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PSEUDOVALUATIONS ON THE DE RHAM-WITT COMPLEX

BY RUBEN MUNOZ--BERTRAND

ABSTRACT. — For a polynomial ring over a commutative ring of positive characteristic,
we define on the associated de Rham—Witt complex a set of functions, and show that
they are pseudovaluations in the sense of Davis, Langer and Zink. To achieve this, we
explicitly compute products of basic elements on the complex. We also prove that the
overconvergent de Rham—-Witt complex can be recovered using these pseudovaluations.

RESUME (Pseudovaluations sur le complere de de Rham—Witt). — Pour tout an-
neau polynomial sur un anneau commutatif de caractéristique strictement positive, on
définit sur le complexe de de Rham-Witt associé un ensemble de fonctions, et ’on
démontre que ce sont des pseudovaluations au sens de Davis, Langer et Zink. Pour y
parvenir, on calcule explicitement des produits d’éléments basiques du complexe. On
prouve également que le complexe de de Rham—-Witt surconvergent peut étre retrouvé
en employant ces pseudovaluations.
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54 R. MUNOZ--BERTRAND

Introduction

Davis, Langer and Zink introduced the overconvergent de Rham-Witt com-
plex in [2]. Tt is a complex of sheaves defined on any smooth variety X over a
perfect field k of positive characteristic. It can be used to compute both the
Monsky—Washnitzer and the rigid cohomology of the variety. This comparison
was first established by [2] for quasi-projective smooth varieties; the assumption
of quasi-projectiveness was then removed by Lawless [7].

This complex is defined as a differential graded algebra (dga) contained in the
de Rham-Witt complex W5 Ik of Deligne and Illusie. In order to achieve this
they defined for any € > 0, in the case where X is the spectrum of a polynomial
ring k[X] over k, an order function ve: W v, — RU {400, —oco}. The
overconvergent de Rham—Witt complex of X is the set of all z € WQ;[ X]/k
such that ~.(x) # —oo, for some € > 0. In the general case, it is defined as the
functional image of this set for a surjective morphism of smooth commutative
algebras over k.

In degree zero (that is, for Witt vectors), these maps have nice properties.
One of these is that they are pseudovaluations. We recall the definition. A
pseudovaluation on a ring R is a function v: R — RU{+00, —0c0}, such that:

v(0) = +o0,
v(l) =0,
Vre R, v(r)=v(-r),
Vr,s € R, v(r+ s) = min{u(r),v(s)},
Vr,s € R, (v(r) # —o0) A (v(s) # —o0) = (v(rs) = v(r) +v(s)).

The last formula will be referred to as the product formula in the remainder
of this article.

Pseudovaluations and their behaviour have been studied in [3]. It appears
that they form a convenient framework to study the overconvergence of recur-
sive sequences. However, there are counterexamples showing that in positive
degree, the maps . are not pseudovaluations. This becomes an obstacle when
one wants to study the local structure of the overconvergent de Rham-Witt
complex, or when one tries to find an interpretation of F-isocrystals for the
overconvergent de Rham-Witt complex following the work of [4].

In this paper, we define new mappings

CE: WQ;[&]//C —RU {"‘OO, _OO} ,
for all € > 0 and prove that these are pseudovaluations. Moreover, we show
that the set of all x € WQ;[&/,C, such that (. (x) # —oo, for some € > 0, also
define the overconvergent de Rham-Witt complex.

In order to do so, in the first section we recall the main results concerning
the de Rham—Witt complex, especially in the case of a polynomial algebra.
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PSEUDOVALUATIONS ON THE DE RHAM-WITT COMPLEX 55

The second section, which is the most technical one, consists of computations
of products of specific elements of the de Rham—Witt complex. The results are
explicit and proven in the case where k is any commutative Z,-algebra. This
enables us in the last section to define the pseudovaluations and prove that
in the case of a perfect field of positive characteristic, we retrieve with these
functions the overconvergent de Rham—Witt complex.

The product formula comes in handy to control the overconvergence of se-
quences defined by recursion. This is the main motivation for this work, which
will allow us in subsequent papers to study the structure of the overconver-
gent de Rham—Witt complex and, eventually, to give an interpretation of F-
isocrystals as overconvergent de Rham—-Witt connections.

1. The de Rham-Witt complex for a polynomial ring

Let p be a prime number. Let k be a commutative Z,-algebra. Throughout
this article, for any 4,7 € N, we shall write:

[, 5] =NnNTij].
Let n € N and write k[X] = k[X4,...,X,]. We will first recall basic prop-
erties of the de Rham-Witt complex of k[X], denoted (WQ;[& /k,d> (for an
introduction, see [5] or [6]). In degree zero, WQ%[&] /i is isomorphic as a W (k)-
algebra to W (k[X]), the ring of Witt vectors over k[X].
There is a morphism of graded rings F': WQ M)k T way, RIX]/k called

the Frobenius endormorphism, a morphism V: W} xi/k Wﬂku/k

of graded groups called the Verschiebung endormorphlsm as well as a
morphism of monoids [e] : (k[X], x) = (W(k[X]), x) called the Teichmiiller
lift such that:

(1) vre k[X], F([r]) = [r*],

(2) Vm €N, Va,y € Wy, V" (@F™(y)) = V™ (2)y,
(3) Vm €N, Vo € WOy ), d(F"(z)) =p™F™(d(2)),
() vm e N, VP € k[X], F"(d(P)) = [P""] d([P)).
(5) Vi,j €N, V.Z‘EWQH X1 /ks VyEWQ[]/k,

d(zy) = (-1)" zd(y) + (1) yd(z),
(6) Vm € N’ v(wi)ie[[l,m]] € (W(k[l]))mv

d(f[lxi>:2m: T = |da).

i=1 \je[l,m]~{i}
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56 R. MUNOZ--BERTRAND

We shall introduce basic elements on the de Rham-Witt complex, called
basic Witt differentials, and recall how any de Rham-Witt differential on k[X]
can be expressed as a series using these elements. We mostly follow [6].

