9 + : + xé+x€+1)®dl‘i.
a

2ix3.. . xlre =1 mod aw™O.
We have:

PROPOSITION 3.3. — Suppose that the residual characteristic of F is larger
than 2r + 1. Then, if m is large enough,

=0 () (g 7

for |a| sufficiently small.

Proof. — Firstly, we consider the case r = 2¢ + 1. We change variables and set

0
Toy1 = <H xi_2> t
i=1

with ¢t € 1 + aw™O and then integrate over t. We obtain

I(a,2¢+ 1) = |a /1/) (i) ® dzx;,
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where the phase function 0 is given by

5f22x7 -

=1 .I'
We set x; = 1 + u; with u; € @™@. This function can be written as

L 14
1
5_2£+Z2u2+Hm

i=1

We now consider the Taylor expansion of this function at the origin. It has the
form
¢
(20+1)+3 Z u? + 4 Z u;u; + higher degree terms.

i=1 1<i< <t
Since the quadratic form
3 Z X7 +4 > XX,
1<i<j<e
is equivalent to the quadratic form
¢ .

2i+1_ 4

Y,

251"

i=1

by a unipotent transformation (see [6, Lemma 5.1]), this Taylor expansion may
be written in the form (after a unimodular change of coordinates)

0=(20+1)+ Z 7% + higher degree terms.

We choose m large enough, such that the origin is the only critical point in
the domain of integration. Using the principle of stationary phase, there exists
a neighborhood 0 € Q in F, such that for |a| small enough I(a,2¢ + 1) is the

product of the factors
2041
v (25

2i+1 2% + 1 ‘1/2 2% + 1 ,
- A , 1<i<t.
/Qw<2(2z‘—1)ayl)dy ‘(22—1)(1 @i 15t

Using the property of the Weil constant that v(be, ) = v(b, ¥)v(c,¥)(b, ¢),
we have

() 2 () ()
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Since the residual characteristic of F' is larger than 2r+1, we have g;ﬂ e OF
for all 1 <14 < /. So the above equation simplifies to

(@) = ()

Using the formula (b, ¢)(V/,¢) = (b, c) and 37 € O*, forall 1 <i < ¢, we
have

Ia,2¢+1) = |a|%+1z/; <2£+ 1> (20 + 1,a71)7(a71,¢)e

. 20+ 1 e I
—loft+ (2502 ) (o4 Lt ) (50

o (2041 (2041 N\
:|a’|2+’¢)<2a>( 224 ,a ’Y(a 7w)

For the case r = 2¢. We set

-1
xry =1 <H .Z‘z>
i=1

Since Hle 7? = 1mod aw™O, we have t> = 1 mod aw™Q. For m large enough
and |a| small enough, this condition is equivalent to ¢t = £1 mod aw™O. More-

over t = Hle z; = 1lmod w™O, so t = 1 mod aw™O. We now integrate over ¢
to get

I(a,20) |a|/ < >®dml,

where the phase function ¢ is given by

—1 -1 1
i=1 v

-1

We set x; = 1 + u; with u; € @™O. This function can be written as

—1 -1 1
S=0—1+> u+]] )
i=1 i=11+ui

The Taylor expansion of this function at the origin has the form

{+ Z ui + Z u;u; + higher degree terms.
i 1<i<j<e—1

Since the quadratic form

-1
Yt 3w,
i=1

1<i<j<t—1
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is equivalent to the quadratic form
-1 .

