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THE GENERALIZED INJECTIVITY CONJECTURE

BY SARAH DI1JOLS

ABSTRACT. — We prove a conjecture of Casselman and Shahidi stating that the unique
irreducible generic subquotient of a standard module is necessarily a subrepresentation
for a large class of connected quasi-split reductive groups, in particular for those that
have a root system of classical type (or product of such groups). To do so, we prove
and use the existence of strategic embeddings for irreducible generic discrete series
representations, extending some results of Moeglin.

RESUME (La conjecture d’injectivité généralisée). — Nous prouvons la conjecture de
Casselman-Shahidi, qui affirme que I'unique sous-quotient générique d’'un module stan-
dard est nécéssairement une sous-représentation, pour une large classe de groupes ré-
ductifs, quasi-déployés et connexes, en particulier ceux qui ont un systéme de racines
de type classique (ou produit de tels groupes). Pour se faire, nous prouvons ’existence
de certains plongements particuliers de représentations séries discrétes, généralisant
ainsi des résultats de Moeglin.
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1. Introduction

1.1. Let G be a quasi-split connected reductive group over a non-Archimedean
local field F' of characteristic zero. We assume that we are given a standard
parabolic subgroup P with Levi decomposition P = MU, as well as an irre-
ducible, tempered, generic representation 7 of M. Now let v be an element in
the dual of the real Lie algebra of the split component of M; we take it in the
positive Weyl chamber. The induced representation 1§ (7,v) := I§(7,), called
the standard module, has a unique irreducible quotient, J(7,), often named the
Langlands quotient. Since the representation 7 is generic (for a non-degenerate
character of U, see Section 2), i.e. has a Whittaker model, the standard module
IS (r,) is also generic. Further, by a result of Rodier [29] any generic induced
module has a unique irreducible generic subquotient.
In their paper, Casselman and Shahidi [7] conjectured that:

(A) J(7,) is generic if and only if I$(7,) is irreducible.
(B) The unique irreducible generic subquotient of I$(7,) is a subrepresen-
tation.

These questions were originally formulated for real groups by Vogan [38]. Con-
jecture (B), was resolved in [7] provided the inducing data is cuspidal. Con-
jecture (A), known as the standard module conjecture, was first proven for
classical groups by Muié in [26] and was settled for quasi-split p-adic groups
in [18] assuming the tempered L function conjecture proven a few years later
in [19].

The second conjecture, known as the generalized injectivity conjecture was
proved for classical groups SO(2n + 1), Sp(2n), and SO(2n) for P a maximal
parabolic subgroup, by Hanzer in [13].

In the present work, we prove the generalized injectivity conjecture (Con-
jecture (B)) for a large class of quasi-split connected reductive groups provided
that the irreducible components of a certain root system (denoted 3,) are of
type A, B,C or D (see Theorem 1.1 below for a precise statement). Following
the terminology of Borel-Wallach [4.10 in [3]], for a standard parabolic sub-
group P, 7 a tempered representation and n € (a},)", a positive Weyl chamber,
(P, 7,m) is referred as Langlands data, and 7 is the Langlands parameter, see
the Definition 2.8 herein.

We will study the unique irreducible generic subquotient of a standard mod-
ule I$(7,) and first make the following reductions:

e 7 is a discrete series representation of the standard Levi subgroup M
e P is a maximal parabolic subgroup.
Then, 7 is written sé&, see Section 1.4 for a definition of the latter.

Then, our approach has two layers. First, we realize the generic discrete series
7 as a subrepresentation of an induced module I /() for a unitary generic
cuspidal representation of M; (using Proposition 2.5 of [19]), and the parameter
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THE GENERALIZED INJECTIVITY CONJECTURE 253

v is dominant (i.e. in some positive closed Weyl chamber) in a sense later made
precise; Using induction in stages, we can therefore embed the standard module
Ilg;(Tso?) in Igl (Ovtsa)-

Let us denote v + s& := A. The unique generic subquotient of the stan-
dard module is also the unique generic subquotient in Igl (ox). By a result of
Heiermann-Opdam [Proposition 2.5 of [19]], this generic subquotient appears
as a subrepresentation of yet another induced representation IS, (c},) charac-
terized by a parameter A in the closure of some positive Weyl chamber.

In an ideal scenario, A and A" are dominant with respect to Py (resp. P’),
i.e. A and ) are in the closed positive Weyl chamber, and we may then build
a bijective operator between those two induced representations using the dom-
inance property of the Langlands parameters.

In case the parameter A is not in the closure of the positive Weyl chamber,
two alternatives procedures are considered: first, another strategic embedding
of the irreducible generic subquotient in the representation induced from o¥,,
(relying on extended Moeglin’s Lemmas) when the parameter A” (which de-
pends on the form of A) has a very specific aspect (this is Proposition 6.14); or
(resp. and) showing the intertwining operator between I, (0,) (or IS (d%,))
and Igl (o) has a non-generic kernel.

1.2. In order to study a larger framework than the one of classical groups
studied in [13], we will use the notion of residual points of the y function (the
p function is the main ingredient of the Plancherel density for p-adic groups
(see the Definition 2.4 and Section 2.2).

Indeed, as briefly suggested in the previous point, the triple (Pp,0, A), in-
troduced above, plays a pivotal role in all the arguments developed thereafter,
and of particular importance, the parameter A is related to the p function in
the following ways:

e When o) is a residual point for the 1 function (abusively one says that
A is a residual point once the context is clear), the unique irreducible
generic subquotient in the module induced from o is discrete series (a
result of Heiermann in [15], see Proposition 2.6).

e Once the cuspidal representation o is fixed, we attach to it the set X,
a root system in a subspace of a};, defined using the p function. More
precisely, let « be a root in the set of reduced roots of Ay, in Lie(G)
and (M), be the centraliser of (Aps, ) (the identity component of the
kernel of o in Apy, ). We will consider the set

2o = {a € Brea(Aar,) M= (0) = 0}

It is a subset of a}, which is a root system in a subspace of aj, (cf.
[35] 3.5) and we suppose the irreducible components of ¥, are of type
A,B,C or D. Let us denote W, the Weyl group of ¥,.

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



254 S. DIJOLS

This is where stands the particularity of our method, to deal with
all possible standard modules, we needed an explicit description of this
parameter A lying in aj; . Thanks to Opdam’s work in the context
of affine Hecke algebras and Heiermann’s one in the context of p-adic
reductive groups such descriptive approach is made possible. Indeed, we
have a bijective correspondence between the following sets explained in
Section 4: {dominant residual point} <> Weighted Dynkin diagram(s)}

The notion of Weighted Dynkin diagram is established and recalled in the Ap-
pendix A.1. We use this correspondence to express the coordinates of the dom-
inant residual point and name this expression of the residual point a residual
segment generalizing the classical notion of segments (of Bernstein—Zelevinsky).
We associate to such a residual segment set(s) of jumps (a notion connected to
that of Jordan block elements in the classical groups setting of Moeglin—Tadi¢
in [23]).

Further, the p function is intrinsically related to the intertwining operators
mentioned in the previous subsection. A key aspect of this work is an ap-
propriate use of (standard) intertwining operators, more precisely the use of
intertwining operators with a non-generic kernel. Using the functoriality of
induction, it is always possible to reduce the study of intertwining operators
to rank 1 intertwining operators (i.e. consider the well-understood intertwining
operator Js, p,|p, between IQ,{HMI)% (ox) and I%%(Ml)ai (ca)); and in partic-
ular if o is irreducible cuspidal (see Theorem 2.1). At the level of rank 1 inter-
twining operator (where I 11\3/1[10( Mi)e, (ox) is the direct sum of two non-isomorphic

representations, see Theorem 2.1), determining the non-genericity of the kernel
of the map Jso, Pr|Py reduces to a simple condition on the relevant coordinates
(i.e. the coordinates determined by a;) of A € aj};, .

1.3. Having defined the root system ¥, let us present the main result of this
paper:

THEOREM 1.1 (Generalized injectivity conjecture for a quasi-split group). —
Let G be a quasi-split, connected group defined over a p-adic field F' (of charac-
teristic zero) such that its root system is of type A, B,C or D (or the product
of these). Let o be the unique irreducible generic subquotient of the standard
module 1G(1,); then Ty embeds as a subrepresentation in the standard module

IS(1,).

THEOREM 1.2 (Generalized injectivity conjecture for quasi-split group). — Let
G be a quasi-split, connected group defined over a p-adic field F' (of character-
istic zero). Let my be the unique, irreducible generic subquotient of the standard
module Ig(T,,) and let o be an irreducible, generic, cuspidal representation of
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THE GENERALIZED INJECTIVITY CONJECTURE 255

My such that a twist by an unramified real character of o is in the cuspidal
support of my.

Suppose that all the irreducible components of ¥, are of type A, B,C or D;
then, under certain conditions on the Weyl group of ¥, (which is explained in
Section 6.1, in particular Corollary 6.6), g embeds as a subrepresentation in
the standard module 1§ (1,).

Theorem 1.1 results from 1.2. Theorem 1.2 is true when the root system of
the group G contains components of type E, F' provided that X, is irreducible
and of type A. We do not know if an analogue of Corollary 6.6 holds for groups
whose root systems are of type E or F'. Further, in the exceptional groups of
type E or F', many cases where the cuspidal support of 7q is (Py, o) (generalized
principal series) cannot be dealt with using the methods proposed in this work;
see Section 9 for details.

1.4. Let us briefly comment on the organisation of this manuscript, therefore
giving a general overview of our results and the scheme of proof.

In Section 3, we formulate the problem in an as broad as possible context
(any quasi-split reductive p-adic group G) and prove a few results on intertwin-
ing operators.

As M. Hanzer in [13], we distinguish two cases: the case of a generic discrete
series subquotient and the case of a non-discrete series generic subquotient. As
stated in 1.2, the case of a discrete series subquotient corresponds to oy (in the
cuspidal support of the generic discrete series) being a residual point.

As just stated in 1.2, our approach uses the bijection between Weyl group
orbits of residual points and weighted Dynkin diagrams as studied in [27] and
explained in the Appendix A.

Through this approach, we can make explicit the Langlands parameters of
subquotients of the representations II§1 (o) induced from the generic cuspidal
support oy and classify them using the order on parameters in aj, as given
in Chapter XI, Lemma 2.13 in [3]. In particular, the minimal element for this
order (in a sense that is later made precise) characterizes the unique irreducible
generic non-discrete series subquotient; see Theorem 5.5.

Although requiring us to get acquainted with the notions of residual points,
and then residual segments, our methods have two advantages.

The first is proving the generalized injectivity conjecture for a large class of
quasi-split reductive groups (provided a certain construction of the standard
Levi subgroup M; and the irreducible components of ¥, to be of type A, B,C'
or D; we have verified those conditions when the root system of the quasi-split
(hence reductive) group is of type A, B,C or D), and recovering the results of
Hanzer through alternative proofs. In particular, a key ingredient (which was
not used by Hanzer in [13]) in our method is an embedding result of Heiermann—
Opdam (Proposition 2.7). The second is a self-contained and uniform (in the
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256 S. DIJOLS

sense that cases of root systems of type B,C and D are all treated in the same
proofs) treatment.

Although based on the ideas of Hanzer in [13], our approach includes a much
larger class of quasi-split groups and some cases of exceptional groups.

We separate this work into two different problems. The first problem is to
determine the conditions on A € a}; so that the unique generic subquotient of
Igl (ox) with o irreducible unitary generic cuspidal representation of a standard
Levi M; is a subrepresentation. The results on this problem are presented in
Theorem 6.3.

The second problem is to show that any standard module can be embedded
in a module induced from cuspidal generic data, with A € a}, satisfying one
of the conditions mentioned in Theorem 6.3. This is done in the Section 7 and
the following.

Regarding the first problem: in the Section 6.3, we present an embedding re-
sult for the unique irreducible generic discrete series subquotient of the generic
standard module (see Proposition 6.14) relying on two extended Moeglin’s lem-
mas (see Lemmas 6.12 and 6.13) and the result of Heiermann-Opdam (see
Proposition 2.7). This embedding and the use of standard intertwining opera-
tors with a non-generic kernel allow us to prove the Theorem 6.3.

Once achieved the Theorem 6.3; it is rather straightforward to prove the
generalized injectivity conjecture for the discrete series generic subquotient,
first when P is a maximal parabolic subgroup and secondly for any parabolic
subgroup in Section 7.2.

In Section 7.3, we continue with the case of a generic non-discrete series
subquotient and further conclude with the case of the standard module induced
from a tempered representation 7 in Corollary 7.11 and Corollary 8.3.

The proof of Theorem 1.2 is done in several steps. First, we prove it for the
case of an irreducible generic discrete series subquotient assuming 7 discrete
series and X, irreducible in Proposition 7.3.

We use this latter result for the case of a non-square integrable irreducible
generic subquotient in Proposition 7.9; and also for the case of standard mod-
ules induced from non-maximal standard parabolic (Theorems 7.8 and 7.10).
Then, the case of 7 tempered follows (Corollary 7.11). The case of ¥, reducible
is done in Section 8 and relies on the Appendix B.

The reader familiar with the work of Bernstein—Zelevinsky on GL,, (see [30]
or [40]) may want to have a look at the author’s PhD thesis where we treat
independently the case of ¥, of type A to get a quicker overview on some tools
used in this work.

From here, we use the following notations:

NOTATION. — e Standard module induced from a maximal parabolic sub-
group: Let ©® = A — {a} for « in A and let P = Pg be a maximal
parabolic subgroup of G. We denote pp the half sum of positive roots
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THE GENERALIZED INJECTIVITY CONJECTURE 257

in U, and for a the unique simple root for G, which is not a root for M,

pp
(PP, O‘)

(Rather than &, in the split case, we could also take the fundamental
weight corresponding to «). Since v is in a}; (of dimension rank(G) —
rank(M) = 1 since M is maximal) and should satisfy (v, 8) > 0, for all
B € A —© = {a}, the standard module in this case is I§(755), where
s € R such that s > 0, and 7 is an irreducible tempered representation
of M.

e For the sake of readability, we sometimes denote I (o(X)) := I (o)
when the parameter )\ is expressed in terms of residual segments.

e Let o be an irreducible cuspidal representation of a Levi subgroup M; C
M in a standard parabolic subgroup Py, and let A be in (a};, ); we denote
ZM(Py, 0, \) the unique irreducible generic discrete series (or essentially
square-integrable) in the standard module I} /(o).

We will omit the index when the representation is a representation of
G: Z(Py,0,)); often A will be written explicitly with residual segments
to emphasize the dependency on specific sequences of exponents.

2<pP7 a>
(a,0)

&= where (pp,a) =

2. Preliminaries

2.1. Basic objects. — Throughout this paper we will let F' be a non-Archime-
dean local field of characteristic 0. We will denote by G the group of F-rational
points of a quasi-split connected reductive group defined over F. We fix a
minimal parabolic subgroup Py (which is a Borel B since G is quasi-split) with
Levi decomposition Py = MUy and Ag a maximal split torus (over F) of My;
P is said to be standard if it contains Fy. More generally, if P rather contains
Ap, it is said to be semi-standard. Then P contains a unique Levi subgroup
M containing Ay, and M is said to be semi-standard. For a semi-standard
Levi subgroup M, we denote % (M) the set of parabolic subgroups P with Levi
factor M.

We denote by Aj; the maximal split torus in the center of M, W = WE the
Weyl group of G defined with respect to Ag (i.e. Ng(Ao)/Zc(Ap)). The choice
of Py determines an order in W, and we denote by wg the longest element
in W.

If ¥ denote the set of roots of G with respect to Ag, the choice of Py also
determines the set of positive roots (or negative roots, simple roots) which we
denote by X7 (or ¥7, A).

To a subset © C A we associate a standard parabolic subgroup Py = P
with Levi decomposition MU and denote Aj; the split component of M. We
will write a}, for the dual of the real Lie-algebra ans of Ay, (anr)f for its
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258 S. DIJOLS

complexification and a*M+ for the positive Weyl chamber in a3}, defined with

respect to P. Further, 3(Ays) denotes the set of roots of Aps in Lie(G). It is a

subset of a’,. For any root a € X(Apr), we can associate a coroot & € aps. For

P € P(M), we denote X(P) the subset of positive roots of Ay relative to P.
Let Rat(M) be the group of F-rational characters of M; we have:

ay; = Rat(M) ®z R and (ap )¢ = aj; ®r C.

For x ®r € a};, » € R, and A in aps, the pairing aps x a}; — R is given by:

Ax@r)=A0)-r
Following [39] we define a map

Hyr : M — apr = Hom(Rat (M), R)
such that

()l = g 00,
for every F-rational character x in a}, of M, ¢ being the cardinality of the
residue field of F. Then Hp is the extension of this homomorphism to P,
extended trivially along U.

We denote by X (M) the group of unramified characters of M.

Let us assume that (o, V) is an admissible complex representation of M. We
adopt the convention that the isomorphism class of (o, V) is denoted by o. If
Xy is in X(G), with v € af; o, then we write (0,,Vy, ) for the representation
o ® X, on the space V.

Let (o,V) be an admissible representation of finite length of M, a Levi
subgroup containing My a minimal Levi subgroup, centraliser of the maximal
split torus Ag. Let P and P’ be in P(M). Consider the intertwining integral:

(Tpp(@))(g) = / flg)dd f € I6(a,),

UnUN\U’
where U and U’ denote the unipotent radical of P and P’, respectively.

For v in X (M) with Re({v,&)) > 0, for all « in 3(P) N X(P’), the defining
integral of Jp/p(0,,) converges absolutely. Moreover, Jp/|p defined in this way
on some open subset of © = {o,|v € X(M)} becomes a rational function on ©
([39] Theorem IV 1.1). Outside its poles, this defines an element of

HomG(Ig(Vx)a Ig/(vx))~

Moreover, for any x in X (M), there exists an element v in I§(V,) such that
Jpr1p(oy)v is not zero ([39], IV.1 (10))

In particular, for all v in an open subset of a},, and P the opposite parabolic
subgroup to P, we have an intertwining operator

Jp plov) : IS(0,) — Ig(al,)
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THE GENERALIZED INJECTIVITY CONJECTURE 259

and for v in (a};)" far away from the walls it is defined by the convergent
integral:

(P (@) )(9) = /ﬁ f(ug)du.

The intertwining operator is meromorphic in v, and the map Jﬁl pd PP is a
scalar. Its inverse equals the Harish-Chandra p function up to a constant and
will be denoted u%(a,).

CONVENTION. — By [32] Sections 3.3 and 1.4, we can fix a non-degencrate
character ¢ of U which, for every Levi subgroup M, is compatible with w§ w?.
We will still denote v the restriction of ) to MNU. Every generic representation
m of M becomes generic with respect to ¥ after changing the splitting in U.
Throughout this paper, generic means 1-generic. When the groups are quasi-
split and connected, by a theorem of Rodier, the standard -generic modules
have exactly one v-generic irreducible subquotient. This unicity will be used
in numerous proofs; we will use the name [U] to refer to this result.

2.2. The p function. — Harish-Chandra’s p-function is the main ingredient of
the Plancherel density for a p-adic reductive group G [39]. It assigns to every
discrete series representation of a Levi subgroup a complex number and can
be analytically extended to a meromorphic function on the space of essentially
square-integrable representations of Levi subgroups.

Let Q@ = NV be a parabolic subgroup of a connected reductive group G
over I’ and o an irreducible unitary cuspidal representation of N, then Harish-
Chandra’s p-function u& corresponding to G defines a meromorphic function
ayec > C A= u%(oy) (cf. [15], Proposition 4.1, [34], 1.6), which (in a certain
context, see Proposition 4.1 in [15]) can be written as:

— ¢l (1 — g (@A)
K (on) = F) . o
ae];{@) (1 _ qeaJr(a,)\))(]_ — @t (a,)\))
where f is a meromorphic function without poles and zeroes on a};, and the €,
are non-negative rational numbers such that e, = €, if @ and o’ are conjugate.
We refer the reader to Sections IV.3 and V.2 of [39] for some further properties
of the Harish-Chandra p function.

Clearly, the p function denoted above u& can be defined with respect to any
reductive group G in particular, below we will use the functions u for a Levi
subgroup M.

Let P, = M U; be a standard parabolic subgroup. In [16] and [17], with the
notations introduced in Section 3.2.1, the following results are mentioned:

THEOREM 2.1 (Harish-Chandra, see [17], 1.2). — Fiz a root o € X(Py) and
an irreducible cuspidal representation o of M.
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(a) If uMe(g) = 0, then there exists a unique (see Casselman’s notes, 7.1
in [6]) non-trivial element sq in WMa (M) so that so(Py N (My)s) =
PN (My)y and sq0 = 0.

(b) If there exists a unique non-trivial element s, in WMe (M), so
5a(Py N (M1)a) = Py N (M)s and sqo = o, then p™Ma(o) # 0 <

11(3]1\4;()1‘(41 Yo (o) is reducible.

If it is reducible, it is the direct sum of two non-isomorphic representations.
The p function’s factor in this setting is:

(1—q"M)(1 —gY)
(1= g1 — g BNy

pM2(a3) = es(N) -

LEMMA 2.2 (Lemma 1.8in [17]). — Leta € A, s = s and assume (M1), 15 a
standard Levi subgroup of G. The operators Jsp,|p, are meromorphic functions
in oy for o unitary cuspidal representation and A a parameter in (a%l)“*),

The poles of Jsp,|p, are precisely the zeroes of pMe - Any pole has order 1,
and its residue is bijective. Furthermore, Jp,|sp, Jsp,|p, equals (;L(Ml)“)’1 up
to a multiplicative constant.

Let us summarize the different cases:

o If (Ma has a pole at oy ; then, the operators Jp,|sp, and Jgp|p, (Which
are necessarily both non-zero) cannot be bijective. Indeed, at oy, their
product is zero; if any were bijective, it would imply that the other is
Zero.

o If (™o has a zero in oy; it is Lemma 2.2 above.

Further, by a general result concerning the p function, it has one and only one
pole on the positive real axis if and only if, for ¢ a unitary irreducible cuspidal
representation, p(o) = 0. Therefore, for each a € X, by definition, there is be
one X on the positive real axis such that p(M)e has a pole.

ExaMPLE 2.3. — Consider the group G = GLs, and one of its maximal Levi
subgroups M := GL,, x GL,. Set o, := p|det|®* ® p|det |~* with p irreducible
unitary cuspidal representation of GL,. Then, u(p ® p) = 0, and it is well
known that at s = £1/2, u(os) has a pole and the operators Jpp and Jpp
are not bijective.

2.3. Some results on residual points. — Let () be any parabolic subgroup of G,
with Levi decomposition @ = LU. We recall that the parabolic rank of G (with
respect to L) is rkss(G) — rkes (L), where rkgs stands for the semi-simple rank.
The following definition will be useful:
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THE GENERALIZED INJECTIVITY CONJECTURE 261

DEFINITION 2.4 (residual point). — A point o, for ¢ an irreducible unitary
cuspidal representation of L is called a residual point for u& if

[{a e B(Q)(d,v) = £ea} | - 2[{a € B(Q)[(d,v) = 0} |
= dim(a} /ag,) = rkes(G) — rkss (L),
where €, appears in Section 2.2.

REMARK 2.5. — Since the p function depends only on a complex variable
identified with o ® x,, for A € (af)*; once the unitary cuspidal representation
o is fixed, we will freely talk about A (rather than o)) as a residual point.

The main result of Heiermann in [15] is the following;:

THEOREM 2.6 (Corollary 8.7 in [15]). — Let Q = LU be a parabolic subgroup
of G, o a unitary cuspidal representation of L, and v in a}. For the induced
representation Ig(al,) to have a discrete series subquotient, it is necessary and
sufficient for o, to be a residual point for u© and the restriction of o, to Ag
(the mazimal split component in the center of G) to be a unitary character.

We will also make a crucial use of the following result from [19]:

PROPOSITION 2.7 (Proposition 2.5 in [19]). — Let w be an irreducible generic
representation that is a discrete series of G. There exists a standard parabolic
subgroup Q = LU of G and a unitary generic cuspidal representation (o, F)

of L, with v € (a})% such that w is a subrepresentation of Ig(o,,),

We need the following definition to recall the Langlands’ classification (see,
for instance, [3] Theorem 2.11 or [20]):

DEFINITION 2.8. — A set of Langlands data for G is a triple (P, 7,v) with the
following properties:
1. P = MU is a standard parabolic subgroup of G
2. visin (a},)"
3. 7 is (the equivalence class of) an irreducible tempered representation
of M.

THEOREM 2.9 (Langlands’ classification). — 1. Let (P,7,v) be a set of
Langlands data. Then the induced representation 1§ (7,) has a unique
irreducible quotient, the Langlands quotient denoted J(P,v,T).

2. Let w be an irreducible admissible representation of G. Then there exists

a unique triple (P,v,7) as in (1) such that # = J(P,v, 7). We call this

triple the Langlands data, and v is called the Langlands parameter of m.
THEOREM 2.10 (Standard module conjecture proved in [18] and [19]). — Let
Ve af\j, and T be an irreducible tempered generic representation of M. Denote

J(7,v) the Langlands quotient of the induced representation I§(7,). Then, the
representation J(7,v) is generic if and only if I§(7,) is irreducible.
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3. Setting and first results on intertwining operators

3.1. The setting. — Following [19], let us denote aj;* = REM C afj‘l, where
YM are the roots in ¥ that are in M (with basis AM) (see also [28] V.3.13).
With the setting and notations as given at the end of the Introduction
(see 1.4), we consider 7 a generic discrete series of M. By the above proposition
(Proposition 2.7) there exists a standard parabolic subgroup P; = M;U; of G,
and we could further assume M; C M, o, a cuspidal representation of My, a
Levi subgroup of M N Py, such that 7 is a generic discrete series that appears
as subrepresentation of 137, p, (0,), with v in the closed positive Weyl chamber

relative to M, (a%i‘)# Moreover, o, is a residual point for p.
By transitivity of induction, we have:

Ig(TS&) — IICD;(IJJ\\gﬂPl (00))sa = Ilg;l (Ovtsa)s

where s € R satisfies s > 0, and & = (pp,a) !pp (rather than &, we could
also take the fundamental weight corresponding to o but we will rather follow
a convention of Shahidi [see [7]]).

CONVENTION. — The reader should note that our standard module 1§ (745) is
induced from an essentially square integrable representation 7,5. The general
case of a tempered representation 7 will follow in the Corollary 7.11. Through-
out this paper, we will adopt the following convention: 7 will denote a discrete
series representation and o an (irreducible) cuspidal representation. Also, fol-
lowing notations (as for instance in [13] or [23]), 7 < IT means 7 is realised as
a subquotient of II, whereas m < II is stronger, which means it embeds as a
subrepresentation.

In the following sections we will study the generic subquotient of Igl (0visa)
and consider the cases where either there exists a discrete series subquotient, or
there does not and, therefore, tempered or non-tempered generic (not square
integrable) subquotients may occur.

Given a generic discrete series subquotient ~y in Igl (0v+sa), using Propo-
sition 2.7 above, it appears as a generic subrepresentation in some induced
representation IS, (0,) for ' in the closure of the positive Weyl chamber with
respect to P/, and ¢’ irreducible cuspidal generic.

The set-up is summarized in the following diagram:

7 < Ig(Ts&) R— chjl (Ovtsa)

A

v Ig, (%)

We will investigate the existence of a bijective up-arrow on the right-hand side
of this diagram.
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3.2. Intertwining operators. —

LEMMA 3.1. — Let P; and Q be two parabolic subgroups of G having the same
Levi subgroup M.

Then, there exists an isomorphism 1p | between the two induced modules
Ig(a)\) and Igl (ox), for any irreducible unitary cuspidal representation o,
whenever A is dominant for both Py and Q.

Proof. — We first assume that @) and P; are adjacent (two parabolic subgroups
Q@ and P; are adjacent along « if ¥(P;) N —%(Q) = {a}). We denote g the
common root of ¥(Q) and X(P;); Q is the parabolic subgroup opposite @ with
Levi subgroup Mj.

We have

I§(02) = IS, (Ignt0 ) (02)),
where (M1)g is the centraliser of Ag (the identity component in the kernel of
B) in G, a semi-standard Levi subgroup (see Section 1 in [39]), and the same
inductive formula holds replacing @ by P;. Since A is dominant for both @) and
Py, (N, B) > 0 (since 3 is a root in X(Py)), but also (A, —3) > 0 since —f is a
root in 2(Q). Therefore, (3,\) = 0.
We have A in a}, , which decomposes as (ag\fgl)ﬂ)* @ (a(n,),)" and we write

A = p@®n. The dual of the Lie algebra, (ag\xl)ﬁ)*7 is of dimension 1 (since

M, is a maximal Levi subgroup in (M;)g) generated by B. If (3,\) = 0, the
projection of A on (a%l)ﬂ)* is also zero. That is, (3, ) = 0 or ,, is unitary.
Therefore, with o unitary, and x,, a unitary character, the representations

(Mi1)s (o) and

QN(M1)g
are unitary. Since they trivially satisfy the conditions (i) of Theorem 2.9 in [2]
(see also [28] VI.5.4) they have an equivalent Jordan—-Hdlder composition series,
and are, therefore, isomorphic (as unitary representations, having equivalent
Jordan-Holder composition series). Tensoring with x, preserves the isomor-
phism between

(Mi)g (0,)
PiN(Myp)g\"H

(M) (M)
IQH(JVZ);;(G“) and IPm(J[\}l)B(U“)'

That is, there exists an isomorphism between I é%g&l)ﬁ (o) and T }(,]\é[}])\ﬁl)ﬁ (or)-
The induction of this isomorphism, therefore, gives an isomorphism between
18(0')\) and I (ox) that we call 7p,|q.

If we further assume that @ and P; are not adjacent but can be connected by
a sequence of adjacent parabolic subgroups of G, {Q =Q1,Q2,Qs,...,Qn=P1}

with 2(Q;) N 3(Q;+1) = {Bi}, we have the following set-up:

G TQ21Q TQ31Q2 "QnlQn_1

IQ(O')\)%182(0')\)—>183(0‘,\)... Igl(o‘)\).
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Again, under the assumption that A is dominant for P; and @, we have
(Bi, A) > 0 and (—f;, \) > 0, for each 3; in 2(P;)NL(Q), and hence (f;, ) = 0.
Therefore, there exists an isomorphism between I, 8 (ox) and I 87:+1 (o)) denoted
TQ.+1]Q;- The composition of the isomorphisms rq,. o, Will eventually give us
the desired isomorphism between Ig(m\) and I§ (o). O

PROPOSITION 3.2. — Let IS, (d%,) and I (o)) be two induced modules with o
(or o') irreducible cuspidal representation of My (or M'), X € ay,; , N € ayyp,
sharing a common subquotient; then:
1. There exists an element g in G such that 9P’ := gP'¢g~' and P, have
the same Levi subgroup.

2. If X and X are dominant for Py (or P'), there exists an isomorphism
Ry between I, (c},) and IF (o).

Proof. — First, since the representations I, (04,) and IS (o) share a common
subquotient by Theorem 2.9 in [2], there exists an element g in G such that
My = gM'g™!, %), = o) and g\ = \, where % (x) = o(g'xzg) for z € M;.
The last point follows from the equality %\ = xgx-

For the second point, we first apply the map t(g) between I§,(c},) and
IS, (%%,), which is an isomorphism that sends f on f(g™1).

As ) is dominant for P/, g\ = X is dominant for 9P’, and we can further
apply the isomorphism defined in the previous lemma (Lemma 3.1): 7p, |sp/ (o)
(since P; and 9P’ have the same Levi subgroup: M;); we will, therefore, have:

t(g)

T ‘g ’
Ig,(ag\,) —4 Igp,(ga’,g - Mlor Igl (o)),
and R, is the isomorphism given by the composition of ¢(g) and rp,|sp-. ]
3.2.1. Intertwining operators with non-generic kernels. — Our objective is to

embed an irreducible generic subquotient as a subrepresentation in a module
induced from the data (Py, o, A) knowing it embeds in one with Langlands’ data
(P',o',N'). Notice that (P;,0,\) is not necessarily a Langlands data since, as
explained in the beginning of Section 4, the parameter A is not necessarily in the
positive Weyl chamber (a},, )*. If the intertwining operator between those two
induced modules has a non-generic kernel, the generic subrepresentation will
necessarily appear in the image of the intertwining operator and will, therefore,
appear as a subrepresentation in the induced module with Langlands’ data
(Py,0,A). We detail the conditions to obtain the non-genericity of the kernel
of the intertwining operator.

PRrROPOSITION 3.3. — Let Py and Q be two parabolic subgroups of G having the
same Levi subgroup M;.

Consider the two induced modules IS(O‘)\) and Igl (oa) and assume o is
an irreducible generic cuspidal representation, and A is dominant for Py and
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anti-dominant for Q. Then there exists an intertwining map from IS(O’)\) to

I (o), which has a non-generic kernel.

Proof. — We first assume that @ and P; are adjacent. We denote 3 the com-
mon root of 3(Q) and X(Py).

We have Ig(a,\) = Igﬁ (Ic(gj\rfg\/ﬂll),; (o)), where (M) is the centraliser of Ag
(the identity component in the kernel of ) in G, a semi-standard Levi subgroup
(see Section 1 in [39]), and the same inductive formula holds, replacing Q
by P;. Then, there are two cases: The case of (&A) = 0 is Lemma 3.1.
If <B,)\> > 0, let us consider the intertwining operator defined in Section 2
I}Jﬁ(’@l)ﬁ (ox) and I(F;)Ar{b)\fh)g (o)) and assume it is not an isomorphism.
The representation o being cuspidal, these modules are length 2 representations
by the Corollary 7.1.2 of Casselman [6]. Let S be the kernel of this intertwining
map and the Langlands quotient J(o, Pr N (M1)g, A) its image. One has the
exact sequences:

M
08— I (02) = J(o, PL0 (My)g, ) = 0,

between

M
0= J(o, Py (M), \) = IS0 (0x) = S = 0.

Further, the projection from

(M)

IQﬂzf\Zl)ﬂ ()
to
My ~ My
om0/ (0, PLn (My)g, 3) = S C IS0 (03)

defines a map whose kernel, J(o, Py N (M1)s, A), is not generic (by the main
result of [18], which proves the standard module conjecture). In other words,
we have the following exact sequence:

M A My
0= J(o, L0 (M), A) = I5ms s (ox) 2 Tl (o).

Inducing from (P;)g to G one observes that the kernel of the induced map
(Igjl)ﬁ (A)) is the induction of the kernel J(o, P N (M7)g,A). Therefore, the
kernel of the induced map is non-generic (here, we use the fact that there exists
an isomorphism between the Whittaker models of the inducing and the induced
representations, using result of [29] and [8]).

Assume now that @@ and P; are not adjacent but can be connected by a
sequence of adjacent parabolic subgroups of G,

{Q=01,Q02,Qs,...,Q, = P} with 2(Q;) N 2(Qiy1) = {Bi}.
We have the following set-up:

TQ3|Q2 TQnlQn_1

TQ21Q
IS(O')\)%182(0')\)—>183(0‘,\)... Igl(o‘)\).
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Assume that certain maps rq,, |, have a kernel; by the same argument as
above their kernels are non-generic, and, therefore, the kernel of the composite
map is non-generic. Indeed, we have the next Lemma 3.4. ]

LEMMA 3.4. — The composition of intertwining operators with a non-generic
kernel has a non-generic kernel.

Proof. — Consider first the composition of two operators, A and B as follows:
A B
Ig(()')\) — 182(0')\) — Igl (0’>\).

Clearly, the kernel of the composite (B o A) contains the kernel of A and the
elements in the space of the representation Ig (o2), x, such that A(z) is in the
kernel of B.

This means that we have the following sequence of homomorphisms:

0 — ker(A) — ker(B o A) 2 ker(B) N Im(A) — 0,

the pull-back by A~! of element in ker(B). The pull-back of a non-generic
kernel yields a non-generic subspace in the pre-image. The fact that this se-

quence is exact is clear, except for the surjectivity of the map ker(B o A) A
ker(B) NIm(A). However, if y € ker(B) NIm(A), then there exists x such that
A(z) =y, and we have B o A(z) = B(y) = 0 since y € ker(B).

If both ker(B) and ker(A) are non-generic, the kernel of (B o A) is itself
non-generic. Extending the reasoning to a sequence of rank 1 operators with
non-generic kernels yields the result. (|

We have observed that the nature of intertwining operators relies on the
dominance of the parameters A and \'. We now need a more explicit description
of these parameters; to this end, we will call on a result that was first presented
in [27] in the Hecke algebra context (Theorem Proposition 8.1 in [27], see also
Appendix A) and further developed in [16].

4. Description of residual points via Bala—Carter

With the notations of Section 3, we will study generic subquotient in induced
modules Igl (044sa) and IS, (a,).

One needs to observe, following the construction of our setting in Section 3,
that v is in the closed positive Weyl chamber relative to M, (a%l*)‘*‘, whereas
sa is in the positive Weyl chamber (a%,)", and, therefore, it is not expected
that v 4 s& should be in the closure of the positive Weyl chamber (a}, )*.

In particular, let a be the only root in X(Ag), which is not in Lie(M); we may
have (v, &) < 0, and, therefore, for some roots 5 € ¥(Ayy, ), written as linear
combination containing the simple root «, we may also have: (v + s&, B) < 0.
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However, by the result presented in Appendix A, if v + s& is a residual
point, it is in the Weyl group orbit of a dominant residual point (i.e. one whose
expression can be directly deduced from a weighted Dynkin diagram). We
therefore define:

DEFINITION 4.1 (dominant residual point). — A residual point oy for o an
irreducible cuspidal representation is dominant if A is in the closed positive
Weyl chamber (a},)7.

Bala—Carter theory allows us to describe explicitly the Weyl group orbit
of a residual point. In the context of reductive p-adic groups studied in [16]
(see, in particular, Proposition 6.2 in [16]), the fact that o lies in the cuspidal
support of a discrete series can be translated somehow to the assertion that
o corresponds to a distinguished nilpotent orbit in the dual of the Lie algebra
Lg, and, therefore, by Proposition A.9 (see also [27], Appendices A and B,
Proposition 8.1) to a weighted Dynkin diagram. Notice that Proposition A.9
requires G to be a semi-simple adjoint group, a certain parameter k, to equal
1 for any root « in @, and further, it concerns only the case of unramified
characters.

In the present work, we treat the case of weighted Dynkin diagrams of type
A, B,C,D. The key proposition is Proposition 4.6 below.

Our setting. — Recall that in Section 3 we embedded the standard module as
follows:

IICJ;(Tsd) — IICD;(IJ]\%OPl (JV))sd = Ilg;l (0v+sd)-

By hypothesis, o, is a residual point for p.

A=v+saisinay, .

Describing the form of the parameter A € aj, explicitly is essential for
two reasons. First, to determine the nature (i.e. discrete series, tempered, or
non-tempered representations) of the irreducible generic subquotients in the
induced module Igl (ox); and secondly, to describe the intertwining operators
and, in particular, the (non)-genericity of their kernels.

We will explain the following correspondences:

(1) {dominant residual point} +» {weighted Dynkin diagram}
> {residual segments} <> {jumps of the residual segment}

The connection between residual points and root systems involved for weighted
Dynkin diagrams requires a careful description of the participants involved.

The root system. — Let us now recall that W (M) is the set of representatives
in W of elements in the quotient group {w € Wlw Myw = Ml} JWML of
minimal length in their right classes modulo WM,
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Assume o is a unitary cuspidal representation of a Levi subgroup M; in G
and let W (o, M7) be the subgroup of W (M) stabiliser of o. The Weyl group
of ¥, is W, the subgroup of W (M, o) generated by the reflexions s,.

PROPOSITION 4.2 (3.5 in [35]). — The set

Sy = {a € Srea(Ans,) | pMe (0) = 0}

18 a root system.

For o € %, let s, the unique element in W(M)a (M, 0) that conjugates
PN M, and P, N (My). The Weyl group W, of ¥, identifies to the subgroup
of W(M, o) generated by reflexions s,, o € ¥,. & the unique element in
agvlgl)“ that satisfies (&, a) = 2.

Then XY := {d&]a € X5} is the set of coroots of 3y, the duality being that of
ay, and a’j\/ll.

The set X(P1) N, is the set of positive roots for a certain order on L.

REMARK 4.3. — An equivalent proposition is proved in [17] (Proposition 1.3).
There, the author considers O the set of equivalence classes of representations
of the form o ® x, where y is an unramified character of M;. He proves that
the set X, 1= {a € Zred(AMl)m(Ml)‘*has a zero on @} is a root system.

The Weyl group of G relative to a maximal split torus in M7 acts on ©. The
previous statement holds replacing W, by W (M, 6), the subgroup of W (M)
stabiliser of 6.

LEMMA 4.4. — If o is the trivial representation of My = My, the root system
Y, is the root system of the group G relative to Ay (with length given by the
choice of Py).

Proof. — Recall that 3, := {a € Syeq(Aps, ) |pM)e (o) = 0} is a root system.
Apply this definition to the trivial representation. Clearly, for any a € X (Ay),
the trivial representation is fixed by any element in W (Mo« (Mp), and therefore
by s satisfying s, (PoN(Mp)a) = PoN(Mp)e. It is well known that the induced

(Mo) o

representation, [ Por(Mo) (1), is irreducible; therefore using Harish-Chandra’s

theorem (Theorem 2.1) above, u(M0)a (1) = 0. Then
{a € Srea(Ap)|[pMo)a (1) = o} = {a € S(Ag)|pMo)e (1) = o}
= {a € E(A())} O

In general, the root system ¥, is the disjoint union of irreducible or empty
components ¥, ; for i =1,...,r. This will be detailed in Section 4.4.2.

PROPOSITION 4.5. — Let G be a quasi-split group whose root system ¥ is of
type A, B,C or D. Then the irreducible components of ¥, are of type A, B,C
or D.
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Proof. — See the main result of the article [12] recalled in the Appendix B. O

How the root system X, determines the weighted Dynkin diagrams to be used
in this work. —

PROPOSITION 4.6. — Assume G quasi-split over F. Let M; be a Levi subgroup

of G and o a generic irreducible unitary cuspidal representation of My. Put
Yo = {a € Srea(Ans, ) |pMe (o) = 0}. Let

d = 1kss(G) — rkgs(M7).

The set 3, is a root system in a subspace of ayy, (cf. Proposition 4.2). Suppose
that the irreducible components of ¥, are all of type A, B, C or D. Denote, for
each irreducible component X, ; of ¥, by aM '* the subspace ofa generated

by X, by d; its dimension and by e; 1,...,€;4, a basis of aM1 (or of a vector

space of dimension d; + 1 containing aM *if Xpi is of type A), so that the
elements of the root system X, ; are wmtten in this basis as in the work of
Bourbaki [4].

For each i, there is a unique real numbert; > 0, such that, if « = %e; jEe; 4
(M1)a . .
lies in Xo; then Ip Oy (o T (te, jicw_,)) is reducible.

If 35, is of type B or C, then there is in addition a unique element €; €
)aL d;

{1/2,1} such that IP 1( Moy, (Ocities q,) is Teducible.
Let A\ =3, Zj":l i j€i; be in afj;'*' with A; j real numbers.
Then oy is in the cuspidal support of a discrete series representation of G,
if and only if the following two properties are satisfied:
(i) d= Zz di.
(ii) For all i, %(/\1,1, ...y Aiyd,) corresponds to the Dynkin diagram of a dis-
tinguished parabolic of a simple compler adjoint group of
o type Dy, (or Aq,) if o, s of type D (or A);
otherwise:
e of type Cy,, if ¢, = 1/2;
o of type Bg,, if ¢, = 1.

Proof. — As ) lies in aJ\G/[*l, oy lies in the cuspidal support of a discrete series
representation of G, if and only if it is a residual point of Harish-Chandra’s
p-function.

Denote eZ i the rational character of Ap;, whose dual pairing with an
element x of af, a1, with coordinates

(1'1,17"-,1'1,(1171'2 1yeee9yL2dyy s Lrlye-yLrd, )
in the dual basis equals x; Jac , and by e ; the one whose dual pair equals
+1
(N
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The p-function decomposes as Haez( P) puMe . By assumption, the function
A pMea(gy) will not have a pole or zero on ajyy, except if a € 3. This means
that

(i

) « is of the form € i J < 5.
. . +
(ii) ais of the form e, .
)

., j<j',and X, of type B, C or D.
+

(iii) « is of the form e;; or Qe;fj and X, ; of, respectively, type B or C.

Let (A;;)i,; be a family of real numbers as in the statement of the proposition
and put A = >, Z;l=1 Aijeij. It follows from Langlands—Shahidi theory (cf.
the proof of Theorem 5.1 in [19]) that there is, for each 7, a real number ¢; > 0
and €; € {1/2,1}, so that:

e lfa=ef. ., €%, j<j, then

1,J5%,9
(1— in,ji,\i,j,)(l _ q—>\'i,j:F)‘i,j’)

M ti— A EN; IEDVIES VRS
(1= g R (1 = )

M O')\) = CQ(J(Ai,j)i,j)

where ¢, (O’()\iﬁj)iﬁj) denotes a rational function in oy, ), ;, which is reg-

ular and non-zero for real \; ;.
o Ifaa= €ij € Yo¥ora= 2e;; € Yo, then

(1= )1 —g)

Mo _
(U(/\z‘,j)i,j) = Ca(a()\i,j)i,j) = qeiti—xi,j)(l — qeiti-i-Ai,j)

"

with e, = 1,1/2.
Put k7 = 0 if £, is of type A and put k; = 0 if ¥, ; is of type A or D and
otherwise r; = k7 = 1. As X is in the closure of the positive Weyl chamber, it
follows that, for o) to be a residual point of Harish-Chandra’s pu-function, it is
necessary and sufficient, that for every i, one has

(2)  di =35I <i Aij — Ay = ti}]
+ 57 G, 3T <3 Ay + Xigr =t + wil{dAiy = eiti}]
—2[{(. 517 < 3" Mg — iy = O}
+ a0 < 5% N + i = 0 + wil {51 Ae; = O]

If k; = 0 or ¢; = 1, then this is the condition for %(AM, ...y Aig;) defining a
distinguished nilpotent element in the Lie algebra of an adjoint simple complex
group of type Ag,, Dq, or By, as in 5.7.5 in [5]. If ¢, = 1/2, one sees that
%(Ai,l, ..., Aid;) defines a distinguished nilpotent element in the Lie algebra
of an adjoint simple complex group of type Cy,.

In other words, t%()\m, ..., Aiq;) corresponds to the Dynkin diagram of a
distinguished parabolic subgroup of an adjoint simple complex group of type
By, Cy, or Dy, if k7 =1 and k;e; is, respectively, 1, 1/2 or 0, and of type A,
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EXAMPLE 4.7 (See also Proposition 1.13 in [17] and the Appendix of the au-
thor’s PhD thesis [11]). — In the context of classical groups, let us spell out
the Levi subgroups and cuspidal representations of these Levi considered in the
previous proposition.

Let M; be a standard Levi subgroup of a classical group G and ¢ a generic
irreducible unitary cuspidal representation of M;.

Then, up to conjugation by an element of G, we can assume:

My = GLg, X ... x GLg, x GLg, x ... x GLg,
d; times ds times

X ... x GLg, x...x GLg, x G(k),

d, times

where G(k) is a semi-simple group of absolute rank k of the same type as G,
and

0=01R..001RXR02X...009...... Ro,rR...R0, R oe.

Let us assume k # 0, and o; 2 o if j # i.
We identify Ay, to T=G% x G% x ... x G and denote «; ; the rational

character of Ay, (identified with T), which sends an element
T = (xl,la ey T1,dy s X215+ -3 X2, dgy e ey Ly e e 7xr,dr)

to xi’jx;jlﬂ if j < d; and to z; 4, if j = d;.
Let (s;,5):,; be a family of non-negative real numbers, 1 <i<r,1<j <d;
and s; j > s j+1 for ¢ fixed. Then,

o1|det]’ ! @ ... ® o1|det|*1 9 ® gg|det]|**! @ ... ® og|det|?2 92
®...® 0. |det]’! ® ... ® o,.|det]*" ¥ @ o.

is in the cuspidal support of a discrete series representations of G, if and only
if the following properties are satisfied:

(i) One has o; ~ g for every 1.

(ii) Denote by s; the unique element in {0,1/2,1} such that the represen-
tation of G(k + k;) parabolically induced from o;] - |** ® o, is reducible
(we use the result of Shahidi on reducibility points for generic cuspidal
representations).

(iii) If, in addition, G = SOs, (F), the situation can be a little subtler. For
instance, in the maximal parabolic case, with ¢ = 01 ® 0. and k; odd,
the long Weyl conjugate of o1 ® o is 0y ® ¢ - g, where c is a length
zero representative of Og,(F')/SOq2,(F). In particular, if ¢ - 0. 2 o,
oy ® c¢- 0. is not ramified, and no s; gives reducibility. However, this
can still be the support of a discrete series.
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Then, for all ¢, 2(s;1,...,Si.4;) corresponds to the Dynkin diagram of a distin-
guished parabolic subgroup of a simple complex adjoint group of
e type Ddi if s; = 0; then Zgﬂ' = {ai)l, ey QG 41,0 4,1 204i,di}§
o type Cy, if s, =1/2; then X, ; = {a;1,. .., ®di—1,20.4, };
o type By, if s; = 1; then ¥, ; = {as1,...,045,d,-1, %4, }-
For ¢ # j, since 0; 2 0;, we have ¥, ; # Xg ;.
Then M? is isomorphic to

GLg, x ... X GLg; X ... x GLy,_, x ... X GLg,_, X GLg,,, x ... x GL

1 i1
dy times d;_1 times di41 times
X ... X GLg, X ...x GLy, x G(k + d;k;).
d, times

4.1. From weighted Dynkin diagrams to residual segments. — The Dynkin di-
agram of a distinguished parabolic subgroup mentioned in the Proposition 4.6
is also called weighted Dynkin diagrams; a definition is given in Appendix A
and their forms in A.1 .

Let a parameter v € a},, be written (vy,vy,...,v,) in a basis {e1,ea,...,e,}
(or {e1,ea,...,€n,enq1} for type A) (such that this basis is the canonical basis
associated to the classical Lie algebra ag, as in [4] when M = Mj) and assume
it is a dominant residual point. As it is dominant, observe that v; > vy >
ey >0 (or vy > vy > ... > v, for type A). Further, it corresponds by
the previous Proposition (4.6) to a weighted Dynkin diagram of a certain type
A,B,C or D (see also Bala—Carter theory presented in Appendix A).

Let us explain the following correspondence:

(3) {weighted Dynkin diagram} «> {residual segment}
First, let us explain the following assignment:
WDD — v, where v is the vector with coordinates (v, a;).

Let us start with a weighted Dynkin diagram of type A, B, C or D. The weights
under roots a; are 2 (or 0), which correspond to (v,a;) = 1 (or 0). See the
weighted Dynkin diagrams given in Appendix A.1. Notice that we abusively
use «; rather than «; in the product expression, to be consistent with the
notations in the weighted Dynkin diagrams.

Using the expressions of «; in the canonical basis (for instance o; = e; —
€it+1, 265, or e;), we compute the vector of coordinates (v1,vs,...,1,) with
integers or half-integer entries. For instance, for a; = e; — e;41, when (v, ;) =
(Or vie,op) = 1, we get v; — vi41 = 1, whereas if (v, ;) = 0, then v; —
vi1 = 0. Conversely, let us be given a vector of coordinates (vq,vs,...,V,)
with integers or half-integer entries and the type of root system (A, B, C or D).
Using the relations v; and v; 41 for any i, we deduce the weights under each
root a; and, therefore, obtain the weighted Dynkin diagram.
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DEFINITION 4.8 (residual segment). — The residual segment of type B,C, D

associated to the dominant residual point v := (v1,va,...,,) € a*]\j1 (depend-
ing on a fixed irreducible cuspidal representation o of M;) is the expression
in coordinates of this dominant residual point in a particular basis of aj,
(the basis such that the roots in the weighted Dynkin diagram are canonically
expressed as in [4]).

It is, therefore, a decreasing sequence of positive (half)-integers uniquely
obtained from a weighted Dynkin diagram by the aforementioned procedure.

It is uniquely characterized by:

e An infinite tuple (..., 0, % tm, -, e, g1, .,10) OF («o.y 0, Mgy - -y
gy g1y ,nl/z)7 where n; is the number of times the integer or half-
integer value i appears in the sequence.

e The greatest (half)-integer in the sequence, ¢, such that ny = 1,n,_1 = 2,
if it exists.

e The greatest integer, m, such that, for any i € {1,...,m}, ney; = 1,
and for any i > m, ngy; = 0.

This residual segment uniquely determines the weighted Dynkin diagram of
type B, C or D from which it originates.

Therefore, the values obtained for the n;’s depend on the weighted Dynkin
diagram (see Appendix A.1) one observes the following relations:

e Type B:ny=1np_1=2,n;_1=n;+1orn,_1 =n;, ng= ”17_1 if nq
ni

is odd or ng = & if ny is even. (The regular orbit where n; = 1, for all

i > 1is a special case.)

e Type C: nj_y=mn;+lorni1 =n;;ny0=n3p+1l,n=1n_1=2.

(The regular orbit, where n; = 1, for all ¢ > 1/2 is a special case.)

e Type D:
l.n;=1foralli>fland ng=1,n;,=2forallie{2,...,£—1}.
ny s .
2. Nn;—1 =n; + 1 or ni—1 = N4, Ng Z 2, ng = { nngﬁlfﬁ.lnlf leSV((a)I(lid}
It will be denoted (n).

The residual segment of type A (we say linear residual segment, referring
to the general linear group) is characterized with the same three objects and
also corresponds bijectively to a weighted Dynkin diagram of type A. Then
it is a decreasing sequence of (not necessarily positive) reals, and the infinite
tuple given above is (...,0,1,1,1,...,1), i.e. n; < 1, for all 7. It is symmetrical
around zero.

We will also abusively say linear residual segment for the translated version

of a residual segment of type A; i.e. if it is not symmetrical around zero.

We usually do not write the commas to separate the (half)-integers in the
sequence.

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



274 S. DIJOLS

The use of the terminology “segments” is explained through the following
example.

An example: Bernstein—Zelevinsky’s segments. — Consider the weighted Dyn-
kin diagram of type A:

ay as an

2 2 2
As (v,a;) = 1, for all i <= v; — ;41 = 1, for all 4; the vector of coordi-
nates is, therefore, a strictly decreasing sequence of real numbers: (@,a — 1,
@ —2,...,6). Notice the specific font used to write linear residual segments.

The group GL, is an example of reductive group whose root system is of

type A. We may now recall the notions of segments for GL,, as defined in [2] and
following the treatment in [30]. We fix an irreducible cuspidal representation p
and denote p(a) = p|det|®. The representation p; X pa denotes the parabolically
induced representation from p; ® po.

DEFINITION 4.9 (Segment, linked segments). — [Bernstein—Zelevinsky; follow-
ing [30]] Let r|n. A segment is an isomorphism class of irreducible cuspidal
representations of a group GL,, of the form 8§ = {p, p(1), p(2),...,p(r — 1)}.
We denote it § = [p, p(r — 1)].

There is also a notion of intersection and union of two such segments ex-
plained in particular in [30]: the intersection of 8; and 8y is written 8; N 8o,
the union is written as §; U 8.

Let 81 = [p1, pi], S2 = [p2, ph] be two segments. We say S; and Sy are linked
if §1 € 8,8 € 8§ and §; U S, is a segment.

Once p is fixed, a segment is solely characterized by a string of (half)-
integers; it therefore seems natural, in analogy with Bernstein—Zelevinsky’s
theory, to name any vector (vy,...,vy) corresponding to a dominant residual
point and, therefore, by Proposition 4.6 (see also A.9 and [27], Proposition 8.1)
to a weighted Dynkin diagram: a residual segment.

Let us define 8§ = [p(r — 1),p] a sequence of representations twisted by
decreasing exponents and notice the difference with the definition of the seg-
ment as given in Bernstein—Zelevinsky where the exponents are increasing. The
unique irreducible subrepresentation (ore quotient) of p(r—1)x...x p is denoted
Z(8) (or L(8)). If it is a subrepresentation, it is essentially square-integrable.
Often, we denote it Z(p,r — 1,0), and more generally Z(p, «,6) for « and 6
any two real numbers such that « — 6 € Z. In the literature, the generalized
Steinberg is also denoted Sty (p); it is the canonical discrete series associated to
the segment [Q(%), e Q(%)], for an irreducible cuspidal representation p.
Often, Sty (1) will simply be denoted Sty.

This is a general phenomenon, since by Theorem 2.6, for any quasi-split
reductive group, we associate to any residual segment an essentially square-
integrable (or discrete series) representation. The well-known example of the
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Steinberg representation of GLj is also characteristic since the Steinberg is the
unique irreducible generic subquotient in the parabolically induced represen-
tation o(%51) x ... x o(15E).

By Theorems 2.6 and 5.4, combined with Rodier’s result, if the cuspidal sup-
port oy, a residual point, is generic, then the induced representation is generic,
and the unique irreducible generic subquotient is essentially square integrable.
Therefore, the phenomenon presented here with the Steinberg subquotient, oc-
curs more generally. When the generic representation o is a dominant residual
point, the residual segment corresponding to A characterizes the unique irre-
ducible generic discrete series (or essentially square integrable) subquotient.

EXAMPLE 4.10. — Consider By for instance (see A.1 to understand the rela-
tions between the p;’s), with m =3, p1 =2, pa =3, ps =4, ps = 2

a] a @15
9—0—0—0—0—0—0—0—0—0—0=>Q

\\,_/v\_v_/\‘,_/v

We have (v,a15) = (v,2e15) = 0, and, therefore, v15 = 0. (v,a14) = 0, and,
therefore, v14 = 115 =0 ; (v, a13) = 1, so 13 — v14 = 1. Eventually the vector
of coordinates corresponding to a dominant residual point, v is

(1/1,V2,l/3,...,1/13,V14,V15)2(765 43 322 2111 10 O)

4.2. Set of jumps associated to a residual segment. — In a following section
(6.3), we will present certain embeddings of generic discrete series in parabol-
ically induced modules. The proof of these embeddings necessitates the intro-
duction of the definition of the set of jumps associated to a residual segment
and, therefore, transitively, to an irreducible generic discrete series.

These jumps compose a finite set, set of jumps, of (half)-integers a;’s, such
that the set of integers 2a; + 1 is of a given parity. In the context of classical
groups, the latter set (composed of elements of a given parity) coincides with
the Jordan block defined in [23]. We will also use the notion of Jordan block in
this section.

Let us recall our steps so far.

If we are given my, an irreducible generic discrete series of GG, by Propo-
sition 2.7 and Theorem 2.6, it embeds as a subrepresentation in I§(a},) for
o), a dominant residual point. Further, by the results of [16] (see, in particu-
lar, Proposition 6.2), o}, corresponds to a distinguished unipotent orbit and,
therefore, a weighted Dynkin diagram. Once 3, is fixed (see Section 4 or the
Introduction for the definition of ¥,/), and assuming it is irreducible, the type
of weighted Dynkin diagram is given. All details will be given in Section 4.3.
By the previous argumentation (Section 4.1), we associate a residual segment
(ng,) to the irreducible generic discrete series .
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We illustrate these steps in the following example:

ExXAMPLE 4.11 (classical groups). — Let oy be in the cuspidal support of a
generic discrete series 7w of a classical group (or its variants) G(n), of rank
n. First, assume oy := p|-[* ®...p|-|® ® 0., where p is a unitary cuspidal

representation of GLy, and o, a generic cuspidal representation of G(k'), k' < n.
Using Bala—Carter theory, since A is a residual point, it is in the W,-orbit of
a dominant residual point, which corresponds to a weighted Dynkin diagram
of type B (or C, D), and, further, the above sequence of exponents (a,...,b)
is encoded (¢ +m,..., 0,0 —1,0—1,...,0) := (n) of type B (or C, D). The
type of weighted diagram only depends on the reducibility point of the induced
representation of G(k+k') : IS+, (p| . |5®0.), as explained in Proposition 4.6.

The bijective correspondence between residual segments and set of jumps. —
Let us start with the bijective map:
(n) — set of jumps of (n).

