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Ergodic Actions of Compact Matrix
Pseudogroups on C*-algebras

Florin P. Boca

Dedicated to Professor Masamichi Takesaks
on the ocasion of his 60th birthday

Let G be a compact group acting on a unital C*-algebra M. The action is said to
be ergodic if the fixed point algebra M reduces to scalars. The first breakthrough in
the study of such actions was the finiteness theorem of Hgegh-Krohn, Landstad and
Stgrmer [HLS]. They proved that the multiplicity of each 7 € G in M is at most dim(~)
and the unique G-invariant state on M is necessarily a trace. When combined with
Landstad’s result [L] that finite-dimensionality for the spectral subspaces of actions of
compact groups implies that the crossed product is a type I C*-algebra (and in fact, as
pointed out in [Wal] is a direct sum of algebras of compact operators), the finiteness
theorem shows that the crossed product of a unital C*-algebra by an ergodic action of
a compact group is necessarily equal to @;K(H;).

The study of such actions was essentialy pushed forward by Wassermann. He devel-
oped an outstanding machinery based on the notion of multiplicity maps, establishing
a remarkable connection with the equivariant K-theory. This approach allowed him to
prove, among other important things, the strong negative result that SU(2) cannot act
ergodically on the hyperfinite II; factor [Wa3].

The aim of this note is to study ergodic actions of Woronowicz’s compact matrix
pseudogroups on unital C*-algebras, extending some of the previous results. In this
insight we prove in §1 the analogue of the finiteness theorem. More precisely, if G =
(A,u) is a compact matrix pseudogroup acting ergodically on a unital C*-algebra by
a coaction ¢ : M — M ® A such that o(M)(1pm ® A) is dense in M ® A, then
there is a decomposition of the *-algebra of o-finite elements into isotypic subspaces
Mo = @,5Ma, orthogonal with respect to the scalar product induced on M by the
unique o-invariant state w. Moreover, the spectral subspaces M,, are finite dimensional
and dim(M,) < M2, M, being the quantum dimension of a € G. If the Haar measure
is faithful on A, then M, is dense in the GNS Hilbert space H,,.

Although w is not in general a trace, we prove the existence of a multiplicative
linear map © : My — M, such that w(zy) = w(O(y)z) for all z € M,y € M, and
O is a scalar multiple of the modular operator F, when restricted to each irreducible
o-invariant subspace of the spectral subspace M.

The crossed products by such coactions are studied in §2 where we prove, using
the Takesaki-Takai type duality theorem of Baaj and Skandalis [BS], that they are
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isomorphic all the time to a direct sum of C*-algebras of compact operators. As a
corollary, if a compact matrix pseudogroup with underlying nuclear C*-algebra acts
ergodically on a unital C*-algebra M, then M follows nuclear.

We are grateful to Masamichi Takesaki for discussions on [BS] and [Wor], to Gabriel
Nagy for valuable discussions on this paper and related topics and to the referee for
his pertinent considerations. Our thanks go to Magnus Landstad for his remarks on
a preliminary draft of this paper. After a discussion with him, I realized that the
dimension of the spectral subspace of  is bounded by M2, improving a previous rougher
estimation.

§1. The isotypic decomposition and finiteness of multiplicities for ergodic
actions

We start with a couple of definitions.

Definition 1 ([BS]) A coaction of a unital Hopf C*-algebra (A, A4) on a unital C*-
algebra M is a unital one-to-one *-homomorphism o : M — M®A (the tensor product
will be all the time the minimal C*-one) that makes the following diagram commutative

M S  MeA
o1 , T idp ® A
MoA Z% MeapA

A C*-algebra M with a coaction o of (A,A4) is called an A-algebra if o is one-to-
one and o(M)(1pm ® A) is dense in M Q A.

Definition 2 The fized points of the coaction o : M — M @ A are the elements of
M ={z € M|o(z) =z®1a}. The coaction o is called ergodic if M° = Cl .

We denote by M* the set of continuous linear functionals on M.

Definition 3 ¢ € M* is called o-invariant if
(@ ¥)(o(x)) = (¢ @ ¥)(z ® 14) = P(14)d(z) for all ) € A*.

Let G = (A,u) be a compact matrix pseudogroup group with comultiplication
Ay:A— AQ® A, smooth structure A and coinverse & : 4 — A (cf [Wor]). Then A* is
an algebra with respect to the convolution ¢*9 = (¢Q®v)A4, ¢,9 € A* and there exists
a unique state h on A, called the Haar measure of G, so that ¢ *x h = h* ¢ = ¢(14)h
for all ¢ € A*. Let M be a unital C*-algebra which is an A-algebra via the coaction
0: M — M® A and consider § = (idp ® h)o.
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ERGODIC ACTIONS OF COMPACT MATRIX PSEUDOGROUPS

Lemma 4 i) 0(z) € M for all z € M. Moreover 0 is a conditional expectation from
M onto M°.

i) If o is ergodic, then 0(z) = w(x)lpm and w is the only o-invariant state on M.

Proof. 1) Note that

o(6(z)) = o((idm @ h)(o(z)) = (o ® h)(o(z))
= (idp Q@ idy @ h)(0 @ id4)(0(x))
= (1dm ® (3da @ h)A4)(o(z)), z € M.