DEFINITION 1.1. — A weight function is a mapping a: [1,n] — N[ﬂ; for
all 7 € [1,n], its values shall be written as a;. We define:

n
la| = Zai,
i=1

and:
n

Ka = HXiai.

i=1
For any weight function a and any J C [1,n], we denote by a|; the weight
function that for all ¢ € [1,n] satisfies:

(l‘ (Z)_ a; ifieJ,
S 0 otherwise.

The support of a weight function a is the following set:
Supp(a) == {i € [1,n] | a; # 0}.

A partition I of a weight function a is a subset I C Supp(a). Its size is
its cardinal. We will denote by P the set of all pairs (a, I'), where a is a weight
function, and I is a partition of a.

In all this paper, the p-adic valuation shall be denoted v,. For a weight
function a, we fix the following total order < on Supp(a):

Vi,i' € Supp(a), i <4’

= ((vplai) < vplai)) A ((vp(ai) = vplar)) = (i< i))).

We will denote by < the associated strict total order and we also let min(a) €
Supp(a) be the only element such that min(a) < ¢, for any i € Supp(a).

Let m € [0,n]. Let I == {ij}je[[l m) e a partition of a weight function a.
We will always suppose that i; < i, for all j, j € [1,m], such that j < j'. By
convention, we will say that i9 < ¢ and ¢ < i,,+1 whenever i € Supp(a). We
define the following m + 1 subsets of Supp(a) for any [ € [0, m]:

I == {i e Supp(a) | i <& <41}

Let a be a weight function. We set:

vp(a) == min{v,(a;) | i € [1,n]},
u(a) = max{0, —vy(a)}.
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PSEUDOVALUATIONS ON THE DE RHAM-WITT COMPLEX 57

If a is not the zero function, we put:

o = e (i 37 ).

Furthermore, if I is a partition of a, and 7 is any element in W (k), we set:
(7)

d(V“(“) (77 {Xpu(a)““OD) Hfigg(ahl) if Iy = 0 and u(a) # 0,

e(n,a, 1) = w(a
yula) (77 [Kp ( )a“UD Hf:l g(alr,) otherwise.

When Iy = () and u(a) = 0, then V*(®) (77 [Xp“(a)alfﬁ]) = 7. So one can
notice that, if one ignores 7, the element defined above is a product of #I
factors whenever Iy = (), and of #1I + 1 factors otherwise, the factors being the
images of an element through one of the functions d, g or V. We will use this
fact later, when we define the pseudovaluations on the de Rham-Witt complex
of a polynomial ring.

We recall the action of d, V and F on these elements.

PROPOSITION 1.2. — For any (a,I) € P and any n € W(k), we have:

0 if Iy =10,
d(e(n,a,I)) =< e(n,a,I U{min(a)}) if In # 0 and vp(a) <0,
p»@e(n,a, U {min(a)}) if Iy # 0 and v,(a) > 0.

Proof. — See [6, proposition 2.6]. O
PROPOSITION 1.3. — For any (a,I) € P and any n € W(k), we have:
e(n,pa,I) if vp(a) <0 and Iy =0,

Fle(n,a, 1)) = { e(pn,pa, 1) if vy(a) <0 and Iy # 0,
e(F(n),pa,I) if vp(a) > 0.

Proof. — See [6, proposition 2.5]. |
PROPOSITION 1.4. — For any (a,I) € P and any n € W(k), we have:

e V(n),%,]) if vp(a) >0,

Viet.a, 1) = e(pn, 8.1)  if vp(a) <0 and Io =0,
e n,%,]) if vp(a) <0 and Iy # 0.
Proof. — See [6, proposition 2.5]. O

The de Rham-Witt complex is endowed with a topology called the standard
topology [5, I. 3.1.]. In this article, it will not be necessary to recall its defini-
tion, as we will only need the fact that a series of the form Z(a,I)E’P e(Na,1,0,1),
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58 R. MUNOZ--BERTRAND

with nq,r € W(k), for all (a,I) € P, converges in W v, . if and only if for

any m € N, we have V%) (n, 1) € V™(W(k)) except for a finite number of
(a,I)eP.

The following theorem is essential to the definition of the overconvergent de
Rham-Witt complex, and to its decomposition as a W (k)-module in the case
of a polynomial algebra.

THEOREM 1.5. — For any differential x € WQ;[&/,C, there exists a unique
function

P> W(k)

' (aaI) = Na,I
such that:
T = Z e(Ma,1,0,1) .

(a,I)EP

Proof. — See [6, theorem 2.8]. O

2. Computations

The goal of this section is to make explicit computations of the product of
two basic Witt differentials, that is, elements of the form (7).

Let k be a commutative Z,-algebra. Let n € N. In what follows, we shall
denote k[X] = k[X1,...,X,]. For any (a,I) € P with a taking values in N,

we will write:
ha, D)= [ X" [To(alyy)-

i1€Supp(a)~ ] jel

We will use the elements h defined above in order to achieve this, as they
appear to be more convenient for calculations.

