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Variations on a Theme by Bismut

D. W. Stroock, O. Zeitouni

Abstract. — Let M be a compact, connected, Riemannian manifold of dimension d, let
{P: : t > 0} denote the Markov semigroups on C(M) determined by -;-A, and let p¢(z,y)
denote the kernel (with respect to the Riemannian volume measure) for the operator P;. (The
existence of this kernel as a positive, smooth function is well-known, see e.g. [D].) Bismut’s

celebrated formula, presented in [B], equates V log (pe( . y)) with certain stochastic integrals

(see (20) below.) Various derivations of this formula and its extensions can be found in [AM],
[EL] and [N]. In this note, we give a quick derivation of Bismut’s and related formulae by lifting
considerations to the bundle of orthonormal frames, using Bochner’s identity, and applying a
little elementary stochastic analysis. Some consequences of these identities are then explored.
In particular, after deriving a standard logarithmic Sobolev inequality, we present (see (26))
a sharp pointwise estimate on the logarithmic derivative of the heat kernel in terms of known
estimates on the heat kernel itself.

§1 Bismut’s Formula and Variations

Let O(M) denote the bundle of orthonormal frames associated to M, equipped
with the Lévi-Civita connection. (Throughout, we will take our basic reference
for differential geometry to be the book [BC]. In particular, see Chapter 7 for an
explanation of O(M).) The advantage gained by moving considerations to O(M)
is that many differential geometric quantities resemble their classical analogs. For
example, if (e;,...,eqs) denotes the standard orthonormal basis in R? and €&,...,&;
are the corresponding basic vector fields on O(M) (i.e., € is the horizontal vector
field on O(M) for which dr€,(f) = fex at each f € O(M)), then we can define the
gradient f € O(M) — V;p € R? for p € C'(M) so that

d
(1) Vo(f) = Vio = Y €(f)(p o m)ex,
1
where 7 : O(M) — M denotes the fiber map. Similarly, if, for F € C2(O(M)),
d
(2) AF =" &F,
k=1
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then
(3) Ap=A(por), ¢eC* (M),

is well-defined as a function on M and, in fact, gives the action of the standard
Laplacian (Laplace-Beltrami operator) on ¢.

Next, let ¢ : T(O(M)) — o(d) (the Lie algebra of d x d skew symmetric matrices)
denote the connection 1-form determined by the Lévi-Civita connection (cf. §5.2 in
[BC]). That is, for any f € O(M) and X; € T;(O(M)), ¢#(X;) is determined so that

HX; = Xf - /\(¢(Xf))
is the horizontal component of X;, where, for A € o(d), A(4) € T(O(M)) is the
vertical vector field such that

d

’\(A)F(f) = E;F(Re‘A f) ’ f € O(M)’

and Rp : O(M) — O(M) is the natural right action given by Rofv = fOv for
O € 0(d), f € O(M), and v € R%. Then, the curvature 2-form & : T(O(M)) x
T(O(M)) — o(d) is defined to be the horizontal part of the exterior derivative d¢
of ¢:

(4) (X5, Ys) = d¢(HX;,HYf), X5, Ys € T;(O(M)).
As a consequence of the fact that the Lévi-Civita connection is torsion free and the

second structural equation (cf. Theorem 4 in §6.2 of [BC]), one finds (cf. §5.3 of [BC])
that the commutator of &; with &, is vertical and is given by

(5) [€k, €] (F) = —=A(®k,e(f)), where ®p s = (&, &,).
In particular, for ¢ € C%(M),
€r€r(pom) = €& (pom),
and, for ¢ € C3(M),
€i&(pom) = €& (p o) — A(Bk,e)Ex(p o)
d
= ezei(tp 6] 7I’) - Z(Qk,gek,ej)wej(gp (o] 1l’).
j=1
Hence, after summing with respect of k, we arrive at the Bochner identity

(6) AVyp = VAp + RicVy,
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where Ric : O(M) — R? ® R? is the Ricci curvature (symmetric) matrix
d
(7) Ric;"j =- E(@kviek’ej)kd'
k=1

Bochner’s identity is the starting point for a great deal of analysis on M. To wit,
let {P; : t > 0} denote the Markov semigroups on C(M) determined by 3A. Then,
as an application of (6), we find that

d 1 1.
(8) aVPtﬁP = EAVPt‘P - ERICVPM,

where the action of A on an R¢-valued function is component by component; and,
from (8), one has

IVPMI (VP.p, AVP9)pa — (VPip, RicV Pip) 5o
At the same time, an easy computation leads to
A|VPi|" = 2(VPup, AVPip) g + 2| Hess(Peo) 5.

where Hessf = ((€x€,f)) is the Hessian matrix of f € C?(M) and || - ||u.s. is the
standard Hilbert—Schmidt norm for d x d matrices. Hence, we find that

2V Pf? = S AVl ~ [Hess(Pr) [}, ~ (VP RicV Pig) s
< 38Rl - VP,
where
(9) o = inf {(e, Ric(f)e) g, : f € O(M) and |e| = 1}.