Since (td4 ® h)(Aa(a)) = h xa = h(a)l,, a € A ([Wor, 4.2]), we obtain further :

(1 ® ) ((idm ® (ida ® h)A4)(y ® a))

= (1 ® ¥2)(y ® (ida ® h)(Aa(a)))

(Y1 ® ¥2)(y ® h(a)14) = P1(y)2(14)h(a)
(1 ® ¥2)((1dpm ® h)(y ® a) ® 14),

for all y € M,a € A,¢p; € M*,p, € A*. Therefore for z € M,p; € M*, 4, € A*

we have :

(%1 ® $2)(0(0(2)) = (¥1 ® 2)((idm ® h)o(e) @ 14) = (¥1 ® ¢2)(6(2) ® 14)

and consequently o(6(z)) = 0(z) ® 14 for all £ € M. 6 is a norm one projection
since

8(z) = (idp ® h)(0(2)) = (idu @ W)z ®1) =2, T € M.

ii) Let ¢ € A*. Then we get for all z € M :

(W@ Y)(o(z)) = ((idm @ h)o @ ¥)(o(z))

(idm ® P)((idpm ® h)o @ id4)(o(z))

(tdm @ P)(1dm ® h @ 1d4)((0 ® idg)o(z))
(idpm ® ¥)(idpm ® (h ® ida)As)(o(z))

= ¢(La)(idm @ h)(0(2)) = P(1a)w(2),

therefore w is a o-invariant state on M. Finally, assume that ¢ is a o-invariant state

on M. Then for all z € M :
¢(z) = (¢ ® h)(a(z)) = ¢((idp ® h)(0(2))) = ¢(6(2)) = $(w(z)lm) = w(z). O

Remarks. 1). The proof of the previous statement doesn’t use the faithfulness of
o but only the equality (o @ idy)o = (idpy ® Aa)o.

2). Since the tensor product of two faithful completely positive maps is still faithful
[T], it follows that if o is one-to-one and h is faithful on A, then w is a faithful state on

M.
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3). Although one can easily pass from a compact matrix pseudogroup to the reduced
one, which has faithful Haar measure, as indicated at page 656 in [Wor], it turns out
that the Haar measure is faithful in several important examples (e.g. on commutative
CMP, on reduced cocommutative CMP or, cf. [N], on SU,(N)).

Denote by H. the completion of M with respect to the inner product (z,y); =
w(y*z) and let M acting on H,, in the GN S representation. Consider the C*-Hilbert
module H,, @ A with the A-valued inner product (z, ® a,y, ® b)a = w(y*z)b*a, for
z,y € M, a,b € A, which can be viewed as M ® A in the Stinespring representation of
the completely positive map w ® id4. Define also V: H, ® A — H, ® A by :

V(Z(IL‘,)W ®a;) = Ed(.’l:,‘)(lw ® ai)9 z; € M,a; € A.

1 i

Lemma 5 V is a unitary in L(H, @ A) = M(K(H,) @ A) (the multipliers of the
C*-algebra K(H,) ® A) and o(z) = V(z @ 14)V*, z € M.

Proof. For any ¢ € A*,a,b € A, denote by ¢(a - b) € A* the linear functional
#(a - b)(z) = ¢(axbd), z € A. The o-invariance of w yields :

((w ®1d4)((1m ® b*)o(z)(1m ® a)) = (w @ (b - a))(o(2))
= ¢(b* - a)(1a)w(z) = d(b*a)w(z), =€ M,a,b€ A, ¢ € A%,

therefore we have for all a,b € A,z,y € M :

(V(zo ® ), V(g ® b)) = (0(2)(1w ® @), 0(y) (1w ® b)) 4
= (W@ ida)(1m ® b)o(y"z)(1m ® @) = w(y"e)b*a = (¢, ® 4,4, ® b)4

and V follows isometry on H, ® A. Furthermore V is unitary since o(M)(1um ® A)
is dense in M ® A and the relation V(z ® 14) = o(z)V, z € M, is obvious. o

Definition 6 ([BS]) A corepresentation of the Hopf C*-algebra (A,A,) is a unitary
VeL(HvQA)=MK(Hv)® A) such that
Vi2Vas = (ideryy ® Aa)(V).
All the corepresentations throughout this paper will be unitary unless specified
otherwise. Note that in the case when dimHy < oo V is called in [Wor] a (finite di-
mensional) representation of the quantum matrix pseudogroup G = (A, u). Thus the

representations of the quantum matrix pseudogroup G = (A, u) are the corepresenta-
tions of (A,A,) and we will call them simply the corepresentations of A.

Lemma 7 The unitary V from Lemma 5 is a corepresentation of A.
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Proof. Let T = (idg,) ® Aa)(V) € L(HL @ A® A) = M(K(H,) ® A® A). Since
1, ® 14 is fixed by V, then (V(1, ® 14),z% ® 14)a = (w(z-) @ td4)(V) = w(z)14 and

consequently :

(W(z-) ® idaga)(ider,) ® Da)(V) = (w(z-) ® Ay)(V)
= AA((w(z') ®1dA)(V)) = AA(UJ(.’L‘)IA) = w(:c)lA®A, z € M.

