
Astérisque

AST
Journées arithmétiques de Genève - 9-13 septembre
1991 : Pages préliminaires

Astérisque, tome 209 (1992), p. 1-16
<http://www.numdam.org/item?id=AST_1992__209__1_0>

© Société mathématique de France, 1992, tous droits réservés.

L’accès aux archives de la collection « Astérisque » (http://smf4.emath.fr/
Publications/Asterisque/) implique l’accord avec les conditions générales d’uti-
lisation (http://www.numdam.org/conditions). Toute utilisation commerciale ou
impression systématique est constitutive d’une infraction pénale. Toute copie
ou impression de ce fichier doit contenir la présente mention de copyright.

Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques

http://www.numdam.org/

http://www.numdam.org/item?id=AST_1992__209__1_0
http://smf4.emath.fr/Publications/Asterisque/
http://smf4.emath.fr/Publications/Asterisque/
http://www.numdam.org/conditions
http://www.numdam.org/
http://www.numdam.org/


209 ASTÉRISQUE 

1992 

JOURNÉES ARITHMÉTIQUES 

DE GENÈVE 

9-13 septembre 1991 

D.F. CORAY, Y.-F. S. PÉTERMANN, éditeurs 

SOCIÉTÉ MATHÉMATIQUE DE FRANCE 
Publié avec le concours du CENTRE NATIONAL DE LA RECHERCHE SCIENTIFIQUE 



A.M.S. Subjects Classification (par article, dans l'ordre de la table des matières) : 
• 11D61 ( 11D57 -11E76 -11R09) • 11G ( 14G) • 11M06 ( 11M41 ) • 20G30 (20H05) • 11G40 
•11G05.11T06(11P05)«11H5541J91«11C20(15A36)«11R33(14L30)«11B75«11G35 
(14G25)O1R34«11S20.11N13(11M26)«11K55.11F70«11T71*11N3741E25(11E20-
11P21) • 22E40 (11E12 - 20H15) • 11J91 • 11A55 (11B25 - 11D09) • 11G25 • 



Préface 
Les dix-septièmes Journées Arithmétiques ont rassemblé à Genève 213 mathéma

ticiens de 26 pays, du 9 au 13 septembre 1991. Treize conférenciers ont présenté 
des exposés généraux accessibles à l'ensemble du public; près d'une centaine de 
communications plus spécialisées ont été réparties en quatre sessions parallèles. Le 
présent volume contient les textes de quelques-uns de ces exposés. 

Ce congrès s'est déroulé sous le patronage de la Société Mathématique Suisse. 
Il a en outre bénéficié du soutien des institutions suivantes: 
Université de Genève; Fonds national suisse de la recherche scientifique; C.N.R.S.; 
Académie suisse des sciences naturelles; Société Académique (Genève); Etat de 
Genève; Etat du Valais; 3ème Cycle romand de mathématiques; Association Jan 
Hus (Lausanne); Caran d'Ache S.A. (Genève); I.B.M. (Suisse) S.A. 

En ce qui concerne le présent volume, nous tenons à exprimer notre gratitude aux 
quelque 40 rapporteurs anonymes, qui avec efficacité et rapidité ont abattu un travail 
considérable. Leurs remarques et critiques ont formé une contribution essentielle à 
la composition, la forme, et parfois le fond de la version définitive de ces comptes 
rendus. 

Daniel Coray et Y.-F. S. Pétermann 

JA 91 
Genève 
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Résumés 
et dates de réception des manuscrits 

Conférences 

KÁLMÁN GYŐRY - Some recent applications of S-unit equations 26.3.92 

In this survey paper, some new applications of S-unit equations are presented 
to certain arithmetic graphs and irreducible polynomials, to a conjecture on common 
polynomial divisors of trinomials, to families of solutions of decomposable form 
equations, to certain generalized systems of 5-unit equations, and to binary forms 
and decomposable forms of given discriminant. Further, some consequences of a 
generalization of Baker's type inequalities are discussed for 5-unit equations. 

MARC HINDRY - Sur les conjectures de Mordell et Lang (d'après Vojta, Faltings 
et Bombieri) 4.2.92 (remarque ’dernière minute’ 5.5.92) 

I present the new proof of Mordell's conjecture found by Vojta and the gen
eralization proven by Faltings: ”a subvariety of an abelian variety has only finitely 
many points rational over a number field, whenever it contains no translate of suba-
belian variety”. The paper also describes further simplifications due to Bombieri and 
some applications of these results, especially to the study of algebraic points of given 
degree on a curve. 

K . RAMACHANDRA - On Riemann zeta-function and allied questions 13.9.91 

(revised 'Postscript' 25.5.92) 

A. RAPINCHUK - Congruence subgroup problem for algebraic groups: old and 
new 5.11.91 

The paper is an up-to-date survey of the congruence subgroup problem. It 
contains the statement of Serre's conjecture on the congruence subgroup property 
for S-arithmetic subgroups of simple simply connected groups of S-rank > 2, and 
most of the results that confirm it. Besides, some new methods of attacking the 
congruence subgroup problem are described which provide new examples of groups 
with the congruence subgroup property. 

S. M. F. 
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JOURNÉES ARITHMÉTIQUES, GENÈVE 1991 

A . J . SCHOLL - Modular forms and algebraic K-theory 14.2.92 

This paper is a slightly expanded version of the talk given at the conference. 
We sketch an example of a non-trivial element of K2 of a certain threefold, whose 
existence is related to the vanishing of an incomplete L-function of a modular form 
at s = 1. This is preceded with a simple account, for the non-specialist, of some of 
the conjectures (mostly due to Beilinson) which relate ranks of A"-groups and orders 
of L-functions, supplemented by examples coming from modular forms. 

TETSUJI SHIODA - Some remarks on elliptic curves over function fields 25.11.91 

As a supplement to my talk 'Mordell-Weil lattices and sphere packings' at JA91 
in Geneva, I discuss some basic results on the Z-function of an elliptic curve over a 
function field with a finite constant field, from the viewpoint of Mordell-Weil lattices. 
Some explicit examples are given. 

Autres exposés 

Y V E T T E AMICE et BRUNO KAHN - Sommes de puissances dans les corps finis 
9.1.92 

The higher levels of a field F, studied among others by Pamami, Agrawal, 
Rajwade and Revoy, are defined like the ordinary level, as the smallest number of 
n-th power summands necessary to represent — 1, where n is a power of 2. When F 
is a finite field F g (q odd), the increasing sequence of higher levels stabilises from 
h(q) on, where h{q) is the dyadic valuation of q — 1; its supremum is denoted here 
by s(q). It appears that s(q) = 2 unless q = p or p 3 , with p =char F , and s(p3) = 2 
or 3. If q = p, the Weil (or Jacobi) sums estimates imply that s(p) = 2 as soon 
as p > 2Ah(pK However, computations performed up to 10 9 hint that this bound is 
much too big in practice, and at least for small values of h(p) (h(p) < 7), one has 
s(p) = 2 as soon as p > 2 2 m 7 2 h ( p K Similarly, computations find no prime p such 
that s(p3) = 3 up to p = 101 711873. We believe that these experimental results 
exemplify general phenomena, but so far have no theoretical explanation for them. 

A - M . B E R G É , J . MARTINET et F . SIGRIST - Une généralisation de l'algorithme 
de Voronoï pour les formes quadratiques 7.1.92 

Ainsi que Voronoï l'a montré en 1908, les formes quadratiques définies posi
tives parfaites de dimension donnée peuvent être classées au moyen d'un algorithme 
explorant un graphe. Les résultats récents de Jaquet pour la dimension 7 indiquent 
clairement que cette dimension marque la limite des possibilités actuelles. 

Nous montrons dans cet article comment une extension de l'algorithme original 
permet de traiter des variantes utiles du problème initial, et en particulier de classer 
les formes parfaites avec groupe d'automorphismes donné. 

12 



RÉSUMÉS 

VALÉRIE BERTHÉ - De nouvelles preuves ”automatiques” de transcendance pour 
la fonction zêta de Carlitz 25.11.91 

Carlitz a défini une fonction ( qui est l'analogue pour le corps fini Fq de la 
fonction £ de Riemann. Yu a montré, en utilisant les modules de Drinfeld, que 
£(s ) /n 5 est transcendant pour tout s non divisible par q—1, II étant une série formelle 
analogue au réel n. Je donne ici une preuve par les automates de la transcendance de 
( ( s ) / I F pour q^2 et l<sfz<q-sd2fdfd, en utilisant le théorème de Christol, Kamae, 
Mendès France et Rauzy. 

GAUTAMI BHOWMIK - Divisor functions of integer matrices: evaluations, aver
age orders and applications 18.11.91 

We extend the concept of divisor functions to matrices over Z and prove a 
recursion in the size of the matrix. A special case of the Kôcher zeta function helps 
us obtain average orders. 

We give examples of connections of our results with Hecke algebras and partition 
functions. 

T E D CHINBURG and BOAS EREZ - Equivariant Euler-Poincaré characteristics 
and tameness 2.12.91 

In this paper we define an Euler-Poincaré characteristic which is the basis for 
generalizing to tame coverings of schemes the theory of the Galois module structure of 
rings of algebraic integers. First we define tame G-coverings of schemes / : X —» F , 
where G is a finite group. Then, under the assumption that the schemes are proper 
and of finite type over a noetherian ring A and given T a coherent G-sheaf on 
X, we define the Euler-Poincaré characteristic x-Rr+(/*((T)), which is an element 
of the Grothendieck group CT(AG) of all finitely generated AG-modules which 
are cohomologically trivial as G-modules. In fact the definition applies to certain 
complexes of sheaves on X which occur in applications. In an appendix we include 
a proof of a variant of the well known Lemma of Abhyankar characterizing tame 
G-coverings of schemes. 

GREGORY A . FREIMAN - On the structure and the number of sum-free sets 
13.9.91, and in revised form 10.6.92 

A finite set A of positive integers is called sum-free if A n (A + A) = 0. 
For n odd, { l ,3 ,5 , . . . , n} and j 2 ^ , n+3/2fdn] are examples of such sets. 
Denote by m and £, respectively, the largest and smallest elements of A and by 

a the cardinality of A. 
We show that if the cardinality of the sum-free set A does not differ much from 

| , then A does not differ much from one of the two examples mentioned above. 
More precisely, if a > -$¡1 + 2, then either all elements of A are odd or A contains 
both odd and even integers and m > a. 

It is shown that if a > -^¿ + 2 then the number of such sum-free sets is 0 ( 2 n / 2 ) 
which proves for such sets the conjecture of P. Cameron and P. Erdôs. 

13 
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DAVID HARARI - Groupes de Brauer de certaines hypersurfaces 25.11.91 

Soit k un corps de nombres, V l'hypersurface de A£ d'équation y 2 — az2 = 

/ ( x i , . . . , x n _ 2 ) 5 f ( x 1 , . . . , x n _ 2 ) , avec a e k* - k*2, f et g polynômes irréductibles 
de degré 2 premiers entre eux. Soient <j>9 ip les formes quadratiques obtenues en 
homogénéisant / et g ; on suppose que l'intersection de leurs noyaux est réduite 
à 0. Soit X un modèle projectif lisse de V. Alors, quand n > 6, X vérifie le 
principe de Hasse et l'approximation faible. Quand n = 5, l'obstruction de Brauer-
Manin au principe de Hasse et à l'approximation faible pour X est la seule, et c'est 
encore le cas quand n = 4 si les coniques définies par </>, tp sont lisses et se coupent 
transversalement suivant deux paires de points conjugués. 

W E R N E R HÜRLIMANN - A short proof of the Albert-Brauer-Hasse-Noether the
orem 28.10.91 

We present a short proof of the Albert-Brauer-Hasse-Noether theorem on the 
Brauer group of a global field. The connection between Galois cohomology and 
algebraic tori theory is emphasized. 

Let K/k be a finite Galois extension of arbitrary fields with group G, then the 
relative Brauer group is Br(K/kd) £ H2(G,K*d) 2 Hl(G, Ti(/T)), where Tx is the 
algebraic A;-torus associated to the augmentation ideal IQ of G. When A; is a global 
field, we use fundamental facts from algebraic tori theory, Tate-Nakayama duality 
and modern versions of Grunwald-Wang's lemma to deduce the short exact sequence 

0 >Br{k) >®Br(kv) >Q/Z >0, 

where kv runs over the completions of k at all places v of k. 

W . JENKNER - Les corps p-adiques dont les groupes de Galois absolus sont 
isomorphes 14.11.91 

Soit p un nombre premier quelconque (on remarquera notamment le cas p = 2). 
On considère deux extensions finies K et L de Q p , contenues dans une clôture 
algébrique Q p . Si les groupes de Galois Ga l (Q p / 7 \ ) et Ga l (Q p /L ) sont des groupes 
topologiques isomorphes, on démontre que les sous-extensions abéliennes maximales 
de -K"/Qp et de L / Q p sont identiques. 

J . KACZOROWSKI - The boundary values of generalized Dirichlet series and a 
problem of Chebyshev 24.9.91 

There is an old conjecture of Chebyshev saying that there are more primes p = 3 
(mod 4) than p = 1 (mod 4) . S. Knapowski and P. Turan have given a quantitative 
interpretation of this statement. We prove a theorem about the boudary values of 
general Dirichlet series and show its relevance to Chebyshev's problem. In particular 
it turns out that the Knapowski-Turdn conjecture is false at least if we accept the 
Riemann Hypothesis for L-functions (mod 4) . 
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RÉSUMÉS 

A. and J . KNOPFMACHER - Metric properties of algorithms inducing Lüroth 
series expansions of Laurent series 18.11.91 

We investigate ergodic and metric properties of the polynomial 'digits' occuring 
in certain Luroth-type series representations of formal Laurent series over finite fields. 
In particular, relative to Haar measure on power series with zero constant term, 
the results stated or derived in detail include the existence almost everywhere of a 
Khintchine-type constant, and of various other metric conclusions on the frequency 
or distribution of given 'digit values'. 

J O A N - C . LARIO - Serre's conjecture on Galois representations attached to Weil 
Curves with additive reduction 15.11.91, and in revised form 21.4.92 

In a joint work with P. Bayer [Ba-La 91] we verify Serre's conjecture (3.2.4?) 
(in Duke J.) for the Galois representation defined by the p-torsion points of p-vertical 
Weil curves. In this paper our purpose is to emphasize the difference between the 
p-vertical and the p-horizontal cases in order to check Serre's conjecture. Several 
numerical examples, collected by computer calculations, lead us to give a conjecture 
which implies (3.2.4?) for the horizontal case. 

MIROSLAV LAŠŠÁK - Some remarks on the Pethö public key cryptosystem 
18.11.91 

This note aims to point out that under certain conditions the public key cryptosys
tem introduced by Pethô in [1] can be broken in polynomial time. This gives some 
additional conditions which should be imposed on the choice of some parameters of 
the secret part of this system. 

T O M MEURMAN - A simple proof of Voronoï's identity 1.11.91 

A comparatively simple proof of Voronoi's identity is given. The proof does not 
depend on the functional equation for the Riemann zeta-function nor on properties of 
Bessel functions. 

B . Z . MOROZ - On representation of large integers by integral ternary positive 
definite quadratic forms 13.9.91, and in revised form 22.10.91 

We prove a conjecture of Heath-Brown to the extent that every sufficiently large 
integer congruent to 7 modulo 8 is represented by the quadratic form x2 + y2 +p3z2, 
where p is a rational prime congruent to 5 modulo 8 (in particular, by the form 
x2 + y2 + 125^ 2 ) , and discuss some related results. 

RUDOLF SCHARLAU and CLAUDIA WALHORN - Integral lattices and hyperbolic 
reflection groups 20.11.91, and in revised form 21.9.92 

The aim of this paper is to study arithmetic groups of isometries of hyperbolic 
spaces which are generated by hyperplane reflections. This leads to the notion of 
reflexive Lorenzian lattices. 

15 



JOURNÉES ARITHMÉTIQUES, GENÈVE 1991 

The main contribution of this paper is to give many new examples of such lattices 
in dimensions 3 and 4. These lattices give rise to maximal, pairwise non-conjugate 
arithmetic reflexion groups on hyperbolic 3-space, respectively 4-space. The method 
belongs to the arithmetic theory of quadratic forms. 

HIRONORI SHIGA - On the transcendency of the values of the modular function 
at algebraic points 11.11.91, and in revised form 22.1.92 

In this note we study an abelian variety A defined over <Q. We characterize the 
abelian variety of CM type by its property of periods. The obtained result yields 
the criterion for algebraicity of the values of the Siegel modular function at algebraic 
points and of various other modular functions. 

S. SRINIVASAN - TWO results in number theory 13.12.91 and in revised form 11.6.92 

Here we present two results which were observed while studying a conjecture from 
S.K. Zaremba. 

V . I . YANCHEVSKI - K-unirationality of conic bundles over large arithmetic 
fields 15.11.91 

We prove that if a conic bundle surface over a rational curve is defined over 
a pseudo-real closed (or p-adically closed) field K and has a AT-rational point then 
it is AT-unirational. We also obtain the corresponding result for the so-called 'large' 
arithmetic fields AT, which are suitable intersections of finitely many Henselizations 
of Q. 
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SOME R E C E N T APPLICATIONS 

OF s-UNIT EQUATIONS 

Kalman GYORY * 

§ 1. Introduction 

In 1988, we published with Evertse, Stewart and Tijdeman [11] a long 
survey article on 5-unit equations and their applications. Since then much 
progress has been made in this fertile field. The purpose of this paper is to 
give a survey of some recent developments. In § 2, known finiteness theorems 
(cf. Theorems A, B) and some recent quantitative results (cf. Theorems 1, 2 
and 3) are presented for 5-unit equations. The proofs of Theorems A and 1 
to 3 depend on the Thue-Siegel-Roth-Schmidt method and its p-adic general
ization. §§ 3 to 6 are devoted to recent applications of the mentioned results. 
In §3, finiteness theorems are established for certain arithmetic graphs (cf. 
Theorem 4) and irreducible polynomials of the form g(f(X)) (cf. Theorem 5). 
These are considerable improvements of earlier theorems obtained in this di
rection, and furnish definitive results in a sense. The results of Schinzel and 
the author in § 4 (cf. Theorem 6) resolve a conjecture of Posner and Rum-
sey [28] on common polynomial divisors of trinomials. § 5 is concerned with 
generalizations for decomposable form equations (cf. Theorem 7, 8) of finite
ness theorems of Schmidt [34], Schlickewei [30] and Laurent [25] on families of 
solutions of norm form equations. Uniform upper bounds are given for the 
number of families of solutions. As a consequence, bounds are derived for 
the number of solutions, provided that this number is finite (cf. Corollary 1). 

* Research supported in part by Grant 1641 from the Hungarian National Foun
dation for Scientific Research. 

S. M. F. 
Astérisque 209** (1992) 17 
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A further consequence is deduced in § 6 for some generalized systems of S-
unit equations (cf. Theorem 9). It provides, over number fields, a quantitative 
version of a more general result of Laurent [25]. 

The results treated in §§ 2 to 6 are all ineffective. Baker's effective method 
and its j>adic analogue made it possible to establish an effective finiteness 
theorem (cf. Theorem C in §7) for 5-unit equations in two unknowns. As a 
recent application of Theorem C, in §8 an effective finiteness theorem (cf. 
Theorem 10) of Evertse and the author is presented for decomposable forms 
of given discriminant. It makes effective in a more general form an ineffective 
theorem of Birch and Merriman [2] on binary forms. Apart from certain par
ticular cases, no effective results are known for S-unit equations in more than 
two unknowns. In § 7 we state a generalization of Baker's type inequalities 
(cf. Proposition) whose effective resolution would imply effective versions of 
all results of this paper. 

Theorems A, B and C were already treated in [11], while Theorems 1 to 
10 have been obtained since 1988. The complete proofs of Theorems 4 to 8 
and 10 will be published in Gyory [18, Part II], [14, Part IV], [20], Gyory and 
Schinzel[21] and Evertse and Gyory [9], [10]. 

It is impossible to deal with all recent applications of unit equations 
within the frame of the present paper. Further applications have recently 
been obtained for instance to diophantine equations and irreducible polyno
mials of other type, modular forms, pairs of polynomials and binary forms 
of given resultant, recurrence sequences, group theory, algebraic number the
ory and transcendental number theory. Some generalizations and analogues 
have also been established over finitely generated domains and function fields, 
respectively. 

§ 2. S-unit equations; ineffective results 

We introduce some notation which will be used throughout this paper. 
Let K be an algebraic number field, OK the ring of integers of if, and 0*K 

the unit group 1 of OK- Further, let S = {p i , . . . ,pt} be a finite set of prime 
ideals in O/r, and put 

Os = {OL e K : ordp(a) > 0 for all prime ideals p of OK with p £ 5 } . 

Then Os is a subring of K which is called the ring of 5-integers. It contains OK 
as a subring. The units of O5, i.e. the invertible elements are called 5-units. 

1 In general, if R is an integral domain then R* will denote its group of units; 
thus if J? is a field then R* = R\ {0}. 
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SOME RECENT APPLICATIONS OF S-UNTT EQUATIONS 

They form a multiplicative group which is denoted by 0*s. Put d = [K : Q] 
and s = r + t + 1 where r denotes the unit rank of 0*K. Thus r < d — 1. 

Many problems of number theory can be reduced to equations of the form 

(1) «1X1+0:2X2=1 in X i , £ 2 £ 0 5 

or, more generally, 

(2) aixi H \-anxn = l in x u ... , x n G 0% 

where a 1 ? . . . , a n are elements of If*. Equation (2) is called an S-unit equa
tion in n unknowns. For n > 2, it can happen that for a solution x i , . . . , x n , 
the left hand side of (2) has a vanishing subsum. In this case the solution 
is called degenerate, otherwise non-degenerate. If (2) has a degenerate solu
tion and if Og is infinite then (2) has infinitely many solutions. Denote by 
/ x n ( a i , . . . , a n ) the number of non-degenerate solutions of (2). Several results 
have been obtained on / / n ( a i , ...,<*„); for references see [37] and [11]. Using 
the Thue-Siegel-Roth-Schmidt method, van der Poorten and Schlickewei [26] 
(see also [27]) and Evertse [3] proved independently of each other the following 

THEOREM A . For n>2 we have /xn(«i5 • • • 5«n) < °o-

The next quantitative result was established by Evertse [4]. 

THEOREM B. WeAave 

(3) /x 2(<*i><*2)<3x7 d + 2*. 

In 1988, we derived with Evertse [7] an upper bound for / i n ( a i , . . . , a n ) 
which is independent of c*i,..., a n . Recently this has been made explicit by 
Schlickewei [31] who proved 

THEOREM 1. For n > 2, we have 

(4) < exp{236^! .*6log(4eryeye< e x p { 2 3 6 ^ ! .* 6log(4*d!)}. 

Farther, if K is a normal extension of Q then d\ can be replaced by d. 

The proof is based on Schlickewei's p-adic generalization [32] of the quan
titative Subspace Theorem of Schmidt [35]. Very recently Evertse (private 
communication) has improved (4) in terms of d to 
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(5) / z n ( o i , . . . , o n ) < exp{2: ,37nd .s 6log(8sd!)}. 

The dependence on d is much weaker in (4) and (5) than in (3). Probably s 6  

can be improved to s. 
We call two n-tuples ( o i , . . . , o n ) and (ot!u..., a'n) in (K*)n (and the 

corresponding S-unit equations) S-equivalent if o^/o; G 0£ for i = 1,... ,n. 
If ( « i , . . . , o n ) and (a[,..., o^) are 5-equivalent then / x n ( o i , . . . , o n ) = 
/ x n ( o i , . . . , o^). We showed with Evertse, Stewart and Tijdeman [12] (see also 
[11]) that /^ (^ l ) ^2) < 2 for all but finitely many 5-equivalence classes of pairs 
(0:1,(22) £ (iiT*)2. Further, we pointed out that if Og is infinite then there are 
infinitely many 5-equi valence classes of pairs (01,02) for which (1) has two 
solutions. The proof of the above estimate depends among other things on the 
fact that /xn := / x n ( l , l , . . . , l ) is finite for all n < 5. Following the proof of 
[12] it is easy to show that apart from at most //5 +12/^3 + 30/z2 ^-equivalence 
classes of pairs (01,02), we have /¿2(^1,02) < 2 (see e.g. [19] or [21]). Hence, 
in view of Theorem 1, the above-mentioned result of [12] can be stated in the 
following quantitative form. 

THEOREM 2. Apart from at most 

S-equivalence classes of pairs (01,02) G (K*)2, we have £¿2(01,02) < 2. Fur-
tier, if K is a normal extension of Q then d\ can be replaced by d. 

It was shown in [12] that for n > 2, there can exist infinitely many 
5-equivalence classes of equations (2) with "many" non-degenerate solutions. 
Hence Theorem 2 cannot be generalized in this sense to solutions of (2). There 
is, however, another possibility for generalization. Denote by f n ( o i , . . . , o n ) 
the minimal number of (n — l)-dimensional linear subspaces of Kn whose 
union contains all solutions of (2). Theorem 1 implies an upper bound for 
^n(^i) • • • ?<*n)- In 1988, we proved with Evertse [7] that apart from finitely 
many 5-equivalence classes of equations (2), i / n ( a i , . . . , a n ) < 2 ( n + 1 ) ! holds. 
Recently, Evertse [5] improved this bound to ( n ! ) 2 n + 2 , and applied his esti
mate to decomposable form equations. 

Following the proof of [7], one can derive f^n+i)\-i a s a n upper bound 
for the number of exceptional 5-equivalence classes in question. Together with 
Theorem 1 this implies that the result of [7] under consideration can now be 
enunciated in the following quantitative form. 

exp{2 ,180d! • s 6 log(2(4sd!))} 
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THEOREM 3. Apart from at most 

exp{n2 3 6 ( n + 1 ) ! d ! . 5 6 l og (45d! ) } 

S-equivalence classes of n-tuples ( a i , . . . , a n ) € (K*)n> w e have 
i / n ( a i , . . . , a n ) < 2 ( n + 1 ) ! . Further, if K is a normal extension of Q then d\ 
can be replaced by d. 

For n = 2, 2̂(<*i? OL2) = A*2(<*i, «2) holds. Thus, for n — 2, Theorem 3 
gives a weaker version of Theorem 2. The proof of Theorem 3 will be published 
in a joint paper with Tijdeman, together with some generalizations and further 
related results. 

It is likely that combining the proof of [5] with Theorem 1, the bound 
2(n+i)! j n Theorem 3 can be improved to ( n ! ) 2 n + 2 . However, this bound 
( n ! ) 2 n + 2 is still probably far from being best possible. Theorem 3 and its 
possible improvements would have applications, e.g. to decomposable form 
equations (cf. [5]). 

§ 3. Applications to irreducible polynomials and arithmetic graphs 

Let A = { a i , . . . , <*m} be a finite subset of 0 # . For given N > 1, we 
denote by Q = GK(A,N) the simple graph whose vertex set is A and whose 
edges are the unordered pairs [a^aj] such that |N^/Q(at- — otj)\ > N. The 
ordered subsets A = { « 1 , . . . , a m } and A ! = {c*i,..., a ^ } of OK are called 
equivalent if a'{ = EOL{ + /3 for some e G 0*K and /3 6 OK, i = 1 , . . . , m. Then 
the graphs GK(A, N) and GK{<A!,N) are isomorphic. 

Many diophantine problems, for example related to reducibility of polyno
mials, pairs of polynomials of given resultant, decomposable form equations 
or algebraic number theory lead to the study of connectedness properties 
of graphs GK(A, N) (see [17], [11], [18] and the references given there). Let 
m > 3. Using Theorem C of the present paper on 5-unit equations in two un
knowns, we proved in [17] (see also [11]) in a more precise and effective form 
that for all but at most finitely many equivalence classes of ordered subsets 
A = {c*i,... , a m } of OK, the graph GK{A, N) has either 

(i) a connected component of order at least m — 1, 
or 

(ii) two connected components of order > 2 which are complete. 

This result and its various other variants have been used to solve the diophan
tine problems mentioned. 

For certain applications, for instance to irreducible polynomials (see The
orem 5 below) it is crucial to eliminate the possibility (ii) from the above 
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statement. Recently, we have proved in [18, Part II] (see also [18, Part I]) a 
more precise and quantitative version of the following theorem. 

THEOREM 4. Let m be a positive integer different from 4. Then for all but 
at most finitely many equivalence classes of ordered subsets A = { a i , . . . , a m } 
of OK, the graph GK(A, N) has a connected component of order at least m— 1. 

In the case m = 4, we described in [18] the exceptions having property (ii). 
In the proof, we used the above-mentioned result of Evertse and myself [7] 
on 5-unit equations. Further, to prove the quantitative version, we needed 
Theorem 1. 

For given m > 4, we shall now sketch the proof that apart from finitely 
many equivalence classes of ordered subsets A = {c*i,... , a m } of 0 # , the 
graph GK(A)N) cannot have property (ii). In contrast with [18, Part II], here 
Theorem 2 will be used in a qualitative form. Let A = {<*i,... , a m } be an 
arbitrary ordered subset of OK for which Q = GK(A, N) has two connected 
components, say Gi and Gi, with orders > 2 such that both Gi and Gi are 
complete. We may assume without loss of generality that {c*i,... , a:*.} and 
{afc+i,..., ctk+i} are the vertex sets of Gi and £?25 respectively. Then we have 

for each 2, j with 1 < z < fc, + 1 < j < k + I. Denote by 5 the set of all 
prime ideals in OK with norm at most N. Then all ot{ — otj satisfying (6) are 
5-units. For distinct with 1 < < fc, we have 

Now Theorem 2 implies that apart from an 5-unit factor £, OL{—OLV can assume 
only finitely many values, say /3. But using Theorem B for fixed /3, it follows 
from 

that (ai — aj)/s and (aj — a.ii)/e can assume only finitely many values. Hence 
the same holds for (ap — aq)/e for all distinct p,g with 1 < p,q < m. Thus 
A = eA' + ai for some ordered subset A! of OK whose elements can assume 
only finitely many values. This proves our claim. 

We present now an application of Theorem 4 to irreducible polynomials. 
I. Schur, A.Brauer, R. Brauer, H. Hopf, I. Seres and others investigated the 
reducibility of polynomials of the form f(g(X)), where are monic poly
nomials with coefficients in Z , g is irreducible over Q and the roots of / are 

(6) i - aii = (ai - aj) + (aj 

ai - aii = (ai - aj) + (aj - a^) for j = k + 1 , . . . , k + /. 

/3 = (ai - aj)/e + (aj - a^/e, j = k + 1 , . . . , k + I 
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distinct rational integers. For a survey of results obtained in this direction, 
see [14]. In [14] I extended these investigations to the case when the roots of 
/ are distinct elements of an arbitrary but fixed totally real algebraic number 
field K of degree d. Let A = { a i , . . . , c*m} be the set of roots of such a monic 
polynomial / G Z[X]. Further, suppose that g G Z[X] is an irreducible monic 
polynomial whose splitting field over Q is a CM-field, i.e. a totally imaginary 
quadratic extension of a totally real algebraic number field. In this case we say 
that g(X) is of CM-type. If g(f(X)) is reducible then so are g(f(X+a)) for all 
a G Z. Such polynomials f(X), f(X + a) are called equivalent. I showed that 
if the graph GK(A,N) for N = 2d\g(0)\d/degid) has a connected component 
with v vertices, then the number of irreducible factors of g(f(X)) over Q is 
at most deg(f)/v. Further, this estimate is in general best possible (cf. [14, 
Part II]). Hence it is easy to deduce from Theorem 4 the following 

THEOREM 5. Let g G Z[X] be an irreducible monic polynomial of CM-
type. There are only finitely many pairwise inequivalent monic polynomials 
f G Z[X] with degree greater than 4 and with distinct roots in K such that 
g(f(X)) is reducible over Q. 

This theorem is in a certain sense a considerable refinement of Theorem 1 
of [14, Part III]. We should, however, remark that this theorem of [14] was 
established in an effective way and over an arbitrary totally real ground field 
instead of Q. 

Recently, we have obtained in [14, Part IV] a more precise version of 
Theorem 5. There can exist infinitely many pairwise inequivalent exceptions 
f(X) of degree 4 for which g(f(X)) is reducible for a suitable g(X). We give 
in [14, Part IV] a precise description of these exceptions. Further, we show 
that Theorem 5 does not remain valid for any irreducible monic polynomial 
g G Z[X] and for any number field K. 

§ 4. Applications to common polynomial divisors of trinomials 

Using the terminology of [28], for i > 2 we shall mean by a monic z-nomial 
over Q a polynomial of the form X m i + a2Xrri2 + • • • + a ^ i l ^ - 1 + a{ over 
Q with mi > nt2 > • • • > 7TCi_i > 0. If p(X) and s(X) are polynomials over 
Q with deg(s) < i - 1 such that p(X) \ s(Xr) over <Q) for some integer r > 1 
then p(X) divides infinitely many z-nomials over Q. Indeed, the vector space 
of polynomials in Q[X] modulo s(X) is at most (i — l)-dimensional, and hence 
s(X) divides infinitely many i-nomials T(X) over Q. But then s(Xr) | T(Xr) 
and so p(X) | T(Xr) over Q. Conversely, Posner and Rumsey [28] made in 
1965 the following conjecture: If a polynomial with rational coefficients divides 
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infinitely талу monic i-nomials over Q, then it divides a non-zero polynomial 
in Q[X] with degree less than i in Xr for some r > 1. 

For i = 2 the conjecture is obvious. For i = 3, Posner and Rumsey [28] 
proved a weaker version of their conjecture. Recently, we have proved with 
Schinzel [21] that the conjecture is true for i = 3 and false for every i > 4. 
The disproof for the case i > 4 is elementary. For i = 3, we obtained with 
Schinzel the following stronger assertion. 

THEOREM 6. Let p e Q[X] \ Q , k the number of distinct roots of p(X), 
К the splitting field of p(X) over <Q), d = [K : Q], 8 the set of places of К 
consisting of all infinite places and all valuations induced by the prime ideal 
divisors of the non-zero roots ofp(X), and s = Card(S). Ifp(X) divides more 
than 

exp{(s 6 . 2 1 8 0 d + 8sk) log(4sd)} 

monic trinomials over Q, then it divides a linear or quadratic polynomial in 
Xr over Q for some integer r > 1. 

The proof depends on Theorems В and 2 on 5-unit equations. We sketch 
the basic idea of the proof. The details will be published in [21]. 

Let T(X) = Xm + aXn + b be a trinomial over <Q> which is divisible by 
p(X). If p(X) is divisible by X or if ab = 0, the assertion easily follows. Hence 
it suffices to deal with the case when X \ p(X) and ab ф 0. It is easy to 
show that p(X) can be written in the form p(X) = Pi(X) -p^X) where pi,P2 
are relatively prime squarefree polynomials in Q[X]. Denote by fx , . . . the 
distinct roots of pi(x) -p2(#), and by S the set of all prime ideal divisors of 
£i • • in OK* Then, for j = 1 , . . . ,fc, is a solution of the 5-unit 
equation 

(7) (-<*/b)*2 gdg+ (-<*/b)*2 = 1 i n * ь * 2 € OJ. 

If (7) has at most 2 solutions, then the assertion can be proved by means 
of some elementary arguments from algebraic number theory. On the other 
hand, if p(X) divides trinomials T(X) over Q for which the corresponding 
equation (7) has more than 2 solutions, then one can use Theorem 2 to derive 
an upper bound for the number of iS-equivalence classes of these equations 
(7). If now there are sufficiently many trinomials T(X) over <Q> for which the 
corresponding equations (7) are 5-equivalent, then one can show by means 
of Theorem В that there is an integer r > 1 such that f J assumes the same 
value, say c, for j = 1 , . . . , k. Here с £ Q* and p(X) \ (Xr - c) 2 over Q, which 
proves the assertion of Theorem 6. 
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§ 5. Applications to decomposable form equations 

In this section, we present some generalizations to decomposable form 
equations of well-known finiteness theorems of Schmidt, Schlickewei and Lau
rent concerning families of solutions of norm form equations. 

Let 9JI be an Os-lattice, i.e. a finitely generated Os-submodule of some 
if-vector space. Consider a decomposable form F(x) on 

KTl := {Ax : A G if, x G 971} 

over if, i.e. a function F: KWl —• if for which there are an a G if*, a finite 
and normal field extension G/K and if-linear functions / 1 , . . . , / / : K9JI —• G 

such that F(x) = a nf=i^( x ) for all x G KWl (for this general definition, 
see e.g. [9]). We may assume that G is the splitting field of F , i.e the smallest 
extension of if over which F factorizes into linear functions. Suppose that 
n := dimirK9JI > 2 and that { /1 , . . . , / /} contains n linearly independent 
functions over G. If in particular K9JI = if n and ei = (1 ,0 , . . . , 0 ) T , . . . , 
e n = ( 0 , . . . , 0, l ) r is the standard basis of if n , we identify F(x) on if n with 
the homogeneous polynomial .F(X) = F(X\ei~\ \-Xnen) G if . . . , X n ] . 
This homogeneous polynomial is also called a decomposable form. 

Let /3 G O5 \ {0} and consider the decomposable form equation 

(8) F(x) G (30*s in x G 93T. 

Put 3 = {!)•••)/}• We may assume that l{ = lj if l{ and lj are linearly 
dependent over G and that <r(lj) = la(j) for all j G 3 and a G Gal(G/if), 
where (cr( l) , . . . , <r{f)) is a permutation of ( 1 , . . . , / ) . In the special case when 
F(x) = a n<7€Gai(G//f) ^ ( ' IWIJ - ^ ( X ) 1S m fact a norm form over if, and (8) is 
a norm form equation. Denote by M the set of tuples A = (Ai , . . . , A/) G Gf 

for which X{ = Xj if li = Zj, i, j G 3 and a(Xi) = A^-j for all i G 3 and 
cr G Gal(G/if), Defining the product of A, /x G M componentwise, M becomes 
a if-subalgebra of G* with unit element 1 = ( 1 , . . . , 1). We denote by M* the 
multiplicative group of invertible elements of M, and by N(\) the product of 
components of A G M. This function N: M —• if is clearly multiplicative. The 
linear mapping K9JI Gf: x h-» ( / i (x) , . . . , / /(x)) is injective. Further, 
tf (if9Jl) is contained in M. Put M = *(9Jl). Then M is an Os-lattice in 
M and * induces an isomorphism betweer ^ — J M (as well as between 
KWl and KM). We say that M is fuJI (in L. , _ « w tf = M. It will be more 
convenient to consider (8) in the form 

(9) aN(n) G (30*s in ¡1 G M. 

If in particular F(x) is a norm form then (9) becomes the norm form equation 

25 



K. GY6RY 

(10) <*NM / ir(/x) e(30*s in /xGM, 

where JVC denotes now the Os-module {/i(x) : x E 9JI} and M is a suitable 
subfield of G containing K and lif JVC. 

A partition I = { A i , . . . , ^4^} of # is called symmetric if i,j E 3 be
long to the same subset if l{ = Zj, and if a(Ai),... ,a(Ah) is a permu
tation of Ai,...,Ah for every a E Gal(G/if). For a symmetric partition 
I = { A i , . . . , Ah} of J, we denote by L = L(I) the subset of M consisting of 
those elements A = (Xi)ieg of M for which A; = Xj whenever i and j belong 
to the same subset in the partition I. Then L is a iT-subalgebra of M with 
1. If in particular I = {#} then we write K for L(0). Further, M = L(I 0) for 
the partition Io for which ijed belong to the same subset if and only if 
li = lj. The subrings of M with 1 are precisely the subalgebras L(I) where I 
is a svmmetric partition of fl. 

Let L = L(I) with a symmetric partition I of 0, and denote by OS,L 
the set of those elements A = (\i)ied °f ^ f ° r which all components Â  are 
integral over O5. Then OS,L is a subring of L with unit element 1. Its unit 
group is denoted by O J L . Let JVCL denote the set of all elements /x E JVC 
for which A • fx E KM for every A E L. One can show that in this case 
A • fjt E KML, that ML is an Os-sublattice of JVC, that MK = JVC, and that 
JVCM = JVC if JVC is full. We say that L is admissible with respect to JVC or 
simply admissible if JVCL f l M* 7^ 0 and if there is no subalgebra L' with 1 
in M such that L ' D L and KML> = KML. We note that if JVC is full then 
M is admissible. For an admissible subalgebra L of M, denote by the set 
of those A E L for which A • fx E JVCL for all /x E JVCL. Then is a subring 
of O 5 L with 1 which contains O5 as a subring (identifying the elements A 
of Os with A = (A,.. . ,A)). Further, KV^ = L. Denote by D ^ * the unit 
group of One can show that J L •= [OJ L : 2)^*] is finite. If fi E JVCL is a 
solution of (9) then so is every element of / /2)^*. Then the set /¿2)^* l s c a l led 
a family of solutions or more precisely an (JVC, L)-famiiy of solutions of (9). 
Further, a family of solutions is called maximal if it is not properly contained 
in another family of solutions. Every solution is contained in a maximal family 
of solutions. 

26 

We shall state our results in a quantitative form. Hence we need some 
further notation. Denote by D the degree of the normal closure of G over Q. 
Let m — n or m = n + 1 according as 9JT is free or not. One can show that 
m is the minimum of the cardinalities of the sets of generators of 93T. Assume 
that F is integral on 9JT, i.e. that for some set of generators { a i , . . . , a m } of 
9JT, the polynomial <*NM/ir(/x) e(30*s i n ^ j ' a i ) ̂ a s their coefficients in O5. This notion of 
integrality is independent of the choice of a x , . . . , a m . For /3 E O5 \ {0}, (/3) 
denotes the Os-ideal generated by /3, rm(/3) is the number of factorizations 
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of (/3) into m integral ideals in O5, and UJ(/3) is the number of distinct prime 
ideal divisors of (/3) in O5. Further, r denotes the maximal number of pairwise 
linearly independent linear functions in {k}ie3 o v e * G, and u is the maximum 
of the degrees of the irreducible factors of F over K. Throughout this section, 
let 

C = 
dr 
f— 1 

dhhj 

ghd dd 

In the non full case, the proof of the next theorem involves among other 
:hings Theorem 1 on 5-unit equations. 

THEOREM 7. The set of solutions of (9) is the union of at most Ji 
families of solutions, where the sum is taken over at most 

(H) C.exp{237nDcbcfhfdhv,.*6b,;b;log(4s£>)} 

admissible subalgebras L of M (for which (9) has an (JVC, L)-famiiy of solu
tions, and among which there can be identical subalgebras L ) . Further, if M is 
full in M then C -3M is a n upper bound for the number of families of solutions 
in question. 

The following theorem can be deduced from Theorem 7. 

THEOREM 8. Equation (9) has at most xsg^L DL maximal families of solu
tions, where the sum is taken over at most 

(12) Cnrexp{237nD . s6lo cvg(4sD)} 

admissible subalgebras L of M (for which (9) has a maximal (M, L)-famiiy oi 
solutions, and among which there can be identical subalgebras L). Further, il 
JVC is full in M tizen (9) has at most C • 3M maximal families of solutions and 
all these are (JVC, M)-families of solutions. 

We remark that in our bounds, the factor 3L cannot be omitted. Further, 
D< (dr)\ 

For norm form equations, i.e. for equation (10), the above finiteness the
orems were proved in qualitative forms by Schmidt [34] for K = Q, S = 0 , 
by Schlickewei [30] for K = Q, and by Laurent [25] in general. Some qual
itative versions of Theorems 7 and 8 have been established independently 
by Evertse (private communication). He uses different terminology which is 
however equivalent to ours. 

If fi is a solution of (9) then so is /x e for every e G 0*s. A set of solutions of 
the form Og is called an Og-coset of solutions. For equation (8), 0£-cosets 
of solutions can be defined in a similar way. From Theorem 7 one can deduce 
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COROLLARY 1. Suppose that equation (9) (or equivalently equation 
(8)) has only finitely many Og-cosets of solutions. Then the number of its 
Og-cosets of solutions is at most 

Cexp{2 Z x x g 7 q D c .s 6 log(5sD)}. 

We say that 3VC is degenerate if there is a subalgebra L of M with 1 
which is different from K and is admissible with respect to 3Vt, and non-
degenerate otherwise. Since the OJ-cosets of solutions of (9) are precisely the 
(M, K)-families of solutions, our next corollary is an immediate consequence 
of Theorem 7. 

COROLLARY 2. If 3VC is non-degenerate, then the number of Og-cosets 
of solutions of (9) (or, equivalently, of (8)) is bounded above by the number 
occurring in (11). 

Qualitative versions of Corollary 2 were earlier established by Schmidt [33] 
(in case K = <Q>,£ = 0), Schlickewei [30] (in case K = <Q>) and Laurent [25] 
(in the general case) for the norm form equation (10), and by Evertse and 
Gyory[6] for equation (8). In the case K = Q, S = 0, Schmidt [36] has re
cently derived the bound C . r C l with cx = min (2 2 9 n • r 2 , ( 2 n ) n ' 2 n + 4 ) for the 
number of solutions of the norm form equation (10) in the non-degenerate 
case. In terms of r, this bound is better than (11) in the special case under 
consideration. Very recently Evertse (private communication) has obtained 
another version of Corollary 2 with a bound which is better than (11) in 
terms of D but is in general weaker in terms of /3. On combining our method 
of proof with that of Evertse, both Evertse's bound and our bound can be 
improved. Namely, the factor e x p { 2 3 7 n D • s 6log(4sD)} in our bounds (11), 
(12) can be replaced by 

(13) exp{2 3 8 n d -5 6 log(85D)} . 

The above-presented results will be published with detailed proofs in [20]. 
The proofs of Theorems 7 and 8 are rather long. The main steps in the proof 
of Theorem 7 are as follows. Step 1. Partition the set of solutions fx G M of (9) 
into classes 6 such that two solutions /ii = (/xii)i€0 a n ( l = (tl2i)ie3 belong 
to the same class if both pu/l*2i a n d fai/nu are integral over Os for each 
i G 3. Generalizing a method of Schmidt [36], one can show that the number 
of classes 6 of solutions of (9) is at most C. Step 2. In the non-full case one 
can prove that the solutions of (9) belonging to a fixed class C are contained in 
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the union of at most exp{2 3 7 n £ > • s6 log(4s£>)} sets of the form fi L, where fi is 
a solution and L is an admissible subalgebra of M. The proof depends among 
other things on Theorem 1 and some arguments from [6]. Step 3. Finally, it 
is shown that the solutions under consideration which belong to a fixed set 
/x • L are contained in the union of at most Jj, (M, L)-families of solutions. 

§ 6 . Applications to generalized systems of 5-unit equations 

Let m > 2 be an integer and T = (Os ) m - For any ra-tuple À = 
(Ài , . . . ,À m ) of non-negative integers, put X — * * * X ;Lm. Consider the 
following generalization of equation (2) 
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(14) Pi(x) E Pi(\)xx = 0 in x e r for i G i, 

where I is a finite index set, Pi(X) G and Li is the support of Pi (i.e. the set 
of exponents A for which the coefficient Pi{\) of xx in Pi is non-zero). Denote 
by L the disjoint union £ = ] J i € l -Ci of the sets Let 7 be a partition of 
£; it induces partitions Li = UJGJ* &ij o n each Then 7 is said to be 
compatible with a 7 £ T if 

E Pi(X)jx = 0 for each ¿ 6 1 and j G h-

Further, we say that 7 is maximal compatible with 7 if IP' is not compatible 
with 7 for any refinement 7' of T. Denote by Hy that subgroup of T whose 
elements 7 have the property that for each yx = 7* if A, A; G If 7 
is a solution of (14), then so is every element of jHy, where IP is a partition 
of £ , compatible with 7. Laurent [25] proved that the set of solutions of (14) 
is the union of finitely many sets of the form yHy where 7 is a solution and 
7 is a partition of £ which is maximal compatible with 7. In fact Laurent 
proved this result in a more general situation, for subgroups T of finite rank 
of C*. In his proof, he used his more general version of Theorem A (in which 
the solutions of (2) are taken from an arbitrary but fixed subgroup of finite 
rank of C*). 

As a consequence of Theorem 8, we get the following quantitative version. 
Denote by r the cardinality of £ , and by k the rank of the matrix (pi(X))iei,\ec 
formed from the coefficients Pi(X) in (14). Put n = r — k. 
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THEOREM 9. The set of solutions of (14) is the union of at most 

(15) n r • e x p { 2 3 7 n d ! . s6 log(4sd!)} 

sets of the form *yH<p, where 7 is a solution of (14) and 7 is a partition of £ 
which is maximal compatible with 7. Further, if K/Q is normal then d\ can 
be replaced by d. 

In the special case when (14) consists of a single inhomogeneous linear 
equation, Theorem 9 implies Theorem 1 with a slightly weaker bound. Indeed, 
in this special case Theorem 9 gives the bound (15) for the number of sets 
of solutions of the form yHy0 where tPo = {£}, and 7q is maximal compat
ible with 7. But these solutions 7 are just the non-degenerate solutions and 
Hy0 = ( 1 , . . . , 1), hence our claim follows. 

We remark that Theorem 9 can also be proven by combining the proof of 
Laurent with Theorem 1. Hence, apart from the forms of the bounds, Theo
rems 9 and 1 are equivalent. Finally, we note that using Theorem 8 with the 
improved bound (13), the second factor in (15) can be replaced by (13) with 
the choice D = d\ 

Proof of Theorem 9. If n < 1 and if (14) has a solution 7 then all solutions 
are contained in yHy0 with the above IPo? and 3*0 is maximal compatible with 
7. Next suppose that n > 2. Put f = (0*s)r. To each solution 7 G T of (14) 
we associate the solution y = (yx) = (7A) of the system of S-unit equations 

(16) ?i{y) = Pi{X)yx = 0 in y = (yx) e f for i E I. 

This is in fact a special equation of the form (14). If 35 is a partition of £ 
which is maximal compatible with 7, then it is at the same time maximal 
compatible with (7A) in (16), and conversely. We define the subgroup Hy 
of T in a similar way as Hy above. The solutions of (16) associated to the 
solutions in jHy of (14) are contained in (yx)Hy. Conversely, it is easy to 
see that those solutions 7' of (14) for which the associated solutions (7'*) of 
(16) belong to (<yx)Hy are all contained in yHy. Hence it suffices to give an 
upper bound for the number of sets of solutions of the form (yx)Hy of (16). 

Let V = {y = (yx) e Kr : £ A € j C i f t ( A ) y A = 0 for each i 6 I}, 
m = V fl Or

s and F(y) = ] 1 A € £ ^ - T H E N &MK K9JI = n. It is easy to 
show that y is a solution of (16) if and only if it is a solution of 

F(y) 6 0*s in y e 9Jt. 

This is an equation of type (8), hence it has an equivalent formulation of the 
form (9), say 
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(17) s in /lEnbMeO* s in / l E M , 

where now M = if r , M = 9JI and /1 = y. It is easily seen that the sets of 
solutions (7 A)ify of (16) considered above are all maximal families of solutions 
of (17). By applying now Theorem 8 to (17) with / 3 = 1 , Theorem 9 follows. 

§ 7. S-unit equations; effective results 

The results presented above are all ineffective. Baker's method for esti
mating linear forms in logarithms of algebraic numbers and its p-adic analogue 
enabled one to give explicit bounds for the sizes of the solutions of (1). For 
a survey of effective results concerning (1), we refer to [37] or [11]. Let KK 
and RK denote the class number and regulator of K, respectively, and let P 
be the maximum of the rational primes divisible by p i , . . . ,pt-i or p t (with 
the convention that P = 1 if t = 0). Further, denote by H(a) the height of 
an algebraic number a, i.e. the maximum absolute value of the coefficients of 
the minimal defining polynomial of a over Z. By using Baker's method and 
its p-adic analogue I proved [16] in 1979 the following theorem in a slightly 
different form. 

THEOREM C . All solutions x\,x2 of (1) satisfy 

maxff(xi) < exp{(Cls)C2S • P d + 1 -logA} 
¿=1,2 

where A = max(J?(ai) ,H(a 2 )^2) and ci = Ci(d,/ijf, ifo), ¿2 = c2(d) are 
effectively computable numbers. 

In [16], ci and C2 were given explicitly. 
Apart from certain special results concerning the case n = 3 (for refer

ences see [37] or [11]), for n > 2 there are no effective results which would 
make it possible to determine all non-degenerate solutions of (2). An effective 
version of Schmidt's Subspace Theorem and its p-adic generalization would 
yield an effective version of Theorem A. It seems however hopeless to make 
effective the Subspace Theorem by the present methods. We formulate now a 
weaker diophantine inequality whose effective resolution would also imply an 
effective version of Theorem A. Such an effective variant of Theorem A would 
be of great importance for applications. For instance, it would enable one to 
make effective all the results presented in §§ 2 to 6 of this paper. 

Let fc, / > 1 be integers, a o , . . . , ctkjfii,... ,/3/ non-zero elements of K, 
and , . . . , bu (i = 1 , . . . , k) rational integers with absolute values at most B 
such that 
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k 
(18) A = ao — ^ a{ ffi1 . . . has no vanishing subsum containing ao. 

i=i 

Consider a normalized multiplicative valuation | . \ v of where v is one of the 
infinite places or the finite places corresponding to the prime ideals p i , . . . , p t . 

PROPOSITION. If 

0 < | A | . < e~SB 

for some 6 > 0, then B < C, where C is a number depending only on 
a 0 , . . . , a f c , /3i , . . . , /3j , k,l,K,v and 6. 

For k = 1, this is a non-effective version of Baker's famous theorem and 
its p-adic analogue; for a historical survey of Baker's theory, we refer to [1]. For 
k > 1, the above Proposition is a straightforward consequence of Theorem 2 
of Evertse[3]. Since this result of [3] was derived from Schlickewei's p-adic 
Subspace Theorem [29], our Proposition is ineffective, i.e. C is not effectively 
computable for k > 1 by the method of proof. 

It is easy to see that the assumption (18) is necessary in the above Propo
sition. 

We now show that an effective version of our Proposition would imply an 
effective variant of Theorem A. 

In what follows, we use the notation of § 2. c\ to C7 will denote numbers 
depending only on c*i,..., a n , n, K and S. Furthermore, the numbers c x to c 5 

will be effectively computable. 
Suppose that (2) has a non-degenerate solution, and let X i , . . . , x n be 

such a solution. Let { v i , . . . , vs} be the set of the infinite places of K and of 
the finite places of K corresponding to the prime ideals p i , . . . , p t . It is known 
(see e.g. [22]) that there are multiplicatively independent 5-units 1 /1 , . . . , ^ - 1 
in Os with H(rjj) < ci for j = 1 , . . . , s - 1, such that 

(19) 
Xi — ji r]^1 ... rjs

xl\ 1 with some 6^1, . . . , ^,¿-1 £ 2 and some 

7i € OJ for which H(ji) < c 2 for i = 1 , . . . , n. 

Further, the absolute values of the elements of the inverse of the matrix 

( l o g \jjjjfjhVj\v)hfP,j=i^s-i 

is less than C3. Put B{ = maxi<y<j_i \bij\ for i = 1 , . . . ,n. We may suppose 
that B = £1 > B2 > • • • > Bn and that B > 0. Fix a q with 1 < q < s for 
which \xi\v is minimal. Then putting \xi\s = maxi< p <, \xi\v , we get by the 
product formula that 
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(20) xi 3-1 
jj < 

j1 
ff S 

Further, we have 

log|*iwv/7i|Wp ff 
3 - 1 

Xi 

biJloë\wvwVj\Vv fo rpx=l , . xwX 

whence 
B < C4 max 

l<p<s 
log Xi 7i < c 5 l og |x i | 5 . xdxx 

Together with (20) this gives 

(21) (V«i) < e -6B 

with the choice 6 = ((s - 1 )CB) - 1 . It follows from (2), (19) and (21) that 

(22) e-SB log|xi|5fff ( V « i ) 
n 

i-1 

log|xi|5.tfjgjhhd (V«i)hbg 

<cc 

> 0 . 

Since the solution # i , . . . , xn is non-degenerate, the conditions of the Propo
sition are fulfilled. By applying now the above Proposition to (22) we obtain 
B < CQ whence maxi<i< n H(x{) < C7, where CQ and C7 are effectively com
putable, provided that the corresponding constant C in the Proposition is also 
effectively computable. 

REMARK. For k = 1 effective versions of the Proposition are available, 
hence we gave at the same time a proof for a non-explicit variant of Theo
rem C. 

§ 8. Applications to binary forms and decomposable forms 
of given discriminant 

In this section, we present a recent application of our effective Theorem C 
on S-unit equations. 

Every binary form F G Z[X,Y] of degree r can be factorized as 
nr=i(AI'-^ —over some algebraic number field. The discriminant of F, 
denoted by D(F), is defined by 

D(F) = n log|xi|5.tfjgjhwwwhd 
l<i<j<r 
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D(F) is a rational integer, and is independent of the factorization of F . Fur-

ther, if A = a 
c 

b 
d 

G SL2(Z) (i.e. A has entries in Z and determinant 1) 

and FA(X,Y) = F(aX + bY,cX + dY) then D(FA) = D(F). Such binary 
forms F, FA are called equivalent. It was proved by Lagrange [24] for r = 2 
and by Hermite[23] for r = 3 that for every binary form F G Z[X,Y] with 
degree r and non-zero discriminant, there is an A G SL2(Z) such that 

H(FA) < Cl\D(F)\ 

with some effectively computable absolute constant c\. As usual, H(P) de
notes the height of a polynomial P with coefficients in Z. In 1972 Birch and 
Merriman [2] showed that for every r > 4 and D ^ 0, there exist only finitely 
many equivalence classes of binary forms F G Z[X,Y] of degree r and dis
criminant D. Here the dependence on r is not necessary because it was shown 
in 1974 (cf. [15, Part II]) that 

(23) r < 3 + 21og|Z)(F)|/(log3) 

which is already sharp. 
The proof of Birch and Merriman is ineffective. Independently of Birch 

and Merriman, I proved in 1973 (cf. [15, Part I]) an effective version for monic 
binary forms2 F G Z[X,Y] (i.e. with ^(1,0) = 1). Further, I used an earlier 
version of Theorem C to prove (cf. [15, Part IV]) that for every monic binary 
form F G Z[X,Y] with degree r and D(F) ^ 0 there is an A G SL 2(Z) of the 

form A = ^ J j ^ such that 

H(FA)<c2\D^^i^$$$(F)\c> 

where C2,C3 are effectively computable numbers depending only on r and the 
discriminant of the splitting field of F over Q. On combining Theorem C with 
some new ideas, these effective results have recently been extended (cf. Evertse 
and Gyory[8]) to all binary forms, making thereby effective the theorem of 
Birch and Merriman. Further, some generalizations have also been established 
for decomposable forms in n > 2 variables over Z (cf. Evertse and Gyory [9], 
[10]). To present such a generalization, we have to introduce some further 
notions and notation. 

Let F(X) = F(Xi,... , X n ) G Z[Xi , . . . , X n ] be a decomposable form 
of degree r with splitting field K over <Q>. Then it can be written as 

2 Most of the results of [15] were stated for polynomials in Z[X], but they can 
be easily reformulated for binary forms. 
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F(X) = Z i ( X ) . . .Z R (X) where Zi, . . . ,Z r are linear forms with coefficients in 
if. Suppose that F is squarefree (i.e., that it is not divisible by the square of 
a linear form over if) . Let 3(F) denote the collection of linearly independent 
subsets , . . . , l { n } of {/i,... ,Z r} and assume that 0(F) ^ 0 . Denote by (a) 
the Ojf-ideai generated by a € if, and by (l{) the O/r-ideal generated by the 
coefficients of U, i = l , . . . , r . Further, let det(Zi 1,... ,Zjn) denote the coeffi
cient determinant of {/^,... ,hn}. Then there is a positive rational integer 
D = DZ(F) such that 

3(F) n 
3(F) 

( d e t ( / i l 5 . . . , / i n ) ) 
(det(/il5...,/in)) 

i 2 

where the product is taken over all sets {/»!,... ,/« n} € 3(-F)- Further, the 
integer D does not depend on the choice of / 1 , . . . ,Z r, and Dz(aF) = Dz(F) 
for all a G N. Hence we may assume that F is primitive, i.e. that its coef
ficients are relatively prime. D%(F) is called the Z-discriminant 3 of F. For 
3(F) = 0 , we put Dz(F) = 0. If for example F is a primitive, squarefree 
binary form then D%(F) = |J5(F)|. For A G SL N (Z) , the decomposable forms 
F(X) G Z [ X i , . . . ,Xn] and F A ( X ) = F ( A X ) are called equivalent. Equivalent 
decomposable forms have the same Z-discriminant. 

Recently, we showed with Evertse[9], [10] the following. 

THEOREM 10. Let F(X) G Z [ X I , . . . ,Xn] be a primitive, squarefree de
composable form of degree r with D%(F) > 0 and splitting field K. Then 
there is an A G SL N (Z) such that 

(24) HIFA) < v v c M F Y * 

where c4,C5 are effectively computable numbers which depend only on n, r 
and the discriminant DK of K. Further, we have 

(25) r < 2

n - 1g + nloggdgDz(F)/(log3). 

For n = 2, (25) gives (23). One can prove (cf. [9]) that \DK\GG!S < for some 
effectively computable number CQ depending only on n,r and D%(F). Hence 
Theorem 10 implies the following. 

3 For polynomials in several variables there exists also another concept of dis
criminant; see e.g.f 131. 
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COROLLARY. For given n > 2 and D > 0, there are only finitely 
many equivalence classes of primitive, squarefree decomposable forms in 
Z[Xij... ,Xn] with Dz(F) = D, and a full set of representatives of these 
classes can be effectively determined. 

For n = 2, this implies an effective version of the theorem of Birch and 
Merriman. 

Both the results of [2], [15] and the theorems of [8], [9] and [10] have been 
extended to the case when the ground ring is the ring of S-integers of a number 
field. We note that in our papers [8], [9] and [10], several applications are 
given for example to algebraic numbers of given discriminant, to discriminant 
form inequalities, to small values of binary forms and decomposable forms at 
integral points and to arithmetical properties of discriminants of binary forms 
and decomposable forms. 

The proofs of (24) and (25) will be published in [9] and [10], respectively. 
In the proof of (24), one of the main tools is Theorem C presented in § 7. The 
proof of Theorem 10 is long and complicated, hence we shall not outline it 
here. For instance, the proof of (24) takes about 25 pages. 

Finally, we note that in the case n = 2, Evertse (private communication) 
has recently proved (24) with C5 = 21/(r — 1). In his version the constant 
corresponding to c 4 is not, however, effectively computable. 
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SUR LES CONJECTURES DE MORDELL ET LANG 
(d'après VOJTA, FALTINGS et BOMBIERI). 

Marc HINDRY 

1 Introduction 
Dans tout le texte, k désigne un corps de nombres, Ok son anneau d'entiers, C une 

courbe algébrique projective lisse définie sur k et g le genre de C. L'ensemble 

des points de C rationnels sur k est noté C(k). 

On sait que: 

si g=0 alors C(k) est ou bien vide ou bien en bijection avec P^(k); 
si g = l alors ou bien C(k) est vide ou bien est un groupe de type fini (théorème de 
Mordell-Weil); la loi de groupe est par ailleurs algébrique; 
si g>2 alors C(k) est fini (Conjecture de Mordell=théorème de Faltings [Fl]) . 
Si U est un ouvert affine de C on peut s'intéresser aux points entiers que je noterai 
(un peu abusivement) U(Ok); on dispose alors du théorème de Siegel [Si]: U(Ok) 

est fini sauf (peut-être) si g=0 et C - U possède au plus deux éléments. La preuve de 
Siegel utilise essentiellement deux ingrédients que j'explicite plus loin: a) la théorie 
des approximations diophantiennes (Thue-Siegel-Dyson-Gelfond-Roth-Schmidt) et 
b) le théorème de Mordell-Weil appliqué à la jacobienne de C. 
Ces ingrédients n'apparaissent pas dans la preuve de la conjecture de Mordell par 
Faltings [Fl ] (Voir aussi les séminaires [Sz l ] et [Co-Si]) même si les jacobiennes et 

les variétés abéliennes y jouent un rôle prépondérant. Vojta a donné une nouvelle 
preuve de la conjecture de Mordell dans la lignée de Siegel [ V I ] . Faltings , en 
développant les idées de Vojta a ensuite prouvé la généralisation suivante, 
conjecturée par Lang: 

T H É O R È M E 1(Faltings [F2];voir aussi [Sz2]): Soit X une sous-variété d'une 

variété abélienne A définies sur k; on suppose que X ne contient aucun 

translaté de sous-variété abélienne non nulle, alors X(k) est fini. 

La preuve de Vojta [VI] utilise des idées et des techniques sophistiquées de 
géométrie arithmétique "à la Arakelov", notamment [G-S3]; Bombieri [B] a 
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simplifié cette preuve et donné une version très jolie et "presque élémentaire" du 
travail de Vojta; c'est un article que tout mathématicien souhaitera lire. 
Les liens entre la géométrie et l'approximation diophantienne "à la Siegel" ont été 
développés dans plusieurs directions: Vojta a annoncé dans [V4] une inégalité plus 
fine que celle que nous donnons et valable sur toutes les courbes; cette inégalité 
contient la conjecture de Mordell et le théorème de Roth. Dans [F2] Faltings 
prouve une généralisation du théorème de Siegel également conjecturée par Serge 
Lang: un ouvert affine d'une variété abélienne ne contient qu'un nombre fini de 
points entiers définis sur un corps de nombres donné. 
J'explicite dans cette introduction les deux ingrédients fondamentaux mentionnés 
ci-devant; le paragraphe suivant introduit l'outil de base de la géométrie 
diophantienne: les hauteurs; je donne dans les paragraphes 3 et 4 une esquisse des 
preuves respectivement de la conjecture de Mordell selon Vojta et du théorème 1 
selon Faltings, il ne saurait donc être question d'originalité ici mais j'espère que 
cette présentation facilitera à certains la lecture des articles originaux décrivant ces 
beaux résultats. Le paragraphe 5 complète sur certains points le paragraphe 4 et 
décrit la conjecture générale de Serge Lang [Lal] (maintenant un théorème); le 
dernier paragraphe raconte une application de ces résultats à l'étude des points 
algébriques de degré donné sur une courbe. 

a)Approximations diophantiennes. 
L'idée de Siegel est qu' une suite infinie de points entiers sur une courbe affine doit 
tendre vers l'un de ses points à l'infini (se rapprocher d'une asymptote) et donc en 
fournir de très bonnes approximations. Remarquons que cette remarque si simple 
est en défaut (au moins littéralement) si l'on travaille avec des points rationnels; on 
a donc longtemps cru qu'elle était inutilisable quand les points ne sont pas entiers, 
Vojta a montré qu'il n'en était rien. 
Je donne un schéma de preuve d'inégalités de ce type (une bonne référence 
générale est [Schl]): 

THÉORÈME DE ROTH: Soit a un nombre algébrique irrationnel et K>2, alors il 

existe un nombre fini de solutions rationnelles à l'inégalité: 

(*) l a p 
q 

I< q - K . 

Premier pas: on fixe m assez grand, et d j , . . . , d m entiers et on construit un 

polynôme P G Z [ X i . . . , X m ] de degré au plus dj en Xj , s'annulant beaucoup en 

( a , . . . , a ) et dont les coefficients sont de taille contrôlée (Lemme de Siegel ou 

principe des boites). 

Deux ième pas: On suppose qu'il existe P i / q i v > P m / q m vérifiant (*); alors on 

prouve que P et un certain nombre de ses dérivées sont petits en 
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P=(pj/qj,..,pm/qm) par une simple application de la formule de Taylor. 

Troisième pas (difficile): On emploie un théorème de non-annulation, dont je 
donne ci-après un énoncé ("lemme de Roth à deux variables"). On doit prouver 
qu'une dérivée d'ordre assez petit est non nulle i.e.: 

r|:= 3iP(p)*0 avec3i= 
1 

li» i ' 
WXi) 11 

0/axm) Im 

Quatrième pas: comme ri est rationnel et non nul on écrit : 

(Dénominateur(T| ) ) -1 < lt| I 

C'est T'inégalité de Liouville"; elle fournit une contradiction si m est assez grand et 

si les qj sont très échelonnés (Cf remarques ci-dessous) 

Remarques: 

i)Il est vital pour les estimations arithmétiques de diviser par les factorielles. 

ii)Les théorèmes d'annulation (Dyson, Roth [Ro], Viola [Vi] , Esnault-Viehweg 

[E-V]) utilisent la notion d'indice, ou ordre d'annulation pondéré; on définit 

l'indice d'un polynôme P en un point P par rapport aux poids (di, . . . ,dm) par: 

Indice 
( d i , . . . , d m ) (p) 

(P):=min i l . 

di 
im 

dm 
/9 iP(p)*0} . 

Dans la pratique les dj sont effectivement les degrés de P par rapport à Xj . 

Donnons l'énoncé promis: 

LEMME DE ROTH ("À DEUX VARIABLES"): soit £ > 0 , oci , ( X 2 deux nombres 

algébriques et Pe Q [X,Y] non nul de degré au plus d\A2 et supposons que 

l ) d 2 / d i < e 

2 ) h(P)+4d1<e2min(dih(ai) ,d2h(a2)) 

alors on a : 

Indice 
d l ^ 2 X a l > < X 2 ) 

(P)<4e. 

Ici, h désigne la hauteur logarithmique usuelle (Cf paragraphe suivant). On pourra 

lire la preuve dans l'article original de Roth [Ro] ou dans celui de Bombieri [B]; il 

faut penser pour que le lemme soit utile que e est petit et donc que d\ est beaucoup 

plus grand que d2 d'après (1) et donc pour majorer efficacement les dérivées de P 

(deuxième étape) et vérifier l'hypothèse ( 2 ) on aura besoin que d i h ( o q ) soit du 
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même ordre de grandeur que d2h(0C2) et il faudra supposer: 

(**) h(oci)/h(oc2) <e ou encore logqi/logqj+i<£ 

(avec les notations de la construction précédente). 

Ceci est la raison de l'ineffectivité congénitale de la méthode: on doit supposer 

l 'existence de bonnes approximations avec des dénominateurs croissant 

exponentiellement pour montrer que de telles approximations n'existent pas. La 

preuve de Vojta souffre du même défaut et -tout comme la preuve de Faltings mais 

pour d'autres raisons- n'est pas effective. Par contre la méthode est très bonne 

pour borner le nombre des solutions (Cf théorème 2). 

b) Jacobienne d'une courbe algébrique. 

On définit un plongement de C dans une variété abélienne A=Jac(C) en choisissant 

un point origine O e C . Sur C on procède ainsi: on choisit une base o>i,..,(ûg des 

1-formes holomorphes sur C et on définit: 

j : C > A=Jac(C)=Cg/fl 

x io <°l-Jo W g modulo périodes. 

Cette construction peut se faire algébriquement d'après Weil [W] (voir aussi 

l'article de Milne dans [Co-Si]). Dans ce cas A est une variété abélienne définie sur 

k et A(k) est un groupe de type fini. En particulier A ( k ) ® R = R r avec r=rangA(k) 

et l'application de C(k) dans cet espace est à fibres finies ("finite-to-one"). Ainsi 

pour prouver que C(k) est fini il suffît de prouver que son image dans A(k)®R est 

finie. 

Remarque: la description analytique donnée ci-dessus se transcrit mot pour mot à 

une variété X de dimension quelconque; on obtient ainsi une variété abélienne: sa 

variété d'Albanese (voir [La2]), mais bien sûr l'application obtenue n'est pas 

injective en général; en fait cela donne un caractérisation différentielle des sous-

variétés de variétés abéliennes: ce sont celles qui ont "suffisamment" de 1-formes 

régulières. 

2 H a u t e u r s assoc iées à un diviseur. 

C'est l'outil de base pour ces questions, des références générales sont [Lal ] , [Se] et 

[ S z l ] ; en voici deux définitions donnant des éclairages différents: 
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1 ̂ définition (Weil): 

Si P = ( x 0 , . . . , x n ) e P n ( Q ) , on peut supposer X J G Z et pgcd(xj)=l; on pose alors 

h(P)=logmax | xj | = £ v l o g m a x I xj | v 

La deuxième somme est prise sur toutes les places de Q et d'après la formule du 

produit est indépendante des coordonnées; de plus sous cette forme la définition se 

généralise immédiatement aux corps de nombres. 

Si D est un diviseur très ample sur une variété X, il correspond à un plongement 

(|>D:X >Pn et on pose h[)(P):=h(<|>D(P)); en général un diviseur est la 

différence de deux diviseurs très amples D = A - B et on pose h£):=h^--hB. La 

notation est abusive car la hauteur définie ainsi dépend du plongement et en tant 

que fonction du diviseur n'est définie qu'à une fonction bornée près; il est 

coutumier d'appeler hauteur de Weil associée à D tout représentant de la classe de 

h[) modulo les fonctions bornées. 

2gmsdéfinition (Arakelov): 

On étend X en un schéma X projectif sur spec(Ok); on pose <0=clôture de Zariski 

de D dans X et on note 33 le fibre en droites associé. On choisit une métrique II llv 

sur O ( D ) pour chaque place archimédienne. Un point de X(k) correspond dans ce 

langage à une section du morphisme X ^specCO^) et P * £ est alors un fibre en 

droites (métrisé) sur O^ et si f est un élément non nul (une"section ne s'annulant 

pas en P") on pose: 

Deg 
Arakelov 

(P*3S)=logCard(P*33/fOjc)—Eylogllflly' où la somme est prise sur les 

places archimédiennes. La définition de la hauteur d'Arakelov est alors: 

[k:Q]h 
X,L,|| || 

(P)=Des 
\rakelov 

; p * £ ) 

On observe que h. 
x.asJi H 

est bien une hauteur de Weil pour D, en particulier si 

X ' ,£ ' ,11 II' désignent un autre modèle de X, un autre prolongement de O(D) et 

d'autres métriques alors la différence entre h 
X , £ J I II 

et h 
X ' , £ ' , " II 

est bornée; 

les propriétés fondamentales sont les suivantes: 

H l ) hj) ne dépend que de la classe de D (mod 0 (1 ) ) 

H2) hD+D'=hD+hD' mod 0 ( 1 ) 
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H3) hf*D=h£)of mod 0 ( 1 ) lorsque f est un morphisme entre deux variétés 

projectives X et Y. 

H4) Si D est effectif, si P É D , alors h D ( P ) > - C t e ("inégalité de Liouville") 

La notation 0 ( 1 ) désigne comme d'habitude la classe des fonctions bornées. 

Commentaires: La définition de Weil a bien sûr le mérite d'être naturelle, on a 
envie de dire incontournable; elle rend clair aussi le fait qu'il n'y ait qu'un nombre 
fini de points de hauteur bornée (le théorème de Northcott, voir [La l ] , donne un 
énoncé un peu plus fort). La définition d'Arakelov enrichit la palette des analogies 
entre corps de nombres et corps de fonctions (entre géométrie et arithmétique); 
elle permet aussi en enrichissant la structure de "supprimer les 0 ( 1 ) " ou au moins 
de leur donner une valeur. En effet les propriétés H 1,2,3,4 sont transparentes sur 
cette définition: 
H l ) h p est définie à partir du fibre associé 0 ( D ) . 

H2) Si l'on munit 0 ( D + D ' ) = 0 ( D ) ® 0 ( D ' ) de la métrique produit tensoriel de celles 

de 0 ( D ) et O(D') on obtient une égalité. 

H3) Si l'on choisit des modèles tels que f s'étende en f:% >y et si l'on muni 

0 ( f * D ) de la métrique pullback de celle de 0 ( D ) on obtient une égalité. 
H 4 ) Si f es t une sec t ion de 0 ( D ) dont le support es t D posons 
llflloo=sup suppllf(P)llv, alors avec les notations d'Arakelov: 

\ , £ , l l l l ( P * - l 0 S l l f l l ~ 8 1 2 (il suffit d'écrire Card(P*£ / fOk)> l ) 

D e plus si X est une variété abélienne et D est ample symétrique alors 

hD(P)=c lD(P)+0( l ) avec QD quadratique et même définie positive sur X(k)®R; 

cette forme quadratique s'appelle la hauteur de Néron-Tate associée à D. On se 

trouve donc dans une situation "à la Minkovski": on a un réseau (l'image de X(k)) 

dans un espace vectoriel euclidien X(k)®R. 