The length of a residual segment is the sum of the multiplicities: g4y, +
Ne+m—1 “+...1n1 + no.
We first write a length d residual segment (n)

((E+m),..., €, =1 ..., 1 ., 0 )
netimes n,_; times n1 times ng times

as a length 2d + 1 (or 2d) sequence of exponents (betokening an unramified
character of the corresponding classical group, e.g. to By corresponds SOgq41)

((t+m),.... £, =1 ..., 1 , 0 ,
ng times n,_, times n1 times ng times
0, 0, =1 ,.c, —L ,...,—(L+m))
ngo times n, times ng times

for type By only, we add the central zero. It is a decreasing sequence of 2d + 1
(for type Bg) or 2d (for type Cg4, Dg) (half)-integers; from the previous Sec-
tion 4.1, the reader has noticed that for Cy4, ng = 0.

Then, we decompose this decreasing sequence as a multi-set of 2ng + 1 (or
2n; for type Dg or 2n,,y for type Cy) (it is the number of elements in the
Jordan block) linear residual segments symmetrical around zero:

{(al,al —1,...,0,...,—ay);(ag,as — 1,...,0,..., —as);
o3 (G2ng+1, G2ng+1 — 1,...,0,...,—a2n0+1)}
resp.
{(ar,a1 = 1,...,1/2,-1/2,...,—ay); (az,a2 — 1,...,1/2,—-1/2,. .., —as);
i (aany 0 Gony = 1,00, 1/2,=1/2, 00 —ag, ,,) )
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where a; is the largest (half)-integer in the above decreasing sequence, as is
the largest (half)-integer with multiplicity 2, and in general a; is the largest
(half)-integer with multiplicity 4.

DEFINITION 4.12 (set of jumps). — The set of jumps is the set {ay, ..., a2n,+1}
(or {ay,...,az2n,,,}). As one notices, the terminology comes from the observa-
tion that multiplicities at each jump increases by 1: ng,,, = nq, + 1.

Let us make a parallel for the reader familiar with Moeglin—Tadi¢ terminol-
ogy for classical groups [23] (see also Tadi¢’s notes [36] and [37] for an intro-
ductory summary of these notions). In such a context, the Jordan block of the
irreducible discrete series 7 associated to the residual segment (n) (denoted
Jord,) is constituted by the integers:

{201 +1,2a0+ 1;...,2a0py41 + 1}

(or {2a1 +1,2a2 + 15..., 2a2p, , + 1}) This is not a complete characteriza-
tion of a Jordan block; for the correct use of the definition of Jordan block,
we should also fix a self-dual irreducible cuspidal representation p of a general
linear group and an irreducible cuspidal representation o, of a smaller classical
group. We abusively use the terminology Jordan block to define one partition,
but such a partition is only one of the constituents of the Jordan block as
defined in [23]. Clearly, the Jordan block is a set of distinct odd (or even)
integers. According to [23], the following condition should also be satisfied:
2d+1=73",(2a; + 1) for type B (or 2d =) ,(2a; + 1) for type C).

Moreover, we are now going to explain there is a canonical way to obtain
for a given type (A, B,C, or D) and a fixed length d all distinguished nilpotent
orbits, thus all weighted Dynkin diagrams and, therefore, all residual segments
of these given type and length.

This is given by Bala—Carter theory (see Appendix A and, in particular,
the Theorem A.7). First, one should partition the integer 2d + 1 (or 2d) into
distinct odd (or even) integers (given 2d + 1 or 2d there is a finite number
of such partitions). Each partition corresponds to a distinguished orbit and
further to a dominant residual point, hence a residual segment.

In fact, each partition corresponds to a Jordan block of an irreducible dis-
crete series ™ (whose associated residual segment is (n.)). Let us detail the
three cases (B,C and D).

Let us, finally, illustrate the following correspondence:

Jord, — set of jumps (nx) = (nx).

e In the case of By, the set jumps of (n,) derives easily from the choice
of one partition of 2d + 1 in distinct odd integers: Jord, = {2a; + 1,
2a3 +1,...,2a; + 1}. Then jumps of (n,;) = {a1,as,...,a:}.
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Once this set of jumps has been identified, one writes the correspond-
ing symmetrical around zero linear segments (a;, ..., —a;)’s and by com-
bining and reordering them, form a decreasing sequence of integers of
length 2d + 1.

This length 2d+ 1 sequence is symmetrical around zero, with a length
d sequence of non-negative elements, a central zero, and the symmet-
rical sequence of negative elements. The length d sequence of positive
elements is the residual segment (n).

Again, the case of Cy (by Theorem A.7 in Appendix A) 2d is partitioned
into distinct even integers; each partition corresponds to a distinguished
orbit and further to a dominant residual point, hence a residual segment.

The correspondence is the following: to the Jordan block of a generic

discrete series, m and its associated residual segment n.: Jord, =
{2a1+1,2a5+1,...,2a;+ 1}, for each a;, one writes (a;,a; —1,...,1/2,
—1/2,... — a;). One takes all elements in all these sequences and re-
orders them to get a 2d decreasing sequence of half-integers. The length
d sequence of positive half-integers corresponds to residual segment (n)
of type Cy.
In the case of Dy, let Jord, = {2a1+1,2a2+1,...,2a;+1} be the Jordan
block of a generic discrete series, 7; then write the corresponding linear
segments (a;, ..., —a;)’s, with all these residual segments, and form a
decreasing sequence of integers of length 2d. This length 2d sequence is
symmetrical around zero. The length d sequence of positive elements in
chosen to form the residual segment (n).

EXAMPLE 4.13 (B14). — Let us consider one partition of 2-14+1 into distinct
odd integers: {11,9,5,3,1}.

For each odd integer in this partition, write it as 2a; + 1 and write the
corresponding linear residual segments (a;, ..., —a;):

543210-1-2-3-4-5
43210-1-2-3-4
210-1-2
10-1
0

Re-assembling, we get

54433222111100;0;00-1-1-1-1-2-2-2-3-3-4—-4-5

Then, the corresponding residual segment of length 14 (29 =2-14 4 1) is:

54433222111100.

EXAMPLE 4.14 (Cy). — Then 2d; is 18, and we decompose 18 into distinct
even integers: 18; 14 +4; 124+4+4+2; 16 +2; 8+ 6+ 4, 12+ 6, 10+ 8. To each
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of these partitions corresponds the Weyl group orbit of a residual point and,
therefore, a residual segment. The regular orbit (since the exponents of the
associated residual segment form a regular character of the torus) corresponds
to 18. It is simply

(17/2,15/2,13/2,...,1/2).

The half-integer 17/2 is such that 2(17/2) + 1 = 18.

Let us consider the third partition, 12+4+2: 12 = 2(11/2)+1; 4 = 2(3/2)+1;
2 =2(1/2) + 1. Each even integer gives a strictly decreasing sequence of half-
integers (11/2,9/2,7/2,5/2,3/2,1/2); (3/2,1/2); (1/2). Finally, we reorder the
nine half-integers obtained as a decreasing sequence:

(11/2,9/2,7/2,5/2,3/2,3/2,1/2,1/2,1/2).

REMARK 4.15. — Once given a residual segment, (n), and its corresponding
set of jumps a1 > az > ... > ay, one observes that for any 4, (a;, ..., —a;y1)(n:)
is in the W,-orbit of this residual segment, where (a;,...,—a;11) is a linear
residual segment and (n;) a residual segment of the same type as (n).

Therefore, a set of asymmetrical linear segments (a;, ..., —a;1+1) along with
the smallest residual segment of a given type (e.g. (100) for type B, or
(3/2,1/2,1/2) for type C) or a linear segments (a;,a; — 1,...0) (or
(a1,a1 — 1,...1/2) for type C) is in the W,-orbit of the residual segment (n).

Clearly, a set of linear symmetrical segments cannot be in the W -orbit of
the residual segment (n).

4.3. Application of the theory of residual segments. —

4.3.1. Reformulation of our setting. — Let us come back to our setting (re-
called at the beginning of the Section 4).

Let M7 be a Levi subgroup of G and ¢ a generic irreducible unitary cuspidal
representation of M;. Put ¥, = {a € X.eq(Ans, )|t (o) = 0} (or M =
{a € =M (Ap,)|pMa (o) = 0}). The set 3, is a root system in a subspace
of (a$},)* (resp. (a}f )*)(cf. [35] 3.5).

Suppose that the irreducible components of ¥, are all of type A, B, C
or D. First assume Y, is irreducible, and let us denote J its type, and A, :=
{a1,...,aq} the basis of ¥, (following our choice of basis for the root system
of G).

We will consider maximal standard Levi subgroups of G, M D M, corre-
sponding to sets A—{ay}, for a simple root oy, € A (here we use the notation oy,
to avoid confusion with the roots in A, ). Since M O My = Mg, © C A— {%},
or in other words, if we denote «, the projection of oy on the orthogonal of ©
in ay,,, then ay € Yo (see Appendix B for the precise definition and analysis
of this set), and even more, then oy € X,. If a; is not a extremal root of the
Dynkin diagram of G, 3™ decomposes into two disjoint components.

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



280 S. DIJOLS

REMARK 4.16. — The careful reader will have already noticed that it is possi-
ble that XM breaks into three components rather than two; in the context ¥ is
of type D,, and oy, in the above notation is the simple root a,—o € A. In this
remark and in Appendix B, we rather use the notation a; to denote the simple
roots in X and a; their projections on the orthogonal to ©. By the calculations
done in [12], to obtain any root system in Yg for 3 of type D,,, we need either
Qp_1 and o, in A to be in ©, or only one of them in ©. In the case that both
of them are in ©, but «,_»o is not, we are reduced to the case of B,,_5. Then
Qp_3 = ep—2 would be the last root in ¥,. Therefore, if M = Ma_,,_,, and
therefore ¥ is irreducible, we treat the conjecture for this case in Section 7.1.
In the case that only one of them (without loss of generality ,_1) is in ©,
the projection a,—2 = e, — m% has a squared norm equal to 3/2. This
forbids this root to belong to ¥e and, therefore, to be the root ay, such that
M is Ma_q,. Indeed, as explained at the very beginning of Section 4.3, since
My, = Mg CM, the root ay, that is not a root in M is not a root in © either.

Then, XM is a disjoint union of two irreducible components Ef,vfl U 2%2 of
type A and ', one of which may be empty (if we remove extremal roots from
the Dynkin diagram). If we remove @, Ef;g is empty, and Eff\ﬂ is of type A,
whereas if we remove a7, 2%2 is of type I and Ef,vfl is empty.

Else we assume XY, is not irreducible but a disjoint union of irreducible
components or empty components ¥, ; for i =1,...,r of type A, B, C or D:
Y =, X0,i- Then, the basis of 3, is

Ao’ = {al,lvn-7a1,d1;a2,17"'7a2,d2a'"7ai,17'"7ai,di1"'7a'r‘,17"'7a7‘,dr}‘

Again, we will consider maximal standard Levi subgroup of G, M D> My,
corresponding to sets A — {@x}.

Then, for an index j € {1,...,r}, Eﬂ/fj is a disjoint union of two irreducible
components X1 |JE); of type A and T, one of which may be empty (if o is

an “extremal” root of the Dynkin diagram of G). If we remove the last simple
root, a,, of the Dynkin diagram, E%-z is empty, and E%jl is of type A, whereas
if we remove aj, E%Q is of type I, and Eﬂffjl is empty. Therefore, it will be
enough to prove our results and statements in the case of ¥, irreducible; since
in case of reducibility, without loss of generality, we choose a component X, ;,
and the same reasonings apply.

Now, in our setting (see the beginning of Section 4), o, is a residual point
for M. Recall that X, is of rank d = d; + da. Therefore, the residual point is
in the cuspidal support of the generic discrete series 7 if and only if (applying
Proposition 4.6 above): tk(XM) = dy — 1 + da.

We write XM = Ay, _1J%4,, and v corresponds to residual segments
(1115, v1,4,) and (v21,...,V2.4,)-
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Let us assume that the representation oy is in the cuspidal support of the
essentially square integrable representation of M, 745, where A = v + s&. We
add the twist s& on the linear part (i.e. corresponding to A4, 1), and, there-

fore, (v21,...,v2,4,) is left unchanged and is thus (Ag1,...,A2.4,), Whereas
(r115---,V1,4,) becomes (A11,...,A1,4)-
Then, we need to obtain from (A1 1,...,A1,4;)(A2.1,...,A2.4,) a residual seg-

ment of length d and type J. Indeed, it is the only option to ensure o is a
residual point (applying Proposition 4.6) for u, in particular, since d = d; +ds
(and, therefore, writing %, = Aq, -1 | J4, does not satisfy the requirement of
Proposition 4.6).

4.3.2. Cuspidal strings. — Assume that we remove a non-extremal simple root
of the Dynkin diagram. The parameter A in the cuspidal support is, therefore,
constituted by a couple of residual segments, one of which is a linear residual
segment: (@,...,6), and the other is denoted (n). It will be convenient to
define the cuspidal support to be given by the tuple («,6,n), where n is a tu-
ple (..., 0,Mp4m,--- Mg, Mo—1,...,n1,n0) uniquely characterizing the residual
segment. We define:

DEFINITION 4.17 (cuspidal string). — Given two residual segments, strings of
integers (or half-integers): (w,...,6)(n). The tuple (w,6,n), where n is the
(¢ +m + 1)-tuple

(n€+m7 ey M, Mp—1, - .,TL]_,'I’L()),

is named a cuspidal string.

Recall that W, is the Weyl group of the root system X, .

DEFINITION 4.18 (W,-cuspidal string). — Given a tuple (@, %, n), where n is
the ({+m+1)-tuple (ngym,...,nNe, Ne—1,...,n1,n0), the set of all three-tuples
(¢',6',n"), where n' is an (¢ +m’ 4 1)-tuple (2 s, Ny N _1, -+, 17, M)

in the W, orbit of («,6,n) and is called W,-cuspidal string.

REMARK 4.19. — These definitions can be extended to include the case of ¢ lin-
ear residual segments (i.e. of type A): (@1,...,61)(¢2,...,62)... (@, ..., 0)
and a residual segment (n) of type B, C or D, then the parameter in the cus-
pidal support will be denoted (@1, 61;w9,62;...; ¢, b4, 1).

4.4. Application to the case of classical groups. — In the following section, we
illustrate how these definitions naturally appear in the context of classical
groups.

4.4.1. Unramified principal series. — Let 7 be a generic discrete series of M =
My, x M., the maximal Levi subgroup in a classical group G, then M} C Py,
is a linear group, and M. C P, is a smaller classical group. It is a tensor
product of an essentially square integrable representation of a linear group and
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an irreducible generic discrete series m of a smaller classical group of the same
type as G.

a+6
—

Further, let us assume that (P,0,\) := (Py,1,A). The twisted Steinberg is
the unique subrepresentation in I%LL (@,...,6), whereas m — I}Z\,fcc (n).
Therefore,

I5(7) = I« p, (15 (0, 8) 150 () 2 IE (@) ..., 6)(n).

T:=Stq,|-|° ® 7, with s =

4.4.2. The general case. — Assume 7 is an irreducible generic essentially
square integrable representation of a maximal Levi subgroup M of a classi-
cal group of rank > !, d; - dim(o;) + k. Then 7 := Stg,(01)|-|* ® 7, with
s = etb

2
We study the cuspidal support of the generic (essentially) square integrable
representations Stg, (01)]-|* and 7.

By Proposition 2.7, 7 — I%CC (o¢ ) such that:

Ve

M= GLg, x ... x GLg, X ... x GLg, x ... x GLg, x G(k),

do times d, times

where G(k) is a semi-simple group of absolute rank & of the same type as G.
We write the cuspidal representation ¢ := 09®...®02R...Q0,Q...®0, R0,
of M . and assume the inertial classes of the representations of GLy,, o;, are
mutually distinct, and o; & ¢ if 05,0, are in the same inertial orbit.
The residual point v, is dominant: v. € ((a}],)*+. Applying Proposition 4.6

below with v, and the root system Ef,w we have: v, := (va,...,1,), where each
v; for i € {2,...,r} is a residual point, corresponding to a residual segment of
type Bd@ I Od1 k) Ddl .

Further,

Stay (01)|-[* = g% (01, ML) Z IpE (01| - [“ @ o[- [“7F o] - %),

where \p, is the residual segment of type A: (@, « —1,...,6), and M, is the
linear part of Levi subgroup M. Such that eventually: ¢ = 01 ® 01...01 ®
09R...00®...00,®...0, R 0., and gy can be rewritten:

(4) 0'1|'|“®0’1|-|a_1...0'1|-‘ﬁ®0’2|-|€2...O'2|-IZQ...O'2|~|0...®0'2"|0...

ng,,2 times ng,2 times
s £ 0 0
orl | Qo | @0V @] ® o
ng,. r times no,, times

1. It is worth noting that in the case of the Siegel parabolic for classical groups, Ip(7sa)
is Ind§ (| det |*/27) see p7, [31].
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The character v, representation of M7, can be split into two parts v; and
v = (va,...,1,), residual points, giving the discrete series denoted Stq, (01) in
I%_LL (01) and 7 in If,vffc (0¢,v). By a simple computation, it can be shown that
the twist s@ will be added on the ‘linear part’ of the representation and leaves
the semi-simple part (classical part) invariant.

Namely, v is given by a vector (v1 =0, va,...,1,), and we add the twist s&
on the first element to get the vector: A = (A1, Ag, ..., A.), where each ); is a
residual segment (n;) associated to the subsystem X, ;.

To use the bijection between W, orbits of residual points and weighted
Dynkin diagrams, one needs to use a certain root system and its associated
Weyl group. Then A is a tuple of r residual segments of different types:
{(n;)},i €{1,...,r}. If the parameter X is written as a r-tuple: (A1,...,A.),
it is dominant if and only if each A; is dominant with respect to the subsys-
tem Eoﬂ'.

We have not yet used the genericity property of the cuspidal support. This
is where we use Proposition 4.6. The generic representation o. and the re-
ducibility point of the representation induced from o;|-|* ® o, determine the
type of the residual segment (n;) obtained.

5. Characterization of the unique irreducible generic subquotient
in the standard module

5.1. Let us first outline the results presented in this section. Let us assume
that the irreducible generic subquotient in the standard module is not a discrete
series. We characterize the Langlands parameter of this unique irreducible non-
square integrable subquotient using an order on Langlands parameters given in
Lemma 5.2 below: more precisely, in Theorem 5.5, we prove that this unique
irreducible generic subquotient is identified by its Langlands parameter being
minimal for this order.

We then compare Langlands parameters in Section 5.3, and along those
results and Theorem 5.5, we will prove a lemma (Lemma 5.16) in the vein of
Zelevinsky’s theorem at the end of this section.

Finally, before entering the next section we need to come back to the de-
piction of the intertwining operators used in our context. This Section 5.4 on
intertwining operators also contains a lemma (Lemma 5.12) that is crucial in
the proof of the main Theorem 6.3 in the following section.

5.2. An order on Langlands’ parameters. — Using Langlands’ classification
(see Theorem 2.9) and the standard module conjecture (see Theorem 2.10), we
can characterize the unique irreducible generic non-square integrable subquo-
tient, denoted Ig, (1/.). In particular, on a given cuspidal support, we can
characterize the form of the Langlands’ parameter v’. We introduce the neces-
sary tools and results regarding this theory in this section.
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To study subquotients in the standard module induced from a maximal
parabolic subgroup P, Ig(TSd), we will use the following well-known lemma
from [3]:

Let us recall their definition of the order:

DEFINITION 5.1 (order). — A, < A if Ar — A, = >, ;05 for simple roots o
in af and x; > 0.

LEMMA 5.2 (Borel-Wallach, 2.13 in Chapter XI of [3]). — Let (P,o, ;) be
Langlands data. If pi is a constituent of IS (ox.) the standard module, and if
m = J(P,0,\:) is the Langlands quotient, then A\, < A, and equality occurs if
and only if p is J(P, o, Az).

We will write this order on Langlands parameters:

AupP< Ar.

LEMMA 5.3. — Let v =", a;e; in the canonical basis {e;}, of R™. 0p<v if
and only if Zle a; > 0, for any k in non-D,, cases. In the case of D,, one
needs to specify Zle a; >0, foranyk<n-—1, ap_1 > —a, and ap_1 > ay,.

Proof. — From the expression v = Y. | a;e; in the canonical basis {e;}, of
R™, we can recover an expression of v in the canonical basis of the Lie algebra

aj: v=7> 1,z
Let us make explicit v =), z;a;:

V= Z xi(e; — €ir1) + Tnon,

=xz1(er —ea) +x2(ez —e3) +... +xp_1(en_1 —€y) =

n
V= E a;e;
i=1

=1x1€61 + (132 — 33‘1)62 + ($3 — l‘2)63 + ...

(Tp—1— Tp—2)€n—1— Tp_1€n for A,_1
n (Tp—1 + xp)en—1+ (Xn — Tn_1)en for D,,
(Tp—1—Tp_2)en_1+ (tn — xn_1)e, for B,
(Tp—1— Tp—2)en—1+ 2z, — xpn_1)e, for C,
V:Z;L:ll”iai >0 x; >0 Vi
From the above, x1 = a1, ¥2 — 1 = as < x2 = a1 + ag, ... We have:
T = Zle a; Yk, except for root systems of type D,,, where for index n — 1
and n, 2z, = Z?:_ll a; + ap, and 2x,_1 = Z?:_ll a; — ay, and for C,,, where
22, =Y i G
Notice that for A,_1, 1 = E?;ll a;and a, = —x,_1 suchthat > a; =0.
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Therefore, 0p< v if and only if Zle a; > 0 for any k in non-D,, cases. In the
n—1

case of D,,, one needs to specify Zle a; >0, forany k <n—1,>"7"" a; > —a,
and Z;:f a; > . O

Our next result, Theorem 5.5, will be used in the course of the proof of the
generalized injectivity conjecture for non-discrete series subquotients presented
in Sections 7 and 7.3. We use the notations of Section 3. We will need the
following theorem:

THEOREM 5.4 (Theorem 2.2 of [18]). — Let P = MU be a F-standard parabolic
subgroup of G and o an irreducible generic cuspidal representation of M. If the
induced representation IS (o) has a subquotient that lies in the discrete series
of G (or is tempered), then the unique irreducible generic subquotient of IS (o)
lies in the discrete series of G (or is tempered).

THEOREM 5.5. — Let I§(7,) be a generic standard module and (P',7',v') the
Langlands data of its unique irreducible generic subquotient.

If (P",7",v") is the Langlands data of any other irreducible subquotient,
then v'p<v". The inequality is strict if the standard module Ig,, (1) is
generic.

In other words, V' is the smallest Langlands parameter for the order (defined
in Lemma 5.2) among the Langlands parameters of standard modules having
(o, A) as cuspidal support.

Proof. — First, using the result of Heiermann-Opdam (in [19]), we let I§(7,)
be embedded in I (0y,4,) with cuspidal support (o, A = g + v).

Using Langlands’ classification, we write J(P’,7/,7) an irreducible generic
subquotient of I§(7,). Then the standard module conjecture claims that
J(P', 7' V) =2 I5(1).

The first case to consider is a generic standard module I§,(7/). From
the unicity of the generic irreducible module with cuspidal support (o, )
(Rodier’s theorem, [U]), one sees that J(P',7/,v') = IS (7)) < IS.(7/).
Hence, vp, < v".

Secondly, if the standard module 1§, (7/,) is any (non-generic) subquotient
having (o, \) as cuspidal support, since this cuspidal support is generic one will
see that one can replace 7" by the generic tempered representation 7, with
the same cuspidal support and conserve the Langlands parameter "/, and we
are back to the first case. This is explained in the next paragraph. The lemma
follows.

To replace the tempered representation 7/ of M" the argument goes as fol-
lows: Since the representation o in the cuspidal support of this representation is
generic, by Theorem 5.4 the unique irreducible generic representation subquo-
tient Tg"en in the representation induced from this cuspidal support is tempered.
As any representation in the cuspidal support of 7/ must lie in the cuspidal
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support of 7, any such representation must be conjugated to . That is,

en?
there exists a Weyl group element w € W such that if 77/ < Iﬁ/{gh #(04,), and
then

M//
Tgcn — IPmM”((wU)on)-

Twisting by v” € a%,, comes second. Therefore, conjugation by this Weyl group
element leaves invariant the Langlands parameter v € a},, and (74,),~ and

7/, therefore, share the same cuspidal support. ]
5.3. Linear residual segments. — Let IE(TS&) be a standard module; we call

the parameter s& the Langlands parameter of the standard module. We have
seen that this Langlands parameter (the twist) depends only on the linear (not
semi-simple) part of the cuspidal support, i.e. the linear residual segment.

In this section and the following, we use the notation § (see Definition
4.9) to denote a linear residual segment; the underlying irreducible cuspidal
representation p is implicit. A simple computation gives that if a standard
module If(75), where P is a maximal parabolic, embeds in I§ (o(e,6,n))
for a cuspidal string («,8,n), then s = QTM' The parameter sa is in (a},)",
but to use Lemma 5.2 we will need to consider it as an element of aj,, .

Then, we say this Langlands parameter is associated to the linear residual
segment (@, ...,%). In this section, we compare Langlands parameters associ-
ated to linear residual segments.

LEMMA 5.6. — Let v be a real number such that o > v > 6.

Splitting a linear residual segment (w,...,6) whose associated Langlands
parameter is A = “TM € al; into two segments: (a,...,v + 1)(v,8) yields
necessarily a larger Langlands parameter, X' for the order given in Lemma 5.2.

Proof. — We write A € a}; as an element in a}; to be able to use Lemma 5.2
(i.e. the Lemma 5.2 also applies with aj, ):
6 6
A= >t ,...,@Jr also,
2 2

a—6+1 times

A,_<@+(7+1) a+(y+1) y+6 7+ﬁ>

9 yee ey B s 5 B
o — times ~y—6+1 times
V_yo (Ot -8 (y+)-6 17— -«
D) sy D) y D) Sy D) .
«— times y—6+1times

Therefore, 1 = W > 0. Since x = Zle a; as written in the proof

of Lemma 5.3, one observes that z > =, for any k < n =« —6 4+ 1, and
T, = W(@ )+ Gy~ b6+ 1) = (o - 7)((w;)—ﬁ )
Hence, A’ > p A by Lemma 5.3. O
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PROPOSITION 5.7. — Consider two linear (i.e. of type A) residual segments,
i.e. strictly decreasing sequences of real numbers such that the difference between
two consecutive reals is 1: 8 = (@1,...,61);82 := (@q,...,62). Typically,
one could think of decreasing sequences of consecutive integers or consecutive
half-integers.

Assume a1 > w9 > 61 > Go so that they are linked in the terminology
of Bernstein—Zelevinsky. Taking intersection and union yields two unlinked
residual segments 81 N8y C §1 U S,.

Denote X\ € a%; the Langlands parameter A = (s1, s2) associated to 81 and Sa,
and expressed in the canonical basis associated to the Lie algebra ag.

Denote X € a}y; : N = (s}, s5) the one associated to the two unlinked seg-
ments 81 N8z, 81 U Sy ordered so that s| > sb.

Then, N p< \.

Proof. — Let (w1,...,61)(w2,...,62) be two segments with @1 > wg >
61 > G2 so that the two segments are linked. The associated Langlands pa-
rameter is:

5 e 5 , 5 e 5

w1 —61+1 times w2 —b6o+1times

)\_<0«1+@1 w1 + 61 az+ 62 0«2-1-10}2)

Then taking the union and intersection of those two segments gives:
(@1,...,ﬁ2)(@2,...,f}1) or (@2,...,ﬁ1)(@1,...,lo}2)

ordered so that s} > s}. The Langlands parameter will, therefore, be given by:
1. If eafts > satls,

)\,7 @1+ﬁ2 a1+ﬁ2 @2+€*1 ﬁlz-l-ﬁl
= 5 Sy B s 5 Sy B .

w1 —06o+1 times wy—61+1 times

a2+061 w1462 .
2. If f25=L > H2m2

5 Sy 5 s 5 Sy 5
ao—01+1 times w1 —b2+1 times
Then the difference A — X equals:
e In case (1),
ﬁl—ﬁg ﬁl—ﬁg w9 — W] w2 — i
2 PR 2 ) 2 PR ] 2 )
@1 —061+1 times 61 —62 times
[ [
2 Lo, 2—"10,...,0).
2 2

o —01+1 times

)\,(a2+61 @2+ﬁ1 @1+€*2 @1+ﬁ2)
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First,

61— 6o

I D)

Secondly, since z = Zle a; as written in the proof of Lemma 5.3,
one observes that all subsequent zj are greater than or equal to x,, for
n=a, —61+1+as—6y+ 1.

Moreover,

61 — 6o

Ty = 5

61— 0o
2

e In case (2),

— 6o — G
(@1_ﬁ1+1)+%( 2 — by

(0/2 —ﬁl +1)

61— 62) +

(e1—61+1+0a2—a1—(a2—861+1)) =0.

)\_)\/:(@1—0«2 B S 61— b 61 — 62
2 ) ) 2 ) 2 ) b 2 )
w2 —61+1 times o1 —a2 times
w2 — W] @2—&1)
D) Sy 5 .

wo—G6o+1 times

Here,
w1 — Wy
=
w1 — @9 ﬁlfﬁg w2 — w1
xn:T(@2761+1)+ (@17@2)4’7(@27&24’1)
s — @
:%(ﬁg—ﬁl—l-l-i-ﬁl—ﬁg—(@g—ﬁg—ﬁ-l)):O. ]
PROPOSITION 5.8. — The Langlands parameter X', as defined in the previous

Proposition 5.7, is the minimal Langlands parameter for the order given in
Lemma 5.2 on this cuspidal support.

Proof. — Let us consider a decreasing sequence of real numbers such that
the difference between two consecutive elements is 1: (@1,a1 — 1,...,092,...,
61,...,62), with the following conditions: @1 > a9 > 61 > 6o and all real
numbers between w9 and 6, are repeated twice. Let us call this sequence c.

We consider the set .7 of tuple of linear segments §; = (a;,...,b;) (strictly
decreasing sequence of reals) such that if s; = ‘“T“’l > 55 = # then the
linear segment §; is placed on the left of §;, i.e.:

(81,82,...,Sk)€y<:>81ZSQ...ZSk.
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In this set .7, let us first consider the special case of a decreasing sequence
6 € 7, where each segment is length 1 and s; = §;. Then the Langlands
parameter is just 0 = (@1,@1 — 1,..., 09, G2,...,01,61,...62).

Secondly, let us consider the case where all segments are mutually unlinked,
then they have to be included in one another. The reader will readily notice
that the only option is the following element in .7

m = (@1,"'aﬁ"2)(@27""ﬁ1)'

Its Langlands parameter is

5 Yy 5 , 5 ey 3

w1 —06o+1 times wy—61+1 times

)\,(0«1+ﬁ2 a1+ 62 a2 +6; @2+ﬁl)

Let us show that 6> p ).

Clearly, on the vector § — \: z1 = a1 — C”T“}? >0, o = Zle a;, and
one observes that all subsequent xj are greater than or equal to z,, and x,
is the sum of the elements (counted with multiplicities) in the vector § minus
“IT%(al -6+ 1)+ MT%(@Q — 61 + 1); therefore, x,, = 0, as this sum ends
up the same as in the proof of the previous proposition.

Let us show that m is the unique, irreducible element obtained in . when
taking repeatedly intersection and union of any two segments in any element
s € 8. Let us write an arbitrary s € % as (81,82,...,8,); since we had a
certain number of reals repeated twice in ¢, it is clear that some of the §; are
mutually linked.

For our purpose, we write the vector of lengths of the segments in s:
(k1,k2,...,kp). Let us assume, without loss of generality, that §; and S
are linked. Taking intersection and union, we obtain two unlinked segments
Si :81 USQ and Sé :81 ﬂé)g. If ]{31 2 kQ, then kll = ]{31 +a, and ké = kz —a,
i.e. the greatest length necessarily increases. Therefore, the potential ), k? is
increasing, while the number of segments is non-increasing. The process ends
when we can no longer take the intersection and union of linked segments; then
the longest segment contains entirely the second longest. This is the element
m € . introduced above.

Since at each step (of taking intersection and union of two linked segments)
the Langlands parameter Ay of the element s’ € . is smaller than at the
previous step (by Proposition 5.7), it is clear that A\’ is the minimal element
for the order on Langlands parameter. |

REMARK 5.9. — Let us assume that we fix the cuspidal representation o and
two segments (81,82). As a result of this proposition, the standard module
Ig, (75,) induced from the unique irreducible generic, essentially square inte-
grable representation 73, obtained when taking intersection and union (81 N85)
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and (81 U 8g) (i.e., which embeds in Igl(o((é’l N 82); (81 US87))) is irreducible
by Theorem 5.5.

5.4. Intertwining operators. — In the following result, we play for the first
time with cuspidal strings and intertwining operators. We fix a unitary irre-
ducible cuspidal representation o of M; and let («,6,n) and («’,6',n") be two
elements in some W,-cuspidal string; i.e. there exists a Weyl group element
w € W, such that w(w,6,n) = («',6',n).

For the sake of readability, we sometimes denote I§ (0())) := I chl (o)) when
the parameter A is expressed in terms of residual segments. We would like to
study intertwining operators between I§ (o (w, ¢, n)) and I§ (o(e/,6',n)). As
explained in Section 3 and Proposition 3.3, this operator can be decomposed
into rank 1 operators. Let us recall how one can conclude on the non-genericity
of their kernels in the two main cases.

EXAMPLE 5.10 (Rank 1 intertwining operators with a non-generic kernel). —
Let us assume X, is irreducible of type A, B,C or D. We fix a unitary irre-
ducible cuspidal representation o and let a = e; — e;+1 be a simple root in ¥, .
The element s, operates on A in (af/ll)*. In this first example, we illustrate the
case where s, acts as a coordinates’ transposition on A written in the standard
basis {e;}, of (af/jl)*.

Let us focus on two adjacent elements in the residual segment corresponding
to A (at the coordinates A; and \;11): {a, b}, let us consider the rank 1 operator

that goes from II(DJIW;()&I)Q (0. fap}...) tO I%?()IF\X/A)Q(UW{“Z’}-")' By Proposition

3.3 it is an operator with a non-generic kernel if and only if a < b; Indeed, if
we denote A := (...,a,b,...), then (&, A\) = a—b < 0 (The action of s, on A
leaves fixed the other coordinates of A that we simply denote by dots).

Since o € ¥, by point (a) in Harish-Chandra’s theorem [Theorem 2.1], there
is a unique non-trivial element s, in WM« (M) such that s, (PN (M)a) =

Py N (My),, and which operates as the transposition from (a,b) to (b,a). The

I(Ml)u (M1)a

rank 1 operator from ﬁﬂ(Ml)a(a“"“’b"") to sa(?m(Ml)a)<S“(a“"“’b"")) =

II(QJI\Q()]‘\”/II)Q(U”,J,,G,,,,) is bijective. Eventually, we have shown that the compo-
sition of those two that goes from I}(D?/[ﬂl()&l)a(am)a,bw) to I},?Q()]T&l)a(a,,,7b,a,,,,)

has a non-generic kernel.

If the Weyl group W, is isomorphic to S,, x {£1}, the Weyl group element
corresponding to {1} is the sign change, and we operate this sign change on
the latest coordinate of A (the extreme right of the cuspidal string).

By the same argumentation as in the first example, for a > 0, the operator

11(:’11\4;()1‘\141)& (0..—a) to I},?Q()del)a (0...4) has a non-generic kernel.

ExXAMPLE 5.11. — Let G be a classical group of rank n. Let us take o an irre-
ducible unitary generic cuspidal representation of M7, a standard Levi subgroup
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of G. Let us assume X, is irreducible of type B, and take A := (s1, 82, ..., 8m)
in ay; , p an irreducible unitary cuspidal representation of GLj, and o. an
irreducible unitary cuspidal representation of G(k') k' < n. Then o) is

ox=pl- [ @pl-[*e...@p @

The element s,, operates as follows:

5i®p|. Si+1”.®p‘, Sm®o.c)
=p[-I"@...@p " @p|-["®...0p " @ 0.

Sa; (Pl 7P ® ... pl-

Indeed, for such a; (which is in X, ), one checks that property (a) in Theorem
2.1 holds: s4,(0) & o. This is verified for any ¢ € {1,...,n}. The intertwining
operator usually considered in this manuscript is induced by functoriality from
the application o) — Sa, (o).

LEMMA 5.12. — Let ' < £+ m,b < a. Fiz a unitary irreducible cuspidal
representation o of a maximal Levi subgroup in a quasi-split reductive group G
and two cuspidal strings (a,b,n) and (a,b’,n’) in a W,-cuspidal string (notice
that the right end of these are equals with value a). If b/ > b, the intertwining
operator between I (o (a,b,n)) and I§ (o(a,b’,n')) has a non-generic kernel.

Proof. — In this proof, to detail the operations on cuspidal strings more ex-
plicitly we write the residual segments of type B, C, D defined in Definition 4.8
as

(C+m)(€+m—1)...((€+ 1) (£ — 1)=1(¢ — 2)m-2 , gnaqmi(no)

where n; denote the number of times the (half)-integer ¢ is repeated. We
present the arguments for integers; the proof for half-integers follows the same
argumentation.

First, assume b > 0, and consider changes on the cuspidal strings

(@y. . B =1, D)(L+m). . 07 (0 — 1)1 . 5. 2r2]mi(no)

consisting in permuting successively all elements in {b,...,b" — 1} with their
right-hand neighbour, as soon as this right-hand neighbour is larger. We incor-
porate all elements starting with b until & — 1 from the left into the right-hand
residual segment. The rank 1 intertwining operators associated to those permu-
tations have a non-generic kernel (see Example 5.10); hence, the intertwining
operator from I§ (o(a,b,n)) to IS (o(a,b',n’)) as a composition of those rank 1
operators has a non-generic kernel.

Now assume that b < 0 and write b = —v. Let us show that there exists an
intertwining operator with a non-generic kernel from the module induced from
I (0(a,—v,n)) to the one induced from I§ (0(a,b’,n')). The decomposition
in rank 1 operators has the following two steps (the details on the first step are
given in the next paragraph):
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1. (a) If ¥ > 1 > b From the cuspidal string
(a’?"'a’777_1a"'7_7)
((C+m)... 0 —1)me-r ™. . 2m21™Q"0)
to
(ay...,v,y—1,...,1)
((C+m).. 00— 1) pm . 2n2qmgrotl 1 ),
and then to
(aa"w’ya’y_]—v"'v]—)
((6+m)... .m0 —1)m=1, pretl | gratlpmtigno+ly
(b) If 0 > b > b From the cuspidal string
(aa"'77a’y_1a"'7_7)
((C4m).. 0m(—1)yme=1 . e 2n21miQno)
to
(aa"'a’y’ryflv"'vbl)
((C+m).. 00— 1) pm, 2m2mgroth /1 ),
and then to
(a’""a’yafy_la"wbl)
((L+m)... 0 —1)me—r,  pretl | gnatlpmitignotly
2. In case (a), from (a,...,1)(n”) to (a,...,t")(n') by the same arguments

as in the case b > 0 treated in the first paragraph of this proof.

We detail the operations in step 1:

(i)

(i)

to

Starting with —v, all negative elements in {0,...,—~} are successively
sent to the extreme right of the second residual segment (n). At each
step, the rank 1 intertwining operator between (a,p) and (p,a) where p
is a negative integer (or half-integer) and a > p has a non-generic kernel.
We use rank 1 operators of the second type (sign chance of the extreme
right element of the cuspidal string). Since they intertwine cuspidal
strings where the last element changes from negative to positive, they
have non-generic kernels. Then, the positive element is moved up to the
left. The right-hand residual segment goes from

(4 m) ... 0 — 1)1 p™ ., 2" et 1 —)

((C+m).. M —1)me=r  pm . 2n2mgrott 1 )
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and then to
((C+m).. 0 —1)me=r  pm .. 2mzmgrotd o 1 —(y —1)).

Once changed to positive, permuting successively elements from right to
left, one can reorganize the residual segment

(C+m).. 0ne (0 — 1)t g, gn21mgrot] oy 1)

such as it is a decreasing sequence of (half)-integers. Again, intertwining
operators following these changes on the cuspidal string have non-generic
kernels. g

ExXAMPLE 5.13. — Consider the cuspidal string
(543210-1)(43 322 211 1 0)

and the dominant residual point in its W,-cuspidal string:
(54 433 3222 21111 10 0).

To the Weyl group element w € W, associate an intertwining operator from
the module induced with string

(534210-1)(43 322 211 1 0)
to the one induced with cuspidal string
(54 433 3222 21111 10 0),

which has a non-generic kernel.

Indeed, one will decompose it into transpositions s, such as (—1,4) to (4, —1)
and similarly for any 4 > ¢ > 0: (—1,4) to (¢, —1).

This process will result in

(543210)(43 322 211 1 0 —1).

Then one will change the —1 to 1, and by the above, the associated rank-one
operator also has a non-generic kernel. Then use the rank 1 operators with a
non-generic kernel such as: (0,1) — (1,0).

Then notice that the ‘4’, ‘3’ and ‘2’ in the middle of the sequence can be
moved to the left with a sequence of rank 1 operators with non-generic kernels
such as: (0,4) — (4,0);...;(3,4) — (4,3).

LEMMA 5.14. — Let (81,82, ...,8t) be an ordered sequence of t linear segments
and let us denote 8; = (w4, ..., 8;), for any i in {1,...,t}. This sequence is
ordered so that, for any i in {1,...,t}, s; = % > 541 = (““f%l“ Let

us assume that for some indices in {1,...,t}, the linear residual segments are
linked.
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Let us denote (81,85, ...,8;) the ordered sequence corresponding to the end
of the procedure of taking union and intersection of linked linear residual seg-
ments. This sequence is composed of at most t unlinked residual segments
Sl =(al,...,6),ie{l,...,t}.

Repeatedly taking intersection and union yields smaller Langlands parame-
ters for the order defined in Lemma 5.2, and we denote the smallest element
for this order, s'. It corresponds to the sequence (81,85,...,8;), as explained
in Proposition 5.8.

Then, there exists an intertwining operator with a mon-generic kernel from
the induced module Igl (0(81,85,...,8;n)) to Igl (0(81,82,...,8;5n)).

Proof. — Let us first consider the case t = 2.

Consider two linear (i.e. of type A) residual segments, i.e. strictly decreas-
ing sequences of either consecutive integers or consecutive half-integers 8; :=
(&1, RN 7ﬁ1);82 = (0,2, “ee ,ﬁg).

Assume @1 > @9 > 61 > 6o, so that they are linked in the terminol-
ogy of Bernstein—Zelevinsky. Taking intersection and union yields two un-
linked linear residual segments 8§ N8y C 8 US8s: (w1,...,82)(wa,...,81) or
(wa,...,61)(w1,...,62) ordered so that s| > sb.

As in the proof of Lemma 5.12, because w2 > 65 and also 6 > 69, there
exists an intertwining operator with a non-generic kernel from the module in-
duced with cuspidal support (@1,...,62)(as,...,61) to the one induced with
cuspidal support (w1, ...,861)(wa,...,62). This intertwining operator is a com-
position of rank 1 intertwining operators associated to permutations that have
a non-generic kernel (see Example 5.10); as composition of those rank 1 oper-
ators, it has a non-generic kernel.

Similarly, because @; > @2, there exists an intertwining operator with a
non-generic kernel from the module induced with cuspidal support (s, ..., 861)
(@1,...,62) to the one induced with cuspidal support (w1,...,61)(as,...,62).

Let us now assume that the result of this lemma is true for ¢ linear residual
segments. Consequently, there exists an intertwining operator with a non-ge-
neric kernel from I (0(81,85,...,8/,8t1;1)) to IF (0(81,82, ..., 8¢, St1151)).
In this case, 811 and §; may be linked and taking their union and intersection
yields 87, ; and 8}’ and the existence of an intertwining operator with a non-ge-
neric kernel from I (o(81,85,...,8/,8;,1:1)) to IS (o(81,85, ..., 8, 841;1)).
The latter argument is repeated if 8;' and 8;_; are linked, and so on.

Another case to consider would be 8,1 C & with ;41 < i, and 8444
linked to §;_;. Then, using the irreducibility of the module induced from
the two segments §; and S;_;, one would interchange them, then deal with
the intersection and union of 8;;1 and §;_;, obtain §{,; and 8/ ; and the
existence of an intertwining operator from Ig (o(81,85,...,8/,8/_ 1,8/, 1:n))
to Igl (0(81,85,...,8,8/_1,St+1;1)).
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Since the resulting segments §;, §;' | and 8/, ; are unlinked, we can organize
them so that their exponents are ordered. If §;’ ; is linked to any 8/, ¢ # ¢,t+1,
we repeat this argument.

Eventually, there exists an intertwining operator with a non-generic ker-
nel from I§ (o(87,85,...,87,87,1:n)) to I (0(S1,8a, ..., 8, 8415 1)), where
(81,85,...,8;,85,1) is the sequence of ¢+ 1 unlinked segments obtained at the
end of the procedure of taking the intersection and union. O

5.5. A Lemma in the vein of Zelevinsky’s theorem. — Recall this fundamental
result of Zelevinsky, for the general linear group, which was also presented as
Theorem 5 in [30]. We use the notation introduced in Definition 4.9.

PROPOSITION 5.15 (Zelevinsky, [40], Theorem 9.7). — If any two segments,
8,85, 4.1 in {1,...,n} of the linear group are not linked, we have the irre-
ducibility of Z(81) X Z(82) X ... X Z(8,) and, conversely, if Z(81) x Z(82) x
.. X Z(8y) s irreducible, then all segments are mutually unlinked.

Here, we prove a similar statement in the context of any quasi-split reductive
group of type A.

LEMMA 5.16. — Let 7 be an irreducible generic discrete series of a standard
Levi subgroup M in a quasi-split reductive group G. Let o be an irreducible
unitary generic cuspidal representation of a standard Levi subgroup My in the
cuspidal support of 7. Let us assume X, is irreducible of rank d = rkgs(G) —
rkss(M1) and type A.

Let s = (s1,82,...,8¢) € a}"wl be ordered such that s1 > so > ... > sy with
O”'T'Hﬁi, for two real numbers «; > 6;.

Then I1§(7s) is a generic standard module embedded in Igl (ox), and X is
composed of t residual segments {(<;,...,6;),i=1,...,t} of type A,,.

Let us assume that the t segments are mutually unlinked. Then X\ is not
a residual point, and, therefore, the unique irreducible generic subquotient of
the generic module Igl (o)), is not a discrete series. This irreducible generic
subquotient is 1S (75). In other words, the generic standard module IS (1) is
irreducible. Further, for any reordering s’ of the tuple s, which corresponds to
an element w € W such that ws = s’ and discrete series T/ of M’ such that
wr =171 and wM = M', we have IS, (1.,) 2 IS (75).

S; =

Proof. — By the result of Heiermann-Opdam (Proposition 2.7), there exists a
standard parabolic subgroup P, a unitary cuspidal representation o, a param-
eter v € (a%l*)Jr such that the generic discrete series 7 embeds in IJ%QM(J,,).
By Heiermann’s theorem (see Theorem 2.6), v is a residual point, so it is com-
posed of residual segments of type A,,,. Then twisting by s and inducing to G,
we obtain:

IS(15) <= IS (o)) where A = (@i, ..., 6;)!_.
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Let m be the unique irreducible generic subquotient of the generic standard
module I§(75). Then using Langlands’ classification and the standard module
conjecture m = J(P',7',v') = I§,(7/,). Assume that 7/ is a discrete series. We
apply again the result of Heiermann—Opdam to this generic discrete series to
embed I§,(7/,) in IIC;;, (o).

As any representation in the cuspidal support of 7, must lie in the cusp-
idal support of 7, any such representation much be conjugated to o, and,
therefore, A’ is in the Weyl group orbit of A\. Let us consider this Weyl group
orbit under the assumption that the ¢ segments {(w;,...,8;),i =1,...,t} are
unlinked.

Whether the union of any two segments in {(«;,...,6;),i =1,...,t} isnot a
segment, or the segments are mutually included in one another, it is clear there
are no option to take intersections and unions to obtain new linear residual
segments. Further, starting with A, to generate new elements in its W,-orbit,
one can split the segments {(w;,...,6;),i=1,...,t}. By Lemma 5.6, this
procedure necessarily yields larger Langlands parameters. Therefore, there is

no option to reorganize them to obtain residual segments (0,;»7 6;) of type An;

such that n’, # n;, for some i € {1,...,t} and j € {1,...,s}, for some r such
t
that Y7, nf =37, n.
The second option is to permute the order of the segments {(a;,...,8;),

i =1,...,t} to obtain any other parameter X\’ in the Weyl group orbit of .
From this \’, one clearly obtains the parameter v/ := s’ as a simple permutation
of the tuple s.

On the Langlands parameter s, which is the unique one among the (v/)’s
described in the previous paragraph in the Langlands situation (we consider
all standard modules I, (7/,)), we can use Theorem 5.5 to conclude that the
generic standard module I§(7,) for v = s is irreducible.

Now, we want to show IS, (7,) is isomorphic to I (7).

Looking at the cuspidal support, it is clear that there exists a Weyl group
element in W (M, M') sending o to o),, and, therefore, 75 to the Langlands
data (WT)ws 1= 70

Consider first the case of a maximal parabolic subgroup P in G. Set s =
(s1,82), 8 = (s2,51), and 7’ is a generic discrete series representation. We apply
the map t(w) between 1§ (75) and IS, ((wT)ys), which is an isomorphism. By
definition, the parabolic wP has Levi M’'. Then, by Lemma 5.4 [1] (see also
Remark 2.10 in [2]) since the Levi subgroups and inducing representations are
the same, the Jordan-Hélder composition series of IS¢, (7,) and IS, (7)) are
the same, and since I§(7y) is irreducible, they are isomorphic and irreducible.

Secondly, consider the case when the two parabolic subgroups P and P’, with
Levi subgroup M and M’, are connected by a sequence of adjacent parabolic
subgroups of G. Using Theorem 5.5 with any Levi subgroup in G, in particular
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a Levi subgroup M, (containing M as a maximal Levi subgroup) shows that
the representation IJ:\’%MQ (1) is irreducible.

Then, we are in the context of the above paragraph, and I iw?ﬁn " )((SQT) ws)

(the image of the composite of the map Jz /| pnyy, With the map t(sq)) is

nM,
irreducible, and isomorphic to I IJX%M& (75)-

Let us denote @ the parabolic subgroup adjacent to P along «. Induction
from M, to G yields that Ig(saT)saﬁ) is isomorphic to I§(7s). Writing the
Weyl group element w in W(M, M') such that wM = M’ as a product of
elementary symmetries s,,, and applying a sequence of intertwining maps as
above yields the isomorphism between 1§ (7,) and IS, (77,). O

REMARK 5.17. — For an example, see [2], 2.6.

6. Conditions on the parameter \ so that the unique irreducible generic
subquotient of 7 gl (o) is a subrepresentation

The goal of this section is to present specific forms of the parameter A €
ayy, such that the unique irreducible generic subquotient of Igl (ox) with o
irreducible unitary generic cuspidal representation of any standard Levi M is
a subrepresentation. There is an obvious choice of parameter satisfying this
condition as it is proven in the following Lemma.

LEMMA 6.1. — Let o be an irreducible generic cuspidal representation of My
and oy be a dominant residual point and consider the generic induced mod-
ule Igl (ox). Its unique irreducible generic square-integrable subquotient is a
subrepresentation.

Proof. — From Theorem 2.6, since A is a residual point, I (o) has a discrete
series subquotient. From Rodier’s theorem, it also has a unique irreducible
generic subquotient; denote it ~.

From Theorem 5.4, this unique irreducible generic subquotient is a discrete
series. Consider this unique generic discrete series subquotient; by Proposi-
tion 2.7, there exists a parabolic subgroup P’ such that v < IS, (c},), and X
dominant for P’. Then the lemma follows from Proposition 3.2 in Section 3. [

We need the following definition:

DEFINITION 6.2. — Let (M7, 0) be in the generic cuspidal support of an irre-
ducible generic discrete series.

Let us denote M; = Mg. Let us assume that © = (J!_, ©;, where, for any
i€ {l,...,n—1}, ©; is an irreducible component of type A.

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



298 S. DIJOLS

We say that this cuspidal support satisfies the conditions (CS) (given in
Proposition 6.4 and Corollary 6.6) if:

e Y, is irreducible of rank d.

o If A(Py) ={oq,...,a4-1,B84} then A, = {aq,...,a4-1,a4}, where ag
can be different from Sy if 3, is of type B, C, D.

e For any i € {1,...,n— 1}, ©; has a fixed cardinal. Furthermore, the
interval between any two disjoint consecutive components 0;, 0,1 is of
length 1.

Our main result in this section is the following theorem.

THEOREM 6.3. — Let us consider Igl (o)) with o an irreducible unitary generic
cuspidal representation of a standard Levi My, and X\ € a};, such that (My,0)
satisfies the conditions (CS) (see Definition 6.2). Let W, be the Weyl group
of the root system %,. The unique irreducible generic subquotient of Igl (or) is
necessarily a subrepresentation if the parameter X is one of the following.

1. If X is a residual point:

(a) A is a dominant residual point.

(b) X is a residual point of the form (a,a_)(n) with (a,a_) two con-
secutive jumps in the jumps set associated to the dominant residual
point in its W, -orbit.

(a) A is a residual point of the form (a,b)(n) such that the dominant
residual point in its W, -orbit has an associated jumps set containing
(a,a_) as two consecutive jumps and b > a_.

2. If \ is not a residual point

(a) A is of the form (a',b')(n') such that the Langlands’ parameter
Vo= a/;b/ is minimal for the order on Langlands parameter (see
Section 5.2)

(b) If X is of the form (a,b)(n) with a = o', b" < b in the Wy-orbit of a
parameter as in 2(a).

The proof of this theorem, given in Section 6.4, relies on Moeglin’s extended
lemmas and an embedding result (6.14).

6.1. On some conditions on the standard Levi M; and some relationships be-
tween W (M) and W,. — Let G be a quasi-split reductive group over F' (or
a product of such groups) whose root system X is of type A, B,C or D, 7 is
an irreducible generic discrete series of G whose cuspidal support contains the
representation o of a standard Levi subgroup My, where A € a}, and o is an
irreducible unitary cuspidal generic representation.

Let

d = rkss(G) — rkgs(M1) = dimaypy, — dimag.
Let us denote M7 = Mg. Then A — © contains d simple roots.
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Let us denote A(P;) the set of non-trivial restrictions (or projections) to
Ap, (or to afy,) of simple roots in A such that elements in (P;) (roots that
are positive for P;) are linear combinations of simple roots in A(Py).

Let us denote A(Py) = {a1,...,aq-1,84} and a; the simple root in A,
which projects onto «; in A(Py).

As (My,0)) is the cuspidal support of an irreducible discrete series, as ex-
plained in Proposition 4.6, the set X, is a root system of rank d in (A, ) and
its basis, when we set X(P;) N3, as the set of positive roots for ¥, is A,.

PROPOSITION 6.4. — With the context of the previous paragraphs, let ¥, be ir-
reducible. If A(Py) ={a1,...,aq-1,84} then Ay = {aq,...,aq-1,aq}, where
ag can be different from Bq if X, is of type B,C, D.

Proof. — This is a result of the case-by-case analysis conducted in the indepen-
dent paper [12], where Ag denotes the A(P;) considered in this proposition.
From its definition, ¥, is a subsystem in Xg. If Yg contains a root system of
type BCy, it is clear that the last root, denoted «y, of this system (which is
either the short or long root depending on the reduced system chosen) can be
different from Sy, if X, is of type Dy. O

We have not included the root 84 in A, because (as opposed to the con-
text of classical groups) it is possible that there exists an irreducible cuspidal
representation o such that sg,o 2 0.

A typical example of the above Proposition (6.4) is when X if of type B, C,
and X, is of type D; then it occurs that A(Py) contains 84 = eq or B4 = 2eq,
whereas A, contains ag = eq_1 + eq.

This proposition allows us to use our results on intertwining operators with
a non-generic kernel (see Proposition 3.3 and Example 5.10).

In the context of Harish-Chandra’s theorem 2.1, the element denoted s,

corresponds to the element %(Ml)“w(]yl as defined in Chapter 1 in [32].

Let us describe it.

Let P = MN be a standard parabolic. Let © C A, M = Mg. In [32],
Shahidi defines wy as the element in W(Ag, G), which sends © to a subset of
A but every other root 5 € A — © to a negative root.

If wg; , w)! are the longest elements in the Weyl groups of 4y in G and

M, respectively, then wy = w§wd!. The length of this element in W is the

difference of the lengths of each element in this composition. Therefore, if a
representative of this element in G normalizes M, since it is of minimal length
in its class in the quotient {w e Wlw tMw = M} /WM this representative
belongs to W (M).

When P is maximal and self-associate (meaning wo(©) = ©), then if « is
the simple root of Ays in Lie(N), wo(a) = —a. In this case, woNwy ' = N,
the opposite of N for wy a representative of wg in G.
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REMARK 6.5. — Applying the previous paragraph to the context of Py N (M1)g

and (M7)g, we first observe that %(Ml)ﬁwéwl(@)

ﬁ)vo(Ml)Bwyl sends 8 to —f3.
In analogy with the notations of Theorem 2.1, let us denote wyg

sg. We have: s5(P1 N (My)g) = P10 (My)g, then sgh = X if Xis in (a§; *)*
and is a residual point of type D.

= ©. Then, one notices that

o T
( 1)Bwé\41:

By definition, if & € X, by Harish-Chandra’s theorem 2.1, s, (PiN(M1)o) =
PN (Mq) and s, - M7 = My, and this means that s, is a representative in G
of a Weyl group element sending © on O.

COROLLARY 6.6. — Let 0 be an irreducible cuspidal representation of a stan-
dard Levi subgroup My and let us assume that ¥, is an irreducible of rank
d = 1kss(G) — rkss(M1) and type A, B,C or D, then, we have the following:
For any a in A(Py), so € W(My).

W (M) =W, U{sg,W,}.

Let o' (or o) be an irreducible cuspidal representation of a standard
Levi subgroup M{ (or standard Levi subgroup My ). Let us assume they
are the cuspidal support of the same irreducible discrete series. Then
M! = M.

W

Proof. — 1. Let us assume © has the form given in Appendix B, Theorem
B.1, which is a disjoint union of irreducible components: J;_, ©;. Then, let
us show that for any a in A(Py), s, € W(My).

By definition, s, is a representative in G of the element w(()Ml)“wéMl).
Let us first assume that «; is the restriction of the simple root connecting

0, and O,41, both of type A, in the Dynkin diagram of G. Then

A(Ml)ai =0,U {CVZ} U (“)7;+1 U @j.
JFbi+1
The element wéwl operates on each component as the longest Weyl group ele-
ment for that component; it sends ar € ©; to —ay,+1-k, if ¢; is the length of
the connected component O;.

. Mi)a, . .. .
In a second time, w(() e operates on ©; U {a;} U©;;1 in a similar fashion,

and trivially on each component in U#i iv1 95
Secondly, let us assume that /3 is the restriction of the simple root connecting
O,_1 of type A and ©,, of type B,C or D in the Dynkin diagram of G.

wéMl)(Gn,l) = 0,1 (since this element simply permutes and multiplying

by (—1) the simple roots in ©,,_1), while w(()Ml)(Gn) = —0,,. Further, wéMl)ﬁ
acts as (—1) on all the simple roots in ©,_1 U©,,.
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Eventually, w((JMl)B w(()Ml) fixes ©,, pointwise and sends each root in ©,,_ to

another root in ©,_1. It also fixes pointwise U;L Sn—1n ©;. Therefore, for any

ain A(Py), wéMl)“wéMl)(@) = 0, and hence s, € {w € W|w ' Myw = M, }.
Furthermore, since the length of this element is the difference of the lengths of
each element in this composition, it is clear that s, is of minimal length in its
class in the quotient {w € W]w™'Myw = My} /W™ and hence this element
is in W(Ml)

2. Any element in W(M;) is a representative of minimal length in its

—~—— ——~——

class in the quotient {w € W|w™'Myw = M;} /W1, The s, = w((]Ml)“w(()Ml)

described above where the elements o € A(P;) are a set of generators of
W(Mj). Recall from Proposition 6.4 that A(P;) = {a1,...,@q-1,84} and
A, = {aq,...,aq4-1,a4}, where ag can be different from S, if X, is of type
B,C, D. Therefore, W(My) = W, U {sg,Ws}.

We also recall that in the context of ¥, of type Dy and X(P;) of type By or
Ca: Say = Saq_158450a 1584

3. Let us denote M{ = Mg and M; = Mg and assume that © and ©’
are written as (J;_, ©;, where, for any i € {1,...,n — 1}, ©; is an irreducible
component of type A.

Since the cuspidal data are the support of the same irreducible discrete
series, by Theorem 2.9 in [2], there exists w € W such that M| = w - My,
o’ =w-o. Since M] is isomorphic to My, ©' is isomorphic to ©.