Then, for any a,a’,b,b' € A :

(T(l,®a®b),z,a @b)a (w®idaga)((z* @ a™* Q@ V™*)T(1m ® a ® D))
(a™ ® b*)((w(z*) ® idaga)(T))(a ® b)

w(z*)a*a @ ¥*b=(1,0a®b,z, ®a @),

therefore T(1, ® a ® b) = 1, ® a ® b. Furthermore, since T is unitary, we also have
T*(1,a®b) =1,®a®band for any z € M,a,be A:

Vi2Vis(z, ® a ® b) = Vip(0(2)13(le ® a ® b)) = (0 ®ida)(a(z))(lo ® a ® b)
= (1dm ® A4)(o(2))(l, ®a® )
=T(z®14,Q14)T*(1.®a®bd) =T(z, ®a®b).

Remark 8 Let W € L(Hw ® A) be a corepresentation, Hy C Hw be a closed subspace
of Hw and denote by P the orthogonal projection from Hw onto Hy. If (P @1ids)W =
W(P®ida), thenV = W(PQid,) € L(HyQA) is by definition a subcorepresentation of
W. Clearly V* = W(Pt Qid,), where Pt = Ipq,,) — P, is also a subcorepresentation
of W.

For V € M(K(Hv)®A) and p € A* define as in [Wor] V, = (idcn,)®p)V € L(Hy).
Then Lemma 6 yields for any p,p’ € A :

V,Vy = (id@p)(V)(id® p)(V) = (id® p ® p')(ViaVis)
= (1d® p® p)(id ® Ax)(V) = (id ® (p % p))(V) = Vpupr.

One checks immediately as in [Wor, 4.3] that E = V}, is the projection of Hy onto
the subspace {£ € Hv | V,§ = p(14)€ , Vp € A*} of all V-invariant vectors of Hy.

The tensor product of the corepresentations V € L(Hy ® A) and W € L(Hw @ A)
is defined as in the finite dimensional case by V O W = Vi3Wy3 € L(Hy @ Hw ® A)
and is still a corepresentation since

(d@ AA)(VOW) =(id® As)(Vis)(id ® As)(Waa)
(VisWaz)12(ViaWas)13 = (V O W)io(V © W)is.

When dimHw < oo, W¢ denotes as in [Wor] its contragradient corepresentation,
acting on the conjugate Hilbert space Hy,.

Lemma 9 If the Haar measure is faithful on A and V € M(K(Hv) ® A) is a corepre-
sentation of A such that (V © o), =0 for alla € G, then V = 0.
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da
Proof. Denote d, =dim(a). Then a = 3 e;; ® uf, ui; € A, where {eij}1<iji<da
ig=1 ==

da
is the matrix unit of £(Ha) and o° = 3. el @ u%’ € L(H,) ® A. If ¢;; denotes the
=1

linear functional on £(H,,) defined by ¢;;(ef;) = 6,16, we obtain for all ¢ € L(Hy), :
(¢ ® bij @ ida)(idcnyany) ® h)(V © o) = h((¢ ® ida)(V)ugy).

Since {uf}, ; i<q. ocg I8 @ linear basis in A, then (¢ ®@ida)(V)a) = 0 for alla € A
and therefore for all a € A. But h is faithful on A hence (¢ ® ids)(V) = 0 for all
é € L(Hy ). and therefore V = 0. D

Corollary 10 i) If the Haar measure is faithful on A, then there are no irreducible
infinite dimensional corepresentations of A.

it) All the finite dimensional corepresentations (not necessarily unitary) of A are
smooth (compare with a related question at page 636 in [Wor)).

Proof. i) Let V be an infinite dimensional corepresentation of A on Hy. By the
previous Lemma, there exists a € G such that (V ® o), # 0. Pick a nonzero element
S € Ran(V®ac). Since a is finite dimensional, S € Mor(e, V). But KerS is a-invariant
and « irreducible, thus S is one-to-one and we get the V-invariant finite-dimensional
subspace RanS C Hy, contradicting the irreducibility of V.

ii) Consider now a finite dimensional corepresentation V of A, not necessarily uni-
tary. The statement in the previous Lemma holds true, thus either V is completely
degenerate or there exists o € G such that (V © o), # 0 and 0 # S € Mor(a, V). It
follows that Hy contains a V-invariant subspace X = RanS and V | is equivalent to
a, therefore it is smooth, irreducible and nondegenerate. By [Wor, Prop.4.6] K has a
V-invariant complement and the process continues until we write Hy as a direct sum
of linear subspaces Hy = @;H; @ Ho, each subspace being V-invariant, V |5, being
equivalent to a corepresentation from G and V |3, completely nondegenerate. ]

The statements in the previous Corollary are implicit in S. L. Woronowicz, Tannaka-
Krein duality for compact matrix pseudogroups, Invent. Math. 93(1988), 35-76, as the
referee informed as.

