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METRIC PROPERTIES OF ALGORITHMS
INDUCING LUROTH SERIES EXPANSIONS
OF LAURENT SERIES

John KNOPFMACHER & Arnold KNOPFMACHER

1. Introduction

Recently the present authors [8] introduced and studied some properties
of various unique expansions of formal Laurent series over a field F, as the
sums of reciprocals of polynomials, involving “digits” a,,a,,... lying in a
polynomial ring F[X] over F. In particular, one of these expansions (described
below) turned out to be analogous to the so—called Liiroth expansion of a real
number, discussed in Perron [15] Chapter 4.

In a partly parallel way, Artin [1] and Magnus [11,12] had earlier stud-
ied a Laurent series analogue of simple continued fractions of real numbers,
involving “digits” «,,,,... in a polynomial ring as above. In addition to
sketching elementary properties of an n—dimensional “Jacobi-Perron” vari-
ant of this, Paysant-Leroux and Dubois [13, 14] also briefly outlined certain
“metric” theorems analogous to some of Khintchine 7] for real continued frac-
tions, in the case when F is a finite field. The main aim of this paper is to
state or derive some similar metric or ergodic results for the Laurent series
Liiroth-type expansion referred to above. (These results were introduced at
the Geneva conference by the first-named author, and are partly based on his
forthcoming paper [9]. For analogous results concerning Liiroth expansions of
real numbers, see Jager and de Vroedt [5] and Salat [16].)
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A. KNOPFMACHER & J. KNOPFMACHER

In order to explain the conclusions, we first fix some notation and describe
the inverse-polynomial Liiroth-type representation to be considered :

Let £ = F((z)) denote the field of all formal Laurent series
A = Y. ,c,2" in an indeterminate z, with coefficients c,, all lying in a
given field F'. Although the main case of importance usually occurs when F is
the field C of complex numbers, certain interest also attaches to other ground
fields F' and most of the results of [8] hold for arbitrary F. It will be conve-
nient to write X = z~! and also consider the ring F[X] of polynomials in X,
and the field F(X) of rational functions in X, with coefficients in F'.

If ¢, # 0, we call v = v(A) the order of A above, and define the norm (or
valuation) of A to be || A|| = ¢~*(4), where initially ¢ > 1 may be an arbitrary
constant, but later will be chosen as ¢ = card(F), if F is finite. Letting
v(0) = +o00, ||0]| = 0, one then has (cf. Jones and Thron [6] Chapter 5):

|4l >0 with ||A|| =0 iff A=0,

(1.1)
|AB|| = |A]| - |Bl, and

laA + BB|| < max(||Al||,||B||) for non-zero a,8 € F, with equality when
|All # |IB||- By (1.1), the norm || || is non—Archimedean, and it is well
known that £ forms a complete metric space relative to the metric p such
that p(A,B) = ||A — B]|.

In terms of the notation X = 27! above, we shall make frequent use of
the polynomial [A] = Y~ ., <o ¢, X ™ € F[X], and refer to [A] as the integral
part of A € L. Then v =v(A) is the degree deg[A] of [A] relative to X, and
the same function [ ] was used by Artin [1] and Magnus [11, 12] for their
continued fractions. (For a recent application of Artin’s algorithm, F finite,
see Hayes [4].)

Given A € L now note that [A] = a, € F[X] iff v(4;) > 1 where
A, = A—a, Asin (8], if A, # O(n > 0) is already defined, we then let

a, = [Il; and put 4, ., = (a, — 1)(a,A4, — 1). If some 4,, =0ora, =0,

n
this recursive process stops. It was shown in [8] that this algorithm leads to
a finite or convergent (relative to p) Liiroth-type series expansion

1 1
1.2 A=ay+—+
(12 °q r>2 ay(a; -1)...a,_4(a,_; - 1)a,’
where a, € F[X], a, = [A], and deg(a,) > 1 for r > 1. Furthermere this
expansion is unique for A subject to the preceding conditions on the “digits”

a,.
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METRIC PROPERTIES OF ALGORITHMS

