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RADIATION CONDITIONS AND SCATTERING THEORY
FOR THREE-PARTICLE HAMILTONIANS

D.Yafaev

1. INTRODUCTION

One of the main problems of scattering theory is a description of asymp-
totic behaviour of N interacting quantum particles for large times. The com-
plete classification of all possible asymptotics (channels of scattering) is called
asymptotic completeness. The final result can easily be formulated in physics
terms. Two particles can either form a bound state or are asymptotically free.
In case N > 3 a system of N particles can also be decomposed asymptotically
into its subsystems (clusters). Particles of the same cluster form a bound
state and different clusters do not interact with each other.

There are two essentially different approaches to a proof of asymptotic
completeness for multiparticle (N > 3) quantum systems. The first of them,
started by L. D. Faddeev [1], relies on the detailed study of a set of equations
derived by him for the resolvent of the corresponding Hamiltonian. This ap-
proach was developped in [1] for the case of three particles and was further
elaborated in [2, 3]. The attempts [4, 5] towards a straightforward general-
ization of Faddeev’s method to an arbitrary number of particles meet with
numerous difficulties. However, the results of [6] for weak interactions are
quite elementary.

Another approach relies on the commutator method [7] of T. Kato. In
the theory of N-particle scattering it was introduced by R. Lavine [8, 9] for
repulsive potentials. A proof of asymptotic completeness in the general case is
much more complicated and is due to I. Sigal and A. Soffer [10]. In the recent
paper [11] G. M. Graf gave an accurate proof of asymptotic completeness
in the time-dependent framework. The distinguishing feature of [11] is that
all intermediary results are also purely time-dependent and most of them
have a direct classical interpretation. Papers [10, 11] were to a large extent
inspired by V. Enss (see e.g. [12]) who was the first to apply a time-dependent
technique for the proof of asymptotic completeness.
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D. YAFAEV

The aim of the present paper is to give an elementary proof of asymp-
totic completeness (for the precise statement, see section 2) for three-particle
Hamiltonians with short-range potentials which fits into the theory of smooth
perturbations [7, 13]. Our approach admits a straightforward generalization
to an arbitrary number of particles. This will be discussed elsewhere. Qur
proof of asymptotic completeness relies on new estimates which establish some
kind of radiation conditions for three-particle systems. Compared to the lim-
iting absorption principle (see below) radiation conditions-estimates give us
an additional information on the asymptotic behaviour of a quantum system
for large distances or large times. Limiting absorption principle suffices for
a proof of asymptotic completeness in case of two-particle Hamiltonians with
short-range potentials. However, radiation conditions-estimates are crucial in
scattering for long-range potentials (see e.g. [14]), in scattering by unbounded
obstacles [15, 16] and in scattering for anisotropically decreasing potentials
[17]). In the latter paper the role of radiation conditions was also advocated
for three-particle Hamiltonians. Qur proof of radiation conditions-estimates
hinges on the commutator method rather than the integration-by-parts ma-
chinery used in the two-particle case (see e.g. [14]).

Our interpretation of radiation conditions is, of course, different from the
two-particle case. Before discussing their precise form let us introduce the gen-
eralized three-particle Hamiltonians. We consider the self-adjoint Schrédinger
operator H = —A + V(z) in the Hilbert space H = Ly(R?). Suppose that
some finite number aq of subspaces X* of X := R? is given and let 2%, z, be
the orthogonal projections of z € X on X% and X, = X © X, respectively.

We assume that N
0

V() = 3 V*(=%), (1.1)

a=1

where V' are decreasing real functions of variables 2*. We prove asymptotic
completeness under the assumption that V* are short-range functions of z*
but many intermediary results (in particular, radiation conditions-estimates)
are as well true for long-range potentials. Clearly, V*(z®) tends to zero as
|z| — oo outside of any conical neighbourhood of X, and V*(z®) is constant
on planes parallel to X,. Due to this property the structure of the spectrum
of H is much more complicated than in the two-particle case. Operators
H considered here were introduced in [18] and are natural generalizations of
N-particle Hamiltonians. We further assume that

XaNXg={0}, a#5, (1.2)

so that regions where different V* “live” have compact intersection (for po-
tentials of compact support). For the Schrédinger operator this is true only
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SCATTERING THEORY FOR THREE PARTICLES

for the case of three particles. Thus the assumption (1.2) distinguishes the
three-particle problem.

Our proof of asymptotic completeness requires only the “angular part” of
radiation conditions. Let (-,-) be the scalar product in the space €¢ and let
v,

VOu(z) = Vu(z) — 2| X Vu(z), z)z, (1.3)
be the projection of the gradient V on the plane, orthogonal to 2. Denote by
xo the characteristic function of any closed cone I'y such that 'y N X, = {0}
for all @. We prove that the operator

Go = xo(|z| +1)"2v®) (1.4)

is locally (away from thresholds and eigenvalues of H) H-smooth (in the sense
of T. Kato — see e.g. [19]). In neighbourhoods of X, we have only a weaker
result. Namely, let V,_ be the gradient in the variable z, (i.e. V. u is the
orthogonal projection of Vu on X,),

Vu(z) = Vs, u(z) = |za|(Va,u(2), za)za (1.5)

and let yo be the characteristic function of such a closed cone I', that ', N

X = {0} for all B # a. Then the operator
Ga = Xa(|z| +1)7/2 V) (1.6)

is locally H-smooth. A definition of H-smoothness of the operators Gy and
G, can be given either in terms of the resolvent of the operator H or of its
unitary group U(t) = exp(—:iHt). In both versions results are formulated as
certain estimates which we call radiation conditions-estimates.

Our proof in section 3 of H-smoothness of the operators Gy and G, is based
on consideration of the commutator [H, M| := HM — M H, where M is a self-
adjoint first-order differential operator with bounded coefficients. We find
an operator M such that i[H, M] is essentially bounded from below by GjGo
and G G,. Here we take into account that certain terms, those vanishing as
O(|z|7?),p > 1, at infinity, are negligible. This is a consequence of local H-
smoothness of the operator (|z|+1)™",r > 1/2, (limiting absorption principle)
which, in turn, is ensured by the Mourre estimate [20, 21, 22]. We emphasize
that all our considerations are localized in energy.

The H-smoothness of the operators Gy and G, suffices for the proof in
section 4 of existence of suitable wave operators ( both “direct” and “inverse”
with non-trivial identifications which are first-order differential operators. The
sum of these identifications equals M, which allows us to find the asymptotics
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of MU(t)f for large t. Since the limit M* as ¢ — Zoo of the observable
U*(t) M U(t) also exists, this gives the asymptotics of the function U(t)f for
f from the range of the operator M*. Using again the Mourre estimate, we
prove (also in section 4) that actually this range coincides with the whole
absolutely continuous subspace of the Hamiltonian H. Finally, in section 5
we conclude our proof of asymptotic completeness.

