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SKT HYPERBOLIC AND GAUDUCHON HYPERBOLIC COMPACT
COMPLEX MANIFOLDS

BY SAMIR MAROUANI

ABSTRACT. — We introduce two notions of hyperbolicity for not necessarily Kéhler
even balanced n-dimensional compact complex manifolds X. The first, called SKT
hyperbolicity, generalises Gromov’s Kéahler hyperbolicity by means of SKT metrics.
The second, called Gauduchon hyperbolicity by means of Gauduchon metrics. Our first
main result in this paper asserts that every SKT hyperbolic X is also Kobayashi/Brody
hyperbolic and every Gauduchon hyperbolic X is divisorially hyperbolic. The second
main result is to prove a vanishing theorem for the L? harmonic spaces on the universal
cover of an SKT hyperbolic manifold.

RESUME (Hyperbolicité SKT et hyperbolicité de Gauduchon pour les variétés complexes
compactes). — Nous introduisons deux notions d’hyperbolicité pour les variétés com-
plexes compactes X de dimension n, non nécessairement kdhlériennes ni équilibrées.
La premiére, appelée hyperbolicité SKT, généralise I’hyperbolicité kdhlérienne au sens
de Gromov a l’aide d’une métrique SKT. La seconde, appelée hyperbolicité de Gaudu-
chon. Notre premier résultat principal dans cet article affirme que toute variété SKT
hyperbolique est également hyperbolique au sens de Kobayashi/Brody, et toute variété
Gauduchon hyperbolique est divisoriellement hyperbolique. Notre deuxiéme résultat
principal démontre un théoréme d’annulation pour les espaces harmoniques L2 sur le
revétement universel d’une variété SKT hyperbolique.
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520 S. MAROUANI

1. Introduction

S. Kobayashi called a complex manifold X, which need not be either Kéhler
or compact, hyperbolic if the pseudo-distance he had introduced on X is actually
a distance. Using the mapping decreasing property of this distance, one can
show that every holomorphic map from the complex plane C to a Kobayashi
hyperbolic manifold is constant. Conversely, Brody observed that a compact
complex manifold X is Kobayashi hyperbolic if every holomorphic map from
C to X is constant. The long-standing Kobayashi—Lang conjecture predicts
that, for a compact Kahler manifold X, if X is Kobayashi hyperbolic then its
canonical bundle Kx is ample.

M. Gromov introduced in one of his seminal papers [7], the notion of Kdhler
hyperbolicity for a compact Kahler manifold X. The manifold X is called
Kdahler hyperbolic if X admits a Kahler metric w whose lift @ to the universal
cover X of X can be expressed as

w = do

for a bounded 1-form o on X. As pointed out by Gromov, it is not hard to see
that the Kéhler hyperbolicity implies the Kobayashi hyperbolicity.

The Kahler hyperbolicity is generalized in [10] to what we call balanced
hyperbolicity. This is done by replacing the Kéhler metric in the Kéhler hy-
perbolicity by a balanced metric. Meanwhile, a compact complex n-dimensional
manifold X is said to be balanced hyperbolic if it carries a balanced metric w
such that w™ ! is d-bounded. The Brody hyperbolicity is replaced by what we
call divisorial hyperbolicity. A compact complex manifold X is called di-
visorially hyperbolic if there exists no non-trivial holomorphic map from C"~!
to X satisfying certain subexponential volume growth conditions. Where the
main result in [10] asserts that every balanced hyperbolic X is also divisorially
hyperbolic (Thm 2.8), and therefore the following implication holds:

X is Kahler X is Kobayashi—Brody
hyperbolic hyperbolic
X is balanced X is divisorially

hyperbolic hyperbolic

W

X is degenerate
balanced
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In this paper, we present a hyperbolicity theory where the Kéhler metric is
replaced by the SKT metric and the balanced metric is replaced by the Gaudu-
chon metric on n-dimensional compact complex manifolds. The notions we
introduce are weaker, thus more inclusive, than their classical counterparts. In
particular, the setting does not need to be Kéhler or even balanced. Our mo-
tivation stems from the existence of many interesting examples of non-Kéhler
compact complex manifolds that exhibit hyperbolicity features in a generalized
sense, which we now set out to explain. Our first main result in this paper
asserts that every SKT hyperbolic X is also Kobayashi hyperbolic, and every
Gauduchon hyperbolic X is divisorially hyperbolic, and therefore the following
implication holds:

THEOREM 1.1. — Let X be a compact complex manifold. The following impli-
cations hold:
X is Kahler X is SKT X is Kobayashi

hyperbolic hyperbolic hyperbolic

ﬂ ﬂ

X is balanced X is Gauduchon X is divisorially
hyperbolic hyperbolic hyperbolic

ﬂ

X is degenerate
balanced

Our second main result is to prove a vanishing theorem for the L? harmonic
spaces on the universal cover of an SKT hyperbolic manifold. With condi-
tions less stringent than K&hler hyperbolicity, we obtain the same result as in
1.4.A. Theorem in [7].

2. Aeppli cohomology and SKT metrics

Given a compact complex n-dimensional manifold X, recall that the Bott—
Chern and Aeppli cohomology groups of any bidegree (p, ¢) of X are classically
defined, using the spaces C™*(X) = C™*(X, C) of smooth C-valued (r, s)-forms
on X, as

. ker(8: CP4(X) — CPH14(X)) N ker( :CPA(X) — CPItL(X))
HBC(X’C) = 5. (p—1,q—1
Im(99: Cr=1a=1(X) — CPe(X))
3. ('P:q p+1,9+1
HY9(X,C) = ker(90:CP4(X)—C (X))

m(9: CP=14(X) = CP4(X)) + Im(0: CP9~1(X) = CP9(X))

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



522 S. MAROUANI

The Bott-Chern Laplacian A and the Aeppli Laplacian A 4 are the 4" order
elliptic differential operators defined, respectively, as

Apce =00+ 0%0 + (85)*(85) + (85)(85)* + (8*5)*(8*5) + (079)(0%9)™,
and
Ay = 00" 4+ 00* + (5‘5)*(5‘3) + (85‘)(85‘)* + (85*)(85‘*)* + (85*)*(55*),

where 9* = —x0x, and * = ,, : APIT*X — A"~0"~PT*X is the Hodge-star
isomorphism defined by w for arbitrary p,q = 0,...,n. Note that xAgc = Aax
and Agcx = xA 4, then u € ker Ag if and only if xu € ker A 4.

