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The Function exp [-p Trace v2A]

as a Laplace Transform on Symmetric Matrices

G. Letac

Abstract. — This note shows that if p > 0 and if S is the set of symmetric positive definite
matrices, then the function on Sy defined by A — exp (— Trace pv/2A) is the Laplace transform
of a non positive function concentrated on Sy if n > 2. This function is explicitely computed
for n = 2. This computation is generalized to a Lorentz cone. The link of this question with
the inverse Gaussian distributions in probability theory is also discussed, as well as the general

roblem of considering det L(A) as a Laplace transform on symmetric matrices when L(]) is
a Laplace transform on the real line.

§1. Introduction. For p > 0, define the stable probability distribution of order 1/2
on Rt :

S R W
up(dz) = Z=27F exp (-2 ) 10,40)(2) do (1.1)
Then its Laplace transform, evaluated at A > 0, is :
/0 exp (~A2) () = exp (~pv/2N) (1.2)

(See e.g. Feller 1970, p. 436 (3.4)).

Probability distributions (1.1) can be imbedded in the three parameter family
of the so called “generalized inverse Gaussian distributions” defined for (a,b, A) in
(0, 4+00) x [0, +00) x R by

pi,e,(dz) = (Kx(Vab)) “latb i lexp —Laz +bz7) Qo yo0)(z)dz  (1.3),

where K, is a Bessel function (Watson 1966, p. 91).

Probability distributions (1.3) have a natural extension to the space of symmetric
(n,n) real matrices, which extends nicely the fact that (1.3) is the distribution of a
random continued fraction whose coefficients are independent and gamma distributed
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(see Letac and Seshadri 1983). This extension has been performed by E. Bernadac
(1992) and even been made on general symmetric cones (see Bernadac 1993 and 1995).
In this extension, the gamma distributions are replaced by the Wishart distributions
on symmetric real matrices or on symmetric cones.

However, in this extension, the particular role played by A = —1/2 when speci-
alizing (1.3) to (1.1) disappears, and although the extension of (1.3) to matrices is
natural, extension of (1.1) is not. So one can look for an other path, and instead of
trying to generalize (1.3), through for instance continued fractions, one can try to
generalize (1.1) to symmetric matrices through (1.2). To describe what we have in
mind, it is better to introduce a few definitions now.

Let E be a Euclidean space with dimension n, and let S be the space of symmetric
endomorphisms of E. We equip S also with a Euclidean structure through the scalar
product on S

(a,b) — % Traceab .

If I C R, one denotes by S(I) the set of a in S with eigenvalues in I'; S(I) is convex
if I is an interval. For simplicity we write S, = S((0,+00)) (resp. S = S([0, 4+00)))
the cone of symmetric positive-definite (resp. positive) endomorphisms. Also, if e is a
basis in E and a is in S, we write [a], as its matrix in base e.

Let f : I — R be any function. Suppose that a is in S(I) and that e is an
orthonormal basis which diagonalizes a, with [a], = Diag(A1,...,As). Then it is a
standard exercise to show that f(a) in S defined by

[f(a)], = Diag (f(A1),-- -, f(An)) (1.4)

actually does not depend on e. Thus f : S(I) — S is a well defined function.
Furthermore, if I is an interval and if the derivative f' exists on I, then f is
differentiable, and its differential (f)'(a) on a, evaluated at the point h of S, is
computed as follows : defining g : Ix] — R by :

g =f(A)  and g\ p)=(9(0) —g(w)/A-p) i A#p

then, if e is an orthonormal basis with [a], = Diag()1,...,An), we have

[(FY(@)B)], = (9N, A)hi) ,  for [R], = (hs) . (1.5)

The proof of (1.5) is a not so easy exercise in advanced calculus.

From (1.5), one deduces two facts. Asume that I is an open interval, and consider
the function

a+— Tracef(a) S({I)—R (1.6)

Then if f' exists, the differential of (1.6) in a is (f')(a), from (1.5) (Note that we
identify S with its dual through the Euclidean structure of S, and the differential of
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a real function on S can then be called a gradient). Furthermore, assume that f is
convex on I. Then (1.6) will be convex on S(I) : to see this point, assume that f”
exists. Then, for arbitrary v in S and @ in S(I) (which is an open convex subset of
S), there exists a > 0 such that the function

(—a,a) — Rt —> F(t) = Trace f(a+tu)
is well defined. With the help of (1.5) we compute
F"(0) = Trace f"(a)u? .

