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ABOUT PLANE PERIODIC WAVES
OF THE NONLINEAR SCHRODINGER EQUATIONS

BY CORENTIN AUDIARD & L. MIGUEL RODRIGUES

ABSTRACT. — The present contribution contains a quite extensive theory for the
stability analysis of plane periodic waves of general Schrédinger equations. On the
one hand, we put the one-dimensional theory, or in other words the stability theory
for longitudinal perturbations, on par with the one available for systems of Korteweg
type, including results on coperiodic spectral instability, nonlinear coperiodic orbital
stability, sideband spectral instability and linearized large-time dynamics in relation
with modulation theory, and resolutions of all the involved assumptions in both the
small-amplitude and large-period regimes. On the other hand, we provide extensions
of the spectral part of the latter to the multidimensional context. Notably, we provide
suitable multidimensional modulation formal asymptotics, validate those at the spec-
tral level, and use them to prove that waves are always spectrally unstable in both the
small-amplitude and the large-period regimes.
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112 C. AUDIARD & L. M. RODRIGUES

RESUME (A propos des ondes planes périodiques des équations de Schrédinger non
linéaires). — Le travail présenté ici comprend une théorie relativement compléte
permettant ’analyse de la stabilité des ondes planes périodiques des équations de
Schrodinger générales. D’une part, nous mettons la théorie unidimensionnelle, ou au-
trement dit la théorie de stabilité sous perturbations longitudinales, au niveau de celle
disponible pour les systémes de type Korteweg, en y incluant des résultats sur I'instabi-
lité spectrale co-périodique, la stabilité orbitale non linéaire co-périodique, I'instabilité
spectrale latérale et la dynamique linéarisée en temps long et ses relations avec la théo-
rie de la modulation, et en résolvant toutes les hypothéses associées dans les régimes
de petite amplitude et de grande période. D’autre part, nous étendons la partie spec-
trale de cette analyse au contexte multidimensionnel. En particulier, nous développons
une asymptotique formelle de modulation multidimensionnelle, validons celle-ci au ni-
veau spectral et I'utilisons pour démontrer que les ondes sont toujours spectralement
instables a la fois dans les régimes de petite amplitude et de grande période.

1. Introduction
We consider Schrodinger equations in the form
(1) 10f = —dive (R(If[*) Vi) + & (P IVF P F+2W(1f?) f

(or some anisotropic generalizations) with W a smooth real-valued function
and k a smooth positive-valued function, bounded away from zero, where the
unknown f is complex valued, f(t,x) € C, and (t,x) € R x R%. Note that the
sign assumption on xk may be replaced with the assumption that « is real valued
and far from zero since one may change the sign of x by replacing (f, s, W)
with (f, —r, —W).

Since the nonlinearity is not holomorphic in f, it is convenient to adopt a

real point of view and introduce real and imaginary parts f = a+i b, U = (Z)

Multiplication by —i is, thus, encoded in

2 1= (%)

and Equation (1) takes the form

(3)
0,0 = J (= divx (5(|[U[*) VxU) + #'([U]1*) |V U|* U + 2W'(|U|*) U) .

The problem has a Hamiltonian structure
0:U =J0%[U]  with % [U] = 3s([U|*)|VxU|*,+W([U]*),

with § denoting the variational gradient!. Indeed, our interest in (1) originates
in the fact that we regard the class of equations (1) as the most natural class of

1. See the notational section at the end of the present Introduction for a definition.
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NLS PERIODIC WAVES 113

isotropic quasi/linear dispersive Hamiltonian equations, including most classi-
cal semilinear Schrodinger equations. See [54] for a comprehensive introduction
to the latter. In Appendix C, we also show how to treat some anisotropic ver-
sions of the equations.

Note that in the above form, invariances are embedded with respect to ro-
tations, time translations and space translations; if f is a solution, so is f
when

f(t,x) =e % f(t,x), ¢9 € R, rotational invariance,

f(t,x) = f(t —to,x), to € R, time translation invariance,

f(t,x) = f(t,x —x9), X9 € R, space translation invariance.
Actually, rotations and time and space translations leave the Hamiltonian %
essentially unchanged, in a sense made explicit in Appendix A. Thus, through
a suitable version of Noether’s principle, they are associated with conservation
laws, respectively on mass J([U] = 1|U||?, Hamiltonian %,[U] and momentum
Q[U] = (@;[U]);, with @;[U] = 3JU - 9,U, j = 1,...,d. Namely, invariance
by rotation implies that any solution U to (3) satisfies the mass conservation
law

(4) (V) = 3" 9; (J6[U] - Vu, Fo[U]) .

Likewise, invariance by time translation implies that (3) contains the conser-
vation law

(5) 0,9[U] = > 0, (VU% H,[U] - J6%, [U]) .

Finally, invariance by spatial translation implies that from (3) stems

(6)
8, (Q[U]) = Vi (;JU - 36%[U] — %, [U]) +30,(I5Q[U] - Vu,, %[U)) .
4

The reader is referred to Appendix A for a derivation of the latter.

We are interested in the analysis of the dynamics of near-plane periodic uni-
formly traveling waves of (1). Let us first recall that a (uniformly traveling)
wave is a solution whose time evolution occurs through the action of symme-
tries. We say that the wave is a plane wave when in a suitable frame it is
constant in all but one direction, and that it is periodic if it is periodic up to
symmetries. Given the foregoing set of symmetries, after choosing for the sake
of concreteness, the direction of propagation as? e; and the normalizing period

2. Throughout the text, we denote as e; the jth vector of the canonical basis of R?. In
particular, e; = (1,0,...,0).
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114 C. AUDIARD & L. M. RODRIGUES

to be 1 through the introduction of wavenumbers, we are interested in solutions
to (1) of the form
Fltx) = e e lemen 0 t) £ (2 — ¢, 1)
= o ke ) £k o 4w, 1),
with profile f 1-periodic, wavenumbers (k,, k,) € R2, k, > 0, time frequencies
(wg,w,) € R?, spatial speed ¢, € R, where
X:(‘T7y) gm:_EzQI'

In other terms, we consider solutions to (3) in the form

(7) U(t,x) = elks G020 03 Y (2 — ¢, 1)),

with U 1-periodic (and nonconstant). More general periodic plane waves are
also considered in Appendix D. Beyond references to results involved in our
analysis given along the text and comparison to the literature provided near
each main statement, in order to place our contribution in a bigger picture, we
refer the reader to [37] for a general background on nonlinear wave dynamics
and to [46, 30, 14] for material more specific to Hamiltonian systems.

To set the frame for linearization, we observe that going to a frame adapted
to the background wave in (7) by

U(t,x) = olbe a7 V(1 k(@ — ¢, 1).y),

changes (3) into
(8)

oV = J5¥[V],

HV] :=Ho(V, (k,0: +ky,I)V,Vy V) —w, M[V] +¢,Q1(V, (k0. +k,J)V)
= FHo(V, (k, 0, + kg D)V, Vy V) = (w, — kg €, ) l[V] — w,01[V],

and that (¢,2,y) — U(x) is a stationary solution to (8). Direct linearization of
(8) near this solution provides the linear equation 0,V = LV with £ defined
by
(9) LV = JHess#[U|(V),

where Hess denotes the variational Hessian, that is, Hess = L§ with L denoting
linearization. Incidentally, we point out that the natural splitting

Ho =% +HY, Y [U] = 3x(|U|*)|V,U|?,
may be followed all the way through frame change and linearization
H=K"+%,
L =JHess#"[U] + I Hess #Y U] =: L* + LY,
with £¥ = —x(||U]*)T Ay.
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NLS PERIODIC WAVES 115

As made explicit in Section 3.1 at the spectral and linear level, to make
the most of the spatial structure of periodic plane waves, it is convenient to
introduce a suitable Bloch—Fourier integral transform. As a result, one may
analyze the action of £ defined on L?(R) through? the actions of L¢ ,, defined
on L?((0,1)) with periodic boundary conditions, where (&,7) € [, 7] x R4~!,
¢ being a longitudinal Floquet exponent and n a transverse Fourier frequency.
The operator L¢ 5, encodes the action of J Hess #[U] on functions of the form

X = (z,y) > SHY W(z), W(E+1) =W,
through
JHess#H U] ((z,y) — " H1Y W(z)) (x) = & 7HTY (L . W)(2).

In particular, the spectrum of £ coincides with the union over (£,m) of the
spectra of L¢ . In turn, as recalled in Section 3.3, generalizing the analysis
of Gardner [25], the spectrum of each L¢ , may be conveniently analyzed with
the help of an Evans function D¢(-,n), an analytic function whose zeros agree
in location and algebraic multiplicity? with the spectrum of L¢ ,,. A large part
of our spectral analysis hinges on the derivation of an expansion of D¢(A,n)
when (A, &, n) is small (Theorem 3.2).

As derived in Section 2, families of plane periodic profiles in a fixed direc-
tion — here taken to be e; — form four-dimensional manifolds when identified up
to rotational and spatial translations, parametrized by (g, ¢z, we, ftg), Where
(ks pg) are constants of integration of profile equations associated with conser-
vation laws (4) and (6) (or, more precisely, its first component since we consider
waves propagating along e;). The averages along wave profiles of quantities of
interest are expressed in terms of an action integral O(fy, ¢, wy, ftg) and its
derivatives. This action integral plays a prominent role in our analysis. A sig-
nificant part of our analysis, indeed, aims at reducing properties of operators
acting on infinite-dimensional spaces to properties of this finite-dimensional
function.

After these preliminary observations, we here give a brief account of each of
our main results and provide only later in the text more specialized comments
around precise statements. Our main achievements are essentially twofold.
On the one hand, we provide counterparts to the main upshots of [12, 13, 9,
10, 11, 50] — derived for one-dimensional Hamiltonian equations of Korteweg
type — for one-dimensional Hamiltonian equations of Schrédinger type. On the
other hand, we extend parts of this analysis to the present multidimensional
framework.

3. As, by using Fourier transforms on constant-coefficient operators one reduces their
action on functions over the whole space to finite-dimensional operators parametrized by
Fourier frequencies.

4. Defined, for the spectrum, as the rank of the residue of the resolvent map.
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116 C. AUDIARD & L. M. RODRIGUES

1.1. Longitudinal perturbations. — To describe the former, we temporarily
restrict ourselves to longitudinal perturbations or somewhat equivalently to
the case d = 1. At the linear level, this amounts to setting n = 0.

The first set of results that we prove concerns perturbations that in the
above adapted moving frame are spatially periodic with the same period as the
background waves, so-called coperiodic perturbations. At the linear level, this
amounts to restricting ourselves to (§,17) = (0,0). In Theorem 4.1, as in [9], we
prove that a wave of parameters (1 _, ¢, w¢,ﬁ¢), such that Hess(@)(u y Cos w¢,ﬁ¢)

is invertible, is

1. H! (conditionally) nonlinearly (orbitally) stable under coperiodic longi-
tudinal perturbations if Hess(©)(p ,c,,wy, ¢) has negative signature 2
and 8216)( s Coy Wepo [ )7&0

2. spectrally (exponentlally) unstable under coperiodic longitudinal per-
turbations if this negative signature is either 1 or 3, or equivalently if
Hess(©)(p,, ¢,y wy, 1t ) has negative determinant.

The main upshot here is that instead of the rather long list of assumptions that
would be required by directly applying the abstract general theory [27, 14],
assumptions are both simple and expressed in terms of the finite-dimensional
0.

Then, as in [10], we elucidate these criteria in two limits of interest, the
solitary-wave limit when the spatial period tends to infinity and the harmonic
limit when the amplitude of the wave tends to zero. To describe the solitary-
wave regime, let us point out that the solitary-wave profiles under consideration
are naturally parametrized by (cz, p, ks), where p > 0 is the limiting value at
spatial infinities of its mass, and that families of solitary waves also come
with an action integral ©y)(cz, p, k¢), known as the Boussinesq momentum of
stability [16, 5, 6] and for Schrédinger-like equations associated with the famous
Vakhitov—Kolokolov slope condition [55]. The reader may consult [58, 41, 14]
as entering gates in the quite extensive mathematical literature on the latter.
In Theorem 4.3, we prove that

1. in nondegenerate small-amplitude regimes, waves are nonlinearly stable
to coperiodic perturbations;

2. inthelarge-period regime near a solitary wave of parameters (quo), £(0)7 E;,O) ),
coperiodic spectral instability occurs when 8329(3)(g§50), B(O),E;O)) < 0,
whereas coperiodic nonlinear orbital stability = holds when
82 05 (), p @, KLY > 0.

Both results appear to be new in this context. Note in particular that our small-
amplitude regime is disjoint from the cubic semilinear one considered in [24]
since there the constant asymptotic mass is taken to be zero. Yet, in the large-
period regime, the spectral instability result could also be partly recovered by
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NLS PERIODIC WAVES 117

combining a spectral instability result for solitary waves available in the above-
mentioned literature for some semilinear equations, with a nontrivial spectral
perturbation argument from [26, 52, 57].

The rest of our results on longitudinal perturbations concerns sideband lon-
gitudinal perturbations, that is, perturbations corresponding to (£,1) = (&,0)
with & small (but nonzero) and geometrical optics ¢ la Whitham [56].

The latter is derived by inserting in (3) the two-phase slow/fast-oscillatory
ansatz

()

(10) U(e) (t,.’E) _ eéwif)(gt,sm)Ju(s) <5 tea; Px (Et,€$)> .
3

with, for any (T, X), ¢ — U (T, X; ) periodic of period 1 and, as ¢ — 0,

U (T, X;0) = Uo(T, X;5¢) + eUa (T, X;5¢) +ole),
25 (T.X) = (2)o(T, X) + £ (o)1 (T, X) + 0(e),
T, X) = (92)0(T, X) + £ (01 (T, X) + 0fe) .
Arguing heuristically and identifying orders of € as detailed in Section 4.2, one
obtains that the foregoing ansatz may describe the behavior of solutions to

(3) provided that the leading profile Uy stems from a slow modulation of wave
parameters

(11) Up(T, X; Q) = Ul oo (TX)(()

where U (#a-c2:99:19) denotes a wave profile of parameters (Ha, Czy W, Hgp), With
local wavenumbers (kg, k) = (Ox(¢4)o,Ox(¥z)o), and the slow evolution of
local parameters obeys

P Ha
(12) liy Ao Hess © (1 + c,0x) ff = By dx iﬂ; ,
o o
where
100 0 0100
010 0 1000
Aoi=1g0_1 0 | Bo:=10001
00 0 —1 0010
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118 C. AUDIARD & L. M. RODRIGUES

Let us point out that actually, in the derivation sketched above, System (12)
is first obtained in the equivalent form

8Tkx = 8wa

Orq = 0x (He — C2q
(13) e exa)

Orm = Jx (py — cum)
8T'I€¢ = 8X (W¢ — Cg kq&)

with m and ¢ denoting averages over one period of, respectively, 4((U) and
Qi (U, (ky I + k0o )U), with U = UH=-c=ws:12)  Note that two of the equations
of (13) are so-called conservations of waves, whereas the two others arise as
averaged equations. For a more thorough introduction to modulation systems
such as (13) in the context of Hamiltonian systems, we refer the reader to the
introduction of [10] and references therein.

Our second set of results concerns spectral validation of the foregoing formal
arguments in the slow/sideband regime. More explicitly, as in [13], we obtain
in the specialization of Theorem 3.2 to 7 = 0 that

(14) Dg()ﬁ O) ()\75);)(0,0) det (A AO Hess @(Hw,gl,gqﬁ,ﬁtﬁ) - 1£B0>
+O (A + M) ),

for a wave of parameter (p_,c,, wy, pt ¢>)' This connects the slow/sideband Bloch

spectral dispersion relation for the wave profile U as a stationary solution to
(8) with the slow/slow Fourier dispersion relation for (u_,c,,ws, 1 ¢) as a solu-

tion to (12). Among the direct consequences of (14) derived in Corollary 4.5,
we point out that this implies that if Hess(@)(ﬁz7gx,g¢,ﬁ¢) is invertible, and
(12) fails to be weakly hyperbolic at (Hw,gx,gqﬁ,ﬁd)), then the wave is spec-

trally exponentially unstable to sideband perturbations. Afterwards, as in [11],
in Theorem 4.6, we combine asymptotics for (12) with the foregoing instability
criterion to derive that waves are spectrally exponentially unstable to longitu-
dinal sideband perturbations

1. in nondegenerate small-amplitude regimes near a harmonic wave train,
such that dp,, < 0 or dpr < 0, with indices (dnyp, dpr) defined explicitly
in (71) and (72);

2. inthelarge-period regime near a solitary wave of parameters (ggo), B(O), E((;)) ),
such that 82 Oy (gfﬂo),g(o),kfﬁo)) < 0.

Again, these results are new in this context, except for the corollary about weak
hyperbolicity that overlaps with the recent preprint® [20] — based on the recent

5. During the editorial process of the present paper it became a published paper.
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[40] —, which appeared during the preparation of the present contribution. Note,
however, that our proof of the corollary is different, and our assumptions are
considerably weaker.

Our third set of results concerning longitudinal perturbations shows that for
spectrally stable waves in a suitable dispersive sense, by including higher-order
corrections in (12), one obtains a version of (11)—(12) that captures at any
arbitrary order the large-time asymptotics for the slow/sideband part of the
linearized dynamics. Besides the oscillatory-integral analysis directly borrowed
from [50], this hinges on a spectral validation of the formal asymptotics —
obtained in Theorem 4.7 — as predictors for expansions of spectral projectors
(and not only of spectral curves) in the slow/sideband regime. The identified
decay is inherently of dispersive type, and we refer the curious reader to [42, 23]
for comparisons with the well-known theory for constant-coefficient operators.
Let us stress that deriving global-in-time dispersive estimates for nonconstant,
nonnormal operators is a considerably harder task and that the analysis in
[50] has provided the first-ever dispersive estimates for the linearized dynamics
about a periodic wave. We also point out that a large-time dynamical validation
of modulation systems for general data — as opposed to a spectral validation
or a validation for well-prepared data — requires the identification of effective
initial data for modulation systems, a highly nontrivial task that cannot be
guessed from the formal arguments sketched above.

At this stage, the reader could wonder how, in a not-so-large number of
pages, Schrodinger-like counterparts to Korteweg-like results, originally requir-
ing a quite massive body of literature [12, 13, 9, 10, 11, 50], can be obtained.
There are at least two phenomena at work. On the one hand, we have ac-
tually left a significant part of [11, 50] without counterparts. Results in [11]
were mainly motivated by the study of dispersive shocks, and the few stabil-
ity results adapted here from [11] were obtained there almost in passing. The
analysis in [50] studies the full linearized dynamics for the Korteweg—de Vries
equation. Yet, the underlying arguments being technically demanding, we have
chosen to adapt here only the part of the analysis directly related to modula-
tion behavior, for the sake of both consistency and brevity. On the other hand,
some of the results proved here are actually deduced from the results derived
for some Korteweg-like systems rather than proved from scratch.

The key to these deductions is a suitable study of Madelung’s transformation
[43]. As we develop in Section 2.3, even at the level of generality considered
here, Madelung’s transformation provides a convenient hydrodynamic formu-
lation of (1) of Korteweg type. A solution U to (3) is related to a solution
(p,v), with curl-free velocity v, of a Euler-Korteweg system through

U_\/2pee‘](é>, v=Vx0.
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120 C. AUDIARD & L. M. RODRIGUES

We refer the reader to [18] for some background on the transformation and its
mathematical use. Let us stress that the transformation changes the geometric
structure of the equations dramatically, in both its group of symmetries and its
conservation laws. A basic observation that makes the Madelung’s transforma-
tion particularly efficient here is that nonconstant periodic wave profiles stay
away from zero. Consistently, the asymptotic regimes that we consider also lie
in the far-from-zero zone. Our coperiodic nonlinear orbital stability result is in
particular proved here by studying in Lemma 4.2 correspondences through the
Madelung’s transformation. Even more efficiently, the identification of respec-
tive action integrals also reduces the asymptotic expansions of Hess © required
here to those already obtained in [10, 11]. For the sake of completeness, in
Section 3.2, we also carry out a detailed study of spectral correspondences.
Yet those fail to fully elucidate spectral behavior near (A, &,n) = (0,0,0) and,
thus, they play no role in our spectral and linear analyses.

1.2. General perturbations. — In the second part of our analysis, we extend
the spectral results of the longitudinal part to genuinely multidimensional per-
turbations.

To begin with we provide an instability criterion for perturbations that are
longitudinally coperiodic, that is, that corresponds to & = 0. The correspond-
ing result, Corollary 5.1-(1), is made somewhat more explicit in Lemma 5.2.
Yet we do not investigate the corresponding asymptotics because in the mul-
tidimensional context, we are more interested in determining whether waves
may be stable against any perturbation, and the present coperiodic instabil-
ity criterion turns out to be weaker than the slow/sideband one contained in
Corollary 5.1-(2), which we describe now.

The second, and main, set of results of this second part focuses on slow/side-
band perturbations corresponding to the regime (A, &,n) small. In the latter
regime, generalizing the longitudinal analysis, we derive an instability criterion,
interpret it in terms of formal geometrical optics, and elucidate it in both the
small-amplitude and large-period asymptotics.