In particular, for T' € (0, 00),

Pr-(IVPel’) < —aPr-([VPel’), te @),

and so
(10) IVPTgo|2 <e *TPr(|Vyl?), T €(0,00).

The estimate in (10) is very useful as it stands. For example, when a > 0, it
leads immediately to the well known fact that the spectral gap for A as an operator
on L?(M) is at least a. However, as Bismut [B] noticed, (8) can be effectively
combined with elementary probability theory to replace estimates like (10) with
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intriguing equalities. To see this, let (20, Byy, ) be the standard Wiener space of
R¢-valued paths and, for each f € O(M), use §; : [0, 00) x 2 — O(M) to denote the
progressively measurable solution to the Stratonovich stochastic differential equation

d

(11) dFi(t,w) =D € (3s(t,w)) odw(t)r with F;(0,w) =f.
1

Next, define 4; : [0,00) x 20 — R? ® R? by the integral equation

(12) Ag(t,w) =1—% / " ag(r, w)Ric(F(r, w)) dr, ¢ € [0,00).
0

Then, from (8) and It6’s formula, one finds that, for each T' € (0, 00),
(13) M(t, W) = Af(t AT, W) [VPT—t/\T‘P] (8f(t AT, W))

is an R%-valued martingale. In particular, this means that

(14) [VPre] () = E[4/(T)Ve(3(T)) |
Since it is obvious that (cf. (9))

(15) l4¢(T, w)||2. <e™°T, (T, w) € [0,00) x 20,

op —

(14) represents a considerable sharpening of (10). For example, from (14) and (15),
we know that

(16) |VPro| < e~ ¥ Pr(|Vyl).

(Notice that although V4 is defined only on O(M), |V is well-defined on M itself.)
To see why (16) represents an improvement on (10), we follow the reasoning of D.
Bakry and M. Emery [BM] to derive from it the logarithmic Sobolev inequality

(17

1 T —at lV(PP 1
Pr(plogy) — PrologPro < |5 | e *dt) Pr =) ¢€¢ (M;(0,00)).
0

Indeed, note that,

Pr_sp

2
< ea(t—T)R (PT—t|V¢I) < ea(t—T)PT (lv‘plz) ,
- Pr_:p - ®

d VPr_o|?
2a_t‘Pt (Pr-tplog Pr_yp) = P, (L—Lﬂ)
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where we have used (16) to get the first inequality and the Markov property and

(P;r_t]Vgpl)2 = 4(PT—t (‘l’%v‘»"*))2

< 4(Pr-29) (Pr:|Ve}[") = (Pr—sp) (PT_t

IW)I’)
@

to get the second.

In addition to (17), (14) leads immediately to a remarkable identity, which, because
it was discovered® originally by Bismut, we call Bismut’s formula. Namely, by
applying It6’s formula to first (cf. (13)) ¢ € [0,T] — tM(t) and then t € [0,T] —
Pr_sp(35(t)), we see that

[ T
TE[A{(T) Ve (3(T))| =E /0 A,(t)VPT_tso(sf(t))dt]
- T T
=E /0 As(t) dw(t) /o [VPT_M] (Sf(t)) dw(t)]

F T
-5| | 4 aw) (0 on @) - [Pro] (f))]

T
=E r/‘ Af(t) dW(t)QOOW(sf(T))] )
| 0

where all the stochastic integrals here are taken in the sense of It6. (More generally,
the notation dw(t), as opposed to “odw(t)”, will be used to indicate It6, as opposed
to Stratonovich, stochastic integration.) Thus, in conjunction with (14), we arrive at
Bismut’s formula

T
(18) [VPre](f) = T™'E [ / Af(t)dw(nsoow(sf(T))].

Before examining (18) further, we remark that essentially the same line of reasoning
leads to a related formula. Namely, let {3 : ¢ > 0} denote the Markov semigroup
given by

P(f) = E[e(310)], ¥ ec(o0n).

