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ON DIOPHANTINE APPROXIMATION
BY ALGEBRAIC NUMBERS OF A GIVEN NUMBER FIELD :
A NEW GENERALIZATION OF
DIRICHLET APPROXIMATION THEOREM

by

Roland QUEME

Introduction

It is well known that for all & € R, o ¢ @ there are infinitely many p/q,
Ip|, ¢ € N such that |@ — p/q| < 1/¢* (Dirichlet theorem), and that for any
real algebraic number o ¢ Q and for any € € R, € > 0, there exist only finitely
many p/q, |p|, ¢ € N such that |o — p/q| < 1/¢**¢ (Roth theorem).

Let K be a number field of degree n, signature (r,s) and absolute value of
discriminant D.

Let B be the Minkowski constant of K (B = (4/7)° . (n!/n").+/D).

Let 0 : K — R" x C® be the embedding defined by :

U(p) = (Ul(p)a () af‘(p), OT+1(p)7 AR 0T+8(p))

where, as usually, K = o;(K).

For z,y € R” x C* we note ¢ = (z;, § = 1,...,r + 5). Then we note
r+y=(z;+y;, j=1,...,r+s)and z.y = (2;.y;, j=1,...,r +3).
We define, for z € R™ x C*, the distance function and the norm function :

d(z) = |za| + -+ - + |2 | + 2|Trpa | + -+ - + 2| Trys],

N(z) = [o1] -« |z [ zra [ - el -

Let A be the ring of integers of K.

S.M.F.
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QUEME R.

Then we obtain the diophantine approximation theorems :

(i) For a € R" x C* — o(K), there exist infinitely many 8 = p/q, p,q € A
such that 0 < d(ao(q) — a(p)) < n?.B*"™/d(s(q)), with arbitrary large
distance d(o(q)).

(i) Fora € R"xC*, o5 ¢ 0;(K),j =1,2,...,7+s, there exist infinitely many
B =p/q, p,q € A such that 0 < N(a — o(p/q)) < (B/Nk/a(4))*.

We first summarize the state of the art with three types of generalizations
found in the quoted literature for diophantine approximation by numbers of a
given number field K. Let K be a number field of degree n, signature (r, s). For
B € K, let P(f3) be the field polynomial of 33,

P(B) =(z —01(8)) -
(.’L‘ - Ur(ﬂ))(x - 0r+l(ﬁ))($ - 01‘+1(ﬂ)) T (x - ‘77‘+8(:3))(x - 0’r+s(ﬁ)) .

Let C' € N such that P,(8) = CP(8) = b, + -+ + b13 + by is a polynomial
with integer coprime coefficients b;, ¢ = 0,1,...,n. Then we define the height
of 8 € K by Hk(8) = sup |bi.

i=0,...,n

The first generalization of Dirichlet theorem found in bibliography is :

Assume that » > 0 and choose a real embedding o7 : K — R. For
every @ € R — ¢1(K), then there exist infinitely many § € K such that
la — a1(B)| < C1(K) max(1,a?)/Hk(B)? where C;(K) is a constant depending
only on K (see SCHMIDT [8] p.253).

The second generalization of Dirichlet theorem is :

Assume that s > 0 and choose a complex embedding 0, : K — C. For
every @« € C — 02(K), then there exist infinitely many § € K such that
la — 02(B)] < Co(K)/Hk(B) where Cy(K) is a constant depending only on
K (see SCHMIDT (6] p.206).

