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CRYSTALLINE COHOMOLOGY OF RIGID ANALYTIC SPACES

BY HaovyaNG GUO

ABSTRACT. — In this article, we introduce the infinitesimal cohomology for rigid
analytic spaces that are not necessarily smooth, with coefficients in a p-adic field or in
Fontaine’s de Rham period ring Bz{R.

RESUME (Cohomologie cristalline des espaces). — Dans cet article, nous introduisons
la cohomologie infinitésimale pour les espaces analytiques rigides qui ne sont pas né-
cessairement lisses, avec des coefficients dans un corps p-adique ou dans I’anneau des
périodes de de Rham de Fontaine B:’{R.

1. Introduction

1.1. Background. — Let X be a complex algebraic variety. Attached to the
set of C-points of X, there is a natural analytic structure which makes X(C) a
complex analytic space. This allows us to obtain a topological invariant of X
via singular cohomology Héing(X (C),C), which is computed transcendentally.
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832 H. GUO

As the topological space X (C) comes from an algebraic variety, it is natural
to ask whether we could compute this singular cohomology algebraically. When
X is a smooth algebraic variety over C, it is a result of Grothendieck ([19]) that
singular cohomology is isomorphic to algebraic de Rham cohomology. Thus,
there exists a natural isomorphism

éing(X(C)v C) = Hl(Xa Q;(/(C)7

where QfX /C is the sheaf of the i-th algebraic Kéhler differentials over the variety
X, and QF% /c is the algebraic de Rham complex. As a consequence, we get a
purely algebraic way to compute singular cohomology group.

However, if X is non-smooth, the cohomology of the usual algebraic de Rham
complex may fail to compute singular cohomology of X(C) (c.f. [2, Example
4.6]). To get the correct answer, in particular to get an algebraic cohomol-
ogy theory which computes singular cohomology, there are several methods
modifying algebraic de Rham cohomology in the non-smooth setting:

(1) In [24], Hartshorne discovered that if X admits a closed immersion into

—

a smooth variety Y, then the formal completion 3, /c of the de Rham
complex Qf, /c along X — Y computes singular cohomology. Precisely,
there exists the following isomorphism:

élng(X(C)7 (C) = HI(X7 Q;//(C)

The result was obtained independently by Deligne (unpublished) and by
Herrera—Lieberman [25].

In the general case when X is not necessarily embeddable, there exists
a ringed infinitesimal site (X/Cine, Ox/c) (or the crystalline site in char-
acteristic zero) introduced by Grothendieck [20]. It can be shown that

its cohomology H*(X/Cing, Ox/c) coincides with H'(X, Q/;,;:) whenever
X — Y is a closed immersion into a smooth variety as above. In par-
ticular, we obtain a conceptual cohomology theory that is independent
of immersions. Moreover, the method allows us to compute cohomol-
ogy with nontrivial coefficients, where we could replace Ox ¢ by vector
bundles with flat connections (or in other words, crystals).

(2) Extending the de Rham complex of smooth C-algebras via simplicial res-
olutions, one obtains the (Hodge-completed) derived de Rham comple,

first invented by Illusie [28]. To any scheme X over C, we can associate
a filtered derived algebra dr x/c- It was shown by Illusie in loc. cit. that
the cohomology of the derived de Rham complex CTP\{X/C is isomorphic
to the Hartshorne’s cohomology, assuming X is a local complete inter-
section. Later on, using Adams completion from the algebraic topology,
Bhatt [6] shows that the comparison is true for any finite type scheme
in characteristic zero, without the l.c.i condition. In particular, for an
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CRYSTALLINE COHOMOLOGY OF RIGID ANALYTIC SPACES 833

arbitrary variety X/C, we get the isomorphism
élng(X(C)7 C) = HZ(Xv dRX/(C)

Here we mention that the first graded piece of cﬁx\/c is the cotangent
complex Lx,c up to a shift, which plays an important role in the defor-
mation theory of schemes. Moreover, similarly to the universal property
of the algebraic de Rham complex, it could be shown that the derived de
Rham complex is the initial object among all filtered (derived) algebras
A over X that is equipped with a homomorphism Ox — gr®A ([37]).
(3) Another modification of the de Rham complex is called the Deligne-Du
Bois complez, introduced by Deligne and studied by Du Bois ([12]). The
Deligne-Du Bois complex is defined via the cohomological descent for
resolution of singularities. More precisely, the Deligne-Du Bois complex
for X is defined as the limit of the de Rham complex of X,
: L]
R [}jrenA an* X, /C»
where fo : Xy — X is a simplicial variety constructed using blowups
at smooth nowhere dense centers, such that each X,, is smooth over C.
It could be shown that singular cohomology of X is isomorphic to the
cohomology of the Deligne-Du Bois complex. Moreover, the Deligne—
Du Bois complex admits a finite Hodge—Deligne filtration where each
graded piece is a bounded complex of coherent sheaves in the derived
category. The induced filtration on cohomology is the Hodge filtration
for the underlying mixed Hodge structure. Furthermore, the Deligne-Du
Bois complex together with its filtration also admits a site-theoretical
interpretation via the h-topology, where the latter is introduced by Vo-
evodsky in [42]. The theory of h-cohomology of X is studied for example
in [26] and [32].

The above provides three algebraic methods computing singular cohomology
of a complex variety that is not necessarily smooth. It is then natural to ask
whether we have an analogous picture in the non-archimedean geometry. The
goal of our article is to study the theory of cohomology for non-smooth rigid
spaces in non-Archimedean geometry, analogous to the three modifications for
complex algebraic varieties as above.

To start, let us fix some notations. Let K be a p-adic extension of Q;
i.e., K is a field that is complete with respect to a non-Archimedean valuation
extending that of Q,. In the 1960s, Tate introduced the notion of the rigid
analytic space that forms a natural p-adic analogue of the complex analytic
space. Here, similarly to complex analytic spaces, examples of rigid analytic
spaces include analytifications of algebraic varieties over K.

As a p-adic field is totally disconnected, singular cohomology of a rigid space
over K is not an interesting object. However, we could still define a de Rham
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834 H. GUO

complex €25 K of X, where each Qg( /K is the sheaf of Kéhler differentials that
are continuous under p-adic topology. When X is smooth and proper over
K, it can be shown that the cohomology of its de Rham complex behaves
very well: it lives within cohomological degrees [0,2dim(X)], such that each
cohomology group is a finite dimensional K-vector space. In particular, when
X is the analytification of a smooth proper algebraic variety over K, the p-adic
analytic de Rham cohomology of X and the algebraic de Rham cohomology of
the variety match up, so we get the correct Betti numbers.

In the following, we consider general rigid spaces over K that may not be
smooth.

1.2. Mainresults. — Let X be a rigid space over K. We introduce the infini-
tesimal site X/ King, defined on the category of all pairs of rigid spaces (U, T') for
nil closed immersions U — T over K, such that U is an open subset in X. Here
a collection of maps {(U;,T;) — (U,T)} is a covering in this site if {T; — T} is
an open covering for the rigid space T'. The infinitesimal site X/ Kj,s naturally
admits an dnfinitesimal structure sheaf Ox,, sending a thickening (U, T') to
the ring of global sections Or(T). Moreover, the infinitesimal structure sheaf
admits a surjection onto Ox, and the kernel ideal Jx,k defines a natural fil-
tration on Ox k. The induced filtration on the cohomology of Ox/ is called
the infinitesimal filtration.
Now we can formulate our first main result.

THEOREM 1.2.1. — There is a K-linear cohomology theory
X = Rlint(X/K) := RI(X/Kint, Ox /)

together with the filtration defined by RF(X/Kinf,j)*(/K) for rigid spaces X
over K, and it takes values in the filtered complete derived category of K-vector
spaces. It satisfies the following properties:

(i) Explicit formula (Theorem 4.2.2): Assume X — Y is a closed immer-
ston into a smooth rigid space Y and J is the ideal sheaf defining X.
Then Rl (X/K) is filtered isomorphic to the cohomology of the formal
completion of the de Rham complex Q;,/K along X = Y:

Rl (X/K) — RI(X, Q;,/K),

where the j-th filtration on the right side is RT'(X, Jj_'@).
In particular, when X itself is smooth over k, the infinitesimal coho-
mology coincides with the de Rham cohomology with its Hodge filtration.
(ii) Derived de Rham comparison (Theorem 5.5.5): There exists a natu-

ral filtered morphism from cohomology of the analytic derived de Rham
complez to RTine(X/K):

RU(X,dRYy,x) — RDur(X/K).
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CRYSTALLINE COHOMOLOGY OF RIGID ANALYTIC SPACES 835

The map induces an isomorphism on their underlying complexes and is
a filtered isomorphism if X is a local complete intersection.

(iii) Eh comparison (Theorem 6.2.2): The cohomology RUine(X/K) admits a
natural filtered morphism to éh de Rham cohomology introduced in [22],
inducing an isomorphism on their underlying complezes:

Rme(X/K) — RF(Xéh, Qgh)'

In particular, the underlying complex of RUine(X/K) satisfies the éh-
hyperdescent for rigid spaces X over K.

(iv) Finiteness (Theorem 6.3.1): When X is proper of dimension n over K,
the underlying complex of RUint(X/K) is a perfect K-complex that lives
in cohomological degree [0,2dim(X)].

(v) Base extension (Corollary 6.4.4): Assume Ky is a subfield of K and X
s a proper rigid space over Ky. Then the natural base extension map is
a filtered isomorphism

RFinf(X/Ko) XK, K — RFinf(XK/K).

(vi) Comparison with singular cohomology (Corollary 6.4.3): Assume there
exists an abstract isomorphism of fields K — C and X is the analytifi-
cation of a proper algebraic variety X over K. Then we have a filtered
isomorphism

{(X/K)®k C~H

%
inf Sing

(X(C), ©),

where the latter is filtered by the algebraic infinitesimal filtration (cf. [6)
and [24]).

Here the underlying complex of a filtered object is defined as the complex
forgetting its filtration.

REMARK 1.2.2 (Analytic derived de Rham complex). — In Theorem 1.2.1.(ii),
the usual notion of the derived de Rham complex of Illusie is not suitable when
we are working with rigid analytic spaces; instead, we modify the construction
so that it is continuous under the p-adic topology. Our strategy is to first apply
the (derived) p-adic completion to the algebraic derived de Rham complex for
the rings of definitions over O, then to consider the filtered completion of its
generic fiber. This produces a filtered Eo,-algebra &I\{i;/ x in the derived (oc0)
category of sheaves of K-modules over X, whose graded pieces are wedge prod-
ucts of the analytic cotangent complex ]L";?/ i introduced by Gabber-Ramero
in [18, Section 7]. We refer readers to Subsection 5.3 for details.

This notion has been considered in [23], where Shizhang Li and the author
show that applying at affinoid perfectoid algebras, the analytic derived de Rham
complex can recover the de Rham period sheaves BIR and OIB%?{R over the pro-
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836 H. GUO

étale site, previously introduced in [14] and [39]. We also want to mention

that a version of (Tf\{j?/ x for derived analytic stacks X has been considered
independently by Jorge Anténio in [1].

REMARK 1.2.3 (Eh topology). — The éh cohomology in Theorem 1.2.1.(iii) is
the cohomology of the éh-sheafification of the de Rham complex over the éh site,
where the latter is analogous to Voevodsky’s h-topology for algebraic schemes
in the method (3) in Subsection 1.1. It is designed as the minimal refinement
of étale topology that is locally smooth (thanks to resolution of singularities of
rigid spaces in, for example, [11] and [40]) and is defined by adding universal
homeomorphisms and coverings associated with blowups. It can be shown that
when X is the analytification of a proper algebraic variety, the éh de Rham
cohomology in Theorem 1.2.1.(iii) is filtered isomorphic to the cohomology of
(analytification of) the Deligne-Du Bois complex ([22, Corollary 5.2.2]). So we
recover the algebraic Deligne-Du Bois complex in the p-adic analytic setting.

REMARK 1.2.4 (Eh de Rham complex). — Let 7 : X¢n — Xyig be the natural
map from the éh site to the rigid site introduced in [22]. The éh de Rham
complex in Theorem 1.2.1.(iii) is obtained by applying the derived global section
to the complex

Rm, Q3.

Here, each (2%, is the éh-sheafification of the continuous sheaf of differentials for
rigid spaces, and it is shown in [22, Section 6] that each Rw*Qéh is a complex
of coherent Ox-modules that lives in cohomological degree [0,dim(X)] and
vanishes for i > dim(X). As a consequence, analogous to the classical Hodge—de
Rham filtration on de Rham cohomology of complex varieties, (the underlying
complex of) the infinitesimal cohomology RI'iys(X/K) can be computed via
cohomology of (a finite number of) coherent sheaves and Theorem 1.2.1.(iii).

REMARK 1.2.5 (Various filtrations). — Infinitesimal cohomology RT'iy¢(X/K)
admits a natural filtered map to the usual de Rham cohomology of X, and the
latter maps to éh de Rham cohomology. So summarizing the various filtrations
in Theorem 1.2.1, we get the following sequence of maps in the filtered derived
category:

RU(X,dRyx) 2 RUune(X/K) 25 RU(X, Q% ) 2 RT(Xan, 08),

enhancing the canonical maps on the underlying complexes. In particular,

and (3) induce isomorphisms on the underlying complexes. As a consequence,
(the underlying complex of) the infinitesimal cohomology forms a direct sum-
mand of the usual continuous de Rham cohomology.
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REMARK 1.2.6 (Crystals). — Similarly to the schematic crystalline theory, we
also have a theory of crystals over the infinitesimal site. Moreover, it could
be shown that analogous statements in Theorem 1.2.1.(i), (iii), (iv) and (v)
hold true for cohomology of crystals. It is expected that Theorem 1.2.1.(ii) for
derived de Rham complex also admits a generalization with coefficients via an
approximate extension of classical crystals to the simplicial world. We leave
this question to a future investigation.

Now let K be a complete and algebraically closed p-adic field. Let BjR
be Fontaine’s de Rham period ring of K in p-adic Hodge theory ([17]), and
let & be a fixed generator of the kernel for the canonical surjection BIR - K
(see Section 2 for definition). Recall for a smooth rigid space X over K that
Bhatt—Morrow—Scholze introduced the crystalline cohomology of X over B;R
([8, Section 13]). It is defined locally via the inverse limit

3 L]
@QYE/EG'
eeN

Here, {Y.} is a compatible family of smooth adic spaces over X, := Spa(BZy /£¢)
that admit a closed immersion from X, and QTY;/\Ee is the formal completion
of the continuous de Rham complex Q;,e /5. along X — Y,. It is shown in
loc. cit. that the cohomology is independent of choices of closed immersions.
Moreover, after inverting &, there exists a natural isomorphism between the
crystalline cohomology of X in [8], and pro-étale cohomology of the de Rham
period sheaves Bgr for quasi-compact quasi-separated rigid spaces.

As the construction is analogous to the computation of the crystalline co-
homology of schemes (see Subsection 1.1), in loc. cit., Bhatt—-Morrow—Scholze
expect that there is a conceptual crystalline theory for rigid spaces, defined
similarly to the infinitesimal cohomology in the schematic theory, whose coho-
mology is isomorphic to the crystalline cohomology in [8] (see [8, Remark 13.2]).
Our next goal is to answer this question. In fact, our project was initiated after
the author read the question from [8].

Let us consider the infinitesimal site X/Y;,¢, which is defined on the category
of nil closed immersions (U, T') such that U is open in X, U — T is a nil closed
immersion, and T is a locally topological finite-type adic space over B;fR /&€ for
some e € N. The covering structure of X/, is defined by the open coverings
of adic spaces as the one in X/Kj,¢, and we can equip X/, with a natural
infinitesimal structure sheaf Ox /5, and, analogously, with an infinitesimal ideal
sheaf Jx /5.

Now we can state the next main result.

THEOREM 1.2.7. — There is a BIR—linear cohomology theory

X = Ryt (X/%) := RI'(X/%inOx/x),

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE
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together with the filtration defined by RT(X /Y, j;;/z) for rigid spaces X over

K, and it takes values in the filtered complete derived category over B:{R (where
the latter is equipped with &-adic filtration). It satisfies the following properties:

(i)

(iii)

(vi)

Reduction to K (Theorem 7.2.3.(iii)): There exists a natural filtered base
change isomorphism

RTiue(X/%) @5, K — Rl (X/K),

dR

where RTine(X/K) is the infinitesimal cohomology with its infinitesimal
filtration in Theorem 1.2.1.
Explicit formula (Theorem 7.2.3.(ii)): Assume {X — Y.}, is a system
of closed immersions from X to smooth adic spaces Y. over ., such
that they are compatible via isomorphisms Yey1 X5, , Xe =~ Ye. Then
there is a natural filtered isomorphism

e+1

—

RTj¢(X/%) — RT(X,1m Q3. o ),
eeN

where QTYE/\ZQ is the formal completion of the de Rham complex Q;’C/Ee
along X — Y.

Derived de Rham comparison (Corollary 7.2.6): There exists a natural
filtered morphism inducing an isomorphism on underlying complexes

RTu¢(X/S) — RT(X,dRy/s),

where &f{;n/z is defined as the derived inverse limit of the underlying
complezes of &Ri;/zc over e € N.

Eh hyperdescent (Corollary 7.2.8):  The wunderlying complex of
RTin¢(X/X) satisfies the éh-hyperdescent for rigid spaces X over K.
Pro-étale comparison (Theorem 7.3.2): There exists a natural BCTR—linear

map from the underlying complex of RTUint(X/X) to the pro-étale coho-
mology

R (X/%) — RT(Xproct, Bigr)-

For quasi-compact quasi-separated rigid spaces X, the above induces an
isomorphism after inverting &:

1
£
The map is Gal(K/Ky)-equivariant when X is isomorphic to Xo X i, K
for a rigid space Xy over Ky and a subfield Ky of K.

Finiteness (Proposition 7.2.9) and Torsion-freeness (Theorem 7.3.5):

When X s proper of dimension n over K, each cohomology group
Hi (X/X) isa finite free Bl -module, and it vanishes fori ¢ [0,2 dim(X)].

ernf(X/Z)[ ] =~ RP(—Xproét7IBdR)'
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REMARK 1.2.8. — The comparison with the derived de Rham complex over
By in Theorem 1.2.7.(iii) is compatible with the one in Theorem 1.2.1.(ii) over
K under the natural base change map in Theorem 1.2.7.(i).

REMARK 1.2.9 (Torsion-freeness). — Theorem 1.2.7.(vi) shows that each co-
homology group H{ .(X/X) is finite free over B;rR for X proper over K. This
could be surprising at first sight; however, in the special case when X is defined
over Ky as in Corollary 1.2.13, the result follows easily from the base change

formula, as in Corollary 1.2.13.

REMARK 1.2.10 (Degeneracy of Hodge-éh de Rham). — As a byproduct of
proving Theorem 1.2.7.(vi), we also show (in Theorem 7.3.5) that the Hodge-
éh de Rham spectral sequence for X/K splits, where X is a proper rigid space.
This strengthens the result of [22, Proposition 8.0.8], where we assumed X to
be defined over Kj.

A consequence of the explicit computation in Theorem 1.2.7.(ii) is the fol-
lowing;:

COROLLARY 1.2.11. — The infinitesimal cohomology RT'ine(X/X) is isomor-
phic to the crystalline cohomology of X over Bj{R in the sense of [8, Section
13].

REMARK 1.2.12. — A variant of the infinitesimal site for smooth rigid spaces
has been considered by Zijian Yao in [43, Section 5], where the crystalline coho-
mology of [8, Section 13] is reconstructed conceptually and compared with the
pro-étale cohomology of the de Rham period sheaf. Using the Cech-Alexander
complex, it can be shown that our RTu¢(X/ B(J{R) for smooth rigid spaces co-
incides with the crystalline cohomology of [43].

Finally, we comment on the case when X is defined over a discretely val-
ued subfield. By the Primitive Comparison Theorem of Scholze [38] and the
éh-hyperdescent in Theorem 1.2.7.(iv), we can compare our infinitesimal coho-
mology with étale cohomology.

COROLLARY 1.2.13. — Let Ky be a discretely valued subfield of K that has a
perfect residue field, and let X be a proper rigid space over Ky.

(i) The cohomology RTine(Xk/X) can be defined over Ko. Thus, there ex-
ists a natural base extension formula for underlying complezes'

RUine (X /) =~ Rine(X/Ko) @k, Big-

1. The curious reader might ask how the filtrations relate to each other under this iso-
morphism. In fact, using the recent advance of condensed mathematics of Clausen—Scholze,
one can extend the tensor product formula to a filtered enhancement, as in the sequel [21,
Cor. 8.2.5, Rmk. 8.2.6].
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(ii) For every n € N, there exists a natural Gal(K/Ky)-equivariant isomor-
phism

1
3

Proof. — For (i), there exists a natural map from the right to the left, via a
natural functor of infinitesimal sites defined by the base extension, and both
sides are complete with respect to &-adic topology. When X is smooth proper
over K, the infinitesimal cohomology complex can be computed using de Rham
cohomology by Theorem 1.2.1.(i), so after a base change along BIR - K,
part (i) can be reduced to the following known base change formula for the
continuous de Rham cohomology:

RU4r(X/Ko) @K, K ~ RUqr(Xk/K).

P (X /5) [ ] ~ 1 (X, Q) B0, Bar.

In general, part (i) follows from the éh-hyperdescent among rigid spaces over
Ky in Theorem 1.2.1.(iii) and Theorem 1.2.7.(iv). Part (ii) follows from the
Primitive Comparison Theorem ([38, Thm. 3.17]) and the éh-proétale compar-
ison in [22, Theorem 1.1.4]. O

REMARK 1.2.14 (Hodge-Tate filtration). — The natural filtration of Bgqr in-
duces a Gal(K/Kj)-equivariant filtration on étale cohomology H, (X, Qp)®q,
Bar. In fact, it is shown in [22, Theorem 1.1.4] that this filtration is isomorphic
(via Corollary 1.2.13) to the product filtration for the filtration on Bgr and
the éh-Hodge filtration on the infinitesimal cohomology RTin¢(X/Ky), defined
by extending the Hodge filtration of the de Rham cohomology of smooth rigid
spaces via éh hyperdescent. In particular, the graded pieces of the filtration on
étale cohomology can be understood via the Hodge-Tate decomposition and
éh cohomology ([22, Theorem 1.1.4]):

H:’:lt(XKvQP) Q®q, K= @ Hi(Xéh7Qgh,Ko) QK K(=j).
i+j=n

1.3. Summary of sections. — We now give a summary of each section in this
article.

We start in Section 2 by introducing the (small) infinitesimal site X/ in¢
and its big site version X /Y nr. Here the base space 3, is defined as the adic
space Spa(Bj{R,e) for the p-adic Huber ring Bj{R o= BIR/fE and e € N5 . The
discussion in this section is analogous to the discussion of the crystalline site
and its topos for a pair of schemes, and we verify various formal properties,
including the relation with the rigid topos, the comparison between the big
and the small topoi, and the functoriality of the infinitesimal topoi. We also
introduce the envelope for an immersion of rigid spaces X — Y, regarded as
either a colimit of representable sheaves in the infinitesimal topos or as a locally
ringed space defined over the underlying topology of X. Here we mention that
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it is slightly different from the crystalline theory of a scheme over a p-nilpotent
basis that an envelope in the infinitesimal site is almost never representable
(see discussions in Subsection 2.2).

In Section 3, we study the coherent crystals over the infinitesimal site
X/Yeint- As the base BIR@ has nilpotent elements, a coherent crystal F over
X /3¢ inf may not always be locally free. We show that F is a crystal in vector
bundles if and only if it is flat over B:R,e (see Definition 3.2.1 and Theorem
3.2.2) for details). Moreover, we prove that the category of coherent crystals is
equivalent to the category of coherent sheaves with integrable connections over
an envelope (Theorem 3.3.1).

Section 4 is devoted to a sheafified version of Theorem 1.2.1.(i) for general
coherent crystals over X /Y iy (cf. Theorem 4.2.2). Here, we adapt the idea
from [7] for the computation: first we relate the Cech-Alexander complex and
the de Rham complex of the envelope via a bicomplex, and then we show that
the associated total complex converges to both of them. In particular, we
improve the loc. cit. to a filtered isomorphism for the infinitesimal filtration via
a finer and concrete study on graded pieces of the completed de Rham complex.
We also obtain a base change formula for the cohomology sheaf over BjR’e for
different e € N (cf. Proposition 4.2.3).

In Section 5 we develop the foundations of the analytic derived de Rham
complex, for a map of locally topological finite-type adic spaces over ¥.. We
first recall the basics of the analytic cotangent complex introduced by Gabber—
Ramero in [18], of which we make a slight generalization from K-affinoid al-
gebras to B:{R,e—afﬁnoid algebras. We then introduce the analytic derived de
Rham complex for affinoid algebras and show various properties thereof. We
use the technique of hypersheaves and hyperdescent to extend the affinoid con-
struction to the global setting, which we explain in Subsection 5.4. Finally,
we compare the cohomology of the analytic derived de Rham complex to the
infinitesimal cohomology in Subsection 5.5 and thus prove Theorem 1.2.1.(ii).
Here we mention that we will use mildly the language of co-category in this
section, which is mainly to incorporate the use of hypersheaves via a procedure
of unfolding.

After that, we prove the éh-hyperdescent for the infinitesimal cohomology
in Section 6. Here we first show the descent along a blowup square of rigid
spaces over K in Theorem 6.1.2, following the strategy in [24, Chapter II].
The hyperdescent along an éh-hypercovering for the cohomology of a general
crystal is then shown in Theorem 6.2.5, where we use the base change formula
to reduce to the K-linear case in Theorem 6.2.2. This in particular implies
Theorem 1.2.1.(iii). The rest of the section is devoted to the finiteness of the
infinitesimal cohomology, the comparison with the algebraic cohomology, and
a base field extension result, namely items (iv), (v), and (vi) in Theorem 1.2.1.
We want to mention that as an object X’ € Xg, is not necessarily an open
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subset of X, in order to make sense of éh descent, we need to use crystals over
the big infinitesimal site X/Kinxr in this section. However, we will not lose
anything, for crystals and their cohomology are independent of working over
big or small sites, thanks to Proposition 3.1.7 and Corollary 2.2.8.

At the end of the article, in Section 7, we consider the infinitesimal cohomol-
ogy of a rigid space with coefficients in the de Rham period ring B(TR. Though
the topology on the ring BIR is not p-adic, we could still define the infinitesimal
site of X over B(J{R, denoted as X/Yi,¢, by taking the union of all X /¥, . We
show that the cohomology of a crystal over X /Y. ¢ is in fact the limit of the
cohomology of its restrictions onto X /X, in¢ in Theorem 7.2.3. In this way, we
could apply results of previous sections to study the cohomology of X /3, and
thus prove the Theorem 1.2.7 in the last two subsections.

As a convention, we will use the language of adic spaces throughout the
article. We refer the reader to Huber’s book [27] for basics of the theory.

2. Infinitesimal geometry over BIR,e

In this section, we introduce the basics around the infinitesimal geometry
over the de Rham period ring Bji'R o = B(TR /€¢ and over a p-adic extension

of Qp.

2.1. de Rham period ring and infinitesimal sites. — We first introduce the big
and the small infinitesimal sites of a rigid space over them and study two
natural maps between their topoi.

de Rham period rings. As a setup, we recall the basics of the de Rham period
ring. A more detailed introduction of the de Rham period ring can be found
in [17].

Let K be a p-adic valuation extension of @, that is complete and alge-
braically closed. Denote by Ok the ring of integers of K. Then we can define
the p-adic ring Ain(Ok) as

Ainf = W( @ OK)
T—xP
There exists a canonical continuous surjection 6 : Aj,y — O, where the kernel
ker(#) is principal. Fix a compatible system of p™-th root of unity {(,»}, in

K. Then the element ¢ := 191 generates the ideal ker(8), where [€] is the

el —1
Teichmiiller lift of the elerner[l‘g (C1,Cp,--) in Ajpg.
The de Rham period ring BjR is defined as the £-adic completion of the ring
Ainf[%}. By abuse of the notation, we write 6 : BIR — K as the canonical
continuous surjection induced from A,y — Ok . Note that for each n € N, we
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have

1

BdJrR/fe = Ainf |::| /feu

p
which is a p-adic Tate ring with a canonical ring of definition A;,¢/£€ in it. So we
can form a Huber pair (B /£¢, (B3R /£°)°) over (Qp,Z,) for n € N. The adic
space 3. := Spa(Bl /€¢, (Bl /£°)°) is a nilpotent extension of Spa(K, O).

In the rest of the article, we often use Ajnt and Bj{me to denote quotient

rings Aj,s/€° and Bji'R /&€, respectively, in order to simplify the notations.

Infinitesimal topology. We now introduce the infinitesimal site for rigid spaces.

DEFINITION 2.1.1. — Let e be a positive integer. A rigid space over Bj{Re is
defined as an adic space of topological finite presentation over .. Thus, X
can be covered by affinoid open subspaces which are of the form

Spa(BjR’e‘,(tl, ceoytn) /1),

where T is a (finitely generated) ideal in BjR’e(tl, ey tn).
The category of rigid spaces over X. is denoted by Rigs, .

Recall that for a map of rigid spaces f : U — T, it is called a nil closed
immersion if f is a closed immersion (defined by the vanishing of a coherent
ideal Z in Or), such that T' admits an open covering {T;, i}, with Z|7, being
nilpotent. The closed immersion is called nilpotent if there is an integer n € N,
such that I™ = 0. Note that a nilpotent closed immersion is always a nil closed
immersion. The converse is true locally or assuming the quasi-compactness of
the target space.

DEFINITION 2.1.2. —  (a) Let X be a rigid space over ¥,. The (small)
infinitesimal site X /Y int is the site defined as follows:

e The underlying category of X/, ¢ is the collection of pairs (U, T),
called the infinitesimal thickening, where T is a rigid space over X,
and U is an open subspace of X and a closed analytic subspace of
T, such that U — T is a nil closed immersion.

Here, morphisms between (U, T}) and (Us, Ts) are defined as maps
of pairs over Y. such that U; — U, is an open immersion inside X.

e A collection of morphisms (U;, T;) — (U, T) in X /%, in¢ is a covering
if both {T; — T, i} and {U; — U, i} are open coverings for the
rigid spaces T and U, respectively.

(b) The big infinitesimal site Rigs, vy over X, is defined on the category
of all of the pairs (U, T) for U — T being a nil closed immersion of rigid
spaces over Y., with the same covering structure as above.

(¢) The big infinitesimal site X/Yeing of X is defined as the localization
Rigs:, inv|x of the big site Rigy, inp at X, namely it is defined on the
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category of all of the tuples {(U,T),f : U — X}, where (U,T) is an
object in Rigy, i, and f : U — X is a map of rigid spaces over X..
The covering structure is induced from that of Rigs,_ inF.

