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NOMBRE ET REPARTITION
DE POINTS DE HAUTEUR BORNEE

édité par Emmanuel Peyre

Résumeé. — Si les points rationnels d’une variété définie sur un corps de
nombres sont denses pour la topologie de Zariski, il est naturel de munir cette
variété de hauteurs qui, du point de vue de la géométrie d’Arakelov, s’inter-
prétent comme degrés d’intersection avec des fibrés en droites munis de mé-
triques. L’objectif est alors d’étudier de maniére asymptotique I’ensemble des
points dont la hauteur est inférieure & un nombre réel donné, et cela en des
termes aussi géométriques que possible.

Ce volume est issu de deux séminaires qui ont eu lieu en avril et en mai
1996. 11 contient des articles de Slater et Swinnerton-Dyer, de Heath-Brown, de
Fouvry et de de la Bretéche centrés sur le cas des surfaces cubiques, un texte
de Billard sur les modéles minimaux des surfaces rationnelles, ainsi que des
contributions de Salberger, de Peyre et de Batyrev et Tschinkel dont le principal
objet est l'interprétation du terme dominant dans 1’étude asymptotique du
nombre de points de hauteur bornée.

Abstract (Number and distribution of points of bounded height)

If the rational points of a variety over a number field are Zariski dense,
then it is natural to equip this variety with heights, which one can interpret
as intersection degrees relative to metrized line bundles. The aim is to study
the set of points of bounded height asymptotically and to relate the results to
the geometry of the variety.

This volume is the outcome of two seminars held in Paris in April and May
1996. It contains articles by Slater and Swinnerton-Dyer, Heath-Brown, Fou-
vry, and de la Bretéche on cubic surfaces, a text by Billard on minimal models
of rational surfaces and contributions of Batyrev and Tschinkel, Salberger, and
Peyre on the conjectural interpretation of the dominant term in the asymptotic
behaviour of the number of points with bounded height.
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PREFACE

Si les points rationnels d’une variété algébrique définie sur un corps de nombres
sont denses pour la topologie de Zariski, il est naturel de munir cette variété de hau-
teurs qui, du point de vue de la géométrie d’Arakelov, s’interpretent comme degré
d’intersection avec un fibré en droites muni de métriques. Il s’agit donc de fonctions
définies sur I’ensemble des points rationnels a valeurs réelles strictement positives.
L’objectif est alors d’étudier de maniere asymptotique I’ensemble des points dont la
hauteur est inférieure a un nombre réel donné, et cela en des termes aussi géomé-
triques que possible. Cette étude a connu ces dernieres années un regain important
dont Manin a été un des principaux instigateurs. Ce renouveau a en particulier porté
sur une meilleure compréhension du terme dominant dans le nombre de points de
hauteur bornée. Ceci passe par une prise en compte des problemes de répartition tels
que I’existence de fermés accumulateurs susceptibles d’occulter le reste de la variété
dans I’étude asymptotique.

Ce volume est issu de deux séminaires qui ont eu lieu en avril et en mai 1996 et ou
furent présentés divers développements récents de ce domaine.

Une des richesses de cette théorie est la variété des points de vue et des méthodes
mises en ceuvre. Nous avons tenté d’en donner une palette aussi large que possible.
La cas des surfaces cubiques est particulierement révélateur a cet égard ; en effet il
apparait dans la plupart des textes présentés ici, mais avec un regard a chaque fois
différent.

Les premiers articles leur sont entierement consacrés : Slater et Swinnerton-Dyer
donnent une minoration du nombre des points de hauteur bornée sur le complémen-
taire des 27 droites pour une vaste classe de surfaces cubiques, tandis que Heath-
Brown en présente une majoration. Les deux textes suivants étudient de maniere fine



2 PREFACE

le cas particulier de la surface cubique singuliere d’équation
X1 X0 X3 = T3,

mais avec des procédés de théorie analytique des nombres « €lémentaire » dans celui
de Fouvry et d’analyse complexe dans celui de de la Breteche. Cet exemple qui a
fait I’objet de plusieurs discussions informelles lors des rencontres de 1996 apparait
également dans les textes de Salberger et de Batyrev et Tschinkel. La contribution
de Billard porte sur la conjecture de Batyrev et Manin pour les modeles minimaux
des surfaces rationnelles. Les trois derniers articles mettent plutot 1’accent sur I’inter-
prétation conjecturale du terme dominant dans I’estimation asymptotique. Salberger
exprime la constante apparaissant dans ce terme a 1’aide des torseurs universels. Cette
approche lui permet en outre de redémontrer un résultat de Batyrev et Tschinkel sur
les variétés toriques projectives, lisses et déployées. Ce relevement aux torseurs uni-
versels est également 1’objet du texte qui le suit. Batyrev et Tschinkel quant a eux
considerent ces interprétations conjecturales a la lumiere de travaux récents de Fu-
jita concernant le programme des modeles minimaux pour les variétés algébriques
polarisées. Ils développent également une généralisation de la notion de nombre de
Tamagawa associé a une hauteur.

Nous tenons a remercier les organisateurs du séminaire sur les variétés ration-
nelles, le responsable des lundis arithmétiques ainsi que le réseau européen sur les
formes automorphes pour les séminaires a I’origine de ce livre.

Emmanuel Peyre
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RESUMES DES ARTICLES

Counting points on cubic surfaces, 1
JOHN B. SLATER & SIR PETER SWINNERTON-DYER ................. ... 1

Soient V' une surface cubique non singuliere définie sur Q et U le complé-
mentaire des 27 droites de V. On note N (U, H ) le nombre de points rationnels
de U de hauteur plus petite que H. Manin a conjecturé que, si V(Q) n’est pas
vide, alors

(1) N(U,H) = CiH(log H)" (1 + 0o(1))

ou (] est une constante strictement positive et r le rang du groupe de Néron-
Severi NS(V/Q) de V sur Q. Dans cet article nous considérons le cas particu-
lier ou V' contient deux droites rationnelles disjointes ; et nous prouvons qu’il
existe une constante Cs > 0 telle que pour tout réel H assez grand on ait

N(U,H) > CoH(log H)" L.

Ceci donne la minoration dans 1’estimation asymptotique (1). Il est probable
que les arguments de ce texte puissent etre modifiés pour montrer le résultat
correspondant quand V' contient deux droites disjointes conjuguées sur Q de
sorte que chacune soit définie sur une extension quadratique de Q. Mais nous
n’avons pas entrepris de rédiger les détails.

Counting Rational Points on Cubic Surfaces
ROGER HEATH-BROWN ... i e et et e 13

Soient F[W, X, Y, Z] une forme cubique rationnelle et N(¥)(R) le nombre
de zéros rationnels de F' de hauteur inférieure ou égale a I, qui ne sont sur
aucune des droites rationnelles de la surface F' = 0. Nous montrons que

NO(R) <. p RY3*e
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pour tout réel fixé € > 0, sous une hypothese sur la taille du rang des courbes
elliptiques. Pour la démonstration on compte les points sur les courbes cu-
biques obtenues comme sections hyperplanes de la surface F' = 0.

Sur la hauteur des points d’une certaine surface cubique singuliere
ETIENNE FOUVRY .. e 31
Par une paramétrisation des solutions de I’équation
3
T1T2X3 =1 3 (ZCl,IEQ,IEg,t) =1

et par des méthodes élémentaires de théorie analytique des nombres, on montre
que le nombre de points de coordonnées non nulles, de hauteur canonique
inférieure a X, de la surface cubique projective de ’3(Q) d’équation

X1XX3 =13,

est, pour X — o0, équivalent a g X log6 X, ol ¢ est une certaine constante
> 0.

Sur le nombre de points de hauteur bornée d’une certaine surface cubique
singuliere
REGIS DE LA BRETECHE ... ...ttt ettt e 51

En développant des méthodes d’intégration complexe, nous établissons
une formule asymptotique tres précise sur le nombre de points de hauteur in-
férieure a X d’une certaine variété torique. Nous estimons le cardinal

V(X) :=card{(z,y,2,t) € (NN [, X])* : (z,9,2,t) =1, zyz =3}

Soit N(X) := (log X)3/5(log, X)~1/5. Alors il existe un polyndome Q de
R[X] de degré 6 et une constante ¢ > 0 tels que 1’on ait, pour X tendant vers
I’infini, 1I’estimation

V(X) = XQ(log X) + O(X'/Eexp{—cN(X)})

De plus, le coefficient dominant de () est égal a
1 1N\7 7 1
=) (v )
4 x 6! 1;[ {< P * P + p?

Répartition des points rationnels des surfaces géométriquement réglées

rationnelles
HERVE BILLARD ...ttt ettt et et et et et e 79

ASTERISQUE 251
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Nous étudions la répartition des points rationnels des modeles minimaux
des surfaces rationnelles et vérifions que ces surfaces satisfont les conjectures
de Batyrev-Manin sur le corps des rationnels. Pour ce faire, nous rappelons
d’abord quelques propriétés et descriptions géométriques de telles surfaces.
Ensuite, pour chaque plongement considéré, une hauteur naturelle apparais-
sant, nous établissons directement le comportement asymptotique des points
rationnels de hauteur bornée. Finalement, nous regardons les sous-variétés ac-
cumulatrices.

Tamagawa measures on universal torsors and points of bounded height on Fano
varieties
PER SALBERGER ...ttt ettt et e e 91

Soit X une variété de Fano sur un corps de nombres. Un systeme d’Ara-
kelov de métriques v-adiques sur le faisceau anticanonique de X définit une
hauteur et une nouvelle sorte de mesures sur les torseurs universels sur X.

Le but de cet article est d’établir un lien entre la croissance asymptotique
du nombre de points rationels de hauteur bornée sur X et certains volumes
adéliques des torseurs universels sur X.

Terme principal de la fonction zéta des hauteurs et torseurs universels
EMMANUEL PEYRE ... ..o e 259

Soient V' une variété de Fano et H un systeme de hauteurs d’Arakelov
définissant un accouplement entre le groupe de Picard Pic V' et les points ra-
tionnels de V' a valeur dans R. Soit (31 la fonction z&ta associée sur Pic V ® C.
Batyrev, Manin et Tschinkel ont conjecturé que cette fonction est holomorphe
sur un cone de sommet le faisceau anticanonique w‘jl. Il est en outre possible
de donner une expression conjecturale du terme principal de cette fonction
(r au voisinage de ce sommet. Le but de ce texte est de montrer comment
cette expression conjecturale peut s’écrire naturellement en passant aux tor-
seurs universels au-dessus de V.

Tamagawa numbers of polarized algebraic varieties
VICTOR V. BATYREV & YURI TSCHINKEL .. ...ttt 299

Soit L = (L, || - ||») un faisceau inversible ample muni de métriques au-
dessus d’une variété algébrique lisse quasi-projective V' sur un corps de nom-
bres F'. Notons N(V, L, B) le nombre de points rationnels de V' ayant une £-
hauteur < B. Dans ce texte nous considérons le probleme de I’interprétation
géométrique et arithmétique du comportement asymptotique de N(V, L, B)

SOCIETE MATHEMATIQUE DE FRANCE 1998
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lorsque B — oo a la lumiere de conjectures récentes de Fujita concernant le
programme des modeles minimaux pour les variétés algébriques polarisées.

Nous introduisons également des notions de variétés L-primitives et de fi-
brations L-primitives. Pour toute variété L-primitive V' sur F' nous proposons
une méthode pour définir un nombre de Tamagawa adélique 7 (V') qui est une
généralisation du nombre de Tamagawa 7(V") défini par Peyre pour des varié-
tés de Fano lisses. Notre méthode nous permet de construire des nombres de
Tamagawa pour des Q-variétés de Fano ayant au plus des singularités cano-
niques.

Dans une série d’exemples de variétés polarisées lisses et de variétés de
Fano singulieres nous montrons que nos nombres de Tamagawa rendent comp-
te de la dépendance du comportement asymptotique de N (V, £, B) en fonction
du choix des métriques v-adiques sur L.

ASTERISQUE 251
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Counting points on cubic surfaces, 1
JOHN B. SLATER & SIR PETER SWINNERTON-DYER .......... ... ... 1

Let V be a nonsingular cubic surface defined over Q, let U be the open
subset of V' obtained by deleting the 27 lines, and denote by N (U, H) the
number of rational points in U of height less than H. Manin has conjectured
that if V(Q) is not empty then

(1) N(U,H) = C1H(log H)" (1 + o(1))

for some C; > 0, where r is the rank of N.S(V/Q), the Néron-Severi group
of V over Q. In this note we consider the special case when V' contains two
rational skew lines ; and we prove that for some C; > 0 and all large enough
H,

N(U,H) > CoH(log H)" L.

This is the one-sided estimate corresponding to (1). It seems probable that the
arguments in this paper could be modified to prove the corresponding result
when V contains two skew lines conjugate over Q and each defined over a
quadratic extension of @ ; but we have not attempted to write out the details.

Counting Rational Points on Cubic Surfaces
ROGER HEATH-BROWN ... ittt e 13

Let F[W, X,Y, Z] be a rational cubic form, and let N(©) (R) be the number
of rational zeros of F' of height at most R, which do not lie on any rational line
in the surface F' = (. We show that

NO(R) <. p RY3*e
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for any fixed € > 0, subject to a suitable hypothesis on the size of the rank of
elliptic curves. For the proof one counts points on the cubic curves obtained
from hyperplane sections of the surface F' = 0.

Sur la hauteur des points d’une certaine surface cubique singuliere
ETIENNE FOUVRY

By a parametrisation of the solutions of the equation
3
T1T2X3 =1 3 (CCl,IEQ,IEg,t) =1

and by elementary methods of analytic number theory, we show that the num-
ber of points, with non—zero coordinates, with canonical height less than X, of
the cubic projective surface of [P3(Q) defined by the equation

X1 X0 X3 = T3,

is, for X — o0, asymptotically equivalent to ¢ X log6 X ,where ¢ is some
positive constant.

Sur le nombre de points de hauteur bornée d’une certaine surface cubique
singuliere
REGIS DE LA BRETECHE

By complex integration methods, we prove a very precise asymptotic for-
mula about the number of rational points of height at most X on a certain toric
variety. We estimate the cardinality

V(X) :=card{(z,y,2t) € (NN [1, X)) : (z,y,2,t) =1:zyz =3}

Let N(X) := (log X)%/°(logy X)~1/%. Then there exists a polynomial Q €
R[X] of degree 6 and a constant ¢ > 0 such that, for X — +o0, we have

V(X) = XQ(log X) + O(X' ¥ exp{—cN(X)}).

Futhermore, the leading coefficient of () is
1 1\7 7 1
=) (e 5+ )b
4 x 6! 1;[ {< P + P + p?

Répartition des points rationnels des surfaces géométriquement réglées
rationnelles
HERVE BILLARD ... e 79

We verify that the minimal models of rational surfaces satisfy the Batyrev-
Manin conjecture for a family of ample divisors on the field of rationals.

ASTERISQUE 251
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Tamagawa measures on universal torsors and points of bounded height on Fano
varieties
PER SALBERGER ...\ttt ittt ittt ie e ettt ettt ie et ie e 91

Let X be a Fano variety over a number field. An Arakelov system of v-adic
metrics on the anticanonical line bundle on X gives rise to a height function on
the set of rational points and to a new kind of adelic measures on the universal
torsors over X.

The aim of the paper is to relate the asymptotic growth of the number of
rational points of bounded height on X to volumes of adelic spaces correspon-
ding to the universal torsors over X.

Terme principal de la fonction zéta des hauteurs et torseurs universels
EMMANUEL PEYRE ... .. e 259

Let V be a Fano variety and H a system of Arakelov’s heights which de-
fines a pairing between the Picard group Pic V' and the set of rational points of
V' with values in R.. Let (31 be the corresponding zeta function on Pic V' ® C.
Batyrev, Manin and Tschinkel conjectured that this function is holomorphic
on a cone with appex at the anticanonical sheaf w‘jl. Moreover it is possible
to give a conjectural formula for the principal term of this function in a neigh-
bourhood of this point. The aim of this paper is to give new evidence for this
formula by lifting it to the universal torsors over V.

Tamagawa numbers of polarized algebraic varieties
VICTOR V. BATYREV & YURI TSCHINKEL . .......couiuuiiiiinnnnnnnn. 299

Let L = (L,|| - |lv) be an ample metrized invertible sheaf on a smooth
quasi-projective algebraic variety V' over a number field F'. Denote by
N(V, L, B) the number of rational points in V having £-height < B. In this
paper we consider the problem of a geometric and arithmetic interpretation
of the asymptotic for N(V,L£,B) as B — oo in connection with recent
conjectures of Fujita concerning the Minimal Model Program for polarized
algebraic varieties.

We introduce the notions of L-primitive varieties and L-primitive fibrations.
For L-primitive varieties V' over F' we propose a method to define an adelic
Tamagawa number 7. (V') which is a generalization of the Tamagawa number
7(V') introduced by Peyre for smooth Fano varieties. Our method allows us
to construct Tamagawa numbers for Q-Fano varieties with at worst canonical
singularities.

SOCIETE MATHEMATIQUE DE FRANCE 1998
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In a series of examples of smooth polarized varieties and singular Fano va-
rieties we show that our Tamagawa numbers express the dependence of the
asymptotic of N(V, L, B) on the choice of v-adic metrics on L.
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COUNTING POINTS ON CUBIC SURFACES, I

by

John B. Slater & Sir Peter Swinnerton-Dyer

Abstract. — Let V be a nonsingular cubic surface defined over Q, let U be the
open subset of V' obtained by deleting the 27 lines, and denote by N (U, H) the
number of rational points in U of height less than H. Manin has conjectured
that if V(Q) is not empty then
(1) N(U,H) = CiH(log H)" " '(1+ o(1))
for some C7 > 0, where r is the rank of NS(V/Q), the Néron-Severi group
of V over Q. In this note we consider the special case when V' contains two
rational skew lines; and we prove that for some C2 > 0 and all large enough
H,

N(U,H) > C2H(log H)" .
This is the one-sided estimate corresponding to (1). It seems probable that the
arguments in this paper could be modified to prove the corresponding result
when V' contains two skew lines conjugate over (Q and each defined over a
quadratic extension of Q; but we have not attempted to write out the details.

Let V' be a nonsingular cubic surface defined over Q, let U be the open
subset of V obtained by deleting the 27 lines, and denote by N (U, H) the
number of rational points in U of height less than H, and by k the least field
of definition of the 27 lines. Once we have chosen our coordinate system, we
shall define the bad primes for V' as those p for which V' has bad reduction at p
or which ramify in any of the fields k; defined below. In what follows we shall
use A1, Ao, ... and C1,C5, ... to denote positive constants depending only on
V; the distinction between the A; and the C; is that the A; will be rational
and will be determined by divisibility considerations. Similarly By, Bs,... will
each belong to a finite set of elements of £* and by, bo, ... will belong to a finite
set of non-zero fractional ideals of k, in each case depending only on V. The
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2 JOHN B. SLATER & SIR PETER SWINNERTON-DYER

Aj, B; and b; will always be units outside the bad primes, though this is not

important. Letters A, B, C without subscripts will have the same properties,

but will not necessarily have the same values from one occurrence to the next.
Manin has conjectured that if V(Q) is not empty then

(1) N(U,H) = CiH(log H)" (1 + o(1))

for some C7 > 0, where r is the rank of NS(V/Q), the Néron-Severi group of
V over Q. In this note, which is the first of a sequence of papers concerned
with various aspects of this conjecture, we consider the special case when V
contains two rational skew lines; and we prove

Theorem 1. — Suppose that V' contains two rational skew lines. Then for some
Cs > 0 and all large enough H,

N(U,H) > CoH(log H)"™L.

This is the one-sided estimate corresponding to (1). It seems probable that
the arguments in this paper could be modified to prove the corresponding
result when V' contains two skew lines conjugate over Q and each defined over
a quadratic extension of Q; but we have not attempted to write out the details.

The truth or falsehood of Theorem 1 is not affected by a linear transforma-
tion of variables, though the value of Cy may be; so without loss of generality
we can assume that the two given skew lines on V' have the form

L,:X():Xl:() and L”:XQZXg:O,
and that their five transversals on V have the form
Li: X():(XZ‘Xl, XQZﬁZ‘Xg for 1<Z<5

where the «;, 3; are integers in k. We shall denote by k; the least field of
definition of L;, so that k is the compositum of the k;; since the «; are all
distinct, as are the f;, we have k; = Q(«;) = Q(;). Since L', L” and the L;
are a base for NS(V/C) ®z Q, their traces are a base for NS(V/Q) ®z Q; and
it follows at once that the L; form r — 2 complete sets of conjugates over Q.
Because V contains L' and L”, its equation can be written in the form

(2) J1(Xo, X1, X2, X3) = fo(Xo, X1, X2, X3)

where fi is homogeneous quadratic in Xy, X; and homogeneous linear in
X9, X3 and the opposite is true for fo. We can assume that the coefficients of
f1 and f5 are rational integers and that we cannot take out an integer factor
from (2). With these conditions, the bad primes for V' include those which di-
vide [, (i —a;)? or [Tie; (B —B3;)? and those which divide one side or other
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of (2). The resultant of f; and fa, considered as homogeneous polynomials in
X and X1, has degree 5 in Xy and X3; so it has the form

Ay H(Xz — B X3).

Similarly the resultant of f; and fo, considered as homogeneous polynomials
in X5 and X3, has the form

(3) Az [](X0 — iX).

Moreover f1(a;, 1, X2, X3) is the product of (X2 —;X3) and a non-zero integer
in k;; and fo(ay, 1, Xo, X3) is divisible by (X3 — 3;X3). In particular, for each
i both f1 and fy are in the ideal in 0;[Xo, ..., X3] generated by Xy — «; X1 and
X9 — (; X3, where o; is the ring of integers of ;.

Our argument depends on the following recipe for generating the rational
points on V', subject to certain anomalies. Let

Pl = (50,51,0,0) and P” — (0)0552)53)

be any rational points on L’ and L” respectively, expressed in lowest terms;
thus &y, &1 are coprime integers, as are &9, £3. Note that each point P’ corre-
sponds to two pairs &y, &1 and similarly for P”. The third intersection of P’ P”
with V is

(4) P = (&.f2(8),81f2(8),62£1(8), &3 f1(8))-

The expression (4) is not necessarily in lowest terms; indeed the highest factor
which we can take out is precisely (f1(€), f2(£)), where the bracket denotes
the highest common factor. The point P is geometrically well-defined unless
o — &y = & — (i€ = 0 for some i; and every rational point of V' can be
uniquely obtained in this way except for those which lie on some L;. More
generally, if we drop the condition that P’ and P” are rational we can in this
way generate every point on V except those that lie on some L;.

Since we wish to exclude from our count the rational points on the 27 lines,
it will be important to know how they are generated under this recipe. We
have already dealt with the L;. If P is to be on L’ for example, we must
choose P’ to be P and P” to be the unique point satisfying f1(P’, P”) =0 in
an obvious notation; since

f1(Xo, X1, Xo, X3) = (Xo — a; X1)9i(Xo, X1, X2, X3)
+ (X2 — BiX3)hi(Xo, X1)

and the highest common factor of ({9 — a;&1) and h;(§p,&1) in k; divides the
resultant of (Xo — «;X7) and h;(Xo, X1) and is therefore bounded, there is
a rational integer As such that As(& — (;€3) is divisible by (§p — ;&) for
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each i. Next, let L) be the third intersection of V with the plane containing
L' and L;; since the one point of L” in this plane is (0,0, 5;,1), the points
of L} are generated precisely when this point is taken to be P”. A similar
argument holds for the line L which is the third intersection of V' with the
plane containing L” and L;. The remaining ten lines are the ones other than L’
and L” which meet three of the L;. To fix ideas, consider the line Li93 which
meets L1, Lo and L3s. The condition that P is on Ljs3 induces a one-one
correspondence between P’ and P” in which three of the pairs are given by

P' = (0;,1,0,0), P"=(0,0,0;,1) fori =1,2,3;
so this correspondence has the form

(a3 —ag)(€o — &) (B3 — B2)(§2 — Bi3)

(az —a1)(& — 1) (B3 — B1)(& — Pabs)

For any pair P’, P” each fraction is in lowest terms, up to a factor belonging
to a finite set of ideals depending only on V; so for i =1

(§o — @i&1) = b1(&2 — Bi&3)
as ideals, where b; belongs to a finite set of principal ideals of k; depending
only on V. A similar result holds for i = 2, 3.
Assume that & — ;&1 and & — (;€3 do not both vanish for any 4, and
denote by a; the ideal

a; = (o — i1, & — Bi3).

Conversely, suppose that the a; are integral ideals, each a; lying in k; and two
a; being conjugate over Q if the corresponding L; are. In what follows, sets a;
will always be assumed to have these properties. We shall say that the a; are
allowable for V if there exist coprime pairs &y, & and &, &3 which give rise to
this set of a;. If the a; are allowable then their product is an ideal in Z, and
we can therefore define a positive integer A such that (A) =[] a;.