For any o € G consider as in [Wor, §5] po € A%, pa(@) = Muh((f1 * Xa)*a). Then
Pa * Pp = 8appo for all a, B € G. Therefore, if U € M(K(Hy) ® A) is a representation
of A, P, = U,, = (idcy) ® pa)(U) are mutually orthogonal projections, but they
are not self-adjoint in general. Consider also the bounded linear maps P, : M — M,
P,(z) = (1dm ® pa)(o(z)). Then we have for all z € M :

PoPp(z) = (idm ® pa)(o((idm ® pp)(o(2)))
= (1dm ® pa)((idmaa ® ps)(o ® ida)(o(x)))
= (idpm ® po)(((dmga ® ps)(idm ® Ay)(o(2)))
= (tdm ® pa(ida ® pp)Aa)(o(z))
= (idm ® (pa * pp))(0(x)) = bapPa(z).
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We denote by M, the closed subspace Pa(M) of M, o € G and call it the spectral
subspace associated with a.

The following lemma contains a couple of properties of the functionals p, € A%,
a€QG.

Lemma 11 i) My = M2 foralla € G.
i) (h ® ppc ® pa)(Aa(a)1284(b)13) =0 for all a,b € A, # B in G.

Proof. i) Let £ € M,. Then z = (idpm ® pa)(o(z)) and we have to check that
z* = (idpm @ pac)(o(z*)). Obvious computations which are implicit in [Wor, 5.6] show
that (f1* Xac)* = Xa* f-1 and My = Mye, where M, = f_1(Xo) = fi(Xa), therefore we
have for any a € A :

Moh((f1 * Xa)*a) = Mah(a*(fi * Xa))
Moh(a™(fi % Xa * f-1 % [1)) = Mah((Xa * f-1)a")
Moh((f1 * Xae)"a") = Mach((f1 * Xae)"a") = pac(a”).

This shows that z* = ((dm ® po)(0(2))* = (tdm ® pac)(0(2)*) = (1d M ® pac)(o(z*)).

Pa(a)

ii) Since span{u,J}K' i<dymed is norm dense in A it is enough to take a = uj;, b = uf,

for some 7,0 € G and to remark that :
(h ® ppe ® pa)(Da(uf)12Ba(uf)is)
dy d
= (h ® por @ pa) (T, L v, @ u; @ uy)

Z E h (uzruks )6[3“16[7 6010631

r=1s=1

h(ﬂf’, ufy) = h(uu ufy) = 0. =
Corollary 12 w(Ps(y)*Pa(z)) = w(Pa(z)Ps(y)*) = 0 for all z,y € M,a # B in G.

Proof. Denote zo = P,(z),yo = Ps(y). By the previous lemma zj € RanP,. and
ys € RanPge. Then we obtain :

o(z0) = o((idm ® pa)(0(2))) = (idmea ® pa)(idm @ Aa)(o(z))
= (tdp ® (1dg ® pa)Aa)(o(x))

and the similar relations for the pairs (z3, a°), (vo, 8), (¥, 3°). The o-invariance of
w and the previous relations yield :

w(y5zo) = (w® h)(a(y5)o(20))
= (W @ h)((1dm ® (ids @ ppe)Aa)(0(y"))(idrm B (id4 ® pa)A4)(o())),
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which is equal to 0 by Lemma 11 ii) since we have for any a,b € A :

h((2da ® pp-)(Aa(a))(ida ® pa)(Aa(b)) = (h ® ppe ® pa)(Aa(a)1284(b)13) = 0.
The equality w(zoys) = 0 follows similarly. o

The previous corollary actually shows that the spectral subspaces M,, a € G
are mutually orthogonal with respect to both scalar products (z,y)2. = w(y*z) and
(2,Y)1,0 = w(zy*) on M.

The next statement is the analogue of the decomposition of a representation of a
compact Lie group into isotypic subrepresentations.

Proposition 13 i) The spectral subspaces M, a € G are o-invariant. Moreover
U(Ma) C Ma ®Aa = SPan{xij ® U% ' Ty € Maa 1 S l,] S da}

and if V is a finite dimensional o-invariant subspace of M,, then a is the only irre-
ducible subcorepresentation of o |v.

it) Any finite dimensional subspace of M, is contained in a finite dimensional o-
invariant subspace of M,. ~

iii) If the Haar measure is faithful on A, then My = span{M, | a € G} is dense
in the Hilbert space H,,.

Proof.

i) Remark first that
o(Pa(z))

o((idm ® pa)(0(2))) = (idmea ® pa)(idm @ As)(o(z))
(ldM ® (2dA ® pa)AA)( (.’L’)) z € M.

Since (id4 ® pa)(Aa(A)) C Ay it follows that o(My) C M ® A,. Using again the
density of span{Ag | B € G} in A and the equality

(pa ® ZdA)(AA( :])) = 5aﬁu,] (ZdA ® pa)(AA( z]))?

we obtain (p, ® tda)A4 = (ida @ py)A 4 and furthermore

(Pa ®ida)(o(z)) = ((idm @ pa)o ®ida)(o(x))
= (idm ® pa ® id4)(0 @ 1d)(0(z))
= (1dpm @ pa ® ida)(1dp ® As)(o(z))
= (idm ® (pa ® ida)A4)(0(2)) = 0(Pa(z)), TEM.