Clearly, [Pip] om = P:(p o) for ¢ € C(M), but what is perhaps less obvious is that

T
(19)  VPro() = [Brve] () - E [ | Ric(3i(6) awlty o o (3T |

1 Actually, after deriving his formula by a quite different line of reasoning, Bismut [B] offers a
second derivation which, even if it is not identical, is closely related to the one which we give here.
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To derive (19), first note that, from (6),

2% [B:(VPr-i0)| = e (RicVPr_ip), te(0,7),

and therefore
[ T
2[92(V0)]() - 219Prel () =E | [ Ric(sf(t))[VPT_tsp(s,(t))]]

T T
=E /0 Ric(§(t)) dw(t) /o [VPr_.¢] (34(t)) dW(t)]

r T
=E A Ric (Sy(t)) dw(t) po W(&f(T))] .
§2 Estimates and Applications

We conclude this note with an examination of the potential applications of Bismut’s
formula (18). To begin with, we follow Bismut by converting (18) into the statement
that
(20)

[Vlog(pr(-,)](f) = [ver(-,9]H

pr(«(f),y)

T
=T7E [ /0 As(t) aw(t)| 7 (35(T)) = y] .

where p¢(z,y) denotes the kernel (with respect to the Riemannian volume measure)
for the operator P;. (The existence of this kernel as a positive, smooth function is well-
known, see e.g. [D).) Indeed, as soon as one shows that the conditional expectation
value on the right makes sense and admits a version which is continuous in y € M,
there is no question that (20) is simply a dramatic re-interpretation of (18). For
this purpose, first observe that there is no problem about the interpretation of
foT Af(t,w) dw(t) under the conditional measure. Namely, although this integral arose
as an It6 integral which is defined only up to a set of u-measure 0, it makes perfectly
good sense as a classical Riemann-Stieltjes integral for each w € 20. In particular,
this means that there is no question about the meaning of the right hand side and no
doubt that (20) holds for P(T,n(f), - )-almost every y € M, where P(T,z, -) is the
transition probability function whose density is pr(z, - ).
Now, let T € (0,00) be given, set T,, = (1 — 2~")T, and define

Tn
Ga(f,y) =E [ /0 * Ay(e) dw(t) Fur (f,W(Sf(Tn)),y)]

h‘"T(g’y)

h Fn 18 = o))
where Fr, 7(f,€,9) pr(=(f),y)
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We know from (18) that

LY(};_T(‘;’)_]_“_)_ lim / Gn,r(f,y)e(y) dy

Thus, our problem comes down to showing that there exists a Gr(f, -) € C(M;R?)
to which {Gn,r(f, -)}; converges uniformly. But, since

Tn
Gn,T(f’ y) - Gn—l,T(f, y) =E [‘/T Af(t) dw(t)Fn,T (fa”(sf(Tn))ay)] y M2 1>
n-1
our problem comes down to estimating the quantities

Bn,T(fi y) =

E [ /T i Ag(t) dw(t)Fn,r (f» ™ (Sf(Tn))’?/)] :

However, by standard (cf. Chapter 5 of [D]) estimates,
M(T)= sup  sup (2rt)ip(m) <o end (T)= inf pr(e,m) >0,
te(0,T] € €M
while, by Hélder’s and Burkholder’s inequalities,

)

d+17
] E[Fn,T (f"’r(sf(Tn) Y

Ta
/ Ag(t) dw(t)
Tn—l

Bn,T(f’ y) < E [

e ur 2
< deF (T2 For(f, - 0) |7 < de'F (-jj_{—‘:(”i{—)) o~ Tl

which is more than enough to justify (20).

Obviously, the preceding argument is extremely crude and leads to far from optimal
estimates. In order to remedy this situation, we return again to (18) and consider
general ¢ € C(M;(0,00)). Next, recall (see, for example, Lemma 3.2.13 in [DS]) the
application Jensen’s inequality which says that, for any probability measure u and
non-negative f € L!(u) with integral 1,

/zﬁfd,u < /flogfdp + log [/ e¥ dp] , for all measurable ¢ with ¢ f € L*(p),

take
o m(F(T))

T
w_—:,\/o‘ (e,Af(t)dW(t))Rd and f= Pﬂp(ﬂ'(f)) ’
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and conclude from (18) that, for every A > 0 and e € S%~1,

» VPro(f)) pa T
AT (ePT(pT(':(f)))R < hr(n(f),¢) + logE [exp (/\/o (e, As(t) dw(t))nd)] ,
where
= p(§) p(§)
o hr(z,p) = . Pro(@) log Pro(@) pr(z,€) d¢

_ Pr(vlogy)(z) — Pro(z)log Pro(z)
Pro(z) .

