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CONTINUOUS COHOMOLOGY AND REAL HOMOTOPY TYPE II

EDGAR H. BROWN AND ROBERT H. SZCZARBA

Introduction.

In our earlier paper “Continuous Cohomology and Real Homotopy Type” [3], we
studied localization of simplicial spaces at the reals and established an equivalence
between the category of free nilpotent differential graded commutative algebras of
finite type over the reals and nilpotent simplicial spaces of finite type localized at the
reals. In this paper, we extend these results by eliminating the nilpotent condition
on the algebraic side, thus proving a conjecture of Sullivan [8]. (See Theorem 1.2,
Part (iv), below.) The main technical work consists in introducing local coefficients
into continuous cohomology, continuous de Rham cohomology, the Serre Spectral
Sequence, and the constructions involved in real homotopy type.

We also obtain information about secondary characteristic classes of G foliations
in the sense of Haefliger [1,3,4,6], namely that when G is compact, the continuous
cohomology of the appropriate classifying space injects into the ordinary cohomology.
This result is stated and proved at the end of Section 2. (See Proposition 2.5).

Our main results are stated in Section 1. The remainder of the paper is devoted

to proving these results.

1. Statements of Results.

We begin by recalling some of the notation and definitions from [3].

Let CA denote the category of differential (degree +1), graded, commutative (in
the graded sense), locally convex topological algebras with unit over R and AT
the category of compactly generated simplicial spaces. Let Q¥ denote the space of
C* differential p-forms on the standard g¢-simplex A? in the C*° topology. Then
Q@ = {Qf} is in AT, Q, = {QF} is in CA and Q@ = {QF} is in ACA Define
contravariant functors A : CA— AT and A: AT — CAby

1The first author was partially supported by the National Science Foundation.

Astérisque 191 (1990)
S.M.F

45



BROWN & SZCZARBA

A(A)g = (A,Qq) = the simplicial space of algebra mappings A — ,
AX) = (X, QP) = the vector spaces of continuous simplicial mappings X — QPF.

The simplicial structure on £ gives A(A) a simplicial structure and the algebra
structure on § gives one on A(X). We view A(A) as the simplicial realization of A
and A(X) as the algebra of differential forms on X.

For X € AT and any topological abelian group G, let C9(X;G) be the space
of continuous mappings u : Xg — G with uos; = 0,0 < 7 < g — 1, and define
§:C1(X;G)— C1(X;G) by

g+1

bu = z(—l)ju 00;

—
Here, s;,3; denotes the face and degeneracy mappings of X. The continuous coho-
mology of X with coefficients in G is defined by

H*(X;G) = H (C*(X;G); 6).
The usual deRham mapping defines an isomorphism
¥ : H*(AX);d) — H*(X;R) = H*(X).

(See Theorem 2.4 of [3].)

We next describe homology of A € C.A with local coefficients. Suppose L is a finite
dimensional Lie algebra which acts on a finite dimensional vector space V via a Lie
algebra homomorphism v : L — g€(V) = Hom(V,V). Let C*(L) denote the usual
cochain algebra on L, that is, CP(L) is the space of alternating, multilinear functions

u:IP=LxLx---xL—>R
with d : CP(L) — CP*1(L) given by
du(ly, ... bpy1) = D (-1l 4], b1, .. iy B, )
i<j
For A € CA we define L-local coefficients on A as follows. Let 4;,... ,¢, be a basis

for L, £3,... ,£; the dual basis for L*, and suppose A : C*(L) — A is a C.A mapping.
Definedy: AQV — AQV by

n
dr(a®@v)=da®uv+ (-1)? Za)\(lz) ® L;v.
i=1
where £;v = y(£;)(v). It is easy to check that dy is independent of the choice of
basis, that d%4 = 0, and that dj is functorial in both A and V. Let H,(4;Vy) =
H*(A ® ‘/3 dz\)‘
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Remark 1.1. If A = C*(L),\ = identity, v : L — gf(V),and J : C*(L) Q@ V —
C*(L;V) is the standard isomorphism, then Jdx = d,J where dy : CP(L; V) —
C?P+1(L; V) is given by

dyw =dw+vAw.

Here, « is considered as a gé(V)-valued 1-form on L and the wedge product y Aw is
defined using the action of g¢(V) on V.

Suppose now that A € C.Ais free and of finite type; that is, A is the tensor product
of a polynomial algebra on even dimensional generators with an exterior algebra on

odd dimensional generators and each A7 is a finite dimensional vector space, j > 0.

According to Proposition 7.11 of [2], we can find a basis ¢;,... ,t, for A! such that,
for1<i<m,
dt; = Z afktjtk
1<i<j<m
i<k

and for m < i < n,dt; is a polynormal generator for A. One easily sees that, if A
and B are free and of finite type, then A(A® B) = A(A) x A(B) and if A = R[z, y]
with dz = y, then AA is contractible in AT . Hence, up to homotopy type, A(4) is
unchanged by dividing A by the ideal generated by {t;,dt; | ¢ > m}. Henceforth, we
include the condition n = m in the notion of free and of finite type.

Given A as above, let L be the dual vector space to A! and let a;,... ,a, be the
basis for L dual to ¢1,... ,t,». Then L is a Lie algebra with

m
[aj,ar] =2 Za{kai.
i=1

The inclusion
A:C*(L)~ R[t;,... ,tm] CA

defines L-local coefficients on A. As in [3], we define ¢ : A — A(A(A)) by i(a)(u) =
u(a). Then i\ : C*(L) — A(A(A)) defines L-local coefficients on A(A(A)). Finally,
if A denotes the subalgebra of A generated by t;,... ,tmn, then C*(L) is naturally
isomorphic to A1),

The following result is stated in [8] as “Theorem” 8.1.

THEOREM 1.2. Suppose A € CA is free of finite type, and that A1) = C*(L) as
above.

(i) Let G = G4 be the connected, simply connected Lie group with L(G) = L.
Then

1(AAMD)Y~ G fori=1,
~ m;(G) fori>1.
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(ii) Let V be a finite dimensional vector space on which L acts and A\ : C*(L) — A
the inclusion map. Then the mapping i : A1) — AA(AM))) induces an isomorphism

in : H(AD; 1)) = Ho(AAAD)); Vin) > H*(AAD; V).

