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EXACT OPERATOR SPACES

Gilles Pisier
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Introduction

In this paper, we study operator spaces in the sense of the theory developed
recently by Blecher-Paulsen [BP] and Effros-Ruan [ER1]. By an operator space, we
mean a closed subspace E C B(H), with H Hilbert. In the category of operator
spaces, the morphisms are the completely bounded maps for which we refer the reader
to [Pal]. Let E C B(H), F C B(K) be operator spaces (H,K Hilbert). A map
u: E — F is called completely bounded (c.b. in short) if

sup 1Im,, ® ull M, (E)—Ma(F) < 0

where M,(E) and M, (F) are equipped with the norms induced by B(¢3(H)) and
B(£3(K)) respectively. We denote

lulles = sup ([ Im, ® ullm,(E)—M.a(F)-
n>1

The map u is called a complete isomorphism if it is an isomorphism and if « and u™!
are c.b.. We say that u: E — F is a complete isometry if for each n > 1 the map
In, @ u: Mp(E) — My(F) is an isometry. We refer to [Ru, ER2-7, B1, B2] for more
information on the rapidly developing Theory of Operator Spaces.

We will be mainly concerned here with the “geometry” of finite dimensional
operator spaces. In the Banach space category, it is well known that every separable
space embeds isometrically into £.,. Moreover, if E is a finite dimensional normed
space then for each £ > 0, there is an integer n and a subspace F' C £% which is (1+¢)-
isomorphic to E, i.e. there is an isomorphism u: E — F such that |Ju] |lu™!|| < 1+e.
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Here of course, n depends on ¢, say n = n(¢) and usually (for instance if E = £5) we
have n(e) — oo when ¢ — 0.

Quite interestingly, it turns out that this fact is not valid in the category of
operator spaces: although every operator space embeds completely isometrically into
B(H) (the non-commutative analogue of £y) it is not true that a finite dimensional
operator space must be close to a subspace of M, (the non-commutative analogue of
£%) for some n. The main object of this paper is to study this phenomenon.

We will see that this phenomenon is very closely related to the remarkable work
of E. Kirchberg on exact C*-algebras. We will show that some of Kirchberg’s ideas
can be developed in a purely “operator space” setting. Our main result in the first
section is Theorem 1, which can be stated as follows.

Let B = B(4;) and let K C B be the ideal of all the compact operators on £5.

If X,Y are operator spaces, we denote by X ®puin Y their minimal (or spatial) tensor
product. If X C B(H) and Y C B(K), this is just the completion of the linear tensor
product X ® Y for the norm induced by B(H ®2 K).

Let A > 1 be a fixed constant.
The following properties of an operator space X are equivalent:
(1) The sequence
{0} = K Qmin X = B @min X = (B/K) ®min X — {0}
is exact and the map
Tx: (B ®min X)/(K @min X) = (B/K) @min X
has an inverse Tx' with norm ||T%"|| < X.

(ii) for each € > 0 and each finite dimensional subspace E C X, there is an integer
n and a subspace F' C M, such that d(E, F) < A+ €.

Here d.4(E, F) denotes the c.b. analogue of the Banach-Mazur distance (see (0) below
for a precise definition.) We will denote by dsi(E) the infimum of dcy(E, F') when F
runs over all operator spaces F' which are subspaces of M} for some integer k.

One of the main results in section 2 can be stated as follows (see Theorem 7

below).

Consider F C M} with dim F = n and k > n arbitrary, then for any linear isomorphism
u: €% — F* we have _ _
= l[ullesllu™lles > n[2(n — 1)1/2]7.

In particular this is > 1 for any n > 3. Here the space F* is the dual of F' with its
“dual operator space structure” as explained in [BP, ER1, B1, B2].

Equivalently, if we denote by E} the operator space dual of £, (this is denoted by
max(£}) in [BP]) then we have

n
M D> —.
dSK(El)— 2\/;:'f
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We also show a similar estimate for the space which is denoted by R, + C, in [P1].
Moreover, we show that the n-dimensional operator Hilbert space OH, (see [P1])

satisfies
n

2v/n —1
These estimates are asymptotically sharp in the sense that dsx(E}') and dgx(R,+Ch)
are O(n!/?) and dsx(OH,) is O(n!/*) when n goes to infinity.

Later on in the paper, we show that the operator space analogue of the “Banach
Mazur compactum” is not compact and we prove various estimates related to that
phenomenon. (The noncompactness itself was known, at least to Kirchberg.) We
will include several simple facts on ultraproducts of finite dimensional operator spaces
which are closely connected to the discussion of “exact” operator spaces presented in
section 1. Let us denote by OS, the set of all n-dimensional operator spaces. We
consider that two spaces E, F' in 0S,, are the same if they are completely isometric.
Then the space OS,, is a metric space when equipped with the distance

dsk(OHn) 2 ( )2,

6(E’ F) = logdcb(Ea F)

We include a proof that OS, is complete but not compact (at least if n > 3) and we
give various related estimates. As pointed out to me by Kirchberg, it seems to be an
open problem whether OS, is a separable metric space.!

In passing, we recall that in [P1] we proved that de(E, OH,) < n!/? for any E
in OS,, and therefore that

sup{ds(E,F) | E,F € 0S,} =n.

Actually, that supremum is attained on the subset HOS, C 0S,, formed of all the
Hilbertian operator spaces (i.e. those which, as normed spaces, are isometric to the
Euclidean space £3). We also show that (at least for n > 3) HOS,, is a closed but
non compact subset of OS,. Perhaps the subset HOS, is not even separable.! In
section 5, we show the following result. Let E be any operator space and let C > 1
be a constant. Fix an integer k¥ > 1. Then there is a compact set T' and a subspace
F C C(T) ®min My such that d(E,F) < C iff for any operator space X and any
X o
u: X — E we have llles < Clelle,

where ||lullx = ||u]| a1, (x)— Mu(B)-

Notation: Let (E,,) be a sequence of operator spaces. We denote by £o.{Ey,} the
direct sum in the sense of /o, of the family (E,). As a Banach space, this means
that €oo{Em} is the set of all sequences z = (z,) with z,, € E,,, for all m with
sup,, |tm||E,, < oo equipped with the norm ||z|| = sup,, ||zm||E,,.- The operator
space structure on {o{E,, } is defined by the identity

Vn Mu(leo{Em}) =Leo{M.(En)}.

1 See the Note added at the end of this paper.
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Equivalently, if E,, C B(Hpm) (completely isometrically) then £o{E;} embeds
(completely isometrically) into B(®. Hr) as block diagonal operators.

We will use several times the observation that if F' is an other operator space
then £oo{Em} ®min F embeds completely isometrically in the natural way into
Loo{Emn ®min F'}. In particular, if F is finite dimensional these spaces can be completely
isometrically identified.