LEMMA 2.1. — Let R be a commutative k-algebra. Let x € R and let m,m’ €
N, such that m +m/' # 0. Put a == v,(m+m’') and b :=p~*(m+m’). Then
we have in the de Rham-Witt complex VVQ;{,//,c of R:

i) = 5 (a())

Proof. — Using (1) and (3), we get:

(i) = a(we (1)) = (a(l1))

Moreover, as:

(m+m') [z]™ d([x]m/) = m’d([m]erm/) ,
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PSEUDOVALUATIONS ON THE DE RHAM-WITT COMPLEX 59

we obtain in the case where k = Zy,), R = Z,y[X] and © = X the formula:
p*blz]™ d([x]m ) =p*m'F* (d([x]b)> :

The ring W (Z,)[X]) has no p-torsion, as Z,y[X] itself has no p-torsion. So
we deduce from theorem 1.5 that WQ;[ X]/k also has no p-torsion, which allows

us to conclude in this situation. For the general case, using the canonical
commutative diagram:

R

k

9

L) | X] ——

Lpy ———

)

where the upper arrow sends X to z, we conclude using the morphism of

W(Z<p>)—dgas WQZ“,) (X)/Zepy WQ;%/,c obtained by functoriality of WQ:/.D

The next proposition gives a simple formula for products of values of h. The
goal of the subsequent lemmas will be to use it in order to get a formula for
products of elements of the form (7).

PROPOSITION 2.2. — Let (a,I),(b,J) € P, such that a and b take values in
N. There exists m € Zy), such that:

mh(a+b,IUJ) fINJ =10,
0 otherwise.

h(a, I) h(b, J) = {

Proof. — First, we have by definition:
h(a,I)h(b,J)

= II =" IleGley) TI  &X0" T 9Clyn)-

i€Supp(a)~T el j€E€Supp(b)~J j'ed

Since WQ;[&/,C is alternating, this product is zero whenever I N J # (.
Otherwise, we get:

h(a, I) h(b, .J)

= II G TLIXT™ g(al ) TT X% 9(Bliry) -

i€Supp(a+b)~(1U.J) Vel j'ed
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60 R. MUNOZ--BERTRAND

Moreover, for any i’ € I we obtain:

Vp(a'{i/})>
» o av b — (o),
[Xz"]b“ g(algiy) W [Xi']< d([Xi]p i

—w () g,
2.1 p 2% ]
= pivp(ai/%»bi/)(ai, + bll)g((a + b) |{1/}) .

Using the same argument, for any ;' € J, one successfully gets:

,vp(b|{j/})b7
X0 g(blgyy) = —2 L g((a+b)|gyry) -
1% g(blgn) o a4 00) ( 1)

This concludes the proof, because:

II (X Tl al@+8) |gy) TT a((@+0) 1)

t1€Supp(a+b)~(IUJ) el j'ed

=h(a+b,I10UJ). O
LEMMA 2.3. — Let (a,I) € P, such that a takes values in N. We have:

gl@= Y  pr @ On(a,{5}).

Jj€Supp(a)

Proof. — Write S := Supp(a) for simplicity. We compute:

([
2 [yt o)

e ) ()

j€S \j esS~{j}
es~{

0] va(a)(d([ij—vamjD)
H (X %] pvp(aj)—vp(a)va(aj)(d({ij*VP(“j)ajD)

Jj'es~{s}

P On(a, 7))

[

—~
s

<.
m
19)]

J}

==
o,
™M &0
w0

n

€

<.

This ends the proof because by definition g(a) = F'r(®) (d( {KV Vp(a)a} ))
]
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PSEUDOVALUATIONS ON THE DE RHAM-WITT COMPLEX 61

The next lemma will be used to write any value of the function h defined
above as a linear combination of elements of the form (7). The previous lemma
can be seen as a kind of reciprocal.

LEMMA 2.4. — Let (a,I) € P, such that a takes values in N. Denote by

P the set of partitions of Supp(a) of size #I. Then there exists a function
s: P —NC W(k), such that:

hia,I) = Z e(s(J),a,J).
JepP
Proof. — Put m = #I. If m = 0, then obviously h(a,I) = e(1,a,I). Thus,
suppose that m # 0. Write {il}le[[Lm]] = I, with i; < i, for any pair j < j" in
[1,m], and for all j € Supp(a) put v; == v,(a;) and b; = p~%a,. By definition:
maD)= [ xJ“J[F> (d([Xj}bj)) .
i€Supp(a)~1 JeI
So we can write:
Ba, 1) = h(alsuppa ot T~ {im}) PP (15,0 )) T (X"
€L ~{im }
Moreover, we can compute:

Foon(a(ix, ) TT (X"

€L ~{im }

Cprela(ix, ) T

1€ Lm ~{im}

®) 1w, “Vima, im “Vima,
= Fim d( [T x:17 ) — X, d I xr

i€l €T ~{im}

= g(aly, ) — FUim ([X’L'm]bim) p"p(allm\{im})f“img(a‘lm\{im})

= glalr,) = (o) =0 (X, 1% g(aly,, i)
So we get:
h’(aa I) = h(a|Supp(a)\Im7] N {Z’m}) g(a‘lIm)
- pvp(allm\“m})ivimh(a‘{im}USupp(a)\ImaI N {Zm}) g(a‘lm\{im}) .