Lemma 1. — (i) Suppose that the a; are allowable for V.. Then the only primes
in k which can divide more than one of the a; are those which lie above bad
primes in Q, and the highest common factor of any two of the a; in k belongs
to a finite set depending only on V. If p is a good prime, then for given i there
is at most one prime p in k; which divides both p and a;, and it is a first degree
prime in k;. Moreover (f1(§), f2(§)) = B1A where By belongs to a finite set of
rationals depending only on V.

(ii) Conversely, a sufficient condition for the a; to be allowable is that they are
coprime in k and that none of them is divisible by any prime in k above a bad
prime.
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Proof. — Since (a;,a;) divides (§o — ;1,80 — oj&1) and therefore also (o —
«;), the first assertion in (i) is trivial. Since k; = Q(cy), a prime p in k; which
is not first degree can only divide &y — ;& if either the prime p below it in
Q divides both &y and & or a; = ¢ mod p for some c in Z. In the latter case
there is an automorphism o of k not fixing k; elementwise and such that op
is not prime to p; and (op,p) divides (o; — o), whence p is a bad prime. If
there were two primes p’ and p” above p in k; both of which divide a;, then
there would similarly be a o such that op” was not prime to p’ in k, and a;
and oa; would both be divisible by (p’,op”); hence again p would be a bad
prime. This proves the second assertion in (i). As for the third, we know that
the resultant of f; and fo, considered as functions of Xy and X3, is (3); so
(f1(£), f2(&)) divides Ag [[(&o — ii&1). It is therefore enough to prove that

(f1(8), f2(€), €0 — @i&1) = ba(8o — i1, &2 — Bi€3)

where by belongs to a finite set of ideals in k; depending only on V. But using
the remarks after (3) we have

f16) = & f1(ci, 1,6, &) = A& (& — Bigs) mod (& — cibr)
and

f2(&) = & fa(ei, 1,82, &) mod (§ — a4&1),

and fo(ay,1,&2,&3) is divisible by (&2 — 5;€3).

Now suppose that the a; satisfy (ii). Since the a; form complete sets of
conjugates over Q and are coprime, the argument in the first half of the proof
shows that each prime factor of a; in k; is a first degree prime. Moreover, if
pila; and pj;la; with p; and p; lying above the same good prime p, then we
could find o as above such that op; was not prime to p;; this would imply
that (op;,p;) divides (co; — ), whence ooy = a; and therefore L; = oL;
and p; = op;. Now choose &; divisible by every bad prime and by no good
prime, and choose &y not divisible by any bad prime and such that for each
prime p; dividing a; with p} || a; we have p7 || (§o — ;&1). All this is possible
by the Chinese Remainder Theorem, for every prime dividing a; is first degree
in k; and we are imposing on &y one p-adic condition for each p dividing A.
Moreover a prime ¢; which divides £ — ;&1 but not a; is good, and hence is
prime to every other a; and to A. We choose {2,{3 by a similar recipe, but
with the additional condition that no g; divides & — 3;&s. O

Let h denote the height function; then in the notation above we have

h(P') = max(|€ol, [&1]), A(P") = max(|&], [€s])-
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It follows from (4) and Lemma 1 that
(5) h(P) < C3(h(P")R(P"))?/A.

In order to prove Theorem 1, we shall obtain a lower bound for the number
of rational points P in U with preassigned allowable a; such that h(P) < H.
For simplicity, we confine ourselves to the case when none of the a; is divisible
by any bad prime; hence in particular they are coprime. The natural way to
proceed is to perform the count on V\ U L; and then allow for those rational
points which lie on one of the lines other than the L;. The latter step presents
no difficulties because almost all the rational points on these lines come either
from very special sets of &; or from values of A much larger in terms of N than
those which we shall be considering.

Lemma 2. — (i) If P is a rational point on L or LY then we have & — (3;€3 =0
or & — a;&1 = 0 respectively.

(ii) The number of rational points on L', L" or some Li;, with preassigned
ai,...,as and with h(P")h(P") < N is bounded by C(log N)*.

Proof. — We have already proved (i). Suppose for example that P is on L';
then the ideals ({9 — a;&1) and a; differ by a factor drawn from a finite set
depending only on V. This means that £y — «;§1 = €v; where ~; is an integer
in k7 drawn from a finite set depending for preassigned a; only on V and e
is a unit in k;. By multiplying +; by a suitable unit in k; we can ensure that
|oy;| > C for every embedding o : k; — C. This and h(P’) < N imply that
loe] < CN for every o; since [k; : Q] < 5, there are at most C'(log N)* units ¢
with this property. If a; is not in Z a knowledge of € and ~y; uniquely determines
& and &;. If however each «; is in Z then there are only two possible values of
€ for each ~;, and a knowledge of more than one of the £y — ;&1 determines
& and &;. In either case P = P’, so a knowledge of P’ determines P.

Finally suppose for example that P is on Lis3. For i = 1,2,3 we know
that (o — «@;&1), (§&2 — Bi€3) and q; differ by factors drawn from a finite set
of ideals depending only on V. Since if Ljo3 is rational the set {L;, Lo, L3}
is a union of complete sets of conjugates over QQ, an argument like that of
the previous paragraph shows that for any preassigned a; there are at most
C(log N)? possible P’ with h(P’) < N, and a similar result holds for P”. [

The next step will be to estimate, under suitable conditions, the number of
rational points in U which satisfy

(6) h(P')<N', LIN"<h(P")<N"
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for given a; and given N’, N”. The pairs P’, P” which satisfy

(7) fo — aifl = 52 — ﬁzgg =0 mod a;
are precisely those given by
(8) §o=Ano+am, & =m, & =An+bng, &=

for some integers n;, where a,b have been chosen so that
a—o; =b— ;=0 mod g;

for each i. (That we can find a,b with these properties depends on the facts
that the a; are coprime and divisible only by first degree primes.) We can
clearly assume that both a and b are absolutely bounded by A. The condition
that £y, &1 are coprime is equivalent to 71 being prime to both A and 7g; and
similarly for &3,&s. The first condition (6) is equivalent to

(9) m| <N, o+ aAT iy | S AN

and the second condition (6) is equivalent to either

(10) IN" < | < N", o 4+ bA 3| < A7IN”
or

(11) 3| < AN, SATIN" <|nmp+ DA | < ATIN”

To obtain all the rational points on V' which satisfy (6) and have the given
values of the a;, we let the n; run through all sets satisfying (9) and either (10)
or (11), and reject all those for which &g, &; are not coprime, or &, &3 are not
coprime, or (§y — a;&1,&2 — (i€3) is a strict multiple of a; for some i. We shall
say that a set of 7; fails at a prime p if p divides both &y and &, or both & and
&3, or if there is a prime factor p of p in k; such that pa; divides both &y — ;&
and & — §;&3 for some i. We shall call a set of n; allowable if it does not fail
for any p; note that such a set may still give rise to a point on one of the 27
lines. Whether the n; fail at p only depends on the values of the 7; mod p.
For any prime p, let n, be the number of sets no,...,73 mod p which fail at
p. Here n, depends on the a; as well as on V' and p. It is not hard to give an
explicit formula for n,, but all we shall need are the obvious estimates, for p a
good prime, that n, = 2p® + O(p?) if p|A and n, = O(p?) otherwise. Because
the a; are allowable, n, < p? for all p.

Lemma 3. — Assume that the a; are coprime and that none of them is divisible
by any prime in k lying above a bad prime. Suppose that

A <n'?  and logmax(N',N") < n,
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where n = min(N', N"). Then, provided that N' and N" are large enough,
the number of rational points in U which satisfy (6) and give rise to these a;

differs from

B(N'N"/A? T (1= p"ny)
p<T

by at most C(N'N" /A)?(loglogn)~/2, for any T satisfying

3logn/logloglogn > T > logn/logloglogn.

Proof. — 1t is well known that there is an absolute constant Cy such that
(12) Zlogp < Cyxz provided x> 2;
p<zx

thus the condition on 7" ensures that T'log T is large compared to logn and
that Q < n¢/legloglogn where  denotes the product of all the primes less
than 7. We assume n so large that all the bad primes are less than 7', and to
fix ideas we assume that n = N’. In what follows we shall use square brackets
to denote integral parts. The set of pairs 7,7, satisfying (9) contains

2N'/QI2A7'N'/Q)]

disjoint parallelograms each of which consists of a complete set of pairs incon-
gruent mod@); and the pairs left over are contained in a further

2N'/Q] + 2A7'N'/Q] + 1 < CN'/Q

such parallelograms. A similar argument holds for the pairs 72, 73 which satisfy
either (10) or (11); this time the number of filled parallelograms differs from

3N"? /AQ?

by at most CN”/@, and the pairs left over are contained in a further CN"/Q
such parallelograms. Each product of two filled parallelograms contains
I, ~p(p* — np) sets which do not fail at any prime less than 7. Hence the
number of sets of n; which satisfy (9) and either (10) or (11) and which do
not fail at any prime less than T differs from

(13) 12(N'N" /AR T - p~*ny)

p<T
by at most CN’N"?QA~!. In going from sets 7; to pairs P’, P” we lose a factor
4. The sets with ng = n; = 0 or 3 = n3 = 0 have already been rejected because

they fail at every p. The number of other sets n; which satisfy &y — a;&1 = 0
or & — ;&3 = 0 for some ¢ with «;, 3; in Z is bounded by CN'N"?A~1, which

ASTERISQUE 251



COUNTING POINTS ON CUBIC SURFACES, I 9

can be absorbed into the previous error term; since those of them which are
allowable give rise to a point on some L, or L, we can rule them out now.

Next let p be a prime satisfying T' < p < N’. By an argument similar to
that in the previous paragraph, the number of sets n; which satisfy (9) and
either (10) or (11) but which fail at p is at most

(14) C(p—2A—1N/2 + p—lNl)(p—QA—lNIIQ + p_lN”)np.

There are at most C'log A/logT primes not less than 7" which divide A, and
for each of them p < A and n, < Cp3. Thus the sum of the expressions (14)
taken over all such primes is bounded by

CN”N"*A"2(log A/log T)T .

If p does not divide A then n, < Cp?. The sum of the expressions (14) over
primes p not dividing A and such that T < p < N’ is bounded by

CN’N"’A2T~' + CN'N"*A~"loglog N + CN'"*N" / log N',

because Y p~! taken over these primes is bounded by C loglog N'.

Now suppose that p > N'. If p divides & and & we must have §, = & = 0,
and we have already ruled out all 7; with this property. If there is a prime p
above p such that pa; divides {y — ;&1 and &2 — (3;€3 for some 4, then p must
divide [](o — @&1); we have already ruled out all n; for which this vanishes
and it is absolutely bounded by C'N’ ® so for preassigned 79,71 at most five
primes p > N’ come into consideration. For each of these p there are at most

CN//(p—lA—lN// + 1)
pairs 12, n3 such that pa; divides & — (3;€3. Hence the number of sets 7; which

fail in this way for some p > N’ but which have not been previously rejected
is bounded by

CN?A'N"(N'""'ATIN" +1) = CN'N"A2(N" + AN').
Again, p can only divide & and &3 without them both vanishing if p < N”;
and in this case there are at most
C(pf2Ale//2 + p—lN//)

pairs 72, 73 with this property. Multiplying by C' N’ 2A~1 to allow for the choice
of ng,n1 and summing over all p with N’ < p < N”, we find that the number
of sets n; which fail in this way for some p > N’ but which have not been
previously rejected is at most

CN'N"A%(N" + N'Aloglog N").
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Gathering these estimates together, we find that the number of sets 7; which
do not fail at any prime differs from (13) by a sum of terms each of which is
dominated by

(15) C(N’N”)zlogT—f—logA

A TlogT

We must also rule out the sets 7; which do not fail at any p but which give rise
to a point on one of the 27 lines. But we have already ruled out the n; which
satisfy the condition in Lemma 2(i), and those which satisfy the condition in
Lemma 2(ii) can be absorbed into the error term (15). O

Corollary 1. — Assume that the a; are coprime, that none of them is divisible
by any bad prime, that H is large enough and that A < HY™ . Write

T = log H/3loglog log H.

Then the number of rational points in U of height at most H which give rise
to these a; is at least
(16) {C H (1—p~*n,) — C(loglog H) Y/} HA log H.

p<T
Proof. — For each r with 0 < r < log H/6log 2 apply Lemma 3 with N’ =
2" AVAHYS and N” = 277C5 V2AVAHY3, where Cy is as in (5). It follows
from (5) that every point with these a; satisfying (6) has h(P) < H; and we
have

CAVAHY* > ¢ = min(N',N") > CAY*H'Y/S
and max(N’,N") < CAY*H'/3, so that all the conditions of Lemma 3 are
satisfied. Moreover the sets defined by (6) as r varies are disjoint. Hence the
number of rational points in U of height at most H and with these a; is at
least

S HAMHC [ -p*ny) - Clloglog H)7/2)},

p<T
which is the result claimed O
Remark 1. — The most we can say about [[, (1 — p~iny) in general is that

it is at least (logT)~C; so the error term in Lemma 3 is not always smaller
than the leading term, and (16) is not always positive. But this blemish is
coped with by the averaging process employed in the proof of Theorem 1.

To complete the proof of Theorem 1, we have to sum the expression (16)
over a sufficiently large collection of allowable sets a;. Recall that the L; form
r — 2 complete sets of conjugates over Q. After renumbering, we can assume
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that no two of L1, ..., L._o are conjugate over Q. For each i let A\; = Norm a;;
thus a good prime p divides at most one of Aq,..., Ao and such a p can
divide A; only if it has a first degree factor in k;. Moreover A = Aj... Aq_o.
We take T as in the Corollary to Lemma 3, and assume H so large that all
the bad primes are less than T. Now write M = HY/11("=2): bearing in mind
Lemma 1(ii), we shall allow the a; to run through all sets such that each pair
a;, a; are coprime in k, no a; is divisible by any prime in k above a bad prime,
and each A\; < M. In view of the Corollary to Lemma 3, in order to prove
Theorem 1 it is only necessary to prove the following result:

Lemma4. — We have
17 DY A< ClogH)? > AT ][ —p"np) > Clog H) 2,
p<T

where the sum is taken over the sets a; specified above.

Proof. — Tt is well known that for any algebraic number field K and any
X > 1 there is a constant C'(K) such that

(18) Y (Norma)™' = (C(K) + o(1)) log X,

where the sum is taken over all integer ideals a with Norm a < X. Now

(19) SATT=Y "M A) T < H(Z A

where the sums on the left and in the middle are taken over the same collection
as in (17) and the sum on the right is taken over all integer ideals in k; of
norm at most M. By (18), the expression on the right of (19) is bounded by
C(log H)" 2.

The proof of the second inequality (17) is similar but more complicated.
We can multiply each term in the sum on the left by an expression of the
form [[(1+4¢p), where the ¢, vary from one term to another but are uniformly
O(p~?); for in doing so we multiply the terms by uniformly bounded factors.
Bearing in mind the information about the n, which appears just before the
statement of Lemma 3, it is therefore enough to prove that

(20) SOATJ(-p)? > Cllog HY 2,

where the product is over those p < T which divide A and where the sum is over
the same collection as in (17). Recall that Y7 ?[k; : Q] = 5. If we multiply
the left hand side of (20) by (>.n72)!, which does not affect the truth or
falsehood of the inequality provided we make a compensating adjustment of
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the value of C, we obtain an expression which exceeds > A1 [[(1 — p~!)?
where now the sum is taken over all sets of a; with each A\; < M and the
product is taken over all first degree primes p; in some k; which divide a; and
have p = Normp; < T'. This expression is equal to

r—2
IO N TIa-»9%:
i=1
so to prove the second inequality (17) it is enough to prove

S = Z)\i_l H(l —p H?2 > ClogH.
But if we choose a first degree prime p; in k; with p = Normp; < T, the left
hand side can be written as
(21) (1+p ' (1 =p ))S1+ S

plus some terms arising from p%|ai which we ignore; here S7 consists of those
terms for which p; does not divide a; and Norma; < Mp~!, and Sy consists
of those terms for which p; does not divide a; and Norma; > Mp~!.
multiply the first term in (21) by

L+p ' 1=p )1 —p ) =1+00(p?
and delete certain terms, the effect is precisely to delete the factors (1 —p

in .S corresponding to p;. We can do this for each p; in turn, and this reduces
the inequality which we are seeking to prove to (18). O

If we

71)2

It may appear that by a slight refinement of the argument we could obtain
a two-sided estimate for N (U, H) under the hypotheses of the Theorem. But
this seems not to be so. The problem is that we need estimates like those of
Lemma 3 in three essentially different kinds of case: when N” > N’ > A1/2,
when N” > A2 > N’ and when A2 > N” > N’. The first can be dealt with
by the methods of Lemma 3, and we can also deal with the second though the
arguments are more complicated. But we do not at present see how to deal
with the third case.
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COUNTING RATIONAL POINTS ON CUBIC SURFACES
by

Roger Heath-Brown

Abstract. — Let F[W, X, Y, Z] be a rational cubic form, and let N®)(R) be the num-
ber of rational zeros of F' of height at most R, which do not lie on any rational line in
the surface F' = 0. We show that

N(O)(R) Cer RA/3+e

for any fixed € > 0, subject to a suitable hypothesis on the size of the rank of elliptic
curves. For the proof one counts points on the cubic curves obtained from hyperplane
sections of the surface F' = 0.

1. Introduction
For any cubic form F(W, X,Y, Z) € Z[W, X, Y, Z] let
Np(R) = N(R) = #{x € Z*: F(x) =0, |x| < R, x primitive},

where |x| is the Euclidean length of x, and an integer vector x = (z,...,%,) is
defined to be primitive if x # 0 and z,...,z, have no common factor. We are
concerned here with the size of N(R) as R tends to infinity. If the surface F' = 0
contains a rational line, then there will be cR2 + O.(R*¢) primitive points on that
line, counted by N (R), for any positive ¢ and an appropriate constant ¢ > 0. One
would expect that such ‘trivial’ points greatly outnumber the remaining ‘non-trivial’
points and we therefore define [V (0)(R) to be the number of points x counted by
N(R), such that x does not lie on any rational line in the surface F' = 0. There are
some very precise conjectures about the size of N(O)(R), (see Franke, Manin, and
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Key words and phrases. — Cubic Surface, Rational Points, Height, Upper Bound, Elliptic Curve,
Rank.
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14 ROGER HEATH-BROWN

Tschinkel [2], for example). However very little has been proved in general. Indeed,
as far as the author is aware the following question is still open.

Question 1. — Is it true that Np(R) <. p R?'¢, for any irreducible F and any
e>07?

The notation <. r means that the implied constant may depend on both ¢ and F.
A very general result has been given by Pila [8] which shows in particular that

Nrp(R) <. R7/3%e,

for any € > 0, uniformly for all absolutely irreducible cubic forms F.
One might indeed be more ambitious and ask for a positive answer to the follow-

ing.

Question 2. — Is there a constant 0 < 2 such that
NOY(R) <p R?,

for every F'?

This would demonstrate that points on rational lines really do dominate the rate of
growth of Np(R). Progress has been made in certain special cases, and the author
has recently shown [3] that

(1) NO(R) <. p RY3*¢

for any € > 0, and any non-singular F' such that the surface /' = 0 contains three
coplanar rational lines. In particular (1) holds for

FW,X,Y,Z)=W3+ X3 4+Y3 4 73,

Ideally however one would hope for an affirmative answer to the following ques-
tion.

Question 3. — Is it true that N(©) (R) <. p R, forany F and any e > 0 ?

This is only known to be true in rather trivial cases, such as those in which M%) (R)
is equal to 0, or forms of the shape W3 — XY Z, for example.

We shall be concerned with Question 2, and it is our goal to describe an approach
which yields a satisfactory answer, subject to the following natural hypothesis about
elliptic curves.

Rank Hypothesis. — For any rational elliptic curve E let Cg denote the conductor
and let rg denote the rank. Then we have

rg =o(logCg) as Cg — oo.
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COUNTING RATIONAL POINTS ON CUBIC SURFACES 15

To put this into context, we observe that
(2) rg = O(log Cp)
for all rational elliptic curves, and

log Cg

3 ————— =o(logC
3) rE K Toglog Cp o(log Cg)
for any rational elliptic curve with at least one rational point of order 2. These as-
sertions ought to be well-known. However we include proofs in §6, for the sake of
completeness. We remark that Mestre [7] has shown, subject to the conjecture of
Birch and Swinnerton-Dyer, that (3) holds for every modular rational elliptic curve
FE, providing the associated L-function satisfies the Riemann Hypothesis.

We can now state our principal result.

Theorem 1. — If the Rank Hypothesis holds then
N(O) (R) LoF R4/3+€
for any non-singular form F and any € > 0.

The proof of Theorem 1 involves taking hyperplane sections through the surface
F =0, to produce a number of cubic curves, most of which will be non-singular. We
then estimate the number of points on each of these curves. We remark that this line
of attack can be considerably generalized. Thus one can take a completely arbitrary
variety, and attempt to count how many points may lie on each of its plane sections.
However we shall not explore this possibility here.

To count points on our cubic curves we introduce the following definitions. Let
G(X,Y,Z) € Z|X,Y, Z] be a cubic form, and let ||G|| denote the maximum modu-
lus of the coefficients of G. Now define N (G, R) to be the number of primitive points
x € 732 in the sphere x| < R for which G(x) = 0, with the proviso that if L(x)
is a rational linear factor of G, then any points on L(x) = 0 are to be excluded. Of
course this latter case can only arise when G is singular.

Our principal results on N (G, R) are then the following.

Theorem 2. — Let G(X,Y,Z) € Z|X,Y, Z] be an absolutely irreducible singular
cubic form. Then

) N(G,R) <. R**||G|I,
for any € > 0.

Theorem 3. — Let G(X,Y,Z) € Z[X,Y, Z] be a non-singular cubic form. Then if
the Rank Hypothesis holds we will have

N(G,R) <. R°||G||,
for any € > 0.

SOCIETE MATHEMATIQUE DE FRANCE 1998



16 ROGER HEATH-BROWN

In Theorem 2 the exponent 2/3 is best possible, as the example G(X,Y,Z) =
XY? — 73 shows. This vanishes at (a®, b, ab?), which takes at least > R?/3 prim-
itive values in the sphere of radius R.

For Theorem 3, it is easy to show that

N(G, R) <<57G RE,

and the real difficulty lies in establishing a good dependence on ||G||. We shall also
have to handle the case in which G is reducible, but the estimates we shall obtain
(in §5) depend on the coefficients of G in a more delicate manner than in the cases
above. It would be interesting to obtain unconditional bounds of the type given by
Theorem 3, with R° replaced by a term with a larger exponent. The best such result
currently available seems to be the estimate

N(G,R) <. R/3+,

due to Pila [8]. This holds uniformly in G, for any fixed € > 0.

2. Proof of Theorem 2

We begin our treatment of Theorem 2 by observing that GG has exactly one singular
point, which is therefore rational. We take the singular point to be the primitive
integer vector xy. Elimination theory shows that |x| < ||G||* for a suitable absolute
constant A.

At this point it is convenient to introduce a convention concerning the large number
of absolute constants which will occur in what follows. All such constants will be
denoted by the same letter A, which therefore has a potentially different meaning at
each occurence. This notation allows us to write |x|4 < ||G||4, for example, given
that |xo| < ||G||. Such a convention needs to be treated with caution, but it avoids
the notational complications of introducing A, A, A" etc.

Proceeding with our argument, there will be an invertible integer change of vari-
ables, T" say, which sends xq to the point (1,0,0) and with coefficients which are
O(||G||). This takes G to a form G’ with ||G’|| < [|G||*. The form G'(X,Y, Z)
may now be written as XQ(Y, Z) + C(Y, Z) where @ and C are quadratic and cu-
bic forms respectively, and ||Q||, ||C|| < ||G|[*. If G(x) = 0 for some primitive
vector x, the corresponding triple Tx = (X,Y, Z) will also be primitive. Thus if
Y = Z = 0, then X = =£1. Otherwise we may set Y = ry, Z = rz with y, z
coprime, so that

5) XQ(y,z) +rC(y,z) = 0.
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COUNTING RATIONAL POINTS ON CUBIC SURFACES 17

The polynomials () and C are coprime, since the original cubic G is supposed to be
absolutely irreducible. It follows from an application of the Euclidean algorithm that
there are a quadratic form (2, a linear form L/, and a non-zero constant K7, all of
which are integral, which satisfy

QY. 2)Q(Y,Z) + C(Y,Z)L'(Y, Z) = K,Y"*

identically. Here K; may depend on the original form G, and on the linear trans-
formation 7' It is clear, when one examines the algorithm, that the constant K
will satisfy K1 < max{||Q||, ||C]|}*. Since Q(y,2)|rC(y, z) we conclude that
Qy, 2)|rK1y*, with K1 < ||G]|4.

