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ALGEBRICITE MODULO p, SERIES HYPERGEOMETRIQUES
ET STRUCTURES DE FROBENIUS FORTES

PAR DANIEL VARGAS-MONTOYA

RESUME. — Ce travail est consacré a I’étude de 1’algébricité modulo p des G-fonctions
de Siegel. Notre but est de souligner la pertinence de la notion de structure de Frobenius
forte, classiquement étudiée dans la théorie des équations différentielles p-adiques, pour
I’étude d’une conjecture d’Adamczewski et Delaygue concernant le degré d’algéricité
de réductions modulo p de G-fonctions. Nous rendons d’abord explicite un résultat de
Christol en montrant que si f(z) est une G-fonction qui annule un opérateur différentiel
dans Q(z)[d/dz] d’ordre n qui est muni d’une structure de Frobenius forte de période
h pour le nombre premier p et que f(z) est a coefficients dans Z(p), alors la réduction
de f modulo p est algébrique sur Fp,(z) et son degré d’algébricité est majoré par p"2h.
En généralisant une approche introduite par Salinier, nous montrons ensuite qu'un
opérateur fuchsien & coefficients dans Q(z), dont le groupe de monodromie est rigide
et dont les exposants sont rationnels, possede, pour presque tout nombre premier
p, une structure de Frobenius forte de période h, ou h est majorée explicitement et
indépendamment de p. Une version légérement différente de ce résultat a été démontré
récemment par Crew en suivant une approche différente fondée sur la cohomologie p-
adique. Nous utilisons ces deux résultats pour résoudre la conjecture mentionnée dans
le cas des séries hypergéométriques généralisées.
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440 D. VARGAS-MONTOYA

ABSTRACT (Algebraicity modulo p, hypergeometric series and strong Frobenius struc-
ture). — This work is devoted to study of algebraicity modulo p of Siegel’s G-functions.
Our goal is emphasize the relevance of the notion of strong Frobenius structure, clas-
sically studied in the theory of the p-adic differential equations, for the study of a
Adamczewski-Delaygue’s conjecture concerning the degree of algebraicity modulo p
of G-functions. For this, we first make a Christol’s result explicit by showing that
if f(z) is a G-function which is a solution of a differential operator in Q(z)[d/dz] of
order n which has a strong Frobenius structure with period h for the prime number
p and that f(z) belongs to Z)[[z]], then the reduction of f(z) modulo p is algebraic

over Fp(z) and its degree of algebraicity is bounded by p”zh. By generalizing an ap-
proach introduced by Salinier, we then show that a Fuchsian operator with coefficients
in Q(z), whose monodromy group is rigid and whose exponents are rational has for
almost all prime numbers p a strong Frobenius structure with period h, where h is
explicitly bounded and does not depend on p. A slightly different version of this result
has been demonstrated recently by Crew following a different approach based on the
p-adic cohomology. We use these two results to solve the mentioned conjecture in the
case of generalized hypergeometric series.

1. Introduction

Etant donnés un corps K et une série formelle de plusieurs variables
9(215- - 2n) = Yoy iyenn @i, - in)2 oz € K[z, .0, 20]], on défi-
nit la diagonale de g comme la série formelle d’une variable

fz)=Y"alig,-- .57 € K[[2]].
Jj=20
Lorsque K est de caractéristique nulle, cette opération est transcendante, dans
le sens ou la diagonale d’une série formelle algébrique (i.e., algébrique sur le
corps des fractions rationnelles K (z1,...,2,)) est généralement transcendante
sur le corps K (z). Un exemple trés simple, voir [1], est donné par la diagonale
de la fraction rationnelle @ ”) qui est égale a

—21—22)(2—23—

1 (2n\°
10 =% 5w (2) el
n>0

En revanche, lorsque K est un corps de caractéristique non nulle, Furstenberg
[18] a montré que la diagonale d’une série formelle rationnelle est toujours
algébrique. Deligne [13] a ensuite étendu ce résultat au cas des diagonales de
séries formelles algébriques. Il souligne également la conséquence remarquable
suivante : si f(2) =), ~oa(n)z™ € Z[[z]] est la diagonale d'une série formelle
algébrique, alors pour tout nombre premier p, la réduction modulo p de f,
c’est-a-dire la série formelle

fip(2) =Y _(a(n) mod p)z" € Fy[[2]],

n>0
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est algébrique sur Fj(z). Un probléme naturel consiste alors a étudier la facon
dont le degré d’algébricité de f), varie avec p. Deligne suggere dans [13] qu’il
existe une constante ¢ indépendante de p telle que deg(f,) < p°. Il prouve éga-
lement que c’est bien le cas pour les diagonales de fonctions algébriques de deux
variables. Le cas général n’est traité que plus récemment par Adamczewski et
Bell dans [1]. Ces auteurs montrent également, qu’on ne peut, en général, espé-
rer mieux qu’une majoration polynomiale en p. Lorsque K = Q, les diagonales
de séries formelles algébriques forment une sous-classe de celle des G-fonctions
introduite par Siegel [23] en 1929. Rappelons que f(z) = >, -, an2" est une
G fonction si les a,, sont des nombres algébriques et s’il existe un nombre réel
C > 0 tel que :

1. la fonction f annule un opérateur différentiel L & coefficients dans Q(z) ;

2. la valeur absolue de chaque conjugué de Galois de a,, est inférieure a
O™+ pour tout n > 0;

3. il existe une suite D,,, d’entiers strictement positifs tels que D, < C™
et Dp,a, est un entier algébrique pour tout n < m.

Cette définiton implique qu’il existe un corps de nombres K tel que f(z) €
K{[2]]. Considérons un tel K. Soient ¥ 'anneau des entiers de K et p un idéal
premier de ¥k tel que les coeflicients de f appartiennent & ¥k, la localisation
de Y en p. Notons k, le corps résiduel de ¥ p, c’est-a-dire ky, = Uk, /pUk,p =
9k /p. On peut alors réduire f modulo p et poser

Fip(2) =Y _(an mod p)z" € ky[[]]

n>0

et formuler la conjecture suivante [4].

CONJECTURE 1.1 (Adamczewski-Delaygue). — Soient K un corps de nombres
et f(z) € K[[z]] une G-fonction. Supposons que l’ensemble S des idéauz pre-
miers p de U tel que f € Vi p[[2]] soit infini. Alors, on a :
(i) fip est algébrique sur ky(z) pour presque toutp € S ;
(ii) il existe ¢ > 0 tel que, pour tout p wvérifiant (i), deg(f),) < p°, ot p
désigne la caractéristique du corps k.

Les résultats de Deligne [13] et d’Adamczewski et Bell [1] mentionnés précé-
demment montrent que cette conjecture est vérifiée pour les diagonales de séries
algébriques et I'article [3] fournit également d’autres familles d’exemples parmi
les séries hypergéométriques généralisées ou les sommes multiples de produits
de coefficients binomiaux. C’est en paticulier le cas de la série hypergéométrique
fi1(z) =2 F1(1/2,1/2;2/3, z) qui n’est pas la diagonale d’une série formelle algé-
brique car elle n’est pas globalement bornée. Par contre, d’aprés la proposition
8.5 de [3], en considérant ’ensemble S = {p € P : p =1 mod 3}, on obtient
que pour tout p € S, fi peut se réduire modulo p et fy),(2) = Ap(2) f1),(2)? ol
Ap(z) € Fp(2). Ainsi, f1),(2) est algébrique sur Fp,(2) et deg(f1),) < p.
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Notons que la méthode utilisée dans [1] est spécifique aux diagonales de
séries formelles algébriques, tandis que les résultats de [3] se fondent sur une
analyse minutieuse de la valuation p-adique des coefficients et ne concernent
pas toutes les séries hypergéométriques généralisées. Dans cet article, notre
objectif est justement de prouver une version explicite de la conjecture 1.1 pour
les séries hypergéométriques généralisées a parametres rationnels et de sortir
ainsi du cadre des G-fonctions globalement bornées. Il s’agit du théoreme 1.2
ci-dessous. Rappelons que ces séries sont de la forme

_ (@1)j--(an)j
nfni(e f,2) = j%% (B1)j - (Bn-1);J!

ot @ = (ai,...,an), = (B1,.--,Bn-1,1) € (Q\ Z<o)" et, pour z € R,

() = z(z+1)--- (x+n—1) et (x)o = 1. Nous désignons par Z,) la localisation
de I'anneau Z en l'idéal (p). Le corps résiduel de Z, est alors IF,.

THEOREME 1.2. — Soient aq,...,an,B1,...,Bn-1,0n =1 € Q\ Z< tels que
pour tout i, j, o; — B; & Z. Soit do g le plus petit commun multiple des dénomi-
nateurs des a,...,0n, B1,...,Bn et soit S 'ensemble des nombres premiers
p tels que p ne divise pas dap et nFn_1(a, B,2) € Zy)([z]]. Alors, pour tout
p € S, la réduction modulo p de ,F,,_1(a, 5, 2) est algébrique sur Fp,(z) de degré

majoré par p”zd’(d"ﬁ), o ¢ désigne l'indicatrice d’Euler.

La notion de structure de Frobenius forte, introduite par Dwork [15], est
classiquement utilisée dans la théorie des équations différentielles p-adiques.
Dans cette article, nous montrons comment cette notion permet d’établir une
stratégie générale pour attaquer la conjecture 1.1 (voir section 2). En particu-
lier, la preuve du théoreme 1.2 repose sur la notion de structure de Frobenius
forte. L’idée de la démonstration est la suivante. Lorsque les parametres o; et
B; vérifient les hypotheses du théoreme 1.2, on sait que les équations hypergéo-
métriques correspondantes ont des groupes de monodromie rigides, que leurs
singularités sont régulieres et que leurs exposants sont rationnels. Ces trois
propriétés peuvent étre utilisées pour démontrer I'existence d’une structure de
Frobenius forte pour presque tout p dont la période est indépendante du nombre
premier p. Dans le cas des équations hypergéométriques de Gauss, cette straté-
gie a été mise en ceuvre par Salinier [22]. Notons qu’avant le travail de Salinier,
Dwork avait déja montré par une approche différente que, sous ces hypotheses,
I'opérateur hypergéométrique de Gauss est muni d’une structure de Frobenius
forte pour presque tout p (voir [16, Chap. 7, 7.2.2]). Le théoréme 3.8 montre de
fagon plus générale que les systémes différentiels rigides sont munis d’une struc-
ture de Frobenius forte pour presque tout p dont la période peut étre majorée
explicitement et indépendamment du nombre premier p. Notre démonstration
de ce résultat généralise 'approche de Salinier au cas des systemes différentiels
rigides ou, de fagon équivalente, au cas des équations différentielles sans para-

TOME 149 — 2021 — N° 3



ALGEBRICITE MODULO p ET STRUCTURES DE FROBENIUS FORTES 443

metre accessoire (cf. [19]). Notons par ailleurs que Crew [11] a également obtenu
récemment un résultat similaire en suivant une approche différente fondée sur
la cohomologie p-adique. Nous précisons que nous n’avons pris connaissance
de Particle [11] quaprés avoir démontré le théoréme 3.8. Pour davantage de
précisions, notamment sur le lien entre le théoreme 3.8 et les résultats de Katz
[19], Crew [11], et Esnault et Groechenig [17], nous renvoyons le lecteur a la
discussion précédant et suivant le théoreme 3.8. D’autre part, notre théoreme
2.6 établit un lien entre ’existence, pour un nombre premier p, d’'une structure
de Frobenius forte de période h pour un opérateur différentiel d’ordre n et le
degré d’algébricité modulo p des solutions (séries formelles) de cet opérateur
en fonction de p, n et h. Il rend explicite des arguments donnés par Christol
dans [9]. En utilisant la rigidité des équations hypergéométriques généralisées
et en combinant les théoréemes 2.6 et 3.8, on obtient finalement le théoréme 1.2.
Au vu de la conjecture 1.1 et du théoreme 2.6, nous insistons sur le fait que,
dans le théoreme 3.8, il est essentiel que la période des structures de Frobenius
fortes puisse étre majorée indépendamment de p.

Cet article est organisé de la fagon suivante. Dans la section 2, nous rappelons
la notion de structure de Frobenius forte et nous énoncons le théoreme 2.6. Dans
la section 3, nous rappelons la notion d’opérateur différentiel rigide et énongons
le théoreme 3.8. Les théoremes 2.6 et 3.8 sont respectivement démontrés dans
les sections 4 et 5. Enfin, dans la section 6, nous prouvons le théoréeme 1.2 et
I'illustrons a l’aide de quelques exemples.

2. Structure de Frobenius forte et algébricité modulo p

Dans cette partie, nous rappelons la définition du corps des éléments ana-
lytiques E,, et celle de structure de Frobenius forte d'un opérateur différentiel,
puis nous énoncons le théoréme 2.6. Etant donné un nombre premier p, nous
noterons Z, ’anneau des entiers p-adiques, Q,, le corps des nombres p-adiques
et C, le complété de la cloture algébrique de QQ,. Nous rappelons que la va-
luation de Z, s’étend de maniere unique a C,. Nous désignerons par m,, un
élément de C, vérifiant 7T£71 = —p.

2.1. Eléments analytiques. — Soit K un corps ultramétrique de caractéristique
nulle muni de la valuation |- | et k son corps résiduel de caractéristique p. Pour
|| < 1 nous notons Z 1’élément de k qui représente la classe résiduelle de
x. Nous supposons que K est complet pour la norme | - |. Nous dirons que
o0 : K — K est un automorphisme de Frobenius si les conditions suivantes sont
vérifiées :
1. pour tout =z € K, |o(x)| = |z|;
2. pour tout ¢ € K, |z| <1, |o(x) — 2P| < 1. Autrement dit, 7 : k — k
donné par @(Z) = o(z) est ’'endomorphisme de Frobenius. Remarquons
que 7 est bien défini par le point 1.

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE
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REMARQUE 2.1. — La proposition 1.10.1 de [8] montre que le corps C, possede
un automorphisme de Frobenius, mais celui-ci n’est pas unique. Dans la suite,
nous fixons un tel automorphisme que nous notons Frob : C, — C, et que
nous appellerons I'automorphisme de Frobenius de C,,.

Nous montrons a présent comment construire le corps des éléments analy-
tiques. Nous désignons par W l'anneau d’Amice qui est ’ensemble des séries

formelles
f(z) = Z anz"

neZ
telles que les a, sont des éléments de K dont la valeur absolue est bornée et
tend vers zéro lorsque n tend négativement vers I’infini. D’apres la proposition
1.1 de [9], Panneau W est un K-espace vectoriel complet pour la norme définie
par |f| = sup{lan| : n € Z}. L’anneau K|[z] est contenu dans 'anneau W et
ainsi, 'anneau K[z] est muni de la norme de Gauss

Z ajzj‘g = supla;|.

De plus, d’aprés la proposition 1.2 de [9], tout élément non nul de K|[z] est
inversible dans W, ce qui implique que 'anneau des fractions rationnelles K (2)
est contenu dans W. La norme de W induit une norme sur K (z) qui s’exprime
comme

a2
Comme W est complet, le complété de K(z) pour la norme de Gauss est éga-
lement contenu dans W.

_ suplay|
o suplbi

DEFINITION 2.2 (Eléments analytiques). — Le corps des éléments analytiques
Efk est le complété du corps K(z) pour la norme de Gauss dans W. Dans le
cas ot K = C,, le corps des éléments analytiques est noté £, et I’analogue de
W est noté W,.

REMARQUE 2.3. — Pour tout f € K(z), on a

d
()

< |flg-
g
Ainsi, la dériviation d% : K(2z) — K(z) est une fonction continue pour la norme
de Gauss et elle s’étend naturellement au corps Ex des éléments analytiques.
On note encore son extension d—dz :Ex — Fg.
DEFINITION 2.4 (Ep,-équivalence). — Soient A et B dans M,,(E),). Nous disons
que A et B sont Ep-équivalentes s'il existe H € GL,,(E)) telle que

d

—H=AH — HB.
dz
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2.2. Structure de Frobenius forte. — Nous définissons l'application Frob.r :
Cp(2) — E, par

2 F N\ 5pi
Frob., (Zalz ) Y Frob(a;)z

Sobjzi ) > Frob(bj)zpi’

Cette application est une isométrie. Il s’agit donc d’une application continue qui
s’étend au corps des éléments analytiques E),. Nous la notons encore Frob,» :
E, = E,. C’est a nouveau une isométrie et, pour tout e € E,, on a

d d
(1) a(Frobzp (e)) = pzP~t <Frobzp(dze)> .
Soit A une matrice de taille n a coeflicients dans E,,, nous considérons la matrice
Fo(A) i= L (zP)AFrober = pep=t AFTobor o AFTobar est la matrice obtenue

apres avoir appliqué Frob.» a chaque entrée de A.
Etant donné un opérateur différentiel d’ordre n

(2) L= Clo(z)i + a1(2) + -+ an—l(z)i +an(z) € Q[Z][d/dz] )

dzm dzn—1 dz
on définit la matrice compagnon associée a L par
0 1 0 .0 0
0 0 1 o0 0
A= : : : D :
0 0 0 ... 0 1
—an(2) —an—1(2) —an—_2(2) —az(z) —ai(z)
ao(z) ao(z) ao(z) Tt oap(z) ao(z)

DEFINITION 2.5 (Structure de Frobenius forte). — Soit L € Q(z)[d/dz] un
opérateur différentiel et soit A sa matrice compagnon. Nous disons que L a une
structure de Frobenius forte de période h pour un nombre premier p s’il existe
un entier strictement positif h tel que la matrice A et la matrice obtenue en
appliquant h-fois F,» a A sont E,-équivalentes. Comme A € M, (Q(2)), cela
revient & dire qu'il existe H € GL,,(E,) telle que

d
(3) T H=AH - Pl TYH A",
z
Le plus petit entier h > 1 ayant cette propriété est appelé la période de la

structure de Frobenius associée au couple (L, p).

Par exemple, d’apres [20, Chap. 22, Theorem 22.2.1] ou [5, Chap. V, p. 111],
les équations de Picard-Fuchs sont munies d’une structure de Frobenius forte
pour presque tout nombre premier p. Le résultat qui suit montre le lien entre
I’existence d’une structure de Frobenius forte pour p de I'opérateur différentiel
L et algébricité modulo p de ses solutions.

Voir aussi la discussion p. 351 de [20] et les références associées.
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THEOREME 2.6. — Soit L € Q(z)[d/dz] d’ordre n. Soit p un nombre pre-
mier pour lequel l'opérateur différentiel L a une structure de Frobenius forte
de période h et f(z) =3, ~oa(n)z" € Zy,)[[z]] une solution de L. Soit f|, la
réduction de f modulo pZ,y. Alors la série formelle f,, est une série algébrique

sur Fp(2) de degré majoré par ph

Notons que nous pourrions aussi énoncer ce théoreme dans le cas d’un opéra-
teur & coefficients dans Q[z], la démonstration s’obtiendrait de la méme fagon.
Le théoreme 2.6 nous dit que pour montrer le point 1 de la conjecture 1.1 il
suffit de voir que f annule un opérateur muni d’une structure de Frobenius
forte pour presque tout p dans S.

REMARQUE 2.7. — Si L € Q[z][d/dz] est un opérateur différentiel muni d’une
structure de Frobenius forte pour presque tout p et f € Q[[z]] est une solution
de L, alors f est une G fonction. En effet, ’hypothese faite sur L implique que
le rayon de convergence au point générique est égal a 1 pour presque tout p.
Cela découle des propositions 4.1.2, 4.6.4 et 4.7.2 de [8]. D’apreés la proposition
5.1 et le théoréme 6.1 de [14, Chap. III], on obtient alors que les singularités de
L sont réguliéres a exposants rationnels. Enfin, en combinant cette propriété
avec le théoréme 4.2 [14, Chap. VII] et la proposition 1.1 de [14, Chap. VIII],
on obtient que f est une G fonction.

3. Structure de Frobenius forte et rigidité

Notre troisieme résultat, le théoréme 3.8, concerne les opérateurs différen-
tiels & coefficients dans Q[z] dont le groupe de monodromie est rigide. Nous
commencons par rappeler la notion de systéme différentiel rigide. Etant donné
le systeme différentiel

() Ly=Ay, AeM(C),

nous disons que v € C est un point singulier du systéme différentiel (4) si ~y
est un pole de A. L’infini est un point singulier de (4) si zéro est un point
singulier du systeme différentiel obtenu apres avoir appliqué le changement de
variable z — 1/z au systéme (4). Nous disons que v € C est un point singulier
régulier du systéme différentiel (4) si v est un point singulier et s’il existe une
matrice A, € M, (C(z)) telle que la matrice (z —v)A, n’a pas de péle en v
et qu’il existe une matrice P € GL,,(C({z —7})) telle que L P = AP — PA,,
ot C({z — 7}) est le corps des séries de Laurent convergentes au voisinage de
~. L’infini est un point singulier régulier de (4) si zéro est un point singulier
régulier du systéme différentiel obtenu aprés avoir appliqué le changement de
variable z — 1/z au systéme (4). Le systéme différentiel (4) est fuchsien si tous
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ses points singuliers sont singuliers réguliers. Soit  un point non singulier du
systéme différentiel (4), d’aprés la théorie classique de Cauchy

Sol(A)y ={y € C({z —z})" et diiy = Ay}
est un C-espace vectoriel de dimension n. Soient F' = {y1,...,y,} une base de
Sol(A),, S I'ensemble de points singuliers de (4) et v € S. Les coordonnées des
vecteurs yi, ..., Yy, peuvent étre prolongées analytiquement le long du lacet 7,
ou [7] € TI;(C\ S, ) et T est un lacet autour de v tel que le groupe engendré par
[7] est Z. Ainsi, on obtient un nouvel ensemble F qui sera encore une base de
Sol(A),. Alors la matrice de monodromie locale en v, notée M (A, ~) € GL,(C),
est la matrice de changement de base de F' vers F. Le théoreme de monodromie
complexe nous garanti que si [7] = [a], on obtient encore l’ensemble F' en
prolongeant les coordonnées des vecteurs 1, . . ., y, le long du lacet a. Ecrivons
S ={m,....,%w} C CU{0}. Le groupe de monodromie de (4) est le groupe
engendré par les matrices M(A,v1),..., M(A,7,) qui satisfont & la relation
M(A,v1) - M(A,~,) = Id. D’aprés la construction, le groupe de monodromie
dépend de la base F. Si nous prenons une autre base Iy de Sol(A), alors ces
deux groupes de monodromie sont conjugués. Ainsi le groupe de monodromie
est unique a conjugaison pres.
Soit

(5) %y = Ay, A € M,(C(2))
un systeme différentiel. Supposons que les systémes (4) et (5) sont fuchsiens et
que zéro est un point singulier régulier de (4) et de (5). On dit que A et A’
sont localement équivalentes en zéro si les matrices de monodromie locale en
zéro de (4) et (5) sont conjuguées. D’apres le théoréme 5.1 de [21], cela revient
a dire qu’il existe P une matrice inversible & coefficients dans C({z}) telle que

d /

L p—arP_paA,

dz
ott C({z}) est le corps des séries de Laurent qui convergent. Soit xy un point
singulier régulier de (4) et de (5) On dit que A et A’ sont localement équivalentes
en xq si, apres application du changement de variable z — z — 2 & (4) et (5),
les nouveaux systémes sont localement équivalents en zéro. On dit que A et
A’ sont localement équivalentes, si elles sont localement équivalentes en tous
points.

DEFINITION 3.1 (Systéme rigide). — Soient A € M,,(C(z)) et Ly = Ay un
systeme différentiel fuchsien. Un tel systéeme est dit rigide si, pour tout systéme

d%y = A’y fuchsien tel que A et A’ sont localement équivalentes, il existe
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P € GL,(C(%)) telle que

iP = AP — PA'.
dz

Autrement dit, les matrices A et A’ sont C(z)-équivalentes.

En général pour un corps quelconque K, nous disons que deux matrices
A, A € M, (K(2)) sont K(z)-équivalentes sl existe P € GL, (K (z)) telle que
4p=AP-PA.

DEFINITION 3.2 (Groupe rigide). — Soient g1, ..., g, € GL,(C) et G le groupe
engendré par ces matrices. Le r-uplet ¢, ..., g, est dit irréductible si G agit
de maniére irréductible sur C". Le groupe G est dit rigide si les conditions
suivantes sont vérifiées :

1. le r-uplet g1,..., g, est irréductible;

2.onag g =1d;

3. pour tout r-uplet g1,..., g, tel que g1 --- g, = Id, ou g; est conjugué a
gi, il existe une matrice U € GL,(C) telle que g; = Ug;U ! pour tout
te{l,...,r}.

PROPOSITION 3.3. — Soient A € M,,(C(z)) et Ly = Ay fuchsien. Si le groupe
de monodromie de Ly = Ay est rigide alors le systéme <Ly = Ay est rigide.
dz dz

En effet, cette proposition découle de la proposition suivante qui est un cas
particulier du théoréme 6.15 de [21].

PROPOSITION 3.4. — Soient A, A" € M, (C(2)). Si Ly = Ay et Ly = A'y
sont deux systémes fuchsiens dont les groupes de monodromie sont conjugués,
alors les matrices A et A’ sont C(z)-équivalentes.

Soient L € C(z)[d/dz] et A sa matrice compagnon. Si L est un opérateur
fuchsien, alors le systeme différentiel d%y = Ay est fuchsien (cf. remarque 5.4).

DEFINITION 3.5 (Opérateur rigide). — Soient L € C(z)[d/dz] fuchsien et A sa
matrice compagnon. L’opérateur L est rigide si le systéme différentiel d%y = Ay
est dit rigide.

Le calcul de la matrice de monodromie locale n’est pas facile. Par contre,
dans le cas ou < est un point singulier régulier nous pouvons la calculer a
conjugaison pres. Nous ferons cela dans le lemme suivant. Avant, nous rappelons
la notion d’exposants en 7. Soit v € C un point singulier régulier du systéme (4).
Cela veut dire qu'il existe une matrice A, € M, (C(z)) telle que les matrices A
et A, sont localement équivalentes en v et la matrice (z —y)A, n’a pas de pole
en 7. Les exposants en y sont les valeurs propres de la matrice [(z —v)A,](7).
Dans le cas que v = oo, v est un point singulier régulier s’il existe une matrice
Aso € M,(C(%)) telle que les matrices A et As sont localement équivalentes
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en v et la matrice zA,, n’a pas de pdle en . Les exposants en l'infini sont
les valeurs propres de la matrice [zA](y). Notons que cette définition dépend
de la matrice A,. Par contre, d’apres le lemme 2.4 de [14, Chap V], si A’ est
telle que A et A sont localement équivalentes en 7 et (z —)Al n’a pas de
pdle en , alors les valeurs propres de [(z — v)A,](7) et les valeurs propres de
[(z —7)AL](7) sont égales modulo Z.

LEMME 3.6. — Soient A € M, (C(z)) et v € CU {oo} un point singulier
régulier du systéme différentiel d%y = Ay. Alors il existe une matrice C €
M, (C) telle que exp(2miC') est conjuguée a la matrice de monodromie locale
de A en vy et satisfaisant aux deux propriétés suivantes :

(a) si A\, B sont deux valeurs propres différentes de C, alors A\ — 8 ¢ Z,
(b) lensemble des exposants de A en ~ et l’ensemble des valeurs propres de
C' sont égaux modulo Z.

Démonstration. — Sans perdre de généralité supposons que v = 0. Soit Ayp(z) €
M, (C(z)) telle que les matrices A(z) et L Ag(z) sont localement équivalentes
en zéro et Ag n’a pas de pole en zéro. Comme Ag(z) € M, (C[[z]]), le lemme
8.2 et le corollaire 8.3 de [14, chap. III] nous assure l'existence d’une matrice
Wo(z) € My(C][[z]]) telle que les matrices 2 Ag(2) et 1Wo(2) sont localement
équivalentes en zéro et les valeurs propres de C' := Wy (0) satisfont aux condi-
tions (a) et (b) de I'’énoncé. D’apres le théoréme 5.1 de [21], on obtient que la
matrice de monodromie locale du systeme d%y = %Wo(z)y en 0 est conjuguée
a exp(2miC). Puisque L Ag(2) et LW (z) sont localement équivalentes en zéro,
alors toujours par le théoréme 5.1 de [21], la matrice de monodromie locale
en zéro du systéme d%y = %Ao(z)y est conjuguée a exp(27iC). Finalement,
comme A(z) et 2Ag(z) sont localement équivalentes en zéro alors, d’apres le
théoréme 5.1 de [21], la matrice de monodromie locale en zéro de %y = A(2)y
est conjuguée a exp(2miC) et comme nous avons déja écrit, C' satisfait aux
conditions (a) et (b). O

REMARQUE 3.7. — Soit K un corps algébriquement clos. Il suit de la dé-
monstration du lemme 8.2 et du corollaire 8.3 de [14, Chap.III] que, si Ay €
M, (K(z)), alors Wy € My(K(z)) et les matrices £A4g(z) et 2Wy(z) sont
K (z)-équivalentes. De plus, la matrice C' := Wy(0) vérifie les conditions du
lemme 3.6.