By the definition of the infinitesimal site above, a sheaf F over the infinites-
imal site is equivalent to the data of Fr and ¢, as below:

e a sheaf Fp over the rigid space T for each infinitesimal thickening
(Ua T) S X/Zeinf;
e a map of sheaves over T,

ng : g_l]:Tz — ]:Tla
for a given morphism of infinitesimal thickenings (i,g) : (U1,11) —
(U2, Tz) in X/¥e inf;
together with the natural cocycle condition, namely for given morphisms

(Uy,Ty) M (Us, T3) M> (Us, T3) of infinitesimal thickenings, we have

equalities of maps
Phog = 9™ n 0 @y

The same holds for a sheaf over the big infinitesimal site. We call the category
of sheaves on X/Y¢inr (or X/Yeng) the infinitesimal topos and denote it by
Sh(X/Zeinf) (OI‘ Sh(X/EeINF».

For two sheaves F and G over the infinitesimal site, we sometimes use the
notation F(G) to denote the set of homomorphisms

Hom(G, F).

In the case where G is a representable sheaf hp for an infinitesimal thickening
(U, T), the above hom set is the set of sections

Hom(hy, F) = F(U,T).

There is a natural structure sheaf Ox s, over the big or small infinitesimal
site, which is defined as

Ox/s, (U, T) :=O0r(T), (UT) € X/Ecint-

Here we note that by the equivalent description right below Definition 2.1.2,
the above formula is naturally a sheaf. On the other hand, one can define the
analytic structure sheaf Ox on the infinitesimal sites via the formula

Ox(U,T) = OU(U), (U,T) € X/Eeinf.

By construction, there is a natural surjection of sheaves Ox /s, — Ox, and we
define the infinitesimal ideal sheaf Jx /5. to be the sheaf of kernel ideals for
the surjection.
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REMARK 2.1.3. — It is clear from the above definition that the infinitesimal
site can be defined for any pair of analytic adic spaces X — Z, not just for
X — ¥.. In particular, when Z = Spa(Kj) is a discretely valued field and X is
a rigid space over K, we get the analogous version of the infinitesimal site of X
over K. Moreover, there exists a natural map of sites X /King — X/Kq int,
defined by the base field extension.

Here are some basic properties of the infinitesimal sites:

LEMMA 2.1.4. — Let X be a rigid space over X.. Then we have

(i) The fiber product exists in the big and the small infinitesimal site of X
over Y. and is compatible with the inclusion functor between the big and
the small sites.

(ii) The equalizer exists in the big and the small infinitesimal site of X over
Y. and is compatible with the inclusion functor as in ().

(iii) The nonempty finite product is ind-representable in the big and the small
infinitesimal site of X over ¥, and is compatible with the inclusion func-
tor as in (i).

Proof. — (i) Let (V;,T;) for ¢ = 0, 1,2 be three objects in the big infinitesimal
site X/Xcinr, with arrows g; + (V;, T;) — (Vp,Tp) for @ = 1,2. Thus, each V;
admits a map to X, and V; — T; is a closed immersion that has a nil defining
ideal. Then we can form the fiber products of rigid spaces V3 := Vi xy;, Va
and T3 := T} xp, Ty over X, together with a natural map Vs — T3. Here the
existence of fiber products is guaranteed in [27, Prop. 1.2.2]. Any infinitesimal
thickening (V,T) that admits a compatible family of maps (V,T) — (V;,T;) for
1 =0,1,2 would produce a commutative diagram

V——T

|

V3 ——=T3.

So it is left to show that V3 — T3 is a nil closed immersion, which can be
checked locally by choosing affinoid open subsets of T;,7 = 0, 1,2, as we shall
explain.

For i = 0,1,2, we let T; be the affinoid adic space Spa(B;) and let each
closed subspace V; be defined by a nilpotent ideal I; C B;. We let A; for each
1 =0,1,2 be a compatible choice of subrings of definition of B; and let J; be the
intersection I;NA;, which satisfies the equality that .J;[1/p] = I; by construction
and in particular is nilpotent. Under the assumption, the fiber product T3
is Spa((A1 ®4, A2),[1/p]), and the fiber product V3 is Spa((A1/J1 @4,/
Aa/J2),[1/p]). Notice that as the kernel ideal .J of the surjection A1 ®4, A2 —
A1/J1 ®a,)0, A2/ J2 is generated by the image of the nilpotent ideals .Jo, Ji,
and Js, the ideal J in particular is nilpotent itself. As a consequence, since the
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kernel for the p-completed surjection (A1 ® 4, Ag);\ — (A1/J1 ®ay /0, AQ/J2);)\
is generated by the image of J, we see that the closed immersion V3 — T3 is
indeed a nilpotent closed immersion.

Finally, we note that when (V7,T;) comes from the small site for i = 0, 1,2
(namely the map V; — X is an open immersion for ¢ = 0, 1,2), then the fiber
product V3 = V; xy, V3 is also open in X. In particular, the fiber product in
this case lies in the small site X /Y in¢.

(ii) For the equalizer, consider the two arrows «, 5 : (V1,711) = (Va,T») in
X/Zenr. Here both Vi and V5 admit a map to X, and V; — T; are nil closed
immersions. We can first form the equalizer V3 of Vi = V5 and T3 of T7 = T5
in the category of rigid spaces over ¥, by the pullback diagram

V3 —m—W; I3 ——1T)
Vo —— V5 x5, Vo, T, ——1T5 xx, Ts,

where the bottom horizontal maps in both diagrams are diagonal embeddings.
The left diagram admits a natural map to the right. Moreover, we notice
that V3 — T3 is a nil closed immersion, as all of the other three terms in the
diagram of V3 are nil immersed into the diagram of T3. Furthermore, as the
map Vi — Vi x5, Vo factors through Vo xx Vo — Vo x5, Va, the pullback V3
is also isomorphic to the equalizer of V; = V5 in the category of rigid spaces
over X. In this way, the object (V3,T3) € X/Y.nF obtained above forms the
equalizer of o, 8 in the category.

We last note that the case when «, 8 comes from the small site is exactly
when both of the arrows V3 = V, are open immersions (hence they are the

same), where the obtained base change V3 ~ V5, x Vi ~Voxy, Vi =V s
V2 ><XV2

also open in X. Thus the construction of the equalizer is compatible with the
one in the small site.

(iii) Let (V;,T;) for ¢ = 1,2 be two objects in the big infinitesimal site
X/Yeanr- Then we can form the fiber product V3 := V] x x Vo over X and the
fiber product 17 x5, Ts over ¥, together with a natural map from V3, such
that any object (V',T') € X/X.nr that admits a map to (V;,T;) for i = 1,2
will admit a unique map onto the pair of rigid spaces (V3,11 x5, T2).

Now the only problem is that the pair (V3, T} x5, T2) is almost never a pair
of infinitesimal thickening. However, notice that the map Vi — T x5, 15 can
be written as the composition

Va=Vixx Vo — Vi x5, Vo — T x5, Ty,

where the first map is a locally closed immersion (a composition of a closed
immersion and an open immersion), and the second map is a nil closed im-
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mersion. This allows us to form the direct limit? lim Y,, of all infinitesimal
neighborhoods of V5 into 17 xyx, T>, where each Y, is the m-th infinitesimal
neighborhood of V3 inside of 77 xx, T5. In this way, the fiber product of
(V4,Ty) and (Va,T3) is ind-represented by the colimit of (V3,Y,,), for locally,
each map from an object (V/, T") onto the pair (V3,Ty x5, Ts) factors through
some (V3,Y,,) by Lemma 2.2.5.

Finally, we note that the construction is independent of big or small infini-
tesimal sites. Moreover, when V; and V5 are open in X, from the construction
above, the rigid space V3 is also open in X. Thus, the nonempty finite product
is compatible between the big and the small sites. O

REMARK 2.1.5. — In fact, the ind-representable sheaf for the directed limit
@m Y, is the envelope of the immersion V3 — 17 xyx, T3, which we will
introduce in Definition 2.2.1 soon.

Relation between big and small sites/topoi. Given a rigid space X over %, there
are two natural morphisms of topoi between the big infinitesimal topos
Sh(X/Y.nr) and the small infinitesimal topos Sh(X/X.in) of X. To see this,
we first notice that by constructions, there exists a natural inclusion functor

X/Zeinf — X/EEINF'
The inclusion functor is continuous in the sense of [3, Tag 00WV] and thus
induces two functors between their topoi ([3, Tag 00WU]):
e For a sheaf F € Sh(X/3.in¢) over the small site, there exists a preimage
functor p~?!, with 4~ !F being the sheaf associated with the presheaf

X/Eenr 2 (V,8) — lim F(U,T).
(V,8)—=(U,T)
(U,T)EX/Ee inf
By Lemma 2.1.4, the functor x~! commutes with nonempty finite limits.
e The direct image functor p,, which is the right adjoint of x~! and is
computed by the restriction. Thus, for a sheaf G € Sh(X/X.nr) over

the big site, we have p.G(U,T) = G(U,T).

This pair of adjoint functors in fact forms a morphism of topoi
o Sh(X/EeINF) — Sh(X/Zeinf).
To see this, we claim the following:

LEMMA 2.1.6. — The left adjoint functor = : Sh(X/Seint) — Sh(X/Zenr)
commutes with any nonempty finite limit.

2. The direct limit is called the envelope for the locally closed immersion and will be
formally introduced in Section 2.2, to which we refer the reader for detailed discussions.
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Proof. — To see this, we first notice that as a left adjoint functor commutes
with any small colimit, by [3, Tag 0GLW], it suffices to show this for a finite
diagram of representable sheaves. Moreover, as a nonempty finite limit can
be formed by a finite number of nonempty finite products and equalizers ([3,
Tag 04AS]), it suffices to show that ;~! commutes with finite products and
equalizers of representable sheaves, which is given by Lemma 2.1.4. So we are
done. g

The above, by definition, means that the left adjoint functor u~! is exact,

when we transition to the minimal enlargement of the infinitesimal sites by
adding the final object (cf. [3, Tag 03A1])?, and hence we get a morphism of
topoi ([3, Tag 00X1])

o Sh(X/EeINF) — Sh(X/Zeinf)-

On the other hand, the inclusion functor is cocontinuous in the sense of [3,
Tag 00XJ]. This is because if a collection of thickenings {(U;, T;)} C X/ cnF
covers a given (U,T) € X/X.in¢ in the big site, then each (U;,T;) is also an
object in the small site, which together form a covering of (U, T). So by [3, Tag
00XO], the inclusion functor induces another map of topoi

L Sh(X/Eeinf) — Sh(X/EeINF)7
consisting of the following adjoint pairs of functors:
e The functor ¢! = i, : Sh(X/Zcnr) — Sh(X/Xcint) is the restriction
functor, which commutes with any finite limits.
e The functor ¢y : Sh(X/Xcinf) = Sh(X/Zcinr), which is the right adjoint
of the functor !, sending a sheaf F over the small site to the sheaf ¢, F
with the equality
X/Zer 2 (V. 5) — lim FU,T).
(V,S)—(U,T)
(U,T)EX/Se i
Here, we notice that when the thickening (V;S) is an object coming from the
small site X/ i (namely V' — X is an open immersion), from the description
above, we then have

(e F)(V,8) = F(V,5).

Furthermore, notice that given an arrow (V1,77) — (V5,T3) in the big infin-
itesimal site X/3.inF, the associated morphism of rigid spaces Vi — V5 is an
X-morphism. This in particular implies that the inclusion functor X/%. s —
X/Yanr is fully faithful, as when (V1,T1) and (Va,T5) come from the small

3. Precisely, as both infinitesimal sites do not admit the final object (equivalently the
empty product), it does not make sense to talk about the right exactness of the functor p L
To remedy this, one can enlarge the sites by adding the final objects simultaneously, which
will not change the corresponding topoi by loc. cit.. In particular, the induced functor of

pu~1 on the enlarged sites preserves all finite limits.
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site, the only X-morphism between V; and V5 is the open immersion. So by
[3, Tag 00XS, Tag 00XT] and Lemma 2.1.4, we have*

e The functor x~! commutes with fiber products and equalizers (so with

all finite connected limits).
e The canonical natural transformations below are isomorphisms of func-
tors:

id—>,u*0,u_1; L_lob*zu*ob*—>id.

2.2. Envelopes. — Analogous to the infinitesimal theory of complex varieties
in [20] and the crystalline theory of schemes in positive characteristic in [5], we
can define the envelope for a locally closed immersion X — Y of rigid spaces.

DEFINITION 2.2.1. — Let Y be a rigid space over ¥, and X be a locally closed
analytic subspace in Y, defined by a coherent ideal I in Oy for U an open
subset inside of Y. We denote by Y,, the n-th infinitesimal neighborhood of
X in Y, which forms an object (X,Y;,) in X/X. iyt and is defined by the ideal
I+t

The envelope Dx(Y) of X in Y is an object in the infinitesimal topos
Sh(X/X.int), defined by the colimit of the direct system of representable sheaves
hy, of (X,Y,) in Sh(X/3¢int):

Dx(Y) = lir hyn.

Note that the definition also works for the big infinitesimal topos
Sh(X/%.nr), and under the natural inclusion functor X/¥.ins — X/XcinF,
the notions of the envelopes coincide.

REMARK 2.2.2. — In many situations, it is convenient to regard Dx (Y') as an
actual locally ringed space, instead of a direct limit of representable sheaves
in the infinitesimal topos. Here the associated ringed space structure of the
envelope Dx(Y) has the same topological space as the adic space X, and
the structure sheaf D = lim Oy, is the inverse limit of structure sheaves of
infinitesimal neighborhoods Y,,.

REMARK 2.2.3. — The existence of the colimit in the topos is guaranteed by
[3, Tag 0OWTI].
REMARK 2.2.4. — Here we want to mention that different from the crystalline

theory of a scheme over Z,/p®, the envelope is almost never representable. In

4. Tn the notation of [3, Tag 00XR], the functor u~! is equal to the functor ¢.
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the mixed-characteristic case, the divided-power structure enforces the defin-
ing ideal for a divided-power thickening to be nilpotent. However, in equal-
characteristic zero such a condition is lost and the envelope is not an infinites-
imal thickening. This in particular appears when we consider the crystalline
theory of a scheme over C.

Though the envelope fails to be representable, we do have a description of
an envelope that is similar to a representable sheaf:

LEMMA 2.2.5. — For a closed immersion X — Y of rigid spaces over ., the
envelope Dx (Y') is isomorphic to the sheaf on X/Xeins (and X /XN ), defined

by
(U, T) — Hom((U,T), (X,Y)),

where Hom((U,T), (X,Y)) is the set of commutative diagrams of X.-rigid
spaces

I Ve

U

U——X

)

with U — X being the structure morphism for the object (U, T).

Proof. — We first notice that we have a natural map
Dx(YV)((U,T)) = lim Hom((U,T),(X,Y,)) — Hom((U,T), (X,Y)),
neN

induced by closed immersions Y,, — Y;,+1 — Y. So it suffices to check that for
a pair of affinoid rigid spaces (U, T) = (Spa(R/J),Spa(R)) in the infinitesimal
site, the above is an isomorphism.

For the surjection, we notice that since (U, T') is an affinoid rigid space over
Y, the ring R is Noetherian and J is nilpotent. In particular, there exists an
n € N, such that J"* = 0. So the map Spa(R) — Y factors through a map
Spa(R) — Y.

For the injection, assume there are two maps «, 8 : T — Y,, of rigid spaces
over Y, whose compositions with Y,, — Y are equal. Note that since Y,, — Y is
a closed immersion, by restricting to an affinoid open covering of Y (thus Y;,),
the compositions can be translated into the following maps of Bj{R,e—algebraS:

A— A" - R.

So the equality of the maps A — R implies that the maps A/I"*! — R are
equal and hence implies the equality of «, 3. O
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The following simple observations justify this name of the envelope:

LEMMA 2.2.6. — Assume Y is smooth over .. Then the envelope Dx(Y) for
a closed immersion of X in'Y covers the final object in the infinitesimal topoi
Sh(X/Ycint) and Sh(X/Xnr). In other words, the map from Dx(Y) onto the
final object in the infinitesimal topoi is an epimorphism of sheaves.

Proof. — We denote by 1 the final object in Sh(X/3¢inf) or Sh(X/XcnF).
Then, to show the surjection of the map of sheaves

Dx(Y) —1,

it suffices to show that any object (U, T) in the infinitesimal site locally admits
a morphism to Dx (YY), namely there is an open cover (U;,T;) of (U,T') such
that each (U;, T;) admits a map to Dx(Y).

For an affinoid thickening (U,T) = (Spa(R/I),Spa(R)) with an open im-
mersion U — X, since U — T is a nil closed immersion and R is Noetherian,
there exists an integer m such that I™*! = 0 in R. By assumption that Y
is smooth, locally there exists a morphism from Spa(R) to Y that makes the
following diagram commute (cf. [27, Def. 1.6.5]):

Spa(R/I) —— Spa(R)

i i

X—Y.

By the nilpotence of the ideal I, the map Spa(R) — Y factors canonically
through Y, for n > m. Thus the map Spa(R) — Y factors through the direct
limit Dy (Y) = hgneN hyn —Y. U

The above allows us to give a very general formula to compute the cohomol-
ogy over the infinitesimal site, using the Cech nerve for an envelope.

PROPOSITION 2.2.7. — Let X — Y be a closed immersion into a smooth rigid
space Y over X.. For n € A, we denote D(n) to be the simplicial space where

each D(n) is the envelope of X in Y (n) := Y= . There is then a natural
isomorphism of cohomology for a sheaf F over the small infinitesimal site

RT(X/Ycint, F) — R [l%mA RT(D(n), F).
n|e
It similarly holds for the big infinitesimal site.

Here we want to mention that for each n € A, the derived section functor
RT'(D(n), F) is computed via the inverse limit

R lim RT((X.Y (n),0). F),

meN
where each Y (n),, is the m-th infinitesimal neighborhood of X in Y (n).
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Proof. — We first notice that D(n) is in fact the (n + 1)-fold self-product of
Dx(Y) in the infinitesimal topos Sh(X /X in¢) (or Sh(X/X.nr), respectively).
This is because by Lemma 2.2.5, we know that

D(n) - Hom(fa (Xa YnJrl))v

which is the same as the contravariant functor Hom(—, (X,Y"))"*! on the infini-
tesimal site. So the simplicial object D(e) is in fact the coskeleton cosky(Dx (Y))
over the final object (in other words, the Cech nerve for the map of sheaves
Dx(Y) — 1). In this way, since Dx(Y) — 1 is an effective epimorphism
(Lemma 2.2.6), by [3, Tag 09VU], D(e) — 1 is a hypercovering, and we get a
natural equivalence of derived functors
RE(X/S.inr, =) = RE(D(s), =) = R lim RV(D(rn),-). 0
nje
As an upshot, we see that the restriction functor from the big infinitesimal
topos to the small one preserves the cohomology.

COROLLARY 2.2.8. — Let F be an object in the derived category of sheaves
over X/Ynr. Then the restriction functor 1=! = p. : Sh(X/Zanr) —
Sh(X/Xcint) (¢f. Paragraph 2.1) induces the following isomorphism:

RT(X/Seint, fixF) — RT(X/Sanr, F).

Proof. — We first assume X admits a closed immersion into a smooth rigid
space over .. The claim in this case then follows from Proposition 2.2.7, as an
envelope is a direct limit @meN hy (n),. of representable objects in the big and
the small sites, and the restriction functor produces the natural equivalence

RT(D(n), F) — RT(D(n), u.F).

In general, we may take a hypercovering by affinoid open spaces of X first
to reduce to the above special cases, since an affinoid rigid space Spa(A)
is topologically of finite type and the ring A thus admits a surjection from
BjR’e<T1, ..., T,) for some n € N. O

2.3. Infinitesimal and rigid topology. — In this subsection, we relate the infin-
itesimal topos and the rigid topos to one another.

Let X be a rigid space over ¥.. Recall that there is a Grothendieck topology
X.ig on the category of open subsets in X, called the rigid site X,,.

Consider the following two functors:

UX/EC* : Sh(X/Zeinf) — Sh(Xrig);
Fr—= (U =T(U/Zcint; Flu/s. i)
uy)s, t Sh(Xig) — Sh(X/Zeinp);
Er— ((U,T) = EU)).
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For a given infinitesimal thickening (U, T), since (u;(}zeé')T is equal to the
sheaf £|y on Uiz ~ Tiig, the functor “)_(}2 commutes with the finite inverse
limit. Notice that the pair (u}}ze, ux/s, ) is adjoint. Thus we get a morphism
of topoi ([3, Tag 00XA])

’IJ,)(/Ee : Sh(X/Eeinf) — Sh(Xrig),
which we follow [5] and call the projection morphism.

The projection morphism wux/ s, admits a section. Consider the functor
X/Ecint = Xiig, sending (U, T) onto the open subset U of X. By the definition

of X/X¢int, a covering of (U, T) is mapped onto a covering of U. In particular,
the map of sites is continuous in the sense of [3]. So we get a morphism of sites

ix/s.  Xeig — X/Teint.
The morphisms induces a map of topoi, in a way that for £ € Sh(Xyg),
ix/s.EU,T) = EU),
and for F € Sh(X/3¢int), we have

FU)= lm  F(V,T)=FU,U)
(U,U)—(V,T)

1
tx/s.

From the description, we see that the functor Z;(}z is the restriction functor
sending a sheaf F over X /Y.yt to its restriction Fx on the rigid space X.

REMARK 2.3.1. — By the construction of ix/s;, and ux/x_, on the rigid topos
Sh(X,ig), we have

UX/5 5 O UX /5. = id, i%}ze °© u?{}ze = 1d,
which implies that those morphisms of topoi satisfy

Ux/ze Oix/ge = id.

This justifies the name of the projection morphism.

REMARK 2.3.2. — The construction here naturally generalizes to two mor-
phisms between the big infinitesimal site X /¥ cinr and the big rigid site Rigy,_|x
for a given rigid space over X.

2.4. Functoriality. — In this subsection, we introduce natural maps of infini-
tesimal topoi associated with a map of rigid spaces similar to the construction
in [3, Tag 07IC, 07IK].

Let f: X — Y be a map of rigid spaces over X/, and assume the structure
map X — Y. factors through X, for non-negative integers e < e¢’. By the
construction of the big infinitesimal site, the map f induces a natural functor
between X /Y Nk and Y/E.nF, satisfying

X/Sene 2 (U T),U = X) — (UT),U - X > Y),
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where the map U — X — Y is the composition of the map f with the structure
map of (U,T) € X/E.nr. Then it is easy to check that this functor is both
continuous and cocontinuous and commutes with fiber products and equalizers
(cf. Lemma 2.1.4). This in particular implies that the functor above induces a
morphism of topoi ([3, Tag 00XN, 00XR])

fing 1 Sh(X/3eng) — Sh(Y/Eeinr),
such that

e The inverse image functor fﬁ\IlF commutes with arbitrary limits and col-
imits, such that for a sheaf G over Y/Y¥.nr, we have

fI?\Ing(U7 T) = g(Ua T)v

where the second (U, T) is regarded as an object in Y/¥.np by U —
X =Y.

e The direct image functor fing., which is the right adjoint to the functor
fI]\IlF, sends a sheaf F € Sh(X/Y.nr) to the sheaf fing.F such that the
section is given by

Y/Eewr 2 (V,9) — lim F(U,T).
(U, T)=(U,T)
(V,8)eX/ZeINF,
V—=U compatible with f

Now we consider the small topoi Sh(X/¥¢in¢) and Sh(Y /3. ing). Analogous
to [3, Tag 07IK], we use the map of big topoi to connect them. Consider the
following diagram:

fINF

Sh(X/EeINF) EE—— Sh(Y/Ee/INF)

LXT iw

Sh(X/Sein) ;> Sh(X/Eer).

Here, we define the morphism of topoi fins : Sh(X/Yeint) = Sh(Y /X inf) to
be the composition

finf = py o fINF O Lx-

Then by the definition of those functors, we have
e For a sheaf G € Sh(Y/Z. inf), the inverse image f; /G is given by the
“restriction” of u;lg to the category X /Y. int via the map f, and it is

equal to the sheaf associated with the presheaf

X/Eeint 3 (U,T) — h_I)n Gg(v,9s).
(U, T)—~(V,S)
(V,S)EY /[t iy,
U—V compatible with f
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e The direct image functor fiur« sends a sheaf F € Sh(X/3¢inf) to the

sheaf
(U,T)=(V,S)
(U, T)eX/SeInF
U—V compatible with f
REMARK 2.4.1. — In the special case when G = hg is the representable sheaf

of (V,S) € Y/Xu ing, its inverse image fi;flhs has a simpler formula by
faths(U,T) = Homy (U, T), (V,5))
X<~—U-"o7

:= ( commutative diagrams fl
\ ) \

Y~y g

Here the notation “nil” means that the arrows below are nil closed immersions,
and the map T — S is a map of rigid spaces over X./.

REMARK 2.4.2. — The functoriality of infinitesimal topoi is compatible with
the projection morphism to the rigid topos and its section. Thus the following
two diagrams are commutative:

Sh(X/Sein) 2> Sh(Y/Serin) . Sh(Xysg) ——> Sh(Yisg)

ux/zel luY/Ze/ iX/EE\L iiy/ze,

Sh(Xyig) — Sh(Viig)  Sh(X/Seint) —= Sh(Y/Se inf)-
The commutativity can be checked readily using explicit formulae above, and
we will not expand but refer the reader to [3, Tag 07KL] for the analogue in
classical crystalline theory.

We also want to mention that fi,s is naturally a map of ringed topoi under
the infinitesimal structure sheaves, and we could define the pullback functor f,
on the category of Oy/s-sheaves similar to the scheme theory. Here, given a
sheaf of Oy/sy-modules G and an object (U,T) € X/X.ins, the restriction of
the pullback fi¥;G at the rigid space T is equal to the colimit

hﬂ h*(Gs).
h:(U,T)=(V,S)
(V,8)eY/s.

inf

REMARK 2.4.3. — Here we remark that when f : X — X is the identity map
but e is strictly smaller than €', the transition morphism fi,s : Sh(X/2einf) —
Sh(X /X inf) is induced from the map of sites finr : X/Zeint — X/Ze int,
where the corresponding functor sends (V,S) € X/%. in¢ onto the thickening
(‘/7 S XES, Ze)-
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3. Crystals

In this section, we study the coherent crystal and its canonical connection.

Before we start, we mention that though stated for rigid spaces over BCTR,W
the results and proofs in this section hold true verbatim for rigid spaces over
an arbitrary p-adic extension K of @y, namely K is a field that is complete
with respect to a non-Archimedean valuation extending that of Q.

3.1. Crystals and their connections. — We first introduce the coherent crystal
and a canonical connection associated with it.

Sheaf of differentials.

DEFINITION 3.1.1. — The infinitesimal sheaf of differentials Q&/Eemf is a sheaf

of OX/ze—modules on X /Y. inr defined as
g(/Ecinf<l]’ T) = Q;?‘;?:(T)’ <U7 T) € X/Ze inf
locally given by the continuous differentials over X..

Similarly, we could define the infinitesimal sheaf of differentials QfX /Suie
over the big site X/Y.np. It can be checked easily that the restriction
L_IQ%/ZcINF at the small site is equal to Q&/Ecmf'

Here we recall the definition of the sheaf of continuous differentials as follows:
let T be a rigid space over 3, and T'(m) be the m + 1-th self-product of T" over
Ye, which is equipped with m + 1 projection maps onto T" and the diagonal
map from T. For each m € N, we denote T'(n),, as the m-th infinitesimal
neighborhood of T in T'(n). Then each infinitesimal thickening (T,T(n),,) is
an object in X/¥ins.

Let I7 be the coherent sheaf of ideals in Or(;), defined as the kernel of
the map Opy — Or given by the diagonal 7' — T'(1);. Then the sheaf of
continuous differentials Q%,lcozzt is the coherent sheaf I7/I% over T. It can be
checked that the sheaf of continuous differentials satisfies the universal property
among continuous BjR’e—linear derivatives. Without mentioning, we will use
Q% /s, to denote the i-th continuous differentials to simplify the notation.

Crystals.

DEFINITION 3.1.2. — Let F be a coherent sheaf over X /Y. in¢ (resp. X/Xeinr).
Thus, F is a sheaf on the infinitesimal site X/, s (resp. X/Xcinr) such that
Fr is a coherent Op-module for each infinitesimal thickening (U, T) in X/ in¢
(resp. in X/Y.nw). We call F a coherent crystal if for each morphism of
thickenings (i,g) : (U1,T1) — (Ua,T2) in X/¥cins (resp. in X/Y.nr), the
natural map

g*fTQ = OTl ®g—1OT2 gil}—T2 — ‘FTl

is an isomorphism of Or, modules.
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ExAMPLE 3.1.3. — The easiest example of a coherent crystal is the infinites-
imal structure sheaf Ox 5, , defined either over the small or big infinitesimal
sites of X over X..

REMARK 3.1.4. — The infinitesimal sheaf of differentials is not a crystal in
general, though it is a coherent sheaf over Ox /s .

Here it is not hard to see that the pullback of a coherent crystal is a crystal.

LEMMA 3.1.5. — Let f : X — Y be a map of rigid spaces over ¥/, and assume
the structure map X — %o factors through X for non-negative integers e < €.
Let G be a coherent crystal over Y /Yo ing. We denote fins to be the functoriality
map of infinitesimal topoi fint : Sh(X/Teint) = Sh(Y/Ze ing)-

(i) Let (g,h): (U,T) — (V,S) be a map of thickenings for (U, T) € X/Zcint
and (V,S) € Y/Se int, respectively, such that g : U — V is compatible
with f : X =Y. Then the restriction of f;;G at T is naturally isomor-
phic to the pullback h*(Gs) of the coherent sheaf Gs over S along the
map of rigid spaces h : T — S.

(ii) The pullback f:G is a coherent crystal over X /Y ins.
(iii) Both (i) and (ii) hold true for fing : Sh(X/Zenr) = Sh(Y/Zeanr) and
a coherent crystal G over big infinitesimal sites.

Proof. — Let (U,T) be an object in the infinitesimal site X/X.i,s. By the
construction, we know that the restriction of the pullback f .G at the rigid
space T is equal to the colimit

iy h(Gs).

he(U,T)=5(V,S)

(V,8)EY /S0 it
where h : T — S is the map of rigid spaces over X,. On the one hand, by the
definition of the coherent crystal, for a commutative diagram of infinitesimal
thickenings

(V;.5)

(U,7) (v, 8"

W
that is compatible with f : X — Y, the pullback (h”)*(Gs) is equal to the
coherent sheaf Gg over S. On the other hand, as in Lemma 2.1.4, the finite
products are ind-representable in the small site Y/X./ iy In particular, given
two maps of thickenings h; : (U, T) = (V,S), where U — V is the compatible
with f, both h; locally factor through a thickening (V, S(1),,) for an infinitesi-
mal neighborhood S(1),, of V' in S(1) = S xx_, S. As an upshot, the pullback
h*Gs is independent of the map h. In this way, the restriction of f:.G at T,
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which is equal to the colimit above, is naturally isomorphic to the coherent
sheaf h*(Gs) over T for any map of thickenings h : (U,T) — (V,S), where
(U,T) € X/Zcint and (V,S) € Y/Z. ins. This finishes the proof of (i).