In a precisely analogous way one finds that Q(y, z)|r Kzz*, for some non-zero in-
teger constant Ky < ||G||4. Thus Q(y, z) divides both 7K Koy* and rK; Ky2?,
and since y and z are coprime it follows that Q(y, z) must be a factor of r K K.
On the other hand 7 and X must be coprime, since our original vector x was as-
sumed to be primitive, and hence (5) shows that 7|Q(y, z). We therefore conclude
that Q(y, z) = rK for some divisor K of KjK5. The number of factors of Kj K,
is O.(||G||?), by virtue of the well known estimate for the divisor function and our
bounds for K; and K,. Since Kj K> is independent of our original vector x, we
conclude that K only takes O-(||G||?) values. Equation (5) now produces KX =
—C(y,z), KY = yQ(y,z), and KZ = zQ(y, z). We can therefore reverse the
linear transformation 7" to obtain

Kx = (Cy(y,2),Ca(y, 2), C5(y, 2)),

where the cubic forms C; are obtained from —C(y, 2), yQ(y, z) and zQ(y, z) by
T

It remains to estimate, for each of O.(||G||*) values of K, how many primitive
vectors x, formed as above, lie in the sphere |x| < R. Our principal tool in doing this
is the following result.

Lemmal. — Let f(y,z) € Zly, z| be an irreducible cubic form. Then for any € > 0
we have

#{x e Z?: 0 <|f(x)] < K} <. /3

uniformly in f, for k > 0.

This follows from Theorem 1C of Schmidt [9; Chapter II1].
We will require a corresponding result when f is reducible, but does not have a
repeated factor.
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18 ROGER HEATH-BROWN

Lemma?2. — Let f(y,z) € Zly,z] be a reducible cubic form, with no repeated
factor. Then for any € > 0 we have

#{xeZ?: 0<|f(x)| <k} < 23t

uniformly in f, for k > 0.

This will be proved in the next section.

We may now apply Lemmas 1 and 2 to our situation. Suppose that C' and C” are
rational cubic forms, neither of which has 3 distinct linear factors. Thus, in particular,
neither C’ nor C” can vanish. Then either they both contain the same repeated factor,
or they may be written in the shape C'(x,y) = x?(ax + by) and C"(x,y) = y*(cx +
dy) after a suitable change of variable. In the latter case the condition for the form
AC" 4+ puC” to have a repeated factor is that the discriminant

— 27(Xa)*(ud)? + 18(Aa)(Ab)(uc)(ud)
+ (AD)*(pe)? — 4(Aa) (ue)® — 4(Ab)° (ud)

is non-zero. Thus we get a form with no repeated factor from at least one of

(NM) = (17 1)7 (17 _1)7 (172)

unless C' or C” vanishes, a case already excluded.

Since the forms C(y, z) and Q(y, z) must be coprime, there can be no repeated
factor common to C(y, z),yQ(y, z), 2Q(y, z). The above argument then shows that
there is some combination AC; + puC’;, with A, 4 < 1, which has no repeated factor.
We shall choose such a combination and denote it (j(y, z). We therefore need to
know how many primitive pairs (y, z) have K|Cy(y, 2) and |[K~1Cy(y, 2)] < R.In
order to remove the factor X from the form Cy we may follow the procedure used by
Schmidt [9; Chapter II1, §6]. (It should be noted that Schmidt’s presentation contains
the misprint ‘p|k’ both in the statement of Propsition 6B, and in equation (6.3). In
each case this should read pJ k.) Let K’ be a positive integer, all of whose prime
factors divide K, and write

N(Co,m) = #{(y,2) € Z* : Co(y,z) = m, h.c.f.(y,2) = 1}.

Schmidt’s argument shows that there are at most 3*(5) integral forms C(i)(y, z) say,
each of which is equivalent over the rationals to a rational multiple of (y, such that

N(Co, KK'm) <> N(CW,m)

for any m coprime to K.
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COUNTING RATIONAL POINTS ON CUBIC SURFACES 19

If Co(y, z) = Kn with 0 < |n| < R, we may write n as K'm with m coprime to
K and satisfying 0 < |m| < R/K’. Now, since none of the forms C*) above has a
repeated factor, Lemmas 1 and 2 yield

#{(y,2) € Z* : Cy(y,2) = Kn, h.cf.(y,2) =1,0 < |n| < R}

<. 3w(K) Z(%)2/3+€.
IR
However, since K’ runs over those integers composed solely of primes which divide
K, we have
Z(%)U — R° H(l _pfo)fl < RUQw(K)
K' plK
for any fixed o > 0.
Since Cy(y, z) = 0 has O(1) solutions with (y, z) primitive, these considerations
therefore produce O, (K¢ R%/3+¢) pairs (y, z), for each of O.(||G||?) values of K <
||G||. Theorem 2 now follows on redefining e.

3. The proof of Lemma 2

The argument we shall use to establish Lemma 2 is related to, but simpler than, that
given by Schmidt [9; Chapter 111, §§2& 5]. We observe at the outset that it suffices to
establish the result for primitive points x, since the stated form of the lemma follows
trivially from the corresponding version for primitive solutions.

After a suitable change of variable we may write f in the shape zq(x,y), where

q(z,y) = Az® + Bay + Cy?

is a non-singular integral quadratic form, with C' # 0. We shall write D (s 0) for the
discriminant. Without loss of generality we may assume that « and C' are positive.
We shall also assume throughout the proof that « is sufficiently large. This is clearly
permissable.

We now set Q = 8x2/3 and we write N for the number of primitive solutions of
0 < z|q(z,y)| < k. For any prime p € (Q,2Q] we write N;(p) for the number of
solutions for which p|z, and Ny (p) for the remainder. Then

{r2Q) - 7N = > M)+ Y N
Q<p<2Q Q<p<s2Q
Since x is clearly at most « the first sum on the right may be written in the form

> #{p€(Q.2Q]: plz} < Nlogr,

x7y
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20 ROGER HEATH-BROWN

the summation on the left being over pairs (x,y) counted by N. It follows that

> M) < 5 {7(2Q) ~ T(Q)}N,

R<p<2Q
and hence that

{r(2Q) —7(QIN <2 Y Na(p).

Q<p<2Q

We may therefore fix a prime p € (Q,2Q)] such that N < 2Ny (p). For each pair
(z,y) counted by N(p) there is an integer a in the range 1 < a < p such that
y = ax (mod p). Substituting y = azx + pz we find that 0 < z|g(x, z)| < &, for
an appropriate form qo(z, 2) = Agz? + Boxz + Coz?, with discriminant Dy = p?D
and with Cy = p?C. It follows that there is some value of @ such that

(6) N < 2N5(p) < 2pNo < 32:*3 Ny,

where Ny counts primitive solutions of 0 < z|g(z, z)| < k.
We now observe that for each value of x the range for z is given by
5 Doz? K
x)* — 5| < .
4CO xCo
This inequality specifies at most two possible intervals in which z must lie, each

having length O(y/k/xCy). Since
Co = p?C > Q*C = 64K*3C > &

the intervals have length O(1), and it follows that there are O(1) values of z for each
possible z.
We shall factor go(x, z) as Co(z — 0x)(z — ¢x) where

g —Botvbo b= vDo
2Cy 2Cy
It follows that
™ (e = 02)(e =~ 62)] < o

We proceed to count those solutions for which |z — 6z| < |z — ¢x|, the alternative
case being treated in an exactly analogous manner. For such solutions we have

8) |Z - (9$| < |(Z — (9%)(2 — ¢$)|1/2 < {x_a)}1/2

We claim that one also has
2K

22/|Do|

) |z — 0z| <
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COUNTING RATIONAL POINTS ON CUBIC SURFACES 21

This follows from (8) unless
2K

VWM\{

as we now assume. We then have

1
§w—@$:
whence (8) implies that

2= ol > 10 = gl — |z~ 62| > |0 — gl — {5}

}1/2

’D0’1/2x
2Co

K q1/2
>
- {1‘00} ’

‘Do‘l/Q
10— dlo = To

We therefore see that (9) is a consequence of (7). This completes the proof of (9).
Now suppose we have two distinct primitive solutions (1, z1) and (x2, z2) coun-
ted by No, both with |z — 0z| < |z — ¢x|. We assume further that z; < 2. Then
129 # To2z1, whence
1 < ‘.%'12’2 — 1‘22’1’ = ’1‘1(2’2 — 01‘2) — .%'2(2’1 — (9.%'1)‘

It follows from (8) that
1< /2 4 k4172 <2 _F a2
e { el < am{ )

Thus
4x56Cy Z2,
providing that
C
(10) T2 < .
8K
Similarly, using (9) we find that
2
1< 2my——

whence

22+/|Do|’
1

w1 < 2(x2k) 2 Do T < 572

providing that

16k
(11) To > .
VDol
However
16k Co
g —
VIDo| 8k
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22 ROGER HEATH-BROWN

since our initial choice of p and () ensures that

CoV/|Dol = p’C/|D| = p* > Q* = 512s2.
It follows that the ranges (10) and (11) cover all possibilities for a», so that 1 < %562
for any two solutions of the type under consideration. Now, since we always have
x < K, we may divide the available range into O(log k) subintervals of the form
ko < x < 2kKg, each of which can contain at most one relevent value for z. In
this way we see that there can be at most O(log k) possible values for z, and, as has

previously been observed, there are O(1) corresponding values of z for each of these.
Thus Ny < log &, and (6) yields N <« K23 log x, which proves the lemma.

4. Proof of Theorem 3

If there is no point x # 0 on the curve G(x) = 0 lying in the sphere |x| <
R, then of course N (G, R) = 0. Otherwise we can use such a point xy as a base
point to transform the curve into Weierstrass normal form. Thus there is a birational
transformation, 6 say, which takes GG into

E : 2313 = 423 — goxy23 — g3,
By abuse of notation we shall also write £ for the cubic form
E(x) = jr3 — (47 — gam1a3 — gaa3).
The map 6 is given by formulae in which the coefficients are rational functions in-
volving the coefficents of the original form G and the coordinates of x. We may
clear the denominators in these formulae so that ¢, and g3 are integers, and so that
0 takes integer vectors to integer vectors. It follows that any integer solution x of
G(x) = 0 leads to a rational point P(x) on E. Moreover there will be an absolute
constant A for which
PG| < AJGI ol I,
where || P|| = |(x1, z2,x3)| for P = (z1, %2, x3). (Here we should recall the conven-
tion concerning the symbol A, which was introduced in §2.) Since 6 is a birational
transformation, points x on G = 0 which are distinct up to projective equivalence,
map to points P(x) on E, which are also distinct up to projective equivalence. It
follows that
N(G,R) < N(E, A||G||*RA).
Moreover, since g2, g3 < ||G||4|x0|*, we have
BN < lIGII R,

These considerations therefore yield the following conclusion.
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COUNTING RATIONAL POINTS ON CUBIC SURFACES 23

Lemma 3. — To establish Theorem 3 it suffices to prove it for the case of curves in
Weierstrass normal form.

We are now in a position to use some of the standard results on elliptic curves. We
begin by translating our problem into one concerning the canonical height function
h(P). This is related to the ‘logarithmic height’ via the estimate

h(P) = log||P|| + O(log || E][)

for primitive points P. This follows from the work of Zimmer [12] for example. It
follows there is an absolute constant A such that h(P) < Alog(||E||R) for all points
P to be counted. If the rank of E' is r and A, ..., P, are generators for the Mordell-
Weil group, our point P may be expressed as

T
P=T+) nP,
=1

where 7' is a rational torsion point. Then
hP)=h(miPi+---+n.P) =Q(ni,...,n.),

say, where () is a positive definite quadratic form. Since there are at most 16 values
for T', by the theorem of Mazur [6], it follows that

N(E,R) < #{(n1,...,n,) €Z" : Q(n4,...,n,) < Alog(||E||R)}.

We therefore call on the following lemma.

Lemmad4. — Let Q(x1,...,x,) € Rlx1,...,x,] be a positive definite quadratic
form, and suppose that Q(n) > By for every non-zero vector n € 7Z". Then

#{(n1,...,n.) €Z"; Q(ny,...,n,) < B} <1+ (9B/By)">.

The proof of this will be given at the end of this section.
At this point we shall require an admissable value for 5. This is given by the
following corollary of a result of Hindry and Silverman [4; Theorem 0.3].

Lemma 5. — Let E be a rational elliptic curve of conductor Cg and discriminant
Dg. Then there is an absolute constant A such that the canonical height on E satis-

fies

log\DE\
P) > (log |D — A=
h(P) = (log |Dg|) exp{ oz Cp

for every non-torsion rational point P on E.
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On comparing our various estimates we may now conclude that

Alog(||E||R) (Alog]DE’)}r/Q.

N(E. R 1
(B, R) < +{ log | Dg| log Cg

We now set A = A(log |Dg|)/(log Ck), whence our bound becomes

Alog(|[E|IR) Xy -1
12 N(E 1 — o I AN,
(12) (B.R) < 1+ {2
We clearly have log |Dg| < log||E]|, so that
log || E]]
A< A———.
log Cg

On the other hand every prime factor of Cr occurs in 6D, and the exponent to
which a prime may occur in Cg is absolutely bounded. It therefore follows that
log |Dg| > log Cg, and hence that A > 1.

We now observe that the function €'/ is increasing with respect to \, for A > 1.
It then follows from our bounds for A that

? < exp{A%
whether A > 1 or not. On substituting into (12) we therefore obtain
N(E,R) < 1+ {Auey7/2,
where 11 = (log(||E||R))/(log CE). Since Ap < exp(Ap) this leads to the bound
N(E,R) < exp{Aru}.
We are now ready to prove Theorem 3 for the curve E. Let € > 0 be given. Then,
according to the Rank Hypothesis, there is a constant C'(¢) such that

€
r< Z(log Cg)

for Cg > C(e). Thus
N(E, R) < exp{elog(||E||R)} = ([|E]|R)",

as required, for Cg > C.. In the remaining case, when Cg < C/(¢), the height ||E]||
of the curve F, and also the rank r and the discriminant Dg, can all be bounded in
terms of €. This follows from the fact (Shafarevich [10]) that there are only finitely
many curves F for each value of C. The estimate (12) therefore becomes

N(E,R) <. (log R)"®)/? «, R®,

where 7 (¢) is an upper bound for the ranks of all curves with conductor at most C'(¢).
This completes the proof of Theorem 3.
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It remains to establish Lemma 4. Since Q)(x) is positive definite there is a non-
singular 7 x  real matrix M such that Q(x) = |[Mx[*. Thus, on taking C' = \/B/ By,
it suffices to show that

(13) #{n ez |Mn| < C} <1+ (30),

under the assumption that |Mn| > 1 for every non-zero vector n € Z'. However we
may observe that the ellipsoids

Sn)={xeR": IM(x+n)| < %}
are disjoint for distinct n, and lie inside the ellipsoid
R MG <O+ 3)
for the vectors n to be counted. Thus if
V, = Meas{x € R": |M(x)| <1}

we see that

Vr 1
o HDEL [Mn| < CY<V(C+5),

whence

#{nelZ; |[Mn| <C}<(2C+1)".
Thus (13) follows if C' > 1, since 2C' + 1 < 3C, while if C' < 1 then only n = 0
can be counted. This completes the proof of Lemma 4.

5. Deduction of Theorem 1

In order to cover our cubic surface with plane sections we use the following result,
whose proof is a trivial application of the pigeonhole principle.

Lemma 6. — Let x € 7" lie in the sphere |x| < R. Then there is a primitive vector
y € Z", for which x -y = 0, and such that |y| <, RY"1.

In the case n = 4 each set {x € Z* : x-y = 0} is a lattice of rank 3, and we can
choose a basis X1, X2, x3 say such that if x = A\;x; + A9Xo + A3x3 then
(14) [Adllxa] 4 |[Azlx2] + [As][xs| < [x].

This follows from Davenport [1; Lemma 5].
We therefore see that the points on F'(x) = 0 which also lie in the plane x -y = 0
are in 1-1 correspondence with points on the curve Gy(A1, A2, A3) = 0, where

Gy(A1, A2, A3) = F(A1x1 + Aoxa + A3x3).
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Moreover primitive points on F' = 0 correspond to primitive points on Gy = 0, and
vice-versa. Since (14) implies that |\;| < R and |x;| < R in all relevent cases, we
deduce that

(A1, A2, A3)| < R

and that
(15) |Gy|| <F R®.

These estimates can be improved somewhat, but they suffice for our purposes. Fi-
nally we observe that if Gy factors, with (A1, A2, A3) being a zero of a rational linear
factor, then the ‘curve’ Gy = 0 is reducible, and includes a rational line, on which
(A1, A2, A3) lies. The corresponding point x of the surface F' = 0 therefore lies on a
rational line in the surface.

The above remarks show that there is an absolute constant A for which

NO(R) <> N(Gy, AR),
y
where y runs over primitive integer vectors in the sphere |y| < AR'/3. Here we recall
that points lying on rational lines are to be excluded from N(Gy, AR) when Gy is
reducible. Theorems 2 and 3, taken in conjunction with the bound (15) therefore lead
to the conclusion that

(16)  NO(R) «.r {RY? + R*BNW(ARVA)IRY® + Y "% N(Gy, AR).
y

Here N1 (P) is the number of non-zero integer vectors y in the sphere |y| < P, for
which Gy is singular, and ¥* denotes a sum over primitive vectors for which Gy is
reducible.

To estimate N (P) we note that Gy is singular if and only if F'(y) = 0, where
F = 0 is the surface dual to F' = 0. Moreover, if F'(y) = 0, then y = VF(x) for
some x € C* on the surface F' = 0. This vector x will, according to Lemma 2 of
Hooley [5], be a scalar multiple of VF (y), unless y is a singular point of F'. Since
the form F' may be taken to have integer coefficients we conclude in the former case
that y = AV F(z) for some primitive vector z € Z* on the surface F'(z) = 0. The
singular locus of F has dimension 1 at most, whence the number of integer vectors y
in the sphere |y| < P, for which VF(y) = 0, can be at worst O (P?).

We proceed to investigate the alternative possibility, that y = AV F'(z) for some
primitive vector z € Z*. We begin by noting that p°|V F'(z) implies p|z if either the
prime p or the exponent e is large enough, since F' is non-singular. Since y is integral
and primitive, the set of possible values of the scalar A is finite and is determined
by F. In order to bound |z| we observe that the function |V F'(u)| is continuous
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on the compact set |u| = 1, under the usual topology, and hence attains its lower
bound. Since [’ is non-singular this lower bound must be strictly positive, whence
|VE(u)| >p 1for |u| = 1. We therefore conclude in general that |V F(z)| >F |z|2.
In the situation under consideration we have |V F(z)| < P, whence |z| <z P'/2.

We may now conclude that there are Or(P?) possible points y for the case under
consideration, and hence that

(17) NW(ARY3) <« R?3.

It remains to consider the contribution from the sum >*. Since the forms Gy are
singular in this case, there will be OF(R2/ 3) possible values of y, by (17). Suppose
firstly that Gy has a factor H, say, which is not proportional to a rational form. Then
if H(x) = 0 for some x € Z* we must also have H (x) = 0 for any conjugate H of
H. These two equations have O(1) solutions in primitive vectors x, and this produces
a total contribution O (R?/3) to ¥*.

In the alternative case Gy has a rational linear factor, so that the plane x.y = 0
must contain a rational line [, say, in the surface F' = 0. There are at most 27 such
lines, so it suffices to restrict attention to values of y for which the corresponding
plane includes a specific line ly, say. It is convenient to change coordinates so that
is given by 1 = x9 = 0. Then the form F' takes the shape

F(x) = 21Q1(21, ..., 24) + 22Q2(71, ..., 24),

and the vector y takes the shape y = («, 3,0,0), where v and 3 are coprime integers.
Since |y| < R'/? we now have ||, |3| < R'/3. Moreover primitive vectors x in the
plane x.y = 0 necessarily have the form ((5t;, —aty, to, t3) with (¢1,t2,t3) being a
primitive integer vector. Since |x| < R it follows that

(18) 1] < B/ max([al, [B]),  |ta, [ts| < R.

Now if F'(x) = 0 then either ¢; = 0, in which case x is on the line [y, or Q(t) = 0,
where

Q(t) = Q(t, o, B) = BQ1(Bt1, —aty, ta, t3) — aQa(Bt1, —aty, ta, t3).

We now call on the following result on solutions of quadratic forms, see Heath-
Brown [3; Theorem 3], for example.

Lemma 7. — Let QQ be a non-singular integral ternary quadratic form, and suppose
that the binary form Q(0,x2,x3) is also non-singular. Then for any integer k the
equation Q(x) = 0 has O((||Q||R)?) primitive integer solutions in the sphere |x| <
R, with x1 = k.
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In our application we have ||Q|| < R, so that there are O. r(R?*®) solutions t2, t3
for each value of t;, providing that @ and Q(0, ¢, t3) are non-singular. If @) were
singular, with two quadratic conjugate factors, then Q(x) = 0 has O(1) primitive
integer solutions. On the other hand, if () has a rational linear factor L say, then the
points for which L(t) = 0 produce a rational line on the surface F' = 0, and hence
are not counted in N (Gy, AR).

It remains to consider the possibility that

Q(O)t2)t3) = ﬂQl(Oa 0)t2)t3) - QQQ(O, 0)t2)t3)

is singular. This can happen for O(1) coprime pairs of integers «, /3, except in the
case which Q1(0,0,¢2,t3) and Q2(0, 0, t2,t3) are both proportional to the square of
the same linear form. In the latter case we find that

F(x) = a1 (21 L1 (x) + 22La(x) + 1 L(3, 24)%)

tao(21 L3(x) + 2o Lg(X) + coL(x3,14)?).
This has a singular point when x; = x9 = L(z3,z4) = 0, contradicting our original
assumption.

Summarizing the above considerations, we find that the equation Q(t) = 0 has
O. p(R'*? /max(|a/, |8])) primitive solutions in the region given by (18), with the
possible exception of O(1) pairs «, 3. To cover these exceptional cases we observe
that if @) is non-singular, at least one of the binary forms

Q(‘Tlax250)a Q($1,0,$3), Q(O,IEQ,IE:}), Q(xlax2ax2)

must also be non-singular. Thus, for the exceptional pairs «, G, Lemma 7 produces
O, p(R'*%) primitive solutions in the region given by (18).
We may now estimate ¥*N (Gy, AR) as

<erp R+ > R™¥/max(|al,[8]) < p RYPTE
|a],| 8| RY/3

Taken in conjunction with the bounds (16) and (17), this completes the proof of
Theorem 1.

6. Bounds for the rank of elliptic curves

In this section we shall sketch the proof of the estimates (2) and (3). We write our
curve in the form

E:y?=a2%—az—0b,
where a, b are integers, and the discriminant D = 4a® — 27b? is non-zero. We may
assume, without loss of generality, that the equation is in global minimal form, to the
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extent that there is no integer d > 2 for which @*|a and d°|b. We now estimate the
rank of F by the familiar 2-descent process. If K is the field generated by the roots
of the cubic X3 — aX — b, then

rp < 2{wk (|D|) + ho(K)} + O(1),

where wg (|D]) is the number of distinct prime ideal factors of D, and /»(K) is the
2-rank of the ideal class group of K.

Since K has degree at most 6, we see that wy (| D|) < 6w(|D|), where w(|D]) is
the number of distinct rational primes dividing | D|. Moreover, we have

w(|D[) =w(CE) +0(1)
since, with the possible exceptions p = 2 and p = 3, a prime p divides D if and only

if it divides C'r. We note also that

log C
w(CE)< el

—=—— K logCg.
< loglog Cg < oetE

We must now consider the discriminant Dy of the field K. The curve E will have
bad reduction at every prime p > 6 which ramifies in K. Moreover since the degree
of K is at most 6, the exponent to which p occurs in Dx is absolutely bounded. It
follows from these considerations that

log |Dk| < log CE.

It is easy to bound the class number h(K) of K in terms of Dk, given that the
degree is at most 6. For example, an estimate of Weyl [11; page 166] gives h(K) <
|Dgc|7/2. Since 2M(K) < h(K), we conclude that

he(K) < log |Di| < log Cg.
Taken in conjunction with our earlier estimates this last bound now shows that
rg < logCg

as claimed in (2).
When the curve has a rational point of order 2, the field K is quadratic, or may
even reduce to Q. In this case the theory of genera shows that

hy(K) < w(|Dg|) < w(Cg).

In this case it therefore follows that
log Cg

TE < w(CE) < m,

as claimed in (3).
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SUR LA HAUTEUR DES POINTS D’UNE CERTAINE SURFACE
CUBIQUE SINGULIERE

par

Etienne Fouvry

Résumé. — Par une paramétrisation des solutions de I’équation
3
$1$2$3=t ) (ml,xg,mg,t) =1

et par des méthodes élémentaires de théorie analytique des nombres, on montre que le
nombre de points de coordonnées non nulles, de hauteur canonique inférieure a X, de
la surface cubique projective de Ps(Q) d’équation

X1X2X3 =T°,

est, pour X — oo, équivalent 2 ¢ X log® X, oll ¢o est une certaine constante > 0.

1. Introduction

Cet article a été motivé par le récent travail de Batyrev et Tschinkel ([B-T1], [B—
T2], [B-T3]), concernant le nombre de points de hauteur inférieure a une certaine
borne X tendant vers 1’infini, sur des variétés toriques projectives lisses sur un corps
de nombres quelconque, par rapport a des plongements projectifs arbitraires.

Nous traitons ici, le cas tres particulier de la variété V de P*(Q), d’équation

X1 X0 X3 =T3.

Soit V(X)) le cardinal de I’ensemble des points de } de coordonnées non nulles et de
hauteur au plus égale a X.