D’aprés Katz [19, Theorem 9.4], si L est un opérateur rigide alors le module
différentiel défini par L est un sous-module différentiel d’'un module différen-
tiel associé a une équation de Picard-Fuchs. Or les équations de Picard-Fuchs
sont munies d’une structure de Frobenius forte pour presque tout p (voir par
exemple [20, Theorem 22.2.1]). Ainsi, on peut s’attendre & ce qu’un opérateur
rigide soit muni d’une structure de Frobenius forte pour presque tout p. Le
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théoreme 3.8 montre que c’est bien le cas et que, de plus, la période h des
structures de Frobenius fortes peut étre majorée explicitement et indépendam-
ment du nombre premier p. Comme nous 'avons déja mentionné, ce dernier
point est essentiel au vu de la conjecture 1.1 et du théoréme 2.6. Comme nous
I’a indiqué Gilles Christol, il semble que 1'on puisse obtenir I'existence d’une
structure de Frobenius forte pour n’importe quel sous module N d’un mo-
dule différentiel M associé a une équation de Picard-Fuchs. En effet, d’apres le
théoréme 4.2.6 [12], M est semi-simple et donc N est semi-simple et on peut le
décomposer comme somme directe finie de sous-modules simples N;. Rappelons
que d’aprés le Theorem 22.2.1 de [20], M a une structure de Frobenius forte
pour presque tout p. Soit p 'un de ces nombres premiers et h la période de la
structure de Frobenius forte correspondante. En notant ¢ le Frobenius, on a
donc que ¢"(M) et M sont isomorphes. Donc, pour tout m > 1, ¢™"(N;) est
sous module simple de ¢"(M) et on obtient I'existence de deux entiers m et
m’ tels que ¢™"(N;)=¢™"(N;). Autrement dit, N; est muni d’une structure
de Frobenius forte pour p. On en déduit que N est muni d’une structure de
Frobenius forte pour p car 'application ¢ respecte les sommes directes. Malheu-
reusement, cet argument ne permet pas de majorer précisément la période h de
cette structure de Frobenius forte, ni méme de la majorer indépendamment de
p. L’intérét principal du théoreme 3.8 est qu’il permet justement de majorer la
période des structures de Frobenius fortes des opérateurs rigides indépendam-
ment de p. Le théoréme 3.8 a également été obtenu sous une forme légerement
différente, mais essentiellement équivalente, par Crew [11]. Il nous semble néan-
moins utile de présenter la démonstration proposée ici qui est écrite dans un
langage différent et plus élémentaire, notamment exempt de toute considération
cohomologique. Notons qu’un cas particulier du théoréme 1.5 de [17] implique
aussi qu’un opérateur différentiel satisfaisant aux conditions du théoreme 3.8 a
une structure de Frobenius forte pour presque tout p. Mais ce dernier résultat
ne donne pas explicitement de renseignement sur la période des structures de
Frobenius associées et ne permet donc pas d’utiliser le théoréeme 2.6 comme
nous le faisons.

Avant d’énoncer le théoréme 3.8, considérons L défini comme en (2) et sup-
posons que les exposants aux points singuliers réguliers sont des nombres ra-
tionnels. Soit s la valuation de ag(z). Considérons les ensembles suivants : 2
est formé du terme constant du polyndome “(’Z—(f), le coefficient leader de ag(z)
et du discriminant de ag(z), Az est formé des dénominateurs des exposants
a;(z
“08 }1<i<n
commun multiple des dénominateurs des exposants de L en les points singuliers
réguliers. On pose hy = ¢(d), ou ¢ est la fonction indicatrice de Euler, hs la
dimension du corps de décomposition du polyndme ag(z) sur Q, et finalement
h = hyhs.

aux points singuliers réguliers de L et A3 = { . Soit d le plus petit
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THEOREME 3.8. — Soit L € Q|z][d/dz] un opérateur différentiel défini comme
en (2). Supposons que les conditions suivantes sont vérifiées.

1. Les points singuliers de L sont réguliers, c’est-a dire que L est fuchsien.
2. Les exposants auz points singuliers réguliers sont des nombres rationnels.
3. Le groupe de monodromie de L est rigide.

Soit S I'ensemble des nombres premiers tels que ag(z) € Zy[z], tout élément
de A1 et Ao ait une norme p-adique égale a 1 et tout élément de UAs ait une
norme de Gauss inférieure ou égale a 1. Alors pour tout p € S, lopérateur
différentiel a une structure de Frobenius forte de période h.

Dans [11], Crew montre que, sous les hypotheses 1, 2 et 3 du théoréme,
si p est un nombre premier tel que L définit un isocristal surconvergent et
vérifiant certaines autres hypotheses (les conditions C; et C3 dans [11]), alors
L a une structure de Frobenius forte pour p. Sa preuve repose sur des outils de
cohomologie p-adique et le fait que la surconvergence lui permet (Theorem 1 et
Theorem 2 de [11]) de définir la rigidité p-adique en termes de la cohomologie p-
adique. Il montre aussi que la période h obtenue ne dépend pas de p. L’intérét
de notre approche est son aspect plus élémentaire puisqu’elle repose sur les
aspects classiques de la théorie des équation différentielles (a la fois sur C(z)
et p-adique) et que nous donnons une description précise de l’ensemble des
nombres premiers p qui munissent L d’une structure de Frobenius forte.

REMARQUE 3.9. — Comme nous 'avons déja mentionné, si L est muni d’une
structure de Frobenius forte pour p, alors son rayon de convergence au point
générique est égal a 1. Cela implique que L définit un isocristal surconvergent.
Donc, sous les hypothéses du théoreme 3.8, on obtient a posteriori que sip € S,
alors L définit bien un isocristal surconvergent.

4. Démonstration du théoréeme 2.6

Cette partie est consacrée a ’algebricité modulo p des solutions des équa-
tions différentielles possédant une structure de Frobenius forte pour le nombre
premier p. Nous démontrons le théoreme 2.6.

Rappelons tout d’abord que ’ensemble W, est composé des séries de la forme

fz)= Z anz",
nez

dont les coefficients appartiennent & C, et telles que la famille {|ay|}nez est
bornée et tend vers 0 lorsque n tend négativement vers l'infini. L’anneau W,
est complet pour la norme

|f| = sup |a,|.
nez

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



452 D. VARGAS-MONTOYA

Par construction, F, est un sous-corps de W, et on note ¥, les éléments de
E, dont la norme est inférieure ou égale a 1.
Nous commengons par montrer les deux lemmes suivants.

LEMME 4.1. — Soit m l’idéal maximal de Vg, . Il existe un isomorphisme de
corps

¢: Vg, /m— Fp(2).

Démonstration. — Soient ¢, 'anneau des entiers de C,, et 9 son idéal maxi-
mal. Soit = € Jc,, comme x est la limite d’éléments dans la cloture algébrique
de Q,, il existe une extension finie K de Q, et y € K tels que |z — y| < 1.
Ainsi, [y| < 1 et dans Jc, /M, T = 7. Comme le corps résiduel de K est une
extension finie de F,, on a § € F,. On définit

w 19@17 — ?p
par w(z) = g. Notons que w(xz) ne dépend pas de y et est un homomor-

phisme d’annaux. D’aprés le lemme de Hensel, w est surjectif et si x € 9,
alors w(x) = 0. Ainsi,

w:dc,/M—F,

est un isomorphisme tel que w(Z) = T pour tout x € Z,. Soit Yy, Pensemble
des éléments de WV, dont la norme est inférieure ou égale a 1. Comme la norme
est ultramétrique, ¥y, est un anneau et, si J désigne I'ensemble des éléments
de W, dont la norme est strictement inférieure & 1, alors J est un idéal de
Uy, et le quotient de Uy, par J est isomorphe & Fy,((2)). En effet, soit f(z) =
Y onez @nZ" € Vyy,. Alors, pour tout entier n, |a,| < 1 et par définition de
lanneau W, il existe un nombre naturel N tel que, pour tout n < —N, |a,| < 1.
Ainsi, on a

()= ) @z € (e, /M)((2)).

n>—N

Considérons I'application @ : ¥y, /J — F,((2)) définie par

o) = D wl@)"
n>—N
Si f € Zy[[z]], alors &(f) = f. Comme w est un isomorphisme il en est de
méme pour w. Construisons a présent 'isomorphisme ¢. Comme Jg, est un
anneau local et un sous-anneau de vy, , si m désigne I'idéal maximal de Vg, ,
alors m C J. Ainsi, @ peut se restreindre a Vg, /m.

Par construction, si h € Vg, h € (Uc, /M)(2), d’otr hs = t, ou s,t €
(Jc, /M) (2] sont différents du polyndme nul. Nous pouvons donc définir, ¢(h) =
w(t)/o(s) € Fp(z). O
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Le lemme suivant est démonstré dans [2, Proposition 6.2] dans le cas ou
L = C. En utilisant le méme argument, on obtient le lemme suivant.

LEMME 4.2. — Soit K un corps, L une extension de K et f1,..., fn € K|[[2]].

Sl existe des polynomes a1(z),- - ,an(z) € L[z], non tous nuls, tels que
al(z)fl + -+ an(z>fn =0,
alors il existe des polynomes c1(2), - ,cn(z) € K[z], non tous nuls, tels que

ci(2)fi+ -+ enlz) fa = 0.
Nous pouvons maintenant démontrer le théoreme 2.6.

Démonstration du théoréme 2.6. — Fixons un nombre premier p. Supposons
que A est la matrice compagnon de l'opérateur différentiel
dar dn—l
=—+a1(2)——
dzm +a )dZ"*1

ol les a;(z) sont des fractions rationnelles & coefficients dans Q. Comme A a
une structure de Frobenius forte de période h, il existe H € GL,,(E,) telle que

d 3 3

ZH=AH — Hp" =" T A(z"")).

dz

Soit g € W, tel que Lg = 0, alors le vecteur i = (g, ¢, ..., 9" )T est solution

du systéme

(6) L: +~-~+an,1(z)dilz+an(z),

d
—Y = AY.
(7) -

Ainsi, le vecteur g(zph) est solution du systéme
d

aY = pthhflA(zph)Y.

Par conséquent, le vecteur H g’(zph) est solution du systéme (7). Comme E, C

Wy, on trouve que H gj’(zph) est un vecteur a coefficients dans W,, dont le
premier coefficient est une solution de I’équation associéé a ’opérateur (6). Soit
Vi={(g,q,...,9" ") : g € W,,Lg = 0}. Il s’agit d’'un Cp-espace vectoriel.
Nous avons donc construit un endomorphisme

PV =V
g Hij(z"").

Comme dimc,V = r < n, le théoréeme de Cayley-Hamilton assure I'existence
de cp,...,cr—1 € Cp, tels que

(8) Ve " e g = 0.
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Comme par hypotheése f(z) € Zy[[2]] et L est annulée par f(z), alors le
vecteur @ = (f, f',..., f"Y) est dans V. Considérons a présent Z, le E,-
espace vectoriel engendré par les éléments de ensemble { f(j)(zpih) :j €
{0,...,n—1},7 € N}. L'égalité (8) montre que Z a pour dimension au plus nr.
Comme f(2),.. .,f(zpmh) € Z, il existe j < nr et by,...,b; € E, tels que

bif (7" ) + b1 fPTT) b f(2) = 0.

Soit b; tel que |b;| = max{|by(2)|,...,|b;j(2)|} et soit ¢;(z) = b;i(2)/bi(z). Alors,
pour tout ¢ € {0,...,5}, |¢;] <1 et

Yh

Jjh (G—1)h
cif(Z" ) + i1 f(2P )

On pose d;(z) = ¢;(2), alors on a

+oo 4 oof(z) = 0.

jh j—1)h

9 @) +dia () o dol(2) fip(2) = 0,

et do(2),...,d;(z) ne sont toutes nulles car 1 = max |co(2)],...,|c;j(2)]. Soient
@ homomorphisme construit dans le lemme 4.1 et ¢;(z) = @(d;(2)). Puisque
w est un isomorphisme alors ty(2),...,t;(z) ne sont pas toutes nulles. Comme

O(fip) = fip car f € Zy,)[[2]], alors (9) implique que
() () + 11 (2 (i) 4+ o) fip(2) = 0.

Finalement, le lemme 4.2 assure lexistence des polynoémes 7o(z),...,7;(z) €
F, (%), non tous nuls, tels que

i (2 ()P ) + -1 () (Fip (7)) 4 - ro(2) fip(2) = 0.

Comme les coefficients de f},(z) sont dans [, la derniere expression devient

i (2) (i ()" A+ i1 (2) (fip(2)P

Et puisque j < nr < n?, nous obtenons que le degré de fip sur Fy,(2) est majoré

2 . 7z
par p™ ", comme souhaité. O

(G-1)h

p(jfl)h

ji—1)h

+ o+ 10(2) flp(2) = 0.

REMARQUE 4.3. — La démonstration montre plus précisément que le degré
d’algébricité de f,(z) est borné par p"™". ol r désigne la dimension du Cp-
espace vectoriel V.

5. Démonstration du théoréeme 3.8

Nous rappelons que Frob : C, — C, est 'automorphisme de Frobenius
de C, choisi dans la remarque 2.1. A présent, nous présentons les différentes
étapes de la démonstration du théoreme 3.8. Celles-ci seront démontrées dans
la partie 5.3.
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Premier pas. — Le premier pas est consacré au calcul des groupes de mo-
nodromie locale de L & conjugaison prés. Plus précisément, soit A la matrice
compagnon de L et soient 73 = 0,...,7, = oo les points singuliers réguliers
de L. Pour tout j € {1,...,7}, soit M(A,~;) la matrice de monodromie locale
de A en v;. A Taide du lemme 3.6 nous allons montrer qu’elle est conjuguée a
une matrice de la forme exp(27iC;), ou C; € M, (C) satisfait aux conditions
suivantes :

(a) Si A, S sont deux valeurs propres différentes de C;, alors A — 3 ¢ Z.
(b) L’ensemble des exposants de L en +; et 'ensemble des valeurs propres
de C; sont égaux modulo Z.

Deuziéme pas. — Nous montrerons que pour p € S et tout j € {1,...,r},
les matrices exp(2miC}) et exp(2mip"C;) sont conjuguées. Nous rappelons que
I’ensemble de nombres premiers S et lentier h sont définis comme dans le
théoréeme 3.8.

Troisiéme pas. — Nous montrerons que pour tout p € S, la matrice B =
pha?" _1A(zph) est E,-équivalente a lamatrice A. Lamatrice B est dans M, (E,).
La démonstration de ce troisiéme pas se décompose selon les 3 étapes suivantes :

(i) Soit m entier strictement positif tel que —m n’est pas une singularité
de L. Nous montrerons que B est Ej,-équivalente a

Yr—1+ M 1
r—1— — __4L'ry

G+m)(z—71) c+m

Y1+m
G=—"——— _F +
Grm)z—m)

ou F; € M, (C,) pour j € {1,...,7}.

Dans la démonstration de (ii) nous utiliserons un isomorphisme de
corps £ : C, — C. L’isomorphisme x s’étend naturellement en un
isomorphisme de corps entre C,(z) et C(z), que nous notons encore
k: Cp(z) = C(z). La matrice M* € M, (C(z)) désigne la matrice que
I'on obtient en appliquant x a chaque entrée de M € M,,(C,(z)).

(ii) Nous montrerons d’une part que la matrice de monodromie locale de
G" en £(v;j), M(G®, k(v;)), est conjuguée a la matrice exp(2wip"Cy).
D’autre part, nous prouvons que la matrice de monodromie locale en
—m est I'identité.

D’apres le deuxiéme pas, les matrices exp(2miC;) et exp(2mip"C;)
sont conjuguées. Ainsi, il découle du premier pas que pour j € {1,...,7},
les matrices M (A, ;) et M(G", k(y;)) sont conjuguées.

(iii) Comme la monodromie de %y = Ay est rigide, les conjugaisons des ma-
trices M (A, ;) et M(G*, k(7y,)) entrainent qu’il existe U € GL,,(C) telle
que M(A,~;) = UM(G*, k(v;))U ™! pour 1 < j < r. Il suit donc que les
groupes de monodromie des systemes Ay = d%y et Gy = %y sont iso-
morphes. D’apres la correspondance de Riemann Hilbert, théoreme 6.15
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de [21], on obtient qu'il existe Hy € GL,,(C(z)) telle que

iHl = AH,; — H;G".
dz

On pose H = HY ' ainsi H € GL,(Cp(2)) C GLy(E,) et

Ty 4 HG
dz

N

Remarquons que A" = A car A est une matrice & coefficients dans
Q(z). Par conséquent, A et G sont Ep-équivalentes. Or, d’apres (i), on
sait que G est Ep-équivalente & B. Par transitivité on conclut que A et
B sont E,-équivalentes.

5.1. Disque non singulier et singulier régulier. — Dans cette partie nous énon-
¢ons et démontrons le théoreme 5.1 ci-dessous. Ce résultat nous permettra
dans la démonstration du théoreme 3.8 de passer de la théorie des équations
différentielles p-adiques a la théorie des équations différentielles classiques.

Pour tout v € C,, nous désignons par D, le disque ouvert de centre 7y et de
rayon 1 et par D, I’ensemble des éléments de C,, dont la norme est strictement
supérieure a 1 et 0o € Dy. Nous notons ¢, I'ensemble des éléments de C,
dont la norme est inférieure ou égale a 1 et si o,y € ¢, alors Dy = D, si, et
seulement si oo — | < 1. Et, Do N D, = 0 si, et seulement si |o — | = 1. Nous
notons E(D.) le complété pour la norme de Gauss des fractions rationnelles
qui n’ont pas de pole dans la boule D,.

Pour énoncer le théoreme 5.1 nous aurons besoin de rappeler quelques no-
tions de la théorie des équations différentielles p-adiques. Pour cela nous repre-
nons l'exposition de [7].

Soient A € M, (E,) et v € Yc,. Nous dirons que la matrice A est non
singuliére dans le disque D.,, respectivement a l'infini, s’il existe une matrice
A, respectivement Ao, E,-équivalente & A et qui appartient & M, (E(D5)),
respectivement & 22M,,(E(Dx)). Nous dirons que la matrice A est singuliére
réguliére dans le disque D, respectivement a I'infini, s’il existe un point 5 de D,
et une matrice A, respectivement A, Ep-équivalente a A tels que (z — 3)A,
appartient & M, (E(D~)), respectivement zA., appartient & M,,(E(D)).

THEOREME 5.1. — Soient B € My, (Ep) et S = {v1,...,m-1} C V¢, tel que
pour tout i # j, |vi—v;jlp = 1. Supposons que pour tout vy € SU{oo}, la matrice
B est singuliére réguliére dans le disque D., et que pour tout v ¢ S U {oo} la
matrice B est non singuliére dans le disque D.. Soit m un entier strictement
positif tel que —m ¢ S. Pour tout v € S, soient 8, un point de D, et B une
matrice E,-équivalente d B tels que (z — 5y) B, appartient ¢ M, (E(D,)). Soit
By une matrice E,-équivalente ¢ B, telle que zBo appartient ¢ M,,(E(D)).
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Alors B est Ey,-équivalente a une matrice G de la forme

By +m By +M 1
Gy +--- Gy — ——G,,
Crme—"Fy T T Erme =5, ) am

ou, pour j € {1,...,r—1}, G; est une matrice a coefficients dans C, semblable

d [(z — By)By](By), Gy est une matrice & coefficients dans C, semblable d
[—2Bxc](00) et - ey G €st une matrice diagonale d coefficients dans Z.

(10) G =

Le théoreme 5.1 est démontré dans [7, théoréme 4.2] dans le cas ou le disque
D4 est non singulier.

Démonstration. — Considérons la matrice

1 1-—
V:—QB( zm>’
z z

obtenue en appliquant le changement de variables z — 1‘% au systéme By =

d—dzy. Le disque D, est non singulier pour la matrice V' car le disque D_,, est
non singulier pour la matrice B. Ainsi nous ramenons toutes les singularités
a distance finie. Posons pour j € {1,...,r — 1}, 7; = 1/(B,, + m) et 7. = 0.
Notons que pour j € {1,...,7 — 1}, |3y, +m|, = 1 car D_,, est un disque
non singulier pour la matrice B. Considérons I’ensemble S' = {ry,...,7-_1,0}.
Nous allons appliquer le théoréme 4.2 de [7] & la matrice V et & I’ensemble S’.
Nous allons donc montrer que V et S’ satisfont aux hypothéses du théoréme
4.2 de [7]. D’apres le changement de variables choisi, il nous reste a vérifier
que :
1. |7 — 75| =1 pour i # j;
2. Soit n tel que |n| < 1let |r;—n|=1pourie {1,...,r}. Alors V est non
singuliere dans le disque D, ;
3. Les disques singuliers réguliers de V' sont exactement les disques D,
1<j5<r—1,et Dy.
Preuve du point 1. On a

1 1 ﬂ”/j _5%‘

Byitm By, +m o (By, +m)(By; + m)
Par hypothese |y; —7;| = 1 alors |3,, —3,,| = 1 et on a déja vu que |(5,, +m)| =
1pourje{l,...,r—1}, dou |[(By, + m)(y; +m)| = 1. Ainsi |7, — 75| = 1.
Preuwve du point 2. Comme |1; —n| = 1 pour tout ¢ € {1,...,7}, alors on a
[n| =1 car 7. = 0. Supposons que V est singuliére dans le disque D, alors la
matrice B est singuliére dans le disque Di-ym . Donc, il existe ¢ € {1,...,r—1}
n

1N
/8'”_( nﬁm>
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1—,m

et comme [v; = il suit que

(=) =)

Ainsi, on a 7 = 7;. Autrement dit |7; — 1| < 1, ce qui est une contradiction.
Preuve du point 3. Par hypothése pour chaque j € {1,...,r — 1}, la matrice

B est Ej-équivalentes & B, ou (z — f3,,)B,, appartient & M,,(E(D»,)). Ainsi,

B, = ——H,,, ou H,, appartient & M, (E(D,,)). Montrons que V est E,-

zfﬁw j
1 1 1—2zm
7/ S— S N L
e (57

équivalente a
En effet, on sait qu’il existe G; € GL,(E},) telle que

%Gj — BG,; — G,B,,.

On pose Tj := G (172‘””) € GL,(E,), donc en appliquant la dérivée d’une
composition on obtient que

o () (22) - (22, (2] (2)
-vn-ne ()2 (5)

Mais B,,, = iHv entraine que B, ( sz =1 z(m+ﬁ.y )H%. (1_2’””), d’ou
(;—21) B, (1*;’") = Vj et ainsi

d

$Tj =VT; - 1T;V;.

Donc V' et V; sont E,-équivalentes.
Comme m + 3, = 1/7; pour 1 < i < j — 1, il vient que

1 T 1—2zm
(12) V=1 Do, ().

zZ Tj—z z

Enfin, comme B est E,-équivalente & Bog, olt Bog = T Hy, avec Hy dans
Mn(E(D )) alors V est E -équivalente a

(13) Voo i= % - _1zmHoo ((1 sz>) .

Pour finir, montrons que, pour tout j € {1,...,r — 1}, la matrice (z — 7;)V}
est non singuliere dans le disque D.,. En effet, d’apres (12), (z — 7;)V; =

ZH,, (:=22). Soit y € Dy,, alors 1‘% € D,, et par conséquent, la matrice

i, (1=

) n’a pas de pole en y car H,, appartient a M(E(D,,)). Donc la
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matrice (z — 7;)Vj est non singuliére dans le disque D,,. De maniére similaire,
on montre que la matrice 2V, est non singuliere dans le disque Dy.

Par conséquent, le théoréme 4.2 de [7] montre que V' est E,-équivalente & la
matrice

(14) F=
i=1

1

Z—Tj

Gy,

ol, pour tout j € {1,...,r — 1}, G; est une matrice carrée a coefficients dans
C,, semblable & [(z — 7;)V;)](7j), G, est semblable a (2V,)(0) et >_'_, G; est
une matrice diagonale & coefficients dans Z. De (12) et (13) il suit que

(15) [(z = m)Vil(5) = Hy; (75) et (2Vio)(0) = —Hoo (00).
En particulier, le théoreme 4.2 de [7] montre qu’il existe ' € GL,,(E,) telle que

iT VT —TF.
dz

EnposantngT(erm) on a Hy € GL,(E,) et

(16)

%HQ: {V (z—:m)T<z—:m) T<Z4}m)F(Z‘im)] ((2;;)2)
= [ rmrm - (0] ()

= BH, — H; - <(2;;)2F<zjm>)'

Ainsi, B est Ep-équivalente 8 G := —

mF(Hm) Comme 7; = 1/(8,, +m),

légalité (14) donne que
B'Yr—l +m 1

By +m -
S ErmG A T T T e mG B T T m e

Finalement, d’apres (15), G est semblable & H. (v;) mais, H,, (v;) = [(z —
B+;)B+,1(B,,) donc, G est semblable & [(z — f,,)B,,](85,)- Encore par (15),

r
la matrice G, est semblable & —Ho(00), mais He(00) = [2Boo](00) alors
—H o (00) est est semblable [zBy](00). O

REMARQUE 5.2. — 1l suit de la démonstration du théoréeme 4.2 de [7] que,
I'infini est une singularité réguliere apparente de F'. Alors, —m est une singu-
larité réguliere apparente de G et par conséquente, G a une base de solutions
a coefficients dans C,((z + m)).
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5.2. Lemmes préparatoires. — Afin de démontrer les trois pas précédents,
nous aurons besoin des lemmes préparatoires suivants.

Le premier lemme est un résultat qui semble classique mais nous utiliserons
les idées de la preuve dans la démonstration du théoréme 3.8. On pose

dr dn—l d
(17) L= w + al(z)W + -+ an,l(z)a + an(z) € Q(z)[d/dzL
LEMME 5.3. — Considérons opérateur différentiel (17) et soit A la matrice

compagnon associée a L. Siy € QU {oo} est un point singulier régulier de L,

alors il existe Ay, € M, (Q(2)) telle que :
1. Les matrices A et ﬁA'y sont Q(v)(z)-équivalentes. Et si vy est Uinfini

alors A et = A sont Q(z)-équivalentes.
2. A, n’a pas de pole en vy ;
3. Les valeurs propres de A (y) sont les exposants de I’équation en 7.

REMARQUE 5.4. — Ce lemme est encore valide quand L € C(z)[d/dz], mais
dans ce cas nous pouvons seulement affirmer que A et zi'yA’Y sont C(z)-
équivalentes et il en va de méme pour I'infini. En particulier si L est fuchsien

alors le systeme différentiel d%y = Ay est fuchsien.

Démonstration. — Notons que 2" dd;n =0(6—1)--(6+n—1), 000 = 2L
Ainsi, il existe aq;,...,a;; € Z tels que %j =25+ + L4, Soit

1 0 0 0o ... 0 0

0o 1 0 0 0 0

1 1
Go=(0-% = 0 ... 0 0 | e GL.(Z[1/2])

0 izt Z2pot Shaot || Ze2mel L

la matrice exprimant {1,..., %} en fonction de {1,4,...,5" 1}

Soit v un point singulier régulier de L. Nous commencons par considérer un
nouvel opérateur

dn n—1 d
Ly= -2 ta(z+9) g+ an-a(z +9) -y +anlz +7)
que 'on écrit sous la forme
(18) "+ q(2)0" 4 g1 (2)0 + gu(2),

oud = z% et

(19) (Gn(2), ..., q1(2),1) = (an(z +7),. .. a1(z +7),1)2"Gpy1.

On rappelle que les exposants de (17) en ~ sont les zéros du polynéme
A"+ g (0N - 4 gu-1(0)A + ¢a (0),

ol ¢n(2),...,q1(z) sont définis dans (19).
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Notons que ¢;(z) € Q(v)(z) pour 1 <i < n. Soit

0 1 0 0

B. = . : . . .

! 0 0 ... 0 1
7Qn(z) 7Qn—1(z) o *Q2(Z) *ih(Z)

D’apres le théoreme de Fuchs, B, n’a pas de pdle en zéro. Montrons que les
valeurs propres de B,(0) sont les exposants en «y. En effet, le polynéme carac-
téristique de B (0) est (—1)"(A\" + q1 (0)A" ™t + -+ + g—1 A + ¢, (0)). Posons

(20) Ay = By(z = 7) € Mn(Q(7)(2))-

Alors, Ay n’a pas de pole en 7 et les valeurs propres de A, (7y) sont les exposants
en 7. Ainsi, elle appartient & M,,(Q{z —~}). Donc A, satisfait aux points 2 et
3 du lemme 5.3. Montrons qu’elle satisfait aussi le point 1.

Soit C la matrice compagnon associée a ’équation L.. Montrons que

d
dz
Soit f une solution quelconque de L.. On pose (df) = (f, f',..., f= D)t
et (61) = (f,6f,....60" D). Alors, 4(df) = C,(df) et 6(5f) = By (8f).

D’apres la construction de la matrice G, nous avons que (df) = G,(df). En
appliquant d/dz a cette derniére égalité, on a que

Cr(f) = (-6 ) 01+ G (61) = (6 ) (0 + G Z0(81).

Mais (df) = G, (6f) et §(8f) = By(df). Donc,

C.(31) = (-G ) (61) + G B 31).