The Bott—Chern Laplacian is elliptic and essentially self-adjoint, so it induces
a three-space decomposition

Cye = ker Apc ® Imdd @ (Im0* + Imd*)
that is orthogonal w.r.t. the L? scalar product defined by w. We have
ker 0 Nker 0 = ker Apc @ Imd0.
We also have
ImApc = Imdd @ (Imd* + Imd*).

Similarly, the 4" order Aeppli Laplacian is elliptic and essentially self-adjoint,
so it induces a three-space decomposition

Cye, = ker Ay @ Im(90)* ® (Im0 + Imd),
that is orthogonal w.r.t. the L2 scalar product defined by w. We have
(1) ker(00) = ker A 4 @ (Im0 + Im03).
We also have

ImA 4 = Im(99)* @ (Imd + Imd).

2.1. Cones of classes of metrics. — Recall the classical notion introduced by
Popovici [15, Definition 5.1]: the Gauduchon cone Gx of a compact complex
manifold X is the set of all Aeppli cohomology classes of Gauduchon metrics
on X. As such, it is an open convex cone in Hzfl’”fl(X, R), that generalises
the Kéhler cone Kx. Moreover, it is never empty, thanks to the existence of
the Gauduchon metric on all compact complex manifolds.

Recall that a Hermitian metric w on X is said to be an SKT metric if
00w = 0. Any such metric w defines an Aeppli cohomology class associated
with w. We start by introducing the following analogue of the Gauduchon cone
in bidegree (1,1).

TOME 152 — 2024 — N© 3
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DEFINITION 2.1. — Let X be a compact complex manifold with dim¢ X = n.
The SKT cone of X is the set:

SKTx = {[wla € Hy'(X,R) | w is a SKT metric on X} ¢ Hy'(X,R).
Any element [w]4 of the SKT cone SKT x is called an Aeppli-SKT class.

We will also introduce the cone in cohomology of bidegree (n —1,n — 1) of
X, which generalises the pseudo-effective cone £x of Bott—Chern cohomology
classes of d-closed semi-positive (1,1)-currents introduced by Demailly [4].

DEFINITION 2.2. — Let X be a compact complex manifold. The co-pseudo-
effective cone of X is the set

Evtml = {[Tge € Hpg"" ' (X,R) | T > 0 d-closed
(n —1,n — 1)-current on X}.

Any element [T]pc of the co-pseudo-effective cone 5;(_1’"_1 is called a co-
pseudo-effective class.

PROPOSITION 2.3. — Let X be a compact complexr manifold. Then

(i) The SKT cone SKT x is an open convez subset of Hix’l(X, R).
(ii) The set Ex """ is a closed convex cone in Hype"™" (X, R).
(iii) The following two statements hold
(a) Given any class c%fcl’"fl € Hggl’"fl(X, R), the following equiva-
lence holds:
n—1,n-1 c g;z(fl,nfl

‘Bc
= c%_cl’n_l.ckl > 0 for every class c114’1 € SKTx.

(b) Given any class ¢;* € Hy' (X, R), the following equivalence holds:
' e SKT x

~1,;n—1 1,1 —1,n—1 —1,n—1
= po " ey >0 for every class ¢y € T

Proof. — (i) If w; and wy are SKT metrics on X, so is any linear combination
Awy + pwe with A, non-negative reals. Therefore, SKT x is a convex cone.
To show that ST x is an open subset of Hi’l(X, R), let us equip the finite-
dimensional vector space Hy'(X,R) with an arbitrary norm || | (e.g., the
Euclidian norm after we have fixed a basis; at any rate, all the norms are
equivalent). Let [w]a € SKT x be an arbitrary element, where w > 0 is some
SKT metric on X. Let a € Hi"l(X, R) be a class such that || — [w]a|| < € for

some small € > 0. Fix any Hermitian metric w on X and consider the Aeppli
Laplacian A4 defined by @ inducing the Hodge isomorphism Hix’l(X7 R) ~

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



524 S. MAROUANI

Hii (X,R). Let ag € I{ii (X,R) be the A4-harmonic representative of the
class a. Since w € ker(99), (1) gives a unique decomposition

w = wo + (Qu + Ov) with A 4wy = 0.

If we set v := o+ (Qu+0v) (with the same forms wu, v as for w), then 99y = 0,
~ represents the Aeppli-SKT class «, and we have

7 = wlleo = llao = wolleo < Cller = [wlall < Ce,

for some constant C' > 0 induced by the Hodge isomorphism. (We have chosen
the C° norm on Hii (X,R) only for the sake of convenience). Thus, if € > 0
is chosen sufficiently small, the (1, 1)-form - must be positive definite since w
is. Thus v is an SKT metric and represents the original Aeppli-SKT class «,
soa € SKTx.

(ii) Let Ty be closed positive (n —1,n— 1)-currents such that the classes [Tk]
converge to a limit [©]. Then [, Ty A w converges to [, © Aw . In particular
the sequence T} is bounded in mass, and therefore weakly compact. If T}, — T
is a weakly convergent sub-sequence, the limit T is a closed positive current,
so [T] = [0)] is co-pseudo-effective. Therefore, £4 " is closed.

(iii) By the Serre-type duality (see, e.g., [15, Theorem 2.1]):

Hpc""H(X,C) x Hy'(X,C) — C,  ([upcs [v]a) = [ulpc.[v)a = / uAw,

we obtain (a) and (b) as a reformulation of a result in Lamari’s work (see [8,
Lemme 3.3]). O

2.2. Some properties of SKT manifolds. — On a complex manifold X with
dim¢X = n, we will often use the following standard formula (cf., e.g., [19,
Proposition 6.29, p. 150]) for the Hodge star operator x = %, of any Hermitian
metric w applied to w-primitive forms v of arbitrary bidegree (p, q):

(2) *v = (=1)FE+D/2p=a, Awv, wherek = p +q.

Recall that, for any k = 0,1,...,n, a k-form v is said to be (w)-primitive if
wn—k+1 Av =0, and that this condition is equivalent to A, v = 0, where A, is
the adjoint of the operator w A - (of multiplication by w) w.r.t. the pointwise
inner product (, ), defined by w.

LEMMA 2.4. — Let w be a Hermitian metric on a compler manifold X with
dimc X = n. Fiz a primitive form ¢ € Cp5,(X,C) withp+q=mn—1.
If wis SKT and ¢ = 0¢ = 0, then

(3) FWAS) =0, T (WAe)=0.

TOME 152 — 2024 — N° 3
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In particular if X is compact, then
AA (OJ A ¢) = Oa
where A 4 is the Aeppli Laplacian induced by w.