3 La "conjecture" de Mordel l . 

On reprend le plongement associé à un point rationnel O fixé: 

j : C >A=Jac(C) 

On dispose du diviseur ample sur A 

0=j(C)+.. .+j(C) (somme g-1 fois) 

Je supposerai pour simplifier que 0 est symétrique (cela est toujours vrai pour un 

translaté de 0 et même dans certains cas on peut choisir O de sorte que cela soit 
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vrai). 

On a donc une norme euclidienne II II sur A(k)®R telle que: 

q (x)=^llxl|2. On notera <,> le produit scalaire associé. 

On démontre alors les deux inégalités suivantes pour les points de C(k): 

INÉGALITÉ DE MUMFORD [M\]:Soit X>l/g , alors il existe C\ telle que si 

x * y e C ( k ) et si C^llxlfâlyll^llxll alors 

cos(x,y):=<x,y>/llxllllyll<X . 

INÉGALITÉ DE VOJTA [Viy.Soit X>l/fj>, alors il existe C2, C3 telles que si 

x , y e C ( k ) ¿ / C2<llxll<C3llyll alors 

cos(x,y):=<x,y>/llxllllyll<À,. 

C'est un exercice de géométrie euclidienne de prouver que (en choisissant le même 

X dans les deux inégalités, voir [VI] et [B]) on obtient: 

THÉORÈME 2(Vojta) inotons r le rang du groupe de Mordell-Weil de la 

jacobienne de C et C\, C2, C3 les constantes associées à C et X. Alors: 

Card{xe C(k)/llxll>max(Ci ,Co)}<0(1 logC3 

log2 >(1+ 1 
sin( 1 

4 
Arcos (1) 

3 

Remarque: l'inégalité de Vojta suffit à prouver la conjecture de Mordell mais le 

résultat obtenu est plus précis . 

Preuve de l'inégalité de Mumford [ M l ] : 

On démontre les relations de classes de diviseurs (voir [ M l ] et [M2]); rappelons 

que 0 est supposé symétrique: 
j * (0 )=g (O) 

a x j ) * ( a d d * ( 0 ) - p 1 * ( 0 ) - p 2 * ( 0 ) ) = ~ A , 

où add, P i , P2 sont respectivement l'addition et les projections de AxA vers A et 

A' :=A-Cx(0) - (0 )xC et A est la diagonale de CxC. 

Grâce aux propriétés H1,H2,H3 on obtient: 

h ( 0 ) ( x > 
1 

2g 
j ( x ) l l 2 + 0 ( l ) 
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h A . (x ,y)=-<j(x)j(y)>+0(l) 

hA(x,y] 1 
2g 

lj(X)L 7 1 
2g 

j ( y ) 
.2 y(x),j(y) + 0 ( 1 ) 

On observe que la forme quadratique du membre de droite n'est pas définie 

positive (si g>2!!) alors que, d'après la propriété H4 on a h ^ ( x , y ) > 0 ( l ) si (x,y)é A 

i.e. si x^y. On en tire aisément l'inégalité de Mumford. 

Preuve de l'inégalité de Voita [VI ] : 

Le point de départ de Vojta est de considérer des diviseurs plus généraux de la 

forme: 

D=di C x ( 0 ) + d 2 ( 0 ) x C + d 3 A' 

(Remarque: si d^=d 2 =d3=l on retrouve D=A) 

Ayant fixé une hauteur h(Q) associée à (O) sur C et une hauteur h^« associée à A' 

sur Cx C o n a u n e h a u t e u r a s s o c i é e à D d é f i n i e par 

h D ( x ' y ) = ^ l l 1 ( 0 ) ( x ) + c Ï 2 ^ ( 0 ) ( y ) + c ' 3 ^ A ' ( x ' y ) e t l ' o n obtient comme précédemment: 

h n ( x > y di 
2g 

1s 2. d2 

2g df 
2 <!3<x,y>+0(di+d2+d3) 

La forme quadratique qui apparaît n'est pas définie positive dès que: 

d i d o < g 2 d 3 2 

Toute la difficulté réside maintenant dans l'obtention d'une minoration 
h D ( x , y ) > - c ( d i , d 2 , d 3 ) 

Vojta résoud ce problème avec des techniques très similaires à cel les de 
l'approximation diophantienne. 
Une première idée est de construire une section f de O(D) de taille contrôlée et si 
(par chance!) f(x,y)^00 alors l'inégalité de Liouville donnera hi)(x,y)>-logllf l l 0 0 . 

Vojta construit f en montrant que D est très ample (sous des conditions explicitées 
ci-dessous) et en utilisant un théorème de Riemann-Roch arithmétique dû à Gillet-
Soulé [G-S l ] (voir [G-S2] pour une construction semblable). Bombieri remarque 
que le théorème de Riemann-Roch classique sur la surface CxC (l'inégalité, déjà 
connue des géomètres italiens, suffit) donne l'existence de beaucoup de sections, 
sous la condition: 

g d 3 < d l d 2 
on obtient un espace vectoriel de dimension proportionnelle à d j d 2 et le lemme de 

Siegel permet de choisir une section de norme petite. 
La deuxième idée est de dériver la section obtenue et de montrer qu'elle ne peut 
s'annuler avec un ordre trop élevé en (x,y); en effet on ne peut pas garantir 
f(x,y)*0 . Plus précisément on définit l'indice de la section f au point (x,y) comme 
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au paragraphe 1 : 

Indice 
( d ! , d 2 )(x,y) 

(f):=min( Ì1 

di 
12 

d2 
/3if(x,y)^0} 

ici 9 ^ i2, I; fds 1 
ii!i2!s 

Si 
Siw 

}1 a 
d*2 

}2 où xi et xo sont des paramètres locaux en x et y 

sur la courbe C. 

Remarque: dire qu'une dérivée de f s'annule n'a pas vraiment de sens (cela dépend 

de la trivialisation choisie) mais l'ordre d'annulation est bien défini. 

Sous la condition: 

d2/dj très petit (*) 

on obtient une bonne borne pour Indice/ , d1, d2,, wfdx(f); Vojta utilise le "lemme de 

Dyson" sur CxC qu'il a prouvé pour cela [V2] et Bombieri utilise le lemme de Roth 

que j'ai énoncé (on commence par projeter CxC sur P^xPl ) . 

Les contraintes explicitées de la preuve forcent pratiquement à choisir des 

paramètres proportionnels à: 

d1:=[d/llxll2] d2:=[d/llyl|2] et d3:=[d/llxllllyll(Vg+e)] 

où d est un paramètre qui tendra vers l'infini et e est suffisament petit pour que 

g<( /g+e)2<g2 . Alors djllxll^ est presque égal à d2"yH^ et la condition (*) équivaut 

à llxll/llyll très petit, ce qui est précisément une des hypothèses. En joignant ces 

idées à de délicates estimations de la taille des dérivées on obtient l'inégalité de 

Vojta. 

4 Les sous-variétés de variétés abél iennes . 
Je donne dans ce paragraphe l'esquisse de la preuve du théorème 1 : l'extension par 
Faltings des idées du paragraphe précédent aux variétés de dimension > 1 , en 
essayant de faire ressortir le parallélisme des idées. 

On considère donc j:X >A une sous-variété d'une variété abélienne A et on 

appelle encore 0 un diviseur symétrique et ample sur A et 11.11 la norme 

euclidienne associée à 0 sur A(k)®R. Comme dans la preuve du théorème de Roth 

on choisit un entier m et un réel e petit (voir paragraphe suivant pour la "valeur" 

de m; si d imX=l alors m=2); on dispose alors sur Am=Ax. . . xA des diviseurs 
suivants: 

© i = p j * ( 0 ) (diviseur 'fibre") 

47 



M. HINDRY 

^ij=(Pi+Pj)*(©)-Pi*(©)-Pj*(©) (diviseur de Poincaré) 

On travaille maintenant avec les diviseurs: 

D , : = d 1 0 i + . . . + d m 0 m - e 1 P 1 2 - . . . e m . i P m - i , m sur A m = A x . . . x A et 

D:=(jx...xj)*(D') sur Xm=Xx. . .xX. On calcule de la même façon h D ( x i , . . , x m ) à 

partir de llxjll et <XJ,XJ>; en effet q0 , (x> .1 

2 
xi 

2 et qp..(xi,. . ,xm)=<Xi,Xj> donc : 

hD(xl9. . ,xm) .1 

2 
E i j l lXj 2 E 

e i<xi>xi+l>+° (Xdj+ej) 

La partie nouvelle et réellement difficile est la minoration de h j ) ( x i , . . , x m ) . 

Faltings montre que, sous les conditions suivantes: 
A l ) X ne contient pas de sous-variété abélienne translatée; 

A2) m a été choisi assez grand (en fonction de dimX) et e assez petit (en fonction 

de m); 

A3) dj/dj+i>r=r(e,m) et djdj+i=(2-e)2ei2; 

on a D ample sur Xm. 

Remarques: Df n'est jamais ample sur A m . La façon dont les deux premières 
hypothèses sont utilisées ainsi que leur nécessité est discutée au paragraphe suivant. 
La troisième hypothèse permet l'utilisation d'un outil nouveau qui remplace le 
l emme de Dyson ou Roth: le théorème du produit, très jol ie découverte de 
Faltings: 

THÉORÈME DU PRODUIT (Faltings [F2]). 

Soit x e P = P n ^ x . . x P n m , et f une section de L = 0 ( d i , . . , d m ) (i.e. un polynôme 

multihomogène de degré d i„ . ,dm) 

On pose: 

Indice 
x,( di , . . . ,dm ) 

(f):=max{ i l 

d i 

im 

Zm 
/pour tout opérateur 

différentiel 3 ^ d'ordre < \ sur Pnk on a d i . . . 9mf(x)=0} 

On note: 

ZG:={xEP/IndX)d(f)>G} 

Soit e > 0 . / / existe r (dépendant de e) tel que si d j / d j + i > r alors toute 

composante irréductible Z de ZG+e qui est aussi une composante de Za est de 

la forme Z=Zjx . . xZm avec Zj sous-variété de Pn* de degré borné par une 

constante dépendant seulement de e. 
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Ce théorème est énoncé sur un corps algébriquement clos; la seule difficulté sur un 
corps non algébriquement clos provient du fait qu'une composante irréductible 
peut ne pas être géométriquement irréductible. 
Faltings a d'ailleurs montré [F4] comment on pouvait retrouver le théorème de 
Roth et la généralisation de Schmidt (le "théorème du sous-espace" [Sch2]) en 
utilisant ce théorème du produit. 

Comme pour le théorème de Roth pour montrer qu'il n'existe pas de suite infinie 

de points rationnels dans X, on choisit m un grand entier et 8 un réel petit; il suffit 

de montrer qu'il n'existe pas de suite (xi , . . ,xm) de points de X(k) vérifiant: 

a) <xj,xj+i>>(l-e/4)llxjllllxi+ill (i.e. les points sont dans un même cône) 

b) llxi+1ll/llxill>r=r(e) et enfin 

c) llxjll grand en fonction de e. 

On choisit alors SJ des nombres rationnels très proches de llxjll" 1 et les paramètres 

di=Sj2(2-e) et ej=sjsj+j de sorte que les conditions A3) soient remplies; le calcul de 

la hauteur fournit: 

hD(x! , . . ,xm) 1 

2' 
E si2C2-e)llxill2 E sisi + 1||xi|| xi+1 (l-e/4)+0( E i2 

<-£m/4+0(llx1l|-2) 

On choisit encore un réel a disons plus petit que e/4 et un entier d très grand et 

suffisamment divisible. L'amplitude et une version raffinée du lemme de Siegel 

utilisant le théorème des minima successifs de Minkovski permettent de construire 

une section f de O(dD) ayant un indice < o en x et une norme petite (c'est-à-dire 

telle que logllflloo<C]Ldsj2); l'indice est pris par rapport aux poids d s ^ . 

Remarquons que cela renverse un peu l'ordre habituel: le théorème de non 
annulation, ici le théorème du produit, est déjà inclus dans la construction de la 
fonction (section) auxiliaire. 
On montre ensuite que la norme d'une dérivée de f (ne s'annulant pas en x) vérifie 
une inégalité du même type et on applique l'inégalité de Liouville pour obtenir -
Cmd/llxi ll<-emd/2; d'où une contradiction si llxjll est assez grand! 

5 La conjecture générale de Serge Lang. 
Lang avait conjecturé un énoncé plus général (voir [Lal ] , [La3] et [La4]) qui peut 
maintenant être établi. Lang a aussi suggéré que l'énoncé analogue pour les variétés 
semi-abéliennes devait être vrai; une preuve de cela a été annoncé par Vojta; je me 
restreint ici à l'énoncé sur les variétés abéliennes: 
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THÉORÈME 3: Soit A une variété abélienne complexe et X une sous variété 

analytique (fermée), soit T un sous-groupe de rang fini de A(C) . Alors il existe 

un nombre fini de points tj de T et de sous-variétés abéliennes Bj 

{éventuellement nulles) telles que tj+Bj soit contenu dans X et: 

X(C)nr=Uti+(Bi(C)nr) 

Cet énoncé contient bien sûr le théorème 1 (appliquer le théorème de Mordell-

Weil) mais aussi la conjecture de Manin-Mumford (quand on prend r=Atorsjon) 

prouvée auparavant par Raynaud [R1],[R2]. Cet énoncé général est conséquence du 
théorème suivant, comme cela est prouvé dans [R3] (quand il n'y a pas de sous-
variétés abéliennes dans X) et dans [ H l ] (cas général); bien que l'énoncé semble 
analytique, on se ramène tout de suite à un corps de type fini sur Q et même, par 
des arguments de spécialisation non triviaux à un corps de nombres; la réduction 
d'un groupe de rang fini à un groupe de type fini utilise des arguments galoisiens. 

THÉORÈME 4 (Faltings [F2]: Soit X une sous-variété d'une variété abélienne A 

définies sur un corps de nombres k; il existe un nombre fini de points rationnels 

tj et de sous-variétés abéliennes Bj telles que 

X ( k ) = U t i + B i ( k ) . 

Je ne présente pas la preuve assez semblable à la preuve du théorème 1 mais plus 
compliquée techniquement, toutefois j'explique où interviennent les sous-variétés 
abéliennes contenues (ou non) dans X et le début de la preuve de l'amplitude du 
diviseur D du paragraphe précédent. Notons Gx:={ae A/ a+X=X} le stabilisateur 
de X et Zx l'adhérence de Zariski de l'union des translatés de sous-variétés 
abéliennes (non nulles, cette fois) contenus dans X; ainsi l'hypothèse du théorème 1 
est que Zx est vide et la conjecture de Lang dit que les points rationnels 
s'accumulent tous sur Zx sauf pour un nombre fini d'entre eux. 

LEMME 1: Ou bien Gx est de dimension positive (et donc Zx=X), ou bien 

Zx^X et Zx est une union finie de sous-variétés stabilisées par une sous-variété 

abélienne de dimension positive. 

On peut bien sûr se ramener au cas numéro deux en quotientant par Gx Ce lemme 

est prouvé explicitement dans [R2] et [ H l ] et se trouve (caché) dans [Bg] 

(brièvement: il y a un nombre fini de sous-variété abéliennes maximales [Bg] dans 

X disons Bj,..,Bs donc Zx=u(Zi+Bj) où les Zj sont des sous-variétés de X). 
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Revenons à la preuve de l'amplitude du diviseur D du paragraphe précédent. Un 

point essentiel est la considération du morphisme de X m dans Am~l défini par: 

a ( x i , . . , x m ) = ( t i x i - X 2 , t 2 X 2 - X 3 , . . , t m _ i x m _ i - x m ) où les tj sont entiers. Remarquons 

que si x 0 + B es t inc lus dans X et si on pose x 0 1 = ( x 0 , . . x 0 ) et 

B( t i , . . , tm)={(x , t ix , t1 t2X, . . , t i . . tm.1x) /xGB} alors a<x(x0l+B(ti , . . , tm)) est réduit à 

un point. Le lemme suivant est une petite généralisation du lemme 4.1 de Faltings 
[F2]: 

LEMME 2: / / existe m tel que si t i > . . > t m _ i > 2 alors le morphisme oc de Xm 

dans Am"l est génériquement fini; plus précisément les composantes de 

dimension positive des fibres sont de la forme x+B(tj , , . , tm) où B est une sous-

variété abélienne maximale de X. 

De plus si t m . i > d e g X ( 2 d ) d i m X alors on peut choisir m = ( d i m X + l ) ! (où degX 

et d désignent respectivement le degré projectif de X et le degré d'équations 

définissant X dans A dans un plongement projectif). 

Par définition de a l'image réciproque d'un point est formée des m-uplets 

(xl»"'xm) te^s <lue xi+l=tixi"':),i et donc de la forme (x , t i x -b i , . . , t i . . tm_ ix -bm_i ) 

dans laquelle le point x vérifie : xeXn[ t i ]~1 (X+bi )n . .n [ t i . . tm_ i ]""1(X+bm. i ) ; il 

faut donc prouver que les composantes de cet ensemble algébrique sont des 

translatés de sous-variétés abéliennes, si m est assez grand. Supposons prouvé que 

l e s c o m p o s a n t e s non abé l i ennes de tous l e s e n s e m b l e s du type 

( X + b 0 ) n [ t i ] ' " 1 ( X + b i ) n . . n [ t i . . t m ] " 1 ( X + b m ) sont de dimension <r; soit alors 

F:=Xn[t2]"l(X+bi)n. .n[t2 . . tm+jc] ' l (X+bm+jc) contenant une composante Z non 

abélienne de dimension r, alors Z est aussi une composante de: 

F1=(X+b0)n[t1r1(X+b1)n..n[t1..tm.1]-1(X+bm.1) 

et [tj..t^](Z) est contenu dans: 

F2=(X+bk)n[tk+1]-1(X+bk^(X+bk)n[tk+1]-1(X+bk(X+bk)n[tk+m] 

et d o n c en e s t une c o m p o s a n t e . En u t i l i s a n t la f o r m u l e 

deg[t](Z)=deg(Z)t2r/IKer[t]nGzl et les autres lemmes de [Hl ] on obtient: 

(w.y2(r-dimGzW(X+bk)n[tk+1]degX2ddimXXX 

ce qui borne visiblement k; on finit facilement la preuve du lemme par récurrence 

sur r en utilisant les hypothèses sur les tj. 
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Considérons 0 ' i l'image réciproque de 0 par la i-ème projection sur Am"l , soit 

D o = a * ( X s i + i 2 0 ' i ) = S ( t i S i + i P i - S i + i P i + i ) * ( 0 ) ; alors D0 est ample si a est fini (et 

"génériquement ample" si a est génériquement fini). Si on s'arrange pour que 

tjSi+i=Si le diviseur D que nous souhaitons étudier s'écrit D = D o - e X s . 2 0 j et est 

donc certainement ample si e est assez petit (mais dépendant des sj). Il faut encore 

beaucoup travailler: Faltings utilise avec brio le théorème de Riemann-Roch, une 

variante du critère de Nakai-Moishezon (voir [Hal] et [Ha2]) due à Kleiman et le 

théorème du produit pour rendre e indépendant des paramètres. 

5 Po ints a lgébr iques sur les courbes 
Le problème est le suivant: on considère une courbe lisse et projective C de genre 
g et l'on s'intéresse non pas à C(k) mais à l'union de tous les C(L) lorsque L décrit 
toutes les extensions de degré au plus d; notons cet ensemble CjOO; on veut savoir 
quand cet ensemble est fini et éventuellement le paramétrer si il est infini. 
Le lien avec la conjecture de Lang est décrit dans [ H l ] : on commence par observer 
que les points algébriques de degré au plus d correspondent au points rationnels de 

S d c ^ C x ^ x C / S j , où Ed désigne le groupe symétrique avec son action évidente 

sur C**. Plus précisément, à un point x e C ( k ) tel que [k(x):k]=d on associe ses 

conjugués par Galois x=x i , . . , x ( i et le point c p ( x ) : = ( x j ) + . . + ( x d ) E S^C(k); on 

identifie implicitement un élément de S^C avec un diviseur effectif de degré d. 

Inversement, un point D=(xj)+. .+(x(j)eSdC(k) est défini par des x j e C ( k ) tels que 

l'ensemble { x i , . . , x j } soit stable par Galois et se décompose donc en orbites de 

points de degré d i , . . d r avec d i + . .+dr=d; en particulier [k(xj):k]<d. Ces 

considérations prouvent le lemme suivant: 

LEMME 3: 

a) C(j(k) est fini si et seulement si S^C(k) est fini. 

b) Si C(j- i(k) est fini alors cp définit une bijection entre Cj (k) et S^C(k) à un 

nombre fini d'éléments près. 

Le lien avec la "conjecture" de Lang est établi grâce au théorème d'Abel-Jacobi: on 
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considère l'application: 

4>d: S d C >A=Jac(C) 

(xi )+. .+(xd) > X 1 + . . + X J (la somme étant dans A bien sur) 

On note classiquement W ^ W ^ C ) l'image; alors c|) (j(D)=(|)d(D') équivaut à 

D=D'+(f) et si D^D' on en déduit l'existence d'un morphisme 

f:C » p l non constant de degré au plus d; inversement l'existence d'un tel 

morphisme donne des diviseurs f*(x) (pour x dans P * ) tous linéairement 

équivalents; en résumé Od contracte toutes les courbes rationnelles sur S^C et 

celles-ci proviennent de morphismes de C sur P1. 
La signification du lemme suivant est éclairée si l'on se souvient qu'une courbe de 

genre g admet un morphisme de degré d sur p l si d>l+g /2 (pour une preuve de ce 
fait, voir par exemple [K-L]). 

LEMME 4: <j)j: S^C »W (j est un isomorphisme si et seulement si il n'existe pas 

de morphisme non constant de degré<A de C sur p i . 

Le théorème suivant est une conséquence du théorème 4 (Faltings [F2]) et était 
conjecturé dans [Hl ] . 

THÉORÈME 5: C ^ k ) est fini pour tout corps de nombres si et seulement si C 

n'admet aucun morphisme de degré <d sur P* et si W j C ne contient aucun 

translaté de sous-variétés abéliennes. 

Remarquons que d'après des résultats généraux sur les diviseurs sur les courbes 
(voir par exemple [K-L]) la condition du théorème est vérifiée pour une courbe de 
genre g "générale" si d< l+g /2 . On peut être plus précis par exemple dans le cas 
d=2; le théorème suivant est conséquence cette fois du théorème 4 (Faltings [F3]) 
comme cela est expliqué dans [H2]. 

THÉORÈME 6: C2(k) est, à un nombre fini d'éléments près, l'union des points 

hyperelliptiques (i.e. images réciproques de P*(k) par f : C - » p l de degré 2) et 

surelliptiques ou bi-elliptiques (i.e. images réciproques de E(k) par f:C—»E de 

degré 2 avec E courbe elliptique) 

Ce problème a été aussi considéré par Frey [Fr] sur les courbes modulaires et 
Silverman et Harris [Ha-Si]. Il est intéressant de remarquer que Vojta, en poussant 
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sa méthode obtient dans [V3] des résultats un peu moins précis mais en travaillant 
uniquement sur les courbes. 
On peut donner l'exemple suivant d'une courbe de genre 3 hyperelliptique avec 
trois revêtements de degré 2 sur des courbes elliptiques: 

y 2 = ( x 2 . a 2 ) ( x 2 . a - 2 ) ( x 2 . b 2 ) ( x 2 . b - 2 ) ; 

mais il est connu qu'une courbe hyperelliptique de genre >3 ne peut avoir un 
revêtement de degré 2 sur E (Preuve dans [F2] ou dans [A-C-G-H]); par contre la 

courbe y2-(x-ai ) (x-a2)(x-a3)=z2-(x-a4) . . . (x-ag + 2)=0 a pour genre g (si les aj sont 

tous distincts) et est revêtement double de la courbe elliptique d'équation: 

y2=(x-aj)(x-a2)(x-a3); en particulier si g>3 elle n'est pas hyperelliptique. 

Harris et Abramovich ont poussé l'analyse plus loin en conjecturant: 

CONJECTURE [A-H] 

C(j(k) est fini pour tout corps de nombres k si et seulement si C ne possède 

aucun morphisme de degré au plus d de C sur V^ou E. 

Il revient au même de conjecturer que si C n'est pas d-gonale, i.e. revêtement de 

p l de degré d, et s'il existe une variété abélienne dans W j C alors il existe une 

courbe elliptique dans W^C et plus précisément C est "d-elliptique"; il s'agit donc 

d'une conjecture purement géométrique. Harris et Abramovic établissent dans le 

même article le résultat suivant: 

THÉORÈME 7 [A-H]: 

La conjecture est vraie si d<5 sauf (peut-être) si d=4 et g=7. 

Ils donnent aussi un joli exemple d'une famille de courbes de genre 5 possédant une 

surface abélienne dans W 4 sans être un revêtement double d'une courbe de genre 2 

(ni d'une courbe de genre 1). 

{ajouté sur épreuve, dernière minute): 
J'apprends que la conjecture de Abramovich et Harris est fausse: lorsque 

d>10, Debarre et Fahlaoui ont construit des courbes de genre g = l + d ( d - l ) / 2 

n'admettant aucun morphisme de degré <d sur P* ou une courbe elliptique mais 
telle que leurs Wd contiennent une courbe elliptique. 

Dans une autre direction, Frey ("Curves with infinitely many points of 
fixed degree", à paraître dans Israël J.of Math.) a prouvé que si Cj (k) est infini 

alors il existe un morphisme de C sur p l de degré au plus 2d et défini sur k. 

54 



SUR LES CONJECTURES DE MORDELL ET LANG 

Bibliographie 

[A-C-G-H] E. ARBARELLO, M . CORNALBA, P. GRIFFITHS and J. HARRIS. Geometry of 

curves, vol. I. Springer 1985. 

[A-H] D. ABRAMOVICH and J. HARRIS. Abelian varieties and curves in WdC. Preprint. 

[Bg] F. BOGOMOLOV. Points of finite order on an abelian variety. Izv. Akad. Nauk 
SSSR Ser. Mat. 44 (1980); AMS translation Math. USSR Izv. 17 (1981), 55-72. 

[B] E. BOMBIERI. The Mordell conjecture revisited. Ann. Scuola Norm. Sup. Pisa 
Ser. IV 17 (1990), 615-640; errata ibid. 18 (1991), 473. 

[Co-Si] G. CORNELL and J. SILVERMAN. Arithmetic geometry. Springer 1986. 

[E-V] H. EsNAULT and E. VIEHWEG. Dyson's lemma for polynomials in several vari
ables. Inv. Math. 78 (1984), 445-490. 

[F1] G. FALTINGS. Endlichkeitssätze für abelsche Varietäten über Zahlkörpern. Inv. 
Math. 73 (1983), 349-366. 

[F2] G. FALTINGS. Diophantine approximation on abelian varieties. Annals of Math. 
133 (1991), 549-576. 

[F3] G. FALTINGS. The general case of Lang's conjecture. Preprint. 

[F4] G. FALTINGS. Preprint. 

[Fr] G. FREY. A remark on isogenies of elliptic curves over quadratic fields. Compo-
sitio Math. 58 (1986), 133-134. 

[G-S1] H. GILLET and G. SOULÉ. Un théorème de Riemann-Roch arithmétique. C.R. 
Acad. Sci. Paris Sér. I Math, 309 (1989), 929-932. 

[G-S2] H. GILLET and G. SOULÉ. Amplitude arithmétique. C. R. Acad. Sci. Paris Sér. 
I Math. 307 (1988), 887-890. 

[G-S3] H. GILLET and G. SOULÉ. Arithmetic intersection theory. Publ. Math. IHES 72 
(1990), 93-174. 

[Ha1] R . HARTSHORNE. Algebraic geometry. Springer 1977. 

[Ha2] R . HARTSHORNE. Ample subvarieties of algebraic varieties. Springer Lecture 
Notes in Math. 156 (1970). 

[Ha-Si] J. HARRIS and J. SILVERMAN. Bielliptic curves and symmetric products. Proc. 
Amer. Math. Soc. 112 (1991), 347-356. 

[H1] M . HINDRY. Autour d'une conjecture de Serge Lang. Inv. Math. 94 (1988), 
575-603. 

[H2] M . HINDRY. Points quadratiques sur les courbes. C. R. Acad. Sci. Paris Sér. I 
Math. 305 (1987), 219-221 

[K-L] S . KLEIMAN and D. LAKSOV. Another proof of the existence of special divisors. 
Acta Math. 132 (1974), 163-176. 

[La1] S . LANG. Fundamentals of diophantine geometry. Springer 1983. 

[La2] S . LANG. Abelian varieties. Interscience, New York 1959. 

[La3] S . LANG. Integral points on curves. Publ. Math. IHES 6 (1960), 27-43. 

[La4] S . LANG. Division points on curves. Ann. Mat. Pura Appl. (4) 70 (1965), 
229-234. 

55 



M. HINDRY 

[M1] D. MUMFORD. A remark on Mordell's conjecture. Amer. J. Math. 87 (1965), 
1007-1016. 

[M2] D. MUMFORD. Abelian varieties. Oxford University Press 1974. 
[R1] M . RAYNAUD. Courbes sur une variété abélienne et points de torsion. Inv. Math. 

71 (1983), 207-233. 

[R2] M . RAYNAUD. Sous-variétés d'une variété abélienne et points de torsion. Arith
metic and geometry: papers dedicated to I.R. Shafarevich on the occasion of his 
sixtieth birthday, vol I, M. Artin and J. Tate ed., Birkhäuser 1983, 327-352. 

[R3] M . RAYNAUD. Around the Mordell conjecture for function fields and a conjecture 
of Serge Lang. Algebraic geometry, Springer Lecture Notes 1016 (1983), 1-19. 

[Ro] F. ROTH Rational approximation to algebraic numbers. Mathematika 2 (1955), 
1-20. 

[Sch1] W . SCHMIDT. Diophantine approximation. Springer Lecture Notes 785 (1980). 
[Sch2] W . SCHMIDT. Approximation to algebraic numbers. Enseign. Math. 17 (1971), 

187-253. 

[Se] J-P. SERRE. Lectures on the Mordell-Weil theorem (translated by M. Brown from 
notes by M. Waldschmidt). Vieweg 1989. 

[Si] C. SIEGEL. Über einige Anwendungen diophantischer Approximationen. Abh. 
Preuss. Akad. Wiss. Phys. Math. Kl. (1929), 41-69. 

[Sz1] L. SZPIRO. Séminaire sur les pinceaux arithmétiques (la conjecture de Mordell). 
Astérisque 127 (1985). 

[Sz2] L. SZPIRO. Sur les solutions d'un système d'équations polynomials sur une variété 
abélienne (d'après Faltings et Vojta). Séminaire Bourbaki, exposé 729, Astérisque 
189-190 (1990), 429-446. 

[Vi] C. VIOLA. On Dyson's lemma. Ann. Scuola Norm. Sup. Pisa Ser. IV 12 (1985), 
105-135. 

[V1] P. VOJTA. Siegel's theorem in the compact case. Annals of Math. 133 (1991), 
509-548. 

[V2] P. VOJTA. Dyson's lemma on the product of two curves. Inv. Math 98 (1989), 
107-113. 

[V3] P. VOJTA. Arithmetic discriminants and quadratic points on curves. Arithmetic 
algebraic geometry, Texel '89, Birkhäuser "”Progress in Mathematics”" 89 (1991), 
356-376. 

[V4] P. VOJTA. A generalization of theorems of Faltings and Thue-Siegel-Roth-Wirsing. 
J. Amer. Math. Soc. 5 (1992), 763-804. 

[W] A. W E I L . Sur les courbes algébriques et les variétés qui s'en déduisent. Hermann, 
Paris 1948. 

Marc HINDRY 
UFR Mathématiques, Université Paris 7 
2 Place Jussieu 
75251 Paris cedex 05, FRANCE 
et 
Mathematics, Brown University 
Providence RI 02912, U.S.A. 

56 



Astérisque

K. RAMACHANDRA
On Riemann zeta-function and allied questions

Astérisque, tome 209 (1992), p. 57-72
<http://www.numdam.org/item?id=AST_1992__209__57_0>

© Société mathématique de France, 1992, tous droits réservés.

L’accès aux archives de la collection « Astérisque » (http://smf4.emath.fr/
Publications/Asterisque/) implique l’accord avec les conditions générales d’uti-
lisation (http://www.numdam.org/conditions). Toute utilisation commerciale ou
impression systématique est constitutive d’une infraction pénale. Toute copie
ou impression de ce fichier doit contenir la présente mention de copyright.

Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques

http://www.numdam.org/

http://www.numdam.org/item?id=AST_1992__209__57_0
http://smf4.emath.fr/Publications/Asterisque/
http://smf4.emath.fr/Publications/Asterisque/
http://www.numdam.org/conditions
http://www.numdam.org/
http://www.numdam.org/


ON RIEMANN ZETA-FUNCTION 
AND ALLIED QUESTIONS 

K. R A M A C H A N D R A 

TO PROFESSOR R. BALASUBRAMANIAN 
ON HIS FORTIETH BIRTHDAY 

§ 1. Introduction, I will divide my lecture as follows. 

§ 1. Introduction 

§ 2. Conjectures 1 and 2. 

§ 3. Conjecture 3 and a further question. 

§ 4. Balasubramanian-Ramachandra (sufficient) condition for the validity of 
Conjecture 3. 

§ 5. The Balasubramanian-Ramachandra condition is not always satisfied 
(Counterexample : a power of the Kahane series). 

§ 6. Progress towards Conjectures 1 and 2 (Titchmarsh Series-I, Weak Titch-
marsh Series, and Titchmarsh Series-II) 

§ 7. Applications of Theorems 1 to 4 of § 6. 

§ 8. Consequences of Conjectures 1 and 2 without Riemann Hypothesis. 

§ 9. Further Conjectures (which would follow from Conjectures 1 and 2 and 
Riemann Hypothesis). 

S. M. F. 
Astérisque 209** (1992) 5 7 
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As will be seen in § 7 Conjectures 1 and 2 are more intimately connected 
with the Riemann zeta-function (and also with zeta and L-functions of al
gebraic number fields, zeta-functions of ray class fields and so on). But we 
emphasise only on the Riemann zeta-function. 

§ 2. Conjectures 1 and 2. For all N H > 1000 and all N-tuples 
ai = 1, a2, • • •, ax of complex numbers prove (or disprove!) that 

Conjecture 1. 
1 

H Jo E 
'n<N 

it 
ann 

dt > I O " 1 0 0 0 , (1) 

Conjecture 2. 

1 
i: E 

]n<N 

i t 2 > (log H) -1000 
n<M 

K\2 (2) 

where M = H(loeH)-2. 

Remark 1. We can formulate conjectures where RHS in (1) and (2) are 
bigger than the present ones. For example we can replace RHS of (2) by 

DD E 
n<C2H 

DD 2 

where C\ > 0 and C2 > 0 are numerical constants (in fact with any C\ < 1). 

Remark 2. Let 1 = Ai < A 2 < A 3 < • • • be any sequence of real numbers 
with A n+i — A n bounded both above and below. Then we can formulate more 
general conjectures where 

n<N 
annlt is replaced by E n<N 

an. 

S 3. Coniecture 3 and a further question. Let d\ = Ai = 1, Ai < A2 < 
A3 < • • i < A n+i — A n < C {an\ In = 1,2,3,...) a sequence 01 complex 
numbers such that F(s) = 00 

n=l 
is convergent for some s = a + it in the 

complex plane and can be continued analytically in (a > f3,T < t < 2T) 
where B is a positive constant < \ and there the maximum of \F(s)\ < TA 

where A and C are positive constants > 1. Suppose E 
n<x 

\Q>n 
,2 > x1 £ for every 

e > 0 and every x > 1. Then prove (or disprove) the 

Conjecture 3. The number of zeros of F(s) in (a > B.T < t < 2T) is 

> T logsfsfsT. (3) 

Remark. A simple application of Jensen's Theorem (see [T]i, page 125) 
shows that the number of zeros of F(s) in (a > (/3+j)/2, T+D < t < 2T-D) 
i s < T logT, provided D is a large positive constant. Thus speaking roughly, 
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the order of magnitude of the number of zeros in question is T log T (if the 
Conjecture 3 is true). 
A further question. Let /3(T) < l 

9 
and ß(T) 1 

2 as T —• oo Then study 
the lower bound for the number of zeros of F(s) in 

(a > ß(T), T <t< 2T). (4) 

§ 4. Balasubramanian-Ramachandra (sufficient) condition for the 
validity of Conjecture 3. 
Sufficient Condition. There should exist a positive constant 8 < l 

2 
ß such 

that 
1 
T 

AT 
F 

1 
2 

S + it I2 dt 
1 

d 
2T 

d 
1 

v2 
-6 + it) dt 

\2 
(5) 

Remark 1. We will show in this section that the condition (5) is sufficient for 
the validity of Conjecture 3. (Note that the inequality which is the opposite 
of (5) is always true). From our proof it will be plain that the condition 

/1 •2T 

'T 
\F 

1 
2 

-6 + it) \
gdt 

h '1 r2T 
IT 

F ,1 
l2 

S + it 
,h dt 

9 
(5') 

for some constants 5, h with 0 < h < g is also sufficient. 

Remark 2. A class of examples of F(s) satisfying the condition (5) were 
studied in [BR] 3 , [BR] 4 , [R 5 ] , and to some extent [BR] 5. We content here by 

saying that a simple example of F(s) satisfying (5) is CM + 
71=1 

(x(n)n- 5 ) 

where x(^) is any sequence of complex numbers with 
n<x 

An) • 0(1). For 

the series cw 4-
00 

71=1 
[\(n)n s) where X(n) O for some constant 

77 > 0 and further X\n) = 0{1) the lower bound for the number of zeros 
in (a > (1 - i7)/2 ,T < t < 2T) is > T f l o g T X l o g l o g r ) - 1 . Both these re
sults have been generalised to generalised Dirichlet series of the form F(s) = 
00 

n = l 
( a n 6 n A n

5 ) where { a n } and {bn} are somewhat general sequences of com

plex numbers and { A n } is a somewhat general sequence of real numbers (see 
[BR] 3, [BR] 4 , [R] 5 , [BR] 5 ,) . Less satisfactory results than Conjecture 3 were 
obtained in [R] 3 , and [R] 4 . 

Remark 3. For suitable /3(t) the lower bounds for the number of zeros 
in (4) of F(s) were studied in [R] 6 , [BR] 6, and [BR] 7. For example in [R] 6 ? 

it was shown in great generality that F(s) has > Tl~e zeros in (cr > \ -
C o ^ o g l o g T ) - 1 ^ < t < 2T). In [BR] 6, the functions mentioned in Remark 
2 were considered. For example it was proved that the number of zeros of 
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f{s) = as) + 
oo 

n = l 
( X ( n ) n - ) with i X(n) 0(1) and E 

n<x 
= 0 in 

(* > \ - C 0 ( l og logr ) l ( l o g r ) -5 , T < t < 2T) is > T(loglogr)- 1 . In [BR] 7, 
it was shown that (for ( l o g T ) c < H < T where C is a large constant) in 
W >\-Co{\og\ogT){\ogHrr)-\ T<bbt< T+H) C(s) has r> f^ log log logT)- 1 

zeros. The interesting fact was that only the Euler product and the an
alytic continuation (in fact for the lower bound >• • • • the upper bound 
log \F(s)\ < ( l o g T ) c is enough) 

C(s) = 
1 

s - 1 

OO 

n=1 
n 

In U 
sdu ( * > 0 ) 5 

were used in the proof. Using these things only it is well known that we can 
prove that when H = T, the number of zeros is hfff(T < tj < 2T).dd 

We now resume the Remark 1. We will show that (5) implies that there are 
points < i , *2> '" yttf (where N T) with \tj — tj>\ bounded below whenever 
j ^ f and further 

IF 
,1 

S + itj (*>0)5 (T < tj < 2T). (6) 

After this we have only to apply Theorem 3 of § 4 in [BR] 3 to obtain the proof 
of Conjecture 3. To deduce (6) from (5) we write 

(*>0)5uo 

1 

T 
t2T 
IT 

E 
v2 - 6 + it)\dt. (7) 

Now RHS of (7) is 
1. 
T E (*>0)5 1 

v2 
-6 + it)\dt (8) 

where { / } is a division of [T, 2T] into disjoint (but abutting intervals I of equal 
length the length being both above and below). Plainly the expression (8) is 

< 
2 
T 

(*> F 1 
v2 

-6 + it)\dt (9) 

where the accent denotes the restriction of the sum to intervals I for which 
the integral is not less than e i>{T) for a small constant e > 0. Now 

(*>0)5 < 2' 
T 

J 
hf l 

ff - Ô + it)\dt 

< 2 
T E ' 

T 
1 

1 
2 E' 

T I 
I, \F 

1 
v 2 

•S + it)\dt 
ffh 1 2 

< 1 
T 

gj 
I 

l 
2 E 

1 

hd d 
dd 
m •6 + it)\2dt 

i 
i 2 
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ON RIEMANN ZETA-FUNCTION AND ALLIED QUESTIONS 

We now sum over all / in the last sum and use (5). We get 

V»(T) 
1 
T I 

D 
l 2 

[Tib2 1 
(2 

and this in turn gives 
ss 

Js 
1 > ss 

This gives (6) (which as we have already stated yields the conjecture), pro
vided we prove that tp(T) » T^. By (5) and (7) it suffices to prove that 

1 
T 

2T 
JT 5 E 

•6 + it)rdt > (10) 
This will follow unconditionally from Theorem 2 of § 6 of the present paper. 

§ 5. The Balasubramanian-Ramachandra condition is not always 
satisfied (Counterexample : a power of the Kahane series). In this 
section we will show that a suitable (bounded) positive integral power of the 
"KAHANE SERIES" serves as a counterexample to (5). Kahane series are 
series of the form 

K(s) 
oo 

n-l 
(2n - 1 ) - - (2n)-3) (11) 

where en are arbitrary subject to e — ±1 . By an ingenious probabilistic ar
gument J.-P. Kahane showed that there exists a sequence {en} for which the 
Lindelof function fi(a) equals 1 — a for 0 < a < 1. In particular given a fixed 
6 with 0 < 6 < \ there exists a sequence { £ n } with tn = tn(6) —• oo such that 

K(s) 1 
"2 

S + itn) K(s) K(s)gh (12) 

(For reference see Theorem 2.2 equation (30) on page 139 of [K]). It is not 
hard to show (whatever be the choice of en) that K(s) is analytic in a > e > 0 
and there it is 0(t). Also all the derivatives upto any fixed order are 0(t) (for 
instance by Cauchy's theorem). Moreover with some work it is not difficult 
to show (see for example Theorem 11 of [RL) that 

1 
T 

r2T 
JT 

K 
6 + i 

'2 
• 6 + it) 

,2 
dt 6 + i 6 + i (13) 

and so 
1 
T r 

JT 

\k 
1 
2 

• 6 + it)\dt<z:Ts. (14) 

By iterating (5) we obtain 

1 
T 

r2T 
IT \k 

1 
l2 

-6 + it)\ dt 
'1 r2T 

IT 
\K(--6 + it)\dt) (15) 
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for all fixed k = 2 m where m is an integer > 1. Now for \t — tn\ < t~1(= A say), 
we have \K{\ -6 + ft)I >«,£ t

s+2~£ since as remarked above the derivative of 
K{\ -6 +it) is 0(t). Hence 

•'<n-A 
K 

k2 
6 + ft dt (16) 

Thus if (15) is true we obtain for T = t n — 1 the estimate 

jrfc(é+ì-e)-2 1 
T 

2T 

• JT 
R 

v2 
6- it) < T f c 6 (17) 

which is false for k = 8. Thus (15) is false for k = 8 and so at some stage of 
iteration (5) is false i.e. (5) is false for F(s) = K(s),(K(s))2 or (K(s))4. We 
can prove that (5) is false for (K(s)) or (K(s))2 by a slight sharpening of the 
method above. 

Remark. The procedure adopted in this section resembles to some extent an 
argument on page 329 of [T ] 2 . 

§ 6. Progress towards Conjectures 1 and 2 (Titchmarsh Series-I, 
Weak Titchmarsh Series, and Titchmarsh Series-II) 

My paper [R] 7 contains a result which is sufficient for all practical applications. 
Here we mention six theorems which solved the conjectures proposed by me 
in [R] 7 . These six theorems form further progress towards the conjectures 1 
and 2 of § 2 of the present paper. We begin with a definition. 

Titchmarsh series. Let ai = Ai = 1, {an} (n = 1,2,3, — ^ a sequence 
of complex numbers, { A n } (n = 1,2,3, ••-) a sequence of real numbers with 
^ ^ A n+i — A n < C, where C (> 1) is a constant. Let H > 10 be a real 
parameter and \an\ < (nH)A for alln, where A is a positive integer constant. 

oo 
Suppose F(s) = S ( a n ^ n S ) > ( a ^ A + 2) can be continued analytically in 

71=1 
(a > 0, 0 < t < H). Such a function F(s) is called Titchmarsh series. 

Theorem 1. Put u = H* + 50(A + 2)loglog(ir + 1), where K > 30 and 
suppose that there exist T\ and T2 with 0 < T\ < J7, H — U < T2 < H such 
that the Titchmarsh series F(s) satisfies the inequality 

№ + »ri)| + |F((T + tr2)|<lir (18) 

uniformly in a for 0 < a < A + 2. Also let 

H > (3456000A 2C 3) 6 4 0 0 0 0^ + (240000A)20loglog(iif + 1). (19) 

Then, we have, 

fH\F(it)\dt >H- 8000A#« _ 240000A2loglog(tf + 1). (20) 
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Theorem 2. Suppose that (for some K > 30) there exist T\ and T2 with 
0 < Ti < Hi,H - < T2 < H, such that the Titchmarsh series F(s) 
satisfies the inequality 

\Р(а + т)\ + \Р(<т + Щ)\ <К (21) 

uniformly in a for 0 < a < A + 2. Also let 

H > ( 4 C ) 9 0 0 0 A + 520000A2 log log Kx (22) 

where Kx = (HC)12AK. Then, we have, 

fH \F(it)\2dt > Yl (H - (3C)1000AH* - lSOOOO^loglogif! - 100C2n) |an|2 

y° n<aH 
(23) 

where a = (200C 2 ) - 1 2" 8 A - 2 0 . 

Remark. These theorems are consequences of the second and the third main 
theorems of the paper [BR] 8 . We can get Theorem 1 above by putting e = |, 
r = 800A in the second main theorem. 

Our next two theorems deal with 

Weak Titchmarsh Series. Let 0 < e < 1,2? > 1,C > 1 and H > 10. Put 
R = He. Instead of \an\ < (nH)A suppose that 

(*>0)5 

\an\ < D(logXvv)R (24) 

holds for all X > 3C Then, for complex s = a + it,a > 0 we refer to 
F(s) 

n = l 
KAr) as a weak Titchmarsh series associated with the parameters 

occuring in this definition 
Theorem 3. For a weak Titchmarsh series F(s) with H > 36C 2 # £ , we have 

lim inf 
<7->0+ 

ffh 
JO 

F(a + it)\dtvnv>H- 36C2H£ - YICD. (25) 

Theorem 4. 
For a weak Titchmarsh series F{s) with logH > 4320C (1 — e) 5, we have 

lim inf 
<7->0+ 

H 
F(cr + it)\2dt xX 

n<M 
H 

H 
log H 

100C2n K\2 2D2 (26) 

where M = (36Cgjgg2)-1H1-e(\oeH)-'1. 

Remark. The four theorems mentioned above are enough for all applications 
in the present state of knowledge. For Theorems 3 and 4 see [R] 8. 
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The next two theorems represent a further progress towards conjectures 
1 and 2 although no new applications are possible in the present state of 
knowledge. These two theorems form the subject matter of the paper [BR] 9. 

Theorem 5. Let 0 < e < 1, C > 1, D > 1, E = y ^ , ax = 1 = Ai, 
^ < A n + i — A n < C (forn — 1,2,3, • • -) and for n > 2 (instead of\an\ < (nH)A) 

\an\ < Exv{(DHe - 100C - lgggg)lodg< Exv A n } 

where H > 10. Let F(s) fy 
oo 

n = l 
f+ iTx) (convergent absolutely in a > DHe, 

admit an analytic continuation in (cr > 0,0 < t < H). Assume that there exist 
Ti,T2 with 0 < 7\ < \H, iH <T2< H, such that, for some K > 30, 

{Fia + iTdgJl + lFia + itylKK 

holds uniformly in a > 0. Let finally 

H > max{100D \og\ogK)E, 100£>(100D£;)3£}. (27) 

Then 
500 /o \F{it)\dt > H. (28) 

Theorem 6. Let 0 < e < 1, C > 1, D > 2560C2, E l 
l - e ' 

Let {an} and 
{ A n } be as in Theorem 5, 

H > max{(256 D log log K)E, (24000 CeDE)3E}. (29) 

Suppose F(s) has the properties stated in Theorem 5 with K defined exactly 
as in Theorem 5. Then, we have, 

108 

H 'o \F(it)\cbc2dt E 
n<M\ 

K\2 (30) 

where Mx = [(SOOOdgdhhsq^D)-1vvcvvn^-']. 

§ 7. Applications of Theorems 1 to 4 of §6. Theorems 1 to 4 have a lot 
of applications. We mention only a few. 

Theorem 7. For all integers k>l and for all H satisfying C(fc)loglogT < 
H <T, we have, 

1 
H r 

IT 
C 

1 
,2 

+ it 
hf 

dt > C'k{ log k2 

l + O 
log logT 

H 
1 

logff 
(31) 

where C(k)(> 0) depends only on k and 

ch = (r(fc2 + 1 ) ) " ^ 
p 

(1 - v-1)* 
OO 

m=0' 

T(k + m) 
m\T(k) 

i2 -m 
P 
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Proof. In Theorem 2 take F(s) = (C(i + s + iT))K Theorem 2 shows that 
the LHS of (31) is 

> /log 
n<aH 

+ o 
/log logT 

H 
1 

log# . 
\dk(n)\2 

n 
(32) 

Using the well-known result that 
n<x 

{\dk(n)\2n->) C'k{\ogxf 1 + C i log#. 
we obtain Theorem 7. 
Remark 1. If C(k,e) <H< C(fc)loglogT the only result known is 

\t-to\<C(k,e) 

1 
2̂ 

it 
,2k 

dt 

Plainly we can make e a function of to (and k) which tends to zero as to —> co 
for fixed k. For this and other results see [BR] 1 0 . 

Remark 2. The result 

1 
H 

T+H 

IT 
S 
dt1 c 

1 
0 it d i » (log J5T)i*3+' 

was proved for positive integral A; in [R] 1 0 . (In [R] 9 a weaker result was proved; 
but it dealt with positive real k). The result 

1 
H 

rT+H 

IT c 
'1 
.2 4- it 

,2k 
dt > (logtf)* 

was proved for all positive rational constants k in [R] 1 2 by using an idea of 
D.R. Heath-Brown [H]. Later this was extended in [R] 1 3 for positive irrational 

constants k but with the lower bound ^> loeH 
log log if 

k2 

In [Rl 1 A this was sharp
ened (the result involved the s.c.f. expansion of k). For example as a special 
case of a general result it was shown that 

1 
H 

rT+H 
IT c + it 

.2V2 
dt > ( log^J^loglogi f )" 1 . 

The general result contains as a special case the following result. Let k 
be any real number satisfying a < k < b where 0 < a < 6 < o o . It is easy 
to prove that there exist integers q with 1 < q < 10 log log H such that 
I* - f I < ( loglogtf)" 1 . For any such q we have for C loglogT <H <T, 

1 
H 

rT+H 

JT c (1 
2 

it 
.2* 

dt > D 
/ logiT J.2 

where C and D are certain positive constants depending only on a and b. 
When the s.c.f. expansion of k has bounded partial quotients, q can always 
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be chosen to lie between two constant multiples of (log log H)%. This leads to 
the special case mentioned above. All the results mentioned in this remark 
are subject to T > H ^> log log T. See the final remark at the end of the 
present paper. 

Remark 3. Results like 
1 

H 
rT+H -it -it 

,2 
\-it dt < ( lo g r) i + < 

proved in [ R ] n with H = T*+€ perhaps have some relavance here. It was also 
proved in [ R ] n that the same upper bound holds with H = T^e if we assume 
Riemann hypothesis. 

Theorem 8. For C 0 log log T < H <T, we have, 

max 
T<t<T+H G- -it) > Exp 

3 
4 

log H 
log log i f 

(33) 

where Co is an effective positive constant. 

Remark. Factors like ( log i J ) " 1 0 0 0 in place of | in (34) below are enough 
for application to prove Theorem 8. Such results were already available in 
[R] 1 ? [R] 7 . In fact we mentioned Theorem 8 in [R] 7 . All that was needed was 
the study of (RHS) as a function of k in 1 < k < log H which was done in [B] 
of course by an ingenious development of [ B R ] r In [BR]X a smaller constant 
than | was obtained. 

Proof. Put F(s) = (C(| + iT + s))k where k > 1 is an integer. Then \an\ < 
oo 

n2 £ (|aTO| m - 2 ) < n2(C(2))* < (nH)10 if k < log H. Note that in (a > 0, 0 < 
t<H)we have |F(s) | < T2k so that we can take K = T3k. We can take A = 2. 
Notice that for k < log IT we have log log Kx < 1000(loglog i f + log log T ) . 
This proves that 

1 
H 

rT+H 

'T c 
/1 

2 it 
,2k 

dt > 1 
Ln<*K 

( 4 ( n ) ) 2 n - J (34) 

provided 1 < k < log H. Here an asymptotic formula was obtained in [B] for 
the quantity max(log(RHS)2fc) the maximum being taken over 1 < k < log IT. 
In fact the quantity in question is asymptotic to Cs(log £T) 2 (log log H)~* 
where C 3 = 0.75 • • • > § . This proves Theorem 8. 

Theorem 9. Let \ < a < 1 and C 0 log log T <H<T. Then 

Tm^H\aa + it)\ > E x p ^ a o g ^ ^ a o g l o g ^ ) " 1 ) . (35) 
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Remark. Better inequalities, when we take the maximum over 1 < t < T 
in Theorem 9 are due to H.L. Montgomery (see [Ml) who proved in this case 

that the maximum > Exp l 
20 a l 

2) 
l 
2 (log T) l-<7 log log T \-<J In [RS] this 

was improved to Exp(C £ T(logT) 1- < 7(loglog T)~a) where Ca = CLl~°(1 - a)~\ 
C being a positive numerical constant and L = a — \ or 1 according as we do 
not or do assume Riemann hypothesis. The method was a sharpening of the 
arguments of [Ml. 

Proof. The proof is similar to that of Theorem 8. The study of 

max log 
l<Jb<log# 

1 

2 
E 

n<aH 

((dk(n))2n->°) 
1 

2k 

is much simpler. We find that this is > (log H)1 CT(log log H) x , by taking 
TIQ = 2.3 • • -pm < aH as large possible and ignoring terms with n ^ no. 

Remark. A theorem analogous to Theorems 8 and 9 for a = 1 can be proved 
but we will not state it here. As a corollary to Theorem 4 we prove Theorem 
10 which is a much more powerful theorem. 

Theorem 10. Let z = elB = C + iS (C not to be confused with a constant). 
Put 

f(H) = min max 
T>1 T<t<T+H 

l(C(i+ «))*!. 

and X(6) 

(36) 

d n 
dP 

sgsg where 

V<s>) = l 
l 

m 
l 

s 2 

ss 
c 
p 

-c 

Exp S Sin - î S 

tu 
(37) 

Then (for all H > HQ, a fixed numerical constant), we have, 

\f{H)e-^{\{e))-1 -loglogJTl < log log log # + 0(1) . (38) 

Remark. We give a rough sketch of the proof. For details see [R] 2 . The idea 
in (a) below can be traced to [ B R ] r 

Proof, (a) Lower bound for f(H). Put F(s) = (((1 + iT + s))z. The an's are 
multiplicative. To obtain a lower bound for 

max 
l<fc<log# 

1 

2 E 
n<x n 

2 l 
2k 

write an = a(n). We choose pi,P2> , , ,?P* (the first i primes) and exponents 
bii &2, • • •, 6̂  such that 
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|C(1 +gjfj t*,a)| dt > 
and where for each fixed Pj^bj are so chosen that 

(ii) Mpï)pJbi\ 
is maximum. This gives the lower bound for f(Hd)e~y(Xxxxx(0))~1. (For details 
see [BRS]). 

(b) Upper bound for f(H). For this we use the following Lemma from [BR] 2 

which is quoted in [R] 2 (page 29) and we quote it here. 

Lemma. LetT = Exp(( log#) 2 ) wh ere H exceeds a certain positive constant. 
Then there exists a sub-interval I o/[T, 2T] of length H + 2(logH)10 such that 
the rectangle (a > | , i £ / ) does not contain any zero of ((s) and moreover 

max: |log ( (a + it) \ 0(( log i ï )*( log logt f ) - i ) 

the maximum being taken over the rectangle referred to (and logC(s) is the 
branch for which log ((s) log 6 is real). 

From this lemma the upper bound for f(H) follows with some further 
arguments (for details see [R] 9 ) . 

(a) and (b) complete the sketch of the proof of Theorem 10. 

Theorem 11. Let ((s,a) 
oo 

n=0 
(n + a) 3 where 0 < a < 1 be the Hurwitz 

zeta-function in a > 1. Consider its analytic continuation in a > 1. Then, we 
have, 

min 
T>1 

rT+H 

|C(1 + t*,a)| dt > 
1 

a 
H + 0{H). (39) 

Proof. Follows from Theorem 3 of § 6. For reference see [R] 8 . 

§ 8. Consequences of Conjectures 1 and 2 without Riemann Hy
pothesis. 

Theorem 12. We have, for C0 < H < T, 

1 

H 

rT+H 

JT 
\((a + it)\dt > C 4 , (40) 

where C4 is a positive numerical constant. 

Proof. We approximate to ((s) by 
00 

n= l 

( n - E x p ( - f ) ) where X is large and 

apply Conjecture 1. This gives Theorem 12. 

Theorem 13. In Theorems 7, 8 and 9 the condition on H can be relaxed to 
C(k) < H < T, Co < H < T and C0 < H < T respectively. The results are 
still valid. 

Proof. We approximate to (C(5))* by 
00 

71=1 
(d j f e (n)n- 5 Exp(-f ) ) where X (a 
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function of T) is chosen to be large enough. The rest of the proof is the same. 
We have simply to use Conjecture 2. 
§ 9. Further Conjectures which follow from Conjectures 1,2 and 
Riemann Hypothesis. 
Theorem 14. We have, with z = e%6 

max 
T<t<T+H 

c 
cnc 
,2 4- it 

k z I 
> Exp 

3 
4 

log H 
log log ff 

(41) 

provided Co < H < T. Also under the same conditions 

max 
T<t<T+H 

(C (* + «))* > Exp a -
(log tf)1-* 
log log H 

(42) 

w/iere a is fixed subject to \ < a <\. 

Remark 1. We interpret (C(5))z a s its analytic continuation from a > 2 
along lines parallel to the real axis which are free from zeros of C(5)-
Remark 2. For some unconditional (weaker) results in the direction of The
orem 14 see [BRS], (to appear). 

Proof. Put F(s) = (£(f + iT + s))zk and proceed as in the proof of Theorem 
8. The investigations of [B] necessary for (41) are obviously valid. 

Theorem 15. Theorem 7 is valid for complex constants k with \(((\ + ^))*|2 

in place of |£(^ + it)\ , provided in (31) and also in the definition of C'k we 
replace k2 by |fc2| wherever k2 occurs. Moreover the condition on H can be 
relaxed to C(k) <H<T. 
Final remark. Most of the theorems published earlier depended on the con
dition ( logT) £ < H < T, (see [I] in particular pages 231-249). But it is a 
routine matter to change the kernel Exp(z 4 a : + 2 ) to Exp((Sinz) 2) and obtain 
the same results in the wider range Co log log T < H <T. 
Postscript. The previous history of Theorem 7 is due to J.B. CONREY 
AND A. GHOSH who proved that if k > 0 is real then 

1 
T 

cc 
/0 c 

,1 
2 

•f it 
2k 

dt > (C'k +sg o(l))(logTf 

provided we assume Riemann hypothesis. (See p. 181 of [TJ2 or [CG]. It should 
be mentioned that C[ = 1 and C'2 = (47r 2) - 1 and that when k = 2, LHS ~ 
2C 2 ( l o g r ) 4 . 

Regarding the "further question" figuring after Conjecture 3, R. BALA-
SUBRAMANIAN and K. RAMACHANDRA have made considerable progress 
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after their paper [BRU. We can reach 0(T) c log logT 
logT 

ß(T) c log log log T 
logT 

and even (3(T) c ' logT without assuming an Euler product hypothesis. See the 
forthcoming papers [2?i?]n, [i?i?]i2 and [R]is. 

Actually the paper [BR]i2 deals also with the zeros of a class of generalised 
Dirichlet series in a > \ + 8 where S(> 0) is a constant. The proof of such 
results makes use of the result of the [BR]w 

Continuing the work [BR]12, myself and R. BALASUBRAMANIAN have 
recently succeeded in proving the following two theorems. 

Theorem 16. Let ¡1 be any constant satisfying 0 < /i < 1, and let a be any 
complex constant. Then there exists a constant 6 > 0 such that Ç(s) — a has 
> well-spaced zeros in(a>\ + 8, T < t <T + T») for all T exceeding a 
certain positive constant To. 

Remark. The term "well-spaced set of points" means, as usual, that the dif
ferences taken positively, between the ordinates of any two points is bounded 
below by a positive constant. 

Theorem 17. Let S and \i be any two positive constant satisfying 0 < 6 < 1 
and 0 < µ < 1. Let a be any non-zero complex constant. Then Ç(s) — a has 
> T » well-spaced zeros in(a>l-6, T < t < T + T») for all T exceeding a 
certain positive constant To, 

Remark. The results in theorems 16 and 17 have actually been proved to 
hold good for more general Dirichlet series in place of C'(s) ~ a C(s) ~ a-
The references to these works are respectively [£i?]i4 and [J3i?]i5. 
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CONGRUENCE SUBGROUP PROBLEM 

FOR ALGEBRAIC GROUPS: OLD AND NEW 

A . S. R A P I N C H U K * 

Let G C GL n be an algebraic group defined over an algebraic number 
field K. Let 5 be a finite subset of the set VK of all valuations of K, containing 
the set V*£ of archimedean valuations. Denote by O(S) the ring of 5-integers 
in K and by GQ(S) the group of 5-units in G. To any nonzero ideal a C O(S) 
there corresponds the congruence subgroup 

Go(s)(*) = { 9 6 G0(s) \ 9 = En (mod a)} , 

which is a normal subgroup of finite index in GQ(S)- The initial statement of 
the Congruence Subgroup Problem was : 

(1) Does any normal subgroup of finite index in GQ(S) contain a suitable 
congruence subgroup Go(s)(a) ? 

In fact, it was found by F. Klein as far back as 1880 that for the group 
SL2(Z) the answer to question (1) is "no". So a more accurate statement of the 
problem should be: for which G and S does (1) have an affirmative answer ? 
However, till the mid sixties there were no nontrivial examples of groups 
for which this is actually true. Only in 1965 did Bass-Lazard-Serre [1] and 
Mennicke [10] give a positive solution to the congruence subgroup problem for 
SLn(Z) (n > 3). In the course of further investigations, it appeared convenient 

* The author wishes to thank the Department of Mathematics in Geneva for 
editing and retyping the manuscript. 
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to introduce the object measuring deviation from the positive solution of (1) 
and then to view the congruence subgroup problem as the problem of its 
computation. This object (called the congruence kernel) was defined by Serre 
[27] as follows. 

Let us introduce on the group GK of lif-rational points two HausdorfF 
topologies, ra and r c, called ^-arithmetic topology and 5-congruence topol
ogy, respectively. The complete system of neighbourhoods of unity for ra 

(resp., r c) consists of all normal subgroups of finite index (resp., all congruence 
subgroups) in (?0(5). It is easy to show that these topologies satisfy all the 
properties that ensure the existence of the corresponding ^-arithmetic and 
5-congruence completions G and G. Since ra is stronger than r c, the identity 
map 

(Gjr,r„) -*(GK,Te) 

is continuous. Therefore it can be extended to a continuous homomorphism 
7r: G —• G of the completions. By definition, CS(G) = Kenr is the congruence 
kernel 

PROPOSITION 1. The projection 7r is surjective and CS(G) is a profinite 
group. CS(G) is trivial if and only if the congruence subgroup problem in the 
form (1) has an affirmative solution for Go(s)-

Thus, in general, the congruence kernel CS(G) measures deviation from 
a positive answer to the congruence subgroup problem. So, by the modern 
statement of the problem we mean the problem of determination of CS(G). It 
is well-known (see for example [23]) that this problem can be reduced to the 
main case of an (absolutely) simple, simply connected algebraic group G. Here 
we shall be exclusively concerned with that case. As we have already remarked, 
the first positive result on the congruence subgroup problem for such groups 
is due to Bass-Lazard-Serre [1] and Mennicke [10], who studied the case of 
SLn(Z) (n > 3). Then Bass-Milnor-Serre [2] completed the investigation of 
SLn [n > 3) and Sp 2 n (n > 2) over an arbitrary number field JT, after 
obtaining a description of CS(G) in the following form: 

(2) Cs(G) = i 1 l f 3 V G 5 S U C h t h a t K v * C 

U I E(K) otherwise, 

where E(K) is the group of all roots of unity in K. By further developing the 
methods of [2], Matsumoto [9] extended (2) to all universal Chevalley groups 
different from SL2 (the case of twisted Chevalley groups was considered by 
Deodhar [4]). In the case G = SL2, first Mennicke [11] gave a positive solution 
to the congruence subgroup problem for the group SL2(Z[-]), and then Serre 
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[27] studied the general situation and showed that, provided Card 5 > 1, the 
answer is of the form (2). On analysing the obtained results, Serre [27] for
mulated the following congruence subgroup conjecture, which gives sufficient 
conditions for CS(G) to be finite or infinite, in terms of the so-called S-rank : 

rang5 G = ^2 ™n8Kv G, 
ves 

where rangp G denotes the rank of the group G over the field P, i.e., the 
dimension of a maximal P-split subtorus in G. 

CONJECTURE 1. Let G be simple and simply connected. Then in case 
rang5 G > 2 and G is Kv-isotropic for all v £ S \ V£, the congruence kernel 
CS(G) should be finite. In case rang5 G — 1, it should be infinite. 

The case of finite CS(G) is the most interesting and important for applica
tions. In that case, we shall say that the group T = GQ^S) has the congruence 
subgroup property (CSP). In this paper we are going to describe the class of 
groups for which (CSP) is known to hold and outline some new methods of 
attacking the congruence subgroup problem, which, as we hope, will enable 
us to enlarge this class considerably. 

Let us first describe the general scheme for calculating the congruence 
kernel C = CS(G). It follows from our definitions that C can be determined 
from the exact sequence: 

(3) i _ C - + G ^ G - * l 

Let us consider the initial segment of the Hochschild-Serre spectral sequence 
corresponding to (3): 

(4) H\G) 2* H\G) — Hx(cf X H2(G), 

where HL(*) denotes the i-th continuous cohomology group with coefficients 
in the one-dimensional torus E/Z. The term JT1(C ,)G in (4) is connected with 
C as follows: _ 

H 1 ^ = Hom(C/[C,G] , R/Z). 

So one can reconstruct C from Jff1(C)G only under the assumption that C 
is central, i.e., lies in the centre of G. Indeed, in this case firl(C)G coincides 
with the Pontryagin dual C* of C. Suppose now that C is central. Then we 
have the following exact sequence: 

1 -> Cokery? -> C* - » I m ^ -> 1. 
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Ignoring the trivial case rang 5G = 0, in which GQ^S) is finite and conse
quently CS(G) = 1, we immediately obtain from the strong approximation 
theorem that the group G can be identified with the group GA(S) of 5-adeles. 
Then, using the fact that the sequence (3) splits over the group GK and is 
the "universal" sequence with this property, one can show that Im tp coincides 
with the so-called metaplectic kernel 

M(G,S) = K e r ( # 2 ( G V ) ) -+H2(GK)), 

where GK is endowed with the discrete topology. On the other hand 

Cokerp* [GK,GK]/[GK,GK], 

where the bar denotes closure in GK for the 5-arithmetic topology. Taking 
into account that M(G,5) is always finite (see [17]) and that [GK>GK] has 
finite index in GK (see [8]), we arrive at the following 

PROPOSITION 2. If C is central then it is finite. If, moreover, Coker<£> = 1 
thenC* ~M{G,S). 

In fact, at present it is known that Cokery? is indeed trivial for most 
cases. This depends on the validity for GK of the following conjecture, which 
describes the normal structure. (This conjecture was formulated by Platonov 
[13] in the form of a local-to-global principle for projective simplicity and then 
by Margulis [8] in the final form). 

CONJECTURE 2. Let — VK \ V* be the set of nonarchimedean 
valuations, and let T = {v £ \ G is Kv-anisotropic}. Then for any 
noncentral, normal subgroup N C GK there is an open normal subgroup 
W C GT = n GKV

 S U C A ^at N = W n GK- In other words, any noncentral 

normal subgroup is open (equivalently, closed) in the T-adic topology. 

If Conjecture 2 is true for GK then we say that GK has a standard 
description of normal subgroups. In the situation of Conjecture 1 we have 
S n T = 0 , and so the triviality of Cokery? is equivalent to saying that 
Conjecture 2 holds for N = [GK>GK]- But the latter statement is actually 
true for all groups, with the possible exception of some anisotropic forms of 
types 2 A n , 3 ' 6 Z ) 4 and EQ (see [14]). Thus, in most cases, the calculation of C 
(provided it is central) reduces to that of M(G,S). 

The first computations of the metaplectic kernel had been carried out 
by Moore [12] and Matsumoto [9]. They obtained the description of M(G,S) 
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for Chevalley groups in the form (2). The case of quasi-split groups was con
sidered by Deodhar [4]. The final result for isotropic groups, due to Prasad-
Raghunathan [17], is of the form: 

(5) M(G,S) = 
1 M(G,S) = Vk 

C E(K) otherwise, 

where E(K) is the group of all roots of unity in K. The author [20] calcu
lated M(6 f , S) for a large series of anisotropic groups. Here the description 
of M(G, S) is of the same nature as (5), but its precise form may differ from 
(5) by a certain group of exponent 2. The main part of these results is the 
computation of M(G,S) for the groups of type SLi(D). As in the classical 
case of the group SL n, we show that any element x £ M(G, S) gives rise to a 
certain reciprocity law, i.e., to a relation of the form 

wevL 

n (a,b)l- = 1, 

where L is a certain maximal subfield in D and (*,*)«; is the norm residue 
symbol of degree fxw = [E(LW)]. But the difference from the classical situation 
is that this reciprocity law must hold not for all a,6 £ £*, but for all a,6 of 
some specific form. Then we prove a certain version of the uniqueness theorem 
for reciprocity laws of this kind (similar results were obtained by Prasad [16]) 
and derive from it the desired description of the metaplectic kernel. That is all 
that is known about the problem of the precise determination of C under the 
assumption that it is central. Now we shall move on to the methods of proving 
the centrality of C. This is equivalent (as explained above) to its being finite. 

That the congruence kernel is central for the groups SLn (n > 3) and 
Sp 2 n (n > 2), was established by Bass-Milnor-Serre in [2]. The case of split 
and quasi-split groups was considered by Matsumoto [9] and Deodhar [4] 
respectively. For G = SL2, Serre [27] proved that CS(G) is central in the 
case where Card S > 1. Raghunathan [18], [19] completed the discussion of 
If-isotropic groups by proving that they satisfy Conjecture 1, i.e. in fact that 
CS(G) is central for the case rang5 G > 2. The argument in all these papers 
was based on some manipulations with unipotent elements in G^, and so no 
version of it can be applied to anisotropic groups. Until recently, the only 
result which allowed also anisotropic groups was Kneser's theorem [6] for 
spinor groups of quadratic forms. But then Rapinchuk [21], [22] and Tomanov 
[29] extended this theorem to all groups having a nice geometric realization. 

77 



A. RAPINCHUK 

THEOREM 1. Let G be a simple, simply connected K-group of one of 
the following types B n (n > 2), C N (n > 2), D n (n > 5) , G^ or the special 
unitary groups, SU m ( / ) (m > 4), of a nondegenerate hermitian form f over 
some quadratic extension L /K belonging to the type 2 A m _ i . Assume that 
rang5 G > 2 and, moreover, if G is of type C3 then either S contains a nonar-
chimedean valuation or such an archimedean valuation v that rang^ G > 2. 
Then C S ( G ) is central. 

Later Tomanov [30] included into the list of groups in Theorem 1 also 
the unitary groups over the quaternions. 

The proof of Theorem 1 is actually independent of the type of the group. 
It is based on the following two statements. 

PROPOSITION 3 . C S ( G ) is central if the group G K is protectively simple 
and if there is a K-defined subgroup H C G with the following properties: 

1) the natural map C S ( H ) —• C S ( G ) is surjective; 
2) for some nontrivial K-defined automorphism a £ Aut G, the restriction 

CT\H is trivial. 

PROPOSITION 4. Let G act K-rationally on some affine K-variety X , 
and let x £ X K - Assume that, for any normal subgroup N C GQ(S) °f finite 
index, the orbit Nx is open in G Q ( S ) x f° T S-adelic topology (of the space 
XA(S))- Then, if G(x) denotes the stabilizer of the point x, the natural map 
C S ( G ( x ) ) C S ( G ) is surjective. 

We apply these statements to the natural realizations of the groups in 
Theorem 1 as the automorphism groups of some quadratic, hermitian or skew-
hermitian forms. In fact, this method is applicable in many other situations 
besides those described in Theorem 1. For example, it was shown in [23] how it 
can be used to establish the centrality of the congruence kernel for the group 
SLn (n > 3) . On the other hand, it is inapplicable to the groups which have 
no nice geometric presentation, in particular to most exceptional groups. Here 
the solution of the congruence subgroup problem was obtained by Rapinchuk 
[22] through another approach, using the intrinsic structure of the group. 

THEOREM 2. Let G be a simple, simply connected K-anisotropic group 
of one of the following types: E7, Eg, F±. Assume that: 

1) if G is of type Ei or Eg then rang5 G > 2; 
2) if G is of type JP4 then there is v £ S such that rang#v G > 2. 

Then C S ( G ) is central. 
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A crucial role in the proof of Theorem 2 is played by the fact that all 
groups of the enumerated types split over some quadratic extension L/K with 
a special local behaviour. This result is a consequence of the Hasse principle 
for the Galois cohomology of simply connected groups and the fact that the 
centres of these groups have order at most 2. 

All these results confirm Serre's conjecture for most types of simple 
groups. However, there is a very important class of groups, viz. the groups of 
type SLi(D) where D is a division algebra, for which these methods fail to 
work. Even for the case of a quaternion algebra £>, until recently there was 
not a single example of a group of type SLi(D) with property (CSP). But 
a few months ago it appeared that such an example can be obtained on the 
basis of a new approach to the congruence subgroup problem developed in 
Minsk. 

This approach is based on the use of some abstract algebraic concepts. 
The first step in its foundation was a purely algebraic proof of centrality for 
the congruence kernel of the groups SLn (n > 3) (in fact, for all Chevalley 
groups of rank > 2) and of SL 2(Z[|]) (see [26]). To be more precise, it was 
shown that the centrality of the congruence kernel for these groups follows 
directly from commutator relations. It seems plausible that this argument 
can be extended to all (or most) isotropic groups where commutator relations 
of the same type hold. On the other hand, it is inapplicable to groups for 
which no explicit presentation of a convenient form exists (or is known), i.e. 
to the most interesting case of anisotropic groups. It is clear that the algebraic 
approach here should be based not on the analysis of particular relations, but 
on the specification of some abstract properties of arithmetic groups which 
would imply the finiteness (or centrality) of the congruence kernel. At present, 
we know a few properties of this kind, the first of which being the property 
of bounded generation. 