1
> v

=1

by a unipotent transformation (see [6, Lemma 2.1]), this Taylor expansion may
be written in the form (after a unimodular change of coordinates)

-1 .
1
0=0+ Z %yf + higher degree terms.
i=1

We choose m large enough, such that the origin is the only critical point
in the domain of integration. Using the principle of stationary phase, there
exists a neighborhood 0 € Q in F, such that for |a| small enough, I(a,2¢) is
the product of the factors

v ().
a

i+ 1 17V i
/w<z+.y5>dyiz+ ‘ V(H w>,1§i§€1.
Q 2a1

at
Using the property of the Weil constant that v(be, 1) = v(b, ¢¥)y(c, ) (b, ¢) we

have
V(SEe) = (B ) aate (B,

Since the residual characteristic of F' is larger than 2r+ 1, we have # e O*
forall 1 <4 </¢—1. So the above equation simplifies to

V(B ) =t (S,

Using the formula (b, ¢)(b’,c) = (bV', ¢) and % eO* foralll <i</—1,
we have

PR
at

a2 =10 (1) (G (o)
20—-2
— % (1) anat o (ja)

-1 20 20 _ _ _
= |(l‘ ) +1w (2a> (22£17a 1) ,Y(a 17w)é 1

In summary, we get
3[Ry, (T o1 -1 [
Iar) = a5 (2 (507 ) v (ahow) 7 D
Combining (1) and (4) and Propositions 3.3 and 2.2 we obtain the following
proposition:
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PROPOSITION 3.4. — Suppose that the residual characteristic of F is larger
than 2r + 1. For

a = diag(a, a,...,a' " det(wyr) det(war, )

and |a| is small enough,

r2

st (@) = ol T3 ey (o ) Bl RE (o),
Note that to simplify the formula, we used the following identities:

_{7”2}_‘_[7"2—&-27"—3]_{7“—1—1}_‘_1:0

4 4 2

4. Proof of the main theorem

We shall prove Theorem 1.4 by induction on r. It is trivial when r» = 1. We
suppose that it holds for 1 <7’ < r.
Firstly, we consider WX > w # wgr,. The relevant element wt then has

the following form
wt — ’LU1t1 0
o 0 w2t2 ’

with w;t; the relevant element of GL,,. For convenience, we shall introduce
some intermediate orbital integrals.

On the side J, for a function f € C°(GL;, 4+, (F')), we define the interme-
diate integral

T g1
J1 ,

4 |(70) 1

._ [ Id,, WGL,, g1 Id,, Y
= /f wGLr1+T2 (tX Idr2) ( 1 'LUGLT292> ( Id,,,2

% 0 Kld” XI; Y)] AXdYy

LT A, AY I, X +Y
= / F|wetin, (tXAn tXAnY—FBTz)} 0 K 1, )|®XdY

where A,, = war,, 91 € GL;, (F), By, = waL,, g2 € GL;,(F), and the domain
of integration is M, xr, (F') — the set of matrices of size r1 X ra.

Fixing f € C°(GLy, 4r,(F)), the function J71 (g1, 92) = J;} [(91 p ) ,f] is
2
a smooth function of support compact on GL,, (F) x GL,,(F').
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Associated with the action of (N, x Ny, ) x (N, x N;.,) on GL,, x GL,, we
consider the double orbital integral

J(wity, wate; J;L)
/ -1 / / ! ! /
//‘j:; ny wGLTl wit1n], Ny waL,, watans)0(ning )dnidny 0(nans)dnadnsy,

where the (n;,n}) is integrated over N,, x N, divided by the stabilizer of

K3
war,, wit;. We then have

t -

We can also define the partial orbital integrals Ji(witi,g2;J;.) and
J2(g1, wato; J71). For example,

Ji(wits, g0; 371) = / 7 (07 Vg, witin), g2)8(ny )y di,

where the (ny,n}) is integrated over N,, x N, divided by the stabilizer of
war,., wits. If we fix wyty, this integral defines a smooth function of compact
support on GL,, (F'). Moreover, we have

J(wity, wata; Jp2) = J(wata, Ji(wity,-53,20))
and
J(wity, wata; J2) = J(wity, Jo( -, wate; J7L)).

On the side I, for a function ¢ € C°(GL;, 1, (F')), we define the intermedi-
ate integral

1 g1

5[(,)-
a Id,, g Id,, X Id,, 2X
o[ Ca ) () (o[ 565) ox
B g g1 X Id,, 2X

= fel( it ()] 2

where g; € GL,,(F) and the domain of integration is M, x,,(F) — the set of
matrices of size 71 X 7o.