1
G, =CyG, —Gn=B,.
z

Finalement, comme f est une solution quelconque de L, et que l'espace des
solutions de L., est de dimension n sur C, on obtient que

d
dz
Notons que A = C,(z — ), alors en posant H, := Gy(z —7) € GL,(Q(7)(2)),
il vient

1
CyG = G+ Gu B,

d 1
@Hry - AH’Y - H’Y;AV'
Pour 'infini, considérons ’équation différentielle
d" ar—t d
21 — b - ety il b =0,
(21) ¥ T oy e+ baa(2) g+ ba(2)y =0
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ot (bn(2), ..+, 01(2),1) = (an(1/2),...,a1(1/2),1) LW, et

10 00...0 O
0-2200...0 0
W, = 022 240...0 0
0 * % %...%(=2%)"
qui est la matrice qui exprime le vecteur (1,D,...,D") en fonction de
(1,%,...%;) ouD——zzddZ

Comme l'infini est singulier régulier, alors zéro est un point singulier régulier
de (21) et par définition les exposants & I'infini de (17) sont les exposants en
zéro de (21). Notons A la matrice compagnon de (21). Il existe une matrice Ag
qui n’a pas de pole en zéro, les valeurs propres de /ng(()) sont les exposant en
zéro de (21) et %/ng et A sont Q(z)-6quivalentes. Alors il existe Hy € GL, (Q(z))
telle que

d ~

7H0 = 7A0H0 — H()A
dz

Ainsi, si G = Hy(1/2) € Q(z) on a

ﬁfo—Ao(l/z)G G- <21 (1/2)>-

Soit f un solution de L et soit g = f(1/z), on pose (df) = (f, f’,.. .,f(” D)t
(dg) = (9,4, ...,g" )t A laide des égalités df = (W, dg)(1/z), 2 —(df)
Adf et d%(dg) = Zldg, on obtient que

d 1 ~

—W, = —(=AQ1 n — WhA.

LW = (S AO )W~ W
Posons T, = W,,(1/2) € GL,(Q(z)), il vient donc

d%Tf” = A(2)To — Toe Cjﬁ(l/Z)) :

Maintenant, en posant Ho, = GT2' € GL,(Q(2)), il vient
d
—Hy = —fA 1/2)Hoo — Hy o A.
2 o(1/2)

Par conséquent, les matrices A et —%Ao(l /z) sont Q(z)-équivalentes. On pose

Ao = /To(l /z), ainsi la matrice Ao, satisfait aux conditions demandées. O

Notons que pour tout nombre premier p, v appartient a la cléture algé-
brique de @Qp, car il annule un polynéme & coefficients dans Q C Q,. La dé-
monstration précédente montre que A, H, € GL,(Q(7)(2)) et As,Hsx €
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GL,(Q)(2), notamment A,, H, € GL,(E,) et ainsi les matrices A, ﬁAv
sont Ej,-équivalentes. On obtient le corollaire suivant.

COROLLAIRE 5.5. — Soient L € Q(2)[d/dz], A, A, € M,(Q(z)), vy € Q €
{0} comme dans le lemme 5.3.

1. Soit p un nombre premier tel que le disque D, C C, ne contient pas
d’autres points singulier de L. Alors le disque D~ est non singulier pour
A,.

2. Soit p un nombre premier tel que tous les points singuliers de L a dis-
tance finie ont norme p-adique égale a 1. Supposons que l'infini est un
point singulier régulier de L. Alors le disque Do, est non singulier pour
la matrice As.

3. Soit p un nombre premier tel que | Al|, <1 et |y|, =1, alors ||A,|[p, <1

et ||zi’yA’Y||g’p < L.

Pour A = (a;j) € Mn(Ep), |Allgp = Max(laijlg,p)-

Démonstration. — Avec les notations de la preuve du lemme 5.3, I"équation
(20) donne que

0 1 0 0

A = : : : : :

K 0 0 0 1
—n(z2 =) —Gn-1(z—=7) ... —q@2(z =) —q1(z — )

et de (19) on a que

(22) (gn(z =), s q1(z =), 1) = (an(2),...,a1(2),1)(2 = 7)"Grt1(z — 7).

Notons que (z — ¥)"Gny1(z — ) € GL,(Z[z — 7).

1. Cela revient & montrer que A, € M, (E(D)), c’est-a-dire que A, n’a
pas de pole en D.,. En effet, soit @ € Q une singularité de A.,. D’apres
le lemme 5.3, on a « #  car A, n’a pas de pole en «y. L’équation (22)
donne que « est une singularité de A et d’apres 'hypothese, o ¢ D.,,
ainsi A, € M,,(D,).

2. Rappelons que Ao, = Ag(1/z). Notons que les singularités de (21) sont
0 et 1/, avec «y une singularité de L. De 'hypothese, |1/7|, = 1, ainsi
Dy ne contient pas d’autre point singulier de (21). Alors, du point 1 du
corollaire, Ag est non singulier dans le disque Dy et ainsi A, est non
singulier dans le disque D.
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3. Dapres Phypothese, |[[(an(2), ..., a1(2), Dllgp < L, I(z = 7)llgp = 1 et
notons que

1 0 0 0 0 0
0 ziy 0 0 0 0
1 1
Gpi1(z—7) = 0 CEN? ()2 0 0 0
(') ain asm  A3m  Gmeim 1
=" G G- T =)t o)t
Comme les a;; sont entiers, on a ||Gpi1(2—7)|g,p < 1 et 'équation (22)

donne

Gg.p <1

1
Z—

Ainsi, ||A4|lg,p < 1. Finalement, comme ||
1 1
z—ry z—"

~llg,p =1, alors

A

= ||A7H9,p <L U
G,p G,p

Nous aurons besoin du lemme suivant pour la démonstration du deuxieme
pas du théoréme 3.8.

Y

LEMME 5.6. — Soient ag(z) € Q[z], K le corps de décomposition de ag(2)
sur Q, hy la dimension de K comme Q-espace vectoriel et s la valuation de
aop(z). Considérons l’ensemble S’ des nombres premiers tels que le coefficient
dominant de ag(z) et le terme constant du polynéome ag(z)/z° aient une norme
p-adique égale a 1 et que ag(z) € Zy [z]. Alors pour tout p € S', tout entier
m > 1 et toute racine v de ag(z), on a

™ =y < = < Iy
p P pip-

REMARQUE 5.7. — Notons que ’ensemble P \ &’ est fini.

Démonstration. — Si v = 0 il n’a rien a prouver. Supposons donc que v #
0. Soit p € &', alors ag(z) € Zy[z] car Zy,) C Z,. Soient K, le corps de
décomposition de ag(z) sur Q, et hz la dimension de K, comme Qp-espace
vectoriel. Il suit du théoréme 6.1 de [14, Chap. I] que les racines non nulles
de ap(z) ont une norme égale a 1. Soit P(z) = ag(z)/2°. Notons que Py(z) €
Zp)[2]. Comme |P(0)|, = 1 et toutes les racines de P(z) ont norme égale a 1
alors P(z) est irréductible sur Q,. Soit P(2) le polyndme qui est obtenu apres
avoir réduit les coefficients de P(z) modulo I'idéal maximal de Z,). Comme
P(z) est irréductible sur Q, et P(z) est & coefficients dans Z,) alors le lemme
de Hensel nous assure que P(z) est irréductible sur F,. Soient L = Q,(v)
et k = Fp(¥). Comme P(y) = 0 et P(z) est irréductible sur Q, alors [L :
Qp] = deg(P(z)). De méme, comme P() = 0 et P(z) est irréductible sur F,
alors [k : F,] = deg(P(z)). Mais, deg(P(z)) = deg(P(z)) et ainsi, [L : Q,] =
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deg(P(z))

deg(P(z)) = [k : Fp]. Alors, d’apres le petit théoréme de Fermat, =r
mod p. Puisque L est un sous corps de K, alors deg(P(z)) divise hg et ainsi,
'yphg =~ mod p. Donc, pour tout entier n > 1, 71’"’13 = v mod p. Finalement,
comme K est une extension galoisienne de QQ, on obtient que ho = hsr, ou r est
un entier strictement positif. Ainsi, pour tout entier m > 1, 'ypmhz =7 mod p.
Finalement, on obtient que pour tout entier m > 1,

mh 1
|7p ’ _'7|p < ; < ‘Wpl' U

L’importance du troisiéme pas repose sur le fait que nous allons passer de
la théorie des équations différentielles p-adiques a la théorie des équations dif-
férentielles classiques, et pour cela nous utiliserons le théoréme 5.1. Dans un
premier temps, nous étudions les disques singuliers réguliers de B. D’apres
le lemme 5.3, on obtient que B est E,-équivalente a %Aw (zP). De plus,
d’apres le choix de p, le corollaire 5.5 nous garantit que la matrice A, (2P) est
non singuliere dans le disque D.;. Ainsi, la matrice (z — yj)(ﬂ)Aj (2P) a
comme singularités les racines p-iéme de 7; qui sont dans D.,,. Pour surmonter
cette difficulté, nous considererons la transformation z — (z 4 ;)P — ;.

Dans I’étude de cette transformation nous devons reprendre la construction
de Frob.» faite dans la partie 2. De maniere plus générale, pour w € E, vérifiant

(23) w— 22" < 1

pour un certain h, nous construisons Frob, : E, — E, comme suit. Nous
définissons Frob,, : C,(z) — E, donné par

Frob, > aiZi, _ Zj Frob(ai)wi. ’
> bz > Frob(b;)wi

ou (3, aizi)/(zj bjz7) € Cp(z). Remarquons que > Frob(bj)w! # 0 car
d’apres (23), w est transcendent. Le Frobenius Frob, est continu car c’est
une isométrie (voir le lemme 5.9), il s’étend donc au corps des éléments ana-
lytiques F,, noté encore Frob, : E, — E,. De plus, c’est & nouveau une
isométrie. Soit A une matrice de taille n a coefficients E,, on considere la ma-
trice F,(A) := 4L (w)AF"% ou AFToP est la matrice obtenue en appliquant
Frob,, a chaque entrée de A.

De la proposition 4.1.2 de [8] on sait que si A € M,,(E,) a norme inférieure
ou égale a 1 alors le systeme Ay = %y a une basse de solution dans 'anneau
des séries & coefficients dans E, qui convergent pour |z| < |m,|, donc en analogie
avec la proposition 4.7.3 de [8], nous obtenons la proposition suivante.

PROPOSITION 5.8. — Soit w € E, tel que |w — 2| < |mp| et A € M, (Ep) de
norme inférieure ou égale a 1. Alors F,(A) et F_,n(A) sont E,-équivalentes.
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Nous allons utiliser la proposition 5.8 dans 1'étape (i) du troisiéme pas afin

L A,,), avec w = (z+’yj)ph —Yjs

de montrer que B est Ej,-équivalente a Fw(ﬁ

ol Frob(yg) = ;.

Un des points importants de la démonstration de la proposition 4.7.3 de
[8] est que F' rob_,n est une isométrie. Pour appliquer la proposition 5.8 nous
devons montrer que Frob,, est une isométrie. Nous démontrons cela dans le
lemme suivant.

LEMME 5.9. — Soit h un entier strictement positif et w € E, tels que |w —

z”h| < 1. Alors, il existe un endomorphisme isométrique, Frob, : E, — E, tel
que Frob,(z) = w. De plus, pour tout e dans E,, on a

d d d
a(Frobw(e)) = E(W)Frobw (dze> .
Démonstration. — Soit Frob : C, — C, 'automorphisme de Frobenius choisi
dans la remarque 2.1. Ona @ = 2*" et |w| = 1. Définissons F'rob,, : Cp(z) — E,
de la maniére suivante. Etant donnés P(z) = 31" a;2% et Q(z) = doitabil €
C,lz], on pose

P S Frob(a;)w'
Frob, | = | = &&° -
"o (Q> >t Frob(bj)w?

Notons que Y 7" F rob(bj)w # 0 car w est transcendant sur K. Montrons

que F'rob,, est une isométrie. Soient [ € {0,...,n} et k € {0,...,m} tels que

las| = |P| et |bx] = |Q|. Alors P = q; Py et Q = brQq avec Py = > ¢;2" ou

ci=45, Q1 =737 d;jz’ et dj = ;2. On pose R = %.
Ainsi, on a |P1|=1=|Q1], |R| =1 et

imh inh—1 p
— § WAl 4 E 2D p
(24) FT’Obw(R) = % = L}H = R(thil) .
> jdjz”’ > jdszP

On obtient que
[Erobs(R) = (R(="")) < 1,
et comme |R(zP"~1)| = 1, alors |Frob,(R)| =1 et |Frob,(P/Q)| = |P/Q|.

Donc Frob, : C,(z) — E, est continue et isométrique. Elle peut se prolon-
ger de maniere unique au corps £, en un endomorphisme isométrique. De la
contruction de Frob, et de la dérivation de la composée, il suit que pour toute
fraction rationnelle P/Q € C,(z), on a

d d d
- (Fron(P/Q) = @ Frob, (L(P/Q)).

z
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Comme Frob, et d% sont continues, on obtient que, pour tout e € E,, on a

d d d

a(Frobw(e)) = E(w)Frobw (dze> . O
5.3. Démonstration des pas. — Nous sommes maintenant préts & démontrer le
théoreme 3.8.
Démonstration du premier pas. — Soient y3 = 0,...,9._1,7 = 00 les points

singuliers de L et A sa matrice compagnon. D’apres le lemme 5.3, on a que 7;
est un point singulier régulier du systeme %y = Ay. Ainsi, d’apres le lemme
3.6, il existe C; € M,,(C) telle que M (A, ;) est conjuguée a exp(2miC}), ot si
A, B sont deux valeurs propres différentes de C; alors A — 3 ¢ Z et si o est un
exposant de d%y = Ay en y; alors il existe un entier m € Z tel que a + m est
une valeur propre de C. Mais, toujours d’apres le lemme 5.3, les exposants de
d%y = Ay en vy; sont les exposants de L en ;. Ainsi, C; satisfait aux conditions
(a) et (b) du premier pas. O

REMARQUE 5.10. — D’apres le lemme 5.3, nous pouvons réécrire le point (b)
comme suit : 'ensemble des valeurs propres de A;(v;) et I'ensemble des valeurs
propres de C; sont égaux modulo Z.

Soit A 'ensemble des nombres algébriques formé par les points va, ..., Vr—1,
les différences v; — v, © # j, et les dénominateurs des exposants des points
Y1yeeoy Ve S1p € S, alors les éléments de 2 ont tous une norme p-adique égale
a 1. En effet, comme p € S et 7ya,...,7,—1 sont les racines non nulles de ag(z)
alors, d’apreés le théoréme 6.1 de [14, Chap. I], leurs normes p-adique sont égales
a 1. Le discriminant de ag(z) est donnée par H#j(% —7;)%. Sipe S, ona
donc que [, .;(vi — vj)?|, = 1. De plus, comme la norme est ultramétrique,
on obtient que |y; —7;|p < 1 pour i # j. On en déduit donc que |y; — |, =1
pour i # j. Rappelons enfin que si p € S, alors [|Al|g, < 1.

Désignons par a1 j,. .., 0, ; les exposants de L en 7;. Notons d le plus petit
commun multiple des dénominateurs des o;; pour 1 <i <netl <j <.
Rappelons que h; = ¢(d). On sait que si p € S, on a |d|, = 1. Donc, p et d sont
premiers entre eux et p™* =1 mod d. Ainsi, pour tout p € S, on obtient que

pM =1 mod d.
Finalement, pour tout ¢ € {1,...,n} et tout j € {1,...,r}, il vient
phlai,j = Q4 mod Z.
D’apres le lemme 5.6, on a
ph.
(25) v = ile <lIml,
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pour tout p € S et tout j € {1,...,7 — 1}. Comme h = hyhg, on obtient que
(26) pham‘ =q;; modZ,
pour tout ¢ € {1,...,n}, tout j € {1,...,r} et tout p € S.

Démonstration du deuziéme pas. — Soit p € S et montrons que les matrices
exp(27miC;) et exp(2mip"C;) sont conjuguées. Soit M la forme de Jordan de C},
alors C; = UMU™!, ot U € GL,(C). Soient Ay j,..., A,  les valeurs propres
de C}. Soit Jy, , un bloc de Jordan de M qui correspond a la valeur propre A; ;.
A1n51 I, = )\ i, —|—N>\1 4ol InA ~est la matrice identité de taille ny, ; et
Ny, ; est une matrlce carrée nllpotente de taille ny, ;. D’apres le premier pas7
Aij = a+m, ol « est un exposant de L en v; et m un entier. Ainsi,

(27) exp(2miJy, ;) = exp(2mia) exp(2miNy, ).

Les valeurs propres de p"C; sont p" A1 , ..., p" A, ;. Puisquep"C; =U (p"M)U 1,
alors p" M est constituée des blocs de Jordan de M multipliés par p". Ainsi, la
matrice p”J), , =D h(, jIm + Ny, ;) est un bloc de la matrice p" M. Mon-

trons que p\; 4 =a mod Z. Comme on 'a déja dit )\Z 4 = a+m, ol «aest un
exposant de L en v; et m un entier. Alors p"\; ; = p"a+p"m et il suit de (26)
que p"a = a+m/, ott m’ est un entier. Donc, p"\; ; = a +m’ + p"m. Comme
m’ + p'm est un entier, on a ph)\i,j = a mod Z. Par conséquent, on obtient
que

(28) exp(p"2miJy, ;) = exp(2mip"\; ;) exp(2mip" Ny,)
= exp(2mia) exp(2miNy, ;).

D’aprés (27) et (28), on a exp(2miJy, ;) = exp(p"2miJy, ). 1l suit donc que
les matrices exp(27miM) et exp(2wp" M) sont conjuguées. Finalement, comme
exp(2miC;) = Uexp(2miM)U 1 et exp(2mip"C;) = Uexp(2mip"M)U1, les
matrices exp(2miC;) et exp(2mip"C;) sont conjuguées. O

Démonstration du troisiéme pas. — Soit p € S et soit B = pthhflA(zph).
Nous allons montrer que A et B sont E,-équivalentes. Dans cette partie, nous
verrons B comme une matrice a coefficients dans E,. Pour chaque point singu-
lier vy = 0,...,%—1,7% = oo de L, nous notons A; la matrice construite dans
le lemme 5.3 et correspondant au point ;.

Démonstration du point (i). Nous allons appliquer le théoréme 5.1. Pour cela
nous commencgons par montrer que les seuls disques singuliers réguliers de B
sont D, ,..., D, ,,Dy. Par construction de I’ensemble 2, on a |y; — x|, = 1
pour j # k. Donc 7 # 7y pour j # k et D,, N D,, = () pour j # k. Montrons
dans un premier temps que si le disque D,, de centre « et de rayon 1 est singulier
alors il existe j € {1,...,r — 1} tel que D, = D,;. Comme D,, est un disque

singulier de B, il existe t € D,, tel que t est une singularité de B, alors 2" est
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une singularité de A et il existe ¢ € {1,...,r — 1} tel que " = v;. D’apres
linégalité (25), on a 7; = W”h. Ainsi, on obtient que

fph _ %ph.
Il suit que ¢ = 7;. Ainsi |t — ;| < 1 et comme la norme est ultramétrique, on
obtient que

la—y|=la—t+t—7y| <1

et Do = D,,.

Montrons dans un deuxiéme temps que, pour chaque j € {1,...,r — 1}, il
existe une matrice B; a coefficients dans E,, telle que (z—7;)B; est a coefficients
dans E(D,,;) et B est E,-équivalente a B;. Cela impliquera que la matrice B
est singulicre réguliere dans les disques D, ;. D’apres la remarque qui suit la
preuve du lemme 5.3, il existe H; € GL,,(E)) telle que

d 1

Y H, = AH; —H;——A,.

dz J P
Posons Q; := H; (th) € GL,(E,). On a

d d h h_

Qi = (H)()pta
et ainsi

d phar" -1 n

29 20, =BQ; —Q; | Bi— 1 4;"").
(20) £Q;=BQ; - Q; (Z,,h%, )

h pht—
Alors la matrice B est E,-équivalente a Rl ) 4 (zP").
P e

Notons que F'rob(y;) = 7; car Frob : C, — C,, fixe Q et ainsi les singularités
de Frob(A) = A sont {Frob(y1),...,Frob(y,—1),00} = {y1,...,7r—1,00}. De
plus, d’apres (20), on a F'rob(A) = A;. Nous allons appliquer la proposition

1
h B h
lw—2P" |, < |mp|p. Comme w = (z — ;)P +;,0ona

p"-1 h
h h D h_
w= =y =)+ X (7)) b,
k=0

5.8 a la matrice Ayg, avec w = [(z — *yj)ph' + 7;]. Montrons d’abord que

D’apres le théoreme de Lucas, on a (pkh) =0 mod ppour 0 < k <ph—1et
ainsi \(pkh)\p < |plp. Or v; € A, donc on a ||, =1 et

ph—1 h
k(P P~k _k
Z (-1) k Z S plp < |mplp-

p
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h
L’inégalité (25) donne alors que [y} — [, < |mplp. Il suit
h
(30) lw— 2P |, < |mplp < 1.
Commep € S,ona|A|g,p, < 1et|v,|, =1 donc le corollaire 5.5 entraine que
I-=5;A4illgp < 1. Comme Frob: C — C, est un automorphisme isométrique,
on a |5 Akllgp < 1.

2=k
Maintenant, la proposition 5.8 appliqué a

1

Ay, implique que les matrices

2=k
d N 1 Frobzph d 1 Frob,,
— (2P A t B; = — A
dz( )<z—'yk k) ¢ / dz(w)<z—7k k)
sont E,-équivalentes. D’apres la construction de Frob_,», on a
d ] 1 Frob_,n hop'—1
(o) =B,
dz 2=k ZP" — Yj
Notons que
d h_
W= p*[(z = Frob(y;))”" '],
et donc
p" h
(31) Bj = ——A;((z—=%)" +7)-
zZ ="

D’apres (29), il découle que la matrice B et B; sont Ej-équivalentes. De plus,
ona (z—7;)B; = p"A;((z — 'yj)ph + 7). Maintenant, si y € D, alors (y —
,yj)ph' +7; € D, et comme A; est non singuliére dans le disque D, on obtient
que (z —7;)Bj € Mn(E(D;)).

Finalement, montrons que D, est un disque singulier régulier de B. Pour
cela, nous posons

d ne, 1 h
= Sty P
(32) B, = dz( )(th A (Z")
D’apres le lemme 5.3, il existe H, € GL,,(Q(2)) telle que
Ay —am —m A,
dz z
Posons @, := Hr(zph), alors on a
d
IQT = BQ, — Q;B,.
z

Ainsi la matrice B est E,-équivalente & B,. D’apres le lemme 5.3, A, n’a
pas de pdle & l'infini et le corollaire 5.5 donne que A, n’a pas de singularité
dans le disque D.,. Ainsi le disque D, est non-singulier pour zB,, autre-

ment dit 2B, € M, (E(Ds)). D’apres le lemme 5.3, les matrices A et Z%WA]-
sont Q(z)(;)-équivalentes. Puisque Z%%_Aj € M, (Q(2)(v5)), a la suit de la
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remarque 3.7, il existe W; € M, (C,(z)) telle que W; n’a pas de pdle en
vi, C; = W;(vy;) et Z%WAJ- et Z%WW]- sont C,(z)-équivalentes. D’oti, B; et
R; = Zf—:jo((z — ’yj)ph + ;) sont E,-équivalentes. Montrons que W; n’a pas
de pole dans le disque D,,. En effet, soit P(2)/Q(z) € Cp(z) une entrée de W.
Ecrivons P(z) = 3°1_, ai(z — ;)% Q(2) = Y1 bi(z — ;)" € Cplz — ;). Soient
a € {ag,...,a,} tel que |a| = max{|aol,...,|a,|} et P(z) = 1 P(z). Notons que
|P1(2)|g = 1. Soient b € {by,...,bs} tel que |b] = max{|bo|,...,|bs|} et Q1(2) =
+Q(z). Notons que |Q1(2)|g = 1. Alors 58 = %511((?) et |P1(2)/Q1(2)|g = 1.
58 et gll(é)) ont les mémes pdles. Par
conséquent, v; n’est pas un pole de Sll(é)) Alors, gll(é)) =D ns0Cnlz — )"

Puisque |P1(z)/Q1(%)|g = 1 alors, pour tout n > 0, |¢,| < 1. Ainsi, la réduction

Notons que les fractions rationnelles

de gll(é)) est égale & ano ¢, (z—7;)". D’ow, 7; n’est pas un pole de la réduction
de la fraction rationnelle 511 ((ZZ)) Par conséquent, la fraction rationnelle 511 ((ZZ))

n’a pas de pole dans le disque D, et ainsi, la fraction rationnelle g((—zz)) n’a pas

de pole dans le disque D.,;. Par conséquent, la matrice W; n’a pas de pole dans
le disque D,,. Alors, (z—7;)R; € M, (E(D,,)). Ainsi, d’aprés le théoréme 5.1,
la matrice B est Ej,-équivalente a

GZ&E—F-“—F Yr—1 M F._ - 1 E,,
G +m)(z =) G+m)z— 1) cm

ou F; € M,(C,) pour j € {1,...,r} telles que pour j € {1,...,r — 1}, F;
est semblable & [(z — v;)R;](7;), Fr est semblable & [—zR,|(c0) et > F; est
une matrice diagonale a coefficients dans Z. De plus, il suit que pour j €
{1,...,r =1}, [(z — %) R;](v;) = p"C; et de (32) que [—2R,|(c0) = —p"C,.
Raison pour laquelle F; est semblable a pth pour j € {1,...,r — 1} et F.
semblable & —p"C,..

Démonstration du point (ii). Rappelons que & : C,, — C est un isomorphisme
de corps. En appliquant ’isomorphisme x, il vient

Kk __ H(’yl)—i_m
& = T m)e =)
1 e 1 .
T T Ztm jZFj +;z—f€(w)Fj'

1

K(yr—1) +m 1
FK: + .. + FK;7 _ FK
1 GimG—rtr ) Temt

r

Notons que la matrice G* est a coefficients dans C(z) et comme Ff €
M, (C), la matrice G est fuchsienne, avec vg = —m, &(71),...,K(yr—1) et
I'infini comme singularités.

Montrons que la matrice de monodromie de G* en 7y, est I'identité. En effet,
comme Z;:O F; est une matrice diagonale & coefficients dans 7Z, la matrice
[(z4+m)G"](—m) = — Z;Zl F est également diagonale et a coefficients entiers,
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puisque tout homomorphisme de corps de caractéristique zéro fixe Z. Ainsi, les
exposants de G* en 7 sont des entiers. Donc, d’apres le lemme 3.6, il existe
une matrice Cyp € M,,(C) telle que la matrice de monodromie locale de G* en
7o est conjuguée a exp(2miCy) et telle que ensemble des valeurs propres de
Cy est réduit & un élément, {s}, ol s est entier. Ecrivons Cy = P(D 4+ N)P~1,
ou P € GL,(C), D est diagonale et N est nilpotente. Le théoréme 8.6 de
[14, Chap. III] nous assure que TP(XPXN)P~1 est une solution de G*, ou
T € GL,(C((z + m))). Mais, d’apres la remarque 5.2, il suit que G" a une
basse de solutions & coefficients dans C((z + m)). Donc, X~ = Id,,. Ainsi,
Co = PDP~!, D = sld,, et exp(2miCy) est conjuguée a Id,. Par conséquent,
la matrice de monodromie locale de G* en 7y est conjuguée a Id,,. Cela montre
que la matrice de monodromie locale de G* en 7y est I'identité.

Notons que la matrice (z — £(7;))G" n’a pas de pole en £(;) et que [(z —
#(77))G"](7j) = F}'. Montrons que les valeurs propres de Ff* sont les valeurs
propres de C; multipliées par p". En effet, comme remarqué précédemment, F, i
est semblable & phC’j. Ecrivons C; = UMU™!, ou M est la forme de Jordan
de Cj et U € GL,(Cp). On note que M € M, (Q). En effet, d’apres le lemme
5.3, les valeurs propres de A;(vy;) sont les exposants de L en 7; qui sont des
nombres rationnels et donc la remarque 5.10 implique que les valeurs propres
de C; sont des nombres rationnels. Ainsi, F}; est semblable a p"M et, comme
p"M € M, (Q), on obtient que FJ* est semblable & p" M. Notre affirmation en
découle.

La remarque 5.10 entraine que les valeurs propres de phC]— sont de la forme
p'B + s, oil s est un entier et B une valeur propre de A;(v;). Montrons que
deux valeurs propres distinctes de ph‘C’j ne different pas d’un entier. En effet,
supposons que N — 3’ € Z, o X et 3 sont deux valeurs propres de pC;.
Alors X =p"X et 8/ = p"j3, ot X et B sont deux valeurs propres de C;. Alors,
p"(\ — B) € Z. D’apreés le premier pas, il existe des entiers my et mg, et A\
et 81 des exposants de L en v, tels que A = Ay +my et 8 = B1 + mg. Alors
p"(A\—p1) € Z. 1l découle de (26) que p"A\; = A1 mod Z et p"3; = f; mod Z.
Ainsi, p"(A\; — B1) = A1 — 1 mod Z. Mais comme p"(\; — 31) € Z, on obtient
que Ay — f1 € Z. On en déduit que A — = (A — 1) — (mg — my) € Z. Par
conséquent, d’apreés le premier pas, A = 3 et ainsi A’ = 3’. Alors, on a :

(a’) deux valeurs propres de pth distinctes ne différent pas d’un entier.

