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OPERATIONS ON CERTAIN NON-COMMUTATIVE
OPERATOR-VALUED RANDOM VARIABLES

DAN VOICULESCU

An example motivating the study of the addition of free pairs of “non-commutative
operator-valued random variables” is provided by the computation of spectra of con-
volution operators on free groups.

Let G be the (non-commutative) free group on two generators g, g2 and let A
denote the left regular representation on 1?(G). To compute spectra of convolution
operators

Y =3 cA9)
g€G
with ¢y # 0 only for finitely many g € G it suffices to be able to decide whether such
Y is invertible. This in turn is equivalent to deciding whether a certain operator

X =) (o ®AgD) +Br ® A(93))
k€eZ

where ax = of,, f—r = Bf are n X n matrices, is invertible. If n = 1, i.e. if the
matrices are scalars, then the spectrum of X can be computed using our results on
the addition of free pairs of non-commutative random variables [8]. Thus the compu-
tation of the spectrum of Y is reduced to a generalization of the addition of free pairs
of non-commutative random variables to the case of “matrix-valued non-commutative
random variables”. (For a different approach to the question of computing the spec-
trum of Y see [1].)

The present paper deals with the extension of our previous work ([8],[9]) on addition
and multiplication of free pairs of non-commutative random variables to, what might
be called, the operator-valued case. This means that the field of complex numbers is
replaced by an operator algebra, the free products are with amalgamation over this
algebra and the specified states are replaced by specified conditional expectations.
Also the natural frame-work of operator algebras with dual algebraic structure ([10])
for the considered operators in the “scalar” case has a corresponding extension to the
“operator-valued” case.

Though our results are meant for applications to operator algebras and spectral
theory, most of our considerations will be in a purely algebraic context, since we shall
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D. VOICULESCU

be mainly concerned with finding the formulae for computing the operation on the
distributions of the random-variables. Concerning distributions of operator-valued
non-commutative random-variables, let us only say that since the scalars C are re-
placed by an operator algebra B, the moments of the variable X are the expectation
valued of monomials of the form Xb;Xbs...Xb,-1X. It is an important fact for
the computation of spectra that the addition of free pairs of B-valued random vari-
ables gives an operation among the symmetric parts of the distributions i.e. among
the expectation values of monomials of the form bXbX ...bXb. For the symmetric
distributions the addition formulae closely resemble those in the scalar case with the
generating series viewed as germs of maps C — C replaced by germs of maps B — B.

The paper has eight sections.

The first section discusses free families of non-commutative B-valued random vari-
ables and distributions of such random variables.

The second and third section deal with the algebras A(M) and the canonical form
of a random variable with a given distribution. This is the analogue for the B-valued
case of the special Toeplitz operators which we used in the scalar case for studying the
addition of free pairs of non-commutative random variables. We also give formulae
for the canonical form of a random variable after multiplication by elements in B.

The fourth section gives the solution to the addition problem for the symmetric
parts of distributions of B-valued random variables. It is obtained by studying the
differential equation for semigroups with respect to addition. The final formulae
closely resemble those in the scalar case.

The fifth section deals with the differential equation for semigroups with respect
to the multiplicative operation. We also introduce a corresponding free exponential
map. Studying the differential equations we show that multiplicative free convolution
is well defined for the symmetric distributions.

The sixth section presents the application to the computation of spectra of convo-
lution operators on free groups.

Section seven is a brief outline of the necessary adaptations to make the operators
on B-valued random variables fit in a framework of dual algebraic structures as in
the scalar case.

Section eight deals with the free central limit theorem for B-valued random vari-
ables generalizing our results from the scalar case [7].

The present paper is an expanded version of our paper with the same title (pre-
liminary version) INCREST Preprint No. 42/1986, Bucarest. This revised version
consists of the material of the preliminary version (without changes) to which we
have added 3.3.-3.7., 5.4.-5.10. and section 8.

While working on the expanded version of this paper the author was supported in
part by a grant from the National Science Foundation and funda for the typing of
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the manuscript were provided by a Faculty Research Grant from the Committee of
Research at U.C. Berkeley.

1. B-valued non-commutative random-variables.

1.1. Throughout B will denote a fixed unital algebra over C (this choice of the
base field is inessential). Let A be another unital algebra over C containing B as a
subalgebra (with the same unit) and let ¢ : A — B be a conditional expectation i.e.
a linear map such that ¢(bjaby) = bip(a)bs if by, by € B,a € A and p(b) =bifb € B.
An element a € A, will be viewed as a B-valued random variable.

1.2. Definition. Let (A, ) be asin 1.1 and let B C A; C A (i € I) be subalgebras.
The family (A;);er will be called free if

plaiaz...an) =0

whenever a; € A;; with iy # i # -+ # in and @(a;) =0 for 1 < j < n. A family
of subsets X; C A (elements a; € A) where i € I will be called free if the family of
subalgebras A; generated by B U X; (respectively B U {a;}) is free.

Free families of subalgebras arise in the C*-algebraic context (in which case the
conditional expectations are of norm one) from reduced free products with amalga-
mation (see §5 in [7]).

1.3. Proposition. Let (A, ) beasinl.1 andlet B C A; C A (i € I) be subalgebras
such that A is generated by U;c1 A; and (A;)ier is a free family. Then ¢ is completely
determined by the ¢; = ¢ | A; (i € I).

Proof. By linearity it is sufficient to prove that we may compute ¢(a; ... a,) whenever
a; € A;; (1 < j < n). We shall proceed by induction on the least non-negative
integer such that ¢;;(a;) = 0if k < j and ixq1 # Gk42 # --- # in. If kK = 0 then
(ay ...an) = 0. Assume our assertion has been established up to a certain k. Then
for k + 1 if ix # ix4+1 we have

@(ar...an) = @(a1...ak(Qip,, (Qk+1)ak+2)0k43 . . . Qn)+

/ /
+ (a1 ... akay, 1ak42 - .. an) where ap ) = aky1 — @iy, (ak41),

so that the induction hypothesis applies.
If i), = k41 then we write

plar...an) = p(a...ak-1(0kak+1 — Yi, (AkAK+1))k+2 - - - )+

+ (a1... ak—19i, (AkAk+1)Ak42 - - - Qn)
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which is again a reduction to the induction hypothesis. a

1.4. The algebra freely generated by B and an indeterminate X will be denoted
by B(X). Let (A,¢) be as in 1.1 and a € A a B-valued random variable. The
distribution of a is the conditional expectation y, : B(X) — B defined by p, = po7,
where 7, : B(X) — A is the unique homomorphism such that 7,(b) = b for b € B and
To(X) = a. Quantities such as pq(boXb1X ...bn—1Xby,) will be called moments. The
set of all conditional expectations u : B(X) — B will be denoted by p.

1.5. Let G,, denote the symmetric group and let

Sn(01---bn) = D bo(1)Xbo(2) - - - Xbg ()
UGGn

S1(b) =b and Sp = 1. Let further
SB(X) = 1s.{Sn(b,...,b)|be B,n>0} =
= 18.{Sn(b1,...,bn) | bj € B,n>0,n>j > 1}
SB(X) =CX + X(SB(X))X
where “l.s.” denotes the vector space spanned by the given set.
Lemma. We have

B(SB(X))B = B + B(SB(X))B.