L’étude de V(X)) est un cas particulier de ([B-T2] Theorem 1.4) mais aussi de
([B-T1] Corollary 7.4). Toutefois, il faut remarquer que, dans ces deux articles, il est
question de variétés toriques lisses. Le traitement de la cubique singuliere V), se fait
par une résolution de singularités qui fournit ainsi une variété torique lisse. On utilise

Classification mathématique par sujets (2000). — Primaire 11D72; secondaire 14M25.
Mots clefs. — Surface cubique, hauteur.
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la fonctorialité des hauteurs pour se ramener au résultat de [B—T2]. Cette délicate
réduction est développée, dans un cadre plus général, dans [B—T3].

L’objet de cet article est de montrer que des méthodes classiques de théorie ana-
lytique des nombres conduisent elles—aussi & un équivalent asymptotique de V' (X)
pour X — oco. Nous montrerons le

Théoreme 1.1. — Pour X — 00, on a la relation
(1) V(X) = (co + 0(1)) X log® X,
ou cy est une constante absolue, strictement positive.

Remarquons, dans un premier temps, que V' (X) est aussi le cardinal des quadru-
plets d’entiers relatifs (z,y, z, t) vérifiant

(z,y,2,t) =1; 1<z, |y, 2], [t < X et ryz = t3.
En jouant sur les signes, on voit qu’on a I’égalité
V(X) =4V T (X),
avec
VH(X) = jj{(:c,y,z,t) | 1<z, y, 2, t< X, (x,y,2,t) = 1, zyz = tg}.

Il est intéressant de noter que des altérations, apparemment anodines, de la définition
de VT (X), perturbent radicalement son ordre de grandeur asymptotique : on a d’une
part

(@,y) = (y,2) = (z,2) = 1,
VT (X) =t (2,9, 2,1) 1<z, y,2,t<X ~c1 X
TYZ =3

(avec c; constante strictement positive, en effet les restrictions précédentes don-

nent pour paramétrisations des solutions 2 xyz = #, les quadruplets de la forme

(u3, v, w, uwvw) avec (u,v) = (v,w) = (w,u) = letl < u, v, w < X%) et

d’autre part
Vo (X) o= t{(2,y,2,t) | L <t S X (2,9, 2,t) = Letayz = 3}
~ 2 X log® X

(pour ce faire, on passe par la fonction arithmétique c, qui sera définie au paragraphe
2.1, par le Lemme 2.1 et par un modeste théoreme taubérien pour écrire

VM (X) =D a(t) ~ X log® X,
t<X

oli ¢ est la valeur en 1 de la série de Dirichlet (>, a(n)n=)¢2(s).)
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Ces variations ont le mérite de convaincre de I’importance intrinseque des condi-
tions de la définition de V7 (X).

Pour revenir a la formule (1), la constante ) peut étre décrite explicitement, de
méme que le o(1) peut &tre précisé, tout au moins en théorie. En effet, les méthodes
qui suivent sont absolument classiques, n’apportent rien de vraiment nouveau en
théorie analytique des nombres, mais sont extrémement lourdes par le nombre tres
élevé de variables de sommation engendrées par les différentes transformations. Ce
qui suit peut, en principe, €tre transposé a 1’équation

X1 XXXy = T4,

mais la démarche devient totalement asphyxiante par le nombres de variables de som-
mation qu’il faut gérer.

Cet article a été écrit a la cordiale invite de V. Batyrev, J-L. Colliot-Thélene,
E. Peyre et Y. Tschinkel et a bénéficié de conversations avec J. Brudern et H. Iwaniec.
Que ces différentes personnes soient ici remerciées !

2. Transformations de V™ (X).

L’idée de base des fastidieuses transformations qui vont suivre, est de se ramener
2 une équation de la forme xyz = 3 mais avec les conditions plus fortes de copri-
malité (z,y) = (y,2) = (z,z) = 1. On a alors une représentation paramétrique des
solutions en (z,y, z,t) = (u3,v3, w3, vvw) avec (u,v) = (v,w) = (w,u) =1, ce

qui est beaucoup plus facile a compter (voir Vfr (X)) ci—dessus).

Puisque les conditions 1 < z, y, z < X entrainent ¢t < X et que (z,y,2) = 1
implique (z,y,2,t) = 1, le cardinal étudié s’écrit aussi, apres un changement de
notations, sous la forme

1<.T1,CU2, IE3<X,

V+(X) = ﬁ (fI,'l,J,'Q,.T]?,,t) ($1,$2,$3) — 15

T1X2X3 — t3

Soit d; = (x2,x3), alors on a I’égalité

1<dy, 71 <X,
1< d11‘/2, dlx’g < X,
(xévxé) - (dlvwl) =1, 7

dBzizhaly =13

V+(X) :ﬁ (dlaxlvxévxévt)
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: /
puis posant dy = (x1,25),0na

<dp, dp < X,
1 < do!, diahy, didaay < X,
VHX) =4 (di,do, 27, 2, 23, 1) | (hah, 2%) =1, :
(d17d2) = (dlvxll) = (dg,25) = 1,

enfin, en posant d3 = (z/,z)}), on parvient, apres un changement évident de nota-

tions, a

2)

1 dgdg.%'l, dldg.%'g, dldgw‘ X,
(1‘2,1‘3) (.%'3,1‘1) (.%'1,.%'2) 1,

V+(X) = ﬂ (dl, dg, d3, r1,x2,x3, t) (dl, dg) (dl, dg) (dg, 3) 1,
(dl,xl) (dg,xg) (d3,.%'3) 1

d1d2d3$1$2$3 = t3

)

2.1. Hypotheses sur les d;. — L’objet de ce qui suit est de prouver qu’on peut, pour
ainsi dire, se ramener au cas ou dj, do et dg sont sans facteur carré.
Notons «(t) le nombre de solutions a 1’équation

P =ayz,  (z,y,2) =1

sans aucune contrainte de taille sur x, y et z. Nous aurons besoin du

Lemme 2.1. — On a les propriétés suivantes :
e La fonction a est multiplicative.
e Pour tout entier a > 1 et tout p premier, on a a(p*) =
e Pour tout m et n on a 'inégalité o(mn) < a(m)a(n )

Démonstration. — Seule la deuxieme assertion mérite un peu de soin. On voit que
a(p®) est aussi le nombre de solutions a I’équation 3a = @ + ag + ag avec les q;
entiers positifs ou nuls, vérifiant aussi a;agaz = 0. Un dénombrement direct donne
le résultat. O

Pour d > 1, on dissocie d en d = d°d', ou d° est le plus grand entier squarefull
divisant d (rappelons qu’un entier n est squarefull, s’il vérifie I’implication p|n =
p?|n). Ainsi d' est sans facteur carré, premier avec c et, par exemple, on a (600)° =
200 et (600)" = 3. On pose

L=1logX, L=C".
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Nous allons montrer que la contribution (notée A(L)) a (2), des 7-uplets tels que
dy > L est négligeable. En effet, cette contribution vérifie

3) A< Y D> a);

L I >L t<X
squarefull > A

ou = est la fonction multiplicative définie sur les puissances de nombres premiers par
Z(p) = p, Z(p?) = p? Z(p®) = p?.... et plus généralement Z(p?) = p® ou b est
le plus petit entier tel que 3b > 2a. En effet, si p|dy, 'égalité d?d3d3zimox3 = 3
entraine p?®|t3, donc la valuation p—adique de #3 est supérieure ou égale au plus petit
multiple de 3 qui dépasse 2a.

D’apres le Lemme 2.1 et (3), on a I'inégalité

an< Y aE0) Y o),
¢ squarefull >L n<X/2(0)

puis, en sommant la fonction multiplicative o, on a

a(E(0))
A<xet =0y

0 squarefull >L

—~

[1]

~—

Par la méthode de Rankin qui, rappelons—le, consiste a majorer la fonction caracté-
ristique de I’intervalle [L, oo par (%)5 ,on a, pour tout 0 < € < 1/3, la relation

A < xes Yy CEW Ly

=) \L
0 squarefull
18 18 27
8 —
<XLTL €H<1 + p2-2e T p2-3e T pi—ae +)
P

< XL8L7°.
On a donc la relation
(4) A(L) = o(X L),

en prenant ¢ tres proche de 1/3.
En raisonnant de méme sur ds et ds, on peut, avec une erreur négligeable, insérer
dans la définition (2) de V' (X), les conditions supplémentaires

<> <> <>
15 2 d3 < L’
S .. . DU ¢ N
ce qui implique que tout diviseur premier d’un ¢, supérieur a £2 apparait avec 1’ex-

posant 1.
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2.2. Deuxieme étape de transformation.— Cette étape peut paraitre bien absconse
si on n’a pas pris le temps de saisir sa motivation sur un cas particulier : Imaginons
que nous soyons intéressés par la contribution dans (2) des cas ou

dy = p*(= d3), dy = ds = 1.

L’équation est donc x1.(p%xs).(p?x3) = t3. Puisque le second membre est un cube
on a, pour des raisons de coprimalité, I’une ou I’autre des deux éventualités suivantes :
e p? divise 7 (alors v,(72) = 2 modulo 3 et v,(z3) = 0),
e p? divise x3 (alors v,(x3) = 2 modulo 3 et v,(z2) = 0).
Par contre si
dy=p’(=d}), da=dz=1,

I’équation est x1 - (p3xa) - (px3) = t3 qui conduit alors a trois éventualités qui

s’excluent mutuellement :

e p ne divise pas zox3 (alors vy (z1) = vp(z2) = vp(z3) = 0);

e p? divise x5 (alors vy(71) = v,(z3) = 0, vp(22) = 0 modulo 3 et v,(rap~3) > 0);

e p3 divise 3 (alors v,(z1) = vp(x2) = 0, vy(x3) = 0 modulo 3 et vy (z3p~3) > 0).
Il reste a mettre dans un cadre formel toutes ces éventualités lorsque les ¢’ ont un

nombre quelconque de facteurs premiers. Soient 4, {5 et {3 les parties squarefull de

di, do et ds, les ¢; sont donc premiers deux a deux, d’apres (2). Nous sommes en

présence de 1’équation

(5) (balsz).(016322).(01boxs) = t°,
avec (x9,x3), (r3,21), (71, z2) sans facteur carré,

(b1, 9, x3) = (21,02, 23) = (x1,22,03) =1
(b1,21) = (b3, 22) = (L3, 23) =1
(z1,22,23) = 1.
Dans la formule (5), chaque terme a I’intérieur des parentheses (- --) est inférieur a
X

Soit A(n) le plus petit entier tel que nA(n) soit le cube d’un entier. On décompose
A(£2) sous la forme

AB) = pP i avee (u?, 1) = 1.

On désigne par P; I’ensemble des nombres premiers divisant £ mais pas A\(£3).
On désigne par ( 52),‘,]353)) un couple quelconque de sous—ensembles de J3; dont
la réunion est P;. On note par P1(2) le produit des éléments de ‘B(IQ) et par &]3(12) le
complémentaire de ‘B?) dans P .
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Grace a (4), on voit qu’on a I’égalité
(©) VHX) =33 S Vit i ) + o(XL9),
4; MZ(-j) ;pl(_j)
ou }
o V(¢ MEJ), s213(”) désigne le nombre de (y1, y2, Y3, t) vérifiant les équations :
—=3—=3
1 1 1 2) (2 52)° 52
- (o) T ) T e

(7 , 3
(o u PO PP )

avec (y1,y2,y3) = 1, (y1,92), (y2,¥3), (y3,y1) sans facteur carré,
(01, 92,y3) = (y1,02,y3) = (Y1, 92, €3) = 1
et
(1, 1S 1D PO PY) = (o, o ) PP PP

(y3,€3M§2) W 1(3)132(3)) L,

chaque terme a gauche de (7), situé a I’intérieur d’une parenthese (- - - ) étant inférieur
aX.
e la somme est faite sur les 1, {5 et {3 entiers squarefull inférieurs a L, premiers entre
eux deux a deux, les uﬁj ) et &]3? ) parcourant toutes les décompositions possibles de
A(£2) et B;, comme ci-dessus.

Puisque le nombre

(ot P D). (1t PP D). (1o PP B )
est un cube parfait, on voit que chaque V (¢, ,qu ) , ‘ng )) est en fait de la forme
/C(X; b: c) — IC(Xl, Xy, X3: b1, ba, by; ¢1, o, C3),
qui désigne le nombre de solutions a 1’équation
T013 = 17,

avec r; < XZ‘, (xl,.%'g,xg) = (1‘1, bl) = (1‘2, bg) = (1‘3, bg) =1let (1'1,.%'2), (xg,.%'g)
et (x1,x3) sans facteur carré et respectivement premiers avec g, ¢ et co, les b; et ¢;
étant des entiers donnés tels que les ¢ soient premiers entre eux deux a deux.

Signalons que dans notre application, les X; seront égaux a X a une puissance de
L pres, puisque chacun des ¢; est inférieur a L. Pour des raisons évidentes de sobriété
dans les notations, nous nous sommes restreints a 1’étude soignée de

K(X) := IC(XXX111111)

) ) ) ) ) )
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Au paragraphe 6, sera ébauchée la fagon de passer au cas général, pour pouvoir ef-
fectuer la sommation (6).

3. Etude de (X).
Rappelons que (X)) est le nombre de solutions a I’équation
T35 = 17,

avec di = (w9,23), do = (x1,x3) et d3 = (x1,x2) sans facteur carré, x;, o,
x3 premiers entre eux et chaque x; inférieur a X. On est ramené a une équation

apparaissant déja dans (2).

Pour parfaire le travail de coprimalité, on extrait de x; /dg, le produit 552) des fac-

teurs premiers apparaissant aussi dans d, et aussi le produit 6%3) des facteurs premiers
de x1/ds apparaissant aussi dans ds. On opere de méme pour les autres variables.
Finalement, aprés un nouveau changement de notations, on voit que K(X) est le
cardinal de I’ensemble des 13—uplets

(d,da, ds, 6,619 601 689 68 68D 1, wo, w3, 1)
d’entiers compris entre 1 et X vérifiant
8) (dy,d2) = (da,ds) = (d3,dy) =1, di, ds et dg sans facteur carré ,
©) o 05z, oo, o eY 1
(10) 037.557) = (01”,857) = (657”.85) = 1
et une autre liste de conditions ou apparaissent zj, xo et T3 :
(z12223, d1dad3) = (71, 72) = (21, 23) = (T2, 23) = 1,
826 dydsay, dioSY 68D dsay, dydydlV 6P s < X
B335 610 568 68 68wy wows = 7.
Les conditions de coprimalité entrainent que tous les entiers
21, 3o, w3 et d2d3d26\%) 51Y sV 53 5LH 62

sont les cubes d’entiers, notés respectivement uj, ug, ug et w, premiers entre eux
deux a deux.

Le probleme de 1’évaluation de /C(X) est ainsi réduit a celui du nombre des 13—
uplets

(d17 d27 d37 552)75?})7551)75%3)7 5;1),55’2),1'1, x2,T3, t)7
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vérifiant les conditions (8), (9), (10) et les autres conditions

(11) (urugug, didads) = (u1,uz) = (uz,u1) = (ug,u3) =1,
(12) 3301 617 65" 557 6567 =

1< u < (X026 dyds)) 2,
(13) 1< us < (X/(di6V 859 dy)) /2,

1< ug < (X/(dydyo$) 6§9))1°.

Le nombre de ug vérifiant les conditions précédentes, lorsque les 12 autres va-
riables sont fixées, est

(14)

X 1
Z 1= ¢3(u1u2d1d2d3) (W) ’
s did2dy " 03
1<us< (X/(dldzéél)(s:(f)))
(ug,u1u2d1d2d3):1

X 1
+ O (min{T(U1UQd1d2d3), _—)3 }),
(d1d25§1>5§2> )
en utilisant le résultat classique :

S 1= s(q)y + O(min(r(q), ),

n<y
(n,q)=1

avec 7(¢) nombre de diviseurs de I’entier g et 13(q) = ¢(¢)/q. Rappelons aussi la
majoration

1
(15) (@) = Ofexp(j o))

4. Minoration de K(X).

Il nous a semblé plus clair de séparer minoration et majoration de (X)) pour
accéder a I’équivalent asymptotique de cette quantité.

Soit low X
0g
Z = —).
P (\/log log X)
Pour minorer K(X') nous ajoutons 2 la liste de conditions (8), ..., (13) la condition
(16) 826 dyds, dy6$ 68V ds, dydys$VsP <V = X771,

qui implique donc, que dans les inégalités (13), chaque variable v se déplace dans
. \ . . Z \ 1
un intervalle assez long, a savoir de longueur au moins égal a Z3.
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La relation (14) et la remarque (15) conduisent donc a la minoration

> 1> (1-0(1)) - 3(didads) - ¥3(u1) - ¥3(u2)
1<us< ( X/ (dydys(V 662y 13
(17) B(u(g,ulu;clfdzdg)szl)
X 1

)

uniformément sous la condition (16).
Pour sommer sur uo, nous utilisons la formule
6 L1
(18) > ws(n) = —5 ¥a(a)y + Oc(min(y2"7(9), v)).
ny
(n,q)=1

ou 12(q) est définie par

Pa(q) = H(l + %)1
plg

La formule précédente s’obtient, par exemple, par la théorie des séries de Dirichlet et
un peu d’analyse complexe, qui consiste a intégrer

2+i00 s
/ ( Z @bg(n)n*s) Y ds
270 ng)=1 §
et a déformer le parcours d’intégration pour récupérer le résidu en s = 1.
Nous appliquons (18) avec y = (X/(dléél)éég)dg))l/g, q = uididads. Les res-
trictions (16) permettent de transformer (18) en une inégalité en introduisant un nou-
veau facteur (1 — o(1)). Nous sommes ainsi parvenus a

2. 2. !

1<u2<(x/(d15§1>5§3)d3))1/3 1<u3<(X/(d1d26§1)6(2)))1/3
(19) (ug,uydydadz)=1 (ug,uyugdydadz)=1 ,
> D (1= 0(1))-(t2s) (drdads) (2.05) () s
= 5 - AW2.-93 14243 2-%3 1 .
m (d2dydz6s) 689550 523

On somme maintenant sur u;, en utilisant la formule

.1
(20) > (a4h3)(n) = agthi(q)y + O (min(yz**7(q),y)),
(a1
avec ag constante absolue définie par

a0 = H(l_ p(p2+1))’

p
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et

Yi(q) = g(l + ]ﬁ)_l-

Ici aussi, on utilise (20) sous forme d’une minoration uniforme, toujours grace a (16)
et la formule (19) fournit la minoration

(21)
K(X) > (1-0(1) 2 -ag- X

™

1
2 Vd)(da)(ds) ( P2d2s@ 53505635052 )
(d1da,d3,62) 53 50D 563 51 502 1424301 "01 03 03 03 03

W=

> (1—0(1))77—62 cap- X - B(Y);

par définition, la somme étant faite sous les conditions (8), (9), (10), (12) et (16) et ¢»
est le produit ¢ = v - 19 - 13. Signalons que, dans B(Y), les variables apparaissent
au dénominateur, ce qui laisse supposer que cette expression a un comportement plus
docile.

4.1. Exploitation de la condition (12).— Nous utilisons les conditions de coprima-
lité qui lient les d; et les 61-(3 ) pour écrire que (12) est équivalente aux trois équations
(22) sVoN a2 = wd, 8262 = wd, 562 = wi.

C’est ici que nous utilisons le fait que dj, dy et d3 sont sans facteur carré (ce qui en-

trafne, avec les notations du paragraphe 2, que A\(¢) = d;). Ecrivons d; = yél)yé ),

(1) (1)

et v3" sont premiers entre eux, sans facteur carré. L’équation

590 =
de (22) admet pour uniques solutions les

o) = ) e =P )

1 1 : . s . A
ou vé ) et vg ) sont des entiers premiers entre eux, divisant &;°. On opere de méme

sur les autres variables. La somme B(Y) est ainsi remaniée en

(v o)A (D))
23)  B(Y Z 1/2) 0 §)u§2>u§3)u§3’ Aw,Y),

la somme étant faite sur les v = ( ) (I <i#j<3)oules u(] )

entre eux deux a deux, sans facteur carré.

sont premiers
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Dans (23), la quantité A(v,Y) est définie par

1
A, Y) =) .02 2 6 6]

v Vg U3 Uy "U3 U1 Uy
oulesv = (UZ(] )) (1 < i # j < 3), sont tels que les vz(] ) sont premiers entre eux deux
a deux, sont tels que

(24) ’U(l)v(l)|(lj§1)l/§1))oo, U(Q)U(2)|(I/(2)Z/(

2 U3 1 Y3 1 32))00’ U(3)U(3)|(V£3)V(3))oo;

1 "2 2

et sont tels que les inégalités suivantes (qui sont des réécritures de (16))

25) w2 ) o) < v
(26) (w27 PP ) (f)? < v
27) w7 PP )P ) < v

soient satisfaites.

4.2. Minoration de A(v,Y).— Maintenant, onpose V; = YZ let Yo = YZ 2 et
soient les six autres conditions sur les variables de sommation :

(28) W2 2P (o) < s
(29) W22 (i) < s
(30) W25 ()P < s
et

31) W2 < v
(32) W2V < vy
(33) W22 < va.

Soit A(v,Y,Y1,Ys) défini de fagon semblable a A(r,Y") mais avec les conditions de
sommation (24), ..., (33). Puisque A(v,Y") est a termes positifs, on a I’inégalité

A(V’Y) 2 A(V’YaylaYQ);

I’introduction des conditions supplémentaires (28), ..., (33), assure que, si on som-
) 2 2 1 1 . j

me dans I’ordre v%g), vég), vé ), v§ ), vé ) et Ué ), chacune des variables vZ(]) a un

. . Tt . . o

intervalle de variation au moins égal a Z3, ce qui permet de faire apparaitre une

minoration uniforme grace au
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Lemme 4.1. — Soit a un entier au moins égal a 1, y > 1 et f une fonction fortement
multiplicative (c’est-a—dire vérifiant f(if) = f(p) pour tout k > 1), vérifiant I’in-
égalité 0 < f(p) < L. Uniformément sous les conditions précédentes, on a l’égalité

> = k) H(1+ f(_l)jto(yféf(a)).

kk\z‘;" pla
Démonstration. — C’est une illustration de la méthode de Rankin ; on a 1’égalité
(k) ( /() f (k)
ORICE | (RPN DR
kla®® p\a kla®®
k<y k>y

la derniere somme est inférieure a

I(k) k )y f(p) _1
Z —2:y 2H<1+7_):O(y 27’(a)). O
kla> Y pla \/Z_) 1
Ainsi, pour minorer A(v,Y,Y],Y>), nous commengons par sommer sur vﬁg), on
applique le Lemme 4. 1 avec un y défini par I’inégalité (25) — mais en tout état de
(3) (3) 3
V"),

cause, vérifiant y > 73, d’apres (28) — et avec a = uf )1/(3)/(1}2
minoration uniforme

2%2(1—0(1)) 11 (1+%1) 11 (1—1),

v b
o V1 Pl

d’ou la

puis en appliquant de nouveau le Lemme 4.1, on a la minoration

ZZ >(1-0(1) [] (1+1%)

NOMOR OB

Par un raisonnement identique sur les quatre autres variables 1§ ) vﬁz), vé ) et vgl) ,

nous accédons a la minoration
1

1), (2. (2). (3). 3)y’
(203) (5 v PP )
ou les 1); sont définis aux paragraphes 3 et 4, puis en reportant dans (23) on a

o) () y e
BY) > (1-o(1)) Y A2 )0 3y(1);ﬁ1(() (221#(1() 3(3))161)( RIACY)
2

vy VgV T,

A(I/ Y Yl, Yg) (1 — 0(1))

les 1/( 7 gtant sans facteur carrés, premiers entre eux deux a deux et vérifiant les
relations (31), (32) et (33).
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4.3. Minoration de B(Y).— La fin de la minoration de 5(Y") est une application
itérée de la formule suivante

Lemme 4.2. — Soit f une fonction multiplicative vérifiant f(p

)
f(p) < 1 (pour une certaine constante A > 0) et f () = 0 pour k
pour y — oo, I’égalité

s )

p
<1
(nr,la)y:1 p*a

A
0,1-2 <

2. On a alors,

A\VAR\V;

+0Oa ((log y)l% loglog a + exp ((log a)% — (log y)l%)>

Remarque 4.3. — Les exposants proposés n’ont aucun caractere d’optimalité, mais
sont suffisants pour notre application. Les méthodes d’analyse complexe évoquées
pour (18) et (20) donnent un développement asymptotique pour

> f).

Une intégration par parties fournit une formule plus précise pour @ Les mé-
thodes employées seraient alors un peu plus profondes que celles qui suivent.

Démonstration. — Soit f la fonction multiplicative définie par f(n) = f(n) si
(n,a) = let f(n) = 0 autrement. En utilisant la convolution * de Mobius, la somme
étudiée s’écrit

Faux1)(n * ) (k 1
Z(f Mn )():Z(f ]/:)() $ -

n<y k<y m<y/k

oy Y L) (5~ U B
k<y k<y

Le terme principal provient de la série complete

F o) (k
5> i)

k
Pour controler ’erreur, nous utilisons la majoration
= A
[FEMIGI || >

pllk
pta
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qu’il est facile de vérifier. En utilisant la méthode de Rankin et en posant i =
9 . . .
exp (4(log y)10 ) , on majore chacun des trois termes d’erreur comme suit :

oy S BB o 5 I 20 k3
k

k>y k y
1

<4 logy y*% H(l + —2)
pla p?