Proof. — Let ¢ be the primitive form the standard formula (2); we get: x ¢ =

(—1)™ 529 A ¢, hence *(w A ¢) = —(—1)""5i9P¢. Meanwhile, d* =

—xdx, so applying —xd to the previous identity, we get

n(n+1)

d*(wA @)= (=1)" 2  i17P(x0p + *0).
By assumption, we have d¢ = d¢ = 0, and then, on the one hand we have
d(WAP)=0 <= I (wA¢)=0and d*(wA¢)=0,
and on the other hand and since w is SKT, we get
D0(w A @) = (00w) A ¢ = 0.
The proof of lemma is complete since on a compact complex manifold X,
a€Ker(Ay) <= 0"a=0, 0*a=0, 9da=0. O

COROLLARY 2.5. — Let (X,w) be an SKT n-dimensional compact complex
manifold and ¢ be a (n —1,0)-form (respectively, (0,n — 1)-form) on X such
that 0¢ = 0 and d¢ = 0. Then,

AalwNng) =0,
where A 4 is the Aeppli Laplacian induced by w.

LEMMA AND DEFINITION 2.6. — Let w be an SKT metric on a compact com-
plex manifold X with dimcX = n. The linear map:

[WaA-: Hpe"""H(X,C) — HY™(X,C) ~C, [[pc— [wAT]a,

is well defined and depends only on the cohomology class [w]a € Hi’l(X, C).
Moreover, any SKT metric gives rise to a non-zero class in Aeppli cohomology.
We set:

Hgal,n—l(x, C)W—prim :— ker ([W}A A ) C ngvl’n_l(X, C)7
and we call its elements (w)-primitive Bott—Chern (n — 1,n — 1)-classes.

Proof. — The well-definedness follows at once from the identities:
I(wAT)=00wAT =0, T e€C?,, 1(X,C)Nkerd,
wAOOP = 0w AOP) + (PN Jw) €EImI+Imd, @€ Cr,, »(X,C),

where the latter takes into account the fact that 99w = 0.

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



526 S. MAROUANI

That the map [w]a A - depends only on the Aeppli cohomology class [w]a
follows from:

(wH+0a+0a) AT —wAT =d(@aAT) +3(aAT) € Imd + Im 9,
recCyy, 1(X,C)Nkerd.
Now we proof that any SKT metric gives rise to a non-zero class in Aeppli

cohomology. Suppose there is a (0,1)-form « and a (1,0)-form 3 such that
w = da + 9. We get

n k
(d(a+8))" = (w+ da +B)" ZZO CF(Ba) A (0BT AwnF
k=0 j=
Z (Da) A (OB)T AW
{k=2j}

To show that Z{k 25} Cj(0a)? A (9B)T Aw™™% > 0, it suffices to check that

the real form (Ja)? A (9B)7 A w"~2 is weakly (semi)-positive at every point
of X. (Recall that da is the conjugate of d8.) To this end, note that the
(24,2j)-form (da)? A (0B)7 is weakly semi-positive as the wedge product of a
(2,0)- form and its conjugate (see [3, Chapter III, Example 1.2]). Therefore, the
(n,n)-form is (semi)-positive since the product of a weakly (semi)-positive form
and a strongly (semi)-positive form is weakly (semi)-positive and w is strongly
positive (see [3, Chapter III, Proposition 1.11]). (Recall that in bidegrees (0, 1),
(1,1) , (n — 1,n — 1) and (n,n), the notions of weak and strong positivity
coincide). By Stokes, we get

0</ > Ci(0a) A (0B Aw"™ 2J—/d((a+ﬁ)/\(d(a+ﬁ)n_l)=0.

{k=2} X
Consequently
(4) [w]a # 0. O
LEMMA 2.7. — Let w be an SKT metric on a compact complex manifold X

with dimc¢X = n. Then, Hgal’"_l(X, C)w-prim is a complex hyperplane of
HES "X, C) depending only on the cohomology class [w]a.

Proof. — Suppose that Hypye"" (X, C)yprim = Hpg" (X, C). This trans-
lates to

(5) wAT €Imd+ Imo, VI e Cp2y,1(X,C)Nkerd.
Since w is (09)-closed, it has a unique L2-orthogonal decomposition:
(6) w = (W) + (0, + da,),

with a (1,1)-form (w)y € ker Aa,, and a (1,0)-form a,.
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On the other hand, I is d-closed, so it has a unique L?-orthogonal decom-
position:

I =T} + 009,

where I'j, is Ape -harmonic and @ is a smooth (n — 2,n — 2)-form on X.
Thus, for every I' € C3 ,, (X, C) Nkerd, we get:

WAT = (W) AT +9(ay, AT) + 0, AT)
= (W)p ATh + (W) AOR) + (P AI(w)p) + O(aw AT) + 0(c, AT),

where for the last identity we used the fact that 99(w); = 0.
Thanks to assumption (5), the last identity implies that

(7)) (WK ATRLeImd+Imd, VI, € CT,, 1(X,C)Nker Apc,.

Meanwhile, since (w)p is A -harmonic (and real), x,(w)p is Apc -har-
monic (and real). Hence,

Imd +Imd 3 (W)h Axeo(@)h = [(@)a]2 dV,, > 0,

where the first relation follows from (7) by choosing I'y, = ,(w)n. Conse-
quently, from Stokes’s theorem we get:

/Kmmimaza
X

hence (w);, = 0, which implies by the L?-orthogonal decomposition (6), that
[w]a = 0, which is absurd according to (4). O

LEMMA 2.8. — Suppose there exists an SKT metric w on a compact complex
manifold X . Then, for every " € Cp° 4 ,, (X, C) such thatdl' =0 and [[']pc €

Hgal’nil(Xa C)w—prim; we have:
<<(w’ﬂ*1)h7 F>>w == 07
where ((, ), is the L? inner product induced by w.

Proof. — Since C)pc € Hg,al’"fl(X, C)w-prim then, w AT is of the shape
0P + 9V for some ® € C32, ,, and ¥ € CF, By Stokes, we get:

n—1n n—1-

(0. on-)o = [T Asalionin = [TA@h= [TAG—0u—00)

X b'e b'e
:/F/\w+/a(1“/\u)+/i§(1“/\v):/6<I>+5¢:0,
b'e b b'e e
since 9T = 0, 0T = 0, (' Au) = d(T' Au) and (T Au) = d(T Au). O
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We shall now get a Lefschetz-type decomposition of Hgal""_l(X ,C), induced
by an arbitrary SKT metric w, with Hgal’"_l(X, C)w-prim as a direct factor.