2. BASIC NOTIONS OF SCATTERING THEORY

Let us briefly recall some basic definitions of the scattering theory. For a self-
adjoint operator H in a Hilbert space H we introduce the following standard
notation: D(H) is its domain; o(H) is its spectrum; E(Q; H) is the spectral
projection of H corresponding to a Borel set @ C R; H(®)(H) is the absolutely
continuous subspace of H; P(®)(H) is the orthogonal projection on H(*)(H);
H®)(H) is the subspace spanned by all eigenvectors of the operator H; o®)(H)
is the spectrum of the restriction of H on H®P)(H), i.e. 0P (H) is the closure
of the set of all eigenvalues of H. Norms of vectors and operators in different
spaces are denoted by the same symbol || - ||; I is always the identity operator;
B and K are the classes of bounded and compact operators (in different
spaces) respectively; C and ¢ are positive constants whose precise values are
of no importance; “s — lim” means the strong operator limit. Note that

s — Jlim K exp(—iHt)PCI(H) =0, if K € K. (2.1)
—00

Let K be H-bounded operator, acting from H into, possibly, another
Hilbert space H'. It is called H-smooth (in the sense of T. Kato) on a Borel
set  C R if for every f = E(Q; H)f € D(H)

[ 1K exp(—iHt)f|1? dt < C|£|I".

Obviously, BK is H-smooth on 2 if K has this property and B € B.

Let now Hj, j = 1,2, be a couple of self-adjoint operators and let J be
a bounded operator in a Hilbert space H. The wave operator for the pair
H,, Hy and the “identification” J is defined by the relation

W*(Hy, Hy;J) = s —tlizknoo exp(iHat)J exp(—iH;t)PC)(H;) (2.2)
under the assumption that this limit exists. We emphasize that all definitions
and considerations for “ +” and “ — ” are independent of each other. It

suffices to verify existence of the limit (2.2) on some set dense in H. If the
wave operator (2.2) exists, then the intertwining property

Ey(Q)W*(Hy, Hy; J) = W*(Hy, Hy; J)Er() (2.3)
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SCATTERING THEORY FOR THREE PARTICLES

(2 C R is any Borel set and E;(Q) = E;(§; H;)) holds. It follows that the
range R(W*(H,, Hy;J)) of the operator (2.2) is contained in H(®)(Hj) and
its closure is an invariant subspace of Hs. Moreover, if the wave operator is
isometric on some subspace Hj, then the restrictions of H; and Hs on the
subspaces H; and Hy = W*(Hz, Hy; J)H), respectively, are unitarily equiv-
alent. This equivalence is realized by the wave operator. Clearly, for every

fa = W*(Hy, Hy; )i
exp(—iHat)fo ~ Jexp(—iHit)f;, t— oo,

where “ ~ ” means that the difference between left and right sides tends to

zero. In case J = I we omit dependence of wave operators on J. The operator
W*(H,, H}) is obviously isometric on H(%)(H;). The operator W*(Hy, Hy) is
called complete if R(W*(Hy, H;)) = H®)(H,). This is equivalent to existence
of the wave operator W*(Hy, Hy).

We note also the multiplication theorem
W*(Hs, Hy; JJ) = WE(Hs, Hy; J)W*(Hy, Hy; J). (2.4)
More precisely, if both wave operators in the right side exist, then the wave
operator in the left side also exists and the equality (2.4) holds.

We need the following sufficient condition of existence of wave operators.

Proposition 2.1 Let an operator J be Hy-bounded and let its adjoint J* be
Hy-bounded. Suppose that for some N < oo

N
HJ - JH =Y K} K.
n=1

(in the precise sense this should be understood as an equality of sesquilinear
forms on D(H,) x D(Hy)), where the operators K;, are Hj-bounded and are
Hj-smooth on some bounded interval A. Then the wave operators

W=*(H,, Hi; TE((A)), W*(Hy, Hy; T*Es(A))

exist.

Proof for the case J = I can be found e.g. in [19]. For arbitrary J the
proof is practically the same [23]. Unboundedness of 7 is inessential because
real identifications JE;(A) and J*Es(A) are bounded operators. We use
Proposition 2.1 only in the case D(H;) = D(H;) and J = J*.

We consider an operator H = T + V in the Hilbert space H = LQ(Rd)
where T' = —A and V is multiplication by a function V(z) defined by (1.1).
We do not usually distinguish in notation a function and the operator of
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multiplication by this function. Assume that real functions V' are sums of
short-range V;* and long-range V}* terms:

Ve=V2+ Ve (2.5)

We say that a potential V¢ is short-range if V* = 0. It is convenient to split
all conditions on V* into two parts. To formulate them we need to introduce
the operator T* = —A« in the space H* = Ly( X*).

Assumption 2.2 Operators
v+ 0T, (el + VT + DT, (20 + )IVVET + 1)
are compact in the space H*.

Assumption 2.3 For some p > 1 operators
(l2° + DPVXT*+ D7, (12 + 1P IVVE(Te + D)7
are bounded in the space H®*.

Compactness of V(T + I)™! ensures that the operator H is self-adjoint
on the domain D(H) = D(T) =: D and H is semi-bounded from below. Set

U(t) = exp(—:Ht), E()= E(;H).

The condition (1.2) is always assumed. Dimensions d* of the subspaces X*
are arbitrary. In particular, we do not exclude that one of the subspaces X?,
say X, coincides with the whole space X = R?. Thus the (three-particle)
potential V*°(z) tends to zero in all directions.

Assumption 2.2 has a preliminary nature. It is required for the Mourre
estimate. Practically we use only that for 2r = p the operators

((xa)2+1)r/2|v;a|l/2(Ta+I)-l/2 and ((za)2+1)r/2|vvla|1/2(Ta_I_I)—l/2

are bounded in the space H“®. This is a consequence of Assumption 2.3 in
virtue of the Heinz inequality. It follows that considered in the space H the
operators |V2|'/? and |VV;*|"/? admit the representations

Vel = BT + 1)((=*) + 1), BS € B, (2.6)
VY2 = BY(T + 1)) + 1), Bf € B. (2.7)

Let us introduce operators H* = T* +V* 1 < a < a1 := ap— 1, in
the spaces H® playing the role of “two-particle” Hamiltonians. The point
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spectrum of H® consists of eigenvalues accumulating, possibly, at the point
A = 0 only. The set of thresholds T for H is defined as the union

TO = UISaSala(p)(Ha) U {0}'

We need the following basic result (see [20, 21, 22]) of spectral theory of
multiparticle Hamiltonians. It is formulated in terms of the auxiliary operator

d
A= Z(:chj + Dj:l:j), Dj = —iaj, 6j = a/a:l:]
Jj=1

Proposition 2.4 Let Assumption 2.2 hold. Then eigenvalues of H may ac-
cumulate only at Ty so that the “ezceptional” set T = Yo U o®P)(H) is closed
and countable. Furthermore, for every A € R\ T there ezists a small inter-
val Ay O X\ such that the estimate (the Mourre estimate) for the commutator
holds:

W([H, Alu,u) > cllull?, c=e >0, u€ E(A)H. (2.8)

Remark. The quadratic form in the left side of (2.8) defined originally
for v € D(H) N D(A) extends by continuity to all v € D(H). Thus it is
well-defined for u € E(Ay)H.

Let @ be multiplication by (22 + 1)Y/2. Below A is always an arbitrary
bounded interval such that ANY = 0, where A is the closure of A. One of the
main consequences of (2.8) is the following
Proposition 2.5 Let Assumptions 2.2 and 2.8 hold. Then for any r > 1/2
the operator Q" is H-smooth on A.

The proof of this assertion under our assumptions can be found in [17].

Corollary 2.6 The operator H is absolutely continuous on E(A)H. In par-
ticular, 1t does not have any singular continuous spectrum, i.e.

H=HP(H)®H")(H).