Acknowlegement. I am very grateful to E. Kirchberg for copies of his papers and
for several very stimulating conversations. I also thank the referee for his corrections.

§1. Exact operator spaces.

Let E, F be operator spaces. We denote

(0) dey(E, F) = inf{JJullcsllu™ ||cs}

where the infimum runs over all isomorphisms u: E — F. If E, F are not completely
isomorphic we set dep(E, F) = co. This is the operator space version of the Banach
Mazur distance. We will study the smallest distance of an operator space E to a
subspace of the space K = K({;) of all compact operators on £;. More precisely, this
is defined as follows

(1) dsk(E) = inf{d.(E, F) | F C K}.

Let F be a finite dimensional subspace of K. By an entirely classical perturbation
argument one can check that for each ¢ > 0 there is an integer n and a subspace
F c M,, such that d.(F, F ) < 1+e¢. It follows that for any finite dimensional
operator space E we have

(1)' dSK(E) = inf{dcb(E, F) | FcM, n> 1}.

In his remarkable work on exact C*-algebras (cf. [Ki]) Kirchberg introduces a quantity
which he denotes by locfin(E) for any operator space E. His definition uses completely
positive unit preserving maps. The number dsi(E) appears as the natural “c.b.”
analogue of Kirchberg’s locfin(E). Note that dsix(F) is clearly an invariant of the
operator space E and we have obviously

(1" dsk(E) < dsk(F)dw(E, F)

for all operator spaces E, F.

Let X be an operator space. We will say that X is exact if the sequence
(2) {0} = K Qmin X = B ®min X = (B/K) ®@min X — {0}

is exact. In other words, X is an exact operator space if the natural completely

contractive map
B ®@min X — (B/K) ®min X

162



EXACT OPERATOR SPACES

in onto and its kernel coincides with K ®@min X.

Note in particular that every finite dimensional space is trivially exact. Following
Kirchberg, we will measure the “degree of exactness” of X via the number ex(X)
defined as follows: we consider the map

(3) Tx: (B ®min X)/(K ®min X) - (B/K) ®min X
associated to the exact sequence (2) and we define
(4) ez(X) = || Tx |l

Clearly ex(X) is a (completely) isomorphic invariant of X in the following sense: if X
and Y are completely isomorphic operator spaces we have

(4) ex(X) < ex(Y)dep(X,Y).

The main result of this section is the following which is proved by adapting in a rather
natural manner the ideas of Kirchberg [Ki]. One simply needs to substitute everywhere
in his argument “completely positive unital” by “completely bounded” and to keep
track of the c.b. norms. The resulting proof is very simple.

Theorem 1. For every finite dimensional operator space E, one has
5) ex(E) = ds (E).

More generally, for any operator space X

(6) ex(X) = sup{dsk(E) | E C X,dim E < oo},
and X is exact iff the right side of (6) is finite.

Remarks. (i) If X is a C*-algebra then the maps appearing in (2) are (C*-algebraic)
representations. Recall that a representation necessarily has closed range and becomes
isometric when we pass to the quotient modulo its kernel (cf. e.g. [Ta, p.22]). Hence
if X is a C*-algebra (2) is exact iff the kernel of the map

B Quin X — (B/K) ®min X
coincides with K ®pin X.

By a known argument, a sufficient condition for this to hold is a certain “slice map”
property (cf. [W2]) which is a consequence of the CBAP (see [Kr]). (Recall that X
has the CBAP if the identity on X is a pointwise limit of a net of finite rank maps
u;: X — X with sup; ||ui||e < 00.)

Thus it is known that the reduced C*-algebra of the free group Fy with N
generators (N > 2) is exact, because by [DCH] it has the CBAP. On the other hand,
it is known ([W1]) that the full C*-algebras C*(Fx) are not exact. This can also be
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derived from Theorem 7 below after noticing that the space EJ = (¢%)* appearing in
Theorem 7 is completely isometric to a subspace of C*(F,). By the same argument
(using Corollary 10 below) if an operator space E is completely isometric to the space
OH, introduced in [P1], then the C*-algebra generated by E is not exact if n > 3.

(ii) As explained to me by Kirchberg, if X is a C*-algebra then we have ex(X) < oo
iff ex(X) = 1. Indeed since (3) is a representation, it is isometric if it is injective. This
shows if a C*-algebra is completely isomorphic to an exact operator space then it is
exact as a C*-algebra.

We will use the following simple fact.

Lemma 2. Let E be a separable operator space. There are operators P,: E — M,
such that

(1) |Pnlles < 1 for all n.

(ii) The embedding J: E — £x{M,} defined by J(z) = (Pn(z))nen is a complete
isometry.

(iii) For all k < n, there is a map agn: M, — My with ||akn||lcs < 1 such that
Pr = apnPy.

(iv) Assume E finite dimensional. Then for some ny > 1, the maps P, are injective
for all n > ny.

Proof. We can assume E C B({;). Then let @,: B(¢3) — M, be the usual projection
(defined by Qn(eij) = €5 if ¢, 7 < n and Qn(e;j) = 0 otherwise). Let P, = Qn . Then
(1), (ii), (iii) and (iv) are immediate. |

The point of the preceding lemma is that we can write for all N > 1 and all (a;;)
in MN(E)

() I(aii)lan () = Hm T 1(Palais)limn(mn)-
Indeed, by (ii) we have
Cais)llaa ey = sup (Pn(ai))llarw a1,

and by (iii) this supremum is monotone nondecreasing, whence (7).

The following two lemmas are well known to specialists.
Lemma 3. If X,Y are exact operator spaces and if X C Y, then ez(X) < ez(Y).
Proof. We will identify B ®min X (resp. (B/K) ®min X) with a subspace of B ®min ¥’
(resp. (B/K) ®min Y). Consider u in the open unit ball of (B/K) ®min X. By

definition of ez(Y’), there is an element v in B ®min Y such that ||v|| < ez(Y) and if
¢: B®min Y = (B/K) ®min Y is the canonical mapping, we have ¢(v) = u. On the
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other hand, since X is exact we know there is a @ in B ®min X such that ¢(@) = u. Note
that by exactness Ker ¢ = K ®min Y, hence v — i € K @min Y. Let p, be an increasing
sequence of finite rank projections in B tending to the identity (in the strong operator
topology). Consider the mapping 0,: B — B defined by o,(z) = (1 — pa)z(1 — pn).
Clearly ||on||ct < 1 and for all  in B we have o,(z) — 2 € K. Moreover, for all z in
K we have ||o,(z)|| — 0. More generally, by equicontinuity, for any w in K ®min ¥’
we have ||(6, ® Iy)(w)||k®.y — 0 when n — oo.