To check the crystal condition of f;; .G, it suffices to note that given a map of
objects g : (Uy,T1) — (Uz, T2) in X/, ins and a compatible map of infinitesimal
thickenings h : (U, Tz) — (V,S) for (V,S) € Y/E¢/ int, we have

(fiut9)r ~ 9" (Gs) ~ g (fiurG) 1
Finally, notice that the proof is applicable no matter whether the structure
maps U — X and V — Y are open immersions. So we are done. 0

EXAMPLE 3.1.6. — An example of a coherent crystal over the big site is the
pullback of a crystal from the small site

pWF=p"'F Q@ Ox/5nes
p=10x/5

e inf

where 11 : Sh(X/Xnr) — Sh(X/Xeint) is the canonical map from the big topos
to the small topos, as in Subsection 2.1. Here the proof is identical to that of
Lemma 3.1.5.

In particular, the pullback p*F locally satisfies the same formula as in
Lemma 3.1.5.(i). For a crystal F over the small site X/X.i,¢ and a thick-
ening (U,T) € X/X.nF in the big site, the restriction of the infinitesimal
sheaf p*F on T is naturally isomorphic to the pullback ¢*(Fg). Here the map
g : T — S of rigid spaces comes from an arbitrary commutative diagram of ob-
jects (¢,9) : (U, T) — (V,S) in X/Tnr that is compatible with their structure
maps U — X and V — X, such that V — X is an open immersion.

In fact, we have the following results about crystals over big and small
infinitesimal sites:

ProrosiTiON 3.1.7. — Let X be a rigid space over BIPMC. There exists a
natural equivalence as below:
{coherent crystals over X/Seint} <= {coherent crystals over X/¥.nr};
F— u*F;
pseG < G.

Here we recall from Paragraph 2.1 that the functor u. is the restriction
functor from Sh(X/Y.nr) to Sh(X/Xeing)-

Proof. — Tt suffices to show the compositions are equivalences. Given a co-
herent crystal F over the small infinitesimal site and a thickening (U,T) €
X /3¢ int, we have

(ep™ F)r = (0" F)r
= ]:Ta
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where the second equality follows from the Example 3.1.6 for the identity map
(U, T)— (U,T).

Conversely, let G be a coherent crystal over the big infinitesimal site X /% inF.
For any object (V,S) € X/Y.nr, it can always be covered by open affinoid
subsets (V;, S;) such that each (V;,.5;) admits a map to a thickening (U, T) €
X/Yeint.®> We denote g : S; — T to be the associated map of rigid spaces.
Then by the crystal condition of G, we have Gg, = ¢*(Gr). As an upshot, by
Example 3.1.6 again, we get the following equalities:

(1 psG)s, = 9" (1sG)1)
= g*(Gr)
=Jg,.

So we are done. O

Connection. Recall the definition of general connections for a coherent sheaf.

DEFINITION 3.1.8. — Let F be a coherent sheaf over X/¥.ins. A connection
of F is an BjRje—linear morphism of sheaves
. 1
V:iF— ]-"®(9X/Ecinf QX/Eeinf’

such that V sends f -z onto fV(x) + 2 @df for f and x being local sections of
OX/Zeinf and F, respectively.

Here we want to mention that similarly, we can define the connection for
coherent sheaves over the big infinitesimal site.

Now let F be a coherent crystal on X /Y. ,¢, and let (U, T) be an object in
X/Zeint- Then, by the definition of crystals, the two projection maps po, p1 :
T(1); — T induce an isomorphism of Or(y),-modules:

ET IpS]:T ~ fT(l)l ~ pT.FT.
This induces a morphism of Op-modules given by
Fr — Orq), ®0y Fr —— Fr ®or Or(1),,

x 1@zt er(1®a).

Here we identify the sheaf of the Orp(;),-module pi Fr as Op(1), ®o, Fr (simi-
larly for pgFr = Fr ®o, Or(1), ). Besides, the pullback of the above sequence
along the diagonal map T" — T'(1); is the identity, so the image of er(1 ® x)
under this pullback map is exactly x.

5. To see this, we may assume that the structure map V; — V — X maps into an open
affinoid subset U of X, where U admits a closed immersion into a smooth rigid space Y.
Then, since V; — S; is a nilpotent thickening, by the smoothness of Y, the map V; — U
induces a map S; to some Y;,, where Y;, is an infinitesimal neighborhood of U in Y. Thus
the claim follows, as (U, Ys,) is in the small site X /X ins.
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The map in fact defines a canonical connection structure on the sheaf of the

Op-module Fr by
Vr: Fr——Fr Ror Q;/Ee'
z——cer(l®x)—2z®1.

Here Fr®o, QlT/ze =Fr®o, IT/I% can be identified as a subsheaf of Fr ®0,,
Or(1),, since Op(1), decomposes into the direct sum Or & Q}/Ee as a left Op-
module. Note that the map satisfies the axiom for the connection, in the sense
that for a section f of Or and x of Fr, we have

Vr(f-z)=fVr(z) +z@df,
where df =1® f — f® 1 is in QlT/EE.
We also notice that the above is functorial with respect to (U, T) € X/ int,

in the sense that for a morphism (i,g) : (Uy,T1) — (Ua,T2), we have the
following commutative diagram:

g (]:Tz) —T2> g (FT2 ®OT2 Q%—‘?/Ze)

| !

Fr, —— 2 Fr, ®oy, Qb
T1 T1 OTl Tl/Ee'

In particular, the functoriality leads to the morphism of sheaves over infinites-
imal site X /¥ inf
ViF — F®oys, Q}(/me.

DEFINITION 3.1.9. — Let F be a coherent crystal over the infinitesimal site
X/Yeint- The canonical connection of F is defined as the morphism as above

V: f*)f@(’)x/ze Q%{/E

einf’

Finally, assume that X — Y is a locally closed immersion of rigid spaces
over BXR’E such that Y is smooth, and let F be a coherent crystal over X/X..
By taking the evaluation of the canonical connection of F at the envelope
D= hﬂneN Y,., we get a natural BIR, .-linear continuous connection over D:

Vp:Fp — Fp Koy Q%//Ey

satisfying the local formula that Vp(fz) = 2 @ df + fVp(x), where f and z
are sections of Op = I'LnnEN Oy,, and Fp, respectively. More generally, given
a coherent sheaf M over the envelope D, we define a connection V on M to
be a BIR7e—linear continuous map

VM . M —>M®OY Q%//Ee

that satisfies the same formula above.
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de Rham complex of a crystal. Similar to the flat connection over schemes ([4],
Chapter II, Section 3.2), we can associate a natural de Rham complex to a
coherent crystal over the infinitesimal site X/X.ins or X/ZnF by the integra-
bility of the canonical connection.

Let F be a coherent sheaf over Ox /s, with a connection V. For each k € N,
we can associate an Oy s, -linear morphism

k. k k+1
Y% ']:®OX/2‘1 QX/ZJe — ‘7:®OX/E€ QX-;Eeinf’
locally given by
Twr— V(@) Aw+ 1z ® dw.
This produces a chain of maps
1

(]: ®OX/Ee Q—.X/Eeinf’ V) =0 F ¥ F ®0X/Ee Q%(/Eeinf v o

The connection is called integrable if the composition V! o V is zero, un-
der which assumption we call the above complex the de Rham complex of F.
Analogously, for a given envelope D of a locally closed immersion X — Y into
a smooth rigid space Y and a coherent module with connection (M, V r() over
D, we say V q is integrable if the composition V}Vl o V u is zero.

The following proposition justifies the name of the de Rham complex:

PROPOSITION 3.1.10. — Let F be a coherent crystal over X/¥int, and let V
be its canonical connection defined in the last subsection. Then for each k € N,
we have

ARREAVAE )
In particular, the de Rham complex of F is in fact a complex.

Proof. — The proof is identical to that for a crystal over the crystalline site of
a scheme, and we refer the reader to[3, Tag 07J6). O

3.2. Crystal in vector bundles. — Given a coherent crystal F over the infini-
tesimal site X/X.ine, we say F is a crystal in vector bundles if the restriction
Fr is locally free of finite rank over Op for every object (U,T) € X/X.int.
In this subsection, we provide a simple criterion when a coherent crystal is a
crystal in vector bundles.

DEFINITION 3.2.1. — A coherent crystal F is flat over B;rR . if for any thicken-
ing (U, T) in the infinitesimal site with T being flat over BXR’G, the restriction
Fr at T is also flat over BIRﬁ.

THEOREM 3.2.2. — Let F be a coherent crystal over X /3¢t that is flat over
B(TRe in the sense of Definition 3.2.1. Then F is a crystal in vector bundles.
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Proof. —

Step 1. — We first consider the case when e = 1. Let us assume that X is
defined over K and F is a coherent crystal over X /K, or X/Kinr, where the
flatness of F over BIR,e = K is automatic.

For m € N, let T'(1),,, be the m-th infinitesimal neighborhood of T'in T'x ;T
The projection map pr, to the first factor induces a map from T'(1),, to T via

he T()p —=T xx T —2=T.

Moreover, as T' = T'(1)p admits a closed immersion into 7'(1),,, we can form
the following non-commutative diagram of thickenings:

(%) T
NG
T(l)m T) T(l)m
h

Here we notice that the composition T T'(1),,, — T above is the iden-
tity. We denote the composition of the map h : T(1),, — T and the closed
immersion T — T'(1),,, by g : T(1)y, — T'(1)s,. Then we get two maps of
thickenings of U as follows:

7

Then, by the definition of the coherent crystal, pulling back along the above
two arrows induces an isomorphism of coherent sheaves over T'(1),,

G Fry, — Fr),.-
Moreover, by the assumption on g, we have
() 9" Fry,, = h*Fr.

Now we base change the diagram (x) above along the closed immersion
t : Spa(K) — T of any K-point ¢ of T. By the construction of the map
h:T(1), — T, we get a non-commutative diagram

t*SpaK
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where t,, is the m-th infinitesimal neighborhood of ¢ in T', and the base changed
map h : t,, — ¢t = Spa(K) is the structure map of ¢,, over Spa(K). Further-
more, after the base change, the isomorphism ¢*Fp(1),, ~ Fp(1),, in (¥*) be-
comes the following isomorphism of torsion sheaves over T' that are supported
at t:
Fr @ty ~ W (Fr @ t).

Notice that since the fiber Fr ®t is flat and finitely generated over K, the base
change Fr ®t is, in particular, a finite free K-module. As a consequence, the
pullback A*(Fr ® t), which by the equality above is equal to Fr @@, tm, is
finite free over t,,.

Finally, we take the inverse limit of Fr ®o,. t,, with respect to m. By the
finite generatedness of Fr over O and the fact that T is locally Noetherian,
we know that the completion I'aneN Fr ®o, tm is equal to the tensor product
For 6T7t. So we see that Fr ®o,. (”)\Tﬂg is finite free over the formal completion
(5T7t of the rigid space T' at the K-point t. Since T' is locally Noetherian, the
formal completion @T,t is isomorphic to the completion @T,Z7 where the latter
is the formal completion of T along its reduced K-valued point . In this way,
by the faithful flatness of @T,t over Or, the stalk of the coherent sheaf Fr at

t is flat and finitely generated over the local ring, thus projective. Hence by
the density of K-points in T', we get the local freeness of Fr.

Step 2. — For general e € N, we make the following claim:

Cramm 3.2.3. — Let A be a flat Noetherian algebra over B(Ji“R’e, and let M be

a finite A-module that is flat over BIR)G. Suppose M /€ is free over AJE. Then
M is free over A.

Proof of the claim. — We prove the claim by induction on e. When e = 1,
there is nothing to prove. Suppose e > 2. We choose a map of A-modules
f: A®" — M whose reduction mod £ is an isomorphism. Then, as f is a map
of flat BIR .-modules, the short exact sequence 0 — BIR e_1 BIR c K —=0
induces the following commutative diagram: 7 7

0—— A®" OB Bire A[BT A/I@T a
+
0——M BB, . BiR.e_1 M M/ ——0.
Hence the map f is an isomorphism of A-modules by induction. O

Recall from Lemma 2.2.6 that any infinitesimal thickening (U, T) € X/%n¢
locally admits a map to an envelope Dy (Y'), where Y is a smooth rigid space
over B . and, in particular, flat over Biy .. Notice that by construction, the
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structure sheaf of the envelope, which is the formal completion of Oy along the
closed immersion U — Y, is flat over B:Pue as well. As a consequence, thanks
to the claim above, the sheaf Fp vy is a vector bundle over Dy (Y'), and hence
its pullback along T'— Dy (Y) is a vector bundle over Or. O

COROLLARY 3.2.4. — Any coherent crystal over the infinitesimal site X/ Kiys
or X/KinF is a crystal in vector bundles.

3.3. Integrable connections over envelope. — As in the crystalline theory of
schemes, there exists an equivalence between the category of coherent crystals
over X /Y. ins and the category of coherent sheaves with integrable connections
over the envelope.

Before we state the result, we recall from Remark 2.2.2 that given an enve-
lope D = lir . Y,, of a locally closed immersion X — Y, we can regard the
envelope as a locally ringed space over the adic space X. The structure sheaf
D of the envelope is defined as the inverse limit yLnneN Oy, over D.

THEOREM 3.3.1. — Let X — Y be a closed immersion of rigid spaces with Y
being smooth over ¥, and let D = Dx(Y') be the envelope of X in'Y. Then
we have a natural equivalence of categories:

{coherent crystals over Ox ;s } — {(M,V)| M € Coh(D),
V integrable connection}
Fr— (.FD, VD).

Here crystals are over either the big infinitesimal site or the small infinitesimal
site.

COROLLARY 3.3.2. — Let X — Y be a closed immersion of rigid spaces with

Y being smooth over ¥, and let D = Dx(Y') be the envelope of X in'Y. Then

the equivalence above induces the equivalence of the following three categories:
o {coherent crystals that are flat over BXR’E}.

o {crystals in vector bundles}.
o {(M,V)|M € Vec(D), V an integrable connection}.

Before the proof, we first give a description of the sheaf of differentials over
the envelope. Below, for an affinoid rigid space, we slightly abuse notations for
its sheaf of differentials and its global sections.

LEMMA 3.3.3. — Let X = Spa(A) — Y = Spa(P) be a closed immersion of
affinoid rigid spaces over Bz{R’e, with P a smooth affinoid algebra over BXR’E.
Then we have the following canonical isomorphism:

Op = Q5. ., (D) = Qp s, ©p D,

which is induced from the map P — D.
Moreover, the result is true for QAI)(/ZcINF over the big infinitesimal site.
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Proof. — Recall that QF, is defined as
O, (lim V),
meN
which is equal to the inverse limit of the continuous differentials
F(Xv @ Q%’,H/EJ-
meN

Denote t; fori = 1,...,r to be the étale coordinates of P. This is guaranteed
locally by the Jacobian criterion of smoothness, as in [27, 1.6.9]. Let J =
(f1,-.., fs) be the kernel of the surjection P — A, with f; being its generators.
Then we have

O(Y,,) = P/J™H, QY /z. =\ D O(Yon)dti/ Z O(Ym)df):

feJm+1
So we get
D= lim P/J"™, Qp = lm (D O(Yn)dts/ D O,
meN meN i fegm+i

Now consider the natural map Q}) /s, ®P D — O}, sending the generator dt;
of Q}D/EE onto the dt; in the limit.

Injectivity. — We first consider the injectivity. By writing each f € J™+t!
as a finite sum of af;, --- f;.., for 1 < j; < r, each such df is contained in
> J"OYR)df;.  In particular, the submodule 3~ .cjmis O(Yim)df of
GBO( m)dt; is contained the submodule »°; J™O(Yy,)df;. So it suffices to
show the injectivity of

IT: @Ddt — lim (D O, dt; /ijo )df;).
meN 1
However, the kernel of each @;Ddt; — @, O(Y,,)dt; /Z J"O(Y,,)df;
equals to > J™TDdt; + >_; J™df;, which is contained in @; J™Ddt;. In par-
ticular, any element ). g;dt; in the ker(II) is contained in the ideal

(D I Dit;.

But note that D is defined as the J-adic completion of P, which implies the
above ideal is zero. So we get the injectivity.

Surjectivity. — We can write Q}D 5, ®pDas®; Ddt; = lim (B O(Yr)dt;).
Then for each m, the map @; O(Y;,,)dt; = @; O(Y.,)dt; /Zfe gmi1 OV )df is
surjective. For each m, the kernel of the map is M,, = ZfEJm+1 O(Yy)df,

whose image in M,,, 1 is zero. Thus we get the surjectiwty by the pro-acyclicity
of the kernel. O
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The local freeness of the differential sheaf over the envelope allows us to
give a more explicit description of the connection associated with a crystal.
We assume X = Spa(A) — Spa(P) = Y be a closed immersion of affinoid
rigid spaces over Y., such that Y is smooth over . with local coordinates
{t1,...,t-}. Let M be a coherent sheaf over D together with a connection V
over BXRJS. By Lemma 3.3.3 above, the restriction of the infinitesimal differ-
ential over D = DX( ) is free over D = Ox /5, (D) = lim O(Y,,) with a basis
dt; fori=1,...,r. So for any section z € M, we have

Zv ) @ dt;,

where V; : M — M is an BdR)e—linear derivation map.
Now we assume that (M, V) is integrable. We compose V with V! and get

Zv T) ® dt;)
_ZZV ) @ dt; A dt; +ZV ) @ d(dt;)
—ZZV ) ® dt; A dt;.

By the local freeness of Q},, the element dt; Adt; for j < i forms a basis of Q%
So we can rewrite the above as

VH(V(@) = S (V,(Vi(@) - Vil V() @ dt; A dt.
J<i
By the integrability condition of V, the above vanishes for any z € Fp. So we
obtain the following equalities
VZ-OV]- :Vjovl-.

Here we note that the commutativity allows us to write the composition of a
finite amount of V; as
Il v

E=(e:)

where E = (e;) is a tuple of non-negative integers parameterized by i.
Now we are ready for the proof of Theorem 3.3.1.

Proof of Theorem 3.3.1. — For a crystal F over Oy/x_, we can equip it with
its canonical connection F, which is integrable by Proposition 3.1.10. So by
taking the associated coherent sheaf of F over D, we get a coherent sheaf Fp
together with an integrable connection Vp.

Conversely, let M be a coherent sheaf over D with an integrable connec-
tion V. By the smoothness of Y over X, any object in X/X. n¢ can be covered
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by an open affinoid covering where each piece admits a map to (X,Y). We as-
sume that (U, T) is an affinoid thickening fitting in the commutative diagram

U——=T

L)

X ——Y.

Since T is an nilpotent extension of U, the map g : T'— Y factors through the
envelope D = ligmeN Y,, of X in Y. We denote this map by f: T — D. We
then get a coherent sheaf f*M = M ®@p Op over T.

Now we make the following claim:

CrAM 3.3.4. — The pullback f*M over T is independent of the choice of
f:T—D.
More precisely, let f1, fa, f3: T — D be any three maps induced produced as

above. Then there exist natural isomorphisms of coherent sheaves h;; : fM —
[iM over Or such that

h23 (¢] h12 = hlg-

We first grant the claim. For each thickening (U, T), we pick an arbitrary
covering (U;, T;) of (U, T), where (U;, T;) admits a map to (X,Y). We then get
the collection of coherent sheaves fM over each T;. The claim allows us to
produce a transition isomorphism for each restriction of f*M on T; N'T}, and
they satisfy the cocycle condition when restricted at T; N'T; N T}. Hence, by
gluing them together, we get a coherent sheaf Fr over (U,T'). This produces
a sheaf F over the infinitesimal site. Moreover, the coherent sheaf F is in
fact a coherent crystal, namely the pullback g*Fr, ~ Fr, for any map (i,g) :
(U1, Th) — (U, T») in X /3¢ ins. This comes from the independence in the claim
again by taking a composition with a map 7o — D.

Finally, we check that the functors are quasi-inverse to each other. We start
with a coherent crystal F over the infinitesimal site, and let (M = Fp, V)
be the associated integrable connection over the envelope D defined in the
first paragraph of the proof. Then the crystal F' induced by (M,V) is
locally defined by assigning the module M ®p Or to a thickening (U,T) for
any morphism (U,T) — (X, D) in the infinitesimal site (which locally exists as
the envelope covers the final object). This coincides with the value of coherent
crystal F at (U, T) thanks to the equality M = Fp. Conversely, we let (M, V)
be an integrable connection over the envelope D and let F be the associated
coherent crystal over the infinitesimal site defined in the second paragraph of
the proof. The integrable connection over D that is induced by the crystal F
is then defined on the module M’ = Fp, which by assumption is also equal to
the module M. Moreover, the induced connection on M’ also coincides with
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the input V), thanks to the concrete calculation below Definition 3.1.8. So we
are done.

Proof of the claim. — We finally deal with the claim. Let ¢; : D — Or be
maps of structure sheaves induced from f; : 7' — D. We define hj; to be the
Or-linear map given by

r®1+— Z (vaz)(x) ® (@j(ti) - Sak(ti))ei '
E=(e;) i

ei!

Since T is a nilpotent extension of U, for each t € D, the difference ¢;(t) —px(t)
is nilpotent in Op. In particular, the above sum is only finite. Finally, by the
general equality

Z u N (u4v)V
n! (N —mn)! N 7

we have hgg o h12 = h13. O

4. Cohomology over BjR,e

In this section we compute the cohomology of crystals over X/Y¢ ¢ using
the de Rham complex over the envelope. Our strategy is to construct a double
complex computing the Cech—Alexander complex and the de Rham complex in
two separate directions, as in [7].

REMARK 4.0.1. — Before we start, we mention that though our focus is rigid
spaces over BIRye, the discussion in this section works alphabetically for co-
homology of crystals over X/Kj inr, where K is an arbitrary p-adic complete
non-Archimedean field and X is a rigid space over Kj.

4.1. Cohomology of crystals over affinoid spaces. — We first compute the co-
homology of crystals over X/, i, for X being an affinoid rigid space over X..

Let X = Spa(A) be an affinoid rigid space over ¥, together with a closed
immersion X — Y = Spa(P) for a smooth affinoid rigid space ¥ over B(';R7 o
Denote by D the envelope of X in Y (Definition 2.2.1), by D its structure sheaf
1'an Oy, (where Y;, is the m-th infinitesimal neighborhood of X in Y'), and
by J the kernel ideal for D — Ox. By construction, the kernel ideal J is equal
to the evaluation of the infinitesimal ideal sheaf Jx/ s, at the envelope D. We
write %, as the group of differentials QZX /S e (D), which is equal to the inverse
limit of continuous differentials

@1 Q,é/m/ze'
m
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By Lemma 3.3.3, Q% is isomorphic to the tensor product Q@/Ee ®e, D and is,
in particular, locally free over D.

We then take the section of the infinitesimal de Rham complex (F ®oy 5,
0% /5 i V) at D and get a chain complex of BIR .-modules

(M®Q,Vp)i= 0 — M —Y 5 MapQl —Yy ... |
where M is the evaluation F(D) of F at the envelope D. The complex is

naturally filtered by the infinitesimal filtration, whose i-th filtration is the sub-
complex

0— JM— J'Mep Qb — J72Mep Q%) — - .

We also recall that by taking the powers of the infinitesimal ideal sheaf
Jx/s., we get a natural filtration on the structure sheaf Ox /5  (cf. discus-
sion before Remark 2.1.3) and hence on F by defining the i-th filtration as
T% /Ee]: . This in particular induces a filtration on the cohomology complex
RT(X/%cint, F), and we call the latter the infinitesimal filtration on the infin-
itesimal cohomology. Our main theorem in this subsection is the following:

THEOREM 4.1.1. — Let X, Y, F, and M be as above. Then we have a natural
filtered isomorphism in the filtered derived category of abelian groups:

RF(X/Ecinf;F) — (M@QB,VD),

where the left side is filtered by the infinitesimal filtration.

REMARK 4.1.2. — Note that by Corollary 2.2.8, the above is also isomorphic to
the cohomology of the crystal G over the big infinitesimal site, when F = p.G
is the restriction of G defined over the big site X/ inF.

The rest of this subsection will be devoted to the proof of the theorem.

Let us first fix some notations for this section. Denote by D(n) the envelope
of X in the (n+ 1)-fold self-product of Y over .. When n = 0, we write D(0)
as D. The simplicial object D(e) forms a hypercovering of the final object in
Sh(X/%cint), as in Proposition 2.2.7.

We fix a coherent crystal F on X/X.ins. Denote M(n) to be the group of
sections F(D(n)) of F at D(n), D(n) to be Ox/s_(D(n)), J(n) to be the kernel
for D(n) — Ox, and QiD(n) to be Q&/Eeinf(D(n)). When n = 0, we use M and
Q% to abbreviate M (0) and Q})(O). Here we recall that le(n) = Qg(/zcinf(D(n))
is isomorphic to the tensor product Q%’(n)/EC ®0y(,y P(n) (Lemma 3.3.3) and
is, in particular, locally free over D(n).
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Cech-Alexander complex. First we introduce the Cech-Alexander complex of a
coherent O /5, sheaf F (not necessarily a crystal).
We define M (e) to be the filtered cosimplicial cochain complex

M(e) := (F(D(0)) — F(D(1)) — ---),

where the coboundary map is given by the alternating sum of degeneracy maps
and the filtration is the infinitesimal filtration whose i-th filtration at D(n) is
J(n) - F(D(n)). It is called the Cech-Alezander complex of F.

PROPOSITION 4.1.3. — Let F be a coherent infinitesimal sheaf of Ox/x. -
modules as above. Then we have a functorial filtered isomorphism

RT(X/Ycint, F) =~ M(e)
in the filtered derived category of abelian groups.

Proof. — We first notice that by the filtered enhancement of Proposition 2.2.7,%
we get an isomorphism of filtered complexes
RT(X/Yeing, F) = RT'(D(e), F) = R [l%mA RT(D(n), F).
nje

Denote by Y (n),, the m-th infinitesimal neighborhood of X in Y (n). Since
X is the common closed analytic subspace of every Y (n),,, Y (e),, forms a
simplicial object in X/%.in¢ with D(e) = &}nmeN hy (e),.- This leads to the
equality

RI'(D(e),F) =R I&H RT(Y (@), F).
meN

Notice that for each n, the rigid space Y (n),, is affinoid, and the covering of a
given infinitesimal thickening (X, Y (n),,) is defined by analytic covering of the
rigid space Y (n),,. As a consequence, by the vanishing of the analytic coho-
mology for coherent sheaves over affinoid rigid spaces in the positive degrees,
we know that

RT(Y (), F) =T(Y (), F).

6. More precisely, the filtered complex RI'(X/X¢ins, F) is defined as the derived limit
of the filtered modules ((‘7)"(/2p F)(U, T))Z ranging over all the infinitesimal thickenings
(U,T) € X/%cins- In particular; for each [n] € A°P, by the limit presentation, there is a
functorial map of filtered objects from RI'(X/X¢inf, F) to M(n). The functoriality of the
construction (with respect to the simplicial diagram A°P) in particular induces a filtered
map RI'(X/X¢int, F) — M (e). To check it is an isomorphism, it suffices to do so on the i-th
filtration component for each ¢ € Z, which is implied by op. cit..
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Furthermore, by the coherence of F and the Noetherianity of O(Y (n),,), for
each n € N, the inverse system I'(Y'(n),,, F) satisfies the Mittag—LefHler condi-
tion. In this way, we get
R lim RU(Y(®)y, F) =R lim (Y (), F)
meN meN
= i (Y (+). 7)
meN
— D(ling Y (#), F)
meN
= M/(e). O

Cech-Alexander and the de Rham. We then connect the Cech-Alexander com-
plex to the de Rham complex.

Consider the section of the de Rham complex (F ®oy 5, Q% /5 . V) at the
simplicial space (D(n))mjeacr:

A% 3 [n] — (M(n) @p(n) Lp(n), V)-

This produces a double complex M™™ = M (n) ®p(n) Q’g(n) in the first quad-
rant, with the horizontal coboundary map given by the alternating sum of
degeneracy maps for simplicial space D(e) and the vertical coboundary map
being the de Rham differential V™. Note that the first column M%*® of this
double complex is the de Rham complex M ®p Q%,, while the first row M*0 is
the Cech—Alexander complex M (e). So this provides a natural framework for
those two types of complexes that we care about.

Moreover, the double complex is naturally filtered via the infinitesimal fil-
tration Ox /s, O JIx/s. D *7)2</Ze -++. This is a descending filtration on the
double complex, compatible with the cosimplicial structure, such that the i-th
filtration on the n-th column is the differential complex

J(n)" — J(n) ' Qpy — - — J(n)°Qp(,,) — Q%) — e,
as a subcomplex of €27, , ). Here we recall that J(n) is the kernel ideal of the
surjection D(n) — Ox, defined as Jx/s, (D(n)). Note that when X =Y

is smooth over Bj{RC, the filtration on 0}, = Q;(/B+ is the usual Hodge
’ dR,e

filtration.
Furthermore, there are two canonical E; spectral sequences associated with
the double complex M™™ ([3, Tag 0130]), with the formations given by

"EP* = HY (M (p) @p@p) Ybp));
"EP? =HI(M(e) @p(e) X))

Both of these two spectral sequences converge to the hypercohomology of the
total complex ([3, Tag 0132]). The same applies when we replace the double
complex by its i-th infinitesimal filtration.
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Now we make the following two Lemmas about degeneracy of those two
spectral sequences:

LEMMA 4.1.4. — For each p > 0, the filtered cochain complex associated with
the cosimplicial complex with its infinitesimal filtration

M(e) @p(e) s
1s filtered acyclic.

LEMMA 4.1.5. — Any degeneracy map D(p) — D induces an filtered isomor-
phism of the following two de Rham complezes:

M ®p Q3 — M(p) @p() Uy

that is functorial with respect to the crystal F. Here, M = Fp is the evaluation
of the crystal at the envelope D.

We first assume the two lemmas above. By Lemma 4.1.4, the spectral se-
quence " EY"? is filtered degenerated in its first page and is convergent to the
cohomology of the Cech-Alexander complex M (e) with its infinitesimal filtra-
tion.

On the other hand, Lemma 4.1.5 implies that the horizontal coboundary
map of 'EY"? is given by

HY(M @p Q) = HI(M (1) @p(1) D)) — HI(M(2) @p(2) Upyz) == -+

From this, the second page of ' EP"? vanishes everywhere except for the column
'E9*, which is exactly the infinitesimal filtered de Rham complex M @p Q3.

In this way, since both of those two spectral sequences are convergent to the
total complex in the filtered derived category, we get the filtered isomorphism
between the de Rham complex M ®p 2%, and the Cech-Alexander complex
M (e). So by Proposition 4.1.3, we get Theorem 4.1.1. Here the functoriality
follows from that of Lemma 4.1.5 and Proposition 4.1.3.

Proof of Lemma 4.1.4. To complete the proof of Theorem 4.1.1, we first prove
Lemma 4.1.4 in this paragraph.
We first give a proof for the special case where F is the structure sheaf and

p=1.
LEMMA 4.1.6. — The cosimplicial complex
(%) Qp — Qp)y — Qpg) — -+

is locally (with respect to the topology of X; cf. Remark 2.2.2) cosimplicial
homotopic to zero, as filtered cosimplicial abelian groups.
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Before the proof of this Lemma, we first recall that a cosimplicial homotopic
equivalence of two maps f,g: U — V is defined as a cosimplicial morphism

h:U — Hom([1],V),
such that
hOSO:fa hOSl =9,

where s; : [0] — [1] are two co-face maps.

A cosimplicial object U is called cosimplicial homotopic to zero if its identity
map is cosimplicial homotopic to the zero map. Here we note that any additive
functor F' that sends cosimplicial objects to cosimplicial objects will preserve
the cosimplicial homotopic equivalence.

