Asterisque

PAUL G. GOERSS

On the André-Quillen cohomology of
commutative [,-algebras

Astérisque, tome 186 (1990)
<http://www.numdam.org/item?id=AST_1990__186__1_0>

© Société mathématique de France, 1990, tous droits réservés.

L’acces aux archives de la collection « Astérisque » (http://smf4.emath.fr/
Publications/Asterisque/) implique 1’accord avec les conditions générales d’uti-
lisation (http://www.numdam.org/conditions). Toute utilisation commerciale ou
impression systématique est constitutive d’une infraction pénale. Toute copie
ou impression de ce fichier doit contenir la présente mention de copyright.

NuMmbDAM

Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques
http://www.numdam.org/


http://www.numdam.org/item?id=AST_1990__186__1_0
http://smf4.emath.fr/Publications/Asterisque/
http://smf4.emath.fr/Publications/Asterisque/
http://www.numdam.org/conditions
http://www.numdam.org/
http://www.numdam.org/

186 ASTERISQUE
1990

ON THE ANDRE-QUILLEN
COHOMOLOGY
OF COMMUTATIVE F,-ALGEBRAS

Paul G. GOERSS

SOCIETE MATHEMATIQUE DE FRANCE

Publié avec le concours du CENTRE NATIONAL DE LA RECHERCHE SCIENTIFIQUE



A.M.S. Subjects classification (1985 revision) :
Primary : 13 D 03, Secondary 18 G 30, 55 U 35



On the André-Quillen Cohomology
of Commutative F;-algebras

by Paul G. Goerss*

In the late 1960’s and early 1970’s the authors Michel André and Daniel
Quillen developed a notion of homology and cohomology for commutative
rings that, in many respects, behaves much like the ordinary homology and
cohomology for topological spaces. For example, one can construct long
exact sequences such as Quillen’s transitivity sequence [21] or a product in
cohomology [2]. They further noticed that this homology could say much
about the commutative ring at hand. Again, for example, Quillen conjec-
tured that the vanishing of homology groups implied that the ring was of a
particularly simple type and, recently, his conjecture has been born out by
Luchezar Avramov [3].

One can approach the subject of the homology and cohomology of
commutative rings from two points of view. The first is from the point
of view of commutative algebra. Many authors have been interested in
the following situation: let A be a commutative, local ring with residue
field k. Then the quotient map A — k allows one to define the André-
Quillen homology H,(A,k). In this case H,(A, k) is of concern to local ring
theorists, and squarely in the province of commutative ring theory. This is
a traditional point of view. Certainly it was adopted by André and Quillen
— who, if k was of characteristic 0, could effectively compute H,(A,k) in
terms of T'or2 (k, k) — and more recently, by such authors as Avramov and
Stephen Halperin [4].

In this work, however, we take another viewpoint — that of homotopy

* The author was partially supported by the National Science Foundation
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theory. The starting point is other work of Quillen [20] on non-abelian
homological algebra and homotopical algebra. One of the many advances of
this work of Quillen’s was to isolate exactly what was required of a category
C so that one could make all of the familiar constructions of homotopy
theory in C. If C satisfies the resulting list of axioms, then C is called
a closed model category. If, in addition, C has a sub-category of abelian
objects AB(C) and the inclusion functor AB(C) — C has a left adjoint,
then one can define the homology of objects in C.

The model for this sort of set-up is the category of spaces; that is, the
category of simplicial sets. The abelian objects are the simplicial abelian
groups, and one obtains the usual homology with integer coefficients.

In this paper, we will consider the category s.A of simplicial, supple-
mented, commutative Fo-algebras. A commutative F3-algebra A is supple-
mented if there is an augmentation € : A — F3 so that the composite

Fo—A—5F,

is the identity. Here 7 is, of course, the unit map. An object in sA is
then a sequence of supplemented algebras A,, n > 0, linked by face and
degeneracy maps that satisfy the simplicial identities. The category s.A
is a closed model category, with a notion of homotopy and homology. In
fact, the notion of homology is exactly that of André and Quillen. We
will explore homotopy and homology together and use them to illuminate
each other. Indeed, the work of A.K. Bousfield [5] and the work of William
Dwyer [11] imply that we know much about homotopy in sA and we can
use their results as a foundation for our study of homology and cohomology.

Since André and Quillen define homology and cohomology using sim-
plicial resolutions and the like, it is a natural step to studying the category
sA.

The efficacy of this approach is this: by studying simplicial objects
A € sA and the homology H2A and cohomology H oA, we can not only
take advice from the commutative algebra, but also from homotopy theory
— and two angles are better than one. For example, homotopy theory tell us
that cohomology should support a product, and because we are working in
characteristic 2, something like Steenrod operations. This is indeed the case
and it is exactly thése operations that explain why Quillen’s fundamental
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spectral sequence — the main computational tool of [21] — does not collapse
in characteristic 2, as it did in characteristic 0. By studying the product and
operations, we systematize this difficulty and then can proceed to compute.

In the end we find that we will have a situation very unusual in ho-
motopy theory: we will understand all primary homotopy operations in
sA, and all primary cohomology operations in s.A, but neither homotopy
or homology will be in any sense trivial. That is to say, we will have a
category rich in structure, but we can understand, appreciate, and exploit
that structure. I hope you will find the answer pleasant.
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Notation and Conventions

1.) F; is the field with two elements, and vF, is the category of vector
spaces over Fo

2.) If C is any category, we let
nC = the category of graded objects in C

and
sC = the category of simplicial objects in C.

The exceptions are nF3 and sF;, which are the categories of graded and
simplicial objects in the category of Fa-vector spaces, respectively.

3.) If V is a simplicial F» vector space, we define the homotopy of V
to be the homotopy of V regarded as a simplicial set. This is the same as
the following familiar calculation. Let V = {V,,} and

0=> di:Va— Vao

=0

be the sum of the face operators. (Working over F2 means that we do not
need the alternating sum.) Then 82 = 0 and

.V = H,(V,9).

We can, and will, write C(V) for the chain complex associated to V with
the differential 0.

4.) Following the conventions in 2.), ssF2 is the category of simplicial
simplicial vector spaces, which we will call bisimplicial vector spaces. Thus
an object V' € ssF» is a sequence of vector spaces V} 4, one for each pair of
non-negative integers (p, q), equipped with horizontal face and degeneracy
operators

h . h,
di * ‘/Psq - .‘/;’_loq a'nd s‘i * Vp,q - p+1,9
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and vertical face and degeneracy operators
v .1 ke v,
di : V9= Vog-1 and 8} : Vpg = Vpg+1.

This specifies vertical and horizontal direction in V' — we will reserve the
first variable “p™ for the horizontal direction and the second variable for the
vertical direction. The vertical and horizontal maps commute.

For fixed p we have vertical homotopy

TgVp. = Hy(Vp,.,0%)
and. for fixed g, horizontal homotopy

TpVig & Hp(V. 4,0M).

5.) If V" € ssF,, we have the total chain complex of V given by
C(V)n = Optq=nVp.q

and
8=0"+8":C(V), = C(V)p-1.

We can filter C'(1") by degree in p and obtain a spectral sequence
TpTgV = Hpy oC (V).
There is also the diagonal simplicial vector space diag(V) with
diag(V)n = Van

and the Eilenberg-Zilber-Cartier Theorem implies that the existence of a
chain equivalence C(V) — C(diag(V)). Thus we obtain one of our most
useful tools, a spectral sequence

TpTqV = Tpiqediag(V).

If we filter C(V') by degree in g we obtain the other spectral sequence of a
bisimplicial vector space

6.) A graded vector space W is of finite type if W is finite in each
degree.



Chapter I: Overview and Statement of Results

In this chapter, we draw the outlines for the homotopy and homology
theory of simplicial algebras. Like an architect’s sketch, this section is
intended to make clear the form of things to come, but without smothering
ideas in a welter of details. We leave these details to the later sections.
The justification for this approach is that amidst the dust and smoke of the
actual construction — say, section 7 or 15 — the architect’s dream may
become obscured, and it will be well to have it firmly in mind beforehand.

We end the chapter with some historical notes, with credits to other
authors.

To begin, let A be the category of commutative, supplemented algebras
over the field F;. Then let s A be the category of simplicial objects in A;
that is, A € sA is a simplicial, commutative, supplemented F;-algbera —
simplicial algebra, for short. Quillen [20,I1.4] points out that s.A is a closed
model category. The details of this observation are contained in section
1, but, for now, it is sufficient to know that for an object A € sA, we
have a notion of homotopy groups 7,A — indeed, 7, A is the homotopy
of A regarded as a simplicial vector space — and a we have a notion of
what it means for two morphisms f,g : A — B in sA to be homotopic.
Furthermore, we can make all the usual constructions of homotopy theory
in sA and, hence, we know what we mean by the homotopy classes of
morphisms from one object A in sA to another object B. We will call the
set of homotopy classes of maps by the name [A, B]; ..

An advantage of the category sA is that homotopy groups have rich,
but understood, structure. This is in contrast to the homotopy groups of
spaces which, although laden with structure, represent virtually uncharted
territory to the homotopy theoretic explorer.

To be specific, if A € sA, then 7, A is a graded, commutative, supple-
mented F;-algebra, equipped with an augmentation

€:m, 4 —Fy

where we regard F5 as concentrated in degree 0. Of course, 79 A becomes a
supplemented algebra and we could recover much of the concerns of André
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and Quillen by concentrating on the case where w,A & mgA; that is, 7, A is
concentrated in degree 0. However, as we shall see, this would be severely
limiting.

Homotopy in sA is a representable functor: there is an object S(n) €
sA for n > 0 and a class ¢, € 7,5(n) so that for all A € s.A, the map

[S(n), Alsa — T A

given by
fr— e f(en)

is an isomorphism for n > 0 and defines an isomorphism
[S(0), Al,4 = I A

where ImgA = ker(e : mgA — F3) is the augmentation ideal. This is anal-
ogous to the situation for topological spaces; indeed, these isomorphisms
virtually demand that we refer to S(n) as the n-sphere in s.A.

A computation of 7,S(n) for all n would be a computation of the
homotopy groups of spheres and a calculation of all primary homotopy
operations. This is possible. Many authors have worked on this, of which,
perhaps, the most notable include Cartan [8], Bousfield [5], Dwyer [11], and
Tom Lada (unpublished) — and, of course, Quillen [21,22]. The work of
these authors combines to prove the following result.

Theorem A: Suppose A € s.A. Then there are natural operations
6i: TpA — TpyiA, 2<i<n

so that
1.) é; is a homomorphism 2 < ¢ < n and é, = 2 — the divided square
— so that

6n(z + y) = bn(z) + 6a(y) + zy;

2.) the operation §; acts on products as follows:

bi(zy) = z26;(y) if x € mpA
= y265(.’1.‘) if Yy € ToA
=0 otherwise.

10



OVERVIEW AND STATEMENT OF RESULTS

3.) if i < 25, then

6:6;(x) = ) (j —it+s— 1) 5ir;60(2).

j — 8
i+1/2<s<i+i/3 J

Because the top operation 6, : m,A — w2, A is the divided square,
these operations are called higher divided squares. We define, for a k-tuple
of integers I = (i1,...,14;) with ¢; > 2 for all ¢,

6 = 6171 ...5,-"

to be the composition, when defined, of the operations §;,. Define §; to be
admissible if i; > 2i;4, for all t. Theorem A.3. implies that we may write
any composition of the operations §; as a sum of admissible operations.
Define the excess of I by the formula

e(I)=i1—i2—---—ik.

Then we have the following computation of the homotopy groups of spheres.
Let A(-) denote the exterior algebra on the indicated elements.

Theorem B: Let ¢, € 7,.5(n) be the universal homotopy class. Then,
if n > 0, there is an isomorphism of graded algebras

T S(n) =2 A(61(tn) : e(I) < n)

where 65 must be admissible. 7.S(0) £ F2[t], a polynomial algebra on one
generator concentrated in degree 0.

It is the purpose of section 1 through 3 to define and understand the
structure of homotopy in sA. There we will discuss Theorems A and B,
and more. This structure will be extremely useful in later sections.

The primary concern of this work, however, is not homotopy, but ho-
mology and cohomology. In section 4, we will define, for every A € sA,
the André-Quillen homology H2A and cohomology H oA. These will be,
initially, graded Fa-vector spaces, but it is our larger purpose to uncover

11
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as much structure in H2A and H, oA as we can. We will immediately see
that H2(-) has some of the good properties that homology should have;
for example, we can construct cofibration sequences in s A and a cofibra-
tion sequence yields a long exact sequence in homology. Also, there is a
suspension functor

Y:s54A—-sA

with the properties that for every A,B € sA, [£A, B];4 is a group and
H2>A = HE2 (Aand HEZA =0.

It is worth pointing out that 7,X A is almost never concentrated in de-
gree 0, so that to restrict ourselves to simplicial algebras with that property
would be to deny ourselves the flexibility of this vital tool.

We begin almost immediately to impose further structure on Hg(-). It

is the purpose of sections 5 and 7 to prove the following results.

Theorem C: For A € sA, there is a natural commutative, bilinear
product
[, ]1: HFA® H3A — HZ*"+'A

and natural homomorphisms
P':H3A — Ht+14

so that
1.) [, ] satisfies the Jacobi identity: for all z,y,z € H5A

[, [y, 211 + [z, [z, y]] + v, [2, =]] = O;

2.) PP =0if i > n and P*(z) = [z, z];
3.) for all z,y € H5A and all integers i, [z, P'y] = 0.

The “+41” will not seem unnatural to homotopy theorists used to deal-
ing with the Whitehead product. Indced, the construction of this product
owes a great deal to the work of Bousfield and Daniel Kan [7] who, in that
paper, arc concerned cxactly with the Whitehead product. The operations
P? are “Steenrod operations” for H o and Theorem C.2 is an unstable con-
dition on these operations.

12



OVERVIEW AND STATEMENT OF RESULTS

After we have defined the product and operations, we become con-
cerned with their structure. For this, like Quillen, we must study a spectral
sequence that passes from HCA to m,A. This is an Adams-type spectral
sequence quite analogous to the lower central series spectral sequence in
the homotopy theory of spaces that was studied by Bousfield, Curtis, Kan,
Rector, Quillen, and others. We dcvote section 6 to fitting the operations §;
of Theorem A and the operations and product of Theorem C into Quillen’s
spectral sequence. Then, in section 8 we supply some applications — in-
cluding the facts that the product [ , ] and operations P* are non-trivial
(which is good!) and that P* = 0 if i < 2. Then in section 9 we prove the
existence of Adem relations.

Theorem D: For A € sA, z € HHA, and ¢ > 2j there is an equation

i+j—2 )
PPi(g)= Y (23"'TI)P*+1—3P8(:B).

s=i—j+1 §=1J
Then, as a last application of Quillen’s spectral sequence, we discover
and examine a final operation defined only on H}A.
Theorem E: Let A € sA. Then there is a natural quadratic operation
B:HQA — HHA
so that

L) B(z +y) = B(z) + B(y) + [z, y];
2.) for all z € H)A and y € HH A,

(B(2), y] = [, [z, y]]-
This result is one of the purposes of section 10.
Now, in calling 3 the “final” operations, we are implicitly stating that

Theorems C, D, and E encode all the structure of Hg(-); or, put another
way, that there are no universally defined operations except those implied by

13
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these results, and that there are no further relations except those implied by
these results. This is, in fact, the case, and the final five sections are devoted
to proving this result. The method is a time-honored one: compute the
cohomology of the universal examples. For spaces, we would be computing
the cohomology of Eilenberg-MacLane spaces; for simplicial algebras, we
wish to compute the André-Quillen cohomology of abelian objects in sA.

If V is a simplicial F;-vector space, we can define a simplicial algebra
V4 by setting, as a vector space, V; = V @ F3, requiring that F, be the
unit, V the augmentation ideal, and V2 = 0. Thus, V, could be called a
trivial simplicial algebra. For A € sA,

Hom,4(A,Vy) & Homypr, (QA, V4)

where QA = IA/(IA)? is the vector space of indecomposables of A. Since
Homa(A,V,) is a group, V4 is an abelian object in s.A. We will compute
that for A € sA,

[4,Vi]ea & Hom,p,(H2A, 7,V).
Thus, if we choose a simplicial vector space K (n) so that
m. N (n) = Fy
concentrated in degree n, we will have
[4, K(n)4]oa = [H2A] = H3A.

Here []* denotes the F2-dual vector space and the last equality will be, in
fact, the definition of the André-Quillen cohomology group. The exact form
of this isomorphism is the usual one: there is a universal cohomology class
tn € H3K(n)4 so that the map

[K(n)s, Aloa — HBA

given by
fr— Héf("n)

is an isomorphism.

14



OVERVIEW AND STATEMENT OF RESULTS

Thus K (n)4 represents cohomology and computing HgK(n)4 for all
n would yield all natural cohomology operations in one variable. This we
can do. For a sequence of integers I = (i1,...,15) of integers, let

PI=Pi; ---Pi’

be the appropriate composition of the operations Pit. Call this composition
allowable if i; < 2i;4; for all ¢t and define the length of I by f(I) = s. The
length can be 0, in which case I is empty and P!(z) = z for all z. The
reader is invited to contrast these definitions and the following result with
the definitions and conclusions surrounding Theorem A.

Theorem F: Let n > 1 and let ¢, € H3K(n); be the universal
cohomology class of degree n. Then a basis for H5I (n)4 is given by all
allowable compositions

Pl(1,) = P ... Pi* (1)
with s > 0, 7, > 2 for all ¢, and i; < n. For n = 0 we have

Fo, if n =0, generated by ¢p;
ol (0)y = {Fg, if n = 1, generated by [Bio;
0, otherwise.

The computation of H5 L (0)4 is done in section 9. The computation
of H5K (n)4, for n > 0, is this work’s most lengthy project, consuming
section 12 through 15. The core idea is a spectral sequence due to Haynes
Miller [16, Section 4] that passes from w,A to H oA — a reverse Adams
spectral sequence, if you will. Since m,Z\'(n)4+ is an exterior algebra on a
single generator of degree n. we have the input computed and reaching the
output is a theoretically simple matter. Practically, however, there is a
smothering welter of details and, hence, the numerous sections.

Theorem F, it turns out, is the crucial calculation, and we can par-
lay that result into other computations. To see how, we use the Hilton-
Milnor Theorem of [12]. If we have a sequence of non-negative integers
1y.ny.....ne, we may consider the abelian simplicial algebra

[K(ny) x -+ K(ng)]+ € sA

15
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obtained by taking the product of the relevant simplicial vector spaces
K(n;). Then, for A € sA

[A,[K(n1) x -+ X K(ns)]4]sa 2 HGA X --- x Hy" A.

Therefore a computation of HH[L (n;) X - -+ x K(n,)]4+ would compute all
natural cohomology operations in s variables. We make this computation
by considering the homotopy type, in sA, of £[K(n;) x - - - K(n,)]4+, where
¥ is the suspension functor above. The projections

[K(n1) % -+ x K(n,)]+ = K(ng)+
with 1 < k < 5 and the universal classes (x € Hg* K (nk)4, define classes
L € Hs"[K(nl XX K(ns)]+.

Let L be the free Lie algebra on the s generators ¢ and let B C L be a
basis of monomials in the ¢r. If b € B, the b is some iterated bracket in
the generators ¢x; let jix(b) be the number of appearances of ¢; in b and

let £(b) = Y jx(b). Then, for b € B, the elements ¢, and the product of
Theorem C define a map in the homotopy category

fo:[A(n1) x--- x K(ns)]+ — K(np)+

where
ny = Z]k(b)nk + f(b) - 1.

Then, by suspension, we get a map
Efo: Z[K(n1) X -+ x K(n)]4+ = ZK(np) 4.

And then, using the fact that [CA, B]; is a group for all A, B € sA, we get
a map

f DK (ny) x -+ x K(ny)]4 — ®benEK (no) 4.

The Hilton-Milnor Theorem says that this map is a weak equivalence in
sA. Thus, using the fact that suspension commutes with cohomology and

16
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that cohomology takes tensor products to products, we may conclude that

there is an isomorphism

HG[K(ny) x -+ x K(ng)l+ = xpepHQK (1) +

and we can finish the computation using Theorem F. The Hilton-Milnor

Theorem is explored more thoroughly in section 11.

We can now write down the two main structure theorems of this paper,

including their proofs — the only proofs of this introduction.

We now define a category W that will be the target category for Hg.

Definition G: An object W € W is a graded vector space W = {W"}

equipped with
1.) a commutative, bilinear product

[, ]:Wm®Wn_’Wm+n+l

satisfying the Jacobi identity;
2.) homomorphisms
P W — Wt
so that i.) P! =0if i < 2 or 4 > n, and P"(z) = [z, z];
ii.) [z, Pi(y)] = O for all z,y and i;
iii.) if ¢ > 2j, there is an equality

2 o
pPipi — Z (s—z.— )Pi+j—sPs;
s=i—j+1 \ 77

3.) a quadratic operation 3 : W% — W! so that
i.) Bz +y)=B(z)+ B(y) + [z, y]; and
i) [8(2),y] = [3, [2, ]

Morphisms in W commute with the product and operations.
Then we have

Theorem H: André-Quillen cohomology defines a functor

Ho(-): sA— W.

17
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Proof: This follows from Theorems C, D, and E.

Such a result, by itself, has no teeth — after all, Hj also defines a
functor to graded vector spaces. Theorem F gives this theorem some force,
but the next result puts real weight behind Theorem H by stating that, in
some sense, W is the best possible category.

The forgetful functor W — nF2 from W to graded vector spaces has
an evident left adjoint U. If W € nF; has a basis {wy}, then U(W) has a
basis given by the union of

1.) a basis of monomials B for the free Lie algebra on {w,} graded by
requirements of Theorem C;

2.) Pi1...P'%(b) where b € B, k > 1, i, < deg(b), and, for all ¢,
2 < 43 < 24441; and

3.) B(wq) if we is of degree 0.

The structure of U(W) as an object in W is determined by Theorems C,
D, and E.

Theorem I: Let V € sF; be a simplicial vectors space so that 7,V =
W is of finite type — that is, 7,V is a finite vector space for each n. Then

there is a natural isomorphism

HyVy 2 UW?).

W* is dual to W.
Proof: If W is finite there is a weak equivalence

V+ jad [K(‘n]_) XX K(n_,)]...
for some set of non-negative integers {ni,...,ns}. In this case the result
follows from the Hilton-Milnor Theorem and Theorem F. If W is not finite,

we write V as a filtered colimit of simplicial vector spaces V™ C V so that

™V, ifn<m;

m o
TV —{0, ifn>m.

Then we use the fact that H5V, = limH5V ™.

18



OVERVIEW AND STATEMENT OF RESULTS

The finite type hypothesis is a familiar one: the ordinary cohomology of
topological Eilenberg-Maclane spaces becomes troublesome if the homotopy
groups of the Eilenberg-MacLane space are not finitely generated in each
degree.

We close this chapter by explaining the relationship between this work
to the work of others.

Historical notes: André-Quillen cohomology was defined — in its
full strength — by, of course, André and Quillen, but several authors fore-
shadowed them. Most notable among these are, perhaps, Lichtenbaum and
Schlesinger. Other authors have picked up the thread of studying André-
Quillen cohomology as a sub-field of local algebra — Avramov and Halperin,
for example. And, of course, there is the work of Luc Illusie [25] where many
of the definitions of chapter 1 of this work appear, and which constitutes a
globalization of the work of André and Quillen.

André would probably prefer to regard our algebras as rings augmented
to F2; that is, for A € s.A, he would emphasize the augmentatione : A — F,
and define Hg (A, F2), using derivations. We will show in section 4 that, in
fact,

HGH(A,F2) 2 HGTA

so that
Ha(A, Fop) = Ha'lA.

In a paper I studied often for inspiration [2], André defines a product
( ) ) H H’Qn'(A, F2) R Hg(A, F2) - Ha+m(A, F2)

and, using his construction, one could define (although he does not) Steen-
rod operations in Hg(A,F2). We will show in Appendix A, that if 9 :
H a_lA — H3(A,F3) is the isomorphism above, then

Az, y] = (z,y).

Thus our product could be computed by his and visa versa. André’s product
is more pleasant in its definition — and thus has the advantage of aesthetics
over ours — but it is not clear to me how to put his operations into Quillen’s
spectral sequence and, hence, to prove the Adem relations of Theorem D.

19
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Finally, I learned of the importance of André-Quillen cohomology from
Haynes Miller’s Sullivan Conjecture paper [16], especially sections 3, 4, and
5 — this paper is a gold mine, liberally studded with glittering ideas. The
reverse Adams spectral sequence I use here first appears in section 4 of that
paper, the suspension appears in section 5, and the key technical device of
almost-free algebras appears in section 3. I cannot overemphasize my debt
to that paper, or the importance of several highly productive conversations
with Haynes Miller.
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Chapter II: The Homotopy Theory of Simplicial Algebras

1. Preliminaries on simplicial algebras

In this section we describe a closed model category structure on the category
of simplicial algebras and give Illusie’s canonical factorization of any map as
a cofibration followed by an acyclic fibration. At the end of the section, we
discuss the homotopy category associated with this closed model category
structure. This section details much of the language that we will use in
the rest of this paper. There is little new in this scction; indeed, we are
compiling results of Quillen [20], [21], Hlusie [25], and Miller [16].