Fixing ¢ € C°(GLy, 4, (F)), the function 371 (g1, g2) := I]} [( p ) ,(;3] is
2

a smooth function of support compact on GL,, (F) x GL,, (F).
Associated with the action of N,, x N,, on GL,, x GL,, we consider the
double orbital integral

I(wltl, ’thQ; j;;) = /j;; (tnlwltlnl, tn2w2t2n2)9r1 (nl)dnlgm (ng)dng,
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where the n; is integrated over N,, divided by the stabilizer of w;t;. We then
have

t
(6) I (<w1 ! wztz) ,qb) = I(wity, waty; 7).

We can also define the partial orbital integrals Il(wltl,gz;j:;) and
I5(g1,wat2; J71). For example,

Ii(wity, g2;372) = /3:;(tn1w1t1n1,92)9”(”1)(1”17

where the n, is integrated over N,, divided by the stabilizer of wit;. If we fix
wt1, this integral defines a smooth function of compact support on GL,., (F).
Moreover, we have

I(wltl,wth;fﬁ ) —I(w2t27ll(w1t17 ; 72))
and
I(wity, wato; J70) = I(wity, Io( -, wate; J71)).

Now we can continue with the induction argument. If w; = Id,,, then
w = Id,. Suppose that J(diag(ty,tz2), f) = A,(diag(t1,t2))I(diag(ts,t2), d).
Using the identities (5) and (6) we have

J(tlat27ﬁrl) = Ar(dlag(thtZ)) (t17t27j7 )

Using the relation between the double integrals and the partial integral, this
implies
(7) J(t1, Ja (-, t25370)) = Ay (diag(ty, t2)) I (1, (-, £2;37)))
o If r =7y mod2 (it is equivalent to r, = 0mod 2), we have
AT(diag(th tg))
ATl (tl)
For fixed to € 1), (F), we define
L(g1, t2:773) = ¢(=1) T det(g1) |7 F Ay, (b2) 291 625 T73)-

This is a smooth function of compact support on GL,, (F).
The identity (7) is true for all t; € T}, so when we fix to € T, (F), we
obtain the matching relation over GL,., (F):

J(t1, Jo( - ta;J70)) = Apy (b1) I (b1, I5( -, t2;T7))) Vg € T, (F).
By induction, there exists A,,, such that
J(wity, Jo(-,t2;370)) = Aw, (b1) T (wity, I5( -, t2;T7L)) Vg € Ty, (F)
= Ay, (2)¢(=1) TV det(wity)|~F Ay, (b2)(wits, I+, t2; 7))
=A,, (tz)C(—l)%v(det(tl))\ det(t1>|_%Aw1(t1>I(w1t1, I(-,t2;370)).

= ¢(—1) U | det(t))|”F A, (t2).

TOME 149 — 2021 — N°© 2



TRANSFER FACTORS FOR JACQUET-MAO’S FUNDAMENTAL LEMMA 409

Reusing the relation between the double integrals and the partial inte-
grals, we obtain the matching relation over GL,., (F')

J(ta, Ji(wity, 5 372)) = Apy (b2) I (b2, I1(wity, - T7L)) Vitg € T, (F),
where
I (wity, go; T0) = C(—1) FUEED | dot ()|~ F Ay, (b1) 11 (wits, go; T1).

We should note that for fixed wity, the function I7(wit1, g2; J}1) is a smooth
function of compact support over GL,, (F).
By induction, there exists A,,, such that

J(wth, J1 (w1t1, . ,Jg)) = sz (tg)](wgtg, I{ (wltl, "y 3:;)) th S Tw2 (F)
= (1) 7D det(t1)| 7 F Au, (b1) Ay (b2) I (wata, i (wity, -3 T71)).
We then have A, (t) = ¢(—1)F ()| det(t1)|~F Ay, (61) A, (t2).
o If r # ry mod2 (it is equivalent to ro = 1 mod 2), we then have

Ar(diag(tl, tQ))
Al (t1)

T2

— ((—1) P det ()]~ F A, (b2).