If I denotes the ideal in the power series ring F[[z]], consisting of all
power series ¢ such that z(0) = 0, then another way of looking at this expan-
sion algorithm is in terms of operators a : I—{0} — F[X], T : I — I such that
a(z) = [1], T(0) = 0 and otherwise T'(z) = (a(z) — 1) (za(z) — 1). Then, for
= A, €I, a; = a,(2) = a(z), and more generally a,, = a,(z) = a,(T"" ')
if0£Tr z el

From now on it will be assumed that F =F_ is a finite field with exactly
q elements. For that case it was shown in [9] that T : I — I is ergodic relative
to the Haar measure p on I such that p(I) = 1, and that this fact implies in
particular:

Theorem 1. (i) For any given polynomial k € F [X], deg(k) > 1, and
all z € I outside a set of Haar measure 0, the digit value k has asymptotic
frequency

lim l#{’r <n:a,(z)= k} = k|72 = q"zd‘S(k).

n—oo N

(ii) For all z € I outside a set of Haar measure 0 there exists a single asymp-
totic mean—value

1l _ g
Jim, 7 2 deg(a,(e)) = o 75

(iii) For all z € I outside a set of Haar measure 0,

e — w, ]| = g{-Z )" a5 1 oo,
where
w, =w,(z) = ., =1 A= .
; a, 10T a,(a; —1)...a,(a, - 1)

Regarding (iii), a similar but more elementary algebraic conclusion [8]
states that

|z —w,|| < g~ forall =.

Our main aim in the present article will be to state and prove various fur-
ther metric results concerning polynomial “digits” a,(z) and their limiting
distributions.
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2. Sharper Metric Conclusions

A useful description of the Haar measure y on I is given in SprindZuk
[17]. In particular p(C) = ¢~ for any “circle”, “disc” or “ball”

C=C(z,q7"") {yeﬁ ll= -yl <q""1}
Using this, the proof of Theorem 1 (i) in [9] includes:
(2.1) p{m €l:a.(z)= k} = ||k||~2

for any k € F,[X], deg(k) > 1, and r > 1, and

(2.2) the Liiroth-type digits a,(z) define identically-distributed indepen-
dent random variables a, relative to x on I.

More precisely, by Theorem 3.16 and the law of the iterated logarithm (The-
orem 3.17) in Galambos [3], we obtain:

Theorem 2. Let A, ;(z) = #{r <n:a,(z) = k}. Then for almost all z € I

. Anp(2) — nllk| = o

Further, for any real s,

3 - s n
i € o)l < i e |

8
1 _u2/2
= — e du.
Vom /
—00

Next we note that Theorem 1 (ii) is equivalent to the existence of a
Khintchine-type constant

a,(z)ay(x) = q/(a-1) ge.

n—»oo”

This conclusion can be refined to:
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Theorem 3. For almost all x € I,

E deg(a,(z)) —c;n
. r=1
lim sup

n—oo \/nlog Iogn
where ¢, = q/(q— 1), ¢, = q/(q — 1)?. Hence as n — o

||a1(a:)a2(z) . .an(:c)”l/n =q¢¥(@-) 1 0 (d@ﬂ) a.e

Proof. Define a sequence (t,,) of independent random variables ¢, on I by

{ deg(a,(z)) if ||an(a:)|| < n?,

otherwise.

2¢,,

n()_

Then the expected value

E(t,) = Z g r(qg-1)¢" = E(deg(an(.))) +0 (l(;gzn) ,

g™ <n?

and

E@2)= Y ¢} (g-1)q" = B(deg?(a,())) + 0 (“ﬁ:") :

q"<n?

Hence the variance

var (t,,) = var (deg(an(.))) +0 (log2 n) ,

n?
and
qn

B, := E var (t,) = ——— + O0(1).

~ ( ) (q_ 1)2 ( )

Next, since
B

< = —n

t.(z) <2log,n=0 < Toglog B,

the law of the iterated logarithm implies:
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Zt —ZE(t,,)
lim sup =%

n—oo +/2B, log log B,

n

Zt,—ZE(deg (a.())

r=1

=1a.e.