Note that Propositions 2.4 and 2.5 hold true also for the two-particle case.
Thus the operator (|z*| + 1)™",r > 1/2, is H*-smooth on any bounded pos-
itive interval separated from the point 0. According to Proposition 2.1 this
implies that for short-range V* the wave operators W*(H<,T) exist and are
complete.

Let us give the precise formulation of the scattering problem for three-
particle Hamiltonians. We introduce auxiliary Hamiltonians H, = T+V?*, 1 <
a < aj, in the space ‘H with only one pair potential each. Since X =
Xq @ X, H splits into a tensor product

Lo(X) = La(Xa) ® Ly(X?). (2.9)
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Let us introduce also the “free” operator T, = —A,, in the space H, =
Ly(X4). In the representation (2.9)
Hy,=T,I+IQ H°. (2.10)

Denote by P* the orthogonal projection in H® on the subspace H®)(H®) and
set Py, = I @ P*. Clearly, the orthogonal projection P, commutes with H,
and its functions. Set also V' = 0,Hy = T, Py = I. Below indice a (and b)
takes all values 0,1, ...,a;. We use notation

Ui(t) = exp(—iH,t), E.(-)= E(-;H,).
The basic result of the scattering theory for three-particle Hamiltonians is
the following
Theorem 2.7 Suppose that functions V* satisfy Assumptions 2.2 and 2.3
and are short-range, i.e. V* = V. Then the wave operators
Wi = W*(H, H,; P,) (2.11)
ezist and are isometric on PyH. The ranges R(WE) of W are mutually or-

thogonal and the asymptotic completeness holds:

S ®R(WE) = H(H). (2.12)

Our assumptions on V* are somewhat larger than those of I. M. Sigal and
A. Soffer [10] or G .M. Graf [11] since we do not require anything about
derivatives of V7.

Scattering theory for the operator H, containing only one pair potential
reduces to that for the two-particle case. Indeed, comparing formula (2.10)

and
Hy=T,@I+IQT°,

we find that

Us(t)Uo(t) = I ® exp(:H*t) exp(—iT“t).
So wave operators W*(H,, Hy) and W*(H®, T*) exist at the same time and

WE(Hg, Hy) = I @ WE(H*, T*).

Since wave operators W*(H®, T*) exist and are complete we have the follow-
ing
Proposition 2.8 In conditions of Theorem 2.7 the wave operators W(H,, Hy)
exist and

R(W*(H,, Ho)) = (I — Pa)H.
In particular, for every f € H and fE = (W*(Hg, Ho))* f
Ua(t)f ~ Uo(t)fi + Ualt)Paf, t— Foo. (2.13)
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We conclude this section with some standard technicalities.
Lemma 2.9 For any r € [0,1] the operator [H,Q")(T + I)~'/? € B.
Proof. — Clearly,

[H,Q"=[T,Q7) = -2Vg,V — Agr, g(z) = (2’ +1)"%.
Since r < 1, functions Vg, and Ag, are bounded. O
Lemma 2.10 Let ¢ € C°(R) and r € [0,1]. Then [¢(H),Q"] € B.
Proof. — Note that
U(#),Q7 = ~i [} UG)H, QU — s)ds.
Thus in virtue of Lemma 2.9
U @), @UIH|+ D)) < Cltl. (214)
For an arbitrary v we have that
[W(H), Q)= [T [U®),QN@)dt, 2mi(t) = [ exp(iM)p(A)dA.
By (2.14), it follows that
[W(H),QUH|+ D2 eB, i [ |tp(t)dt < oo. (2.15)

Finally, let ¥; € Cg°(R) and 1(A) = 1 on support of 3 so that ¥ = ;.
Then

[W(H), Q"] = $(H)[1(H), Q"] + [¥(H), Q"l¢1(H)
and both terms in the right side are bounded in virtue of (2.15). O

Lemma 2.11 For r € [0,1] and arbitrary z ¢ o(H) the operator Q~"(T +
I)(H — 2)7'Q" is bounded.

Proof. — Clearly,
(H-2)7'Q =Q(H -2y — (H—2)"'[H,Q")(H — 2)™!
and, by Lemma 2.9, [H,Q"](H — z)~! € B. Thus it remains to check that
Q(T+DNNQ(T+I)'eB.

To that end we commute T with Q" and remark that the gradient and Lapla-
cian of ¢,(z) = (2% + 1)"/? are bounded. O

Quite similarly we obtain the following result.
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Lemma 2.12 Suppose that a function v obeys the estimate
lo(2)] + [(Vo)(z)| + [(Av)(z)| < C(|z| +1)77, r€[0,1]. (2.16)
Then
(T+Du(T+D)'Q eB, (T+DVwD(T+D'Q eB, j=1,...,d

Combining Lemma 2.11 with Proposition 2.5 we immediately obtain

Proposition 2.13 For every r > 1/2 the operator Q"(T + I) s H-smooth
on A.

Proof. — For any z ¢ o(H)

QT+ DU =(Q (T +I)H - 2)7'Q") QU()(H — 2)f.
Since the first factor in the right side is bounded it suffices to apply the
definition of H-smoothness to the element (H — z)f € E(A)YH. O

In virtue of Lemma 2.12, Proposition 2.13 is more general than Propo-
sition 2.5. Therefore we usually give references below only to Proposition
2.13. Similarly, by Lemma 2.12, Proposition 2.13 ensures H-smoothness of
the operators Q™"D; wherer > 1/2and j =1,...,d.

Of course, all results formulated for the operator H are as well true for Hy
and H,.

3. POSITIVE COMMUTATORS
AND RADIATION CONDITIONS

Our approach relies on consideration of the commutator of H with a first-order
differential operator

d
M =Y (m;D; + Djm;), m;=0m/0z;, (3.1)
j=1
where m is suitably chosen real function. To give an idea of this choice we
note that for m(z) = |z| there is the identity
i[Ho, M] = 4V®||7IVE) Hy=T = -A, (3.2)

which can be deduced e.g. from the formulas (3.3) and (3.13) below. The
arguments of [7] (reproduced in the proof of Theorem 3.5) show that the
identity (3.2) ensures Hy-smoothness of the operator @~/ 2v(). Furthermore,
since [V, M] = O(|z|™?),p > 1,|z| — oo, using Proposition 2.5, we can
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prove smoothness of Q~1/2V(%) with respect to the “two-particle” Hamiltonian
H,, = Hy + V*. However, the functions [V*, M],1 < a < a;, decrease only
as |z|™! at infinity. Actually, one can not expect that the operator Q~1/2Vv(®)
is H-smooth. To prove a weaker result about H-smoothness of the operators
(1.4) and (1.6) the function m(z) should be modified in such a way that
[V, M] = O(|z|*),p > 1 for all a. The last relation holds if m(z) depends
only on the variable z, in some cone where V®(z®) is concentrated. This is
similar to the idea of G. M. Graf applied in [11] in the time-dependent context.

Suppose for a moment that m is an arbitrary smooth function. We start
with the standard calculation of the commutator [Hy, M].

