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ON THE NORMALITY OF SCHUBERT VARIETIES:
REMAINING CASES IN POSITIVE CHARACTERISTIC

BY THoMAs J. HAINES, JoAo LOURENCO anp Timo RICHARZ

ABSTRACT. — We study the geometry of equicharacteristic partial affine flag varieties associated to
tamely ramified groups G, with particular attention to the characteristic p > 0 setting. We prove that
when p divides the order of the fundamental group 71 (Gg4er), most Schubert varieties attached to G
are not normal, and we provide a criterion for when normality holds. Apart from this, we show, on the
one hand, that loop groups of semisimple groups satisfying p | #m1(Ggqer) are not reduced, and on
the other hand, that their integral realizations are ind-flat. Our methods allow us to classify all tamely
ramified Pappas-Zhu local models of Hodge type which are normal.

RESUME. — Nous étudions la géométrie des variétés de drapeaux affines partielles associées a des
groupes G modérément ramifiés, avec un accent particulier sur le cadre de la caractéristique p > 0.
On démontre que, lorsque p divise I'ordre du groupe fondamental 711 (Gg4er), la plupart des variétés
de Schubert ne sont pas normales et nous fournissons une condition nécessaire et suffisante pour que
cela se produise. De plus, nous montrons, d’une part, que les groupes de lacets de groupes semisimples
satisfaisant p | #m1(Gger) ne sont pas réduits, et d’autre part, que leurs réalisations intégrales sont
ind-plates. Nos méthodes nous permettent de classifier tous les modéles locaux de type Hodge au sens
de Pappas-Zhu qui sont normaux.

1. Introduction

Partial affine flag varieties are important objects in arithmetic algebraic geometry for
their intimate relation to local models of Shimura varieties and moduli stacks of shtukas.
They first appeared extensively in the realm of Kac-Moody theory by means of (integral)
representation theory of Kac-Moody algebras. They were later reinterpreted via the theory
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896 T. J. HAINES, J. LOURENCO AND T. RICHARZ

of affine Grassmannians as parametrizing torsors under parahoric group schemes over the
formal disk equipped with a trivialization over the punctured one.

In the works of Faltings [19], Pappas-Rapoport [53], Zhu [71] and Pappas-Zhu [55], the
authors establish several geometric properties of affine flag varieties, such as normality of
Schubert varieties or reducedness of the special fiber of local models, under the following
working hypothesis: the reductive group G over the non-archimedean local base field is
tamely ramified, and the residue characteristic p > 0 does not divide the order of 1 (Gger),
that is, the simply connected cover Gic — Gger Of the derived subgroup of G is an étale
isogeny. The first type of restriction has been substantially lifted in the work of Levin [43] for
Weil-restricted groups, and in [47] for absolutely almost simple, wildly ramified groups. The
second type of restriction is dealt with in this paper, whose main finding can be summarized
as follows: Let F' = k((¢)) be the Laurent series field in the formal variable ¢ with algebraically
closed residue field k of characteristic p > 0. Let G be a tamely ramified connected reductive
F-group, f a facet of its Bruhat-Tits building and a an alcove containing f in its closure.
For each class w € W/ W in the Iwahori-Weyl group quotient, let S, = Sy (a,f) be the
associated Schubert variety in the partial affine flag variety Flg ¢. Note that W/ W is always
a (countable) infinite set when G is nontrivial.

THEOREM 1.1 (Prop. 2.1, Thm. 2.5, Prop. 6.5, App. D). — Assume G is absolutely almost
simple (in particular, semisimple). If p divides #m1(G), then only finitely many Schubert
varieties Sy, w € W/ Ws in the partial affine flag variety Flg ¢ are normal. The non-normal
Schubert varieties are geometrically unibranch and regular in codimension 1, but do not satisfy
the (S2) property, do not have rational singularities, and are neither Cohen-Macaulay, nor
weakly normal, nor Frobenius split.

The existence of non-normal Schubert varieties in bad residue characteristics was first
observed by the second named author. This came as a total surprise to us as these seem to be
the very first examples of non-normal Schubert varieties in the literature. The easiest such
example occurs for the quasi-minuscule Schubert variety inside the affine Grassmannian
for G = PGL,; in residue characteristic p = 2: the complete local ring at the singular point
is isomorphic to the k-algebra

klx,y,v,w]/(vw + xzyz’ v? + x3y, w? + xy3,xw + yv).

This is a surface singularity which is not weakly normal. Its (weak) normalization morphism
identifies with the inclusion map of the subalgebra of k[x,y,z]/(z> + xy) generated
by x,y,v = xz,w = yz (see Appendix B).

The reason why non-normal Schubert varieties must exist can be summarized in a few
lines. Up to translation by a suitable element in G(F) which stabilizes a, we may assume
that Sy, lies in the neutral component of Flg ¢. By [53, Prop. 6.6], the reduction of the neutral
component identifies with that of G4e,, so for this discussion we may assume that G = Gy, is
semisimple. Then one has a map

(11) Ssc,w = Ssc,w (a, f) — Sw (a’ f) = Sw

where S 1s the Schubert variety for w inside Flg,_ ¢ and Gsc — G is the simply connected
cover. The Schubert variety Sy, is known to be normal by [53, Thm. 8.4], and the map (1.1)
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NORMALITY OF SCHUBERT VARIETIES 897

can be shown to be finite, birational and a universal homeomorphism by using Demazure
resolutions. In other words, the map (1.1) is the (weak) normalization morphism of Sy,
just as in the example of the quasi-minuscule Schubert variety above. But the affine flag
variety Flg,_r is reduced as an ind-scheme by [53, Thm. 6.1], that is, equals the colimit of its
Schubert varieties. If all Schubert varieties in Flg ¢ were normal, then these two facts would
imply the map Flg_¢ — Flg s is a monomorphism. By looking at tangent spaces, this is
clearly not true as soon as the kernel of Gsc — G is non-étale, or equivalently, as soon as
p divides #m1(G). We should however stress that the above reasoning only shows that there
are infinitely many non-normal Schubert varieties in Flg f when p divides #m(G).

For the rest of this introduction, we let G denote an arbitrary tamely ramified connected
reductive F-group. Exploiting tangent spaces a bit further, we show that the normality
of Sy, is equivalent to the injectivity of the induced map 7, Sscw — TSy On tangent spaces,
which yields the following key observation:

LEmMA 1.2 (Cor. 2.2). — Letw € W/ W;. If Sy, is normal, then S, is normal for all v < w.

In order to give an effective normality criterion, we are led to a deeper study of tangent
spaces of Schubert varieties for simply connected groups. In this, we recast in Section 4 results
of Kumar [41], Mathieu [50], Ramanathan [58] and Polo [56] in the following fashion.

We lift our whole setting to the Witt vectors W(k) as in [53, §§7-9], and denote by
Ssew C Flg ¢ the lift to W(k) of Ssew C Flg, £ which comes equipped with a section
e:Spec W(k) — S ,, given by the base point. Given any equivariant ample line bundle £
on Flg_ ¢, we obtain the Kac-Moody action of 7, Flg_ ¢ on the vector space I'(Flg_ ¢, £)
dual to I'(Elg__ ¢, £); see Section 5.3.

THEOREM 1.3 (Lem. 5.9). — Assume w € W,g. For any W(k)-algebra R, the R-valued
tangent space
TeSsew(R) = Homyg(e* Qs /wik), R)
identifies with the submodule of T,Flg, _¢(R) consisting of those X such that X ©, lies in the
subspace T'(S, ), £)" ® R, where O € T'(Elg, . L) is the usual theta divisor attached to L,
and ©}. € T'(Elg_ ¢, L)Y is the vector that sends O to 1 and the remaining weight spaces to 0.

This formula can in principle be used to determine whether a given Schubert variety is
normal or not (see Corollary 5.12). We also think that it is of independent interest to have a
good source for this material (some of which was known before in related contexts), and that
having a Witt-vector framework which links to characteristic zero settings would potentially
help in a future classification of all normal Schubert varieties when p | #71(Gger).

It is not clear to us whether tangent spaces of Schubert varieties can be computed
in a characteristic-independent way determined by the characteristic 0 description, see
Remark 4.4 which comments on the argument in [56, Cor. 4.1].

The key to Theorem 1.1 is to show that the tangent spaces of quasi-minuscule Schu-
bert varieties in twisted affine Grassmannians for absolutely special vertices in character-
istic p > 0 are big enough, see Proposition 6.1. Thanks to some elementary observations
(see Lemmas 5.5 and 5.6) the calculation can be reduced to characteristic O where we identify
the tangent spaces with those at minimal nilpotent orbits, see Appendix C. This uses the
exponential map and representation-theoretic methods. For split groups, this relation to
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898 T. J. HAINES, J. LOURENCO AND T. RICHARZ

minimal nilpotent orbits is well known [48, §2.10]. For twisted groups, our method extends
the method from [28, §8] and requires a fine analysis of twisted root systems. As a conse-
quence, quasi-minuscule Schubert varieties are never normal if p | #m1(Gger). From here
we use our key observation in Lemma 1.2 along with combinatorial methods to finish the
proof of Theorem 1.1. In particular, we reprove in Proposition 6.3 some recent results from
[6, Thm. 4.1] for split groups and also extend these to the case of twisted groups.

Let us mention two other contributions of this paper to the understanding of the geometry
of affine flag varieties: reducedness and ind-flatness. As we stated earlier, simply connected
affine flag varieties are reduced and a similar result holds for all semisimple groups G such
that p 1 #m1(G) by [53, Thm. 6.1]. But affine flag varieties of non-semisimple reductive
groups are non-reduced. In [53, Rem. 6.4], it is indicated that the affine flag variety for PGL,
in characteristic 2 is non-reduced. The result below generalizes this.

THEOREM 1.4 (Prop. 7.7, Prop. 7.10). — The partial affine flag variety Flg s is reduced if
and only if G is semisimple and p { #m1(G).

We give two different proofs of this result. If G is split, we use the module of distributions,
that is, higher differential operators of Flg ¢ supported at the origin e, and we prove that
the homomorphism Dist(Flg, . e) — Dist(Flgs,e) is not surjective in bad character-
istic, implying non-reducedness, by essentially analyzing the effect of the multiplication-
by-p map on Grassmannians. If G is tamely ramified, we factor the homomorphism
Resp/rprGsc — Resp/pr G of pseudo-reductive groups as an epimorphism to a pseudo-
reductive group G and a closed immersion whose image is strictly smaller than Respr G—
this works under the hypothesis that G is semisimple and p divides #m1(G). Then we use
the recently developed Bruhat-Tits theory for pseudo-reductive groups from [46] to prove
that Flg ¢ — Flresz,-p66 = Flgs is a closed immersion, but not an isomorphism, for
Lie-algebraic reasons.

Another natural question concerns the behavior of the integral realizations Flg ¢ of the
affine flag varieties over the Witt vectors (or just affine Grassmannians of split groups over
the integers). We are able to show:

THEOREM 1.5 (Prop. 3.4, Prop. 8.8, Prop. 8.9). — The ind-scheme Flg, is ind-flat
over W(k). It is reduced if and only if G is semisimple. In general, the reduced locus (Flg ¢)red
coincides with the union of the integral Schubert varieties S,, = S,(a.f), w € W/ W
Furthermore, for fixed w € W/ W, the following are equivalent:

1. The Schubert variety Sy, over k is normal;

2. its integral realization S, over W(k) is normal;

3. the special fiber S,, ® k is reduced, hence equals Sy,.

The proof of ind-flatness relies on computing the formal completion of the affine flag
variety along the identity section, similarly to Faltings’ work [19]. For this, we compare
the affine flag variety to its flat closure and it suffices, as both are ind-Noetherian, to
show that their functors restricted to strictly Henselian Artinian local rings coincide, see

Lemma 8.6. This can be achieved by translating with the positive loop group and represen-
tative W(k)-sections w of the Iwahori-Weyl group, so that those rings are supported at the
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identity section. Here we employ the fake open cell to reduce the ind-flatness to the cases
of tori and unipotent groups where it is easy to check. The determination of the reduced
locus is an immediate consequence because partial affine flag varieties for semisimple groups
in characteristic 0 are reduced. Finally, the equivalent conditions characterizing normal
Schubert varieties are easily deduced by standard methods, see Proposition 3.4. We also
refer the reader to Appendix B for the calculation of an integral Schubert variety whose
reduction to characteristic 2 is not reduced.

Theorem 1.5 is strongly connected with the theory of local models as follows. Let
F temporarily denote a discretely valued, complete field of characteristic 0 with ring of inte-
gers OF and algebraically closed residue field k of characteristic p > 0, G a tamely ramified
reductive F-group and S a maximal F-split torus of G. For each facet f in the appartment
(G, S, F) associated with S of the Bruhat-Tits building #Z(G, F), we know by [10] that
there exists a canonical smooth, affine group Of-scheme Gy with connected fibers whose
generic fiber equals G and whose O g -valued points fix f. Additionally, Pappas-Zhu [55] have
constructed a smooth, affine, geometrically connected group scheme G, over O [f] lifting
G along the specialization Op[t] — Op, sending ¢ to a preferred choice of uniformizer
w € OF, see [55, Thm. 4.1]. We note that the construction of this group scheme for split
groups is easy and that the essential difficulty lies in its construction for twisted groups,
see [51, Exam. 3.3]. This group scheme is then used together with the Beilinson-Drinfeld
affine Grassmannian [5] to construct so-called Pappas-Zhu local models Ml = M(G, {u}, Gr)
where {u} is a geometric conjugacy class of cocharacters of G. Recall that the reduced
special fiber of a PZ local model is always given by the admissible locus A(G, {u}, Gr) ([30,
Thm. 6.12]), that is, by a certain explicit union of Schubert varieties in the partial affine flag
variety over k.

COROLLARY 1.6 (Cor. 9.2). — Assume p divides the order of 7w1(Gger).

1. Ifevery Schubert variety in the admissible locus A(G, {11}, Gr) is normal, then M is normal
and its special fiber is reduced. This is the case when 1 is minuscule for the échelonnage
roots and £ contains a special vertex in its closure.

2. If any Schubert variety inside the admissible locus A(G, {1}, Gg) is not normal, then M is
not normal and its special fiber is not reduced.

For details on part (1) we refer to Proposition 9.1 below and [31, Thm. 2.1, Rem. 2.2].
Here 1 is the image of a representative of the conjugacy class {i} under the projection
to inertia coinvariants X.(7T) — X« (T);. For (2), suppose one of the Schubert varieties
inside A(G, {1}, Gr) is not normal. Then the irreducible component containing this Schu-
bert variety is not normal as well by our key observation in Lemma 1.2. By comparing the
Pappas-Zhu local model with its normalization (which is the Pappas-Zhu local model of
some z-extension of G), we see that the special fiber cannot be reduced: compute global
sections of line bundles and compare with the generic fiber by flatness. Hence, the Pappas-
Zhu local model itself is not normal and its special fiber is not reduced, see also [31,
Rem. 2.4]. In fact, this nuisance appears even if we assume that {¢} is minuscule but j is
sufficiently large for the échelonnage root system (which is possible if the ramification degree
of G is sufficiently large). More concretely, we give examples with restriction of scalars along
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900 T. J. HAINES, J. LOURENCO AND T. RICHARZ

ramified extensions or for unitary groups along ramified extensions, see Examples 9.3
and 9.4.

Finally, we use Corollary 1.6 to classify in Proposition 9.7 all tamely ramified PZ local
models of Hodge type which are normal. We refer to Section 9 for the definition of Hodge
and of abelian type, and we emphasize that in that section our groups are defined over a
discretely valued complete field of characteristic 0 with algebraically closed residue field of
characteristic p > 0.

PrOPOSITION 1.7 (Prop. 9.7). — Let (G, {u}) be of abelian type with a Hodge central lift
(G1,{p1}), and let My be the PZ local model attached to (G, {1}, Gr,1). Then the following
properties hold:

1. If p > 2 or Gq has no D-factors, then M is normal.

2. If p = 2 and (Gad, {{tad}) is simple of type DE, n > 5, then My is non-normal for all
sufficiently large [1.

3. If p =2 and (Gagq, {taq}) is simple of type D§m+1, m > 2, then My is normal.

4. If p = 2 and (Gaa, {itad}) is simple of type D5, m > 2, and [ is sufficiently large, then

M is normal if and only if G ger = G1 sc.

These realizations are viewed via a Hodge embedding as flat closed subschemes of ordi-
nary partial affine flag varieties for GL,,, as was done in [38]. The upshot is that, for (G, {u})
of abelian type, the Hodge embedding can always be arranged to give normal PZ local
models except in Case (2.). Also note that a Hodge embedding induces a corresponding
closed immersion of the normalized local models only if M[; is normal, but that the corre-
sponding morphism of topological spaces is always a closed immersion.

1.1. Leitfaden (How to read this paper)

Assume char(k) | #m1(Gger). Readers who are mainly interested in the existence and
abundance of non-normal Schubert varieties in Flg ¢ should start with Proposition 2.1,
which gives an elementary criterion for normality in terms of the tangent spaces, and which,
together with its immediate corollaries, quickly shows that “most” Schubert varieties in Flg ¢
are non-normal, once we know there is at least one non-normal Schubert variety (see the
proof of Theorem 2.5). The existence of a non-normal Schubert variety is explained in the
introduction, and an alternative argument can be found in Remark 5.13. Theorem 2.5 shows
more precisely that when G is absolutely almost simple, then Flg ¢ contains only finitely
many normal Schubert varieties. Appendix D proves the equivalence of geometric properties
asserted in Proposition 2.1; the key new ingredient is the proof that all Schubert varieties
are regular in codimension 1. Appendix B works out the equations for the quasi-minuscule
Schubert variety in the already non-trivial case of G = PGL,. This and the above can be
read independently of the rest of the paper.

Our second, more effective, criterion for normality of Schubert varieties is Corollary 5.12,
and this is used to develop an upper bound on the finite set of normal Schubert varieties
attached to absolutely almost simple tamely ramified k((¢))-groups G in Proposition 6.5.
The latter relies on Proposition 6.1 and its corollary which shows that the quasi-minuscule
Schubert variety in an absolutely special affine Grassmannian is non-normal. Much of
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Sections 3-5 feeds into these propositions. Corollary 5.12 expresses the criterion in terms of
negative loop groups and tangent spaces. It is essential for the proof of Proposition 6.1 to
develop both of these directions over the p-typical Witt vectors W = W(k). More precisely,
we construct a smooth, affine group scheme G, with connected fibers over W] lifting
any parahoric group schemes Gr over k[[¢]] (see Lemma 3.1). Their associated Schubert
varieties S, and partial affine flag varieties Fl;  over W are constructed in Section 3;
(these lifts and Section 5 crucially reduce Proposition 6.1 to the characteristic 0 setting).
The negative loop group Ly, G, is defined in Equation (3.12) and its isomorphism with the
“big open cell” in Flg ¢ is proved in Corollary 3.9. With the goal of making Corollary 5.12
applicable, Lemma 5.7 (resp., Lemma 5.9) gives an explicit description of T.Flg__ ¢ (resp. of
its subspace TS ,,)- The latter relies on the comparison with Kac-Moody flag varieties
over W (Proposition 4.5) and an extension of the tangent space description in that setting
(Corollary 4.3) due to Kumar and Polo. Corollary 4.3 rests in turn on Theorem 4.2, which
gives the equations cutting out Schubert varieties under a projective embedding and in one
another, extending results of Ramanathan and Mathieu; Appendix A provides the tech-
nical ingredients of Frobenius splittings for ind-schemes. The cases of non-split groups in
Proposition 6.1 rely on root-theoretic computations for minimal nilpotent orbits done in
Appendix C. Finally, combinatorial results (Proposition 6.3, Proposition 6.4) complete the
proof of Proposition 6.5.

The remainder of the paper concerns reducedness, ind-flatness, and applications to
Pappas-Zhu local models. The criterion for reducedness of LG is proved in Proposition 7.7
(for G split) and in Proposition 7.10 (in general), and this is independent of the other results
in this paper. Similarly independent, the ind-flatness result is proved in Proposition 8.8 (for
Grg,z attached to Chevalley groups G over Z) and in Proposition 8.9 (for Fl; ; attached
to G; over W). Finally, Section 9 deals with applications to local models of Shimura varieties.
Corollary 9.2 makes the connection between properties of local models and the Schubert
varieties in their special fibers, and Proposition 9.7 gives a classification of Pappas-Zhu local
models of Hodge type which are normal. Here we do assume background knowledge from
the literature on local models.
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1.3. Conventions on ind-schemes

We recall some basic results on ind-schemes, see [63, §1] for details. An ind-scheme is a
functor X: AffSch®® — Sets from the category of affine schemes such that there exists a
presentation as functors X = colim X; where {X;};<; is a filtered system of schemes X; with
transition maps being closed immersions. Maps of ind-schemes are natural transformations
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of functors. We denote by IndSch the category of ind-schemes which is locally small (i.e., the
Hom classes are sets). It contains the category of schemes as a full subcategory, is closed
under fiber products and has Spec(Z) as final object. We identify AffSch®? with the category
of rings whenever convenient. Note that every ind-scheme defines an fpqc sheaf on the
category of affine schemes. Moreover, if X = colim; X;, Y = colim; Y¥; where each X; is
quasi-compact, then

Homiypgsen (X, Y) = colim; lim; Homsen (X;, ¥5).

If S is a scheme, then an S-ind-scheme X is an ind-scheme X together with a map of functors
X — S.If § = Spec(R) is affine, we also use the term R-ind-scheme.

2. A normality criterion

Let k be an algebraically closed field, and let F = k((¢)) denote the Laurent series field.
Let G be a (connected) reductive F-group which splits over a tamely ramified extension of F'.

Let f C %(G, F) be a facet in the Bruhat-Tits building, and denote by G the associated
parahoric O -group scheme. The loop group LG (resp. L™ Gy) is the functor on the category
of k-algebras R defined by LG(R) = G(R((?)) (resp. LTG¢(R) = G¢(R[t])). Then
Lt Gy C LG is a subgroup functor, and the twisted affine flag variety is the étale quotient

FIG’f dZEf LG/L+gf,

which is representable by an ind-projective k-ind-scheme. When G is understood, we will
often abbreviate by writing Flf in place of Flg .