Hence for any ¢ > 0, for some n large enough we have ||(0, ® Iy)(v — @)|| < €.
Therefore,
(on ® Iy )il| < [lonllesllv]l + & < ex(Y) +e.

But on the other hand, 1—(0,QIy )t = ((1—0,)®Iy )i € KQmpinX since & € BQminX.
Hence dist(@, K @min X) < ez(Y) + € and we conclude ex(X) < ex(Y) + €. ||

Lemma 4. Let X be an operator space. Then sup{|T5"||| E C X, dimE < oo} is
finite iff X is exact and we have

(8) ex(X) =sup{||T5'|| | E C X,dimE < co}.

Proof. Let A be the right side of (8). By Lemma 3 we clearly have A < ez(X) hence
it suffices to show that if A is finite X is exact and (8) holds. Assume A finite. Then
clearly Tx is onto. Let ¢: B®min X — (B/K)®min X be the natural map. Consider u
in Ker(q). By density there is a sequence u, in BQX such that ||u —u,|| < 27". Then
llg(un)]l < 27™. By definition of A (since u, € B ® E, for some finite dimensional
subspace E,, C X and ||T§"1 || < A) there is v, in B ® X which is a lifting of g(un) so
that ||vp]l < 27" and u, — v, € K @ X. Therefore ||u — (un —vp)|| <277 +27"X so
that u = lim(u,, — v,) € K @ X. This shows that Ker(¢) = K Qmin X. Thus we have
showed that A < oo implies X exact. By definition of T;l it is then easy to check
that || Tx| < X [

Lemma 5. For any operator space X

9) ex(X) < sup{dsk(E) | E C X,dim E < oo}.

Proof. By the preceding lemma it suffices to show that a finite dimensional operator
space E satisfies || T;'|| < dsk(E).

Now consider F' C M,,. By Lemma 3 and by (4)" we have
IT5 || = ex(E) < ex(F)day(E, F)
< ex(M,)ds(E,F)
but trivially ez(M,) = 1 hence we obtain ||T5"'|| < de(E, F) and taking the infimum
over F, |IT5|| < dsk(E). |
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Proof of Theorem 1. Let E C X be finite dimensional. We will prove
dsk(E) < ex(E).

This is the main point. To prove this claim we consider the maps P,: E — M,
appearing in Lemma 2. Let E, = P,(E) C M,. For n > ny we consider the
isomorphism u,: E — E, obtained by considering P, with range E, instead of M,.
Since E is finite dimensional u;! is c.b. for each n > ny. We claim that we have

(10) limsup ||u;? || < ex(E).
n—oo

(From (10) it is easy to complete the proof of Theorem 1. Indeed, if (10) holds, we
have

dsk(E) < limsup [|unlles||uz’lep < ex(E).
n—00
By (9) we have conversely ez(E) < dsk(E), whence (5). Then by (8) X is exact iff

the right side of (6) is finite and (6) follows from (8). Thus to conclude it suffices to
prove our claim (10).

Consider €, > 0 with €, — 0. For each n > ng, we choose h, in My(,)(E) such that

(11) I(IM,ny ® n)bnll My oy (En) = 1 @0d [|Bnllaty By > Iluzlles = €n-

Then we form the direct sum By = £oo{Mj(n)} and consider the corresponding element
h = (hn)n>n, in Bi ®min E = Leo{Mi(n)(E)}.

Let Ky C B; be the subspace formed of all the sequences (z,) with z, € M) which

tend to zero when n — co. By suitably embedding B; into B(¢;) and K into K(£;)
we find that the natural map

Tl: (Bl Qmin E)/(Kl ®min E) - (BI/KI) ®min E
satisfies (note that it is an isomorphism since dim E < o)
(12) 1T < ITg || = ex(B).

Let ¢: By ®min E = (B1 ®min E)/(K1 ®@min E) be the quotient mapping. Observe that
we have clearly

(13) lim sup [hn|| < [lg(h)]]-
n—oo

On the other hand we have g(h) = Ty 'Ti¢(h) hence

(14) gl < ITTHH I Tag(R)]
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and since J: E — £oo{En} is a complete isometry (cf. Lemma 2) we have

(15) I Tag(P)I| = I(IB, /x; ® J)T1g(R)(B1 /K1) @mintos {Em}-

Let ¢1: By ®min £ — (B1/K;) ®min E be the natural map. Clearly ¢; = Tyq, and the
right side of (15) is the same as the norm of the corresponding element in the space
Loo{(B1/K1) ®min Em}, hence the right side of (15) is equal to

sup [|(Zp,/k, ® tm)a1(R)(B1/ K1) @min B
which is clearly

< SI’;‘lp liﬂsolip ”(IMI;(n) ® um)(h")”Mk(n)(Em)'

For m < n, we have by Lemma 2 u,;, = amntn with ||@amn|lcs < 1. By (11) this implies

I(I0e(my @ wm ) (Bl My (Emn) S NIy @ Un) (Bl Moy (E) = 1-

Hence we conclude that (15) is < 1. By (12), (13) and (14) we obtain that
limsup ||u;!||cs = limsup ||hy|| < ex(E). This proves (10) and concludes the proof
n— o0

n—oo

of Theorem 1. |

Remark. The reader may have noticed that our definition of exact operator spaces
is not the most natural extension of “exactness” in the category of operator spaces.
However the more natural notion is easy to describe. Let us say that an operator space
X is OS-exact if for any exact sequence of operator spaces (note: here the morphisms
are c¢.b. maps)

{0}-Y;-Y, -Y; - {0}

the sequence
{0} — Y Qmin X = Y2 @min X — Y3 Omin X — {0}

is exact.

Then we claim that X is OS-exact iff there is a constant C' such that for any
finite dimensional subspace E C X, the inclusion ig: E — X admits for some n
a factorization of the form

ig: E-5M,-5X
with |lale||8lles < C.
Equivalently, this means that there is a net (u;) of finite rank maps on X of the form
u; = bja; with a;: X — M, and b;: M,, — X such that

sup ||a;[cs||billcs < 00 and wui(z) — z

for all z in X.
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This result was known to E. Kirchberg and G. Vaillant. It can be proved as follows.
First if X is OS-exact, it is a fortiori exact in the above sense so that by Theorem 1

there is a constant C; such that dsi(F) < C; for all finite dimensional subspaces
EcX.

Secondly, if X is OS-exact, there is clearly a constant Cy such that for any pair of finite
dimensional operator spaces E; C E; (so that Ei* C E}) we have an isomorphism

T: (E3 ®min X)/(Ei @min X) — (E3/E{) Omin X
such that | T71|| < C,.