(iii) Let A be the quotient algebra of A by the ideal generated by A()). Then
AM) C A induces a fibre map A(A) — A(AM)) with fibre A(A) C A(A). (Note
that A is free, nilpotent, and of finite type and hence the homotopy type of A(A) is
described in [3].)

(iv) For any action of L on V', the mapping i : A — A(A(A)) induces isomorphisms

st Hu(A; V3) — Hu(AD(A)); Vir) = H*(A(A); Via)-

In [8], Sullivan gives a very brief sketch of (i) and’ (iii) and, asserts that (ii) is “a
reformulation of the theorem of Van Est”. No proof is given for (iv). We give a
detailed proof of (iv) in general and of (ii) when G = G4 in the universal cover of a
compact group. Actually (i) follows from Proposition 2.4 and (iii) follows from results
of Section 5. In Section 2, we give an analysis of A(C*(L)) (see Theorem 2.3 and
Proposition 2.4). Section 3 deals with local coefficients and the de Rham theorem.
Proposition 2.4, the de Rham theorem with local coeflicients, and an unpublished
result of Graeme Segal are used in Section 4 to prove (ii) when G is the universal
cover of a compact group. The result of Segal is that the continuous cohomology and
the ordinary cohomology of the singular complex of a CW complex are isomorphic.
We give Segals proof in Section 7.

The development of the proof of (iv) is as follows: Suppose A € CAis free and of
finite type. Then A = UA™ where A® = R and A™ = A®-D[z{™ . z("] and
the a:g") have dimension n. We compute H*(A(A); Via) by computing H*(A(AM™ ); V;»)
using induction on n. In Section 6, we use Proposition 2.4 to prove Theorem 5.3,
namely that

A(A[zy,. .., zi)) = A(A)

is a fibration with fibre A(R[zy,...,z«]). In Section 6 we develop the Serre Spectral
Sequence for continuous cohomology with local coefficients and apply it to the above
fibration to prove the inductive step in the proof of (iv).

Recall that, for A, B € CA a function complex F(A, B) € AT was defined in (3]
(following [2]) by F(A, B)y = (A, 4 ® B), the space of continuous differential graded
algebra mappings from A to Q, ® B. If A and B € CA are free and of finite type
and h: A1) — BW) is a map in C.A, define F(A4, B;h) to be the simplicial subspace
of F(A, B) whose ¢ simplicies are maps u : A — 4, ® B which give a commutative
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diagram
40 ", pw

| L
A —— Q0B
where i : A1) — A is the inclusion and j(b) = 1 ® b.

Similarly, for X,Y € AT ,F(X,Y) € AT isgiven by F(X,Y ), = (X xAlq],Y), the
space of simplicial mappings from X x A[g] to Y where A[q] is the simplicial model for
the standard g-simplex. If h : A1) — B() is as above, let F(AB, AA;A(h)) be the
simplicial subspace of F{AB, AA) whose g-simplicies are mappings f : A[B]x Alg] —
A(A) for which the diagram

A[B] x Alg] ——  A(4)

i| |a®

A(k)
aB®) 2, Ao,

is commutative, where j(s,u) = u | A(BM). Just as in [3], Theorem 1.20, we prove

THEOREM 1.3. Suppose A, B € CA are free and of finite type and h: A1) — B(1)
is a mapping in CA Then A : F(A, B) — F(AB, AA) defines a weak equivalence

A : F(A, B; k) — F(AB, AA; Ah).

The proof of this result is given at the end of Section 5.

2. The Simplicial Space A(C*(L)).

We give here an analysis of the simplicial space A(C*(L)) and prove an indepen-
dence result for characteristic classes of G-foliations. Although the results of this
section are stated for finite dimensional Lie groups, they do hold more generally for
infinite dimensional Lie groups which are regular (in the sense of Milnor [7]) and for
which the Lie algebra L(G) is reflexive. In particular, they hold for G = Diff(M), M
compact, where L(G) is the Lie algebra of vector fields on M.

Let X be a manifold, G' a Lie group, and let (X, G) be the space of C* mappings
f:X — G. Let G act on (X,G) by (9f)(z) = gf(z) and let Q}(X; L) C Q!(X, L) be
given by

QU(X;L) = {w € QY(X;L) | dw — w Aw = 0}.

Define 4 : (X,G) — Q(X; L) by p(f) = —f~'df where

(F1df)(v) = dLydf (v) € TG, = L(G)
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for v € TX,. It is easily checked that §(g - f) = p(f) for any f € (X,G),g € G, and
that d(p(f)) — A(f) A p(f) = 0. Thus, p defines

p: (X,G)/G — Q'(X; L),

Similarly, we define & : (X,G) — (C*(L),Q*(X)) by 6(f)(a) = f*(&) for a €
CY(L) = L* where & € Q'(G) is the invariant 1-form defined by a. Then &(g- f) =
o(f) so & defines

o : (X,G)/G — (C*(L), (X))
Finally, we define ¢ : Q}(X, L) — Hom(L*; 2! (X)) by ¥(w)(a)(v) = a(w(v)). One
easily checks (see [5]) that 1 defines a bijection
Y 01X 1) — (CH(D), 2*(X)).

THEOREM 2.1. Suppose X is simply connected. Then each of the mappings p and
o defined above are bijections and the diagram

(X,6)/G ——  Q1(X;L)
a'\ l(
(C*(L), (X))
is commutative where ((w) = ¢(—w).
Remark. If the spaces above are given the C'° topologies, then each of the mappings
in the diagram is a homeomorphism.

ProOF: The fact that the diagram of Theorem 2.1 commutes is an immediate con-
sequence of the definitions. Since ¥ : (X;L) — (C*(L), *(X)) is a bijection, it
follows that ¢ : Q(X;L) — (C*(L),Q*(X)) is a bijection so Theorem 2.1 will be
proved if we can show that p : (X,G)/G — Q'(X;L) is a bijection. This is an
immediate consequence of the following.

LEMMA 2.2. Let U be a neighborhood of x € X and suppose w € Q*(U, L) satisfies

dw = w A w. Then there is a neighborhood Uy C U of z and a unique C*° function
f :Up — G such that f(z) =e and w = Fidf.

For a proof of this lemma, see [9].
Let AG denote the simplicial space of C* singular simplices of G. Setting X =
A%,¢q=0,1,2,..., in the previous discussion yields simplicial mappings

&:AG — AC*(L)
o: AG/G — AC*(L)

As an immediate consequence of Theorem 2.1, we have
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THEOREM 2.3. The mapping o : AG/G — AC*(L) is a simplicial homeomorphism.
The next result proves part (i) of Theorem 1.2.