N

)i

<A y_i exp((log a)

puis
|(f * p)(K)| A 1
Z Tlogk < log yo H (1 + 1?) H(l + 2—))
k<yo P<Yo pla
< 4 log yglogloga
enfin
g £ _1
Z wbgk <logy Z M <A Yp* exp((loga)%).
Yo<k<y k>yo

O

On applique ce lemme six fois, avec des choix a chaque fois différents pour la
fonction f, I’entier a et le nombre y défini par (31), (32) et (33). On opere en outre
une sommation par partie pour tenir compte des lentes variations des facteurs log,
log?,...log®, d’ou la minoration

B(Y) > (1—o0(1)a;log® Vs = (1 — o(1))e; log® X,

avec o constante qu’il est tout a fait possible d’évaluer avec du soin. En reportant
dans (21), on obtient finalement

(34) K(X) > (1- 0(1))7T—62a0a1X10g6 X.

5. Majoration de C(X).

11 faut reprendre les calculs de minoration de IC(X) et évaluer chacune des pertes.
)

entraine au

).

L’introduction des conditions restrictives (16) sur les d et les 61-@
niveau de /C(X), une erreur £(X,Y) en

35 E(X,Y)= o( 3

dy,dg,ds,
552),(5§3) ﬁél) 76&3) ,ng),(s:(f)

W=

( 2 12 12 +(2) (3)X(1) (3) ¢(1) (2))
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la somme étant faite sur les d; et 61(] ) vérifiant

36) V< 625Pdyds < X, dyos6Pdy < X, dydad{V 6P < X,

et les conditions (8), (9), (10), (12) et chacun des d; sans facteur carré. Pour établir
cette majoration, on a utilisé la majoration triviale contenue dans (14), on a tiré avan-
tage de la symétrie des variables et du fait que chaque fonction ¢; est comprise entre
0 et 1. Autrement dit, on a la majoration

(37) K(X) < (1+0(1)) - %-aO-X-B(Y) L O(E(X,Y)).
A partir de (35), on a facilement la relation
(38) E(X,Y) = O(X]—"(X) - X}"(Y));

avec

F(X) = > ( 1 <2>> ’

2) ¢(3) ¢(1) ¢(3) c(1
(dl,dg,dg,éf),éis),éél),6&3),(5;’1),63)) d%d%dgég )55 )5§ )5§ )5§ )53

W=

les intervalles de sommation (36) étant maintenant remplacés par
826 dydy < X, di6V6Pds < X, didylVsY < X

La quantité F(Y') ressemble beaucoup a la quantité B(Y"), introduite en (21), a la
différence pres que les fonctions multiplicatives ¢ ont été remplacées par 1. Par une
méthode identique, nous pouvons énoncer la minoration

(39) FY) > (1—-0(1))azlog® Vs = (1 — o(1))ay log® X,

ou g est une constante absolue positive.
La quantité F(X) doit &tre majorée et c’est en quelque sorte plus facile que de la
minorer. Nous écrivons, par similitude avec (23), I’égalité

1

F(X) = Av, X),
; yél)yél)yf)y?)y?) y§3)

ou A(v, X) est défini au paragraphe 4, mais en remplagant, naturellement, dans (25),
(26) et (27), le parametre Y par X. La série A(v, X) est a termes positifs, donc on a
I’inégalité

Alv, X) < A(I/,X),
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ol 11(1/, X)) est défini comme A (v, X) ala différence pres que les inégalités (25), (26)
et (27) sont remplacées par
072017 <
(w52 ()2 v f?
(v
(7)

II'n’y a donc plus aucune contrainte sur la taille des ) 2
des séries completes, le Lemme 4.1 est donc inutile. Par une méthode absolument

)

< X;
X;
< X.

N

1) )2 (V§2))2V£2) (1)

. Les sommes sur les v; sont

identique, on parvient a majoration
F(X) < (1+0(1))azlog® X,
qui, reportée dans (38), donne grace a (39), la relation
(40) E(X,Y) = o(X log® X).
Pour terminer la majoration de (X), il reste a majorer B(Y') (voir (37)). Par
I’argument précédent on a I’inégalité
AW, Y) <A@, Y),

(4)

la série sur les v;”” est complete, on a donc I’égalité

1
(203) 8 PP P )

Aw,Y) =

d’ou
B(Y) < (1+o(1))ar log® ¥ < (1+ o(1))ay log® X,

et, finalement, grace a (37) et (40), on a I’inégalité

(41) K(X) < (1+ 0(1))%040041X10g6 X.

6. Fin de la démonstration du théoreme.
En combinant (34) et (41), nous avons donc démontré
K(X,X,X;1,1,1;1,1,1) = (14 o(1))az X log® X.

Une étude de la démonstration indique que la formule précédente s’étend a

X X X X
K=, = =:1,1,1;1,1,1) = (1 1 — = logb X
(0/1 a2 a37 ) 7 ) b ) ) ( + 0( ))043 W Og )
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uniformément pour a; < £, avec A constante positive fixée —il suffit de remplacer
X dans les parties droites des formules (17), (19) et (21) respectivement par —,

X X “
N et P

Plus généralement, on a I’égalité

X X X X 6
K: <a—1, e a—g;b; C) = (1 +o(1))as - @(b;c)m -log” X,
uniformément pour les a;, les b; et les ¢; inférieurs a £4. C’est ici qu’apparait 1’obs-
tacle a un calcul explicite et assez aisé de la constante @ apparaissant en (1). En
effet la constante O(b;c) est produit de facteurs locaux sur les diviseurs premiers
des b;, des c; et de leurs p.g.c.d. Pour se rendre compte de la difficulté¢ d’écriture—
mais non de théorie—il est bon de voir ce que donne le début du calcul de ©(b; c), par
X X X

exemple, lors de la démonstration d’un analogue de (21) pour IC(E, PRl b;c). La

minoration (21) reste valable pour la quantité précédente a condition de

X
e remplacer X par W (déja signalé plus haut) ;

e sommer sur les d; et les 5§j ) non seulement sous les contraintes (8), (9), (10), (12)

et (16) mais aussi sous la condition
(d1,c1bab3) = (d2, bicabs) = (d3, bibac3) = 1;
e remplacer le facteur v (dydods) par

~1(b1babs)ha((b1, b2))1h2((b1, b3))1h2((b2, b3))13((b1, b2, b3))
P1((dr, 1)1 ((d2, b2))¥1((ds, b3)) 3 (b1, b2, b3))

Ce calcul et tous ceux qui conduisent a la valeur de ©(b; c), utilisent des estimations
de sommes de la forme

Y(dydads)

(pour u et v entiers et pour f fonction completement multiplicative telle que 1 —% <
f(p) < 1) et des généralisations de telles sommes.

On retiendra uniquement la propriété que ©(b; c) est compris entre 0 et 1 : c’est
une conséquence directe de 1’inégalité triviale

K(X;bje) < K(X;1,1,151,1,1)

Par retour a la formule (6), on voit que, lorsque le triplet de nombres square-
full (¢1,05,¢3) premiers entre eux inférieurs a L est fixé, il y a, pour tout £ > 0,
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O((€102€5)%) 12-uplets de (,qu ), ‘,]3? )) associés et qu’on a, avec les notations précé-

——3
dentes a1 = ngguél) ) 2(1) Pél) , az et az définis de facon similaire (voir (7)),
I’égalité

(4)
VH(X) = a3.X. log® XZZZ (i) %, )(1+0(1))+0(X£6),

3aaa
0 g Varazas

avec I'(- - - ) coefficient vérifiant 0 < I'(-- - ) < 1 et avec, pour conditions de somma-
tion, celles de (6).
La série sur les ¢; est alors convergente puisqu’elle est

(L1lal3)" e p* 3
<<27<<H(1+—4+—2+---) <1,
R A
ce qui termine la preuve du Théoreme.
Remarque 6.1. — On voit que 1’analyse complexe ne fait qu’une timide apparition

dans ce travail. Un usage plus important des séries de Dirichlet ne peut qu’améliorer
les résultats ci—dessus, tant en précision qu’en généralité. C’est 1’objet d’un article,
actuellement en préparation, de R. de la Breteche. Il sera alors intéressant de confron-
ter ses méthodes et ses résultats avec ceux de Batyrev et Tschinkel.

Note ajoutée lors de la correction des épreuves : Quelques mois apres 1’accep-
tation de cet article, nous avons regu un preprint de D.R.Heath—-Brown et B.Z.Moroz,
dans lequel les auteurs donnent, par une démarche différente mais toujours é€lémen-
taire, un équivalent asymptotique de la quantité V' (X') étudiée ici. Ils donnent méme,
explicitement, la valeur de la constante gy. Le travail de R. de la Breteche, évoqué
ci-dessus, est publié dans le présent ouvrage.
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SUR LE NOMBRE DE POINTS DE HAUTEUR BORNEE
D’UNE CERTAINE SURFACE CUBIQUE SINGULIERE

par

Régis de la Breteche

Résumé. — En développant des méthodes d’intégration complexe, nous établissons
une formule asymptotique tres précise sur le nombre de points de hauteur inférieure a
X d’une certaine variété torique. Nous estimons le cardinal

V(X) := card{(z,y, z,t) € (NN [1,X})4 D (w,y,2,t) =1, zyz = t3}.

Soit N(X) := (log X)*/®(log, X)~/°. Alors il existe un polyndme Q de R[X] de
degré 6 et une constante ¢ > 0 tels que 1’on ait, pour X tendant vers I’infini, I’estimation

V(X) = XQ(log X) + O(X' /% exp{—cN(X)})

De plus, le coefficient dominant de () est égal a
1 1\7 7 1
=) 0 m))
4 x 6! 1;[ {( P + P + p?

1. Introduction

1.1. Enoncé des résultats. — Soit I’ensemble
Ew = {(z,y,2) € (N3 @ (z,y,2) =1, HteN zyz= tg}.

L’objet de ce travail est d’évaluer asymptotiquement V' (X) le cardinal de I’ensem-
ble des éléments de E, de coordonnées toutes inférieures a X lorsque X tend vers
I’infini. Nous avons le résultat suivant

Théoréme 1.1. — Il existe un polynome ) de R[X| de degré 6 et une constante
c > 0 tels que I'on ait, pour X tendant vers 'infini, [’estimation
(1) V(X) = XQ(log X) + O(X™/® exp{—cN(X)})

oii I'on a noté N(X) := (log X)*/®(logy X)~V/5. De plus, le coefficient dominant
de Q est égal a

- g (-1 (4 2+ 2}

Classification mathématique par sujets (2000). — Primaire 14M25; secondaire 11M41.
Mots clefs. — Variété torique, Conjecture de Manin, Fonction zéta des hauteurs, Fonction de compte.
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On en déduit un prolongement de la fonction zéta des hauteurs associée. Soit
c(m) := card{(x,y,2) € Es : max{x,y,z} =m}et

m=1 m?
Théoréme 1.2. — La fonction s — (s — 1)"Z(s) admet un prolongement holo-
morphe au demi plan Re s > % et prend la valeur 6!C en 1.

Commencons par exposer les motivations de ce probleme. Nous montrerons au
paragraphe 1.3. que le cardinal considéré est directement lié au dénombrement des
points d’une variété torique non lisse de hauteur inférieure a X.

1.2. Origine du probleme en géométrie algébrique. — Les variétés toriques sont
un sujet d’étude privilégié en géométrie algébrique qui fournit de nombreux exemples
pour tester des théories plus générales et plus abstraites. C’est aussi le cas pour 1’éva-
luation asymptotique du nombre de points de hauteur bornée par X. Cette question
de dénombrement, qui est clairement naturelle, permet, comme nous le verrons, de
faire apparaitre des invariants géométriques tres intéressants.

Soit k£ un corps de nombres et une variété V' de Fano sur k£ a laquelle on associe
une fonction h des hauteurs anticanoniquement. Manin a conjecturé que, pour U un
ouvert de V' convenablement choisi, on a

3) Ny(X):=|{PeU :h(P)< X}| ~CX(logX)*

ou r est le rang du groupe de Picard de V' et C' est une constante non nulle. La res-
triction a un ouvert U permet d’éviter les sous-variétés accumulatrices. Par exemple,
dans le cas de variétés cubiques, on exclut les points des droites contenues dans V.
Dans [BT96-1], Batyrev et Tschinkel ont montré qu’en fait cette conjecture n’est
pas pertinente pour certaines variétés de Fano. Cependant, elle a été vérifiée pour
plusieurs classes d’exemples.

Dans [P93], Peyre raffine cette conjecture en donnant une expression de C en
fonction de la mesure de Tamagawa. Il vérifie sur certains exemples la valeur de C'
conjecturée. Dans [BT96-2], [BT98-1] & [BT98-2], Batyrev et Tschinkel établissent
cette formule pour toutes les variétés toriques sur un corps quelconque. Ils utilisent
une série de Dirichlet associée a ce comptage exprimée dans un langage adélique.
Dans le cas de & = Q, Salberger [S98] retrouve ce résultat pour toute variété torique
définie par un éventail régulier et complet. De plus, il donne un terme d’erreur. 1l
utilise une méthode différente de celle de Batyrev et Tschinkel initiée par Schanuel
[S79] et Peyre [P93]. Fouvry [F98] obtient aussi (3) dans le méme cas particulier
que I’auteur. Pour ce faire, par une étude arithmétique fine, il réussit a se rame-
ner au dénombrement des triplets (x,y,z) € E, mais satisfaisant aux conditions
supplémentaires de coprimalité (z,y) = (x,z) = (y,z) = 1. Cela lui permet alors
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d’avoir une représentation paramétrique des solutions en (z,y,2) = (&, w?)
avec (u,v) = (u,w) = (v,w) = 1 ce qui facilite grandement le dénombrement.

Nous nous proposons ici d’examiner le cas d’une variété torique particuliere et de
montrer sur cet exemple que 1’on obtient une estimation bien plus précise que tous
les résultats connus précédemment.

1.3. Enoncé du probleme en terme de variété torique. — Une variété torique
peut &tre construite, par une méthode de type combinatoire, a partir de la donnée
d’un réseau N et un éventail A.

Définition 1.3. — Un éventail est un ensemble fini de cOnes strictement convexes
polyhédraux rationnels dans Mg = N ® R satisfaisant a :

(i) Chaque cone de A contient 1’origine,

(ii) Chaque face d’un cone de A est aussi un cone de A,

(iii) L’intersection de deux cones de A est une face de chacun des deux cones.
De plus,

(iv) A est dit complet si Vg est la réunion des cones de A,

(v) A est dit régulier si chaque cone de A est engendré par une partie d’une Z-base
de N.

Lorsque A n’est pas régulier, il est possible de construire un raffinement X de A
(i.e. chaque cdne de A est une réunion de cdnes de A) tel que A’ soit régulier et
tel que I’application induite entre A’ et A soit propre et birationnelle (voir le livre
de Oda [O88], paragraphe 1.5). L’objectif d’une telle manipulation est de pouvoir se
ramener a une variété torique VA non singuliere.

On appelle rayon les cones de dimension 1 et on note A(1) leur cardinal. Lorsque
I’éventail est régulier et complet, cette construction permet aisément de calculer le
rang du groupe de Picard Pic(VA) :

4 rang(Pic(Va)) = card A(1) — dim A.

L’intérét des variétés toriques est que leurs propriétés géométriques se traduisent en
termes de donnée combinatoire qu’est I’éventail.

Expliquons brievement la construction d’une variété torique a partir de son éven-
tail A. Pour plus de détails, nous renvoyons le lecteur intéressé au livre de Fulton
[Fu93]. Soit o € A. Le cone dual détermine un semi-groupe S,. Celui-ci est engen-
dré de maniere finie, donc on peut lui associer une Q-algebre de groupe Q[%]. A
une telle algebre correspond une variété affine U, := Spec(Q[S,]). Si 7 est une face
de o, alors S, est contenue dans S; et donc Q[S,| est une sous-algebre de Q[S;] ce
qui fournit une application U, +— U.. Avec cette identification, ces variétés affines
recollées forment une variété algébrique Vi.

Construisons maintenant notre variété. Soient le réseau N = 77 et trois points de
ce réseau ny = (—1,2), ng := (—1,—1), n3 := (2, —1). On définit A 1’éventail
composé de trois rayons 7; engendrés par les n; et des trois cones o; de dimension
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deux engendrés par n;41, n;+2. Notons tout de suite que A n’est pas régulier donc la
variété considérée n’est pas lisse.

Soit (e1,e2) la base du réseau N et (e, e}) la base duale dans Hom(N,Z). Le
semi-groupe Sy, est engendré par €] + 2e5, 2¢] + €3, €] + €3. On lui associe Q[S,,]
1’algebre de groupe Q[XY?2, X2Y, XY]. On obtient ainsi

Us, ={(y,2,t) € Q° tel que yz =t}

On fait la méme chose pour les autres cones de A. Les trois variétés affines U,
obtenues correspondent en fait aux points de Vi tels que respectivement x # 0,
y # 0, z # 0. Dans la géométrie algébrique moderne, une variété algébrique est
vue comme un cas particulier de schéma. Ici on définit la variété VA de ]P’?Q comme
I’ensemble des zéros dans P3(Q) du polyndme homogene de degré trois XY Z — T8,
Le plongement dans P3(Q) définit la hauteur h : h(P) = max{|z|, |y, |z], ||}
lorsque le point P de P5(Q) est représenté par (z,y, z,t) et pged(z,y, z,t) = 1.

Soit U le sous-ensemble de VA composé des quadruplets (x, y, z, t) tels que xyz #
0. On note que U est bien un ouvert pour la topologie de Zariski. De plus, U évite les
sous-variétés accumulatrices de Va. On peut donc affirmer la formule
(5) V(X) = §Nu(X).

Cette transformation du probleme en un dénombrement de points entiers positifs
est faite d’une maniere générale dans [S98].

Pour utiliser la formule (4), il faut que I’éventail soit régulier. Nous contruisons
un raffinement de A qui le sera. On pose ny := (1,0) ns := (0,1), ng := (—1,1)
ny == (=1,0), ng := (0,—1) et ng := (1,—1). L’éventail A’ défini a partir des
points n; avec i € {1,..., 9} est un raffinement de A qui est lui régulier et complet.
On a alors

rang(Pic(Vas)) = card A’(1) — dim A’ =9 -2 =1T.

L application induite de VA dans Va, qui est un isomorphisme sur I’ouvert U, permet
de se ramener a un compte sur une variété lisse. La hauteur donnée par le maximum
des valeurs absolues des coordonnées correspond a une hauteur sur VAs associée a un
faisceau anticanonique. Le degré 6 du polyndome () de la formule (1) est donc attendu.
On remarque aussi que 4C' est la constante conjecturée par Peyre [P93], obtenue par
Batyrev et Tschinkel [BT98-2] et par Salberger [S98].

1.4. Présentation arithmétique du probleme. — Notons ® la fonction qui a un
entier générique n associe ®(n) le plus petit entier tel que n®(n) soit un cube. Cette
fonction est multiplicative (i.e. ®(mn) = ®(m)®(n) pour tout entier m, n tels que
(m,n) = 1) et peut &tre aussi définie par

®(p) =p*, @) =p, PP =@

pour tout entier v, i et p premier.
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Pour (z,y) fixé, il existe un entier z tel que (x,y,2) € Ey si et seulement si
(d,®(xy)) = 1 oul’on note d = (z,y).
L’assertion (z,y, z) € Eu équivaut a

z
6) (d,®(zy)) =1, ®(zy)] 2, est un cube, (d, 5 ) =1.

P (zy)

On en déduit que (x,y, 2) € Ey équivaut a

7 { vp(x) + vp(y) + vp(2) = 0(mod 3),

pour tout p premier.
op (@) (1)vp(2) = 0

Grace a cette remarque, nous allons estimer

r=Y Y 1
<X y<X 2<X
(%,y,2)€Fo

La démonstration du Théoreme 1.1 consiste a appliquer de maniere attentive des
méthodes d’intégration complexe classiques en théorie des nombres. Cependant,
nous cherchons a évaluer une somme triple. Quelques lemmes techniques d’intérét
intrinseque sont alors nécessaires.

C’est un devoir et un plaisir d’exprimer ma gratitude a E. Fouvry, E. Peyre, P.
Salberger, J.-L. Colliot-Thélene pour leurs conseils, leurs suggestions et leurs encou-
ragements. Qu’ils soient ici remerciés !

2. Démonstration des résultats

2.1. Préliminaires. — Pour estimer V(X ), nous aurons besoin de la formule de
Perron énoncée sous la forme suivante (voir le livre de Tenenbaum [T95], théoréme
11.2.3) :

Lemme 2.1 (Une formule de Perron). — Soit A(s) := > 7, a,n™* la série de
Dirichlet associée a la suite {ay }22 | d’abscisse de convergence o.. Sous les condi-

tions k > max{0,0.} et X > 1, ona

K+1i00 Xerl

X 1

1 n<z K—100

Le passage de 1’évaluation de || 1X Zn@ ar, dz a celle de an  Gn st classique
(voir le chapitre IL.5 sur la méthode de Selberg—Delange du livre de Tenenbaum
[T95]). En considérant la moyenne de la somme, on fait apparaitre une intégrale
absolument convergente dans la formule de Perron.
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Posons

S(X1, Xo, Xa) =3 D > 1
r<X1 y<X2 2<X3
(m=y7Z)EEOO

de sorte que V' (X) = S(X, X, X). Pour évaluer S(X, X, X), nous considérons tout
d’abord

X1 X2 X3
©) M =M(X1, X0, X3) = / / S(U,V,W)dW dV dU
1

lorsque X; =< X5 =< Xj3i.e. lorsqu’il existe des constantes absolues ¢ > Oetca > 0
telles que c; X7 < X, X3 < c2X;.

Pour passer d’une évaluation de M a .S, nous introduisons un opérateur J défini
de I’ensemble des fonctions a trois variables E; dans I’ensemble des fonctions a deux
variables & :

(THX,Y) = [, Y) — [(X,7,Y)
L X.Y) - [V, X)

SER (Y, X, X) + f(X,Y, X)
+ f(X,X,Y) — f(X,X,X).

L’introduction de cet outil permet de minimiser le terme d’erreur dans S. Nous avons
rassemblé dans le lemme suivant les propriétés de J dont nous aurons besoin.

Lemme 2.2. — (i) Soit une fonction f € E; de classe C°. On a

(TFIX,Y) ///aXlaXzan(Xl,Xg,Xg)Xmngng

<[y -XP su agif
Xle[)I?,Y] 8X18X28X3

X9,X3€[X,Y]

(X1, X2, X3)|.

(i) Soit une fonction f € & de classe C*. On a

P
—v-xP—2)  (x,x,x
TN = = Xt L (X, x)
+O<]Y—X\4 3 N 0 XQ)D.
vy lax?ax;ox, b

{.3,k}={1,2,3} x, x3e[x.y]

(iii) Soient f1, fa, f3 des fonctions d’une seule variable et f € &3 définie par
f(X1, X2, X3) = f1(X1) f2(X2) f3(X3). Ona

(TNEXY) = (1Y) = A(X)(f2(Y) = f2(X))(f3(Y) — f3(X)).
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(iv) Pour H < X, on a
(TM)(X — H,X) < H*S(X, X, X) < (TM)(X, X + H).
Démonstration. — Les trois premiers points reposent sur des notions de base de

calcul différentiel. Le quatrieme se déduit de la croissance de S(Xi, X2, X3) par
rapport a chaque variable et de la formule

X+H X+H X+H
(TM)(X, X + H) = / / / S(U, V. W) dW dV dU.
X X X

Proposition 2.3. — Pour i = 1,2, 3, soient X; € [1, 00][. Soit
H = max{|X; — X|}.
(2

1l existe un polynéme P de R[X1, Xo, X3]| de degré total égal a 6, une constante
¢ > 0 et une fonction R € E; tels que [’on ait I’estimation

M(X1, X2, X3) = X;7 X3 X3/ P(log X1, log X5, log X)

(10)
+ R(X1, X2, X3)

avec pour € > 0 suffisamment petit et 1 < H < %X
(TR)(X, X + H)

W gryx—n X)} < XAV 4 log X)T+ B X7/ exp{—cN(X)}.

De plus, la somme des coefficients des mondémes de P de degré total égale a 6 est
. N 3 N iro Iy . L s
égale a (%) C ou C est la constante définie dans I’énoncé du Théoréme 1.1.

Remarque 2.4. — On peut montrer, sans avoir recours a I’opérateur J, que
R(Xl) X2a X3) < X7/8 eXp{_CN(X)}
lorsque X; =< X5 =< X3 =< X. Mais cela ne donnerait qu'une forme affaiblie du
Théoreme 1 avec un exposant % au lieu de %. Cela justifie I’utilisation de I’opérateur
J.
En utilisant le Lemme 2.2 nous montrons qu’il suffit d’établir la Proposition 2.3
pour démontrer le Théoreme 1.1.

