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RANDOM ZONAL EIGENFUNCTIONS
AND A HOLDER VERSION OF THE PALEY-ZYGMUND
THEOREM ON COMPACT MANIFOLDS

BY PIERRE BRUN, RAFIK IMEKRAZ & GUILLAUME PoLYy

ABSTRACT. — We study the convergence of Gaussian random series of radial/zonal
eigenfunctions of the Laplace-Beltrami operator (on the Euclidean space and on the
round sphere). More precisely, we obtain a simple, necessary and sufficient condition
of almost sure uniform convergence (we thus complete an analysis of Ayache and
Tzvetkov). In dimension 2, our strategy turns out to be linked with Holder regularities.
As a by-product, we also prove a Holder version of the Paley—Zygmund theorem on a
boundaryless Riemannian compact manifold.
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444 P. BRUN, R. IMEKRAZ & G. POLY

RESUME (Fonctions propres zonales aléatoires et version héldérienne du théoréme de
Paley—Zygmund sur les variétés compactes). — Nous étudions la convergence de séries
aléatoires gaussiennes de fonctions propres radiales/zonales de I'opérateur de Laplace-
Beltrami (sur ’espace euclidien ou sur la sphére usuelle). Plus précisément, nous ob-
tenons une condition nécessaire et suffisante simple de convergence uniforme (presque
siire), ce qui nous permet de compléter une analyse de Ayache et Tzvetkov. En dimen-
sion deux, notre stratégie s’avere liée a la régularité holdérienne. Par conséquent, nous
prouvons une version holdérienne d’un théoréme de Paley-Zygmund sur une variété
riemannienne compacte sans bord.

1. Introduction

Let M be a Riemannian manifold (we shall state more precise assumptions
in the sequel) and let us consider a sequence (¢, )ren of L?(M) made of eigen-
functions of a fixed operator (for instance, a Laplace-Beltrami operator). The
present paper makes a contribution in the research area where the following
question is of interest: once a Banach space B of functions on M is fixed, can
we give a necessary and sufficient condition on a sequence of coefficients (cg)ren
such that the Gaussian random series > gi(w)ckdr almost surely converges in
B (here, (gk)ren is a standard i.i.d. Gaussian A (0, 1) sequence of random vari-
ables defined on an abstract probability space )7 Actually, such a question
is too general, and we shall give a satisfactory solution in two particular cases,
which we shall motivate in the present Introduction.

We prefer to refer to the Introduction of [32, 24] for more details about the
history of such questions for M being the torus or a compact group, or the
Introduction of [20] for M being a manifold. Here, however, we shortly recall
the main contributions. One could separate the results into two directions.

Analysis on groups. — The story began with the paper of Paley and Zyg-
mund [36], who gave a solution for random linear combinations! Y 4cei*?.
keN

Actually, for any fixed p € [2,+00), such a random series belongs, with prob-
ability 1, to LP(—m,7) if and only if (¢x) belongs to £2(N). It is now known
that considering random signs + (namely i.i.d. Rademacher random variables)
instead of Gaussian random variables leads to the same results?. The case
p = +oco is much more delicate. One of the best “simple sufficient conditions”
is given® by a result of Salem and Zygmund [37, page 291]

Zk\/i Z|Cn < 400

k>2 n>k

1. Here, we prefer to choose an index set equaling N instead of the natural choice Z for
consistency with the sequel of the article.

2. This equivalence has been proved by Marcus and Pisier.

3. Actually, such a condition may become necessary under some assumptions (see [31]).
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that actually sharpens the Paley—Zygmund condition; there is v > 1 satisfying

Z lek]? In? (k) < 4o0.

k>2

In order to obtain a condition that is sufficient and necessary on the sequence of
(ck) in the case p = 400, one needs to combine two arguments: the theorem of
Dudley [10] that proves that an abstract condition, called the entropy condition,
is sufficient, and then the theorem of Fernique that proves that the entropy
condition is necessary (by exploiting the stationarity of Gaussian processes; see
[11, pages 89-94]). Finally, the book [32] contains the complete solution for
M being a compact group for adequate random series. We also refer to [28,
Chapter 13] or [29, Chapters 3 and 6] for much more detail on this aspect.

Analysis for elliptic operators. — The story continues with the papers of
Ayache-Tzvetkov [3] and Tzvetkov [38] by replacing the trigonometric functions
e*f* with eigenfunctions of a Laplace operator. Let us explain the contribu-
tion of Ayache and Tzvetkov with a few details; let us denote by (Z&Pr), 4
the sequence of the radial eigenfunctions of the Laplace operator on the closed
unit ball By(0,1) of R? with Dirichlet conditions for d > 2 (see (1) for the
exact definition). Ayache and Tzvetkov proved that, in contrast to the trigono-
metric case, for any sequence of coefficients (cp,)nen+, there is an exponent4
De € [2,400] (depending on (c,)) such that

P < pe = Z Gn (W), ZEPT  almost surely converges in LP(Bg4(0,1)),

n>1
D> pe = Z Gn(W)en ZEPT  almost surely diverges in LP(By(0,1)).
n>1
In [3, Theorem 4], it is proved that p. = 224 in the specific case ¢, ~ 1. Then,

in [14] Grivaux obtained a simple formula giving p. for any arbitrary sequence
of coefficients (c,,) € £2(N*). Actually, the issue behind such considerations is
to decide whether or not the Gaussian random series > g, (w)c, Z3P™ almost
surely converges in LP(B4(0,1)). For any finite exponent p > dQle, a complete
solution is given in [18] for zonal eigenfunctions® on the sphere S¢ for d > 2.
In [18], the finiteness of p is very important because of interpolation arguments.

4. Actually, the inequality p. > %dl holds because the eigenfunctions Zﬁ’Dir are uniformly
bounded in LP(B4(0,1)) for p < d%dl (we refer to [3] for explanations or the inequality in

(18, page 266, line (2)]).

5. Actually, it is known that the zonal eigenfunctions on S have, in some sense, a similar
behavior than that of the radial eigenfunctions Zﬁ’D“, which play a sort of canonical model
of eigenfunctions that concentrate around a point (see [3, page 4428, remark d)], and this

point of view will also be clarified in Section 2.
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446 P. BRUN, R. IMEKRAZ & G. POLY

We note that a common ingredient in all the works [3, 14, 18] is the concentra-
tion of the radial (or zonal) eigenfunctions. We also refer to [22] for the analysis
of radial eigenfunctions of the harmonic oscillator —A + |z|2 on L?(R9).

First contribution of the paper. — The first contribution of the present paper
is to find a necessary and sufficient condition for p = +o0 in the zonal/radial
framework studied by Ayache and Tzvetkov in [3]. Let us briefly recall the two
examples of functions we have in mind.

e The sequence of radial eigenfunctions of the Laplace operator —Ap;, on
the Euclidean closed ball B4(0,1) = {x € R%, |z| < 1} (for d > 2) with
Dirichlet conditions. Then the sequence of radial eigenfunctions Z4P'r
is given by

x|)

FE

. Ja_1(Aan
(1) ZEPN () = gty

Vz e RY,  VneN*,
in which Ay ,, is the n-th zero the Bessel function Ja_y. Wehave Ay = n

and cq, =~ /n for n — 400 (see [3, page 4431]). The functions Z4Pir
concentrate around the origin (see (22)) and satisfy the eigenfunction
equation

d,Dir __ 2 d,Dir
—AZEPT = )3 74D

e The second example is the sequence of zonal eigenfunctions of the round
sphere S¢ ¢ R4 for d > 2, with respect to the Laplace-Beltrami
operator —A. It is usual to consider the zonal eigenfunctions around
a point, for instance P = (1,0,...,0). With such a formalism, the

sequence of zonal eigenfunctions, denoted here by ZTSLd can be defined via
the orthogonal Jacobi polynomials (or also Gegenbauer polynomials)
d 41,41
@) A @)=, P @), o= (o) €8
in which ¢, , ~ /n (for n — +00) and ||Z§LdHL2(Sd) = 1. We also have
(3) ~AZS =nn+d-1)75".

Furthermore, Z,SLd concentrates around the point P but also around the

4.9 d_ d_q d_
point — P thanks to the formula plrhe 1)(—:p) = (—1)”P,(ﬂ R 1)(:E).
It is known that these models are very similar (for instance, via their L? bounds)
and more precisely that the first example is more or less a sort of canonical
model (see Section 2). Let us, moreover, fix a sequence (g )n>1 of i.i.d. Gauss-

ian random variables A'(0,1). We shall prove the following result whose main
contribution is the proof of the implication i) = ii).

TOME 152 — 2024 — N° 3
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THEOREM 1.1. — We assume the dimension d fulfills d > 2. For simplicity,
let us write Z3 : M — R one of the previous two models (Z&P* or Z,Sld) for
which M is understood as the corresponding manifold of dimension d (B4(0,1)
or S%). Let us fix a sequence (cn)n>1 of coefficients, then the following three
statements are equivalent.
i) The series Y |ca|?n?~! is convergent.
n>1

ii) With probability 1, the Gaussian random series > gn(w)c, Z23 uniformly
n>1
converges on M.
iii) With probability 1, the Gaussian random series Y. gn(w)c,Z3 weakly

n>1
converges in the following sense to a function f&, which belongs to
L= (M),
oo d G, w
e [ (3 oulelen i) vt Mo o [ fO@pita)da

n=1
Let us make a few comments on the previous result.

e Theorem 1.1 remains true by replacing the sequence (g,,) with a sequence
(en) of i.i.d. Rademacher random variables. Actually, if ii) holds true,
then the famous contraction principle® shows that the Rademacher ran-
dom series Y &,(w)c,Z4 almost surely uniformly converges on M and,

n>1
thus, almost_surely weakly converges in a similar sense to the assertion
iii). And it turns out that the proof of iii) = i) developed in Section 16
would be totally similar in the Rademacher case.

e Let us explain why the condition in i) is the best one that we could
expect. For simplicity, let us call P a point of concentration of each
Z¢ (even if P is the origin for the model Z¢ = Z4P'). Due to such a
concentration, we may expect that the behavior of the Gaussian random

series Y. gn(w)c, Ze is merely relevant at P, namely if the Gaussian
n>1

numerical random series Y. g, (w)c, Z4(P) is convergent. But, it is a
n>1
basic fact that, for any complex sequence (ay,),>1, the Gaussian random

series Y gn(w)a, is almost surely convergent if and only if > |a,|? <
n>1

+00. As a consequence, the implication ii) = i) is obvious since we
have” Z4(P) ~ n“z". The implication iii) = 1) is not difficult either (see
Section 16) from a probabilistic point of view (though the proof needs
a few basic facts of semi-classical analysis and heat kernel theory).

6. See, for instance, [30, page 137, Th IV 4], [28, page 99, Lem 4.5] or [32, page 45, Th 4.9].
We also refer to a result of Hoffman—Jorgensen as stated in [22, Theorem 5.2].
7. See (21) below.
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e However, the previous geometric intuition turns out to be misleading

in dimension d = 3 from a deterministic point of view. Actually, a
result of Hardy and Littlewood (see Appendix A) allows us to construct
a sequence of coefficients (¢,),>1 fulfilling the following statements for
the zonal eigenfunctions on S3:

a) Wehave Y |c,|?n? < 400 (more generally, for any s < 2 the series
n>1

3 len|?n? converges®).
n>1
b) The sequence Y. ¢,ZS (P) is convergent (for the point P =
(1,0,0,0) € S?).
¢) The zonal function Y. ¢,Z5 is not continuous at P (and, hence,
n>1
the series ) an§3 does not uniformly converge on S?).
n>1
In other words, b_y considering random coefficients, Theorem 1.1 ensures
that the Hardy-Littlewood case is completely exceptional, and the geo-
metric intuition about concentration around P takes over.
Let us now give a quite unexpected interpretation of Theorem 1.1 via
Sobolev embeddings. Remembering that the sequences of zonal eigen-
functions Zﬁd are orthogonal in L?(S?%), the assertion i) of Theorem 1.1

means that the function anid belongs to the Sobolev space
n>1
s (S%). For the compact manifold S%, Theorem 1.1 states the equiv-
alence of the following two assertions”.
i’) With probability 1, the Gaussian random series > gn(w)anEd
n>1
converges in H“7 (S%).
ii) With probability 1, the Gaussian random series gn(w)an,Sld
n>1
uniformly converges on S¢.
Clearly, such an equivalence is a probabilistic improvement of the sharp
Sobolev embedding
d
H*(S?) c (%), Vs> 3
Not only can the regularity exponent s be probabilistically decreased to
%, but we obtain an equivalence.

At this point of the Introduction, we shortly explain a few ideas of the proof of
Theorem 1.1. After a reduction via a canonical model (see Section 2), we are

8. Although we merely need to reach s = 1 for our purpose, we note that condition ¢) and

the Sobolev embedding (4) imply that we cannot set s strictly larger than

3
5-

9. One could also consider assertions with Rademacher random variables; see, for instance,
(24, page 30, Theorem 2].
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led to study the almost sure uniform convergence for ¢t € [0, +00) of Gaussian
random series of the form

(5) > gn(w) AT caW(Aat) with W(t) =

n>1

-1 (f)

4 4

~+ w\s.
w\&

and in which ), is a positive and increasing sequence of numbers satisfying a
gap condition like the following one for a suitable positive constant C > 1:
1

For d > 4, the conclusion will essentially come by making an Abel transfor-
mation on (5) and exploiting that the function W is of bounded variations on
[0, +00).

For d = 3 and d = 2, the function W in (5) is no longer of bounded variations,
and we must use other reasonings.

For d = 3, the term W (¢) equals \/? sin®) 4nd the problem is thus reduced

to studying the almost sure dlfferenmablhty at ¢ = 0 of the Gaussian random
series

Z gn(w)cn sin(A,t).

n>1
Among a few probabilistic arguments, we shall use an estimate of Paley and
Wiener generalizing the Plancherel theorem (see (36)) and the fact that any
function in the Sobolev space H!(R) is almost everywhere differentiable on R.

For d = 2, the proof of Theorem 1.1 developed here is much more longer

than those of the cases d > 3 and d = 4. Actually, even if one could simplify
the strategy for d = 2, the machinery that we develop is also useful to prove
Theorem 1.2 below. Firstly, the Gaussian random series in (5) equals

(7) > gn(@)V Ancn Jo(Ant).
n>1

Then, a model of Gaussian series that should be understood before (7) is, for
instance,

(Ant
(8) S on@)en 20 i S e P < oo
n>1 \[ n>1

In some sense, we will show that (7) is equal to a sum of a trigonometric model
like (8) and a bounded variation perturbation like the case d > 4 (for more
details, see (44) and (48)). It remains to show that a Gaussian random series
like (8) almost surely uniformly converges for ¢ € [0, +00), or equivalently that
the following Gaussian random series is pointwise %—Hélder att=0:

(9) Zgn w)ep sin(Ant).

n>1

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE
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Plot of ¢ — /tJo(t)

LA
T

~1

(=]

FIGURE 1.1. The standard Bessel asymptotic v/t.Jy(t) =

% cos (t — ) 4+ O(3) for t — +oo suggests a behavior like a

trigonometric function.

To get such a pointwise Holder regularity, we shall generalize in an optimal
way a result of Kreit and Nicolay [26, Theorem 14] (see the precise statement
Proposition 9.2, which is of self-interest). To use our Proposition 9.2, we will
need two ingredients:

e An elementary probabilistic result (via the concentration of measure)

giving a sufficient condition for the boundedness of a sequence of Gauss-
ian processes (see Proposition 8.1).

A proof of the almost sure continuity of (9). Here, we stress that the
sequence (\,) is merely assumed to satisfy the gap estimate (6). In
particular, despite the fact that we want to reach the uniform conver-
gence of (8) on [0,400), it is hopeless to get the continuity of (9) via
the uniform convergence on the whole half-closed interval [0, +00) (we
refer to (96), quoting the seminal work of Meyer [33]). In our proof, we
shall obtain almost sure bounds on | > gn(w)ey, sin(A,t)| on compact

n>1
subsets of [0, +00) via the Dudley theorem (see Proposition 15.1).

Second contribution of the paper. — Actually, our probabilistic arguments
may also be applied to another problem with a few additional arguments. We
shall denote by M a boundaryless compact Riemannian manifold of dimension
d > 2. We denote by (¢r)ren a Hilbert basis of L?(M) made of eigenfunctions
of the Laplace—Beltrami operator A:

(10)

A¢p = —ppde, 0=po <py < pp < -+ — F00.
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Let us recall the notations of [20, page 752]. For any K > 0 and any n € N*,
we define the spectral subspace of L?(M):

E(kn—K,kn) = Span{og, . € (Kn — K, Kn]}.