The third generalization is :

Let f£y,...,0¢ € K; let b be the fractional ideal of K generated by
(13181) v ,ﬁl)'
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ON DIOPHANTINE APPROXIMATION BY ALGEBRAIC NUMBERS

We define the generalized height of the ¢-tuple (B1,...,0) by :

bic(Br, .-, 0e) = Nisq(b) HlmaX(l, lo;(BL)I, - -5 |o;(Be)])
]:
r+s

[1 max(1,|o;(B0)l; -, lo; (Be))*.

j=r+1
(i) if r > 0, let 03 : K — R be a real embedding and oy, ...,o € R, not all
in 03(K); put in that case v =1

(i) if s > 0, let 03 : K — C be a complex embedding and oy,...,a, € C, not
all in 03(K) ; put in that case v = 2

then there is a constant C3(K, a4, ..., o) depending only on K, a4, ..., a, such
that there exist infinitely many 8 = (81,...,0), Bi € K, with

IOZ,' - 0'3(ﬂi)|u < 03(1(, A1,... ,ag).bK(,Bl, .o ,,3[)_1—1/[, = 1,2, vee ,é (1)
(see SCHMIDT |[7] p.2).

The main difference between the quoted formulation and our theorem are
summarized in the four next points :

1) In classical approximations above, |o — ] is obtained for one of the conju-
gates 8 = 01(83). On the other hand, our estimate involves simultaneously
all the conjugates of the same 3 € K,

for the distance function,

d(aa(q) — a(p)) = laror(q) — o1(p)| + - - - + |@r0.(g) — 0+(p)|
+2|0r410,41(q) = Ora(P)| + -+ + 2|t 450 45(q) — Ur+s(p)|

for the norm function,

N(a—oa(p/q)) = |a1 = o1(p/q))| - -~
lar — 0, (p/ )| |tr1 — 0r+1(P/‘1)|2 v Qs — 0r+s(P/¢1)|2-

2) Our approximation theorem cannot be immediately connected to usual
simultaneous approximation theorems, because in simultaneous approx-
imation |f(cz — B1)|,...,|f(2 — Be)| the simultaneous approximations
Bi, .- -, P are not conjugate of the same 3 € K (see for instance (1)).
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QUEME R.

3) Our result contains not only effective but explicit constants with simple
relationship to the structure of the number fields (the Minkowski constant
for instance, with the distance function choosen).

4) Our proof is the exact generalization of the approximation by @ to
approximation by a given number field K, using geometry of numbers
properties of number fields embedding in R".

Acknowledgments are due to Professors DuBOIS, GYORY, LEUTBECHER,
SCHLICKEWEI and TOFFIN for helpful remarks which allowed me to write this
new version of this note.

Prerequisites-Notations

K : number field

n : degree of K

(r,s) : signature of K

z 2 €e€R xC o= (z;|j=1,...,r+59)

T4y rzty=(z;+y;|j=1,...,7r+59)

z.y rrzy=(zy; |j=1,...,7r+5s)

d(z) : for z € R™ x C?, the distance function is defined by :

d(z) = |z1] + - + |20 + 20Ersa] + - - + 2T
N(z) : for z € R” x C?, the norm form is defined by :
N(@) =l b el sl
U(o,7) :for 7 € Ry, convex body of R" defined by
U(o,7) ={z |z € R" x C*°,d(z) < nr}
where R” x C? is isomorphically identified to R™ by

Trai = (R I(@esi)) , i=1,...,5
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where R and I are the real and imaginary part.
The volume of U(o,7) is v(U(o, 7)) = 27(7/2)*n"1" /n!
(see for instance SAMUEL (5] p.70).

A : ring of algebraic integers in K.

o(A) : embedding of A in R™ x C* defined, for a € A, by

o(a) = (o1(a),...,0.(a),0041(a),...,004+s(a))

where R™ x C*® is isomorphically identified to R™ by
0r4i(a) = (R(0r+i(a)), I(0,4i(a))).

o(A) is a lattice.
D, : Let wq,...w, € Asuch that o(w;),...,0(w,) is a basis of the lattice
o(A).

we define classically the fundamental domain D, by :

Do={x|x€R'xC" ) x=ula(w1)+”'+una(wn)’ 05u1<1}

D(o(a)) :fundamental domain of o(A) deduced from the fundamental domain

D, by the translation 0 — o(a) :
D(o(a)) ={(y;) €R" x C° |(y; —0;(a))| j =1,...,7 +5) € Do}

Results

THEOREM 1. Let K be a number field of degree n, signature (r,s),
and absolute value of discriminant D. Let B be the Minkowski bound of K
(B = (4/7)*.(n!/n"™)./D). Let A be the ring of integers of K.