DEFINITION. We say that an abstract group V has the property of 
bounded generation (BG) if there are elements 7 i , . . . , 7 * £ T such that 
r = ( 7 1 ) . . . (7*), where (7,-) is the cyclic subgroup generated by 7^. 

This property is clearly of a combinatorial nature. However, the author 
failed to find any mention of it in the works on combinatorial group theory. It 
should be emphasized that this abstract definition was strongly motivated by 
a result of Carter and Keller [3], according to which any matrix in SL n(0), 
where O is the ring of integers in an algebraic number field and n > 3, 
is a product of a certain bounded number of elementary matrices. In fact, 
this paper of Carter and Keller was aimed at the solution of a problem from 
algebraic if-theory, viz. the question of the triviality of the SKi-functor for so-
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called non-standard models of the rings of integers. Their result quoted above 
is precisely equivalent to this triviality. However, the technique employed in 
that paper was borrowed from the works on the congruence subgroup problem 
(Mennicke symbols, etc.). The analysis of that paper, and also of some other 
facts, induced the author to formulate the following conjecture. 

CONJECTURE 3. Let G be a simple, simply connected algebraic group 
over an algebraic number field K, and let S C VK be a finite subset containing 
V*£. Then for the group V = GQ(S) of S-integral points the properties (CSP) 
and (BG) are equivalent. 

Some further evidence in favour of this conjecture appeared when Tavgen' 
[28] established (BG) for arithmetic and 5-arithmetic subgroups of all Cheval-
ley groups of rank > 2, both of normal and of most twisted types. (The (CSP) 
property for these groups was proved by Matsumoto [9] and Deodhar [4].) 
There are also some examples of the reverse character. For the groups SL2(Z) 
and SL2(0) , where O is the ring of integers in an imaginary quadratic field, 
both properties (CSP) and (BG) fail to hold. In all these cases, (CSP) and 
(BG) are proved or disproved independently, and somehow it happens that 
they simultaneously hold or fail to hold. But the real question was whether 
there is some direct connection between these two properties in the general sit
uation. The first result which established such a connection was the following 
theorem, proved by the author [24]. 

THEOREM 3. Assume that the group GK admits a standard description 
of normal subgroups. IfT = GQ(S) has (BG) then the abelianized congruence 
kernel CAB = C/ [C, C] is finite. 

Subsequently it turned out that the technique invented for the proof of 
Theorem 3 can be pushed further, so that, for ̂ -arithmetic groups of bounded 
generation, property (CSP) can be proved in full (see Corollary 1 below). 
This fact was obtained as a consequence of some more general results (to be 
described a little later), obtained independently by Platonov-Rapinchuk [15] 
and A. Lubotzky. It is worth mentioning that this enables us to present new 
examples of 5-arithmetic groups with (CSP). Namely, recently F. Grunewald 
found by computer some explicit examples of groups with (BG) among the 
groups of the form Gz(s)> where G = SLi(D) for some quaternion algebra D 
over Q and S = {oo,p} (p prime). This gives the first examples of quaternionic 
groups with (CSP). Now I would like to formulate a conjecture, the proof of 
which would provide a proof of Serre's congruence subgroup conjecture. 
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CONJECTURE 4. If G is simple and rang5G > 2 then T = GQ(S) ^ A S 

bounded generation. 

There is no doubt that groups with (BG) (and especially their profinite 
analogues) deserve some special treatment. They have interesting structural 
properties and, under additional assumptions, they satisfy an important prop
erty from representation theory - the property of finiteness of the represen
tation type (see [25], [26]). However, at present it is not quite clear how to 
determine in general whether a particular group has bounded generation or 
not. For this reason we had undertaken a search of other abstract proper
ties of arithmetic groups, which should also ensure (CSP) but be (or at least 
look) more constructive than (BG). Now, I am going to describe some results 
in this direction, which have been obtained by Platonov and Rapinchuk [15]. 
We shall need some new definitions, bearing not on the 5-arithmetic group V 
itself but on its profinite completion V. 

DEFINITION. Let A be a finitely generated profinite group. 
1. A has bounded generation as a profinite group (property (BG)pf) if there 

exist elements ¿ 1 , . . . , St G A such that A = (Si)... (6t), where (Si) de
notes the closure of the cyclic subgroup generated by Si. 

2. The n-th Burnside factor An of A is the factor group A / A N modulo the 
closed subgroup A N generated by n-th powers of all elements of A . (Note 
that, according to [31], A N is finite for any n.) 

3. A has polynomial growth in the orders of its Burnside factors (property 
(PG)pj) if there are constants c and k such that | A N | < cnk for all n. 

4. A has property (PG)pf if, for any integer n > 0 and any prime g, there 
exist c and k such that | A N ^ | < cqkl for all i > 0. 

It is easy to show that property (BG) for T implies (BG)pj for T. On the 
other hand, for arbitrary A we have 

(BG)pf =• (PG)pf => (PG)'pf . 

No other relations between these properties are known. So it would be inter
esting to find out whether properties (BG)p^ and (PG)pf are equivalent or 
not. (Our results show that this is certainly true for the profinite completions 
of 5-arithmetic groups; see Corollary 2 below. Moreover, as follows from [5] 
and [7], for a pro-p-group A each of the conditions (BG)pf, (PG)pf, or (PG)'pf 

is equivalent to analyticity.) 
Now we may formulate: 
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THEOREM 4. Assume that GK admits a standard description of normal 
subgroups and suppose SHT = 0. If the profinite completion T of the group 
T = GQ(S) satisfies (PG)'pf, then T has property (CSP). 

Naturally, for the proof we show that (PG)pj implies that C = CS(G) is 
central. It should also be noted that, after the paper [15] had been prepared 
for publication, A. Lubotzky informed us that he also managed to establish 
the centrality of C under the condition (PG)pj for T. 

COROLLARY 1. With the assumptions of Theorem 4, if the group T has 
property (BG)pf (in particular, ifT has property (BG)) then T has (CSP). 

Now it should be pointed out that the converse statement to Theorem 4 
is true without any additional assumptions on the group G. This follows from 

THEOREM 5. Let G be a simple, simply connected K-group, and let 
S C VK be a finite subset containing V£. Then the group GAS(S) °f S-
integral S-adeles is a profinite group satisfying (BG)pf. 

COROLLARY 2. If GK has a standard description of normal subgroups 
and S H T = 0 then each of the conditions (BG) F 9 (PG) f, and (PG)PF for 
f, is equivalent to (CSP) for T. 

Now, to close this survey, we show that, for example in the case of 
r = S L m ( Z ) (m > 3), the condition (PG)pf can be straightforwardly checked 
by purely algebraic means, while condition (BG) requires some rather deli
cate arithmetic considerations (cf. [3]). (There is no direct proof of condition 
(PC) ^ for this group either.) 

It is well-known that Y = SLm(Z) (m > 3) is generated by elementary 
matrices (i,j = 1, . . . ,ra; i\ ̂  j). These satisfy the following commutator 
relations 

(6) [eS ,eSJ=eS? 

for all pairwise distinct subscripts i,^, fc. Clearly, the profinite Burnside factor 
T n is the maximal finite factor group of the discrete Burnside factor Tn = 
T / r n , where Tn is generated by n-th powers of all elements of T. It is known 
that any noncentral normal subgroup in T is of finite index (see [8]). So Tn 

is finite and |T n | = |T n | for any n. Denote by En the normal subgroup in 
T generated by {e^} . Evidently, we have £ N C T n ; so it suffices to estimate 
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| r / fJ n | . Now we fix an integer n > 0 and a prime p, and we estimate \T/Enp<x |. 
Assuming a > 8 we have 

|r/E n p cc | = c \Enp* JEnp<* |, 

where c = [T : Enp*\. Consider now the profinite group A = l i m E n p s / E n p « , 
the limit being taken over a > 8. Using the relations (6), it is easy to show 
that for any a > 8 the group Enp<* /Enpa+2 is an abelian p-group. Thus A is 
a pro-p-group. On the other hand, we have 

2 
Enpio C Enp8 C Enps. 

2 
In particular, [Enp&, Enps] C Ev

np%. Applying Lazard's criterion for analyticity 
(see [7]), or the results on the so-called powerful pro-p-groups (see [5]), we 
deduce that A is analytic. Then it has each of the properties (BG)pp (PG)pp 
and (PG)'pf. This clearly implies that \Enp*/Enp<* | grows polynomially in pa. 
Hence the same assertion holds for \T/Enp<* |, and we are through. 
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MODULAR FORMS AND ALGEBRAIC K-THEORY 
A. J. Scholl 

In this paper, which follows closely the talk given at the conference, I will 
sketch an example of a non-trivial element of K2 of a certain threefold, whose 
existence is related to the vanishing of an incomplete X-function of a modular 
form at s = 1. To explain how this fits into a general picture, we begin with a 
simple account, for the non-specialist, of some of the conjectures (mostly due 
to Beilinson) which relate ranks of iiT-groups and orders of L-functions, sup
plemented by examples coming from modular forms. The picture presented 
is in some respects wildly distorted; among the important topics which are 
given little mention are: 

(i) the connection between special values of L-functions and higher 
regulators, which is at the heart of the Beilinson conjectures; 

(ii) the conjectures of Birch and Swinnerton-Dyer, and their generali
sation by Beilinson and Bloch; 

(iii) the theory of (mixed) motives, which underlies the constructions of 
the last section. 

But I hope that it may be of some use as a gentle introduction to the 
subject, and to prepare the reader for a more comprehensive account (see for 
example [9,17,18,21] and above all [1]). 

1. BEGINNINGS 

The story begins with Dirichlet's unit theorem: if F is a number field 
with ring of integers o^, then 

rk o*F = rt + r2 - 1 = o r d 5 = 0 (F{S) 

and there is the analytic class number formula, which at $ = 0 reads: 

CF(0) = 
hFRE 

wF (i) 

where (P(0) denotes the leading coefficient in the Taylor series of (F($) Z& 
s = 0. More generally, let S be a finite set of primes of F, and OP,S the ring 

S. M. F. 
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of S-integers of F. Then the S-unit theorem says 

rko> 5 = ri + r 2 - l + # S 

= ord 5 = 0 CF,S(S) 

where CF,S( 5) is the incomplete zeta function: 

CFAS) = 
P#s 

'( l-Np- 8 )-1 

and the analogue of (1) is the 5-class number formula. 
Borel found a generalisation of these results to the zeta function at arbitrary 

negative integers: 

Theorem. [5] Let I > 0 be an integer. Then K21OF is finite, and 

ikK2i+iOF = 
T\ + 7*2 / even 
T2 I odd 

= ord s =_/ (F(s). 

Moreover the leading coefficient CF(~0 2 5 ^Q^al, up to a non-zero rational 
factor, to a "higher regulator". 

Remarks: (i) Here KiOp are the higher if-groups of F, as defined by Quillen 
(see section 2). This is a natural generalisation of the unit theorem since 
K\OF = o*F. The fact that KIOF are finitely generated was proved by Quillen. 

(ii) The higher regulator is the determinant of a certain natural homomor-
phism 

K2i+iOF ® R - + R m S mi = oids=_i CF(s). 

(iii) The analogue of the 5-unit theorem for these higher -groups is un
interesting; on the one hand, one has 

(2) KqoF,s 0 Q = KqoF ® Q = KqF (8) Q 

for every q > 1 (cf. section 2); on the other, the individual Euler factors in 
(F(S) have no poles at negative integer points, so 

ord 5 = _/(>(s) = °^8=-ICF,S(S) 

for any finite set S of primes and any / > 0. 
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2. K-THEORY 

For any scheme X there is a Grothendieck group KQX. It is defined as the 
abelian group generated by symbols [£], where £ runs over all isomorphism 
classes of vector bundles on X , with relations of the form 

[S] = [£'] + [S"\ 

for every exact sequence 0 —> £' —• £ —» £" —> 0. For a ring i? one can 
define if 0i? to be if 0Speci?, or (which amounts to the same thing) as the 
Grothendieck group of projective iZ-modules, with relations [M®N] = [M] + 
[N]. 

In a similar way one also has the group K'0X, generated by [£] for arbitrary 
coherent sheaves £, with relations from exact sequences of coherent sheaves. 

Quillen showed that KQX and K'0X are part of an infinite sequence of 
groups KQX, K'QX for q > 0, constructed as the higher homotopy groups 
7r9+i of certain spaces attached to X. For some of the different ways to define 
them, see [10,16,22]. 

Among the important properties of these groups are: 

(i) There are cup-products KPX x KQX —• KP+QX', 
(ii) For X regular (e.g. a smooth variety) K'QX = KQX; 

(iii) For Y C X a closed subscheme, there is a long exact sequence (the 
localisation sequence) 

••• - K'QY - K'QY -K'QY -K'QY -- y) K'^Y . . . 

'(iv) injects into i^iX, with equality if X = Spec i7* is the spectrum 
of a field. 

(v) The K-groups of finite fields are finite (of known order). 

For a number field F the localisation sequence gives 

> KQ0F -* KQ0F,S -> [J Kq^Op/p Kq^Op -* ... 

which together with (v) gives (2). 

3. L-FUNCTIONS OF AN ALGEBRAIC VARIETY 

Consider a smooth, projective algebraic variety X over Q. Since any va
riety over a number field may be regarded—by restriction of scalars a la 
Grothendieck—as a variety over Q (in general, not geometrically connected) 
the restriction to ground field Q is not serious. 
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For each integer i in the range 0 < i < 2dimX there is an L-function 
L{hl(X), s), which is an Euler product: 

L(hi(X),s) = l[pM(p-r1. 
P 

The polynomials Pjfi(t) here are defined as follows. Pick a prime £ ̂  p, and 
let H\(X) be the ^-adic cohomology of X/Q, which is a finite-dimensional 
Q^-vector space on which Gal(Q/Q) acts continuously. Let Ip C Dp C 
Gal(Q/Q) be inertia and decomposition subgroups at a prime of Q over p, 
and Frobp = <j)~l 6 Dp/Ip the inverse of the Frobenius substitution. Then 

pW(t) = det(l - tFrobp I H\(Xy>) 

is the characteristic polynomial of Frobp (the "geometric Frobenius") acting 
on the inertia invariants. 

If X has a good reduction Xp at then Pjfi has integer coefficients, and 
does not depend on by Deligne's proof of the Weil conjectures [6]; moreover 
in this case the zeroes of P^(t) all have absolute value p~1/2. For general 
p it is conjectured that P^\t) has integer coefficients, is independent of 
and that its roots have absolute values p~^2 for various integers j < i. This 
is known in very few cases (curves, a class of surfaces and some sporadic 
higher-dimensional examples). For the conjectures that follow to make sense, 
we must assume these local properties are true. It is then conjectured that 
L(hl(X), s)—which is analytic and non-zero for 9ft(s) > i/2 + 1, by the Euler 
product—has a meromorphic continuation satisfying a functional equation 
for the substitution s \—• 1 + i — s. 

4. GENERAL CONJECTURES 

The part of Beilinson's conjecture related to orders of L-functions can now 
be approximately stated: 

Let m be an integer satisfying m < Write q = 1 + i — 2m. Then the 
order of L(hl(X), s) at s = m is equal to the dimension of a certain subspace 
of Kq(X)z ® Q. More precisely, for q > 0 

dimKqX/z ® Q = £ o r d 5 = m L ( / i i ( X ) , s ) . 
(z,m) 

\-\-i—2m—q 

Remarks: (i) The group KqX/z is defined as follows. Let X be a regular 
model for X over Z; in other words, X is a regular scheme, proper over 
Spec Z, such that X ® Q = X. Then 

KqX/z = I m a g e d * KqX). 
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It would be wrong to take KqX by itself; this can be seen already in the case 
of X = Spec F, i = m = 0 (so that q = 1) . For then KXX = F* has infinite 
rank, but KiF/z = o*F has the correct, finite rank. It was Bloch and Grayson 
who observed that in higher dimensions, and for higher 9, it might still be 
necessary to impose a similar integrality condition (see section 5 below). 

(ii) (dimension 0) In the case X = Spec F the conjecture is a consequence 
of Borel's theorem; as there is only one L-function (1 = 0) there is no splitting 
up of the if-groups. These are essentially the only L-functions for which the 
conjecture is known to be true. 

(iii) (dimension 1) If X is a curve, the conjectural picture is still quite 
simple. There are three L-functions: L(h°(X), s) and L(h2(X), s), which are 
respectively C F ( S ) and (F(S — 1) (if-X" is irreducible with constant field F), and 
the Hasse-Weil L-function L(hl(X), 5 ) . There is a parity condition q = 1 + i 
(mod 2). Therefore the even if-groups KqX are expected to contribute to 
the order of the Hasse-Weil L-function at the points s = 1 — qj2\ whereas 
the contribution of the odd groups should be to L(h°(X), s) and L(/ i 2 (X), s), 
and this should be accounted for by Borel's theorem. 

For varieties of higher dimension it becomes necessary to specify a decom
position of the if-groups into pieces corresponding to the various L-functions. 
There are in fact two (conjecturally equivalent) ways to do this. The first 
rests on certain conjectures on algebraic cycles (which are only known in a 
few cases). Suppose that the decomposition of the cohomology H%(X) into 
its graded pieces is algebraic, in the following strong sense: regard the pro
jectors 7r,-: Hj>(X) —» H\(X) (for 0 < i < 2 d i m X ) as cohomology classes 
in H^dimX(X x X). Then one wants algebraic cycles II* on X x X whose 
cohomology classes are 7Tj, and whose images in the ring of correspondences 
CH6imX{X x X) ® Q form a complete set of orthogonal idempotents. 

This would follow from Grothendieck's standard conjectures; it is the de
composition of the "motive" h(X) into submotives hl(X). It is known for 
curves and surfaces: see [15] for more details. 

The ring CH6imX(X x X) ® Q acts on K*X ® Q. So if the projectors II; 
exist, one can write KqX®Q = ®Kqti{X), where Kqti{X) = IU(KqX®Q). 
Let Kqhl(X)/z be the image of the composite: 

KqX (8) Q KqX ® Q -+ Kqti(X). 

The precise conjecture would then be: 

6imKqti(X)/z = o r d 5 = m L ( / i X X ) , 5 ) for q = 1 + i - 2m > 0. 
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Beilinson actually uses an alternative description of the decomposition, 
which is not conjectural, and gives a reasonably computable theory (for ex
ample, it is compatible with the maps in the localisation sequence when 
suitably interpreted). There are certain operators ^ p (Adams operators) act
ing on the groups KqX, coming from the exterior power operation on vector 
bundles. Define K^X to be the subspace of KqX ® Q on which ipp acts 
as multiplication by p n , with p > 1. It is known that this is independent of 
p > 1 and that one has a direct sum decomposition: 

KqX <g) Q = ®n>oK^X. 

Defining KJ^X/z to be the image of KqX (8) Q in K^X, Beilinson's precise 
conjecture reads: 

Conjecture 4.1. [1] 

d i m # ( n ) X / z = oxdLs=mL(ti(X),s) 

for q = 1 + i — 2m > 0 and n = l + i — m = q + m. 

Remark: The relation between these two decompositions is almost com
pletely conjectural. It is only over a number field that one expects the two 
decompositions to be the same—this is apparent even in the case X = Spec F. 

To formulate an S-integral version of the conjecture, let 5 be a finite set 
of rational primes, and Z5 = Z[{j9 - 1 } p G s] , as in the first section. Let Xs = 
X (g) Z5 be the restriction of the regular model to Spec Z5, and define 

K^X,Zs = \ma&(KqXs ® Q - K^X) 

Conjecture 4.2. Let Ls(hl(X),s) be the incomplete L-function (i.e. with 
the Euler factors for p G S removed). Then: 

dimK^X,Zs = o r d ^ m L s ( t f ( X ) , * ) 

for q = 1 + i — 2m > 0 and n = 1 + i — m = q + m. 

Remarks: (i) The order of the incomplete L-function at s = m is the sum 
of the order of the complete L-function and 

£ dimker(Frob p -p m | H\{X)^) 
pes 

(assuming that the action of Frobp is semisimple). In particular, if p is a 
prime of good reduction, then there will be no contribution to the sum unless 
m = i/2. Thus for m < i/2 (ie. q > 1) the order of Ls stabilises as soon 
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as S contains all bad primes. At the same time, KQX/ZS is the kernel of the 
boundary map in the localisation sequence: 

KQX/ZS = ker(KQX - U K'q-iXw,)-
Pis 

For a good prime p, K'^X^ = K^\XYV and Parshin has conjectured that 
this is torsion if q — 1 ^ 0. If this conjecture is true, then the left-hand side 
of conjecture 4.2 also stabilises as soon as S contains all bad primes. 

(ii) Conjecture 4.2 was made by Deligne in [7]. He also asked for the exis
tence of an 5-regulator analogous to the one for units. A general candidate 
for this has yet to be constructed; for something in this direction see section 
§4.7 of [17]. 

5. MODULAR CURVES 

Let R be a congruence subgroup of SZ^Z) of level n, and let be the 
modular curve, whose set of complex points is the non-compact Riemann 
surface T\S). There is the standard compactification 

XT = UY U (cusps) 

which has the structure of an irreducible curve over the field Q(Cn) (although 
it often can be defined over a smaller field). The Hasse-Weil L-function of 
XY is a product 

L(h1(XT),s)=f[L(fi,s) 
i=l 

where are certain (not necessarily distinct!) newforms of weight 2 and 
some level, and L(/j, s) is the associated Hecke L-series. There is a functional 
equation relating L{hL{X),s) and L{hL(X),2 — s). 

At the point s = m = (1 + i)/2 = 1 one has the conjecture of Birch and 
Swinnerton-Dyer. This fits into the framework of 4.1 because of the relation 
between K$ of a curve and its Jacobian. At other points the functional 
equation determines the order of vanishing of the L-function, and 

o r d 5 = m L(h\X), s) = g for m = 0, - 1 , - 2 , . . . 

Conjecture 4.1 therefore predicts that î 2r-^r/z will have rank at least g, for 
every positive integer r. 

Remarks: (i) As defined here, g will equal <j)(n) times the genus of the curve 
X?. If the chosen field of definition is Q, g will be simply the genus. 

(ii) The levels of the forms need not equal n, or even divide n; however 
they always divide n 2. 
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The simplest case is the point 5 = 0. Here we have the fundamental result 
of Beilinson: 

Theorem, (a) [1] There exists a g-dimensional subspace Vr of K2XY ® Q/ 
its regulator is a non-zero rational multiple of L^9\h1(Xr)1Q). 

(b) [19] VT is contained in K2XY/Z ® Q-

The proof of the theorem involves an explicit construction of elements of 
i^2^r®Q- We indicate here the idea of the construction; for details, including 
the definition and calculation of the regulator, the reader should consult 
[1],[2] or [19]. The basic tool is: 

Theorem (Manin-Drinfeld). Any divisor of degree zero on X? supported 
on the cusps is of finite order in the Jacobian of X?. 

This guarantees a good supply of elements of C?*(£/r)> which are the modular 
units] for example the function A(nz)/A(z) is such a function. Now if 
gi £ Q*(JJV^ w e may form the cup product gU g' G K2UY. The localisation 
sequence gives an exact sequence: 

0 K2XT ® Q K2UT ® Q -2> #i(cusps) ® Q 

(it is exact on the left since K2 of a number field is torsion). 

Lemma. Assume that the cusps are rational over the field of constants of X?. 
Let W be the subspace of K2UT ® Q generated by elements of the form cU h, 
with h G 0*(UY) and c a constant function. Then d(W) = d(K2Ur (g) Q). 

Accordingly for any cup-product g U g', there are ha G 0*(UT) (g) Q and 
constant functions ca such that 

9 U g' + E ^ A U ha G K2XT ® Q. 
a 

By varying g' one thus obtains a subspace Qr C K2X? ® Q. For T' C T 
there is a direct image map: 

0rtr: K2Xr ® Q ^ K2XT ® Q 

and the subspace of the theorem is obtained as 

Pr = (J0r,r'(Gr') 

where T' runs over all congruence subgroups T' C T. 
The proof that dim(T^r) > 5 is by finding the regulators of these elements, 

which reduces to the calculation of a certain Rankin-Selberg integral. The 
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proof that the elements belong to K2XT/Z results from examining the locali
sation sequence: 

(3) 0 -> K2XT/Z K2XT 4 © K[XT ® Fp 

p 
and using the structure of the reduction modulo p of the modular curves 
[8 ,12] . The key ingredient is the fact that the action of the Hecke algebra 
on supersingular points in characteristic p can be expressed in terms of the 
action on suitable (characteristic zero) cusp forms (see for example [13]). 

For example, consider the first non-trivial case, the modular curve X = 
XO(11)/Q , which has 3 = 1. There are just two cusps 0 and oo, and their 
difference has order 5 in the Jacobian of Xo( l l ) , so that the group of modular 
units has rank 1. If g is a generator, then g U g £ K2 is torsion (as the cup-
product is skew-symmetric). So Qr0(n) = 0> a n ( i modular units on To(ll) do 
not suffice to give a non-zero element of K2. However the covering -Xi(ll) is 
an elliptic curve with 5 cusps, all of them rational (it is the Weil curve 11A of 
the tables in [3]). This curve is one of a number studied by Bloch and Grayson 
in [4]. By calculating the regulator (numerically) they determined an element 
°f 2r x(n) of infinite order. Since the isogeny ^ i ( l l ) —• -Xo(ll) induces 
an isomorphism on <8> Q, this produces the desired non-zero element of 
K2(XQ(11)) ® Q. The integrality of this element was also verified by Bloch 
and Grayson. 

In this setting, conjecture 4.2 states that 

ord 5 = 0 Ls(XT, s) = 9 + ™>p, 
pes 

where mp is the number of times (1 — p~8)~l occurs in the Euler factor of 
L(Xr, s) at p. When 3 = 1, then mp = 1 if the reduction mod p of X? has an 
ordinary double point with rational tangent directions, and is 0 otherwise. 
This is also precisely the rank of K[XT/Fp, suggesting that the boundary 
map d in (3) is surjective, up to torsion. (For a more detailed analysis of 
a more general situation, see §4.7 of [17].) The calculations of Bloch and 
Grayson exhibit, in many cases, non-integral elements of K2(Xr) in partial 
confirmation of this result. 

Consider for example the case of Ao( l l ) . The only bad prime is p = 11, 
where the reduction is split multiplicative, and conjecture 4.2 therefore pre
dicts that K2(Xo(ll)) has rank 2. Bloch and Grayson found two independent 
elements of K2 by working with functions with divisors with support in the 5 
rational points of XQ(11) (only two of which are cusps). However, unlike the 
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case of the integral elements (Beilinson's theorem), there is as yet no general 
construction of the "extra" elements predicted by conjecture 4.2. 

The results of the previous section have been generalised in various ways. 
One is by considering the behaviour of L(Xr, s) at negative integers s = -/ < 
0. Here Beilinson has proved: 

Theorem. [2] There exists a subspace of dimi^2/+2(^r) ® Q of dimension 
g = oids=_iL(XT,s). 

He also proves that elements constructed have the predicted regulators. We 
should remark that in this case there is, up to torsion, no difference between 
Jf2/+2^r/z a n d i^2/+2^rj since Kj of a (possibly singular) curve over a finite 
field is torsion if j > 1, by [11] . The construction of the elements uses not 
just the modular curves themselves but also the "Kuga-Sato varieties" (fibre 
products of the universal families of elliptic curves). 

It is possible to generalise these results to cusp forms of weight k > 2. If / 
is such a cusp form (assumed to be a newform of some level), then its L-series 
L( / , 5) occurs in the L-function of V*, a Kuga-Sato variety of dimension k — 1. 
(For weight two, V2 is Xp.) Corresponding to the simple zero of L(f,s) at 
the point s = — I < 0, we can construct a non-zero element of if2/+jb(Vjb) ® Q , 
and determine its regulator. For a precise statement of this and the previous 
results, and some indications of the proofs, we refer to §5 of [9]. 

There are very few examples of evidence in support of conjecture 4.2. Other 
than the examples of Bloch-Grayson and the example of the next section, 
there is only the work of Mestre and Schappacher [14] . They consider the 
symmetric square L-function of an elliptic curve E over Q at s = 0 (where it 
vanishes to order 2), and exhibit in many cases an experimental relation with 
Kz(E x E), generalising all the phenomena observed by Bloch and Grayson. 

Let T < PSI,2(Z) be a subgroup of index 7, with two cusps, one of width 
5 and another of width two. It is easy to show (by constructing fundamental 
regions, for example) that up to conjugacy there is exactly one such subgroup: 
one such is generated by the elements 

6. GENERALISATIONS 

7. AN EXAMPLE 

'l 7\ 
0 1 

О - I х 

1 0 
'2 3\ 
11 2 
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The associated modular curve X? has genus zero, and there is a rational 
parameter t on Xr satisfying the equation 

3 = 
(t + 18)(t2 + t - 2 6 ) 3 

(7* + l ) 2 

where j is the modular invariant. (Similar constructions were made by Klein 
and Fricke: see [0] for further examples and references.) Let <f> : E —• Xr be 
an elliptic surface with invariant j ; such a surface may be obtained by taking 
the affine equation 

v2 + xv = x -
36x + l 
? - 17287 

although there are others. Finally let V be a nonsingular model over Q for 
the fibre product E Xxr E. 

Similar fibre varieties were studied in [20], and the same methods can be 
used to show that the interesting part of the L-function L(hz(V), s) is a Hecke 
L-series L( / , s), where / is a certain cusp form on To(35) of weight 4. At 
the bad primes 5 and 7 the Euler factors of the L-series are (1 + 5 1 - 5 ) " 1 and 
(1 _ 7 1 -*)" 1 . 

The functional equation shows L(f,l) ^ 0, and so the incomplete L-
function Ls(/ , s) vanishes at s = 1 if and only if 7 E S. Conjecture 4.2 
predicts that there is a non-zero element £ 6 K2(V) ® Q, which is non-
integral. We now give the construction of such an element. 

Let 00 6 XY be the cusp t = 00. The fibre E^ of <fr is a Neron polygon, so 
there is a canonical (up to sign) inclusion G m ^ Eoo. Therefore (at any rate 
if the model V is sufficiently carefully chosen) the fibre contains a copy 
of G m x Gm = Spec Q[xi, xf 1 , X2, x^"1]. The element 

x1 U x 2 G K2(Gm x G m ) (8) Q 

can be shown to extend to an element of K^V^) <g) Q. By the functoriality 
of iiT'-theory with respect to the inclusion «—» V we obtain an element 

£ 6 K'2(V) <g> Q = K2(V) ® Q. 

Theorem. £ is non-zero. 

We can only give a vague idea of the proof here. It relies on the existence 
of the £-adic regulator map 

KJV) ^ H2tHv,Ui)) 
which takes values in the ^-adic cohomology of V/Q (as distinct from that 
of V/Q). Here as usual Zi(j) denotes the Gal(Q/Q) module which is dual 
to the module of ^-power roots of unity, tensored with itself j times. In 
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this case we obtain a class in H*(V, Q*(3)), and from the Hochschild-Serre 
spectral sequence this maps to an element 

& € H\Gd(Q/Q)tHl(V) <g> Q,(3)) 

or equivalently, to a class of extensions of Galois modules 

0 - Hl(V, Qt) -+ (extension) Q<(-3) — 0 

This extension class is reahsed by a subquotient of the cohomology of the open 
variety V-VQQ-V^ (where is the fibre at the other cusp t = - 1 / 7 ) . Using 
the theory of vanishing cycles, one then shows that the action of Gal(Q7/Q7) 
on this cohomology is highly non-trivial, which is enough to prove the non-
vanishing of £. Full details will appear elsewhere. 

Remark: It should be noted that T is not a congruence subgroup. Indeed, 
for congruence subgroups the analogous elements to £ are always trivial. 
This is an example of the "Manin-Drinfeld principle", and was proved by 
Beilinson in [2] by explicitly constructing elements of if-theory of the open 
varieties, analogous to modular units. I know of no examples of non-integral 
elements of the X-groups of Kuga-Sato varieties for congruence subgroups, 
and it would be of great interest to have a general construction of them. 
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SOME REMARKS ON ELLIPTIC CURVES 
OVER FUNCTION FIELDS 

Tetsuji SHIODA 

In my lecture at the Journées Arithmétiques in Geneva (entitled "Mordell-
Weil lattices and sphere packings"), I talked on 
1) a brief survey on lattices and sphere packings, 
2) basic results on Mordell-Weil lattices, and 
3) application to sphere packings via supersingular surfaces. 
For these topics, the following references are available: 1) [CS,Ch.l], 2) [S3], 
[S4] and 3) [E], [Oe], [S5]. 

In this note, instead of reporting on these, I would like to treat some re
lated topics on elliptic curves over a function field, especially some results on 
the L-function of an elliptic curve over a function field with a finite constant 
field. Most of them must be known to experts, but the approach based on 
surface theory and Mordell-Weil lattices seems to provide a natural setting 
for this subject (cf. [T2],[G],[Mc]). In particular, this method enables one to 
write down explicit examples of such an X-function in some nontrivial cases. 

The contents of this paper are as follows: 
1. Elliptic surfaces 
2. The i-function of an elliptic curve 
3. Supersingular case 
4. Rational elliptic surfaces 

The present work has been done during my visit to Max-Planck-Institut, 
Bonn and the University of Geneva. I would like to thank Professor F. Hirze-
bruch and Professor D. Coray for their kind invitation. 

S. M. F. 
Astérisque 209** ( 1992) 99 
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1 Ell iptic surfaces 

Let us review first some basic results on elliptic surfaces, fixing the notation. 
Let k be an algebraically closed field of arbitrary characteristic and let K/k 
be a function field of one variable over fc, i.e., K = k(C) for some smooth 
projective curve C over k. Let E/K be an elliptic curve with a if-rational 
point O, and let / : S —• C denote the elliptic surface associated with E/K 
(the Kodaira-Neron model). The elliptic curve E is recovered from / as its 
generic fibre and, as is well known, the If-rational points of E can be identified 
with the sections of / ; for each P £ E(K), (P) denotes the image curve in S 
of the section P : C —• S. We always assume the condition (*) that / has 
at least one singular fibre. 

Now let N = NS(5) be the Neron-Severi group of 5; it is a free module 
of finite rank p (=the Picard number of £ ) , which is an (indefinite) integral 
lattice with respect to the intersection pairing. We denote by T or L the 
trivial or essential sublattice of JV; by definition, T is the sublattice generated 
by the zero-section (O), a fibre and all components of reducible fibres of / , 
and L is the orthogonal complement of T in N. In particular, we have 

(1.1) N (8) Q = (T ® Q) © (L (8) Q) 

and 

(1.2) p = rkT + r k i . 

Further we have 

(1.3) rkT = 2 + E K - i ) 
vec 

where mv is the number of irreducible components of the fibre / - 1 ( v ) , and 
rkX is equal to the Mordell-Weil rank of E/K: 

(1.4) r :=ikL = ikE(K). 

Actually there is a natural isomorphism 

(1.5) L ® Q ~ E(K) (8) Q, 

which takes the intersection pairing on L to the height pairing on the Mordell-
Weil group (up to the sign change); indeed this is essentially how we defined 
the structure of Mordell-Weil lattices (see [S4] ) . 

Next we consider the cycle map 

(1.6) 7 : N - ^ H = H2(S,Q,(l)) 
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where H stands for the Z-adic cohomology group with a fixed prime number 
/ ^ char(fc) (cf. [Tl]). It is injective and takes the intersection pairing of N 
into the cup-product pairing in H. Let us denote by Trans(S) the orthogonal 
complement of Im(7) in H, whose elements are called transcendental cycles 
on S, and by W the orthogonal complement of y(T) in H. The space W 
corresponds to what Weil called the essential part in the second homology of 
S (cf. his comments to the paper [1967a] in [W, III]). Then we have 

(1.7) H ~ (N ® Qi) © Trans(S) ~ (T ® Q,) © W 

and 

(1.8) W ~ (L ® Q/) © Trans(S) 

The Lefschetz number of 5 is defined as 

(1.9) A := dim Trans(5) =b2-p (6 2 = dim H2(S)) 

which is known to be a birational invariant of 5. 

Proposition 1 The dimension w of the vector space W is given by 

(1.10) w = r + \ = b2-TkT. 

//char(fc) ^ 2,3, then 

(1.11) w = 4g-A + fi + 2a 

where g is the genus of C (or of K) and \i (resp. a) is the number of singular 
fibres of multiplicative (resp. additive) type. 

Proof The first part is immediate from (1.7) and (1.8). The second 
part is also well-known (cf.[R],[Sl]). Let us briefly recall the idea of the proof. 
From the standard facts in surface theory, we have 

b2 = c2 + 2bi - 2 (c 2 = Euler number of S) 

where &i = 2g since we are assuming the condition (*). On the other hand, 
we have the following formula for char(fc) ^ 2,3: 

(1.12) c2 = Yjev (^v = Euler number of / _ 1 ( t ; ) ) 
V 

(cf. [K],[Ogg],[Ogu]). Then, by (1.9) and (1.3), we have 

w = 4g - 4 + £ ( e v - mv + 1). 
V 
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It remains to check that 

ev = mv or mv + 1 

according as the fibre f-1 (v) is of multiplicative or additive type, which can 
be done using the classification of singular fibres([K],[N],[T3]). q.e.d. 

It may be worthwhile to mention the following direct consequence. Simply 
note that we have A > 0 in general and A > 2pg (pg: geometric genus of S) in 
characteristic 0. 

Corollary 2 //char(fc) ^ 2,3, then 

(1.13). r < w = 4g - 4 + \L + 2a. 

Corollary 3 Assume char(fc) = 0. Then 

(1.14) P g < l w = 2g-2 + ̂  + a 

(1.15) c 2 = 12(pg -g + l)< 6(2g -2 + fi + 2a) 

and 

(1.13'). r < 4g - 4 + fi + 2a - 2pg. 

Remark, (a) In case char(fc) = 2 or 3, (1.10) is still valid, but (1.11) 
should be modified by adding an extra term caused by wild ramifications (cf. 
[Ogg],[R],[Sa]). In other words, each ev in (1.12) should be replaced by ev + SV 

with a well-defined non-negative integer 6V so that the right hand side of (1.11) 
should have the term f>v 
(b) The idea behind equality of expressions in (1.10) and (1.11) was first 
used by Igusa [I] to define a correct Betti number 62 of an algebraic surface, 
and later it was formulated in a more general situation as the so-called Ogg-
Shafarevich formula (cf. [R]). 
(c) The above (1.14) or its equivalent (1.15) seems to have been proved by 
many authors again and again, though it was explicitly stated in [Sl,Cor.2.7] 
in 1972. In particular, (1.15) is sometimes called Szpiro's conjecture (cf. 
[Sz,p.l0]); note that we make no assumption of semi-stability (a = 0) in the 
above argument. 
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2 T h e L-function of an elliptic curve 

From now on, we consider the following situation. Let ko = Fq be a finite 
field with q elements and let k be its algebraic closure. Let Ko = k0(C) be 
the function field of a curve C defined over fc0, and let E be an elliptic curve 
defined over KQ. 

In this section, we shall show that the ^-function of E/KQ is essentially the 
characteristic polynomial of the Frobenius on the space W introduced above. 

The X-function L(E/Ko,s) is defined by the eulerian product 

(2.1) L(E/K(hs) = l[Pv(s)-1 

V 
where v runs over the closed points of C/ko (equivalently, over the places of 
Ko/ko) whose residue field Fv is a finite field with qv elements and where 
(2.2) 

' 1 - (qv + 1 - Nv)q~s + ql~28 if f'\v) is smooth 
Pv(s) = I 1 — evq~s if / _ 1 ( f ) is of multiplicative type 

1 if / _ 1 ( v ) is of additive type. 

Here Nv is the number of Fv-rational points of the elliptic curve / _ 1 ( i ; ) , and 
ev = 1 or — 1 is determined as follows: in the multiplicative reduction case, 
the minimal Weierstrass model of E at v reduces to a rational curve with a 
node, and ev = 1 or — 1 according as the tangents at the node axe Fv-rational 
or not (cf. [T3,(5.2)], [Se2]). 

On the other hand, regarding E as an elliptic curve over K = fc((7), we 
consider the associated elliptic surface 

/ : S — > C 

as in Section 1. We use the same notation as there unless otherwise mentioned; 
an exception is that v denotes a closed point of C/ko rather than a geometric 
point. 

Note that, in the present situation, the surface S is defined over ko] namely 
there is a smooth projective surface, say 5o, ovei ko such that S is equal to 
the base extension .So (8) k. 

Now the Galois group G = Gal(fc/&o) naturally acts on N = NS(5) and 
H = H2(S, Q/(l)) ( / char(fc)) and their subspaces T, i , W, etc. appearing 
in Section 1. It is easy to see that all the maps or the direct sum decomposi
tions there axe compatible with the G-action. Letting a G G be the Frobenius 
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automorphism of k: 
a : x — • x 9 , 

we can consider the characteristic polynomial of a or a 1 (called the geomet
ric Frobenius) on these vector spaces. 

Theorem 4 The L-function L(E/KQ, S) of E/KO is a polynomial in x = ql~s 

of degree w = dim(W) and it is equal to the characteristic polynomial of a~l 

on W: 

(2.3) L(E/K0, s) = det(l - xa~l \ W) 

It satisfies the functional equation (corresponding to x —» l/x ) : 

L(E/K0,2- s) = (-l)wdet (a\W)q(S-VwL(E/K0,s). 

Proof This is implicit in [T2] where a more general situation is treated. 
For the convenience of the reader, let us give a complete proof in the case 
under consideration. First recall that the zeta function of the curve C (or the 
surface S) over the finite field feo is given as follows: letting u = g~5, we have 

(2-4) «C/ko,*) = 

and 

(2-5) C(5/fco,») = 

(1 - «)(1 - gu) 
and 

P1(u)P1(qu) 
(1 - u)P2(u)(l - q*u) 

where P{(u) is the characteristic polynomial of the Frobenius endomorphism 
(p acting on ff*(5, Q/). That the same Pi(u) appears both for C and 5 is 
a consequence of the fact that the Picard variety of S is isomorphic to the 
Jacobian of C (cf. [S4,Sect.4]). Now, by a general property of zeta-functions 
(cf. [Sel]), we have 

(2.6) C ( C / f c 0 ) 5 ) = N r ^ - 7 
y i - qv 

and 
(2-7) <(S/k0,s) = Uar1(v)/Fv,s) 

V 
where v runs over the closed points of C/feo- Note that a closed point v 
determines and is determined by a G-orbit in C(fc), say { v1 ..... , vd} where 
d = deg(v),qv = qd. We put 

d 

i = 1 
T-VicN 

P1 (u) 
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where is the sublattice of N generated by the (fc-)irreducible components 
of f~l{vi) other than the component meeting the zero section. Writing mv for 
the common value of ( = the number of irreducible components of Z" 1 ^)) , 
we have ikTv = deg(v)(mv — 1). 

Lemma 5 With the above notation, we have 

(2.8) C ( / - M / F . , « ) = ( j _ q-1) (1- 1-s)q . ,,.,)det(1 _ „v , Tw) 

where Pv(s) is as defined by (2.2). 

Assume this for a moment. By (2.7), (2.6), (2.1) and (2.2), we have 

(2 9) C(S/kn s) - C ( C y * , , « ) C ( C / * » , * - l ) 

In view of (2.4) and (2.5), this implies 

P2(«) (2.10) L{E/K0,s) = 
( l -9w )2n ,de t ( l - t t^ |T, )" 

Since the numerator (resp. denominator) in the right hand side is the char
acteristic polynomial of ip on H' = H2(S, Qi) (resp. T), the quotient is equal 
to the characteristic polynomial of <p on the space W C H' corresponding to 
W C H. Further, noting that 

(2.11) P2(s) = det(l - wp I H2(S, Q,)) 

= det(l-9«<7-1 | ^2 (5 ,Q , (1 ) ) ) , 

(cf. [Tl,Sect.3]), we have proven (2.3) by setting x = qu = q1'8. 
The functional equation for L follows from that of Pi (which is a conse

quence of the Poincaré duality for 5 ) , since the denominator in (2.10) also 
satisfies a similar equation (see Lemma 6 below). 

To prove Lemma 5, we need 

Lemma 6 Let m = rav, d = deg(v) and x = (qu)d. Then 

(2.12) det(l - wp I Tv) = (1 - x)m~l 

if every irreducible component of f~l(vi) is rational over Fv. Otherwise, let e 
be the degree of the smallest extension ofFv, say k\, over which the condition 

L(E/K0, s) IL det( l - wp \ Tv) 
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holds. Then e is either 2 or 3, and the characteristic polynomial of cp on Tv 

is equal to one of the following : 

(2.13) 

1 _ x2)^ IM (m : odd) e = 2 
1 - x)(l - x 2 ) 2 ^ 2 IM {m : even) 
1 - a-)"-*(l - a 2 ) J6* (m = 6 + 5) 
1 - x2) IV (m = 3) 
1 _ xf(l _ x2)2 / y * ( m = 7 ) 

1 _ x)(\ _ a-3) J* (m = 5) e = 3 

Proof of Lemma 6. By an easy argument (linear algebra), we can reduce 
the proof to the case d = 1. Assume d = 1 (i.e. v 6 C'(fco)) so that Fv = fc0. 
Then the first assertion is obvious because then the Frobenius endomorphism 
(p acts by multiplication by q on Tv. To see the other assertion, recall that 
the dual graph of a singular fibre (vertices correspond to m — 1 irreducible 
components) is a Dynkin diagram of type A m _ i , -Dm_i or EM_\. The Galois 
group G induces a cyclic automorphism group of this graph, which can be 
nontrivial only for type A, D or EQ (cf. [B, Ch.6]), i.e., only for the singular 
fibre of type 7 m , II or IV* (e — 2) or IQ (e = 3). If the number of the vertices 
fixed by G is a, then the characteristic polynomial is equal to (1 — x)a(l — xe)h 

where b = (m — 1 — a)/e. Then, checking case by case, we can verify the above 
formulas, q.e.d. 

Proof of Lemma 5. In case f~x{v) is smooth (an elliptic curve), this is 
well-known. Assume that f~l(v) is a singular fibre. By using Lemma 6, we 
can assume that v has degree 1 (replace Fv by ko and qv by q). Let D denote 
the support of f~l{v) and D its normalization. The latter is a disjoint union 
of m smooth rational curves, of which a + 1 are rational over ko and the rest 
are rational over &i, grouped into e curves conjugate over ko. (We use the 
same notation as above.) Therefore we have (cf. (2.6)) 

C ( / _ 1 ( f ) / * o , « ) = C ( P 7 * o , « ) t t + 1 C ( P 7 * i , « ) * ( i - « ) n ( i - « T ' 

where n (or n') is the number of closed points of degree 1 (or e) on D which are 
mapped to singular points of D minus the number of singular closed points of 
degree 1 (or e) on D. It is easy to count these numbers using the classification 
of singular fibres, and we can verify the required formula (2.8) by noting that 
the sign ev = —1 occurs precisely when we have either Im(m > l ) , e = 2 or 
I\ (a rational curve with a node) having irrational tangent lines at the node. 
q.e.d. 

This completes the proof of Theorem 4. 
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Theorem 7 The L-function ofE/Ko is the product of the characteristic poly
nomials ofa~l (the geometric Frobenius) on the Mordell-Weil group E(K) and 
on the space of transcendental cycles Trans(S'); 

(2.14) L(E/K0, s) = det(l - xa~l \ E{K) ® Q) det(l - xa~l | Trans(5)). 

The first factor is a polynomial of degree r = rk E(K) in x which is a product 
of cyclotomic polynomials and whose order of zero at x = 1 is equal to the 
Mordell-Weil rank ro := ikE(Ko). 

Proof The first assertion follows from Theorem 4 in view of (1.5) 
and (1.8). As for the second, let k\ D ko be the smallest extension such 
that E(K) = Eik^C)) (the "splitting field" of E(K)). Then the action of 
G = Gal(fc/fc0) on E(K) factors through the finite cyclic group Gal^/fco). 
Hence the action of a on E(K) ® C is diagonalizable, and the multiplicity of 
the eigenvalue 1 is precisely the rank of E(Ko) = E(K)G. 

Remark. From the above, one can easily deduce the equivalence of the 
Birch-Swinnerton-Dyer conjecture for E/Ko: 

(2.15) oids=lL(E/K0,s) = r0 

and the Tate conjecture for S/ko: 

(2.16) oidu=1/qP2{u) = po := rkiVo, 

where we denote by 
No := №(S/k0) = NS(5)G 

the subgroup of NS(5) generated by &o-rational divisors. Indeed, both are 
equivalent to asserting that the second factor in (2.14) has no zero at x = 1, 
i.e., to the claim Trans(5)G = 0. 

Furthermore the other part of the Birch-Swinnerton-Dyer conjecture in
volving the Shafarevich-Tate group is equivalent to the Artin-Tate formula 
for S/ko involving the Brauer group, i.e., the statement (d) of [T2] is true in 
the present case. In fact, in view of Theorem 3.1 in [T2] saying that 

(2.17) UI(E/K0) - Br(S/fc0), 

the equivalence reduces to verifying the equality (cf. [T2,(4.4)]) 

(2.18, d.tNs(5) = d . t N s ( 5 ) M | | № » d e t r . 

This can be seen easily from the formalism of Mordell-Weil lattices based on 
a new definition of the height pairing on E(K) (cf. [S4]). 
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Finally it is known that the Artin-Tate formula is true provided the Tate 
conjecture (2.16) holds (see [T2, Th.5.2], [Milne]). Noting that NS(5) is 
torsionfree (cf. [S4]), we can state the result as follows: 

Theorem 8 Assume that (2.15) or (2.16) is true and write L(E/KQ,S) = 
(1 — x)r°h(x). Then the value h(l) is given by 

/« , Qx hm [Br(5/fc0)] det NS(S/fc„) 
(2-19) = ^ ( s ) 

or, equivalently, 

hh\ [mE/K0)}det(E(K0)/ (tor)) G 
(2-20) h(l) = qa{s)[E(Ko)tor]2 detT° (To = T ) 

where a(S) = x ~ 1 + 9> X being the arithmetic genus of S. 

3 Supersingular case 

A surface S over k is called supersingular if 

(3.1) Trans(S) = 0 

or equivalently if A = 0 or p = 62- F°r example, rational surfaces and more 
generally unirational surfaces are known to be supersingular ([S2, Lem.2]). 

(N.B. This notion has nothing to do with that of a "supersingular" elliptic 
curve.) 

Keeping the same notation as before, we first note: 

Proposition 9 Given an elliptic curve E/KQ, the L-function is trivial: 

L(E/K(hs) = l 

if and only if the associated elliptic surface S is supersingular and the Mordell-
Weil group E(K) is finite. 

Proof By Theorem 4, the L-function is trivial if and only if W is a 
vector space of dimension 0. By Proposition 1, w = 0 is equivalent to r = 0 
and A = 0. q.e.d. 

(Note that the above condition is a "geometric" one: both S and K are 
considered over the algebraically closed field k.) 
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Theorem 10 For an elliptic curve E/Ko such that the associated elliptic 
surface S is super singular, the L-function L(E/Ko^s) is equal to the char
acteristic polynomial of the geometric Frobenius on E(K)/(tor), which is a 
polynomial in x = ql~s of degree r = rk E(K) of the form 

(3.2) L(E/K0, s) = (1 - x)r°h(x), h(l) ? 0 

where r 0 = ikE(Ko) and h(x) is a product of cyclotomic polynomials. The 
rank r is equal to w given by (1.10) or (1.11), and h(l) satisfies the formula 
(2.20). 

This is obvious from Proposition 1 and Theorems 7, 8. 

Thus the Birch-Swinnerton-Dyer conjecture and the Tate conjecture are 
true for this class of elliptic curves E/KQ and elliptic surfaces S/ko. Also it is 
evident from (3.2) that the sign of the functional equation of the L-function 
is ( - l ) r o . 

The above theorem applies for instance to unirational (in particular, ratio
nal) elliptic surfaces. 

Example 1 Consider the elliptic curve 

(3.3) E : Y2 = Xs + t m + 1 

over KQ = ko(t),ko = F 9 , m being a natural number not divisible by p = 
char(fco)- Assume for simplicity that m = 0 (mod 6). Then the elliptic 
surface S has no reducible fibre so that rkT = 2,detT = 1. In this case, we 
have 

(3.4) w = r + X = 2m-4 

(cf. [S5, Prop.3.4]). 
Now S is unirational (hence supersingular) if pe = —1 (mod m) for some 

e > 0 (Prop.4.1, loc.cit). Take q = p2e. Then we have E(K) = E(K0) is of 
rank r = 2m — 4 and torsionfree. By (2.20), we have 

(3.5) [W(E/K0)] det(E(K0)) = ( p e ) 2 % 

since a(S) = pg. This fact was used in Remark 4.5 of [S5]. 
In general, it is hard to separate the first factor from the second one (called 

the regulator), but in this case it can be achieved by means of a crystalline 
method; see Proposition 4.3, loc.cit. 
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Remark. In characteristic 0, we can show that the rank of the elliptic 
curve (3.3) over C(t) for any m is universally bounded by 68 and that the 
rank is equal to 68 if m is a multiple of 360. As far as we know, this is the 
largest rank of an elliptic curve over C(t) at the moment. 

Also, in characteristic p > 0 not satisfying the condition pe = — 1 (mod m), 
the surface S is not supersingular in general; for example, for p ordinary (i.e. 
p = 1 (mod m)), the rank has the same bound as in characteristic 0. 

In any case, the L-function of (3.3) can be expressed in terms of certain 
Jacobi sums. We hope to discuss these elsewhere. 

4 Rat iona l elliptic surfaces 

Suppose that S is a rational elliptic surface over k. This means that the 
function field k(S) of S is a purely transcendental extension of dimension 2 
over k. Then K = k(C) is also purely transcendental over i.e. K = k(t) (a 
rational function field) and g = 0. Further we have p = 62 = 10 and A = 0 so 
that S is supersingular. In the statement of Theorem 10, the formula (2.20) 
reduces to 

[U1(E/K0)} det(E(K0)/(tor)) _ h(l)  
K ' ' [E(K0)tor]> detTo 

since a(S) = pg = 0 for a rational elliptic surface S . 
On the other hand, by (1.10), we have 

(4.2) r = 8 - E d e g ( v ) ( m v - 1) < 8. 
V 

The structure of E(K) is well understood by the theory of Mordell-Weil lat
tices (cf. [S4], [OS]). It is especially interesting for relatively large r. For 
r = 8,7 or 6, it is isomorphic to JE'g, E% or or JDg, where Er and Dr are the 
root lattices and * indicates the dual lattices. 

The Galois group of k/ko preserves the lattice structure in general. Hence, 
by Theorem 8, the ^-function L(E/ko(t), s) is equal to the characteristic poly
nomial of some automorphism of these lattices (in fact, of some element in the 
Weyl group W(Er)y etc.), and it is a product of some cyclotomic polynomials. 
Can we determine them more explicitly? 

Yes! It can be done with the aid of "algebraic equations arising from 
Mordell-Weil lattices" (cf. [S6], [S7]). Here are some examples. 

Example 2 Let us consider the elliptic curve E defined by 

(4.3) Y2 = Xz + (1 + t2)X + (1 + t + t2 + *4) 
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over Ko = Fp(t). We have studied this curve over Q(t) in [S7, Ex.7.4]) and 
the information below has been obtained in the course of it. The Mordell-Weil 
group E(k(t)) (^.algebraic closure of Fp) is of rank 6 and isomorphic to El 
for any p / 2, 137, 15784603. 

In the following table, we determine the Z-function L(E/Fp(t),s) as a 
product of cyclotomic polynomials in x = pl~s for 2 < p < 137. We denote 
by hn the n-th cyclotomic polynomial; thus 

h2 = 1 + x, h3 = 1 + x + x 2 , . . . , h9 = 1 + x3 + x 6 , . . . 

p L-function cycle type No. 
3,29,41,67,97 /19 (9) 3 14 
5,11,23,37,71,73 (1 - xfh (1) ' (5) 5 15 
7,127 (1 — x)h2h$h§ (3)(6) 4 +1 23 
13 (1 - xfh^ (1) 5(2)(4) 5 18 
17,61,79 h3h12 (3)(12) 2 13 
19,103,109 (1 - x)h2h5 (2)(5) 3(10) 25 
31 (1 - x)h\h^ (1)(2) 3(4) 5 -1 19 
43,47 (1 — x)h2h^hß (1)(4) 2(6)(12) 24 
53,89 (1 - x)h2hs (1)(2)(8) 3 20 
59 (1 - xfh\hA (3)(6) 4 -1 10 
83 (1 - xfh\hA (1)(2) 3(4) 5 +1 5 
101 (1 - xyh'i ( l ) 7 (2 ) a 2 
107 (1 - x)2h2

2h6 (1) 3 (2) 3 (6) 3 +1 7 
113 (1 - x)h2hl (3) 5 (6) 2 22 
131 (1 - xfh\hz (1)(2) 4 (3) 2 (6) 2 8 

To verify this table, we need to determine the Frobenius element crp in the 
Weyl group W^i*^), up to conjugation. 

This group, say G, acts naturally on the dual lattice hence on the set of 
54 minimal vectors, forming two orbits of 27 elements. In this way, G embeds 
into the symmetric group 527- It is known that G has 25 conjugacy classes, 
and they are determined by the cycle type of an element g G G viewed as 
an element of 527, plus the knowledge of tr(g) (trace of g on Es) (in case the 
cycle type does not uniquely determine the class); see [Sw, Table 1]. In the 
above table, the 3rd column gives the cycle type of crp, the 4th the value of 
Mi = tr(crp) + 1 (when necessary) and the 5th the numbering of conjugacy 
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classes following Swinnerton-Dyer. The characteristic roots for each conjugacy 
class can be found in his table (loc.cit). 

On the other hand, we have an algebraic equation of degree 27 whose 
roots describe the minimal vectors of E(K) ~ which in the case under 
consideration is given by Eq. (7.3) of [S7]: 

(4.4) F(X) = X27 + 12X25 + 60X 2 3 + • • - + 5888X - 4096. 

For each p, decomposing F(X) mod p into irreducible factors, we get the 
cycle type of ap\ for instance, for p = 3, F(X) mod p splits into a product 
of 3 irreducible polynomials of degree 9; we denote the corresponding cycle 
type by (9) 3 , and similarly for other cases. Further Mi can be computed by 
counting the number ap of Fp-rational points of the surface S: 

(4.5) tr(*p) = {p2 + 4p+l-ap)/p. 

Once the conjugacy class is determined, we can apply the result of Swinnerton-
Dyer to get the characteristic polynomial. In this way, we can verify the table. 

Let us derive some consequence from the above table. First observe that 
the formula (4.1) becomes 

(4.6) [W(E/K0)} det(E(K0)) = ^ 

since det To = det T = 3 and E(K) is torsionfree in our case. Also note that 
Sdet(E(K0)) is an integer (=detJV0). 

Now, for p = 3,29,41, • • •, we have r 0 = 0 and h(l) = 3. Thus the Mordell-
Weil group E(Fp(t)) is trivial. Further, using the general fact that the order of 
III is a square or twice a square (cf. [T2]), we conclude that the Shafarevich-
Tate group is also trivial: 

UI(E/Fp(t)) = 0. 

Also we can see that JVo = NS(5/fco) is an indefinite lattice of rank 4 with 
det = 3. 

Similarly, for p = 5,11,23, • • •, we have ro = 2 and h(l) = 5. By the same 
argument as above, we see 

m(JS7/P,(*)) = 0, det(E(P,(t))) = | . 

We can also give generators of the Mordell-Weil group E(Fp(t)) explicitly. 
Namely, in this case, the algebraic equation (4.4) has exactly 2 roots in F p 
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(look at the cycle type). For example, for p = 5, they are given by X = 

- 1 , - 2 modp; by the theory of Mordell-Weil lattices of type Ee (cf. [S7], 

[S6]), we see that there are 2 rational points A,B in E(Fp(t)) of the form 

A = (-* + 6, t2 + dt + e), B = ( -2* + 6', ^ 2 + d't + e'). 

To show that these points generate the full Mordell-Weil group E(Fp(t)), we 

have only to check the Gram matrix to be 

<A,A> <A,B>\ ( 4/3 - 1 / 3 \ 

< A,B> <B,B> ) [-1/3 4/3 J 5 

which is an easy exercise in computing the height pairing (cf. [S4]). 

In my original plan, this paper should also have included some other type of 

examples (not necessarily supersingular), for instance, those related to elliptic 

modular surfaces or to Jacobi sums. Because of space and time limitation, 

however, I hope to treat them in some other occasion. 
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Sommes de puissances dans les corps finis 

Yvette Amice et Bruno Kahn 

Introduction 

Soit F un corps fini à q éléments, où q est une puissance d'un nombre 
premier impair. On note s(q) le plus petit entier s tel que -1 soit somme de s 
éléments de F* d'ordre (multiplicatif) impair. L'étude de cet entier est motivée par 
celle des "niveaux supérieurs" d'un corps (§1). 

Le but de cet article est de présenter et de commenter le calcul de s(q) pour 
q premier < 109 et q = avec p premier < 101 711 783 (pour q = pn avec 
p premier et H * 1, 3, on a s(q) = 2, cf prop. 1, 4)). L'intérêt principal de 
cette présentation est que les résultats obtenus offrent des caractéristiques 
inattendues à plusieurs égards. Pour résumer ces caractéristiques, on peut dire 
qu'en général s(q) est "plus petit" qu'on ne pourrait s'y attendre. 

Le paragraphe 1 rappelle la définition des niveaux supérieurs d'un anneau. Les 
paragraphes 2 et 3 donnent des résultats généraux sur l'entier s(q), notamment les 
majorations qui ont été utilisées dans les calculs. Le paragraphe 4 décrit les 
résultats obtenus, et en particulier une série de "phénomènes inexpliqués". Le 
paragraphe 5 donne quelques questions ouvertes. Enfin, une annexe contient 10 
tables extraites de nos calculs, qui illustrent les descriptions données au paragraphe 
4. 

1. Niveaux supérieurs d'un anneau 

Soit A un anneau commutatif de caractéristique différente de 2. Pour tout 
entier r > 1, on notera suivant Revoy [R] sr(A) le plus petit entier s tel que 

l'équation -1 = x^r+...+x^-r ait une solution dans A (ou ° o si un tel entier 

n'existe pas). Ainsi, si A est un corps F, .^(F) n'est autre que le niveau de F étudié 

notamment par Pfister ([PI], [P2]); s2(F) a été étudié entre autres dans [PARI], 

[PAR2]. Les nombres sr(A) ont les propriétés évidentes suivantes: 

s M F 
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(A) Si A—>A' est un homomorphisme d'anneaux, sr(A) > sr(A'). 

(B) Si X est un nombre premier impair tel que A contienne une racine primitive 
^- ième de l'unité Ç telle que Ç-l ne soit pas diviseur de zéro, on a sr(A) < ,¿-1 
pour tout r > 1 ([R], prop. 1.6). 

L'étude des sr(F) pour les corps finis est intéressante, d'un part en soi, d'autre 

part pour les informations qu'elle donne sur les sr des corps de nombres ([PARI], 

[PAR2], [R]). 

2. Cas des corps finis: résultats "théoriques" 

Supposons que F soit un corps fini à q éléments {q impair); soit h - h(q) 
le plus grand entier tel que 2h divise q-\. On a alors ([R], th. 2.2): 

a) sr(F) = 1 si r < h; 

b) 1 < sh(F) = sr(F) <2hûr>h. 

On note s{F), ou simplement s(q), l'entier s^(F). Pour un entier s, les 

conditions suivantes sont équivalentes: 

(0 *>*(?); 
(ii) - 1 est somme de s éléments de F, nuls ou d'ordre (multiplicatif) impair; 

h h 

(iii)l'hypersurface projective d'équation X02 +...+X52 = 0 a un point 

F-rationnel. 

La proposition suivante donne quelques renseignements sur le comportement 
de s(q) en fonction de q. Soit p la caractéristique de F, de sorte que q est une 
puissance de p. 

Il Proposition 1. 1) Si fcTn-fq~-n . (\-2-h)[(2h-\)n-{-\)n], on a s(q) < 

n; en particulier, si q > 2Lnnt^n-l\ on a s(q) < n. 
2) 5/ q > (2/l-l)2(2/l-2)2, on a s{q) = 2. 
3) Si q > (2M)(22/I-3.2M), on a s(q) < 3. 
4) Si q n'est pas de la forme p ou p3, on a s(q) = 2. 
5) Si q = p 3 , on a s(q) < 3. On a s(q) = 2, sauf peut-être si s(p)> 2 et 

p<2*№. 
6) Si p est un nombre premier de Fermât, on a s(p) = /7 -1 . 

Démonstration. 6) est évident ( c / [R], 2.4), et 2) et 3) sont des cas 
particuliers de 1) (pour 2), cf [R] , dém. du lemme 2.3). Supposons q = pn. Si n 
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est pair, q-l est divisible par 3 donc s(q) < 2 d'après la propriété (B) rappelée 
ci-dessus, d'où s(q) = 2. Si n est impair, on a h(q) = h(p)\ si n > 5, on a 
donc q >p5 > 25h> 2 4 \ d'où ^(^) = 2 d'après 1); cela démontre 4). En notant 
que de même 5) est conséquence de 1), il reste à démontrer 1). Pour cela, on 
minore le nombre de points rationnels de l'hypersurface projective 

h h 

Xq2 +...+XN2 = 0. Une telle minoration peut bien sûr se déduire des conjectures 
de Weil démontrées par Deligne, mais on peut aussi procéder directement au 
moyen de sommes de Jacobi généralisées, en reprenant les arguments de Weil, cf 
[L], pp. 22-24. Plus généralement, soient d un diviseur de q-l et Yn 
l'hypersurface affine d'équation X0^+. . .+X„^ = 0. En suivant Lang (op. cit.), 

on voit que le nombre de points F-rationnels de Yn est: 

ЕИ = 

(an....,û,.)e(Z/dZyi+1 KO+...+K„=0 

Xao(u0)...Xan(un), 

où % est 011 caractère multiplicatif fixé, d'ordre d. En transformant cette équation 
comme dans [L] (loc. cit.), on trouve: 

E„ = <7"-(<7-l) 

(ai,...;an)e(Z/dZr-{0})n 
a\+...+ari*0 

Xa\+"+an(r-\)l{xah...,Xan), 

où J (X i , . . . ,%„) = -

Xi+...+Xn=\ 

X i ( * i ) - X i i ( * i i ) est une somme de Jacobi 

généralisée. Le nombre de points E, 
E „ - l 
q-\ 

de l'hypersurface projective est 

donc: 

E, 
qn - 1 

<7-l 
(ah...yan)e(Z/dtL-{0))n 

a\+...+an*0 

x°i+-+°n(-i)Kxau...,xan). 

Lorsque %,...%„ * 1, on peut écrire i(X!>•••>X«) = S(Xi)-S(X„) 
S ( Y i . . . Y „ ) 

OÙ S ( Y ) = 

a 
%(a)\(a) est la somme de Gauss relative à un caractère additif X fixé (cf [L], 

p. 4). Comme IS(x)l = q1/2 pour % * 1, cela donne IJ(%j,...,%n)\ = 
H _1 

? 2 S I X l , 

Xrt» Xi---Xrt * 1; d'où l'estimation triviale: 
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I E „ - <7л-1, 
9-1 

n - l 

» Ч 2 Сп, 

où c„ = Card{(ax,...,a^ e {ZJdL-{0}y\al + ...+an*0}. 

On a visiblement cn = (rf-l)"-cn_1, d'où 

cn = (d-ir-id-l)^-l+...+(c-l)n-Hd-l)=a-^ )[(d-l)«-{-l)M]. 

On en conclut que E„ * 0 dès que 

<7" - 1 

<7-i 
9 2 1 D 

d 
)[(d-ir-(-m 

soit encore: 

fqn-<q-T 
•fa'-*ГсГ 1 

(l-i)Kd-DM-l)11]. 

Pour n = 3 et d = 2h, on trouve le premier énoncé de 1). Finalement, on a 
{q~n-fq~-n 

fcT-fa''1 
jQ-n-l et ( l ^ M ^ A - i y S - l ) " ] < 2 ^ , d'où le deuxième énoncé. 

Remarque 2.1. On notera que l'estimation de la prop. 1,1) ne donne aucun 
renseignement tant que q < 22h, tandis que le théorème de Chevalley montre que 
En * 0 dès que n > d. 

Il Coro l l a i re . Si n est une puissance de 2, la surface projective d'équation 
xQn+xln+x2n+x3n=0 a un point rationnel sur tout corps fini non premier. 

Démonstration. Cela résulte de à) et b) (début de la section) et de la prop. 1, 
4^ et 5). 

Remarque 2.2. Nous baptiserons les inégalités de la prop. 1,1) majorations 
de Jacobi-Weil. 

3. Une estimation modulaire 

bn reprenant la méthode de demonstration du théorème de Chevalley dans les 
corps finis ([CA], ch. 1), on obtient une formule pour la valeur modulo p du 
nombre de solutions de l'équation x^h+y^h = - 1 . On pourrait en principe 
l'utiliser pour tester si s(p^) = 2. Toutefois, cette formule est une somme de 
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(2/ï-l)(2/l-1-l) termes, ce qui en pratique donne un temps de calcul bien trop long 
lorsque h devient grand: elle est donc peu intéressante en pratique, à moins qu'on 
n'arrive à la simplifier encore. 

Il Proposition 2. Le nombre N de solutions dans F 2 de l'équation 

j c 2 V = - 1 est congru modulo pà1 
2h-l 

i 
/ = 2 

(-D/+1 

/-1 

(2)' iù b -

(q-l)/2h. Si q = pm, avec m impair, on a 

N e I 

2n-l 

x 
1=2 

(1)i+1 
/-1 

/=1 

boi 
OqJ 

(mod/?), 

où b0 = (p-l)/2h. 

Démonstration. Soient F(x,y) = x2h+y2h+l et G(xyy) = l - F ( j c y ) ^ - 1 . 

Alors N = 

x , y G F̂  

G(xty) [CA], soit: 

N = -

x,ye Fq 

(x2h+y2h+\)q-l 

x,yeFq 

a-i 

k = 0 

(-l)k(x2h+y2h)k 

x.ysFg 

a-l 

k = 0 

(~Dk 
k 

/ = 0 
l 

x2hly2h(k-l) 

a-l 

k = 0 

H)*+1 
Ir 

/ = 0 
/ 

x,ye Fn 

X2hly2h{k-D 

Q - l 

k = 0 

(-1)k+1 
k 

1 = 0 

k 

xe Fq 

x2^ 

y* ?q 

y2Hk-I) (mod/7). 

La somme 

x e Fq 

x2**1 (resp. 

y* ?q 

y 2 (k-l)est nulle, sauf si 2hl = 0 

(mod q-l) et 2hl > 0 (resp. 2h(k-l) = 0 ( m o d ^ - 1 ) et 2h(k-l) > 0 ) , c'est-
à-dire / = 0 (mod b) et / > 0 (resp. k-l = 0 (mod b) et k-l > 0 ) ; dans ce 
cas, elle vaut - 1 . Comme b est impair, on obtient donc: 
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N i 
2* 

i=2 

(_1)W+1 
i-1 

bi 

m 

2h 

1=2 

(1)1+1 
1-1 

У=1 

bi 
bj 

Pour i = 2^, on a W = (7-1, donc bi 
bjï 

: (- l) ty = ( - ! ) / ( m o d / 7 ) , d'où 

N s l + 
2h-\ 

1=2 
H)/+1 

î-1 

/=1 

f a; 
(mod /7). 

Supposons maintenant q =pm, avec m impair. Soient l < k < q: écrivons 

k = kQ+ kxp+ ...+ km_xpm-x et / = l0+ lxp+ ...+ lm_xpm~x, avec 0 < kh 

Il < p - l . On a alors: 

IH 
l i 

m - i 

1=0 

ki 

li 
(mod /?); 

cela résulte de l'identité (X+Y)* = 
m -

i=0 
(XPL+YPl)ki (mod p). On a è = 

fc0(l+P+...+/?m"1X donc /6 = ib0(l +/?+... +/?m-1), avec iô0 < p - l si / < 
2^. Par conséquent, pour 0 <j<i < 2h, on a: 

ы 

bji 

boi 

bçjj 

n 
(mod /?). 

On en déduit l'énoncé. 

Il Corollaire. Supposons q = pm, avec m impair. Si 
2h-\ 

i=2 
( - iy 

1 -1 

У=1 

boi 

bçjj 

Y* =ë 1 

(mod /?), on a s(q) = 2. 

4. Cas des corps finis: résultats "expérimentaux" 

Nous avons calculé la valeur de s(p) pour tout p < 109, et celle de s(p^) 
pour tout p < 104 857 601. Ces calculs ont été réalisés sur un Macintosh II à 
l'aide d'un programme de Lightspeed Pascal et de la bibliothèque multiprécision de 
Dominique Bernardi. On retrouve ainsi comme cas particuliers les résultats de 
[PARI], [PAR2], [PR] et [R] concernant les corps finis. 

120 



SOMMES DE PUISSANCES DANS LES CORPS FINIS 

Les résultats complets, sous forme papier (129 pages) ou informatique, sont 
disponibles auprès des auteurs. 

Phénomènes inexpliqués 

Les données obtenues conduisent à un certain nombre d'observations a priori 
inattendues, auxquelles nous n'avons pas trouvé d'explication. 

a) Taille de s 

La propriété b) du §1, le théorème de Chevalley et la prop. 1,1) montrent 
qu'une majoration de s est donnée par 

s<mm(l-l,2h\ 
et, si p > 22h, 

(S1)*<1+ 1 
logip) 

Ihlog (2) 
1 

où / est le plus petit facteur premier impair de h = h(p) et, pour tout réel 
a, \a\ désigne le plus petit entier > a. 

En fait, hormis le cas des nombres premiers de Fermât (c /prop. 1,6)), les 
calculs montrent que la valeur réelle de s est nettement inférieure à cette 
majoration (voir table VIII). Pour tous les p < 109 on a s < 12 (Fermât exclus). 
De plus, les p ayant un grand s sont rares: jusqu'à 500 000 (resp. 109) il n'y a 
que 8 (resp. 61) nombres premiers p tels que s(p) > 4 (Fermât exclus). 

b) Plus grand p pour lequel s>2 

D'après la prop. 1,1), la majoration de Jacobi-Weil affirme que l'on a s(p) = 

2 dès que p > 2*h(P\ Soient, pour tout h > 2, pour tout s > 2 et pour tout t > 

0, Ps(h) le plus grand nombre premier tel que h(p) = h et s(p) > s et 
ps(h,t) le plus grand nombre premier < / tel que h(p) = h et s{p) > s. Pour 
n s / on a 24h < 109, donc p2(h,\09) = p2(h). La liste que nous obtenons est 
donc complète jusqu'à h = 7. 

En fait, jusqu'à h = 12, le plus grand p trouvé est sensiblement inférieur à 
109 (voir table I). Il est concevable qu'il existe (pour 8 < h < 12) un p > 109 tel 
que s(p) > 2, mais cela impliquerait une forte irrégularité de la croissance des p 
(cf table VI). Les calculs montrent que, pour 4 < h < 7, on a 
log(/?2(A))Mlog(2) < 2,72 (pour h = 3, on a log(p2(/z))//zlog(2) = 3,19). 
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Pour h > 8, on trouve encore log(/?2(M09))/Mog(2) < 2,72 (cf table I). 

Il est curieux de constater que, pour 4 < h < 12, les valeurs de 
log(p2(h,l09))/hlog(2) sont relativement proches, avec un écart-type de 2,7%; 

leur valeur moyenne est de 2,57, significativement inférieure à 4 (prédit par 
Jacobi-Weil). 

b) Plus grand p pour lequel s>3 

La même étude dans ce cas conduit à des observations analogues (table II). 