Concerning geometrical optics, a key observation is that even if one is merely
interested in the stability of waves in the specific form (7), the relevant modu-
lation theory involves more general waves in the form

(15) U(t,x) = ells e 052,03 1y (x — ¢, e, 1))

with U 1-periodic and k, nonzero of unitary direction e,. The main departure
in (15) from (7) is that k, and k, are no longer assumed to be colinear. To
stress comparisons with (7), let us decompose (k,, k) as

k,=k

T T

€, k¢:E¢§z+k¢7
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with E¢ orthogonal to e,. In Section 2.6, we show that this more general set of
plane waves may be conveniently parametrized by (tz, ¢z, wg, e, €z, E¢), with
(es, k) varying in the 2(d — 1)-dimensional manifold of vectors, such that e,

is unitary, and kg is orthogonal to e,.
With this in hand, adding possible slow dependence on y in (10) through

1o (et ex) gpg;e)(&‘t,{—;x)
(16) UG (t,x) = e=%s ELEXT (@) [ oy oy 22 =020
€
and arguing as before leads to the modulation behavior
(1) Up(T X C) = Ul e o e KX )

with local wavevectors (kg, ky) = (Vx(©¢)o, Vx(¢z)o), and the slow evolution
of local parameters obeys

(18)
8Tk$ = on.)$

1 ~
Oorq9 = Vx (Uz —Czq + 570 |k¢|2>
+ divx (71 ko @ ky+ 7 (ks @ e, +e, 0ky) +75 (€, @y 7Id)> ’

Orm = divx ((p¢ —cym) e, +71 E¢)
6Tk¢ = VX (w¢ — Cy k¢)

with extra constraints (propagated by the time evolution) that k. and kg, are
curl free. In System (18), a ® b denotes the matrix of (j,¢)-coordinate ay b,
divx acts on matrix-valued maps row-wise, and @, 79, 71, T2, and 73 denote
the averages over one period of, respectively,

QU, (ko I + ke 0)U), &' (IUIP) 12, w(IUIP) U],

R(IUIP) IU - (kI + ko0 U and  w([U|J?) [|(kg I + keO)U|*,

with U = UWeCawsitoeaks)  Linearizing System (18) about the constant
W Co Wy, b, e1,0) yields, after a few manipulations,
D’ =2 3 Z¢

(19)
Ha Ha 00 (o)
divx (e
k,AoHess© (Or + ¢,0 “l=Byox | “ |+ |5 ( . ~x>
Feto (Or +£.9x) We O ws Ty 7; | \divx(ky)
o o 00

(6T +§g;8X)egg = — (VX — e 8}()035
(Or +c,0x) kg = (Vx — €1 9x) wy
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122 C. AUDIARD & L. M. RODRIGUES

with extra constraints that E¢ and e, are orthogonal to e, = e; and that
kie, +k, e, and kge, + k; e, +k, are curl free, where (k;, kg) are deviations
given explicitly as

ks

ke = _Eid (altm@xﬂracz’w@lhﬁ)? k¢ = k Eqﬁ _Ezd (8#45@)(”96’0:67(")%”(15)’

where total derivatives are taken with respect to (fiz, ¢z, wg, the), and evaluation
is at (HI’QGU’H(Zﬁ’E(i;’el’O)' In System 19, Hess© = Hess(,,, ¢, wy.u,) © is like-
wise evaluated at (Hr,gw,gdﬂﬁw e1,0), and Ay and By are as in System (12).

As made explicit in Section 5.1, our Theorem 3.2 provides a spectral valida-
tion of (18) in the form

)\2((1—1) % Df(Ayn) ()‘757"7);(0»070)

0 0 [0o—ino0o0
0 0 0 ino

0
Ly 0 o 0 0 00 00
det A( 0 AgHeso) Slom,) T|Ein EinTo 0 00

o 0 o 0o 00

+0 (IARD (A1 + gl + Iml)°)
or equivalently in the form

(200 De(rm) TEMZE0Y

2
det <)\A0 Hess © —i¢Bg + ||7;|| Co)

+O (A + 1€l + 1)) -

with
00 00
L 0—0’30’20 __& .
Cy = 0—onoi0] %= je{1,2,3}.
00 00

In the foregoing, again Hess © = Hess(,, ¢, wy.u0) @(Hz@zvﬂwﬁw e1,0). Note
that, consistently with the equality, the structure of By and Cg implies that the
apparent singularity in A of the left-hand side of (20) is, indeed, spurious, each
factor ||n||?/\ being necessarily paired with a factor A in the expansion of the
determinant. The only other rigorous spectral validation of a multidimensional
modulation system that we are aware of is [45], which deals with systems of
parabolic conservation laws.
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It follows directly from (20) that if (19) fails to be weakly hyperbolic at
(u 3 Coy W [ ¢,e1,0), then the corresponding wave is spectrally exponentially
unstable. In Section 5.2, besides this most general instability criterion, we
provide two instability criteria, more specific but easier to check, corresponding
to the breaking of multiple roots near n = 0 (Proposition 5.4) and near £ =0
(Proposition 5.5)m respectively.

Afterwards, we turn to the elucidation of the full instability criterion in
the asymptotic regimes already studied in the longitudinal part. Our striking
conclusion is that, when d > 2, in nondegenerate cases, plane waves of the
form (7) are spectrally exponentially unstable in both the small-amplitude
(Theorem 5.8) and the large-period (Theorem 5.6) regimes. More explicitly, we
prove that such waves are spectrally exponentially unstable to slow/sideband
perturbations

1. in nondegenerate, small-amplitude regimes near an harmonic wave train,
such that dp,, # 0 and dpr # 0, with indices defined explicitly in (71)

and (72);
2. inthelarge-period regime neara solitary wave of parameters (cguo), ,0(0)7 E;,O) ),
such that 82 Oy (), pl0 P ) # 0.

Let us stress that to obtain the latter we derive various instability scenarios
— all hinging on expansion (20), thus occurring in the region (A, £, n) small —
corresponding to different instability criteria. The point is that the union of
these criteria covers all possibilities. In particular, in the harmonic limit, the
argument requires the full strength of the joint expansion in (A, £, n), and it is
relatively elementary — see Appendix B — to check that the instability is non-
trivial in the sense that it occurs even in cases when the limiting constant states
is spectrally stable. We also stress that both asymptotic results are derived by
extending to the multidimensional context some of the finest properties of lon-
gitudinal modulated systems proved in [11] from the asymptotic expansions of
Hess © obtained in [10].

All the results about general perturbations are new, including this form
of the formal derivation of a modulation system. The only small overlap of
which we are aware is with [40] appearing during the preparation of the present
contribution and studying to leading order the spectrum of L ) near A =0,
when n is small. Even for this partial result, our proof is different, and our
assumptions are considerably weaker. Let us also stress that [40] discusses
neither modulation systems nor asymptotic regimes. Finally, we point out that
the operator Lo ) depends on i only through the scalar parameter Im||?, so
that the problem studied in [40] fits the frame of spectral analysis of analytic
one-parameter perturbations, a subpart of general spectral perturbation theory
that is considerably more regular and simpler, even compared to two-parameter
perturbations like we consider here. Concerning the latter, we refer the reader
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to [38, 21] for a general background on spectral theory. In addition to [40],
in the large-period regime, we again expect that the spectral instability result
could be partly recovered by combining a spectral instability result for solitary
waves available in the literature for some specific semilinear equations [51], with
a nontrivial spectral perturbation argument as mentioned above [26, 52, 57].

Ezxtensions and open problems. — Since such plane waves play a role in the
nearby modulation theory, the reader may wonder whether our main results
extend to more general plane waves in the form (15). As was pointed out in
Section 2.6, it is straightforward to check that it is so for all results concerning
longitudinal perturbations. Concerning instability under general perturbations,
a first obvious answer is that instabilities persist under perturbations and, thus,
extend to waves associated with small k4. In Appendix D, we show how to
extend the results to all waves in the semilinear case, that is, when  is constant,
and in the high-dimensional case, that is, when d > 3.

Finally, in Appendix C, we show how to extend our results to anisotropic
equations, even with dispersion of mixed signature, for waves propagating in a
principal direction.

Although our results strongly hint at the multidimensional spectral insta-
bility of any periodic plane wave, they do leave this question unanswered,
even for semilinear versions of (1). In the reverse direction of leaving some
hope for stability, we stress that there are known natural examples of classes
of one-dimensional equations for which both small-amplitude and large-period
waves are unstable, but there are bands of stable periodic waves. The reader
is referred to [2, 35, 1] for examples on the Korteweg—de Vries/Kuramoto—
Sivashinsky equation and to [4, 3] for examples on shallow-water Saint-Venant
equations. We regard the elucidation of this possibility, even numerically, as
an important open question. We point out, as an intermediate issue whose
resolution would already be interesting, and probably more tractable, the de-
termination of whether there exist periodic waves of (1) associated with wave
parameters at which the modulation system (18) is weakly hyperbolic.

Let us conclude the global presentation of our main results by recalling
that more specialized discussions, including more technical comparisons to the
literature, are provided throughout the text.

Outline. — The next two sections contain general preliminary material: the
first one on the structure of wave profile manifolds and the following one on
adapted spectral theory. The latter, however, contains two highly nontriv-
ial results: spectral conjugations through a linearized Madelung’s transform
(Section 3.2) and the slow/sideband expansion of the Evans function (Theo-
rem 3.2) — a key block of our spectral analysis. After these two sections follow
two sections devoted, respectively, to longitudinal perturbations and to gen-
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eral perturbations. Appendices contain key algebraic relations stemming from
invariances and symmetries used throughout the text (Appendix A), the exam-
ination of constant-state spectral stability (Appendix B), extensions to more
general equations (Appendix C), and more general profiles (Appendix D) and
a table of symbols (Appendix E).

Subsections of the two main sections are in clear correspondence with various
sets of results described in the Introduction, so that the reader interested in
a specific class of results may jump to the relevant part of the analysis and
refer to the table of symbols to search for the definitions involved.

Notation. — Before engaging in more concrete analysis, we here make our
conventions for vectorial, differential and variational notation explicit.

Throughout we identify vectors with columns. The partial derivative with
respect to a variable a is denoted 0,, or d; when variables are numbered and a is
the jth one. The piece of notation d stands for differentiation, so that d g(z)(h)
denotes the derivative of g at « in the direction h. The Jacobian matrix Jac g(z)
is the matrix associated with the linear map d g(z) in the canonical basis. The
gradient Vg(z) is the adjoint matrix of Jac g(z), and we sometimes use suffix
o to denote the gradient with respect to a. The Hessian operator Hess is given
as the Jacobian of the gradient, Hessg = Jac(Vyg). The divergence operator
div is the opposite of the dual of the V operator. We say that a vector field is
curl free if its Jacobian is valued in symmetric matrices.

For any two vectors V and W in R% thought of as column vectors, V@ W
stands for the rank-1, square matrix of size dy

VaW=VWT',

whatever dy, where T stands for matrix transposition. Acting on square-valued
maps, div acts row-wise. A dot - denotes the standard scalar product. Since,
as a consequence of invariance by rotational changes, our differential operators
act mostly component-wise, we believe that no confusion is possible and do not
mark differences of meaning of - even when two vectorial structures coexist.
The convention is that summation in scalar products is taken over compatible
dimensions. For instance,

2
V- Vu%(U,VxU) = YV, 9y, % (U, V5 U),
j=1
d
e, Vv, u¥o(U,V, U) = Z( e,); Vo,u#o(U,VU),

2
ViU - Vo, u#o(U, Vi U) = > > " 0;U; Vo,u,%(U, Vi U).

d
j=1 (=1

J
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We also use notation for differential calculus on functional spaces (thus, in
infinite dimensions), mostly in variational form. We use L to denote lineariza-
tion, analogously to d, so that L(F)[U]V denotes the linearization of F at U
in the direction V. Notation  stands for variational derivative and plays a role
analogous to gradient, except that we use it on functional densities instead of
functionals. With suitable boundary conditions, this would be the gradient for
the L? structure of the functional associated with the given functional density
at hand. We only consider functional densities depending on derivatives up to
order 1, so that this is explicitly given as

0A[U] = VuA(U, V,U) — divx (Vv,uA(U,VU)).

In this context, Hess denotes the linearization of the variational derivative,
Hess = L§, here explicitly

Hess A[U]V = du,v,u)(VuA) (U, VxU)(V,VLV)
— divg (d(U,va)(vaU.A) (U, VLU)(V, va)) .

Even when one is interested in a single wave, nearby waves enter in stability
considerations. We almost systematically use underlining to denote quantities
associated with the particular given background wave under study. In partic-
ular, when a wave parametrization is available, underlining denotes evaluation
at the parameters of the particular wave under study.

2. Structure of periodic wave profiles

To begin with, we gather some facts about plane traveling wave manifolds.
Up to Section 2.6, we restrict to waves in the form (7). Consistently, here, for
concision, we may set Q@ = Q;.

2.1. Radius equation. — To analyze the structure of the wave profiles, we step
back from (7) and look for profiles in the form
(21) U(t,x) = e V(z — ¢, t),

without normalizing to enforce 1-periodicity. The profile equation becomes
(22) 0= 0%,[V], with Hu[V] = Ho[V] — well[V] + c,Q[V].

Moreover, we note that, as a consequence of the rotational and spatial trans-
lation invariances of #,, (22) also contains the following form of mass and
momentum conservations

(23) 0= (V- IVu D).
(24) 0= (F[V] + 0.V - Vo, Ha V)
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and introduce pg and p, corresponding constants of integration, so that

(25) e = IV - Vy, #u[V],

_ay
2 ©
(26) e = o

Observe that reciprocally by differentiating (25)—(26) one obtains

dy
dz

VY, HaV] — TV

JV - 0%,[V] =0 and (V > V- 0#,[V] =0,
which yields (22) provided that the set where V - d— vanishes has an empty
interior.

We now check that the above-mentioned condition on V - H excludes only
solutions of the form (21) that have constant modulus and travel uniformly in
phase. Since (22) is a differential equation, it is already clear that if V vanishes
on some nontrivial interval, then ¥V = 0, and from now on we exclude this
case from our analysis. Then, if V- % vanishes on some nontrivial interval, it

follows that on this interval ||V is a constant equal to some ¢ > 0 and from
(25) that

=1V}

L AN | 3
V(z)=e?"07%  (rge?*lep),
for some ¢, € R. Since the formula provides a solution to (22) everywhere,
this holds everywhere, and henceforth we also exclude this case. However, these

constant solutions are discussed further in Appendix B.
Now to analyze (22) further we first recast (25)—(26) in a more explicit form,

dv
KWWFNV —*+4WVW

dV

He

NVH)

[

w,
—WVIR) + VP

Then we set a = ||V||2 and observe that
dx 2dz dx

L,V _lda ay
da dv
] =5 (5 ()

—=-—V+IV-—JV,
In particular, from (25)—(26) stems

1 da
(27) gm(a) (d:L’) + Wa(a; caywo, fg) = pg @
with

_ 2
28 Walaicn o) = ~W(a)a+ P a? s ez eetl
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Consistently going back to (22), one derives

1 d*a  K'(a)
29 - —+ —— (e — W, OuWa(a) = pig
@) e+ S e = Wal@) + 9 Wa(a) =
As a consequence, since o > 0, if « vanishes at some point, then its derivative
also vanishes there, and jig = 0. From this we deduce near the same point

j—j =0(«) and  JV- % =0(«) hence % =0(Va),
This implies p, = —W(0) and corresponds to the trivial solution to (22) given
by V = 0 that we have already ruled out. Note that this exclusion may be
enforced by requiring (s, o) # (=W (0),0).

The foregoing discussion ensures that V actually does not vanish, so that in
particular r = \/a = ||V|| is a smooth function solving

1 dr\?
(30) 5/@(7‘2) (dx) + Wi (13 Coywes, o) = Has,
where W, is defined by
1
(3]—) Wr('r; me(z,,,qu) = ﬁWa(r2; Czawcbv:u¢)
_ 2 Wo o 1(2N¢_01T2)2
=W+ 2 T8 k(r2)rz 7
and
d?r K (r?)
2
(32) KJ('I" )@ + 2r W(Mz —WT(T‘))-I-(?TWT(T) =0.

Note that the excluded case where r is constant equal to some 7y happens only
when

Lo = =Wy (70; Czy Wo, o) and 0= 0 W, (r0; €z, Wo, He) -

When coming back from (30) to (22) some care is needed when p is zero
since then W, may be extended to R, but solutions to (30) taking negative val-
ues must still be discarded. Except for that point, one readily obtains from (25)
that the family of solutions to (22)—(25)—(26) is associated with any solution r
to (30)

T 2y — o r(y)
V(z) = e</0 25(r(y)?) r(y)? dy) ! (r(z + ¢a) e?*V er),

parametrized by rotational and spatial shifts (¢4, ¢.) € R
Classical arguments show that if parameters are such that (30) defines® a
nontrivial closed curve in phase-space that is included in the half-plane r > 0,

6. The relation could define many connected components but implicitly we discuss them
one by one. See Figures 2.1 and 2.2.
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then the above construction yields a wave of the sought form, unique up to
translations in rotational and spatial positions.

2.2. Jump map. — Rather than focusing on the existence of periodic waves,
we now turn our focus to their parametrization, assuming the existence of
a given reference wave V. As announced, parameters associated with ) are
underlined, and, more generally, any functional F evaluated at the reference
wave is denoted F.

In the unscaled framework, instead of wavenumbers (k;, ky), we rather ma-
nipulate the spatial period X, := 1/k, and the rotational shift” &, = kg /ky
that satisfy

V(-4 X)) =T V().

Our goal is to show the existence of nearby waves and to determine which
parameters are suitable for wave parametrization among

We , rotational pulsation
Cy spatial speed
dVv .
V(0), a((}), initial data for the wave profile ODE
ey Mz, constants of integration associated with conservation laws
Xz, spatial period
s, rotational shift after a period
Oy Py rotational and spatial translations.

It follows from the Cauchy—Lipschitz theory that functions V satisfying equa-
tion (22) are uniquely and smoothly determined by initial data (1(0), $£(0)) =
(Vo, V1), and parameters of the equation (wg,c,), on some common neighbor-
hood of [0, X ] provided that (Vo, V1,we, ¢;) is sufficiently close to (V(0), %(O)7
W ¢,.). Note that the point 0 plays no particular role, and we may use a spa-
tial translation to replace it with another nearby point so as to ensure suitable

conditions on (V(0), %(O)) In particular, there is no loss in generality in

assuming that V(0) - %(0) #0.
At this stage, to carry out algebraic manipulations it is convenient to intro-
duce notation
§¢[U] =JU- VUI%O[U] 5
Sw[U] = —%O[U] + Uz . VUI%O[U] .

7. We refrain from using the word Floquet exponent for £ to avoid confusion with Floquet
exponents involved in integral transforms.
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so that (25)—(26) is written as
(33) pg = So[V] + call[V],
(34) o = S,[V] + wp V).

Now we observe that dUm(§¢,Sx)(V(O),dX(O)) has the determinant

= dz
((][¥(0)]1*))? ¥(0) - %(0) # 0. In particular, as a consequence of the implicit

function theorem, for (Vo, V1, ¢z, We, fe, thy) near (V(0), %(0),Qm7£¢7ﬁ¢7ﬁz)v

pg = Sg(Vo, V1) + ca Ml (Vo) ,
iz = Se(Vo, V1) + wg M (Vo) ,
is smoothly (and equivalently) solved as

V1= Vl(Vm Cay Wes M [ha) -

dy
‘dz
the one hand, one may replace Vo, V1,wy, cg) with (Vo,we, ¢z, g, Ha) in the
parametrization of solutions to (22) and, on the other hand, since values of
(8[V]+ cz M V], 8z [V] +wg M [V]) are invariant under the flow of (22), that, as
a consequence of the Cauchy—Lipschitz theory, solutions to (22) defined on a
neighborhood of [0, X, ] extend as solutions on R such that V(-+X,) = ¢ V(")
if and only if V(X,) = €% JV(0).

We now show that we may replace Vo, wg, Cz, fig, fho) With (04, 0r, W, Cx,
Ko, ttz) by taking the solution corresponding to Vo = V(0) and acting with
rotational and spatial translations. The action of rotational and spatial trans-
lations is V() — Ve, 4. = e?*I V(- + ¢,). Obviously, it leaves the set of
periodic-wave profiles invariant and, among parameters, interacts only with
initial data, thus, after the elimination of V;, only with V,. Let us denote by
VPascawstto) the solution to (22), such that

Yltascoseniia) (0) = 1(0), %V(“”’C“%’““(O) = VIV(0); Ca,wo, f1 f1a) -

At background parameters the map

The same is true near (V(X;) (Xx),QmﬂwﬁqpﬂT)- This implies that, on

(Sp(z)a Pas Uz, Cx,y qu, M(b) = (V(u“cm,cmﬁ’ud)))@duw:c (0)

has Jacobian determinant with respect to variations in (¢4, ¢,) equal to Y(0) -
%(0) # 0. Thus, as claimed, as a consequence of the implicit function
theorem, one may smoothly and invertibly replace (Vo,wsg, e, te, phz) With
(Pg, Pzs W, Czy Phe, Hz) tO parametrize solutions to (22) near the background
profile.

As a conclusion, when identified up to rotational and spatial translations,

periodic-wave profiles are smoothly identified as the zero level set of the map

(1, Cos W flhs med)) — V(”“’C““’¢’”¢)(X$) — ebed V(ﬂm7cz7w¢7ﬂ¢)(0) )
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Now, at background parameters, the foregoing map has Jacobian determinant
with respect to variations in (X,,&,) equal to V(0) - %(0) # 0. Therefore,
a third application of the implicit function theorem achieves the proof of the
following proposition.

PROPOSITION 2.1. — Near a periodic-wave profile with nonconstant mass, pe-
riodic wave profiles form a siz-dimensional manifold smoothly parametrized as

(‘10457 Pz, We, Cx, Mtﬁvuw) = (Véo;?s;?’ud)’ﬂx)v Xﬂ:(w¢’cwvu¢a u1)7€¢(w¢’cwvﬂ¢a :uw)) )

with, for any (pg, pa),

V&;%?’%’“I)(') — vl V(()t‘ad),cww,uz)(, +0p).

2.3. Madelung’s transformation. — To ease comparisons with the analyses in
[12, 13, 9, 10, 11] for dispersive systems of Korteweg type, including Euler—
Korteweg systems and quasi-linear Korteweg—de Vries equations, we now pro-
vide hydrodynamic formulations of (1)/(3) and correspondences between the
respective periodic waves. The reader is referred to [8] for similar discussions
concerning other kinds of traveling waves.

In the present section, we temporarily go back to the general multidimen-

sional framework. On the one hand, we consider for f = a+1ib, U = (Z),

a system in the form

(35)
U =J6%4[U]  with  %x [U] = Hug (/u[U],@[U], % |va2) .

Then we introduce

u<p7€> =V 2p eG‘I(el) ’ (p79) € R+ X R7

and
Hol(p V)] = F (9. v, L [Vpl + V1)
and observe that
p = AU((),00))], Vo =

Hy[(p, Vx0)] = %y U(p(-), 6(-))] -
We also point out that
(36) U(p,0) - I 0%y [U(p(-),0(-))] = divx (6w Hy[(p, Vx0)])

(37) 2*1pJ U(p,0) - I 634 [U(p(-), 0())] = 0, Hy[(p, VxB)],
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so that if U solves (35) and is bounded away from zero, then

(38) (o) = (). G5 )
solves
(39) 0 (L) = 7ot 4l

with the constraint that v is curl free, where J denotes the skew-symmetric

operator
0 divy
J = (Vx 0 ) '

Note that the curl-free constraint is preserved by the time evolution, so that it
is sufficient to prescribe it on the initial data.

Reciprocally, if (p,v) solves (39), and p is bounded below away from zero,
then for any 6 such that

(40) 940 = 6pHy[(p, V)],

we have V0 = v, and U := U(p(-),6(-)) solves (35). Note, moreover, that
under such conditions, for any (g, Xo,00), (40) possesses a unique solution,
such that 6(tg,x¢) = 6y and that, for any xg, (40) could alternatively be
replaced by: for any t, 0,0(t,x0) = 6,Hz[(p, v)](t,%x0) and V 0(t,-) = v(t,-).