By doing the same (as in the above case), we obtain

Aw(t) = ¢(=1)

We have proved the following proposition:

T2

(At t) | det(t1)[~F AL, (1) Aus, (2).

PROPOSITION 4.1. — Let wt — (W1t 0
0 U)th

) be a relevant element of GL.,..
We can define

Au(t) = ((—1):721’5‘“(*‘1))\det(t1)|*%2TAw1(tl)Au,Z(tg) if r = 0mod 2
w C(—l) 25 ”(det(tl))|det(t1)|_72Aiul (t1)Aw2 (tz) ’Lf T9 5_'5 Omod 2 ’

which validates the assertions in Theorem 1.4.
Similarly, we can also obtain the following proposition:

w1t1 0

PROPOSITION 4.2. — Let wt =
0 ’wgtg

> be a relevant element of GL.,..
We can define

¢(=1)"=

which validates the assertions in Theorem 1.4.

AL C(_l)?jfdct(tl))|det(t1)|_%’rA:U1 (tl)A’w2 (t2) if ro = Omod 2
w 2 v(det(tl))‘det(tl)r%Awl(tl)ALZ (t2) ifre Z0mod2 ’

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



410 VIET CUONG DO

COROLLARY 4.3. — Let M be the standard parabolic subgroup of type (r—1,1)
of GL,. Let t = diag(a,...,a,b) € Tyy,,. We then have

Ay, (B) = |a|_7A’ 1(diag(a,...,a))

WGL,.

and
AL (6) = C(—1)° €t o) =T (b, ) (b, ) P A, (diag(a,...,a)).

The remaining relevant elements are of the type Ay, t. To work with
this type of relevant element, we shall use the germ relations mentioned in
Sections 2 and 3.

Let M be the standard parabolic subgroup of type (r —1,1) of GL,. Recall
that we have

J(wnt, f) = wy(t Z Ky (@) (wer, B, f)
af=t
and
I(wart, @) = we(t) + Y Lus () (war, B, ¢),
af=t
where wy, ws are smooth functions of compact support, t € Ty,,,, and the
sums are over all pairs in & = {(a,8) € (Twa"", Twe, )|af = t}. Given

WGL,
(o, ) € (Tuwn " Twe, ), then all pairs (o, 8) € (Tuy ", Twe, ) satisfying

WGL,
o' = af have the form (z7la, 2f3), with z an r-th root of unity.

Given 8 € Ty, , we choose a = diag(a, ..., a,a' " det(wpway,)) with |al
so small that w¢(af) = we(af) = 0. We then get

J(wyeB, f)= > Ky (2" a)J(war, 28, f)
z|zr=1
and
IwyaB,¢) = Y Lusi (2 ') (war, 2B, ¢).
z|zT=1
Moreover, with |a| small enough, using Proposition 3.4, we have
LuStr (27 a) = cla, 2). Kupor (2 ta),

with ¢(a, z) = |az*1|[é]fé[%]’y((azfl)fl,1/))7[%]. Combining them with the
matching relation of ¢ and f on the orbit of wy;af, we obtain
Y Kuir la)(J(war, 2B, f) = ela, 2).8,,,, (@B (war, 2B, 6)) = 0,
z|z7=1

where A, (af3) is Ay, (af) or A}, (af) depend on the matching relation.

w

We hope that this condition implies
J(wGL7-Z67 f) - C(a7 Z)'A;J)M (aﬂ)l<wGL7-Zﬁ7 (b) =0
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for all z satisfied 2" = 1. In particularly, we have

J(war, B, f) = c(a,1).4,,,, (aB)(waL, B, ).

For fixed g, f, and ¢, the two integrals I and J do not depend on the choice
of a, so we can require that v(a) is even. With this addition condition, we
define that

(9) ADgr, (B) = cla, 1).4,,, (af).