First, if V7 is a simplicial F» vector space, we define the homotopy of
1" to be the homotopy of V" regarded as a simplicial set. This is the same
as the following familiar calculation. Let V' = {V,,} and

0= i({, V= Vil

i=0

be the sum of the face operators. (Working over F» mcans that we do not
need the alternating sum.) Then 8% = 0 and

.V & H,(V,8).

We now turn to the closed model category structure on the category
of simplicial algebras. Recall that A is the category of commutative sup-
plemented F, algebras and s.A is the category of simplicial objects in this
category. Then sA has a structure of a closed model category in the sense
of Quillen. There are weak equivalences, fibrations and cofibrations satis-
fving the axioms CM1-CMS5 of [20]. We now supply the definitions. Notice
that for 4 € sA, we have that 7,4 is a graded, commutative, supplemented
F,-algebra. and that that w94 € A. Furthermore, 7.4 is a quotient of A4,
and the quotient map

.-10 — 7T o.-l

defines a map of simplicial algebras

€: 41 - md
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where 7oA is regraded as a constant simplicial algebra. This construction
is natural in A, so that if f : A — B is a morphism in s A, we obtain a
diagram

A —f—> 7l'oA

\f L mof

B = mB

and hence a canonical map in sA
(fi€) : A— B Xgop mA

where the target is the evident pullback. The morphism f will be called
surjective on components if this map is a surjection.

Definition 1.1:1.) A morphism f : A — B in sA is a weak equivalence
if
Tf : A — 7, B

is an isomorphism.

2.) f : A — B is a fibration if it is a surjection on components; f is an
acyclic fibration if it is a fibration and a weak equivalence.

3.) f: A— B is a cofibration if for every acyclic fibration p: X - Y
in sA, there is a morphism B — X so that is the following diagram both
triangles commute:

A —- X
lr /7 1lep
B —- Y

As specializations of these ideas we have fibrant and cofibrant objects.
We write F4 for the terminal and the initial object of s.A. Then we say that
A € sA is cofibrant if the unit map 7 : F; — A is a cofibration. Similarly,
we say that A is fibrant if the augmentation € : A — F5 is a fibration. Every
object in sA is fibrant, so we say no more about this concept.

The following now follows from Theorem 4, pII.4.1 of [20].

Proposition 1.2: With the notions of weak equivalence, fibration,
and cofibration defined above, sA is a closed model catgory.
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Of course, cofibrations are somewhat mysterious objects and difficult
to recognize at this point. We will now be more concrete.

Let S : vF; — A be left adjoint to the augmentation ideal functor.
S is, of course, the symmetric algebra functor. We will call a morphism
f : A — B in sA almost-free if, for every n > 0, there is a sub-vector space
V,, C IB, and maps of vector spaces

6;: Vo = Vo, 1<i<n

ai:Vn""fn+1, 0<i<n

so that the evident extension
A, ®S (‘/n) — B,

is an isomorphism for every n and there are commutive diagrams, with the
horizontal maps isomorphisms:

l d;RS6; l d;

A, ®8(V,) = B,
A-n—l ® S(V —1) ‘:" Bn—l

fori > 1 and

n
l si®So; l Si

A.®5V,) = B
An+1 ® S(Vn-l-l) _:-i’ Bn+1

for i > 0. Only dy is not induced up from nF,. The following results
(which are implicit in Quillen, section II.4) can be proved exactly as the
corresponding result in section 3 of [16,17].

Theorem 1.3:1.) Almost free morphisms are cofibrations.

2.) Any cofibration is a retract of an almost free morphism.

Proof: The first statement is proved by Miller, using a “skeletal fil-
tration” of the morphism. The second follows from Definition 1.1 and the
next result.
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Proposition 1.4: Any morphism f : A — B in sA may be factored
canonically as

A-LX-2B
with ¢ almost free and p an acyclic fibration.

We will give the proof of Proposition 1.4, as the construction will prove
useful in the later discussion. To begin, we say a word about cotriples. The
composite functor

S=So0l:A— A

has the structure of a cotriple on A. That is, for A € A there are natural
transformations
er:S(A) — A

na : S(A) = 5°(A)

and these are related in such a manner that we may form the simplicial
object S.(A) € sA. To be specific,

S.(A) =5 (A)

and
d;: Sp(A) = Sp_1(A)
is defined by ) )
d;=5€S" ", 0<i<n
and _ _
8; : Sn(A) = Snt1(A)
is given by

8; = -.-S'-ingn_i, 0<i<n.

Now S.(A) is an augmented simplicial object in the sense that e induces
map _
€A - So(A) — A

such that edyp = ed;. More than this, € induces an isomorphism

T.S.(A) = A
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concentrated in degree 0. The retraction that guarantees these isomor-
phisms is given by the inclusions in vF2

IA — IS(A)

adjoint to the identity.

This idea can be greatly generalized. For example, let A € A. Then we
may define the category A/A to be the category of objects under A; that
is, objects I' € A equipped with a morphism A — I" in A making I' into
an A-algebra. The augmentation ideal functor I : A/A — vF; has a left
adjoint

SA(V)=AQS(V).
This pair of adjoint functors yields a cotriple $4:A/A — A/A and, as above,
this yields an augmented simplicial object

SAT - T
for any object I' € A/ A. If A = F,, this is exactly the situation above.

Proof of 1.4: Let f : A — B be a morphism in s.A. Then the last
paragraph yields an augmented bisimplicial algebra

(1.5) 54B— B

with ~
52,B = (54 B,.

Let
S4B = diag(S4B)

be the resulting diagonal simplicial algebra. Thus, we have factored f :
A — B as

(1.6) A— 54B - B.

The first map is almost free, the second map is a fibration, and the construc-
tion is canonical and functorial in f. We need only show that $AB — B
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is an acyclic fibration. But, since S4B is the diagonal simplicial algebra
of $4B, we may filter S4B by degree in q to obtain a spectral sequence
converging to 7,54B. But since 7,5*B, & B,, and the isomorphism is
induced by the augmentation, the result follows.

The great strength of the construction of (1.6) is precisely that S4B is
the diagonal of a bisimplicial algebra. This allows the construction of many
spectral sequences.

As a bit of notation, if f = n: F; — B we abbreviate 5¥2B as 5 B.

Next we come to the notion of homotopy. Notice that in s.A, tensor
product is the coproduct and if A € sA, then the algebra multiplication

p:AQA— A

is the “fold” map; that is, multiplication supplies the canonical map from
the coproduct from A to itself. Factor p as a cofibration followed by an
acyclic fibration _

AQ® A—Cy(A)-A.

By Proposition 2.4 this may be done functorially in A. Cy(A) is a cylinder
object on A. Then two morphisms f,g : A — B in sA are homotopic if
there is a morphism H making the following diagram commute

A®A -5 CyA)
Lfve _ la
B = B

where f Vg = pu(f ® g). If f = g and we let H be the composite
Cy(4)-2A-LB

we obtain the constant homotopy from f to itself. The reader is invited
to prove that homotopy defines an equivalence relation on the set of maps
from an object A to an object B.

We can specialize these notions somewhat. If A : C — A is another
morphism in sA and f,g: A — B are two maps, then we say that f and g
are homotopic under C if fh = gh and there is some homotopy from f to
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g which restricts to the constant homotopy on fh. If ¢ : B — D is a map,
then there is a corresponding notion of a homotopy over D.

The following, then, is the lemma that we need to show that many of
our definitions are well-defined.The proof is in [21] as Proposition 1.3.

Lemma 1.7: Let f : A — B be a cofibration and p: X — Y be an
acyclic fibration. Then any two solutions B — X in the diagram

A - X
lr/ le
B —- Y

are homotopic under A and over Y.

1.8: The homotopy category. Associated to s.A and the closed
model category structure we have on s.A there is an associated homotopy
category. This category has the same objects as s.A and morphisms

[A’ B]a.A = Homs,A(X, B)/ ~

where ~ denotes the equivalence relation generated by homotopy and p :
X — A is an acyclic fibration with X cofibrant. Lemma 1.7 implies that
[A, B)sa is well-defined. A morphism in the homotopy category may be
represented by a diagram

Alx LB

and an isomorphism in the homotopy category is such a diagram where f
is a weak equivalence. This homotopy category is relatively simple because
every object in sA is fibrant.
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2. Homotopy operations and the structure of homotopy

In subsequent sections we will use detailed information about the structure
of r,A, where A € sA. Of course, 7, A is a graded commutative, supple-
mented F2 algebra, but it turns out that it supports much more structure
than this. We first work theoretically — using the language of triples, then
more concretely; that is, we choose bases to continue the discussion. For
triples, see [14, Chap VI], where a triple is called a monad.

The next section is devoted to the interior details of much of the dis-
cussion of this section.

To begin, it might help to give a definition of the category .A. Consider
the symmetric algebra functor S : vFs — A left adjoint to the augmenta-
tion ideal functor. By composing with the forgetful functor A — vF, and
abusing notation, we may regard S as a functor S : vFo — vF3;. Then
S has the structure of a triple; that is, there are natural transformations
u:8%2 - Sandn:1 — S so that certain diagrams commute. Then an
object A € Ais a S-algebra in the sense that there is a map of graded vector
spaces € : SA — A which behaves correctly with respect to 4 and 7. A mor-
phism in A commutes with the structure maps ¢; thus, an object A € sA
comes equipped with a morphism of simplicial vector spaces € : SA — A.

To apply this language and the functor S, we recall a result of Dold’s
[9].

If B is a category, let F(B) be the category of “endo-functors” of B;
that is, the objects of F(B) are functors

F:B—-B

and morphisms are natural transformations. The category F(B) has a
composition functor
o: F(B) x F(B) — F(B)

with
GxF+—— GoF:B — B.

The results of Dold’s paper, especially section 5, can be used to prove the
following result. Let nF2 be the category of graded vector spaces.

Proposition 2.1: There is a functor

'l/) H F(’sz) —_ F(an)
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so that
1) ¥(Go F) = 9%(G) o y(F);
2.) ¥(1) =1;

3.) if V € sF, is a simplicial vector space, then there is a natural
isomorphism

7 F(V) & (F)(m, V)

We will abbreviate ¥(F') to F to shorten notation. Then we have, for
2.1.3
(V)2 F(x.V).

Property 2.1.3 determines the functor F, because, for any graded vector
space W € nF, there is a simplicial vector space V' € sF3 so that 7,V & W.
This can be proved by using the normalization functor on simplicial vector
spaces; see [15, Section 22]. Indeed, the last two sentences constitute an
outline of the proof of 2.1.

We now apply 2.1 to the functor S. Thus there is a functor & : nF; —
nF, so that for V € sF,

S(mV) = ,S(V).

The fact that S is a triple on vF2 and 2.1.1 and 2.1.2 show that & is a
triple on nF;. Let AD — the notation to be explained below — be the
category of G-algebras. An object in AD is a graded vector space W with
a structure map € : W — W; morphisms in AD commute with structure
maps. The following is nearly obvious.

Proposition 2.2: If A € sA, then 7,A € AD.
Proof: The structure map is given by

o€ : TuSA 2 S(m A) — T, A,
where € : SA — A is the structure map for A € sA.

However theoretically pleasing this result may be, we can make few
computations until we have more detailed information about & - just as
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we can do little in A until we understand S, and stipulate the existence
of a commutative, associative ring multiplication. The next step, then,
is to draw on the work of Cartan, Bousfield, and Dwyer to make some
observations about n,A, with A € sA.

The first observation is the existence of divided power operations.
These are due, principally, to Cartan.

Proposition 2.3: [8] Let A € sA. Then there exist divided power
operations
Vi ThA — ThiA

for ¢ > 0 and n > 2 so that
1.) 7o(x) =1 € mA and 71(z) = z;
2.) vi(z)yi(z) = ("‘;?-’.)’y,-.,.j(a:) where (}) is the binomial coefficient;
3.) 1e(z +y) = 2oiyj=k Yi(x)7i(2);
4.) 7i(zy) = 2>7(y) = 7i(2)y?; and
5.) %(7i(=)) = 10 rii(x)-

These are easy to define, and give a taste of the next section. If V is
a simplicial vector space and C(V) is the chain complex with C(V), =V,
and & = Y ,d; — so that H,C(V) & =,V — then there is a choice of
Eilenberg-Zilber chain equivalence

A:C(V)®---QC(V)-»C(V®---QV)

where the tensor product is taken ¢ times in both domain and range and so
that in degrees bigger than zero

A=) gA(i)g™

gEeT;

for some homomorphism of graded vector spaces
A(d) : C(V)® = C(V®)

and where the symmetric group X; acts on both the domain and the range
by permuting coordinates. The map A(:) is not a chain map, and the
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deviation of A(i) from being a chain map is important (it is one of the
topics of the next section), but we can say this: if A € sA and

pPA®---QA—- A

is the multiplication, and if z € 7, A is represented by a cycle « € A, =
C(A)n, then
pAGE) (@ ® - ® a) € Aqi

is a cycle and the residue class of this cycle is «;(z). Notice that if z € 7, A
is represented by o € A,,, then z* is represented by

pA(@® - ®a)= Y pgA(i)(e®- - -®a)
geX;

=ilAG)(a® - ® a).
Thus z! = ily;(z). Hence the name “divided power.” Also if i > 2, i! =0
mod 2, so z! = 0. This argument works for z € 7,4, n > 2, however the

conclusion is also true if n = 1, as was known to many people. We record
this as a proposition.

Proposition 2.4: Let A € sA and z € 7,4, n > 1. Then 22 = 0. If
¢ > 0 and +; is the divided power operation, and if ¢ > 2, then

yviyi(z), ify € mA
0, otherwise.

ziyi(y), ifz € mA
vi(zy) =

Proof: This is a consequence of the above remarks and 2.3.4.

Now, a moment’s thought will show that if k =27 +4, 0 < i < 2, then

Ye(2) = Yai (x)vi().

This follows from 2.3.2. Further, 2.3.5 implies that

Y2(72i (2)) = Y2i+1(2).

31



P. G. GOERSS

Thus the action of the divided powers on 7, A is determined by the action
of 72 and the algebra structure of 7, A. Thus this operation is paramount.

The next result details operations that generalize y,. Because of 2.5.1 we
will call them “higher divided powers.”

Theorem 2.5: ([5],[11], and Lada) Suppose A € sA. Then there are
natural higher divided power operations

6; i TpA — TpytiA, 2<i<n

so that
1.) é; is a homomorphism 2 < 7 < n and 6, = 2 — the divided square
— so that
8n(z + y) = 6n(z) + 6n(y) + 2v;

2.) the operation é; acts on products as follows:
5:(zy) = x26:(y) if z € mA
=y26i(z) if y€E€mA

=0 otherwise.

3.) if i < 2j, then

6:6i(x) = > (j Tt 1) 8itj—s6s(T).

- 8
i+1/2<s<i+5/3 J

Remark 2.6:1.) Bousfield’s work extends to odd primes, but the
relations analogous to 2.5.3 have not been worked out in admissible form;
hence, we choose to concentrate on p = 2.

2.) We define a composition

51 =6, ...

to be admissible if i; > 2i;4, for all . Then the relations of 5.3.3 imply
that if 6;6; is not admissible, then we may rewrite this composition as a
sum of admissible operations. The usual argument then shows that any
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composition of higher divided powers may be rewritten, if necessary, as a
sum of admissible operations.

3.) The range of summation in 2.5.3) differs from Dwyer’s in that it
always returns an admissible answer. The fact that the sum can be written
as we say was first proved by Tom Lada (unpublished).

We will discuss how the operations §; are defined in the next section.

Now, the functor & above must reflect all this structure. In fact, if
W € nF,, then W will be the algebra on generators é6r(w), w € W
subject to the relations implied by 2.5. Two specific ingredients go into this
calculation.

First, as remarked above, for every W € nF3, there is a V € sF3, so
that n,V =2 W. Thus 6W 2 x,SV and, hence, SW supports an action of
the higher divided powers, subject to the axioms suggested by 2.5.

Second, it is sufficient to compute W when W is one-dimensional
over F,. This is because if W is arbitrary, then W is the filtered colimit
of its finite dimensional subspaces and if W is finite dimensional, then W
is the direct sum of one-dimensional vector spaces. Then one notices that
since S commutes with colimits and since

S(Vi @ Vz2) = S(\1) ® S(V2),
the naturality of Dold’s result implies that & commutes with colimits and
(W, & W) = g(W1) ® &(W2).

Now, we have already seen (2.6) what it means for a composition 61
to be admissible and that any composition may be rewritten as a sum of
admissible operations. Define the excess of I = (iy,..., i) by the formula

e(I) = iy — ip — -~ - — ig.

Let A( ) and I'( ) denote exterior and divided power algebra respectively
and let F(n) € nF3 be the graded vector space that is one-dimensional over
F2, concentrated in degree n.
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Proposition 2.7: Let ¢ € F(n) be the non-zero element. Then, if
n > 0, there is an isomorphism of graded algebras

S(F(n)) = A(61() : e(I) <n)
2 T(61(e) : e(I) <n)

where 6; must be admissible. &(F(0)) & F3[¢], a polynomial algebra on
one generator concentrated in degree 0.
Proof: This is in [5], Section 7, or [11], Remark 2.3.

The action of the higher divided powers is the obvious one suggested
by the notation of 2.7 and the axioms of 2.5. Proposition 2.7 allows us to
compute W for all W € nF,.

We can now give a more concrete description of the category AD. The
notation is meant to be suggestive: the A stands for algebra, and the D for
higher divided powers. By combining the definition of AD as the category
of &-algebras and Corollary 2.7, we have that A € AD is a graded algebra
with an action of the higher divided power operations

6i: Ap — An+s’

so that the axioms suggested by 2.5 hold. A morphism in AD is an algebra
map that commutes with these operations.

Notice that, in a sense, Proposition 2.7 gives a calculation of the homo-
topy groups of spheres in sA. To see this, Let K(n) € sF2 be a simplicial
vector space so that 7,K(n) = F, concentrated in degree n. Then, in the
homotopy category of simplicial vector spaces

[K(n),V]sE, & m,V.

Here we use that a map of simplicial vector spaces is determined up to
homotopy by the map on homotopy. This is proved in May’s book [15].
Then, using the adjointness between the augmentation ideal functor and
the symmetric algebra functor, we have for A € sA

[S(K(n)), Alsa = [K(n), IALF,
> r,1A.
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But n.JA= I7,A , so

A, ifn>0;

mnlA = { ImoA, ifn=0.

Thus S(K(n)) represents homotopy and deserves to be called the n-sphere.
And, of course,

T.5(K(n)) = &(7.K((n)) = &(F(n))
is calculated by Proposition 2.7.

3. Homotopy operations and cohomology operations

For future applications, we need to know how the homotopy operations é;
of the previous section are defined. Following Dwyer, this is handled by
investigating the symmetries inherent in one of the Eilenberg-Zilber chain
equivalences. This contrasts with the usual definition of cohomology op-
erations, which investigates the deviation of the other chain equivalence
from being commutative on the chain level. We will compare these two
definitions at the end of the section.

We now give Dwyer’s definition [11], reserving Bousfield’s definition
until later. If V is a simplicial vector space, let C(V) be the associated
chain complex obtained by taking the differential to be the sum of the face
operators. If V and W are simplicial vector spaces, define

I :C(V)RC(W) - C(VRW), n>0

to be the map of degree (—n) that is zero on [C(V) ® C(W)], for m # 2n,
and given in degree 2n by the projection onto one factor:

[C(V) @ C(W))2n = @ptq=20Vp ® Wy — V1 ® W

Let T denote any map that switches factors.

Lemma 3.1: [11] Let V,W be simplicial vector spaces. Then there
exist natural homomorphisms

Ak [CV)YC(W)]m — [C(V Q@ W)lm—k
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for £ > 0 and defined when m > 2k so that

1.) A° +TA°T + ¢p = A is a chain equivalence;

2.) OAF-1 4 A*k-19 = A*¥ - TA¥T 4 ¢, for k > 0, whenever both sides
of the equations are defined.

Dwyer proves that the maps A¥ are essentially unique, as we will see
below. Also, A° was called A(2) in section 2, where we were discussing the
definition of the divided powers.

If A € sA, then A has commutative multiplication u: AQ A — A, and
we can define a map

0;: C(A)n = C(A)n+i, 1<i<n
by, forn—:¢>0
(3.2.1) 9;(a) = pA™ (a ® a) + pA™ " (a @ da)
and, for i =n,
(3.2.2) On(a) = pA%(a ® ).

©; is defined for n — i — 1 > 2n or 1 < i < n. Taking boundaries we have

(3.3.1) 009;(a) = 6,(00), 2<i<n
(3.3.2) 90, (a) = pA(a ® da)

and

(3.3.3) 00;(a) = 6,(da) + o2, for n > 2.

Now the ©; are not homomorphisms, but are quadratic:
(3.3.4) ©i(z+y) =0i(z)+6:(y) + A" "z ®y), 2<i<n

and

(3.3.5) On(z +y) = On(z) + On(y) + pA(z ®y).
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Thus, if « is a cycle representing z € m, A, then the residue class of ©;(«)
defines an element

6i(z) € TpyiA, 2<i<n.

This defines the operation §;. Notice that if ¢ is not between 2 and n, then
6; is not defined on 7, A. The formulas of (3.3) will be useful later. Indeed,
(3.3.4) and (3.3.5) immediately imply 2.5.1.

Bousfield’s definition is more functorial. Let V' be a simplicial vector
space and let SoV € sF2 be the quotient of V ® V' by the action of ¥ that
permutes factors. S»V is the vector space of coinvariants of this action.
Then, notice that the homomorphisms A¥ of 3.1 define maps

8; iV — 4382V, 2<i<n

by sending z, represented by a € V,,, to §;(z) represented by the residue
class of .
A" a® a)

in SoV. If A € sA, then the commutative algebra multiplication AQA — A
defines a map
p:SA— A

and the operations é; is the composite
3,’ T b
(3.4) TnA—Tp4iS2 A——Tp 4 A.

Thus, to define the operations é;, it would be sufficient to compute 7,52 A.
This is what Bousfield does. In fact, we can read his calculations off of
Proposition 2.7. To see this, let V' € sF5 and let S,V denote the coinvari-
ants of V®" under the action of ¥, that permutes the factors. Then, by
Dold’s result (2.1)

TSV =2 Sp(m.V)

for some functor &, : nF; — nFs. Furthermore, since the symmetric
algebra on V' can be decomposed

S(V) = DOn>o0 S,V
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where SoV = F2 regarded as a constant simplicial vector space, we have
G(W*V) = @nzoﬁn(ﬂ'*v)-
A spanning set for §(7.V') as a graded vector space is given by products

.’ltjl e Iy

n

where z;, is of the form z;, = 6;(v) and v € n.V. We define a weight
function on this spanning set by

wt(v) =1if ven,V
wi(zy) = wi(z) + wi(y)
wt(6i(z)) = 2wi(z)

Then Bousfield proves the following [5]:
Proposition 3.5: &,(7.V) is spanned by the elements of weight n.

In particular, &2(7.V') is spanned by elements of the form vw where
v,w € 7,V and if v € 7,V with n > 0 then v # w, and by elements
6i(v), v € m.V. As a further specialization, if K(n) € sF; is the simplicial
vector space so that

m.K(n) =2 Fy

in degree n generated by ¢, then 7.S2K(n) & S2(F(n)) where F(n) is as
in 2.7, and &2(F'(n)) is generated by 6;(¢), 2 < i < n. If V € sF2, there is
an isomorphism

[I{(n), V]3F2 _a_‘_’Homan (W*K(n), W*V) > 7rnV
given by
fr—mf()

where [ , ]sF, is the homotopy classes of maps in sF,. If A € sA and
z € Ty A choose a map f : K(n) — A so that 7. f(¢) = z and consider the
composition

1S K (n) 257, 8, AT 57, A.
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The image of 8;(¢) under this composition is 6;(z). This definition agrees
with the previous one, as Dwyer proves that §;(¢) (as in (3.4)) is non-zero,
and hence

8:(t) = 6i(v) € m.S2K(n).

For this reason we will drop the notation “§;”. Additionally, we see that
Dwyer’s definition of the §; is independent of the choice of maps A¥ of 3.1.
Finally, notice that é; defines an operation

6; : Sn (V) = S2a(V).

We now contrast the definition of the operations §; with the construc-
tion of Steenrod operations, stressing the general situation. In this case, we
have simplicial vector space C equipped with a cocommutative coproduct

Pp:C—-CQC
in the category of simplicial vector spaces. Then we use the following result.

Lemma 3.6: For simplicial vector spaces V and W, there are natural
homomorphisms of degree k

D; : C(V®W) — C(V)® C(W)

so that

1.) Dy is a chain map, a chain equivalence and the identity in degree
0; and

2.) OD;y1 + D410 = D; + TD;T.

Of course, T is the switch map. This is proved in Dold’s paper [10]. If
( )* denotes the F2-dual, then we can define natural operations

Sqt : 7"C* — x"HiC*
when C is a simplicial vector space equipped with a cocommutative coprod-

uct.

x*C* = H*(C,0")
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where 0* = 3 d} : C;; — Cpy,. If z € 7"C* is represented by the cocycle
a € C}, then Sq'(z) is represented by the cocycle

¥v*'D;_i(aQ® o).
Of course, Sq"(z) = z? in the graded algebra 7*C*.