PROPOSITION 2.4. The mapping ¢ : AG — AC*(L) is a twisted cartesian product
with fibre and group G where G is the simplicial group with Gq = G for all ¢ and
with the identity as face and degeneracy mappings.

By Theorem 2.3, it is sufficient to show that the natural mapping 7 : AG —
AG/G is a twisted cartesian product with fibre and group G. To accomplish this,
define 7 : AG/G — G by 7([T)) = T(v1)T(v)~? and h : AG — (AG/G) x, G by
h(T) = ([T],T(vo)) where T € (AG/G), and vg,v1,... ,v, are the vertices of AY.
Then 7 is a twisting function and A is a simplicial homeomorphism such that the
diagram

AG — s (AG/G) x. G

| I
aAG/G —2,  aAg/c
is commutative.

We conclude this section with a result concerning characteristic classes of G folia-
tions (in the sense of [5]). According to Haefliger [5], if L is the Lie algebra of a Lie
group G, then AC*(L) is a classifying space for G-foliations transverse to fibres of
a product. The following can be interpreted as an independence statement for the

continuous cohomology characteristic classes of these foliations.
PROPOSITION 2.5. Let G be a compact Lie group with Lie algebra L. Then the
homomorphism H*(AC*(L)) — H*(AC*(L)®) is injective.
Here, AC*(L)? is the simplicial space AC*(L) in the discrete topology.
PROOF: By Theorem 2.3, it is enough to prove that i* : H*(AG/G) — H*((AG/G)®)

is injective. To do this, we consider the commutative diagram

C(AG/G) —— C*AG)E — s C*(AG)

al | e
C*((AG/G)’) —— C*(AG*)C —— C*(AG?Y).
The mapping j is an isomorphism and k is a homology isomorphism by Theorem
4.9. Using the Haar integral, we can construct a cochain mapping r : C*(AG) —
C*(AG)® with r€ = id. (See Proposition 4.4.) It follows that the composite k¢j is

injective on homology so ¢* is injective on homology.

REMARK: The analogue of Proposition 2.5 with local coefficients can be proved using
the techniques developed in Section 4.
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3. Local Coeflicients and the de Rham Theorem.
In this section, we describe local coefficients systems in several different ways. We
also prove a local coefficient version of the continuous cohomology de Rham theorem.
Let G be a Lie group with Lie algebra L and let V be a finite dimensional vector
space. Suppose G acts on V via a representation I' : G — GL(V) so that L acts on
V via a representation v : L — g€(V). In Section 1, we defined a local L system on
A€CAtobe aCAmap A: C*(L) — A and a differential

dy: APV — APTIQV
given by the formula

dr(a®v) = (da) @ v+ (=1)P D aA(£}) ® Liv

where {¢;} is a basis for L, {£!} the dual basis for L*,a € AP and £;v = v(¢;)(v). We
now translate this into a more familiar form.

Let V be as above and define (V) to be the simplicial topological differential
graded vector space given by

V) = (A% V),

the smooth differential p-forms on A? with values in V. For X € AT, let AX,V)
be the differential topological graded vector space with

A (X; V) = (X, QP(V))v
the space of simplicial mappings from X to Q?(V). It is easy to see that AX,V) =
A(X)® V. Note that AC*(L) can be considered to be contained in Q!(L).
Suppose A : C*(L) — A(X) is an CA map and let ¢ = ¢ be the composite

x 5 amx) 2 acctw) c o' (@)

where j(z)(u) = u(z). Then ¢ € A(X;L) and one easily checks that d¢(z) +
#(z)ad(z) =0 for all z € X;. We define dg : AX;V) — AX,V) by

dyw = dw + paw.

Then d% = 0 and we have
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PROPOSITION 3.1. Let ¢: AX)®V — AX,V) be the isomorphism defined by
w @ v)(z) = w(x)v. Then tdy = dgt.

Proor: Ifw e A(X),v €V, and z € X, then
vda(w @ v)(z) = 1((dw) ® v + (—1)? Z:w/\(e}') ® Liv)(z)

= (dw)(z)v + (-1)° Zw(z),\(e:)(x)e,-v
= (dw)(z)v + (—1)Pw(z)é(z)
= dsi(w ® v)(z).

since ¢(z) = Y_A(£¥)(2)4;.
i
We next reformulate these notions into an equivariant setting. Let A be the com-
posite

x4 aAx) 2D actx)

and let X be the pullback .
X — AG

dl L
X —> ACHL)
where & is defined in Section 2. Let G act on AX,V) by
(gw)(z,T) = gw(z,97'T)

where z € X;,9 € G, and T € (AG), and let H : AX,V) — AX,V) be given by

H(w)(z,T) =T -w(z)
for w € AX,V) and (z,T) € X. Here

T - w(z)(ws,- .. ,wp) = (TT)(y) - (w(z)(w1,-- . ,wp))

where I' : G — GL(V) is the homomorphism defined by the action of G on V,
Yy € A% wy,... ,w, € TAY, and (I'T)(y) acts on w(z)(wy, ... ,wp) € V.

PROPOSITION 3.2. The map H defines an isomorphism of A X,V) onto AX,V)C
with Hdy = dH.

PROOF: The verification that gH(w) = H(w) is straightforward. To see that H is
an isomorphism, let O : AC*(L) — AG be the composite

ACH(L) 5 AG/G A AG
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where 0 : AG/G — AC*(L) is the simplicial homeomorphism defined in Section
2, B[T] = T(vo)™'T, and vy is the initial vertex of AY. Then H™! : AX,V)C —
A(X,V) is given by

H™l (w)(z) = O(A(2)) " w(z, O(A(2))).

In order to prove that Hdy = dH, we need the following, which will also be useful in
the next section.

LEMMA 3.3. Let M be a manifold, V a finite dimensional vector space, f €
QV(M; GL(V))
C Q°(M;g(V)), and w € QY(M;V). Define Af € Q1 (M;gl(V)) by Af = f~1df.
Then
d(fw) = f(dw + Af Aw).

The proof is straightforward.