In other words, since EJ ®mumin X = cb(E3, X) we have an extension property associated
to the following diagram:

E,
NV
)
EE 5 X

More precisely, for any v: E; — X there is an extension v: F; — X such that
I9]les € Cq||v||cs- Consider now an arbitrary finite dimensional subspace E C X.
Let ¢ > 0. Consider Ey C M, such that there is an isomorphism u: E; — E with
llullesllules < dsk(E)+e < Cy+e.

Using the preceding extension property (with E, = M,) we find an operator
b: M, — X extending u and such that ||b||cs < Ca||u|lcs- Let a: E — M, be the
operator u~! considered as acting into M,,. Then :g = ba and

llallesliBlles < Collullesllu™ llcs < C2(C1 +€).

This proves our claim. Note in particular that if X is a C*-algebra, it is OS-exact iff
it is nuclear, by [P1, Remark before Theorem 2.10].

In the category of Banach spaces one can define a similar notion of exactness
using the injective tensor product instead of the minimal one. Then a Banach space is
“exact” iff it is a Loo-space in the sense of [LR]. We refer the reader to [LR, Theorem 4.1
and subsequent Remark].

§2. Ultraproducts.

The notion of exactness for operator spaces is closely connected to a commutation
property involving ultraproducts. To explain this let us recall a few facts about
ultraproducts. Let (F;);er be a family of operator spaces and let I be a nontrivial
ultrafilter on I. We denote by F =1F, /U the associated ultraproduct in the category
of Banach spaces (cf. e.g. [Hei]). Recall that if dim(F;) = n for all 7 in I, then the
ultraproduct F clearly also is n-dimensional.

Clearly F can be equipped with an operator space structure by defining
(16) M, (F) = IM,(F,)/U.
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It is easy to check that Ruan’s axioms [Ru] are satisfied so that F with the matricial
structure (16) is an operator space. Alternatlvely, one may view F; as embedded into
B(H;) (H; Hilbert) and observe that F Cc IIB(H;)/U. Since C*-algebras are stable by
ultraproduct we obtain F embedded in a C* -algebra. It is easy to see that the resulting
operator space structure is the same as the one defined by (16). Note that (16) can
be written as a commutation property between ultraproducts and the minimal tensor
product, as follows

(17) My, @min [T /U] = TI[My, @min Fi] /U

It is natural to wonder which operator spaces E can be substituted to M, in this
identity (17). It turns out that this property is closely related to the invariant dsx (E),
as we will now show.

We first observe that there is for any finite dimensional operator space E a
canonical map

(18) vg: T(E @min Ei)/U — E @min E
with ||vg|| £ 1. Indeed, we clearly have a norm one mapping
(18)’ E Qmin eoo{Ei} — E @min E

but if E is finite dimensional E @min Loc{Ei} = Looc{E ®min Fi} and the map (18)’
vanishes on the subspace of elements with ¢/ limit zero. Hence, after passing to the
quotient by the kernel of (18)’, we find the map (18) with norm < 1. More generally
(recall the isometric identity F* Quin E = cb(F, E), cf. [BP, ER1]) if (E;);er (resp.
(F3)ier) is a family of n-dimensional (resp. m-dimensional operator spaces), we clearly
have a norm one canonical map

(18)" ch(E;, F})JU — cb(E, F),
where E = I1E;/U and F = IIF; JU.

Proposition 6. Let E be a finite dimensional operator space and let C > 1 be a
constant. The following are equivalent.

(i) dsk(E) < C.
(ii) For all ultraproducts F = IIF;/U the canonical isomorphism (which has norm
<1)
VE: H(E ®min Fz)/u — E @min (HF,/U)

satisfies ||vg'|| < C.

(iii) Same as (ii) but with all ultraproducts (F;);er on a countable set and such that
supdim F; < dim E.
i€l
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Proof. First observe that if G C F are operator spaces then we have isometric
embeddings

G®min ﬁ - F®min ﬁ

and
H(G ®min F.)/L( — H(F ®min F,)/U

Therefore in the finite dimensional case we have clearly ||vg'|| < |[vF*-
(i) = (ii): Assume (i). Then consider G C M, isomorphic to E. We have clearly
llvas. Il = 1 by (16), hence we can write

o5l < deb( B, G)llvg’ | < dev( B, G)llvag, |

S dcb(Ea G)

hence ||vg'|| < dsk(E), whence (ii).
(i1) = (iii) is trivial.
(iii) = (i): This is proved by an argument similar to the proof of (10) in Theorem 1.
We merely outline the argument. Let u,: E — E, = P,(E) be given by Lemma 2, as

in the above proof of (10). For n > ny we consider u,!: E, — E and we identify u !
with an element of E} ® E. Recall |[u;||Es@mnE = llun'||cb(E,,E)- Then

()l Es @mnE)u = lim llug o

and on the other hand since J is a complete isometry and since we have the
monotonicity property (7) we have

1(un nll(Es /)@minE = SUP |(Pmun )l (1 ES /1) ©min Mm
m
= suplim || Py || B2 @ min Mom
m nUu

< suplim||amn]|lcs < 1.
m nU

Hence (iii) implies lilrln”u;l”cb < C if U is any nontrivial ultrafilter on N, and we

conclude dsk(E) < li&n llunllcollunlles < C. [ |

§3. How large can dsi(F) be?

We now wish to produce finite dimensional operator spaces E with dsk(E) as
large as possible. It follows from Theorem 9.6 in [P1] that for any n-dimensional
operator space E we have

dsk(E) < /n.

We will show that this upper bound in general cannot be improved, at least asymptot-
ically, when n goes to infinity. We will consider the space £, with its natural operator
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space structure. We will denote by E7* the dual in the category of Banach spaces, so
that as a Banach space EJ is the usual space £}, however it is embedded into B(H)
in such a way that the canonical basis ey,...,e, of E satisfies for all ay,...,a, in

n

Ze;@ai

1

(19)

= sup
Y

zn:u,'@)ai
1

where the supremum runs over all unitary operators u; in B.

E?®minB unit'ary BQ®minB

Another remarkable representation of EJ appears if we consider the full C*-
algebra C*(F;) of the free group with n generators. If we denote by é1,...,6n
the generators of F, viewed as unitary operators in C*(F,) in the usual way then
IS 6: ® aillcx (¥, )@min B 1 €qual to (19), which shows that the map u: E} — span(§;)
which takes e; to §; is a complete isometry. OQur main result is the following,.

Theorem 7. For alln > 2
n
dsk(E}) > ———.
sk ( 1)_2 —

Hence in particular dsg(E}) > 1 for all n > 3.