The operations Sq' are always homomorphisms; therefore, when =,C
is of finite type, we obtain dual operations

(-)Sq’ : TpC — 7p_iC

which we write on the right. Thus if z € 7,C, we have :cSq" € mp—iC.
These operations can be defined directly — without the use of the double
duals — as follows. Since ¥ : C — C ® C is cocommutative, we get an
induced map

Y:C — S%2C

where
S2C = Ce® C’)E2

is the vector space of invariants under the action that permutes the coordi-
nates. Thus it makes sense to compute 7,S2C and then to examine

T : T C — w,S2C.
So let V be a simplicial vector space. If V = K(n), then we know that
Tn4+iS2K(n) 2 F,, f0<i<n

generated by a class 0;(¢). The method of universal examples used above
now defines, for all simplicial vector spaces V', a natural operations

0;: MV — 4 SV
In addition, if we define

1+T): VeV -oVRV
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by
1+7)(z2®@y)=z0y+y®=z

then we have a map

(14+7T): 7V Q@nrV —rS%V.

Proposition 3.7: Let V be a simplicial vector space. Then 7, SV is
spanned by the classes
oi(x), 0<in

where z € 7,V and
(1 +T)(z ®y)

where z,y € 7,V and = # y. All these classes are non-zero if z. # 0 and

y#0.If
p:m SV - 1.VorV

is the map induced by the inclusion S2V C V @ V, then

pr.(1+T)(z2y)=2Qy+yQz
pon(z) =z
poi(z) =0, 0<i<n

for x € 7, V.
Proof: This is a consequence of Adem’s work or a modification of
Dwyer’s techniques [11, Section 5].
Thus, if v : C — C 7 C' is a cocommutative coproduct, then under
) : T C — . S2C

we have

(3.8) olz) =3 m(1+T)(y; @ 25) + Y 0i(2Sq’).
j i
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Immediately we see that Sq' = 0 if 2i > n — the usual unstable condition
equivalent to the condition that

0=Sq’: ="C* — x"*+iC*
if ¢ > n. We also note that we can recover coproduct
Y : 7,C — 7,C @ 7, C
using Proposition 3.7. Applying p we obtain, for z in degree n,

mep(x) = 8q™? @ Sq™/? + E Yi®2;+2;®y; €EmCRmC
J

where z € 7,,C and Sq"/2 = 0 if n is odd.
A final technical note is this: if we consider

1+T):VQV — S?V

we have

(1+T)(z®y) = (1+T)(y ® =)

Therefore, we get an induced map

tr : SV — S?V.

Lemma 3.9: Under the map
try : TSV — w82V
we have, for z € 7,V

tr.(6:(z)) = oi(2), 2<i<n
tro(zy) = (1 + 7)(z @ v).

Proof: The statement about tr,(6;(z)) follows from the universal ex-
ample V = K(n), once we know that

try : m S K(n) — 7. S2K (n)
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is an injection. But this follows from Dwyer’s work [11, Section 5] and
Adem’s calculations. The statement about tr,(zy) is a simple calculation.

Notice that Lemma 3.9 implies that ¢r, is an injection in positive de-
grees and that there is is a commutative diagram.

TV s, TntiS2V
1= Len

1V = TntiS2V

whenever it makes sense; that is, for 2 < i < n.
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Chapter III: Homology and Cohomology

4. Homology, cohomology, cofibrations, and the suspension

In this section we define the André-Quillen homology and cohomology of our
algebras and discuss when there is a long exact sequence in homology. Then
we define one of the most important tools of this paper — the suspension of
a simplicial algebra. Finally, since our definition is different than the one
that André and Quillen give we show that ours yields the same groups as
theirs, with a degree shift.

Homology is, for Quillen, the derived functors of abelianization. Thus
we wish to determine the abelian objects in s.A. So we turn to the study
of group objects in sA; that is, we examine objects B € sA so that
Homa(4,B) is a group for all A € sA. For this we need the categori-
cal product in sA. If 4, B € sA, define A Xg, B by the pull-back diagram
of simplicial vector spaces

Axg, B — B

i e
A - F,

where € is an augmentation. A xg, B is ecasily seen to be the product of A
and B in s.A. There is a canonical map

p:AS9OB — AXf, B

given by
p(a ® b) = (ane(b), ne(a)b)
where 7 is the unit map.
Therefore, if B is a group object in s.A, then there is a multiplication
m:Bxg, B— B

and a commutative diagram

B®B - Bxf, B
(4.1) Lu lm

B — B
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Here p is the algebra multiplication. Hence, if IB is the augmentation ideal
of B, we have IB2 = 0. Thus

B = (IB),

where ( )4+ : sF2 — sA is the functor from the category of simplicial vector
spaces which sets
Vi=VeoF,

with F the unit, V the augmentation ideal, and V2 = 0. In other words,
V4 is a trivial algebra in the sense that all non-trivial products are zero.
In particular, it is now obvious that B is is an abelian group object in sA.
Therefore, we have proved the following.

Lemma 4.2: Let AB(s.A) be the sub-category of s.A whose objects
are abelian group objects and whose morphisms preserve the groups multi-
plication m of (4.1). Then

1.) ( )+ : sF2 — AB(s.A) is an isomorphism of categories; and

2.) every group object of sA is an abelian group object.

There is, for A € s A and V' € sF3, an obvious isomorphism
Homya(A,Vy) &2 Hom,r,(QA,V)

where QA = ITA/IA? is the indecomposables functor. Or, more succinctly,
the indecomposables functor @ is left adjoint to ( ) and deserves to be
called the abelianization functor on s.A. Since, for Quillen [20, Section
I1.5], homology is the derived functors of abelianization, we have the next
definition.

Definition 4.3: Let A € sA. Define the André-Quillen homology of
A as follows. Choose an acyclic fibration p : X — A with X cofibrant in

sA and set
HEPA =7.QX.

The cohomology of A is given by

HHA = (HRA)* = n*(QX)".
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Proposition 4.3:1.) H2A and H4A are well-defined and functorial
in A;
2.) if f: A — B is a weak equivalence in sA, then

HEf:HCA - HECB

is an isomorphism; and
3.) if V € sF3, then

[4, Vi]sa = Hom,g,(H2A, 7,V)

where nF, is the category of graded vector spaces over F3.
Proof: Parts 1 and 2 follow from the properties of cofibrant objects
and Lemma 1.7. Part 3 follows from the isomorphisms

[A, Vilsa & Homaa(X,Vy)/ ~
= Homsl'-'z (QXa V)/ ~
> Homu,r,(7.QX, V)

where X — A is an acyclic fibration with X cofibrant, ~ denotes homo-
topy, and we use the fact that a map between simplicial vector spaces is
determined up to homotopy by its effect on homotopy groups. This follows
from Proposition 2.1.1. Homotopy in sF3 is defined in a manner similar to
homotopy in s.A. The model category structure on sF2 is explored in [20,
Section I1.4].

Example 4.4:1.) Let K(n) € sF, be a simplicial vector space so that
m+.K(n) = F3 concentrated in degree n. Then, by 4.3.3,

[A4, K(n)4]sa & Hom,g,(HCA, 7,K(n))
~ HBA.

Thus K(n)4+ € sA represents cohomology, similar to the way that Eilenberg-
MacLane spaces represcnt the cohomology of spaces. Hence HyK(n)4, asn
varies, gives all cohomology operations of one variable. Furthermore, since

[A4, (K(n) x K(m))4+]sa= HGAXx HGA
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we have that Hg(K(n) x K(m))4 , as n and m vary, gives all cohomology
operations of two variables, such as products. We will show how to com-
pute the cohomology groups H5K(n)4 and H5(K(n) x K(m))4 in later
sections.

2.) Let A € A be regarded as the constant simplicial algebra that is A
in each degree and with every face and degeneracy map the identity. If we
perform the construction of 1.6 on A we obtain a simplicial resolution

€e:SA—= A

with 7,5 A & A concentrated in degree 0. Of course, S.A is almost free
and, hence, cofibrant. Thus

HEA = 7,QS A.

But 7,QS5. A is often called the nth derived functor of the indecomposables
functor with respect to the cotriple obtained from the symmetric algebra
functor S; hence we write

HEA = L5Q(A).

We now give an example of the flexibility that general objects in s A
supply. This is the long exact sequence of a cofibration in 3.4 — a long exact
sequence related to Quillen’s transitivity sequence [21]. Let f : A — B be
a morphism in s.A. Using the construction of (1.6), form the commutative
square

A4 34 5B
1l pa lrB
A L. B

and factor S.f as an almost free map followed by an acyclic fibration
5.A-Xx-2.5B.
Then define the mapping cone of the morphism f by the equation

(4-5) M(f) =F2®z 4 X.
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M(f) is almost free and, hence, cofibrant. Lemma 1.7 implies that M(f)
is well-defined up to homotopy equivalence and functorial in f in the ho-
motopy category. (A homotopy equivalence is a weak equivalence with a
homotopy inverse.) We could use the construction of (1.6) to make M(f)
strictly functorial.

Proposition 4.6: There is a long exact sequence in homology
R H,?A}-I—g-{H,,QB — HEM(f) - HS ;A — -
and a long exact sequence in cohomology
o> HZ'A — HZM(f) — Hngf‘lfﬂaA — e

Proof: The cohomology result is obtained from the homology result
by dualizing. To prove the homology result, notice that since 5.4 is almost
free and i is an almost free morphism, the sequence of simplicial algebras

S5ALX 2 F2®5,X
yields a short exact sequence of simplicial vector spaces

0-Q5A-QX - Q(F205,4X)—0

Since p : X — S_B is an acyclic fibration and the composition of cofibrations
is a cofibration, we have that

.QX = HSB
and the result follows.

The higher homotopy of M(f) is often non-trivial, even if 7,A and
m.B are concentrated in degree 0. For computational purposes, we have
the following result, from [20, Theorem II.6.b)]. Let f : A — B be a
morphism in sA.

Proposition 4.7: There is a first quadrant spectral sequence of alge-
bras
Tory*4(Fa,mB)q = TppeM(f).
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Notice that if f : A — I is a map of constant simplicial objects in sA,
then this result implies that

T M(f) & Tor?(F3,T).

Of particular interest is the case where B = F; is the terminal object
in sA4 and f = € : A — F2 is the augmentation. Because the cofiber of a
the map to the terminal object deserves to be called a suspension, we define
the suspension of A by the equation

YA = M(e).
Since HCF, = 0, 4.6 says that there are isomorphisms

HESA=HS A n>1

4.8
(48) H3SA>HZ'A n>1

and
HE>A =0= HYTA.

The suspension has other properties that are worth recording here. For
example, from [12] we have that there is a homotopy associative coproduct

P:YA-TAQRXA

that gives m,3X A the structure of a Hopf algebra that is connected in the
sense that moX A = F3. This coproduct can be used to turn the spectral
sequence, obtained as a corollary to Proposition 2.12

(4.9) TOT:*A(Fz,Fz) = T.LA

into a spectral sequence of Hopf algebras.

To specialize even further, if we regard A € A as a constant simplicial
algebra, then the spectral sequence of (4.9) collapses and we obtain an
isomorphism of Hopf algebras

T ZA & Tor (Fa, Fs).
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Finally, the work of Miller [16,Section 5;17] implies that if B(A) is the bar
construction, then there is a weak equivalence is s A

A — B(A)

Thus the suspension is not so unfamiliar after all.
The following result records some initial observations about H2A. Re-
call that if A € sA, then 1A € A.

Lemma 4.10: Let A, B € sA. Then

1.) HEA = QmoA; and

2.) HE preserves coproducts: H2(A® B) = HCA® HEB.

3.) Let V € sF; and S(V) € sA the resulting simplicial symmetric
algebra. The H2S(V) = =, V.

Proof: The first part follows from the fact that the indecomposables
functor is right exact; that is, ) preserves surjections. For the second, if
X — A and Y — B are acyclic fibrations with X and Y cofibrant, then the
induced map

XY - A®B

is an acyclic fibration. Since the coproduct of cofibrant objects is cofibrant
H2(A®B) 2 1.Q(X ®Y)
&~ r,QX & QY = H2A® HEB.

For the third statement, notice that S(V') is almost-free (in fact, “free”)
and that QS(V) = V. Hence H2S(V) & 7,QS(V) = =, V.

Remark: If K(n) € sF, is so that m.K(n) & F2 concentrated in
degree n, then

~ | F2, t=mn;
H,,QS(K(n) ) = {0,2 other;vise.

Since S(K(n)) is the n-sphere in s.A, this homology is not surprising.
Quillen and André, taking a more general viewpoint, define cohomology

slightly differently. We end this section by explaining that our definition
agrees with theirs, with a dimension shift.
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Let A be any commutative ring, I' a A-algebra, and M a I'-module.
Then define the module of derivations

Dery (P, M )
to be the A-module of A-module homomorphisms
0:T—- M

so that
O(zy) = yo(z) + z0(y)-

Now let A € sA. Factor ¢ : A — F; as a cofibration followed by an
acyclic fibration:

A — X55F,.
Then André and Quillen define

(4.11) H*(A,F3) = n*Dera(X,F2)

where F; is regarded as an X-module via the augmentation. However, one
easily checks that

Der (X, F2) = Hom,r,(Q(F2 ®4 X),F2)
so that

(4.12) H"(A,Fp) = H3ZA > H3 1A
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5. Products and operations in cohomology

This section is devoted to constructing a commutative product
[, ]: HBSAQ HGA — HZt™A

and operations
P':H3A — HZH A

for A € sA. We will show that P"(x) = [z,z] for z € H3 A, but will leave
the proofs of the other properties of the product and operations until later
sections.

In the homotopy category associated to our model category structure
on sA, any simplicial algebra A is isomorphic to an almost free simplicial
algebra. Since homology and cohomology are functors on the homotopy
category, by 4.3.2, we may as well assume that A is almost free in sA.
Then for all s > 0,

A, = S(V,)

for some graded vector space V,. Of course, S : vF3 — A is the symmetric
algebra functor left adjoint to the augmentation ideal functor. The vector
space diagonal

A:V,=V,@V,

yields, after applying S, a coproduct
%o =SA: A, = S(V,) — S(Vs) ® S(V,) = 4, ® 4,

that gives A, the structure of a commutative, cocommutative Hopf algebra
with conjugation in A. In particular, for any A € A

Hom 4(A,, A)
is a group; indeed

Hom(As,A) =2 Hom4(S(Vs),A)
= Hornsz(‘/s’IA)
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and all isomorphisms are group isomorphisms. Hence Hom 4(A,, A) is an
F2 vector space. Now, because A is almost free,

di:Aa_*Aa—l, 1S¢S-9
and

are maps of Hopf algebras. Only dy is not necessarily a map of Hopf al-
gebras; hence, it makes sense to measure the deviation of dy from being a
Hopf algebra map. Define

(51) E_! A, 5 A,_1 QA1
to be the product (which is the same as difference), in the group
Hom.A(As, A1 ® As—l)a

of
(dO ® do)'/’s A, > A1 @ Ay

and

¢s—1d0 1A, = A1 Q@ A,

The morphism £ actually factors through a subalgebra of 4,1 ® A,_;. If
B,C € sA, let B xg, C be the product defined in the previous section and
p: B®C — B xF, C the canonical map from the coproduct to the product.
Define B A C by the pull-back diagram (of simplicial vector spaces)

BAC — B®C
e le
F; -5 Bxg,C

Then B AC € sA. As an aside, notice that if X and Y are pointed spaces
with smash product X AY, then

H*(X NY,F,) & H*(X,F2) AH*(Y,F,).
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Then, for A € sA almost free, there is a factoring
Aa _f_') Aa—l /\ AO—'I
(5.2) = !
A, — A,1Q@A,
To see this, one need only check that the two composites

A4, 104,24, ,

and

As_g—’Aa—l ® Aa—l l@15’143—1

are the trivial map
ne:As — As_.

For the morphism € ® 1, say, this is equivalent to showing that
(€ ® 1)(d0 ® do)"/)a = (5 ® 1)¢3—1d0 A, = Ay
But this is obvious. A similar argument can be given in the other case and
that completes the definition of the map £ of (5.2).
To define the product on cohomology of the simplicial algebra A €

sA, we need the following lemmas. Let Q( ) denote the indecomposables
functor.

Lemma 5.3: For B,C € sA, there is a natural map
QBAC)—QB®QC
Proof: The map BAC — B ® C induces a map
I(BAC)—IBQIC

where I( ) is the augmentation ideal functor. The result follows by inves-
tigating this map.
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For the next lemma, we need some notation. If f,g : A, — A with
A € sA almost free, let f * g denote the product of f and g in the group
Hom (A,, A); that is, f * g is the composite

4,254, 4,250 0A = A
where the last map is multiplication. Notice that
(5.4). QU *+9)=QF +Qg: QA, — QA

Thus, the next result will allow us to compute boundary homomorphisms
in various chain complexes.

Lemma 5.5: Let A € sA be almost free. Then if
§:A, 5 A, 1 NA
is the map of (5.2), we have

1.) (d, A d.)f = &dit, t>1; and
2) (do A do)t = [£do] * [£d4]-

Proof: These are simple consequences of the simplicial identities; we
will do 2.)

It is sufficient to show that for

f-: A = A1 @ A
we have the equation
(do ® do)€ = [£do] * [€da].
This is because the map
Hom.A(A.s, As_2 A Aa—2) - Hom.A(Aaa A,_2® Aa—2)

is an injection. However,

€ = [(do ® do)3] * [1pdo]
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where the coproducts 1; and v,_; are abbreviated to ¢. Now, since A is
almost free, the coproduct ¥ commutes with d; for i > 1:

(di' ® d8)¢ = ¢dl" 12> 1.

Thus we may compute, using the facts that Hom 4(A,,A) is an F3-vector
space and that dod; = dodp:

[(do ® do)&] * [€di]
= [(do ® do)?¥] * [(do ® do)1pdo] * [(do ® do)tpd:] * [tpdod,]
= [(do ® do)?%] * [(do ® dotodo] * [(do ® do)?¥] * [tpdodo)
= [(do ® do)1ido] * [1dodo]
= &dy.

The result follows.

If V is a simplicial vector space let C (V) be the associated chain com-
plex. The following is now an immediate consequence of the previous result.

Corollary 5.6: If £ : A, — A,_3 A A,_; is the map of (5.2), then £
induces a chain map of degree —1

Q¢ : C(QA) — C(Q(A A A)).

We now use £ to define a product in the cohomology of a simplicial
algebra. Let A € sA. Since A is weakly equivalent to an almost free object,
we may assume that A is almost free. Applying Corollary 5.6, we know
that £ induces a map of degree —1:

(5.7) QA25Q(AN A) — QAR QA.

Let us call this map 4. By (5.3) and 5.6, we know that these are maps of
chain complexes. We now define a product

[,]: H3A2 HZA — HZ*™14
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as the map induces by the map of cochain complexes
*
QA* ® QA* — (QA® QA)*¥AQA.

The first map is the canonical homomorphism from V* @ W* to (V@ W)*
and we use the Eilenberg-Zilber Theorem to give a natural isomorphism

T (QA* ® QA*) = HHAQ HQA.

The product is commutative on the chain level. We record this fact in the
following result. If V is any vector space,let T: V®V — V ® V be the
switch map T'(u ® v) = v ® u. The next result follows from the definitions.

Lemma 5.8: We have equality between the following morphisms:
Ya=TYa:QA—-QARQRA
Proof: For A € sA almost free the Hopf algebra diagonal map
VYs: A, = A, QA

is cocommutative; that is, ¢, = T1,. The result now follows from the
definition of €.

Corollary 5.9: The product
[,]: HLbA® HLA — HEM M4
is bilinear and commutative.

We now use Lemma 5.8 to define the operations. Let A € s.A be almost
free, and Q€ as in (5.7). Let { Dy} be a collection of higher Eilenberg-Zilber
maps as guaranteed by Lemma 3.6. Define a function

6 : QA* — QA*
of degree i + 1 by setting, for o of degree n

(5.10) ©'(a) = ¥4D;_i(a®a) + ¥aD;_iy1(c® do).
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Here we let D = 0 if £ < 0. Then one easily checks, using Lemma 5.8,
that

(5.10.1) 90 (a) = 4D}y 1_i(0a ® Oa) = 6'(da).
Let
(5.10.2) P'=7"0': H5A — HHA.

If A € sA is not almost free, choose an acyclic fibration X — A and define
the operations in HH X = HA.

Lemma 5.11: If z € HZ A, then P*(z) =0if i > n and
P*(z) = [z, z].

Proof: D, is the Eilenberg-Zilber chain equivalence and Dy = 0 if
k<O.

As a first application, let f : A — B be morphism in sA and
0:HHA — H&"'IM(f)

the boundary map in the long exact sequence of the resulting cofibration
sequence, as in Proposition 4.6. We would like to know how this map
behaves with respect to the product and operations.

Lemma 5.12:1.) Let z € H5A. Then, for all i

OPi(z) = P'(Ox).
2.) For all z € H3 A and y € HHM (f)
[0z,y] = 0.

Proof: The map 0 is the connecting homomorphism obtained from a
short exact sequence of cochain complexes. See 4.6. Part 1.) follows from
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investigating formula (5.10.1) and part 2.) follows from the naturality of
the homomorphism Dy of Lemma 3.6.

Corollary 5.13: Let A € sA and let ¥ A be the suspension of A. Then
for all z,y € HGTA

Pi(z)=0 for i > deg(z)

and
[z,y] = 0.

Proof: This follows from the fact that
d:HHYA — HG'SA

is an isomorphism and the previous lemma.



Chapter IV: Quillen’s Fundamental Spectral Sequence

6. Quillen’s spectral sequence

In his seminal work on the homology of commutative algebras, Quillen ([21]
and [22]) described an Adams-type spectral sequence passing from the ho-
mology of a simplicial commutative algebra to its homotopy. Then he used
this spectral sequence to study homology — for example, in characteristic
zero, there is a simple situation under which the spectral sequence col-
lapses and computes homology. The situation is different in characteristic
2, mostly because of the existence of the operations of the previous section.
However, we still study this spectral sequence and gain useful information.
For example, in section 8 we show that the product and operations of the
previous section are non-trivial, and we can prove the Adem relations among
the operations.

Before defining the spectral sequence, we make some computations.
Let A € A be an algebra with augmentation ideal JA. Then we can filter
A by powers of the augmentation ideal:

F,A=(IA)® CA.
In particular, if A = S(V) — the symmetric algebra on a vector space V'

— then
n>0

where S, (V) is the vector space of coinvariants of V®" under the action of
the permutation group ¥, that permutes the factors. Then

F,S(V)=(IS(V))® = ®n>sS:(V)
so that the filtration quotient is
EJS(V) = FuS(V)/Fo41S(V) & Su(V).

Or, because the associated graded vector space of a filtration of an algebra
given by an ideal is a graded algebra, we can say that E9S(V) is the graded
symmetric algebra on the vector space V concentrated in degree 1.
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Now suppose that A € sA is almost-free; that is, for each ¢, A; 2 S(V})
for some vector space V;. Then the composite

Vi-S2IS(V;) & TA; — QA;

is an isomorphism. Then, if we filter A by the powers of the simplicial
augmentation ideal, we have that the associated graded algebra E°A is the
simplicial symmetric algebra on QA; that is, E?A 2 S,(QA). In particular,
E9A = QA. If we apply homotopy, we obtain a spectral sequence

(6.1) E:',tA & 1('-¢E2A o WtS,(QA) = ‘KgA

with differentials
dr: Eg,A— Eg 4 1A

This is Quillen’s spectral sequence.
In section 3, we gave a description of 7,S,(QA). There is a functor
S, : nF2 — nF4, so that

T.5:(QA) = &, (HLA).

Here we use the fact that since A is almost-free, 7,QA = HSA. We will
write

GA(H*Q A)t
for the elements of degree ¢t. Then we have
Ga(H*QA)t = 1,.5:,(QA).

The pairing
Ss (QA) ® Sy (QA) — Og4s! (QA)
that induces the algebra product S(QA) induces a pairing

E},AQ By yA ™ 6,(H2A): ® 6, (HLA)y
—_ 68+‘I(H‘QA).‘+‘I o E:+.l’t+,‘1A
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that turns E* A into a bigraded algebra and (6.1) into spectral sequence of
algebras. Again E®A has a succinct description: if

S : nFy — nF,

is the functor so that 7,S(V) & &(w.V) for V € sF2, then E'A is the
associated graded algebra obtained from &(HSA) by filtering by powers of
the graded augmentation ideal.

Theorem 6.2: (Quillen’s spectral sequence) For A € sA, there is a
natural spectral sequence of algebras

El A= &,(H2A) = mA.

This spectral sequence converges if HOQA =0.

Proof: If A is almost-free, the existence of the spectral sequence is
the content of the previous paragraphs. For a general A, choose an weak
equivalence X — A with X almost free and define the spectral sequence
for A to be the spectral sequence for X. This is well-defined by 1.7. For
the convergence statement, Proposition 3.7 implies that if H2A = 0, then
Ss(HLA); =0 for t < s. Thus

E;, A= EA
if r is sufficiently large. The result follows.

Remark 6.3: If H2A # 0, one can compute the spectral sequence
for ©A instead. Then H2XA = HS | A and HEXA = 0. For example, if
A = A is a constant simplicial algebra, then

HETA = H,(A,F5)
by the dual of (4.12) and
7('*2A o TO‘I‘f(Fz, Fz)

Making these substitutions into (6.2) yields Quillen’s spectral sequence, as
he wrote it down.
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The next step in understanding this spectral sequence is to put in the
higher divided power operations of section 2. The operations é; of sections
2 and 3 induce operations

(6.4) 6;: Gs(HBA) — S2,(HECA) 4.