Cette fois, la borne de Jacobi-Weil donne p3(A) < 2?h\ on en déduit que 

p3(h,\09) = p3(h) pour h < 9. Pour h < 9, on trouve log(p3(A))/Alog(2) < 

1,72; jusqu'à h = 14, on a vraisemblablement encore /?3(/z,109)=/?3(/z). Pour 

ces valeurs de A, on trouve log(p3(/z,109))/Mog(2) < 1,74. De nouveau, ce 

majorant est nettement inférieur à celui de Jacobi-Weil (3), et l'écart-type des 

valeurs de log(p3(/*,109))//zlog(2) est faible (1,62%). 

c) Plus grand entier p pour lequel s>4 

Dans ce cas, les données sont plus partielles mais conduisent aux mêmes 
observations (table III). La valeur moyenne de log(p4(/z,109))//ilog(2), pour h 
< 20, est de 1,45 (les inégalités de Jacobi-Weil donneraient 8/3 = 2,66). 

d) Plus petit p pour lequel s>2 

Soit P(h) le plus petit nombre premier p tel que h(p) = h et s(p) > 2. 
Les calculs montrent que, pour h < 25, on a (P(h)-\)l2h < 749; on a même 
(V(h)-\)l2h < 43 pour h * 7, 17 (table IX). Il y a donc "assez tôt" des nombres 
premiers tels que h > 2. Quel est le comportement de sup [P(h) I h < H} 
lorsque H—>«>? 

e) Plus petit p pour lequel s = 3 

Soit V(h) le plus petit nombre premier p tel que h(p) = h tt s(p) = 3. 
Cette fois-ci, la croissance de P'(A) en fonction de h est beaucoup plus rapide 
(pour h < 17); toutefois elle ne semble pas obéir à une règle bien déterminée 
(table X). 

f) Valeur de s(p*) 

D'après la prop. 1,5), on a s(p^) < 3. En fait, nos calculs montrent que, 
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jusqu'à p < 101 711 873, on a s(p^) = 2. Plus précisément, il y a 21 nombres 
premiers < 101 711 873 pour lesquels les majorations de Jacobi-Weil autorisent 
que s(p3) = 3; pour chacun de ces nombres premiers, on trouve en fait s(p^) = 
2. (Cette vérification demande un temps de calcul très long.) On a 24^/3 < 109 
jusqu'à h = 22; on déduit de ceci et de nos calculs: 

Il Proposition 3. Pour tout p tel que h(p) < 20, on a s(p3) = 2. 

5. Questions ouvertes 

5.1. Existe-t-il un nombre premier p tel que s(p3) = 3? La question opposée 
est équivalente à la suivante (cf cor. à la prop. 1): 

Si n est une puissance de 2, est-il vrai que la courbe projective d'équation 
xn+yn+zn = 0 a un point rationnel sur tout corps fini non premier? 

5.2. Les résultats observés en 3 a), b), c) correspondent-ils à un phénomène 
général? Plus spécifiquement, est-il vrai en général qu'en général, c(s) := 
inf [\og{p s{h))lh\o%(2) I h > 1} est sensiblement inférieur à -2^- (donné par la 

prop. 1)? Nous pensons que oui, mais ne connaissons pas de motivation "théorique" 
pour ce phénomène hypothétique, et n'avons pas de conjecture sur la valeur de 
c(s). Les résultats indiqués ci-dessus laisseraient penser que c(2) < 2,8, c(3) < 
1,8, c(4) < 1,5. L'absence apparente de p tels que s(p^) = 3 pourrait être liée à 
un tel phénomène (s'étendant aux corps finis non premiers). 

On peut se demander s'il est même vrai que les majorations de Jacobi-Weil 
peuvent être améliorées dans le cas particulier des hypersurfaces considérées dans 
la prop. 1; nous n'avons pas fait de calculs dans ce sens. Une meilleure minoration 
de En (cf dém. de la prop. 1) n'est en tout cas pas nécessaire a priori pour 

justifier une meilleure majoration de c(s). 
On notera que le théorème de Chevalley apporte une information 

"arithmétique" que ne donnent pas les estimations "analytiques" à la Jacobi-Weil 
(cf remarque 2.2). Une meilleure majoration de c(s) pourrait peut-être être 
obtenue à partir des congruences de la prop. 2, mais nous n'avons pas réussi à les 
exploiter dans ce sens. 

5.3 (Revoy). Soit X(h) = sup s(q). D'après la prop. 1, 1), on a \(h) < +«> 
h{q>h 

pour tout h. Quel est le comportement de \(h) en fonction de hl 
Les premières valeurs de X(h) sont données dans la table VIII (nombres 

premiers de Fermât exclus). S'il y a une infinité de nombres premiers de Fermât, 
on a X(h) = 2h pour une infinité de h (prop. 1, 6)). Mais il est probable que 
logX(h) = o(/z). En effet: 
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Il Proposition 4. Soient N > l, h >2 et p un nombre premier tel que h{p) 
= h. Supposons que s(p) > 2h^. Alors: 
1) Tout facteur premier de b p-l 

2* 
est>2h^. 

2) Soient n; les exposants des facteurs premiers de b. Supposons > N. 
Alors on a 2>I'N-1 7 

5>; 
N 

1 
et h < Nlog2(2N+l). Pour N < 3, on a I w / 

< N . 

Démonstration. 1) résulte immédiatement de la propriété (B). Supposons 2) 
faux. On a alors Supposons Mi > N. Alors log^p < 2 oh/N 

2*/N_i 
h fDroo. 1. IV). On 

a donc: 

N 
1 < 2 оЛ/N 

9 * / N i 

On en tire la première inégalité de 2). Pour obtenir la deuxième, on minore 
par N+l . Finalement, supposons N < 3. Si Ln,- > N on a h < Nlog2(2N+l) < 

9; pour ces valeurs de h on a s(p) < 6 (à l'exclusion de nombres de Fermât, cf 
table VIII), d'où h < [31og26] = 7. Avec cette nouvelle majoration de h, on a 

s(p) < 5 (ibid.), d'où h < [31og25] = 6. On vérifie directement que, pour h < 
6, (p-l)/2h possède au plus 3 facteurs premiers, comptés avec multiplicité. (Pour 
h < 6, l'unique cas où (p- l) /2h possède 3 facteurs premiers est p = 4001, avec 
h = 5 et s = 3. Dans ce cas, on n'a donc pas s(p) > 2h^.) 

Lorsque h est assez grand, le nombre P - l 

2h 
doit avoir au plus N facteurs 

premiers (comptés avec multiplicité), tous grands en ronction de n. il semble peu 
probable que, N étant fixé, il existe une infinité de h tels qu'un p vérifiant h(p) 
= h ait cette propriété et vérifie de plus s(p) > 2h^. 

Une réponse positive à la question 5.2 apporterait sans doute une amélioration 
importante des résultats de la prop. 4. Par exemple, s'il est vrai que c(3) < 2, 
s(p) > 2h implique 2 /1/ = 0, ie que p est un nombre de Fermât. Si c(4) < 1,5, 
s(p) > 2^2 implique Z«/ ^ 1. D'autre part, on peut voir que si Xjîj = N, alors 
au moins un facteur premier de b est < 2^/N+2/zlog(2). Par le théorème des 
nombres premiers, l'"espérance mathématique" d'un nombre premier dans 
l'intervalle r2/l/N,2/l/N+2/zlog(2)l est 2 pour tout h\ ceci laisse à penser que pour 

h assez grand 
2h 

doit en fait avoir au plus N - l facteurs premiers (comptés avec 

multiplicité). 

5.4 (Revoy). Est-il vrai que sup s(p) = + ° o ? (De manière équivalente, est-il 
p 
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vrai que X(h) —> °o , cf question 5.3.) 
D'après la prop. 1, 6), cela serait vrai s'il y avait une infinité de nombres 

premiers de Fermât. On peut espérer que cela ne dépende pas de cette condition 
(puisqu'on a plutôt tendance à imaginer que les premiers de Fermât sont en nombre 
fini!). Plus généralement, on peut hasarder la 

?? Conjecture. Soient a et b deux entiers premiers entre eux; supposons que 
Von n'aie a = 1 (mod l) pour aucun facteur premier impair l de b. Alors 
l'ensemble des s(p), pour p = a(mod b), n'est pas borné. 

Dans l'énoncé, la condition sur b est mise pour prendre en considération la 
propriété (B) du §1. Cette conjecture implique que, si K est un corps quadratique 
imaginaire différent de Q(f3) ou un corps abélien de degré impair ne contenant 
aucune racine de l'unité d'ordre impair > 1, la suite sr(K) n'est pas bornée. (La 
condition "de degré impair" sur K est sans doute superflue.) 

5.5. Quelle est la taille de P(h) et de F(h) en général? (c /3 d) et e)). 

5.6. Soit N(h) le nombre de p tels que h(p) = h et que s(p) > 2; soit 
N'(p) le nombre de ces p tels que (p-l)/2h soit premier. Les valeurs de N(h) et 
N'(/z), pour h petit, apparaissent dans la table IV. Quelle est la taille de N(h) et 
de N'(Â) en général, et comment varie la proportion N'(/*)/N(/z)? (L'étude de 
cette question a été suggérée par Etienne Fouvry.) 
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Annexe: tables 

N o t a t i o n s généra les : 

p: nombre premier 
h : valuation dyadique de p — 1 
s = s(p) 
l : plus peti t facteur premier impair de p — 1 
b=(p-l)/2h 

I. P l u s grandes valeurs d e p t e l les que s > 2, p o u r h < 12 

Les valeurs en gras sont vraiment les plus grandes; les autres sont 
les plus grandes trouvées pour p < 109. (Majoration de Jacobi-Weil pour 
log(p) /Mog (2) :4 . ) 

P h s / £ l ° g 2 ( p ) £log2(109) 

5 2 4 1 1,16 
761 3 3 5 3,19 
9 7 7 4 3 61 2,48 

10 529 5 3 7 2,67 
83 009 6 3 1297 2,72 

397 697 7 3 13 2,66 
1 398 017 8 3 43 2,55 3,74 

12 376 577 9 3 23 2,62 3,32 
44 858 369 10 3 71 2,54 2,98 

140 019 713 11 3 7 2,46 2,71 
662 990 849 12 3 13 2,44 2,49 
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IL P l u s grandes valeurs de p te l les que s > 3, pour h < 17 

Les valeurs en gras sont vraiment les plus grandes; les autres sont 
les plus grandes trouvées pour p < 109. (Majoration de Jacobi-Weil pour 
log(p) /^ log(2) :3 . ) 

P h s / Xlog2(l>) £log2(109) 

5 2 4 1 1 , 1 6 

4 1 3 4 5 1 , 7 9 

1 1 3 4 4 7 1 , 7 0 

3 5 3 5 4 1 1 1 , 6 9 

1 2 1 7 6 4 1 9 1 , 7 1 

4 4 8 1 7 4 5 1 , 7 3 

9 4 7 3 8 4 3 7 1 , 6 5 

4 5 5 6 9 9 4 8 9 1 , 7 2 

87 041 10 4 5 1,64 2,99 
329 729 11 4 7 1,67 2,72 

1 454 081 12 4 5 1,71 2,49 
4 513 793 13 4 19 1,70 2,30 

21 446 657 14 4 7 1,74 2,13 
36 929 537 15 4 7 1,68 1,99 

157 745 153 16 4 29 1,70 
410 386 433 17 4 31 1,68 

127 



Y. AMICE & B. KAHN 

III . P l u s grandes va leurs d e p t e l les q u e s > 4, pour h < 20 

Les valeurs en gras sont vraiment les plus grandes; les autres sont 
les plus grandes trouvées pour p < 109. (Majoration de Jacobi-Weil pour 
log(p) /Mog(2) :8 /3 . ) 

P h s l i l o g 2 ( p ) 

4 4 9 6 5 7 1 , 4 7 
3 3 2 9 8 6 1 3 1 , 4 6 

1 3 3 1 3 1 0 8 1 3 1 , 3 7 
5 9 3 9 3 1 1 5 2 9 1 , 4 4 
176 129 12 5 43 1,45 

1 073 153 13 5 131 1,54 
2 277 377 14 5 139 1,51 
4 882 433 15 5 149 1,48 
8 716 289 16 5 7 1,44 

31 326 209 17 5 239 1,46 
64 749 569 18 5 13 1,44 

103 284 737 19 5 197 1,40 
409 993 217 20 5 17 1,43 
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I V . N o m b r e de p tels que h(p) = h e t s(p) > 2 

On note N(h,x) le nombre de p < x tels que h(p) = h et s(p) > 2, et 
JV(fc) = N(h,oo). Pour < 7, on a iV(fc,109) = N(h) par Jacobi-Weil; c'est 
probablement encore vrai jusqu'à h = 12 (cf. tableau I). Pour indiquer ceci, 
on a écrit N(h)* à la place de N(h, 109) pour 8 < h < 12. 

On note N'(h,x) le nombre de p < x tels que h(p) = h, s(p) > 2 et 
(p- l)/2h soit premier, et N'(h) = N'(h,oo). On a écrit N'(h)* à la place de 
N'(h, 109) pour 8 < h < 12. 

La fonction Log(N(h))/h semble croître lentement et irrégulièrement: 
c'est au moins ce qu'on constate pour h < 12, avec Log(N(h))/h ^ 0,53. 

h = 2 N(h) = 2 
/i = 3 N(h) = 5 
/i = 4 N(h) = 5 
/i = 5 iV(/i) = 13 
/1 = 6 iV(/i) = 23 
h = 7 N(h) = 39 
h = 8 N(h)* = 69 
/i = 9 iV(/i)* = 110 
/i = 10 JV(/i)* = 217 
/ i = l l N(h)* = 359 
/i = 12 JV(/i)* = 708 
/i = 13 iV(/i, 109) = 1155 
/ i = 1 4 iV(/i,109) = 1163 
h — 15 N(h, 109) = 709 
/i = 16 iV(/i, 109) = 371 
/ i = 1 7 iV(/i, 109) = 171 
/i = 18 iV(/i, 109) = 88 
/i = 19 iV(/>, 109) = 50 

h = 20 JV(fc, 109) = 28 
/i = 21 iV(/i,109) = 14 
h = 22 N(h, 109) = 6 
h = 23 AT(/i,109) = 4 

/i = 24 iV(/i, 109) = 0 

/i = 25 iV(/i, 109) = 1 

h = 26 N(h, 109 = 1 

N'(h) = 2 N'(h)/N(h) = 1 
N'(h)=A N'(h)/N(h) = 0,8 
A-'(/i) = 3 N'(h)/N(h) = 0,6 

N'(h) = 8 N'(h)/N(h) = 0,62 
JV'(/i) = 12 N'(h)/N(h) = 0,52 
iV'(/i) = 16 N'(h)/N(h) = 0,41 
AT'(/i)* = 29 N'(h)*/N(h)* = 0,42 
N'(h)* = 43 N'(h)*/N(h)* = 0,39 
JV'(/i)* = 73 N'(h)*/N(h)* = 0,34 
iV'(/0* = 103 N'(h)*/N(h)* = 0,29 
N'(h)* = 206 N'{h)*/N(h)* = 0,29 
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V . E n s e m b l e des p < 109 t e l s que s > 2 et p < 24h/3 

Ces nombres premiers sont les seuls < 109 pour lesquels les majorations 
de Jacobi-Weil permettent que s(p3) > 2. 

p h s / s(p3) 

17 4 16 1 2 
257 8 256 1 2 

40 961 13 4 5 2 
65 537 16 65 536 1 2 

114 689 14 6 7 2 
163 841 15 4 5 2 
557 057 15 9 17 2 

2 4 2 4 833 16 6 37 2 
5 767 169 19 10 11 2 
7 340 0 3 3 20 6 7 2 

11 272 193 18 7 43 2 
13 631 489 20 12 13 2 
21 495 809 19 8 41 2 
23 068 6 7 3 21 10 11 2 
26 214 401 20 4 5 2 
37 224 449 19 6 71 2 
40 370 177 19 6 7 2 
70 254 593 20 6 67 2 

101 711 873 20 6 97 2 
104 857 601 22 4 5 
111 149 057 21 7 53 
136 314 881 21 4 5 
155 189 249 22 10 37 
167 772 161 25 4 5 
186 646 529 21 7 89 
199 229 441 21 4 5 
211 812 353 21 6 101 
230 686 721 22 4 5 
249 561 089 21 6 7 
469 762 049 26 6 7 
595 591 169 23 7 71 
645 922 817 23 6 7 
897 581 057 23 7 107 
998 244 353 23 6 7 
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V I . Valeurs de s p o u r h(p) = 6 

L'entier si est défini par le membre de droite de l'inégalité (SI) du §3, a) 
(pour p > 22h = 4 0 9 6 ) . 

p h s « 1 / 

449 6 5 7 
1 217 6 4 19 
2 753 6 3 43 
3 137 6 3 7 
4 289 6 3 182 67 
4 673 6 3 65 73 
5 441 6 3 31 5 
6 977 6 3 17 109 
9 281 6 3 12 5 

10 433 6 3 10 163 
11 969 6 3 9 11 
13 121 6 3 9 5 
15 809 6 3 8 13 
25 409 6 3 6 397 
25 793 6 3 6 13 
26 177 6 3 6 409 
26 561 6 3 6 5 
29 633 6 3 6 463 
33 857 6 3 5 23 
52 289 6 3 5 19 
53 441 6 3 5 5 
64 577 6 3 5 1009 
83 009 6 3 4 1297 
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V I I . Les 12 derniers p < 109 t e l s q u e h(p) = 12 et s(p) > 2 

p h s S i l 

386 019 329 12 3 7 73 
390 270 977 12 3 7 151 
398 233 601 12 3 7 5 
416 223 233 12 3 7 307 
434 040 833 12 3 7 105 967 
459 182 081 12 3 7 5 
491 696 129 12 3 6 7 
502 067 201 12 3 6 5 
524 185 601 12 3 6 5 
561 246 209 12 3 6 263 
588 648 449 12 3 6 137 
662 990 849 12 3 6 13 
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V I I I . Valeurs m a x i m a l e s d e s e n fonct ion de h t r o u v é e s 
p o u r p < 109 ( n o m b r e s de Fermât exc lus ) 

W = 2*/l/(*-i); tan t que W < 109, c'est effectivement la valeur maximale 
grâce aux majorations de Jacobi-Weil. 

h s P W 

2 4 5 40 
3 4 41 256 
4 4 113 1 625 
5 4 353 10 321 
6 5 449 32 768 
7 4 641 416 127 
8 6 3 329 602 248 
9 4 11 777 16 777 216 

10 8 13 313 7 597 760 
11 5 59 393 189 812 531 
12 6 151 553 467 373 274 
13 7 188 417 1 352 829 926 
14 6 114 689 13 019 906 170 
15 9 557 057 10 822 639 410 
16 6 2 424 833 
17 5 19 529 729 
18 7 11 272 193 
19 10 5 767 169 
20 12 13 631 489 
21 10 23 068 673 
22 10 155 189 249 
23 7 595 591 169 
24 
25 4 167 772 161 
26 6 469 762 049 
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I X . P l u s petite va leur de p pour laquel le s > 2 

p h s l b 

41 3 4 5 5 
17 4 16 1 1 

113 4 4 7 7 
353 5 4 11 11 
449 6 5 7 7 

95 873 7 3 7 749 = 7 • 107 
257 8 256 1 1 

3 329 8 6 13 13 
11 777 9 4 23 23 
13 313 10 8 13 13 
59 393 11 5 29 29 

151 553 12 6 37 37 
40 961 13 4 5 5 

114 689 14 6 7 7 
163 841 15 4 5 5 

65 537 16 65 536 1 1 
2 424 833 16 6 37 37 

19 529 729 17 5 149 149 
11 272 193 18 7 43 43 

5 767 169 19 10 11 11 
7 340 033 20 6 7 7 

23 068 673 21 10 11 11 
104 857 601 22 4 5 25 = 52 
595 591 169 23 7 71 71 
167 772 161 25 4 5 5 
469 762 049 26 6 7 7 
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X . P l u s petite valeur de p p o u r laquelle 5 = 3 

p h s l 

89 3 3 11 
401 4 3 5 
929 5 3 29 

4 289 6 3 67 
95 873 7 3 7 
14 081 8 3 5 
17 921 9 3 5 

136 193 10 3 7 
366 593 11 3 179 
643 073 12 3 157 

3 383 297 13 3 7 
3 260 417 14 3 199 
6 258 689 15 3 191 

20 512 769 16 3 313 
67 502 081 17 3 5 

Pour h > 18, on ne trouve aucun p < 109 pour lequel 5 = 3. 
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UNE GÉNÉRALISATION DE L'ALGORITHME DE 
VORONOÏ POUR LES FORMES QUADRATIQUES 

par A - M . BERGÉ, J . MARTINET et F . SIGRIST 

§ 1. In troduct ion . Soit n un entier > 0. On note Qn l'espace vectoriel des 
formes quadratiques sur R n que l'on identifie à l'espace vectoriel S y m n des 
matrices symétriques d'ordre n à coefficients réels, en associant à M G S y m n 

la forme Q(x) = lXMX où, pour x = (xx ,X2, . . . ,£„) G R n , X désigne 
la matrice-colonne de composantes x i , £2> . . . , x n et la notation 1A désigne la 
transposée de la matrice A. Pour une forme Q définie positive, on pose m(Q) = 
min x G Z n\{ 0 } Q(x) (le minimum de Q) et S(Q) — {x G Zn \ Q(x) = m(Q)} 
(ensemble des vecteurs minimaux de Q), et l'on note det(Q) le déterminant 
de t (M) de la matrice correspondant à Q (le discriminant de Q). L'invariant 
d'Hermite de Q est jn{Q) = ^ ( Q ) ( d e t ( ( 3 ) ) ~ 1 / n , et la constante d'Hermite 
pour la dimension n est 7 n = supç 7 n(Q)« 

Afin de calculer la constante d'Hermite, Korkine et Zolotareff ont introduit 
la notion de forme extrême (forme qui réalise un maximum local de l'invariant 
d'Hermite) et démontré le résultat suivant ([K-Z]) : 

1.1. T h é o r è m e ( K O R K I N E E T Z O L O T A R E F F , 1 8 7 7 ) . Si Q est une forme 

extrême, les formes de matrices YlY,Y 6 S(Q) engendrent Qn. (En parti

culier, Q possède au moins nin^~1) couples de vecteurs minimaux.) 

Les formes vérifiant cette propriété ont été appelées par la suite formes 

parfaites par Voronoï, qui a notamment démontré qu'elles sont en nombre 
fini à proportionalité et équivalence sous G l n ( Z ) près. C'est la notion de 
forme parfaite plutôt que celle de forme extrême qui est importante dans 
les applications. 

mots-clés : Formes quadratiques réelles, Formes parfaites, Réseaux parfaits. 
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[Noter que, lorsque Y parcourt les vecteurs-colonnes à n composantes, les 
matrices YlY parcourent l'ensemble des matrices positives de rang < 1 de 
S y m n , alors que lYY G R est le carré de la norme de Y.] 

Korkine et Zolotareff, à l'aide de méthodes combinatoires, ont classé les 
formes parfaites jusqu'à la dimension 5 , trouvant ainsi la valeur de 7 5 ([K-Z], 
1 8 7 7 ) . L'étude des formes parfaites a été reprise 3 0 ans plus tard par Voronoï 
(dans [V] , paru en 1 9 0 8 ) , qui a introduit une méthode entièrement nouvelle 
qui sera décrite en détail au § suivant. Indiquons simplement ici qu'il associe à 
toute forme parfaite Q de dimension n > 2 et de minimum m donné un cône 
polyédral d'intérieur non vide de Qn et à toute face de ce cône une forme 
parfaite dite contiguë à Q, et qu'il démontre que le graphe de contiguïté ainsi 
obtenu est connexe. La relation de contiguïté étant compatible à l'équivalence, 
l'ensemble des classes de formes parfaites de minimum donné se trouve muni 
d'une structure de graphe qui est fini et connexe, ce qui entraîne la validité 
du procédé de calcul suivant : 

1 .2 .Algor i thme ( V O R O N O Ï , 1 9 0 8 ) 

1. Choisir une forme parfaite QQ pour la dimension n. 
2. Déterminer ses formes contiguës Q i , . . . , Qr. 
3. Supprimer de la liste toute forme équivalente à une forme déjà ren

contrée. 
4. Terminer si aucune forme nouvelle n 'a été conservée. 
5. Sinon, faire la liste de toutes les formes contiguës à l'une des formes 

nouvelles et aller en 3 . 

À l'aide de cet algorithme, Voronoï ([V]) a vérifié les résultats de Korkine 
et Zolotareff pour les dimensions < 5 . Son article indique qu'il a également 
commencé l'étude de la dimension 6 (et il y annonce aussi diverses autres 
recherches qu'il serait peut-être intéressant de reprendre). Son décès survenu 
en 1 9 0 8 l'a empêché de poursuivre son programme. Le cas de la dimension 6 a 
été résolu un demi-siècle plus tard par Barnes ([Ba]), et celui de la dimension 
7 vient d'être résolu par Jaquet ([J]). Cette dernière étude a nécessité des 
calculs considérables sur ordinateur, et il ne semble pas possible de traiter la 
dimension 8 selon les mêmes procédés. 

Cela suggère de restreindre l 'étude de l'invariant d'Hermite à certaines 
familles de formes quadratiques pour lesquelles on peut développer un al
gorithme analogue dans un sous-espace T de Qn de dimension inférieure. 
Le paragraphe 2 est consacré à la description de cet algorithme. Voici* deux 
exemples qui seront étudiés avec quelques détails dans cet article : 
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1.3. E x e m p l e . Étant donnée une représentation intégrale p : G —> G l n ( Z ) 
d'un groupe fini G, on étudie l'ensemble Qp des formes quadratiques définies 
positives invariantes par p{G) ; dans ce cas, on peut prendre pour T l'espace 
de toutes les formes quadratiques invariantes par p(G). 

Cet exemple est étudié en détail aux §§ 3, où est justifié le choix fait pour T 
en même temps qu'est établi le lien avec la notion de G- réseau développée dans 
[B-M], et 4, consacré aux résultats effectifs obtenus à l'aide de l'algorithme de 
Voronoï. 

1.4. Exemple . Soit Q0 = Qo{xi,x2," ' , x r ) une forme quadratique définie 
positive à r < n variables. On étudie les formes quadratiques définies positives 
Q € QN de même minimum que QQ et telles que Q(xi,X2, • • • , x r , 0,0, • • • ,0) 
= Qo(xi,X2,- " , x r ) . On se place alors dans l'espace T des formes Q G Qn 

telles que Q{x\, • • • , x r , 0 , • • • ,0) = 0. Pour plus de détails, se reporter au § 5. 

Le problème de développer un algorithme de Voronoï dans le cas des 
G-réseaux (exemple 1.3 ci-dessus) est posé dans [B-M]. Il a été résolu 
indépendamment de nous par Joseph Oesterlé, que nous remercions par 
ailleurs pour les discussions fructueuses que nous avons eues avec lui. 

§ 2. N o u v e l a lgor i thme de Voronoï . On munit S y m n du produit scalaire 
(A, 23) = Tr(AB). On en déduit un produit scalaire sur Q n , et par restriction 
sur tous les sous-espaces de S y m n et de Q n . Pour x G R n , on note Px 

ou Px la forme de matrice XlX G S y m n . On a alors, pour x 6 R n et 
Q € Q n , Q(x) = {Q,PX) = (A, P x ) , où A est la matrice représentant la 
forme quadratique Q. 

2 .1 . Déf init ion. Soit T un sous-espace vectoriel de Qn. 

(1) Pour tout x € R n représenté par la matrice-colonne X , on note Qx 

(ou Qx) la projection orthogonale de Px = Px sur T. 
(2) On dit qu'une forme quadratique définie positive Q est T-parfaite (ou 

que la matrice de Q est T-parfaite) si les matrices Qx engendrent T 
tout entier lorsque x décrit l'ensemble S(Q) des vecteurs minimaux 
de Q. 

Si T' est un sous-espace de T , toute forme T-parfaite est T'-parfaite. 
Lorsque T — Q n , on retrouve la notion de forme parfaite introduite par 
Voronoï. On montre facilement que les vecteurs minimaux d'une forme parfaite 
engendrent R n . Nous nous restreindrons aux sous-espaces T vérifiant une 
propriété analogue : 

2.2 . H y p o t h è s e . Désormais, T désigne un sous-espace vectoriel de Qn 
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vérifiant la propriété suivante : les vecteurs minimaux des formes T-parfaites 
engendrent R n . 

La proposition suivante donne d'autres expressions de cette condition : 

2 .3 . P r o p o s i t i o n . Soit Q une forme quadratique définie positive. Les con
ditions suivantes sont équivalentes : 

(1) Il existe des coefficients positifs \ x , x G S(Q) tels que la forme 

quadratique X ^ e s ^xPx soit définie positive. 

(2) Pour toute famille de coefficients positifs \ x , x G S, la forme quadra

tique Ylxes est définie positive. 
(3) S(Q) engendre R n . 

Démonstration. Quel que soit le vecteur u G R n et les coefficients Xx > 0, on a 

xes(Q) 

^X {PT 5 -Pu) 
xes(Q) 

Xx(x.u)2 > 0 , 

et l'égalité a lieu si et seulement si u est orthogonal à x pour tout x G S(Q) 
(l'espace R n étant muni de son produit scalaire canonique). On en déduit tout 
de suite les équivalences de (1) et (3) d'une part et de (2) et (3) d 'autre part , 
c .q . f .d . 

2.4 . Déf ini t ion. Soit Q une forme quadratique définie positive. Le T-domaine 
de Voronoï VQ de Q est l'enveloppe convexe dans T des demi-droites fermées 
por tant les formes Qx pour x G S(Q). Si Q a pour matrice A, on écrit aussi 
VA au-lieu de VQ. 

Lorsque T = Q n , on retrouve la notion de domaine de Q introduite par 
Voronoï. ( En fait, le T-domaine de Q est la projection sur T du domaine 
classique). 

On a 
VQ = VA = { A^fix | A x > 0 } , 

xeS(Q) 

et l'intérieur du T-domaine de Voronoï de Q est 

lnt(Vn) = { 
xeS{Q) 

A X Q X | Xx > 0 } . 

Dire que Q est T-parfaite revient à dire que VQ est d'intérieur non vide 

dans T . 
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Dans la suite, on suppose que Q est T-parfaite. (On pourrait se passer de 
cette restriction, à condition de remplacer dans les énoncés ci-dessous T par le 
sous-espace de T engendré par VQ.) Soit T une face de codimension 1 de VQ 
dans T . C'est un cône polyédral contenu dans VQ qui engendre un hyperplan 
H de T . On a T — H fï VQ, et VQ est contenu dans l'un des demi-espaces 
fermés définis par H. Il existe une forme QF 6 T', unique à une homothétie 
positive près, vérifiant les deux conditions suivantes : 

(1) (QF,^X) > 0 quel que soit x G S(Q). 

(2) (QF^J) = 0<=>nxeJ:. 
Une telle forme est appelée forme de face de Q associée à T, et l'on note 

F la matrice correspondante. On a alors 

VQ = {QF e T \ (QF, Q') > 0 pour toute forme de face QF de Q}. 

Dans la pratique, on procède de la façon suivante : on commence par choisir 
une base B — (T i ,T2 , . . . ,Tk) de T (des choix commodes sont indiqués dans 
certains cas aux §§ 4 et 5) ; soit = (7\*, T 2 *, . . . , T£) sa base duale dans T . 
Pour tout x G 5 ( Q ) , représenté par la matrice-colonne X , on détermine les 
composantes Ui^x de fix dans B* à l'aide des formules 

Wi,x = ( f i x . T f ) = (Px ,T i ) = ' X A X = Q T i ( x ) . 

La partie algorithmiquement difficile est l'établissement de la liste des faces 
de VQ. Comme il n'y a pas de différence de principe avec ce qui se fait dans le 
cas classique, nous renvoyons le lecteur à la thèse de Jaquet ([J]). La recherche 
d'une forme de face QF pour une face T se fait en résolvant le système linéaire 
suivant, qui donne les composantes fi de QF dans la base B : 

]viiXfi = 0 (xeT) 
i 

i 

VLxfi > 0 (x £ j n . 

On notera qu'il est inutile de déterminer B*. 

Pour tout nombre réel 6 > 0, on pose QQ — Q -h 6QF ; c'est une forme 
quadratique de matrice AQ — A + 9F. Les vecteurs X de S(Q) dont l'image 
ttx est dans T sont de norme m, et ceux dont l'image n'est pas dans T sont 
de norme m H- 0QF(X) > m dès que 0 est > 0. Par ailleurs, les vecteurs 
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minimaux de Q$ proviennent de ceux de Q lorsque 8 est assez petit. Il en 
résulte que, pour 6 > 0 assez petit, Qo est une forme non T-parfaite de même 
minimum m que Q. 

2.5. Déf ini t ion. On note p G]0,+oo] la borne supérieure des 6 > 0 tels que 
Qe soit positive de minimum m. On dit que T (ou que F) est une impasse 
si p = +oo. Lorsque T n'est pas une impasse, la forme Qp s'appelle la forme 
T-contiguë à Q par T (ou par F). 

2.6. P r o p o s i t i o n . 

(1) Si T n'est pas une impasse, la forme Qp est T-parfaite. 
(2) T est une impasse si et seulement si la forme Qp est positive. 

Démonstration. Si QF est positive, on a Qo(x) > Q(x) > m pour tout x G Z n 

non nul, donc p = +oo. Dans le cas contraire, il existe x G R n avec QF(X) < 0. 
Comme il existe des points de Z n arbitrairement proches de la droite Rx, il 
existe y G Z n avec QF(V) < 0. Alors, Qe(y) est < 0 pour 6 assez grand, et 
un tel 6 est un majorant de p, d'où (2). En outre, on a Qp(x) > m pour tout 
x ^ 0 de Z n , mais, comme Q$ prend sur Z n \ {0} des valeurs < m pour tout 
0 > p, il existe z G Z n avec Qp(z) = m et QF{Z) < 0. Le vecteur 2 est donc 
un vecteur minimal de Qp qui n'est pas un vecteur minimal de Q. Comme le 
système des Ctx G T (x G S(Q)) est de rang d i m T — 1, le système formé par 
£}a:,£ G ̂ * et £lz est de rang d i m T , c.q.f.d. 

Le lemme suivant est énoncé en termes de matrices. 

2.7. L e m m e . Soient A,Be S y m n deux matrices définies positives de même 
minimum m avec A — B G T . 

(1) Pour tout C G VA HVb, on a (C,A) = (C,B). 
(2) Si lnt(VA) H VB est non vide, alors V A C V B . 

(3) Si de plus A est T-parfaite, alors B = A. 

Démonstration. Posons C = !L,X£S(A) ^X^X avec des coefficients Xx > 0. 
Comme 
A - B G T , on a 

( C , A - 5 ) = £ XX(QX,A-B)= Y X*(Px,A-B) 

xes{A) xes(A) 

= Y y x ( m - { P x , B ) ) < 0 . 
xeS(A) 

On a de même (C, 5 - A) < 0, d'où (1). 
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Lorsque C G Int(A), on peut prendre les \x strictement positifs. Comme 
m-(Px,B) est < Opour tout x G S (A), l'égalité Y.xeS(A) ^x(m-{Px,B)) = 0 
entraîne que l'on a (PX,B) = m pour tout x G S(A), d'où 5(A) C 5(J3), i.e. 

Comme A - B G T , la condition (P^-A - 5 ) = 0 pour tout x G S (A) 
équivaut à (QX,A - B) = 0 pour tout x G ce qui, lorsque A est 
T-parfaite, implique A - B — 0, c .q.f .d. 

L'ensemble des formes T-parfaites est l'ensemble des sommets d'un graphe 
non orienté dont les arêtes sont les couples de formes contiguës (la relation 
de contiguïté est clairement symétrique). On s'intéresse à la connexité de ce 
graphe, que l'on étudie à l'aide du résultat suivant, dont nous laissons comme 
Voronoï la démonstration au lecteur : 

2.8. L e m m e . (VoRONOÏj Soit $ une forme quadratique définie positive, 
soient m et K deux constantes. L'ensemble des vecteurs minimaux des formes 
définies positives Q de minimum m et telles que (Q, $) < K est une partie 
finie de Zn. 

On rappelle que T désigne un sous-espace vectoriel de Qn tel que les 
vecteurs minimaux de toute forme T-parfaite engendrent W1. 

2.9. T h é o r è m e . Soit Qo G Qn et soit £ Vensemble des formes quadratiques 
Q de même minimum m que Qo et telles que Q — Qo G T . Alors, le graphe 
de T-contiguïté des formes T-parfaites de £ est connexe. 

Démonstration. Soit Q une forme T-parfaite de £. Soient Àx,x G S(Q) des 
nombres réels > 0, soit $0 = YlxeS(Q) et soit * = Y,xes(Q) ^xPx-
Comme Q est T-parfaite, l'hypothèse faite sur T implique que est définie 
positive. Si $o est dans VQ0, alors le lemme 2.7 montre que Qo — Q- Sinon, 
il existe une forme de face F de Qo avec ($o,F) < 0, ce qui entraîne qu'il 
existe au moins un x G S(Q) vérifiant (QX,F) < 0. Il existe donc une forme 
T-contiguë Qi à Qo par F, et l'on a 

(Qu*o) = (Qo,*o) + p(F,$o) < <Qo,$o). 

Si $o 0 on contruit de même une forme T-contiguë Q2 à Q\ telle que 
(Q2,$o) < (Qii&o)- On construit ainsi une suite Qo,Qi, - ,Qi de formes 
T-parfaites de même minimum m et telles que 

( Q o , * ) > < < ? i , $ ) > • • • > ( & , * ) , 

car, comme Q¿+i - Qi appartient à T , on a 

vAcvB. 

(Qi+ i ,S ) - {Qi,*) = (Qi+iM - (Qi,$0) < 0 . 
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Comme $ est définie positive, et comme, pour tout z, Ton a (Qi,$) < (Qo, 
il existe une partie finie S de Z n telle que, pour tout z, on ait S(Qi) C S. 
La famille des S(Qi) est donc finie. Soient i et j deux indices tels que 
S(Qi) = S(Qj). Pour tout x G S(Qi), on a (Qi-Qj,iïx) = {Qi~Qj,Px) (car 
Qi — Qj € T ) , et cette expression est nulle, puisque (Qi, P x ) = (Qj,Px) = rn. 
Comme Qi est T-parfaite, les Qx,x G S{Qi) engendrent T, et les conditions 
(Qi — Qj,Qx) = 0 pour tout x G S(Qi) entraînent donc Qi - Qj — 0. Par 
conséquent, la suite (2i ,Q2>--- est finie, et il existe un indice p tel que <£> 
appartienne à ce qui entraîne par le lemme 2.7 que Qp = Q, c .q.f .d. 

Dans la théorie classique de Voronoï, on exprime les résultats sur l'ensemble 
des classes d'équivalence modulo G l n ( Z ) de formes quadratiques (de minimum 
donné). Pour étendre la théorie, on doit introduire la définition suivante : 

2.10 . Déf init ion. On dit que deux formes quadratiques Q et Q' de matrices 
respectives A et A' sont T-équivalentes s'il existe M G G l n ( Z ) vérifiant les 
deux conditions lMAM = A' et lMTM C T . 

2 .11 . Propos i t i on . La relation de contiguïté est compatible à la 
T-équivalence. 

[Cela signifie qu'une T-équivalence entre deux formes T-parfaites met en 
bijection les ensembles de leurs formes contiguës. En particulier, à deux faces 
T-équivalentes d'une même forme stable par cette équivalence sont associées 
des formes contiguës T-équivalentes.] 
Démonstration. Rappelons que si deux formes quadratiques R et R' sont 
équivalentes par une transformation de matrice M , on a, pour tout vecteur-
colonne X , R(X) = R'(M~1X). 

Soit F une matrice de face du domaine DQ de Q, et soit F' = LMFM. 

C'est un élément de T . Soit X G S(Q) tel que Qx soit dans la face orthogonale 
à F de VD. Alors, M~lX G S(Q') vérifie 

(F\QM-1X) - ( P ' , P M - x ) = (F,PX) = (F,QX) = 0 . 

Donc, F' est une matrice de face pour VQI. (Noter cependant que VQ> est en 
général distinct de 1MVQM, car l'équivalence n'est pas une transformation 
orthogonale pour le produit scalaire (.,.).) 

Pour tout 6 G R, soit Qe la forme de matrice Ae = A+6F. Soit p G RUoo la 
borne supérieure des 9 > 0 tels que Qe soit positive de minimum m(Q) sur Z n , 
et soit Q70 la forme transformée de Qe par M . Sa matrice est A'e — A1 + 6F1 

et l'égalité Q ^ ( M _ 1 X ) Q ^ ( X ) montre que p est la borne supérieure des 6 > 0 
tels que soit positive de minimum m{Q) — m(Q') sur Z n , c.q.f .d. 
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La proposition ci-dessus justifie que l'on opère comme dans l'algorithme 
classique rappelé en 1.2 pour la recherche des formes T-parfaites à partir 
d'une forme Qo donnée. Toutefois, on ne peut pas garantir la finitude du 
graphe à T-équivalence près sans hypothèses supplémentaires. Du reste, la 
notion de T-perfection est purement formelle lorsque l'on ne l'applique pas à 
des formes possédant des propriétés particulières liées à T , comme dans les 
exemples 1.3 à 1.5. 

2.12. Remarque. Dans le cas classique, Voronoï montre que les demi-droites 
portant les matrices Qx (x parcourant l'ensemble des vecteurs minimaux d'une 
forme parfaite Q) sont toutes des arêtes de de P Q , et qu'il n'y a pas d'impasse. 
Ceci ne se généralise pas : des contre-exemples sont signalés au § 4 (ex. 4 . 3 et 
4 . 2 ) . 

§ 3 . A c t i o n s de groupes . Soit G un groupe fini. Rappelons qu'une 
représentation intégrale de rang n du groupe G est un homomorphisme 
p : G —> G l N ( Z ) ; il revient au même de se donner une structure de Z[G]-
module sur Z N . On dit que deux représentations intégrales p et p' sont 
équivalentes s'il existe M G G l N ( Z ) telle que, pour tous s G G, on ait 
M~lp{s)M = p'(s). 

Soit L un Z[G]-module, libre de rang n sur Z . On associe de façon naturelle 
à toute base de L une représentation intégrale de G, ce qui met en bijection 
les classes d'isomorphisme de Z[G]-modules Z-libres de rang n et les classes 
d'équivalence de représentations intégrales de rang n de G. 

Soit E un espace euclidien et soit p : G —* O(E) une représentation ortho
gonale de G. Un G-réseau ([B-M], § 1 ) est un réseau stable par G. L'ensemble 
71G des G-réseaux est non vide si et seulement si p est rationnelle sur Q ([B-M], 
§ 2 ) . Un réseau A G TZG définit plus précisément une classe de représentations 
intégrales. La correspondance entre Z[G]-modules à isomorphismes près et 
classes de représentations intégrales se traduit ainsi : 

3 .1 . P r o p o s i t i o n . Pour que deux réseaux A et A' défínissent la même classe 
de représentations intégrales, il faut et il suint qu'i] existe un élément f du 
commutant de p dans G\(E) appliquant A sur A'. 

Pour déterminer les G-réseaux G-parfaits au sens de [B-M], déf. 2 . 3 , à 

l'aide d'un algorithme de Voronoï du type du § précédent, il sera nécessaire 

de distinguer les diverses représentations intégrales définissant une même 

représentation sur Q. Le problème de classification que cela soulève est en 

général difficile. Nous verrons en fin de § quelques exemples faciles, relatifs au 

cas d'un groupe G cyclique. 
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Étan t donnés deux bases B et B' et un endomorphisme / de E, on 
note M a t ( / , B ' ) la matrice de / dans les bases B et B\ et Ton écrit 
simplement M a t ( / , B) lorsque B — B1. Rappelons que la matrice de Gram de 
B = ( e i , . . . ,e„) est Gram(5) = (e¿.e¿) ; on a aussi Gram(Z3) = Mat(Id, B, B * ) , 
où B* désigne la base duale de B pour la structure euclidienne de E. 

Soit A G 1ZGI soit B une base de A et soit A = Gram S. Au couple (A, 6 ) , 
on associe la forme quadratique Q P O = lXAX, de matrice A, ce qui permet 
d'associer au réseau A la classe modulo G l n ( Z ) de la forme quadratique Q 
(n est le rang de A). Si l'on passe de la base B à une base B' à l'aide de la 
matrice de passage M , la forme Q devient la forme Q' de matrice A' = lMAM. 
Le remplacement de A par un réseau qui lui est isométrique ne modifie pas la 
classe de formes associée à A. 

Supposons maintenant que A soit dans TZG- Au couple (A, B) correspond 
alors la forme quadratique Q de matrice A et une représentation intégrale p 
que l'on peut définir par des matrices USJs G G telles que tUsAUs — A (ce 
qui ne fait que traduire l 'appartenance de p(s) à O(E) ; on dit que Q (ou que 
A) est invariante par p). 

Posons 

T = {Te Sym n (R) | Vs G G, lUsTUs = T}. 

3 .2 . P r o p o s i t i o n . Un G-réseau A' définit une représentation intégrale 
équivalente à s \-> Us si et seulement s'ii possède une base dont la matrice de 
Gram appartient à T . 

Démonstration. Si A' possède une base B' telle que Mat(p(s) ,B') = U8, on a 
G r a m ( # ' ) = Gram (p(s)(B')) (parce que p est orthogonale), ce qui exprime 
l 'appartenance de Gram(# ' ) à T . 

Réciproquement, soit A7 un réseau et soit B1 une base de A' telle que 
A' — Gram(B') soit dans T (Le., on a tUsA'Us = A' quel que soit s G G). 
Montrons que A' est isométrique à un réseau A" définisant la même classe de 
représentations intégrales que le réseau A de départ. 

Soit / G Gl(E) tel que A' = / ( A ) . Soit B une base de A telle que 
Gram( /3 ) = A et que Us = Mat (s ,B) (on a donc tUsAUs — A), de base 
duale B*. On a 

A' = M&t(lff,B,B*) et 'UsA'Us = Mat(lp(s)1 ffp(s),B,B*). 

La condition tUsA
lUs = A! équivaut à tp(s)tffp(s) = lff. Comme 

tp(s) = p ( s ) _ 1 (parce que p est orthogonale), cela signifie que p(s) et lff 
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commutent. Il en est donc de même de y^Jf et p{s) ([B-M], dém. du lemme 

2.1). Le réseau A" = x / V 7 ( A ) e s t isométrique à / (A) (on a f/y/^ff G 0(E)) 

et est en outre Z[G]-isomorphe à A, c .q .f .d . 

(Nous avons utilisé le fait qu'un endomorphisme symétrique u à valeurs 

propres > 0 possède une unique racine carrée à valeurs propres > 0 ; il est 

immédiat que ce résultat s'applique à lff quel que soit / G End(E').) 

Soit A G TZQ- Les G-réseaux voisins de A au sens de la topologie induite par 

celle de G\(E) correspondent à la même classe de représentation intégrale de 

G que A, c'est-à-dire appartiennent à l'orbite de A sous l'action du commutant 

de G. Notons SQ le sous-espace vectoriel des endomorphismes symétriques de 

E commutant avec p(s) pour tout s G G. On montre dans [B-M] que, si le 

réseau est G-extrême, c'est-à-dire s'il réalise un maximum local de l'invariant 

d'Hermite dans 71G, il est G-parfait, en ce sens que les formes linéaires sur 

SG 

(fx : h »-> h(x).x 

engendrent, quand x décrit l'ensemble S (A) des vecteurs minimaux de A, le 

dual SQ de SG-

3.3 Propos i t i on . Soit B une base du G-réseau A, soit A = Gram(Z?) et soit 
T l'espace des matrices invariantes par la représentation intégrale associée à 
B. Alors le réseau A est G-parfait si et seulement si A est T-parfaite. 

Démonstration. Comme on l'a remarqué au cours de la démonstration de la 
proposition 3.2, on a, pour tout endomorphisme h de E et tout 5 G G, 

Mat (p(s)hp{s~l),B,B*) = 'UsHUs, 

où H = Mat(/i,B,Z?*) et Us = Mat(p(s) , B), de sorte que l'endomorphisme h 
appartient à SG si et seulement si sa matrice H appartient à T . 

Par ailleurs, si l'on suppose l'une de ces deux conditions vérifiée, on a, pour 
tout x E E représenté par la matrice colonne X dans B : 

(Qx, H) = (Px, H) = lXHX = <px (h) ; 

on voit ainsi que les (ttx)xeS(A) engendrent T si et seulement si les ((px)xes(A) 
engendrent <S£, c .q .f .d . 

Remarquons que Qx ne dépend que de l'orbite de X : cela résulte du calcul 

suivant (on a a G G et T G T , donc lUaT = TU'1) 

(P„x,T) = (U.Px'U^T) = TriUvPxitU.T)) = 

^{U^PxTU;1) = Tv(PxT) = (PX,T). 
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Toutefois, on peut avoir Qx = ^x' pour deux vecteurs minimaux n'apparte
nant pas à la même orbite. En outre, contrairement à ce qui se passe dans 
le cas classique, la demi-droite qui porte Çtx peut ne pas être une arête du 
domaine de Voronoï pour T , cf. ex. 4.3. 

On montre dans [B-M] (prop. 2.9) que les vecteurs minimaux d'une forme 
G-invariante G-parfaite engendrent R n , ce qui assure la connexité du graphe 
de Voronoï (th. 2.9). 

Examinons maintenant deux exemples de classifications de représentations 
intégrales d'un groupe G cyclique, correspondant à une représentation ra
tionnelle p donnée de G. 

Supposons d'abord que p soit Q-irréductible. Soit m l'ordre de G (donc, p 
est de degré n — <p(ra)). Les Z[G]-modules L tels que Q ®z L définisse une 
représentation isomorphe à p s'identifient à des Z[£m]-modules de rang 1, ce 
qui met en bijection les classes de représentations intégrales associées à p et 
les classes d'idéaux du m-ième corps cyclotomique. (Pour tout entier k > 0, 
on note Çife une racine de l'unité d'ordre k dans une clôture algébrique de Q.) 
En particulier, il n'y a qu'une classe de représentation intégrale lorsque m est 
< 23. 

Supposons maintenant que G soit d'ordre Í premier, p étant la représenta
tion régulière. Plongeons L dans Q ® z L ~ Q[G], et soit O = {A C Q[G] | 
XL e L} Vordre associé à L. L'ordre D est égal à Z[G] ou à l'ordre maximal 
9JI ~ Z x Z[Çz] de Q[G], puisque [Wl : O] = L On montre (cf. ci-dessous) que, 
dans le premier cas, L est projectif sur D . Il en résulte que les représentations 
intégrales associées à p sont classées par deux invariants : leur ordre associé 
O et une classe d'idéaux de Q[C¿]> puisque, lorsque O = Z[G], le groupe 
des classes de Z[G] s'envoie injectivement dans celui de 5JÎ par extension des 
scalaires (théorème de Dock Sang Rim, [R]). 

Indiquons une justification possible du fait qu'un réseau d'ordre associé Z[G] est Z[G}-

projectif, en revenant d'abord au cas général d'une représentation sur Q d'un groupe 

cyclique arbitraire G, définie par un Q[G]-module V. 

Pour tout sous-groupe H de G et tout sous-Z[G]-module L de V de type fini engendrant 

V, le quotient de Herbrand h(H, L) ([Se], ch. VIII, § 5) est défini et ne dépend que de H 

et de la classe d'isomorphisme de V : en effet, si L\, L2 et L' sont des sous-Z[G]-modules 

de V de type fini et engendrant V avec L' C L\ fi L2, on a h(H,L\) = h(H,L') 
et h(H, L2) — h(H, L') , puisque Li/L' et Z/2/Z/ sont des groupes finis ; on le note 

h(H,V). 
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3.4 . L e m m e . Si V est libre de rang 1 sur Q[G], h(H, V) = 1 quei que soit if. 

En effet, on peut calculer h(H, V) en prenant L — Z[G], qui est libre sur H pour 
tout sous-groupe H de G. 

3.5. T h é o r è m e . Soit G un groupe cyclique, soit V un Q[G]-module libre de 
rang 1, et soit L un sous-Z[G]-module de V de type uni et engendrant V. Les 
conditions suivantes sont équivalentes : 

(1) Uordre Û associé à L est égal à Z[G]. 

(2) Pour tout sous-groupe H de G et tout entier m > 1, ^ X ^ e t f 5 ne 
stabilise pas L. 

(3) L est projectif sur Z[G]. 

(4) L est localement libre sur Z[G]. 

Démonstration. Il est clair que (1) entraîne (2), car on a l'implication 
(m E S G Í Í SsGif C L SsGifm SsGif ^ £ O. Si (2) est vérifiée, H°(H, L) est nul pour 

tout sous-groupe H de G. Il en est donc de même de i i (H, L) puisque h(H,L) = 1. 

Le module L est alors cohomologiquement trivial, donc projectif sur Z[G] puisqu'il est 
libre sur Z ([Se], ch. IX, th. 6 et 7). L'implication (3):=^(4), qui résulte d'un théorème 
de Swan qui s'applique plus généralement à tous les groupes finis ([Sw]), est également un 
résultat standard d'algèbre comutative. Enfin, (4)=r>(l) est immédiat une fois que l'on 
s'est ramené par localisation au cas d'un module libre, C.q.f.d. 

§ 4. A lgor i thme de Voronoï pour un groupe donné. Nous avons au 
§ 3 décrit les représentations intégrales d'un groupe cyclique lorsqu'il s'agit 
d'une représentation irréductible ou de la représentation régulière d'un groupe 
d'ordre premier L Nous explicitons d'abord l'espace T , en nous limitant aux 
représentations fidèles, ce qui ne nuit pas à la généralité. 

Dans tout ce §, G désigne un groupe cyclique d'ordre m > 3, a un 
générateur de G et C une racine d'ordre m de l'unité (dans une clôture 
algébrique donnée de Q ) . On se donne en outre une représentation intégrale 
de G de degré n définie par un réseau A muni d'une base B. On se limite au 
cas où A est Z[G]-monogène, et l'on écrit A = Z[G]x. 

L'espace T introduit au § 3 est constitué par les matrices Mat(i>,B,B*) où 
v parcourt le commutant End^(E') de G dans Ends(E) . Les matrices de T 
s'écrivent (dij) avec 

dij = v(crl~1x).aj~1x = al~jv(x).x , 

149 



A.-M. BERGE & J. MARTINET & F. SIGRIST 

ce qui, en posant 
dij = ai-j (= otj-i) : 

- ( a 1 + a l)v(x).x (i mod m), s'écrit encore 

( * ) ( a i , j ) = 

/ а0 ai OLI ttn-i \ 
OL\ 0¿o OL\ OLn-2 

0L2 OL\ a 0 *• . . . an_3  

ai O¿Q a\ \ a n _ i a n Oil OL\ a0 

Quant aux T-équivalences, on les recherche entre matrices de T de la 
forme (*) associées à des suites ai et a'{ en recherchant dans le module 
quadratique Z[G]x tel que x.ulx = ai un élément x' vérifiant x'.alx' = a[. 
La matrice M correspondante est celle des vecteurs (x1, ax',..., an~ïx') dans 
la base (x,ax,... ,an~1x) ; c'est une matrice de T-équivalence, car on vérifie 
tout de suite qu'elle définit un élément du commutant dans G l n ( Z ) de la 
représentation considérée. 

Occupons-nous d'abord du cas d'une représentation Q-irréductible de 
G, donc de degré n = y (m) pair ; on pose n = 2p. Un choix possible 
pour A est alors Z[Ç] plongé dans l'espace R <g> Z[C] muni de la forme 
bilinéaire l<8>Trq(Q/Q(xy), et rapporté à la base • • • , C N - 1 - Le polynôme 
cyclotomique (qui est un polynôme réciproque) est de la forme 

$m(X) = Xn + a x l " - 1 + • • • + apX
p + . . . + 0 l X + 1 

= Xp[Xp + X~p + aiiXP-1 + X-b-V) + • • • + a p ] , 

d 'où l'on déduit la matrice représentant a : 

U„ -

'О 
1 
о 

0 
0 
1 

\ o o 

0 
0 
0 

- 1 
- a i 
- a 2 

-ai J 

On montre dans [B-M] que l'espace T (isomorphe à Ends

G(E)) est dans 

ce cas de dimension p. Or, dans la forme générale des matrices de T , les 

coefficients a p , a p + i , - - - , a n _ i sont maintenant combinaisons linéaires des 

V—\ paramètres 

a o , a i , • • • et a p _ i . 
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On les calcule de proche en proche à l'aide du polynôme cyclotomique : on a 

aP + a~p = -ai{av~l + a " ( p - 1 } ) a p _ i ( a + a " 1 ) - a p , 

d'où 
1 

OLV — - a i a p _ i a p _ i a i - -apa0, 

puis, pour i = p + l , - - - , n — 1, la formule de récurrence 

On obtient donc ainsi une description complète de l'espace T des matrices 
G-invariantes. 

Par exemple, pour m = 3, o n a T = j ^ -21/2 ~°A/2 ) I a o £ K j . 

Pour m = 9, le polynôme cyclotomique est ^g(X) = X3(X3 -h X ~ 3 + 1), 
d'où l'on déduit les relations définissant T : 
#3 = - et »5 = 4̂ = -ai + OL^-

Les relations entre les paramètres ot{ sont très faciles à expliciter dans le 
cas où m — £ est un nombre premier, et donc n = £ — 1 : on a alors 
ûfp = - a p _ i - a p _2 - • • • - ai - \a$, et, pour 1 < i < p - 1, a p + ; = a p _ ; + i . 

Notons que l'étude de la représentation Q-régulière de G représentée 
en dimension £ par l'ordre maximal Z x Z( ( ) de Q[G], muni de la base 
((1,0), (0,1), (0, ( ) , • • • > ( 0 , ( n - 1 ) ) > se ramène directement à la précédente : 
il suffit de "border" la matrice Ua et celles de T par une première ligne 
(1, 0, - • • ,0) et la première colonne transposée de celle-ci. 

Considérons maintenant la représentation Z-régulière de G. Cette représen
tation est donc de degré n — m, de polynôme caractéristique Xm — 1, et 
correspond au réseau Z[G] muni de sa base (1, a, cr2, • • • , a n _ 1 ) , qui conduit 
pour <j à la matrice suivante : 

f0 0 . . 0 1 \ 
1 0 . . 0 0 

Uo = 0 1 . . 0 0 

u 0 . . 1 0 / 

L'espace T est constitué des matrices de la forme (*) où les coefficients ai 

sont liés par les seules relations ai — an-i (= am-i) : en effet, si l'on pose 

ai{av~l + a"(p-1})ai{av~l + a"(p-1})ai{av~l + a"(p-1})ai{av~l + a"(p-1}) 
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n = 2p si n est pair et n = 2p 4- 1 si n est impair, ces matrices dépendent 
des p + 1 paramètres c*o,ai,--- , # p , alors que Ton a vu dans [B-M] que la 
dimension de Ends

G(E) est précisément égale à p + 1. 

4 . 1 . E x e m p l e , n = 4, m = 5. La représentation s'identifie à celle du groupe 
G cyclique d'ordre 5 opérant sur Z[ ( 4 ] . L'espace T est de dimension 2. On en 
considère la base 

2 0 - 1 - 1 \ 
0 2 0 - 1 

- 1 0 2 0 
- 1 - 1 0 2 / 

et T2 = 

/ 0 1 - 1 - i N 

1 0 1 - 1 
- 1 1 0 1 

V-i - i l o / 

La matrice suivante (qui est la matrice de Gram du réseau A4 associée au 
diagramme de Dynkin correspondant) définit une forme T-parfaite : 

A — T1-T2 — 
(2 

- 1 0 
0 ^ - 1 2 - 1 0 

0 - 1 2 - 1 

V 0 0 - 1 2 } 

Les 10 vecteurs minimaux de A se répartissent en 2 orbites auxquelles 
correspondent les 2 vecteurs de face Fi — T2 et F2 = Ti - 2T 2 (il est inutile 
d'expliciter les faces elles-mêmes). Ces deux vecteurs sont T-équivalents par 
la matrice 

f - \ - 1 0 0 \ 
- 1 1 0 - 1 
- 1 0 1 - 1 

\ 0 0 1 - l / 

M = 

(trouvée comme matrice dans la base canonique de R 4 d'un élément d'ordre 
4 du normalisateur de G dans G l n ( Z ) ) ) . 

On est ramené à étudier le premier vecteur de face F\ — T2. Pour p = 1, 
on obtient la forme de matrice (Ti — T2) + 1 x T2 — Ti, T.-équivalente à la 
forme de départ par la matrice 

M ' = 

/ 1 0 0 - r 
1 1 0 - 1 
0 1 1 - 1 

Vo o î o 

qui correspond au changement de base 
(ei , a e i , a 2 e i , cr 3ei) »-> (ei+e2, o{e\+e2), a2(ei+e2), c r 3 ( e i+e 2 ) ) . Il n'y a donc 

T = 
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qu'une seule classe de T-équivalence de formes parfaites (i.e., une seule classe 
de similitude de G-réseaux parfaits au sens de [B-M]) dans le cas d'un groupe 
Q-irréductible d'ordre 5 en degré 4 (d'où le fait, trouvé antérieurement par 
Schoof et Washington, que A 4 réalise le maximum de la constante d'Hermite 
sur ces G-réseaux). 

Le cas des groupes d'ordres 8 et 12 est analogue : on trouve encore une 
seule classe de réseaux parfaits, en l'occurence semblables à ce qui donne 
une nouvelle démonstration du th. 4.3 de [B-M]. 

4.2 . Exemple , n = 5, m — 5. On s'intéresse dans cet exemple à la 
représentation régulière sur Q d'un groupe G cyclique d'ordre 5. Il y a deux 
classes de représentation intégrale sur Z. L'une est définie par le Z-module 
Z x Z[£ 4], et conduit donc d'après l'exemple précédent à une unique forme 
parfaite à similitude près, à savoir A\ x et l 'autre est la représentation 
régulière sur Z, que nous examinons maintenant. 

L'espace T est de dimension 3 ; c'est l'ensemble de matrices suivant : 

(a,/3,7) = 

fa ¡3 7 7 p\ 
/3 a ¡3 7 7 
7 P a /3 7 
7 7 (3 a fi 

\/3 7 7 /3 a.) 

dont on définit une base ( r i , r 2 , r 3 ) par l'égalité (a , /? ,7) = aTi + f3T2 +7T3. 
On vérifie que les deux matrices suivantes 

M = 

1 1 - 1 1 0 0 f° 0 0 0 1 \ 
0 1 - 1 1 0 0 0 1 0 0 
0 0 1 - 1 1 et M' = 1 0 0 0 0 
1 0 0 1 - 1 0 0 0 1 0 

\ - 1 1 0 0 1 1 \o 1 0 0 0 / 

sont des matrices de T-équivalence ; M, d'ordre infini, est dans le commutant 
de G dans G l n ( Z ) , et M', d'ordre 2, dans son normalisateur. Dans la base 
( T i , r 2 , r 3 ) , les transformations T : X H-» lMXM et T' : X •-» lM'XM' sont 
définies par les matrices 

/ 3 - 4 2 \ / 1 0 0 \ 
r : - 2 4 - 1 et r' : 0 0 1 

V 1 - 1 1 / \0 1 0 / 
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La matrice de Gram du réseau A 5 dans une base de Korkine-Zolotareff est de 
la forme 

/ 2 1 1 1 1 \ 
12111 1111111 

A = (2,1,1) = 1 1 2 1 1 
1 1 1 2 1 

\ 1 1 1 1 2 / 

elle est parfaite donc T-parfaite, et possède 15 vecteurs minimaux, répartis 
en trois orbites représentées par les vecteurs (1 ,0 ,0 ,0 ,0) , ( 1 , - 1 , 0 , 0 , 0 ) et 
( 1 , 0 , - 1 , 0 , 0 ) . Les projections sur T correspondantes ont pour composantes 
dans la base duale (T{,T2,T£) 

î î i - (1 ,0 ,0) , Q2 = (2,0,0) et Q3 = (2,0, - 2 ) . 

Les matrices de face F{j orthogonales aux matrices Qi et Qj ont pour 
composantes dans la base (Ti,T 2,T3) 

F i | 2 = ( 0 , 0 , - 1 ) , F i f 3 = ( 0 , - 1 , 0 ) et F 2 f 3 = (1 ,1 ,1) . 

Les faces T \ ) 2 et F\$ sont échangées par Pinvolution T', et F2^ est une impasse, 
la forme quadratique qui lui est associée étant {x\ + x2 + x% + x± + X 5 ) 2 . La 
forme contiguë à A le long de T\ , 2 est B = A 4- T \ ? 2 (on a p = 1), qui 
est équivalente à une matrice de Gram du réseau D$ (réseau de racines de 
déterminant 4). 

Par des calculs analogues que nous ne reproduirons pas faute de place, on 
trouve que B a 4 faces : une impasse, deux faces échangées par r' o T - 1 et 
T-équivalentes à A, et une face dont la forme contiguë C s'interprète comme 
matrice de Gram du réseau A\ de Coxeter, et est équivalente à la forme Z de 
Korkine-Zolotareff. 

La forme C elle-même a 3 faces, dont l'une a pour forme contiguë B et les 
deux autres, qui se correspondent par r' o T " 1 , ont pour formes contiguës des 
formes R et R' équivalentes à la forme notée A5 dans [B-M], th. 5.3, laquelle 
est égale à | (10Ti - 5T 2 + T 3 ) . 

Enfin, la forme R a 3 faces, dont 2 sont T-équivalentes et ont des formes 
contiguës T-équivalentes à elle-même, et la troisième est bien sûr équivalente 
à C Le graphe de contiguïté modulo T-équivalence est le suivant (les formes 
soulignées ont une impasse, et la forme entourée est contiguë à elle-même) : 

[R\—C—B—A. 
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Le diagramme de contiguïté complet peut se représenter en dimension 2 (dans 
une section plane du cône de Voronoï). En envoyant à l'infini dans la direction 
verticale le point (5,10,10), sommet commun à toutes les formes équivalentes 
à on obtient la figure suivante limitée vers le bas par les impasses, dans 
laquelle T s'interprète comme la translation transformant (2,1,0) en (2,0,1) , 
(2,1,1) en ( 4 , - 1 , 2 ) , . . . et T' comme la symétrie par rapport à l'axe de 
symétrie vertical du domaine de (2 ,1 ,1) . Ce diagramme est reproduit à la fin 
du paragraphe. 

4.3 . Exemple , n = 6, m = 7 ou 9. Dans ces deux cas, que nous ne détaillons 
pas, l'espace T est de dimension 3 et les graphes de contiguïté à T-équivalence 
près sont réduits à deux formes, que nous donnons dans les notations classiques 
des réseaux de dimension 6 : 

A6—P6 et E6 — El. 

On retrouve encore les résultats de [B-M] (th. 4.6). Signalons que dans le cas 
de EQ (m = 9), les 36 couples de vecteurs minimaux se répartissent en 4 
orbites, mais que seulement 3 des projections associées sur T sont des arêtes 
du cône de Voronoï. 

4.4 Exemple , n = 8, m = 15, 16, 20, 24. L'étude n'a été faite qu'à 
équivalence près, et non pas à T-équivalence près. Les résultats corroborent 
ceux qui sont annoncés dans [B-M], § 6, et indiquent que dans le cas du groupe 
d'ordre 20 non traité dans [B-M], Es est probablement le seul réseau G-parfait. 

[Une erreur typographique s'est glissée dans [B-M] ; dans les données numériques relative 

à q = 15, il faut remplacer ( — 1, 0, 0) par (1, 0, 0).] 

4.5 Exemple . Les calculs effectués en dimension 12 pour le groupe 2A 4 

d'ordre 24 ont permis de trouver 8 réseaux G-parfaits. Parmi ceux-ci se trouve 
l'exemple connu de Ag** ([C-Sl], ch. 6, [C-S3], § 1), mais aussi un réseau de 
même déterminant possédant 312 couples de vecteurs minimaux, dont nous 
avons vérifié qu'il était isométrique à A™11, prouvant l'existence pour ce réseau 
d'une structure de module sur l'ordre de Hurwitz. Ces réseaux ont été trouvés 
indépendamment par M. Laïhem par une méthode de balayage. Les réseaux 
G- parfaits ont probablement tous été trouvés, mais une démonstration de ce 
résultat nécessiterait des calculs peut-être trop importants. 
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Les domaines de Voronoï de l'exemple 4.2. 

Dans la figure ci-dessus, les triangles au-dessus de l'impasse sont associés à la forme 

A, provenant du réseau A 5 , et les trapèzes à la forme B, provenant du réseau D$. Les 

triangles qui se trouvent au-dessus des domaines décrits ci-dessus sont associés à la forme 

C, provenant du réseau A§ de Coxeter. Enfin, les domaines du haut de la figure, dont le 

sommet commun est rejeté à l'infini, sont associés à la forme R, provenant du réseau A5 

de [B-M]. 

§ 5. Indicat ions sur l 'a lgorithme à sect ion donnée . On étudie dans ce § 
l'exemple 1.4 cité dans l'introduction. 

Rappelons que l'on s'est donné une forme Qo définie positive à r < n 
variables et que l'on étudie l'ensemble £ des formes Q G Qn telles que 
Q ( x i , . . . , x r , 0 , . . . ,0) = Qo{x\,... ,xr) et m(Q) - m(Q 0 ) - ( E n termes 
de réseaux, cela revient à imposer la norme et la section par un sous-
espace de dimension r.) On peut montrer que les formes qui réalisent 
dans £ un maximum local de l'invariant d' Hermite sont T-parfaites pour 
T = {Q G Qn | Q{x\,. • • , x r , 0 , . . . , 0 ) = 0}. Les matrices de T sont de la 
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forme 
O M 

lM N 
, avec N symétrique d'ordre n — r, 

et la projection Qx de 

est 

Px 
M0 M 
lM N 

O M 
lM N 

de sorte que les vecteurs minimaux de Qo o n t une projection nulle. Notons 
que l'équivalence de deux matrices de £ correspond en termes de réseaux à un 
endomorphisme de E qui stabilise le réseau et dont la restriction à la section 
donnée est une isométrie de cette section sur son image. La T-équivalence 
exige de plus que l'endomorphisme stabilise la section. 

On montre facilement que l'hypothèse 2.2 (qui entraîne la connexité du 
graphe de Voronoï) est vérifiée, et même un peu plus, à savoir que les vecteurs 
minimaux d'une forme T-parfaite qui ne sont pas dans la section engendrent 
R n . 

Le cas de la dimension r = n — 1 est particulièrement simple. L'espace 
vectoriel euclidien T est alors de dimension n et peut être identifié à R n par 

0 

0 

0 

0 

0 

ai \ 

CL2 

ai 

Û2 

muni du produit scalaire X * Y = 2(xiyi + • • • + x n _ i y n _ i ) + xnyn. Ainsi, 
une forme Q G £ est T-parfaite si et seulement si les vecteurs minimaux de 
Q dont la dernière composante n'est pas nulle engendrent R n . On montre en 
outre que s'il en est ainsi et si Qo est parfaite, alors Q est elle-même parfaite. 

M. Laïhem ([L]) a entrepris à Bordeaux des calculs étendus concernant le 
cas où Qo est l'une des 33 formes parfaites de rang 7, Q elle-même étant de 
rang 8. Le nombre de classes de formes parfaites contenant une forme Qo 
donnée peut être très important (par exemple, 93 dans le cas de la forme jP 7

n 

de [C-S2]). A l'opposé, dans le cas de Q0 = ~ E^ (l'unique forme parfaite 
entière de norme 3 en dimension 7), on trouve une seule forme parfaite Q, 
qui n'est entière que pour le minimum 6. Cela montre qu'une forme parfaite 
de dimension 8, entière et de minimum 3, s'il en existe, ne contient aucune 
section parfaite de norme 3 (sauf bien sûr en dimension 1). 

P5 

0 

0 

ai ai an 

<an 
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De nouvelles preuves 

“automatiques” de transcendance 

pour la fonction zêta de Carlitz 

Valérie BERTHÉ 

1 Introduction 

Soit Fq le corps à q éléments, q étant une puissance entière strictement positive 
de p premier. On note Fq[x] l'anneau des polynômes à une indéterminée sur 
Fq et Fq(x) le corps des fractions rationnelles en x. Le complété de Fq(x) pour 
la valuation (l/#)-adique, définie par v(E) = —d°E, est le corps Fq((l/x)) 
des séries formelles de Laurent, c'est-à-dire 

F g ( ( l / x ) ) = {adx
d + . . . + ai» + a 0 + a_i 

x 
+ . . . ; a n G Fq } . 

En 1935, Carlitz a défini une fonction £, à valeurs dans F g ( ( l / x ) ) , de la façon 
suivante : 

C(m) = E 
G G F q[s] et G unitaire 

1 / G m , m > 1. 

La fonction ( de Carlitz est l'analogue en caractéristique finie de la fonction 
( de Riemann. Carlitz a ainsi établi dans [4] que, pour s divisible par (q — 1), 
C(s)/Us G Fq(x), avec 

n = 
+ o c 

n 
i=o 

0 = 
xq3 — X 

x^1 - X . 

Cette propriété est l'équivalent du résultat d'Euler sur les valeurs paires de 
la fonction ( de Riemann, à savoir ((2n)/ir2n est rationnel pour n non nul. 
Notons que le groupe des unités de Fq[x] est F*, d'ordre q — 1, alors que le 
groupe multiplicatif de Z est de cardinal 2. Les congruences modulo 2 dans le 
cas complexe sont remplacées ici par des congruences modulo q — 1. 

S. M. F. 
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En 1941, Wade prouve dans [12] la transcendance de II sur F g (x) . On en 
déduit la transcendance de £(s) pour s = 0 (q — 1), (valeurs "paires" de s). En 
1986-87, Thakur établit dans [11] des résultats d'irrationalité pour 1 < s < q2 

alors que Dammame montre l'irrationalité de ((s) pour 1 < s < g, ([7]). 
En 1988, Dammame et Hellegouarch prouvent la transcendance de ((s) pour 
1 < s < Q2 P a r l a méthode de Wade, ([10]). Enfin, en 1989, Dammame établit 
dans [8], voir aussi [9], la preuve de la transcendance de ((s) pour tout s. 
Parallèlement, Yu prouve en 1988, par une méthode utilisant les modules de 
Drinfeld, que pour tout entier s non nul, ((s) est transcendant et pour tout 
entier s non divisible par q — 1, £(s)/II 5 est transcendant, (la preuve est parue 
dans [13]). 

Par ailleurs, en 1989, Allouche donne dans [2] une preuve "élémentaire" 
de la transcendance de II , c'est-à-dire qui utilise le théorème de Christol, 
Kamae, Mendès France et Rauzy, (voir [5]), énoncé ci-dessous: 

T H É O R È M E 1 (Christol, Kamae, Mendès France et Rauzy) 
Soit (v>(n))neN une suite à valeurs dans Fq. Il y a équivalence entre les 

trois conditions suivantes: 
1) la série formelle E 

n>0 

u(n)x n est algébrique sur Fq(x), 

2) l'ensemble E des sous-suites de la suite {u(n))ne^ défini par 

E = {(u(qkn + r))nen; k > 0; 0 < r < qk - 1} 

est fini, 
3) la suite (u(n))nejq est q-automatique. 

Seule l'équivalence entre les conditions 1 et 2 intervient dans nos preuves 
de transcendance. La condition 3 montre le lien qui existe entre le critère 
d'algébricité donné par la condition 2 et les automates. Rappelons, (voir [1] 
ou [6]), qu'un g-automate est défini par la donnée de: 

• un ensemble fini d'états S = {i = ai, a 2 , . . . , a^}, dont on a privilégié un 
élément i, appelé état initial, 

• q applications ou "flèches" de l'ensemble des états S dans lui-même, 
notées 0 , 1 , . . . , ç — 1, 

• une application <p de S dans un ensemble F, dite fonction de sortie. 