Ainsi, deux valeurs propres différentes de F}* ne different pas d’un entier.
D’aprés la proposition 3.12, le lemme 3.42 et le théoréme 5.1 de [21], la ma-
trice de monodromie locale de G* en k(v;), M(G",k(v;)), est conjuguée a
exp(27riFJf‘””). Comme FJ est semblable a pth, on obtient que les matrices
exp(2miFf) et exp(2mip"C}) sont conjuguées. Cela donne que M (G*, k(7;)) est
conjuguée a exp(2mip"C;). D’aprés le deuxieme pas, exp(2mip"C;) et exp(2miC})
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sont conjuguées et d’apres le premier pas, les matrices exp(2mip"C;) et M (A, ;)
sont conjuguées. Donc M (G", k(v;)) est conjuguée & M(A,~;).
Notons que {x(y1), ..., k(vr—1)} = {71,...,¥r—1}. Comme le groupe de mo-
nodromie de A est rigide, les groupes de monodromie de A et G* sont conjugués.
Démonstration du point (iii). D’apreés ce qui précede, il existe U € GL,,(C)
telle que M(A,~;) = UM(G*,k(v;))U ™! pour 1 < j < r. D’aprés la proposi-
tion 3.4, il existe H; € GL,,(C(z)) telle que
d
L g, = AH, — HG".
dz
On pose H = HF ', ainsi H € GL,(Cp(2)) C GL,(E,) et comme L et £~}
commutent, on a
- 40— He.
dz
Remarquons que AV = A, puisque A est une matrice a coefficients dans
Q(%). Par conséquent, A et G sont E,-équivalentes. D’apres le point (ii), G
est Ep-équivalentes a B, alors par transitivité on obtient que A et B sont E,p-
équivalentes. O

REMARQUE 5.11. — La preuve précédente montre en réalité que pour tout
entier ' > 1 tel que pour tout p € S les équations (25) et (26) sont vérifiées,
alors L a une structure de Frobenius forte de période h'.

6. L’opérateur hypergéométrique généralisé

Dans cette partie, nous étudions les structures de Frobenius forte des opéra-
teurs hypergéométriques généralisés. Nous démontrons notamment le théoréeme
1.2.

Considérons 'opérateur différentiel hypergéométrique défini par
(33) Hlap):—z2(0+a1) - (+an)y+(@+pr—1)-(0+Bp—1),

ol v, ...,Qn, B1,..., 0, sont des nombres rationnels tels que a; — 5; ¢ Z pour
tout i,7 € {1,...,n}. Cet opérateur est fuchsien et a 1, 0 et U'infini comme
seules singularités. Les exposants a I'infini sont a1, ..., a,, les exposants en 0

sont 1—f1,...,1—03,, et les exposants en 1 sont 0,1,...,n—2,—1+> (8; — ;).
Nous rappelons la définition suivante (voir [6]).

DEFINITION 6.1. — Supposons que a1, ..., an, b1, ..., b, € C* vérifient a; # b;
pour tout i,5 € {1,...,n}. Un groupe hypergéométrique associé aux para-
metres ai,...,an,b1,...,b, est un sous-groupe de GL,(C) engendré par des
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matrices hg, hi, hoo € GL,(C) telles que hy est une réflexion et

hoohiho = Id,
det(z — hoo) = H(z —a;),
det(z — hy') = H(z —b;).

D’apres un résultat de Levelt (voir le théoréme 3.5 de [6]), un groupe hy-
pergéometrique tel que a; # b; pour tout 4,5 € {1,...,n} est rigide. D’autre
part, il est connu que le groupe de monodromie de 'opérateur hypergéomé-
trique H(a, B) est un groupe hypergéométrique associé aux paramétres a; =
exp(2mia;) et by = exp(2mif;) (voir [6]). Ainsi, le groupe de monodromie de
(33) est rigide. Donc, grace au théoreme 3.8, H(a, 8) a une structure de Fro-
benius forte pour presque tout nombre premier p. En appliquant le théoréme
3.8 on a le théoreme suivant.

THEOREME 6.2. — Soit S [l’ensemble des nombres premiers p tels que
|ailps [Bjlp < 1 pour tout 3,5 € {1,...,n}. Alors, pour tout p € S, l'opérateur
hypergéométrique H(a, B) posséde une structure de Frobenius forte de période

h = ¢o(dapg), ot ¢ est Uindicatrice d’Euler et do g est le plus petit commun
multiple des dénominateurs de o, ..., 0y, B1y.. ., Bn-

Démonstration. — En développant I’équation (33), on obtient

(1=2)0" + [Sna(B—1) = 28,1 (a)]0" " + -+ + S n(B — 1) — 2Snn(),

Ol\lé—lz (,81 _17--~76n_1) et Sn,k :Zlgi1<_”<ik§nX1---Xik.

En écrivant cette équation en fonction de l'opérateur %, il vient

d d
Lg,é = aO(Z)dziny + al(z)Wy + -+ an(z)
Soit A la matrice compagnon de ce nouvel opérateur. D’apres ’équation (19),
on a

(Snn(é —1) =28 (@), ..., Sn1(B—1) = 2Su1(a),1 - z) G;j_l
= (an(2), ..., 01(2), a0(2)).
Ainsi ag(z) = (1 — 2)z™ et le discriminant de ag(z) est 1. Dans ce cas, on

obtient que 2; = {1}, alors que ’ensemble 25 est donné par les dénominateurs
des oy, des 1 — 3; et le dénominateur de —1 + Z?Zl(/@i — «;). Finalement

W= {235

2 Uy est de norme p-adique est égale a 1. A présent, montrons que, pour
tout p € S, ’a"(z) ’g < 1. En effet, si p € S, alors

ao(z)

(Snn(B=1) = 2Spn(@),. ., Sua(B—1) = 28n1(a), 1 - 2) |, < 1.

. Comme p € S, on obtient que pour tout élément de
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On vérifie aisément que, pour tout nombre premier p, ||G7_Li1||g7p < 1. En

particulier, il en est de méme pour p € S. Ainsi, la norme de Gauss du vecteur
(an(2),...,a1(%),a0(z)) est inférieure ou égale a 1 pour tout p € S. D’autre
a;(z)

ao(z)

part, pour tout p € S, |ap(2)|g = 1. On obtient donc que

tout p € S.
Finalement, comme |olp, |8, < 1 pour tout 4,5 € {1,...,n}, alors p ne
divise pas dq,g. Ainsi, pour tout ¢,j € {1,...,n}, on a

pw(da,ﬁ) =1 mod da,ﬁ
pw(daﬁﬁ) =1 mod d,p

; < 1, pour

et donc
pw(da,ﬁ)ai =q; modZ
pw(da,ﬁ)ﬁj =f; mod Z.
Il suit que
p@(da,ﬁ)ai =q; mod Z,

pPdad)(1 -8 )=1-6; modZ et
p#les) (—1 + Z(ﬁz‘ - ai))
i=1

De plus, ici les zéros de ag(z) sont v3 =0 et v =1, d’ou |47 —vl=0<
|| pour ¢ € {1,2}. Donc, d’aprés la remarque 5.11, pour tout p € S Vopérateur
différentiel L, g possede une structure de Frobenius forte de période ¢(dq g).
Ainsi, pour tout p € S, lopérateur différentiel H(a, f) a une structure de
Frobenius forte de période ¢(dy g). B O

-1+ Z(ﬁl — ;) mod Z.
i=1

e(de, g)

Nous sommes maintenant en mesure de démontrer le théoreme 1.2.

Démonstration du théoréme 1.2. — Soit p € S. Alors p ne divise pas dq g, de
sorte que |lp, |Bilp < 1 pour 4,5 € {1,...,n}. D’apres le théoréme 6.2, on
obtient que

—2(6+an) - (0 o)+ (04 B — 1) (04— 1)

posséde une structure de Frobenius forte pour p de période h. Par hypothese,
on a également ,, F;,_1(a, 5, 2) € Zp [[2]]. Le théoreme 2.6 implique donc que la
réduction de ,, Fy,—1(a, B, z) modulo p est algébrique sur F,(2) de degré majoré
par p”Qh. Enfin, la démonstration du théoréme 6.2 montre que I’on peut prendre
h = ¢(dap)- |

Pur conclure, nous appliquons le théoréeme 1.2 aux deux séries hypergéomé-
triques f?(z) = 3b3 (%, %7 37 %a 1,1, Z) et fg(Z) = oF (%7 %a %a 1, Z)
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A ce jour, on ne sait toujours pas si fy(z) est une diagonale de fraction
rationnelle et on ne peut donc pas appliquer les résultats de [1]. D’autre part,
les résultats de [3] ne s’appliquent pas non plus a la série fo(2) (voir [3, Example
8.6]). Notons que f2(z) est globalement bornée puisqu’on vérifie aisément que
f2(2722) € Z[[2]]. Ainsi, fo(2) € Zp[[2]] pour tout p # 3. Notons que dans
cecas,onady,g=9,0l = (é, g,% et B = (%, 1, 1). Le théoréme 1.2 nous
garanti donc que, pour tout nombre premier p # 3, fo),, est algébrique sur F,(z2)
de degré majoré par p°4.

On sait que la série f3(z) n’est pas la diagonale d’une fraction rationnelle car
elle n’est pas globalement bornée (voir proposition 1 de [10]). Ainsi, on ne peut
pas non plus lui appliquer les résultats de [1]. D’autre part, les résultats de [3]
ne peuvent pas lui étre appliqués non plus (voir la section 8 de [3]). Par contre,
le théoreme 1.2 s’applique. En effet, soit S I'ensemble des nombres premiers
tels que f3(z) € Zp[[z]]. Cet ensemble est infini car si p est un nombre premier
congruent a 1 modulo 12, alors p € §. Dans ce cas, on vérifie que do g = 12,
ot v = (3,4) et B = (5,1,). D’apres le théoréme 1.2, si p > 3 appartient &
S, alors f3),, est algébrique sur F,(z) de degré majoré par p'e.
Remerciements. — L’auteur tient a remercier chaleureusement Gilles Christol
pour ses commentaires sur une version préliminaire de cet article. Il remercie
également I'arbitre pour sa lecture attentive ainsi que ses différentes remarques.
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BEHAVIOUR OF SOME HODGE INVARIANTS BY MIDDLE
CONVOLUTION

BY NICOLAS MARTIN

ABSTRACT. — Following a paper of Dettweiler and Sabbah, this article studies the
behaviour of various Hodge invariants by middle additive convolution with a Kummer
module. The main result gives the behaviour of Hodge numerical data at infinity. We
also give expressions for Hodge numbers and degrees of some Hodge bundles without
making the hypothesis of scalar monodromy at infinity, which generalizes the results
of Dettweiler and Sabbah.

RESUME (Comportement d’invariants de Hodge par convolution intermédiaire). —
Suivant les travaux de Dettweiler et Sabbah, cet article s’intéresse au comportement
d’invariants de Hodge par convolution intermédiaire additive par un module de Kum-
mer. Le résultat principal précise le comportement de données numériques de Hodge
a linfini. Nous explicitons également le comportement des nombres de Hodge et des
degrés de certains fibrés de Hodge sans faire I’hypothése de monodromie scalaire a
Pinfini, généralisant ainsi les résultats de Dettweiler et Sabbah.

The initial motivation to study the behaviour of various Hodge invariants
by middle additive convolution is Katz’s algorithm [5], which makes it possible
to reduce a rigid irreducible local system .Z on a punctured projective line to
a rank-one local system. This algorithm is a successive application of tensor
products with a rank-one local system and middle additive convolutions with a
Kummer local system and terminates with a rank-one local system. We assume
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that the monodromy at infinity of . is scalar, so this property is preserved
throughout the algorithm.

If we assume that the eigenvalues of the local monodromies of . have ab-
solute value 1, such a local system underlies a variation of polarized complex
Hodge structure unique up to a shift of the Hodge filtration [12, 1], and this
property is preserved at each step of Katz’s algorithm. The work of Dettweiler
and Sabbah [2] is devoted to computing the behaviour of Hodge invariants at
each step of the algorithm.

Our purpose in this article is to complement the previous work of Dettweiler
and Sabbah without assuming that the monodromy at infinity is scalar, and
to do that we take up the notation introduced in [2, §2.2] and recalled in §1.1.
More precisely, our main result consists in making explicit the behaviour of the
nearby cycle local Hodge numerical data at infinity by middle additive convo-
lution with the Kummer module K,. Considering a regular holonomic Z,:-
module M verifying various assumptions, whose singularities at finite distance
belong to @ = {1, ..., 2.}, we denote by MCy, (M) = M #mia Ky, this convo-
lution and show the following theorem (see §1.1 for the notation and assump-
tions). In the following, we set o € (0,1) such that exp(—2imyg) = Ao # 1.

THEOREM 1. — Let .4™™ be the Pp1-module minimal extension of M at in-
finity. Given vy € [0,1) and A = exp(—2iny), we have:
Vgo_,;,\o,z(M) if v € (0,1—1)
Vgo,)\)\o,Z(M) if y € (1—10,1)
Vgo,)\,Z(MCAO (M)) = Vf,]o‘,\o,gH(M) ifA=1
Vi1 (M) if A =Ng, £>1

hPHY (P!, DR ./™™) if A =Xg, £ =0.

This result has applications beyond Katz’s algorithm since it enables us to
give another proof of a theorem of Fedorov [3], which completely determines
the Hodge numbers of the variations of Hodge structures corresponding to
hypergeometric differential equations; this work is developed in [7].

In addition, we get general expressions for Hodge numbers AP of the variation
and degrees 07 of some Hodge bundles (recalled in §1.1), which generalize those
of Dettweiler and Sabbah. The results are the following.

THEOREM 2. — The local invariants h? (MCy,(M)) are given by:

h?(MCy, (M)
Sk M)+ Y vE (M) + RPHY (AT, DR M) - 8} (M).

00,A 00,A\g,prim
v€[0,70) v€lv0,1)
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THEOREM 3. — The global invariants 6 (MCy,(M)) are given by:
37 (MCy, (M)) =

O+ Y uﬁo,A<M>Z(uzi,1<M>+ 3 uii,i(M))

Y€ [v0,1) =1 v€(0,1-70)

1. Hodge numerical data and modules of normal crossing type

1.1. Hodge invariants. — In this section, we recall the definition of local and
global invariants introduced in [2, §2.2] (all references to [2] are made to the
published paper). Let A be a disc centred at 0 with coordinate ¢ and let
(V, F*V,V) be a variation of the polarizable Hodge structure on A* = A\ {0}
of weight 0. We denote by M the corresponding Zx-module minimal extension
at 0.

Nearby cycles. — Fora € (—1,0] and A = e~2"™% the nearby cycle space at the
origin 1 (M) is equipped with the nilpotent endomorphism N = —2in(t0; —a),
and the Hodge filtration is such that NEP (M) C FP~14,(M). The mono-
dromy filtration induced by N enables us to define the spaces Pyip\(M) of
primitive vectors, equipped with a polarizable Hodge structure (see [9, §3.1.a]
for more details). The nearby cycle local Hodge numerical data are defined by

l/i’e(M) = hp(Pg’L/))\(M)) = dimgr%PgwA(M),

with the relation 1% (M) := hPypy (M) = 32 S v2HF(M). We set
(>0k=0

14
Vf’prim(M) = Z V;;\)’Z(M) and yf,coprim(M) = Z Vﬁ}? (M).
>0 £>0

(=}

Vanishing cycles. — For X # 1, the vanishing cycle space at the origin is given
by ¢ (M) = (M) and comes with N and FP, as before. For A = 1, the Hodge
filtration on ¢y (M) is such that FPPyp1 (M) = N(FPPyiq191(M)). Similarly to
nearby cycles, the vanishing cycle local Hodge numerical data is defined by

13,0 (M) = hP (Pepr(M)) = dim gripPpoa (M).

Degrees 6P. — For a variation of polarizable Hodge structure (V, F*V,V) on
A\ z, we denote by M the underlying Z,:-module minimal extension at each
point of &. The Deligne extension V° of (V,V) on P! is contained in M, and
we set

6P (M) = deg grh.V°.

In this paper, we are mostly interested in the behaviour of the nearby cycle
local Hodge numerical data at infinity by middle convolution with the Kummer
module Ky, = D1/ D1+ (t0:—0), with yo € (0, 1) such that exp(—2imyy) = Ao.
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This operation is denoted by MC,,. Note that Ky, is equipped with the trivial
Hodge filtration with jump at zero: FPK,, = K, for p < 0 and FPICy, =0
for p > 1.

Assumptions. — As in [2, Assumption 1.2.2(1)], we assume in what follows
that M is an irreducible regular holonomic Z,:-module, not isomorphic to
(C[t],d) and not supported on a point.

1.2. Modules of normal crossing type. — Let us consider X a polydisc in C™
with analytic coordinates z1,...,2,, D the divisor {z1---z, = 0} and M a
coherent Zx-module of normal crossing type (notion defined in [11, §3.2]). For
every a = (aq,...,a,) € R we define the sub-object

n
M, = ﬂ U ker(z;0,, — ai)’“
i=1k; >0
of M. Thereexistsafiniteset A C [—1,0)" such that M, = Ofora ¢ A+Z". Ifwe
set M?lg .= @D, M., the natural morphism M?e ®C[er,....zn](8 0.,)Ix > M
is an isomorphism.

To be precise, only the case n = 2 will occur in this paper. In the situations
that we will consider, it will be possible to make the above decomposition
explicit and then apply the general theory of Hodge modules of M. Saito. For
a complete review of the six operations’ formalism for Z-modules, see [8].

SRR

2. Proof of Theorem 1

Steps of the proof. — Let us begin by listing the different steps of the proof:

1. We write the middle convolution MCy,(M) as an intermediate direct
image by the sum map. By changing coordinates and projectivizing, we
can consider the case of a proper projection.

2. We use a property of commutation between nearby cycles and projective
direct image in the theory of Hodge modules, in order to carry out the
local study of a nearby cycle sheaf.

3. To be in a normal crossing situation and use the results of the theory
of Hodge modules, we perform a blow-up and make completely explicit
the nearby cycle sheaf previously introduced (Lemma 2.3).

4. We take the monodromy and the Hodge filtrations into account, using
the degeneration at F; of the Hodge to de Rham spectral sequence and
the Riemann—Roch theorem (following [2]) to get the expected theorem.

Geometric situation. — Let s : Aj x A} — A} be the sum map. We can
change the coordinates so that s becomes the projection onto the second factor
and projectivize to get 5 : PL x P} — P}, We set 2/ = 1/z and ' = 1/t as
coordinates on a neighbourhood of (co,00) € PL x P}, My, = M K K,, and
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Mx, = (Mx,)min(2'=0) the minimal extension of My, along the divisor {2’ = 0}.
A reasoning similar to that of [2, Prop 1.1.10] gives MCy, (M) = 5;.#),. With
some abuse of notation, we still denote by M the push-forward in the sense of
%-modules by the inclusion Al — Pl and we denote by M’ its restriction to
the affine chart centred at co. A similar abuse of notation is made for M), .
Let us specify the geometric situation that we will consider in the following,
in which we blow up the point (0o, 00) in P, xP;. We set X = Bl(og o0y (Py X P} ),
e: X —-PLxP}and j: Al x Al < X the natural inclusion. There are two
charts of the blow-up: one given by coordinates (u1,v1) — (' = ujvy, 2’ = v1)
and the other one by (ug,vs) — (¥ = va, 2’ = ugvy). The strict transform of
the line {t’ = 0} is called P., and the exceptional divisor is called P. .. We

x? exc*

denote by 0 € P! _ the point given by uy = 0, 1 € P.__ the point given by

exc exc

uy =1 and oo € PL NP. .. We have the following picture:

exc*

On Al x A}, we have

d(t —
M)\U = M &IC)\O = M[t] X (C[$,t, (t — I)il],d(ﬁt) + 'Yo(x)>

t—x
_ d(t — =
= (M[t, (t—x) 1], V(z,t) + ’Yoi)> .
-z
On the affine chart centred at (oo, 00), we have
de’ dt/  d(a' —t)
~1 ~1

NOTATION 2.1. — Let us set Ny, = e"My,, M, = (Nag)min(a'oe=0) and
T = Yrroe xMa, €quipped with a nilpotent endomorphism denoted by N.

LEMMA 2.2. — M, [t/ Y] = ex M [ 1.
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Proof. — By definition of the minimal extension, .4}, is the image of the map
J1iTNyy — j+jTNy,. For i # 0, H'e, A3, is supported on (00, 00), thereby
Hie i N5, [t 71 = 0. As the kernel of HY .43, — M), is similarly supported
on (00, 00), we deduce that e, A5, [t' "] is a submodule of My, .

We have e jjT Ny, = (e0j)i(eoj)T My, and, as e is proper, we can write
e1j1j TNy, = €1j1i TNy, = (e0j)i(e0j)TMy,. Then .4y, [t'~] is the image of
the map e j;j TNy, [t 1] — €4 )TNy [, Outside of (00, 00), A, [t'™!]
and ey A4, [t' 1] are submodules of M), which are isomorphic. Now, we can
consider the intersection of these two submodules of M), with two morphisms
from the intersection of each of them. The kernel and the cokernel of these two
morphisms are a priori supported on (0o, 00), but as t’ is invertible, they are
zero. Therefore, ./, [t'~!] and e, A4, [t' "] are isomorphic. O

Let us fix vy € [0,1) and A = exp(—2imy). As 5 and e are proper, the nearby
cycle functor is compatible with (5o e)4 [10, Prop 3.3.17], so we get

Yoo \(MCxo (M) = oy A tln,) = Yy A(SpepMa,) = 51e4T.

LEMMA 2.3. — We set (M')y = ker(2'0y — )" acting on g M’ for r > 0
and (M")» = (M"),[2',2'~1]. Let us set

7 = <<M/>M°[<x’—1>117V+% Hﬁl* = ))

-1

in the chart PL .\ {oo} (with the coordinate ' instead of uz) and denote sim-
tlarly its meromorphic extension at infinity, with the action of the nilpotent
endomorphism x'0y — (v + 70). For the extension by zero (instead of mero-
morphic), we use the notation (T3')'. Then:

(Case 1) For A ¢ {1,\o}, T is supported on PL . and T = Ty.

(Case 2) For A\ =1, T? is supported on PL_. and is isomorphic to the minimal
extension of Ty at z' = 0.

(Case 3) For A\ = Ao, T is supported on PL U P}

oxc and comes in an ezxact
sequence

0= (TX) =T 5 Ty — 0

compatible with the nilpotent endomorphism, where Ty is supported on
P! and is isomorphic to the meromorphic extension of M at infinity
with the action by 0 of the nilpotent endomorphism.

Proof. — We make a local study of the problem, reasoning in the three follow-
ing charts:
(i) in the chart (ug,vq), called Chart 1;
(ii) in the neighbourhood of PL \ {oo}, called Chart 2;
(iii) in the neighbourhood of oo, called Chart 3.
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The cases of Charts 1 and 2 do not contain any significant problem and are
treated in [6, 4.2.4]. In Chart 1, we find

Ty if A #1

(T ) min(fop i A=1.

In Chart 2, in which one can use the coordinates (z,t’), we find
0 ifAX#N

M if A= )X.

wvz,)\’/‘é\o - {

Yy zMrg = {

Let us make the case of Chart 3 precise. For a = (a1, ap) € R?, we set

(Nxo)a = U ker(u10y, —a1)™ N U ker(v10,, — az)™.

r120 r22>0

By writing the expression of the connection in coordinates (u1,v1), we get that
(Nxo)(=~0,a—70) can be identified with (M’), with actions of u10,, and v10,,
respectively expressed as —yolId and 2’0, —yold. Here, Yyoe x Mg = Vg 205
where g = ujv1, and we are in the situation of a calculation of nearby cycles of a
coherent Cluy, v1]{0y, , Oy, )-module of normal crossing type along D = {g = 0},
where ¢ = wjv; is a monomial function. The general question is developed in
[11, §3.a] (see also [9, §13.3]); let us make it precise in the particular case at
hand. We consider the commutative diagram

XCLXX(CZ

NG

C.
where 44 is the graph embedding.
Then we can see that (ig)1 45, = A3,[0:] = D> (S, @ o) is a left
Cluz,v1, 2]{Ou, , Op, , 0z )-module equipped with the following actions:
(i) action of Cluy,v1] : f(ur,v1) - (m® %) = (f(ur,v1)m) ® OF.
(ii) action of 9, : 9.(m ® 9%) = m ® ok+1L.
(iii) action of 9y, : Oy, (M ® 0%) = (9, m) ® OF — vym @ OF+1L.
(iv) action of 9y, : 0y, (m ® 9%) = (0,,m) ® OF — uym @ 981,
(v) action of z : z- (m ® %) = wvym @ % — km @ oF L.
Let us denote by S, (or S,) the operator defined by S, (m®d*) = (u10,, m)®d*
(or S, (m ® %) = (v10,,m) ® OF). With E = 20., we get the relations
w1, (M ® 0%) = (S — E — (k +1))(m ® 9%)
and

018y, (m @ 8%) = (S, — E — (k+1))(m ® a%).
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Letting V*(A44,[0:]) denote the V-filtration with respect to z, we have T =
PgrMag = 1 (A2,10:]). We have the decompositions r/l/;)lg = Docr2(Mo)a
and (T)2le = @D scre T, and by arguing in a way similar to [9, Lemma 13.2.26]
(with left modules), we show that the only indices B that appear are those such
that « = B+ (y + k+1)(1,1) for « in the decomposition of Ji/)\ilg and k € Z.
In particular, we cannot have as € Z and having a minimal extension along
{v1 = 0} does not play any role here. In other words, we can identify in this
part A3, and Ny, .

More precisely, for 1,82 > —1, from [11, Th. 3.3] (or [9, Cor. 13.2.32]) we
deduce the following expressions for Tjg:

0 if 1 # —1, P # —1
1. — ) coker(Su — E € End((Nxg),p5+++1(E])) if By = =1, o # -1
? 7 coker(S, — B € End((Nag)s, +411,4[E])) if pr# -1, fo=-1

coker((S,, — E)(S, — E) € End((Nx, ) [E])) it B = (~1,—1).

In what follows, we will work with the point of view of quivers. A good reference
can be found in Chapters 3.1.b and 9.4 of [9]. Let A C (—1,0] be the (finite)
set of those a € (—1,0] such that (M'), # 0 and let us look at the different
cases for B € [—1,0]%:

(i) For By # —1, we have T(_ ,) # 0, if and only if v = — and 3> € A.

(ii) For g1 # —1, we have T(5, _1) # 0, if and only if v = a — o with

a € Amod Z and f; = —a mod Z.

(iii) T(—1,—1) # 0, if and only if v = —vyp and 0 € A.
We deduce from these relations that:

(Cases 1+2) If v # —~p, then T? is supported on P. . and, according to
(ii), is determined by the only data of coker(S, — E € End((Nx,)—~o~[E]))
equipped with an action of E —+y, which we can identify with (Nx,)_-,,, where
the action of E—+ can be identified with S, —v. Consequently, T* is determined
by (M')4~, with an action of 2’0, — (v + o).

(Case 3) If vy = —vp, then T? is determined by two data:

e Firstly by the data, according to (i), by coker (S, —E € End((Nxy) —~o,a—v0 [E]))
for « € Amod Z, o ¢ Z, supported on PL and equipped with an action of
E + 7. We can identify it with (Nx,)—~,,a—~, Where the action of E + vy is
identified with S, + 70, which we identify with (M’), with an action by 0.

e Secondly by the data of the bi-quiver

v1
Ti—1,-1) == T(~1,09)

vl
Ouyq ,N/ul

T(o,~1)
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As uyt acts on (Nyy)—vot1,—o[E] and v7 " on (Nxy)—rg.—~o+1[E], it can be
assumed that T(_; _y), T(o,—1) and T{_ ) are all three cokernels of maps
of End((Nxy)—~o,—v[E]). Now we set C,,,, = coker(S, — E)(S, — E), C, =
coker(S, — F) and C, = coker(S, — E), and the previous bi-quiver can be
identified with the following

Pov
Cuv e Cu

Sv—FE
SufETiSDu

C/U
where ¢, : Cy, — C, is induced by the inclusion im(S, — E)(S, — E) C

im(S, — E), and the same for ¢,. As S, — E € End((Nxy)—~y,—0[F]) is
injective (because S, is identified on (M')g with —7Id) and
) im(S, — F)
Su_E:C»U Cuv = :k vy
im( ) = S TG, — ) Y
we deduce the following exact sequence:
0—=Cy— Cuy = Cy —0.
Therefore, we have an exact sequence of bi-quivers:
Pu Id
0 Cy=—=0 Cuo == CYy Co=—=0C, 0
S,—E S,—E
IstFE sufEN% N
CU CU O

The left bi-quiver is a quiver representing the extension by zero supported
on P! and identified with (Ny,)—~,,—~,, Where the action of E + v, can be

identified with S, + 7o, in other words, (M’)o with the action of 2'9,,. This
is the following bi-quiver:

(M) == 0
Idu_xfaw,
(M')o

The right bi-quiver is a quiver representing the meromorphic extension sup-
ported on P. and identified with (Ny,)—~,,—~, Where the action of E + g is
equal to 0, in other words (M')y with the action by 0. This is the following
bi-quiver:

(Mo =—= (M')o
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e It is possible to make the central bi-quiver explicit in terms of (M')g, insofar
as we can identify C,, with ((M’)g)? with an action of

~( 0ld | 0(2'9x — 101d)
E+0= ( Id | 28y —nld )’

and we get the following bi-quiver:

Po
(M)o)? === (M)
('8, —~01d,—1d)

(—v0Id,—1d) | | Pu

(M")o

where p, = p1 + (¥0, — v0)p2 and p, = p1 — Yop2, with p; the projection
onto the first factor and po onto the second factor.
Finally, for A = A\g we have an exact sequence

0 (Tg°) =T 5Ty =0

where (TO)“’)' is the extension by zero of TO)‘O at infinity equipped with the
nilpotent endomorphism z’d,/, and T} is supported on P. and given by the
meromorphic extension of M at infinity equipped with the nilpotent endo-
morphism 0.