This shows in particular that 0(M,) C My ® As. If V C M, is finite dimensional
and o-invariant, then o |y contains only copies of a since (1dpm ® po)(0(z)) =z, z € V.

ii) It is enough to prove that for any z € M,, there exists V; C M, finite dimen-
sional o-invariant space that contains z. Set V, = {(:dm ®p)(c(z)) | p € A*}, subspace
of M, which contains = since ¢ = (idm ® pa)(o(z)) and is finite dimensional since
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o(z) = Z z;; @ uf; for some z;; € M,. Therefore V;, C span{z;; | 1 < 4,5 < ds} and
1 ]—
finally V, is o-invariant since for any p, p’ € A*, £ € M we have :

(ids ® p')(o((ids ® p)(@(2)) = (idmt © o) ((idias @ p)ids ® As)(o(a))
= (idp ® p'((ids ® p) 0 A))(0(a)) = (idu ® (¢ % p))(0(2)).

iii) One can easily check as in the case when both corepresentations are finite di-
mensional that for any @ € G and any corepresentation V € L(Hy ® A) of A we still
have:

Mor(e,V) ={¢ € Hv ® H, = L(Ha, Hv) | (V © )€ = p(14)¢, Vp € A*}
= (Voo )h(Hv OHy).

Assume now that My # H,. Then, since U lTio' is a subcorepresentation of U it
follows that there exists V € L£(Hy ® A) corepresentation of A with 0 # Hy C H,6Mo.
By Lemma 9 there exists 3 € G such that (V ® °), # 0 and we find a nonzero
S € L(Hp, Hv) with (S ® id4)B = V(S ® id4). Since KerS is S-invariant and S
irreducible, S follows one-to-one. But RanS is a finite dimensional V-invariant subspace
of Hy, thus 8 < V. Since Hy is orthogonal to Mo we have (idg1,) ® po)(B) = 0 for
all a € é, therefore 8 = 0 by [Wor, 5.8]. But o is one-to-one, thus V is nondegenerate
and we get a contradiction. Consequently My = H,,. a

Proposition 14 M, is a *-algebra and M Mg C span{M, | v X a © B} for all
a,feG.

Proof. Fix a,f € G,u® € a,u® € f and Hy C My, Hp C M, irreducible finite

dimensional o-invariant subspaces. Let {e;}1<i<d, and { fr}lsrsdp be orthonormal basis
da dg

in H, and respectively Hz such that o(e;) = E e; @ u% and o(f,) = L fo @ ub.
s=1

The restriction of o to H, (respectively to ’Hg) Vo i Ho » Ho® A (respectively
Vp Hp — Hp®A) implements u (respectively u®). Then V:HQHs » Hya@Hp®A,
V(z®y) = Va(2)13V5(¥)2s = 0(2)130(y)2s implements u* @u?. Consider the onto linear
operator S : H, @ Hg — spanH,Hg, S(z ® y) = zy. Since :

da dp dg dg
Viei®f) =3 3 eife®@uiul, =(§1 & @ u)(X, es ®ub)

J=1s=1

=o(e)o(fy) = o(eifr) = 0S(e; ® fr),

the following diagram is commutative

Ho®Hy —— HoOMH;®A
sT T s@id,
spanHHg — spanH.Hp ® A.
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Therefore S € Mor(u® © u®,0 |spantan,) and any irreducible subcorepresentation
of & |spant,a1, should appear in a® B, hence decomposing the last corepresentation into
irreducible components we get M, Mg C span{M., | v 2 a® f}. My is *-closed since
Mye = M, by Lemma 11. O

Denote by H; the completion of A with respect to the scalar product (a,b)s) =
h(b*a), a,b € A and consider W(z, ® an) = (0(z)(1m ® a))(lo ® 11), = € M,a € A.
Clearly W € L(H, ® H}) is a unitary. Since p, = Muh((f1 * Xa)**) and f; * xo € A, it
follows that p, € L(H4). and p, coincides on L(H;) with the vector form M,( 14, (fi*
Xa)h)2,n- Therefore it makes sense to consider p(a) = (iden,) ® po)(W) € L(Hu). A
straightforward computation yields for any z,y € M :

(Pa(@)wr Yuw)2 = w(y Pa(z)) = w(y"(idpm ® pa)(o(2)))

= w((idm @ pa)((y* ® 14)o(z)))

= (w ® pa)((y* ® 14)0(z)) = (w(y™) @ A(Ma(fi * Xa)*))o(2)
(o(z)(1o ® 1), Y0 ® Ma((f1 * Xo)*In)2,weh

(W(xw ® 1h)7 Yo @ M, ((fl * Xa)* h> 2,w®h

((ideny) ® pa)(W)zw, yu)2 = (p()(2w), Yu)2-

We obtain :

Remark 15 P, extends to the bounded operator p(a) € L(H,,) and p(a) is a projection
from H,, onto H, = {z, | ¢ € M,}. Moreover, it is easy to see that p(c) is self-adjoint.

do da . ~
Lemma 16 ié:l uly K2 (ul;) = bpgla = Z:llc2(u§’;,)u§’; foralla € G,1 <p,q<d,.