To prove Hdy = dH, consider w € AX,V),(=z,T) € Xq C Xy x AGy, and let
f: A9 - GL(V) be the composite

ar L Lernw).
Then ¢(z) = Af since M(z) = o(T) = T~'dT and we have
(Hdgw)(z,T) = (BT) - dgw(z)
=f-(w(z)+Af Aw())
=d(f - w(z)) = dH(w)(z,T).

by Lemma 3.3.
We conclude this section by reviewing the usual definition of local coefficients.
Let ¢t : X; — G be a continuous function satisfying t(81z) = t(92z)t(Joz) for
z € X3. Define &; - CP(X;V) — CPT1(X;V) by

1
(6¢u)(z) = t(2 " z)u(Boz) + %(-1)*1;(3,-95)
i=1
for £ € Xp41. Then 62 = 0 and we define
H*(X; Vi) = Ho(C*(X;V); 60).

Suppose A : C*(L) — A(X) with O, ¢, and X as above. Define t = t) by

ta(z) = O(¢(z))(v1)
where v, v1,... ,v, are the vertices of A? and let G act on C*(X;V) by

(gu)(z, T) = gu(z,97' T).

Define K : C*(X;V) — C*(X;V) by K(u)(z,T) = T(vo)u(z).
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PRroPOSITION 3.4. The function K maps C*(X, V') isomorphically onto Cc*(X, V)¢
with Kd; = dK wheret = t).

PROOF: It is easy to see that K~ is given by

K7 (u)(z) = u(z, O(X(2)))-

The remainder of the proof is similar to the proof of Proposition 3.2 and we omit it.
Let U = ¥ ®id : AX,V) — C*(X,V) where ¥ : AX) — C*(X) is defined in [3].
We now have the following local coefficient version of the de Rham Theorem.

THEOREM 3.5. The map v induces an isomorphism
%t Hy(AX;V)%) - H(CH(X;V)9)
and hence an isomorphism
(K 9 H). : H(AX,V),dg) — Ho(C*(X, V), d)

where ¢ = ¢ and t = t,.

PROOF: In the proof of Theorem 2.4 of [3], natural mappings ¢ : C*(X) — AX)
and v : £(X) — A~1(X) were constructed satisfying ¢ = id and dy++d = ¢p—id.
Tensoring everything in sight with V gives the desired result.

4. The Proof of Theorem 1.2 (ii).

We now prove part (ii) of Theorem 1.2 in the case where G = G 4 is compact.

Let G be a connected, simply connected Lie group G with Lie algebra L. Suppose
L acts on a finite dimensional vector spa.cé V via a homomorphism v : L — gf(V).
Viewing v in C*(L; g¢V'), define a differential d, on C*(L; V) by

dy(a) = da+ yra
as in Remark 1.1. Similarly, we define a differential d;, on AAC*(L); V) by
di() = do + (i7) Aw

where 1 : C*(L; gl(V)) — AA(C*(L)); g¢(V)) is the canonical map. The wedge
product (i) A w is defined using the pairing

AAC(L); g&(V)) ® AAC*(L); V) = AAC*(L); V).

According to Remark 1.1, part (ii) of Theorem 1.2 is a consequence of the following.
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THEOREM 4.1. If G is compact, then the mapping
i:(C*(L;V);dy) = (AAC*(L); V); diq)
induces an isomorphism on homology.

The remainder of this section will be devoted to proving this result.

Define F' : C*(L; V) — AAG/G;V) by F(a ® v)(T) = (T*a) ® v where v € V,
T € AG,a € C?(L), and & € Q?(G) is the left invariant p-form defined by a. Define
5y = Fy € A(AG/G; g€(V)) where F is defined as above with V replaced by gl(V).
Let

dy : £(AG/G; V) = LT(AG/G; V)
be given by ds(u) = du + ¥ A u where d is the usual differential on A*(AG/G) and
4 A v is the wedge product defined using the pairing
Q7 (AT gt(V)) ® (A% V) - Q7 (AT V).

LEMMA 4.2. For any a € C*(L; V), Fd,(a) = d5F(a) and the diagram

AACH(L) V)

/'z' \a"‘

C*(L;V) 5 AAG/G V)
commutes.
PROOF: We first verify that the diagram commutes. It is enough to do this when
V = R in which case each of the mappings is an algebra homomorphism. Since C*(L)
is generated by one dimensional elements, we need only show that o*i(a) = F(a) for
a€L*=CYL). T : A — G, we have
o*i(a)(T) = i(a)(o(T))

= o(T)(a) = «(T~1dT)
Now T~1dT is the L-valued 1-form on A? given by (T~'dT)(u) = dLp)-1dT(u)
where u is a tangent vector to A? at t € A? and L)1 : G — G is left translation
by T(t)~*. Thus, a(dLp(-1dT(u)) = a(dT(u)) so that a(T~'dT) = T*(&) and the
diagram commutes.

To prove Fdya = dyF(a), we note that dFF = Fd so it is enough to show that
F(yANa)=7AF(a). fy= 8 ® A as an element of C'(L) ® g¢(V) ~ C*(L; g&(V))
and o = a; @ v as an element of C * (L) ® V ~ C*(L; V), then

F(yAa)(T) = F(BA a1 ® A(v))(T)
=T*(BAa;)® A(v)
= (F(v) A F(@))(T) = 5 A F(a)(T).
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The general case now follows from the fact that any v € C'(L;g€(V)) and a. €
C*(L; V) are sums of elements of the form considered above.

Since o is a simplicial homeomorphism, o* is an isomorphism of differential graded
vector spaces and i will be a homology isomorphism if and only if F' is a homology
isomorphism. To prove F' a homology isomorphism, we will define mappings which

give the following commutative diagram of differential graded vector spaces:

(C*(L; VY dy) —— (AAG/G;V);ds)

Al |#

(4.3) (@*(G;V)%;d) ——  (AAG; V), d)

7 7

F
(G V);d) ——  (AAG;V);d)
Here, j and j are inclusion mappings.

PROPOSITION 4.4. Suppose that, in the commutative diagram (4.3), p and i are
isomorphisms, F' is a homology isomorphism, rj = id, and 73 = id. Then F is a

homology isomorphism.

PROOF: It is clearly enough to prove F' a homology isomorphism. Now, rj = id
implies that j, is injective. Thus (Fj)71(jF), is injective and it follows that F,
is injective. To prove F, surjective, consider u € H,(AAG;V)%;d) and let v =
reF17,u. Then Fy(v) = u so F, is surjective and thus an isomorphism.