By gluing the expressions obtained for the different values of A in each of the
three charts, we get the announced result of the lemma. |

By construction, the complex K® = 5, e, T has cohomology in degree zero
only. More precisely, as o e : PL  UPL — {pt} this amounts to saying that

exc

RI'(P. . UPL DR* T?) is a two-term complex with a kernel reduced to zero.
If we take the monodromy filtration M, into account, we have the following

more precise result:
LEMMA 2.4. — HI(gr)'K*®) =0 for j #0 and ¢ € Z.

Proof. — (Cases 1+2) If A # g, then T is supported on P! __ and localized at

infinity. Consequently, we can see T? as a C[2'](0,/)-module, which is a C[z’]-

module with a connection Vg ,. The question is to show that the morphism
Vo,
g T = g7
has a kernel reduced to zero. With N the nilpotent endomorphism, let us set

= A\ a Yy N
™ = <(M’) " Vo, = 5+ Lld+ x,)
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where T is minimally extended at 0 if A =1, and

1, = (C[x’,(w’—l) 1, aa/ =) )

so that TN =T" @ 1,,. Form € T and m’ € Cla’, (z' — 1)~1Y], we have

— 0
Vax,(m®m’):vaz,(m)®m’+m®(a/ 1 >m'
Now, we have gri}/lT = gry T ® 1, and we want to show that
ker (gre ™ 1y —> gr, MT & 1%> =0.

=X
For m € gr%/[T , let us notice the equality

1 = 1 km Yom
v - )=V -
Dyt <m ® (z' — 1)k> 0, (M) ® (z' — 1)k (2 — 1)kHL + (z/ — 1)1

from which we deduce, as o ¢ Z, that m ® (2’ — 1)~ has a pole at 1 of order
k+1if m # 0. Therefore, if an element m @ m' is such that Vg _, (m®@m') = 0,
then m = 0.

(Case 3) If A = )\g, we have the exact sequence 0 — Ty — T* — T} — 0,

where Ty = (T;°)’ is supported on P{_., and T} is supported on PL. Equiva-
lently, we can think in terms of primitive parts instead of graded parts, as we
shall do.

The reasoning of the previous case applies in the same way to K3 = s;e, Ty,
yielding that the complexes P, K are concentrated in degree 0 for all £ € N.
As N is zero on Ty, we have N(T?) C Ty. Let us show we have equality and,
to this end, let us go back to the description of T* at the neighbourhood of oo
in terms of bi-quivers:

Pov
(M")o)? === (M)
(ZE/aw/ —’ond,—Id)
(—fyold,—ld),upu
(M)o

The action of E + 7o on ((M')g)? is given by

Y01d |70(#'8 — y01d)
B+ (Id P00 —yold )

whose rank is equal to the dimension of (M')g, and thus

(E+70)((M")0)* = {(yom,m) € (M")o)* | m € (M")o} =~ (M")o.
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Now, a calculation shows that the following diagram

((M"))? (M")o

(—fyold,—ld)wpu 1d w—x’aw/
-2’0,/

(M")y ———— (M)

p20(E+70)
_—

is commutative, so the image by N of the bi-quiver representing T gives the
bi-quiver representing Ty, in other words N(7T?) = T,. Consequently, we are in
the situation of a minimal extension quiver:
N
T =y To.

We deduce from [4, Prop. 2.1.1(iii)] that P,7* ~ P,_;T, for £ > 1, and thus
the complexes P, K*®, are concentrated in degree 0 for all £ > 1. Moreover, as
the total complex K*® is concentrated in degree 0, the complex PyK*® is also
concentrated in degree 0. We have the same property for graded parts instead
of primitive parts. |

Now, with these two lemmas, we are able to show the main theorem. We
can equip T with a Hodge filtration by the properties of nearby cycles, and
(M")*0 as well, in such a way that the formula of Lemma 2.3 is compatible
with the Hodge filtrations. Note that these two objects are not variations of
polarized Hodge structures but variations of mixed Hodge structures. However,
one can adapt the arguments of [2] to the generalized context below.

REMARK 2.5. — Let us begin by making the Hodge filtration more explicit. In
the chart (ug,vs), let us consider the D-module et (M’ X C[t',#'~1]), on which
ug and vy act in an invertible way. This is

e"(M'RC[t ")) = Clug,uy ', v2, 03] @cpar wr-1) M,

on which the action of the connection is induced by

20y, (1 @ M) = 120, (1 @ m) = 2’0 (1 @ m).
We consider the localized Hodge filtration

FPM' = Cla', 2/~ @cpu FPM,

FP(M'RC[, #'~1) = (FPM') R C[t', ']

and its pull-back
FPe*(M'RCI, t'71]) = Clug, u3 ™, 09,05 @cppr ar-1] FPM.

In order to compute nearby cycles along vs, we make use of the V-filtration
Ve (et (M'RC[t',#'~1])) along vg, which we will compare with the V-filtration
of M’ along z’ denoted by V*(M'). The above relations link the Bernstein
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polynomial with respect to v, with that with respect to =’ and lead to the
identification

C[u%u;l] ®(C[u2} Va<e+(M, X C[tlvtlil])) = C[u27u51,vg] ®(C[x’] VoM.

For A = e~2¥"2 let us define the functor 1;@2,,\ as the functor 1, » followed
by localization Clug,usy 1] @C[us] ® - We thus find an isomorphism of filtered
Clug, uy ] {us0,, )-modules

(s ret (M RCH, ¢ 71), Foehy, net (M RIC[E, #71)))
~ Clug, uy '] @c (Yar AM', F*thur \M"),

since, for a € (—1,0], the filtration induced by F*M' on gr{, M’ is equal to
that induced by F*M’', and where the action of usd,, on the right-hand side
is induced by u20,,(1 ® m) = 0.

Considering instead the pull-back of M), amounts to twisting et (M’ X
C[t/,#1]) by the pull-back connection e*(C[z’,2'~1] K KC),). This leads to
also inverting the action of us — 1 and to localizing the F-filtration along the
divisor us = 1. On the other hand, it twists the monodromies around us = 0
and vo = 0 by Ag. The localization of the Hodge filtration F'*T" is by definition
the localization of the filtration induced by F*Ny, on ¢, xNy,. As a conse-
quence, if we set T* = Clug,uy ", (ug — 1)) ®cjup) T, which we endow with
the localized filtration F*T> = Clug, uy ', (ug — 1)1 ®Clug] F*T*, we obtain
an isomorphism (the notation of Lemma 2.3)

(1) (TN F°T?) =~ (T, F°Ty)),
where f"T())‘ is defined by ﬁpTO)‘ = Clug,uy *, (u2 — 1)1 @c (FPur angM').

Proof of Theorem 1. — (Case 1) Let us begin with the case A ¢ {1, Ao} and,
as a first step, without taking the monodromy filtration into account. As
Soe:PL. — {pt}, we have ¥oo x(MC),(M)) = 51e,T* = RI'(PL ., DRT?).

exc exc?

Setting & = {0,1,00} and DRT?* = i, 7, where i : PL__\ z < P. . denotes

exc
the open inclusion, and ¥ is a non-constant local system on P .\ «, we have
H™(PL ,DRT*) = H™(P.,,i.7). This quantity is zero for m = 0, because

excy U*
there is no section supported on a point, and ¥ has no global section since one

of its local monodromies does not have 1 as an eigenvalue. Using the Poincaré
duality theorem, we also have H?(P., ,i.%) = 0 if we argue with the dual 7.
Then

Vb, A(MCy, (M)) = dim grf ¢ A(MCy, (M) = dim gry, H' (P}

exc’

DR T?).
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Adapting [2, Prop 2.3.3] (we use the formula given at the end of their proof,

without using v/”, (T*)) we have

0, 1 ,prim

(2) V5, A(MCy (M) = 67~ H(T?) = 8P (T*) = hP(T*) — h?~1(T?)
+> (Z v NI + uf;_’l(TA))
z€x \p#£l T
=hr=1(T?)
= 0P~ H(TA) — 6P(T*) — hP(T™) + 2hP~H(T?)

since we remark that for each of the three singular points of T, we have a
single eigenvalue for the local monodromy (different from 1) and only one term
vb H(T™) is non-zero and, hence, equal to h?~(T*).

Now, as A\ # 1, we have H(PL, DR(M')*°) = 0. The same reasoning
with (M’)*¢ instead of T, which has two singularities, gives

(3) 0= 517—1((M/)/\/\o) _ 5p((M/)>\)\o) _ hp((M/))\/\o) + hp_l((M/))‘AO).

In accordance with Lemma 2.3, we have

da’ da’

and then we can infer, according to [2, 2.2.12], that hP(T?) = hP((M')* o).
Let us apply the formula for the twist by a unitary rank-one connection given
in [2, Prop. 2.3.2]:

(4) OP(TY) = a7 ((M")*N) = hP((M")*0)

+ Z Vgo,e*Zi’“l ((M/))V\O) + Z Vf,e—m',m ((MI)/\AO) .

a€lvo,1) ag[l—90,1)

=0 because a#0
The remaining sum can be expressed as
» foey ) BP((MN)M0) if 4 € (0,1 = 7o)
2 Paoemnea (M) =9 ity € (1—70,1)
a€lvo,1) Y Y0, 1),
so we deduce that
SP((M")Mo if ye€ (0,1 -
5,,(TA):{ (d7y) 7€ 01-10)

5
® OP((M)0) = RP((M)) - if 5 € (1 =70, 1).
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We are now able to apply the formula (2):
(i) For v € (0,1 — 7), we have:
VE A(MC, (M) = 6P~ H(T?) — 67(T*) — hP(T*) + 2hP~H(T?)
= 6N (Y) — ()
— hP((M")M0) + 2P~ ((M) )
= hP7L((M')*0) (according to (3)).
(if) For v € (1 — 9, 1), we have:

Vgo,)\(MC/\o (M)) - <6P—1((M/)>\)\0) _ hp—l((M/)XAo)>

- (@) - wary))

— hP((M")*0) + 2hP~H((M)*)
= 5L — 57+ (1))
= hP((M')**) (according to (3)).

We deduce from the isomorphism given in 1 that h?(T?) = VEoan (M), and
then

WP (M) = V8 55, (M).
To sum up, we have

p—1 ;

0 V(MO (1)) = § Ve M) € (0,1 0)

7 Vgo,,\,\O(M) if v € (1 —0,1).
Let us now take the monodromy filtration M, into account. We know that it
induces a filtration W, on the cohomology H*(K*®) defined by W, H™(K*®) =
Im(H™(M,(K*®)) — H™(K*)), which verifies x(gr} K*) = x(gr}¥ H*(K*)), by
a classical argument of degeneration of the spectral sequence (see [6, Lemma
4.2.6] for more details). Lemma 2.4 states that gri! K® is concentrated in degree
0, so that the previous equality of Euler characteristics gives dim H O(ng K*) =
dim(gr)” H°(K*)) = dim gr}" 1)os A (MCy, (M)). It remains to observe that W,
coincides here with M,, because W, verifies the two properties that characterize
the monodromy filtration [9, Lemma 3.1.1]. The same reasoning holds with
primitive parts instead of graded parts, hence we have the equality

dim Pytpog A (MCy, (M)) = dim H'(P*, DR P,T?).

Now, let us fix £ > 0 and consider the Hodge filtration of the complex P, K*.
As the connection sends the p-th piece of the filtration to the (p — 1)-th piece
of the filtration, we have H7(grf.P,K*) = 0 for j # 0 and p € Z similarly to

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



494 N. MARTIN

Lemma 2.4. Using the previous argument again, with the Hodge filtration this
time, we have

v 2o (MCy, (M)) = dim gr}, Petpoe 5 (MCy, (M)) = dim grf, H' (P', DR P,/T7).

As DR P,T* is again of the form i,%, we can apply the same reasoning as for
T and get a formula similar to (2) for P,7*:

(7) V2, 5 o(MCyo (M) = 6771 (PT?) = 67(PT™) — hP(PT™) + 207~ (PeTH).

On the one hand, we have

d da’
P,TA = Py(M)HM @ <(C[a:’,:c/1,(95/ -1, d+1 < ; + f 1)) ;

and, on the other hand, we have a formula similar to (3) with Py(M’)*o:

0= 87 (oMY — 8P (Py(M')M0) — P (Bo(M'YV0) 4 kP~ (Py(M)0),

So we can repeat the reasoning as without the monodromy filtration and get

)) _ Vgo_,;\AO,Z(M) if y e (Oa 1- ’70)
Vo angt (M) ify € (1 —70,1).

(Case 2) Let us look at the case A = 1, which differs from the previous one
locally at the neighbourhood of 0 where we have a minimal extension.

We claim that, for every £ > 0, the primitive Hodge module P,7"! decomposes
as PiT" @ PIT", where P2T" is supported at the origin, and P;T" is smooth
near the origin. Since the question is local at the origin, it is enough to consider
the quiver associated to T at the origin. By the minimal extension property,
it takes the form

VSO,A,K(MCAO (M

H —= N(H)
where H denotes the nearby cycles of T! at the origin. As a filtered vector
space, it is identified with (M’),, according to Remark 2.5.

Let us set G = N(H). The action of the nilpotent operator on T is induced
by that of N on H and G. Since N sends MyH to M,;_1G, we deduce that the
local quiver of P,T" is

0
P H —— P,G.
0
We define P27 by the quiver

0
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and P}T" is the smooth extension of P,/7" at the origin, locally defined by the
quiver

0
PPH —— 0
0

thereby proving the claim.
By its definition, this decomposition underlies a decomposition of pure Hodge
modules, so that we have

vEo1,e(MCx, (M) = dimgry, H' (P', DR(P; T" & P{T"))
= dim gr?, H* (P!, DR P{T") + dim gr?, H' (P!, DR P;T"),
and, therefore, two dimensions to calculate. The first one can be obtained by
considering that DR PéT1 is again of the form 7,7, where ¥ is a non-constant
local system on P\  but with only two singular points (0 and 1). For each of

them, the unique eigenvalue of the monodromy is different from 1. This gives
HO(IP’1 7)) = 0 and H?(PL..,i.7) = 0 by the Poincaré duality theorem.

exc? exc?
Consequently, we have

dlmH (Pexcﬁ 4//) = _X(]Péx(:?i*di/) ( exc \ {O 1}> I‘k ) 0.

Finally:
dim gr%, H' (P!, DR P; T") = 0.
Let us now try to determine dim gr’ H'(P', DR P;T"). We know that P37"

is supported at 0 and given by (P,G)[0,/]. Applying Remark 2.5, the Hodge
filtration is given by

FP((PyG)[0w]) =Y O - FPTHR(PG).

k>0
We deduce that H'(P', DR P;T") is given by the cokernel of
(PG [02] = (PG 0],
which can be identified with P,G equipped with the filtration
FPH'(P', DRP;T!) = FP(P,G).
Finally, we have
dim gr?, H* (P!, DR P;T") = dim gr?,(P,G)
— dimgr} (P H)
= Vi ag 41 (M)
Summing the two dimensions, we get

Voo o1, Z(Mcko( ) =0+ Vgo,)\o,£+1(M) = Vé)o,Ao,Z+1(M)'
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(Case 3) If A = Ao, we again take the exact sequence 0 — Ty — T> — T} — 0
and we have

P 5 (MCy, (M) = dim grh, H*(PL,., DR Tp) + dim grh. H'(PL, DR T}).

exc?

The case of the left term can be treated in the same way as v € (1 — 7p,1) in
Case 1, which gives dim gry H'(P},., DR Ty) = 1%, | (M). Concerning the right
term, we have

dim gt H'(PL, DR T}) = dim gt} H'(P*, DR .#) = " H'(A', DR M),

where . is the meromorphic extension of M at infinity. By [2, Lemma 2.2.8
and Remark 2.3.5], we have

8) W H' (A, DR M) = h"H* (P', DR.4™") + V21 (M),
and we get
(9) 7 (MCx (M) = V2, (M) + WP H' (B', DR.A™™) + v i (M)

Now, we have seen in the proof of Lemma 2.4 that we are in the situation of a
minimal extension quiver

N
T>\ - TO )
with P,T* ~ Py_T, for £ > 1. As N is strictly compatible with the Hodge
filtration, with a shift F* — F*~1 we deduce that gr? P, T ~ gr’”"P,_, Ty for
¢ >1, and so

P o (MO, (M) = dimgrh  H (Pl DRP1 Ty) = V2 1, (M),

exc?

It remains to treat the case ¢ = 0, for which we have

X (MCAO( )) =" 70(MC)\O +Zzyp+l/\€0, MC)\O( ))

£>1 k=0

and

p 1+k p+L
<><> + § :l/oo,l,é
=0 £>0

(M),

P
+ Voo,l,coprim
so we deduce that

P (MCy,(M)) = h?H (P, DR.24™™) + 12,

p
v M) —v im (M)

o, 1 prlm( oco,1,coprim

+ 8 (M) — VB (M),
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Yet, a general calculation [2, (2.2.5%)] immediately shows that
Vi i (M) = VB3 i (M) = V5, (M) = V501 (M),

00,1,coprim 00,1,prim oo,1 00,1
and we conclude that v — (MCy,(M)) = h?H'(P',DR.#™"), which ends
OO, A0,
the proof of Theorem 1. O

3. Proof of Theorems 2 and 3

Proof of Theorem 2. — Applying identity (2.2.2#x) of [2], we have
hp(MCAo(M)) = Z Vzo,)\(MCAo(M))v
Aest

so it suffices to sum expressions from Theorem 1 (recall that A = exp(—2iny)):

(10) > vELAMCy,(M) = Y vh M)+ Y i (M)

A£1, X0 v€(0,70) YE(v0,1)
4
(11) (MC/\O Z Z Voo ,\0 o1 (M
£>0 k=0
= Vp (M) - Vgo,)\mcoprim (M)

OO7A0
V5o e (M) = VES 3, i (M)

00,A0,prim

For A = )¢, the following equality has already been proved in §2, formulas (8)

and (9):

(12) v —(MCy (M)) = vE, (M) +hPH' (A", DR M) O
0,A0

0,1

Proof of Theorem 3. — We set 4P = 6” — 5P~ 1. According to identity (2.3.5%)
of [2], we have

RPHY(A', DR M) = —1P(M +Z <Z“%u +M§i,1(M)>-

i=1 \ p#l

It then follows from Theorem 2 that

(13) hP(MCh (M) + hP(M) = —yP(M) =23 L (M) + Y v (M)
v€[0,70)

+ > W +Z<Z“w¢ +,u§i,1(M)>.
Y€[v0,1) i=1 \ pu#l

According to [2, Prop. 3.1.1], we have
hP (MC5(MCy, (M) = h*~H(M).
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We can write the same formula as above with )\ instead of Ay and then we
apply it to MCy, (M) instead of M:

(14) hP(MCx, (M) + hP~H (M) = =P (MC», (M)) =177 L - (MCy, (M)

oo Ao,prim

+ 3 MO (M) + Y v (MG, (M)

~v€[0,1—70) YE[1—70,1)
+ Z ( > B (MCy, (M) + uﬁq,,l(MCxo(M))> :
i=1 \ p#l
It follows from Theorem 1 that
(15) S VB AMCA (M) = Y vE (M) + B, (MCy, (M),
v€[0,1=0) YE(v0,1)
16) Y WEAMC, (M) = ST WM + v (MO, (M),
YE[1—70,1) v€(0,70)

Moreover, according to [2, Theorem 3.1.2(2)], we have

S (S mdonenen i, v o) -

i=1 \ p#l
( IO CURDYD uiil(M))
ve(

i=1 €(0,1—0) YE[1=70,1]

Substituting (15), (16) and (17) in formula (14), we get:

(18)  AP(MCx (M) = =77 (MCy, (M))=hP" (M) + Y vE (M)

Y#0,70

=—vP 1 (M)— vl ,\U(M)
+ Vgo.l(MCAO( ))

=V oo AO(M) v

+ (MO (M) =V (MG, (M)

00, \0,prim

+Z< dooERan+ N uf;;;(M))

=1 \~v€(0,1-v0) YE[1=70,1]

p—1
0,0, pum(M)
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We already made v” T(MC,\O (M)) explicit in the proof of Theorem 2 but we
0,A0
can remark that

L (MCx (M) =2 (M ZZVP (MG, (M)

00,\g,prim 00, 0,4
£>1 k=1

ooA

~

Finally, we get
WP (MC, (M) = =77 (MCxy (M) = V53, ien (M)
(3 wzens 3 o)
i=1 \~y€(0,1-"0) YE[1—0,1]
If we substitute (13) in the previous formula, we have

VP(MC, (M) =P (M) + Y (V2 (M) — V23 (M)
v€[v0,1)

Y (00 -won s X Geion - w3en).
i=1 ~Y€(0,1=0)
Summing these equalities for p’ < p gives the announced formula. O
REMARK 3.1. — If we add the assumption that the scalar monodromy at

infinity is in fact equal to AoId as in [2], we have v%_ , ,(M) = 0, except if
A= )Xo and ¢ = 0. Thus, we have

Do VEAGD+ 3T M) = v (M) = VS, (M) = (M)
7€[0:70) v€l0,1)

and

v€[M0,1)

and consequently we retrieve the results 3.1.2(1) and 3.1.2(3) of [2].

Acknowledgements. — The author would first of all like to thank Claude Sab-
bah to whom this work owes a lot. The author is also indebted to Michel
Granger and Christian Sevenheck for their careful reading and constructive
comments on this work. Thanks are also due to Michael Dettweiler for helpful
discussions.

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



500

1]

N. MARTIN

BIBLIOGRAPHY

P. DELIGNE — “Un théoréme de finitude pour la monodromie”, Progr.
Math. 67 (1987), p. 1-19.

M. DETTWEILER & C. SABBAH — “Hodge theory of the middle convolu-
tion”, Publ. RIMS, Kyoto Univ. 49 (2013), no. 4, p. 761-800.

R. FEDOROV — “Variations of Hodge structures for hypergeometric differ-
ential operators and parabolic Higgs bundles”, International Mathematics
Research Notices, Volume 2018, Issue 18 (2018), p. 5583-5608.

M. KASHIWARA & T. Kawal — “The Poincaré lemma for variations of
polarized Hodge structure”, Publ. RIMS, Kyoto Univ. 23 (1987), p. 345—
407.

N. KATZ — Rigid local systems, Annals of Mathematics Studies 139, Prince-
ton University Press, Princeton, NJ, 1996.

N. MARTIN — “Convolution intermédiaire et théorie de Hodge”, Disser-
tation, Ecole polytechnique, 2018, Available at http://nicolas.martin.
ens.free.fr/articles.html.

, “Middle multiplicative convolution and hypergeometric equa-
tions”, Journal of Singularities 23 (2021), p. 194-204.

Z. MEBKHOUT — “Le formalisme des six opérations de Grothendieck pour
les D-modules cohérents”, Travauz en Cours, Hermann 35 (1989).

C. SaBBAH & C. SCHNELL — “The MHM project, Version 2”7, book
in progress. Available at http://www.cmls.polytechnique.fr/perso/
sabbah/MHMProject/mhm.html, 2019.

M. SAITO — “Modules de Hodge polarisables”, Publ. RIMS, Kyoto Univ.
24 (1988), p. 849-995.

_, “Mixed Hodge Modules”, Publ. RIMS, Kyoto Univ. 26 (1990),
no. 2, p. 221-333.

C. SIMPSON — “Harmonic bundles on noncompact curves”, J. Amer. Math.
Soc. 3 (1990), p. 713-770.

TOME 149 — 2021 — N° 3



Bull. Soc. Math. France
149 (3), 2021, p. 501-519

A PERSISTENTLY SINGULAR MAP OF T"
THAT IS C! ROBUSTLY TRANSITIVE

BY JUAN C. MORELLI

ABSTRACT. — We exhibit a C! robustly transitive endomorphism displaying critical
points on the n-dimensional torus.

RESUME (Une application C1 robustement transitive dans T™ avec singularités persis-
tantes). — Nous présentons un endomorphisme avec points critiques sur le tore & n
dimensions qui est C'! robustement transitif.

1. Introduction

Whenever we think about dynamical systems’ properties the concepts of
stability and robustness almost inevitably come to mind. Loosely speaking, we
can say that stability implies the same dynamics for maps sufficiently close
to each other, and robustness implies the same behavior relative to a specific
property for maps sufficiently close to each other.

This work in particular is focused on the study of robust transitivity, by
transitive meaning the existence of a forward dense orbit of a point. This may
at first sight seem an unexciting topic since a fair amount of results concerning
robust transitivity are known. Nonetheless, the class of maps aimed for, the
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singular endomorphisms about which little to nothing is known, as well as
taking on the high dimensional context, are undoubtedly a fresh approach to
the subject.

To set ideas in order we list up the most relevant known results about the
topic.

We begin by summing up the most studied case: robust transitivity of dif-
feomorphisms. The image provided by known results is fairly complete. In
the setting of surfaces, it is shown in [15] that robust transitivity implies the
diffeomorphism to be Anosov and that the only surface that supports them
is T?. Later on, in the arbitrary dimensional setting it is proven in [5] that
robust transitivity implies a dominated splitting on the tangent spaces (i.e.,
weak hyperbolicity).

Going further, next comes robust transitivity of regular endomorphisms (not
globally but locally invertible). The image we have about these is somewhat less
complete; yet we know that volume expansion is a necessary but not sufficient
condition for C! robust transitivity according to [11], who also give a sufficient
condition for the case of manifold T™.

Carrying on, finally, there is the least studied case, robust transitivity of sin-
gular maps (nonempty critical sets). Until 2013 nothing had ever been written
on the topic. Then, [2] showed the first example of a C! transitive singular map
of T2. The second example was given only in 2016 by [9], who exhibited a C*
robustly transitive map of T? with a persistent critical set. Nothing more than
these two examples was known at the time. Even so, there have been recent
further advances on robust transitivity of singular surface endomorphisms: in
2018 [10] presented an example on T2, whose robust transitivity depends on the
class of differentiability, and in 2019 [12] and [13] set the state of the art prov-
ing that partial hyperbolicity is a necessary condition, that the only surfaces
that support them are T? and the Klein bottle, and that they belong to the
homotopy class of a linear map with an eigenvalue of modulus larger than 1.
Finally, with respect to singular endomorphisms in high dimensions, the only
known result was given by [14] who extended the result that appeared in [10]
to T™.

In the spirit of generalizing known results in low to higher dimensions, the
survey contained in our paper shows that the example exhibited in [9] can also
be extended to T™, resulting in the first known example of a persistently singu-
lar endomorphism that is robustly transitive in the C! topology and supported
on a manifold of dimension larger than 2.

The main result can be stated as:

THEOREM 1.1. — Given n > 2, there exists a persistently singular endomor-
phism supported on T" that is C robustly transitive.

By persistently singular endomorphism we mean a map f satisfying that there exists a
C1 neighborhood Uy of f such that every map g belonging to U displays critical points.
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1.1. Sketch of the construction. — Start from an endomorphism induced by a
diagonal expanding matrix with integer coefficients, with all but one direction
strongly unstable and one central direction. Perturb the map to add a blend-
ing region that mixes everything getting the transitivity and then introduce
artificially the critical points preserving the transitivity property. This entire
construction is done in a robust way.

The author wants to remind the readers that the contents to follow are
an adaptation of the surfaces’ construction exhibited by [9, Section 2.2] to
arbitrary dimensions. The proofs to some of the claims in our lemmas and
theorems were, consequently, also inspired by [9]. Moreover, many of them can
be adapted in a straightforward manner cleverly enough, but for the sake of
a self-contained article all proofs will be explicitly provided here. Finally, if
readers wish to get a lighter approach to our construction by considering the
low-dimensional context first, they are invited to read the cited article.

2. Preliminaries

Some basic definitions are recalled at the beginning. If readers wish to gain
more insight on the geometrical or dynamical background they can refer to [6]
or [7].

Let M be a differentiable manifold of dimension m and f : M — M a
differentiable endomorphism. The orbit of z € M is O(x) = {f™(x),n € N}.
The map f is transitive if there exists a point x € M such that O(x) = M
and f is C*-robustly transitive if there exists a neighborhood Uy of f in the
C* topology such that g is transitive for all g belonging to Uy.

The proposition ahead is well known and of most practical use.