Lemme 2.5. — La Proposition 2.3 implique le Théoréme 1.1 avec Q) défini par la
relation
(12)

83

B 4/3 +4/3 +4/3
XQ(lOgX) = W(Xl X2 X3 P(lOgXl,lOgXQ,lOng))XZZX.

De plus, on vérifie que le coefficient dominant de Q) est égal a C ou C est la constante
définie dans I’énoncé du Théoréeme.
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Démonstration du Lemme 2.5. — En utilisant le Lemme 2.2 et la Proposition 2.3,
on obtient

(TM)(X, X + H)

3
_gs_ 9 (X172 x5 x5 P(log X1, log X3, log X3)) x,—x

0X10X20X3
+ (TR)(X, X + H) + O(H*(log X)").
Au vude (12) et (11), on a pour £ > 0 suffisamment petit

(TM)(X, X + H)
H3

— XQ(log X)
- 0<H(1og X) 4 (X/HPXY2e 4 XT/8 exp{—cN(X)}).

On a la méme estimation pour (TM)(X — H, X)/H3. Le point (iv) du Lemme 2.2
fournit alors

S(X,X,X)— XQ(log X) < H(log X)" + (X/H)3X'~1/2=¢
+ X7/8 exp{—cN(X)}.

On conclut la démonstration en prenant

2.2. Application de la formule de Perron. — Nous commengons I’évaluation de
M en appliquant successivement trois fois la formule de Perron.

Lemme 2.6. — Lorsque %X < X; < %X, T, >1etk; — % >1/log X, ona

k14111 ko+iT% k34113
s1+1 ys2+1 ys3+1
N 1 F Xll X22 X33 d83d82d81
— (81)82553)

(27i)3 s1(s1+ 1)s2(s2+ 1)s3(s3 + 1)
(13) rk1—111 ko—1i1o k3—1iT3
log X)?
n 0( xa log X) )
min; T;
avec
F(s1,52,53) = ((351)((352)((3s3)
(14) % H (1 + Z (1 _ p73sk )p72sifsj _ p73s173327333) ]
p {i.5,k}={1,2,3}
Remarque 2.7. — Le terme d’erreur de (13) sera englobé dans celui de la Proposi-

tion 2.3 des que T' > X1/t

La fonction F' est étudiée a la sous-section 3.2.
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Démonstration du Lemme 2.6. — Nous calculons tout d’abord
1
F($1’82’83) - Z x81y52z53
(%,y,2)€EEso

pour Res; > 1/3 ou ¢ = 1,2,3. On remarque que cette somme est absolument
convergente lorsque Re s; > x > 1/3. En effet, on a

3 1 < i d3(t*) <. 1

St ySQ 253 t3n
(m,y,z)EEoo t=1

ou I’on a utilisé la notation classique d3(t) := card{(ty,t2,t3) € N3 : tytot3 = t}.
L’équivalence (7) permet d’écrire F' sous la forme d’un produit eulérien. Notant

J = {(n1,n2,n3) €N®> : ny +ny+n3 =0(mod3),  nynonz =0},

Flsismsa) =[[ (30 prmomesems),

P (n1,n2,n3)e]

on a

Pour calculer la somme sur J, on scinde cet ensemble en une partition de dix en-
sembles. Nous posons

Jijk = {(nl,ng,ng) e N? : n; =2(mod3), n; = 1(mod 3), ny = O},
J) = {(nl,ng,ng) eN3:n3 €3N, n =0, ng = 0},
J] = {(nl,ng,ng) e N3 : ny € 3N*, n3 € 3N, ny = O},
Jy = {(nl,ng,ng) e N3 : ny € 3N*, ng € 3N, ny = O},
Ji = {(nl,ng,ng) e N3 : ny € 3N*, ng € 3N*, ng = 0}.

Un simple calcul fournit

—2s8;—s;

Z p7n1slfn2327n333 _ p
(L—=p3s)(1 —p=3%)’

(n1,n2,n3)E€J; j 1k

Z p TSI n2s2nass 1
(1 —p3s)’

(n1,m2,n3)€J])

-3
Z p TSI n2s T Nasy P
(n1,n2,n3)€J] (1 —p=3s1)(1 —p3%3)
-3
Z p7n131*n252*’n383 _ p 52
(n1,n2,n3)€J} (1- p_352)(1 - p_383)
—3s51—3s2

Z p7n1slfn2327n333 _ p
(1 _ p7331)(1 _ p7382).

(n1,m2,n3)€J4

SOCIETE MATHEMATIQUE DE FRANCE 1998



60 REGIS DE LA BRETECHE

En faisant la somme de ces quantités, nous obtenons

§ : pfnlslanSangsg

(”1=”27n3)6J
1+ Z{” k}={1,2 3}(1 _ p*3sk)pf2si73j - p73317352*353
= (1 — p*3$1)(1 _ p7332)(1 _ p—333) s
ce qui fournit I’expression voulue de F'(s;, $2, $3).

Pour Re s; = k4, (i € {1,2,3}) vérifiant les hypotheses du lemme, on a la majo-
ration

(15) |F (51,52, 53)] < (log X)°.

En appliquant trois fois la formule de Perron, nous obtenons

M= 1 /’“”oo r2Fi00 ””3”?(81 5 33)Xf1+1X§2+1X§3+1 ds3dssg d51'
(27”')3 K1—100 J kg —1i00 J K3—100 Y 81(81 + 1)52(52 + 1)53(83 + 1)
On déduit de (15) I’estimation du Lemme 2.6. O

Nous appliquons le Lemme 2.6 en prenant
mz%—l—%/logX, /-@2:%—|—5/logX, m3:%+1/logX,
Ti=T, T,=3T, T3=9T, 3X<X,<3X.

Dans toute la suite de ce travail, nous utilisons un parametre € > 0 aussi petit qu’il est
nécessaire. On note § := i — e €]0, i[ Nous utiliserons aussi la notation classique

(16)

g; = Re Si, T — %msi.

Pour estimer I’intégrale triple du Lemme 2.6, nous décalons successivement vers
la gauche les droites d’intégration en appliquant le théoreme des résidus. Nous avons
a faire face a deux sortes de problemes. L'un est de calculer les résidus des poles
rencontrés ; I’autre est de montrer que la contribution de certains contours peut étre
englobée par le terme d’erreur (11).

3. Application du théoreme des résidus

3.1. Préliminaires. — Nous aurons besoin d’une majoration de la fonction ¢ de
Riemann dans la bande Re s € [0, 1].

Lemme 3.1. — (i) Soit e > 0. Pour o € [, +o0| et |0+ it — 1| > 1/log X, ona
17 C(o +i7)] < (log X)(1 4 |[ymext(1=)/3+<.0},

Pour o € [0,%], ona

(3—40)
(18) [C(o +ir)| < L+ 7)) 8 "=
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(ii) 1l existe une constante ¢y > 0 telle que la fonction ( n’admette pas de zéro
dans la région définie par
o > 1 - co(log(|7] +3)) % (logs(|7] + 3)) 7'/,
Dans cette région, on a

1/¢(s) < (log(|7| + 3))*/* (loga(|7| + 3)) /.

Pour une démonstration du Lemme 3.1(i), nous renvoyons le lecteur au livre de
Tenenbaum [T95], théoreme I1.3.6. On peut trouver une démonstration détaillée de
la majoration de Korobov et Vinogradov énoncée au point (ii) dans le chapitre 6 du
livre d’Ivi¢ [I85].

Nous énoncons, sous la forme d’un lemme, un résultat de nature purement tech-

nique afin de pouvoir s’y référer ultérieurement

Lemme 3.2. — (i) Soit f € [0,1] ete > 0.Onapour1 < H < Xeto €[0,2] la
majoration

) ) H\B
(19) |(X+H)O'+ZT+1 _X<7+z7'+1‘ < X0'+1 ((‘T’ + 1)}) )

(ii) Soient a = 0, b > 0 tels que %a + 2b > 1. Il existe €9 > 0 tel que pour chaque
e €10, 0| on ait uniformément pour 1 < H < X la majoration

Hya H\4
20 (—) Xt« (—) X2
(20) e ~) t
Démonstration. — La partie 2 majorer est inférieure 2 la fois 3 X7+ et a

X (|| + 1) (H/X).

En prenant le produit du premier majorant pris a la puissance 1 — § et du second pris
a la puissance (3, on obtient le majorant annoncé.

La majoration (20) peut se démontrer en distinguant le cas X~ /2 < (H/X)* et
le cas (H/X)* < X~ 1/2, O

3.2. Etude de F(sy, s2,s3). — Soit G la fonction définie implicitement par
e F(s1,82,83) = ((3s3)C(s3 + 252)C (253 + s2)((s3 + 251)( (283 + $1)
X C(382)C(381)C(82 + 281){(282 + Sl)G(Sl, S92, 83).

On peut écrire
(22) G(s1,82,83) = [[ L+ A", p~,p™))
P

ol A est un polyndme en trois variables qui est une somme de mondOmes qui sont
chacun de degré total supérieur a 6. A partir d’une expression de A, on affirme que la
fonction G est une fonction holomorphe en s3 pour e s3 > % pour s; et sy fixés tels
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que Re s1 = K1, Re sy = Ko. La fonction sg +— F(s1, s2, s3) est donc méromorphe
sur le demi-plan Re s3 > % et admet cinq poles :

(23) U1(51,52) = %a U2(51;52) = % - %5% U3(51;52) = % - %515
U4($1,$2) =1 282, U5(81,82) =1 281,

d’ordre de multiplicité égal a 1. Nos hypotheses sur # et x; permettent d’affirmer
que tous les poles u; sont distincts. Il est aussi intéressant de noter que

F(s1,52,53) = F(s4, 55, 5k)

lorsque {3, j, k} = {1,2,3}. La constante
1N\7 7 1
):lpl{<1—5) (1+5+F)}

est le produit eulérien apparaissant dans la définition de la constante C' du Théoreme
1.1

On aura également besoin d’une bonne majoration de F'(si, sq, s3) sur les lignes
verticales. Le Lemme 3.1 fournit lorsque

(24) G(3, 3,

Wl

o1 =K1, O3=kKa, 03€][3—0nrs], [s3—ui(s1,s2)]>1/logX,

la majoration

=

1 1
(25) [F(s1,52,53)] < (log X)* (1 + |73])3 (1 + |73] + |71 )T (1 + |73| + |72]) 4.

3.3. Premiere application du théoreme des résidus. — Nous appliquons une pre-
miere fois le théoreme des résidus pour estimer la quantité M (X;, Xo, X3).

Lemme 3.3. — Nous nous plagons sous les hypothéses (16). Il existe une fonction
Ry € E3 vérifiant

TR)(X, X + H
(26) (T Ro) N o xoroe g
(TRo)(X — H,X)
telle que
k1 +iT ko+3iT r3+9iT
1 ' ’ ’ F( )Xf1+1X§2+1X§3+1 d83 d82 d81
. 81,592, 8
(27i)3 022080 (51 + 1)s2(s2 + 1)s3(s3 + 1)
27) k1—4T ko —3iT k3 —9iT
5
log X)?
=Y M;(X1, X, X3) + Ro(X1, X2, X3) + O<X4(1%TG))’
i=1
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avec

((Fi(s1,82) = 5C(5 + 252)C(5 + 52)¢(352)¢ (5 + 251)¢ (5 + 51)¢(3s1)
X ((82 + 251)((2s2 + 51)G(s1, s2, %)
Fy(s1,89) = 5C(=352 + 3)C(s1 — 52+ 1)((352 + 5)C (281 — 552 + 3)
X ((352)C(3s1)((s2 + 251)C(2s2 + s1)G(s1, S2, % — %32),
F5(s1,82) := Fa(s2,s1),
Fy(s1,82) := 2F(s1,1 — 2s9),
F5(s1,82) := Fy(so,s1) = 2F5(s2,1 — 2s7),

et
M; (X1,X2,X3
' /erz /anrBZT F 81, 52)Xgi(sl’82)+1X§2+1Xfl+l d52 d51
27” k1 —1iT J ko—3iT uz 51, 52)(ui(81’ 82) + 1)52(52 + 1)81(81 + 1)
Remarque 3.4. — Par commodité, nous ne préciserons pas dans la démonstration la

dépendance en X7, Xo, X3 des M; (X7, Xo, X3).

Démonstration. — Nous décalons la droite d’intégration de 1’abscisse kg jusqu’a
I’abscisse % — 0. Nous appliquons le théoreme des résidus au contour (j)(k3) joignant
les points d’affixe

k3 — 9T, k3 + 9T, £ — 6+ 9iT, £ — 6 — 9iT, K3 — 9iT.

Pour majorer la contribution sur les droites horizontales, on utilise la formule issue
de (25)

5
|F(s1,52,53) < (logX)9(1 +T)6

valable lorsque
o1 = K1, 02 = kg, 03 € [3 — 0,K3], |73] < 9T, |72| < 3T, |71] <
1l vient

k1+iT pro+3iT

9T s1+1 ys2+1 ys3+1
o+ 9i XSHLX X8 g sy dsy
51)82)83) 1 1 1
k1 —1T J ko —3iT J k3—9iT 81(81+ )52(52+ )53(83+ )

log X)?

= ZMi(XlaXQ’X3) + Ro(X1, X2, X3) +O<X4M),
T1/6

i=1
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ou I’on a posé
Ro(X1, X2, X3)

1 .
k1T ko+3iT 3 —0+9T
s1+1 yvs2+1 ys3+1
1 F Xll X22 X33 d83 dSQ d81
(s1,52,53)

(2mi)3 ey s1(s1+ 1)sa(s2 + 1)s3(s3 + 1)
k1 —iT ko—3i

—0—NT

Il reste a établir (26). Le Lemme 2.2(i1) implique
(TRy)(X,X +H)

14T ko4 30T %—6+9iT
1 / F(s1,52,5 )TX,X+H(81,52,53)d83 dso dsy
(27T’i)3 y 92,93 31(31 + 1)82(82 + 1)33(83 + 1)

k1—1i1 Ko— 31T1 —5—9iT

avec
TX,X+H(81, S92, 53) = H ((X + H)Si+1 _ Xsi+1),
ie{1,2,3}
La majoration (25) de F' peut s’écrire sous la forme
F(s1,52,53) < (IOgX)g Z H (J73] + 1)@
j i=1,2,3

ou les coefficients c ; vérifient
5
Q5 € [0, 1[, m]{-LX { Zaiﬂ} =3
i

On en déduit

(TRo)(X, X 4+ H) < (log X)°
T 3T 97T

X Z/ / /‘TXXJFH(F&1 Lt +Z7—3)| d7 drp d7s.

2—a;
ST o [lici23 (Jmaf +1)"

La majoration
|7“X,X+H(/€1 + 071, Ko + iT2, K3 + iT3)|

<X I (Uml+ )/ X))
1=1,2,3

issue du Lemme 3.2(i) implique alors

(TRo)(X, X + H) < X* 9 (log X)°(log T)3(H/ X )3~ maxs{2; g}

13
< X471/4+2€(H/X)€
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Grace au Lemme 3.2(ii), il vient

1
(TRo)(X, X + H) < X*727° 4 H*

puisque pour ¢ suffisamment petit 4 () + 2(3 — 2¢) > 1. Ceci acheve la démons-
tration du Lemme 3.3. O

Il reste a évaluer les quantités M; = M;(X, Xo, X3).

3.4. Estimation de M, (X7, X2, X3). — Notons
Gl(Sl, 82) = G(Sl, S92, %) et Hl(sl) = C(% + 281){(% + 31)((331)

de sorte que
1
Fy (81, 82) = ng(Sl)Hl(SQ)C(SQ + 281)((282 + 81)G1 (81, 82).

La fonction s, — G1(s1,s2) est une fonction holomorphe dans le demi plan
Re sy > 1—12 lorsque Res; > % et uniformément bornée lorsque e s, > % — 0.
La fonction sg — Fj(s1,s2) est donc méromorphe sur le demi-plan Res, > 1—12
lorsque Res; > % et admet trois poles : 1 — 2sy, % — %31 d’ordre de multiplicité
égal a 1, et % d’ordre de multiplicité égal a 3. Il est aussi intéressant de noter que
Fl(sl, 82) = Fl(SQ, 81).

Des deux premieres majorations du Lemme 3.1, on déduit la majoration

7
(28) |Fi(s1,52)] < (log X)*(1+ |72)12 (1 + |7a| + |71)

PN

valable lorsque

Res1 = k1, Resy € [% — 9, Kal,

(29) : 11 1
min{[se — (1 —2s1)|,[s2 — (5 — 551)|,[s2 — 3]} = 1/log X.

Décalons la droite d’intégration d’abscisse sy jusqu’a 1’abscisse % — 4. Le théore-
me des résidus et la majoration (28) fournissent

3
X*4(log X)?
(30) M= %2 Myi(X1, X2, X3) + R10(X1, X2, X3) + O((ng/6)>
1=
avec
. 1 .
Bao(Xy, Xa, Xs) = X§/3 /m+zT/§—6+z3T Ao Sz)XflJrlX;QJrl dsy dsy
T (2mi)? Joy—ir JA —5-isr T sa(s2+ 1)si(s1+ 1)
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et
(M1 (X1, X2, X3),
_ X§/3 /eriT Res (Fl(Sl,SQ)X282+1>X181+1 dsl
20 Syt e\ sa(sa 1) Jsis + 1)
Mio(X1, Xo, X3),
(31) _ X§/3 /H1+iT Res (Fl(Sl,SQ)XSQJrl)XflJrl dsy
20 Jpy—ir s2=1/2-s1/2 N sa(s2+ 1) Jsi(si 4+ 1)
Mi3(X1, Xo, X3)
X4/3 Kk1+iT F (8 3 )X32+1 Xsl+1 ds
270 Jyy i 52=1/3 s3(s2 +1) s1(s1+1)

Nous majorons T Ryo(X, X + H) grace a la majoration (28). D’apres le Lemme
2.2 etle Lemme 3.2, 0n a

(TR10)(X, X + H) < X**(log X)?(log T)*(H/X )3/
< X4X71/4+2€(H/X)13/6.

La deuxieme partie du Lemme 3.2 permet d’affirmer que
(TR10)(X, X + H) < X* (X747 4 (1/X)")
puisque, pour ¢ suffisamment petit, on a I’inégalité %(%) + 2(% — 25) > 1. Donc

(TR10)(X, X + H) (ainsi que (T Ry0)(X — H, X)) peut &tre englobé dans le terme
d’erreur (11) de la Proposition 2.3.

Calculons maintenant les résidus apparaissant dans (31).

Lemme 3.5. — Notant

Flg(sl) = éHl(Sl)Hl(l — 281)((2 — 381)G1(81, 1-— 281)

ona
1
Res <F1(31,32)X§2+ ) _ F1a(s1) X221,
s2=1-2s1 82(82 + 1) (2 - 281)(1 - 281)
Res <F1(81,82)X§2+1) _ 1 F12(% — %31) x3/2=s1/2
s9=1/2—s1/2 82(82 + 1) 2 (% — %81)(% — %81) 2
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1l existe trois fonctions ¢, g2, g3 holomorphes dans le demi-plan Re s; > 1—12 telles
que

(F1($1,$2)X52+1>
82(82 + 1) )
43/ 91(s1)(log Xo)®  ga(s1)log Xo  g3(s1)
— ( (-3 (s B (Sl—éy)’

Res
(32) 52:1/3

avec

‘
—
—~
W=
W=
N~—

<
—
—
L=
~—
i
oo

—
—~
W=
L=
~—

92(3) =

Q
—
~—~
c,o|>—téz
Ll
N—
X X
| =l
NP

21

X
|

93(3) =

W
o
o

De plus, lorsque Re s1 € [3 — 6, k1), [s1 — 3| > 1/log X, ona

l91(s1)] < (1 + |m1])> /8 (log X)S,
(33) lg2(s1)] < (1 + |71])5T/5(log X)7,
lg3(s1)] < (1+ |71])™/6(log X)®.

Démonstration du Lemme 3.5. — Le calcul des résidus en 1 — 2s; et % — %81 est

direct. Nous détaillons maintenant le calcul du résidu en% qui n’est pas immédiat.
Ona

@(82 + 281)@(282 + 81)
(82 + 251 — 1)(282 + 81— 1)

(34)  Fi(s1,s2) = sHi(s1)Hi(s2) G1(s1,82)

ou la fonction O, définie par ©(z) = ((z)(z — 1), est holomorphe sur C. Utilisant la
notation v = (sy — 1/3)/(s1 — 1/3), nous obtenons la formule exacte

1
(82 + 2581 — 1)(282 + 81 — 1)
(35) _ 1 1 5 21,2 3
RErErT O A M
3

— 30v — 1202
o))

Pour alléger I’écriture des calculs, nous utilisons dans la suite la notation

(Fl(sl, 82)X§2+1)

Res;/3 = Res 52052 + 1)

s2=1/3
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La conjonction de (34) et (35) fournit

X2H1(81) Hl(Sz)XéSQ
Resy /3 = ————~ =2 0 2
o 6(s1 — 3)? =13 (52(82 +1) (624 251)

X O(2s2 + s1)G1(s1, 32){1 — %v -+ %1}2}).

Un développement de Taylor fournit I’existence des fonctions hy, ha, hs et hy
telles que

(82 — 1/3)3H1(82)
82(82 + 1)
= hl(sl) + hQ(Sl)(SQ — %) + hg(Sl)(Sg — %)2 + (82 — %)3h4(81,82).

@(82 + 281)@(282 + 81)G1(81, 82)

Pour ¢ = 1, 2, 3, 1a fonction h; est holomorphe dans le demi-plan Re s; > % Pour
Re s1 = K1, la fonction sy — hy4(s1, s2) est holomorphe au voisinage de o = % De
1 3 11
plus, hi(3) = §G1(3, 3)-
Ces notations étant introduites, nous obtenons

(36)
5211?8/3 (XSQ_I/BS;(I%%@(S? + 251)O(2s2 + s1)G1(s1, 82))
= 1h1(s1)(log X2)? + ho(s1)log Xo + hs(s1),
5l G ot e i)
— _2(3%—@(}“(81) log X2 + ha(s1)),
_ ﬁhl(sl).

On obtient alors la relation (32) en posant

g1(s1) = 15(51 — $)*Hi(s1)ha(s1),
ga(s1) = (s1 — 3)°Hi(s1) (= T5ha(s1) + §(s1 — $)ha(s1)),

1
X (33h1(s1) — $5(s1 — 3)ha(s1) + g(s1 — %)2h3(31))'
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La valeur de g;(3) est obtenue & partir de celle de 1y (3) = 3G4(3, 3) et de I'équi-
valent

-1y ~ L
(51 =) ) (7

Pour terminer la démonstration du Lemme 3.5, nous vérifions les majorations an-
noncées de g; qui découlent de la majoration de h; suivante

hi(s1)l < Y 109 (s1+ 3)]- 100 (251 + 3)|

0 +kh<i
< (10gX)6(10g(2 + ’7_1’))2‘(1 + ’7_1‘)2—8?631
pour Re s1 €] — 6, 5 +25/log X, [s1 — 5| = 1/log X, || < T. 0

Pour achever I’estimation de M, nous évaluons maintenant successivement les
quantités M;; grace au Lemme 3.5.

Commencons par étudier M, et M7, les quantités faisant intervenir la fonction
F5. Pour ce faire, nous étudions plus précisément la fonction G définie par

GQ(Sl) = Gl(sl, 1-— 281) = G(Sl, 1-— 281, %)

La définition (22) de A permet d’affirmer que Gs s’écrit sous la forme d’un produit
eulérien
Ga(s1) = [J 1+ A=, p 2, p71/3)).
P
Cherchons un développement de A(Z;, Z,, Z3) uniforme dans le domaine

D ={(Z1,2,73) € C*> : |Z1| <1, |Za] < 1, | Z3| < 1}
en négligeant les termes majorés par
A(Z1, 22, Z3)
= Y (ZP1Z1 2] + 121N 21| 2)) + | 207 Zo | 2Zs .

{i,4,k}={1,2,3}

La formule (14) implique
L+ A(Zy, Za, Z3)
= I a-2z)

4,5€{1,2,3}

i#]

x (1+ N zizi- > 2737 - Zfzgzg)

1,j€{1,2,3} {i,5,k}={1,2,3}
i#]
- 11 (1-Z§Zj)<1+ 3 Z,?Zk>+0(A1(Zl,ZQ,Zg)).

i,7€{1,2,3} 0,ke{1,2,3}

i £k

SOCIETE MATHEMATIQUE DE FRANCE 1998



70 REGIS DE LA BRETECHE

La majoration | Z2Z; 22 Zx| < A1(Z1, Zo, Z3) est vérifiée dans D sauf pour (i, j) =
(¢, k). On en déduit que

A(Z1,Z2,Z3) =~ > Z}Z} + O(A(Z1, Za, Z3)).

£,k€{1,2,3}
£k

En controlant les termes apparaissant dans I’écriture de A (p~*1,p~ 1251 p=1/ 3) on
obtient I’existence d’une fonction Gz holomorphe dans une bande Re s E] é, é + =5 112 2
telle que

GQ( 1) = Gl(sl, 1-— 281) = C71(2 — 8(81 — —))Gg(sl)

1) et|Gs(s1)| < 1 dans ce domaine.