Hence

=1la.e.

lim sup

n—oo fzr_qﬁ;nloglogn
Now let U, = {m €l:t,(z)# deg(an(w))}. Then
1
”‘(Un) = Z "k”_2 < F)

[1Fel|>n?

and the Borel-Cantelli lemma yields g (limsup U,,) = 0. Thus, for almost all

n—0oo
z € I, there exists ny(z) with

to(x) = deg(an(2)) for n > (),

and hence Theorem 3 follows.
The next theorem sharpens part (iii) of Theorem 1 above:

Theorem 4. If w, = w,(z) is defined as in Theorem 1 (iii), then

deg(z —w,)+ 2% /3
lim sup d n) ¥ oy =Y e
n—oo vnloglogn q-1

1 2 loglogn
ndeg(z—wn)——q_1+0(\/ - a.e

Proof. From Theorem 3, by symmetry as in Feller [2] page 205, we have

3 deg(al(@) - 22

lim inf 7=1 -24/2¢c,

n—oo vn Ioglogn

Also [9] shows that

Hence
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n+1

1- Zdeg (a2(z)) < deg(z —w,,) < -1 - Zdeg (a2()),

which then leads to Theorem 4.

The next theorem sharpens the conclusion [9] that

lim —Z”a,(m )|| = oo ae.

n—oo N

Theorem 5. For any fixed € > 0,

: 1|5
Jim {w 1 s el - a- 1) > e} -0,
. 1 . -
ie. nlog, Yoreillax(z)|| = ¢ — 1 in probability over I.

Proof. We write s = log, y iff y = ¢°, and use the truncation method of Feller
[2], Chapter 10, §2, apphed to the random variables U,., V, (r < n) defined by

U,@) = o, @, V@) =0 it [la,(a)] < nlogyn,

U,.(z) =0, V() = |la.(z)] if ||e.(=)] > nlog, n.
Then

wer ]St - -] >}
a"
< p{z: Up+---+U, —(g—1)nlog,n >snlogqn} +
+ufe:vieov, 20},

and

p,{:c i+ 4V, # 0} < np{m ey ()] > nlogqn}
1
=n Y M < o =),

log,n
k> log, n €q

Now note that
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E(U, +---+U,) =nE(U,), var (U +---+ U,) = n var(U,),

where
EU)= Y. lkI™= Y. q¢"(g-1)q"
llkl[[<nlog, n gq"<nlog, n
= (¢ — 1)log,([nlog, n]),
and

var(U)) < EUD) = Y. 1= Y (=19

Ikl <nlog, g"<nlog, n
< gnlog,n.

Chebyshev’s inequality then yields

w{e:

< var (U)) gn®log, n

- (&:nE(Ul))2 (e(q - l)nlogq([nlogq n]))

Up+ -+ U, — nE(U))

> enE(Ul)}

7 = o(1).

Since E(U,) ~ (¢ — 1)log,n as n — oo, Theorem 5 follows.

Remark. Since a theorem in Galambos [3, p.46], implies that either

n
. _ - 1 _
hrr.n_.s;p r§=1||a,(z)|| = 00 a.e. or liminf E |a.(z)|| =0 a.e.,

nlog,n n—co nlog, n

the conclusion of Theorem 5 does not carry over to validity with probability
one.

3. [Estimates for Individual Digits

Without attempting to be exhaustive, we conclude this article with two
asymptotic results emphasizing the sizes of individual digits a,(z) a.e. as
n — oo.
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Theorem 6. Let ¢(n) be a positive increasing function of n. Then

"an(a:)“— ¢(n) a.e. 4=>Z¢( ]

n=1
In fact ||a,(z)|| = O(¥(n)) is false a.e. if the series diverges.

Proof. Let V,, = {.’c €I:||a, ()| > zp(n)} Since p{z : a,(z) = k} = ||k|| 2,
it follows that

wvy= S k2= Y q-zf(q-l)qfs;b%.

[I®l1>%(n) qm>¥(n)

If 2, 4(n)"! < oo, then the Borel-Cantelli lemma (cf. [3], page 36) now
yields p(limsup V) = 0. Hence ||a (:c)“ > n) for at most finitely many n,
for almost all z € I. Thus ||a,(z)|| = O(¥(n)) a.

