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SOME APPLICATIONS
OF UNIFORM p-ADIC CELL DECOMPOSITION

JOHAN Pas!?
K.U. Leuven

In this paper we summarize some applications of uniform p-adic cell
decomposition. The technique of p-adic cell decomposition was developed
by Denef [3,4], using ideas of Cohen [2]. Denef gave two applications of
his theorem. A first one was an elementary proof of Macintyre’s quantifier
elimination for p-adic fields; a second one was a proof of the rationality
of the Igusa local zeta function without using Hironaka’s resolution of
singularities.

Denef’s cell decomposition theorem holds for every p-adic field but
the decomposition procedure depends on the particular field. In [13]
and [14] we obtain cell decomposition theorems which are uniform in a
certain class of p-adic fields. In [13] we prove a cell decomposition for
a class of henselian valued fields of equicharacteristic zero. By the use
of an ultraproduct construction, this provides a decomposition which
is uniform, for almost all p, in the class {Qp}p prime of all fields of
p-adic numbers. The cell decomposition proved in [14] is uniform in
the class of all finite unramified extensions of the field Q, (with p a fixed
prime number). Macintyre [10] obtained independently a different cell
decomposition which is also uniform in these classes of fields.

The basic idea of cell decomposition is that, given a p-adic field K

and a polynomial f(z) with z = (x1,...,Zm), one can partition K™ into
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so-called cells, such that on each of these cells the function f(z) takes,
in a certain sense, a simpler form. The precise meaning of ‘simpler’
here is determined by the formalism (defined by a first order language
for p-adic fields) in which one proves the cell decomposition theorem.
The use of uniform cell decomposition allows one to simplify, uniformly,
formulas in the first order language and to obtain a quantifier elimination
in this language which is uniform in the class of fields. This is formulated
more precisely in section 1. A second application of cell decomposition
is the computation of certain p-adic integrals on definable sets. Cell
decomposition enables one to partition definable sets in simpler parts
for which the integral can be computed. The results here are stated in

section 2.

Section 1
Quantifier elimination

We define the first order language £, in which we prove the cell de-
composition for valued fields of equicharacteristic zero, and in which we
obtain quantifier elimination. The language £ is a language with three
sorts of variables, namely variables for the elements of the valued field,
variables for elements of the residue field and variables for elements of
the value group. The language contains symbols for the standard field
operations in the valued field and in the residue field, and symbols for the
usual operations in the value group. One also has a function symbol for
the valuation map from the field to the value group, and another function
symbol for an angular component map modulo P from the field to the
residue field. Such an angular component map modulo P is a multiplica-
tive morphism from the group of units of the valued field to the group
of units of the residue field, such that the restriction of this morphism to

the set of elements of valuation zero is the canonical projection onto the

266
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residue field.
Cell Decomposition Theorem 3.2 of [13] implies

THEOREM. ([13] Theorem 4.1) Let K be a henselian valued field of
equicharacteristic zero which has an angular component map modulo P.

Then K has elimination of field quantifiers in the language L.

Applying this to ultraproducts [] Q,/D where D is a non-principal ul-
trafilter on the index set of prime numbers we obtain a uniform quantifier

elimination for the fields of p-adic numbers.

COROLLARY. ([13] Corollary 4.3) Let ¢ be a formula in L. Then there
exists an L-formula 1 (which is independent of p) without field quanti-

fiers, such that, for almost all primes p, we have

pe— on Q.

Section 2
Poincaré series and Igusa local zeta functions

Let h(z) be a polynomial in m variables z = (z1,...,Z») over Z, and
let K be a finite field extension of Q, for some prime number p, such
that K is unramified over Q,, that is, p is a generator for the maximal
ideal of the valuation ring R of K. Suppose that the residue field of K
has cardinality q. The valuation on K is denoted by |.| and normalized
by |p| =1/q.

For every n € N we consider the number of solutions of the congruence
h(z) = 0 mod p" in R,

N(n,K) = Card{z mod p" | z € R™,h(z) = 0 mod p" }.
The generating function of this sequence

P(T,K) = f: N(n, K)T™

n=0
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is called a Poincaré series associated to the polynomial A. Borevich
and Shafarevich [1] conjectured that this series is a rational function
of T. This conjecture was first proved by Igusa [8,7] using Hironaka’s
resolution of singularities.