PROPOSITION 2.1. — If f is continuous then are equivalent:

1. f is transitive.
2. For allU,V open sets in M, there exists n € N such that f*(U)NV # 0.
3. There exists a residual set R (countable intersection of open and dense

sets) such that for all points x € R: O(x) = M.

2.1. Normally Hyperbolic (sub)manifolds. — We continue defining normally
hyperbolic submanifolds in the sense of [1]. These kind of submanifolds for
a given map are persistently invariant under perturbation, it allows defining
dynamical systems within them. This will be the main usage we will make of
them ahead in the paper. Their formal definition is as follows.

Let f: M — M be a C! diffeomorphism, N C M a C' closed submanifold
such that f(N) = N (we say that N is invariant).

DEFINITION 2.2. — We say that f is normally hyperbolic at N if there exists a
splitting of the tangent bundle of M over N into three D f-invariant subbundles
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such that TM|y = E* & E* & TN and there exists a constant 0 < A < 1 such
that for all z € N the following hold:

o Do fiz |- 1(Dpey iz, o wll < A
o (D)l - IDs=100) Fhiry < A

L(x)

The first condition implies that the behavior of the differential map D f is
hyperbolic over M \ N while the other two describe the domination property
relative to stable subspaces E® and unstable subspaces E*. Our interest in
these submanifolds comes from [1, Theorem 2.1] which states that:

THEOREM 2.3. — Given M, N and f as in the definition above, there exists a
C* neighborhood Uy of f such that all g € Uy admit a C* invariant submanifold
Ny which is unique such that g is normally hyperbolic at N,. Moreover, N and
N, are diffeomorphic and there exists an embedding from N to N, which is C*
close to the canonical inclusion i : N — M.

2.2. Blenders. — A brief overview of the concept of a blender is given here. In

most situations it is easy to think of blenders as higher dimensional horseshoes

or as sets exhibiting the dynamics of Smale’s horseshoe. Blenders force the

robust intersection of topologically 'thin’ sets, giving rise to rich dynamics.
According to [3],

A blender is a compact hyperbolic set whose unstable set has
dimension strictly less than one would predict by looking at
its intersection with families of submanifolds.

They also provide with a prototypical example of a blender: let R be a rectangle
with two rectangles R; and Rs lying inside, horizontally, and such that their
projections onto the base of R overlap (Figure 2.1). Consider now a diffeomor-
phism f such that f(R:) = f(R2) = R. Then, Q = [,y f~"(R) gives rise to
a blender (Cantor) set for f. Observe that f admits a fixed point inside each
of R; and Ry and that all vertical segments between the projection of these
points intersect Q (this is due to the overlapping of the projections of R; and
Rs, which holds at every preiteration). Observe as well that this construction
is robust in two senses: on the one hand, f can be slightly perturbed with
persistence of the property. On the other hand, the vertical segment can also
be slightly perturbed and still intersect €.

Notice that €2 is a fractal object with topological dimension zero. Nonethe-
less, every close-to-vertical line in between the fixed points of f inside R; U Ry
intersects 2; hence, one would expect 2 to be at least of topological dimen-
sion 1. This is the characteristic trait of blender sets.
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R

R,

FIGURE 2.1. A protoblender over R; f~1(R) is darker

To finish with the preliminaries regarding blenders, their importance lies in
the fact that they are a magnificent tool for producing rich dynamics, partic-
ularly robustly transitive dynamics. For more insight on blenders and their
applications the reader may go to [4].

2.3. Iterated function systems. — Let F,G be two families of diffeomorphisms
of M. Denote by FoG := {fog|f € F,g € G}; and for k € N denote
FO = {Idy} and F*1 = F¥ o F. Then, the set J;—, F* has a semigroup
structure that is denoted by (F)* and is said to be generated by F. The action
of the semigroup (F)™ on M is called the iterated function system associated
with F. We denote it by IFS(F). For € M, the orbit of x by the action of
the semigroup (F)* is (F)*(z) = {f(x), f € (F)T}. A sequence {z,, n € N}
is a branch of an orbit of IFS(F), if for every n € N, there exists f,, € (F)*
such that f,(2,) = Tpi1-

DEFINITION 2.4. — An IFS(F) is minimal if for every € M the orbit (F)*(z)
has a branch that is dense on M.

An TFS(F) is C" robustly minimal if for every family F of C" perturbations
of F and every z € M the orbit (F)*(x) has a branch that is dense on M.

As is shown in [8], every boundaryless compact manifold admits a pair of
diffeomorphisms that generate a C' robustly minimal IFS. Ahead, we provide
a construction of such a pair of maps on S! with the additional properties of
being mostly contracting and having a bounded C' distance to the identity.
For the rest of the article we consider S! as the quotient of [—1,1] under the
identification 1 ~ —1.
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LEMMA 2.5. — Given k > 0, there exists a family F = {g1,g>} in Diff'(S?)
such that max;e 123 {|[1d — gi[|} < k, max;e(1,04{llg}[|} < 2 and IFS(F) is C*
robustly minimal.

Proof. — Let a € (0, %) and g, : [—1,1] = [—1, 1] be a real function given by

(3:33) (x+1)-1, ifze[-1,—qa
ga(z) = { 32, if z € [—a,al

(;:gg) (x—1)+1, ifzé€[a,1]

Then g, is a continuous piece-wise linear function that descends to S' as shown
in Figure 2.2. Fix ag € (0, %) such that ||z — gq,(2)|| < & and define g := gq,.
Let g1 : S' — S be a smooth approximation of g such that |g1]| < 3 and g; is
a contraction on the complement of (—2ag, 2ag). Furthermore, let go : St — S*

be such that ga(z) = g1(z — ).

FIGURE 2.2. §, : S' — S! is almost a contraction on S*

We claim that F = {g1, 92} is a family satisfying the announced properties.

To show minimality it is only needed to see that given any point p in S*,
the orbit (F)*(p) is dense in S'. Define A := {z € S1|g; is a contraction at
z} and B := {z € S'|gs is a contraction at z}. We have AU B = S*. Let
W be an open set in S', then either g ' (W) or g5 *(W) is larger than W, so
(F)~L(W) is strictly larger than W. Keep taking preimages until finding n
such that (F)~"(W) = S, so (F)"(p) € W. To show robustness, observe that
both g1 and go are Morse-Smale diffeomorphisms. Since these are structurally
stable the proof above is robust.

The last two properties claimed by the lemma are straightforward from the
construction. ]
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Having stated all the preliminary facts needed to construct the example
map satisfying the claim of Theorem 1.1, we now proceed to it in two steps. In
Section 3, we define a T" endomorphism (which we name f) that is C! robustly
transitive. To achieve this goal, we use the result given by Lemma 2.5 to create
a blending region for f supported on a strict subset X of T™.

Once this construction is finished, we move on into Section 4, where the
second step of the construction takes place by artificially introducing critical
points inside the complement of X in T™. The surgery is done in such a way
that the critical point existence is robust and the blending region is unaffected,
resulting in a new map (which we call F') that satisfies the claim of Theorem 1.1.

3. A regular endomorphism f of T™

3.1. Construction of f. — Consider the n-dimensional torus T" = R"/[—1, 1]"
and endow it with the standard Riemannian (Euclidean) metric. Let A e
M, (Z) be the diagonal matrix suggested below, with a unit in the last entry
and all of the other elements being equal to 14,

140 00
014 0 - 0
(1) A= -
0+ 0 140
0.~ 0 01

The matrix A induces a regular endomorphism A on the torus defined by

(2) A:T" = T",  A(zy,...,z,) = (14w, 1dxg, ..., 14xy 1, 24).

REMARK 3.1. — 1. The construction could be carried on with any A € Z
such that |A| > 1; the choice of 14 is made for the sake of simplicity and
to enable a better understanding of the contents to follow.

2. The construction can, in fact, be carried on with any A\ € Z such that
[A| > 1, since there would be a power of A such that the first entry
would be larger than 14. It follows that the construction holds for any
linear map in the isotopy class of maps with an eigenvalue of modulus
larger than 1.

3. Observe that A is a map modulo 2 even when we do not state it explicitly.
The same convention applies for all maps of T" defined along this work.

For the rest of the construction, consider a decomposition of the n-torus
given by T" = T"~! x S1; the map A becomes A : T"~! x ST — T", A(xz,y) =
(14z,y).
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Define in T" ! the followmg cubes: Ko = [, 218]n_1, Ky = [, 25—8}”_1 and
K = (Ko U Kjy). Take & = ;55 and define the cubes K§ = [53 — €, 55 + £
Kf=[2 e & +¢" " and K¢ = (K§ UK?).

Set a smooth function @ : R — R, given in Figure 3.1, and let u : T*"! = R
be defined by u(z) = -5 E?:_ll @(z;), which is smooth and satisfies ujx =
1 and wyge)e = 0. Furthermore, ||| := max{|@'(z)|, € R} exists and
IVull < @]

]nfl

b

FI1GURE 3.1. Graph of @

Finally, fix a real number 0 < x < 3 and let F = {g1, g2} be the family given
by Lemma, 2.5 for the second factor S*, satisfying the properties claimed in the
lemma for k =

Define

(3) f:stSl—HT”, f(a:,y)z{

[

(4z,g1(y)) itz € Kj
(l42,g2(y)) ifz € Kf

and extend f to

(4) f: T 1« g1 ™,
, A(x7 y) lf T ¢ Kg
REMARK 3.2. — The following properties are straightforward to check:

1. Calling f(z,y) = (14z, f2(y)), then f(z,y) = (14z, u(z) - f2(y) + (1 —
u()) - ). )

IDgl = 1 Dga|| = 3, hence | Dfaf| < 2.

By construction of f Idg: — fol < T

The restriction f|(xxs1) = f

The restriction f|(gexg1)e = A.

S v L

K x S is a proto-blender for f relative to [—7,
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3.2. Dynamics of f. — The most evident dynamical feature f has is a strongly
dominant expanding direction along the first coordinates. It follows that there
exists a family of unstable cones for f in the orthogonal subspace of the last
canonical vector €;,, whereas €, itself can be regarded as a central direction.
We pause here to check the existence of the unstable cone field for f.

Recall that for z € M, we call cone of parameter a, index n — k and vertex
z to

0r@) = {(on o) e T M stnll )

|(U1,1}2,. -'avk)H

and that f admits an unstable cone of parameter a and vertex x € M, if there
exists C¥(z) C T, M such that D, f(C%(x)) \ {0} C C¥(f(x)).

LEMMA 3.3. — The map f defined by (4) admits an unstable cone of parame-
ter k, index 1, and vertex (z,y) at every (x,y) € T"1 x St

Proof. — The differential of f at (x,y) is given by

14 0
Dy f = <Vu(a:) (fo(y) — y) u(x) - Dy fo + (1 — u(z)) - y) -

Then for all vectors (vi,vs2) of the tangent space of T™ at (z,y) it is

14’01
Diaapf(or,v) = ([vw) (aw) — )on + [ule) - Dyfo + (1 — u(z)) - y]vz> |

Considering now all vectors (vq, v2) in C¥(x, y) and let (wy, wa) := D f(5 ) (v1,v2)
we see that it is unstable by computing

lwal _ [[[Vu(@) - (F2(y) = 9)lor + [ulz) - Dy fo + (1 — u()) - yloa||
[l 14fvn|
_ IVu@)|l - [1f2() — vl 4 u@)]- 1Dy foll + 11— u(@)]| - [1d]) -
- 14 14
<4 dr <K
— 14 14 ’

where in the first inequality we apply the triangle inequality and that (vy,v2) €
C¥(zx,y) and in the second inequality we use:

(Ul,UQ) € C:;:(l',:lj), R

IVu(@)| - [ f2) = yll < [@(@)] - | f2(y) = y]| < 5 by Remark 3.2,

| D f2]] <2 by Remark 3.2,

1d]| < 2,

max,er{|u(z)|, |1 —ulx)|} < 1. O

LEMMA 3.4. — For allv € C¥(x,y) it holds that || Dy f(v)|| > 4]v]|.
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Proof. — Let v = (v1,v2) € C¥(x,y) and recall that 0 < x < 3, then

(D@,y)f(vhvz)n T Wl 196 196
I T 16

z > — > 1.
o, )] P+ 1) = Jg(1 1 (Jeb)®) 160

O

REMARK 3.5. — Recall that if By(z,r) denotes a ball of dimension k, then
the kth dimensional inradius of a compact set X is defined as irg(X) :=
maxgex{r > 0| By(z,7) C X}.

Since the definition of an unstable cone is independent from the construction
of f, k can be chosen small enough such that for all disks ~ satisfying that the
tangent space Ty C C¥(v) at all times, then inradius and diameter of + can
be identified. For the rest of the article we assume that « is small enough such
that this identification holds.

Observe that if X is a manifold and Y an open subset such that ir(Y") >
diam(X) then Y = X.

COROLLARY 3.6. — For all disks v such that for all t, where v is defined, it
holds that Tyy C CE(y(t)), the inradius satisfies iry(f(y)) > 4irg(y) for all
k<n-1.

COROLLARY 3.7. — There exists a C' neighborhood Uy of f such that all g in
Uy admit an unstable cone of parameter k, index 1 and vertex (z,y) at every
(z,y) € T™ for which Corollary 3.6 holds.

We now highlight some other relevant dynamical features that the map f
possesses. All of them are straightforward to check:

REMARK 3.8. — 1. K¢ C [—5—5,2+5]" L
2. f(K§x SHN KT xS D1 —e L +en 7t xSL
3. The set K€ x S is a protoblender for f relative to [5 —¢, 3 +¢]" 7! x ST,
4. The points (0,...,0,1) and (&, ..., 5, 13) are saddle fixed points for f,
and the points (0,...,0) and (%, , %) are repelling fixed points for
f.
For the sake of simplicity, from now on the points (0, ...,0) and (137 ce 1—23)

in T* ! will be referred to as 0 and 12—3 when there is no I‘lSk of confusion.

5. The local unstable manifold at (0,1) is W* (0,1) = (—e,&)" ! x {1}.
6. If B C (1 —ag,1+ag) C S* satisfies B := W} (1) for g1, then the local
stable manifold for f at (0,1) is W _(0,1) = {0} x B.

We now prove that both the local stable and unstable manifolds at (0, 1) are
dense in T". This will yield that f is C* transitive.

LEMMA 3.9. — The unstable set W*(0,1) is forward f-dense in T".
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Proof. — Let V = V; x V, be any open set in T® = T"~! x S!. We show
that there exists a point in W (0,1) = (—¢,£)" "1 x {1} with a forward iterate
in V.

Let f be f(z,y) = (14x, fo(x,y)). Since fi(z) = 14x expands, there exists a
natural number k such that f*(Wg (0,1)) D Tt x {f5(0,1)}. Since IFS(F)
is minimal, there exists a point in the orbit of (F)*(f¥(0,1)) that intersects V3
at, let’s say, fy7(0,1). This implies f¥+7 (W% (0,1)) N T" x Va # ) which
in turn yields f*7(W.(0,1)) NV # 0. O

LEMMA 3.10. — The stable set W*(0,1) is backwards f-dense in T".

Proof. — Let V =V; x V5 be any open set in T"~! x S and let W _(0,1) =
{0} x B where B = W _(1) for ¢1. Let p = (p1,...,Pn—1,Pn) € V and
let v : (—r,7)" ! — V be a well-defined disk with v(t1,...,t,—1) = (p1 +
tiye e sPn1 + tn_1,Pn). Since for all t € (—r,7)" ! and all v € T,V the
differential Dyy(vy,...,vn) = (v1,...,0p-1,0), it holds that Tyy C C¥(v(t)) at
all times. By Corollary 3.6, for all k € N, ir,_1(f*(vy)) > 4¥ir,_1(y). Since
diam(T"~1) < /n, there exists ko € N such that for all k& > ko, f*(y) D
T*~! x {f¥(p)}. Again, since IFS(F) is minimal there exists a branch of the
orbit (F)*(fy°(p)) that enters B at, say (F)(f50(p)). In turn, f5+7(y) N
{0} x B # (. Therefore, there exists a point in V (in ) with a forward iterate
entering in W (0, 1). O

THEOREM 3.11. — The map f defined by (4) is transitive.

Proof. — According to Lemmas 3.9 and 3.10 the open set U x B is an open
neighborhood of (p,a;) that is dense under forward and backward iteration
by f. Hence, it holds that for all open sets A and B in T", there exists a
natural number k such that f*(A)N B # (), which yields transitivity for f. O

We now turn our attention to additionally proving robustness in Theo-
rem 3.11. We begin with a series of considerations about the perturbation
that are required to understand its dynamics.

Start with a small C' neighborhood V¢ of f. Notice first that after item
(2) at Remark 3.8, all maps in Vy preserve the blending region K x S*. As
well, by Corollary 3.7, all maps in Vy admit a field of unstable cones for which
Corollary 3.6 holds.

Recall that {0} x S* and {2} x S! are f-invariant disjoint submanifolds to
which the restriction of f configures a minimal iterated function system.

Let G be an arbitrary map in Vy, by item (4) at Remark 3.8, G admits two
saddle fixed points we name (0,1) and (2, 12)" which are the continuation
points of the saddles of f. Recall that fifo}xs1 = g1 is a Morse-Smale diffeo-
morphism, so bcause of their stability there exists € > 0 such that for every
g: {0} x St — {0} x St satisfying ||g — g1]| < &, there exists a homeomorphism
H such that Ho gy =go H.

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



512 J. C. MORELLI

Notice that f([573, 5oqz)" ! x S1) = Ko x S'. It follows that the preimage

map 1 : Ko x S' = [5545, 515z x S is a diffeomorphism satisfying that
Nyen /(Ko x S) = {0} x S*, which yields that £~ is normally hyperbolic at
{0} x S*. Apply Theorem 2.3 to see that (), G~"(Ko x S*) = N is a unique
G-invariant submanifold of T™ and that there exists a C! diffeomorphism h; :
{0} x S' — N that can be set as close to the canonical inclusion as desired
by choosing G close enough to f. Then take V; and reduce it as much needed
to satisfy ||g1 — hy' o G|y o hi|| < e. In turn there exists a homeomorphism
Hy : {0} xS! — N such that Hyog; = G|noH; by the stability argument about
g1 right above. Observe that H; = hy o H and that (0,1)’ € N. An identical
argument yields that at (1—23, %)’ there exists a G-invariant submanifold N’
which is C*-diffeomorphic to {5} x S* and a conjuating homeomorphism Hj :
{12—3} x 81 — N’ such that Hy o0 gy = G|+ o Ha.
We proved that G|y is conjugate to g1 and that G|y is conjugate to go.

REMARK 3.12. — Since N =,y G~ " (Ko x S*) for every continuous (n—1)-
disk ~ that crosses K intersecting it in every side of its boundary, vy N\ N # 0.

REMARK 3.13. — The maps G|y and G|y+ do not configure an IFS since they
are not defined on the same support, but it comes from Lemma 2.5 and the con-
jugations stated above that if 7 : T"~1 x S* — S 7(z,y) = y, is the canonical
projection then 7({G|y is a contraction or G|y is a contraction}) = S*.

We proceed now to prove a last series of lemmas that will lead to the proof
of robust transitivity for the map defined by (4). We start by showing that
Remark 3.13 yields that any neighborhood of (0,1)" has a preimage by a power
of the perturbation G that projects surjectively onto the second factor S*.

LEMMA 3.14. — For every small open neighborhood U of (0,1)" in T™ and any
open subset U' C U, there exists mg € N such that m (G=™(U")) = S* for all
m > myg.

Proof. — First notice that if 7 : T"~! x S' — S! is the canonical projection
onto the second factor, ||[(m o G) — (7w o f)|| < ||G — f|| holds. By Remark 3.2
and Definition 3 we conclude that (7o f)|x,xs1 = g1 and that (7o f)|x, x g1 =
g2. Thereafter, since g1 and go are Morse-Smale diffeomorphisms, V¢ can be
reduced until (7 o G)|x,xs1 is conjugate to g; and (7 o G) |k, xs1 is conjugate
to ¢g2. The same accounts for the local inverse image map G~ !.

Let then U be any small open neighborhood of (0,1)" and let U’ C U be any
open subset. Recall that G preserves the blending region K x S, so the set
G~1(U’) contains a preimage component in Kq xS and another one in K; x S*.
By the conjugations above and the proof of Lemma 2.5, 7(G~(U")) is a curve
with strictly larger length than 7(U’) in either one of those components. Call
X the component that has strictly larger projection and consider G~!(X;) C
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G~2(U’"). Find again a component of G~!(X;) in Ky x S! and another one in
K, x S', project them onto S' and choose as X5 the one that projects with
strictly larger length. Repeat the process until finding, via the same argument
as in Lemma 2.5, a natural number mg such that 7(G=™(U’)) = S! for all
m > my. O

We are now in the position to state and prove the last two lemmas re-
quired for the proof of robust transitivity. For the local stable and unsta-
ble manifolds of G at (0,1)’, let p be a transversal curve to T"~! centered
at (0,1)" contained in the local stable manifold of G|y in N. It holds that
Wi ((0,1)) := {p(t) he(—e,ey € N with p(0) = (0,1)". In the same fashion
there exists an (n—1)-disk A which is transversal to N such that W _((0,1)’) :=
IO eeyns with A(0) = (0,1

LEMMA 3.15. — W ((0,1)’) is forward G-dense in T™.

Proof. — Let U = Uy x Us be a small open neighborhood of (0,1)" in T™ and
suppose that A is not forward G-dense in U. This means that there exists
an open subset U’ C U such that for all n € N, G*(A\)NU’' = (. Apply
Lemma 3.14 to find mg such that 7(G=™(U’)) = S! for all m > mg and
consider the preimage G~™°~1(U’) contained in Ky x S*. Since (0,1) is a
saddle for G which only contracts in G|y, there exists ko > mg + 1 such that
G~k (U'YN A # (). This gives a contradiction. Consequently, A is forward G-
dense in U. By expansion in the first factor we have that A is forward G-dense
in T"~! x U,. Since (12—37 %)’ is a saddle for G' which contracts only in G|y
and Remark 3.12 gives that by this point for some m € N, G™(A) N N’ # (), A
is forward G-dense in T" ! x |J, c(G|n7)*(U2) and by an analogous argument
it is also forward G-dense in T"~! x UjeN(G\N)j(UkeN(G\N’)k(U2)) which is
the whole manifold T". O

For the next lemma, let (0,0)" be the source fixed point of G continuated
from the source at (0,0) of f and let G := (Gy,...,Gy).

LEMMA 3.16. — W _((0,1)) is backwards G-dense in T".

Proof. — Let U = Uy xUs be any open set in T"~tx St and v : (—r,7)" "t = U
be a well-defined (n — 1)-disk such that Ty belongs to C(7y), the cone field of
G at v, at all times. Therefore by Corollary 3.6, for all m € N, ir,_1(G™ (%)) >
2™ ir,_1(7). Since diam(T"~!) < \/n, Remark 3.5 provides existence of mg € N
such that for all m > mg, G™(y) D T"! x G™(v). Furthermore, Remark 3.12
ensures that for all m > mg, both G™(y) N N # @ and G™(y) N N’ # 0.

To finish, if (0,0)" ¢ G™°(y), since (0,1)" is attracting for G|y then
G™ i (y) N p # O for some j € N. If, on the contrary, (0,0)" € G™0(v)

then G™(v) N N’ # {(&, 13)'} since £ is small and there is a large distance
between (0,0)" and (&, 12)’, due to the geometry of F at Lemma 2.5 together
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with the conjugations explained right after Theorem 3.11. In the latter case,
since (5, 13)" is a sink for G|y it holds that G™ % () N W (5, 15)) # 0
and consequently by attraction of (0,1)" for G|y G™ ™ (y) N p # (. In
either case, there exists m € N such that G™(y) N p # 0 which means that

G~ ™(p) N~ # () which gives the claim of the lemma since v C U. O

REMARK 3.17. — Lemma 3.16 admits a simple geometrical explanation relying
on the following fact from Euclidean spaces: if U'is a vertical vector and H is a
horizontal hyperplane, then v and H intersect in a robust way. Given, then, that
N and N’ are C" close to S! they can be regarded as ‘vertical’ submanifolds.
Since Ty C C¥(vy) and C* is ‘horizontal’ they are orthogonal in the universal
cover R", but v grows unboundedly in all directions inside the hyperplane so
they must intersect in the quotient T™. Once they intersect, robustness of
Lemma 2.5 finishes the proof.

THEOREM 3.18. — The map f defined by (4) is robustly transitive.

Proof. — Let V§ be a C! neighborhood of f as described above and G € V.
Since G satisfies Lemma 3.15 and Lemma 3.16, G also satisfies Theorem 3.11.
Since G is an arbitrary map in Vy, f is C! robustly transitive. |

4. A singular endomorphism F' of T™

Now that we have defined a robustly transitive endomorphism f given by
a blending region contained in K x S', we proceed to the second step of the
construction by (robustly) artificially introducing critical points in the comple-
ment of K¢ x S'. The technique used to introduce the critical points is inspired
by the construction carried on in [9, Section 2.2]. Once the surgery over f is
performed, a map F' satisfying Theorem 1.1 arises.

As a short set of preliminaries, we first provide the definitions of the sin-
gularities of any map h : M — M; recall that M denotes a real mani-
fold of dimension m. We say that x € M is a critical point or singularity
for h if the differential map at =, D,h is not surjective. Observe that x is
a singularity for h if and only if the rank of the Jacobian matrix satisfies
rk(D,h) < m, if and only if the determinant det(D,h) = 0. The critical set of
his Sp = {z € M |rk(D,h) < m}. We say that h is a singular endomorphism
if the critical set Sy is nonempty, and we say that h is a persistently singular
endomorphism if there exists a neighborhood U, of h in the C! topology such
that all g € U, satisfy S, # 0.

4.1. Construction of F'. — Sketch of the construction. We choose a point not
in K¢ x S' and set a ball centered at this point, inside the complement of
K¢ x S'. By means of standard surgical procedures, we perturb f to introduce
a set of critical points inside the ball and with the additional property that
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the resulting critical set is persistent. Since the surgery does not affect the
blending region in K x S!, the robust transitivity of the map f defined by (4)
is inherited by the new map. We call the new map F, and it satisfies the claim
in the title of the article.

(a) (b)

FIGURE 4.1. Graphs of ¢ and ¢’ (taken from [14])

Let p = (%,O,...,O, i) € T™. Our goal is to define a ball of center p to
perform a perturbation in order to obtain the map F we seek. To achieve this
goal we need to fix a series of technical parameters; the choice to set all of them
at the same time and at the beginning of the construction is in expectance of
avoiding darkness and that it will be clear how they depend on each other.
Start with r > 0 satisfying that the ball B, ) N (KE X 51) = (), this is
possible since p ¢ (KE X Sl). Fix a second parameter 6 such that 0 < 6 < 3
and define a smooth (C°) function ¢ : R — R with a unique critical point at %,
with 1(f) = 2 and ¥(z) = 0, for all z in the complement of (& — 0, 75 + 6),
and an axis of symmetry in the line x = 11—6, as shown in Figure 4.1(a).
Finally set a last parameter §, with 0 < § < 20 verifying the following
condition: since the derivative of 1 is bounded once 6 has been fixed, name
the bound as my = my(0) = max{|y'(z)|,# € R} and impose on ¢ that
2-my 10 <1lk.
Having fixed 4, consider another smooth function ¢ : R — R such that:
e ' is as shown in Figure 4.1 (b).
o 22 <¢/(x) <1forall z € R. This gives |¢'(x)| < 1 for all z € R.
o Y(z)=0forallz¢[t—2 14300
s (N=5¢E+H=LoG+DH=-1 e =0
REMARK 4.1. — max{|p(x)| : x € R} <4.

We are now in the condition to define a perturbation of f in the direction
of the last canonical vector €, that depends on r, # and §, which by simplicity
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we call only F' and is defined at x = (21,...,2,) as

(5)

if B
Fros:T" = T", F(x)= f(@) pl e 1 z ¢ B
A(l‘) - @(xn) : ¢(Zj:1 x]) *Ep lf T € B(p,’l")
REMARK 4.2. — 1. For all = ¢ B(p a5 it holds that F(x) = f(x).
» 4

2. For all z ¢ K¢ x S1, it holds that f(z) = A(z).

To make reading easier we will denote ¢(z,) as ¢ and 1/1(2;;11 %) as
omitting the evaluations appearing in the definition.

LEMMA 4.3. — The endomorphism F' defined by (5) is persistently singular.

Proof. — Start computing the differential D, I at x = (x1,...,2,) € B,y to
get

14 0 0 0
0 14 0 0
(6) D.F = : : : :
0 0 14 0
72 . Il . QD . ’l][}, 72 . :I:2 . S@ . ’l/}/ .. 72 . :Z:n_l . (p . /11[)/ 1 —_ (P/ . w

Since the critical set of F' is defined as Sp = {z € T"| det(D,F) = 0}, (6)
provides det(D,F) = 14" 1. (1—¢’-9). In turn, Sp = {z € T" | 1—¢' 1) = 0}.