If Yo7, ¢(n)~! diverges, the Abel-Dini theorem (Knopp [10], page 290)
implies that there exists a positive increasing function 6(n) with 6(n) — oo

as n — oo, such that ) oo 9(n)~'6(n)~! also diverges. Then let
W, = {:z: € I: |a,(z)|| > ¢(n)0(n)}. The independence of the random

n
variables a,, implies the independence of the sets W, . Also

Zu(W)—Z > > Z,/,

n=1 ||k[|>$(n)8(n) 10z

Thus the Borel-Cantelli lemma yields p(limsupW,) = 1, and so
l|a( a:)” > w(n)ﬂ(n) holds with probability one, for infinitely many n. Thus
l|la,(@)|| = O(¥(n)) is false a.e.

Theorem 6 1mp11es for example that “a (:c)” = O(n(logn)*) a.e. for any
a > 1, while ”a ]] = O(n(log n)"’) is false a.e. for any 8 < 1. This leads to
the

Corollary. For almost all x € 1

Jim sup log“an(:c)” —logn

n—oo loglogn =1
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Remark. The corresponding lower limit is not finite a.e., since (2.1) earlier
shows that ||a,(z)|| can take any particular constant value ¢V (N > 1) for all
n, and all = in a set of positive measure.

References

[1] E. ARTIN, Quadratische Koérper im Gebiete der hoheren Kongruenzen, I-II.
Math. Z. 19(1924), 153—2486.

[2] W. FELLER, An Introduction to Probability Theory and its Applications, Vol. 1
(3rd Ed.). J. Wiley, 1968.

[3] J. GALAMBOS, Representations of Real Numbers by Infinite Series. Springer—
Verlag, 1976.

[4] D.R. HAYES, Real quadratic function fields. Canadian Math. Soc. Conf. Pro-
ceedings, T(1987), 203—236.

[5] H. JAGER and C. de VROEDT, Liiroth series and their ergodic properties.
Proc. K. Nederl. Akad. Wet., A 72(1969), 31—42.

[6] W.B. JONES and W.J. THRON, Continued Fractions. Addison—Wesley, 1980.

[7] A.Y. KHINTCHINE, Metrische Kettenbruchprobleme, Compositio Math., 1
(1935), 361—382.

[8] A. KNOPFMACHER and J. KNOPFMACHER, Inverse polynomial expan-
sions of Laurent series, I-II. Constr. Approz., 4(1988), 379—389, and J.
Comp. Appl. Math., 28(1989), 249—257.

[9] J. KNOPFMACHER, Ergodic properties of some inverse polynomial series ex-
pansions of Laurent series; accepted by Acta Math. Hungarica.

[10] K. KNOPP, Theory & Application of Infinite Series, Dover, 1990.

[11] A. MAGNUS, Certain continued fractions associated with the Padé table.
Math. 2., 78(1962), 361—374.

[12] A. MAGNUS, p-fractions and the Padé table. Rocky Min. J. Math., 4(1974),
257—259.

[13] R. PAYSANT-LEROUX and E. DUBOIS, Algorithme de Jacobi—Perron dans
un corps de séries formelles. C.R. Acad. Sci. Paris, A 272(1971), 564—566.

[14] R. PAYSANT-LEROUX and E. DUBOIS, Etude métrique de I’algorithme de
Jacobi-Perron dan un corps de séries formelles. C.R. Acad. Sci. Paris, A
275(1972), 683—686.

[15] O. PERRON, Irrationalzahlen. Chelsea Publ. Co., 1951.
[16] T. SALAT, Zur Metrischen Theorie der Liiroschen Entwicklungen der reellen
Zahlen, Czech. Math. J., 18(1968), 489—522.

[17) V.G. SPRINDZUK, Mahler’s Problem in Metric Number Theory. American
Math. Soc., 1969.

J. Knopfmacher A. Knopfmacher

Department of Mathematics Dept. of Computational &
University of the Witwatersrand Applied Mathematics
Johannesburg, 2050 University of the Witwatersrand
South Africa. Johannesburg, 2050

South Africa.

246