Since f” > 0, then f"(a) is in S, as well as uf”(a)u. Thus F”(0) > 0. This
implies that (1.6) is convex. The case where f” does not exist is then treated by
approximation.

To come back to our initial problem, i.e. a suitable generalization of (1.1) through
(1.2), we consider (1.6) when f is the logarithm of the Laplace transform L of some
positive measure x on R. Let us assume that for all A in the open interval I

L(\) = exp f(A) = /R exp (—Az) p(dz) < 00 (1.7)

It is well known that f is convex on I. Thus, as we have seen, (1.6) is convex, and
one can wonder if there exists a positive measure ji on S such that for all a in S(I)
one has

Det L(a) = exp Trace f(a) = / exp (— Trace(az)) fi(dz) (1.8)
s

An instance for which it is true is the case I = R and f(A) = 02A%/2 : clearly i is
a suitable Gaussian distribution on S. An other instance for which it is almost true
is the case where I = (0,400) and f(A) = —p Log A, where p > 0. Here (1.7) holds
with

(d8) = 2 Tig1oe)(2) d
= T)axr .

However /i defined by (1.8) will be positive if and only if
pe{pL . 27 U (25, +o0) (19)

This result (1.9) is due to Gindikin (1975). It has been rediscovered again and
again : see Casalis and Letac (1994) for references, and a short proof.

We are now able to state the aim of this note : to study the existence of a positive
f in (1.8) when I = (0,+00) and f(\) = —pv/2X (compare (1.2) and (1.7)). As we
shall see (section 5) the answer is negative for n > 2, and we shall prove this by
computing explicitely a signed measure fi such that (1.8) holds when n = 2. Explicit
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calculations for n > 3 seem hopeless. Section 2 is devoted to a general study of (1.8).
Section 3 specializes to n = 2. Section 4 studies an integral equation that we meet
by considering the case f(\) = —pv/2X and a slight extension of the problem to the
Lorentz cone, which appears in section 5.

§2. Properties of i for general n. We keep the notations of the introduction;
furthermore we denote by Q(E) and Q(S) the orthogonal groups of the Euclidean
spaces E and S. There is a natural representation of O(E) in O(S) defined as follows :
if u is in O(E), then for all a in S, g,(a) = uau™! is in S.

Furthermore Trace (gu(a))2 = Tracea?, thus g, is in O(S). An argument of
convexity shows easily that if u is in the subgroup O, (E) of rotations of O(E),
then g, is in Q4 (S) too. Clearly gy, gu = gu,u, and u — g, defines an homomorphism
from O(E) to O(S) and from Q4 (E) to Q4 (S). Note also that

wau"! =a for all u in Q4 (E) = a€R.idg (2.1)
waul=a forallain§ <<= u==z=idg (2.2)

Denote by G and G the respective images of O(E) and Q4 (E) in O(S) by u > gy,. It
is easy to see that a and b in S are in the same G orbit —thus in the same G orbit—
if and only if their spectrum coincide. More precisely if A\j(a) < A2(a) < ... < Aq(a)
is the sequence of not necessarily distinct eigenvalues of a, then there exists u in
04 (E) such that b = uau~! if and only if A\;(a) = A;(b) j = 1,...,n. The necessary
condition is clear; to prove the sufficient condition, if e and f are orthonormal basis
of E such a(&;) = A;(a)&; and b(f;) = A;(b)f; then one takes u in Q4 (E) such that
u( f-;) = €;. However, if such a u has determinant —1, one has to replace fi by —fi,
still an eigenvector of b.

Assume now that I and p are as in (1.7) and suppose that (1.8) holds with a signed
measure ji. For u in O(E) we have :

Trace f(a) = Trace f(gu(a)) -

Thus (1.8) becomes

fs exp (— Trace(az)) fi(dz) = exp Trace f(a) = exp Trace f(gu(a))

= [ exp (- Trace (agu-(2))) da) = [ exp (= Trace(an)) i ()

where ji; (dy) is the image of i by z — y = gy-1(z).