We can then deduce the lemma by induction on m = #I. Indeed, if we
suppose that h(a|supp(a)\1m,l ~ {zm}) can be written as a linear combina-
tion of elements of the form e(1, a|supp(a)~1,., ), Where J' is a partition of
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62 R. MUNOZ--BERTRAND

Supp(a) \ I, of size m — 1, then since

6(17a‘Supp(a)\Ima J/) g(a Im) = B(L a, J/ U {Z’m}) )

the lemma is proven for the minuend of the above difference, and one can
conclude for the subtrahend by using the same reasoning. O

LEMMA 2.5. — Let (a,I),(b,J) € P, such that a and b take values in N.
Let n,W € W(k). Denoting by P the set of partitions of Supp(a + b) of size
#1 + #J, then there exists a function s: P — Z,, such that:

e(n,a, 1) e(n',b,J) =Y e(s(L)my';a+b,L).
LeP

Proof. — By definition we have e(n,a,I) = n[&“llﬂ} Hffl g(alr,). There is
also a similar equation defining e(n’,b,J). Using lemma 2.3, for any i €
[1,#I], we can write g(a|r,) as a linear combination of elements of the form
h(alr;,{7:}) with j; € I;. Also, by definition, {X“‘IO} = h(alg,, D). Thus, we
can write e(n, a, I) as a linear combination of products of elements of the form
nh(aln,, ) 1, h(alr,, {j:}), where all j; € I, for any i € [1,#I]. Again, we
can do the same with e(n’, b, J). We can conclude by using proposition 2.2 and
lemma 2.4. |

LEMMA 2.6. — Let (a,I),(b,J) € P, such that u(a) > u(b) and Iy # 0.
Denote by P the set of partitions of size #1 + #J of Supp(a + b), and put:

0 otherwise.

. {u(b) if Jo # 0,

Then for any n,n" € W(k), there exists a function s: P — Z,y with:

pv+u(a+b) | S(L) Zf Lo = (Z)’

VL € P,
p¥ | s(L") otherwise,

such that:

e(n, a,I) 6(77/7 b, J) — Z €(S(L) Vu(a)—u(a-'rb) (,rlFu(a)—u(b) (nl)) ,a + b, L) .
LeP
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PSEUDOVALUATIONS ON THE DE RHAM-WITT COMPLEX 63

Proof. — Put I == Uie[[1 21] I;. We can compute:

e(n,a Ie(n',b,J)
vwmﬂp<”%}w@wLWJRW@ﬂ0
Vu(a)( [ xr" \IO} (1’pu(a)a|i,1)e(pUFU(a)—u(b)(n/)’pu(a)b7 J)>
— yula (e(n,p u(a >a,1) e(va“W)*“(b)(n’) p@p, J))

These computations have been done so that the basic Witt differentials
appearing in the last line are integral. In particular, we are now in position to
apply lemma 2.5. That is, there is a function s": P — Z,y such that:

dmmndﬂﬁJ>1ﬂ®<§j4ﬂ§@MFm>“W#Lw@w+wJ0>

LeP

We can conclude by using proposition 1.4 and the fact that the Verschiebung
endomorphism is additive. |

In the last two statements of this section, we are interested in the case where
k has characteristic p. The results become clearer in this situation because we
have p = V(F(1)).

LEMMA 2.7. — Suppose k has characteristic p. Let (a,I),(b,J) € P, such that
u(a) = u(b) and Iy # 0. Denote by P the set of partitions of size #1 + #J of
Supp(a + b), and put:

WZ?@)#%#&

0 otherwise.

Let o, B € N. Then for any n € V(W (k)) and any ' € V(W (k)), there
exists a function s: P — W (k) with:

e p [sD) e Ve () i Lo=10,

" s(D) € Vetftvtul@)—ulatd) (W (kL))  otherwise,
such that:

e(n,a,T)e(n,b,J) =Y e(s(L),a+b,L).

LeP

Proof. — This is a special case of lemma 2.6 when k has characteristic p,
because in that case, we have pr = F(V (z)) = V(F(z)) for any z € W (k), but
also nn’ € Vo+8(W (k)) [1, proposition 5. p. IX.15]. O
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64 R. MUNOZ--BERTRAND

PROPOSITION 2.8. — Suppose k has characteristic p. Let (a,I),(b,J) € P
with Iy # 0. Denote by P the set of partitions of size #I +#J of Supp(a + b).
Let a,3 € N. Then, for any n € V(W (k)) and any n' € VF(W(k)), there
exists a function s: P — W (k) with:

S(L) c Va+5+min{u(a),u(b)}(W(k)) Zf Lo = @7

VL € P,
{S(L) ¢ Votfimaxiu(a)u®)l—ulatb) (W (k))  otherwise,

such that:
e(n,a,T)e(n,b,J) =Y e(s(L),a+b,L).
LepP
Proof. — This statement is just a special case of lemma 2.7, except when

u(b) > u(a) and Jy = 0. In that situation, if J' := J ~ {min(b)}, we deduce
from proposition 1.2 that:

e(n,a,I)e(n',b,J)
= e(n,a,I)d(e(n’,b,J"))
= (71)#1 (d(e(nv a, I) 6(77/3 b7 J/)) - d(e(nv a, [)) 6(77/7 ba Jl)) .

This enables us to conclude using lemma 2.7 again. (]

3. Pseudovaluations

We shall now consider the case where k is a commutative ring of character-
istic p. Let n € N and let k[X] := k[X}, ..., X,]. Recall that theorem 1.5 says
that any = € VVQ;[&/,C can be uniquely written as Z(a,I)GP €(Na,1,a,I), where
all g, r € W(k). This allows us to define specific W (k)-submodules of the de
Rham-Witt complex.

DEFINITION 3.1. — An element x = 3, /)cp €(Na,1,a, 1) € W 1 1s said

to be integral if n, 1 = 0, for all a with u(a) # 0. We denote by WQLH[E/,C the
subset of all integral elements of the de Rham—Witt complex.

The element z is said to be fractional if n, ; = 0 for all a with u(a) = 0. We
denote by WQ}C:&]'M the subset of all fractional elements of the de Rham—Witt
complex.

The element z is said to be pure fractional if n, ; = 0 for all (a,I), such

that w(a) = 0 or Iy = 0. We denote by Wﬂg&;/k the subset of all pure

fractional elements of the de Rham—Witt complex.