Remark. It is easy to check (this was pointed out to me by Paulsen) that dsx(ET) =
1 for n = 2. Indeed, in that case (19) becomes (after multiplication by u;?)

le1®a1+e2®@az|| = sup |[I®a1+u® a

u unitary

and since (I, u) generate a commutative C*-algebra, this is the same as

sup ||a1 + zaz||

z|=1

2€C
which shows that E? is completely isometric to the span of {1,e'*} in C(T). Therefore
(since C(T) is nuclear) dsk(E?) = 1. We will use an idea similar to Wassermann’s
argument in [W1]: we consider the direct sum M = M; & M, & - - -, or equivalently
M = £,{M,} in our previous notation, and we denote by Iy, the set

Iy ={(zq) € M | lilr}l To(ZhTo) = 0}

where 7, is the normalized trace on M, and where I is a nontrivial ultrafilter on
N. Then the group von Neumann algebra VN(F,,) is isomorphic to a von Neumann
subalgebra of the quotient N = M/Iy. It is well known that N is a finite von Neumann
algebra with normalized trace 7 given by 7(z) = lilzln Ta(To) where z denotes the

equivalence class in N of (z4). Let us denote by
o M- M/Iy
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the quotient mapping.

In the sequel, we will make use of the operator space version of the projective
tensor product introduced in [ER5]. However, to facilitate the task of the reader,
we include in the next few lines the simple facts that we use with indication of proof.
Consider a finite dimensional algebra M} equipped with the normalized trace which we
denote by 7. We denote by Ly (7) the space M} equipped with the norm ||z||; = 7(|z|).
Let E be an operator space. Since My = L;(7)* we have (L,(7)® E)* = M(E*). We
then denote by L;(7) ®A E the space Li(7) ® E equipped with the norm induced on
Li(7) ® E by M(E*)*. We will use the following two facts which are easy to check:

(a) If F C E (completely isometric embedding) then L1(7) @ F C L1(7) @A E
(completely isometric embedding).

(b) If E = E} and e;,e€3,...,¢, is the canonical basis of EJ = £2*, then for any
Z1,...,Zpn in Li(7) we have

Z$i®8i

1

n
= lzillzyo-
1

L1 (T)@A E;‘

(c) We have a norm one inclusion
My(E) » Li(7) @A E.

These facts can be checked as follows:

(a) follows by duality from the isometric identity
My(F*) = My(E*/F+) = My(E*)/My(F*).

(b) follows again by duality from the identity
M (€5,) = £5o(My).

(c) follows from the inequality V ;; € E* Vz;; € E

Y &z

ij<k

(d) k! S (i)l ) 1CEii) M2y -

The latter inequality can be checked using the factorization of c.b. maps (cf. [Pal,

p. 100]) since ||(&ij)lla,(E+) = I1(&ii)llebcr,m,y:  if 11(€i5)lI M, 5=y < 1 then we can
write &;;(z) = (7(z)z;, ;i) with m: E — B(H) restriction of a representation and with
zj,y; € H such that |} a;z;]| <1 and |3 aiyi|| <1 whenever ) |aj|* < 1. This
implies (3 llz;1> 3 lly:ll*)!/* < k whence

|3 €itai)| = [ neii)es w0 < Kl@illam ey
which proves the inequality (d).

We denote below by C(F,) the reduced C*-algebra associated to the left regular
representation for the free group F, with n generators. Then the key result for our
subsequent estimates can be stated as follows.
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Theorem 8. Fix n > 2. There is a family of unitary matrices (u$) with uy € M,
(i =1,...,n, a € N) and a nontrivial ultrafilter U on N such that for all m > 1 and
all z,,...,z, in M,, we have

n

Zu?’@w.‘

=1

<
Ll("'a )@A Mg

(20) lim

Z/\(yi)@)l‘i

C;(Fn)®mian

Remark. By results included in [HP], the right side of (20) is

n 1/2
< 2max { Zz,zf } .
1

Proof of Theorem 8. As explained in [W1], for each ¢ there is a unitary u; = (u{)aeN
in M such that ®(u;) = A(gi). Let us denote

n 1/2

z : *
T;T;

1

k)

b= Z/\(g,') Rx; € C;(Fn) ®min Mm.

Then 3 u; ® z; is a lifting of b in M ® M,, and M,,(VN(F,)) embeds isometrically
(see [W1]) into My, (M/Iy) or equivalently into My, (M)/Mm(Iu). It follows that we

have
ll8]] = inf {

Hence there is a sequence (Y*)yen with ¥v* € M, (M, ) satisfying

Y zi@uit+y |7€Mm(IU)}'
i=1

My (M)

Vi,j<m Jim 7o (v v5) =0
and such that u
n
(21) lim |2 @ ug +7° < ol
=1 Mm(Ma)

Now observe that Mp,(My) = Ma(My,). We will use the norm one inclusion (see fact
(c) above) Mo(Mpm) — L1(7a) @A M. Note that the inclusion Ly(7q) — L1(7o) has
norm < 1 so that

Hm {[v*|| 21 (r)@a M, = 0.

0—1;00
Therefore (21) yields
(22) Y DONTECEY I
which is the announced inequality. |

To prove Theorem 7, we will use the following lemma.
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Lemma 9. Consider the operator

T,: £y, — Cx(F,)

defined by Ty(a1,...,an) =Y, a;A(gi). Then for any m, any n-dimensional subspace
1
F Cc M, and any factorization

F*
a/ b\,
T
e _ Cx(F,)
with T, = ba we have
(23) n < |lal|cs|bllco-

Proof. Consider a,b as above. We identify b: F* — C5(Fn) with an element of
F ®minCX(Fy). Then we can write b = E r;®A(g;) with z; € F such that a*(z;) = e;.
(Recall that e; is the canonical basis of E1 (£2)*.)

Now by Theorem 8 we have

im |30 uf @ <
T DONTCEY N

By fact (a) recalled above, this implies

n
i[5 @1, 0, < e
m|[Y wr o, o <lbla

hence since ||a*||cs = ||a|cs

i owe)

This gives the conclusion since a*(z;) = e; and by fact (b)

DICEL

< la bl cp-
poonzn < lallallblle

n
: =Y " fug =
"mm)@wr y il =

Remark. The same operator T, as in Lemma 9 was already considered in [H]. By
[H, Lemma 2.5] we have ||Ty||ldec = n, but this does not seem related to (23).

Proof of Theorem 7. By [AO] (see [H] for more details) we have ||T,||cs < 2v/n —1,
hence for any F' C M,, we can write by (23)

(24) 1 < || Tallesdes(F7, €5)
(25) n < | Tallsden(F*, Ep)
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where E} = span{\(g;) | i = 1,...,n} in C}(F»). Since dep(F*,€%) = des(F,€5.")
and £%.* = E}' we obtain

n(2vn - 1)_1 < dcb(Fa E;‘)

so that Theorem 7 follows.