Hence, applying the observations made in the first part of the proof of this
proposition to M; and Mj, we observe © and O’ share the same constraints:
their components of type A are all of the same cardinal, and the interval be-
tween any two of these consecutive components is of length 1. Also, since ©’ is
isomorphic to O, its last component O/ is of the same type as O,,. Therefore,
©’ = ©. Hence M; = M. O

REMARK 6.7. — This implies that if P, = M;U; and P{ = M{Uj are both
standard parabolic subgroups such that their Levi subgroups satisfy the con-
ditions of the previous proposition, they are actually equal.

6.2. A few preliminary results for the proof of Moeglin’s extended lemmas. —

Let us recall Casselman’s square-integrability criterion as stated in [39], whose
proof can be found in ([6], (4.4.6)). Let A(P) be a set of simple roots,
then Ta$x, or Ta%x, denote the set of x in aj, of the following form: y =
ZaeA(P) Too with x4 > 0, or x, > 0. Further, denote wp the Jacquet mod-
ule of m with respect to P, and €xp the set of exponents of m as defined in
Section 1.3 in [39].
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PROPOSITION 6.8 (Propositions ITI.1.1 and I11.2.2 in [39]). — Let & be an irre-
ducible representation with unitary central character. The following conditions
are equivalent:
1. 7 is square-integrable (or tempered).
2. For any semi-standard parabolic subgroup P = MU of G, and for any x
in €xp(tp), Re(x) € TaG* (or Re(x) € *a%x).
3. For any standard parabolic subgroup P = MU of G, proper and maximal,
and for any x in €xp(np), Re(x) € taGx (or Re(x) € Ta%x).

In the following two lemmas, we will apply the previous proposition as fol-
lows:

PROPOSITION 6.9. — Let my embed in Igl (ox). Let us write the parameter A
as a vector in the basis {e;},5q (the basis of ay, as chosen in the Definition
4.8, forinstance) as ((x,y)+A) for a linear residual segment (x,y) and assume
Zke[m vl k < 0. Then my is not square-integrable.

Proof. — Indeed, if
o =+ Ig, (o((2,y) + 1))

by Frobenius reciprocity, the character x, appears as exponent of the Jacquet
module of my with respect to P;. Let us write A as

Zﬂﬁi(ez‘ —eip1) A= Zyiei + A,

it is clear that, for any integer j, x; = Zzzl y;, and notice there is an index j’
such that zj; =" ke [zy] k. Therefore, using the hypothesis of the proposition,
Ty = Zke[z,y] k < 0. However, then x, does not satisfy the requirement of
Proposition 6.8 since x;/ is negative. U

We will also use the following well-known result:

THEOREM 6.10 ([28], Theorem VII.2.6). — Let (7,V) be a admissible irre-
ducible representation of G. Then (w, V) is tempered if and only if there exists
a standard parabolic subgroup of G, P = MN, and a square integrable ir-
reducible representation (o, E) of M such that (7,V) is a subrepresentation

of IS (o).

LEMMA 6.11. — Let 8 € A(Py), and assume B ¢ A,, then the elementary
intertwining operator associated to sz € W is bijective at ox VA € ajyy, .

Proof. — Set s = sg for f € A(Py), and 8 ¢ A,. Recall that we have
Jp,|spJsp P, equals (pM1)s)=1 up to a multiplicative constant.

Recall 6 denotes the set of equivalence classes of representations of the form
o ® X, where y is an unramified character of M;. The operator p(M)s JIpy|ss Py
is regular at each unitary representation in O (see [39], V.2.3), Jy, p,|p, is itself
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regular on O, since this operator is polynomial on X™"(G). By the general
result mentioned after Lemma 2.2, the function p(M1)5 has a pole at oy for
A on the positive real axis, if u(M1)s(g) = 0. Therefore, by definition, since
B ¢ Ag, there is no pole at 0. Further, since the regular operators Jp, |sp,
and Jyp,|p, are non-zero at any point, if pMs does not have a pole at oy,
these operators Jp, |sp, and Jsp,|p, are bijective. (|

A consequence of this lemma is that for any root 8 € X(P;) that admits
a reduced decomposition without elements in A,, the intertwining operators
associated to sg are everywhere bijective.

6.3. Extended Moeglin’s lemmas. — In this section and the following, the core
of our argumentation relies on the form of the parameters \; changes to the
form of these parameters are induced by actions of Weyl group elements (see,
for instance, Example 5.11). In fact, the Weyl group operates on oy, and any
Weyl group element decomposes in elementary symmetries s,, for a; € A.
This kind of decomposition is explained in details in 1.1.8 of the book [24]. If
a; is in A,, by Harish-Chandra’s theorem (Theorem 2.1), so,0 = o; however,
recall that for f4 € A(P;) (see Proposition 6.4), we may not have sg,0 = o.

The three next lemmas, inspired by Remark 3.2, page 154, and Lemma
5.1 in Moeglin [22] are used in our main embedding Proposition 6.14 (of the
irreducible generic discrete series) result.

Recall that in general Pg/ is the parabolic subgroup associated to the subset
©’ C A, and Mg contains all the roots in ©’. Recall that we denote ¢, the
simple root in A that restricts to «; in A(Py).

LEMMA 6.12. — Let my be a generic discrete series of a quasi-split reductive
group G (of type A, B,C or D) whose cuspidal support (My,0)) satisfies the
condition (CS) (see Definition 6.2).

Let

z,2yeRk—1=xz—yeN.
This defines the integer k.

Let us denote

r_
M = MA_{gla“'7Qk,17gk}.
Let us assume that there exists wyy € wM' (M) and an irreducible generic
representation T, which is the unique generic subquotient ofI%HM/(U)\M/ ), such

1
that
G G M’ M’

(5) 7o = Ip/ (T(ay)) IPl((w]V[’U)($7y)+)\{L4’); AT Eayy,-
Let us assume that y is minimal for this property.

Then 7 is square integrable.

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



304 S. DIJOLS

Proof. — Let us first remark that in Equation (5), the parameter in a}, is
decomposed as

’

(2,y) + A

combination of aq,...,ak_1 combination of ag41,...,84

Let us denote 7 the generic irreducible subquotient in I3 A (o) iw) and let us
show that 7 is square integrable.

Assume, on the contrary, that 7 is not square-integrable.

Then 7 is tempered (but not square integrable) or non-tempered. Lang-
lands’ classification [Theorem 2.9] assures us that 7 is a Langlands quotient
J(Pp, 7',V for a parabolic subgroup P; O Py of M’ or, equivalently, a sub-
representation in I3 M ( D, v € ((aM M, ,)*)~ (equivalently v/ p; < 0; the inequality
is strict in the non—tempered case).

This is equivalent to claiming that there exists an irreducible generic cuspidal
representation o', (half)-integers ¢, m with £ —m+1 € N and m < 0 such that:

(6) T I (1)) = T (0 ((6,m) + ™),
(7) > k<o,
kelt,m]

We have extracted the linear segment (£, m) out of the segment A" and named
M what is left.

Let us justify Equation (7). The parameter v/ reads

(7)
( “m .,o,...,o)

K m+1 times

1
V<0 & J;m <0em<—te Y k<O,
ke¢,m]
From Equation (6)
(8) 7o = I8 (T(ay)) = 15, (0" ((2,9) + (,m) + X5"))

Since 7y also embeds as a subrepresentation in Igl (o), by Theorem 2.9
in [2] (see also [28] VI.5.4) there exists a Weyl group element w in W& such
that w- My = My, w- o’ = o and w((z,y) + (¢,m) + A') = X. This means
that we can take w in W(M;). However, we can be more precise on this Weyl
group element: from Equation (6) and the hypothesis in the statement of the
Lemma, we see we can take it in W '(Ml), and this leaves the leftmost part
of the cuspidal support, o(, ), invariant. This element, therefore, depends on
x and y. We denote this element wy;.
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Let
M = MA_{gq""’ﬁd} whereg=2 —y+ 1+ —m+ 1.

Now, let us consider two cases. First, let us assume m > y. If the two
linear segments are unlinked, and the generic subquotient in I3 D (0 () +
(¢,m))) is irreducible, applying Lemma 5.16, we can interchange them in the
above Equation (8) and we reach a contradiction to the Casselman square
integrability criterion applied to the discrete series 7y (considering its Jacquet
module with respect to P;, see Proposition 6.9 using Zke[&m] k <0).

By Proposition 5.8 and Remark 5.9, if the two linear segments are linked,
the irreducible generic subquotient 7z gen of I%QMN((wM/U)((a:,y) + (¢,m)))
embeds in I{X%M”((w ~wpr o) (6, y) + (x,m))) (for some Weyl group element
w e WM”(Ml), such that w - wypo 2wy o).

By Lemma 5.14 there exists an intertwining operator with a non-generic
kernel sending 7r gen to I%%M,,((wM/a)((x,y) + (¢,m))). Then by [U] in
Ig((waa)((x,y) + (¢,m) + )\éw/)), o embeds in IG//((TLgen)/\éw).

Therefore, inducing to G, we have

"

T — Ig"((TL’gen),\y/) — I}CD;”’(IPmM“((wM’U)((& y) + (:C,m) + )‘é\/l )),

but then since 3,1k < 0 (since m > y), we reach a contradiction to
the Casselman square integrability criterion applied to the discrete series g
(considering its Jacquet module with respect to Py).

Secondly, let us assume m < y. The induced representation

IM o (wap o) (2, y) + (£,m)))

is reducible only if £ €]z, y — 1]. Then using Proposition 5.8 and Remark 5.9
we know that the irreducible generic subquotient 7p, gen of

TN s ((war o) (2, ) + (£,m)))

should embed in
TN (war o) ((@,m) + (0,y)))

(or only in IIJ‘){%M,,((erU)((x,m))) ife=y—1).

Applying Lemma 5.16 we also know that it embeds in I%%M,/«’LUM/O')
((¢,y) + (z,m))) (we can interchange the order of the two unlinked segments
(¢,y) and (z,m)). Then, using Lemma 5.14 and [U] as above, we embed 7 in
19, (r1.gen) o) = I8, (warr0) (. y) + (6, m) + M),

However, 7o does not embed in I§, ((waro)((z,m) + (£,y) + A1) since y
is minimal for such (embedding) properties.

Therefore, 77 gen rather embeds in the quotient I%/r;M,/((wM/U)((f, m) +

(,9))) of IR apn (warro) (@, y) + (£,m))).
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Then 7y embeds in
I8 (TLgen) ) = Lo (Ip{ang (war o) ((€,m) + (2, 9)))) yar
= I§, (warr o) ((6,;m) + (z,9) + A1),
Since ) ycio.m) ¥ < 0, using Proposition 6.9, we reach a contradiction. O
LEMMA 6.13. — Let my be a generic discrete series of G whose cuspidal support
satisfies the conditions (CS) (see Definition 6.2). Let a,a_ be two consecutive
jumps in the set of jumps of my.

Let us assume that there exists an irreducible representation ' of a standard
Levi M' = Ma—{a,. ..o, , } Such that

G a
(9) To = IP’(T"za,a,Jrl)) I, (O(a,a_+1)+2)-
Then there exists a generic discrete series m of M" = Ma_¢a,,. ..} such

) — Igl (o((a, —a—)+(n))) with s = == and

that mo embeds in IS, ((r) ~

SQgta
(n) a residual segment.

We split the proof in two steps:

Step A. — We first need to show that 7’ is necessarily tempered following the
argumentation given in [22]. Assume, on the contrary, that 7’ is not tempered.
Langlands’ classification [Theorem 2.9] assures us that 7’ is a subrepresentation
in [l 1]‘{ ' (1), for a parabolic standard subgroup P, 2 P; and

ve((ag))
This is equivalent to claiming that there exists x,y with z —y + 1 € N, and
y < 0, a Levi subgroup
L=Ma—ta,..a, , }U{a, ,}

a unitary cuspidal representation wys o in the W (My)M ' group orbit of ¢, and
the element A € (a%:)* decomposes as (z,y) + MM such that:

w = 1Ipt (1) = Ipt o (o) ((z,y) + A1),
(10) > k<o
kelz,y]

The first equality in the first equation is due to the standard module conjecture
since 7’ is generic. The second equation results from the following sequences
of equivalences: v <p, 0 & % <Oesy<-—z& Zke[m,y] k <0.

The element wy;s in W(Ml)M/ leaves the leftmost part, o(4,,_41), invariant.
Then from Equation (9) and inducing to G:

o <= Ig, (waro)((a,a— + 1) + (2,) + A1),
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We can change (a,a_+1)(z,y) to (x,y)(a,a—+1) if and only if the two segments
(@y...,a— +1) and (z,...,y) are unlinked (see Lemma 5.16). As y < 0, this
condition is equivalent to z ¢ |a,a_].

If we can change, since Zke[z,y} k < 0, by Proposition 6.9 we get a contra-
diction to the square integrability of mq.

Assume, therefore, that we cannot change. Then the two segments are linked
by Proposition 5.7.

Let

M" = Ma—{a,,..8,} whereg=a—-a_ +z—y+ 1.

The induced representation

1"

I v ((waro)((a, . ..yam +1) + (z,...,y)))
has a generic submodule, which is:
ZM7 (P wp - wapo, (a, .. y)(z, . a4+ 1))
(for some Weyl group element wy, such that wy, - wypro = wyp o).
We twist these by the character A} " central for M"”, and therefore, by [U]:
™ — Ig/u(ZMW(Pth'Uv (CL, ey y)(ﬂf, a0+ 1)))\iul)
< I (I g (warr0) (@, .y +1) + (2, 9)) yurr)
= 1§ (waro)(ay ..., y) + (2, .. ;a_ + 1)+ A1),
Let Q' = L'U’; we rewrite this as:
mo = IS (25 (P, w) - waro, (a, ., y) (A7)
= I (w], - waro)((a, ..., y) + A3"))
= Igl((wM/a)((a, oY) F A

for some Weyl group element w/ such that w} - wypro = wypo.
Further, we have y < —a_ since y is negative, x > a_ and Zke[w vl k <0.
In this context, the above Lemma 6.12 claims there exists y' < y:

Ty <> Igl((wM/a)((a, oy A

Then the unique irreducible generic subquotient 7, of I IJXI /m N (UAQW) is square-

integrable, or equivalently o, is a residual point for uN ' (the type is given
3

by ). Further, (o )erd’ 1S 2 residual point for 4@ (the type ia given
2

by X, ), corresponding to the generic discrete series 7.
Then the set of jumps of the residual segment associated to my contains the
set of jumps of the residual segment associated to 7, and two more elements

a and —y’. However, then a > —y’ > a_, and this contradicts the fact that a
and a_ are two consecutive jumps.
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We have shown that 7’ is necessarily tempered.

Step B. — Let (n,,) be the residual segment canonically associated to a
generic discrete series my. Let us now denote a;4; the greatest integer smaller
than a; in the set of jumps of (@,ro). Therefore, the half-integers, a; and a; 41
satisfy the conditions of this lemma.

As the representation 7’ is tempered, by Theorem 6.10, there exists a stan-
dard parabolic subgroup Py of M’ and a discrete series 7/ such that 7’ <
I (r/).

Again, as an irreducible generic discrete series representation of a not neces-
sarily maximal Levi subgroup, using the result of Heiermann-Opdam (Proposi-
tion 2.7), there exists an irreducible cuspidal representation ¢’ and a standard

parabolic P 4 of My such that 7/ embeds in Iﬁ?; (o' (%=L, —ametly o

@D, (e;, —;) + (ny))), where (n) is a residual segment corresponding to

(afa,fl a—a_

. . . . . —1 .
an irreducible generic discrete series 7(j, and , ——5— ) along with

(ej, —;)’s are linear residual segments for (half)-integers «,.

Clearly, the point (%’71,...,—%’71) + @j(a,j7—a,j) + (@W{’/) is
. M#*+
in a,,’

Then,

’ —a_ —1 —a_—1
ay  wenr, (of(imesl ezest
2 2
+@(aj,...7—aj)+(nw6/)>>.
J

Since P; Uy is standard in P’, which is standard in G, there exists a
standard parabolic subgroup P| in G, such that, when inducing Equation (11),
we obtain:

/
(a,m,a7+1>+®j(w]‘wr«j)ﬂzwg))'

Let us denote (a,...,a— +1) + @, (wj, ..., —0;) + (npr) =N

Since 7 also embeds as a subrepresentation in Igl (T(a,....a_+1)+r), by The-
orem 2.9 in [2] (see also [28] VI.5.4) there exists a Weyl group element w in
W such that w- M; = M}, w-o =o' and w((a,a_ + 1)+ ) = \.

Since ¥, is irreducible and Mj is standard, we have by Point (3) in Corol-
lary 6.6 that M{] = M, and we can take w in W (My). Further, since P, and Pj
are standard parabolic subgroups of GG, and ¥, is irreducible, they are actually
equal (see Remark 6.7). Now, by Point (2) in Corollary 6.6 any element in
W (M) is either in W, or decomposes in elementary symmetries in W, and

s3,Ws and
) {0 if w e W,
o' =wo =

53,0 otherwise.

(12) Ty — Igf(ﬂza,...,a,ﬂ)) = Ig{(g
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Let us assume that we are in the context where ¢/ = sg,0 2 0. As ex-
plained in the first part of Section 6 (see Proposition 6.4), this happens if
Y, is of type D. Let us apply the bijective operator (see Lemma 6.11) from

(My) (M) -
IPml(I/\a/?l)/ad((sﬁd o)) to IP ;(f/}l Vo ((s,0)), and then the bijective map t(sg,)

(the definition of the map t(g) has been given in the proof of Proposition 3.2)

(M1)g (M1)g
to Igﬁd(Pldﬁ(Ml)B )(JsﬁdA )= IPlﬁ(Z‘;l)/a (US/*dN)'

As explained in Remark 6.5, sg, A’ = X since X is a residual point of

type D. Therefore, we have a bijective map from Il(:’m()Ml)g ((sg,0)a) to

gﬁlgﬁl)ﬁ (oxr). The induction of this bijective map gives a bijective map from
G
I ( (a a_+1)+@j(0,17...,—ﬁj)+(ﬂ7r(/)/)) to IP1 (U(a,.“,af+1)+@j(@j,...,—aj)-‘r(ﬂ,rg)).

Hence, we may write Equation (12) as
q G
(13) o IP’(ﬂ-Ea,...,a,+1)) — IP1( (ay...,a—+1) +@ Wy —Ooj) +(ﬂ"6,)).

Let us set a = a;, a— = a;41 for a;, a;+1 two consecutive elements in the set
of jumps of (n,). Therefore, (ai,...,ai11+1)P;(e;,..., —a;) + (ng) is in
the Weyl group orbit of the residual segment associated to mo: (1n,,)-

Let us show that (a;,...,ai+1 + 1)(@is1,- .., —a;41)(n?) is in the W,-orbit
of (nr,)-

One notices that in the tuple n, =~ of the residual segment (n, ), the following
relations are satisfied:

(14) Ng,

i

= nai+1 - 17

(15) n,=mn;_1—1 or n;=n;_q, Vi > 0.

Consequently, when we withdraw (a;,...,a;41 + 1) from this residual seg-
ment we obtain a segment (n’) that cannot be a residual segment since n,,, | =
Mg, 41+ 2, for i # 1 or if i =1, ng, = 2, but ap is now the greatest element
in the set of jumps associated to the segment (n'), so we should have n/, = 1.
Therefore, to obtain a residual point (residual segment (n.)), we need to
remove twice a;41.

Then, for any 0 < j < a;11, if we remove twice 7, n; =n; — 2 and, for all 1,
the relations n, = n_;, —1 or n; = n;_, are still satisfied. As we also remove
one zero, we have for j = 0, nj, = ng — 1, which is compatible with removing
twice 5 = 1.

The residual segment left, thus obtained, will be denoted (n‘). We have
shown that (a;,...,a;11 + 1)(a;s1,...,—a;41)(n?) is in the W,-orbit of (Mg )-

Since (n') is a residual segment, from the conditions detailed in Equations
(14) and (15) (see also Remark 4.15 in Section 4.2), no symmetrical linear resid-
ual segment (<, —ay) can be extracted from (n?) to obtain another residual
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segment (Qﬂ_(/)/) such that (a;,...,a;41 + 1) (ait1,- .., —ait+1)(wx, *@k)(ﬂﬂ.g) is
in the W,-orbit of (n ).
S0, (q) = (n?) and

Taa_ 1) = Ity (0((ai, aip1 +1) + (aip1, —aig1) + (0))).
Eventually, using induction in stages, Equation (11) rewrites as:
o =I5, (0((ai, aip1 + 1) + (aig1, —ai1) + () = ©,

and since the two segments (a;,...,a,11 + 1) and (@;41,...,—a;+1) are linked,
we can take their union and deduce that there exists an irreducible generic
essentially square integrable representation 7,, of a Levi subgroup M% in P%,
which once induced embeds as a subrepresentation in © and, therefore, by
multiplicity one of the irreducible generic piece ([U], see 2.1) , mg, we have:

0 < Ifu; (Ta,) = 15, (0((as, —ai1) + (1))

PROPOSITION 6.14. — Let (n,,) be a residual segment associated to an ir-
reducible generic discrete series mg of G whose cuspidal support satisfies the
conditions (CS) (see Definition 6.2).

Let a3 > as > ... > a, be jumps of this residual segment. Let P, =
MU, be a standard parabolic subgroup and o be a unitary irreducible cuspidal
representation of My such that mo < 1§ (o(n,,)).

For any ¢, there exists a standard parabolic subgroup P% O P with Levi
subgroup M® , residual segment (n') and an irreducible generic essentially
square-integrable representation m,, = ZM" (P, 0, (a;, —aiy1)(n?)) such that
mo embeds as a subrepresentation in

I (ma,) = I, (0((as, —ain1) + (1n))).

Proof. — By the result of Heiermann—Opdam [Proposition 2.7] and Lemma
6.1, to any residual segment (n, ) we associate the unique irreducible generic
discrete series subquotient in Igl (0(nry))-

Then, as explained in Section 4.2, this residual segment defines uniquely
jumps: a1 > ag > ... > Qp.

Start with the two elements a; = £ + m and as = £ — 1 and consider the
following induced representation:

(16) Ig (o((t+m,az+1=20)(¢—1)™=1(£—2)™2...0™))
=IE(IY i (o((L+m as = 0)(€ — 1)1 (£ —2)™=2 .. .0"™))).

Let us denote v := (£ +m,ag +1=0)(0 — 1)™-1(£ — 2)™-2 ... 0",
The induced representation I/, (o((¢ + m,az +1 = £)(£ — 1)1 (L —
2)me=2 .. 0™)) := I} )/ (0,) is a generic induced module.
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The form of v implies that o, is not necessarily a residual point for p™.
Indeed, the first linear residual segment (¢ + m,as + 1 = £) is certainly a
residual segment (of type A) but the second not necessarily.

Let 7 be the unique irreducible generic subquotient of I ﬁ,/fﬂ w(0v) (which
exists by Rodier’s theorem). We have:

m < (o)) and I§(m) < I8N (00)) = IF (00).

Assume I§ () has an irreducible generic subquotient 7§, different from 7o, then
7y and 1o would be two generic irreducible subquotients in Igl (o) contradict-
ing Rodier’s theorem. Hence, o < IS ().

Further, since mg embeds as a subrepresentation in

TS (I (o (L4 myas +1=0) + (£ — 1)1 (£ = 2)™=2 . 0™))) := IE (o),

it also has to embed as a subrepresentation in I§ ().

Therefore, applying Lemma 6.13, we conclude that there exists a residual
segment (nl), an essentially square integrable representation 7,, such that g
embeds as a subrepresentation in

I8, (7ay) = I (0((a1, —az) + ().

Let us consider now the elements as = £ — 1 and a3. As in the proof of Lem-
ma 5.16, since the linear residual segments (a1,¢ —1) and (¢ — 1) are unlinked,
we apply a composite map from the induced representation I%%M, (o((ay,€—
D+ (0—1)+...1mM0%)) to IM [ (o((€—1)+ (a1, £—1)+...1"0™)). We can
interchange the two segments and, as in the proof of Lemma 5.16, applying this
intertwining map and inducing to G preserves the unique irreducible generic
subrepresentation of Igl (o).
We repeat this argument with
TN (0((0 = 1) + (a1, € —2) + (£ —2) +...1™0™)) and

"

Ipiam (0((E=1) + (£ =2) + (a1, £ = 2) +...1"0™)),

and further repeat it with all exponents until a3 + 1.

Eventually, the unique irreducible subrepresentation 7y appears as a sub-
representation in I (0((az,a3 + 1) + (a1,a3 + 1) + (£ — 2)"=272. . (as +
1)tas+1=2  m1Qno))

rag

o = Ig’az (IljgllnM'w (o((az, a3 + 1) + (a1,a3 +1)
+ (£ —2)"=272 | (ag + 1)Mes 172 1™(0"0)))

=15, (I}]‘,{g&,az ((wo)wy)) where w € W,,.
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Let 7 be the unique irreducible generic subquotient of I %;:fv[,az (owy) (which
rag

exists by Rodier’s theorem). We have: 7 < IIJ‘;/{NM/% (owy) and

1800 (1) < IGray (IM 3 pren (Gun)) = 15 (0wn)-

Assume I§,,, (7) has an irreducible generic subquotient 7y different from mo;
then 7, and 7o would be two generic irreducible subquotients in I§ ((wo)wa),
contradicting Rodier’s theorem. Hence, mg < IS, (7). Further, since my em-
beds as a subrepresentation in

IS0y (IM 53 r0s (0((az, a3 + 1) + (a1, a3 + 1)
(=222 (ag 4 1) 72 1m0™0))) = TS (),

it also embeds as a subrepresentation in 1§, ().

Hence, applying Lemma 6.13, we conclude that there exists a residual
segment (n?) and an essentially square-integrable representation m,, =
AL (P, N M o, (az,—a3)(n?)) such that 7y embeds as a subrepresentation
in Ifa, (a,) < Ig, (0((az, —a3) + (2%))).

Similarly, for any two consecutive elements in the set of jumps, a; and
ai+1, the same argumentation (i.e. first embedding 7 as a subrepresentation in
I g,ai () using intertwining operators, and concluding with Lemma 6.13) yields
the embedding:

7o = Ifa; (Ta,) < IBa (Ip g (0 (i, —aivn) + (1))
for an irreducible generic essentially square-integrable representation
o, = 2™ (PLOM® 0, (ai, —ai41)(n'))
of the Levi subgroup M®:. a

6.4. Proof of the theorem 6.3. —

e 1(a) is the result of Lemma 6.1.

e 1(b) is the result of Proposition 6.14.

e 1(c) Let us denote my the unique irreducible generic subquotient in
Igl (0(a,p)n)- By Proposition 2.7, there exists a parabolic subgroup
P’ such that my embeds as a subrepresentation in the induced mod-
ule I§,(c},), for o}, a dominant residual point for P’. Let (wo), be
the dominant (for P;) residual point in the W,-orbit of oy, then (using
Theorem 2.9 in [2] or Theorem VI.5.4 in [28]) ¢ is the unique irreducible
generic subquotient in Igl ((wo)wx), and Proposition 3.2 gives us that
these two (I, (c},) and IS ((wo)wy)) are isomorphic.

The point (wo)qyy is a dominant residual point with respect to Pi:
wA € QTM+, and there is a unique element in the orbit of the Weyl group
W, of a residual point, which is dominant and is explicitly given by a
residual segment using the correspondence of Section 2.5.1. We denote
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wA := (n,,) this residual segment. Since w € Wo, (Wo)wxr = Twa.
Hence, mo < I (0(n,,))-

Ny
Since « > 6, and (ng,) is a residual segment, it is clear that « is a

jump. [Indeed, if you extract a linear residual segment (@, ...,6) such
that @ > ¢ from (n,,) such that what remains is a residual segment,
then @ = a has to be in the set of jumps of the residual segment (n )
as defined in Section 4.2]. Let us denote a_ the greatest integer smaller
than a in the set of jumps. Therefore, the (half)-integers, a and a_
satisfy the conditions of Proposition 6.14. We will show below that
6 > —a_. Let P, = PAf{aa+a,+1} be a maximal parabolic subgroup,
with Levi subgroup M, which contains P;.

Let 7, = ZMv (P, 0,w,_ M), for w, € W, be the generic essentially
square integrable representation with cuspidal support o((a, —a_)(n_,_))

associated to the residual segment ((a, —a_)+ (n_,_)) (in the W-orbit

of (n,,)). It is some discrete series twisted by the Langlands parameter

S—a_ Ogra 41 With s_,_ = “—~. By the Proposition 6.14 we can write

Ty < Igb () — Igl (c((a,—a—)(n—q_))).

Here, we need to justify that given a, for any ¢ we have: 6 > —a_.

Consider again the residual segment (n, ) and observe that by defini-
tion the sequence (a,...,—a_) is the longest linear segment with great-
est (half)-integer a that one can withdraw from (n, ) such that the
remaining segment (n_,_) is a residual segment of the same type, and

(a,...,—a_)(n_q_) is in the Weyl group orbit of (n, ).

Further, this is true for any couple (a,a_) of elements in the set of
jumps associated to the residual segment (n, ). It is, therefore, clear

a—a—

that given @ and a_ such that s_,_ = == > 0 is the smallest positive
(half)-integers possible, we have that s = ‘%H’ >5_q ="5—andfis
necessarily greater or equal to —a_.

Once this embedding is given, using Lemma 5.12, there exists an
intertwining operator with a non-generic kernel from the induced module

IS (0((a,—a_)(n_q_))) given in Equation (17) to any other induced

module from the cuspidal support o(a, ¢, ng) with 6 > —a_.
Therefore, my — I (0(a,6,n5)) = I (02).

2(a) Since A is not a residual point, the generic subquotient is a non-

discrete series. By Langlands’ classification, Theorem 2.9, and the stan-

dard module conjecture, it has the form J§, (/) = IS (7!,). By Theo-

rem 5.5, v/ corresponds to the minimal Langlands parameter (this notion

was introduced in Theorem 2.9) for a given cuspidal support.

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



314

S. DIJOLS

For an explicit description of the parameter v, given the cuspidal
string (@, 6, n), the reader is encouraged to read the analysis conducted
in the Appendix of the author’s thesis [11].

The representation 7/ (e.g. St,|-|*" ® 7’ in the context of classical
groups, for a given integer ¢) corresponds to a cuspidal string (', 6, n’),
and cuspidal representation ¢’, that is,

IS, (1)) = Igl/ (o' (a',6',n)).

By Theorem 2.9 in [2], we know the cuspidal data (P, o, (¢, 8, n'))
and (P{,0’, X := (a',6',n’)) are conjugated by an element w € WE.

By Corollary 6.6 and since P; and P| are standard parabolic sub-
groups (see Remark 6.7), we have P, = P/, w € W(My). Any element
in W(M7) decomposes in elementary symmetries with elements in W,
and sg, W,:

, o itwe W,
o =wo = .
sg,0 otherwise.

Let us assume that we are in the context where o/ = sg,0 2 0. As
explained in the first part of Section 6.3, this happens if ¥, is of type D.
Let us apply the bijective operator (see Lemma 6.11) from

(M) (M) e
IPlﬁ(ﬁl)ﬁd ((sp,0)x) to Iﬁﬂ(ﬁl)ﬁd ((sp,0)x) and then the bijective map

(the definition of the map t(g) has been given in the proof of Propo-

" (M1)gp (Mi)p
sition 3.2) t(sg,) to ISgd(?;iﬁ(M1)ad)(asﬂd>‘l) = IPln(I\jl)Bd (0sp,n). As

explained in Remark 6.5, sg,A’ = X since X is a residual point of

type D. Therefore, we have a bijective map from II(DJI\?()Z%)B ((sg,0)x)
d

(Ml)[‘?d
to IPm(Ml)gd

map from Ig{(a'(a’,ﬁ’,g')) to IG{(J(@’,ﬁ’,ni’)).

2(b) Assume now that we consider a tempered or non-tempered sub-
quotient in [ gl (o(w,6,n)). We first apply the argumentation developed
in the previous point 2(a) to embed it in Igl, (o(e',6',n')). Then it is

(oar) The induction of this bijective map gives a bijective

enough to understand how one passes from the cuspidal string (', 8’,n/)
to (@,6,n) to understand the strategy for embedding the unique irre-
ducible generic subquotient as a subrepresentation Igl (0(w,b6,n)).

Starting from (@, 6,n), to minimize the Langlands parameter v', we
usually remove elements at the end of the first segment (i.e. the segment
(@,...,8)) to insert them on the second residual segment, or we enlarge
the first segment on the right. This means either ¢’ < @, or 6’ < 6, or
both.
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If ' = @, and 6’ < 6, in particular if 6’ < 0, we have a non-generic
kernel operator between I (o(',6',n)) and I§ (o (w, 6,n)), as proved
in Lemma 5.12. ]

6.5. An order on the cuspidal strings in a W -orbit. — It is possible to describe
the set of points in the W,-orbit of a dominant residual point Ap as follows.

Let us define a set of points & in the W,-orbit of a dominant residual point
Ap such that they are written as: («,8)(n) with at most one linear residual
segment («w,8) satisfying the condition « > 6. Then « is a jump as explained
in the proof of Theorem 6.3, point 1(c).

Let us attach a positive integer C(1,\) = #{8 € SF|(\, 8) < 0} to any of
these points.

By definition, C(1,Ap) = 0. What are the points A in & such that the
function C(1, A) is maximal?

LEMMA 6.15. — The function C(1,-) on &£ is mazximal for the points that are
the form (a,—a_)(n), for (a,a_) any two consecutive elements in the jumps
sets associated to A\p.

Proof. — Let us choose a point in £; since it is a point in &£, it uniquely
determines a jump a (as its left end). For any fixed a, we show that the
function C(1, A,) is maximal for A, _, = (a, —a_)(n). Let £, denote the set
of points in &£ such that the linear residual segment (if it exists) has left end
a. The union of the £, where a runs over the set of jumps is &£.

Let us choose a point A\, s = (a,6)(n)s in &£, and denote Ly the length of
the residual segment (n)s. Recall also that (n)g = (¢,...6™ ...0™).

e Casea>0>¢6

Consider \g and Ag41.

Let us consider first those roots that are of the forms e; —e;, i > j.
On Ag, the number of these roots that have non-positive scalar product
is

(=b) x Lg + (Ls — no) + (Lg — (no +n1))
+(Lg—(no+mn1+na+...4+n4)) + Cgp1,
where Cy1 is some constant depending on the multiplicities n; for ¢ >
(& +1).

Secondly, let us consider the roots of the forms e; +¢e;, i > j; on g,

the number of these roots that have non-positive scalar product is

Lg = (n6 +np1 +ne) + Lo = (np—1 + 16 +npp1 + -+ 1)
+ Lo — (np—2 +np—1 +1ng +npp1 + .o F )+
+6+6-14+6—-2+... +1.
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Finally, one should also take into account the roots of type e;, 2e; or
e; + eq if d is the dimension of 3, and of type B, C' or D. There are b
such roots in our context.

C(L,A+1)=(—6—-1)x(Lg+1)+ (L +1—ng) + (Lsg + 1 — (ng + n1))
+...+Ls+1—(mo+ni+...+ng)) +Chp1 + L+ 1
— (ng—1+ng +nps1+...+ng)+ Ly
— (np—a+np—1+ng+ngs1+...+n0)+...
+6—-1+6—-24...+14+6—1,
C(1,X) —C(1,Mp41) = Lg — (ng + npp1 +ne) + 6+ 6
—(—Lg—6—-1+6—-1+6+6-1),
C(1, M) — C(1, Ag+1) =2Lg — (ng + g1 +1n0) +3
Therefore
C(1,2) > C(1, Ag+1)-

e Casea>16>0
Consider Ag and Ag41. The number C(1, Ag) and C(1, Ag41) differ by
Lg — (no + n1 + ...+ ng). As this number is clearly positive, we have
C(1, ) > C(1, Ag41).

This shows that C(1,-) decreases as the length of the linear residual seg-
ment (a,b) decreases. Furthermore, from the definition of the residual segment
(Definition 4.8) and the observations made on cuspidal lines, the sequence
(a,...,—a_) is the longest linear segment with greatest (half)-integer a that
one can withdraw from Ap such that the remaining segment (n_,_) is a resid-

ual segment of the same type, and (a,...,—a_)(n_,_) is in the W,-orbit of
Ap. Therefore, C(1, Aq,—q_) is maximal on the set Z,. O

As a consequence of this lemma, we will denote the points of maximal C(1, - ),
Aa;, for any a;, in the jump set of Ap.

The elementary symmetries associated to roots in ¥, permute the (half)-
integers appearing in the cuspidal line (@, 8)(n).

We illustrate the set £ with a picture. Let us assume that any two points
in the Wj,-orbit are connected by an edge if they share the same parameter
a, and/or the intertwining operator associated to the sequence of elementary
symmetries connecting the two points has a non-generic kernel. Any point in
& is on an edge joining the points of maximal C(1,-) to Ap. We obtain the
following picture.

Then the proof of the Theorem 6.3 could be thought about in the following
way. Relying on the extended Moeglin’s lemmas we obtain the embedding of
the unique irreducible generic subquotient for a set of parameters {\,, };. Those
parameters are indexed by the jumps a; in a (finite) set of jumps associated to
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C(1,\) =0« \p

C(1,A) is max <= A, Aas Aa,,
FIGURE 6.1. The set &

the dominant residual point Ap (they are in the W, -orbit of Ap). Once this
key embedding is given, for each jump a, we use intertwining operators with a
non-generic kernel to send the unique irreducible generic subrepresentation that
lies in IS (ox,) = I (0((a, —a—)(n)) to Ig (o ((a,6)(r))), for any 6 > —a_,
where (n') is a residual segment of the same type as (n).

7. Proof of the generalized injectivity conjecture for discrete series subquotients

Before entering the proof of the conjecture for discrete series subquotients,
let us mention two other results. First, in order to use Theorem 2.6, let us first
prove the following lemma:

LEMMA 7.1. — Under the assumption that u© has a pole at s& (assumption
1) for 7, and p™ has a pole at v (for o) of maximal order, for v € ahr, s Ovtsa
is a residual point.

Proof. — We will use the multiplicativity formula for the y function (see Sec-
tion IV 3 in [39] or the earlier result (Theorem 1) in [33]):
G
I
MG(Ts&) = W(Us&-&-l/)-

We first notice that if 4™ has a pole in v (for o) of maximal order, for v € ay, s
p™ also has a pole of maximal order at v+ sa (since sa is in a};, we twist by a
character of A7, which leaves the function ™ unchanged). Under assumption
1, the order of the pole at v + sa& of the right-hand side of the equation is:

ord(pole forp® at v + s@) — (rkgs (M) — rkys (M) > 1.
Since M is maximal we have (rk;s(G) — rkss(M)) = dim(Ayr) — dim(Ag) = 1,
and then
(tkss (M) — rkss(M7)) +1 = ( M) —1rkss(M1)) + (tkss(G) — rkes(M))
=( G) — tkes(M7)).
Hence, ord(pole of u% in v + s&) > (tkes(G) — rkes(M7)), and the lemma
follows. 0

rkgs(
ks (
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The element v + s& being a residual point (a pole of maximal order for ;<)
for o, by Theorem 2.6 we have a discrete series subquotient in Igl (0vtsa)-
Further, consider the following classical lemma (see, for instance, [41]):

LEMMA 7.2. — Take T a tempered representation of M, and vy in the positive
Weyl chamber. If vy is a pole for u©, then IS (7,,) is reducible.

This lemma results from the fact that when 7 is tempered and vy in the
positive Weyl chamber, JF\ p(7,+) is holomorphic at vy. If the p function

has a pole at vy, then JP‘PJP‘F(T, -) is the zero operator at vg. The image
of JP‘;(T, -) would then be in the kernel of Jﬁ‘P(T, -), a subspace of 1§ (7,,),
which is null if 1§ (7,,) is irreducible. This would imply .J PP is a zero operator,

which is not possible. So I§(7,,) must be reducible.

Under the hypothesis of Lemma 7.1, the module I§(7.5) has a generic dis-
crete series subquotient. In this section, we aim to prove that this generic
subquotient is a subrepresentation.

We present here the proof of the generalized injectivity conjecture in the
case of a standard module induced from a maximal parabolic P = MU. Then,
the roots in Lie(M) are all the roots in A but o. We first present the proof in
case « is not an extremal root in the Dynkin diagram of G, and secondly when
it is an extremal root.

PROPOSITION 7.3. — Let mg be an irreducible generic representation of a quasi-
split reductive group G of type A, B,C or D, which embeds as a subquotient in
the standard module Ig(Tsd), with P = MU a mazimal parabolic subgroup and
T discrete series of M.

Let 0, be in the cuspidal support of the generic discrete series representation
7 of the mazimal Levi subgroup M ; we take sé in (a},)*, such that IS (7sa) <

ot
I (0u4sa) and denote X = v + sa in a}],

Let us assume that the cuspidal support of T satisfies the conditions (CS)
(see Definition 6.2).

Let us assume that o is not an extremal simple root on the Dynkin diagram
of X.

Let us assume oy, is a residual point for n&. This is equivalent to saying that
the induced representation Igl (ox) has a discrete series subquotient. Then, mo,
which is discrete series embeds as a submodule in Igl (ox), and, therefore, in
the standard module I8 (7sa) < Igl (o).

Proof. — First, notice that if s = 0, the induced module Ig(rsa) is unitary,
and, hence, any irreducible subquotient is a subrepresentation; in the rest of
the proof, we can, therefore, assume sa in (a},)*.

We are in the context of Section 4.3 and, therefore, we can write A :=
(e,...,6)(n), for some (half)-integers « > &, and residual segment (n). In
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this context, as we denote s@ the Langlands parameter twisting the discrete
series T, then s = s4 = @T'Hf‘.

Notice that since oy is in the W,-orbit of a dominant residual point whose
parameter corresponds to a residual segment of type B,C or D, « and 6 are
not only reals but (half)-integers. The conditions of application of Theorem
6.3 1(b) or 1(c) are satisfied, and, therefore, the unique irreducible generic
subquotient in Igl (o) is a subrepresentation. By multiplicity 1, it will also
embed as a subrepresentation in the standard module I$(ZM(Py,0,))). O

REMARK 7.4. — From the Theorem 6.3 and the argumentation given in the
proof of the previous proposition, it is easy to deduce that if my appears as a
submodule in the standard module

IG5 (ZM (P10, wa X))

with Langlands’ parameter safa(;;jl, it also appears as a submodule in any
standard module I§(ZM(Py, 0, (a,6,n4)) with Langlands’ parameter sza >
S_a_ aa:;_/ﬂ, for the order defined in Lemma 5.2 assoon as ZM (P, o, (a, 6, n4))
has equivalent cuspidal support. o

7.1. The case of 2 irreducible. —

PROPOSITION 7.5. — Let mg be an irreducible generic discrete series of G with
cuspidal support (My,0), and let us assume that X, is irreducible. Let M be a
standard mazimal Levi subgroup such that ¥ is irreducible.

Then, mg embeds as a subrepresentation in the standard module Ig(rsd),
where T is an irreducible generic discrete series of M.

Proof. — Assume that X, is irreducible of rank d and let A, := {aq,..., a4}
be the basis of ¥, (following our choice of basis for the root system of G) and
let us denote J its type.

We consider maximal standard Levi subgroups of G, M D M, such that
the root system XM is irreducible. Typically, M = M A-{a}"

Now, in our setting, o, is a residual point for p™. It is in the cuspidal
support of the generic discrete series 7 if and only if (applying Proposition 4.6):

tk(ZM) = d—1. Let us denote (va, . . .,v4) the residual segment corresponding
to the irreducible generic discrete series 7 of M.
If (vg,...,vq) is a residual segment of type A to obtain a residual segment

(v1,va,...,v4) of rank d and type:
e D: Weneed vy =0and vy =vy + 1.
e B: Weneed vy =1and v; =1y + 1.
e C: Weneed vg =1/2 and vy = vg + 1.
If (va,...,vq) is a residual segment of type I (B, C, D) we need v; = vy +1
to obtain a residual segment of type I and rank d.
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In all these cases, the twist s& corresponds on the cuspidal support to adding
one element on the left to the residual segment (vs,...,v4); then the segment
(v1,va,...,vq) == (A1, A2, ..., Aq) is a residual segment:

mo < IE(TS&) — Igl(a)\).

This is equivalent to saying that oy is a dominant residual point, and, therefore,
by Lemma 6.1 my embeds as a subrepresentation in Igl (o), and, therefore, in
IS (7sa) by [U] in the standard module. O

7.2. Not necessarily maximal parabolic subgroups. — In the course of the main
theorem in this section, we will need the following result.

LEMMA 7.6. — Let 81,83,...,8; be t unlinked linear segments with §; =
(@iy...,6;) for anyi. If

(@1,...7ﬁ1)(@2,...,ﬁg)...(@t,...,ﬂd(ﬂ)

is a residual segment (n'), then at least one segment (@, ..., 6;) merges with
(n) to form a residual segment (n').

Proof. — Consider the case of ¢ unlinked segments, with at least one disjoint
from the others. We aim to prove that this segment can be inserted into
(n) independently of the others to obtain a residual segment. For each such
(disjoint from the others) segment (<, . .., ¢;) inserted, the following conditions
are satisfied:

(18)

!/ !/
Wbl = Nagt1 =Ny, —1=mng, +1-1
!/ /
ng, =ng, +1=mng, 1 —1+1=mng_1=mng ;.

The relations n),  ; = 14,41 and ng_; = ng, 1 come from the fact that the
elements («; + 1) and (6; — 1) cannot belong to any other segment unlinked
to (@g,...,8;). If, for any 4, those conditions are satisfied, (n') is a residual
segment, by hypothesis.

Now, let us choose a segment that does not contain zero: («;,%;). Since by
the Equation (18) ng,41 = ng, and ng, = ng, -1 — 1, adding only (a;,...,6;)
yields equations as (18) and, therefore, a residual segment.

If this segment contains zero and is disjoint from the others, then adding
all segments or just this one yields the same results on the numbers of zeroes
and ones: nj = ng, nj = nf; therefore, there is no additional constraint under
these circumstances.

Secondly, let us consider the case of a chain of inclusions, which, without
loss of generality, we denote 81 D 83 D 85... D §;. Starting from (n’), observe
that adding the ¢ linear residual segments yields the following conditions:

i - !/ -
Ng,. 41 =Ng+1ti—1=n, —1=n, +i—1,

ng, =mng, +i=mng_1—1+i=ng ;.
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Then, for any ¢, we clearly observe ng,+1 = ng,; and ng, = ng, _1 — 1. Assume
that we only add the segment (@1,...,61); then we observe n} ,, =n! —1
and nﬁ = nﬁ1 1, satisfying the condltlons for (n”) to be a residual segment

Assume that §; contains zero; then any §; also does. Assume that there is
an obstruction at zero to form a residual segment when adding ¢ — 1 segments.
If adding only t — 1 zeroes does not form a residual segment, but ¢ zeroes do,
we have nfy = 2. Then ng +t = & +t = 22L (the option n} = ny + 2t + 1
is immediately excluded since there is at most two ‘ls’ per segment S;).

We need to add 2t times ‘1. Then we need at least 2¢ —1 times ‘2’ and 2t —2
times ‘3’ , ..., etc. Since nf = ny + 2¢, all §;’s will contain (10 —1). There is
no obstruction at zero while adding solely 8; (i.e. ng +1 = ”1T+2) and since
81 D8 ... D 8 and 8 needs to contain a1 > £+ m, 8§ can merge with (n)
to form a residual segment.

Finally, it would be possible to observe the case of a residual segment §;
containing 8 and 83 with 83 and 83 disjoint (or two — or more — disjoint
chains of inclusions). Again, we have:

/ /
M4l = Nay+1 =Ny, —1=n4 +1-1

Assume that we only add the segment (w1, ...,86;); then we observe n@ 1=

"

n,, — 1 and ng, = ng _,, satisfying the condltlons for (n”) to be a residual

segment. O

REMARK 7.7. — We show in this remark that if s; = ‘“;ﬁl =5, = Q’M , the
linear segments («;,...,6;) with «; > 6¢; and («;,8;) with a; > 6, are such
that one of them is included in the other (therefore unlinked).

If the length of the segments are the same, they are equal. Without loss of
generality, let us consider the following case of different lengths:

(19) ;i —6;+1>a; —6;+1.

Since “itfi — @JJrﬁ , ;i +6; = a; +6; and from Equation (19) «; — a; >

6; —6; replacing 6; by a;+6;—;, and further w; by @; +6; —6;, we obtain:
@j—‘rﬁj—ﬁi—@j >ﬁi—ﬁj<=>ﬁj > b,
Therefore, w; > a; > 6; > ;.

Consequently, the content of the proofs of the next theorem (Theorem 7.8),
when considering the case of equal parameters s; = s;, remain the same.

THEOREM 7.8. — Let us assume o, is in the cuspidal support of a generic
discrete series representation T of a standard Levi subgroup M of a quasi-
split reductive group G. Let us assume that the cuspidal support of T satisfies
the conditions (CS) (see Definition 6.2). Let us take s in (a},)t, such that

+
IE(1s) = I (0u4s) and denote X = v+ s in aly . Let us assume that
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oy is a residual point for p©. Let my be an irreducible generic discrete se-
ries representation of G, which is a subquotient in Ig(Tﬁ). Then, the unique
irreducible generic square-integrable subquotient, my, in the standard module
IS (7s) < I (0x) is a subrepresentation.

Proof. — Let us assume that XM is a disjoint union of ¢ subsystems of type
A and a subsystem of type . Let s = (s1,82,...,8¢) be ordered such that
8§81 >89 > ...> 8 >0 with 5; = ”“'iTMi, for two (half)-integers w; > ;.

Using the depiction of residual points in Section 4.3, we write the residual
point

o<é(@i,...,ﬁi)(n)> where \ reads @(% 6 ().

i=1

Let us denote the linear residual segments (w,...,86;) = 8; and assume
that for some indices 4,5 € {1,...,t}, the segments §;,§; are linked. By
Lemma 5.14 there exists an intertwining operator with a non-generic kernel
from Igl (o((81,8%,...,8;n))) to Igl (0(81,82,...,8;n)). Therefore, if we
prove that the unique irreducible discrete series subquotient appears as a sub-
representation in [ ICD;I (0(81,85,...,8;;n)), it will consequently appears as a sub-
representation in I (0(81,82,...,8:;n)). This means that we are reduced to
the case of the cuspidal support o) being constituted by ¢ unlinked segments.

Further, notice that by the above Remark 7.7, when s; = s;, the segments

8;, and §; are unlinked. This allows us to treat the case s1 =s3 =... =5 >0
and s; > s =...=s; =0.
So let us assume that all linear segments (w;,...,6;) are unlinked.

We prove the theorem by induction on the number ¢ of linear residual seg-
ments.
First, t = 0, let Py = G and 7 be the generic irreducible square integrable

representation corresponding to the dominant residual point oy := o(n,, ),

If,(m) = IE, (011, ))-

By Lemma 6.1, A being in the closure of the positive Weyl chamber, the unique
irreducible generic discrete series subquotient is necessarily a subrepresentation.
The proof of the step from ¢t =0 to ¢t = 1 is Proposition 7.3.
Assume that the result is true for any standard module

(r) = IS (rf(é(m, o) )

IS,
©<
= i=1

t

with ¢t or less than ¢ linear residual segments, where Péﬂ is any standard
parabolic subgroup whose Levi subgroup is obtained by removing ¢ or less than
t simple (non-extremal) roots from A.
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We consider now 7y the unique irreducible generic discrete series subquotient
in

Ig,, . () = 1§, <a<é(% B (G, ,ﬁt+1)(7ﬂ))>.

i=1

To distinguish this from the case of a discrete series 7 of Pg,, we denote 7/ the
irreducible generic discrete series and s’ in a Me,,, *T

Using Lemma 7.6, we know there is at least one linear segment with index
j € [1,t + 1] such that (@;,...,6;) can be inserted in (n’) to form a residual
segment. Without loss of generality, let us choose this index to be ¢ + 1 (or
else we use bijective intertwining operators on the unlinked segments to set
(@j,...,6;) in the last position). Then, there exists a Weyl group element w
such that w((@iy1,-..,6:41)(n))) = (n) for a residual segment (n).

Let M} = Mg with © = U;l O;, for some s > t and M’ = Mg/, where
0 = U;:f 0, U0B;U{a;}UB:iq, if we assume (by convention) that the root
a, connects the two connected components ©; and O, 1.

Since M’NP is a maximal parabolic subgroup in M’, we can apply the result
of Proposition 7.3 to 7’ the unique irreducible discrete series subquotient in
IM (0 (g, Bryn) ().

Notice that M is a reducible root system, and, therefore, so is ¥ ". This
is because we choose an irreducible component of M " 0 that we can apply the
result of Proposition 7.3. It appears as a subrepresentation in I%%M, (o(n)).

Then, since the parameter @:Zl(@i, ..., 6;) corresponds to a central char-
acter y for M', we have:

() = I8 (U oWy o1 0) 216 (o(ém 8 ).

By Proposition 7.3, the subquotient 7’ appears as a subrepresentation in

I%%M, (o(@ts1y .-, 6:41)()), and, therefore, in the standard module embed-

ded in IIJ;{;'WM’ (U(ﬁ/t+1, . ,6t+1)(&l)) by [U]
Since the parameter @:Zl(@i, ..., ;) correspond to a central character for
M’, we have:

15, () =I5 (Ip apr (0 (@iga, ﬁt+1)(i))@f_l(%_“761))

=~ G (a<é(@i, e 6) (st ,ﬁt+1)(n’))>.

i=1
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We, therefore, have two options: Either I, () is irreducible and then it is
the unique irreducible generic subrepresentation in

t

1S, (1M (0<®(ai, 6 (s, ,ﬁtﬂ)w))),

i=1
€ <a<é(@i,...,ﬁi)(@tH,...,ﬁt+1)(n/)>>,

i=1

and by multiplicity 1 in Ifg’etﬂ (Tg). Otherwise, it is reducible, but then its
unique irreducible generic subquotient is also the unique irreducible generic
subquotient in 1§ (B (ai. .., 0:)(n)).

Then, by induction hypothesis, it embeds as a subrepresentation in
IS (o(B_, (i, ..., 6:)(n))); and by [U], also in I (n). Hence, it embeds
in I (0’(@2:1(04, ooy B) (@1, -, Be401) (1)), and, therefore, in Ig@Hl (1),

which concludes this induction argument and the proof.

7.3. Proof of the generalized injectivity conjecture for non-discrete series sub-
quotients. — We could have 7§ (7,5) reducible without having hypothesis 1 in
Lemma 7.2 satisfied, that is, without having s& a pole of the u function for 7;
i.e. the converse of the Lemma 7.2 does not necessarily hold.

It is only in this case that a non-tempered or tempered (but not square-
integrable) generic subquotient may occur in Igl (0visa)-

PROPOSITION 7.9. — Let 0, be in the cuspidal support of a generic discrete
series representation T of a maximal Levi subgroup M of a quasi-split reductive
group G. Let us take sé in (a},)t, such that I (1sa) < 1S (0,4s5) and denote

+x
_ ~ M
A=V + s& in ay,

Let us assume that the cuspidal support of T satisfies the conditions (CS)
(see Definition 6.2).

Let us assume that oy is not a residual point for u©, and, therefore, the
unique irreducible generic subquotient in Ig(Tsd) is essentially tempered but
not square integrable or not essentially tempered.

Then, this unique irreducible generic subquotient embeds as a submodule in
I (0x) and, therefore, in the standard module 1§ (1s5) < I (o).

Proof. — First, notice that if s = 0, the induced module Ig(TS&) is unitary,
and, hence, any irreducible subquotient is a subrepresentation. In the rest of
the proof we can, therefore, assume sa in (a%,)™.

Let us denote 7y the irreducible generic tempered or non-tempered repre-
sentation that appears as a subquotient in a standard module Ig (Tsa) induced
from a maximal parabolic subgroup P of G.
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We are in the context of Section 4.3 and, therefore, we can write A :=
(@,...,6) + (n), for some « > 6, and residual segment (n). Here, we assume
ox is not a residual point. Then If(7.s) < I (0(w,6,n)) has a unique
irreducible generic subquotient that is tempered or non-tempered.

Following the proof of Theorem 6.3 2(a) and 2(b), we can write this unique
irreducible generic subquotient I, (7/,), which either embeds in an induced
module that satisfies the conditions 2(a) or 2(b) of Theorem 6.3, and then
we can conclude by [U]. This is the context of existence of an intertwining
operator with a non-generic kernel between the induced module with cuspidal
strings («/,6’,n') and (@, 6,n).

Otherwise, one observes that passing from («’,8',n’) to (@, 6,n) requires
certain elements v, with @ > v > &', to move up, i.e. from right to left. This
means using rank 1 operators, which change (y+n,7) to (v,7+n) for integers
n > 1, those rank 1 operators may clearly have generic kernels.

In this context, we will rather use the results of Proposition 7.3.

Consider again If,(7),) embedded in If (o(e’,6’,n')). Let us denote n’
the unique irreducible generic discrete series subquotient corresponding to the
dominant residual point o((n’)). Let M" = Ma_{qa,,. .. .a,_,,,} De a standard
Levi subgroup; we have:

7 o I (o (())).

Since the character corresponding to the linear residual segment (a/,...,8) is
central for M", we write:

"

WE@',‘..,ﬁ/) - I%mM”(U((ﬂllv S8+ (1)) = IPImM/f(U(Q/))(a/,.,.,ﬁ’)-
Since 7}, is irreducible (and generic), we also have
s I (0((e, . 8)) + ().
We know:

(20) T I (T s, o) = T (e 87) + ().

(e,
By the generalized injectivity conjecture for square-integrable subquotient

(Proposition 7.3), any standard module embedded in I%[;/M,, (o((n'))) has 7’
as subrepresentation. We may, therefore, embed 7’ as a subrepresentation in

I}%mM“((wa)((abvﬁb,ﬂb)))v
with w,o = o, and therefore inducing Equation (20) to G,
19.(7) = T8 (0,0 (e, ., ') + (a7, 6°) (")),

The sequence (@b,f}b, ﬂb) is chosen appropriately to have an intertwining op-
erator with a non-generic kernel from I§ (o((¢/,...,6') + (a,6°,n)) to
Igl (o(e,6,n)).
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The unique irreducible generic subrepresentation Ig,(7/,) in I (o(w,6,n))
cannot appear in the kernel and, therefore, appears in the image of this oper-
ator. It therefore appears as a subrepresentation in I§ (0(,6,n)) and con-

cluded by [U]. O

THEOREM 7.10. — Let 0, be in the cuspidal support of a generic discrete series
representation T of a standard Levi subgroup M of a quasi-split reductive group.
Let us take s in (a},)*, such that IS (7s) < 1§ (0,45) and denote X = v +s

—+ %
n a%l . Let us assume that oy is not a residual point for u® and that

the unique irreducible generic subquotient satisfies the conditions (CS) (see
Definition 6.2).

Then, the unique irreducible generic in IS (15) (which is essentially tempered
or non-tempered) embeds as a subrepresentation in I (7s) < I (o).

Proof. — First, notice that by Remark 7.7, when s; = s;, the segments §;,
and §; are unlinked. Using the argument given in Section 4.3, we write o as

o(@®'_,(ai,...,6:)(n)), where A reads @'_, (i, ...,6:)(n).

The proof goes along the same inductive line as in the proof of Proposi-
tion 7.8.

The case of ¢ = 1 is Proposition 7.9. That is, given a cuspidal support
(Py,0y), for any standard module induced from a maximal parabolic sub-
group P: Ig(’]'é) — Igl (ox), the unique irreducible generic subquotient is
a subrepresentation. We use an induction argument on the number t of linear
residual segments obtained when removing ¢ simple roots to define the Levi
subgroup M C P. Considering that an essentially tempered or non-tempered
irreducible generic subquotient in a standard module with ¢ linear residual seg-
ments Ig@t (7s) is necessarily a subrepresentation, one uses the same arguments
as in the proof of Theorem 7.8 to conclude that a tempered or non-tempered
irreducible generic subquotient in a standard module with ¢ + 1 linear residual
segments | g@tﬂ (71,) is a subrepresentation, therefore proving the theorem. O

Eventually, we now consider the generic subquotients of I g(’Ys&) when 7 is
a generic irreducible tempered representation.

COROLLARY 7.11 (Standard modules). — Let G be a quasi-split reductive group
of type A, B,C or D and let us assume that ¥, is irreducible.

The unique irreducible generic subquotient of Ig(fyé) when v is a generic
irreducible tempered representation of a standard Levi M is a subrepresentation.