Let S C G be a maximal F-split torus whose apartment &« = o/ (G, S, F) contains f. We
fix an alcove a C ./ which contains f in its closure. Fixing also a special vertex 0 in the closure
of a, we may identify ¥ with the vector space X« (S)g, and, following Bruhat-Tits, we obtain
an action of the Iwahori-Weyl group W = W(G, S, F) on « and thus an isomorphism
w S Wag X Q4 where W,g denotes the affine Weyl group and where €2, is the subgroup
of W preserving a. These basic notions related to Iwahori-Weyl groups can be found, for
example, in [54, 61]. The left L™ G,-orbits inside Flg are enumerated by the quotient W/ W,
where Wy C W,y is the subgroup of the affine Weyl group generated by the reflections fixing f.
For each class w € W/ Ws, we define the Schubert variety

Sw = Sw(@.f) C Flgy

as the reduced L™ G,-orbit closure of w-e where e € Flg ¢(k) is the base pointand w € LG (k)
is any representative of the class w. Then Sy, is a projective k-variety. The choice of a equips
the quotient W/ W with a length function / = I(a, f) and a Bruhat partial order < satisfying
dim(Sy) = /(w), and S, C Sy, if and only if v < w for v, w € W/ W, see [60, Prop. 2.8].
Let ¢:Gsc — Gger C G be the simply connected cover. Let T be the centralizer
of § in G (a maximal torus by Steinberg’s theorem) and let Tgey := T N Gger. Then
Sse 1= ¢71(5)° C ¢ 1 (Tger)® =: Ty is amaximal F-split torus contained in a maximal torus
of the group Gy.. This induces a map on apartments <7 (G, Ss¢, F) — &/(G, S, F) under
which the facets correspond bijectively to each other. We denote the preimage of f by the
same letter. The map Gy — G extends to a map on parahoric group schemes Gs. s — Gy,
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and hence to a map on twisted partial affine flag varieties Flg, ¢ — Flg ; onto the neutral
component. We are interested in comparing their Schubert varieties.
The natural map on Iwahori-Weyl groups

Wse = W(Gy, Sse, F) — W(G,S,F) =W
is injective and its image identifies with the affine Weyl group W,g compatibly with the
subgroup Wj. Thus, for each class w € Wi/ Wy we get a map of projective k-varieties

2.1) Ssew = Sse,w(@, f) — Sy(a,f) =Sy

PROPOSITION 2.1. — For each class w € Wyg/ Wy, the following statements are equivalent:

1. The Schubert variety Sy, is normal (resp. weakly normal, resp. (S2), resp. Cohen-
Macaulay, resp. Frobenius split if char(k) > 0).

2. The map (2.1) is an isomorphism.

3. The map (2.1) induces an injective map on tangent spaces at the base points.

Proof. — We will establish the equivalence of the geometric properties listed in (1) in
Appendix D. It remains to show the following implications:

(1)=(2): The map (2.1) is a finite birational universal homeomorphism by [31, Prop. 3.5],
and thus is an isomorphism whenever S, is normal.

(2)=(1): Since G splits over a tamely ramified extension of F, the Schubert variety
Sse,w C Flg, ¢ 1s normal by [53, Thm. 0.2], and so is S,, whenever (2.1) is an isomorphism.

(2)=(3): This is trivial.

(3)=(2): The locus in Sy, where (2.1) is an isomorphism, is non-empty, open and
Lt Gy a-invariant. Thus, it suffices to show that the map of local rings at the base points

0 :=0s,— OSsc,w,e =: Osc

is an isomorphism. Here e denotes the base point of both Flg_ ¢ and Flgs. As (2.1) is a
finite birational map between integral schemes, the map O < O, is a finite ring extension
which induces an isomorphism on fraction fields. Since we are assuming that the map (2.1)
induces an injection on tangent spaces at the base points, we know that it is unramified at
the base points by [1, 0B2G] so that mOy. = my. for the maximal ideals. An application of
Nakayama’s Lemma [1, 00DV (6)] to the finite map O < Os. (both viewed as O-modules)
shows that this map is surjective as well. This finishes the proof of the proposition. O

COROLLARY 2.2. — Let w € Wyg/ We. If Sy, is normal, then S, is normal for all v < w.
Proof. — This is immediate from Proposition 2.1 (3). O

Let us also record the following two useful results. We have an isomorphism W = Wagr X Qa,
where 2, is the subgroup of W preserving a, see Section 6.1. The properties of Schubert
varieties indexed by W reduce to those indexed by Wy, as follows: for any w € W,y and
T € Q,, there is an isomorphism

Swr(a, f) = Sy(a, tf),
where 7f is the image of f under the action of t on facets in the boundary of a.

PROPOSITION 2.3. — Let w € Wy and © € Q,. The following are equivalent:
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1. Swey(a,a) is normal for all n € Wy,
2. Sweno (@, a) is normal for no € Wi such that wtny is right f-maximal;

3. Swe(a,f) is normal.

Proof. — By the above discussion, we immediately reduce to the case T = e. The impli-
cation (1)=(2) is obvious, and the opposite implication follows from Corollary 2.2. For
(2)<(3) we use the fact that the inverse image of Sy (a,f) under the smooth surjective
morphism Fl; — Flg is the Schubert variety Sy;,(a,a). We conclude by observing that
normality is local for the smooth topology, see [1, Tag 034F]. O

LEMMA 2.4, — Let © € 2, For each class w € W,g/ Wi, the (a,f)-Schubert variety
Sw C Flg g is normal (resp. smooth) if and only if the (a, tf)-Schubert variety S,,,.—1 C Flg
is normal (resp. smooth).

Proof. — First note that the class of ¢ - 1 - 7! inside W,g/ Wyt is well-defined where
7, € LG(k) are any representatives. Thus, the (a, tf)-Schubert variety S.,,,—1 is well-
defined. Further, the isomorphism LG — LG, g — tgi~! descends to an isomorphism
Flg ¢+ — Flg, s mapping the (a, f)-Schubert variety S,, isomorphically onto the (a, tf)-Schu-

bert variety S;,,.—1. This proves the lemma. O

Let us state one of the main results of the paper. In this paper, a group will be termed
absolutely almost simple if its absolute Dynkin diagram is connected, and it will be called
absolutely simple if it is absolutely almost simple and adjoint.

THEOREM 2.5. — Suppose G is an absolutely almost simple, semisimple group such that its
simply connected cover is a non-étale isogeny. Then Flg g contains only finitely many Schubert
varieties which are normal.

Proof. — We already stated above that if p divides #m1(Gg4er), then there is at least one
non-normal Schubert variety S, in Flg ¢. Corollary 2.2 then implies there are infinitely many
elements w € W/ Ws such that Sy, is not normal. In fact, as pointed out by a referee, we can
go further and deduce already that there are only finitely many w € W/ Wt such that Sy, is
normal. Indeed, to show this, we can reduce to f = a and w € W,g, and show that given an
element w € Wy, all but finitely many elements v € W satisfy w < v. Foreach s € S,g, the
parabolic subgroup of W,g generated by S,g\{s} is finite, so there is an integer L such that
all reduced words in the alphabet S,g\{s} have length < L. Therefore any reduced word of
length > L, in the alphabet S, contains the letter 5. Write w as a reduced word sy -+ 54.
Then any reduced word v in the alphabet S, of length > Ly, +---+ L;, contains the word
w, in the sense that v > w in the Bruhat order. O

The argument above does not give any explicit indication of how large w must be in order
that Sy, is necessarily non-normal. In Section 6, we give explicit examples of non-normal Sy,
for each absolutely almost simple group G such that p divides #71(Ggqer). Additionally, we
use the intervening material as well as the appendices to give an explicit upper bound (in the
Bruhat order) on the elements w € W/ W such that Sy, is normal (see Proposition 6.5).

Notice that we can easily find semisimple groups which are not absolutely almost simple
whose affine flag varieties contain infinitely many normal Schubert varieties. However, it
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is still true that the great majority of them are not normal: indeed, as soon as all of their
projections to the partial affine flag variety of the adjoint factors of G have sufficiently large
dimension, then the Schubert varieties are not normal.

3. Tame liftings and negative loop groups

In this section, we explain how to lift Schubert varieties from characteristic p > 0 to
characteristic 0, and set the stage for the calculation of tangent spaces.

3.1. Tame liftings of groups

Let k be an algebraically closed field, and let F = k((¢)) denote the Laurent series field. Let
G be an absolutely almost simple, tamely ramified reductive F-group, and assume that G has
the same splitting field as its simply connected group (equivalently, as its adjoint group).
We follow the presentation in [53, §7], but we no longer assume that G is simply connected.
Let F’/F be the tamely ramified splitting field of G. The extension F’/F is a cyclic Galois
extension of degree e = 1,e¢ = 2 ore = 3, cf. [53, §7]. We fix a uniformizer u € F’ such
that u® = ¢, and a generator 1 for the group () = Gal(F’/F). We have tu = { - u where
¢ is a primitive e-th root of unity.

Fix a Chevalley group H over Z together with an isomorphism G @ F' = H Qy F’
compatible with pinnings on both sides. The pinning for G over F is denoted (G, B, T, X),
and for H over Z it is denoted (H, By, Ty, Xg). Here T C G is the centralizer of the
maximal F-split torus S as above, and X (similarly Xz ) denotes the sum of a choice of
root vectors in the Lie algebra of G corresponding to the simple roots A = A(G, B, T)
for (G, B, T). Recall that we fixed an alcove a C &/(G, S, F) containing a facet f in its
closure.

The automorphism id® t of G ® g F’ induces an automorphism o on H ®z F’ which can
be written in the form o = 09 ® v where 09 € Aut(X*(Tx), Ag, X«(Tg), AY;) is viewed as
an order e automorphism of H. Here Ay (resp. A};) denotes the simple roots (resp. coroots)
for (H, Bg, Tw). Explicitly, we have G = Resg/,r(HF/)?. There are identifications of
buildings #(G,F) = %Resp/p(Hp'), F)° = A(Hp:, F')? (see [57, 29]). We fixed a
facet f C B(G, F), which corresponds to o-stable facet in Z(HFp/, F'), also denoted f. The
parahoric group scheme can now be written in the form

(3.1) Gr = (Resgqup/apgHe) .

where Hj is the parahoric group scheme associated with the o-stable facet f C Z(Hp-, F’).
Here (-)° denotes the fiberwise neutral component which only plays a role if G is not simply
connected.

This leads to the identifications of loop groups

(3.2) LG = (LHg@y)® and L*Gr = (LTHp)"°,

where we refer to the discussion below (3.5) for the second equality.

We now lift (3.1) and (3.2) to the Witt vectors. For this, assume that k is of character-
istic p > 0, and denote by W = W(k) the ring of p-typical Witt vectors together with the
natural map W — k. Let K = Frac(W) be the field of fractions. Following the arguments in
[53, §7] (for Iwahori group schemes), or [55, §4.2.2 (a)], we have the ‘parahoric group scheme’
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‘Hy over the ring W[u]| such that Hy ® k[[u]] = Hs. The group H; is by construction ‘hori-
zontal along the W-direction’, so that H; ® K[u] is an Iwahori group scheme of the same
type as Hy (but now the residue field K is of characteristic zero). Note that Hy; ® W((u)) =
H ®7 W((u)). Further, the automorphism z lifts to the automorphism z: W[[u] — WJ[u],
u + [¢]-u where [-] denotes the Teichmiiller lift. Again we have the automorphismo = oy ®1
on Resyyy,p/wi (Hy) so that we can define the fiberwise neutral component (cf. [SGA 3, Vg,
§3] for general base schemes)

(3.3) G & (ReswpywinHo)™.

By [SGA3, VIp, Thm. 3.10], this is a smooth W[[¢]-group scheme with connected fibers such
that G, ®wrr k7] = Gr, and Lemma 3.1 below shows that it is affine as well. We define
G =G, QupyW(?), and H := H; Qg W(u)) = H ®z W((u)). We have by base change

(3.4) G = (Reswquyw)H)’,

and since W((u))/W((2)) is étale the latter is a reductive group scheme over W((¢)) (with
connected fibers).

LEMMA 3.1. — The W([it]-group scheme G is a Bruhat-Tits group scheme for G in the
sense D of [55, Thm. 4.1]. In particular, it is smooth and affine with connected fibers.

Proof. — If G = H is split, then by construction G; = Hy is such a Bruhat-Tits
group scheme, cf. [55, §4.2.2 (a)]. This is the first step in showing that (3.3) agrees with the
construction in [55, p. 180, middle] in general: starting from G, we may follow [55, §4.2]
and construct the group scheme analogous to the one Pappas-Zhu denote as Go = (Gg,)°,
where G, is defined on the bottom of p. 187. We observe the following: if we start from
g# =G, Ow[e].r>p W, Which is a parahoric group scheme in mixed characteristic, and
apply the construction of Pappas-Zhu [55, Thm. 4.1] to it, then we recover the group
scheme G;. We use along the way that there is a canonical identification

G @wKip?] = H ®;K[p¢]
coming from (3.3) or (3.4), that is, under Gal(F'/F) = Gal(K[p%]/K) the Galois actions
on the group Resywp,g/wie(Hy) induced from Gy resp. G agree. O

We define the loop groups as the functor on the category of W-algebras R given
by LwG(R) = G(R(®) (resp. LzG(R) = G¢(R[1])), and LwH(R) = H(R(u))
(resp. LJVﬂf(R) = Hs(R[[u]])). This leads to the identifications

(3.5) LwG = (LwH)° and L{G, = (L{yH)"°.

For the second equality, we note that L@(Resw[[u]] wigHg)® = (L{y'{,ﬂf)" which is a
countably infinite successive extension of the o-fixed points of

Reswu/wigHs ®wiep,o—o0 W

by vector groups which only depend on a neighborhood of the unit section and so are the
same for L‘Sg,gf, cf. [64, Prop. A.4.9, (A.4.11)]. Since vector groups are fiberwise connected,

M As in [55, Thm. 4.1], the reductive group scheme G is defined over W[z, 2 1]. It is more convenient for us to
consider the base change along W[z, 1] — W((z)).
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we obtain the desired equality using that taking fiberwise connected components commutes
with base change, cf. [SGA 3, VIg, Prop. 3.3].

COROLLARY 3.2. — Asgroup ind-schemes LywG @wk = LG compatible with the subgroup
schemes LG ®w k = LT Gy.

Proof. — This is immediate from (3.5) and (3.2). O

3.2. Tame liftings of Schubert varieties

Being ind-schemes, the loop groups (3.5) define fpqc (in particular étale) sheaves on the
category AffSch/W of affine W-schemes.

LEMMA 3.3. — The étale quotient Flg ¢ = LWQ/L&,Qf is an fpqc sheaf on AffSch/W
which is represented by an ind-projective W-ind-scheme. There is an identification

ﬂG’f Rw k= FlG,f-

Proof. — The proof is the same as in [64, Lem. 5.3.2 (i)]: Let 7/ — T be a faithfully
flat map in AffSch/W. Let 7" <~ P’ — LwG be an object in Flg ((7") together with a
descent datum along 7’ — T. By effectivity of descent for affine schemes [1, 0244], the
torsor 7’ < P’ descends to a fpqc-locally trivial torsor T <« P represented by affine
schemes. The map P’ — LwG descends as well because every ind-scheme is an fpqc-sheaf.
By [64, Prop. A.4.9, Exam. A .4.12 iii.(a)] every fpqc-locally trivial Lg;,gf-torsor is étale-
locally trivial. Thus, T <~ P — LwG is an object of Flg; ((T'). Now the representability
of Flg ¢ is a special case of [55, Prop. 6.5] in view of Lemma 3.1. Finally, the displayed formula
is immediate from Corollary 3.2 noting that sheafification commutes with fiber products. [J

We can also provide something close to a lift of Schubert varieties. First, it is well known
that the Iwahori-Weyl group not only does not depend on p but it admits an integral
realization (see [47, Prop. 3.4.1]). Indeed, we have a canonical isomorphism:

N (W) (@))/T WD) = NG(@)/ T kD) = W,

where N is the normalizer of S in G and its underlined counterpart is its canonical lift to a
closed subgroup of G. For any representative w € N (W(k)((¢))) of w € W/ W, we denote
by S, = S, (a,f) the scheme-theoretic image of the morphism L+Qa — Flgr. g g-i-e.

PROPOSITION 3.4. — For any w € W/ Wy, the W(k)-scheme S,, = S,,(a,f) is projective,
integral, geometrically unibranch and flat over the base. The following are equivalent: the
map Sy, — S, ® k is an isomorphism; S,, ® k is reduced, S, is normal.

The latter properties hold whenever p { #71(Gg4er) and only very rarely otherwise.

Proof. — We may and do assume that w € W,g. Projectivity follows from the existence
of Demazure resolutions (see [53, Eq. (9.18)]), whereas being integral and flat over the base
follows from the similar properties for the smooth finite type quotients of the positive loop
group LT G, For the remaining claims, we consider the morphism

(3.6) N =Sew@f) — S,@f)=35,.

Lsc,w
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As for S¢,,y — Sy, this can be shown to be finite, birational, and a universal homeomor-
phism (see [31, pf. of Prop. 3.5]). Moreover, we know that S ,, is geometrically normal
over W(k) and that its special fiber is nothing more than Sy 4,, by [53, §9]. Hence S, is at
least geometrically unibranch.

Suppose now that Sy, is normal. The scheme S, is reduced, hence has a normalization,
which can be identified with the canonical morphism ¢: Sy, ,, — S, from (3.6). The
canonical closed immersion Sy, — §,, ® k fits into a commutative diagram

a
Ssew — = Sy

|

Seew®k =5, ®F.

Lsc,w

The map a is an isomorphism since Sy, is normal, hence b is a closed immersion. The map c is
therefore fiberwise a closed immersion and a homeomorphism, hence is by Nakayama’s
lemma a closed immersion of reduced schemes. It follows that ¢ is an isomorphism, and then
the diagram shows that S,, = S, ® k.

On the other hand, if S, ® k = S,,, equivalently, the special fiber S, ® k is reduced, then
we have an equality

dimg H°(Sy, LY) = dimg H°(Ssew. LY)

for any ample line bundle £ on S, and N > 0 sufficiently large, by transporting the claim
to the generic fiber using flatness. This implies that the map Ssc,y — Sw 1s an isomorphism
and thus S,, is normal, so that we are done. O

REMARK 3.5. — Assume Sy, is normal, so that, as above, S, is normal. In this case, one
can show more generally that the formation of S, is compatible with arbitrary base change,
in the following sense. Let Z be any W(k)-scheme. Then S, 7 := S, Xspec(w(k)) Z is equal
to the scheme theoretic image of the map

(3.7) L4G, , — Flgez, bsb--ez,

where ez denotes the base point in Flg ¢ , := Flg ¢ Xspec(w(x)) Z. The main ingredient in
the essential case of f = a is the fact that, if r,, : Dy — S, is the Demazure resolution,
the formation of z,, ,Op, commutes with arbitrary base change, cf. [19], [22, Lem. 3.13,
Prop. 3.15 ff].

3.3. Negative loop groups

We continue with the same notation and assumptions. The base point 0 € &/ (H, Ty, F')
defined by H ®z OF/ is invariant under the Galois group, and defines a special point also
denoted 0 € &7(G, S, F) (because by construction oy preserves the pinning (G, B, T, X)).
After conjugation by an element in W,g, we may assume that the alcove a contains 0 in its
closure, and lies in the chamber defined by the Borel By .

We adapt the notion of the negative loop group from [11, §3.6] to our set-up as follows: the
Iwahori H, corresponds now to the Borel subgroup By C H, more precisely, H, is the Néron
blow up (resp. dilatation) of H ®7 Op- in B®zk, cf. [51, Exam. 3.3]. Welet B)f = Ty x Uy’
denote the opposite Borel subgroup. The negative loop group is the functor on the category
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of W-algebras R given by Ly H(R) := H(R[u"']). We define Ly H :=ker(LyyH — Hw),
u~! = 0, and further we define strictly negative loop group

Ly Hy = Ly H x Uply,
which is a subgroup ind-scheme of the ind-affine ind-scheme Lw H over W. Finally, for the
facet f contained in the closure of a, we define the strictly negative loop group

N def —
(3:8) Ly He = () (L Ha).

wEWH’f

where Wg ¢ denotes the subgroup of the affine Weyl group Wy . corresponding to the
unique facet containing f C «/(H, Ty, F’); see the beginning of Section 2. As H is split,
each element w € Wg 4 has a representative in w € H(W((u))). We set

Y(Lyw Hy) =1 (Ly H,)-w~' C LwH,
and the intersection (3.8) is taken inside LywH. The strictly negative loop group has the

following key property.

LEMMA 3.6. — Themap Ly Hy — Lwﬂ/Lgfvﬂf, h™ v h™ -e is representable by a quasi-
compact open immersion.

Proof. — Equivalently, we have to show that the multiplication map
(3.9) Ly He x LiiHe — LwH
is a quasi-compact open immersion (to check the equivalence we use that Lgfvﬂf — Spec(W)
is fpqc, and that quasi-compact immersions are of effective fpqc descent [1, 02JR, 0246]).

This in turn is equivalent to being representable in schemes by a finitely presented étale
monomorphism (see [23, Thm. 17.9.1]). This was already known in the case f = 0 (see [30,
pf. of Lem. 3.1]) or working over a field (see [11, pf. of Prop. 3.7.1]).

The representability follows by writing the morphism as a composition of a closed immer-
sion

Ly My x LiiHy — LwH x LiH,
followed by the group multiplication
LyH x L — Ly H

which is representable, because the functor L@Vﬂf also is. For finite presentedness, we simply
observe that both Ly Hy and LwH / LQ’Vﬂf are of ind-finite type.

Next we show that the map is a monomorphism, that is, that the finite type W-group
subscheme

Ly He 0 L Hg

of LwH equals its unit section. We can do this in two different ways: either check it on
both fibers, see [11, Prop. 3.7.1], which implies that the defining ideal is p-divisible and
p-power torsion, hence trivial; or we check that its field valued points are trivial, again by
[11, Prop. 3.7.1], and that its Lie algebra with coefficients in any W-algebra R vanishes.

Actually, we are going to show more generally that we have a triangular decomposition

Lie Ly Hg @ Lie L, H; = Lie Ly H.
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This can be easily calculated using our choice of pinning (especially if f = a or 0); comp. [11,
Prop. 3.6.4]. Alternatively, we can observe that we have equalities

(3.10) LieLiH, = Y “(Lie L{iH,)
weWp ¢

(3.11) LieLy M= (| “(LieLy H,)
weWn ¢

almost by definition. This reduces the decomposition to the case f = a, where it is clear.
Indeed, for the purposes of reducing general facets to alcoves, we can further decom-
pose into Ty -weights and the intersections of Lie LwU, for any root subgroup U, with
a Wpg g-conjugate of Lie LJVﬂa (respectively, Lie Ly, H,) are totally ordered by inclusion,
so their sum (respectively, intersection) equals one of them (respectively, its complement),
comp.[11, Prop. 3.6.4]. Note that formation of the Lie algebra commutes with (completed)
base change for all functors under consideration. Finally, it is enough to remark that this
decomposition implies étaleness of the original map, via translating back to the origin (here
we must use that all functors are formally smooth). O

REMARK 3.7. — Wecould have also argued via a bundle interpretation as in [30, Lem. 3.1]
by constructing an appropriate opposite parahoric group scheme over W[t ~!]. This is done
in [47, Def. 4.2.8, Cor. 4.2.11].