We claim that these operations extend to the spectral sequence and abut
to the operations on 7,A. Unfortunately, the operations on E™ A are only
defined up to some indeterminacy, which we now define. Let

BJ4AC Ej;A, q2r

be the vector space of elements that survive to EJ ;A but have zero residue
class in EZ,,A. An element y € E7 A is defined up to indeterminacy q if y
is a coset representative for a particular element in E ,A/BJ ,A.

‘We now define operations

6i: E{ A — Ejy 14iA

of indeterminacy 2r — 1. These will agree with the operations of (6.4) where
r = 1. Notice that when r = 1 there will be no indeterminacy.
Let ©; be the quadratic functions of (3.2). Then ©; restricts to a
function
©; : (IA)®* — (IA)?-.

Now let y € E] ,A. Then, modulo (I A)*+1 y is represented by an element
o € (IA)* so that da € (IA)**". The class of a in not unique, even modulo
(IA)**1. It may be altered by adding elements

ap € (IA)*

so that B € (JA)*—"+1,
Define 6;(y) € E3, ;4;A to be the residue class of ©;(). Since

06;(a) = 6;(a) € (1A4)**T, 2<i<t

and
009;(a) = pA(a ® da)
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6i(y) is an element in ET,A; indeed, it survives to E23A if 2 < i < ¢ It
is not well-defined, however, because of the possible choices of . But an
easy calculation using the formulas of (3.3) shows that the indeterminacy
of 6;(y) is 2r — 1.

The next result shows that how the operations behave with respect to
the differentials in the spectral sequence. It is to be understood that the
various formulas that we write down are true modulo appropriate indeter-
minacy.

Proposition 6.5: For 1 < r < oo there are operations

of indeterminacy 2r — 1, satisfying the following properties:
1.) if r = 1, then §; is as in (6.4);
2.) if z € E"A and 2 < i < t, then 6;(z) survives to E?"A and

dg,.&,-(a:) = 5,‘(d,-.’t), 2<i<t
d.b,(z) = 0z

modulo indeterminacy;

3.) the operations on E"A, r > 2 are induced by the operations on
E™'A. The operations on E>®A are induced by the operations on E"A
with r < oo; and

4.) the operations on E*° A are also induced by the operations on 7, A.

Proof: This follows from the definition of §; as given above, and the
formulas of (3.3). For example, if x € EJ ,A, then there is an o € (IA)*® so
that 8o € (IA)**" and the residue class of « is . The residue class of da
is, of course, drz. Then (3.3.2) says that

90 (a) = pA(a ® da)

so that the residue class of 90;(a) is zd,z. This proves one of the assertions
of part 3. The rest are left to the reader.

Remark 6.6: Notice that there is not indeterminacy for the operations
at E°°A. Therefore, the operations are well-defined there.
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Proposition 6.7: Up to indeterminacy, the operations
satisfy the properties of Theorem 2.5. In particular, if ¢ < 25, then
j—i+s—1
s6i@)= S (’ i )6,-+,-_,5,(a:).
i+1/2<s<i+j/3 J

Proof: This is true at r = 1, by 6.5.1. So the result follows from 6.5.3.

Because of Proposition 3.7, E' A is generated as an algebra by compo-
sitions
61(z) = 6i, - -+ 6;,(x)
with z € HLA. Therefore, we could go a long way towards computing this
spectral sequence by computing

dy: E!A~ HPA — ElA > g(HRA)

and then applying Proposition 6.5. This we now do.

As in any Adams-type spectral sequence, this differential depends only
on the product and operations in cohomology, or, in our case, on the co-
product and operations in H2A. At the end of section 3 we explained how
the product and operations in cohomology could be defined using homology.

We recapitulate this idea in our new setting.
Let A € s A be almost-free and let

Ya:QA—- QAR QA

be the chain map of degree —1 of (5.7) used to define the product and
operations. Because of Lemma 5.8, 14 induces a map

Ya:QA— S?QA=(QAR® QA)™

where the target is the vector space of invariants under the action the
permutes coordinates. Thus, we get a map of degree —1

(Ya)s : H2A — 7,.5%(QA).
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By Dold’s Theorem (2.1), 7,52(QA) is a functor of 7.QA & HEA. Fur-
thermore, as in (3.8), we have that for z € H2A

(6:8) (@a)e(@) = D_m(1+T)(y; ® 2) + D _oi(aP’)

where 1 + T : QA ® QA — S2QA is the averaging map. This equations
defines operations .
()PP :H2A- H2 , A

n—i—1

which we write on the right and which are dual to the operations of the
previous section. By composing with the map p : 7.S?QA — 1,.QART.QA
induced by the inclusion, we recover the coproduct

(¥a)s : H2A — H2A® H2A.
Namely, for ¢ € H2A

(¥a)u(z) = 2P*T Q2P T + Y y; @z + 2; ® v
J

n—1 . ..
where P 3 =0 if n is even.

Proposition 6.9: Let d; : E1A =~ HPA — E}1A = g2(HLA) be the
differential in Quillen’s spectral sequence. Then, for x € H2A with n > 1,

di(z) = Z vizj + Z&;(a:P‘)
j i>2

where

(Wa)e(2) =D _ m(1+7)(y; ® 25) + 3 oi(zPF).
J i

The rest of this section will be spent in proving this result. Or, more
exactly, we will spend the time proving the following result, which implies
6.9. Let

try : 1.S2(QA) — 7.5%(QA)
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be the map of Lemma 3.9.
Proposition 6.10: There is an equality of homomorphisms

trody = (Ya)s : HEA — 1,5%(QA).

Proof of 6.9: If z € H2A, then we apply (6.8) to compute (14).(z)
and then use 6.10 and and Lemma 3.9 to compute d;(z). It is crucial that
tr. is an injection in positive degrees.

We begin the proof of 6.10 with a technical lemma about ¥4 : QA —
QAR®QA. Let A € sA be almost-free and, for each ¢

’¢:At—>At®At

the resulting Hopf algebra coproduct. ¥ commutes with d;, ¢ > 0, so that
if 8 is the sum of the face operators d;, then

(6.11.1) oY+ Y0 = (do (02 do)’l/) +do : Ay — A1 Q@ Ag—y.

If z € I Ay, then (0¢ +90)(z) € IA¢—1 @ IA;_; and we have a map H that

completes the commutative diagram

1A, & 1A, ®IA,,

(6.11.2) ! !
A, ovtyo A1 @ Ay

Lemma 6.12: There is a commutative diagram
14, 5 1A ®IA

l " l
QA: =5 QA1 ®QA1.

where the vertical maps are the projections.
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Proof: In (5.1), (5.2), and (5.6) we constructed a diagram

IAt —e* I(At_]_ A At—l) - IAg_l ® IAt_l

l £ le
IA, — I(Ai—1 ® Ai—1)

and the top row was used to compute ¥ 4. To compute &, it is sufficient to
compute £. Since A € sA is almost-free, A = S(V;) for some vector space
V4; indeed, the composite

Vi—=IS(V;) — QA

is an isomorphism. This to compute 3,4 it is sufficient to examine &(v)
for v € V;. However v € V; is primitive in the Hopf algebra 4; = S(V;);
therefore,

&(v) = (do ® do)¥(v) + pdo(v)
by the definition of £. The result follows.

Now let z € H2 A be represented by a € QA;. Let v € V; C IS(V;) &
IA; be the unique element that passes to o under the isomorphism V;
QA;. Then, if H is as in 6.12

H(v) = (3% + 90)(v) € TAs—1 ® TAqs_1.

IR

Since a € QA; is a cycle, we may write 8(v) € IA;_; as a unique sum
(6.13) A(v) = w1 + we
where w; € S2V;—1 and wy € ®p>25,Vi—1. Let
tr:SVio1 = Vi1 @ Vie1 = S1Vi1 @ S1Ve
induced by the averaging map (14 T) : Vi1 & Vi—1 — Vi1 @ Vi

Lemma 6.14: H(v) = {r(w;) + y where

r+a>2

r#0#q
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Proof: First of all,
OY(v) =0(v)®1+1®3(v)
because v is primitive. On the other hand,

YO(v) = Y(w1) + Y(w2)
=0(v) ® 1+ 1® 8(v) + tr(w1) + P(w2)

where
P(ws) = w2 ® 1+ 1@ w2 + Y(ws).

Here we use the fact that if z € S3(V;-1), then
P(2)=201+tr(2)+1Q® 2.
Since we € ®n>25nVi-1, ¥(w2) has the property required of y.

Proof of 6.10: If w; is as in (6.13), then w; is a cycle in S2(QA)
whose residue class is d;z. Since restricting the range of

ir: S2(QA) - QAR QA
to S2QA yields tr, Lemma 6.14 says that we need only identify the projec-

tion to QA ® QA of H(v). However, the diagram of Lemma 6.12 implies
that this projection is 9 4(v). The result follows.
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7. Ramifications of the Jacobi identity

In section 11 we will prove that the product [, ] on HJ satisfies the Jacobi
identity; that is, if A € sA and z,y,2 € HGA, then

[x, [y’ z]] + [z’ [3:, y]] + [y, [Z, x]] =0.

The proof uses the method of the universal example. In this section we
give a chain level proof of this fact. We do not embark on this exercise
gratuitously, but because we can use the constructions to provide a proof
of the following fact: if z,y € H5A, then

[a:,P'.y] =0

for integers i. If i = deg(y), then [z, P'y] = [z, [y, y]] and this claim follows
from the Jacobi identity. The other cases are more problematic and ne-
cessitate the approach taken here. The crucial technical input is provided
by the lemmas of the previous section, which explains the location of these

arguments.
The product [, | on HH A is determined by the cocommutative coprod-

uct
Y4:QA—- QAQQRA

of section 5, and we use the notation and ideas of that section freely. Of
course, we are assuming that A € sA is almost-free. To actually compute
[, ] we must use an Eilenberg-Zilber chain equivalence

Do : C(QA® QA) — C(QA) ® C(QA).

Here we are writing C(V') for the chain complex associated to a simplicial
vector space V, and C(QA) ® C(QA) is the tensor product of chain com-
plexes with the usual Leibniz differential. Then, of course, the product [, ]
is defined by dualizing the composition

C(QA)24C(QA® QA)22C(QA) ® C(QA).

It will be useful to make a standard choice for Dy. If V is a simplicial
vector space, define o
d*i . Va — I’,
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to be the composition o
d* " '=diy10---0d,

where the d; are the face operators in V. Define df, : V, = V,_; to be the
composition of the respective dy face operators. Then, for any simplicial
vectors spaces V and W we can define

Dy :C(VRW), = [C(V)®C(W)),

by the formula

8
(7.1) Do(v®@ w) = Z d*~'v @ diw.

i=0

This is called the Alexander-Whitney chain equivalence. It is useful to fix
this choice for Dy, and we do so.

Now in discussing the Jacobi identity and related matters, we are con-
fronted with the following composition

C(QA)E4C(QA® QA)
22,0(QA4) ® C(QA)
¥4810(QA ® QA) ® C(QA)
28l0(QA) ® C(QA) ® C(QA).

This may be written as

(7.2) (Do ® 1)(¥4 ® 1)Dopa.

To simplify our calculations, we claim that ¥4 ® 1 and Dy commute as
follows.

Lemma 7.3: (4 ® 1)Do = Do(1pa @ do).

Proof: We refer freely to Lemma 6.12 and diagram 6.11, including
the notation established there. To prove the result at hand, we proceed as
follows: since TA — QA is a surjection, it is sufficient to prove that

(H ®1)Do = Do(H ® do) : C(IA® IA) — C(IA® IA) ® C(IA).
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Since TA — A is an injection it is sufficient to prove that
[(9% + $8) ® 1]Do = Do[(8% + 10) ® do] : C(A® A) — C(A® A) ® C(A).
Since, for 7 > 1, d; commutes with 3 : A -+ A® A, we have that

(0% + ¥0) = (do ® do)¥ + Ydo.

The result now follows from a routine calculation with the simplicial iden-
tities, using the formula of 7.1.

To exploit this lemma, we proceed in the following manner. For a
simplicial vector spaces U, V, and W, let

T:UQVRIW WUV
be the permutation of factors given by
TURUAW)=wRuv.
An acyclic models argument shows that there is a chain homotopy
7(Do ® 1)Dg =~ (Do ® 1) Do

Combing this fact with Lemma 7.3, we see that the Jacobi identity will hold
if we can prove that

1+ 7+ 72)(Pa®@do)¥a : C(QA) —» C(QA® QAR QA)

is chain null-homotopic.
We can actually build an explicit homotopy.

Lemma 7.4: Let A € sA be an almost-free simplicial algebra. Then
there is a homomorphism

F:C(QA) -» C(QA® QA® QA)
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of degree —1 so that

OF + FO = (14 7+ 1%) (%4 ® do)¥a.

Proof: Since A is almost-free, we have a group
Homp(Ai41, At @ Ay ® Ay).

In this group, let £ be the product of

(¥ ® 1)(do ® do)¥
7(3¥ ® 1)(do ® do)¥
72(% ® 1)(do ® do)¥
and

(¥ ® 1)dy = (1+7 + 72) (¢ ® 1)9pdy.

The last equality is a result of the fact that the coproducts 3 are cocom-
mutative and coassociative.
Now one easily argues that there is a factoring

At+1, i) A-‘ A At A At

I= !
Aryn1 — Ai®@ A Q@ A,

Therefore, using 5.3, we obtain a map
F H QAt+1 —_ QAt ® QA: ® QA:.

We would like to compute OF + F9. Arguing as in the proof of 6.12, we
obtain a diagram

QA1 — TA44q — A
(7.6) lF ™ la
QA:RQA:®RQA; — JTARIARIA; — A:®@RA:®A;

where
G=(1+7+7")[(¥ ®1)(do ® do)y + (¥ ® 1)¢dy].
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To show the result, it is sufficient to show that
G + GO = (14 7+ T)[(8Y + ¥d) ® do)(8Y + ¥I).
However,

(¢ ® 1)(do @ do)¥ + (¥ ® 1)(do ® do)yd.
= (do ® do ® do)(¢) ® 1)(do ® do)¥
+ (% ® 1)(do ® do)(8Y + ¥9)

and

(Y ® 1)¢do + (¥ @ 1)dod = (do @ do ® do)(¥ @ 1)¥ds.
The result now follows from the fact that

Y + Y0 = (do ® do)¥ + do.

The Jacobi identity written down at the beginning of this section fol-
lows from the next result, using the commutativity of the product [, ].

Corollary 7.7: If A € sA and r,y,2 € HHA, then

[[x’ y], z] + [[Z, :L‘], y] + [['y; z], z] =0.

Proof: We may assume that A is almost-free. Then the result follows
from the sequence of chain equivalences
(1+7+7%)(Do ® 1)(%4 ® 1)Dotpa
= (14 7+ 7%)(Do ® 1)Do(4 ® do)¥a
o (Do ® 1)Do(1+ 7 + 72)(4 ® do)¥pa
~ 0.

Before proceeding, we remark that the maps constructed in the proof
of 7.4 actually have more properties than we first demanded of them. Since

Y4a:QA—- QAR QA
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is cocommutative, there is a diagram

QA 4 QARQA 1 (QA®QA)* QA
QA= ¥4, Q4 é;QA Va®bh Q4w G;Agaa QA

d 2
- (QABQA™ QA ' (QA®QARQA)™

lc . lc
QARQARQA ™ QARQA®QA

where VC are the invariants. The map

F:QA—-QARQARQA

of Lemma 7.4 actually restricts to a map

(7.8.1) F:QA— (QAQR QAR QA)™.
so that
(7.8.2) OF + FO=(1+71+7%) (%A ®do)pa.

To see this, consider the diagram (7.6). There
G=Q1+7+7%)[(¥®1)(do ® do)¥ + (3 ® 1)hdo] : Ar — A¢ ® A¢ ® Ay
Since 9 is cocommutative, (1 ® 1)(dp ® dp)¥ and (¥ ® 1)3dy define maps
Ay — (A ® A)¥1 @ A;.

Hence, G restricts to a map
G:Appr— (A ® A ® Ay)Bs.
Therefore H (see 7.6) restricts to a map

H:IA; - (IA @ TA; @ IA,)™.
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And so F restricts as required by (7.8.1). Since the invariants from a sub-
vector space of QAP?, (7.8.2) follows from 7.4.
We now approach the computation of

[z, P'y] = [P'y,z] € HHA

for z,y € HHA and i an integer. For this we must consider the composite
chain map

C(QA)¥AC(QA® Q4)25C(QA) ® C(QA)
Y48l0(QA® QA)™* @ C(QA)
28(C(QA) ® C(QA))z, ® C(QA)

where D, is an appropriate higher Eilenberg-Zilber map and Vg is the
vector space of coinvariants. This composition, by 7.3, can be written as

(Di ® 1)Do(¥4 ® do)pa : C(QA) — (C(QA) ® C(QA))x, @ C(QA).
We can write this out as

C(QA)*AC(QA® QA)"22°C((QA ® QA)™ ® Q4)
2,0(QA ® QA)™* ® C(QA)
2B(C(Q4) 8 C(QA)z, ®C(QA).
To deal with this, we first state some generalities about simplicial vector
spaces. Let V be a simplicial vector space. Define, for every non-negative
integer k,
Di=1+7+7)(De®1)Dp: C(VRV V)= C(V)QC(V)®C(V)
and
DY =Dk ®1)De(1+7+72):C(VRVRV)—=C(V)®C(V)®C(V).

ET: VRV -oVRVoT:C(V)®C(V)— C(V)®C(V) is the switch
map, then using the Alexander-Whitney Dy of (7.1), we compute that

(T®1)Dy=Dp(TR1):C(VRVRV)=C(VRV)RC(V)
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and, hence, Dy and Dy are chain maps and for k > 0,
Dy + D d=D;_, + (T®1)D;_,(T®1)

and
8D} + Dyd=Dy_, + (T®1)D}{_;(T ®1).

The method of acyclic models now demonstrates the existence of a map E}.
so that Fp = 0 and for k > 0,

OEk41 + Er410 = Ex + (T® 1)Ex(T ® 1) + D} + Dy..
Therefore, there is a chain homotopy between the chain maps

(7.9) DY C((VRV)ZQV) — (C(V)®C(V))g, ® C(V).

Theorem 7.10: Let A € sA. For all integers i and all z,y € HGA,
[Piy,z] = 0.

Proof: We may assume that A is almost-free. Then it is sufficient to
show that

(De ® 1)Do(¥4 ® 1)p4 : C(QA) — (C(QA) ® C(QA))x, @ C(QA)
is null-homotopic for all k. Let 1+ 7 + 72 stand for the composite
C((QABQA)™ ®QA) 5 C(QARQABQA)™ -S:C((QARQA)™ RQA).
By 7.8.2,
Di(¥a®do)pa = (Dr ® 1)Do(1 + 7 + 7°)(1p4 ® do)¥a

as a map from C(QA) to (C(QA) ® C(QA))x, ® C(QA) is null-homotopic.
Hence, by 7.9,

Di(%a®do)pa= 1+ T+ 72)(Di ® 1)Do(p4 @ do)b 4
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is null-homotopic. Thus we have a chain homotopy

(Di ® 1)Do(3ha ® do)tba = (7 + 72)(Di ® 1)Do (¥4 ® do)ya

of maps from C(QA) to (C(QA) ® C(QA))z, ® C(QA). Now, for any
simplicial vector space V, there is a diagram

(C(V)®C(V)z, ®C(V) — (C(V)®C(V))sz, ®C(V)
l (1+T)®1 l 473
C(V)®C(V)®C(V) — (C(V)®C(V))z, ®C(V).

Hence

(D ® 1)Do(1h4 ® do)pa ~ (1 + 72)(Di ® 1)Do (14 ® do)¥a
=7[(1+T) @ 1](Di ® 1)Do(%4 ® do)¥a
= 7[(Dx + T D) ® 1]Do(va ® do)¥a
= 7[(0Dk+1 + Di+10) ® 1]Do(¥4 ® do)¥ a-

Thus (D ® 1)Do(¥4 ® do)¥ 4 is null-homotopic.
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8. Applications of Quillen’s spectral sequence

We give a number of results that depend either on the spectral sequence of
the previous section, or, perhaps, on the technical result 6.12. We postpone
the proof of the Adem relations among the operations P’ until the next
section.

We begin with a Whitehead Theorem for the category s.A. Call a
simplicial algebra A connected if m1gA = F, generated by the unit in the
algebra w, A.

Proposition 8.1: Let f : A — B be a morphism between connected
objects in s A. Then f is a weak equivalence if and only if

HEf:HCA — HSB

is an isomorphism.

Proof: If f is a weak equivalence, the H2f is an isomorphism by 4.3.2.
On the other hand, if HCf is an isomorphism, then the spectral sequence
of 6.2 implies that f is a weak equivalence.

The next result is a Hurewicz theorem. But first, some notation. Let
A € sA. Choose and acyclic fibration X — A with X cofibrant. Then
m+X 2 m,A. The projection from the augmentation ideal to the indecom-
posables
IX - QX

induces, for every A € sA, a natural Hurewicz homomorphism
hy: It , A~ 7,JA — H2A.

Since 7, IA =2 7, A for n > 0, we get maps for n > 1

(8.2.1) hy:TaA— HEA
and, dually,
(8.2.2) h* : H3A — (o A)* & 1™ A*.
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It is a simple exercise with the definition of Quillen’s spectral sequence to
see that the edge homomorphism

In,A— EPACEIA~ HCA
is the Hurewicz homomorphisms h,.

Proposition 8.3: Let A € s.A. Then
1.) h, induces an isomorphism QmgA = HEA, and
2.) if A is connected and 7xA = 0 for 1 < k < n, h, induces an
isomorphism
h,: rnAiH,?A.

Proof: The first result is 4.10.1. The second follows immediately from
Quillen’s spectral sequence.

Remark on universal examples: Because of the naturality of the
product and operations in Hp, we can often prove general properties by
considering specific examples. In Example 4.4.1 we produced an object
K(n)4+ € sA so that for all A € sA

[Aa K(n)+]s.A e HBA

Indeed, there must be a universal cohomology class ¢, € H3K(n), so that
this isomorphism is defined by

fr— Haf('*n)

Furthermore 7,K(n)4 & A(z,) — the exterior algebra on one generator of
degree n.
Similarly, we can consider the object

K(m)4 xe, K(n)4 = (K(m) x K(n))+
in sA. Then

[A, (K(m) x K(n))+]sa = [A, K(M)4]sa X [4, K(n)4]aa
~ HPAx HBA.
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This isomorphism, too, can be made explicit. The two projections on factors
p1: (K(m) x K(n))+ — K(m)+

and
p2 : (K(m) x K(n))4 — K(n)4+

define classes ¢,, € HF(K(m) x K(n)4 and 1, € HZ(K(m) x K(n)4 re-
spectively and the isomorphism is given by

fr— (Hgf(¢m), HGf(¢n))-
In addition, operations applied to the pair (¢, ts) are universal operations
in two variables; for example, [¢y, ¢m] is the universal product in Hg.

The projections p; and p; have sections that are often of useful. For
example, define, in sF,

f1: K(m) — K(m) x K(n)
to be the inclusion on the first factor:
fi(@) = (z,0).

Then f; induces a map

fi: K(m)4 — (K(m) x K(n))+
so that p, fi is the identity and Hg f1(¢n) = 0. Similarly, there is a map

f2: K(n)y — (K(m) x K(n))+
so that ps fo is the identity and H f2(tm) = 0.

For contrast to 8.3, we note that the product and operations in H¢ are
not detected by cohomotopy. Let A* be as in 8.2.2.

Proposition 8.4: Let A € sA. For all 7,y € H5A

h*[z,y] =0
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and )
h*P'(z) = 0.

Proof: It is sufficient to show this for the universal examples. For the
product, let x € HF A and y € H3A. Let K(n)4 be the universal example
of 4.4.1. and ¢, € H3K(n)4 the universal cohomology class of degree n.
Then there are unique maps

fA—»K(m)+

and
g:A— K(n)y

in the homotopy category associated to s.A so that
Hof(bm) == and  Hgg(tn) =y.
The maps f and g induce a map
£ % g: A K(m)y xe, K(n)s & (K(n) x K(m))+
and [z, y] can be computed by the equations

H*Q(f X g)["m, Ln] = [z1 y]

where [, tn] € HE(K (m) x K(n))4 is the product of ¢,, and ¢, under the
inclusions
HHK(m)y — Ho(K(m) x K(n))4+

and
HK (n)y — Hy(K(m) x K(n))4.

The naturality of the Hurewicz map shows that it is only necessary to
demonstrate that h*[tm,t,] = 0. However

[emstn] € HnQ+m+1K(m) x K(n))+

and
Tntm+1(K(m) X K(n))4 = 0.
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The assertion about the operation is proved in the same manner.

This does not mean that the product and operations are identically
zero. In fact, we have the following result. Let A = (K(m) x K(n))4+ be
the universal example of 4.4.1. Furthermore, let ¢,, € H3 A and ¢, € H gA
be the image of the universal cohomology classes under the maps induced
in cohomology by the projections

A= (K(m) x K(n))4+ — K(m)4+
and

A= (K(m) x K(n))4 — K(n)4.

Proposition 8.5: Let m,n > 0. Then
[tm,tn] #0 € Hg"'“"'l(K(n) x K(m))4.