We refer the reader to [3, Tag 019U] for the discussion about cosimplicial
homotopic equivalence.

Proof. — We first recall that since D(n) is the envelope of X = Spa(A) in the
n + 1-folded self-product of Y over Y., by Lemma 3.3.3 above, we have

Qb (ny = Vpont1 /s, Opentr D(n).
Besides, any cosimplicial boundaries map P"t! — Pt induces a map Qb(n) —
Q}D(l). So the cosimplicial complex (x) is the tensor product of the cosimplicial
complex Q}3®.+1 /5. along the cosimplicial ring homomorphism
POt 5 D).
Moreover, the i-th filtration of the cosimplicial complex (x) is
JT0, — J(1) Q) — J(2) T Qg — -,
which is isomorphic to the fiber of a map between cosimplicial tensor products
(Ueersjs, ) @peen Do) — (Qhsurr /s, ) @poees (D(e)/J(0) 7).

Thus, to show the filtered acyclicity, it suffices to show that the cosimplicial

module Q}D®.+1 /5. is homotopic equivalent to zero. Here we notice that when

P = BXR o{xi), each P®7+1 g 5 ring of convergent power series over BXR o, and
the proof is totally identical to the case for polynomial rings, which is done in
[7], Example 2.16. In general, when P is smooth over BjR’e, it locally admits an

étale morphism to an B$R£<a:i>. So the exactness is true locally, hence globally
by a Cech-complex argument associated with a covering. O

End of the proof for Lemma 4.1.4. — Consider the filtered complex (x) as be-
low:

As the statement is local, by shrinking to open subsets of X and Y if necessary,
we could assume that the complex (*) is filtered cosimplicial homotopic to zero
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as in Lemma 4.1.6. Then we apply the p-th wedge product functor and the ten-
sor product functor M (e) @p(e) — successively to the cosimplicial complex (),
and then the resulted cosimplicial complex is exactly the one in Lemma 4.1.4.
But note that since any additive cosimplicial functor preserves the cosimplicial
homotopic equivalence, the resulted complex is also filtered homotopic to zero.
So we are done. O

Proof of Lemma 4.1.5. In this paragraph, we prove Lemma 4.1.5.
We first provide the following simpler description of the envelope D(p):

LEMMA 4.1.7. — Assume that the B(TRﬁ—algebm P admits an étale map from
a ring of convergent power series B$R6<£El, ..., xp). Then the map of global
sections of structure sheaves D — D(p) associated with the degeneracy map
D(p) — D induces an isomorphism

D(p) = D[[b;,;,1 <i<p,1<j<r]],

where the right side is a ring of formal power series over the topological ring D.

The notation is explained as follows: the projection map Y (p) — Y of the
p + 1-th self-product onto the first copy induces the zero-th degeneracy map
D(p) — D. Then we can rewrite P®P*! as P(6;;, 1 < i <p, 1 <j <r),
where 0; ; is defined as 2; ®1® - - ®1-1® - ®x; ®--- ® 1, with z; being
in the i-th copy of P in the second term.

Proof. — We first consider the case when P is equal to the convergent power
series ring.

Denote by J the kernel of the surjection P — A, and let I be the kernel of
the map P®PT! — P. By construction, the ring of sections D(p) = O(D(p)) is
equal to the inverse limit

lim PP/ (J@1®-- @ 1,1)",
meN
while D = O(D) is hm P/J™. So to prove the lemma, it suffices to notice
that the above inverse limit is the same as the inverse limit
D(p) = lim(lim PP /(J@le- - 1)")/T",
neN meN
where T is the image of I along the map P®P+! — m o PoPtl/(J®- - @1)™.
In fact, we have the following more general result:
CrAM 4.1.8. — Let R be a Noetherian ring and I, J be two ideals in R. Then
we have a canonical isomorphism
lim (im R/1")/7" — lim R/(I,J)",
meEN neN meN

where J is the ideal generated by the image of J along the map R — LiinmeN R/I™.
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Proof of the claim. — First notice that the sequence of ideals {(I,JJ)™} and
{(I™, J™)} are cofinal to each other, since

(™ J*™y c (I, J)*™ = (I'J*™ 4, 0 <4 < 2m) Cc (I™,J™).

So the right side lim = R/(I,J)™ can be replaced by fm o R/(I™, J™).
Then we notice that the R-algebra A := @mew(@new R/I™) /T is (I,J)-

adic complete over R. To show this, by [3, Tag 0DYC], it suffices to

show that the ring QiLnneN R/I™)/J is I-adic complete. We then note that

Qﬂl . R/I™")/J = R®p R/J, where R is the I-adic completion of R. Since

R/J is a finitely generated module over R, the tensor product R ®p R/J is
the same as the I-adic completion of R/.J. Thus the R-algebra A is (I, J)-adic
complete. In particular, we have

A=1
€

=

A/(I Y.

=

Z

Finally, the quotient ring A/(I"™, J™) is given as

AL 7Y = (lim (lim R/T /T /(I T

meN neN

= (lm R/1")/(T', T

neN
=R/(I'.J.
So we get
im mR/I” /J = A
meN neN
~lim A/(I', J')
leN
=lim R/(I', J%). O
leN

Finally, let us assume P is a smooth affinoid algebra that admits an étale
map to the ring of convergent power series. By the claim above and the Noethe-
rianity of the envelope ([8, Lem. 13.4.(ii)]), the lemma is reduced to showing
that the formal completion D(p) for P®PT! — P is isomorphic to P[[d; ],
which is proved in [8, Lem. 13.12.(ii)]. O

Our next observation is about the Euler sequence for the degeneracy map
D(p) — D. Denote by Q})(p)/D the module of continuous differentials of D(p)

over D under the (A(p))-adic topology, where A(p) is the kernel ideal for the
diagonal map D(p) — D. Then we have
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LEMMA 4.1.9. — The Euler sequence for the projection map Y (p) — Y over
Y. induces a natural exact sequence of free D(p)-module:

where the map Q5 ®@p D(p) — Q}D(p) sends dx; @ 1 to dx;.

Proof. — We consider the inverse limit of the Euler sequences of differen-
tials for the triple Y(p)m — Ym — 3., with m € N (Proposition 5.2.12
and Corollary 5.2.18). Then by Lemma 3.3.3, we see that the inverse limit
@mEN(Q%/WL/Ze ®0o(v,,) O(Y (p)m)) is isomorphic to the D(p)-module Q}, @p
D(p). Similarly, the inverse limit lim

<—meN
In particular, we get the following sequence of D(p)-modules:

Q%/(p)m/Ym is isomorphic to Q}j(p)/D.

0 — Qp ®p D(p) — Up) — Lpiyyp — 0

To show that the sequence is an exact sequence, we may assume that P
admits an étale map from the ring of convergent power series BdR A1, Ty,
We apply Lemma 3.3.3 to the immersion X - Y and X - Y(p) =Y x---xY
separately. We then get an description of differentials as follows:

Q})_@Ddx], Qb = EBD Ydz;) ® ( D D(p)dd; ),
j=1 1<7,<p
1<j<r

Here the projection map D(p) — D induced from Y (p) — Y produces the
natural monomorphism

QL — QlD(p),

sending the generator dx; onto dr; in QlD(p). This gives the injectivity from
Q1 ®@p D(p) into Q}D(p).

Moreover, by the explicit formula in Lemma 4.1.7 for a ring of convergent
power series, the (d; j)-adic continuous differential of D(p) over D is the free
D(p)-module generated by dd; ; for 1 <4i < pand 1 < j <r. This is exactly
the cokernel of the injection above and is the free D(p)-module generated by
dd; ;. Thus we get the short exact sequence, as expected. O

We can construct the relative de Rham complex of D(p) over D by taking
wedge products of QlD(p) /D and considering the relative differential operator.
Then we have the following filtered version of the Poincaré Lemma for infini-
tesimal differentials:

LEMMA 4.1.10 (Poincaré Lemma). — There exists a natural quasi-isomorphism
to the relative de Rham complex

DHQ’D(M/D.
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Moreover, for each m € N, the natural induced map below is a quasi-isomor-
phism

D — Q.D(p)/D/A(p)m+17.'

Proof. — We first assume that Y is a unit disc, and by Lemma 4.1.7, the ring
D(p) is equal to the ring of formal power series over D with coordinates 0; ;.
For the first argument, it suffices to show that the augmented complex

(%) 0= D = D(p) = Qpyp = Vbyp = = Dy = 0

is homotopic to 0, where N = pr. Using the coordinate interpretation, the
complex (%) is an N-th completed tensor product of the complex

0 — D — D[[z]] = D[[z]]dz — 0

over D, where the map D[[z]] — D[[z]]dz is the D-linear relative differential.
But since D contains Q, the relative differential is surjective with kernel being
D, which proves the first statement in this case. Moreover, notice that by
writing down the differentials QiD(p) /p in terms of coordinates d; ; by Lemma
4.1.7, the differential in the complex (x) preserves the degree. In this way, since
the quotient Qb(p) /D /A(p)™ 1= kills exactly elements of degrees higher than
m, we get the statement about the quotient complex in this case.

In general, as the statement is étale local with respect to the smooth rigid
space Y = Spa(P), we may assume Y admits an étale morphism to an unit disc.
Then the claim follows from a term-wise base change formula in the complex
(%), thanks to Lemma 3.3.3. O

Here is another observation which we will need in order to compute the
cohomology of infinitesimal filtration:

LEMMA 4.1.11. — Let D(p) — D be the degeneracy map of envelopes as before,
and let J(p), J, and A(p) be the kernel ideals for surjections Opy — Ox,
Op — Ox, and Op(,) — Op, respectively. Then, for j < m in N, the natural
map below is an isomorphism of Ox-modules

T[T A [A (Y —
(7 T A, T IAGY, T )T T AR T ().

Proof. — As the statement is local with respect to Y, let us first assume
Y = Spa(P) admits an étale map to a ring of convergent power series. By
Lemma 4.1.7, D(p) is the formal power series ring D][[d; ;]], and the ideal A(p)
is generated by variables (J; ;). Notice that as the map D[§; ;] — D[[J; ;]] is flat
and the quotient ideals in the statement can be defined over D¢, ;], it suffices
to show the analogous statement for the polynomial ring D[d; ;).
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Then, as the ring D[J; ;] is a free module over D with a basis given by
monomials of §; j, we could express elements x in D[d; ;] N (J™, J"1A(p),...,
J™=IA(p)?, J(p)™*1) using the coordinates as below:

[riy |=1 [riy]=2
ar,, €J"", for 0 <n <j;
ap,, € JmHEn for j < n < m+ 1
ap €7D, forj>m+1.
Here, 6"~ are monomials in ¢; ; with multi-indexes. Similarly, we could do
this for elements in D[§; ;] N (J™, ..., J" T A(p)i=t, J(p)™ '), where in the
obtained formula we replace j above by j — 1. Comparing these expressions,

we see that the statement in the lemma holds for D[J; ;]. So by extending this
along the flat map D[J; ;] — DI[J; ;]], we get the result for D(p) ~ D[[d; ;]]. O

Now we are ready to prove Lemma 4.1.5.

Proof for Lemma 4.1.5. —

Step 1. — We first deal with the underlying complexes and forget the infini-
tesimal filtration. Our goal is to show that the natural map of complexes below
is a quasi-isomorphism:

M ®p Q) — M(p) AD(p) Qb(p).

The de Rham complex 2%, is equipped with its Hodge filtration defined by
FiQ%, = 02iQ%,. By the Euler sequence in Lemma 4.1.9, the Hodge filtration
of 027, induces a natural descending filtration on the relative de Rham complex
Q'D(p), whose graded piece is gr’Qb(p) = Q%5 ®p Qb(p)/D.

Now consider the de Rham complex (M ®p Q},Vp) and (M(p) @p(p)
Q'D(p),VD(p)) of the crystal F at D and D(p). The projection D(p) — D
induces a map of complexes

M ®Qp — M(p) ®p(p) Lpp)-

By the crystal condition, the base change of M along the map D(p) — D is
exactly M (p). Moreover, by the compatibility of the de Rham complexes, the
filtration on Q% induces a filtration on M(p) @p(p) Q3 ,) = M @p Q)
given by
F{(M(p) ©p) Qb)) = M @ F'Q.

Each F(M(p) ®p(p) Q%)) is a subcomplex of M ®@p Q) since Vi sends
elements in M into M @ Q) C M(p) ® Q}D(p). Moreover, the i-th graded factor
of this filtration is

M ®p sz Qp Qb(p)/D,
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which by Lemma 4.1.10 is isomorphic to the M @p Q%, via the degeneracy map.
In this way, the projection D(p) — D induces a map of filtered complexes

) M @p Qf — M(p) @p() V),

which is an isomorphism on each graded factor. Hence the map (x) itself is an
isomorphism by the spectral sequence associated with a finite filtration as in
[3, Tag 012K].

Step 2. — We then show that the above quasi-isomorphism is filtered under
the infinitesimal filtration. More precisely, we claim that the graded piece of the
following map in Step 1 is a filtered quasi-isomorphism under their infinitesimal
filtrations:

Consider the (m + i)-th graded piece for m € N. On the one hand, the
(m +4)-th graded piece for the infinitesimal filtration on M ®p Q% induces a
subquotient J™- M ®Q%, /J™ ! of the left-hand side of the above. On the other
hand, the (m+i)-th graded piece for infinitesimal filtration on M (p)@pp) Qb
induces the following subquotient of the right-hand side:

J(p)™* - M ©p QUp @p Qp,yp/ T ()"0
So we get the map of graded pieces as below:
(#%) J™- M @Qp/J™ T — J(p)™ - M @p Qp ©p U/ (D)™

Here we note that as the ideal J maps into J(p), the right-hand side is an
Op/J = Ox-linear complex.

To show (x%) is a quasi-isomorphism, we need to subdivide the right-hand
side in a finer way. We introduce a finite increasing filtration on the right
hand-side of (xx), whose j-th filtration is

(T T A ), T ARY T () )
- M ®p Qp @p Uy, /()™

= comple;zc((J’”7 . Jm_jA(p)j, J(p)m'H) -M® QiD ® OD(p)/J(p)m+1
— (ML TTTIARY T T (0)™) - M ® Qp © Qb p /I (P)"
5 (T ()™ M@ Q@ Q) /T (9) ).

The graded piece of this filtration is the O x-linear complex
(I8 T A () T T ()™ )
M@ QL @0 p/ (T T AR TS I (p) ).
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We apply Lemma 4.1.11 to these complexes, then the graded piece above can
be rewritten as

J"IM @ Q) I @p A(p)j_'Qb(p)/D/A(P)j_.H
= complex (Jm_jM ® Q5 /I @p A(p)! /A(p)? T

— J"TIM @ QO [T @p Alp) T Q) 0/ AD)
H e
— TIM @ QT @p /A(p))
~ (J"IM @ Qp /I @p (ApY Q) p/A) 1),
Finally, by the graded version of relative Poincaré Lemma in Lemma 4.1.10,
we have
0, j=21

A(pY = * Uy p/Ap) 70 = {D

, j=o.

In this way, the graded pieces of the right-hand side of (xx) are zero, except for
the zero-th graded piece which is naturally isomorphic to J™M ® Q& /J™+L,
Hence (xx) is an isomorphism, and we finish the proof. |

REMARK 4.1.12. — Here we mention that the same study of the infinitesimal
filtration works with minor changes for schemes. In particular, the schematic
analogue of the proof in [7, Theorem 2.12] can be improved into a filtered
version, and we thus obtain the expected filtered isomorphism in the crystalline
theory, which is proved by different methods in [5, Theorem 7.23].

4.2. Global result. — We now generalize the computation of cohomology to
the global situation, without assuming that X is affinoid.

We recall that the infinitesimal ideal sheaf Jx /5. := ker(Ox/s, — Ox)
naturally defines a filtration on a coherent crystal F, so that the j-th filtration
is J- )J{ /Ee]: . Moreover, one can naturally extend the filtration to each individual

F @0y s, Qé{/zev the entire de Rham complex of F, so that
Fil (F oo, . Qi ) =17 2oxm Y ifj <
Ox/s, “4X/%, j—1 F® Qi P>
X/S. Ox/s. *X/5, Jz
and the j-th filtration of the de Rham complex of F is
. -
Txss.F — Txs, F ®oxs, Qx/s, —
. =
— F R0y /5, Qfx/ze — F Q0x s, QJX/EE — ...
By taking the derived direct image, we in particular get a filtration on
RUX/EC*(]:(X)Q;(/Z )

einf
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Our first result in this subsection shows that the above direct image vanishes
in higher cohomological degrees.

PROPOSITION 4.2.1. — Let X be a rigid space over 3., and let F be a coherent
crystal over X /Yeint. Then for each i > 0 and j € N, we have

R“X/Ze*(j)](/ze}—(goxme &/Eeinf) =0.

In particular, after applying the derived direct image Rux /s ., the truncation
map of the de Rham complex induces a filtered quasi-isomorphism:

RUX/EE*('FQ@Q;(/EE;,“{) — RUX/EE*.F.

Proof. — Recall from Subsection 2.3 that I'(U,ux/x, @) is defined as the
0-th cohomology T'(U/X¢ins, G), and similarly for its filtered analogue. So to
show the vanishing of Rux/ge*(j)j(/ze]: ® QiX/Eemf), it suffices to do this lo-
cally and assume that X is affinoid together with a closed immersion into a
smooth rigid space Y over X.i¢. We then notice that by Proposition 4.1.3,
R’LLX/EE*(j)J(/Ee]: ® Q}/Egmf) is computed by the following cosimplicial com-
plex:

JF® Qé(/sz(D) — JAYF® Qé(/sz(D(l))
— J(2)F © /s, . (D(2) — -,
which by Lemma 4.1.4 is homotopic to zero when i > 0. So we get the vanishing
of Rux/ge*(J)Jqu}'@ Qfx/sz) for each i > 0 and j € N; in other words, the

filtered sheaf of complexes Rux s, .(F ® Qix/zemf) vanishes for ¢ > 0. By
induction, the latter in particular shows that the truncation map

RUX/EC*(]:® Q;i/zemf) — RUX/ZE*]:

is a filtered quasi-isomorphism for each i > 0. As a consequence, since the
ﬁltgred complex Rux /s .(F ® QB{/Zemf) is the derived limit of Rux s «(F ®
)S(l/z ) f), we get the isomorphism as claimed in the second half of the state-

ment. O

Now we can generalize Theorem 4.1.1 to the global case without assuming
the affinoid condition:

THEOREM 4.2.2. — Let X — Y be a closed immersion of X into a smooth
rigid space Y over ¥.. Let F be a coherent crystal over Oxs, , and let Fp =
Wm o Fy,, be the restriction of F at the envelope D = Dx(Y) = lim Yo,
with its de Rham complex Fp ® Q1},. Then there exists a natural isomorphism
in the filtered derived category of sheaves of abelian groups over X

RUX/ZE*‘F — .FD X Q.D
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Before the proof, we want to mention that the strategy is to produce a
natural map between those two complexes of sheaves of abelian groups, where
the isomorphism will follow from the affinoid computation.

Proof. — By Proposition 4.2.1, the truncation map of the de Rham complex
F ®0x /s, Q;(/Zeinf — F|0] produces a canonical filtered isomorphism in the
derived category of Ox-modules

RuX/Ec*(f®Q.;(/ZCjnf) — R’U/X/Ec*]:-

On the other hand, we recall that the envelope D = Dx(Y) is defined
as the direct limit H_I)nmeN hy,, of representable sheaves, where Y}, is the m-th
infinitesimal neighborhood of X into Y. In the infinitesimal topos Sh(X/%¢in¢),
the map from the envelope D to the final object 1 induces a map of derived
functors

RI(X/Ycint,—) — RI(D,—) = R@RF(Ym, -).

m
Similarly for its filtered analogue.
We apply the natural transformation to the filtered de Rham complex F ®
Q;(/Eeinf and get

RU(X/Seint, F © Q5. ,.,) = Rlm RT(Yn, Fy,,, @0y, O3, /5.)

= RT(X, R lim Fy, ®o,,, O, /s.)
meN

= RI(X, Fp ®o, D),
where the last equality follows from the observation that the inverse sys-
tem {Fy,, ®o,,, Q3 /5. }m admits a finite filtration, where each graded piece
{Fv,, ®oy,, Q;m /Ze}m is a pro-coherent system satisfying the sheaf version
Mittag-Leffler condition ([5, Lemma 7.20]). Similarly for the subcomplex
;‘/_Z:]: ® 0% S e Notice that the map is functorial with respect to all

locally closed immersions (X,Y) into smooth rigid spaces. In particular, by
varying X among all open subsets U of X and considering the above map for
locally closed immersions (U,Y’), we could enhance the above into the sheaf
version filtered morphism

R’U,X/gc*(]:@ Q;(/Zcinf) — Fp ®p Q.D

Thus, by composing with (the inverse of) the filtered isomorphism at the be-
ginning, we get a natural map in the filtered derived category of sheaves of
abelian groups over X:

Rux /s «F — Fp ®@p Qp.

Finally, to show the filtered isomorphism, we note that the evaluation functor
defined in the second paragraph of the proof is compatible with restriction onto
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open affinoid subspaces of Y and X. In particular, as the map is analytic local
with respect to X, the compatibility allows us to reduce to the case when both
X and Y are affinoid. In the latter case, we know by Theorem 4.1.1 that the
map is a filtered isomorphism, which finishes the proof. (]

As a consequence, we get a change of bases formula quite easily.

PROPOSITION 4.2.3. — Let X be a rigid space over X, and ¢’ > e be an integer.
Let F' be a crystal in vector bundles over X/ ins and F be the pullback of
F' along the map of infinitesimal topoi Sh(X/Yeint) = Sh(X/Ze ing). Then
there exists a natural isomorphism of complexes of sheaves of BIR@,—modules
as below:

(Rux/ge,*]:') ®gIR ) B;{R’e — RUX/EE*]:-

Proof. — We first notice that the natural morphism of infinitesimal sites
X/Yeint = X/Zes inf induces a canonical map in the derived category of sheaves
over X

RUX/EE/*-F/ — RUX/EE*-F-

Moreover, as the target is B;R ,-linear, by the adjunction for the forgetful func-
tor (from B(J{R .-modules to B:{R ~-modules), we get a natural map of complexes

(Rux/s,,+F') ®§+ B:R,e — Rux/s..F.
dR,e’

So it suffices to show this adjunction map is an isomorphism.

As the statement is analytic local with respect to X, by shrinking X if
necessary, we can assume that there exists a closed immersion X — Y’ of X
into a smooth rigid space over ¥.. By Theorem 4.2.2, we have the following
natural isomorphisms:

RUX/ZE,*.F, — f/D/ X Q‘D’?
RU,X/ZE*./—" — Fp® Q.D?
where D’ is the envelope of X in Y’, and D is the envelope of X in Y =
Y’ x5, X, where the latter is smooth over .. Notice that Oy is flat over
3¢, and the structure sheaves Op is flat over Oy (for it is defined as the formal
completion of Oy~ along X — Y”). In this way, by the assumption that F’ is
a crystal in vector bundles, the complex Fp, ® QY is a BjR)e,—linear bounded
complex of sheaves of flat B(J{R&,—modules. Thus we get the isomorphisms

(Rux/s,,+F") ®éTR ) BIM ~ (Fp ® Q) ®éIR , BIR,e
~ (]:ID/ ® Q. /)/fe,
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which are then isomorphic to the complex Fp ® Qf,, as the envelope D =
Dx(Y) is equal to the pullback of D' = Dx(Y”’) along the surjection BIR@' —
B—di_R,e = BIR,e’/ge' U

5. Derived de Rham cohomology over B:R’e

In this section, we introduce the derived de Rham cohomology of a rigid
space over B(TR ., and prove the comparison between the derived de Rham
cohomology and the infinitesimal cohomology.

Before we start, we want to mention that we will use mildly the language
of oco-category throughout this section. The main reason is to globalize the
affinoid constructions and get a good theory of “sheaf of derived objects” using
the oco-categorical cohomological descent.

REMARK 5.0.1. — The construction of the analytic derived de Rham complex
in this section can be applied to the more general class of analytic Huber
rings, which includes, for example, rigid spaces over an arbitrary p-adic non-
Archimedean field and perfectoid spaces.

The results of this section hold true for rigid spaces over a general p-adic field.
Moreover, in an upcoming work [23] by Shizhang Li and the author, we show
that the analytic derived de Rham complex of perfectoid rings is isomorphic to
the de Rham period sheaves in [39].

Derived co-category and filtered co-category. We first setup the convention of
derived oco-category and its filtered version in this section.

Let A be a Grothendieck abelian category ([3, Tag 079A]). We can asso-
ciate to A a natural oo-category D(A), called the derived oco-category of A
([33], 1.3.5). This is the co-categorical enhancement of the classical derived
oo-category, and the homotopy category hCh(A) of D(A) is the usual derived
category D(A). Here we want to mention that the derived co-category D(A) is
a stable presentable co-category. In the special case where A is the category of
modules over an ring R, we use D(R) to denote D(A), which is equipped with
a symmetric monoidal structure by the derived tensor product of complexes.
As a convention in this section, we will call D(R) the derived category.

For a presentable oco-category €, we recall the filtered co-category in C is
defined as the oco-category

DF(C) := Fun(N°P, €).
Moreover, DF(C) admits a full sub-oco-category 55?(@), called the filtered com-
plete co-category in C, consisting of objects Co such that limCe ~ 0. The

natural inclusion functor 55’(6) — DF(C) admits a left adjoint, called the
filtered completion. When € = D(R) is the derived oco-category of R-modules,

TOME 153 — 2025 — N© 4



CRYSTALLINE COHOMOLOGY OF RIGID ANALYTIC SPACES 885

we use DF(R) and ﬁ(R) to denote DF(C) and 5?(]%), respectively. Here we
note that by their homotopy categories (and induced functors), we recover the
ordinary filtered derived category.

Hypersheaves. We then give a quick review about sheaves of complexes.

Let X be a site, and let C be a presentable co-category. The oco-category
of presheaves in €, denoted as PSh(X,C), is defined to be the oco-category
Fun(X°P, @) of contravariant functors from X to €. The oo-category PSh(X, @)
admits a full sub-co-category Sh(X, C) of (infinity) sheaves in C, consisting of
functors F : X°P — C that send coproducts to products and satisfy the descent
along Cech nerves: for any covering U’ — U in X, the natural morphism to
the limit below is required to be a weak equivalence

(% FU) — lim F(U)

where U, — U is the Cech nerve associated with the covering U’ — U. Here
we note that this is the oo-categorical analogue of the classical sheaf condition
in ordinary categories.

There is a stronger descent condition which requires (x) above to hold with
respect to all hypercovers U, — U in the site X. Sheaves satisfying such a
stronger condition are called hypersheaves. For example, given any bounded
below complex C of ordinary sheaves on a site X, the assignment U — RI'(U, C)
gives rise to a hypersheaf. The collection of hypersheaves in € forms a full sub-
co-category Sh™P (X, @) inside Sh(X, C).

Let € = D(R) be the derived oco-category of R-modules. Then the oo-
category Shhyp(X , ©) of hypersheaves over X is in fact equivalent to the derived
oo-category D(X, R) of classical sheaves of R-modules over X by [34, Corollary
2.1.2.3]. As an upshot, the underlying homotopy category of Shhyp(X , C) is the
classical derived category of sheaves of R-modules over X. In particular, given
a hypersheaf F of R-modules over X, we can always represent it by an actual
complex of sheaves of R-modules.

5.1. Topological algebras over A;,r .. — Asa preparation, we first setup basics
around the topologically finite type algebras over Ajre = Aine/E° and the
construction of the analytic cotangent complex, generalizing the discussion for
e =1 in [18] Section 7.

In this subsection only, we make the convention that M” is the classical
p-adic completion of M, where M is a Z,-module.

DEFINITION 5.1.1. — Let R be an Aj,¢ c-algebra.

(i) We call R topologically finite type over Aing e if there exists a surjection
of Ay e-algebras Aipre(Th,. .., Tn) — R for some m € N.
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(ii) We call R topologically of finite presentation over Aisse if R admits
a surjection from Aine(T1,...,Tm) — R with kernel being a finitely
generated ideal.

We denote Algyy, . the category of p-adically complete p-torsion-free algebras
R over Ajut o that are of topologically finite presentation, where the morphisms
are defined as maps of Ajnfc-algebras.

Similarly, we can extend these notions to the relative situation, replacing
Aing e by any Ajne o-algebra.
Here we list some basic properties about modules over a given R € Algyy, .

LeEMMA 5.1.2 (cf. [18], 7.1.1). — Let R be an algebra in Alg, .. Then we
have

(i) Every finitely generated p-torsion-free R-module is finitely presented.
(ii) The ring R 1is coherent.
(iii) Let N be a finitely generated R-module, N' C N a submodule. Then
there exists an integer ¢ > 0, such that

pkNﬂN/ Cpkch/

for every k > c. In particular, the subspace topology on N' induced from
the p-adic topology on N agrees with the p-adic topology of N'.
(iv) Ewery finitely generated R-module M is p-adically complete and sepa-
rated; i.e., every such M is isomorphic to its p-adic completion M”.
(v) Every submodule of a finite type free R-module F is closed for the p-adic
topology of F.

Proof. — (i) This is proved in the proof of [8, 13.4. (iii.b)]; for completeness,
we record it here. We do this by induction, and note that for n = 1 the case is
given in [13] 1.2.

Let M be the image of M in M/f[%], and let N be the kernel of M — M. The
image M is a finitely generated p-torsion-free R/¢-module, which by induction
is a finitely presented R/¢-module. Note that this also implies that the R/¢-
module M is a finitely presented R-module. So by [3, Tag 0519], N is finitely
generated over R, and to show the finite presentedness of M, it suffices to show
the finite presentedness of N. But note that for x € N, there exists some k € N
such that pFz € €M. This implies that p*¢"~ 1z = 0 in M, as the element is
contained in £"M = 0, and by the p-torsion-freeness of M, we have "1z = 0.
So N is a finitely generated p-torsion-free R/¢"~!-module, and by induction
we get the result.

(ii) By definition, a ring R is coherent if every finitely generated ideal of R is
finitely presented. So by the p-torsion-freeness of R and (i), we get the result.
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(iii) Let M be the kernel of the map N — N/N’[%], and we have the following
short exact sequence

1
0—>M—>N—>N/N’[}.
p

Then, since the image of N in N/N’ [%] is finitely generated and p-torsion-free,
by (i) we know the image is finitely presented, and thus M is finitely generated
([3, Tag 0519]). Note that the quotient M /N’ is p*-torsion, so by the finitely
generatedness there exists some ¢ € N such that p°M C N’. Besides, for z € N
such that p¥z € M, the image of = in N/N’[]%] is also zero. So the definition
of M implies that z € M and p*z € p* M. In this way, for k > ¢, we have
PPNAN cp*NnM
C pkM
C pk_CN/.
(iv) We can fit M into the following short exact sequence of R-modules:
0— N-— R — M —0.

We apply the p-adic completion to the sequence. Then note that since the
subspace topology on N is the isomorphic to the p-adic topology by (iii), while
the quotient topology on M is the same as the p-adic topology, by [36] Theorem
8.1, we get an exact sequence of p-adically complete R-modules with continuous
maps

0— N — R®" — M" — 0.