Remark. By the same argument we have
dsk(EX") > n(2vn = 1)1

Here again this is > 1 if n > 3 but dsg(E)") = 1 if n = 2 for the same reason as
above for ET'. We can also derive an estimate for the n dimensional operator Hilbert
space which is denoted by OH,. This space was introduced in [P1] to which we refer
for more details. It is isometric to £3 and has an orthonormal basis (6;)i<n such that
for all a;,...,a, in B we have

n n 1/2
(26) Y b:®a =) uea

1 OH,®minB 1 B@minﬁ
Corollary 10. For each n > 2, we have
(27) dsx(OHp) > [n(2v/n —1)71]!/2.

Proof. By (26) we have (we denote simply by || || the minimal tensor norm everywhere)

”Z 0; ® ,\(g,-)” = ”Z Ag:) ®m”1/2
and by [AO] we have

3 Mgi) @ Ng)|| = 2vn — 1.

Hence we have a factorization of T, of the form egoi»OH,,—"»E,, with |[b]|2, <

2v/n — 1. On the other hand

n 1/2
lallo = la*lle = | > es @ <2
1 EP®minE}
hence we have by (23)
n < dsk(OHy)llallcol|b| o
which implies (27). |

Remark. It is easy to verify that these estimates are asymptotically best possible.
More precisely, we have with the notation of [P1], dsx(E}) < dep(E}, Rn) < /1.
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Similarly, dsk(E2") < des(EX", Rn) < /n, and finally dsx(OHy) < dey(OHp, Ry N
Cr) < nl/4,

Remark. It is natural to raise the following question: Is there a function n — f(n)
and a constant C such that for any E in OS, satisfying dsx(F) = 1, there is a
subspace F C M, with m < f(n) and dep(F,E) < C? It is easy to derive from
the preceding construction that the answer is negative (contrary to the commutative
case with £% in the place of M,). A negative answer can also be derived easily from
the fact (due to Szankowski [Sz]) that the space of compact operators on ¢ fails the
uniform approximation property.

Remark. It is rather natural to introduce the following quantity for E in OS,..
dosk(E) = inf{ds(E, F)}

where the infimum runs over all the spaces F' which are quotient of a subspace of K,
i.e. there are S; C S; C K such that F = §;/S,. Clearly dgsk(F) < dsk(E). We
do not know much about this new parameter. Note however that in view of the lifting
property of ET we have by Theorem 7

n
dosk(EY) 2 ———.
osklFl) 2 5 0m=

Moreover, it can be shown that OH, embeds completely isometrically into the direct
sum Loo(Ry)® Loo(Cr), and a fortiori into Loy (M2, ), so that dgsx(OH,) = 1, indeed
this follows from the identity OH, = (Rn,C#r)1/2 proved in [P1, Corollary 2.6]. Note
that for the quotient of a subspace case, the identity between (1) and (1)’ might no
longer hold, so that it might be necessary to distinguish between the quotients of a
subspace of K and those of M, for some n > 1.

§4. On the metric space of all n-dimensional operator spaces.

It will be convenient in the sequel to record in the next statement several
elementary facts on ultraproducts.

Proposition 11. Let E and F be two n-dimensional operator spaces. Let (E;)ier
and (F;)ier be two families of n dimensional operator spaces. Let U be an ultrafilter
onI and let E | F be the corresponding ultraproducts.

(i) We have

(28) d(E, F) < liLIln dy(E;, Fy).

Moreover, if dcy(E;, F;) — 1 then Eis completely isometric to F.
(ii) If F; = F foralli € I then Fis completely isometric to F'.
(iii) Ifdep(Ei, F) — 1 then Eis completely isometric to F.
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(iv) Ifde(E,F) =1, then E and F are completely isometric.

Proof. We have isomorphisms u;: E; — F; such that Vi = Uy ! satisfies ||u;lcs < 1
and hrn llvilles = 11m dcs(E;, F;). Then the maps a: E—Fandéo: F> E (associated

respectlvely to (u,) and (v;)) are inverse of each other and satisfy ||é|c||]lcs <
lill;n deb(Ei, F;). Hence we have (28). The preceding also shows that @ is a complete

isometry between E and F when li&n deo(E;, F;) = 1, whence (i). But on the other

hand it is easy to check that, if F; = F for all ¢, then F and F are completely isometric
via the map T: F — F defined by T(z) = lill}l z; if = is the equivalence class of (z;)

modulo U. This justifies (ii). Then (iii) is clear. Finally, taking E; = E and F; = F
for all 7 in what precedes, we obtain (iv). (Actually, (iv) is clear, by a direct argument
based on the compactness of the unit ball of cb(E, F).) |

In this section, we will include some remarks on the set OS, formed of all n
dimensional operator spaces. More precisely OS,, is the set of all equivalence classes
when we identify two spaces if they are completely isometric. We equip OS,, with the
metric

8(E, F) = Log duy(E, F).

This is the analogue for operator spaces of the classical “Banach-Mazur compactum”
formed of all n dimensional normed spaces equipped with the Banach-Mazur distance.

However, contrary to the Banach space situation the metric space OS,, is not
compact. The next result was known, it was mentioned to me by Kirchberg.

Proposition 12. The set OS,, equipped with the metric Log d. is a complete metric
space, but it is not compact at least if n > 3.

Proof. We sketch a proof using ultrafilters. Let (E;) be a Cauchy sequence in OSn.
Let E be an ultraproduct associated to a nontrivial ultrafilter 4 on N. Then by the
Cauchy condition for each € > 0 there is an 79 such that for all 7,7 > iy we have

Log dcb(E,',Ej) S E.

By Proposition 11 this implies V 7 > ¢
Log dcb(E'a E;)<e

hence E; — E when i — 0o and OS,, is complete.

We now show that OS, is not compact by exhibiting a sequence without
converging subsequences if n > 3. Consider any space Ey in 0S5, such that

(29) dsi(Ep) > 1.
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We know that such spaces exist if n > 3 by Theorem 7 and Corollary 10.