Lemma 3.1 Let an operator M be defined by (3.1). Then
i[Ho, M] = 43 Djmj Dy, — (A’m), mj, = 8°m/0z;0zs. (3.3)
.k

Proof. — Let us consider
(87, M8k = B2mO — miO:D}. (3.4)
Commuting 9; with m; we find that the first term in the right side equals
Bmi0, = 0j(mjk + mi0;)0.
Similarly, the second term
k07 = (mk0)(0k0;) = (—mjk + Ojmi)(0k0;) =
= —(Omjt — mjjx)0k + O;miBk0;, mjjr = 0°m/Bz}Bxy.
Inserting these expressions into (3.4) we obtain that
[Of,mkak] = 20jm;10 — mjjrOk.
It follows that
(83, M8k + O] = [0, mi O] + (07, medi]* =
= 2(9jm;t Bk + Okm;r0;) — MOk + Oernjje =
= 2(8jm;jk0k + Okmjk0;) + myjkk, mjjrk = 0'm/8z30z}.
Summing up these relations in j and k we arrive at (3.3). O

We choose m(z) as a homogeneous function of degree 1. Such functions
have singularities at z = 0. In virtue of Proposition 2.5 values of m(z) in
a bounded domain are inessential. Therefore we can get rid of singularity
of m(z) replacing it in a neighbourhood of z = 0 by an arbitrary smooth
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function. In such a way we obtain C*™-function which satisfies the relation
m(sz) = sm(z) if |z| > ¢ > 0 and s > 1. We say that m is homogeneous
for |z| > ¢. A function m is constructed differently in neighbourhoods of
subspaces X, and in a “free” region, which is separated from all X,. In
order to describe necessary properties of m it is convenient to define a conical
neighbourhood

Lo(e) = {|za]l > (1 —¢)|z]}, €€(0,1), 1<a<a,

of X, \ {0}. For sufficiently small € and ¢ < e these neighbourhoods are
separated from each other, i.e. T'4(¢) NTs(e) = {0} for @« # B. This is a
consequence of the assumption (1.2). Set also

To(e) = {(1 - e)lz[ > |2al, 1< @<}

We always assume that ¢ € (0, €) so that cones I'g(¢) are not empty. Clearly,

T'o(€) gets larger if ¢ decreases but never intersects with X,. More precisely,
Lo(e) NTy(e) = 0 and

JE— ay
Fo(e)U U Ta(e) = X. (3.5)
a=1
Let us subtract from I';(¢) the unit ball, that is we set
P (¢) = Tale) N {le] > 1}.

We submit m(z) to the following requirements:

19 m(z) is a real nonnegative C®-function, which is homogeneous of degree
1 for |z| > 1 and m(z) = 0 for |z| < 1/2.

20 m(z) > 0if |z| = 1.

3% m(z) is a (locally) convex function for |z| > 1, i.e.

zgmjk(x)gja >0, Yeea? |z|>1. (3.6)
Js

4° For every a = 1,...,a; there exist ¢, € (0,€) and po > 0 such that
m(z) = polzel if z €lq (ea). Furthermore, there exist ¢ > max{e,} and
o > 0 such that m(z) = polz| if z o (€0)-

The final property is, strictly speaking, related to the family of functions
satisfying 10 — 49,

59 By a choice of m(z) = m{%)(z) a number ¢ can be made arbitrary small

(i-e. for arbitrary small neighbourhoods of X, one can construct m(z) in such
a way that m(z) = pg|z| for |z| > 1 outside of these neighbourhoods).
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SCATTERING THEORY FOR THREE PARTICLES

Below €, €y and e, are always numbers specified here; in particular, € > €y >
€, a=1,... 0.

Let us give an example of a function m(z) obeying all conditions 19 — 5.
First, we introduce a family of functions m.(z) satisfying all the properties
except smoothness and then average m.(z) over €. Set

me(z) = max{|z1],..., |2a,|, (1 — €)|z]}, O0<e<e

By definition, m¢(z) is a homogeneous function of degree 1. Being maximum
of convex functions, m.(z) is convex, i.e.

me(r1T1 + rozg) < rime(z1) + rame(zq), rj €[0,1], 11+ 7o =1.
Clearly, m¢(z) = |zq4| if z € Ta(€), and me(z) = (1 — €)|z| if z € Ty(e). In
other words,

me(z) = gﬁl |~’va|9(I«’val—(l—e)lxl)+(1—€)I$|(1—§:1 O(|zal-(1-¢)lel)), (3.7)

where 6(s) =1 for s > 0 and 6(s) =0 for s < 0.

Let ¢(g) be some smooth nonnegative function supported in a closed in-
terval [e1, €], 0 < €1 < € < €. Define

m(z) = /(: me(z)p(e)de. (3.8)

Obviously, m(z) is again homogeneous function of degree 1. It satisfies the
property 20 because

mg(z)>1—e>21—¢ >0, |z|=1

Being an integral of convex functions, m(z) is convex. Comparing (3.7) with
(3.8) and denoting

®(s) = [“ple)de, B(s) = [((1 - e)p(e)de,

we find that
m(a) = 3% feal0(1 ~ oIzl +[2l(3(0) - 32 80— o el (39)

Functions ®(s) and <i>(s) are smooth, they equal zero if s > ¢; and they equal
constants ®(0) and &(0), respectively, if s < ¢;. Therefore the function (3.9)
belongs to C®(R?\ {0}),m(z) = ®(0)|za] if z € T4(e1) and m(z) = &(0)|z|
if z € To(€p). Thus the property 4° (with p, = ®(0), €, = €1 and gy = ®(0))
holds. Since € is an arbitrary small number, the property 5° is also fulfilled.
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Finally, one can get rid of local singularity of m(z) at £ = 0 replacing it by
7(z)m(z) where 7 € C*°(R?), 7(z) = 0 for |z| < 1/2 and 7(z) = 1 for |z| > 1.

Actually, the concrete construction of the function m is of no importance
for us and we always use only its properties 1° — 5 listed above. By the
property 1° derivatives m; of m are homogeneous functions of degree 0, m jk

are homogeneous of degree —1 and mjjrx are homoneneous of degree —3.
Therefore

(A¥m)(z) = O(|z|™®), |z| — oo, (3.10)

and the main contribution to the commutator (3.3) is determined by the
operator
L=L(m)= ZDjmjka. (3.11)
ik

To estimate it we first compute the matrix
M(z) = {mjr(z)} = Hess m(z)
in the region where m(z) = pglz|:
mj(z) = pole|'ej, mj(z) = pollz| 6 — |2|Pzjak). (3.12)

Here é;; =1 and 6z = 0 if j # k. By the definition (1.3), the angular part of
the gradient Vu obeys the identity

IVOu? = [Vul? — |2|?(Vu, 2) P = T [uif? — |2| 72| e, f* =
j j
=31 = || 2)lul* — 2| T xjzeujie,  u; = Ou/Oz;.
J itk
According to (3.12) it follows that
S mjrujii = pola|HVu|? (3.13)
gk

In the region where m(z) = pq|zq| all calculations hold true if z is replaced
by z,. Thus we obtain the following

Lemma 3.2 Let V®u and V(zi)u be defined by (1.8), (1.5) respectively and

let Ty (eo),f‘a (ea) be the truncated comes introduced in the condition 4° on
o o

m(z). For z €T (e) the identity (8.13) holds and for x €Ty (€a)

mekujd_lc = ualmal—llv;(c?uF, a=1,..,0. (314)
ik

Note that in case dim X, = 1 both sides of (3.14) equal zero.
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By the condition (3.6) on m(z)
(Lu,u) = %/mjk'uiu“kdm > LZkA‘mijjikdx — c/|z|<l |Vu|2da:,

where T’ is any region lying outside of the unit ball. Combining this inequality
with Lemma 3.2 we obtain

Proposition 3.3 In notation of Lemma 3.2 for every u € D
11 9(), 1240 _ 2
(Lu,u) 2 o /f‘o(co) |z]| = V¥ u|*dz c/|z|<1 |Vu|“dz
and

(Luyu) 2 po o Naa NVEuffde —c [ [Vufde, a=1,.,a1.

