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Maassen Kernels and Self-Similar Quantum Fields

K.R. Parthasarathy

Abstract. — In his Lecture Notes [Maj] P. Major has outlined a theory of multiple Wiener-
Itd integrals with respect to a stationary Gaussian random field § over the Schwartz space
S(IR%) of rapidly decreasing smooth functions in JR®. Furthermore, he has exploited the same
to construct self-similar random fields subordinate to {. Here, we observe that the Hilbert
space of functions square integrable with respect to the probability measure P of £ can be
identified in a natural way with the Hilbert space of functions square integrable with respect
to the symmetric Guichardet measure [Gui] constructed from the spectrum of §&. Under such
an identification, multiplication of random variables on the probability space of § becomes
the twisted convolution of Lindsay and Maassen [Li M 1,2] for Maassen kernels [Maa], [Mey].
The multiple Wiener-Itd integral of Major is described neatly by a twisted version of Meyer’s
multiplication formula (see (IV.4.1 in [Mey]). Following Lindsay and Parthasarathy [Li P] we
introduce the weighted and twisted convolution of Maassen kernels, present a generalization
of Meyer’s formula and exploit it to construct a family of operator fields whose expectations in
the vacuum state exhibit a simultaneous self-similarity property. Such a construction includes
Major’s examples and at the same time yields a self-similar Clifford field.

1 An involutive Gaussian random field and the Lindsay-Maassen twisted

convolution algebra

Let (X, F,m) be a o-finite measure space equipped with an m-preserving involution

z — % on X satisfying ()~ = z. For any measure u, denote by L% () and L?(u)

respectively the real and complex Hilbert spaces of functions square integrable with

respect to u. Then the following holds:

Theorem 1.1 There exists a probability space (€, Fm,Pn) and a linear map

€ : LY (m) — L?(P,,) satisfying the following:

(a) For each f € L%(m), &(f) is a complex-valued Gaussian random variable of
mean 0.

(b) For any f,g € L% (m),

ETDE() = / f(@)9(@)dm(z).
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(¢) If f(z) = f() and f € Ly (m) then &(f) = £(f).
(d) The o algebra generated by {£(f), f € L%(m)} is Fpn.

Proof: For any f,g € L%(m) define

Ks(f,9) = [ 5(4@) £ {@o(a)dm(). (11)

From the ~ - invariance of m and Schwarz’s inequality we have K1 (f,9) = K+(9, f),

| / (&) f(@)dm(z)| < / P (z)dm(z)
and therefore

Kalf.£) = 5 [(F@) % 1@ f@)im(z) 2 0

In other words K, and K_ are non-negative definite bilinear forms on L% (m) with
non-trivial kernel (consisting of odd functions for K} and even functions for K_).
Hence there exist two independent real Gaussian random fields £ and &_ over L (m)
on some probability space (2, Fm, Pm) for which

E¢+(f) =0, E6(f)E4+(9) = Ki(f,9), BE-(f)é-(9) = K_(f,9)  (1.2)

and F,, is generated by {£,.(f),¢~(f), f € L%(m)}. Elementary algebra using (1.1),
(1.2) and ~-invariance of m yields

E(&(f) ~ &(N)* = BE-(H) +¢-(H)* =0 (1.3)
where f(z) = f(%). Define

§(f) = &+(f) + i€ ().
Clearly, ¢ is a linear map satisfying (a) and (c). Furthermore

ETJ) €(9) = K+(f,9) + K_(f,9) = / f(@)g(z)dm(z)

proving (b). Property (d) is immediate. [ ]

Corollary 1.2 Let {£(f),f € L%(m)} be as in Theorem 1.1. For any f in the
complex Hilbert space L?(m) with f = f, + if2, where f; and f; are respectively

the real and imaginary parts of f, let £(f) = £(f1) + i€(f2). Then {¢(f), f € L*(m)}
satisfies the following:

(a) The correspondence f — &(f) is complex linear.
(b) For each f,&(f) is a complex-valued Gaussian random variable of mean 0.
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(©) E &) &(9) = J F(x)g(x)dm(z).
(d) It f(z) = F(@), then £(f) = &P
(e) Eetl)) = exp § [ £(2)f(z)dm(z).

Proof: The first four parts (a) - (d) are immediate from Theorem 1.1. The last part
follows from the ~-invariance of m and the relation

§(f) = &+ (f1) + &4 (f2) + (6= (f1) +i€-(f2))

where £, and £_ are the independent real Gaussian random fields over L%, (m) with
respective covariance kernels K and K_ in the proof of Theorem 1.1. ]

Remark 1.3 In Corollary 1.2 define the normalised exponential random variable
e¢(f) by

ee() = explé(f) - 3 [ 1) @)im(z)) (19)

for f € L?(m). Then {e¢(f),f € L?(m)} is a linearly independent and total set in
L?(P,,). Furthermore

E e eclg) = exp / 7@ g(z)dm(z), (1.5)

ee(fec(g) = ee(f + g) exp / £(#)g(z)dm(z) (1.6)

for all f,g € L?(m).