Notice that we have the following decomposition as W (k)-modules:
° ~ int,e frp,e frp,e
(8) WQixe E WL L @WK, © d(WQk[pg]/k) :
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PSEUDOVALUATIONS ON THE DE RHAM-WITT COMPLEX 65

This is a refinement of Langer and Zink’s decomposition into integral and
fractional parts [6, (3.9)]. Indeed, we have:

frac,e ~, frp,e frp,e
WO, = WO @ d(WORRS ) -

In the whole chapter, for any x € WQ;[&/,C, we will denote by z|int, Z|frac,
z|gp and x|q(sp) the obvious projections for these decompositions.

We will also denote by vy the V-adic pseudovaluation on W (k

). Davis,
Langer and Zink defined the following functions for any € > 0 [2, (0.3)]:

Wy, — RU{+00, —o0}

e Z(a,f)ep €(Na,1,a,1) = inf(y nep{vv (ne,r) + u(a) — ¢lal}.

To see that this definition coincides with the one given by Davis, Langer and
Zink, it is necessary to see that in their definition of a basic Witt differential,
they ask that vy (n.,r) > u(a), for all (a,I) € P [6, p. 261]. The definition
given in this article has been modified, which is why we need to add u(a) in
the definition of ~..

The overconvergent de Rham—Witt complex of k[X] is the set of all z €
W, /x> such that there exists ¢ > 0 with e () # —o0.

One of the main obstacles to studying the overconvergence of recursive se-
quences containing products of de Rham—Witt differentials is that these func-
tions are not pseudovaluations. We will first study two counterexamples to
the product rule in the case where k[X] & k[X,Y] as k-algebras. That is,
we will find z,y € WQE[X]/W such that for all € > 0, we have v.(x) # —o0,

Ye(y) # —oc and Ye(zy) < ve(z) +7=(y)-

EXAMPLE 3.2. — For any m € N, notice that:

ve([xem =) aovmxn) = o ([ D,

()
Ve (@(V™([X])))
Y (pd([X])) =m —€<2m—e.

m —

This first counterexample illustrates what happens when one takes the prod-
uct of two fractional elements. The phenomenon occurring here with = =
Vm([XP"~1]) and y = d(V™([X])) is that the power of the denominator of
the weight functions (which we denoted a — u(a)) can get smaller when taking
products of differentials. Indeed, lemmas 2.6 and 2.7 and proposition 2.8 show
that multiplying basic elements translates as an addition for weight functions.
However, we notice in this example that the V-adic pseudovaluation we have to
calculate gets bigger; it is just not big enough, so it compensates the decrease
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of u. In this example, to get a function satisfying the product formula of pseu-
dovaluations, it seems to be enough to multiply the V-adic pseudovaluation by
2 in the definition of ~.. It is still not sufficient in general, as can be seen in
the following counterexample.

ExaMPLE 3.3. — Let m € N. Then:

() = S

Y (dV™(Y])) = m — —

o
e (v (X ) dvmvi)) = m - e < 2m .

Another type of counterexample thus appears taking z = Vm([Xpm*I])
and y = d(V™([Y])). In this situation, z, y and zy are basic Witt differentials,
and the image through u of their associated weight functions is always m.
This happens to be the main reason why the product formula fails with ~.
in this context, as we need to add 2m when computing 7. (x) + v (z), but m
only appears once in the computation of v.(xy). So, in order for the product
formula to work in general, we need to multiply the value of u in the definition
of . by the number of factors in the definition of (7). As this number is smaller
than n, as remarked after the first counterexample, we also have to multiply
the V-adic pseudovaluation by 2n.

This leads us to the definition below, which is a modification of Davis, Langer
and Zink’s definition. From now, n € N is an arbitrary integer.
DEFINITION 3.4. — For any € > 0 put:
W 1/, — RU {400, —00}
Ce: . inf (o, nep{2nvv (na,1) + #lu(a) — €lal} if Ip =0,
1nf(a’1)€p{2nvv(na, )+ (#I+ 1) u(a) —elal} if Iy #0,
for x =3, nep (a1, a,1).

We will prove that these functions are pseudovaluations. Before we demon-
strate the product formula, we first give a few basic properties. It is, for
instance, immediate that:

(9) Va,y € Wix) s Ce(@+y) 2 min{C(z),C(y)}-
Also, a consequence of proposition 1.2 is that:
(10) Vo € W)k C(d(@)) = ((2).

The following proposition tells us that we recover the definition of the over-
convergent de Rham—Witt complex with these functions.
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PROPOSITION 3.5. — Let x € WS v .. There exists € > 0, such that 7 (z) #
—00 if and only if (o (x) # —o0, for some ' > 0.

Proof. — Notice that whenever n # 0, we have:
Vo € Wy /ks 2075 (@) 2 C(2) 2 ().

This ends the proof except when n = 0. However, when n = 0, then
W xyn = W (k) as W (k)-dgas, so there is nothing to do. O

We will now prove the product formula. We are doing this by exhaustion
using the decomposition (8). Even though most of the proofs below follow the
same, simple strategy, it is still interesting to carry them out in detail as one
gets stronger formulas in some cases.

PROPOSITION 3.6. — For any € > 0 and any x,y € WQikrEt)’q/k, we have:

(Ce(w) # =00 N Ce(y) # —o0) = Ce(zy) = C(7) + C(y) -

Proof. — By definition of WQ};F)’(.]/M we know that for all (a, 1), (b,J) € P,

there exists 1,1, ; € W(k), such that:

T = E e(na,17a71)7
(a,I)eP
u(a)=0

Yy = E 6(771/),J7b7J)'
(b,J)eP
u(b)=0

For any (a,I),(b,J) € P, such that u(a) = u(b) = 0, using lemma 2.5 we
get:

Cg(e(nayj,a,l)e(m’,mb, J)) > 2nvv(na7mg7J) + (#1 + #J) u(a + b) — ela + bl.