This spectral subspace is a good analogue of an eigenspace but on a gen-

eral compact manifold'®. We now define the multidimensional random series

adapted to our framework. Let U, : Q — RI™(Exn-x.xn) be a uniform ran-

dom vector on the usual Euclidean sphere of RAM(E(rn-x,xn1) and let (gn.k)n.k

be a double sequence of i.i.d. Gaussian random variables A'(0, 1); we define for

any f= > fn € L*(M) with f, € E(kn_k kn) the following random series
n>1

(11) =0

n>1

with

I = fnlle2om > Un k(W) r,
pr€(Kn—K,Kn]

and

(12) fEe = 3 g6
n>1

with

G Il fnll L2(my
fn Z Ik (W) ;.

\/dim(E(Kn—K,Kn]) pr€(Kn—K,Kn)

The random series Y f¢ and Y f&* are multidimensional analogues of the
Rademacher and Gaussian random series. Although not presented in the pre-
vious form, such random series implicitly appear in the papers [5, 6] of Burq and
Lebeau. In some sense, the previous random series translate the heuristic idea
consisting in applying to the deterministic series Y f,, an infinite sequence of
linear random perturbations that stabilize the sequence of spectral subspaces
(E(kn—K,kn))n>1- In particular, a consequence of the analysis of Burq and
Lebeau is a manifold version of the Paley—Zygmund theorem: with probabil-

ity 1, the random functions f* and f&“ belongto ()  LP(M). In order to
pE[2,4+00)

reach the case p = 400, we refer to [19, Theorem 2.1] for a simple sufficient con-

dition, but the general necessary and sufficient condition on the sequence (f,)

is given by [20, Theorem 1]. In particular, for any N € N*, an equivalence!'! of

10. Such considerations are more or less unavoidable because it is known that, for generic
compact Riemannian manifolds, the eigenspaces of the Laplace—Beltrami operator are of
dimension 1 (see [39]).

11. with constants independent of N € N*.
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Salem-Zygmund type holds true'?

g S 3 s

reEM

(Z ||anL2(M)>

A simple consequence of that equlvalence will be used at the end of our study.
For any two integers Ny > N1 > 1, we get

(13) W(annumw)) <E[sup\Zf“’ il

n=N1
S Vin() ( 3 1 fallZenn)

n=N;

1P

Such an inequality is a sort of manifold version of a two-sided inequality known
for the torus (see [29, page 259]), and the case Ny = Ny has been proved by
Burq and Lebeau (see [5, page 930, Th 5]).

In order to state our second contribution, we need to set a last notation; for
any « € (0,1), we denote by C%%(M) the Banach space of functions f : M — C
that satisfy a Holder condition of order «:

THy 69 (-'Ev y)a

in which d, stands for the Riemannian distance of M.

THEOREM 1.2. — There is Ko > 0 depending only on the Riemannian struc-
ture of M such that for any K > Ky and any sequence (fn)n>1 satisfying
fn € E(kn—K,Kn), the following statements are equivalent:
i) There exists C > 0 such that the following bounds hold for j > 1:
20+l 1
c
(15) Z £l F2a0) < 9707
n=27

ii) The sum of the Gaussian random series Y, f& almost surely belongs

n>1
to CO*(M).
iii) The sum of the random series > f* almost surely belongs to C%*(M).
n>1
Our proofs also allow us to give a necessary and sufficient condition for the

convergence in C%“(M) of the partial sums of the random series > f&“ and
n>1

> f¢ (see Remarks 18.1, 19.1 and 20.1).
n>1

12. More precisely, the parameter K > 0 is chosen large enough but fixed once and for all
(see [20, Theorem 1]).
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The previous theorem should be compared to [24, page 89, Theorem 3 and
Proposition], which deals with sufficient or necessary conditions (not both)
to get the Holder regularity of random Fourier series on the torus. But the
previous theorem has no satisfactory analogue for d = 1. For instance, one
may show the following two facts with lacunary series (see Appendix B):

95 (w)

e With probability 1, the Gaussian random series ) =57 €?’* does not

jEN
belong to C%(T).
e With probability 1, the Rademacher random series > %eﬁjm belongs
jEN

to CO(T). ’
Let us now comment on Theorem 1.2 and its interpretation for Sobolev em-
beddings (we refer to [5, 6, 38, 19] for more about probabilistic Sobolev em-
beddings). We recall the following Sobolev embedding for any « € (0,1):

HF5 (M) C CO%(M).

Such an embedding is well known for R? instead of a boundaryless compact
manifold M (see [2, page 82, Prop 1.4]) and can be proved for M by working
on local charts. We now claim that Theorem 1.2 implies a probabilistic gain
of almost ¢ derivatives in the following sense (see [19, top of page 2734] for a

2
similar gain for the spaces L>°(M) and BMO(M)).

COROLLARY 1.3. — Let K > 0 and (fn)n>1 be as in Theorem 1.2; we consider
fe in (11). For any o € (0,1) and any n > 0, if > fn belongs to the Sobolev
n>1

space HOT(M), then the random function > f* almost surely belongs to
n>1

CO(M).

Proof. — Actually, we get a much stronger inequality than (15):

27+l _1 1 29+l _q
2 2 2
> fallzzm < 25T DI Rl VY P
n=27J n=27
C 2
- 22j(a+n) H 7;1 fn HHﬂJrW(M). .
Organization of the paper. — In Section 2, we explain how the sense i) =

ii) of Theorem 1.1 is a consequence of the analysis of a canonical model of
zonal/radial eigenfuntions. For this canonical model, we state Theorem 2.1.
The difficult part of Theorem 2.1 is also its implication i) = ii) and will be
developed in the next sections.

In Section 3, we present a few elementary results about Abel summations
for Gaussian random series (the main probabilistic ingredient is indeed the use
of the Lévy’s inequalities).
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In Section 4, we explain how the case d = 4 is an immediate consequence of
Section 3 and of well-known asymptotics of Bessel functions.

Section 5 is devoted to the proof of the case d = 3.

In Section 6, we state and prove a result in the spirit of the “closed graph
theorem” in order to get quantitative bounds for Gaussian processes. This part
is elementary upon using integrability properties of Gaussian processes. The
idea is simply that we may get boundedness from continuity in some special
cases.

Section 7 shows how the case d = 2 can be reduced to a probabilistic result
about pointwise Holder regularity of aperiodic trigonometric sums (namely
Proposition 7.1).

Section 8 studies a consequence of the concentration measure phenomenon in
order to obtain the almost sure boundedness of a family of Gaussian processes
(such a result will be used for the proof of Proposition 7.1 and Theorem 1.2).

Section 9 contains the statements of two results about Holder regularities in
the language of the Littlewood—Paley theory:

e The first one is Proposition 9.2 and gives a necessary and sufficient condi-
tion to get the pointwise Hélder regularity on R? (this is an improvement
of a sufficient condition previously proved by Kreit and Nicolay). The
proof is developed in Sections 10, 11 and 12.

e The second one is Proposition 9.3, which is more or less known, and
gives a necessary and sufficient condition to get the global Holder regu-
larity on a boundaryless Riemannian compact manifold and, moreover,
shows that the semi-classical multipliers of the Laplace—Beltrami oper-
ator behave well with respect to the global Holder norm (these results
are proved in Sections 13 and 14).

Section 15 contains, as announced in Section 7, the final argument of Theorem
2.1 (in particular, we prove Proposition 7.1). In other words, as explained in
Section 2, we finally get the sense i) = ii) of Theorem 1.1.

Section 16 is devoted to showing the sense iii) = i) of Theorem 1.1. Since the
sense ii) = iii) of Theorem 1.1 is immediate, the proof of our first contribution
will be completely finished.

In Sections 17, 18, 19 and 20, we prove our second contribution stated in
Theorem 1.2, namely the Holder version of the Paley—Zygmund theorem on
compact manifolds.

Appendix A explains why a result of Hardy and Littlewood implies, for
d = 3, that there is no deterministic analogue of Theorem 1.1.

Finally, Appendix B contains a few complements of classical random trigono-
metric sums with respect to the global Holder norm on the unidimensional
torus T.
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2. The canonical model of zonal eigenfunctions

Let us consider the usual Laplace operator A on R? for d > 2. For any
¢ € R? whose Euclidean norm |¢| equals 1, we have —Aeil&) = &) If one
looks for an eigenfunction that is invariant under the action of all isometries
around the origin, it is thus natural to consider the following function averaged
over the unit sphere %1 of R%:

Ty 1(le))

(16) zeR? e Em) dgy 1 (€) = (2m)% x —2—
§d—1 |g;|§71

in which o4_; is the surface measure of S¢! and J 4 is the usual Bessel
function.

Here is our canonical model: we fix a sequence of positive numbers (A\,,)n>1
satisfying for some constant C' > 1 and any n > 1 the following estimates

1
(17) c < Ant1 — A < C
and we define for any = € R?
Ja_y(Anlz]) e Ja_ g (Anl2])

(18) Zdhean(g) = /N, x 20y F

=X
4-1 e

||
As announced in the Introduction, the Dirichlet model Z&P™ is of that form!3
once we restrict the analysis on the unit ball of R?. Actually, the gap assump-
tion (17) is a consequence of McMahon’s asymptotic expansions for large zeros
of the Bessel functions (see [34, page 236]).
d—1

In order to motivate the factor A,2 in (18), let us recall the following
property'* of the Bessel functions:

1

1T )
lim = tJa_(t)°dt = —,
T—+oco0 T 0 2 m

from which we immediately get, by a compactness argument, that there exists
a constant Cy > 1 satisfying

T T
T>1 = C£ < ,// tJa_,(t)2dt < C4VT.
d 0 2

Let (K,,) be a sequence of positive numbers and set T' = K, A, in the foregoing

d-—1
facts. The factors v/ A, and A\,,> are made to ensure the following normalization

13. Actually, if we set HZi’D“Hm(Bd(o,l)) = 1, then we have Z?L’Dir = ,Bn’dZ;iL’Can with

ngrfoo Bn,d = \/% thanks to (19) with the choice K, =1 and Ap, = 400.

14. Such a limit can be seen as a consequence of the asymptotics J,(t) = \/%(cos(t —

5 =7 +O(%)) for t — +o0.
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conditions (coming from a simple change of variables):

(19) b N2 a0 _ VOIS
KpAn——+o0 m ﬁ ;

\4 Kn can

c, <N Z L2 (Buc0.K ) < Cav/ Kn.-
Actually, the bounds (20) are essentially included in the proof of [3, Lemma
2.4]. By homogeneity and by using (16), we have

d,can __ \2 rzd,can
_Azdean — )2 gdan,

(20) K >1 =

Note that we also have
A
d7 an _ n
(21) 2 (0) =
2

and that (16) implies
1Z53 5 || Lo raty < Z3y°"(0).

The classical bound Jgfl(t) = O(L) for t — 400 shows that Z%°" concen-

Vit
trates'® on the ball B(O, i) in the following sense:
1 C
(22) 2] > — = |Z0(@)| < —f=-

In the sequel of the paper, the following result will be proved.

THEOREM 2.1. — For any integer d > 2 and any sequence of coefficients
(en)n>1, the following assertions are equivalent:
i) The series > |cn|?n?~! ds convergent.
n>1

ii) With probability 1, the Gaussian random series Y. gn(w)cn 25" uni-
n>1

formly converges on R%.

iii) With probability 1, the Gaussian random series Y. gn(w)c, ZE20 uni-
n>1

formly converges on a neighborhood of 0 € RY.

Note that the implication ii) = iii) is obvious. And the implication iii) =
i) is easy thanks to (21) and the asymptotic A,, ~ n. So it remains to give a
proof of the implication i) = ii).

Also note that Theorem 2.1 implies the implication i) = ii) of Theorem 1.1
for the radial eigenfunctions Z4P on the unit ball of R%. We can also deduce
the conclusion for the zonal eigenfunctions st of the spheres, but we need to
combine Theorem 2.1 with a result of Frenzen and Wong, namely “Hilb’s type

15. See [18, line (93)] for similar estimates for zonal eigenfunctions on the sphere S%.
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asymptotic” (2), giving the asymptotic of Jacobi polynomials involving Bessel
functions and, thus, supporting the idea of the universality of the canonical
model (18).

COROLLARY 2.2. — For any integer d > 2 and any sequence of coefficients
(cn)n>1, the following two statements are equivalent
i) The series Y |ca|?n?~! is convergent.
n>1
i) With probability 1, the Gaussian random series Y gn(w)anEd uni-
n>1
formly converges on S¢.

Proof. — The implication ii) = i) is obvious since Zﬁd (1,0,...,0) ~ n“T". Let
us show the converse implication i) = ii). Due to formula (2), we have to prove
that the following Gaussian random series uniformly converges for ¢ € [0, 7]:

(23) S ga@)ench P (cos(t)),

n>1
in which we recall the asymptotic C:i,n ~ \/n.

Step 1. We claim that there is no loss to reduce the analysis to [0, 5]. Indeed,
for any ¢ € [5, 7] we may write

41 4a_

P (o51)) = P

d d
7—13

U (Z cos(m — 1))
—1.24_1

= (1) P (cos(m — 1),

Since ((—1)"gn)n>1 is a sequence of i.i.d. Gaussian random variables N (0, 1),
the almost sure uniform convergence on [0, %] implies the almost sure uniform

12
convergence on [5, 7.

Step 2. We choose A, = n + 251 for the canonical model (hence, (17) is true).
Thanks to [13, pages 980 and 994 with m = 1 and Ag = 1], the following
asymptotic is uniform on [0, 5] for n — +oo0:

(24)

(4-1,4-1) _T(n+g§) 25! t [Jaant) a1
Pn (COS(t)) a n' Singfl(t) sm(t) )\ +t O(A )

d—1

:231< t >2F(n+‘§) T Onl) g2,
sin(t) n! (,\nt)%*l

Let us plug this asymptotic into (23). Remembering c&,n ~ /n, one sees
that the contribution of the remainder is a Gaussian series of the form
Zgn(w)cnn%un(t) with |u,(t)] < C. But the series chn% is absolutely
convergent thanks to i) and the Cauchy—Schwarz inequality. As a consequence,
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the Gaussian random series Y gy, (w)cnn% un (t) convergesin L(Q, CY([0, 7/2]))
and thus'® almost surely uniformly converges on [0, Z].

Step 3. Let us now see the contribution of the principal part of (2). Theorem 2.1
d—1J (Ant)
and (18) ensure the almost sure uniform convergence of > g,, (w)c, A # .
7lt 2
The contraction principle on random series (see the proof of [28, page 98, Th

4.4]) and the equivalence

‘) I'(n+ %)

a d—1
— ~/nn? T~ )2

N

F(n+%) Jg_l(Ant)

n! (Ant)%71 :

ensure the almost sure uniform convergence of 3 g, (w)cpcl .
d—1

Since t € [0, 5] (ﬁ) * s a continuous and bounded function, we easily

conclude that (2) implies the almost sure uniform convergence of (23). O

3. Gaussian random series and bounded variation assumptions
We recall that a function W : [0, 4+00) — R is of bounded variation and we
write W € BV, if the following condition holds true

N
[WlBy := sup sup Z [W(xyn) — W(xpn_1)| < +o00.
NeN* 0<zo<-<zn 5]

In particular, if W : [0,400) — R is continuously differentiable and satisfies
W' e LY(0,+0), then W € BV and

+oo
(25) HW||BV:/O |W'(x)|dz.

In order to motivate the elementary tools we shall use, let us write a very
simple fact:

Fact. — If a series of real coefficients Y a, is convergent then, for any W €
BV, the sequence of functions Y a,W(A,t) is uniformly convergent for t €
[0, +00).

Proof. — Note that W is bounded on [0, 400) by [|[W| gy + |[W(0)|. We then

write the deterministic remainder R, = Y a; and make an Abel summation
k>n

16. This implication will be extensively used in the present paper; see, for instance, the proof
of Proposition 3.2.
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for any positive integers ¢ > p:

D> anWAnt) =D (Ry— Ro1)W(Ant)

= RyW(Apt) — Rg1 W (Aqt)

n i Ry (W(Ant) = W(An_1t))
n=p+1

q
sup | D W (hat)| < max [ Rl x (21W(0)| + 3[W]|v):
w0l :

We achieve the proof of the fact thanks to the Cauchy convergence test. O

The previous proof directly gives Point i) of the following probabilistic ver-
sion.