Thus /i is invariant by G and G4+. Now S is split by G4 in orbits and the set
of these orbits is parametrized by the increasing sequence of the eigenvalues of any
element of the orbit, i.e. by

H={heR"; by <hy<...<hn}.
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Choosing an arbitrary orthonormal basis e of E, one can say that, since ji is invariant
by G+, there exists a signed measure v on H such that if dU denotes the Haar measure
of mass 1 on the group Q4 (n) of rotation matrices of order =, then fi(dz) is the image
of v(dh) dU by the map

hy 0y |
(h,U)— =z  with [a:]e=U( )U"l.
0 hn

In (1.8), if \; <... < A, are the eigenvalues of a, we get :

/ exp =Mty .+ Ant) dtr) . () = exp (FOW) + .. + )

A1 0 hy 0
=/ v(dh) dU exp — Trace ( ) U ( ) Ul (2.3)
H 04 (n)
0 Aﬂ 0 hﬂ

and (2.3) shows that the image of v(dh)dU by (h,U) +— (t1,...,tn) = diagonal of
Ut 0 UL is p(dh) ... pldtn).

The task of extracting v from this information seems rather difficult for n > 3. For
n = 2, however, things are feasible : we have to find v(dh;,dh3) such that the image
of

v(dh,,dhs) g—:— on {heR?; hy < hg} x[0,2n]

by (h,0) = (t1,t3) = (h1cos®d + hysin? 8, hy sin? 0 + hy cos® 0) is p(dt; )u(dts). We
solve this problem in the next section.

§3. How to compute i for n = 2.
To have a clear geometrical picture of the case n = 2, we adapt the notations.
The Euclidean plane E is now identified with R? and S is identified to R® by the

parametrization

R — S : (a,b,c)r——»M(a,b,c)=[ajb a.c.b}'

Thus the scalar product in S is
3 Trace (M(a,b,c)M(a’,¥',c')) = aa’ + bb' + cc’

which is the canonical scalar product in R®. We consider the measure /i that we look
for as a measure ji(da,db, dc) on R®. Thus (1.8) can be written

. exp—Cutidata) udt)ucat) = /R _exp—(\(a+b) + Xa(a=b) i(da, db, dc)
(3.1)
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The images of i by (a,b,c) — (a,b) and of u(dt;)u(dt:) by (t1,t2) — (a,b) =
(afta, azta) coincide. We denote it by w(da, db).

Doing A; = Az in (3.1) shows that the image of i by (a,b,c) — a is the positive
measure w(da) defined as the image of the convolution p * p by the homothety
t—f=a.

Therefore we write :
n(da,db) = 7(da) Q.(dd) , ji(da,db,dc) = n(da) v,(db,dc) . (3.2)

Recall that in (3.2), Q4(db) is a known positive measure and that v,(db, dc) has to be
found. Before giving two examples, we make the following remark :

Proposition 3.1 : Let pu be a positive measure on R such that [e *pu(dt) < co
for all X in the open interval I. For )\ in R, define u°(dt) = e"‘°’p(dt)
and consider the 7°(da), 7°(da,db) and Q9(db) similarly associated to u° as in
(3.2). Then 7°(da) = exp(—2Xoa)w(da), 7°(da,db) = exp(—4Xoa)n(da,db) and
QO(db) = exp(—2Xoa) Q,(db).

In particular, Q.(db) is a bounded measure m almost every where.
Proof : (u® * u°)(dt) = exp(—Mot) (u* p)(dt) imply the three identities. Finally, since

there exists Ao such that u° is bounded, this implies that Q%(db) is bounded, as well
as Q,, 7 almost every where. [ |

Example A : Let p be > 0 and take p(dt) = I‘( )]l(o,+°°)(t) dt. Then :

t2p—1

7(da) = P(2 7 a** " (g, 40)(a) da
n(da, db) = m (4)),‘,(a2 - b2)p_1]llb|<a(a, b) da db
2y P-1
Quan= 22T (1 () a0 2. (33)

The constant in (3.3) has been simplified with the duplication formula of the gamma
function : see Whittaker and Watson (1927), bottom of p. 240).