We now want to descend the result.
LemMMA 3.8. — The subgroup ind-scheme Ly Hy C LwH; is o-invariant.

Proof. — As the base point 0 is o-invariant, one finds that the subgroup Ly H is
o-invariant. The o-invariance of the alcove a C </ (H, Ty, F’) implies that the opposite
unipotent radical Uy g.w 18 o-invariant. Note that o acts on Ugr g.w through the automor-
phism oy. The lemma follows from the Definition (3.8) using the o-invariance of f. O

We define the twisted strictly negative loop group as
(3.12) Ly G, € (Ly Hp)™®.

COROLLARY 3.9. — Themap Ly Gy — LWQ/LQg,gf = Flg & > g -eisrepresentable
by a quasi-compact open immersion.

Proof. — As in the proof of Lemma 3.6, it is enough to show that the multiplication
map Ly Gg Xw L{yg,gf — LwG is a quasi-compact open immersion. There is a Cartesian
diagram

Ly He xw LM, LwH

I I

(L He)” xw (LyjyHy)” —— (LwH)° .

where the horizontal maps are given by multiplication, and the vertical maps are the canon-
ical closed immersions. As the top arrow is an open immersion by Lemma 3.6, the bottom
arrow is an open immersion as well. The corollary now follows from (3.5), (3.12) by passing
to neutral components. O
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4. Kac-Moody flag varieties and projective embeddings

In this subsection, we aim at generalizing Ramanathan’s methods [58] via Frobenius
splitting to gather information on the homogeneous ideals that define Kac-Moody Schubert
varieties inside projective spaces or their Schubert overvarieties. We will also follow the
treatment of Mathieu and use some ideas of [S0]. An important result for us is Corollary 4.3
which gives a formula for the tangent spaces of Schubert varieties in arbitrary characteristic.
All Kac-Moody algebras below are assumed to be symmetrizable.

Let us start by recalling the definition of a (symmetrizable) Kac-Moody algebra. These are
(mostly infinite-dimensional) Lie algebras g over C associated to symmetrizable generalized
Cartan matrices, i.e., finite integer-valued square matrices A = (a;;) with q¢;; = 2 and
ajj < 0,1 # j, which become symmetric after multiplication by an invertible diagonal
matrix, see [36, §1.1]. To that end, one starts with the notion of a realization (§, IT, ITV) of
the given generalized Cartan matrix, consisting of a finite dimensional C-vector space b, a
linearly independent set of roots ; € h¥,i = 1,...,n and coroots h; = & € b such
that (o, ;) = a;; and dimbh = n + corankA, see [36, §1.1]. Then, we extend the abelian
Lie algebra h to a Kac-Moody algebra g by freely adding generators e;, f; for each positive
simple root o; and then by imposing the relations: [k, e;] = «;(h)e;, [k, fi] = —ai(h) fi,
lei, fi] = 6ijh, ad_“ff+1(ei)(ej) = 0 and similarly for f;, f;, cf. [49, p. 16-17].

We have root and coroot lattices Q = Y 7_; Za; € hY, OV = Y 7_; Zay C h. It turns
out that g factors into a sum of weight spaces

g= @ga

acdU0

for the adjoint action of h. Here ® C Q denotes the root system of g, for which the «; form
a basis (see [36, Thm. 1.2] for these assertions). It admits a natural partition into real roots,
that is, those that are conjugate to a positive simple root under the Weyl group, and imaginary
roots, i.e., the rest of them. Note that there is a triangular decompositiong =n & h dn_,
where n4, resp. n— denotes the sum of all positive resp. negative weight spaces; we denote
by b the positive Borel subalgebra. Finally, we fix once and for all a weight lattice P C hY
and a coweight lattice PV C b given by taking Z-duals, such that there are inclusions of
abelian groups @ C P and QY C PV such that the latter is saturated (that is, with flat
cokernel), compare also with [49, p. 16].

Consider the category O of finitely generated g-modules which decompose into h-weight
spaces and whose finitely generated n-submodules have finite dimension as vector spaces.
We have a highest weight module V(1) with maximal dominant weight A € P for the
Bruhat order. This arises as the unique irreducible quotient of the universal Verma module
(g) ®s(p,) Ca. The extremal weights of V(1) are the conjugates wA of the highest weight
under the Weyl group action and they have multiplicity 1. Demazure modules are the cyclic
b4+ -modules generated by V(1) ;.

In order to study arithmetic related to Kac-Moody algebras and groups, Tits introduced
a Z-form 4Uz(g) of the universal enveloping algebra and a fortiori a Z-form gz of the Lie
algebra. In [49] and [50], Mathieu uses this to define a certain ind-affine Z-group ind-scheme
® whose Hopf algebra of distributions supported at the origin (also known as the hyper-
algebra) is given by the completion ﬁz(g) of 4z (g) for the obvious descending filtration
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(compare with [50, Lem. 2, Lem. 3]). It comes equipped with a canonical maximal split
torus T corresponding to hz, as well as a positive Borel subgroup B+ = T x YT containing
it. Let us mention that 87 is an affine, non-finitely presented, flat, closed subgroup scheme
of & with underlying hyperalgebra given by ﬁz(bﬂ. The fppf quotient § := & /B is repre-
sentable by a reduced ind-projective Z-ind-scheme. It is known as Mathieu’s flag variety
associated to the Kac-Moody algebra g (together with the rest of the chosen data). Given
an admissible set J C [ of positive simple roots (i.e., such that the subgroup Wy gener-
ated by the corresponding reflections is finite), we can associate to it a standard parabolic
subgroup ‘,B}“ = £ X il}r containing B+ as a closed subgroup scheme. We have a partial
flag variety §; := &/97, which is still representable by an ind-projective Z-ind-scheme.
For each w € W/W;, we may consider the Schubert variety &,,,; € Fs obtained as the
scheme-theoretic image of the orbit map B+ — F;,b — b -1 - e, where e € F(Z) is the
base point and W € &(Z) some representative of the class w. It is a fundamental theorem of
Mathieu [49] and Littelmann [44] that the &,, ; are geometrically normal over Z, i.e., the
structural map S, — Spec(Z) is a normal morphism in the sense of [1, 038Z].

Next we are going to introduce the negative (resp., strictly negative) parabolic subgroups B
(resp. 4;), seemingly a novelty in the literature: in [50, p. 45], Mathieu mentions that 7 is
not defined. We will define 7 and 4, using Gy-actions on &. We refer the reader to [62]
or [15, §2.1] for basic facts on G,-actions. We will freely use the notation X+ (resp. X,
resp. X °) asin [62] (and [29, Section 2] for ind-schemes) to denote the attractor (resp. repeller,
resp. fixed point) ind-scheme of an ind-scheme X over Z equipped with G,-action. We use
similar notation applied to functors which are not known to be ind-schemes. (We empha-
size that the superscripts +, — already appear in connection with subgroups generated by
positive or negative affine root groups. We hope that this will not cause confusion: we will
eventually show that the different superscript meanings are compatible with each other.)

Let us define B and 4. Fix any dominant p: G,z — %, which is J-regular, i.e., whose
composition with the positive simple roots « in J (resp. I \ J) is zero (resp. strictly positive).
As a functor, 7 is given by the repeller locus of u acting via conjugation on &, whereas
its unipotent radical [} is the strict repeller, i.e., the fiber over the identity section of the
map B; — &° given by evaluation at ¢ = oo, where &° denotes the sub-functor of
fixed points for the Gp-action. Note that &° C 97 and we have a semi-direct product
decomposition P; = &° x U7 of group functors.

LeEMMA 4.1. — The negative unipotent subgroup X5 is representable by an ind-affine closed
subgroup ind-scheme of & of ind-finite presentation, which does not depend on the choice of the
dominant, J-regular cocharacter ju. The multiplication morphism {7 x ‘B}' — & is a quasi-
compact open immersion.

Proof. — We consider the Gy-action on §y induced by w. The action is Zariski locally
linearizable in the sense of [62, Thm. 1.8] and [30, Thm. 2.1] for ind-schemes (implying
representability of attractors, repellers and fixed points). We consider the ind-closed embed-
ding §5 — P(V(1)z), where A is an integral dominant J-regular weight; comp. Theorem 4.2
below. The embedding is Gp-equivariant when equipping P(V(1)z) with the linear action
induced by the adjoint action of Gy, via u on the Weyl module V(1) given as the
image of Uz(g) ®u,p,) Za in V(L) (for suitable integral structures). So any ind-affine
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Gm-stable open cover of P(V(1)z) yields one of § ;. Moreover, we observe that the identity
section e € Fj(Z) is scheme-theoretically an isolated fixed point because the same is true
in P(V(1)z), as is seen by considering the action of the dominant, J-regular cocharacter p
on the line spanned by the highest weight space in V(1)z. So the fiber U of §; — § over
the identity section e is equal to the open non-vanishing locus of the section vy’ € T'(F;, £)
killing all the non-highest weight spaces, where £ is the pullback of the line bundle O(1)
on P(V(X)z); comp. also Corollary 4.3 below.

We return to the ind-affine group scheme &. It has a Gp,-stable presentation by affine
schemes &,, ;, which are ‘B}“-torsors over Sy,,7, so [62, Lem. 1.9] applies to show that
U5 C P C & are representable by closed immersions. We have ° D £; and we claim that
&° = £;. We verify the equality first at the level of k-valued points, where k is any field: by
the Bruhat decomposition, any g € &°(k) lies in some double coset ‘Bj (k)u')‘,B} (k) with the
lift v normalizing ¥. As ‘If} C &1 we deduce that w € & (k). The resulting morphism

(4.1) pibp ™ = (¥ G — @

takes values in the closed subscheme ¥w and extends to A}( = Gmxr U {0} because
W € &T. On the other hand, 1 u™" extends to A} exactly when it is trivial, which
happens when w € W by regularity of x. This shows that g € BT (k) = £;(k) x U7 (k),
which in turn implies g € £ (k), since the 11}' (k)-factor contracts to the identity. This shows
&°(k) = £ (k) as desired. In particular, the natural map ° — §; factors through . Since
the scheme-theoretic fixed points of the G,-stable open neighborhood U of e € §; coincide
with the origin section e, it follows that ° C ‘B}L, the fiber of & — Fs above e. But
‘,Bj =£5 X 114]' and the limit when ¢ = 0 of the attractive uj is the identity, so this implies
6° = £, and thus P; = £, x U7,

Before proceeding, we calculate the k-valued points of U7 for any field k. Set G = &(k),
PF =PF(k), Ly = £5(k), UF = UF(k), Uy = Uq(k) for real roots . Then the Birkhoff
decomposition [65, Prop. 3.16] reads

4.2) G = || ojywr}.
weW;\W/ W,

where Q7 C Pj is the subgroup generated by L; and the U, with o being J-negative. (Here
a J-positive real root is a positive real root in which at least one simple root «; in I\ J appears
with positive multiplicity; a J-negative real root is the negative of a J-positive real root.) We
claim P; = Q7. Indeed, if P; were different from Q7, then it would intersect w P} with
w ¢ L. But this is impossible as 7 maps to the contracting open 20, whose unique fixed
point is the identity. In particular, U; is generated by the U, for all J-negative real roots
a. Also, using the existence of Zariski local sections of & — F;, see [50, Lemme 7], we get
that §; (k) = G/P}, and hence (4.2) implies that U; maps bijectively to (k). Indeed, an
element of the form ywe € G/PJ+ with y = ul € Py = Uj L can only contract to e under
the Gy-action if w € Wy, and then ywe = ue.

Finally, in order to show that {7 x ‘,BJJF — & is a quasi-compact open immersion, it suffices
to see that 4, — 2 is an isomorphism. Since we already know from the paragraph above that
itis a universally bijective monomorphism, it is enough to show that {7 — 2 is representable
by a smooth morphism. Let ‘B}L (n) C iB}r be the subgroup generated by the root groups
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associated with J-positive roots of height at least n € N. The Gy,-equivariant map of ind-
schemes &/ ‘ﬁ; (n) — § is affine (in fact a torsor for a finite-type group scheme over Z, since
J is admissible), so the source has a Zariski locally linearizable G,-action. We see using (4.2)
that the injection P; — (& /ﬂj)_(k) is bijective using the following steps. First, note that
the pre-image of Y(k) = U, along (6/&;)(]{) = G/ UJJr - Fsk) = G/PJJr coincides
exactly with P; = Uj L. Second, we observe that P, C (& /ﬂ}r)_(k) and the latter is
stable under left multiplication by P} . Third, we notice (& /u}’)_(k) maps to Y(k) ~ Uy,
because otherwise (4.2) implies that (& /ﬂ}r)_ would have non-empty intersection with the
Gm-stable closed subscheme w£; of & /il‘JIr forw ¢ Wy, whereas w £y has empty fixed points,
because it does not meet £; = &° when regarded as a subscheme of &.

Using the above, we see (& / ‘Is}L n)- — (& /u}L)— is universally bijective because the fiber
of &/ ‘I?JJF (n) > & /11}' over the identity equals il}' / ‘,BJ} (n) and intersects trivially with the
repeller; in other words, because B; — P7UF /BT (n) N (&/P} (n))™ is an isomorphism.
By [30, Lem. 2.2], the morphism (Qj/i}i?;r n)~ — (6/5.1;)_ is also smooth, thus necessarily
¢tale (as the geometric fibers are singletons), so it must be an isomorphism by [1, Tag 025G].
We claim that this yields an isomorphism 5 = (& /il}r)_ in the limit. For this, we pass
to Gy,-stable scheme presentations of the ind-schemes. So we consider the closed subscheme
®, C & obtained as pullback of &, C Fs along the projection & — F;. We have
isomorphisms

®y == lim (@ /P (1) = (Bu/85)",

where the second follows from the previous identification for fixed n (so all transition maps
are isomorphisms), and the first from the fact that &,, = lim,>; &,/ ‘BJJF (n) [50, Lem. 3]
and that attractors commute with cofiltered limits of schemes along affine maps. Indeed,
passing to an affine cover, the claimed commutation follows from the induced Z-gradings
commuting with filtered colimits of rings. Taking now colimits for varying w, we get the
claimed isomorphism P, = (& /il‘;)_, so the projection B — 9 is representable by a
smooth surjection. This finishes the proof of the lemma. O

For each J-regular dominant weight A, we may consider the line bundle £(1) := & Xt Z_,,

obtained from the natural B} -bundle & — F; via the character —A of P (compare with
[49] and [50], which use the opposite sign convention). This is a very ample line bundle on § 5
and we have a natural identification between I'(§ s, £(1))" := colimyew;w, I'(Sw,s. £(1))"
and the canonical Z-form V(1)7 of the highest weight module: indeed, at each finite step,
the submodule I'(&,,,7, £(1))Y is identified with the integral Demazure module V,,(1)z,
see [49, Thm. 5].

Finally, we recall that these constructions exhaust after linearization the Picard group
of § 7, by virtue of the isomorphism Py /Py ~ Pic(§ ), where Py ={A € P |/\(a}’) =0VjelJ}
(see [49, Prop. 28)).

The following result goes back originally to [58] in the case of classical flag varieties, by
using the relatively new at the time method of Frobenius splitting. Credit is also due to
Mathieu for showing the existence of an ind-splitting of the diagonal of the flag variety (see
[50, Prop. 1]). We are pretty convinced that Littelmann’s path model also yields the same type
of results, see [44].
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THEOREM 4.2 (Ramanathan, Mathieu). — Given an ample line bundle £ of &, the corre-
sponding morphism &, — P(I'(Sy,, £Y)) is a closed immersion defined by quadrics. Moreover,
the closed immersion &, — Gy, u < w is linearly defined with respect to £.

Here we allow w = oo to get the entire partial affine flag variety S = §.

Proof. — The statement refers to the behavior of the graded algebra I'(&,,, £°) and its
graded module I'(&,,, £°) as in Definition A.5. By upper semicontinuity, it suffices to base
change to any positive characteristic p field k. Since every ample line bundle on &,, extends
to 6, we are reduced to showing, by Proposition A.4 and Proposition A.6, that the compat-
ibly ind-split &, € &,, C G satisfy: the diagonal Ag_, is compatibly ind-split with &2_;
the partial mixed diagonals Ag_, X G, G0 X Agos Gw X As,, and &, x Ag_, are simul-
taneously compatibly ind-split with &3_. We may and do assume J = @ by pushing forward
the splitting along the obvious projection.

For this, we need the convoluted flag varieties G(’;(o" = BooX... XBo = & xXB+ ... xB+ F.
Note that herein we have convoluted Schubert varieties Sy, ;... .w, := Gw, X ... XSy, which
are all compatibly Frobenius split, as one can observe by using appropriate Demazure reso-
lutions (see [50, Lem. 9, Lem. 10]). In particular, under the natural isomorphism & 5;} ~ 6%,
given by (my, ..., m,), where m; denotes the product of the first i coordinates, the diagonal
As,, is identified with G ; (compare with [50, Prop. 1]), and the partial mixed diagonals
Ago, XBoo, 16SP. Goo X Ag,, 1€8P. Gy X Ag, reSp. 6, X A, are identified with Geo, 1,00,
resp. Soo,00,15 I€SP. Su,00,1, 1SP. Sy 00,1- L]

The following corollary gives an explicit formula describing the tangent space, which goes
back to work of Kumar [41] in characteristic 0, and Polo [56] for classical flag varieties.

COROLLARY 4.3 (Kumar, Polo). — Let k be a field of arbitrary characteristic. Let A be any
fixed J-regular dominant weight, with associated ample line bundle £ := £()A). The k-vector
space T,Gy 7 ® k consists of all X € T,Fj & k such that Xv) € Vi (A).

Proof. — We start by noticing that {47 becomes naturally identified with the distinguished
open subset D (v)) € § associated with the dual section v}’ € T'(Fly, £) killing all weight
spaces different from V(1)) = kv,. Indeed, this is a consequence of [41, Lem. 8.3].

By Theorem 4.2, the closed immersion ) ; = &y, N 4U; — U7 is defined by the
coeflicients ¢¢, where £ € I'(§s,£) ® k runs over all vectors perpendicular to Vi, (A)k
and @g(u) = &(uv,) (see also [56, Prop. 3.1]). Given a tangent vector X € T,§; @ k =
T.47 ® k, one can check that it lies in 7,8, ® k if and only if the associated distribution
of k[7] := Liglk[u;,, ;1 kills all the ¢¢ designated above. Representing X by a k[e]-valued
point u of 47, we get

pe(u) = §(uvy) = e§(Xvy).
The right side is obviously zero for all £ if Xv, € Vi, (1) and the converse follows from the

isomorphism V(1)) = I'(37.£) ® k/Vy (A)IJ{. This proves our description of the tangent
space (compare our argument with Polo’s [5S6, Thm. 3.2]). O
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REMARK 4.4. — Polo claims in [56, Cor. 4.1] that the dimension of 7,&,,,; ® k does not
depend on p = char k. He invokes the fact that 7.4(; has a natural Z-model given by n7 ,,
whereas the integral model Vi, (1)z of Vi, (1) is a direct summand of the model V(1)z
for V(A)r. Now the independence of p of the tangent space dimension is equivalent to the
flatness of the cokernel of n;, = V(A)z/Vw(A)z, X — Xv,, or equivalently the saturated-
ness of its image. An argument for this is missing in the proof of [56, Cor. 4.1]. It would be
interesting to clarify this point. This result has at least been invoked in [41, Rem. 8.10] by
Kumar in order to generalize his smoothness criterion to positive characteristic.

Assume g is an affine Kac-Moody algebra, that is, the corank of the corresponding
generalized Cartan matrix is equal to 1. These are classified by affine Dynkin diagrams and
admit very explicit realizations as some mildly modified loop algebras or their fixpoints under
order 2 or 3 automorphisms, see [36, §7-8]. More explicitly, the quotient of [gc, gc] by its non-
trivial center (this is a phenomenon particular to infinite-dimensional Kac-Moody algebras)
can be identified with the graded Lie algebra of the group scheme LwG ® C constructed
in (3.4) for a given embedding K = FracW < C, where G is the only simply connected
absolutely almost simple semisimple group over & ((¢)) having the same affine Dynkin diagram
as g. Under this correspondence, the Borel subalgebra b is mapped to the Lie algebra of G,
and every standard parabolic p; to the Lie algebra of G, f for some facet f; in the boundary
of a. We also pick the usual weight lattice P in the Cartan subalgebra f. We have the following
important comparison result, which can be found in [53, §9.h] in a weaker form (see also [72,
§2.5] for an exposition).

PRrROPOSITION 4.5. — Let k be an algebraically closed field of positive characteristic with
ring of Witt vectors W = W(k). There are natural isomorphisms

PrOW=LEG, xGY' and &®W = LyG x G,

inducing an equivariant isomorphism§ ;W = Flg ¢ compatible withi; ®W-e = Ly G £, ¢

Here the hat loop groups are the central extensions of the respective loop groups by Gy,
given by parametrizing pairs (g, &) of group elements g and isomorphisms a: g*O(1) = O(1),
where O(1) is the generator of Pic(Flg 4), see [47, Eqn. (4.3.29)]. In fact, in place of a gener-
ator, we may use any line bundle of a partial affine flag variety with central charge 1. The
rotation Gy, is induced by automorphisms of the formal disk R[[u] (as opposed to R[[¢]).

Idea of proof. — First of all, we construct the isomorphism ‘}3}' QW =~ L{y"vgfj x Gt
This essentially amounts to verifying that their algebras of distributions match (see either
[53, §8.d] or [47, Thm. A.2.4]).