Une suite (u(n))ne^ à valeurs dans Y est dite ç-automatique si elle est en
gendrée par un g-automate de la façon suivante: considérons un entier n, 
écrivons-le en base q en identifiant les chiffres de son développement aux ap
plications 0 , 1 , . . . , q—1; en lisant les chiffres de n de droite à gauche, on obtient 
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une application composée de S dans lui-même. Soit a/ l'image de l'état initial 
i par cette application, on pose alors: u(n) = <p(a>f). 

Allouche étudie, en fait, le quotient a/Il, avec 

a = 

+ 0 0 

n 
j=0 

1 = 

x2 

xqj+1 . 

Notons que a est algébrique sur F ç ( z ) , il suffit de considérer aq pour s'en 
convaincre. 

M'inspirant du résultat d'AUouche, je donne ici une preuve "automatique" 
de la transcendance de ((s)/H8 pour l < s < q-2. Il est, en effet, intéressant 
de multiplier C(s)/H8 par a8. On obtient ainsi une expression simple des coef
ficients du développement en série formelle de CM 

2 a5. L'étude des sous-suites 

de la forme (u(qkn + 1 + s(q + q2 + ... + qk ^ ^ N * a v e c (^( n))neN définie 
par 

(Y) 

II 
a8 = E 

n>0 

u(n)x n , 

montre qu'il existe un nombre infini de telles suites. On déduit alors du 
théorème de Christol, Kamae, Mendès France et Rauzy, les transcendances 
de CM 

IIs a
8 et de £(s)/II 5, a étant algébrique sur F g (x) . 

Je vais dans une première partie de cet article me restreindre au cas où 
s = 1, puis j'indiquerai comment généraliser la méthode employée au cas où 
s est dans l'intervalle [l,g — 2]. 

2 Preuve de la transcendance de C(l)/n 

L'objet de ce paragraphe est de démontrer le théorème suivant: 

T H É O R È M E 2 Pour q^2, £(1)/II est transcendant sur Fq(x). 

Thakur a établi dans [11] que, pour 1 < s < g, 

c w = 1 + 

+ 0 0 

E 
k=l 

- 1 ks 
Y 
n 

j=1 

1 
x*j - x 

s 
. 

On obtient alors : 

a 

n c D = 
a 

n + 
+ 0 0 

E 
k=i 

- 1 • 
1 

X 

q+...+qk 
+ 0 0 

n 
j =k+1 

1 -
1 

X 

qj-1 
. 
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2.1 Quelques développements en série formelle 

Pour appliquer le théorème de Christol, Kamae, Mendès France et Rauzy, 

nous avons besoin du développement en série formelle de a 
n 

s 1 . On remarque 
que le produit 

+ 0 0 

n 
j=k+1 

D -
1 

X 

qj-1 

intervient à la fois dans les expressions de a 

n C 1 - 1 et de a 

E 5 
pour k = 0. 

Considérons donc le développement en série formelle de 

+ 0 0 

n 
j=k+1 

D -
1 

X 

qj-1 

On note que, si n s'écrit sous la forme 

n = 
+ 0 0 

E »=ib+l 
Si qi-1 avec £j = 0 o u l , £ i = 0 pour i assez grand, 

une telle décomposition est unique. 

Par conséquent, soit (o>k(n))ne'N ^ a suite définie par 

+ 0 0 

n 
j=k+1 

• -
u 
X 

qi-1 
= E 

n>0 
ak(n)x 71 

Si n s'écrit: 

n = 
+ 0 0 

E 
i=Jb+l 

Ei(qi-1) avec 6i; = 0 ou 1 , Ei = 0 pour i assez grand, 

alors ajb(n) = (—1) E +00 i=k+1 
, 

sinon afc(n) = 0. 
La proposition suivante correspond au cas où k = 0 : 

P R O P O S I T I O N 1 £oz£ (a(n)) n 6 N la suite définie par 

a 

n 
= E 

n>0 
a(n)x n 

Si n s'écrit: 

n = 
+ 0 0 

E 
IFE=i 

ei(qi-1) avec 6{ = 0 = 0 pow i asse,? grand. 

alors a(n) = (—1) E +00 
«=i si 

5 

sinon a(n) = 0. 
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On a, en outre, 

a 
n 

C î - 1 = 
+00 
£ 

k=1 
- 1 0 Q 

x 
q+...+q" £ 

n>0 
ak n 

1 

X 
n 

Par conséquent, 

a 
n 

S Q - Q = E 
n>0 

1 

x 
n E 

1<* tq q+...+qk<n 
- 1 I 

a* n -
q+…+qk 

Or on montre le lemme suivant : 

L E M M E 1 Si n s'écrit sous la forme 

n = q + ... + q1 + 
+00 
E 

j=i+1 
etti - 1) (1) 

avec i > ; = 0 ou l,£j = 0 pour j assez grand. 

une telle décomposition est unique. 

On en déduit la proposition 2: 

P R O P O S I T I O N 2 (b(n))nefq la suite définie par 

a 
n 

S El - 1 = E 
n>0 

6(n)x" n 

On a; 
6(n) ^ 0 5i e£ seulement si n s'écrit sous la forme 

n = q+... + q{ + 
+00 
E 

j=i+l 
Ej qj-1 

, 

avec i > l,£j; = 0 ou 1, e£ Ej = 0 pour j assez grand. 

2.2 Schéma de la preuve du théorème 2 

Soit (c(n)) n GN définie par 

a 
n 

S 1 = E 
n>0 

c(n)aT n 

On a 

( c( n))neN = (a(™))neN + (&(n))neN 

Nous allons considérer les sous-suites (c(qkn + 1 + q+ ... + qk ^ J ^ n P o u r 

k > 3 et démontrer la proposition suivante : 
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P R O P O S I T I O N 3 Soitk > 3. Soitf(k) = g * - l - ( l + g + . . . + g*- 1 ) . L'indice 
du premier terme non nul de la sous-suite (c(qkn +1 + q + . . . + g* _ 1 ) ) n € N

 e s ^ 
n = q + q2 + ... + qflk). 

Cette proposition résulte de deux lemmes concernant les sous-suites 
(a(qkn + l + q + . . . + g * " 1 ) ) ^ et {b{qkn + 1 + q + . . . + g * " 1 ) ) ^ , énoncés 
ci-dessous : 

L E M M E 2 Soit k>2. Soit f(k) = g * - l - ( l + g + . . . + g*5"1). L'indice du 
premier terme non nul de la sous-suite (a(qkn + 1 + q + . . . + g f c _ 1 ) ) n € N

 e s t 
n = q + q2 + ... + qKkl 

L E M M E 3 Soit k > 3. Soit g(k) = qk - 2 - (q2 + . . . + g*5"1). L'indice du 
premier terme non nul de la sous-suite (b(qkn + 1 + g + . . . + g*~ 1))n GN

 e s ^ 
n = q + q2 + . . . + grf*>. 

On a /(fc) < g(fc), Vfc > 3. On rappelle, de plus, que la suite (c(n))n£^ est 
définie comme la somme des suites (a(n)) n GN e ^ (k(n))neN- ^a proposition 3 
résulte donc des lemmes 2 et 3. 

Par ailleurs, si g ^ 2, la suite (f(k))k>3 est strictement croissante. Les sous-
suites (c(qkn + l + q+.. .+g*~ 1 ) ) n € N diffèrent alors par l'indice de leur premier 
terme non nul. Elles sont donc distinctes et l'ensemble 

{(c(qkn + l + q+... + qk-1))neN} 

est infini. L'ensemble {(c(qkn + r))nem k > 0; 0 < r < qk — 1} est, à plus 
forte raison, infini. Selon le théorème de Christol, Kamae, Mendès France et 

Rauzy, on en déduit la transcendance de a 
n C 1 sur Fç(x) pour g ^ 2 et, par 

conséquent, celle de C(i) 
n 5 

ce qui achève la preuve du théorème 2. 

2.3 Preuve du lemme 2 

Nous donnons ici la preuve du lemme 2; on démontre le lemme 3 de manière 
analogue. 

On pose (ûfjb(n))n€N la suite définie par: 

ak(n) = a(qkn + 1 + g + . . . + g*" 1) Vn £ N. 

Soit k > 2. Soit n G N tel que afc(n) ^ 0. Selon la proposition 1, 

3 (Sj)ieN avec €j = 0 ou 1,6^ = 0 pour j assez grand, tels que 
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qkn + l + q+ + qk-1 = 
+00 
E 
i=i 

Ej (qj-1), 

c'est-à-dire 

q*n + 1 + g + . • • + g* - 1 = E 
1<j<k-1 

6j qj-1 + E 
/>Jb 

eMl - !)• 

On pose a = 
+00 
E 
j = 1 

Ej. On a 

g*n + 1 + q + ... + q1"1 = E 
1<j<k-1 

Ejqj+ E 
l>k 

eiql-a. 

Par conséquent, 

3A > 1 tel que a = \qk + E 
i<j<jb-i 

(Si - 1)4 - 1. 

On en déduit que 

n = (-\ + ek) + 
l>k et 

E 
El>k El=S 

£¿9 5 (2) 

avec S = a — 1 
j<k 

Ej 

= Yqk + 
k-i 
E 
j=1 

Ej-1 qj 
- E 

j<k 
e< - 1. 

On vérifie réciproquement que si n s'écrit sous la forme (2), on a alors, selon 
la proposition 1, ak(n) ^ 0. 

Soit m(k) le plus petit m tel que ak{m) ^ 0, c'est-à-dire le plus petit m 
pouvant s'écrire sous la forme (2). On vérifie que m(k) est obtenu pour 

A = 1 

Sj = 0 pour 1 < j < k - 1 

ek = l 

€1 = 1 pour k + l<l<k+qk-!-(! + ...+ g*"1) 

s/ = 0 pour J>fc + g * - l - ( l + . . . + g*" 1) 

On a alors m(fc) = g + . . . + q/W avec /(fc) = g* - 1 - (1 + . . . + g*" 1), ce qui 
achève la preuve du lemme 2. 
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3 P r e u v e de la transcendance de ((s)/Us 

T H É O R È M E 3 Pour q ^ 2 e t l < s < q - 2 f £ ( s ) / I T est transcendant sur 
Fq(x). 

Nous nous contenterons ici d'esquisser la preuve de ce théorème, qui est 
faite sur le modèle de la preuve du théorème 2. On peut en trouver une 
démonstration détaillée dans [3]. On a vu que, pour 1 < s < q, 

((s)a* 

n» = 
a" 
I I * 

+ 
+00 
E 
Jb=l 

- 1 ks 1 

X 
5(g+...+g*) +oo 

n 
j=k+l 

1 -
1 

X 
qi-1 8 

. 

Le produit 
+oo 
n 

j=k+l 
1 -

1 

X 
qi-1 8 joue ici encore un rôle déterminant. On a 

ainsi la proposition suivante : 

P R O P O S I T I O N 4 Soit (A(n))nefq la suite définie par 

a8 

I P 
= 5 

n>0 
A(n)x-n. 

Si n sfécrit 

n = 
+00 
E 
1=1 

µj qj-1 avec fij G {0 ,1 , . . . , $ } , /Zj = 0 pour j assez grand, 

alors A(n) = (—1) E +00 
¿=1 µj 

+00 
n 
j=1 

s 
µj 

modulo p, 

sinon Ain) = 0. 

Rappelons que p désigne la caractéristique de Fq. 
Les propriétés d'unicité de décomposition sont conservées pour 1 < s < q — 2. 

Néanmoins, la présence du terme 
+00 
n 

j=1 

s 
µj 

modulo p apporte une difficulté 

supplémentaire. Ce terme peut être, en effet, éventuellement nul. La proposi
tion 3 devient alors : 

P R O P O S I T I O N 5 Soit (C(n))nej$ définie par 

a8 

I P 
S s = E 

n>0 
c n x-n 

Soit k > 3. Soit F(k) = ç * - l - s ( l + ç + . . . + g * - 1 ) . Soient u(k) et v(k) les 
reste et quotient de la division euclidienne de F(k) par s. 
Soit M(k) = 8-1 +s E 

l<Ku(i) 
q1 + v(k)qu^+1. 

On a: V n < M(k), C{qkn + 1 + s(q + ... + qk~1)) = 0. 
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On ignore donc, a priori, si C(qkM(k) + 1 + s(q + . . . + g*" 1)) est nul ou non. 
Notons que les termes u(k) et v(k) apparaissent lors de la minimisation de 

9 
Z>Jb 

µl (voir la preuve du lemme 2, section 2.3), les /i/ pouvant prendre au plus 

la valeur s. Selon la proposition 5, chacune des sous-suites 

(Ctfn + l + 8(q+... + <f-1)))néS 

débute par au moins M(k) zéros, avec {M(k))k>2 strictement croissante. Il 
suffit alors que les suites 

( C ^ n + l + ^ g + . - . + g * - 1 ) ) ) ^ 

soient toutes non nulles pour former un ensemble infini. Or on a la proposition 
suivante : 

P R O P O S I T I O N 6 

Supposons s ^ 0 (p). Soit k > 3. Soit Q(k) = -1 + s E 
l<î<qk-k 

g'. On a 

C(qkQ(k) + 1 + s(q + ... + g*" 1)) ^ 0. 

Par conséquent, si s ^ 0 (p), l'ensemble 

{(C(g*n + r ) ) n € N ; k>0; 0<r<qk-l} 

est infini. On déduit alors du théorème de Christol, Kamae, Mendès France et 

Rauzy, les transcendances de a8 

IIs 
S S et de CM 

IIs 
sur F g (x) , (pour 1 < s < q — 2 

et g ^ 2 ) . 

Il reste alors à traiter le cas où s = 0 (p). 
Écrivons s = pfr avec r non divisible par p. En appliquant le morphisme 
de Probenius à C(r)/IT, on obtient que CM 

IIr 
pt = G S /IIs. Or C(r)/îlr est 

transcendant sur F 9 (x ) . 
On a donc démontré le théorème 3, à savoir: ((s)/II5 est transcendant sur 
F g (x) pour tout s tel que 1 < s < g — 2. 

Notons qu'en appliquant le morphisme de Probenius à £(1)/II, on obtient 
que C(?*)/n 9 e s t transcendant sur Fq(x) pour g ^ 2 et pour tout t > 0. 

Il reste à montrer que £(s)/II 5 est transcendant sur F 9 (x) pour tout s non 
divisible par g — 1. La plus grande complexité de l'expression de £(s)/IF pour 
s > q pose alors des problèmes combinatoires. Il semble néanmoins raisonnable 
d'espérer que la méthode exposée dans cet article puisse permettre de traiter 
le cas général. 
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DIVISOR FUNCTIONS OF INTEGER MATRICES : 

E V A L U A T I O N S , A V E R A G E O R D E R S AND A P P L I C A T I O N S 

Gautami BHOWMIK* 

Divisor functions have been extensively studied in classical number the
ory. We examine the corresponding functions for matrices over the ring of 
integers. These functions not only are a natural generalisation of historically 
important concepts, but their study also yields applications and some new 
interpretations. 

We deal only with r x r nonsingular matrices with entries from the ring 
of integers. Since there are an infinite number of unimodular matrices, it 
is necessary to identify canonical factorisations of matrices. In his study of 
arithmetic of matrices, Nanda [8] defines them as follows: 

DEFINITION 1. The decomposition of the matrix A as 

A = A1A2...Ak, (1) 

where A*, Ak-i,..., A2 are matrices in nonsingular Hermite Normal Form 
(HNF), is said to be a fc-order (canonical) factorisation of A. 

Since an HNF matrix uniquely represents a class under one-sided equiv
alence, two factorisations defined as in (1) are inequivaient. 

* Research supported in part by the Deutscher Akademischer Austauschdienst. 

S. M. F. 
Astérisque 209** (1992) 169 
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DEFINITION 2. The function T 
(r) 
k counts the number of fc-order factori

sations of an r x r matrix A, i.e., 

r 
(r) 
k 

(A) = E 
A=AlAi...Ak 

1. (2) 

When we restrict ourselves to the case k = 2, A*i above is called a divisor 
of A. As in classical theory, we define the functions a£\ 

DEFINITION 3. For a non-negative integer a, let a^(A) be the sum of 
the a t h powers of the determinants of divisors of a matrix A, i.e., 

a(r) (A) = E 
A=AiA2 

(detA2)a. (3) 

We notice that r ( r ) = <7(r) 

Evaluations 

For evaluating divisor functions, it is enough to consider A to be in non-
singular Smith Normal Form (SNF) with prime-power determinant. We use 
the notation Fr for the matrix 

(diag [pfl,pfl+f\... , pf1+f2+…+fr]) 

and may also denote it by ( / i , / 2 , . . . , / r ) , where / i > 1, fi>0 for i > 1, and 
p is a prime number. We write Gr for the matrix (/i , / 2 , . . . , / r - i , /r - 1)-

It is clear that the evaluation of cr£r^ involves the solving of a system of 
diophantine equations with rather stringent side conditions and is therefore 
not easy. 

In [4] we proved the result: 

T 2 ( F r ) - r 2 ( G r ) = (7 1(F r_ 1), (4) 

which helped us evaluate r2

(2) and r2

(3) Here we generalise (4) and prove a 
recurrence between Oa

(r) and 0^+1* • Thus it becomes possible to reduce the 
problem to evaluations on F\ or on prime matrices Pr = (1,0, . . . , 0 ) . We 
prove: 
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THEOREM 1. cra(Fr) - pao-a(Gr) = cra+i(Fr-i). 

Proof. Let v = fi + / 2 + • • • + fv Now 

Fr = 
Ar-i 

Y 
0 

PL 

Br-i 
X 

0 

f-1 , 0 < t < v (5) 

Gr = 
Ar-x 

Y 
0 

pt 
Br-i 

X 
0 

pu-t-l , 0 < t < v (6) 

are factorisations of Fr and Gr whenever B r _ i is a divisor of Fr_\ and 
YBr-X + Xp* = 0. Then 

0a (Fr) = E 
YB^+Xp^O 

0<t<v 

(det Br-1)a p(v-t)a + 
E 

YBT_i+Xp"=0 

( d e t 5 r _ x )
a (7) 

and 

(Ta(Gr) = E 
YBr-1+Xpt = 0 

0<«i/ 

(de tB r . _ 1 )
a

í >( I / - í - 1 > a 

(8) 

Thus 

aa(Fr) = paaa(Gr) + 
E 

YBr-i+Xp"=0 

(deiBr-ì)*. (9) 

But, as in the proof of (4), we can show that the equation YBr-i + Xpy = 0 
has solutions for all possible choices of X by considering the cases where the 
matrix 

Brli Fr-i 

-P-XB^ 

0 

p" 

is integral. Since X can be chosen in det(B r _i) ways, we have: 

aa{Fr) = paaa(Gr) + E 

BT-! |F r _j 

( d e t B ^ x ) ^ 1 . 

It is easy to evaluate aa{Pr) by generalising Nanda's result [7] for a = 0: 
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THEOREM 2. °a{Pr) = r E 
i=o 

paj a 
j , where r 

3 
are the Gaussian poly-

nomials in p. 

Proof. Nanda [7] gives a combinatorial argument to show that the number 
of divisors of Pr with p occurring exactly j times on the diagonal is given 

by 
• 
j . The factor p a j is obviously the a t h power of the determinant of the 

divisor. 

The above theorems give us a method for evaluation, but the calculations 
involved are cumbersome, as the following example shows. 

EXAMPLE. 

*I (*S) = {pU +Pfi~1 + ••• + 1 W * 2 ) 
+ Ph+1(p+l)Mf1,f2 - 1) + A , ( / 1 ) / J - 2) + . . . + p 2 / 2 - V 2 ( / 1 , 0 ) ) 

+ p / » + 2 A + 1 < 7 2 < / i - 1,1) + p A + 2 / * + a ( p + l W / x - 1,0) 
+ / > / í + 2 / í + V 2 ( / x - 2,1) + p / ' + 2 ^ + 5 ( p + 1W 2 ( / X - 2,0) + . . . 
+ p /»+2/>+3/i+2 ( p + 1 )^ (1 ,0 ) + p ^ + 2 ^ + 3 ^ + V 1 ( l , 0 ) , 

where 

'2(^2) = (P

2h +P2h~2 + ... + l W / i ) +í> 2 / * + 2 ( í> 2 + 1KS(/I - 1) 
+ p 2 / 2 + 6 ( í , 2 + 1 ) ( T a ( / i _ 2 ) + . + p ?A+4A-« ( p ? + 1 ) < T 3 ( 1 ) 

+ 1 ^A+*/ i -V a <l>. 

Average orders 

In [3] we evaluated T(x) = E 
det A<x 

r 2

( 2 )(A), where A is in SNF. The ab

sence of a zeta function does not allow satisfactory extension of this result. 
Here we instead allow A to be in HNF and consider the following zeta 

function [5]: 

Z,(») = E 

A in HNF, rxr 
(detA)"' = E otr{n)n *, 5 = a + it, or > 1, 

(10) 
where a r (n ) is the HNF class-number, i.e., the number of r x r HNF matrices 
with determinant n. 
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Thus 

Zr(s) = C(s)C(s-l)...C(s-r + l), (H) 

where ((s) is the Riemann zeta-function. Zr(s) is a holomorphic function with 
simple poles at s = r,r — l,r — 2. It is, in fact, a special case of the Koecher 
zeta-function [10]. 

Authors (e.g. [9]) have evaluated a r (n ) , and in [3] we obtained an average 
order for ar(n) by using elementary methods. 

Here we give a few asymptotic results for divisor functions obtained by 
using Zr(s) for 

Ar(x) = E 
n<x 

ar(n), Tk(x) = E 
A in HNF, det A<x 

Tk(A) 

and 5 r 
a X = E 

A in HNF, det A<x 
a r 

a 
a These are only first results. We should 

be able to prove sharper results in [5]. 

THEOREM 3. 

Ar(x) = 
1 

• 
Lrx

r 

-
1 

2(r - 1) 

Lr-1xr-1 + o(xr-1), 

where1 Lk = 
k 

n 
j=2 

CO')-

Proof. From Perron's formula we have : 

Ar(x) = 
1 

2TT¿ 

c+¿oo 

c—¿oo 

Zr (s) x3 

S 
ds. 

The main terms can be obtained as residues at s = r, r — 1. 

THEOREM 4. T f c(x) ~ P r ( « ) , 
wAere P r (x ) is a polynomial in x of degree r. 

Proof. Obvious. 
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THEOREM 5. 

Sa(r) (x) = 1 

o + r 
LrManxa+r 

-
1 

2(o + r - l ) 
Lr.1Ma>1x

a+r-1 + oix^-1), 

where 

Mb,t = 

r 

n 
¿=1 

<(b + j-t). 

Proof. Similar to that of Theorem 3. 

Restricted divisor functions 

Here we consider factorisations on the subsets 
(а) <Sr, of all r x r matrices in SNF, and 
(б) Vr of all r x r diagonal matrices, 
and show their connection with average orders of functions of integers. 

DEFINITION 4. The decompositions 

S = S1S2 . . . Sfc, 5, S{ E Sr 

and D = D1D2...Dk, D,DieVr 

are said to be fc-order SNF (resp., diagonal) factorisations of S (resp., D). 

In [3] we have defined the SNF zeta function 

Zr(s) = $ > r ( n ) K = C(*)C(2«) • • • C M (12) 

and proved: 

THEOREM 6. 

e 

sesT det S<a; 

*a(r)(S) = 
1 

a + 1 
Li»K1xa+1 + 

1 

a + 1 
2 

L^K2xa + 1 
2 

+ 
1 

a + 1 
3 

4 1 / 3 ) * 3 * * + 1 
3 + 0 ( x a + e ) . 

where e is the best known exponent in the error of the three-dimensional 
divisor problem, and the constants are defined as 
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L (0 
r = 

r 
n 
¿=1 

ji=1 

S(ji), ki = 
r 

n 
i=i 

S (i(« + 0)-

We can similarly define the diagonal zeta function as 

Zv{s) = E 
DEDr 

(det D)-* =C(s) (13) 

and obtain the average order B (r) 
a 

(x) for diagonal divisor functions. For ex

ample, when a = r = 2, we get 

THEOREM 7. 

B (2) 
2 = 1 

6 
x log 3 X + 27 2 1 

2 
a; log2 X + 6 7

2 

- 4 7 + 4 7 l + i xlogx 

+ - 1 + 0 7 - 7i + 72 - 6 7

2 + 4 7

3 + 1277! x + O x1/2 

where the 7's are constants. 

Proof. We use the classical estimate for C 4 ( 5 ) -

Applications 

We can interpret some of the above results in different contexts. We give 
a few illustrations : 

a) We consider the set JH = GL(r ,Z) of all r x r integer unimodular ma
trices as the unimodular group of degree r over the ring of integers [6]. The 
divisor functions of matrices then appear in the formal power series over the 
Hecke algebra, which is a polynomial ring over Z in infinitely many indepen
dent indeterminates. Thus, formally, 

^2 rAr(det A)'3 rAr(det A)a's = ^ rAr<ra(A)(det A)—, (14) 

where A G Sr. 

b) We consider Ramanujan 's classical formula 

((s)((s-a)aS-b)((s-a-b) 

(2s-a- b) 
= 

OO 
E 

n=l 

aa(n)ab(n) 

n3 

for the case a = 1, 6 = 2, to get 
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ZA{$) = C(2s - 3) 
oo 

E 
n=l 

(Ti(n)a2(n)/ns. (15) 

c) We can evaluate cr a(P r) in terms of two different partition functions. 
We can show that to get the number of divisors of P r , we may look at the 
number of 0's to the right of each 1 in every string of length r with entries 
from { 0 , 1 } . This can be expressed in terms of the function g(n,fc,r), which 
counts the number of partitions of n into at most k parts (not necessarily 
distinct) each at most r, i.e., 

<Ta(Pr) = ^2 ] C q ( n " k a > k ' r ~ k ) p n - (16) 

This, we note, agrees with Theorem 2 via Sylvester's generating function 
for a (see, e.g. Andrews [1]). We can also evaluate aa{Pr) using the function 
g(n,fc,r) which counts the number of partitions of n into exactly k distinct 
parts. In [2] we have shown that the number of divisors of Pr that axe equiv
alent to Pfc, k < r, is given by 

IIk,r = 
kr- fc(fc-i) 

2 
E 

n= fc(fc + l) 2 

q(n,k,r)pkr- Hk-1) 
2 —n (17) 

Thus we get 

Oa(Pr) = EEq ( kr -
fc(fc-i) 

2 — n — ak.k.r pn (18) 

We see that there is no contradiction between these two results, for we 
can independently show that 

g(n,fc,r — k) = q kr -
k(k-i) 

2 
— n,fc,r (19) 

by writing n as a sum of parts ni,ri2,... ,n*.; r — k > rti > ni+j > 0 and 
replacing ni by = r — rti — i + 1. 

As in [2], it is possible to obtain polynomial and partition identities from 
these results. 
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Equivariant Euler-Poincaré Characteristics 
and Tameness 

Ted CHINBURG and Boas EREZ 

Introduction 

In this paper we give a reasonably self-contained discussion of the Euler-
Poincare characteristics defined by Chinburg in the first part of [Chi], We 
show how these arise naturally when studying actions of a finite group G on 
coherent sheaves. More precisely, suppose / : X —> Y is a tame G-covering 
of schemes which are proper and of finite type over a noetherian ring A. 
Let T be a coherent sheaf on X which has an action of G compatible with 
the action of G on Ox- (The construction we will give applies to bounded 
complexes of sheaves having coherent terms, but for simplicity we will assume 
in this introduction that T is a single sheaf.) One then has a naive coherent 
Euler-Poincare characteristic 

x(a,T) = E 

i 
( - ! )« . [JT*(X,r)] 

in the Grothendieck group Go(AG) of all finitely generated AG-modules. We 
will show here how to lift x(G, T) in a canonical way to a more refined Euler-
Poincare characteristic x i?r + ( /*(T)) in the Grothendieck group CT(AG) of 
all finitely generated cohomologically trivial AG-modules. The natural for
getful homomorphism CT(AG) —• Go (AG) is in general neither surjective nor 
injective. Thus the existence of a canonical x#r +(/*(!T)) in CT(AG) map
ping to x(G,T) restricts the possibilities for x(G,T) and also provides a more 
subtle invariant of T. 

The motivation for defining xi?r+(/*(T)) is to combine the insight into 
Euler-Poincare characteristics arising from classical algebraic geometry and 
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from the theory of the Galois module structure of rings of algebraic inte
gers in tame extensions. For example, many results in algebraic geometry 
have to do with computing the multiplicities of irreducible representations 
of G in various cohomology groups. The connection of these multiplicities 
to character functions, such as Gauss sums, becomes clearer when one uses 
'Horn-descriptions' of Grothendieck groups, as suggested by work on algebraic 
integers. Various results about rings of integers have close geometric counter
parts, which in turn may suggest new approaches to studying rings of integers. 
As one example, Taylor's Theorem connects the stable isomorphism class of 
the ring of integers in a tame finite Galois extension of number fields to the 
root numbers appearing in the functional equations of L-series. In [Chi, Ch2], 
some conjectural generalizations of Taylor's Theorem to tame G-coverings of 
schemes are discussed, and results in this direction are proved in the case of 
smooth projective varieties over a finite field. Over finite fields, one has an 
alternate approach using Z-adic cohomology to proving the Galois Gauss sum 
congruences which are the deepest arithmetic part of the proof of Taylor's 
Theorem. (See [Chi, Sect. 8].) This suggests looking for a new, geometric 
proof of Taylor's Theorem for rings of integers; at this time we know of no 
such proof. 

In this paper we will focus on how to define xi£T +(/*(r)). The generality 
of the definition makes it possible to consider examples of a widely varied 
nature. At the same time, we would like to stress that the definition provides 
a way of calculating xi2r + ( /„,(T)). 

We now give a quick survey of this paper. Sections 1 - 3 are mainly a 
summary of known results, definitions and examples which prepare the stage 
for the new results presented in Sections 4 and 5. In Section 1 we recall the 
two examples which have motivated essentially all research on Galois module 
theory. Section 2 is an exposition of some well-known applications of Euler-
Poincare characteristics. In Section 3 we recall the notions of G-coverings and 
Galois G-coverings of schemes and of quasicoherent G-sheaves. In Section 4 
we introduce what we call numerically tame G-coverings. These coverings are 
more general than the ones considered in [Chi] and [Ch2], and it is for them 
that we may define x^r + ( / J ) e (r)) . The construction of xRF+(f*{T)) is carried 
out in Section 5. The Appendix contains a proof -based on Abhyankar's 
Lemma- that G-coverings which are tame in codimension 1 are numerically 
tame. 

1. Two basic examples 

The following examples are included to give the reader an idea of the kind of 
information on the Galois module structure of G-coverings one should expect 
to extract from a description of the classes defined in Section 5. 
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1.1. Galois structure of differentials and generalizations. One of the 
first uses of character theory outside group theory was Hecke's determination 
of the Galois module structure of the complex vector space V of cusp forms of 
weight 2 and level a prime number p. Hecke's goal was to simplify the problem 
of studying such cusp forms by decomposing V into isotopic components under 
the natural action of PSL(2,p) (see [He, 1-2]). As is well known V can 
be identified with the space fT°(X,n 1) of holomorphic differentials on the 
Riemann surface X which is the compactification of the orbit space of the 
action by the congruence subgroup T(p) on the upper half plane (see [L], [Sh, 
2.17]): so Hecke was considering the covering X —• Y = P 1 with the group 
PSL(2,p) acting on X and Q 1 . In [C-W] [W2] Chevalley and Weil generalize 
part of Hecke's work and deal with G-coverings X —• Y of compact Riemann 
surfaces with an arbitrary finite group G as group of automorphisms. They 
give a formula for the multiplicity mx of any irreducible character x °f G in 
H° = H°(X, Q1) in terms of the genus and ramification data. We observe 
that this can interpreted as follows. The space H° is a finite dimensional 
module over the semisimple algebra CG and hence determines a class [H°] in 
the Grothendieck group K0(CG) = R(G) of (projective) CG-modules - this 
is of course nothing but the group of virtual characters of G. Since R(G) is 
the free abelian group on the irreducible characters of G, there is a natural 
isomorphism from R(G) to Hom(i?(G), Z); this isomorphism sends [H°] to 
the homomorphism which on an irreducible character x °f G takes the value 
rax. 

These results have been considerably generalized in two directions. The 
first generalization concerns equivariant Euler-Poincaré characteristics of co
herent sheaves other than the sheaf of differentials, mainly for covers of vari
eties which are smooth and proper over an algebraically closed field (see for 
example [G-G-H], [E-L], [N,1-3], [V-M]). The second generalization concerns 
Euler-Poincaré characteristics of sheaves for the étale topology. The formulas 
that have been obtained in this case are generalizations of Weil's interpreta
tion of the fact that in characteristic 0 the determination of the (3-action on 
H°(X, Q1) determines the action on the space of harmonic forms: this space 
is dual to the first homology space of X and so we should study the Tate mod
ule of the Jacobian of the curve, which plays the role of the first homology 
group for the étale topology. This leads to a formula for the Artin conduc
tor attached to a G-covering in positive characteristic (see [Wl, p. 79],[SI] 
[Mi],[R]). 
1.2. Galois structure of rings of integers. Let N/K be a finite Galois 
extension of number fields with group G. The ring of integers ON is a ZG-
module and one can show that it is projective if and only if the extension 
is tamely ramified. Suppose N/K is tamely ramified, so there is a class 
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(ON) in the reduced Grothendieck group Cl(ZG) of projective ZG-modules 
(of rank 0). By results of Fröhlich one can describe Cl(ZG) in terms of 
homomorphisms from the group of virtual characters R(G) into the group of 
ideles of an algebraic closure ( Q c ) of Q. The class (ON) is then shown to 
be determined by a homomorphism defined via the Galois-Gauss sums of the 
characters of G (see [F, Ch. 1]). 

We observe that most of the results in (1.1) deal with the determination 
of the actual isomorphism class of the modules involved whereas in (1.2) the 
emphasis is shifted to the determination of the stable isomorphism class. In 
both cases, however, what one really does when computing the classes is to 
determine a homomorphism on the virtual characters. 

2. Applications of Euler-Poincaré characteristics 

In this section we recall some elementary applications of Euler-Poincaré char
acteristics and of their equivariant generalizations. 
2.1. The Riemann Problem. Let X be a projective variety over an al
gebraically closed field k. The Riemann problem has do to with determining 
the dimension of the fc-vector space H°(X,T) of global sections of a coherent 
sheaf T on X. The classical approach to this problem has two steps: (a) Find 
an expression for the Euler Poincaré characteristic 

X(T) = 
oo 

E 
¿=0 

(-ly-dimkH^XiT) 

by means of Generalized Riemann-Roch Theorems, and (b) Prove a Vanishing 
Theorem which asserts that under suitable hypotheses, Hl(X,T) = 0 for 
i > 0. For such T, (a) gives an expression for x(T) = dim,kH0(X,T). 

If one has compatible actions of a group G on X and on T, then one 
can refine the Riemann problem by asking for the fcG-module structure of 
H°(X,T), as in Sect. (1.1). In step (a), it is then natural to consider the 
Euler-Poincare characteristic 

X(G,T) = 
OO 

E 
i = 0 

(-1)' .[F*(X,T)] 

in Go(kG). (Recall that Go(k) = Ko(k) can be identified to the ring of integers 
via the dimension map.) If one cannot accomplish step (b), one may be able 
nonetheless to restrict the possibilities for the class of Hl(X,T) in Go(kG) 
for i > 0. For example, one might be able to show that various irreducible 
representations cannot occur in Hl(X,T) for i > 0. In this way one may still 
deduce from x(G,T) information about the class of H°(X,T) in Go(kG). 
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2.2. Group actions on varieties. Euler-Poincaré characteristics are useful 
in studying the possible actions of a finite group G on a projective variety I . 
Suppose for example that G acts freely on X , i.e. that there is a quotient 
morphism of schemes / : X —» Y = X/G which is an (étale) Galois covering 
with group G, in the sense of Definition 3.3 below. Then for any coherent 
sheaf T on X which admists a G-action compatible with the one on X, we 
have the identity 

X(T) = \G\.X((MT))G) 

where ( / * ( T ) ) G denotes the sheaf on Y of invariants in /*(T) (see [Mum, 
Sect. 12, Theorems IB and 2]). In particular |G| must divide xCO* Thus, 
for example, if the arithmetic genus x(Ox) equals 1, then no nontrivial finite 
group can act freely on X . Some interesting X with arithmetic genus 1 are 
given in [Hal, Ex. 11.8.4(f)]. 

By [E-L, Theorem 2.4] and [B-K, Prop. 1.2], one can refine the above 
formula to the equality 

X(G,T) = x((MT)f).[kG] 

in Go(fcG) provided that G acts freely on X. Thus x(G,T) gives a further 
obstruction to the freeness of an action of G on X. This is because there may 
exist non-free actions for which x(G^T) is not the class of a free module in 
Go(fcG) even though |G| divides x(T). 

Suppose now only that / : X —» Y is a tame G-covering of proper schemes 
of finite type over k. Nakajima shows in [Na2] that while the cohomology 
groups Hl(X,T) of a coherent G-sheaf T on X need not be projective kG-
modules in general, one can always express x(G, T) in terms of projective kG-
modules. This result will be a consequence of the more general construction 
in Section 5. For other uses of Euler-Poincare characteristics, see [B-K] and 
[Nl, Sect. 3]. 

3. G-covers and G-sheaves ([SGA 1, Ch. I and V], [Mum, Sect. 5 and 12]) 

In this section we describe the set up for the rest of this paper. Let S = 
Spec(A) be the spectrum of a noetherian ring A. All the schemes we consider 
are of finite type over 5. Let (X, Ox) be an 5-scheme and let G be a finite 
group. In what follows we will assume that the group G acts admissibly on X 
by 5-automorphisms (on the right)([SGA 1, Ch.I and V]). This means that 
there is a morphism / : X —• Y of 5-schemes such that O y - ^ / * ( O x ) G . Then 
Y = X/G is the quotient of X by G. If / is also finite, we will say that / is 
a G-covering. 
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Definition 3.1. A sheaf T of Oj^-modules is a G-sheaf on X if G acts on T 
in a way compatible with its action on Ox and with the action of Ox on T 
(i.e. Ox x T —• T is a G-morphism). 
Examples: (a) The direct image /*(T) of a G-sheaf T on I is a G-sheaf 
on Y. (b) If G acts freely on X then every G-sheaf T on X is the inverse 
image f~x(F) of some sheaf F on Y ( see [Mum, Sect. 12, Theorem IB]), 
(c) The structure sheaf Ox and the sheaf £î^y5 of relative differentials are G-
sheaves. (d) The sheaf associated to any ambiguous ideal in a Galois extension 
N/K of number fields with group G = Gal(N/K) is a G-sheaf on Spec(Ojv). 
(e) The invertible sheaf L(D) associated to a G-invariant divisor on X is a 
G-sheaf. (f ) If G acts trivially on X , then the identity morphism X —• X is a 
G-covering according to our definitions. In this case a G-sheaf on X is simply 
a sheaf of modules for Ox — G, on which the actions of G and Ox commute. 
Remark: If each of the cohomology groups Hl(X,T) are finitely generated 
AG-modules and almost all of these groups vanish, then one may define the 
Euler-Poincaré characteristic as the alternating sum 

X(G,T) = E 

i 

(- l )*.[ lP(X,r)] (3.2) 

of the classes [H{(X,T)] of the AG-modules H{(X,T) in the Grothendieck 
group Go (AG) of all finitely generated AG-modules. This will be the case, 
for example, if X is proper and of finite type over S and if T is a coherent 
G-sheaf. 

For any scheme Z we denote by Gz the constant Z-group scheme 

Gz = u 
g€G 

z9 

where for all g 6 G, Zg is isomorphic to Z. The group scheme structure of 
Gz is induced by the identity maps ZgXz Zh —> Zgh for h G G. This shows 
that an 5-action of the group G is the same as an action of the group scheme 
Gs. 
Definition 3.3. A G-covering / : X —• Y is Galois if X is a G-torsor over 
F, in the sense that X is faithfully fiat over Y and the map (x,g) (x,xg) 
defines an isomorphism 

X x y Gy ~X x y X. 

A G-covering is Galois if and only if its inertia groups are trivial [SGA1, 
V.2.6]; in particular, Galois G-coverings are étale. 
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Examples: (a) Gy —• Y is called the trivial Galois G-covering of Y. (b) Let 
if be a field. A Galois G-covering X of Y = Spec(K) is necessarily the 
spectrum of a separable finite dimensional if-algebra N. These algebras are 
known as Galois G-algebras. The trivial G-covering gives the standard Galois 
G-algebra Map(G,jfif) of all set theoretic maps from G to K. If N is a field, 
then the isomorphism in Definition 3.3 is nothing but the basic isomorphism 
from Galois theory 

Map(G,N) ~N®KN. 

(c) If ON and OK are the rings of integers in a G-Galois extension N/K of 
number fields, then the natural map Spec(ON) —• Spec(Oic) is a Galois G-
covering if and only if ON is unramified over OK in the usual sense (observe 
that Map(G,ON) is the maximal OJR—order in Map(G,N)). 

4. Tame G-coverings 

We now investigate under which conditions we can ensure that the Euler-
Poincaré characteristic defined in (3.2) can be lifted to the group of finitely 
generated cohomologically trivial AG-modules. Our guiding example will be 
Example (1.2). 
4.1. Cohomologically trivial modules. Recall that a G-module M is 
cohomologically triviali! lot every subgroup H of G, the (reduced) Tate coho-
mology groups Hl(H, M) are zero for all i. This is equivalent to the condition 
that the non-reduced cohomology group iP(G,M) vanishes for two consecu
tive values of i > 0. K M is an A-module, then Hl(H, M) and Hl(H, M) are 
A-modules. If B is a flat A-algebra, then 

W(H, B®AM) = B®A H\H, M) 

for all i > 0. Thus if B is faithfully flat over A, then M is cohomologically 
trivial if and only if B ®A M is. We also see that M is cohomologically 
trivial if and only if each of the localizations of M at prime ideals of A are 
cohomologically trivial. 

We now recall a well-known sufficient condition for an AG-module to be 
cohomologically trivial. 

Lemma 4.2. Suppose H is a subgroup of G of order prime to the residue 
characteristics of A , i.e. the order of H is a unit in every localization of A 
at a prime ideal. Suppose that M is isomorphic to the induced AG-module 
Ind(§(M/) associated to some AH-module M'. Then M is cohomologically 
trivial for G. 

Proof. By Shapiro's Lemma and Mackey's formula, it will suffice to show that 
M' is cohomologically trivial for H. Let Hf be a subgroup of H and let Ap 
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be a localization of A at a prime ideal P. Then the order of H' is a unit of 
Ap which annihilates 

#*(#', AP ®A M') = AP ®A JT(H' , M') 

for all i > 0. It follows that M' is cohomologically trivial for H', as required. 
4.3. Cech cohomology. Recall now that we can compute the cohomology 
of a quasicoherent sheaf F on a separated scheme Y by means of the Cech 
complex. Choose a finite open affine covering U = {U{}{ of Y and consider 
the family of abelian groups 

CP(U,F) = n 
» 0 < * - , < * p 

F{Uion-..DUip) . 

These form a complex the z-th homology group of which is the group Hl(Y, F) 
(see [Hal, III 4]). Suppose now that G acts trivially on (Y, Oy) and that F is 
a G-sheaf on Y. Since Y is separated, the intersections Ui0 fl- • •PlC/i are affine. 
Hence to show that the CP(U,F) are cohomologically trivial AG-modules, it 
is sufficient to show - say - that for any affine open subset U CY the module 
F(U) is cohomologically trivial. By the preceding remarks this is equivalent 
to showing that the stalks of F at every point of Y are cohomologically trivial 
(see also Prop. 4.7 below). 

Consider the case of a G-covering / : X —• Y and a sheaf F which is 
the direct image /*(T) of a (quasicoherent) G-sheaf T on X, Then the study 
of the stalk of F at any point y of Y can be done by base change. More 
precisely, we will use the following. Let a : Y1 —> Y be a flat base change 
containing y in its image and let fiX'—* Y' and T' be the base change of / 
and T respectively. Then / ' is again a G-covering and for y' G Y' such that 
a(y') = y we have 

(/:r%. = Or-,,- ®oY,y (/.T), • 

In particular—since Oy'.y' is faithfully flat over Oy, y —(f*T)y is cohomolog
ically trivial if and only if (flT')yi is. 
4.4. Tame extensions of D.V.R.'s. Let R be a discrete valuation ring 
with field of fractions K and residue field k. A finite Galois extension L/K 
with group G is said to be tamely ramified (or simply tame) if for any maximal 
ideal of the integral closure W of R in L the inertia group has order, prime 
to the characteristic of k and the residue field extension is separable ([SGA 1, 
XIII 2], [G-M]). If R is strictly henselian, i.e. if all of its connected étale 
extensions are trivial, then the situation is very simple: L/K is tame if and 
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only if the degree [L : K] is prime to the residue characteristic. Moreover 
since in this case the decomposition group equals the inertia group, we see 
that L/K is cyclic. It is shown in [SGA 1,XIII 2.0.2] and [G-M, 2.2.8] that 
tameness for any extension W/R of D.V.R.'s can be detected by going over 
to the extension W/R of the strict henselizations. Recall that W —> W is 
faithfuUy flat ([EGA IV] [Ra, Chap. VIII.4]). 

Proposition 4.5. ([Ra, X Lemma 1]) Let R be any strictly henselian ring 
and let G be a finite group. Let W be a (finite) R-algebra on which G acts 
in such a way that R = WG. Choose a maximal ideal qofW. Then 

W ~MapH{G,C) 

where C is the localization ofW at q, and where the algebra MapH(G,C) is 
the algebra of elements in the standard algebra Map(G,C) invariant under 
the inertia group H = Iq. 

Thus for example a tame G-extensions of a strictly henselian discrete valuation 
ring is induced from a subgroup of order prime to the residue characteristic 
(compare with the structure of the semilocalization of a ring of integers in 
tame G-extensions of number fields). Observe that in the situation of the 
proposition any WG-module M is isomorphic as an EG-module to a module 
Ind#(M') induced from some RH-module M' (see the proof of Prop. 4.7). 

We now make a geometric definition motivated by the above discussion. 
Definition 4.6. Let / : X —> Y be a G-covering. We say that / is numerically 
tame if for every point y of Y there is a flat morphism Y1 —• Y having y in 
its image and a F'-scheme Z for which the following conditions are satisfied. 
(a) The structure morphism Z —• Y1 is an if-covering for some group H of 

order prime to the residue characterics of Y', and 
(b) There is a homomorphism from H to G for which there is a G-equivariant 

isomorphism of F'-schemes 

X xYY' ~(Z xY> GY')/H. 

Remarks: (a) We do not require the group H to be abelian, we are only im
posing a condition on its order (this is a "numerical" condition), (b) A surjec-
tive Galois covering / : X Y is clearly numerically tame (take Y' = X = Z 
and H — 1). (c) By (4.4) any tame finite Galois extensions of number fields de
fines a numerically tame Gal(N/K)-covering 5pec(Ojv) —» Spec(OK)- (d) If 
G has order prime to all of the residue characteristics of F, then / : X —» Y is 
numerically tame, since we can let Y1 = Y,Z = X and H = G. (e) In the Ap
pendix we relate numerical tameness to a more ramification theoretic notion 
of tameness, thereby giving many examples of numerically tame G-coverings. 
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The following result was proved in [Chi] under the more restrictive hypothesis 
that / : X —• Y is a tame G-covering in the sense of [G-M, 2.2.2] (see also 
A.l of the Appendix). 

Proposition 4.7. Let f : X —• Y be a numerically tame G-covering of S-
schemes where S = Spec(A) and let F = /*(T) be the direct image of a 
quasicoherent G-sheafT on X. Then the following two equivalent conditions 
are satisfied 
(a) all the stalks of F are cohomologically trivial AG-modules 
(b) for every open afRne subset U ofY, F(U) is a cohomologically trivial 
AG-module. 

Proof. If U = Spec(B) in (b), then F(U) is a J5G-module which is cohomo
logically trivial if and only if for all y G 17, the localization F(U)y of F(U) 
at y is cohomologically trivial. Hence the equivalence of (a) and (b) follows 
from the fact that F(U)y is the stalk Fy of F at y. 

By the remarks in (4.3), to show that Fy is cohomologically trivial, we are 
free to make a base change by a flat morphism Y' —• Y whose image contains 
y. Thus in view of Definition 4.6, we can assume that X = (Z Xy Gy)/H for 
some finite group H mapping homomorphically to G and for some iJ-cover 
Z —• Y. By [G-M, Lemma 1.5.2(iii)] we can replace H by its image in G 
and Z by its image in X so as to be able to assume that i f is a subgroup of 
G. Choose a set S of representatives for the cosets H\G which contains the 
identity element e of G. Over Y we have an isomorphism of schemes 

(ZxYGr)/H = u 
ses 

Zs. (4.8) 

This is a G-isomorphism when we let G act on the right hand side according 
to our choice of coset representatives S and according to the (right) action of 
H on Z. 

Let Tz be the restriction of the G-sheaf T on X = (Z X y Gy)/H to 
the component Z • e on the right hand side of (4.8). Let a : Z • e —• Y be 
the restriction of / : X —» Y. Then we find that the stalk / * ( T ) y = Fy at y 
is isomorphic as a left OyiV[G]-module to the induced module Jnd§a*(rz) y , 
where a*(Tz)y is a left OyiV[H]-module. Because of condition (a) of Definition 
4.6, we can now conclude from Lemma 4.2 that Fy is cohomologically trivial, 
which completes the proof. 

5. Equivariant Euler-Poincare characteristics for numerically tame 
coverings 

In this section we carry out the construction of equivariant Euler-Poincare 
characteristics for numerically tame coverings. In particular, we deal with the 
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problem of producing bounded complexes of finitely generated cohomologi
cally trivial AG-modules which compute sheaf cohomology. As will be seen, 
we consider a slightly more general situation than the one we have considered 
so far, in that we replace the G-sheaf T by a bounded complex of sheaves. The 
additional freedom this allows is useful in applications, where one considers 
complexes which arise from truncating the de Rham complex ̂ X / A (see [Chi, 
Ch2]). 

As in Section 3, let / : X Y = X/G be a G-covering of schemes of finite 
type over a noetherian ring A, where G is a finite group. Let K+(Y, A, G) 
be the category whose objects are complexes Fm of sheaves of AG-modules 
on Y which axe bounded below. Morphisms between consecutive terms of F* 
are assumed to respect the AG-module structure, where the actions of A and 
G commute. Note that we do not assume that Oy acts on the terms of F*. 
Morphisms in K+(Y, A, G) are homotopy classes of morphisms of complexes. 

Let K+(A,G) be the (homotopy) category of complexes of AG-modules 
which are bounded below. A morphism between two such complexes is a 
quasi-isomorphism if it induces an isomorphism in cohomology. The de
rived category Z}+(A,G) of 1T+(A,G) is the localization of i f + ( A , G) with 
respect to quasi-isomorphisms (see [Ha2, p.37] or [K-S, Chap. 1 and 2]). 
Since there are enough injectives in the category of sheaves of AG-modules, 
the construction given in [Hal, Prop. III.2.2] shows that there are enough 
injectives in the category of sheaves of AG-modules on Y. Hence by e.g. 
[Ha2, Cor. 1.5.3] the global section functor has a right derived functor 
RT+ : K+(Y, A,G) D+(A,G) . The basic fact that we will need to know 
about RT+ is that under suitable assumptions on Y and F*, one can compute 
RT+(F*) by a Cech hypercohomology complex H(ZY,F9). In the case of a 
complex reduced to the term F in degree 0, this is the usual Cech complex. 
More precisely we will need the 
Facts 5.1. [EGA III, 0.12.4.7] Let U = {Ua} be a finite open affine cover of 
Y and let 

Cl(U,F3) = n 
k0<…<ki 

Fj(Ukon---nUki) . 

One can define differentials on the Cl(U^F^) so as to get a double complex 
C9(U,F*). Let H(ZY, F*) be the total complex of this double complex. Sup
pose now that Y is separated over A. Suppose further that the terms of F* are 
quasicoherent Oy-modules, and that the A-module structure given on each of 
these terms is compatible with the structure morphism Y —• Spec(A). Then 
H(£/ ,F # ) is isomorphic in £>+(A,G) to RT+(Fm). 

The following result was proved in [Chi] under the more restrictive hy
pothesis that / : X —• Y is a tame G-covering in the sense of [G-M, 2.2.2] 
and A.l of the Appendix. 
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Theorem 5.2. Let f : X —>Y be a numerically tame G-covering of schemes 
which are proper and of finite type over A. Suppose T* is a bounded com
plex of sheaves of abelian groups on X which has the following properties. 
Each term of T* is assumed to be a coherent Ox-module which has an ac
tion of G compatible with the action of G on Ox- The structure morphism 
X —> Spec(A) then makes each term of T* an AG-module. The morphism 
between consecutive terms of T* are assumed to respect the AG-module 
structure (but not necessarily the Ox-structure). Under these assumptions, 
/ * ( T # ) is an object in K+(Y, A, G). Furthermore, there is a bounded complex 
M9 = (Ml) of finitely generated cohomologically trivial AG-modules wich is 
isomorphic to RT+(f*(T*) in D+(A,G). Let CT(AG) be the Grothendieck 
group of all finitely generated AG modules which are cohomologically trivial 
as G-modules. The (equivariani) Euler-Poincaré characteristic 

xRT+(fJT-)) = 
oo 

E 
i= — oo 

{-!)* • [M f] 

in CT(AG) depends only on T* and not on the choice of M*. 

Proof. Since / : X —• Y is finite, the complex F* = / * ( T # ) is a bounded 
complex of coherent Oy-modules. The A-module and G-module structure of 
the terms of T* make F* into an object in K+(Y, A, G). The action of Oy on 
each term of F* commutes with the action of G, and is compatible with the 
A-module structure of this term via the structure morphism Y —> Spec(A). In 
light of the Facts 5.1, as a first approximation to the complex M* we may take 
the Cech hypercohomology complex MQ = H(ZY, F9). By our assumptions on 
T* and U, MQ is bounded. Since the G-covering / : X —* Y is numerically 
tame and the intersections Uk0 fl • • • fl are affine, we know by Proposition 
4.7 that all the F^(Uk0 H • • • fl E/ĵ ) are cohomologically trivial AG-modules. 
So the terms of MQ are cohomologically trivial. We now use the assumption 
that the terms of T* are coherent to get a complex with the same properties 
as MQ , but with finitely generated terms. There is a standard way of doing 
this (see [Ha, III 12.3] [EGA III, 0.11.9.1] [Mum, Sect. 5 Lemma 1] [SGA 6, 
I 1.4]). The idea is as follows. Suppose that L% = (L{) and N* = (N*) 
are complexes with terms in some nice category and let u : L* —• N* be a 
morphism of complexes inducing an isomorphism in cohomology for i > n 
and an epimorphism for i = n. Suppose also that the ra-th cohomology of 
the mapping cone complex of u satisfies some reasonable finiteness condition. 
Then one can modify u in degree n so as to get an isomorphism in cohomology 
for i = n and an epimorphism for i = n — 1 (i.e. we move one step to the 
left). Moreover the modification simply consists of adding to Ln an object 
of the category satisfying the same finiteness condition as the cohomology of 
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the cone. We will apply this with L* = M 0

# , N9 = RT+(F9) and proceed 
by descending induction to get a complex M* with finitely generated coho
mologically trivial terms and with the same cohomology as KT~*~(F9): the 
assumption on the mapping cone is satisfied since we are considering com
plexes with coherent cohomology sheaves. The complex M* is not necessarily 
bounded below. We get the complex M* of the statement by truncating M* 
in degree 0 so as not to change its cohomology, i.e. we let Ml = M{ for i > 1 
and M° = M f / i m f J l f f 1 ) . It follows from the fact that we have isomorphisms 
in cohomology that M° is also cohomologically trivial. Suppose now that 
M / # is another bounded complex of finitely generated AG-modules which are 
cohomologically trivial for G, and that there is an isomorphism between M* 
and M'* in the derived category. This isomorphism is represented by a pair 
of quasi-isomorphisms of complexes N* —• M* and N* —• M ' # , where N* 
is bounded below. Applying the construction above, we can replace N* by 
a complex of finitely generated AG-modules which are cohomologically triv
ial as G-modules. Thus to prove x(M) = S ^ o C " " * ) 1 ' I-^*] e < l u a l s x(M') in 
GT(AG), we can reduce to the case in which there is a quasi-isomorphism of 
complexes r : M* —• M'9. The mapping cone complex L* of r is now acylic 
and consists of finitely generated cohomologically trivial AG-modules. Hence 
0 = x(L*) = x (M # ) — x(M / # ) , as claimed. This concludes the proof of the 
theorem. 

Appendix: A variant of Abhyankar's Lemma 

We define G-coverings of normal schemes which are tame in codimension 
1 and show that they are numerically tame. The statement comes form [G-M]. 
The proof is based on Abhyankar's observation that under suitable regularity 
assumptions one can "eliminate ramification from a tame covering by a tame 
base change which is completely determined by the covering". 
Definition A . l . [G-M, 2.2.2] Let / : X —+ Y be a G-covering and suppose 
X and Y are normal Let D be a divisor with normal crossings on Y which 
is of codimension at least 1. Write U = Y\ D. The covering / is said to be 
tamely ramified in codimension 1 with respect to D if 

a) X X y U is Galois over U with group G (see (3.3)); 
b) every irreducible component of X dominates an irreducible component 

of Y] 
c) / is tamely ramified at every y G D of codimension 1 in the following 

sense. The local ring Oy,y is a discrete valuation ring by our assumptions 
on Y and y. Let K = Q(Gy > y ) be its quotient field. Then we want every 
field component of the function ring of the fiber f~x(y) to be tamely 
ramified over K (as in (4.4)). 
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The assumption on D implies that the local rings of all the points in the 
support of D are regular and that at any point we have nice local equations 
for the components of D after making an etale base change. The functions 
defining these equations together with the orders of the relevant inertia groups 
are the crucial elements needed for Abhyankar's method to work. 

Theorem A.2. A G-covering f : X —> Y of normal schemes which is tame 
in codimension 1 (with respect to some divisor with normal crossings D) is 
numerically tame. 

Proof. We just string a number of propositions from [G-M] and [SGA 1] (note 
that a proof of the theorem is not given in [G-M] nor in [SGA 1, XIII]). For 
every y G Y it suffices to construct an etale neighborhood g : Y' —• Y of y and 
a covering Z of Y1 satisfying the conditions of Definition 4.6. We choose Y' 
to be the spectrum of the strict henselization of the local ring at y. The base 
change / ' : X1 = X xY Y' -> Y' of / is again a G-covering ([SGA 1, V 1.9]). 
Applying Proposition 4.5 to the covering / ' we can replace X' by one of its 
connected components and G by the inertia group of the closed point of this 
component, so as to be able to assume that X' is the spectrum of a strictly 
henselian local ring. The G-covering / ' is tame with respect to a divisor D' 
on Y' having normal crossings ([G-M, p. 27 and 2.2.8]). 

Next we consider the Y'-scheme Y" 

Y" = Spec(0Y,[(Ti)]ieI)/ T m i - ai iEI . 

Here a = {a^} is the finite family of non-unit global sections of Oy defining 
the local equations of the divisor D' at the closed point y' of Y1 and n — {rii} 
is a family of integers determined by the orders of the inertia groups attached 
to / ' (see [SGA 1, XIII 5.2]). The covering Y" Yf comes with an action of 
fin = IL Pi a n ( l * s a Kummer covering in the sense of [G-M, 1.2]. Furthermore 
Y" is the spectrum of a strictly henselian local ring (see the proof of [G-M, 
Lemma 1.8.6]). The main idea of the proof - which goes back to Abhyankar 
(see e.g. [S2]) - is to show that X" = X'xY< Y" is étale over Y"; then since Y" 
is strictly henselian, it will follow that X" —• Y" has a section. Composing this 
section with the natural projection X" —• X\ exhibits X' —• Y' as a quotient 
of the covering Y" —» Y1. (To check this it is useful to apply Proposition 4.5 
to the coverings X" -+ X1 and X" -* Y'.) 

To show that X" —> Y" is étale one reduces to the classical Abhyankar 
Lemma as stated in [SGA 1, X 3.6] by using the Theorem on the Purity of 
the Branch Locus [SGA 2, X 3.4] (see [SGA 1, XIII 5.3.0] for the reduction). 
The rest is all downhill. Since / ; is a quotient of a Kummer covering it is a 
generalized Kummer covering ( X ' , G ) . Then by [G-M, Prop. 1.6.2] there is 
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a generalized Kummer covering (Z,H) such that (X\G) ~ ( (Z x G)/H,G). 
Here Z is the connected component of X' and H is the stabilizer of Z in G; 
compare Proposition 4.5. This concludes the proof. 
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ON THE STRUCTURE AND THE NUMBER 

OF SUM-FREE SETS 

Gregory A. FREIMAN 

1. Introduction 

A finite set A of positive integers is called sum-free, if AD (A + A) = 0. In 
this note we study the structure of sum-free sets. For n odd, { 1 , 3 , 5 , . . . , n} 
and { n+1/2 n+3/2} ̂ l^,..., n} are important examples of such sets. 

For any non-empty finite set i f C Z, we denote by £{K) and ra(if), 
respectively, the largest and smallest element of if, by d(K) the greatest 
common divisor of the elements of if, and by |if | the cardinality of if. For the 
sets A considered below, we set m := m(A), £ := £(A), a := 2A := A+A 
and A — m := {x — m \ x e A}, £ — A := {i — x \ x e A}. Denote 
[m,n] = {x £ Z \ m < x < n}. There is a general property of sum-free sets 
(from [CE], page 63) which we will use later: If B is a sum-free subset of 
{ 1 , . . . , n } then B contains at most one of i and £(B) — i, for each positive 
integer i < £(B); and if £(B) is even, then \£(B) £ B. Hence 

\B\ < \\t(B)\ < \\n] . 1/2n]. (1) 

We will show that if the cardinality of a sum-free set A does not differ 
much from \£(A), then A does not differ much from one of the two examples 
mentioned above. More precisely, we will prove 

S. M. F. 
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Theorem 1. Let A be a sum-free set of positive integers for which a > ^£+2. 
Then either 

1) All elements of A are odd, or 
2) A contains both odd and even integers, m> a, and for A\ := A fl [ l , \t\ 

we have 

\M\< 
£ - 2a + 3 

4 

Let f(n) denote the number of sum-free subsets of { 1 , . . . , n } . 
P.J. Cameron and P. Erdos in their talk at the First Conference of the 

Canadian Number Theory Association [CE, page 64] conjectured that 

/ ( » ) = 0 ( 2 * ) . 

P. Erdos and A. Granville, and independently N. Calkin as well as N. Alon 
[Al] showed that 

/ (n ) = 2 ^ + ° ( 1 ) ) " . 

The proof in [Al] is more general and in particular applies to any group. 
As a simple corollary of Theorem 1 we will prove that the number of 

sum-free sets A C [l,n] for which a > -^£ + 2 has the bound O ( 2 ^ ) . 

2. The Structure of Sum-Free Sets of Large Cardinality 

As a main tool in the proof of Theorem 1 we will use the following two 
theorems from [Fl]. 

Let M and N be finite sets of non-negative integers such that m(M) = 
m(N) = 0. 

Theorem 2. If£(M) = max(^(M), £(N)) and £{M) < \M\ + \N\ - 3, then 
\M + N\>l{M) + \N\. 

Theorem 3. I /max(/(M), £(N)) > \M\ + \N\-2 and d(M U N) = 1, then 

\M + N\ > \M\ + |jV| - 3 + min(|M|, \N\) . 

We shall also use the following result from [F2]: 

Lemma. If A C Z is finite, then 

\2A\ > 2\A\ - 1 . (2) 
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Proof of Theorem 1. Let us call a set A difference-free if AD(A — A) = 0. 
Note first that the notions of sum-free set and of difference-free set coincide. 
For if x, t/, z e A, then x = y + z y — x - z. Thus if A is not sum-free 
then A is not difference-free and conversely. 

In the set A — A, to each positive difference x — y there corresponds the 
negative difference y - x. Denote by (A - A)+ and (A - respectively, 
the set of positive and negative differences. 

Since A - A = (A - A)+ U (A - A)_ U { 0 } and \(A - A)+1 = \(A - A)_ |, 
we have 

\A-A\ = 2\(A-A)+\ + l . (3) 

The sets A and (A — A)+ are both contained in the interval [1,/]. Since 
A is difference-free, it follows that 

\A\ + \(A-A)+\<1. (4) 

This inequality is very restrictive for large a = and we will use it in 
conjunction with a lower bound for \(A — A)+ \ to be obtained from Theorems 
2 and 3, to prove Theorem 1. 

Let us study various cases according to the value of d(A — m). 
We first observe that d(A - m) < 2, for if d(A - m) > 3 then a < | + 1 

which contradicts the condition a > + 2. 
In case d(A — m) = 2 first consider the subcase when m is odd. Then all 

the numbers of A are odd and we have Case 1 of Theorem 1. 
If d(A — m) = 2, then m cannot be even, under the hypothesis of The

orem 1. Indeed, if m is even and d(A - m) = 2 then all the integers in A 
are even and the set | := {x \ x = ~, a 6 A} is sum-free, with largest 
element ¿1 = | . Also if a > + 2 then (1), applied to B = ~ , would yield 
±1 + 2 < a = \A\ = |f I = | £ | < = *±*, which is absurd. 

The only case left is that in which d(A — m) = 1. Clearly the elements 
of A cannot then all be of the same parity. We define sets M and N by 
M := A-m and N := I—A. Then m(M) = m(N) = 0, ^(M) = l(N) = l-m, 
\M\ = \N\ = a,\M + N\ = \A- A\] and d(M UN) = 1 since d(M) = 1. If we 
had 

/ - m > 2a - 2 , (5) 

Theorem 3 would apply, giving = |M + iV| > 3a - 3, whence 
\(A - A)+| > ^ - 2 by (3). Using this in (4) together with a > + 2 
would yield the absurd 

^> \(A-A)+\+a> 
5a 

2 
- 2 > 

25 

24 
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Hence (5) is impossible: £ — m < 2a — 2 if d(A — m) = 1 and a > j^l + 2. 
Theorem 2 applies, and gives |A - A\ > £ — m + a, whence \(A - A)+ \ > 

\(£-m + a-l)hy (3). 
Using this inequality, (4) and a > ~£ + 2, we get 

m > -A • l/4 (6) 

Having obtained this lower bound for ra, we can strengthen it as follows. 
For any positive integer i, the integers i and m + i cannot both belong 

to A(m G A and A is sum-free). Hence the union [£ — 2m + 1,^] of the 
intervals I = [£ — 2m + 1, £ — m] and I + m contains at most m elements of 
A. Recall that A1 = AH [l, § ] . Let A2 = A\Ax = AH [ ^ f 1 , / ] . Then by (6), 
A2 C [ ^ , £ ] C [£ - 2m + 1,*], and therefore 

| A 2 | < m . (7) 

Now 2Ai HA2= 0 (^2 C -A, and 2Ai C\A = 0 since A is sum-free) and by (6), 
2Ar C [l+1,l/2]. Hence 

|2i4i| + |i4 a | < l<—l+1/2 
I - o 

By adding this inequality to (7) and using (2) and \Ai \ + \A2\ = a we get 
2a < \{£ + 3) + m. Hence with a > ^ + 2we get 

m > ^ + 2 . (8) 

From (8) we have A C [m,£] C [£ — 2m + 1,£]. We have seen that this last 
interval contains at most m integers from A; it follows that m > a, which 
proves the first inequality in Case 2 of Theorem 1. 

To establish the second inequality of Case 2, we observe that £ — Ai, 
2Ai, and A2 are pairwise disjoint subsets of [ ^ ^ , / ] . We have already ver
ified this for 2Ai and A2. Also, (£ — A\) fl A2 = 0 since A is sum-free and 
( / - i 4 i ) n 2AX = 0 because l-Ax C [ 0 , / - m ] , 2AX C [2m,£] and £-m < 2m 
by (8). Finally, * - Ax C [f, / - l ] since Ax C [l, f ] ; and | £ A\i£ is even, 
because A is sum-free. 

It now follows that \£ - Ax\ + |2Ai| + \A2\ < f̂1, whence by (2), 
3|Ai| + \A2\ - 1 < f̂1, or \AX\ < | - § + f. This completes the proof 
of Theorem 1. 

/ + 1 
2 
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3. Maximal Sum-Free Sets 

We will call a sum-free subset of [l,n] maximal if it is of maximal cardi
nality. 

We will now prove the following theorem, stated without proof in [CE] 
on page 63. 

Theorem 2. For n > 24, the only maximal sets are 
(i) the set C of all odd numbers in [1, n]; 

(ii) the set D of all numbers in [l,n] which are greater than ^, 
(Hi) if n is even, the set E = D — 1 = [^, n — l ] . 

Proof: Clearly, the sets C, D and E are sum-free of cardinality [ ^ ] . Hence, 
by (1), a sum-free set A is maximal if and only if \A\ = |~^~|. Let A be any 
maximal set. Then a = \A\ = [ f ] > § > + 2 (if n > 24) > + 2, so 
the condition of Theorem 1 is satisfied. 

In Case 1, A C C, so A = C. 
In Case 2, m > a, so i C [ [ f 1» n ] = ^> s a y- ^ n l s ^ e n F = D> 

so that 4̂ = D. If n is even, then F = { ~ , f + 1,... , n } which is a set of 
cardinality |~^] + 1, so precisely one of its elements does not belong to A. If 
% & A, then A = D, and if ^ e A, then n ^ A, therefore, A = E. 

4. Some Examples of Sum-Free Sets 

We now give two examples to show that each of the inequalities in The
orem 1 is best possible. 

Example 1. Let us consider positive integers m and n such that n > 36 
and 5n + 24 < 12m < 6n (n > 36 ensures the existence of at least one such 
m). Then define the set A = ([n — m + l,n] U {m}) \ {2m} . Then one has 

1) A is a sum-free set, 
2) \A\ = m and £(A) = n so that the condition a > | | + 2 is fulfilled, 
3) A contains an even number (because we have n > 24, so that m > 12 

and [n — m + l ,n] contains at least two even numbers), 
4) m = a. 

Example 2. Let us consider two positive integers m and n satisfying 
l l n + 18 < 24m < 12n — 12. (such that n is odd and n > 53), and let us 
define 

Then one has 
1) A is a sum-free set, 
2) \A\ = 4 m - 2

n + 1 and £(A) = n, so that condition a > ff + 2 is fulfilled, 

U ( [ n - m + l , n ] \ [2m,n» 1]) . A = т. 
n - 1 

2 
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3) A contains an even number (because [n — m + 1 , 2m — 1] contains at least 
one even number), 

4) therefore, we have An [l , f] = [m, ^ f 1 ] so that |Af l[l , f] | = ; - § + f. 
It can be shown that when m is sufficiently large, both equalities m = a 

and \A\ | = | — | + 1 cannot hold at the same time; and indeed deeper results 
can be established correlating the lower bound of m and the upper bound of |A1|. 

The hypothesis a > + 2 in Theorem 1 cannot be replaced by 
a > \l, as is seen from the example (for n 6 N divisible by 5) of the set 
[f + 1, 4p] U + l , n ] . Furthermore, this set is locally maximal in the 
sense of the following definition. 

Definition. A set A in [l,n] is locally maximal if A is sum-free, but if 
i C A , C [ l , n ] andA' ^ A, then A! is not sum-free. 

There naturally arises the problem of determining all locally maximal 
sets. 

5. On the Number of Sum-Free Sets 

Theorem 1 immediately gives an upper bound for the number of sum-free 
sets for which a > -^i + 2. 

In Case 1 the number of sum-free sets with |A| = a is less than or equal 

to ( I T ! ) -
In Case 2 the number of sum-free sets is less than or equal to ( n 

These upper bounds confirm the conjecture of Cameron and Erdos for the 
number of sum-free sets for which a > ^£ + 2. 

It may be conjectured that the number of sum-free sets in [l,n] of cardi

nality a is O ((!))• 

In conclusion, I am pleased to express my gratitude to Professor John 
Steinig, the referee of this paper, who has spent much of his time clarifying 
and making more precise an exposition of this paper. 
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GROUPE DE BRAUER 

DE CERTAINES HYPERSURFACES 

David HARARI 

1. R a p p e l s et notat ions 

Dans toute la suite, k désignera un corps de nombres, fi* l'ensemble de ses 
places, k une clôture algébrique fixée de fc, G = Gal(k/k). Soit X une k-
variété algébrique lisse. On dit que X vérifie le principe de Hasse si la condition 
X(kv) ^ 0 pour toute place v de k implique X(k) ^ 0. On dit que X vérifie 
l'approximation faible si la condition X(k) ^ 0 implique que X(k) est dense 
dans JI X(kv), muni de sa topologie produit, pour tout ensemble fini 5 inclus 

ves 
dans Qfc. 
Nous considérerons ici les hypersurfaces V de A£ d'équation: 

y2 -az2 = P(xu...,xn_2) (1) 

avec n > 3, a G k* — k*2 et P polynôme non nul de degré total au plus 4. On 
se pose deux types de problèmes pour ces variétés: 

• problème arithmétique : Quand les modèles pro jectifs lisses X de V véri
fient-ils le principe de Hasse et l'approximation faible (cette propriété ne 
dépend en fait pas du modèle lisse X choisi 1 , c'est une propriété qui ne 
dépend que du corps des fonctions k(V) de la variété V) ? 

• problème algébrique: Calculer le groupe de Brauer B r X d'un modèle 
projectif lisse X de V. 

Les deux problèmes sont liés par le fait suivant 2 : 
1voir appendice 1 
2voir appendice 2 

S. M. F. 
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Proposition 1. Soit X une k-variété propre, lisse, géométriquement intègre, 
qui a des points dans tous les complétés de k. Alors, la condition: 

Mpv) € II X(K)) (3A E BrX) ( £ invvA(PV) ï 0 dans Q / Z ) 
veuk venk 

(resp. (3A G B r X ) (3(PV) G II X (kv)) ( £ ^yvA(Pv) £ 0 dans Q / Z ) ) 
vEQk 

est une obstruction, dite obstruction de Brauer-Manin, au principe de Hasse 
(resp. à Vapproximation faible )pourX. 

La conjecture principale que nous faisons pour les modèles projectifs lisses 
X des variétés V d'équation (1) est que l'obstruction de Brauer-Manin au 
principe de Hasse et à l'approximation faible est la seule. H s'agit d'une con
jecture standard pour beaucoup de classes de variétés rationnelles (c'est à dire 
dont le corps des fonctions devient transcendant pur sur la clôture algébrique). 
Dans le cas que nous considérons ici, notons que Colliot-Thélène, Sansuc, et 
Swinnerton-Dyer ont montré que la réponse est affirmative quand le polynôme 
P qui intervient dans l'équation (1) est irréductible ou bien produit d'un fac
teur irréductible de degré 3 et d'un facteur linéaire, ou bien quand n = 3 (cf. 
[3])-
Nous considérerons dans la suite le cas où n > 4 et P = fg avec / , g, 
irréductibles sur k{y/a), de degré 2, premiers entre eux 3 . Si i\> sont les formes 
quadratiques obtenues en homogénéisant / , nous supposerons toujours que 
l'intersection de leurs noyaux est réduite à 0, ce qui traduit qu'on ne peut pas, 
par changement de variables, se ramener à n plus faible. 

2 . C a s s imples 

Théorème 1. Soit V : y2 — az2 = / ( « i , . . . , ^71-2)3(̂ 15 • • • ? #71-2) une hyper-
surface du type (1). On garde les hypothèses et notations de la fin du para
graphe précédent. Alors, un modèle projectif lisse X de V satisfait le principe 
de Hasse et l'approximation faible dans les cas suivants: 

• n > 6 

• n = 5 et toute forme du pinceau \(p + fitp, (A,^) G k2 — (0,0) est de rang 
au moins 3. 