Proof. — Let P = MU. By Theorem 6.10, as a tempered representation of
M, ~ appears as a subrepresentation of 1 1]‘3/3[ A (7) for some discrete series 7 and
standard parabolic P3; = M3U of G; 7 is a generic irreducible representation of
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the Levi subgroup M3, and, therefore,

IICD;(’Yﬁ) — Ig(‘[%ﬂpg. (7))s = Igg (Ts)s

where Pj3 is not necessarily a maximal parabolic subgroup of G. Since s is in
(ajr)T, s isin (aj,,)T. Let us write this parameter 3 when it is in (aj,, )"

The unique irreducible generic subquotients of Ig(wé) are the unique irre-

ducible generic subquotients of Igs (75), where 3 is in (a};,)". Since P is not
a maximal parabolic subgroup of G, we may now use Theorems 7.8 and 7.10
with sin (a“’MS)‘*‘ to conclude that these unique irreducible generic subquotients,
whether square-integrable or not, are subrepresentations. O

8. The case X, reducible

Let us recall that the set ¥, is a root system in a subspace of ajy,, (cf. [35],
3.5). We assume that the irreducible components of X, are all of type A, B,
C or D. In Proposition 4.6, we denoted for each irreducible component X, ;
of 35, by a%’f the subspace of af/[*l generated by X, ;, by d; its dimension
and by e;1,...,€;q, a basis of a]\]\f[i* (or of a vector space of dimension d; + 1
containing a%i* if ¥, ; is of type A), so that the elements of the root system
Y., are written in this basis as in the work of Bourbaki, [4].

The following result is analogous to Proposition 1.10 in [17]. Recall that
6 denotes the set of equivalence classes of representations of the form o ® ¥,
where y is an unramified character of Mj.

PROPOSITION 8.1. — Let P} = M U], and P, = M U;. If the intersection of
E(P)NE(P]) with ¥, is empty, the operator Jp; p, is well defined and bijective
on 0.

Proof. — The operator Jp;p, is decomposed in elementary operators that
come from intertwining operators relative to (M), with a ¢ X, so it is
enough to consider the case where P; is a maximal parabolic subgroup of G
and P] = P,. Then, if a ¢ ¥, and by the same reasoning as in the Lemma
6.11, the operator Jp;|p, is well defined and bijective at any point on O. g

Let G, mo o), A € aj;, be defined as in the main Theorem 1.2.

In this section, we consider the case of a reducible root system X,. As
explained in Appendix B, this case occurs in particular when g (see the
notations in Appendix B) is reducible, and then © has connected components
of type A of different lengths. An example is the following Dynkin diagram
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Amq Amy Amy
an
—_— —— N —— N—————’
Am Am, By

Let us assume that © is a disjoint union of components of type 4,,,,i=1...s
and m; # m;41 for any 4, where each component of type A,,, appears d; times.
Set m; = kl —1.

Let us denote 3\41 ={a;1,...,®q} the non-trivial restrictions of roots in
Y, generating the set a%I*. Similarly to the case of X, irreducible, we may
have Ay, = {@;1,...,0i.4,}, where 3; 4, can be different from «; 4, in the case
of type B,C or D. For any ¢ # s, the pre-image of the root a; 4, is not simple.

Indeed, for instance, in the above Dynkin diagram, the first root 'removed’
is e, — e, +1, the second is ea, — eax, +1, etc. They are simple roots, and their
restrictions to Ay, are roots of A}wl (the generating set of a%ll *); the last root
to consider is e, 4, — en—r+1, which restricts to eg,q,; then the pre-image of
€k,d, 1S not simple.

However, since e,,_, — ep_,11 restricts to e,_,, the pre-image of a4, is
simple. _

The Levi subgroup M is defined such that AM" = AMvU{a;1,...,q;4,}
where A}y, = {ai1,..., 4, }

It is a standard Levi subgroup for i = s. This is quite an important remark
since most of our results in the previous sections were conditional on having
standard parabolic subgroups. v

Furthermore, since X, ; generates a%ﬁ* and is of rank d;, the semi-simple
rank of M is d; + tkes(M7). Since X, ; is irreducible, an equivalent of Propo-
sition 6.4 is satisfied for M®.

PROPOSITION 8.2. — Let g be an irreducible generic representation of a quasi-

split reductive group G and assume it is the unique irreducible generic subquo-

tient in the standard module IS (745), where M is a mazimal Levi subgroup (and

a s not an extremal simple root on the Dynkin diagram of ¥) of G, and T is

an irreducible generic discrete series of M. Let us assume that ¥, is reducible.
Then g is a subrepresentation in the standard module Ig(Ts&).

Proof. — The proof starts with the setting of Section 3: 7 is an irreducible

generic discrete series of a maximal Levi subgroup, and by Heiermann—Opdam’s
result, 7 — I 1/(0,), for v e (a%l*)f Then, v is a residual point for p.
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Let us write ¥ = [ J/ 1] £ M

_1 X5, then the residual point condition is

r+1
dim((ayr,)") = rk(25) = Y d},
=1

where dM is the dimension of (a%l)* generated by E% The residual point
v decomposes into r + 1 disjoint residual segments: v = (vy,...,Vpy1) =
(ni,n2,. .. Npg1).

Since XM decomposes into two disjoint irreducible components, one of them
being of type A, the restrictions of simple roots of this irreducible component
of type A in AM generates an irreducible component of ¥, of type A. Let us
denote this A component E{,‘/’II for I € {1,...,7 4+ 1}, df = 6 — v and denote
v+ sa:= (6,...,7) the twisted residual segment of type A.

Let us further assume that there is one index j such that there exists a
residual segment (n;) of length 6 — v+ 1+ d; and type I (B,C or D) in the

We-orbit of (6,v)(n;), where the residual segment (n;) is of the same type
as J. o o

Since all intertwining operators corresponding to rank 1 operators associated
to sg for 8 ¢ A, are bijective (see Lemma 6.11), all intertwining operators
interchanging any two residual segments (ny) and (ny) are bijective. Therefore,
we can interchange the positions of all residual segments (or said differently,
interchange the order of the irreducible components for i = 1,...,r + 1) and,
therefore, set (6,...,7)(n;) in the last position, i.e. we set I = r,j =7+ 1.
This flexibility is quite powerful since it allows us to circumvent the difficulty
arising with M® not being standard for any i # .

When adding the root « to © (when inducing from M to G), we form
from the disjoint union Ef,‘/{r U Ef,vfr 41 the irreducible root system that we de-
note X ;.

The Levi subgroup M" is the smallest standard Levi subgroup of G con-
taining M, the simple root o and the set of simple roots whose restrictions
to Ap, lie in A}, . It is a group of semi-simple rank d,. + rkys(M;). We may,
therefore, apply the results of the previous sections with ¥, irreducible to this
context. Let us assume first the unique irreducible generic subquotient 7 is
discrete series. From the result of Heiermann—Opdam, we have:

= I%;M*(U(i;))a

/

where the residual segment (n]) is the dominant residual segment in the W,-

orbit of (6,v,n,). The unramified character x corresponding to the remaining
residual segments (ng)’s, k # r,r + 1 is a central character of M" (since its
expression in the aj, is orthogonal to all the roots in AM T). Then:
M’V‘
Tx c_>IPmMT(‘7(”7;-))69 (n;)

JFEr,r+1
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As a result:

(21) mo < I8, (my) — If;l <0<@(nj) + (n'r)>)
g

In Equation (21), we claim that 7o embeds first in g (0(D;4rnj) + (n7)))
by the Heiermann—-Opdam embedding result (since the residual segment
@D, (n;)+(n;) corresponds to a parameter in (aj,, )*), and therefore it should
embed in 1§, (m,) by [U].

Applying our conclusion in the case of an irreducible root system (in Propo-
sition 7.3) to X, ., we embed 7 in the induced module I%;MT (o(6,7v,n,)) as a

subrepresentation (and, therefore, in a standard module IpL, . (751, ) embed-
2
ded in Tpinppr (0(6,7,0))),

moo o000y * e (a0 + @D ()

JETRANL S .
J#rr+1

Therefore:

Ty < Igr(ﬂx) — Igl (a(@(n]) + (ﬁ,y,m))).
J#r
When 7 is non-(essentially) square integrable, i.e. tempered or non-tempered,
and embeds in I%;MT (o(6',7',n;)) (see the construction in Section 6.4, 2(a)),
we showed in Proposition 7.9 that there exists an intertwining operator with
a non-generic kernel sending 7 in I3 - (0(6,7,n,)). Since the other remain-
ing residual segments (n})’s, k # r,r + 1 do not contribute when minimiz-
ing the Langlands parameter v/, the unique irreducible generic subquotient in
Igl (O—(@k#r(ﬁ) + (67’77&))) embeds in Ilcjl (U(®k7&r(%) + (ﬁ/fy/?ni;"))% and
we can use the inducting of the previously defined (at the level of M") in-
tertwining operator to send this generic subquotient as a subrepresentation in
Ig (0(Drsr(nr) + (6,7,1,))). We conclude the argument as usual by [U]. [

PROPOSITION 8.3. — Let my be an irreducible generic representation and as-
sume it is the unique irreducible generic subquotient in the standard module
IS (75), where the set of simple roots in M (AM ) is the set of simple roots A
minus t simple roots, s = (s1,...,8;) such that s1 > sa > ... > s;, and 7 is an
irreducible generic discrete series.

Then it is a subrepresentation.

Proof. — The representation 7 is an irreducible generic discrete series of a
non-maximal Levi subgroup M such that Ig(TS) is a standard module. By

Heiermann-Opdam’s result, 7 < I} )/ (0,), for v € (a}f ")*. Then, v is a
residual point for p?.
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Let us denote M = Mg. Then © = Ufj O;, where O, for i € {1,...,t}, is
of type A.

Since Mj is a standard Levi subgroup of G contained in M, we can write
yM = JETSM and then the residual point condition is dim((aj7, )*) =

0,1

k(M) = ST dM | where dM is the dimension of (a%l)* generated by ¥}

7

The residual point v decomposes in ¢ linear residual segments along with r

residual segments: v = (v1,...,Vpq4) = (N1, N2, ..o, Mgt ).

Adding the twist s = (s1,...,s;) we obtain a parameter X in (af; )* com-
posed of ¢ twisted linear residual segments {(@i,...,ﬁi)}zzl and r residual
segments (Ngy1,Me42, .-, Ngr ).

Let us first assume that A is a residual point.

This means all linear residual segments can be incorporated in the r residual
segments of type I to form residual segments {(n)}’_; of type I and length
d; such that ), d; = d, where d is tkys(G) — rkss (M) = dimayy, — dimag. It
is also possible that, as twisted linear residual segments, they are already in a
form as in Proposition 7.5. In that case, the linear residual segment need not
be incorporated in any residual segment of type J.

Furthermore, as in the proof of Theorem 7.8, we can reduce our study to
the case of unlinked residual linear segments.

By Heiermann—Opdam’s Proposition (2.7):

(@)

J

Let us consider the last irreducible component ¥, , of ¥, and the residual
segment (n.) associated to it.

Let us assume this irreducible subsystem is obtained from some subsystems
Eg/{i of type A denoted A, ..., A and one of type I when inducing from M
to G

{A4q,.. . A} < {T} {(BrgssVrg)se s (Brss oy Yrs) ) < {(nr) }

The Levi subgroup M" is the smallest standard Levi subgroup of G containing
M, s simple roots (among the t simple roots in A — ©) and the set of roots
whose restrictions to Ay, lie in Aj, . It is a group of semi-simple rank d,. +
I‘kss(Ml).

We may, therefore, apply the results of the previous sections with 3, irre-
ducible to this context: the unique irreducible generic discrete series, 7, in the
induced module I}, (0(B—,(6+5,7r,7) + (nr))) is a subrepresentation.

As in the proof of Proposition 8.2, since 7 also embeds in I%;]Mr (o(nl)),

when we add the twist by the central character corresponding to @;_,.(nj),
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we obtain:
S

T <—>I§(7rx) f—)IICjT (I%;MT (0’( (ﬁ,,m...,%,j)—&—(m)) ))
=k @k;ﬁnr-ﬂ(ﬁc)

J

When 7 is non-tempered and embeds (as a subrepresentation) in
I%;MT((U(I‘}’, 7'sn;)), we showed in Proposition 7.9 that there exists an inter-
twining operator with a non-generic kernel sending 7 in Ip -y (0 (6,7, 1,)).

Since the other remaining residual segments (n},)’s, k # r do not contribute
when minimizing the Langlands parameter v/, the unique irreducible generic
subquotient in Ig (0(Drrpr(ny) + (6,7,1,))) embeds in IG,r(a(@k#r(n;) +
(6',+',n))), and we can use the inducting of the previously defined inter-
twining operator to send this generic subquotient as a subrepresentation in
18, (0(@y s () + (6,7.1m,))):

Then

mo = I§(my) = I, <a<@(n§€) + é(ﬁ,.,j,fy,.7j) + (m))).

kT Jj=q

We conclude the argument with [U] as usual.
Using bijective intertwining operators, we now reorganize this cuspidal sup-
port so as to put the linear residual segments j_, (6+,j,7r,;) on the left-most

part and ¥, ,._1 on the right-most part. The residual segment (n,_;) is (pos-

sibly) again formed of some linear residual segments (8;,7;) and the residual

segment (n,_1). We argue just as above. Since the linear residual segments

are unlinked, we can reorganize them so as to ensure s; > s9 > ... 8.
Eventually, repeating this procedure,

mo = Ig, G(é?(ﬁi,%) + EE(@)).

1=

Further, by [U] the generic piece also embeds as a subrepresentation in the
standard module. ]

COROLLARY 8.4. — Let my be an irreducible generic representation of G and
assume it is the unique irreducible generic subquotient in the standard module
Ig(wé), where M is a standard Levi subgroup of G. Let us assume that ¥, is
reducible.

Then it is a subrepresentation.

Proof. — Let P = MU. We argue as in the Corollary 7.11: using Theorem
6.10, the tempered representation of M, v, appears as a subrepresentation of
I 1]:\,/3[ A (T) for some discrete series T and standard parabolic subgroup P = M3U
of G; 7 is a generic irreducible representation of the standard Levi subgroup
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M3, and, therefore,

I (7s) = Ig(lzj\%mPg (7))s = 11(9;3 (7s),
where Pj is not necessarily a maximal parabolic subgroup of G.
Since s is in (a},)", s is in (a};,)*. Let us write this parameter 3 when it is
in (ap, )"
The unique irreducible generic subquotients of I§(v,) are the unique irre-

ducible generic subquotients of I, (75), where 5 is in (a},,)*. Since Pj is not
a maximal parabolic subgroup of G we use the result of Proposition 8.3. O

9. Exceptional groups

The arguments developed in the context of reductive groups whose roots
systems are of classical type may apply in the context of exceptional groups
provided the set W (M) is equal to the Weyl group W, or differ by one element
as in Corollary 6.6. However, this hypothesis shall not necessarily be satisfied,
as the Fg Example 5.3.3 in [35] illustrates. In this example, where W,, the
Weyl group of ¥, is of type Ds, it shall be rather different from W (Ay).

In an auxiliary work [12], we observed that in most cases where a root system
of rank d = dim(a},, /ag;) occurs in e, it is of type A or D, or of very small
rank (such as in Fy). Further, the main result of [12] (Theorem 2) is that only
classical root systems occur in g, except when G is of type Eg, and © contains
one (any) root of Eg.

This latter case along with the case of © = ) (in the context of exceptional
groups), Yo = X, M; = Py = B and o a generic irreducible representation
of Py (in particular the case of trivial representation o) shall be treated in an
independent work since the combinatorial arguments given in this work do not
apply as easily.

Furthermore, it might be necessary for the case Fg and © containing only
one root to obtain a result analogous to Proposition 4.6, which includes the
exceptional root systems. This would allow us to use weighted Dynkin diagrams
(of exceptional type) to express the coordinates of residual points.

1. Let us assume that g contains >, of type A and the basis of Ag
contains at least two projections of simple roots in A: « and . Let us
assume that the standard module is I (74), such that 7 is a discrete
series of M, and Ay; = A—{a}. The proof of the generalized injectivity
conjecture for 3, of type A (see [11]) carries over this context if the
Levi M’ given there is such that Ay = A — {8}, and one should pay
attention to the choice of (the order of simple roots in the) basis Ag
to ensure that the parameter v/ for the root system “ ' splits into two
residual segments appropriately (hence, also an appropriate choice of
M determining ). Let us simply recall that from the Lemmas 5.16
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and 5.7, we know that if there is an embedding of the irreducible generic

subquotient I§,(7,) into I§,(c},), the parameter \ is in the W,-orbit
= 1

of A, and hence M{ =w - M; = M; and ¢/ = w -0 = o since w € W,.

2. Under the assumption that W (M) equals W, or W(M;) = W, U
{s8,W5} (see Corollary 6.6) and sB4A = A, the cases where 3, is irre-
ducible of type Dy in Yo can be dealt with using the methods proposed
in this work.

PROPOSITION 9.1. — Let G be a quasi-split reductive group of exceptional type,
Y its root system and A a basis of X.. Let P be a standard parabolic subgroup
P=MU of G.

Let us consider IS (75) with T an irreducible discrete series of M, s € (a%,) ™.
Let 0 be a unitary cuspidal representation of My in the cuspidal support of T
and assume Y, (defined with respect to G) is of type A and irreducible of
rank d = tkes(G) — rkes(M1). Further assume that A, contains at least two
restrictions of simple roots in A.

Then, the unique irreducible generic subquotient of Ig(Ti) s a subrepresen-
tation.

9.1. Generalized injectivity in G2. —

THEOREM 9.2. — Let G be of type Go. Let my be the unique irreducible generic
subquotient of a standard module Ig(’l's), then it is a subrepresentation.

We follow the parametrization of the root system of Go as in Muié [25]: « is
the short root and g the long root. We have M, = GLy, Mg = GLy. Without
loss of generality, let us assume 7 is a discrete series representation of M = M,;
the reasoning is the same for Mg. As 7 is a discrete series for GLa, 7 = Sto.

T I (][22,
We twist 7 with s@; 7es < In=(|- V2|72 @] |,
18(ria) = I§ (|- [*H1/2]-1/2),

Conjecturally for two values of s (since there are only two weighted Dynkin
diagrams conjecturally in bijection with dominant residual points) we obtain a
dominant residual point of type G2. Since they are dominant residual points,
the unique generic subquotient in I§(|-|*+1/2|-|*=1/2) is a subrepresentation
and, therefore, appears as subrepresentation in Ig(rs&).

Suppose the value of s is such that (s 4+ 1/2,s — 1/2) is not a dominant
residual point. The set-up considered is that of Sty — I3(]-[Y/2]|-]71/2)
twisted by | - |* so that it embeds in I (| - [+1/2|.|*=1/2). Then, I§(Sts|-|*) <
IG(]-|5TY/2].|°=1/2). Using the result of Casselman-Shahidi (generalized in-
jectivity conjecture for cuspidal inducing data) it is clear that the generic irre-
ducible subquotient in I§(]-[**1/2|.|*~1/2) embeds as a subrepresentation.
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9.1.1. The case of a non-discrete series-induced representation. — We now
consider the general case of a standard module, with 7 a tempered represen-
tation of M = GLs. As an irreducible tempered representation of GLgy, 7
ISLQ(l ® 1). Then the standard module is 1§ (75) = Ig(IgL"’(l 1) %)
IS(1@1)®]- %) =IS(|-|*]|*). Since I§(1®1) is unitary, its unique generic
subquotient is itself, and there is nothing to prove.

1R

9.1.2. Residual segments. — As an aside, we compute the residual segments
of type G2 here. The weighted Dynkin diagrams for G5 are:
2 g 0 2

Let A = (A1, A2) means that A = A1 (2a+ 8) + Aa(a + 5). On the other hand,
it is known that
(22) (2a+B,a) =1, (a+8,a")=-1, 2a+5,8Y) =0, (a +5,8") =1.
From the first weighted Dynkin diagram above, the parameter \ satisfies:
\aYy=1, (\pY)=1.
From the above relations 22, one should be able to compute that the residual
segment is A = (2, 1).
In the second weighted Dynkin diagram, the parameter X\ satisfies:
Aa¥)y=0, (\BY)=1

Using the above relations 22, we conclude that the residual segment is (1,1).

Appendix A. Bala—Carter theory

This short appendix is written with considerably more detail in the author’s
PhD thesis [11].

Let N = W be the cone of nilpotent elements in g. This cone is the disjoint
union of a finite number of G-orbits. Let © be a nilpotent orbit in G\ N and let
x € O be a representative element. A theorem of Jacobson-Morozov extends
x to a standard (sly) triple {e, h, f} € g, where h can be chosen to lie in the
fundamental dominant Weyl chamber:

{h" € g|Re(a(h')) > 0,Va € A and whenever Re(a(h')) = 0,Im(a(h’)) > 0}.

THEOREM A.l (Kostant,[21]). — Let A = {ay,...,a,}. A nilpotent orbit ©
is completely determined by the values [aq(h), as(h),. .., an(h)].

For every simple root a in A, we have {(a,h) € {0,1,2} (see Section 3.5
in [9]).

If we label every node of the Dynkin diagram of g with the eigenvalues
a(h) = (a,h) of h on the corresponding simple root space g, then all labels
are 0,1 or 2. We call such a labeled Dynkin diagram, a weighted Dynkin
diagram.
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A.1. Weighted Dynkin diagrams. — The diagrams presented here are also pre-
sented in Carter’s book [5], page 175.

ay g ag
Ad O——O—— +ee eee eee —0

2 2 2

ay o d
Cd o0—o0 —0— 0—0 —0—00—0—0— ++0=0

2 2 2 2 0 2 0 2 0 0 2

S—— ~~~ N——

m p1 Pk

with m +p1 +...pr +1 =d, p1 = 2,p;41 = p; or p; + 1 for each 1.
(k=0, m=1—11is a special case)

aq cxz ag
By 9—00— 00 00w —O—0—O0— :0=0

\,_/ \/ © E,_/O ©
p1 Pk
withm+pi+...pp=d,p1 =2,piy1 =p;orp;+1fori=1,2...  k—2
and

Bact if pp_1 is even
Pr = - . .
=5—  if pr—1 is odd

is distinguished.

Dd Dé>l¥.z>2~~0—o—o—o—omo—o
2 2 2 2 0 2 0 0
m 2k
with m + 2k 4+ 2 = d, and those of the form
ay oz

OiO—O—O—O OfO O<g
H/—’ \/
p1 Pk
withm+p1+...pp=L,p1=2,pip1 =p;orp;+1fori=1,2,... . k—2
and

P : :
. e if pr_1 is even
c T Pr—1+1 . .
Hg—  if pr_q is odd

The key notion used by Bala and Carter was the notion of distinguished nilpo-
tent element. It is an element that is not contained in any proper Levi subal-
gebra. Alternatively, a nilpotent element n € g is called distinguished if it does
not commute with any non-zero semi-simple element of g. Or also, a nilpotent
element X (or orbit Ox) is distinguished if the only Levi subalgebra containing
X (or meeting Ox) is g itself.
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DEFINITION A.2 (distinguished parabolic subalgebra). — A parabolic subal-
gebra p = [+u of g is called distinguished if dim [ = u/[u,u], in which p =@ u
is a Levi decomposition of p, with Levi part [.

The Theorem 5.9.5 in [5] implies the following correspondence:

(23) {Nilpotent Ad(G)-orbits of g} <> {G conjugacy classes}

of pairs (p, m) of g

in which m is a Levi factor, p C m’ is a distinguished parabolic subalgebra of
the semi-simple part of m.

Let us give a few more results on distinguished orbits, in particular the
Theorem A.7 explains the partitions used in 4.2:

We need to introduce a grading: given a non-zero nilpotent element in g,
using the standard triple above, the Jacobson—-Morozov Lie algebra homomor-
phism ¢ : sly — g satisfies ¢(e) = n € n and ¢(h) = ~ is in the dominant
chamber of t.

The adjoint action of t on g yields a grading g = ,, g(¢) in which

9(i) = {z € glad()(x) = ix};  [9(i),8(5)] € 8(i +7)
and n € g(2). Further, we set

p=p()=EPa)

>0
(24) u= EB g(3)
i>0
[=g(0)

The Lie subalgebra p contains b and is thus a parabolic subalgebra whose
Levi decomposition is p =u & [.

On the other hand, starting with a subset J C A and denoting p; the
standard parabolic subalgebra, one defines a function 7y : &9 — Z defined on
roots of A as twice the indicator function of J and extended linearly to all
roots.

We obtain a grading: g = €D, 9(i) by declaring g;(0) =t& 3>, (.o %a
and otherwise g;(i) = >, (4)=; 8a- Then, p; = @B,5,9s(i) and its nilpotent
radical is ny = P, 9(7).

To summarize, to the standard triple containing n one attaches a parabolic
subalgebra q of g with Levi decomposition q = [ @ u.

If dimg(1) = 0, then we call n (or 6,) an even nilpotent element (even
nilpotent orbit, respectively).

PRrOPOSITION A.3 (Corollary 3.8.8 in [9]). — A weighted Dynkin diagram has
labels only 0 or 2 if and only if it corresponds to an even nilpotent orbit (i.e, if
dimg(1) = 0).
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The two following propositions are taken from Chapter 2 of Di Martino’s
thesis [10]:

PrOPOSITION A.4. — The standard parabolic subalgebra py is distinguished if
and only if dimgy(0) = dimgy(2). In this case, if n is any element in the
unique open orbit of the parabolic subgroup Py on its nilpotent radical ny, then
the parabolic subalgebra associated to n as in (24) equals p .

A distinguished nilpotent element also satisfies the following:

PROPOSITION A.5. — A nilpotent element n € g is distinguished if and only if
dim g(0) = dim g(2). Moreover, if n € g is distinguished, then dim g(1) = 0.

THEOREM A.6 (Theorem 8.2.3 in [9]). — Any distinguished orbit in g is even.

THEOREM A.7 (Theorem 8.2.14 in [9]). — 1. If g is of type A, then the
only distinguished orbit is principal.

2. If g is of type B, C or D, then an orbit is distinguished if and only if its
partition has no repeated parts. Thus, the partition of a distinguished
orbit in types B, D has only odd parts, each occurring once, while the
partition of a distinguished orbit in type C has only even parts, each
occurring once.

A.2. Distinguished nilpotent orbits and residual points. — The connection with
the notion of residual point is now made accessible.

Let G be a Chevalley (semi-simple) group and 7' C B a maximal split
torus and a Borel subgroup. We have a root datum R(G,B,T). By re-
versing the role of X*(T) and X,(T), we obtain a new root datum R =
(X.(T),A, X*(T),AY). Let (!G,EB,T) be the triple with root datum R".
The L-group “G is the dual group, with maximal torus 7", and Borel sub-
group B. Denote the respective Lie algebra g, and 6. Let (V*,(,)) be
a finite dimensional Euclidean space containing and spanned by the root sys-
tem: A C V* the canonical pairing between V and V* is denoted by {(,).
We fix an inner product on V' by transport of structure from (V*,(,)) via the
canonical isomorphism V* — V associated with (,). Thus, this map becomes
an isometry, and for each a € A, the coroot & € V is given as the image of
2{a, ) ta € V*,

To this data we associate the Weyl group W, generated by the reflexions
Sa (Sa(z) = z—(z,&)a and s4(y) = y— (o, y)&) over the hyperplanes H, C V*
consisting of elements x € V*, which are orthogonal to ¢ with respect to (, ).

Let us make a remark before stating the correspondence result related to
our use in this manuscript.

REMARK A.8. — The bijective correspondence (below) is originally formulated
for residual subspaces. Let k be the “coupling parameter” as defined in [14].
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An affine subspace L C V is called residual if, for a root system ® (in a root
datum)

#{ae®|{a,L) =k} =#{a € P|{a,L) =0} + codim L

(If R is semi-simple, there exist residual subspaces that are singletons {A\} C V|
the residual points).

For example, when the parameter k (called “coupling parameter” in [14])
equals 1, the Weyl vector p = %Zae(b « is a residual point, since the above
equation is verified. More generally, for any k = (ku)acao, the vector p(k) =
3> wea kaa is a residual point.

Then the bijective correspondence is given between the set of nilpotent orbits
in the Langlands dual Lie algebra “g and the set of Wy- orbits of residual
subspaces.

We mention the following result partially related to Proposition 4.6. The
bijective correspondence concerns only unramified characters, and we fix the
parameter k., = 1, for all a € ®.

PROPOSITION A.9. — There is a bijective correspondence Oy, o) <+ WoA(0O)
between the set of distinguished nilpotent orbits in the Langlands dual Lie alge-
bra Tg and the set of Wy-orbits of residual points.

Proof. — This particular bijection is a specific case of the larger bijective cor-
respondence given between the set of nilpotent orbits in the Langlands dual
Lie algebra ‘g and the set of Wy-orbits of residual subspaces. It is discussed in
detail in [27], Appendices A and B, but also in [16], Proposition 6.2. O

Let (“m,p) be a representative of a class, for which “m = g and p C Xg
is a standard distinguished parabolic subalgebra. We have a corresponding
distinguished nilpotent orbit ©. With Proposition A.4, the data p is equivalent
to the assignment of an even weighted Dynkin diagram: 2\(0).

Since we have dim g(0) = dim h+# {a € @ | (&, 2A(0)) = 0} and dim g(2) =
#{a € ®|(a,2\(0)) = 2}, the assignment of an even weighted Dynkin diagram
implies dim g(0) = dim g(2), and this equality sets A(0) as a residual point.

The definition of A(6) depends on the choice of positive roots and Borel
subgroup “B. A different choice yields a different element on the same Wy-
orbit. See [27], Appendices A and B, and particularly Proposition 8.1 in [27].

Appendix B. Projections of root systems

Let us first follow the notations of the book of [28], Chapter V. We will
also use the notations of Section 2. Let X*(G) denote the group of rational
characters of G; its dual is X.(G). We denote ag = X.(A4p) ®z R and afj =
X*(4p) @z R.
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The duality between X*(Ag) and X,(Ap) extends to a duality (canonical
pairing) between the vector spaces ag and afy (see Chapter V of [28] or the
author’s PhD thesis).

Because of the existence of the scalar product (sustaining the duality), the
restriction map from (a§)* to (a§)* is a projection map from (a§') to (a§).
With the notations of Section 6, the roots in A(P;) generating (aps, )* are non-
trivial restrictions of roots in A\ AM: (recall that in the notations of [24], 1.1.6,
AM1 are the roots of A that are in M), and (ayy, ) is generated by the projection
of roots in AV \ AM1 V. In the article [12], we rather considered projections of
roots. We studied the set Xg, projections of roots onto the orthogonal to ©.
Let us denote d the dimension of ag, i.e. the cardinal of A — ©.

THEOREM B.1 (see [12]). — Let X be an irreducible root system of classical type
(i.e. of type A, B,C or D). The subsystems in Xg are necessarily of classical
type. In addition, if the irreducible (connected) components of © of type A are
all of the same length, and the interval between each of them of length 1, then
Yo contains an irreducible root system of rank d (not necessarily reduced).

We have used the following observation, from [4, Equation (10) in VIL.3,

Proposition 12 in VI.4, Chapter VI]: Let o and 8 be two non-orthogonal ele-
ments of a root system. Set

12 [loe]l?
C=(— and R = .
(e 5) BE
Thus, if o] > [|3]],

%6{22,1,(2/3)2} and CR=4.

The case of reducible ¥g. — In [12] we saw that in order to obtain a projected
root system irreducible and of rank d, we had to impose several constraints.
Let us explain once more some of them. Let us first consider two components
A, and A, of (the Dynkin diagram of) ©, let e, and ey be the vectors in the
basis vectors of smallest index such =, = {e,,...,e,1m} corresponds to A,
and E, to A,. Let us assume that two simple consecutive roots ax—; and oy, are
outside of © and k =7r+m+1=s—1. Then E; = {ex}. Let us consider the
projections of aj_1 and ayg. Since ey is orthogonal to all roots in ©, e = ey.
Therefore,
1 1

— 2 — 2 ——1(2 = _—||2
_ = 1 — = 1 = — =1 .
lon=tll” = lee=1 —ell” = == + 1, llokll” = llex — el o
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C= S S 2— ;4_1 1_‘_#
- \cos(@z—q,a5)/ \m+1 g+1)’

and if we assume ||ag_1|| > ||a%]| i.e. m > ¢, we have:

Then

1
P =R

ol 1+ 45
If ax and a1 were to be part of a root system, we would need
C 1\? 1\
—=(14+—) e{22,1,(2/3)? d CR=(1+4—| =4
R <+q+1> { (2/3)7} an <+m+1>
This implies that ¢ = 0 and m = 0 or m = f% leading to a contradiction

with the setting above. This illustrates the fact that in the main theorem
(Theorem B.1), the intervals between the irreducible connected components
of © need to be of length 1, and at most 1.

In general, the complement of Theorem B.1 above is the following:

THEOREM B.2. — Let 3 be an irreducible root system of type B,C or D. If
the irreducible (connected) components of © of type A are all not of the same
length, and the interval between each of them of length 1, then Yo contains a
reducible oot system of rank d (not necessarily reduced); Yo = @, Ye,i, and
if d; is the rank of the irreducible i-th component, then )", d; = d.

The number of irreducible components (Ze ;) is as many as there are changes
of length plus 1. That is, if there are di components of type Ay, , followed by
do components of type A,,, et cetera until ds components of type A, such
that m; # m;y1 for any i, and one last component of type B or C or D, there
are s — 1 changes in the length (m;) and, therefore, s irreducible connected
components in Xg. The set Xg is composed of irreducible components of type A
and possibly one component of type B, C or D.

Proof. — We have explained the condition on the interval being of at most
length 1 in the paragraph preceding the statement of the theorem. We do not
repeat here the methods of proof for the case of ¥g irreducible that apply
here; in particular, the treatment of the case e, ¢ O, the reduction to this
case’s argumentation when e, € 0, and the argumentation showing that the
components of type A of © should be of the same length to obtain a root system
in the projection.

We consider the case of a root system of type B,C, D. Let us then assume
that we have dy components of type A,,, in ©, by the argumentation given
in [12], we obtain a root system of type BCy,. Let us assume that these d;
components of type A,,, are followed by d2 components of type A,,,, ma # m;.
Let us denote by e; 4, the vector associated to the last component of type A,,,
and by eg 1 the vector associated to the first component of type A,,,.
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The projection

o e(d171)7ﬂ1+1 + e(dlfl)m1+2 + A e(dlfl)mrkml

€1,d, —€2,1 =
! mi + ].
N €dymi+1 T €dymyi+2 + -+ €dimy+ma
mo + 1

of e1 4, — €21 cannot be a root in Yo (it would contradict the conditions of
validity of the value C' and R when calculated with respect to the last root of
the previously considered BCjy, ).

However, the projections of the roots corresponding to the intervals between
any two of the dy components of type A,,, (say of e; —&;) along with all roots
of the form +e; or +e; (or £2e4 or +2e¢;) form a root system of type BCy,.
Some specificities, such as a root system of type C' appearing in the projection
for certain cases under X of type C' or D carry over here (see [12]).

The key mechanism ensuring that the sum of the d; equals d is the observa-
tion that one needs three consecutive components of type A, of a given length
q (followed by components of length m # ¢) to obtain in the projection a BCj
(hence of rank 8!), whereas one would obtain only an Ay type of root system.
This means that even if the root connecting the A, to A, is not a root in the
projection, i.e. “we are missing a simple root”, we get a simple root of type €;
or 2e;.

One may notice that another possibility would be to obtain a reducible root
system such as A; x Ay X ...x Aj. This case is not excluded, but it would not
be possible to find such a system of mazimal rank.

Indeed, let us briefly recall the formulas written for the case of ¥ of type
A in [12], where we consider three vectors e,, es and e; whose projections are
associated to three components of © of type A,,, A, and A,. Let o = e; — ¢;
be a root whose projection is @ = +(e, — €;) and S = e — ¢; a root whose
projection is = +(€; — €;), then the square of the scalar product of @ and /3
is

2 1
(<0475>) - (p+1)2°
This excludes the possibility of @ and 8 being orthogonal. Therefore, for two
consecutive roots in the projection (projections of simple roots), it is not pos-
sible to obtain a system of type A; x Aj.

If there is a sequence of connected consecutive components of © of type A
that we index by an integer ¢ (in increasing order) and length ¢; with ¢; # g1
for any 4, let us denote &; = €, — €, where e, € A, and e; € Ay, ;.

Further, let us denote &3z = € —€;, where e; € A;,,, and e, € A
orthogonal roots @; and @; 3 form a root system of type A; x Aj.

The root o; 11 = €5 — €; does not contribute to this subsystem.

The

qi+3°
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Therefore, the maximal number of A; factor such that the reducible root
system A; x A; appear in g is d/2.

By a similar reasoning, it would be possible to obtain a reducible system
of type Ay X As x ... x Ay if © is composed of a succession of connected
components of type A such that the three first ones are of length m, the three
next ones of length ¢ # m, etc. Then the projection of the root connecting A,,
and A, would not contribute to this subsystem. Again, this would never give
any reducible system of mazimal rank d.

Because to any change of length of the A components, the corresponding
root (connecting the two components of different length) cannot appear as a
(simple) root in the projection, we are missing a root (of the set A — © of size
d) at any change of length. In the case ¥ is of type A, this 'missing’ root is not
replaced by any short or long root (e; or 2e;), and therefore it is impossible to
obtain a basis of the root system in the projection. In other words, there does
not exist any reducible root system of maximal rank in the projection g of %
of type A. a

Let us illustrate one case of the previous theorem with a Dynkin diagram of
Y of type B:

o Cmy

Amq Amy Amy

e

n

Ams Ams B,
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1. Introduction

This work is a contribution to the representation theory of Gorenstein alge-
bras, both commutative and noncommutative, with a focus on duality phe-
nomena. The notion of a Gorenstein variety was introduced by Grothen-
dieck [26, 25, 29, 30] and grew out of his reinterpretation and extension of
Serre duality [43] for projective varieties. A local version of his duality is that
over a Cohen—Macaulay local algebra R of dimension d, with maximal ideal m,
and for complexes F, G with F' perfect, there are natural isomorphisms

Hompg(Exty (F,G), I(m)) = Exth (G, Rlw(wr @% F)),

where wg, is a dualizing module, and I(m) is the injective envelope of R/m. The
functor RI;, represents local cohomology at m. Serre duality concerns the case
where R is the local ring at the vertex of the affine cone of a projective variety.
The ring R (equivalently, the variety it represents) is said to be Gorenstein if,
in addition, the R-module wg is projective. Serre observed that this property
is characterized by R having a finite self-injective dimension. This result ap-
pears in the work of Bass [4], who gave numerous other characterizations of
Gorenstein rings.

Iwanaga [31] launched the study of Noetherian rings, not necessarily com-
mutative, having finite self-injective dimension on both sides. Now known as
Iwanaga—Gorenstein rings, these form an integral part of the representation the-
ory of algebras. In that domain, the principal objects of interest are maximal
Cohen—Macaulay modules and the associated stable category. Auslander [1]
and Buchweitz [13] have proved duality theorems for the stable category of a
Gorenstein algebra with isolated singularities. The driving force behind our
work was to understand what duality phenomena can be observed for general
Gorenstein algebras. Theorem 1.2 below is what we found, following Grothen-
dieck’s footsteps.

We set the stage to present that result and begin with a crucial definition.

DEFINITION 1.1. — Let R be a commutative Noetherian ring. An R-algebra
A is called Gorenstein if

(1) the R-module A is finitely generated and projective, and
(2) for each p in Spec R with A, # 0 the ring A, has finite injective dimen-
sion as a module over itself, on the left and on the right.

A Gorenstein R-algebra A itself need not be Iwanaga—Gorenstein. Indeed,
for A commutative and Gorenstein, the injective dimension of A is finite pre-
cisely when its Krull dimension is finite, and there exist rings locally of finite
injective dimension but of infinite Krull dimension. There are precedents to
the study of Gorenstein algebras, starting with [4] and more recently in the
work of Goto and Nishida [24]. Our work differs from theirs in its focus on
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duality. We refer to [22] for a discussion of examples and natural constructions
preserving the Gorenstein property.

Let A be a Gorenstein R-algebra and w,,/p := Hompg(A, R) the dualizing
bimodule. Unlike in the commutative case, w4,r does not need to be projective
(neither on the left nor on the right), and the bimodule structure can be com-
plicated. Nevertheless, it is a tilting object in D(Mod A), the derived category
of A-modules, inducing a triangle equivalence

RHom 4 (wa/r, —): D(Mod A) = D(Mod A4);

see Section 4. The representation theory of a Gorenstein algebra A is gov-
erned by its maximal Cohen—Macaulay modules, namely, finitely generated
A-modules M with Ext’y(M, A) = 0 for i > 1. For our purposes, their infin-
itely generated counterparts are also important. Thus, we consider Gorenstein
projective A-modules (abbreviated to G-projective), which are by definition
A-modules occurring as syzygies in acyclic complexes of projective A-modules
[13, 19]. The G-projective modules form a Frobenius exact category, and so the
corresponding stable category, is triangulated. Its inclusion into the usual sta-
ble module category has a right adjoint, the Gorenstein approximation functor,
GP(—). The functor

S :=GP(wa/gr ®a —): GProjA — GProjA

is an equivalence of triangulated categories and plays the role of a Serre functor
on the subcategory of finitely generated G-projectives. This is spelled out in
the result below. Here, the Ext’(—, —) are the Tate cohomology modules,
which compute morphisms in GProjA.

THEOREM 1.2. — Let A be a Gorenstein R-algebra and let M, N be G-projective
A-modules with M finitely generated. For each p € Spec R, there is a natural
isomorphism

Hom g (Ext’y (M, N), I(p)) = Ext{" ~/(N, [, S(M)),
where d(p) = dim(Ry) — 1.

This is the duality theorem we seek; it is proved in Section 9. It is new even
for commutative rings. The parallel to Grothendieck’s duality theorem is clear.

In the following, we explain the strategy for proving this theorem and some
essential ingredients. The functor I, is analogous to the local cohomology
functor encountered above. It is constructed in Section 7 following the recipe
in [7], using the natural R-action on GProjA. Even if N is finitely generated,
I',(N) need not be, which is one reason we have to work with infinitely gen-
erated modules in the first place. If R is local with maximal ideal p, and A
has isolated singularities, I'y is the identity, and the duality statement above is
precisely the one discovered by Auslander and Buchweitz.
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For a Gorenstein algebra, the stable category of G-projective modules is
equivalent to K,.(Inj A), the homotopy category of acyclic complexes of in-
jective A-modules. This connection is explained in Section 6 and builds on
the results from [33, 35]. In fact, much of the work that goes into proving
Theorem 1.2 deals with K(Inj A), the full homotopy category of injective A-
modules; see Section 2. A key ingredient in all this is the Nakayama functor
on the category of A-modules:

N: Mod A — Mod A where N(M) = Homa(wa, g, M).

As noted above, its derived functor induces an equivalence on D(Mod A). Fol-
lowing [35] we extend the Nakayama functor to all of K(Inj A), which one may
think of as a triangulated analogue of the ind-completion of DP(mod A). This
completion of the Nakayama functor is also an equivalence:

N r: K(Inj A) — K(Inj A) .

This is proved in Section 5, where we establish also that it restricts to an
equivalence on K,.(Inj A). The induced equivalence on the stable category of
G-projective modules is precisely the functor S in the statement of Theorem 1.2;
see Section 6 where the singularity category of A, in the sense of Buchweitz [13]
and Orlov [42] also appears. To make this identification, we need to extend
results of Auslander and Buchweitz concerning G-approximations; this is dealt
with in Appendix A.

Our debt to Grothendieck is evident. It ought to be clear by now that the
work of Auslander and Buchweitz also provides much inspiration for this paper.
Whatever new insight we bring is through the systematic use of the homotopy
category of injective modules and methods from abstract homotopy theory, es-
pecially the Brown representability theorem. To that end we need the structure
theory of injectives over finite R-algebras from Gabriel’s thesis [20]. Gabriel
also introduced the Nakayama functor in representation theory of Artin algebra
in his exposition of Auslander—Reiten duality; it is the categorical analogue of
the Nakayama automorphism that permutes the isomorphism classes of simple
modules over a self-injective algebra [21]. Moreover, it was Gabriel who pointed
out the parallel between derived equivalences induced by tilting modules and
the duality of Grothendieck and Roos [34].

2. Homotopy category of injectives

In this section, we describe certain functors on homotopy categories attached
to Noetherian rings. Our basic references for this material are [32, 35].

Throughout, A will be a ring that is Noetherian on both sides; that is to say,
A is Noetherian as a left and as a right A-module. In what follows, A-modules
will mean left A-modules, and A°P-modules are identified with right A-modules.
We write Mod A for the (abelian) category of A-modules and mod A for its full
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subcategory consisting of finitely generated modules. Also, Inj A and Proj A are
the full subcategories of Mod A consisting of injective and projective modules,
respectively.

For any additive category A C Mod A, like the ones in the last para-
graph, K(A) will denote the associated homotopy category, with its natural
structure as a triangulated category. Morphisms in this category are denoted
Homg (4)(—, —). Anobject X in K(A) is acyclic if H*(X) = 0, and the full sub-
category of acyclic objects in K(A) is denoted Kac(A). A complex X € K(A)
is said to be bounded above if X* = 0 for i > 0, and bounded below if X' = 0
for i < 0.

In the sequel our focus in mostly on K(InjA), the homotopy category of
injective modules, and its various subcategories; the analogous categories of
projectives play a more subsidiary role. From work in [33, 35, 41], we know
that the triangulated categories K(Inj A) and K(Proj A) are compactly gen-
erated since the ring A is Noetherian on both sides; the compact objects in
these categories are described further below. Let D(Mod A) denote the (full)
derived category of A-modules and q: K(Mod A) — D(Mod A) the localiza-
tion functor; its kernel is K,.(Mod A). We write q also for its restriction to
the homotopy categories of injectives and projectives. These functors have
adjoints:

K(Inj A) ﬁ D(Mod A) and K(Proj A) $ D(Mod A).
1

Our convention is to write the left adjoint above the corresponding right one. In
what follows, it is convenient to conflate i and p with ioq and poq, respectively.
The images of i and p are the K-injectives and K-projectives, respectively.
Recall that an object X in K(InjA) is K-injective if Homga)(W, X) = 0 for
any acyclic complex W in K(Mod A). We write K;,;(A) for the full subcategory
of K(Inj A) consisting of K-injective complexes. The subcategory Kpo;(A4) C
K (Proj A) of K-projective complexes is defined similarly.

Compact objects. — Since A is Noetherian Inj A is closed under arbitrary di-
rect sums, and hence so is the subcategory K(Inj A) of K(Mod A). As in any
triangulated category with arbitrary direct sums, an object X in K(Inj A) is
compact if Homg a)(X, —) commutes with direct sums. The compact objects
in K(Inj A) form a thick subcategory, denoted K°(Inj A). The adjoint pair
(q,1) above restricts to an equivalence of triangulated categories

q
K¢(InjA) _ ~ " D"(mod A),

1

where DP(mod A) denotes the bounded derived category of mod A; see [35,
Proposition 2.3] for a proof of this assertion. The corresponding identification
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of the compact objects in K(Proj A) is a bit more involved and is due to Jor-
gensen [33, Theorem 3.2]. The assignment M +— Hom oo (pM, A) induces an
equivalence

D" (mod A°P)*" = K°(Proj A) .
See also [32], where these two equivalences are related. The formula below for

computing morphisms from compacts in K(Inj A) is useful in the sequel.

LEMMA 2.1. — For C, X € K(Inj A) with C compact, there is a natural iso-
morphism

Homg (4)(C, X) = H(Homa(pC, A) ®4 X).

Proof. — Since C'is compact its K-projective resolution pC' is homotopy equiv-
alent to a complex that is bounded above and consists of finitely generated
projective A-modules. For each integer n, let X (n) be the subcomplex X>—"
of X. Since X(n) is K-injective, the quasi-isomorphism pC' — C induces the
one on the left

Homy4 (C, X (n)) == Hom4(pC, X (n)) +~— Homu(pC, A) ®4 X(n).

The one on the right is the standard one and holds because of the aforemen-
tioned properties of pC' and the fact that X (n) is bounded below. One thus
gets a canonical isomorphism

Homg ()(C, X (n)) = H°(Hom(pC, A) ®4 X(n)).

It is compatible with the inclusions X (n) C X (n + 1), so induces the isomor-
phism in the bottom row of the following diagram.

Homg a)(C, hocolim, .o X (n)) = H°(Hom4(pC, A) ® 4 hocolimy, .o X (n))
L §
colim,, o Homg (4)(C, X (n)) —— colim,,.o H°(Hom (pC, A) ®4 X (n)).

The isomorphism on the left holds by the compactness of C, while the one on
the right holds because H°(—) commutes with homotopy colimits. It remains
to note that hocolim, o X (n) = X in K(Inj A). O

A recollement. — The functors Kao(Inj A) 2% K(InjA) % D(Mod A) in-
duce a recollement of triangulated categories

s J
(1) K.c(Inj A) c——inad— K(Inj A) a—» D(Mod A).
r i
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The functor i is the one discussed above; it embeds D(Mod A) as the homotopy
category of K-injective complexes. The functor r thus has a simple description:
there is an exact triangle
(2) rX — X —iX —,
where the morphism X — iX is the canonical one. Indeed, rX is evidently
acyclic, and if W is in K,c(InjA), the induced map Homga)(W,rX) —
Homg o) (W, X) is an isomorphism, for one has Homg ) (W,iX) = 0.

The functor j: D(Mod A) — K(InjA) is fully faithful. The image of j
equals the kernel of s and identifies with Loc(iA), the localizing subcategory
of K(Inj A) generated by the injective resolution of A; see [35, Theorem 4.2].

One may think of j as the injective version of taking projective resolutions; see
Lemma 2.5. To justify this claim takes preparation.

LEMMA 2.2. — Restricted to the subcategory Loc(iA) of K(Inj A) there is a
natural isomorphism of functors r = L~ lsi.

Proof. — Consider anew the exact triangle (2), but for X in Loc(iA):
rX — X —iX — SrX.

Apply s and remember that its kernel is Loc(iA). O

Projective algebras. — In the remainder of this section, we assume that the
ring A (which hitherto has been Noetherian on both sides) is also projective, as
a module, over some central subring R. For the moment, the only role R plays
is to allow for constructions of bimodule resolutions with good properties. Set
A% := A ®p A°P, the enveloping algebra of the R-algebra A, and set

FE = iAevA.

This is an injective resolution of A as a (left) module over A°V. Since F is a
complex of A-bimodules, for any complex X of A-modules, the right action of
A on E induces a left A-action on Hom 4 (E, X). The structure map A — E of
bimodules induces a morphism of A-complexes

(3) Homy(F,X) — Homy(A4,X) =2 X for X € K(Mod A).
The computation below will be used often:
LEMMA 2.3. — The morphism in (3) is a quasi-isomorphism for X € K(Inj A).

Proof. — By considering the mapping cone of A — FE, the desired statement
reduces to: For any complex W € K(Mod A) that is acyclic and satisfies W* = 0
for i < 0, one has Homga)(W,X) = 0. Without loss of generality we can
assume W% = 0 for i < 0. Then one gets the first equality below

Homg (a)(W, X) = Homg (a)(W, X>7") =0,
and the second one holds because X>~! is K-injective. (|
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Since A is projective as an R-module, A" is projective as an A-module both
on the left and on the right. The latter condition implies, by adjunction, that
as a complex of left A-modules E consists of injectives. In particular, for any
projective A-module P, the A-complex E ®4 P consists of injective modules.
Thus, one has an exact functor

E®s—: K(ProjA) — K(InjA).
For each X in K(Inj A), one has isomorphisms
Homg(a)(E ®a pX, X) = Homg a)(pX, Homa(E, X))
= Homg () (pX, X) .

The second isomorphism is a consequence of Lemma 2.3 and the K-projectivity
of pX. Thus, corresponding to the morphism pX — X, there is natural
morphism

(4) T(X): EQapX — X
of complexes of A-modules.

LEMMA 2.4. — The morphism 7(X) in (4) is a quasi-isomorphism for each X .

Proof. — Let n: A — E and ¢: pX — X denote the structure maps. These
fit in the commutative diagram

ARyspX ———— pX

o] !

EoapX —2 ., x.

The map n ®4 pX is a quasi-isomorphism as 7 is one and pX is K-projective.
Thus, 7(X) is a quasi-isomorphism. |

The stabilization functor. — The functor s: K(Inj A) — K,.(Inj A) from (1)
admits the following description in terms of its kernel, which uses the natural
transformation 7: E ®4 p(—) — id of functors on K(Inj A) from (4).

LEMMA 2.5. — Fach object X in K(Inj A) fits into an ezact triangle

EospX =X, x v sx —s,

and this yields a natural isomorphism E Q4 pX = jX.

Proof. — Since 7(X) is a quasi-isomorphism, by Lemma 2.4, the complex sX
is acyclic. In K(Proj A), the complex pX is in Loc(A), and hence in K(Inj A),
the complex E® 4 pX is in Loc(E). It remains to observe that if W € K(Inj A)
is acyclic, then Homg a)(E, W) = 0 by Lemma 2.3. O
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3. The Nakayama functor and its completion

The Nakayama functor is a standard tool in representation theory of Artin
algebras. For instance, the functor interchanges projective and injective mod-
ules, thereby providing an efficient method to compute the Auslander—Reiten
translate of a finitely generated module [21]. In this section, we discuss the
extension of the Nakayama functor from modules to the homotopy category of
injectives.

Throughout the rest of this work, we say that a ring A is a finite R-algebra
if

(1) R is a commutative Noetherian ring;

(2) A is an R-algebra, that is to say, there is a map of rings R — A whose

image is in the center of A;
(3) A is finitely generated as an R-module.

These conditions imply that A is a Noetherian ring, finitely generated as a
module over its center, which is thus also Noetherian. Hence, A is a finite
algebra over its center. When A is a finite R-algebra, so is the opposite ring A°P.

Let A be a finite R-algebra. Following Buchweitz [13, §7.6], which in turn
is inspired by the terminology in commutative algebra, we call the A-bimodule

wa/r ‘= Homg(A, R)

the dualizing bimodule of the R-algebra A. It is finitely generated as an A-
module, on either side. Extending the terminology from the context of finite
dimensional algebras over fields we call

(5) Ny g = Homa(wa/r, —): Mod A — Mod A

the Nakayama functor of the R-algebra A. Sometimes, this name is used
for the functor wy/r ®4 —, which is left adjoint to N 4,r, but in this work,
the one above plays a more central role, hence our choice of nomenclature.
When the algebra in question is clear, we drop the “A/R" from subscripts,
to write w and N. In our applications, A will be projective as an R-module.
Then the left adjoint of N 4, is a Nakayama functor relative to the restriction
Mod A — Mod R in the sense of Kvamme [37].

The Nakayama functor can be extended to D(Mod A), yielding the derived
Nakayama functor

RHom 4 (w, —): D(Mod A) — D(Mod A) .

This functor and its left adjoint has been considered by several authors; see
[27]. Here, we study the extension to K(Inj A), following [35, §6].

The Nakayama functor is evidently additive and, therefore, admits an exten-
sion to K(Inj A) as follows. Extend N to K(Mod A), by applying it term-wise;
denote this functor also N. Brown representability yields a left adjoint to the
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inclusion K(Inj A) — K(Mod A), say A. Set
(6) Na/gr: K(Inj A) — K(Inj A)
to be the composite of functors
K(Inj A) — K(Mod A) - K(Mod A) = K(Inj A) .

Our notation is motivated by the fact that K(Inj A) can be viewed as a com-
pletion of DP(mod A), as is explained in [35, §2]. The next result is an-
other reason for this choice. Here, KT (Inj A) denotes the full subcategory
of K(Inj A) consisting of complexes W that are bounded below. Note that
K*(InjA) = D" (Mod A).

LEMMA 3.1. — On the subcategory K+ (Inj A), there is an isomorphism of
functors
ﬁA/R = iHOInA(UJA/R, —) .

making the following diagram commutative:

Mod A »2L D+ (Mod A) - K(Inj A)

JN lRHomA (w,—) lﬁ

Mod A =205 D(Mod 4) —— K(Inj A).
The functor 1/\\TA/R: K(InjA) — K(Inj A) preserves arbitrary direct sums and
on compact objects N identifies with the functor
RHom (w4 g, —): DP(mod A) — D(Mod A) .

In general, the above square on the right will not be commutative, if one
replaces DT (Mod A) by D(Mod A); compare Theorem 5.1. We examine these
functors in greater detail in the next section.

Proof. — Fix X € K*(Mod A). The key observation is the following.

CrLamM. — MAX = iX, the K-injective resolution of X.

Indeed, since X is bounded below one can assume that so is iX, and hence
also the mapping cone, say Z, of the morphism X — iX. Since Z is also acyclic,
arguing as in the proof of Lemma 2.3 one gets that Homg(ay(Z,Y) = 0, for
any Y € K(Inj A). Thus, the morphism X — iX induces an isomorphism

Homg (s (iX,Y) = Homg (s)(X,Y),
and this justifies the claim.
When X is bounded below, so is Hom 4 (w, X). Thus, the claim above yields
N(X) = AHom 4 (w, X) = i Hom 4 (w, X) .
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Now fix X € DT (Mod A). Again, one can assume iX is also bounded below,
and, therefore,

N(iX) = AHomu (w,iX) ® iHomy (w,iX) = iRHomu (w, X) .
This yields the commutativity of the right-hand square.
For the second part of the lemma, it remains to note that the functor N
preserves direct sums, as the A-module w is finitely generated, and A preserves
direct sums, as it is a left adjoint. |

4. Gorenstein algebras and their derived categories

In this section, we introduce Gorenstein algebras and characterize them in
terms of the derived Nakayama functor. This generalizes a well-known fact
for Artin algebras. In that case, the algebra is Gorenstein if and only if the
dualizing module is a tilting module, so that the derived Nakayama functor is
an equivalence.

Commutative Gorenstein rings. — A commutative Noetherian ring R is Goren-
stein if for each prime (equivalently, maximal) ideal p, the local ring R, has
finite injective dimension as a module over itself [4]. When the Krull dimen-
sion of R is finite, this condition is equivalent to R itself having finite injective
dimension; see [4, Theorem, §1] for details.

Gorenstein algebras. — We say that a ring A is a Gorenstein R-algebra if

(1) Ais a finite R-algebra;

(2) A is projective as an R-module;

(3) A, is Iwanaga—Gorenstein for each p € Spec R with A, # 0.
Condition (3) means A, has finite injective dimension as a module over itself,
on the left and on the right; then the injective dimensions coincide; see [45,
Lemma A].

The following lemma provides a comparison between A and R with respect
to the Gorenstein property.

LEMMA 4.1. — Let A be a Gorenstein R-algebra and p € Spec R. Then the
ring R, is Gorenstein whenever A, # 0.

Proof. — As the R-module A is projective so is the Ry,-module A,, and hence
for each finitely generated R,-module M one has the isomorphism below

Exty (M, Ry) ®r, Ay = Ext)y (M @g, Ap, Ap) =0 for i>0.

The equality on the right holds because the injective dimension of A, is finite.
We deduce from the computation above that Exty (M,R,) = 0 for i > 0,
since A, # 0. Hence, R, is Gorenstein; see [12, Proposition 3.1.14]. |
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Let A be a finite R-algebra that is projective as an R-module. Then R
admits a decomposition R’ x R such that A, # 0 for all p € Spec R/, and A is
finitely generated over R’. Thus, one may assume that A is faithful as an R-
module, and then the Gorenstein property for A implies that R is Gorenstein;
see [22] for details.

The preceding result also has a converse, but this plays no role in the sequel,
so we discuss this at the end of this section; see Theorem 4.6. The Gorenstein
condition is reflected also in the dualizing bimodule of the R-algebra A. To
discuss this, we recall some aspects of perfect complexes over finite algebras.

Let A be a finite R-algebra and M a complex of A-modules. Recall that
M is perfect if it is isomorphic in D(Mod A) to a bounded complex of finitely
generated projective A-modules; equivalently, M is compact, as an object in
the triangulated category D(Mod A); equivalently, M is in Thick(A); see [40,
Theorem 2.2].

The following criterion for detecting perfect complexes will be handy.

LEMMA 4.2. — Let A be a finite R-algebra. For M € DP(mod A), the following
conditions are equivalent.

(1) M is perfect in D(Mod A);

(2) My is perfect in D(Mod Aw) for each mazimal ideal m in R;

(3) Tor{(L,M) =0 for each L € mod A°* and i > 0.