LEMMA 3.1. — Let us consider a function W € BV, a sequence of real numbers
(an)n>1 € C2(N*). Then the following statements hold true:
i) With probability 1, the Gaussian random series > gn(w)anW (Ant) uni-
n>1
formly converges for t € [0, +00).
ii) Moreover, the following inequality holds'” true:

E[sup\ Zgn(@anW(Ant)H <3([W sy + IW(0)]) x (Z |an\2)1/2,
n>1

t>0 n>1

We see the previous lemma as an application of the following result for u,, =
apn, and I = [0,400). Here, we state a quite general result since Proposition 3.2
will also be used for the function W' = 1(; 4 of bounded variation (see the
end of Section 7).

PROPOSITION 3.2. — Let us consider a function W : [0, +00) — R belonging to
BV and a sequence of bounded functions (un)n>1 on an interval I C [0,400).
Then the following statements hold true
i) If the Gaussian random series Y gn(w)un(t) uniformly converges for
n>1

t € I (with probability 1) then so does the Gaussian random series

S gn(W)un ()W (Ant) (with probability 1).

n>1

17. We refer to [28, top of page 33] for the justification of the measurability of the supre-
mum over the possibly uncountable set I.
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ii) Moreover, the following inequality holds true:

(26) {sup‘ Z In(W)un ()W (An t)H

Proof. —

Step 1. Let us explain why the result is a consequence of the following estimates
for any NV € N*:

(27) {sup ’ Zgn W)t ()W (A t)H

3<||W||Bv+|w<0)\>xE[stgp\Zgn w)un(®)|].

n=1

Let B(I) be the Banach space of the bounded functions on the interval I. For

point i), it is well known that the almost sure convergence of a Gaussian random

series in a Banach space, for instance B(I), is equivalent to the convergence in

LY (92, B(I)) (see [32, page 44, Th 4.7]). Combining this equivalence to (27),
N

we see that Y. gn(w)un ()W (A,t) is a Cauchy sequence in L(€2, B(I)) and,
n=1

thus, almost surely converges in B(I). Point i) is proved. We are thus allowed
to make N tend to +oo in (27) so that we get the inequality (26) of Point ii).

Step 2. Let us now turn to the proof of (27). For any n > 1, we define the
N

random remainder R, = > gr(w)ux(t) (with the convention Ry4+1 = 0) and
k=n

we use an Abel summation:

N

Zgn Un ()W (Ant) = 3 (R = Ry 1)W (Ant)

=1 N
= RaW(Mt) + > Ra(W(Ant) = W (A, 1t))

[H Zg" W)un (W (A t)HB(I)] < E[|[R1lln)] x 3121%)|W(t)|

+ B[ max [ Rulls) x W lsv.
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Thanks to Lévy’s inequality (see [28, page 42, Proposition 2.3]), we have

B, max [|Rullne| < B[ max |Rullne| < 2B(1 R o).

The bound sup |W ()| < [|[W|lgv + |W(0)| allows us to get (27) as follows:
>0

[HZ% N OWO] ] <300W iy + WO x Bl Rillscn).

Here, we give a variant that we will use in Section 15.

PROPOSITION 3.3. — Let B be a Banach space and consider a sequence (Up)n>1
in B such that the Gaussian random series >, gn(w)u, almost surely converges
n>1

in B. Let us, moreover, consider an arbitrary countable set £ and a double se-
quence (ou,n) with (k,n) € € x N* satisfying, for a positive constant M, the
following estimate

(28) sup <|Otk 1|+Z|O&k n+1704kn|> <M

n>1

Then, for any k € &, the Gaussian random series Y, o ngn(w)u, almost
n>1

surely converges in B, and the following inequality holds true for any T > 0:

(29) (supHZak ngn (W), >MT) <2P(HZQ” W)y,

n>1

>T)

Proof. — The first statement about the Gaussian random series > v ngn(w)un
n>1

comes from the qualitative contraction principle (see, for instance, [30, page

133, Th IV.1]) and the boundedness of each sequence (o n)nen+:

sup |ag.n| < M.
n>1

In order to prove the inequality (29), we set Ry, v = gn(w)tun+- - -+gn (w)upy for
any N € N* and we repeat the Abel summation argument of Proposition 3.2:

N
H Z ak,ngn(w)un
n=1

N
= Hak,lRl,N + E (ak,n — ak,n—l)Rn,NHB

<M max HRnNHB
1<n

The end of the proof is completely standard via Lévy’s inequality, but we give
details for the sake of completeness. Making N tend to +o0o and then taking

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



462 P. BRUN, R. IMEKRAZ & G. POLY

the upper bound over k, we get

<M swp max [Ronlls.
NeN*x 1<n<

Sllp H Z [67°R ngn un

Then we obtain

(Sup H Z (73 ngn )un

ke&

> MT) <P( sup max |[Rulp>T),
NeN 1sns

We now rewrite the last upper bound as follows:
P( U { max |[Ronls > T}) = lim P( max ||Ren5 > T),
1<n<N NS+4oo  \1<n<N
NeEN*

and Lévy’s inequality (see [28, page 42, Proposition 2.3]) shows that the last
limit is less than or equal to

2 Tim P(||g1(w)u1 +oo 4 gn(Wuns > T).

N——+oco

Fatou’s lemma allows us to bound the last term by

2P( T {llgr(w)us + -+ gy (@unlls > T})

=2P( () U g+ +gn@punlz > T}).

neN* N>n

Since we have assumed that the Gaussian random series Y g,(w)u, almost
surely converges in B, the last term is less than or equal to

2P<H Zgn(w)un 5 > T). O

n>1

4. Proof of Theorem 2.1 for d > 4

Let (An)n>1 be a positive sequence satisfying the gap estimates (17). For
any d > 4, let (ngca“)nzl be the canonical model of eigenfunctions of A on
R? introduced in Section 2. As was already explained in Section 2, we merely
have to prove the implication i) = ii) of Theorem 2.1.

d—1

We set an = cpdn? (which belongs to ¢£2(N*)). Due to the definition (18) of
Zdean e have to study the following Gaussian random series for ¢ € [0, +00):

Ja_1(Ant)

> gn(w) W

n>1

It is sufficient to apply Lemma 3.1 with W(t) = t’(%’l)J%_l(t). In other
words, we have to check that W is of bounded variation on [0, 4+00). We use
(25) and the following two points:
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e First of all, the origin is not a singularity of W. Indeed, W is smooth
on [0, +00) since the following power series expansion holds:

+oo _1)P ¢ 2p 1
W(”:Zvr((pig)@) =)

p=0 P

e Let us now look at the behavior for ¢t — +o0o0. We recall the known

bounds J%_l(t) = (’)(%) and Jy (t) = O(%) (see [34, pages 228-

229]). We then get the asymptotic W' (t) = (9( o ) for t — +o00 that
=
shows that W’ is integrable for d > 4.

[N

5. Proof of Theorem 2.1 for d = 3
We recall the identity J (t) = \/ Z sin(t) and, hence, (18) gives

2 i
Zg,can<x) _ \/78111()\nxl)7 Vr € R3.
™

||
As above, we merely have to prove the implication i) = ii) of Theorem 2.1.

We set a,, = ¢, Ay, for simplicity and, hence, (a,)n>1 € £2(N*). The core of the
proof is the following proposition:

PROPOSITION 5.1. — Let (An)n>1 be a positive sequence satisfying the gap
estimates (17) and let (an)n>1 be a sequence belonging to (*(N*); then the
following Gaussian Fourier series

(30) f:R—=>R
t— Z Gn (W)= sin(Apt)
n>1
is almost surely continuous on R and differentiable at t = 0.
Before proving the last result, let us explain its consequence for the proof of

Theorem 2.1 (similarly to the case d > 4, we note that the uniform convergence
holds on [0, +00)).

COROLLARY 5.2. — With the same assumptions as those of Proposition 5.1,

with probability 1, the Gaussian random series gn(w)anw
n>1 "

uniformly
converges on R.

Proof. — By parity, we merely have to understand the uniform convergence on

[0,400). We note that the random function ¢ — > gy (w)anw is almost
n>1 "

surely continuous on R thanks to Proposition 5.1 (the continuity at ¢t = 0 comes

from the differentiability conclusion in Proposition 5.1). We then deduce the
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almost sure uniform convergence on [0, 1] thanks to the It6-Nisio theorem (see
(29, page 238, Th I1.2]). Let us now deal with [1,400) and let BC([1,+0o0))
be the Banach space of the bounded and continuous functions on [1, +00). We

have |Slrl Qn t)| < 5= for t > 1. Since the series Y 4= is absolutely convergent,
sin(Ay, t)

we deduce that the Gaussian random series gn( )an =7

n>1
LY (9, BC([1,+00)). As recalled in the proof of Proposition 3.2, one deduces
the almost sure uniform convergence on [1,400). O

converges in

Let us now prove Proposition 5.1.

The series Z = is absolutely convergent, and thus the Gaussian series
in (30) converges in Ll(Q BC(R)) and so almost surely converges in BC(R).
Hence, the function f“, defined in (30), is continuous with probability 1. Let
us now prove the differentiability at ¢ = 0. Let us denote (g, )n>1 a sequence
of i.i.d. Gaussian variables AN'(0,1), which are, moreover, independent of the
sequence (gn)n>1 and set the following Gaussian function

f“:R—R
tHZgn —COS)\ nt).

n>1
Since f“ = %(f“’ —&—f“’) + %(f“’ —f“), it is sufficient to study the differentiability
of each f¥ + fw. The main point is that the two Gaussian functions f“ + f‘*’
are actually stationary Gaussian processes on R: the covariance function on
R x R is clearly invariant by the translations (¢,t') — (¢t + w,t’ + @), whatever
w € R is, as shown by the simple computation for each o = £1

E[(f* + of*)(t)(f* + of*)(t)]

2
= %’2’ (sin(Ant) sin(Aat) + 0% cos(Ant) cos(Ant'))
n>1""
2
=3 % T2 s (Aa(t = 1)).
> n

For simplicity, we now use the following notations:

CETEUREEURS Sl

with

Fe(t) = % [gn (@) $in(Ant) + Gn(w) coS(Ant)].
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We could invoke a general result by Cambanis (see [7, Theorem 5]), but we
shall give here a much more natural argument. We will prove that F“ is
differentiable at ¢ = 0 (the case of f* — f is similar). Let us introduce the
following subsets of pairs (¢,w) € [0, 7] x €

Ap = {(t,w) € [0, 7] x Q such that the numerical series

+oo
Z Fy(t + h) converges for every h € Q}7

n=1

N
— FEX(t+h') — F2(t)
A=) U N {] Y W
e€Qt* §€Qt* |n'|€]0,5[NQ n=1
|n"|€]0,6[NQ Fe(t+h") — F~(t)
B G <<

We note that 4; and Az are measurable subsets of [0, 7] x . We conclude via
the following steps:

Step 1. The stationary properties of the Gaussian processes (F):cr for each
n roughly mean that if a property almost surely holds for a specific ¢, then it
will also almost surely hold for ¢ = 0. As a consequence, the following formula
is intuitively clear (see below (32) for a detailed proof):

(31)  Vie (o] / 14,y (1, ) AP () = / 14,04, (0,0)dP ().

Before proving this formula, we note that (31) implies

(32) /OW (/QlAlmAz(uw)dP(w))dt:w/ 14,4, (0,w)dP(w)
— 7P((0,w) € A1 N Ay).

Let us now recall how to check (31) via the Sierpinski-Dynkin 7-A theorem.
Let us endow the set RNV *Q with its product measure space structure. In
particular, for any ¢ € [0,7], the map w € Q + (F<(t + h))pn € RV *Q s
measurable. We recall that the o-algebra of RN %@ is generated by the set

(33) {B = H By, 1, such that B, j, is a Borel subset of R for any (n, h)

(n.h)
and B, = R for all but a finite number of (, h)}.
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We now remark that for any finite subset J x H C N x Q, by independence
(with respect to n) and stationarity (with respect to t), we get

L O Tt mresm)ape)

(n,h)ET XH

_ H/ [T 15, (B2t + 1) ) dP(w)
neJ heH

- H/ [T 15, (F2(h )dP(w)
neJ heH

- / [ ts..(F(0))dPw)
Q (n,h)ETXH

which means, for any elementary subset B as in (33), that the following formula
holds:

30 [ 1s((FEEm)m) AP = [ 162 () )P

By seeing the previous two terms as two measures of B on RN *Q we may
invoke'® the Sierpifiski-Dynkin -\ theorem to ensure that (34) still holds true
for any B in the o-algebra of RN *Q. Following the definitions of A; and A, we
leave the reader to check that the following two subsets belong to the o-algebra
of the product space RN *Q:

“+ o0
ﬂ {(xnh) € RV *Q meh/ converges}7

h'eQ

5= U N fewer

e€Qt* 6€Qt* |n’|€]0,6[NQ

N
wiepdne | fm Y0 T IO T ZIn0) o
N—+4o0 h h'" -

B1

For the particular choice B := By N By, the formula (34) is exactly (31).

Step 2. The convergence of the series ) = ensures that, with probability 1,
the series > F¥ uniformly converges on R. As a consequence, the function

+oo
Fv Z F¥ satisfies the following equality in the sense of the theory of
dlstrlbutlons on R:
(35) Zan gn(w) cos(Apt) — gn(w) sin(A,t)]
n>1

18. The m-system is the set in (33) and the A-system is the set of B in the o-algebra of
RN**Q gatisfying (34) and such that the functions inside (34) are measurable on Q.
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with, moreover, the following condition (coming from the condition (a,) €
2(N%)):

S 19n(@)anl? + [fn(@)anl? < +oo.

n>1
One may check via an adequate use of the Plancherel theorem the following
result about almost periodic functions (see the argument in [35, page 117, line
(31.08)] by Paley and Wiener or [23, page 371] by Ingham): under the gap
assumption (17), for any real number 7' > 1 and any integer N > 1, the
following holds

(36) /_ TT

N 2
Z ap, [gn(w) cos(Apt) — gn(w) sin(Apt)]| dt
n=1

N
<C(T) Z |9n(w)an|2 + |§n(w)an|2,
n=1

where C(T') is independent of N. We infer that the series (35) converges in
L?(—T,T) and, hence, (F*)’ belongs to L2 _(R) and so also to L{, (R). In other
words, with probability 1, the function ¢ — F“(¢) is, indeed, locally absolutely
continuous and is thus differentiable for almost every t.

Looking at the beginning of this step and at the definition of A;, we see
that for almost every w € Q, we have the inclusion [0, 7] x {w} C A;. As a
consequence of the almost everywhere differentiability of F'“, for almost every
w € Q, there is a subset &, C [0, 7] of full measure satisfying the inclusion
Ew x {w} € A; N As. Hence, we have

/Q (/Ow Ly (t,0)dt ) AP(w) = /Q (/Oﬂ 1dt)dP(w) = 7.

Step 3. The equality (32) then becomes P((0,w) € A; N Ay) = 1. For almost
every w, we know that ¢t — F“(t) is continuous. Then the density of ]0,5[NQ
in ]0, ¢[ shows that, with probability 1 the pair (0,w) belongs to
FY(t+n)—F“@t) FY(t+h")—F“(t)
A {’ % - Iz ’SE}'

e€cQt* 6eQt* 0<|h'|<6
0<|h"|<8
It is easy to see that the previous considerations lead to the differentiability of
F*“ at t = 0 with probability 1.

6. From boundedness to continuity of Gaussian processes

In the proof of Corollary 5.2, we used the It6—Nisio theorem in order to
get the uniform convergence of some Gaussian random series and the absolute

Qn

convergence of > = for any (a,) € ¢*(N*) (since we recall the asymptotic
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An = n). For the case d = 2 the same argument would rather lead to consider-
ing series like ) 2, (an) € £2(N*).
We explain here another abstract argument that can be considered as a sort
of “closed graph theorem” for Gaussian processes and will be used in the next
section.

PROPOSITION 6.1. — Let (uy)n>1 be a sequence of complex-valued continuous
functions on [0,400) satisfying the following two hypotheses.

(H1) The sequence of functions (up)n>1 is pointwise bounded:

Vit € [0,400) sup |u,(t)| < +oo.
n>1

In particular, for any (a,) € (*(N*), the following Gaussian process
(X3) is well defined:

(37) = gn(w)anun(t

n>1

(H2) For any (a,) € (*(N*), the Gaussian process (X;) is bounded in the
following sense'®: for any countable subset & C [0,400), the random

variable sup X; is almost surely finite.
tel

Then the following assertions are true:
i) With probability 1, the function t — X, is almost surely continuous on
[0, +00).
ii) With probability 1, the Gaussian random series Y, gn(w)anu, uniformly
n>1
converges on [0, 400).
iii) There exists C > 0 such that the bound

E[ sup |Xt}<o(z|an|)

t€[0,400) n>1

holds true.
iv) The sequence of functions (up)n>1 is globally bounded:

sup  sup |u,(t)] < +o0.
t€[0,400) n>1
The core of the proof is iii).