We point out that whereas the Madelung transformation U — (p,v) quo-
tients the rotational invariance, it preserves the time and space translation
invariances. With respect to the latter, we consider

Qj[p,v]isz‘ej, jzla"'ada

and observe that, on the one hand, ); generates spatial translations along the
direction e; in the sense that if v is curl-free, then

&v (0) =T,
and that, on the other hand,
Q;l(p, VO)] = @; [U(p(-),0(-))] -
We also note that (39) implies
9 (Q(p,v)) = 95 (p 9 Hy[(p, V)] = Hy[(p,v)])
+divx (v; Vo Hy[(p, V)] + pa; Vv Hyl(p, V)]) |
and, for comparison with (6), that when U = U(p(+),0(-)), v = Vb,
Vu,,Q;[U] - 3674 [U] = pd,Hy[(p, V)],
J6Q;[U] - Vu,, #4[U] = v; 0u, Hy[(p, V)] + pa; Op.., Hy[(p, V)] -
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Concerning the time translation invariance, we note that (39) implies
01 (Hy(p,v) = dive (8, [(p, V)] Vu Hgl(p, )
+ div(Vy Hy (o, V)]) Viop Hyl(p,V)]) 5
and, for comparison with (5), that when U =U(p(-),0(-)), v = V«b,
Vu,, #4[U] - J674[U] = 6,Hy[(p, v)] 0v, Hy[(p, V)]
+ divi (Ve Hy [(p, V)]) 0., Hy[(p, V)]

In the hydrodynamic formulation, what replaces to some extent the rota-
tional invariance and its accompanying conservation law for #([U] is the fact
that the time evolution in (39) obeys a system of d 4+ 1 conservation laws and
that one may add to Hyx any affine function of (p, v) without changing (39).
With this respect, to compare (4) with the equation on 9;p, we note that when
U= U(p(),e()), v = Vx0,

JoM[U] - Vu, #4[U] = 0y, Hyl(p, v)] .

To make the discussion slightly more concrete, we compute that when #x =%,
one receives

(1) Hol(pv)] == Hyl(p,v)] = s(2p) p v + "2

2
e V/) + W 2/)

and that when #4 = 7, one receives

Hy[(p,v)] = Hy[(p, v)] = Ho[(p, V)] = wep + caQ1(p, V) -

Turning to the identification of periodic traveling waves moving in the di-
rection e, we now restrict the spatial variable to dimension 1 and consider
functions independent of time. We point out that V is a solution to

0= 6%,V fo = IV - Vu, %[V,

bounded away from zero if and only if V = U(p(+), 6(-)), with p bounded below
away from zero, v = %, and 0 = §Hgx|[(p,v)], where

(42) Hex((p,v)] := Hu[(p,v)] — po v = Ho[(p,v)] — wep — po v + c2Q(p, v) .
Moreover, then with p, as in (26),
e = —Hu[(p,v)] + v pg + pa 0,, Hul(p, v)]
= pa Op, Hex[(p, v)] — Hex[(p, v)]
and

M —Cz p

(43) v = V(p; Cx,,U/(;S) = 2p/{(2p) .
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Furthermore, we stress that under these circumstances, there exists ks such
that o+ e %2 *JV(z) is periodic of period X, if and only (p, v) is periodic of
period X, and when this happens, k4 is the average of v over one period.

With notation® from [11], we have untangled the correspondences in param-
eters

[1]

Cg =C, P = [, Xy =5,

we =—=Ap, g ="y, Fky={(v),
in addition to the pointwise correspondences of mass, momentum, and Hamil-
tonian.

We also point out that we have recovered the reduction of profile equations
to a two-dimensional Hamiltonian system associated with

r(2p) (dp)’ , _
(44) I (dx + W (3 oy s ) = b »
where
(45) Wy(ps coyws, hig) == =W (2p) = k(2 p) p (v(p))?
+wy p+ po v(p) — cQ(pv(p))

with v(p) = v(p; ¢z, pig)-
2.4. Action integral. — Motivated by the foregoing sections we introduce
(46)

x- o)

O (g, Czy We, fhp) = /0 Ho[V] + czQV] — wy M[V] — 14 A + pg ) da,

with (X, V) associated with (uy, ¢z, wg, ite) as in Section 2.2. Note that © is,
indeed, independent of (py, @), and since

Xz
k¢Xx:f¢:A [[VV]]d:Z},

we also have
Xz
Oy Coy Wep, flp) = / (Fo[V] + coQV] —we MV — pg kg + p1z) d
0

with (X, ke, V) associated with (pz, ¢y, we, tie) as in Section 2.2.
Based on (44) we stress the following basic alternative formula

K(2p) dp

Pmax
@(.Um; vawqh.uqb) =2 / \/Ux - Wp(p§ Cxaw¢7,u¢))

Pmin

8. Except that (p,v) plays the role of (v, u) in [11].
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where Pmin = Pmin (,Uxa Cx, M¢7w¢) and Pmax = pmax(,ufx» Cxy Hpy wd)) are, respec-
tively, the minimum and maximum values of M([V]. Note that pmin and pmax
are (locally) characterized by

Mz = Wp(pmin;czaw¢7u¢)a Mz = Wp(pmax§cmaw¢vﬂ¢)'
A fundamental observation, intensively used in [12, 13, 9, 10, 11], is that
a#T@(N’Iv CxyWe, N’(Jﬁ) =X, ;

Do, Otz s g 1) = /@

(47)
Oy Oy Cy Wep fhg) = / MV

* Q]
O, © zy Cxy ) = - d
Ho (/j“ Cx, We M(b) 0 ﬂ[V] z

See, for instance, [12, Proposition 1] for a proof? of this elementary fact. For
each of those, we also have

P @(,u, o 1 ):/Pmax 8#(MI_W)(p;CI,w¢,u¢) 2/{(2p) d
# xy Cxy Woy e - \//,LI— p7cw’w¢7’u¢)) 2,

2.5. Asymptotic regimes. — As in [10, 11], we shall specialize most of the
general results to two asymptotic regimes: small-amplitude and large-period
asymptotics.

We make explicit here the descriptions of both regimes in terms of parame-
ters. Let (p(0)7kfz)0)) € (0,00) x R. Then, for any ¢(*)

VO (z) = /2p® @O +ES ©)3 (e1)

defines an unscaled profile with parameters (u (0) C(O) wg)) ug))) determined by
(see (25),(26))

E((150) - QQO)B(O) + H(QB(O)) 23(0) Eg)) ’
%(z?) _ QSCO)E((;) + (H/(QB(O)) 28(o) + H(?B(O))) (@20))2 n 2W/(QB(O))
1
H:(EO) =-3 K(QB(O)) QB(O) (E;O)V _ W(Zg(o)) _ Q;o)g(o)kfbo) Jrg((lso)B(O) +H;O)E<(ﬁo) 7

except for g&o) € R, which may be chosen arbitrarily. Using v, and W, in-

troduced in (43)—(45), the determination of parameters is equivalently written

9. Let us recall that in this reference, the role of (p,v) is played by (v,u). Note that the
proof given there uses ¥V - V_(0) = 0, but this may be assumed up to an harmless spatial
translation.
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as
kS = v(p; ,io),u(o))
0 0) (0
0= 9,W,(p"° Wy sty ) s
w0 = Wp(g(o);gé ),gff), ).

In this alternate formulation, it is clear that we could instead fix (B(O) ) ug)) ) céo)) €

(0,00) x R? and determine (E( ) wg)),u( )) correspondingly.
We are only interested in nondegenerate constant solutions and, thus, assume

W, (p ;w1 # 0.
Under this condition, for any (cg(vo), ((1)0)7 ufbo)) in some neighborhood of
(g&o), gg)% H;o))7 there is a unique corresponding
0) (0
(PG 1) = (0O, k7 1) (w1

in some neighborhood of (p ©) k(o) ( ))
When

W, (p ;9w u(o)) >0,

to any (cz,wy, He, tbz) sufficiently close to (cgg ), Eb)’ﬁfb())’ﬁio)) and satisfying

Kz > ‘u(zO) (sz We, M¢)

corresponds a unique — up to rotational and spatial translations invariances
— periodic traveling wave with mass close'® to p(® (cz,we, tty). The small-
amplitude limit denotes the asymptotics u, — /L&O)(Cw,wqg, te) — 0, and the
small-amplitude regime is the zone where p, — uggo)(cz,w¢7u¢) is small but
positive. Incidentally, we point out that the limiting small amplitude period is
given by

k(2 p(0)
(48) X (Cayws pg) = 21 ’
2 (CosWe, e 2p(0)8§Wp(p(0);CwaW¢7“¢)
with p(@ = p(O) (¢, wy, p1g)-
When

0
D2W, (005, W )@f)) <0,
there are at most two solitary wave profiles with parameters (cg,; ),w((b ), “Ezﬁ )),

namely at most one with B(O) as both an infimum and an end state for its mass

10. Recall that there could be various branches corresponding to the same parameters.
We give this precision to exclude other branches; see Figure 2.1.
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FIGURE 2.1. Small-amplitude limit with two branches with
the same parameters. The upper graph is the graph of p, —W,
as a function of p. The lower graph is, in the (p, d—g) phase
plane, the level set defined by (44). The two closed curves
correspond to two periodic waves, the curve of interest being
the one circling p(©).

and at most one with p(®) as both a supremum and an end state for its mass;
see Figure 2.2. Concerning the large-period regime, we restrict ourselves to the
case when the periodic-wave profile asymptotes a single solitary-wave profile
and leave aside the case'! when the periodic wave profile is asymptotically
obtained by gluing two pieces of distinct solitary wave profiles sharing the same
end state. From now on, we focus on the case where p(® is an infimum. Note
that when there are two solitary waves with the same endstate/parameters,

11. There are yet more possibilities (involving fronts/kinks in addition to solitary waves),
but they may be thought of as degenerate in the sense that they form a manifold of a
smaller dimension. The two-bump case is nondegenerate but was left aside in [10] as a priori
significantly different from the single-bump case dealt with here and there.
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FIGURE 2.2. Solitary-wave limit with two branches with
the same parameters. The upper graph is the graph of i, —W,
as a function of p. The lower graph is, in the (p7 T2) phase
plane, the level set defined by (44). In both graphs, we super-
impose images corresponding to parameters of the solitary-
wave limit and nearby parameters corresponding to periodic
waves of a large period. The curves of interest are the right-
hand ones.

they generate distinct branches of (single-bump) periodic waves, thus, may be
analyzed independently. Moreover, we point out that the related analysis of
the supremum case is completely analogous. The existence of a solitary wave
of such a type is equivalent to the existence of p(*) > p(©) such that

W,(p®; e, 0, 1) = pl, 8pr(g(s);Q&O),géo),gff)) >0,
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and

Ve (0 "), Wlpielwl, wl?) # p®,

where (p®, u(o)) (p© uéo))(céo),wfﬁo),u(o)) The situation is stable by per-

turbation of parameters (cgco) , wfbo), ,u((bo)) Assuming the latter, one deduces that

to any (fa, €z, We, te) sufficiently close to (M(O) c(o) ( ) é)) and satisfying

Pz < N’;O) (Cz, W, :U’d?)v

corresponds a unique — up to rotational and spatial translations invariances — peri-
odic traveling wave with mass average and mass minimum close to p9 (¢, wg, pg)-
The large period limit denotes the asymptotics p, — ué‘” (Cz,wg, ftg) — 0 and the
large period regime is the zone where u, — ugco)(cz,w¢, te) is sufficiently small
but negative.

From the point of view of the solitary waves themselves, it is actually both
more natural and more convenient to keep a parametrization by (cg,;7 P0); k:¢)
rather than by (cz,we, fi¢), With p(oy the end state. This is consistent with
the fact that variations in the end state (thus in (p,ks)) play no role in the

classical stability analysis of solitary waves (under localized perturbations).
Assuming as above that there is a p(s) associated with (c(z ,p(o),k(o) ), one

deduces that for any (cg,p(o),kg¢) sufficiently close to (ggg ,B(O),E¢O)), there

exists p®) = p(®) (Czs P(0) ko) close to B(s) such that

W0 ol 1) = (1)) OWa(psca,wl” 1Y) > 0,

and

¥ € (0, 1), Wolpsea,wl 1)) # (1))

where (w((bo),ug))) (w (0),/~L((¢0))(Cz,p(0), ky) is defined implicitly by

(0 kw0 1)

(p(0)7k¢): Cay Wy "yt

0 0 0
and (112)(0) = (112) 0) (Cas P(0) ko) = 1 (€0 S (€ p0) Kio)s 1 (€, (0) i)
The mass of the corresponding solitary-wave profile p(s) = p(s)(-; e, 0y, kg)
is then obtained by solving

K2p) P (K’@P(s)) _ H(2P(s>>) (dﬂ<s>)2

2/)(8) dx? Qp(s 4p%) dx

— O W, (p(syi Car s 1S |
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with ps) (05 ca, p(oy, ko) = p*) (Czs P0)s kp). Then the unscaled profile V() =
Vis)(+3 €z, p(0), kg) is obtained through'?

Vi) = V20 " (e1),
0o (2) = / V(p(s) (- o p0)s ko) oy 1Y) (o, 9 Kg)) -

Stability conditions are expressed in terms of

(49) 9(5)(cx7p7k¢) = /

— 00

oo

(‘%0 Vo) + eolVig) —wy MV

QV (s
0 Qs
) m[v(s)]ﬂ#w)(m)-

Concerning the small-amplitude limit, although this is less crucial, at some
point it will also be convenient to adopt a parametrization of limiting harmonic
wave trains by (kz, p(o), k¢) (rather than by (cz,ws, pg)). Our starting point
was a parametrization by (cz, p(o), k), so that we only need to examine the

invertibility of the relation ¢, — 1/X O at fixed (p, kg). The equation to invert
is

1K(2p)
6§Wp(p§ Cay Wy Hg) = 5 2 (2m kx)2 )
with (wg, pe) associated with (¢, p, kg) through
(50) ko =v(p;car ) 0 = 0pWp(p; Car W, i) -

Straightforward computations detailed in [11, Appendix A] show that
1
agwﬁ(p; Ca, W, :u¢) = W det (B Hess H(O)(p, k¢) + ¢, o)

—25(2 p) 2p Dpv(p; Ca, f1g) = 25 + Tr(BHess H (p, ky))

where
01
(51) B - (1 0) O HO(p0) = s2p)pe? + W(2p).

Let us stress incidentally that H(©) is the zero dispersion limit of the Hamilton-
ian Hy of the hydrodynamic formulation of the Schrédinger equation,
and B is the self-adjoint matrix involved in this formulation. As a result, if
8,)1/@(0);2550),&;0)) # 0, then locally one may, indeed, parametrize waves by
(kz, p, kg), and we shall denote

ey = (ky, p, k WO (ky. p,ky) = —ky (K, p, k
xTr 7p?¢7 x 7p7¢ T 7p7¢7

the corresponding harmonic phase speed and associated spatial time frequency.

12. The choice of the point where the value p(s)(cz,p, kg) is achieved (respectively of
0(5)(0; cz, p, kg)), quotients the invariance by spatial (respectively rotational) translation.
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2.6. General plane waves. — We now explain how to extend the foregoing
analysis to more general plane waves in the form (15). So far, we have discussed
explicitly the case when kg and k, point in the direction of e;. The main task
is to show how to reduce to the case when k4 and k, are colinear, that is, when

ks = 0.
Let us first observe that for any vector Edn the frame change
U(t, x) = k> T(t,x)
changes (3) into
oU = Jé%i,, U],

(52) % [U] = %o(U, (Vx + ksJ)U)

~ ~ 1 ~ ~ ~ o~ -
=%o(U, VxU) + 5 [U)* ([U]7) ks ]|* + ([ U]*) ks - @[U].

As a consequence, if one is simply interested in analyzing the structure of
waves or the behavior of solutions arising from longitudinal perturbations or
more generally from perturbations depending only on directions orthogonal to
ke, it is sufficient to fix e, and kg (orthogonal to each other) and replace %y
with %O,R,, defined by

F/4

~ ~ - 1 ~ ~ ~
01, (UL = %(U, ViU) + 5 [U* £([UJ1) [k |1*,

or equivalently to replace W with Wm defined through
W (@) = W(a) + 5 an(a) [l

With this point of view, all quantities manipulated in previous subsections
of the present section should be thought of as implicitly depending on e, and
E¢. Note, however, that actually they do not depend on e, and depend on E¢
only through HE¢H2 In particular, their first-order derivatives with respect to
E¢ vanish at E¢ =0.

To prepare the analysis of stability under general perturbations, let us make
explicit the relations defining constants of integration and averaged quantities
for general plane waves taken in the form

U(t,x) = oo beme e 4w, 1)3 V(e (x —¢, e, t)),
generalizing (21). We still have
po = So[V] + call[V],
but S, should be taken as
SV] =IV - (er-Vu,) %07E¢(V, e, OV).
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Likewise
Ho = Sg[V] + wg V],
with

Sz [V] =%

0,1:¢ (V’el' aCV) + aCV (ez VU ) (V €, 8<V)

This implies that
QU] =e,-Q(V,e, 8V) e, +M[V]k,,
JU - Vu, % [U] = e, (g — coll[V]) + ko w(||V]|?) 20[V]
%JU - J6%o[U] — Ho[U] = i — crer-Q(V, e, cV)
— &([VIP) [0VIP + & (IVIP) V] ||k
356,[U]- Vu,, #[U] = k([V][?) ((ex); OV + (ks); IV)
: ((ew)g AV + (EWJV) :

with right-hand terms evaluated at (e, -(x — ¢, ey t)).

3. Structure of the spectrum

Now we turn to gathering key facts about the spectrum of operators arising

from linearization, in suitable frames, about periodic plane waves.

3.1. The Bloch transform. — Our first observation is that, due to a suitable
integral transform, the spectrum of the linearized operator £ defined in (9)

may be studied through normal-mode analysis.

To begin with, we introduce a suitable Fourier-Bloch transform, as a mix of
a Floquet/Bloch transform in the z variable and the Fourier transform in the

y variable:

(53) B(g)(& x,m) = §(&,m,m) ==Y _ e 2™ G(& + 25m,m)
JE€Z

where g is the usual Fourier transform normalized so that for x = (z,y)

Flo)(Em) = §(6,m) == @ /R e IETITY (x) dx,

o) = [ e gl ag .
Obviously, §(&, -, n) is periodic of period 1 for any (£, n), that is,

VeeR, gz +1n)=gzn).
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As follows readily from (53) and basic Fourier theory, (27r)%/2 B is a total isom-
etry from L?(R?) to L?((—m, ) x (0,1) x R471), and it satisfies the inversion
formula

(54) o) = [ [ ey gieam ag dn.

The Poisson summation formula provides an alternative equivalent formula for

(53)

§(&z,m) Ze-lf““’f (9)(z+m),
éez
where Fy denotes the Fourier transform in the y-variable only.
The key feature of the transform B is that in some sense it diagonalizes
differential operators whose coefficients do not depend on y and are 1-periodic
in . For large classes of such operators P = P(x, 0, Vy), stands

B(Pu)(&,x,m) = P(x, 0 +1&,in) B(u)(&,z,n),

so that the action of such operators on functions defined on R? is reduced to
the action of P¢ y, = P(z,0, +1&,in) on 1-periodic functions, parametrized by

(& m)-

In particular, for £ as in (9) we have

/ / t&HNY (£ G(€, - m))(x), dE dm,
—x JRd-1

where L¢ ,, acts on 1-periodic functions and from # = #* + #Y inherits the
splitting

Ley =L+ LY, with L) := ImlI? «(||U|1%) I
and L§ given by

£5V =3 (dw,u,) (Vo) (U, V<U)(V, (9, +1€)V)

— (0 +1) (dw,u,) (Vo T)(U, V<U)(V, (0, +i€V)) ) -

On'3 Lger((O, 1)) each L¢,, has a compact resolvent and depends analytically
on (§,m) in the strong resolvent sense.

It is both classical and relatively straightforward to derive from the latter and
the isometry of (27)%/2 B that the spectrum of £ on L?(R) coincides with the
union over (§,m) € [—m, 7] x R4~ of the spectrum of each L , on L2..((0,1)).

The reader is referred to [48, p.30-31] for more details on the argument, to [39]

13. We insist on the subscript per to emphasize that corresponding domains involve
H3..((0,1)) spaces, thus effectively encoding periodic boundary conditions when s > 1/2.
Notation “Ege; acts on L2((0,1))” would be mathematically more accurate but more

cumbersome.
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for a general background on the Bloch transform, and to [48, 49] for comments
on its use in periodic-wave stability problems.

3.2. Linearizing Madelung’s transformation. — We would like to point out
here how the analysis of Section 2.3 may be extended to the spectral level. We
stress that working with Bloch-Fourier symbols L¢ ,, provides crucial simplifi-
cations in the arguments.

Firstly, we observe that linearizing (36)—(37) provides all the necessary alge-
braic identities. Secondly, we note that applying a Bloch—Fourier transform to
both sides of the foregoing identities yields the required algebraic conjugations
between the respective Bloch—Fourier symbols.

To go beyond algebraic relations, we start with a few notational or elemen-
tary considerations.

2

1. From elementary elliptic regularity arguments, it follows that the L., -

spectrum of each L, coincides with its H]  -spectrum.

2. With L? ((0,1)) denoting the space of L2((0,1);C)?-functions v,

curlg
such that
<(8m’+ 15)) Av=0,
n

we observe that when (£,m) € [—7, 7] x R4\ {(0,0)},

157"7 : H}‘l)er((o’ 1)) — Lgurlsm((oa 1)) ) 0 — ((6114,;715)> 0
is a bounded invertible operator.
3. The linearization of the relation
ke

U = =T U(p(),00)),

at U, (p,0), is given by

Ju
m: H}ler((oa 1)3C2) _>Héer((071);c)27 V= (I/{V, 27; V)

and is bounded and invertible with inverse

per

- u
m~': H}.((0,1);C)* — H].((0,1);C?), (p,@)Hp%Jr@JQ.

Considering L¢ , as an operator on H],. and denoting L, the correspond-

ing Bloch—Fourier symbol for the associated Euler—Korteweg system (39), we

14. The condition means: (0 +i1&)v; = inj—1v1 for 2 < j < d, and njvy = nev; for
1<j,£<d—1. Whend=1, L? ((0,1)) = L2((0,1); C).

curlg o
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deduce when (¢,7m) € [—m, 7] x R471\ {(0,0)}, the conjugation

I o I0
-1
en = (o) e (o2, )

Of course, the conjugation yields the identity of spectra, including algebraic
multiplicities but also the identity of the detailed algebraic structure of each
eigenvalue. When d = 1, by continuity of the eigenvalues with respect to &, one
also concludes that £y and Ly share the same spectrum, including algebraic
multiplicities, but algebraic structures may differ (and as stressed below, in
general, they do). Note that to go from spectral to linear stability it is actually
crucial to examine semisimplicity of eigenvalues.