We now proceed to define the mappings in diagram (4.3) and prove that the hy-
potheses of Proposition 4.4 are satisfied. We begin by defining an action of G on
Q*(G; V) and on A(AG; V) which give the middle row of (4.3).

The Lie algebra homomorphism v : L — g€(V') determines a unique Lie group
homomorphism I' : G — GL(V) with y =dI' : L = TG, — TGL(V). = gf(V).
(Recall that G is assumed simply connected.) Define actions of G on Q*(G;V) and
on AAG;V) as follows. For g € G,w € Q*(G;V), let gw € QP(G;V) be given by
gw = T'(g)(L;-1w). Similarly, for u : AG — QP(A%; V) € #(AG;V),g € G, and
T € (AG),, let gu be the element of #(AG;V) given by (gu)(T) = I'(g)u(¢g™'T).
Then Q*(G;V)® and AAG;L)G denote the cochain complexes of clements fixed
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under the action of G with the standard differential d. It is straightforward to show
that d(gu) = g(du) for u € Q*(G; V) or u € AAG;V).

Define F : Q*(G; V) — AAG;V) by F(w)(T) = T*w for w € Q*(G; V), T € AG.
Then F(dw) = dF(w) is immediate and

F(gw)(T) = T*(gw)
=T*T(g)Ly-rw
= (id@I'(¢))(T* ®id)Ly-1w
=T(9)(Lg-1T)w = (¢F (w))(T)

Thus F induces F : (Q*(G,V)%,d) = (AAG; V)%, d).
Define mappings

r: QY (G, V) = QG V) 7 AAG; V) = AAG;V)

by
r(w) = / gw, Fu)T)= / (qu)(T)
G G
for w € Q*(G;V),u € AAG;V), T € AG, and the integral is the Haar integral on G

normalized so that the volume of G is one.

PROPOSITION 4.5. Foranyg € G,w € Q*(G;V),u € A (AG; V), we have g(r(w)) =
r(w) and g(#(u)) = #(u). Furthermore, dr = rd, di = #d, and #F = Fr.

The proof of this proposition is straightforward. For example, to prove that Fr =
7F, we simply use the definitions:

(Fr(w))(T) = T*r(w)

=T /G T(g)L}-1w
= L P(g)T'L;_lw
= / T(g)(Lg-1T)*w
G
= / T(9)F(w)(Lg-1T) = (FF(w))(T).
It follows from Proposition 4.5 that
r(Q*(G;V)) C QX(G; V)C, FHAAG;V)) C AAG;V)C.

Thus, we have established the existence of the lower rectangle of mappings in (4.3).
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To obtain the upper rectangle in (4.3), we need first of all to define a second action
of G on Q*(G;V) and AAG;V). For w € Q*(G,V) and g € G, let g * w be the
element of Q*(G; V) given by

g*w =Ly ,w.

Similarly, for u € (AG;V), let g *x u € AAG;V) be defined by
(9*u)(T)=u(¢g™'T)

for T € AG. Then d(g * w) = g * dw for w € Q*(G;V) or w € AAG;V) and we
let Q*(G;V)®* and AAG; V)®* denote the subspaces of elements fixed under these
actions of G. Of course, C*(L; V') can be identified with 2*(G; V)¢*. The next result
gives the corresponding identification for AAG; V).

LEMMA 4.6. The natural mapping p: AG — AG/G induces an isomorphism
p* : AAG/G;V),ds) = (AAG; V)", d5)
of differential graded vector spaces.
The proof is trivial.
In order to define the mappings p and i of diagram (4.3), we first define related
mappings. Let
n:QN(GV) - QG V), 7 AAG V) = AAG; V)
be defined by n(w) =T -w , G(u)(T)=(CoT) - u(T).
LEMMA 4.7. The mappings n and 1j are bijective. Furthermore, we have n(g*w) =
gn(w) and 7j(g * u) = gij(u) for any g € G, w € Q*(G; V), and v € AAG;V).
PROOF: The inverses to n and 77 are defined just as n and 7 are defined using
! : G - GL(V),I'"1(g) = I'(g)7', in place of I. The verification of the two
equations of Lemma 4.7 are similar; we do only the second, leaving the first to the
reader. Thus, for g € G,u € AAG;V), and T € AG, we have
(g71(u))(T) = T(9)7(u)(g™'T)
=T(g)(Tog 'Tu(¢™'T)
= (T(9T (¢~ )T o T)u(9™' T)
=T oTu(g™'T) = ij(g * u)(T).
As indicated above, any element a € C*(L; V) can be considered as a left invariant
form a € Q*(G; V). In particular, v € C!(L; g€(V)) determines ¥ € Q(G; g({(V))
where 7(X) = y(dLy-1 X) for X € TG,. Define

dy: QY(G; V) = Q*(G; V)
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by dyw = dw + ¥ A w. Define ¥ € AAG;gé(V)) by ¥ = F¥ where F : Q*(G; V) —
A(AG; V) is given by F(w)(T) = T*w, (see Proposition 4.5), and let

dy : AAG; V) = AAG; V)
be defined by dyu = du + 4 A u. Then d2 =0 and d = 0 and we have
LEMMA 4.8. For w € Q*(G;V) and u € AAG;V), we have dn(w) = n(dsw) and
dii(w) = 7(dyu)
PROOF: Again, the verifications of the two equations are similar so we carry out
only the proof of the second equation. Thus,

(dii(u))(T) = d(7i(u)(T))
=d((T o T)u(T))
=T o T(du(T) + A(T' o T) A u(T))
by Lemma 3.3. Now, if X € TA{, we have A(ToT)(X) = dLp(7(ty-1)dT'dT(X). Iden-
tifying v : L — ¢g4(V') with dI" : TG, — TGL(V)., we have dI" = dLp(7(t))YdL7(s)-1
(since T" is a homomorphism) and
A(T 0 T)(X) = vdLy(sy-1dT(X)
= (dT(X))
= F(7)(X) = ¥(X).
Then
d(j(u)X(T) = (T o T)(dw(T) + ¥ A w(T))
= ((d3)u)(T).
According to Lemmas 4.7 and 4.8, n and 7 induce isomorphisms
n: (G5 V) dy) — (2(G; V)% d)
7 : (AAG; V)C*;d5) = (AAG; V)C;d)
of differential graded vector spaces. Let p and fi be the composites
i (CH(L; V)i dy) = (R°(G; V)95 dy) & (2°(G5 V)%; d)
i (AAG/G; VY dy) B (AAG; V)95 d5) B (AAG; V)%;d)
If F:Q*(G; V)G — AAG;V)C is the restriction of F : Q*(G; V) — AAG; V), then
diagram (4.3) is easily seen to be commutative.
We have now established the commutative diagram (4.3) of differential, graded
vector spaces. Moreover, the mappings g and ji are isomorphisms. Thus, according

to Proposition 4.4, the proof of Theorem 1.2, part (ii), will be complete if we can
show that F is a homology isomorphism. For this we need the following.
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THEOREM 4.9. Let X be a CW complex, AX the singular complex of X in the
compact open topology, and AX?® the singular complex of X in the discrete topology.
Then the natural mapping j : AX® — AX induces an isomorphism

H*(AX) 5 HY(AX®) = H*(X).