Proof. Using the antimultiplicativity of & and k(ug) = u$; we obtain :

da da da
E u:i K’Z(u?i = Z fc(u?;)ﬁ(uf;i) - Z IC( qz 1p = K’(Z )ulp pq]-A
=1 =1 i=1 i=1

da 2 . do

Z K (uf-;,)u?; = E fc(u;",-/c(u?;,)) = pgla. 0

=1 =1

Theorem 17 If G = (A,u) is a compact matriz pseudogroup and M is a unital C*-
algebra with an A-algebra structure given by the ergodic coaction 0 : M — MQA, then
the spectral subspaces M are finite dimensional and dimM, < M2.
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Proof. Leta € @ and fix u* € a acting on H, and an orthonormal basis {1, ..., &4, in
H, such that u®(§;) = E & @ud. Let i, ..., Vv C M, be mutually (, )2, orthogonal

irreducible o-invariant subspaces and let Uy € L(Ha, Vi), 1 < k < N be unitaries
such that oUy = (Ui ® ida)a. Denoting ef ) = = Uié; it follows that e(k) ,e&k) is an
orthonormal basis in V; and

(1) a(el?) = E ® @ ug,

r=1

thus

da de da
(L) = Y Welrguuy = Y el @1,

i=1 i,r,8=1 r=1

and ?‘; eﬁk)efl)" € Clpm
Moreover, the equality (F, ® ids)a = a*°F, and the previous Lemma yield :
o E (P UF U ) = o P UF: (60)
= £ o) UF; U} @ idg)a()
=S o U,F-IU;*(e“)) ® K2(u)
= E e U F7UF (D) ® Z u®*k?(u®)

r s=1

3 eBrUFS U (D) ® 14,
=1
thus
dg do
@ R eVUFSU () = oS 6 UES U (E]) i
= E(Ul LU (e (l)), ( ))2w1M S Tr(F7N)1pm = SuMolpm.

Since the modular operator F, associated with u® is positive ([Wor, 5.4]), the matrix
C = ((F;'%:,¢5))i; € Maty,(C) is positive definite.

Denote C'/% = (\;;)ij, T = ): /\meg) and X = (z) € Maty, N(M). Then

da da da
S U = 3 (P e = 35 Tl el = 3 anan,
i=1 1,J=1 r,i,j=1 r=1

or in other words X*X = M,I in M ® Matn(C). This yields XX* < M,I in
MQ® Mat, (C).
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Consider the positive linear functional ¢ € Maty,(C)., ¢(Y) = Tr(C~'Y), Tr being
the normalized trace on Mat,, (C). Then
da da
¢l = ¢(I) = Tr(C™") = 3 (C™")i = P (Fabi, &) = Tr(Fa) = Ma

=1 i=1

and the last inequality yields :

da N
M2 2 o ® ¢l IXX° 2 @O XX = 8§ lequlzacs)
'J: =
N da
= T B A hew(eWed) = 3 3 ufelel)
k—l ',],r s=1 k=1r=1

5> 113,
k=1r=1

This inequality plays a crucial role since it shows that if W, C M, is a o-invariant
subspace and Ay, the positive invertible operator on W, (with respect to ( , )., ) such
that (Aw,(2),¥)2w = (%,¥)10, T,y € W,, then

(3) Tr(Aw,) < M2.

Consider now a finite-dimensional o-invariant subspace W C Mg and let Ay be
the unique positive invertible operator on W with (Aw(z),y)2w = (Z,Y) 1w, T,y € W.
Since (My, Mp)1,, = 0 for a # B, it follows that Ay invariates each spectral subspace
W, of W and

(4) Tr(Aw) = ¥ Tr(Aw,) < Y M2

a<W a<W

If in addition Aw is *-invariant and Jz = z*, z € M, then

(JAZIZ,¥)20 = (¥ A (T N1w = (¥ 220 = (2,010 = (Aw(2),¥)20, =,y € W.

Therefore JAy'J = Aw and in particular if ) is an eigenvalue of Aw with multi-
plicity my, so is A~! with the same multiplicity. It follows that

(5) Zm,\)\ my+ Y ma(A+ A7) 2 my+ Y 2my = dim(W).

A>1 A>1

Finally let V C M, be a finite-dimensional o-invariant subspace. Since V* C M it
follows that W = V +V* is o-invariant. If « is self-conjugate, then W Cc M,, W = W*
and therefore dim(V) < dim(W) < M2. In the case when a # o in G the sum V+V*is
orthogonal and by (4) and (5) we get  2dim(V) = dim(W) < M2+ M?2. = 2M2. O

The next statement describes the modularity of w.

Proposition 18 There exists © : My — M, linear multiplicative map such that
w(zO(y)) = w(yz), € M,y € Mo. Moreover © invariates all the irreducible o-
invariant subspaces of Mo and is a scalar multiple of the modular operator F, on such

a subspace of M, for all a € G.