Proof. The inclusion C is obvious. To prove the converse remark that if n > k+ 1,
n > 3, we have

Sub,...,b1,...,1) = (n— k)kbXSn—a( b,...,b ,1,...,1)X~

k-times (k—1)-times
— (n— k)kXSn_a( b,...,b ,1,...,1)Xb—
N——
(k—1)-times
— k(k — 1)bXSn—2( b,...,b ,1,...)Xb=
N
(k—2)-times
=(n—k)(n—k—1)XSn_2(b,...,b1,...,1)X.
k-times

Taking into account that
n(n—1)XS,—2(1,...,1)X = S,(1,...,1)

the preceding recurrence relation applied for k = 1,...,n — 2 can be used to prove
inductively that for n >3 and 1 < k < n — 2 we have

XSu_a(b,...,b1,...,1)X € B(SB(X))B.
N’

k-times
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Also
X =2718,(1,1) € B(SB(X))B.

O

The above lemma implies that if 4 € ¥ then p | SB(X) is completely determined
by p | SB(X) and conversely p | SB(X) is completely determined by u | SB(X). We
shall denote by SXp the set

S¥p = {(n|B(SB(X))B) | n € Tp}

and we shall write Sy = p | B(SB(X))B if u € £p. If a € A is' a random variable,
then Sy, will be called the symmetric distribution of a and quantities of the type
1a(S(b1,...,bp)) or ua(XS(by,...,b,)X) will be called symmetric moments of a.

1.6. If {a1,a2} C A is a free pair of B-valued random variables then it follows from
Proposition 1.3 that pe,+a, and pg,q, depend only on p,, and p,,. For any given
K1, .-, n € Xp one can find a free family {ay,...,a,} of random-variables in some
(A, ) such that p,; = p;. We shall not give an ad-hoc proof for this here since it
will follow from our results on the canonical form of a random variable. This implies
that there are well-defined operations, B and X on X p such that if {a1,az2} is a free
pair then

Hay+ay = Ha, B Hay
Hay+as = Hay ® Hay-

This gives two semigroup structures on Xp.

2. The algebra A(M).

2.1. Let M be a right B-module and let X,,(M) = L(M®", B) be the n-linear B-
valued maps of M X ...x M into B (the ® and linearity are over C) and Xo(M) = B.
Let further X(M) = ®n>0&n(M) with its natural right B-module structure. If
€ € X, (M) we define the endomorphism A(€) of the right B-module X (M) by:

/\(E)Tl € Xn+k(M)
A@OMN(mM1®---@my,) =
=N(Mnt1€(M1 @ - @ My) @ Miny2 @+ @ My tk)

if degn = k > 0 where deg refers to the obvious grading of X' (M) and
A@)n=¢n
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if degn = 0 i.e. n € B. We also define A*(m), where m € M, by:
A*(m)n=0if degn =0
deg A*(m)n =degn—1
A (MM @mk—1) =n(mMOM1 ® - @ Mk_1)

ifdegn =k > 0.
A(M) is the algebra of endomorphisms of the right B-module X' (M) generated by

{A©) | € € Xo(M),n >0} U{AX"(m) | m € M}.

Endowing A(M) with the natural grading corresponding to its action on X'(M) we
have deg A(§) = degé& and deg A*(m) = —1.

2.2. It is easy to check that the following equalities hold

A(6)A(&2) = A(A(&)é2)
AT (m)A(E) = A(A*(m)§) if deg€ >0
A (m)A(E) = A*(m€) if deg€ =0.

2.3. We define a linear map
Y 1 (Bn20Xn(M)) & (Sk2oM®*) — A(M)
by
YE @ (M1 @ @myg)) = AMEA* (m1) ... A*(my).
Lemma. « is a bijection.

Proof. Clearly the range of v contains the A(£)’s and the A\*(m)’s and using the
relations 2.2 we easily infer that the range of v is an algebra, so that v is onto.
For the injectivity let

a= > ) &Lx@vig#0

ko<k<kii€l}

where & x € ®n>0Xn (M) and v;x € M ®k for i € Iy. Since a # 0 we may assume the
v; k’s are linearly independent and the &; x’s are non-zero. Then, fixing io € Ik, there
is 7 € Xy (M) such that (v, k,) =1 € B and n(v; k,) = 0 for i € Ix,\{io}.

Let ' € Xy, (M) be defined by

(M1 ® - ®mi,) = n(mk, @+ @ma).

248
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We have

Y(e)n' = ( Z Eiko ® Vi,ko) n =

1€1kg
= Z A(ét‘,ltro)n(’/i,ko) = ’\(gio,ko)l =
i€1k,

= €io,ko 7é 0.
O

2.4. B identifies via A : (M) ~ B — A(M) with a subalgebra of A(M) and
there is a linear map epr : A(M) — B defined by em(v(&, @ 1)) =0if n+k >0
where &, € Xn(M), vk € M® and em(7(€0 ® m0)) = (o ® o) = &wo € B if
€ € Xo(M) = B and vy € M® ~ C. It is easily seen that ) is a conditional
expectation i.e. that €pr(A(b1)aA(b2)) = biepr(a)be and ep(A(D)) = b.

2.5. Remark. If B=C and M = C" then A(C") is isomorphic with a certain dense
subalgebra of an extension of the C*-algebra O, of Cuntz [3] realized on the Fock
space for Boltzmann statistics ([6], [5], [4]).

2.6. It will be useful to consider a larger algebra A(M) D A(M) acting on X(M) =
[1.50 Xn(M) such that there is a bijection

q: (H X,,(M)) ® (®k20M®k) — A(M)
n>0

extending v and the multiplication of the formal sums which constitute A(M) is also
determined by the formulae 2.2. The obvious extension of s to A(M) will be denoted
also by ear. We have for T € A(M)

em(T) = (T1)o

where 1 € B = Xo(M) C X(M) and (-)o denotes the component of degree zero. Note
also that along the same lines as in the proof of Lemma 2.3 it is easy to show that
the representation of A(M) on X (M) is faithful.

2.7. If M = M; & M, there are injections
X : (H Xn(Mj)) ® (Gr20MP*) — (H Xn(M)) ® (Bk2oM®F)
n>0 n>0

given by
X5 ((€n)n20 ® 1) = (€n 0 pr¥™) ® (i¥*w4)
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where i; : M; — M are the natural inclusions and pr; : M — M; the proejctions
onto the two summands and §po pr?o means just &. Since the relations 2.2 determine
the multiplication in the algebras A(:) it is easy to check that the maps h; : A(M;) —
A(M) such that hjo¥ = Jox; are homomorphisms. Moreover we have h;(A(b)) = A(b)
for b€ B = Xo(M;) = Xo(M) and ep o hj = ep;.

Proposition. If M = M; & M, then with hy, hy as above, the pair of subalgebras
(hj(A(M)))j=1,2 is B-free in (A(M),eM).