Proof: We first assume that n > 0 or m > 0. If n = 0 or m = 0, we
have not proved that Quillen’s spectral sequence converges for this example;
however, formulas 6.9 holds and this is all we will use. Let A = (K(n) x
K(m))4. If u € 7, K(m) and v € 7.K(n) are the non-zero classes, then
m.A = A(u,v)/(uv), where A( ) denotes the exterior algebra. The inclusion

K(m)y — (K(m) x K(n))4+
provides a section for the projection above and show that if
he : IT, A — H,,QA

is the Hurewicz map, then h,u # 0. Indeed (tm, hsu) # 0 in the pairing be-
tween H5A and HEA. Similarly, (t,,h.v) # 0. Thus in Quillen’s spectral
sequence

E'A~g(HRA) = 7, A

the product class 0 # h,u - h,v € E} A survives to E®A. This is because
we have a spectral sequence of algebras. However, uv =0 in 7, A. So there
must be a class

1 o~ gQ
zZ € El,m+n+1 = m+n+1A
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so that
dlz = h*u ® h*v-

Since n + m > 0, 6.9 implies that under the coproduct
($a)s : H2A — HCAQ® HSA
we have that
(Ya)«(2) = hou ® hyv + hov @ hyu.

Since the coproduct is non-trivial, the product (which is dual) must also be
non-trivial. In particular, because of the pairings above, [tm,tn] # 0.

In the case n = m = 0, we must appeal directly to Lemma 6.10, instead
of 6.9. However, that is sufficient to complete the argument along the same
lines above.

Next we decide that some of the operations are identically 0.

. Proposition 8.6: Let € H3A for n > 0 and let ¢ < 0. Then
Pi(z) =0.
Proof: We may assume that A is almost-free. If z is represented by a
cocycle o € QA*, then Pi(x) is the residue class of

(Ya)eDy_i(a® ).

With a good choice of the higher Eilenberg-Zilber maps Dy, such as the
choice given by Singer in [S] (see before 3.10), then we know that

Dip(a®a) =0, k>n.

So we have the result for ¢ < 0. For ¢ = 0, we note that this choice of
Eilenberg-Zilber maps also has

Dp(a®@a)=a®a.

So we can show that (14).(a ® a) = 0 to complete the result. Combining
6.11 and 6.12 and dualizing, we get a diagram

QareQar ¥ qar

l l»*
JTA* @ TA* — IA*
1 )

A* @ A* (8¢ﬂ8)* A*.
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Since A* — I A* is a split surjection and p* is an injection, it is sufficient
to show that
*YP*(v@v)+¢*0*(vRv)=0

for all v € A*. Because we are assuming that A is almost-free, we have that
A =2 S(V;) for some vector space V;. Indeed, A; is a primitively generated
Hopf algebra. Thus, A} is an exterior algebra with multiplication given by
¥*. Thus ¥*(v® v) = 0. Also

P*O*(vRv) = Z P*(div®djv) =0.
This proves the result.

The previous result combined with the next result shows that we can
claim that P* =0 for all 7 < 2.

Proposition 8.7: Let A € sA and x € H3A. Then P(z) = 0.
Proof: For n = 0 this follows from 5.11. So assume that n > 1. It is
enough to consider the universal class

T =1un € HGK(n)4

where K(n)4 is the universal example of 4.4.1. Then 7, K(n)y = A(u)
where u € 7, K(n)4. In Quillen’s spectral sequence

E'K(n)+ = 6(HPK(n)4) = m.K(n)4
one easily see that
E} K(n)+ 2 6,(H2K(n)+): =0
of s > 1and ¢t < n+ 2. For this one can use 3.7. If P!(z) # 0, then
there would be a non-zero class z € HZ, ,K(n); = E} 42K (n)4. Since
Tnt2K (n)4+ = 0, there would have to be some r so that d,.z # 0 in Quillen’s

spectral sequence. Since this cannot happen, we must have P!(z) = 0.

We can also demonstrate that, often, the operations P* are non-trivial.
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Proposition 8.7: Let ¢, € H3K(n)4 be the universal class. If 2 <
i1 < n then

P'(e) #£0
in HyK(n)4.
Proof: If n < 2 then the statement is vacuous. So we assume that
n > 2. Let u € E} ,K(n)4+ = H2K(n); be dual to ¢,,. The class u survives

to E*°K(n)4 in Quillen’s spectral sequence; therefore, Proposition 6.5 now
implies that

6i(u) € B} 1K (n)} = 62(HEK(n)4)

also survives to E°K(n)4+. In addition, 6;(u) # 0 in E'K(n)4. Since
7 K(n)y = A(u), there must exist a class y € E} ;.1 K(n)+ so that
diy = 6;(u). But

E%,n+i+1K(n)+ = H,?+,-+1K(n)+

and Proposition 6.9 implies that yP* = u. Dualizing, we obtain that

P(e,) # 0.

87



P. G. GOERSS

9. The proof of the Adem relations.

We now come to the proof of the Adem relations among the operations P*.
This is a further application of Quillen’s spectral sequence.

Theorem 9.1: For A € sA, z € HHA, and © > 2j there is an equation

PiPi(z) = ig;_‘:z (23'i71)P‘+f-8P‘(x).

s=i—j+1 §=J

Before starting the proof, we make some observations about Quillen’s
spectral sequence.

The first is that the following is a special case of Proposition 6.5. If
A € 3A and z € E' A has the property that d;z = 0, let [z] be the residue
class of z in E2A.

Lemma 9.2: Let z € E; ;JAand diz =y € E},; ; ;. Then
d16,(z) = zy
and for 2 < i< t, d16;(z) =0 and
d2[6:(x)] = [6:(v)]-

Proof: This follows from the definition of the §; in the spectral se-
quence (see before 6.5) and the formulas of 3.3.

The second observation is a remark on compositions
6:6; : E*A — E} A.

The computations of 2.7 and 3.5 imply the following. If we have z € E! ,A,
let the degree be given by the formula deg(z) = t.

Lemma 9.3:1.) Let {6;6;(w;i;)} C Ef,A be a set of elements so that
i > 2j and i — j < deg(w; ;). Then this is a linearly independent set; that

is, and equation
D 6:bi(wij) =0
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implies that 6;6;(w;;) = 0 for all pairs (%, j) under consideration.
2.) 6:6; : BY; — Ej;,;,;A with i > 2j and i — j < ¢ is an injective
homomorphism.

Remark 9.4: A consequence of this result is that if we have an equa-

tion
> 6:bi(wij) =0

where the sum is over a set of pairs (i,‘ Jj) so that i > 2j and i—j < deg(w;;),
then w;; = O for all pairs (i, j) under considerations. It will be our business
to produce such an equation.

We can do a little better. Since the product
El!A® ElA= 6,(HLA)® 62(HLA) — 63(HRA) = EjA

is onto, and since Quillen’s spectral sequence is a spectral sequence of al-
gebras, we can conclude that if y € E3 A, then d;y € E] A is decomposable
in the algebra E'A. However, §;6;(z) is always indecomposable in E}A.
Combining this observation, 9.2, and 9.4, we have the following result.

Lemma 9.5: Given an equation in E?A

> [6:8;(wi;)] =0

where the sum is over pairs (4, j) so that ¢ > 25 and i — j < deg(w;;), then
w;j = 0 for all pairs (4, 7) under consideration.

The third observation is a reduction. It is not necessary to prove Theo-
rem 9.1 for all z € H3 A and A € sA, but merely for the universal example
T =1, € H3K(n),. Define, for i > 25 and A € sA, a homomorphism

gij s H3A — HEH+24
by
P (23 —i-1

. = Pipi i+j—
ng—PPJ+ E s—j )P' I=sps,
s=i—j+1
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Lemma 9.6: For all n and 7 > 2j

9i; = 0: H3K(n)y — HHY 2K (n),.

We give the proof after we supply the following.

Proof of 9.1: If x € H3 A with n < 1, then the conclusion of Theorem
9.1 holds since both sides of the equation are zero. This follows from 5.11,
9.6 and 9.7. So assume that n > 2. Then there is a unique map in the
homotopy category associated to sA

f:A— K(n)y
so that HE f(tn) = . Since g;j(¢tn) = 0, we have
(9:5)(z) = HGf(9i5(¢n)) = 0.
The result follows.

Proof of 9.6: To avoid intricacies involving the top operations §; and
to eliminate some of the summands of the formula given in 6.9, we use the
suspension. Combining 4.8 and 5.13, we see that it is sufficient to prove
that

0= 9ij : Ha'HEK(n).,. — Hs+i+j+32K(n)+.

There is a dual homomorphism, we we will write of the right

()fij: n+a+J+32K(n)+ - H3+12K(")+

given by, for i > 27,

i+j—-2
Vs =PRI+ 3 (

s=i—j+1

and it is sufficient to show that f;; = 0. Consider Quillen’s spectral sequence
and let

z €H +.+J+32K(")+ = El,n+s+]+32K(n)+
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We compute, using 5.13 and 6.9, that

diz = 6i(zP).

i>2

Here we use that all products vanish in HX K (n), so that the coproduct
must be trivial in H2X K (n)4. Using 9.2 and the fact that the residue class
of diz in E2SK(n)4 is zero, we have

0=dz(D_[6:(zP")]) = ) _[6i(ds(zP*))]

i>2 i>2
= Z Z[&&,(mP‘PJ)l
i22 j2>2

Here we use that the top operation P* vanishes in H. oXK(n)4. Thus, using
Proposition 6.7, we can write

0= Z [6,6]($P'PJ)]
i>2j>4
T3P DU DN (it [V Ye 5 )
2<i<2j i+1/2<k<i+i/3 J—9

Substituting ¢ = a, and j = b into the first summand and j = s, k = b, and
t = a + b — s into the second summand, we find that

0= [Sabs(zfab)]-

a>2b>4
Here we use that in HX K (n)4., if £fsp # 0, then a — b < deg(x fap). This

follows from the fact that the top operation P* vanishes in the cohomology
of suspension. Finally Lemma 9.5 implies that for a > 2b

.’Efab =0

in HESK (n)4. In particular zf;; = 0 and we have proved the result.
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10. Projective extension sequences and a quadratic operation
In this section we define and discuss a natural quadratic operation

B:HYA — HLA.

This operation. will have the property that

(10.1.1) B(z +y) = B(=) + B(y) + [2,4]
where [ , ] is the product on H3A and that
(10.1.2) [ﬂ(y)’ z] = [y9 [y’ :t]]

for all z € H5A and y € HHA.

The best way to define this operations is first to consider the André-
Quillen cohomology of certain algebras, and to use that calculation in the
definition. So we begin with a general computation. Let Vp,V; be vector
spaces — not simplicial vector spaces — and

f:8(Ve) - S(W1)

a map of algebras so that
10.2) S(V1) is a projective S(Vp) module.
Note that 10.2 implies that the morphism f is an injection.
We are interested in computing the cohomology of the algebra

A =F2 ®@sw) S(V1)-

That is, we regard A as a constant simplicial algebra and compute H2A.
We will say that A is defined by a projective extension sequence and we will
often write that there is a projective extension sequence of algebras

to indicate that this is the case.
To begin the computation, regard S(V,) and S(V1) as constant simpli-
cial algebras. Then, since S(Vp) and S(V;) are almost-free, we have that

HES(Vo)=V, and HESW)=VW;
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and

HEPS(Ve) = 0 = HES(V3)

for i > 0. Compare 4.10.3. If we factor f : S(Vp) — S(V1) as a cofibration
followed by an acyclic fibration

5(Vo) = X — S(V1),
then we get a diagram
SVe) — X —= F2Qswv)X
ST <o Sth) = Fr@eeSTA) = A

Proposition 4.7 and the hypothesis of 10.2 imply that p is a weak equiv-
alence. Since F3 ®g(v,) X is the homotopy cofiber of f, Proposition 4.6
yields an exact sequence

Q
10.3 0 — HeA-L v, v,  HCA S 0.
1 0

For example, if A(z) is the exterior algebra on a single generator z,
there is a projective extension sequence

F2 — Fafy]-5Fa[z] — A(z) — F,

where f(y) = z2. Hence

(10.4) HEA(z) = Fy = HEA(x)
and

HEA(z) =0
fori> 1.

It is instructive to follow in Quillen’s [21] and Bousfield’s [6] footsteps
and to compute Quillen’s spectral sequence for an algebra A defined by
a projective extension sequence. To be precise, notice that if we use the
suspension functor ¥ defined in section 4, then (4.9) implies that

T ZA & Tor? (F3, F2).
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For A € sA, let Q(7.A), denote the indecomposables of degree n in the
graded algebra w,A.

Proposition 10.5: Let A be defined by a projective extension se-
quence. Then Quillen’s spectral sequence

S(HEZA) = Tor?(F2,Fs3)

collapses and
HEA = Tor (Fs,F2)

and
HIQA o Q(Tor,,‘,‘(Fg, Fg))z.

Proof: This follows from the isomorphism HPA = HZ TA and
Proposition 6.5. In fact, we can write down an isomorphism of divided
power algebras

Torl(F3,F2) & E(HPA) @ T(H2A)

where E and I"' denote the graded exterior and divided power algebra re-
spectively.

The proof of 10.5 suggests the following generalization, due essentially
to André [1]. Let A € s A and consider the composition

(IT.SA), & 1, ISALLHES A= H2A.

Call this composite g,. The following is proved by examining Quillen’s
spectral sequence:

Proposition 10.6: g, induces natural isomorphisms
mISASLHSA

and o
Q(7.ZA);— HLA.
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We now define the operation 3, using the method of the universal
example. If x € H %A, then there is a unique morphism in the homotopy
category associated to s A

f:A—K©0)

so that if 1o € HK(0)4 is the universal class, then Hg f(20) = z. Thus, to
define a natural operations

B:HYA— HHA

it is sufficient to stipulate 8(z) € HK(0)4. However K(0) € sF; is the
constant simplicial vector space that is F2 in each simplicial degree; hence,
K (0)+ = A(x), where the exterior algebra on the generator x is regarded as
a constant simplicial algebra. Thus (10.4) implies that H3 K (0)4 = F; &
HLK(0)4 and H5K(0)4 = 0 for i > 1. The non-zero class

to € HYK(0)+
is the universal cohomology class of degree 0; let
(10.7) B(w) € HHK(0)+

be the non-zero class of degree 1. This defines the operation 8.
To discuss the operations 3, we note that it can be detected in homo-
topy. Or, to be precise, consider the dual Hurewicz homomorphism

h* : HHSA — (Im,SA)*.

Since 7,X A is a Hopf algebra (see before 4.9), we have that 7*XA* is a
Hopf algebra, at least when =, A is of finite type. Also, since H %EA =0,
we have a factoring of h* as

Hy A 54* o (In,54)".
Proposition 10.8: Let A € sA be so that 7, A is of finite type. Let
€ HYA = HHYA and B(x) € HyA = HLTA. Then
h*B(z) = (h*z)
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in T*XA*.

Remark: Since h* : H IQEA — 7wl¥A* is an isomorphism and A* :
H2%YA — n2LA* is an injection (both because of 10.6), this is an effective
method for computing 8.

Proof: Since a map f: A — B in sA induces a map of Hopf algebras

™Ef:m*XA — mXB

it is only necessary to show this result for the universal example A = K(0).
However,
T ZK(0)+ = [Tors®)(Fz, Fa)]*
& Ext)(,)(F2,F2) 2 Fay
where y € Ext}\(z)(Fg,_Fg). We apply 10.5. Since h*ip = y and h*B(10) # 0,

we must have that
h*B(w0) = y2.

We can now prove the following.

Proposition 10.9: Let A € sA and z,y € HYA. Then
B(z +y) = B(z) + By) + [z, y].
Proof: It is sufficient to do this for the universal example
A= (K(0) x K(0)+

and = = «! and y = «2 where these classes are the two cohomology classes
induced from the universal cohomology class by the two under the two
projections

(K(0)+ x K(0))+ — K(0)4.

We claim that H. IQA is of dimension 3 over F; and that a basis for H. }2A is
given by the three elements 3(i), 3(:2), and [¢!, :?]. To see this and to pre-
pare for the rest of the argument, we argue as follows. 7*A & A(u,v)/(uv)
and, using this fact, it was proved in [12] that there is an isomorphism of
Hopf algebras

T LA = Extya ,(F2,F2) 2 T(31,92)
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where T'( ) denotes the primitively generated tensor algebra. Furthermore,
h* : HYA — Extl_,(F2,F2)

is an isomorphism and h*:! = y; and h*i? = y,. Dualizing 10.6 and letting
P( ) denote the primitives we have that

h* : HyA — P(Exth, o(F2,F2))?

is an isomorphism. Therefore, H. 5A is of dimension 3. The previous result
now implies that

R*B() =y and  R*B(P) =143
Next consider the two projections
Hy(K(0) x K(0)+ — HHK(0)+
induced by the two inclusions onto factors
K(0) — K(0) x K(0).

The element [¢!,:%] € H4A goes to zero under both these projections. On
the other hand, [¢!,:?] in non-zero, by 10.5. Thus we have

R*[it, %] = y1y2 + Yo
in Ezt}, ,(F2,F2). Now we compute using 10.8:

R*B(et + %) = (11 + 12)?
=92 + Y2 + y192 + vatn
= h*(B(e") + B(¢?) + [, 42)).

Since h* is an injection on H aA, the result follows.

Finally, we append here the following result, although, in its proof, we
will reference results of later sections.
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Proposition 10.10: Let A€ sA, r € H3A,y € HOQA. Then
[8(¥), 2] = [y, [y, z]].

Proof: Again, it is sufficient to examine the universal example
A= (K(0) x K(n))+

with y = ¢ and = = ¢,,. In [12] it was proved that there is an isomorphism
of Hopf algebras
A T(y1 , yz)

where T'( ) is the primitively generated Hopf algebra and

Y1 = E*Lo € ©1TA
Y2 = h*ip, € 71T A

We are still using the Hurewicz map h* given by the composition
HA= H3+1A — amtlzAr,
Now we will prove in 10.8 that
(10.11) h*[z,y] = R* ()R (y) + R*(»)R" (2)
in 7*X A*. Furthermore in 10.11 we will prove that for A = (K(0) x K(n))+
H 3"’32,4 = F,.
Thus to prove the result it is sufficient to prove that

h*[to[to, tn]] # 0
h*[Beo,tn] # 0.

But we compute, using 10.5 and 10.11, that
h*[Bio, ta] = R*(Bro)h*(tn) + h*(en)R*(Beo)
= 12y2 + 203
= h*[o, [to, tn]]-
The result follows.
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Chapter V: The Cohomology of Abelian Objects

In section 4 we determined that all abelian simplicial algebras in our
category sA were of the form V; where V is a simplicial F-vector space
and ( )4 is the trivial algebra functor. In addition, we computed that for
A€ sA,

[A,Vi]sa & Hom,g,(HRA, 1,V).

Thus the objects V, € sA behave exactly as Eilenberg-MacLane spaces
do in the category of spaces. Of particular interest are the cases where
V = K(n) and V = K(m) x K(n). Recall that ,K(n) & F; concentrated
in degree n. Then

[A, K(n)4]sa = HGA
[A, (K (m) x K(n))4]oa = HEA x H3A.

Thus HK(n)4 and Hg(K(m) x K(n))4 represent, respectively, all coho-
mology operations of one and two variables.

Our computation of H5V, will proceed in stages. In section 11 we will
compute Hg V., for for a finite product of K(n)’s:

V = K(n1) x K(ng) x --- x K(ng)

assuming the computation of H K (n), for all n. It will be the purpose of
the remaining sections to do the latter computation.

11. Applications of a Hilton-Milnor Theorem
The purpose of this section is to give some computations of H5V,,

assuming that we have computed H5K(n)4 for all n. Along the way we
will draw some corollaries about the structure of H A for general A € sA.
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To be up front with what will be postponed, let A € sA and x € HZ A.
Then we know that the cohomology operations P* have the property that if
i > n, then P*(z) = 0. In addition, consider the composition of operations

PI = Pi;}:ig ___Pi.,

defined for some sequence of integers I = (i1, 12,...,ik). I might be empty,
in which case P! is the identity. Call such a composition allowable if i; <
24441 for all . The empty composition is allowable. If I is not allowable
then the relations of Theorem 9.1 permit us to rewrite P/ as a sum of
allowable compositions. Finally, if P! is allowable and i, < n, then

1t <tty1+---+is+n
for all t. Thus, if x € H3 A, the set of elements
Pl(z) = P1 ... P'*(x)

with P! allowable, i; > 2, and i, < n span the sub-vector space of H oA
generated by P’(z), with P’ running over all possible compositions of the
operations P*. Notice that since I may be empty, z itself is in this sub-
vector space.

One of the principal results of this paper is that the allowable P! with
i < n can be linearly independent as well.

Theorem 11.1: Let n > 1 and let +, € H3K(n)+ be the universal
cohomology class of degree n. Then a basis for H3 K (n)4 is given by all
allowable compositions

Pl(1,) = P ... Pi*(4,)
with £ > 0, i; > 2 for all ¢, and i; < n.
This will be proved in later sections. See 14.3.

Remark 11.2.1.) This computes H5K(n)4 foralln > 0,as H5K(0)4
was computed in section 10. In fact, H5K(0)+ has basis ¢p and Bio €
HIQK(n)+ .
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2.) One consequence of this result is that there are no universal rela-
tions among the operations P’ except those that are implied by Theorem
9.1.

3.) Notice that H5K (1) = F; in degree 1, generated by ¢;. We
knew this anyway, as the unique non-zero map SK(1) — K(1)4 is a weak
equivalence.

To extend the computation of HK(n)4 to a computation of H;HVy
for other simplicial vector spaces V, we need the Hilton-Milnor Theorem.
Let

Y:54A—sA

be the suspension functor of section 4. And let V;,V, € sF2. Then the
Hilton-Milnor Theorem discusses the homotopy type of

Z[(V1)+ xF, (V2)+] = Z[(Vi x V2)4]

in sA.

We need some further notation. The category sF, is a category of
modules and, as such, is equivalent to a category of chain complexes [15, p.
96]. Therefore, it is easy to construct a suspension functor

o:sFy — sFy
so that there is a natural isomorphism for V € sF,

_JmaaV; ifn2>1;
”""V—{o; if n =0,

The functor o has an adjoint w so that there is a natural isomorphism
V 2 woV for all V € sF3 and if 1oV =0, then m,wV & 71,41 V.

Now let L be the free algebra on two elements z;,z2. Let B be the
Hall basis for L. Then b € B is an iterated Lie product in the elements z;
and z5. Let

j1(b) = the number of appearances of z; in b

j2(b) = the number of appearances of z; in b
£(b) = j1(b) + j2(b)
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and if V;, V, € sF3, define V(b) € sF2 by
(11.3) V(b) = w[(cV1)®® @ (cV3)®i ()]
where W®* means the tensor product of W with itself k times.

Theorem 11.4 (Hilton-Milnor)[12]: Let V; and V2 be objects in sF.
Then there is a weak equivalence in sA

E[(V1)+ xF, (V2)+] — ®veZ[V(b)+]-

This equivalence is natural with respect to maps V; — W; and Vo — Ws
in sFs,.

Remark 11.5: This theorem is useful for computations as follows:
notice that if A, B € s.A, then there is a natural isomorphism

QA®B)=QA®QB
and, hence, a natural isomorphism
H5(A® B) 2 HyA x HSB.
Thus there is a sequence of isomorphisms

H[(V1)+ xF, (V2)+] & HGM'E[(V1)+ XE, (V2)4+]

and
HHE[(V1)+ XF, (V2)+] & xpepHOEV (b) 4+
and
Ha"'lEV(b).,. = H5V(b)4.
So that

Ha(‘/] X ‘/2)_’_ o xbeBHaV(b)+-

As an example and application, we consider the Hilton-Milnor Theorem
in the case where V; = K(m) and V2 = K(n), where 7.K(m) = F; and
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7K (n) = F, concentrated in degrees m and =, respectively. If b€ B C L
is a word in the Hall basis, let

np = myj1(d) + nja2(b) + €(b) — 1.
Then, using the fact that there are weak equivalences in sF,
K(i) ® K(j) ~ K(i + )

and
oK(i) ~ K(i+1)

we see that the Hilton-Milnor Theorem yields a weak equivalence
(11.6.1) D(K(m) x K(n))+— Qben ZK(np)+.

Therefore _
HaE(K(m) X K(n))+ = XbGBHaEK(nb).}.

> HE 'K (nb)+

and, using 11.1, we have effectively computed Hg(K(m) x K(n))4. To be
more concrete in our description, we must develop the relationship between
the elements of B C L and the product [, ] of section 5. Let

tmytn € HG(K(m) x K(n))4
be the universal classes. Consider the composition, which we call g*:

H5K(m+n+ 1)+—E—>Ha+12K(m +n+1)4
— HGHMS(K(m) x K(n))+
—HH(K(m) x K(n))+

obtained by considering the word b = [z, 23] € B. Let tm4n+1 € HGK(m+
n + 1) be the universal class and let [, ] be the product on H.

Lemma 11.7: g*(tmin+1) = [tm, cn].
Proof: g*(tm+n+1) # 0 because g* is an injection. But if

fi: K(m)y — (K(m) x K(n))+
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and
f2: K(n)4 — (K(m) x K(n))4

are the inclusion into the first and second factors respectively. Then the
naturality clause in the Hilton-Milnor Theorem implies that

19" (tmint1) = 0= 39" (tmin+1)-
Similarly, 8.5 implies that [¢y, ts] # 0 and
Film,ta]l =0= I3 [tms tal-
Now the calculation of 11.6.2 implies that there is a unique class
z € HZ*™+(K(m) x K(n))4
with these properties: that z # 0, but f{z = 0 = fJz. The result follows.
The following corollary to this result is useful for calculation. Let

A € sA be so that 7, A is of finite type. Consider the degree shifting
Hurewicz homomorphism

h* : HHA = HHTA — n*SA*.
Let z,y € HHA and [z,y] € HHA their product. Also, let
(, ):m*ZA* @ 7*XA* - 7*LA*
be the commutator product
(a,b) = ab+ ba
in the possibly non-commutative Hopf algebra 7*¥X.A*.
Proposition 11.8: h*[z,y] = (h*(z), h*(¥)).