It turns out that due to the property 4° the commutator [V, M] is in some
sense small. The precise formulation is given in the following

Proposition 3.4 Suppose that V* is defined by (2.5) where V¥ and V* satisfy
Assumptions 2.2 and 2.3. Let m obey the property 1° and m(z) = m(z,) if

z €l (ga) for some €4 > 0. Then
(Ve Mu,u)| < CI|Q"(T + Dul?>, weD, 2r=np. (3.15)

Proof. — Suppose first that 1 < a < a;. Let us introduce a smooth homoge-
neous (for |z| > 2) function (, of degree zero such that 0 < (a(z) < 1, (o(z) =

lifz géf‘o, () and (a(z) = 0 if = € Ty(ce) for some € € (0,eq) and |z| > 2.
The long-range part of V' is differentiable so that

d d
i(Vi*, M] = 2[V}*, Zl m;0)] = =2}, m;0V*/0z; = =2(Vm(z), VV{*(z*)).
j= j=

This scalar product equals zero for z 619‘,, (€4) because m depends only on
z, in this region and, consequently, Vm(z) € X, whereas VV,* € X“. Since
|Vm(z)| is bounded, it follows that

[(Vm(z), VV*(z°)| < Cla(z)|IVVI*(z)|Ca(z). (3.16)
Using the representation (2.7) we find that
(Vi Mu, )| < CI(T + D)Pwaull?,  wa(z) = (%) +1)77*Ca(2)-

The function w,(z) obeys the condition (2.16) because (4(z) = 0 if 2 € T'y(¢)
and |z| > 2. Therefore, taking into account Lemma 2.12, we obtain the bound
(3.15) for V™.
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To consider [V;*, M] we use again that the function (,(z) differs from 1

only if z €l (€a)- In this region the function m does not depend on z“. It
follows that the operator

oM = 204(Ve,m)Vye, + na(Az,m), no(z)=1-— Cf,(:c),

commutes with V2 and hence [V* M] = [V®,¢2M]. Simple computations
show that

d

[V, aM] =2 2 (Vi'baiDi =DV e =iV’ 080/ 027), Lo = ¢am;. (3.17)
]:

Note that the functions m; are bounded together with their derivatives and

€aj = 0if z € Tq(e) and |z| > 2. In virtue of the representation (2.6) for

|V&|Y2 the last term in (3.17) is estimated exactly as the right side of (3.16).
Similarly,

|(Ve*€a Dy, w)| < CI(T + D) *waDjul] (T + 1) *waul],

which is estimated by the right side of (3.15) according to Lemma 2.12. In
the case a = o the estimates are the same but the cut-off by (, is no longer
necessary. O

Given Propositions 3.3 and 3.4 the proof of the main result of this section
is quite standard. We formulate it only for the operator H since Hy and H,
are its special cases.

Theorem 3.5 Suppose that V are defined by (2.5) where V& and V)™ satisfy
Assumptions 2.2 and 2.3. Let x4(¢;-), a =0,1,...,a1, be the characteristic
function of a cone I'y(e), where € € (0,€) is arbitrary. Then the operators

Go(e) = xo(€)@™/2VY,  Gale) = xa(e)Q™*VLY,

acting from the space Ly(R?) into the vector-spaces Ly(R?)@C? and Ly(RY)®
@%,d, = dim X,, respectively, are H-smooth on arbitrary bounded interval
AANT =0.
Proof. — Let us consider

dMU(®)f,U@)f)/dt = i((H, M)fy f), (3.18)
where f, = U(t)f, f € D. By (3.3), (3.11)

z([H, M]fi, ft) = 4(Lft, ft) - ((A2m)ft, ft) + 2([V, M]ft) ft)

Taking into account (3.10) and applying Propositions 3.3, 3.4 to elements
u = f; we find that (under the assumption p < 3)

i((H, Mfi, f) 2 elllGa(ea) fil* = 2 @(T+ DA, 2r=p,  (3.19)
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for any a = 0,1,...,a;. Here we have omitted |Q~"f;||> and the integral of
|V £:|? over the unit ball because they are estimated by the last term in the
right side of (3.19). Integrating (3.18), (3.19) over ¢t € (¢1,t2) we obtain that

2 IG e filld < €M £ 1+ [T1Q7(T + DfilPde).  (3.20)

Suppose now that f = E(A)f. Then the first term in the right side of (3.20)
is bounded by C||f||? because ME(A) € B for bounded A. The second term
admits the same estimate according to Proposition 2.13. It follows that the
integral in the left side of (3.20) is bounded by C||f||* so that each of the
operators G,(€,) is H-smooth on A. By the property 5° of the function m(z)
a number ¢ can be arbitrary small. This concludes the proof of H-smoothness
of Gy(¢) for arbitrary € > 0. Since

|VEu| < |V, (3.21)

H-smoothness of G,(¢) for arbitrary € € (0,¢€) is now a consequence of that
fact for some ¢ > 0. O

Remark. Let us give for completeness a proof of (3.21). We can assume
that u is real. By definitions (1.3), (1.5) the estimate (3.21) is equivalent to
the bound

[al? + [2[721(, 2)* < € + eal 2 I(Eas za) (3.22)

where ¢ (£ = Vu) is an arbitrary vector of X and &, (éa = Vg, u) is the or-
thogonal projection of £ on X,. It suffices to prove (3.22) with |({, z)| replaced
by |(€a, za)| + |€*||2%|. By identical transformations such an estimate can be
reduced to the obvious inequality

2|zal?|(€as 2a)1€°112°] S [{€a, za) Pl + |zal €%

Remark. By (3.21), Theorem 3.5 gives us more information about U(t)f
in the “free” region I'y compared to that in the regions I'y where potentials
V@ are concentrated.

Remark. The notion of H-smoothness can be equivalently reformulated
in terms of the resolvent of H. Thus radiation conditions-estimates given by
Theorem 3.5 also admit a stationary formulation.

Remark. In the two-particle case (where H = T 4+ V) the result of Theo-
rem 3.5 reduces to H-smoothness of the operator Q~1/2V(®) on any bounded
positive interval separated from the point 0. This is different from the usual
form of the radiation condition (see e.g. [14]). First, we consider only the
angular part of VU(t)f. Second, the estimate of [14] implies that

1@ VU (#) f|[*dt < oo, (3.23)
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Here r is some number smaller than 1/2 whereas we require that r = 1/2
which is less informative. On the other hand, in (3.23) f should belong to
some dense (in H) set whereas our estimate is uniform for all f € H.

Note, finally, that in [24] a radiation condition for N-particle case was
derived in the free region I'y. From the viewpoint of the previous remark the
result of [24] is similar to the two-particle radiation condition and thus it differs
from Theorem 3.5. Results of [24] can probably be used (see the discussion at
the beginning of the next section) for a proof of asymptotic completeness in
the three-particle case. However, an information about U(t)f in a free region
only is not sufficient for the case of N > 3 particles.

