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NAKANO POSITIVITY OF DIRECT IMAGE SHEAVES OF
ADJOINT LINE BUNDLES WITH MILD SINGULARITIES

BY YONGPAN ZOU

ABSTRACT. — In this paper, we explore the Nakano positivity of direct image sheaves
of twisted relative canonical bundles when the metric of the twisted line bundle has
mild singularities. We address this problem using two methods: L2 estimates and
curvature computations within the framework of L2 Hodge theory.

RESUME (Positivité de Nakano des faisceauzr images directes des fibrés en droites ad-
joints avec des singularités modérées). — Dans cet article, nous explorons la positivité
de Nakano des faisceaux images directs de faisceaux canoniques relatifs tordus lorsque
la métrique du fibré en droites tordu présente des singularités modérées. Nous abor-
dons ce probléme en utilisant deux méthodes : des estimations L? et des calculs de
courbure dans le cadre de la théorie de Hodge L2.

1. Introduction

This note aims to study the Nakano positivity properties of direct image
sheaves of relative canonical bundle twisted by holomorphic line bundle with
a possible singular metric. More specifically, let p : X — D be a holomorphic
proper morphism from a Kéhler manifold X onto the polydisk D and let L be a
holomorphic line bundle endowed with a possibly singular hermitian metric hy,.
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214 Y. ZOU

In general, we assume that the metric hy, is positively curved, i.e., its curvature
current 10y, (L) > 0. An important object of study is the direct image sheaf

G =p.((Kx/p +L)®Z(hz))

endowed with the metric which induced by hp, here Z(hy) be the multiplier
ideal sheaf associated with the metric hz. Given the numerous important appli-
cations in algebraic and complex geometry, this topic has attracted significant
attention from researchers.

Griffiths positivity and Nakano positivity of holomorphic vector bundles are
two major positive concepts in complex geometry. Between the two, Nakano
positivity is stronger than Griffiths positivity. In [1], Berndtsson proved the
induced metric on G has non-negative curvature in the sense of Nakano when
the metric Ay, on L is smooth. Since then, researchers have begun to investi-
gate positivity properties in the singular case. Regarding Griffiths positivity,
when the metric h is smooth, it is well known that a holomorphic vector bun-
dle (E,h) is Griffiths semi-positive if and only if its dual (E*, h*) is Griffiths
semi-negative. This equivalence allows for the generalization of Griffiths posi-
tivity to the singular case. Consequently, the theory of Griffiths positivity for
direct image sheaves of adjoint line bundles with singular metrics has been es-
tablished (see [12], [11], [10], [9] for various results and generalizations). Since
Griffiths positivity in a singular setting has been thoroughly studied, it is natu-
ral to explore Nakano positivity in this context. However, the duality property
is no longer valid, which complicates the analysis of Nakano positivity (for
one definition of Nakano positivity of singular Hermitian metrics on holomor-
phic vector bundles, consult [13]). Recently, Cao—Guenancia—P&un generalized
Berndtsson’s curvature formulas to cases where the metric by, has analytic sin-
gularities, and the base space is one-dimensional ([4]). By using the horizontal
lift, they successfully obtained a representative of the holomorphic section and
established the general curvature formula through this representative.

Meanwhile, in [8], the authors provided a characterization of the Nakano
positivity of holomorphic vector bundle with smooth metric via the optimal
L?-estimate condition. Due to the fact that in our main case Z below, the
metric hy of the line bundle is singular, but it is smooth concerning the ¢
variables. It is possible to use the optimal L2-estimate condition to study the
Nakano positivity in these types of singular cases, as I introduce the settings
of my study below.

1.1. Set-up of case Z. — Let p : X — D be a holomorphic proper fibration
(i.e., submersion) from an (n + m)-dimensional Kéhler manifold X onto the
bounded pseudoconvex domain D C C™, and let (L, hy) be a holomorphic line
bundle endowed with a possibly singular hermitian metric hy,. Let 2 C X be a
coordinate subset on X. We take (z1,...2n,t1,...,tmn) as a coordinate system
on 2 such that the last m variables t1,...,t,, corresponds to the map p itself.
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NAKANO POSITIVITY OF DIRECT IMAGE SHEAVES 215

(Z.1) The metric hy, = e~%% and the local weights 17 have Poincaré type
singularities, or logarithmic type singularities, or kit type sin-
gularities along E, as illustrated in Example 1.3 below.

(Z.2) The Chern curvature of (L,hy) satisfies 1O, (L) := 00y, > 0 in the
sense of currents on X.

(Z.3) The multiplier ideal sheaf Z(hy,) = Ox, for each t € D.

(Z.4) The Kahler manifold X’ contains a Stein Zariski open subset.

With these assumptions we set
(1) Fi=p.((Kx/p+L)®Z(hr)) = p:«(Kxyp + L).

By assumption (Z.2) and the Kéhler version of Ohsawa—Takegoshi theorem
(cf.[3]), Fis, indeed, a vector bundle, and F; = H°(X;, Kx, + L;) foreveryt € D.
There is a Hermitian metric || - || on F induced by hp, i.e., for any u; € F,

||Ut||2 = /X cpu A de” %t with ¢, = (\/Tl)nz.
t

By assumption (Z.1), the metric || - || on the direct image sheaf F is well de-
fined and smooth. Indeed, we can use partitions of unity to reduce to checking
that integrals of the form anXt |ug|?e~%L vary smoothly with ¢, where vy, is
given by the expression in (Z.1). The reader can consult Lemma 2.2 in [4] for
more details. We now introduce the main theorem of this paper.

THEOREM 1.1. — Under the set-up of case Z, the Hermitian holomorphic vec-
tor bundle (F,|| - ||) over D defined in (1) is semi-positive in the sense of
Nakano.

REMARK 1.2. — To solve the d-equation with a singular weight on X', we must

assume that the Kéhler manifold X contains a Stein Zariski open subset, which
is why assumption (Z.4) is required. An important example is when p : X — D
is a projective morphism, in which case assumption (Z.4) is naturally satisfied.