Let a € R" x C* — o(K). Then, for any m € R, m > 0, there are infinitely
many different 8 = p/q where p,q € A, such that d(a(q)) > m and

0 < d(e.0(q) — o(p)) < (n*.B*")/d(0(g)).
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Proof :
1) Let e €R, >0,

A= (1+2¢)".BY"[2 = (14 26)V/™.(n!/n™)?/" (4/7)2)/™.DY" /2.

Let m € Ry, arbitrary large and p = Am=/",

Consider the set E = U(o,m!™) N 0(A) where U and ¢ have the meaning of
notations paragraph. From v(U(o,m'/™)) = 27(n/2)*n"m/n! and v(D(0)) =
2“"\/5, we deduce

t = Card (E) = (2 (7/2)°n"m)/(n'27°V/D) + O(m!~/™).

Therefore, for m sufficiently large, we have t > {2"7*n"m/(nlv/D)}.{1 —¢}. For
any a € A, for all ¢; € A with o(g;) € E, it is possible to define p;(a) € A and
pi(a) € R"xC*® i =1,2,...,t, such that p;(a) = ao(g;)—0o(pi(a)),t =1,2,...,t
and p;(a) € D(o(a)). Notice that the approximation function d(z) is meaningful
because d(ag(q) — o(p)) = 0 leads to p = ¢ = 0 : from the definition of d(z),
d(ao(q) — o(p)) = O implies ay0;(q) — a5(p) = 0, j = 1,...,7 + s, and thus
a; =0j(p/q),j =1,...,7+s and therefore @ € o(K), which is in contradiction
with hypothesis. Thus the p;(a), ¢ =1,...,t, are different each others.

Consjder the set G = {U(pi(a),p/2) | i =1,2,...,t, Va € A}. G cannot
be a packing of R" (for packing definition, see for instance LEKKERKERKER (2]
p.169) because

to(U(o, p/2)) > {(1 — €)2"w*n"m/(n!VD)}.
{27(7/2)*n"™(1 4 2¢)(n!/n")?(4/7)* Dm™1 /(272" n!)}
to(U(o, 1/2)) > (1 — €)(1 4 2¢)27°*V/D > v(D(0)).

Therefore, for m sufficiently large, there exist p;(a) and py/(b) with
pi(a) = ao(g:) — o(pi(a)) (1)
pir(b) = ao(gir) — o (pu(b)) (2)
such that U(p;(a), u/2) 0 U(pir(b), u/2) # 0.

Then d(p;(a) — pi(b)) < np from the definition of the convex set

U(p(a), u/2).
Let p = pi(a) — pir(b), p € A and ¢ = ¢; — gir, ¢ € A. Then, from the value of 4,
we deduce

d(ao(q) - o(p)) < np = (n(1 +2¢)"/". B [2)m /", @)
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ON DIOPHANTINE APPROXIMATION BY ALGEBRAIC NUMBERS

Consider the sequence of values of ¢ defined by €1 = 1, e = 1/2,...,&, =
1/k, ... Therefore, for m given, for any ¢ there exist p(ex), g(€x) € A such that

d(ao(g(er)) = o(p(er))) < (nBY"[2).m~V/". (1 + 2e)V/". (2")

From o(g(ex)) € 2E, we deduce that d(a(g(er))) is bounded above indepen-
dently of €. From inequality (2"”), we then deduce that d(o(p(ex)) is also
bounded above independently of €. Like o(A) is a lattice, it is possible to
take out an infinite subsequence k1, ko, ..., k; such that p(ex,) = p(ex,) =+ =
p(ex;) = p and gq(er,) = q(ex,) = - -+ = gq(ex;) = q and then

d(ao(q) — o(p)) < (nBY"/2)m™". (3)
From o(g; ) € E in (1), we have d(o(g; )) < nm!/™,

From o(gy) € E in (2), we have d(o(g)) < nm!/™,
and thus d(a(g)) < 2nm!/™ or m~'/" < 2n/d(o(q)).