For this reason, we focus now a bit more on the case (¢,17) = (0,0). To begin
with, denoting L2((0, 1)) the space of L?((0,1); C)?-functions v of the form

1
v .
(0>, with /0 v=20,
we observe that

0y
IO BL(0.1) — L(0,1), 6o (O)e
is a bounded invertible operator. Moreover, we point out that Ly leaves
H}..((0,1)) x L§((0,1)) invariant,'® and its restriction is conjugated to Lo,

through

(1 0 10
Loo=m ! <O (I(O))‘1> (L0,0)|H;er((o,l))ng((o,n) (0 I(°)> m.

Denoting my the orthogonal projector of HJ., . ((0,1)) x L2, ,((0,1)) on
H}..((0,1)) x L§((0,1)) we also note that (I — o) Lo, (I — mo) is identically
zero, and m Lo (I — mp) is bounded. As a conclusion, one derives when A is
nonzero and does not belong to the spectrum of L ¢y or equivalently, when A
is nonzero and does not belong to the spectrum of Lg o)

1
(ML= L) ' = By (I —mp)

I 0 _ _ 1 0 1
+ (0 I(o)) m (AL = L)' m (0 (I<0))1> (770 +5m0 Lo (I- 7To)> ;

so that for nonzero eigenvalues, the algebraic structures'® of L 0,0y and Lo o are
the same.

15. For an unbounded operator A defined on X with domain D, we say that Y, a subspace
of X, is left invariant by A if A(DNY) C Y, and, in this case, Aly is defined on Y with
domain DNY.

16. Recall that the algebraic structure of an eigenvalue \g of an operator A is read on the
singular part of A = (AT — A)~1 at A = Ag.
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As we comment further below, in general, 0 is an eigenvalue of Ly of
algebraic multiplicity 4 with two Jordan blocks of height 2, whereas, when
d = 1, 0 is an eigenvalue of Ly of algebraic multiplicity 4 with geometric
multiplicity 3 and one Jordan block of height 2.

3.3. The Evans function. — Since each L¢ , acts on functions of a scalar vari-
able, it is convenient to analyze their spectra by focusing on spatial dynamics,
rewriting spectral problems in terms of ODEs of the spatial variable. Adapting
the construction of Gardner [25] to the situation at hand, this leads to the
introduction of a suitable Evans function.

To keep spectral ODEs as simple as possible, it is expedient to work with
unscaled equations as in Section 2. Explicitly, with the notation from Section 2,
for A € C and n € R4, we consider R(-,zo; A\, m) the solution operator of the
first-order four-dimensional differential operator canonically associated with
the second-order two-dimensional operator J Hess #,[V] + ||n||? &(||[V||*)J — .
Note that R(zo,zo; A\,1) = I4. Accordingly, we introduce the Evans function

(55)  D{°(A,m) = det (R(xo + X, t0;\,m) —e'® diag(e§¢‘], e§<z>J)) .

The choice of x( is immaterial; we shall set g = 0 and drop the corresponding
superscript in the following.

The backbone of the Evans function theory is that A\g belongs to the spec-
trum of L¢ , if and only if Ag is a root of D¢(-,n), and that its (algebraic)
multiplicity as an eigenvalue of L¢ , agrees with its multiplicity as a root of
D¢(-,n). The first part of the claim is a simple reformulation of the fact that
the spectrum of L¢ ,, contains only eigenvalues, whereas the second part may be
derived from the expression of resolvents of L¢ , at A in terms of solution oper-
ators R(-,-;A,m) and the characterization/definition of algebraic multiplicity
at A\g as the rank of the residue at Ay of the resolvent map.

To a large extent, the benefits from using an Evans function instead of
directly studying spectra are the same as those arising from the consideration
of characteristic polynomials to study finite-dimensional spectra.

3.4. High-frequency analysis. — It is quite straightforward to check that when
|R(N)] is sufficiently large, A does not belong to the spectrum of any Le¢ ,,. When
Aisreal, and £ € {0, 7}, De(A, n) is real valued, and we would like to go further
and determine its sign when (A, n) is sufficiently large with X real. This is useful
in order to derive instability criteria based on the intermediate value theorem.

Since the principal part of L¢ 5, has nonconstant coeflicients, this is not com-
pletely trivial, but one may reduce the computation to the constant-coefficient
case by a homotopy argument similar to the one in [9].
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PROPOSITION 3.1. — Let ¥ be an unscaled wave profile (in the sense of (22)).
There exists Ry > 0 such that for any (\,n) € R xR satisfying |\ +|n|* >
Ry, we have Do(A,m) > 0 and D (\,n) > 0.

Proof. — An elementary Lax—Milgram type argument shows that when (A, n)
is sufficiently large (with A real) independently of 6 € [0, 1], A does not belong
to the spectrum of

L) = (1= 0) Loy +0I(—(k, 0u + ky3) + [n]?)

on L2,.((0,1)), for any 6 € [0,1]. The needed estimates stem from the form

0
L =30+ (1= Or(IUI) (~K202 + In]l*))
+ lower order terms independent of A and n
and the fact that min(x(||&]|?)) > 0. Indeed, for some positive constants ¢, C
independent of (\,7,6) € R x R~! x [0,1]
0
(V= sgn()V, (55 = W V)z2 > e([ VI + (Inl* + ADIVI)
= CIVIE VI

Cc
> 5 (VI + (ml” + ADIVIE),

provided that (A, n) is sufficiently large and V € HZ,((0,1)). A similar bound
holds for the adjoint problem.

For the corresponding Evans functions, this implies that (A, , 0) — Dée) (A m)
has a constant sign on

{(An.0) e R xR < [0,1]; [\ + [Inl| = Ro., }

for some Ry > 0. This sign is easily evaluated by considering either Dél)(/\, 0)

when ) is large or!” D(()I)(O7 n) when ||n]| is large. The foregoing computations
can be made even more explicit running first another homotopy argument mov-
ing J(—(k, 05 + kyJ)? + [|Inl|?) to J(—k2 02 + ||m||?), thus reducing to €, =0
in this case, we have D(()l)(O,n) = (elmlX, —1)2 (e~ ImlIX. —1)2,

The study of D;(A,n) is nearly identical and thus omitted. O

3.5. Low-frequency analysis. — Now we turn to the derivation of an expansion
of D¢(A,m) when (X, §,n) is small. We begin with a few preliminary remarks
to prepare such an expansion.

For the sake of brevity in algebraic manipulations, we introduce the notation

[Alo == A(X,) — %7 4(0).

17. When d = 1, this requires us to first embed artificially the spectral problem at hand
in a corresponding higher-dimensional problem.
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Let us observe that if A[U] = A(U, U,) is rotationally invariant,

LA[U]V = LA[e?*? Ulet*? V|
for any ¢, € R; hence if V(- + X)) = gJV(),

(LAV])(0) = du,u,) AV(X,), Va(X,) (€07 9(0),e%” 4,(0))
(LAVIY)(X,) — (LAV])(0) = du vy AV(X,), Vo (X)) ([0, [8h,]0) -

All relevant quantities depend on 1 only through ||n||? and a wealth of infor-
mation on the regime (A, &, n) small — used repeatedly below without mention
— is obtained by differentiating (22), (33) and (34); for a = wy, ¢z, fo, fa,

(56) [0aV]o = Bag, ¢+ IV(0) = 0.X, %7 V,(0),
(57)  (L(Sy + ¢, l)[V]0aV)(0) = Dapr, — Dac, MV)(0),
(58)  (L(Ss + wyll) (V] V)(0) = upr, — Daw,, M[V](0).

Finally, from Appendix A we derive that if

Ap = J Hess #u[V]ep + |ml|* s([V]1*) I,
then

(59) ALMV)p = 0, (L(Sg + ¢, M)V]) — [l w([V]*) IV -9,
(60)  ALQ V| = 0, (L(Sy + wy ) [VIap) — [ml* &(|VI[*) V, - 9

1
+0, (332 0w — P s(1217)39) )
Moreover, as has already been mentioned in Section 2.2

det(du, (84, Sa) (V(X,), Vo (X)) = (5(1112(0)[[%))* L(0) - V. (0) .

THEOREM 3.2. — With the notation from Section 2, consider an unscaled wave
profile ¥ such that V-V, # 0. Then the corresponding Evans function expands
uniformly in & € [—m, 7| as

(61)
De(Am) = det (A%, — (1€ ~1)1, + 1lx))
O (I + L€l mIP) (AP + 1€ + mll?) (MM + 1€) + [ml1?))
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when (A, n) — (0,0), with

da,
0 X,
Zt: )
fo AMV)0.Y + H[V](0) 6‘a1$
LG4 [V]0.Y + @Q1[V](0) O,
fo 1 + 1 A=We,Cqx e M
0 0 00
0 0 00
Yy =
S s IR = f5= w22 Iv-v, 00

JE k(VI2) Y, - IV — [ w(IVIP) 12,02 0 0

Note that the structure of ¥y is consistent with the fact that there is actually
no singularity in the low-frequency expansion of the Evans function; every
power of ||n]|2/X is balanced by a corresponding power of .

Proof. — By a density argument on the point where the Evans function is
considered, we may reduce the analysis to the case when V(0) - V,(0) # 0.
Guided by rotation and translation invariance, we introduce

‘I’l(‘5A7’7)=R('»0;A,n)<']v(0)) Wa(-5A,m) = R(- OAn)<;jT(O)>,

\113(7)‘717):]:‘)'( 70a>‘an) <aaﬂ¢;j(( ))> \114(,)\,71):3( 70,>\,77) (aaﬂr;j((oo))> ’

so that in particular

0 0
\1/3(.;0’0):(8/%5]1})7 \114(.;0’0):(5%]1})'
Ho Lz Ha =z

Then we set ¥ = (\111 Uy Uy \IJ4> and observe that from the computations in
Section 2.2 stems

De(A,m) = (([2(0)]*))*
X det([\lf( Ao — (€6 -1) diag(eécb'], e§¢>J)\I!(O; A, 77)) .
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Note that each W,(-;A,n) splits as (Y,(-;A\,n), (Y¥,).(-;\,m)) for some
Y,(-; A\, n) and that

M, = I Hess Hu[V]tp, + [|nl|* w(|[VI*)Teb, -

We may now use the identities (59) (60)) and perform line combinations so
as to obtain that (V(0)-V,(0)) x D¢(A,m) coincides with the determinant of a
matrix of the form

o — (7 —1) e%” 4, (0)
A [ L)) + Il [ w212 IV -4, — (€1 —1) (L(Ss + ¢, M) [V]eb,)(0)
A [FL@@) + Inl? [ s(VIP) Y, - v,
—(€€=1) (((Se +wut)[V] + (33¥ = [Inl? £(1XI2)Y) ) %) (0)

)

4

in the limit (A\,n) — (0,0) (where we have left implicit the dependence of
1, on (A, n) for the sake of concision). Then we observe that it follows from
invariances by rotational and spatial translations that the first two columns of
the foregoing matrix are of the form

O(IA + 1¢] + lIml*)
O(IA[ + €] + [Iml1*)
O(IA[ (Al + 1€D) + lImll*)
O(IA[ (Al + 1€D) + lImll*)

Y

when (A\,17) — (0,0) and that, as follows by comparing respective equations,
both dx1,(-;0,0) and J,,,V on the one hand and dxv,(-;0,0), and 0.,V on
the other hand, differ only by a linear combination of 1, (-;0,0), ¥4(-;0,0),

3(-;0,0) and ¥, (-;0,0).
Therefore, from a direct expansion and a column manipulation, one derives
that

(<2(0) - 1,(0)) x De(Am) = det (1 C5 Cs C)
with
A0, V]o — (€€ —1) &% JV(0)

X X
Cr= [ 2[5 Lat[V]ou, Y + |Inl* [ w(IVI%) [V
X X
N o e VoL, Y + Il [ s(IVI?) Y, - IV

O+ 1€1) + lIml1*)
+ [ O + Il AL+ 16D + [Imll*) | -
O((IA + [ImlI*) (1Al + 18]) + lImll*)
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. & J
A0, V]o+( 16 1) ex” V,(0)
O = Vfo V10, Y+ A (e —1) U)(0) — ]2 [ w(|V]2) IV -V,
2?5 L®1[ 10c, Y+ A (€€ —1) @1 [V](0) — )12 [ w(1V]1%) [V, ]I

O(N(A + [€1) + llmlI2)
+ [ O + Iml2) (A + [¢]) + Inll*) | -
O((IAR + [ml2) (Al + [€1) + llmll*)
[0, Vo — (€€ ~1) e%” ,,,1(0)
Cs = | A [ LaVIO,, Y + [l [ s(IVI) IV 8,,Y — (€€ ~1)
A f35 LuVIO,, Y + Il f35 w2 Y, - 0.,V

O(IA[ + [Iml1?)
+ [ O+ )N + €]+ [ml*) | -
O((IAl+ [l lI*) (I + €] + Iml*))

and

[a Vo — (@€ 1) &7 9, V(0)

Cy = A fo amy'i‘ ||77||2 foﬁJr K ”VH )JE auzk
A S 16,y auxw a2 5 R(IVIP)Y, - 0¥ - (€ 1)
O(IAl + [Inl1?)

+ [ OA + Il (A + €] + Iml*)
O((IAl + ImlIP) (AT + €]+ [Im1*)

Then the result follows steadily from an expansion of the determinant and a
few manipulations on the first two lines based on Formula (56) for [0,V]o. O

4. Longitudinal perturbations

We begin by completing and discussing consequences of the latter sections on
the stability analysis for longitudinal perturbations. For results derived — via
Madelung’s transformation — from corresponding known results for larger classes
of Euler—Korteweg systems, we also provide some hints about direct proofs.

4.1. Coperiodic perturbations. — As in [12, 9], we connect stability with re-
spect to coperiodic longitudinal perturbations with properties of the Hessian
of the action integral ©. We remember that © is considered as a function of
(g Czy We, fhgp), 0 that order.

At the spectral level, restricting ourselves to coperiodic longitudinal pertur-
bations corresponds to focusing on L, the Bloch-Fourier symbol at (£,n) =
(0,0). It is thus worth pointing out that it follows from identities in (47) that
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the matrix 3; in Theorem 3.2 is such that

0001 0001
_|1o00] /12 0 0100
(62) X = 0010 (0 _12) Hess © 1000
0100 0010
so that
(63) Do(A,0) = A* det (Hess ©) + O (|A]°)

as |A| = 0. Combining it with Proposition 3.1 provides the first half of the
following theorem. Incidentally, we point out that we expect that this half could
alternatively be derived by counting Krein signatures and refer the reader to
[9, Remark 3] and [37, Chapter 13] for more information on the latter.

THEOREM 4.1. — Let U be a wave profile of parameter (Hx,gz,g(b,ﬁd)), such
that Hess O(p_, T,w¢,ﬁ¢) is nonsingular.

1. The number of eigenvalues of Lo in (0,+00), counted with algebraic
multiplicity, is
e cven if det (Hess ©) (u_, I,w¢,u¢) >0;
e odd if det (Hess ©) (p_, x,wd),uqﬁ) < 0.
In particular, in the latter case, the wave is spectrally exponentially un-
stable to coperiodic longitudinal perturbations.
2. Assume that 8219(;1 s Cos W 1 ) # 0 and that the negative signature of

Hess @(u , I,w¢7ﬁ¢) equals 2 Then the wave is conditionally orbitally
stable in H1 ((0,X,)).

per

By conditional orbital stability in H!, ((0,X,)), we mean that for any

per

dg > 0, there exists g > 0 such that for any Uy satisfying

inf {00 — e U + 00 )|y

(‘p¢7@w)6R2 0 1)) ©0

and any solution'® U to (8) defined on an interval I containing 0, starting from
U(0,-) = Uy and sufficiently smooth to guarantee that

e UecC'(I;HL.((0,1)));
o t s [Fo MU, ¢ [Fo@Qi[Ut,-)] and t = [ F[U(t,-)] are
constant on [;

then for any ¢ € I,

inf |]U(t,~)7e“"¢"a(-+%)||H1

< 5.
(P2 ER?

+((0,1))

18. Knowing in which precise sense does not matter since only conservations are used in
the stability argument.
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To go from conditional orbital stability to orbital stability one needs to know
that for the notion of solution at hand controlling the H!'-norm is sufficient to
prevent finite-time blowup. This is in particular the case when x is constant;
see e.g., [19, Section 3.5]).

Proof. — The first point is a direct consequence of identity (63) and Dy (A, 0) > 0
for A real and large (Proposition 3.1).

The second part is deduced from a corresponding result for the Euler—Korte-
weg system (39): (p,u) is conditionally orbitally stable in H) . x L2_,.((0,1)) if
the negative signature of Hess @(Hx,gx,g¢,ﬁ¢) equals 2. See Theorem 3 and
its accompanying remarks in [9, Section 4.2] (conveniently summarized as [10,
Theorem 1]). The conversion to our setting stems from the following lemma
and the fact that System (39) preserves the integral of v;. |

LEMMA 4.2, — 1. For any ¢y > 0, there exist € > 0 and C, such that if
Ue Hll,ler(((), 1)) satisfies |[U|| > co, then for any (4, @) € R? and any
U € H,,((0,1)) satisfying
J
HU — ¥ ZA( S o )HHrl)er((Ovl)) <e,

with

(0.1 = (v

i) o)

there holds (p,7), (p,T) € Hper((0,1)) x L2((0,1)), [y 7 = f, T =0, and

(0.0 = (g

0.9 = @D+ )l s, cra.,
<O (141Ul ) [U=e" U+ 00 -
2. There exists C' such that if
U=/2p e (er), U=1/2pe(er),

with (p,0:0), (p,8:0) € HL.((0,1)) x L2((0,1)), [y 8:0 = [, 0,0 =0,
then U € H.,.((0,1)), U € H}..((0,1)) and, for any ¢, € R,

per

HU — e¥od M( T+ Or )||Hécr

<C (14 10,20y crs, + 020N, 1)
X ||(p7 83E9) - (B? aLCQ)( ' + SO-K )HHéerXLger

where
¢¢=A(w0—gm+wwmc
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Proof. — The proof of the lemma is quite straightforward, using the continuous
embedding
Hpe,((0,1)) < L((0,1))

per

and the Poincaré inequality. We use the latter in the followmg form. There
exists C' such that for any 6 such that 9,0 € L?((0,1)) fo 0;0 = 0, we have

6 € H! ((0,1)), and if fo 0 =0,

per

101l 22((0,1)) < C 19201l L2((0,1)) - 0

The first part of the foregoing theorem could also be deduced from [12, 9]
through Section 3.2. In the reverse direction, we expect that the second part
could be deduced from abstract results directly concerning equations of the
same type as the nonlinear Schrodinger equation — see [27, 14] — essentially as
the conclusions in [9] used here were deduced there by combining an abstract
result — [9, Theorem 3] — with a result proving connections with the action
integral — [9, Theorem 7].

As in [10] for systems of Korteweg type, we now specialize Theorem 4.1 to
two asymptotic regimes, small-amplitude and large-period. To state our result,
in the small-amplitude regime, we need one more nondegeneracy index

(64)
1
8(O2W,)?

ao(ce, p, ky) = [ (63 ) —8§Wp63W

—4W, BW, < )

(2p) 1 A'(2p) 1

o) 2p R(p) | 20p )2”’
with derivatives of W, evaluated at (p;cs,wg, ttg), (W, fte) being associated

with (¢, p, kg) through (50). The following theorem is then merely a transla-
tion of Corollaries 1 and 2 in [10].

+16 (92W,)* (

THEOREM 4.3. — 1. In the small amplitude regime near a (Q;O),Q(O),E;O)),

such that'®

apu(g(o);gio),gff)) £0,  ao(c, p@ P £ 0,

x )

we have that 8316 # 0 and that the negative signature of Hess © equals 2,
so that waves are conditionally orbitally stable in H!, ((0,X,)).

per

19. With Hfﬁ) associated with (C(O) p(O)’Efﬁo)) through (50).
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2. In the large period regime, 812%@ #0 and
o if 92 Oy (ca © p(o),kf;)) > 0 then in the large period regime near
(cx © p(o k(o)) the negative signature of Hess © equals 2, so that
waves are conditionally orbitally stable in H.((0,X,));

o if 8316(5) (ggo),g(o),kéo)) < 0, then in the large-period regime near

(g(f),g(o),@ff)), the negative signature of Hess © equals 3, so that
waves are spectrally exponentially unstable to coperiodic longitudinal
perturbations.

A few comments are in order.
1. The condition ag # 0 is directly connected to the condition 8Zm@ #0

since ag XQ(CO) is the limiting value of 8229 # 0 in the small-amplitude
regime; see [10, Theorem 4].

2. The small-amplitude regime considered here is disjoint from the one an-
alyzed for the semilinear cubic Schrodinger equations in [24] since here
the constant asymptotic mass is nonzero, namely p(o) > 0.

3. The condition on 92, O, agrees with the usual criterion for stability of
solitary waves, known as the Vakhitov-Kolokolov slope condition; see
e.g., [27].

4.2. Sideband perturbations. — Sideband perturbations are perturbations
corresponding to Floquet exponents ¢ arbitrarily small but nonzero. As in
[12, 13, 11], we analyze the spectrum of L¢ o near 0 when ¢ is small. Some
instability criteria associated with this part of the spectrum could be deduced
readily from Theorem 3.2. Yet we postpone these conclusions slightly since we
are more interested in proving that such rigorous conclusions agree with those
guessed from formal geometrical optics considerations.
Thus, let us consider the two-phase slow/fast-oscillatory ansatz

()
@ t,
) UG () = et Cren Iy <€t,sx; M)

with, for any (T, X), ¢ — U (T, X;¢) periodic of period 1 and, as & — 0,
W(T X;0) = Up(T, X; ) + elh (T, X:¢) + o(e)
T, X) = (06)0(T, X) + € (ps)1 (T, X) + 0(€) ,
E)(T X (SDI)O(T7X) +e (@x)l(TvX) + 0(€> .

) =
Requiring (65) to solve (3) up to a remainder of size o(1) is equivalent to
¢ — Uy(T, X;¢) being a scaled profile of a periodic traveling wave of (22).
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Explicitly,
(66) J(YH()(U(), e (k¢J + k}zag)uO) = W¢Ju0 — Cy (k¢J + kmac)uO ,

with local parameters (depending on slow variables (T, X)) related to phases
by

Or(pglo = wp —kpcu, Ox(pplo =key, Or(ps)o=wz, Ox(pz)o=ks.
Symmetry of derivatives already constrains the slow evolution of wave param-
eters with

Orky = Ox (wp —kycz),  Orks = Oxwe.