Proof. Write
X(M)=T10T,®B

where

T; =[] £(M; @ M®»=1), B)
n>1

with £(M; ® M®"~1, B) identified with a subspace of L(M®", B) via n, ~» 7, ©
(pr; ®idm ®- - - ®@idp). If T € ho(A(M1)) and ep(T) = 0 then T(T'2 @ B) C I'y. Also
the analogue of this with 1 and 2 interchanged holds. This easily implies our assertion.
For instance if T; € h1(A(M1)) and S; € ho(A(M;)) and ep(T;) = em(S;) = 0 then
T,1 €Ty, $1T11 € T'y and continuing in this way we get S,T,,...S1T11 € I'2 so that

EM(SnTn e SITI) =0.

2.8. If M = B™ we shall denote

A(M) by A(m) and ey by €m.

3. The canonical form.

3.1. Elements a € A(1) of the form

a=M(1)+) M)

n>0
where &, € X,,(B), will be called canonical.

Proposition. Given a distribution u € L p there is a unique canonical element

a=X(1)+ ) M)

n>0
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such that p, = p.
Proof. We have uq.(X) = €1(a) = & so that we must put & = u(X). If n > 0 we
have

e1(ar(br)ai(b2) . ..al(by)a) =

= e1 (A" (1)ADB)A*(1)A(B2) - .- A* (1) A(bn) A (én)) +

+ En(0y-- -1 €n-1)(01® - ® bp)
where E,(fo,...,&n—1) € L(B®", B) depends only on &, ...,£n—1. Remark that

er(A"(DA(b1) - - A" (DA(br)A(En)) = én(bn ® - @ by).

We infer that &, satisfies &, (bn®- - -®b1) = u(Xb1 Xbs ... Xbp X)—Ep(fo,. .. ,én—1)(01®
-++ ® bp) which determines &, inductively. O

The canonical element a in the above proposition will be called the canonical form
of a random variable with distribution y and we shall write &, = R,4+1(p)-

3.2. Proposition. Let
ak = A1)+ ) Anp)

n>0

k =1,2,3 be canonical elements. Then po, = iq, B fta, if and only if

{n,3 = 511,1 + 571,,2
for alln > 0.

Proof. In view of the uniqueness of the canonical form it will be sufficient to prove
that if £,3 = €n,1 + &n,2 for all n > 0 then p,, = pq, B p,,. Passing to A(2) we have
in view of 2.7 that hj(a;) + ha(az2) has distribution p,, B pa,.

Let

Y = h](al) + h1(02) = X‘(l (&) 1) + Z A(gn,l opri+
n>0

+&n,2 0 pra).
Expanding

ea(YA(B)Y ... YA(b,)Y) and
61(a3/\(b1)a3 . a3/\(bn)a3)

our assertion is obtained from the following remark. Let
€2(S1A(b1)S2 ... SpA(bn)Sn+1)
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where each S; is an element of one of the following forms
M1 D1), A(Bnoprd™) or A(Bn 0 pry™).

Then replacing S; by S} where S is obtained from S; by replacing A*(1 ® 1) by
A*(1), A(Bn o pre™) (k = 1,2) by A(Bn) it is easy to see that

e1(S1A(b1)S3 - .. SpA(Bn)Snt1) =
= €2(S1A(01)S2 - - - SpA(bn)Sn+1)-

Thus we have proved that

Ry (p1 B p2) = Ru(p1) + Ra(p2)
foralln >1and y; € £, j=1,2.

3.3. The rest of this section will deal with the effect on the canonical form of the mul-
tiplication of a random variable by an element in B. We begin with some definitions
this will require.

Since B is a B — B-bimodule, in addition to the right multiplication £,b by an
element b € B of &, € X,,(M) we also may define b¢,, by

(bén)(M1 ® -+ - @ My) = b(€n(Mm1 ® - ® My)).
Further, if M = B and b € B, we shall also consider
dn(b), 8n(b),0n(b) : Xn(B) — Xp(B)

defined by the formulae

(@n(0)n)(01® -+ @ bp) =&n(bb1 @ -~ @ bba)  (n21)
do()o =& (n=0)
(5n(D)n) (b1 @ - @ byp) =bln(b1 @b R b3 ®---®bp) (R 2>2)
(81(b)€1)(b1) = b&1(b1)
so(b)éo = o
(on(0)r) (01 @ -+ ®bp) = bén(br1db® - - - @ byb).
Let further d(b), s(b) : X(B) — X(B) be given by

d(b) = ®n>0dn(b)
$(b) = Bn>08n(b)-

Note that the somewhat unusual formulae for s,(b) (when compared to d,(b)) are
due to a certain asymmetry in our definition of A(M), X(M).
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3.4. The reader may easily check the following formulae for &, € X,,(B) (n > 0)

d(®)A(€n) = A(dn(b)€n)d(D)
A*(1)d(b) = d(b)X* (b)

and

A(0(b)€2)s(b) = s(B)A(B)A(6n)
A*(1)s(b) = s(B)AB)A* (1)

3.5. Proposition. Let a be a B-valued random variable and let b € B and let

A1)+ ) A)

n>0

be the canonical form of a. Then we have:
(i) The canonical form of ab is

A (1) + Y Mdn(b)End)-

n>0

(ii) The canonical form of ba is

)‘*(1) + Z /\(Un(b)gn)

n>0

Proof. (i) The random variable ab has the same distribution like

A1) + Y AE)ADB) = A" () + Y _ A(énb)

n>0 n>0

where we have used 2.2.
To prove (i) we must show that T = A*(b) + 3_,50A(6nd) and T1 = A*(1) +
2n>0 AM(dn(b)€:b) have the same distribution in (A(1),€1). In view of 3.4 we have

d(b)T = T1d(b)
and hence

e (TADL) ... TA(bn)) = (TA(bL) ... TA(bx)1)o =
= (d(B)TABY) ... TA(ba)1)o =
= (Tyd(B)A(b1) ... TA(b.)1)o =
= (TyA(b1)d(B)TA(D) . .. TA(bn)1)o =
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== (T1A(b1) ... T1d(b)A(bn)1)o =
= 61(T1)\(b1) cee T])\(bn)).

(ii) To prove (ii) we proceed similarly using the second group of formulae in 3.4.

Let T = A(D)(A* (1) + 50 A(€n)) and let Ty = A*(1) + 150 A(0a(b)én). We have
s(b)T = Tys(b).
It is also easy to check that
s(B)A(b1) = A(b1)s(b).

We have

ex(TAbL) ... TA(b)) = (TA(BL) . .. TA(bn)1)o =
— (s(B)TAGL)... TAG)1)o =
(T1A(b1)s(B)TA(b2) . .. TA(bn)1)o =

== (T1A(b1) ... T1A(ba)s(b)1)o =

— e/(TABY) ... TiA (b))

O

3.6. Proposition. Let (A,p) be a B-probability space, let a € A be a random
variable and let e € B be an idempotent e = € # 0. Let

T= )‘*(1) + Z /\(gn) (‘En € Xn(B))

n>0

be the canonical form of eae € A and let

S=X(e)+ > A1)

n>0

be the canonical form of the eBe-valued random variable eae (i.e. eae € eAe, where
we consider the eBe-probability space (eAe, p(e-e€)), so that e is the unit of eBe and
T € Xn(eBe)). Then we have

Proof. In view of Proposition 3.5 we have
£n(b1® - @byp) =en(ebie® -+ - @ ebre)e.
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We identify [],50 Xn(eBe) with a subspace Y C [],50 Xn(B) by identifying x» €
X, (eBe) with ¢, € X, (B) defined by

Cn(bl ®---® bn) = Xn(eble Q& ebne)~
Remark that TY C Y, A*(1)Y C Y, AM(&r)Y C Y and A*(1) | Y = A*(e) | V. Moreover

(TAb)TADB)T ... A(bk)T1)o =

= p(eaebieaebse. . . ebpeae) =

= (TA(ebre)TA(ebze) ... Aebke)Te)g =
= (SA(ebie)SA(ebze) ... A(ebke)Se)o.