Notice that Sg is not empty since p = (i, 0,...,0, %) € Sr. To prove that
S is persistent, consider the points ¢; = (§,0,...,0, 1 + g) and g2 = (%,0,...,
0,7+ g) both in B, ). Evaluating determinants det(Dg, F) = 5 - 14"~ and
det(D,, F) = —14"~1. Therefore there exists a neighborhood Ur € C* such
that every g € Up satisfies S, # 0. O

4.2. Dynamics of F'. — We now turn to the last part of the article where
we show that F is C' robustly transitive. To prove this, observe first that
after Remark 4.2, Lemma 3.15 holds for F' automatically. If we prove that
Lemma 3.16 also holds for F', then we can apply the same reasoning of Theorem
3.18 to F' to have the result. Notice that since the perturbation takes place only
in the last coordinate, Lemma 3.16 will hold for F' if we show that F' admits
an unstable cone CY(x) of index 1 at every point x € B,y which satisfies
ir,—1(F(vy)) > 4ir,—1(y) for each (n — 1)-disk v with Ty C C¥(y).

LEMMA 4.4. — For all x € B, it holds that C(x) is an unstable cone
for F.

Before moving on to the proof, we will denote as © = (v1,va,...,Un_1)
whenever v = (v1,v2,...,0p).
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Proof. — From (6), we have for all v = (v1,vq,...,v,) € C¥(z):
D.F(v) = (14vy,...,14v,_1, -2 -{Z,0) - - ' + v, - (1 — ¢ - 9)).
Letting (ug,...,u,) := Dz F(v) be u and performing calculations, we have:

fual _ | =2 (8,8) 0w + v (1= - 9))]
fal 149]
. 7 . 7 . . / J— I- .
< 203l Wl lel 1], JL =l loal
| 149] Tiaa]

1
<2~7’~()~5'm¢+3ﬁ<n.

14 14

Above, for the first inequality we use the triangular and Cauchy—Schwarz in-
equalities; for the second one we use:

v e Cl(x),

1Z]] < fl=]] <,

|| <6,

[V < my,

12— ¢ 1p| < 3since 2 < <land 0 <y <2

For the third one we use the condition 2 - my - r-§ < 11x imposed over 6. [

LEMMA 4.5. — For allx € B,y and allv € Cl(x), it holds that || D, F(v)|| >
Alv]]-

Proof. — Let v1 € R"1 and vy € R such that v = (v1,v9) € C%(x) C T, T".
Recall that 0 < k < 3 and compute:

<||D(W)F(m,vg)|>2 o196 [l 196 196

el ) =16 TolP+8) ~ 16 (1 1 5y) 100

LEMMA 4.6. — The map F defined by (5) is C* robustly transitive.

Proof. — From Lemmas 4.4 and 4.5 we conclude that Lemma 3.16 holds for F'.
It was already mentioned that Lemma 3.15 holds for F'. Consequently, Theo-
rem 3.18 holds for F. |

We are now in the condition to give the proof of the main theorem of the
article:

Proof of Theorem 1.1. — Define U; € C' an open neighborhood of F where
Lemma 4.3 holds and > € C! an open neighborhood of F' where Lemma 4.6
holds. Then, all maps belonging to Ur = Uy N U, are C' robustly transitive
and have nonempty critical sets. (]
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5. Final remarks

The example presented in this article shows the existence of C'! robustly
transitive maps displaying critical points on any dimension. Yet, many open
questions remain: Is T™ the only high dimensional manifold supporting such
a map? Is it possible to extend this type of construction to other quotient
manifolds? Would it be possible to carry on the proof starting from a matriz
whose induced map belongs to a different isotopy class? Is it possible that a
fiber bundle (instead of a product) admits a construction of this type? just to
mention some of them.
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RESUME ((p,T')-modules multivariables et représentations du produit du groupe de
Galois: le cas des corps résiduels imparfaits). — Soit K un corps discrétement valué a
charactéristique mixte (0, p) et un corps résiduel imparfait ko . Soit A un ensemble fini.
Nous établissons une équivalence de catégories entre des représentations de dimensions
finies sur F}, du produit de A copies du groupe absolu de Galois de K et des (¢, T')-
modules étales multivariables sur un anneau multivariable des séries Laurent sur k.

1. Introduction

1.1. Motivation of this work. — Fontaine’s theory of (¢, T')-modules is a fun-
damental tool to describe and classify continuous representations of the Galois
group of a finite extension of Q, on a finite-dimensional Q,-vector space. With
the help of Fontaine’s theory of (p, I')-modules, one can understand the p-adic
and mod-p Langlands correspondence in the case of the general linear group
GL; over the field Q, of p-adic numbers, see [9, 10, 11, 13, 20, 21, 22, 41]. By
invoking the theory of (y,T')-modules, the p-adic and mod-p representations
of GL2(Q,) can be connected with p-adic and mod-p Galois representations
of Q,. To extend the correspondence to other p-adic reductive groups beyond
GL2(Qp), one naturally wants to generalize Fontaine’s theory of (¢, I')-modules.
There has been conjectural progress in attempts to generalize p-adic Langlands
beyond GL2(Q,) along these lines; two kinds of multivariable versions of (¢, T')-
modules can be found in the literature. Berger’s multivariable (¢, T')-modules
is an attempt to generalize p-adic Langlands for GLg(F), where F is a finite
extension of Q, [6, 7]. The third author of this current work also defines mul-
tivariable (¢, I")-module over a m-variable Laurent series ring in an attempt
to generalize p-adic Langlands for GL,,(Q,) [43, 49, 50]. One might also try
to look at Zabradi’s multivariable (¢,T)-modules over Lubin-Tate extension
to conjecturally understand p-adic Langlands for GL,,(F') [28]. It has become
clear that essentially all of p-adic Hodge theory can be formulated in terms
of (¢,T')-modules; moreover, this formulation has driven much recent progress
in the subject and powered some notable applications in arithmetic geometry
[17]. See [31] for a quick introduction to this circle of ideas or [42] for a more
in-depth treatment. Multivariable (¢, T')-modules are also related [19, 32] to
Scholze’s theory of perfectoid spaces.

This paper can be considered as a complement to the third author’s inde-
pendent work [49] in which he shows that the category of continuous repre-
sentations of the m' direct product of the absolute Galois group of Q, on
finite dimensional F,-vector spaces (or Z,-modules and Q,-vector spaces, re-
spectively) is equivalent to the category of étale multivariable (¢, T)-modules
over a certain m-variable Laurent series ring over F, (or over Z, and over
Qp, respectively). In the current paper, we will extend this equivalence of
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categories for continuous F,-representations of the m™ direct product of the
absolute Galois group of a complete discretely valued field K with mixed char-
acteristic (0, p) whose residue field k, is imperfect and has a finite p-basis, i.e.,
[ke : k2] = p? (for some d > 1). We plan to come back to the question of
p-adic representations in the future. We expect applications of our results to
p-adic Hodge theory of products of varieties over p-adic fields. To state our
main theorem (Theorem 5.13) precisely, we need to review the third author’s
work on multivariable (¢, T")-modules [49] and his main theorem.

1.2. Zabradi’s work [49]. — Let F' be a finite extension of Q, with residue

field kp (which is perfect). For a finite set A, let Gg, A = ] Gal(Q,/Qy)
a€cA
denote the direct power of the absolute Galois group of Q, indexed by A.

We denote by Rep,,. (Gg,,a) the category of continuous representations of the
profinite group Gg, A on finite dimensional kp-vector spaces. For independent
commuting variables X, (o € A), we write

Eakp = kr [Xola € A][XR1Y,

where XA = [[ Xa. For each element o € A, we have the partial Frobenius
aEA
o and group Gk, = Gal(Qp(up~)/Qp) acting on the variable X, in the

usual way and commuting with the other variables Xg (8 € A\ {a}) in the
ring Ea i, (some authors also write Gg, as I'y). A (pa,T'a)-module (or a
(pa,Ga)-module) over Ep i, is a finitely generated Ea j,.-module D together
with commuting semilinear actions of the operators ¢, and groups Gk (o €
A). We say that D is étale if the map id ® ¢, : ¢, D — D is an isomorphism
for all & € A. The third author shows independently that Repy, (Gg,,a) is
equivalent to the category of étale (pa,Ga)-modules over Ea ;..

1.3. Andreatta’s work [1] and Scholl’s work [44]. — Let us review Scholl’s
work [44] and parts of Andreatta’s work [1], where they work with single vari-
able classical (p,I")-module but over an imperfect residue field. Let K be a
complete discretely valued field (with uniformizer p) of mixed characteristic
(0,p) with imperfect residue field kx having a p-basis, ie., [kx : kf] = p?.
Let tq,ts,...,tq € K be a lift of a p-basis t1,s,...,tq of kx. Define K, =
U, K(upm, 3", ... tY7"), Gk = Gal(Ko/K) and Gx = Gal(K/K). Note
that, in contrast with the perfect residue field case, Gk is not abelian. Scholl
[44] and Andreatta [1] defined a field of norms E for K, and have shown that
Ex = kg ((7)), where e =T+ 1 € E is a compatible system of p-power roots
of unity in K (cf. [44, Section 2.3]). Finally, Andreatta [1, Theorem 7.11]
showed that Repg (k) is equivalent to the category of (single variable, i.e.,
classical) étale (¢, Gg)-module over Ef.
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1.4. Our work in this paper. — In this paper, we will extend Scholl’s and An-
dreatta’s result to the case of multivariable (pa, Ga)-modules over an imperfect
residue field. Precisely speaking, for a finite set A and a collection of possibly
distinct fields K, as above, we define

Ga =[] Gx..
aEA

Ga =[] 9x..
aEA

and the Laurent series ring

Ea = ( O% kKQ> [Xolo € A][XZY.

acA

It should be remarked that for each o, Gg, = I'n x H,, where I', =
Gal(K (pp=)/K) and H, = Gal(K /K (ptp=)), and so Gk, is a noncommu-
tative p-adic Lie group. Extending actions of [44], we provide the ring Ea
with the natural actions of partial Frobenius ¢, (o € A), absolute Frobenius

vs = |] and the Galois group Ga. We define the category D*(pa, Ga, Ea)
aEA
of multivariable étale (pa,Ga)-modules over Ea in Section 3.3. Our main

theorem (Theorem 5.13) is that there is an equivalence of categories between
Repg, (Ga) and D (oA, Ga, Ea). Fortunately, many arguments in the proofs
given by the third author in [49] (in the perfect residue field case) can be gen-
eralized and adapted to the case when the residue field is imperfect. Therefore,
our proofs will mostly follow the line of arguments given in [49] with modifi-
cations when necessary, invoking the results of Andreatta and Scholl (for the
single variable, imperfect residue field case) and using induction.

2. Kummer towers

In this section, we will introduce the Iwasawa theoretic tower that we are
going to work with. Let L be a complete discretely valued field of mixed
characteristic (0,p). Suppose that [ky, : k7] = p?, where ky, is the residue field
of L. Let us choose a complete subfield K of L with the same residue field kj,
in which p is an uniformizer (the existence of such a subfield is proved in [34,
Page 211-212]). Let t1,ta,...,tq € L be a lift of a p-basis #1,%a,...,tq of kr.
For n > 1, define K,, = K(ppn, /" .. t¥""), Koo = U, Kp, L, = LK,
and Lo, = LK. Define the Galois groups I'y, = Gal(L(pp=)/L), Gr =
Gal(Loo/L), H, = Gal(Loo/L(p1p=)), Hr = Gal(K/Lw), G, = Gal(K/L).
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We identify 'z, via the quotient map with the subgroup Gal(L./L.,) of Gy,

where Lo, = lim L(t;/”" ... t;/"").
K
>m
Lo
G| Hp <
L(pp=) ) Gr
-

Note that the cyclotomic character x identifies I';, with an open subgroup
of Z;. We also have that Gy & I'y, x Hy, where Hy = ZZ and G is a
noncommutative p-adic Lie group of dimension d + 1. The tower (K,),>1 is
strictly deeply ramified in the sense of [44]. By [44, Section 1.3], we can say
that there exists ng € N and § € Ok, satisfying 0 < [¢[x < 1 such that for all
n > ng, the p-power map Ok, /() — Ok, /(&) is a surjection. We denote
Ef = lim Ok, /(§), where the inverse limit is taken with respect to the p-
n>ng

power maps. Then E;g is a complete, discretely valued ring of characteristic
p, independent of ng and & (cf. [51, Section 2.1]). Let Fx be the fraction field
of E} We call Ei the field of norms of the tower K,,. Note that Fx has a
natural action of Gx that commutes with the Frobenius operator .

For every finite extension K’ of K, Fk/ is a finite separable extension of
Eg. Let EY* = Uy Ex. It follows from [1, Corollary 6.4] that there is an
isomorphism of topological groups

Gal(EX?/Ek) 2 Gal(K /Kux) = Hi-
We therefore conclude that (E3")"x = F.

THEOREM 2.1 ([44, Section 2.3]). — The field of norms Ex = ki ((T)), where
e =147 is a compatible system of p-power roots of unity.

The field of norms E;, = (E5 )"t for the tower Lo, is a finite separable
extension of Ey of the form Fj = kx((X)) for some noncanonical choice of
uniformizer X. Therefore, the action of G on Er does not have an intrinsic
description in general. We shall further make the following hypothesis on K
(hence on L, as we have kx = k).
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HYP 2.2. — The residue field kg is a finitely generated field extension of IFp,.

Let A be a finite set and we pick a complete discretely valued field L = L, as
above for each . We also allow the cardinality d,, of a p-basis to vary for a € A.
We put ky := kg, = k., and assume that it satisfies HYP 2.2 for all @ € A.
Further, let F, denote the maximal algebraic extension of IF,, contained in k.
Then, F, = ko((X4))G52 is a finite field, and k, is a finite separable extension
of the function field ko0 := Fo(ta,1,---)ta1), where to1,...,ta1 € ko is a
finite p-basis. We put Fa := @ Fopand kao:= @ Fkapo-

Fp,a€A Fp,a€A

LEMMA 2.3. — Assume HXP 2.2 for each residue field ko. Then the |A|-fold

tensor product ka := Q) ko is Noetherian and regular (and, in particular,
Fp,a€A

reduced). Further, for each oo € A the relative Frobenius ., is injective on ka .

Proof. — The ring ka is the localization of a finitely generated F,-algebra;

therefore, it is Noetherian. Since F, is a field, any F,-module is flat. Now,

ot ko — ko is injective, and on ka\(q) it is the identity; therefore ¢, is

also injective on ka = ko @ ka\fa}- In particular, the absolute Frobenius
]FP

vs = J] o is also injective on ka, i.e., ka is reduced. The statement on the
acA
regularity follows from [47, Theorem 1.6(c),(e)] since F, is perfect and ka is

Noetherian. O

Since [F is a tensor product of finite fields, it is finite étale algebra over IFp,.
Moreover, it has primitive idempotents by,...,bp € Fa with 1 = by +--- 4 by
and b;FA = F,r, where f = gcd(|Fo : Fp| | @ € A), 1 < j < L. Note that for
each « € A and 1 < j </, the element ¢, (b;) is also a primitive idempotent in

Fa and p4(bj) = b = b;. The quotient monoid ® := ( [] o) /N is a group
a€cA
acting on the set of primitive idempotents.

LEMMA 2.4. — The group ® acts transitively on the set {by, ..., by} of primitive
idempotents in Fa.

Proof. — By induction on |A| we are reduced to the case A = {«, 8} has two
elements. Put p” = |F,|, p™ := |Fg|, and f := ged(n,m). Writing Fpm =
F,[X]/(g(X)) for some irreducible monic polynomial g(X) € F,[X] we may write

f f
9(X) =TI 9:(X) over Fpn, so we have Fyn @ Fpm = @ Fpn [X]/(9:(X)), where
i=1 F, i=1

¢p actstrivially on Fp» and satisfies ¢5(g;) = gi+1 with the convention g¢11 = g1.
|
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3. Multivariable (¢, I')-modules

3.1. Let A be a finite set (which can be simple roots in the Lie algebra of a
reductive group over Z,) and (L, )aea be a collection of complete discretely
valued fields with residue fields k,, such that k, is a finitely generated extension
of F,, with finite p-basis ta.1,...,%q,1. We further choose a complete subfield
K, < L, in which p is a uniformizer and has the same residue field k.. Let us
define

i) Goai= [] Gr.,

aEA
ii) Gp.a =[] Gr.-
acA
We denote Repy, (Gr,a) the category of continuous representations of the profi-
nite group G A on finite dimensional F,-vector spaces. (In the future, Gx a
and Gg A will simply be denoted as Ga and Ga, dropping the subscript K.)

3.2. Some Laurent series rings. — Consider the Laurent series Ep A =
E} XX, where

Ef 5 = kalXala € A] = ( 0% ka) [Xala € A]
Fp,a€A

is the completed tensor product of E (= ko[X4]) over Fy, for all & € A. Here,
EZ is the ring of integers of the field of norms E,, (2 ko ((X,))) corresponding

to a. Here, Xp := [] Xao € EX. For each «, we define the action of the
a€A
partial Frobenius ¢, and the group G, as follows (cf. [44, Page 707, Section

2.3]).

(1) Pa(Xp) = {(1 +X,)P—1=XP ifB=a.

Yo acts on the coefficients in k, as the p-th power map and as an identity
on kg for B € A\ {a}. By the construction of the field of norms [44], the
group G, acts on the ring ko ((Xa)), and we extend this action to Ef A by
acting trivially on kg((X3)) (8 € A\ {a}). We only describe the action of
Gr, on Ej A intrinsically in the case L, = K,. We put 7, := e -1 €
ka((Xa)) Clim O, /(£), where & = (n)n>0 is a compatible system of p-power
roots of unity (with eg = 1 # ¢1). In the case L, = K, is unramified, we have
ko((Xa)) = ka((Ta)), but in general ko ((X4,)) is a finite separable extension
of ko((Ta)) of degree ey, which is the absolute ramification index of L. The
action of G, =Gy =Ty X Hy; Hy = Zg on Fa := Eg A can be described as
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follows. For any v, € I',, we have

o (m if e A\ fa},
(2) Va(Tp) = {(1 + 7o )X0) — 1 if B = a

I'y acts as an identity on k.. Let b, be the image of 6, € Hy in Zg and let
ba,; be the i-th component of b,. Then, we have

(3) dap(Tg) =7 for all § (equal to o and also not equal to «),
(4) Sop(Tai) = (1 +7a) it forall 1 <i<d,,

and 0, acts as an identity on kg for 3 # a. Note that such an automorphism
Oap Of EX is unique, which is easy to see from the case |A| = 1 in [44, Page 707].
Note that the absolute Frobenius @ : E}f A EZ A equals the composite

IT @a of the partial Frobenii. Further, the actions of ¢, (o € A) and Gg
acA
(B € A) all commute with each other (even though the individual factors Gg

are non-abelian).
The ring Ez A is Noetherian and reduced by Lemma 2.3.

3.3. Multivariable (pa,Gpr,a)-modules. — By a (pa,Gp a)-module over
Ep A, we mean a finitely generated module D over Ej Ao together with com-
muting semilinear actions of ¢, and the Galois groups Gy, for all & € A. By
an étale (pa, G a)-module over Ef A, we mean a (pa, G a)-module D such
that the maps

id® ¢o @D =E,a (K D—D,
Ep apa
are isomorphisms for all a € A.
We are going to show that Repg, (GL.a) is equivalent to the category
of étale (¢a,Gpr a)-modules over Ep a; the latter category we denote by

D (on,Gr.a, ELA)-

4. Integrality properties

4.1. Definition and projectivity. — In this section, our goal is to show that
any object in the category D (¢a, G a, Er ) is stably free as a module over
Epa.

LEMMA 4.1. — There exists a G a-equivariant injective resolution of Ep a
as a module over itself.

Proof. — This follows from a general result that the Cousin complex provides
an injective resolution for the spectrum of Noetherian rings with finite injective
dimension (these are the so-called Gorenstein rings; we recommend that the
reader refer to [29, Remark before Proposition 3.4 in Page 249] or [46]). Note
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that Ep A is the localization of a |A|-variable power series ring over the regular
ring ka, and therefore it is regular (and in particular, Gorenstein). Hence, the
Cousin complex

0—r EL,A — @ (EL,A)p
d_1
peSpec(Er, A),htp=0
T cee— @ Coker(d,—2)p —>dr e

pESpec(Er,a),htp=r

is an injective resolution of Er a. This resolution is G a-equivariant because
the automorphisms preserve the height of a prime ideal. O

Recall Fa has primitive idempotents by,...,by € Fa with 1 = b1y 4+ -+ + by

and b;Fa = F,s, where f = gcd(|Fo : Fp| | € A), 1 <5 <L

LEMMA 4.2. — Let I be a G a-invariant ideal of Er A. Then we have I =
(I N FA)EL,A.

Proof. — Suppose that I is a nontrivial G, a-invariant ideal of £ o. Then

I is also I'a-invariant. We first show I = (I Nka)Ep a. This is completely
analogous to the proof of [50, Proposition 2.1, Lemma 2.2]. The assumption
that the ring & of loc. cit. is a finite field is not used in the proof of [50, Lemma
2.2]; one only needs that Ep A is Noetherian. Further, ¢ can be chosen large
enough to ensure 1 + p' lies in the image of the character x: 'y, — Z,y, for
all @ € A. In our argument, « is not a field but the ring ka, in which case one
cannot conclude at the end of the proof of Proposition 2.1 that 1 € I but only
that I = (IﬂkA)ELwA.

We use the action of Hy, A in order to further descend to Fa. Fix a € A,
j € {1l,...,¢} and pick an element 0 # A = u; @u; € bl N ka where

=1

K3
Uy, ..., Uy € kg and v, ..., v € ka\{a}- Suppose r is minimal and u; = 1 (pos-

sibly replacing A with ul_l/\), i.e., no nonzero element in b;INka can be written
as a sum of at most r — 1 elementary tensors. In particular, both uy, ..., u,
and vy, ..., v, are linearly independent over IF,. Assume for contradiction that
there is an index iy € {2,...,r} such that u;, ¢ F,. Then there exists an

element h € Hy,_ such that h(u;,) # u;,, whence 0 # > (h(u;) — u;) Qv; =
i=2

h(X) — X € b;I. Writing h(\) — A = > AnvXZY, where Ay € b;I N ka can be
N=0

written as a sum of at most r — 1 elemgntary tensors for all NV > 0 contradicts
the minimality of r. By repeating this argument for all « € A we find a nonzero
element in b,/ NFA whenever b;I # 0. Hence, we deduce b;1 = b; E, A, as b;Fa

¢
is a field. The claim follows noting that j is arbitrary, and I = @ b;1. O
j=1

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



530 J. RAY, F. WEI & G. ZABRADI

LEMMA 4.3. — Any object D in D*(pa,Gr A, ELA) is a projective module
over B, A.

Proof. — The proof follows from the argument in [49, Proposition 2.2] with
the following modification: since Ej A is not a domain, the assertion that
Exty, (D, EL ) = 0 does not make sense. However, Exty, (D, Epa) =

‘
Exty g, ,(b;D,b;EL A) is a finitely generated torsion b;Er a-module
i=1 ‘
(b;EL A is a domain). So, we deduce by the proof of [49, Proposition 2.2

that b;D is a projective Ep a-module, for each j = 1,...,¢, whence so is
‘

D= b;D. |
j=1

LEMMA 4.4. — We have Ko(bjELA) 2 Z, forallj =1,...,¢, i.e., any finitely
generated projective module over b;Er, A is stably free.

Proof. — The proof was given in [49, Lemma 2.3]. |

PROPOSITION 4.5. — Let D be an object in the category D (oa,Gr.a, EL ).
Then, D is stably free as a module over Ep, .

Proof. — By Lemma 4.4 it remains to show that the rank of b;D does not
depend on j (j =1,...,¢). However, this follows from Lemma 2.4, as we have
Er apa(bjD) = ¢a(b;)D, for all a € A. O

4.2. Topology of E}f, Aand Ep A. — We equip EZF A With the Xa-adic topol-
ogy and equip Ej A with the inductive limit topology Ep A = UX;"E;A.

This makes (Ep, a, E;A) a Huber pair in the sense of [45]; Ep a is a complete
Noetherian Tate ring (loc. cit.). Note that this is not the natural compact
topology on EZ“ A, as in the compact topology EZ“ A Wwould not be open in
Ep A since the index of E;A in X;"E;A is not finite. Also, the inclusion
ka((Xa)) = Er A is not continuous in the Xa-adic topology (unless |A| = 1).

Suppose D € D**(pa,Gr.a, FrL A). By Banach’s theorem for Tate rings ([48,
Proposition 6.18]), there is a unique E a-module topology on D that we call
the Xa-adic topology. (This is the induced topology as D is finitely generated
over Ef, A). Moreover, any Ej a-module homomorphism is continuous in the
Xa-adic topology.

Let M be a finitely generated E;A—Submodule in D € D*(pa,Gr.a, EL.a).
Suppose that {m,ma, ..., my} is a set of generators of M. Then, ¢s(m1), ...,
ws(my,) generate E;Agas (M). Thus EZAcps (M) is also finitely generated.

Now, let D+ :={z € D| len;o ©*(x) = 0}, where the limit is considered in

the Xa-adic topology (cf. [20, I1.2.1] in the case |A]| = 1).

TOME 149 — 2021 — N° 3



MULTIVARIABLE (¢,I')-MODULES AND PRODUCTS OF GALOIS GROUPS 531

PROPOSITION 4.6. — D™ is a finitely generated EzA—submodule in D that

is stable under the actions of vo,GrL,, for all a« € A, and we have D =
DX

Proof. — The proof is essentially the same as [49, Proposition 2.5], but we
would like to clarify few steps as we sketch the third author’s line of proof.
Choose an arbitrary finitely generated EZF aA-submodule M of D with
M[X;l] = D. We can take M = EZAel + -+ EL"Aen for some Ep a-
generating system eq,...,e, of D. Firs’t, note that M is not ps-stable, but
EXf¢s(M) is finitely generated (as M is finitely generated over EJ). Hence,
we can find a “common denominator" of EZ‘ A@s(M) to be X} such that

@s(M) € X "M, since E;A is Noetherian and we have D = |J X "M. Then
we have '

Qs(XEM) = XBFp (M) C XB"M C XK+

ril
for any integer k > T'H . We therefore have X[” o C DT*. This implies
that
1 T+ 1 Fty—1
M[X3Y =D = xo T MxgY € D xR,
However, D¥*+[X '] C D is obvious. Thus, D*+[X '] = D. Note that D+

is stable under G, because the action of G, commute with ¢, (and also
©q for all @ € A). There is a system of neighborhoods of 0 in D consisting of
EIf a-submodules. Hence, D is an Ezr A-submodule.

Assume first that D is a free module over E, A with free generators ey, ..., e,
and put M := EL7A€1 et EL,A€n~ Then we can show that D™+ C X, "M
for some integer r > 0 (cf [49, Proposition 2.5]). As Ef A is Noetherian, this
gives that D7 is finitely generated over E; LA

In the general case, by Proposition 4.6, we know that D is stably free.
Therefore, we can establish D : D@EL’ A making D; into an étale free
module over (g, s, GL,, o € A) by the trivial action of (pq, s, G, € A)
on Ef A- This gives us that D™ is finitely generated over Ez A- The result
follows as DT+ C Df+ and Ef A is Noetherian. O

Let us define
Dt :={x e D| {gp’j(x) :k >0} C D is bounded}.

Since ¢¥(Xa) tends to 0 in the Xa-adic topology, we have XaDt C D+,
ie., DT C X 'D**+. In particular, D* is finitely generated over E;A. On
the other hand, we also have Dt C DT by construction, whence we deduce
D = D*[X".
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LEMMA 4.7. — For all a € A and g, € G, we have
@a(DT) C DT (resp. po(DTF) C D*F),
9a(D*) C DY (resp. go(D*H) C DFY).

Proof. — We will show that, for any generating system ey, ...,e, of D and
any 7y (v can be ¢, or g, € G ), there exists an integer k > 0 such that

YXKM) € XREf \v(M) C M,

where M := EZFAQ 4+ EL Aln-

Case (i). — Assumethaty = ¢,. Thenchoose k > 0sothat XgE;Agoa (M) C
M, whence

= [ X5XBFa(M) = XEX P, po (M) C M .

Bra
Case (ii). — Assume that v = g, € Gr,. We need to check that g,(Xa) =

uX A for some unit u € E TA- In the case K = L, this is clear from the intrinsic
description of the action of G L.- The general statement follows noting that
we still have g,(Xg) = X3 for B # a, and g,(X,) is also a uniformizer in
ko ((X4)) since kq((Xy)) is a finite separable extension of ko ((74)), and Gy,
is a subgroup in Gk_. The proof then follows from [49, Lemma 2.6]. |

We now fix @ € A and define DI := D‘*‘[X;{{a}] where for any subset

S C A we put Xg := [ Xz. Then, DI is a finitely generated module over
BES
+._ ot 1
Bt = Bf AX5h )

LEMMA 4.8. — DX /D% is X, -torsion free: If both X"'d and XZQ\{ yd lie in

D™ for some element d € D, o € A, and integers ny,no > 0, then we have
d € DT. The same statement holds if we replace DT by DT,

Proof. — The proof of [49, Lemma 2.7] works without any change. O
LEMMA 4.9. — Assume that D is generated by a single element e; € D over
Epn. Then, for any v, we have y(e1) = aye1 for some unit a, € (EL)>

Here, 7y can be ¢g,gp € G, for B # a.