ExaMPLE 1.3. — We provide some important examples. We assume that
there exists a divisor £ = E; + --+- + En whose support is contained in the
total space X of p such that the following requirements are fulfilled. The divisor
FE intersects each fiber transversally, i.e., for every ¢ € D the restriction divisor
E; := E|x, of E on each fiber X; has simple normal crossings. Let Q& C X" be
a coordinate subset on X. We take (z1,...2n,t1,...,tm) a coordinate system
on {2 such that the last m variables t1,...,%,, corresponds to the map p itself
and such that z; ...z, = 0 is the local equation of £ N Q.

1. The metric hy, has Poincaré type singularities along F, i.e., its local
weights ¢, on ) can be written as

b=~ brlog <<H ™) (61(2) ~ log (] 'Zi%))>

icl iel
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216 Y. ZOU

modulo C* functions, where by are positive real numbers for all I, and
m,, k; are positive integers. All (¢7) are smooth functions on 2. The set
of indexes in the sum coincides with the non-empty subsets of {1,...,r}.

2. The metric hy has logarithmic type singularities along F, i.e., its
local weights ¢, on Q can be written as

P = — Zbl log (¢1(2) — log(H |2;|%%4))
I i€l

modulo C*° functions, where by are positive real numbers satisfying that
br < 1 for all 1, all k; are positive integers, and (¢r); are smooth func-
tions on 2. The set of indexes in the sum coincides with the non-empty
subsets of {1,...,7}.

3. The metric h;, has Kawamata (klt)-type singularities along E, i.e.,
its local weights 17, on € can be written as

YL = Zai log |2
il
modulo C* functions, where a; are real numbers satisfying that a; < 1
for all . The set of indexes in the sum coincides with the non-empty
subsets of {1,...,r}.

In Section 3, we aim to remove assumption (Z.4) by investigating the case
where the metric hy has Kawamata-type singularities. We utilize the strong
decomposition in L? Hodge theory. In other words, we attempt to generalize
Berndtsson’s seminal result in [1] to this singular setting,.

2. Nakano positivity via the optimal LZ-estimate

In this section, we will prove Theorem 1.1. In [8], the authors investigate
the positivity properties of Hermitian holomorphic vector bundles using LP-
estimates of the d operator. They introduce several LP-estimate (extension)
conditions, among which one is referred to as the optimal L?-estimate condition.

DEFINITION 2.1. — Let (X,w) be a Kéhler manifold of dimension n, which
admits a positive Hermitian holomorphic line bundle and (E, k) be a (singular)
Hermitian vector bundle over X. The vector bundle (E, h) satisfies the optimal
L2%-estimate condition if for any positive Hermitian holomorphic line bundle
(A,ha) on X, for any f € C(X,AN"'T: @ E ® A) with df = 0, there is
u € LP(X,\"OT% @ E ® A), satisfying du = f and

/ |u|}2L®hAdVW < / <BX,1hAf, f>qu;7
X X
provided that the right-hand side is finite, where B4 p, = [i©a.5, @ Idg, A,].
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NAKANO POSITIVITY OF DIRECT IMAGE SHEAVES 217

One of the main results in [8] was the following characterization of Nakano
positivity in terms of optimal L?-estimate condition.

THEOREM 2.2 ([8, Theorem 1.1]). — Let (X,w) be a Kahler manifold of di-
mension n with a Kdhler metric w, which admits a positive Hermitian holo-
morphic line bundle, (E,h) be a smooth Hermitian vector bundle over X, and
0 € CO(X,AY1T% ® End(E)) such that 0* = 6. If for any f € C°(X, A" T% @
E® A) with f = 0, and any positive Hermitian line bundle (A, ha) on X with
iOan, ®Idp+0 >0 on suppf, there is u € L*(X, \""?T% ® E® A), satisfying
Oou = f and

/X|u|i21®h,4deS/}(<B}?j,efuf>h®h,qde7

provided that the right-hand side is finite, where By, g = [1© 4,1, ®Idp+0, A,],
then iOf , > 0 in the sense of Nakano. On the other hand, if in addition X is
assumed to have a complete Kihler metric, the above condition is also necessary
for that i@, > 0 in the sense of Nakano. In particular, if (E,h) satisfies the
optimal L?-estimate condition, then (E,h) is Nakano semi-positive.

REMARK 2.3. — As remark 1.2 in [8] said, if X admits a strictly plurisub-
harmonic function, we can take A to be the trivial bundle (with nontrivial
metrics).

We aim to use this theorem to study Nakano positivity in the singular set-
ting. In general, the direct image sheaf was not the smooth vector bundle, and,
therefore, we can not use Theorem 2.2, but if the singular metric h;, of the
line bundle L satisfies the Assumption (Z.1), then the direct image sheaf has
a smooth L? canonical metric. The following lemmas are crucial for solving
the 0-equation with L? estimate, which is essential for establishing the desired
positivity results in this setting.

LEMMA 2.4 ([6, Lemma 3.2], [8, Appendix]). — Let X be a complex manifold
with dimension n, assume that € AYYT% be a positive (1,1)-form, and fix an
integer ¢ > 1.
1. For each form u € A™9T%, ([0, Ay] " u,u)dV,, is non-increasing with
respect to 0 and w.
2. For each form u € N'T%, ([0, Ay] " u,u)dV,, is independent with re-
spect to w.

We need the Richberg-type global regularization result for unbounded quasi-
plurisubharmonic functions. Recall that an upper semi-continuous function
¢ : X — [—00,+00) on a complex manifold X is quasi-psh if it is locally of the
form ¢ = u+ f, where u is plurisubharmonic(psh) function, and f is a smooth
function.
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218 Y. ZOU

LEMMA 2.5 ([2, Theorem 3.8]). — Let ¢ be a quasi-psh function on a complex
X and assume given finitely many closed, real (1,1)-forms 0, such that 0, +
i00¢ > 0 for all o.. Suppose that either X is strongly pseudoconvex or that
0o > 0 for all «. Then we can find a sequence ¢; € C*°(X) with the following
properties.
1. ¢; converges point-wise to .
2. For each relatively compact open subset U € X, there exists jy > 1
such that the sequence (¢;) becomes decreasing with 0, + i@(’;qu >0 for
each a when j > jy.