Compared with the above two exact sequences, we see the natural map N —
N is injective while M — M” is surjective.

We then assume that the R-module M is finitely presented. By [3, Tag
0519], we know that N is finitely generated. In this way, since the surjection
of M — M" is true for any finitely generated R-module, we see N — N’ is an
isomorphism. In particular, we get M ~ M”. This finishes (iv) for M being
finitely presented over R.

In general, let M be any finitely generated module over R. Take M to be
the image of M in M [%] Then, since M is finitely generated and p-torsion-free,
we know that M is finitely presented and hence the kernel N = ker(M — M)
is finitely generated by loc. cit. Notice that by definition N is p®-torsion.
So there exists some m € N such that p" N = 0. Now, by the p-torsion-
freeness of M, the base change of the exact sequence 0 — N — M — M — 0
along R — R/p® is exact. Moreover, since the inverse system {N ®r R/p®}s
is essentially constant, the inverse limit of the short exact sequence of inverse
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system is exact, and we get
0— N =N — M  —M" —0,
and by the isomorphism M ~ M we get the result
M ~ M".

So we are done.

(v) Let N be a submodule of a finite free R-module F, and let M := F/N
be the quotient. By (iv), since M is finitely generated, we have the canonical
isomorphism M ~ M". As in the proof of (iv), the p-adic completion induces
the following short exact sequence:

0—N"—F—>M'\~M—0.

Hence we get the isomorphism N ~ N”. In particular, since N is complete and
its p-adic topology is isomorphic to its subspace topology, we get the closedness
of N in F by standard topological argument. (|

COROLLARY 5.1.3. — Let R be a topologically finite-type algebra over Ajne .

(i) The ring R is p-adically complete and separated.
(ii) The ring R is topologically finitely presented over Aiyg e if it is p-torsion-
free.
(iii) Assume R is in Algy, . and I is an ideal of R. Then I is finitely
presented over R if R/I is p-torsion-free.

Proof. — (i) Note that R is the quotient of Ain¢e(Th,...,Ty) for some m,
with the latter being in Alg, .. In particular, R is a finitely generated
Aing (11, ..., Tpy)-module. So the result follows from Lemma 5.1.2.(iv).

(ii) By (i), we know R is p-adically complete and p-torsion-free. So it suffices
to check that for a surjection Ajn¢ (717, ...,Tm) — R, the kernel is finitely gen-
erated. This then follows from Lemma 5.1.2.(i), since R is a finitely generated
Aing o (T;) module that is p-torsion-free.

(iii) By Lemma 5.1.2.(i) applied at the p-torsion-free R-module R/I, we
know that [ is a finitely generated ideal in R. So thanks to 5.1.2.(ii), we know
that I is in fact finitely presented. O

LEMMA 5.1.4. — Let R be in Algy, . and F be a flat R-module

(i) The functor M — (M ®@g F)" is exact on the category of finitely pre-
sented R-modules.

(ii) Given a finitely presented R-module M, the following canonical map is
an isomorphism:

M@RF/\ — (M(X)RF)A
(iii) The R-module F" is flat over R and is p-torsion-free.
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Proof. — (i) Let 0 - M’ — M — M"” — 0 be a short exact sequence of
finitely presented R-modules. By assumption, the tensor product with F' over
R is exact, so it suffices to show that the p-adic completion is flat on 0 —
M®@F - M®@F - M"®F — 0. By Lemma 5.1.2.(iii), there exists an
integer ¢ > 0 such that p*M N M’ C p*~°M’. Applying this inclusion with
the tensor product functor — ® g F' and noticing that the flatness of F' implies
P*MNM)®F = ("M @ F) N (M'® F), we see that the p-adic topology
on M’ ® F is isomorphic to the subspace topology induced from M ® F. In
particular, by [36] Theorem 8.1, we get the exactness

0—MeF)" —MeF)" — (M"®F)" — 0.
(ii) Assume that M has the following presentation:
R®" — R®™ — M — 0.
The tensor product of this with F' gives
Fo" — F®" s M ®F — 0.
We then take the p-adic completion. By (i), we get an exact sequence
(1) (FM®" — (PM¥™ — (M @ F)» — 0.

On the other hand, we replace F' by F” in the second exact sequence above
and get

(2) (FM®" — (FM®™ — M @ F" — 0.

The canonical maps from (2) to (1) are identities on F/»®" and F/®™, Thus
we get the isomorphism.

(iii) It suffices to show that for any injective map of finitely presented mod-
ules M’ — M, the tensor product with F is still injective. This then follows
from (ii) and (i). O

COROLLARY 5.1.5. — Let f: A — B be a map of algebras in Alg, .. Then the
kernel of any surjective A-homomorphism p : A(T;) — B is finitely generated
over A. In particular, B is a topologically finitely presented A-algebra.

Proof. — By assumption, we can write A as Ay (U;)/I for some finitely
presented ideal I. This allows us to write the surjection p as Ains o (U, T3) /I —
B, and it suffices to show that the ideal J := ker(Ain(U;,T;)/I — B) is
finitely presented. Notice that the quotient ring B by assumption is p-torsion
free. So by Corollary 5.1.3.(iii), the finite presentedness of the ideal J follows if
we can show that the ring Aiy (U, Ti) /1 is in Algg, .. The latter by Corollary
5.1.3.(ii) is equivalent to showing that the ring Ainse(U;, T;)/1 is topologically
finite type over Ajut . and is p-torsion-free.

Finally, to check the latter conditions, we notice that the ring Ain o(U;, T5) /1
is by construction topologically finite type over Ajn¢ . On the other hand, since
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Aine o (Uj) /I = A(T;) is the p-adic completion of the flat A-module A[T;], by
Lemma 5.1.4.(iii), we know it is p-torsion-free. O

5.2. Analytic cotangent complex: affinoid case. — We then introduce the ana-
lytic cotangent complex for algebras in Alg, . and affinoid rigid spaces over

+ . . .
BdR’e in this subsection.

Derived p-adic completion. We recall the basics of derived p-adic completion.
Let R be a Z,-algebra. For a complex C' = C*® of R-modules, recall that the
derived p-adic completion of C' is defined as

. p™
Rlim _ (C ®k cofib( R —= R)),
as an object in the derived category D(R) of R-modules. Here the object

cofib( R 2> R ) is the cone of the map p™ : R — R. An object C € D(R) is
called derived p-complete if C' is isomorphic to its derived p-adic completion.
The subcategory D, (R) of derived p-complete objects is a full subcategory ([3,
Tag 091U]) of D(R), and the derived p-adic completion forms a left adjoint
functor to the inclusion functor D,(R) — D(R) ([3, Tag 091V]).

There exists a natural isomorphism of complexes of R-modules

R®£p cofib( Z, p—n;Zp ) =~ cofib( R LR ).

From this, the derived functor C' — C ®% cofib( RE>R) in D(R) can be
rewritten as

C+— C®h Rk cofib( Z, *~17, )

~C ®£p cofib( Z, S Ly ).

Here we note that since Z,, is p-torsion-free, the complex cofib( Z,, S Z,) is
isomorphic to the Z,-module Z,/p™[0] living at degree 0. In the case where
C is a p-torsion-free R-module, by the flatness of C over Z,, its derived p-adic
completion is exactly its classical p-adic completion h&lm C/p™. This in fact
holds true in full generality for complexes as follows:

LEMMA 5.2.1. — Let C be a cochain complex of p-torsion-free Z,-modules.
Then the derived p-completion of C can be represented by a cochain complex
C € Ch(Z,), which is obtained by the term-wise classical p-completion of C.

Proof. — We first notice that C is derived p-complete, as the derived p-com-

pleteness can be checked by cohomology ([3, Tag 091N]) and each H(C) is
derived p-complete.
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When C' is bounded to the right, the derived tensor product C' ®£p Z/p™ is
represented by the cochain complex C/p™ € Ch(Z,), obtained via term-wise
quotient by p™. In this case, the claim follows from via [3, Tag 09AU] and can
be checked by taking the mod p™ reductions, as C ®£p Z/p™ = C/p™.

In general, consider the naive truncation

o>"C — C — o="C.

By Z,/p™ is quasi-isomorphic to a perfect complex over Z,, the derived tensor
product functor —®£pZ /p™ commutes with derived limit functor. In particular,
we have

C ®£p Z/p™ ~ Rlim ((US"C') ®ép Z/pm> .

Hence we have

R]'glC’ ®£p Z/p™ ~
m

=C. ]

Analytic cotangent complex for affine formal schemes. Now we introduce the
definition and the basic properties of analytic cotangent complexes, for a map
of algebras over Ajn¢.. The analogous discussion for topologically finite type
algebras over K can be found in [18, Section 7.1].

CONSTRUCTION 5.2.2. — Let f : A — B ba a map of Ajyf c-algebras in Algg, ..
Both A and B are p-adically complete p-torsion-free algebras over Ajn¢ . that
are quotients of Ajnge(T1,...,Ty,) for some m € N. As an A-algebra, the ring
B admits a standard simplicial resolution

P, — B,

where each P; is a polynomial over A ([3, Tag 08PM]). This allows us to give
simplicial Py-modules Qj, /4> Where each Qp, /a is the algebraic differential of
P; over A. Recall that the algebraic cotangent complex Lp,4 is the image of
the cochain complex Q}D. /4 ®P, B in the derived category over A. The analytic
cotangent complezes L%“/A for the Aingo-algebras B — A is then defined as
the image of the derived p-adic completion of the Q}D. /4 ®p, B in the derived
category of A-modules.
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REMARK 5.2.3. — As the polynomial resolution is functorial with respect to
the pair (A, B), by Lemma 5.2.1, the analytic cotangent complex L%“/ 4 can
be represented functorially by the cochain complex in Ch(B) produced by the
term-wise p-adic completion of Q}D. /4 OpP, B.

There exists a canonical map from the algebraic cotangent complex Lg/4 to
the analytic cotangent complex ]LaBn/ 4+ This is given by the counit map of the
adjoint pair for the derived p-completion and the inclusion functor D,(A) —
D(A).

Here are some useful results for the analytic cotangent complex of Ajnfe-
algebras:

PROPOSITION 5.2.4. — Let f: A — B be a map of Ains c-algebras in Algyg, ..
Assume f that is formally smooth. Then we have a canonical isomorphism

an 1,an
Bra — 5,al0],

where the right-hand side is the module of (p-adic) continuous differential
forms.

Proof. — Since f is formally smooth, by Elkik’s algebraization result of for-
mally smooth adic algebras (for this specific situation, see [10, Page 11, Foot-
note 6], where the Noetherian assumption is not needed), B is isomorphic to
the p-adic completion of a smooth A-algebra. In particular, f is flat (Lemma
5.1.4) and the map f, := (A/p™ — B/p™) is smooth. So by the derived base
change formula for the algebraic cotangent complex ([3, Tag 08QQ)]), since
B/p™ = B®L A/p", we have

Lp/a @5 A/p" = L(s/pm)/(a/m):

Moreover, the smoothness of f,, gives a canonical isomorphism

LB/pmy/amm) = Q(lB/p")/(A/p”) 0] = Q}B/A ®a A/p"[0].

In this way, by taking the derived p-adic completion of Lp,4 and noticing the
p-torsion-freeness of B and A, we get
Bra =Rlm  Lp/a @5 A/p"
. 1
= R@neNQB/A/Pn [0]
1,
=0 ij; [0]. |
In the next result, we show that the analytic cotangent complex for a finite

morphism coincides with the associated algebraic cotangent complex. Recall
that for an object L® in the derived category of R-modules, it is called pseudo-
coherent if it is isomorphic to an upper-bounded complex of finite free R-
modules.
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PROPOSITION 5.2.5. — Let A — B be a map of two topologically finitely pre-
sented Ainge-algebras in Algy, ., such thal B is a finitely presented A-module.
Then the algebraic cotangent complex g, 4 is pseudo-coherent. In particular,
Lp/a is derived p-complete and we have a canonical isomorphism

LB/A — L%H/A.

Proof. — We first show that it suffices to assume that A — B is a surjec-
tion. Too see this, we first pick a polynomial algebra A[zy,...,z,] that maps
surjectively onto B. By the finite presentedness assumption of B over A,
each x; satisfies a monic polynomial f;(x;) of x; in A, and the induced map
B' = Alz1,...,2)/(f1,-..,fr) — B is also surjective. Here we note that
the ring B’, as a finite algebra over A that is p-torsion-free, is automatically
p-complete and is also in Algs, .. Moreover, notice that since the sequence
{f1,-.., fr} is a regular sequence in A[z;], by the distinguished triangle of
algebraic cotangent complexes for A — B’ — B, we get

]LB’/A (X)é/ B —)LB/A —>]LB/B’-

Here we note that as B’ is relatively of local complete intersection over A, by
[3, Tag 08SL] we know that Lp/ /4 is a perfect complex over B’. Thus to show
the pseudo-coherence of L4, it suffices to show this for L/, where B’ — B
is a surjective map of algebras in Alg, ..

Recall that by assumption, B is a finite A-module that is p-torsion-free. So
Lemma 5.1.2 implies that B is a finitely presented A-module and there exists
an exact sequence of A-modules as below:

f

AP™ A®r B 0.

Moreover, as the image of f is a submodule of A®", which by Lemma 5.1.2.(i)
is finitely presented, we know that ker(f) is also finitely generated (and hence
finitely presented as it is inside of A®™). This procedure allows us to give
a finite free A-module resolution of B. In particular, this shows that B is
pseudo-coherent over A.

We then take P to be a simplicial polynomial resolution of B over A, and
let J be the kernel of the map P ® 4 B — B. Then by the finite presentedness
of B over A, the simplicial A-algebra P is also pseudo-coherent over A. So by
taking a base change along A — B, we see that P® 4 B is a simplicial B-algebra
that is pseudo-coherent over B. Moreover, since the map P ® 4 B — B has
a natural section, the kernel J is also pseudo-coherent ([3, Tag 064X]). Notice
that the cotangent complex L/ 4 fits into the distinguished triangle (cf. [28,
Chap. III. 3.3.2]

J — Lp/a — J?[1].

To show the pseudo-coherence of L, 4, by [3, Tag 064U] it suffices to show
by decreasing induction that L, is n-pseudo-coherent for each n < 1. When
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n =1, the result is clear, as Lp,4 has cohomological degree < 0. Suppose the
result is true for n < 0. Since A — B is a surjection, the induced surjective
map P ®4 B — B is isomorphic on 7wy with kernel living in cohomological
degree < —1. Thus by [28] Chap III, 3.3, we have

H™(J") =0, fori>—m.

This implies that when i > —n, J* is n-pseudo-coherent. On the other hand,
by [28] Chap III, 3.3.2, there exists an isomorphism

JI T — LSymi(Lp,a), j > 0.

The derived symmetric product preserves the n-pseudo-coherence ([18] 7.1.18),
so J7/Ji+1 is m-pseudo-coherent for any j > 0. Thus the fiber sequence for
the quotient J* — J¢/J*! allows us to deduce the n-pseudo-coherent of every
J*. In particular, when ¢ = 2, by taking the cohomological twist we know that
J?[1] is (n — 1)-pseudo-coherent. So combining with the quasi-coherence of J,
we get the (n — 1)-quasi-coherence of I/I? = Lp,4 by [3, Tag 064V]. O

COROLLARY 5.2.6. — Let A be a p-torsion-free topologically finitely presented
Ajng e-algebra and I be a finitely generated reqular ideal in A such that B :== A/I
is p-torsion-free. Then we have a canonical isomorphism

Ba — 1/I7[1].

Proof. — Since B is p-torsion-free, by Corollary 5.1.3, we know that B is in
Algys, .- So the result follows from Proposition 5.2.5 and the case for algebraic
cotangent complex. (]

Here is another useful result about the distinguished triangles for triples:

PROPOSITION 5.2.7. — Let A — B — C be maps in Alg, .. Then we have

(i) The analytic cotangent complex ]L%“/A is a pseudo-coherent object in the
derived category of B-modules.

(ii) there exists a natural distinguished triangle of pseudo-coherent objects
in the derived category of C-modules

Ly, ®5C — LY, — L) 5.
Before the proof, we make the following claim:

LEMMA 52.8. — Let A — B be a map of algebras in Algy, .. Let K be a
bounded above complex of A-modules, and K’ be its derived p-completion. Then
the derived p-completion of K @& B is isomorphic to the derived p-completion
of K' ®% B.

Proof of Lemma. — It suffices to check by applying the derived tensor product
functor — ®£p Z/p™, which is then clear, as K ®ép Z/p ~ K’ ®£p Z/p™. O
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Proof of Proposition 5.2.7. — (i) By Corollary 5.1.5, we may write B as the
quotient P/I, where P = A(T;) is a convergent power series ring over A, and I
is a finitely generated ideal by Corollary 5.1.3.(iii). We take the distinguished
triangle of algebraic cotangent complexes for A — P — B and get

]LP/A ®%B HH—AB/A — ]LB/p.

Note that L), is isomorphic to the finite free P-module Q}t;?z (Proposition

5.2.4), so after applying the derived p-completion and using the lemma above,
we get a distinguished triangle

1l,an n n

Here the L%n/ p is pseudo-coherent by Proposition 5.2.5. Thus we are done.
(ii) For (ii), take the distinguished triangle for algebraic cotangent com-
plexes. We get

LB/A ®é C — LB/A —)LC/B.

So the result follows from the lemma above and the pseudo-coherence of each
analytic cotangent complex. O

Analytic cotangent complex for affinoid rigid spaces. We then introduce the ba-
sics of the analytic cotangent complex for a map of affinoid algebras over BIR o
using the integral construction given in the last paragraph. The analogotis
discussion for topologically finite type algebras over K can be found in [18,
Section 7.2].

CONSTRUCTION 5.2.9. — Let f : A — B be a map of topologically finite
type affinoid algebras over BjR’e, namely both A and B are quotients of
BIR’E‘,(Tl, ..., Ti) for some m € N. Denote by Cp,4 the category of pairs
of rings (By, Ag), where Ag and By are rings of definition of A and B, respec-
tively, such that both of them are in Alg, ., and f(Ag) C Bo. The morphism
among pairs is defined by inclusion maps on each entry.

Assume (By, Ap) is an object of Cp/4. By the construction of the last para-
graph, we can construct the analytic cotangent complex L /Ao for By/Aq as
the derived p-completion of the algebraic cotangent complex L, /4,-

DEFINITION 5.2.10. — The analytic cotangent complezes for affinoid algebras
B/A are defined as the colimit

1
an o : an
]LB/A = (BO,%%I)IEHéB/A ( Bo/Ao [PD
as an object in the derived category of B-modules.
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REMARK 5.2.11. — As there exists a canonical actual complex representing
L%I:)/A() (by the term-wise p-adic completion of Q})/AO ®p B, where P is the
standard polynomial resolution of By over Ap), the analytic cotangent com-
plexes can also be represented by a canonical actual complex, defined by taking
the colimit of the actual term-wise complete complexes and then inverting by p.

Here we note that there exists a canonical map from the algebraic cotan-
gent complex Lp, /4, to L3 /Ay induced by the adjoint pair for the derived
completion. By inverting p we also have a canonical map from the algebraic
cotangent complex L.g,4 to the analytic cotangent complex ]L%n/ 4 for a map of

algebras A — B over B(TR o
We then give a simple description of the analytic cotangent complex for a
smooth morphism.

PROPOSITION 5.2.12. — Let Ag — By be a map of algebras in Alg, ., and
let A = Ao[%] and B = Bo[%] be their generic fibers, respectively, with the
induced map f : A — B. Assume the corresponding map of affinoid rigid
spaces Spa(B) — Spa(A) is smooth. Then we have a natural isomorphism

n 1 1,an 1
Lty 3] — (9 [5])

Proof. — By Corollary 5.1.5, By is a topologically finitely presented Ag-algebra.
So we can write By as the quotient ring of the relative convergent power series
ring Py = Ao(T1,...,T;n) by some finitely generated ideal Iy C Py. Denote by
P and I the ring PO[%] and the ideal IO[%], respectively. Then the surjection
P — B induces a closed immersion of Spa(B) into the m-dimensional unit disc
Spa(P) over Spa(A). Since both Spa(B) and Spa(P) are smooth over Spa(A),
by the Jacobian criterion for the smoothness of adic spaces ([27], 1.6.9), for each
maximal ideal P of P that contains I, we can always find generators si,...,s;
of Iy such that their derivatives dsi,...ds; can be extended to a basis of the
continuous differential Q}D saq atb B. We denote by p the intersection P N A.
Then the above implies that the image of s; in Pp®4 (A, /pAy) forms a regular
sequence. So by the flatness of Py over A, and [16, Chap. 0, Proposition
15.1.16], (s;) forms a regular sequence in Pyp. Since this is true for every
maximal ideal 8 of P containing I, we see B is a local complete intersection
of P.
Now thanks to the surjectivity of Py — By, Proposition 5.2.5 implies that

L3 r, == L/,

Moreover, by the flat base change formula for the algebraic cotangent complex
([3, Tag 08QQ)]), there exits a canonical isomorphism of algebraic cotangent
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complexes
1
L, P, [p} ~ILg/p,

which, by the local complete intersection of P — B, is isomorphic to I/I?[1].
On the other hand, by Proposition 5.2.7 and Proposition 5.2.4, we have a
natural distinguished triangle

1,an 1 n 1 n 1
(QPO/AO ®@p, Bo [p - L%O/Ao 5 — 81L30/Po 5 :
Replacing the right side by the ideal I/I%[1] in degree 1, we get an isomorphism
1 o 1
L% a0 {p] ~ coﬁb([/[2 — Q;S/Ao ®p, Bo L}} )

Notice that by [27, Prop. 1.6.9.(ii)] and the smoothness of Spa(B) — Spa(A),
the above map on the right-hand side is injective. Hence the cofiber complex
above lives in cohomological degree zero and is by definition equal to

(o :

As a quite useful upshot, to compute the analytic cotangent complex for
affinoid rings, it suffices to use one single pair of rings of definition.

PROPOSITION 5.2.13. — Let Ag — By be a map of algebras in Algg, ., and let
A= AO[%} and B = BO[%} be their generic fibers, respectively, with the induced
map f: A— B. Then the map below is an isomorphism:
an 1 an
]LBO/AO {p} — ]LB/A.
Proof. — 1t suffices to show that for any commutative diagram of topologically
finitely presented rings of definition
Ay —— B},

R

AUHBO

p
using the distinguished triangles for Ag — A — Bj and Ay — By — By,
respectively, we can reduce to show that

an 1
Won] =0

Then we notice that since A9 — Aj is an isomorphism after inverting by p,
this satisfies the assumption of Proposition 5.2.12. So it suffices to prove that

the induced morphism L3, 1] —» L Jar [2] is an isomorphism. Moreover,
0 0
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QL (1] = 0. By Corollary 5.1.5, A}, is a topologically finitely presented

Ap/Aolp
algebra over Ag. We pick a set of generators z; of A, over Ay. Then by
A{)[%] = AO[%], there exists a positive integer N such that pNz; € Ay. Note

that the continuous differential form Qi’?}l A, 1S generated by the dz;. So we get
0
pNdx; = d(pN ;) = 0.

This implies that Q;Z;‘ 4, 18 p>-torsion. In particular, we have

1,an 1 _
v [1] =0
So we are done. O

Here are some applications of the above result.

COROLLARY 5.2.14. — Let f : A — B be a map of topologically finite type
algebras over B('IR?e, such that Spa(B) — Spa(A) is smooth. Then the projection
onto the zero-th homotopy group induces natural isomorphism

L5y — Qp,a[0],
where the right side is the modules of continuous differential forms.

Proof. — This follows from Proposition 5.2.13 and Proposition 5.2.12. O

Similar to the integral case, when B is a quotient ring of A, the analytic
cotangent complex coincides with the algebraic cotangent complex.

COROLLARY 5.2.15. — Let f : A — B be a map of topologically finite type
algebras over Bj{RC such that B is a finite A-module. Then the natural map
from the algebmz’d cotangent complex to the analytic cotangent complex below
is an isomorphism:

LB/A — L%H/A.

Proof. — Pick a ring of definition Ay of A that is topologically finitely pre-
sented over Aj,f .. We first notice that under the assumption of A — B, we can
find a ring of definition By of B that contains f(Ap) and is finite over Ay. To
find such By, we pick a set of A-module generators z; of B over A. Then each
a; satisfies a monic polynomial f;(X) = 377", a;; X7 with coefficients in A.
Since A = Ao[%], we can pick a common integer N € N such that coefficients
pNa;; are inside of Ay for each i and j. From this, we see that the element
p™V z; satisfies a monic polynomial with coefficient in Ag. In other words, the
subring By = f(Ag)[pN ;] of B is finite over Ayg.

Now the corollary follows easily from Proposition 5.2.13 and Proposition
5.2.5, since L), is isomorphic to L [%], while the latter is computed by
inverting p at the algebraic cotangent complex L, /4,. Notice that thanks to

TOME 153 — 2025 — N© 4



CRYSTALLINE COHOMOLOGY OF RIGID ANALYTIC SPACES 899

the flat base change of the algebraic cotangent complex, Lp,, Ao[%] is exactly
the algebraic cotangent complex of B over A. So we get the result. ]

As expected, we have the following simple description of the analytic cotan-
gent complex for regular immersion:

COROLLARY 5.2.16. — Let f : A — B ba a surjective map of topologically
finite type algebras over B:Rve, such that the kernel I is a regular ideal in A.
Then we have a natural isomorphism

LEa — I/I%(1].
Proof. — This follows from Corollary 5.2.15 and [3, Tag 08SJ]. O

Another quick upshot is the pseudo-coherence of the analytic cotangent com-
plex.

COROLLARY 5.2.17. — Let A — B be a map of topologically finite type algebras
over Bj{R’e. Then the analytic cotangent complex ILaBn/A is a pseudo-coherent
complex of B-modules.

Proof. — This follows from Proposition 5.2.13 and the integral version of the
result of Proposition 5.2.7. O

We also obtain the distinguished triangle for triples as follows:

COROLLARY 5.2.18. — Let A — B — C be maps of topologically finite type
algebras over Bg&e. Then there exists a distinguished triangle of analytic cotan-
gent complexes of affinoid algebras

Lifa 95 C — L, — L,
Proof. — Let Ay — By — Cjy be an arbitrary choice of rings of definition of

A — B — C that are topologically finitely presented over Ajns.. By Proposi-
tion 5.2.7, we have a distinguished triangle

L
%r;/AO ®Bo CO — ]L%I:]/AO — L%%/BO.
Note that for the first term above we have the isomorphism
(L%IE/AO @B, OO) ®£p Qp = (LaBI:)/AO ®£p Qp) ®§30®pr@p (CO ®£p Qp)
~ LBBH/A ®é C

So the corollary follows from Proposition 5.2.13 by the base change along
Zy, — Qp. O
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A quick consequence is the following change of base equality:

COROLLARY 5.2.19. — Let A — A’ — B be maps of topologically finite alge-
bras over BjR’e, with A — A’ being étale. Then the natural map below is an
isomorphism:

Proof. — By the distinguished triangle of the triple in Corollary 5.2.18, it
suffices to show that L5 /A vanishes. So this follows from the assumption and
Corollary 5.2.14. |

Finally, we have the étale base change formula as below.

COROLLARY 5.2.20. — Let A — B — B’ be maps of topologically finite alge-
bras over BjR,e, with B'/B being étale. Then we have the following natural
isomorphism:

]Labn/A ®B B/ — ]Laér}/A

In particular, when there exists an étale morphism A — A’ such that B’ =
A’ ®4 B, we get the base change formula

Ly, @4 A = L3 .

Proof. — The first isomorphism follows from the distinguished triangle (Corol-
lary 5.2.18) for A — B — B’ and the étaleness of B’/B (Corollary 5.2.14). The
second isomorphism follows from Corollary 5.2.19 and the isomorphism

L%n/A(X)BB/:LaBn/A@BB@AA/. O

5.3. Derived de Rham complex: affinoid case. — In this subsection, we con-
struct the derived de Rham cohomology for topologically finite type algebras
over BjRﬁ.

As a preparatory step, we first construct the rational analytic derived de
Rham complex for a map Ay — By of Ainfe—al«/ge\bras, which is a complete
filtered complex over AO[%], namely an object in DF (AO[%]). We also refer the
reader to [6, Const. 4.1] for basics on the algebraic derived de Rham complex
of algebras.

CONSTRUCTION 5.3.1. — Let Ag be an Ajyf c-algebra in Algg, .. We want to
build a functor F' : Algtfp’e/Ao — @?(Bjﬂe), sending Ay — By to a filtered
complete Eqo-algebra over Ag[1].
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Step 1. — Let P be the standard polynomial resolution of By over Ag. The de
Rham complex 2%, /Ao of P over Ay is then a simplicial complex of P-modules.

Moreover, the (direct sum) totalization Tot(€2} ) is a cochain complex of

Ap-modules that comes with a canonical decreasing filtration defined by Fil' =
Tot(Q7) ,,)-

Step 2. — Now we take the derived p-adic completion of the filtered cochain
complex (Tot(Q2%,,, ), Fil’) to get an object (E,Fil'E) in the filtered derived
category, such that F and Fil'E are all derived p-adic complete. Then we invert

pin (E,Fil'E) to get an object (E[}%], FiliE[%]) in the filtered derived category

of Ag[]-modules.
Step 3. — Finally, we denote F'(Bo/Ap) to be the filtered completion of
(E[%],FillE[%]).7 Thus we get a functor from maps in Algs, . to the fil-

tered complete derived category of BIR’e—modules (even Ao[%]—modules), send-
ing A() — By to F(B()/Ao)

REMARK 5.3.2. — From the construction above, it is clear that the i-th graded
piece of F(By/Ap) is isomorphic to

(smal)s

REMARK 5.3.3. — Recall given a complex of Z,-modules C. It admits a natural
map onto its derived p-adic completion C. Applying this to the construction
above (Step 2), we see there exists a natural filtered map from the algebraic
derived de Rham complex aﬁBo[%]/Ao[%] to F(By, Ao).

REMARK 5.3.4. — From the construction above, the natural map from P to
By induces a filtered map from F(By, Ag) to the continuous de Rham complex
9;3:7 Ao [%], which is compatible with the differentials. Here the filtration on the
latter is the usual Hodge filtration.

REMARK 5.3.5. — As the de Rham complex is equipped with a structure of
commutative differential graded algebra and the above constructions are all lax-
symmetric monoidal, the filtered complex F(Bg/Ap) is also naturally a filtered
Eoo-algebra in By -modules.

7. Roughly speaking, th¢ filtered completion here means we are taking the derived in-
verse limit R@jE[%]/FilﬂE[%], together with the induced filtration with the 4-th fil-

tration being R@j% FiliE[%]/File[%]. This can be understood more canonically as
the image of (E[%],FiliE[%]) along the symmetric monoidal filtered completion functor

DF(Ao[L]) — DF(Ao[2]).
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Now we consider the constructions for affinoid rigid spaces. Let f: A - B
be a map of topologically finite type algebras over BIR@. Recall that the
category Cp,4 is defined as pairs of rings (By, Ao), where Ay and By are rings
of definition of A and B separately, such that both of them are topologically
finitely presented over Ajnse and f(Ag) C By. The morphism among pairs is
defined by the natural inclusion map of pairs. Here we note that by Corollary
5.1.5, By is a topologically finitely presented algebra over A, automatically.