Example B : For p > 0 we take p = p, as in (1.1). Hence pp * pp, = pgp and

r(d0) = 20 exp (=) 1y (o) do
n(da,ddb) = -2-3%-2

(az-tﬁ)’*exp( Pla b2)11|,,|<a(a,b)dadb

-3
Q=22 (1- (2)) o (50 eV G4

We now state a theorem.
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Theorem 3.2 : Assume that p has no atoms. Then a signed measure [i satisfying
(1.8) for n =2 exists if and only if for m almost all a, Q,(db) as defined by (3.2) is
absolutely continuous, with density q.(b), and there ezxists a signed measure K,(dr)
with bounded variation on (0,+00) such that

q(b) = = /b \I/{ﬂ(;ib)z (3.5)

Under these circumstances, v,(db, dc), as defined by (3.2), is the image of K, (dr)
on (0,+00) x [0,2x[ by (r,6) — (b,c) = (r cos,rsinb).

Furthermore if u is concentrated on (0,+00), then K, is concentrated on (0,a).

Proof : Suppose that fi exists. Thus v,(db,dc) is invariant by rotation in the
(b,c) plane, ie. v, is the image of a measure K,(dr)2£ on (0,+00) x [0,2n[ by
(r,8) — (b,c) = (r cosf, rsinb).

Let us observe that Qo({0}) = 0 for m-almost all a. If not, there exists A C R such
that

< / 7(da) Qu({0}) < p®u({(t,1); tE€R}) ,
A

and since p has no atoms, the right hand term of the above inequality is 0 : a
contradiction.

Denote by a(dz) the image of g% on [0, 27 by 6 +— z = cos§. We have
1 2\-%
a(dz) = ;(l—z ) *L1,1)(2)dz.

Thus Q.(db), defined by (3.2), is the image of K,(dr) a(dz) by (r,2) — b= rz. Hence
Q, is simply the convolution of K, and a in the multiplicative group R*. Furthermore,
because of the invariance by rotation of v, in (3.2), Q,, as well as ¢, is a symmetric
measure. Thus, taking their restrictions to (0, +00), Q4 is the convolution of K, and
a in the multiplicative group R} . Since o has a density, necessarily Q, must have one
too, denoted by ¢, (b). The densities of @, and a with respect to the Haar measure

-‘i—b of R} are respectively bg,(b) and %(l—b"’)‘*]l(o,l)(b). Thus, for 5> 0 :

baul®)= [ = (1-2) 0 (2) K@,

r T2

which gives (3.5).

The converse part is plain. Eventually, to see that K,(dr) is concentrated on (0, a]
if p is on (0,+00) one observes that n(da,db) is on {(a,bd) ; |b] < a}, Q.(dd) is on
(—a,a). Finally one uses the Titchmarsh theorem (see Donoghiie (1969) p. 224) to
get the result. [}
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One can test this theorem on Example A; (3.3) and (3.5) give for 0 < b < a and

for a constant C :
2y P-1 a
(-Q) - [ 7%
a a Jy Vri-p?

. b2 . . T2 ,
Denoting y =1 — (—-) and making the change of variable z =1 — (—) in the
. a
integral, we get

Y f{(da:)
B 0o VYT

where K is the image of K,. If p > 1 the solution of (3.6) is K(dz)
Cyzr—} L(0,1)(z) dz. If p = , it is C180(dz). If 0 < p < 1, there are no signed measure
K satisfying (3.6) : we get back the Gindikin result (1.9) for n = 2.

Cyr?! (3.6)

The remainder of the paper is essentially devoted to the solution of (3.5) in the
case of Example B, i.e. with g,(b) given by (3.4). We writeit for0<b<a:

2 —m2p2
% (1 B (g) ) & a(agz—bb2) /a \K/r 2’(571‘;1 (3.7)
2 2

Denoting y = gza——z and making the change of variable z = aTa_?’ we get

-b

2py exp—z(y = or / K(dz) (3.8)

where K(dz) is the image, multiplied by \/Z, of K,(dr) by r +— z. The next section
solves integral equation (3.7) and an extension of it.