19. This statement is, indeed, one possible definition of a bounded Gaussian process.
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Step 1. We note that the Gaussian random variable X; is well defined thanks to
the uniform boundedness of (uy,)n>1. The well-known integrability properties
of Gaussian processes (see, for instance, [27, page 134, Th 7.1]) implies the

finiteness of the expectation E[sup Xt} for any countable subset £ C [0, +00).
tef
Without loss of generality, we may assume 0 € £. In particular, we also have

by symmetry
(38) E[sup|X,|| < BIXo| +E| swp |X, - Xi|]
tef (s,t)EEXE

= E[| Xo|] + 2E[supXt} < 00.
tee

We now define the following semi-norm on ¢*(N*) in which X; is defined in
(37):

(39) llal = sup E{sup |Xt|]
£C[0,4+00) te€
£ countable

We claim that |la| is finite for the following reason: if (x)r>1 is a sequence

of countable subsets of [0,400) such that lim E[sup |Xt\] = ||a|| then, by
k—+o00 tey

setting £ = |J &k, we get thanks to (38)
k>1

lall < E[sup |X[] < +oo.
tes

Step 2. We claim that there is C' > 0 such that
(40) Va € (N*) all < Clallezq).-

We now use an argument that can be interpreted as a probabilistic version of the
closed graph theorem (see [32, p 49]). Assume that there does not exist C' > 0
satisfying (40). Then, for any M € N*, there is sequence (a}),en- € 2(N¥)
such that

(41) la* [z <27 and 2M < fla™].

We now consider a double sequence (g, ) of i.i.d. Gaussian random variables
and we define the Gaussian process

Xe(@) = 3 (2 ahgaan (@) Jua(d).

n>1  M>1

We note that ( > aMg,, M(w)) is a sequence of independent Gaussian
M>1 n>1

centered random variables with variance o2 := Y |aM
M>1

|2, which is finite since
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we may write

ZJ Z ||a HEZ(N* < Z 2 2M < +OO

n>1 M>1 M2>1

As a consequence, the Gaussian process (X;) is well defined. Moreover, the

assumption (H2) applied to (0,,)n>1 € £?(N*) shows that sup X; is finite for
te€
any countable subset £ C [0, +00). The analysis of Step 1 then proves

(42) sup E[sup |Xt|} < 400.

EC[0,400) tef

£ countable
For any My € N*, we define X; as,(w) := > a}°g,, ar, (w)uy,(t) and we decom-

n>1
pose B
Xo = Xe v + (Xt — Xemy)-

Since X p, and (X; — X, py,) are independent and centered, it is well known
that the following inequality holds true for any countable subset £ C [0, +00):

E{sup|Xt7Mo|} < E[sup|Xt|]
te€ te€

For the convenience of the reader, let us give a few ideas on the proof of the
last inequality (see also Remark 15.2). By independence, the upper bound can
be written as (see [19, Appendix F] for more details):

E{sup |Xt\] = E{sup Xoomo + (Xe — X my) }

te& te&
= B, B, [ sup [ Xe ary (00) + (Xe(t02) — Xy 02)| ]
te

The triangular inequality with respect to E,, gives us

E[sup | Xi[] = B, [sup [Bu, [ X, (@1) + (Xu(ws) — Xooasy(w2)] |
te€ tel
=E,, [sup | X+t gy (w1) +0 — 0|} = E[sup \Xt7M0|]
te& te&

The expected inequality is thus proved. As a consequence, we obtain [Ja?°|| <
l{on)n>1ll < +oo thanks to (39) and (42). This is a contradiction with (41)
by choosing M, large enough.

Step 8. We now apply (40) for sequences (a,)n>1 with finite support. Since
each w, is continuous, one may choose one dense subset £ of [0, +00) to get

(43) [ sup ‘Zgn W) anun, (t H<C’<Z|an|)%

te[0,4+00)
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Let us recall that BC(]0, +00)) denotes the Banach space of the bounded and
continuous functions on [0, +00) (see the proof of Corollary 5.2). For the gen-
eral case, we do not assume (a,) to be with finite support anymore. One
infers that the sequence of the partial sums of the Gaussian random series

> gn(w)anuy, (t) converges in L1(2, BC([0, +00))), and, hence, (43) still holds
n>1
true. In other words, iii) is proved.

Step 4. We then easily get ii) and i) by considering Cauchy sequences?” and iv)
by considering for (a,) the elements of the canonical basis of £2(N*).

7. Proof of Theorem 2.1 for d = 2

The goal of this part is to explain how the following analogue of Propo-
sition 5.1 and Corollary 5.2 and some extra arguments allow for a proof of
Theorem 2.1 in the last case d = 2.

PROPOSITION 7.1. — Let (ay)n>1 be a sequence in £*(N*); then, with probabil-
. . . sin(Ay, t) cos(Ant)—1
ity 1, the Gaussian random series ngl gn(w)any — /= and ngl gn(w)ay =R

uniformly converge on any compact subset of [0, +00), and their sums are point-
wise %—Hdlder at t = 0 (see Definition 9.1 below); there almost surely exists
C > 0 satisfying

sin( cos(Apt) — 1
VE>0 | g(w)an—r=2 ]+ D gn(w)an——=— H<ovi
n>1 n>1 An

Proof. — See Section 15. O

COROLLARY 7.2. — Let (an)n>1 be a sequence in (*(N*); then, with probabil-
ity 1, the Gaussian random series

sin(At) cos(Apt) — 1
n 77/7 d n 77/7
2 gn@an =75 and L on()an ™=

uniformly converge on [0,400) (in particular, their sums are almost surely
continuous on [0, +00) ).

Proof. — We apply Proposition 6.1 with the following two choices of w, (in
which we note the additional factor v/1):

uD(t) = sin(Ant) and u@ () = A 7 2

VAt " Ant

20. See step 1 of Proposition 3.2.
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which are clearly continuous and uniformly bounded for ¢ belonging to [0, +00).
Hence, the hypothesis (H1) of Proposition 6.1 is fulfilled. The following two
associated Gaussian processes are, thus, well defined:

Xt(l) = Zgn YanulM (1) and Xt(z) = Zg Yanu'? (1)

n>1 n>1
sin(Ant) cos(Ant) — 1
n>1 Ant n>1 Ant

In order to check the hypothesis (H2) of Proposition 6.1 we merely have to see
the conclusion of Proposition 7.1, which now directly reads:

ve>0 x4+ 1xP<c.
In particular, for any countable subset £ of [0, +00), we have
veee x4+ 1xP)<c.
Point ii) of the conclusion of Proposition 6.1 achieves the proof. |

As above, we merely focus on the implication i) = ii) of Theorem 2.1. In
other words, by setting a,, = ¢,/ Ay, we have to prove the following result.

THEOREM 7.3. — For any sequence (a,) € (*(N*), with probability 1, the

Gaussian random series Y, gn(w)anJo(An-) uniformly converges on [0, +00).
n>1

We cannot directly apply Lemma 3.1 with W = Jj since Jj is not of bounded
variation on [0, +00). The idea is to consider the following two random series
for t € [0, 400) separately:

(44) Zgn W)anJo(Ant)1p,11(Ant) and Zgn )anJo(Ant)1(1 400y (Ant).

n>1 n>1

The almost sure uniform convergence of the first random series on [0, +00) is a
direct consequence of Lemma 3.1, once we note that the function ¢ € [0, 400) —
Jo(t)1[o,1)(t) is of bounded variation.

We now focus on the second random series in (44). We need the simple but
crucial following property of the Bessel function Jy.

PROPOSITION 7.4. — There exists a differentiable function 6 : [0,+oco[— R
satisfying 0' € L'(0, +o0) and

sin(t) + cos(t) — 1
Vit

(45) VE> 1 Jo(t) = + (1),
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Proof. — Tt is sufficient to show the integrability on [1,400) of the derivative
of the following function:

sin(t) + cos(t)

vt
1

Then one may choose a function ¢ € C>°([0, +00), R) satisfying ¢ = 0 on [0, 5]
and ¢ = 1 on [1,400), so that 0(t) = ¢(t)(p(t) + \/%) will be convenient
for (45). The proof of the integrability of ¢’ will need the following integral
representation for the Hankel function H{ (see [40, page 168, line (3)]) for any

t>0:

(46) VE>1 ot) := Jo(t) —

(47) Jo(t) = Re(H) (1)) =

with

V2 [t et du
sw=L [ =2,
i 0 1 + % u

in which L

— is understood as its principal value (with £ > 0):

2t

! = ! T exp (—i arctan (u))
(O ) - )
V2(1+ §2)3 1422 1+ 2

Note that the integral in (47) is absolutely convergent on (0, +00), by bounding

N

by %, which leads to |S(t)] < % In the sequel, we need the more accurate
asymptotic coming from the exact formula (47):

—o(%
V2 [T emu i [ da V2 1
s =" (-5 [T )= 2 o).
; +o0 —u
S'(t) = iv2 l/ VG o(%)
0 t

ar T (1+ )32
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We are then able to come back to (46):

cos (t — T)Re(S(t)) — sin (t — F)Im(S(t))
NG

—sin (t — Z)Re(S(t)) — cos (t — Z)Im(S(t)) (’)( 1 )

Jo(t) =

Jo(t) = s

Vi w7
Jh(t) = — 28%_ i) +O(t3%)
o'(t) = O(ﬁ%) O

By looking at Proposition 7.4, we now to apply Proposition 3.2 for W =
1(17+OO) € BV and
sin(Ant) + cos(Ant) — 1
Up(t) = +0(A,t) on I =10,+00).
) No () 0,+0)
So the almost sure uniform convergence on [0, +00) of the second Gaussian ran-
dom series in (44) will be a consequence of the almost sure uniform convergence
on [0, +00) of the following Gaussian random series

(48) Y gn(wan (Sin(k"t) \J;%A”t) g G(Ant)> .

Thanks to Lemma 3.1 and the conditions ¢’ € L'(0,+oc0) and (a,) € ¢*>(N*),
the Gaussian random series Y gn(w)anf(A\,t) almost surely uniformly con-
verges on [0,+00). Finally, the trigonometric part is dealt with thanks to
Corollary 7.2 (relying on the admitted Proposition 7.1). We get the conclusion
of Theorem 7.3 and, hence, of Theorem 2.1 for all d > 2.

8. Boundedness of countable families of Gaussian processes

For each j € N, let us denote by (F}’(x))zem a centered Gaussian process
on a manifold M (for instance, M = R? or M being a boundaryless compact
manifold). We, moreover, denote by M, a compact subset of M. We will
always make the following assumption:

(H-C) with probability 1, for any j € N, the function » € M — F(z) € R is
continuous.

In particular, (H-C) implies that the expectation E[ sup |Fy (m)@ does not
TEM;

pose any measurability issue (by reducing M; to a countable subset).
We are interested in giving simple sufficient conditions for ensuring uniform
estimates like the following ones:

with probability 1 sup sup |F}’(z)| < +oc.
j>lxzeM;
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As is well known in the theory of Gaussian processes (see [28, Part 3.1]), the
following so-called weak variance is of interest:

(49) oj = sup /E[[FF()].
zEM;

Additionally to the above notations, let (p;);>1 be a sequence of positive num-
bers. The tool that we shall use in the sequel is the following one (see converse
results in Proposition 8.3 and Lemma 8.4).

PROPOSITION 8.1. — Assume (H-C) and the following two assertions:
2
i) There exists 8 > 0 such that the series Y exp (—62%) is convergent®!.
i) There exists C > 0 such that E{ sup |F;J(9c)|} < Cp; holds true for
zEM;

any j € N.
Then we have

(50) 37 > 0 ZP( sup P ()] szj) < foo.
jeN zeM

Moreover, with probability 1, we have

— 1
51 lim (— sup |F}’ )<5+ lim —E[ sup |F}’
) T (s pr@l) <6+ T ] s 5]
Finally, there almost surely exists C, > 0 such that |F(z)| < Cypj for any

j €N and z € M;.

REMARK 8.2. — In some situations, the assumption i) may hold for any small
[e.e]

enough 8 > 0; for instance, if > ’%|p < +oo for some p € [1,400). If in
§j=0

addition, we have lim LE[ sup |Fj‘”(z)|] = 0, and then the conclusion of

Jj—4oo Pj ]

Proposition 8.1 ensures that almost surely lim X sup |F¥(x)| = 0.

J=to0 i e pm;

Proof of Proposition 8.1. — We may assume that p; =1 for any j since there
is no loss in the proof provided that we replace F7}’ Wlth F°J We shall use
the concentration of measure phenomenon for the Gauss1an random vector F’
seen as a function from the probability space Q to the Banach space C’(M J)
of the continuous real-valued functions on the compact subset M; (we refer
to, for instance, [28, page 53, Lemma 3.1]). Let M, € R be a median of
w = [[F¥]lco(m;), namely a number satisfying

l\')\)—\

o 1
P(IF eoaey < 05) = 5 amd P(I1FF lleom,) = M) =

1
21. We make the convention e~ 0 = 0.
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Then the following concentration inequality holds true

(52) P (|17 leocay) -

By integration, we get

) < e_tz/%?, vt > 0.

+oo . \/77(.
E[FW ,}fM’g/ e /270t = Yo,
B[ leooan ] - 245] < Vol

Since the assumption i) means the convergence of the series 26_52/ 203 for
some constant 8 > 0, it is clear that (o;) tends to 07, and we immediately
have

(53) lim M; = 1121 E[HF llco(am }

Jj—+oo

In particular, the sequence of medians (M;);>1 is bounded. Let us fix J € N
and let us define

(54) Ty = B+ sup M;.

j=dJ

Again, (52) implies the following bound

S P(IF leocamy) > T ) <30 P(HF;HCWJ.) — M, > T —sup M,

i>J i>J izJ
< Zexp( —sup M;) )
i>J j=>J

and the last sum is finite thanks to the assumption i) and to the choice of Ty
n (54). We have thus proved (50) (for instance, for J = 0 and T = 2Ty).
The inequality (51) is a quite direct consequence of the Borel-Cantelli lemma
since almost surely, for any J € N and any j > 1 (depending on J), we have
[ F¢ llcoayy < B+ sgp; M;, and hence

VS

hm I1F5 llcoom,y < B+ lnf (supM;) =B+ lim M;.
]>J ]—) o0
We conclude with the equality (53). The proof of Proposition 8.1 is finished. [

Let us explain a short argument showing that Proposition 8.1 is essentially
sharp.

PROPOSITION 8.3. — Assume (H-C) and the following two assertions:

e There almost surely exists C, > 0 such that [F’(z)| < Cyp; for any
j €N and x € M;.
o The Gaussian processes (F]‘f’)jeN are independent.
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Then the following hold:
2
i) There exists 8 > 0 such that the series Y exp (—52%) s convergent.

il) There exists C > 0 such that E[ bup |F‘*’( )|} < Cp; holds true for
reEM

any j € N.
We need the following lemma.

LEMMA 8.4. — Let (X;)jen be a sequence of random variables belonging to
L2(Q) satisfying, for a suitable constant C' > 1; the following estimates for any
jeN:

(55) E[|X;]%] < CE[|X;]]*.

Then the following assertions are true:

i) If the sequence (X;(w)) is almost surely bounded, then the expectations
E[|X;|] are bounded.

ii) If the sequence (X;(w)) almost surely converges to 0, then
lim B[ | = 0.

Proof. — In the proof of [20, Proposition 23, ii) = iii)], we will replace the
dominated convergence theorem with Fatou’s lemma. The Paley—Zygmund
inequality and (55) imply for any j € N

& <P(1%,1 = JE(X)).