We shall denote by £ C L?(P,,) the dense linear manifold generated by {e¢(f), f €
L?*(m)}. Then (1.6) implies that & is an algebra of random variables on (Q, Fp, Pp).
Owing to property (d) in Corollary 1.2 we may call £ an involutive Gaussian random
field.

From now on we assume that (X,F,m) is a separable, nonatomic and o-finite
measure space. Our aim is to identify L?(P,,) in Theorem 1.1 with L?(mr) where mr
is the symmetric measure of Guichardet [Gui] in the space I'(X) of all finite subsets
of X, constructed from m. We denote the Guichardet symmetric measure space by
(I'(X), Fr,mr) so that integration with respect to mr is determined by

[, fime@ = 10+ 3= 5 [ s, zadymde)--omide) 1D

for any f € L'(mr) where, on the right hand side, f({z1,%2,+,%n}) is viewed as a
symmetric measurable function of n variables z,, z2, ..., z,’ with all the z}s distinct.
It is to be noted that the n-fold product of the nonatomic measure m has its support
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in the subset {(z1,%2,...,2s) : i € X and z; # z; if ¢ # j}. Denote by I'*(X) the
n-fold cartesian product of I'(X) and by I'™(X) C T*(X) the subset

{g = (01,02,...,00)|0i €T(X),0:Noj =0 if i # j}.

Then the product measure mf* satisfies m(I'™(X)\I'™ (X)) = 0. For simplicity we
write do = dmr(o) in I'(X). If 01,02, ...,0, are disjoint elements of I'(X) we write
01+02+:-+0q 0r Y1, 0; to denote |J;_,0i. Then one has the following Maassen’s
sum-integral formula for f € L*(m}):

/ (01,02 s 0n)ordogedon= [ {3 f(or,.0n)}do.  (18)
I (X) T(X) o14-Fon=c

For a proof see [Mey], [Li P]. Following [Maa] we introduce the space K(X) =
K(X,m,~) C L?(mr) of Massen kernels:

K(X) = {flfa#"lf(a)|2da <oV a>1). (1.9)

The Lindsay-Maassen twisted convolution f * g between any two Maassen kernels f
and g is defined by

(F+90)= ¥ [ flor+@ow+oa)do (1.10)

o1+032=0

where the summation on the right hand side is over all partitions of o into a pair oy, 02
of subsets (which can be empty). Then f * g € K(X) and satisfies the inequality

f la#7(f * g)(0)|*do < / |(av/3)#° f(o)|*do - / |(av/3)#° g(0)|?do for all a > 1.

(1.11)
For a proof see Proposition 3.2 in [Li P]. The ~ - invariance of m implies the
invariance of the associated Guichardet measure mr on I'(X) under the involution
transformation w — @ = {Z|z € w} and hence it is clear from (1.10) that fxg =g f.
It follows from the sum-integral formula (1.8) that * is even associative. This
will also follow from our Theorem 1.4. Thus K(X) becomes a commutative and
associative algebra equipped with the involution f — f where f(o) = f(5). A simple
computation shows that (f * g)~ = f * §.

For any ¢ € L%(m) define the associated exponential kernel e(y) € K(X) by

1 ifo=0,
e(¢)(0) = {H,e,kp(z) tl)t;erwise. (1.12)
Then
e(9) * () = e(p + ¥) exp / (E)b(z)dm(3), (1.13)
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e(e)™ = e(9). (1.14)

for any ¢,9 € L?(m). The set E = {e(yp), € L?(m)} is linearly independent and
total in L?(mr). The linear manifold £ C K(X) generated by E is an involutive
subalgebra of K(X). A comparison of (1.12) - (1.14) with (1.4) - (1.6) leads to the
following theorem.

Theorem 1.4: Let ¢ be the complex Gaussian random field over L?(m) in the
probability space (R, Fn., P,) satisfying the properties (a) - (e) of Corollary 1.2
and property (d) of Theorem 1.1. Then there exists a unique unitary isomorphism
V : L*(Py) — L*(mr) satisfying the following:

(a) V ee(p) =e(p) forall ¢ e L*(m);

(b) Vg=(Vg)~ forall g€ L*Pn);

() Viee(@)ee()) = e(p) + e($) for all ¢, € L2(m);
where e¢() and e(yp) are defined by (1.4) and (1.12) respectively.

Proof: First observe that (e(p),e(¥)) = exp(p,¥) = (ec(p),ec(¥)) for all p,9 €
L%(m). The totality of £ in L?(P,,) and € in L?(mr) yields the existence of a unique
unitary operator V satisfying (a). Now (b) and (c) are immediate. ]

Remark 1.5: The map V! identifies the Lindsay-Maassen twisted convolution
algebra K(X) = K(X,m,~) with the ordinary multiplication algebra of random
variables on a Gaussian random field { satisfying the involutive property £(¢) =
&(p),p € L3(m). The involution ~ of K(X,m,~) is then carried over to the complex
conjugation of random variables.