Now we shall prove that this is well defined (i.e., the definition does not
depend on a). More precisely, we prove the following proposition:

PROPOSITION 4.4. — Let B € F*. Viewing 8 as an element of Ty, (F); we
then have

r+1 2

Awer, (8) = C(—1) B ®) g3 51=[5 )y (3, ) [3] (8, ) [310®)

and

r+1][r 2 r41

AQUGLT.(ﬁ) ZC(_I)[ 2 ][#]1)(5)‘6|%[%]_[%]7(6,w)[ 2 ](B,W)[%]D(B)

Proof. — We shall prove this proposition by induction on r.

e For r =1, it is trivial. In this case, we have
Augr, (B) =A1(8) =1
and
Ay, (B) = A1(B) = C(=1)" (B, 0) (8, )" .

e Assume that this proposition holds for » — 1. Combining equation (9) and
the formula in Corollary 4.3 we have

=la [%}7%[%}AM((16) (since v(a) is even then y(a™t, 1) = 1)
= lallF 4B ap " A (diag(af, ..., aB)

WGL,_y

x (1) B0 g [y (0, ) (8 (0B, ) [E]v109)

r4+1

(10) — (=) B g 3 515y (0, ) 5] (a8, ) [E]0®).

The last equation is obtained by using v(a) = 0mod 2 and the identity
2

F-3 6= -5 5 5
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Moreover, we have

7(&671/})(@6713)“(5)
= (@, BB, ) (0, B) (@B, ) ")

=~(B,%)(a, B)(af,=)"? (since a is even then y(a, ) = 1)
(11) VB, ¥)(a, )”(ﬁ)(aﬂ @)’
(12) ¥(B,9) (8, @)
ince v(a) is even, we have (a = 1 if v() is even = (a,w)"®)
i (a) ’ have (a, 5) {(a,w) if v(B) is odd (a, )",

This implies the relation (11).
Combining the relations (10) and (12) we get

Aues, (8) = C(-1)EIFPO 12 1151y (5, ) 8] (5, ) 89,

Similarly, we have

A, (B)

= allF)- 3y vy [El Ay ()

= |a|[ - 1V " (apB) (since a is square then y(a™! 1)) = 1)
= |a|[§] 3(3] ¢(=1)v(= 1)7\7167)|aﬁ\_%17((—a)1_rﬁ,1/))

x ((—a)'"8,) " (T IAL,  (af)
—|a|[%1*2[%]<< 1)*@) e~ y((=a) "B, 9) ((—a) " B, )" )
518 g3 [ 11555y (0, ) 7] (0, ) 710 00)
- (71)["'7][ =210 535115148, ) [ (8, o) [ ]0®),

The last equation is obtained by using the relation (12) (note that it will
follow v(a) = 0mod 2) and the identity

r—1|7r r+1||r+2
= = . (]
-]
LEMMA 4.5. — Suppose that v(a) is even. We have
Auwer, (28) = c(a, 2)Aw,, ()

and
A/wGL ( _1/8> - C(a Z)A’LUM (aﬁ)
for all z € F* satisfied z" =1 and 8 € F*.
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Proof. — We prove only the first relation (the second one can be done simi-
larly). We should mention that we use v(z) = 0 in some steps of the following
calculation.

(7]
= \az_1|[§] %[E]AM(aﬁ) (since v(az"") is even)
[7]-

3(3] am,u Ay, (diag(aB,...,ap))

F1008) 148552175 (a8, )5 (a8, ) []0@®)
Tzl]v</3>|zm%[%]—[§]( )88, ) ®

7o) |, 515 l5] - [T ] (28, 9) 5] (28, )"

The relation (8) reads
> Ky (27 a)(J(waL, 28, f) — Ay, (28)I(wa, 2B, ¢)) =
z|z7=1
for |a| small enough and v(a) = 0mod 2. If we set
' (2) = Jwer, 2B, f) = Do, (28)1(wer, 2B, 0),

we can see that the above relation reads
Z Y (E) m(z)=0
el 2a ’

for |a| small enough and v(a) = 0mod 2. We have to see that m’'(z) = 0 ,for
all z. Thus, it follows from the following lemma.