104



ERGODIC ACTIONS OF COMPACT MATRIX PSEUDOGROUPS

Proof. Let V} o VN be the mutually orthogonal irreducible o-invariant subspaces
of M, and let e k, .,e¢{") be an orthonormal basis in Vk (d = dim(a)) such that

cr(e,(-k)) = E e @u, 1 <i<dl<k<N. Then Ee,(k)e,(l)' € M?, therefore
r=1 i=1

d
there exist Ay € C, 1 < k,I < N such that ¥ egk)egl)* = Axlym. The matrix A =

=1

(Akt)1<ki<1,n is positively definite, hence there exists a unitary S = (sk1)1<k1<N €
MatN(C) and Aj,...,Ay > 0 such that SAS* = diag()y,...,An). Replacing e by
E sipel?) we get :

=

d
6) Y e = gudilp, 1<kISN.
i=1
Fix now 1 < k,! < N and consider Ty : Vi = Vi, Ti(z) = Z w(me(l)")e(l) z € V.
Combining the o-invariance of w, the orthogonality relations (5. 25) in [Wor] and (6) we

getfor1 <1< d:

" d
Tuel” = ¥ w(e?e)e = 2 (o b)) o uguss)e!)

d d u®

= 5 w(ePed) i fiun)e) = w(ebedn) e
q i Jp=1

= S 5 ﬁ(u;-:-)eﬁ“ = e (idpy @ fi)(o(e)),

thus Ty = (sz ® f1) o 0. We check now that T} = Ty, € Mor(o |v,,0° |v,)-
The previous formula for T}, yields :

M (idpe ® ((f1 ® ida)An))o

A .
oTy = —A/—;:a((sz ® fi)o) = A

and

(T ®ida)o = dm ® fi)o ®ida)o = %(idm ® ((fr @ ida)A4))o.

Ak
Al
Since k%(a) = f_; *a * f1, a € A we also have :

(idp @ K?)(idpm ® (ida ® fr) 0 An)(y ® a) =y @ k*(fr*xa) =y ® (a* f1)
=(dm @ (f1®idg) 0 Ay)(y®a), yeEM,acA,

hence (T} ® id4)o = (idp @ k%)oTy = 0°Ty on V4.

But Mor(a,a) = {\F, | A € C}, therefore w(e,(k)ey)') = A, (Fy)ji- Comparing
the previous relation with (7) we get :

K k) () OkiAk Okt Ak My (@
(e, M = wl(ee") = JEEF)i = PR, )2
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thus w(zy*) = uw(y*O(z)) = w(y*O(z)) for all z € Vi,y € Vi, where we let
O |v,= T’\f—Fa € L(Vik). The orthogonality of the spectral subspaces M, implies now
that w(zy) = w(yO(z)) for all z € Mo,y € M. Clearly O is linear by definition and
follows multiplicative by the previous equality. a

§2. The structure of the crossed product

Using the finite dimensionality of the spectral subspaces M, we prove that the
reduced C*-crossed product N’ = M x, A (as defined in [BS]) of a unital C*-algebra
M by an ergodic coaction of a compact matrix pseudogroup G = (A4, u) with faithful
Haar measure h on A, turning M into an A-algebra, is isomorphic to a direct sum
of algebras of compact operators, generalizing Proposition 2 in [L] and Corollary 2 in
[Wal, §1.4]. The main ingredient is the Takesaki-Takai duality type theorem of Baaj
and Skandalis and the line of the proof follows Wassermann’s one for the case when
A = C(G), the commutative C*-algebra of continuous functions on a compact group G
and N = M x, G.

Remark first that A is an A-algebra via the comultiplication Ay : A — A® A, that
A4 is ergodic and that A is the A 4-invariant state on A. Denote H = H;, and consider
as in Remark 15 the operator V € L(H @ H), V(ar ® by) = (Aa(a)(14a ® b))(1r @ 14),
a,b € A. Then V is a biregular irreducible multiplicative unitary. Moreover, the partial
isometry U (no relationship with the unitary associated to the coaction o in §1) in the
polar decomposition T'= U | T' | of the closure of the preclosed operator Ty defined by
To(an) = k(a)n, @ € A is a unitary on H with U2 = Ip. In fact Uzp = (f1 * &(z))n,
z € A and (H,V,U) is a Kac system (see [BS, §6]). Consider the reduced C*-crossed
product N = M x, A, defined in [BS, §7] as the C*-algebra generated by products
of type or(z)(14a ® p(w)), = € M,w € L(H).. Then, there exists a dual coaction
0 = Opgy, 7 ON N, which transforms this way into an A-algebra Let A acting in
the GNS representation of h on H and denote op(z) = (idp ® AdU)(o(z)), z € M,

Mw) = (1deny @ w)(V), w € L(H).. Then, by Theorem 7.5 in [BS], M x, A identifies
with the norm closure of span{ogr(z)(1pm ® AM(w)) | z € M,w € L(H).}, M Q K(H)
with the closure of span{ogr(z)(lm ® Mw)a) | z € M,w € L(H).,a € A} and denoting
o'(z @ k) = Vaao(2)13(1m @ k ® 14)V55, ¢ € M, k € K(H), the double crossed-product
((M x, A) x5 A,5) is isomorphic to (M ® K(H),0") as A-algebras. Moreover, the last
two equalities in the proof of that theorem show that via the previous identification
Mx, AcC(M®K(H)).

The proof of the structure of the crossed-product will make use of the next Lemma:

Lemma ([Wal, §1.4]). Let A be a (not necessarily unital) C*-algebra with an ap-
proximate identity p; < p; < ... consisting of finite rank projections (i.e. dim(p;Ap;) <
00). Then A is isomorphic to a direct sum of algebras of compact operators.