4C
Now choose J an infinite subset of N such that lim E[|X,|] = hm E[|X;]].
j—+oo
JjE€T

Fatou’s lemma then gives

%<jglfoop(|x|> SEIX)) < (J}lm {|X|> SE(X(1})
jeg ieJ

_ 1
<P( T |X;|> 5 Hm ElIX,).
<P( lm X[ =5 lim E[X]]
Then i) and ii) are a direct consequence of the last inequality. O

Proof of Proposition 8.3. — Without loss of generality, we can set p; = 1 for

any j € N as in the proof of Proposition 8.1. The previous lemma can be used

with X; = sup |F? ()| since (55) is satisfied thanks to the Gaussian version
zEM

of the Kahane— Khmtchlne inequalities (see [28, page 56, Cor 3.2] or [30, p 256,
Cor V.27]). So Lemma 8.4 shows the boundedness of the expectations of X;.
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Let us now prove the existence of 5 > 0 such that ) exp (—%) < 400.
j=0 ’
Due to the definition (49), for each j € N, there exists x; € M; satisfying
o i
?j with o} :=  /E[|Fy (;)]].
The assumptions of Proposition 8.3 ensure that the centered Gaussian random
variables F}’(z;) are independent and may be bounded independently of j (with
probability 1). In other words, if (g;) is a sequence of i.i.d. N(0,1)-Gaussian
random variables, then the sequence (0’; gj)j>1 is almost surely bounded. The
second Borel-Cantelli lemma shows that there is 77 € N* such that the se-
ries ) P(lofg;| > T) converges (otherwise, with probability 1, the sequence
jEN

(56) o >

(lo%gj(w)])jen goes beyond any 7' € N*). Then (56) implies the conver-

gence of Y P(|ojg;| > 2T), and we conclude with the bound from below
JEN

P(|g;| > t) > Cexp(—ct?) for adequate constants** C' > 0 and ¢ > 1. O

9. Pointwise and global Holder regularity via Littlewood—Paley decompositions

We denote by M a Riemannian manifold (M being compact or being R?)
and by d, its Riemannian distance. We begin by recalling the notion of point-
wise Holder regularity (see more about this notion in [1]).

DEFINITION 9.1. — Let us consider a € (0,1) and =g € M. A function
f: M — C belongs to Cg(’)a (M), the space of the pointwise Holder functions
f: M — C at zy of order a, if there exists C' > 0 such that the following holds
for any x € M:

|f(x) — f(xo)| < Coy(x,z0)".

Let us set the following notations:

|f(z) — f(z0)]
Ifllco.e gy = [f(@o)| +  sup “—————"=, and
Capy (M) 2EM\ (20} S (x, 20)?
|/ (z) — f (o)
Iflco.epgy == sup  —————.
Capy (M) veM\(zo) Og(T,m0)?
dg(x,x0)<1
Note that the global a-Ho6lder norm can also be defined as
|f (@) = f(zo)]
[fllcoary = sup [[fllcoengy = [flleery +  sup  —r——m=.
(M) roEM Cxo (M) (M) (x7x0)eM2 6g(£71‘0)a

T#xTo

22. See the argument in the proof of [29, page 2, Proposition II.1].
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The following equivalence is easy to check:

|/ ()]
(57) ||f||c° SH(M) < H|f|||c° (M) + SUP m < 2Hf||c26‘1(/\4
Moreover, the term [|f|lco.,,) can be understood via the following equiva-
o
lence23
|||f|||co () < 3Up (z ) - F@)l) < ety

g (z,m0) <277

but it will be more useful to consider the following equivalence?*

1 i
(58)  Mflesoiag <swp (299 s 1) — F@) < 2 flleneonn
w0 jeN (z,2')EM? 0
8y (x,m0)<277
5g(z/,wo)§277‘
Let us now study another equivalence via the Littlewood—Paley decomposi-
tion. Let © € C2°(]0, +00), R) be a function such that © = 1 near 0T. We also
consider the function 6 € C°(0, +00) defined as follows

(59) 9()) = O(\) — O(4\).
The pair (0, 0) satisfies the Littlewood—Paley relation
YAZ0 1=0(\)+) 60(27%\).
j>1

We refer to (65) and (66) for reminders about the Fourier multipliers. Then for
any f € C°(R%) N L*°(R%) and any « € (0,1), the equivalence of the following
three statements is well known (see the statements and the proofs in [2, page 81,
Proposition 1.3] and [41, Th 7.16]):

i) The function f is globally a-Holder.
ii) There exists C' > 0 such that || f — ©(—h*A)f| e re) < Ch® holds for
any h € (0,1].
iii) There exists C' > 0 such that [|0(=272A) f|| e ra)y < C277* holds for
any j € N*.
We now need a pointwise analogue of the last equivalence in which we, more-
over, weaken the condition f € L>(R?) by a condition of polynomial growth
like | f(z)| < (14 |x])®. The following result was inspired from a result of Kreit
and Nicolay (see [26, Theorem 14]) but states an equivalence (actually, in con-
trast to the result of Kreit and Nicolay, we do not need to assume f to belong

23. For the lower bound, we may consider the rings 2~ U+1) < 3g(x,20) < 277 and use
the bound 27 = 202=a(U+1) < 26, (x, z0)*.

24. We just have to bound |f(z) — f(z')| < |f(z) — f(zo)| + |f(z') — f(zo)| and use the
previous inequality.
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in €% (R4) for some o’ € (0, ) and we do not need the operator ©(—2-2FA)
to be a convolution by a compactly supported function).

PROPOSITION 9.2. — Let us fix a € (0,1) and zo € R For any continuous
function f : R* — C, the following equivalence holds true:

()]
60 o (ay & SUP
(60) £ lleo.e ma) A A |z — 2o

+5up2% (sup || = O(=27*A) [l (Bao2 1) )
JeN k>j

with constants of equivalence independent of f and xg.

In particular, we note that the equivalence (60) implies that our results are
independent of the choice of the function © (actually, such an independence
should be completely expected for any result involving Littlewood—Paley de-
compositions).

In order to prove Theorem 1.2, we need the following global analogue result
on compact manifolds.

PROPOSITION 9.3. — We assume that M is a boundaryless compact Riemann-
ian manifold and let A be its Laplace—Beltrami operator. For any o € (0,1)
and any f € L*(M), the following qualitative equivalence is true

(61) fech™ M) & sup2®|0(—2"Y A) f|| oo (my < F00.

j>1

Moreover, for any sequence (h;)jen of (0,1] which tends to 0%, the following
quantitative equivalence holds:

(62) lfllco.o(a) = Sup 1O(=h3A) fllco.o(m)-
J

10. Proof of Proposition 9.2, preliminary lemmas

The proof of Proposition 9.2 will be developed in the current section and in
Sections 11 and 12. Lemmas 10.1 and 10.2 are written for the clarity of the
exposition, but Lemma 10.3 is the main purpose of the current section.

For any ¢ > 0, we define the space L7, , (R%) of measurable functions f :
R? — C satisfying

(63) ||fHL;7),ﬁ(Rd) = sup |f(2)]

e < F00.
were (1 +|@ —wol)”

The vector space L£70(Rd) is, of course, independent of z.
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We now recall a few formulas of Fourier analysis. For any ¥ in the Schwartz
class S(R), we use the following convention and inversion formula:
- , A d
64) B = / i W(z)dr and U(z) = / R T i
R (2m)¢

Rd

The semi-classical Fourier multiplier ¥(hD) for any h € (0,1] is defined as
follows: for any ¥ € S(RY), any f € Lf;z7ﬂ(Rd), any h € (0,1] and = € R?, we
have the convolution identity

~ dy
65 V(hD = — hy)¥(— .
(65) D)@ = [ fo=m)F gk
Such a formula?® shows that, for f € S(RY) and ¢ € R, we indeed have the
usual formula

(66) U(hD)f(€) = W(hE)f(E)-

For any ® € S(R?), we deduce the composition formula
(67) ®(hD) o W(hD) = (®V)(hD).

We, moreover, easily check the following formula for any ¢ € {1,...,d}:

69 (e (VDY) (2) = WD) with Wi(§) = E(E)
We will need the following lemmas.

LEMMA 10.1. — Let us consider 9 € [0,+00) and ¥ € S(RY); then for any
h € (0,1] and zo € R?, the Fourier multipliers W(hD) are uniformly bounded
on L;f’)yﬂ(Rd) with respect to (xg, h):

sup sup [[U(hD)|lp= (rayopoe  (rey < 400.

20€RT 0<h<1 @0 @0
Proof. — For any f € L;‘(’Mg(Rd) and z € R?, the convolution identity allows
us to bound

~ d

|(U(hD)f)(z)| < HfHL;(())’ﬂ(Rd) /Rd(l + |z — a9 — hy|)19|\IJ(—y)| (Zf)d
~ d

< | flleee @) /Rd(l + o = ol + [y]) [P (=) (271'y)d

~ dy
< o — z0])? U (—
< Wz, o1+ 2= wol)? [ 1+ 1) B0

where the last integral is finite because T belongs to the Schwartz space S(R?).
O

25. The convergence of the integral is contained in the proof of Lemma 10.1.
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LEMMA 10.2. — Let ¥ and g be two functions in S(RY) and let us fix a function
feLy,, (R?) for some ¥ > 0. If ¥ is real-valued, then the operator V(D) is
self-adjoint in the following sense

©) [ @O g = [ 1) < FD

Proof. — Formally, the result is expected via the relation (66). Here is, indeed,
a direct argument. Note that both functions on the two sides of (69) are
integrable because Lemma 10.1 ensures that ¥(D)f belongs to L, (R%) and
because the standard Fourier analysis (via (65) or (66)) shows that ¥(D)g

belongs to the Schwartz class S(R?). We also remark that the formula ¥(—y) =
U(y) holds true because ¥ is real-valued. We then conclude with the Fubini
theorem, a change of variables and by reformulating (69) as

~ 7dxdy — = dxdy
| et = [ i@t g

We note that, on both sides, the considered functions are integrable on R x R%,
|

LEMMA 10.3. — Let us consider a € (0,1),9 € [0,+00) and v € R?. Let
U and ® be two functions in the Schwartz class on R% and let us consider
fe Lgfhﬂ(Rd) such that there is a constant M(f) > 0 satisfying for any k € N*
(70) 1% (27" D) fll o (B g 22y < M2

Then there is a positive constant C (independent of k, xo and f) such that for
any k € N the following inequality holds true:

(71) 119(27D) 0 W2 D)l e (o 2y < C (I s,y + M) 275

Proof. — For any g € L;"Oﬂ(Rd) and any R > 0, the following inequality is
obvious (see (63)):

(72) 9l Lo (B(wo,r)) < (1 + R)ﬂHgHL;‘B,ﬂ(Rd)-
Moreover, Lemma 10.1 shows that the Fourier multipliers ®(27*D) and

U(27%D) are uniformly bounded (with respect to k and z() on L;’;ﬁ(Rd).
Combining these two simple remarks leads to

|®(27"D) o \IJ(QikD)fHLOO(B(xOQ—’“)) < C”f”L;‘;yﬁ(Rd)-
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As a consequence, it is sufficient to restrict the proof of (71) for k > 2. Let us
note fr, = ¥(27%D)f and let us use the convolution formula for any z € R%:

(2@ D)o w2 D)f)(2) = (®(27*D)fi ) (x)
N /R fil = 35)®(w) (2iy)d

so that we can bound (by using 27% 4 28—F < 214K=F for any K € N):

H@ D)o W(2 ’“DfH

Lo (B(z0,2-%))

~ dy
< fk ©(B(zg,2tF / P(—y
L =
00 N dy
E o P(— .
+K 1||fl€HL (B(z0,21 K~ "))/K 1§|y|§2K| ( y)|(27r)d

Since ® belongs to the Schwartz space, we can bound

= C
<
|(I)(y)| — (1 =+ |y|)1+d+§+a7

for a suitable constant C' independent of (k, K, ), and so we get (upon chang-
ing C)

| frll oo (B(wo,21+5 - ©)
®(27*D) o W(2*D) H <cC § Zo,
H Jo U2 )f L=(Blao27k) — A= 201+9+a)K

We shall cut the last sum by separating the cases K > k—1and 0 < K < k—2.
Case K > k — 1. Thanks to (72) and Lemma 10.1, we get for any R > 0:

I frllLoe (B(zo,m)) < C(1+ R)l(}”fHL;‘z),ﬁ(Rdy

By bounding 1 + K — k <14 K, we thus obtain

SEAR 2Ky

> (B(x0,21 K k) (1+ )
Z 9(1+d9+a)K <C||f”L°° o (RY) Z 9(1+9+a)K
K=k— K=k—1

_ Il @
— 2k(1+a) 7

which is much better than the bound O(27%%) expected in (71).
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Case 0 < K < k—2. We consider the remaining terms thanks to the assumption
(70) and we shall see that the rate 27%¢ is the good one:

kz_:Q | fell Lo (B(wo,21+ 5 ~FY) -

k=2 9(14+K—k)a
2(1+9+a) K - M(f) £ 2(1+9+a)K
=0

K=0

11. Proof of Proposition 9.2, part A

We will control the right-hand side of (60) by ||f||c0. ga). Due to (57), we
)
merely have to show for any j € N

(73) igp If - @(—2_%A)f||Lw(B(xoz—f)) S 2_aj\|f||cg»0a(u§d)-
ZJ

We write ©(—272A)f = ©(27*D)f with O(¢) = O(|¢|?). Hence, (64) gives
us

= dy = B B
/Rd O) g0 = O0) = 0(0) = 1.

Using the convolution expression (65) of ©(27*D)f, for any & € B(x0,277) we
get the following bound:

f(@) = (8(-27%8)f) ()
- @)= flao) + [
[f@) - (6(-22)f) (x)‘
< I fllege g (I = wol® +/Rd o — &

_ = dy
[eY [eY ko [eY
< fllege uny (12 = ol + / (=0l + 27 ) Bl 5 g ).

a = dy
Ol ga)

Since the Fourier transform of © belongs to the Schwartz class, one may bound
ly|* < 1+ |y| to see that there is a constant Cg > 0 merely depending on ©
such that the following holds:

Hf o @(7272K‘A)f‘|L°°(B(£Eo,27j)) < C@Hchg*o"‘(Rd)(2iaj + 2ika)'
Such an estimate implies (73).
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12. Proof of Proposition 9.2, part B

We will control |[f||co. gay by the right-hand side of (60). Thanks to (57),
=0
we have to prove

|f ()]
(1 + [z —zo|)*

+ sup 2‘”(8111) If— @(_Q_QkA)f”Lm(B(mO,Q*J')))-
jEN k>j

() Il ey S sup
zER4

Step 1. Let us briefly explain the strategy. Let us imagine that we are able
to prove that there is a constant C7(f) > 0 such that for any j € N, for any
functions ¢ € C*(RY) and ¢ € C°(R?) with support in the ball B(zg,277),
we have

(75) (1) = 1)) @)@ dzds’

/]3(w0,2j)xB(z0,2f)
<Oy /

plds [ )

B(z0,277) B(x0,277)

Let us now see a consequence of such an assertion. For any (a,a’) inside the
product of balls B(zg,277) x B(x,277), one can consider two approximations
of identity ,, and v, on R?, which, respectively, tend to the Dirac measures d,
and 0. In particular, the sequence (¢, ® ¥y, )y is an approximation of identity
on R% x R4, which tends to d(a,ay- Then, since f is assumed to be continuous
in Proposition 9.2, (75) would imply

[f(a) = f(a')] < Cu(f)27.
Hence, (58) would show
(76) Il ey < 2C1(F)-

In other words, our strategy is to show that we may choose in (75) a constant
C1(f), which is bounded by the right-hand side of (74).

Step 2. We now want to begin the proof of (75) for a suitable constant
Cy(f) > 0. Since the right-hand side of (74) may be assumed to be finite,
the function f belongs to the space L3 ,(R?) introduced in (63). Let us divide
the Littlewood—Paley decomposition of f into two parts as follows. For any

p € N, we may write thanks to (59):
(77)
P
f=Spf+Ryf with S,f=0(-A)f+) 0(-27*A)f =0(-27PA)f.
k=1
We now explain why (75) will come from the following inequalities for any

p > j and any (z,2') € B(wg,277) x B(wg,277) (for suitable constants Co(f)
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and C3(f)):
(78) |(Sp.f = Sif)(@) = (Spf = S;f)(@')] < Ca(f)2777,
(79) 18 (x) = S;f(a")] < C3(f)27.

Actually, by using the Fubini theorem and the self-adjointness of the Fourier
multiplier S, (see Lemma 10.2 and the identity (77)), we obtain

B0 [ (Suf() = Spf @) PO e
(20,2=3) % B(z0,2-7)
_ /]R L (30 @) = Sy (0" e
= [ (sus@yeis [ G - [ 56 [ (su06)a@
80 = [ e [ 3 - [ G [ s
Taking into account (79) and (78), we see that the integral (80) is bounded by

(Co(f) + C:s(f))TajHSDHLl(Rd)||¢||L1(Rd)~

Since ¢ and 9 belong to the Schwartz class S(RY), the following formulas (see
(77) and (66)),

Spp(€) = O [E)B(€) and  S,u(€) = O(22|¢2)d(€),

easily show the convergences S, — ¢ and Sy — ¢ in S(R?) as p — +oo0.
Remembering now that the bound |f(z)| < (1 + |z])* holds true, we get the
convergences fS,p — f@ and S, — fi in LY(RY). By making p tend to
+00 in the integrals (81), we obtain (75) for

(82) Ci(f) = Ca(f) + Cs(f).
It finally remains to get suitable constants in (79) and (78).