Next we identify the Kac-Moody setting Demazure varieties ® 3 with those denoted D
above, in the natural way, induced by the twisted product decomposition in terms of
parabolics for the left side and jet groups for the right side. By means of a topological
argument, we can now get an equivariant identification &,, = S, (a,a) (see [49, Lem. 32,
Lem. 33] and compare them to the references in the previous paragraph). This yields the
desired equivariant identification of full flag varieties § ® W = Fl; ,, as both are geometri-
cally reduced over W, and then of the partial counterparts by taking quotients.
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Now we deduce & @ W =~ LV\TQ x G°'. Consider the BT -bundle &,, over &,, obtained
as the affine hull with respect to &,, of the canonical BT -bundle over the Demazure
variety D, see [49, Ch. XI]. Here, the affine hull of a morphism f:Y — X is the factor-
ization Y — Spec fxOy — X, where the middle object is the relative spectrum of the
quasi-coherent Oy —a/lge\bra f+Oy. By the universal property of the relative affine hull, we

geta BT @z W =~ L{fvga x Gl -equivariant morphism towards the preimage of S, (a, a)

in @ X G;‘;}W, which then must be an isomorphism. Taking direct limits now recovers the
isomorphism  ® W = LG x GIX,.
Finally let us prove 4; ® W = L\?V_Qf, inside LwG. First we note that 4; ® W lies

in LW/E by naturality of strict repellers, because any J-regular dominant coweight u has
positive image in GJ3*'. Recall from the proof of Lemma 4.1 that (7 (k) is generated by the
J-negative real root subgroups, and thus 47 (k) maps into Ly; G, £ (x) for any algebraically

closed field «k which is a W-algebra. Now the composition 4; @ W C @ — LwGisa
(representable) quasi-compact monomorphism of reduced ind-schemes. Since Ly 9, is a
closed sub-ind-scheme of LwG, we obtain a map p:4U; @ W — LG, £ which is a quasi-
compact monomorphism. Now consider the commutative diagram of ind-schemes

closed

IwG <= L @W "2, 5, 0W

— |» |=

closed _ open
LwG <= LG, — " Flg ;.

ce

The right square implies that p is an open immersion. Since ¢! U;0W) = U7 ®W><Gm"§v§, is
closed in I@, fppf (or smooth) descent for closed immersions implies that p is a closed
immersion as well. Since 4; ® W is non-empty and Ly; G £ is connected, the map p is an
isomorphism. U

REMARK 4.6. — The above picture extends to the integers Z (in other words, to the wildly
ramified cases) by work of the second-named author, resting on complicated group-theoretic
constructions described in [47, §3, App.].

REMARK 4.7. — For any algebraically closed field & which is a W-algebra, we can iden-
tify 47 (k) = L@_ij (k) inside LwG (k), by means of a combinatorial argument. For this,
recall that 47 (k) is generated by the J-negative real root subgroups it contains. The fact
that L@‘Qb (k) shares the same generation property is more or less implicit, though seem-
ingly never explicitly proved, in Kac-Moody theory (compare with [68, App. 2] and [70, §1.3,
§4]); we will give a proof, for general J, for completeness. First of all, assume that J = @,
so that f; = ais an alcove. Let S be a maximal k((¢))-split torus of G whose corresponding
apartment contains a, and note that Ly G, (k) = S(k) x Ly G, (k) fits into an adequate
Birkhoff decomposition by [33, Prop. 1.1] which we can compare with the induced Birkhoff
decomposition on LwG coming from (4.2) for the Kac-Moody group in the case J = @
(this is legitimate because the two groups differ by at most Gy, -factors in the maximal torus).
Write g € Ly, G, (k) as wwb withu € Uy and b € L\;g,ga(k); we see that w = 1 and b lies
in Ly G, (k)N ng,ga(k) = 1 (recall Corollary 3.9). This proves Ly; G, (k) = Uy, hence the
generation result for the left hand side. In general, the subgroup Uy is the semi-direct product
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of U; and the group generated by all negative real root groups containedin L; € LQ;\(,Q £ k),
so theinclusion Ly;"Gy (k) € Uy and the triviality of the intersection LG, ¢, Ly Gy, force
the desired equality L‘_)V_ij (k) =Ujy.

REMARK 4.8. — If we transport the Gy,-action on & given by a J-regular dominant
weight to LG, we can almost immediately deduce that L+QfJ is the attractor locus and
Ly G, £ is the strict repeller locus. Suffice it to say that our proof of Lemma 4.1 was heavily
inspired by the dynamical method of [15, §2.1] and should be regarded as an infinite-
dimensional generalization thereof.

5. Tangent spaces at base points

Here we combine the results from Sections 3-4 to give an effective criterion for the
normality of Schubert varieties in Section 5.4. With a view toward a future classification
of all non-normal Schubert varieties, we state our results over the ring of p-typical Witt
vectors, which provides a possibly useful link between the characteristic p and character-
istic O settings.

5.1. Preliminaries on tangent spaces

We start with some general properties of tangent spaces of (ind)-schemes over a general
base equipped with a section.

DEerINITION 5.1. — Let § be a scheme and X be a sheaf of sets on the category
of S-schemes equipped with x € X(§). The tangent space T X of X at x is the sheaf
which associates an S-scheme T to the pre-image p, !(xr) of x7 € X(T) induced by x
along the map p, : X(T[¢]) — X(T). Here by definition T [¢] = T x Spec Z[¢] where &2 = 0.

If X is representable by a scheme, our tangent space coincides with the (implicit) definition
of Demazure-Gabriel (see [17, 11, §4, Cor. 3.3]):

PROPOSITION 5.2. — Let X — S be a scheme endowed with a section x: S — X. For
any S-scheme T, there is a natural bijection of sets Ty X(T) = Homo, (x}Qx,/7,.07). In
particular, Ty X(T) has a natural structure of a U(T, Or)-module.

Proof. — Since S is an arbitrary scheme, we reduce to the case S = T. To give
f eTyX(S), i.e,, a morphism f:S[¢] — X compatible with x, is the same as to give
an S-derivation d: Ox — x,Og: since |S[e]| = |S| on topological spaces, such an f is the

same as a morphism of sheaves of rings /#: Ox — x4Os[s) = xxOs ® £x4xOg. The compat-
ibility with x implies /# = x* + edy and it is easily verified that dy € Ders(Ox, x+Oy) is
an S-derivation. We thus get natural bijections

T, X(S) = Ders(Ox, x«0s) = Homoy (Rx/s. x4O0s) = Homog (x*Qyx/s, Os),

where the second identification is [1, 01UR], and the last identification is the adjunction. [

Hence, if T = Spec(R) is an affine scheme, then 7, X(R) is an R-module by the preceding
proposition.
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COROLLARY 5.3. — Let Rbearingandi : (X, x) — (Y, y) be a monomorphism of pointed
R-schemes. Then the induced homomorphismiy: Ty X(R) — Ty Y (R) of R-modules is injective.
Ifi is an open immersion, then this homomorphism is bijective.

Proof. — This is immediate from the definition, and the fact that monomorphisms are
formally unramified, and open immersions are formally étale (see [23, Prop. 17.1.3.(1)]),

combined with the exact sequence i *Qy/r — Qx/r — Qx/y — 0. O
COROLLARY 5.4. — If X = colimX; is a strict pointed ind-scheme over R, then
TxX =colim Ty X; (here TyX; = 01if x & X;(R)) is an R-module independent of the

chosen presentation as a strict ind-scheme.
Proof. — This is immediate from Corollary 5.3. O

It is worth noting that the tangent space does not commute with base change in general,
whereby we mean the equality 7, X(R) ® R R’ — T X(R’) for all R-algebras R’, but we still
have the following:

LEMMA 5.5. — Maintain the notation of Proposition 5.2, and suppose moreover that X — S
is of finite type and that T = Spec R is a Dedekind scheme. Then, for all R-algebras R’, the
canonical homomorphism Tx X(R) g R’ — Ty X(R') is injective. Moreover, it is bijective for
all R-algebras R’ if and only if x*Qx g is torsion-free.

Proof. — We may assume S = T and hence that X — S is of finite presentation. After
localizing, we can write x*Qx/g = R" @ M where M is a (finitely generated) torsion
module, cf. [1, 01V3]. Let X’ := Xp/ with induced section denoted x’. Since x*Qy//gr =
R™® (M ®g R') by[l,01UV], we get

TeX(R') = Hompg (x"*Qy, /. R') = R™ & Homg/ (M &g R', R).

Using Homg (M, R) = 0 (because R is torsion-free), the lemma follows. This also shows that
bijectivity is equivalent to Homg (M, R’) = 0 for all R-algebras R’, which in turn amounts
to asking M = 0 by Nakayama’s lemma. O

LEMMA 5.6. — Supposei: (X, x) — (Y, y) is a closed immersion of pointed ind-schemes of
ind-finite type over a Dedekind ring R. Then the cokernel of isx: Ty X(R) — T, Y(R) is a flat
R-module.

Proof. — By Corollary 5.4, we may and do assume that X and Y are finite-type schemes.
After localization, we may also assume that R is a discrete valuation ring with uniformizer 7.
Assume thereisa v € T),Y(R) \ Ty X(R) such that 7v € Ty X(R). By Corollary 5.3 and
Lemma 5.5, we have injections

TxX(R)/nTxX(R) C TyX(R/nR) C TyY(R/mR).

Since 7v = 0in T}, Y (R /7 R), we get v € wTx X(R), i.e., the existence of some w € Tx X(R)

such that rw = nv. As T, Y(R) = Hompg (y*Q;,/R, R) is free of finite rank (so in
particular R-torsion free) by the proof of Lemma 5.5, we reach a contradiction. This proves
the lemma. O
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5.2. Tangent spaces of affine flag varieties

Let us give a description of the tangent space of the affine flag variety. We proceed with
the assumptions and notations of Section 3, except that we will henceforth often abbreviate
L3 G, etc, by omitting the subscript W and writing L™~ G, etc. In what follows, b (respec-
tively L~h, respectively uy ) denotes the Lie algebra of H (respectively L™~ H, respectively
UgP) taken over W(k).

LEMMA 5.7. — For the tangent space at the base point e € Flg ¢(R) with values in a
W(k)-algebra R, one has as R-modules

TeElg¢(R) = T.L™"Gy(R) = ( N w((L__b)®u;}’)®R) -

weWp ¢

This is a free R-module and its formation commutes with arbitrary base change.

Proof. — By Corollary 3.9, themap L™~ G, — Fl;, g +— g-e is representable by a quasi-
compact open immersion. This immediately implies

TeFlg ¢(R) = TeL™"G(R) = To(L™"Hy)° (R).

Using that T,(-) commutes with taking fixed points (-)° and intersections, the corollary
follows from Definition (3.8).

Next we observe that the R-module T.Flg ¢(R) is projective, as the o-averaging map
furnishes a retraction to its inclusion in the free module

(| “(L7hduy)®R.
wWeWq ¢
(Note that the order of o (which is e) is a unit in W(k), hence in R as well.) A similar
argument shows that the tangent space is compatible with base change, i.e., the natural
map T.Flg ¢(W(k)) ® R — T.Flg ¢(R) is an isomorphism for all W(k)-algebras R (use the
o-averaging retraction applied to the obvious equality in the split case). Hence it suffices to
observe that T, Flg ¢(W(k)) is free, which follows from Kaplansky’s theorem, because W(k) is
local. O

ExAMPLE 5.8. — Assume that f = 0 is the base point of &/ (G, S, F) which is an abso-
lutely special vertex. Recall that absolutely special vertices exist for all quasi-split groups by
[28, Lem. 5.2]. In this case, L™~ G = (L™~ H)%° so that we obtain

T.Flg(R) = (L h ® R)” = P (6 ® Ru™"])°.

i>1

(Here R[u~"]is just notation meaning the R-span of the monomial u~".)
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5.3. Tangent spaces of Schubert varieties

Within this subsection, we additionally assume G to be simply connected. By Proposi-
tion 4.5, there is a canonical isomorphism of W-ind-schemes Fl;; =~ §; ® W inducing
isomorphisms of integral Schubert varieties S,, = &,, ® W for all w € W/ W;. Given any
ample line bundle £ on Flg ¢, it admits a unique equivariant action of @ , which in partic-
ular naturally acts on I'(Elg ¢, £) := colimy, I'(S,,, £)". Restricting this action to L™~G,
and taking the tangent spaces at base points, we obtain the action of 7, Fl;  on I'(Flg ¢, £) V.
Under the isomorphisms in Proposition 4.5, this is nothing but the Kac-Moody action used
in Corollary 4.3.

LEMMA 5.9. — The R-valued tangent space T,S,(R) identifies with the submodule
of TeFlg ¢ (R) consisting of those X such that X®©}. liesin T'(S,,, L), where ® € T'(Elg ¢, £)
is the usual theta divisor attached to L with support given by the complement of L™~ G - e and
®Y denotes the unique element in the dual weight space sending the theta divisor to 1 and all
other weight spaces to 0.

Proof. — Now that we have defined a general notion of tangent spaces for any ring R,
we can repeat the proof of Corollary 4.3 for arbitrary R, using the isomorphism
U; ® W-e = L77G, - e from Proposition 4.5. O

5.4. Application to the normality criterion

Let us now turn to our effective criterion for normality, namely Corollary 5.12 below. Let
G be a tamely ramified, absolutely almost simple, semisimple F-group which has the same
splitting field as its simply connected cover Gsc — G. The set-up of Section 3 applies to both
groups Gy, G and we use it to determine the kernel of the map Flg_ s — Flg s on tangent
spaces at the base points, cf. Corollary 5.12.

We proceed with the notation of Section 3. The map Hy, — H on Chevalley groups
extends to a map on parahoric k[u]-group schemes Hs. ¢ — H¢. This induces a map on
strictly negative loop groups L™ Hsc ¢ — L~ Hg over k, and hence a map on twisted strictly
negative loop groups

(5.1 L™ " Gsex — L™ Gs.

(In this subsection, we abbreviate the functor L, ~, which has the meaning analogous to Ly,
by L~~.) We want to determine the kernel of (5.1). There is a central extension of flat affine
Z-group schemes

l1—>Zyg > He—> H —> 1,

where Z g is a suitable gg-invariant subgroup of the center of Hy.. Then Zy is a finite flat
Z-group scheme of multiplicative type which is étale over Z(,) if and only if p { #Zg = #m1(G).

DEerINITION 5.10. — Let Z be the kernel of G;c — G. The strictly negative loop group
for Z over k is the subgroup functor of LGy defined as

def

L7 £ (L7 Zy)*° C (LHy)° = LG.

Note that L=~ Z is representable by a closed subgroup ind-scheme of LGy.
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LEmMA 5.11. — There is a short exact sequence of group functors
1> L "Z— L  Ger— L Gt
Proof. — Clearly, there is a short exact sequence | - L™~ Zyg — L™ Hy — L™ H.

Using that U ;’II:C = Uy for the opposite unipotent radicals and that Wy, ¢ = W ¢ in (3.8),
we obtain a short exact sequence

1 — L__ZH — L__Hsc,f — L__Hf.
The lemma now follows from Definition (3.8) by passing to o-invariants (which is left exact)
and by taking neutral components. O
By Corollary 5.7, we obtain a k-vector subspace
TeL__Z C Te L__gsc,f = TeFlec,f,
where e € Flg,, (k) denotes the base point. Recall from (2.1) that there is a map of Schubert
varieties Sse,py = Sse,w (@, f) > Sy (a,f) = Sy, for each w € W/ Wr.
COROLLARY 5.12. — For each class w € W/ Wk, the following are equivalent:
1. The Schubert variety Sy, C Flg ¢ is normal.
2. One has
(T.L™"Z)N (TeSsc,w) =0
as k-vector subspaces of T,Flg,_ 1.
Proof. — By Proposition 2.1, part (1) is equivalent to ker(7 Ssc,y — TeSw) = 0 where e

denotes the base point of both Flg f and Flg ¢. Lemma 5.11 implies that there is an exact
sequence of k-vector spaces

0—>T L™ Z —> T, L Gsg = Te L™ Gy,
so that ker(Te Ssc,y = TeSw) = (Te L™~ Z) N (T¢Sse,w)- This proves the corollary. O]
REMARK 5.13. — By [53, Thm. 0.2], the ind-scheme Flg_¢ is reduced so that
Flg,. f = colim,, Sscw 1s a presentation. Thus, Corollary 5.12 shows that, if L™ Z is

non-trivial, there are infinitely many (a, f)-Schubert varieties inside Flg ¢ which are not
normal, hence not weakly normal, not Frobenius split and not Cohen-Macaulay.

6. Towards a classification of normal Schubert varieties

Let k£ be an algebraically closed field of characteristic p > 0, and let G be a tamely
ramified, absolutely simple group over F = k((¢)). Examining the tables in [8, Ch. VI,
Planche IX] and [67, §4], here is the list of all such pairs (G, p) such that p | #m,(G). Split
groups:

— type Ay, n>land p|n + 1;
— type By, n > 2and p = 2;
— type Cp,n >2and p = 2;
— type Dy,n >3 and p = 2;
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— type Eg and p = 3;
— type E7and p = 2.

The split groups Eg, F4 and G, have connection index 1, and hence are excluded from the
list. Twisted groups:

— type B-C,,n >3 and p|2n, p # 2 (even unitary);
— type C-BCy,n > 1and p|2n + 1 (odd unitary);
— type F} and p = 3 (ramified Es);

— type GI and p = 2 (ramified triality).

The twisted orthogonal groups C-B;,, n > 2 are excluded by our tamely ramified hypothesis.

The methods developed in the preceding paragraphs allow us to give a quantitative
criterion for the normality of Schubert varieties in general partial affine flag varieties, see
Propositions 6.4 and 6.5. The key input is the computation of the tangent spaces of quasi-
minuscule Schubert varieties in twisted affine Grassmannians for absolutely special vertices
in Section 6.1. In Section 6.3 we discuss the example of PGL, in characteristic 2 which is
much easier. In general the classification of all finitely many normal Schubert varieties in
the flag variety for each pair (G, p) in the above list seems to be a challenging problem, see
Section 6.2 for some further discussion.

6.1. Absolutely special vertices

We proceed with the assumptions and notations of Section 5.4. In particular, G is a tamely
ramified, absolutely almost simple, semisimple F-group which has the same splitting field as
its simply connected cover Gsc — G.

We further assume f = 0 is the fixed absolutely special vertex in 27 (G, S, F). Our aim is
to give an effective criterion for the normality of (a, 0)-Schubert varieties inside the neutral
component of the twisted affine Grassmannian Gr := Flg . For this, we study the tangent
spaces of (a, 0)-Schubert varieties inside Gry. := Flg,, 9. The LT Gy 5-orbits inside Gry
are enumerated by the set Wog/ Wy = X« (Ts);, the coinvariants under the Galois group
I := Gal(F'/F) where F'/F is the splitting field. For each i € X«(Ts)s, we denote
by Sse,i C Gry the corresponding (a, 0)-Schubert variety. In view of Corollary 5.12 we have
to determine exactly those ji € X4 (Ty)s such that (Te L™~ Z) N (TeSse,z) = 0 inside

(6.1) T.Grs = @(bsc[u_i])a,

i>1

cf. Example 5.8 (in particular note that he[u~"] is just our notation for u~'h). Our
normality criterion rests on the following key calculation.

PrOPOSITION 6.1. — Let it € Xi«(Tso);r be the unique B-dominant, quasi-minuscule
element. Then

TeSsc,[L D) (bsc[u_l])a
as k-vector subspaces of (6.1), and equality holds if char(k) = 0.
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Proof. — For the proof of this inclusion, we may and do assume char(k) = 0 by
Lemmas 5.5 and 5.6 combined with Proposition 3.4, all applied to the normal Schubert
variety S ;. The equality follows then from our work with minimal nilpotent orbits in
Appendix C, which extends previous results of [48, §2.9] and [28, §8]. (Note that i = 6V,
where 6 is the highest root in the échelonnage root system for G; see [27] and Section 6.2.)
For convenience of the reader, let us just note that the inclusion 7, S5,z D (hsc [u_l])‘T
is much simpler—and this is all we will need to prove the important Corollary 6.2 below.
Indeed, the intersection of both sides is certainly non-trivial, as we see by looking at the
(a, 0)-Schubert variety Sy, for the affine simple reflection w = s9. Moreover, both tangent
spaces carry an action by the split group He?. Now we use that the right side is an irreducible
Hg°-module: this is obvious in the split case, because we get the adjoint representation; in
the twisted case, it is proved in Proposition C.1, Proposition C.2 and [28, Lem. 8.4]. O

COROLLARY 6.2. — If p | #m1(G), then the quasi-minuscule Schubert variety inside Grg is
not normal.

Proof. — Let 3y denote the Lie algebra over k of the kernel Zy of Hy, — H; cf.
Section 5.4. Note 3y is nonzero since Zg is not étale over k by assumption. Combining
Proposition 6.1 with Corollary 5.12 (2), it is enough to show that the subspace
Gau™')° C (hse[u™1])? is non-trivial. If G is split, so that ¢ acts trivially, then 35 [u~!] is
clearly non-trivial. If G is non-split, we go through the possible types for H listed in the
beginning of Section 6. First for simplicity assume G, and hence H, is adjoint, so that Zg is
the center of Hy. and 3 is the center of by, that is, the kernel of the adjoint representation,
see [14, Prop. 3.3.8 ff.]. If H is of type A, then 3 is spanned by the element

n
Z ia).
i=1
Then we notice the congruence n + 1 —i = —i modulo p and use that &) + o, ,_;
and u=! — —u~! under o. If H is of type Dy, then oy permutes the roots as follows:
a; > o3 > ag = ap, ap = oy, It follows that 3z contains in characteristic p = 2 the
element
of + ey + 7 %ay,
which becomes o-invariant after multiplying by u~!. Here ¢ is a primitive 3rd root of unity
in the notation of Section 3.1. To check the containment, multiply the Cartan matrix by
the column vector (1,0, ¢ -1 4 ~2) and show that the sum of the entries in each row vanishes
modulo 2. Finally in the E¢ type, a similar argument in characteristic p = 3 shows that 35
contains
o) + 20y — 20 —a.
To show that this element becomes o-invariant after multiplying by u ™!
oy <> ¥ and u! + —u~! under o. This proves the corollary in the adjoint case.

To handle the general non-split cases where H is of type A,, note that 35 # 0 must be
the entire 1-dimensional center of hy.. In type E¢, the group Zy is a non-trivial subgroup of
the center Zg . = ju5 of Hy, hence equal, so that G must be adjoint in this case. If H is of
type D4, then the center of Hc is ZH,, = Jiby X iy, With Lie algebra 3. = k@k. The order 3
automorphism oy preserves Zg, and acts on 3g . (up to choice of basis) by e; > e + ez,

use that o) < oy,
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e = e1.Nowif 1 C Zg C Zpg, were op-invariant and non-étale, then Zg =~ ju, (use
Cartier duality), and hence oy acts trivially on Z g (since Aut(ju,) = 1). In this case oy would
fix a vectorin 3., = k @k, a contradiction. It follows that only Zy = Zg_ occurs so that G
must be adjoint in this case as well. This proves the corollary. O

Using the absolutely @ special vertex 0 € a, we identify o7 = &/(G, S, F) with X.(T)s g,
where I = Gal(F/F). Recall that the Iwahori-Weyl group W acts by affine linear transfor-
mations on «7. We use the Bruhat-Tits convention: 1 € T (F) acts by translation by —«7 (¢) @,
where k7: T (F) — X«(T)j is the Kottwitzhomomorphism constructed in [39, §7]. Following
[27, Prop. 13, Lem. 14], we get isomorphisms

W S Wag x Qa = Xo(T) x W,

where €2, is the subgroup of W preserving a, where the map Normg T (F) — X« (T); x Wy
extends k7: T(F) — X«(T);. In particular, we have the group embedding X.(T); — W
denoted v +> ¢V where t” is characterized by the property k7 (V) = v (if T is split,
t’ = v(t) mod ker(k7)). According to the Bruhat-Tits convention, the element ¥, and
hence v, acts on &/ by translation by the image of —v in X (7")7 x. We may view W, as the
Coxeter group generated by the reflections through the walls of a. Using the isomorphism,
we transport the Bruhat order on Wy x ©, to one on W; this induces the Bruhat order
on W/W,. Our choice of embedding X (7T); <> W induces a well-defined bijection of
sets Xu(T)r = W/ Wy, and we consider the transported Bruhat order on X, (7);. We are
going to need the following combinatorial description of the Bruhat order on X, (7T);, which
can be found in [6, Thm. 2.5] for split groups.