We then have from (3)

d(ao(g) - a(p)) < (nB*"[2)(2n/d(o(q)))

d(ao(q) — o(p)) < n*B*"[d(a(g)) - (3)
2) We shall now prove that there are infinitely many different 8 = p/q with
d(ao(q) — o(p)) < n*B¥"/d(a(g)). (4)

Let m;, mg € Ry, m; given, my < my with mgy — +00. We have my; > m; and
p1 > po with the meaning of m and p above.
From (3') inequality, we have

d(eo(q1) — o(p1)) < n?BY"m; /", (5)
d(ao(gz) — 0(p2)) < n?BY"m; "™, (6)

If B2 = By then p3/ga = p1/q1 and 0j(p2/g) = oi(pm1/q1), j = 1,...,7 + 5.
@;0i(q2) — 0j(p2) = 0j(@)(e; — 0j(p1/q1)) and thus N(ao(g) — o(p2)) =
Ni/q(@)N(a — a(p1/q1)), N(ao(g) — o(p2)) > N(a — o(p1/q1)). From the
geometric mean inequality, d(ao(g2) — o(p2)) > nN(a — o(p1/q:1))/" and then
pa > N(a—0(p1/q1))/", which is possible only for m, bounded above. Then, for
any (1 = p1/q given which verify (5), there are finitely many couples (p;, g2)
such that By = ps/¢2 = p1/q1 and such that (2) is verified. Relation (4) is
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verified by infinitely many couples (p, q), because in (3) d(ao(g) — o(p)) can
be made arbitrary small for m sufficiently large. Therefore there are infinitely
many different 3 = p/q such that (4) is verified. 3) We shall prove that there
are finitely many different 3 = p/q for one value of ¢ given :

Let 1 =p1/q and B, = p2/q. If ¢1 = g2 = ¢ then
d(ao(q) — o(p1)) < n*B*"/d(a(q)) and d(ac(q) — o(ps)) < n*B¥"/d(a(g)).

Then, we deduce d(o(p; — p3)) < 2n?B*™/d(a(q)), which is possible only, for
p1 given, for a finite number of p,.

4) From 2) and 3), there are infinitely many different g, thus with arbitrary
large d(o(q)) such that

d(ao(g) - o(p)) < (n*B*")/d(0(q)), QE.D.

Remark : If « is such that a; = o = -+ = a@,4,, then an immediate
consequence of the Dirichlet approximation theorem is that there are infinitely
many p/q, p,q € Z C A such that d(as(q) — o(p)) < n/q = n?/d(o(q)) <
(n?B%™)/d(0(q)) : in that particular case, the theorem 1 is an immediate
consequence of Dirichlet theorem.

COROLLARY 2 : Let K be a number field of degree m, signature (r,s)
and absolute value of discriminant D. Let B be the Minkowski bound of I
(B = (4/7)*(n!/n")/VD). Let « € R" x C*, o; ¢ 0;(K), j =1,...,7+5. Then
there are infinitely many 8 =p/q, p,q € A such that

0 < N(a— a(p/q)) < (B/Nx/e(2))*-

Proof : From geometric mean inequality, we deduce from the theorem 1
n"N(ao(g) — o(p)) < n*"B*/d(0(q))".