DEFINITION 5.3.6. — Let f : A — B be a map of topologically finite type
algebras over B;{R,e, and let Cp/4 be the category of pairs of their rings of
definitions as above. The analytic/ﬁerived de Rham complex of B over A,
denoted by ch{j;“/A, is an object in D&”(Bjme) defined as

(ﬁ;n/ 4 := filtered completion of (307(1:4(?)1)ierréB/A F(By/Ayp).

The filtration of &EZ‘/ 4 is called the algebraic Hodge filtration. If we forget

the filtered structure, we get the underlying complex of cﬁ%}n/ 4. 1t is denoted

as @zn/ 4 and is defined as the 0-th filtration of (Tﬁzn/ 4, which is the image
under the natural projection functor

DF(Blg ) C Fun(NP, D(Biy ) — D(Big.);
Co —> Co.

COROLLARY 5.3.7. — Let A — B be a map of topologically finite type algebras
—~an

over Bj{R,e. Then the i-th graded piece of dRp, 4 is naturally isomorphic to

L/\iL%H/A[—i]. In particular, for any pair of rings of definition (By, Ao) € Cp/a,

the natural map below is a filtered isomorphism

F(Bo,AQ) — CTI\{?;/A.

Proof. — By the construction above, the algebraic Hodge filtration Filial\{;n/ A
has the graded factor

. —=an . 1
r'dR = colim LA'L%E =[]
s B/A (Bo,A0)€CB,a Bo/4o |:p:| [ ]

By Proposition 5.2.13 and the assumption on (B, Ag), each L A LE/AO[%] is
isomorphic to the i-th derived wedge product of the analytic cotangent complex
for the affinoid algebras B/A. In particular, the transition maps in the colimit
above are all isomorphisms, and we can replace them by one single term. Thus

we get

gr'dRp q ~ L AL, 4[—i].
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As a consequence, thanks to the filtered completeness, the filtered isomorphism
can be checked on the graded pieces, and hence the natural map F(By, Ag) —

al\%?;/ 4 is a filtered isomorphism. O

REMARK 5.3.8. — By taking the colimit for the natural filtered map
AR o (11/4013) — F(Bo, Ao),

we get a canonical filtered map from the algebraic derived de Rham complex

dRr B/4 to the analytic derived de Rham complex CTI\%?;/ 4- This is compatible
with the canonical map of each graded factor

LA Lpja — LA LG,

REMARK 5.3.9. — As the colimit is a lax-symmetric monoidal functor, the
analytic derived de Rham complex dR g, is naturally a filtered Eo.-algebra in
D(Bix..)-

Here we provide a simple description of the analytic derived de Rham com-
plex for two special cases: the smooth case and the complete intersections.

PROPOSITION 5.3.10. — Let A — B be a smooth map of topologically finite type
algebras over BIR’E. Then the natural morphism below from the analytic derived
de Rham complex to the continuous de Rham complex is a filtered isomorphism:

dRp 0 — Q4

Proof. — By Remark 5.3.4, there exists a natural filtered map from &Ezn/ 4 to
the continuous de Rham complex Q5 JA> which is compatible with the differ-
ential maps. By the assumption and Corollary 5.2.14, the analytic cotangent

complex LaBn/ 4 1s isomorphic to the module of continuous differential forms

O /A [0], which is a free B-module whose rank is equal to the relative dimen-
sion dim 4 (B). On the other hand, the de Rham complex of affinoid algebras B
over A is bounded above by the relative dimension and is thus complete under
the Hodge filtration. The derived wedge product L A? ]L%n/ 4 is isomorphic to
/\’Q}BM [0] = Q%/A [0], which vanishes when ¢ > dim 4(B). So by the Construc-
tion 5.3.1 above, the natural map from the analytic derived de Rham complex
to the de Rham complex of B/A induces an isomorphism from the i-th graded
factor gri(ﬁ\{;ﬂ/A =LA B/al—1] to the i-th continuous differential QiB/A[—i].

In this way, we get a filtered isomorphism from cﬁ\{zn/ 4 to the de Rham complex

Q34 O
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ProOPOSITION 5.3.11. — Let A — B be a surjective map of topologically finite
type algebras over Bjj'Re. Then the canonical map below is a filtered isomor-
phism

— —=an
As an upshot, the underlying complex @Zn/ 4 18 isomorphic to the formal com-

pletion A for the surjection A — B.

Proof. — As both (Tl\%z;n/ 4 and dr B/A are filtered complete, it suffices to show
that the induced map on each graded factor is an isomorphism. For each i € N,
the induced map grldR B/A —> & idR; B / 4 is exactly the natural map induced
from the derived p-completion integrally (Construction 5.2.9). So the first claim
follows from the assumption and Corollary 5.2.15.

For the second claim, it follows from the isomorphism between the underlying
complex @ p/a of the algebraic derived de Rham complex and the formal

completion A, which is the main result in [6] (sce [6, 4.14, 4.16)). O

COROLLARY 5.3.12. — Let A — B be a surjective map of topologically finite
type algebras over BXR,G, such that the kernel ideal I is reqular in A. Then for
each © € N, we have a natural isomorphism

A/T0] — dRp 4 /FIL'.

In particular, by taking the derived limit, we get a filtered isomorphism of al-
gebras

A\ = (ﬁzn/m
where the left side is the (classical) T-adic completion of A.

Proof. — This follows from Proposition 5.3.11 and the case for algebraic cotan-
gent complex explained in Example 4.5 in [6], originally proved in [29, Theorem
2.2.6]. O

5.4. Global constructions. — In this subsection, we construct the global ana-
lytic cotangent complexes and the global analytic derived de Rham complexes.
Our strategy is to show that the affinoid constructions satisfy the hyperdescent
for the rigid topology and thus can be extended to a complex of sheaves over
the given rigid space.

Unfolding. We first recall the unfolding of a hypersheaf in oco-category. We
refer the reader to [35, §6.5.3] for a more detailed discussion on hypercoverings,
hypersheaves, and the hypercompletion.

Let X be a site that admits fiber products, and let B be a basis of X, namely
B is a subcategory of X such that for each object U in X, there exists an object
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U’ in B covering U. So any hypercovering of an object in X can be refined to
a hypercovering with each term in B.

Let € be a presentable oo-category. Consider a hypersheaf F € Sh™P (B, @)
over B. We can then unfold the sheaf F to a hypersheaf 7' on X, such that
its evaluation at any V' € X is given by

F'(V) = colim lim F(U)),
(V) = gl I F(0)
where the colimit is indexed over all hypercoverings U, — V with U], € B for all
n. It follows from [35, Thm. 6.5.3.12] (see also the discussion at the beginning
of [35, §6.5.3]) that one hypercovering suffices to compute the value of F'(V)
in the above formula; in other words, for a hypercovering U, — V with each
U] in the basis B, we have a natural weak equivalence
R lim F(U!) — F(V).
[n]eA
In particular, for any U € B, the natural map F(U) — F'(U) is a weak
equivalence.

The above construction is functorial with respect to F € Sh"™P(B, @), and

we get a natural unfolding functor

Sh™P(B,€) — Sh™P(X, ),

which is in fact an equivalence, with the inverse given by the restriction func-
tor Sh™P(X,€) — Sh™P(B,€). Here we mention that the equivalence fol-
lows quickly from the limit formula in the last paragraph, which says that
the restriction of F’ onto the basis B naturally coincides with the input sheaf
F € Sh™P(B, ).

Recall in the special case where € = D(R) is the derived oo-category of
R-modules. We have a natural equivalence

D(X,R) — Sh™P(X,D(R));
C+— (V= RI(V,C)).
As an upshot, to define a complex of sheaves of R-modules over X, it suffices to

specify a contravariant functor from the basis B to D(R), such that it satisfies
the hyperdescent condition within 5.

Hyperdescent of LaB“/ 4 and éﬁaB“/ 4- We first consider the analytic cotangent
complex.

PROPOSITION 5.4.1. — Let A — B be a map of topologically finite type algebras
over BIR@ and let B — Bo be a map from B to a cosimplicial algebras over

BjRﬁ, such that the associated map of rigid spaces Spa(Bs) — Spa(B) is a
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rigid open hypercovering. Then the induced map below is an isomorphism:

L R lim L%
B/A — [}mA B, /A

Proof. — We first notice that by the étaleness of the map B — B,, and Corol-
lary 5.2.20, LaB‘;/A is naturally isomorphic to the base change L/ ®% B,. So
it suffices to show that the map below is an isomorphism

]L&/A —>R[lﬁm ]Ld/A ®BB

Note that since each Spa(B,) — Spa(B) is an open covering of the rigid space
Spa(B), the induced map B — B,, is flat on structure sheaves ([27, Proposition
1.7.6]). In this way, by the surjectivity of Spa(B,,) — Spa(B), we see that the
map of affine schemes Spec(B,) — Spec(B) is a faithfully flat hypercover.

Finally, we recall from the faithfully flat descent of quasi-coherent sheaves
over the affine scheme Spec(B) that for a given B-module M, the canonical
map M — Rlimp,jca M ®é B, is an isomorphism. This, by induction, implies
that for any bounded complex of B-modules C', we have C' >~ Rlim[,jca C ®é
B,,. As a consequence, since L%“/ 4 1s bounded above, by taking cohomological
truncations of ]L%n/ 4> We get

an  __ : >4 an
B/A = R@ T ]LB/A
1<0

~ Rlim R lim (r=2'L%,, @& B,
% [n]e( B/AYB )

~ R lim Rlim(r=L% , @& B,
SR i<( B/A OB )

= i R@”‘i( 54 ©5 Bn)

=R hm 1 Li)a ®% B,.

Here the second isomorphism uses the fact that limit functors commute to each
other, and the third isomorphism uses the flatness of B,, over B. O

Using the unfolding technique in Paragraph 5.4, we can extend the affinoid
construction of the analytic cotangent complex to the global case.

COROLLARY 5.4.2. — Let X — Y = Spa(A) be a map of rigid spaces over
B(J{Rye, Then there exists a complex of sheaves of A-modules L*}g‘/y over X,

such that for any affinoid open subset U = Spa(B) of X, we have a natural
isomorphism

RI(U,LY)y) =Lg)4-

The complex 1.5 Xy 1s called the analytic cotangent complex of X over Y.
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Similarly, we could unfold the construction of the analytic derived de Rham
complex to an arbitrary rigid space.

PROPOSITION 5.4.3. — Let A — B be a map of topologically finite type algebras
over B(J{R’e, and let B — Be be a map from B to cosimplicial algebras over
BIRE, such that the associated map of rigid spaces Spa(Be) — Spa(B) is a rigid
open hypercovering. Then the induced filtered map below is an isomorphism:
—~an —=an
dR — R lim dR .
B/A mlen O Bn/A
Proof. — As a limit functor preserves the filtered completeness,
—~an ey
Rlimp,ea dRp, /4 1s an object in DF(A) and, checking the isomorphism above,
can be reduced to its graded pieces. Moreover, notice that the graded piece
functor commutes with small limits and colimits (cf. [9, Lemma 5.2]). Thus
we get
gr'dR s = L ALY [~i] — gr'(R lim dRp )
[nlea "

~ R lim gr'dRp

= jea BT HBa/a

=R lim LA'LE  [—i].

I LATLE, =i

Notice that the wedge product functor commutes with the tensor product, and
for each n € N, we have

LANLE 4~ LA (L3, 95 By)

~ (L N'L)4) ®F By
In this way, the natural map of graded pieces above is an isomorphism by the
similar fpqc hyperdescent for B — B,, as in the proof of Proposition 5.4.1. So
we are done. 0

COROLLARY 5.4.4. — Let X — Y = Spa(A) be a map of rigid spaces over

B(J{Rye, Then there exists a filtered complex of sheaves of A-modules &Ej?/Y
over X, such that for any affinoid open subset U = Spa(B) of X, we have a
natural isomorphism

RT(U,dRy,y) = dRp/,.
The complex (ﬁ\{i:/y is called the analytic derived de Rham complex of X

over Y.

5.5. Infinitesimal cohomology and derived de Rham complex. — In this sub-
section, we give a comparison theorem between the infinitesimal cohomology
and (the underlying complex of) the analytic derived de Rham complex of a
rigid space X over BjRﬁ.
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Affinoid comparison. We first consider the affinoid case. Our tools are the
Cech—Alexander complex for the infinitesimal cohomology and the structure of
the analytic derived de Rham complex for closed immersions.

THEOREM 5.5.1. — Let X = Spa(A) be an affinoid rigid space over B;fR,e.
Then there exists a natural isomorphism as below:

dR/py,  — RO(X/Seint, Oxym,)-

Here @ZH/BIR is the underlying complex of the analytic derived de Rham
complez. ,

Before the proof, we want to mention that in the proof below, we will see that
the isomorphism in the statement is induced from a chosen closed immersion
X — Y, where Y is a smooth rigid space. Later on, we will use this observation
to globalize a general comparison.

Proof. — Let P = BIR’C<T1, ...,T) — A be a surjection of topologically
finite type algebras over B(TR’E. By Proposition 4.1.3 for the crystal 7 = Ox/s_,

the infinitesimal cohomology of X/3. i, can be computed by the cosimplicial
cochain complex

RT(X/Zeint, Ox/n,) = (Ox/5, (D(0)) — Ox/s, (D(1)) — --+),
where D(e) is the cosimplicial object of sheaves over the infinitesimal site pro-

o+1
duced by the envelope of A in P BiR.e (see the discussion before Theorem
4.1.1). Here we recall that by the definition of an envelope (cf. Definition 2.2.1),
the sheaf D(m) is the direct limit of all infinitesimal neighborhoods of Spa(A)

in Spa(P®™*1). In particular, we have the following isomorphism:
OX/E L P®m+1/I )

. . . §B+ m+l
where I(m) is the kernel of the surjection P ~dr.e — A.

Now, by Proposition 5.3.11, there exists a natural filtered morphism inducing
an isomorphism of their underlying complexes

ARy o — lim PO/ T(m)',

By taking the cosimplicial version of the above isomorphism, we get isomor-
phisms of cosimplicial complexes

—~an

I'(X/Ycint, Ox/x,) — Oxys, (D(9)) +— dR /p&esi-
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So in order to prove the theorem, it suffices to show that the natural map
o1

Rp+
BIR@ — P Pare — A induces an isomorphism on analytic derived de
Rham complexes. Moreover, by the filtered completeness, it reduces to show
the isomorphism

an an
— ~ .
A/Bn.. A/ Postl

Note that as both A and P®**! are term-wise topologically finite type over
B&"me, by the distinguished triangle of cotangent complexes for triples (Propo-
sition 5.2.18), it suffices to show the vanishing of the following:

an
1/pt+t
PEH/Big .

Finally, we notice that by Proposition 5.2.13, the complex L% can be
POt /Bl

computed by inverting p at the term-wise derived p-completion of the élgebraic
cotangent complex of the Cech nerve éech(Amﬁe — Ainre[T1,---,Tr]). So the
vanishing we want follows from the vanishing of the algebraic cotangent com-
plex LéeCh(Ainf‘e—)Ainf,e[Ti])/(Ainf,e)7 which is proved in the first part of Corollary

2.7 in [6]. 0

In the special case where A is a complete intersection, the above can be
improved into a filtered isomorphism. Here we recall that the filtration struc-
ture on the infinitesimal cohomology, which is called infinitesimal filtration,
is defined via RF(X/Zeinf,j;(/Ze), where Jx /5, is the kernel of the surjec-
tion Ox/5,, — Ox over the infinitesimal site (cf. the discussion above Re-
mark 2.1.3).

COROLLARY 5.5.2. — Let X = Spa(A) be an affinoid rigid space that admits a
reqular closed immersion into a smooth affinoid rigid space over BXR’C. Then
there exists a natural filtered isomorphism as below:

d/.ﬁlA/B:R,e — RF(X/Zeinf, Ox/ze).

Proof. — The proof is identical to the proof of Theorem 5.5.1, with the use of
Corollary 5.3.12. O

Comparison in general. We are now ready to prove the comparison between the
infinitesimal cohomology and (the underlying complex of) the analytic derived
de Rham complex for a general rigid space over BIR,C.

We first introduce the category of smooth immersions.
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DEFINITION 5.5.3. — Let X be a rigid space over BIRQ. We define the site
SEx of smooth immersions of X, where

e objects of SEx consist of tuples (U, Z,i : U — Z), with U being an
affinoid open subset of X, Z a smooth affinoid rigid space over X., and
i: U — Z is closed immersion;

e morphisms from (U1,Z1,i1 U — Zl) and (UQ,ZQ,iQ Uy — Zg)
consist of commutative diagrams as below:

U1L>Z1

L

U2 i > ZQa
2

where U; — Us is an open immersion over X.
o A collection of maps {(U;, Z;,i;) — (U, Z,4)} is a covering if {U; — U}
and {Z; — Z} are coverings of rigid spaces, respectively.

There exists a natural projection functor from SE x to the category of affinoid
open subsets X,g of X by sending an object (U, Z,i : U — Z) to the open subset
U in X. This functor is continuous under their topology. Here the associated
push-forward functor m, is the constant functor; i.e., for an ordinary sheaf F
in the topos Sh(X.g), the push-forward 7. F satisfies

(m F)(U, Z,1) = F(U).

The pullback functor =1 sends a sheaf G in Sh(SEx) to the sheaf associated
with the presheaf
(771G (U) = colim G(U, Z,i), U € Xyig-
(U,Z,1)

The colimit above is a filtered colimit, as given any two closed immersions
i1 : U — Zy and ig : U — Z3, we can find a common refinement of them by
i:U — Z1 X5, Zy, with natural projection maps 7z xx_ Zy — Z; for j =1, 2.
In particular, the colimit (thus the inverse image functor 7—!) is exact. So,
by translating this into the language of sites ([3, Tag 00X1]), we get a natural
morphism of sites

VI Xaff — SEx.

Before we prove the main theorem, we first notice that to check that two
objects in D(Xag) = D(Xan, Z) are isomorphic, it suffices to do so by pulling
back to the category of smooth immersions. Precisely, we have the following
general lemma;

LEMMA 5.5.4. — Let F and G be two objects in the derived category D(Xag)
of sheaves of abelian groups over the site X,g. Assume f : Rm,JF — Rm.G is
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an isomorphism in D(SEx). Then the following natural arrows are all isomor-
phisms:

T IRm.F EA G

|

F ;

where the arrows are counit maps associated with f : F — G and the identity
F — F, respectively. In particular, there exists a natural isomorphism F — G
in the derived category D(Xas).

Proof. — For each U € X,g, we have
RU(U, 7 'Rr,.F) = (cglzim) RT((U, Z,1), R, F)
1447

= colim RI'(U, F)
(U,Z,i)

~ RT(U, F),

where the last map is an isomorphism as the colimit above is filtered (thus the
geometric realization of the index set is contractible). In particular, this implies
that the counit maps 7~ 'Rn,F — F and 7 'Rn,.G — G are isomorphisms.
Thus the claim follows from the following diagram of natural isomorphisms:

a1
7r71R7r*]:4f>7r71Rﬂ'*g O
F 5 >G.
f

Now we are able to prove the comparison theorem.

THEOREM 5.5.5. — Let X be a rigid space over BIR76. Then there exists a
natural filtered morphism from the analytic derived de Rham complex to the
Hodge-filtered infinitesimal cohomology sheaf as below:

—~an

d].:{)(/xF — RUX/Ee*j)*(/EE'
Moreover, the induced map between their underlying complexes is an isomor-
phism

—=an

dRy /s, — Rux/s,«Ox/s. -
Proof. — We first notice that the isomorphism can be constructed using
smooth embeddings. To see this, we recall the equivalence of oco-categories

D(X, R) ~ Sh™P(X, R) (cf. Paragraph 5), where the right side is the full sub-
oo-category of contravariant functors from U € X,i; to the derived category
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D(R). As X.g is a basis of the rigid site X,i;, we may use the equivalence
Sh™P(X, R) = Sh"™P(X,g, R) and regard objects in D(X, R) as contravariant
functors on affinoid open subsets of X. So a map or an isomorphism of sheaves
of complexes can be constructed via their evaluations at X,g. Moreover, by
Lemma 5.5.4, by applying the constant functor Rm, to the given two objects,
it suffices to show that there is an isomorphism between their images over the
site of smooth immersions SE x.

Now for each smooth immersion i : U = Spa(B) — Z = Spa(P) for affinoid
open subset U C X, as in the p/rgof of Theorem 5.5.1, we have the following
maps of cosimplicial objects in D?(Bj{R,C):

—~an —~an

dRp/py,  — dR;B/PgHrl —dR —= Op(e)y <— RI'(U/Zcint; Ox/s5.);

B/PEs+1
where D(n) is the envelope of the surjection

P@(”+1):P®B§R,e (1) - B

Here we recall that the first map above is induced from the map of rings
BIR7 . — P®*T1 the second map is the inverse of the algebraicity isomorphism
in Theorem 5.5.1, the third map is the isomorphism in [6, Cor. 4.14], and the
last map is induced from the limit presentation of the cohomology complex.
In particular, the above arrows are all functorial with respect to the smooth
embedding i : U — P, and the induced maps of their underlying complexes
above are all isomorphisms by the proof of the affinoid comparison in Theorem
5.9.1.

Finally, note that the above maps are functorial with respect to smooth
immersions ¢ : U — Z, so we can improve the above map into the level of
sheaves over SEx

RW*JRZ;;/Z& &ﬁggx Osgy =— Rm.Rux/s. .+, Ox/s

e ?

where &RZII:JX is the (cosimplicial) sheaf sending i : U — Z to the filtered
complex (ﬁ;n/ paet1, and Oggy is the (cosimplicial) sheaf sending i : U — Z to
the structure sheaves Op(,) of envelopes D(e). In this way, the isomorphism
of the underlying complexes over the site SEx of smooth immersions

RW*@?/BJKe — RmRux/s.«, Ox/s.

follows from the above computation at the sections i : U — Z, and thus we get
the result by Lemma 5.5.4. So we are done. (]

REMARK 5.5.6. — The above comparison map, though functorial with respect
to the rigid space X, is constructed in an indirect way. It is natural to ask
whether we can directly produce a natural morphism from the analytic derived
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de Rham complex to the infinitesimal cohomology sheaf. Here we want to
mention that for algebraic schemes over C, this could be achieved by the uni-
versal property of the derived de Rham complex in the co-category of filtered
E.-algebras.

6. Eh descent

In this section, we prove the éh hyperdescent of the infinitesimal cohomology
of crystals in vector bundles over X/K and X/ B(TR7 eint for a rigid space X. Our
goal is to show the comparison between the éh de Rham cohomology and the
infinitesimal cohomology of a crystal.

In order to extend a crystal over X to any rigid space that admits a map to X
(which, in particular, is not necessarily an open immersion), we will work with
coherent crystals over the big site. Here we note that this is only for technical
convenience, as crystals and their cohomology over X /Y., or X/X nF are
equivalent via pullback and restrictions (Proposition 3.1.7, Proposition 4.1.2).

6.1. Descent for blowup coverings. — We first deal with the descent for the
blowup covering over the base X1 = Spa(K) for an arbitrary complete non-
Archimedean p-adic field K that is not necessarily algebraically closed. The
essential idea follows from Hartshorne’s proof for algebraic de Rham cohomol-
ogy [24, Chap II, Section 4], where he provides a long exact sequence of the
algebraic de Rham cohomology for a blowup square.

We first give a Mayer—Vietories sequence for the infinitesimal cohomology:

PROPOSITION 6.1.1 (Mayer—Vietories sequence). — Let X be a union of two
closed analytic subspaces X1 and Xo over K, and let F be a coherent crystal
over X/Kinr. Then the map of rigid spaces X1 N Xy — X1 U Xy — X induces
a natural distinguished triangle as below:

RUX/K*.F — Rqu/K*]:@Ru)Q/K*}" — RquﬂXg/K*]:~

Proof. — As the functor ux, k., is the sheaf version of the global section func-
tor T'(X/Kinr, —) (see Subsection 2.3), it suffices to show that the maps in
the statement above produce a natural distinguished triangle after applying
RT(U, —) for every U C X open affinoid. So we may assume there exists a
smooth affinoid rigid space Z = Spa(P) over 3. together with a closed immer-
sion of X = Spa(P/I) into Z, where I is the defining ideal. Let X; be the
closed analytic subspace defined by the ideal I; in P. Then, by assumption,
X is defined by the ideal I; N I3, and the intersection X3 := X7 N X3 is de-
fined by I3 := I; + I. We denote by D and D; the envelope of X and X;
in Z, respectively. Here we regard D and D; to be the ringed spaces, where
the underlying topological spaces are X and X;, and their (global sections of)
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structure sheaves are Op = lim P/I™ and Op, = @P/Ii”, respectively (cf.
Remark 2.2.2).

Now by Theorem 4.2.2, the infinitesimal cohomology of the coherent crystal
can be functorially identified as the derived global sections of the following
sequence:

Fp @ Q) — Fp, @ Q) D Fp, @ Q}, — Fp, ®QY,,

where Fp ® Qf, (resp. Fp, ® 07, ) is the restriction of the de Rham complex
of the coherent crystal F on the envelope Dx(Z) (resp. Dx,(Z)). Moreover,
by the crystal condition, the finite projective Op,-module Fp, is equal to the
tensor product Fp ®p, Op,. Combining with Lemma 3.3.3, we know that
each term Fp, ® Q. of the de Rham complex, regarded as a module over Op,,
is equal to the pullback of Fp ®o, le /K along D; — D. As a consequence,
by taking the naive truncations term-wisely, to show the sequence above is
distinguished, it suffices to show that the following natural sequence of rings is
a short exact sequence:

O—>OD—>OD1@OD2 —>OD3 — 0.

And since each structure sheaf of envelopes is given by the formal completions
of the ring P, we reduce the question to show that the following sequence of
inverse systems is exact:

0 — {P/(L N I2)"}n — P/} AP/ I3} — {P/(Iy + I2)" } — 0.
Notice that for fixed n, we always have the following short exact sequence:
0— P/(I'NIY) — P/I} @ P/Iy — P/(I7 + 1) — 0.

The proof thus follows since the ring P is Noetherian, and the inverse systems
below are canonically isomorphic:

{(P/(I + I3) e — {P/(I+ 12)" }n, {P/(IL012)" b — {P/(I7 N I5) }n
|

Here is our main theorem in this subsection.

THEOREM 6.1.2. — Let X be a rigid space over K, and let Y be a smooth
analytic closed subset of X over K, with the blowup map f : X' :=Blx(Y) —» X
and the preimage Y' :=Y x x X' in X'. Then for any coherent crystal F over
X/Kinr, the blowup square for X' — X induces the following distinguished
triangle:

(*)  Rux g«F — RfiRux: k. F @ Ruy . F — Rf.Ruy s/, F.

In particular, by taking the derived global sections at X, we get a distinguished
triangle of the infinitesimal cohomology

RF(X/KINF,]:) —)RF(X’/KINF,‘F) @RF(Y/KINF,J—") —>RF(Y’/KINF,]:).
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Before we prove the result, first we recall the formal function theorem for a
proper map of rigid spaces.

THEOREM 6.1.3. — [31, Thm. 3.7] Let f : X’ — X be a proper map of rigid
space over K, and let T be a sheaf of ideal over X, with Y the analytic closed
subset of X defined by T. Assume G is a coherent sheaf over X’'. Then the
following natural map is an isomorphism.:

(R1£.G)" — RI£.(G).

Here (=)" s the classical completion of a sheaf of Ox-modules (or Ox:-
modules) with respect to the ideal T (resp. f~'I-Ox).

REMARK 6.1.4. — Here we note that we may get a more derived version of
the above theorem using the derived completion, as in [3, Tag 0AOH]. For our
uses, we do not jump into this generality.

The rest of this subsection is devoted to proving Theorem 6.1.2.

Special case: X is smooth. First we deal with the special case, assuming X itself
is smooth over K.

When X is smooth, as the blowup center Y is assumed to be smooth, the
blowup X’ itself is also smooth over K.8 By Theorem 4.2.2, the derived direct
image of the coherent crystal over X/Kj,s and X'/Kiys can be computed by
their de Rham complexes Fx ® Q;(/K and Fx ® Q},/K = f*Fx ® QB(,/K7
respectively. On the other hand, the derived direct images Ruy,r.F and
Ruy g, F are naturally isomorphic to the de Rham complex over the envelopes
Dy (X) and Dy/(X'), namely the complexes

fD ® Q’Dy(X)’ ./—"D/ ® Q.Dy/(X')’
which are compatible with the Hodge filtrations of Q% K and Q%, K So the

sequence (*) in Theorem 6.1.2 is naturally isomorphic to the following sequence
of de Rham complexes:

Fx @0%/x — R Fx @ Q% ) D Fp @ Q) (x)
— Rf*(fD/ ® Q.Dy/(X'))'
In fact, we want to show the following more general statement:
PROPOSITION 6.1.5. — Let f : X' — X be a proper morphism of smooth
connected rigid spaces over K, and let' Y be a closed analytic subset of X, with
Y' = f7YY). Let G' and G be coherent sheaves over X' and X separately,

such that f : X' — X induces an injective map of Ox-modules G — f.G'.
Assume f induces an isomorphism between open subsets X'\Y' and X\Y and

8. To see this, one can use the algebraization argument in the proof of [22, Prop. 5.1.1]
to reduce to a blowup of a smooth closed subscheme in a smooth scheme, where the claim is
clear.
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also induces an isomorphism of the restriction of G — f.G' on X\Y. Then the
following natural sequence is a distinguished triangle:

G & Dy~ RIG © V) DG © U, (x5 — RI(G © U, (x0y/16):
1€ N.

Proof. — Let M be the coherent sheaf G ® Qg(/K over X, and let M’ be the
coherent sheaf G’ ® QF, /K Over X'’. By the assumption of smoothness, both
Oy and Q% - are locally free, and the natural map M — f, M’ is injective.
Furthermore, the restriction of the map M — f,M’ on the open subset X\Y

is an isomorphism.
Recall that the i-th differential sheaf QiDy(X)/K of Dy (X), as a sheaf over X,

is defined as the inverse limit @m Qé(m JK where X, is the m-th infinitesimal
neighborhood of Y in X. As is shown in Lemma 3.3.3, the sheaf Q’l)y(x)/K is
naturally isomorphic to the formal completion of the coherent sheaf 2%, K along
Y — X, which is also equal to the tensor product QfX/K ® Opy (x)- Moreover,
since G is coherent over X, the tensor product G ® Q’DN X) is isomorphic to the
formal completion Mof M=G® le K along Y — X. The same also holds
for X', Y" and M'.

We denote by C; and Cs cones of the map M — Rf, M’ and M — Rf*./(/l\’,
respectively. Consider the following commutative diagram:

M— Rf M —— 4

L]

M ——= Rf M —— C,.
Here both rows are distinguished.
Now we make the following claim.

CLAM 6.1.6. — The natural map C7 — Cy of cones above is an isomorphism.