ProproSITION 2.9. — Let X be an SKT compact complexr manifold with
dimcX = n. Then, the Bott—Chern cohomology space of bidegree (n —1,n —1)
has a Lefschetz-type L2 -orthogonal decomposition:

(8) HE " HX,C) = Hpo " HX, C)uoprim © C - [(Wn—1)a] Bos

where the (w)-primitive subspace Hgal’"_l(X, C)w-prim s a complex hyper-
plane of Hio"" " (X,C) depending only on the cohomology class [w]a €
Hi\’l(X, C), while (wp—1)n is the Apc-harmonic component of w,_1, and
the complex line C - [(wp—1)n]a depends on the choice of the SKT metric w.

LEMMA 2.10. — For every I' € Cp%y, 1(X,C) N kerd, the coefficient of
[(wn_1)nlBo in the Lefschetz-type decomposition of [[)pc € Hpe ™" (X, C)
according to (8), namely in

Tsc = [T]Bcprim + Al(wn-1)nlBC,

s given by

(9) A= Au([Tsc) = [‘"}”:}ETQBC - [

Proof. — Since [I'| o, prim € Hg,al’nfl(X, C)uw-prim, we have [w]a.[I| o prim =
0, so

[wa.[Ipc = A /w A (Wn-1)n = A /wh A (Wn-1)n = A /wh Ao (@)

X X X
= M@l
This gives (2.10). O

Formula (9) implies that A, ([[]pc) is real if the class [[] o € Hpg" (X, C)
is real. Thus, we can define a positive side and a negative side of the hyperplane

HE " X R) woprim = Hpo"™ X, C)iprim N Hpe ™ H (X, R)
in Hy(X,R) by
Hic " HXGR)E = {[Tse € Hipc""H(X,R) | Ao([T0) > 0},

Hyc"NXR), = {[[]pe € Hpc"" " H(X,R) | A([[]5c) < 0}.

These are open subsets of Hg’,al’"_l (X, R) that depend only on the cohomology
class [w]a € HY' (X, R).
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Since [I'|p¢ is w-primitive if and only if A\, ([I'sc) = 0, we get a partition
of Hpe"" (X, R):
Hypo"" (X, R) = Hpe " (X R)S U Hp o™ (X R)weprim
U Hpo " (X R),

depending only on the cohomology class [w]a € H}4’1(X ,R).
As a consequence of these considerations, we get:

PROPOSITION 2.11. — Let X be a compact complex manifold with dimcX = n.
The cone 5;_1’"_1 C Hgal’"_l(X, R) of X is the intersection of all the
non-negative sides
HEp X R)ZY = Hp X R)E U HES ™ X R) woprim

n—1n—1

of hyperplanes H g, (X, R)w-prim determined by cohomology classes [w]a €
HYY (X, R):

g;fl,nfl _ n Hg,z-/vl’nil(X, R)EO
[wlacH ' (X,R)

Proof. — By the duality between the co-pseudo-effective cone 5;1{1’”71 and
the closure SK7 x of the SKT cone, we know that a given class [T]pc €
HESP "N X, R) lies in Ex " (ie., [T]pc can be represented by a closed
semi-positive (n — 1,n — 1)-current) if and only if

/T/\sz for all [w]4 € SKT x.
X

The last condition is equivalent to A,([T]sc) > 0, hence to [T]pc €
HES "X, R)ZO, for all [w]a € SKT x, so the contention follows. O

3. SKT and Gauduchon hyperbolicity

In this section, we introduce and discuss two notions of hyperbolicity for not
necessarily Kéhler even balanced m-dimensional compact complex manifolds
that generalise Gromov’s Kéahler hyperbolicity and balanced hyperbolicity.

Let X be a compact complex manifold with dim¢cX = n. Fix an arbitrary
Hermitian metric (i.e., a C* positive definite (1, 1)-form) w on X. The metric
w is said to be Kédhler dw = 0. The manifold X is said to be Kdhler if it
carries a Kdhler metric. There are several well-studied generalisations of the
Ka&hlerness condition:

i) w is balanced, if dw™™1 = 0.
i) wis Gauduchon, if 90w™ ! = 0, such a metric always exists on a compact
complex manifold.
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iii) w is strongly Gauduchon if there is a (n, n—2)-form I such that dw™~1 =

or.
iv) w is Hermitian symplectic, if there is a (0,2)- form a such that da =0
and Jw = —da.

v) wis SKT (or pluriclosed), if 90w = 0.
Throughout the text, mx : X — X will stand for the universal cover of X and
w = miw will be the Hermitian metric on X, which is the lift of w. Recall that
a C™ k-form « on X is said to be d(bounded) with respect to w if 7%« = df

on X for some C* (k—1)-form 8 on X, which is bounded w.r.t. &; (see [7] and
[10]). In general, we propose the following definition, which generalizes that of
d-bounded of a differential form.

—~—

DEFINITION 3.1. — A C* k-form ¢ on X is said to be (0 + d)-bounded with

respect to w if 7% ¢ = da+ 9 on X for some C>® (k —1)-forms « and § on X
that are bounded w.r.t. @.

3.1. SKT hyperbolic manifolds. — The first notion that we introduce in this
work is the following.

DEFINITION 3.2. — Let X be a compact complex manifold with dim¢cX = n.
A Hermitian metric w on X is said to be SKT hyperbolic if w is SKT and

(0 + 0) — bounded with respect to w.
The manifold X is said to be SKT hyperbolic if it carries a SKT hyperbolic
metric.

Let us first notice the following implication:
X is Kahler hyperbolic =—> X is SKT hyperbolic.
To see this, note the obvious fact that every Kéahler metric is SKT and every

d-bounded form is, in particular, (0 + 0) — bounded.

LEMMA 3.3. — Let (X,w) be a compact complex Hermitian manifold with
dimeX =n. Let k € {1,...,2n} and o € C°(X,C) Nkerd Nkerd. If a is

(0 + 0)-bounded (with respect to w), then aP is (9 + d)-bounded (with respect
to w) for every mon-negative integer p.

Proof — By the (9 + d) — boundedness assumption on a, 7% a = df + dy on
X for some smooth @-bounded (k— 1)-forms 8 and v on X. Note that 98+ 0

is trivially w-bounded on X since it equals 7%« and o is w-bounded on X
thanks to X being compact. We get:

ha® = (08 + 07) A (%)™t = (B A (% a)P™ ) + O(y A (mka)P™ ),
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where both 3, v and 7% « are &-bounded, and hence so is (95 +97) A (7% a)P~ L.
D

COROLLARY 3.4. — Let (X,w) be a compact complex Kiher manifold with
dimc X = n. The following implication holds

w is SKT hyperbolic = w* is (0 + 9)-bounded for all k € {1,...,n}.