We now describe a topology on X(X).To this end consider the selfadjoint number
operator N in L?(mr) defined by

(Nf)(o) = (#0)f(0), fe€ L*(mr)
with maximal domain. Define

I£1 = lla" fll, a>1, fe€K(X). (1.15)
With the family {||- ||(*), a > 1} of norms K(X) becomes a topological vector space.

Theorem 1.6 The twisted convolution operator * is continuous. The subalgebra £
is dense in K£(X).

Proof: By Proposition 3.2 in [Li P] we have the inequality
la™ £ * gll < l@v3)N £l lI(av3)¥g|| for all f,g€K(X),a> 1.

I limpoyoo (|| fn — FII®) + ||lgn — gl|¥)) = 0 for every @ > 1 then the inequality

o™ (fn ¥ gn = £ % @ < la™ ((fa = £) * ga)ll + 6™ (f * (g0 — D)
< 1@V3)N (£2 = NI 1@V3)" gall + l1(av/3)" 1l 11(av/3)" (gn = 9)l|
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implies that
,}ngollaN(fn *gn— f*gll=0.

This proves the first part.

To prove the second part consider an element (f,a” f) in the graph of the operator
aV with f € K(X). Suppose that this element is orthogonal to every element of the
form (e(p),a"e(p)). Then

((e(p),a"e(@)), (£,a" f)) = (e(®), f) + (e(), a*" f)
= (e(¢), f +a*" f)
=0 forall ¢ € L*(m).
The totality of exponential kernels implies that f + a?N f = 0. Since the spectrum of

N is {0,1,2,...} it follows that f = 0. This enables us to conclude that for any fixed
a>1,e>0and f € K(X) there exists a g € € such that

llg = £l + lla"g — a" fll <e.

Choose a = n,e = % and denote the corresponding g by g,. Since aV is monotonic
increasing in a for a > 1 it follows that

. _ N, _ Ngp—
,,ll,néc,"g" fll+1lla" gn —a” f|| = 0 for every a > 1.

2 Weighted and twisted convolution of Maassen kernels

Following Lindsay and Parthasarathy [Li P] we shall now investigate deformations
of the twisted convolution operator * in (1.10) by introducing a weight function
or multiplier p inside the integral on the right hand side of (1.10). To this end
we introduce the space M(X) of all complex-valued bounded measurable functions
defined on I'®)(X) and call any element p € M(X) a multiplier. Thus p is a function
of three arguments 0,032,053 which are disjoint finite subsets of X. For any two
Maassen kernels f,g € K(X) and any multiplier p € M(X) define the weighted and
twisted convolution f *, g by

(9@ = X [pw.on00f(on+ o+ oo (2.1)

o1+o3=0

where dw = dmr(w) as in Section 1. It is to be noted that for any fixed o € I'(X),
the complement of the set {w|w N o = 0} in I'(X) has mr - measure 0.

Proposition 2.1 In the Hilbert space L%(mr), for any p € M(X), f,g € K(X) the
following inequality holds:

lla™ £ *5 gll < sup |p| lI@V3)" £l llav3)"gl| for all a> 1. (2.2)
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In particular, K(X) is closed under the multiplication operation *,.
Proof: This is the same as the first part of Proposition 3.2 in [Li P]. n

The next proposition is a twisted and weighted version of the Wiener product for
Maassen kernels. (See IV.4.1 in [Mey]).

Theorem 2.2 For any multiplier p and Maassen kernel f define the operator B,(f)
in L?(mr) with domain X(X) and

Bp(f)g = f*pg

where the right hand side is given by (2.1). Then, for any given f; € K(X),p; €
M(X)’ ISZSR, 15]5""]-»

(BPI (fl)sz(f2) Pn—l(fﬂ—l)fn)(é)

> / T[T +50+ T

Xbi=6 i<k i>k
n-—1
x [[peQ 05, D oie) + 60, ( D i) + D _65)
=1 >t <L [2424) >t
Il dois (2.3)
1<i<j<n

where all the sets 0y;,6x,1 < 4,5,k < n, i < j are disjoint and the indices k, £ are
kept fixed under the X-signs inside fi and p;.

Proof When n = 2, (2.3) is same as (2.1) if we put 012 = w, 6 = 01,62 = 03.
We prove (2.3) inductively. Assume (2.3) for n. To prove the same for n + 1 put
n = fn *p, fat1. Then

(Bp: (f1)-+-Bpy (fn) fat+1)(6) = (Bpy (1) * Bpo 1 (fa-1)9n)(6)
n—1
=3 /ka((zdsk)+5k + ;)

£6=6Y k=1 i<k ik
n—-1

X Hpt(zalj’ (Zait) + 61, ( Z oij) + Z‘Sj)
=1 i>t i<t 1<U<j >t

X Z pn(o'nn+1a€1,52)fn(51 +&nn+1)fn+1(¢7nn+1 +52)

£1 +Ez=(2?::ﬂin)+6n

X( H daij) donnil. (2‘4)

1<i<j<n
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Introduce new disjoint set variables o},,0,,,,6;,6,,1,1 <% <n —1 by putting

) / —
Oin = €1 N0Oin, Oint1 = €2 Noin,

0, =€1Nbn, 8, =€2Nbn.