Another type of Poincaré series for h is the series associated to the

p-adic points on the variety h = 0. Put for n € N,
ﬁ(n,K) = Card{z mod p" |z € R™, h(z) =0},

and

P(T,K) = i N(n,K)T".

n=0
This series was studied by Oesterlé [12] and Serre [16]. Denef [3] proved
that P(T, K) is a rational function of T.

A first step in the rationality proofs for these Poincaré series, is to
relate the series to a certain p-adic integral. For the first series P(T, K)

this integral is the so-called Igusa local zeta function of h, which is defined

as

) Z(s,K) = /lh(a:)ls ldz|  fors€R, s> 0,
Rm

where |dz| is the Haar measure on K™ normalized on R™. The relation

of this integral with the Poincaré series P(T, K) is given by
1+ (T -1)P(g™7T)

(2) Z(s,K) = T for T = q~°.
For P(T, K) the corresponding integral is
I(s,K) = /|w|s |dz| |dw]| for se R, s> 0,

D

where

D={(z,w) ER"xR|Iy€R™ : z=ymodw and h(y) =0}
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Here we have
(3) I(s, K) = q——;—l-ﬁ(q-<'n+1>T, K)  for T =q~".

We now want to study the behaviour of these Poincaré series if the
field K varies in the class of all fields of p-adic numbers {Qp}p prime- BY
relations (2) and (3) it suffices to study the behaviour of p-adic integrals
of the form

75, K) = [In@)* ldal,
w
where W is the subset of K™ defined by a formula % in the language L.

For this kind of integrals we proved, using the uniform cell decomposi-
tion theorem, that if K varies in the class {Q,}p prime, the denominator
of J(s,K) as a rational function in p~° does not depend on p and the

degree of the numerator is bounded independently of p.

THEOREM. ([13] Theorem 5.1) Let h(z) € Z[z] with x = (1,...,ZTm)-
Let ¢ be an L-formula with free field variables x1,...,x,. Suppose that
W, = {z € Qp* | ¥(x) holds } is bounded for all p. Consider

I(5,Qp) = [Ih(@)I* dal.
WP

Then

J(s5,Qp) = % with T = p~°,

where (i) the denominator Q(p,T) is a rational function in p and T,
which is a product of factors of the form T, p, or 1 — p®T® (a,b € Z);

(ii) for every p, R,(T) is a polynomial in T such that deg R,(T) is
bounded independently of p.

The same result holds for the Poincaré series P(T, Q) and f’(T, Qp)
by (2) and (3).
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We were not able to obtain more information on how the numerators
R,(T) depend on the prime p. This problem is probably much more
difficult since the coefficients of R,(T") are related to the number of points

on a variety over the finite field F, (which is the residue field of Q).

We now consider the class of all unramified extension of Q, with p a
fixed prime number. Since for every d € N, d > 0, there is a unique
unramified extension Kg of Q, of degree d, we can denote this class by
{K4}deN,i>0- The first order language £’ used in this case is similar
to the language £, but here we have to include additional sorts for the
residue rings modulo p", due to the non-zero characteristic of the residue
fields. From Cell Decomposition Theorem 3.2 of [14], which is uniform
in the class {K4}4eN,d>0, We obtain a result for J(s,Ky4) (d € N, d > 0)
which is similar to the previous theorem for J(s, Q,) (p prime). However
the residue field of Ky is the field with p? elements F,a. Since the vari-
ation with d of the number of points on a variety over F,q« is known by
Dwork’s theorem [6], we are able to determine more precisely how the

numerator of J(s, K;) depends on d.

THEOREM. ([15] Theorem 2.3) Let h(z) € Z[z] with x = (Z1,...,Zm).
Let i be an L'-formula with free field variables x1,...,Z,,. Suppose that
Wy ={z € K" | Y(z) holds } is bounded for all d. Consider

J(s,Kq) = [ |h(z)|® |dz]|.
/

Then there exist a positive integer do, complex numbers Aq,...,A; and
polynomials G, H € Z[T, X,, ..., X.] such that, for d > dp,

G(T,pdAl 9 ,pdxt)
H(T,pdkl, " ’pd)\‘),

Meuser [11] calls such a function an invariant function of the sequence

J(s,Kq) = with T = p~9s.

{K4}deN,i>0- She proved the above theorem for the Igusa local zeta

function (see display (1)). In this case dp = 1.
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