Since periodic profiles form a four-dimensional manifold (after discarding trans-
lation and rotation parameters), in order to determine the leading-order dy-
namics of (65), we need two more equations. The fastest way to obtain such
equations is to also require (65) to solve (4) and (6) up to remainders of size
o(g). Observing that all quantities in (4) and (6) are independent of phases,

Or (M (Uy)) = Ox (Se(Uo e1 (kz0¢ + kgd)Uo)) + Oc (+)
Or(Q1(Uy, e1 (kg 0¢ + kpd)Up))
= 0Ox ((va@h ~JoHy + SI)(UO, el (kxag + kqu)UQ)) + ag (**) )

with omitted terms * and #x l-periodic in (. Averaging in ¢ (using (66))
provides two more equations, completing the modulation system

8Tk'x = (9wa
Or((Q(1Uo, e1 (kz0¢ + kod)Uo)))
(67) = Ox (((wgM — Q1 + 83) (U, e1 (ko 0¢ + kpd)Up))) |

or (M (Up))) = Ox ((Ss(Uo, er (kz0¢ + kyJ)Uo)))
(9Tk‘¢ = BX (W¢ - k‘¢ Cw)

1
where (-} = [ -d( is the average over a periodic cell.

The readeromay wonder why in the foregoing formal derivation we asked
for (3) to be satisfied at order 1 and for (4) and (6) to be satisfied at order
e. Alternatively, one may ask for (3) to be satisfied at order ¢ and check that
requirements on (4) and (6) come as necessary conditions. One may also check
that when (3) is satisfied at order 1, so are (4) and (6).

System (67) should be thought of as a system for functions defined on the
manifold of periodic traveling waves (identified when coinciding up to rotational
and spatial translations). To make this more concrete, we now rewrite it in
terms of parameters (fig, Cz,wg, ftg). To do so, with notation from Section 2,
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we introduce

I
M (pas Cay W, pg) := (MV]) = — M[V]dz
. <,

oo ie) i= (@) = - / " @ Ve,

where V is the unscaled profile associated with (g, ¢z, we, tt¢), and X, is the
corresponding period. By making use of (33) and (34), one obtains

8T]€z = 5me

Orq = Ox (ltz — C2q
(69) ( )

Orm = Ox (up — cum)
8Tk¢ = 8)( (w¢ — Cg k‘¢)

as an alternative form of (67). To connect with the analysis of other sections
in terms of the action integral O, we recall (47)

1 10 0 O
! 9| AgVe . ~lo10 o
km—auz@, m = 6uz("') 5 Wlth A().— 00_1 0
kg 00 0 —1
Thus (for smooth solutions), System (69) takes the alternative form
Mo Mo
(70) kaAoHess © (Or + c,0x) | © | =Boox fj; ,
He He
with
0100
1000
Bo=10001
0010

REMARK 4.4. — One may check that the modulated system (69), also often
called Whitham’s system, agrees with the one derived for the associated Euler—
Korteweg system (39) by injecting a one-phase slow /fast-oscillatory ansatz. See
[48, 13, 11] for a discussion of the latter. This may be achieved by direct com-
parisons of either formal ansatz, averaged forms, or more concrete parameter-
ized forms.

We now specialize the use of System (69) to the discussion of the dynamics
near a particular periodic traveling wave. Note that traveling-wave solutions
fit the ansatz (65) and correspond to the case when phases ¢, and ¢, are affine
functions of the slow variables, and wave parameters are constant. Thus, when
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U is a wave profile of parameters (HI,Qw,gqﬁ, 1 ¢), one may expect that the
stability?? of (Hm,gz,g¢,ﬁ¢) as a solution to (69) is necessary for the stability
of U as a solution to (8). The literature proving such a claim at the spectral
level is now quite extensive, and we refer the reader to [53, 44], [13, 17], [36],
and [32] for respectively, results on parabolic systems, Hamiltonian systems of
Korteweg type, lattice dynamical systems, and some hyperbolic systems with
discontinuous waves. Yet this is the first time?! that a result for a class of
systems with symmetry group of dimension higher than 1 is established.

In the present case, the spectral validation of (69) is a simple corollary of
Theorem 3.2 based on a counting root argument for analytic functions, since

0001 0001
; 1000 i 0100
AY; — (' =)y = 0010 (AA Hess © — (' —1) By) 1000
0100 0010
COROLLARY 4.5. — Consider an unscaled wave profile ¥ such thatV -V, # 0,

with associated parameters (Ha:,gm,g(z,,g(b).
1. The following three statements are equivalent.
e 0 is an eigenvalue of algebraic multiplicity 4 of Loo.
o The map (fx, CoyWe, fbgp) — (Kzy g, M, k) is a local diffeomorphism
near (Hx,gz,g¢,ﬁ¢).
e Hess @(Hgﬂ,gx,g@&b) is nonsingular.
2. Assume that Hess @(ﬁx’ gz,g¢7ﬁ¢) is nonsingular. Then there exist \g > 0,
& > 0 and Cy such that
o for any & € [—&o, &), Leo possesses four eigenvalues (counted with
algebraic multiplicity) in the disk B(0, \g);
e if a — ¢, s a characteristic speed of (69) at (Hw,gm,g¢,ﬁ¢)
of algebraic multiplicity r, that is, if a is an eigenvalue of
(ky Ao Hess @(Hx’gf’@¢73¢))71Bo of algebraic multiplicity v, then
for any & € [—&o,&], Leo possesses r eigenvalues (counted with
algebraic multiplicity) in the disk B(ik,£a, Co|¢|*+).
In particular, if System (69) is not weakly hyperbolic at (Hw,gw,g¢,ﬁ¢),
that s, if (k. Ao Hess @(H$,Qw,g¢,ﬁ¢))_lBo possesses a nonreal eigen-
value, then the wave is spectrally unstable to longitudinal sideband per-
turbations.

A few comments are in order.

20. Incidentally, we point out that from the homogeneity of first-order systems it follows
that ill-posedness and stability are essentially the same for systems such as (69).
21. Except for the almost simultaneous [20]. See the detailed comparison in Section 4.3.
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1. Note that the subtraction of ¢, in the second part of the corollary ac-
counts for the fact that System 69 is not expressed in a comoving frame.

2. The second part of the foregoing corollary could also be deduced from
results in [13] through Madelung’s transformation.

We now turn to the small-amplitude and large-period regimes. To describe
the small-amplitude regime, we need to introduce two instability indices

(71 Sngp(carwgn i) i= W29 + (52 p© + #(29®)) (B
and

(72)

3
[ 1R2p©) [ 27 \?
0pF(Ca, W, flg) 1= (22p(0) @
(s (KA R @A) 1 w(2p")
2p) ) 2 R2p®) 200 T (2 p0)
2
1k(2p©) / 27 \?
T\272,0 xO

% W”(Q,O(O)) —19 LP(O)) 2_6’4(27&0))#
Ii(2,0(0)) /{(2p(0)) Qp(o)

2
1 W'(2p)
4 —= 3 ——
i (2/)(0)) T2
(2 »(0) 1
" (0) k (2 P ) " (0)
+AW"(2p )<n(2p(0))+22p(0) +2W"(2p0)

16(2p) [ 27 \?
220 \x0

, K20\ K2p®) 1 Ly
. (WV (2" ((W) w1 e 5w+ (5w )

48 WN(Q p(O)) W///(2 p(O)) (4

4 2
+ g (W”,(Q p(O))> + GW"(Q P(O)) W////(2 p(O))>

2

'(2p) 1
(9 (0) " (9 ,(0) (9 50 K
FEWIEPT\WE R +3WI2) oy Y a,m ) )
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where (p(O), kéo)) are the associated limiting mass and rotational shift, and XI(O)
is the associated period.

The following theorem is a consequence of Corollary 4.5 and results in [11]
for the Euler—Korteweg systems, namely Theorems 7 and 8, respectively, for
the first and second points?2

THEOREM 4.6. — 1. In the small-amplitude regime near a (cg(L )7p( ),Eg)))

such that
(0) ( (0)
O (p 5" 1,)) # 0,
Hess © is nonsingular, and if
5hyp(g§co)v & M(O)) <0 or 5BF(Q(0) w((ﬁo) ﬂ(o)) <0,

then waves are spectrally exponentially unstable to longitudinal sideband
perturbations

2. If 92 O (cx ,po),kfﬁo)) # 0, then, in the large-period regime near
(7&0),7(0),@550)), Hess © is nonsingular, and if

92 035 (9, o, £Y) <0,

then in the large-period regime near (cg,; ) p(o) k‘(o)), waves are spectrally

exponentially unstable to longitudinal sideband perturbatwns

A few comments are worth making. In particular, we borrow here some of
the upshots of the much more comprehensive analysis in [11].

1. Again, we point out that the small-amplitude regime considered here
is disjoint from the one analyzed for the semilinear cubic Schrédinger
equations in [24]. Let us, however, stress that for the semilinear cubic
Schrédinger equations our instability criterion provides instability if and
only if the potential is focusing, independently of the particular limit
value under consideration. This is consistent with the conclusions for
the case p(®) = 0 derived in [24].

2. In the small-amplitude limit, the characteristic velocities split into two
groups of two. One of these groups converges to the linear group velocity
at the limiting constant value and the sign of dgp precisely determines
how this double root splits. The corresponding instability is often re-
ferred to as the Benjamin—Feir instability. The other group converges
to the characteristic velocities of a dispersionless hydrodynamic system
at the limiting constant value; see [11, Theorem 7]. The sign of
decides the weak hyperbolicity of the latter system. When & is constant,
it is directly related to the focusing/defocusing nature of the potential
W (namely W" negative/positive).

22. In notation of [11], dpF is Ansg-
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3. A similar scenario takes place in the large-period limit, with the phase
velocity of the solitary wave replacing the linear group velocity. The
sign of 5319(5) determines how the double root splits. However, due to
the nature of end states of solitary waves, the dispersionless system is
always hyperbolic, hence the reduction to a single instability index. See
Appendix B for some related details.

4.3. Large-time dynamics. — Our interest in modulated systems also hinges
on the belief that they play a deep role in the description of the large-time
dynamics. In other words, one expects that near stable waves the large-time
dynamics is well approximated by simply varying wave parameters in a space—
time dependent way and that the dynamics of these parameters is itself well
captured by some (higher-order version of a) modulated system.

The latter scenario has been proved to occur at the nonlinear level for a large
class of parabolic systems [33, 34] and at the linearized level for the Korteweg—
de Vries equation [50]. The reader is also referred to [48, 49] for some more
intuitive arguments supporting the general claim.

We would like to extend here a small part of the analysis in [50] to the class
of equations under consideration. We begin by revisiting the second part of
Corollary 4.5 from the point of view of Floquet symbols rather than Evans’
functions. The goal is to provide a description of how eigenfunctions and spec-
tral projectors behave near the quadruple eigenvalue at the origin. Once this
is done, the arguments of [50] may be directly imported and provide different
results (adapted to the presence of a two-dimensional group of symmetries) but
with nearly identical — thus omitted — proofs.

In a certain way, we leave the point of view convenient for spatial dynamics
to focus on time dynamics. To do so, it is expedient to use scaled variables so
as to normalize period and to parameter waves not by phase-portrait param-
eters (g, Cz, We, tiy) but by modulation parameters (ky, kg, ¢, m). The first
part of Corollary 4.5 proves that the latter is possible when the eigenvalue at
the origin is indeed of multiplicity 4. Therefore, in the present section, we
consider scaled profiles U/ as in (8) and parameters (s, ¢z, wg, ity) as functions
of (kz, ke, g, m). In scaled variables, the averaged mass and impulse from (68)
take the form

1
m = () = [ i,

1
1
4 = (@1 (U, e1 (ko + kT U)) = / SIU - (ke 4 B
0
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Our focus is on the operator Lo = E? . Correspondingly, we consider the
Whitham matrix-valued map

Wy
we — Cz k
73 W (s, Coy Wi, = Jac | ¢ 29
(73) (1 61 1) e — Cog
Hep — Camm

To connect both objects, we shall use various algebraic relations obtained from
profile equations and conservation laws that we first derive.

Differentiating profile equation dH,[U4] = 0 with respect to rotational and
spatial translation parameters (left implicit here) and to (g, m) yields

(T4)  LooUy =0,  LoodgUd = (Dgwy — kydgc,) IU — k,dye, U, ,
(75)  LooJU=0, Loodnld = (Omwy—ky0Omc,)IU—k,Onc, U, .
To highlight the role of O, U and Ok, U we expand
Leo=Loo+1k, L)+ (k8 Ligy -
Differentiating profile equations with respect to (kz, kg) leaves
(76 {ﬁo,o O, U = (On,wy — ki Ok, ) IU =k Ok, 0, U, — LU,
L0,0 Ok, U = (Or,wy — kyOr,cp) IU—ky Opc, U, — Loy TU.

By differentiating the definitions of mass and impulse averages, we also obtain
that

1
(77) / 0Q1 (U, e1(k, 0 + E,UU, =0,
0
1
/ 561 U e1 (ko0 + B, JNU) TU = 0,
0
1
(78) / 5@1(14, e (EwQC + E(i)J)Q) 60/Q =1,
0

1
/ 561 U 1 (ku Oy + U Bl =0,
0

1 1
(79) /0 5@ (U, 01 (I, D + k) IU) Dy, U = — /0 du, @1(U, 1 (k.00 + kDU U,

1

—T

1 1
(20) / 661 (U, ex (k, D + b, I)U) D, U = / du, QU ey (k,0, + k,D)U) TU
0 0

=—m,
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and

(1) /Olm[umz:o, /Olwmu]aquzo, /Olmmakwu:o,

1 1 1
(82) / SMUITU =0, / OMU] O U =1, / SMU] O, U =0, .
0 0 0
Finally, linearizing conservation laws for mass and impulse provides for any
smooth V
OM[U] - LeoV

=k, (9, +i6) (vu(c% + e ) (U, 01 (kD + kyDU) - V

+ Vu, (8¢ + ¢, M)(U, e1(k,0x + kyI)U) - (k, (0 +1E) + k¢J)V>

and
+ Vu, U, e1(k, 0 + kyJ)U) - (k(0r +1&) + kyJ) LeoV

+ Vu(Se +wull) U, e1(k,0x + kyI)U) - V
+ Vu, (Sz + wyll) (U, e1(k,0p + kg I)U) - (k. (0r +18) + EyJ )V> :

Evaluating at £ = 0 and integrating show

(83) L5006 U, (k, 0, + kyDU) =0, L5 0401U] =0,

where Lg , denotes the adjoint of Lo o. Alternatively, the latter may be checked
by using explicit expressions of dQ; (U, e (k, 0. + kyJ)U) and SM[U] in terms
of JU and U, and Hamiltonian duality L5, = —J ' Lo J. At next orders, for
V smooth and periodic, we also deduce

(84) (U] Ly Ve = (0(Ss + el (U, €1 (kO + kg J)U); V) 12,
(85)  (8MUJ; L2y V)2 = (Vu, (Sp + c, ) U, 1 (k0 + kyIU): V)2,

and

(86) (6Q1(U, e1(k, 0. + kyJ)U); L1y V) L2
= (0(8z + wyll) (U, e1 (k0 + kyI)U); V) L2,
(87) (6Q1(U, e1(k,0r + kyJ)U); L2y V) L2

= (Vu, (8 +wyll) (U, €1 (k,0n + kgI)U); V)12,
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In the foregoing relations, {-;-) 2 denotes the canonical Hermitian scalar prod-
uct on L%((0,1); C?), C-linear on the right?3.
These are the key algebraic relations to prove the following proposition.

THEOREM 4.7. — Let U be a wave profile such that U - U, # 0 and that
0 has algebraic multiplicity exactly 4 as an eigenvalue of Loo. Assume that
etgenvalues of W are distinct.

There exist Ao > 0, & € (0,7), analytic curves X\; : [—&o,&] — B(0, Ao),
J=1,2,3,4, such that for & € [—&o, &)

U(‘CS,O) N B(07 /\0) = {/\J(g)b € {1’2a374}}

and associated left and right eigenfunctions Jj (&) and ;(&,-), 7 =1,2,3,4,
satisfying pairing relations®*

(W5(&,-), 00, e = 1k, €8], 1<j <4,

obtained as
4
ZB(]) (1,6 > B (s, )
=3

(&) = —(ik,€) ZB(” €) qu(&,- +fo )Ge(&,),

where

o (q;(&))1<j<a and (G;(&, - ))1<j<a are dual bases of spaces associated with
the spectrum in B(0, \o) of respectively L¢ o and its adjoint L; o, that are
analytic in & and such that

(QI<0")aq2(0>'),q3<0v') (O’ ) ( JU, 8 u,o U)
(g5(0,-),44(0,-)) = (0Q1 (U, e1(k, 0 + kg I)U), SM[U])
=(—k,JU, +k¢u U,
(9q1(0,-), 0¢q2(0, +)) = 1k, (Op, U, O, U);

o (BU(E))1<j<a and (E(j)(f))lgjg are dual bases of C* that are analytic
in & and such that (B9)(0))1<j<4 and (8Y9)(0))1<;j<a are dual right and

left eigenbases of c,, 14+ W associated with eigenvalues (aéj))1§j§4 labeled
so that

£—0 , i .
() =2 ik a) +O(Ef), 1<) <4.
23. That is, (f;g);2 = fo f-g
24. With 57 =1ifj=¢, and 6] = 0 otherwise.
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The way in which the eigenvalue 0 of multiplicity 4 breaks is highly non-
generic from the point of view of abstract spectral theory. Indeed, we already
know from Corollary 4.5 that the four arising eigenvalues are differentiable at
¢ =0, and we obtain that when eigenvalues of W are distinct, the four eigen-
values of L¢ o are analytic in . This should be contrasted with the fact that
eigenvalues arising from generic Jordan blocks of height 2 are no better than
%—Hélder (and, in particular, are not Lipschitz).

Proof. — We make extensive use of standard spectral perturbation theory as
expounded at length in [38]. To begin with, we introduce Ao > 0 and &, > 0,
such that for |£] < &, the spectrum of L¢ ¢ in B(0, Ag) has multiplicity 4 and de-
note by II¢ the corresponding Riesz spectral projector. From (74), the range of
II is spanned by (U,,, JU, 04U, OmU) and from (77),(81), we may choose a dual
basis of the range of I} in the form (x, %, 0Q1 (U, e1(k,0: + ks I)U), SM[U]).
By Kato’s perturbation method, we may extend these dual bases as dual bases
(g;(&,-))1<j<a and (g;(§, -))18—34 of, respectively, the ranges of Il¢ and IIf.

One may use the corresponding coordinates to reduce the study of the spec-
trum of L¢ o to the consideration of the matrix

A§ = (<E]vj(§7 ) ); ‘Cf,O QZ(Ea : )>L2)(j,l)€{l,2,3,4}2 .

From relations expounded above stems

00 _Ez aqu _Eg; amgx

AO — 00 8@£¢ - E¢> 8@93; (9mg¢ - E¢ amgg;
00 0 0
00 0 0

Note, in particular, that A3 is zero. From (76), we also derive
(q;(0,-); L1y qe(0,+)) 2 =0, 3<j<4, 1<i<2.
Thus,

+ I, 0
(88) Ag = 5 Pei= <021kx512)’ £#0

defines a matrix /~X§ extending analytically to & = 0.

Our main intermediate goal is to compute Ag. We first show that we may
enforce

(89) Otqn(0,-) =ik, O, U, 0¢q2(0,-) = O, U

To do so, for £ = 1,2, by expanding IT¢(Le0qe(§, ) = Le0ge(&, ), we derive
that Lo,00¢qe(0, - ) +1k,L(1)qe(0, - ) belongs to the range of IIy. Comparing this
with equations for dy, U and O, U we deduce that Lo0(9:q1(0,-) — ik, 0p U)
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and Lo,0(9:q2(0,) — ik, O, U), thus also deqi(0,-) —ik, Ok, U and Jgq2(0, - ) —
ik, O, U belong to the range of IIy. Let (04;[))19547 1<¢<2 be such that

4
9eqr(0,-) — ik, 0n,U = > aMg;(0,-)

j=1
4
65(12(07 : ) - ikma’%g = Z a§2)qj (O’ : ) .
j=1

Lessening & if necessary, one may then replace (g;(§,-))i<j<a with

4
_£Za§1)QJ(§a)a q2 é-a Za q;j 67 ’ q3(§7')7 q4(£7')7
j=1
and (g;(§,-))1<j<a with
2
%(6v)+€ Z&y)(f)@(ﬁa)a .721,2,374a
(=1

with (&y) (€))1<j<4,1<e<2 tuned to preserve duality relations and have (89),
which we assume from now on. To make the most of associated relations, we
observe that from duality stems

(0q;(0,-); qe(0, )2 = —(45(0,-); 9eqe(0, )2, 1<j,£<4.

Since
(Ao)je = <Qj(07')5 @Eo,o 0e qe(0,+) + L) QZ(Ov')>L27 1<j<2,1<0<2,

(Ro)je = (No)jie s 1<j<2,3<(<4,
from (76) this readily gives

X4, 138>

_ —k, Ok,c, —k, Ok,c, —k, 04c, —k, Opc,
© \Ok, Wy —ky Ok, ¢y Okywy — Ky OkyCp Oqwy — Ky Oy, Omwy — kyOme, )

The extra relations also carry

1
(Roie = (@0, Loy e ae0) + Ly ae0,1))

+(mak<e>£¢—gak<2)gz)5§-’, 3<i<4,1<40L2,
(R0 = (@0, ): £y e 0,-))
+(m5m<e>£¢—13mmgz)5§’, 3<5<4,3<0L4,
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with k() = k., k@) = kg, m®) = g, and m» = m. Using (84) and (86) to
evaluate the foregoing expressions leads to the final identification

1~\0=Qw14 +W.

The proof is then completed by diagonalizing matrices 7\57 which have simple
eigenvalues provided that &g is taken sufficiently small and undoing the various
transformations. O

We would like to make a few comments on the foregoing proof.

1. Although this is useless for our purposes, one may also compute explicitly
¢1(0,-) and ¢2(0, - ) as combinations of JU, U, JO,U and JO,,U. Indeed,
it follows from Hamiltonian duality that the four vectors form a basis of
the range of II, and their scalar products with U, JU, 0,4 and 0, U
are explicitly known.

2. The assumption that the eigenvalues of W are distinct is only used at the
very end of the proof. Removing it, the arguments still give an alternative
proof of the second part of Corollary 4.5. For semilinear equations, this
has already been carried out, to some extent, in the recent [40] with a
few variations that we point out now.

(a)

(b)

The authors of [40] further assume that Lo exhibits two Jordan
blocks of height 2 at 0; in other words, they assume that the above
matrix Ag has rank 2.