Finally, observe that

E [exp (,\ /0 T (e, A5(t) dw(t)) o — ﬁzz_ /0T|A,(t)Te|2 dt)} =1,

and therefore, by (15),

logE [exP ('\ /0 T(e, A5(2) dW(t))g«)] < '—\23 /0 i e~ dt.

Hence, after minimizing with respect to A > 0, we arrive at

(22) 'V;DTT;"(’L(;—) < T/ 2hr(z,p0)Ea(T), where E,(t) = /ot e~ %" dr.

The estimate in (22) has several potentially interesting features. For one thing,
it is a complement to the logarithmic Sobolev inequality in (17). Indeed, (17), the
second part of (21), and (22) yield:

2
lVII;;T ;L;x) < 2E;~£T) ((P rplog ) (z) — Pro(z)log PTgp(a:))

2 2
< Eag) Pr (IV:I )(z)_

(23)

In addition, (22) enables one to pass from estimates on pr(z,y) to estimates for
|Vpr(-,y)|(z). Namely, by taking ¢ = per(-,y) in (22), we obtain

v € K -
@) [Viogpusor(-l(e) = 20O s g mp ),

where

"peT( R ) y)"u .
p(l+e)T($’ y)

_ per(§,y) per(§,y)
(28) Her(zy)= /M Pa+er(Z,Y) log Pa+oT(T,Y) pr(z,£)dt < log
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To test that (24) is reasonably sharp, we consider the case when (cf. (9)) @ > 0 and
use some of the beautiful estimates given by Cheeger, Li, and Yau in [CY] and [LY].
Namely, in that case, (cf. Proposition 5.5.1 and Theorem 5.5.11 in [D]), on the one
hand, there exists a universal aq € (0,00) such that

|
(2nt)t < (2xT)4

#llp( -

where Vol(y, ) is the Riemannian volume of the Riemannian ball of radius r around
y. On the other hand, @ > 0 implies (cf. Theorem 5.6.1 in [D]) that

42
@rT) 8 pr(n(f),y) > exp [_Em__(zl;_f[);{/l] ,

where distance is measured in the Riemannian metric. Hence, after putting these
together with (24), we find that, when a > 0:

|V1og prreyr(-,)|(z)

(26 dis(z f
%)) -4 l1+e€ (27reT)
< —=222 4T 2lo, + dlog —— + 2lo, —_——
S A+eiT £1080d T A8 T & Vol(y, v/eT)

which is surprisingly close to what one knows to be true in the classical, Euclidean
setting.

Discouraging Observation: Experience in such matters makes one suspect that
estimates like (22) (equivalently, the first inequality in (23)) are easier to derive by a
direct analytic argument than they are by way of a probabilistic formula like Bismut’s.
Unfortunately for stochastic analysis, the one here is no exception. Indeed, recall (cf.
the derivation of (17)) that

2
[V ) dt,

T
2(P:r(<plog<p) —Pwlongp) = /0 PT—t( o0

where ¢; = P,p. Next, integrate by parts to get

VP,
2(P:r (wlogyp) — Prelog Pw) = E—a(T)| WI

A (|V<Pt|2) _a (|V<Pt|2> _ Vel
Pt at \ o Pt
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Since, by elementary computation and the equality preceding (9),

|Hess(we) % s (Ve Ric Ver) Rd 2(Vey, Hess(p:) V‘Pt)Ra

Fa®) = "2 + Pt B SO?
|V<Pt|4 |V<Pt|2
‘P: "2
1 |Hess(p:)Ve:  |Vipr|Vepr r >0
'z (V| Pt =

we now get that

(27) E-am'vp rof

< 2(PT(cp log ) — Prylog PT¢).
Finally, after an application of Jensen’s inequality, one sees that (27) is actually a
little sharper than the first inequality in (23).

Of course, with twenty-twenty hindsight, one sees how to amend Bismut’s formula
so that (27) comes out of a probabilistic argument. Namely, exactly the same sort of
calculation which led to (18) shows that

T
[VPre](f) =E [ /0 () As(t) dw(t)p o ﬂ(&f(T))]

for any n € C([0,T];R) satisfying n(0) = 0 and n(T) = 1. Hence, just as in the
passage from (18) to (22),

|V Pro|(z) Y
“Prols) < 2hT($,<P)/0 e~ot(t)? dt

for any such 7. But this means that one cannot do better than to take 7(t) = %ﬁ%,
in which case one gets (27) in the form

|V Pry|(z)
Pro(z)

(28) < V2hr(z,p)E_a(T)™.
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