Recall (cf. [27]) that W, = W,g(X) for the échelonnage roots ¥ = (G, S, F); these
have the property that the hyperplanes annihilated by the affine roots ®.¢(G, S, F) of Tits
[67, §1.6] are in bijection with those annihilated by the affine functionals of the form 8 + n
for B € X,n € Z.Let QV = Z[XV] be the échelonnage coroot lattice; it may be identified with
X« (Ts)r. In what follows, all finite and affine roots mentioned will be échelonnage (affine)
roots. Let CT be the Weyl chamber in ./ which contains a and has apex 0. We say a finite
root B (resp., affine root 8 +n) is positive (and write 8 > 0, resp., B +n > 0) if it takes positive
valueson C (resp., a). Recall that W,y is the Coxeter group generated by the reflections sg4,
in the simple positive affine roots 8 + n.

ProrosITION 6.3 (Besson-Hong). — Given two coweights A, u € X«(T)p, the inequality
A < wholds if and only if A — u € QY and there is a sequence of coweights p; € X«(T)y such
that o = W, iy = A and satisfying the following: there is a positive root o; such that either
Mit1 = pi — ko with0 <k < {0, ;) or piy1 = pi + ko with0 < k < —(et;, ju; ).

It was already well-known that, if A and u lie in a common Weyl chamber, then the Bruhat

order described above coincides with the usual dominance partial order with respect to the
given Weyl chamber (cf. [59, Lem. 3.8, Prop. 3.5], [6, Thm. 4.1]).

@ For this discussion, any special vertex will do.
3 More precisely, it acts by the image of this element in X« (7")7 gr; recall X+« (7")7 might have torsion.
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Proof. — By definition A < y if and only if #* < ¢# in the Bruhat order on W/ Wj. Let
wy, € W be the minimal length element in ¥ Wy. The Bruhat order on W/ W, is generated by
the following relation between w,, w, for pairs of distinct elements v, v’ € X, (T)s: there is
an affine reflection sg 4, with B 4+ n positive such that

Wy’ > SB4pn Wy

in the Bruhat order on W, and sgy,wyWy = w,Wy; (when this happens we write
wy Wy > sg1nwy Wy). This is the same as saying that sg, (—v') = —v, and the point —v’ +0
and the alcove a are on opposite sides of the affine hyperplane Hg,, thatis, —(8,v') +n < 0.

Therefore, t* < t* if and only if A — 1 € QY and there exists a sequence of reflections
si = Sgyn,, 0 =< i =< r— 1,8 + n; > 0), such that as elements in X«(T);r
we have —puo = -, — 4 = —A = s,-1---50(—u), and where, for each i > 0, if
—Wi 1= 8i—1+--So(—po), then —(B;, u;) + n; < 0. Of course, we may assume (Lo, ..., U has
no repetitions.

By definition —p;+1 = s;(—u;), that is,

—iv1 = =i — ((Bi, =) +ni) By’

Because B; + n; is a positive affine root, we have n; > 0andn; =0 = §; > 0.

(1) If ; > Othenn; > Oand piy, = p; — kP where k = (Bi, i) — n;. Note
that 0 < k < (B;, ;). Seta; = B;.

(2) If i < Othenn; > 1,and pi+1 = p; + k(—=p;)", where k = (B;, u;) — n;. Note
that 0 < k < —(—Pi, ). Set a; = —P;.

Conversely, given the positive root «; and integer k satisfying the given restrictions, we may
define the positive affine root ; + n; using (1) or (2), for which we have —(8;, u;) +n; <O0.
O

In the following we apply this to uniformly bound the subset of normal Schubert varieties
for absolutely almost simple semisimple groups such that p | #m1(G), that is, for those
semisimple groups G such that Gy — G is a non-étale isogeny.

PROPOSITION 6.4. — Let G be an absolutely almost simple semisimple group whose simply
connected cover is a non-étale isogeny. Then the set of & € QY such that S, is normal is finite.
More precisely, it is contained in the finite complement of all A € QY such that A > —26",
where 0 denotes the highest root for the échelonnage root system (G, S, F).

Proof. — We start by observing that —26" is bigger than 6" . Indeed, — (0, —260") = 4 and
thus 8 = —20Y + 36V is less than —26" for the partial Bruhat order, see Proposition 6.3.
By Corollary 2.2 combined with Corollary 6.2, this gives the proposition as soon as we know
that the complement of {A € Qv | A > =26V} in QV is finite.

Suppose C; and C; are two adjacent closed Weyl chambers such that C; lies in a minimal
gallery connecting the dominant Weyl chamber to C,. Then there is a positive root « such
that the wall of the reflection s, bounds C; and C,, in such a way that C; lies on the
nonnegative side with respect to «o. In particular, if A € Cy, then s,A € C; and the inequality
sqA < A holds, again by Proposition 6.3, as («, 1) > 0.
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Let QY denote the dominant elements in the coroot lattice QY. The above argu-
ment reduces us to considering only antidominant A, that is, to showing that the set
{A e QY | —A # —Ao} is finite for any fixed 1o € QY. We will show the equivalent state-
ment that {A € QY | A # Ao} is finite. Dominance ensures we may write A = ) n;a;” and
Ao = Y noia), where nj,ng; > 0foralli. Writing A = > n;or” and Ao = ) n; o), it is
enough to prove that forall j, n; < 2" max;{no;} whenever A # Ao, where r is the number of
nodes of the Dynkin diagram for X (G, S, F). In this case, by Proposition 6.3 there is some i
such that n; < ng;. For j # i,setr;; = —(ozi,oz]\.’) € Z. Assuming «; is adjacent to «; in
the Dynkin diagram, r;; > 1. By the dominance of A, we see that 2n; — r;jn; > (;, A) >0,
which implies n; < 2n; < 2max;{ng;}. Repeating this argument shows n; < 2" max;{n¢ }
for all j because the Dynkin diagram for X (G, S, F) is connected. O

6.2. General facets

Here we keep virtually all notation introduced in the previous section, in particular we
require G to be absolutely almost simple, but we no longer assume that f = 0. We rather
assume that f and 0 are subfacets of the dominant base alcove a. For any A € X,.(T)y,
let w? (resp. w;) denote the maximal (resp. minimal) length element in t*W,. Let 6 be the
highest échelonnage root of G. Then i = 6V is the unique quasi-minuscule coweight for
the échelonnage root system X (G, S, F). Fix any regular antidominant element § € X, (T');
such that § > 6V in the Bruhat order on X, (T);.

PROPOSITION 6.5. — Lett € Qa. All but finitely many elements of the form xt € Wygt/ W
satisfy Xt = wg_gv T in the Bruhat order on W/ Wk, and for any such element Sy (a,f) is not
normal if Gsc — G is a non-étale isogeny.

Note that this proposition proves Theorem 2.5.

Proof. — We can immediately reduce to the case t = 1. Since § is regular antidominant,
we see easily that wg_gv > w? > w?” in the Bruhat order on W,g. Indeed, since § is regular
antidominant we have t* = w? (it is known that (t*w) = 1(t)—I(w), Yw € Wy, bye.g.,[34,
Prop. 1.23]). The element =" sy € W acts on <7(G, S, F) by the simple affine reflection s,
and so 1%s9(a) = 199" sy (a) is separated by a wall of type so from 7% (a), with % (a) closer to
the base alcove (remember that ¢ acts by translation by the regular dominant vector —§). So
1(t%s9) = 1(t%) + 1. It follows that 15y = ws_gv, and from this that w® < wlsy = ws_gv.
Finally, observe that § > 6V is equivalent to wg > wgv, which is equivalent to wé > wb”.

Since Sgv (a, 0) is not normal (when Gy — G is non-étale), we deduce that S, o (a, a) is

not normal, hence also Sy (a,a) is not normal whenever x > wg_gv in the Bruhat order
on Wa,g.

Finally we prove that all but finitely many x € W,g satisfy x > ws_gv. By the proof of
Proposition 6.4, all but at most finitely many A € QV satisfy wy > ws_gv. For any w € W
and any such A, we have t*w > ws_gv. We are done. O
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6.3. The example of PGL,

Our methods allow us to give a complete classification of normal Schubert varieties
for PGL, in characteristic 2. In this subsection, let k be a field of characteristic 2.

LEMMA 6.6. — The quasi-minuscule Schubert variety inside the affine Grassmannian
for PGL, is not normal. More precisely, an open affine neighborhood of the base point is
isomorphic to the spectrum of the k-algebra

klx,y.v,w]/(ow 4+ x2y2, 0% + x?y, w? + x>, xw + yv).

Proof. — Since 2 divides #m1(PGL,) = 2, the non-normality is a special case of Corol-
lary 6.2. It remains to prove the displayed formula for the coordinate ring. By putting
v=xz,w = yz, this k-algebra identifies with the subalgebra of k[x, y,z]/(z?> + xy)
generated by x, y, xz, yz. Now the lemma follows from the calculations in Appendix B, see
Corollary B.2. O

Let Fl := Flpgy, a be the affine flag variety. For each w in the Iwahori-Weyl group W, we
denote by Sy, C FI the associated (a, a)-Schubert variety.

COROLLARY 6.7. — For w € W, the Schubert variety Sy, is normal if and only if
dim(Sy) < 2 in which case it is smooth.

Proof. — After possibly multiplying w € W with an element in the stabilizer of a, we
may and do assume that w € Wy, i.e., Sy, lies in the neutral component of Fl. The affine
Weyl group W,y is the free group with generators so, s1 and relations s3 = s? = 1. Here
so 1s the simple affine reflection, and s; the simple finite reflection. Consider the projection
w:F1 — Gr := GrpgL,, a smooth proper morphism of relative dimension 1. Let S, C Gr
be the quasi-minuscule Schubert variety, which is not normal by Lemma 6.6. Hence, the
Schubert variety n_l(Su) = Sw, w = 51508 is not normal. By Corollary 2.2, all other
Schubert varieties S, with v > w are not normal as well. In particular, all Schubert varieties
with dim(Sy) > 4 are not normal. If dim(Sy,) < 1, i.e, either w = 1, or w = s¢, Or
w = s1, then Sy, is clearly smooth, hence normal. In order to treat the remaining cases where
dim(Sy) = 2 or dim(Sy) = 3, we observe that the (a, a)-Schubert variety Sy, is normal
(resp. smooth) if and only if the (a, a)-Schubert variety S,,,,—1 is normal (resp. smooth)
where t € W is the non-trivial element in the stabilizer of a, see Lemma 2.4. We have
Twt !l = 5150 forw = sgs; and twr ™! = 505150 for w = 515051 Hence, both 3-dimensional
Schubert varieties are not normal as argued above. One of the 2-dimensional Schubert
varieties is the preimage in F1 of the translated to the neutral component minuscule Schubert
variety in Gr. Hence, both 2-dimensional Schubert varieties are smooth. This proves the
corollary. O

COROLLARY 6.8. — A Schubert variety in the affine Grassmannian for PGL, in character-
istic 2 is normal if and only if it is at most 1-dimensional, in which case it is already smooth.

Proof. — This is immediate from Corollary 6.7 by considering the smooth projection of
relative dimension 1 from the affine flag variety. O
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6.4. Some remarks on the classification

Our methods from Section 6.1 do not apply to the case of special, but not absolutely
special vertices. This is only an issue in the case of odd unitary groups of type C-BC,,
n > 1 with p|2n + 1. In this case, there are up to G,4q(F)-conjugation two types of special
vertices, where exactly one of them is absolutely special, see [28, §5]. Here separate methods
seem to be required to calculate the tangent space of the quasi-minuscule Schubert variety
in the corresponding twisted affine Grassmannian. Furthermore, we note that the normality
criterion obtained in Proposition 6.4 is not effective. Indeed, this can be seen already in the
case of PGL, in characteristic 2 by comparing with the classification in Corollary 6.7. In
principle, Corollary 5.12 (2) together with the tangent space formula of Kumar and Polo
(Corollary 4.3) gives an effective way of classifying all normal Schubert varieties. Here the
main difficulty is the determination of the affine Demazure modules. The case of, say, PGL;
in characteristic 3 already seems quite involved.

7. Reducedness

In [53, Thm. 6.1], the authors show that loop groups (equivalently, their partial affine flag
varieties) attached to semisimple groups G over a field k are reduced under the hypothesis
char(k) 1 #71(G). We show in Proposition 7.7 (split case) and Proposition 7.10 (twisted case)
that this hypothesis is necessary.

7.1. The split case

Throughout this subsection, let k be an arbitrary field and G a connected split reductive
group over k. We are going to use the notion of distributions, which should be regarded as
higher order differential operators. For the theory of distributions for (group) schemes we
refer to [17, 11, §4] and [35, §7].

DErFINITION 7.1. — Let (X,x), x € X(k) be a pointed k-ind-scheme. The space of
distributions Dist(X, x) is the k-vector space obtained as the filtered colimit of the k-vector
space duals of all Artinian closed subschemes of X supported at x.

We record some basic properties.

LeEmMmA 7.2. — Let (X, x), (Y, y) be pointed k-ind-schemes, and let f:(Y,y) — (X, x) be
a map of pointed k-ind-schemes.

1. If (X, x) = colim(X;, x) is any presentation, then Dist(X, x) = colim Dist(X;, x) with
injective transition maps. Further, each Dist(X;, x) only depends on the formal spectrum
Spf(Ox, x) viewed as an ind-scheme.

2. The map [ induces a map (df'),: Dist(Y, y) — Dist(X, x).

3. There is a natural map Dist(X, x) ® Dist(Y, y) — Dist(X xi Y, (x,y)) which is an
isomorphism if both X, Y are ind-(locally Noetherian) over k.
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Proof. — Part (1) is immediate because the transition maps X; — X; are closed immer-
sions. Part (2) and (3) follow from (1) and the case of schemes in [35, 1, §7.2 & §7.4]. Note
that loc. cit. is over more general base rings, and that the assumptions are satisfied for locally
Noetherian schemes over fields. O

In particular, for any pointed k-ind-scheme (X, x) which is ind-(locally Noetherian),
e.g., of ind-(finite type), the space of distributions Dist(X, x) is a cocommutative counital
k-coalgebra whose coalgebra structure is induced from the diagonal X — X x; X and
Lemma 7.2 (3), cf. [35, 1, §7.4 (3)] for details. If X is a k-group ind-scheme —possibly of ind-
(infinite type)— then we define
(7.1) Dist(X) £ Dist(X, 1),
where 1 € X(k) denotes the neutral section. In this case, the action morphism X x; X — X
(combined with Lemma 7.2) induces on Dist(X) the structure of an associative k-algebra
under the convolution of distributions, cf. [35, I, §7.7] for details.

For the next lemma recall that a quasi-compact morphism of schemes is called scheme-
theoretically dominant if its scheme theoretic image [1, 01R5] is equal to its target.

LemmA 7.3. — Let f:(Y,y) — (X,x) be a quasi-compact, scheme-theoretically domi-
nant morphism of locally Noetherian pointed k-schemes. Then the induced homomorphism
(df)y:Dist(Y, y) — Dist(X, x) is surjective.

Proof. — Since f is quasi-compact and scheme-theoretically dominant, the induced
map Oxx — Oy,, on local rings is injective, cf. [1, 01R8 (1), (2)]. Also note that the
map (df), only depends on the induced map on completed local rings @X,x — @y,y,
which is injective as well. By Krull’s intersection theorem, the decreasing sequence of
ideals {m} N @X,x tn>1 has zero intersection, and hence by Chevalley’s lemma [12, Lem. 7]
defines a cofinal family of Artinian closed subschemes of Spec((’A)X,x) supported at x. This
implies the lemma. O

REMARK 7.4. — Another interesting example (cf. also [35, I, §7.6]) to which Lemma 7.3
applies is the case of a map f:(Y,y) — (X,x) of locally Noetherian pointed k-schemes
which is flat at y. Indeed, then the induced map Ox,, — Oy, is faithfully flat, and hence
injective, that is, the map on spectra is scheme-theoretically dense. Also we find it instructive
to check Lemma 7.3 “by hand” in the special cases of the normalization of the cusp, and the
(relative) Frobenius morphism in strictly positive characteristic, say, of the affine line.

The previous lemma will be used to show that Grg for adjoint non-(simply connected)
groups is non-reduced in bad characteristics by noticing that the k-vector space of the
distributions of its reduction is strictly smaller. The following lemma shows that this space
can be easily computed at “infinite level”. For later use we formulate this lemma in more
generality.

LeEmMA 7.5. — Let G be a Chevalley group scheme over Z. Let T C G be a split, maximal
torus over 7, and let BT = T x U® be Borel subgroups in G over Z such that BY N B~ =T.
Then the multiplication map on strictly negative loop groups

(7.2) LU xz L™ Txz LT U" - Grg, (u ,t,ut)yr>u -t-ut.e
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is formally étale (when viewed as a map of ind-schemes). The source of this map is called the
fake open cell. This construction is compatible with arbitrary base change S — Spec(Z), e.g.,
for S = Spec(k) a field.

Proof. — Themorphism U~ xT xU™* — G given by multiplication is an open immersion
[14, Thm. 5.1.13], and in particular formally étale [1, 04FF]. Passing to negative loop groups
(and using that the L~ -construction commutes with products), this immediately implies that
the top horizontal map

LU XL TxLU"— LG

I I

L~ U xL TxL~U"— LG

is formally étale. Here the vertical maps are the natural inclusions, and one checks that the
diagram is Cartesian. Hence, the lower horizontal arrow is formally étale as well. O

REMARK 7.6. — By the same reasoning, the induced map on loop groups
LU~ x LT x LUY — LG is formally étale as well.

Lemma 7.5 implies that every Artinian local ring supported at the base point in Grg
uniquely factors through the fake open cell. We obtain the following proposition which
improves on [53, Thm. 6.1] in the case of split groups.

PROPOSITION 7.7. — Let G be a split reductive group over a field k. Then the following are
equivalent:

1. The ind-scheme LG is reduced (and then even geometrically reduced).
2. The ind-scheme Grg is reduced (and then even geometrically reduced).

3. The group G is semisimple, and char(k) { #m1(G).

Proof. — We first show the equivalence of (1) and (2). Recall that the quotient map
LG — Grg is a (right) LT G-torsor in the étale topology. Thus, the ind-scheme LG is
étale locally isomorphic to Grg x; LTG. If LG is reduced, then Grg is reduced because
L*tG — Spec(k) is flat [1, 06QM]. Conversely, if Grg is reduced, then LG is reduced
because LG is geometrically reduced [1, 035Z]. This finishes the equivalence of (1) and
(2). Concerning geometrically reducedness, we note that if Grg is reduced, then it admits a
presentation by Schubert varieties. As Schubert varieties are geometrically reduced, because
scheme-theoretic closure commutes with flat base change, it follows that Grg is reduced if
and only if Grg is geometrically reduced. Since the equivalence of (1) and (2) is valid for
any field, this also implies that LG is reduced if and only if LG is geometrically reduced.

It remains to show the equivalence of (2) and (3) for which we may (and do) assume
that k is algebraically closed. If (3) holds, then (2) holds by [53, Thm. 6.1]. Conversely, if
(2) holds, i.e., if Grg is reduced, then G is semisimple by [53, Prop. 6.5]. It remains to show
that p := char(k) does not divide 71(G). We may (and do) assume that p > 0 is strictly
positive. Let Gsc — G be the simply connected covering. Fix T C G, and denote by Ty
its preimage in Gs. Let Grg denote the neutral connected component of Grg. Then the
induced map on Schubert varieties Grg,,, <, — Grg,<u, 4 € X«(Ts) is dominant, and
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hence scheme-theoretically dominant (because the target is reduced by definition). As both
ind-schemes Grg_, , Grg are reduced, they admit presentations by Schubert varieties indexed
by dominant y € X, (7). Thus, Lemma 7.3 (combined with Lemma 7.2 (1) for the passage
to ind-schemes) implies that the map

(7.3) Dist(Grg,,,e) — Dist(Grg, e)

is surjective where e denotes the base point. This map is calculated using Lemma 7.5 as
follows. Let B¥ = T x U¥ be Borel subgroups in G such that B¥ N B~ = T. Then
Bsf = Ty, X UT are Borel subgroups in G.. By Lemma 7.5 (combined with Lemma 7.2 (3)
for the compatibility with products), the surjectivity of (7.3) implies the surjectivity of

(7.4) Dist(L ™" Ty) —> Dist(L™"T).

Here we use the principle that a tensor product of linear operators on possibly infinite
dimensional vector spaces is surjective if and only if each linear operator is surjective.

To make the connection with n := #m{(G), recall that the kernel Z of Gic — G is a
finite k-group scheme of order n. Clearly, the subgroup Z is contained in T (in fact in any
maximal torus) which shows Z = ker(Tsc — T). We claim that the surjectivity of (7.4)
implies that p 1 n. We need to analyze the map Ty, — T more carefully. Let r := dim(7y.) =
dim(7') denote the rank of the k-tori. Since & is algebraically closed, passing to cocharacter
lattices induces an equivalence between k-tori of rank r, and finite free Z-modules of rank r.
Hence, the elementary divisor theorem implies that there exist isomorphisms Grox = T and
T ~ (Grrn’k such that the composite

(7.5) (an,k ~Te—T ~ Glrn,k
is given by (A1,...,A,) — (A7',...,A}") for positive integers ny > --- > n, > 1. We
necessarily have n = ny---n,. Hence, the claim p 1 n is equivalent to the claim p { n;,

i =1,...,r.Since (7.5) splits as a product of maps, we can apply Lemma 7.2 (3) to see that
the surjectivity of (7.4) implies the surjectivity of each map

(7.6) Dist(L™ " Gmx) — Dist(L™ G k),
which is induced from Gy = Gpk, A = A% fori = 1,...,r. Finally, Lemma 7.8 below
implies p t n; which finishes the proof of the proposition. O

LeEmMA 7.8. — Let k be afield of characteristic p > 0. Letn > 1 be an integer, and consider
the morphism of k-group schemes Gy — G, A — A" given by taking the n-th power. If
the induced morphism Dist(L™" Gy, ) — Dist(L™~ Gy, ¢ ) is surjective, then p 1 n.