In [40], no formal interpretation is provided for the underlying in-
stability criterion. In particular, no connection with geometrical
optics and modulated systems is offered for the matrix Ag. This
connection was established in a recent preprint [20], building upon
[40]. Hence, the next remarks also apply to [20].

The structure of eigenfunctions is left out of the discussion in
[40], whereas this is our main motivation for reproving in a different
way the second part of Corollary 4.5. In turn, the main focus of [40]
is on spectral stability, and the authors supplement their analysis
with numerical experiments for cubic and quintic semilinear equa-
tions.

We have taken advantage of the fact that we have already proven
the first part of Corollary 4.5 to use modulation coordinates
(ks, ke, q,m), whereas the analysis in [40] is carried out with phase-
portrait parameters (g, Cz,We, he)-

In the remaining part of this section, since we are only discussing longitudinal
perturbations, we assume d = 1 for the sake of readability. Then, denoting
by (S(t))ier the group associated with the operator £ on L?(R) and, for £ €
[—m, 7], by (Se(t))ter the group associated with the operator L¢ on L2.((0,1)),
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we note that from Bloch inversion (54) stems

(59)60) = [ e (Se(ti(e, () de.
Our main concern here is to analyze the large-time dynamics for the slow
sideband part of the evolution

(S,(09)60) = [ ¢ x(O) (S e g€ ))e) e
—Tr

where x is a smooth cut-off function equal to 1 on [—&y/2,&/2] and to 0

outside of [—&o, &o], with & > 0 as in the statement of Theorem 4.7 and I, the

associated spectral projector, as in the proof of Theorem 4.7.

Let us explain in which sense this is expected to be the principal part of
the linearized evolution for suitably spectrally stable waves. As a first remark
we point out that when considering general perturbations on R (as opposed to
coperiodic perturbations) we have to abandon not only stability in its strongest
sense, which would require a control of |U — U||x (in some functional space
X of functions defined on R), but also orbital stability, which here requires a
control of

inf e ¥l U(. — -Uu
(pg,px) ER? H ( 7 7||X ’
and, instead, to adopt the notion of space-modulated stability that is encoded
by bounds on
inf (Jle==e O = @al)) — &+ Napsllx + l02ulix ) -

(¢¢,pe) functions on R

Rather than bounding || V| x or

inf [V,
(¢¢7¢I)6R .
V=p¢ JU+p U, +V

at the linearized level, this consists in trying to bound

Nx (V) = inf (IV1Lx + 12 06llx + 1922 1)

(¢¢,%e) functions on R
V=p¢ JU+p U +V

Note that Nx precisely quotients “locally” the unstable directions highlighted
in (the proof of) Theorem 4.7, so that ¢4, ¢, should be thought of as local pa-
rameters. Here we adapt to the case with a two-dimensional symmetry group
the nonlinear notion formalized in [34] and its linearized counterpart intro-
duced in [50]. Both notions have been proved to be sharp for a large class of
parabolic systems in [34] and for the linearized Korteweg—de Vries equation in
[50], respectively. The reader is also referred to [48, 49] for some more intuitive
descriptions of the notions at hand.
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REMARK 4.8. — An incorrect choice of stability type would lead to a claim of
instability in situations where the global shape is preserved but positions need
to be resynchronized either uniformly in space in the orbitally stable case or
in a slowly varying way in the space-modulated stable case. In the latter case,
the underlying spurious growth is due to the presence of Jordan blocks in the
spectrum, and this results in departures from the background profile that are
algebraic in time (when no space-dependent synchronization is allowed). Thus,
concluding to a genuine instability either at the linear or nonlinear requires
extra care in the analysis. See, for instance, [22] for an example of the latter.
Unfortunately, although it seems clear that some extra analysis could be carried
out to fill this gap, the only general nonlinear instability result available so far
[31] is expressed as an instability for the strongest sense of stability.

Following the lines of [50], one expects that for suitably spectrally stable
waves the following bounds hold

1(S(t) = Sp(t)) Vollgs(r) < Cs Ngs(r)(Vo) teR,seN,

C
[(S(t) = Sp(t)) Vollee®r) < —1 Neiw)(Vo), tER

el

(with constants independent of (t,Vj)). We shall not try to prove or even
formulate more precisely the latter, but the reader should keep in mind the
claimed [¢t|~1/2 decay so as to compare it with bounds below. In particular, the
conclusions of the next theorem contain that

C
Npoor)(Sp(t) Vo) < ———— N Vo), teR.
L (R)( p(t) Vo) < (1+ |t|)% Ll(R)( 0)
THEOREM 4.9 (Slow modulation behavior). — Under the assumptions of The-

orem 4.7 and with its set of notation, assume, moreover, that

L. fOT any 5 € [750750]) fOTj € {172a354}) AJ(&) € le
2. for j € {1,2,3,4}, 92);(0) # 0.

There exists C > 0 such that for any Vo such that Npi(r)(Vo) < oo, there
exists local parameter functions ¢, pe, g and m such that for any timet € R

Sp(t) (Vo) — @a(t, ) U, — @o(t,-) IU

- dkx,kqb,%mzél' (Ezaﬂﬁ(o@r(t7 : )7E1:aw90¢(tﬂ ’ )7 q/(t7 : )7 m(tv : ))H
C

< —

(L+[t)z

L (R)

Niir) (Vo) ,
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where g,(t,-) and py(t, ) are centered, ¢, (t,-), ¢o(t,-), 4(t,-), and m(t,-)
are low frequency®®, and

”(k 89:%;( ) k aw@(b( ) q/(tv')vm(tv'))HL”o(R) < <

(1+t)3

We omit the proof of Theorem 4.9 since with Theorem 4.7 in hand, the
proof is identical to that of the corresponding result in [50]. Theorem 4.7 is
the counterpart of [50, Proposition 2.1], while Theorem 4.9 is a low-frequency
version of [50, Theorem 1.3] (which is why the decay factor is bounded at ¢ = 0);
see, in particular, [50, Propositions 3.2 & 4.2]. Yet we would like to add some
comments.

Npir) (Vo).

1. A choice of local parameters can be given explicitly:

Eoduos(to) | ) 2 o0 (Vo) (@)
q(t,-) 4
m(t7 ) _ Z[ eingr)\j(g)t X(f) ﬁ(j)(f) <,{/;J(£’ . ),\\7/0 (f, . )>L2 dé.

This is motivated by the explicit diagonalization of L¢IIz from Theo-
rem 4.7, which implies

Se(t) 11 £9=1%

i Ze &) (5(&,)sghi | m(&,-)

4
i | VOB © Wil )00 | @rl6)
ke \ &

4
ZeAJ(f)tﬂéj)(f) <'(Zj(§7')7g>L2 Q3(§7')
=1

4
SN (&) (06, ), 9 | aalE,)
j=1

the choice of local parameters is then dictated by analyzing the various
expressions (including remainders) arising from expansions with respect
to £ of ¢1(&,-), g2(&,-) at order 2 and ¢3(&, ), q4(&,-), at order 1. One
may also replace x with a cut-off function with support closer to the
origin if required.

25. In the sense that their (distributional) Fourier transform has compact support that
could be taken arbitrarily close to the origin.
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2. Note that, since (9¢)\;(0));je{1,2,3,4} are two-by-two distinct, assuming
that for any & € [—&o, &) and any j, A;(£) € iR, from the Hamiltonian
symmetry of the spectrum one derives that for || < & (& sufficiently
small) and any j € {1,2,3,4} X;(&) = \;j(—¢) = —X;(=€). In particular,
for any j € {1,2,3,4}, A;(-) is an odd function, and thus 9 \;(0) = 0.
Therefore, the assumption that for j € {1,2,3,4}, 8§’Aj (0) # 0 expresses
that the dispersive effects on local parameters are as strong as possible.
In contrast, the [¢|~'/2 decay claimed for the leftover part S(t) — Sp(t)
is expected to be derivable from the assumption that outside the origin
(A, &) = (0,0) second-order derivatives with respect to £ of spectral curves
do not vanish.

3. For the semilinear defocusing cubic Schrédinger equation, full spectral
stability under longitudinal perturbations is known for all the waves, and
we expect that the remaining assumptions may be checked by reliable
elementary numerics by using explicit formula for the spectra obtained
in [15].

Theorem 4.9 essentially proves that S (t)(V) fits well with a large-time lin-
earized version of the ansatz (65) with Uy (T, X;-) being a periodic wave profile
of parameters, such that k, = Ox, and kg = Oxpg. We now prove that some
version of (67) drives the evolution of local parameters (k, 09, k,0z94, ¢, ™M)
of Theorem 4.9. We need to modify (67) so as to account for dispersive effects.

Let P, diagonalize W so that P, = (81)(0) 8 (0) 34 (0) 84 (0))

AW(0)
_ 52)(0) _ .
B =G0 ol B YW Py = diag(al! —¢,.af” — ¢, af —c,.af —¢,),
BH(0)

and define for ¢ an integer
D, (€) = Pydiag (N2(€) — af ik, &, \0(6) — al? i k,¢,
M) —af? ik, M1 (€) — ol ik, )Pyt

where qu] (&) is the gth order Taylor expansion of A;(£) near 0. By conven-
tion we also include the pseudo-differential case where ¢ = oo by choosing
/\g»oo) as a smooth purely imaginary-valued function that coincides with A; in
a neighborhood of zero. Then consider the higher-order linearized modulation
system

Ky ke ke
©00) o |"| =k, Wae o |® | +p,0,) | 7
4 T 9 - 4
m m m
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Note that when ¢ = 3, D, (i7" 9,) takes the form Dj(k,8,)?, where Dy is a
real-valued matrix.

THEOREM 4.10 (Averaged dynamics). — Let g be an odd integer larger than
1, or ¢ = co. Under the assumptions of Theorem 4.9, there exist C > 0 and a
cut-off function X such that for any Vo such that N (gy(Vo) < 0o, there exist

(ap;(vo),cpg))) centered and low frequency such that with Vo := Vg — gaggo) U, —

so((z,o) Ju

[Voll sy + 10008 ) + 19506 1Ry < 2N (ry (Vo)
and for any such (@550),¢250)), the local parameters (k, 0z¢0q, k0204, G, m) of
Theorem 4.9 may be chosen in such a way that with

0 (0)
k¢ — y(i—l am) E;cazgod’ ~ s
4 0QU, k,0.U + k4 JU) Vo
(0 SM[U) Vo

for any timet € R
H(Ezaw@w(ta . )7E$8‘T<)0¢(t7 : )7 q/(ta : )a m(t’ ) ))

OISR RACRTAR)

‘LOO(R)

C
< Num (Vo).
(1+ s
and
e _
Jteutterrate ) = (21 (00 2 OO KL, 40 )
L>(R)
B
armE 0
< CNpyr)(Vo) 1 ,

— ifqg=3
(15 1)}

where X1V is the solution operator to System (90).

Again, we omit the proof as nearly identical to the one of the corresponding
result in [50], namely Theorems 1.4 (¢ = 3) and 1.5 (¢ > 3), but provide a few
comments.

1. In the case ¢ = 3, one may drop the low-frequency cut-off ¥(i™1d,)
(provided that one restricts to times |t| > 1) since it is here only to com-
pensate for the fact that when ¢ > 5, one cannot infer good dispersive
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properties of the Taylor expansions globally in frequency. This is some-
how analogous to the fact that slow expansions of well-behaved parabolic
systems may produce ill-posed systems. Similar estimates hold for ¢ = 1
but are somewhat pointless since the decay rate is then the same as in
Theorem 4.9.

2. If one is willing to use a less explicit and pleasant formula for (k;(vo), ké,o),

49, m©) then the description of (¢, (t,-),¢s(t,-)) may actually be
achieved up to an error of size (14 |¢|)~% if ¢ = 3 and (1 + |t|)72‘<q%+12‘>, if
q > 5; see [50, Theorems 1.5 & 1.6].

3. If one removes the assumption that (gag;o), @fbo)) is low frequency, then the
formula for (Icg(go), k;o),q(o), m(?)) should be modified as

kY

k(o) o

q/(z(ﬁo) = X(l ! 305)

7 (0)
Eﬁzwio)
Ezaz@g))

SQU b, Dl + by JU) Vo — (U] —m0) (b, 000t — b, 0))
SMU) Vo — (MU — m) Dyt

To illustrate how the high-frequency corrections arise let us point out
that

—_—

) o OU, (€, )z = —[(UU] — 1) e (€)

—

g ) o0 ) — o) 12

and that extra &-factors bring extra decay.

4. We expect that in the case ¢ = 3, System (90) could be derived from
higher-order versions of geometrical optics as in [44]. In contrast, the
formal derivation of either System (90) in the general case or of effec-
tive data (£, k:éo), 4, m©) (in particular when (!, gp((bo)) is not low
frequency) seems out of reach.

5. The foregoing construction of D, closely follows the classical construc-
tion of artificial viscosity systems as large-time asymptotic equivalents to
systems that are only parabolic in the hypocoercive sense of Kawashima.
We refer the reader to, for instance, [29, Section 6], [47], [34, Appen-
dix B], or [48, Appendix A] for a description of the latter. A notable
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difference, however, is that in the diffusive context, higher-order expan-
sions of dispersion relations beyond the second-order necessary to cap-
ture some dissipation do not provide any sharper description since the
second-order expansion already provides the maximal rate compatible
with a first-order expansion of eigenvectors. Here, one needs to use the
full pseudo-differential dispersion relations so as to reach a description
up to O(|t|~1/?) error terms.

6. We infer from Theorems 4.9 and 4.10 that at leading order, the behavior
of S,(t)(Vy) is captured by a linear modulation of phases ¢, (¢, ) U, +
©4(t,-) JU, and the phase shifts (4, ¢4) are the antiderivative of the two
first components of a four-dimensional vector (k, 0.9z, k004, @, m)
that itself is at leading-order a sum of four linear dispersive waves of
Airy type, each one traveling with its own velocity. In particular, three
scales coexist: the oscillation of the background wave at scale 1 in U/, and
JU, spatial separation of the four dispersive waves at linear hyperbolic
scale t, the width of Airy waves of size t'/3. We refer the reader to [2, 50]
for an enlightening illustration by direct simulations of similar multiscale,
large-time dynamics.

5. General perturbations

We now come back to the general spectral stability problem. We begin with
a corollary to Theorem 3.2, from which we recall the following key formula.
The Evans function D¢(A, 1) expands as

(A,m)—(0,0
De(Am) =

’ det (A D — (1€ —1)I; + %zy)
+ O (A1 + I8l + 1) (AP + 1612 + Iml1?) XA+ 1€D) + Iml1*) -

For later use, we introduce the homogeneous fourth-order polynomial with real
coefficients?®

(91) Bo(A2,€) i=det (A%, — 2Ty + §%, ).

That the coefficients of Ay are real may be seen directly or related to the
fact that Dg(A,n) is real when X and n are real. Likewise, note that for any
(€7 A’ z? C) e C4

AO()‘v 2, _C) = AO(A7 2 C) ) A0(_/\7 —Z, C) = AO()‘7 2, C) 3
A0(5)\7 £z, EC) = €4AO(A7 2 C) ) AO(Xa Ea Z) = AO()‘7 Z, C) .

The second and the fourth relations are inherited from original real and Hamil-
tonian symmetries.

26. The formula being extended by continuity to incorporate the cases when A = 0.
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Since the longitudinal perturbations have already been analyzed at length,
the following corollary focuses on perturbations that do have a transverse com-
ponent.

COROLLARY 5.1. — Consider an unscaled wave profile ¥ such that V-V, # 0.

1. Assume that there exists (\o,Co) € R?Z, such that (s # 0 and
Ag(No,0,¢0) < 0. Then the wave is spectrally exponentially unstable
to perturbations that are longitudinally coperiodic and transversally ar-
bitrarily slow, that is, Loy has eigenvalues of positive real part for m
arbitrarily small but nonzero.

2. Assume that there exists (N, &0, (o) € C x R2, such that {y # 0 and Ao
is a root of Ao(-,1&0,Co) of algebraic multiplicity r. Then there exist Cy
and o > 0, such that for any n such that 0 < ||n|| < no,

W&)m

possesses T eigenvalues (counted with algebraic multiplicity) in the disk

5 (L, ol +).
|Col

In particular if R(Xo) # 0, then the wave is spectrally unstable.

Proof. — By using symmetries of Ag we may assume that Ao > 0 and 9 = 1.
Then since Theorem 3.2 ensures
lInll—0
Do([[nllxosm) =" [ImlI* Ao(Xo, 1) + O([nll°)

we deduce that there exists m, > 0, such that for any 0 < ||n|| < n,,
Do(||m|l do,m) < 0. Comparing this with Proposition 3.1 yields that when
0 < [|n|| £ ng, the spectrum of Ly, intersects (0, +00).

The second part stems from a counting root argument based directly on
Theorem 3.2 and the symmetries of Ag . O

At this stage, two more comments are worth stating.

1. Since both Theorem 3.2 and Proposition 3.1 include the case £ = =
besides the case & = 0, one may obtain a £ = m counterpart to the
first parts of Theorem 4.1 and Corollary 5.1. Yet the corresponding
instability criteria are never met since Ag(0,—2,0) > 0. For a similar
reason, although Theorem 3.2 deals with arbitrary Floquet exponents
&, the second parts of Corollaries 4.5 and 5.1 involve Floquet exponents
converging to £ = 0. This is due to the fact that Ay(0, (el —1),0) = 0 if
and only if ¢ € 27 Z.
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2. We point out that to some extent the restriction to £y = 0 of the second
part of the corollary has already been derived in the recent [40] with a
few variations that we point out now.

(a) The authors restrict themselves to semilinear equations, a fact that
comes with quite a few algebraic simplifications in computations.

(b) They further assume that Lo o exhibits two Jordan blocks of height
2 at 0.

(¢) Their proof goes by direct spectral perturbation of Lg o rather than
Evans function computations.

5.1. Geometrical optics. — Prior to studying at length properties of Ag, we
show that the latter may be derived from a suitable version of geometrical optics
d la Whitham. To start bridging the gap, we first recall (62) and observe that

(92)
0001 0001
¢ _|1000 . ¢ 0100
/\Zt—zl4+72y— 0010 )\AoHe%@—zBo-l-TCo 1000]|°
0100 0010
with
0100 00 00
_ IQ 0 _ 1000 L 0-0’30’20
A0_<0—b>’ Bo=1lo001]" €= |o-mao0
0010 00 00
where

X X
(93) / (VIR IV, on = / R(IVI2) IV -V, |

X,
o= [ ROV P
0

2
(94) Ap(A, z,¢) = det ()\ Ay Hess © — 2Bg + % CO) )

In particular

Now let us start formal asymptotics with a multidimensional ansatz similar
o (65)

()
(95) U (t,x) = ot (Etex) I () (E t,ex; 790; (e t’gx)> .
€
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with
U (T X;¢) = Uo(T,X;¢) + e Uy (T, X; ) + o(e)
( X) = (pp)o(T,X) + € (p4)1(T, X) + o(e),
( (T,X) = (p2)o(T, X) + € (¢2)1 (T, X) + 0(e)

with Uy (T, X;-) and U (T, X; -) 1-periodic. Inserting (95) in (3) yields at lead-
ing order

(01 (9g)0d + 91 ()00 JUo = J5Ho (Uo, (Vx (04)0d + Vx (¢2)00¢) Uo) ,
so that for each (7', X), Up(T, X; ) must be a wave profile as in (15), such that

Or(pp)o =wy — czky, Vx(pplo =k, Or(pz)o=wz, Vx(pz)o=ks.
As a consequence, k, and kg4 are curl free and
(96) Orky = Vx (wg — kg cz), Ork, = Vxw, .
Moreover, inserting (95) in (4) and (6) yields at leading order, respectively,
O (L(Us)) = divx (o - Vv, Ho U, (kyd + D) Uo) ) + e (+)
and

or (@. (UO, (k¢J + kzac) Z/[O))
1
=Vx <2JUO . Jé%@(“o, (k¢J + kxﬁg) UO) — %o(uo, (k(zg.] + kxﬁg) UQ)>
+ 7 0, (IO @ U, (kod + kDo) Uo) - Vi, HoUo, (ko + Kadl) Uo) )
L

+ aC(**) )

with * and #* 1-periodic in (. Averaging the foregoing equations using formulas
in Section 2.6 provides equations that combined with (96) yield

(97)
8Tkw = wax

1 ~
0ra = Vx (i~ cog + 3 sl
+ divx (71 ko @ ky+ 7 (ks @ e, +e, 0ky) + 75 (€, @y _Id)> 7

Orm = divx ((u¢ —cpm) e, +71 E¢>
aTk¢ = Vx (w¢ — Cg k¢)
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with curl-free k; and kg, where

70 1= (k' ([t |?) |[Uho]|2) , 71 = (k([|Uo|I) |1tho*) ,
ry = (o 2) TUo - (ko T+ kad)to) . s 2= (o ][2) [ (ko T + kaD o)

Before linearizing, in order to prepare System 97 for comparison, we recall
that k, = k; e,, kg = kg e, —|—E¢, and ¢ = q e, +m E¢, with e, unitary and
E¢ orthogonal to e, and write (97) in terms of (k, kg, m, g, €y, E¢) By using
that, for any derivative 0,

(98) €, -8;1 e, = 0, €, -Buﬁ(b = —Ed) . 8ﬂ €.,
this yields

(99)
1

Or €, = 7(VX — €z €y 'VX)WQ:
ke

~ k
8Tk¢ = (VX — €5 €, 'Vx) (W¢ — Cy k¢) — %(Vx — €5 €, 'Vx)ww

— €z quﬁ : wa_];
x

8Tk'$ =€, 'VXWm

1= k
orq = e, Vx (Nm —Cg T 570 k¢2) +m k;ﬁ - Vxwy

€T

+ e, - divx (71 ky @ kg + 72 (ky ® €, +e, 0ky) + 73 (e, @ ey _Id))

Orm = divx ((,u¢ —cym) e, +71 E¢)

k
8Tk¢ =e; - Vx (w¢ — Cg k¢) + k%) - Vxwg

with e, unitary, E¢ orthogonal to e, and k, e, and k4 e, +E¢ curl free. Sys-
tem (99) may be simplified further by noticing that from curl-free conditions
(and (98)) stem

(VX — €z € VX)kz = kz (eaz VX) €y,
(Vx — ey e, -Vx)ky = (es ~VX)E¢ + Vx (e;") E,z) +ky(ez-Vx)e, .
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This leaves as an equivalent system

(100)
(8T + ca:(ew vX)) €, = _(VX — €z €; VX)Cw

~ k
(BT + cm(ez Vx))k¢ = (VX — e, €, 'Vx)w¢ — e, =9 Vxwy

ky
— CwVX (eIT) Efﬁ
aTk:C =€, ~waz
1~ k
orq = e, Vx (ux — g+ 570 ||k¢||2) +m f - Vxws

+ e, -divx (n Ky @Ky + 75 (kg @ €, + €, @Kg)
+ T3 (eac ®ew _Id) )

Orm = divx ((u¢ —cym) e, +7 E¢)

k
6Tk¢ =e; -Vx (W¢ — Cy k¢) + kf(b - Vxwy

X

with e, unitary, E¢ orthogonal to e, and k, e, and ky e, +E¢ curl free.
Linearizing System (100) about the constant (Hz7gm,g¢,ﬁ¢, e1,0) yields

(101)
(Or + ¢, 0x) e, = —(Vx —e1 Ox) ¢y
(Or + ¢,0x) kg = (Vx — €1 Ox) wy
Mz M 00
e | _ Ca T3 Ty | (divx(es)
ko Ao Hess® (Or +¢,0x) we | Bo0x We * To Ty (diVX(kd>)>
I I 00

with extra constraints that qu and e, are orthogonal to e, = e; and that k,e, +
k. e, and kge, + E¢ e, +ky are curl free, where (k;, ky) are given explicitly as

(102) ke = *Ei d (a#z@)(ﬂmv CxyWe, M¢) 3

ke
k¢' = kik(b —k, d(au¢®)<ﬂwacxaw¢vﬂ¢)7

where total derivatives are taken with respect to (fs, ¢z, We, tbe), and evalua-
tion is at (Hx,gx,g¢,ﬁ¢,e1,0). In System 101, Hess © = Hess(,,, ¢, wy,u,) © 18
likewise evaluated at (Hz’ oW My 1 0). For the convenience of the reader,
we detail some of the observations and manipulations used to go from (100) to
(101).
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1. As in going from (69) to (70), derivatives of © arise in (101) and (102)
from (47).
2. As pointed out in Section 2.6, d(eI,E¢) (V (o co g 1) ©)  vanish at

(qu Qm7g¢7 H¢7 €, 0)
3. For any scalar-valued function a,

e, ~divx (a (e, ® e, —14)) =0.
4. From orthogonality constraints stem that for any derivative 0,
e, Oje; =0, gm-ﬁﬁﬂ(b:(),
so that
e, -divx (e, ® e, + e, ®e,) = divx(e,),
e, - divx (gm DKy + Ky ® §m> = divx (ky) .