To conclude from here that
En(D1® - ®@bn) =n(eb1e® - @ ebne)

one proceeds by induction on n. Let
To=M(1)+ ) A&)
k=0

n—1

To = A"(€) + D M&k) + M)
k=0

Sn = A"(e) + Y Am)-
k=0

Assume we proved & (b ® -+ - ®@ by) = nk(ebr1e ® - - - @ ebge) for k < n. This implies
AEk) | Y =A(mk) | Y for k < n. It follows that

(SnA(ebie) ... SpA(ebne)Spe)o =
= (SA(ebse) ... SA(ebne)Se)g =
= (TA(b1)...TA(bn)Te)o =
= (ToA(b1) ... TaA(bp)Tne)o =
= (TuA(b1) ... T A(by) Tre)o.

Like in 3.1 we get from this equality
n(01® - ®@byp) =nn(ebr1e® - - @ ebne)

(since the terms involving 7, (k < n) are identical). O

3.7. The next corollary outlines a standard application of the preceding result.
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Corollary. Let X;; (1 <1i,j < n) be free random variables in a C-probability space
(A, 7). Consider the M, (C)-probability space (A® M, (C), T ®1id,) and the M, (C)-
valued random variable

X = Z Xij ®eij

1<i,j<n

where e;; (1 <4,j < n) are the canonical matrix units of My (C). Let

R(Xi;)(2) = Y Rny1(Xij)2"
n=0
be the R-series of Xi;. Then the canonical form X*(1) + 3"y~ A(ék) of T is given by

§k(M(1) R ® M(k)) = Z Rk_H(X,-]-)m;:) cee my:)e,:j
1<i,j<n

where M(®) = ZISMSn mﬁj)eij € M, (C).

Proof. The random variables X;; ® I,, are M, (C)-free in (A ® M,(C), T ® idy,) and
hence X;; ® e;j (1 < i,j < n) are also M,(C)-free. Using the fact that the R-series
gives the canonical form of a C-valued random variable and 3.6, we get that the
canonical form

A1)+ 3 A0

n>0

of Xij ® e;; is given by
(MY @...@ M™) = Rn+1(X,-j)m£il) e mﬁ?)eu.

If A*(1) + 3,50 A(¢n) is the canonical form of Xi; ® eij, then Xi; ® ei; = (Xi; ®
ei;)(I ® e;;) together with 3.5 gives

Cn(M(l) ® - ® M(")) = nn(e,'jM(l) ® - 9ijM(n))eij

so that
(MO @@ M™) = Ry (Xi)mlPm®P . .miPe;.

To conclude the proof it suffices to use Proposition 3.2. O
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4. The differential equation for B.

4.1. Lemma. Let T € A(1) and let \*(1) + Yoz Mén) € A(1) be a canonical
element. Then if Y (a) = hi(A*(1) + a 32,59 A(én)), we have

%Ez(A(b))(Y(a) + ha(T))A0)™) la=o =

m—1
=Y T alO@OPNGOETO))S
n=0 ko+--+knt1=m—-n-—1
k02>0,....kn+120

- @ (ber ((TA(B))*)) (B) (TA(B))*+1)
where o € C and b € B.

Proof. The expression the derivative of which must be computed is a polynomial in
a € C with coefficients in B, which shows also the sense in which this derivative
should be understood.

We have Y(a) = A*(1@0)+a ", 50 A(E),) where &), = €, oprP™. Let 7, = A(€7)b,
S = ha(TA(b)) and X(a) = A*(b®0) + a >, 50 A7)
We have

e2(A(0)((Y(a) + ha(T))A(B))™) =
= ea(A(0)(S + X (a))™)

and hence

LMY (@) + haTHAB) ™m0 =

m—1
=Y e(AO)S+ A 0®0) Y Am)(S+ A (ba0)™ ).
j=0 n>0

For the computation which follows one should keep in mind that ep(R) = (R1)o
and the proof of Proposition 2.7. We have

m—1
Y (B S+ A GO0Y S AB)(S + A b)) =
i=0 n>0

m—1 j

z Z Z b€2(5k°)\*(b€B 0)...8-1X*(b® 0)S* A(n,)S™ 1 77) =
-3 Z bea(S*X* (@ 0) ... S*=2 )" (b @ 0)S* A(ny)SEn+1) =
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m—1
- Z > be2(S*AM (b ® 0)e2(S*) ® ...

n=0 ko+:--+knt+1=m—-n—1
ko2>0,...,kn4+120

® ((b®0)ex(S51)))S*+1)) =

m—1
= Y alO@MNO) A (TAG)™) © ...
n=0 ko+-+knt1=m—n—1
ko 20,...,knt120

® (be1((TAD) ))NAB)(TA®))*+).

4.2. It is easy to see that the same computation yields the more general formula

= e2(Abo)(¥ (@) + ha(TYA®) . Albm-1)(¥ (@) + ha(T)A (b)) aco =

m—1
=> > e1(A(bo)TA(b1) . .- TA(bi,)
n=0 ko+:+kny1=m—n—1
ko0, kni120

A(&n(E1(Mkot-tkn_140)T - - M(Okot- 4k +1—1) TABkot- 4k +n) )@
< @ E1(A(bko+1)T - - - Aotk +1) T A(Bkio 4 k,+2)))

AOko+--thn+nt+1)T . AOkotkng 1 +0) TABko+--homs 1 +n+1))
where by, ...,b,, € B.

4.3. Before passing to the differential equations we have to discuss certain formal
series which are the analogue of formal power series when maps C — C are replaced
by maps B — B.

Let SX,,(B) C X,.(B) be the subspace of symmetric n-linear maps i.e. £, (b1 ®---®
bn) = €n(bo(1) ® -+ ® bo(ny) for all o € Gy. If n € A, (B) we denote by Sn € SX,(B)
the element such that Sn(b®") = n(b®"). Elements of SX(B) = [],5q S¥a(B) will

be written
> &
n>0

SX(B) is a ring with multiplication such that (£mé&n)(b®(™1™) = £, (b2™) €A (°M).
SX(B) has a natural filtering given by the powers of the ideal formed by elements of

the form }- 5, &n. If o = Y n>0én and ¥ =3, 5, 7 then the composition ¢ o 1) is
easily seen to be well defined as follows ¢ o 9 = X,>0(, where

o=¢& andifk >1
= Y ) e @m, (%))

m21 kyt-thn=
k1>l km>1
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The differential of ¢ € SX(B) is an element of [].5o SL(B®", L(B,B)) where
SL(B®", E) denotes the symmetric n-linear E-valued maps. If ¢ = }° 5,&n then
the differential is

Dy =) Dg,
n>1
where D¢, € L(B&~1), £(B, B)) is such that (D&, (b®™D))(8) = L1 e én(b® - ® b®

k-times

fRb®---®b).
We shall write formally also ¢(b) = 3,50 £.(b8™), (Dy)(b)[B) or (Dsy)(b)[8] and

P(%(b))-
If o =3",50&n and the &,’s depend on a parameter then the derivative of ¢ with

respect to this parameter is meant component wise.