Proof. — We immediately reduce to the case where n is a prime number. For a k-algebra R,
the n-th power map on L™~ Gy, x (R) is given by

(7.7 1+ Zizlaiu_i — (1+ Zizlaiu_i)n,
where all a¢; € R are nilpotent, and almost all ¢; are zero. The nilpotency of the a; shows
that there is a presentation L™ Gpj = colim;>; Spec(klay.....a;]/(a},....a})) where

a; are viewed as formal variables. In these coordinates, we have a canonical identification
Dist(L™ Gpi) = Dist(Ag ,{0}) where A§ = Spec(k[{a;}ien]) is the infinite-dimensional
affine space. Hence, a distribution is a k-linear map §: k[{a; };en] — k supported at only
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finitely many monomials. We see that the space of distributions has a basis given by §, such
that r = (r;)ien 18 a sequence of positive integers where almost all r; are zero. Here §,
takes the value 1 on the monomial [];ca;’ and the value 0 on all other monomials (by
spang {8, | r € (Z=0)"}. Suppose n = p in which case we have to show that the induced map
on the spaces of distributions is not surjective. Since k has characteristic p > 0, the formula

in (7.7) becomes
(14 Y au™)’ =1+, alu™P.
This means that the map on spaces of distributions is induced from 6, + §,., Where

p *r € (Zxo)" is the zero vector (hence 8,4, = 0), unless p | r; for all entries in r = (r;);en
in which case the i-th entry in p * r is given by

Ti/p ;.
if p|i;
(pxr)i =47
0 else.
Since p > 2 the distribution §(;,9,0,...) does not lie in the image of this map. O

REMARK 7.9. — Infact, the converse to Lemma 7.8 holds as well, i.e., for an integern > 1
prime to p the map Gy, x = Gm i, A — A" induces a surjection on spaces of distributions.
Indeed, one reduces to the case where n # p is a prime number. Then it follows from an
explicit calculation —which we omit— similarly as in the proof of Lemma 7.8, or alternatively
using affine Grassmannians as follows. Consider the canonical map Grsy, — Grpgr,
on affine Grassmannians, both of which are reduced by Proposition 7.7. Hence, as in (7.3)
this induces a surjection on spaces of distributions. Following the proof of Proposition 7.7
further, we see that in (7.5) the elementary divisors ny > --- > n, > 1 (here r = n) are
necessarily given by n; = nandn; = 1,i > 2 because n is a prime number. Now the
surjectivity of the map in (7.6) gives the desired result.

7.2. Reducedness in the twisted case

Here we give a different proof of nonreducedness of loop groups of tamely ramified
semisimple groups G such that p divides the order of the fundamental group. The idea
consists basically in observing that Weil restriction along purely inseparable extensions
preserves loop groups and Grassmannians, but not flat and non-étale isogenies.

ProPOSITION 7.10. — Let k be a perfect field of characteristic p > 0, and let G be a tamely
ramified reductive group over F = k((t)). For its loop group LG to be reduced, it is necessary
and sufficient that G be semisimple and the order of 71(G) prime to p.

Proof. — By work of Pappas-Rapoport [53, Thm. 6.1, Prop. 6.5], we only need to show
that LG is non-reduced whenever G is semisimple and the order of the kernel Z of its simply
connected cover map Gy — G is divisible by p > 0. Also, we may and do assume by ¢étale
descent that k is algebraically closed. As explained before the statement, we will consider the
strictly smaller closed subgroup G := Resp 1FrGsc/Resp/pp Z of Resp/pr G, as observed in
[15, Exam. A.7.9]. Note that Bruhat-Tits theory is available for G as well as for Resp/r»rG
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by [46], their buildings being isomorphic to the building of G over F. We claim that the
canonical morphism

Gr —> Reso/0r Gt

between parahoric group schemes, which exists by having equivariantly identified their build-
ings and applying [10, Prop. 1.7.6], is a locally closed immersion and its flat closure defines
a normal smooth subgroup scheme whose quotient is representable by a quasi-affine group
scheme, see [2, Thm. 4A].

Let S be a maximal F-split torus of G, let S5, be its unique lift to a maximal F-split
torus of G and let S be the image of Sy, in G. We denote by T (resp. Ty, resp. T) the
Cartan subgroups of G (resp. G, resp. G) obtained as centralizers of S (resp. Ssc, resp. S).
Arguing with big cells as in [10, §1.2.13, §1.2.14], our claim about the canonical morphism
of parahoric groups schemes will follow, once we establish that the map of connected Néron
models

T — RCS(/)/(/)pT
of the Cartan subgroups is a locally closed immersion.

Assume first that 7 is split. By using the elementary divisor theorem as in (7.5) above,
we may assume T = Gy, = Ty are 1-dimensional and Z = ju,. If n is prime to p, then
T = Res r/rpT and the claim is trivial. On the other hand, if » is divisible by p, then
T =Gy C Resr/r»Gm = Resp/prT and the claim is clear as well.

In general, let K/ F be a tamely ramified finite Galois extension with group I splitting 7.
and T, and note that K?/F? is a (pseudo-)splitting field for 7 with Galois group naturally
isomorphic to T'. Let 7 (resp.7, resp. 7oy, resp. 702 ) denote the connected Ift Néron
models for T (resp. T, resp. T @ K, resp. T @ p» KP?). (We warn the reader that in general
Tor #7T ®o Ok, resp. 7011; #7T Qor O%.) Then we have locally closed immersions

T — RCS@K/@T@K,

T — Reso,‘;/opTo,”(7
extending the natural generic homomorphisms. Indeed, the maps exist by the universal
property of connected Néron models. Moreover, their scheme-theoretic images are smooth
by identifying them with the smooth I'-invariants of the right hand sides, see [18] and
compare also to [53, Lem. 6.7], where we use the tameness hypothesis p t #I'. Due
to [7, Prop. 10.1.4], the resulting morphisms must be locally closed immersions. Taking

restrictions of scalars along O/O? of the first map, and along O%/O? of the split case
morphism 702 — Resp, 00 Toy > we deduce the general claim.

As a consequence of the group-theoretic facts just established, we derive that

o o ~ o
Grg — GrResO/opgf =~ Grg,

is a closed immersion. Indeed, if we let 5; denote the flat closure of G inside Resp/or s (see
the definition of flat closure in §8.1 below), then the morphism

Gro1 — CII'gf
Yr
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is a quasi-compact immersion by [73, Prop. 1.2.6], which must be closed, as source and target
are ind-projective by [46, Thm. 5.2]. Finally, we have to show that the Galois cover

Grgf — Grgfl

with group 3; (OP)/G¢(OP) induces an isomorphism between neutral components, which
can be checked at the level of k-points. In other words, we must show that every element
of G(OP) stabilizing f which does not lie in the parahoric subgroup (i.e., “the connected
stabilizer”’) maps to a connected component of the affine Grassmannian different from that
of the identity. In the case of reductive groups, this is the main result of [27], stating that
parahorics are the intersection of the stabilizers with the kernel of the Kottwitz map «¢g. For
pseudo-reductive groups, this was proved in [46, Prop. 3.9, Thm. 5.2].

If LG were reduced, then the closed immersion Gl%f — Glrgf would have to be an isomor-
phism, because Gr°gSC’f — Grg, is a universal homeomorphism. In particular, their Lie alge-
bras would be the same and via the uniformization Grg, = LG/L™" Gs (similarly for G), this
would imply that the F-vector space Lie G is the (non-direct) sum of the F”-subspace Lie G
and the O-lattice Lie Gs. But, the dimension of G is strictly smaller than that of Resy 1FrG

by construction, so this is obviously a contradiction. O

REMARK 7.11. — One would hope that a similar statement holds beyond the tamely
ramified case, but one cannot control the Néron models with the same ease. On the other
hand, if one tried to classify reducedness of the loop group for the more general class of
pseudo-reductive groups, the above argument suggests this could be very difficult.

8. Ind-flatness

In this section G will denote a Chevalley group scheme over Z. Our aim is to prove in
Proposition 8.8 that its affine Grassmannian Grg 7 (equivalently, its loop group) is ind-flat
over Z in the sense of Definition 8.1. In Proposition 8.9 we explain how to generalize our
proof to include the case of tamely ramified twisted groups.

8.1. Preliminaries on ind-flatness

Recall our conventions on ind-schemes, see Section 1.3.

DEFINITION 8.1. — Let S be a scheme. An S-ind-scheme X is called ind-flat if there exists
a presentation X = colim X; where X; are flat S-schemes via the map X; C X — S.

Now let R be a Dedekind ring with fraction field K. For an R-scheme X, the flat
closure X1 is the scheme theoretic image of the inclusion Xgx C X. Since Xx C X is a quasi-
compact map, the scheme theoretic image commutes with localization [1, 01R8], and the
closed immersion X < X is an isomorphism on generic fibers. Then the scheme X is flat
over R if and only if the map Xf < X is an isomorphism if and only if Oy is R-torsion-free.
If p: X — Y is a map of R-schemes, then there is a map ¢: X — Y with px = (o).

LEMMA 8.2. — Let R be a Dedekind ring with fraction field K. For an R-ind-scheme X the
following conditions are equivalent:
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1. X is ind-flat;
2. for every presentation X = colim X;, the map colim X l.ﬂ < colim X; is an isomorphism;

3. every ind-(closed immersion) Y — X which induces Yg =~ Xk is an isomorphism.

Proof. — The implications (3) = (2) = (1) are immediate, and we prove (1) = (3).

Let X = colim X; be a flat presentation. Let Y — X be an ind-(closed immersion) which
induces Yx =~ Xg. For each i, the induced map ¥ N X; < X; is an ind-(closed immersion)
which induces (Y N X;)x =~ (X;)x. We want to show that Y N X; =~ X;. Replacing X by X;,
we may assume that X is a flat R-scheme. Covering X by open affine schemes, we may further
assume that X is affine, hence quasi-compact. Now let Y = colim Y; be any presentation. We
will show that ¥; = X for j >> 0. As Yx = Xk on generic fibers and Xk is quasi-compact,
there is a j with Xg < Y; x so that Y; x = Xk (see Section 1.3). As ¥; — X is a closed
immersion and X is R-flat, we must have ¥; = X. O

DEFINITION 8.3. — For an ind-scheme X = colim; X;, the flat closure X% is the ind-
scheme X = colim; X[.

In view of Lemma 8.2, the ind-(closed immersion) X C X is well-defined independently
of the choice of a presentation. Also a map of R-ind-schemes X — Y induces a map
X% — ¥ on the flat closures.

8.2. Ind-flatness of affine Grassmannians

The starting point is the following lemma.

LeEmMA 8.4. — Let H be a smooth, affine group scheme over 7.
1. The positive loop group LT H — Spec(Z) is a flat, affine group scheme.

2. If H is split unipotent or a split torus, then both the loop group L H and the strictly negative
loop group L=~ H are ind-flat over Z.

Proof. — For (1), let Ll.Jr H,i > 0, be the smooth, affine Z-group scheme defined by
the functor L; H(R) = H(R[u]/('*")) for a ring R. Then {L; H};>¢ naturally forms
an inverse system, and the canonical map Lt H — lim;>¢ Ll.Jr H is an isomorphism. This
implies (1).

For (2), observe that the map

(8.1) L HxzLTH - LH, (h",ht)y—>h"-h™",

is representable by an open immersion. Since Lt H is faithfully flat by (1), the ind-flatness
of L=~ H follows from the one for L H. Now let H be a split unipotent group scheme. Then
H ~ A7 as schemes for some n > 0. Since the formation of loop spaces commutes with
products, it is enough to show that LA} is ind-flat. This is immediate from the identification,
which is functorial in the ring R,

LAZ(R) = R(u) = colim[T],,;Az(R),

=i

given by mapping a Laurent series Y a;u’ to the vector (a;). Next let H be a split torus. Then
H ~ an,z as (group) schemes for some n > 0, and we reduce to the case T = G z. In
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this case, the map (8.1) is surjective and hence an isomorphism. We see that the ind-flatness
of LG,z is equivalent to the one of L™~ Gy, z. For the latter we note that for any ring R,

L™ Gmz(R) = (1+u'Ru™1) = {1 +Y,.,au™" | a; € R nilpotent},
s0 that L™ Gy, 7 ~ colim;» Spec(Z[ay, ..., a;]/(a}, ... al)). This is clearly ind-flat. [
Recall that G denotes a Chevalley group scheme over Z.

COROLLARY 8.5. — Let T C G be a split, maximal torus over Z, and let B¥ = T x U™ be
Borel subgroups in G such that BT N B~ = T. Then the fake open cell (cf. Lemma 7.5)

LU xz L™ T xz L="U" — Spec(Z)
is ind-flat.

Proof. — Since U* are split unipotent and 7 is a split torus, this is immediate from
Lemma 8.4 (2). O

The ind-flatness of the affine Grassmannian is deduced from Corollary 8.5 using the
following observation due to Faltings [19, Proof of Cor. 11].

LEMMA 8.6. — Let Y — X be an ind-( closed immersion) of ind-(locally Noetherian) ind-
schemes. If for every local Artinian ring R the induced map

(8.2) Y(R) - X(R)
is bijective, then Y <> X is an isomorphism.

Proof. — By Yoneda’s lemma, we may view X, Y as set-valued (contravariant) functors on
the category of Noetherian, affine schemes. For any such 7, the induced map Y(T) — X(T)
is clearly injective, and we need to show the surjectivity. This can be checked after base change
Y xx T — T as our assumptions are stable under base change. We reduce to the case where
X = T is a Noetherian (affine) scheme. Write Y = colim; ¥; as a filtered colimit of closed
subschemes of X. We claim that this sequence stabilizes with value X .

Let Z; C Oy be the ideal sheaf defining Y;. Since the index set 7 is filtered, it is enough to
show the existence of an index i with Z; = 0. For this we note that Z; = 0 if and only if the
annihilator ideal sheaf Anne, (Z;) is equal to Oy, or equivalently if the closed subscheme
Z; C X defined by Anne,, (Z;) is empty. Fori < j, we have

Y, CY; < I; DI; = Annp, (Z;) C AnnoX(Ij) < Z; D Z;.

Since X is noetherian and the set / is filtered, there is an iy € I such that Z;; is a minimum,
ie, Zj, € Z; foralli e I. Now suppose for the sake of contradiction that Z;, # @.

Now let n € Z;, be a generic point of an irreducible component. It remains to find
an index i; > ip such that n ¢ Z; . The property defining n means that the closed
subscheme defined by Anno, (Zi)), = Annoy ,(Zi,n) in Spec(Ox,y) is supported at the
closed point m,, where m,, C Oyx,, denotes the maximal ideal. Since Oy, is Noetherian,
this is equivalent to the existence of some integer N >> 0 such that

N

my; D Annoy ,(Zip,y) O my .

Hence, Z;,, is a finitely generated module over the Artinian ring Oy, / mnN , and therefore
Artinian itself. Since our index set is filtered, we can choose iy > io such that Z; ; is the
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minimum among the set {Z;  }>i,.- Now (8.2) applied to the Artinian rings Ox,,/mj, n > 1,
shows that ¥;, (Ox,n/m7}) S X(Ox.p/ my), that is, every homomorphism Oy, — Ox,,/mj
factors uniquely through Ox,, — Ox,;/Zi, 5. But then Z;, , C (), my, so that Z;, , = 0
by Krull’s intersection theorem. This implies that n ¢ Z;,. This finishes the proof of the
lemma. &

REMARK 8.7. — The proof of Lemma 8.6 shows that condition (8.2) can be weakened.
Namely, it is enough to use local Artinian rings which are strictly Henselian. Indeed, in the
last part of the proof it is enough to show Z;, 5 = 0 where ; — 7 is a geometric point and
Z;,,7 denotes the stalk on the étale site.

ProrosITION 8.8. — The affine Grassmannian Grg z is an ind-flat ind-scheme over Z. In
particular, the ind-scheme Grgz is reduced if and only if G is semisimple.

Proof. — Let Gr%’Z C Grg,z be the flat closure, cf. Definition 8.3. By Lemma 8.6
and Remark 8.7, it is enough to show that every local Artinian, strictly Henselian point
g:Spec(R) — Grg,z factors through Grg’z. Let k be the residue field of R, and denote
by g:Spec(k) — Grg,z the reduction of g. Fix a split maximal torus T C G over Z,
and B¥* = T x U% as in Corollary 8.5. By the Cartan decomposition Grg(k) =
Llex. ) LT G(k)-ut-e (use that k is separably closed) @, we can write & as a product hout-e
for some i € Lt G(k), w € X«(T). By formal smoothness of LYG — Spec(Z), we can lift
h to an R-valued point h:Spec(R) — L*+G. Since LY G — Spec(Z) is flat and LT — Z is
ind-flat by Lemma 8.4, the inclusion Grl(i;,Z C Grg,z is invariant under the left action
of LTG and LT. Replacing g by u=* - h~! . g, we may therefore assume that g is supported
at the base point. Then g factors through the fake opencell L="U~ x L™~T x L™~ U™ by
Lemma 7.5. Since this is ind-flat by Corollary 8.5, the map (7.2) factors through Grg’z. This
shows Grg’Z = Grgz.

For the second assertion, note that Grg g is reduced if and only if G is semisimple, see [53,
Thm. 6.1, Prop. 6.5]. Hence, Grg,z is not reduced whenever G is not semisimple. Conversely,
if G is semisimple, then taking the flat closure of any reduced presentation of Grg,g gives a
reduced presentation of Grg,Z = Grg z.

This finishes the proof of the proposition. O

We now briefly generalize this to the parahoric group schemes over W{¢] constructed
previously.

PROPOSITION 8.9. — Let G be a tamely ramified reductive k((t))-group. The affine flag
variety Flg ¢ is an ind-flat ind-scheme over W. In particular, the ind-scheme Flg ¢ is reduced
if and only if G is semisimple.

@ Alternatively, the reader can note that for tamely ramified groups, with the help of our big cell results and with
the rationality results of decompositions in [27], we know the Cartan decomposition holds for any field & which is
a W-algebra, so Remark 8.7 is not really needed, even in the proof for the generalization proved in Proposition 8.9.
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Proof. — Without loss of generality, we may and do assume that f = 0 is an absolutely
special vertex. We follow the reasoning of Proposition 8.8: after translating, it suffices to
show that, for every Artinian W-algebra R, every R-valued point of L™~ G, supported at the
identity lies in the ind-flat closure, see Lemma 8.6. Such points uniquely lift to the strictly
negative loop group attached to the twisted open cell

Co =Uy x T x Uy = Resyp—1ypwp—1) U x T x Up)™*

because L™~ Cy — LG, is formally étale. Hence, it suffices to see that L™~Cy — Spec(Z) is
ind-flat. The unipotent part of C, is identified, as a scheme, with a product of restric-
tions of scalars of affine spaces, so its associated strictly negative loop group is ind-flat
over Z, compare with the argument in Lemma 8.4 (2). As for the connected Néron
model 7, we choose a smooth surjection 7; — 7 from the connected Néron model
T, of an induced torus Ty; see [53, Lem. 6.7] for the surjectivity assertion. We claim that
L™™T,(R) — L™ 7 (R) is surjective for every Artinian W-algebra R. Since both functors
are formally smooth, this reduces, by lifting across square zero nilpotent thickenings, to
the surjectivity of Lie algebras Lie L™"7; — Lie L™~ 7 viewed as W-modules. The latter
is the map underlying the map of W[t ~!]-modules Lie 7, — LieZ which is surjective by
smoothness of 7, — 7. Asin Lemma 8.4 (2), it is easy to see that L™~ 7, — Spec(Z) is
ind-flat because 77 is an induced torus. This implies the ind-flatness of L™"7 — Spec(Z),
again using Lemma 8.6. The final assertion on reducedness follows as in the proof of
Proposition 8.8. O

9. Consequences for Pappas-Zhu local models

We discuss some consequences of our findings for the theory of local models in cases where
p divides the order of 71 (Gger).

In this final section, let F be a discretely valued, complete field of characteristic 0 with
algebraically closed residue field k£ of characteristic p > 0. We fix a triple (G, {i}, Gf) where
G is a tamely ramified reductive F-group, {i} a conjugacy class of geometric cocharacters
defined over a finite extension E/F, and Gs is a parahoric Of-group scheme with generic
fiber G. This notation seems to have first appeared in the survey article of Pappas-Rapoport-
Smithling, see [54], and first been termed LM triple by He-Pappas-Rapoport in [32, §2.1] (but
always under the assumption that {x} is minuscule). Pappas-Zhu [55] construct from the data
(G, {u}, Gg) the Pappas-Zhu local model

M = M(G. {u}. Gr),

which is a flat, projective Ofg-scheme equipped with a left action of a smooth affine
group scheme. Recall that the construction of M requires the construction of a parahoric
OF [t]-group scheme G, in the sense of [55, Thm. 4.1] which lifts G¢ along the specialization
t > @ for some fixed uniformizer @ € OF. In particular, M depends a priori on certain
auxiliary choices, but it is shown in [32, Thm. 2.7] that M actually depends, up to equivariant
isomorphism, only on the data (G, {1}, Gr). The generic fiber M® E is naturally the Schubert
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variety in the affine Grassmannian of G/ F associated with the class {}. The special fiber is
equidimensional, but not irreducible in general, and is equipped with a closed embedding

©.1) M®k < Flg .

The pair (G”, ) is an equal characteristic analogue over a local function field F® = k((r))
of the pair (G, f), see [55] (see also [28]).

More precisely, fix a maximal F-split torus S whose apartment <7 (G, S, F') contains the
facet f. Its centralizer T is a maximal torus since G is quasi-split by Steinberg’s theorem. We
also have the corresponding data S* C T inside the equal characteristic analogue G°. There
is an identification of apartments & := &7 (G, S, F) = «/(G", S*, F”) compatible with the
action of the Iwahori Weyl groups W := W(G, S, F) = W(G”, S°, F”) under which f = f°.
Then under (9.1) the reduced locus of M ® k identifies by [30, Thm. 6.12] with the admissible

locus
def

AG {0 = | Su(.D),

where the union is taken over the finitely many elements w of the admissible set WAdm({u}) W
in W, and where Sy, (f, f) denotes the Schubert variety arising from a Gg-orbit in Flgs ¢ using
f = . Here Adm({1}) is the so-called p-admissible set, and can be given a purely combina-
torial definition; see e.g., [54, 26]. The following result is an application of Proposition 2.3,
which is used in [31, Rem. 2.2].