The following L2-estimate for the d equation is fundamental in complex
geometry.

LEMMA 2.6 ([7, Theorem 4.5]). — Let (X,w) be a complete Kihler manifold,
with a Kdhler metric that is not necessarily complete. Let (E,h) be a Her-
mitian vector bundle of rank r over X and assume that the curvature opera-
tor B := [iOg n, Ay] is semi-positive definite everywhere on N"9T% @ E, for
some ¢ > 1. Then for any form g € L*(X,A"T% ® E) satisfying g = 0
and [ (B™1g,g)dV,, < +oo, there exists f € L*(X, AN 'T% @ E) such that
of =g, and

/ If\QdVWS/<B’1g7g>dVW.
X X

THEOREM 2.7. — Let p : X — D be a holomorphic proper fibration from
an (n + m)-dimensional Kdihler manifold X onto the bounded pseudoconvex
domain D C C™ and let (L, hr) be a holomorphic line bundle endowed with a
possibly singular hermitian metric hy, with local weight ¢ and curvature current
iO®n, (L) > 0. We assume that the Kdihler manifold X contains a Stein Zariski
open subset and ¢ is any smooth strictly plurisubharmonic function on D. If

ve Ly (X,AN"'T; @ L)
satisfying Ov =0 and
/X<[i85p*¢, Aw]flv,vme*p*d)de < 00.
Then v = Qu for some u € L*(X,AN"°T% @ L) such that
(2) /X \u@e*p*d’de < /X<[i8(§p*¢,Aw}*lv,v)ll,e*p*d’de.

Here, the subscript | - |§,, (-)y means the inner product with respect to metric
weight ¢ of L.

Proof. — Firstly, we note hre P ¢ is also the singular metric of L because p*¢
is a globally function on X. Therefore, we have i©p, (L) + id0p*¢ > i00p*
in the sense of currents. To prove the claim, we need an L?-version of the
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NAKANO POSITIVITY OF DIRECT IMAGE SHEAVES 219

Riemann extension principal. This is to say, if & € L7

on a complex X such that 0o = 8 outside a closed analytic subset A C X, then
da = f3 holds on the whole X. On the other hand, if X is a Stein manifold and
L a line bundle on X, there exists a hypersurface H C X such that X \ H is
Stein and L is trivial on X \ H. Thanks to this, we can assume that X" is Stein,
and L is trivial on X. Then the metric h;, = e~¥ and its local weight v is
globally defined on X. Now we can use the global regularization of unbounded
quasi-psh functions.

By Lemma 2.5, we may find an exhaustion of X by weakly pseudoconvex
open subsets 2; such that ¢; = v|q; is the decreasing limit of sequence ;. €
Cc> (Q]) with

be an L-valued form

100 ) > 0 == 100, i + 100p*p > i0Op* ¢.

Because weakly pseudoconvex manifold admits a complete Kéahler metric, on
Q; we can solve the classical 0 equation with the L?-estimate as Lemma 2.6,
i.e., there exist u;j € L*(;, /\”’OTE‘ZJ_ ® L) such that Qu; = v on ; and

/luj,k@j,ke_p%de:/ |uj | 2e"Yike P PV,
Q’v

3J Qj

< / ([100p* b, Ay o, v>wj)ke_p*¢de
Q

§/ ([iaép*qﬁ,Aw]*lv,vmje*p%de

Q;

< [ 190060 o) e v,
X

= M(constant).

The second inequality because of 1; is the decreasing limit of a sequence ¢; 1. By
monotonicity of (¢ )k, we know the integration fQj luj|?e Vite P ¢dV,, < M
for k > [; and thisshows, in particular, that (u; ;) isbounded in I?(£;, e P O=¥il),
After passing to the subsequence, we thus assume that u; j, converges weakly in
L2(Q;, e P #=%it) to uj, which may further be assumed to be the same for all [,
by a diagonal argument. Now we have 5uj =v, and fﬂj |uj [2e~Vite=P PV, < M
for all I, and, therefore, [, luj|?e=¥e P *dV,, < M by monotone convergence
of 1, — 1. Once again by a diagonal argument, we may arrange that u; — u
weakly in L?(K,e~%) for each compact subset K C X, and finally we are led
to the desired conclusion. |

We can now prove Theorem 1.1 by following the approach of Deng, Ning,
Wang, and Zhou.
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220 Y. ZOU

THEOREM 2.8. — Under the set-up of case Z, the Hermitian holomorphic vec-
tor bundle (F,| -||) over D defined in (1) satisfies the optimal L?-estimate
condition.

Proof. — According to Theorem 2.2, it suffices to prove that (F = p.(Kx,p +
L),| - |I) satisfies the optimal L2-estimate condition with the standard Kéhler
metric wg on D C C". Let w be an arbitrary Kéhler metric on X.

Let f be a d-closed compact supported smooth (m, 1)-form with values in F
and let ¢ be any smooth strictly plurisubharmonic function on D. We can write
f(t) =dtA (fl(t)dt_l +-- +fn(t)d£n)v with fz( ) € -Ft HO(Xt7 KXt ®L) One
can identify f as a smooth compact supported (n + m,1)-form f(t, z) :=dt A
(f1(t,2)dty + -+ fult, 2)dt,) on X, with f;(¢, 2) being holomorphic section of
Kx,®L|x,. We have two observations as follows. The first is that 9. f;(t, z) = 0
for any fixed t € D, since f;(t,z) are holomorphic sections Kx, ® L|x,. The
second is that ,f = 0, since f is a d-closed form on D. It follows that f is a
O-closed compact supported (n +m,1)-form on X' with values in L. We want
to solve the equation 9 = f on X by using Theorem 2.7. Now, we equipped
L with the metric i := he™™ ¢, and then z@L i, =10pn + i00m* ¢, which is
also semi-positive in the sense of currents. Hence there is & € A™T™0T% @ L,
such that 92 = f and satisfies the following estimate

(3) /cm+nﬂAﬁe—P*¢:/ 2" dv,
X X
< / (099 6, A1 F, Fre—7"%av,
X
:/<[i85p*¢aAw']71f7f>67p*¢de/
X
= [ 906,015, e,
D

The first inequality is due to (2), the second equality holds because f is (n +
m, 1)-form, and therefore ([i00p* Aw]_lf, f)de are independent to w in view
of Lemma 2.4. The last equality is valid because here we choose w' = i¥7 ; dt; A
dt; + %% _1dzj Adz;. The notation (-, -); here means a pointwise inner product
concerning the Hermitian metric || - || on F.