4.4. If y € S¥, we consider the formal series

Guld) = 3" ub(XB").

n>0

It will be also useful to consider

Tu(®) =Y u((X5)"X)

n>0

so that
Gu(b) =b+ b, (b)b.

If 4 € £ p we shall write also G, for Gg,, for ', for I's,,. Also if p is a distribution
p1 we shall write Gt and I'r instead of G and T,

4.5. Proposition. Let T € A(1) and let Y(a) = hi(A\*(1) + a).>0A(n)) €
h1(A(1)). Let T(a) = Y(a) + ho(T). Then we have Gr(0) = Gt and

2 Gr(en(®) = (Do) BBE(Grriey ()B,

where Z(b) = 3,50 €n (6%™).

Proof. If o = 0 the equality of the terms which are of degree m + 1 in b in the
differential equation is precisely the equality established in Lemma 4.1. The general
case can be reduced to the case @ = 0 since in view of 2.7 and 3.2 we have

BT(a) = LT B Ly (a) = BT (a0) B LY (a—a0)-
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4.6. Corollary. Let p € £p and a = \*M) + 3 A(€») be the canonical element
with distribution . Then the (S&,)n>0 depend only_on Sp and conversely Sp depends
only on the (S&»)n>0. In particular if pi,po € Ep then S(uy B po) is completely
determined by Suy and Sus.

Proof. Let a(a) = A*(1) + Y, >0 A(én)-
We have -

L LA a(@NE)™ = bSEnr (b @ b+
+ F(S&;,e1(Mb)(a(@)A(1))?)b,0 < j < m — 2)

where F' is a “polynomial” of the quantities on which it depends. These differential
equations with initial condition &;(A(b)(a(0)A(b))™) = 0 if m > 1 can be solved
recurrently and we obtain that

e1(A(b)(a(a)A(b))™) =
= abSEm_1(b® - @ b)b+
+ P(a,b,Sfj,O SJ <m-— 2)

where P is “polynomial”. Taking o = 1 we see that Su completely determines
the (S&.)n>0 and also that conversely the (S&n)n>0 completely determine Sp. The
assertion concerning S(u1 B p2) follows now from 3.2. O

4.7. The differential equation in 4.5 immediately implies the following fact: if p;, uo €
S¥p and p(a) € SXp is such that SR, (u(a)) = SR, (1) + @SR, (u2) then

-G (8) = (DhG) O)BE Gty B

where E =3, (&, where &, = SR,,;+1(u2). Interpreting this equation as a system of
ordinary differential equations as in 4.6 we see that with the initial condition G o) =
G, we have G,1) = G, m,, which is completely determined by the differential
equation.

4.8. We shall now assume B is a Banach algebra and I, and hence G, is an analytic
function in some neighborhood of 0 € B. This implies that the symmetric moments of
p viewed as n-linear maps B™ — B are continuous and the formal series defining G,
is absolutely convergent in some neighborhood of 0. For instance if T is a B-valued
random-variable T € A where A is also a Banach algebra, A O B with a continuous
conditional expectation ¢ : A — B then Gr(b) = 3, 50 9(b(Tb)™) = ¢(b(1 — Tb)~1)
satisfies these assumptions. -

For the lemma which follows we shall denote by M the set of germs at 0 € B of
analytic B-valued maps and we shall use the notation F~! only for multiplicative
inverses, not for inverses with respect to composition.

260



NON-COMMUTATIVE OPERATOR-VALUED RANDOM VARIABLES

Lemma. Let I',G € M be such that G(b) = b+ bI'(b)b near 0.

(i) If K € M is such that K(G(b)) = G(K (b)) = b near 0, then there is Q € M
such that K(b) = b+ bQ(b)b.

(ii) There is R € M such that for some neighborhood V of 0 € B we have
(K(b))~! =b"1+ R(b) ifbe VNGL(B). R is unique.

Proof. (i) If ||b]| is small enough, we have
b=G®)(1+T(B)b) ™" = GO)(1+T(K(G(0))K(G®)™
so that there is H € M for which
K(b) = bH(b).
Similarly there is J € M so that
K(b) = J(b)b.
We have
b= G(b) - br'(b)b = G(b) — G(b)H(G(b))T (K (G(b)))J(G(b))G(b)

so Q(b) = —H(b)T'(K (b))J(b) will do.
(ii) Choosing V small enough, if b € V N GL(B) we have
K@)y =b"1(1+bQ0) ! =
=b71Q() (1 + Q).

The uniqueness of R is easily seen from the fact that R | (V N GL(B)) determines
the germ of R at 0. a

4.9. Theorem. Assume B is a Banach algebra and u € SXp is such that ', (b) is
analytic in some neighborhood of 0 € B. Let K and R be germs of B-valued analytic
functions at 0 € B such that

K(Gu(b) = Gu(K(b)) =b

and
K(b) ' =b"14 R(b)

for b € GL(B) in some neighborhood of 0. Then we have

R(®) = Y SRt (1) (6°)

n>0
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where the SR, 1(u) are given by the canonical element with distribution p.

Proof. Let
K(a,b) = (b~ + aR(b))™! = (b71(1 + abR(b))) ™ = (1 + abR(b))~'b

which for 0 < a < 1 makes sense in some fixed neighborhood of 0, the last equality
making the invertibility of b superfluous. There is a neighborhood of 0 indepen-
dent of 0 < a < 1 for which K(a,b) has an inverse (with respect to composition)
K(a,G(a,b)) = G(a, K(a, b)) =b.

We have

d
EG(Q’ K(a,b)) =0

which with b; = K(a, b) gives

0= b%G(a’bl) + (DsG)(a, b)) [-b1 R(b)by] =

_ %G(a, b1) — (DsG)(a, by) (b1 R(G (@, b1))bu].

Moreover G(0,b) = b. Thus defining u(a) € SEp by Gua)(b) = G(a,b) we
have that %G”(a)(b) = (DbG (o)) (b)[DR(G () (b))b] and p(0) is the distribution of
the 0 random-variable. In view of 4.7 this implies that G is the generating series
for a symmetric distribution for which the corresponding symmetric parts of the
components of the corresponding canonical element yield the series R(b). Thus we

have
R(E) = Y SRasa (D)),
n>0
On the other hand G, 1) = G, so that u(1) = pu. O

4.10. We have chosen in 4.8 and 4.9 to work in the Banach algebra context where
we work with genuine functions since this is the situation for the applications to
computations of spectra. On the other hand the reader will not find it difficult to
transpose Lemma 4.8 and Theorem 4.9 in the framework of formal series and general
B where similar statements hold.

4.11. Thus in the B-valued case the computation of yu; B u2, p; € SEp is done as in
the scalar case: one forms G, then the inverse K|, then the multiplicative inverses
b= + R,,;. Then R, @,, = Ry, + R,, and from R, m,, one goes back to K, m,,
and G, @y,
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5. The differential equation for K.