4. MODIFIED WAVE OPERATORS

In order to explain an idea of the subsequent proof of asymptotic completeness
let us recall that, as remarked by P. Deift and B. Simon [25], it is equivalent to
existence of wave operators W*(H,, H; J(“)), a=0,1,...,a;. Here identifi-
cations J(® are multiplications by smooth homogeneous functions 7(®) of zero
order such that 3" 7(®(z) = 1. Furthermore, 7(®)(z) = 1 in a neighbourhood
T, of the subspace X, and 7(®(z) = 1 if « is sufficiently far from all of them.
The main contribution to the “perturbation” HJ® — J@H, is given by the
term V@V, which equals V79V because (Vy(*)(z),z) = 0. Remark also
that Vn(®)(z) decays as |z|~! at infinity and differs from zero in a free region
[y only. Therefore convergence of the integral (cf. with the last remark in
section 3)

[ 1@ VOU @) f|?dt < oo
for some r < 1/2 and for elements f from some set dense in H would have

been sufficient (see [17] for more details about such a plan of the proof) for
existence of the wave operators W*(H,, H; J(@).

The result of Theorem 3.5 allows us to accomodate the terms G;G, which
are similar to V9@V but are second-order differential operators. Thus
we are compelled to change the identifications J(*. We choose new iden-
tifications as first-order differential operators M(® constructed by means of
functions n®m. Coefficients of M(® equal zero outside of a region I', and
¥ M(®) = M. We emphasize that our proof of existence of the wave operators
W*(H,, H; M E(A)) requires H-smoothness of all operators G, (not only of
Gy). To remove the identifications M(®) we introduce also the auxiliary wave
operator W*(H, H; ME(A)). At the end of this section we show that this
operator is invertible on the subspace E(A)H. As was explained in section 1,
this is an essential step in our proof of asymptotic completeness.
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Let us proceed to the formal exposition. We start with the following ele-
mentary observation.

Lemma 4.1 Suppose that m(z) is an arbitrary smooth homogeneous (for
|z| > 1) function of degree 1. Let A\,(z) and p,(z) be eigenvalues and eigenvec-
tors of the symmetric matriz M(z) = {mjr(z)}. Then vectors pa(z),|z| > 1,
corresponding to \,(z) # 0, are orthogonal to z.

Proof. — Since M(z) is symmetric, it suffices to show that z is its eigenvector
corresponding to the zero eigenvalue. Differentiating the identity m(sz) =
sm(z) in s and setting s = 1 we find that

2 mj(z)z; = m(z)
(Euler’s formula). Differentiation of this relation in z; shows that

Y mpj(z)z; =0, k=1,...,d
J

Thus M(z)z =0. O

Let some function m satisfying conditions 1° — 4° be given and let ¢y =
mine,, @ = 1,...,a1. We introduce homogeneous functions n(® € C®(R? \
{0}) of degree 0, a = 1,...,a;, such that supp 5(® C T,(e) (and hence
supports of 5@ for different o intersect only at zero) and 5®)(z) = 1 if
z € T'a(ey) - The function

1O() =1 21 1) (4.1)

equals zero if £ ¢ Ty(eo) and nO(z) = 1 if ¢ € To(e). Set m®(z) =
79 (z)m(z), a =0,1,...,0a1, and

d
M = Z%(mg'a)Dj +Dym®), m® = om/dq;. (4.2)
]=

Clearly, m(®)(z) satisfies the properties 1° and 4° (with u{® = 4, and p,(,a) =0
for b # a) but the properties 2° and 3° are violated.

Theorem 4.2 Suppose that functions V satisfy the assumptions of Theorem
2.7 and A is any bounded interval such that ANY = 0. Then the wave
operators

W2E(H, Hy; MO E,(A)), W*(H,, H; M@ E(A)), (4.3)

exist for alla =0,1,...,q;.
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Proof. — We shall show that the triple H,, H, M(®) satisfies on A the conditions
of Proposition 2.1. Let us consider

HM® - M@H, = [T, M@]4[V¢, M@+ ¥ VAM©@, B=1,..., a9, (4.4)
pFa

V% = 0. We shall verify that each term in the right side can be factored
into a product of H- and H,-smooth operators. We start with the last two
terms which can be estimated with the help of Proposition 2.13 only. The
commutator [V, M(%)] was actually already considered in Proposition 3.4. Its
assumptions are fulfilled because the function m(® satisfies the property 1°
and m®(z) = py|za| if = €lq (€a). The estimate (3.15) is equivalent to the
representation

[V, M®) =(T + NQ"BWQ"(T+1I), 2r=p, B es,

where Q~"(T + I) is H- and H,-smooth on A in virtue of Proposition 2.13.

We need short-range assumption on potentials only to treat VAM(®), 8 + a.
Suppose first that 3 # ag. Recall that m(9(z) = 0 if ¢ € T's(eg). Therefore
mg-a)(z) = mga)(m)cg(a:) and m_(,‘;)(a:) = mﬁ?(m)(ﬁ(m) for suitable (5 € C®°(R?),
homogeneous (for |z| > 1) of degree 0, such that (s(z) = 0 if = 612‘/3 (g) for

some € € (0, eg). By (2.6), (4.2) the operator VAM(®) consists of terms
VPm{D; = wp(T + I)V*B*PN(T + I)"/*wsD;

and
VPmlY = wy(T + DV2BGP(T + 1)y,

where y =1,...,d,
= ((£P)? 4+ 1)"/2 9% = B cp B@Acp
wp(z) = ((2")" +1)7""Cp(2), 2r=p, B;j" €B, By €B.

The function wg(z) obeys the condition (2.16). Therefore, by Lemma 2.12,
each of these terms equals (T+I)Q~"BQ~"(T+I) with some bounded operator
B. This proves the required factorization of VZM(® into a product of smooth
operators. In case # = o the estimates are the same but the cut-off by (s is
no longer necessary.

Let us consider the first term in the right side of (4.4). According to Lemma
3.1 the commutator [T, M(9)] is defined by (3.3) with m replaced by m(®). Since
m(® is a homogeneous function of degree 1 the term (A?m(®)(z) = O(|z|%)
as |z| — co. Hence A?m(® = Q=3/2B(® Q=32 where B® is multiplication by
a bounded function and Q~3/2 is H- and H,-smooth by Proposition 2.5.
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To estimate the operator L(® = L(m(®) defined by (3.11) we need Theo-
rem 3.5. Its application relies on Lemma 4.1. Let A(®)(z) and p{®(z), n =
1,...,d, be ei%envalues and normalized eigenvectors of the symmetric matrix
M©)(z) = {mj,?(x)} Clearly, \(*)(z) are homogeneous (for |z| > 1) functions
of order —1 and p{®)(z) - of order 0. Diagonalizing the matrix M(® we find
that

(L9,0) = [, 3 mi(2) Deu(e)Djo(z)ds =
Js
= e SA(@)(Vu(2), o) (p(), Vo(e))dz = (K{7u, K7 v)u,
where
(Ku)(2) = o d@)(Vu(a), $@)p(e), j=1,2,  (45)

@) = NO@I, rd@mie) = X))

and H = Ly(R?)®T?. Let x be the characteristic function of the ball |z| < 1
and x=1 — x. Since
(K5 u)(2)] < CIVu(=))

H- and H,-smoothness of the operators xKJ(-a) is ensured by Proposition 2.13.