3Pour les autres cas, qui découlent assez simplement des résultats de [8], voir [5] 
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PREUVE: La variété V est fc-birationnelle à: 

Y : (y2 - az2)f(xu . . . , xn_2) = g(xu . . . , zn_2) 

Or, F peut se voir comme fibrée en quadriques, via (y, 2), au-dessus de Af. 

• Pour n > 6, il y a deux cas: 

- Si le discriminant de la forme Xip+iixj) n'est pas identiquement nul, la 
fibre générique est lisse et les fibres sont des quadriques de dimension 
> 3. On conclut alors avec le lemme suivant, que l'on trouve dans 
[3]: 

Lemme 1. Soient Y, Z, deux k-variétés et p : Y —> Z un fibre en 
quadriques de dimension relative d > 3. On suppose la fibre générique 
lisse. Alors, si Z\\sSe vérifie le principe de Hasse et l'approximation 
faible, il en est de même de lîisse-

PREUVE DU LEMME 1: La preuve de ce lemme est assez simple; soit 
{Pv)venk une famille de points locaux lisses de Y, S un ensemble fini de 
places de k. Quitte à élargir S, on peut supposer qu'il contient toutes 
les places archimédiennes. Soit Mv = On peut supposer que 
les Mv sont des points locaux lisses de Z (quitte à bouger légèrement 
les Pv, grâce au théorème des fonctions implicites v-adiques). Comme 
Zfese satisfait le principe de Hasse et l'approximation faible, on peut 
trouver un point dans ZiisSe(fc), qui est en plus arbitrairement proche 
des Mv pour v £ S. Par le théorème des fonctions implicites, pour M 
assez proche des MV pour v € 5, la fibre en M (qu'on note YM) aura 
des points dans tous les kv tels que v G 5. Comme la fibre générique 
est lisse, on peut de plus supposer que YM est lisse. Maintenant, YM 
a des points dans tous les kv pour v £ S car YM est une quadrique 
définie par l'annulation d'une forme quadratique de rang > 5 et une 
telle forme quadratique a un zéro non trivial dans tout kv pour v 
non archimédienne. Il ne reste plus alors qu'à appliquer principe de 
Hasse et approximation faible pour la quadrique YM pour démontrer 
le lemme. 

— Si maintenant le discriminant de la forme \(p + \i^> est identiquement 
nul, <p et rf? ont un point fc-rationnel M commun (lemme 1.14 de 
[3]). Maintenant, la fibre générique admet M comme point rationnel 
non conique (à cause de l'hypothèse N((p) D N(ip) = 0), elle est 
donc birationnelle à Pn_3 et Y est fc-birationnelle à P£~3 x A | (la 
projection sur A | admettant une section via M ) . D'où le résultat. 
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• Dans le cas n = 5, il faut utiliser le lemme suivant, dont la preuve, que 
l'on peut trouver dans [9], est plus difficile: 

Lemme 2. Soit Y une k-variété géométriquement intègre, f : Y —• Z 
un morphisme projectif, surjectif dont les fibres sont géométriquement 
intègres, avec Z ouvert de Ar

k dont le complémentaire est de dimension 
au plus r — 2. On fait de plus l'hypothèse géométrique (*) que sur k, 
glisse (*?) 7̂  0 pour un ouvert de Zariski non vide de la variété des droites 
affines de Ar, t] C A r étant le plongement du point générique de A 1 

associé . Alors, si les fibres de f sur un ouvert de Z vérifient le principe 
de Hasse et Vapproximation faible, il en va de même de Y. 

On applique alors ce lemme, quand le discriminant de la forme 
\cp + fitp n' est pas identiquement nul, avec Z = A | . L'hypothèse (*) 
est automatiquement vérifiée d'après [9] car les fibres, sur un ouvert de 
Zariski non vide de Z , sont des quadriques lisses et toutes les fibres 
sont géométriquement intègres à cause de l'hypothèse que toute forme 
du pinceau \<p + /x^, (A,/x) £ k2 — (0,0) est de rang au moins 3. Quand 
le discriminant de la forme \ip + fitp est identiquement nul, le même 
argument de fc-rationalité de Y que dans le cas n > 6 fonctionne encore. 

REMARQUE: Pour les cas simples que recouvre le théorème 1, on n'a donc pas 
besoin de faire intervenir le groupe de Brauer de X : une méthode de fibration 
permet de résoudre directement le problème arithmétique. 

3 . C a s plus difficiles 

Quand on n'est pas dans les cas favorables examinés dans la section précé
dente, on peut espérer traiter le problème arithmétique en utilisant des mé
thodes de descente, selon la théorie développée par Colliot-Thélène et Sansuc 
dans [4]. Il faut pour cela d'abord résoudre le problème algébrique du calcul 
de B r X . C'est l'objet du théorème suivant: 

Théorème 2. Soit V : y2 - az2 = . . . , x n _ 2 ) p ( x i , . . . , x n _ 2 ) une hyper-
surface du type (1). On garde les hypothèses et notations de la fin du para
graphe 1. Soit X un modèle projectif lisse de V. Alors: 

• Pour n = 5, Br X/BT k = Z /2 s'il existe une forme Q = \(p + [iip du type 
(T), avec (A,/x) G k2 — (0,0), telle que les restrictions de cp^tp au noyau 
de Q soient encore du type (T). Sinon, BrX/Brfe = 0. 
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• Pour n = 4, on fait de plus l'hypothèse que les coniques projectives asso
ciées à cp,ip sont lisses et en position transverse 4 . Soient i?i,i?2, #3,-^4 

leurs quatre points d'intersection. Alors, BrX/Brfc = Z/2 si les Ri 
sont conjugués et tels que l'extension de degré quatre associée contienne 
k(y/a), ou bien si les Ri forment deux paires de points conjugués dans 
k(y/E). Sinon, BrX/Brfc = 0. 

(On dira qu'une k-forme quadratique de rang 2 est du type (T) si elle est 
isomorphe sur k à une forme proportionnelle à (1, —a)). 

IDÉES DE LA PREUVE: La méthode est différente selon que n = 5 ou n = 4. 

• Pour n = 5, on remarque que la variété V est if-rationnelle (K = k(y/â)). 
On utilise alors le lemme fondamental suivant (cf. [1]) qui permet de relier 
le groupe de Brauer de X aux fonctions dont les diviseurs sont des normes 
pour l'extension K/k: 

Lemme 3. Soit F/k une extension finie cyclique de corps de nombres, 
de groupe G- Soit X une k-variété géométriquement intègre, propre et 
lisse, F-rationnelle (c'est-à-dire que F(X) est transcendant pur sur F), 
qui a des points dans tous les complétés de k. Alors, BrX/BrA; est égal 
au noyau de la flèche <f> : k(X)*/k*NF(X)* Div X/NViv XF. Si I 
est un système de générateurs de ce groupe et {fi}içi un système de 
représentants de I dans k(X)*, il y a obstruction de Brauer-Manin au 
principe de Hasse (resp. à l'approximation faible) pour X si et seulement 
si: 

(V(P„) G n X(kv)) (3i El) ( E 3v(fi(Pv)) * 0 dans Q / Z ) 
vGQu vGQu 

(resp. (3(PV) e n *(*.)) (3t € / ) ( E Wi(Pv)) î 0 dans Q / Z ) ) 
vGQu vGQu 

(Où j v désigne le plongement: fc*/iVF* ^ Q / Z donné par la théorie du 
corps de classe local. On note F* = fc* (g)* F). 

Le grand intérêt de ce résultat est qu'il permet de calculer Br X sans avoir 
à construire explicitement un modèle lisse X de V puisque seul intervient 
le corps des fonctions de X (qui est le même que celui de V). Notons 
encore Y C A£ le modèle de V d'équation (y2 — az2)f(x\,... , x n _ 2 ) = 
g(xi,... , x n _ 2 ) et K = k(y/â). D'abord, BiX/Bik est inclus dans le 
sous-groupe de k(X)*/k*NK(X)* engendré par la classe de / : il résulte 

4les autres cas se traitent simplement, cf. [5] 
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en effet facilement du fait que Y est fibrée en coniques au-dessus de 
A£~ 2 par « i , . . . ,# n_2 que si F est une fonction sur Y dont le diviseur 
est une norme de l'extension K/k, F est égale modulo k*NK(Y)* à une 
fonction constante en tant que fonction sur le corps . . . , 2̂ 1-2)5 c'est 
à dire à une fonction h(xi,..., xn_2) ne dépendant plus de (y, z). Sir est 
un facteur irréductible sur K de fo, r = / ou r = # sinon en considérant 
le diviseur intègre (au niveau k(y/a)) sur Y défini par r = 0, on voit que 
le diviseur de h(xu • • • ne peut être une norme. Ainsi, comme fg 
est une norme, F est égale modulo k*NK(Y)* à / . Ceci nous donne déjà 
que BrX/Brfc s'injecte dans Z /2 . 

Reste à voir à quelle condition le diviseur de / est une norme. Il faut 
considérer les différentes possibilités pour la décomposition du cycle [IF], 
où W est l'intersection dans P | des quadriques définies par (p et if). La 
condition nécessaire s'obtient alors en utilisant notamment les lemmes du 
chapitre 1 de [3], et en faisant intervenir des anneaux de valuation discrète 
A, avec k C A C k(X) = Frac A, qui restent de valuation discrète au 
niveau K (le diviseur de / étant une norme si et seulement si sa valuation 
par rapport à tous les anneaux de ce type est paire). On montre que la 
condition trouvée est suffisante en écrivant explicitement la forme que 
doivent avoir f et g pour qu'elle soit vérifiée, ce qui permet de prouver 
que la valuation de / par rapport à tous les anneaux A comme ci-dessus 
est paire. 

• Dans le cas n = 4, la méthode précédente ne fournit qu'un résultat partiel; 
on a donc intérêt ici à calculer BrX/Brfc via H1 (G, P icX) (ces deux 
groupes sont isomorphes car X est une k-variété rationnelle et k est un 
corps de nombres, cf. [4]). Pour cela, on construit d'abord un modèle 
projectif lisse X de Z , où Z est la fc-variété fibrée en produit de deux 
coniques au-dessus de P], définie par: 

y2 - az2 = A, f(xux2) = \g(xux2) 

(Z est fc-birationnelle à V). Ensuite, on calcule i f 1 (G, Pic X) en utilisant 
une suite exacte du type : 

0 -+ A -* B P i c X -+ V\cXl{rj) - » 0 

où A, B sont des G-modules de permutation (la suite exacte est similaire 
à celle qui intervient pour les fibres en coniques, cf. [4]). 

Pour les détails de la preuve du théorème 2, cf. [5]. 
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Nous pouvons maintenant énoncer le résultat arithmétique : 

Théorème 3. Avec les hypothèses et notations du théorème précédent, l'ob
struction de Brauer-Manin au principe de Hasse et à Vapproximation faible 
pour X est la seule dans les cas suivants: 

• BrX/Brfc = Z / 2 . 

• n = 5. 

• n = 4 et les R{ forment deux paires de points conjugués. 

PREUVE: On utilise des méthodes de descente. Nous ne traiterons ici en détail 
que le premier cas qui est le plus simple. Puis, nous indiquerons brièvement 
par quelle méthode on traite les deux autres (pour les détails de ces deux 
derniers cas, cf. [5]). 
Si BrX/Brfc = Z /2 , f/g étant une norme, les diviseurs de / et g sont 
par hypothèse des normes de l'extension K/k. Soit (Mv)ven une famille de 
points locaux. S'il n'y a pas obstruction de Manin au principe de Hasse et 
à l'approximation faible on a, d'après le lemme fondamental 3, en notant 
m = n - 2 e t Mv = (x\,...,xv

m,y\zv): 

EJv(f(Mv)) = ^jv(g(Mv)) = 0 dans Z/2 
V V 

Or, on a la suite exacte, issue de la théorie du corps de classes global (cf. [6]) : 

o—+k*/NK*—+\jk;/ NK; ^ z / 2 — 
V 

Où l'on note j v le plongement donné par la théorie du corps de classe local et 
Kv = kv (g)* K. Ainsi, il existe c\ et c2 dans k* vérifiant c\ = f(x\y... et 
C2 = g{x \ , . . .xvm) dans kl/NK*. Considérons alors la variété de descente T 
suivante : 

f(xu ...,xm) = ci{u\ - av\) # 0 
g(xu...,xm) =c2(ul-avl) #0 

y2-az2 = f(xu...,zm)g(xu...,zm) #0 

D'après le choix de c 1 ? c 2 , il existe (Pv)ven, famille de points locaux de T, dont 
la projection p(Pv) est M v , c'est-à-dire que 

D / „v „V nlV „v ntv v nv ntv\ 
Pv = (Xu...9XmJy ,Z ,UUU2,VUV2). 

Il nous suffit donc pour conclure de montrer que T satisfait le principe de 
Hasse et l'approximation faible. 
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Effectuons le changement de variables: 

^3 + Vâv3 = (y + y/âz)/{ui + y/âvi){u2 + \fâv2) 
v>z - y/àvz = (y - y/âz)/(ui - y/avi)(u2 - y/âv2) 

On est ramené à la variété T\ : 

u\ — av\ = C\c2 ^ 0 

f(xu...,xm) = c i ( t i f - a ^ ) ^ 0 
g(xu..., xm) = c2(^ - av|) ^ 0 

Soit Z la k-variété de (r = n + 2) d'équation: 

<p(xu . . . , x m , 1 ) = c^ul - av\) 
if>(xu ...,xm,t) = c2(u\ - avfj 

C'est l'intersection de deux quadriques dans P£ , avec r > 6, qui n'est pas un 
cône (toujours parce que l'intersection des noyaux des formes quadratiques <p 
et ij) est réduite à 0) et qui contient une paire de droites gauches conjuguées, 
soit (x\ = ... = xm = t = 0, u\ = £y/Ev\, U2 = €y/âv2)y s G {—1,1}. D'après le 
théorème 13.2 de [3], un modèle projectif lisse de Z vérifie le principe de Hasse 
et l'approximation faible. Il en va donc de même de ï \ (qui est fc-birationnelle 
au produit de Z et d'une conique). D'où le résultat. 

Les deux autres cas utilisent la théorie générale de la descente qui est déve
loppée dans [4]: à partir d'une résolution de P icX par des G-modules de 
permutation, on obtient des équations de variétés de descente. Dans le cas 
n = 4, le fait que l'on suppose les Ri deux à deux conjugués permet encore de 
se ramener à une intersection de deux quadriques pour laquelle on sait conclure 
avec les résultats de [3]. Dans le cas n = 5, on sait montrer le principe de 
Hasse et l'approximation faible pour les variétés de descente par un théorème 
de fibration voisin du lemme 2. Pour plus de détails, nous renvoyons à [5]. 

CONCLUSION : La conjecture énoncée au paragraphe 1 admet donc une réponse 
affirmative quand le groupe de Brauer de X est non trivial, quand n > 5, 
quand n = 3, et dans certains cas pour n = 4. Le cas a priori encore ouvert est 
celui où n = 4 et où les deux coniques définies par <p et se coupent suivant 
quatre points conjugués, avec BrX/Brfe = 0. La méthode qui fonctionne 
quand leur intersection consiste en deux paires de points conjugués conduit à 
des variétés de descente qui sont des intersections non plus de deux, mais de 
trois quadriques, pour lesquelles on ne dispose guère de résultats. 
Toutefois, il se trouve qu'une hypersurface cubique (géométriquement intègre, 
non conique) de P£ qui possède un ensemble globalement rationnel de deux 
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points singuliers conjugués est fc-birationnelle à une hypersurface V de A£ 
dont l'équation est du type (1) ([3], proposition 9.8.). Dans ce cas particulier, 
on sait encore (sans hypothèse supplémentaire) démontrer que la conjecture 
est vraie pour V ([5]) : la preuve combine méthode de fibrations et méthode 
de descente, elle utilise les calculs de groupe de Brauer de cet article, ainsi 
que des résultats analytiques de la théorie du corps de classes. 

4 . Contre -exemples au principe de Hasse 

et à l 'approximat ion faible 

Nous présentons ici trois exemples où l'on a obstruction de Brauer-Manin. 
Nous nous contenterons détudier en détail le premier exemple, les autres 
s'analysant de la même manière. 

Proposition 2. Soit X la Q-hypersurface de A Q d'équation: 

y2 + z2 = {28(x2 + 1) + 79(x2 + l))(95(x* + 1) + 268(x2 + 1)) 

Alors X ne vérifie pas le principe de Hasse 

Posons a = 28, ¡3 = 79, 7 = 95, S = 268. On a a6-(3y = - 1 et a = 4(4fc-1), 
/3 = 4/ - 1 , 7 = 4fc' - 1 , S = 4(4/' - 1 ) avec (fc, /, fc', /') G N (ces deux propriétés 
sont en fait essentiellement les seules dont on va se servir dans la preuve). On 
notera encore f(xux2) = {ol{x\ + 1) + /3(x] + 1)) et g(xux2) = (y(x\ + 1) + 
8(x\ + 1)) et U l'ouvert de X défini par y2 + z2 = / ( « 1 , X2)g(x\, x2) =̂  0. Nous 
utiliserons deux lemmes : 

Lemme 4. Soit Mp G U(QP) un point local avec p premier, p £ {2,00}. Alors 
l'image (pp(Mp) de f(Mp) dans Q*/NK* est triviale (où Kp = QP®Q Q ( i ) ) -

PREUVE DU LEMME 4: Soit p premier inerte dans l'extension Q ( i ) / Q (si p 
n'est pas inerte, Q^/NK* est trivial), c'est-à-dire p tel que -1 n'est pas un 
carré dans Q*, ou encore p = — 1 [4]. Supposons vp(/(xi,X2)) = 2r + 1 avec 
(y,z,xux2) G U(QP). Alors, ^(5(^1,^2)) = 2s + l avec par exemple s > r. De 
vp(ag(xux2) - 7 / (x i ,x2) ) > 2r + 1, on tire vp(x2 + 1) > 2r + 1 et de même, 
de vp(/3g(xiyx2) - 6f(xux2)) > 2r + 1, on tire vp(x\ + 1) > 2r + 1 . Comme la 
valuation p-adique d'une norme est paire, on en déduit vp{x\ + 1) > 2r + 2 et 
vp(XI + 1) > 2r + 2 ce qui contredit vp(f(xi1x2)) = 2r + 1. Ainsi, pour tout p 
inerte, vp(f(xi,x2)) est paire et on a le résultat voulu (cf. [7]). 
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Lemme 5. Soit M2 G U(Q2) un point local 2-adique. Alors f(M2) est non 
trivial dans Q%/NK2. 

PREUVE DU LEMME 5: Posons M2 = (y , z ,£ i ,x 2 ) G Q*- Comme (x2 + 1) 
et (x2 + 1) sont des normes, on peut (cf. [7]) écrire (x2 + 1) = 2u(4r + 1) 
et (x2 + 1) = 2 v(4s + 1) avec u,v dans Z et r,s dans Z2. Si u > v, 
a(x2 +1) + /3(a£ + 1) = 2 v (a2( u - v )(4r + 1 ) + /3(4« + 1)). Comme a = 4(4fc - 1) 
et /3 = 4/ - 1, (a2(*-v)(4r + 1) + f3(4s + 1)) est un élément de Z 2 de la forme 
M — 1 avec t G Z2 donc f(x\,x2) n'est pas une norme 2-adique (cf. [7]). De 
même, si v > uy c'est g(x\,x2) qui ne peut être une norme 2-adique, d'où le 
résultat. 

PREUVE DE LA PROPOSITION 2: Pour tout point réel MQQ, on a trivialement 
/(Mqo) positif. Ainsi, d'après les deux lemmes précédents, pour toute famille 
de points locaux (Mp) (Mp G U(QP)), JpiVpiMp)) n'est pas trivial dans 

p 
Z/2; il suffit donc (cf. lemme fondamental 3) pour conclure de montrer que 
X a des points dans tous les complétés de Q . Or en faisant x\ = x2 = 0, on 
obtient un point 2-adique puisque (a + /3)(j + S) = 107.3.112 est une norme 
2-adique. De même, en faisant x\ = x2 = 0, on obtient un point p-adique pour 
p £ {3,11,107} et en faisant x\ = l/p,x2 = 0, on obtient un point p-adique 
pour p G {3,11,107}. Ceci achève la preuve. 

Les deux contre-exemples à l'approximation faible suivants (pour lesquels le 
principe de Hasse est vérifié) se traitent de façon analogue (cf. [5]) : pour toute 
famille de points locaux M p , (pp(Mp) est trivial dans Z/2 , sauf pour p = 2 où 
<p2(M2) peut être trivial ou non trivial (selon le point M2). 

Proposition 3. Soit X la Q-hyper surf ace de A Q d'équation: 

y2 + z2 = (On - 2) 2 + x\ - 3)((z! + 2) 2 + x\ - 3) 

Alors X ne vérifie pas l'approximation faible. 

Proposition 4. Soit X la Q-hypersurface de A Q d'équation: 

y2 + z2 = f(xu x2, xz)g(xux2, x3) 

avec f(xux2,xz) = (x\ + 1) + (a^ + â  + 3), g(xux2,xz) = x] + xl + S. Alors 
X ne vérifie pas l'approximation faible. 
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Appendice 1 : invariance birationnelle du principe de Hasse 
et de l'approximation faible 

Rappelons d'abord un lemme classique (cf. [1]), dû à Nishimura et Lang: 

LEMME. Soit X une k-variété intègre lisse, Y une k-variété propre, <p: X —• Y une 
application rationnelle. Alors, si X{k) j=- 0, on a: Y(k) ^ 0. 

Maintenant, une application immédiate de ce lemme, combiné avec le théorème des 
fonctions implicites v-adiques, permet de déduire la proposition suivante, annoncée 
dans l'introduction : 

PROPOSITION. Soit V une k-variété. Si un modèle propre lisse X de V vérifie le 
principe de Hasse (resp. Vapproximation faible), il en est de même de tout modèle 
propre lisse de V. Ainsi, ces propriétés ne dépendent que du corps des fonctions 
k(V) de la variété V. Il suffit de les vérifier pour le lieu lisse Misse de V. 

Appendice 2 : obstruction de Brauer-Manin au principe de Hasse 
et à Papproximation faible 

Soit X une k-variété algébrique, géométriquement intègre, propre et lisse, qui 
a des points dans tous les kv. Alors, pour tout A dans BTX, on a le diagramme 
commutatif suivant (cf. [4]): 

X(k) • X(Ah) 

Brk ©v Brfcv 

VA 

inv„ 
Q/Z 

où X(Ak) = X(kv). 

Brk 
II Maintenant, ce diagramme montre que pour un point 

global P dans X(k) dont l'image dans kv est Pv, on a: 

venk 

invv A(PV) = 0 dans Q/Z 

Si X(k) ^ 0, il existe donc des point locaux (Pv) avec 

fen* 

invv A(PV) nul dans 

Q/Z et si X(k) est dense dans 
n 

Brk 

X(kv), l'égalité précédente est vraie pour tout 

élément de X(Ak) qui est l'image d'un point de X{k), donc par densité pour tout 
élément de X(Ak). Ainsi, les conditions de la proposition 1 du paragraphe 1 sont 
bien des obstructions au principe de Hasse et à l'approximation faible. 
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A SHORT PROOF OF THE ALBERT-BRAUER-HASSE-NOETHER 
THEOREM 

Werner Hürlimann * 

We present a short proof of the Albert-Brauer-Hasse-Noether theorem on the Brauer 
group of a global field. The connection between Galois cohomology and algebraic tori 
theory is emphasized. Let K/k be a finite Galois extension of arbitrary fields with 
group G, then the relative Brauer group is Br(K/kJsH2(G,K*)sH(G,T1K)), where T1 
is the algebraic k-torus associated to the augmentation ideal IG of G. When k is a 
global field, we use fundamental facts from algebraic tori theory, Tate-Nakayama duality 
and modern versions of Grunwald-Wang's lemma to deduce the short exact sequence 

0 > Br(k) > 

v 
Broo > Q / z > o , 

where runs over the completions of k at all places v of k. 

* This work was done in great part at the Max-Planck-Institut für Mathematik in Bonn 
during a visit in 1982/83. Financial support from the Swiss National Foundation for 
scientific research is gratefully acknowledged. 

S. M. F. 

Astérìsque 209** (1992) 215 



w. HÜRUMANN 

1. Preliminaries. 

Since the seminal work by Manin(1970), the Brauer group plays an increasingly 
important role in Number Theory and especially in questions related to the existence of 
rational points on algebraic varieties (see Lang(1991), chap. X). A recent introduction 
to the Brauer group over a field is Kersten(1990). 

Besides the original proofs of the classical theorem of Albert-Brauer-Hasse-Noether, 
one finds proofs fitting the context of Diophantine Geometry in Shatz(1972) and 
Artin/Tate(1968). Thus the topic discussed in this note is well-known, only the 
conceptual presentation may be new. As pointed out by Serre(1962) for C1-fields, the 
Brauer group of fields may be computed via algebraic tori theory. This follows also 
from our Theorem 1 in the special case n=2. Indeed the relative Brauer group of a 
Galois extension with finite group G is 

Br(K/k) = H 2(G,K*) = H^G/T^K) ) , 

where T, is the algebraic k-torus associated to the augmentation ideal IQ of G. 
Let K/k be a finite Galois extension of arbitrary fields with group G. The category 

of finitely generated ZG-modules which are free as abelian groups is denoted by L G . 
The Z-dual of a ZG-module M is the ZG-module M°=Hom(M,Z). One knows that 
L G is in duality with the category T(K/k) of algebraic tori defined over k and split 
by K (see Borel(1969) for example). A k-torus T e T(K/k) corresponds in this duality 
to the dual X(T)° of the character module X(T)=Hom(T ,GJ . Under the K-rational 
points of T, one understands the group T(K)=Hom(X(T),K*). Two algebraic k-tori Tx 

and T 2 are called k-stably birationally equivalent if the k-varieties T^kA^k) and 
T 2 x k A s (k ) are k-birationally equivalent for appropriate choices of the integers r and 
s. For an arbitrary ZG-module M, one denotes by H n (G,M) the Tate cohomology 
groups defined for all integers n. A ZG-module M is called a flasque module if 
H 1 ( H , M ) = 0 for all subgroups H c G. It is shown in Colliot-Thelene/Sansuc(1977), 
Prop. 5 and 6, that there exists an invariant p , defined on T(K/k) with values in a 
"semigroup of similarity classes of flasque ZG-modules", and which characterizes the 
equivalence classes of k-stably birational equivalent tori. For a precise construction, the 
interested reader is referred to the mentioned work. 

Let us link now Galois cohomology with algebraic tori theory. From the standard free 
resolution of Z, one obtains the short exact sequences 

( i . i ) 
0 > X C T , ) : ^ > ZG > X(T 0 ) :=Z > 0, 

0 > X(T n + 1 ):=Ker(e„) > ® ZG-u(r) > X(T n ) > 0, n > 1, 
reG" 

where the u(r)=u(r 1 , . . . ,r n ), r{ e G, are symbols such that the s.u(r), s e G, form a Z-
basis of © ZG-u(r) . The action of G on u(r) is trivial and e„ is the ZG-
homomorphism defined by e n(u(r))=(d„. lu)(r), where d„., is the usual coboundary in 

216 



A SHORT PROOF OF THE ALBERT-BRAUER-HASSE-NOETHER THEOREM 

the cohomology theory of groups. To the ZG-module X(T n ) corresponds by duality 
the algebraic k-tori T n split by K. For n negative one defines T n by specifying its 
character module X(T n)=X(T. n)°. Then one applies the functor Hom(-,K*) to the 
sequence ( 1 . 1 ) . Since Hom(ZG,K*)=ZG®K* is G-induced, one has 
Hn(G,Hom(ZG,K*))=0 for all n. From the associated long exact sequences of 
cohomology one derives the following result (mentioned by Opolka in 
Schappacher/Scholz(1992), p . 18). 

THEOREM 1. For all finite Galois extensions of arbitrary fields Klk with group G 
and for all positive integers i, n such that 1 <i<n, one has Hn(G,K*) = Hl(G,Tn4(K)), 
and a similar result holds for negative integers. 

Recall now some standard facts from algebraic number theory. Assume in the 
following that K and k are global fields. By A K , J K and C K =J K /K*, one denotes 
respectively the adele ring of K, the idele group of K and the idele classgroup of 
K . F o r T e T ( K / k ) one defines T ( A K ) = Hom(X(T),JK) a n d 
T(C K )=T(A K ) /T(K)=Hom(X(T) ,C K ) . The set of all places v of k is denoted by P. 

The following result is the generalization of one of the main theorems in classfield 
theory, which states that the finite Galois extensions K/k build up a classformation 
with respect to the idele classgroup C K . 

THEOREM 2. (Tate-Nakayama duality) Let Klk be a finite Galois extension of 
global fields with group G. For every integer n and for any T e T(K/k), there is a 
(non-canonical) isomorphism Hn(G,T(CK)) = H2n(GX(T)). 

Proof. See the work of Tate and Nakayama or Ono(1963), 2.2.1. 

As a special case when T = G m , one gets H n (G ,C K )=H 2 n (G ,Z) , which is a main 
theorem in classfield theory. 

By application of the functor Hom(-,J K) to the sequences (1.1) and by passing to the 
long exact sequences of cohomology using that H n (G,Hom(ZG,J K ) )=0 for all n (since 
Hom(ZG,J K )=ZG®J K is G-induced!), one gets the analogue of Theorem 1. 

THEOREM 3. For all finite Galois extensions of global fields Klk with group G and 
for all positive integers i, n such that 1 < i < n, one has Hn(GJK)^Hl(G,Tn4(AK)). 

Finally for a torus T e T(K/k) one denotes by LLIn(T) the kernel of the natural map 
H n (G,T(K)) > H n (G,T(A K )) . The group III'CD, simply written 1U(T), is the so-called 
Shafarevich-Tate group of T. The cokernel of the map H ! (G,T(K)) > H ^ G / T ^ ) ) 
is denoted by ^ ( T ) . 
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2. Computation. 

Let us evaluate the Brauer group Br(k) of a global field k. Let K/k be a finite 
Ga lo i s ex t ens ion of g loba l fields with group G. By Theorem 1 one has 
H 2 ( G , K = H 1 ( G / T 1 C K ) ) and by Theorem 3 one has H 2 ( G , J K ) H 1 G , T 1 ( A K ) ) . By 
definition of the groups 111(0 and ^ ( O one gets the exact sequence 

(2.1) 0 > UICTj) > H 2(G,K*) > H 2 (G,J K ) > u(T1) > 0. 

The evaluation of the p-invariant of Tx yields p(T 1 )=p(I G )=0 (see Colliot-
Thelene/Sansuc(1977), prop. 5 and 6). From the same work, prop. 18, it follows that 
IIICT^ssO. On the other hand from the long exact sequence associated to the sequence 

1 > T , ( K ) > T ^ A K ) > T / Q ) > 1, 

one derives the exact sequence 

(2.2) 0 > ^ ( T , ) > H ^ C T / C K ) ) > U I 2 ^ ) > 0. 

By Tate-Nakayama duality, that is Theorem 2, one has 

H ^ C T ^ C K ) ) = H ^ C X C T , ) ) = H ^ G J G ) = H ° ( G , Z ) = Z/nZ, 

where n is the order of the group G. Moreover applying Theorems 1 and 3 one gets 

L U 2 ^ ) = Ker( H ^ C T ^ K ) ) > H ^ C T ^ A K ) ) ) 
= Ker( H 3(G,K*) > H 3 (G,J K ) ) 
= H 3(G,K*), 

the last equality following since H 3 (G,J K )=0 by classfield theory (see for example 
Neukirch(1969), III, (3.5) in the case of number fields, or Iyanaga(1975), chap. V, 
Theorem 1.4, in the general case). Furthermore the third cohomological group H 3(G,K*) 
is cyclic of order n/m where m = m K / k (depending on the extension K/k) is the least 
common multiple of the local degrees (see for example Cassels/Fr6hlich(1967), p . 199). 
Introduced in (2.2) these two results provide the equality 

(2.3) l i d , ) = Z /m K / k Z. 

Introduced in (2.1) together with UI(T,)=0 this generates a whole class of exact 
sequences whose members are 

(2.4) 0 > H 2(G,K*) > H 2 ( G J K ) > Z / m K / k Z > 0. 

This class defines a directed system of exact sequences of abelian groups with respect 
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to inflation on cohomology groups and the divisibility property of the integer symbols 
m K / k . For L/K, L/k and K/k all Galois extensions the partial ordering of this system, 
formally written K/k^L/k, is provided by the existence of inflation homomorphisms 
Inf : H 2 (G K / k ,K*) > H 2 (G L / k ,L*) and Inf : H 2 ( G K / K , J K ) > H 2 ( G L A C , J L ) and the fact 
that m K / k divides m L / k . Moreover since H 1 (G L / k ,L*)=H 1 (G L ^,J L )=0 the inflation maps 
are actually injective. Therefore the partial ordering of this system can be viewed as 
inclusion of exact sequences. The system is directed. Indeed given Galois extensions 
K/k, L/k such that K/k^L/k, there always exists a Galois extension M/k such that 
Mz>Kz>k, Mz>Lz>k are all Galois extensions, hence also K/k^M/k and L/k^M/k. Now 
the integer symbols m K / k take on all values of N. In fact this is already true for cyclic 
extensions (for example Neukirch(1969), HI, (3.7) in the case of number fields and the 
generalized Grunwald-Wang theorems of Saltman(1982) in the general case). The 
functor direct limit yields from (2.4) the exact sequence 

(2.5) 0 > lim H 2 (G K / k ,K*) > lim H 2 ( G № J K ) > lim Z / m K / k Z > 0. 
K/k K/k K/k 

In view of the inclusion interpretation of the above inflation maps and completing with 
the necessary details (for example Neukirch(1969), HI, p . 244), one obtains the desired 
famous result. 

THEOREM 4. (Albert-Brauer-Hasse-Noether) Let k be a global field. The following 
sequence 

0 > Br(k) > 
veP 

Br(kv) 
inv 
— > Q/Z > 0 

is exact, where mv=X invv is the sum of the local invariant maps. 
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LES CORPS p-ADIQUES DONT LES GROUPES 
DE GALOIS ABSOLUS SONT ISOMORPHES 

Wolfgang JENKNER 

Soit p un nombre premier quelconque. Pour toute extension finie K/QP, 
soit K°/QP la sous-extension abélienne maximale de K/QP. De plus, on 
désignera par Q p une clôture algébrique de QP, et par GK le groupe de 
Galois Gal(Qp/K). 

THÉORÈME- Soient K/QP et L/QP deux extensions finies. Alors 
G K ^ G L entraîne K° = L° . 

Dans [3] M. Jarden et J. Ritter ont donné une démonstration de l'énoncé 
du théorème en faisant l'hypothèse supplémentaire que K et, par conséquent, 
L contiennent une racine de l'unité d'ordre 2p. C'est là une restriction que 
J. Ritter a su enlever lorsque p ^ 2 ([6]). 

D'un autre côté, tout en restant très proche des idées exposées dans [3], 
on peut montrer que le résultat reste encore vrai si l'extension de K engen
drée par une racine de l'unité d'ordre 2p n'a pas de ramification sauvage 
(sur iT), ce qui permet d'obtenir les résultats de [6] d'une manière quelque 
peu différente et, en même temps, d'aller un peu plus loin si p = 2. 

D'ailleurs, c'est en supposant vérifiée cette condition-là que U. Jannsen, 
K. Wingberg ([2]) et V. Diekert ([1]) ont donné une description de GK, à 
partir de laquelle on déduit les résultats susmentionnés d'une manière assez 
directe. 

Or, pour ce qui concerne le but de cet article, les écueils de la ramification 
sauvage (dans le cas p = 2) seront tournés dans la proposition 2. 

D'abord, fixons quelques notations : Pour toute extension finie K/QP , soit 
UK le degré, JK le degré résiduel et ejr l'indice de ramification de cette 
extension. Si K'/K est une extension finie, on pose f(Kf/K) = fK'/fic et 
de même e(Kf/K) = ex1 /ejc . 

S. M. F. 
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Pour tout m G N, on désigne par (m une racine de l'unité d'ordre m 
(contenue dans Qp). 

De plus, soit rK = max{i/ G N | Çp*> G K((2p)} et soit 

dx = max{i/ G N | If ( C ^ + i ^ / J ^ ^ p ) est non ramifiée } . 

On voit facilement que fx = VK = e* = d^ (cf. [3]). 

PROPOSITION 1- Soit K/Qp une extension finie telle que (2p € K . Alors 

QP(C(P/-DPO c K° c QP(C(P/P-_1)p^) = if°(CPH--) 

où / , d e£ r désignent respectivement JK^K et RK* 

Preuve. - On utilisera des résultats de la théorie du corps de classes local ( [7] 
XI, §4 ) . Pour toute extension finie K'/Qp, soit AfKf le groupe de normes 
(dans <Q£ ) . Alors il est bien connu que A/"Qp(C(p/_i)p0 = (pf) x U^r\ où 
C/(°) = Z* et I7<r> = 1 + prZp pour r > 1. 

Soient fc G N0 et u G N tels que p\u et p*u = [K° : QP(C(p/-i)P03 • 
Alors on a aussi p*^ = (.A/'Qp(C(p/-i)pO : AfK°). On en déduit que 

MK* D ({pf} x ui'Y" = (PfP"U) x ^(R+FE) = ^ Q P ( C . / ^ - _ H . ^ ) -

Il s'ensuit que le corps iT° est contenu dans Qp(C(p/Pfcu_1)|)r+fc) • Étant donné 
que 

/ = c(Qp(C(p/,»._1)l,^.)/Qp(C(p/-i)pO) = /^(Qp(C(p/p.„_1)p.+fc)/^°), 

on obtient u = 1, donc i f ° C Qp(C(p/Pfc_i)pr+fc) • De plus, il en résulte que 

%(((pfPk-i)pr+k)/K° n'est pas ramifiée. 

Puis on a 

p2k = [QP(C(P,P*_X)P.+.) • Qp(Cp/-i)pO] 

= [QP(C(p/P*_1)p.+0 : K°] [K° : Qp(C(p/-i)P0], 

ce qui donne [Qp(C(p/P*_i)pr+fc) : K°] = pk . 

Évidemment, le corps K°((pr+i.) est contenu dans Qp(C(p/pfc_i)pr+*) • 

Comme toutes les sous-extensions de <Q>P(CPH-*)/QP(Cp<-) sont de la forme 

QP(CP'+0/QP(CPOI » ^ensuit [K°((pr+*) :K°] = / , donc = 

^p(C(p/pfc_i)pr+fc) • Puisque if0(^pr+fc)/iîr0 est non ramifiée, on a k < d. 

D'autre part, comme K°((pr+h+i) = Qp(C(p/P*_i)pr+fc+i) est une extension 

ramifiée de K°((pr+k) = QP(C(p/P*_i)pr+*), on a k>d. • 

Pour lier l'action de G# sur des racines de l'unité à la structure même 
du groupe, on se servira du lemme suivant. 
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LEMME 1- Soit k un corps et soit D le corps de décomposition du 
polynôme xn — a G k[x], que Von suppose irréductible sur K = k((n). 

Soit le caractère x : Gàl(K/k) —• Z/(n)x donné par <j((n) = (n^ . Alors 
pour tout a G Gal(K/k) et pour tout r G Gel(D/K), on a ra = r*(<r) . 

Preuve. -Tous les caractères de Gal(D/K) sont de la forme <f> : r i—• 
pour tout r G Gal(D/itf), où a est une racine de xn — a. On voit aussitôt 
que (frir*) = cr0(r). Il suffit de choisir l'automorphisme r et le caractère <f>tels 
que <f>(r) = (n. • 

Remarque. On peut prouver un résultat plus général : Soit D/k une extension 
galoisienne finie et K/k une sous-extension galoisienne telle que D/K soit 
abélienne. Soient G = Gal(Ztyfc) et H = Gd(D/K). Alors 

(DX/KX)G ->EomG(H,Kx) 

aKx H ( T H 
x (a) 

a 

est un isomorphisme. 
Esquissons brièvement une preuve de cette proposition: La suite exacte 

de Hochschild-Serre, appliquée au G-module Kx donne un isomorphisme 
HX(G,KX) r" H1(H,KX)G = RomG(H,Kx), tandis que 

1-+/JT* ^£>x -+DX/KX -> 1 

donne l'isomorphisme (Dx/KX)G ± HX{G,KX). • 

Donc, pour appliquer le lemme, il faudra construire des extensions appro
priées. 

PROPOSITION 2 - SoiJ K/Qp une extension finie et soit TT un élément 
premier de K . Alors, pour tout n G N, on a 

K(^'n)r\K(cpr+d) = K. 

(IciTTp n désigne une racine dansQp du polynôme X^—n, et r = d — dx.) 

Preuve. - Si p ^ 2 , il suffit de comparer les indices de ramification : 

e(K(7rP~n)/K) = pn , alors que e(K((pr+é)/K) \ p - l . 
Si p = 2 , on s'appuie sur les deux propositions auxiliaires suivantes : 
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(i) On a toujours y/ïr £ K(£4). 
(ii) Si d > 1, on a £ -K"(C2^+i). 

Preuve de ( i ) . Supposons £4 ^ et soient a, 6 G i f tels que £4 = a+by/ïr, 
alors —1 = a2 + 627r + 2aby/îr et, par conséquent, a2 = —1 ou 627r = —1, 
ce qui est une contradiction. 

Preuve de ( i i) . Si K(y/7r) C K((2^)^ l'extension K^^j/K doit être 
ramifiée, puisque K((2^)/K(£4) ne l'est pas. Alors, il se trouve trois sous-
extensions ramifiées de l'extension K((2T+I)/K de degré 4, que voici: 

K((A)/K, K(V*)/K, K((4VÏ)/K. 

Ces extensions de degré 2 sont différentes deux à deux grâce à l'assertion ( i ) , 
pourtant il en existe une autre non ramifiée. Cela n'est pas possible. 

Maintenant, pour prouver la proposition, on pourrait procéder par induc
tion, mais il est plus facile d'utiliser un critère connu ([4], ch. VIII, 9). • 

Revenons aux données du théorème. Soient K/Qp et L/Qp deux exten
sions finies. Soit cp : GK —• GL un isomorphisme de groupes topologiques. 

Pour tout ce qui suit on fait la supposition que K'/K et L'/L sont des 
extensions finies telles que GL' = <p(GK') • 

Les hypothèses entraînent que l'on a un isomorphisme G% ~ GA£ des 
groupes quotient abéliens maximaux. Du fait qu'un tel groupe est isomorphe 
au produit direct de Z avec le groupe des unités du corps, on déduit facilement 
que fK = /L, rK = rL, dK = dL et, de plus, si K' = K((n) o n a I ' = L((n) 
([3]). 

LEMME 2 - S'il existe des extensions K1 = K(a) et V = L(/3) de 
degré n respectivement sur K et sur L telles que an G K, /3n G L et que 
K(a) fi K((n) = K, alors, quel que soit a G GK , on a (f(a)((n) = <r((n). 

Preuve. - C'est une conséquence du lemme 1 (compte tenu du fait que l'on a 
aussi L(J3) fl L(Cn) = L). • 

PROPOSITION 3 - Soit n G N tel que p\ n . Alors, pour tout a G GK , 
on a <p(<r)((n) = a((n). 

Preuve. - Soit IÏK un élément premier de K et soit a une racine n-ième 
quelconque de 7r#. Alors K' = K(a) est une extension modérément et 
totalement ramifiée de K et, par conséquent, V l'est aussi de L. Comme 
une telle extension peut être engendrée par une racine n-ième d'un élément 
premier de L , toutes les conditions du lemme précédent sont satisfaites. • 
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Rappelons que les éléments du groupe de Weil Wg sont les automor-
phismes appartenant à dont les restrictions à l'extension non ramifiée 
maximale de K sont des puissances (à exposant entier) de l'automorphisme 
de Frobenius associé à K. 

COROLLAIRE 1.- <p{Wjf) = Wf . 

Preuve. - L'extension non ramifiée maximale est engendrée par toutes les 
racines de l'unité £n telles que p\n . • 

On désigne par (fK',L' la restriction <p \wxi' Wj^i —• W£?. De même, si 
t\) = , on a un isomorphisme II>L',K' ? de sorte que tyujc* = ((pK'IL()"1 • 

En utilisant l'isomorphisme de réciprocité ([7] XIII, §4) 

(;Kab/K):K* -+Wg, 

et de même pour L, on obtient un isomorphisme Ç>K,L • K* -+ Lx défini 
par <pKjL = (^L^/L)-1 o (pKyL o (-,Kab/K) (et de même pour K' et V). 

PROPOSITION 4 - (i) Ç>K\L' \K* = ÇK.L • 

(îi) $L',K' = (VK^L')"1 . 

(iii) Soit M c Q p tel que K' = K(M). Alors L' = L(<pK;L.(M)). 

(iv) Soit -KJC un élément premier de K . Alors Ç>K,L{^K) est un élément 
premier de L . 

Preuve. - L'assertion (i) résulte de propriétés connues du transfert ([7] XI, 
§3 et XIV, §6 Ex 1.). La propriété (ii) est banale, alors que (iii) n'est qu'une 
conséquence de (i) et (ii). Pour ce qui concerne (iv), il suffit de remarquer 
que (7TKJ Kab/K) est un prolongement de l'automorphisme de Frobenius ([7] 
XIII, Prop.13). • 

COROLLAIRE 2 - Si 7TK est un élément premier de K tel que K' = K{ y/nlc), 
alors il y a un élément premier KL de L tel que V = L{ /̂TTE"), quel que soit 
n 6 N. 

PROPOSITION 5 - Posons r = rx: = TL<> d = &K = di . Alors, pour tout 
<T eGK on a (p{<r)((pr+d) = cr((pr+d). 

Preuve. - C'est là une conséquence immédiate des lemme 2, corollaire 2 et 
proposition 2. • 

Achevons la démonstration du théorème: Soit F = Qp(C(p/pd_i)pr+d)- On 
obtient un isomorphisme Gal(K((pr+d)/K) —• Gal(L(£pr+d)/i) et, par consé
quent, un isomorphisme Gal(F/K°) —> Gal(F/L°) donné par a\F \-> <p(<r)\F 
pour tout a G GK (Prop. 1); mais ces restrictions sont identiques d'après la 
prop. 3 et la prop. 5. • 
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The boundary values of generalized Dirichlet series 

and a problem of Chebyshev 

J. KACZOROWSKI* 

1. Introduction and statement o f results 

In 1853 Chebyshev asserted in a letter to M. Fuss that there are more 
primes p = 3 (mod 4) than p = 1 (mod 4). S. Knapowski and P. Turan in 
their well-known series of papers on comparative prime number theory [5] 
write, after quoting Littlewood's result that 7r(x, 4,1) — 7r(x, 4,3) changes sign 
infinitely many times as x —> oo, the following lines: one feels that Chebyshev's 
vague formulation could also be interpreted so as 

(1.1) Jim N(Y)/Y = 0, 
Y—>>oo 

where N(Y) denotes the number of integers m <Y with the property 

(1.2) 7r(m,4,l) > 7r(m,4,3) 

(cf. also [6], page 26). They support this conjecture by referring to Shanks 
[7], who found that (1.2) is not fulfilled for m < 26860, is then fulfilled for 
m = 26861 and m = 26862, and is again false for 26863 <m< 616768. They 
also ask the following general question ([5], Problem 7). 

* The work is partially supported by KBN grant no. 2 1086 91 01. 

S. M. F. 
Asterisque 209** (1992) 227 
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For fixed positive integers a, b and q such that (a, q) = (6,g) = 1, a ^ 6 
(mod q), what is the asymptotical behaviour of Naib(Y) for Y —• oo, where 
Na,b(Y) denotes the number of integers m <Y with 

7r(ra,g,a) > 7r(m,g,fe) ? 

Our aim is to prove a general result concerning boundary values of Dirich-
let series and to show its relevance to Chebyshev's problem. As a corollary we 
obtain the following theorem. 

THEOREM 1. Suppose a and q are positive integers satisfying (a,g) = 1, 
a ^ 1 (mod q) and let the Generalized Riemann Hypothesis (G.R.H.) be true 
for Dirichlet L-series (mod q). Then there exist two constants 0 < C\ < C2 < 1 
such that the inequalities 

ciY < Na<1(Y) < c2Y 

hold for all sufficiently large Y. 

This shows that the Knapowski-Turan conjecture (1.1) is false at least 
when we accept the G.R.H. 

The basic tool used in the proof of Theorem 1 is a result concerning 
generalized Dirichlet series which seems to be of an independent interest. For 
the sake of brevity, let A denote the set of all functions 

oo 

(1.3) F(z) = Y<a"eiWnZi z = x + ^ 2 />0 
n=l 

satisfying the following conditions: 
1. 0 < wi < W2 < . . . are real numbers. 
2. an e C, n = 1,2,3,.. . 
3. There exists a non-negative integer B such that 

oo 

(1.4) 5 > „ | « ; - B < o o . 
n=2 

4. There exists a non-negative number LQ such that for every x, |x| > i o , 
the limit 

P(x) = lim ReF(x + iy) 
v ' y-o+ v * ' 

exists and represents a locally bounded function of x G R \ [—LQ, LQ]. 
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Moreover, let 

a(F) = inf ReF(x + iy), /3(F) = sup ReF(x + iy). 
y>o y>0 

It was proved in [4] that if F G A and ct(F) < u < /3(F) then there exists a 
positive number I = l(u, F) such that 

(1.5) inf P(x) < u < sup P(x) 

for every interval I C R \ [—¿0? ¿0] of length > /. 
This result is of importance to the prime number theory being a substitute 

for Ingham's method [1], [2]. Now we impose somewhat stronger conditions 
on F and we estimate the measure of the set of x satisfying (1.5). 

THEOREM 2. Let FeA and suppose that 

(1.6) | | P | | 2 = sup 
|* |>L 0 +1 

r1 

'0 
\P(x + t)f dx < 00. 

Then for every real number u satisfying ot(F) < u < /3(F) there exist positive 
constants I = l(u,F) and di = d\(u, F) such that 

(1.7) \{x e I : P(x) > 11}I > dx 

and 

(1.8) \{x e I : P(x) < u}\ > dx 

for every interval I C R \ [—LQ,LQ\ of length > I (where \A\ denotes the 
Lebesgue measure of a set A C M). 

We apply this theorem to the function 

Fa,b(z) = -2e-z'2-
1 

№ X (mod q) 
(X(a)-x(b))K(z,X') 

(1.9) 
2 

Q (q) 
X (mod q) 

( X ( a ) - X ( 6 ) ) m ( i , x ) , 

where q > 2, 0 < a, 6 < (a, q) = (6, q) = 1, a ^ 6 (mod g) are integers, if 
denotes the lif-function as introduced in [3]: 

K(z,X') = 
7>0 

z = x + iy, y > 0 
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(the summation being taken over all non-trivial L(SJX') zeros p with positive 
imaginary parts 7); \' 1S the primitive Dirichlet character induced by x> and 
m ( | , x ) is the multiplicity of a zero of L(s,x) at * = 5 (we put m ( | , x ) = 0 
when L(syx) 0)- We obtain the following corollaries. 

COROLLARY 1. Suppose the G.R.H. is true for Dirichlet L-functions 
(mod q). Then for every real number u satisfying a(Faib) < u < (3(Fayb) 
there exist positive constants c$ = Co(u,q) and do = do(u,q) such that 

(1.10) | { r < t < c0T : *l>(t,q,a) - ip(t,q,b) > \/i}\ > d0T 

and 

(1.11) | { r < t < c0T : ^{t,q,a) - ^(tyq,b) < u\/i}\ > d0T 

for sufficiently large T. 

COROLLARY 2. Suppose the G.R.H. is true for Dirichlet L-functions 
(mod q) and let (a,g) = 1, a ^ 1 (mod q). Then for every positive u there 
exist ci = c\(u,q) > 0 and d\ = d\(u,q) > 0 such that 

(1.12) # { Y < m < cxY : i/j(m, g, a) - ip(m, g, 1) > uy/rn} > d x Y, 

(1.13) # { Y < m < c{Y : xl){m, q, a) - ip(m, qy 1) < -uy/m} > dxY, 
(1.14) 

# {y < m < CiY : 7r(m,g,a) — 7r(m,g, 1) > t t v ^ / ^ o g m ) } > d xY, 

and 

(1.15) 

# { Y < ra < c iY : 7r(ra,g,a) - 7r(ra,g, 1) < -uy/m/(logm)} > d{Y, 

for all sufficiently large Y. 
Let us remark that our Theorem 1 follows at once from Corollary 2; it is 

sufficient therefore to prove this corollary only. 
Applying Theorem 2 to the function 

FJz) = -2e~*/ 2 -
1 

0(9) X (mod q) 
x(a)K(z,X') 

2 
O (q) 

v (mod o) 

x(a)K(z,X') 

(z = a: + tj,, 2 />0 , (a,g) = l ) 
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in place of -Fa,6> we can prove results analogous to Corollaries 1 and 2 for the 
remainders ^>(£,g, a) — t/<j>(q), ^(ra,g, 1) — ra/0(g), and 7r(m,g, 1) — 1ix/</)(q). 

2. Proof of Theorem 2 

For a real 6 > 0 we consider the subsidiary function 

Fs (z) 
oo 

n=l 

a n S * ( ^ n ) e ^ z , z = x + iy, y > 0, 

where 

5 H = 
(sini/)/*/, z/ ̂  0, 

1, i/ = 0 

and N = B + 2. Since S(i/) < min(l, l / | i / | ) , the sum is absolutely conver
gent for y > 0. Moreover, i<$ —• F as 6 —> 0 almost uniformly on the upper 
half-plane and thus a(Fs) —• a(F) and B (F50) —• (3(F) as 6 —• 0. Let us fix a 
¿0, 0 < 60 < 5, so small that a(F6o) <u< P(F6o). 

From (1.4) it follows that the sum in (1.3) absolutely and uniformly con
verges in every closed half-plane y > yo with y0 > 0. Hence we can integrate 
F(z) term by term. Thus for y > 0 

Fs0(z) = 
1 

(260)
N 

so 

-¿0 

¿0 

-So 
F(z + tx + ... + tN) dtx ... dtN. 

We take real parts and make y —> 0+. Using the Lebesgue bounded integration 
theorem we obtain 

(2.1) ReF6o(x) = 
1 

(260)
N 

>60 

-¿0 

So 

-So 
P(x + t1+... + tN) ^ i . . . dtN 

for |x| > L0 + N60. 
Let us consider now the following two cases. 
Case 1. a(F)P(F) < 0. Then of course a(F) < 0 and P(F) > 0. 

Obviously it suffices to prove (1.7) for positive u only. Moreover, (1.8) follows 
from (1.7) by considering —F instead of F. Let hence u be positive and let us 
fix ui satisfying 

(2.2) u<ux <a(F6o). 

Re Fs0 (x) is almost periodic in the sense of Bohr. Hence there exists a positive 
constant /1 = / 1 ( ^ 1 , F, So) such that every interval of length > /1 contains a 
real number x such that 

231 



/. KACZOROWSKI 

(2.3) ReF« 0 (x) > U l . 

Let now I c R \ [—Lo, Lo] be an interval of length > ¿1 + N6Q. Let xo be its 
middle point and let x satisfying (2.3) be such that \x — XQ\ < h/2. Let 

A = {t E I : P(t) > u} 

B = {(h,...,tN) : \tj\ <S0 (¿ = 1,2,...,AT), x + h + ... + t N £ A } 

C = [ - « „ , * > ] " \ B . 

Using (2.1) and the Cauchy-Schwarz inequality we get 

« 1 <ReFSo(x) 

1 

(260)
N B c 

P(x + t1+... + tN)dt1... dtN 

<u + 
1 

(2S0)
N 

s0 

-60 

60 

-60 A-(a5+ti + ...+tjv_i) 
\tN\<6o 

P(x + ¿1 + . . . + tN) dtN ... dtx 

<u + 
1 

( 2 6 0 ) " 

60 So 

-Sn -60 A-(a5+ti + ...+tjv_i) 
|<jv|<*o 

|A |* | |P | | A x . . . dtiv 

= u + | A | » | | P | | / ( 2 « o ) . 

Hence 

| A | > ( 2 V « i - « ) | | P | | - 1 
2 

Hence it is enough to take 

d ( u , F ) = 26o(^i -u)\\P\R) 
2 

and 

(2.4) l(u9F) = l1(uuF,60) + N60. 

Case 2. a(F)fi(F) > 0. Replacing if necessary F by -F we can assume 
that a(F) > 0. Then (1.7) can be proved exactly in the same way as in Case 1. 
To prove (1.8) let us fix ui satisfying max(a(F),a(F$ 0)) < u\ < u. Let Z 1 } J 
and x have the same meaning as previously with (2.3) replaced by 
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(2.3)' R e J ^ A O ^ t i ! . 

Let moreover 

A i = {t € J : P(t) < u} 

B1 = {(tl,...,tN) : \tj\ <60 (j' = l , 2 , . . . , i V ) , x + h + ... + tN e Ax} 

Ci = [-¿0,^0]^ \ Bi. 

Then 

«x > ReFSo(x) > 
1 

(2*0)" Ci 
P(x + t1 + ... + tN)dtl...dtN 

> «(2«o)" J VMCi) 

= u(2So)-N ((26o)*-/i(Bi)), 

u being the iV-dimensional Lebesgue measure. Hence 

,*(Bi)> ( 2 ^ ( 1 - u i / u ) . 

OHI 

/i(Bi) = 

¿0 

-6n 

¿0 

-So Ai-^+ti + .-.+tiv-i) 
|tjv|<$o 

dtw ... dti 

< | A 1 | ( 2 6 o ) J V - 1 

and consequently 

I Ax I >2« 0 ( l - t* i / t i ) . 

We obtain (1.8) with the same l(u,F) as in (2.4) and 

di(tt,F) = 2tf 0 ( l -*i / tO. 

The proof is complete. 
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3. Proof of the corollaries 

We apply Theorem 2 to the function Faj> defined by (1.9). It belongs to 
the class .A; condition 4. is satisfied with LQ = 0 (cf. [3]). Condition (1.6) can 
be proved as follows. For positive y we have by term-by-term integration 

/ |ReJFa,b(a; + í + iy)|2dx 
Jo 

< 1 + E E " V ( 7 + 7 4 / ' e Ì(7-V) * dx 
7>oy>o ^ ^ I"™ 

« i + E E - - 7 ndn(i, |T - У Г1) < i 
7>0y>0 

uniformly in t G Hi (7 and 7' denote imaginary parts of non-trivial zeros of all 
Dirichlet L-functions (mod g)); (1.6) therefore follows making y —• 0+ and 
using the Lebesgue bounded integration theorem. Finally it is proved in [4], 
page 242, that 

P(x) = e-*l2{*l>{e*,q,a)-4{e*,q,b)) + 0{xe-*l2). 

Hence (1.10) and (1.11) follow from (1.7) and (1.8) by the change of variable 
t = ex\ this proves Corollary 1. 

To prove Corollary 2 observe that by (3.3), (4.3) and (8.11) of [3] we have 

ReFi,e(re^) = -(<¿>-7r/2)logT- + 0( l ) for 0 < г < 1, 0 < ф < тг, 
7Г 

and hence a = —00 and /3 = +00. Using this, Corollary 1 and the obvious 
remark that ip{t,q,a) — ip(t,q,l) = i/j([t],q,a) — il>{\t],q,l) we obtain (1.12) 
and (1.13). Inequalities for ir(x, g, a) — 7r(x, g, 1) follow from what we have just 
proved and the partial summation. 
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METRIC PROPERTIES OF ALGORITHMS 
INDUCING LÜROTH SERIES EXPANSIONS 

OF LAURENT SERIES 

John KNOPFMACHER & Arnold KNOPFMACHER 

1. Introduction 

Recently the present authors [8] introduced and studied some properties 
of various unique expansions of formal Laurent series over a field F, as the 
sums of reciprocals of polynomials, involving "digits" a 1 5 a 2 , . . . lying in a 
polynomial ring F[X] over F. In particular, one of these expansions (described 
below) turned out to be analogous to the so-called Liiroth expansion of a real 
number, discussed in Perron [15] Chapter 4. 

In a partly parallel way, Artin [1] and Magnus [11,12] had earlier stud
ied a Laurent series analogue of simple continued fractions of real numbers, 
involving "digits" a: 1 ,x 2 , . . . in a polynomial ring as above. In addition to 
sketching elementary properties of an n-dimensional "Jacobi-Perron" vari
ant of this, Paysant-Leroux and Dubois [13, 14] also briefly outlined certain 
"metric" theorems analogous to some of Khintchine [7] for real continued frac
tions, in the case when F is a finite field. The main aim of this paper is to 
state or derive some similar metric or ergodic results for the Laurent series 
Liiroth-type expansion referred to above. (These results were introduced at 
the Geneva conference by the first-named author, and are partly based on his 
forthcoming paper [9]. For analogous results concerning Liiroth expansions of 
reai numbers, see Jager and de Vroedt [5] and Salat [16].) 
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In order to explain the conclusions, we first fix some notation and describe 
the inverse-polynomial Liiroth-type representation to be considered: 

Let C = F((z)) denote the field of all formal Laurent series 
A = X ^ n L v c n z n * n a n indeterminate z, with coefficients cn all lying in a 
given field F. Although the main case of importance usually occurs when F is 
the field C of complex numbers, certain interest also attaches to other ground 
fields F and most of the results of [8] hold for arbitrary F. It will be conve
nient to write X = z~x and also consider the ring F[X] of polynomials in X , 
and the field F(X) of rational functions in X , with coefficients in F. 

If cv ^ 0, we call v = v(A) the order of A above, and define the norm (or 
valuation) of A to be ||A|| = q~v^A\ where initially q > 1 may be an arbitrary 
constant, but Jater will be chosen as q = card(F), if F is finite. Letting 
v(0) = +oo, ||0|| = 0, one then has (cf. Jones and Thron [6] Chapter 5) : 

||A|| > 0 with ||A|| = 0 iff A = 0, 

(1.1) 
| |AB|| = | |A | | . | |B | | , and 

||aA + /32?|| < max(||A||, ||-B||) for non-zero a,/3 £ F, with equality when 
||A|| ^ ||2?||. By (1.1), the norm || || is non-Archimedean, and it is well 
known that C forms a complete metric space relative to the metric p such 
that p(A,B) = | | A - 5 | | . 

In terms of the notation X = z~x above, we shall make frequent use of 
the polynomial [A] = Ylv<n<o c n X ~ n € F[X], and refer to [A] as the integral 
part of A € £ . Then v = v(A) is the degree deg[A] of [A] relative to X , and 
the same function [ ] was used by Artin [1] and Magnus [11, 12] for their 
continued fractions. (For a recent application of Artin's algorithm, F finite, 
see Hayes [4].) 

Given A € C now note that [A] = a 0 G F[X] iff v(A1) > 1 where 
A x = A — a 0 . As in [8], if A n ^ 0(n > 0) is already defined, we then let 

a n = [i] a n d P u t An+i = (an - l ) ( a n K ~ !)• I f s o m e A*n = 0 o r a n = °> 

this recursive process stops. It was shown in [8] that this algorithm leads to 
a finite or convergent (relative to p) Liiroth-type series expansion 

(1.2) A = a0 + 
1 

a1 
+ 

r > 2 

1 
a1(a1 - 1) ··· ar-1(ar-1 - 1)ar, 

where ar € F a0 = [A]> deg(a r) > 1 for r > 1. Furthermore this 
expansion is unique for A subject to the preceding conditions on the "digits" 
ar. 
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If J denotes the ideal in the power series ring F [[z]], consisting of all 
power series x such that x(0) = 0, then another way of looking at this expan
sion algorithm is in terms of operators a : / — { 0 } —+ -F[X], T : I — I such that 
a(x) = [ i ] , T(0) = 0 and otherwise T(x) = (a(x) - l ) (xa(x) - l ) . Then, for 
x = A1 G / , ax = ax(x) = a(x), and more generally an = an(x) = a 1 (T n "" 1 x) 
if O^T^x ei. 

From now on it will be assumed that F = Fq is a finite field with exactly 
q elements. For that case it was shown in [9] that T : / —• / is ergodic relative 
to the Haar measure / ion / such that fi(I) = 1, and that this fact implies in 
particular: 

Theorem 1. (i) For any given polynomial k G F q [X], deg(k) > 1, and 
all x £ I outside a set of Haar measure 0, the digit value k has asymptotic 
frequency 

lim - # { r < n : ar(x) = k} = \\k\\-2 = q-2de«(fc). 
n—+00 ft 

(ii) For all x e I outside a set of Haar measure 0 there exists a single asymp
totic mean-value 

lim 
n—*oo 

1 
n 

n 

r = l 
deg(o,,(x)) = q 

q-1 . 

(iii) For all x e I outside a set of Haax measure 0, 

U a j - w J I = g ( - i ^ + o ( 1 ) ) n as n - t o o , 

where 

«>» = w B (x ) := 
n 

r = l 

r-1 

an 
, 0 = 1, yr = 1 

a i ( a i - ! ) - - - a r ( a r - 1 ) 
. 

Regarding (iii), a similar but more elementary algebraic conclusion [8] 
states that 

| |s-t! / n | | <q-2n-1for all x. 

Our main aim in the present article will be to state and prove various fur
ther metric results concerning polynomial "digits" ar(x) and their limiting 
distributions. 
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2. Sharper Metric Conclusions 

A useful description of the Haar measure fi on J is given in Sprindzuk 
[17]. In particular p(C) = q'r for any "circle", "disc" or "ball" 

C = C(xyq-'-1):= y € £ : | | * - y | | < q - r - 1 . 

Using this, the proof of Theorem 1 (i) in [91 includes: 

(2.1) n{xel:ap(x) = k} = \\k\\-2 

for any k G Fg[-X"], deg(fe) > 1, and r > 1, and 

(2.2) the Liiroth-type digits ar(x) define identically-distributed indepen
dent random variables ar relative to fi on / . 

More precisely, by Theorem 3.16 and the law of the iterated logarithm (The
orem 3.17) in Galambos [3], we obtain: 

Theorem 2. Let Ank(x) = # { r < n : ar(x) = k}. Then for almost all x € I 

lim sup 
n—>oo 

A n,k(x) - n ||k|| -2 

nlog log n = 2 | | f c | | - 2 ( l - P | | - 2 ) . 

Further, for any real s, 

lim fi 
n—too 

x e l : An>k(x) - n\\k\\-2 < 
S 

|k| 

n 
(1 - ||k||-2) 

= 
1 

/2TT 

S 

— oo 

e-u*l2du. 

Next we note that Theorem 1 (ii) is equivalent to the existence of a 
Khintchine-type constant 

lim a l ( X ) a 2 ( X ) ' - - a n ( X ) 

,1/n 
= g * / " - 1 ) a.e. 

This conclusion can be refined to : 
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Theorem 3. For almost all x e I, 

lim sup 
n—KX> 

n 

r=1 
deg(a r (x)) -cxn 

fn log log n 
= r 2c 2 , 

where cx — q/(q - 1), c 2 = q/(q - l ) 2 . Hence as n —• oo 

a 1 ( x ) a 2 ( s ) . . . a n ( z ) 
l / n 

= qq/(q-1) + 0 log log n 

n 
a.e. 

Proof. Define a sequence (tn) of independent random variables t n on I by 

tn(x) = deg(a„(a:)) 

0 

if I an(x) < n 2 , 
otherwise. 

Then the expected value 

E{tn) = 
qr<n2 

q-2rr(q-l)qr = E(deg{an(-)))+0 
logn 

n 2 , 

and 

E{tl) = 
g r < n 2 

g - 2 V ( 9 - l ) 9 ' - = J E ; ( d e g 2 ( a n ( . ) ) ) + 0 
' l og 2 n 

n 2 . 

Hence the variance 

var(*J = v a r ( d e g ( a n ( . ) ) ) + 0 
log 2 n 

n 2 
, 

and 

Bn := 
n 

r = l 

vax(t r) = 
qn 

( î - i ) 2 

+ 0 (1 ) . 

Next, since 

tn(x) < 21og 9n = o Bn 

log log Bn 
, 

the law of the iterated logarithm implies : 
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lim sup 

n 

r = l 

tr -
n 

r = l 

E(tr) 

2 £ n l o g l o g B n 

= 1 a.e. 

Hence 

lim sup 
n—•oo 

n 

r = l 

tr -
n 

r = l 
^ ( d e g ( o r ( . ) ) ) 

2 q 
(q-1)2 n log log n 

= 1 a.e. 

Now let Un = { x € / : *„(a:) ^ d e g ( a n ( x ) ) j . Then 

µ(Un) = 

l | f c | | > » * 

I N " 2 < 
1 
n2 ' 

and the Borel-Cantelli lemma yields //(limsup Un) = 0. Thus, for almost all 
n—+oo 

x 6 J, there exists nQ(x) with 

tn(x) = deg(an(x)) for n > n 0 (x ) , 

and hence Theorem 3 follows. 

The next theorem sharpens part (iii) of Theorem 1 above: 

Theorem 4. If wn = wn(x) is defined as in Theorem 1 (iii), then 

lim sup 
n—•oo 

deg(x - wn) + 2 on 
9 - 1 

n log log n 
= 8q 

q-1 a.e. 

Hence 
1 

n 
deg(x - wn) = - 2q 

q-1 + o 
log log n 

n 
a.e. 

Proof. Prom Theorem 3, by symmetry as in Feller [2] page 205, we have 

lim inf 
n—•oo 

n 

r = l 

deg(a2

r(x)) -
2gn 

q-1 

n log log n 
- 2 2c 2 a.e. 

Also [9] shows that 
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1 -
n + 1 

r = l 

deg(a^(x)) < deg(x - wn) < - 1 -
n 

r=l 

deg(a2

r(x)), 

which then leads to Theorem 4. 

The next theorem sharpens the conclusion [9] that 

lim 
n—*oo 

1 
71 

n 

r = l 

| a r (x) = oo a.e. 

Theorem 5 . For any fixed e > 0, 

lim fi 
n—+oo 

x e I : 
1 

nlog^n 

n 

r = l 
M * ) | | - ( ? - i ) > s = 0, 

i.e. 
1 

n log g n 
n 
r = l 

| a r (x) —• q — 1 in probability over I. 

Proof. We write s = log 9 2/ iff V = 9*? and use the truncation method of Feller 
[2], Chapter 10, §2, applied to the random variables Ur, Vr (r < n) defined by 

Ur(x) = \\ar(x)\l Vr{x) = 0 if ||AR(S)|| < nlog^n, 

Ur(x) = 0, Vr(x) = \\ar(x)\\ if ||A r(x)|| > nlog^n. 

Then 

I* x e I : 
1 

nlog n 

n 

r=l 

||ar(x)|| - (q - 1) > e 

< ¡1 | a : + ··· + Ï7n - (9 - l)ralogq n > £ralogg n | + 

+ / i{*:V 1 + -.- + V w # o } , 

and 

Jx : 1^ + • • • + Vn ± 0 ] < nJx : (ar)|| > TO log, n ] 

= TO 
| |fe||>nlog,n 

PII"2 < 
1 

log,n 
= 0(1). 

Now note that 
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E(UX + ... + Un) = n E ( ^ ) , var (U1 + --- + Un)=n v a r ( ^ ) , 

where 

E(Ut) = 
| |fc| |<nlog,n 

|k|-1 = 
qr<n\ogq n 

q - r ( q - l ) q r 

= (q- l ) log g ( [n log g n] ) , 

and 

var(C7x) <E{Ul) = 
| |fc| |<nlog,n 

1 = 
9 r < n l o g , n 

( 9 - l ) 9 r 

< gnlog n. 

Chebyshev's inequality then yields 

U1 + --- + Un-nE{Ul) >enE(U1)} 

< n V A R F L / , ) 

(snEiU,))2 
< 

qn2 \ogqn 

( e ( g - l ) n l o g , ( [ n l o g 9 n ] ) ) 
= o ( l ) . 

Since E{UX) rsj (g — 1) log 9 n as n —• oo, Theorem 5 follows. 

Remark. Since a theorem in Galambos [3, p. 46], implies that either 

lim sup 
1 

nlogqn 

n 

r = l 

| | a r (x) | | = oo a.e. or liminf 
n—юо 

1 
n\ogqn 

| a r (x) | | = 0 a.e., 

the conclusion of Theorem 5 does not carry over to validity with probability 
one. 

3. Estimates for Individual Digits 

Without attempting to be exhaustive, we conclude this article with two 
asymptotic results emphasizing the sizes of individual digits an(x) a.e. as 
n —• oo. 
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Theorem 6. Let i^{n) be a positive increasing function of n. Then 

an(x) = 0(ip(n)) a.e. <=> 
oo 

n = l 

1 
V>(n) 

< OO. 

In fact \\an(x)\\ = 0{xf;(n)) is false a.e. if the series diverges. 

Proof Let Vn = e / : | | A W ( « ) | | > ^ ( N ) } . Since : AN(«) = k} = | |fc| |- 2 , 
it follows that 

µ(Wn) = 

||fe||>V(n) 
IN" 2 = 

qr>xl>(n) 

q-2r (q-l) qr < 
1 

V(n) 

If Y£?=i V K 7 1 ) - 1 < ° ° 5 * ^ e n t ^ i e Borel-Cantelli lemma (cf. [3], page 36) now 
yields //(lim sup V^) = 0. Hence | | a n (x) | | > ip(n) for at most finitely many ra, 
for almost all x G J. Thus | | a n (x) | | = 0 ( ^ ( n ) ) a.e. 

If £ ~ = 1 ^ W " 1 diverges, the Abel-Dini theorem (Knopp [10], page 290) 
implies that there exists a positive increasing function 6{n) with 0(n) — oo 
as n — oo, such that ] C £ L i V ' f a ) " 1 ^ * 1 ) " 1 ^ s o diverges. Then let 
Wn = | x G / : | | a n (x) | | > ip(n)0(n)^. The independence of the random 
variables a n implies the independence of the sets Wn. Also 

oo 

n = l 

µ(Wn) = 
oo 

" = 1 ||*||>iWn)«(n) 
ll*lra > 1 

1 

oo 

n = l 

1 
ip(n)0(n) 

= OO. 

Thus the Borel-Cantelli lemma yields ^(limsupW n ) = 1, and so 
an(x) > ij;{n)0(n) holds with probability one, for infinitely many n. Thus 
an(x) = 0($(n)) is false a.e. 

Theorem 6 implies for example that | |a n(ar)| | = 0 ( n ( l o g r a ) a ) a.e. for any 
a > 1, while | | a n ( x ) | | = 0 ( n ( l o g n ) ^ ) is false a.e. for any /3 < 1. This leads to 
the 

Corollary. For almost all x e I 

lim sup 
n—юо 

log| |a n (x) - l o g n 
loglog n = 1. 
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Remark. The corresponding lower limit is not finite a.e., since (2.1) earlier 
shows that | | a n (x) | | can take any particular constant value qN (N > 1) for all 
n, and all x in a set of positive measure. 
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Serre's conjecture on Galo is representat ions 

a t tached to Weil curves with addi t ive reduction 

Joan-C. LARIO 

1.Introduction: terminology and facts .- Let E be an elliptic curve 
defined over <Q> which is supposed to be modular, i.e. E is a Weil curve, and 
denote by F(z) = Ane 2jcinz the weight 2 newform attached to E by the 
Eichler-Shimura congruences. 

Fix a prime p> 7. We shall be interested in which cases E has additive 
reduction at p, excluding the Kodaira reduction types J* (y > 0) which are 
related to the potentially semi-stable case. Thus p divides exactly twice the 
geometric conductor NE of the elliptic curve E. 

After [Ed 89] we say that E is p-vertical if E has bad but potentially 
good ordinary reduction at p, and that E is ^horizontal if E has bad but 
potentially good supersingular reduction at p. Recall that these conditions 
can be given in terms of the Hasse invariant (cf. [Hu87], pag.248) of E and, 
moreover, one gets: 

E is p-vertical <==> p = 1 (mod e ) , 

where e is the least common multiple of the multiplicities of the irreducible 
components of the special fibre of the stable model; that is 

e = 

6 if p-type (E) = II,ir ; 
4 if p-type ( E ) = III, IIII*; 
3 ifp-type(E) = IV,IV*. 