Step 3, proof of (78). We write Spf — S;f = (Spf — f) — (S;f — f) and note
the equality f — S,(f) = f — ©(—27%PA) f thanks to (77). In other words, we
have for any j € N and p > j:

|(Spf = 85 f) (@) = (Spf = S )@ < 4sup 1f = (=27 A) fll L= (B(zo ,2-9))-
ZJ

Looking at (74), we get (78) for the choice

83)  Cof) =452 (sup £~ O(-2A)fll i (5ay 2y )-
JjeN k>j
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Step 4, proof of (79). Thanks to (77) and to the inequality |z — 2’| < |z —zo| +

|2’ — 20| < Z, we can bound |S; f(z) — S; f(z')| by

(89) Je—a| s (IV{O-2) /)l + Y IV{6(-2"2) 1))
k=1

ly—zo|< 55

=|z—2a'] sup ( Z
ly—zol <57 =1

J
2

k=1

2

(8{@(a;fﬁ})<y)

>

(=1

(8{9(f2f2’%)f}
Oye

)

)

IN

;i( wp (8{9(—A)f})(y)‘

=1 \ly—=zol<1 3yz
! O{0(=2-25 A) £}
+Z sup —_— (y)’ .
k=1 y—zol<3r ( 0ye )

We then use (68) to write

HO(=A)f}

or W)= (0D)F) () with ©u(6) = &0 (IeP).

Since O, belongs to C3°(R?), we can apply Lemma 10.1 to get

AT

< Ol fls . ao).
L2 o RY) '

Then the bound (72) allows us to deal with the first term in the upper bound
(84):
ol o
<20 | 2 {0(-A))
L>(B(x0.1)) ye

< 20| fllegs  rey-

o |3

@{9(—A)f}

oo d
L35 o (RY)

Let us explain how other terms in (84) can be understood similarly. Actu-
ally, we need a sort of analogue of [25, Lemma 4.2] allowing us to bound
Ha‘;l {6(—272kA in (84). We may factorize i&0(|¢?) =
O(£)T () with

o U(E) =0(¢*).
e &:R% — C asmooth compactly supported function that coincides with
¢ — i& on the support of U(£) = 6(|¢[?).

) H Lo (Be02-#))
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As a consequence of (68) for h = 27% and of (67), we have

o027 A)fy _ H{¥(hD)f) . .
W =T SR ) = (e D) o w2 D) f) (9)

We now aim to apply Lemma 10.3, whose assumption consists of bounding
6(—272*A)f on the ball B(zg,27F) for any k € N*. We write

0(—22 AV f = Sif — Sk—1f = (Suf — f) = (Sk=1f — f)
||9(_2_2kA)f||L°°(B(zo,Z*k)) SN(Skf = H)llLoe(Bzo,2-*))
F1(Sk=1f = Fll Lo (B(xo,2- -y

(86)

In particular, we get
2510(=27 2 A) fll Lo (B(wo,2-%)) < 2 N(Skf = )l oo (B(xo,2-+))
+ 292D (S 1 f — )]l oo (B(ag.2- 1))
< 3SUp2ja|\5jf — fllLes (B(zo,2-9))

< 3sup2ﬂa(sup\|5 =l (Beo2- J>>>
jeN

In other words, ¥ satisfies (70) with

(57 M) =3sup2% (sup|f ~ O(-2 AN 1w 520y )
JEN k>j

Then (86) and Lemma 10.3 show
2k < k—ka
|2 5y O R| < Ol e + MO )2

Combining the previous bound with (85) and (84), we see that |S;f(x) —
S; f(x")| is less than or equal to (upon changing C')

J
223 < ||f||L°° o(RY) +O(||f||Loc L(R9) +M(f)> Z2kka>

k=1

< 5 (Wfllgy ooy + M) (1+k§i312’”““)
(1l

This is exactly (79) with Cs(f) = c(||f||L;%7a(Rd) + M(f)).

gy + M(£) 207 = (Il ooy + M) 275,

xQ,e

Conclusion. — Thanks to (82), (83) and (87) we may conclude by plugging
C1(f) = Cao(f) + C3(f) in (76) (the strategy explained in Step 1 is finally
realized).
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13. Proof of Proposition 9.3, part A

The core of the proof of Proposition 9.3 will be the following quantitative
equivalence:

(88) [ fllcoaaty = 1O(=A) fll oo (i) + sup 240(—272 A) fll e ()
J1=Z

The goal of the current section is to prove (61), which turns out to be a direct
consequence of (88) since ©(—A) f automatically belongs to L>° (M) (note that
O(—A)f is a finite linear combination of eigenfunctions of A).

The sense < of (88) can be proved mutatis mutandis by following the proof
in [2, page 81, Proposition 1.3, ii)]. The mere additional ingredients are the
following:

e In order to work in a local chart, we have to keep in mind that the a-
Holder regularity is, indeed, a local property, one may easily check that
N

for any finite open cover M = |J we have the equivalence
i=1

fectr M) &

I fv,

sup coa(yy) < F00.

1<i<N

e A semi-classical Bernstein inequality holds true on M: for any ¢ €
CX(RT,R), any f € L>(M) and any h € (0,1), we have

C
IVEU(=h>A) fll Lo ) < ﬁ”f”L‘X’(M%

Such a semi-classical Bernstein inequality is known (we refer the reader
to [21, Theorem 2.2 and Section 8.4] and [12, Theorem 2.1] but also [19,
Theorem D.1] for similar bounds for other operators).

Let us now prove the sense = of (88). We shall use a strategy of the paper
[4] consisting in transferring a Littlewood-Paley theory on RY to a compact
manifold (see also [19, Section 9] for use of that strategy for BMO). Such a
technique needs the semi-classical functional calculus of the Laplace—Beltrami
operator (we refer to [2, Chapter I] or [17, Chapter XVIII] for the theory of
pseudo-differential operators and the notations of the form ;(z, hD) in the
next statement and proofs). Actually, [4, Proposition 2.1] implies the following
result for the semi-classical operators ¥)(—h2A).

PROPOSITION 13.1. — Let us consider p € C°((0,+00),R) being constant
near 0, let p: U C R =V C M be a local chart of M, let us fix x1 and X2
two functions in C° (V') satisfying x2 = 1 in a neighborhood of the support of
X1- Then there exists a sequence of functions (V1.)i>o0 in C°(U x R?) such that
for any integer N € N*, for any h € (0,1], any o € [0, N] and any f € C°(M),
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we have the bound
N-1

| Cure(=h2a)f)op= 3" Bon(a, hD) (s o)

k=0

<C tho'
fomay = OV £l L2,

where H° (R?) stands for the usual Sobolev spaces. Moreover, the support of
Vi (x, &) is supported in the ring % < [¢| < C for a suitable constant C > 1
independent of k.

To get the sense > of (88), we begin by fixing a function f € C%*(M).
The term ©(—A)f in (88) can be directly handled by using the continuity
of the operator ©(—A) : L>®°(M) — L>°(M) (see [4, Corollary 2.2]):

10(=A) fllLee(amy < CllifllLery < CNlfllcoe(my-

Let us now focus on the terms §(—2"2A)f in (88). By introducing a finite
open cover of M, one sees that it is sufficient to prove that for any local chart
p:UCR?Y—V C Mandany x; € C>(V) the following inequality holds true

H(Xla(frsz)f) OPHLOO(U) < 270 flleon ).

Let x2 € C°(V) be a function satisfying x2 = 1 on a neighborhood of the
support of x1. Let us, moreover, remember that 6 has compact support in
(0, +00). By using the notations of the semi-classical functional calculus given
by Proposition 13.1 for h = 277, the following equality holds true for any fixed
integer N € N*:

N-1

(0(=2"%A)f) o p= "> 27 M (2,279 D)((x2f) 0 p) + Ry,

k=0
in which the remainder R; fulfills the bound || R;||gv-1(ray S 277 || fllL2(m)- I
one chooses N > 1+ £, the usual Sobolev embedding H¥~*(R?) c L>(R?)
and the simple embedding C%%(M) C L?(M) show

IRl ooy S 2771 flleoe vy S 277 fll oo (-

The proof will be finished if one succeeds to show the bounds (for a fixed
ke{0,...,N —1}):

(89) (2, 277 D) ((x2f) © p) | oo ey S 277 fllcoe (-

We note that the function (ya.f) o p belongs to C%(R?) and, thus, we have for
any ¢ € N*:

00) o2 a) (0 0n) |, e S 27000 0 pllena ey

< 275 fllco.o (an
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(this is a quantitative estimate coming from the proof of [2, page 81, Proposi-
tion 1.3], see the text below (59)). And hence the uniform convergence on R?
of its Littlewood—Paley series holds:

—+oo

91)  (x2f)op=0(=A)((x2f) o p)) + >_ (=27 A)((x2f) © p).-

=1

Since it is known that the pseudo-differential operator 1, (z, 277 D) is bounded
on L= (R%) (see [19, line (9.6)]), we may write for any j > 1

Ui (2,27 D) ((x2f) © p)) = Yi(2,277D)O(=A)((x2/)  p))
+ 3 n(2,277D) 0 (=27 A) ((x2f) © p).

0>1

Thanks to the last statement of Proposition 13.1, the support of ¥y, (z,277¢)
is inside a ring of the form 527 < |¢] < C27. As a consequence, the symbol
Yy (z,279€) is controlled by 277 for any semi-norm in the pseudo-differential
Hormander class S{ : for any (a,b) € N% x N%, we have

sup  (1+[€)) " Pogog{wn (e, 2770} S 27
(z,€)€RE xR

Note also that the symbol of (—272¢A), namely 6(27%¢|¢|?), has support in a
ring of the form £2¢ < |¢| < C2° (because 6 vanishes near 0). For the same
reason, we have

sup (L4 [¢)) " Pogop{o g S 27
(z,£)EREXRE

The previous support conditions imply that one may find a fixed constant v
large enough such that the support of the symbols 1, (z,277¢) and 8(27%|¢|?)
are disjoint, provided that |j —£| > v is assumed. Following the same argument
as that of [19, pages 2760-2761] based on symbolic calculus, we may bound

¢ (z,277D) o 9(_2_2€A)||L2(Rd)%HN*1(]Rd) <270t
As a consequence, we get the following bounds (uniformly in j):
H Z V(2,277 D) 0 (=272 A)((x2f) o

>1
l[7—2|>v

s

+oo
S Z 2777 (x2f) 0 pll 12 (ra)
=

S 27| fll L2
< 27| fllco.e (an)-
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The same support argument gives the same following upper bound for the first
term of the Littlewood—Paley decomposition (91):

[xte. 272 D)) (00 0 0)| 0, gy £ 27 llene a0

It remains to deal with the part |j — ¢| < v, which turns out to contain a finite
number of terms. Since k runs over a finite set, we may again use the uniform
boundedness on L>®(R?) of each pseudo-differential operator 1y (z,277D) to
get

| 2 @27y oo(-2"28) ((xaf) o )|

=1 Loo(RY)
lj—¢|<v
s Y ez cenen)|, ..
=1 (R4)
lj—2|<v

Finally, (90) achieves the proof of the expected bounds (89).

14. Proof of Proposition 9.3, part B

It remains to prove the equivalence (62). We will still use the equivalence
(88) proved in the previous section.

Since © = 1 near 07 and since # has compact support, we directly see that,
for an j € N*, one may find ¢ € N such that 27k, is small enough so that the
following holds true:

YA>0 0272 0)0(hIN) =0(27%)\).
As a consequence of the previous equality and of (88), we get

sup 27°(|0(=2"% A) f || oo (a1 < supsup 27°[[0(=277 A)O(=hi A) f| oo (1)
i>1 j>1 LeN

< supsup 2/*[[0(—27 A)O(—h; A) f|l L (am)
LeN j>1

< Csup |O(—hiA) fllco.or)-
teN

Similarly, (88) and a factorization of the form ©(—A) = O(—A)O(—hiA)
imply

[O(=A)fllLoem) < Ci‘ég |O(—hZA) flleo.e )
So (88) gives
[ fllcoaamy < Cilelg [O(=hA) fllco.e(rm)-
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Let us explain how to reverse this inequality. We use (88) to bound

sup [|©(=h?A)f|lco.a(m) by
0<h<1

sup [|[O(—=A)O(=h*A) fl| Lo (m)
0<h<1

+ sup sup2/¥)0(=2" A)O(=h*A) f|| oo (a1)-
0<h<1j>1

We now remember the equalities
O(—A)O(—h*’A) = O(-h*A)O(-A) and
0(—2"Y A)O(—h*A) = O(-h?A)H(—2" 2 A)
and we invoke the uniform boundedness, with respect to h € (0,1], of the

operators ©O(—h2A) from the space L>(M) to itself (see [4, Corollary 2.2]).
We again use (88) for a last time to get the inequality

sup [|©(=R*A) fllco.e ) < Cllfllco.er)-
0<h<1

15. Proof of Proposition 7.1 and final step of Theorem 2.1

At this stage of the article, we recall that Proposition 7.1 had been admitted
for proving Theorem 2.1. The goal of this part is to complete this missing point,
namely to show, under the assumption (a,),>1 € ¢2(N*), that the function

O :R—>C
a .
Er D gnlw) e
n>1 An

is almost surely given by a uniformly convergent series on compact subsets of
[0,400) (see Proposition 15.1 below) and is almost surely pointwise 3-Holder
at t = 0. For this last point, thanks to Proposition 9.2, we have to prove the
following:

e The random function f“ is almost surely continuous on R (this is, of
course, a consequence of the uniform convergence on compact subsets;
see Proposition 15.1 below).

e The random function f“ has a growth like |f“(t)] < C,+/1+ [t| (see
Corollary 15.3).

e With probability 1, f“ satisfies the following bounds:

92)  sup V2 (sup |l O(=27A) |50 ) < o0

JjeN k>j

The bounds (92) will be proved at the end of the current section. For all these
points, we need the next result.
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PROPOSITION 15.1. — Let (an)n>1 be a sequence in £*(N*) and let us fix an
exponent o € (O, ;} and an increasing positive sequence (\,) satisfying A\, ~
n. With probability 1, the Gaussian random series ) gn(w) 5% et yniformly

converges on any compact subset of R. More precisely, for any 'K > 0, we have
the general bound

<93 |: sup ’Zgn an 1,)\ t

[t|<K

N

|<c(X |i;f)%+CKa(Z|an| )"

n>1 " " n>1

For any K > 1, we have

(94) E{ sup ‘ Z gn(w)alei/\nt

n>1

REMARK 15.2. — We have not pursued the best bounds, but the last ones are
sufficient for our purpose. Actually, here are two simple but opposed examples
that show that improving the last bounds, at least for K — +o00, would need
more information:
e If the series ) §2 is absolutely convergent, then the expectations in
Proposition 15.1 are directly bounded mdependently of K.
e Another interesting situation is the case A\, = /n(n+1) for o = %

Let us fix a real sequence (a,,) € ¢*(N*) such that Z \Iaﬁl = +oo (for

instance, a, = m) Then we claim that the left—hand side of (93)

cannot be bounded independently of K (in contrast with the proof of
Corollary 5.2). By considering the limit as K — +o0 and the imaginary
part, it is sufficient to explain the equality

(95) [sup ’ Z gn(w sm()\ t)H ~+00.

teQ

We write

Zgn sm()\ t) and

+oo
Q.
Ry(tw)= Y gnlw)—==sin(Ant).
n=N+1 V- An
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Note the equality E[Ry (f,w)] = 0 and the independence of Ry and Sy
so that we can write?¢

E|sup|Sy(t,w) + RN(t,w)|] =E,E,, [sup [Sn(t,w1) + RN(t,wz)‘]
teQ <0
> E., hgp E., [SN(t w1) + Ry (t, w2)} H
= E., [sup|Sw(t,w1)]]
teQ

Thanks to [33, page 5, Proposition 1] giving a Sidon property of the set
of the frequencies of the form A, = \/n(n + 1), we get

Ianl

(96) E., [§25|SN(t,w1)|} =E,, [sup|SN (t, w1 } Z

We obtain (95) by making tend N — +oo.

We now give a simple corollary of Proposition 15.1 ensuring that the ex-

pected bound f¥(t) < 4/1+ |t| is true.