THEOREM 3.5. — FEwvery SKT hyperbolic compact complex manifold is Koba-
yashi hyperbolic.

Proof. — Let X be a compact complex manifold, with dim¢X = n, equipped
with a SKT hyperbolic metric w. This means that, if 7x : X — X is the
universal cover of X, we have

hw = 0da + 0B on X,

where a and 8 are a smooth, &-bounded (0, 1)-form and (1, 0)-form on X and
w = mw is the lift of the metric w to X. We now adapt the proof of Theorem
4.1 in [2] to our context.

Suppose there exists a non-constant holomorphic map f : C — X. We will
prove that f*w =0 on C, which implies f is a constant, a contradiction.

There exists a lift f of f to X namely a holomorphic map f : C — X
such that f = wx o f. The (1,1)- form f*wis > 0 on C and may not be > 0 on
countably many points ¥ C C. Thus, it can be written in the form (a) below
for some C*° function p: C — [0, 400):

* w(;) u(2) .dz/\di(zb)f*(ﬂ%w) f*(aa+3ﬁ) (f*(oz—i—ﬂ)) on C,

where (b) follows from f = 7y o f, and (c) follows since f* commutes with
d and by the fact that a (1,1)-form is of maximal degree on C. We have the
following

CLAIM 3.6. — The 1-form f*(a + B) is (f*w)-bounded on C.

Proof of claim. — For any tangent vector v, we have:

(Flat B) W) = (@ + 8) Gl * € (€1 + o) [Fuol2
eI eI,

where C' > 0 is a constant independent of v that exists such that inequality
(a) holds thanks to the w-boundedness of v and 8 on X, while (b) follows from
o= ffw. O
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End of proof of Theorem 3.5. — For any bounded open subset Q2 C C, we
let A, () and L,(09Q) stand for the area of 2, respectively the length of 9
w.r.t. the measure f*w = p(2)(i/2)dz A dz on C. For any r > 0, letting
D,:={z€C|l|z| <r}and S, :={z € C| |z| =}, we get:

AH(D,_):;[/u(z)dzAdZ:j</uda> dt (E)O/T<S/u%da>2gz(j)dt,

» 0 St t

where do is the length element of the circle, and inequality (a) follows from
Holder’s inequality applied to the functions ;'/? and 1.
Therefore, we get:

T

(10) Au(Dy) > / 12(S,) %dt.

Meanwhile, for every r > 0, we also have:

(1) AL(D,) = / frw= / d(F*(a+ B))
D, D,

~ (a) 1
_ /f*<a+/3> e /;ﬂ do ¥ O L,(5,),
Sy S

where C' > 0 is a constant that exists such that inequality (a) holds thanks to
Claim 3.6, and equality (b) holds since the (1,1)-form f*w already has maximal
degree on C and is, therefore, proportional to %dz ANdz.

Putting (10) and (11) together, we get:

1 [ALDY)E 1
(12) (D) 2 5 / 2 = e B,
0

where the last equality is the definition of a function F : (0, +00) — (0, +00).
Deriving F', we get for every r > 0:

1

FEF() = (D) 2 e (FO)Y,

dt

where the last inequality follows from (12). This amounts to

df -1\, 1 1

dt\ F(t) ) = 4m2C4 ¢’ '
Integrating the last identity over ¢ € [a, b], with 0 < a < b arbitrary, we get:
1 1

1 b 1
- log = > Toga(logb—1 b.
F(a) — F(b) + 47204 oga = 47T204(0g oga), 0<a<
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For every fixed a > 0, letting b — +o0 in the last identity, we get F'(a) = 0.
This can only happen if f*w = 0 on C, which contradicts the fact that f is
non-constant on C. |

PROPOSITION 3.7. — Let G be a complex Lie group and I' a co-compact sub-
group of G;then there is no SKT hyperbolic metric on G/T'. Moreover, G/T
can not be Kobayashi hyperbolic.

Prooft. — A Lie group G has one-dimensional Lie subgroups H passing to the
neutral element e in any tangent direction. The latter subgroup has for its
universal covering a connected, simply connected group of dimension 1. Now,
such a group is the complex line C. So, the universal covering is C — H, and
the H’s cover a neighbourhood U of e. Kobayashi’s metric vanishes along an
H. Hence, it is identically zero in U because the distance from any point to e
is zero. In particular, the infinitesimal Kobayashi—-Royden pseudometric on the
tangent bundle T'U vanishes identically. We can cover G by translates of U.
Since the left multiplication is an isometry with respect to the Kobayashi and
the Kobayashi-Royden pseudometrics, the Kobayashi-Royden pseudometric of
G is identically zero. Then also the Kobayashi pseudometric is. It follows that
it is identically zero on any quotient G/I" where I' is a subgroup of G, that is,
on any homogeneous space of G. |

We now adapt in a straightforward way to our context the first part of the
proof of [2, Proposition 2.11], where the non-existence of rational curves in
compact Kéhler hyperbolic manifolds was proved, and get the same result with
a weaker condition on w.

PROPOSITION 3.8. — Let X be a compact complex manifold with dimcX = n,
and Tx : X — X be the universal covering map of X. Suppose that Txw =

da+ 8B for some smooth (0,1)-form o and (1,0)-form B on X. Then, there
is no non-constant holomorphic map f : P! — X.

Proof. — Suppose there exists a non-constant holomorphic map f : P! — X.
We will show that f*w =0 on P!, contradicting the non-constancy of f.
Let f: P! — X be a lift of f to X, namely a holomorphic map such that
f=mnxof. From }
frw=fr(rxw),

we get by integration:

/f*w:/f*(ﬂ}w):/f*(ﬁaJréﬂ)
P! P! Pl
- /f*<d<a+ﬁ>> - /d(f*(a+6)) -
P! Pl

where the last identity follows from Stokes’s theorem.
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Meanwhile, f*w > 0 at every point of P!. Therefore, f*w = 0 on P!, a
contradiction. g

An immediate observation is that, since a SKT hyperbolic manifold X con-
tains no rational curves, then by Mori’s cone theorem we get Kx is nef.

3.2. Gauduchon hyperbolic manifolds. — The second notion that we introduce
in this work is the following.

DEFINITION 3.9. — Let X be a compact complex manifold with dim¢cX = n.
A Hermitian metric w on X is said to be Gauduchon hyperbolic if w™ ! is

(0 + 0) — bounded with respect to w.
The manifold X is said to be Gauduchon hyperbolic if it carries a Gauduchon
hyperbolic metric.

Let us first notice the following implication:
X is balanced hyperbolic — X is Gauduchon hyperbolic.