Proof: It is only necessary to consider the universal example A =
(K(m) x K(n))+, and £ = ¢, and y = ¢,. But then it is clear from
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the decomposition of 11.6.1 that h*g*(tm4n+1) = (h*(z),h*(y)), where
9*(¢m+4n+1) is as in 11.7. Since

[tms tn] = §*(tman+1)
, the result follows.
We next consider an arbitrary finite product, which we label K :
K, = (K(n1) x K(ng) x --- K(ng))+.

We can use the Hilton-Milnor Theorem and induction to study K. Let Ly
be the free Lie algebra on symbols 1, zs,...,z, and let By C Ly be the
Hall basis. If b € by, then b is an iterated Lie bracket in the symbols z;,
and we define, for 1 <1 < k,

Ji(b) = number of appearances of z; in b

and
£(b) = j1(b) + - - - + jin(b).

Then we let
ny = j1(b)n1 + - - - + je(b)ni + £(b) — 1.

Then, using Theorem 11.4, 10.6.1, and induction, we have a weak equiva-
lence
ZK1— Qven TK(np)+-

In fact, using 11.8, we can give an explicit description of this weak equiva-
lence. Let b € By; then, we may write b as a Lie product

b= [xii [ziz T [mit—l ’ 1‘.'4] o ]

where £ = £(b). Let t,; € H5K, be the universal classes. define, in the
homotopy category associated to s.A,

9 : Ky — K(ne)+
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by the requirement that
(11.9) 9 iny = [tiy[ig -+ - [ipyr tid] -+ )
Then, applying the suspension functor, we obtain a map
Ygp: ZK4 — TK(np)+
and then, using the coproduct XK, — YK, ® £K,, we obtain a map
9:ZK; — QbeB ZK(n3)+-
Proposition 11.10: The morphism g is a weak equivalence.

Proof: Let T ) denote the primitively generated tensor Hopf algebra.
In [12] it was proved that

T EK] 2 T(n*cK")
where o : sF; — sF, is the shift functor defined before 11.4. Therefore,

11.8 implies that 7*g* is an isomorphism. Since 7,X K, is of finite type,
the result follows.

Remark 11.11: It follows from 11.1, 11.9, and 11.10 that a basis for
H3 K, is given by the elements

Pj:l e le [Lil [Lig cee [l"'t—l ) Lit] .o .]

where
b= [zi,[zi, - - - [%i,_,,%i,] - - )] € B,

PJ is allowable, j; > 2 for all ¢ and j, < np, and the elements

B(en;)

when n; = 0.

We state some further corollaries of 11.10. The first was used in the
proof of 10.10.
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Corollary 11.12: Let n > 0. Then
H5+3(K(0) x K(n))+ 2F2

generated by [co, [¢o, tn]]-
Proof: This follows immediately from Remark 11.11.

We can also prove that the product [ , ] on HY, satisfies the Jacobi
identity.

Theorem 11.13: Let A € sA and r,y,z € H5A. Then
[z, [y, 21) + [2, [z, 4]l + [, [z, 2]] = 0.
Proof: We need only prove this for the universal example
A = [K(n; X K(n2) X K(n3)]+
and Z = tp,,Y = ln,, and 2 = tp,. Let
fij : (K(ni) x K(n;))+ — A
with 1 <7 < j < 3 be the three “monotonic” inclusions and
M = ker(f{z) N ker(fi3) Nker(f33) C H221+n’+"3+2A-
Then, using 11.8, 11.10, and 11.11, we have that the composition
M-S H A rvnar
is an injection. Since
a = [tny, [tngs tas]] + [tns) [tn1s tns]] + [tnss [tnss tn,]] € M
and h*(a) = 0, by 11.8, we have that a = 0.

We finish with a uniqueness result about the operations P".
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Proposition 11.14: Suppose that for all A € s.A and all non-negative
integers j and n there is a natural operations

P :H3A - HFHYA
so that 1.) P*(z) = [z,z], and
2.) Pji commutes with the suspension isomorphism
8: HyA—HG'TA.
Then for all j and n, PJ = PJ.
Proof: Because both P/ and P’ are natural, it is only necessary to
prove that _ -
P?(tn) = P*(tn)
where ¢, € H3 K (n),4 is the universal cohomology class. By Theorem 11.1,
there are elements o € F2 so that

Pi(1,) = aj P (1) + Z arP(i,)

where the sum ranges over all allowable monomials
pl = pi1... pis
where s > 1 and %; +---+ 45 + s = j + 1. This last condition implies that
s é.onsider the map in the homotopy category associated to s A
f:E" K ()4 — K(n)+
so that HE f(tn) # 0. Th‘gl,a _}mder the composifg
H3K(n)y -2 HE K (j)+ ™= H5K i)+

we have that ¢, maps to +; and, then,

Pi(1;) = ojPI(1;) + Y _ arP(s;).
Furthermore, as a consequence of 11.1, the induced map

HEP Y K (n)y — Hy T K(j)+

is an injection. Thus, we have

[, 45] = ejg, ] + D @rPT (1)
Hence we may conclude that a; = 1 and ay = 0 for all other I.
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12. A reverse Adams spectral sequence for computing H; A

In this section we begin the computation of H5K(n); by producing a
spectral sequence that passes from w,A to H3A for A € sA. This spec-
tral sequence is a reasonable tool to consider as we often regard 7,A as
computable. The spectral sequence is due to Miller [16, Section 4] and [18].

As a look ahead, we remark that this spectral sequence will have a
particularly nice form when 7,A is the graded algebra underlying some
graded Hopf algebra. This will be the case when, for example, A = ¥B is
the suspension for some object B € sA or if A = K(n)4.

To begin, let AD be the category of g.aded algebras over the higher
divided square operations §;, as defined in section 2. Then homotopy defines
a functor

Ty : SA— AD

and
S : AD — AD

is the functor underlying a cotriple on AD.
Thus, if A € AD, we have a simplicial object &.A in AD and, for
T’ € AD, we may define
Ezxtp(A,T)

by the equation
(12.1) Ezxt%p(A,T) = ®* Homap(8.A,T).

Now let A,, € AD be the exterior algebra on a single generator z,, of degree
n, with the evident action of the operations §;. Notice that

T K(n)4+ & A,,.
Here is the reverse Adams spectral sequence.
Theorem 12.2: Let A € sA be a simplicial algebra. Then there is a

spectral sequence
Ext?y (7, A, Ag) = HEHIA,
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Before proving this we remark that because of the complexity of 7, A as
an object in AD and the complexity of the functor &, this spectral sequence
doesn’t necessarily appear as a step forward. It is the purpose of some the
auxiliary results of this section and of the next section to explore various
ways one might compute with this spectral sequence.

Proof of 12.2: Let SA = SF2A — A be the acyclic fibration with SA
almost-free produced in the proof of 1.4. Then

HAHA > r*Q5A.
Now,
SA = diag(S.,.A)

where S5..A is the bisimplicial algebra produced in section 1: S, 44 =
SP+14,. The observation that makes this proof go is that if we fix p,
then

TSPt A = gPtl(n,A)

In other words, by taking homotopy in the simplicial degree g — thereby
leaving the simplicial degree p — we obtain the canonical acyclic almost-free
resolution of 7, A as an object in AD:

S.(m A) — m,A.
The argument proceeds as follows: Form the bi-cosimplicial object B
with
B4 = Q5rt! A
Filtering B by degree in p, we obtain a spectral sequence
wPnB = 7?+diag[QS5...A*).

But, since

diag[QS.,.A*] = Q(diag(S.,.A))*,

we have that
7?*4diag[QS. . A*| = H 'é+qA.
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Thus the spectral sequence abuts to the promised object and we need only
identify the Ea-term. However

EP = 79Q3P1 A
& 19 Homg,(SPA,F2)
o Homg,(w4SPA,F2)
& Homg, (&7 (7sA)q, F2)
& Homap(&°H (1. A), Ay).

Hence ~
E»? = 7P Hom ap(S.(7. A), Ag)

= Exthp(me A, Ayg).

This identifies the E,-term and completes the proof.

In order to make this spectral sequence more accessible, we now develop
methods for approaching the the Ej-term. The first such method is to
produce a composite functor spectral sequence. For this we need some
notation. First we note that if A € sA then 7,A is an algebra over the
higher divided power operations of section 2. Because, for =,y € m, A,

6i(zy) = 226y if z € Ty A;
= y26;x if y € moA;

=0 otherwise

we have that the graded vector space of indecomposables Q7,A is actu-
ally a module over the higher divided power operations. We could define
the category of such modules by some suitable cotriple, but it seems more
natural to do the following.

Definition 12.3: Define the category UD of unstable modules over
the higher divided squares as follows: M € UD is a graded vector space

equipped with homomorphisms

6t My — Myy, 2<i<p
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so that the relations of Theorem 2.5 hold. That is, if i < 2j, then
j—i+s—1
61'6.1'(‘”.) = Z ( i_ g )6.-+j_,6,(z).
i+1/2<s<i+j/3 J

A morphism in UD is a vector space map that commutes with the operations
é;.

Examples 12.4:1.) If A € sA, then Qn,A € UD.
2.) f A,T € AD then A®T € UD via the formula

5i(r @ y) = 22 ® 8;(y) if z. € Ao
= 6i(z) ® y2 ifyely
=0 otherwise.

Then, if A € AD the multiplication map A ® A — A is a morphism in AD.

Now, if W € nF,; and &(W) € AD is the resulting free algebra over
the operations §;, that Q&(W) € UD is projective; indeed

Homyup(Q&s(W), M) = Hom,g,(W, M)

so the functor P( ) = Q&( ) is left adjoint to forgetful functor. Hence YD
has enough projectives.

Next, if T € AD, let LSQT be the left derived functors of the inde-
composables functor with respect to the cotriple induced by &; that is,

LSQr = 7,Q&.T
where &.I' — I' is the canonical simplicial resolution of T'.
Finally, let £¥"F2 € UD be the trivial module of dimension one over F2
concentrated in degree n. Here is the composite functor spectral sequence.

It is based on the observation that

Homap( ,An) & Homyp( ,E"F2)0Q( ).
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Proposition 12.5: For I' € AD, there is a spectral sequence
Ezt},,(LSQT,="F,) = Ext’ (T, An).

Proof: The argument, which I saw first as Proposition 2.13 of [16], is
standard. The forgetful functor YD — nF2 has left adjoint P, as described
above. Let P : UD — UD be the resulting cotriple. Then if N € UD, we
may form the augmented simplicial object P.(N) — N and

Ezt};p(N, M) = n* Homyp(P.(N), M).

Now let I' € AD and &.I' — I be the acyclic simplicial resolution of I', and
form the bi-cosimplicial vector space C with

CP9 = Homup('ﬁ,,(QéqI‘), Ean).
Filtering C by degree in p, we obtain a spectral sequence with
EP? = Homyp(P,(LET), 5"F»).

This follows from the fact that P is an exact functor and the definitions.
From this we conclude that the F; term of the spectral sequence is as
described in the statement of the theorem. To determine what the spectral
sequence abuts to, filter C' by degree in q. Then we get a spectral sequence
‘with

EP? = Ezt],,(Q&I, X"F3).

Since Q&,I is projective in UD EP'? =0 if p > 0 and

EY? = Homyp(Q&,I', E"F2)
= Hom.AD(éqI‘y An)

Thus E5? =0 if p > 0 and
E2? = Extd (T, Ay).

This completes the argument.
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Notice that there is an edge homomorphism
Ezt],,(QT, £"F2) — Extt (T, Ay).

We would like to know when this is an isomorphism.

Now, the spectral sequence of 12.5 would not be a step forward except
for the fact that there is class of algebras for which Lq @ vanishes for ¢ > 0.
These will include 7,XA, where XA, A € sA is the suspension of A. The
first point to make is that these functors depend only the algebra structure
of the argument. Define a triple 7 : nF2 — nF3 by

T(W) = 5(Wo) ® [®p>0A(W))]

where S( ) and A( ) are the symmetric and exterior algebra respectively.
Notice that, by Proposition 2.7, &W isomorphic, as an algebra, to 7(PW).
Since 7 is a triple, we have a category T of T -algebras and 7 : nF; — T
is left adjoint to the forgetful functor. We may regard T as the category
of graded algebras I so that if X € I'p, p > 0, then 22 = 0. There is a
forgetful functor AD — T. Finally, if I' € T, we can form the vector space
QT of indecomposables and we can form the derived functors

LTQr.

Proposition 12.6: Let I' € AD. Then there is an isomorphism of
vector spaces

LSQr~LIqr.

In articular, if there is an isomorphism of algebras I' & TW for some
e QT =0 for ¢ > 0 and

LSqr=qr.

Proof: The second clause follows from the first. The first isomorphism
is a direct consequence of Proposition 2.11 of [16]. The proof goes, in outline,
as follows: Let & and 7 denote the obvious cotriples. Form the bisimplicial
object

Q(»j’p+1 éq+1r)_
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Filtering by degree in ¢ we obtain a spectral sequence with E;‘:,q =0ifp>0
and Ej , & LqGQ(I‘). Here we use the fact that W = TW’ for some W’'.
Then, filtering by degree in p, we obtain a spectral sequence with E;‘;,q =0

if ¢ > 0 and E2, & LTQ(T). Here we use that 7,&.A = T via a canonical

contraction and, hence, that 7 &.I" has a contraction.

When we have an algebra I' € AD so that there is an isomorphism
of algebras I' & 7W for some W, then 12.6 guarantees that the spectral
sequence of 12.5 collapses and yields an isomorphism

This is obviously a simplification, returning the right hand-side of this equa-
tion to the realm of abelian homological algebra. In addition, under the
hypothesis that 7,A = TW for some W, the spectral sequence of 12.2
becomes

(12.7) Bzt (Qm.A,XF,) = HE A,

This will be the case for XA, A € sA. Indeed, if I' € AD is the algebra
underlying a graded Hopf algebra that is connected in the sense that I'g &
F> generated by the unit, then Borel’s structure theorem for Hopf algebras
implies that I' & T7W for some graded vector space W. We will explore
computing the FE>-term of the spectral sequence (12.7) in the next section.

Remark 12.8: Let I' € A be a commutative Fz-algebra. Regard I' as
a constant simplicial object in s.A. Then

7, XT = Torl (F3,F2)

and
H3ET = H3'T.

Thus 12.7 yields a spectral sequence
Ext}(QTork (F2,F3), BF,) = HEM'T.

This is similar to the spectral sequence written down by Miller in [18].
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As an interesting contrast, André and Quillen worked out the HgI'
in characteristic 0 — that is, for some field k£ of characteristic 0 — and
obtained that

HyT = [HEr]*

(from the definitions) and
HET = [QTory (k,k)]n+1;

that is, the indecomposables in T'or in degree n + 1. Thus H&I' is dual to
indecomposables in T'or. There are no higher divided power operations in
characteristic 0, so there is no need for a spectral sequence as in (12.7).

13. A Koszul resolution for computing Ezxtyp

In the previous section we saw that we could often approach H3 A through
the computation of Ext in the category #D. In this section, we apply the
work of Priddy [19] to produce a canonical chain complex for computing
these Ext groups.

Let P : nFs — UD be the left adjoint to the forgetful functor and
P : UD — UD the resulting cotriple. Then, for M € UD, we compute
Ezxt},p(M,X%F3) by the equation

Ext},,(M,29F3) = w? Homyp(P.(M), ZIF3).

Now X9F,; € UD is simply the trivial module of dimension one over Fj
concentrated in degree q. By allowing g to vary, we obtain a graded object
Ezxt},,(M,F2) with

Ezt?,(M,F5)? = Extf, (M, £F,).

It is this object that the Koszul resolution will compute. Note that we can
similarly define Homyp(M, F2).

Dually, we have a notion of Tor in UD. For M € UD, we specify two
canonical map P(M) — M. The first is the usual projection € : P(M) — M
adjoint to the identity M — M in nF3. The second is obtained as follows: if
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V € nF,; we may regard V € UD as a trivial module and obtain a projection
€: P(V) — V. Applying this to M regarded as an object of nF, we obtain
a projection € : P(M) — M in nF,. Then we define F2 ®up M by the
coequalizer diagram

_ ’
(13.1) P(M)ZSM — Fy Qup M.
Then we have

(13.2) Tor¥P(M,F3) = mpF2 Qup P.(M)

and
[Tor;‘D(M, F2)]* & Extl,p(M,F,).

If V is a bigraded vector space, we can define a filtration on P(V') by
(13.3) FP(V) = {6i;...6m(z) : z €V and m < g}
Notice that FIP(V) C FI*'P(V) and
8;FP(V) C FItip(Vv).

Therefore, the associated graded (actually bigraded) object EqP(V) has an
action by the operations

6; : E3P(V) — EZ'p(V).
increasing filtration degree by one and subject to all the axioms of (13.3).
We call the category of such modules EoUD.
Furthermore, if V is itself filtered by a filtration
..CFRVCcCF*'vc...cV,
we can define a filtration on P(V) by

FiP(V)= Y FP(F3V)CP(V)
a+b=q
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where F) is the filtration above. Thus, if M € UD, we can recursively define
a filtration on P,(M) = PP+1(M) by

F*Po(M) = F{P(M)
as in (12.3) and
F*Pp(M) = Y FP(F*Pp_i(M)).
a+b=s
It is simple to check that the face and degeneracy operators
di : Pp(M) — Pp_1 (M)

and _ _
851 Py(M) = Ppps (M)

preserve these filtrations and the associated graded yields a simplicial object
EoP.(M) in EgUD. Furthermore, the canonical contraction of P.(M) also
preserves this filtration, so we have

mEoP.(M) 2 M

concentrated in w9 EoP.(M) and filtration degree 0. In fact, if we regard M
as an object in EoUUD concentrated in filtration degree 0, then

EyP.(M)—- M

is the canonical projective simplicial resolution of M in EqUD. In E¢UD,
M is a trivial module because the operations §; shift filtration degree.
Therefore, if we define F2 ® g,up () by analogy with (13.1), then

7pF2 ®Boup EoP.(M) = TorF°UP(Fy, M).

Denote by
TorF*“P(Fy, M),

the elements of filtration degree q. Then the filtration above yields a spectral
sequence
EP? = Tor PP (Fy, M)q = TorY¥P(F,, M)
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with differentials
d,: EP? — EP~19-T,

Dualizing, we get a spectral sequence
Ewtll’%U‘D(M’ F2)q = EthlD(M’ F2).
Priddy’s results, suitably adjusted, include the following.
Proposition 13.4: If p # q, then

Toro4P (M, F3), = 0.

We Priddy’s argument applies immediately to prove this result. In
addition, the argument for this case can be adapted immediately from the
argument given in [13]. The next result follows immediately from the spec-
tral sequence above.

Corollary 13.5: Define a cochain complex for M € UD by
C?(M) = Bt} yp(M,F2)p, = E; ,

and

d* = d' : CP(M) — CP+(M).

Then
H*(C(M),d*) = Ext};p(M,F>).

To give specific details about the chain complex in 13.5, we need to
develop some notation. Recall that a composition

(13.6) br=26;,...6

is admissible if iy > 2ir4; for all k. The excess of I was defined in section
3. Define the length of 65 to be m.
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For M € UD, P(M) is spanned by elements which we will write
[61]2]

where, if z € M has degree t, then 67 is admissible and e(I) <t . If I = ¢,
we write [1|z]. Then EJP(M) is spanned by elements of the form

[61]x]

with £ € M, the operation admissible, e(I) < deg(z), and length exactly q.
If = has degree ¢, then this element has degree

(13.7) t+ Y ik
Then, recursively, we see that E§P,(M) is spanned by elements of the form

(65,161, - - - 161, |7]

with £ € M, the operations admissible, excess determined by the case p = 0
and the sum of the lengths of the 65, exactly g. From this it follows that
(F2 ® Eoup EoPp(M))q — the elements of filtration degree g — is spanned by
the residue classes of elements of the form

(13.8) [1|61,]...161,|=]

subject to the same conditions; in particular, if z has degree ¢, then

(13.9) e(lr) <t+» O L)

r>k

where we write Y I for 3 i, with I = (¢1,...,%m).
It remains only to give a basis for C*(M) and a formula for d*, so that
one can compute with the cochain complex of 13.5. First of all,

C'(M)=M*

is the graded F2-dual of M. Next consider the case where M = YiF, is
of dimension 1 over F, concentrated in bidegree t. Let ¢ € X'F, be the
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non-zero element. Then one easily sees that E.'z:t}gouD(E‘ F2,F2) has a basis
given by the residue classes of

() =[], 2<i<s

These have filtration degree 1. Then these elements define linear operations,
forall M e UD and p > 0

7' : CP(M); =Exth 1yp(M,F2)(p,1)
— E-thl’s-:z}m(M S F2)(pt1,46) = CPHH (M) 4

for2<i<t.

Proposition 13.10: Let {x,} C M* be a homogeneous basis for the
F2-dual of M € U. Then a basis for C?(M) is given by all elements of the
form

fyil e 7ir(ma)

with z, in the basis and
1.) 2 < ik < 2ip41 for all k;
3.) if z, has degree ¢, then i, < t.
Furthermore, if z, has bidegree ¢ then this element has degree

t4ii4 -+ ip.
This can be proved exactly as in section 3 of Priddy’s paper, or one
can use the exact same argument as outlined in [13].
This result suggest that there are relations among the operations v*;
following Priddy’s line of argument we see that these relations are:
Lemma 13.11: If 7 > 23, then

i+j—2 .

s=i—j+1 §—J
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This is, of course, the same formula as for the relations among the
operations P* in HY
Finally, we can determine the differential d* : CP(M) — CP+1(M).
First we consider the differential
d*: CP(EtF2) g Cp+1(2tF2).
One can easily check that if p = 1, then
(13.12). d*y{(*) =0

This formula follow from the Adem relations of Theorem 2.5.3 and a stan-
dard dualization argument. Then, for p > 1, d* “acts as a derivation”; that

1s, d*'yI(L*) — Z,yi, ---(d*fy‘*)---7i’(t*)
or

(13.13) d*vI(.*) = 0.

for all I.

One can apply the relations above for further computations. Now, for
general M € UD, the operations 6; : M — M determine dual operations

5,’ : (M*)t - (M*)t-i

We write these operations on the right. Thus, for example, if z € M™* is of
degree t, then z§; is of bidegree t —i. Then d* : CP(M) — CP*1(M) is now
determined by the formula

(13.14.1) d* (Y () =) v (6:)

i>2

and the relations above. In particular, d* : M* — C'(M) is given by the
formula

(13.14.2) d*(z) =) _ 7(6:).

i>2
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Remark 13.15:1.) This is a “lambda algebra” for computing Ezxtyp,
very similar to the lambda algebra often used to make calculations of Ext
in the category of unstable modules over the Steenrod algebra.

2.) If z € CP(M) is a cocycle in this cochain complex, then 7'(z) €
C?(M) is also a cocycle. Thus we have an induced operation

v : Bxt?, (M, S9F3) — Extly! (M, £9HF,).
Computation 13.16: Let K(n); € sA be the universal object rep-
resenting cohomology. We wish to compute H5A (n)4. Consider Miller’s
Q
spectral sequence

Exttp(m K (n)y,Aq) = HEMK (n)4.

Now 7, K(n)4+ = A(x,) — the exterior algebra on an element of degree n.
Thus, if n > 1 12.5 and 12.8 imply that

Bxthp(mK(n)4,Aq) & Ext];p(E"F2, TIF5).

Since X"F, is a trivial module in YD, the differential of 13.14 is zero and
we have an isomorphism

Ext},,(S"F2,F2) = CP(T"F3).
Thus a basis for Extl,,(E"F2, ©9F,) is all elements of the form
—)/il eee -yiP(l,*)
where +* is the non-zero eclement in £"F3, 2 < i < 2ip4; for all &, and
tp < n. Thus, if we can show that Miller’s spectral sequence collapses in

this case, we have proved Theorem 11.1.

We now write down and study an explicit chain equivalence

(13.17) & : Honmyp(P.(M),F2) & [Fa Qup P.(M))* — C*(AI).
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If M € UD and é6r = 6;, ---6;, is an admissible composition of higher
divided squares, then we can define an injective homomorphism

§T: M* = P(M)*
by .
Gl ={0 o HIZT

Here ( , ) is the pairing between a vector space and its dual. In this formula
I might be empty, in which case we write 6 = 1. Notice that there is a
factoring

M - [F ®uvl73(M)]*

M+ = P(M)*

so that, by restricting the range, 1 defines an isomorphism
1: M* — [F2 Qup P(M)]*.

Then, arguing as in 13.8, we see that

[F2 ®up Pp(M)]*
is spanned by elements of the form

lo6Mo...08(y)
where y € M*. Let us agree, for now, to write this element as

61 00 5(y),

dropping the “1” at the beginning.
We now define ® as in 13.17 by

(13.18.1) B(6 0---067(y)) =7 ---7*(y)
and
(13.18.2) ®(6M 0-.-087(y))=0  otherwise.
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To see that ® is a cochain map is a matter of routine, if lengthy calcula-
tion. We will gleefully leave this to the reader after supplying a few pointers.
(The less intrepid, can look up the dual calculation in [19], section 4). We
have the following formulas for

d; : [F2 Qup Pp(M)]* — [F2 Qup Ppt1(M)]*.