5.1. Lemma. Let T,..., T € A(1), let a(1) = M) +AD) +73,51 AR) € A(1)
be a canonical element and let Y (7) = hy(a(7)). Then we have

%62(Y(T)h2(T1)Y(T)h2(T2) - Y(T)hg(Tm))|T=o =

=Y Y a@. . TM&ETiottiprt - Tiottsy)®

p>1jo++jpr1=m
Jo20
jl 219-~~1jﬂ+1 21
@ €1(Tjo+1 - - - Tjotis ) Thjo+..jp+1 - - - Tjot-tipsa)-

Proof. For the computation it will be convenient to put &, = 0 pre? so that AEp) =
h1(/\(§p)) and Sk = hQ(Tk).
We have

%52 (Y(T)Sl e Y(T)Sm)l'rzo =

=Y &(Y(0)S1...Y(0)Sm—j D ME))Sm—j 1Y (0)Sm—js2-.. Y (0)Sm) =
j=1

p>1

e2(A* (1 @®0) + AW)S1... (A1 ©0) + A(1)Sm—j 3 ME) Srmcitr - - - Srm) =

m
j=1 p>1
m

Z Z €2(S1... S A (1 ®0)Sjo41--- Sjo+i: A*(1 & 0)
J=1p21 jo+"~ji~.1'>,a()=m—j
Jo

A(le O)Sj0+"'+jp—l+1 - Sj0+'"+ij(£;)Sj0+“‘+jp+l ...Sn) =
=Y Y S-S A Ep(ea(Siottiprtt - Siototin)®

p21jo+ - +jpr1=m
Jo20
jlzlv"')jp+121
Q —
Qe (Sjo+1 s Sjo+]'1)))‘-’jo+'"+jp+1 o Sm) =
= > a@.. T Tiortiprt - Tiottsy)®
p2>1jo++jpt1=m
Jjo20
jlzly-"ajp-&-lzl

@ €U(Thot1- -+ Tiotis)) Tiot-tipsr - + - Tiotorotipsr)-

5.2. Corollary. Let T € A(1), let

a(r) = A1)+ A1) +7)_ Méa) € 4Q1)

n>1
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be a canonical element and let Y (1) = hi(a(7)). Then we have

d;‘ieg((,\(b)Y(r)hz(T))"‘)Ir=o =

=3 Y alO@O)PAGE(TAE) 6. ..
p21jo+ - +jpr1=m

Jo20
jl Zl)-"vjr-FlZl

® e1((TAD)))T(ADB)T)»+71)
where b€ B and T € C.
5.3. Proposition. Let T € A(1) and let
Y(r) = hi(A*(1) + A1) +7 Y _ M&n)) € AQ1).
n>1

Let T(7) = Y(7)ho(T). Then we have

0T ) (B)l=o = (Do(EPr(0))B)BOTr(cy EIB)]

where (")(b) = 2,,21 En (b®")'

Proof. The proposition is obtained from Corollary 5.2 by looking at the terms which
are degree m in b. 0

5.4. The use of differential equations in the study of the operator X relies on viewing

L1, ={pn€lp|uX)=1}

as a kind of infinite dimensional Lie group with respect to multiplicative free convo-
lution and to identify the solutions of the differential equations:

d
d—Tu(T)(Xbl e Xby) =

=) > u(r)(Xby...Xbj,

p21jo+ - +jpr1=m
() 1215,
J1 219“'1.7ﬂ+121

Ep((B(T) (Xbjottjpost1 -+ - Xbjottsp)) @ -
® (1(1)(Xbjo1- - - Xbjo5,)))
ij0+'”+jp+1 e ijo+"'+jp+1)

with the integral curves of right-invariant vector fields on this group. Here u(7) €
21,8, & € Xp(B) and the equations are obtained from those in Lemma 5.1 by taking
T; = TA(b;) with T a function of 7 and p(7) the distribution of T'.
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5.5. Before looking at the differential equations let us note a few facts about (21,5, X).
The set X1 p has an obvious affine space structure. Denoting by 2571)3 the set of n-th
order distributions (i.e. the restrictions of distributions to noncommutative monomials

b1 XboX ... by Xbmy1 of degree m < n) it is easily seen that (21,p,X) is the inverse

limit of groups (Zg’fl);, ®,). We shall denote by u; the distribution of 1, which is the

neutral element of (X p,X) and by ,ui") the corresponding n-th order distribution.

It is easily seen that if u,v € £; p then

(ﬂ b V)(b]_XbQX oo mebm+1) =
= p(b1Xby... Xbmy1) + v(b1Xby ... Xbmy1)+
+ F(utn1), ptn 1)

where F(u(»~1,»("=1)) depends only on u(®~1) »(»~1), Note also that &, is a poly-

nomial map in the sense, that if V3,V C %) are finite-dimensional affine subspaces
1,B

then there is an affine subspace V3 C ’25’}}; such that
Vl gn V2 C VS

and the map
VixVa—V;

defined by K, is a polynomial map of degree < n. A more careful inspection of the
map defined by X,,, also yields the following fact which we record as a lemma, the
proof of which is left to the reader as an exercise.

5.6. Lemma. Let V},V, C Zg"% be finite-dimensional affine subspaces. Then there
is a finite-dimensional affine subspace W C Zg"% such that

VocWand ViR, W CW.

With these preparations we are ready to study the free exponential.

5.7. Definition. The free exponential is the map

fexp : H Xn(B) = Z1,B
n>1

defined by fexp((€n)n>1) = (1) where u(r) satisfies (*) with initial condition x(0) =
K.
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5.8. Proposition.
a) The map fexp is a bijection.
b) If u(r) satisfies (*) with initial condition u(0) = v € £, p, then

v(1) = fexp((§n)n>1) B v.

Proof. a) Denote by u(7;n) the element (b1 ®- - -®b,) — u(7)(Xb; ... Xb,) of X, (B).
The system of differential equations () for the u(7;n) can be solved recurrently. It is
easily seen by recurrence that the right-hand side of () is a polynomial in 7 of degree
< m with zeroth order term

&m—l(bm—l ®---Q bl)bm

while the higher order terms depend only on &;,...,&,,—2. This easily gives that fexp
is a bijection.
b) It will suffice to prove that

Jim pz(nir) = p(7)
where
Z(n;7) = hny1(Y(1/n)) ... ha(Y (7 /n))h1(T),

T € A(1) has pr = v and hy,...,hn41 are the homomorphisms A(1) — A(n + 1),
corresponding to the canonical summands in B™"*!. Note indeed that this means

HZ(nir) = BY (r/n) B - B py (7 /n) B v
n-t;nes

and that for the special case T = A(1), ur = p1 we also get
lim (py ()" = fexp((€n)n31)-

In all these considerations, the limits make sense in view of Lemma 5.6. Indeed, by
Lemma, 5.6 we have that for fixed by,...,b, and all n

Mz(n;.r) (Xb1 ‘e Xbm)

takes values in a fixed finite dimensional vector subspace of B. The limit is with
respect to the usual topology of this finite-dimensional complex vector space.