Since u(a + b) = 0 and vy (na,ml’)’» > vy (Na,1) + Vv (771’7’]) because k has

characteristic p [1, proposition 5. p. IX.15], we can conclude.

int,e frp,e

PROPOSITION 3.7. — Lete > 0. Foranyx € WQk[g]/k and anyy € Wﬂk[&/k,
we have:

(Ce(@) # —00 A le(y) # —00) = Ce((2y) lagtp)) = Ce(@) + Ce(y) + 1.
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Proof. — By definition of integral and pure fractional elements, we know that,
for all (a,I),(b,J) € P, there exists 1, ;,n5.7 € W (k) such that:

T = Z e(nb,vavj)a
(b,J)eP
u(b)=0

y = Z e(n:lyl,a,f) )

(a,)€P
u(a)>0
To#0

Then, for any (a,I),(b,J) € P, such that u(a) > 0, Iy # 0 and u(b) = 0,
lemma 2.7 gives us:

Cs((e(nb,bb» J)@(??fz,paaf)) \d(frp))
> 2n(vy () + vv (1 1) +ula)) + (F + #J) u(a+b) — ela+b).
However, u(a 4+ b) = u(a), so
C((elmo,g: b, T) et 10, 1)) lagp)) = Ce(@) + C(y) + 1,

as needed. O

PROPOSITION 3.8. — For anye >0, any j € N, any x € WQ}:&J]/,C and any

Yy € Wﬂg&/k, we get:

(Ce(z) # =00 N Ce(y) # —00) = C((2Y) lmp) = (@) + Ce(y) +J-

Proof. — By definition of integral and pure fractional elements, we know that
for all (a,I), (b, J) € P, there exists 7, ;,7,.7 € W(k), such that:

Tr = Z 6(7]b,J7ba ‘]) )
(b,J)eP
u(b)=0
#J=j

y = Z e(n:lyl,a,f).

(a,)eP
u(a)>0
To#0

Using lemma 2.7, we know that for any (a, I), (b, J) € P, such that u(a) > 0,
Iy # 0 and w(b) = 0, we have:
Cs ((e(nb,Ju b» J) e(n;,ja a, I)) ‘frp)
= 2n(vy (me,s) + Vo (1)) + (#I +#J + 1) u(a +b) —ela+b|.

Furthermore, notice that u(a +b) = u(a) > 0. Therefore, we obtain that

C((elne,r,0, T) e(ng, 1, a.1)) liep) = Ce() + Co(y) + #J, which ends this proof.
O
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PROPOSITION 3.9. — Lete > 0. Foranyx € WQikn[tX']/k and anyy € WQ;[E]/IW
we have:

(Ce(x) # =00 NG (y) # —00) = ((zy) = Ce() + (e (y) -

Proof. — Recall that y = y|int +¥|p +¥lacp) and notice that ¢ (yline) = ¢ (y),

Ce(ylap) = C(y) and ¢ (y|d(frp)) > ((y). Therefore, using proposition 3.7 we
get:

(Ce(x) # —00 AN ((y) # —o0) = CE((x(y|frp)) |d(frp)) > C(r) + ¢ (y) + 1.
Applying proposition 3.8 and (9) yields:
(Cs(z) 7é —00 A Cs(y) 7é 700) - CE((x(y|frp)) |frp) > CE(SC) + Cs(y) .

Tac,e

Using lemma 2.7, we obtain z(y|gp) € WQE[XV,C. Thus, formula (9) implies
that: N

(Cs(w) # —00 A Cs(y) # 700) = Cs(x(y|frp)) = CE(JJ) + Cs(y) .
Moreover, using proposition 3.6 we get:
(C(x) # =00 N (y) # —o0) = C(x(Ylint)) = C(2) + ¢ (y) -
By applying (9) once more, we see that it only remains to show that:
(C&(x) # —00 A Cs(y) # _OO) = ( (x(y|d(frp))) > CE(x) + Ca(y)
Again by (9), it is sufficient to prove this in the case where x € WQ};[&/,C,
for some i € N, and y € W, 1 ., for some j € N. Let y' € WQR 7! be
the element such that d(y') = y|a¢p)- Using proposition 1.2 we get (.(y') =
(e (y|d(frp)). However, by (5) we find:

2 (Ylagp) = 2d(y) = (~1)" (d(zy) = (~1) T (@) )
So one can conclude using (9), (10) as well as propositions 3.7 and 3.8. O

PRrROPOSITION 3.10. — For any € > 0 and any x,y € WQZ&?/,C, we get:

(C(w) # =00 NG (y) # —o0) = C((2Y) |trp) = Ce() + C(y) + 1.

Proof. — Reasoning as in the proof of proposition 3.8, it is enough to prove
that for any (a,I),(b,J) € P with u(a) #0, Iy # 0, uw(b) # 0 and Jy # 0, and
any Witt vectors ng,1, 75,7 € W(k), we have:

CE((B(UIL,D a, I) e(nb,Ja b7 J)) |frp) = Cs(e(na,fa a, I)) + CE(e(nb,Ja b7 J)) + 1
A consequence of lemma 2.7 is that:
C((e(a,1,a, 1) e(np,., b, T)) |irp)
= 2n(vy (Na,1) + vv (m,7) + u(a) +u(b) —ula + b))
+ (#I+#J + Dula+b) —ela+b|.
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Therefore, one can conclude if one has:
2n(u(a) + u(d) —ula+0)) + (#I+#J +1)ula+b)
> (#I+1)u(a) + (#J + 1) u(b) + 1.
Notice that #I +1 < n and #J + 1 < n because we assumed that Iy # )
and Jy # 0. Since u(a + b) < max{u(a),u(db)}, we get:
2n(u(a) + u(b)) + (#I +#J +1—2n)u(a+b)
> 2nmin{u(a) ,u(b)} + (#I + #J + 1) max{u(a),u(b)} .