Then 0}, + 0,41 = in N (61 + €2) = 0in and 6, + 8;,,; = 6n N (€1 + €2) = bn.
Substituting these new variables in (2.4) and using the sum-integral formula (1.8) we
get

('Bpx (fr)--- By, (fa)fn+1)(8) =

n—1
= > /ka(zdik+5k+ Y Gk + Fin + Fhngr)

(E'."'lﬂ.-)+6‘.+6:'+1=5 k=1 i<k k<j<n-1

i=1

n—1
x [Ipe( D 06) +0tn + 0tny1s (Q_0ie) + 62,

=1  t<j<n-1 i<t

Yo i+ (A Ohg)+ Y, S8 +8y)
i<t<j<n—1 i<l £<j<n—1
n—1 n—-1

X fn(zaz{n +6n + 5nn+1)fn+1(20£n+1 +Onnt1 +6n41)
i=1 i=1
n—1 n-1

X pﬂ(an n+1, Eaﬁn + 6:;: ZU: n+1 + 6:1+1)
=1 =1
n-1
x( I dos)]] doindoinsr)donnsa.
=1

1<i<j<n—~1

If we now drop the primes / in the expression above it is the same as (2.3) with n
replaced by n + 1. |

Proposition 2.3 For any f,g,h € K(X) and p € M(X)
(f,g*p h) = (g *g [ h)
where (o) = R&_) and ¢(01,02,03) = p(02,01,03).

Proof: By (2.1) and an application of (1.8) twice for the case n = 2 we have

(hamh = [FoH 3 [lw.ono0)alor + o+ on)ds)do

o1+03=0

= / F(01 + 02)p(w, 01, 02)9(01 + @)h(w + 02)dory doadw
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= [t ¥ [aoro00)iw+ a0 s +or)dos Jrnay

wHoz2=7
= (g *q f, h)~

Corollar~y 2.4 For any multiplier p and Maassen kernel f the operators B,(f)
and B,(f) are adjoint to each other on the domain X(X), where ¢(01,02,03) =

p(02,01,03).
Proof : Immediate . ]

Proposition 2.5 Let f;,1 <i < k be Maassen kernels. Then

k
I(frs o f)@)] < TR =DV 5.

=1

Proof: When k = 2, (f1* f2)(0) = (f1, f2) and hence the required inequality coincides
with Schwarz’s inequality. To deal with the general case introduce the operation A
by

(4f)(0) = / £(0 +w)dw.

Then, by Theorem 2.2, putting p; = 1 for all ¢ and n = k we get from a repeated
application of Schwartz’s inequality in the integrating variables 042, 013, ..., 011,

[ f1 %o * fi(0)]

= |/f1(512 + 13 + -+ F1k) f2(012 + G2z + - - - + Fax)
<o+ fr(o1k + o2k + - + Ok—1k)dO1k - dOk—1 k|

< /(A|f1|2)1/2(513 + o+ 61)(Alf2l*) 2 (23 + -+ + Gak)
X |f3|(013 + 023 + G3a + -+ + Gax)
o Afellok + o+ +oprx) [[ doys

1<i<j<n
(5,5)#(1,2)

< [CRARP 10+ + G0 AU o+ -+ )
X (A|f3|2)1/2(023 + 634 + -+ F3k)
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X |fal(01r4 + 024 + 034 +Gas + -+ +Gak) | fel(Ork + - + Ok—1%)

X H da,-,-

1<i<j<n
(i,7)€{(1,2),(1,3)}

< / (4521 117)(@)do) {(Alf2*)/2 # (Alfs )2 % - % (AlfiP)2(0)).

A repeated application of the inequality above yields
k
(s 2O < [T (4215 0o} (25)
Jj=1

For any Maassen kernel f we have from (1.8)

[P oo = 1o + o2+ opsaion o

[ X P

o1+ +ok41=0

= / (k + 1)#°|f*(0)do
= Ik + V252,

Now the proposition follows from (2.5). |

Proposition 2.6 Let f, fi,1 < i < k be Maassen kernels and let p;,1 < i < k be
multipliers.- Then

k
IBp: (f1) - Ba (F)£1| < ([T (sup D2k + )Y2 £ill) 2k + 1)V 5.

=1
Proof: From Theorem 2.2 we have

k
IBp (1) Bau (Fe) fIl < ([T sup I}l 12l % - % 1 fal % |FL - (2.6)

i=1
From the ~ - invariance of mr we have for any Maassen kernel g

llgl® = (g * 3)(9).
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By Proposition 2.5 and commutativity of the operation * we have

I 1l | fiel % 1£L 112
= (LAl AT * 1 fal # | f2l™ % - il * 1 ful™ % |1 * | £17)(0)

k
< ATk + D251 N2k + DN2(FDIE.

Jj=1
From (2.6) and Proposition 2.1 with p = 1 we now have

k k
I1Bpy (f1) -+ By (fi) FII* < {J ] sup Imsl® JTNI(2k + 1)M/2 £il2HI (2K + 1)N/2 £)12.