We are indebted to Graeme Segal for the proof of this result which we give in
Section 7.

To see that F : Q*(G;V) — AAG;V) induces an isomorphism on homology,
consider the following commutative diagram

Q(GV) —— AAG;YV)

| ¥
C*(AG%; V) —— C*(AG;V)
Here all differentials are the ordinary untwisted differentials, 1 is defined in [3],
Section 5, and ¥ is the usual deRham mapping. Now, 3% is a homology isomorphism
by Theorem 2.4 of [3], 7* is a homology isomorphism by Theorem 4.9 above, and )

is well known to be a homology isomorphism. Thus F' is a homology isomorphism
and Theorem 1.2, part (ii) follows from Proposition 4.4.

5. Fibrations.

Suppose G is a connected, simply connected Lie group with Lie algebra L, A € CA,
and A : C*(L) — A is a map in CA Let X be a graded vector space with basis
Z1,...,Zk, deg z; = n,5 = 1,...,n, and let {{;} be a basis for L. Let A[X] =
Alzy,..., k] be the free algebra over A on zy,... ,r; and suppose A[X] has a dif-
ferential d with dA C A and such that

(5.1) dz; = bmAE)zm + ci

where 5J™ € R, ¢; € A™*! and {£}} is the basis for L* dual to {¢;}. The relation
d?z; = 0 yields
(5.2) de; =Y bI™ A€ )em
Let X* be the dual space of X, {z!} the basis for X* dual to {z;}, and define
p:L®X* — X* by
Wl ®z5) = 3 bimas.
The equation d?> = 0 implies that u defines an action of L on X* as a Lie algebra.

Therefore, we have a corresponding action of G on X*.
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Let G € AT be given by Gy = G, §; = s; = id for all ¢,7 and set P = AR[X] x G.
(Here, R[X] € CAwith dX = 0.) We make P into a simplicial topological group and
define an action of P on A(R[X]) by

(v,9)(v',g') = (v+g-v'99")
(0,000 = v+ g
for g,4' € éq =G, v,v",w € A(R[X]), C Q*(AT; X*).

In [2], Section 5, we defined a map po : QP(A?) — QP~1(A9) satisfying duo + pod =
id, pos; = sjpo for j > 0, and ped; = O;uo for i > 0. We extend this map to a
mapping

po : P(AT; X*) = QP1(A%; X*)

with these same properties by po(w ® ) = pgo(w) ® r and define c : X — A™*t! by
co(z;) = c;.

THEOREM 5.3. The simplicial space A(A[X]) is a twisted cartesian product A(A)xr
A(R[X]) with group P and twisting function 7 : AA; — P,_; given by

7(u) = (O(u 0 A)(v1) " ((Bo o — 1080 )(O(u 0 MNu o c), O(u o A)(v1) 1)
foru € AA; = (A, ) and v, is the second vertex of A?. Here O is defined in Section
3 to be the composite AC*(L) 2 AG/G -2+ AG where B(T) = T(vo)~'T.

PROOF: We identify (X,7), the space of linear mappings from X to N7, with
Q*(A%GX*) by v — Pu(zi)zl, v: X — QF. fu € A(A)g, thenuoc € (X,Q71) =
Qr+1 (A%, X*) and uo X € A(C*(L)) C Q'(A%; L). Thus

A(A[X])q = (A[X],2,)
= {(u,v) € A(4), x (X,97) | dv(z:) = Zb]™ (u 0 A(£5))v(2m) + u(ei)}
= {(u,v) € A(A)g X Q" (A, X*) |dv=(uoA)Av+uoc}

Note that

A(RX]), = (RIX], )
={v: X > Q,|dv=0}
= {v € Q*(A% X*) | dv = 0}.

Define f : A(A)q X A(R[X])q — A(A[X])q by f(u,v) = (u,v") where

v' = O(uo A) " (o(O(u o Auoc) +v)
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where B([T]) = T(vo)~'T. In order to insure that (u,v') € A(A[X]),, we need to
show that dv' = (uo A)Av' +uoc. If O) = O(uo ) € (AG),, then
dv' = dO; - (uo(Go -uoc)+v)+ Ot - (duo(O - uoc) + dv)
=-0 ' dD - Oy (o (O uoe)+v)+ O - (O u-c— po(d(Gh -uoc)))
=07 'dOy Av' +uoc— 05 - puo(d(Oy - uoc))

since dO; ! = -0y dGyO57}.

We now need the following results.

IfuoX € AC*(L), is considered an element of 2 (L) (as in the discussion following
Theorem 2.10), we have

LEMMA 5.4. dOy=—-Gy-uo .
PROOF: Identifying AC*(L), with Q!(A%; L), we have
_00—1 dO = p(B)
=p(O(uoA))=uoA
by the definition of the mappings involved.
COROLLARY. O;1d0y = —uo A
LEMMA 5.5. d(uoc)=uoAAuoc.
PRrOOF: The element in Q"+!(AY; X*) corresponding to u o ¢ is £(u o ¢)(z;)z} =
Su(ci)z?. Thus
d(u o c) = dZu(c;)z}
= Tu(dc;)x}
= Tbi™u 0 A(€} Ju(cm)z}
= (Bu o A(£5)€;)(Zu o e(Tm )Ty, )
=uoAlAuoc.
COROLLARY. d(Gy-uoc)=0.

PROOF:

d(OQ-uoc)=(dO)ANuoc+ - -duoc
=—G-uolAuoc+ G -uoAAuoc=0.