§4. An integral equation

Theorem 4.1 : Let q be > 0 and n be an integer > 2. Let p, be a signed Radon
measure on [0,00) such that

/0 ” exp(=2z) |n](d2)

is finite for all X\ > 0 and such that, for all y > 0:

n-—1

F%;}) / (3-9)"F" exp(~gz) pn(do) (41)

Then py is unique, absolutely continuous and its density f, is as follows :

yge_qy =
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(i) If n = 2p is even, then f, is a polynomial zP + g(z), with degree of g < p, and
defined by

/°° P-4 exp(—qz) fg‘)(x) dz =0, k=0,1,...(p-1). (4.2)
0

() If n =2p+ 1 is odd, then

- d\?
fu(@) = (~a) P exp(qy) (=) (37"} exp(-gy)) (4.3)
dy
Examples : fo(z) =z~ % ) fa(z) = 2%/% - %21/2
f4($)—9«'2—%3$+£§ ) f5($)=$5/2—-z-x3/2+21(;5—2z1/2 (4.4)

Proof : We prove the uniqueness. If y,, and p!, are solutions of (4.1), then 8 = pp—p!,
satisfies for all y > 0

| 60" expl-az) ptaa) =0 (4.5)

Multiplying (4.5) by y*~!, with s > 0, integrating with respect to y on (0, +00), and
applying Fubini (since [ exp(—Az)|B|(dz) < 00), we get for all s >0

oo z ne3 (s n—1 oo
0= /O €™ B(z) /O ¥ e-y) T dy= f%’%;l_fj) /o z*"le~"zPf(dz)

i.e. the Mellin transform of exp (—g¢z) z?B(dz) is 0. This implies 8 = 0.

We now show the existence of a solution y, of (4.1) with u,(dz) = f.(z) dz, with
fn of C®(0,+00) class such that all its derivatives are slowly increasing, i.e. for all
A >0, lim,_, 4o exp(—Az) f® (z) = 0.

Now, changing z in s = z—y in (4.1), we get

v} = =o—+ §°T exp(—qs) fa(y+s)ds . (4.6)

¢ [
r(23%) Jo

Because of the postulated regularity of f,, (4.6) can be derivated under the integral
sign an arbitrary number of times.
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(i) If n = 2p, p derivations of (4.6) yield

pl= '1% /0°° s*~4 exp(—gs) f{P (y+s) ds .

Since f,(.")(a:) p! satisfies this relatlon we ca.n take f, = z? + g where g has degree

< p. Finally, writing fa(y+3) = Y t-0 % fn (s), and identifying the polynomials in
y leads to (4.2).

(ii) If n = 2p+1, induction on k =0,1,...,p—1 shows from (4.1) that

k
(_q)p(diy) (vt exp—qy) = p( kl )1), / (@—)? "' exp(—qz) fa(z) dz .

Derivating this formula for k = p—1 once more gives (4.3). |

§5. exp (— Tracepv/2A) for (2,2) symmetric matrices.

We now apply the previous theory to find ji(da,db, dc) such that if A is a positive
(2,2) symmetric matrix we have

exp (— Tracepv24) = / exp ( Trace A (“*b o b)) ji(da,db,dc) .  (5.1)
R? -
In (4.1), do n = 2 and ¢ = p?/a (a > 0). From (4.4) we get

veo (5) = [ (- %)

and from the uniqueness in Th. 4.1 we get that K in (3.8) is

o0

K(dz) = 2p*va exp (—Pz(a:—l)) (:c - ;)2—) 1o, +o0) (z) dz . (5.2)

Thus K,(dr) in (3.7) is

p*r? a 2
K,(dr) = 4p2a§ exp (— (a’-rz)) [(az—rz) i p2(a2—r2) *}] r No,0)(r)dr . (5.3)

Vo(db,dc), as defined by (3.2), is the image of K (dr) by (r,0) — (bc) =
(rcos@,rsinb), ie.
2p?at PP(b*+c?)

T P (—a(a2—b2—c2))

a 2
X [(a2_b2_cz)§ - P2(0.2-—b2—c2)§] nb*+c’<a2(b,6) dbdc

Ve(db,dc) =
(5.4)
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and since ji(da, db, dc) = n(da) v,(db, dc), with w(da) given by (3.4), we get at last
- _2p30, Pa
fi(da, db, de) =" exp (-otmm)x

a 2
[(a2—-b2—c2)§ - pz(az—bz—cz)g] 1 rrercq(a,b,¢) dadbde

as satisfying (5.1).