=1 =1
|
Corollary 2.7 Let f, fi,1 < i < k be Maassen kernels and let p;,1 < ¢ < k be

multipliers. Then, for any a > 1,

k
lla™ Bpy (1) -+~ Bpu (Fi) £l < (T (sup Ipil)ll(av2k + D) £ill)l(av2k + 1)V £].

=1

Proof: From (2.3) it is clear that
| By (f1) -+ Bpu s (fe-1) £1(6)
k
< (IT sup IpsD) @"1ful) % -+ % @™ 1 fi]) * (@™ 1 £1)(8)

=1
for any a > 1. The required inequality is immediate from Proposition 2.6. |

Proposition 2.8: Let f € K(X) have support in {o|#0c = 1}. Define the symmetric
operator A(f) with domain X(X) by A(f) = Bp(f) + By(f) where p and q are as in
Corollary 2.4. Suppose g € K(X) is such that either it has support in {o|#0o < n}
for some positive integer n or g € £. Then

E IIA(f)"gll

k=0

Proof: Let g be an n-particle element in KX(X), in the sense that its support is
contained in {o|#0 = n}. It follows from Corollary 2.7 that

IA(f)*gll < (2 sup lp))*(2k + 1) | £I|*|lg]
237



K.R. PARTHASARATHY

for all k =0,1,2,... On the other hand, if g = e(y) for some ¢ € L?(m), we have

IACf)*gll < (2 sup |p|)*(2k + 1) ¥ || f||ke ™ lel?,
Thus, in either case,
IA(f) gl < C* k¥, k=0,1,2,...

for some positive constant C. Now the required result follows from Stirling’s formula.
]

Remark: The symmetric operator A(f) of Proposition 2.8 is essentially selfadjoint
on the domain of finite particle vectors as well as the exponential domain €.

3 Covariance properties of the family {B,(f)} under a group action

Let (X, m, ~) be a nonatomic, separable and o-finite measure space equipped with
an m-preserving involution as in Section 2. Suppose G is a group of transformations
acting as measurable automorphisms of X, leaving m quasi-invariant and satisfying
the relation g% = (gz)~ for all z € X. Let

olg,7) = {-d‘fnﬂgu)}m. (3.1)

Let o = a(g,z) be a measurable complex-valued 1-cocycle of unit modulus in the
sense of Mackey [Mac] for the G-action with quasi-invariant measure m. Then

a(g192, ) = a(g1,927)a(g2, %) a.e. z(m) (3:2)
for each g;1,92 € G. We assume that
a(g,%) = afg,z), g€G, z€X. (3.3)
Extend the G-action to I'(X) by putting
g0 = { 0 ifo=0,

{9z, € 0} otherwise.

Then the Guichardet measure my is quasi-invariant under the extended G action on

I'(X) and
o= {(E5) )"

is given by

ifo=0,

1
p(g,0) = { Hzea p(g,z) otherwise. (3:5)
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Define a(g, o) by

1 ifo=0,

a(g,0) = {Hz co @(g,7) otherwise. (3.6)

Then we have the relations:

a(g,01 + 02) = a(g,01)a(g, 72),
a(g192,0) = a(g1, g20)a(gz,0),
a(g,3) = afg, o),
p(g,01 + 02) = p(g,01)p(9,02),
p(9192,0) = p(91,920)p(92,0),
p(9,6) = p(9,0).

Consider the unitary representation g — U, of G in L?(m) defined by
(Ugf)(@) = a(g, 97 2)0(9,97"2)f(g7"'2), f € L*(m) 3.7)
and its second quantization g — I'(U,) defined by
(C(UL)h)(0) = e(g, 97 7)p(g, 9" 0)h(g o), h € L*(mr) (38)

where p(g,0) and a(g,o) are given by (3.5) and (3.6). Then g — I'(U,) is a unitary
representation of G in L?(mr).

Theorem 3.1: Let p € M(X) and let {B,(f), f € K(X)} be defined as in Theorem
2.2. Then I'(U,) leaves K(X) invariant and

T(Ug)Bp(£)T(Ug) ' h = Bpg-1(T(Uy) )R
for all f,h € K(X),g € G, where

pg ' (01,02,03) = p(g 01,97 02,97 03).

Proof: Straightforward substitution from (3.7) and (3.8) using (2.1) yields

(W) By (Uy) h)(0)
=a(.g7pla.g7e) X [pononale g +a)

o1+02=g~10

x p(g™!,9(w +02)) f(or +@)h(g(w + 02))dw.