PROPOSITION 9.1. — Let a C & be an alcove whose closure contains £. Suppose
{} C X«(T) has the property that Sy(a,a) is normal for all (equivalently, for the maximal
elements) v € Adm({u}) Ws. Then all (£, f)-Schubert varieties in A(G, {1}, Gg) are normal. In
particular, this last conclusion holds when i € X« (T) is minuscule for the échelonnage roots
and the closure of £ contains a special vertex.

Proof. — Let v € WiAdm({u})Ws; to prove the first assertion we need to show
that Sy (f, f) isnormal. By Corollary 2.2, we may assume v is left f-maximal, so that S, (f, f) =
Sy (a, f) and so we only need to consider (a, f)-Schubert varieties. By [26, Thm. 1.3], we have
WiAdm({u})Wr = Adm({u})W;, so we may reduce ourselves to proving that S, (a,f) is
normal for any v € Adm({ut}) Ws. By Proposition 2.3, it is enough to prove that S,,(a, a) is
normal for all n € W;. But these are normal by assumption.

For the second assertion, choose a special vertex 0 € f. Since /i is minuscule, the Schubert
variety Sj(a, 0) is smooth, and hence so is its preimage under Fl; — Fly. This is itself a
Schubert variety Sy, (a, a) indexed by the unique longest element vy € WoAdm({u}) W, a set
which contains Adm({u})Ws; thanks again to Proposition 2.3 the latter set indexes normal
Schubert varieties, and then we are done by the first assertion. O

As an application we obtain Corollary 1.6 from the introduction:

COROLLARY 9.2. — Assume p divides the order of 71 (Gger).

1. Ifevery Schubert variety in the admissible locus A(G, {1}, Gg) is normal, then M is normal
and its special fiber is reduced. This is the case when i is minuscule for the échelonnage
roots and £ contains a special vertex in its closure.
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2. If any Schubert variety inside the admissible locus A(G, {|1}, G¢) is not normal, then M is
not normal and its special fiber is not reduced.

Proof. — Part (1) is immediate from Proposition 9.1 and [31, Thm. 2.1]. For (2), suppose
one of the Schubert varieties inside A(G, {it}, G¢) is not normal. Then the irreducible compo-
nent containing this Schubert variety is not normal as well by Corollary 2.2. The normaliza-
tion morphism

9.2) p:M — M

identifies by [31, Cor. 2.3, Cor. 2.5] with the map from the Pappas-Zhu local model of
some z-extension of G. In particular, (9.2) is a finite, birational, universal homeomorphism
and an isomorphism on generic fibers; recall that M ® E is a Schubert variety in char-
acteristic 0. This already shows that M is not normal, see [31, Rem. 2.4]. It remains to
show that the special fiber M ® k is not reduced. Arguing by contradiction let us assume
that Ml ® k is reduced. For any line bundle £ on M, this implies the injectivity of the canon-
icalmap H*M®k,L) — H° (M ®k, £). Furthermore, if £ is ample and N > 0 sufficiently
large, then there is an equality

dimgy H°M ® k, L) = dimy H°(M ® k, £V)

by transporting the claim to the generic fiber using flatness. Hence, we get an isomorphism
of vector spaces HO(M®k, LV) =~ H (M ®k, £V), and thus (9.2) must be an isomorphism
on special fibers. We arrive at the desired contradiction since the irreducible components
of M ® k are normal by [31, Cor. 2.5] for example. O

Let us give two concrete examples of badly behaved PZ local models. The obvious class
of examples arises from Weil restrictions of scalars along ramified extensions:

ExaMPLE 9.3. — Let F’/F be a totally ramified extension of 2-adic fields of odd
degree e > 1. Consider the Weil restriction of scalars G = Resg/,r(PGL,), and let {11} be
the unique (nonzero) minuscule conjugacy class defined over F. As parahoric subgroup we
take the pointwise fixer of the standard lattice (’)%,,, that is, the associated parahoric group
scheme is G = Resp,.,/0, (PGL>). It corresponds to an absolutely special vertex 0, and
hence the special fiber of the PZ local model is irreducible. Its underlying reduced subscheme
is the unique e-dimensional (0, 0)-Schubert variety in the affine Grassmannian for PGL,
in characteristic 2. If ¢ > 2 this Schubert variety is not normal by our classification in
Corollary 6.8. Hence, the special fiber of the PZ local model is not reduced in this case by
Corollary 9.2 (2).

We remark that if we drop the tameness assumption and take e = 2, then F’/F is wildly
ramified and we can invoke [43] to define the local models. Again the special fiber of such
a local model is not reduced because the corresponding Schubert variety is not normal, as
follows immediately from Corollary 6.2. Indeed, the corresponding Schubert variety is the
quasi-minuscule one for the group PGL, (although it is more natural to think of it as a
Schubert variety attached to the standard pseudo-reductive group Resg ),k () PGL2 where
u? = t, compare this to the approach of [47, 45]).

A less obvious example is given by ramified unitary groups. In this case, the underlying
group is even absolutely simple:

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



942 T. J. HAINES, J. LOURENCO AND T. RICHARZ

EXAMPLE 9.4. — Let F’/F be a totally ramified quadratic extension of 3-adic fields. Let
G = PU;(F'/F) be the adjoint, quasi-split unitary group associated with the Hermitian
form x1X3 + x2%, + x3%; on F’3. Let {u} be the minuscule conjugacy class corresponding
to the coweight (1,0, 0). As parahoric subgroup we take the pointwise fixer of the standard
lattice O%, which corresponds to an absolutely special vertex 0 of the building, see [28, §7]. In
this case, the special fiber is again irreducible and its underlying reduced locus is the unique
2-dimensional Schubert variety in the twisted affine Grassmannian for PU3(F’/F) in char-
acteristic 3, that is, the quasi-minuscule one. This Schubert variety is not normal by Corol-
lary 6.2 so that the special fiber of the PZ local model is not reduced by Corollary 9.2 (2).

Next we comment on the behavior of PZ local models relatively to central extensions. The
adjoint quotient (G, {i}) — (Gaq, {tada}) induces a natural morphism

ad.: M — Mg R®op,, OF,

where E,q is the reflex field of (Gaq, {{tad}) and Mg := M(Gad, {{tad}, Gr,aa)- This is a (fiber-
wise) birational universal homeomorphism, but not always an isomorphism. We are now
going to look at the category consisting of all LM triples centrally lifting (Gaq, {{tad}. Gt,ad)>
endowed with the obvious morphisms. It admits fiber products and we use this to study the
variation of the PZ local models along central lifts.

PRrOPOSITION 9.5. — Let (Gi,{ii},Gig), i =1,2, be two LM central lifts of
(Gad, {tad}, Gr,aa) and denote by (Gs,{i3}, Gsg) their fiber product. For i = 1,2,3, let
M; be the PZ local model for (G;,{u:}, Gif), and denote by ad; «:M; — Mg Rog,, Og;

the induced map. If p 1 %,

morphism of schemes over Of,.
3

then the rational map ad, 4« o adl_jk extends to an actual

Proof. — Recall that, by construction of parahoric OF [t]-group schemes extensions, the
natural maps Gz ¢ — G ¢ can be extended to G, ; — G, ; inducing morphisms

(93) M3 — M ®0Ei 0E3

fori =1,2overMaa®op , OF;- Each map (9.3) is finite birational between integral schemes.
We claim that the map (9.3) for i = 1 is an isomorphism, which implies the proposition. By
the argument of Proposition 2.1, it suffices to show that the induced maps on tangent spaces
at closed points of the special fibers are injective. Now, observe that the reduced neutral
component of the Beilinson-Drinfeld Grassmannian attached to g, ; is contained in the
Beilinson-Drinfeld Grassmannian of g f.der since this is true at the level of the generic fibers
(which are classical affine Grdssmanmans) compatibly with the map (9.3). In particular, by
translating closed points in the special fibers of the local models, it suffices to check that

Fle ¢ — Flge

der 1, der

is formally étale. This is true under the assumption p ¢ %, because Gg der — Gll’ der

has an étale kernel, comp. [53, 6.a]. O

For defining canonical integral models of Shimura varieties of abelian type, under the
assumptions of tame ramification and p > 2, Kisin-Pappas need to approach local models
in terms of embeddings, see [38, §2.3, §3.2].
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DEeFINITION 9.6. — The tuple (G, {u}) is called of abelian type if there is a central lift
(G1,{p1}) of (Gaq, {itaq}) endowed with a closed embedding p;: G; — GL,, n > 1 such
that {p o u1} = {w)}, where @ denotes the d-th minuscule coweight of GL,, for some
1 <d <n—1.Thecentral lift (Gy, {1}) is also called of Hodge type.

First note that every Shimura datum of abelian type in the sense of [16] (see also [37])
gives rise to a tuple of abelian type as above. Further, our definition coincides with the one
given in [45, 11, §3.11], but appears to differ from that of [32, §2.7] in the following way. Let
us, for simplicity, assume that G,4 contains no F-simple factor over which {u,q} becomes
trivial. Then the classification of Hodge embeddings due to Deligne, see [16, 1.3.8, table
1.3.9] (compare with [37, Lem. 3.4.13] and [38, Lem. 4.6.22]) implies that p; is minuscule (as
required in [32, §2.7]). The main difference here is not requiring the existence of an isogeny
G1,der = Gger because we want our class to be stable under central lifts.

Next we note that since G is assumed to be tamely ramified, we can arrange for Gy to
be tamely ramified as well. So the canonical maps G — G,g4 < G; extend to maps
of Op[t]-group schemes G — G; ; < G, and hence to maps of PZ local models
M — M,yq < M defined over the ring of integers of the compositum E - E; where E| is the
reflex field of {u1}. Also note that adding the center of GL, to our central lift G; changes
neither the condition on p; nor the PZ local model M; in view of Proposition 9.5.

The importance of our central lift of Hodge type is that p; extends by [38, Prop. 1.3.3] to
a(n) (not necessarily closed) immersion of parahoric group schemes

Gr1 — GLy,

which is heavily based on work of Landvogt (beware that [38] use the notation G, for the
fixer group scheme of x and reserve Gy, for its parahoric neutral component). Then the same
authors construct in [38, Prop. 2.3.7] a uniquely determined closed embedding:

M — Mg,

where we set Mljy, := M(GL,, {w '}, GL,) ® Ok, . We remark that the symplectic embeddings
used in the given reference and the hypothesis p 1 #7;(G1,¢er) are unnecessary, the former
pertaining to later applications to Shimura varieties and the latter to ensure normality of M.
Here we will give a closer look at the possibilities for the geometry of this scheme, analyzing
all possible cases.

PROPOSITION 9.7. — Let (G1,{it1}) be a central lift of Hodge type as above and let M, be
the PZ local model attached to the corresponding LM triple. Then the following properties hold:

1. If p > 2 or Gaq has no D-factors, then M is always normal and only depends
on (G, {u}, Gg) up to extending scalars.

2. If p = 2 and (Gaq,{taa}) is F-simple of type DE, n > 5, then My only depends

no
on (G, {u}, Gg) up to base change, but will be non-normal for sufficiently large [i.

3. If p = 2 and (Gaq. {itaa}) is F-simple of type D§m+1, m > 2, then My is always normal
and only depends on (G, {1}, Gs) up to base change.

4. If p = 2 and (Gaq.{taq}) is F-simple of type DY ., m > 2, then we can always

choose (G1, {1}, Gr,1) and py such that My is normal. For sufficiently large ji, we can
simultaneously choose (G2, {|L2}, Gt,2) and pa, such that Ml is non-normal.
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Proof. — By Corollary 9.2 it suffices to examine the normality of Schubert varieties in
the special fiber of M; and for this we need to understand when p divides the order of Z,
the kernel of Gsc — G ger- Inspecting Deligne’s table, see [16, table 1.3.9], we see that Z is
always a multiplicative 2-group and trivial if G, has no D-factors. This gives (1). For simple
orthogonal adjoint groups, the pullback of p; to Gsc = Resg//r Spin,,, is the restriction
of scalars of one of the three minuscule representations of Spin,,,, that is, the two half-spin
irreducible factors of the faithful spin representation of Spin,, and the pulled back vector
representation of SO,,. Moreover, our inspection of [16, table 1.3.9] reveals that we can only
use the vector representation for DX and the half-spins for DX. In (2), the kernel Z is a certain
2-group independent of the choice of a Hodge lift. For (3), Z is always trivial because the half-
spin representations are faithful if n = 2m + 1 is odd. For (4), we can choose our Hodge lift
such that p; restricts to the faithful spin representation (= sum of the two half-spins), but
we can also choose some other Hodge lift with p, restricting to an half-spin representation,
whose kernel is a non-trivial 2-group. O

REMARK 9.8. — Concerning integral models of Shimura varieties of abelian type, it
seems that the hypothesis p t #71(Gger) in [38, Thm. 0.4] can be removed, as long as one
replaces the PZ local model in the statement by its (weak) normalization. For the p = 2, D™
case with fi large, the proposition seems to indicate some additional work might be needed
in order to construct such integral models, so as to circumvent the fact that the Hodge
embedding defines a non-normal orbit closure.

REMARK 9.9. — Let us comment on the relation with the Scholze-Weinstein conjecture
[66, Conj. 21.4.1]. The Bg4r-affine Grassmannian Grgi{ — Og is an ind-proper v-sheaf. The
conjecture states that for {} minuscule, the {u}-bounded sub-v-sheaf Grgli{ e Og is
representable by a unique flat projective O g-model with reduced special fiber of the variety of
type { i }-parabolics, called the local model. This conjecture is proven in [32, 45] for many cases
with (G, {u}) of abelian type, and in [3, Theorem 1.1] for general reductive groups G, relying
on [20, Theorem 1.3] for the reducedness of special fibers in some cases of wildly ramified
groups G. The local model singled out by the conjecture is the weak normalization M of M
and coincides with the PZ local model of some z-extension, simply the local model in the
sense of [32, §2.6].

Appendix A

Frobenius ind-splitting

Fix a field k of characteristic p > 0. Here we revisit the notion of Frobenius splittings and
prove several basic lemmas regarding this technique in the realm of ind-schemes over k.

DEFINITION A.1. — A k-scheme X is said to be (Frobenius) split if the morphism
of Ox-modules Oy — F,Ox admits a section s, where F denotes the absolute Frobenius
morphism. A closed subscheme Y of X is said to be compatibly split if the splitting of X
descends to that of Y. Finally, we say that an ind-scheme X is ind-split (resp. compatibly
ind-split with an ind-closed sub-ind-scheme) if it admits a presentation X = colim X;
(resp. as well as Y = colim Y;) by simultaneously compatibly split schemes.
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LeEmMMA A.2. — Given a collection X; of simultaneously compatibly ind-split ind-closed sub-
ind-schemes of X, finite intersections and finite unions are also simultaneously compatibly split.

Proof. — This is known in the case of schemes ([9, Prop. 1.2.1]), and it generalizes to that
of ind-schemes by taking appropriate presentations. O

Thanks to [4, (3.7)] or [5, 7.11.3], we have a good notion of sheaves of modules on
ind-schemes X = colim X;, namely obtained as a family of compatible Oy,-modules
in the obvious way. For an ind-proper ind-scheme X over k& equipped with a coherent
Ox-module M arising from coherent Oy, -modules M;, we define H" (X, M) := lim H"(X;, M;)
for n > 0. This definition is sensible as the cohomology groups are finite-dimensional and
thus R"lim vanishes for n > 0.

LEMMA A.3. — Let Y C X be a closed immersion of compatibly ind-split ind-proper ind-
schemes over k. If L is an ample line bundle on X, then H°(X, L) — H°(Y, L) is surjective
and H>°(X, L) = H”>°(Y,L) = 0. Additionally, if Y C X is a closed immersion, then
HY(X,Zy ® L) = 0 where Ty denotes the ideal sheaf defining Y .

Proof. — At finite level, this is just [9, Thm. 1.2.8] and it follows in general by taking
projective limits. U

The next results study the implications of certain splittings for the graded algebra
H°(X, L*), going back to Ramanathan [58], but we mostly follow the treatment of [9, §1.5].

PROPOSITION A.4. — Let Y C X be a closed immersion of compatibly ind-split ind-
proper ind-schemes over k, and assume that the diagonal Ay is compatibly ind-split with
X x X. Given an ample line bundle L on X, the graded k-algebra H°(Y, L®) is generated by
its degree one elements, and L defines an ind-closed immersion of Y into P(H°(Y, L)) where
H°(Y, L)Y :=colim H°(Y;, L)V.

Proof. — Observe that due to the previous lemma and our hypothesis, we get surjectivity
of the map H°(X, L") ® H°(X,L) — H°(X,L"!) which implies the claim as long as
Y = X, by induction on n. If Y is not necessarily equal to X, we still have an epimorphism
H°(X, L") — H°(Y,L"). The projective embedding is given by taking the colimit of the
resulting closed immersions for a compatibly split presentation. O

Let us recall some terminology regarding commutative graded algebras and modules
(compare with [9, Def. 1.5.5]).

DEFINITION A.S5. — A commutative Zso-graded k-algebra A. is called quadratic if
Ao = k, if it is generated by A; and if the kernel K, of the induced surjection S*A; — A, is
generated by K. An A.-graded module M, is said to be quadratic if it is generated by M,
and the kernel Ko of My ® Ae — M, is generated by K.

The next result subsumes [58, Prop. 2.7, Prop. 2.19] and is the ind-scheme version of [9,
Prop. 1.5.8].
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PROPOSITION A.6. — Let Z C Y C X be closed immersions of simultaneously compatible
ind-split ind-proper ind-schemes and L be an ample line bundle on X. Suppose moreover
that Axy> x X, X x Ay2, Y x Ay2 and Z x Ay> are simultaneously compatibly ind-split in X 3.
Then H°(Y, L®) is a quadratic graded algebra and H°(Z, L®) is a quadratic graded module
over H°(Y, L®).

In geometric terms, this tells us that the projective embeddings of Z, Y and X determined
by L are given by quadratic homogeneous polynomials and the transition morphisms are
defined by linear ones.

Proof. — If we intersect the given ind-schemes with X x Ay, the conditions of Propo-
sition A.4 are satisfied and hence the graded algebras in the statement are generated by its
degree 1 elements. To show that A4, := H°(X, L®) is quadratic, we consider the Mayer-
Vietoris short exact sequence 0 — IszXxUXXsz — Iszxx o) IXxsz — IAX3 — 0,
where the ideals of definition are with respect to X3, and we tensor it with £ [ £"2 X L3
for some integers ny,nz,n3 > 1. Let Ky n, 0, be the kernel of 4, ® An, ® Any = Any4no4n3
and analogously for K, ,, and Kj, ,,, respectively. By taking cohomology, we arrive
at surjectivity of the map Ky, n, ® Any; @ An, ® Kuyny — Kujnons by the proof of
[9, Prop. 1.5.8], which implies that A, is quadratic by [9, Lem. 1.5.7]. In order to show
that B, := H°(Y,L®) and C, := H°(Z,L®) are quadratic algebras, we repeat the same
strategy with the couple (Ay2 x X,Y x Ay2) which intersects in Ays and use surjectivity
of the transition maps Ae — Be — C, to derive the same formulae for B, and C,. By [9,
Rmk. 1.5.6 (iii)] every transition map defines a graded quadratic module structure. O

Appendix B

The quasi-minuscule Schubert scheme for PGL,

Let S5 (resp. Saq) be the quasi-minuscule Schubert variety in the affine Grassmannian
Grgy, (resp. Grpgr,) over Z. Let L™~SL, (resp. L~ PGL,) be the strictly negative loop
group (see Section 3.3) which defines an ind-affine open neighborhood of the base point
in Grgp,, (resp. GrpgL,). The canonical map Grsy, — Grpgr, induces a scheme theoreti-
cally surjective morphism Sg. — Saq, and hence a morphism

Spec A := L™ SL, N Ss¢ > L™ PGL;, N Saq =: Spec B,

which identifies B with an integral subdomain of A. The aim of this section is to prove the
following result.

PROPOSITION B.1. — There is an isomorphism A = 7[x, y,z]/(z* + xy) under which B is
the subring generated by the elements x,y,2z,xz,yz.

COROLLARY B.2. — Thering B ®F; is not reduced. Its reduction identifies with the subring
of A®F, = Fylx, y,z]/(z% + xy) generated by x, y, xz, yz.
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Proof. — The element u = 2z isnot 0 in B ® F, because z ¢ B. But its square
u? =4z2=—4xy is 0in B ® F, because x,y € B. This shows that B ® F, is not
reduced. Clearly, the image of B ® F» — A ® F, = Fy[x, y,z]/(z? + xy) is the subring
generated by x, y, xz, yz. The kernel of this map is nilpotent because the spectra of all rings
are irreducible of Krull dimension 2. Hence, the ring (B ® I, ),.q identifies with the desired
subring of the integral domain F[x, y, z]/(z? + x). O

This corollary shows that the special fiber S,q4 ® I, is not reduced. More precisely, the
reduction (Saq ® F2)req 1s the quasi-minuscule Schubert variety for PGL, over F,, but the
inclusion (Sag ® F3)red C Saq ® 5 is strict.

To prove Proposition B.1, we first calculate the ring A. For this, we consider the Lie
algebra sl of SL, over Z. The nilpotent cone n in sl; is the closed subscheme of matrices
whose determinant is zero. We choose the isomorphism A3 = sl, given by the map

(x.y.2) > (Z x),
y—Z

so that {z2 4+ xy = 0} = n as schemes over Z.

LEMMA B.3. — Let e € Grsy,(Z) denote the base point. The map n — Grsp,,
X = (1 +t71X) - e induces an isomorphism w =~ L~SLy N S, that is, an isomorphism
Z[x.y.z]/(z% + xy) = A on coordinate rings.