(13.19.1) dy(6 0---08(y)) =106M0-..06%(y)
13.19.2) d* (6D o---08(y)) =) P o-..0876(ys;
p+1
I

and, for 1<t<p
(13.19.3)
dj(67 0--:068"(y)) =D a(J,K,I)6" 0---06%-1067 06K 0... 06" (y).

In the last equation, a(J, K, I;) € F2 are numbers determined by the equa-
tions

6165 =  a(J,K,L)ég

and the sum in (13.19.3) is over all admissible sequences I and J, including
the empty sequence. The sum in (13.19.2) is over all admissible sequences,
also including the empty sequence. Of crucial importance to any calculation
proving that the map @ is a chain map is the case where I; = {3, j}. Since I;
is admissible 7 > 2j. Then it is a calculation similar to the one done in the
proof of 9.6 to show that we have the following specialization of (13.19.3)
in the case where I; = {i,j}:

d;(6% o0 61 (y)
=élo...08t-106t010...08(y)
+610...068-10106"0...087(y)
+6l0...08lt-106 068 0---087(y)

i+i=2 :
+ Z (28 i 1)‘“‘ 0---08lt—108ti"%06%0.. '°6Ip(y)'

$—=1J

It is exactly this formula that is needed to make ® a chain map.
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The fact that ® is a cochain equivalence follows from the facts that

1.) [F2 ®up P.(-)]* and C*(-) are exact functors to the category of
cochain complexes,

2.) H*[F3 Qup P.(M)]* = H*C*(M) = 0 if M is projective in YD and
8> 0, and

3.) @ : H°[F; Qup P.(M)]* — H°C*(M) is an isomorphism for all
M e UD.

We can now use ® to give another description of the operation
(13.20) v : Bzt (M, £9F3) — Extih! (M, £91F,)
of 13.15.2. For a fixed i, 6* defines a map
& : PP(M)* — PPHY(M)*
and thus we get a commutative diagram

PP(M)* iR PrHL(M)*
L1 5 L1
[F2 Qup Pp(M)]* — [F2 Qup Ppsr(M)]*.

In fact, this diagram and the fact that the vertical maps are isomorphisms
defines é°.
Now, let z € C?(M) be a cocycle and

y € [F2 Qup Pp(M)]*

a cocycle so that ®(y) = z. Then a calculation with the formulas of 13.19
shows that

6'(y) € [F2 Gup Pps1(M)]*

is a cocycle and the definition of ® demonstrates that

2(8'¥)) = 7'(2).

Hence

(13.21) 6% : [Fe Qup Pp(M)]* — [F2 Qup Pps1(M)]*
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induces the operation ~* of 13.20. o
It will be useful to have a formula for for 6*, and we obtain one right
from the definition (see after 13.17). If

z = [1|65,| - 161,|7] € F2 ®up Pps1(M),

then

. 0, if I t};
(13.22) (') =) = { G 161D, 03 = (3

14. Operations in the reverse Adams spectral sequence
In section 12 we constructed, for A € sA, a reverse Adams spectral sequence

Exth,(mA,Ag) = HE A
and a spectral sequence
Eztf,(LEQm. A, £IF5) = Ext?il(m.A, A,).

The latter spectral sequence degenerated under favorable conditions. In
section 13, we produced a chain complex for computing

Extg(v (M, Esz)-

We complete the circle of ideas by putting enough structure into the reverse

Adams spectral sequence to insure that it will collapse in interesting cases.
The method will be this: let

Pi:H3A — HZF 414

be the operations in Hg,. We will describe how these operations are detected
in the spectral sequence and use that information to make a computation.
We will use the work of W. Singer [23]. Most of the section wil be spent
proving the following.
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Theorem 14.1: Let A € s.A. There are operations
P! : ExtP(muA, Ag) = ExtP) (e A, Agyi)

so that

1.) if z € Exth (7. A, A,) survives to E, in the reverse Adams spec-
tral sequence, then P?(z) survives to Eo; and

2.) if o € HEY9A is detected by = € Extlp(mi A, Ay), then Pi(a) €
HEFH+14 is detected by Pi(z) € Ext%h) (1. A, Agti)-

To make computations possible we need to know how the operations
of 14.1 commute with the edge homomorphism

e : Ext];,(Qm.A,XF3) — Ezth (7. A, Ag).

Theorem 14.2: Let
7' : Bzl (@i A, XF3) — Extl ) (Qm.A, T+ F3)
be the operations of the previous section. Then

e(7'(2)) = P'(e(x)).

We can use these two results to prove Theorem 11.1, which we now
restate.

Theorem 14.3: Let n > 1 and let t, € H3K(n)4+ be the universal
cohomology class of degree n. Then a basis for H;K(n)4 is given by all
allowable compositions

Pl(1,) = P ... Pi*(4,)

with s > 0, i; > 2 for all ¢, and i, < n.
Proof: Consider Miller’s reverse Adams spectral sequence

Ezth (7 K(n)4,Aq) = HE K (n)y.
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Since n > 1, 7, K(n)+ = A(z,), an exterior algebra on a generator of degree
n, and
e : Extlp(X"F2, 29F2) — Exth (7. K(n)4,Ay)

is an isomorphism. By 13.6, a basis for the target of e is given by all symbols
of the form

SRR ()
with the composition allowable, s > 0, ¢; > 2 for all ¢, and i < n. Here, of

course,
Wt E Exth(Ean, E"Fz)

is the non-zero element. Since ¢* detects ¢, € H3K(n)4, 14.1 and 14.2 to-
gether imply that 4% - ..~ (.*) survives to Eo and detects Pt - - Pik(1,).
So the reverse Adams spectral sequence collapses, and the result follows.

We now must prove 14.1 and 14.2. The rest of the section will be
taken up with the proof of 14.1 and most of that proof will be taken up
with making the proper definition of the operations at F2. Then 14.2 will
be proved in the next section.

The spectral sequence discussed in 14.2 is that of 12.2; it is obtained
by analyzing the bisimplicial vector space @S.,.A, where

(14.4.1) RS, A =QSPH1A, = ISPA,
More explicitly, the spectral sequence of 12.2 is given by
(14.4.2) 7P19(QS., . A)* = nPtdiag(QS..A)*.

We then identified the E, term and the abuttment. We will work with this
description.

Implicit in the description of the spectral sequence of 14.4.2 is the
relationship between the total chain complex of a bisimplicial vector space
and its diagonal. If we let C(QS..A) be the total complex of @S..A and
C(diagQS.,.A) the chain complex of the simplicial vector space diagQS5.,.A,
then there is a chain equivalence

A: C(QS..A) — C(diagQSs.,.A).
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In fact, this is true of any bisimplicial vector space and A can be written
down explicitly in terms of (p, g)-shuffles — which are defined using the
horizontal and vertical degeneracy operators in a bisimplicial vector space.

The first step, then, is to define a coproduct on C(QS..A) and to
explore its properties. Since, for a fixed g, S.,; = 5.4, is an almost-free
simplicial algebra, we obtain a coproduct from section 5

(14.5.1) V5.4, : C(QS.qA) = C(QS5.,A® Q5. 4A)

of degree —1. Since this is natural in A,, we obtain a coproduct
(14.5.2) ¥s..4:C(QS..A) - C(Q5.. AR QS..A)

of degree —1 in p and degree 0 in q.

In addition, let B = diagS..A. Then B is an almost-free simplicial
algebra and, hence, supports a coproduct

vp:C(QB) —» C(QB®QB)
of degree —1. Since
QB = QdiagS..A = diagQS.. A

this is relevant; indeed, this coproduct is used to define the product and
operations on H;A. The following result says that the coproduct (14.5.2)
can be used to study this coproduct on the diagonal.

Lemma 14.6: There is a chain homotopy commutative diagram,
where the vertical maps are an Eilenberg-MacLane chain equivalences

¥s..a

C(QSA) =% C(QS..A®QS..A)
la la
C(@B) ¥&  C(@QB®QB).
Here B = diagS.,.A and

QB ® QB = diag[@S5.. A ® QSA].
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Proof: In fact, if we take A to be the map defined using (p, g)-shuffles,
the diagram will actually commute. To see this, recall that g Ap> 38 in
(14.5.1) is defined by taking the product of

(do ® do)¢, do¥p € HOMA(S'pAq, g,,_]_Aq ® S'p_lAq)

where 9 : 5.4, — 5.4, ® 5.A, is the Hopf algebra diagonal. ¢p is defined
similarly. Since the shuffles are defined using the degeneracies, a routine
diagram chase, the simplicial identities, and the definitions imply the result.

To apply this result and to prove Theorem 14.1, we need to define the
operations in the spectral sequence 14.4.2. To do this, we use the method
of Singer, who construct chain level higher Eilenberg-Zilber maps for the
chain complex associated to a bisimplicial vector space.

First a convention: let V' € ssF3 be a bisimplicial vector space. Then
V = {V,,q} is set of vector spaces, one for each pair of non-negative integers
(p,q), connected by various face and degeneracy operators. Let

d? : VP’q - ‘/P—laq
be the horizontal face operators and
d:’ : V‘P:q - ‘/P’q_l
the vertical face operators. This establishes a horizontal and a vertical
direction in V. So, for example, the sum of the horizontal face operators
yields a horizontal differential 8" : V, g — Vp_1,4-
Now let {D;} be a set of natural higher Eilenberg-Zilber maps, as in

3.6. Then, for bisimplicial vector spaces V and W, if we fix p, we have that
V5,. and W, . are simplicial vector spaces. Therefore, D; determines a map

D:, : C(‘/;’,' ® Wpa‘) . C(V'P,') ® C(WPQ')
so that Dj is a chain equivalence and for ¢ > 0,

8°DY + DY0” = DY_, + TD?_,T.
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Here T is the switch map. Since this is a natural construction
o"DY = DYo*

for all i. Also, for fixed j and k, V. ; and W. ;. are simplicial vector spaces,
so D; determines a map

D} :C(V.; ®@W.x) = C(V.;) ® C(W.x)
so that D! is a chain equivalence and for i > 0,
o"D! + Dto"* = D} |, + TD! |T.
Again, this is natural in j and k. Thus, following Singer, if we define
K;:C(VW)—-C(V)®C(W)
by
(14.7) K;= Y T'D!T'D}

s+t=i

we easily compute that Kj is a chain equivalence and for i > 0
OK;+ Ki0=K;_1+TK; 1T

where O denotes the total differential.
Now let A € sA and S..A the associated bisimplicial algebra. Define
operations

(14.8.1) Pi: H*C(QS..A)* — H*+1C(QS5..A)*

as follows. Let 15 4 be the chain map of 14.6 and define
0':C(QS5..A)* - C(QS5..A)*

by

(14.8.2) ©'(a) = ¥ 1 Kn_i(@®a) + 95 4 Kn_iy1(a® da)
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for o of total degree n. Then ©° is a quadratic chain map and induces the
homomorphic operations of 14.8.2. Compare 5.10.

That these operations are the correct object of study is a consequence
of the following.

Proposition 14.9: Let
A* : HHA = H*QdiagS..A* — H*C(QS..A)*
be the Eilenberg-Maclane isomorphism. Then
A*P = P'A*.

Proof: Consider the following diagram, where V and W are bisimpli-
cial vector spaces:

C(V W) N C(V)® C(W)
la D l aga
C(diagV ® diagW) —» C(diagV)® C(diagW).

In light of 14.6, the definitions of 14.8 and the definitions of 5.10, it is
sufficient to construct maps

E;: C(V@W) — C(diagV) @ C(diagW)
so that Ey and for i > 0
BE,-.H + E,'+1a =FE; +TE;T + (A ® A)Ki + D;A.

Then we could set V = W = @S..A. To see the existence of the E; we
use a standard acyclic models argument. First note that since A is a chain
map, we have that DyA and (A ® A)Kj are chain maps and for ¢ > 0,

3D5+1A + D,'+1Aa = D;A +TD;AT
and

I(ARA)K;11 + (AR A)K;110= (AR A)K; + T(AQ A)K;T.
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Now one proceeds exactly as in the proof of Lemma 9.5 of [24]. Incidentally,
if FoA[p] € sF; is the standard p-simplex, so that

then the bisimplicial vector spaces

F2A[p|®F2Alg]

with
(F2A[p|®F2Ag)),,: = F2A[p]s ® F2A[g]e
are the acyclic models in the category ssF, of bisimplicial vector spaces;

indeed,
Homsng (F2A[P]®F2A[Q]’ V) g ‘,PNI'

We’d next like to see how the operations P’ of 14.8 behave with respect
to the filtration of C(QS..A)* used to produce the spectral sequence of
14.4.2. This was filtration by degree in p. To do this, Singer points out the
existence of “special” higher Eilenber-Zilber maps; that is, he notices that
for simplicial vector spaces U; and U, we can make a choice of maps

D; : C(Uy ® Uz)n — [C(Uy) ® C(U2)]n+i

so that
D; =0

if ¢ > n. Now let V be a bisimplicial vector space and filter C(V)* by
degree in p. Denote this filtration by F*V. Then if we use the special
Eilenber-Zilber maps to define the homomorphisms K; of 14.7, then we can
conclude that

K!F?*C(V)* ® C(W)* C FPC(V Q@ W)*
so that the maps ©% of (14.8.2) induce maps

(14.10.1) @' : FPC(QS.. A)* — FPHC(QS..A)*
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and, hence, operations

(14.10.2) P aPn9(QS.,.A)* — nPHixeti(QS. A)*.

Proof of 14.1: The operations are defined in 14.10. Theorem 14.1.1
follows from that fact that ©* is a chain map. Theorem 14.1.2 follows from
14.9.

To finish this section and prepare for the next, we examine an alter-
native definition of the operations at Fo — that is, of the operations in

14.10.2. If we fix p, then the naturality of the construction of ¢35, 4 implies
that we obtain a map of simplicial vector spaces

¥5..4:Q5p41,A— Q5, A® QS,,.A.
This maps is cocommutative, so we obtain operations

Sq’ : 79(QS,,. A)* — w1 (QSp41,.A)*.
These operations are natural. Singer ([23], Theorem 5) the implies that
(14.11) P! = 1*Sq’ : 7P7Y(QS5..A)* — nPt1xtt(QS5. A)*.

If we preferred, we could work directly with homotopy, rather than dualiz-
ing. Using the methods of section 3, we see that 15 4 induces a map

Tathg. . A TeQSp41,.A — 1.5°QS, A
and we could write
(14.12) mps. (@) =) m(1+T)(y; ® z) + Y _ 0i(xSq’)

for some y;,2; € m.QS,,.A. The dual of the (\)Sq’ could then be used in
the formula 14.11 to define P* at Fs.
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15. The proof of Theorem 14.2

We devote this section to proving the following result, which is a restatement
of 14.2.

Theorem 15.1: For all A € sA and all i, there is a commutative
diagram

Ext)p(Qm.A,Z9F;)  — Ea:tf’A-D(lmA, Ag)
~* Pi
Emt{{“bl (Qm. A, 2q+i|:2) _°, E’zt_’:"'.'pl (e A, Agys)

Given that the relations among the v* (13.11) and the relations among
the P? (9.1) are identical, and that e is an isomorphim in the case of the
universal example K(n); when n > 0, it would be surprising if some result
such as 15.1 were not true. However, it is quite tedious to prove. The
difficulty is that we do not have a very good hold on e — it is defined in
terms of a filtration on a bisimplicial vector space — and that the definition
of the operations P* is rather complicated. We begin our attack on 15.1 by
rectifying the former of the two problems.

Let I' € AD. Then the natural map IT' — QI from the augmentation
ideal to the indecomposables induces a natural map

6l = 6(IT") — &(QT)
and, hence, a natural map defined by the composition
Q6r — @6(QT) = P(QY).
Thus we get a natural transformation of functors
p:Q86(:) — P(Q).
We’d like to extend this to a morphism of simplicial objects

(15.2) p.: Q&.T — P.(QT).
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To do this let
€e:6—-1 and n:6— &

and

e:P—>1 and n:P—-P?

be the structure maps of the cotriples & and P respectively. The simplicial
objects of (15.2) are determined by these structure maps. Compare the
proof of 1.4.

It is a simple matter to show that there is a commutative diagram

Qer % P@n
(15.3.1) 1@ le
Qr — Qr.
Now define a map p; by the composition
Q&’T = @&(8T)-ZP(Qer) 25P*(@Qr).

The definitions now imply the existence of a commutative diagram
Qér - P(Qr)

(15.3.2) lL@en _
Q&’T £, PAQD).

Suppose, recursively, that we have defined a map
Pn : Qénr - ﬁn(Qr)'

Then, define p,4+1 to be the composition

(15.3.3) Q&n+1l' = QE(E1T) P (QEnT) =P (Pn(QT)) = Prsa(QT).

Set po = p. Then the diagrams of 15.3.1 and 15.3.2 imply that we have
defined a map of simplicial objects

p.: Q&.T — P.(QT).
Now for any I"' € AD, there is a natural isomorphism
Homup(Qé.I‘, Eng) ] HomAp(é.I‘, Aq).
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Therefore the following is at least plausible.

Proposition 15.4: Let I' € AD. Then the edge homomorphism
e: Ext],(QT, XF;) — Ext’ (T, Ay)
is induced by the map

p* : Homyp(P.(QT), LF3) — Homyp(Q6&.(T), F,).

Proof: Consider the bisimplicial module P.Q&.(T') used in the proof
of 12.5. We refer to that proof freely here. Then

[ﬁ-Qé- (Dlpe = ﬁpQéq(r)-

‘We will call p the horizontal direction and g the vertical direction. Then
there is a horizontal augmentation

e :P.Q&.(T) — Q&.T

that induces a chain equivalence between the total complex of this bisim-
plicial vector module and the chain complex associated to the simplicial
module Q@&.I'. This can be proved as in 12.5; we will construct a specific
chain homotopy below. There is also a vertical augmentation

€’ : P.Q&.(T) — P.(QT)
and the edge homomorphism e is defined by the diagram
Homup(P.(QT), F2) <% Homyp(P.Q&.(T), F2) L Homup(Q&.T,Fs)
using the fact that the second map induces a cochain equivalence.
For a simplicial (or bisimplicial) vector space V, let C(V') be the chain

complex (or total complex) associated to V. To prove the result, we define
and investigate a chain map

p:C(Q&.T) - C(P.Q&.(T))
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that is chain inverse to €".

Since, for any A € AD, we have an isomorphism Q&A = P(IA), the
projection

€: PQSA — QSA
has a section

30 : QSA — PQSA
so that esp = id. Then, we can define

Sn+41 ¢ ﬁnQéA -3 'ﬁn+1QéA

by sp41 = P"tlsg. As the name would indicate, s,4+; acts as an extra
degeneracy in the simplicial module P.Q&A; thus, it is routine to check
that

08ny1 + 8,0 = id : P,QSA — P,QSA.

Therefore we have defined a contraction of P.Q&A. These maps s,4, are
natural in A. Thus, for every g, we obtain maps

sf,_,_l : PnSqA = Pry184A
that commute with

d} : PaQ&A — PrQEg-1A
when 1 < i < q. These maps do not neccesarily commute with dg. ‘It is the
existence of these maps s’,:_,_l that show that €* defines a chain equivalence,

as asserted above.
Recursively define, for 0 < k < q, maps

p’,; : Q8T = PrQ&q—ikA
by p§ = 5 and p} = shdjpk—1. We next inductively show that

h k+1 __ ke k
a pq - aqu + pq—l'
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This is true for k = 0 by direct calculation and for £ > 0 by
O"pgtt = 0"siy1dipg
= shdgeh ot +dgo}
= spd§d” o~ + shdips=] + dyskdg
= 8"pg + P

making liberal use of the simplicial identities and the fact that s} commutes
with df for i > 0. Now define

p: Q8 - C(P.Q&A) = ®kPrQEq—rA

by
p(z) = (y(2), - - -, PY(2))-

The tedious calculation above shows that p is a chain map
p:C(Q&.T) = C(P.Q&-A).
Since
e*p=id: C(Q&.T) — C(R&.T)

we have that p is a chain equivalence and that
€'p: C(QR&.T) — C(P.(QT))

can — after applying Homyp(-,F2) — be used to compute the edge homo-
morphism. However
€'p=€"pl=pq

where the last map is as in 15.3.3. So the result follows.

We now embark on the proof of 15.1. This will occupy the rest of the
section.

Let A € sA be a simplicial algebra and S. . A the associated bisimplicial
algebra. In 14.11 we noticed that there were operations

(15.5.1) Sq* : 79(QS,,. A)* — 11 (Q5,41,.4)"
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that could be used to compute the operations P* on Ext 4p (7. A, Ay). Now,
for any A € sA, there is a natural isomorphism

1.QSA 2 Fy Qup Q&(m.A).
Thus we get naturally defined operations
(15.5.2) Sq’ : [F2 Qup QEp(meA)]* — [F2 Qup QEp+1(m.A)]*.
Since, for any M € UD, we have
Homyp(M,XF2) =2 Homur,(F2 Qup M,XF,)

these are exactly the operations that we want to study.

The operations 7' on Exty,p(Qn.A,F2) were defined in 13.15.2; in
addition, we showed that the could be computed using the naturally defined
homomorphisms of 13.21:

(15.6.1) 6t [F2 Qup Pp(Qm.A)]* — [F2 Qup 'ﬁp+1(Q7l',.A)]*.
In fact, there is a commutative diagram
[F2 ®up Pp@mA)* <5 [F2 @up Pper (QmaA)]*
(15.6.2) le : le
CP(Qm.A) AN Ccr+(Qm,A).

Here & is the canonical cochain equivalence and +* induces the operations
~* on Ezxtyp. Thus, to prove 15.1 we must contemplate the diagram

cr(Qr.A) 2 CPHI(Qm, 4)
Te . Te
(15.7) [F2 Qup ﬁ,(czm)l* 2 [F2Qup P,iﬂ(czm,A)]*
p* : . P‘.'

[F2 ®up Q&,(mA)* 35 [Fa Qup QSp1(mA)*.

As far as I know, this diagram does not actually commute, which means that
we have to resort to subterfuge to show that it commutes up to homotopy.
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The crucial observation is this: we noted thrat there were isomorphisms

F-2 Rup ép+1(7r*A) = W*Q§p+1A
&7, IS,A
=~ 1, ISP A,

There is a canonical split inclusion for any simplicial vector space V'
S,V-5IS(V)

where S2V is the vector space of coinvariants of V' ® V under the action
of ¥, that switches the factors. Therefore, for A € sA, there is a split
inclusion

(15.8.1) i: SoISPA-SIGPHIA.
Hence, there is a split inclusion
(15.8.2) 7 (S2)PHIAS ISP A,
Applying homotopy we obtain a split inclusion
g 1 (62)P(Im, A) 2 mu(S2)PHIA — 7 ISPY A2 Fa Qup Sp1(TeA)
or, by dualizing, a split surjection
3* ¢ [F2 ®up Epr1(meA)* — [(62)"+ (I A)]*.

Here & is the functor so that for any simplicial vector space V', 7, S2(V') &
S2 (1l' ,.. V) .

Lemma 15.9: There is a map
A:CPHY(Qr,A) — [&:(IT. A)]*

so that the following diagram commutes

[F2 @up PPH(QmA)* 25 [F2 Quop clze,,ﬂ(m)*
1@ i*
cr+i(Qm, A) 2 (et (In A
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Proof: We need only show that if ®(y) = 0, then j*p*(y) = 0. This
follows from the definition of ® (13.18) and the description of & given in

3.5.

Because of this lemma, we can extend the diagram 15.7 to a diagram

Cr(@rd) X [Fr@un Pp@mA) L [F2@up Q8y(mA)*
1 ® 16 o 1 Sq°
CPH(QmA) — [F2Qup Ppt1(@mA)* — [F2Qup Ql6p+1(7r*.A)]*
l= 1@ J*
crH(Qm,A) — cr+(Qrm. A) 2, [&2+ (I, A)]*.

Theorem 15.1 now follows immediately from this diagram and the following

lemma.

Lemma 15.10: j*Sqip* = A®é'.
Proof: We actually prove slightly more. Since A® = j*p?, it is suffi-
cient to show that j*Sq’p* = j*p*6*. Now, since

j:SPHIA - 15714
factors as
SEYIIA — S,ISPA — ISPHIA

we have that j* factors as
PL
[F2 Qup Qép+1(7r*A)]*_J_’[62(F2 ®up Qép(7r-|=14)]“l — [6‘2’+1(IW*A)]‘-
We will show that

7*Sq’pr = 3*préi.
But &2(W) was computed in 3.5; it is spanned by all elements of the
form
uv and  §;j(v)

where u,v € W. Let (, ) be the pairing betwen a vector space and its
dual. If we can show that for all z € [F2 Qup Pp(Qm.A)]* and all u,v €
F2 ®U'D Qép(W*A), that

(15.11.1) (G*Sq’'p?(2), uv) = 0 = (5*p*6*(2), uv)
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and

(15.11.2) (3*Sq’p* (2), 6;(v)) = (3" p*5'(2), 6;(v))
3 {0, if i # j
- (P:‘z,v), ifi:j

then we will have accomplished out goal. These formulas will be verified in
Lemmas 15.12 and 15.14 below.