Proof. — The equivalence of (1) and (2) is due to Bass [5, Proposition 111.6.6].
Evidently, (1) implies (3), and the reverse implication can be verified by an
argument akin to that for [2, Theorem A.1.2]. O

REMARK 4.3. — We say that a complex M of A-bimodules is perfect on both
sides, if it is perfect both in D(Mod A) and in D(Mod A°P); said otherwise,
the restriction of M along either map A — A®Y « A°P is perfect, in the
corresponding category.

We note also that when M is a complex of A-bimodules, RHom 4 (M, A) has
a left A-action induced by the right A-action on M, and a right action induced
by the right A-action on A. In our context A is a projective R-module, so
one can realize RHom 4 (M, A) as a complex of bimodules, namely, the complex
Hom 4 (M, igev A).

LEMMA 4.4. — Let A be a finite R-algebra and M a complex of A-bimodules
that is perfect on both sides. The following statements hold:

(1) There exists a quasi-isomorphism P — M of A-bimodules where P is
bounded, consisting of finitely generated A-bimodules that are projective
on both sides.

(2) When A is a Gorenstein R-algebra, RHom 4 (M, A) is perfect on both
sides.
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Proof. — (1) The hypothesis on M implies that the A®-module H*(M) is
finitely generated. There thus exists a projective A®V-resolution, say Q — M
with each @Q; finitely generated and 0 for i < 0. Fix an integer

i > max{projdim 4 M, proj dim 4op M} .
The morphism Q — M factors through the quotient complex
P:=0— Coker(dﬁl) —Q; — Qi1 —> -

Since A-modules @); are projective on both sides, it follows by the choice of 4
that so is the A-module Coker(dﬁ_l). Thus, P is the complex we seek.

(2) That RHom4 (M, A) is perfect on the right is clear; for example, it is
equivalent to Hom 4 (P, A) with P as above; this does not involve the Gorenstein
property.

As for the perfection on the left, by Lemma 4.2 it suffices to check the
perfection locally on Spec R. Thus, we can assume that the injective dimension
of A is finite. For any finitely generated A°P-module L, one has a natural
isomorphism

L ®% RHom 4 (M, A) =~ RHom 4 (RHom pos (L, M), A).
Since M is perfect over A°P, and A has finite injective dimension (on the right),

so does M, and, hence, H*(RHom 4o (L, M)) is bounded. Then the finiteness
of the injective dimension of A on the left implies that

H*(RHom 4 (RHom gop (L, M), A))
is bounded. It thus follows from the quasi-isomorphism above that
Tor (L, RHom 4 (M, A)) =0 for |i| > 0.
This implies RHom 4 (M, A) is perfect on the left; see Lemma 4.2. a

An equivalence of categories. — Let A be a Gorenstein R-algebra, wy /g its
dualizing module, and N4,z the Nakayama functor; see (5). As for finite
dimensional algebras [28] the derived functor of the Nakayama functor is an
auto-equivalence of the bounded derived category. In other words, wa,g is a
tilting complex for A.

THEOREM 4.5. — Let A be a Gorenstein R-algebra. The A-bimodule wa g is
perfect on both sides and induces adjoint equivalences of triangulated categories
wA/R®LA7
D(Mod A) ~ D(Mod A).

RHoma (wa,/r,—)
Moreover, these restrict to adjoint equivalences on DP(mod A).
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Proof. — The argument becomes a bit more transparent once we consider the
ring F := End(w), and its natural left action on w that is compatible with
the left A-module structure. We first verify the following properties of w:

(1) The natural maps A — E°° and A — Endg(w) of rings are isomor-
phisms.

(2) Exty(w,w) = 0 = Extl(w,w) for i > 1.

(3) w is compact both in D(Mod A) and in D(Mod E).

The first map in (1) is
A — Enda(w)?®  where a — (w — wa) .

A routine computation reveals that this is, indeed, a map of rings. Its bijectivity
follows from the computation:

RHom 4 (w,w) =2 RHomg(Homg (A, R), R)
= HomR(HomR(A, R), R)
~ 4,

where the first isomorphism is an adjunction, and the others hold because the
R-module A is finite and projective. The computation above also establishes
that Ext’(w,w) = 0 for i > 1. This justifies the first parts of the (1) and (2).
Given that A = E°P applying the already established part of the result to
A°P completes the argument for (1) and (2).

It remains to verify (3), and again, given that £ = A°P as rings, it suffices to
check that w is perfect in D(Mod A). Since the A-module w is finitely generated
it suffices to prove that it has finite projective dimension as an A-module. By
Lemma 4.2 it suffices to verify that the Ap-module M, has finite projective
dimension for each p € Spec R. Since

Homp, (Ap, Ry) = Hompg (A4, R),

as Ap-bimodules, and A, is a Gorenstein Rp-algebra, replacing R and A by
their localizations at p we can assume that (R, m,k) is a local ring and A is
a Gorenstein R-algebra of finite injective dimension; the desired conclusion is
that the projective dimension of Hompg(A, R) is finite. At this point, one can
invoke [13, Proposition 7.6.3(ii)] to complete the proof. The proof of op. cit.
uses the theory of Cohen—Macaulay approximations. Here is a direct argument:

Since R is Gorenstein, by Lemma 4.1, and local, it has finite injective di-
mension; choose a finite injective resolution R — iR. Choose also a finite
injective resolution A — iA. Then Hompg(iA,iR) is a bounded complex of flat
A-modules, quasi-isomorphic to Homg(A, R); thus the A-module Homg(A, R)
has finite flat dimension. Since it is also finitely generated, it follows that its
projective dimension is finite; see Lemma 4.2.

This completes the proofs of assertions (1)—(3).
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Next we verify the stated equivalence of (the full derived) categories. This
is a standard argument, given the properties of w. Here is a sketch. To begin
with, given the isomorphism A = E°P of rings, the stated adjunction can be
factored as

RHom 4 (w,—)
D(ModA) " D(Mod E°?) —=— D(Mod A).

L
_®Ew

It thus suffices to verify that the adjoint pair on the left are quasi-inverses
to each other, that is to say that their counit and unit of the adjunction are
isomorphisms. The counit is the evaluation map

e(M): RHoma(w, M) ®% w — M for M in D(Mod A).

The map above is an isomorphism, for it factors as the composition of isomor-
phisms

RHom 4 (w, M) ®@% w >~ RHom 4 (RHom g (w,w), M)
——~ RHom4 (A, M)
~s M,
where the first map is standard and is a quasi-isomorphism because w is com-
pact in D(Mod E), by (3) above, and the second map is induced by the natural

map A — RHompg(w,w) that is a quasi-isomorphism because of properties (1)
and (2). Similarly, the unit map

N — RHoma (w, N @% w)
is a quasi-isomorphism, for all N in D(Mod A), for it factors as the composition
N =+ N ®p RHomy (w,w) == RHomu (w, N @p w),

where the first map is induced by the isomorphism F = RHom 4 (w,w), and
the second one is standard and is an isomorphism because w is perfect in
D(Mod A).

This completes the proof that the stated adjoint pair of functors induce an
equivalence on D(Mod A). It remains to note that for each M in DP(mod A),
the A-complex RHom 4 (w, M) and w ®% M are in DP(mod A) as well, because
w is compact on both sides. Thus, they restrict to adjoint equivalences on
DP(mod A). O

We can now offer converses to Lemma 4.1; see Goto [23] for a similar state-
ment in commutative algebra. Regarding condition (3), it is noteworthy that
the injective dimension of A need not be finite; so there need not be a global
bound (independent of M) on the degree i beyond which Ext’y (M, A) is zero.
Indeed, there exist even commutative Gorenstein rings R that exhibit this phe-
nomenon; see [39, Al].
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THEOREM 4.6. — Let R be a commutative Noetherian Gorenstein ring, and A
a finite, projective, R-algebra. The following conditions are equivalent.
(1) The R-algebra A is Gorenstein.
(2) The A-bimodule w4 /R is perfect on both sides.
(3) For each M € mod A and N € mod A°?, we have Ext'y (M, A) = 0 for
i > 0 and ExtYo, (N, A) =0 fori > 0.
(4) The functors RHoma(—, A) and RHom gop (—, A) induce triangle equiv-
alences
RHom 4 (—,A)
DP(mod A)°" ~ DP(mod A°P).
RHom ygop (—,A)

Proof. — The proof that (1)=-(2) is contained in Lemma 4.1 and Theorem 4.5.

(2)=-(1) The hypotheses are local with respect to primes in Spec R, as is the
conclusion, by definition. We may thus assume that R is local and, hence, of
finite injective dimension. Then, since A is a projective R-module, it follows
from adjunction that the A-module w = Hompg(A4, R) has finite injective di-
mension on both sides. For the same reason, one gets that the following natural
map is a quasi-isomorphism

A — RHom gor (W, w) ;

see the proof of Theorem 4.5. As w is perfect on the right, it is in Thick(A) in
D(Mod A°P), and the quasi-isomorphism above implies that A is in Thick(w) in
D(Mod A). In particular, since the injective dimension of w as a left A-module
is finite, so is that of A. Similarly, we deduce that the injective dimension of
A is finite also on the right.

(1)=-(3) Suppose A is a Gorenstein R-algebra and fix an M in mod A. Since
A is in Thick(w) in DP(mod A), it suffices to verify that Ext’ (M,w) for i > 0.
Adjunction yields

ExtYy (M, w) = Ext’y(M,Hompg(A, R)) = Ext’ (M, R) .

As R is Gorenstein, by Lemma 4.1, the problem reduces to the commutative
case, where the result is due to Goto [23, Theorem 1]. The same argument
gives the result for N in mod A°P.

(3)=(1) For each prime p in Spec R and M in mod A, we have an isomor-
phism

Bxty (M, A)y = Extly (My, 4,) (1> 0).

If this vanishes for each M and ¢ > 0, then A, has finite injective dimension
as a left A,-module. Analogously, A, has finite injective dimension as a right
Ap-module. Thus, A is Gorenstein.

(1)=>(4) For each M € D"(mod A), the A°P-complex RHom 4 (M, A) belongs
to DP(mod A°P), by the already verified implication (1)=-(3), so it remains to
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verify that the natural biduality morphism
M — RHom 4 (RHom4 (M, A), A)

is an isomorphism. Since RHom 4 (M, A) is in D (mod A°P) this can be checked
locally on Spec R, where it holds for the injective dimension of A is locally finite.

The same argument gives the result for N in DP(mod A°P).
(4)=(3) Clear. O

REMARK 4.7. — The argument in the proof of Theorem 4.6 raises the question:
When A is a Gorenstein R-algebra, is wq,r generated by A in DP(mod A®),
that is to say, is it in Thick4ev(A)? By standard arguments, this question is
equivalent to: Is

RHomp (A @Y%ev A, R) = RHom aev (A, wa/R)

perfect as a dg module over € := RHom gev (A, A), the (derived) Hochschild
cohomology algebra? When this condition holds, it would follow from the
isomorphism above that if HH*(A/R) = 0 for i > 0, then also HH;(A/R) = 0
for i > 0.

This turns out not to be the case when A is finite dimensional and self-
injective over a field: Let k be a field, ¢ € k an element that is nonzero and
not a root of unity, and set

k(x,y)
(22, 2y + qyz, y?)

Then Buchweitz, Madsen, Green, and Solberg prove that rank;, HH*(A/k) = 5,
whereas HH;(A/k) is nonzero for each i > 0 [14].

On the other hand, the question has, trivially, a positive answer when A
is a symmetric R-algebra, that is to say, when wy/r = A as an A-bimodule.
So this begs the question: If wy,p is in Thick gev(A), is then A a symmetric
R-algebra?

A=

5. Gorenstein algebras and their homotopy categories

Let A be a Gorenstein R-algebra. We study in this case the properties of
the Nakayama functor for the homotopy category of injectives K(Inj A).

The Nakayama functor. — As explained in Section 3, the Nakayama func-
tor admits a canonical extension to a functor ﬁA/R: K(InjA) — K(InjA).
The following result discusses the compatibility of this functor with the rec-
ollement for K(Inj A) introduced in (1) and the equivalence on D(Mod A) in
Theorem 4.5.
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THEOREM 5.1. —  Let A be a Gorenstein R-algebra. The functor NA/R:
K(InjA) — K(InjA) is a triangle equivalence making the following square
commutative:

D(Mod A) —— K(Inj A)

J{RHomA(w,—) lﬁ

D(Mod A) = K(Inj A).
Moreover, NA/R restricts to an equivalence K,.(Inj A) = K,.(Inj A).

The key step in the proof of the result is a “concrete" description of N; see
Lemma 5.2 below. To that end note that Lemma 4.4 applies to the dualizing
bimodule w4,/ r; fix a complex P provided by that result and set W4/r = P.
Thus,

Wa/R — WA/R
is a finite resolution of w4,z by finitely generated A-bimodules that are pro-
jective on either side. This implies, in particular, that when X is a complex
of injective A-modules, so is Hom(©4,r, X); this follows from the standard

Hom-tensor adjunction and requires only that W, p consists of modules pro-
jective on the right. One thus has the induced exact functor

Hom (W4 r, —): K(InjA) — K(Inj A) .

Here is the vouched for description of the completion of the Nakayama functor.
LEMMA 5.2. — The quasi-isomorphism &4 /r — wa/r induces an isomorphism
Na/r = Homa(@a/r, —)

of functors on K(Inj A).

Proof. — For X € K(Inj A), the morphism & — w induces the morphism
Hom 4 (w, X) — Hom 4 (&, X)

of complexes of A-modules. Since Hom 4 (@, X) consists of injective modules,
one gets an induced morphism

N(X) = AHom 4 (w, X) — Hom4 (@, X).

This is the natural transformation in question. The functors N and Hom 4 (@, —)
preserve arbitrary direct sums, the former by Lemma 3.1 and the latter because
@ is a bounded complex of finitely generated modules, by choice. Thus, it suf-
fices to verify that the morphism above is an isomorphism when X is compact
in K(Inj A), that is to say, when it is of the form iM, for some M € DP(mod A).
In this case, the morphism in question is the composite

o~

N(@{iM) = iHomg(w,iM) — Homy (&, iM),
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where the isomorphism is taken from Lemma 3.1. The map above is a quasi-
isomorphism and its source and target are K-injective; the former by construc-
tion and the latter because @ is a bounded complex of projectives. It remains
to observe that a quasi-isomorphism between K-injectives is an isomorphism in

K(Inj A). O

Proof of Theorem 5.1. — Given Lemma 5.2, a standard dévissage argument
shows that N is a triangle equivalence: the functor preserves arbitrary direct
sums and identifies with RHom 4 (w, —) when restricted to compacts, by Lem-
ma 3.1. It remains to note that RHom 4 (w, —) is an equivalence on DP(mod A),
by Theorem 4.5.

For the commutativity of the square, fix a complex X € D(Mod A). We
have already seen in Lemma 3.1 that

N(iX) = i RHom 4 (w, X)
when X is bounded below. An arbitrary complex in D(Mod A) is quasi-
isomorphic to a homotopy limit of complexes that are bounded below. Thus,
it remains to observe that both functors preserve homotopy limits.

It remains to verify that N restricts to an equivalence between acyclic com-
plexes; equivalently that a complex X € K(Inj A) is acyclic if and only if ﬁ(X )
is acyclic.

Since @ is perfect on the left, N preserves acyclic complexes. On the other
hand, since RHom 4 (w, A) is in Thick(A) in DP(mod A) by Lemma 4.4, it fol-
lows that ﬁ(iA) is in Thick(iA). Using the isomorphism

H"(X) = Homk (i4, 2" X) = Homg (N(i4), £"N(X))
it follows that when N(X) is acyclic so is X. O

REMARK 5.3. — One may turn DP(mod A) into a dg category such that
K(Inj A) identifies with its derived category; see [35, Appendix A]. Then N4,/ p
identifies with the lift of the Nakayama functor DP(mod A4) — DP(mod A).

REMARK 5.4. — If X is a complex of projective A-modules, then so is the
A-complex &W4,r @ X; this is because W consists of modules projective on the
left. Thus, one gets an exact functor

Wa/r ®a —: K(ProjA) — K(Proj A).

Arguing as in the proof of Theorem 5.1 one can verify that this is also an
equivalence of categories.

Since the Nakayama functor N A/R is an equivalence, it has a quasi-inverse.
This is described below.
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A quasi-inverse. — Set V' := Hom (W4 p, A); this is a bounded complex of
A-bimodules where the left action is through the right A-module structure on
Wa/r and the right action is through the right A-module structure of A.

PROPOSITION 5.5. — The assignment X — Homa(V, X) induces an exact
functor

Homyu(V,—): K(InjA) — K(Inj A).
This functor is a quasi-inverse of NA/R, and so an equivalence of categories.

Proof. — The complex & consists of modules projective on the left, and the
right A-action on V' = Hom 4 (@, A) is through A, so V' consists of modules that
are projective on the right. Given this it is easy to verify that Hom4(V,—)
maps complexes of injectives to complexes of injectives and so induces an exact
functor on K(Inj A). For X € K(Inj A), the natural morphism of complexes

VosX= HomA(CJ,A) ®Ra X — HOHIA((:J,X)

is an isomorphism because the complex @ is a bounded complex of modules
projective on the left. This justifies the second isomorphism below:

Hompg () (X, Hom 4 (V, Hom4 (@, X))) = Homg (o) (V ®4 X, Homyx (@, X))
gHOmK(A) (HOIIIA((:J,X),HOIHA(&\J,X)) .

The first one is adjunction. Thus, the identity on Hom 4 (@, X) induces a mor-
phism

N(X): X — Homy (V,Homy (@, X)),

which is natural in X. As functors of X, both the source and the target of ) are
exact and preserves direct sums; thus, to verify that n(X) is an isomorphism
for each X it suffices to verify that this is so for compact objects in K(Inj A),
that is to say, for the induced natural transformation on DP(mod A). This is
the map

M — RHom 4 (RHom 4 (w, A), RHom 4 (w, M)) .

Since w and RHom 4 (w, A) are perfect as complexes of left A-modules, by The-
orem 4.5 and Lemma 4.4, respectively, the map above can be obtained by
applying (—) ®4 M to the natural homothety morphism

A — RHom 4 (RHom 4 (w, A), RHom4 (w, A)) .

Observe this a morphism in DP(mod A°V). It remains to note that the map
above is a quasi-isomorphism by, for example, Theorem 4.5. (]
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Acyclicity versus total acyclicity. — Set E :=iev A, the injective resolution of
A as an A-bimodule, and consider adjoint functors

EQ@a—
K(Proj 4) i K(Flatd) Z‘E ? K(nj4),
omy(E,—

where f is the right adjoint to the inclusion. It exists because K(ProjA) is
a compactly generated triangulated category, and its inclusion in K(FlatA) is
compatible with coproducts; see [32, Proposition 2.4]. One thus gets an adjoint
pair

t

K(Proj A) > K(Inj A),

h

where t := F ®4 — and h :=f o Hom4(E, —).
Let A be an additive category. A complex X € K(A) is called totally

acyclic if Hom(W, X) and Hom (X, W) are acyclic complexes of abelian groups

for all W € A. We denote by Ki,.(A) the full subcategory of totally acyclic
complexes.

THEOREM 5.6. — Let A be a Gorenstein R-algebra. The adjoint functors (t,h)
above are equivalences of categories, and they restrict to equivalences

t
KaC(PrOj A) “ ~ K. (IHJ A) .
h

Moreover, there are equalities

Kiac(Proj A) = Kac(Proj A)  and  Kiac(Inj A) = Kac(Inj A) .
Proof. — Tt is clear that the functor t preserves direct sums. It also preserves
compact objects, as we now explain. We may assume that a compact object in

K(Proj A) is of the form Hom4(pM, A) for some M € mod A°P. This yields a
complex

E ®4 Hom 400 (pM, A) = Hom go» (pM, E) ,
which is compact in K(Inj A) because it is bounded below with
HHom go0 (pM, E) = Ext’yop (M, A) = 0

, for i > 0, by Theorem 4.6. In fact, the functor t restricted to compacts
identifies with

RHom gor (—, A) : DP(mod A°?) — D" (mod 4)”",

and this is an equivalence, again by Theorem 4.6. Thus, t is an equivalence of
categories. Moreover, since h is its adjoint, the latter is the quasi-inverse to t.
For X € K(Proj A), the equivalence of categories and Lemma 2.3 yield

H"™(X) = Homga)(A, 2" X) = Homg a)(E, 2"t X) = H"(tX),
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for each integer n. Thus, X is in K,.(Proj A) if and only tX is in K,.(Inj A).
Therefore, (t,h) induce an equivalence on the subcategory of acyclic complexes.
The key to verifying the remaining assertions is the following.

CLAM. — Inj A C Loc(E), in K(Inj A).

Indeed, given the already established equivalence, it suffices to verify that
hI is in Loc(A) for any injective A-module I, since h identifies F with A. As
E is a complex of injective modules that are bounded below, Hom4(FE, I) is a
complex of flat modules that are bounded above, and it is quasi-isomorphic to
I, by Lemma 2.3. Therefore, hI = f Homy4(E, I) is a projective resolution of
I; see [32, Theorem 2.7(2)]. Thus, hI is in Loc(A), as desired.

Fix Y € Kauc(Inj A). Then Homg ) (E,X"Y) = 0 for each integer n, so the
claim yields Homg () (I, £"Y) = 0, for I € Inj A and integers n, that is to say,
Y is totally acyclic. Thus, any acyclic complex of injective modules is totally
acyclic.

Fix an acyclic complex X in K(Proj A). We want to verify that X is totally
acyclic, that is to say, Homg o) (X, —) = 0 on Add A. Since t is an equivalence
of categories, it suffices to verify that Homga)(tX,—) = 0 on AddtA, that
is to say, on Add F. However, tX is also acyclic, by the already established
part of the result, and any complex in Add E is bounded below, and hence
K-injective. This implies the desired result. |

6. Gorenstein projective modules

Let A be a Gorenstein R-algebra. An A-module M is Gorenstein projective
(abbreviated to G-projective) if M is a syzygy in a totally acyclic complex of
projective modules, that is, M = Coker(d}l), for some X in Ki,.(ProjA).
Given Theorem 5.6, one can “totally" drop from the definition. We write
GProj A for the full subcategory of Mod A consisting of G-projectives, and
Gproj A for GProj A Nmod A.

Starting from Theorem 5.6, and also the results below, one can develop the
theory of G-projective modules along the lines in [13], but we shall be content
with recording a few observations needed to prove the duality theorems in
Section 9. All these are well known when A is Iwanaga—Gorenstein.

LEMMA 6.1. — Let M be a G-projective A-module. The following statements
hold.

(1) M, is G-projective as an Ay-module for p € Spec R.

(2) Torz-A(wA/R,M) =0=Extly(wa/p, M) fori>1.

Proof. — Evidently, the localization of an acyclic complex is acyclic, so (1)
follows.
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(2) Since an A-module is zero if it is zero locally on Spec R, given (1) and
the finite generation of w, we can reduce the verification of (2) to the case when
R is local and so assume that the injective dimension of A is finite. Let I be
the injective hull of the residue field of R and set J := Hompg(w, I).

CrLAamM. — The A-module J is a faithful injective and has finite projective di-
mension.

Indeed, as I is a faithful injective R-module, it follows by adjunction that
the A-module J is faithful and injective. Since R is a Gorenstein local ring
it has finite injective dimension, so I has finite projective dimension; that is
to say, I is in Thick(Add R) in D(Mod R). Since w is a finite projective R-
module Homg(w, —) is an exact functor on D(Mod A), so we deduce that J is in
Thick(Add Homp(w, R)) in D(Mod A). Finally, observe that A = Hompg(w, R)
as A-modules.

The claim and the hypothesis that M is G-projective justify the equality
below:

Hom g(Tor{ (w, M), I) = Ext’y(M,.J) =0 fori > 1;

see also (7). The isomorphism is a standard adjunction. Since I is a faithful
injective, it follows that Tor(w, M) = 0 as desired.
A similar argument settles the claim about the vanishing of Ext-modules. O

When M is G-projective and X € K,.(Proj A) is as above, the truncation
X, is a projective resolution of M, and the total acyclicity of X implies

(7) ExtY (M, P) =0 for each projective module P and i > 1.

Here is a partial converse.

LEMMA 6.2. — A finitely generated A-module M satisfying Ext'y (M, A) = 0,
for i > 1, is G-projective. Moreover, such a module is a syzygy in an acyclic
complex of finitely generated projective A-modules.

Proof. — Tt suffices to verify that Ext%o,(M*, A) = 0, for i > 1, and that
the biduality map M — M™ is bijective; given these, it is straightforward
to construct an acyclic complex with M as a syzygy. What is more, using
resolutions of M and M* by finitely generated projective modules, one can get
an acyclic complex consisting of finitely generated projective modules. Since
M is finitely generated, and A is a finite R-algebra, both the conditions in
question can be checked locally on Spec R. We may thus assume that A is
Iwananga—Gorenstein, in which case, the desired result is contained in [13,
Lemma 4.2.2(iii)]. O

With exact structure inherited from Mod A, the category GProj A is Frobe-
nius, with projective objects Proj A. Thus, the associated stable category,
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GProjA, is triangulated. It is also compactly generated, with compact ob-
jects GprojA; see, for example, [10, Proposition 2.10]. By the very definition,
G-projectives are related to acyclic complexes of projectives. To clarify this
connection, we recall from [32, §7.6] that there is an adjoint pair

K..(ProjA) . K(Proj A),

a

where the left adjoint is the inclusion. The next result is well known and can
be readily proved by adapting the argument for [13, Theorem 4.4.1].

PROPOSITION 6.3. — The composition of functors aop: Mod A — K,.(Proj A)
induces a triangle equivalence

ap: GProjA = K,.(Proj A),
with the quasi-inverse defined by the assignment X — Coker(d}l). |
The singularity category. — Let Dy, (A) be the singularity category of A in-
troduced by Buchweitz [13] as the stable derived category. It is DP(mod A)

modulo the perfect complexes. Any perfect complex is in the kernel of the
functor

si: DP(mod A) — K,.(Inj A)°,

where the functors s and i are from (1). Hence, there is an induced exact
functor

Dy (A4) = Kac(Inj 4)°,

which we also denote si. On the other hand, the embedding Gproj A —
DP(mod A) induces an exact functor

g: GprojA — Dy (A).

The result below was proved by Buchweitz [13, Theorem 4.4.1] when A is an
Iwanaga—Gorenstein ring.

THEOREM 6.4. — Let A be a Gorenstein R-algebra. The functors g and si are
equivalences, up to direct summands, of triangulated categories:

Gproj(A) —5— Dyg(A) —— Kac(Inj A)°.
Proof. — The assertion about si is by [35, Corollary 5.4].
Let M, N be finitely generated G-projective A-modules. As noted in (7), one

has Ext’y (M, A) = 0 for i > 1. Arguing as in the proof of [42, Proposition 1.21]
one gets that g induces a bijection:

Hom , (M, N) = Homp,, (gM,gN).

Thus, g is fully faithful. It remains to prove that it is essentially surjective.
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Fix X in Dy (A); we can assume that X is a bounded-above complex of
finitely generated projective A-modules. Suppose H*(X) = 0, for all i < n.
Truncating at n yields a morphism X — o<, X, which is an isomorphism in
D, (A) since its cone is perfect. Thus, X is isomorphic to a suspension of
M := Coker(dy ') in Dyy(A). Since Ext’ (M, A), for i > 0 by Theorem 4.6,
some syzygy of M is G-projective by Lemma 6.2, and we conclude that g is
essentially surjective. O

A standard dévissage argument yields the following consequence.

COROLLARY 6.5. — The composition of functor soi: Mod A — K(Inj A) in-
duces a triangle equivalence

si: GProjA —— K,.(Inj A).

Proof. — The triangulated categories GProjA and K,.(Inj) are both com-
pactly generated, and the functor si preserves coproducts. For the compact
generation of K,.(Inj), see [35, Corollary 5.4], and si preserves coproducts
since s is a left adjoint. Thus, the assertion follows from the fact that si is a
triangle equivalence when restricted to the subcategories of compact objects;
see Theorem 6.4. O

The Nakayama functor. — Via the equivalences of categories established above
the auto-equivalence of K, .(Inj A) given by Nakayama functor induces an auto-
equivalence on GProjA and on the singularity category. This is made explicit
in the next two results. The functor GP(—) that appears in the statements is
the G-projective approximation whose existence is established in Theorem A.1.
When A is a Gorenstein R-algebra, it follows from Theorem 4.5 that functor
wa, g takes perfect complexes to perfect complexes, and hence induces a functor
on the quotient Dgg(A); we also denote that functor wa,r @45 (—).

PROPOSITION 6.6. — Let A be a Gorenstein R-algebra. One has the following
diagram of equivalences of categories

Gproj(A) —5— Dyg(A) —— Kac(Inj A)°
GP(wA/R@aA(—))y wA/R®£a<f>l~ ~lﬁ;}R ’
Gproj(A) —5— Dyg(A) —— Kac(Inj A)°
where the squares commute up to an isomorphism of functors.

Proof. — The equivalences in the rows are from Theorem 6.4. We already
know that N is an equivalence, so one has only to verify the commutativity of
the diagram.

The commutativity of the square on the left is tantamount to: For each
G-projective A-module M there is a natural isomorphism between w ®I;‘ M and
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GP(w ®4 M), viewed as objects in Dgz(A). As noted in Lemma 6.2, finitely
generated G-projective modules are syzygies in acyclic complexes of finitely
generated projective modules. Thus, the proof of Theorem A.1 yields an exact
sequence of A-modules

0—P—GPw®s M) —>w®sM—0,

with GP(w ®4 M) a G-projective and P a finitely generated projective. This
gives the isomorphism on the left

GP(w®@A M) "5 w@s M+~ weiy M

in Dgg(A). The one on the right is by Lemma 6.1(2), for the latter is tantamount
to the statement that the natural morphism of complexes w®% M — (w®4 M)
is an isomorphism in D(Mod A), and so also in Dy, A.

For X € DP(mod A), from Lemma 3.1 and Theorem 4.5 one gets isomor-
phisms

Ni(w ®% X) & N(w ®Y% iX) = RHom 4 (w,w ®% iX) 2 iX .

Applying s to the composition and observing that N commutes with s by
Theorem 5.1, yields the commutativity of the square on the right. O

The commutativity of the outer square in Proposition 6.6 lifts to the corre-
sponding “big" categories.

PROPOSITION 6.7. — The functor GP(wa/gr ®a —): GProjA — GProjA is an
equivalence of triangulated categories, with quasi-inverse GP Hom4(wa/r, —)-
Moreover, the diagram below commutes up to an isomorphism of functors:

GProjA st Kac(Inj A)
GPA(OJA/R®A*)\LN Nlﬁ;}R

GProjA —= 5 K, (Inj 4).

Proof. — The crucial observation is that the categories involved are compactly
generated, and all the functors involved commute with direct sums. Thus, the
desired result is a consequence of Proposition 6.6. O

7. Localization and torsion functors

As before, let A be a finite R-algebra. In what follows, we apply the theory
of local cohomology and localization from [7], with respect to the action of
the ring R on the homotopy category of injective A-modules. To that end we
recall some results concerning the structure of injective A-modules discovered
by Gabriel [20]; it extends the (by now well-known) theory for commutative
rings.
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To begin with, by the spectrum of A we mean the collection of two-sided
prime ideals of A, denoted Spec A. Since the map n: R — A is central and
finite, the induced map on spectra

Spec A — Spec R where q — qN R for q € Spec 4,

is surjective onto Specn(R), which is a closed subset of Spec R. Moreover,
the fibers of the map are discrete: if ¢’ C q are elements of Spec A such that
g N R =gN R, then q' = g; see [20, Proposition V.11].

Torsion. — For each p in Spec R, there is a natural A-module structure of M,
for which the canonical map M — M, is A-linear.

A subset V' C Spec R is specialization closed when it has the following prop-
erty: If p C p’ are prime ideals in R and p is in V, then p’ is in V; equivalently,
that V' contains the closure (in the Zariski) topology of its points. The follow-
ing specialization closed subsets play a central role: Given an ideal a C R, the
subset

V(a):={p € SpecR | p D a}
of Spec R, and given a prime p in Spec R, the subset
Z(p) :={p" € SpecR | p’ Z p}.

Observe that Z(p) equals Spec R \ Spec R,,.
Give a specialization closed subset V' of Spec R, the V -torsion submodule of
an A-module M is defined by

Iy M :=Ker(M — [ My).
peVv
The assignment M +— 'y M is an additive, left-exact, functor on Mod A. The
module M is called V -torsion if I'y M = M.
It is easy to verify that when V := V(r) for an element r € R, one has

FV(T)M = Ker(M — Mr) s

where M, is the localization of M at the multiplicatively closed subset {r"},50,
and that when V := Z(p), for some p € Spec R, one gets

FZ(p)M = Ker(M — Mp) .

Injective modules. — Since A is Noetherian, Inj A, the full subcategory of
Mod A consisting of injective modules, is closed under arbitrary direct sums.
For a q in Spec A the injective hull of the A-module A/q decomposes into a finite
direct sum of copies of an indecomposable injective module, which we denote
by I(q). Since A is a finite R-algebra, the assignment q — I(q) is a bijection
between Spec A and the isomorphism classes of indecomposable injective A-
modules, by [20, V.4]. Thus, each injective A-module is a direct sum of copies
of I(g), as q varies over Spec A.
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LEMMA 7.1. — Let V' C Spec R be specialization closed. For each injective
A-module I, the module I'y I is a direct summand of I. Thus, for q in Spec A,
one has

I(q) whenqNReV,

0 otherwise.

FVI(CI)_{

Proof. — The functor Iy provides a right adjoint for the inclusion of the lo-
calizing subcategory of A-modules that are V-torsion. This functor preserves
injectivity, since the localizing subcategory is stable under taking injective en-
velopes, by [20, Proposition V.12]. Thus, Iy is a direct summand of I for
every injective A-module I. In particular, we have ['yI = I, or I'yI = 0 when
I is indecomposable. |

Since Iy is an additive functor, it induces a functor on the category of
A-complexes. For each complex X of injective A-modules set

Ly X = Coker(FvX — X) .
Thus, one gets an exact sequence of A-complexes
0—IyX —X —LyX —0.

By Lemma 7.1 the subcomplex Iy X consists of injective A-modules so the
sequence above is degree-wise split exact, and hence induces in K(Inj A) an
exact triangle

(8) I'vX — X — Ly X — XIyvX.
The functor Ly has an explicit description in a couple of cases.

EXAMPLE 7.2. — Suppose V := V(r), for some r € R. Then the map X — X,
is surjective, by Lemma 7.1, so there is an exact sequence

0 —=TypnX — X — X, —0

of A-complexes, and hence Ly ()X = X,.. By the same token, when V' := Z(p)
for some prime p in Spec R, one gets an exact sequence

0—>Fz(p)X—>X—>Xp —0
of A-complexes, so that Lz, X = X,.
Localization and local cohomology. — The ring R acts on K(Mod A) and
hence on its subcategories discussed above, in the sense of [7]. We focus on
T=K(InjA).

For any localizing subcategory € C T and object X € T, we call an exact
triangle

I'X — X —LX —¥I'X
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a localization triangle provided that I'X € € and LX € C*, where @+ C T
denotes the colocalizing subcategory consisting of objects Y such that
Homg(X,Y) = 0, for all X € €. If such a triangle exists for all objects
X € T, then I' yields a right adjoint for the inclusion € — T, and L yields a
left adjoint for the inclusion G+ < 7.

Given a specialization closed subset V' C Spec R, an object X in T is V-
torsion provided that Homg(C, X) is a V-torsion A-module for each compact
CeT.

LEMMA 7.3. — For a specialization closed subset V' C Spec R, the triangle (8)

is the localization triangle associated to the localizing subcategory of V -torsion
objects in K(Inj A).

Proof. — Fix X € K(Inj A). Then I'y X is V-torsion by construction. More-
over, for every injective A-module I, it is easy to verify that

Hom(I'v1,1/TyI)=0.
Thus, Homg ) (X', Ly X)) = 0, for all V-torsion X’ € K(Inj A). O
LEMMA 7.4. — For any p in Spec R and X in K(Inj A), we have Lz, X = X,.

Proof. — This follows from Example 7.2. ]

For an object X in K(Inj A), we write Loc(X) for the smallest localizing
subcategory of K(Inj A) that contains X.

LEMMA 7.5. — LetV C Spec R be specialization closed. For any X in K(Inj A),
the A-complezes I'vX and Ly X are in Loc(X).

Proof. — This follows from the local-to-global principle discussed in [8]. More
specifically, one combines [8, Theorem 3.1] with [44, Theorem 6.9]. O

LEMMA 7.6. — Let V C Spec R be specialization closed. If an A-complex X of
injective A-modules is acyclic, then so are the complexes I'y X and Ly X.

Proof. — The subcategory K,.(Inj A) of K(Inj A) is localizing, hence when X
is acyclic, so are the complexes in Loc(X). It remains to recall Lemma 7.5. O

For an object X in K(Inj A) and p € Spec R the local cohomology at p is
I X = Ty (Xp) .
The following observation will be useful.

LEMMA 7.7. — For any X in K(Inj A), the complex I, X is a subquotient of
X. In particular, if X* =0 for some i € Z, then (I, X)" =0 as well. O
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REMARK 7.8. — The triangulated category K,.(Inj A) is compactly generated
and R-linear, so has its own localization functors for a specialization closed
subset V of Spec R. It follows from Lemma 7.6 that these are just restrictions
of the corresponding functors on K(Inj A).

The triangulated category D(Mod A) is also compactly generated and R-
linear. However, the embedding i: D(Mod A) — K(Inj A) is not compatible
with the localization functors; in other words, for a K-injective complex X,
the complex I'y X need not be K-injective; see [16]. On the other hand, it is
easy to verify that these functors are compatible with the restriction functor
D(Mod A) — D(Mod R).

REMARK 7.9. — Fix a p in Spec R and consider the diagram of exact functors.

Kac(InjA) & K(Inj 4)

incl
(‘)vl[‘"es (—)pllres
Sp

Koo(Inj Ay) & K(Inj4,)

incl

It is clear that the two compositions of right adjoints, from the bottom left to
the top right, coincide. It follows that the composition of the corresponding
left adjoint functors are isomorphic: (sX), = s,(X,) for X in K(InjA).

Support. — Let T be K(Inj A) or K,.(Inj A). Specializing the definition from
[7] to our context, we introduce the support of an object X in T to be the subset

suppr X = {p € SpecR | [, X # 0}.

It follows from Remark 7.8 that the support an object in K,.(Inj A) is the same
as its support when we view it as an object in K(Inj A).
The support of T is the subset of Spec R defined by

suppp T = U supppr X .
XeTe

Here are some alternative characterizations of support for acyclic complexes.

PROPOSITION 7.10. — Let A be a finite R-algebra, fix X € K,.(Inj A) and p
in Spec R. The following conditions are equivalent:
(1) The prime p is not in suppp X.
(2) The complex I'y X is contractible.
(3) The A-module I'y,(Q4(X)) is injective for each (equivalently, some) inte-
ger i.

Proof. — An acyclic complex of injective modules is zero in K(Inj A) if and
only if it is contractible, if and only if each, equivalently, one of its syzygy
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modules is injective. From this, we get that (1)< (2) and also that these con-
ditions are equivalent to Qi(FpX ) injective for each, equivalently, some, i. It
remains to note that since the functor I}, is left-exact and preserves acyclicity
of complexes in K(Inj A), one gets

QY I, X) = I,Q(X) for each integer i.
This completes the proof. O

The following observation concerning generators for K, (Inj A) is well known.

LEMMA 7.11. — The compact objects in Kac(Inj A) are direct summands of
objects of the form sC, where C is a compact object in K(Inj A).

Proof. — The functor s is left adjoint to the inclusion K,.(Inj A) C K(Inj A),
so it is essentially surjective; it also preserves compactness for the inclusion
preserves direct sums. It follows that up to direct summands all compact
objects of K,.(Inj A) are in the image of s; see [40, Theorem 2.1]. O

A Noetherian ring A is regular if each M € mod A has finite projective
dimension; equivalently, each M in DP(mod A) is perfect. We say that A is
singular to mean that it is not regular. When A is a finite R-algebra its regular
locus will mean the collection of primes p € Spec R such that A, is regular. Its
complement in Spec R is the singular locus.

COROLLARY 7.12. — The singular locus of A equals suppp Kac(Inj A).

Proof. — By Lemma 7.11 the support of K,.(Inj A) is the union of the supports
of s(iM), for M € DP(mod A). For any p € Spec R, one has isomorphisms

s(iM)p = sp((iM)y) = sp(i(My))

in K(Inj A,), where the first one is by Remark 7.9, and the second one is
standard. Thus, s(iM), = 0 if and only if M, is perfect in D(Mod A4,). Con-
sequently, if p is in the regular locus of A, then s(iM), = 0, for each M in
DP(mod A), and hence p is not in the support of K,.(Inj A).

Conversely, if A, is not regular, then there exists an M € mod A such that
M, is not perfect; one can choose M to be V(p)-torsion. Then I,s(iM) =
s(iM), is nonzero, so p is in the support of K,.(Inj A). a

8. Matlis duality and Gorenstein categories

This section is about avatars of Matlis duality in various homotopy cate-
gories we have been dealing with. To set the stage for the discussion, it helps
to consider a general, compactly generated, triangulated category T with the
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action of a commutative Noetherian ring R, in the sense of [7]. Fix an injective
R-module I. For each compact object C' in T, the functor

X — Hompg(Homg(C, X),I),

from T to Mod R, is homological and takes coproducts to products. The Brown
representability theorem implies that it is representable: There is an object,
say T7(C), in T and an isomorphism of functors

HOIHR(HOIH‘J“(C, —), I) = HOIH‘J“(—, TI(O)) .
In this way, the assignment C' x I — T7(C) yields a functor
T:TxInjR— 7.

Borrowing terminology from [18] we call the functor T;(—) the Matlis lift of
I to T. In what follows, for p in Spec R, we write T},(—) for Ty, (—), where
I(p) is the injective hull of the R-module R/p.

Now, let A be a finite R-algebra as before. The description of the Matlis lifts
of injective R-modules to the R-linear category D(Mod A) is straightforward.

PROPOSITION 8.1. — The Matlis lift to D(Mod A) of an injective R-module I
is given by the functor C'— RHompg(A, ) @5 C.

Proof. — Given objects X € D(Mod A) and a finitely generated projective
A-module P, there are natural isomorphisms

HomR(HomA(P,X),I) = HOIDR(X, I) ®a P
= Homy (X, Hompg(A,I)) ®4 P
= HOIDA()(7 HomR(A,I) ®A P)

It remains to observe that any compact object in D(Mod A) is isomorphic to
a bounded complex of finitely generated projective A-modules. |

The Matlis lifts of injective R-modules to the R-linear category K(Inj A) is
described in the next result, which is modeled on [36, Theorem 3.4]; the proof
we give is somewhat different.

THEOREM 8.2. — Let A be a finite R-algebra. The Matlis lift to K(Inj A) of
an injective R-module I is given by

C+—— Hompg(A4,I)®4 pC.
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Proof. — Fix objects C, X in K(Inj A) with C' compact. The key input is
Lemma 2.1 that yields the first isomorphism below
Hom g (Homg (a)(C, X), I) = Hompg(H° (Homa(pC, A) ®4 X), 1)
=~ H%(Hompg(Hom(pC, A) ®4 X, 1))
=~ HO(Hom (X, Homp(Hom 4 (pC, A), )
=~ H(Homa (X, Homp(A,I) ®4 pC))
= Homga) (X, Hompg (A, I) ®4 pC).
The second one holds because [ is injective. The rest are standard. O

The next result describes Matlis lifts to K,c(Inj A), using the functors
from (1). In Lemma 7.11 we described the compact objects in that category.

COROLLARY 8.3. — For a compact object in K,.(Inj A) of the form sC, given
by a compact object C in K(Inj A), the Matlis lift of an injective R-module 1
is the complex

T1(sC) 2 r(T7C) =2 r(Homp(A,I) ®4 pC).
Proof. — For any acyclic complex X of injective R-modules, one has
Homy () (X, r(T7(C)) = Homg (a) (X, T1(C))

= Homp(Homg(a)(C, X), )

= Homp(Homg (a)(sC, X), I)

= Homg (a) (X, T1(sC)).
This justifies the first isomorphism. For the second one, see Theorem 8.2. [
REMARK 8.4. — There is a notion of purity for compactly generated triangu-
lated categories, analogous to the classical concept of purity for module cat-
egories; see Crawley-Boevey’s survey [17]. It follows from the construction
that any Matlis lift is a pure-injective object. In particular, we obtain from a

Matlis lift a pure-injective module when an acyclic complex is identified with
an A-module.

Gorenstein categories. — Let T be an R-linear category. Following [9] we say
that T is Gorenstein if there is an R-linear triangle equivalence
F:T7° > 7J°¢

such that for each p in suppp 7, there is an integer d(p) and a natural isomor-
phism

Lo F=y"i®oT,
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380 S. B. IYENGAR & H. KRAUSE

of functors J7° — TJ. The functor F' plays the role of a global Serre functor
because it induces a Serre functor, in the sense of Bondal and Kapranov [11],
on the subcategory of compacts objects in T}, the p-local p-torsion objects in
T, for p in Spec R. More precisely, localizing with respect to p yields a functor
Fy: Jg = T, and a natural isomorphism

Hom g (Homg (X, Y), I(p)) = Homq (Y, 24P F, X) |

for objects X,Y € T, such that X is compact and suppr X = {p}. This is
explained in [9, §7]. In what follows we focus on the following special case.

PROPOSITION 8.5. — Let T be a compactly generated R-linear category that is
Gorenstein, with global Serre functor F. Fixz a mazimal ideal m in R. For any
X €T° and Y € T with suppg X = {m}, there is a natural isomorphism

Hom g (Homg (X, Y), I(m)) = Homg (Y, 24™ FX)
In particular, if suppg T = {m}, then YU is a Serre functor on TC.

Proof. — Since m is maximal, any object supported on m is already m-local.
Thus, the desired isomorphism is a special case of [9, Proposition 7.3]. O

Gorenstein rings. — Let R be a commutative Gorenstein ring. For p in Spec R,
set h(p) = dim Ry; this is the height of p. The Gorenstein property for R is
equivalent to the condition that the minimal injective resolution I of R satisfies

"= @ I(p) for each n.
h(p)=n

This translates to the condition that in K(Inj R), there are isomorphisms
(9) IL,(iR) = 2 "®)[(p) for each p € Spec R.
This result is due to Grothendieck, cf. [12, Proposition 3.5.4].

PRrROPOSITION 8.6. — Let A be a finite R-algebra that is projective as an R-
module. The following conditions are equivalent:

(1) The R-algebra A is Gorenstein.
(2) The R-linear category D(Mod A) is Gorenstein.

When they hold the global Serre functor is wa,/r ®% —, and d(p) = dim R,.

Proof. — (1)=>(2) As the R-algebra A is Gorenstein, the functor F := w®% — is
an equivalence on D(Mod A) and hence restricts to an equivalence D(Mod A)©
the subcategory of perfect complexes; see Theorem 4.5. With d(p) as in the
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statement, for any perfect complex C, from Proposition 8.1 one gets the equal-
ity below

T,(C) = RHomp(A, I(p) @} C

= I(p) ®% Homp(A, R) @ C

= 241, (iR) ®% FC

=~ 0 (iR ®% FO)

=3y 1ol
The third isomorphism is from (9), and the rest are standard. Thus, D(Mod A)
is Gorenstein, with the prescribed global Serre functor and shift d(p).

(2)=-(1) It suffices to verify that the injective dimension of Ay, is finite for

any maximal ideal m in R. For this, it suffices to verify that M € mod(A/mA)
satisfy

Ext’y(M,A) =0 fori > 0.

For then an argument along the lines of the proof of [2, Proposition A.1.5]
yields that A, has finite injective dimension over itself.

Let F: D’(mod A)° — DP"(mod A)° be a global Serre functor and F~! its
quasi-inverse. Since M is m-torsion from Proposition 8.5 we get the isomor-
phism below

Homp4)(M, X' A) = Homp(Hompa) (F 14, 2™ M), I(m)) .
It remains to note that since F~'A is perfect one has
Homp4)(F~'4,%7(=)) =0 on Mod 4,
for all |§] > 0. This implies the desired result. O

Here is the analogue of the preceding result dealing with homotopy cate-
gories.

PROPOSITION 8.7. — Let A be a finite R-algebra that is projective as an R-
module. The R-linear category K(Inj A) is Gorenstein if and only if A is reg-
ular.

Proof. — When A is regular, the canonical functor K(InjA) — D(Mod A) is
an equivalence and D(Mod A) is Gorenstein, by Proposition 8.6. As to the
converse, it suffices check that Ay, is regular for each maximal ideal m in R.
Arguing as in the proof of (2)=-(1) in Proposition 8.6 one deduces that for
each M € mod(A/mA) and N € mod A, one has
Exty (M, N)=0 fori>> 0.
This implies that Ay, is regular. ]
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The preceding results concern the Gorenstein property for the derived cat-
egory and the homotopy category of injectives for two of the three categories
that appear in the recollement (1). That of the last one is dealt with in the
next section.

9. Grothendieck duality for K,.(Inj A)

This section is dedicated to the proof of the following result. As explained
in the Introduction, this has been the guiding light for the results presented in
this work.

THEOREM 9.1. — Let A be a Gorenstein R-algebra. For each compact object X
in Kac(Inj A) and p in the singular locus of A, there is a natural isomorphism

I X 25717 (Ny g X),

where d(p) = dim(Ry) — 1. In particular, the R-linear category Kac(Inj A) is
Gorenstein, with the global Serre functor the quasi-inverse of N 4/g.

The proof is given further below. Theorem 1.2 from the Introduction is an
immediate consequence.

COROLLARY 9.2. — Let A be a Gorenstein R-algebra and let M, N be G-
projective A-modules with M finitely generated. For each p € Spec R, there
is a natural isomorphism

Hom g (Extiy (M, N), I(p)) = Ext™® (N, I, 5(M)).

Proof. — The assertion is a direct translation of Theorem 9.1, given the equiv-
alence GProjA = K, (Inj A) from Proposition 6.7. O

We continue with a consequence concerning duality for the category of com-
pact objects. The statements are simpler, and perhaps more striking, when
specialized to the case of local isolated singularities, and that is what we do.

Isolated singularities. — Let (R, m, k) be a commutative Noetherian local ring
and A a finite projective R-algebra. We say that A has an isolated singularity
if its singular locus is {m}; that is to say, if the ring A, is regular for each
non-maximal ideal p in Spec R; see the discussion around Corollary 7.12.

COROLLARY 9.3. — Let R be a commutative Noetherian local ring of Krull
dimension d. If A is a Gorenstein R-algebra with an isolated singularity, then
the assignment

X 2INTY(X)
C

is a Serre functor on the R-linear category K,.(Inj A)
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Proof. — Since A has an isolated singularity, the R-linear category K,.(Inj A)
is supported at m, the maximal ideal of R; see Corollary 7.12. Thus, Theo-
rem 9.1 and Proposition 8.5 yield the desired result. O

Given the equivalences in Theorem 6.4 one can recast the duality statement
above in terms of the singularity category and the stable category of Gorenstein
projective modules. Here, too, we are following Buchweitz’s footsteps [13],
except that he does not require A to be projective over a central subalgebra;
on the other hand, he considers only rings of finite injective dimension. We can
get away with local finiteness of injective dimension, thanks to Theorem 4.6.

COROLLARY 9.4. — For R and A as in Corollary 9.3, the singularity category
Dy.(A) has Serre duality, with Serre functor 47 w4, @4 (—).

Proof. — This is a direct translation of Corollary 9.3, made using Theorem 6.6.
O

Moreover, here is Corollary 9.3 transported to the world of G-projective
modules.

COROLLARY 9.5. — For R and A as in Corollary 9.3, the functor
M Q' GP(wa/r ®4 M)

is a Serre functor on the triangulated category GprojA. O

REMARK 9.6. — Set S := Q1" GP(w®4 (—)); the Serre functor on Gproj(A).
Theorem 9.5 translates to the statement that there is an R-linear trace map

Hom 4 (M, SM) — I(m)
such that the bilinear pairing
Hom 4 (N, SM) x Hom 4 (M, N) —=— Hom (M, SM)) — I(m),

where —o— is the obvious composition, is non-degenerate. Murfet [38] describes
the trace map in the case when A = R, that is to say, in the case of commutative
rings; this involves the theory of residues and differentials forms. It would be
interesting to extend his work to the present context.

We now prepare for the proof of Theorem 9.1.

LEMMA 9.7. — Let A be a finite R-algebra. For each X in Loc(iA) for which
iX is in K*(Inj A), the isomorphism (2.2) induces isomorphisms

Y ' ys(iX) = rl, X for each p € Spec R.
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Proof. — Since X is in Loc(iA), from (2) and Lemma 2.2, we get an exact
triangle

Y»ls(iX) — X — iX —
Applying I', to this yields the exact triangle
Y (5(X)) — T, X — IL,(iX) — .

Since s(iX) is acyclic so is the complex I}, (X7 's(iX)), by Lemma 7.6. Hence,
r(—) is (isomorphic to) the identity on this complex. On the other hand, since
iX is bounded below, so is I}, (iX), by Lemma 7.7, and hence r(—) vanishes on
this complex. Keeping these observations in mind and applying the functor r
to the exact triangle above yields the stated isomorphism. (|

Proof of Theorem 9.1. — Tt suffices to establish the result for objects of the
form s(C), where C' € K(Inj A) is a compact object; we can assume that C is
bounded below. Set D := Hompg(A,iR). We shall be interested in the complex
of injective A-modules

X := D@4 p(NC).
We claim that this complex satisfies the hypotheses of Lemma 9.7.

CramM. — X is in Loc(iA) and iX = C and, in particular, it is bounded
below.

Indeed, the complex D consists of A-bimodules that are injective on either
side, and the map R — iR induces a quasi-isomorphism

w = Hompg(A, R) — Hompg(A4,iR) = D

of A-bimodules. Thus, D is an injective resolution of w on both sides. It follows
that in D(Mod A) there are natural isomorphisms

D4 p(NC) 2w @Y RHom 4 (w,C) = C,
where the second one is by Theorem 4.5. Therefore, in K(Inj A), one gets that
iX = i(D ®4 p(NC)) = C.

As to the first part of the claim, p(ﬁC’) is in Loc(A) € K(Proj A), hence X
is in Loc(D) in K(Inj A). However, D is an injective resolution of w, and the
latter is perfect, as an object of D(Mod A), so D is in Thick(iA). It follows
that X is in Loc(iA4), as claimed.

From the claim and Lemma 9.7, we deduce that

Y T,s(iX) 2 rl, X for each p € Spec RR.
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This justifies the penultimate isomorphism below, where h stands for dim R,:
T, (N(sC)) = Ty (s(NC))

r(Homp (A, I(p)) @4 p(NC)))

r(Homp(A, S T,iR) ® 4 p(NC)))

~ eI, (Hompg(A,iR) @4 p(NC))

=¥l (X)

~ 21 n,s(iX)

~ yh-lr,s(0).

I

1

The first isomorphism is by Theorem 5.1; the second is by Corollary 8.3; the
third is from (9), which applies as R is Gorenstein, by Lemma 4.1. The last
isomorphism is again by the claim above. This finishes the proof. (]

In contrast with Proposition 8.6 and Proposition 8.7, we do not know if the
Gorenstein property of K,.(Inj A) characterizes Gorenstein algebras; except
when A is commutative.

THEOREM 9.8. — Let R be a commutative Noetherian ring. The R-linear
category K,.(Inj R) is Gorenstein if and only if the ring R is Gorenstein.

Proof. — The reverse implication is contained in Theorem 9.1.

Suppose K,.(Inj R) is Gorenstein as an R-linear category, with global Serre
functor F. Let m be a maximal ideal of R, and k := R/m its residue field. The
object sik in K,.(Inj A) is compact and m-torsion so Proposition 8.5 yields

Homg (4 (sik, sik)"" = Homg s (sik, 5™ F(sik))"
=~ Homg(a) (Z9™ F(sik), 24 F(sik))
= Homg (a) (sik, sik) .
Thus, one gets an isomorphism of Tate cohomology modules
Ext%(k, k) = Ext%(k, k)Y for each i € N.

These modules are annihilated by m, and so are k-vector spaces. The isomor-
phism above implies that each of them has finite rank over k. It remains to
recall the result of Avramov and Veliche [3, Theorem 6.4] that the finiteness of
the rank of Ext’ (k, k) for some i already implies that Ry, is Gorenstein. O

The proof of the preceding result does not go through for non-commutative
rings, for there exist finite dimensional algebras A over a field & that are not
Gorenstein, and yet Ext?, (M, N) is finite dimensional over k for each 4, and fi-
nite dimensional A-modules M, N; see, for example, [15, Example 4.3, (1), (2)].

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



386 S. B. IYENGAR & H. KRAUSE

Appendix A. Gorenstein approximations

Let A be an additive category. Recall that a complex X € K(A) is called
totally acyclic if the complexes of abelian groups Hom (W, X) and Hom(X, W)
are acyclic for all W € A. When A is abelian, and € C A is a class of objects,
we set

le={XcA|Ext"(X,Y)=0forallY € C, n>0}
et ={Y € A|Ext"(X,Y) =0 for all X € €, n > 0}.
A pair (X, Y) of full subcategories of A is a (hereditary and complete) cotorsion
pair for A if
Xt=Y and X="1Y,
and every object M € A fits into exact approzimation sequences

0—Yy —>Xy —>M-—0 and 0—M-—YM_HXxM__0,
with X7, XM € X and Y, Y™ € Y.

Gorenstein algebras. — Fix a ring A. Recall that an A-module is G-projective,
if it is of the form

C%(X) := Coker(X ! LN X9,

for a totally acyclic X € K(Proj A). The G-injective modules are those of the
form

Z2°(X) = Ker(X® &5 x1),

for some totally acyclic X € K(Inj A). We write GProj A for the full subcat-
egory of all G-projective modules and GInj A for the full subcategory of all
G-injective modules. The theorem below provides Gorenstein approximations
for all modules over a Gorenstein algebra.

Let Fin A be the full subcategory of A-modules having finite projective and
finite injective dimension. When A is a finite R-algebra, we consider the cate-
gory

Fin(A/R) := {M € Mod A | M, € Fin(A,) for all p € Spec R}.

Observe that when the R-algebra A is Gorenstein, Fin(A, /R) is the category of
Ap-modules of finite projective—equivalently, finite injective—dimension. One
of the consequences of the result below is that, at least for Gorenstein algebras,
Fin(A/R) is independent of the ring R.

THEOREM A.1. — Let A be a Gorenstein R-algebra. Then there are equalities

(GProj A)* = Fin(A/R) = +(CGInj A).

Also, (GProj A,Fin(A/R)) and (Fin(A/R),GInj A) are cotorsion pairs for
Mod A.
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The map X — M for X = GProj A is called the G-projective approzima-
tion; we set GP(M) = Xps. This module is unique up to morphisms that factor
through a projective module. Analogously, the map M — Y for Y = GInj A
is called G-injective approzimation, and we set GI(M) = Y™ it is unique up
to morphisms that factor through an injective module.

Proof. — First, observe that any acyclic complex of projective or injective A-
modules is totally acyclic by Theorem 5.6. This means that G-projective and
G-injective modules are obtained from acyclic complexes.

We begin with the construction of G-injective approximations, using the
recollement (1) as follows. Set Y = GInj A and X = +Y. Fix an A-module M.
Then an injective resolution iM fits into an exact triangle

jq(iM) — iM — s(iM) —
given by an exact sequence of complexes
0 — iM — s(iM) — X(jq(iM)) — 0,
which is split-exact in each degree. Thus Z°(—) gives an exact sequence
0—M-—YM L xM__0,

with XM € X and Y™ € Y. The other sequence 0 — Y3y — Xy = M — 0
is obtained by rotating this triangle. This justifies the claim that (X,Y) is a
cotorsion pair; see [35, Theorem 7.12] for details.

It remains to identify X, the left orthogonal to GInj A. A standard argument
yields the equality X = Fin A when A is Iwanaga—Gorenstein. For a Gorenstein
algebra A, the equality X = Fin(A/R) follows once we can show that for
each p € Spec R, the p-localization of an approximation sequence for M €
Mod A yields an approximation sequence for M, in Mod A,. It follows from
the discussion in Remark 7.9 that for any A-module M, one has isomorphisms

(s(iM))p = sp((IM)y) = sp(ipMy) -

This implies (X*), = X™» and (Xas)p = Xy, . Thus, both modules have fi-
nite projective and finite injective dimension. We conclude that X = Fin(A/R).