Proof. — Themapn — L™ "SLy, X + 141X is well-defined and a closed immersion.
It induces an isomorphism onto the closed subscheme (L™"SLj)[—1,17 of L7~ SL; of all
matrices M = 1+t 'M; +t7>M, + ...such that M; = 0 and (M~'); = Ofori > 2.
We now regard L™~ SL, via the map g — g - e as an open sub-ind-scheme of Grg;,, see [19,
Lem. 2] (cf. Lemma 3.6). It remains to show L™"SL, N Ssc = (L™ SL3)[—1,1] as subschemes
of GrSLz-

Recall the lattice interpretation of the affine Grassmannian, see [19, p. 42] (cf. [21, p. 697]).
For any ring R, the R-valued points of Grsy, are given by R[¢]-lattices A C R((1))?
such that detA = R[] in R((z)). We denote by Ag g = R[t]? the standard lattice
which corresponds to the base point. Let Grsy, [—1,1] denote the closed subscheme of Grgy,
of R[¢]-lattices A such that tAg g C A C ¢t~ 'Agr. A direct computation on R-valued
points shows (L™~ SL3)[—1,1; = L™ SL, N Grsy,,[—1,1]- Recall that S is defined as the
scheme theoretic closure of the orbit map L¥SL, — Grsi,, g — g+ (! ,2) - e. We see that

0!
Ssc C Grsr, [—1,1], and hence that L™~ SL, N Sy is a closed subscheme of (L™ SL>)[—1,1.
Since both are integral of Krull dimension 2 4+ dim Z = 3, they must be equal. O

In order to calculate the subring B of A = Z[x, y, z]/(z% + xy), we consider the adjoint
representation of SL,: The map ¢ — (x ~ gxg~!) induces a morphism of Z-group
schemes SL, — GL(sl,) = GLj3 given by

b 14 2bc —ac bd
a
(B.1) Ad:( d)» —2ab a* —b? |,
c
2¢d —c? d?
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where we use the ordered basis (§ %), (34). (99) of sl. This map induces a closed
immersion PGL, <> SL3 of reductive Z-group schemes, and hence a closed immersion
GrpgL, <> Grg, of affine Grassmannians over Z. Therefore, the image of S,q in Grsp,
identifies with the scheme theoretic image of Sy under Ad: Grsy, — Grsi;.

Proof of Proposition B.1. — We identify A = Z[x, y, z]/(z% 4+ xy) under the isomorphism
of Lemma B.3. Combining this with (B.1) gives

-1
Ad: (1 +t 'z

. : ) 20+t x QA 4++1712)2 —t72x2
Ty 1—171z

. 14+2:72xy  —(1+t 1)y ix(1 —t712)
X )
267y (1 —1712) —t72y2 (1—-1712)?

As this formula holds on R-valued points, the ring B is precisely the subring of 4 generated
by the monomials in x, y, z appearing as coefficients of ¢/ for i = —1, —2. An inspection of
this matrix using z2 + xy = 0 and Z* = +1 shows that B = Z[x, y,2z, xz, yz] as a subring
of A. O

Appendix C
Minimal nilpotent orbits in twisted affine Grassmannians

Fix an algebraically closed field k£ of characteristic 0. Let H be a simply connected or
adjoint simple k-group of type 4, (n > 2), D, (n > 4), or E¢ endowed with a pinning
(H, Ty, By, Xg). Let g be the canonical involution of Aut(H, Ty, By, Xg) induced by the
non-trivial involution of the Dynkin diagram of ®(H, Tx) ®. Let M := H0 be the affine
k-group deduced from H by taking op-fixed points. It is smooth of finite type, connected,
reductive, simple, simply connected or adjoint by [24, Prop. 4.1] (see also [28, Prop. A.1]).
Moreover, it carries a natural pinning (M, Tys, Bar, Xpr) where the middle entries are given
by fixed points under the involution and Xj; = Xg. The root system ®(M, Tyy) is the set of
non-divisible elements in the image of ®(H, Ty ) under the natural restriction morphism:

X*(Ta) @ R > X*(Ty) @ R = (X*(Tr) ® R)oy.

the latter of which will often be identified with (X*(Ty) ® R)°° via the obvious averaging
map.

Let k((¢)) be the Laurent series field over k and consider its quadratic Galois extension
k(u)) with u = /2. The restriction of scalars Resguy/ k) Hruy admits the involution
o := 09 ® t where ¢ stands for the Galois involution of k((u))/k((t)). Its fixed points
G := (Resgquy k) Hr@y)® form a reductive, quasi-split group equipped with a natural
pinning (G, Tg, Bg, Xg), see [55, §2] or [47, §2.1-2.2]. We have an obvious absolutely special
parahoric model of G given by the same formula after replacing k(v))/ k(¢)) by k[[ull/k[[t].
We will still denote this k[[¢]]-group by G. It is important to note as well that at a combinato-
rial level, the groups G and M are not so far from one another, in the sense that ®(M, Ty) is
the set of non-divisible roots of the relative root system ®(G, S¢) via the obvious identifica-
tion X*(Sg) ® R = X*(Tyy) ® R.

® For H of type Dy, there are 3 possible choices of involution, and we pick the one fixing 1. Note that since these
involutions are all conjugate, other choices lead to isomorphic group-theoretic data.
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Our goal is to establish a link between certain nilpotent orbits of M (not necessarily for
the adjoint representation) and certain Schubert varieties of Grg. Note that the classification
of simply connected tamely ramified reductive groups would force us to consider the case
where oy is either the identity or has order 3 (for the D4 root system and associated triality).
However, the material of this section has already been treated in [48, §2.10] and [28, §8] in
those additional cases.

C.1. Minimal nilpotent orbits of the M -module g_;

Let h ® k[u,u™'] be the algebraic loop algebra of h with the obvious action of o by og
on the left and Galois conjugation on the right. We let g denote the o-invariants of this
Kac-Moody algebra—this is a graded version of Lie G. The action preserves moreover the
obvious u-grading and we write g_; := h[u~1]°. This is acted upon by M in the evident
manner and we are going to analyze the structure of this representation as well as some of
its nilpotent orbits. In the following, we denote by @7 < the short roots of ®pr 1= O(M, Tyy)
and by 07, < the unique dominant short root of ®py.

ProrosiTiON C.1. — Suppose that &g := O(G, Sg) is reduced or, equivalently, that
gy = ®(H, Ty) is not of type Azpm. The following properties hold:

1. The M-module g_y is irreducible and quasi-minuscule, that is, its highest weight
equals Opr <.

2. Let v € g—1 be any non-zero weight vector. Then the orbit closure Onin := M - v inside
the affine space g is independent of v and contains the origin. It satisfies the following
dimension formula

dim Opin =2 + #{a € ®pria+ QM,< S CDM’<}

and its tangent space ToOnin at the origin is identified with g_,.

Proof. — The null weight space of our representation equals tg 1 := tg[u~!]° which has
dimension equal to the cardinality of Ay <, that is, the subset of short positive simple roots.
This can be seen by writing down its basis

(C.1) U hg = U (@),

where o € Ay isnot gg-invariant and i, = [ey, e—y] 1s the canonical coroot element induced
by the choice of the non-zero root vectors ¢, belonging to a Chevalley-Steinberg basis of
extending the components of Xy . Similarly, we see that the only nonzero weights are (short)
roots of the form ‘H'”TO(“) with ¢« € ®g. Indeed, their weight spaces are 1-dimensional
spanned by
u_lea — u_leg()(a),

see[10,4.1.3] and compare with [47, §2.1] for more explanations and references. The reduced-
ness hypothesis is crucial here to ensure that og(eq) = eg,(y) for all roots o € @ . Since all
the roots in @z have the same length, it follows that the short roots ®ps, < are those of the
form ““’T‘)(“) for non-op-invariant roots « € ®g, and the unique dominant short root 07, < is
thus the highest weight of the representation g_;. Since all the weight spaces with non-zero
weight are 1-dimensional, g_; is the sum of the quasi-minuscule representation of M, plus
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possibly a trivial representation with some multiplicity m. But it is known that the weight-
zero space in the quasi-minuscule representation of M has dimension #A s, and thus it
follows that m = 0. This completes the proof of (1).

Now we consider the minimal ® nilpotent orbit &mi, = M -v. Since all non-zero
weight vectors are extremal by (1) and these are conjugate under the M -action, the orbit
closure O, is independent of the choice of the non-zero weight vector v. Further, it is
called nilpotent because v belongs to the nullcone of g_;. In other words, v is an unstable
point in the sense of geometric invariant theory, as one can find a cocharacter A of M such
that

limA(t)-v=0

1—0
by the Hilbert-Mumford criterion. This also proves 0 € Op;,. So the tangent space To Opin,
being an M -submodule of g_;, must be the entire space by irreducibility.

As for computing the dimension, we need to subtract from dim M the dimension of the
stabilizer Z s (v) of v which is preserved under conjugation by Tjs. This can be done at the
level of Lie algebras and then 3, (v) actually decomposes into its intersection with weight
spaces for the Tys-action. Obviously, 3., (v) Nt 1s a hyperplane in t3; and hence its cokernel
contributes once to the dimension of the minimal nilpotent orbit. Now we need to count
roots a € ®js such that e, annihilates v. Choosing v to be a highest weight vector, it certainly
suffices to have a & —0pr, < + (Ppr,< U {0}).

Suppose, on the other hand, that a + 0y, < € $pr,< U {0}. If a = —0Opr,< and if we write
Or,< = LE2W) then v = uley —ulegy(y) and e_g,, _ - v is a non-zero multiple of the
averaged coroot element (C.1) for « = v, using that {y, o9(¥)} form a perpendicular orbit
pair. If a + O, < is a short root of M, then we can write a = w without necessarily
having @ # o0¢(«) and we claim that we can arrange « + ¥ € @y up to replacing o by its
oo-conjugate. Otherwise, the bracket [e,, eg,, _] would have to vanish while simultaneously
generating the root space of a + Ojr,<. Now if a # o¢(a) then e, := ey + €5, (o) and we see
that e, - v # 0 because after expanding we get a non-zero multiple of eq1y € C*[eq, ey ],
which cannot be canceled out since a + 6y, < is short and hence oy (o + V) # « + ¥ and also
since o # op(@). If @ = () then e, := ey and similarly [eq, u™ ! (ey — €gy(y))] # 0. This
yields the dimension formula. O

We treat separately the case when ®¢ is non-reduced, thus of type BC,, for reasons that
will become clear to the reader in a moment. We let 6g be the highest root of ®g (notice
that it must always be divisible). Recall that og-invariant roots of ®g do not induce roots
in @7, but only divisible roots of ®g. Under the non-reducedness assumption on ®g, the
short roots of @, consist of averages of non-orthogonal og-orbit pairs of roots, whereas long
roots are the averages of the orthogonal pairs.

ProrosiTiON C.2. — Suppose that g is non-reduced or, equivalently, that &y is of
type Azy. The following properties hold:

(®) To actually know that this is the smallest nilpotent orbit of g—; as happens for the adjoint representation, we
would need an analogue of the Jacobson-Morozov theorem.

(™ Alternatively, we could have used that the Kac-Moody roots a and 637, < —§ of the Kac-Moody algebra g, where
§ is the minimal positive imaginary root, constitute a prenilpotent pair of real roots in the sense of Tits [69, §3.2],
so their bracket is non-trivial.
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1. The M -module g_1 is irreducible of highest weight 0¢.

2. Let v € g_1 be any extremal weight vector. Then the closed orbit Onin == M - v inside
the affine space g is independent of v and contains the origin. It satisfies the following
dimension formula

dim Opin =14+ #{a € Oy :a+ 0g € Ppr}

and its tangent space ToOnin at the origin is identified with g_,.

Proof. — We start by producing a reasonable basis of g_;, in the very same spirit of the
previous proposition. The null weight space is still tg —1 := tg[u~!]?, it has dimension #A
spanned by the basis

u_l (hol - ha()(a))

for any orbit pair {&, ¢ (@)} regardless of their orthogonality behavior. All rootsa =
of @y, are multiplicity one weights with weight vectors given by

a+oo ()
2

Vg = u_l(ea — €oo(a))s

where we use a Chevalley-Steinberg basis which must necessarily satisfy the property
00(eq) = £a€qy(a), With g4 € {1} being a fixed sign. Here &, = 1if o # 0p() and g4 = —1
otherwise.

This shows already that g_; is not quasi-minuscule, as ®j, is not simply-laced, but we
also have extremal vectors of weight « = o + op(0) € g\ Py for all non-orthogonal
non-singleton orbit pairs {«, og(c)}, equivalently, all ogp-invariant roots a of ®g. Indeed,
these extremal weight spaces are spanned by v, = u~le,, which are fixed by o, because
0o(€a) = —€q.

Therefore we conclude that g_; contains the highest weight module attached to 6g.
Moreover, since every non-zero weight has multiplicity one, belonging to the highest weight
module by saturatedness, the only other possible summand would be the trivial representa-
tion. However, it is easy to see that foreacha € Ay, [e_o +e—_gq(a), Va] = —u(hg —hop(@))s
whence irreducibility of g_;. Indeed, this shows that the entire zero weight space tz [u~']° is
contained in the module with highest weight 6.

As for the remaining assertions on Oy := M - vg,;, We can argue in the same manner
as in the reduced case. Let us take care of the combinatorics. We need to study roots a
in @y such that a + 0g € ¢ U {0} and examine whether e,vg, # 0. Since O ¢ Dpy
and a + 6g cannot be divisible, we can replace ®g U {0} by ®ps. Write a M
and note that we can arrange o + 6g € Py just as in the proof of Proposition C 1.
Then [eq + €5y(a). U 'eg,;] is @ non-zero multiple of u~!(eq+4,) plus a non-zero multiple

of u™ (e4y(a)+6 )» and cancelation cannot occur since o # oo (a). O

C.2. Quasi-minuscule Schubert variety of Grg

Recall that [25, Thm. 6.1] describes the échelonnage root and coroot systems ®s;,, resp. @é
for G, in terms of the op-action on @, resp. on ®},. We obtain

Oy = N[',O(CDH),
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where the modified norm is defined as in [25, §3]. Dually, we get
DY = resq, (Pp),

which is given by taking op-averages and excluding the resulting divisible coroots. We note
that parallel to the above, ®pr = resq, (Pr).

We are particularly interested in the unique quasi-minuscule coweight ¥V of dJ\é. This
is obtained from the highest orbit pair {y/",0o(¥)"}, the highest orbit pair of ®}, with
average ¥V of the shortest possible length. In other words, {yV, o()"} is the set of coroots
of {, o0()}, the highest non-singleton orbit pair in ®g if ®¢ is reduced and the highest
non-orthogonal non-singleton orbit pair otherwise (so i carries the same meaning as in the
previous section). Indeed, in the reduced case, ¥ + go(v) is the highest long root, hence
the highest root of Ny (®g) = P5. So (¥ + 0o(y))Y = w = V¥V is the quasi-
minuscule coroot for ®x (recall ¥ and o¢(y) are perpendicular). In the non-reduced case,
2(¥ +00(¥)) is the highest long root, hence the highest root of @5, and a calculation shows
the quasi-minuscule coroot is again expressed as ¥V, compare with [25, Lem. 3.2].

We have the following important lemma:

LemMma C.3. — The quasi-minuscule Schubert variety Seuv and the minimal nilpotent
orbit Oy for g—1 have the same dimension.

Proof. — This amounts to establishing the combinatorial identity

2+ #{ae Py ia+ Oy« € Py} if Ogis reduced;

2. YY) =
@pu. v 1+ #{ae€ Dy :a+ 0 € Oy} else.

Let us first assume ®¢ is reduced. Consider the two types of roots in g 4: f with
— : . B+oo(B) — :
B L 0o(B) and y such that y = oo(y). Write b := == and ¢ := y for the corresponding
positive roots in ®ps; note that b € &y < is a short root and ¢ € Py~ a long root. Since
0y = (Om,<)Y = ¥¥ + oo(¥)" we have identities

(C2) (0. 6yr) = (B.YY) + (00(B). ¥)

(C.3) (c.0h) =2(r.v").

We claim that (C.2) (resp. (C.3)) takes values in {0, 1}, if B ¢ {¥,00(¥)} (resp. {0,2}). To
see this recall that the root B + 0o(B) (resp. y) of Ny (®m) = ®y is not proportional to
the highest root ¥ + oo() of ®5, so by [8, VI.1.8, Prop. 25], we obtain (8 + oo(B), ¥V)
(resp. (y. ¥V)) belongs to {0, 1}.

Next we observe that (b, 0y;) = 1 if and only if —b + Opr, < € Ppr, <, Wwhen B & {, 00 (¥)}
(resp. {c,0y;) = 2ifand only if —c + Oy« € Py <). (Note that all roots a = —b
(resp. a = —c) appearing in the desired formula are necessarily negative.) If (b, 0;;) = 1,
then sg,, _(b) = b—0p < € Ppr<. If (¢, 0p7) = 2, then ¢ and s4,, _(c) = ¢ —20),< are both
long roots, so ¢ — Oy, < is a short root. Conversely, if b (resp. ¢) and 7, < are perpendicular,
their difference is longer than 67, < so in particular is not a short root.

Finally, note that, under the bijection between o-orbits in &g and elements of &g, our
previous considerations imply by a counting argument that (2pg, ¥V ) equals the right side of
the combinatorial identity. Indeed, the missing case b = O7,< provides the extra summand 2
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in the right side of the identity, whereas positive roots (beware the sign changes) cannot sum
with O < to a short root by maximality.

Now consider the case where ®¢ is not reduced of type BC,, so that ®g is of type Az,.
As much as we could probably give a combinatorial proof, it is quite simple to verify that the
right side equals 2n by inspecting [8, Ch. VI, Planches II-111], whereas a calculation reveals
that (2pg,v") = 2n as well. O

We have a natural morphism of reduced (ind)-schemes exp:ng,—; — L™~ H induced
by the exponential map of Lie algebras, where ng, _; is the set of nilpotent matrices in h_;.
For SL,, this can be written as the usual exponential u=!' X + Y72 (”_l.l!X ) , and it follows
that the above morphism is a closed immersion. Moreover, it is o-equivariant, so we also

obtain a closed immersion on fixed points

exp:ng,—1 — LG,

where ng,—; := “;1,—1- We have the following generalization of [28, Thm. 8.1, Prop. 8.6]:

ProproOSITION C.4. — The morphism exp:ng,—1 — L7 G restricts to an isomorphism
Opin = L77GN SG,W‘

Proof. — Once we show that the image of any extremal weight vector lies in the quasi-
minuscule Schubert cell, the result follows immediately from Lemma C.3. Indeed, we would
have a closed immersion between two varieties of the same dimension, so it has to be an
isomorphism.

Now for the factorization claim, we must once again divide our approach depending on
the reducedness of ®¢. Let us first treat the reduced case. We observe that the exponential
of vg,, _ is by definition xy, (™)X (—u1). But this product of commuting elements
comes from an isogeny SL, x SL, — H onto the root group attached to the orbit {1, oo (¥)}
of commuting roots. Notice that the element x,(+u ') of Grsy, belongs to the a¥-Schubert
cell. Hence, by naturality, we get that exp(vg,, _) is sent to the Schubert cell of Gry associated
with ¥V + oo (y)". But this is exactly the image of v e T (k@) in Ty (k(n))/ Tg (Mul)
under the Kottwitz map, see [39, (7.3.2)].

Finally, suppose that ®¢ is non-reduced. We have the extremal weight vector vg,; of g_1,
whose exponential equals xy 14,y (™ !). This element lies again in the Schubert cell of Gry
attached to (¥ + oo (¥))Y = ¥¥ + 0o(¥)", so we are done again by [39, (7.3.2)]. O

Appendix D

Equivalence of geometric properties

ProrosiTiON D.1. — An(a,f)-Schubert variety Sy,, w € W/ Wy is normal if and only if it is
weakly normal (resp. (S2), resp. Cohen-Macaulay, resp. Frobenius split if char(k) > 0, resp., it
has rational singularities).
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Proof. — Recall from [53, Prop. 9.7] that the normalization S, — S,, is a universal
homeomorphism, and that S,, is Cohen-Macaulay, Frobenius split if char(k) > 0, and has
rational singularities. Therefore ‘normal’ implies each of those properties. This also handles
the equivalence of ‘normal’ with ‘weakly normal’. To show that ‘Frobenius split’ implies
‘normal’, we invoke [52, Lem. 1]: if Y — X is a proper surjective morphism of irreducible
k-schemes with connected fibers such that Y is normal and X is Frobenius split, then X is
normal. We apply this to the Demazure resolution D(w) — Sy, attached to any reduced
decomposition w of w.

If Sy, has rational singularities in the sense of [53, Prop. 9.7], then we know thanks to
[40, Rem. 9.2] that S, is Cohen-Macaulay and normal. Also, in general Cohen-Macaulay
(resp. $2) and regularity in codimension 1 imply normality.

Thus, for the equivalence of ‘normal’ with the remaining properties it suffices to prove the
following result. ]

LeMMA D.2. — Every Schubert variety Sy, is regular in codimension 1.

Proof. — We may assume f = a and w € W,g. Let e be the base point in Flg .. We
abbreviate by letting UT = L*G, and U™ = L™G,. Setting *y := xyx~!, we define for
any x € W, the groups U = *U~NUYand U7 = U~ N * ' U+, sothat U, = U,

Since the open Schubert cell in Sy, is a smooth orbit under UT = LTG,, we are reduced
to checking regularity in an open neighborhood of the point w’e associated to Schubert
varieties Sy C Sy of codimension 1. Write w = usv as a partial reduced word with s being
a simple reflection, such that w’ = wv is still a partial reduced word.

For any x, the Schubert variety S, has an open neighborhood of xe of the form U xe.
This follows from properties of the negative loop groups (Corollary 3.9; see also [47, Eqn.
(4.2.24)]). Let n: D(w) — Sy be the partial Demazure resolution attached with the partial
reduced decomposition w = (u,s,v). Therefore, we get an open neighborhood in D ()
around (u, 1, v) which is isomorphic to

0 :=UtuxU; xUlv=US x*US x "“U uv.
Moving uv to the left, we identify this with
wo U x VU x Uy
Using that uv and sv are partial reduced words, we see that each group factor liesin U ~, and
thus under the product morphism 7, this maps into uvU ™~ N Sy,.

We claim that 7|p is a monomorphism. By the root group decomposition lemma [47,
Prop. 4.2.6], it is enough to show that the terms of the above product share no affine roots
in common. Comparing the first two terms, this follows from u < us. Comparing the third
term with either of the others, it follows because *U,” = U,' involves only positive affine
roots.

Now the morphism 7|p: O — uvU~ N Sy, is a finite type monomorphism, hence is
unramified [1, Tag 06ND]. This implies that |o induces an isomorphism Op (), w,1,0) = Os,pu0s
and hence that S,, is regular at uv, as follows: the map = is birational by general proper-

ties of Demazure resolutions. Its restriction 7 |o is quasi-finite, and so factors as an open
immersion followed by a finite morphism by Zariski’s Main Theorem. Hence, the map on
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local rings is finite, birational and unramified. An application of Nakayama’s lemma as in
the proof of (3)=(2) of Proposition 2.1 shows that it must be an isomorphism. O

REmMARK D.3. — For Schubert varieties attached to finite Weyl groups, a direct proof
of Lemma D.2 (not relying on normality) was already known by e.g.,[42, Thm. A.12.1.10],
whose proof proceeds by descending induction on /(w) and does not extend to the affine
case. While this paper was undergoing revision, a referee pointed us to [13, Cor. 3.3], which
similarly handles arbitrary Kac-Moody groups and does not imply Lemma D.2 when char (k)
divides #71(Gger).
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