(On note que 11152 = %(% ) ]%7
))~%/3(logy(|7| + 3)) /%, on déduit du lemme 3.1

Notant o(7) := cO(log(]T\ +3
la majoration

Fla(s1) < (log X)7(1 4 |y |)Plor—1/3)+e
< (log X)"(L+ |4 (e=1/32)
valable lorsque
o1 € [k, 3+ 3 +o(m)], ls1 — 2| = 1/log X.
Le lemme 3.5 et la définition permettent d’écrire
(X1X2X3)4/3 r1+iT F12(81)(X1/X22)3171/3
/,ﬂ_iT s1(s1+1)(1 —2s1)(2 — 2s1)

On applique le théoreme des résidus pour majorer la quantité (T V41)(X, X + H).
On choisit le contour Cy (k1) joignant les points d’affixe

k1 —iT, k1 +iT, s+ 5 +iT, s + 5 +iT, 3+ 1 +iT — o(T'),
t+s—iT —o(T), 3+§ —iT, 5+ § —iT, Ky —iT,

Mll = d81.

211

ou 7" est un parametre. En utilisant la méthode utilisée pour majorer I Ry, il vient
10gX} n T/—1/4) L xAP-1/e

o(T")

On montre que ce terme est englobé par le membre de droite de (11) en choisissant

log T" = (log X)3/5(log, X)'/5 et en prenant T > X°.

(TM)(X, X +H) < X7/8H3(exp{ —

La contribution du résidu en sy = % — %81 est estimée a I’aide de la m&me méthode.

Le lemme 3.5 et (31), puis un changement de variable, fournissent

(X1X2X5)Y/3 /"“”T 1 Fia(3 — s1) (X1 /v X))~ 13

: dsy
2mi =i 2 (35— 351)(3 — gs1)s1(s1+ 1)

_ (X1XaX5)¥? /! TR Fp(s) (Xo/ XD

271, % %K/lfiT/Q 81(81+1)(1—281)(2—281)

Mo =

dSl.
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La seule différence avec le calcul précédent est que le pdle s = % est a I’intérieur
du contour C' (% — %m). Il existe donc un polynome F;; de degré égal a 6 et d’une

fonction Rio € €3 vérifiant

(TRy12)(X, X + H)
(TRi2)(X — H X)} < XTSH3 exp{—cN(X)} + X*+1/2
12 — ,

tels que
(37) My = (X1X2X3)3 Pp1 (log(X}/X3)) + Ri2(X1, X2, X3),
De plus, le polyndome P;; est de degré 6 et de coefficient dominant

9 Gi(3:3) X( 1 )

38 - —
(38) 48 6!4 24

Enfin pour le résidu en sp = %, nous décalons la droite d’intégration de 1’abscisse
K1 jusqu’a % — J. Le théoreme des résidus implique 1’existence de trois polyndmes

Pio, P13, P14y tels que M3 soit égal a

Kk1+iT

(X2 X3)%/3 / (91(81)(10gX2)2 g2(s1)log X g3(s1) )Xf1+1 dsy
271 (s1—3)° (s1—3)8 (s1—3)7/ s1(s1+1)
rk1—1iT
= (X1X2X3)3{ P2 (log X1)(log X2)? + Pi3(log X1) log X>
log X )3
+ Pry(log X1) } + Ri3(X1, X2, X3) + O<X4(1§T4)),
avec
X X 4/3
Ri13(X1, Xo, X3) == %
e
V=0T g1(s1)(log X2)?  ga(s1)log Xa  gs(s1) \ X7 'ds
X ( s T o T 1 7> :
1/3—6—iT (s1—3) (s1—3) (s1—2)7/ s1(s1 + 1)
De plus, Pjo est de degré 4, P53 de degré 5, P4 de degré 6, et
9 9 Gi(3,4) 15
le coefficient dominant de P2 est 11 gl(%) g lé'?’ 3) OR
9 9 Gi(3,3) —15
(39) le coefficient dominant de P;3 est 51a gg(%) =5 1é|3 3) 5
9 9 Gi(3,4) 21
{ le coefficient dominant de P4 est o gg(%) g lé'?’ 3) —
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On majore J Ry3 par la méthode utilisée pour T Ry. On déduit des majorations
(33) que

(TRi3)(X, X + H)

T |(X 4+ H)4/3—5+i7'1 _ X4/3—6+iT1|
< H2X?*3(log X 8/ d
(log X) . (r1 + 1)2-5/6 i
< XV (H/X)'/0 (log X)(log T).
Le Lemme 3.2(ii) permet alors d’affirmer que
(40) (TRy3)(X, X + H) < H* + X*71/2,
En sommant les Mj;, on en déduit que
(41) M) = (X1X2X3)Y3P(log X1,log X2)
X4(log X)?
+ Rl(Xl’ X2a XB) + O(W>

avec
Pi(X1,X5) := 2(Pi1 (X1 — $X2) + Pia(X1) X3 + Pi3(X1) X2 + Pra(X1))
et
Ry :=2Rio+ IMi1 + 2R12 + JRus.

La fonction R; satisfait bien a (11). La somme des coefficients des mondmes appa-
raissant dans 1’écriture de P, de degré total égal a 6 se déduit alors facilement de

(38), (39) et (24). Elle est égale a
31 /3\3
nla)C

3.5. Estimation de M5 (X7, X2, X3). — Notons
Hy(s2) == ((352)¢(—352 + 3)¢ (352 + 3)
de sorte que
Fy(s1,82) = 2 Ho(s2)((s1 — s2+ 1)((2s1 — 352 + 3)
X <(381)<(82 + 281)((282 + Sl)G(Sl, S92, % — %82).
Nous intégrons d’abord par rapport a la variable s; ce qui fournit des résidus unique-
ment d’ordre de multiplicité égal a 1. La fonction s; — G(s1, s, % — %52) est une
fonction holomorphe dans le demi-plan Re s; > % pour sy fixé tel que Re sy = K.
La fonction s1 +— Fj(s1, s2) est donc méromorphe sur le demi-plan Re s; > % et
admet cinq poles :

vi(s2) = 3, va(s2) == 1 — 350, v3(s2) =1 — 2sy,
v4(82) = 52, v5(s2) = gS2+ 1
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d’ordre de multiplicité égal a 1. Les pdles sont tous distincts d’apres la taille relative
de k1 et Ko.
On déduit de (17) une majoration de F3(s1, s2). Lorsque

Re sy = kg, Resy € [3 — 6, k1], 11| < T, mm{]sl —i(s2)|} = 1/1og X,
ona
(42) [Fa(s1,82)] < (log X)°(1 + ] + [72])/2(1 + |mi )72,
On applique le théoreme des résidus au contour C»(k1) joignant les points d’affixe
k1 + 1T, k1 + 9T, £ — 6+ 9iT, ¥ — 6 — 9T, Ky — 9iT, k1 — iT, Ky +iT.

Gréace a (42), on obtient

. ko+3iT k1 +iT Fy(s: 82)X31+1X32+1X3/2732/2
My = 3 / / ’ 1 3 _ 1 dszds
(2mi) 1(s1+ D)sa(s2 +1)(5 — 352)(5 — 352)
ko—3iT k1 —iT
5 X4
= Z My (X1, Xo, X3) + Roo(X1, X2, X3) + O((log X)9—T1/6>,

i=1

avec
Foi(s2) = 2F19(3 — 3s1),

Fa(s2) = 5((352)C(= 552+ 3)C(352 + 5)°G(5 — 552,52, 5 — 552),
Io3(s2) = 2 Ha(52)((3 — 652)C(—3s2 + 2)*

X ((—%82 + %)G(l — 289, S9, % - %52),
Fou(s2) = 3C(352) (352 + $)°C(—3s2 4 3)G(s2, 52,5 — £52),
Fos(s2) = Fas(3 — 352),

My;i( X1, X2, X3)
1 Kko+3iT F2 ( ) vi(52)+1X32+1X3/2—32/2 dss

270 Jyoy—sir vi(s2)(vi(s2) + 1)s2(s2 + 1)( 282)(3 %82)

et

RQO(XlaXQaX3

. /524-31 /1/3 0+iT F 81,82)X81+1X52+1X3/2 s2/2 dsy dsy
. 27” K 1/3—6—iT S1 s1+ 1)32(32 + 1)( %82)(3 %82)

o—3iT
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On majore J Ry par la méthode utilisée pour T Ry. On déduit des majorations
(42) et du lemme 3.2(ii) que

(T Roo)(X, X + H)
T (X+H
<<H2X2/3(10gX)9/ ‘( + )

-T

< X5 (H/X)B/5 log X)° (log T)
< H4+X471/27€'

4/3—6+im1 _ X4/375+i7'1‘
(7-1 + 1)275/6

dTl
(43)

Pour terminer le calcul 1ié & wuy(s1, s2), il reste a estimer les Mo; (X7, Xo, X3).
Comme pour les étapes précédentes, cela se fait en appliquant le théoreme des résidus
grace aux majorations connues sur les valeurs de la fonction (. Pour estimer M1, on
peut se reporter a 1’estimation de Fis.

Pour Ms3, on décale la droite d’intégration a droite jusquh% + %(5 et on utilise la
majoration

Fs(s2) < (log X)"(1+ |m)"/?
valable lorsque o3 € [k2, & + 30].
Pour May, on décale la droite d’intégration a droite jusquh% — %5 et on utilise la
majoration

Fas(s9) < (log X)7(1 + |ra])°/0

valable lorsque oy € [% — %(5, Kal.
L’estimation de Mo5 est traitée comme celle de Mss.

Nous ne détaillons que 1’évaluation de Mho. Posant £ := log Xo — %log X5 -
% log X3, on peut écrire
(X1X2X3)4/3 Kko+3iT F22(82) e5(3271/3)
M22=—./ T 33 T3 dss.
2mi ko—3iT (5 - 532) (5 - 532) sa(sa+1)

L’estimation
|F22(82)| <K (10gX)7, (5}%6 S9 = Iiz),
et le développement
o2 =14 €(s2 — §) + 36%(s2 — §)° + §€% (52 — 5)° + O(€[*]s2 — 51

(uniforme puisque e¢(Re $2=1/3) « 1), fournissent

3 4 7
) X*(log X
May = (X1X2X3)"/3 Z Cj&’ + R (X1, X2, X3) + O(%)’
=0
avec , .
1 1 freteee Fho(s2) (s2 — 1/3)7
= _ dSQ,

C2mi Jeyise (53— $52)2(3 — 1s9)2sa(sa + 1)
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et Roa(X1,X2,X3) < X%(log X)7|¢|%. Les quantités C; sont des constantes ne
dépendant pas de xy. Nous remarquons que T Roo (X, X + H) est une combinaison
linéaire finie de valeurs de Rpo(X, X3, X3) pour lesquelles £ < H/X.

Il existe donc un polyndme P, de R[ X, X2, X3] de degré total 6 et une fonction
Ry € &5 satisfaisant a la majoration (11) tels que I’on ait I’estimation

My = (X1 X2 X3)"3 Py(log X1, log X3, log X3)
X4(log X)10
+ Ro(X1, X, X3) + 0(%/6))

De plus, la somme des coefficients des mondmes de degré 6 de I3 est
23 13\3
——(=) C
12 (4)

3.6. Estimation de M5(X;, X3, X3). — La contribution Mj s’étudie de la méme
maniere que M, puisque F3(s1,s2) = Fa(s2,s1). Cependant, du fait de la taille
relative de k1 et ko, le terme principal dans le résultat final est différent (i.e. il ne
suffit de changer X; en X5). Seuls trois pdles de s, — F3(s1, s2) sont contenus dans
la bande Re sy € [§ — 6, ko). Il existe donc un polyndme P de R[X] de degré 6 et
une fonction R € €3 satisfaisant a la majoration (11) tels que I’on ait I’estimation

Ms = (X1 X2X3)*3 P3(log X1, log X2, log X3)
X*(log X)lo)

+ Rs(X1, X, X5) + O( ==

De plus, la somme des coefficients des mondmes de degré 6 de 1 est
1 /3\3
-7(3) ©
3.7. Estimation de M, (X, X2, X3). — La formule

F4(81,82) = 2F1(81, 1-— 252)

et un changement de variable en sy impliquent

1 /'ﬂﬂ /H2+31T Fy(s1,82) X7 X521 X222 dsy dsy
4= 759
271)? .. ro—3i S2(s2 +1)(1 —252)(2 — 2s2)s1(s51 + 1)

B 1 /m—H /1 2Kk2+61T F2 81 82)X81+1X3/2 32/2X82+1 dso ds;
271 5 1

oro—i6T (3 — 352)(3 — $52)s2(s2 + 1)s1(s1 + 1)

1—iT

1—iT

La contribution de Fj s’estime donc de la méme maniere que celle de F5. Cepen-
dant, le terme principal differe puisque 1’abscisse 1 — 24 est a inférieure a % Il existe

SOCIETE MATHEMATIQUE DE FRANCE 1998



76 REGIS DE LA BRETECHE

donc un polyndme P; de R[X] de degré 6 et une fonction Ry € Ej satisfaisant a la
majoration (11) tels que I’on ait I’estimation

My = (X1X2X3)"3 Py(log X1,log X2, log X3)

X*(log X)1°
+ R4 (X1, X2, X3) +O(%)

De plus, la somme des coefficients des mondmes de degré 6 de F est

3/3\3

(=) C.

:(3)
3.8. Estimation de M;(X;, X2, X3). — La relation F5(s1,s2) = Fy(s2,s1) per-
met de nous reporter a 1’estimation du paragraphe précédent. Ici, étant donné les
tailles relatives de x; et ko, aucun des poles de la fonction s; — F5(s1, s2) est dans

la bande comprise entre les deux droites d’intégration. Sous la condition 7V/6 >
X1/t on a donc Iestimation

(TMs)(X, X + H)

(ML) (X H X)} < X472 4 g (log X)T + H3XT/8 exp{—cN(X)}.
5 - ’

En sommant les M; et en prenant T = X?, nous achevons la démonstration de la
Proposition 2.3.
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REPARTITION DES POINTS RATIONNELS DES
SURFACES
GEOMETRIQUEMENT REGLEES RATIONNELLES

par

Hervé Billard

Résumé. —  Nous étudions la répartition des points rationnels des modeles
minimaux des surfaces rationnelles et vérifions que ces surfaces satisfont les
conjectures de Batyrev-Manin sur le corps des rationnels. Pour ce faire, nous
rappelons d’abord quelques propriétés et descriptions géométriques de telles
surfaces. Ensuite, pour chaque plongement considéré, une hauteur naturelle
apparaissant, nous établissons directement le comportement asymptotique des
points rationnels de hauteur bornée. Finalement, nous regardons les sous-
variétés accumulatrices.

1. Introduction

Lorsque V est une variété algébrique définie sur un corps de nombres k,
il est naturel de s’intéresser a la répartition des points k-rationnels de V.
Pour étudier V'(k), on définit d’abord une hauteur H qui permet de « mesu-
rer la taille » d’un point k-rationnel de V' (cf. [La 83] chap. 3 et 4 ou chap.
6 de [Co-Si 86]); ensuite on s’intéresse au comportement asymptotique de
card{P € U(k) | H(P) < B} pour tout ouvert Zariski dense U de V. Ce
comportement asymptotique illustre parfaitement la répartition des points k-
rationnels de V' (voir [Ba-Ma 90]). Pour essayer de le déterminer, il existe
actuellement, a notre connaissance, quatre méthodes. La premiere est la mé-
thode du cercle pour certaines intersections completes (voir par exemple [Bir
62]) ; la deuxieme consiste a définir « correctement » la hauteur H et de consi-
dérer la fonction zéta associée, > peyy H(P)™* (cf. [Fr-Ma-Ts 89], [Ba-Ma
90], [Pe 95], [Ba-Ts 95], entre autres) ; la troisieme est de construire des hau-
teurs canoniques a la Néron-Tate (cf. [Ne 65], [Si 91], [Bi 97]); la quatrieme
consiste « a expliciter » un plongement de la variété V', a considérer une hau-
teur associée et a déterminer « directement » le comportement asymptotique

Classification mathématique par sujets (2000). — 11G35, 14G05, 14G25, 14J26.
Mots clefs. — Points rationnels, hauteur, surface de Hirzebruch.
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de card{P € U(k) | H(P) < B} (cf. [Ba-Ma 90], [Th 93], [Pe 95], par exemple).
C’est cette derniere méthode que nous emploierons par la suite.

D’autre part, lorsqu’on s’intéresse a la répartition des points rationnels d’une
classe de variétés, on est tenté de regarder cette répartition sur les modeles
minimaux. Nous proposons dans ce travail d’étudier cette question sur les
modeles minimaux des surfaces rationnelles, et donc sur les surfaces géométri-
quement réglées F,,, (voir §2), qui sont également connues comme les surfaces
de Hirzebruch. Signalons que les surfaces F), sont des variétés toriques. Les
résultats que nous présentons affinent, par une tout autre méthode, un théo-
reme plus général sur les variétés toriques di a Batyrev et Tschinkel [Ba-T's
96] restreint a notre cas.

Dans un premier temps, nous rappellerons la définition de telles surfaces,
ainsi que quelques-unes de leurs propriétés géométriques. Au deuxieme para-
graphe, nous déterminons le comportement asymptotique de

card{P e U(Q) | Hp(P) < B}

pour une famille de diviseurs amples, et verrons, que s’ils sont uniformément
répartis pour les plongements considérés, ils ne le sont pas pour d’autres.

Nous tenons a remercier Marc Hindry avec qui nous avons eu de nombreuses
et fructueuses discussions lors de I’élaboration de ce travail, ainsi qu’Emma-
nuel Peyre, Philippe Satgé et le rapporteur de ce travail.

2. Géométrie des surfaces de Hirzebruch

Dans ce paragraphe, nous travaillons sur Q.
Rappelons tout d’abord la définition d’une surface réglée et d’une surface
géométri quement réglée.

Définition 2.1
(a) Une surface S est réglée si elle est birationnellement isomorphe & C x P!,
o1 C est une courbe lisse. Si C est isomorphe & P!, S est dite rationnelle.
(b) Une surface est géométriquement réglée de base C, ot C' est une courbe
lisse, s’il existe un morphisme lisse p : S — C' dont les fibres sont iso-
morphes & P! .

Un Théoréme de Noether-Enriques nous assure qu’une surface géométri-
quement réglée est réglée, ce qui n’est pas évident a priori ([Be 78|, chap. 3).
D’autre part les modeles minimaux de C' x P!, ot1 C est une courbe lisse non
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rationnelle, sont les surfaces géométriquement réglées de base C'. Intéressons-
nous maintenant aux surfaces géométriquement réglées rationnelles (voir [Be
78] chap. 3 et 4, ou [Ha 77] chap. V, §2).

Proposition 2.2. — Les seules surfaces géométriquement réglées rationnelles
sur Q sont les surfaces F,, définies par :
Les surfaces Fy, sont minimales sauf pour m = 1 et F,,, n’est pas isomorphe a

Fy sim # 4.

Rappelons que Fy est isomorphe & P! x P!, F est isomorphe & P? éclaté en
un point et les surfaces rationnelles minimales sont les surfaces F},, sauf pour
m =1, et P2.

Notons h (respectivement f) la classe dans Pic(F),) du fibré Op,, (1) (res-
pectivement d’une fibre).

Proposition 2.3. — Soit une surface Fy,.
a) On a Pic(F,,) =Zh+Zf avec :

f2:07 h2=m7 f-h=1

b) Sim > 1 il existe une unique courbe irréductible C,, sur F,, de carré

négatif. La courbe C,, est rationnelle et si l’on note ¢ sa classe dans

Pic(F,,), on a :

c=h—mf, & =—m.
c) Notons wy, la classe du diviseur canonique dans Pic(F,,), alors :
Wm = —2h 4+ (m — 2)f.
d) Soit D =ah+bf. Alors :
D est tres ample <= D est ample <= a >0, b>0.

e) Notons NE(F,,) le cone fermé dans Pic(F,,)®R engendré par les classes
des courbes irréductibles de F,y,, alors :

NE(F,,) = {D € Pic(F,,) @R | D = ah +bf avec a >0 et b > —ma}.

Soient m = 1, C une courbe irréductible sur F,, et ah+ (f sa classe dans
Pic(F,,). Alors :

C#Cp=a>0etp>0,

en particulier am + 8 > 1.
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f) Soient D = ah + bf une classe de diviseurs amples et
(D) =min{t € R | tD + w,, € NE(F,,)}.

Alors, pour m > 2 :

La démonstration des assertions a), b), c¢), d), et e) peut étre consultée dans
[Ha 77] chap. V, §2, ou [Be 78] chap. 3 et 4. L’assertion f), est une conséquence
immédiate de e). Notons que —w,,, pour m > 2, appartient a U'intérieur de
NE(F,,), mais qu'il n’est pas ample.

Géométriquement, les surfaces F,, peuvent étre interprétées comme des
transformations élémentaires de P? (c’est-a-dire comme une succession d’écla-
tements et de contractions, [Be 78] chap. 3 exo 1, ou [Ha 69]), ou encore comme
une réunion de courbes rationnelles. Notons que c¢’est surtout du point de vue
de la répartition asymptotique que F;, doit étre vue comme la réunion de
courbes rationnelles, d’un point de vue géométrique le fait que F,, soit réglée
est plus intéressant et donné par hypothese.

Proposition 2.4. — Soient m > 0 et b > 1 deux entiers, et posons d = m + 2b.
Soient Ry et Ry_p les deuz courbes rationnelles de P4H1 définies par :

Ry = {(UP, U Yy,...,n vt vk o,...,0) | (U1, V1) € P}
Rip={(0,...,0,U871 US> Wa, ... U V0L VA0 | (U, Va) € P,

et ¥ un isomorphisme de Ry, sur Rq_y. Soit alors F,; définie par :

Fpp= {(SU{’, SUPvy, . SV TUST  TUS W, L TVE?)

(SvT) € ]Plv (Ulv‘/l) € ]Pﬂv (U27V2) € ]Pl }
YUY, ..., V2,0,...,0) = (0,...,0,U$~°, .., VI=P)

Alors la surface F,p est isomorphe a la surface F, plongée par le systéme
|h+bf| dans P - notons ¢y, le plongement associé tel que ob(Frm) = Fop-

Donner limage d’une fibre de la surface F,, (resp. de Cy,) par oy revient
fizer Uy et Vi (resp. a fiver T = 0); notons F(y, v;) son image.

On trouvera une démonstration de ce résultat dans [Gr-Ha 78] p. 523-524,
ou [Be 78] chap. 4, exo 2, ou [Ha 77] chap. V, Corollaire 2.19. Terminons par
une remarque.

Remarque 2.5. — Toute surface lisse de degré d dans P4t qui n’est pas conte-
nue dans un hyperplan est une surface F},,, ou la surface de Veronese dans P°,
ou P2,
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3. Répartition des points rationnels des surfaces de Hirzebruch

Rappelons tout d’abord quelques propriétés vérifiées par la fonction de M6-
bius p et l'indicatrice d’Euler ¢ (voir par exemple [Ap 76] chap. 2) qui nous
seront tres utiles lors du décompte des points Q-rationnels de hauteur bornée
des surfaces F,. Quelque soit le réel x notons [z]| sa partie entiere.

Lemme 3.1. — Soit x > 2.

a) > ﬂéf) - @ + O<xa—1) pour & > 1,
S = ottosa,
d;ﬂu(d) [2]2 = CSEZ) +O(zLog z).
b) n@@ = ﬁ + O(Log ),
et o - ﬁ Logz + O(1),
n<e SOT(LZ) C(?@)D +0(2*%) pour a > 2.

On pourra consulter [Ap 76], chap. 3, pour les démonstrations de ces égalités.
Signalons également que les deux égalités

M =o(1 et u(n) =o(x
> ot 5 uln) = ol
sont équivalentes au Théoreme des nombres premiers.

Soient F), une surface Q-rationnelle, @ le plongement associé a h + bf tel
que pp(Fp,) est égal a F,p (cf. §2) et un point P € F,,(Q). Quite & changer
I’isomorphisme 9 de Ry sur Ry_p, on peut supposer dans la proposition 2.4
que Uy = Uy et V3 = V5 ; posons donc :

ep(P) = (SU’,...,8VP, TU" ... . TVI?),

avec (S,T) € Z?\ {0}, (U, V) € Z*\ {0}, pged(S,T) =1 et pged(U, V) = 1.
Dans ces conditions, on peut définir la hauteur de P associée a h+bf comme
étant :

Hy iy (P) = max (|S| max (|U[, [V])",|T| max (U], [V])*").
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En effet, si un entier ¢ divise S il ne peut diviser U et V', donc également,
TU%? et TV9=?. La hauteur naturelle sur P4*! induit donc bien la métrique
Hp vy

Posons aussi H (U, V) = max(|U|, |V|) et notons :

N(X,g9,B) =card{z € X | g(z) < B}.