Next, we consider G-projective approximations using the analogue of the
recollement (1) for K(ProjA). The proof that (GProj A, (GProjA)*) is a
cotorsion pair is similar to that for GInj A, for it uses the right adjoint of
the inclusion K,.(ProjA) — K(ProjA); we omit the details. The equality
(GProj A)+ = Fin(A/R) can be verified as follows. Recall from Theorem 5.6
that there is an adjoint pair of triangle equivalences

E®a—

KaC(PrOj A) « =~ Kac(Inj A) :
h
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Consider the exact triangle
E®spM — iM — s(iM) —

from Lemma 2.5, which we used for constructing a G-injective approximation
of M. Applying the equivalence h and rotating yields an exact triangle

Y 'hs(iM) — pM — h(iM) —

which provides us with the G-projective approximation of M. We claim that
for each p € Spec R, the p-localization of this triangle yields the Gorenstein-
projective approximation of M,. To this end consider the following diagram of

exact functors.
EQa—
K(ProjA) =~ K(Inj A)

h
()pl}es ()pl}es
Ep®a,—

K(Proj Ay) h—> K(Inj Ay)

P
It is easily checked that for each A-module M, one has isomorphisms

(hs(iM))y = hy((s(iM))p) = hysy(ipM,) .

This implies that (Y*), = Y™ and (Yas), = Yy, . Thus, both modules have
finite projective and finite injective dimension, so (GProj A)* = Fin(4/R). O

REMARK A.2. — The above theorem shows that Gorenstein algebras are vir-
tually Gorenstein in the sense of Beligiannis and Reiten [6], which means that
the classes (GProj A)* and *(GInj A) coincide.
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1. Introduction

Let F/Fy be a quadratic extension of p-adic fields of residue characteristic
p and let o denote its non-trivial automorphism. For G = GL,(F), let € be
a hermitian matriz in G, that is, o(*e) = ¢ with ! denoting the transpose of
matrices. We define

Te(w) = co(‘z™)e T,

for any = € G, called a unitary involution on G. We fix 7 = 7. and we denote by
G7 the subgroup of G consisting of the elements fixed by 7, called the unitary
subgroup of G with respect to 7. For 7 an irreducible smooth representation
of G over C, Jacquet proposed to study the space of G"-invariant linear forms
on 7, that is, the space

Homg- (7, 1).

When the space is non-zero, he called 7 distinguished by G". For n = 3
and 7 supercuspidal, he proved in [26] by using global argument that 7 is
distinguished by G7, if and only if 7 is o-invariant, that is, 77 = 7, where
7w := m o o. Moreover, he showed that this space is of dimension 1 as a
complex vector space when the condition above is satisfied. Moreover, in ¢bid.,
he also sketched a similar proof when n = 2 and 7 is supercuspidal to give
the same criterion of being distinguished and the same dimension 1 theorem.
Based on these results, he conjectured that, in general, 7 is distinguished by
G, if and only if 7 is o-invariant. Moreover, it is also interesting to determine
the dimension of the space of G"-invariant linear forms that is not necessarily
1 in general. Under the assumption that 7 is o-invariant and supercuspidal,
Jacquet further conjectured that the dimension is 1.

In addition, an irreducible representation 7w of G is contained in the image
of quadratic base change with respect to F/Fy, if and only if it is o-invariant
([3]). Thus, for irreducible representations, the conjecture of Jacquet gives a
connection between quadratic base change and G"-distinction.

Besides the special case mentioned above, the following two evidences also
support the conjecture. First, we consider the analogue of the conjecture in the
finite field case. For p an irreducible complex representation of GL,, (Fg2), Gow
[16] proved that p is distinguished by the unitary subgroup U, (F,), if and only if
p is isomorphic to its twist under the non-trivial element of Gal(F,2 /F,). Under
this condition, he also showed that the space of U, (F,)-invariant linear forms
is of dimension 1 as a complex vector space. In addition, Shintani [41] showed
that there is a one-to-one correspondence between the set of irreducible repre-
sentations of GL, (F,) and that of Galois-invariant irreducible representations
of GL,,(F,2), where the correspondence, called the base change map, is charac-
terized by a trace identity. Thus, these two results relate the U, (F,)-distinction
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to the base change map. Finally, when p is generic and Galois-invariant, Anan-
davardhanan and Matringe [2] recently showed that the U, (F,)-average of the
Bessel function of p on the Whittaker model as a U, (Fq)-invariant linear form
is non-zero. Since the space of U, (F,)-invariant linear forms is of dimension 1,
their result gives us a concrete characterization of the space.

The other evidence for the Jacquet conjecture is its global analogue. We
assume /Ky to be a quadratic extension of number fields and we denote by
o its non-trivial automorphism. We choose 7 to be a unitary involution on
GL, (K), which also gives us an involution on GL,(Ax), still denoted by 7 by
abuse of notation, where Ax denotes the ring of adeles of . We denote by
GL,(K)™ (or GL,,(Ax)™) the unitary subgroup of GL,,(K) (or GL, (Ax)) with
respect to 7. For ¢ a cusp form of GL,,(Ax), we define

Pr(9) = o(h)dh

LLn (’C)T \GLn (AIC)T

to be the unitary period integral of ¢ with respect to 7. We say that a cuspidal
automorphic representation II of GL,,(Ax) is GL, (Ax)"-distinguished if there
exists a cusp form in the space of II such that P, (¢) # 0. In the 1990s, Jacquet
and Ye began to study the relation between GL,, (Ax)"-distinction and global
base change (see, for example, [28] when n = 3). For general n, Jacquet [27]
showed that II is contained in the image of the quadratic base change map (or
equivalently II is o-invariant [3]) with respect to K/Ko, if and only if there
exists a unitary involution 7 such that II is G7-distinguished. This result may
be viewed as the global version of the Jacquet conjecture for supercuspidal
representations.

In fact, for the special case of the Jacquet conjecture in [26], Jacquet used
the global analogue of the same conjecture and the relative trace formula to
finish the proof. To say it simply, he first proved the global analogue of the
conjecture. Then he used the relative trace formula to write a non-zero unitary
period integral as the product of its local components at each place of K, where
each local component characterizes the distinction of the local component of IT
with respect to the corresponding unitary group over local fields. When 7 is o-
invariant, he chose II to be a o-invariant cuspidal automorphic representation
of GL,,(Ax) and vy to be a non-Archimedean place of Ky, such that (G7,7) =
(GL,,(KCyy )7, Iy, ). Then the product decomposition leads to the proof of the
“if“ part of the conjecture. The “only if* part of the conjecture, which will be
discussed in Section 4, requires the application of a globalization theorem. His
method was generalized by Feigon—Lapid—Offen in [14] to general n and more
general families of representations. They showed that the Jacquet conjecture
works for generic representations of G. Moreover, they were able to give a lower
bound for the dimension of Homg- (7, 1) and they further conjectured that the
inequality they gave is actually an equality. Finally, Beuzart-Plessis recently
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verified the equality conjectured above [5]. Thus, for generic representations
of G, the Jacquet conjecture was settled.

Instead of using global methods, there are other methods to study this con-
jecture, which are local and algebraic. Hakim—Mao [19] verified the conjecture
when p # 2 and 7 is supercuspidal of level zero, that is, 7 is supercuspidal
such that 71 t#rMn(er) £ (0 where 0 denotes the ring of integers of F' and pp
denotes its maximal ideal. When 7 is supercuspidal and F/Fy is unramified,
Prasad [34] proved the conjecture by applying the simple type theory developed
by Bushnell-Kutzko in [9]. When p # 2 and 7 is tame supercuspidal, that is,
7 is a supercuspidal representation arising from the construction of Howe [24],
Hakim-Murnaghan [21] verified the conjecture.

The discussion above leaves us an open question: Is there any local and al-
gebraic method that leads to a proof of the Jacquet conjecture that works for all
supercuspidal representations of G¥¢ First, this will lead to a new proof of the
results of Hakim—Mao, Prasad and Hakim—Murnaghan, which we mentioned
in the last paragraph. Secondly, instead of considering complex representa-
tions, we are also willing to study [-modular representations with [ # p. One
hopes to prove an analogue of the Jacquet conjecture for [-modular supercusp-
idal representations, which will generalize the result of Feigon—Lapid—Offen for
supercuspidal representations. Noting that they use global methods in their
proof, which strongly relies on the assumption that all the representations are
complex. Thus, their method does no longer works for [-modular representa-
tions. Finally, we are willing to consider F'/Fy to be a quadratic extension
of non-Archimedean locally compact fields instead of p-adic fields. Since the
result of Feigon—Lapid—Offen heavily relies on the fact that the characteristic
of F' equals 0, their method fails when considering non-Archimedean locally
compact fields of positive characteristic. The aim of this paper is to answer
this question.

We will say a bit more about [-modular representations. The study of smooth
lI-modular representations of G = GL,,(F') was initiated by Vignéras [43], [44]
to extend the local Langlands program to l[-modular representations. In this
spirit, many classical results related to smooth complex representations of p-
adic groups have been generalized to [-modular representations. For example,
the local Jacquet-Langlands correspondence related to I-modular representa-
tions has been studied in detail in [11], [33] and [37]. Thus, it is also natural
to consider the [-modular version of the Jacquet conjecture, which hopes to
build up the relation between distinction and an expected [-modular version of
quadratic base change. This paper is the starting point of the whole project.

To begin with, from now on we assume F'/Fj to be a quadratic extension of
non-Archimedean locally compact fields of residue characteristic p # 2 instead
of p-adic fields. We fix R an algebraically closed field of characteristic [ # p,
allowing that I = 0. When [ > 0, we say that we are in the [-modular case (or
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modular case for short). Later on, we always consider smooth representations
over R and we assume 7 to be a supercuspidal representation of G over R. Be
aware that when [ # 0, a supercuspidal representation is not the same as a
cuspidal representation of G, although they are the same when [ = 0 (see, for
example, Vignéras [43], chapitre II, section 2). Now we state our first main
theorem:

THEOREM 1.1. — For m a supercuspidal representation of G = GL,(F) and T
a unitary involution, 7 is distinguished by G™ if and only if 7% = .

Moreover, we may also calculate the dimension of the space of G"-invariant
linear forms:

THEOREM 1.2. — For w a o-invariant supercuspidal representation of G, we
have

dimgHome- (7,1) = 1.

One important corollary of Theorem 1.1 relates to the Q;-lift of a o-invariant
supercuspidal representation of G' over F; when [ > 0, where we denote by Q;,
Z; and F; the algebraic closure of an l-adic field, its ring of integers and the
algebraic closure of the finite field of ! elements, respectively. For (7,V) a
smooth irreducible representation of G over Q;, we call it integral if it admits
an integral structure, that is, a Z;|G]-submodule Ly of V generated by a Q-
basis of V. For such a representation, the semi-simplification of Ly ®ZE does
not depend on the choice of Ly, which we denote by 7;(7) as a representation
of G over Fy, called the reduction modulo | of 7 (see [43] for more details). The
following theorem, which will be proved at the end of Section 8, says that it
is always possible to find a o-invariant Q-lift for a o-invariant supercuspidal
representation of G over F;.

THEOREM 1.3. — For m a o-invariant supercuspidal representation of G
over IFy, there exists an integral o-invariant supercuspidal representation @ of
G over Qy, such that r(7) = .

Let us outline the contents of this paper by introducing the strategy of our
proof for Theorem 1.1 and Theorem 1.2. In Section 2, we introduce our set-
tings and basic knowledge about hermitian matrices and unitary subgroups.
Our main tool to prove the theorems will be the simple type theory devel-
oped by Bushnell-Kutzko in [9] and further generalized by Vignéras [43] and
Minguez-Sécherre [32] to the I-modular case. In Section 3, we will give a de-
tailed introduction to this theory, but here we also recall a little bit for conve-
nience. The idea of simple type theory is to realize any cuspidal representation
7 of G as the compact induction of a finite dimensional representation A of J,
which is an open subgroup of G compact modulo its centre. Such a pair (J, A),
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constructed as in [9], is called an extended mazimal simple type, which we will
abbreviate to simple type for simplicity. We also mention the following main
properties of (J,A):

(1) The group J contains a unique maximal open compact subgroup J,
which contains a unique maximal normal pro-p-subgroup J';

(2) We have J/J! = GL,,(l), where E/F is a certain field extension of
degree d with I denoting the residue field of £ and n = md;

(3) We may write A = kK ® p, where k and p are irreducible representations
of J, such that the restriction k|1 = 7 is an irreducible representation
of J', called a Heisenberg representation, and p|; is the inflation of a
cuspidal representation of GL,, (1) = J/J!.

For a given supercuspidal representation m of GG, our starting point is to prove
the “only if* part of Theorem 1.1. When R = C and char(F) = 0, it is a
standard result by using global argument, especially the globalization theorem
([20], Theorem 1). When char(F) = p > 0, we may keep the original proof
except that we need a characteristic p version of the globalization theorem.
Fortunately, we can use a more general result due to Gan—Lomeli [15] to get
the result we need. Since any supercuspidal representation of G over a charac-
teristic 0 algebraically closed field can be realized as a representation over Q up
to twisting by an unramified character, we finish the proof when char(R) = 0.
When R = F;, we consider the projective envelope Py, of A]; and we use the
results in [43] to study its irreducible components and the irreducible compo-
nents of its Q;-lift. Finally, we will show that there exists a Q;-lift of 7, which is
supercuspidal and G7-distinguished. Thus, by using the characteristic 0 case,
we finish the proof for the “only if* part, for any R under our settings. The
details will be presented in Section 4.

In Section 5, we prove the 7-self-dual type theorem, which says that for a
unitary involution 7 and a o-invariant cuspidal representation 7w of G with a
technical condition, we may find a simple type (J, A) contained in 7, such that
7(J)=J and A™ =2 AV, where ¥ denotes the smooth contragradient. In other
words, we find a “symmetric* simple type contained in 7 with respect to 7.
Our strategy follows from [1], section 4. First, we consider the case where E/F
is totally wildly ramified and n = d. Then for E/F in general with n = d, we
make use of the techniques about endo-class and tame lifting developed in [6]
to prove the theorem by reducing it to the former case. Finally, by using the
n = d case, we prove the general theorem.

In Section 6, for 7, m as in Section 5 satisfying the technical condition,
we first choose a 7-self-dual simple type (J,A) contained in 7. The main
result of Section 6, which we call the distinguished type theorem, says that m is
distinguished by G7 if and only if there exists a 7-self-dual and distinguished
simple type of w. More specifically, by Frobenius reciprocity and the Mackey
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formula, we have

HomG" (777 1) = H HOmngGT (Ag’ 1)
geJ\G/G™

We concentrate on those g in the double coset such that Hom yong- (A9, 1) # 0.
The proof of the distinguished type theorem also shows that there are at most
two such double cosets, which can be written down explicitly. Moreover, for
those g, we have

Hom jongr (A%, 1) & Hom jong- (K9, X ') @ Homgong-(p?, X),

where & is well chosen, such that k™ = kY, and Y is a quadratic character of
J9 N G™, which is trivial on J'9 N G™. In the tensor product, the first term
Hom jongr (K9, x 1) is of dimension 1 as an R-vector space. So essentially we
only need to study the second term. If we denote by p9 the cuspidal representa-
tion of GL,, (1) & J9/J19, whose inflation equals p?|7s and by X the character
of H := J9NG"/J¥Y NG, whose inflation equals x|jsngr, then we further
have

Hom jong- (pg7 X) = HOInH(pig7 Y)

Here, H could be a unitary subgroup, an orthogonal subgroup or a symplectic
subgroup of GL,,(l). When = is supercuspidal, the technical condition in the
T-self-dual type theorem is always satisfied, and we reduce our problem to
studying the H-distinction of a supercuspidal representation of GL,,(I).

Moreover, at the beginning of Section 6, we use the result in Section 5
to extend o to a non-trivial involution on E. We write Fy = E° and we
deduce that E/Ej is a quadratic extension. When E/E, is unramified, H
is a unitary subgroup. We first use the result of Gow [16] to deal with the
characteristic 0 case. For char(R) > 0, we consider the projective envelope as
in Section 4. When E/Ej is ramified, H is either an orthogonal subgroup or
a symplectic subgroup. When H is orthogonal, we use Deligne-Lusztig theory
[12], precisely a formula given by Hakim-Lansky [18] to calculate the dimension
of Hompg (p9,%), when char(R) = 0. For char(R) > 0, we again use the same
method as in Section 4 to finish the proof. When H is symplectic, by [31],
the space is always {0}. These two cases will be studied in Section 7 and
Section 8 separately. Finally, in Section 9, we give a purely local proof of the
main theorem of Section 4.

It is worth mentioning that in [35], Sécherre studied the o-self-dual supercus-
pidal representations of G over R, with the same notation unchanged as before.
He proved the following Dichotomy Theorem and Disjunction Theorem: For m
a supercuspidal representation of G, it is o-self-dual (that is, 7% = V), if and
only if it is either distinguished by GL, (Fpy) or w-distinguished, where w de-
notes the unique non-trivial character of Fjj* trivial on N/ g, (F*). The method
that we use in this paper is the same as that developed in ibid. For example,
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our Section 5 corresponds to section 4 of [1], and our Section 6 corresponds to
section 6 of [35], etc.

We point out the main differences in our case to end this Introduction. First,
in Section 5, we will find that in a certain case, it is even impossible to find
a hereditary order a, such that 7(a) = a, which is not a problem in section 4
of [1]. That is why we need to add a technical condition in the main theorem
of Section 5 and finally verify it for supercuspidal representations. Precisely,
for a o-invariant supercuspidal representation, we first consider the unitary
involution 7 = 71 corresponding to the identity hermitian matrix I,,. In this
case, we may use our discussion in Section 5 to find a 7-self-dual type contained
in m and we may further use our discussion in Section 6 and Section 7 to show
that m is odd when E/Ej is unramified. This exactly affirms the condition we
need, and we may repeat the procedure of Section 5 and Section 6 for general
unitary involutions. This detouring argument also indicates that a o-invariant
cuspidal not supercuspidal representation does not always contain a 7-self-
dual simple type, which justifies that our supercuspidal (instead of cuspidal)
assumption is somehow important.

Furthermore, in Section 8, it is unclear whether or not the character y men-
tioned above can be realized as a character of J and thus cannot be assumed to
be trivial a priori as in [35]. This means that we need to consider a supercusp-
idal representation of the general linear group over a finite field distinguished
by a non-trivial character of an orthogonal subgroup instead of the trivial one.
This is why the result of Hakim-Lansky ([18] Theorem 3.11) shows up.

Last but not least, in Section 6, a large part of our results is stated and
proved for a general involution instead of a unitary one. This provides the
possibility of using the same method to study the distinction of supercuspidal
representations of G by other involutions. For instance, a similar problem for
orthogonal subgroups was also considered by the author [45].

2. Notation and basic definitions

2.1. Notation. — Let F/Fj be a quadratic extension of non-Archimedean lo-
cally compact fields with residue characteristic p # 2 and let o be the unique
non-trivial involution in the Galois group. Write op (or op,) for the ring of
integers of F' (or Fp) and k (or ko) for the residue field of F' (or Fy). The invo-
lution o induces a kg-automorphism of k generating Gal(k/ko), still denoted
by o.

Let R be an algebraically closed field of characteristic [ > 0 different from p.
If [ > 0, then we are in the “modular case*.

We fix a character

1/)02F0—>RX

trivial on the maximal ideal of 0, but not on o, , and we define ) = Ygotrg,/p, .
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Let G be the locally profinite group GL,(F) with n > 1, equipped with
the involution o acting componentwise. Let € be a hermitian matriz in G,
which means that ¢* = . Here, 2* := o('z), for any z € M, (F), with ?
denoting the transpose operator. Sometimes, we write oi(x) := x*, for any
x € M, (F), to emphasize that oy is an anti-involution on M, (F) extending o.
For ¢ hermitian and g € G, we define 7.(g) = eo(tg~1)e™ !, called the unitary
involution corresponding to €. For 7 = 7. a fixed unitary involution, we denote
by G7 the corresponding unitary subgroup, which consists of the elements of G
fixed by 7.

By representations of a locally profinite group, we always mean smooth
representations on an R-module. Given a representation 7 of a closed subgroup
H of G, we write 7" for the smooth contragradient of w. We write 7° and 77
for the representations 7 o o and 7 o 7 of groups o(H) and 7(H), respectively.
We say that 7 is 7-self,dual if H is 7-stable, and 77 is isomorphic to V. We say
that 7 is o-invariant, if H is o-stable, and 7 is isomorphic to 7. For g € G, we
write H9 = {g~thg|h € H} a closed subgroup and we write 79 : x + 7(grg—1)
a representation of HY.

For a an o p-subalgebra of M,,(F') and 7 = 7. a unitary involution, we denote
by

7(a) :=o0.(a) = {o:(x)|z € a}

an o p-subalgebra of M, (F), where o (z) := eo(z)e~! is an anti-involution for

any x € M,,(F). We say that a is 7-stable if 7(a) = a. Moreover, for g € G, we
obtain

1

m(a)? =g oc(a)g = O'E(Us(g)aas(gil)) = UE(T(g)ilaT(g)) = T(a"'(g)),

In other words, the notation 7(a) is compatible with G-conjugacy.

For 7 a unitary involution and 7 a representation of H as above, we say that
7 is H N G7-distinguished, or just distinguished, if the space Hompgng-(m, 1) is
non-zero.

An irreducible representation of G is called cuspidal (or supercuspidal) if
it does not occur as a sub-representation (or subquotient) of a parabolically
induced representation with respect to a proper parabolic subgroup of G.

2.2. Hermitian matrices and unitary groups. — We make use of this subsection
to introduce basic knowledge of hermitian matrices and unitary groups. The
references will be [19] and [25].

Let E/Ey be a quadratic extension of non-Archimedean locally compact
fields, which are algebraic extensions of F' and Fy, respectively. Write og for
the ring of integers of F and og, for that of Ey. Let o/ € Gal(E/Ep) be the
unique non-trivial involution in the Galois group. For ¢’ € GL,,,(FE), just as in
the last subsection, we say that ¢’ is a hermitian matriz if (¢')* = &/, where we
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consider (-)* as before with n, ', Fy, o replaced by m, E, Ey, o', respectively.
Write wg for a uniformizer of E such that

—wpg if E/Ey is ramified.

Let X denote the set of all the hermitian matrices in GL,,(E) for E/Ey. The
group GL,,(FE) acts on X by g-x = gzg*.

, wg  if E/Ey is unramified,
o' (wp) =

PROPOSITION 2.1 ([25], Theorem 3.1). — There are exactly two GL,,(FE)-
orbits of X with respect to the action given above. Furthermore, the elements
in each orbit are exactly determined by the classes of their determinants in

Eg /Ng,/g,(EX).

We also consider the GL,,(0g)-orbits of X. We consider sequences a =

(a1,...,q,) of certain triples o; = (a;,my,d;), such that a; > ... > a, is a
decreasing sequence of integers, and my + ...+ m, = m is a partition of m by
positive integers, and 4y, ..., d, are elements of E, such that:

(1) If E/Ey is unramified, then §; = 1.
(2) If E/Ey is ramified and a; is odd, then é; = 1 and m; is even.
(3) If E/Ey is ramified and a; is even, then J; is either 1 or ¢, with € €
OEO —Ng/g, (05;) fixed.
For each a = (a1,..., ;) as above, we introduce a hermitian matrix w® =
wy ... wy, where wy' € GL,y,, (E) is a hermitian matrix, such that:
(i) In the case (1), wy = @y Im,-
(ii) In the case (2), wy' = @y Jm, 2, where J,, /0 = <—IS¢7</2 Imo"/Q);
(iii) Inthe case (3), wy = wydiag(l,...,1,d;), where diag(%7 ..., *) denotes
the diagonal matrix with corresponding diagonal elements.
We state the following proposition, which classifies all the GL,, (0 g)-orbits of X’.

PROPOSITION 2.2 ([25], Theorem 7.1, Theorem 8.2). — Fach class of the
GLy,(0g)-orbits of X contains a unique representative of the form w® for a
certain o as above.

Now we study unitary groups. For ¢’ € X', we denote by U,,(¢’) the unitary
group consisting of those g € GL,,(FE) such that ge'g* = &. We say that
two unitary groups are equivalent, if and only if they are conjugate by some
g € GL,,(E). Since it is easy to check that gU,,(¢")g~! = U,.(ge’g*), by
Proposition 2.1, there are at most two equivalence classes of unitary groups,
which are represented by U,,(E/Ey) := U (1) and U, (E/Ey) := Uy, (e) for
e =diag(l,...,1,¢), where € € Ef —Ng, g, (E*) is fixed.

REMARK 2.3. — While we will not use it, we list the following result for com-
pleteness: U,,(E/Ep) is equivalent to U/ (E/Ep) if and only if m is odd.
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REMARK 2.4. — In the future, we only consider the following two cases. First,
we consider £ = F, Eg = Fy, m = n and ¢/ = 0. For any two unitary
involutions with the corresponding hermitian matrices in the same GL, (F)-
orbit, we have already shown that the corresponding two unitary groups are
equivalent. Since distinction is a property invariant up to equivalence of unitary
groups, we may choose a hermitian matrix in its GL, (F')-orbit such that the
corresponding unitary involution 7 is simple enough to simplify the problem.
Secondly, we consider FE as a finite field extension of F' determined by a cuspidal
representation 7 such that n = m[E : F|. We will find out that if 77 = m,
then we may find an involution o’ on E such that Eg = E° and o'|p = o.
So we may make use of the propositions in this subsection to study hermitian
matrices and unitary groups of GL,,(E).

3. Preliminaries on simple types

In this section, we recall the main results that we will need on simple strata,
characters and types [6], [8], [9], [32], [43]. We mainly follow the structure of
[1] and [35].

3.1. Simple strata and characters. — Let [a, 3] be a simple stratum in M, (F')
for a certain n > 1. Recall that a is a hereditary order in M, (F'), and § is in
G = GL,,(F), such that:

(1) the F-algebra E = F[f] is a field with degree d over F;

(2) E* normalizes a*.
The centralizer of F in M, (F'), denoted by B, is an E-algebra isomorphic to
M,,,(E) with n = md. The intersection b := a N B is a hereditary order in B.

We denote by p, the Jacobson radical of a, and U'(a) the compact open
pro-p-subgroup 1+ p, of G. Similarly, we denote by p, the Jacobson radical of
b and U'(b) the compact open pro-p-subgroup 1+ pp of BX. For any x € BX,
we have ([9], Theorem 1.6.1)
(1) U'(a)zU'(a) N B* = U'(b)zU" (b).

Associated with [a, 3], there are open compact subgroups

H'(a,8) C J'(a,B) C J(a, )

of a* and a finite set C(a, 3) of simple characters of H'(a, 3) depending on the
choice of 1. We denote by J(a, ) the subgroup of G generated by J(a, 8) and
the normalizer of b* in B*.

PROPOSITION 3.1 ([9], section 3). — We have the following properties:

(1) The group J(a, ) is the unique mazimal compact subgroup of J(a, ).
(2) The group J'(a,B) is the unique mazimal normal pro-p-subgroup of

J(a, B).
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3) The group J(a,f3) is generated by J'(a,3) and b, and we have
9 g
(2) J(a,8) 0 BX = b%, 7 (a, ) N B = U'(b).

(4) The normalizer of any simple character € C(a,3) in G is equal to
J(a,B).

(5) The intertwining set of any 6 € C(a, B) in G, which we denote by I (0),
is equal to J*(a, 3)B*J(a,8) = J(a, B)B*J(a, ).

REMARK 3.2. — For short, we write J, J*, H! for J(a, 3), J'(a, 3), H'(a, 3),
respectively, if a and [ are clear to us.

When b is a maximal order in B, we call the simple stratum [a, 5] and the
simple characters in C(a, 8) maximal. In this case, we may find an isomorphism
of E-algebras B = M,,(FE), which identifies b with the standard maximal order,
and, moreover, we have group isomorphisms

(3) J(a,B8)/J" (a,8) = 6% /U"(b) = GL, (1),
where I denotes the residue field of E.

3.2. Simple types and cuspidal representations. — A pair (J,A), called an ex-
tended mazimal simple type in G (we always write simple type for short) and
constructed in [9] in the characteristic 0 case and in [43], [32] in the modular
case, is made of a subgroup J of G, which is open and compact modulo its
centre, and an irreducible representation A of J.

Given a simple type (J,A) in G, there are a maximal simple stratum [a, 5]
in M,,(F) and a maximal simple character § € C(a, 8), such that J(a,5) = J,
and 6 is contained in the restriction of A to H'(a,3). Such a character 6 is
said to be attached to A. By [9], Proposition 5.1.1 (or [32], Proposition 2.1
in the modular case), the group J'(a,3) has, up to isomorphism, a unique
irreducible representation 1 whose restriction to H!(a, 3) contains §. Such a
representation 7, called the Heisenberg representation associated to 6, has the
following properties:

(1) The restriction of n to H'(a, ) is made of (J'(a, 3) : H'(a, 3))'/? copies

of 0. Here, (J'(a,) : H'(a,3))'/? is a power of p.
(2) The direct sum of (J'(a,8) : H'(a, 3))'/? copies of n, which we denote
by n(‘]l(“vﬂ):Hl(aﬁ))l/Q, is isomorphic to Ind'{;l 0.

(3) The representation 7 extends to J.

(4) The intertwining set of 7, which we denote by I (n), equals I (6).

(5) For h € Ig(n), we have dimg(Hom jin 10 (0", 1)) = 1.

For any representation x of J extending 7, there exists a unique irreducible
representation p of J trivial on J'(a, 3), such that A = k ® p. Through (3),
the restriction of p to J = J(a, 8) is identified with the inflation of a cuspidal
representation of GL,,(1).
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REMARK 3.3. — Recall that in [9], Bushnell and Kutzko also assume x" =
K|j(a,8) to be a so-called beta-extension, which means that:

(1) k% is an extension of n;
(2) if we denote by I (k) the intertwining set of k%, then I (k") = Ig(n) =
15(9).
However, in our case, since GL,, (1) is not isomorphic to GLa2(F2) (p # 2), any
character of GL,, (1) factors through the determinant. It follows that any rep-
resentation of J extending 7 is a beta-extension. So, finally, our consideration
of k¥ coincides with the original assumption of Bushnell and Kutzko.

We now give the classification of irreducible cuspidal representations of G
in terms of simple types (see [9], §6.2, §8.4 and [32], section 3 in the modular
case).

PROPOSITION 3.4 ([9],[32]). — Let 7 be a cuspidal representation of G.

(1) There is a simple type (J,A) such that A is a sub-representation of the
restriction of m to J. It is unique up to G-conjugacy.

(2) Compact induction c-Ind§ gives a bijection between the G-conjugacy
classes of simple types and the isomorphism classes of cuspidal repre-
sentations of G.

3.3. Endo-classes, tame parameter fields and tame lifting. — In this subsec-
tion, we introduce the concepts of endo-classes, tame parameter fields and
tame lifting. The main references will be [9], [6] and [8].

For [a, 8], a simple stratum in M,,(F') and [a, '] a simple stratum in M, (F)
with n,n’ > 1, if we have an isomorphism of F-algebras ¢ : F[3] — F[f'], such
that ¢(8) = ', then there exists a canonical bijection

tow :C(a,B) > C(a, ),

a,a’
called the transfer map (see [9], Theorem 3.6.14).

Now let [a1,51] and [ag, B2] be simple strata in M, (F)) and M,, (F), re-
spectively, with nq,ne > 1. We call two simple characters 8, € C(ay, 51) and
02 € C(ag, B2) endo-equivalent, if there are simple strata [a’, 51] and [a’, 85] in
M,/ (F), for some n’ > 1 such that 6; and 6, transfer to two simple charac-
ters 01 € C(d, 51) and 0, € C(a’, B5), respectively, which intertwine (or by [9],
Theorem 3.5.11, which are GL,/(F)-conjugate). This defines an equivalence
relation on

U ¢(a,8),
[a,8]

where the union runs over all simple strata of M, (F'), for all n > 1 (see [6],
section 8). An equivalence class for this equivalence relation is called an endo-
class.
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For 7 a cuspidal representation of G = GL,,(F), there exist a simple stratum
[a, 5] and a simple character 6 € C(a, ) contained in m. The set of simple
characters 6 contained in 7 constitutes a G-conjugacy class, thus those simple
characters are endo-equivalent. So we may denote by O, the endo-class of m,
which is the endo-class determined by any € contained in 7.

Given 0 € C(a, ), the degree of E/F, its ramification index and its residue
degree depend only on the endo-class of #. They are called the degree, ramifi-
cation index and residue degree of this endo-class. Although the field extension
E/F is not uniquely determined, its maximal tamely ramified sub-extension is
uniquely determined by the endo-class of 6 up to F-isomorphism. This field is
called a tame parameter field of the endo-class (see [8], §2.2, §2.4).

We denote by £(F) the set of endo-classes of simple characters over F'. Given
a finite tamely ramified extension T" of F', we have a surjection

E(T) — E(F)

with finite fibers, which is called a restriction map (see [8], §2.3). Given © €
E(F), the endo-classes ¥ € E(T) restricting to © are called the T/ F-lifts of ©.
If © has a tame parameter field T', then Autp(T") acts faithfully and transitively
on the set of T'/F-lifts of © (see [8], §2.3, §2.4).

Let [a, 8] be a simple stratum and let § € C(a, 8) be a simple character, let
T be the maximal tamely ramified extension of F' in F, and let © be the endo-
class of 6, then T is a tame parameter field for ©. Let C' = M,, ;(T') denote
the centralizer of T' in M,,(F), where ¢t = [T : F]. The intersection ¢ = anC
is an order in C, which gives rise to a simple stratum [¢, §]. The restriction of
6 to H'(c,[3), denoted by fr, is a simple character associated to this simple
stratum, called the interior T/F-lift of 6. Its endo-class, denoted by ¥, is a
T/F-lift of ©. For the origin and details of the construction of ¥, see [6].

For T C M, (F) a tamely ramified sub-extension over F, the map

a—ancC

is injective from the set of hereditary orders of M, (F') normalized by T* to
the set of hereditary orders of C' (see [6], Section 2), where we still denote by
C' the centralizer of T in M,,(F'). For [a, 1], [az, 2] two simple strata, and
01 € C(a, B1), 62 € C(a, B2) two simple characters, such that §; and 65 have the
same tame parameter field T, if

C(c,p1) =C(c, B2) and (01)r = (02)7,
then (see [BH96], Theorem 7.10, Theorem 7.15)
C(Cl7 ﬁl) = C(a, 52) and 01 = 92.

In particular, when 81 = B2 = 3, the interior T/ F-lift is injective from C(a, )
to C(c, ).
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3.4. Supercuspidal representations. — Let m be a cuspidal representation of
G. By Proposition 3.4, it contains a simple type (J,A). Fix a maximal simple
stratum [a, 8], such that J = J(a, 3), and write A = Kk ® p as in §3.2. Let p be
the cuspidal representation of J/J' = GL,,(l) whose inflation equals p|;. We
have the following proposition:

PROPOSITION 3.5 ([43], Chapitre III, 5.14). — The representation m is super-
cuspidal if and only if p is supercuspidal.

4. Distinction implies Galois invariance for a supercuspidal representation

Let G = GL,,(F) and let G be the unitary group corresponding to a unitary
involution 7. We state the following theorem, which is well-known when R = C
and char(F) = 0 (see, for example, [20], section 4, corollary or the earlier paper
[23] which illustrates the idea).

THEOREM 4.1. — Let 7 be a supercuspidal representation of G. If w is distin-
guished by G7, then w is o-invariant.

Before proving Theorem 4.1, we state a useful lemma, which will be used
not only in the proof of the theorem but also in the latter sections.

LEMMA 4.2. — For § a unitary involution on G and for (J,A) a simple type
in G, we have JNG? = JNG°.

Proof. — For x € J N G°, we have §(r) = =, which implies that
o(det(z))det(z) = 1, where we denote by det(:) the determinant function de-
fined on G. Thus, det(z) € of. Since J = EXJ, we get z € 05J NG° =
JNG°. O

Moreover, we need the following lemma, which says that the properties of
distinction and o-invariance are maintained up to change of base fields.

LEMMA 4.3. — Let Ry < Ry be a fized embedding of two algebraically closed
fields of characteristic I > 0. Let my be a supercuspidal representation of G
over Ry. Let m = my @R, Ra be the corresponding representation of G over Rs.
Then:

(1) mg is distinguished by G™ if and only if w is distinguished by GT.

(2) 7§ = mo if and only if 77 = 7.

Proof. — For (1), let (J, Ag) be a simple type of mg. Then (J,A) := (J,A¢®r,
R5) is a simple type of m, and thus 7 is also supercuspidal. Using Frobenius
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reciprocity and the Mackey formula®,

Homp, g-1(70, 1) # 0 <= There exists g € G such that
Hole[ngGT](Ag, 1)#£0
and

Homp,g-1(m,1) # 0 <= There exists g € G such that
Hompg,[jsnar) (A7, 1) # 0.

By Lemma 4.2, JING™ = J9NGT is a compact group, and AJ is a representation
of finite dimension. Thus,

Homp, (jong-)(AJ, 1) ®r, R2 = Hompg,[jongr(AY, 1),

which finishes the proof of (1). For (2), from [43], Chapitre I, 6.13, we know
that 7 is isomorphic to 7§ if and only if their trace characters are equal up to
a scalar in R{, which works similarly for 7 and 77. Since the trace characters
of my and 7 are equal up to the change of scalars, which works similarly for 7§
and 77, we finish the proof of (2). 2 O

Proof of Theorem 4.1. — First we consider R = C. If char(F) = 0, it is a
standard result proved by using a global method (]20], section 4, corollary).
Especially, their result is based on the globalization theorem, saying a distin-
guished 7 under our settings can be realized as a local component of a cuspidal
automorphic representation II of GL, (Ax), which is distinguished by a uni-
tary subgroup of GL, (Ax) with respect to a quadratic extension of number
fields K/Ky (see ibid., Theorem 1). If char(F) > 0, in order to use the proof
of Hakim—Murnaghan, we only need a variant of globalization theorem for the
characteristic positive case. Fortunately, Gan—Lomeli already built up the glob-
alization theorem for general reductive groups over function fields and locally
compact fields of positive characteristic (see [15], Theorem 1.3). Following their
notations, we choose the reductive group H to be Rx/x, (GL,(K)), where /Ko
is a quadratic extension of function fields, and Ry x, is the Weil restriction.
We choose V' to be M,,(K) as a Ky-vector space and ¢ : H — GL(V) to be a
representation over Ky defined by

t(h)x = hzo('h), z €V, heH,

where o denotes the non-trivial involution in Gal(K/Ky). If we choose xg € V
to be a hermitian matrix in M, (K) and H® to be the stabilizer of z¢, then
H?"° becomes a unitary subgroup of H, which satisfies the condition of loc.
cit. In order to use their result, we only need to verify the conditions (a) and
(b) in their theorem. For condition (a), ¢ is semi-simple since it is the direct

1. This argument will occur several times in this section, so for more details we refer the
reader to the proof of Theorem 4.1.

2. Note that if the trace characters of m§ and 7o are equal up to a scalar in R, then that
scalar is in Rf since the trace of mg and 7§ take values in R;.
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sum of two irreducible sub-representations, composed of hermitian matrices
and anti-hermitian matrices, respectively ®. For condition (b), since we only
care about the case where y = 1, it is automatically satisfied. Thus, if we use
[15], Theorem 1.3 to replace [20], Theorem 1 and follow the proof in [20], then
we finish the proof when R = C, and F/F; is a quadratic extension of locally
compact fields of characteristic p.

For char(R) = 0 in general, a supercuspidal representation of G can be
realized as a representation over Q up to twisting by an unramified character,
where Q is the algebraic closure of Q. More precisely, there exists a character x :
F* — R* such that X|0; = 1 and 7-xodet can be realized as a representation
over Q. Since det(GT) C o} and y o det|g- is trivial, 7 is G"-distinguished if
and only if 7- xy odet is, as a representation over R, and also as a representation
over Q or C by Lemma 4.3.(1). Using the complex case, 7-x odet is o-invariant
as a representation over C, and also as a representation over Q or R by Lemma
4.3.(2). By definition, x is o-invariant, and thus = is also o-invariant.

For R = T}, we write 7 = c-Ind§A for a simple type (J,A). Using the
Mackey formula and Frobenius reciprocity, we have

0 # Homg- (m, 1) & H Hom jsng- (A9, 1).
g€J\G/GT
Thus, 7 is distinguished if and only if there exists ¢ € G such that
Hom jongr(A9,1) # 0. Let v = 7(g9)g~! and let §(x) = y~r(z)y for z € G,
which is also a unitary involution; then we have
0 # Hom jangr (A9, 1) = Hom yrgs (A, 1) = Hom jnqs (A%, 1)
=~ Hom 7 (A%, Ind’ s ),

where A° = A|;, and we use the fact that J N G° = J N G° by Lemma 4.2.

We consider Pyo to be the projective envelope of A° as a Z,;[J]-module, where

we denote by Z; the ring of integers of Q;; then we have ([43], Chapitre III,
4.28 and [39], Proposition 42 for finite group case. Since A° is a smooth repre-
sentation of the compact group J of finite dimension, it can be regarded as a
representation of a finite group.):

(1) Ppo ®Z]F7 is the projective envelope of A? as a F;[J]-module, which is
indecomposable of finite length, with each irreducible component iso-
morphic to A°. Thus, Homg 1 (Pro @7 Fy, Ind’jqsFy) # 0.

(2) For Pro = Ppo ®Z—l@ the Qp-lift of Pyo, we have Pro P A%, where

A0 in the direct sum are Q;-lifts of AY of multiplicity 1 (the multiplicity
1 statement is derived from counting the length of Pjo ®7z IF; and the

number of different A0 in FAJO, and then showing that they are equal.

3. Here we need the assumption p # 2.
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The argument is indicated in the proof of [43], Chapitre III, 4.28, or
more precisely, ibid., Chapitre III, Théoréme 2.2 and Théoréme 2.9).

(3) In (2), each (J,?\vo) can be extended to a simple type (J,K) of G as a
Qi-lift of (J,A) ([43], Chapitre I11, 4.29).
Using (1), HomF—lm (Ppo ®7z F;, Ind:;nGs]FT) # 0. Since Ppo is a projective

Z41]J]-module, it is a free Z;-module. Since IndfnGéz is a free Z;-module,
Homg 1 (Pro, Ind s Z1)
is a free Z;-module. As a result,
Homg ;(Pro ®7; Fr, Ind s F7) = Homg 1 (Pao, Ind g Z1) @7 Fr # 0
if and only if

Homg 1(Pao, Indjngs Z1) # 0

if and only if
Hom@[J](I/D;, Indﬁmcs@) = HomZ[J](PAO7 Ind§OG5Z) ®Z@ # 0.

So there exists A0 as in condition (2), such that Homg (;\\6, Ind? s Q1) # 0.

Using (3) we may choose (J,K) as an extension of (J,A%). We write 7 = ¢
Ind?A7 which is a supercuspidal representation of G over Q;. By using

HOHngmGT (ng 1) = I—IornJﬁG‘S (Ka 1) = HomJﬁG5 (Kav 1)
= HomJ(E, Ind?} s Q) #0

and by the Mackey formula and Frobenius reciprocity as before, 7 is G"-
distinguished. Using the result of the characteristic 0 case, we have 77 = T.
By (3), A is a Q;-lift of A. So 7 is a Q-lift of 7, and we have 77 = 7.

For char(R) =1 > 0 in general, as in the characteristic zero case, there exists

a character x : F* — R* such that x| x = 1 and 7-xodet can be realized as a
F

representation over F;. Similarly, we deduce that 7 is G™-distinguished if and
only if 7 - x o det is, as a representation over R, and also as a representation
over IF; by Lemma 4.3.(1). Using the case above, 7 - x o det is o-invariant, as a
representation over F;, and also as a representation over R by Lemma 4.3.(2).
By definition, x is o-invariant, and thus 7 is also o-invariant. O

REMARK 4.4. — Tt is also possible to give a purely local proof (without using
the result of the complex supercuspidal case) for this theorem, which also works
for cuspidal representations. Since our proof relies on the refinement of the
results and the arguments in Section 5 to Section 8, we leave it to the last
section to avoid breaking up the structure of the paper.
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5. The T-self-dual type theorem

Let G = GL,(F) and let 7 be the unitary involution of G corresponding
to a hermitian matrix €. Let m be a cuspidal representation of G. We choose
a maximal simple stratum [a, 5] and a simple character 6 € C(a, ) contained
in .

LEMMA 5.1. — If w is o-invariant, then we may choose the simple stratum
above such that (') = B. As a result, o, (see Section 2) is an involution
defined on E whose restriction to F is o.

Let Ey = E°t, where E = F[f] and § is chosen as in Lemma 5.1.

THEOREM 5.2. — Let w be a o-invariant cuspidal representation of G and let
T be a unitary involution. We also assume the following additional condition:

If the hermitian matrix corresponding to 7 is not in the same G-class as I,
in X and if there exists a maximal simple stratum [a, 5] as in Lemma 5.1 with
a 0 € C(a,B) contained in 7, such that the corresponding F/Fj is unramified,
then m is odd.

Then there ezist a mazimal simple stratum [a', '] and a simple character
0" € C(a', ') contained in 7, such that:

(1) 7(8)=p""

(2) 7(a’) = and* T(HY(«',3")) = H' (o', ).

(3) o =0""1.

As a corollary of Theorem 5.2, we state the main theorem of this section:

THEOREM 5.3 (The 7-self-dual type theorem). — Under the same conditions
as Theorem 5.2, there exists a simple type (J,A) contained in 7 such that

7(J)=J and AT = AV.
In the following subsections, we will focus on the proof of the results stated.

5.1. Endo-class version of main results. — To prove Theorem 5.2 and Theorem
5.3, we consider their corresponding analogues for the endo-class. Let © be an
endo-class over F'. As mentioned in Section 3, we write d = deg(©). Moreover,
its tame parameter field T' as a tamely ramified extension over F' is unique up
to F-isomorphism.

From the definition of the endo-class, we may choose a maximal simple
stratum [a, 8] and a simple character § € C(a, 3) such that § € ©. We denote
by ©7 the endo-class of 67, which does not depend on the choice of . We
denote by n the size of a, that is, a < M,,(F') as a hereditary order. We write
n = md with m a positive integer. First of all, we have the following lemma as
an endo-class version of Lemma 5.1, which will be proved in §5.4.

4. For the definition of 7(a’), see §2.1. We will use the same notation for Theorem 5.5
and further proofs.
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LEMMA 5.4. — If ©7 = O, then we may choose the simple stratum above such
that o(1B) = 8. As a result, o, is an involution defined on E whose restriction
to F iso.

Let Ey = E°t, where E = F[f] and 8 is chosen as in Lemma 5.4. The
following theorem as an endo-class version of Theorem 5.2 says that we may
adjust our choice of the simple stratum and simple character such that they
are 7-self-dual with respect to a unitary involution 7:

THEOREM 5.5. — Let © € E(F) be an endo-class over F' such that ©7 = ©.
Let T be a unitary involution of G. We also assume the following additional
condition:

If the hermitian matrix corresponding to 7 is not in the same G-class as I,
in X, and if there exists a maximal simple stratum [a, 5] as in Lemma 5.4 with
a 0 € C(a, 8) contained in ©, such that the corresponding E/Ey is unramified,
then m = n/d is odd.

Then there exist a mazimal simple stratum [@', 5] in M, (F) and a simple
character 8" € C(a’, B) such that:

(1) 7(8")=p""

(2) 7(a’) =d and T(H*(«/,8")) = H' («', B).

(3) 0 €© and @ o =071

Later we will focus on the proof of Lemma 5.4 and Theorem 5.5. So before we
begin our proof, we illustrate how this theorem implies Lemma 5.1, Theorem
5.2 and Theorem 5.3. First, we have the following important result due to
Gelfand and Kazhdan (see [4], Theorem 7.3 for the complex case and [38],
Proposition 8.4 for the {-modular case):

PROPOSITION 5.6. — For 7 an irreducible representation of GL,(F), the rep-
resentation defined by g — w(tg™1) is isomorphic to V.

For 7 given as in Lemma 5.1, if we denote by O, the endo-class of 7, then we
get ©2 = ©,. So we may use Lemma 5.4 to get Lemma 5.1 and use Theorem
5.5 to get Theorem 5.2.

Now we show that Theorem 5.2 implies Theorem 5.3. Using Proposition 5.6,
we have 77V = 17 = . Let (J,A) be a simple type of 7 containing 6’, where
¢’ is obtained from Theorem 5.2 such that 6’ o 7 = 6’~1. Thus 7(J) = J since
they are the G-normalizers of 6’ o 7 and 6'~!, respectively. Since 77 = 7, it
contains both (J,A) and (J,A™). By Proposition 3.4, there exists g € G such
that (J,A™) = (J9,A9). Since A = A9 contains both (6’ o 7)~! = ¢’ and
0’9 as simple characters, the restriction of A9 to the intersection

(4) H'(a', )N H (o, 5)7,
which is a direct sum of copies of 69 restricting to (4), contains the restriction
of 6 to (4). Tt follows that g intertwines 6. By Proposition 3.1.(5), g €
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J(a', 8B J(d, 5") with B’ the centralizer of E’ in M,,(F). Thus we may
assume g € B’*. From the uniqueness of the maximal compact subgroup in
J, we deduce that JY = J implies J(a’,5")9 = J(o, 5'). Intersecting it with
B’ implies that b9 = b’*. Since b’* is a maximal compact subgroup of
B’ =2 GL,,(E') and g € B’*, we deduce that g € E’*6’* C J(d,3’). Thus,
(J9,A9) = (J,A), which finishes the proof of Theorem 5.3.

Finally, we state the following two lemmas, which will be useful in our further
proof:

LEMMA 5.7. — Let [a, 8] be a mazimal simple stratum in M, (F) and let ©
be a o-invariant endo-class over F, such that there exists 0 € C(a, 8) a simple
character in ©. Then fo1 and 6~ are in the same endo-class. In particular, if
the hereditary order a is T-invariant, then Qo1 conjugates to 0% by an element

in U(a).

Proof. — We choose 7 a cuspidal representation of G containing 6. Thus by
definition, we have ©, = ©. Using Proposition 5.6, we have 7™ = 77V, So
foT € Orr = Orov = B7, and 0~1 € ©,v. Since O = O, we have 07, = O,v,
which means that 6 o 7 and §~! are in the same endo-class. If 7(a) = a, then
by definition of the endo-equivalence ([6], Theorem 8.7), 6 o T intertwines with
6=, By [9], Theorem 3.5.11, fo7 conjugates to ! by an element in U(a). O

The following lemma will be used to change the choice of a unitary involution
up to G-action on its corresponding hermitian matrix.

LEMMA 5.8. — Let 7 = 7. be the unitary involution on G corresponding to a
hermitian matriz €, and let [a, 8] be a mazximal simple stratum in M, (F) and
let 8 € C(a,B) be a simple character, such that

(@) =a, Oor=0""1 (and7(B)=p"1).

Then for v/ = 7.1 the unitary involution corresponding to a hermitian matriz
e’ =g teo(tg1), we have

(@) =a, 0907 =(09)"" (and 7'(B7) = (B7)71).
Proof. — The proof is just a simple calculation. We have
T(a?) =7 (g7 )T (@) (9) = 7' (g7 )e'e T T(a)(e'e ) T (9) = g (a)g,
where in the last step we use
(e (g) =eo('g™ e = .

Since 7(a) = a, we get 7/(a9) = a9. The other two equations can be proved in
a similar way. O
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5.2. The maximal and totally wildly ramified case. — Now we focus on the
proof of Theorem 5.5. We imitate the strategy in [1], section 4, which first
considered a special case, and the used tame lifting developed by Bushnell and
Henniart [6] and other tools developed by Bushnell and Kutzko [9] to generalize
their result. In this subsection, we prove the following proposition as a special
case of (2) and (3) of Theorem 5.5:

PROPOSITION 5.9. — Let [a,] be a simple stratum in M, (F) and let 6 €
C(a, B) such that 6 € © with © a o-invariant endo-class. Let E/F be totally
wildly ramified of degree n. Let 7 = 11 with 71(z) := o(tx™1) for any x € G.
Then there exist a simple stratum [0, "] and a simple character 8" € C(a”, 5")
such that (a”,0") is G-conjugate to (a,0) with the property 7(a") = a” and
0" o1 = 9//—1'

REMARK 5.10. — In Proposition 5.9 we have [E : F] = d = n, which is a
power of p as an odd number.

Up to G-conjugacy, we may and will assume a to be standard (that is, a
is made of matrices with upper triangular elements in or and other elements

in PF)

LEMMA 5.11. — There ezist g1 € G and a1, ...,a, € 05, such that
0 0 ... 0 aq
0 - a0
(o' =4 =
0 an_1 .0
a, 0 ... 0 0

Moreover, if we define o’ := a9', then we have 7(¢') = o’.

Proof. — First we claim that we may choose a; € 0 such that A is a hermitian
matrix and det(A) € Np,p, (F*). To do this, noting that A* = A if and
only if a; = o(any1-4) for ¢ = 1,2,...,n, we choose a; = o(an+1—;) for i =
1,2,...,(n—1)/2 randomly but only to make sure that they are in o and we
choose a(n41y/2 € 0f, to make sure that det(A) € Np/g, (F*).

Since A is a hermitian matrix that is in the same G-orbit as I,, by considering
the determinant, using Proposition 2.1, there exists an element ¢g; € G such
that (g;')*g; ' = A, which means that 7(g1)g; " = A. By definition 7(a’) = o’

if and only if 7(g;")7(a)7(g1) = g7 'agi. Since a* = ‘'a, we deduce that
7(a') = a’ if and only if A= tad = (7(g1)g; ") ' tar(g1)g; ' = a. From our
choice of A and the definition of a, this can be verified directly. ]
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Now fix g1 as in Lemma 5.11. We write / = 69 and 8’ = (9. Since
a’ = a%, we also have:

(1) U :=U'(a ) Ut(a)9', where U'(a) := 1+ p? for i > 1.

(2) J = J(d, )=J( gy

(3) I = Jl(a 8) = J(a, B)7.

(1) 7' = J(a, ) = I(a, 5}

(5) B := H\(2', ") = H'(a, B)°".

(6) M' := M9, where M = o} X ... X 0y is the subgroup of diagonal

matrices contained in a.

Since a’ is 7-stable and ©7 = ©, using Lemma 5.7, there exists v’ € U(a’) such
that 0/ o7 = (0'~1)*". Since ' =0’ or o7 = (0/~1)* o7 = 0"*'7(*) we deduce
that u'7(u') normalizes 6’, which means that v'7(u') € J'NU(a’) = J' by using
Proposition 3.1.(4). To prove Proposition 5.9, we only need to find 2’ € G such
that a” := @’ and " := 0"*' have the desired property. By direct calculation,
this means that 7(z’)2’~! normalizes a’ and u'7(2")2’~! normalizes @', so using
Proposition 3.1.(4) and the fact that u/~'J’ is contained in the normalizer of
@, it suffices to choose 2’ such that v'r(2')z'~1 € J'.

LEMMA 5.12. — There existsy’ € M’ such thatu't(y")y'~! € J(a/, B U () =
o U (a).

Proof. — First we write v’/ = g 'ug; for a certain v € U(a). Then u'r(u') €
J(a’, 3") implies that uA= (u=1)*A4 € J(a,3) C 0;U(a) by direct calculation,
where A is defined as in Lemma 5.11.

We choose y' = g7 'yg1 with y = diag(y1,...,yn) € M =0} x...x 05 to be
determined. By direct calculation, u/7(y")y’ =t € J(a/, /)U(a’) if and only if
uA= 1y~ Ay~ € J(a,B)U(a) = 0 ;U (a). We use ;, @, 3; and b to denote
the image of w;, a, y;, b in kp = op/pF, respectively, where u;,a,b € op will
be defined in the following two paragraphs.

0 0 ...0 a1 UL *op oo ... FKop
0 -~ a2 0 *pp U2 .o
We write A = o et and uw = e e e ],
O ap—1 - - 0 : . T Up—1 *UF
a, 0 ... 00 Kpp cee oo *pp  Unp

where *,, and *,,. represent elements in or and pr, respectively. By direct
calculation, we have

wo(uyt) ke, *op
wpp U20(Upy) : :
ud™H (uT) A= : : coXU(a),
. . . . unilo_(uzfl) *oF_l
*p g *p g Uno(uy )
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which means that there exists a € 0 such that

(5) uro(uy V), ugo(ut ), uno(uyt) € a(l 4 pr).
Also by direct calculation, we have

uAfl(yfl)*Ayfl

Ulyl_lg(yﬁl) *op *op
fpe Uy 0(ynty)
= . . 7
un—lygilg(ygl) *op .

which means that the lemma is true if and only if there exists b € o5 such that

(6)  wyy oy uays oY) unyy oy ) € b(1 4 pr)-
If we consider modulo pg, then the condition (5) becomes

(7) o (T Y) =Tgo(ty 1 V) =... =Tpo(ur ') =a.

Moreover, if we consider modulo U'(a), then uA=!(y=1)*Ay~! € o U (a) if
and only if there exist y; € oy such that there exists b € o} in the condition
(6) such that

®) wmy oW ) =Wl oG )= =Wyn (i ) =0

We choose b = u(,41)/2, and then 50(571) = a. Furthermore, we choose
y; = b tu; wheni=1,2,...,(n—1)/2and y; = 1 when i = (n+1)/2,...,n.
Combining this with the equation (7), the equation (8) is satisfied. O

Let us write 2'u/7(y")y’~ € U for some y' € M’ and 2’ € o} given by
Lemma 5.12. By replacing the simple stratum [a’, 8'] with [a’¥’, %], the simple
character @ with 0" and o’ with 3/~ 'z'w/7(y'), which does not affect the fact
that the order is T-stable, we can and will assume that v/ € U’l. We write
J'" = J' NU" for i > 1. We state the following two lemmas, which correspond
to Lemma 4.16 and Lemma 4.17 in [1]. Actually, the same proofs work when
one replaces the Galois involution ¢ in the original lemmas with any involution
7 on G.

LEMMA 5.13. — Let v' € U" for some i > 1 and assume that v'T(v') € J'.
Then there exist 3 € J'* and 2’ € U'* such that j'v't(z')2'~1 € U+,
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Using Lemma 5.13 to replace Lemma 4.16 in [1], we may prove the following
lemma:

LEMMA 5.14. — There exists a sequence of (x},jl,v}) € U x J'* x U'*+1 for
1 > 0, satisfying the following conditions:
(1) (0,0, vp) = (1,1, 0).
(2) For alli >0, if we set y. = xyz}...x, € UL, then the simple character
’ ! : —1yo!
0; = 0" € C(a/, Y1) satisfies 0, o = (0, ")i.
(3) For alli> 1, we have yiv, = jlyl_jvi_i7(z}).

Let ' € U’ be the limit of y, = z{x}...7; and let b’ € J'! be that of
Ji...j1 96 when i tends to infinity. By Lemma 5.14.(3), we have
vy ) = Gy T(yin)) = = o
Passing to the limit, we get a’7(x')~! = h’w’, which implies that u/7(z")2’'~! =
W=t e J'. Let (a”,0") = («/*,6’*"), which finishes the proof of Proposition
5.9.

5.3. The maximal case. — In this subsection, we generalize Proposition 5.9 to
the following situation:

PROPOSITION 5.15. — Let [a, 3] be a simple stratum in M, (F) such that [E :
F]=n, let 6 € C(a, ) such that 0 € © with © a o-invariant endo-class and let
T be a given unitary involution. Then there exist a simple stratum [a”, "] and
a simple character 0" € C(a”,B") such that (a”,0") is G-conjugate to (a,8)
with the property T(a”) = a” and 6" o7 = 6"~

To prove the proposition, we first study an endo-class © over F' being o-
invariant, that is, ©7 = ©. Let T be a tame parameter field of ©.

LEMMA 5.16. — Let © be a o-invariant endo-class and let T/F be its tame
parameter field. Then given a T/F-lift U of ©, there is a unique involution «
of T extending o such that ¥* = .