Proof of the claim. — First we notice that since the map f : X' — X is an
isomorphism on the open subsets X'\Y’ — X\Y and both X’ and X are
smooth, the sheaves of differentials sz /K and Qg(, /K are vector bundles, and

the induced map Q&/K — f*QiX,/K is injective.” On the other hand, the

9. For an open immersion 7 : U — X, thanks to the smoothness, the restriction map
QL (X) = Q% (U) is injective. When U is away from Y, the open immersion U — X

X/K X/K ) )
faétors through X', and we get the injectiv.ity of the composition QE(/K(X) — Q&//K(X’) —
QZX/K(U) as well, hence QZX/K(X) — Q"}(,/K(X’) is injective. The same applies when X

and X'’ are replaced by open subspaces, which justifies the injectivity at the level of sheaves.
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map G — f.G’ is assumed to be an injective map of coherent sheaves in the
proposition. Combining the above two conditions, we see the map M — f, M’
is injective, and the cone lives in cohomological degree [0, +00).

By the Formal Function Theorem 6.1.3, the cohomology sheaf R7 f*/T/l\/ is
naturally isomorphic to the formal completion (R’ f,M’)" of R f, M’ along
Y — X. Moreover, by the exactness of the formal completion on coherent
sheaves, the natural map M — (feM")" is injective, and we have a short
exact sequence

0— M — (f M) — HO(Co) — 0.

This implies that C5 also lives in cohomological degree no smaller than zero.
Furthermore, by the exactness of the above sequence, the cohomology sheaf
HO(Cs) is isomorphic to the formal completion of H°(C;) at Y. But since
HO(C}) is coherent and is already supported at Y, we have

HO(Cy) = HO(C)N ~ HO(Cy).

This finishes the degree zero part.
For the higher cohomology, we consider the following diagram of cohomolo-
gies:

RI f M HI(Ch)

(R fo M) ——=HI(Ca).

As M and M are living in cohomological degree zero, the horizontal maps
above are isomorphisms, and it suffices to show for each i > 0, the left vertical
map above is an isomorphism. But notice that since f induces an isomorphism
between M and M’ over X\Y, the higher cohomology sheaf R’ f, M’ is coher-
ent and is supported over Y. In particular, the formal completion of R’ f, M’
along Y — X is equal to itself; i.e., the natural map below is an isomorphism:

RIf M — (R f M),
This leads to the isomorphism
HI(Cy) ~ H(Ca), Vi > 1,

and we finish the isomorphism between C; and Cj. O
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We change the notation back to Proposition 6.1.5. Then we get two rows of
distinguished triangles

G® Ny K Rf(G ® Q% ) C,

| | |

GO, xyx — = RA(G @0 xnx) — Cas

the third vertical map is an isomorphism.
Finally, we consider the following two maps:

i (+,+) i i
¢ GOy ) —> RE(G @ Q% ) DG ® Q) (x)/k);

i i (=) i
U RE(G @Dy ) OGOQp, (x)x) — RIE(G @D, (xn/k)>

where + and — indicate the signs of the map. As the composition of the above
two maps is equal to zero, the map v factors though a morphism Cone(¢) —
Rf.(G' ® ng/(X,)/K) ([3, Tag O8RI]). In this way, by chasing diagrams and
the claim above, the map Cone(¢) — Rf. (G’ ®Q, (X,)/K) is an isomorphism,

Y/
and we get the distinguished triangle we want. ]

General case. We then deal with the general case of Theorem 6.1.2.

Proof of Theorem 6.1.2.As the theorem is a local statement, by passing to an
open covering if necessary, it suffices to assume that X is affinoid and admits
a closed immersion into a smooth affinoid rigid space Z. Moreover, as any
coherent crystal over X/Kinr is a crystal in vector bundles (Corollary 3.2.4),
by further taking open subsets we may assume that Fx ~ Og’?m is trivial over
X.

As Y is smooth over K, the blowup Z' = Blz(Y") of the smooth rigid space
Z at the center Y is also smooth. Moreover, as X — Z is a closed immersion,
while X’ is the blowup of X at Y, the natural map X’ — Z’ is also a closed
immersion, which is equal to the preimage of X along the blowup map f : Z' —
Z. So we get the following commutative diagrams of rigid spaces over K with
both of the squares being cartesian:

VY — X ——= 7'
Y ———=X——> 7.

Since the restriction Fp, (z) is a vector bundle over Op (z) whose pullback
along X — Dx(Z) is trivial, by Nakayama’s lemma, we know that Fp (z) is
already a trivial bundle, and we may let G be a trivial vector bundle over Z
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such that the tensor product G ®o, Op, (z) is equal to Fp, (z). Let G’ be the
pullback f*G as a trivial bundle over Z’. Then by the crystal condition of F
we have

G' ®0, Op.,(z))=Fpy (2

Here we note that by our choices and the diagram above, the map G — f.G’
is injective and is an isomorphism when restricted to open subsets Z\Y and
Z\X. Similar to the proof of Proposition 6.1.5, we let M and M’ be the tensor
products G ® QiZ/K and G’ ® QiZ//K over Z and Z’, respectively.

Now by the proof of Proposition 6.1.5, we have the following natural com-
mutative diagrams, with each row being distinguished:

M Rf*M/ Cl

Myx —= Rf.M)y, —= C

|

My —=Rf. M)y, —=Cs.

Here the sheaf ﬂ/\x, and similarly for the others, is denoted to be the formal
completion of M along X — Z. Thanks to Claim 6.1.6, the map C; — C3 and
the map C7 — Cj5 are isomorphisms. In particular, the map Co — Cj is an
isomorphism. In this way, as in the last part of the proof for Proposition 6.1.5,
the second and third rows above produce the following distinguished triangle:

o= ) e T o ) e T
M/X — Rf* //X’ @M/Y - Rf* //yw

Hence by Lemma 3.3.3, we may replace those formal completions by their cor-
responding sheaves over envelopes and obtain the distinguished triangle below:

Fox(z) ® Upy(z) — RI(Fpyrz) @, (21) D Foy(2) @ Upy (29
— Rfi(Fpy,(z) ®Qp_, (1))

y/
which implies the theorem by taking different ¢ and Theorem 4.2.2. ]
REMARK 6.1.7. — With the help of the blowup triangle in Theorem 6.1.2,
we could show the following: for a universal homeomorphism of rigid spaces

f X' — X over K and a coherent crystal F over X/Kinr, there exists a
natural isomorphism of cohomology sheaves as below:

RUX/K*]: — Rf*RUXI/K*F
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6.2. Eh-hyperdescent in general. — Now we are ready to prove the éh descent
for a crystal over the infinitesimal site. We first deal with the case for the
infinitesimal cohomology over an arbitrary p-adic field K, where the strategy
is to use the blowup square for the éh-topology in [22] and the descent results
in the first subsection. After that, we generalize to the case over B(J{R’C.

Recall that the éh site Xg, is defined over the category Rigy |x of all K-rigid
spaces over X and is equipped with the éh-topology (cf. [22, Section 2]). For
an object X’ — X in Rigy|x, we denote by 7x/ : X¢n — XJj, the map from
the éh site of X to the small rigid site of X’ and denote by 7 : X¢ — Rigy|x
the map from the éh site of X to the big rigid site over X.

We first associate an infinitesimal crystal together with its de Rham complex
an analogous construction over the éh topology.

CONSTRUCTION 6.2.1 (éh de Rham complex). — Let F be an infinitesimal
sheaf of Oy, -modules over the big infinitesimal site X/Kinr. We then asso-
ciate a sheaf Fi := i)_(}K}" of Ox = i;(}K(’)X/K—modules over the big rigid site
Rigy|x, where ix/ i : Sh(Rigx|x) — Sh(X/Knr) is the morphism of topoi as
in Subsection 2.3. Here the section of Fi;; at an object f : X’ — X in Rigy|x
is the Ox/(X’)-module

F(X', X",

where (X', X') € X/Y.nr is the trivial thickening of X’. We could then
sheafify it with the éh-topology and thus get an éh-sheaf Fg), over the éh site
Xen-

Now we specify F to be a coherent crystal over big the infinitesimal site. As
in the discussion of Paragraph 3.1, we could associate F its de Rham complex
over the big infinitesimal site

v ®OX/K Q;{/KINF :
This allows us to get a complex of sheaves over Rigy|x and X, respectively:

Frig — Frig @0,z Qiig — Frig @0, O

rig rig

_>...;

rig
Fen — Fen @0q, U — Fen @0g, Qo —> - -

Here the sheaf €, is the usual continuous Kéhler differential sheaf over the

rigid site, and Q¢ is the éh continuous Kéhler differential, which is equal to the

éh sheafification of the usual continuous differential. The complex Fg, ® €23, is

called the éh de Rham complex associated with the crystal F.

Construction 6.2.1 produces two maps of objects in the derived category of
the big rigid topos:

Rux/ku(F @0y, i U/ rne) — Frig ®0u, Wiy — B (Fen ®0g, Q)
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Formally, the first map is given by the sheafified version of the natural trans-
formation

Rigg|x 2 X' — (RU(X'/SenE, —) — RU((X', X'), —))

at the complex of infinitesimal sheaves F ®o,,, Q2% Kip The second map

above comes from the counit morphism for the adjoint pair (7~!, .), where

71 is the éh-sheafification functor. Moreover, the above map can be improved
into the filtered derived category, where the left side is equipped with the
infinitesimal filtration and the remaining two complexes are equipped with
their Hodge filtrations.

We also note that the natural map from the de Rham complex F ®o,,
O% /Ko 1O the crystal F itself induces a natural isomorphism as below:

RuX/K*(F@OX/K Q;(/KINF) —= RUX/K*]:,

which is proved in Proposition 4.2.1.
Now we can state the descent result.

THEOREM 6.2.2. — Let X be a rigid space over K, and let F be a coherent
crystal over the big infinitesimal site X/Kinr. Then the natural map of K-
linear complexes below is an isomorphism:

Rux/ie(F @0y, QX kpne) — Bx(Fen @04, Up)-
In particular, the infinitesimal cohomology of the coherent crystal F satisfies
the éh-hyperdescent.
Proof. —

Step 1. — 1In Step 1, we show that by restricting to a smooth rigid space
X' over K that admits a map to X, the morphism in the statement is an
isomorphism. Thus the natural morphism below is an isomorphism:

RUX’/K*(JT'. ®OX/K Q;(/KINF) — R'/TX’*(JT'.éh ®Oéh Qe’h)‘

We first apply RI'(X’, —) for the smooth rigid space X’. On the one hand,
we apply Theorem 4.2.2 to the trivial closed immersion X’ — X' to get

RF(X//KINF,./.") =~ RF(X//KINF,f®OX/K QE{/KINF)
~ RT(X', Fp ® Q)
= RF(XI{lg,.FX’ ® Q;(//K)’
where the envelope D for the trivial closed immersion X’ — X' is just X’ itself.
On the other hand, the éh-cohomology RI'(X(, , Fen ® Q¢),) is in fact isomor-

phic to the cohomology of the de Rham complex of Fx/ given by the restriction
of Frig ® €27, at X ’. To see this, we notice that as the natural map of complexes
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Frig®@ Qg — Ry (Fen ®9Q8),) is filtered with respect to the Hodge filtrations,
it suffices to show for each i € N, the following map is an isomorphism:

RU (X}, Fxr © Uy i) — RT(XE, Fen © Q).

Here the restriction Fg,|xs at the éh site of X’ can be given by the éh-
sheafification of the rigid sheaf Fiiz|x/ over the big site Rigy|x/. Moreover,
as F is a crystal in vector bundles (Corollary 3.2.4) and the statement is local
on X’ (namely both of the above two complexes satisfies the hyperdescent for
rigid topology), by passing to an open rigid subspace of X’ if necessary, we
may assume that the restriction Fiig|xs of F at X’ is isomorphic to the di-
rect sum O%, of structure sheaves. Thus we reduce to show that the natural
map of cohomology of differentials below for a smooth K-rigid space X’ is an
isomorphism

RT(X!

rig> Qg{//}() — RT(X{,, ),
which is proved in [22, Theorem 4.0.2].
In this way, as the map in the statement is given by the composition

RU(X' /K, F ©@0y e Y/ xepee) — BU (X, Fxr @ Q%)
— RF(X(g,h?]:éh X0 Qz,h)7

éh

and we see that both maps above are isomorphisms when X’ is smooth over
K.

Finally, notice that the cofiber C' of the map Rux-,k« (F®@X/KQ;(/KINF) —
Rrx/«(Fen®oy, Qgh) is a bounded below complex of sheaves over the small rigid
site X}j,. If C' is not acyclic, then there would exist an open subspace U of X'
such that the cohomology RI'(Usig, C) does not vanish, which contradicts the
computation above. So we get the isomorphism for smooth K-rigid space X’
that admits a map to X:

RUX’/K*(f ®OX/K QB(/KINF) — R']TX’*(féh ®Oéh Q;h)

Step 2. — Now we prove the isomorphism of the derived push-forwards as in
the statement.

Let i : Xyeq — X be the closed immersion by the reduced sub rigid space of
X. We first notice that the natural map below is an isomorphism:

RUX/K*f — i*RuXred/K*(f)‘

This is because locally, both maps are computed using the de Rham complex
Fp®QY,, where D is the envelope of X in a smooth rigid space (Theorem 4.2.2).
The same isomorphism holds for the derived direct image of the infinitesimal
de Rham complex F@Q% | J Kine by Proposition 4.2.1. On the other hand, We

notice that as the closed immersion i : X;oq — X is an éh-covering (][22, Section
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2.4]), which forms a constant éh-hypercovering as the product Xyeq X x Xyeq is
equal to X,eq itself, we get

R (Fen @ Q%) ~ i R x, g (Fen @ Q8)-

Thus the above two isomorphisms allow us to assume that X is reduced, and by
passing to an open subset if necessary, we may assume that X is quasi-compact.

Now we can do the induction on the dimension of X. When dim(X) is
of dimension zero, as X is quasi-compact and reduced, it is then equal to a
disjoint union of finite points and, in particular, is smooth over K, where the
statement follows from Step 1.

In general, by Temkin’s resolution of singularities for rigid spaces ([40, 1.2.1,
5.2.2]), we can find finite compositions X,, — --- X; — Xo = X, where each
X; — X,;_1 is a blowup at a smooth nowhere dense closed subspace Y; C
Xi_1, such that in the last step, X,, is smooth over K. We denote by Y/
the preimage Y; xx, , X; in X;, which is of dimension strictly smaller than
dim(X;) = dim(X), and we let f; be the blowup map X; — X;_;. Then for
each 1 < i < n, we get a natural distinguished triangle by Theorem 6.1.2:

(%)
Rux, ,/x+(F ® Qxp) — RfiRux, /i« (F @ Qnr) D Ruy, /i (F © Qxrp)
— Rfi*Rin//K* (f ® QI.NF)
Again here we use Proposition 4.2.1 to replace F by its de Rham complex. On

the other hand, by the sheafified version of the blowup square in the éh-topology
([22, Proposition 5.1.4]), we have a natural distinguished triangle

(**) RWXi_lx(féh(@Qgh) *)RWX* eh®Q @Rﬂ'y* Ch®Q )
— Ry (Fen ® Q).

The functoriality of the map in the statement allows us to produce a map from
the triangle (x) to the triangle (x%). Moreover, by the dimension assumption
and the induction assumption, we know that the statement in the Theorem is
true for X,, and all of ¥; and Y. In this way, since Xo = X, by a finite step of
descending inductions via comparing the above two triangles (%) and (), the
natural map below is then an isomorphism

RUX/K*(.F® Q;(/KINF) — RWX*(.Féh ® Qt’eh)'

So we are done. O

REMARK 6.2.3. — Asin Remark 1.2.5, by the construction of the map in Theo-
rem 6.2.2, we see that (the underlying complex of) the infinitesimal cohomology
of a coherent crystal F over X/Kinr is a direct summand of the cohomology
RT(Xyig, Fx ® Q;(/K) of the usual de Rham complex over X,.
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REMARK 6.2.4. — The isomorphism in the theorem above cannot always be
improved into a filtered isomorphism. The discrepancy already appears in the
schematic theory (see [6, Example 5.6]).

Now we are able to generalize the éh-hyperdescent to coherent crystals over
X/Yanr for general e, not just for K-linear crystals. We assume that K is
complete and algebraically closed in the next theorem, so B;{R’e is well defined
for K.

THEOREM 6.2.5. — Let X be a rigid space over X, and let F be a crystal in
vector bundles over the big infinitesimal site X /Y np. Then the infinitesimal
cohomology of F over X/Y.nr satisfies the éh-hyperdescent; i.e., for an éh-
hypercovering X, — X' of K-rigid spaces over X, the following natural map
is an isomorphism:

RT(X'/Seng, F) — Rhgl (RT(X,/Zene, F)) -

Proof. — We prove the result by induction on e. For e = 1, it is Theorem
6.2.2. In general, we take the derived tensor product of short exact sequence
0—- K — B:iLR,e — B(J{R7671 — 0 with the complex of sheaves Rux /s .F-
By the big site version of the base change formula in Proposition 4.2.3 (cf.
Corollary 2.2.8), we get a natural distinguished triangle

‘Fe—lv

e—1%

RUX/K*-Fl — RUX/Ze*‘F — RUX/E

where F; and F._ are pullbacks of F along maps of sites X/King — X/Xcng
and X/¥._11np — X/Zenr, respectively. In this way, applying the natural
transformation RT'(X’,—) — Rlima RT'(X,,—) to the above triangle, we get
the result by induction. O

6.3. Finiteness. — With the use of the éh-hyperdescent, we show in this sub-
section the finiteness and the cohomological boundedness of the infinitesimal
cohomology, assuming the properness of the rigid space.

THEOREM 6.3.1. — Let X be a proper rigid space over K, and let F be a
crystal in vector bundles over the big infinitesimal site X/Xeinp. Then the in-
finitesimal cohomology RT(X/Xeing, F) s a bounded complex supported in the
cohomological degrees [0,2n], where each cohomology is a finite BIRﬁ—module.

Proof. —

Smooth case. — We first notice that when X is smooth, the infinitesimal
cohomology RI'(X/Kinr,F) is computed by the cohomology of the de Rham
complex F ®@p Q;(/K via Theorem 4.2.2. We then have

RF(X/KINF,]:) >~ RF(X,.F@ Q;(/K)
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Moreover, each term F ® Qfx i of the de Rham complex is a coherent sheaf
over X. Notice that the cohomology of a coherent sheaf over a quasi-compact
rigid space vanishes when the degree is above the dimension ([30, Proposition
2.5.8]). Thus by the Hodge-de Rham spectral sequence for F ® Q%) x> we get
the result for RI'(X/Kinr, F) with smooth proper X.

In general, we use the base change formula in Proposition 4.2.3. By taking
the derived tensor product of Ruy s .F with the short exact sequence 0 —
K — B:;R,e — Bgr,e—1 — 0, we get a distinguished triangle

RF(X/KINF, f) — RF(X/EGINF, J—") — RF(X/Ee_HNF, f)
In this way, the claim for smooth proper X follows from the induction on e.

General case. — In general, we prove by induction on the dimension of X.
When X is of dimension zero, it is equal to a nilpotent extension of several
points Spa(K). So the result follows from the éh-hyperdescent along closed
immersions by reduced subspaces in Theorem 6.2.5 (in other words, we apply
to the Cech nerve at closed immersion of the reduced subspace).

Now assume that X is reduced of dimension n, and the claim is true for
any rigid space of smaller dimension. By the resolution of singularities of rigid
space in [41], there exists a finite sequence of maps X,,, — ---X; — Xy =
X, where X, is smooth, and each map X; — X;_; is a blowup at a closed
analytic subspace Y;_1 of X;_1, such that each Y;_; is nowhere dense in X;_;.
We denote E; to be the exceptional locus Y;_1 Xx, , X; of the i-th blowup.
We could then apply the éh-hyperdescent in Theorem 6.2.5 to the Cech nerve
associated with the blowup covering X; [[Y;—1 — X;—1. The limit Rlima of
the infinitesimal cohomology for the hypercovering is isomorphic to the fiber
of the blowup square

RI(X;/Kixe, F) P RU(Y;_1/Kixr, F) — RU(Y:/King, F),
and thus we get a long exact sequence
o — B (X1 /Kine, F) — H (X, /Kine, F) @ H (Vi1 /King, F)
— B (Y;/King, F) — -+ .
In this way, with the help of the induction assumption for all Y;, a further

descending induction from X,, to Xg = X finishes the proof. OJ

6.4. Algebraic and analytic infinitesimal cohomology. — At the end of the sec-
tion, we prove the comparison between the algebraic infinitesimal cohomology
and the analytic infinitesimal cohomology for a proper algebraic variety.
Recall that for an algebraic variety'? X over a p-adic field K, we can define its
(algebraic) infinitesimal site X/ Kin¢, whose objects are schematic infinitesimal

10. For our purposes, a variety is defined to be a locally finite type scheme over a field in
the article.
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thickenings (U, T), where U is a Zariski open subset of X. The infinitesimal site
X/ Kyt is equipped with a structure sheaf Oy, and its cohomology is called
the algebraic infinitesimal cohomology. Moreover, the infinitesimal structure
sheaf admits a surjection O, — Ox to the Zariski structure sheaf, whose
kernel Jy,x defines a natural filtration on RT'(X/Kinf, Ox /). Similar to the
analytic theory, we call this filtration the (algebraic) infinitesimal filtration.

Let X = X?" be the rigid space over K defined as the analytification of a
variety X. As the analytification functor Schx — Rigj preserves open and
closed immersions, it induces a natural map of ringed sites

(X/Kint, Ox/k) — (X/King, Ox /K )-

Moreover, as the surjection Ox,x — Ox is compatible with Ox,/x — Ox,
the natural map of infinitesimal structure sheaves above is then a filtered map.
As a consequence, by passing to their cohomology, we get a natural filtered
morphism in derived category

RF(x/Kinf, ODC/K) — RF(X/Kinf, OX/K)-
Our main result in this subsection is the following:
THEOREM 6.4.1. — Let X be a proper algebraic variety over K, and let X be its

analytification. Then the analytification functor induces a filtered isomorphism
of the infinitesimal cohomology

RF(x/Kinf, ODC/K) — RF(X/Kinf, OX/K)-

Before the proof, we first recall that there is a natural map of ringed sites
(Xrig, Ox) = (Xzar, Ox). Here the rigid structure sheaf is flat over the Zariski
structure sheaf, and the pullback along the map induces a fully faithful functor
from coherent Oy-modules to coherent O x-modules.

Moreover, the above map of sites is compatible with the infinitesimal topos.
Recall that there exists a natural map of topoi

UX/K - Sh(:X:/Kmf) — Sh(DCz.M);
F— (u — I‘(U/Kinf,]-"|u)).
By construction, this functor is compatible with its rigid version ux,r :
Sh(X/Kins) — Sh(Xiig) (cf. Subsection 2.3). Thus, the following diagram
is commutative:

Sh(X/ King) — Sh(X/Kint)
o
Sh(Xyig) —— Sh(Xzar)-
We then claim the following result:
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PROPOSITION 6.4.2. — Let X be an algebraic variety over K, and let X be its an-
alytification. Then the complex of coherent Ox -modules Rux . (jg/K/j;ﬁ()

is naturally isomorphic to the analytification of the complex of coherent Ox-
modules Ruy i« (Ty g/ T- n+1)

Proof. — Wedenote the complex of coherent Ox-modules Rux /. (Jy K /Ty "+1 )

by C and RuX/K*(jQ/K/ "+1) by C’. Then it suffices to show that the natu—
ral map below induced from the pullback from Xza, to X,i, is an isomorphism
of complexes of Ox-modules:

C®(f)x Ox — c’.

As the result is a local statement for X, let us assume that X = Spec(A) is a
finite type affine scheme over K and X — Y = Spec(A’) be a closed immersion
into an affine space over K. Moreover, notice that the isomorphism could be
checked locally on X, so we may take an open affinoid disc of certain radius
Spa(B’) in Y2*, with the open subset X N Spa(B’) = Spa(B) in X. From
our choices, we get a cartesian diagram as below, where horizontal maps are
surjective and vertical maps are flat:

B ——= B

]

A —— A
So it suffices to show that
RT(Spec(A)/ Kin, jx/K/jn+1) ®a B ~ RI'(Spa(B)/Kint, jX/K/jnH)

We then recall from [7, Section 2] that the algebraic infinitesimal cohomology
can be computed by the Cech-Alexander complex as below:

D— D(1)— D(2) —---,

Rm-+1
where D(m) is the formal completion of A’(m) := A’x along the surjection

A’'(m) — A. We take the n-th graded piece for the algebraic infinitesimal filtra-
tion, then the cohomology group RI'(Spec(A)/King, T3 /K / jggfé) is isomorphic
to the following map of A-linear cosimplicial complexes:

I/ I5™ — T/ Thtw — I/ Tbiz) -

where Jp(p,) is the kernel of the surjectlon A’(m) — A. On the other hand, by
the Cech-Alexander complex for rigid spaces in Proposition 4.1.3, we have

RT'(Spa(B)/Kint, j)?/K/jnH)

(Jn/Jn+1 N JD 1)/Jn+1 N JD(z)/Jg‘(le) _})’
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@m+l
where D(m) is the formal completion for the surjection B’(m) := B'x — B,

and Jp(y,) is the kernel of the map B’(m) — B. Thus it remains to show the
quasi-isomorphism for the canonical map of B-linear cosimplicial complexes
below:

(Jp/ It — Iy himy = Jg(z)/‘]g(gl) — ) ®aB
— (Jp/Ip = Jg(l)/Jgal) - J%@)/ng;l) =)

Finally, notice that by our choices, the rigid space Spa(B’) is an open disc
of some radius in the affine space Spec(A’)*". In particular, the following map
of rings is a cartesian diagram such that vertical maps are flat:

B'(m)—— B’

]

A'(m) — A’

In this way, combining this with the cartesian diagram in the first paragraph,
we see that the kernel Jp(,,) of the surjection B’(m) — B is equal to the base
change of Jp () along the flat map A’(m) — B’(m). Hence we get the natural
equalities

Ipm)B'(m) = Jpm) @ar(m) B'(m) = Jpm):
n n+1 n n+1 n n+1
(Tm)/ T Dimy) @4 B = (Tpny/ Tiimy) @ ar(my B (1) = Iy [ Tp -
So we are done. O

Finally, we finish the proof of Theorem 6.4.1.

Proof of Theorem 6.4.1. — To show that the natural map in the statement is
a filtered isomorphism, it suffices to show the isomorphisms for their underly-
ing complexes and each graded piece separately, as both of them are filtered
complete.!!

For the underlying complexes, this follows from the éh descent. To see this,
we first notice that when X is smooth and proper over K, then the algebraic
and the analytic infinitesimal cohomology are isomorphic to the algebraic and
the analytic de Rham cohomology, respectively ([20], Theorem 4.2.2), which
are isomorphic to each other by applying the GAGA theorem to their Hodge
filtrations (cf. [15, Appendix A.1]). In general, we may assume X, — X is
a simplicial smooth variety by resolving singularities. Then its analytification

11. For each affinoid infinitesimal thickening (U, T'), the kernel ideal J7 = ker(Or — Oy)
is nilpotent and hence O is complete under Jr-adic topology. This in particular implies
the inverse limit formula Oy, = @Z Ox/k /T )1( K and similarly for the algebraic version.
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X, — X is an éh-hypercovering by smooth rigid spaces, and we get the iso-
morphism

RF(X/Kinf, ODC/K) ~R [l}mA RF(.')Cn/Kinf, Oxn/K)
nje

~ R lim RT(X, /K, ©
i T Hint, O 1)

~ RF(X/Kinfy OX/K)’

where the first equality is the h-hyperdescent of algebraic de Rham cohomol-
ogy for blowups in [24] and the last is the éh-hyperdescent for the analytic
infinitesimal cohomology in 6.2.2.

For the graded pieces, by Proposition 6.4.2, we have

We denote C to be the bounded below complex of coherent Ox-modules
Ruy s (jD’CL/K/jD’Z;}i). As RT(X g, 77™C) lives in cohomological degree larger
than n, we have the natural equalities

RF(XZar, C) = colim RF(XZar, TS“C)'
Similarly, we have
RF(Xrig’ Oan) == COhm RF(Xriga TSH(can)).

On the other hand, as the rigid structure sheaf Oy is flat over Oy, the analyti-
fication functor (—)*" = —®p, Ox on coherent complexes is an exact functor.
So for each n € N, there exists a natural equality

Tgncan — (Tgnc)an'

Notice that for each bounded complex 7<"C of coherent sheaves, by the rigid
GAGA theorem ([15, Appendix A.1]), we have

RT(Xzar, 7S"C) =~ RT(Xig, (T5"C)™).
In this way, combining all of the isomorphisms above, we get
R (Xzar, C) = colim RT'(Xzar, e
~ collim RT(Xyig, (T570)™)
= colim RI'(Xsig, TSn(CmY)
~ RI'(Xyig, C*).

Finally, substituting back the definition of C' and Proposition 6.4.2, we then
obtain the formula for graded piece of infinitesimal filtrations:

RE(X) Kint, T3 10 T2 = RU(X Kong, T/ T3HL). 0
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As an application, we get the comparison with singular cohomology when
K is abstractly isomorphic to the field of complex numbers, proving Theorem
1.2.1.(v).

COROLLARY 6.4.3. — Assume there exists an abstract isomorphism of fields
K — C. Then for any proper algebraic variety X /K with its analytification X,
there exists a filtered isomorphism of cohomology

Hi(X/Kinﬁ OX/K) = HlSmg(x(C)v (C)v

where singular cohomology of X(C) is filtered by the algebraic infinitesimal fil-
tration.

Proof. — This follows from Theorem 6.4.1 and the classical result of
Hartshorne in [24]. O

Using the same idea of the proof for Proposition 6.4.2 and Theorem 6.4.1,
we can prove the base extension formula for the infinitesimal cohomology.

COROLLARY 6.4.4. — Let Ky be a complete p-adic extension of Qp, and let K
be a complete extension of Kq. Assume X is a proper rigid space over Ky, and
let F be a coherent crystal over X/Kong. Then the following natural map of
filtered complexes is an isomorphism:

RF(X/KO,inf,]:) ®K0 K — RF(XK/Kmf,]:K)

7. Cohomology over BIR

In this section, we extend previous results to the infinitesimal site over BXR
for a rigid space X over X, for some fixed » € N. Our goal is to show Theo-
rem 1.2.7 from the introduction.

7.1. Infinitesimal sites and topoi over Bji'R. — We fix a complete algebraic
closed p-adic field K. Let X be a rigid space over BIR /€" for some fixed
r € N. To build an infinitesimal cohomology theory with the coefficient being
B(J{R = @eeN BCTR,N we construct an infinitesimal site X/¥;,¢ as a union of all

X/Zeint for e € N>, and consider its relation to each infinitesimal site X /X ins.

The site X /X;,¢. We first give the definition of the infinitesimal site over ¥ =
hﬂeeN Y., where the latter is regarded as the ringed space whose underlying

topological space is Spa(K'), with the structure sheaf given by BCJ{R.

DEFINITION 7.1.1. — Let X be a rigid space over ¥, = Spa(B1; /¢") for some
fixed r € N. The infinitesimal site X/Zins over B(J{R is defined as follows:
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e The underlying category of X/Xi,¢ is the category of pairs (U,T) for
(U, T) being a thickening in X/X.,¢ for some e > r.
A morphism between (U, T1) and (Us, T%) is a morphism of objects in
X /Y. int for e large enough such that both pairs are objects in X /X inf.
e A collection of morphisms (U;,T;) — (U,T) in X/%in¢ is a covering if
{T; — T} is an open covering for the rigid space T.