One can observe that ji is never a positive measure. It is concentrated on the cone
of revolution {(a, b, c); vVb2+c? < a} which is nothing but, with the parametrization
introduced in §3, the cone of positive definite symmetric endomorphisms. The positive
part of ji is concentrated inside the convex hull of one sheet of the hyperboloid :

2, 2 2 P 2 *
{(a,b,c); b*+¢ —-(a _T) +E= }
Note the difference with Example A where, from (1.9), /i is positive if p is big enough.
Finally, the above computation of i shows that if n > 3, there is no positive
measure v(dz) on the space S of symmetric (n,n) matrices such that

/ exp(— Trace Az) v(dz) = exp —p Trace V24
s

for all A in the cone of symmetric positive definite matrices. To see it, observe that
this formula would be true for A only positive thus for

a+b ¢ O
A= c a-b O
0 0 0

and this would imply that the positive measure v is linearly projected on the non
positive measure fi.

§6. Extension to the Jordan algebra of the Lorentz cone.

Because of the complexity of the calculation, we have not been able to solve the
problem of the title for n > 3. In this section we sketch a generalization of the
problem, and we solve a significative specialization of it, extending section 5 and
using calculations made in section 4.

The idea is to consider the space of symmetric endomorphisms as a particular
instance of an Euclidean Jordan algebra. An excellent reference on the subject is the
new book by Faraut and Koranyi (1994). This object is a Euclidean space S with
scalar product <a,b> and a bilinear symmetric product

SxS— S (a,b) —> aob,
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such that there exists a neutral element e (i.e. a o e = a for all a) and such that for
all a,b,c,d in S, the following properties hold

(1) <a,boc> = <aob,c>
(2) (aob)o(cod)+(aod)o(boc)+(aoc)o(bod) = (ao(cod))ob+ (ao(boc))od+ (ac(bod))oc.

In the case of the space S of symmetric endomorphisms of a Euclidean space E
the product aob is -(ab+ba) Replacing the real numbers by complex, quaternions
and octonions give other instances of these algebras; we shall describe a fifth instance
with the Jordan algebra of the Lorentz cone in a moment. One can prove that these
five instance are essentially the only ones.

If S is such an algebra, one defines similarly two real functions called “determinant”
and “trace” on S. Attached to S is a positive integer r called the “rank” of S. If S is
the space of symmetric endomorphisms of E, then r = dim E. In general we normalize
such that

l Trace(a o b) = <a,b> . (6.1)

Again, if I C R, one defines a suitable subset S(I) of S and, for f : I — R, a map
f:S(I) = S. The problem of extending the Laplace transform of x on R as in (1.7)
to a ji on S such that an extension of (1.8) holds :

exp Trace f(a) = / exp (— Trace(a o z)) ji(dz) (6.2)
s

can be raised. However, we shall be content here to consider only the Jordan algebra
of the Lorentz cone which is the only one with rank r = 2 and the case f(\) = —pv/2],
with p > 0.

We define now the Jordan algebra of the Lorentz cone by taking first a Euclidean
space E with dimension n > 2, where the scalar product of a and b is denoted by ab
and the squared norm ||@||> = @2. On S = Rx E the scalar and the bilinear symmetric

products of a = (ap, @) and b = (by, b ) are defined by
<a,b> = agbo + a.b aob=(<a,b>, aob + boa) (6.3)

and we call the following quantities 2ap and a3 — @2 the trace and the determinant
of a = (ap,@). The set C = {a € S ; ao > ||d@]|} is called the Lorentz cone. If E = R?
with its canonical Euclidean structure, S = R x R? is isomorphic to symmetric (2,2)
real matrices by

(aOa (01,02)) —_ do+a1 92 ] .

a2 ap—ay

Now if a € C = {a € §; ap > |||}, there exists a unique u = u(a) in C such that
uou =a (or u = +/a), which is given by

vo = uo(a) = [L(ap+Vaeta)) =) = 5:‘:—0 . (6.4)
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Therefore the aim of this section is to compute the signed measure ion S =R x E
such that (6.2) holds when f = —pv/2}, i.e. for (ao,&) in C :

exp (—Zp(ao + Vag_;p)llz) - /Sexp (—2(aozo + @.%)) fi(dz) (6.5)

Note that no special knowledge of Jordan algebras is required to understand and
solve the problem (6.5) : previous explanations just gave the motivation and the
background of it.

We now imitate the previous sections : doing @ = 0 in (6.5) gives the Laplace
transform of the image w(dzo) of i by (zo,Z) — zo. We can also equip E with an
orthonormal basis e and identify E with R*. Then doing @ = (1,0,...0) in (6.5) gives
the Laplace transform of the image w(dzo,dz;1) of i by (zo,Z1,...,Zn) — (Zo0,21),
ie.