Proof. — The proof of Lemma 4.8 in [1] can be used almost unchanged for our
lemma. We only need to consider © instead of ©Y and ¥ instead of ¥V. O

Let « be the involution of T' given by Lemma 5.16 and let Tj be the sub-field
of T fixed by . Then To N F = Fy. We write t = [T : F| = [Ty : Fo]. We need
the following proposition due to Hakim and Murnaghan:

PROPOSITION 5.17 ([21], Proposition 2.1). — There exists an embedding v :
T — M(F) of F-algebras such that, for x € T, we have t(a(z)) = v(z)* =
o("u(x))-
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Proof of Proposition 5.15. — Let E = F[f] and let T be the maximal tamely
ramified extension of F'in E. It is a tame parameter field of the endo-class ©.
The simple character 6 gives ¥, the endo-class of the interior T/ F-lift of ©, as
we introduced in §3.3. Let a be defined as in Lemma 5.16 and let ¢ be defined
as in Proposition 5.17. By abuse of notation, we define

L Mn/t(T) — Mn/t(Mt(F)) = M, (F)

with each block defined by the original ¢. First we consider 7(z) = eo(tx=1)e71,
for any © € G with ¢ = I, or diag(c(e),...,c(e),c(€)), where ¢ € T, —
N7 /7, (T*). The determinant of the latter matrix is N, /, (€)™/t. Since

NTO/FO : 710>< — FOX

is a homomorphism that maps N,z (T) to Np/ g, (F*), it leads to a group
homomorphism

N1y py 2 16 /Ny, (T7) = g /Npyp, (F7)
between two groups of order 2. We state and prove the following lemma in

general:

LEMMA 5.18. — Let F, Fy be defined as before. Let Lo/ Fy be a finite extension
such that L = LoF is a field with [L : Lg] = 2 and Fy = Lo N F. Then the
group homomorphism

NLO/FO : L(>)< — FOX

induces an isomorphism

NLO/FO : L(;(/NL/LO(LX) — FOX/NF/FO(FX)
of groups of order 2.
Proof. — We first consider the case where Lo/ Fy is abelian. If, on the con-
trary, the induced homomorphism is not an isomorphism, then N,z (Ly) C
Np/p, (F*), which means that F' is contained in Lo by the local class field
theory ([40], Chapter 14, Theorem 1), which is absurd.

‘When Lo/ Fy is Galois, we may write Fy = Lg C ... C Ly = Ly, such that
LTt /Ly is abelian for 4 = 0,...,r — 1 ([40], Chapter 4, Proposition 7). We
write L‘ = L{F. Thus it is easy to show that L?/L{ is quadratic, L = LT NL?
and LBHU =Lt fori=0,...,r — 1. Using the abelian case,

Nyt LEPY N jrin (L) = LG /Npiypi (L)
is an isomorphism for ¢ = 0,1,...,7 — 1. Composing them together, we finish
the proof.

TOME 150 — 2022 — N© 2



U,,-DISTINGUISHED SUPERCUSPIDAL REPRESENTATIONS OF GL, 419

When Lo/Fp is separable, we write L{ as the normal closure of Ly over
Fy. Thus, Lj contains Ly, and L{/F, is a finite Galois extension. We write
L’ = L{F. Using the Galois case,

NL(/)/FO : LSX/NL//LG(L/X) — FOX/NF/FO(FX)
is an isomorphism. Since N/ /g, (Ly*) € Npy/r (L),

NLO/FD :Lg/NL/Lo(LX) - FOX/NF/FO(FX)

is also an isomorphism.
In the characteristic p case in general, we write L;” the maximal separa-

ble sub-extension of F, contained in Lo, and thus Lo/Li? is purely insep-
[Lg:LE°P
D 0

arable. Thus Ny pser(z) = ], for any x € L. Since p # 2 and

L /N 1, (LX) is of order 2,
NLO/LSGP . L(>)< /NL/LD (LX) — LSGPX/NLSep/LSEP (LSEPX)

is an isomorphism, where L*? := LL{*”. So we come back to the separable
case, which finishes the proof. O

Using Lemma 5.18, for Ly = Tp, the homomorphism above is actually an
isomorphism. Since n/t is odd, and € € T;* — Npr, (), we have det(e) =
Nty /7, ()™t € Fy —Np/p,(F*). So, indeed, these two involutions represent
both of the G-classes of hermitian matrices. Thus, using Lemma 5.8, we may
from now on assume 7 to be the two unitary involutions we mentioned above.
Furthermore, +(T)* is normalized by 7 from the exact construction of 7 and
Proposition 5.17, where we regard T" as an F-subalgebra of M,, /(") given by
the diagonal embedding.

Since T and «(T) are isomorphic as F-subalgebras contained in M,,(F), by
the Skolem-Noether theorem, there exists g € G such that «(T') = T9. Thus,
if we write [o/, 8] = [a9,89], 8’ = 69 and E' = F[f’], then 6/ € © such that
its tame parameter field equals ¢(7T"). Since 7 normalizes ¢(T)*, we deduce
that 0’ o 7 and ¢~ have the same parameter field (7). If we write ¥’ the
endo-class of the interior ¢(7T)/F-lift corresponding to €', and if we choose
o =tlroao L|L_(;1), then we have ¥’ = 0’

Let C" = M, ¢(¢(T)) denote the centralizer of +(T) in M, (F). For c €
M,, /+(T), we have

7((c)) = eo("u(e) et = (e u(afe) e
=e(a/(""u(e) e = 7'(ulc)),

where we denote by tcs the transpose on C' = M, ;(¢«(T)) and 7'(c') =
e(a/(terd=1))e™t, for any ¢ € C"* . Thus, 7/, the restriction of 7 to C',
is the unitary involution 7, on C"* = GL,, /,(+(T")) with respect to the Galois
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involution o/ € Gal(+(T)/F). The intersection ¢ = a’ N C’ gives rise to a sim-
ple stratum [¢/, 3']. The restriction of &' to H'(¢/, ), denoted by 91/,(T)7 is a
simple character associated to this simple stratum with endo-class ¥’. Since
E'/u(T) is totally wildly ramified, using Proposition 5.9 with G, 6, ©, ¢ and 7
replaced by C'*, QZ(T), ¥’ o and 7/, respectively, there exists ¢’ € C'*, such
that 7/(¢¢") = ¢¢ and GZE/T) o1 = (92%;1))_1.

By the injectivity of a — a N C’ between sets of hereditary orders as men-
tioned in §3.3, a” := ' is 7-stable. Moreover, if we write 6/ = 6, then from
our construction of 7 and the definition of +(T')/F-lift, the simple characters

(9” ¢} T)L(T) = 9” e} T|H1(’T(C’),T(B’)) = 9// ¢} 7-/|H1(T(c’),-r(ﬁ’)) = GZI(T) e} T/
and

—1 —1
(0" Dury = Oy

are equal. By the last paragraph of §3.3, the simple character 6" satisfies the
property 6" o1 = 9”1, O

5.4. The general case. — In this subsection, we finish the proof of Lemma 5.4
and Theorem 5.5. First of all, we recall the following result of Stevens:

PROPOSITION 5.19 ([42], Theorem 6.3). — Let [a, 3] be a simple stratum in
M, (F) with o1(a) = a. Suppose that there exists a simple character 6 € C(a, 8),
such that H'(a, B) is 0;-stable and §oo, = 0. Then there exists a simple stratum
[a,7], such that 8 € C(a,7) and o(y) = 7.

Proof. — The original proof of [42], Theorem 6.3 can be modified as follows.
For any « € M,,(F'), we use —o¢(x) to replace T; we use oy to replace o; for [a, ]
a simple stratum, we say that it is o;-invariant if o¢(a) = a, and o,(8) = 3, and
we use this concept to replace the concept skew simple stratum in the original
proof. With these replacements, the original proof can be used in our case
without difficulty (see also the last paragraph of ibid.). O

We choose [ag, fp] to be a maximal simple stratum in Mgy(F) and 6y €
C(ag, Bo) such that 6y € ©. By Proposition 5.15, there are a maximal sim-
ple stratum [ap, )] and a simple character 6, € C(ay, 8;), which is GLg4(F)-
conjugate to 6y, such that:

(1) The order aj, is T -stable.

(2) The group H'(a), 3}) is mi-stable, and 6 o 7 = 6"

Furthermore, using Proposition 5.19 we may assume that:

(3) ae(B5) = Bo-
We embed My(F) diagonally into the F-algebra M, (F). This gives an F-
algebra homomorphism ¢’ : F[B)] < M, (F). Write 8’ =/ (8)) = B, ® ... ® B}
and E' = F[#’]. The centralizer B’ of E' in M,,(F) is naturally identified
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with M,,, (E"). We regard oy as an involution on E’ extending o, and we write
E[ = E'°t. Let b’ be a maximal standard hereditary order in B’, which may be
identified with M,, (0g), and let a’ = M,,(aj) be the unique hereditary order
in M,,(F) normalized by E’*, such that a’ N B’ = b’. Then the simple stratum
[a/, '] satisfies the requirement of Lemma 5.4, finishing its proof.

Now we focus on the proof of Theorem 5.5. By Lemma 5.8, we may change 7
up to G-action on its corresponding hermitian matrix, which does not change
the content of the theorem. So if € is in the same G-class as I, we may
simply choose 7 = 71, where 71(z) = o(tz~!), for any z € G. If not, we fix
an € € Eg* — Npijg (). Regarding € as an element in My(F), we have
det(e) = Ng; /r, (€). Since

NES/FO : Eéx — FOX

is a homomorphism that maps Ng/ g/ (E") to Np g, (F), by Lemma 5.18
with Lo = EJ, it leads to an isomorphism

Ngi/py 0 By /Ngyg (B™) = Fy /Np/g, (F*)

of the two groups of order 2. Thus, Ng; /5, (€) € Fy' — Npp, (F). If E'/E}
is unramified, we write e = diag(e, ..., ¢). Then det(e) = Ny, ()™ € F' —
Ng/ g, (F*), since Fy /Ng/r,(F*) is a group of order 2, and m is odd from the
condition of the theorem. If E'/E] is ramified, we may assume further that
€ € UE()’ We write ¢ = diag({4, ..., la,€) and we have det(e) = Ng; /r,(€) €
Fy—Np /7, (F'*). For both cases, 7. is a unitary involution whose corresponding
hermitian matrix is not in the same G-class as I,,. So from now on, we only
consider the three unitary involutions above. From our assumption of 7, the
restriction of 7 to GL,,(E’) is also a unitary involution 7 = 71 or 7. with
e = diag(1l,...,1,¢). In particular, since € is an element in E’, we know that €
commutes with elements in E’ and we have 7(3') = 3/~ 1.

Since ay, is T-stable and b’ is 7/-stable, from our assumption of 7 we deduce
that a’ is 7-stable, or by definition o (a’)e~! = a’. Since o4(3’) = ', by direct
calculation we have

T(H'(o, 8) = eH' (o4(a'), 04(8") e
= H'(ou(a))* 85 ) = HY ., 3 ) = HY(d, B).
Let M be the standard Levi subgroup of G isomorphic to GL4(F) x ... X
GL4(F), let P be the standard parabolic subgroup of G generated by M and

upper triangular matrices, and let N be its unipotent radical. Let N~ be the
unipotent radical of the parabolic subgroup opposite to P with respect to M.
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By [36], Théoréme 2.17, we have
9)  HY(«,B) = H(«,f)NNT) - (H (¢, 5) M) - (H' (¢, 5) N N),
(10)  HYd, YN M = H'(afy, B) x ... x H (ap, B5).

Let ¢’ € C(d’, 8') be the transfer of 8),. By loc. cit., the character ¢’ is trivial on
HY(d/, )N N~ and H'(a’, /)N N, and the restriction of 8’ to H'(a’, 3') N M
equals 0 ® ... ® 6). We have

0' o T|H1(a’,6')mN— =00 T|H1(a/,5')m\/
=0 @ pynn- =0 mi@ gy =1
and
0 o T\ g1 pynm = 0poTi ®...@60507
=605 ' @... @0 =0 g (w.pnm
for 7 = 11 or 7. with ¢ = diag(e,...,¢€) or diag(1,...,1,¢), since e € F[5]]*

normalizes 6)). Thus by equation (9), we have ¢’ o7 = '~

REMARK 5.20. — From the proof of Theorem 5.5, we observe that if 7 is chosen
as one of the three unitary involutions mentioned in the proof, then we may
choose the same simple stratum and simple character satisfying the conclusion
of the theorem.

REMARK 5.21. — We give a counter-example to show that the condition in
Theorem 5.5 is necessary. Let n = 2, let F//F be unramified, let © be trivial
and let ¢ = diag(l,wp,). Then d =1, m =n =2, E = F and Ey = Fy. If
the theorem is true, then a = Ma(0p)9 for some g € GLo(F) and 7(a) = a.
By direct calculation o(*g~!)e~tg~! normalizes Ma(0r), which means that
o(tg e tg7! € F*GLay(op). It is impossible since det(o(tg=t)e tg™!) €
7ﬂ}7‘01\IF/FD(F’X)7 while det(FXGLQ(UF)) C NF/FO(FX).

6. The distinguished type theorem

Let m be a cuspidal representation of G such that 79 & w. From the state-
ments and proofs of Theorem 5.2, 5.3 and 5.5, we may assume the following
conditions:

REMARK 6.1. — (1) For 7 = 7, there exist a simple stratum [a, 5] and
a simple character § € C(a,) contained in 7, such that 7(a) = a,
7(HY(a,B)) = HY(a,B), o1 = 0~ and 7(B) = 71, where 71(z) :=
o(tz™1) for any x € G.

(2) For 7 = 7y, there exists a simple type (J, A) containing 6 and contained
in 7, such that 7(J) = J and AT = AV.
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(3) o is an involution on E = F'[], whose restriction to F' equals 0. So by
abuse of notation, we identify ¢ with o;. Let Fy = E°. We assume
further in this section that if E/E( is unramified, then m is

odd®.
(4) Write 7(x) = eo(tx=1)e™! for any x € G such that: when E/Ej is un-
ramified, we assume € = I, or diag(wg, ..., wg) € GL,,(E) < G; when

E/Ey is ramified, we assume ¢ = I, or diag(1,...,1,¢) € GL,,(E) — G
with € € 0, —Ng/p, (o). By Remark 5.20, we assume further that for
these three unitary involutions, conditions (1) and (2) are also satisfied.
From now on until the end of this section, we assume ¢ to be
one of these three hermitian matrices and 7 to be one of these
three corresponding involutions.

(5) the element S has the block diagonal form:

B = diag(Bo, - -, P0) € My (Mg(F)) = M, (F),

for some By € My(F), where d is the degree of 8 over F and n = md.
The centralizer B of E in M,,(F) is identified with M, (E). If we regard
7 as the restriction of the original involution to B*, then it is a unitary
involution with respect to B* = GL,,(E), E/Ey and o € Gal(E/Ey).

(6) The order b = an B is the standard maximal order M,,(og) of M, (E).
Thus, if we write ag as the hereditary order of My(F) normalized by E,
then a is identified with M, (ag).

(7) wg is a uniformizer of F such that:

(wp) wE if F is unramified over Ey;
o(wg) =
L —wpg if F is ramified over Ej.

Now we state the main theorem of this section:

THEOREM 6.2 (distinguished type theorem). — For m a o-invariant cuspidal
representation, it is G” -distinguished if and only if it contains a T-self-dual
simple type (J, ), such that Homjng- (A, 1) # 0.

REMARK 6.3. — Since every hermitian matrix is equivalent to one of the her-
mitian matrices mentioned in Remark 6.1.(4) up to G-action, and the property
of distinction is invariant up to equivalence of unitary group, the theorem works
for every unitary involution, although we only consider those occurring in loc.
cit.

5. Although this condition seems a little bit annoying, finally in Section 7, we find out
that this condition is automatically satisfied for 7 a o-invariant supercuspidal representation.
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Choose (J,A) as in Remark 6.1, using the Mackey formula and Frobenius
reciprocity, we have

Homgr (m, 1) & H Hom jongr (A7, 1),
g
where g ranges over a set of representatives of (J, G")-double cosets in G. So 7
is GT-distinguished if and only if there exists g as a representative of a (J,G7)-
double coset, such that Hom jsngr (A9,1) # 0. We will study such ¢g and will
show that (J9, A9) is actually 7-self-dual. So (J9, A9) is a distinguished and 7-
self-dual simple type that we are looking for, finishing the proof of the theorem.

6.1. Double cosets contributing to the distinction of 8. —

PROPOSITION 6.4. — For g € G, the character 69 is trivial on H*¥YNG™ if and
only if T(g)g~* € JB*J.

Proof. — We only need to use the same proof of [35], Proposition 6.6, with o
replaced by . (|

As a result, since Hom jong- (A9, 1) # 0 implies that Homgigng-(09,1) # 0,
using Proposition 6.4 we have v := 7(g)g~* € JB*J.

6.2. The double coset lemma. — The next step is to prove the following double
coset lemma;:

LEMMA 6.5. — Let g € G. Then v = 7(g9)g~' € JB*J if and only if g €
JB*G".

Proof. — If g € JB*GT", one verifies immediately that v € JB*J. Conversely,
supposing that v € JB* J, first we need the following lemma:

LEMMA 6.6. — There exists an element b € B* such that v € JbJ and
br(b) = 1.

Proof. — Since B* NJ = b* is a maximal compact subgroup of B*, using the
Cartan decomposition over B* = GL,,(E), we write v = zcy with 2,y € J
and ¢ = diag(@wy In,,...,wy In,), where a1 > ... > a, are integers, and
mi1+...+m, =m.

If E/FEy is unramified, then by definition ¢* = ¢. So if we choose b = ce™
then be(b*)~te™! = ¢(c*)~! = 1, that is, br(b) = 1.

If E/Ey is ramified, since 7(y)y = 1, we know that zcy = ey*c*z*c ™!, which
is equivalent to (y*)~le lxc = c*x*e "ty Let z = z*e~ly~! € J; then we
have z*¢ = ¢*2. We regard z and ¢ as matrices in M,,(My(F)). Denote by
zU) € M,,,, (Mg(F)) the block matrix in z, which is in the same place as @4 I,

in ¢. Since z*c = ¢*z, by direct calculation

(11) ()'wy = (-1)%wy 0 forj=1,...,r

1

)
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By considering the following embedding
My, (Ma(F)) < My (Mq(F)
h +— diag(0pm,d, - - - s Oy 1 ds h, Omads - - - s Omd)s
we regard M,, q4(F') as a subalgebra of M,,q(F) denoted by AW where Om;d
represents the zero matrix of size m;d x m;d. We write a¥) = an AU, By

abuse of notation, we identify the element 5y ® ... ® By, which consists of m;
copies of By and is contained in M,,, . (M4(F')), with 8. By [36], Théoréme 2.17,

j
since z € J(a,f), we get 29 € J(aW), B) for j = 1,...,r. By loc. cit., if we
denote by

M = GLmld(F) X ... X GLde(F)

the Levi subgroup of G corresponding to the partition n = mid + ... + m,d,
and then

MnJ=JaW 8)x...x Ja",g)
and
MnJ = Jl(a(l),ﬁ) X ... X Jl(a(r),ﬁ).
Thus we get diag(z(",...,2(") € M N J. Furthermore, we have
MnJ/MnJ =g, 8)/J @D, 8) x ... x J(a™,8)/J (a™), B)
> GLp, () x ... x GLyy,.(1).
Since (-)* fixes M NJ and M N J1, it induces a map
MNJ/MNJ" 2 GLy,, (1) x ... x GLyy,, (1)
— GLy, (1) X ... x GLy, ) 2 M N J/M N J",
(0, .., 20) s (D), ..., (20,

where [ is the residue field of E and Ey, and 20) € J(a@),g)/J (aW), p) =
GLy, (1) is the image of 2(9).

We show that for any 4 such that 2 1 a;, we have 2 | m;. Considering j = ¢
in equation (11), we get (2())* = —w% (W *. Since J/J' = U(b)/U'(b) on

which E* acts trivially by conjugation, we get () = w¥ z(Dw% = —(2())* =

—t2(). Since there does not exist any anti-symmetric invertible matrix of odd
dimension, we must have 2|m;. Now for a; = (a;, m;), define

a; .
a; g I, if 2|a;;

w = .
" {w%ij/g if 2 a;,
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and ¢ = diag(wy',..., @y ), where J,, 5 = ( IO Imd'/z) . We have
“tmj/2

¢ =" and ¢ is in the same J-J double coset as c¢. Letting b = /e ™!, we get

br(b) = 1. O

Now we write v = 2’bx with 2,2/ € J and b € B> as in Lemma 6.6.
Replacing g by 7(2')~tg does not change the double coset JgG™ but changes
~ into bz7(x"). So from now on, we assume that

(12)
vy=bx, br(b)=1, v €J, bisofthe form in the proof of Lemma 6.6.

Write K for the group J Nb~1Jb. Since 7(b) = b1, and J is T-stable, we
have z € K. The following corollary of Lemma 6.6 is obvious.

COROLLARY 6.7. — The map 0y : k — b~ 17(k)b is an involution on K.

Now for a; > ... > a, as in the proof of Lemma 6.6, and M = GL,,,4(F) X

. X GLy,,.a(F) C G, we write P for the standard parabolic subgroup of G
generated by M and upper triangular matrices, IV for the unipotent radical of
P and N~ for the opposite of N as a unipotent sub-group. By definition, b
normalizes M, and we have

K=(KNnN7)-(KNnM)-(KNN).
For V=KNB* =UNb 'Ub a subgroup of B, similarly we have
V={WVnN)-(VnM) - (VNN),

where U = U(b) and U! = J' N B* = Ul(b). By definition, V is also fixed
by (51,.

LEMMA 6.8. — The subset
K'=(KNnN7)-(J'nM)-(KNN)
is a &y-stable normal pro-p-subgroup of K, and we have K = VK.
Proof. — The proof is the same as that in [35], Lemma 6.10. |

LEMMA 6.9. — Letting x € K such that x8y(x) = 1, then there are k € K and
v € V such that:

(1) The element v is in GLy, (0g) X ... X GLy, (0g) € B* such that
vip(v) = 1.
(2) One has dp(k)xk~t € vK*!.

Proof. — Let V! =V N K. We have
Vi=(WVNnN)-(U'nM)-(VAN).
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Thus we have canonical §,-equivariant group isomorphisms
(13) K/K'=2Vv/Vi=(UnM)/(U' nM).

Since B*NM = GL,, (E) X ... x GL,,, (E), the right-hand side of (13) is iden-
tified with M = GLy,, (1) X ... X GLy,, (1), where I denotes the residue field of
E. As in the proof of Lemma 6.6, we may write e~'b = diag(w c1, ..., wH ¢,)
with ¢; € GLy,; (0g). Moreover, the involution §;, acts on M by

915y 90) = @ tollgr Ve, to(tg Ner),

where we denote by ¢; the image of ¢; in GLy,;(I). We denote by (g1,...,9r)
the image of  in M = GL,,,, (I) x ... x GLy,,.(1).

When E/Ey is unramified, we denote by lg the residue field of Ey. Sol/lg is
quadratic, and the restriction of o to I is the non-trivial involution in Gal(l/lo).
Since (b7 le)* = e(b*)"te7le = 7(b)e = b le, we get &F = . If zdp(x) = 1,
and then (¢jg;)" = g;¢j = €59

LEMMA 6.10 ([30], Proposition 2.3.1). — For T = T* in GL4(l), there exists
A € GLs(I) such that ATA* = I,.

Using Lemma 6.10, we may choose k; € GLy, (0x) such that its image k;

J

in GL,, (1) satisfies (1477-*)’107-9]-16771 = I,;. Choosing k = diag(ki,..., k)
and v = diag(v,...,v,) = diag(c;t,..., ¢ b)), we get 0p(k)zk™' € vV and
Sp(v)v = diag(cy ' cierert, .. e tete e t) = 1.

When E/Ej is ramified, the restriction of o to [ is trivial. Since (b~'e)* =
b~le, we get ¢ = (—1)%¢; and 'gj = (—1)%g;.

LEMMA 6.11 ([30], Proposition 2.5.4). — For T = 'T in GLg(l), there exists
A € GLs(1) such that AT'A is either Iy or g5 = diag(l,...,1,€), where € €
1 — 1% with 1*? denoting the group of square elements of 1*.

LEMMA 6.12 ([30], Proposition 2.4.1). — For T = —'T in GLs(l) and 2 | s,
there exists A € GL4(l) such that AT'A = J, 5.

When a; is even, using Lemma 6.11 we may choose k; € GL,,,(0og) such
that its image k; in GL,y, (I) satisfies that (tl<:7-)*lc*jgjk771 equals either I, or
Em,, where we choose ¢,,,; = diag(1,...,1,¢) € GL,y,, (o) such that its image
Em, in GL,y,, (1) is diag(1,...,1,€) as in Lemma 6.11. Let v; be cjfl or c}lsmj
in the two cases, respectively.

When a; is odd we deduce that m; is even from the proof of Lemma 6.6.

Using Lemma 6.12, we may choose k; € GL,,(0g) such that its image kj in
GLy,, (1) satisfies (tl?j)*lcfjgjkijil = Jm,,,- We choose v; = C;lij/g.
Choosing k = diag(ky, ..., k) and v = diag(vy,...,v,), we know that

Sp(k)xk™t € vV?
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and

Sp(v)v = diag(cy  (v]) tervr, .. e () Tlew,) = 1

T T

by direct calculation in the two cases, respectively. So no matter whether or
not E/Ey is ramified, we finish the proof. O

Now we finish the proof of Lemma 6.5. Using Lemma 6.9, we choose k € K
and v € V such that bur(bv) = 1 and §y(k)zk~ € vK!'. Thus we have
7(k)yk~! € buK!. Therefore, replacing g by kg and b by bv, we may assume

(14)
y=bx, br(b)=1, ze€K', bewHGLy, (0p)X...x @y GLy, (0p).

Furthermore, we have d,(z)z = 1.

Since K! is a dj-stable pro-p-group, and p is odd, the first cohomology set
of 0, on K1 is trivial. Thus, 2 = &(y)y~! for some y € K!, and hence
v = 7(y)by~!. Considering the determinant of this equation, we have det(b) €
Np,p, (F*). If we denote by detp the determinant function defined on B* =
GL,,(E), then det(b) = Ng,p(detp(b)). Using Lemma 5.18 for L = E, we get
detp(b) € Ng/g,(E*) and detg(e~'b) € detp(e ' )Ng g, (E*). Since 7(b)b =
1, we have (¢7'b)* = e~'b. Using Proposition 2.1, there exists h € B>, such
that e71b = (h*)~'e=*h7l. So we have b = 7(h)h~!. Thus, g € yhG™ C
JB*GT, which finishes the proof of Lemma 6.5. O

6.3. Distinction of the Heisenberg representation. — Now let 1 be the Heisen-
berg representation of J! associated to #. We have the following result similar
to [35], Proposition 6.12, by replacing o with 7:

PROPOSITION 6.13. — Given g € G, we have:

1 ifge JBXGT,

dimgHom jigng-(n7,1) = {0 otherwise

Proof. — Tt is useful to recall some details of the proof of this proposition,
which will be used in the next subsection. We write 6(z) := v~ 17(z)~y for any
x € G, which is an involution on G. And for any subgroup H C G, we have
HING™ = (HNGY)9.

When g ¢ JBXG™, restricting n9 to H'9 and using Proposition 6.4 and
Lemma 6.5, the dimension equals 0. When g € JB*G™, we need to prove that
Hom jigng-(n?,1) = Hom jiqgs (1, 1) is of dimension 1. We state the following

general proposition, which works for a general involution on G:

PROPOSITION 6.14. — Let § be an involution on G such that §(H') = HY
and 0 0§ = 0=, where v € BX such that §(7)y = 1. Then we have

dimgHom j1~qs(n, 1) = 1.
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Since Proposition 6.14 in our special case implies Proposition 6.13, we only
need to focus on the proof of this proposition. We only need to prove that the
space

HOHIJ1ﬂng (’I’](Jl:Hl)l/z7 1) = HomJlmga (IndI]{ll (9), 1)
is of dimension (J': H')/2,

LEMMA 6.15. — For H a subgroup of G such that 6(H) = H" with § and vy as
in Proposition 6.14, we have

HNG=H'NG=HNH'NG’.

Proof. — We have HNG? = §(HN G?) = 6(H) N 6(G?) = HY N G?, which
proves the lemma. O

LEMMA 6.16. — Let § and ~ be as in Proposition 6.14; then we have the
following isomorphisms of finite dimensional representations:

J! Jingty
(1) IndHle‘JlmJl'y = @Hl\Jl/JlﬁJl'Y IndHlﬂJl'ye-
JH Jingty
(2) Indg 0] 1m0 = @H“\J”/Jlmﬂv Ind1 71407
(3) IndZ 0] ~ @ D Ind?, %00
HWYIInGe = O g\jt/jinsty OHINTW\JINIY /JINGS HnGs Y-
4)

(

Proof. — We only prove (1) and (3), since the proofs of (2) and (4) are similar
to the proofs of (1) and (3), respectively.
For (1), using the Mackey formula, we have

Jh JInG?e
IndHlvmblme‘ = @le\le/Jlmle GBJImHlv\Jlmle/Jlm@S Indjiyngs 0.

Jt Jingty
IIldH1 0|J1ﬂJ1'y = @ Indeﬁ(Janm)ez
z€eHW\J'/JtnJY
1 1~
>~ P mdine.
HW\JY/JtnJlY

The last step is because 2 € J' normalizes H' and 6.
For (3), using the Mackey formula again, we have

1 1 1y
Ind}10| j1ngs = B mdil 0 nes
HW\JY/JinJty
~ Jing? y
= & % Ind{piqyun(rines)?

Hl\Jl/JlﬁJl'y yEHlﬂJl'Y\JlﬂJl"’/JlﬂG‘s
~ JnG?
~ P b Ind?1%.,0.
HW\JY/JtNnJY HINJW\JINJY /JING?

The last step is because y € J* N J'Y normalizes H' N J'Y and 0, and H' N
JYNJ'NG? = H' N G° by Lemma 6.15.(2) for H = J'. So we finish the
proof. O
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LEMMA 6.17. — Let 0 and v be as in Proposition 6.14; then we have:
Q) [H'\JYJ ' nJY - H 0 JY\J nJY /I NG = (J: HYY2,
2) [HY\ JYW/ TP JY || J n HY\ JP N JY /T NG = (JY - HY)Y2,
(3) (JH:HYY2 = (Y HMY2 = (J'nG°: H' N GY).

Proof. — For (3), we refer to [35] §6.3 for a proof, by noting that all the results
and proofs from Lemma 6.14 to the end of §6.3 in bid. can be generalized to
a general involution § on G, with 7 in loc. cit. replaced by § in our settings.
For (1), since J! normalizes H', and J!' N J'7 normalizes H' N J17, we have

left hand side of (1) = (J' : HY(J*nJY) - (JL nJY - (H' n ™) (J' N GY))
= HY - (JPnJY  H g
(PN JYH NI (NG H N T NG
=(J'HY - (PGS H NGO !
_ (Jl . H1)1/2,

where we use Lemma 6.15 for H = J7 and (3) in the last two equations. So
we finish the proof of (1), and the proof of (2) is similar. O

Combining Lemma 6.16.(3) with Lemma 6.17.(1),(3), we have
dimgHom j14gs (Indgl 0,1)

3
= dlmR @ @ HOIHJ1ﬂGa (Indélfl;%é 9, 1)
HW\J/J'0JY HI AT\ JI AT/ JINGS
= (J': HY)Y2dimgHom g1 ~qs (8] ings, 1)
= (J': HY2,
For the last step, since « intertwines #=! and # o § = 617, we know that @ is
trivial on

{yd(y)ly € H' N H"}.

This set equals H' N G? since the first cohomology group of §~'-action on
H'' N HY is trivial. Thus, 0] g1~qs is the trivial character. O

6.4. Distinction of extensions of the Heisenberg representation. — Let x be an
irreducible representation of J extending 7. There is a unique irreducible rep-
resentation p of J, which is trivial on J! satisfying A = k ® p.

LEMMA 6.18. — Let g € JB*G".
(1) There is a unique character x of J9NG™ trivial on J'9 N G™, such that

HOmJlgmGT (779, 1) = HOHngnGT (Hg, Xﬁl).
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(2) The canonical linear map
Hom jigngr (n?,1) ® Hom ysng-(p?, x) — Hom jongr (A9, 1)

s an isomorphism.
Proof. — The proof is the same as that in [35], Lemma 6.20. O

For g € JB*G", we have 7(g) € 7(JB*G") = JB*GT, which means that
we may consider a similar thing for 7(g) to that for g in Lemma 6.18. Thus,
there exists a unique character x’ of J™9 NG7 trivial on J7(9) NG7, such that

Hom j1+(o)ncr (nT(g), 1) = Hom j-() (nT(g), X' Y.

Moreover, 7(J) = J, 7(J) = J, 7(J') = J!, and 7(H') = H!, thus using
Lemma 4.2 and Lemma 6.15 we have JING™ = J'9 NnG™ = J9NG™ =
JONGT, JYNGT =J" 9O NG and HYNG™ = H79 NG7. As a result,
y and y’ are characters defined on the same group JNG™ = J™9 NG A
natural idea is to compare them. For the rest of this subsection, we focus on
the proof of the following proposition:

PROPOSITION 6.19. — For x and X' defined above as characters of JPNG™ =
J9 N\ GT, we have x = Y.

We write §(z) = y~17(x)y for any x € G with v = 7(g)g~!. From §3.1, we
have v € Ig(n) = Ig(k°), where k° = k|;. Moreover, we have

dimR(Homva(mO'y, HO)) = dimg(Hom jiq 514 (07, 7)) = 1.

Using Lemma 6.15, we have J' N G? = J"' N G? as a subgroup of J' N JY
and H'NG? = HY N G®°. We claim the following proposition, which works for
general v and §:

PROPOSITION 6.20. — Let § and 7y be as in Proposition 6.14, then for a non-
zero homomorphism ¢ € Hom jiq i+ (n7,n) = Hom jn v (97, k%), it naturally
induces an R-vector space isomorphism:

fo: Hom jings (1, 1) — Hom jisnas (77, 1),
A = Ao

First, we show that how Proposition 6.20 implies Proposition 6.19. Using
Proposition 6.13 for g and 7(g), respectively, we have dimgHom jigng-(n9,1) =
dimgHom j1-() g (179, 1) = 1. By Proposition 6.20,

fo : Hom jisngr (97, 1) — Hom ji-(o)qgr (nT(g)a 1),
A = Jop
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is bijective. If we choose
0 # X € Homjigsng-(n?,1) and
0# N = fp(A) = Aoy € Hom piring- (779, 1),

then for any v in the representation space of n and any = € JING™ = J79NGT,
we have

(15) x'(2) 7"V (v) = N (k779 (2)0)
= Ak (2)v))
A(K% (z)(v))
= x(2) " A(p(v))
= x(2) 7N (v)

Since v and € J9 NG = J™9 N GT are arbitrary, we have x| jrngr =
X|79nG~, which is Proposition 6.19.
So we only need to focus on the proof of Proposition 6.20.

by Lemma 6.18.(1))
by definition of \")

by Lemma 6.18.(1))

(
(
(since ¢ € Hom jonj7(a) (KOT(Q), Hog))
(
(by definition of \').

LEMMA 6.21. — Let § and v be as in Proposition 6.14; then there exist an
R[J' N JY]-module homomorphism

J

1, 1 1/2 ~
@ DT L 2 Ind YL 07 i

(Jl:Hl)l/Z
‘Jlnjlv

— Ind? 0] i =20
and a linear form Lq € Hom jings (n(Jl'H )" 1), such that
0 +# Loo® ¢ Hom j1q¢s (nW(JM:HM)l/27 1).

Proof. — We prove this lemma by giving a direct construction of & and E).

First, we choose our Lo We choose \y € Hom jigs (IndHlnGJ ,1) =2 R with
the isomorphism given by Frobenius reciprocity, such that its corresponding

image in R equals 1. Then we choose Ly = (Ag, ..., Ag) as an element in
@ @ Hom j1ngs (Indi;lr;%i 1,1)

HWJ1/JINJY HInJ\JINJ 1Y /JINGS

= Hom s (n' "7, 1),

where the isomorphism is determined by Lemma 6.16.(3), and by Lemma 6.17
the number of copies equals (J' : H)'/2.
Now we focus on the construction of ®. We define
(16) f ( ) L e’y(gl)e(gQ) if g=4g192 € (‘]1 N Hl'y)(Hl N Jl’y)
0 itgeJinJY — (J 0 HY)(H N JY)
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as a continuous function defined on J! N JY with values in R. Since (J! N
HY)Nn(H'NJY)=H'NHY and 7 = 0 on H' N H', we know that f; is
well defined.

We want to verify that fy € Indl‘]{llmm‘{,lfwﬁ and fy € Indﬁﬂ}];:w 07. Since
J! normalizes H', and J'7 normalizes H'7, by direct calculation J' N J
normalizes J! N HYY and H! N JY. In particular, we have (J! N HY)(H' N
JY) = (H* N JY)(JE N HY). Moreover, since J' and J'7 normalize 6 and
07, respectively, (J1 N HY)(H! N JY) = (H' N JY)(J! N HY) normalizes 0
and 67.

For ¢} € J'NH', g, € H'NJY and g € J'NJV, if g ¢ (JINHY)(H' M),
then glg, 959 ¢ (JL' N HY)(H* N JY7), and thus

fo(g19) = folgag) = 0;
if g=g192 € (J* N HY)(H! N JY), then
folg19) = 07(91)0"7 (91)0(g2) = 6" (g) fo(9)
and
folgsg) = folghgr95 " g292)
= 0" (g59195 1)0(95)0(g2) = 0(92)8” (91)0(g2) = 6(g5) fo(9)-

Considering these facts, we have f; € Ind{;l%‘{:ﬂ and fy € Indﬁgg{i 07.

We consider J' N J-action on fy given by the right translation and we let
(fo) be the R[J'NJ'7]-subspace of both Indﬁﬂﬁfw 67 and Ind{{ll%‘{]i@ generated
by fo. We choose Vy, to be an R[J* N J'7]-invariant subspace of Indﬁgiﬁ7 07,
such that IndﬁgiﬁW 07 = (fo) ® Vy,.

We define the R[J! N J'Y]-module homomorphism

@y Indh 05007 — df 0010,

such that ®1(fo) = fo and @1|va0 = 0. Moreover, we define

. @ Indﬁggf7 07 — EB Indgl%{;;e
H\JY/JinJ1y HW\J1/JinJ1Y
given by
® = diag(®1,0,...,0) € My, (Hom g1y (Indu 0771507, Ind71700)),

where the coordinates are indexed by Ny := |H' \ J7/Jt N J7| = |H!\
JY/JtNJY|. In particular, we let the first coordinate correspond to the trivial
double cosets H(J' N JY) and H(J* N JY), respectively. As a result, ®
gives an R[J! N JY]-module homomorphism. By Lemma 6.16 we have

(17) p Y 2 mdl 0 e = @ dfL6
HW\J1/JinJ1y
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and

(18) n,y(Jl:H1)1/2

1~ 1 1~
=~ Indfyn 0]y & P Ind 17507
H\JW /Jin gy
With these two isomorphisms, we may regard ® as a homomorphism from

1, 1 1/2 1, 1 1/2
T e to DT s

Finally, we study ZB o ®. First, we calculate
(I>1 : Indﬁgﬁgﬁ |J1r1G5 — IndHlmJl'yHL]lmG&
We have the following isomorphism
(19) IndHlﬂJl"Ve'JlﬂGa &= @ IIldéS—wGGtéé
HiNJ\JINJ™ /JING?
By definition of ®; and (16),(19), ®1(fo|j1ngs) = fol nngs equals
5
(20)  (Lpipgss-. s 1gings,0,...,0) € P Ind} 051,
HinJW\JINJY /JING?

where the coordinates are indexed by the double coset HINJ\ JtNJ7/JtN
G?, and those coordinates that equal the characteristic function 114gs are
exactly indexed by the subset H' N J' \ (J* N HY)(J' N HY)/J' N GO.

We define vg = (fo|j1ncs,0,...,0) as an element in both
1 1
@ Ind§1g[{(1’207|110(;5
HI\JL/J'nT WY
and

@ IndHlmJl—yo‘JlnGé
HW\JY/JtnJy

where the first coordinate corresponds to the trivial double cosets H!(J1NJ)
and HY (J1 N JY7), respectively, as in our definition of ®. Thus, we have

(Lo 0 ®)(v0) = Lo((®1(fol j1nes). 0, -+, 0)) = Lo((fol s1ngs 0, .., 0))
= |H'nJY\ (H' NnINYI* N HY)/J NG| - A(Lgiqgs) # 0,

where we use the definition of Lo and (20) for the last equation. Thus, we get
Ly o ® # 0, which finishes the proof. O

LEMMA 6.22. — We keep the same notations as in Proposition 6.20 and we fix
0# N\, € Homjings(n,1) and 0# Ay € Hom jings (n7,1).
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Then:
(1) For any L € HomJlmGs(n(‘]lﬁHl)l/Q,l), there exists an R[J' N J'7]-
homomorphism

1. 771\1/2
Pron ) e = s
such that L = X\, o Pr;

(2) For any L € Hom jings (nV(leHl)l/z, 1), there exists an R[J' N J17]-

homomorphism
1.77141/2
s:n'paan — UL |71y

such that N = Lo s.
Proof. — The proof is just a simple application of linear algebra. We write
N = (J': HY)/2. For (1), we define pr, : 7 “H')"?| ;i1 510 = ] j1n 1+ as the
projection with respect to the i-th coordinate. Since Aj o pry,...,A\) o pry are

1 1\1/2

linearly independent, and dimgzHom jings (nt ) / ,1) = N by Proposition
6.13, Ajopry,. .. ,Ajopry generate Hom j1qgs (n(Jl’Hl)l/Q, 1). So we may choose

Pr to be a linear combination of pr;, which proves (1). The proof of (2) is
similar. ]

Now we finish the proof of Proposition 6.20. Using Lemma 6.22.(1) we choose
Pr such that ITO = )| o Pr, where EZ) is defined as in the statement of Lemma
6.21. Using Lemma 6.21, there exists ® such that Ea o ® # 0. Using Lemma
6.22.(2) we choose s such that Ly o ® o s = Ay # 0. We define ¢’ =Prodos
and we have the following commutative diagram

777<J1:H1)1/2 (.11:H1)1/2

o
|Janlv —1 |Jlmle

77FY|J10J17 4>77|J10J17

By definition we have Aj o ¢/ = AjoPro®os = A\ # 0, which means that
¢ # 0. Since Hom jinj1+(n7,n) is of dimension 1, we deduce that ¢ equals
¢’ multiplying with a non-zero scalar, which means that Aj o ¢ # 0. Since
Hom jings(n,1) and Hom ji1ngs (17, 1) are of dimension 1, we know that f, is
an R-vector space isomorphism, which proves Proposition 6.20.

6.5. Existence of a T-self-dual extension of 7. — Now our aim is to choose a
simple k as an extension of 7. Specifically, under the condition of Remark 6.1,
we show that we may assume k to be 7-self-dual, which means that k™ = V.
First of all, we have the following lemma, whose proof is the same as that in

[35], Lemma 5.21:
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LEMMA 6.23. — There exists a unique character p of J trivial on J* such that

TV ~v

K™Y = gu. It satisfies the identity po T = p.

PROPOSITION 6.24. — When char(R) = 0, there exists a character ¢ of J
trivial on J' such that i = ¢(¢ o 7). Moreover, for any R, we may choose K
to be an extension of n such that K™V = k.

Proof. — First, we consider the case where char(R) = 0. We need the following

elementary lemma:

LEMMA 6.25. — Assume char(R) = 0. For N odd and A € GLy(R) such that
A% =cly for s € N and c € R*, we have Tr(A) # 0.

Proof. — Because s = 0 is trivial, from now on we assume s > 1. Let (3= be
a primitive 2°-th root of 1 in R and let ¢!/2" be a 2°-th root of ¢ in R; then
we get Tr(A4) = /% vazl 24 with n; € {0,1,2,...,2° — 1}. We know that
P(z) = 22" + 1 is the minimal polynomial of (5 in Q[z]. If Tr(A) = 0, then
for Q(z) = Ef\il a™, we have Q((2s) = 0. As a result, P(x)|Q(x) in Q[z] and,
thus, in Z[z] by the Gauss lemma. However, the sum of all the coefficients of

P(x) is even, and the sum of all the coefficients of Q(x) equals N, which is
odd. We get a contradiction. So Tr(A) # 0. O

Let us come back to our proof. We choose k to be an extension of 7; thus as
in Lemma 6.23, there exists a character pu of J such that k™ = ku. If E/FEy
is unramified, we let

7i:GL,, ()= J/J' - R*

be the character whose inflation is p|;. There exists a character ¢ : I — RX
such that @ = p odet. Since o7 =@, we get (¢ o 0)p = 1, or equivalently
go\lgx =1, where lj is the residue field of Ey, and o acts on I as the Frobenius
map corresponding to ly. Let @ be the cardinality of lp; then the cardinality
of I is Q2. If we fix (; a generator of I, then CIQH is a generator of Ij. So we
have (¢;)¥*! = 1. Choose a : I — R* a character such that

Oé(Clm)Q*1 =p(G) ™ for m € Z.
Since
o) = (@) =1,

we know that « is well defined as a character of 1. Moreover, we get ¢ = a(ao
o)7L Choosing ¢° : J — R* as the inflation of acodet, we get pu|; = ¢°(¢%o7).

Since wg and J generate J, to choose ¢ as a character of J extending ¢°,
it suffices to show that p(wwg) = 1. Since pu = po T, we get

p(we) = w(r(wg)) = plwe) ™!, thus p(wg) € {1,-1}.
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Let e be the ramification index of E/F, and let @w$ = apwyp for a certain
ap € 0. We have

wa(Qfl) = aOQ_le_l with a(?_l €1l+pp C H'Y(a,p).
We write e(Q — 1) = 2°u for 24w and s € N. For A = k(w},), we have
A = w(ag ' wE ) = 0(afwn(=E I,

where we use the fact that the restriction of k to H'(a, 3) equals N-copies of 0
with N = (J' : H')"/2  and w, is the central character of k. Using Lemma 6.25
with A and ¢ = H(aoQ_l)w,i(wg_l), we get Tr(k(wl)) # 0. Since K™ = Ky,
considering the trace of both sides at w},, we get

Tr(k(wl)) = Tr(k(wp)) (@),

thus p(wl%) = 1. Since w is odd, and u(wg) equals either 1 or —1, we get
w(wg) = 1, which finishes the proof of this case.

If E/Fy is ramified, first we show that p|;x = 1, where we consider the
embedding 1 < E*. Let @ be the cardinality of I = Iy and let (; be a
generator of I”; then we want to show that u(¢;) = 1. Writing Q—1 = 2%u with
2 { v and using Lemma 6.25 with A = x({}*) and ¢ = 1, we get Tr(x(¢}*)) # 0.

Since kY = ku, we get

Tr(k (")) = Tr(k(G))(G)
after considering the trace. Thus, p(¢}*) = 1. Since p((;) equals either 1 or —1,

which can be proved as the former case, and u is odd, we get p(() = 1. Thus,

ply=1.
To finish the definition of ¢ : J — R* such that p = ¢(¢ o 7), we only need
to verify the equation

wwe) = o(wr)d(1(wE)) = ¢(@p)d(~we) ™! = o(-1)7".

Since we have already showed that p(—1) = 1, using the relation p = po 7,
we get u(w?) = u(—w%) = pu(wr)u(r(we)) ! =1, so we deduce that u(wg)
equals either 1 or —1. Choose ¢(—1) = p(wg), which is well defined, we finish
the definition of ¢ such that = ¢(¢d o 7). Let k' = k¢, then Kk’ is T-self-dual.

Now we suppose R = ;. Let 0 be the lift of 0 to Q; given by the canonical
embedding EX — @X7 then 0 is a simple character, and for = 0~ Thereisa
7-self-dual representation K of J extending the Heisenberg representation 7 of
J! corresponding to 0. Moreover, we can further choose K such that the central
character of K is integral. To  do this, first we choose k0 to be a representation
of J extending 1. We extend 9 to a representation of F*J. This requires us to
choose a quasi-character w : F'* — @X extending w o We choose w such that
it is integral. If we further extend this representation to K as a representation
of J = E*J, then K is also integral. From the proof of the characteristic 0 case,
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we may further assume &”" 2 K without losing the property that K is integral.

By [32], §2.11, the reduction of K to R, denoted by k, is thus a 7-self-dual
representation of J extending 7.

For char(R) = [ > 0 in general, we fix ¢ : F; < R an embedding. For ¢ a
simple character over R as before, which is of finite image, there exists a simple
character 6y over F; corresponding to the same simple stratum [a, 3], such that
0 =106pand Ohpot =0, L Let 1o be the Heisenberg representation of 6
and choose kg to be a 7-self-dual extension of 1y by the former case. Then

K = Ko ®F R is what we want. O
6.6. Proof of Theorem 6.2. — Using Proposition 6.24, we may assume that x
is 7-self-dual, which means that k™ = k. From its proof, when R = IF;, we

assume further that & is the reduction of a 7-self-dual representation K of J
over Q;, and when char(R) = [ > 0 in general, we assume & to be realized as
a IFj-representation via a certain field embedding F; < R.

PROPOSITION 6.26. — The character x defined by Lemma 6.18.(1) is quadratic
over J9NG™, that is, X?|jongr = 1.

Proof. — First, we assume that char(R) = 0. We have the following isomor-
phisms

(21) Hom ji-(ng- (WT(g)7 1)

= Hom jisngr (07, 1)

&~ Hom jongr (kY )

= Hom gsngr (X, Rgv) (by the duality of contragradient)
= Hom jongr (K9, X) (since char(R) = 0)

=~ Homjong- (K9Y o T, x oT)

= Hom yang- (k7)™ x 0 7)

= Hom - (5 (K79, x 0 7) (since k is T-self-dual).

Using Proposition 6.19 and the uniqueness of x’ in the loc. cit., we have yor =
L. Since x is defined on JY N G7, which is 7-invariant, we have xy o 7 = ¥.
Thus, x? =x(xor)=1

If R = F;, we denote by & a 7-self-dual Q;-lift of x and we denote by Y
the character defined by Lemma 6.18.(1) with respect to k and 77, where 77 is a
JINGT- dlstlngulshed Q;-lift of 5. Using this proposition for Q;-representations,
we get X2 = 1. From the uniqueness of y, we know that ¥ is a Q;-lift of x. As
a result, we get x? = 1.

If char(R) =1 > 0 in general, from the assumption of x mentioned at the
beginning of this subsection, via a field embedding F; < R we may realize all
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the representations mentioned in this proposition as representations over F;, so
we finish the proof by using the former case. O

As in the proof of Lemma 6.5, we assume g € B* and
(22)

y=bx, br(b)=1, z€K' bewyGLy, (0p)X...x wyGLy, (0p).
There exists a unique standard hereditary order b,, C b such that

Ul(b,,) = (UNSUYU = UnUMU?,

where we define 6(y) = v~ !7(y)y, for any y € G as an involution on G. We

have the following lemma whose proof is the same as that in [35], Lemma 6.22,
inspired by [22], Proposition 5.20:

LEMMA 6.27. — We have U'(b,,) = (U (b,,) N GO)U*.

THEOREM 6.28. — Let g € G and suppose Hom yosng- (A9, 1) is non-zero. Then
T(9)g t e J.

Proof. — Tt is enough to show that » = 1 in (22). If not, b,, by definition is
a proper suborder of b. Furthermore, U'(b,,) := U*(b,,)/U" is a non-trivial
unipotent subgroup of U/U! & GL,,(l). Using Lemma 6.18.(2), we have
—1
Hom jngs(p,x? ) = Homysng-(p?, x) # 0.
Restricting ourselves to U (b,,) N G?, we have
(23) Homy(p,,)nas (P, x? ) # 0.
Using Lemma 6.27, we have the isomorphism
(U (b)) NGOU' /U = U (by,) /U
We denote by p the cuspidal representation of U° /Ut & GL,, (1) whose inflation

is p|yo, and by x9~" the character of U!(b,,) whose inflation is ¢ . Soif we
consider the equation (23) modulo U?, then we get

Hompr—(p,x7 ") #0.

Since X9_1|JQG(; is quadratic, and Ul(b,,) is a p-group with p # 2, we get
X9~ ' =1, and thus

Hompgri—(p,1) # 0,
which contradicts to the fact that p is cuspidal. ]

Proof of Theorem 6.2. — 1If there exists a 7-self-dual simple type (J,A) in 7
such that Hom jng- (A, 1) is non-zero, then 7 is GT-distinguished. Conversely,
there exists ¢ € G such that Hom jong-(A9,1) is non-zero. Using Theorem
6.28 we conclude that (J7, A9) is a 7-self-dual simple type. O
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Finally, we state the following corollary of Theorem 6.28 as the end of this
section:

COROLLARY 6.29. — Under the assumption of Theorem 6.28, we have g € JG™

or g € Jg1G™, where the latter case exists only if m is even, and g € B> is
fixed such that

7(91)91_1 _ wgln if E/Ey is unramified.
wpJmy2 if E/Ey is ramified.

As a result,

Homg- (7,1) 2 Hom jngr (A, 1) @ Hom joi ngr (A9, 1).

Proof. — Recall that we have already assumed that g € B*. Since 7(g)g~! €
JNB* = E*b*, changing g up to multiplying by an element in E* | which does
not change the double coset it represents, we may assume (g*) e 1g=! € b*
or wpb*, where ¢ equals I, for E/E; unramified® and e equals I,, or
diag(1,...,1,¢) with € € o5, — Ng/g,(0f) for E/Ey ramified. Using Propo-
sition 2.2, we may change ¢g—! up to multiplying by an element in b* on the
right, and thus we may write (¢*)'e~1g™! = @%, where @ is defined as in
§2.2. Thus, we get detp(w)/detp(e ) € Ng, g, (E™).

If (g*)"telg™! € b*, from the definition and the uniqueness of w% in
Proposition 2.2, we get w® = . We may further change ¢g~! up to multiplying

by an element in b* on the right, such that (¢*)~'e='g~! = e~!. Thus, we get

7(9) = e(g*)~te™! = g, which means that g € G7.

If (9*)"tetg~! € wgrb*. Considering the determinant we deduce that
detp((g*)~te~tg~!) € E* is of even order with respect to the discrete valuation
of E. Since the determinant of elements in wgb™ is of order m, we know that
m is even. Thus, from the definition and the uniqueness of w§ in Proposition
2.2, we get wh = wpe when E/Ey is unramified and @w® = wgJ,,/2 when
E/Ey is ramified. For the former case, we have ¢ = I,,,. Using Proposition 2.1,
we may choose g; € B* such that (¢7)"'g;' = wgl, = (¢*) '¢~"'. Thus,
g € g1G". For the latter case, considering the determinant we must have
detp(e) € Ng/g,(E*), thus € = I,,,. Using Proposition 2.1, we may choose

g1 € B* such that (g) g7 ' = @Wgdme = (9%) "'y, thus g € 1G™. O

7. The supercuspidal unramified case

In this section, we study the distinction of o-invariant supercuspidal repre-
sentations of G in the case where E/Ey is unramified.

6. It is also possible in the unramified case that e = diag(wg, ..., wg). However, in this
case, € € EX, which commutes with B*, thus this case can be combined into the case where
e=1Im.
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7.1. The finite field case. — In this subsection, we assume 1/l to be a qua-
dratic extension of finite fields with characteristic p # 2. Let |lg] = Q; then
|I| = Q2. Let o be the non-trivial involution in Gal(l/l).

Let m be a positive integer and let ¢ be an extension of degree m over . We
identify ¢* with a maximal torus of GL,, (). We call a character £ : t* — R*
l-regular (or regular for short) if for any i = 1,...,m —1, we have ¢H' £ ¢. By
Green [17] when char(R) = 0 and James [29] when char(R) = [ > 0 prime to
p, there is a surjective map

§— pe

between l-regular characters of ¢* and isomorphism classes of supercuspidal
representations of GLy, (), whose fibers are Gal(t/l)-orbits.

LEMMA 7.1. — (1) If there exists a o-invariant supercuspidal representa-
tion of GL,, (1), then m is odd.
(2) When char(R) = 0, the converse of (1) is true.

Proof. — We may follow the same proof of [35], Lemma 2.3, with the concept
o-self-dual in loc. cit. replaced by o-invariant and the corresponding contra-
gradient (or inverse) replaced by the identity. (|

Let H = Uy, (l/ly) := U, (I,) be the unitary subgroup of GL,,(l) corre-
sponding to the hermitian matrix I, with respect to 1 /lo. Note that there is
only one conjugacy class of unitary subgroup of GG, which is isomorphic to H.

LEMMA 7.2. — Suppose m to be odd and let p be a supercuspidal representation
of GL,,(1). The following assertions are equivalent:

(1) The representation p is o-invariant.
(2) The representation p is H-distinguished.
(3) The R-vector space Homp (p, 1) has dimension 1.

Proof. — When R has characteristic 0, this is [16], Theorem 2.1 and Theo-
rem 2.4. Suppose now that R = F;. First we prove that (1) is equivalent
to (2).

For p a supercuspidal representation of GL,(l), we denote by P the pro-
jective envelope of p as a Z;[GLy,, (1)]-module, where Z; is the ring of integers of

Q;. Using [43], Chapitre III, Théoréme 2.9 and [39], Proposition 42, we have:

(1) P; ®Z—LIF7 is the projective envelope of p as a F;[GL,, (1)]-module, which
is indecomposable of finite length with each irreducible component iso-
morphic to p. .

(2) For P;= P;@Z@, we havi P5 = @p, where p in the direct sum ranges
over all the supercuspidal Q;-lifts of p and appears with multiplicity 1.
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We have

Homz (5, 1) # 0

= Homg gy, 1 (7 FIlH \ GLy (1)) # 0

(@
= Homg o1, ) (Pp ®7z F;,Fi[H \ GL,,,(1)]) # 0
<= Homgy o (55 JZ[H \ GL,,(D)]) # 0

= Homg o, oy ( p7Ql[H\GL @) #0

<= There exists p as above such that
Homg i,y (P, Qu[H \ GLin (1)]) # 0

<= There exists ,0 as above such that 50 =p
<~ p’ =p.

The former five equivalences are direct, by noting that a projective
Z1[GL,(1)]-module is a free Z;-module. For the second last equivalence,
we use the result for the characteristic 0 case. For the last equivalence
from the construction of supercuspidal representation given by Green
and James, since it is always possible to lift a o-invariant regular char-
acter over F; to a o-invariant regular character over Qy, it is always
possible to find a o-invariant Q;-lift 5 for a o-invariant supercuspidal
representation p.

Since (3) implies (2) by definition, we only need to prove that (2) implies (3).
We sum up the proof occurring in [35], Lemma 2.19. We have the following
F,[GL,,,(1)]-module decomposition

F[H\ GL, (1) = V& V',

where V5 is composed of irreducible components isomorphic to p, and V” has no
1rreduc1ble component isomorphic to p. First, we verify that Endg- F[GLon ()] (V) is

commutative. By [16], Theorem 2.1, the convolution algebra Z;[H \ GL,,(1)/ H]
is commutative. Modulo ! we deduce that
B[\ GLon(1)/H] = Bndg gy gy (FIH \ GLou (1)
= Endgia,, @) (V) @ Brdiar, ay (V')

is commutative, thus Endg ¢y, - (L)](Vﬁ) is commutative.

By [43], Chapitre III, Théoreme 2.9, P = P; ®ZE is indecomposable
with each irreducible subquotient isomorphic to p. By [10], Proposition B.1.2,
there exists a nilpotent endomorphism N € EndE[GL ) [P] such that
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Endg g1, ) [P] = F;[N], and there exist » > 1 and ny,...,n, positive in-
tegers such that

V5 EB P/N™P.
i=1

Since Endgqp, )
Thus,

Hompy (p, 1) = Homgy,, 1) (9, V5) = Homgr,, q)(p, P/N" P) = ;.

(V) is commutative, we have r = 1 and V; = P/N™P.

For char(R) = | > 0 in general, we fix an embedding F; — R and write
P = Po O, R, where 7 is a supercuspidal representation of GL,, () over F;.
By considering the Brauer characters, we have

p? =p ifandonly if pf = 5.
Moreover,
Hom gx1(p, R) = Homg, ;) (Po, 1) @ R.
Thus, we come back to the former case. O
REMARK 7.3. — We give an example of a c-invariant cuspidal non-super-

cuspidal representation of GL,,(I) over F;, which is not distinguished by H.