Lemma 15.12: For all z and u,v
(7*p?8i(2),uv) =0
(G*p6°(2), 65(v)) = { (();,,_.z, o), :: : * j’
Proof: Let j, be the map whose dual is 7*:
J» : 62(F2 Qup Q(&p(muA)) — F2 Qup Q(Sp+1(m.A)).
Then p.j,(uv) =0 and

(5(2), p.3ub5(v)) = {(();,p.v), ::ii:;

by 13.22. The result follows.

The proof of the other half of the equalities of 15.11 requires that we
have a formula for the composition

i
[F2 8up Q&(m A)|* “5[F2 8up QEpsa(m. A)]*
2[62(F2 Qup @E,(m.A))]*.
Lemma 15.13: For all w and u,v we have
G*Sqi(w)a uv) =0
Seqi 0, if i # j;
Grsa @) 80 ={ 0, oy, HiL]

(w,v), ifi=j.
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The proof is below.
Lemma 15.14: For all z and u, v, we have
(7*Sq’p*(2),uv) =0
G5 @ 6500 = { oy 0y, T

Proof: This second formula follows immediately from Lemma 15.13
by setting w = p¥*(z2).

Proof of 15.13: By 13.12, the operations can be defined by consider-

ing
L TeQSp+1,A — m.52QS5, . A

and using the formula

(15.15) Tutps.,.a(@) = D M1+ T)(y; ® 2) + Y 0i(Sq").

Thus to study 7*Sq’, we must consider the composition
9208, Ag-+Q8p 1Ay 2 52Q5, A,
for fixed p and ¢q. We claim that
¥s..a] = tr: $2Q5, A, — 5°Q5,A,

where tr : S5V — S2V is the map induced by 1+T: VRV - VQV. If
this is the case, then

T (¥5..47)(z) = mutr(z).
Then Lemma 3.9 implies that

(3. 47)(uwv) = m(1+ T)(u @ v)

(15.16) T (3. 43)(8;(v)) = 0;(v).
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Then the result will follow by comparing the formulas 15.15 and 15.16.
To prove 93, 4J = tr, we will construct a commutative diagram

$2Q5,4, 5+  Zop14, °HX¥° s25.4,
1= . 1 " T

(15.17) S2QS,A, = ISpmA, 2 S2I5,4,
1= ! ¥s..a l

$2Q8,A, o Q5pA, =X $2QS5,A,

where

15.17.1) the squares of the right column are constructed using Lemma
7.12;

15.17.2) ¢ : S.A; — S.Aq ® S5.A, is the Hopf algebra diagonal that
commutes withh all face and degeneracy maps except dp;

15.17.3) oY + ¢o =_(do ® do)'l/) + %dp; and

k(z) € PSp414,
where P denotes the primitives and
dok(z) = x € S2Q8pA, = 5215, 1A, C SpA,.
Only the existence of k¥ and the properties of 15.17.4 are not an imme-

diate consequence of Lemma 7.12. Assuming, for the moment that we have
constructed k, we can proceed as follows: let z € S2QSpA4. Then we may

write
r= Zy? + Z'w_,'z,'
i J

where y;,w;, z; € QSpA,. Then, using 15.17.4, we can compute that

pdok(z) = (O 12 + Y w;z;)
=2@1+1Q@z+ Y _ w; @z + 2; @ w;
and
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(do ® do)vk(z) = (do @ do)(k(z) @1+ 1 ® k(z))
=zQ®1+1Q=z.
Hence
(0% + ¢0)(k(z)) = ) _w; ® zj + 2; O w;
= tr(z).

Therefore, the result will follow from the diagram 15.17.
To construct k, we record the following observations.

= eaﬂ.>.1‘s'n(1"§p—1Aq)
S Bn>15:(Q5p4q)

and j is defined by inclusion into the factor n = 2. Furthermore
ISp114, eanzlsn(IgpAq)-

We define
E H SzQS-'pAq g I§p+1Aq

by the composition
S2Q5,Ag—2I5,A, = S1(I8pAq)—S215,414,

and we define k£ by the diagram 15.17. That diagram certainly commutes
and 15.17.4 follows from the facts that

V=5 CPSV)
for any vector space V, and that the composite
IA=8IAC S(A)—A

is the inclusion of the augmentation ideal.
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Appendix A: André’s product on H53A
In [2], André defined a product, for A € sA,

, Y: HZSAQ H3XA — HZT"SA
Q Q Q

where ¥ : sA — sA is the suspension functor. This product is bilinear,
commutative, and satisfies the Jacobi identity. Furthermore, using the iso-
morphism H5A = H a"'lZA, we see that this product defines a product

HZAQ® HRA — HRH 14,

We will show that this product is the same as ours.

We begin with a recapitulation of André’s results. In section 4, we
noted that HHX A could be computed using derivations. In like manner,
it can be shown that H2X A can be computed using Kaehler differentials.
Specifically, let A € s A. Then, factor the augmentation € : A — F5 as

A XS,
where % is almost-free and € is an acyclic fibration. This may be done
functorially in A. Then let J(X) be the kernel of the A-multiplication
X4 X - X
and define the Kaehler differentials by
QX) = J(X)/J(X)2.

We should really write Q4(X) for (X) to emphasize that Q(X) is functo-
rial in A as well as in X, but we prefer the lighter notation.
André proves the following result.

Lemma A.1.1.) J(X) is both a left and right X-module.

2.) These two module structures agree on Q(X).

3.) If we define d : X — Q(X) by letting d(x) be the residue class of
the element £ ® 1+ 1 ® z, then d is an A-derivation:

d(zy) = zd(y) + yd(z)
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and
d(az) = ad(z) for all a € A.

4.) The homomorphism
Homx (U X),W) — Ders(X,W)

given by
fr— fod

is a natural isomorphism for all 7o X = F2 modules W.
If W is a moX £ F2 modules, then the composition
Xn—dion — X £ F,

makes W an X,, module. Of course, this composition is just the augmen-
tation. The isomorphism of A.1.4 is an isomorphism of simplicial vector

spaces. Notice that A.1.4 says that differentials represent derivations, as
they should.

Now we make a computation. If W is a mo X & F3 module, since W is
an X-module via the augmentation € : X — F2, we have that

Homx(Q(X), W) & Homg, (Fg Rx Q(X), W).
Furthermore,

Der4(X,W) = Derg,(Fa @4 X, W)
& Homp, (Q(F2 RQa X), W)

Thus, A.1.4 implies the following result.

Lemma A.2: There is a natural isomorphism of simplicial vector
spaces
F,®x Q(X) =] Q(Fz Ra X)

so that
m.F2 ®x Q(X) = H2TA.
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Proof: By definition, ¥A = F, ®4 X.

But André notes that the situation is actually somewhat simpler than
one might have hoped. We will use the following lemma repeatedly; it is
due to Quillen.

Lemma A.3: [20,11.6.6.b] Let A € sA and let NV be an almost-free
simplicial A-module. Let M be a simplicial A-module. Then there is a
spectral sequence

TorT*A(mu M, muN)g => TpyqM @4 N.

Lemma A.4: If A € sA is almost-free, the quotient map
Q(X) — F2 @x 2(X)

induces a natural isomorphism in homotopy, and there are natural isomor-
phisms
HEZA = 1,0(X)
and
HHEA = 7 Homp, (2(X), Fa2).

Proof: If A is almost-free, then X is almost-free and each X, is a
free F2-algebra. Thus André’s calculations [2,Corrollaire 2] implies that we
have an isomorphism of X,,-modules

QXa) 2 Xn @ Q(F2 ®a, Xn).

This isomorphism is natural with respect to maps of free algebras so that
Q(X) is an almost-free simplicial X-module. So Lemma A.3 applies and
and we have

T U X) & 7. (F2 @x UX)).

The isomorphisms about homology and cohomology follow from A.2.

Because of the hypotheses of this last result, we work freely in the
homotopy category associated to s.A, so that we may replace, at will, any
object in s.A by an almost-free object.
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We can use Lemma A.4 to give a description of the Hurewicz map
h:Ir,2A — HETA.
Consider the exact sequence
0-JX) > X4 X —->X—0.

Since 7, X 2 F3, we have that 7,J(X) & In,X ®4 X. If A is almost-free,
then the quotient map

ERL1I: XRQ1 X —-F,0, X=X4

is a weak equivalence, by Lemma A.3. Thus, «,J(X) = Ix,XA. The
quotient map J(X) — ©(X) now induces the Hurewicz map.

To define his product, André first defines a coproduct in homology, then
dualizes. We have noted that n,XA has the structure of a Hopf algebra.
The diagonal is obtained as follows. We just saw that the quotient map
X ®a4X — F;®4 X is a weak equivalence in s.A. The same will be true of
the composite

1Re®@1: XR@AXQ4X = XQ@4AF 204X 2 XQAF20F204X = TAQRXA.

Then in [12] it was proved that the diagonal in 7,XA obtained by
applying homotopy to the map

17®R@1: X @4 X 2 XR® 240 XR4 X

produces a Hopf algebra structure on 7,XA. Here 9 : Fo — X is the unit
map. The induced diagonal

P:TEA - T IAQR T LA

is not necessarily cocommutative; therefore we obtain a possibly non-trivial
commutator coproduct

p=¢v+T¢:7,XA - 7,TAQ T IA.
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where T is the switch map. Since, for z € IT,X A, we have
P(x) =x®1+1®w+2y;®z,~
we see that
o)=Y ¥i®z+2z0y € InTAQIT,TA
so that ¢ induces a map
p: It XA — IT,XAQ IT, XA.
Now recall that m,J(X) = I, XX, where J(X) is the kernel of the multi-
plication map. We could use this fact to construct ¢ directly.
Define the reduced diagonal
YT IA - T, TAQ T TA

to the homotopy of

E=1®7Q1+7®181+10187]: X@4X - X®4X Q4 X.
One checks that if ¥(z) =2 ®1+1®@z+ )_¥:i ® 2;, then

P = Z Yi ® zi.
Hence the name. Notice that
V+TP=9p+Ty=e.
Now we claim that there is a commutative diagram
e = @) ®x J(X)

X®4X -5 X@aX®xX®aX = XQ@4XOaX
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where the vertical maps are induced by the inclusions. To see this, let
Y z; ®y; € J(X). Then ) z;y; = 0 and
EQ zi®y)=) z:®10Y+10z:@y+2:®y®1
=) 701010y +1®7: 010y
+z;®10%:1+1Q®@z; ;@1
=) (@®1+19z)Q@ 1+ 10 w)

(A.5)

This implies the existence of the diagram, and we may take ¢ to be map
obtained by applying homotopy to the composite

J(X)-5J(X) @x J(X)57(X) @x J(X).

Next we claim that there is a morphism
p: X)) — UX) ®x UX)
so that the following diagram commutes:
J(x) U 5(x)ex J(X)
(A.6) ! !
Q4) L 9X)ex AUX).
To construct u, consider
dRd: X QR4 X — QX)) ®x UX)
where d is the universal derivation of A.1.3. We will see that on J(X)?
(1+T)d®d)=0.

If this is the case, the we obtain an induced map p and a quick glance at
the formula (A.5) implies the commutativity of diagram A.6.
To prove the claim, we compute. Let

Zm@yi, ij ® z; € J(X).
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Then
AR ziw; @ yizs) = Y yid(z:) ® wid(z;) + Y _ zid(w;) @ zid(yi)
= zid(y:) ® d(wj)zj + D wjd(z;) ® d(zi)ys
= zjd(y:) ® mid(w;) + Y _ yid(25) @ wjd(=:)
=Td® d)(z ziw; @ Yizj).

This is exactly what was needed.
Notice that, by construction, this coproduct g is commutative; that is,

p=Tu: UX) - QX) ®@x QX).
Notice also that Lemmas A.3 and A.4 imply that the quotient map

p: Q(X) Rx Q(X) —FQ®x Q(X) Rx Q(X)
2 Q(F2®4X)QQ(F2 ®4 X)

induces an isomorphism in homotopy.
We now come to the product defined by André.

Definition A.7: Define a product
(,): HGEAQ@ HGXA — HGEA

as follows: if r,y € H5X A are represented by o, 8 € Q(F2 ®4 X)* respec-
tively, then (z,y) is represented by

n*p*Dg(a ® B)

where Dy is an Eilenberg-Zilber chain equivalence.
We can also define operations

Sq' : H3TA — H3YTA.
As always, this is done by defining a quadratic chain map

0 :Q(F;®4 X)* —» Q(F2®4 X)*
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by
©%(a) = u*p*D;_j(a®a) + p*p* Dy iy, (a ® )

where a € Q(F2 ®4 X)* is of degree n and Dj are higher Eilenberg-Zilber
maps. Then ©* induces Sq* in cohomology.

Of course { , ) is commutative, bilinear, and adds degree:
(,): H3TA® H3EA — HZt"TA.
The operation Sq’ is a homomorphism and
: (z,z), if i=deg(z);
Sq'(z) =
0, if 1 > deg(z).

This product could be called a Samelson product, just as we called [, ]
on H5A a Whitehead product. We would like to show that there is some
relation between the Whitehead product and the Samelson product. The
first thing we must do is show that the Samelson product is non-trivial.

Lemma A.8: Suppose 7, A is fo finite type and let (,) stand for both
the product of H5Y A and the commutator product on 7*XA*. If

h* : HGYA — n*LA*
is the Hurewicz homomorphism, then
h*(z,y) = (h*z, h*y).

Proof: This follows from A.6, using the description of the Hurewicz
homomorphism give after A.4.

If we take A = (K(m) x K(n))+ to be the universal example and
Jm,Jn € HGEA

to be the suspension of the universal classes ¢,, and ¢, respectively, then
we say in 11.8, that (h*j,., h*jn) # 0. Hence (jm,Jjn) # 0.
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Now for any A € sA let
d:H3A — HZH'zA
be the natural isomorphism. Let [, ] be the Whitehead product on H3A.
Proposition A.9: For all z,y € HGA
Olz,y] = (0z, By).

Proof: Because both products are natural, we need only show this
result for the universal example A = (K(m) x K(n))+ and £ = ¢, and y =
tn. In 11.7 we proved that there was a unique non-zero class in H, 3+"+1A
that passed to zero in H} under the maps induced by the two inclusions

fi: K(m)y — (K(m) x K(n))y = A

f2 : K(n)4 — (K(m) x K(n))4 = A.

Since the classes [ty,tn] and 8~1(O¢p,Ot,) both statisfy these conditions,
the result follows.

A similar result holds for the operations. However, we must state a
lemma first.

Lemma A.10: The operations Sq* commute with the suspension iso-
morphisms
0: H3ZA—HE 22 4;

that is, ‘
8Sq'(z) = Sq'(dz).

The proof of this lemma is rather involved — although very similar to
the proof of 5.12. We postpone the argument until after we state and prove
the result that we really want.
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Proposition A.11: Let P’ be the operations of HHA and let Sq*
be the operations derived from André’s product on H5¥A. Then for all
z € HHA

0P (z) = Sq'*'(dz).

Proof: We apply 11.14. Define for A € sA and z € HGA
Pi(z) = 0-1Sq**!(9z).
Then if r € HGA
P*(X) =0"1Sq"+(dx)
= 9”10z, Oz)
= [z, 2]

by A.9. Also _ '
dP!(X) = Sq't!(9z)
= a—lsqi+1 (322:)
= P'(0z)

by the previous lemma. Thus 11.14 implies that P*(z) = P%(z) and the
result follows.

To prove Lemma A.10, we have to make specific some of our gen-
eral constructions. We will use the Eilenberg-MacLane W-construction, as
spelled out in [17].

Lemma A.12: There is a functor

W:sA— sA

equipped with a natural transformation ¢ : 1 = W so that:
1.) if A € sA is almost-free, then

AW A-SF,

is an almost-free map followed by an acyclic fibration;
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2.) if f : A — B is an almost-free morphism in s.A, then
Wf:WA—-WB

is an almost-free morphism;
3.) if W( ) is the functor WA = F2 ®4 WA then there is a weak
equivalence
TA~WA:

4.) and if f : A — B is an almost-free morphism, then
Wf:WA—-WB
is an almost-free morphism.
Proof: This follows by inspection of the definition of W A given in
[17]. The fact that = A ~ W A follows from part 1.

The upshot of this lemma is that we may use W A for X in the definition
of Q(X). So, in particular,

HYTA 2 m, Q(WA)

for A € s.A almost-free.
Now consider the diagram, for A € s A almost-free:

A A waA — wA
lia | liwa _ 1l Wia
WA ¥4 w24 — WWwWA
l
FoQwa WWA.

By Lemma A.12, all the labeled maps are almost-free. Since
WWA~IWA
and n, WA = F,, we have that

e:WWA—-F,
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is an acyclic fibration. Thus we have a weak equivalence
Fo @wa WWA~T2A,
Since Wi, is almost-free, there is a short exact sequence
0— QWAYEAQWWA — Q(F2 @4 WWA) =0
and the dual of this sequence may be used to compute
0: HZXA — H”+122A.

In fact, upon dualizing, we obtain a diagram

(A.13) _ _
0 5 QF:®waWWA»* — QWWA* — QWA* — 0
l 1 1
QW W A)* 2, owz24) L awa)>

The vertical maps are all weak equivalences and the bottom row, although
not exact, has the property that g is an injection, f is a surjection, and
fg = 0. Let K be the kernel of f. Then there is an injection

QWWA)* - K
and the five lemma and A.13 imply that
™K = H5E2A.
Hence the short exact sequence
0— K — QW24 -L.owa)* -0
may also be used to compute 8 : H3XA — HHX?A.

Proof of Lemma A.10: Let z € HQEA be represented by o €
QW A*. Then, using Definition A.7, Sq*(z) is represented ©%(c). Choose
B € QWWA* that maps to o and v € Q(F2 ®w, WWA)* that maps
to 8. Then 8z € H, "'HEzA is represented by v and, hence, Sq*(dz) is
represented by ©°(). Now a simple calculation using fact that 80* = ©'9
shows that 8Sq’(z) is also represented by ©%(7). The result follows.
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With an eye to future applications, we use this section to write down and
examine a cofibration sequence of simplicial algebras that is analogous in
many ways to the EHP sequence in classical homotopy theory. We compute,
among other things, the associated long exact sequence in cohomology and
show that it is in fact, short exact.

Let K(n)+ € sA be the universal example for cohomology.

Theorem B.1: In the homotopy category associated to s.A, there is a
cofibration sequence for n > 1:

SK(2n — 1)4—5EK(n — 1) —oK(n)y
where
Ee[ZK(n—1)4,K(n)4+]sa 2 HZEK(n— 1)y X HF 'K(n—1)4 =F,
is the unique non-trivial map.
We prove this at the end of the section, preferring to forge ahead

with applications. Because of Theorem B.1, the homotopy cofiber of E
is 32K (2n — 1)+ and we have a homotopy cofiber sequence

SK(n —1)4 oK (n) 4 —>52K(2n — 1)4.
Let W be the category of Definition G, Chapter 1.
Corollary B.2: If n > 2, there is a short exact seqeunce in W:
* 2 P* E*
0— H3Y*K(2n — 1) —HGK(n)y —HQEK(n — 1)4 — 0.

Indeed, if tm € HGK(m)4 is the universal cohomology class of degree m
and P! = P% ... P* is some sequence of cohomology operations, then

E*PI(1) = P (ta-1)
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and
P*Pl(135_1) = PTP*(4,)

= Pin, tn].

Corollary B.2: There is a short exact sequence in W:

0 — HyK(1)4 ZoHESK(0), ZSHLTK (1), — 0.

Both B.2 and B.3 are obvious from B.1 and the calculations of the later
sections of this paper. In fact B.2 may be strengthened. There is a weak
equivalence

TK(0)+ K1)+ @ SK(1)4

given by taking the composite
K (0)+TK(0); ® SK(0): 25K (1) ® TK(1);

where 8 € [K(0)+,K(1)+]sa & HGK(0)4 classifies B(s) and 9 is the
comultiplication.

We wish to expand this calculation somewhat to say something about
the relationship between the homology operations §; of sections 2 and 3
and the cohomology operations P?. Let S(n) be the sphere object that
represents homotopy. We consider the homotopy cofiber sequence, for n >
0,

(B.4) S(n)—K(n) 4 F(n)

where

e € [S(n),K(n)4]ea = 1 K(n)y =2 HZS(n) = F,

is the unique non-zero class. First notice that we can use 4.7 to compute
mF'(n). Indeed, the extension of the cofibration sequence B.4 yields a map

g:F(n) - XS(n)~ S(n+1)

and
TuS(n + 1) = T(67(Jn+1))
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where the I denotes the divided power algebra, 65 = é;, - - - 8;, is admissible,
s >0, and e(I) < n + 1. (See sections 2 and 3.) Then

Txg : T F(n) — m.S(n)
is an injection and defines an isomorphism
7o F(n) 2 D(61(nt1))
where 6; = 6;, - - - 6;, is admissible, s > 1, and e(I) < n + 1. In particular,

in the notation of section 12, F; Qup Qr.F(n) is spanned by the residue
classes of the elements 8;(jn+1), 2 < j < n. Let

Y € [F2 Qup QW*F(n)]n.,.j.H

with 2 < j < n be this residue class.
On the other hand, since H5S(n) = F2 concentrated in degree n, we
have

e*Pi(t,) =0
and, hence, for 2 < i < n there is a class
a; € H3V 1 F(n)
so that f*a; = P'(t,). We wish to show that o; and y; are intimately
connected.

We have seen that the Hurewicz homomorphism defines a map

h* : HyF(n) —Homyp(Qm.F(n),F2)
& [F2 Qup Qm.F(n)]*

and the following seems entirely reasonable.
Proposition B.5: h*o; is dual to y;; that is,

(h*ai,yi) = 1.
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Proof: We first consider the case where i = n. In this instance, we
examine the diagram of cofibration sequences

S(n) =, K(n); L F(n) -  S(n+1)

1 e 1! l 1%
SK(n-1)y - K(n)y - T!K@2n-1); 25 $2K(n-1),.

We have extended the sequences one step to the right. Then we notice that
m2%e: m,S(n+1) - 1, I2K(n — 1),

identifies the target as the ring =,S(n + 1) modulo the ideal generated by
the elements 67(jn4+1) where e(I) < n. The result then follows by a diagram
chase using Corollary B.2.

For i < n, we examine the diagram of cofibration sequences

S(n) =E"~iS(1) — I K(i)+ — I F(i)
l= | g~ i
S(n) — K(n)+ —  F(n).

A simple diagram chase now proves the result.

This leaves the proof of Theorem B.1. We begin with the following
preliminary result. Notice that it is a consequence of 4.9 that

T LK (m); = T(y)
where I denotes the divided power algebra and y € T +1 XK (m)4.

Lemma B.6: There exists a map H : T K(2n — 1)y — EK(n — 1)
so that
0# muH : 13, XK(2n — 1) — w2, ZK(n — 1)4.

Proof: We use the Hilton-Milnor Theorem, and it is convenient to
compute in cohomotopy. We know, using 4.9, that

T E(K(n —1) x K(n — 1))} = T(y1,92)
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where y1,y2 € "Z(K(n — 1) x K(n — 1))} are induced from the two pro-
jections and T' denotes the tensor algebra. We have constructed a map

fF:Z(Kn-1)xK(n-1))y - EZK(2n —1)4
so that under
T f* :m*SK(2n — 1) E Fafz] - 7*EZ(K(n - 1) x K(n — 1))+
we have
7™ f*(2) = [y1,92] = y192 + y2u1.
The Hilton-Milnor Theorem implies that f has a retraction g:
g:ZK(2n—-1)4 - X(K(n—-1)x K(n —1))+
so that gf = id. Therefore
79" [y1, y2] = =.
Now let
p1,p2: (K(n—1)x K(n—-1))3 = K(n—1)4
be the two projections and let
prtpe: (K(n—1) x K(n—1))4 — K(n - 1)4
be the sum of the two projections. Then we can construct H as follows: if
n*g*y? # 0, set H = Tp; o g; similarly, if 7*g*y2 # 0, set H = £p, 0g. But
if 7*g*y? = n*g*y2 = 0, set H = Z(p1 +p2) 0 g.
Proof of Theorem B.1: Let H : ¥XK(2n — 1)y — XK(n —1)4 be as
in the previous lemma. Since any morphism in s.A induces a morphism of

divided power algebras in homotopy, 7, H must be an injection. Let X be
the homotopy cofiber of H; that is, there is a homotopy cofiber sequence

EK(2n—-1)y - XK(n-1)4 — X.

By 4.7, 7. X = A(z) where A denotes the exterior algebra and z € 7, X.
Also
H3X = HGYZK(2n — 1)4

so that there is a non-trivial map X — K(n)4. This map must be a weak
equivalence. Finally, the composite

YK(n-1)4 - X — K(n)4

is non-trivial in H¢ and, hence, must be E.
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ABSTRACT

Quillen and André have rigorized and explored a notion of cohomol-
ogy of commutative algebras or, more generally, simplicial commutative
algebras. They were able to do a number of systematic calculations, espe-
cially when concerned with a local ring with residue field of characteristic
0, but the case when the characteristic was non-zero remained a problem.
However, for certain applications — for example, to homotopy theory — the
non-zero characteristic case is vital. In this paper we explore André-Quillen
cohomology of supplemented algebras over the field F, of two elements, and
completely determine the structure of this cohomology, including a product
and “Steenrod” operations. A necessary part of the program is a complete
examination of the homotopy theory of simplicial algebras. For this we
draw on the work of many authors.
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