239



K.R. PARTHASARATHY

Writing §; = goi, gw = w' and using the relations satisfied by a and p we get

(T(Ug)Bp(£)T(Ug)~*h)(0)

= 5 [0t b )l g7 600l0,97 (67 6 + )
§1+62=0c

X h(w' +8)a(g™,w)p(g7t, W) d’

= > / pg (W', 61,62)a(g, 97 (81 + &"))o(g, 97 (61 + &) f (971 (61 + "))
§1+62=0

X h(w’ + 62)dw’
= (Bpg“ (F(Uy).f)h)(a')~ n

4 Construction of self-similar operator flelds

We shall now describe how the covariance property of the operator fields Bp(-)
under the group action G can be exploited to construct a family of simultaneously
self-similar fields. To this end consider a topological vector space S equipped with
a homomorphism g — n(g) of the group G into the group of all bicontinuous linear
isomorphisms of S. Let Mg(X) C M(X) be the subset of all G-invariant multipliers
and let Mo C Mg(X) be a fixed subset. Suppose that for every p € My there exists
a continuous linear map L, : § — K(X) satisfying the relation

L, 7(9)p = 7(9)T(Ug)Ly o, pE Mo, gEG, p€S (4.1)

where 7, is a homomorphism from G into the multiplicative group of all nonzero
real scalars and I'(U,) is defined by (3.8). Recall that K(X) is equipped with the
topology induced by the family of norms given by (1.15). Define the operators

Ap(9), A} (), ¢ € S by
Ap(p) = Bp(Lpyp), AL(‘P) = B3((Lpp)~),p € Mo, 0 €S (4.2)

where B,(-) is as in Theorem 2.2 and $(o1,02,03) = p(02,01,03). From Corollary
2.4 we know that A,(p) and Al(p) are adjoint to each other on the domain K(X).
With these notations we have the following proposition.

Proposition 4.1: For any p € My, p € S let A#(cp) denote either of the operators
Ap(e), A;{,(gp) defined by (4.2). Then the following holds:

(i) For any fixed Maassen kernel f and multipliers p; € Mo, 1 < i < n the
correspondence (1,92, ..., n) — A¥ (01)A% (02)...A% (on)f from S xS x --- x S
(n-fold) into K(X) is real multilinear and continuous;

(ii) If 6y denotes the Maassen kernel defined by d¢(c) = 0 or 1 according as o = @
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or # 0 then
(80, A (m(9)1) AZ, (n(9)02)... A, (7(g)pn)b0) >
= {[T7: (9)}(80, A%, (01) A%, (02)... A%, (10n)60)
=1
for all g € G, ¢; € S, pi € My.

Proof: The first part is immediate from Corollary 2.7. To prove the second part
observe that (4.1) and Theorem 3.1 together with the G-invariance of the p;’s imply

A#‘- (m(g)pi) = (Q)P(UQ)A#; (‘Pi)F(Ug)—l
and I'(U,)bp = 6. n

Remark Property (ii) of the fields {A,(:),p € Mo} may be interpreted as the
simultaneous self-similarity of all their expectation values in the state §y where the
self-similarity parameter for A,(-) under the action of the group G is described by the
homomorphism 7, of G into the multiplicative group IR\{0}.

We shall now illustrate Proposition 4.1 when X = IR?, S = S(IR%), the Schwartz’s
space of rapidly decreasing C* functions in JR® and G = IR%0(0, ), the semidirect
product of the additive group JR® and the multiplicative group of positive real scalars
with the group operation

(z,a)(z',a') = (z +a~'2',ad’), z,2’' € R%, a,d’ >0.
Put Z = —z and define the measure m in X by

dm(z) = |z|* h(%)dx (4.3)

where |z| is the Euclidean norm of z and h is a nonnegative bounded measurable
function on the unit sphere in IR satisfying h(y) = h(—y), |y| = 1. Then (IR?,m,~)
is a nonatomic separable and o-finite measure space with m-preserving involution.
Define the G-action on this measure space by (z,a)y = ay for all z,y € R%,a > 0.
Then

1/2
p(g,y) = {;g,%(y)} =a~ 104 if g = (,a). (4.4)

Define
a((z,a),y) = ey (4.5)

where z -y is the scalar product between z,y in IR%. Then a is a 1-cocycle of modulus
unity for the G-action in IR? with quasi-invariant measure m given by (4.3) and
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furthermore a((z,a), —y) = a((z,a),y). Following the notations in (3.5) - (3.8) we
have

a((a:,a),a) =expiaz- Eveay’
p((z,a),0) = a—-}(;&+d)#a’

(Ue,a) () = € Va4 f(a=1y), f € L¥(m),
{T(U(z,0))9}(0) = e Eveevq=dutdbog(4=15) g € L2 (mp).

(n(2,a)p)(y) = ¢(a(y - 2)), (z,0) € G, ¢ € S(RY).
With these notations we have the following proposition.

Proposition 4.2: For each G-invariant multiplier p € Mg(IR?) let L, : S(IR?) —
K(IR%,m,~) be a map satisfying

(Lpo)(0) = 93 9)Fy(0),0 € T(X)

y€o

where ¢ is the Fourier transform of ¢ and F}, satisfies the relation

F,(ac) = a® P} td#op () o € T(X), (4.6)
Bp being a real scalar. Then
Lyn(z,0)p = a™® T(Uz,a)) Ly (4.7)
for all (z,a) € G, € S(IR%),p € Mg(IR?).
Proof: We have

iz.ya—d

(m(z,a)p)(y) =e ¢(a”'y).