This ends the proof whenever n # 0. If n = 0, there is nothing to show. O

frp,e frp,e
PROPOSITION 3.11. — Let & > 0, v € WS, and y € d(WOLRS ). We

have:
(Cs(w) 7é —00 A Cs(y) 7'é 700) - Cs((xy) |frp) P Cs(x) + Cs(y) .

Proof. — We only have to demonstrate that for any (a,I),(b,J) € P with
u(a) # 0, Iy # 0, u(b) # 0 and Jo = 0, and any Witt vectors g1, M, € W(k),

we have (-((e(na,1,a, 1) €(m,s,b,J)) lap) = Cc(e(na,r,a,1)) + C(e(np,a,b,J)).
Using proposition 2.8, one obtains:

CE((e(na,Iv CL, I) 6(77b,J7 ba J)) |ffp)
2 2n(vv (Na,1) + Vv (M, s) + max{u(a) , u(b)} — u(a + b))
+ (#I+#J +1)u(a+b) —ela+ b|.

So we can conclude if we show:
2n(max{u(a),u(b)} —u(a+0b)) + (#I +#J + 1) u(a+10b)
> (#1+ Dua) + #Tu().

Notice that #I + 1 < n because we assumed that Iy # () and #J < n. As
u(a + b) < max{u(a),u(b)}, we can see that:

2nmax{u(a),u(d)} + (#I +#J + 1 —2n) u(a + b)
> (#I + #J + 1) max{u(a) ,u()}. O

PRrOPOSITION 3.12. — For any € > 0 and any x,y € WQ:&?/,C, we have:

(Ce(@) # =00 A le(y) # —00) == C((2y) lacp)) = (@) + Ce(y) + 3.

Proof. — We only have to verify that for any (a,I),(b,J) € P, such that
u(a) # 0, Iy # 0, u(b) # 0 and Jy # 0, and any 1,1,m5,7 € W(k), we have
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CE ((e(na,fa a, I) 6(7][)“], b7 J)) ‘d(frp)) 2 Cs(e(na,fa a, I)) +Cs(6(77b,Ja b’ ‘])) +3 Due
to lemma 2.7 we can see that:

C((e(na,r,a, 1) e(np,1,0, ) lacerp))
2 2n(vv (Na,1) + Vv (M,5) + u(a) + w(b)) + (#1 + #J) u(a + b) — ela + b
Therefore, the proof is complete if:
2n(u(a) + u(d)) + (#I + #J)u(a+b) = (#I + 1) u(a) + (#J + 1) u(d) + 3.
In the fractional part that we are studying, we necessarily have u(a) > 0,
u(b) > 0 and u(a+b) > 0. Moreover, #I +1 < n and #J +1 < n as we
assumed that Iy # 0 and Jy # 0. So we get:
2n(u(a) + u(d)) + (#I + #J) u(a +b)
> (#I+1)u(a) + (F#J + 1) ub) +2+ #1 + #J.
If #I + #J # 0, the proof is complete. Otherwise, it means that we are
multiplying two Witt vectors. In particular, the projection on d(WQg&? / k) is
0, but {.(0) = 400, so the proof becomes obvious. |

ProrosITION 3.13. — For any € > 0 and any x,y € WQQ[E/,C, we have:

(Ge(@) # =00 A Ce(y) # —00) = Ce((2y) [int) = Ce(x) + (e (y) + 2.

Proof. — Tt is enough to prove that for any (a,I),(b,J) € P, such that
u(a) # 0, In # 0, u(d) # 0 and Jy # 0, and for any e 1,0 € W(k), we
have Cs((e<na,17aal) 6(77b,J7b’ J)) |int) > Ce(e(na,ha?I)) + Cs(e(nb,Jab> J)) + 2.
However, using lemma 2.7 one gets:
Cs((@<77a,17aa I) e(nb,J7 ba J)) |int)
2 2n(vv (1a,1) + Vv (me,s) + u(a) + u(b)) — ela + b|

because in the integral part, we always have u(a + b) = 0, which ends the proof
asn > #I+1and n > #J + 1 since we assumed that Iy # () and Jy £ 0. O

frac,e

PROPOSITION 3.14. — For any € > 0 and any x,y € WQ,C[&/,C, we have:

(Ce(2) # =00 AN C(y) # —00) == C((2Y) lins) = Co(2) + C(y) -

Proof. — We will first show that for any (a, ), (b,J) € P, such that u(a) # 0,
Iy # 0 and w(b) # 0, and any 1,1, m,5 € W(k), we always have:

C((e(Ma,rsa,I) e(my,g,0,J)) lint) = C(€(Na,1,a, 1)) + C(e(np,7,0, ).

Due to proposition 2.8 we can see that:

Ce((e(a,1,a,T) e(n,.,b,T)) lint)
= 2n(vv (Na,1) + vv (mp,s) + min{u(a) , u(b)}) — ela + b|
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because in the integral part we have u(a 4+ b) = 0, which is only possible if
u(a) = wu(b). This proves this specific case because 2n > (#I+ 1+ #J) if
Jo =0, and 2n > (#I + 1+ #J + 1) otherwise.