Set @y := @(t,-); we observe that dii; = 0 for any fixed ¢t € D, since 9t = f
and the (n 4+ m,1)-form f contains only the terms of df;. This means that
u; € F, and hence we may view @ as a section u of F. It is obvious that
Ou = f. Due to Fubini’s theorem, we have

(4) [ emmmnier = [ Jueeav,
X D
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NAKANO POSITIVITY OF DIRECT IMAGE SHEAVES 221

Combining (3) with (4), we obtain
/ |ue|[2e=?dV,, < / ([100h, Ay ]2 f, f)ee™?dV,,.
D D

So we have proved that F satisfies the optimal L?-estimate condition, thus due
to Theorem 2.2 (and Remark 2.3), F is semi-positive in the sense of Nakano. [

3. Nakano positivity via curvature computation

In this section, we will investigate the Nakano positivity of direct image
sheaves under the Ké&hler condition alone, thereby eliminating the need for
Assumption (Z.4). We adopt Berndtsson’s approach from [1].

3.1. Set-up of case V. — Let p : X — D be a holomorphic proper fibration
from an (n 4+ m)-dimensional Kéhler manifold X onto the polydisk D Cc C™
and let (L, hz) be a holomorphic line bundle endowed with a possibly singular
hermitian metric hy,. We assume that there exists a divisor £ = E1 +---+ Eyn
whose support is contained in the total space X' of p such that the following
requirements are fulfilled.

(V.1) The divisor F intersects each fiber transversally, i.e., for every ¢t € D
the restriction divisor E; := FE|x, of E on each fiber X; has simple
normal crossings. Let Q@ C X be a coordinate subset on X. We take
(21, 2n,t1,...,tm) as a coordinate system on ) such that the last
m variables tq,...,t,, corresponds to the map p itself and such that
z1 ...z = 0 is the local equation of £ N Q.

(V.2) The metric hy, has klt type singularities along F, i.e., its local weights
1, on € can be written as

= Zai log |2|?
il

modulo C* functions, where a; are real numbers satisfying that a; < 1

for all 7. The set of indexes in the sum coincides with the non-empty

subsets of {1,...,r}.
(V.3) The Chern curvature of (L, hy,) satisfies

in the sense of currents on X'.
One wants to study some interesting objects such as adjoint bundles Ky ,p + L
or (Kx,p + L) ®Z(hr) and their direct image sheaves. Under the setting of
case V, we set
(5) G :=p.((Kx/p + L) ®ZI(hr)) = p«(Kx/p + L).

The last equality holds because Z(hy) = Oy, which is due to the conditions in
Assumption (V.2). We first remark that G is, indeed, a vector bundle by the
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222 Y. ZOU

Kahler version of Ohsawa—Takegoshi theorem [3] under the assumption (V.3),
which implies that any element of HY (X;, Kx, + L) extends to X. One obtains

gt - HO (XtaKXf, + L)

for every t € D. Therefore, there exists an induced canonical L? metric on G.
We will interchangeably denote by || - || or hg the L? metric on G. If u is the
section of G, u; := u|x, € G, = HY(X;, Kx, + L), then

lue]|? == en /X u A e Yt with ¢, = (\/_71)n2
t

By assumption, we claim that the L? metric is smooth on D. Indeed, we
can use partitions of unity to reduce to checking that integrals of the form
me X, |u¢|?e~%L vary smoothly with ¢, where 91, is given by the expression in
(V.2). Now it is clear there that all derivatives in the ¢, variables of 1, are
bounded and smooth, so that the result follows from general smoothness results
for integrals depending on a parameter. We denote by V the Chern connection
of (G,]|-|]) on D, and V10 V1! represent the (1,0) part and (0,1) part of the
Chern connection, respectively.

We set X° := X\ F and Xy := X; N X° an open fiber, L, := Llx,,
hr, := hr|x,. When working on a trivializing coordinate chart of L, we will
always denote by ¢, the local weight of hy. Under assumption (V.1), we will
write E = vazl E; for the decomposition of E into its (smooth) irreducible
components. Next, let s; be a section of Ox(F;) that cuts out E; and let h; be
a smooth hermitian metric on Ox(E;). In the following, |s;|? stands for [s;[} ,
and we assume that |s;|> < e™!. Let w be a fixed Kéhler metric on X and let

N
(6) wg = Cw + dd° [— Z loglog ﬁ] on X°
i=1 ¢

be a metric with Poincaré singularities along E; here the constant C is large
enough to make wg positive. Thanks to (V.1) we infer that wg|xe is a complete
Kéhler metric on X with Poincaré singularities along £ N X; for each ¢t € D.

On each compact Kéhler fiber with dimension n, the section u is a smooth
(n,0)-form, and we have the next equality, which is very important for our
case,

(7)) Juel|* = cn/ u A eV = cn/ uAue v = cn/ |2, e YrdV,,.
X X? X?

Here, wg is the metric in (6). The second equality since the divisor has measure

zero, and the third equality holds thanks to the integrand being independent

to wg. Due to (7), we can use the L?-Hodge theory on X7 with respect to

metric wg and Y.
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THEOREM 3.1. — Under the set-up of case V', the Hermitian holomorphic
vector bundle (G, | - ||) over D defined in (5) is semi-positive in the sense of
Nakano.