At this stage, noting that for j € {1,2,3}, 0; = 7;/k,, a few line manipula-
tions achieve proving the claimed relation between Ag and modulated systems
in the form
AT Ag(N, 3, [Im])

0 0 [0—in 00
0 0 [0 0 ino

ID 0 00 0 0O [0 0 00
=det A2V — it N

0 ApHess© 0 By Zin ££in’0 0 00

0 0 0O

0 0 0O

Ein gin
0 0

5.2. Instability criteria. — The rest of the section is devoted to the study of
instability criteria contained in Corollary 5.1 and its longitudinal counterparts.

We begin by rephrasing the main consequence of Corollary 5.1. A stable
wave must satisfy

1. for any (), ¢) € R2, Ag(A,0,¢) > 0;
2. for any (&,¢) € R2, the roots of the (real) polynomial w +— Ag(iw,i€, ()
are real.

Note that the latter condition may be expressed explicitly as inequality con-
straints on some polynomial expressions in (£,¢) € R?, but the expressions
involved are rather cumbersome.
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The restriction to & = 0 is much simpler to analyze. To do so, let us introduce
notation for coefficients of Ag

(103) AoNz )= D Sammp A",
0<m,n,p<4

m+n+p=4
p<m

and note that
Ao(X,0,¢) = X 04,00 + A 0(3,0,1) + ¢t 0(2,0,2) -
A straightforward consequence is the following stability condition.

LEMMA 5.2. — If the wave is stable, then for any ( € R2, the roots of the
polynomial w — Ag(iw,0,() are real and

(104) 04,00 >0, 03,01 > 24/[04,0,0 02,02/, 02,02 >0.

Moreover, if all the signs of the three inequalities in (104) are strict, then
Ag(X,0,¢) > 0 when (X, ¢) € R?\ {0}, and the roots of w — Ag(iw,0,() are
distinct when ¢ # 0.

Note that the mere combination of the cases n = 0 — corresponding to longi-
tudinal perturbations — (studied in Corollary 4.5 and in [40]) and £ = 0 — cor-
responding to longitudinally coperiodic perturbations — (studied in Lemma 5.2
and in [40]) is a priori insufficient to capture the full strength of Corollary 5.1.
Indeed, note that the associated instability criteria do not involve coefficients
d(1,2,1) and d(2.1,1). To illustrate why we expect that these coefficients matter,
let us consider an abstract real polynomial 7y of the form (103). Then

e fixing all coefficients except (2 1,1) with d40,0 # 0 and choosing some
(€0, ¢o) € (R*)?, it follows that if |0(2,1,1)| is sufficiently large, then either
w > mo(iw,1&o, o) or w — mo(iw, —1&y, (o) possesses a nonreal root;

e fixing all coefficients except d(; 21) With d400 # 0 and choosing some
(&0,¢0) € (R*)?, it follows that if |§(10,1)| is sufficiently large with
d(1,2,1) <0, then w = mo(iw,i&p, o) possesses a nonreal root.

A less pessimistic guess could be that the inspection of the regimes |£| < [(]
and |¢| < [¢| (that are perturbations of £ = 0 and { = 0) could involve the
missing coefficients and be sufficient to decide the instability criteria encoded
by Corollary 5.1. For an example of a closely related situation where such a
scenario occurs, the reader is referred to [44, 35]. Yet the following lemma sug-
gests that even this weaker claim can be expected only in degenerate situations.
Let us also anticipate a bit and stress that the coefficient (1 21y plays a deep
role in our analysis of the small-amplitude regime.

LEMMA 5.3. — 1. Assume that 3, is nonsingular and that the eigenvalues
of ¥y are real and distinct, or equivalently, that Hess © is nonsingular
and that the characteristic values of the modulation system are real and

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



182 C. AUDIARD & L. M. RODRIGUES

distinct. Then there exists g > 0, such that when (§,¢) € R?\ {(0,0)} s
such that || < eq |€], the fourth-order real polynomial w — Ag(iw,i€, ()
possesses four distinct real roots.

2. Assume that ¥ is nonsingular and that the eigenvalues of (3:) '3y are
positive and distinct. Then there exists €9 > 0, such that when (£,¢) €
R2\ {(0,0)} is such that €] < &¢|C|, the fourth-order real polynomial
w i Ap(iw,1&,C) possesses four distinct real roots.

Recall that if 3J; is nonsingular and either 3; possesses a nonreal eigenvalue,
or (X;)7'%, possesses an eigenvalue in C\ [0, 4+00), then the associated wave
is unstable.

Proof. — The distinct character follows from continuity of polynomial roots
(applied, respectively, at ¢ = 0 and £ = 0). Then their reality is deduced from
the stability by complex conjugation of the root set of real polynomials. O

More generally, the transition to nonreal roots of w — Ag(iw, 1€, () may only
occur near a (&, o) where the polynomial possesses a multiple root. With this
in mind, we now elucidate how the breaking of a multiple root occurs near
¢ =0 and near ¢ = 0.

PROPOSITION 5.4 (Breaking of a multiple root near n = 0). — Assume that 3,
is nonsingular and that wy is a real eigenvalue of (3;) ™1 of algebraic multiplicity

Tro- If

either (ro >3 and d(12,1) + 02,1,1)Wo + (5(3’0,1)w8 #* 0),

1) + 4 wo + 0 w2
(1,2,1) (2,1,1)HWo T 9(3,0,1)Wo <0),

or (rg =2 and =
%{]!a/\vo(wO, 1,0)

then the corresponding wave is spectrally unstable.

Proof. — This follows from the Taylor expansion of Ag

&m0 Ag (iwp, 1, 0)
7‘()!

+ [Inl? (51,2,1(15)2 + 021,11 + 53,0,1)\2)

+ O (A —i&wol™ + |Inl|*) .

Bo(A i [Imll) = (A —i8wo)™
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Hence from Theorem 3.2 and a continuity argument there are ry roots of
De(-,|In||) near iwy that expand as

|77||> 0(1,2,1) +5211)w0+5301)w0 o
ifwg+i€Z ( -
’ ‘£| TQIaAOAO(wovlvo)

co(a (') ()™ +55))

3
<§| Il I¢] >—>(0,0,0),

in the limit

1€ Iml?
where Z runs over the roth roots of unity. ]
PROPOSITION 5.5 (Breaking of a multiple root near £ = 0). — Assume that

04,000 # 0 and5301 = 40(4,0,0) 9(2,0,2)- If

0(2,1,1) 0(4,0,0) — 55(3,1,0) d(3,01) # 0,
then the corresponding wave is spectrally unstable.

Proof. — From Lemma 5.2, stability requires d(40,0) > 0, d(2,0,2) > 0, and
0(3,0,1) = 21/9(4,0,0) 9(2,0,2), and we assume this from now on. The polynomial
Ag is then

Ao (A, i&,C) = d(4,0,0) </\2 + \ 5Z 2 Z; C2) +1€(8(2,1,10AC + 63,1,00A°)

+0 (N +¢%))

We begin with the case d(2,9,2) # 0. To analyze it we introduce

wn = (5(270,2))1/4 _ 5(3,0,1)
o:=\|<—— =
5(470’0) 26(4,0,0)

Then for each o € {—1,1}, when (|||, |€|/|Inll, |7]2/I£?) is sufficiently small,

there are 2 roots of D¢(-,||n||) near io||n||wy that expand as
1 oé
i 1+ ——no 1 ) — 7(5 )0
10||’l7||w0< B0 Tl ( (2,1,1)0(4,0,0) (3,1,0) (301)>

+0 <|In|| IIEH (|f,||| * ”T?IQ)) >

2
in the limit (| I, |||£|” ||T7§|| >_>
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When d(2,0,2) = 0~ thus also d(30,1) = 0 — and (||nll, [¢|/[nll, [nl1*/I¢]) is
sufficiently small, three of the four roots of D¢(-,||n||) near 0 expand as

e 5@,1,1))1 <|§|> ]2
363 Z 7 3
et 2 (G20 (Inll g} ( o)+ )

where Z runs over the 3rd roots of unity, in the limit

el n||2)
(” I e )~ ©0:0)- -

5.3. Large-period regime. — We now examine consequences of Corollary 5.1
in asymptotic regimes described in from Section 2.5. Since the large-period
regime turns out to be significantly simpler to analyze, we begin the solitary-
wave limit.

We prove the following theorem.

THEOREM 5.6. — When d > 2, if@fz@(s)(gggo),B(O),E;O)) # 0 then, in the large
period regime near (cz (© ), (0),&5)0)), System 97 fails to be weakly hyperbolic, and

waves are spectrally exponentially unstable to transversally slow, longitudinally
coperiodic perturbations.

Before turning to the proof of Theorem 5.6, we would like to add one com-
ment. It is natural to wonder whether the proved instability corresponds to an
instability of the limiting solitary-wave and even to expect that one could argue
the other way around by proving the instability of solitary waves and deduce
periodic-wave instability in the large-period regime by a spectral perturbation
argument. When 92 Oy (c ( p(o) k(o)) < 0, this is a well-known fact. We
expect this to be true under the assumptlons of Theorem 5.6. Yet, so far,
general results for solitary-wave instabilities [7, 51] have been proven only for
semilinear cases. More precisely, they have been proven for very specific forms
of Schrédinger equations and for larger classes of Euler-Korteweg systems, suf-
ficiently general to include all our semilinear cases. In the semilinear case, a
different proof of Theorem 5.6 could thus be obtained by applying results from
[7, 51] to solitary waves of the associated Euler-Korteweg systems, transfer-
ring those to large-period periodic waves of the same Euler-Korteweg systems
through a suitable spectral perturbation theorem in the spirit of [26, 52, 57]
and passing the latter to the Schrodinger systems by the results of Section 3.2.

Let us stress that instead our proof goes by examining the large-period limit
of a periodic-wave criterion. Incidentally, we point out that our periodic-wave
criterion is orthogonal to the arguments in [51] but shares some similarities with
those in [7]. For the adaptation as a periodic-wave criterion of the arguments
of the former, the reader is referred to [28].
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One of the advantages of the way we have chosen is that it offers a symmetric
treatment of both limits of interest, whereas the spectral perturbation argument
fails in the harmonic limit. Another one is that we prove that the instability
is of modulation type, being associated with the failure of weak hyperbolicity
of System 97.

The rest of the present section is devoted to the proof of Theorem 5.6. This
section and the next about the harmonic regime use formulation (94) and build
upon intermediate®” results from [10] and [11] on systems of Korteweg type.
Indeed, in the solitary-wave limit, once relevant asymptotic expansions have
been recalled, the proof shall be quite straightforward.

To ease notational translations, it is useful to recall that in Section 2.3 we
have derived for (3) the hydrodynamic formulation (39)

(105) 0, (f,) = J 6Ho|(p, V)],

0 div
vV 0

Hllp. )] = 5(20) o VI + “E2 0 2.

with v curl free, where

N
|

and

In turn, the Hamiltonian problems studied in [10, 11] include systems?® in the
form (105) but with a larger class of Hamiltonian densities, given in original
notation from [10, 11] as

Hl(p,w)] = 57l + 35(0) [Vl + £(0).

Thus, when importing results from [10, 11], we shall keep in mind the notational
correspondence

(v, u) = (p, v), K(U)_>2ip,.;(2p), T(v) = 2pk(2p),  f(v) = W(2p).

27. As opposed to main results.
28. Restricted to the one-dimensional case.
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To derive expansions for oy, o2 and o3, it is convenient to use the profile
equation (44) so as to write them as

anax(/‘m)
o :/ fl(p) 25(2;;) d
p

P,
min (K ) \/
/pmax(ﬂm) fz(p) 2 5(2 p) q
p

02 = P,
win(iz) Ve = Wo(p) | 2P
PmaX(l"m) 2 2

oy — / f3(p) f@( 4,

pmm(/"aﬂ) V

Mz — p
/pmlx(/—L:v \/7 2,€ 20
P

min ()

with

fi(p) = r(2p)2p,
fa2(pica, o) = K(2p) 2pv(p; ca,s pig)
Fa(p; e p1g) = 1(20) 2 p (V(p; €z, 1))

In this form, [10, Proposition C.3] is directly applicable and yields the required
expansions.

In the above and from now on, we mostly keep the dependence on (cg, wg, fte)
implicit for the sake of readability. This is consistent with the fact that the
limit is reached by holding (cg,wy, te) fixed and taking p, sufficiently close

to u&o) (Czywy, tig) (uniformly for (cz,wy, pty) in a compact neighborhood of

(0) , (0) (0
(ca’s Wy s By ))-
The solitary-wave expansions naturally involve a mass conjugated to the

minimal?® mass of periodic waves. Explicitly, in the large-period regime there
exists paual = Pdual (e} Cas We, [bg), sSuch that

Mo = Wp(pdual) P

with paual < p%, and g, — W, (-) does not vanish on (pdual, Pmin). In other
words, pquar is the first cancellation point of p,, — W, (+) on the left of P9 see
Figure 2.2.

The following theorem gathers the relevant pieces of asymptotic expansions.
Up to a slight extension to incorporate expansions of o1, o9, o3, it is the
translation in our setting of results from [10, Theorem 3.16 & Lemma 4.1]. We

29. Recall that we have decided to focus only on the case when the end state of the mass
of the limiting solitary wave is also its infimum.
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borrow the statement and notation®? from [11, Proposition 4 & Theorem 2],
where relevant results from [10] are compactly summarized.

THEOREM 5.7 ([10]). — In the large-period regime, there exist real numbers as,
bs, a positive number b, a vector Xy, and a symmetric matric Qs — depending
smoothly on the parameters (¢, wg, pty) — such that, with®!

Prmin (M) = paual (Ha) 1
106) <o) = P S
pmax(,ufz) - pmin(ﬁbm) Qang(p(O))
(107)
Xﬂ(-s) VO = -VjIne - X, + gVO - % (as Vo +bs Wy + ¢4 Z0)52]n5
+ (’)(52) ,
(108)
1
% Hess©® = bs# Vo® Vg
Xz €

+ (a5 Vo ® Vo +bs (Vo @ Wo+ Wy ® Vy))lne
+(T0®T0+2CSWQ®WQ+C5 (Zo®V0+V0®ZQ))1HE
+ 0, +O(ele),

and, for j =1,2,3,

™
@ %= —1;(p'?) Ime +0(1),
where
<& . | =)
C VoW, (@)
1 0
_ | a() _ | 9oa(p®)
VO - p(()) ) WO - 1 )
v(p!?) Ao (p )
0 0
zo— | B | g ! /o
, 0 o Kk(2p@)2p@ | 0O
v (p'™) 1

30. Except for a few variations. We use (Xg(cs),s) instead of (Es, p) and (pdual, Pmin, Pmax)
instead of (v1,wv2,v3). The subscript 0 was originally s.

31. The parameter € goes to zero as \/u;()) (CayWeps hgp) — Mz~
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with q defined by
a(p) = pv(p).
Moreover, the vectors are such that
Vo-By'AgVo=0, Vo -By'AgWy=0, Vi -B;'A¢Ty=0,
Vo -BylAgZo=-W;-By Ay Wy,
Ty -By'AgTy =0, To-By'AgZo =0,
e -Vg=1, e;-Wy =0, e -Zy=0, e Top=0,
and
x

(By'AgVy) - Xy = 0., 05 (!, p@ kL),

x5
™

(By'AgVo) - O, By AgVy = 92,04 (2, o, k1) .

As a consequence, after a few straightforward but tedious computations,
omitted here but detailed in the discussion preceding®? [11, Theorem 8] stems
that

[t 0 0 1 0 0
~& |0 VIte o | Po(—By Ag)HessO Py ' [0 —= 0
Xz 0 0 Iy 0 0 I

—cywo In(e) + O(1) VIEEy 4 O(cln(e)) O(In(e))

(s)
= ﬁX 92 O,y +O(n(e)) —cswoln(e) +O(1) YIEE y.T 1 O(In(e))
o) O(eln(e)) Yo In(e) +O(1)

with ys some two-dimensional vector, and

Po = (7 €2 VO To Wo)T

~1
(109) Yo = (Zﬁ (1)) (B HessH(O)(p(0)7kéO)) tenly) (g (1)> 7
2 2

—_ o~

where
1

Vr(2p®) 2,0
wy == —Wy - By 'AgWo = 20,v(p\?).

gp ‘= —TQ . B61A0W0 =

32. In notation of [11], Po = P, 7SS, -B;'A¢ =SS~ 1, y, = O Hys, 2! =x,D;!
and
0 _
<f’ 1) _AB
2
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Moreover,

-1 0 2C500
EO o <0'() 2c5w0 ’
We recall that H(® is the zero dispersion limit of the Hamiltonian Hy of the hy-
drodynamic formulation of the Schrodinger equation, and B is the self-adjoint

matrix involved in this formulation; see (51).
Observe also that from the foregoing it follows that

d(4,0,0) = det(Hess ©)
_ (n(e))? (xV)° b, 92 O, o (1)
B g2 75 det(BHess HO + ¢, I5)

(In(e))? (X1V)5 In(e)
T 7'(5 2(5 0'8 hs 8(2319(9) +O &T

_ (n(e))? (x{)° b, 92 0(s) o (1)
e ™™ K(2p)2p® 2V, (p?) '

Likewise,

80,400 = 1, d1,3,0 = O(1),

(s)\3
1 (X, In(e
8(2,2,0) = =2 Xz ) hs 07 O + O ( i )) ,

3

(s)\4
In(e) (Xz 1
0(3,1,0) = i) W4) 2cs wo bs 92 O(5) + O ( ) :

e2 e2

To go on we need to compute a similar expansion for

1 0 0 1 0 0
0 0 12 0 0 I2

A direct computation yields

0 0 0
0 03+ v(p)oy — (02 + v(p?)oy)
0 0002 —0001

0 %0’2 —mdl

-PyB;'Cy =

and

* * *

*
-1 0 0 0

-1
P, = 1
*

v(p'?) 0 52

200
* * *
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so that
~PoB,'CoP; "' =
0 0 0 0
—(o3 +20(p @)z + v(p(©)?01) 0 522 (00 + v(p'D)a1) —(02 + v(p)a1)
—00(0’2 +I/(p(0))01) 0 %20’1 —0001
—%(02 —l—U(p(O))Ul) 0 %0’1 —%0’1

To ease computations and materialize both symmetry and size we introduce

5 . o1 553) _ 02 + l/(p(o))al
— ln(s)Xg(cs)/ﬂ' — 1n(5)Xg(cs)/7r
(5(8) — o3 + 2y(p(0))o'2 + V(p(O))201
’ —1n(5)Xg(gs)/7r
Thus,
1 0 0 1 0 0
— [0 0 | PoB; 'CoPy ' [0 = 0
0 0 IQ 0 O IZ
0 0 0 0
x| 65 A In(e) 0 — 258 YIE In(e) 657 YL In(e)
I 00555) In(e) 0 —%(5%5) In(e) Uoégs) In(e) |’
2
%5;8) In(e) 0 —%6%5) In(e) %655) In(e)
with
s 1
5§ )= fl(P(o)) +0 <ln(€)> )
s 1
55" = 20(p) fi(p?) + O (m@) :
s 1
5 = a2 1) + 0 (175 )
At main order the matrix has rank 1, and with this observation we find
(In(s))?
d(2,0,2) = O <€2 .
(n(©)* (X&) o ), o (((0(E)?
0(3,01) = = - 2¢505hs05 7 +O - .

Note that this already yields the instability condition in the large period regime:
92,0 > 0,
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This may be derived, for instance, by examining the limit ¢ — 0 of the rescaled

AO( VEA ﬁc)

[In(e)]" " In(e)

X(S) 5 2 @ 4

xT Sac S 1

Sy 5) s O, “(0)+0<> )\4+O(C2 >
™ k(020 92 Ine In®e

(X(S))4 1
+ = 2¢, 00 hd((9)22p 060 + 0 <) A2¢2,
T Ine

According to both Theorem 4.3 and Theorem 4.6, 8§m6(s) < 0 also yields
instability. Applying Theorem 4.3 shows that the instability may be obtained
with & = 0, whereas applying Theorem 4.6 shows that it also corresponds to a
failure of weak hyperbolicity of the modulated system.

This achieves the proof of Theorem 5.6.

5.4. Small-amplitude regime. — We now turn to the small-amplitude limit.
Our goal is to prove the following theorem.

THEOREM 5.8. — In the small amplitude regime near a (QECO),B(O)&;)O)), such
that

O (p\ V5, ) # 0,
and3
Shyp % 0pr(c”, W), gfbo)) 40

waves are spectrally exponentially unstable to transversally slow, longitudinal
sideband perturbations.