By Lemma 2, we can find a sequence of spaces E; C M; with dim F; = n such that for
any nontrivial ultrafilter on N the ultraproduct E = IIE; JU is completely isometric
to Eo. (Indeed, this is clear by (7).) Assume that some subsequence of E; converges
in OSy. Then, by Proposition 11 (ii), its limit must be E which is the same as Ep. In
other words the subsequence can only converge to Ey but on the other hand by (29)
we have (since E; C M;)

Viel 1<dsk(Eo)<de(Eo,E;),
which is the desired contradiction. ||

Remark. It is well known that every separable Banach space E embeds isometrically
into the space of all continuous functions on the unit ball of X* equipped with the
weak*-topology. Let us denote simply by C the latter space, and let k: E — C be the
isometric e1~nbedding. Given P, as in Lemma 2, we can introduce ﬁn: E -5 C®e M,
by setting Pn(z) = (k(z), Pa(z)). Then each P, is an isometric isomorphism of F into
En C c
®oo M,. Moreover the embedding J: E — loo{E,} is a completely isometric em-
bedding with the same properties as in Lemma 2. Finally the C*-algebras C ®o, M,

are nuclear. Using this it is easy to modify the preceding reasoning, replacing E, by

E, (note ds K(E ) = 1 since C @oo M, is nuclear) and to demonstrate the following

Corollary 13. Let Ey be any n dimensional operator space such that dsy(FEo) > 1.
Then the (closed) subset of OSy, formed of all the spaces isometric to Ey is not compact.

Remark. Actually we obtain a sequence E; of spaces each isometric to Ey and such
that E, is completely isometric to E = IIE; /U but dey(E;, Eg) /4 0. More precisely
(in answer to a question of S. Szarek), the preceding argument shows that the “metric
entropy” of OS, is quite large in the following sense: Let § = dsx(E,) with Ej as in
Corollary 13. Then for any € > 0 there is a sequence F; in OS,, such that

deo(Ei,E;) > 6 —¢ forany ¢ #j.

(Moreover, E; is isometric to Ey and the ultraproduct E = IIE;/U is completely
isometric to Ep). This suggests the following question: does there exist such a sequence
if § is equal to the diameter of the set OS,, (or of the subset of OS,, formed of all the
spaces which are isometric to E)? If not, what is the critical value of §7

Corollary 13 is of course particularly striking in the case Ey = OH,, it shows
that the set of all possible operator space structures on the Euclidean space €7 is very
large. We refer to [Pa2] for more information of the latter set.

These results lead to the following question (due to Kirchberg).

Problem. Is the metric space OS,, separable!?

1 See the Note added at the end of this paper.
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Equivalently, is there a separable operator space X such that for any ¢ > 0 and
and any n-dimensional operator space E, there is a subspace F' C X such that
d(E,F)<1+¢€?

More generally, let E be an n-dimensional normed space. Let OS,(E) be the subset
of OS,, formed of all the spaces which are isometric to E. For which spaces E is
the space 0S,(E) compact or separable? Note that OS,(E) can be a singleton, this
happens in the 2-dimensional case if E = ¢% or E = ¢2_, however it never happens if
dim(E) > 5 (see [Pa2, Theorem 2.13]).

We will now characterize the spaces Ey for which the conclusion of Corollary 13
holds. We will use the following simple observation.

Lemma 14. Fixn > 1. Let E =T1IE; /U be an ultraproduct of n-dimensional spaces.
Then (E)* = IIE} /U completely isometrically.

Proof. Let F; be a family of m-dimensional spaces with m > 1 fixed and let F be
their ultraproduct. It is well known that

(30) B(E;,F,)/u = B(E,F)

isometrically. Now observe that for any integer k we have (by [Sm]) for any
u: E — My, associated to a family (u;)ier with u; € B(E;, My)

”u“Cb = ”IMA-. ®u”Mk(§)—»Mk(Mk)'

By (30) it follows that

llulles = Lim 1T, ® will My ()= Ma(a)-

Hence
el o3 pryy = ligm lusilleace:, pa) -
Equivalently R
Mi((E)*) = IMx(E})/U
= M(ILE} [U)
and we conclude that (E)* and IIE? /U are completely isometric. |

Corollary 15. Consider E in OS,. The following are equivalent:

(i) dsk(E) = dsk(E*) = 1.

(ii) For any sequence E; in OS,, such that E = I1E; [U is completely isometric to E
we have

lim des(E, Bi) = 1.
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(iii) Same as (ii) with each E; isometric to E.

Proof. Assume (ii) (resp. (iii)). Then the proof of Proposition 12 (resp. Corollary 13)
shows that necessarily dsx(E) = 1. By Lemma 14 it is clear that (ii) and (iii) are self
dual properties, hence we must also have dsi(E*) = 1. Conversely assume (i). We
will use Proposition 6 together with the identity E ®min F = cb(F*, E) valid when F
is finite dimensional. By Proposition 6 and Lemma 14, if dsx(E) = 1 we have

(31) Ich(E;, E)/U = cb(E, E)

whenever E is an ultraproduct of n dimensional spaces. Now if dsx(E*) = 1 this
implies

cb(E:, E*)/U = cb(E*, E*)
hence after transposition

(32) ch(E, E;)/U = cb(E, E).

It is then easy to conclude: let u: E > Ebea complete isometry. Let u;: E; — E be
associated to u via (31) and let v;: E — E; be associated to u™! via (32) in such a
way that ||ul|cs = lilrln||ui||cz. =1and |[u™!|s = 1i11}1||v,~||c,, =1.

Then Ig = lilrln u;v; hence we have li&n lIE — uivi]| = 0, hence (u;v;)~! exists for i large
and its norm tends to 1, so that u ! exists and (since li&n |lvi]| < 00) li&n lluit| < oo,
whence li&n lu7! — v;]| = 0. Since all norms are equivalent on a finite dimensional
space, we also have lillln lIE — uivi]lee = 0, finally (repeating the argument with the

cb-norms) we obtain libn lu;* — vi]les = 0 and we conclude that

i )<l i -1 <1
h&ndcb(E’ Ei) < h&n““z"cb”u: flev <1
This shows that (i) = (ii) and (ii) = (iii) is trivial. |

Remark. The row and column Hilbert spaces R, and C, obviously satisfy the
properties in Corollary 15. Also, the two dimensional spaces ¢2 and ¢2,, which (see
[Pa2]) admit only one operator space structure (so that any space isometric to either
one is automatically completely isometric to it), must clearly satisfy these properties.
At the time of this writing, these are the only examples I know of spaces satisfying

the properties in Corollary 15.

It is natural to describe the spaces appearing in Corollary 15 as points of continuity
with respect to a weaker topology (on the metric space OS,) which can be defined as
follows. For any k¥ > 1 and any linear map u: E — F between operator spaces, we
denote as usual

lulle = lIm, ® Ellpy(2)—Me(F)-
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Then for any E, F in OS, we define
di(E, F) = inf{||u|lallu™"|l+}

where the infimum runs over all isomorphisms u: F — F.