To treat the operators X Kj(a) we notice that, by the definition (1.3) and
Lemma 4.1,

(Vu(e), pO(z)) = (VOu(z), p(2)), |z] > 1,
if A(@(z) # 0. It follows that
I(EPu)(z)| < Cle| 2| VOu(z)|, |e|21, C= sup Y ul(z).  (4.6)
zl=1 n

Set 5’(‘, (€) =X Xa(€) where x,(€) is the characteristic function of the cone

Ta(e). By (4.6),
9 a
(X0 ()K" u)(z)| < CI(Go(e)u)(2)]

so that the local H- and H,-smoothness of the operators Xo (e)K ](-a) for arbi-
trary € > 0 is a consequence of Theorem 3.5. Since M()(z) = 0 if 2 ¢ Tp(e)
we have that K](O) = XO(EO)K](-O). Thus the operators X KJ(O) are H- and H,-
smooth. In case a = a we have that M(®(z) = 0 if 2 € T's(¢), # @, and
hence, by (3.5) ,

K = xo(e) K\ + xa(e)KS™, Ve € (0€).
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Consequently, in order to obtain H-and H,-smoothness of ¥ I{](a) we must
additionally consider only X, (E)K](-") for any ¢ > 0. Note that m(®(z) =
m(z) = polza| if = €Ty (€a). In virtue of (3.14) for such z

(K u)(2) = pf e (VEDu)(2)
(in this case all eigenvalues of M(®)(z), except zero, equal Kalzal™!) so that
(X (O)K{u)(2)] < ClGaleu)(@)], & < ea

Therefore the H- and H,-smoothness of the operators ia (e)K](a) is ensured
again by Theorem 3.5. This concludes the proof of the required factorization
of the right side of (4.4) into a product of H- and H,-smooth operators.0

Let us now introduce the observable
M* = Mi(A) = W*(H, H; ME(A)). (4.7)

Existence of these wave operators can be verified similarly to Theorem 4.2.
Actually, let us consider

HM — MH = [T, M] + ¥[V®, M].

The main contribution to [T, M] is determined by the operator L = K} Kj,
where K; are constructed by the formulas (4.5) in terms of eigenvalues A,(z)
and eigenvectors p,(z) of the matrix M(z). For any ¢ > 0 H-smoothness of
the operators Xo (¢)K; is ensured by H-smoothness of the operator Gy(¢).
Similarly, H-smoothness of X (€a)Kj is ensured by H-smoothness of Gq(€q).
Remaining terms in [T, M| are estimated by Proposition 2.13. Finally, we
apply Proposition 3.4 to the commutators [V®, M]. Note that potentials V'
may contain long-range parts since the short-range assumption was used in
Theorem 4.2 only for the estimate of the term VM@, 3 # a, which is absent
now. Thus we have

Proposition 4.3 Let M be the same operator as in section 3. Suppose that
functions (2.5) satisfy Assumptions 2.2 and 2.8. Then the wave operators
(4.7) exist.

The operator M*(A) is, clearly, self-adjoint, bounded and commutes with
H. Our goal is to show that it is invertible on the subspace E(A)H. In fact,
we shall see that £M*(A) is positively definite.

Let us give a classical interpretation of this assertion for a particle (of
mass 1/2) in an external field. In this case the observable U*(t)MU(t) cor-
responds, in the Heisenberg picture of motion, to the projection M(t) =
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lz(t)|71(€(t), z(t)) of the momentum £(t) of a particle on a vector z(t) of its
position. For positive energies A and large ¢ we have that £(¢) ~ £4,62 = ),
and z(t) ~ 2£4t + z4. Therefore M(t) tends to £A/2 as t — Foo.

We shall consider U(t) on elements f = ¢(H)g where ¢ € C§°(A) and
g € D(Q). Clearly, for different ¢ and g such elements are dense in E(A)H. By
Lemma 2.10 applied to 1(A) = exp(—iAt)p(A), we have that U(t)f € D(Q).
Thus mU(t)f are well defined.

Let f; = U(t)f and h, = U(t)h where h € H is arbitrary. Integrating the
identity

d(mf, h)/dt = i([H,m]f;, h) = i([T,m] fi, he) = (M f;, hye),
we find that

(mfosh) = (mf,h) + [[(Mfu, he)ds. (4.8)
According to Proposition 4.3
(M f5, hs) — (M=, )] < e(s)||R]l, (4.9)

where €(s) does not depend on A and tends to zero as s — *oo. Comparing
(4.8) and (4.9) we obtain

Lemma 4.4 Let f = p(H)g where p € C§°(A) and g € D(Q). Then
U*(t)mU(t)f =t ME(A)f + o(Jt]), t— Foo.
Since m > 0, Lemma 4.4 implies that
£(M*f, f) = lim [ (mfi f) 2 0.

The inequality £(M*f, f) > 0 established on the dense set extends by conti-
nuity to the whole space E(A)H. Thus we have
Corollary 4.5 The operator M*(A) > 0.

To prove that +M#% is positively definite we use Proposition 2.4. In virtue
of the identity i[H, Q%] = 24, it follows from (2.8) that

2_1d2(Q2ft, ft)/dt2 = d(Aft, ft)/dt = (Z[H> A]fta ft) 2 c ”f“2,
f=¢(H)g, ¢€Cr(A), g€DQ)

Integrating twice this inequality we find that for sufficiently large |¢|

|Qfl = clt] I £l (4.10)
On the other hand, according to Lemma 4.4
Im fell = 1M* £ [t] + o(J2])- (4.11)
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By property 2°, m(z) > mg|z|, mo > 0, |z| > 1, so that
QAN < 211 £ll* + mg*|lmfil|*.
Thus comparing (4.10) with (4.11) we obtain the inequality
M= £ 2 el £]l, (4.12)

where f = @(H)g, g € D(Q), ¢ € C{°(Ay) and ¢ = c¢). This inequality is,
of course, true for all f € E(A\YH. The compact set A is covered by finite
number of intervals A). Since M* commutes with E(-), it follows that (4.12)
extends to all f € E(A)H. Considering now Corollary 4.5 we obtain

Proposition 4.6 Under the assumptions of Proposition 4.3 for every f €
E(AH

H(M*(M)f, f) 2 c|lfI’, e=¢(A)>0.
Corollary 4.7 In the space E(AYH the kernel of M*(A) is trivial and its

range

R(M*(A)) = E(AYH.

5. EXISTENCE AND COMPLETENESS
OF WAVE OPERATORS

In this section we give the proof of Theorem 2.7. Its difficult part is, of course,
asymptotic completeness. Actually, the relation (2.12) can be reformulated in
basically equivalent form without wave operators (2.11). We start with the
proof of this form of asymptotic completeness called asymptotic clustering in
[10]. Let, as always, A be a bounded interval such that ANY = 0 and let M
and M(® be defined by (3.1) and (4.2), respectively. According to (4.1)
SMIP =M, 0<a<a. (5.1)
a
Theorem 5.1 Under the assumptions of Theorem 2.7 for every f = E(A)f
there exist elements ff such that

U@)f ~ S Ua(t)fE, t— oo. (5.2)

Proof. — By Corollary 4.7, every f € E(AYH admits the representation f =
M=E(A)f*, f* € E(A)YH, so that the asymptotic relation

U(t)f ~ MU(t)f*, t— too, (5.3)
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holds. On the other hand, Theorem 4.2 ensures that for every a = 0,1,...,a;
MOU@)f* ~ Us(t)fE, t — oo, (5.4)

where

f& = W*(Hao, H; MOE(A)) f*.
Summing up the relations (5.4) and taking into account (5.1) we find that

MU($)f* ~ ZUa(t)fs, t— oo

Comparing it with (5.3) we arrive at (5.2). O

To complete the proof of Theorem 2.7 we need to establish existence of
wave operators (2.11). Note that in the proof of Theorem 5.1 we have used
only existence of the second set of wave operators (4.3). Now we rely on
existence of W*(H, H,; MW E,(A)). Since elements f = E,(A)f are dense in
the space H = H(%)(H,), this is equivalent to existence of the wave operators

W=*(H, Hy; MY (H, +i)71).