3.2. The Chern connection. — As in the set-up of case V, let u be the section

of direct image sheaf G; it is an L-valued (n,0) form on X. By the canonical
L? metric we have [lus||> = ¢, [y, u Ade™ "

One well-known fact is that for any complex manifold X with dimension n,
two positive (1, 1)-forms w and @ on X with relation w < &, and an (n, ¢)-form
aon X, |a2dV, > |a|%dV:;. In particular, if a is an (n, 0)-form, then we have
la|2dV, = |a|%dV;.

Therefore, we have the next equality which is very important for our case,

(8) |uel* = cn/ u A eV = cn/ u A deVE = cn/ |u|ZEe_deVwE.
X, X X2

Here, wg is the metric with Poincaré singularities along E as in (6). Due

to this, we can use the Hodge decomposition on X; with respect to metric

wg and 9. For any two sections u,v of G, put [u,v] = c,u A ve”¥Z, then

|luel|? = th [u,u] = psfu,ue], and consequently we define the inner product

on G by

(u,v) = paft, v] = pu(cpu A tie™¥E).

Let X be a Kéhler manifold of dimension m +n, which is smoothly fibered over
connected complex m-dimensional polydisk D, then the local coordinates on
X are denoted by (z1,...,2n,t1,...,tm). We define a complex structure on G
by saying that the smooth section u defines a holomorphic section of G if u A dt
is a holomorphic local section of Ky ® L. Let u be a smooth local section of
G, uy € H*(Xy, Kx, + Ly); this is an L-valued (n,0)-form on X;. For example,
if locally we write u = fdz + Zgchz\l A dt;, then both u and fdz represent
the same section of G. It is obvious that du is also a smooth form on X. On
account of du A dt A dt = 0, thus

éU:Zl/j/\dt_j+ZT]j/\dtj,

where the v7 and 7/ are smooth forms on X, and ¥ defines a section to G. We
define the (0, 1)-part of the connection V on G by letting

(9) VOlu=> "0l Adt;.
Therefore, u is a holomorphic section if and only if du A dt =0, or if and only
if Ou =1/ Adt;.

Now we define the (1,0)-part of the Chern connection. If w is a smooth

section of G, let u°® := u|xo, We eliminate all terms containing dt; in u°, as
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they represent the same section of G. Then we have
(10) OVLu’ = e¥rd(e VEu®) = (=YL )u® + du°® = Z,uj Adt

for some L-valued (n,0)-forms p/ that contain terms of diy on X°. As we
saw in assumption (V.2), the weight 1;, has singularities along the divisor E,
so 17, is smooth outside E. And we have i/ is L? integrable with respect to
(wg, e_wL), since here 0v, takes the derivative with respect to the ¢; variables,
not the z; variables. (We choose u° such that it does not contain any d¢; terms.)

The restrictions of 7 defined in (10) on each open fiber X; are, in general,
not holomorphic. So we let P(u/) be the orthogonal projection of u/ onto the
space of holomorphic forms on each open fiber. Similarly to Remark 3.5 in [4],
since P(’) is holomorphic on X7 and L?-integrable, it extends holomorphically
to the compact fiber X;. We denote by P’(u?) the extension of P(p). Similarly
to [1, Lemmma 4.1], we define the (1, 0)-part of the Chern connection by

(11) VHOu=>"P'(u)dt;.
We also need to verify that
O, (u,0) = (P'(7),v) + (u, 3y, v)

for any smooth section v and v to G, and here dv = 3" vI AdE; + > w/ Adt;. We
have defined that V%1v = 3~ v/ Adt; and sometimes we write v/ = 5tjv. On the
other hand, by the commutativity of p, and 9, we have d(u,v) = Ip.([u,v]) =
8fxt eptt A ve ¥r = an; cpt A De~¥r . Hence, one obtains

0(u,v) :/ cn0VEu A veVE + (—1)"/ cntt A\ Que™VE
X7 X7

- / cn YW Nt Nve V4 (=1)" / cou A Y0 Adtjem V"
b X
+ (—1)"/ Cntt A Zﬂ}j Adtje Ve,
Xy
The last term above vanishes owing to the degree of forms, and, thus, we obtain

O(u,v) = / Cn, Zuj Adt; A ve VE 4 (71)”/ et A Zﬁj Adtje™vr
Xt Xt
= Z((Hjﬂ’) + (U, vj))dtj
=D (P'(1),v) + (u, 0, 0))dt;,

and so we are led to the conclusion that the connection is compatible with the
inner product.
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3.3. Nakano positivity. — To study the Nakano positivity, we will use the so-
called 99-Bochner-Kodaira technique illustrated in Section 2 in [1]. Let E
be a holomorphic vector bundle with connection D. Let u; be an m-tuple
of holomorphic sections to F, satisfying Du; = 0 at fixed point 0. Put T, =

S (uj, ug)dt; A diy; here dtj A diy, denotes the product of all differential dt; and
dt;, except dt;, dty, and is multiplied by a number of modulus 1, so that T, is
non-negative. Then by calculation, we obtain i09T, = — E(@fkuj, ug)dVy. So
E is Nakano positivity at the given point if and only if this expression i99T),
is negative for any choice of holomorphic sections u; satisfying Du; = 0 at the
chosen point.

So, we let u; be an m-tuple of holomorphic sections of G satisfying V1:0u; = 0
at a given point £ = 0. Let

o —

T, = Z(uj,uk)dtj A dty,

as above, so that T, is non-negative. We put @ = > u; A CZE be an L-valued
(N,0)-form with N =n +m — 1, and thus

T, = cnp«(TU A Te™¥E).

Then, we obtain
(12) T, = cnp« (00 ATe VE) + (—1)Nenp. (@ A 0%re™¥E)

= (=) Nenp. (@A 9¥raevr).
Therefore,

90T, = (—1)Nenp. (Y20 A 0¥Lhe 1) + enp. (T A Me_w).

Using the identity 0%t +9Y2 0 = A0y, we can change it to the next equation.
(13) 90T, = (—1)Nenp. (Y20 A 0¥Ltie™2) — enpo (AT A DOYre VL)

+ (=) Nenpa (0T A Die™ ).
This formula make sense since 9u, 0¥, 00Y* U and 00y, are L%-integrable
with respect to wp and e~ ¥~. Note that we have 90", ; a;log|z|* = 0 on

X°. The next two lemmas help us to simplify the formula (13), which is the
corollary of Hodge theory in Section 4.