Let us stress that, as proved in Appendix B, the limiting constant state is
spectrally stable if and only if dp,, < 0, so that, when 05y, > 0, the result is
nontrivial from the point of view of spectral perturbation. The overall proof
strategy is the same as in the large-period regime, but the final argument is sig-
nificantly more cumbersome. In particular, it involves essentially all coefficients
of Ao.

To begin with, we gather relevant expansions. The following is a straightfor-
ward extension of [10, Theorem 3.14 & Lemma 4.1], with notation taken from
[11, Theorem 2 & Proposition 4].

33. Where 0pyp, pF are as in (71)—(72).
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THEOREM 5.9 ([10]). — In the small-amplitude regime, there exist a real num-
ber by and a positive number ¢y — depending smoothly on the parameters (cq,wg, [e)
— such that, with ag given by (64) and>*

L pmax(lula:) — Pmin (Nm) pmin(,u/cc) - pdual(uz) L 1
e(pa) == v 00 Sy o)
2 pmax(,uac) - pmin(ﬂx) 28pr(p )
we have
4c
(110) F&VGZ4C0VO+(a0VQ+b0WO+CO Z0)82+O(€4>,
(111) HeSS@Za0V0®V0+bo(V0®W0+WQ®V0)7T0®T0

X
200 Wo® Wo + co (Vo @ Zo + Zo ® Vo) + O(2),
and, for j =1,2,3,

4c
(8) g5 = 4C0 fj(p(O)) + 0(52) ’
T

where Xg(go) denotes the harmonic period (48), and the other quantities are as
in Theorem 5.7.

Our starting point is

. [roo 100
0l 010 |Py'Po(-B;'Ag)HessOP;'Py | 0 0
T \0O0T, 001,
x e+ O(e?) Oe2)
= | eoe+ O(e?) x O(e) |,
O(e?) O(e?) »t
with
1 2 2
Ae = — +O(€)a 25120+O(€),
Co Wo

34. The parameter € goes to zero as \/uz — u;0>(cw,w¢,u¢).
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9o and ¢y having the sign® respectively of dpr and of 2p(9) k(2p(?) w + 834y,

N 1007 _ 10T —(7
Po=[010], P;,'=101 0 |,
O T 12 0 T 12
where
bo o 0 oo\ "
(-1 000 (= _ 0
(B +cowo)” <bowo+C0Co 00 Wo "
Note that
_ 0 —2cqop 1 [ wi 1
ol = Ohyp = — = —
0 (0’0 2c0w0> ’ hyp 4 400 2¢q ’
det(Xg! + cowp) = —16 €3 02 Snyp »

(Tr(S51))? — 4 det(Z!) = 64 ¢2 02 Snyp -
This yields d(0,4,0) = 1,
1
0(4,0,0) = det(Hess 0)= (XJ(EO))4 (/\2 — 290 e0> det(X2 ) +0 ( )
€

2
9(3,1,0) = (Xéo))B (/\

€

det(X71) + <)\12 — 20 eo> Tr(E€1)> +0 (e,
S(2,2,0) = (X )2 (det(Egl) + ()\12 — 20 e0> + )\3 Tr(261)> +0 (e,

(5(1’3’0) X(O) ()\ —|—T1"(E )),

35. In notation of [11], with (b,g) — (1,v),

1 47(0pg)® 02W + 37 (0yg)?

1) = — A

BE =16 13k —02W + 37 (Dug)® MDY

1 1
5hyp = 185% = Z(T (avg)Q - 812/W)7
20,
20 120w + 80nyp = 2=OW + 37 (909)*), w0 =wo == g,
7(9wg)® 2 2 5 Wo
90 = — P9IV (52 4 31(8,9)%) Arr, D00 = A,
0= o (&%W)g( oW + 37 (009)") Am1 00 = 5 A
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which is equivalent to

A A 2
Ao [ = =((= — 222 det(A2! I
0 (X£0)72’0> ((AE +Z) 13 0060> € ( € +z 2)

+O(EN (A2 +12),

Ao (X/\S’) z— Q,o) = (2% — A?e%00 €0 det (/\ <2€1 - ;612) + zlg)
+OEN (N +21%)) .
One recovers the instability criteria on dgr and dp,,)p in the form that instability
stems both from 9 ¢y < 0 and from (Tr(Egl))2 —4det(X;1) < 0.
This motivates a first shift to
- A A
AQ()\,Z,C) = Ao (‘Xvio),z — )\75’ )(20)) .
Note that we still have an expansion in the form

A0()‘a 2, C) = Z S(m,n,p) AR <2p s
0<m,n,p<4
m+n+p=4
p<m
but that expressing instability criteria in terms of Ay is not obvious and will
require some care. We already know that §(g.4,0) = 1, and then

. 1
d(a,0,0) = —€2 g ¢g det (251 — )\Iz> +0 (),
£

~ 1
(5(3’1’0) = g2 0peg Ir (E;l — )\IQ) + 0O (84) s

< 1
d(2,2,0) = det (Ee_l - /\Iz) —£%0e+ O ('),

€

1

5(1,370) =Tr <2€_1 — A12> = 0(52) .

Now, as in the solitary-wave limit, we introduce

5O .- 91 g0 _ o2t v(p)oy NONNGERS 2v(p )y + v(p'?)%0y
1 Xa(co) ’ 2 050) ) 3 Xéo) )
so that
0 O 0 0

R
7005”0 —2a5t 551"

w 0 w2 <(0) w 0
40 0550 g0

-PyB,'CoP;' = —x©
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with

5 = A (p™) +0 (),
05 =20(p) f1(p @) + O () ,
o8 = 4v(p ) £1(p@) + O (€?) .

Then we compute that

1 100 _ _ 100
— | 0= 0) Py'PoB;'CoPy'Py [0 0
© 00D 001,
O(1) 0(e) 0@1) 0)
= @ o) o (671) @) (5*1)
O(1) 0(e) 0@1) 0()
O(1) O(e) O(1) 0(1)

and observe that the latter matrix takes the form
matrix of rank 1 x (I + O(g?)).

As a result,

m

N ~ 1
(5(2}072) = 0(52) , (5(3,071) = —5:())0) g det (Z;l — )\12> + 0(52) ,
5(2,1,1) = O(l) ) 5(1,2,1) = O(l) :

Taking the limit € — 0 in

)\ 1 1 1 1 F
Ao <E (—5’1Z+51A) ,eT1Z el )
XO X©

yields the limiting
1 1
A% Z*% det (251 - A12> — 55994 det (20—1 — A12> 27212 =0,
0 0

where we recall det (251 — %012) = —16¢20306pyp. From this, one deduces that

when 6y, # 0, dpF > 0 gives instability since 9¢ has the sign of dpp.
Since Theorem 4.6 already concludes instability from épr > 0 this concludes
the proof of Theorem 5.8.
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Appendix A. Symmetries and conservation laws

In the present paper, including the current section, we only consider func-
tional densities depending on derivatives up to order 1. In particular,

LAU)(ISB[U]) = —LB[U] (J&A[U])
+ Z Y (vU |- 36B[U] + Vo, B[U] - JaA[U]) .

As a consequence, if Uy = JOH[U], then
(112)  (G[U])e = —LH[U](JoG[U])
+Y o, (va GlU) - ISHIU) + Vu, HIU] - Jag[m) .
¢

The main point in concrete uses of the latter equality is that U —
LH[U)(J6G[U]) encodes the variation of H under the action of the group gen-
erated by G. Here, we consider two kinds of invariance by the action of a group
generated by a functional density:

e stationarity of the density functional H under the action of the group
generated by G encoded by

LH[UI(J6G[U]) =0,

in which case (112) reduces to
G = >0 (Yo, 9IU] - ISHU] + Vo, H[U] - 36G[U] ) +
J4

e commutation of the density functional H with the action of the group
generated by G encoded by

LH[U(J6G[U]) = J6G[H[U]],

in which case (112) reduces to

G[U)): = —~TSG[H[U]] + Zae (vU GlU] - ISHIU] + Vi, H[U] -Jég[U]) :

Note that in the latter case if the group is a group of translations, then the
latter equation is still a conservation law.
Specializing the first case to G = Jl gives

U = > 00 (Yo, HIU- 3U)
14

whereas a specialization of the second case to G = Q; and to G = H gives,
respectively,

(@;[U])e = 9;(Vu,,Q;[U] - IFH[U +Zae (VU” wj)

TOME 150 — 2022 — N© 1



NLS PERIODIC WAVES 197

and
MU= o (VUWH[U} : J(SH[U]) :
£

To compute how these conservation laws are transformed when going to uni-
formly moving frames we also record the following simple but useful relations

LAM[U)(Io[U]) =0, LAM[U)(I6Q[U]) = 8p(M[U])
LQ;[U](Jom[U]) = —0;(Mm[U]),  LQ;[UJ(J6Q.[U]) = 0,(@;[U]),
LH[U)(JoM[U]) =0, LH[U)(I6Q,[U]) = 8u(H[U)).

Among the foregoing identities only the third one is not a simple expression of
invariances of Jl, @; and H, but it may be deduced from the second one.

For our purposes, it is also crucial to derive linearized versions of the algebraic
relations expounded above. Let us define Fg 3, by Fg 2 [U] = LG[U(JSH[U]), so
that Uy = JOH[U] implies (G(U)); = Fg,1|U]. Now note that if U is such that
OH[U] = 0, then LFg »[U}(V) = LGU)(JLOH[U](V)). In particular, if U, =0
and JH[U] = 0, then V; = JLIH[U](V) implies

(LGUIV)e = LFg n[U)(V) .

The latter computations also provide similar conclusions for the associated
spectral problems.

Appendix B. Spectral stability of constant states

In the present section, we study the spectral stability of constant solutions
to (3). By constant solutions we mean solutions that are constant up to the
symmetries, thus solutions in the form?3°

(113) U(t, x) = elkextws ) y(0) |

with U© a constant vector of R?, ky € R4, and wey € R. Since it is almost
costless and will be useful in Appendix C, we consider an even more general
class of Hamiltonian equations

114
( 8tI)J =J6%,[U],  with %, [U] = 3V,U-D(|U[*)V,U+W(||U[?),
where D is valued in real symmetric d x d-matrices. That U from (113) solves
(114) reduces to either U is zero or
(115)
wp = 2W(JUV)%) + ky - DU ky + [ Uk - (U)K .

36. The action of spatial translations is redundant with the action of rotations for this
class of solutions.
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For the sake of concision and comparison, it is expedient to introduce the
dispersionless hydrodynamic Hamiltonian

HO(p,v):=pv-D(2p)v+W(2p).

As a first instance, note that with p(® := 4 (U©®), (115) takes the concise
form wy = 0,H (p(V ky).

Changing frame through U(t,x) = e *+ws DI V(¢ x), linearizing, and us-
ing the Fourier transform brings the spectral stability question under consider-

ation to the question of knowing whether for any & € R9, the linear operator
on C?

Vi [U@) V x ZHO (9O ky) +2JUO . V x kg, - D'(2p0) iﬁ} Ju©
+ [2 UO© .V x ks D'(2 p<0>)15} u©
+ 6 DEp)E] IV + 2k, D) ig] V

has purely imaginary spectrum. If U© = 0, then, by diagonalizing J, one gets
that the latter spectrum is

i (+£-D2p0)¢ +2k,-D2p ")) €1 R,

hence spectral stability holds. When U #£ 0, we may use V (U(O) .
V,JU®©. V) as a coordinate map in which the above operator’s matrix is

20,VeH (p0) ky) - i€ —£-D(2p0)¢
2p@2HO (pO) ky) +&-D(2p0)E 20,V HO (p© ky) -1

Thus, when U(® =£ 0, spectral stability holds if and only if for any & € R?, the
solutions in A of

: (©0) (,(0) ?
(A =210,V HO( ky) - €)
+£-D(2p )¢ (2 pO ZH () k) + & - D(2 p(o))E) =0
are purely imaginary, that is, if and only if, for any £ € R¢,
£-D2p0)¢ (200 RZHO (o ky) + € D(2pV)¢) > 0.
As a conclusion, spectral stability holds if and only if, for any unitary e € R¢,
e D(2p?) exp@ 2ZH () k4) > 0.
For comparison, let us point out that 8§H(0) (p?), ky) = 40hyp-

LEMMA B.1. — Let U be a constant profile for a solution to (114) in the
sense of (113). Then, with p® = M(U©), the corresponding solution is
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spectrally exponentially unstable if and only if D(2 p(o)) is not the zero matriz,
p© Onyp 7 0, and one of the two following possibilities hold
1. there exists e, such that e, -D(2p®)e, > 0 and e_ such that
e_-D2p)e_ <0;
2. D(2p) is nonnegative (respectively nonpositive) and Spyp, < 0 (respec-
tively, Opyp > 0).

REMARK B.2. — In the present contribution, we are interested in constant
solutions only as far as they are reachable either as the constant limit in the
small-amplitude regime or as the limiting solitary-wave end state in the large-
period regime. Extending [10, Appendix A], let us point out that when D has
a sign (either nonnegative or nonpositive), constant states associated with a
large-period regime are always spectrally stable. We prove here this claim for
equations of type (3). Let us recall that with v and W, defined through

Wo(p) = —H (p,v(p) e +k4) + ws p + 16 v(p) = capv(p),
0=—e, - VyHO (p,v(p)es+ky) + 1g — z p,

this means that we focus on the case when 8§Wp(p(0)) < 0. By differentiating
the foregoing identities, one deduces that

0o Wo(p) = =0,H O (p,v(p) e +ky) +ws — cov(p),
20k(2p)V (p) = —ex -0,V H (p,v(p) e, +ky) — Ca
)
2pK(2p)
From this stems that, for (p(*),k,) = (p(¥,v(p(¥) e, +E¢), the saddle condi-
tion 8§Wp(p(0)) < 0 implies 8§H(0) (p,kg) >0 i.e., Opyp > 0, as claimed.

W, (p) = —02H ) (p, v(p) e +k4) +

Appendix C. Anisotropic equations

In the present section, we show how to generalize most of our results from
systems of the form (3) to systems of the form (114), namely,

0:U = J §%,[U], with %, [U] = VLU -D(||U|*)V<U + W(||U|]?),

where D is valued in real symmetric d X d-matrices. As in Appendix D, our
goal is not to transfer our methodology (with possibly different outcomes) but
to point out what is readily accessible by simple changes in notation.
Consistently with the rest of the present paper, we shall discuss explicitly
only waves in the form (7). Yet let us anticipate from Appendix D that even for
System (114) as considered here, all longitudinal results apply equally well to
waves of the form (15) and that instability results about general perturbations
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also generalize when either D is constant (semilinear case) or when d > 3, and,
for any a, E¢ is an eigenvector of D(«).

The restriction on generality that we make here is that we consider waves of
type (7) propagating in a direction that is a principal direction for the dispersion
of (114). We assume that, for any «, e, is an eigenvector of D(«a) for a nonzero
eigenvalue. This includes the case, considered in [40], that when d = 2, waves
propagate in the direction e; and

_(10
D<Oi1>'

It follows readily from the principal-direction restriction that all longitudinal
results still hold with

(116) k(a) :=e, -D(a)e

T xT )

and we recall that at this stage, there is no loss in generality in assuming k
positive valued. Unfortunately, in genuinely anisotropic cases, the principal-
direction restriction is essentially incompatible with modulation of the direction
e, and, thus, rules out any hope for a modulational interpretation in the spirit
of Section 5.1.

Therefore, under this assumption, we focus on extending the instability re-
sults of Section 5. As far as this goal is concerned, it is sufficient to deal with
the case when d =2, e, = e, and

(117) %, [U] = 3x(|UII")12:U|* + W([U|1*) + 37(U[1*)]19,U|1?,
with x as in (116) and & ranging over all the functions K given by
k(o) :=e-D(a) e,

where e is a unitary vector orthogonal to e,. Note that this reduction hinges
on the obvious facts that there is no loss in taking n under the form ||n|| e with
e as above, and that, for any «, the space of vectors orthogonal to e, is stable
under the action of D(«).

Up to minor changes that we detail below, Corollary 5.1 and results of Sec-
tion 5.2 extend readily to the case (117) with e, = e;. Indeed, the changes
required in Theorem 3.2 and its proof are purely notational, and in the state-
ment, the only place where k should be replaced with ¥ is in the definition of
Yy, or, in other words, in the definition of o1, o2 and o3. Explicitly,

X, X,

o1 = / RV VIR, oni= / (V2 Iv-v,,
X,

oy 1= / RV V.12

The proof of Proposition 3.1 requires more significant changes, but all of them
are elementary. The upshot is that in Proposition 3.1, the ellipticity condition
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Al + [[nl|* > Ro should be replaced with |[A] > Rg (1 + ||n||?). This weaker
conclusion is still sufficient to derive Corollary 5.1. Once the above-mentioned
change in 3, has been performed, all the results of Section 5.2 hold unchanged.

Note, for instance, that in Lemma 5.2, only the coefficients (., ) with
p # 0 depend on the choice of the transverse coefficient k. This stems from the
fact that the wave profiles are independent of this coefficient. Note, moreover,
that the dependence of d(,, ) on k has the parity of p. Thus, it follows from
Lemma 5.2 that waves cannot be spectrally stable to perturbations that are
longitudinally coperiodic for both k and —k except possibly if 0400 = 03,01 =
d2,0,2 = 0. Note that in the latter degenerate case, in particular, 0 has algebraic
multiplicity larger than 4 as an eigenvalue of Ly . Moreover, it follows from
an inspection of the coefficients of 3, and X, and a Cauchy—Schwarz argument
that this latter degenerate case cannot occur when K has a definite sign (either
positive or negative).

Now we turn to the generalization of asymptotic results in Sections 5.3
and 5.4. It is important to track there how the replacement of x with ¥ at
some places impacts the proof. In the integral representations of o1, o9 and
o3, k should be replaced with ¥ in definitions of f;, f2, and f3, and the formula
for o3 should be modified as

oy — / P (it2) fg(p) 2@(2 ? 4,
pmin(pz) VM
Pmax (Ha) \/7
o sV
Pmin (ta)
These changes appear in proofs of Theorems 5.6 and 5.8 only through the value
f1(2p©). When %(2p®) > 0, the arguments still apply, so that instability
still occurs.

Let us now focus on the case when %(2p(®)) < 0. Recall that we have
normalized signs to ensure x(2p(®)) > 0. Thus, it follows from Lemma B.1
that if xyp # 0, the limiting constant state is spectrally unstable. Note that,
as pointed out in Remark B.2, the condition 64, # 0 holds systematically at
the large-period limit. So we only need to explain how to transfer spectral
instability from limiting constant states to nearby periodic waves.

In the small-amplitude regimes, the transfer follows from a direct standard
perturbation argument for isolated eigenvalues of finite multiplicity, considering
the constant-coefficient operators obtained by linearizing about the constant
state as a periodic operator. To perform this comparison it is important, even
at the constant limit, to choose a frame adapted to the harmonic limit. Indeed,
let us observe that the choice of a frame — among those in which the reference

solution is stationary — does impact the spectrum of the linearized operator,
yet without altering the instable character of this spectrum. We omit details
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of the standard argument and, again, refer the reader to [38] for background
on spectral perturbation theory. The large-period regime is trickier to analyze
but is covered by [57].

To summarize, we have obtained that under the principal-direction assump-
tion, when D(2 p(®)) is nontrivial — in the sense that there exists e orthogonal
to e, such that D(2p(®)e is not zero —, spectral instability holds

1. in the large-period regime when at the limiting solitary wave 6206 O #0;

2. in the small-amplitude regime when at the limiting constant 0, # 0 and

5hyp 5BF 7é 0.

Appendix D. General plane waves

In the present section, we show how our general analysis may be applied
to more general plane waves in the form (15). Whereas we believe that our
methodology can be applied to all these waves (with possibly different out-
comes), our aim here is merely to point out what is readily accessible by a
simple change in frame or notation.

As was already highlighted in Section 2.6, all our longitudinal results apply
as they are, once one has replaced W with WE¢ defined through

— 1 T2 g (&
Wy (@) = W(a) + 5 ana) k]2 = HO (5K, ).
Thus, we only need to discuss our results on general perturbations, focused on
proving spectral exponential instability.

Dimension larger than 2. — A simple but efficient observation is that when
one restricts oneself to perturbations that are constant in the direction of E¢,
all transverse contributions due to the fact that E¢ is nonzero disappear. As a
direct consequence, when E(b # 0 but d > 3, all the spectral instability results
hold as they are (up to the change W — WE¢)’ and a modulational interpreta-
tion is available for the spectral expansion of D¢(X,n) when (A, &, 1) — (0,0,0)
under the condition 7 - qu = 0. In particular, when d > 3, in nondegener-
ate cases, spectral instability occurs in both small-amplitude and large-period
regimes. Except for the generalization of the modulational interpretation, this
argument also applies to the more general form of the equations considered
in Appendix C under the assumption that, for any «, E(z, is an eigenvector
of D(«).

The semilinear case. — In the semilinear case, one may go further by using a
form of Galilean invariance. Let us consider System (114) with D = Dg. Then
for any vector Edn if U solves (114) so does

E¢~DUE¢, t+K¢~x

(t,x)»—)e( )JU(t,X+t2D0E¢)
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The foregoing transformation preserves (in)stability properties and brings
waves of type (15) into waves of type (7). Thus, in the semilinear case, there
is absolutely no loss in generality in assuming the form (7).

Appendix E. Table of symbols

Here we have gathered page numbers of main definitions for symbols that

are

used recurrently throughout the text. Pieces of notation specific to a sec-

tion are not indexed here. For groups of symbols introduced simultaneously,

the

definitions may run over a few pages. We recall that underlining is used

throughout to denote specialization at a specific background wave.

1]

[2]

0, Hess, L, ®, div, 125 Cy, 10, T1, T2, T3, 01, 02, 03, 121
E, E"c, Ey, %x, %y, 114 HEKa v, Wp, 133
Has Hepy Fus 126 75§¢7 #, %, W§¢7 141
K., €., ko, kg, 9, 120 Ao, 174
u(p’ 9)) \77 HOa QJ? Hua 131 k:m k(]ﬁa Cgy Wg, We, %7 114
9(3); B,H(O)» 140 @7 Pmin; Pmax;, 134
5hyp; 6BF7 159 A07 B07 m, g, 117
fla f27 f37 186 va fdh Poy P 129
J, 5, W, Ho, M, @, Q;, 112 ©) () 135
Ef,na 67 n, ‘Cga Bavv ‘Faj 142 Eta Eyv 148
DE(Aa n)a R((E, Zo; )‘7 77)7 146 6(m,n,p)7 181
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