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Simplicity of crossed products from ergodic
actions of compact matrix pseudogroups.

Magnus B. Landstad

Appendix to: "Ergodic Actions of Compact Matrix Pseudogroups on C*-algebras” by
Florin Boca.

Introduction. For an ergodic covariant system (M, p, G) of a compact group G it was
shown in [L2,Theorem 8] and [Wal,Theorem 15] that the crossed product M x,G is a
simple C*-algebra (or a factor in the von Neumann algebra case) <= the multiplicity
of each 7 € G in p equals dim(7), and in this case M X, G is isomorphic to the algebra
of compact operators on L?(G). We shall here study the corresponding result for an
ergodic coaction (M, o, A) of a compact matrix pseudogroup G = (A, u) with faithful
Haar measure as defined in F. Boca’s article.

The main tool used in the group case is the construction of a fundamental eigen-
operator U € M(M ® C*(G)) satisfying p, ® i(U) = Ul ® L, for z € G. We shall
construct a similar operator Y in Lemma Al. In the group case the multiplicity of
each 7 € @ in p is always < dim(7), hence U can be considered a partial isometry
over L((M,w) ® L*(G), with w the invariant trace on M. Since the bound M, of
the multiplicity obtained in Theorem 17 can be larger than d,, we have to be more
careful with the domain and the range of the eigenoperator Y, it turns out that Y is a
partial isometry from a subspace of L%(M,w) ® L?(A, k) onto L}(M,w) @ L} (M,w),
here h and w are the canonical invariant states on A, respectively M. It also has to
be taken into account that the invariant state w is not a trace. It was shown above in
Proposition 18 by F. Boca that the modular operator © leaves the finite dimensional
spaces M, invariant and that @|M, = A, ® F,, where F, is the fundamental matrix
corresponding to a and A, is a N x N-matrix, N being the multiplicity of « in 0.

The main result, Theorem A, can then be stated as follows: M x, Ais a simple
C*-algebra <= Tr(A,) = Tr(F,) for all & € G, and in this case M X, A is isomorphic
to the algebra of compact operators on L?(M,w). Therefore, if we define the quantum
dimension of a to be Tr(Fy), it is natural to define the quantum multiplicity of a in o
as Tr(Ay). We then get a generalisation of the result for ordinary compact groups.

All unexplained notation and references are as.in Boca’s article.

These results were obtained through many discussions with Florin Boca during the
author’s stay at the University of California, Los Angeles in early 1993, and I would also
like to thank for the hospitality and support from the Departmernt of Mathematics.
My stay there was also supported by the Norwegian Research Council.

Notation. Let H, = a-part of H, = L*(A, k), this is generated by {(uf)lé,j < d}
and has dimension d?. Similarily we have that M, = a-part of M has dimension dN.
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Define the following partial isometries:
Af i Ho = Hoa o Af((ug)n) = 8uugy)n  i,5 < d
BY: Mo~ Mo BE((ef)) = 65(el)s 0,7 < N
Cf:Ha = Mo C((ui)h) = 8n(el))s i< N, j<d.

The following formulas should then be easy to verify:

A AR = 6nAJ BBy, = $1Bj,
B CR A, = 6ikbimC3, C’°’ W =8B CZCR = 6 A5
With P, the ortogonal projction H, — M, and V as in Remark 15, let V(a) =

P,®1V = VP,®1. Then over H,@H, we have that V(a)((uf;)r®an) = A(u?;-)lh®ah =
Tk(uf)n ® ug;an. So we have that

V(e) = ¥ A% @ uli.
ik

Definition. ¢ Q3 is the action on M QK given by c ®i(m® k) = 0(m)131 @k ®1, so
o' = Ad(Vy3)o ®1. Next, let \; be as in Proposition 18, i.e. ¥; efk)efl) = 8 A1 and
take
=AM @ 08 € M@ L(Hay M)
ik

Lemma Al.

(1) Y(@)Y(a)* = Ly ® lgma)
(2) e®i(Y(a))=(Y(2)®1)(1®V(a))
(3) Z satisfies (2) <= Z = (1® D)Y(a) for some D € L(M,)

Proof: (1): Y(a)Y(a)* =% A;%/\I_%efk)ey)* ® B = 1pm @ 1e(Ma)-
Then for (2):

c@i(Y(a) = LA @Ceous
= zAk=(e<’°’®ck,®1)(1®A @us) = (Y(a) @ 1)(1 ®@ V(a)).