For the general case, notice that if Iy = (), then proposition 1.2 gives us the
equality:
e(Ma,1,a,1)e(ny,s,b,J) = d(e(na,r,a,I ~{min(a)})e(np, s,b,J))

— (=17 e(na,1.a, T~ {min(a)}) d(e(mp,s,b, 7)) -

Therefore, we can conclude using the first paragraph as well as (10). |

PROPOSITION 3.15. — Lete >0, x € Wﬁg&’?/k and y € d(WQg&’?/k). We
have:

(Ce(@) # —00 A le(y) # —00) = C((xy) lagip)) = Ce(@) + C(y) + 1.

Proof. — We only have to show that for any (a,I),(b,J) € P, such that
u(a) # 0, Iy # 0, u(b) # 0 and Jo = 0, and any 14,7,m,0 € W(k), we

have C& ((e(na,17 a, I) 3(77b,J7 ba J)) |d(frp)) = CE(e(na,Ia a, I)) +<€(e(77b,J7 b7 J)) +1.
Using proposition 2.8 one finds that:

Ce((e(a,r,a, I) e(np,1,b, 7)) lacep))
2 2n(vy (Ma,1) + vv (m,s) + min{u(a) , u(b)})
+ (#I + #J)u(a +b) — ela + bl.
So the proof is over if:
2nmin{u(a),u(b)} + (#I + #J)u(a+b) = (#I + 1) u(a) + #Ju(b) + 1.

Since #1 +1 < n and 1 < #J < n because we assumed that Iy # 0
and Jy = (), and since u(a +0b) # 0 because we study the fractional part,
this inequality becomes obvious whenever u(a) = u(b); if not, then u(a + b) =
max{u(a),u(db)}, and we are done. O

PROPOSITION 3.16. — For any € > 0 and any x,y € d(Wﬂg&?/k), we get:

(Ce(w) # —00 N (e (y) # —o0) = Cs((xy) Id(frp)) > Ce(w) + C(y) -

Proof. — One can suppose without any loss of generality that x € WQL[ X]/k

for some i € N. Put 3/ € Wﬁg&?/k, such thgt d(y’") = y. Using proposition 1.2

we get (-(y') = ((y). However, xy = (—1)"d(xy’), so we can conclude due to
(9), (10) as well as proposition 3.11. O
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We will now study the cases not treated in the previous statements of this
section. Notice that if one takes z,y € Wﬁg&?/k, then zy € WQ}CH[EM. In
particular, (zy)|ep = (2¥) |a(tp) = 0, which implies:

Ve >0, C((xy) lirp) = G ((21) lagap)) = +00-

frac,e

In a similar fashion, if = € WQI;[;;}/]C and y € W ),
that: B

lemma 2.7 implies

Ve >0, ¢((#y) [int) = +o0.
Also, if z,y € d(WQg&’?/k), then as zy lies in the image of d, we get
(zy) lap = 0, which in turn implies that:
Ve >0, C((xy) [wp) = +00.

The following table compiles all of the propositions that we have shown
concerning the function (., for any € > 0 (we will always suppose that (. (z) #

—o0 and C.(y) # —ox).

Ce((zy) |int) =

C((2y) fep) =

<5<(£L'y) ‘d(frp)) P

int,e
T € WQk[g]/k

int,e
Yy E WQk[&/k

Ce(x) + ()

+00

+00

frp,e
T € Wﬂk&]/k

int,e
Yy € WQk[&/k

Ce(x) + ¢ (y)

C(x) + ¢ (y) +1

frp,e
ved(WoiRs,

int,e
Yy € WQk[g/k

)

Ce(x) +C(y)

Ce (Z‘) + ¢ (y)

frp,e
T € Wﬁk&]/k

frp,e
y € WQk[p&/k

Ce(@) + ¢ (y) +2

C(@) + ¢ (y) +1

Ce(@) + ¢ (y) +3

frp,e
T e d(WQk[p&/k

frp,e
y € Wﬂk[pﬁ/k

)

Ce() + Ce(y)

Ce() + ¢ (y)

Ce(z) +C(y) +1

frp,e
ved(Wons,

frp,e
yed(WoRs,

)
)

Ce (:E) + ¢ (y)

“+00

Ce (:E) + ¢ (y)
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In particular, this proves the main theorem of this paper:
THEOREM 3.17. — For any € > 0, the function (. is a pseudovaluation.
Proof. — This is straightforward using (9) and the previous table. ]

COROLLARY 3.18. — Lete > 0. Let : k[X] — R be a surjective morphism of
commutative k-algebras. Then:

: WQ3, = RU{+o0, —oc}

Cewp z = sup{C(y) |y € o~ ({z})}

is a pseudovaluation.

Proof. — According to [3, p. 4], this map is a pseudovaluation if and only if
Cerp(1) # 400. We will show that (. ,(1) < 0. Let y € W 1/, such that
C(y) > 0. Write y = 3_, yep €(1la,1,a, 1) with ne,; € W(k), for all (a,I) € P
using theorem 1.5. Then, by definition of (., for all (a,I) € P, such that
Na,1 # 0, we must have 2nvy (1,,1) + u(a) > 0. If n = 0, this cannot happen,
otherwise then either vy (n,,r) > 0 or u(a) > 0. In all cases, this implies that
€(Na,1,a,I) is in the image of V. In turn, y is also in the image of V, and by
functoriality of W ., so is ©(y). In particular, p(y) # 1, so (. (1) <0, and
we are finished. |

In subsequent papers, we will use these results and this table in order to
study the local structure of the overconvergent de Rham—Witt complex, and
give an interpretation of F-isocrystals in this context.
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