By the definition of L, we obtain

(Lym(z,a)p)(0) = a~%e=ve-vp(a™ ) “y)Fy(0).
veo

Now (4.7) follows from (4.6) and the definition of I'(U;,q))- ]

In order to construct functions F,,p € Mg(IR?) satisfying the properties of
Proposition 4.2 we shall make use of the following inequality.
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Proposition 4.3 (P. Major [Maj]) Let §; >0, 1<i<n, n>2,0,+---+60, <d.
Then

n
/ Hlx;lo“ddzldmg coodTp_a

1+22++Ta=T
< C(61,02,...,0,)|z|"rF 04 for all z € IRY,

where |z| denotes the Euclidean norm in IR?,dz; indicates integration with respect
to the d-dimensional Lebesgue measure and C(6,,62, ...,6,) is a positive constant.

Proof: This is done by straightforward induction in n. (For details see the proof of
Proposition 6.3 in [Maj).). [ |

Proposition 4.4 Let 7; > 0,1 < j < n, ):;"=17'j < -g, —00 < 3 < d and let

n . n
Gn(xl’$2, o0y .‘Z‘n) = le +o mnld_p_zj:ﬂr’ Hllerj—%(“+d)’zj € Rd‘
Jj=1

Then the following holds:
(i) Gn(az1,azs,...,az,) = ad’ﬁ-i(#+d)"Gn(:c1,wg, ey T
(ii) For any ¢ € S(IR?)

/ 163 2)Gn(@1, o 20) (a1 )...dm ()

=1
< C sup(1 +|z|V)|¢(z)|* for N > 2(d - B)
z
where C is a constant independent of ¢.
Proof (i) is immediate from definitions. To prove (ii) we denote by Cj,Co,...

constants independent of ¢ and observe that the boundedness of h in (4.3) together
with Proposition 4.3 implies that, for N > 2(d — 3),

/ 16(D 26)Gn (@1, s 8)[? dm(z1)...dm(zn)

=1

n . n
<G / 16(@)[2 ]2 P~ Lima")( / [[Iz;*5~%des...den-1)de

z1tetEn=z j—

<G [16@P lalé-*da
< Cz sup |¢’($)|2/ |z|4~%dz + C; sup |z|N|¢(z)|2/ |z|¢~28~N dz
=<1 J=|<1 J=|>1 lz|>1

< Csup(L + |=|V)|@(2) . ]
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Proposition 4.5: For each G-invariant multiplier p € Mg(IR?) let F, be a function
on I'(IR?) given by

Fy(0) = {0 ifo=0
P (M) reg, Grp(@r(1)s s Tu(n))  if 0 = {21, ..., Zn}

where c,(n) is a scalar, c,(n) = 0 for n > n,,

n . n .
Grp(Z1yeeeyTn) = |T1 + - + xnld_ﬁ"'25=1'(-7'""’) lejlf(j.n,z’)-§(#+d),
i=1

- < Bp < d,r(j,n,p) > 0,37_7(j,n,p) < £ and G, is the group of all

permutations on the set {1,2,...,n}. Define the linear map L, on S(IR?) by

(Lpp) (@) = $(Q_2)Fp(0), p € Ma(IR?).

z€o

Then the following are fulfilled:

(i) L, is a continuous map from S(IR?) into the space K(IR%, m, ~) of all Maassen
kernels, satisfying

I(Zp)l < Cp(N) sup(1 + lel™)} ()| for N >2(d - B,).

(ii) Lpym(z,a)p = a~PrT(U(z,q0)) Loy for all (z,a) € G, € S(IR?).

(iii) If Ap(#), Al (), € S(IR?) are defined by (4.2) then properties (i) and (ii) of
Proposition 4.1 are fulfilled with

7((z,a)) =a~P» for all (z,a) € G, p € Mg(RR%).

Proof: This is immediate from Proposition 4.2 and 4.4. ]

Remark 4.6 Note that p € Mg(IR?) simply means that p is a bounded measurable
function of disjoint triplets (o1, 032,03) of finite subsets of IR satisfying the identity
p(aoy,a02,a03) = p(01,02,03) for all a > 0. Thus Proposition 4.5 yields explicit
examples of families of simultaneously self-similar fields {A,(-),p € Mg(IR%)} in the
vacuum state 8g. If the measure m defined by (4.3) has the additional property that
the function h on the unit sphere is a constant then the self-similarity property extends
to the group of orthogonal transformations also. It follows from Proposition 4.5,
Corollary 2.7 and the Schwartz’s kernel theorem that the real multilinear functionals
(60, A, (01)...AZ% (£n)60), (01, -, Pn) € S(IR?) X - - - x S(IR?) are, indeed, restrictions
of tempered distributions on (IR¢)"™ with self-similarity property under the G-action:
(z,a)(¥1y--yYn) = (a1 + z, ...,ayn + z). It should be interesting to find out, under
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what conditions on p, the operators A,(y) + A;(cp) are essentially selfadjoint on the
domain K(IR?) for all ¢ € S(IR?).