And for (3): If Z € M ® L(Hqa, M, ) satisfies (2), then the " M-part” of Z must be
in Mg, ie. Z € My ® L(Hq, My), s0 we can write Z = ¥ el!) ® E;, for some maps
E. € L(Hay M,). If (2) holds we get

Z e(l) ® El"' ® u]" Z e(l) ® El]Aa ® uar’

thus Ei;AS = §;,E;,. Taking D =} /\’Eﬂ * € L(M,) we get

ZAk’e(k) ® M E;,C5*Ci;
= T ByAy = ze‘%Ek =2z

(1® D)Y(a)
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SIMPLICITY OF CROSSED PRODUCTS

An element Z satisfying (2) is called an a-eigenoperator for the action. So Lemma
Al tells us that Y(a) generates all a-eigenoperators by the formula (3). We shall also
need the universal eigenoperator Y = "% Y («), this is a map from H,, @ H;, to H,QH,,
satisfying

0®i(Y)=)/12‘/23 YY‘=1M®1M

It then follows that o/(Y*aY') = Y50 @ i(a)Y); for all a.

Lemma A2. Let © be as in Proposition 18 and let ©, be its restriction to M,. With
A, the matrix given by (Ag)ulm = -A;—a jeﬁk)egl)‘ we have

(1) Tr(O4) = Tr(031)

(2) Tr(0,) = Tr(Aa)Ms =3 Ak

(3) Tr(07') = Tr(A;Y)M, = M2 ;!
(4) Tr(Awe) = My ¥ A

Proof: (1) follows from the fact that ©(z) = Az => ©(z*) = A~'z*. In Proposition 18
it is proved that ©, = A, ® F,, hence (2) and (3). Combining these three properties
with the fact that My = M}, then M, = M, and (4) follows.

]

We are now ready to prove the main result:

Theorem A. With the same assumptions as in Theorem 19 and if M, # 0 for all «,
then the following conditions are equivalent:

(1) N=Mx, A isasimple C*-algebra
(2) N=K(H.)

(3) Y(a)*Y(a)=1pm® lep, foralla € G
(4) Tr(Ay) = Tr(F,) for all a € G.

Proof: (3) = (2): In this case Y is a unitary eigenoperator between H, ® H; and
H, ® H,, so

N = (MOKMY)Y = [V (M&K(H,)Y]" = Y5(M® K(H.))"® Y,
=YM? ® K(H,)Yiz = Y51 ® K(H, )Yz & K(H,).

Note that from Lemma 4 there is a conditional expectation from M onto M?, so we
have that (M ® K(H,,))°® = M° @ K(H,).

(2) = (1) is obvious.

(1) = (3): If NV is simple, so is 1 ® p(a)N1 @ p(a)., = (M ® K(H,))”. Now
J =Y (a)*1 @ K(M,)Y () is a 2-sided ideal in (M ® K(Ha))":

If A€ K(H,), B € (M®K(H,))” then Y(a)B satisfies (2) in Lemma Al, so
Y(a)B =1@® CY(a) for some C € K(M,). Therefore Y(a)*1 @ AY (a)B = Y(a)*1 ®
ACY(a) € J, and since J* = J, J is a 2-sided ideal.

If 7 = {0} then M, = {0}, so simplicity gives us that J = (M ® K(H,))’". Thus
1€ J, hence Y(a)'Y(a) =1.

(3) < (4): Since Y(a)*Y () always is a projection and w is faithful, we have for all
a:
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(3) = w@i(Y(a)Y(a))=1lpn) <= TAtw(eM) A% = 1201,
= At =1 = Tr(Axe) = My < Tr(Age) = Tr(Fye).

0
Remark. Tr(F,) = M, is called the quantum dimension of a. jFrom Theorem A
it then seems reasonable to call Tr(A,) the quantum multiplicity of a in o. Since
Y(a)*Y («) always is a projection we have from the proof of (3) <= (4) the following:

Corollary. With (M,o,G) as in Theorem 19 one has always Tr(A,) < Tr(F,) with
equality <= (1)-(4) in Theorem A hold.
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