It follows from the two corollaries above that dv' has the required form.
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Define f~! : A(A[X])q — A(A)q X AR[X], by f~(u,v') = (u,v) where
v=0(uo A — uo(O(uol) uoc).

It is easy to check that f~! is actually an inverse for f. We now determine the
twisting function 7.

For (u,v) € AA, x AR[X],, set Og(u,v) = (ou, ). Then f(9o(u,v)) = (dou,d")

where
o' = O(8o(u 0 X))~ (10(O(0(u 0 X)) - Bg(u o ¢)) + v)
Furthermore, 9o f(u,v) = (8ou,dov') where
o' = 80O(u 0 A)"1 (8o po(O(u 0 A) - u 0 ¢) + Hov)

Thus, if 8pv' = v, we have
% = O(8o(u0))-pO(uoX) (8o po(O(uor)-uoc)+8v) — po(O(8o(uoX))-8o(uoc))

It is easy to see that g-puo(w) = po(9-w) and O(Fpa) = O(a)(v1)~18,0(a) for g € G,
w € N*(A%;X*), and a € AC*(L). It follows that

7= O(u o A)(v1) " ((Botto — 1080 )(O(uo A) -uoc)+ O(uo A)(vy) 1 yv)
so that

T(u) = (O(u 0 X)(v1) " ((Botto — 1080 )(O(u 0 X) - uoc),O(uo A)(vy)"1).

The verification that 9;f = f9; for ¢ > 0 and s; f = fs; is routine and left to the
reader.

We conclude this section with a proof of Theorem 1.3. The proof of Theorem 5.3
of this paper can easily be extended to show that

(5-6) F(R[X], B) — F(A[X], B) — F(4, B)
is a twisted cartesian product and hence a fibration in A7 . (Theorem 5.3 corresponds
to the case B = R.) For example, identifying (X, 2, ® B) with Q(A?; X*) ® B)", we
have

F(A[X, B)q = {(u,v) € F(A[X], B) x (UA% X*) @ B)" | dv = udv + uc}.
The pullback of (5.6) to F(A, B; k) C F(A, B) yields a fibration and a commutative
diagram

I ! l

FAB,AR[X]) —— F(AB,A(A[X]); Ak) —— F(AB,AA; Ah)
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If we write A = UA,,, then induction, the diagram above, and the fact that A; is a
weak equivalence gives the theorem for A = A,,. A limit argument as in the proof of
Theorem 2.20 of [3] yields the desired result.

6. The Continuous Cohomology Serre Spectral Sequence with Local
Coefficients

Suppose that E = B X, F is a twisted cartesian product in A7 with group
P and suppose mg(P) = Py. In [3], Section 8, we constructed a local system
7=17| By — Py, on action of P, on C*(F; R), and a map

A* : C*(B;C*(F;R)) — C*(B x, F; R)

which was filtration preserving with respect to the obvious filtrations. In
general, A* is not a cochain mapping (relative to the usual differential é on
C*(B X, F;R) and the twisted differential §, on C*(B;C*(F; R))) but it
does in fact induce an isomorphism on E?+? for r < 2. (See [3], Section 8.)

Furthermore, if F' is splittable, this map gives an isomorphism
EYY(B x, F) ~ H*(B; H*(F; R)).

Suppose now that L, G, and V are as in Section 3 and ¢ : B; — G is a local
system. If, in the above paragraph, one replaces R by V,6 on C*(E;V) by
btp,p : E — B, and §, by 6,7 : By — Py x G,7(b) = (7(b),t(d)), then the
statements remain true with the same proofs as in Section 8 of [3]. Hence we

have

THEOREM 6.1. IfF issplittable, then the Serre spectral sequence for H*(B X ,

F; Vip) converges in the usual way and A* induces an isomorphism
EP? ~ H?(B; HI(F;V):).

We next apply Theorem 6.1 to A(A[X]) = A(A) x, A(R[X]). Let A :
C*(L) — A be a map in C.A and recall that

i=i gt AQV 5 (A(A))QV

is given by i(a ® v) = i(a) ® v where i(a)(f) = f(a).

LEMMA 6.2. Ifi, induces an isomorphism

ia: Ho(A®V,dy) — Ho(AA(A)), dg);
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then the same is true for i4z(x) : A[X]®@V — A(A(A[X]) V.

PROOF: Let p = K~ 19H : AA(A); V) — C*(AA; V) be the mapping de-
fined in Section 3 (see Theorem 3.5) and let

i=9i: A®V — C*(AA; V).

It is sufficient to prove Lemma 6.2 with i replaced by i and dy by d;. Define
a filtration on A[X]® V = AQ R[X]®V by

F? = {a®@w®uv |dima > p}.

Exactly as in [3], Lemma 9.4, one checks that 7 is filtration preserving and
hence induces a mapping of the corresponding spectral sequences.

We prove Lemma 6.2 by showing that 7 for A[X] induces an isomorphism
at the E; level. As in [3], Section 9, the E; term for A ® R[X]® V is

EPI = APQRIX|TQV
and for A(A[X]),
EPT = CP(A(A), HI(A(R[X]; V).
In both cases, d is the appropriate local coefficient differential. Furthermore,
1:RX]®V — C*(A(R[X]); V)

induces an isomorphism on homology, this being the untwisted version of our

theorem which we proved as Proposition 2.8 in [3]. By hypothesis
iR[X] ® 14 : E, - E,

induces an isomorphism. Thus we must show that z—'A[x] induces this map.