LEMMA 3.2 ([1, Lemma 4.3]). — Let u be an (n,0)-form on X, representing a
holomorphic section of G; we can write
ou = Z A dt;.

Then, 17 Aw are O-exact on each fiber.
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Proof. — We include the proof for the reader’s convenience. Since u A w is of
bi-degree (n + 1, 1), we can write locally

u/\szuj/\dtj.

The coefficients v/ are not unique, but their restrigﬁions on fibers are unique.
Indeed, since > u/ A dt; = 0 implies > u/ Adt; Adt; =u? Adt =0, the latter
shows that u/ vanishes when restricted to any fiber. Thus, v’ are well-defined
global forms on any fiber. Moreover,

an/\w/\dtj zgu/\wzzguj/\dtj,

s0 (7 Aw—0du?) Adt; = 0. Again wedging with c?t\j, we see that n/ Aw = Ou’
on each fiber. O

LEMMA 3.3. — Let u be a holomorphic section of G on D such that Vu = 0
at t = 0. Then u can be represented by an L*-form @ on X° such that Ou =
n? Adt; for some L*-form n?, which are primitive on central open fiber X3 and
OVri = pd A dt; for some L*-form p? satisfying /Lj|X8 =0.

Proof. — We have 3¥u = 3 pi/ Adt; and because Vu(0) = 0, each 1) = 1| xe
is orthogonal to the space of L? holomorphic sections on X§. We write du =
> m? Adtj, according to the above Lemma 3.2 and we know that n’ A w = du?
on the center fiber, since /16 —9 W is orthogonal to the space of L? holomorphic
sections on Xj. Hodge theory, especially Theorem 4.1, shows that ué — 9w
is 5*—exact, i.e., there exists a J-closed L2-form ﬁg on X such that g*ﬂg =

wh — 9 ui. We set 76 = *(53 +u?), and then it easy to see
0%r 0 = w,
573 Nw = 77j A w.

Let 47 be an arbitrary global L? extension of 'yg on X°. Then @t = u—>_~’ Adt;
is the representative that we are looking for. We have di = du—>_ 977 A dt; =
S (n? — 9y7) Adt;, and, thus, on the center fiber

(1’ —gvé)Aw:nj /\w—gvg Aw = 0.
On the other hand, ¥r i = 9¥2u — VeI Adt; = > (0! — 9¥2~9) Adt;. When

we restrict it on X§, we know that pu? — 9¥2+7 = 0, and, therefore, the claim
is proved. O

Note that we can assume that 977, 9¥=~7 and 90¥r~7 are all L? integrable
on X° with respect to wg and e~ %L Therefore, @ also satisfies these regularity
properties. Indeed, since 7 possesses good regularity properties on the fibers,
we work locally around X§ (a tubular neighborhood), employing a coordinate
cover and a partition of unity subordinate to it. On each coordinate patch,
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'yg can be extended locally by setting v/ (z,t) := 'yg (z). Using the partition of
unity, we obtain a global extension over the tubular neighborhood of Xj. To
extend this to X'°, we multiply by a smooth function supported on this tubular
neighborhood.

With the help of Lemma 3.3, we can replace u by u in the definition of Ty,

Ty = cnps(UATe™VE) = ch*(ﬁ A ﬁe*’“).
Note that T,, = Ty according to the construction of %. For ease of notation,

we still denote by u the section satisfying the conclusion in the above lemma.
Then we can simplify the formula (13) at the point ¢ = 0.

(14) 90T, = (—1)Nenp. (0YFT A 0¥Lte™2) — enpa (AT A DOY e VL)
+ (=1)NenpL (0T A 57@6_1“)
= —enp(@ATAOYLe ) + (=1)Nenp. (91 A D VE).
For further simplification, the next lemma will be useful.

LEMMA 3.4. — Let X be a complex manifold with complex dimension n, and
if a is a form of bidegree (n — 1,1). Then

V—Tlcp_1aha=(|a]]® - laAw|?)dV,.

Since we know that 7 is primitive on central open fiber X§, we can further
turn formula (14) into

V—100T, = —cnp«(G AT A V=100 re” V1) — / n)|%dVs.
Xo
Because v/—190vy, is a positive current, and exUAT is a strongly positive form.
We obtain that exGATAN/—1001 e~ ¥" is a positive current. The pushforward
of positive current under proper morphism is again positive current. For details,
we refer the reader to [7, Chapter III. §1]. It is obvious that V=109T, is a
smooth (m,m)-form on D, and hence cyp.(T A 4 A /—100¢e %) is the
positive form. This formula means that ﬁaéTu <0, and so G is positive in
the sense of Nakano. Now the proof of Theorem 3.1 is completed.

4. Some L? Hodge theory

We introduce a few results of L2-Hodge theory for L-valued forms on a
complete manifold endowed with a Poincaré type metric, following closely [5]
and [4].

Let X be an n-dimensional compact Kéhler manifold and let (L, k) be a
line bundle endowed with a (singular) metric hy, = e~%% such that
(R.1) Ay hasklt type singularities along divisor F with simple normal crossing

supports as Example 1.3.
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(R.2) wg be a complete Kdhler metric on X° := X\ E with Poincaré singular-
ities along E as (6).

(R.3) Its Chern curvature satisfies 1©p, (L) > 0 in the sense of currents.