To see this, note the obvious fact that every balanced metric is Gauduchon and

every d-bounded form is, in particular, (9 + 0) — bounded.

If X is a compact complex manifold with dim¢X = n > 2 and w is a
Hermitian metric on X, for any holomorphic map f : C*~! — X that is non-
degenerate at some point & € C"~1 (in the sense that its differential map d, f :
C" ' — Ty X at a is of maximal rank), we consider the smooth (1,1)-form
f*w on C*~!. The assumptions made on f imply that the differential map d, f
is of maximal rank for every point z € C"~1\ X, where ¥ C C"~! is an analytic
subset. Thus, f*w is > 0 on C"~! and is > 0 on C"~ !\ X. Consequently, f*w
can be regarded as a degenerate metric on C*~!. Its degeneration locus, ¥, is
empty if f is non-degenerate at every point of C*~!, in which case, f*w is a
genuine Hermitian metric on C*~!. However, in our case, ¥ will be non-empty
in general, so f*w will only be a genuine Hermitian metric on C*~! \ ¥. Fix
an arbitrary integer n > 3. For any r > 0, let B, := {z € C" ! | |2| < 7}
and S, := {z € C""! | |2| = r} stand for the open ball, resp. the sphere, of
radius 7 centred at 0 € C"~!. Moreover, for any (1, 1)-form v > 0 on a complex
manifold and any positive integer p, we will use the notation:

P
=0

For a holomorphic map f : C"! — (X,w) in the above setting and for r > 0,
we consider the (w, f)-volume of the ball B, ¢ C"~:

i

Vol ¢(By) = /f*wn,l > 0.
B,
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Meanwhile, for z € C"~!, let 7(2) := |2|? be its squared Euclidean norm. At
every point z € C" 1\ ¥, we have:
dr dr
(13) I /\*f*w () = f*wn—h
|dT| fxe |dT] e

where * ¢+, is the Hodge star operator induced by f*w. Thus, the (2n—3)-form

dr
dog =% | ———
Tl A (de*w>

on C"~1\ ¥ is the area measure induced by f*w on the spheres of C*~!. This
means that its restriction

dr
(14) doy, ft = (* fw ()>
f,t f |dT|f*UJ ‘St

is the area measure induced by the degenerate metric f*w on the sphere S; =
{r(z) = t2} c C"! for every t > 0. In particular, the area of the sphere
S, Cc C" 1 wart. dog, fris

Awyf(Sr) = /daw,f,r >0, r>0.
3,
In this case, there is no reason for the measure on the sphere that "disintegrates"
the volume form f*(w"”~!), and the area measure induced by the partially
degenerate metric f*(w) to coincide (contrary to the case of the equality (b)
obtained in (11), which is valid except when working on C). In fact, if 7(z) =
|2|?, the area measure induced by the degenerate metric f*(w) on S; is almost

by definition
dr
dog, f1 = <*f*w (|dr - )>|S .

On the other hand, if dy, . is the positive measure that disintegrates f*(w™ 1)
on the sphere S; = {7(z) = t?}, we have t = 7%, dr = 2tdt, and then we get

r

dr
Vol ¢ (Br) = /f*wnfl = / (/dliw,f,t> dt =/ Attt N 55
B, t

B,

0 St

As a consequence, we get
. 1
(f*w 1)‘St = ?t(duw’f’tAdT)lst.
Let us recall the two following definitions introduced in [10].

DEFINITION 3.10. — Let (X,w) be a compact complex Hermitian manifold
with dimecX = n > 2 and let f : C*~! — X be a holomorphic map that is
non-degenerate at some point € C" 1.
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1) We say that f has subexponential growth if the following two con-
ditions are satisfied:
(i) There exist constants C; > 0 and r¢ > 0 such that

(15) /|dT|f*w dow, 10 < CotVolo 1 (By), ¢ 0.
St

(if) For every constant C' > 0, we have:

(16) lim sup <g - logF(b)> = +o00,

b—+o00o

/Vol (B dt = /(/f*wn 1)dt b>0.

2) We say that X is divisorially hyperbolic if there is no holomorphic
map f that has subexponential growth.

where

Building upon Theorem 2.8 presented in [10], we establish a profound gen-
eralisation, yielding the following remarkable result.

THEOREM 3.11. — FEvery Gauduchon hyperbolic compact complex manifold
is also divisorially hyperbolic.

Proof. — Let X be a compact complex manifold, with dimcX = n, equipped
with a Gauduchon hyperbolic metric w. This means that, if 71x : X — X is
the universal cover of X, we have

*  n—1 3 v
Tx W = 81_\n—2,n—1 + 81_\n—l,n—2 on Xa

where I';,_5 ,—1 is an @-bounded C* (n —2,n — 1)-form on )Z', I'y—1n-2isan
&-bounded C*° (n—1,n — 2)-form on X, and & = mhw is the lift of the metric
wto X.

Suppose there exists a holomorphic map f : C"~! — X that is non-
degenerate at some point 2 € C*~! and has subexponential growth in the sense
of Definition 3.10. We will prove that f*w"”~! = 0 on C"~!, in contradiction
to the non-degeneracy assumption made on f at x.

Since C" 1 is simply connected, there exists a lift f of f to X, namely a
holomorphic map f : C*~1 — X such that f =mx o f. In particular, d, f is
injective since d, f is.

The smooth (n—1,n—1)-form f*w" 1is > 0on C" ! and > 0 on C" "1\ 3,
where ¥ € C*! is the proper analytic subset of all points z € C*~! such that
d, f is not of maximal rank. We have:

frwn 1= (mxw” ) =d(f*Ty 9, 1+Tn 1n2) onC' L
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With respect to the degenerate metric f*w on C*~!, we have the following.

CLAIM 3.12. — The (2n — 3)-form ‘]E*(Fn_g)n_l + T —1,n—2) is (f*w)-bounded
on CP L.

Proof of claim. — For any tangent vectors vy, . .., va,—3 in C*~ !, we have:
y ) ) b

|(f* (Fn—Q,n—l + Fn—l,n—Z))(vh e 7”271—3)|2
= |(1—‘n727n71 + anl,nf2)(f*v1a sy f*'UanB) 2

@ Lz 9 7 2
<C |f*vl|~"'|f*’02n73""
= C‘U1|§~* . ‘Ugn 3| ~ = C|U1‘f* . -|U2n—3‘§“*w>

where C' > 0 is a constant independent of the v;’s that exists such that inequal-
ity (a) holds thanks to :che w-boundedness of (I'y,_2,—1 and +T',_1 p_2 on X,
while (b) follows from f*&w = f*w. O

End of proof of Theorem 3.5. — On the one hand, we have dr = 2t dt and

d
(17)  Vol, (B /f W 1/</duw,f¢) dt:/ duw,ﬁmg,
B, t

0 St

where dy,, ¢ is the posmve measure on S; defined by

d#wftA(dT)\st (f*wn-1)|s,, t>0.