COROLLARY 15.3. — With the same assumptions as those of Proposition 15.1,
with probability 1, for any ¥ > 0, there exists a constant C > 0 such that

vteR ‘Zgn In gidnt| < 01+ J2])°.

n>1

Proof. — By choosing ¥ in the countable set Q*, it is sufficient to deal with
one fixed exponent . We choose a number p strictly larger than % and we
write

1 A, P
E[sup —_— gn(w D gint
ter | (1+[¢])? 7; ( ))‘a

a
S E|: Sup ' gn -n ’L)\ t ]
Kze:N K<tj<k+1 (1 + |t| )Y Z
1 a
Y S
KEE:N(1+K)W [t|<K+1 n%: /\a

We now combine (94) and the Gaussian version of the Kahane-Khintchine
inequalities (see [28, page 56, Cor 3.2] or [30, p 256, Cor V.27]) to get the
upper bound

2\ % In(K +2))%
Cp(2|an|) ZW<+O®

n>1 KeN

26. The first equality can be proved by modifying the argument in [19, Appendix F].
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Then, the following inequality almost surely holds true

’ﬂ z/\ t
su < +o00. O
ek (11 [t)? 1+|t| ’Zg”

Proof of Proposition 15.1. — The proof is completely classical in the spirit of
[28, 32]. As it was already used, we note that the bound (93) easily implies
the convergence of 3 g, (w)$2e*? in L'(Q,CO([— K, K])) and thus the almost

sure uniform convergence on [—K, K|. By making K run over N*, we get the
almost sure uniform convergence on any compact subset of R.

Proof of (93). The Dudley theorem (see (38) and [28, page 346, Th 11.17] or
[32, page 10, Th 1.3]) allows us to get an upper bound with the entropy integral

(97) [ sup ‘ Zgn an etnt }

[t <K
an
{bup ‘ Zg" piAn Kt
[t<1

<rf o

n>1

SC(Z?;L +C/ VIn(N(6,¢))de,
n>1 n

}

} vo [ /mNG e

in which N(d,¢) is the smallest number of open balls of radius € recovering
[—1, 1] for the pseudo-distance
]

H Zg” an 1)\nKs _ eiAnKt)

n>1

N

— Z ‘an‘ |ez>\ nKs _ ez)\nKt|2

n>1 n

The asymptotic A\, >~ n immediately implies the following inequalities:

0(s,t) < Z ‘)\2(1 min(A, K|s —¢[,2)2 < C Z' anl” min(nK|s — t|,1)2.

n>1 n n>1

:=48"(s,t)

As a consequence, we have N(§,e) < N(¢’,¢), and then

(98) = VIn(N(6,¢e))de < /+<>0 VIn(N (¢, e))de.
0

0
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By applying [20, page 763, Corollary 7] with ¢ = 1 and M = [—1,1], we see
that the entropy integral of ¢’ satisfies the following equivalence (with constants
independent of K and (a,)):

oo - [ T(2Kt)
(99) ; \/ln(N((S,a))dE_/O 7t\/mdt

2
for Y(t) = Z ‘Z;Cl‘ min(nt, 1)2.

n>1

We now use the assumption (a,) € ¢*(N*) and the simple inequality
min(t, 1) < t* to get

(100) T(2Kt) < 2° ( 3 |an|2) 2 gago

n>1

too 2ot 1
ln(N(é’,s))dSSC’(?;MnF) K /0 Wdt
sc(ZlanF)l/zK“‘-

n>1
We then get the first general bound (93) thanks to (97) and (98).
Proof of (94). For K > 1, we have the trivial bound

(S 55) < Ve (X oat)’

Hence, by following the last proof (actually (97) and (99)), we merely have to
show the following bound for K > 1:

L T (2Kt) 3
/Ot\/mdtgo 1n(K)(Z\an|)

n>1

0

We split the integral into two parts.
Integration on t € [0, +]. We still use the bound (100) to get a term like

: 1
(X)) K A T

n>1

but for K > 2, the previous term is directly bounded by

(o) x [ st s = ()

n>1

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



498 P. BRUN, R. IMEKRAZ & G. POLY

Integration on t € [%, 1]. This actually gives the principal contribution:

/1 TCEY 4y < /1 b w
2 t/In(1/1) % ty/In(1/t)

<o( Y1)

n>1
<2( Y lau?) Vi,
n>1

The bound (94) is finally proved. O

In order to finish the proof of Proposition 7.1, it remains to show that the
bounds (92) hold with probability 1.

First part of the argument for (92). We fist explain that we can use Proposition
8.1 with the following objects:
1

. . a .
101 =, M;=[-2727] Fft)= > gn n_eiAnt,
(101)  py oh i=1 I, FP(t) . >2jg (w) A©

Note that the hypothesis (H-C) in Section 8 is fulfilled thanks to Proposi-
tion 15.1. Let us check the assumption i) of Proposition 8.1. We write

0j = sup E“F;"(t)ﬂ =

|t <23

We claim that (vV290;);>1 belongs to £2(N*):

Yooy ¥ ol

j>1 Jj>1 N, >27

but since A, ~ n (see the gap estimates (17)) there is jo € N such that

Yracy ¥ oolkloylel 2oy

3>jo 3>j0 n>2i—do n>1 An Jo<i<jo+logy(n)
(ln
21+J0 E | | nl )~ E |an|2 < +o0.
n>1 n>1

This fact immediately implies that the series

Sen (-450) = S (- 5)

is convergent for any S > 0; in particular, we get the first assumption of
Proposition 8.1 (see Remark 8.2 with p = 2).
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For the assumption ii) of Proposition 8.1, we invoke (93) of Proposition 15.1

for K = 7 anda_%
2.1 3
EL?E (¢ )|} gC(Agw %) \F(AZ:QJ |an] )
SCPJ(Z|CL"‘2>%
n>1

Then the conclusion of Proposition 8.1 holds, and there is T" > 0 (possibly
depending on the fixed sequence (a,,)) such that

(102) ZP(|t|S<quJ |F ()] > \/%) < +o00.

Second part of the argument for (92). We claim that there is a positive constant
M merely depending on the function © (see Section 9) such that, for any j € N*,
we have

MT
P( su Y _O(=27ZFA) 9l s oo Jo—j) >
(sup 117 = =281 ams .20y > )
T
<2P( sup |F¥(¢ —
(m<27' (t)] > @)

By looking at (101) and writing

w _ o _o—2k w _ _ 2k 2 On it

we see that the expected bound is actually a consequence of Proposition 3.3
for

—q — Qp, i
B =L*([-277,277],C), wu,(t) = \/Te Ant]—[QJ',Jroo)()\n)y

E=[j,400) NN, apn=1-0(2%N2),

M =14 0]z (0,400) + 1]l L1 (0,400)
in which this choice of M in (28) is motivated by (25). Thanks to (102), we
get

S P (sup [l = O(=27A) f (2 00) 2 = ) < Ho0.
i>1 k=23

The Borel-Cantelli Lemma allows us to conclude that

sup || £ = ©(—2"2 A) f*| oo (—2-5,2-4)
k>j

is almost surely O(277/2). In other words, (92) is finally proved.
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16. Proof of Theorem 1.1, iii) = i).

The zonal case on S%. We first explain how to deal with the model of zonal eigen-

functions (Zﬁd)nzl on the sphere. Let us fix a function © € C°([0, +00),R). All
the substantial arguments rely on the following property (see [4, Corollary 2.2])
for the semi-classical multipliers of the Laplace-Beltrami operator A on S%:

(103) sup [[©(=h? A)|| oo 54y Lov () < +00.
0<h<1

As a consequence of (103), the upper bound sup [|©(—h2A) f&|| [« say is al-
h>0

most surely finite. We now recall the spectral definition (following the notations
n (10)):
o-1a) % =Y ([ fo @) eut)on.
keN /M
We may choose a Hilbert basis (¢ )ren of L?(S?) that completes (Z,S:i)nzl.
Then, the weak convergence assumed in the assertion iii) with ¢ = Zid, directly
shows the equality g, (w)c, = / fE (a:)Z,Sld (z)dz which, combined with (3),
M

implies the following finite sum

(104) O(=h*A) [ = Zgn “n(n+d—1))Z,

For instance, we may assume that © = 1 on [0,1] and that © vanishes on
[2,+00). We now focus on the point of concentration P = (1,0,...,0) to get
sup Z In(w)en®(A*n(n +d — 1))Z§d (P)’ < 400.
0<h<1 "
neN
n(n+d—1)§%

Now we may use a result in the spirit of the Marcienkiewicz—Zygmund-Kahane
theorem (see [29, page 240, Th II.4]), but it is much simpler to use Lemma 8.4
(by considering a sequence, for instance h; = 279, which tends to 07):

supE H Z In(W)c,©(27%n(n +d— 1))Z§Ld (P)H < 400,

JeN neN®
n(nt+d—1)<229+1

or equivalently

sup > len20(27 % n(n + d — 1)) 25" (P)|? < +o0.
JEN neN*
n(n+d—1)<2%7 1
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Remembering the condition © = 1 on [0, 1], we may restrict the previous sum
on the integers n satisfying n(n+d—1) < 2% and hence © (2~ n(n+d—1)) = 1.

g-1,4-1 = : .
By using the asymptotic Z5" (P) ~ \/ﬁPn(2 : )(1) ~ n*T, we immediately

get the convergence of the series Y |c, |2nd~1.

The radial case on RY. Since each Z&P™r is smooth on the closed ball B4(0, 1)
of R4, we can try to use the same reasoning with the analogue of (104):

6( h2AD1r fG “ Z gn Cﬂ h2>‘§,n)Zg’Dira

but we need the following analogue of (103):

(105) sup [|©(—=R*Apir)|| Lo (Ba(0,1) L (Ba(0,1)) < +00.
0<h<1

The proof of (103), developed in [4], is of pseudo-differential nature and avoids
potential boundary problems. For boundary domains like the unit ball B4(0,1),
a proof via heat kernel seems to be easier. Actually, by combining [9, page 89,
Coro 3.2.8] and [8, Th 4.3], we see that the heat kernel operator of the Lapla-
cian operator —Ap;, with Dirichlet boundary conditions satisfies the following
estimates: for any € > 0 and any complex number z € C with positive real
part, we have

zA
||e Dir

|Z‘ dye
||L°°(M)~>L°°(M) Cs (RT(Z)) .

Then (105) follows via a known argument involving an integral formula (see
the details in [21, lines (2.3) and (2.10)]).

17. Proof of Theorem 1.2, preliminaries about 6

We recall that we have the freedom to choose any function © € C°([0, +o0), R)
in Section 9 (under the condition © = 1 near 07). We claim that we can choose
a function © such that

O(A) :=0(\) —O(4))
fulfills the following properties:
e 0 has support in [i, 16] and is bounded by 1.
o 0> % on [1,4].
For the choice © given just below (see (106)), we get the plots shown in Fig-
ure 17.1.
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FIGURE 17.1.
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We shall choose a function © with support in [0, 6], satisfying ©(X)
A € [0, 2], which is decreasing on [2, 6] and which finally satisfies ©(4) =
instance, the following definition is convenient:

[ I II

(106) o) =1 for 0 < A < 2,
1
-1
/ﬂeXp(l—ﬁ)dt
O\ = —3 for 2 < A <6,
-1
716Xp(1—t2>dt
oA =0 for A > 6.

Let us now explain the expected conditions on (\) = ©(\) —O(4\). It is clear
that 6 has support in [5,6] C [4,16] and is bounded by 1. For the bound
6 > 1 on [1,4], we just write

AeL,2]=0N)=0(\)—-0(4)+0(4) —0(4)\) >0(2)—0(4) ==

26(2)-0(4) >0

Ne[2,4] = 6(\) = O(\) > O(4) = %

18. Proof of Theorem 1.2, i) =- ii)

We first check that the random series Y f&¢ is almost surely well defined
n>1

as an element of L?(M). Since the functions & are orthogonal for different
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n, it is sufficient to check that the series Y || f&« ||2L2( ) 18 almost surely finite.
1

This is, indeed, a consequence of (12) and (15), which clearly give

E[Z Hfg,wH%Q(M)} Z an”Lz ) < +00.

n>1 n>1
Let us now write f&« = > f&«. As for the proof of Theorem 2.1, we shall
n>1
again use Proposition 8.1. Indeed, we choose the following parameters:
1

pj=—, M;=M, FJW(x):9<_2_2jA>fG’“.

205 K2
Actually, if we succeed to check the assumptions of Proposition 8.1, then its
conclusion and the equivalence (61) will show that f& almost surely belongs
to C%%(M), namely the assertion ii) of Theorem 1.2.

In order to check that F} is a centered Gaussian process on M, we invoke

that 0 is bounded with support in [%, 16] and use the following formula:
(107)
2

)= 3 e Y () gk @)inla).

2
n>1 \/dlm(E(K”*K,Kn}) mi€(Kn—K,Kn] K
TR el Al

Since n actually runs over [2771,27%2] (the other terms are zero), the hypothesis
(H-C) is true.

Step 1. We have to check the assumption i) of Proposition 8.1 involving the
weak variance of F;”. We have

T 2 hiy®
Ry > o) ey
dim(E anK,Kn])Me(_Kn—KKn] K
WT‘”CE[%A]

2J+2

|an2
S Y Tl 2 @

Eign_
=2i—1 (Kn—K.Kn]) pr€(Kn—K,Kn)

We now invoke a famous result about the spectral function on a boundaryless
compact Riemannian manifold due to Hérmander (see [16]), which was used by
Burq and Lebeau in [5, page 923]. For the exact form that we need, we refer to
(19, proof of Lemma 8.1] or [20, line (50)] and, hence, for a constant K, large
enough, we have the following bound for any K > Kj:

2j+2
sup B(IF7 (@) <€ 3 Ifull3z
TeEM n=2i—1
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For any j € N*| the assumption (15) implies the following upper bound

C
E[|F} ()] < —5
SR BTN = e

The left-hand side equals oj? (see (49)). Since we have set p; = 27, we get

2
o; < % pj, which immediately implies the convergence of > exp (—62%>
i>1 j
for any fixed constant S > 0.
Step 2. Let us now show that the assumption ii) of Proposition 8.1 is also true.
By using the identity (107) and the contraction principle (see the proof of [28,
page 98, Th 4.4]), we may get rid of 6 as follows

E| sup |Fy(2)]]
rzeEM
9J+2

<B[swp| 3 Wl Y @)

zeM n=27-1 \/dlm(E(KniK’Kn]) nr€(Kn—K,Kn]

|

which means (see (12)):
j+2
E| sup |F¥(x)|| < E| sup ff“w‘
| sup [F (@)l < B| sup =Z (@)|]

We now invoke [20, Theorem 3] to get the Gaussian analogue of the upper
bound in (13):

9i+2 1 27+2 1
B[ sup 7)) <0 ———( 1allZan )
TeEM ’ p:1p 1n(p+1) n—maxz(;,Qj_l) -
2J+2 1
<ovm@ ) < (X Wala)
n=27-1

By using (15), we finally have checked the assumption ii) of Proposition 8.1:

o 7] < £

REMARK 18.1. — Instead of (15), let us assume the stronger assumption
20+ 1 1

(108) > Il = o 507 )
n=27

Then we claim that the partial sums of the Gaussian random series »_ fnG g
n>1

almost surely converge in C%®(M). The proof needs a few modifications
of the previous argument. Actually, the last proof already shows that
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S fG« belongs to C»*(M), and it remains to prove that the limit

n
n>1

+oo
. G,UJ . oy e .
Nl_lgrloo H ngN I Hcova(M) equals 0. It is known that it is sufficient to study the
subsequence of N = 27 as J — +oo (see [30, page 132, Th II1.5]). Thanks to

(88), we have to show that (108) implies the following limit with probability 1:

—+oo

—A
o(%z) 2 5
H K2 n:ZZan Lo (M)
+ sup 2% ‘g(ﬂ) f el St
jzlil) K2 =, n Lo (M) .

Note that the term involving © equals 0 for J > 1. Let us deal with the
term involving . The same support argument as above allows us to make the
following reduction

o(“2TAN R g _p(—270A - G
() X pemim) X
n=2 n=max(2”,20-1)

In particular, j is merely relevant for j > J — 2. In order to get rid of 6,
we used the contraction principle in Step 2 above. But here we prefer to use
the uniform boundedness of the semi-classical multipliers 6(_2;‘;A) (see [4,
Corollary 2.2]). Hence, it is sufficient to prove (with probability 1):

2J+2

j J—
sup 2‘”H > ff’“’HLOO(M) Emas Ny}
j2J=2 n=max(27,29-1)

By separating the cases j = J — 2 and j > J — 2, one checks that the previ-
ous limit would be a consequence of several uses of the following ones (with
probability 1):

9Ji+1
109) 29[ £99 | poo ) 22 0 and 2% GMH ERas
(109) 1257 Ml oo () an Z;jfn L)

We can now repeat exactly the same computations as in Step 1 and Step 2
with the following Gaussian processes:

9i+1

Fo(e) = f$(e) and Fr(e)= Y J9%(a).

n=27
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For p; = 27/ we similarly obtain that the analogue weak variances 5} and 7;

are 0(%) and, hence, satisfy

2 2
VB >0 Zexp(fﬂz%)Jrexp( 52 @2><+oo
, 20; 20
j21 J
but the computations of Step 2 and (108) now imply
Jj—4o00

E[Qaj sup ’Tf(x)‘ + 2% sup ’ff’(m)” —0.
reM reM

Finally, the conclusion (51) proves (109) (as explained in Remark 8.2).