We denote by D’ the (1,0)-part of the Chern connection on (L, hz,). The famous

Bochner-Kodaira-Nakano formula links up two Laplace A” = §9* + §*9 and

A" = D'D"™ 4+ DD’ as follows:

(15) A=A +1[i0y, (L), Ay,.].
Let us also recall the well-known fact that the self-adjoint operator
A =10, (L), Au,]

is semi-positive when acting on (n,q) forms, for any 0 < ¢ < n, as long as
iOp, (L) > 0. An immediate consequence of (15) is that for an L2-integrable
form u with values in L of any type in the domains of A’ and A", we have

(16)  [|9ullZ> + 10 ull7z = [D'ullZs + D™ ull> + /X (Au, w)dVi,p,

where || - ||z (resp., (,)) denotes the L?-norm (resp., pointwise hermitian prod-
uct) taken with respect to (hp,wg). Let x : APIT%, — A"~ 9" PT%, be the
Hodge star with respect to wg;

THEOREM 4.1 ([4, Theorem 3.6]). — Let X be an n-dimensional compact Kéh-
ler manifold, and let (L, hr) be a line bundle endowed with a (singular) metric
hy = e~Y% such that the assumptions (R.1), (R.2), (R.3) are satisfied. Then
we have the following Hodge decomposition:

Li,l(Xo7 L) = Hn,l(Xo, L) ©® Imé S5 Imé*,
where Hp, 1 (X°, L) is the space of L* A" -harmonic (n,1)-forms.

The main goal of this section is to establish the following decomposition
theorem, which is analogous to the corresponding result in [4]. For the reader’s
convenience, we will sketch the proof and emphasize the differences. Let X
be an n-dimensional compact Kéhler manifold and let (L, hz) be a line bundle
endowed with a (singular) metric hy, = e~¥ such that

(S.1) hp haslogarithmic type singularities along divisor F with simple normal
crossing supports, i.e., its local weights 17, on € can be written as

Y = — Zbl log (¢1(2) — log(H |2;|%%4))
I 3
modulo C* functions, where b; are positive real numbers satisfying that
br < 1 for all I, all k; are non-negative integers and (¢r); are smooth

functions on . The set of indexes in the sum coincides with the non-
empty subsets of {1,...,r}.
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(S.2) wg be a complete Kéahler metric on X° := X\ E with Poincaré singular-
ities along E as in (6);
(S.3) Its Chern curvature satisfies 1O, (L) > 0 in the sense of currents.

THEOREM 4.2. — Let X be an n-dimensional compact Kédhler manifold and let
(L,hr) be a line bundle endowed with a (singular) metric hy, = e~Y% such that
the assumptions (S.1), (S.2), (S.3) are satisfied. Then we have the following
Hodge decomposition

Li,l(Xov L) = 7'ln,l()(o, L) ©® Imé D Imé*,
where H,, 1(X°, L) is the space of L? A" -harmonic (n,1)-forms.

Firstly, we need a lemma that ensures that we can use the compact support
approximation.

LEMMA 4.3 ([4, Lemma 3.7]). — There exists a family of smooth functions
(1e)e>o with the following properties.

(1) For each € > 0, the function u. has compact support in X°, and 0 <
pe <1,

(2) The sets (ue = 1) are providing an exhaustion of X°,

(3) There exists a positive constant C > 0 independent of € such that we

have

sup (10ucliy +100els,) < C.

We also need the local Poincaré type inequality for the d-operator when
acting on L-valued (p, 0)-forms. The next proposition is very important for our
proposal. This is about the Poincaré type inequality involving the metric of a
line bundle, and the metric ¢, is no longer with analytic singularities (as in
[5]) but with Poincaré type singularities. Therefore, we need to reprove it.

PROPOSITION 4.4. — Let (2;);=1,...n be a finite union of coordinate sets of
X covering E and let U be any open subset contained in their union. Let T be
a (p,0)-form with compact support in a set U\ E C X and values in (L,hr).
Then we have

(17) / |T|3)Ee_deVwE < C/ |5T|3Ee—¢LdeE’
U U
where C is a positive numerical constant.

Proof. — We consider the restriction of the form 7 to some coordinate open
set ) whose intersection with E is of type z1...z. = 0. It can be written as
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sum of forms of type 77 := frdzy. Assume that IN{1,...,r} ={1,...,p} for
some p. We have

|[frPe vt
2
ITo—ps1 |2al?log” |2a]?
In (18) we denote by g the model Poincaré metric
v —1dz; A dzl - _
Z 2 |210g |22 Z V—ldzi A dz;,
g i=r+1

and d\ = T, where w = Y7 | v/=1dz; A dz;. By our assumption (R.2), w
know

(18) |7ﬂ§e‘m dVy =

br
e VL = H (qb[(z) —log (H zz|2k’)>

I icl
modulo C* function. Now, for the 571, we have

ofr|?
821

n

+Z

i=r+1

| 2|2 log2 |zi|2e=¥L
H;:p+1 |2al? 1Og2 |2a?

ofi|°
0z;

(19) |07 7[2e”

"
H;:p—i—l |2a]?10g” |2a|?

To prove the claim, we can reduce it to the one-dimensional case by Fubini’s
theorem, i.e., unit disk D in complex plane C. Combining (18) and (19), it is
easy to see that the next two inequalities are all we need. These are

(20) /|f| —log |[)dA(z <c/

as well as

e [ipEEEe) LIE <cf \
21 log? |z|

Here, b is positive real number, and we can arrange f has small compact sup-
port, i.e., suppf C {2z | 0 < |z| < €}, where € is small enough. Furthermore,
it is better to reduce this integration to real line R, and hence we consider the

Fourier series
f — Z ak(t)e\/—lke
kEZ

(~log|z)"*2dX(2),

(—log |z|)?d\(z).

of f, and, thus, we have
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The identity

tk;lt ( ) — () - T o)

t
reduces the proof of our statement to the next inequalities. We have

/|f| (—log |z|)%dA (= Z/ |lax(t)|?(—log t)btdt

/ #

Let by = $F; then we turn the above two equahtles into

d a
(— log |2])**2dA(2) / 4 (5215 (og 1) 2.

/|f|( log |2])?d\(z / b (1)]? (—log t)ot2F+1at
D

/ #

So the inequality (20) is equivalent to the next inequality
22 Z/ |bk logt) by2k+1 gy < CZ/ ‘b/ t27€+3( 10gt)b+2dt

Here, k € Z,b € RT, and by, (t) has small compact support. In fact, the inequal-
ity (21) also comes from (22). Now, we prove the inequality (22); according to
integration by part, we have

1
/ |br(2)|? (—log t)ot?F+1dt = / |br (1) 1ogt)b+2t2k+2d<>
logt

1
— b t2k:+2 —1 tb+2.
[ o g+

2|2 (= log | 2|)**2dA(2 Z / |65 (8) 26243 (—log )P +2dt.