Theorem 19 Let G = (A, u) be a compact matriz pseudogroup and let M be a unital
C*-algebra which is an A-algebra via the ergodic coaction o0 : M — M @ A. Then
M x, A~ ®;K(H;).
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Proof. Replacing A by its reduced C*-algebra, the crossed product M x, A is still
unchanged (we owe this remark to the referee), thus one may assume that that the Haar
measure is faithful on A. For each a € G consider the projections p(a) from H onto H,
defined in Remark 15. Since p(a) = (idgm) ® pa)(V) and po € L(H), it follows that
p(@) € A. But M is unital, therefore 14 ® p(a) € N = M x, A. Since Y pla) =13

a€G
in the strict topology, it follows that writing G = U,F, with card(F,) < co we get an
approximate unit p, = p(F,) = Z}; p(a), n > 1 of N. Finally we check that each
a€lyn

p(F,) has finite rank, or equivalently that dim(p(a)Np(r)) < oo for all a, 7 € G. Since
Im®p(a) € N and N C (M ® K(H))*', we obtain :

p(@)Np(r) C p(a)(M ®K(H))"'p(r) C (M@ p(a)K(H)p(r))” = (M ® L(Hx, Ha))".

If ap € G is fixed, then o’ |pm_coc(HaHa) 18 @ corepresentation of A that coincides
0
with the tensor product corepresentation o |se @00 |c(#,,H,) and therefore

(idmecc) ® h)(0' (MG ® L(Hr, Ha))) = Ran(a s OF0 |ertr pa)n
= Mor(a |M3,Jo |c(H,,Ha))T-

Since there are only finitely many ap € G that appear in 0o |c(H,Ha), the space

(M@ L(Hz, Ha))' = (idpm @ h)(0'(M®L(Hr,Hy))) follows finite dimensional. 0

Remark 20 Although we didn’t use it in proving the last theorem, it is easy to check
that in fact M x, A = (M ® K(H))*' via the realization of the crossed-product in
MQK(H).

This is the case since the canonical conditional expectation £ = (idmgk ) ® h)o’
carries total sets in M ® K(H) onto total sets in (M ® K(H))°'. In particular the set
S ={E(or(z)(1m ® A(w)a)) | € M,w € L(H).,a € A}

is total in (M ® K(H))’". But the formula for o’ and (ids ® h)Aa(a) = h(a)ly,
a € A, yield for any z € M,w € L(H).,a € A:

E(or(z)(1m ® A(w)a))
= (1dmex(r) ® h)((0r(z)(1m @ A(w)) ® 14)(1m ® As(a))
= oRr(2)(1m ® A(w))(1m ® (1de(n) ® h)As(a))
= h(a)or(z)(1m ® A(w)),

therefore S C M x, A. O
Let B and C be unital C*-algebras, G = (A,u) be a compact matrix pseudogroup

with A nuclear and ¢ : C — C ® A be a unital *-morphism. By the associativity of the
maximal tensor product and the nuclearity of A, the diagram :
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G =1dB Qmax 0
B ®max C — B ®max (C® 4) = (B Omax C) ® 4

2 T T 10B@maxC ® A4 = 1dp ®max (idc ® A4)

tdB ®max (‘7 ® idA)
B®max (CQ®A)=(BOmaxC)® A — (BOmax C)® A® A= B®max (C®AQA) ,
is commutative although & may not be one-to-one in general (note that & ®maxids =
tdBQ@max(0®id4)). But Lemma 4.1 i) holds true in such a case, thus E= (1dB@maxc®h)5
is a conditional expectation from B ®max C onto (B ®max C)° and it turns out that
E = idp Qmax F, where E = (idc ® h)o is conditional expectation from C onto C?. In
particular, this shows

Remark 21 (B ®max C)° = B @max C°.

The next statement, whose proof follows the line of [Wa2, Lemma22], shows that if
A is nuclear, then M itself follows nuclear.

Proposition 22 Let (M,0) be an A-algebra such that M x, A and A are nuclear
C*-algebras. Then M is nuclear.

Proof. We prove that given any unital C*-algebra B, the natural *-morphism 6
that maps B ®mpax M onto B ® M is one-to-one.

Consider the coaction o' : MK (H) - M®K(H)Q A and define as in the previous
remark 6/ : B @max (M ® K(H)) = B @max (M @ K(H)) ® A.

The map © = 0 ® idx(3) : B Omax (M @ K(H)) - B® M ® K(H) is A-equivariant,
i.e. (idp®0’)® = Bo’ and using the canonical conditional expectations onto fixed point
algebras

E” : B @max (M ® K(H)) = (B ®max (M ®K(H)))” = B @umax (M ® K(H))”
and
E"%" . B M@K(H) = (B® M@ K(H))"*#®" = B® (M ® K(H))",
we get QE° = Eits87'Q, Consequently
(Kerd ® K(H))” = Ker(B @umax (M ® K(H))” -2 B® (M @ K(H))").
Since (M ®K(H))”' ~ M x, A is nuclear, it follows that (Kerf ® K(H))” = 0 and

therefore Kerf = 0. 0O

Corollary 23 If G = (A,u) is a compact matriz pseudogroup, the C*-algebra A is
nuclear and M is a unital C*-algebra which is an A-algebra via an ergodic coaction,
then M s nuclear.
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