From geometric mean inequality n"N(o(q)) < d(o(¢))", and then

N(a—o(p/q)) < (B/N(a(9))* = (B/Nk/a(9))*-

From «; ¢ 0;(K) we deduce |ojo;(q) — 0;(p)| > 0,j=1,...,7 + s, and then
N(a-oa(p/q)) >0, Q.E.D.
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COROLLARY 3 : Let K be a number field of degree n, signature (r,s)
and absolute value of discriminant D. Let A be the ring of integers of K. For
z € R" x C*, let da(x) be the distance function defined by

dz(x) = (|1;1|2 + 4 |1'r|2 +2|-'Er+1 |2 +o 2|-"3r+a|2)1/2-

(1) then, for every m € R, m > 0 and every o € R" x C* — o(K), there ezist
infinitely many different p/q with p,q € A such that

0 < dz(ao(g) — a(p)) < n{T(1 + n/2)(4/(wn))"/*VD}" [da(o(q))

with d2(a(q)) > m.
(11) then, for « € R" x C*, o; ¢ 0;(K), j =1,...,r + s, there exist infinitely
many § = p/q where p,q € A such that :

0 < N(a—a(p/q)) < {T(1 + n/2)(4/(7n))"*V'D/Nisq(a)}".

Proof : it is exactly of the same nature than the proofs of theorem 1 and
corollary 2 with function dy(z) instead of function d(z).

Some generalizations

It is possible to study some generalizations of preceding results : we
mention some obtained generalizations or problems to solve.

1) In the corollaries 2 and 3, it would be possible to search for a proof that
not only d(a(g)), but also Nk/q(g), can be choosen arbitrary large.

2) A “Roth type” theorem could have one of the formulations :

(i) Lete € R,e > 0,fora € R"xC°—0(K), aj,j = 1,...,r+s algebraic,
then there would be only finitely many § = p/q, p,q € A such that
d(ao(q) — a(p)) < 1/d(a(g))**.

(ii) if the assertion 1) is true (arbitrary large Nk/q(g)), then for ¢ € Ry,
for a € R" x C°, o5 ¢ 0;(K) j = 1,...,r + s, o; algebraic
J =1,...,r +s, there would be only finitely many norms Nx,q(q)
such that

0 < N(a—0a(p/q)) < 1/Ng/q(q)**".
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Compare to MAHLER [4] result (appendix C) : let € C*, let B € K
and Hk(B) the height of 3 as previously defined.
Let f(8) = [] min(1, |a; — o;(B))).
i=1
Let 6 € R, 6 > 0. There are only finitely many 3 in K with

£(B) < Hx(8)™*~".

Let @ € R™ x C* — ¢(K). It is always possible to find ¢; € A such that

d(ao(q) — o(p1)) < n*B" [d(a(q1))

and such that for all ¢ # ¢, ¢ € A with d(ao(¢) — o(p')) <
n?B?%" [d(a(q')) then d(a(q')) > d(o(q1)) : o(A) is a lattice, therefore

d(o(q1)) = min{d(o(q)) | g€ A, 3p, d(ao(q) - a(p)) < n*B*"/d(0(q))}

exists. It is always possible to find in the same way ¢2 € A such that

d(ao(g;) — o(p2)) < d(eo(q1) — o(p1)) with
d(o(g2)) = min{d(o(¢)) | d(ao(q) — o(p')) < d(ag(q) — o(p1))}.

It is then possible to comsider (o(p1),0(q1)),-..,(0(p:i),0(g)),... as a
sequence of best approximations of & € R"xC?*—o(K) by elements of o (K),
generalizing the concept of sequences of best approximations of elements
a € R — Q by elements of Q. This concept is studied in [10].

It is possible to generalize theorem 1 and corollaries 2 and 3 to simultaneous
approximation. For instance, let (a!,...,a%) € (R" x C*)¢ — ¢(K)’. Then,
there exist infinitely many ¢-tuples (¢1,...,q) € A* and p € A such that

0 <d(a'a(q)+- - +o(q) - o(p)) < n*' B! [d(0(gm))*

where d(0(gm)) = max (d(o(g))).
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