Here —: can, of course, be replaced by an arbitrary regular point of H,.
Some minor technical complications below are related to unboundedness of
the operators M (%, We start with some simple auxiliary assertions.

Lemma 5.2 Let V(T* + I)™! be compact in H*. Then
s — lim VUp(t)(Ho +1)' = 0.
ft]—o0

Proof. — In terms of the tensor product (2.9)
VeUp(t)(T* + I)™ = exp(—iTat) ® V*(T* 4 I) ! exp(—iT°t).

According to (2.1), the second factor in the right side converges strongly to
zero. Therefore the tensor product also tends strongly to zero. It remains to
remark that (Ty + I)(Ho +1)~! is bounded. O

Lemma 5.3 Let a = 1,...,a;. Suppose that (, i3 a bounded function such
that (o(z) =0 if £ € Ty(e) for some € > 0. Then

s = Jim CUa(t)Pa=0, (5.5)

s — ltllim CaVUy(t)Py(Hy + 1)1 = 0. (5.6)
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Proof. — It suffices to check (5.5) on elements f = g ® ¥, where ¥* is an
eigenvector of the operator H*, H** = A*®, ¢ is an arbitrary element of
H, and the tensor product is defined by (2.9). Linear combinations of such
elements f are dense in the space P,H. According to (2.10)

Ua(t)f = exp(—i(Ta + A%))g ® »° (5.7)
so that
1CaUa(t)fIl = || ¥a exp(—iTut)g||n,, (5.8)

where
Vo(ea) = [, Kalza, o)W (=) e < C [

¢ = c¢(e) > 0, by our assumptions on (,. It follows that ¥,(zs) — 0 as
|| — oo and hence the operator ¥,(T, + I)~! is compact in the space H,.
Therefore (5.8) tends to zero in virtue of (2.1).

Let us split the vector equality (5.6) into two parts corresponding to V,,
and V.« (instead of V). The operator V,, commutes with U,(t)P, and
V., (Hs+1)7! € B. So the part of (5.6) for V,,_ is a consequence of (5.5). To
verify the same for V,« we remark that

[$%(2®)[Pdz",

*>clzal

Vo Ua(t) Pa(Ha + )7 | < (Voo (Ha + 1) 7| < 00

because (H, + )~' commutes with U,(t)Py and Vz«(Hs +:)~! € B. Hence
it suffices again to consider this limit on elements f = g ® 1. In this case
(Ho +9)"1f = § @ 9%, where § = (To + A\* +¢)"1g € H,. Thus, by (5.7),

€aV2aUa(t)Pa(Ho + 1) f = Caexp(—i(Ta + A*))§ ® Viath®.

Since Vza9® € H*®@@ %, this term can be estimated quite similarly to (5.8).0
Corollary 5.4 For everya=1,...,a; and b # «

s— |tl|im MOUL(t)Po(Hy + )" = 0. (5.9)

Proof. — According to (4.2)
iM® = V)WV + Am®), (5.10)

where, by the construction of m(®), the zero-degree homogeneous function
Vm(® vanishes in the cone I'y(€,). The contribution to (5.9) of the first term in
the right side of (5.10) tends to zero in virtue of (5.6). The term (Am®)U,(¢)
converges strongly to zero because (Am®)(z) — 0 as |z| > c0. D

Now we are able to prove
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Lemma 5.5 The wave operators
W*(H, Hy; MO(H, +4)71) (5.11)
ezist for all a,b=0,1,..., 0.
Proof. — According to Theorem 4.2 it suffices to consider the case a # b only.
Let first @ = 0 and b = 8 # 0. By the multiplication theorem (2.4), the wave
operator
W*(H, Hy; MP)(Hg +1)™') = W*(H, Hg; MY (Hg + 1) YW*(Hp, Ho)

exists. Here we have taken into account that the wave operators in the right
side exist in virtue of Theorem 4.2 and Proposition 2.8. Therefore in order to
establish existence of W*(H, Ho; M(P)(Hy 4 1)~!) it remains to verify that

5 — ltllim MO ((Hg + )™ — (Hy +3)"HUs(t) = 0. (5.12)

In virtue of the resolvent identity this is a direct consequence of Lemma 5.2.

In case @ = @ # 0 and b # a we proceed from the relation (2.13). Let us
apply to it the bounded operator M®)(H, + 1)~!. In virtue of Corollary 5.4
it follows that

MOH, + i) U, (t)f ~ MO(H, + ) WUo(8) fE, t — too.

Furthermore, according to Lemma 5.2, we can replace (cf. with (5.12)) the
operator (H, 44)~! in the right side by (Ho+7)~!. Therefore the existence of
the wave operators (5.11) for a # 0 is ensured by their existence for a = 0.0

Corollary 5.6 The wave operators W(H, Hy; M(H,+1)™") ezist for all a =
0,1,...,a;.

Proof. - It suffices to “sum up” the wave operators (5.11) over all b =
0,1,...,a; and to take into account the relation (5.1). O

Now we can get rid of the identification M.
Proposition 5.7 The wave operators WE(H, H,) exist for alla = 0,1,...,a;.
Proof. - By Proposition 4.3 there exists

MZ(A) = WE(H,, Hy; ME4(A
a (

(here it is sufficient to assume that an interval A is bounded, 0 ¢ A and
o®(HYN A = 0 if a = a). By Corollary 4.7, E,(AYH = R(MZ(A)) so that
for every f € E(A)YH

Ua(t)f ~ MUa(t)f;t’ t— doo, f= AI;E(A)f;t, ff € Ea(A)H

Thus Corollary 5.6 ensures existence of W*(H, H,; E,(A)) and hence of W*(H,
H,).O

Since P, commutes with U,(t), we have
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Corollary 5.8 The wave operators (2.11) ezist and are isometric on P,/H.

In order to check that the ranges of the operators (2.11) are orthogonal,
we shall show that

tliinoo(U“(t)P"f“’Ub(t)beb) =0, a#b (5.13)

If b= 0 (so that P, = I) and a = a, then, by Proposition 2.8, the limit (5.13)
exists and equals

(Pafa’ Wi(Ha, Ho)fo) = 0
Let now b = B and a = a # B. The relation (5.5) implies that

Ua()Pafa ~ Xa(€)Ua(t)Pafa, [t| =00, a=1,...,a,

where Xq(€) is the characteristic function of the cone T'y(¢) and € € (0,1) is
arbitrary. So it remains to recall that x,(¢)xg(¢) =0if a # fand € < e.

Let us finally verify the relation (2.12). According to (5.2) and (2.13) for
every f € E(A)H and some elements fif, f£ the representation

~ ay
Ut)f ~ Us(t)ff + X Ua(t)Pafy, t— oo,
a=1
holds. Since the wave operators (2.11) exist, it follows that
F=WERE+ X WEsE

and hence f belongs to the left side of (2.12). Considering that linear combi-
nations of elements f = E(A)f for all admissible A are dense in H(*9)(H), we

conclude the proof of Theorem 2.7.
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