1/2
exp —2p(ao + \/ag—af) - / exp (—2aozo — 20,71 ) 7(dzo, dz1)
R2
Writing A\; = ag + a1 and A2 = ag — a; shows
exp —p( 2/\1 + 2/\2) = /exp (—xo(/\1+/\2) - 31(/\1 —/\2)) ﬂ(dwo,d.’l:l) .

Finally if w(dzo,dz1) = w(dzo)Qs,(dz1) one sees that w(dzo), m(dzo,dz1) and
Qz,(dz,) are given by formulas (3.4), where (2o, ;) replaces (a,b).

Now /i is invariant by the transformations g, of S defined by gu(ao, &) = (a0, u(&))
when u varies in Q(E). Thus

ﬁ(dzo,df) = ‘Il'(d.’l,'o) Vzo(dj.) y

where v,,(dZ) is invariant by O(E).

There exists a signed measure K,,(dr) on (0,+o00) such that v, is the image of
K.,(dr) o(df) (where o is the uniform probability measure on the unit sphere S(E)
of E) by (r,0) —» & =r6.

Coming back to the basis, and writing 6 = (6,,...,60,), we see that Q,(dz,) is
the image of K,,(dr)o(dd) by (r,0) + 6,. Denoting by a(df,) the image of o(df)
by 6 — 6,, the known Q., is the convolution in the multiplicative group R* of the
unknown K, (dr) with the known a(df;). Actually, the computation of a(df,) is
quite standard; the fastest way to proceed is to observe that o(df) is the distribution
of X /||X||, where X is Gaussian distributed in E with mean § and covariance identity.

Thus the distributions of 62 and of X?(X2+X2+...+X2)™" are

dt
ﬂ(l)n— - t_1/2(1 _ t)(ﬂ"3)/2]1 0.1 (t) e
b OB, %)
Since the random variable 8, is symmetric, then :
n-3)/2 d0
a(dsr) = (1 - 83)" 11 1)(81) B(I Ty -
(5’ T)
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Working, as in Theorem 3.2, in R} rather than R*, the analogue of the integral
equations (3.5) and (3.7) is :

2,z 7 Pzt _ 23y Kenl)
\/17(1 (-’Eo)) exp — Zo(@2—23) %‘"Tl‘/ (r?— )T .

As in (3.7) we make the change of variables :

3 Zo

22— 12 VY=p_ 2

T =

and we get the generalization of (3.8) :

‘3 -3
3yt exp-Ly-1) = = P / (e=9)" R(dz), (6.6)

where K (dz) is the image, multiplied by (3-™/2, of r2~" K, (dr) by r + z. Equation
(6.6) is essentially solved by Theorem 4.1, and keeping the notation f, used there
we get :

k(de) = 225 507 fu(e) exp (- (@-1)) Ko, o (0) -

27"
r(3)

Taking the image of z("~3/2 K(dz) by z — r, we get :

4p™z - z3 r?

zo(d ) = ._p_(_;)_(zo 1'2) Tf"(;g_f_ﬂ) exp (—x—o(—zzgtﬁs)f‘n(o'.'.oo)(r) dr .
Now, v;,(dZ) is the image of K;,(dr)o(df) by (r,6) — & = r0. Recall that the image
of r*~1dro(dh) by (r,0) — Z = r6 is “a” Lebesgue measure of E, i.e. is invariant
by translation. However, to get “the” Lebesgue measure of E, i.e. the only one which
gives mass 1 to any unit cube built on an orthonormal basis, we have to introduce
a factor obtained by the computation of the volume of the unit ball. We skip this
standard computation and obtain that dZ is the image of

oard
I'(3)

by (r,0) — 78 = Z. Thus we get :

" ldr o(df),

85—-n
- 2 nx"f“ 3—n —n $2 52
Voo (dF) = —pw—;—(wﬁ-i’z)—’_r’ fa (chi%f) exp = 1;2 —73 Ujali<ao (%) 4 .
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And the final solution of (6.5) is :

- - _ 2P"+1 izn 2-n( 2 2\ 352 xg
deo,d8) = T 2o 181 (@8-2") 7 1a(55752)

X exp —

2

P ) )
Zo(z3—27) 12 <z0 (%0, %) dzo dF

where f, is defined in ‘Theorem 4.1.
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