Assume m = 2 and [ # 2 such that [|Q? + 1. Let B be the subgroup of GLa(1)

consisting of upper triangular matrices. For IndgLQ(”E, it is a representation

of length 3 with irreducible components of dimension 1,Q? — 1,1 respectively.
Denote by p the irreducible subquotient of IndgL"’(l)I[Tl of dimension Q% — 1 .
It is thus cuspidal (not supercuspidal) and o-invariant. Let 7 be a Q;-lift of 7,
which is an irreducible cuspidal representation. We write 5|H =Vi®...aV,
its decomposition of irreducible components. Since |H| = Q(Q + 1)(Q? — 1) is
prime to [, reduction modulo ! preserves irreducibility. So 5|y decomposes as
W1 @ ...® W,, where the irreducible representation W; is the reduction of V;
modulo [ for each i = 1,...,7. Suppose that p is distinguished. Then W; = F;
for some 4. Thus, V; is a character that must be trivial, which implies that 5 is
distinguished. This is impossible by Lemma 7.1 and Lemma 7.2, since m = 2
is even. See [35], Remark 2.8. for the Galois self-dual case.

Finally, we need the following finite group version of Proposition 5.6, which
is well known:

PROPOSITION 7.4. — For p an irreducible representation of GL,, (1), we have

pY =2p(tL), where p(t7Y) t 2 p(ta™t), for any x € GLy(1).

Proof. — By definition, the Brauer characters of p* and p(*-~!) are the same.
O
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7.2. Distinction criterion in the unramified case. — Let 7 be a o-invariant su-
percuspidal representation of G. In this subsection, we prove Theorem 1.1 and
Theorem 1.2 in the case where E/Ej is unramified. To prove Theorem 1.1,
it remains to show that 7 is distinguished by any unitary subgroup G with
the aid of Theorem 4.1. Since changing 7 up to a G-action does not change
the content of the theorem, we only need to consider the two special unitary
involutions mentioned in Remark 6.1.(4). To justify the assumption in Remark
6.1.(3), first we prove the following lemma:

LEMMA 7.5. — For any o-invariant supercuspidal representation m with E/Eq
unramified, m is odd.

Proof. — We consider 7 = 71, where 71(z) = o(‘z~!), for any x € G. We
follow the settings of Remark 6.1. For (J,A) a simple type as in Remark
6.1.(2), we may write A 2 k ® p as before. Using Proposition 6.24, we may
further assume k™ = k. Since A and k are 7-self-dual, p is T-self-dual. Let p
be the supercuspidal representation of GL,, (1) = J/J! whose inflation equals
pls, then p™ = 5 when regarding 7 as a unitary involution on GL,,(l). Using
Proposition 7.4, we have p oo = p. Using Lemma 7.1, we conclude that m is

odd. O

With the aid of Lemma 7.5, we may assume as in Remark 6.1.(4) that
7(z) = eo(tx™1)e™! for any € G with € equal to I,, or diag(wg,...,ws),
representing the two classes of unitary involutions. For (J,A), a simple type
as in Remark 6.1.(2), we may write A = k ® p as before. Using Proposition
6.24, we may further assume k™ = k. Using Lemma 6.18 with g = 1, there

exists a quadratic character x : J N G™ — R* such that
dimgHom jng- (K, x ) = 1
and
Hom jna- (A, 1) = Homgne- (k, x 1) @z Hom g (p, X).

We want to show that y = 1. First, we need the following lemma:
LEMMA 7.6. — The character x can be extended to a character X' of J.

Proof. — Using Lemma 4.2, we have JNG™ = JNG". Write X the character of
U, (1/1y) = JNG™ /J*NGT, whose inflation equals x. Since it is well known that
the derived subgroup of U,,(1/ly) is SU,,(L/lp) := {g € U, (l/ly)|det(g) = 1}
(see [13], II. §5), there exists ¢ as a quadratic character of det(U,,(l/ly)) =
{z € I"|zo(z) = 297! = 1}, such that ¥ = ¢ o det|y,, 1/1,). We extend ¢ to
a character of I and we write Y’ = ¢ o det, which is a character of GL,,(l)
extending . Write ' the inflation of ¥’ with respect to the isomorphism
GL,,(1) = J/J'. Finally, we choose x’ to be a character of J extending x’° by
choosing x/(wg) # 0 randomly. By construction, x'|jngr = X- O
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PROPOSITION 7.7. — (1) When char(R) =0, for any x' extending x to J,
we have X' (x' oT) = 1.
(2) Furthermore, for any R, we have x = 1.

Proof. — First, we consider char(R) = 0. Since m is odd, Lemma 7.1 implies
that GL,,(l) possesses a o-invariant supercuspidal representation p’. Using
Proposition 7.4 we get ?TV = p/. We denote by p’ a representation of J trivial
on J!, such that its restriction to J is the inflation of p’. Since o(wg) = wg,
we have p'(7(wg)) = p'(wg) ! which means that p’ is 7-self-dual. By Lemma
7.2 it is also distinguished.

Let A’ denote the T-self-dual simple type k ® p’. The natural isomorphism

Hom ne- (A, x 1) = Homyng- (K, X~ *) ® g Homne-(p', 1)

shows that A’ is xy ~'-distinguished.

By Lemma 7.6, there exists a character x’ extending y. The represen-
tation A” = A’X’ is thus a distinguished simple type. Let 7" be the su-
percuspidal representation of G compactly induced by (J,A”). It is distin-
guished, thus 7-self-dual by Theorem 4.1 and Proposition 5.6. Since A” and
ATV =2 N'Y'~1(x'~1 o 1) are both contained in 7, it follows that x'(x’ o 7) is
trivial.

We write ¥ = ¢ o det as in the proof of Lemma 7.6. Since x/(x’ o7) = 1,
we get ¢p(poo)t = 517@ = 1. Choose (; to be a primitive root of 1*; then
(27" generates the group det(U,,(1/ly)) = {z € I*|zo(x) = 291 = 1}. Since
@( ll_Q) = 1, we deduce that $\det(Um(l/l0)) is trivial, which means that ¥ is
trivial. Thus, x as the inflation of X is also trivial.

Now we consider R = F;. As already mentioned in the proof of Proposition
6.26, if we denote by & the Q;-lift of k and if we denote by X the character
defined by Lemma 6.18.(1) with respect to & and 7, then Y is a Q;-lift of .
Using the characteristic 0 case that we already proved, we get ¥ = 1, which
implies that x = 1.

When R =1 > 0 in general, we follow the same logic as in the proof of
Proposition 6.26. |

REMARK 7.8. — In fact, in Proposition 7.7, we proved that when m is odd,
and E/FEy is unramified, any 7-self-dual k constructed in Proposition 6.24 as
an extension of a J! N G7-distinguished Heisenberg representation 7 is J N G7-
distinguished.

Now we come back to the proof of our main theorem. We have
Homjngr (A, 1) = Homjng- (K, 1) ® g Homyng(p, 1),

where Hom jng- (k, 1) is of dimension 1, and Hom yng- (p, 1) = Homy,, (1/1,) (P, 1)
is also of dimension 1 by Lemma 4.2, Lemma 7.2 and Proposition 7.4. So,
Hom jngr (A, 1) is of dimension 1, which implies that 7 is G7-distinguished.
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Thus, we finish the proof of Theorem 1.1 when E/Ej is unramified. Using
Corollary 6.29 and the fact that m is odd we deduce that Homg- (m, 1) is of
dimension 1, which finishes the proof of Theorem 1.2 when E/Ej is unramified.

8. The supercuspidal ramified case

In this section, we study the distinction of o-invariant supercuspidal repre-
sentations of G in the case where E/Ey is ramified. This finishes the proof of
our main theorem.

8.1. The finite field case. — Let I be a finite field of characteristic p # 2 and
let |I| = Q. For m a positive integer, we denote by G the reductive group GL,,
over I. Thus, by definition, G(I) = GL,,(l). For € a matrix in G(I) such that
z = 7, the automorphism defined by 7(z) = fz~'z71, for any z € GL,,(1),
gives an involution on GL,, (1), which induces an involution on G. Thus, G”
is the orthogonal group corresponding to 7, which is a reductive group over I,
and G7 (1) = GL,,(I)7, which is a subgroup of GL,,(l). In this subsection, for
p a supercuspidal representation of GL,,(l) and ¥ a character of GL,,(1)", we
state the result mentioned in [18], which gives a criterion for 5 distinguished
by X.

First of all, we assume R = Q;. We recall a little bit of Deligne-Lusztig the-
ory (see [12]). Let T be an elliptic maximal I-torus in G, where ellipticity means
that T(I) = t* and ¢/l is the field extension of degree m. Let £ be a regular
character of T(l), where regularity means the same as in the construction of
Green and James in §7.1. Using [12], Theorem 8.3, there is a virtual character
R ¢ as the character of a cuspidal representation of GL,,(l). Moreover, if we
fix T, we know that £ — Rt ¢ gives a bijection from the set of Galois orbits of
regular characters of T to the set of cuspidal representations of GL,,(l). So we
may choose § such that Trace(p) = Rt ¢. Moreover, using [12], Theorem 4.2,
we get R ¢(—1) = dim(p)¢(—1) with dim(p) = (Q —1)(Q* —1)...(Q™ 1 —1).
So if we denote by w; the central character of p, we get w5(—1) = £(—1).

PROPOSITION 8.1 ([18], Proposition 6.7). — For 7, p, T and & above, we have:

1 if wp(=1) = &(=1) = X(=1),

dim g (Homg- ) (p, X)) = {0 otherwise

Now we consider the I-modular case and assume char(R) =1 > 0.

PROPOSITION 8.2. — ForT above andp a supercuspidal representation of GL,, (1)
over R, the space Homgy,,, 1y (p,X) # 0 if and onlyifw;(—1) = X(—1). Moreover,
if the condition is satisfied, then we have dimg(Homgr, , 1)~ (P, X)) = 1.
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Proof. — First, we assume R = I[Tl.NWe use a similar proof to that in Lemma
7.2. Let H :ELm(i)T. We choose X to be a character of H lifting x, which is
defined over Z; or (Q; by abuse of notation. For S = Z;, QQ;, we define

S[H\ GLn(0)]z = {f[f: GLn(l) = 5,
f(hg) =X(h)f(g) for any h € H,g € GLy,(1)}.
Especially,

QIH\ GLn Q) = Indii V%

as a representation of GL,, (1) over Q;, and Z; [H\GLm(l)]:i is a free Z;-module.
If we further define

FU[H \ GLn (D = Tnd}y "V,
then we have
Tl H \ GLo, (D) ©7; Fr = FilH \ GL, (D]
and
TlH \ GLn (0 @ Q1 = GilH \ GLn (0.
We deduce that

Homy (5,X) # 0
<= There exists 5 Eftijg p such that
Homgop, 0y (2 Qi[H \ GLin (D)) # 0
<= There exists p lifting p such that wﬁ(_l) =x(-1)
= wp(—1) =X(-1).

The first equivalence is of the same reason as in the proof of Lemma 7.2, and
we use Proposition 8.1 for the second equivalence. For the last equivalence, the
“=* direction is trivial. For the other direction, when ! # 2, we choose 5 to
be any supercuspidal Q;-lift of 5. Thus, we have wﬁv(—l) =wy(—1) =x(-1) =

X(—1). When | = 2, using the construction of Green and James, for { a regular
character over F; corresponding to p, we may always find a Q-lift § that is
regular and satisfies ¢ ( 1) = X(—1). Thus, the supercuspidal representation
7 corresponding to & as a lift of p satisfies wpv(—l) = X(=1). So we finish the

proof of the first part.
To calculate the dimension, as in the proof of Lemma 7.2 if we write

Fi[H\ GLn (D] = V0V,

where V5 is composed of irreducible components isomorphic to p, and V'
has no irreducible component isomorphic to p, then we only need to show
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that Endg g, (l)](Vf) is commutative. We consider the following Z;[GL,, (1)]-
module decompos1t10n

Z[H\ GLu())z = V0 V7,

where "Z ®Z@ = @% with the direct sum ranges over all the irreducible
representations p over Q; occurring in P Countlng the multiplicity, and v’
denotes a Z;[GL,,(1)]- complement of Vp, such that V' Q7 Q; contains no irre-
ducible component of p p. Using PNrop0s1t1on 8.1, Vp Q7 Q; is multiplicity free,
which means that Endg; ;) (V5 ®7;Qu) is commutative. The canonical em-

bedding from Z;[H \ GL,, (1 )] to Q[H \ GL,, (1 )] induces the following ring
monomorphism

EndZ[GLm(z)] (Z[H \ GL,, (1 )] ) — End Q[CLm (V)] (@[H \ GLm(l)]Y)
given by tensoring Q;, which leads to the ring monomorphism

EndZT[GLm(l)] (Vﬁ) — End@[GLm )] (Vﬁ ®Z @) .

Thus Endz; (GLon ()] (/\Z) is also commutative.
The modulo [ map from Z;[H \ GLm(l)]i to Fi[H \ GL,,(1)]5 induces the
following ring epimorphism

EndZ[GLWI(l)](Zl[H \ GLm( )]:) - End 1 [GL, ()] (E[H \ GLm(l)]Y)v
which leads to the ring epimorphism

Endzqr,, 0 (Va) = Endgqr, 0 (Va)-

Since Endz- [GLm(l)]( %) is commutative, Endg F(GLon (l)](V ) is also commutative.
Thus, we may use the same proof as in Lemma 7.2 to show that

dimﬁ(HOmGLm(l)T(ﬁv Y)) =1

Finally, for char(R) = 1 > 0 in general, we follow the corresponding proof in
Lemma 7.2. (]

REMARK 8.3. — For G7(l) an orthogonal group with m > 2, it is well known
that its derived group is always a subgroup of G™(I) of index 2 (see [13], IL
§8), which means that there exists a character of G (l) that is not trivial on
G70(1). This means that we cannot expect X to be trivial on G™°(I) in general.
However, for those X occurring in the next subsection, it is highly possible that
X is trivial on G™°(1). For example, [18], Proposition 6.4 gives evidence for this
in the case where 7 is tame supercuspidal. However, the author does not know
how to prove it.
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Now we assume that m is even. We write J,,/2 = < 0 Im/Q) and we
~Ipp2 0
denote by

Sp,,(1) = {x € GL,,,(1)| tme/gx = Jms2}
the symplectic subgroup of GL,,(1).

PROPOSITION 8.4. — For p, a cuspidal representation of GLy, (1), we have
HomSpm(l)(pa 1) =0.

Proof. — Using [31], Corollary 1.4., whose proof also works for the I-modular
case, we know that an irreducible generic representation cannot be distin-
guished by a symplectic subgroup. Since a cuspidal representation is generic,
we finish the proof. O

8.2. Distinction criterion in the ramified case. — Still let 7 be a o-invariant
supercuspidal representation of G. In this subsection, we prove Theorem 1.1
and Theorem 1.2 in the case where E/Fjy is ramified. Using Theorem 4.1, we
only need to show that 7 is distinguished by any unitary subgroup G” to finish
the proof of Theorem 1.1. We may change 7 up to a G-action, which does
not change the property of being distinguished. Thus, using Remark 6.1.(4),
we may assume 7(z) = eo(fz71)e™!, for any x € G, where ¢ equals I,, or
diag(Ig,...,I4,¢€) with € € 020 — Ng/g,(0y), representing the two classes of
unitary involutions. We denote by € the image of € in GL,,(1).

For (J,A) a simple type in Remark 6.1.(2), we write A = k ® p. Using
Proposition 6.24, we may further assume k™ = k. Using Lemma 6.18 with
g = 1, there exists a quadratic character x : J N G™ — R* such that

(24) dimgpHom sng (K, x 1) =1
and
(25) Hom jngr (A, 1) = Homjngr (K‘,, Xﬁl) ®gr Hom yngr (p, X).

If we denote by w, the central character of k defined on F'*, using (24), we get
we = x~ ! as characters of F* N (J NG™). In particular, we(—1) = x~*(-1).

Since k™ & Kk, we get w, o T = w, 1. In particular, we have

WH(WF)71 = wx(T(wr)) = WR(WF)71WN(_1)71’

where we use the fact that o(wp) = —wp. Thus, we get we(—1) = x(-1) = 1.
Since A and k are 7-self-dual, p is 7-self-dual. Using the same proof as

that for k, we get w,(—1) = 1. Let p be the supercuspidal representation of

GLy(1) = J/J! whose inflation equals p|; and let ¥ be the character of

G ()=ZJNG")J'NG™
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whose inflation equals y, where 7 naturally induces an orthogonal involution on
G with respect to a symmetric matrix € € GL,,(l). By definition and Lemma
4.2 we get

Hom jng(p, x) = Homea- 1) (P, X)-
Since w5(—1) = X(—1) = 1, using Proposition 8.1 and Proposition 8.2 the space
above is non-zero. Thus, by (25) we have

HOmJQGT (A7 1) # 0,

which means that 7 is distinguished by G7, finishing the proof of Theorem 1.1.
Moreover, using Proposition 8.1, Proposition 8.2, (24) and (25), we get

dimgHom jng- (A, 1) = 1.
Now, if m is even, and ¢ = I, we also need to study the space
Hom yo1 g+ (A9, 1), where g; is defined in Corollary 6.29, such that T(gl)gfl =

wgJms2 € B*. Using Lemma 6.18, there exists a quadratic character x; :
J*NG™ — R* such that

(26) dim gHom yor ner (K9, x7 ') = 1
and

(27) Homjsing- (A%, 1) 2 Hom yoi ngr (K7, X;l) ®r Hom yo1nar (p7*, x1)-

-1

So we only need to study the space Hom jo1ng- (p9', x1) = Hom ;. s, (P, X7,
where

09, (2) = (T(g1)g1 )™ (@) (T(91)g1 ") = (@ETmy2) T T(2)@E T2,

for any z € G as an involution on G.
Let p be the supercuspidal representation of GLy, (1) = J/J! whose inflation

—1
equals p|; and let Xfl be the character of

Sp,, (1) = J NG ) J NGO
-1
whose inflation equals Xglll ; then we get

4 —
Hom ; s, (P Xit ) = Homg;, (P, Xit )= Homg,, 1)(p,1),

where the last equation is because of the well-known fact that Sp,, (1) equals

—1
its derived group ([13], I1. §8), thus x7* sp, 1) is trivial. Using Proposition
8.4, we get Homg,, (1)(p, 1) = 0. Thus, Hom o ng- (A9, 1) = 0.

Using Corollary 6.29, we get

dimgHomg- (7, 1) = dimgHom yng- (A, 1) + dimgHom jo1 ng- (A9, 1) = 1,

which finishes the proof of Theorem 1.2 when E/FEy is ramified.
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8.3. Proof of Theorem 1.3. — We finish the proof of Theorem 1.3. Let m be a o-
invariant supercuspidal representation of G’ over F;. For 7 a unitary involution,
by Theorem 1.1, 7 is distinguished by G”. From the proof of Theorem 4.1, there
exists a distinguished integral o-invariant supercuspidal representation 7 of G
over Q;, which lifts 7.

9. A purely local proof of Theorem 4.1

In this section, we generalize Theorem 4.1 to irreducible cuspidal represen-
tations, meanwhile also giving another proof of the original theorem, which is
purely local. Precisely, we prove the following theorem:

THEOREM 9.1. — Let w be an irreducible cuspidal representation of G over R.
If w is distinguished by G™, then 7 is o-invariant.

9.1. The finite analogue. —

PROPOSITION 9.2. — Let l/ly be a quadratic extension of finite fields of char-
acteristic p and let p be an irreducible generic representation of GLy, (1) over
R. If p is distinguished by the unitary subgroup H of GL,,(l) with respect to
l/lo, then it is o-invariant.

Proof. — When char(R) = 0, the proposition was proved by Gow [16] for any
irreducible representations. So we only consider the [-modular case and without
loss of generality we assume R = F;. We write P; for the projective envelope of
p as a Z;[GL,,(I)]-module. Thus, P ®ZIFT is a projective F;[GL,, (1)]-module,
and moreover,

Homg ;) (p,F)) gHomFﬁ[GLm(l)](ﬁ’ F)[H\ GL,,(1)]) #0
implies that
Hom]ﬁ[GLma)] (P5 Q7 Fy, Fi[H \ GL,,(1)]) # 0.
Using the same argument as that in Lemma 7.2, we have

Homgrqyp, 0y (P @7 @, Qu[H \ GL, (1)) # 0,

and, thus, there exists an irreducible constituent p of P ®Z@ such that

Hom@[GLm(l)] (P, Qu[H \ GL,(1)]) # 0.
By [39], §14.5, §15.4, 7 is a constituent of r;(p). Since p is H-distinguished, it
is o-invariant and so is r; (ﬁ) For ¢ =1,...,k, we choose ﬁ» to be a cuspidal
representation of GL,,,(I) over Q;, such that 5 is a sub-representation of the
parabolic induction p X . . . xﬁk,, where mq+...+my = m. For each i, we write
7, = 11(p;), which is a cuspidal representation of GL,,, (I) over F;, and then all

the irreducible constituents of r; (5) are subquotients of p; X ... x p;, and in
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particular so is p. Since p is generic (or non-degenerate), by [43], Chapitre III,
1.10, it is the unique non-degenerate subquotient contained in p; x...xp;, thus,

it is the unique non-degenerate constituent in r;(p). Thus, it is o-invariant. O

9.2. The cuspidal case. — In this subsection, we prove Theorem 9.1. We
choose (J,A) to be a simple type of m, and then by Frobenius reciprocity
and the Mackey formula, there exists g € G such that

(28) HOmngGT (Ag, 1) 7é 0.

Let H' be the corresponding subgroup of J, let 6 be the simple character of
H*' contained in A and let n be the Heisenberg representation of 6. Restricting
(28) to HY N G™ we get 09| 1sng- = 1. Following the proof of [35], Lemma
6.5, we have

(29) ((9 o T)T(g)|.,-(ng)mng = 95] o T|7-(ng)mng == (99)_1‘7(}[19)0}[19,

or in other words, 6 o 7 intertwines with §~!. Using the intertwining theorem
(cf. [7]), @or and 0~ are endo-equivalent, which, from the argument of Lemma
5.7, is equivalent to ©7 = O, where © denotes the endo-class of 6.

We let 71 be the unitary involution corresponding to I,,, which in particular
satisfies the condition of Theorem 5.5. Since ©7 = O, by loc. cit., we may
choose a simple stratum [a, 5] and 6’ € C(a, 8) with 8’ € ©, such that

n(B)=p"" m(a)=a and O or =61
Up to G-conjugacy, we may and will assume that J = J(a, 3) and 6/ = 6. We
write E = F[8] and B = M,,,(E) for the centralizer of E in M, (F). Using
Proposition 6.24, we write A = Kk ® p with K an extension of the Heisenberg
representation 7 such that k™ = k. Let £ be a hermitian matrix such that
r(z) = eo(lz Vel = 1y(2)°  for any z € G. For a fixed g € G, we define

v=¢e"17(9)g7! = 11(9)e 19! and by direct calculation we have 7 () = 7.

PROPOSITION 9.3. — Let g € G such that Hom ysngr (A9,1) # 0.

(1) Changing g by another representative in the same J-G™ double coset,
we may assume y € B*.

(2) The dimension dimgHom jigngr(n9,1) = 1;

(3) There is a unique quadratic character x of JY NG™ trivial on JY9 NGT,
such that

Hom j1sng (77, 1) = Hom gang- (K9, x ') = R.
Moreover,
Hom jongr (A9, 1) = Homgongr (£9, x 1) @ Hom gangr (9, ).
(4) The element v € J, thus under the assumption of (1), v € B* NJ =
E*p*.
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Proof. — We sketch the proof that follows from that of Theorem 6.2 (actually,
we have the same theorem if 7 = 71). Using (29) and the fact that 7(HY) =
(HYE'T@) = H1¥779) and (o 7)"@ = (Gor)E 7O = (§71)F @) we
have
(esflr(g))—l|H15717(g)nng =(fo T)T(g) ‘T(ng)ﬂng
=090 T‘T(Hly)ﬂng = (99)_1|H15_1T(9>0H19’

which means that 7 intertwines 6, or in other words, v € JB*J. The following
lemma follows from the same proof of Lemma 6.5, once we replace  there with
our - here and 7 there with 7.

LEMMA 9.4. — There existy € J = J(a, ) and b € B*, such thaty = 1 (y)by.

Thus, we change g by ¥y~ 'g and then the corresponding v = b € BX, which
proves (1). For (2), we write

5(z) == (t(g9)g ) tr(2)1(9)g™ =y tri(x)y for any z € G
an involution on G, and then by definition we have
Hom ji9ng-(n?,1) = Hom j1ngs (1, 1),

and

(7)) =y )y =1
Moreover, by direct calculation we have

S(H") = (r(9)g™ ") H' Tr(g)g = H" and
fos= (671 "9 = (p1).

So using Proposition 6.14, we finish the proof of (2).
Using (2) and the same argument of Proposition 6.18 we get the statement
(3), except the part x being quadratic. To finish that part, since

ni(ri(g)e e H(mlg)e ) = gemil9) T = (ng)e g ) T =7 € B,

we may replace g with e~'7(g) = 71(g)e~! in the statement (3) to get a unique

character x’ of J TG trivial on J T TO) NG Moreover, using the facts
—1 — — _

rJ)=J° ,r(J)=J° ,7(JY) =J¥ " and r(H') = H** ' and Lemma 4.2

it is easy to show that

(30) JING =J° TONG =906 =J T NG

As a result, ¥ and x’ are characters defined on the same group J? N G =
-1
JS 79 N GT. We have the following lemma similar to Proposition 6.19:

LEMMA 9.5. — We have x = x’.
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Proof. — We write ¢ for the involution defined as above. By §3.2, we have
v € Io(n) = Ig(x°) and
dimp(Hom jr 7+ (k°7, k%)) = dimg(Hom jiq 51+ (7, 7)) = 1,

where k° = k|;. By direct calculation, we have J' N G? = J'' N G? as a

subgroup of J' N J' and H' NG® = H'Y N G°. Using statement (2) for g and

e~ '7(g), respectively, we get

dimgpHom j1sng- (19, 1) = dimgHom ;1. -1.(5) - (nEilT(g), 1)=1.
By Proposition 6.20, for
0 # ¢ € Hom iy (07, 17) = Hom 1, a1, (0 7,579,

the map

o Hom jiange (19, 1) = Hom 1o 1.0y e (1° 79, 1),

A = dogp

is bijective”. If we choose

0# X € Hom jigsng-(n?,1) and

0% X = fo(A) = Ao @ € Hom 11,0 e (1° 79, 1),

then for any v in the representation space of n and any x € JING™ = Je TN
G7, using a similar argument to (15) we have

X (@) 7N (v) = x(2) 7N (v).

Since v and z € JING™ = J¢ 79 NG are arbitrary, we have X'l je-1r @y nar
X|s9nG+. Combining this with (30) we finish the proof of the lemma.

To prove that x is quadratic, we first assume that char(R) = 0. Using a
similar argument to (21) we have the following isomorphism

et ~ et
Hom j1.-1.()ner (n T(g), 1) = HOsz—lr(g)mGT (k T(g), XOT).

Using the above lemma and the uniqueness of x’, we have y o7 = x~!. Since
x is defined on JY N G™ = J9 N G7, which is 7-invariant, we have y o 7 = ¥,
and thus x? = x(x o 7) = 1. When char(R) = [ > 0, the same argument in
Proposition 6.26 can be used directly.

Finally, using (3) and the distinction of the simple type, we have

Hom jsng-(p?, x) # 0.

7. Noting that J'9 N GT = (J1 N G%)9 and JiET @9 G = (J™' N G%)9, thus
Hom jigngr (n?,1) = Hom j1~46(n,1)  and

Hom 571T(9),1) = Hom j1,1gs(n7,1).

Jle_lr(g)mcr (’I’]
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Then the proof of (4) is the same as that in §6.6, once we replace v there with
our 7 here. ]

COROLLARY 9.6. — For g € G such that Homjong-(A9,1) # 0, we may
change g by another representative in the same J-G7 double coset, such that

Iy or wply if E/Ey is unramified;
7= L, or diag(l,...,1,€) or wgJy, 2 if E/Ey is ramified,

as an element in GL,,(E) & B> — G, where € € 020 —Ng/g,(05)

Proof. — We have proved that v = 7(g)e " '¢g~! € BXNJ = EXb*. Changing
g up to multiplying by an element in E*, which does not change the double
coset it represents, we may assume vy € b* or wrb*. Using Proposition 2.2 and
changing g up to multiplying by an element in 6* on the left, we may assume
that v = w§, and from the uniqueness we must have @@, = I,, or wgl,;, when
E/Ey is unramified, and w$ = I, or diag(1,...,1,¢€) or wgJy, 2 when E/Ej
is totally ramified. O

Thus, for g € G as above, we get

—1 -1
Hom jngs (pl7, x? ) = Homyngs (p,x? ) = Homgong-(p?, x) # 0.

Ww write H = J N G°/J' NG for the subgroup of GL,, (1) & J/J', which,
from the expression of v in Corollary 9.6, is either a unitary subgroup, or an
orthogonal subgroup, or a symplectic subgroup of GL,,(l). Moreover, we have

Hompy (p, X') # 0,

where p is a cuspidal representation of GL,, (1) whose inflation is p|; and X’ is
a quadratic character of H whose inflation is x9 | 7ns -

When H is unitary, which also means that E/E; is unramified, by Lemma
7.6 (or more precisely its argument) x’ can be extended to a quadratic character
of GL,,(1). Thus, ﬁ?_l as a cuspidal representation of GL,, (1) is distinguished
by H, and thus it is o-invariant by Proposition 9.2. The quadratic character x’
must be o-invariant, thus 7 is also o-invariant, or by Proposition 7.4, p™ & 5".
Thus ,both k and p are 11-self-dual, which means that A and 7 are 1;-self-dual.
By Proposition 5.6, 7 is o-invariant.

When H is orthogonal, which also means that F / Ey is totally ramified,
comparing the central character as in §8.2 we have p(—1,,,) = id. Thus, p™|; =
p(t~H]; = p|; by Proposition 7.4, and p(11 (wg)) = p(—wE) = p(wg), which
means that p is 7i-self-dual, finishing the proof as above.

Finally, by Proposition 8.4 and the fact that Sp,, () equals its derived sub-
group, the case where H is symplectic never occurs, which ends the proof of
Theorem 9.1.
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REMARK 9.7. — Combining Theorem 9.1 with the argument in [14], section 6,
we may further prove that an irreducible generic representation m of G distin-
guished by a unitary subgroup G7 is o-invariant.

Acknowledgements. — This work forms part of the author’s PhD project. The
author thanks his PhD advisor, Vincent Sécherre, for starting this project, for
helpful discussions and suggestions, and in particular, for his careful reading
and revising of the early versions of this paper. The author thanks EDMH for
financial support of the PhD project and Université de Versailles for excellent
research conditions. The author thanks the anonymous referee for their detailed
report with pertinent advice included.

1]

BIBLIOGRAPHY

U. K. ANANDAVARDHANAN, R. KURINCzZUK, N. MATRINGE, V. SE-
CHERRE & S. STEVENS — “Galois self-dual cuspidal types and Asai local
factors”, J. Eur. Math. Soc. (JEMS) 23 (2021), no. 9, p. 3129-3191.

U. K. ANANDAVARDHANAN & N. MATRINGE — “Test vectors for finite
periods and base change”, Adv. Math. 360 (2020), p. 106915.

J. ARTHUR & L. CLOZEL — Simple algebras, base change, and the advanced
theory of the trace formula, Annals of Mathematics Studies 120, Princeton
University Press, 1989.

I. N. BERNSTEIN & A. V. ZELEVINSKII — “Representations of the group
GL(n, F), where F is a non-archimedean local field”, Uspehi Mat. Nauk
31 (1976), no. 3, p. 5-70.

R. BEUzART-PLESSIS — “Multiplicities and Plancherel formula for
the space of nondegenerate Hermitian matrices”, arXiv preprint
arXiw:2008.05036 (2020).

C. J. BUSHNELL & G. HENNIART — “Local tame lifting for GL(N). I. Sim-
ple characters.”, Inst. Hautes Etudes Sci. Publ. Math. 83 (1996), p. 105
233.

, “Intertwining of simple characters in GL(n)”, Int. Math. Res. Not.
IMRN 2013 (2013), no. 17, p. 3977-3987.

, “To an effective local Langlands correspondence”, Mem. Amer.
Math. Soc. 231 (2014), no. 1087, p. 1-88.

C. J. BuseNELL & P. C. KuTzZKO — “The admissible dual of GL(N) via
compact open subgroups”, Annals of Mathematics Studies 129 (1993).
J.-F. DAT — “Théorie de Lubin—Tate non abélienne l-entiere”, Duke Math.
J. 161 (2012), no. 6, p. 951-1010.

, “Un cas simple de correspondance de Jacquet-Langlands modulo
17, Proc. Lond. Math. Soc. (3) 104 (2012), no. 4, p. 690-727.

TOME 150 — 2022 — N© 2



[12]

[13]

[14]

U,,-DISTINGUISHED SUPERCUSPIDAL REPRESENTATIONS OF GL, 457

P. DELIGNE & G. LuszTiG — “Representations of reductive groups over
finite fields”, Ann. of Math. (2) 103 (1976), no. 1, p. 103-161.
J. A. DIEUDONNE — La géométrie des groupes classiques, Troisiéme
édition. Ergebnisse der Mathematik und ihrer Grenzgebiete, Band 5.
Springer-Verlag, Berlin-New York, 1971.
B. FeIGON, E. LAPID & O. OFFEN — “On representations distinguished
by unitary groups”, Publ. Math. Inst. Hautes Etudes Sci. 115 (2012), no. 1,
p. 185-323.
W. T. GaN & L. LoMELf — “Globalization of supercuspidal representa-
tions over function fields and applications”, J. Eur. Math. Soc. (JEMS)
20 (2018), no. 11, p. 2813-2858.
R. Gow — “Two multiplicity-free permutation representations of the gen-
eral linear group GL(n,q%)”, Math. Z. 188 (1984), no. 1, p. 45-54.
J. A. GREEN — “The characters of the finite general linear groups”, Trans.
Amer. Math. Soc. 80 (1955), p. 402-447.
J. Hakim & J. LANSKY — “Distinguished tame supercuspidal representa-
tions and odd orthogonal periods”, Represent. Theory 16 (2012), p. 276—
316.
J. Hakim & Z. MAO — “Supercuspidal representations of GL(n) distin-
guished by a unitary subgroup”; Pacific J. Math. 185 (1998), no. 1, p. 149—
162.
J. HAkiM & F. MURNAGHAN — “Globalization of distinguished super-
cuspidal representations of GL(n)”, Canad. Math. Bull. 45 (2002), no. 2,
p. 220-230.

, “Tame supercuspidal representations of GL(n) distinguished by a
unitary group”, Compositio Math. 133 (2002), no. 2, p. 199-244.

, “Distinguished tame supercuspidal representations”, Int. Math.
Res. Pap. IMRP 2008 (2008), no. 2, p. 1-166.
G. HARDER, R. P. LANGLANDS & M. RAPOPORT — “Algebraische Zyklen
auf Hilbert-Blumenthal-Flachen.”, J. Reine Angew. Math. 366 (1986),
p. 53-120.
R. HOWE — “Tamely ramified supercuspidal representations of Gl,,”, Pa-
cific J. Math. 73 (1977), no. 2, p. 437-460.
R. JACOBOWITZ — “Hermitian forms over local fields”, Amer. J. Math. 84
(1962), p. 441-465.
H. JACQUET — “Factorization of period integrals”, J. Number Theory 87
(2001), no. 1, p. 109-143.
, “Kloosterman identities over a quadratic extension. I1”, Ann. Sci.
Ecole Norm. Sup. 38 (2005), no. 4, p. 609-669.
H. JAcQUET & Y. YE — “Distinguished representations and quadratic
base change for GL(3)”, Trans. Amer. Math. Soc. 348 (1996), no. 3,
p. 913-939.

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



458
29]

[30]

31]

[32]

J. ZOU

G. JAMES — “The irreducible representations of the finite general linear
groups”, Proc. Lond. Math. Soc. (3) 52 (1986), no. 2, p. 236—-268.

P. B. KLEIDMAN & M. W. LIEBECK — The subgroup structure of the
finite classical groups, London Mathematical Society Lecture Note Series,
129. Cambridge University Press, 1990.

A. A. KLYACHKO — “Models for the complex representations of the groups
GL(n,q)”, Math. USSR-Sb. 48 (1984), p. 365-379.

A. MINGUEZ & V. SECHERRE — “Types modulo [ pour les formes in-
térieures de GL,, sur un corps local non archimédien”, Proc. Lond. Math.
Soc. (3) 109 (2014), no. 4, p. 823-891.

A. MINGUEZ & V. SECHERRE — “Correspondance de Jacquet-Langlands
locale et congruences modulo {”, Invent. Math. 208 (2017), no. 2, p. 552—
631.

D. PRASAD — “On a conjecture of Jacquet about distinguished represen-
tations of GL(n)”, Duke Math. J. 109 (2001), no. 1, p. 67-78.

V. SECHERRE — “Supercuspidal representations of GL,,(F) distinguished
by a Galois involution”, Algebra Number Theory 13 (2019), no. 7, p. 1677—
1733.

V. SECHERRE & S. STEVENS — “Représentations lisses de GL,,(D) IV:
représentations supercuspidales”, J. Inst. Math. Jussieu 7 (2008), no. 3,
p. 527-574.

, “Towards an explicit local Jacquet-Langlands correspondence be-
yond the cuspidal case”, Compos. Math. 155 (2019), no. 10, p. 1853—-1887.
V. SECHERRE & C. G. VENKETASUBRAMANIAN — “Modular representa-
tions of GL(n) distinguished by GL(n — 1) over p-adic field”, Int. Math.
Res. Not. IMRN 2017 (2017), no. 14, p. 4435-4492.

J.-P. SERRE — Linear representations of finite groups, vol. 42, Springer-
Verlag, New York-Heidelberg, 1977.

, Local fields, vol. 67, Springer-Verlag, New York-Berlin, 1979.

T. SHINTANI — “Two remarks on irreducible characters of finite general
linear groups”, J. Math. Soc. Japan 28 (1976), no. 2, p. 396-414.

S. STEVENS — “Intertwining and supercuspidal types for p-adic classical
groups”, Proc. Lond. Math. Soc. (3) 83 (2001), no. 1, p. 120-140.

M.-F. VIGNERAS — Représentations [-modulaires d’un groupe réductif p-
adique avec | # p, vol. 137, Progress in Mathematics, Birkh&duser Boston,
1996.

M.-F. VIGNERAS — “Correspondance de Langlands semi-simple pour
GL(n, F) modulo I # p”, Invent. Math. 144 (2001), no. 1, p. 177-223.

J. Zou — “Supercuspidal representations of GL,,(F') distinguished by an
orthogonal involution”; arXiv preprint arXiv:2011.07349 (2020).

TOME 150 — 2022 — N© 2



Bull. Soc. Math. France
150 (2), 2022, p. 459-472

CENTRAL POINTS OF THE DOUBLE HEPTAGON TRANSLATION
SURFACE ARE NOT CONNECTION POINTS

BY JULIEN BOULANGER

ABSTRACT. — We consider flow directions on the translation surfaces formed from
double (2n + 1)-gons and give a sufficient condition in terms of a natural continued
fractions algorithm for a direction to be hyperbolic in the sense that it is a fixed
direction for some hyperbolic element of the Veech group of the surface. In particular,
we give explicit points with coordinates in the trace field of the double heptagon
translation surface, that are not so-called connection points. Among these are the
central points of the heptagons, giving a negative answer to a question by P. Hubert
and T. Schmidt [1].

RESUME (Les points centrauz du double heptagone ne sont pas des points de connez-
ion). — On s’intéresse au flot directionnel sur les surfaces de translation obtenues a
partir de deux (2n + 1)-gones dont on a recollé les cotés paralléles, et on donne une
condition suffisante pour qu’une direction soit hyperbolique, c’est & dire fixée par une
direction hyperbolique du groupe de Veech, en termes d’un algorithme de fractions
continues naturel sur les directions de la surface. En particulier, cela nous permet
d’exhiber des points sur le double heptagone & coordonnées dans le corps de trace qui
ne sont pas des points de connexion. Parmi ces points on peut notamment trouver les
points centraux des heptagones, ce qui donne une réponse négative a une question de
P. Hubert et T. Schmidt [1].

Texte reg¢u le 20 septembre 2020, modifié le 9 septembre 2021, accepté le 27 octobre 2021.

JULIEN BOULANGER, Institut Fourier, UMR 5582, Laboratoire de Mathématiques. Univer-
sité Grenoble Alpes, CS 40700, 38058 Grenoble cedex 9, France e  E-mail : julien.
boulanger@univ-grenoble-alpes.fr

Mathematical subject classification (2010). — 51H99.

Key words and phrases. — Translation surfaces, Veech groups, connection points.

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE 0037-9484/2022/459/$ 5.00
© Société Mathématique de France d0i:10.24033 /bsmf.2851



460 J. BOULANGER

1. Introduction and statement of the results

A translation surface is a genus g topological surface with an atlas of charts
on the surface minus a finite set of points such that all transition functions are
translations. These surfaces can also be described as the surfaces obtained by
gluing pairs of opposite parallel sides of a collection of Euclidean polygons by
translations. Such surfaces arise naturally in the study of billiard table dynam-
ics: the Katok—Zemlyakov unfolding procedure, which consists in reflecting the
billiard every time the trajectory hits an edge instead of reflecting the trajec-
tory, replaces the billiard flow on a polygon by a directional flow on isometric
translation surfaces. The study of translation surfaces has been flourishing,
with major recent advances such as the results in [12], [10], or [11], but there
still remains various open questions, for instance in the area of Veech groups.
One of these questions is to characterize so-called connection points, for which
little is known for translation surfaces whose trace field is of degree 3 or more
over Q. In this paper, we look at two particular points of the double heptagon
surface, whose trace field is cubic over @, and show that they are not connec-
tion points. For surveys about translation surfaces, see [25] and [24], and for
Veech groups, see [16].

Before looking at connection points, one needs to understand better par-
abolic (or hyperbolic) directions; that is, directions fixed by a parabolic (or
hyperbolic) element of the Veech group. For Veech surfaces, periodic direc-
tions, saddle connection directions and directions fixed by parabolic elements
of the Veech group coincide. For these terms, see the background and [16]. For
translation surfaces whose trace field is quadratic or Q, C. McMullen showed
in [18] that (after a natural normalization) the periodic directions are exactly
those with slopes in the trace field. When the trace field is of higher degree, it
is no longer true, and the periodic directions in general form a proper subset of
the directions whose slope belong to the trace field. D. Davis and S. Leli¢vre [8]
characterized the parabolic directions for the double pentagon surface using a
continued fractions algorithm. Their results can be directly extended to the
(2n + 1)-gon, which has a trace field of degree n over Q.

In this paper, we use the algorithm to characterize hyperbolic directions
whose slopes belong to the trace field for each double (2n 4 1)-gon surface,
which are made of two copies of a (2n + 1)-gon with parallel opposite sides
glued together. We find explicit examples of such directions for the double
heptagon. This allows us to prove that central points of the double heptagon
are not connection points, see Theorem 1.3. This answers negatively a question
of P. Hubert and T. Schmidt. Recall that the central points of the double
heptagon are the centers of the heptagons. A nonsingular point of a translation
surface is called a connection point if every separatrix passing through this
point can be extended to a saddle connection. In fact, the author does not
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know any example of a nonperiodic connection point! for a translation surface
whose trace field is of degree 3 over Q or higher.

THEOREM 1.1. — Letn > 2, for the double (2n+1)-gon surface, the directions
that end in a periodic sequence (of period > 2) for the continued fractions
algorithm are hyperbolic directions.

PROPOSITION 1.2 (Double heptagon case). — For the double heptagon surface,
there are hyperbolic directions in the trace field.

This proposition is already known from [2] and [13], where a different method
is used. Our method provides an answer to the question of central points as
connection points, which was not known.

THEOREM 1.3. — Central points of the double heptagon are mot connection
points.

Moreover, one can look at double (2n+1)-gons with more sides. For example,
the same result holds for the double nonagon:

THEOREM 1.4. — Central points of the double nonagon are not connection
points.

Moreover, various tests that we conducted suggest the following conjecture,
which is not new since we found the same ideas in [13].

CONJECTURE 1.5. — For the double heptagon and the double nonagon, all the
directions in the trace field are either parabolic or hyperbolic.

What is interesting is that these results do not seem to generalize to the
double hendecagon, for example. In fact, for the double hendecagon, we were
not able to find any direction in the trace field that ends in a periodic sequence.
These issues will be discussed in Section 5.

2. Background

A translation surface (X,w) is a real compact genus g surface X with an
atlas w such that all transition functions are translations except on a finite set
of singularities ¥, along with a distinguished direction. Alternatively, it can be
seen as a surface obtained from a finite collection of polygons embedded in C by
gluing pairs of parallel opposite sides by translation. We get a surface X with
a flat metric and a finite number of singularities. We define X’ = X — ¥, which
inherits the translation structure of X and defines a Riemannian structure
on X’. Therefore, we have notions of geodesics, length, angle, and geodesic

1. A point is periodic if its orbit under the action of the affine group is finite, otherwise it
is nonperiodic, see [15].
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flow (called directional flow). This allows us make the following definitions,
which will be useful in Section 4.

DEFINITIONS 2.1. — (i) A separatriz is a geodesic line emanating from a
singularity.
(ii) A saddle connection is a separatrix connecting singularities without any
singularities on its interior.
(iii) A nonsingular point of the translation surface is called a connection
point, if every separatrix passing through this point can be extended to
a saddle connection.

The action of GLj (R) on polygons induces an action on the moduli space of
translation surfaces (see, for example, [25]). Two surfaces are affinely equiva-
lent, if they lie in the same orbit. The stabilizer of a given translation surface X
is called the Veech group of X and is denoted by SL(X). In particular, affinely
equivalent surfaces have a conjugated Veech group. As well as introducing the
notion (although not the name) W.A. Veech showed in [23] that they are dis-
crete subgroups of SLy(R). Hence, we can classify elements of the Veech group
into three types: elliptic (|tr(M)| < 2), parabolic (|tr(M)| = 2), and hyperbolic
([tr(M)| > 2). Any element of the Veech group induces a diffeomorphism of
the surface. Such diffeomorphisms are called affine diffeomorphisms.

Trace field. — The trace field of a group I' C SLo(R) is the subfield of R gen-
erated over Q by {tr(M), M € T'}. One defines the trace field of a translation
surface to be the trace field of its Veech group.

Let X be a genus g translation surface. We have the following theorems:

THEOREM 2.2 (see [17]). — The trace field of X has degree at most g over Q.
Assume the Veech group of X contains a hyperbolic element M. Then the
trace field is exactly Q[tr(M)].

It is a classical result (see, for instance, [22]) that after a normalization, there
exists an atlas such that every parabolic direction has its slope in the trace field,
and every connection point has coordinates in the trace field. Specifically in
the quadratic case, we have the following result:

THEOREM 2.3 ([18], Theorem 5.1, see also [3]). — If the trace field is quadratic
over Q, then every direction whose slope lies in the trace field is parabolic.

3. Hyperbolic directions for the double (2n + 1)-gon

I. Bouw and M. Moller in [4] gave a large class of Veech surfaces. W.P. Hooper
gave a geometric interpretation of these surfaces in [14] and proved in particular
that the double (2n+1)-gon is affinely equivalent to a staircase polygonal model.
See also [6], [9], and [20]. See Figure 3.1 for the double heptagon’s staircase
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model. We will use this model to construct the continued fractions algorithm
at the heart of this paper, which is a direct generalization of that described
in [8] in the setting of the double pentagon. For more results on the double
pentagon, see also [7].

FIGURE 3.1. The staircase model for the double heptagon (in
red we show one of the two heptagons).

The staircase model can be constructed as follows : Let each R;,i =1,...,
2n — 1 be the rectangle of side sin(2$_1) and sin((;i_)f). Glue R; and R;11
such that edges of the same size are glued together, each side being glued to
the opposite side of the other rectangle as shown in Figure 3.2. Parallel edges
of Ry (or Ra,—1) that are not glued to an edge of another rectangle are glued

together.

FIGURE 3.2. How to glue the rectangles R;. Each edge of R;
is glued to the one with the same number in R;_; or R;4;.

It is then an easy calculation to establish the following lemma, which, in
fact, is a particular case of Lemma 6.6 from [6] (see also [23]).

LEMMA 3.1. — Let n > 2 be an integer. Then in the staircase model for
the double (2n + 1)-gon translation surface, there is a horizontal (or vertical)
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decomposition into cylinders such that all cylinders have modulus equal to a, =
2 COS(#H) .
In fact, for computational reasons, it will be more convenient to rescale the

staircase by a factor Wlm), so that each side can be expressed in the trace
2n+1

field, and the longer side has length 1.

Let us now look at the short diagonals of the staircase. We get 2n — 1 short
diagonal vectors denoted by D;,i € [1,2n — 1]. We set Dy to be the shortest
horizontal vector and D,,, the shortest vertical vector. We rescale such that
Dy and Ds,, are length 1 vectors. We drew the diagonals in a graph as shown
in Figure 3.3 for the double heptagon (n = 3). All the D;’s have a Euclidean
norm bigger than 1 (except Dy and Da,, with norm equal to 1).

154

0.5 1

0.5

05 1 15 2

Ficure 3.3. The diagonals of the double heptagon stair-
case divide the positive cone into six subcones. The diago-
nals are rescaled so that Dy and Ds, are length 1 vectors.
We have Dy = (1,0), Dy = (a3, 1), Dy = (a3 — 1,a3),
D3 = (a3 —1,a% —1), and the other diagonals are symmetrical
about the first bisector.

Let M;, i € [0,2n — 1] be the matrix that maps Dy = (1,0) to D; and
Ds,, = (0,1) to D;41. Let X denote the first quadrant, and ¥; its image under
M; (we include D; in M;). The matrix M; is in the Veech group of the staircase
and is associated to an affine homeomorphism of the staircase surface, which
we still denote by M;. This homeomorphism sends parabolic (or hyperbolic)
directions? to parabolic (or hyperbolic) directions that are in the i*" cone. In
fact, these matrices M; already appear in [21]. Iterating this process, we obtain
a way to construct new parabolic (or hyperbolic) directions once we have found
one. Conversely, we have a continued fractions algorithm given by the following
definition.

2. Here and throughout, by direction we mean an element of the projective line P(R2).
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DEFINITION 3.2 (continued fractions algorithm for the staircase model). —
Given a direction in the first quadrant as the entry, apply the following proce-
dure:

1) If the direction lies in the i*" cone, apply M[l.

2) If the direction is neither horizontal nor vertical, go back to step 1.

The following theorem is due to D. Davis and S. Lelievre. It is stated in [8]
in the case of the double pentagon, but the same arguments can be directly
extended to the double (2n + 1)-gon.

THEOREM 3.3 ([8]). — A direction on the double (2n+1)-gon is parabolic if and
only if the continued fractions algorithm terminates at the horizontal direction.

This theorem gives the first possibility for this algorithm to end. The other
possibility would be an eventually periodic ending, i.e., if we apply the algo-
rithm a certain number of times, the direction we get is a direction that we
already got in a previous step. Here, we characterize these directions in the
trace field and we prove Theorem 1.1, which can be stated more formally in
the following way:

THEOREM 3.4. — The continued fractions algorithm is eventually periodic for
a direction 0 (which is neither horizontal nor vertical) in the trace field if and
only if 0 is the image by a matriz M;, ... M;, of an eigendirection for a hyper-
bolic matriz of the form M;, ... M;,. In particular, every eventually periodic
direction for the continued fractions algorithm is an eigendirection for a hyper-
bolic matriz of the Veech group.

Proof. — 1If 0 is eventually periodic for the algorithm, let & denote the length
of the preperiod of 6. Then, we have matrices M;,,...,M;,, such that
0 = (M, ... M;,)"'() is periodic for the algorithm. That is, there exist
M;,, ..., M, such that M, ... M; (0') =¢'. Then M = M;, ... M, is, indeed,
a hyperbolic matrix since all M;s dilate lengths in the first quadrant, which
means that the eigenvalue of M;, ... M;, for the direction ¢’ has to be strictly
bigger than 1. Moreover, M belongs to the Veech group, being a product of
elements of the Veech group.

Conversely, let us suppose that there are iq,...,4k,J1,...,4; such that
M;, ... M;(0")=0",where M = M, ... M,, ishyperbolicand 8 = M;, ... M;, (9').
First, it is clear that 6’ belongs to the first quadrant by the Perron—Frobenius
theorem since all the matrices M; have positive entries, and that the only se-
quences ji,...,J; such that M = Mj, ... M; have possible zero entries are if
j1i=...=j5 =0o0rj; = ... =j = 2n, which gives a matrix M that is
parabolic and not hyperbolic. Thus, 6 belongs to the first quadrant as well
because the M;’s are contractions of the first quadrant. Moreover, at every
step q, M;_...M; (6') belongs to the first quadrant. By construction of the
algorithm, it follows that applying the algorithm to the direction 6 leads to 6’
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after k steps. By the same argument, since M, ... M; (0") = 6" and 6’ belongs
to the first quadrant, we conclude that the sequence j,...,j1 is exactly the
sequence of indices we would have got if we had applied the algorithm to &',
and that 6’ is a periodic direction for the algorithm. Hence, 6 is an eventually
periodic direction for the algorithm. |

REMARK 3.5. — A point worth noting is that the sequence of sectors along the
algorithm allows us to construct the matrix M, which stabilizes the original
direction. This will allow us, for the double heptagon, to find a separatrix whose
direction is eventually periodic for the algorithm and, hence, is not parabolic,
which means that the separatrix does not extend to a saddle connection.

EXAMPLE 3.6. — For the continued fractions algorithm on the double hep-
tagon:

e The direction of slope a% — 1 is 2-periodic and fixed by the hyperbolic
matrix MsMj.

e The direction of slope 3—7%3 + ?ag — 2 is 28-periodic and fixed by the
hyperbolic matrix M22MZME2? Moy M.

4. Connection points

In this section, we finally show that central points of the double heptagon
are not connection points. We first give some motivation to their study.

Connection points have been studied in [15] by P. Hubert and T. Schmidst,
who gave a construction of translation surfaces with infinitely generated Veech
groups as branched covers over nonperiodic connection points. C. McMullen
proved the existence of these points in [19] in the case of a quadratic trace
field and implicitly showed that the connection points are exactly the points
with coordinates in the trace field. However, in a higher degree there is no
such result, neither concerning connection points nor about infinitely generated
Veech groups. One of the easiest nonquadratic surfaces is the double heptagon,
whose trace field is of degree 3 over Q. P. Arnoux and T. Schmidt implicitly
showed (see [2]) that for the double heptagon surface there are points with
coordinates in the trace field that are not connection points. Still, it was not
known whether or not central points of the double heptagon were connection
points. Here, we provide a negative answer to this question.

By definition, for proving that a point is not a connection point, it suffices
to find a separatrix passing through it, which cannot be extended to a saddle
connection, for instance because the separatrix lies in a hyperbolic direction.
We managed to find such a separatrix for a central point, which is drawn in
Figure 4.1. Of course, both central points play a symmetric role, so it suffices
to consider either one of them.
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FIGURE 4.1. The green separatrix, passing through one of the

central points with slope sin(%)(—§ cos(Z)? + 4cos(Z) — 3),
does not extend to a saddle connection.

We are now able to prove Proposition 1.2. More precisely:

PROPOSITION 4.1. — The green separatrixz in Figure 4.1 has a hyperbolic di-
rection.
Proof. — Let us work with the staircase model. Recall that it is affinely equiv-

alent to the double heptagon model. The transition matrix is given by

T:(cos( I)+1 cos(¥ )+1>.

—sin(%) sin(%)

In thls setting, we get Figure 4.2, and the slope of the new green direction is

3 6 1
2a* + La— {5, where a = a3 = 2cos(7).

0.51

0.5 L5

FIGURE 4.2. The same green separatrix in the staircase model
does not extend to a saddle connection.

We apply the continued fractions algorithm to the green direction and notice
that it ends in a periodic sequence of directions, which means that the green
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direction is fixed by a hyperbolic matrix of the Veech group, namely,

—34a® — 26a + 19 22a% + 21a — 14)

a2 —1\2 _
M = Mj;MsMo(M, )" = <_50a2 —41a + 28 35a2 + 26a — 17

It follows that M is hyperbolic (of trace 2+a?) and belongs to the Veech group.
Explicitly,

= () () G 60 G ) G ).

Finally, going back to the Veech group of the double heptagon model we get
that TMT ! fixes the green direction of Figure 4.1, which is then a hyperbolic
direction. ]

It follows from this proof that the central points are not connection points,
since the green separatrix of Figure 4.1, having a hyperbolic direction, cannot
be extended to a saddle connection. This proves Theorem 1.3.

REMARK 4.2. — The green separatrix used for the proof is not the only sepa-
ratrix passing through one of the central points whose direction is hyperbolic.
For example, one could have taken the separatrix of Figure 4.3, which is hyper-
bolic and fixed (in the staircase model) by the matrix SMZMyM;2S~'. Here,

S is the quarter-turn <(1) _01> in the Veech group.

0.5 15

FI1GURE 4.3. Another example of a separatrix whose direction
is hyperbolic and in the trace field.

5. Further directions

In the previous sections, we looked at an algorithm defined for all (2n + 1)-
gons and used it for the case of the double heptagon to show that the central
points are not connection points. One can ask what happens if we look at
double (2n + 1)-gons with more sides. It appears that the same result holds for
the double nonagon. More precisely:
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PROPOSITION 5.1. — The green direction of Figure 5.1 is hyperbolic. Hence,
the central points of the double nonagon are not connection points.

Proof. — The proof is similar to the case of the double heptagon. We work
with the staircase model and use the continued fractions algorithm to find a
separatrix passing through one of the central points whose direction is hyper-
bolic. It appears that the green direction of Figure 5.1, starting at a singularity
with slope a% + 2a4 + 1 and reaching one of the central point is hyperbolic and
fixed by the matrix

2 _
M _ M3M5M72 _ (23014 + 12@4 1 90,4 + 4> 7

das +3 a3 —1
where a4 = 2cos(§), and the M;’s correspond to the matrices of the algorithm
for the double nonagon staircase. Namely:

_(lay . aifl aq (10
M°_<01)’ M5_<a4+1a§—1 - M=) H
1.5 A
1
0.5 -
]I_ DIS 0:5 1 ll5
-0.5 1
_l_

FIGURE 5.1. The green separatrix in the staircase model for
the double nonagon does not extend to a saddle connection.

Conversely, we conducted tests for the double hendecagon but found no
directions with periodic ending. This is closely related to Remark 9 of [13] made
in the setting of A\-continued fractions for Hecke groups, saying that the authors
did not find any hyperbolic direction in the trace field for 11 < 2n+1 < 29. The
interpretation in our setting relies on Veech having shown in [23] that the Veech
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group of the double (2n + 1)-gon is conjugated to the Hecke group Ha,. 13 %.
In fact, other methods still allow to prove that central points of the double
hendecagon are not connection points, this will be shown in a forthcoming
work. See also [2] and [5] for related results.

Moreover, the study of directions in the double heptagon and the double
nonagon has shown that there are either parabolic or hyperbolic directions in
the trace field. However, could there be something else? It is a priori possible
that the algorithm does not terminate for a given direction. In fact, our tests
suggest that this does not happen in those cases, which leads to a precise version
of Conjecture 1.5:

CONJECTURE 5.2. — For the double heptagon and the double nonagon, every
direction in the trace field terminates for the continued fractions algorithm.
In particular, every direction in the trace field would be either parabolic or
hyperbolic.

In fact, this conjecture is also related to a conjecture in [13] about the
possible orbits on Q(2cos(5,57)) U {oo} under the projective action of the
Hecke triangle group Ha,4+1. Once again, the behavior appears to be very
different for the double hendecagon: there seems to be directions in the trace
field that never terminate for the continued fractions algorithm.

Another interesting corollary of this result is related to billiard trajectories
and was suggested to the author by C. McMullen. Recall that the double
heptagon surface arises from the unfolding of the triangular billiard with angles
(5, %, %) The green separatrix in the proof of Proposition 4.1 is the lift of
a vertex-to-vertex trajectory, drawn in Figure 5.2. In particular, there exists
vertex-to-vertex trajectories whose directions are not parabolic (which means

that there also exists a billiard trajectory in this direction that equidistributes).

FIGURE 5.2. The green vertex-to-vertex trajectory on the tri-
angular billiard unfolds to a directional trajectory whose di-
rection is hyperbolic according to Section 4.

3. For k > 3, H, = <((1) _01); ((1) Alk)>, where A, = 2cos()
4. While the Veech group of the 2n-gon is conjugated to a subgroup of order 2 of the

Hecke group Hay,.
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