The Galois module Ep of the p-torsion points of E gives rise to a contin
uous and odd representation 

p : GQ^ Aut(Ep) - GL2(FP) , 

which is almost always absolutely irreducible (cf. [Ma 78]). 

S. M. F. 
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Serre's conjecture (3.2.4?) in [Se 87] predicts, in this case, the existence 
of a Hecke cusp form (modp) 

/(«) = anqn 

of type (Np,kp,ep) satisfying 

an = An (mod p), for all n prime to NE • 

The level JVP, the weight kp and the character ep are given by a precise recipe 
in [Se87] and, depending on the Neron model of they have been computed, 
for instance in [Ba-La91]. 

In [Ba-La91], we verify (3.2.4?) for the Galois representations defined by 
the p-torsion points of the p-vertical Weil curves. In this paper our purpose is 
to emphasize the difference between the p-vertical and the p-horizontal cases 
in order to check Serre's conjecture. Several numerical examples, collected by 
computer calculations, lead us to give a conjecture which implies (3.2.4?) for 
the horizontal case. 

2. Lowering the level (ordinary case) . - First, we shall consider a general 
situation. Let 

F(z) = 
O O 

n=l 

Ane2*inz 

be a newform of type (iV,fc,e), defined over Q. If a : ( Z / M Z ) * -> C* is a 
Dirichlet character modulo M , then the twisted form 

F®a(z) = 
O O 

n=l 

An a(n)e2*inz (a(n) = 0 if g.c.d. (n, M) ^ 1) 

is a Hecke cusp form of type (Nf,k,ea2), where 

N' = l.c.m. (iV, M . conductor ( e ) , M 2 ) . 

If M is prime to the level JV, then F ® a is a newform of type (NM2, fc, e a2); 
otherwise, the form F ® a can either be or not be a newform! The question 
is to decide when it is. 

After Li's work [Li 75], one has a nice criterion to decide whether a Hecke 
cusp form is new or not. More precisely, consider the operators K and HN 
defined by 

G\HN = G\ 
0 - 1 
JV 0 

and G\K(z) = G(-z), 

248 



GALOIS REPRESENTATIONS ATTACHED TO WEIL CURVES 

for each cusp form G(z) = kOO 

n=l Bne 2'Ktnz of type (iV, k,e). We have 

PROPOSITION . (cf. [Li 75]) . LetG e Sk(N,e) be a Hecke cusp form. Then G 
is a newform of type (Ny fc, e) if and only if the functional equation G\K\HN = 
jG holds for a certain complex constant 7 of absolute value 1. 

Let us go back to the case of elliptic curves. Let F be the newform 
attached to the Weil curve E as above and let NE = Np2 be the conductor of 
E. Choose an embedding Q C Q P and let V : ( Z / p Z ) * Q be the Dirichlet 
character which satisfies 

ip(n) n = 1 (mod 93), 

where 3̂ is the place of Q dividing p fixed by our embedding. 
We ask for which values of j 6 { 0 , . . . ,p — 2} the twisted form F <g) ^ 

fails to be new. Prof.D.B.Zagier suggested to us to apply the following test 
which is an immediate consequence of Li's result. 

COROLLARY . Keep the above notations. If there exist a complex number 
z G H such that 

0 0 

n=l 
An y (n) e- 2nin/NEz 

NEz* 0 0 

n=l 
Anipi(n) e2*inz 

- 1 ^ 0 , 

then F ® ip* is not new. 

On a V A X 8600 at the Facultat d'Informatica de Barcelona we have ob
tained the following numerical examples, by taking z = 2i/y/Ns € H and a 
few number (around 500) of Fourier coefficients for F (8) ip*'. 

For the elliptic curve 338 A l (cf. [Cre91]), 

E : y2 + xy = x3 - x2 + x + 1 

of conductor NE = 2 • 132, we get the following data: 

j TEST 
0 0.0000000000 
1 0.0000000000 
2 2.6699959395 
3 0.0000000000 
4 0.0000000000 
5 0.0000000000 
6 0.0000000000 
7 0.0000000000 
8 0.0000000000 
9 0.0000000000 

10 2.6699959395 
11 0.0000000000 
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Observe that the Hecke cusp forms F <g) ip2 and F ® ip10 don't seem to be 

newforms. Indeed, as we shall see later, they are not newforms. 

Another example is provided by the elliptic curve 

E : y2 + xy + y = x3 - 39x - 27 

of conductor NE = 4 3 2 (cf. [Ed-Gr-To 90]). In this case we get: 

j TEST 
14 5.5513673695 
28 5.5513673695 , 

and zero for all the others values of j. Now, the Hecke cusp forms F (g) V>14 

and F (g) V>28 are not newforms. 

In the previous examples E is vertical at p = 13, 43, respectively; indeed, 

in both cases we have p = 1 (mod 3) and, following Tate's algorithm [Ta75], 

we find that p-type (E) is equal to II and IV, respectively. 

Actually, we are able to say what happens in the general p-vertical case. If 

£ denotes a prime which does not divide the conductor of 2?, then one can prove 

that the restriction to an inertia group Ip at p of the £-adic representation pi 

attached to F (g) i\) « is given by 

Pt(Ip) = 
1 0 

0 * 

Therefore, we obtain 

PROPOSITION, (cf. [Ba-La91]) . If E is a p-vertical Weil curve as above, 
there exists a newform 

G(z) = Bne 2'KÌnz es2(Np,i>2 
p - i 

e Ш), 

having the same eigenvalue system as the twisted form F ® ip*^. 

Similar arguments do not work when E is p-horizontal. Consider the 
following example: the elliptic curve 605 A l , in [Cre91], 

E : y2 + xy = x3 - x2 - 1414x - 44027 

of conductor NE = 5 • ll2 has 11-type IV*. Since 11 = 2 (mod 3) , E is 
11-horizontal. Running our program we get: 
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j TEST 
0 0.0000000000 
1 0.0000000000 
2 0.0000000000 
3 0.0000000000 
4 0.0000000000 
5 0.0000000000 
6 0.0000000000 
7 0.0000000000 
8 0.0000000000 
9 0.0000000000 

Actually, all the twisted forms F ®ij)3 are newforms. 

3. Lowering the level (supersingular case) . - Keep the notations as above 
and let vss = Since we are interested in Serre's conjecture (3.2.4?), we 
shall assume without loss of generality that p-type (E) = JJ, Ji7, IV. Indeed, 
the exclusion of the cases with asterisk remain justified by considering the 
minimal or companion representations as in [La 91]. 

CONJECTURE ( S S . ? ) . If E is a p-horizontal Weil curve as above, there exists 
a newform 

G(z) = B„e 2ninz eS2(Np,i/j2 
P + i 

e 

having the same eigenvalue system ( m o d ^p) as the twisted form F ifi*^"; 
i.e., such that for all n prime to NE we have 

Bn = An<ipva8(n) (mod<p) . 

Moreover, G is -ordinary if and only if p\np is not irreducible. Here Dp 
denotes a decomposition group for p. 

First of all, we are going to show a numerical example of the lowering of 
the level predicted by the conjecture. 

Consider the elliptic curve E given by the Weierstrafi model 

y2 + xy = x3 + 3x + 1 ; 

it is the curve 242 A l in [Cre91] and has conductor NE = 2 • l l 2 . The 
special fibre of the Neron model over the local ring Z u has reduction type 
77; therefore, E is 11-horizontal. Moreover, E has no Q-rational isogenics of 
degree 11, and then 

p : G® -+ Aut (En) ~ G L 2 ( F n ) 

is irreducible; since v\AcA = 1, we find that p\Du is reducible. 
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Choose an embedding Q c—• Q n such that the character 

V> : (Z /11Z)* -+ Q* , ^ ( 2 ) = e2™'10 , 

satisfies 
^ ( 2 ) = 2-1 (mod p11), 

where $pn is the place of Q, over 11, determined by the embedding. 
Our conjecture (ss.?) predicts the existence of a cusp form 

G(q) = BnqneS2(22^) 

satisfying the congruences 

Bn = Anil>2{n) (mod p11) 

for all odd integers n prime to 11. 
In this case, we find 

dimS2(22,V4) = 1. 

The Eichler-Selberg trace formula (cf. [Hij-Pi-She90]) allows us to obtain the 
Fourier coefficients of the unique normalized newform of this type. 

An efficient implementation of this formula is due to J. Quer; its pro
gram, written in UBASIC, find the first coefficients of the newform G(q) = 
n>1 Bnqn in S2(22,V4): 

Bz = - C 4 - C 2 - 2 < - 2 

B5 = -2C3 - 2 

B7 = -2<4 - 2C3 - 4<2 - 2C 

B13 = -2C2 - 2C - 2 

Bir = - 4 C 4 - 4C3 - 5C2 - 5C - 4 

B19 = -2C4 - 6C3 - 2C2 - 5C - 5 
... 

where ( = e27"/5. The coefficients Bn can be rewritten taking into account 
that cos7r /5 is the unique positive (double) root of the polynomial 16-X"5 — 
20X3 + 5 X + 1 and that 

i cos 
7T 

10 
= cos 

2TT 

5 
+ isin 

2TT 
5 

-
v / 5 - 1 

4 . 
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On the other hand, computing the first coefficients of the L-series of the elliptic 
curve Ey we find the following: 

l 2 3 5 7 11 13 17 19 23 29 31 37 41 43 

At - - 2 - 3 - 2 - - 5 - 3 - 2 6 3 2 - 7 - 3 - 8 

Finally, since y/5 = 4 (mod 11) and 

cos 
7T 

5 
+ i sin 

7T 

5 = e2™'10 = 2"1 = 6 (mod <pn), 

we get 

I 
y2 (l) Bl Ae1?(l) - Bl 

(mod b11) 

2 cos 2TT 
5 + 2 Sin 2n 

5 - -
3 C O S 

6TT 
5 + i s i n 5 - 4 ^ ( ^ ( 3 ) + i ) 0 

5 C O S 
8TT 
5 + 2 Sin 8TT 

5 ( ^ 5 - l ) ( ^ 8 ( 5 ) + l ) - 2 0 

7 COS 5 + 2 Sin 4TT 
5 - ( V 5 - l ) V 6 ( 7 ) + 2 0 

11 - - -
13 COS 

2TT 
5 + 2 Sin 2TT 

5 - ( V 5 - 1 ) V 2 ( 1 3 ) 0 

17 COS 8TT 
5 + 2 Sin 8TT 

5 ^ + 1 V 8 ( 1 7 ) + 1 0 

19 C O S 
6TT 
5 + 2 sin 6TT 

5 (2v /5 -5 ) (V ' 4 (19 ) + l ) 0 

23 1 -(V5 + 1) 0 

29 C O S 
4TT 
5 + 2 Sin 4TT 

5 (y/E - 5 ) ^ ( 2 9 ) + 2^5 0 

31 C O S 
2TT 
5 + i sin 2TT 

5 2^2(31) 0 

37 COS 4TT 
5 + 2 Sin 4TT 

5 6 V > 6 ( 3 7 ) - 3 ( ^ 5 + 1) 0 

41 COS 6TT 
5 + 2 S i n 

6TT 
5 I = § ^ * ( 4 1 ) + 1) 0 

43 1 1(3^5 + 1) 0 

47 C O S 
6TT 
5 + 2 Sin 6TT 

5 ( 2 V 5 - 6 ) ( ^ 4 ( 4 7 ) + l ) 0 

Since a modular form of given weight and level (modp) cannot start with a 
very high power of q (cf. [Gr90], pag.499), note that in this case we have 
truly proved the congruences Bn = Anip2(n) (mod <pn) for all n. 
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4. Galois representations attached to Wei l curves . -

We deduce Serre's conjecture (3.2.4?) for the remaining case of p-hori-
zontal Weil curves from our conjecture (ss.?). 
THEOREM . Assume conjecture ( 5 5 . ? ) is true. Then Serre's conjecture (3.2.4?) 
is true for all irreducible representations 

p : G Q —• Aut (Ep) 

provided that E is a p-horizontal Weil curve as above. 

PROOF . Consider the twisted representation 

P 
p+1 

e 
) : = p®X p+1 e 

5 

where x ls pth cyclotomic character. It is easy to see that if / 0 ( ^ 7 ^ ) 
satisfies Serre's conjecture so does p. 

The reason to consider p(^j^) instaed of p is that the invariant weight 
for p ( £ ± i ) is less than p+1. Namely (cf. [Ba-La91]), 

kp р + 1 
e ) = 

£ t i ( e — 2) if p\r>p reduces ; 

p+1 — 2 ^ j i if P\DP is irreducible . 

Let G(z) = Bne2ninz E S2 (Np, v 2 p+1 e ) be the newform attached to E as in 
conjecture (ss.?). We have (cf. Lemma 4, [Ba-La91]) that 

Ti (G E - 2 * ± i + ( p - l ) 

1,w 
E Sk 

p+1 {N,1) 

with Tr (G E - 2 « ± i + ( p - l ) 

1,v 
) = G (mod if p\r>p is reducible, and 

Ti (G E 
_ 2 £ ± l + 2 ( p - l ) 

1,w 
E Sk 

p+1 
(N,1) 

with TT(GE - 2 « ± i + 2 ( p - l ) 

1,v 
notes the trace operator and denotes the Eisenstein series of weight one 
attached to rf>. 

Now, we see that the twisted representation p(^-j^) arises from a Hecke 
cusp form (mod p) of type (i\T, kp^2±iy 1). If necessary, since N is prime to p, 
the results in [Jo-Li 89] bring the level N to Np. 
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Some remarks on the Pethő public key cryptosystem 

Miroslav Laššák, Bratislava 

In [1] Petho introduced a public key cryptosystem. In its definition (see 
below for more details) an essential role is played by a monic polynomial g(t) 
of degree n and a modulus M , which belong to the nonpublic part of this 
cryptosystem. The aim of this note is to show that if the greatest common 
divisor of the nth power of the constant term of g and M is too "small", then 
the cryptosystem can be broken in polynomial time. The crucial role in our 
cryptoanalysis is played by a system of congruences (9) whose solution can be 
found under the above mentioned condition. 

1 Petho public key cryptosystem 

For the convenience of the reader, we describe in this section the main ingre
dients of the public key cryptosystem suggested by A. Petho in [1]. 

Let g(t) = t n + gn-\tn~l + • • • + g\t + go £ Z[t], where Z denotes the ring 

of integers and G the companion matrix of the polynomial g(t). Further, let 

X ; G Zn for i > 0 be the sequence of vectors defined by 

x 0 = ( 1 , 0 , . . . , 0 ) 

X i + i = X ; G for i > 0. (1) 

Given a finite subset Af of Z, AM will denote the set of all finite words over 

Af satisfying the property that if 0 E Af and / > 0 then wi ^ 0. If l(w) = / + 1 

denotes the length of the word w = WQW\ . . . w/, then ALN will denote the set 

of all words of A/s of length not exceeding L + 1. 

D E F I N I T I O N 1.1 A pair {g(t), J\f} is called a weak number system if the map 

T : Ax —> Zn defined by 

T(WQ ...WI) = w 0 x 0 H+ +h W / X / (2) 

is injective. 

s. M. F. 
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One sufficient condition for weak number systems is contained in the next 

result [1]: 

P R O P O S I T I O N 1.1 If\go\ > 2 andAf consists of pair wise incongruent integers 

modulo go, then the pair {g(t),J\f} is a weak number system. 

This weak number system enables us to construct a private key cryptosys-

tem. To do this take g(t) = t n + gn-it
n~l + • • * + 9\t + go G Z[t] with \gQ\ > 2 

and a set J\f of pairwise incongruent integers modulo go. 

For encryption of a plaintext w = wo .. .wr E AM choose integers Zi, / 2 , . . . , lh 

with Zi + /2 H +1\~h = r + 1. Then cut the word w into subwords W\,..., Wh 

of AM in such a way that w = W\... Wh and Z(W,-) = Z,-. Then application 

of the map T gives the cryptogram Y j , . . . , YJ, G >2 n, where Yi = T(W,-) for 

i = 1,..., h. The knowledge of the corresponding secret keys g(t) and Af 

may be used to decrypt the received message. For more details about the 

corresponding algorithm consult [1]. 

Unfortunately, this cryptosystem cannot be used as the public key cryp-

tosystem, therefore Petho suggested the following modification: 

Let {g{t),J\f} be a weak number system constructed by proposition 1.1 

such that 0 E N. 

Let the height m(w) of the word w G AM be defined by 

m(w) = m a x { | y 0 | , . . . , | j / n - i | } , 

where T(w) — (yo,..., yn-\) G Zn. Then take an integer M such that 

M > 2 m a x { m ( « ; ) : w G AJf } (3) 

and a regular matrix C over Z-M satisiymg 

C G ^ G C over ZM. (4) 

Finally, define the vectors x2- for i = 0 , 1 , . . . , L by 

xt- = x n + l - C (mod M) (5) 

and the map T : Afr - » Zn by 

r(tuo • • • wi) - IOQXO + +1- wi% for / < L. ¡6) 

The public part of the Petho public key cryptosystem consists of the chosen 

weak number system, Af and vectors XQ, X I , . . . , x^ . To encrypt a plaintext 

w = WQ ... wi an analogous algorithm can be used, but based on T(WQ ... W{) 

instead on T(wn ... wA. 
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Knowing the secret keys C , M one can determine the matrix C 1 over ZM 
We have 

f(w0 ...wt) = WQSCO H h wiSti = ( w 0 x n + h t t ; / x n + / ) C (mod M) 

and conseqmently 

(y0,...,yn_1) = T(Q^w0...wl) = T(w0...w,)C-1 ( m o d M ) . (7) 

n 

Furthermore, using (3) we obtain 

2\yi\ < 2 m ( ^ « ; o . . . w/) < M , 
n 

which implies 
|y,-| < M / 2 for * = 0 , 1 , . . . , n - 1 (8) 

and yo,..., yn-\ are uniquely determined. Using the algorithm for decryption 
(see [1]) we get 0 . . . OWQ . . .wi and then wo . . . w/. 

This cryptosystem is correct in the sense that the plaintext may be uniquely 
determined from the encrypted text. 

2 A possibility of decryption 

(m) 

We write A = B (mod m) or A = B for the matrices A , B congruent 
modulo m. 

D E F I N I T I O N 2.1 The square matrices A , B of order n are called similar mod-
(m) 

ulo m if there exist two square matrices P , Q of order n such that P Q = 

Q P W I and B = P A Q (mod m). We write A ~ B (mod m). 
P R O P O S I T I O N 2.1 Let A , B be square matrices of order n and char(A) = 
t n + a n _ i f n _ 1 + • • • + ait + a 0 , char(B) = t n + bn-itn~l + • • • + M + b0 be their 
characteristic polynomials. 7 / A ~ B (mod m ) , then 

ai = bi (mod m) for i = 0 , 1 , . . . , n — 1. 

Now we return to the Petho public key cryptosystem. Consider the follow
ing system of congruences 

Xi = x t -_iA (mod M) for i = 1 ,2 , . . . , X, (9) 

where A is a (unknown) matrix of order n and M , x o , X i , . . . , X £ are public 
keys. 
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It is not hard to see that the matrix C * G C is a solution of the system of 

congruences (9) for 

X ; 

(M) 
xn +i C = Xn+i -1 GC 

(M) 
x ^ . i C C ^ G C ( = x ^ C ^ G C ) for i = l , 2 , . . . , L . 

In the rest of the paper we shall find conditions under which it is possible to 

find M and a solution matrix Ao of the system (9). The following observations 

show that this is sufficient to break the Pethô cryptosystem in polynomial 

time. To see this note: 

1. If Ao = C _ 1 G C (mod M ) , then by definition 2.1 the matrices Ao and 

G are similar modulo M . Therefore, if char(Ao) = t n + g ' n - \ t n ~ l - \ + +\-9\t + 9o 

is the characteristic polynomial of the matrix A o , then by proposition 2.1 we 

have 

g\ = g{ (mod M). (10) 

Furthermore, we have 

M > 2\9i\ • \w'\ > 2\9i\, ( H ) 

where w' is a nonzero element of A/\ since xn = (—go,..., —gn-i). Conse

quently, |(ft| < M / 2 for i = 0 , 1 , . . . , n — 1 and this together with (10) im

plies that the coefficients go,9u • • • i9n-i of the polynomial g{t) are uniquely 

determined. Thus we can derive the polynomial #(£), the matrix G and the 

vectors x2- (i = 0 , 1 , . . . , n + L) from knowledge of M and AQ. 

2. Let RQ be an arbitrary solution of the system of congruences 

X j R = x n + î - (mod M) for i — 0 , 1 , . . . , L (12) 

with an unknown matrix R . This system is solvable, because C - 1 solves it. 

But it is not necessary to find just the matrix C - 1 , because any solution 

matrix RQ can be used for determining VQ, ..., Vn-i since 

f(wç>... w/)Ro = (woxo + • • • + w/X/)Ro 
(M) 

W0Xn + • • • + WtXn+i 

= T ( 0 . . . 0w 0 . . . wi) = ( y 0 , . . . , yn-i) 

Due to (8) the numbers j/o? • • • ? J/n-i are uniquely determined. Now we know 

all that is necessary for decryption. Applying the decryption algorithm to 

(yo, • • •, Vn-i) = T(0.. .OWQ . . .wi) we get 0...0WQ...W1( and consequently 

w0.......w1 
Thus knowing M and the matrix Ao we are able to decrypt intercepted 

messages in polynomial time. 
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3 How to solve system (9) 

Put 

X = 

/ 
' 

V 

X0 

X £ _ l 

5 
( 
( 
( 
( 

, Y = ( X l 

X L ) 
and rewrite the system of congruences (9) into the matrix form 

X A E Y ( m o d M ) . (13) 

We can suppose L > n. In the opposite case (i. e. if L < n) this sys
tem would reduce to a system of equations, which is easy to solve and we 
immediately obtain the plaintext. 

Reduce the matrix X of order Lxn over Z to Smith canonical form. Then 
we obtain invertible matrices P , Q over Z such that 

P X Q = D , 

where D = diag L „ ( a o , . . . , a n _ i ) is the matrix of order Lxn with a o , . . . , a n i 
on the main diagonal and a,i\aj for i < j . We may suppose that a2- > 0 for 
i = 0 , 1 , . . . , n — 1 (in the opposite case multiply the row by —1). 

The system (13) can be equivalently rewritten into the form 

D B = P X Q B = P Y (mod M ) , (14) 

with an unknown matrix B such that A = Q B . 
Note that we do not need to know M in order to be able to reduce the 

matrix X to Smith canonical form. 
If B = \\yij\\ and P Y = ||BIJ||? then the system (14) can be replaced by two 

systems 

a0y0J EE bQj (mod M) 

M 

a n_ij/„_i ; =+ bn -1 ij (mod M) for j = 0 , . . . , n — 1 

(15) 

and 

0 EE bn} ( m o d M ) 

e 

0 = bi-ij (mod M) for j = 0 , . . . , n — 1. 

( i6 ) 

System (16) is solvable, because e. g. the matrix Q lC lGC is its solution. 
Thus the following condition must be true: 

M\bkj for k = n , . . . , L — 1; j = 0 , . . . , n — 1. 
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If we write d for the greatest common divisor of bkj for all k — n , . . . , L — 1; 
j = 0 , . . . , n — 1, then M\d. 

Similarly, system (15) has also a solution, therefore 

(at-, M) = (aj, Af, &i,j) for i = 0 , . . . , n - 1; j = 0 , . . . , n - 1 

and this gives a further restriction on Af of the type Af|d' where d' < d. 
Now we may gradually substitute for Af divisors of d'. However, this is 

possible only provided d ^ 0, otherwise the congruences (5) become equalities, 
i. e. x z = x n + 2 -C for i = 0 , . . . , L. 

Now we suppose that we know Af. Put d{ = ( a ; ,Af ) , m, = M/di for 
i = 0 , 1 , . . . , n — 1. Since a,|aj for i < j , we have d{\dj and mj|m2- for i < j . 

The congruence Qiyij = b{j (mod uii) has exactly d{ solutions incongruent 
modulo M for all i,j G { 0 , . . . , n - 1 } . Therefore there are dj^i ""^n-i 
solutions incongruent modulo M of the system (14) and also the same number 
of the system (13). 

4 Conclusions 

Now we prove the following theorem. 

T H E O R E M 4.1 Let X be the matrix of order L x n defined in section 3 and 
L > n. Let the matrix D = diag L n ( a o , . . . , a n - i ) be its Smith canonical form 
with ai\aj for i < j and ai > 0 for i = 0 , 1 , . . . , n — 1. Then 

( a ) (a 0 , Af) = d 0 = (Af, g0,..., gn-i) 

( b ) ( a o - - - a n - i , M ) = (Af,0ff). 

P r o o f : The following property of the Smith canonical form will be used. 
Let Ajt(A) be the greatest common divisor of all minors of k-th. order of a 

matrix A . Given a matrix A of order / x m, write D = diag/ m ( a 0 , . . . , a n - i ) 
for its Smith canonical form. Then (see [2] chapter 16) 

a 0 = A i ( A ) 

a 0 ai = A 2 ( A ) 
; 

a 0 a i - - -a n _i = A n ( A ) . 

(17) 

( a ) Put s = (Af,#o, • • • ,9n-i)- We show by induction on i that there is a 
vector x ' n + i such that x n + j = s x ' n + i for all i = 0 , 1 , . . . , L. The case i = 0 is 
trivial, because x n = (—go? • • • •> —9n-\)- Suppose therefore that our assertion is 
true for i — 1. The induction hypothesis implies x„+; = x n + z _ i G = sx ; , - ^ G = 

262 



SOME REMARKS ON THE PETHO PUBLIC KEY CRYPTOSYSTEM 

s x ;

n + i . Furthermore, we have % W x n + l C = 5 x ' n + l - C . Since s | M , there exists 
a vector X ; over Z such that xz- = sxf

{ for all i = 0 , 1 , . . . , L. Consequently 

S\(1Q. There exists a vector XQ over Z with x n C W xo = do x o- The matrix C 
is regular over ZM, do\M, thus necessarily there exists a vector x^ such that 
x „ = C?QX^, i. e. do\s as claimed, 

( b ) We have 

( 
( 
(( 
( 
( 

( 
( 
( 

Xo 

X „ - l ) 
) 
) 
) 
) 

(M) 

( 
( 
( 
( 

/ 

V 

x „ 

X2n-1 / 
C 

) 
) 
) 
) 

. 

= | I G " C | = | G | " | C | = ( - ! ) " ( # | C | . 

Determine now the value of another minor of n-th order of the matrix X . 

Let 0 < z'o < • • • < in-i < L, then 

| 
-
| 
| 

/ 

V 

xio 
. 
; 
Xi 

\ 

) 

( 
( 
( 
( 

(M) 
) 
) 
) 
) 

/ 

V 

xn+i0 

. 

. 

. 
xni+in1 ) a 

| 
| 
| 
| 

. 

= 

|| 
| 
| 
| 

[ 
[ 
[ 
[I XIO;; 

,XIN1 / 
G " C 

) 
) 
) = 

( 
( 
( 
( ( 

X L 0 

= 
X i 1 ) 

( 
( 
( 
( 

( - l ) n 9 . " | C | . 

This implies 
a0ai • • -a n_i = A „ ( X ) = #o |C | , 

and since the matrix C is regular over ZM we have ( | C | , M ) = 1 and in turn 

( a 0 « i • • • a„_i , M) = ( A „ ( X ) , M) = ( M , (70

n) 

and the proof is finished. 
In section 3 we obtained d^d\• • • d]]_l solutions incongruent modulo M 

of the system (13). But we need one such AQ for which AQ = C _ 1 G C 
(mod M ) . Thus we arrive at the problem to determine which one among 
the solutions of (13) satisfies this additional condition. 

If dn-\ = 1, then the system (13) has only one solution and we are able to 
decrypt. Thus = 1 is a sufficient condition for the determination of the 
matrix Ao- But there is also a weaker condition for this conclusion. 

All the solutions of the system (13) are congruent modulo m„_ i . Let Z be 

one of them, then Z = C _ 1 G C (mod m n _ i ) . Since ?7?,7,_i|M and C C - 1 ^= 

C~lC ( = I, we have C C " 1 { n = l ) C l C ( ? 7 ?i~ ° I. According to definition 2.1 
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we obtain Z ~ C A G C (mod m n _ i ) . If char(Z) = tn+g'n_lt
n-1 + - • '+g[t+g'0 

is the characteristic polynomial of the matrix Z , then gi = g\ (mod ran_i) 

for i = 0 , 1 , . . . n — 1 as proposition 2.1 shows. Put k = m a x { | w | : w £ A/*}, 

then we have M > 2fcla,l for i = 0 n — 1 bv (1IV whence 

|gi\ < 
M/k 

2 
for i = 0 , 1 , . . . , n — 1. 

Thus if 

m n _ i > M/fc, resp. d n _i < fc, (18) 

then the coefficients of g(t) axe uniquely determined, since 

\9i\ < 
M/k 

2 < 
mn-i 

2 
for i = 0 , . . . , n — 1. 

And now we can decrypt by the same way as in section 2. 

According to assertion (b) of theorem 4.1 we have 

dn-i < ( a 0 - - - a n _ i , M ) = (gH,M). 

Thus the Petho public key cryptosystem cannot be used securely if (g^, M) < k 

and therefore it is necessary to choose M in such a way that (g^M) is suffi

ciently large. 
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A SIMPLE PROOF OF VORONOI'S IDENTITY 

Tom M E U R M A N 

1 Introduction 

Denote by d(n) the number of divisors of n. Consider the function A(x) 
satisfying 

E 
n<x 

d(n) + 1 
V dix) = xlogx + ( 2 7 — 1)2 + 

1 
2 + A(z), (1.1) 

where d(x) = 0 unless x is an integer, and 7 is Euler's constant. We have the 
following well-known and remarkable theorem: 

THEOREM. The function A(x) defined by (1.1) satisfies 

A * = 2 
7T 

00 

E 
n=l 

d(n) 
n 1, 

' O O 

0 
cos(27Tix) sin [ 2TT 

nx 
u 

= dit. (1.2) 

Moreover, the series here is boundedly convergent in any interval 
[xljx2] C (0,oo), and uniformly convergent in any such interval free from 
integers. 

This was proved originally by Voronoi [16], and later by many others, e.g. 
[1], [3] (or [4, Ch. VIII]), [5] (or [13, Ch. 1]), [6] and [7] combined, [10, 
Ch. I], [11], [14], [15]. The proofs are usually long and difficult. Most of them 
depend on the functional equation for the Riemann zeta-function, and the 
simplest of these is due to Jutila [10]. The simplest proof not depending on 
the functional equation is due to Landau [11]. Jutila uses the method of Dixon 
and Ferrar [5] except for the case when x is an integer, where he introduces 
a substantial simplification. Landau uses Poisson's summation formula and 
only real analysis. The detailed proof takes about 20 pages. 

My purpose is to give a comparatively simple proof not depending on the 
functional equation. It has some features in common with Landau's proof, 
but it is shorter and the principle is different. Indeed, the principle can be 
used (as I shall show in a subsequent paper) in the analogous problem where 

S. M. F. 
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d(n) is replaced by a(n), the nth Fourier coefficient of a holomorphic modular 
cusp form. Landau's method fails here. 

The method of this paper works also when d(n) is replaced by 
d(n) exp(27rign) or by r(n) exp(27ri<jn), where q is rational and r(n) signifies 
the number of ways of representing n as the sum of two squares. It proba
bly works also for a(n) exp(27riqn). Moreover, there are other more obvious 
generalizations. This may be of some interest, since the modern theory of 
generalizations is based invariably on the functional equations for the rele
vant Dirichlet series (see e.g. Berndt [2]). 

As to the significance, generalizations or analogues of Voronoi's identity 
the reader may consult [9, Chapters 3, 13, 15], [10, Ch. I], [12], [2] and [8]. 
The last two papers contain many references to the literature of the subject. 

The integral in (1.2) is usually expressed in terms of the Bessel functions 
Yi and Ki as follows (see Watson [17]): 

—y/w(K\{±K\/nx) -f i 
2 

Yi(47r>/nx)). 

It is of practical value that this admits sharp approximations involving el
ementary functions. However, I prefer (1.2) as it stands, since, as will be 
shown, it is quite easy to obtain such approximations for the integral in (1.2). 
It would be an unnecessary detour to invoke Watson. This appears not to 
have been observed before. Landau evaluates the integral in (1.2) within an 
error O( l ) only, and this is not enough for practical purposes. 

The principle of the proof of the theorem will be explained in the following 
section. The most important new idea lies in the use of the weight function 
exp(—v(u + nx/u)). 

2 The principle 

For 0 < v < l 
2 define 

A(x,v) = 
2 
G 

oo 
E 

71=1 

d(fl) 

n 
F(nx,i;), (2.1) 

where 
F(t,v) = I 8 

e-v(u+yu, c o s ( 2 7 r „ sin(27rt U)du. (2.2) 

Fix t for a moment. Since A 
du 

(e-v(«+iMsin(27Tt/u)) < u~\ it follows easily 
by partial integration that F(t, v) is uniformly convergent in [0, | ] . Moreover, 
for any e > 0 we have limv_>o+ e~v^uJttlu^ = 1 uniformly in [e,l/e]. Hence 

lim 
0 0+ 

F(t,v) = F(t,0). (2.3) 
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Suppose that the following lemma holds: 

LEMMA. For t > t0 > 0 and 0 < v < i 
2 we have 

F(t,v) = 1 
2V2 

t+e -2v^cos UnVt-
4 a f o (-

1 4 ); (2.4) 

where the implied constant in the O-term may depend on to only. 

Fix x for a moment. If A(x,0) is convergent then, since e~2vy/™ is mono-
tonic, it follows by partial summation that 

00 
E 

n=i 

d[n) 

n 
F(nxy0)e-2vVnx 

is uniformly convergent in 0 1 
2 | 
[ 

By the lemma, 

F{nx,v) = F(nx,0)e- 2 v V nx^ + O(n-*). 

Hence also the series A(x,v) is uniformly convergent m [0, el- By (2.3) this 

implies that 
lim 

0 0+ 
A(x,v) = A(x,0). 

Then A(x) = A(z ,0 ) , i.e. (1.2) holds, ii 

lim 
v->0+ 

A(xyv) = A(x). (2.5) 

Therefore, to prove the theorem, we must prove the lemma, the statement 
(2.5) and the assertions concerning the convergence of A(a;,0). 

3 Proof of the lemma 

The argument to be given here could easily be refined to yield an asymptotic 
series. 

Suppose first that v > 0 in (2.2). Clearly 

F(i,v) = y/i 5 
0 

8 
e-vVt(u+i/u) cos(27rv/i«) sm(2nVt/u)du. 

The main term will come from the values of u near 1. Since 

cos(a) sin(p) = 
1 

2 
in (ei(a+b) -ei (a+-b), 

it follows that 

F(t,v) = 
1 

2 
Vtìm(F+ - F-), 
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where 
F± = { 

0 
oo 

e (-t .(tt+l/«)+2xi(ti±l/tt))V?dtttdu 

Consider F and denote g(u) = —v(« + l /u) + 27rz(u — 1/«). Integrating 
twice by parts one gets 

F~ = 1 
I 

[ 
0 

8 ( 1 
g(u) ( 1 

g (u) 
) 
) 
) 

) 
) 
) 

/ 

e9^du, 

since, as TI > 0, the integrated terms vanish at each step. We have 

( 
1 
g1 ( l 9' 

[ 
( ) 

8 
= - ( 

9" 
(g') 

) 
) 
) 

o 
>> 

| 
| 

g'' 

(ff')3 

| 
| 
| 
+ 

|| 
|| 
(9T 
(g') 

| 
| < 

u 2 

(u 2 + l ) 3 
< 

1 
u 4 + l ' 

Hence F = 0(t x ) uniformly in v. 
Consider F + and substitute y = sgn(n — l)y/u + 1/u — 2. Then 

F + = e- 2 ° [ 
O O 

-oo 
f(y)e-*dyt 

where /(?/) = y + \ /y 2 + 4 — 2/y/y2 + 4 and a =(u — 27ri)\/*- Replace / (y ) 
by its Maclaurin polynomial /3(2/), say, of degree 3, and estimate the error in 
the way F~ was estimated. This gives 0(t~l) uniformly in v since 

( 
2 

y 

5 
( 

f(y) - My) 
y ) ] 

' 
< 

1 

y2 + i' 

The terms of My) O I" 0 f l d degree may clearly be omitted. The integral corre
sponding to the term of degree 2 is integrated (once) by parts. This gives 

F+ = e - 2 a ( l + 0 ( H ) ) U 
O O 

- O O 
e-^dy + Oir1). 

It is well-known that the integral here equals \/ir/a. Hence 

F+ = ( 
7T 

a ) 
2 e -2a + 0 ( H ) . 

We have 

( 
7T 

a 
i 
2 = 

1 
21 r i e x . / 4 = 0 ( „ r J) = 0 ( H e 0 ^ ) . 

Hence 
F+ = 

1 
V2 rJe-2t>VJ+(4TV?+x/4)t + 0(t~*). 

Hence, uniformly in v, 

F(t,v) = 1 
2v/2 

t +e -2 v v t sin (4*V* + 
7T 

4 
+ 0 ( 

t+4 

. 

However, bv (2.3) this holds even for v = 0. 
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4 A(x,v) as an integral 

Suppose that v > 0. Prom the lemma it follows that the series in (2.1) is 
absolutely convergent. Hence, and by (2.2), it may be represented as the 
double series 

oo 

E 
m=l 

oo 
E 
k=l 

1 
mk L 

8 
e-v(u+mkx/u) c o s ( 2 7 r u ) sm(2nmkx/u)du 

= 
O O 

5 
m=l 

oo 

E 
k=l 

1 
k J 

roo 

0 
e-v(mu+kx/u)cos(27rm«)sm(2irkx/u)du = E E / /m,Jfc(«), 

say. This is absolutely convergent, since 

| /m,*(«) | < exp F -
1 
3 

v(u + x/u + Vmkx)). 

Moreover, the double series £ £ / m , j b ( ^ ) is absolutely and uniformly convergent 
in any interval [̂ 1,̂ 2] C (0,oo). Therefore the summations may be taken 
behind the integral sign. This gives (as Im(log) = arg) 

A(x,v) = 2 
7T 

[ 
[ 

oo 
Re ( 

1 
e?" - 1 ) arg(l - e-^u)du, 

where 
P = V + 2 7 T Z . 

5 Truncation and decomposition 

Let N be an integer, N > 2x and R = N + l 
2* 

Denote 

Ai = - 1 
7T 

{ 
{ 

R arg(l - e-™u)du, 

A 2 = 1 
7T 

( 
( 

8 Re 
( 
( 

E 
e?" - 1 

+ 1 ) arg(l - e - ^ / " ) ^ 

and A3 = A(x, v) — Ai — A2. We estimate A3 by partial integration. We have 

0 Re ( 
1 

e p u _ 1 
( 
( du = Re ( 

1 

p 
l o g ( l - e - H 

) 
) . (5.1) 

In any case this is Oil). But for u = R it is 0(v). Hence 

A 3 = 
2 
7T 

5 
( 

8 
Re ( 1 

eP" - 1 ) arg (1 _ e-^du < v + 0 O O 

= d 
du 

arg(l - e-^/") |d«. 
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The last integrand is 0(xu~2), since for t > 0 we have 

d 
dt 

are(l - e-*) = Im ( ( 
p 

eP*- l 
) 
) (5.2) 

and for Re(z) > 0 and |Im(;z)l < 7r we have 

Im ( 2 
e2 - 1 ) = Im 

) 
) 

z + 1 - ez 

e z - l 
) 
) < ||z||. (5.3) 

It follows that A3 < C + x/R, or equivalently, 

A(z, i ; ) = Ai + A 2 + 0 (v + z i T 1 ) . 

6 The integral A x 

Denote ^ ( i ) = t — [t] — | . Writing arg(l — e~2*lt) as a power series we recognize 
the Fourier series of ij){t). Thus arg(l - e~2wit) = -7r̂ («) for * £ Z. For * > 0 
we have 

d 
dv argfl - e~vl) = Im ) ) 

t 
e?* - 1 ) << 

t 

II'II' 
where || t || denotes the distance of t from the nearest integer. Hence, 

arg(l - e - p *) + 7rV>(*) < min ( vt 
\\t\\ 

, i ) < = vt 

Mil ) 
3 

I* (6.1) 

for £ 0 Z and £ > 0. Then an easy calculation gives (as R > x) 

Ai = x n 
oo 

IR 
ip(t)t~2dt + O ( X = ' O O 

2 ( 
vt 

11*11 
= i*r 2 df 

) 
) 

= x(log ( 
R 

x 
) + 1 - 7 ) = 

R 
2 

+ 0(ifr4). 

7 The integral A 2 

Since Rede?" + l ) ^ - 1)) = e2vu - 1 < vu for vu < 1, and since 
| E P u - l | 2 > ( v u ) 2 + 
II u | | 2 > (vu)* || « lis, it follows that 

Re | 
| 

9 
equ -1 + 1 

) 
) = Re 

( 
( 

eu + 1 

eP" - 1 
) 
) = 

e2™ - 1 
| e P U _ l | 2 

< (vtt)̂  || u ||"t . (7.1) 

Trivially arg(l - e - ^ " ) < e~vxlu < ( r a / « ) " . Hence the subintegral / 0

I / a of 
A 2 is 0((v/a;)?). Hence (recall that # = JV + f) 

A 2 = 
1 N 

2: 
n=l 

) i 
2 1 
" 2 

Re ( 
2 

ep(n+u) _ I + 1 ) Ap (u) du + o '( ( ( v 
E ) 

) ) ) . 
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where 
AM) = argfl - e -«*« n +% 

CASE 1: x/néZ. For lui < \ we have 

AJu) = AJO) + O 
( 
( (II x- II"1 *M)« 

71 
) (7.2) 

To prove this, suppose that 4iV|u| < ||x/n|| (the other case being trivial). 
Suppose that \t\ < \u\. Then 

U 
X 

n + t = 
X 
n 

I < 2x|<| < 2N\u\ < 
1 

2 
II X 

n 
II . 

îence | |x / (n-M) | | > ||x/n||. Using (5.2) we get 

4< (0 «II 
X 

n + t II"
1 * - 2 * «II m 

n 
II"1N 

Hence AJu) - AJO) < | | x/n | | - x JV|u|, and (7.2) follows. 

CASE 2: x/n G Z. Put q = v — 2iriu/n. For |u| < l w e have 

V u ) = Aq(0) + O ((N\u\)-*) . (7.3) 

To prove this, suppose that 4iV|u| < 1 (the other case being trivial). Suppose 
that \t\ < \u\. Then |Im(gx/(n + t))\ < n. Hence we may use (5.2) and (5.3) 
to get 

4 ( 0 < \<l\n~2x « n x « N> 

since(5.2) holds also when p is replaced by q. Hence Aq(u) — Aq(0) <C N\u\. 
But Ap(u) = Aq(u)y since (p - q)x/2m{n + u) G Z. Hence (7.3) follows. 

Denote 

O x = 
{ 
{ 

Il «II /o r x é Z , 
l for x ez. 

(7.4) 

To estimate the contribution of the O-terms in (7.2) and (7.3) we use (7.1) 
and the fact that II x/n II > Qx/n if x/n 4 Z. This gives 

< v1/2N3/2 

( E 
/neZ 

L 

712 II 
X 
n 

II 
_3 

4 
+ 

E 
nezi 

i 

n2 
) 
) 
) 

<<v 1/2 N3Qz -3/2 

Consider the contribution of -4,(0). The function Aq(0) is odd in u, while 

Re((e*n+u}-vu - I)"1) 

is even. Moreover, 

(ep(»+«) - l) 1 - ( e

p ( n + u ) - v u - l) 1 < vu 

(vn)2 + tt2 < ( 
V 

n\u\ i) 

1 

2 
. 
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It follows that 

E 
x nez 

) ri 
_ 1 

2 

Re ( 2 
ejH»+«) - 1 + 1 

) 
) Aq(0)du < {Nv)kK 

Consider the contribution of Ap(0). We have 

E 
x/ngZ 

Mo) ( 2 

1 
"2 

Re ) ) 
9 

ep(n+u) _ l ) du << Nv 

since by (5.1) the integral in the summand equals 

2Re ( 
1 

P 
) log ( 

1 + e - ° n +1:2 

1 + e -» (» - î ) 
) 
) 
) 

<< Re ( 1 
P 

) << v . 

Finally, (6.1) with t = x/n implies that 

1 
7T 

E 
x/ngZ 

MO) = - E 
s / n g Z 

0 ( 71 ) + o ( 3/4 N 7/4qz-3/4 ) . 

and we have 

E 
x/n&Z 

= ( 
X 
n ) = 

N 

E 
n=l 

= ( 
) 
) ) = E 

x/nez 
= ( 

) 
) ) 

= x x 
z 
E 
n=l 

1 
n = 

N 
E 
n=l 

E 
m<x/n 

l -
2 
12 + 

i 
2 d(x) 

= x(logiV + 7 ) - E 
n<x 

d(n)-
1 
2 dix -

AT 

2 
+ O ( x 

N . • ) • 

Collecting the relevant formulas in this and the two previous sections and 
using (1.1) we get 

A(x, v) = A(x) + 0{xN-x + v*N*Q-*) (7.5) 

for N > x, N e Z. This implies (2.5). 

8 Convergence of A(x, 0) 

Denote 
/ (n , x) — x+n « cos(47Ty/nx — m 

4 ) 

and 
S = E 

a < n < 6 
d(n) / (n ,x) , 
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where 2 < a < b. By (2.1) and (2.4) it is sufficient to consider b. Let 
0 < e < t . We set out to prove that 

S < x 
3 
4 

a 
-1/4+e + x 1/2+ea-1/2Qx-1, (8.1) 

S < 
3 

£ 4 . (8.2) 

The symbol Qx was defined by (7.4). 
By partial summation and (1.1) we find that S equals 

/ 
Ja 

/ 

V 
d 

d 
f(t,x) 

) 
) d(t) dt+ 

( 
(0 f(<,*)(lQgt + 27)Ä + ) 

) 
(t;x)( A(t)+ 

1 

2 
d((t) || 6 

a 
. (8.3) 

The integrated term is 0 (x*a - *) , since A(t) •< ¿5. The second integral is 
0((xa)~* logo), by partial integration. 

Consider the first integral in (8.3). We have 

d 
dt 

f(t,x) = -2irxH «sin (4ir\/tx — 
7T 

4 ) 
+ o [x 

I 
4 r 

7 
4 . 

The error term here contributes <C i _ i 
4 . 

Then replace A(t) by A(t ,v) , 
where v = 6~2 8. This gives an error 0(x*a * ) , since (7.5) with JV = [62] 
implies that 

/ 
Ja 

\A(t) - A(t,v)\dt < 1. 

Then replace A(t, v) by 

1 
rV2 

O O 

E 
n=l 

t * ( n ) / ( n , 0 e ~ W S = A*(*,t;), 

say, which in view of (2.4) differs from A(t,v) by <C t- 1/4. This difference gives 
an error O (x*a 2 ) . 

We are now left with 
x43 

t 
Ja 

-5/4 B e ! (47rv7x — 7T 
4 

)A*(*,v)d*. 

This is, on integrating A* term-by-term, 

< 
3 

£ 4 

O O 

E 
n=l 

d(n)n * 
{ 
a /a 

£ 1 sin(47r\/ta — 
7T 

4 
. cos 4r B v nt- 7T 

4 
) 

e-
2v^dt 

| 
| . 

Here sin(...) cos(. . . ) is a linear combination of 

sin(4'Ky/i(y/x — y/n)) and cos(4ir>/i(y/x + \ /n)) , 

so that, integrating by parts, the integral is <C a 2\y/x ± y/n\ l . Therefore, 
excluding the term involving Jx — yjn, in which n is the (or a) positive integer 
minimizing |n — x|, the rest of the expression is <C x1/2 + e a -1/2. 
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Denote by Ix the integral in the excluded term. If x £ Z then 
Ix < X 2 a ~ 2 | | ^ | | _ 1 . Otherwise Ix = 0. This completes the proof of (8.1). 

To finish the proof of (8.2) we may assume, by (8.1), that 0 < ||x|| < a~5. 
Split up Ix at c = min(fe, | |x | |~ 2 ) . Then, estimating as before, / c

6 <C # 2 , and by 
the general inequality | siny| < |y|, we have J* <C x - 1/2 
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O n the Representat ion of Large Integers 

b y Integral Ternary Posit ive Definite Quadrat ic Forms 

B. Z. MOROZ 

A few years after the famous work of C. L. Siegel [17] on representa
tion of integers by a genus of quadratic forms had appeared, Yu. V. Linnik 
[10] initiated a study of representation of integers by an individual ternary 
quadratic form. Due to the efforts of many authors (cf., for instance, [1], [3], 
[9], [11], [12], [15], [19], and references therein), we may now claim a success. 
Let f(x) = \ £ 1< i, j < 3 aijxixj be a positive definite quadratic form with integral 

rational coefficients, so that = a^, â - G Z, 2 | an for 1 < t,j < 3, and let 
r/(n) = card {u I u G Z3, f(u) = n } be the representation number of n by / ; 
let D — det(dij). 

T H E O R E M 1. Suppose that n G Z, n > 1 and gcd(n,2D) = 1. Tien 
r/(n) = r(n,gen/) + 0(ri2~7) for 7 < wiere r(n,gen/) denotes the 
number of representations of n by the genus of f averaged in accordance with 
Siegel's prescription [17]. Moreover, if n is primitively represented by f over 
the ring ofp-adic integers for each rational prime p then r (n, gen / ) >• /,€ n%~€ 
for £>0. 

Proof Let N be a positive integer such that 2D \ N and 8 | JV, and let 
<p G 5o( | , iV ,x) with x(d) = ( i f ) ' suppose furthermore that <p G Wx, in 
the notation of [15]. Thus cp is a 'good' cusp-form of weight | (and char
acter x) that does not come from a 0-series. Therefore an argument due to 
H. Iwaniec [9] and W. Duke [3], supplemented by the considerations going 
back to G. Shimura [16] and B. A. Cipra [2], leads to an estimate for the 
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oo 
Fourier coefficients of <p (cf. also [7]), and on writing cp(z) = $3 a(n)e2*tnz 

n=l 
we obtain: a(n) <CV)7 n " ^ as soon as (n,2Z>) = 1 and 7 < By [15, Ko-
rollar 3], it follows then that 77(71) = r(n, spn/) + 0(rc*"~7) for (n,2-D) = 1 
and 7 < ~ , where r(n, spn/) denotes the representation number of n aver
aged over the spinor genus containing / (cf. [15]). On the other hand, by [15, 
Korollar 2], if (n, 2D) = 1 then r(n, spn / ) = r(n, gen / ) . Finally, the estimate 
r(n, gen/ ) > "e for 5 > 0 is a consequence of Siegel's work [17, 18] (cf. 
also [14, Satz (3.1)]), as soon as n is primitively representable by / over the 
p-adic integers. This completes the proof. 

R E M A R K 1. The condition (n,2D) = 1 in Theorem 1 has been used 
in the proof twice, to ensure the estimate a(n) <C n^"7 and to deduce the 
identity r (n,spn/) = r(n, gen / ) . The former use of this condition is due to 
the fact that (p G 5( | , iV,x) with x = (ir) (see [13] for the details). It is an 
interesting question to what extent one can weaken the condition (n,2D) = 1 
in Theorem 1. The work of R . Schulze-Pillot [15] (cf. also [19] and references 
therein) is pertinent to this question. 

T H E O R E M 2. Let q be a rational prime congruent to 5 modulo 8 and Jet 
f(x) = x\ + x\ + qzx\. Then rf(n) >9j£ n^~e for e > 0 and n = 7 (mod 8). 

Proof. Let n = </ni, q \ n\ and suppose that n = 7 (mod 8). Consider the 
quadratic form g(x) = x\ + x\ + qmx\, where m = 3 - I when I < 3 and 
m = 0 when ^ > 3; let n2 = ngm"3. Since n2 = 3 (mod 8) if * > 3 and n2 ^ 0 

(mod g) when I < 3, it follows from Theorem 1 that r^(n2) >• n | for £ > 0. 
On writing x\ + x\ = g3~m(n2 — gmy|) one notes that to each solution of the 
equations: n2 = g(y) with y G Z3, g3~m = z\ + z% with ¿1 G Z, z2 G Z there 
corresponds a unique solution of the equation n = f(x) with x G Z3. Since 
g = l (mod 4) it follows, in particular, that 77(71) >> n^~e for e > 0. This 
completes the proof. 

R E M A R K 2. Theorem 2 confirms a conjecture of D . R . Heath-Brown [8, 
p. 137-138], that every large integer congruent to 7 modulo 8 is represented 
by the form x\ + x\ + qzx\ when q = 5 (mod 8) and g is a rational prime. 

DEFINITION. Let n G Z. We say that 71 is square-full if n > 0 and p | n =^ 
p2 I n for each rational prime p. 

C O R O L L A R Y . Every sufficiently large positive integer is a sum of at most 
three square-full numbers. 
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Proof. By a classical theorem of Gaufl, each positive integer n is either a sum 
of three squares or it is of the shape n = 4*(8fc + 7) with £ 6 Z, k 6 Z. In 
the latter case, however, Theorem 2 shows that the integer n is represented, 
for instance, by the form x\ + x\ + 125x3 if k is sufficiently large. Other 
possibilities are also easily eliminated since the form x2 + y2 + 2z2 is easily 
seen to represent n as soon as n = 4 (mod 8), cf. [8, p. 137]. This completes 
the proof. 

R E M A R K 3. This corollary has been first proved by D. R. Heath-Brown 
[8], by a different method; according to [8, p. 137], it answers a question posed 
by P. Erdôs and A. I vie. 

R E M A R K 4. This note contains the text of my lecture at the 16th Journées 
Arithmétiques (Marseilles, July 1989). Since then a new important paper by 
W. Duke and R. Schulze-Pillot [5] has appeared, which allows, in particular, 
to weaken the condition (n,2D) = 1 in Theorem 1 of this note (cf. also 
Remark 1). Unfortunately, the authors suppress the details of the proof of 
their crucial Lemma 2 [5, p. 50-51]; following [7], where incidentally the proof 
of the corresponding assertion is also omitted, we are content with a weaker 
statement [13, p. 17-19] that leads to the results described above. Finally, we 
cite here two articles [4], [6], throwing further light on our subject. 

A C K N O W L E D G E M E N T . It is my pleasant duty to thank Professor W. Duke 
for a few useful conversations during the conference, relating to his work [3]; 
I am grateful also to Professor R. Schulze-Pillot for a private communication, 
allowing me to reconstruct the proof of Lemma 2 in [5] mentioned above. 
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INTEGRAL LATTICES AND 

HYPERBOLIC REFLECTION GROUPS 

Rudolf SCHARLAU and Claudia WALHORN 

1. Reflective lattices and their groups 

In this paper we wish to contribute to the problem of giving a full, explicit 
classification of all arithmetic groups of isometries of hyperbolic space which 
are generated by reflections in hyperplanes. 

We consider integral quadratic lattices L, that is, L is a free Z-module of finite 
rank, L = Z r , together with a symmetric bilinear form. The value of the form 
at vectors x,y e V := RL is denoted by € R. "Integral" means that 
(x,y) G Z for all x, y G L. We shall deal with the following two cases: L is 
Euclidean, i.e. the form is positive definite, or L is Lorentzian, i.e. the 
form is of signature (n, 1), n + 1 = r. 

For v G V with (v,v) ^ 0, the reflection 

2(v,x) 
sv : x i • x (v,v) v 

is an isometry of the quadratic vector space V. A primitive vector v G L 
(that is, v/m fi L for all integers m > 1) is called a root of L if (v,v) > 0 
and if sv maps L into itself. By the above formula, this holds if and only if 
(v,L) Ç Z(v ,v) /2 . In particular, (v,v)/2 divides the exponent of the finite 
group / £ , where = {y G V \ (L, y) Ç Z } is the dual lattice. Notice that 
a vector v with (v,v) = 1 or 2 always is a root, but if L is not unimodular, 
then other values may occur. In the Lorentz case, the restriction to vectors 
with (v,v) > 0 is made for the following reason. The set of vectors x G V 
such that (x,x) = —1 falls into two connected components. If 0 + ( V ) denotes 
the subgroup of index 2 of the orthogonal group 0(V) mapping each of these 
into itself, then (v,v) > 0 is equivalent to sv G 0 + ( V ) . Each of the connected 
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components is a model of hyperbolic n-space Hn, and 0 + ( V ) induces the 
full isometry group of Hn. Notice that if (v,v) > 0, then the orthogonal 
complement vL is of signature (n — 1,1). Thus the fixed point set of sv really 
"is" a hyperbolic subspace (hyperplane) in our hyperbolic space. 

A basic (though trivial) observation now is that in the Euclidean case, the 
set R(L) of all roots of L is a root system in the usual sense of Lie algebra 
theory. Indeed, if v,v' G R{L), then svv' G R(L) since s3vVt = svsvisv. 
The "crystallographic condition" 2(v^vf)/(v^v) G Z also holds; we have just 
seen that it holds for all v' G L. Strictly speaking, R(L) should be considered 
as a root system R together with a fixed quadratic form invariant under the 
Weyl group W(R) = (sv \ v e R), and the notion of isomorphism is that of 
an isometric bijection. Thus, R(L) is even a finer invariant than a usual root 
system. 

We now come to the basic definition of this paper, which was first introduced 
explicitly by E. Vinberg [Vi2]. 

1.1. Definition. A quadratic lattice L is called reflective if 
a) in the Euclidean case: R(L) has the maximum possible rank dim L, 
b) in the Lorentz case: the normal subgroup W(L) of 0~*~(L) generated 

by all reflections s v , v a root, is of finite index. 

See [BS] for general results about the structure of reflective Euclidean lattices 
and for a full classification in small dimensions. If the signature is (n, 1), any 
group W(L) acts as a discrete group, generated by reflections in hyperplanes, 
on hyperbolic n-space. By definition, W(L) is "crystallographic" in the sense 
that it has a fundamental domain of finite volume if and only if L is reflec
tive. (Recall that 0+(L) always has a fundamental domain of finite volume.) 
Like in the case of reflection groups on the sphere or on Euclidean space, 
these "hyperbolic reflection groups" satisfy the axioms of abstract Coxeter 
groups (after one has fixed a fundamental domain and thus a fundamental set 
of generating reflections) and are described by Coxeter diagrams; see [Vil]. 
Contrary to the spherical or Euclidean case, a full classification of hyperbolic 
reflection groups is not known, not even in the case of "arithmetic" groups 
W(L). 

A basic lemma of Vinberg's [Vi2] relates the two notions of reflectiveness of 
lattices to each other: 

1.2. VINBERG'S LEMMA. A necessary condition for a Lorentzian lattice L to 
be reflective is that, for all primitive isotropic vectors c G L, the Euclidean 
lattice c±/Zc is reflective. 
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In particular, if L is of the form L = ELLM, H = ( Z 2 , (J J)) the hyperbolic 
plane and M a positive definite lattice, then L is reflective only if M is re
flective. (Take c = ( 1 , 0 ) G H in Vinberg's lemma.) Now notice that a lattice 
of the form HLLM of dimension > 3 has only one class in its genus (since 
it is indefinite and has at least one two dimensional Jordan component at 
each prime; we refer for instance to [OM] for general facts about quadratic 
forms). Thus HJ_M only depends on the genus £ (M) , and Vinberg's lemma 
automatically sharpens to the following statement: 

1.3. LEMMA. If a lattice L = HLLM, where M is positive definite of rank 
at least 2 is reflective f then the genus G{M) (which only depends on L) is 
totally reflective in the sense that every lattice M ' G Q(M) is reflective. 

It is true under quite general circumstances that L of signature (n, 1) is of 
the shape HLLM. In particular, this holds if n > 4 and L is strongly square 
free in the following sense: The exponent of L&/L is square free (we say 
that L itself is square free for short), and the p-exponent of detL is at 
most half the dimension of L, for all p. In terms of Jordan decompositions, 
this means that for each the localized lattice has only a unimodular and 
a p-modular component LoiP resp. and dim(Li > p) < dim(jLo, p). It l s 

well known that to any lattice M (of whatever signature), one can associate 
a strongly square free lattice M (on the same space, but possibly scaling the 
quadratic form) such that O(M) C O(M) . In particular, if M is reflective, 
then M is reflective. The genus of M only depends on the genus of M, and 
(in the positive definite case) the mapping M ^ M induces a surjection 
of genera. This technique has been used by jnany people and goes back at 
least to Watson [Wa]. The construction of M breaks into two parts. One 
first makes the lattice square free by (iterated) application of the substitution 
M i—• p~x (MDp2M#)+Mfor the prime divisors p of det M; then one applies, 
if necessary, the "local dualizing" operation M h-* DpM := P(M# Dp^M) 
to interchange the unimodular and the p-modular component of a Jordan 
decomposition. 

The following theorem is an immediate consequence of an unpublished result 
of J. Biermann [Bie]. 

1.4. THEOREM. There are only finitely many totally reflective genera of 
positive definite lattices of dimension > 3 . 

Proof: It is well known and easy to prove that any genus (wJ.o.g. strongly 
square free) of large enough dimension n > no contains a non-reflective lat
tice. (It suffices to embed a lower-dimensional non-reflective lattice Mo as 
an orthogonal summand; for no = 57, the Leech lattice always works.) For 
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lattices of fixed dimension n > 3, the main result of [Bie] says that any genus 
of sufficiently large determinant contains a lattice with trivial automorphism 
group which a fortiori is non-reflective. • 

Remark 1 . The result of Biermann's we have just referred to depends on the 
mass formula as well as on various algebraic reduction techniques and requires 
a long and complicated proof. Only a part of the arguments is actually needed 
if one only wants to prove the existence of a non-reflective lattice in a genus. 
In the case of signature (4,1), we shall come back to this question in Section 
3 below. 

Remark 2 . The first good upper bound no = 30 has been given (implicitly) 
by Vinberg [Vi4], §4. Recently F. Esselmann [Es] proved that 20 is the precise 
value of the largest dimension of totally reflective genera, and n = 21 is 
the largest value for which a reflective lattice of signature (n, 1) exists; R. 
Borcherds had proved already several years ago that the unique even lattice 
of this signature and determinant 4 is reflective; [Bor], §8, Example 5. 

We now observe that Theorem 1.4 together with Vinberg's lemma gives a 
new and -modulo the use of Biermann's result- very short proof of the fol
lowing finiteness result for arithmetic hyperbolic reflection groups due to V.V. 
Nikulin. 

1.5. COROLLARY. There are only finitely many strongly square free reflective 
lattices of signature (n, 1), n > 4. 

This is a special case of [Ni], Theorem 5.2.1. The result holds without the 
assumption that the lattices should be strongly square free. (Of course one 
must then restrict to primitive lattices.) In fact, for Nikulin's proof it is 
irrelevant whether or not they are. In the above proof, one could avoid the 
assumption with some additional technical effort. More important is that 
Nikulin proves the result also for n = 2,3 where our method completely breaks 
down for the following trivial reason: If L = ELLM is strongly square free of 
dimension 3 or 4, then M is not necessarily primitive but can be scaled by an 
arbitrary square free factor, of course without affecting the reflectiveness. 
Nikulin's proof of the finiteness result is geometrical, dealing with combi
natorial and metrical properties of the fundamental polytopes of hyperbolic 
reflection groups. It also applies to lattices (with the appropriate signatures) 
over number fields. However, it gives only poor bounds on the discriminants 
of reflective lattices and apparently no other arithmetical restrictions.. 
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2. Normal forms for lattices 

Apart from Vinberg's basic general work and Nikulin's fundamental finiteness 
result, the existing literature on hyperbolic reflection groups and reflective lat
tices deals mainly with examples. Complete classifications have been obtained 
only under very restrictive assumptions (e.g. for unimodular lattices [Vi3]). 
In this and the next section we want to show that our knowledge of reflective 
Lorentzian lattices can be considerably improved by making a systematic use 
of the arithmetic theory of integral quadratic forms. In this article, we shall 
restrict ourselves to the (hyperbolic) dimensions n = 3, 4. If n = 3, we shall 
only treat the case of isotropic forms, where Hn/W(L) is non-compact. A 
third general condition is that we require the groups W(L) to be maximal 
among groups of this kind. Under these assumptions, we now want to give 
certain normal forms for our lattices. (The term "normal form" is not to 
be understood in a completely rigorous sense.) The main ingredient of these 
normal forms will be a fact which was already mentioned above: we can as
sume the lattices to be strongly square free, and if the unimodular and the 
p-modular component have the same dimension, for some prime j>, then we 
can interchange them by the operation Dp not affecting the group. 
We first deal with the case n = 3. Here we shall drop the assumption of square 
freeness in certain cases for the benefit of dealing only with even lattices, i.e. 
(v, v) £ 2Z for all v £ L. The quadratic form on Z 4 in the following proposition 
is f(v) = (v,v)/2J not (v, v). A left upper index means scaling the quadratic 
form. 

2.1. PROPOSITION. If L is a lattice of signature (3,1) with O(L) maximal, 
then we may assume that L has the shape L = ELL*[a,fc,c], where H denotes 
the hyperbolic plane ( Z 2 , x y ) , *[a,6,c] the binary lattice ( Z 2 , s(az2 + bzw + 
cw2)), the discriminant —Do = —(4ac — b2) of [a,6,c] is a fundamental dis
criminant (discriminant of a quadratic field), and s is a square free natural 
number relatively prime to DQ. 

Proof: We may start with an L which is strongly square free. The main aim of 
the proof is to embed the hyperbolic plane HI into L (after possibly replacing 
I by a lattice with the same or a larger group). Once this is proved, the 
precise shape as given in the proposition will be obvious from the fact that L is 
strongly square free or equal to the even sublattice L° = {x G L | (#, x) € 2Z} 
of a strongly square free lattice. It is sufficient to embed HI locally for all primes 
p. Choose a Jordan decomposition ZPL = Lo±pLi, LQ,LI unimodular. First 
consider the case p ^ 2. If dimZo > 3, it is clear that HI embeds into Lo. 
If dim£o = d i m i i = 2, then one of LQ^L\ is isotropic, since LQA.PLI = L 
is isotropic. After possibly interchanging LQ and ¿ 1 , we may assume that 
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L0 = H 

Now we consider the case p = 2. There are various cases according to the 
dimensions and the parity even/odd of Lo>£i- In some cases, we pass from 
L to the even sublattice L° = {x £ L \ (x,x) G 2 Z 2 } . We give the details 
only in the case where dimio = dimXi = 2. If LQ^LI are both even, then 
the same proof as for p ^ 2 applies. If one of them is even and the other 
odd, then we may assume that LQ is even and L\ is odd, that is, L\ is a 
diagonal form (a, 6), a, 6 odd. We claim that the Jordan decomposition can 
be chosen such that L0 = H. Indeed, if LQ H, then Z 0 = A 2 , the ^- root -
lattice with quadratic form [1,1,1]. But since A2 over Z 2 represents primitively 
any odd number, in particular —a, it is clear that already A2J_(2a) contains 
a primitive isotropic vector and thus splits off a hyperbolic plane. (In fact 
A 2 ±(2a) = HLL(2(a + 4)).) If finally LQ^LI are both odd, then we may pass 
to the even sublattice L°, which is of the shape 2 M , for M odd, unimodular 
and thus can be replaced by the odd unimodular lattice M, • 

For the signature (4,1), we have chosen the following normal form which, for 
reasons to be explained later, restricts the positive definite ternary constituent 
to a determinant not divisible by 4. 

2.2. PROPOSITION. If L is a lattice of signature (4,1) with O(L) maximal, 
then we may assume that L has the shape L = HLLM or 2H_LM, where M is 
obtained from a ternary lattice M of square free determinant d which is odd 
in the case 2 H , by applying the dualizing operators Dp for some set of odd 
prime divisors p\d. 

Proof: First notice that the condition on M just means that M is primitive 
and square free (not necessarily strongly square free) and of determinant not 
divisible by 4, resp. odd determinant. We have chosen the formulation with 
the Dp to emphasize that we have essentially only to deal with square free 
determinants. The proof amounts to showing that L which we assume to be 
strongly square free splits off H if 4 \ d e t i and splits off 2IH if 4 | de t i . 
This must be shown locally for each p. The claim is obvious for p ^ 2 since 
the unimodular Jordan component is of dimension at least 3 and therefore 
isotropic. 
Now consider the case p = 2 and assume first that 4 \ de t i . Let v be a 
primitive isotropic vector; it exists because dimX = 5. Then (X, v) = Z 2 

or 2Z 2 , since L is square free; 2Z 2 is impossible since the 2-modular Jordan 
component is at most one-dimensional and thus is anisotropic. Therefore, L 
splits off IK or (—1,1). We have to show that the case (—1,1) can be reduced 
to the case H. The only situation where there could be a problem occurs 
when L is odd, of the form (-1,1)J_M for an even lattice M. Over Z 2 , the 
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lattice M is of the shape 2?_L(2a), where a is an odd number and the binary 
lattice is H or A 2 , the unique anisotropic binary even unimodular lattice over 
Z 2 . We have already observed in the proof of 2.1 that in this situation we can 
always assume that B = H, (i.e. M is isotropic over Z 2 ) . But then it is clear 
that we can replace M locally and hence also globally by an odd lattice Mf 

of the same determinant on the same space. The lattices L = (—1,1)J_M and 
V := H_LM' are both odd, hence in the same genus and therefore isometric 
over Z. 
Now we treat the case where 4 | det L. We claim that there exists a primitive 
isotropic vector v with (Z, v) = 2 Z 2 . If not, such a vector satisfies (Z, v) = 
Z 2 and X, being odd, is locally of the shape (—1, l)J_(a)_L2B for a binary 
unimodular lattice B. The lattice 2(a)±.2B = (4a) I2 B certainly represents 
primitively some number 46, b odd. But (—1,1) represents every odd number, 
in particular —6, and we finally arrive at a primitive isotropic vector v 6 2L^, 
as desired. We now know that L splits off either 2 H or (—2,2) (and there is 
no choice for a given £, since the parity of a 2-modular Jordan component 
is unique). In the case ( -2 ,2 ) , we replace L first by D2L which locally is 
of the form (—1,1)_L2M for some ternary unimodular M and then by the 
even sublattice (D2L)° which is 2 i l 2 M . Scaling by 1/2 we finally arrive 
at a unimodular lattice V (which by the way carries the original, unsealed 
form) such that O(L) C 0(Lf). Thus we may remove L from the list of 
lattices to be considered. We want to remark that in fact O(L) ^ 0(Lf) 
and thus O(L) is not maximal and eliminating L in this case is not only a 
matter of normalization. To verify the last claim one equivalently shows that 
0(D2L) C 0((D2L)°) (proper inclusion). To see this, one checks that ( A ^ ) 0 

has further odd integral over-lattices (in addition to D2L itself) and these are 
necessarily permuted transitively by O(L). • 

3. On the classification of reflective Lorentzian lattices 
in dimensions 3 and 4 

The following proposition considerably extends the list of hyperbolic reflection 
groups in dimensions 3 and 4 known previously. In particular, we have found 
quite a few new maximal groups. 

3.1. PROPOSITION. The 49 + 42 quadratic lattices in tables 1 and 2 below 
are all reflective and give rise to maximal, pairwise non-conjugate arithmetic 
reflection groups on hyperbolic 3-space, resp. 4-space. 
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More detailed information about the 49 + 42 groups is given in [SW]. The 
data collected in that paper were obtained, on the basis of our normal forms, 
by implementing Vinberg's algorithm for finding fundamental roots on a com
puter; they in particular set in evidence that the lattices listed in our tables 
1 and 2 really are reflective. 

We do not prove here that the groups are maximal within this class of groups. 

Table 1 . Reflective lattices of signature (3,1). 

i = M± 5 [a,6,c] = ( Z 4 , / ) , where f(v) = (v, v)/2 = x0x1+s(axl+bx2x3+cxl) 
D = <s2(4ac — b2) is the (negative of the) discriminant 
r is the number of fundamental roots No. D s[a,b,c] r No. D *[a,b,c] r 

1. 3 [1,1,1] 4 26. 72 3[1,0,2] 
5[1,1,1] 

8 
2. 4 [1,0,1] 4 27. 75 

3[1,0,2] 
5[1,1,1] 6 

3. 7 [1,1,2] 6 28. 84 [1,0,21] 11 
4. 8 [1,0,2] 5 29. 84 [3,0,7] 8 
5. 11 [1,1,3] 

2[1,1,1] 
6 30. 84 [5,4,5] 

5 [ i , o , i ] 
11 

6. 12 
[1,1,3] 

2[1,1,1] 4 31. 100 
[5,4,5] 

5 [ i , o , i ] 6 
7. 15 [1,1,4] 8 32. 120 [1,0,30] 11 
8. 15 [2,1,2] 6 33. 120 [2,0,15] 14 
9. 19 [1,1,5] 7 34. 120 [3,0,10] 13 

10. 20 [1,0,5] 6 35. 120 [5,0,6] 14 
11. 20 [2,2,3] 6 36. 132 [1,0,33] 15 
12. 24 [1,0,6] 6 37. 140 2[3,1,3] 

7[1,1,1] 
11 

13. 24 [2,0,3] 
2[1,1,2] 

6 38. 147 

2[3,1,3] 
7[1,1,1] 6 

14. 28 
[2,0,3] 

2[1,1,2] 8 39. 168 [3,0,14] 18 
15. 35 [3,1,3] 

3 [1,0,1] 
8 40. 168 [6,0,7] 

3[1,0,5] 
18 

16. 36 
[3,1,3] 

3 [1,0,1] 5 41. 180 
[6,0,7] 

3[1,0,5] 15 
17. 39 [1,1,10] 10 42. 196 7[W] 

S [ l ,0 ,2] 
9 

18. 40 [1,0,10] 9 43. 200 

7[W] 
S [ l ,0 ,2] 13 

19. 40 [2,0,5] 
2[1,1,3] 

7 44. 300 1 0 [1,1,1] 7 
20. 44 

[2,0,5] 
2[1,1,3] 7 45. 360 3[1,0,10] 

3[2,0,5] 
20 

21. 52 [1,0,13] 10 46. 360 

3[1,0,10] 
3[2,0,5] 20 

22. 56 [1,0,14] 
2[1,1,4] 
»[1,1,2] 

9 47. 507 "[1,1,1] 12 
23. 60 

[1,0,14] 
2[1,1,4] 
»[1,1,2] 

10 48. 588 "[1,1,1] 12 
24. 63 

[1,0,14] 
2[1,1,4] 
»[1,1,2] 10 49. 900 1 5 [ i , o , i ] 18. 

25. 68 [1,0,17] 13 
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Table 2 . Reflective lattices of signature (4,1). 