To prove the assertion we have to use again Lemma 5.6. Let Vq,Va C Eg',%) be
finite-dimensional affine subspaces, such that

ug,m,),) eViforallreC
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and v(™), ugm) € V5. Let W be as in Lemma 5.4. Then
D(r): W ->W

is a polynomial map of bounded degree, depending polynomially on 7 € C and such
that D(0) = idw. The first m equations (*) describe in view of Lemma 5.1 precisely
the integral curves of the vector field on W defined by

d
ED(T)’UJIT=0 at we W.
In this context, where all the maps etc. are polynomial it is immediate that
lim (D(r/n))"vt™ = (u(r))™

which is the desired result. O

5.9. Proposition. The symmetric part Su(r) of a solution of (*) depends only on
the symmetric parts (S€,)n>1 and on the symmetric part Su(0) of the initial data.
In particular, there is a map fexp : [[,>; SAn(B) — SXp, (the free symmetric
exponential) such that -

[In51 X (B) e, Y1

ls ls
[I.>15%(B) 2P, S¥ps

is a commutative diagram and fexp is a bijection. Moreover S(u1 ® u2) depends only
on Syy and Sps.

Proof. For the first assertion it is clearly sufficient to show that the system of differen-
tial equations (x) yields a system of differential equations for Su(7), which completely
determines Su(r) for a given initial condition and which involves only the symmetric
parts of the &,. Such a system of differential equations is provided by the equations (*)
with by = --+ = bp,—1 = b and b,,, = 1. To see that this system involves only the sym-
metric parts of £,, note that the sum inthe right-hand side sum of (*) when restricted
to fixed p, jo and jpy1 isasumover j1 > 1,...,5p, 2 1, j1+ -+ Jp =M — Jo — Jpt+1.
The permutation group G, acts on this set of p-tuples (ji, . .., jp) and the partial sums
over its orbits involve only symmetrizations

Y &Bot) ® - ® Boy)

Uegp

where f1, ..., 8, € B, which are completely determined by S&,. In turn, the partial
sum for fixed p, ji,...,Jp is a sum of the form

p(T)(BXbXDb... X) + p(T)(XbBXbX ... bX)+
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s+ p(r)(XbXD. .. XbBX) =
= ﬁu(’r)(XbX .. .bXbX)-l-

% B(r)(Xb(L + eB)Xb(1 + €B) ... Xb(1 +€8)X)]eo.

This concludes the proof of the first assertion (an alternative proof could have been
based on 5.3 and 4.6). The existence of the map fexp is an immediate consequence.

To see that fexp is a bijection, remark that

d

Eu(‘r)(XbX .. XbX)—-

_gm_l(b®...®b) 3

= right-hand side sum of (*) restricted to 1 <p < m — 2

and hence this difference depends only on S¢;,...,S€,—2. The last assertion is now
an immediate corollary in view of 5.8. a

5.10. Remark. The differential equations for Su(r), in view of the preceding propo-
sition and of Proposition 5.3 can also be written in terms of “generating series” in the
form:

& (BLsuin () =
= (Dp(bT 5,4(r))) (D) [B(O(T'5,4(+) (B)D))]

where

Tsu(r)(8) = Y Su(r)(B(Xb)™)

n>0

and

o) =) _ & (%)

n>1

This differential equation can also be used to compute the symmetric multiplication
free convolution

Sp1 & Spy
provided we compute (fexp)™1Su;.
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6. Computation of spectra.

As we mentioned in the introduction the results concerning the operation B provide
a method for computing spectra of left convolution operators in [2(G) where G =
Z x Z is the free group on two generators gi,g2. Actually the same ideas provide a
method for dealing with more complicated groups obtained by taking free products
with amalgamation. We shall however stick here to the case of Z * Z since we think
this particular example will suffice to explain our approach.

6.1. Let Y =3 5cgA(g) where ¢; € C, ¢g # 0 only for finitely many g € G and
where X is the left regular representation of G on [2(G). To compute the spectrum of
Y we have to provide a method for deciding whether Y — zI is invertible for a given
z € C. Since Y — zI is of the same form as Y we may state our problem as deciding
whether Y is invertible.

6.2. We recall one of the standard algebraic tricks with matrices.

Let A be a ring and let co,...,c, and u1,...,u, be elements in A. Let further
Y =cCo+ Y po1Cklk...us and y, = ¢, + E;::pH CkUk ...Ups1. Then in the ring
Mpi1(A) of (n+ 1) x (n+ 1) matrices over A we have:

1yi... Yn y 0 1 0
1 1
0 '.. 0 '.. —uy ... -
1 0 1 0 —up, 1
Co €C1 ... Cp
—up 1 0
0 —u, 1

This identity shows that y is invertible if and only if the matrix

Co C ... Cp
—Uul 1 0
0 —U, 1

is invertible.

6.3. Let C;(G) be the reduced C*-algebra of G. An application of 6.2 to the element
Y in 6.1 with A = C}(G), y =Y, ¢; € C, uj € {\(91), \(g2), A\(97), Mg })} shows
that given Y there is ¢ € N and there are o, 0; € My(C), (j = £1) and v € M,(C)
with o;, B; and ¢ depending on {g € G | ¢; # 0} and v a first order polynomial
function of the cy, such that: (Y invertible) < (a—; @ A(g7)) + a1 ® A(g1) + A1 ®
AMgzh) + 81 ® M(g2) + ¥ © 1 invertible).
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6.4. It will be convenient to make one further matrix transformation so as to be in
the self-adjoint case. With the notations of 6.3 put

a=a1®AgTH) + a1 ®A(g1) +7®1
b=B-1®XAgz") + b1 ® Mga)-

Then we have

(a + b invertible) < ((a* _?_ b a ?)- b)) invertible) .

So defining X1 = (‘?, g) and X, = (l?* 3) we have

(Y invertible) & (X + X invertible).
Moreover
X; = X; € M3y(€) ® C*(A(g5)) C Mag(©) 8 C1(G) (G =1,2)

and if {g € G | ¢4 # 0} is a fixed finite set then X, is constant and X is a first order
polynomial in ¢4 and ¢;(g € G). Also only )\(g;.':l) appear in the expression of Xj.

6.5. Let B = M4(C), A = M2(C) ® C}(G), Aj = M2(C) ® C*(\(g5)) C A and
@+ A — Ma4(C) the conditional expectation ¢ = id ®T where 7 is the canonical trace
on C;(G). Then {A;, Ay} is a free pair of subalgebras in (A, ¢) and hence {X;, X2}
is a free pair of Maq(C)-valued random variables. It is especially easy to compute
Gx;, since Aj ~ M2,(C) ® C(T). Using the results of section 4 we have a method for
computing Gx,+x;(b) = ¢(b(I — (X1 + X2)b)~!) for b € M3e(C)® I C A. Note that
Troq oy is faithful on A so that taking b = 2I5y®1, z € C and Troq(G x, + x, (2124 ® 1))
gives us the generating series for the moments of X; + Xa with respect to a faithful
trace on A. Solving this moment problem one gets the spectrum of X; + X2 and
hence the possibility of deciding whether X; + X5 is invertible.

7. Dual algebraic structures.

This section deals with the necessary adaptations that have to be performed in our
considerations in [10] in order to fit the B-valued case.