The map induced by 7 A{x] is the composition

A[X]®V =5 e (AA[X]), V) L5 e (AA) x» A(R[X)))
-1 3" CP(A(4), C*P(A(R[X]), V)

where 7 is induced by the usual Eilenberg-Zilber map C,(X) ® Co(X) —
Cp+¢(X) involving shuffles of degeneracy maps.
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For any X,z € X, and w € Q*(X; V),
Ypw(z) = K~ OyYpHw(z)

= P Huw(z, O(¢(2)))

= [, Bl 006(@))
AR

= /.. 0@
AP

For u € A™(A),v € AJ(R[X]), and (a, B) a (p, q) shuffle,
f(sau,s8v) = (Sal, $a(O(uA) "1 o O(ul)uw) + s,O(ul) " tsgv

The first terms in each factor are s, degenerate, thus will be s, degenerate
when evaluated on an element of A[X]® V and hence will drop out when we
integrate. Suppose a € A?,e € R[X]? and z € V. Then

if*n(a®e® 2)(u)(v) = Z + / 5aO(uN)(sau(a)(saO(uX) 1 sgi(e))z
B Ar+a

= / O(uN)(2)u(a)O(ur)~? / B(e)
AP Al
where ¥ € (R[X],Q) is defined by v € A(A,; X). Similarly
ihia: A® R[X]®V — C*(A(A), C*(AR[X],V))

is given as follows: Note first that the group in question is 7o(G X P) = G x G
which acts on R[X]® V by

(91,92)(e ® z) = (eg2, 912)-

Since G acts on the left of X*, it acts on the right of R[X] and on the left of
A(R[X]). For u € A(A) the O in this case is (O(u)), O(uA)~!) (see Section
5). Hence

Pis(a®e® z)(u) = A ) eO(udl)™! ® O(ud)u(a)z
and
iPia(a®e®2)(u)(v) = A q A (O u)(e)O(uA)u(a)z
where O(u)) € Q°(A?;G),u(a) € QP(AP),v(e) € QI(AT). Comparing this

with
if*n(a ® e ® z)(u)(v) we see they are equal and the lemma is proved.
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We conclude this section with a proof of Theorem 1.2, (iv). Let A € CA
be free and finite type so that A = UA(™ A™ = A(»-1[X ] 4, = R. By

Theorem 1.2, (ii), ¢ induces an isomorphism
H,(AD; V) >~ H (AAAD) ® V).
By Lemma 6.2 and induction on n, ¢ induces an isomorphism
H (A™ @ V,dy) = H (AA(A™)) @V, d))

and hence the same holds for A.

7. The Proof of Theorem 4.9.

We give here the proof of Theorem 4.9 which was communicated to us by
G. Segal.

Let X be a paracompact space and A(X) the singular complex of X in the
compact open topology. Thus, H*(AX) is the continuous cohomology of the
simplicial space A(X) and H*(A(X)?) is the singular cohomology of X. Let
U be a covering of X which has a partition of unity {Ay;U € U} subordinate
to it. Let A(X,U) C A(X) be the simplicial subspace consisting of those
T:A? — X with T(A?) C U for some U € U.

LEMMA 7.1. The inclusion mapping A(X,U) C A(X) induces an isomor-
phism

H*(A(X,U)) = H*(A(X))
on continuous cohomology.
PRrROOF: Let C,(X) be the singular chains on X with integer coefficients,
sd : Cg(X) — C4(X) be the usual subdivision mapping, and D : Co(X) —
Cy+1(X) the chain homotopy with D + D9 = sd — id. The maps sd and
D are natural and obtained from the first barycentric subdivision of A?. Let
sd™ be the n'! iterate of sd,id, : A7 — A7 the identity map considered as an
element of A (A7), and write

sd™(idg) =y £

where 7* € A (A?). Note that the diameter of 77*(A%) approaches 0 as n
approaches infinity.

Let p : R — R be a smooth non decreasing function with p(z) =0 for £ <0
and p(z) = 1 for z > 1. Define continuous functions ¢™ : A(X) — R by

@"™(T) = p(min 3 min Cu(T(F®)))
Ueu

The following may be verified by inspection.
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LEMMA 7.2. The functions ¢™ : A(X) — R satisfy the following.

(i) ¢™ is continuous.
(ii) For each T € A(X), there is an integer N = Nt with ¢™(T) =1 forn > N.
(iii) If ™(T) # O, then there is a U € U with

T(wP(A?)) Csupp Ay C U
for all :.

Remark. The functions ¥, = @i —@n—1,%0 = @0, define a partition of unity
subordinate to the covering {A™(X,U),n > 0} where

A™(X,U) = {T € A(X) | sd"T € Co(A(X,U))}.

Let sd* : C1(A(X)) — C(A(X)) and D* : CI(A(X)) — CT7I(A(X))
be induced by sd and D. We show HI(A(X)) ~ HI(A(X;U)). Suppose
u € CY(A(X)),6u = 0 and v € CT7(A(X;U)) with §v = u on A(X;U). We
define v, € C17(A™(X;U)) with v, = u on A™(X;U) by induction on n.
Let vg = v and define

Unt+1 = sd*v, — D*u.
Then, if év, = u,
6Vn41 = sd*u — (sd*u — u — D*6u)
=u
We modify the v, so that they fit together to give an element of C?~1(A(X)).

If w € CI(A™(X;U)), define p™w by (¢"w)(T) = ¢™(T)w(T). Sincesup ¢™ C
A™(X,U), we have p"w € CI(A(X)). Let t € CT7(A(X)) be defined by

t| A™M(X5U) =tp = v — 6(2 @ D*v; — Z(l — oH)D*v;)
i<n i>n

Since ¢*(T") = 1 for i large, the above sum makes sense. Note that 6t, = u
and that

5D"U,‘ = sd'v; -V — D*U

= Vig1 — V4
Hence, for T € A™(X;U) and N large,

ta(T) = (vn+1 +6 Y @' D*v;)(T).
i<N
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It follows that tn 41 (T) = t,(T), t is well defined and 6t = 0.
Suppose v € CI(A(X;U)) and v = 0. Let U € C(A(X)) be defined by

u | A™(X,U) = u, = sd"v — 6(2 @' D*sd'v — Z(l — ¢*)Dsd'v)
i<n i>n

Then for T € A®(X,U) and N large

un(T) = sdN+1y — §( Z ¢ D*sd'v)
i<N

Thus u is well defined and u = up = v — 6z on A(X;U). This completes the
proof of Lemma 7.1.

PROOF OF THEOREM 4.9: We verify that H*(A(X)) satisfies additivity and
the

Eilenberg-Steenrod axioms on pairs of CW complexes. Homotopy, additiv-
ity and the dimension axiom are obvious. Excision follows from Lemma 7.1.
To verify exactness one needs to show that if (X, A) is a CW pair, then
u € CI1(A(A)) can be extended to v € C9(A(A)). Let U be a neighbor-
hood of A, r : U — A a retraction, and o : X — [0, 1] a mapping with support
in U and with f(a) =1 for a € A. Define v € C1(A(X)) by

v(T) = (zaip, o(T(s))u(r&T)
This completes the proof of Theorem 4.9.
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