Comparing this with (13) and (14), this means that the measures dy,, ¢, and
do, ¢+ on Sy are related by

1

(18) - d,uw,f,t =

o dO'w7f7t, t>0.

L
|d7 [
Now, the Holder inequality yields:

1 A2 (S
/ daw ft = f( t) 5
s, 7] prw Js, 1471+ o p.¢

so together with (17) and (18) this leads to:

[( 1 r 1
1 los(B,) = s 50 | dr = ———do,,
(19) Vol ;(Br) /(/2tﬂft>7’ /</|d7|f*wd0,f,t)d7
0 St

0 St

A2 5(St)

> 9
Js, 17w dow 5.1

tdt, r>0.
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On the other hand, for every r > 0, we have:

(20) VOlwf /f Wp—1 —/ (f*( n— 2,n71+rn71,n72)

= (a)
= /f*(rn—Z,n—l +Th-1n-2) < C /daw,f =C A, (S,

where C' > 0 is a constant that exists such that inequality (a) holds thanks to
Claim 3.12.
Putting (19) and (20) together, we get for every r > rq:

tVOlw)f<Bt)

dt
fst |d7'|.f*w dog, £t

2 T
(21) Vol,, f(By) > ree] /Volw’f(Bt)

(a)
S Clcz/Volwat)dt © o, P(r),

To

where (a) follows from the growth assumption (15) ,and (b) is the definition of
a function F : (rg, +00) — (0, +00) with Cy := 2/(Cy C?).
By taking the derivative of F', we get for every r > r¢:

F'(r) = Vol ¢(B,) > Cs F(r),

where the last inequality is (21). This amounts to

d
o <logF( )) >Cy, t>rg.

Integrating this over t € [a, b], with rg < a < b arbitrary, we get:
(22) —log F(a) > —log F(b) + Ca(b—a), 19 <a<b.

Now, fix an arbitrary a > rg and let b — +00. Thanks to the subezponential
growth assumption (16) made on f, there exists a sequence of reals b; — +oo
such that the right-hand side of inequality (22) for b = b; tends to +oo as
Jj — 4o0. This forces F(a) = 0 for every a > rg, and hence Vol,, ;(B,) = 0 for
every r > rg. This amounts to f*w™ ! = 0 on C"~!, in contradiction to the
non-degeneracy assumption made on f at a point x € C*~ 1. O

3.3. Some properties of SKT hyperbolic manifolds. — It is a classical fact due
to Gaffney [5] that certain basic facts in the Hodge theory of compact Riemann-
ian manifolds remain valid on complete such manifolds. The main ingredient
in the proof of this fact is the following cut-off trick of Gaffney’s, which played
a key role in [7, §.1]. Tt also appears in [3, VIII, Lemma 2.4].
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LEMMA 3.13. — (15]) Let (X, g) be a Riemannian manifold. Then, (X,g) is
complete if and only if there exists an erhaustive sequence (K,),en of com-
pact subsets of X :

K, C Ky forallveN and X =[] K,
veN

and a sequence () en of C™ functions v, : X — [0, 1] satisfying, for every
v € N, the conditions:

¥, = 1 in a neighbourhood of K,,, Supp, C [D(VH, and
[dy || Lee := sup [(dipn)(z)|g < €v
rzeX

for some constants €, > 0 such that €, | 0 as v tends to +oo.

In particular, the cut-off functions 1, are compactly supported. One can
choose g, = 27 for each v (see, e.g., [3, VIII, Lemma 2.4]), but this will play
no role here.

An immediate consequence of Gaffney’s cut-off trick is the following classi-
cal generalisation of Stokes’s theorem to possibly non-compact, but complete,
Riemannian manifolds when the forms involved are L'.

LEMMA 3.14. — ([7, Lemma 1.1.A.]) Let (X,g) be a complete Riemannian
manifold of real dimension m. Let n be an L;—form on X of degree m — 1 such

that dn is again L}J. Then
/ dn = 0.
X

We will split this section into two parts: one for the Kéahler case and one for
the general case.

3.4. Case of non-Kiihlerian manifolds. —

PROPOSITION 3.15. — Let (X,w) be an SKT hyperbolic manifold and let
7 : X — X be the universal cover ofX There exists no non-zero d-closed
positive (n — 1,n — 1)-current T >0 on X such that T is L~, where W := T w

is the lift of w to X.

Proof. — Let n = dimcX. The SKT hyperbolic assumption on X means that
m™w = da + 9B on X for some smooth L%O-forms a and 8 of degree (0,1)

and (1,0), respectively, on X. By the closedness assumption on T as in the
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statement, we get

/T/\W*w:/f/\(aa+5ﬂ):/d(f/\(oﬂrﬁ)).

X X X
‘We would have

(23) o</Tm*w=/d(fA<a+5)):

which is contradictory.
The last identity in (23) follows from Lemma 3.14 applied on the complete
manifold (X,&) to the L~ current 7 := TA(a+f3) of degree 1 whose differential

dn = T A m*w is again Li. That 7 is Li) follows from T' LZ (by hypothesis)

and from a and 3 being both L2, while dn being Liv) follows from T being Liv)
and from 7*w being L»ZO (as a lift of the smooth, hence bounded, form w on
the compact manifold X). O

Similarly, we can replace the SKT hyperbolic manifold with a Gauduchon
hyperbolic manifold, and using the same approach, we can demonstrate that
there does not exist a non-zero d-closed positive (1, 1)-current T >0 on X such
that T is Lé.

THEOREM 3.16. — Let X be a compact complex SKT hyperbolic manifold
with dimcX =n. Let 7 : X — X be the universal cover of X and W= 7mrw
the lift to X of a SKT hyperbolic metric w on X. Fix a primitive L%-form 1)

on X of bidegree (p,q) with p+q=n —1 such that
9p=0,  dp=0.
Then ¢ = 0.
Proof. — Let n = dimcX. The SKT hyperbolic assumption on X means that
m™*w = da+ 9B on X for some smooth L%o—forms a and f of degree (0,1) and

(1,0), respectively, on X. Let ¢ be as in the statement of the theorem. Then,
by (3) of Lemma 2.4 we get

(24) 0= (@A), Vpang)) ={(@NAd,(WYyan o))
= (DN G,y N A D)) + (@A ¢, by ADa A @),

and

(25) = (0" @ N @), huBAGY) = (@ NG, 0B A D))
= (@A G, 00, NBAG) + (@A d,1by NOB A §)).