(ai, . . . ,a r) denotes a diagonal form 

(a&c) denotes the binary form (v,v) = ax2 + 2bxy + cy2 

—D is the determinant 

r is the number of fundamental roots 

No. D bilinear form r No. D bilinear form r 

1. 1 ŒLL(1,1,1) 5 22. 20 2HLL(1,1,5) 7 
2. 3 HJ_(l)±(2i2) 6 23. 21 Hl(7)±(2 i2) 14 
3. 3 H ± ( l , l , 3 ) 

2H_L(1,1,1) 
7 24. 21 HLL(1,3,7) 18 

4. 4 
H ± ( l , l , 3 ) 
2H_L(1,1,1) 5 25. 25 HLL(1,5,5) 9 

5. 5 H_L(1,1,5) 7 26. 25 H-L(5)-L(2i3) 14 
6. 5 H_L(l)_L(2i3) 8 27. 30 HJ.(1,2,15) 19 
7. 6 111(1,1,6) 7 28. 30 H±(2)±(2x8) 11 
8. 6 H±{2)±(2!2) 6 29. 30 HJ-(10)J-(2i2) 

2 H±(3)±(2!2) 
10 

9. 7 ELL(1,1,7) 10 30. 36 
HJ-(10)J-(2i2) 
2 H±(3)±(2!2) 7 

10. 9 H_L(3)J-(2i2) 7 31. 42 HLL(14)±(2i2) 11 
11. 9 ELL(1,3,3) 7 32. 45 H±(15)±(2i2) 16 
12. 11 H-L(l)-L(2i6) 

2 H1(1)±(2 X 2) 
9 33. 45 HJ.(3)±(2!8) 

2 H±(3)±(2i3) 
2 H±(5)±(2!2) 

21 
13. 12 

H-L(l)-L(2i6) 
2 H1(1)±(2 X 2) 6 34. 60 

HJ.(3)±(2!8) 
2 H±(3)±(2i3) 
2 H±(5)±(2!2) 

11 
14. 14 H_L(1,2,7) 13 35. 60 

HJ.(3)±(2!8) 
2 H±(3)±(2i3) 
2 H±(5)±(2!2) 12 

15. 14 HJ.(2)±(2x4) 8 36. 75 fflLL(l)-L(10510) 14 
16. 15 ELL (3)1 (2X3) 10 37. 75 H±(l ,5 ,15) 

2H_L(7)-L(2i2) 
2 H±(1,5 ,5) 

51 
17. 15 H l ( l , 3 , 5 ) 15 38. 84 

H±(l ,5 ,15) 
2H_L(7)-L(2i2) 
2 H±(1,5 ,5) 

15 
18. 15 H l ( l , l , 1 5 ) 12 39. 100 

H±(l ,5 ,15) 
2H_L(7)-L(2i2) 
2 H±(1,5 ,5) 11 

19. 15 H±(5)±(2x2) 10 40. 150 H±(10)J.(2i8) 
2MJ.(15)±(2X2) 
2 M±(1)± 5 (2!2) 

33 
20. 18 H±(2,3,3) 8 41. 180 

H±(10)J.(2i8) 
2MJ.(15)±(2X2) 
2 M±(1)± 5 (2!2) 

17 
21. 18 ILL (6) _L (2x2) 7 42. 300 

H±(10)J.(2i8) 
2MJ.(15)±(2X2) 
2 M±(1)± 5 (2!2) 19 

It is likely that our list of maximal (arithmetic, non-cocompact) reflection 
groups in dimensions 3 and 4 is complete. We now want to give a brief sketch 
of what we can prove so far in this direction. The complete determination of all 
reflective lattices (with maximal group, say) in some fixed dimension breaks 
up into two steps, which, although they are logically not strictly separate 
from each other, turn out to require quite different methods. In the first step 
one has to produce a finite (and not too large) list of lattices which one can 
show contains all the reflective lattices. In particular, this list of candidates 
should only contain lattices which satisfy the conclusion of Vinberg's lemma. 
In an intermediate step one applies Vinberg's algorithm to each lattice in 
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the list. This shows immediately (at least in principle, in small dimensions 
also in practice) that a number of the candidates from the list are indeed 
reflective. In a second step one must show that all remaining lattices are non-
reflective. For this, Vinberg's algorithm can only give numerical evidence, 
but no proof. Of course, the task of the second step depends on how good, 
that is, how small the list from the first step was. One can hope that for 
larger dimensions, starting with about 10, any lattice satisfying the necessary 
condition of Vinberg's lemma is indeed reflective and thus the second step 
completely disappears. 

We now have to treat the dimensions 3 and 4 separately. For n = 3 we do 
not say anything about the first step here except that it is of an essentially 
geometric nature; the arithmetic theory of quadratic forms does not seem to 
help much here. Vinberg's lemma does for n = 3 not even imply the finiteness 
of the number of reflective lattices: the number s ocurring in the normal form 
cannot be bounded. The solution of the second step is given for n = 3 by 
the theorem below which is a consequence of the following two propositions. 
We refer to the normal form and notation for the lattices as introduced in 
Proposition 2.1. 

3.2. PROPOSITION. If D0 is odd or if 8 \ Do and f(v) is even, then any two 
roots v,v' such that f(v) = f(v') > 0 are conjugate under 0+(L). In any 
case, there are at most two conjugacy classes of roots v for fixed f(v) > 0. 

This proposition which by the way is of obvious independent interest is proved 
along lines which are essentially known: using strong approximation, one 
reduces to the local case; the local situation has been studied for instance in 
[Kn,Tr]. A special case of 3.2 has been treated (with a different proof) in 
[EGM], Theorem 11.3. 

3.3. PROPOSITION. Each of the following conditions on the lattice L and the 
value q implies that two distinct fundamental roots v^v1 s.th. f(v) = f(vf) = q 
are never conjugate under W(L): 

ij Do ^ 3, and there exists a prime number p ^ 2 such that p | g, p\ Do. 
ii) There exists a prime number p ^ 2 such thatp | g, p \ s, and (^SL) ^ 1. 

Hi) 2 | g, 2 | D0. 
iv) D 0 = 3, g ^ * ( 3 ) . 
v) Do = 4, there exists a prime numberp ^ 2 such thatp \ g, p = ±5 (12). 

The proof of this proposition combines arithmetical facts with properties of 
abstract, combinatorial Coxeter groups [Ti]. Detailed proofs of the last two 
results will appear elsewhere. The next theorem is an obvious consequence of 
the two previous propositions, taking into account the fact that the stabilizer 
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A = A(L) in 0+(L) of any fundamental domain for W(L) is a complement 
to W(L) in 0 + ( £ ) . 

3.4. THEOREM. Suppose that L and q satisfy one of the conditions stated 
in Proposition 3.3. Let o(L,g) = 1,2 be the number of orbits of 0*(L) on 
roots v with f(v) = q. If L has more than 4-o(L,g) fundamental roots v with 
f(v) — q, then L is non-reflective. 

The number 4 in the last proposition is an upper bound for the order of A 
which comes from the fact that any rotation of order 3 or 4 in 0 + ( L ) is a 
product of two reflections in 0 + ( L ) . This last result will also be published 
elsewhere; it was suggested by an unpublished result of Mennicke who treated 
rotations of order 3 for lattices L = HLL[l,0,d], d square free. Modulo exten
sive use of a computer the trivial bound \A\ < 24 is by the way sufficient for 
most applications of 3.4. 

We now turn to dimension n = 4 and outline the first step of the general 
procedure, the compilation of a list of candidates containing lattices for all 
maximal groups. In all dimensions n > 4. this step relies basically on Vin-
berg's lemma and the finiteness of totally reflective genera (Theorem 1.4). 
The task is to give strong bounds on the determinant (even better: on the 
largest prime factor of the determinant) of totally reflective genera of dimen
sion m = n — 1 which are square free and without essential loss of generality 
even strongly square free. For n = 4, the verification of the existence of at 
least one non-reflective lattice in almost every genus in question is facilitated 
by the following result. 

3.5. LEMMA. Let M be a ternary lattice of determinant not divisible by 4. If 
M is indecomposable, then M is even non-reflective. 

Recall that by Proposition 2.2 it is really sufficient to deal with lattices of 
determinant d with 4 \ d, and even d square free. Lemma 3.5 is completely 
false for lattices of determinant divisible by 4. There is no reason to prove the 
lemma here; it is an immediate consequence (verifying case-by-case) of the full 
classification of all ternary reflective lattices in dimension 3 given in [BS]. The 
existence of indecomposable lattices in each genus of sufficiently large deter
minant is a consequence of the mass formula. The mass of the decomposable 
lattices is a sum of essentially binary masses which grows more slowly than 
the whole mass. The determination of an upper bound for the determinant of 
a "totally decomposable" genus finally amounts to comparing certain values 
of X-series. Once one has obtained such a bound, the determination of all 
totally reflective genera will reduce to checking all genera up to this bound 
by computer. 
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For the second step in the proof of the completeness of table 2, we use a method 
of Bugaenko [Bu]. If a lattice L obtained in the first step is such that Vinberg's 
algorithm appears not to stop, one tries to find involutionary symmetries 
^i)—)^m) Tn > 2, between appropriate subsets of the set of fundamental 
roots, extending to the whole lattice L and to l / 4 , such that their common 
fixed point set in ff4 is empty. Then the group S = (<7i, . . . ,<7 m ) must be 
infinite. On the other hand, this group preserves a fundamental domain of 
W(L) and thus injects into 0(L)/W{L). Thus, the lattice is non-reflective. 
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On the transcendency of the values 

of the modular function at algebraic points 

Hironori S H I G A 

Dedicated to Professor Toshio Nishino on his 60th birthday 

In this note we study an abelian variety A defined over Q. We shall charac
terize the abelian variety of CM type by its property of periods. The obtained 
result brings the criterion for algebraicity of the values of the Siegel modular 
function at algebraic points and of other various modular functions. 

Our result can be regarded as the extension of the well known algebraicity 
criterion (so called Schneider's theorem) for the value of the elliptic modular 
function (cf. Theorem A-0). The author wishes to express many thanks for 
valuable advices given by D. Bertrand, F. Beukers and J. Wolfart. 

§1 Character iza t ion o f the abelian var ie ty of CM t y p e . 
We use the following notations. 
A: ^-dimensional abelian variety defined over Q with a polarization \ -
End0 A = (End A) ® Q, 
cc>i, • • - j O ^ : a basis system of holomorphic 1-forms on A defined over Q, 
7i> • • • jl2g- a basis system of Hi(A, Z), 
&g: the Siegel upper half space of degree g. 
We may change the period matrix t(il2^i) by M*(fl2> ^ i ) with a transfor

mation M of GL(2<7, Z). By this procedure we may suppose the polarization 
X is given by a 2a x 2a matrix 

O 
- A 

A 
O 
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with a certain integral diagonal g x g matrix A. Concerning this polarization 
the period relation is expressed as 

t fi2 
X 

' n 2 
ill 

= 0 

y/=î* 
n2 

I x 
Ü2 
Í2X > 0 . 

Hence we obtain a point CI = n2(AOi)-1 of &g. The modular group 

(1.1) r = Sp(25 ,Z ,A) = {MeM(2g,Z)\tgXg = x} 

acts on by 

(1.2) M o ( ] = (AU + BA-^fCn + DA'1)-1 А-1. 

where M = ' A 
C 

B 
D E Sp(2g, Z , A ) . In the following we regard the In

equivalence class represented by Q as the reduced period matrix of A. Our 
main theorem is stated as the following. 

T h e o r e m M . 
Let A be a g-dimensional polarized abelian variety defined over Q, and let 

Q be the reduced period matrix of A. If Q is an algebraic point of &9, then 
A is an abelian variety of CM type. 

We also have the following analogous result. 

T h e o r e m M \ 
Let A be a g-dimensional polarized abelian variety defined over Q. Let Wi 

and yj (1 < i < 1,1 < j < 2g) be as above. Suppose the ratio 

4 Wfc 

4 Wfc 

is an algebraic number for any indices i,j and k whenever the denominator 
does not vanish. Then A is an abelian variety of CM type. 

R e m a r k 1.1. A simple abelian variety A is said to be of CM type if Endo A 
is isomorphic to a certain number field of degree 2 x dim A. When A is not 
simple, A is said to be of CM type if every simple component is of CM type. 

R e m a r k 1.2. When A is simple and defined over Q, the period J .̂ u;* does 
not vanish for everv i and k (cf. TW-Wl). 
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R e m a r k 1.3. Let be a reduced period matrix of a polarized abelian variety 
(A,x)- The abelian variety A is of CM type if and only if Q is an isolated 
fixed point of a certain element of Sp(2<7, Q, A),(cf.[H-I]). 

Proof of Theorem M. The following theorem, due to Wustholz (cf. [Wii]), 
plays the essential role in our argument. 

T h e o r e m W . Let A bepii abelian variety defined over Q, and let TA = be 
its tangent space. Let exp be the exponential map from TA to A = C ^ / ^ Z - h 
fi iZ. Let W be a linear subspace ofTA defined over Q. If W contains a point 
v(zfi 0) with exp(tT) G A(Q), then there exists an algebraic subgroup G of A 
with the following properties: 

(i) G is defined over Q 
(ii) the tangent space TQ is a subspace ofW and contains v 
(Hi) dim G is positive 

We need the following lemma also. 

L e m m a 1. 
Let A be a simple abelian variety over Q. Suppose A x A contains an 

algebraic subgroup H defined over Q. If we have dim i f = dim A and Pi(H) = 
A (pi is the projection to the i-th component), then H determines an element 
of End0 A. Moreover H corresponds to a trivial endomorphism (namely the 
one identified with a rational number) if and only if the tangent space TH of 
H is given by the form 

{(z,w) e C9 x C9\mz = nw} 

for certain integers m and n. 

We proceed our argument in three steps: 
(i) We reduce the problem to the simple case 
(ii) D = Endo A is a 2<7-dimensional vector space over Q, 
(iii) D is a commutative division algebra. 

Step (i). _ 
Let A and A! be polarized abelian varieties defined over Q. Let t ( f i 2 ) ^ i ) 

and t(Q!2^Qf1) be the period matrix of A and A', respectively. Let Q(A) and 
fi(A') be the reduced period matrix of A andA;, respectively. Suppose these 
two abelian varieties are isogenous, and let (p be the isogeny from A and A'. 
Then (p is induced from a certain invertible linear transformation U of C9. 
Moreover this linear transformation induces a homomorphism of the lattices 
represented by the form 
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(1.3) fi2 
fi2 

= M ' f i , 
fil 

for a certain element M = 
p 
.R 

0 

5 
of M(2g, Z). By (1.1) we have 

(1.4) n(A) = fi2A(fii)-1,fi(A/) = fi2A'fil , 

where A and A' indicate the polarizations of A and A', respectively. Using 
(1.4) we obtain 

fi(A') = (PÇl(A) + Q)(RQ(A) + 5 )_1 A' 

Hence tl(A') is an algebraic point of © provided Q(A) is an algebraic point 
of &. This argument shows that it is sufficient to study only the simple case. 

Step (ii) _ 
Let A be a simple abelian variety defined over Q. Suppose the reduced 

period matrix 
Q(A) = (\ij)l<i,j<g 

is an algebraic point of ©. Set 

0i 

Â 

Svg+1 w 

Jf2a w 

a wi' 

Xg У 

S " 

S " 

Then we have Qi = 

a i 

KOLg) 

and do = 

3i 

Ä 

, hence it holds 

(1.5Ï 

ßx 

ßa. 

= fi 

«1 

<SgJ 

Set 
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G = A x • • • x A. 

2g times 

and let Hi and Z{ (i = 1, • • -,g) be the coordinate for the tangent space TA 
of i-th and g + i th component of G, respectively. We regard them as row 
vectors. We suppose the exponential map is given by the projection 

c9 —+c9/n2w + W -

Set the linear subspace 

(1.6) W = {{Z1,---Zg,ü1, •••Ug)\ 

«1 

ug, 

= fi 

'Zi > 

.Zg 

in C2g — TQ- It is a (j^-dimensional linear subspace. By (1.5) W contains a 
point 

Po = (<3i,---,aff,/3i,-••,#,). 

Let us note that exp(Po) = ( 0 , . . . , 0) in G, especially this is an algebraic point 
on G. By virtue of Theorem W we can find an algebraic subgroup H of G 
defined over Q. Also the tangent space T J J of H has the property: 

(*) Po e TH C W. 

Set h = dim H. Because A is simple the projection map pi from G to the i-th 
component A is always surjective. By considering the following exact sequence 

O — • ker pi —> H - ^ 4 — • O 

we know ker pi is (h — g)-dimensional. By the iteration of this argument we 
know that h = kg for a certain positive integer k. 

Let 7Tfc be the projection of TH to the . . . , £fc)-space (the first k-
components of T G ) . After an appropriate change of order in z i , . . . , ^ , if 
necessary, it becomes surjective. Therefore TH is represented by g — k rela
tions of the form 

(1.7) 

Zk+1 = Ci,jb+ili H h Ci^k+lZk 

Zg — CltgZl H H Ckì9Zk 
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together with (1.6). 
If we recall Lemma 1 we can show that every coefficient C{j in (1.7) de

termines a Q-endomorphism of A. Set D = End0A, it is an algebra over Q. 
We claim that D is a 2^-dimensional vector space over Q. So we assume the 
contrary, namely 

** dimQ D < g 

If it holds k = <7, there is no relation of the form (1.7). By using Lemma 1 
we can find every Xij belongs to D. 

Then we obtain a number field of degree at most g by attaching AtJ's to 
Q. According to the following Lemma 2 it contradicts the simpleness of A, 

L e m m a 2. 
Let Q = (Xij) be an element of &g. If every X^ belongs to a certain 

number field of degree at most g, then the corresponding abelian variety A is 
not simple. 

Proof. By the assumption we can find the linear relation 

+ bio + 6;iA;i + • • • + bigXig = 0 (i = 1 , . . . ,g) 

over Q. By considering the transformation 

hg + (Eij ~ Eg+j^+i) 

of Sp(<7, Z) we can assume bu ^ 0 (i = 1 , . . . ,# ) , where indicates the 
matrix element with the (i< 7'Velement is equal to 1. 

Set 

Ai = 

bii 
0 

0 

&12 
1 

b1 

0 

1 

Bl =C\ =0,Dt =* A^1 

and set 
A2=D2= Ig, B2 = &io£u, C2 = O. 

By putting 

Mi = 
Ai 

Ci 
Bi 
Di 
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we obtain two elements Mi and Mo of Sp(ö, Q). Pu 

il' = M2Mi(fì) . 

So we find 
ho + fell An + . . . + hg^lg 

X2g 

^99 

as the gr-th column vector of Qf. By (+) it means the (l,gr)-element (and 
the (#, l)-element) of Q' is equal to 0. By the iteration of this procedure Q is 
deformed to a matrix of &g with a direct sum decomposition. This contradicts 
the simpleness of A. q.e.d. 

Next we suDDose k = a — 1. In this case we get one relation of the form 
(1.7): 

(1.7') zg = c\Z\ H h c^_iz^_i 

C{ G D. By substituting it in (1.6) we obtain 

(1.8) 

üi = (An + c iAi^z i H h (Ai^_i + cy_iAi^)z^_i 

. ûg = (Ki + CiKg)*! H 1" (^7,0-1 + c ^ - i ^ , ^ ) ^ - i 

The coefficients in (1.8) are also Q-endomorphisms. Namely every Xij + 
CjXig belongs to D. By using the fact Xij = Xji we know that every X^ is 
contained in the D-module D © XggD. On the other hand we have a certain 
Q-linear relation 

bu + M A H + ClXlg) H h bg(Xgl + ClXgg) = 0 

between g + 1 endomorphisms 

1, An + ciAiy,..., Api + ciA00, 

for we assumed (**). Therefore Xgg itself belongs to D. So we find that every 
Xij is also an element of D. Hence it occurs a linear relation of the form (+) 
over Q between 

1, A n , . • • 5 Aip. 
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It is a contradiction again. 
Even for the case k < g — 2 we can proceed this argument. 
Step (iii). By the same argument in Step (ii) we can find every A^ belongs 

to D , and they constitute a generator system of D. So the commutativity is 
obvious. q.e.d. 

§2. A p p l i c a t i o n s . 

0) T r a n s c e n d e n c y of j ( r ) . 
We have a new proof of the following well-known fact. 

T h e o r e m A - 0 . Let j(r) be the elliptic modular function. Suppose r € Q, 
then j(r) is an algebraic number if and only if r is an imaginary quadratic 
number. 

Proof. 
If part is the conclusion from the classical complex multiplication theory. 

Only if part is immediate from Theorem M for g = 1. q.e.d. 

1) T h e t r a n s c e n d e n c y of the I g u s a - R o s e n h a i n modular m a p p i n g o n 
6 2 . 

Let A : (52 — • P3 be the Igusa-Rosenhain modular mapping defined by 

A(Í2) = & , • • • , 6 ] 

[ti2 
"n 
0 

1 
0 

I?2 
0 
O 

0 
0 

tf2 
'L 
0 

1' 
0 S 

1 
0 

n" 
n 

tf2 
1 
0 

n 
1 <?2 1 

0 
1 
0 

92 1 
0 

n 
1 ti2 

1 
0 

0 
0 

where the thetas indicate the Jacobi theta constants (cf. [I]). It is a modular 
mapping with respect to T(2), the principal congruence subgroup of Sp(2, Z) 
with level 2. Moreover A gives a birational correspondence between &2/T(2) 
and P2 . 

T h e o r e m A - l . Suppose il is an algebraic point of ©2, then A(fi) is an 
algebraic point of P3 if and only if 0 is a CM-point. 

R e m a r k 2 . 1 . The mapping \ is the inverse of the period mapping for the 
familv of the curves of genus 2 given by the Legendre normal form 

C(0 : y2 
Э 

t=0 
х- ti 
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where [ £ o , • • -,£3] is a parameter on P3. 

Proof of Theorem A-l. 
If part is the consequence of the complex multiplication theory (cf. [S-TJ), 

so we consider only if paxt. Let A = Jac(C) be the jacobian variety of C(£). By 
the assumption C(£) is defined over Q. So A is also defined over Q. According 
to Theorem M A must be of CM type. Recalling Remark 1.3 we know the 
period Q(A) is a CM point of ©2- q.e.d. 

2) T h e P icard m o d u l a r m a p p i n g . 
We use the following notations in this argument. 
C = exp(27ri/3), tf = Q ( C ) , 0 * = Z E Z C , 

H = 1 
0 

1 

0 

0> 
n 
1 

Let D be the domain defined by 

£ > = { i 7 € P 2 ( C ) : t № < 0 } = {(u,v) e C2 : 2 » v + H 2 < 0 } 

(by putting v = 771/770, w = 772/%)) this is biholomorphically equivalent to the 
2 dimensional hyperball. Let T be the modular group defined by 

R = U(H, Ok) = {ge M ( 3 , Ok) : 'gHg = H\. 

We also consider the modular group with the level structure by (v^)}-

T(y/=3) = {geT:g = U mod ( v ^ ) } -

Set 
iî = Q(u*v) 

(v? + 2u2v) v2u {uu2 - u2v)/(l - u) 
UJ2U 

(wu2 - u2v)/(l - uj) 
-UJ2 

u 
II. 

(u2 + 2v)/{u-u;2) 

This fi gives an embedding of D into 6 3 . Using above notations we define 
the mapping A : D — • P2 by \(u,v) = [ C o , 6 , 6 ] = 

W3 
"n 
0 

6 1 
6 

n 
0_ (iî),tf3 

0 
1 
3 

1 
1 
6 

n 
1 
3 

№ M 3 
0 
2 
3 

1 
6 
1 
6 

n" 

3 
m 
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R e m a r k 2 .2 . The mapping A is the inverse of the period mapping for the 
following family of algebraic curves of genus 3 (cf. [S]) 

C(0 : y3 

2 

¿=0 
(* - 6 ) . 

where [&] is a parameter in 

P 2 _ 
2 

i = o 
Ci 

2 

i k= 0 
( 6 - Ь) Ф о}-

Moreover A induces the biholomorphic correspondence between the compact-
ification of D/T(yJ-%) and P2. 

T h e o r e m A - 2 . Suppose the point P = (u,v) varies on the algebraic points 
of D. Then \(u,v) is an algebraic point if and only if P is an isolated fixed 
point of an element in 

U{H,K) = {ge M(3,K) : fgHg = H}. 

Proof. We can obtain the above conclusion by the similar argument as 1), 
q.e.d. 

3) T h e inverse of the Schwarz funct ion for the Gauss hypergeometr i c 
differential equat ion . 

Let F (a , / 3 ,7 ) be the Gauss hypergeometric function and Z)(a,/3,7j be the 
corresponding hypergeometric differential equation: 

(2.1) x(x - l )y" + {7 + (1 + a + p)x}j/ -apy = 0 

Always the parameters a, /3 and 7 are supposed to be rational numbers. Set 

A = 1 — 7, fj, = /3 — a, i/ = 7 — a — /3 

Let N be the least common multiplier of the denominators of a, 8 and 7. Put 

1 - a = A/N, a + 1 - 7 = B/N, (3 = C/N 

We assume the following condition for A, /x and v 
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(2.2) 
1/A, 1/fi, 1 / i / G Z U {0} , 
|A| + \p\ + M < 1. 

Set 

(2.3) I(oo,z) r(T){r(a)r ( /3 )} -1 
8 

G 
XE1-1 (1 - xy-*-1^ - zx)~ßdx 

(2.3') I(l,z) r ( 7 ) { r ( a ) r ( / 3 ) } - 1 
»1 

XA"X(L - x^-"-1^ - zx)~ßdx. 

Under the condition (2.2) / (00 ,2) and 1(1, z) are independent solutions of 
(2.1). Moreover the Schwarz function 

a(z) = I(<x>,z)/I(l,z) 

has a single valued inverse function, say A(r), defined on a bounded domain 
D (namely it is biholomorphically equivalent to the upper half plane H). 

Here we use the notations according to [Wo]. The hypergeometric function 
F ( a , /3,7 : z) = / (00 , z) can be considered as a period integral on the algebraic 
curve 

X(N,z) : yN = xA(l - x)B(l - zx)C. 

Let us denote its Jacobian variety by Jac(X(N,z)). Set 
S= the system of linearly independent differential forms of the form un = 

P(x)dx for a certain positive integer n. 
Then we have r = J5 = (p(N). So we put S = • • -,a>(r)} and = 

Let C be the primitive iV-th root of unity, and set K = Q(C). We obtain a 
lattice A in Cr by putting 

A = {(/*(«) 
1 

0 
иАг> 4- nAh\ 

0 
o>(i))i<¿<r :a,b£ Ок}, 

where Ok is the ring of integers in K and pi is the automorphism of K with 
pi(() = £n*. Then we obtain an abelian variety T = Cr/A. According to 
Wolfart Jac(X(N,z)) is isogenous to 

т 
D\N,DÏN 

Jac{X{D,z)). 
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T h e o r e m A - 3 . Suppose r is algebraic. Then A(r) is an algebraic number if 
and only if T is an abelian variety of CM type. 

Proof. 
i) The case T is simple. Let us consider G = T x T. In the tangent 

space Tq — Cr x Cr of G we define the linear subspace 

W = {(z,w) eCr x C r :z i 
(»00 

Lui = Wl 

.1 

'0 
L>1 

We have a natural action of the cyclotomic field Q(C)> where ( indicates 
the iV-th primitive root of unity, on the lattice A. Therefore EndoT contains 
the algebraic number field Q(C) of degree r = <f>(N) = dimT. So it is sufficient 
to show that EndoT contains a Q-endomorphism which is not contained in 

Q ( 0 -
The subspace W contains a point 

P0 = (z,w) = 

So1"* 

So1"* 

J'OO 
0 wi 

J»00 
0 

which is sent to 0 E G(Q) by the exponential map. According to Theorem 
W there exists an algebraic subgroup H satisfying the three conditions in 
the statement. Because T is simple H must be r-dimensional. Obviously H 
does not coincide with the component of T. By Lemma 1 we can find a Q-
endomorphism, say a. 

Suppose a is contained in Q(C)- On multiplying by a certain integer, a can 
be supposed to lie in the ring of integers of Q(C)« By the definition of the 
lattice A the endomorphism a carries the vector a! to a certain Z-linear 
combination of 

«1 
.1 

'0 
a5 , . . . , ar 

.1 

/0 

where { a i , . . . , a r } is the generator system of the ring of integers. On the 

other hand if we examine the construction of a, it carries the vector Jq ¿5 to 

J0°° uj. This is a contradiction. 

ii) The case T is not simple. 
Suppose we have the decomposition T = A\ x • • • x A^, where every A{ is 

the same simple abelian variety A. By the same arguments as in i) also in this 
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case we have a certain subvariety H in G = T x T. If we restrict it to a certain 
product A{ x Aj in T x T, we can find a Q-endomorphism a of End0A. So 
we can proceed the same discussion as the first case. 

q.e.d. 
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On the transcendency of the values 

of the modular function at algebraic points 

Hironori S H I G A 

Dedicated to Professor Toshio Nishino on his 60th birthday 

In this note we study an abelian variety A defined over Q. We shall charac
terize the abelian variety of CM type by its property of periods. The obtained 
result brings the criterion for algebraicity of the values of the Siegel modular 
function at algebraic points and of other various modular functions. 

Our result can be regarded as the extension of the well known algebraicity 
criterion (so called Schneider's theorem) for the value of the elliptic modular 
function (cf. Theorem A-0). The author wishes to express many thanks for 
valuable advices given by D. Bertrand, F. Beukers and J. Wolfart. 

§1 Character iza t ion o f the abelian var ie ty of CM t y p e . 
We use the following notations. 
A: ^-dimensional abelian variety defined over Q with a polarization \ -
End0 A = (End A) ® Q, 
cc>i, • • - j O ^ : a basis system of holomorphic 1-forms on A defined over Q, 
7i> • • • jl2g- a basis system of Hi(A, Z), 
&g: the Siegel upper half space of degree g. 
We may change the period matrix t(il2^i) by M*(fl2> ^ i ) with a transfor

mation M of GL(2<7, Z). By this procedure we may suppose the polarization 
X is given by a 2a x 2a matrix 

O 
- A 

A 
O 

S. M. F. 
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with a certain integral diagonal g x g matrix A. Concerning this polarization 
the period relation is expressed as 

t fi2 
X 

' n 2 
ill 

= 0 

y/=î* 
n2 

I x 
Ü2 
Í2X > 0 . 

Hence we obtain a point CI = n2(AOi)-1 of &g. The modular group 

(1.1) r = Sp(25 ,Z ,A) = {MeM(2g,Z)\tgXg = x} 

acts on by 

(1.2) M o ( ] = (AU + BA-^fCn + DA'1)-1 А-1. 

where M = ' A 
C 

B 
D E Sp(2g, Z , A ) . In the following we regard the In

equivalence class represented by Q as the reduced period matrix of A. Our 
main theorem is stated as the following. 

T h e o r e m M . 
Let A be a g-dimensional polarized abelian variety defined over Q, and let 

Q be the reduced period matrix of A. If Q is an algebraic point of &9, then 
A is an abelian variety of CM type. 

We also have the following analogous result. 

T h e o r e m M \ 
Let A be a g-dimensional polarized abelian variety defined over Q. Let Wi 

and yj (1 < i < 1,1 < j < 2g) be as above. Suppose the ratio 

4 Wfc 

4 Wfc 

is an algebraic number for any indices i,j and k whenever the denominator 
does not vanish. Then A is an abelian variety of CM type. 

R e m a r k 1.1. A simple abelian variety A is said to be of CM type if Endo A 
is isomorphic to a certain number field of degree 2 x dim A. When A is not 
simple, A is said to be of CM type if every simple component is of CM type. 

R e m a r k 1.2. When A is simple and defined over Q, the period J .̂ u;* does 
not vanish for everv i and k (cf. TW-Wl). 
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R e m a r k 1.3. Let be a reduced period matrix of a polarized abelian variety 
(A,x)- The abelian variety A is of CM type if and only if Q is an isolated 
fixed point of a certain element of Sp(2<7, Q, A),(cf.[H-I]). 

Proof of Theorem M. The following theorem, due to Wustholz (cf. [Wii]), 
plays the essential role in our argument. 

T h e o r e m W . Let A bepii abelian variety defined over Q, and let TA = be 
its tangent space. Let exp be the exponential map from TA to A = C ^ / ^ Z - h 
fi iZ. Let W be a linear subspace ofTA defined over Q. If W contains a point 
v(zfi 0) with exp(tT) G A(Q), then there exists an algebraic subgroup G of A 
with the following properties: 

(i) G is defined over Q 
(ii) the tangent space TQ is a subspace ofW and contains v 
(Hi) dim G is positive 

We need the following lemma also. 

L e m m a 1. 
Let A be a simple abelian variety over Q. Suppose A x A contains an 

algebraic subgroup H defined over Q. If we have dim i f = dim A and Pi(H) = 
A (pi is the projection to the i-th component), then H determines an element 
of End0 A. Moreover H corresponds to a trivial endomorphism (namely the 
one identified with a rational number) if and only if the tangent space TH of 
H is given by the form 

{(z,w) e C9 x C9\mz = nw} 

for certain integers m and n. 

We proceed our argument in three steps: 
(i) We reduce the problem to the simple case 
(ii) D = Endo A is a 2<7-dimensional vector space over Q, 
(iii) D is a commutative division algebra. 

Step (i). _ 
Let A and A! be polarized abelian varieties defined over Q. Let t ( f i 2 ) ^ i ) 

and t(Q!2^Qf1) be the period matrix of A and A', respectively. Let Q(A) and 
fi(A') be the reduced period matrix of A andA;, respectively. Suppose these 
two abelian varieties are isogenous, and let (p be the isogeny from A and A'. 
Then (p is induced from a certain invertible linear transformation U of C9. 
Moreover this linear transformation induces a homomorphism of the lattices 
represented by the form 

295 



H. SHIGA 

(1.3) fi2 
fi2 

= M ' f i , 
fil 

for a certain element M = 
p 
.R 

0 

5 
of M(2g, Z). By (1.1) we have 

(1.4) n(A) = fi2A(fii)-1,fi(A/) = fi2A'fil , 

where A and A' indicate the polarizations of A and A', respectively. Using 
(1.4) we obtain 

fi(A') = (PÇl(A) + Q)(RQ(A) + 5 )_1 A' 

Hence tl(A') is an algebraic point of © provided Q(A) is an algebraic point 
of &. This argument shows that it is sufficient to study only the simple case. 

Step (ii) _ 
Let A be a simple abelian variety defined over Q. Suppose the reduced 

period matrix 
Q(A) = (\ij)l<i,j<g 

is an algebraic point of ©. Set 

0i 

Â 

Svg+1 w 

Jf2a w 

a wi' 

Xg У 

S " 

S " 

Then we have Qi = 

a i 

KOLg) 

and do = 

3i 

Ä 

, hence it holds 

(1.5Ï 

ßx 

ßa. 

= fi 

«1 

<SgJ 

Set 
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G = A x • • • x A. 

2g times 

and let Hi and Z{ (i = 1, • • -,g) be the coordinate for the tangent space TA 
of i-th and g + i th component of G, respectively. We regard them as row 
vectors. We suppose the exponential map is given by the projection 

c9 —+c9/n2w + W -

Set the linear subspace 

(1.6) W = {{Z1,---Zg,ü1, •••Ug)\ 

«1 

ug, 

= fi 

'Zi > 

.Zg 

in C2g — TQ- It is a (j^-dimensional linear subspace. By (1.5) W contains a 
point 

Po = (<3i,---,aff,/3i,-••,#,). 

Let us note that exp(Po) = ( 0 , . . . , 0) in G, especially this is an algebraic point 
on G. By virtue of Theorem W we can find an algebraic subgroup H of G 
defined over Q. Also the tangent space T J J of H has the property: 

(*) Po e TH C W. 

Set h = dim H. Because A is simple the projection map pi from G to the i-th 
component A is always surjective. By considering the following exact sequence 

O — • ker pi —> H - ^ 4 — • O 

we know ker pi is (h — g)-dimensional. By the iteration of this argument we 
know that h = kg for a certain positive integer k. 

Let 7Tfc be the projection of TH to the . . . , £fc)-space (the first k-
components of T G ) . After an appropriate change of order in z i , . . . , ^ , if 
necessary, it becomes surjective. Therefore TH is represented by g — k rela
tions of the form 

(1.7) 

Zk+1 = Ci,jb+ili H h Ci^k+lZk 

Zg — CltgZl H H Ckì9Zk 
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together with (1.6). 
If we recall Lemma 1 we can show that every coefficient C{j in (1.7) de

termines a Q-endomorphism of A. Set D = End0A, it is an algebra over Q. 
We claim that D is a 2^-dimensional vector space over Q. So we assume the 
contrary, namely 

** dimQ D < g 

If it holds k = <7, there is no relation of the form (1.7). By using Lemma 1 
we can find every Xij belongs to D. 

Then we obtain a number field of degree at most g by attaching AtJ's to 
Q. According to the following Lemma 2 it contradicts the simpleness of A, 

L e m m a 2. 
Let Q = (Xij) be an element of &g. If every X^ belongs to a certain 

number field of degree at most g, then the corresponding abelian variety A is 
not simple. 

Proof. By the assumption we can find the linear relation 

+ bio + 6;iA;i + • • • + bigXig = 0 (i = 1 , . . . ,g) 

over Q. By considering the transformation 

hg + (Eij ~ Eg+j^+i) 

of Sp(<7, Z) we can assume bu ^ 0 (i = 1 , . . . ,# ) , where indicates the 
matrix element with the (i< 7'Velement is equal to 1. 

Set 

Ai = 

bii 
0 

0 

&12 
1 

b1 

0 

1 

Bl =C\ =0,Dt =* A^1 

and set 
A2=D2= Ig, B2 = &io£u, C2 = O. 

By putting 

Mi = 
Ai 

Ci 
Bi 
Di 
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we obtain two elements Mi and Mo of Sp(ö, Q). Pu 

il' = M2Mi(fì) . 

So we find 
ho + fell An + . . . + hg^lg 

X2g 

^99 

as the gr-th column vector of Qf. By (+) it means the (l,gr)-element (and 
the (#, l)-element) of Q' is equal to 0. By the iteration of this procedure Q is 
deformed to a matrix of &g with a direct sum decomposition. This contradicts 
the simpleness of A. q.e.d. 

Next we suDDose k = a — 1. In this case we get one relation of the form 
(1.7): 

(1.7') zg = c\Z\ H h c^_iz^_i 

C{ G D. By substituting it in (1.6) we obtain 

(1.8) 

üi = (An + c iAi^z i H h (Ai^_i + cy_iAi^)z^_i 

. ûg = (Ki + CiKg)*! H 1" (^7,0-1 + c ^ - i ^ , ^ ) ^ - i 

The coefficients in (1.8) are also Q-endomorphisms. Namely every Xij + 
CjXig belongs to D. By using the fact Xij = Xji we know that every X^ is 
contained in the D-module D © XggD. On the other hand we have a certain 
Q-linear relation 

bu + M A H + ClXlg) H h bg(Xgl + ClXgg) = 0 

between g + 1 endomorphisms 

1, An + ciAiy,..., Api + ciA00, 

for we assumed (**). Therefore Xgg itself belongs to D. So we find that every 
Xij is also an element of D. Hence it occurs a linear relation of the form (+) 
over Q between 

1, A n , . • • 5 Aip. 
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It is a contradiction again. 
Even for the case k < g — 2 we can proceed this argument. 
Step (iii). By the same argument in Step (ii) we can find every A^ belongs 

to D , and they constitute a generator system of D. So the commutativity is 
obvious. q.e.d. 

§2. A p p l i c a t i o n s . 

0) T r a n s c e n d e n c y of j ( r ) . 
We have a new proof of the following well-known fact. 

T h e o r e m A - 0 . Let j(r) be the elliptic modular function. Suppose r € Q, 
then j(r) is an algebraic number if and only if r is an imaginary quadratic 
number. 

Proof. 
If part is the conclusion from the classical complex multiplication theory. 

Only if part is immediate from Theorem M for g = 1. q.e.d. 

1) T h e t r a n s c e n d e n c y of the I g u s a - R o s e n h a i n modular m a p p i n g o n 
6 2 . 

Let A : (52 — • P3 be the Igusa-Rosenhain modular mapping defined by 

A(Í2) = & , • • • , 6 ] 

[ti2 
"n 
0 

1 
0 

I?2 
0 
O 

0 
0 

tf2 
'L 
0 

1' 
0 S 

1 
0 

n" 
n 

tf2 
1 
0 

n 
1 <?2 1 

0 
1 
0 

92 1 
0 

n 
1 ti2 

1 
0 

0 
0 

where the thetas indicate the Jacobi theta constants (cf. [I]). It is a modular 
mapping with respect to T(2), the principal congruence subgroup of Sp(2, Z) 
with level 2. Moreover A gives a birational correspondence between &2/T(2) 
and P2 . 

T h e o r e m A - l . Suppose il is an algebraic point of ©2, then A(fi) is an 
algebraic point of P3 if and only if 0 is a CM-point. 

R e m a r k 2 . 1 . The mapping \ is the inverse of the period mapping for the 
familv of the curves of genus 2 given by the Legendre normal form 

C(0 : y2 
Э 

t=0 
х- ti 
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where [ £ o , • • -,£3] is a parameter on P3. 

Proof of Theorem A-l. 
If part is the consequence of the complex multiplication theory (cf. [S-TJ), 

so we consider only if paxt. Let A = Jac(C) be the jacobian variety of C(£). By 
the assumption C(£) is defined over Q. So A is also defined over Q. According 
to Theorem M A must be of CM type. Recalling Remark 1.3 we know the 
period Q(A) is a CM point of ©2- q.e.d. 

2) T h e P icard m o d u l a r m a p p i n g . 
We use the following notations in this argument. 
C = exp(27ri/3), tf = Q ( C ) , 0 * = Z E Z C , 

H = 1 
0 

1 

0 

0> 
n 
1 

Let D be the domain defined by 

£ > = { i 7 € P 2 ( C ) : t № < 0 } = {(u,v) e C2 : 2 » v + H 2 < 0 } 

(by putting v = 771/770, w = 772/%)) this is biholomorphically equivalent to the 
2 dimensional hyperball. Let T be the modular group defined by 

R = U(H, Ok) = {ge M ( 3 , Ok) : 'gHg = H\. 

We also consider the modular group with the level structure by (v^)}-

T(y/=3) = {geT:g = U mod ( v ^ ) } -

Set 
iî = Q(u*v) 

(v? + 2u2v) v2u {uu2 - u2v)/(l - u) 
UJ2U 

(wu2 - u2v)/(l - uj) 
-UJ2 

u 
II. 

(u2 + 2v)/{u-u;2) 

This fi gives an embedding of D into 6 3 . Using above notations we define 
the mapping A : D — • P2 by \(u,v) = [ C o , 6 , 6 ] = 

W3 
"n 
0 

6 1 
6 

n 
0_ (iî),tf3 

0 
1 
3 

1 
1 
6 

n 
1 
3 

№ M 3 
0 
2 
3 

1 
6 
1 
6 

n" 

3 
m 
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R e m a r k 2 .2 . The mapping A is the inverse of the period mapping for the 
following family of algebraic curves of genus 3 (cf. [S]) 

C(0 : y3 

2 

¿=0 
(* - 6 ) . 

where [&] is a parameter in 

P 2 _ 
2 

i = o 
Ci 

2 

i k= 0 
( 6 - Ь) Ф о}-

Moreover A induces the biholomorphic correspondence between the compact-
ification of D/T(yJ-%) and P2. 

T h e o r e m A - 2 . Suppose the point P = (u,v) varies on the algebraic points 
of D. Then \(u,v) is an algebraic point if and only if P is an isolated fixed 
point of an element in 

U{H,K) = {ge M(3,K) : fgHg = H}. 

Proof. We can obtain the above conclusion by the similar argument as 1), 
q.e.d. 

3) T h e inverse of the Schwarz funct ion for the Gauss hypergeometr i c 
differential equat ion . 

Let F (a , / 3 ,7 ) be the Gauss hypergeometric function and Z)(a,/3,7j be the 
corresponding hypergeometric differential equation: 

(2.1) x(x - l )y" + {7 + (1 + a + p)x}j/ -apy = 0 

Always the parameters a, /3 and 7 are supposed to be rational numbers. Set 

A = 1 — 7, fj, = /3 — a, i/ = 7 — a — /3 

Let N be the least common multiplier of the denominators of a, 8 and 7. Put 

1 - a = A/N, a + 1 - 7 = B/N, (3 = C/N 

We assume the following condition for A, /x and v 
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(2.2) 
1/A, 1/fi, 1 / i / G Z U {0} , 
|A| + \p\ + M < 1. 

Set 

(2.3) I(oo,z) r(T){r(a)r ( /3 )} -1 
8 

G 
XE1-1 (1 - xy-*-1^ - zx)~ßdx 

(2.3') I(l,z) r ( 7 ) { r ( a ) r ( / 3 ) } - 1 
»1 

XA"X(L - x^-"-1^ - zx)~ßdx. 

Under the condition (2.2) / (00 ,2) and 1(1, z) are independent solutions of 
(2.1). Moreover the Schwarz function 

a(z) = I(<x>,z)/I(l,z) 

has a single valued inverse function, say A(r), defined on a bounded domain 
D (namely it is biholomorphically equivalent to the upper half plane H). 

Here we use the notations according to [Wo]. The hypergeometric function 
F ( a , /3,7 : z) = / (00 , z) can be considered as a period integral on the algebraic 
curve 

X(N,z) : yN = xA(l - x)B(l - zx)C. 

Let us denote its Jacobian variety by Jac(X(N,z)). Set 
S= the system of linearly independent differential forms of the form un = 

P(x)dx for a certain positive integer n. 
Then we have r = J5 = (p(N). So we put S = • • -,a>(r)} and = 

Let C be the primitive iV-th root of unity, and set K = Q(C). We obtain a 
lattice A in Cr by putting 

A = {(/*(«) 
1 

0 
иАг> 4- nAh\ 

0 
o>(i))i<¿<r :a,b£ Ок}, 

where Ok is the ring of integers in K and pi is the automorphism of K with 
pi(() = £n*. Then we obtain an abelian variety T = Cr/A. According to 
Wolfart Jac(X(N,z)) is isogenous to 

т 
D\N,DÏN 

Jac{X{D,z)). 
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T h e o r e m A - 3 . Suppose r is algebraic. Then A(r) is an algebraic number if 
and only if T is an abelian variety of CM type. 

Proof. 
i) The case T is simple. Let us consider G = T x T. In the tangent 

space Tq — Cr x Cr of G we define the linear subspace 

W = {(z,w) eCr x C r :z i 
(»00 

Lui = Wl 

.1 

'0 
L>1 

We have a natural action of the cyclotomic field Q(C)> where ( indicates 
the iV-th primitive root of unity, on the lattice A. Therefore EndoT contains 
the algebraic number field Q(C) of degree r = <f>(N) = dimT. So it is sufficient 
to show that EndoT contains a Q-endomorphism which is not contained in 

Q ( 0 -
The subspace W contains a point 

P0 = (z,w) = 

So1"* 

So1"* 

J'OO 
0 wi 

J»00 
0 

which is sent to 0 E G(Q) by the exponential map. According to Theorem 
W there exists an algebraic subgroup H satisfying the three conditions in 
the statement. Because T is simple H must be r-dimensional. Obviously H 
does not coincide with the component of T. By Lemma 1 we can find a Q-
endomorphism, say a. 

Suppose a is contained in Q(C)- On multiplying by a certain integer, a can 
be supposed to lie in the ring of integers of Q(C)« By the definition of the 
lattice A the endomorphism a carries the vector a! to a certain Z-linear 
combination of 

«1 
.1 

'0 
a5 , . . . , ar 

.1 

/0 

where { a i , . . . , a r } is the generator system of the ring of integers. On the 

other hand if we examine the construction of a, it carries the vector Jq ¿5 to 

J0°° uj. This is a contradiction. 

ii) The case T is not simple. 
Suppose we have the decomposition T = A\ x • • • x A^, where every A{ is 

the same simple abelian variety A. By the same arguments as in i) also in this 
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case we have a certain subvariety H in G = T x T. If we restrict it to a certain 
product A{ x Aj in T x T, we can find a Q-endomorphism a of End0A. So 
we can proceed the same discussion as the first case. 

q.e.d. 
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TWO RESULTS IN NUMBER THEORY 

S. Srinivasan 

In memory of my friend 
Mr. Ellis Martin Richstone 

§1. Introduction. Let N > 1 be an integer and, for a reduced fraction 
a/iV, let K(a/N) denote the largest partial quotient in the continued fraction 
expansion of a/N. Set K0(N) = mmK(a/N) for 1 < a < N,(a,N) = 1. 
Let, for a sequence B of integers, B(x) denote the number of b in 5 , but not 
exceeding x. With this notation, a conjecture of S.K. Zaremba can be stated 
as Ko(N) < 5, for all N (cf., p.76 of [4]). There has also been some numerical 
evidence for this conjecture (cf., p.989 of [2]). 

Now considering for given integer i > 2, the sequence At consisting of N 
with KQ(N) < I, it has been shown in [3] that 

Ai(x) > -i^ajtt 1-'- 2), for x > 1. (1) 

In this context, we observe the following proposition, which also leads to a 
qualitative result of type (1). For a given collection of a.p.s (i.e., arithmetic 
progressions) of (positive) integers, let a(m) denote the number of a.p.s con
taining m (but not as the smallest) and, S(m) denote the number of a.p.s with 
common difference m. 

Proposition 1. Letk(> 2) be an integer, (3 and/3' some positive constants. 
Suppose A is the union of a collection of a.p.s, each consisting of k integers, 
satisfying (i) a(m) < /3S(m) for all m and (ii) the smallest member of each 
a.p. is < /3' times its common difference. Then, for any b such that a(b) > 0 
and for all sufficiently large x, we have 

A(x) > 
Vb 

k-1 {b> ' 
for some 6 = 0(/3,(3\k) > 0, (2) 

provided (k — 1) exceeds ft. (An expression for 0 is given in (4) below.) 

S. M. F. 
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Our second observation gives the following 
Proposition 2. Any solution in integers of the equation 

(e + V2-l) = t(£u + Vv)(tv-r1u) (3) 

satisfies tuv = 0. 
In § 3, we shall give an example from R.Tijdeman in connection with Propo
sition 1. And in § 4, we have some remarks about these results. 

§2. Proofs. We start with the proof of Proposition 1. Consider 

T ( x ) : = £ a ( m ) < / 3 £ 6 ( m ) . 
m<x m<x 

Since every a.p. counted by the last sum, in view of the assumption (ii), 
consists of members not exceeding (k — 1 + we see that it occurs (k — 1) 
times in T((k — 1 + /3')x) and so, 

(k - l)T{x) < (3T({k - 1 + / 3 » . 

On letting xr = (k — 1 + /3') r6, we obtain 

T ( x r ) > ( ^ y , r = 1 , 2 , 3 , - . . . 

From here, after a short calculation, (2) is obtained on noting that 
T(x) < (k — l)(A(x))2. To see the last inequality observe that every a.p. 
counted in a(m) determines the pair ( a , m ) , a being its smallest member and, 
each such pair arises from at most (fc — 1) of the a.p.s. Also, we may take 

0 = ^ { l o g ( ^ ) / l o g ( f c - l + /3 ' )} . (4) 

Now we give a proof of Proposition 2. Let tuv ^ 0. First, observe that, 
after changing notations if necessary, we can assume that 

(u,v) = 1, min(f,77,*,x,i/) > 0, (5) 

where x := ^u + rjvyy := £v — rju. Now, since (2 ,2/)/(£ 2 + ?? 2), we can conclude, 
by (5) , that (xyy) = 1. Then (3) can be rewritten as 

(x2 + y2) = d(l + txy), d:=u2 + v2 > 1. 

Next we obtain from this 

w > (f(x,y) := (x2 + y2 — wxy) = d > 1, w := dt. (6) 
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We have here 

<p(x,y) =y2 -xz = (p(y,z)\ z := wy - x. 

Thus starting with a solution (x,y) of (6), we obtain another solution 
through z = wy — x. Now we observe that if x > y > 1 and gcd(x, y) = 1, then 
y > z > 0, and obviously gcd(y,z) = 1 so that, on iteration, we finally get 
a solution of (6) with y = 1, whereas (6) has no such solution and therefore 
tuv = 0, which proves Proposition 2. 

§3. About ¡3. The following example illuminates the significance of /3 oc
curring in Proposition 1: Let k > 2, and let r be a positive integer such that 
r + l , . . . , r + fc — 2 are all composite. (We can take r < k\) Consider the se
quence A of positive integers composed of primes at most r. Take any element 
m > 1 of A. Then m is divisible by a prime p which is at most r. The numbers 
p — . . . ,p + — 2 are all smaller than r + k - 1 and therefore composed 
of primes at most r. Thus m is the second element of the following a.p. of 
length k with entries from A: (p — l )m/p,m, (p+ l ) m / p , . . . , (p + & — 2)m/p. 
Now it is easily seen that 

A(*)<20og*) ' , 

where £ is the number of primes at most r. Hence t is a constant depending 
only on k. 

This example satisfies all conditions of Proposition 1, except the last one. 
For, we have S(m) = t and a(m) < t(k — 1) and further, a(m) = t(k — 1) for 
all m belonging to A and which are multiples of K, defined as the product 
of (p + j ) , as p runs through all of the t primes not exceeding r, and j takes 
values 0 , 1 , . . . , (k - 2). So, /3 = k - 1. 

§4. Some remarks. It can easily be seen that the conjecture of Zaremba 

(in §1) may also be stated as follows: Let Vq : = ^ J j and Zt denote the 

semigroup of matrices generated by Vi, • • •, V .̂ Then every N > 1 occurs as 
an entry of some element in Z5. It is this formulation involving substitutions 
like Xj+i = qxj + which links Propositions 1 and 2 with the conjecture; 
in fact, in Proposition 1 this connection comes by considering members of 
an a.p., with least element a and common difference m, as values of qm + a 
(0 < q < whereas in Proposition 2 this is more explicit through the 
substitution z = wy — x. 

For obtaining a result of the form (1), from (2), we need only observe 
that At can be considered as a sequence A of Proposition 1, with k — £ + 1, 
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¡3 = 1 = /3'. (Here, with regard to N € At, N>2 and a/N with K(a/N) < i 
we consider the a.p.s (of length ¿+1) : (i) with smallest member 6 and common 
difference a, where N = aj + b (0 < b < a, 1 < j < £), and (ii) with smallest 
member a and common difference N.) 

Also, it is apparent from the proof that for an estimate like (2) it suffices 
to have (i), in Proposition 1, for all sufficiently large values of m. 

Incidentally, it may be noted that the argument subsequent to (6) would 
lead to all solutions of the simultaneous congruences 

e 2 = l (mod 77), rj2 = l (modO- (7) 

This is because (7) implies that £ 2 + r/2 — 1 = wÇrj for some positive integer w 
and so we obtain (6), but instead with d = 1. Now starting with any solution 
(£ ,77) of (7) we can iterate the passage from (£,rç) to (r),wq — £) from the 
proof following (6) until, after only finitely many steps, we reach (w, 1). It is 
obvious that (w, 1) is a solution of (7) for every positive integer w. Hence we 
obtain a complete parametrization of the set of solutions of (7). Congruences 
of the type (7) were earlier considered in [1]. 

§5. Acknowledgement. The author thanks Professor R.Tijdeman, for his 
kind permission to include his construction in this paper and for suggesting 
the parameter /3' (instead of the earlier 1) in Proposition 1. Also the author 
would like to thank the referee for helpful suggestions. 
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K-UNIRATIONALITY OF CONIC BUNDLES 

OVER LARGE ARITHMETIC FIELDS 

Vyacheslav I. YANCHEVSKIÏ 

In the study of rational surfaces a major role is played by Del Pezzo 
surfaces and by conic bundles over curves. There are some interesting open 
questions about their properties. Most important among them is the problem 
of if-unirationality for conic bundles having a if-rational point. For a more 
precise exposition of this problem we need some definitions and conventions. 

Let if be a field of characteristic ^ 2, X an absolutely irreducible variety 
defined over if, and if the algebraic closure of if. 

Recall that X is said to be if-rational (respectively, if-unirational) if its 
function field if(X) is (respectively, is contained in) a purely transcendental 
extension of if. One says that X is rational if X = X XK if is if-rational. 

DEFINITION 1. A rational if-surface X is called a conic bundle over a 
rational curve C if there exists a if-morphism f:X—>C whose generic fibre 
is a rational curve. 

The problem of if-unirationality for conic bundles without a if-rational 
point clearly has a negative solution. So the following question is natural: 
are rational conic bundle surfaces with a if-rational point if-unirational ? 
This question is not only of arithmetic interest. Its algebraic significance lies 
in the connection with the problem of existence of splitting fields of special 
type for some quaternion algebras. More precisely, V. A. Iskovskikh [8] has 
established that a conic bundle is if-unirational if and only if the correspond
ing quaternion algebra over a if-rational field has a if-rational splitting field 
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(here a clf-rational field' means some rational function field K(z)). Thus our 
if-unirationality question can be formulated as a problem in the theory of 
central simple algebras. 

Further, this problem generalizes to arbitrary finite-dimensional central 
simple algebras. For a strict formulation we shall need the following definitions. 

Let v be a valuation (or a place) of a field F. We shall denote by Fv the 
completion of F with respect to v (or at v). 

DEFINITION 2. Let A be a finite-dimensional central simple algebra over 
a If-rational field L. Then one says that A has a K-rational point if there 
exist two elements, k E K and x G X, such that L = K(x) and the algebra 
A®K(x)K{x)(x-k) (where (x — k) denotes the valuation of K(x) corresponding 
to x — k with trivial restriction to K) is trivial (i.e. a total matrix algebra 
over K(x){x__k)). 

With the above notation (and definitions), the problem of existence of 
rational splitting fields for quaternion algebras generalizes as follows. 

PROBLEM. Let A be a finite-dimensional central simple algebra over 
a K-rational field, and suppose it has a K-rational point. Does A have a 
K-rational splitting field ? 

For some classes of fields this problem has a positive answer. This is 
trivial in the case of an algebraically closed field K. Actually, in this case, 
K(x) is a Ci-field (for definitions see e.g. [15]), and the Brauer group of 
K(x) is trivial (see [15]). Hence any extension of K(x) (in particular, any 
If-rational field) is a splitting field for any central simple algebra over K (x). 
The first nontrivial case is that of local fields (i.e. real closed and p-adically 
closed fields). The case where K = R was first considered by Iskovskikh [8]. 
Real closed fields were considered later by the author. As to p-adically closed 
fields, the author [18] proved that the above problem has a positive solution 
for Henselian fields K and hence for p-adically closed fields (see [14]). The 
next natural case for consideration is when K is 'pseudo-closed'. The aim of 
this paper is an exposition of results on the above problem in this case and 
of the analogous result for the so-called large arithmetic fields. These results 
were obtained recently by Yu. Drakokhrust and the author. 

The author would like to thank the referee for some useful suggestions 
(see the Appendix). 
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§1. The case of pseudo-closed fields 

In this section we shall prove that if a central simple algebra over a 
if-rational field has a if-rational point, then it has a If-rational splitting 
field, provided if is 'pseudo-closed'. We recall some definitions. 

DEFINITION 3. A field if is said to be formally real if it has at least one 
ordering (for details see e.g. [11] and [12]). 

DEFINITION 4. A field if is said to be real closed if it is formally real 
and does not admit any proper formally real algebraic extension. 

Any real closed field has a unique ordering, and any formally real field is 
contained in some real closed one. Moreover, if L\ and L2 are two real closed 
algebraic field extensions of if whose orderings induce the same ordering v on 
if, then Li and L2 are if-isomorphic and one says that L\ is a real closure of 
if (with respect to v). Let us denote by SK the set of all orderings on if (we 
do not rule out the possibility that SK may be empty) and by ifv the real 
closure of if for each v G SR-. 

DEFINITION 5. A field if is called pseudo-real closed (pre) if any abso
lutely irreducible affine if-variety X has a if-rational point if and only if it 
has a simple ifv -point for every v £ 

These definitions imply that the class of pseudo-algebraically closed 
(pac-) fields if is contained in that of prc-fields. This is a case where SK 
is empty. (Pac-fields were introduced by J. Ax and have been systematically 
investigated in [4], [9], and [17]. As to prc-fields, see e.g. [13].) 

The class of p-adically closed fields can be defined in a similar fashion. 

DEFINITION 6. Let if be a field of characteristic zero with valuation 
valuation ring fi, and maximal ideal E C fi. Suppose the field fi/S is of 
characteristic p and dim^/p^ft/E = d. Then if is called a p-valued field of 
p-rank d. 

DEFINITION 7. Let if be a p-valued field of p-rank d. Then if is said to be 
p-adically closed if if does not admit any proper p-valued algebraic extension 
with the same p-rank. 

If if is a p-valued field with valuation then there exists a maximal 
p-valued algebraic extension of if having the same p-rank. Any such field ifv 

is called a p-adic closure of if. 
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DEFINITION 8. Let K be a p-valued field and let MK be the set of all non-
if-isomorphic p-adic closures of if. Then if is said to be pseudo-p-adically 
closed (ppc) if every absolutely irreducible affine If-variety has a if-rational 
point provided it has a simple L-rational point for every element L of MR;-

REMARK 1. The Brauer groups of prc-fields can be finite but, contrary to 
the case of pac- and real closed fields, their orders are not uniformly bounded 
and can even be infinite. 

From now on, pac-, pre- and ppc-fields will be called pseudo-closed fields 
for short. The main result of this section is as follows. 

THEOREM 1. Let K be a pseudo-closed field. If a finite-dimensional cen
tral simple algebra A over a K-rational field K(x) has a K-rational point, 
then it has a K-rational splitting field. 

REMARK 2. In the case of pac-fields if, this theorem was proved earlier 
by I. I. Voronovich [16]. 

Before proving the theorem, it is convenient to formulate the main result 
of [18]. 

THEOREM (*) . Let A be a central simple (finite-dimensional) algebra 
over a K-rational field K(x). We assume that A has a K-rational point. If K 
is Henselian and its characteristic does not divide the index of A, then A has 
a K-rational splitting field K{z). Furthermore, 

x — h(z)/n, 

where h(z) G K[z] is an irreducible monic polynomial and 7r is a suitable 
element in the valuation ideal of K. In addition, a root a of h(z) generates a 
Galois extension of K, and K(a)(x) is a splitting field of A. 

Proof of Theorem 1. Let A be a central division algebra over K(x) and let 
dimK(x) A = n2. We denote by P the algebraic closure of K(t) in K(t), where 
K(t) is the field of formal power series in t over K. Then P is a Henselian field 
[2]. By Theorem (*) the algebra B = A ®K(X) P(X) has a P-rational splitting 
field P(z) such that 

x = h(z)/tm. 

Here n divides m, and h(z) € K[z] is an irreducible monic polynomial with 
the property: if h(a) = 0 then K(a) is a Galois extension of K and K(a)(x) 
is a splitting field of A. 
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Let us fix ourselves a if(x)-basis {1*1,1*2? . . . ,i¿n2} for A. Then the ele
ments of the standard matrix basis { e n , ei2,...,enn} of the total matrix al
gebra B ®P(x) P(z) are P(z)-linear combinations of 1*1 ,1*2, . . . ,i*n2- We write 
(pi = at(z)/b{(z) (i = 1,2,. . . , ra4) for the coefficients of all these combinations 
(a,i(z),bi(z) € -Pfc]), and $(z) = S(z)/R(z) for the determinant of the matrix 
JV (with S(z),R(z) € P[z]), where [elue12,... ,enn] = [i*i,i*2,... ,i*n2] iV. 
Finally, we write 

Oi(z) = aoizde*a^ + anz*****™-1 + ... + adego<(z)i, 

with ao¿,... 5ttdega¿(z)i € P. In quite the same way, we define elements 
&oi9...,&deg6i(z)¿; 5o,...,s<iegS(z); 311(1 ro, • • • ,̂ deg R(z) • Let I be the exten
sion of if generated by the elements ao¿,... ,adego<(*)¿, &oi, • • • >&deg6i(*)t 
(i = 1,2,...,ra) and by t. Then i is a regular extension of if. Since L is 
algebraic over K(t) and char if = 0, then L = if(£,s), where / (¿ , 5) = 0 
for some absolutely irreducible polynomial f(X,Y) £ if[X,y]. Now let 
r = {(a,/3) E A2 I f(a,/3) = 0 } . Without loss of generality we may assume 
that all of afc¿,6fci,rfc,5fc 6 if [T], where if[T] is the ring of regular functions 
on T. Let g(t,s) be the product of all those afc¿,&¿¿,r¿,*fc,t which are not 
identically zero on T, and let E be the affine curve defined by the equations 
/ ( X , y ) = 0 and Z g(X,Y) = 1. Since E is isomorphic to an open subset 
of the absolutely irreducible curve T, it is also absolutely irreducible. Fur
ther, L = if (r) £ K(E), where K(T) (resp. K(E)) is the field of if-rational 
functions on r (resp. on E). 

Now, an ordering v of a prc-field if (1; £ SK) can be extended (see [12]) 
to an ordering w of Kv(t). And it is clear that the restriction of w to L induces 
an extension of v to an ordering of L. Similarly, a valuation v of a ppc-field 
if can, according to [14], be extended to a p-adic valuation w of Kv(t). Hence 
its restriction to L is a p-adic valuation extending v. Thus we find, according 
to [13] (resp. [14]), that T has a simple ifv-point for every real (resp. p-adic) 
closure ifv. Hence E has a if-rational point (a, b) £ A2 such that a ^ 0. 
Further, for every b{(z) not all bki(a,b) can vanish, for S(z) not all Sfc(a,6), 
and the same is true for R(z) and the rfc(a,fc). 

We now consider the extension if(y) of if (#), where x = h(y)/am, and 
the algebra C = A ®K(X) K{y), There exists a place // of if (x)(ty s) to if (x), 
which is trivial on if (x) and such that fi(t) = a, fi(s) = 6 (see e.g. [3]). Let 
v be a place of if(z)(¿,s) to if(y) extending /* and such that v(z) = y. The 
construction of E and the choice of (a, 6) imply: 

v(S(z))¿0, v(R(z))¿0, u(bi(z))¿0 (¿ = 1,2,. . . , ra4). 

Let [vn, V12, • •. j i>nn] = [^1,^2, • •. ,i*n2] i/(i\T). Then the matrix v(N) is non-
singular and { v n , Vi2 , . . . ,vnn} is a basis for C. Finally, on comparing the 
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structure constants of the algebras B and C with respect to { e n , ei2,..., enn} 
and {vn,t;i2, . . • , v n n} ) we are led to the conclusion that the triviality of B 
implies that of C. • 

COROLLARY 1. Let X be a conic bundle defined over a pseudo-closed 
field K. Then X is K-unirational if and only if X has a K-point. 

§2. The case of large arithmetic fields 

In this section a 'closed field' means an algebraically closed, real closed 
or j>adically closed field. 

Let Q be the field of rational numbers, (Q) its algebraic closure, and let 
Qjjte = Qv n <Q> be the p-adic closure of (Q) if v = p, and the real closure of Q 
if v is real. We denote by G(Q) the Galois group of Q over Q. 

Let vi, ^2 , . . . , vr be a finite set of (not necessarily distinct) absolute values 
of <Q>. We write: a = (au a2,..., (rr) G G(Q)r and 

C ri(Q^g)C ri(Q^g)C ri(Q^g)C ri(Q^g)C ri(Q^g) (*) 

For two elements a, A E G ( Q ) r we now define aX to be the element 
(<7iAi,..., crr\r). In what follows, we use the term 'almost all' in the sense of 
the Haar measure on G(Q)r. With the above notation, one has the following 
two lemmas, which are analogous to Lemmas 12.4 and 12.5 of [7]. 

LEMMA 1. Let f E G((Q))r and Jet L C Qf be a finite extension of Q. 
Then, for almost all A E G(Q)r, the following holds: if f(X,Y) E L[X,Y] is 
an absolutely irreducible polynomial such that, for every i = 1,2,.. . , r, there 
exists a point (aoi,b0i) E ( ^ ( Q ^ 8 ) ) 2 with f(aoi,boi) = 0 and §£(aoi,boi) °> 
then the curve f(X,Y) = 0 has a Qj^-rational point. 

Proof. Let T ^ Q * * 8 ) , . . . , r M ( Q ^ ) (m < r) be all X-nonisomorphic closed fields 
from (*). Using [5], since L is a Hilbertian field, one has sequences {dj} , {bj} 
(dj E Ljbj E <Q>) such that 

i) dj lies near aoi in r i(Q** g ) 5 t = 1,2,... ,m; 
ii) f(dj,Y) is irreducible over L and we have: deg f(dj,Y) = degy f(X,Y) 

and f(djybj) = 0; 
iii) for = L(bj) the sequence Xi, L2,... is linearly disjoint over i . 

Condition i), Krasner's lemma, Sturm's theorem [11] and the condition 
f(o>oi,b0i) = 0 imply that f(dj,Y) has a root in r2-(Q**g), i = 1 ,2,.. . ,r. 
Then there exist \ j u A i 2 , . . . , A i r E G(Q) such that A ^ Z , ) C r i (Q^ g ) , 
t = l , 2 , . . . , r . 
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Let Xj = ( A j i , . . . , \ j r ) . Condition iii) implies (see [10]) that, for almost 
all A £ G ( Q ) r , there exists j such that AA7 G G(Lj)r. Then X^iLj) = 
^i(Lj) C Ti(Qllf) (i = l , 2 , . . . , r ) , i.e. L5 C A ^ Q * ^ ) (* = l , 2 , . . . , r ) . 
Hence Lj C Qxr' ( a i ' ^ i ) * s a Operational point of the curve / = 0. 

LEMMA 2. For almost all a G G ( Q ) r one has; if / ( X , F ) is an irre-
ducible polynomial in Q<r[X, Y] and there exists, for every i = 1,2,.. . , r, a 
^i(Qj£g)-rationaZpoint (a0i,fy)i) such that /(a 0i,&oi) = 0 and f£(aoi>koi) ^ 0, 
then the curve / = 0 has a Q&-rationai point. 

Proof. Let T be a countable dense subset of G(Q) r and let L C Q& be the 
finite extension of Q generated by all coefficients of f(X, F ) . We consider the 
element f e r n G ( Q ) r a. Since the fields ^ ( Q ^ « ) , Tj(Q^) are isomorphic 
over £ , we see that / ( X , F ) has Tj(Q**g)-rational points (c 0 i ,d 0 i ) such that 
|p(coi5^oi) 7̂  0 (i = 1,2,... , r ) . Then by Lemma 1 we see that f(X,Y) has 
a Qa-point, unless a belongs to a zero subset of G(L)rf. Since the set of all 
polynomials f(X,Y) € Q [ X , y ] is countable and a countable union of zero 
sets is again a zero set, the lemma is proved. 

Using the above two lemmas we can prove the following 

THEOREM 2. For almost all a £ G(Q)r, if a finite-dimensional central 
simple algebra over a Q&-rational field has a Qa--rational point, then it has a 
^-rational splitting field. 

Proof Let M be a curve similar to the one occurring in the proof of Theorem 1. 
In fact it is enough to establish that, for almost all fields Q & , the curve M 
has a Qa-rational point. Then L = Q*(r) = Q*(E) is contained in Q*{t). 
Since Q9 C &i(Qvl*)i ft h a s a n absolute value Vi. By [12] and [14], vi extends 
to an absolute value W{ on 0*i(Q£*g)(t) and the restriction of wi to L yields 
an extension of V{ to L. Hence we see that T has a <7j(Q**g)-rational point 
(̂ on boi) for each V{, i = 1,2,. . . , r. By Lemma 2 it follows that, for almost all 
0" G G(Q)r, the curve T given by the equation f(X, Y) = 0 has a Qa-rational 
point. Now, the existence of a Qa-rational point on M follows from the proof of 
Lemma 1. Indeed, its statement remains true if we exclude from the infinite 
sequence of fields Lj a finite number of fields, which correspond to points 
(a>j,bj) lying on r but not on M. The end of the proof of our theorem is 
similar to that of Theorem 1. 

COROLLARY 2. For almost all a G G(Q)r, the Q9-unirationality of a 
conic bundle X is equivalent to the existence of a Qa-rational point on X. 
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REMARK 3. A field of the form is not pseudo-closed in general. In 
fact, let ra,n be two distinct odd prime numbers. By the Chinese Remainder 
Theorem we can find two integers um,un such that (um/m) = (un/n) = -1 
and (um/n) = (un/m) = 1 (where (../••) denotes the Legendre symbol). 
Besides, for any odd prime number p ^ m, n there exists vp G Z such that 
(vp/p) = 1 and (vp/m) = —1. Finally, let a G Z be such that a = 1 (mod 8) 
and (a/n) = —1. Let us consider the absolutely irreducible quadrics defined 
by the polynomials: / m ( X , F ) = X2-urnY2-m, fn(X,Y) = X2-unY2-n, 
fp(X9 Y) = X2 - vpY2 - p, and fa(X, Y) = X2 - aF2 - n. Then the quadric 
/m = 0 has simple points over Qn and over the real closure of (Q), but it has 
no points over (Q)m. Hence, Q(m,n) is neither a pre- nor a pnc-field. The same 
argument with fn = 0 shows that Q(m,n) is not a pmc-field either. Now the 
quadric fp = 0 has no simple points over Qm, so Q(mjn) is not a ppc-field. 
Finally, the quadric fa = 0 has no simple points over Qn, so Q(m>n) is not a 
p2c-field. 

REMARK 4. Let if be a finite extension of Q and let S be a finite subset 
of the set P(K) of all inequivalent places (or valuations) of if. For any g G S 
let = Kg HQ and X s = n , 6 S ( r U W * ( * l * ) ) ) > where G (Kà is the 
Galois group of Q over if. Let Q be an algebraic extension of ifs (for instance, 
ifs). Recently F. Pop informed me that he proved the following 

THEOREM. An absolute irreducible variety V defined over Q has an 
Q-rational point if and only if V has a simple Qv-rational point for all in-
equivalent extensions v of the elements of E to Q. 

Using this fact and modifying the proof of Theorems 1 and 2 one can 
prove the following 

THEOREM. Let Q be as above. If a finite-dimensional central simple alge
bra over an Q-rational field has an Q-point, then it has an Q-rational splitting 
field. 

COROLLARY. Any conic bundle defined over Q is Q-unirational if and 
only if it has an Q-rational point. 

Appendix 

By using the language of finitely presented morphisms, one can give an
other nice form to the arguments in §1. Here is a brief exposition of this 
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point of view, which I owe to Per Salberger. (Most facts on finitely presented 
morphisms can be found in [6].) 

PROPOSITION. Let if be a pseudo-closed field and P the algebraic closure 
of K(t) in K(t). Let f:X-^Ybea proper dominant K-morphism between 
smooth projective geometrically connected K-varieties. Suppose there exists 
a finitely presented P-morphism sp: Yp —» Xp such that the composition 
fposp:Yp-+Yp with the induced P-morphism fp: Xp —• Yp is finite and 
surjective. Then there exists a K-morphism s:Y~-+X such that fos:Y -+Y 
is finite and surjective. 

Sketch of proof. Using standard results on finitely presented morphisms 
[6], we see that there exists a finite extension field L of K(t) in K (t) such 
that sp: Yp —• Xp is defined over L. In this way we obtain an L-morphism 
SL-YL —> XL with JLOSL : YL —• YL finite and surjective. Since L C K(t) and 
[L : K(t)] < oo, it is further clear that L is the function field of a smooth pro
jective geometrically connected if-curve C. Once more we apply the standard 
results in [6] on finitely presented morphisms and extend to a {/-morphism 
su: Yu —• Xy such that fy o sy. Yy —• Yy is finite and surjective for some 
open if-subset U of C. Now U(K) is nonempty since K is pseudo-closed and 
L = K(U) C K(t) (extend orderings and valuations as in §1). So we may 
specialize sy at some if-point on U to obtain the desired if-morphism. 

COROLLARY. Let K,P be as above and let X be a smooth K-variety. 
Let f: X —• P]r be a proper dominant K-morphism whose generic fibre is 
a Severi-Brauer variety over the function field of (e.g. a conic bundle 
surface). Then X is K-unirational if and only if Xp is P-unirational. 

Proof. X is if-unirational if and only if there exists a if-morphism g: Pj^ —• X 
such that fog: P^ —> P^ is finite and surjective, i.e. if and only if there 
exists a P-morphism gp: Pp —• Xp such that fpogp: Pj> —• Pj, is finite and 
surjective, i.e. if and only if Xp is P-unirational. 

It is known that any Severi-Brauer variety over the function field of P^-
extends to a proper morphism / : X —+ P^ from a smooth if-variety X (cf, 
[1]). So there is no reason to restrict our unirationality results to the case 
where / is of relative dimension one. The splitting field result for central 
simple algebras is equivalent to the existence of g: P^- —> X with fog finite 
and surjective. 
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Abstract 

The "Journées Arithmétiques" offer every other year a wide panorama of the 
latest advances in Number Theory. 

The present volume contains six surveys on recent progress in arithmetic 
algebraic geometry (5-units, Mordell and Lang conjectures, modular forms and 
A'-theory, elliptic curves), on linear algebraic groups, and on the Riemann zeta-
function, as well as nineteen other contributions. 
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