We will say that a sequence {E;} in OS, tends weakly to E if, for each k > 1,
Log di(E;, E) — 0 when ¢ — co. This notion of limit clearly corresponds to a topology

(namely to the topology associated to the metric § = 3. 2~*Log di) which we will
k>1
call the weak topology. Let us say that E, F' are k-isometric if there is an isomorphism

u: E — F such that Ip, ® u is an isometry. Clearly this holds (by a compactness
argument) iff dx(E, F) = 1. Moreover (again by a compactness argument) E and F
are completely isometric iff they are k-isometric for all ¥ > 1. This shows that the
weak topology on OS, is Hausdorff. We observe

Proposition 16. Let E and E; (i = 1,2...) be operator spaces in OSy. Then E;
tends weakly to E iff for any nontrivial ultrafilter U on N the ultraproduct E = I1E; /U
is completely isometric to E.

Proof. Clearly if E; tends weakly to E then E is k-isometric to E for each k > 1,
hence F is completely isometric to E. Conversely, if E; does not tend weakly to E,
then for some k > 1 and some ¢ > 0 there is a subsequence E,; such that

(33) di(En;,E) >1+4+¢ forall ¢#j.

Let U be an ultrafilter refining this subsequence, let E be the corresponding ultra-
product, and let u: E — E be any isomorphism. Clearly there are isomorphisms
u;: E; — E which correspond to u and we have for each £ > 1 (by compact-
ness) [lulls = limjuillx and [lu}[lx = lim Jlu7|le. Therefore we obtain by (33)

dk(E, E) > 1+ ¢ and we conclude that E and E are not completely isometric. |

We can now reformulate Corollary 15 as follows

Corollary 17. Let i: OS, — OS, be the identity considered as a map from OS,
equipped with the weak topology to OS, equipped with the metric d,,. Then an
element E in OS, is a point of continuity of 1 iff dsi(E) = dsx(E*) = 1.

§5. On the dimension of the containing matrix space.

It is natural to try to connect our study of dsi(E) with a result of Roger Smith
[Sm]. Smith’s result implies that for any subspace F C M} we have for any operator
space X and for any linear map u: X — F

(34) llelles < flusllx-
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More generally, if T is any compact set and F C C(T) ®min My then we also have
(34).

Now let E be any finite dimensional operator space. For each k¥ > 1 we introduce
8x(E) = inf{dcp(E,F) | F C C(T) @min M}
where the infimum runs over all possible compact sets T'.
Note that dsk(E) = inf 6;(E).
k>1
Clearly if C = 6ix(FE), then by (34) we have for all u: X — E
(35) llulles < Cllullx.

It turns out that the converse is true: if (35) holds for all X and all u: X — E then
necessarily 6x(E) < C. This is contained in the next statement which can be proved
following the framework of [P2], but using an idea of Marius Junge [J].

Theorem 18. Let E be any operator space and let C > 1 be a constant. Fix an
integer k > 1. Then the following are equivalent:

(i) There is a compact set T and a subspace F C C(T) ®min My such that
dw(E,F)<C.

(ii) For any operator space X and any u: X — E we have

llelles < Cllulle-
(iii) For all finite dimensional operator spaces X, the same as (ii) holds.

Proof. (Sketch) (i) = (ii) is Smith’s result [Sm] as explained above. (ii) = (iii) is
trivial. Let us prove (iii) = (i). Assume (iii). Note that (for & fixed) the class of spaces
of the form C(T) ®min Mk is stable by ultraproduct, since the class of commutative
unital C*-algebras is stable by ultraproducts. In particular we may and will assume
(for simplicity) that E is finite dimensional. Let G be an other operator space and
consider a linear map v: E — G. We introduce the number ai(v) as folows. We
consider all factorizations of v of the form

E - ) Quin My = G
where N > 1 is an arbitrary integer, and and we set
ax(v) = inf{||allcs|[bllcs}
where the infimum runs over all possible N and all possible such factorizations.
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Now, using Lemma 2 and an ultraproduct argument it suffices to prove that for any
n, any € > 0 and any map v: E — M, there is an integer N > 1 and a factorization
of v of the form

E - eé\lo ®min Mk _b’ Mn

with [lallcs|Bllcs < C(1 + €)l[v]|ch-

In other words, to conclude the proof, it suffices to show that if (iii) holds we have for
alln and all v: E — M,

(36) ak(v) < Cl|vl|cp

Now we observe that (for any G) ay is a norm on ¢b(E, G) (left to the reader, this is
where the presence of £Y is used). Hence (36) is equivalent to a statement on the dual
norms. More precisely, (36) is equivalent to the fact that for any T: M, — E we have

(37) ltr(vT)| < Cllvllebai(T),
where aj is the dual norm to ag, i.e.

ap(T) = sup{jtr(vT)| | v: E - My, ax(v) <1}.
We will now use the operator space version of the absolutely summing norm which
was first introduced in [ER6]. In the broader framework of [P2], these operators are
called completely 1-summing and the corresponding norm is denoted by 7y. We will
use a version of the “Pietsch factorization” for these maps which is presented in [P2].

As observed by M. Junge, in the present situation the proof of Theorem 2.1 and
Remark 2.7 in [P2] yield a factorization of T of the following form

M, %5 X %E
where X is an n?-dimensional operator space and where the maps w and u satisfy
m(w) <1 and |lulli < oj(T).
Hence if (iii) holds we find
m1(T) = m(vw) < Jlullpni(w) < [lulles < Cllullk < Cai(T).
But since T is defined on M, we clearly have by definition of 7
ltr(vT)| < 1 (vT) < 73(T)][v]less
hence we obtain (37). |

Junge’s idea can also be used to obtain many more variants. For instance let
k > 1 be fixed. Consider the following property of an operator space E: There is a
constant C' such that for any n and any bounded operator v: M, — M, we have

lv® IE|| M, (E)—M.(E) < Cllvlle = Cllv]| M, (M) = Mo (M)
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Then this property holds iff there is an operator space F' completely isomorphic to E
with dey(E, F') < C such that for some compact set T', F is a quotient of a subspace of
C(T) ®min My. In particular if k = 1 this result answers a question that I had raised
in the problem book of the Durham meeting in July 92. Here is a sketch of a proof:
By ultraproduct arguments, an operator space E satisfies dey(E, F') < C for some F
subspace of a quotient of C(T') ®min My for some T iff for any integer n and any maps
vi: M} — E and vy: E — M, we have

ag(vav1) < Cllvi|les|lvalcs-

Equivalently, this holds iff
ltr(vav1T)| < Cllv|ep|vzllcbak (T')

for any T: M, — M). The proof can then be completed using the factorization
property of aj as above. (See [Her| for similar results in the category of Banach
spaces.)

We refer the reader to M. Junge’s forthcoming paper for more results of this kind.

Note. (added December 11 1993) In a very recent joint paper with Marius Junge,
we prove that OS, (and even HOS,) is non-separable when n > 2. See [JP].
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