LEMMA 4.6. — Ghven x;, which are distinct points in F'. Suppose that for each
index i, there is a constant m;, such that

Z mp(z;x) = 0,

for all even x (i.e., v(z) = 0mod2) with |z| large enough. Then m; = 0, for
all .

Proof. — Suppose that m;, # 0. At the cost of multiplying by ¢ (—z;,2) we
may assume that our relation takes the form

1= Z mi(ziz),
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where z; # 0. We choose a b with |b| large and integrate this identity over the
set |z| = |b?| against the multiplicative Haar measure. The left-hand side gives
a positive value. On the other hand, for fixed z; # 0 and |b| large, the integral

/ Y(zix)d*z
||=[b2|

vanishes. Thus, the terms on the right-hand side are zero. We then have a
contradiction. O

For z € {0,1}, we denote by

r4a ] [ r+g+1

Bor(B) = (- EFIEFRTO g 1Ty (5, )5
We then have Ag,.(8) = Awe,, (B) and Ay ,.(8) = AL, (B).

WGL,
Let M be the standard Levi subgroup of GL, of type (r1,...,7m,). Let
= diag(t;1d,,,1 < i < m) € Ty. For z € {0,1}, we define a sequence
(Yr'i)1<i<m € {0,1}™ as follows:

mo
hd yxm_zv

B

ey = (yr'ip1 +Tip1)mod2 V1 <i <m — 1.
We denote by A, ar the function over Ty (F'):

Agar(t) = lc(_l)zlll 7"1‘( T:url[ PRa O })U(f )‘| |fi_[1 ‘ti|_Tri(Z;n:i+l r)

i=1

X A?,z(i)

=1

THEOREM 4.7. — Let M be the standard Levi subgroup of GL, of type
(ri,...,rm). Let t = diag(t;Id,,, 1 < i < m) € Ty;. We then have

Ay (t) = Do pr(t) and Al (t) = Aqa(t).

Proof. — We prove this theorem by induction over m.
o If m =1, then M = GL,, and t = diag(5,...,5). We have

Am,GLT (t) - Az,r(ﬁ)

e Suppose that the theorem holds for m — 1. We denote by M; the standard
Levi subgroup of GL,., 4.4, _, of type (r1,72,...,7ym—1). Using Proposition
4.1 for w = wyr, w1 = wyy,, w2 = wgr,, 5 t1 = diag(t;ld,,, 1 <i <m —1)
and tg = t,,,Id, ,, we have

Ay (8) = 160 1) Feet[det ()|~ F Ay, (61) Ay (b2) i 7 = 0mod 2
was ( )m U(det(tl))|det(t1)‘*mA/ ( )Am(tg) ime;‘éOmOdz

= ¢(-pl#

Joett0) | det(£1)] 7 Ay, mod 2.0, (61)Dour, (Em)-
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Note that y7 = Yg;» so the last equation can be rewritten as

mod2 i
Auy () = (-1
— C(fl)[T’"]v(da(tl \det(tl)l’TTmAyg;m,rm (tm)

[ m—2 m—1 | Tj +y;n_,1,,od 2.
Zi:l T Z]‘:q‘,-{-l — v(ti)
x [¢(-1)

m ]

o) det(t1)[~F Ar, mod2.ar, (61)Ayge ()

fm—2

— —r; m—1 )
X H \ti|T(Z;’:i+1 ")

m—1
JAN— t;
H y:"tn mod 2, T ( l)

Li=1
{rmwg m} (S raw(ea))) _m
=¢(=1) H Ay, v (tm)
i=1
m— m—1 T]+y s
» lC(—l) (T [ )”“i’}
m—2
[H ‘t| oz (Z’ ") H Ay, i
=1
= Ao, m(t).
We do similarly for A, (t). O
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