19. Proof of Theorem 1.2, ii) =- iii)

This is not a surprising fact since it seems to be related to the contraction
principle already mentioned: for any sequence (u,)nen in a Banach space B,

if the Gaussian random series Y g, (w)u, almost surely converges in B, then
neN
so does the Rademacher random series . &,(w)uy,. For our purpose, a small
neN
difficulty is the potential absence of convergence of the Gaussian random series

ST G« in C%%(M). Let us explain how to overcome this issue thanks to the
characterization (62), whose main interest is to come back to finite random
sums.

We refer to the argument?” of [20, page 787, Step 1], which allows us to
show the following inequality for any N € N* and any semi-norm?® S on the
vector space Span{¢y, k € N}:

aw Ze[s( 3 )] <[s(3 )]

We now fix an integer J € N and we make the following choice for S:

S:f— su H@( ) ‘
/ OSJEI / coe (M)
We note that f« = > f& almost surely belongs to L*(M) (since || f& || L2(m) =
n>1

Il fnll2(am), see (11)). Since we have constructed © to be in support in [0, 16]

27. The argument does not play any role in the Banach space C%®(M). Actually, the
repeatedly used contraction principle can be written in a quite general framework (see [28,
page 98, Th 4.4]).

28. We note that S poses no issue of measurability because semi-norms are automatically
continuous on finite dimensional spaces and because (110) involves finite dimensions. More-
over, the proof of (110) needs that S is convex on any finite-dimensional vector subspace of
Span{¢x, k € N} and thus satisfies the Jensen inequality (instead of the Holder inequality
used in [20, page 787, Step 1]).
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in Section 17, we deduce that the functions @(’f{; A)f, for j € [0,J], are
spectrally localized in [0, K272 (with respect to v/—A) and do not involve
frequencies \ satisfying A > K272, Remembering that each f¢ and f& is
spectrally localized in (Kn — K, Kn], we can choose N = 27%2 in order to
transform the inequality (110) into the following one

V2 NY
Aol [ 2) o)
27
SE[o?jngHe( — )fcw’co’aw)}'
By making J tend to 400, we get
\[ —2j
(111) \7; [jgfg”@( : )fw‘ CO‘Q(M)}
23
SE{?EIN)H@< o )wa cUﬂ(M)]

Let us show the finiteness of the upper bound. The assertion ii) of Theo-
rem 1.2 and the characterization (62) ensure that the sequence of functions
(O(— 2K2 A)fE¥) ey is almost surely bounded in C%%(M). We now reformu-
late this fact as the almost sure boundedness of a specific Gaussian process
(U“(j,x,2"))nxe in which & is a dense countable subset of

{(@,a)) e Mx M, =+#a}.

More precisely, due to the definition (14) of the Hélder condition, it is clear that
we may consider the following Gaussian process on the countable set N x &:

U®(j,z,2") == 5g($,11:’)a (@(—;—221' A) e () — @(‘i{‘jj A) fG,w(x/))

97 +2

| fullz2 )

.’E l‘ Z \/dlm E(Kn KKn])
X > gn,k(w)9(2 juk)(%( ) — dr(a")).

Kn—K<pur<Kn

As in the proof of Proposition 6.1, we again invoke the integrability properties
of Gaussian processes (see [27, page 134, Th 7.1]) to get

E[sup |U‘*’(j,x,x')|] < +o00.
Nx&
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In other words, the right-hand side and so the left-hand side of (111) are finite.
We immediately infer that, with probability 1, we have

sup 0 a) |

< 400
Co,a(M)

A last use of the characterization (62) shows that f* almost surely belongs to
C%*(M). The implication ii) = iii) is completely proved.

REMARK 19.1. — The formula (110) would easily show that if the partial sums

of the Gaussian random series Y f&“ almost surely converge in C%<(M), then
n>1
so do the partial sums of the random series . fv.
n>1

20. Proof of Theorem 1.2, iii) = i)
Let us write f* = 3 f¥, which belongs to C%*(M) with probability 1, and

n>1
let us define?®

(G a)r]

Thanks to Proposition 9.3 applied to A +— 0(%) instead of 8, we know that
the sequence (X) is almost surely bounded. The goal of Step 1 will be to show
that the following bound almost surely holds:

(113) sup E[|X|] < +o0.
jEN

(112) X;(w) :=2%

L (M)

The goal of Step 2 will be to get (15) from (113).

Step 1. To get the bound (113), we will use Lemma 8.4, and it remains to check
(55). By exploiting that the support of 6 is included in [1,16] (see Section 17),
we may develop the following finite sum:

aj _272j )
(114) 2 Jo( = A)f ()
oi+2 .
aj 2_2]:“2
=299 3 | fullzzoan x 3 9( KQ’ﬁ)Un’k(w)qSk(x).
n=2i—-1 nr€(Kn—K,Kn]

Let us explain why (55) is a simple consequence of the generalization of the
standard Kahane—Khintchine inequalities by Marcus and Pisier (see [32, line
(2.1) of page 81 and line (2.14) of page 91]). Let us focus on the definition
(11) of f&. If one denotes by &, : @ — Op, (R) a random matrix with D,, =

29. As for (H-C) in Section 8, there is no issue in the measurability of X; since z € M —
F]‘." (z) € C is continuous, and thus X; may be reduced to a bound on a dense countable

subset of M.
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dim(E(gn—x,kn)), Whose distribution is the normalized Haar measure on the
orthogonal group Op, (R), we recall that the distribution of the first column
of &, is exactly the uniform distribution of the unit sphere SP»—1 c RP».
Hence, we may assume that the first column of &, is exactly the random vector
U, = (Up) with u, € (Kn — K, Kn] as in (11). The inequalities (55) will be
a direct consequence of the result of Marcus and Pisier once we will provide a
matrix M, € Mp, (L>°(M)) such that
2% i}
(115) (En@Ma(@) = Y 9( = )Un,k(w)cﬁk(x).

It suffices to consider the matrix M,(x) whose first row is exactly

(0(27;:2@)gbk(x))#ke(Kn_K’Kn], and other coefficients are 0, so that the co-
efficients of &, (w) M, (x) are given by

2722,

(116) En(w)Mn(x)—<9< 72 )Un,k(w)¢k’(x)>

(k, k")

Step 2. It is time to exploit the condition 6§ > % on [1,4] (see Section 17), which
actually implies, for any integer n € [1+ 27,29 and any puy. € (Kn— K, Kn,
the inequality

We now define the following matrix T,, € Mp, (R) as follows:

n¢[1+2,2% = T,=0,
1

T o—2j,2 "
2 27#,@)
K2

n€[l+27,277] = T, is diagonal with the D, eigenvalues

Due to the formula (116), for each integer n € [1 + 27,27 we have the
equality

tr(Tngn(w)Mn(x)) = Z Un,k(w)¢k<x)

pr€(Kn—K,Kn]

Note, moreover, that the norm operator of 7}, in RP» (with its canonical Eu-
clidean structure) is bounded by 2. The formula (115) and the multidimen-
sional version of the contraction principle®® proved by Marcus and Pisier (see

30. In the book [32], the notation of the norm operator of T, is written ||T,||co (see page
78) and is used in the contraction principle.
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[32, page 82, Proposition 2.1, line (2.4)]) gives the inequalities

j+1
Bl | X PORTATININD SRNBE|
—1427 ur€(Kn—K,Kn]
J+2
E[SuP’ 2 Il fallz2 () tr (Tn€n(w) M, <x))H
n=2i—1
j+2
<oB[sup | 3 Wfulhacan t (€l
n=27-1
2J+2 9-2j 2
< QE[ sup ‘ AT > 9( ka)Un,k(w)qﬁk(m)H.
n=2i—1 pr€(Kn—K,Kn]

Then (114) allows us to reformulate the last upper bound in order to get

2J+1
E[sw | 3 Ifulzvy Y. Una@)on(@)|]
rEM T o0 pn€(Kn—K,Kn]

< “ .
200G 8) 7 )
Looking at (11), (112), and (113), we get

9J+1
supQQJE{ sup Z fﬁ(w)” < 4o00.
JEN zeM ne1+2

Point i) of Theorem 1.2 is easily proved thanks to the lower bound in (13).

REMARK 20.1. — Let us replace the assumption iii) with the stronger one: the

+oo
partial sums of the random series Y f“ almost surely converge in C%%(M).
n=1

We then claim that for j — +o00, we have

9J+1
1
2
(117) > Il =o(5557)
n=1+27
27+2 J
To get such an asymptotic, we note that >ooofe =T, 0 with
n=2J—-1 COO‘(M)

probability 1. Thanks to (88), we infer the following almost sure limit:

(D) S

9ot Jzree ),
Lo (M)
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We then can repeat the strategy of Step 1 (based on Lemma 8.4) and Step 2 to
get (117). Let us mention that we can replace in Step 1 the use of Lemma 8.4

+oo
with the following fact: the partial sums of the random series Y f% converge
n=1
in L1(Q,C%%(M)). Such a convergence can be seen via the formula (115) and
by invoking a result?! of Marcus and Pisier.

Appendix A. The deterministic case d = 3 via a result of Hardy and Littlewood

11
We recall that the sequence of Jacobi polynomials Prgi’i) is, up to a mul-
tiplicative constant, Chebyshev polynomials of the second kind. Any z € S?
can be written as & = (cos(f), *,x,x), where 6 € [0, 7] stands for the geodesic
distance in S* between z and the pole P = (1,0,0,0). Then, one may express
the zonal eigenfunctions Z,SZ3 as follows:

11

(z) = cl37nPTg§’§)(cos(0)) = Hw

75
sin(9) 7

n

for a suitable universal constant £ > 0 ensuring / \ZTSLS (x)]*dx = 1. Note that
S3

the pole P corresponds to § = 0, and thus Z5° (P) = r(n + 1).
In the proof of [15, page 256], Hardy and Littlewood constructed a real
sequence (ap)n>1 satisfying the following statements:

a) The asymptotic a,, = O(#) holds.

b) The series > a,, is convergent.

¢) The limit lim Y an% does not exist.
9—>0n21 n

For n > 1, we set ¢, = 2":11 and, hence, we get the conditions a), b) and c)

written in the Introduction for the zonal function 3 an,SLs.
n>1

Appendix B. Holder regularity of random trigonometric series on the torus

We just merely give a few complements of [24, page 89]. At the light of
Proposition 9.3, it is easy to see that for any a € (0,1) and any bounded

sequence (g,), the function Y —%4e?'® belongs to C%(T). However, we shall
JEN
see that the Gaussian random function x — > %emz belongs to C%*'(T),
JeN
for any o/ € (0, ) but does not belong to C%*(T). We, indeed, immediately
see that i) of Proposition B.1 below is false.

31. See the book [32], Theorem 2.14, page 92, and the definition of &; at page 75.
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For any sequence of coefficients (¢, )nen and any j € N, we use the following
notation:

29+t _1

(118) s = ( 3 |cn|2>1/2.

n=27

We refer to Remark B.2 for explanations about the condition ii) below.

PROPOSITION B.1. — For any o € (0,1) and any (c,)nen € £2(N), the Gauss-

ian random function f&“ :x s Y gn(w)c,e™ defines an element of CO<(T)
neN
if and only if the following two assertions are fulfilled:

i) There exists B > 0 such that %:Nexp (—%) < +o0.
J

i) The numbers Z‘XJE[ sup > gn(w)c e } are uniformly bounded
z€[—m,mw] ' n=27
with respect to j € N.
REMARK B.2. — The expectations in Point ii) may appear to be abstract

(since the most general reformulation is given by the Dudley entropy integral).
Here, however, is a more concrete sufficient condition coming from a result of
Salem and Zygmund (see [32, pages 122-123]):

20+ _q
(119) 2‘”E[ sup Z gn(w)cnemm]
z€[—mm] | T,
27
ZZME{ sup gn(w)cn+2jflelnm}
zel-mm] ' T

27 29+l _1

1 ( Z ‘C ‘2)1/2
I)=1pV ln(p+ 1) n=p+27—1

Moreover, if (|c,|) is non-increasing then a result of Marcus shows that (119)
is an equivalence (see [31] and [32, page 129, line (1.27) ]).

< 9o

Proof of Proposition B.1. — Thanks to the Littlewood—Paley result given by
Proposition 9.3, we have to study whether or not the following condition holds
true with probability 1:

(120) sup 27|0(—2"H A) f4¥| e (1) < 0.
j>1
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As in Section 17, we may assume that 6 has support in [l

I 16}, is bounded by
1 and satisfies > 1 on [1,4]. Hence, (120) becomes

27121
sup 27% sup E In(W)cnB(27%n?)e™ | < 0.
jz1 lzl<m ' _oi—141

Proof of the sufficiency of i) and ). The strategy is totally similar to that used
in Section 18, consisting in using Proposition 8.1 with

27+t2_1
(121) p; =27, M=[-mal, F@)= Y gaw)ead@ Pn?)em.
n=2i-141

If ii) holds true, then the contraction principle shows the hypothesis ii) of
Proposition 8.1 as follows:

29t2_
E[ sup |F}(z )|] < E[ sup Z gn(W)cpe™ ]
|z|<m |z[<m n=2i-1
gitat+l_q
< Z E[ sup ‘ Z gn(w)cnem”c ] = O(Q*O‘j).
ac{-1,01} lEl=T L oita

Let us now assume i). By looking at (118), for any j € N*, we see that the
weak variance (49) of F¥ satisfies 012» < 3?_1 + s? + S?H and, hence,

3
Yy >0 exp(—g—Z)Sexp(— ;I )—i—exp( g)—i—exp( 7 )
J

j §j-1 st
We then get
2 3
Z exp( (\[ﬂQ(x)2 ’; ) — Z exp( (QQ(? 0z 7)
JEN* %5 JEN* g
82

< Z Zexp( 2&(] e X 21 )

a€{—1,0,1} jEN* Sj+a
We obtain the assumption i) of Proposition 8.1 by bounding j — 1 < j + a:

Z exp (—(\/éﬂ2a)22f2> < Z Z exp (M)

JEN* J a€{-1,0,1} jEN*
_32
< 3Zexp((2m BE ) < +00.
JjeN
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Proof of the necessity of i) and ). We shall use the reverse result given by
Proposition 8.3. We assume that (2% Fy )jen is almost surely bounded on
[-m,w]. But the same parameters as in (121) do not seem to be relevant
because the Gaussian processes (27 F’)jen+ may not be independent. Let us
fix r € {1,2,3}; we note that the Gaussian processes (20‘(3j+3)F?‘;3+T)j€N are
independent. Hence, we can apply Proposition 8.3 with p; = 2—(35+7) (instead
of 27%7) and whose conclusion involves the weak variance of F3;,, and the
expectation E| sup |Fg; +T(:L')\] For the weak variance, we may invoke the
|e|<m
inequality 6 > % on [1,4] to get

—142Bitr)+2
2 ._ w 2] _ 219(9—2(3j+1),,21|2
o} == swp E[[F,, (@)= Y [0 07
|z[<m n=1+42Gi+r) -1
2Bi+r)+1_q
1 2 _ 1o
2 1 Z |en|® = 183j+r'
n=23J+r
Hence, the conclusion of Proposition 8.3 ensures that the series
2
> exp <_2(2(31+B—T>53+)2) converges for a suitable constant 3, > 0. This con-
jEN g+

vergence is true for any r € {1,2,3}, and thus we get Point i) of Proposition
B.1 with g = % max(f1, B2, 3).

To get Point ii), we shall use a last time the contraction principle (with the
condition 6 > % on [1,4]) in the same spirit as in Step 2 in Section 20. We
define

1
n¢ (2347 2GIFF 1] o ¢ = 0.

ne (294 2B ] = ¢, =

We note that t,, is bounded by 2. Then we may come back to F3;, given in
(121):

9(Bi+m+1_q
sup <2a(3j+T)E|: sup Z Gn(W)ene™® D
JEN le|<m ' ositr
_1+2(3j+r)+2
= sup (20‘(3j+r)E{ sup Z Gn (W), 0(272GIHMn2)c, en® D
jeN || <m

n=142Bj+r) -1

< 2sup (20‘(3j+r)E[ sup |F§;+r(x)|]> < 400,
jEN |z| <7

where the last bound comes from the conclusion of Proposition 8.3. As above,
this is true for any r € {1,2, 3}, and we obtain Point ii). O
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