As a category, X/, is the union of X/¥. ¢ for all e > r. It is clear that
the topology is locally rigid over each object in X/%;,¢. Thus the description of
a sheaf over X/¥;,¢ is similar to that of a sheaf over X/X. ¢, as in Section 2.

REMARK 7.1.2. — Similarly to the discussion in Section 2, we could define
the big version infinitesimal site X/Ying, where the objects are infinitesimal
thickenings (U, T') for U being a rigid space over X and U — T a nil-extension
over B:{R. The relation between the big infinitesimal sites X/Yinp and the
small one X/¥i,¢, including the constructions in the rest of the subsection,
are exactly identical to the case over BXR)E in Paragraph 2.1, and we will not
duplicate again here.

Functoriality of Sh(X/3;,¢). The infinitesimal topos Sh(X/Yi.¢) is functorial
with respect to the rigid space X. Thus, for a map of BIR—rigid spaces f: X —
Y where € is nilpotent in both Ox and Oy, we have a natural map of topoi

finf : Sh(X/Einf) — Sh(Y/Zinf).

The corresponding adjoint pair of functors is given by the following:

e For a sheaf G € Sh(Y/Xin¢), the inverse image fi;flg is given by the
restriction of ,u;,lg to the category X/¥i,¢ along the map f and is equal
to the sheaf associated with the presheaf

X/Zm 3 (UT) — lim Gg(v,s).
(U,T)—=(V,S)
(V,8)€Y/Zins,
U—V compatible with f

e The direct image functor fins. sends a sheaf F € Sh(X/Xi.) to the
sheaf

Funt F(V, S) = lim F(U.T).
(U,T)—=(V,S)
(U,T)eX/ZinF
U—V compatible with f
We want to remind the reader that the construction of those two functors is
identical with the construction of the functoriality morphism Sh(X/X. i) —
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Sh(Y /X ing) for the map of rigid spaces
X——Y
Ze I Ee’,

as in Subsection 2.4.

Relation with X /3. ;,¢. Topologically, the infinitesimal site X /Y, is the limit
of X/ int for e > r. To make this precise, we consider the following morphism
of sites:

Ue - X/Einf — X/Eeinﬁ

whose corresponding functor is the canonical inclusion functor that sends
(U, T) € X/3eint to the object (U,T) € X/%ine. Note that by construction,
this cocontinuous functor is a fully faithful embedding.

This morphism induces an adjoint pair of functors (u; !, ue«) given as follows:

e The functor u., is the restriction functor, in a way that for a sheaf
F € Sh(X/%ine), we have
(uexF)1 = Fr.

e For a sheaf G € Sh(X/X.ut), the sheaf u_'G is the sheaf associated
with the presheaf

(V,$)~  lim  G(UT)
(V,S)—(U,T)
(UT)EX /e inf

o, S ¢ Rigy,_;
" 16(v,S), S eRigy,.

So by the definition of the site X /iy, the restriction of uz'G at (V,S) is

%] i ;
(ue—lg)s — ) S ¢ R?gzey
gS, S S ngze.

Here we notice that when G = k(1) is the representable sheaf for some object
(U,T) € X/Z¢ins, the inverse image ue_lh(U,T) is nothing but the representable
sheaf hy 7y in Sh(X/Yinf).

The morphism of site u, : X/Zins — X/ inr induces a map of topoi

e : Sh(X/int) — Sh(X/Se inf)-

It admits a section i, : Sh(X/X¢int) — Sh(X/3in¢), where the corresponding
adjoint pair of functors is given as follows:
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e For a sheaf G € Sh(X/;, ), the inverse image i; ' is the sheaf associ-
ated with the presheaf

X/Sewme 2 (U, T)—  lim  G(U,8) =G(U,T).
(U, T)—(U,S)
(U,S)eX/Sint

Thus, ie_l = Uex 18 the restriction functor.
e The direct image functor i, sends a sheaf F € Sh(X/3.int) to the sheaf

i F(V,S) = lim  F(V,T) = F(V,$ x5 50).
(V,T)—(V,S)
(ViT)EX/Beint

It is clear that the composition u. o i. is equal to the identity. We also note
that the above functors are functorial with respect to e.

REMARK 7.1.3. — Here we notice that the map i, is in fact induced from a
natural map of sites

Z.e . X/Eeinf — X/Einf;
(U,T x5 Xe)+—(U,T).

This is analogous to the nilpotent bases situation, as in Remark 2.4.3

REMARK 7.1.4. — We also want to remind the reader that the construction of
map . could be regarded as the functoriality morphism of infinitesimal topoi
associated with the following diagram:

X

PN

X
Ye
REMARK 7.1.5. — The construction of u, and i, is compatible with the func-
toriality morphism of infinitesimal topoi fins : Sh(X/Zeint) — Sh(Y /e ing)
for a map of rigid spaces f : X/¥. — Y/X.. Thus, we have the following
commutative diagrams among infinitesimal topoi:

id
—_—

R

Sh(X/Sint) —“> Sh(X/Seint)  Sh(X/Zeint) — > Sh(X/Sint)

finfl lfinf finfl/ lfmf

Sh(Y/Siag) — SH(Y/Serine); - Sh(Y/Seriar) — Sh(Y/Sinr).
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Relation to the rigid topos Sh(X,;¢). Analogous to Subsection 2.3, there exists
a natural map of topoi to the rigid site X,i; as below:
ux/s + Sh(X/Sinr) — Sh(Xiig).

The corresponding preimage and the direct image functors are given as below:

® ux/ syt Sh(X/Eint) — Sh(Xiig);

F— (U= T(U/Sins, F)).
o Uy )y i Sh(Xig) — Sh(X/Sing);
E— ((U,T) = EW)).

The push-forward functor uy,s, is the sheafified version of the infinitesimal
global section functor.

REMARK 7.1.6. — The functor ux/ s is functorial with respect to the rigid
space X. Precisely, given a map of rigid spaces f : X — Y over X where ¢ is
nilpotent in both Ox and Oy, we have the following commutative diagram:

Ux /5

Sh(X/%int) —— Sh( rlg)

| |1

(Y/Emf) 4> Sh( rlg)

REMARK 7.1.7. — The functor u x5, is also compatible with u, : Sh(X/%in¢) —
Sh(X/Ycine) and e : Sh(X/Ecine) — Sh(X/Eine). Thus, the following dia-

grams commute:

u
(X/me s rlg);
\ %
X/Ee 1nf
Ux/s
(X/me r1g)~
\ %
X/Zemf

Here ux /s, : Sh(X/Zcint) = Sh(Xyig) is the analogous functor of uy,s; onto
the rigid site defined in Subsection 2.3.

7.2. Cohomology of crystals over X /3;,,¢. — In this section, we consider the
cohomology of a crystal F over the infinitesimal site X /%,¢. Our strategy is to
interpret the cohomology of F as the derived inverse limit of the cohomology
of the pullback % F, where i*F is a crystal over the site X/%. .
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To start with, we first describe a crystal over the infinitesimal site X/¥i¢.

DEFINITION 7.2.1. — Let X be a rigid space over ¥ s where ¢ is nilpotent.

(i) The dnfinitesimal structure sheaf over X /Y, denoted as Ox/x, is a
sheaf over X/¥;,¢ sending a thickening (U,T) € X/%;,¢ onto the global
section of O at T as below:

Ox/z : (l]7 T) — OT(T>

(i) The infinitesimal ideal sheaf over X/¥in¢, denoted as Jx s, is a sheaf
over X /Y, sending a thickening (U, T') € X /X, onto the global section
of ker(Or — Op) at T as below:

Ox/s : (U,T) — ker(Op(T) — Oy (U)).

(iii) A coherent crystal over X /¥yt is a Ox x-coherent sheaf F over X /Yin¢
that satisfies the crystal condition as in Definition 3.1.2. It is called
a crystal in vector bundle if the restriction Fr at each infinitesimal
thickening (U, T) € X /Xt is a vector bundle over Or.

Here we mention that similarly to Proposition 3.1.7, it can be shown that
the categories of crystals over big and small sites are equivalent.

We notice that the morphism of sites i, : X/Zcint — X/Zins in the last
subsection is naturally a morphism of ringed sites for their structure sheaves.
Moreover, since the preimage functor iz! is equal to the restriction functor
onto the subcategory X /X, int, we get

i. 'Ox/s = Ox/x.,
and similarly for the infinitesimal ideal sheaves. So we can define the pullback
functor i*F = i 'F i1y )5 Ox/s., which is the same as the restriction

functor i 1F itself; i.e., for an infinitesimal thickening (U,T) € X/Scinf, We
have

(i*F)r = (i, ' F)r = Fr.

Here we want to remark that the pullback functor i% =21 is compatible with

the pullback functor f, of the morphism fins : Sh(X/3cins) = Sh(Y/Ze ing)
for a map of rigid spaces f: X/X, = Y/Z..

The main tool of the subsection is the following lemma relating a coherent
crystal over X /Yi,¢ with those over X/, in¢ of &-nilpotent coefficients:

LEMMA 7.2.2. — Let F be a coherent crystal over the infinitesimal site X /Sing
(resp. X/Yanr), and let X be defined over %, for some r € N. Then we have
the following:

(i) The pullback it F for each e € N>, is a crystal over X/Yeine. When F
is a crystal in vector bundles, so is F over X/Yqint.
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(ii) The counit map for the adjoint pairs (i%,ic«) induces the following iso-
morphism:
F/€¢ — Ricsis F.
In particular, we have the natural equivalences as below:

F — Rlim F/¢° — Rlim Ric,i  F.

e>r e>r

Here the transition maps in the last limit are given by the map of infini-
tesimal sites X/Ycint = X/Zet1int (1€5p. X/Zenr = X/Tet11nrE) for
the closed immersions of bases.

Proof. — (i) The proof of (i) follows from the definition of the crystal condition.
(ii) We recall from the last subsection that the push-forward functor i..G is
given by

(iexG)(U,T) = G(U, T x5 %)

for a sheaf G € Sh(X /X, in). We denote the fiber product T xs X, by T, which
is an infinitesimal thickening of U that is defined over ¥X.. Apply the above
to the pullback G = ¢} F of the crystal F, and notice that ¢} is the restriction
functor. We get

(Riesig F)(U,T) = RI'((U, T¢.), F)
RINT., Fr,)
RY(T,, Fr/&°)
RU(T, Fr/£°),

where the last equality follows from the observation that T, — T has the same
underlying topological spaces. Hence the cone of F/£¢ — Rie.iiF, which is
bounded below and has no cohomology, vanishes in the derived category.

Finally, notice that for a coherent sheaf 7 of Ox/s-modules over X /Yy,
we always have

F ~ Rlim F/&° ~ lim F/¢°.

e>r e>r

So the last claim in (ii) follows. O

Now we are able to give the main result about the cohomology of crystals
over the infinitesimal site X/¥i,¢. Analogous to the case over X, for a coherent
crystal F over X/Yi,¢, we define a canonical filtration on it by Fil'F .= J % /2]:
for i € N. This then naturally induces a filtration on its derived direct image
along the functor ux,s, and on its derived global section, respectively.
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THEOREM 7.2.3. — Let X be a rigid space over some %, and let F be a
coherent crystal over X /Y.

(i) There exists a natural filtered isomorphism of complexes of sheaves of
BgR—modules as below:
R’U/X/E*]:H R%HRUX/ZG*(Z:]:)

In particular, by applying the derived global section functor, we get a
filtered isomorphism

RT(X/Sins, F) ~ Rl

(&

=)

RT(X/Zcint, 5 F).

\VT

r

(ii) Let {Ye}e>r be a direct system of rigid spaces over X., such that each
Y. is smooth over ¥, with Yeq1 x5, ¥e = Y,. Assume that X admits
closed immersions into Y,.. Then we have natural filtered isomorphisms
of complexes of sheaves of BQ‘R—modules as below:

RUX/E*.F — Fp ® Q% ~ Rm(]:px(ye) ® be(Ye))7

e>r

where D = h_r)nezr Dx(Y,) is the colimit'? of envelopes, and Fp @ Q%

is the filtered de Rham complex of F over D'3.

(iii) Suppose F is a crystal in vector bundles over X/¥ins. We equip the
rings B ar and BdR o With their £-adic filtrations. Then for each e > T,
the natural maps below are filtered isomorphisms:

(Rux/s.F) @F: Bip o — Rux/s (i F);
Rux/s.F — Rlim ((Rux/s.F) @51 Bin.) -

In particular, when X is quasi-compact quasi-separated, by applying the
derived global section functor, we obtain the following canonical filtered
equivalences:

RU(X/Sint, F) ®§+ Blg.o ~ RO(X/Seint, i3 F);

RI(X/Shns, ) = Rlim (RO(X/Sint, F) @55 B ) -

Before we prove, we want to remark that the result for crystals over the big
site X/¥inr is true, and the proof is identical to the small site case.

12. As in Definition 2.2.1, we again regard D = h_r)n >r Dx(Ye) as an ind-representable

sheaf in the infinitesimal topos, where the colimit always exits.
13. Here the filtration on the de Rham complex is defined analogously to the discussion
above Lemma 4.1.4.
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Proof. — (i) This follows from applying Rux/s. to the equivalences 7 —
R@»T Rie.it F in Lemma 7.2.2. Here we use the identity of maps of topoi

in the last subsection
Ux/x Ole = Ux/x, -

(ii) For each e > r, by Theorem 4.2.2, there exists a natural filtered isomor-
phism of complexes of sheaves of BQ'R .-mmodules

RUX/Ee*i:f — ‘FDX(Ye) ® Q.DX(Ye)'

So the map of ringed sites X/Ycinf — X/Xeq1ins induced from the closed
immersion of the bases ¥, — Y., together with (i) produces the inverse
limits
Rux s F ~ RIm(Fpy (v,) @ Qp (v,))
e>r

~ Fp ®Q.D7

where we use the compatibility of the de Rham complexes Fp, (v,) ® €23, (v.)

for different e by our choices of the direct system of smooth rigid spaces {Y,}..
(iii) We first notice that the second half of the statement follows from its
sheaf version by the following isomorphism:

RU(U, (Rux/s.F) ®ij Bir.e) = RL(U/Sint, F) @+ B -
Here the isomorphism follows by applying RI'(U, —) at the distinguished trian-
gle resolving BIR7 . over B(TR as below:

.&'C
Rux s F —— Rux/s«F — (Rux;s..F) ®é§n BIR,e'

On the other hand, to check the sheaf-level isomorphism, as the statement is
rigid analytic local with respect to X, so it suffices to assume that X admits
a closed immersion into a direct system of smooth rigid spaces {Y.}. over %,
where the results follow from the explicit calculation of the completed de Rham
complexes as in part (ii) and Theorem 4.2.2. So we are done. O

REMARK 7.2.4. — Recall that for a smooth affinoid rigid space X = Spa(R)
over K, the crystalline cohomology of X over Bjm introduced in [8, Section
13], is defined as the inverse limit

@Q.Dx(yp)’

eeN

where X — Y, = Spa(BjR’e<Tii1>) is a closed immersion. So Theorem 7.2.3
implies that the infinitesimal cohomology RI'(X/¥int, Ox/5) coincides with the
crystalline cohomology of X over B} in the sense of [8].
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With the help of Theorem 7.2.3, we can compare the infinitesimal cohomol-
ogy of X over B;R with the derived de Rham complex.

DEFINITION 7.2.5. — Let X be a rigid space over ¥,. Then the analytic

derived de Rham complex of X over BIR, denoted as &f{if/z, is defined to be
the derived inverse limit of the filtered complexes

&ﬁi?/z = Ryﬂl(ﬁ;ﬂ/ze-

e>r

Apply Theorem 7.2.3.(i) to the infinitesimal structure sheaf Ox /5 and the
comparison in Theorem 5.5.5, and we get the following;:

COROLLARY 7.2.6. — Let X be a rigid space over ¥,.. There ezists a natural
filtered map between the analytic derived de Rham complex and the infinitesimal
cohomology sheaves, inducing an isomorphism on the underlying complexes

dRX/E — Rux/s.Ox/s.

In particular, applying the derived global section to the underlying complexes,
we get the following comparison of cohomology:

RI(X, (TI\{?/Z) ~ RT(X/%int, Ox/x).

The next result concerns the éh descent for cohomology of crystals over the
big infinitesimal site X/XiNF, where X is a rigid space over K.

PROPOSITION 7.2.7. — Let X be a rigid space over K, and let F be a crystal
in vector bundles over the big infinitesimal site X/Xing. Then the cohomology
sheaf Rux 5. F (without the filtration) satisfies the éh-hyperdescent. Thus for
an éh-hypercovering X, — X' of K-rigid spaces over X, the following natural
map s an isomorphism:

RD(X' /e, F) — R lim, (RD(X,/Die, F)
n|e

Proof. — By Lemma 7.2.2.(i), the pullback ifF over X/Y nr is a crystal in
vector bundles. Thanks to Theorem 6.2.5, we know the natural map X, — X'
induces a natural isomorphism as below:

RF(X//ZINF,i:f) — R[l%mA (RF(X,IL/EINF,ZZ}—)) .
nje

Thus the result we want follows from taking the derived limit over all e by
Theorem 7.2.3.(i). O

We want to mention that thanks to Corollary 2.2.8, it is safe to replace
the cohomology of F over the big infinitesimal site by the cohomology
RU(X'/Sint, .1 F) of the restriction :~'F over the small infinitesimal site
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X /Yt In particular, by applying the above result to the infinitesimal struc-
ture sheaf Oy 5, we see the infinitesimal cohomology over BIR satisfies the
éh-hyperdescent.

COROLLARY 7.2.8. — Let X be a rigid space over K. Then the infinitesimal
cohomology RT'(X/¥ins, Ox/s) satisfies the éh-hyperdescent.

Another quick upshot is the finiteness of the infinitesimal cohomology for a
proper rigid space X.

PROPOSITION 7.2.9. — Let X be a proper rigid space of dimension n over K,
and let F be a coherent crystal. The infinitesimal cohomology RT(X/Xinw, F)
is then a perfect BIR—compleI in cohomological degrees [0, 2n)].

Proof. — Thanks to Theorem 7.2.3.(i), we can write RT'(X/Xing, F) as the
derived limit of RT'(X/Xcinr, i5F). Here each RI'(X/Xcnr, i5F) is a bounded
complex in cohomological degree [0,2n] such that each cohomology group is
finite over BjRe (Proposition 6.3.1). So the result then follows from the short
exact sequence

0 — R'im H'™(X/Sap, 0 F) — H'(X/Sine, F)
— lim H'(X/Sewr, ig.F) — 0.

Here we note that the inverse system {H?"(X/S.nr,i F)}e satisfies the
Mittag-Leffler condition by the finiteness of each H?*"(X/Y.nF,i:F)
over B(TR’E. 0

7.3. Comparison with pro-étale cohomology. — In this subsection, we compare
the infinitesimal cohomology of X/¥i,s with the pro-étale cohomology of the
de Rham period sheaf Bgr. As an application, we show the degeneracy of
the Hodge—de Rham spectral sequence, together with a torsion-freeness of the
infinitesimal cohomology H*(X /X, Ox /Sing) OVET BjR. Throughout the section,
we will assume the basics of the pro-étale topology defined in [39].

Comparison theorem. Let X be a rigid space over K, and let X|,;.4¢ be the pro-
étale site of X. The pro-étale site admits a basis, which consists of affinoid adic
spaces U = Spa(B, BT) that are pro-étale over X and are affinoid perfectoid
(i.e., the Huber pair (B, BT) is a perfectoid algebra over K). Over the pro-
étale site, we can associate the complete structure sheaf @X, whose section
at an affinoid perfectoid space U = Spa(B, B™") is the K-algebra B. Denote
v : Xprost — Xrig to be the canonical morphism from the pro-étale site to the
rigid site of X.
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We recall from [39] that the de Rham period sheaf B]y, defined as a sheaf of
BIR—algebras over X061, sending an affinoid perfectoid space U = Spa(B, BT)
onto the ring

B (B, BY) = lim (W( lim B*/p) m /5’”) .

The sheaf IB%(J{R admits a canonical surjection 6 : BjR =0 x that is compatible
with the surjection map 6 : BIR — K for the period ring BIR. It can be
shown that ¢ is a nonzero-divisor in By locally, and the ideal ker(d) C By
is generated by & € BZILR. So we could invert the element £ to get a sheaf of
Bar = BIR[%]—algebras over Xprost, Which we denote by Bqr. The sheaf of
rings Bqr then admits a natural descending filtration where the i-th filtration
for Vi € Z is defined by Fil'Byr := EiIBﬁcJ{R C Bgr. Each graded piece griBqg,
which are locally equal to O x - &%, is canonically isomorphic to the pro-étale
structure sheaf up to a twist.

We first recall the comparison between the infinitesimal cohomology and the
pro-étale cohomology of Byr for smooth rigid spaces.

THEOREM 7.3.1 ([8], Theorem 13.1). — Let X be a smooth rigid space over
K. Then there exists a natural map of complexes of sheaves of BjR—modules
over X

RUX/Z*OX/E — RV*B(TR‘

It is an isomorphism after inverting &.

Proof. — This is essentially proved in [8], Theorem 13.1, and we explain here
the relation of their result to our statement.

Let X be a smooth rigid space over K of dimension d. Assume U = Spa(R)
is a very small affinoid open subset in X; it admits an étale morphism onto a
torus T4, where the map can be extended to a closed immersion into a larger
torus T" = Spa(K (T')). For any such closed immersion, we could associate

1

the torus T™ with an affinoid perfectoid space T™> = Spa(K(TiipTo». The
canonical map T™> — T™ is pro-étale, and its pullback along U — T" produces
a pro-étale morphism from an affinoid perfectoid space Spa(Rw,, RL,) over U =
Spa(R).

We denote by D the envelope of U inside of the direct system {Tg:R }e of
tori over {B(J{R,e}e. Then for any such choice of morphisms (U — T¢ — T™),
we could construct two BIR—linear complexes

e The de Rham complex Q%, of U in {Tg+ }e that computes the infini-
dR,e
tesimal cohomology RI'(U/Yint, Ox/x;) by Theorem 7.2.3.
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e The Koszul complex KBIR(ROO) = KBjR(Rx)('Y“i — 1) that computes the
pro-étale cohomology RI'(Uproet, ]B%jl'R).

As in the proof of [8, Theorem 13.1], for any choice of (U — T¢ — T"), there
exists a natural map of actual complexes
which is functorial with respect to the choices of triples, such that it becomes
an isomorphism after inverting £. Notice that the set of triples for a fixed U is
filtered, and the transition maps of both complexes are isomorphisms. In this
way, the induced isomorphism

1
RU(U/%int, Ox/5) L] — R (Uprost, Bar)
is independent of the triples (U — T¢ — T"). Since the collection of very
small open subsets of X form a basis in the rigid topology, we could then get
a natural isomorphism as below:

1
RUX/Z*OX/E |:£:| — RV*BdR. O

Using the éh-hyperdescent, we could improve the above result into the non-
smooth situation.

THEOREM 7.3.2. — Let X be a rigid space over K. Then there exists a natural
map of complexes of sheaves of Bz{R—modules over X as below:

RUX/Z*OX/E — RZ/*IB(—;R.

It is an isomorphism after inverting &.

Proof. — In the proof, we use vx : X,r06t — Xiig to denote the natural map
of sites associated with the rigid space X.

We first notice that the pro-étale cohomology sheaf RVX*IBBIR and Rvx . Bar
satisfy the éh-hyperdescent. To see this, we recall from [22, Section 4] that
the derived push-forward RVX*@X is naturally isomorphic to Rrx.C, where
C = Ra,0, € D=%(X¢,) is the derived push-forward of the completed v-
structure sheaf (see [22, Section 3.2]), and 7mx : X¢n — Xyig is the natural map
of sites. As an upshot, since C is a bounded below complex of éh-sheaves, its
direct image Rmx,.C in the rigid site naturally satisfies the éh-hyperdescent;
i.e., for an éh-hypercovering p : Xo — X over K, the induced map below is an
isomorphism:

Rrx.C — Rp.Rrx,.C.
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We could then replace the above by the derived push-forward of the pro-étale
structure sheaf to get a natural isomorphism

RZ/X*@\X — Rp*RV)(.*@X..

On the other hand, notice that the de Rham period sheaf IB%IR is completed
under the &-adic topology such that the i-th graded piece is equal to the com-
plete structure sheaf 0 x - £ up to a twist. In this way, by the hyperdescent
for graded pieces and the induction on e, we get

Rux.Bi, = R@RZ’X*BXR/fe
eeN
o~ R@RP*RVX.*BIRKE
eeN
~ Rp*Rl.&lRVX,*BIR/ge
eeN

= Rp.Rvx,.Blq.

Thus the pro-étale cohomology of By and hence Bar = By [¢] satisfies the
éh-hyperdescent.

Finally, notice that the collection of maps f : X’ — X for smooth rigid
spaces X' forms a basis of the éh-site Xg},. In this way, the natural comparison
map Rux//s.Ox/ /s — RI/XI*B:{R for smooth X’ extends to a map for X via
the éh-hyperdescent (for the infinitesimal cohomology sheaf, this is Theorem
7.2.7), and by inverting £, we get the isomorphism

1
RUX/E*OX/E[E] — Rv,Byr. U

REMARK 7.3.3. — The morphism between the infinitesimal cohomology and
the pro-étale cohomology is constructed in an indirect way. In fact, by enlarging
the infinitesimal site X /Y, to a bigger site that allows all (adic spectra of)
complete Huber rings as in [43, Construction 5.11], the de Rham period ring
B (Reo) for a perfectoid algebra Ro can then be regarded as pro-thickening
in this enlarged category. In this way, the arrow from the associated ind-object
to the final object in the enlarged infinitesimal topos will induce a map on their
cohomology, and it can be checked via computations in the smooth case and
the éh-hyperdescent that this coincides with our morphism.

Below we consider a special case where X comes from a small subfield.
Precisely, let Ky be a discretely valued subfield of K such that the residue
field of Ky is perfect. Assume that Y is a proper rigid space over Ky and
X =Y xg, K is the base field extension of Xy. We recall from [22, Theorem
8.2.2] that there exists a Gal(K/Kjp)-equivariant filtered comparison between
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the pro-étale cohomology RI'(Xproet, Bar) and the tensor product
RI(Yen, Q% k) @Ko Bar.

Here Qéh /Ko is the éh-differential for rigid spaces over Ky, and the filtra-
tion is defined by the product filtration, where the éh de Rham cohomology
RT'(Yen, 2, / k,) 18 equipped with a natural descending filtration by Fil' =

RT(Yey, chhz / Ko)' Moreover, by taking the zero-th graded pieces, we get
RT(Xproer, Ox) = D BT (Yan, U, /x,) @0 K ().
From this, we get the following:

COROLLARY 7.3.4. — Let Y be a proper rigid space over the discretely valued
subfield Ko of K as above, and let X be its base extension to K. Then we have
a canonical isomorphism

1
RT(X/%int, Ox/z)[g] >~ RI'(Yen, 8, /k,) @Ko Bar-

In particular, the infinitesimal cohomology of Y X, K over Bar admits a
Gal(K/Ky)-equivariant filtration such that the zero-th graded factor is equal to

EB RT'(Yen, Qéh,/KO) ®K, K(—1).

Torsion-freeness and Hodge-de Rham degeneracy. For the rest of the subsection,
we prove that the infinitesimal cohomology H"(X /Y., Ox/x) is torsion-free
over Bl; (Theorem 1.2.7.(vi)) and show the degeneracy for the éh Hodgede
Rham spectral sequence.

THEOREM 7.3.5. — Let X be a proper rigid space over K. Then we have the
following:
(i) the infinitesimal cohomology H"(X/Sins, Ox /) is torsion-free over Bl
for each n € N.
(ii) the éh Hodge—de Rham spectral sequence over K below degenerates at its
first page:
B} = HY (Xan, Qéh,x/K) = Hi+j(Xéth;h,X/K)'
REMARK 7.3.6. — Note that part (ii) generalizes the degeneracy result in [22,

Proposition 8.0.8], where the latter needs the assumption for X to be defined
over a discretely valued subfield.

Proof. — Let n be any integer. We first note that the pro-étale cohomology
Hn(XprOét7B§R) is finite free over B(J{R: to see this, we recall the Primitive
Comparison Theorem over B as below ([38, Thm. 3.17))

H" (Xer, Qp) ®q, Big = H" (Xprost; Big)-
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As the étale cohomology H" (X1, Q)) is a finite dimensional vector space over
Qp, the above implies the finite freeness of H™ (Xproct, IB%XR) over BIR. In par-
ticular, by Theorem 7.3.2 and the finiteness in Proposition 7.2.9, we get the
following relations:
dime H" (Xét, Qp) = rankB;rR H" (Xproéta B;{R)
= dideR H" (Xproét7 IBdR)
. 1

= dldeR Hn(X/Zinf, Ox/2>[g}
= rankB:R H"(X/Yint, Ox/x)/torsion
< dimg H"(X/Yin, Ox /) /€,

where the last equality follows from the structure theorem of finite generated
modules over the principal ideal domain BdR

On the other hand, by the base change formula in Theorem 7.2.3.(iii), for
each n € Z, we get the following short exact sequence of K-vector spaces:

0 — H"(X/Yins, Ox/x)/€§ — H"(X/Kint, Ox/K)
— Hn+1(X/Einf7 OX/Z)[g] — 07
which implies the inequalities
dim g Hn(X/Zinf, Ox/z)/f < dimg Hn(X/Kinf, OX/K)v Vn € Z.

In addition, notice that the cohomology complex of a sheaf of abelian groups al-
ways lives in the non-negative cohomological degrees. So both H™ (X /¥int, Ox/x)
and H"(X/Kiut, Ox/k) vanish for n < —1, and the short exact sequence above
for n = —1 implies the vanishing of H*(X/in¢, Ox/x)[€]. In particular, we see
the B;R—module H(X/Sint, Ox/s) is torsion-free.

Now using the comparison between the infinitesimal cohomology and the éh
de Rham cohomology for the trivial crystal 7 = Ox,g in Theorem 6.2.2, we
have

dimK Hn(X/Kinf, OX/K) == dimK Hn(AXéh7 Qgh)'
Note that the natural Hodge filtration on the éh de Rham complex €22, induces
the E; spectral sequence
By =W (Xa, Q) = H™ (Xay, Q2).
As a consequence, we get
dimg H"(X/King, Oxyx) <y, dimg B (Xen, Q).
i+j=n
However, by Hodge—Tate decomposition in [22, Theorem 1.1.3], we have

dimg, H" (Xe&, Q) = Z dim g H (Xen, ).
i+j=n
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Hence combining all the relations of dimensions above, we see that all the in-
equalities should be equalities. The latter implies that the F; spectral sequence
degenerates at the first page, and for any n € N we have

H" " (X/Sinr, Ox/5)[€] = 0.
H™"(X/Zint, Ox/x)/§ = H"(X/Zint, Ox/xc)-

These, together with the torsion-freeness of the BI;-module H(X/Sips, Ox/s),
conclude the proof. O
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