7.1. The basic idea is to replace the category of unital pro-C*-algebras in [10] by some
other category. Corresponding to the two cases: the purely algebraic one when B is
just a unital algebra over C and the C*-algebraic one when B is a unital C*-algebra,
we will consider the categories Cp and respectively Cj.
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Cp is the category of unital algebras A over C containing B as a subalgebra B «—
A, the inclusion being unital and the morphisms are homomorphisms for which the
diagrams

A — A
N/
B
are commutative.

Cy is the category of B-pro-C*-algebras, i.e. unital C*-algebras (4,| ||) with
1 € B C A and endowed with a family of C*-seminorms (|| |lo) @ € I indexed
by some directed set I so that ||bllo = ||b]| f b € B and a < 8 = |z|la < |zl|s,

|lz|l = supser ||IZ]la if € A and moreover

A= !in Ao,
a€l

where the subscript 1 is for the unit ball and A, is the quotient of A by the ideal
annihilated by || |lo. Morphisms in C}; are morphisms of unital pro-C*-algebras (see
1.4 in [10]) A — A’ making the diagram

A - A

A4
B

commutative.

7.2. A dual algebraic structure is an algebraic structure in a category as defined in
Chapter IV, §1 of [2]. We examined in [10] what a dual group structure means in the
category of unital pro-C*-algebras. In Cp and Cp we have a similar situation.

Let u,j,x be the binary, unary and nullary operations defining the dual group
structure on A. Here

A X% B
N/
B
is commutative.

Also the free products with amalgamation over C have to be replaced by free
products with amalgamation over B. Thus y : A — A§A. If A € Cg, this free
product is defined as follows: it is the inverse limit of the C*-algebraic free product
with amalgamation A, g A,

7.3. If A € Cp the state space of A denoted by S(A) is the set of conditional
expectations ¢ : A —» B. If A € Cp then S(A) is the set of conditional expectations
¢ : A — B such that ||¢(a)| < ||al|e for one of the seminorms of A.
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If p; € S(A;) (j = 1,2) then there is a unique p € S(A1§A2) such that p(ay...an) =
0 whenever ax € A;(k), j(k) € {1,2}, pjm(ax) =0, j(k) #j(k+1) 1<k <n-1)
and ¢ | 4; = ¢;.

Uniqueness of ¢ follows from 1.3 both in the Cp and Cj cases. Existence of ¢ in
the Cj case is obtained from §5 of [7].

o
The existence of ¢ in the Cp-case is seen as follows. Let A; = kerp; and D,, =
{G1,...,i0) | 45 € {1,2}, 4k # tk+1,1 <j <n,1 <k <n-—1}. Then we have

o ) °
AlgAngea@ @ Ai, ®p A, ®p - ®B A1,
nZO (il,...,in)GDn

and we define ¢ as the projection onto the B-summand.
We shall denote ¢ by ;1 * po.

7.4. If (A, 1, j, x) is a dual group in Cp or Cg (actually dual semigroup would suffice)

and if ¢1,p2 € S(A) then (p1,92) ~ V1092 = (p1 * p2) o u defines a semigroup
structure on S(A) with unit x.

7.5. In Cp there is a dual group structure on B{X) defined by

B(X) & B(X) xp B(X) ~ B(X1, Xa)
wX) = X1+ Xz, j(X)=-X

and x(boXb;...b,—1Xb,) =0if n > 1 and x(b) = b. Then S(B(X)) =Xp and © is
(8.

Similarly in Cg a corresopnding dual group is A = Rg . *¢ B (with the notations
of 5.1 [10]) and since (]R'C,nc *C B) *B (]RC,nc *c B) = (]RC,nc *C RC,nc) *c B we define
u from the dual operation of Rc nc.

It is easy to construct similar examples for other dual groups considered in [10] by
taking free products with B.

7.6. There are also examples of a somewhat different nature involving tensor products.
For instance let B[X] be the polynomials in X with coefficients in B (X and b € B
commute) and let

}l.(X) = X1 +X2

where X are the two images of X in B[X] *p B[X], j(X) = —X and x(bX™) =0 if
n >0, x(b) =b.
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8. The B-valued Central Limit Theorem.

The B-valued central limit theorem for free random variables is an immediate
consequence of the properties of the canonical form.

8.1. Definition. A random variable a is called B-semicircular if its canonical form
is

A*(1) + A(€o) + A(&r)-
The distribution of such a random variable is also called B-semicircular. The B-
semicircular random variable is centered if ¢(a) = 0 (equivalentlx if &0 = 0).

8.2. Since this paper concentrates on algebraic aspects, we will use the weakest kind
of convergence for distributions. Clearly, there is a lot of room for improving the
convergence side in our central limit result.

Definition. Let B be a Banach algebra and u, u, : B(X) - B (n € N) B-valued
distributions. We shall say u, convergence pointwise to p if for every P € B{X) we
have limy, o0 ||tn(P) — u(P)|| = 0.

8.2. Remark. It is easy to see along the lines of 3.1 if (u,).er is a family of B-valued
distributions (B a Banach algebra) with canonical forms

ML)+ Mén)

n>0
then the following two conditions are equivalent
(i) there are constants Cy,...,C, such that

sup i (Xbr X ... bR X)|| < Ciellball - . 1Bl

for all by,...,b, € B,0<k <n.
(ii) there are constants Dy, ..., D, such that

sup 1€k, (b1 ® - - - @ by) || < D|lba ]| - . . ||bx |l

for all by,...,bp € B,0<k<n.

8.3. Remark. Assume B is a Banach algebra, p;, u are B-valued distributions (j €
N) and assume the equivalent conditions of 8.2 are satisfied by (u;)jen. Then the
following are equivalent:

(i) .lim p,-(Xle. . .ka) = p.(Xle .o .ka)
j—oo

forall0< k<mnandby,...,bp € B.

(ii) ]1_1’1{.10 &1 Q@ - Qb)) =&(01 Q- ®bi)

forall0 < k<mandby,...,bxp € B.
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8.4. Theorem. Assume B is a Banach algebra and a; (j € N) is a B-free sequence
of random variables, such that
1°. p(a;) =0,j €N
2°. there is a bounded linear map 1 : B — B such that
lim 0™t Y p(azbaz) = n(b)
1<j<n
3°. there are constants Cy (k > 1) such that

sup llo(asbia; ... bra;)|| < Cellball ... [|bk]l-
J

Let S, =n~1/2 (a1 +-+-+ay). Then the distribution of S,, converges pointwise to
the semicircular distribution with canonical form

A*(1) + A(n).
Proof. Let
A1)+ ) MEk,3)

k>0
be the canonical form of a;. We have

§,=0 (jeN)

lim n™1 " £1,;(b) = n(b)
j=1

n— o0
sup [n.i (b1 @ - - @ b)|| < Crflball-. - lbnll  (n 2 1)
J

for some constants Cp, (n € N).
Let

A (1) + ) Ak,n)

k>0
be the canonical form of S,,. It follows from 3.2 and 3.5 that

Nk = n_(k+1)/2(€k,1 +- 4+ gk,n)-

Clearly no, = 0,

Jlim 71,(b) = n(b),

17, (b1 ® - - @ bi)I| < Cikllba ... lbg =172,
and

I, (®)1l < Callbl.
In view of 8.3 and 8.2 this implies that the distribution of \S,, converges pointwise to
the distribution of
A" (1) + A(n)

i.e. to a B-semicircular distribution. O
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