Remark 4.7 Consider the special case when p = 1. Then for any two Maassen
kernels f,g,B,(f)g = f *g. By Theorem 1.4 the operators A,(p) = A(p),p €
S(IR?%) of Proposition 4.5 can be identified through the unitary conjugation by V
as multiplication operators by random variables on a Gaussian random field with
involution. Then the example in Proposition 4.5 yields a self-similar classical random
field subordinate to a Gaussian random field. This is just a translation of the
construction by P. Major [Maj] in terms of Maassen kernels.

We now conclude our discussion with the construction of a self-similar Clifford field
by choosing an appropriate weight p. To this end we begin with a general proposition
concerning one-particle Maassen kernels, i.e., kernels with support in {o|#o = 1}.

Proposition 4.8 Let (X,m,~) be as in Section 3, p;,ps € M(X) and let g be a
scalar. For any two one-particle Maassen kernels f, g, the operator By, (f)By,(g9) +
gBy,(9)Bp, (f) is also the operator of multiplication by a bounded measurable function
b on I'(X) if, for any z,y € X,0 € I'(X) such that z # y, {z,y} No = @ the following
four relations hold:

(i) p1(9,{z},0 + {yNp2(8, {v}, o) + qp1 (0, {z},0)p2(0, {y}, 0 + {z}) = 0;

(i) pr({z},0,0)p2({y}, 0,0 + {z}) + ap1({z}, 0,0 + {y})p2({y},0,0) = 0;

(iii) p1(0,{z}, o)p2({y},0,0) + ap1 (0, {z}, 0 + {y})p2({y}, 0,0 + {z}) = 0;

(iv) p1({z},0,0 + {y})p2(0, {v}, 0 + {z}) + a1 ({2}, 0,0)p2(0, {v},0) = 0.

In such a case b is given by

blo) = / p1({z},0,0)p:(0, {z},0) + gp1 (9, {2}, 0)p2 ({2}, 0, 0) f () g(z)dm(z).

Proof: This is a consequence of somewhat tedious but straightforward verification
by using the definition of Bp(-) in Theorem 2.2 and (2.1). [ ]

Proposition 4.9: In Proposition 4.8 let p; = po = p and ¢ = 1. Suppose that
p(8,{z},0) = p({z},0,0) and

20, {z},0) = [] ¥=.9)

y€o

where k(z,y) is a complex-valued function of modulus unity on {(z,y) : z # y} C
X x X satisfying the relation

k(z,y) + k(y,z) = 0.

Then, for any two one-particle Maassen kernels f, g, the following holds:
(i) Bo(£)Bo(9) + Bp(9)Bo(f) = 2 [ £(2)9(z)dm(z);
(i) BY(f) = By(f)
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where f(z) = f({z}).

Proof: (i) is an immediate consequence of Proposition 4.8 whereas (ii) follows from
Corollary 2.4. [

Remark 4.10 It is clear from Proposition 4.9 that B,(f) extends to a bounded
operator in L2(mr). Indeed,

B,(f)BI(f) + BY(f)By(f) = 2 / |f (@) Pdm(z).

Thus the closure of the operators B,(f), f € L%(m) yields a Clifford field.
Remark 4.11: Choose X = R%, %= -z,

dm(z) = |z h(l?zl)da:

where u is a real scalar, h is a bounded, nonnegative and measurable function on the
unit sphere in JR® and the multiplier p in Proposition 4.9 is chosen with

e ifr>y,
k(z,y) = { - ifz< z

where IR? is equipped with the lexicographic order and 6 is a fixed real scalar. Then
p is invariant under the action of the group G = IR%(0, 00) in I'(IR%). Define, for any
¢ € S(IR?)

_ [ ¢@)|z|t@-m-F ifg ={z}, z € R,
(L)) ={ ¢ ite =4

where ¢ is the Fourier transform of ¢ and 3 is a real scalar satisfying —oo < 8 < d.
Let A(p) denote the closure of By(Lpyp). Then it follows from Proposition 4.5, 4.9
and Remark 4.6, 4.10 that the family {A(y), » € S(IR?)} satisfies the following:

(i) A(p) is a bounded operator in L’(mxz) and A(p)* = A(p);

(ii) A(@)A®) + AW)A(P) = 2 [ (=2)(2)|z|*"* h({F)dz ;

(iii) The correspondence (1, ..., on) = A(1)...A(pn) is strongly continuous;

(iv) (69, A(n(z, a)p1)...A(m(z, a)n)8p) = a~"#(8p, A(¢1)...A(¢n)80), Where

(n(z,0)9)(y) = p(a(y — 7)), 7,y € R, a > 0.

Thus we have constructed a self-similar Clifford field with self-similarity parameter
B. If B is varied in the interval (—oo,d) the fields constructed above are jointly self-
similar. If, in addition, h is a constant then, in the vacuum state, the expectation
values of the Clifford field thus constructed are invariant under the action of the
orthogonal group.
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