TOME 152 — 2024 — N© 3



SKT AND GAUDUCHON HYPERBOLIC COMPACT COMPLEX MANIFOLDS 541

Putting (24) and (25) together, we get
(26)  (@AB,dW) A(a+B)Ad) + (@A b,y A (o + OB) A ) = 0.

Therefore,

(27) ’/< (@A, d) A (a+ B) A S)dV
5

< / @l e lldy || Lo llo + Bl < (| @]l L2 dV
X

< ep||@||pee || + Bllzee||@l L2 4 0 as v — 4o0.
Hence, combining (27) and (26) we get,
lim (& A 6,6 A (Do +0B) N o) = (& A&, @A) =0,

v——+oo

On the other hand, the pointwise map & A - : A" 1T*X — A™FIT*X is
bijective, so we get ¢ = 0 from w A ¢ = 0.
The proof is complete. O

COROLLARY 3.17. — Let ¢ be a (n—1,0)-form (respectively, a (0,n—1)-form)
on a connected complete manifold (X,w) such that
oeL}X),  96=0, dp=0.
If & = da + 0B where o and B are bounded 1-forms on )~(, then
¢ =0.

Similarly, since all 1-forms are primitive, we get the following.
PROPOSITION 3.18. — Let ¢ be a (1,0)-form (respectively, a (0,1)-form) on a
connected complete manifold (X,0) such that

peL*X), 9p=0, p=0.
If Gp_1 = O+ OB, where o and B are bounded (2n — 3)-forms on )N(, then
¢ =0.
Proof. — Consider a (1,0)-form ¢. Since all 1-forms are primitive, the stan-
dard formula (2) we get: x¢ = —iw,_1 A @, hence x(w,,—1 A ¢) = —i¢p. Mean-
while, 0* = —x0x (resp. 0* = —x0x), so applying —x0 (resp. —*0) to the
previous identity, we get:
a*(a}nfl A ¢) =0 (resp' (‘5*(5‘7”71 A d)) = 0)

Meanwhile, the pointwise map w,_1 A~ : AT X — AT X s bijective.
By following a technique similar to the one used in the previous theorem,
we can now conclude that the desired result holds. (|
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3.5. Case of Kihler manifolds. — Let (X,w) be a Kéhler manifold of dimen-
sion 2n. The operator L¥ : APT*X — A2KTPT* X defined by L*(¢) = wk A¢ for
all p-forms ¢ € APT*X commutes with d and A. We first recall the following
result

THEOREM 3.19. — (Lefschetz.) The map L* is injective on harmonic forms
for 2p + 2k < 2n = dimg(X) and surjective for 2p + 2k > 2n.

This result shows that L* is bijective for 2p + 2k = 2n. Moreover, the
injectivity (in particular the bijectivity) shows that L is a quasi-isometry,
ie.,

C bz < |L*¢||lL2 < C||é||2 for all ¢ € APT* X and some constant C' > 0.
For more details, see Theorem 1.2.A. in [7].

THEOREM 3.20. — Let (X,w) be a complete Kihler manifold of dimension 2n
and w = O+ OB, where a and f are, respectively, a bounded (0,1) and (1,0)
forms on X. Then every L?-form 1) € Dom A on X of degree p # n satisfies
the inequality

(0, M%) 1o 2 N(¥, %) 12

where Ao is a strictly positive constant that depends only on n = dimcX,
a and 3.
Proof. — We can assume that 1 has compact support because A is essentially

self-adjoint.

For a given p < n, let k = n — p, we get 2p + 2k = 2n, so by the Lefschetz
theorem LF is a bijective quasi-isometry, and so every L?-form ¢ of degree
2k + p is the product ¢ = L¥¢ = w* A ¢, where ¢ = L%t and C71|¢[|12 <
|L¥¢||r2 < C||#]||L2. Since L¥ commutes with A, we also have
Meanwhile, we have: 1) = w* A ¢ = (0o + 98) Aw*~1 A ¢. In other words,
(28) Y =df -,
where

0:=(a+pB)Aw" P Ap and
V= (a+B) AL Adp + (o + 0B8) AL A @
To estimate 0, we write:
(29) 101 <l + Bllzee 18l 22 < Clla+ Bllree 9] 22

To estimate the left part of ¢/, since ||do[|3. < ((A¢,¢)) < C1{{Av, ), we
have:

(30) (a+B) AW Ndolr2 < lla+ Bllrz dd] e < o+ Bl (A, )2
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To find an upper bound for |[¢|| L2, we write:

(31) 1911 = {(, d6 — ") < [{, dON] + [, 9)

where (28) was used to get the first equality.
For the first term on the r.h.s. of (31), we get:

(32) (b, dO)| = |(d™, )] < [|ld*|z2 |10 £
< CUAY, YN [l + Bllzee 19 12,

where (29) was used to get the last inequality.
For the second term on the r.h.s. of (31), we get:

(33) W, 0N < (@, (@ + B) AWt AdO)| + (v, 0a AWt A )
+ (v, 08 At A )]
< [l llo+ Bl (A, )2 + |(, da A wk =" A @)
+ {1, 98 AW A @),

where (30) was used to get the last inequality.
To estimate the last two terms on the right in (33), we write:

(1, B AWkt A GY] < (1, (e AP A N + (1, a A wFTE A D))
= (0", a AW T A B + (W, a AW A D)
< Cl* Y| callall o 1l 22 + ClO8|| L2 el 10 2
(34) < 20.Callall oz ] (A, 0,
since
1079122 < (A, ¢)) < Co{(Avp, ¥)) and |96 72 < ((Ad, ¢)) < Co((Avh, ).

Using the same technique, we obtain the following estimate

(35) (26,08 A~ A G| < 20.CalBll s Iabllz= (A, ).
Adding up (32), (33), (34) and (35) and using (31), we get
lel® < (A0~ (A, v,

for the forms v of degree 2k + p > n.
The case 2k + p < n follows by the Poincare duality as the operator * :
APT*X — A" PT*X commutes with A and is isometric for the Lo-norms.
The proof is complete. O

)

As a simple consequence we get the following Lefschetz vanishing theo-
rem.
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COROLLARY 3.21. — Let (X,) be a connected complete Kihler manifold. If
@ = da+0p3, where o and B are bounded 1-forms on X, then HR _(X,C) = {0},

unless p = n, where ’HZJ)Z',(C) ={ue€ Lg()?,(C) | A~u = 0} is the space of

A~-harmonic L? -form; of degree p.
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