Proof. — For any «y equal to either gg or ¢g, we define a, and a, such that
y(e1) = ayer and @q(e1) = aqer.
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By the étaleness property, it follows that D is generated by (D) over Ep a.
Thus, e; € D implies

e1 =xvy(e1) (for somex € Ep A)
= za,€;
=ypaq(e1) (for somey € Ep a,as Dis also generated by ¢, (D) over E, A)
= Yaae1

So za, = ya, = 1, which implies that both a, and a, are units in Ej A. It
remains to show that valx, (a,) = 0. We compute

Pa(ay)aaer = @a(ay)paler) = palayer) = paly(er))
= 7(¢aler)) =(aae1) = v(aa)¥(e1) = v(aa)ayer.

Hence, we deduce
(5) pvalx, (ay) + valx, (aq) = valx, (va(ay)aq) = valx, (7(aa)ay).

Since pg and gg act trivially on ko ((X,)), and they are injective on Ef, A, they
both preserve the X,-adic valuation. So we have

(6) valx, (v(aa)a,) = valx, (aq) + valx, (a,)
for v = ¢p, gg where 8 # a. Hence, by (5) we obtain
(7) pvalx, (ay) + valx, (aq) = valx, (aq) + valx, (a).

Now (7) immediately yields valx, (ay) = 0 as desired. O

LEMMA 4.10. — There exists an integer k = k(D) > 0 such that for any
ve{ps | BeA\{a}}UGL A, we have

XoD3 € Ef \v(D3) € Ex(D3).

Proof. — The proof for the first inclusion relation follows exactly as in [49,
Lemma 2.9]. The second inclusion relation is obvious as Ez A C Eg by defini-
tion. g

Let us now define

D = Exv(D3),
2l

where 7 runs on the operators ¢g for § # a and on G a; Dg* is finitely
generated over Eg as it is contained in D; and Eg is noetherian. By Lemma
4.10, we conclude that X¥*DX C DX* for some integer k = k(D) > 0. In
particular, D = DI*[X 1]

87
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ProrosiTION 4.11. — Dg* is an étale module over Eg , i.e., the maps

id®y: v Di* = EX (X) Di* — DL

Eg,’y
are bijective for all v € {pg | B € A\ {a}} UGLA.

Proof. — The only thing we need to check in order for the third author’s
arguments in [49, Proposition 2.10] to work is that Eg (or Ep A, or EX, re-
spectively) is a finite free module over y(EZL) (or over v(Ef, ) or over 'y(E}:A),
respectively). This is already true if v = g because the action of ¢ on the
variables is exactly the same as the third author’s arguments. If v € G a,
then this is automatic since G A is a group, so the action of v is bijective.
The rest of the argument in the proof follows exactly as in [49, Proposition

2.10]. |

LEMMA 4.12. — There exists a finitely generated EZA—submodule Dy C Dg*

such that Do C EIAQDE(DO) and Dg* = DO[X;{{Q}], where pz =[] ¥g.
’ pea\{a}

Moreover, we have

DI = Ef A5(X A1} Do)-

r>0

Proof. — The proof is exactly the same as [49, Lemma 2.11]. O

5. The equivalence of categories for I',,-representations

5.1. The functor D. — Let Hp A := [[ Hr,, where Hy, = Gal(Ks/La,co),
aEA
for each o € A. In the case, L, = K,, we omit the subscript K from the

notation, i.e., we put Ha := [[ Ha, where H, = Gal(K,/Ka.). Recall
a€A
that the field of norm E, of K, « is isomorphic to Ey = kq((To)). We already

know by [1, Corollary 6.4] that (ES°P)*« =~ E,. For each a € A, consider
a finite separable extension E!, of E, together with the natural Frobenius
0o : B!, — E!,. The structure theorem for local fields of equal characteristic
shows that E!, & k,((X/)), where k, is a finite extension over k.. The field
ko is also the residue field of E/, and X/, is a uniformizer of E/,. We denote it
by Eif = k,[X)] in E/,. As in [49, Section 3.1], we equip the tensor product

Er,= Q) E,

a€eAF,
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with a norm | - |proq by the formula

|¢|proa = inf (miax( H |Cai

aEA

=> @cui):

i=1 a€A

)

Note that the restriction of | - |prod to the subring EXY := @ E.4" induces
’ a€eAF,

the valuation with respect to the augmentation ideal Ker(EY  — & ka).
’ aeAF,
Note that () ko is not a domain, and hence | - |proq is not multiplicative in
a€EA kg

general. However, it is submultiplicative. Following [49], we define E'AJr as the
completion of EZO with respect to | - |proa and put Ely := EX[1/XA]. This
ring E’y is not complete with respect to | - |proa (unless |A| = 1). Further, ¢,
acts on EZO (and on E} ) by the Frobenius on the component £, in £\ and
by the identity on all the other components in Ej for 8 € A\ {a}. This action
is continuous in the norm |- |proq and, therefore, extends to the completion E’A+
and the localization E,.
We define the multivariable analogue of E*°P as
ESAep = lim E/A.
E.<E!,<E? YaeA

For any subset A’ C A, one can define the similar notions E’:,, E)\, and EX7
with A replaced by A’. We equip EX" with the relative Frobenii ¢, for each
a € A and the absolute Frobenius ¢, defined above on each E’y. Further, EX"
admits a Galois action of the Galois group Ga.

With respect to the ring E’y, we have the following alternative characteri-
zation.

LEMMA 5.1. — Put A = {aq,...,a,}. We have

25, @(E @ (1. D54))).

Eoy Eoy an
Proof. — The proof of [49, Lemma 3.2] also works in our imperfect case. O
PROPOSITION 5.2. — For a collection of finite separable extensions E! /E,
ac A, welet H)y = [] H,, where H,, = Gal(E:P/E!). Then, we have
aEA

(BXP)Ha = E\. In particular, we have (EXP)Hea = Ep A.

Proof. — Since X is H/\-invariant and hﬂ can be interchanged with taking
H'\-invariants, it suffices to show that whenever

Ea = ka((Xa)) < B}, = ko ((X3)) < Eq = kar ((X3))

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



536 J. RAY, F. WEI & G. ZABRADI

is a sequence of finite separable extensions for each o € A such that E//E! is
Galois, then we have (EX")"s = E/F. The containment E)Y C (EXF)*5 is
clear. We will prove the converse by induction on |A|. Tt should be remarked
that the ideal M, < Eg+ generated by X/ is invariant under the action of H’y
for any fixed o € A. Moreover, for any integer k > 1, the ring E/+ /M¥ is finite
dimensional over k.. Therefore, the image of (EZJF)H'A under the quotient map
Bt — EX"/JMPE is contained in

(8)
’ ’ H
(LT /ME)™ € (BT IME) ™) = (B, @ (B /M) )
IFP

- (E8tw) ™ @ )

p

k
= E/AjL\{a}®(E(/)Z+/Ma)
Fp

by induction. Note that the second equality in (8) follows from the following
fact.

Fact. — If A and B are k-vector spaces with a G-action such that B is finite
dimensional over k and B has trivial G-action, then

(A®B)G§(A®kT)G%(AT)G%AG®]€T§AG®B,
k k k k

where B = k".

As the inductive limit commutes with these operations, by taking induc-
tive limits of finite dimensional vector spaces, the assumption that B is finite
dimensional over k can be removed from this fact.

Let us continue our proof. Taking the projective limit of (Eg+ / M’;)H'A with

respect to k > 1, we deduce that (Eg"')wA is contained in the power series ring

(Fr @ @ ko )IXL X518 € A\ {a)] € BX"

Fp peA\{a}Fp

Indeed, even though projective limits do not commute in general with taking
H'\-invariants, this inclusion is automatic. Now using the action of H/, in a
similar argument to the above (reducing modulo the k-th power of the ideal
generated by all the X3, 8 € A\ {a}, for all £ > 1), we deduce the statement.

(|

We define the subring X" =~ @ EP in EX" to be the inductive limits
’ acAF,

of B\ , C E)\, where E/, runs through the finite separable extensions of E, for
each a € A.
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As in Section 2. assume that L, /K, is a finite totally ramified extension for
each a € A, i.e., L, also has k, as the residue field. Put Ej, 5 := (EX?)"ra,

where Hp A := ][] Hr,. As in the case L = K, a (pa, Gr a)-module over
acA
Ep A is a finitely generated free module D over E, A together with commuting

semilinear actions of ¢, and the Galois groups G, for all @ € A. By an étale
(pa, Gr a)-module over E, A, we mean a (pa, Gp a)-module D such that the
maps

id ® o : @D = Ep A ® D—s D,
EpL Ao

are isomorphisms for all a € A.
Now, let V' be a finite dimensional representation of the group Gy a over F,,.
The base change E Cp@V is equipped with the diagonal semilinear action of

Gr.a and with the partlal Frobenii ¢, (o € A). These all commute with each
other. We define the functor D as in [49]

D(V) = (ESAEP % V)HL’A.
Fp

By Proposition 5.2, D(V) is a module over Ea, which inherits the action of
Yo (@ € A), and the Galois group G A on EX” ® V. Further, the action of

Gr.a factors through its quotient Gp A = G, A/’HL A. We denote the cate-
gory of étale (pa, G a)-modules over Ep A by D®(oa,Gr A, Er.a). One key
lemma for us is the following.

LEMMA 5.3. — The EX"-module EX* QV admits a basis consisting of ele-
]FP
ments fized by Hp .

Proof. — The same proof given in [49, Lemma 3.4] works exactly here. ([l

LEMMA 5.4. — We have (EX?)* (N Era = E[ 5.

Proof. — Let u be an arbitrary element in (ESCP) N EL,a. Since u is invariant
under the action of Hy a, so is its inverse u~". Hence, it also lies in £ A by
Proposition 5.2. ]

LEMMA 5.5. — We have () (ESAEP)“&“:id =TF,.
a€A

Proof. — The containment F, C () (E Sep)%:id is obvious. On the other
aEA
hand, let u € EX® be an arbitrary element such that ¢,(u) = u, for all

a € A. We also have uP = @4(u) = u, as ps = [] @a is the absolute
acA
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Frobenius on EXP. Since EX” is defined to be an inductive limit, u lies in
E\2( ® K,)IX.|ae AJX:'] for some collection E, = k., ((X})) (a €
a€cAF,
A) of finite separable extensions of F,,.
Since k!, is a finite separable extension of k,, it is a finitely generated field

extension of F),. Therefore, by Lemma 2.3 k), := & k], is reduced. This
acAF,

implies that for each o € A, the norm | - |, on B}y = k\[X/|a € A][XL]
defined by the X/ -adic valuation is power-multiplicative, as the powers of the
leading coefficient (with respect to the X/ -degree) of an element cannot vanish.
Therefore, we have |uf|, = |u?, for all « € A. We deduce |u|, = 1 unless
u = 0. In particular, u lies in E)Y = kK\[X,|a € A]. The constant term
up € ky also satisfies pqo(ug) = up for all & € A. Now, k)y is an infinite
dimensional vector space over F,,. For a fixed o € A, we can choose elements of
n
an Fy-basis dy,...,d, of X k;, such that ug = > ¢; ® d; with ¢; € k.
ped\{a},Fp i=1
This decomposition is unique, and we compute

S @d=uo = paluo) = > @ ds

=1 =1

We conclude that ¢; = ¢/. However (when |A| = 1), by [44, Theorem 2.1.3]
and [44, Equation 2.1.5 and Equation 2.1.6], we know that (E(Sfp)“a”:id =F,.
Therefore, ¢; € Fp, for all 1 < ¢ < n. It follows by induction on |A| that ug
lies in F),. Now, u — g is also fixed by each ¢, (v € A) and @5, but we have
|u — up|proa < 1. By the discussion above this implies that v = ug is in F), as

desired. 0

PROPOSITION 5.6. — D(V) is an étale (pa,Gr A, Er .aA)-module over Er, A of
rank d := dimyg, V. Moreover, we have

EXP Q) D(V) = EXP(R)V,
Era Fyp
and

v=_ (EsAep R D(V))%:id.

acA Ep.a

Proof. — By Proposition 5.2 and Lemma 5.3 we can say that D(V) is a free
module of rank d over Ej, o. Moreover, the matrix of ¢, in any basis of D(V)
is invertible in ESAep and, therefore, also in £y, A by Lemma 5.4. So the action
of (pa,Gr.a) on D(V) is étale. The last statement is a direct consequence of

Lemmas 5.3 and 5.5. (|
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LEMMA 5.7. — For objects V,V1, Vs in Repy (Gr,a), we have D(Vi Q V2) =

]FP
D(V1) @ D(Va) and D(V*) = D(V)*.
Ep.a
Proof. — The proof of [49, Lemma 3.8] works in our imperfect case. ]
THEOREM 5.8. — D is a fully faithful tensor functor from the category

Repg, (Gr,a) to the category D (on,Gr.a, EL.A).
Proof. — Let f : Vi — V3 be a nonzero morphism in Repg, (Gr,a). Then,
the EX"-linear map id @ f : EX" ®V1 — EXP ®V2 is also nonzero. By

Proposition 5.6 we assert that D(f) ;é 0 and, therefore the faithfulness.
Now, let V7 and V5 be arbitrary objects in Repr(gLA) and 0 : D(Vp) —

D(Vz) be a morphism in D**(¢pa, G A, Er a). Then, by Proposition 5.6, we
obtain a G, a-equivariant F,-linear map

Foi= (B Qo) — N (B @) =1

aEA Ep.a aEA Er.a
induced by 6, for which we have § = D(f). Therefore, D is full. The compati-
bility with tensor product follows from Lemma 5.7. O

5.2. The functor V. — In the following, we define the functor V and show that
it is a quasi-inverse of D. This, in turn, implies that the functor D is essentially
surjective. Let D € D®(pa,Gr A, Ep.a). It comes with a natural semilinear
action of ¢, (o € A) and the Galois group G a. We define

V(D) = (Ezep 0% D)%:id.
acA Er.a

V(D) is a—a priori not necessarily finite dimensional—representation of Gy A
over [F,.

LEMMA 5.9. — For any integer v > 0, we have
pp=id
N | Bl @ Eia/(XD) = ka[Xal/(X2).
peA\{a} Ef A\(o}
Proof. — First of all, we have
scp T
EA\{a} ® Ef A/(X0)
EX\ (o)
=l 7, @ (PR @ (- (Bh, @ Fral(XD))).
Eg, Ep,y Es,
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where A\ {a} = {B1,...,B6n—1}. As in Lemma 5.5, if ¢g(u) = u for some
element u € Ej (,; & E} \/(X!), then by Lemma 2.3 we must have
A :

A\{a)
pvaly; (u) = valx, (u) showing valx,,(u) = 0. The constant term (with respect

to the variables X5, 3 € A\ {a}) is an element in ka\ (o} & ko[Xa]/(X7). So
]FP
the statement follows the same way as in the proof of Lemma 5.5 noting that

=id
N (Fave)” ™" =Fp,
peA\{a}
and g acts trivially on ko [Xo]/(X]). O

LEMMA 5.10. — For any integer r > 0 and finitely generated EX /(X)-module
M, we have an identification

sep sep
ExtialX ) Q M=ER, @ M
Eg/(xg) Ea\{a}
Proof. — This follows from the isomorphism
EL/(X]) = Ea\(ay @) kalXal/(X]). O

Forasubset A’ C A, weput EXxP = lim EY, sowehave EXP = EXPTIX ),

where Xar := [] Xa-
acA’
The proofs of the following two lemmas follow exactly as in [49, Lemma 3.13]

and [49, Lemma 3.14] without any change.

LEMMA 5.11. — EXP (resp. EXP") is flat as a module over Ear (resp. over
EX, ) for all A" C A.

o 19\ Htaviar
LEMMA 5.12. — We have (EA{’L}[[XQ]}[XAl]) =ELA.
Our main result in this section is the following.

THEOREM 5.13. — The functors D and V are quasi-inverse equivalences of
categories between Repy, (Gr.a) and D°*(oan,Gra, EL ).

Proof. — The proof is essentially the same as that of [49, Theorem 3.15]. In-
stead of repeating the proof, we recall the strategy and just point out what
the changes should be adapted to making the argument work in our imperfect
residue field case.
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Step 1. — Reducing the statement to the essential surjectivity of D. It follows
from Theorem 5.8 that D is fully faithful. By Proposition 5.6 we conclude that
VoD(V) =V for any object V' in Repg (Gr,a). So we are reduced to showing
that D is essentially surjective. This is done by induction on |A|. The case of
|A] =1 is due to Scholl [44] and Andreatta [1, Theorem 7.11]. Suppose that
|A] > 1, fix @ € A, and pick an object D in D(pa, G A, ErLA)-

Step 2. — The goal here is to trivialize the (pg, pp)-action (8 € A\ {a}) on
DX* /X! DE* uniformly in r by tensoring up with Eze\p{a}. The place that we
need to modify is Equation (4) before [49, Lemma 3.17]. In our imperfect case,
it should be reformulated as

se - . - . =id,pg=id
B X @ ) (B, X/ @ pi)”
Fy[Xal/(X7) BeA\{a} B /(X7)
= B3V oy [Xal/(X3) &) Dit
EL/(XD)
~ Sep T +*
= Extay [ Xal/(Xa ®D

Lemma 3.17 in [49] should be changed into: there exists a finitely generated
Elf A-submodule M < Dg* such that

=id,pg=id
sep T —+*
N (EA\{a} /(Xa) ®D )
peA\{a}
is contained in the image of the map
Sep T sep r 4%
Ex oy Xal/(X0) Q@ M — EXY( 0 X/ (X: ® Dz
2EN

sep r +

= Baviy[Xol/(Xa ®D

induced by the inclusion M < DX* for all r > 0.

Note that the intersection in the above is not only over pg =id (8 € A\{a})
but also over ¢z = id, noting that g is the absolute Frobenius of F A\ (a}
The reason why we need to make this change is because it is coherent with our
Lemma 5.5 and also in the proof of [49, Lemma 3.17] (where the third author
used the fact that gog (z) = x).

Step 3. — The goal of this step is to show the following compatibility of our
construction with projective limits with respect to r. In our imperfect residue
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field case, Lemma 3.18 in [49] should be changed into: we have

i (57 (Xl /(X2) @ M) = R @ .

5,
1&( AvtapXal/(X3) ®D+*) EXP }HXQ]]?DZ*’
and -
im <ESAQ{){a}[ W/ (X2)
% N (B X)) @ D;j)wa—idm_id>

Fp[Xal/(X7) BEA\{a} EL/(XZ)
se se =id,pp=id
BVl @ () (E Yy [Xal @ D)
Fp[Xa] BEA\{a} Er.a

Everything else, including the proof of [49, Lemma 3.18], remains the same.

Step 4. — The goal here is to obtain a (pu, Ga)-module D, over E, (by triv-
ializing the action of (¢a, ), 8 € A\{a}), which is at the same time a linear
representation of the group Gp a\ia}- In Step 4 of the third author’s proof
(before [49, Lemma 3.19]), the corresponding D,, in our imperfect residue field
case should be defined as

LpE:id,Lpﬁ:id
Dq = m (EZQ{’{Q}(( ) ® D) )
peA\{a} Era
which is contained in the image of the map
sep-+ Sep
Bl [Xal X3 @) D = EXY () (X)) Q) D-
Er.a Ep a
Then D, is an F,((X4)) vector space.

Step 5. — The last step is to show the essential surjectivity of D. Lemma
3.19 of [49] remains exactly the same, including its proof, and so does the third
author’s Step 5 (cf. after the proof of [49, Lemma 3.19]). We do not need to
change anything here. |

COROLLARY 5.14. — Any object D in D**(pa, ¢s, GL A, EL.A) is a free module
over B, .

Proof. — By Theorem 5.13 we know that D is essentially surjective. The corol-
lary follows by noting that any étale module in the image of the functor D is
free as a module over £, A by construction. OJ

TOME 149 — 2021 — N° 3



MULTIVARIABLE (¢,I')-MODULES AND PRODUCTS OF GALOIS GROUPS 543

Acknowledgements. — First of all to Professor Kiran S. Kedlaya for many
unreserved discussions and for constant inspiration. We would like to thank
the anonymous referee for his/her tremendous job, who, apart from two very
thorough reports that helped to correct a number of minor errors, lacunae, and
other inaccuracies (both mathematical and pedagogical), also taught us some
theory of (¢,T')-modules and representations of Galois groups. In particular,
he/she reminded us to notice the fact that projective limits do not commute
by taking Galois invariants in general. He/she suggests that we should refor-
mulate the proof of the main Theorem 5.13 by indicating the main steps and
mentioning the strategy.

1]
2]

[12]

BIBLIOGRAPHY

F. ANDREATTA — “Generalized ring of norms and generalized (p,T')-
modules”, Ann. Sci. Ecole Norm. Sup. (4) 39 (2006), p. 599-647.

F. ANDREATTA & O. BRINON — “Surconvergence des représentations p-
adiques: le cas relatif”, in Représentations p-adiques de groupes p-adiques.
I Représentations galoisiennes et (p,I")-modules, Astérisque, no. 319,
2008, p. 39-116.

, “Bqgr-représentations dans le cas relatif”, Ann. Sci. Ec. Norm.
Supér. (4) 43 (2010), p. 279-339.

L. BERGER — “Représentations p-adiques et équations différentielles”, In-
vent. Math. 48 (2002), p. 219-284.

, “Galois representations and (¢, I')-modules”, 2010, Course given
at IHP. http://perso.ens-lyon.fr/laurent.berger/autrestextes/
CoursIHP2010.pdf.

,  “Multivariable Lubin-Tate (p,T')-modules and filtered -
modules”, Math. Res. Lett. 20 (2013), p. 409-428.

, “Multivariable (p, I')-modules and locally analytic vectors”, Duke
Math. J. 165 (2016), p. 3567-3595.

L. BERGER, P. SCHNEIDER & B.-Y. XIE — “Rigid character groups,
Lubin-Tate theory, and (¢,T')-modules”, Mem. Amer. Math. Soc. 263
(2020), no. 1275.

C. BREUIL — “Sur quelques représentations modulaires et p-adiques de
GL2(Qp) I, Compos. Math. 138 (2003), p. 165-188.

, “Sur quelques représentations modulaires et p-adiques de
GL2(Qy) 117, J. Inst. Math. Jussieu 2 (2003), p. 1-36.

, “The emerging p-adic Langlands programme”, in Proceedings of
the International Congress of Mathematicians. Volume II, Hindustan Book
Agency, New Delhi, 2010, p. 203-230.

, “Induction parabolique et (¢, ')-modules”, Algebra Number The-
ory 9 (2015), p. 2241-2291.

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



544

[13]
[14]
[15]
[16]

[17]

(18]

[28]
[29]

[30]

J. RAY, F. WEI & G. ZABRADI

C. BREUIL & V. PASKUNAS — “Towards a modulo p Langlands correspon-
dence for GLy”, Mem. Amer. Math. Soc. 216 (2012), no. 1016.
O. BRINON — “Représentations cristallines dans le cas d’un corps résiduel
imparfait”, Ann. Inst. Fourier (Grenoble) 56 (2006), p. 919-999.
, “Représentations p-adiques cristallines et de de rham dans le cas
relatif”, Mém. Soc. Math. Fr. (N.S.) 112 (2008).

, “Filtered (¢, N)-modules and semi-stable representations”,
Panor. Synthéses 54 (2019), p. 93-129.
O. BrINON & B. CONRAD — “CMI summer school notes on p-
adic Hodge theory (preliminary version)”, http://math.stanford.edu/
~conrad/papers/notes.pdf.
O. BrINON & F. TRIHAN — “Représentations cristallines et F-cristaux: le
cas d’'un corps résiduel imparfait”, Rend. Semin. Mat. Univ. Padova 119
(2008), p. 141-171.
A. CARTER, K. S. KEDLAYA & G. ZABRADI — “Drinfeld’s lemma for per-
fectoid spaces and overconvergence of multivariate (¢, ')-modules”, 2020,
To appear in Documenta Math., arXiv:1808.03964.
P. CoLMEZ — in (¢,I')-modules et représentations du mirabolique de
GL2(Qy), Astérisque, no. 330, 2010, p. 61-153.
, in Représentations de GL2(Q,) et (p,T')-modules, Astérisque, no.
330, 2010, p. 281-509.
, “Le programme de Langlands p-adique”, in Furopean Congress of
Mathematics, Eur. Math. Soc, Ziirich, 2013, p. 259-284.
P. CoLmEZ & J.-M. FONTAINE — “Construction des représentations p-
adiques semistables”, Invent. Math. 140 (2000), p. 1-43.
J.-M. FONTAINE — “Représentations p-adiques des corps locaux, I”, in
The Grothendieck Festschrift, Vol. II, Progr. Math., no. 87, Birkh&user
Boston, Boston, MA, 1990.
, in Le corps des périodes p-adiques, Astérisque, no. 223, 1994,
p. 59-111.
, in Représentations p-adiques semi-stables, Astérisque, no. 223,
1994, p. 113-184.
J.-M. FoNTAINE & Y. OUYANG — “Theory of p-adic Galois represen-
tations”, https://www.imo.universite-paris-saclay.fr/~fontaine/
galoisrep.pdf.
E. GROSSE-KLONNE — “A note on multivariable (¢, I')-modules”, Research
in Number Theory 5 (2019), Article 6.
R. HARTSHORNE — Residues and duality, Lecture Notes in Mathematics,
no. 20, Springer-Verlag, Berlin, New York, 1966.
O. Hyopo — “On variation of Hodge-Tate structures”, Math. Ann. 284
(1989), p. 7-22.

TOME 149 — 2021 — N° 3



31]

[32]

MULTIVARIABLE (¢,I')-MODULES AND PRODUCTS OF GALOIS GROUPS 545

K. S. KEpLAYA — “New methods for (¢, T")-modules”, Res. Math. Sci.
(2015), p. 2, Article 20.
, “Sheaves, stacks, and shtukas”, in Perfectoid Spaces: Lectures
from the 2017 Arizona Winter School (B. Bhatt, B. Cais, A. Caraiani,
K. S. Kedlaya, P. Scholze & J. Weinstein, eds.), Mathematical Surveys
and Monographs, no. 242, AMS, 2019.
M. KisiN & W. REN — “Galois representations and Lubin-Tate groups”,
Doc. Math. 14 (2009), p. 441-461.
H. MATSUMURA — Commutative algebra, 2 ed., Mathematics Lecture Note
Series, no. 56, Benjamin/Cummings Publishing Co., Inc., Reading, Mass.,
1980.
K. MORITA — “Galois cohomology of a p-adic field via (¢,T')-modules in
the imperfect residue field case”, J. Math. Sci. Univ. Tokyo 15 (2008),
p. 219-241.

, “Hodge-Tate and de Rham representations in the imperfect
residue field case”, Ann. Sci. Ec. Norm. Supér. (4) (2010), no. 43, p. 341
356.

, “Crystalline and semi-stable representations in the imperfect
residue field case”, Asian J. Math. 18 (2014), p. 143-157.

S. OHKUBO — “Galois theory of B;{R in the imperfect residue field case”,
J. Number Theory 130 (2010), p. 1609-1641.

, “A note on Sen’s theory in the imperfect residue field case”, Math.
Z. 269 (2011), p. 261-280.

, “The p-adic monodromy theorem in the imperfect residue field
case”, Algebra Number Theory 7 (2013), p. 1977-2037.

V. PASKUNAS — “The image of Colmez’s Montreal functor”, Publ. Math.
Inst. Hautes Etudes Sci. 118 (2013), p. 1-191.

P. SCHNEIDER — Galois representations and (p,T')-modules, Cambridge
Studies in Advanced Mathematics, no. 164, Cambridge University Press,
2017.

P. SCHNEIDER, G. ZABRADI & M.-F. VIGNERAS — “From étale P, -
representations to G-equivariant sheaves on G/P”; in Automorphic forms
and Galois representations. Volume 2, London Math. Soc. Lecture Note
Ser., no. 415, Cambridge Univ. Press, Cambridge, 2014, p. 248-366.

A. J. ScHOLL — “Higher fields of norms and (¢, T")-modules”, Documenta
Math. Extra Volume Coates (2006), p. 685-709.

P. ScHOLZE & J. WEINSTEIN — Berkeley lectures on p-adic geometry,
Annals of Mathematics Studies, no. 207, Princeton University Press, 2020.
R. Y. SHARP — “The Cousin complex for a module over a commutative
noetherian ring”, Math. Z. 112 (1969), p. 340-356.

M. Toust & S. YASSEMI — “Tensor products of some special rings”, J.
Algebra 268 (2003), p. 672-676.

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



546 J. RAY, F. WEI & G. ZABRADI

[48] T. WEDHORN — “Adic spaces”, arXiv:1910.05934 [math.AG].

[49] G. ZABRADI — “Multivariable (p,I')-modules and products of Galois
groups”, Math. Res. Lett. 25 (2018), p. 687-721.

, “Multivariable (p,T")-modules and smooth o-torsion representa-
tions”, Selecta Math. (New Series) 24 (2018), p. 935-995.

[51] S. L. ZERBES — “Bloch-Kato exponential maps for local fields with imper-
fect residue fields”, Proc. London Math. Soc. (3) 103 (2011), p. 1007-1048.

[50]

TOME 149 — 2021 — N° 3