As a consequence, we obtain
1
23 bi(t)?(—log t) P21t
(23) | g
0
1
= f/ (b + brbl )t 2 (—log t)*Tdt
0

|bk|2t2k+1
+/ T logt [(2k + 2)(—log t)o+2 — (b + 2)(~log t)b+1]dt.
0

Now we divide it into three cases, with the sign of (2k + 2):
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(1) if 2k 4+ 2 = 0, then the second term in (23) above is

1
/ (b + 2)[be 225+ (log 1)t
0

Thus, we have
1

1
(24) / (b4 1)|bg |t T (—logt)? = / (bj.by + bl )12+ T2 (—log )T at
0 0

! 1
< \// |bk2t2k+1(_logt)bdt\// b, |262k+3(—log t)b+2dt.
0 0

Therefore, we have the desired inequality

1 1
/ by |22 (—log t)bdt < C/ |b) [2t2F 3 (—log t)PT2dt.
0 0

(2) if 2k + 2 > 0, when ¢ is small enough, we have
(2k 4+ 2)(—log )2 — (b + 2)(—logt)*™! > (b + 2)(—logt)’T.

Then the second term in (23) is smaller than

1 |bk‘2t2k+1
/ Tlogt [(2k + 2)(—log t)*T2 — (b + 2)(—logt)"*]dt
0

1
<—(h+2) / B[22+ (—log £)".
0

A similar calculation yields that inequality (22) holds.
(3) if 2k 4+ 2 < 0, and we also make ¢ small enough, we have

(2k 4+ 2)(—log )2 — (b + 2)(—log )’ < —(b+ 2)(—logt)"*!.
Hence the second term in (23) is bigger than

1 |bk‘2t2k+1
/ B [(2k+ 2)(—log )" — (b +2)(~log )"t
0

1
> (b+2) / B[22 (—log £)".
0

Inequality (23) now becomes

1
/ (b 242+ (—log £)bdt
0

1 1
> —/ (b},br + brbj, )t 2 (—log t)b T dt +/ (b + 2)|bg |2t (—log t)dt.
0 0

By Cauchy inequality as (24) above, we can also easily deduce that inequality
(22) is valid in this case.
In summary, the proof of the proposition is completed. O
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Once the local Poincaré inequality has been established, as a corollary, we
can obtain the following global Poincaré inequality for 9. In [4], the authors
introduce for any integer 0 < p < n the space

(25) H® .= {F € HY(X°, 0%, ® L)N L% / (Ax F,xF)dV,,, = 0},

o

and we can observe by Bochner formula that for an L? integrable, L-valued
(p,0)-form F, one has

(26) A"(*F)=0<+= A'(xF) =0 and / (Ax F,xF)dV,, =0

— Fe H?,

PROPOSITION 4.5 ([4, Proposition 3.9]). — Let p < n be an integer. There
exists a positive constant C > 0 such that the following inequality holds

(27) / ul?, e av, gc( / Bul2, e L dV,, + / (A*u,*u)deE>
XO XO XO

for any L-valued form u of type (p,0), which belongs to the domain of O and
which is orthogonal to the space HP) defined by (25). Here, x is the Hodge star
operator with respect to the metric wg.

We have the following direct consequences of Proposition 4.5.

COROLLARY 4.6 ([4, Proposition 3.10]). — There exists a positive constant
C > 0 such that the following inequality holds

(28) / |u|iEe_¢LdeE <C (/ |8u|iEe_¢LdeE)
Xo X0

for any L-valued form u of type (n,0), which belongs to the domain of O and
which is orthogonal to the kernel of 0.

Proof. — This follows immediately from Proposition 4.5 combined with the
observation that the curvature operator A is equal to zero in bi-degree (n,0).
O

_ The next statement shows that in bi-degree (n,p), the image of the operator
0* is closed.

COROLLARY 4.7 ([4, Proposition 3.11]). — There exists a positive constant
C > 0 such that the following holds. Let v be an L-valued form of type (n,p).
We assume that v is L?, in the domain of O and orthogonal to the kernel of the
operator 9. Then, we have

(29) /XO |U‘3}Ee_¢LdeE <C . |5*U‘3E6_deVwE-
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Proof. — Let us first observe that the Hodge star u := v, of type (n — p,0),
is orthogonal to H (n=p) " Actually, let us pick F € H E”_p). It follows from (26)
that we have 0*(xF) = 0. In other words, xF' € ker 9*. We thus have

/ (u, FYdV,,, — / (v, %F)dV,, = 0.

Applying Bochner’s formula (16) to v and using the facts that v = 0 (since v
is orthogonal to ker 9*) and that 0*u = 0 for degree reasons, we get

(30) %0l = 19uls + [ (A usu)aVi.
XD
This proves the corollary by applying Proposition 4.5. |

Now we can prove Theorem 4.2.

Proof of Theorem 4.2. — In the context of complete manifolds, one has the
following decomposition

L2 (X°, L) =Hp1(X°, L) ®Imd & Imd*.

The reader can consult [7, chapter VIII, pages 367-370] for details. We also
know that the adjoint 9* and D’* in the sense of von Neumann coincide with
the formal adjoint of O and D’, respectively. It remains to show that the range
of the & and 0* operators are closed with respect to L? topology. We will
utilize the inequalities (28) and (29); the former shows that the image of 9 is
closed, and the latter does the same for 9*. Indeed, suppose that there exists a
sequence 5uj — u in the L? space. Since 5uj = 5(u]1 + u?) = 5u]1 (here, we set
u]1 1 ker @ and u? € ker ), we can assume each u; is orthogonal to the kernel
space of 0. By (28), we obtain

/ |uj — uk|iEewadeE =C (/ |(‘§u] - 5uk|iEedeVwE> 7
o Xe°

and, therefore, u; is a Cauchy sequence. On the other hand, we know Jis a
closed operator. This yields that u € Imd. Similarly, we can prove that the
image of 0* is closed too. O
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