Etudions maintenant la répartition des points Q-rationnels des surfaces Fy,
pour m > 2. Nous nous restreignons aux cas m > 2 pour deux raisons; la
premiere est que la répartition des points rationnels de Fy et F; est déja
connue sur tout corps de nombres. La deuxiéme est par souci de clarté. En
effet, estimation de N (F,,,(Q), Hy4vf, B) admet trois cas particuliers, b = 1 et
m=0,b=2etm=0,b=1et m =1, par la méthode que nous emploierons.
Nous laissons en exercice la vérification que la méthode qui suit, appliquée aux
surfaces Fy et F} redonne les résultats escomptés.

Théoréme 3.2. — Soient les entiers b > 1, m > 2, F,, une surface Q-ration-
nelle, F;) une fibre de Fy, qui par le plongement pp a pour image Fiyyy et
Ch la courbe irréductible de F,, de carré négatif. Alors :

8 ((2b+m—1)
@ (@+m)

O(BLogB) pour b > 2

O(B Log? B) pour b =2

O(BHm%rl Log B) pourb=1

B%+

(@) N(Fn(Q), Hpypy, B) =

2B2

(b) N(F)(Q), Hpyby, B) = @H(U, V)~%=™ 1 O(B Log B)
2B} L
(c) N(Cn(Q), Hpypy, B) = @+O(Bb Log B).
Remarque 3.3. — Ainsi que I’a remarqué le rapporteur de ce travail, suite a la

démonstration de ce théoreme, on peut interpréter la constante asymptotique
pour Fy, de la maniere suivante. Pour chaque fibre F(yy) de I}, donnée par
deux entiers U et V premiers entre eux et paramétrée par (S : T') décrivant
IP)}@, la restriction de la hauteur est donnée par

Hr, ., (S : T)) = max(|S| max(|U], [V)", |T| max(|U], [V])*~")
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si pged(S,T) = 1. La constante correspondante est donnée par

1 o
Cu(Fuvy) = 2 Vol(Fy,v)(R)) H Ly(1, Pic Fiyvy) Vol(Fiyvy (Qp))

1 4 11
T2 H(UVPHU, V)b Ipl(l A
_ 2 —2b—m
= eV

La constante pour F},, est alors la somme sur toutes les fibres de ce terme.

Avant de présenter un corollaire, rappelons une notation usitée.
Si ¢’ et g sont deux fonctions réelles nous noterons, ¢ >< g, s’il existe
deux constantes strictement positives ¢; et co vérifiant pour tout réel x :

cg'(z) < g(z) < e/ ().
Corollaire 3.4. — Sotent a et b deuz réels vérifiant b > a > 0, alors :
N(Fm(@)a cllh—l—bf’B) > B2/a

ot Hc,Lthbf est une hauteur de Weil associée a ah + bf. De méme, pour tout
ouvert Zariski dense U de F,,

N(U(Q)vHZLthbva) > B2/a.

Remarquons que lorsque b/a est entier, on obtient en fait une formule exacte
en considérant la hauteur (H, b ;).

Nous discuterons des sous-variétés accumulatrices de F,,, apres la démons-
tration de ce théoreme et de son corollaire.

Démonstration. — Commencons par démontrer les assertions a) et b) du
Théoreme 3.2. Elles sont conséquences des deux lemmes suivants :

Lemme 3.5. — Soient B>2,n>1,a>0, >0 avec 3—a > 1, et posons :
G(B,n,d,a, ) = card{(S,T) € Z*\ {0} | |S| < |T|n?,
T|n” < B et pged(|S|,|T]) = d}

J(B,a, §) = card{(S,T), (U, V) € (Z*\ {0})? | S| < |T| max(|U], [V])*,
T max(|U, [V])” < B,pged(S,T) =1 et pged(U, V) = 1}.
Alors :
2B? o2 -5 -
G(B,n,1,a,3) = @no‘ + O(Bn® " Log Bn™"),
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et
O(B Log B) sif—a>2
16 (26 —a—1) 9 ‘ B
J(B’a’ﬁ)_C(Q). ‘23— a) -B* + O(Bllflng) sz‘ﬂ—a_2
OB "PLogB) sif—a=1

(
Lemme 3.6. — Soient B>2 m>1,v>2, 6> 1, et posons :

G'(B,n,d,~,8) = card{(S,T) € Z*\ {0} | |T|n" < |S],
|S|n® < B et pged(|S],|T]) = d}

(Z2\{0})? | 1T max(|U],|V])T < |5,

3 < B,pged(S,T) =1 et pged(U,V) = 1}.

| S| max(|U], [V])
Alors :
, 2B® s =5 -5
G'(B,n,1,v,0) :@n 772+ 0(Bn 7" °Log Bn™?),
et

16 ((204+~-1)
¢(2)  ¢(2641)
Admettons provisoirement ces deux lemmes, et vérifions que les assertions
a) et b) du Théoreme 3.2 en découlent. En effet on a :

N(Fn(Q), Hasog, B) = 7(7(B,m,m + ) + J'(B,m,b),

J(B,~,6) = B? + O(BLog B).

1
N(F(t) (Q), Hthbf,B) = §(G(B, H(U, V), 1,m,m+ b)
+ (B, H(U,V),1,m,b)).

Pour démontrer les assertions a) et b), il reste donc a démontrer ces deux
lemmes. Commencons par le premier, le Lemme 3.5. Posons

F(B,n,a, () = card{(S,T) € Z*\ {0} | |S| < |T|n%, |T|n" < B}.
Ainsi :

F(B,n,a,8) =2 > (2[Tn°]+1) =2Bn""% 4+ O(Bn*").
1<T<Bn—8

F(B,n,a,8)= Y  1-G(B,n,d,ap).
1<d<Bn—8
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Comme 1 est Dirichlet inversible, d’inverse y, on en déduit :

G(B,n,1,a,3) = Z u(d)F(E,n,a,ﬂ)

d
1<d<Bn—8
2B2 B
= ) M<d>{7““ﬁ+0(2””)}
1<d<Bn—8
_2B?

n®=2% 4+ O(Bn® " Log Bn™"
(@) | )

ol la derniere égalité découle du Lemme 3.1.
Déterminons maintenant J(B,a,3). On a :

J(B,a,8)= Y  8p(n)G(B,n,1,a,p)

n<Bl/B
2B% a2 -5 -5
= Z 8@(n){—2no‘ +O(Bn® "logBn™ ")}
r=f® ¢(2)
0(Blog B sif—a>2
16 C(26—a—1) (Blog B) 0

= B*+{0(Blog’B sif-—a=2
(@ @F-a) (Blog"5) s
0B "flogB) sif—a=1
d’apres le Lemme 3.1.
La démonstration du Lemme 3.5 étant terminée et celle du Lemme 3.6 étant

identique a celle ci-dessus (en faisant attention), les assertions a) et b) sont
démontrées. Pour 'assertion ¢), on a :

1
N(Cm(@)aHh-i-bfaB) = 5 card {(S’ T)a (U’V) S (Z2 \ {0})2 | S=1 5 T=0
et max (|S|H"(U, V), |T| H{U,V)"™) < B}
= card{(U,V) e P/(Q) | H*(U,V) < B}
L’assertion c) est donc conséquence du Théoréeme de Schanuel [Sc 79)].
Le Théoreme 3.2 est donc démontré. Démontrons le Corollaire 3.4. Soient
a et b deux réels, by et by deux entiers vérifiant b > a > 0 et 1 < by < b < by.

En particulier donc, il existe deux constantes strictement positives c3 et ¢4 tel
que

c3Hpypyp < Hyyypp < caHpyp, g
Ainsi :

N(Fm(@)aHh-i-lnfaB) < N(Fm(Q)’Hi/H—bf’B) < N(Fm(@)aHh-Hmf’B)
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ou encore, d’apres le Théoreme 3.2 :
N(Fn(Q), Hj, 45, B) >< B®>  (bréel, b>1).
D’autre part :

N(Fm(Q)ch,Lthbf’B) > N (Fm(Q)vH,

h+§f’Bl/a)

>< B

L’estimation de N(U(Q), Hyy, s B) est identique, d’out notre corollaire,
terminant ainsi notre démonstration. U

Cherchons maintenant les sous-variétés accumulatrices des surfaces F},, pour
m > 2. Rappelons qu’une sous-variété W de F,,, sera dite accumulatrice, pour
ah +bf, s’il existe un ouvert Zariski dense U de F,, tel que

N(U(Q), Hyp v, B) = o( N(W(Q), Hypp iy, B))-

D’autre part, lorsqu’il n’existe qu'un nombre fini de sous-variétés accumula-
trices, voire aucune, une sous-variété W’ sera dite faiblement accumulatrice si
pour tout ouvert Zariski dense U’ de F,,, suffisamment petit (i.e. ne contenant
pas les sous-variétés accumulatrices)

NU'(Q), Hypipp, B) >< N(W'(Q), Hyppipp5 B).

D’apres le Théoreme 3.2 les fibres de F;,, sont faiblement accumulatrices pour
les classes de diviseurs h 4+ bf (b > 1) et la courbe C,, l'est pour la classe de
diviseur h + f. En fait ce sont les seules.

Proposition 3.7. — Soient a >0 et b> 0.

(i) Si b > a, alors F,, n'admet pas de courbes accumulatrices, les fibres de
F,, sont faiblement accumulatrices et ce sont les seules pour ah + bf.

(ii) Si b= a, alors F,, n‘admet pas de courbes accumulatrices, les fibres de
F,, et la courbe Cy, sont faiblement accumulatrices et ce sont les seules
pour ah + bf.

(iii) Si b < a, la courbe C,, est l'unique courbe irréductible accumulatrice,
les fibres F,, sont faiblement accumulatrices et ce sont les seules pour

ah +bf.

Démonstration. — Soient a > 0, b > 0, une courbe irréductible C' de F,, et
ah + [f sa classe dans Pic(F),). On a :

(ah +bf) - (ah + Bf) = alam + B) + ab.
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Démontrons les assertions (i) et (ii). D’apres le Corollaire 3.4 il n’existe pas
de courbes accumulatrices. Pour que C' soit une courbe faiblement accumula-
trice, pour ah + bf, il est nécessaire, d’apres le Théoreme de Schanuel [Sc 79
et le Corollaire 3.4, que

(1) alam + f)+ab = a,

outre le fait d’étre rationnelle.

Ora>0,am+ 5 >0, am+ 3 = 0 si et seulement si C' = C,,, (donc a = 1,
B =—m), et si C# Cp, alors a > 0 et § > 0 (cf. Proposition 2.3). Ainsi les
fibres F, sont faiblement accumulatrices (o« = 0,5 = 1), la courbe C,, lest
pour b = a et ne l'est pas si b > a. D’autre part, si C' n’est pas une fibre et
n’est pas C,, C étant irréductible, nécessairement o > 0, et donc (1) n’est
pas vérifiée, d’ou les assertions (i) et (ii).

Démontrons maintenant I’assertion (iii).

D’apres le Théoreme de Schanuel [Sc 79], le Théoreme de Batyrev-Tschinkel
[Ba-Ts 96], pour que C' soit accumulatrice, il est nécessaire que

alam+ f)+ab < a,

et pour que C soit faiblement accumulatrice I’égalité (1) doit étre vérifiée.
Ainsi comme pour (i) et (ii), nous en déduisons l’assertion (iii).

Terminons par un début de justificatif du fait que la courbe C,, soit accumu-
latrice, et pas seulement faiblement accumulatrice, dans le cas (iii) : le systéme
linéaire |h| sur F, définit un morphisme F,,, — P™*! qui est un plongement
en dehors de C), et contracte C), sur un point ([Be 78], chap. 4). O

Les Conjectures de Batyrev et Manin sont donc satisfaites par les surfaces
Fo.
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TAMAGAWA MEASURES ON UNIVERSAL TORSORS
AND POINTS OF BOUNDED HEIGHT
ON FANO VARIETIES
by
Per Salberger

Abstract. — Let X be a Fano variety over a number field. An Arakelov system
of v-adic metrics on the anticanonical line bundle on X gives rise to a height
function on the set of rational points and to a new kind of adelic measures on
the universal torsors over X.

The aim of the paper is to relate the asymptotic growth of the number of ra-
tional points of bounded height on X to volumes of adelic spaces corresponding
to the universal torsors over X.

Introduction

One important but very difficult problem in diophantine geometry is to
count the number f(B) of rational points of height at most B on a projective
variety over a number field k and to study the asymptotic growth of the
counting function when B — oco. If A C P™ is an abelian variety, then it was
proved by Néron (cf. [62]) that f(B)/(log B)*™A(*)/2 converges to a constant
depending on A C P" and the height function. There is a precise adelic
conjecture about the rank of A(k), but this has only been established for
classes of elliptic curves E over Q for which E(Q) is of rank 0 or 1.

For Fano varieties there is a (mostly conjectural) theory of counting func-
tions. This theory was initiated by Manin who made some striking observa-
tions (cf. [23], [3], [42], [43]) about the counting functions for special classes of
Fano varieties X under their anticanonical embeddings. Similar observations
for other linear systems were made by Batyrev and Manin [3]. The heights in-
volved are the “usual” multiplicative heights of Weil depending on the ground

2000 Mathematics Subject Classification. — 14G05, 11G35, 28C99.
Key words and phrases. — Fano varieties, counting functions, universal torsors, adelic mea-
sures.
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field k£ and the choice of coordinates (see [37, p.50]). There may exist accumu-
lating closed subsets with many rational points (e.g. lines on cubic surfaces).
Manin therefore counts the number fi7(B) of rational points of height at most
B on sufficiently small Zariski open k-subsets U of X. He notices that for a
number of Fano varieties X there are open k-subsets U of X such that

(%) fo(B) = CB(log B)™"**71(1 + o(1))

for an anticanonical height function. Very recently Batyrev and Tschinkel
[5] have found that this cannot be true for all Fano varieties. But there are
important classes of Fano varieties (cf. [23], [52], [7], [4]) for which asymptotic
formulas of the above form have been established, and it is interesting to find
common features of these results. The motivation for this paper is to obtain
a better understanding of the constant C' in these formulas and to develop a
framework which might be useful for the study of counting functions of other
classes of Fano varieties.

The first systematic attempt to understand the constant C' in the asymp-
totic formulas is due to Peyre [52], who introduced several new ideas. He
defined Tamagawa numbers for Fano varieties, thereby generalizing the clas-
sical Tamagawa numbers studied by Weil [67]. To define these, Peyre uses
a system of v-adic “metrics” for the places v of k on the analytic anticanon-
ical line bundle over X (k,) satisfying an adelic condition. He associates to
any such “adelic metric” a height function H on X (k) and a measure on the
adelic space X (Ay) and suggests that the constant C' in (*) should be equal to
the product of the Tamagawa number 7(X) of X (Ax) and an invariant a/(X)
depending only on effective cone in Pic X.

Peyre assumes that the Picard group of Xx for an algebraic closure K of
k contains a Z-basis which is invariant under the action of the Galois group
Gal(K/k). It is clear from the work of Batyrev and Tschinkel in [7] and [4]
that some restriction of this kind is needed. They prove (x) for toric varieties
and obtain the constant

(s5) C = o(X)T(X)h' (X)

where h!(X) is the order of H(Gal(K/k),Pic Xk).

We shall in the paper “explain” the appearance of h'(X) in (x*) by means
of a new kind of Tamagawa numbers for universal torsors over X. The main
idea is that the constant C is related to the volumes of some adelic spaces
defined by the universal torsors 7 over X. Universal torsors were introduced
by Colliot-Théléne and Sansuc [15] as a generalization of the classical descent
varieties of elliptic curves studied by Fermat, Mordell and Weil. The main
applications of this theory so far have been in the study of the Hasse principle
and weak approximation for various classes of rational varieties.
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We shall use universal torsors as a natural tool when counting rational points
on Fano varieties. One central idea will be to extend the height function
on X (k) to suitable subquotients of the adelic spaces 7 (Ax) by means of
certain adelic splittings associated to the universal torsors 7 : 7 — X. For
toric varieties this reduces the original counting problem to an adelic lattice
point problem. We obtain thereby another proof of the asymptotic formula of
Batyrev and Tschinkel [4] for toric varieties over Q.

We now give a description of the content of the 11 sections of the paper.

In the first section, we study in detail the analytic manifold structure
Xan(ky) on X (k,) and metrics (which we will call norms from now on) on
analytic line bundles on X,,(k,). For anticanonical line bundles with a norm
we recall the measure constructed by Peyre and explain its relation to the
classical construction of a measure from a global differential form. For sub-
mersions

Yan(ku) B Xan(ku)

we give a relative version of Peyre’s construction and associate a positive linear
map

A Cc(Yan(ka)) — Cc(Xan(kV))

to norms on relative anticanonical line bundles.

In section 2, we assume that v is non-archimedean and study norms for the
compact open subsets =, (0,) C Xa, (k) defined by models Z, of X x k,, over
the valuation ring o, in k,. We relate in (2.14) the volume of =,(0,) with
respect to the measure determined by the above norm to the density of the
reduction of =, (0,) modulo finite powers of the maximal ideal m,, in 0,. As a
consequence, we get an explicit formula (cf. (2.14)(b)) for the volume of =, (0,)
with respect to any measure defined by a norm on Z,(0,). This formula holds
also when =, has bad reduction and X is non proper. If X is proper, then
Ey(0y) = Xan(ky) and we get a formula for the volume of X, (k,). But there
are also important applications of this formula to universal torsors and other
non-proper varieties.

In section 3, we study invariant norms over local fields on the relative an-
ticanonical line bundles for X-torsors m : 7 — X under arbitrary algebraic
groups (G. We then concentrate on the norms defined by relative differential
forms. If GG is a torus T, then there is a canonical norm of this kind which we
will baptize the order norm. Now using this relative norm we obtain for each
norm on X,y(k,) an “induced” norm on 7y, (k,) which in its turn defines an
“induced” measure on Ty, (k).

In section 4, we consider varieties X over number fields k£ and the adelic
topological space X (Ax). We have not found any modern rigorous version
of Weil’s account [66] and we therefore explain how to use schemes of finite
presentation in EGA to develop the foundations for adelic spaces. We then
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generalize Peyre’s notion of “adelic metric” and his adelic measures in many
ways. We introduce e.g. relative adelic norms for smooth morphisms 7: Y —
X over X and positive linear maps A : C.(Y (Ax)) — Co(X(Ag)). It is thereby
necessary to consider convergence factors which vary among the fibres and to
consider fibres over Ay, not defined over k even if 7 : Y — X is defined over k.

In section 5, we restrict to torsors p : 7 — X for varieties over number
fields and study adelic norms and measures for them. When X is smooth and
proper with

H%ar(X’ OX) = H%ar(X’ OX) =0

and with torsion-free Néron-Severi group, then there is a notion of universal
torsors m : 7 — X. The v-adic order norms form an adelic norm which in its
turn gives rise to a positive linear map

A:C(T(Ag)) — Co(X(Ag)).

This map depends on the choice of convergence factors. But one can choose
these to be inverse to the convergence factors for X (Ay) so that the induced
measure on C.(7 (Ay)) requires no convergence factors. Using this measure
on 7 (Ag), we define Tamagawa numbers for universal torsors.

In section 6, we recall the Brauer group and torsor obstructions to weak
approximation of Manin, Colliot-Thélene and Sansuc. By using their theory
together with results of Ono on the arithmetic of tori, we relate our Tamagawa
numbers for universal torsors to the Tamagawa numbers of Peyre. The factor
h'(X) enters naturally.

In section 7, we modify the original growth conjectures of Manin in order
to exclude the Fano varieties containing infinitely many weakly accumulating
subvarieties. This is not so original and closely related to notions of Manin and
Peyre (cf. [51]). We also generalize and refine Peyre’s Tamagawa conjecture
for Fano varieties by means of our Tamagawa numbers for universal torsors.

In section 8, we study the geometry of universal torsors 7 : 7 — X over
smooth complete toric varieties which are trivial over the unit element of the
k-torus U in X. We identify them with the toric varieties studied by Cox in
his article [16] and find that they are open subsets of affine spaces.

In section 9, we consider toric varieties over local fields k,. We give an
explicit description of the norms for universal torsors obtained by inducing
the norms of Batyrev-Tschinkel [7] and of the corresponding measures (cf.
(9.12)). Another central idea is the introduction of a canonical toric splitting

Py X (k) — T (k)/T(ky)ep

of the map
7ty T (ky) /T (ky)ep — X(ky).
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induced by the principal universal torsor 7 : 7 — X. Here T'(k,)cp is the
maximal compact subgroup of the analytic group T'(k,) defined by the Néron-
Severi torus.

In section 10, we consider toric varieties over number fields and the induced
adelic norm on the universal torsor obtained from the induced v-adic norms
in section 9. The product map of all 4, gives rise to a continuous canonical
toric splitting

Ja: X(Ar) — T(AQ)/T(Ap)ep

of the map from T (Ay)/T(Ar)ep to X (Ay) induced by 7. By means of ) we
give a new torsor theoretic interpretation of the heights of Batyrev-Tschinkel
[7] and an interpretation of the constant C' = a(X)7(X)h!(X). There are sev-
eral analogies with Bloch’s use of torsors (cf. [8], [47]) to interpret the Néron-
heights and the Birch/Swinnerton-Dyer/Tate conjecture for abelian varieties.
The universal torsors over toric varieties play the same role as the biexten-
sions do for abelian varieties. The constant a(X)7(X)h!(X) is interpreted by
means of the Laurent expansion of an adelic integral which is a continuous
approximation on the universal torsors of the zeta functions for X considered
by Manin, Batyrev and Tschinkel. We also indicate how these zeta functions
can be studied for toric varieties without making use of group structure of the
torus.

In section 11, we give a proof of the conjectures of Manin and Peyre for split
toric Fano varieties over Q (first proved in [4]). Our method is essentially an
extension of the method developed by Schanuel [56] for projective spaces and
by Peyre [52] for certain special blow-ups X — P™ of projective spaces. But
we make a more systematical use of the universal torsors than in [52] and we
use geometric invariants of the fans in the study of the main terms and the
error terms. Our asymptotic formulas are slightly more precise than in [52],
[7], [4] and of the type

CB(log B) ™' + O(B(log B)"~3/?*%), 1 = rkPic X.

while the formulas in (op.cit.) are of the type CB(log B)"~1(1 + o(1)). But
the real motivation for giving another proof of the theorem of Batyrev and
Tschinkel is that many of the arguments can be used for other classes of Fano
varieties like moduli spaces of ordered sets of points on the projective line.
The use of universal torsors in the study of Manin’s conjectures is quite
natural. We used them to give an upper bound for the counting functions of
del Pezzo surfaces of degree 5 in a talk at Bern at the Borel seminars in the
summer semester 1993. Some months later the author received a preliminary
version of Peyre’s important paper [52] which has had a strong influence on
this paper. There he made implicit use of descent varieties for some classes of
toric varieties without emphasizing their toric structure and without making
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use of the descent theory of Colliot-Thélene and Sansuc. Most of the theory of
this paper has been developed in an attempt to use universal torsors to count
points on toric varieties and to refine Peyre’s Tamagawa number conjecture
for general Fano varieties. It is thus not surprising that Peyre himself recently
considered universal torsors. We understood from his visit at ETH 1996 that
he has also found that the use of universal torsors leads to a term h!(X)
in the conjectured asymptotic formula by means of adelic zeta-functions on
the universal torsors. His line of thoughts was somewhat different, however,
and did not use the induced measures of this paper. We refer to the paper
of Peyre [51] in this volume for his vision of the role of universal torsors in
the theory of counting functions for Fano varieties. We have only given some
brief comments here about his work since we received it when this paper was
almost completed. There is some overlapping between [51] and sections 5, 6
and 10 of this paper. But there are also many differences. Peyre consider
certain equivariant partial compactifications of the universal torsors while we
systematically avoid compactifications. He does not consider adelic splittings
of the universal torsors, but uses instead the notion of “system of heights” for
arbitrary linear systems. He uses complete intersections as a prototype for
Fano varieties while we have chosen to dicuss toric varieties in detail.

We have learned much about the arithmetic of toric varieties from the im-
pressive papers of Batyrev and Tschinkel [7] and [4]. Their approach using
adelic harmonic analysis for Manin’s zeta functions is elegant and conceptual,
but depends strongly on the underlying group action on the toric variety. The
advantage with universal torsors is that they exist for all Fano varieties. One
can e.g. prove the best upper bound O(B(log B)*) for del Pezzo surfaces of
degree 5 by means of the descent theoretic approach in this paper.

We have after this paper was completed received the paper [6] of Batyrev
and Tschinkel. The measure theory of our paper (e.g. (1.22) and (4.25)-(4.28))
has applications to the theory of L-primitive fibrations in [6]. One can also
avoid the use of compactifications and the reference to Denef’s work in (op. cit.)
and give more intrinsic constructions of the measures involved by means of the
results here.

We would like to thank Batyrev, Manin, Peyre and Tschinkel for discussions
on counting problems for Fano varieties.

1. Analytic manifolds over locally compact fields

Throughout this section k& denotes a non-discrete locally compact field of
characteristic zero. It is well known (cf. [66]) that k is either totally discon-
nected (in which case it is a finite extension of the p-adic number field Q)
or connected (in which case it is either R or C). Denote by | | : £ — R the
absolute value normalized in the following way. If k = R, let || = max(a, —«)
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and if k = Qp, let |up!| = p~! for units u in Z,. If k is a finite extension of
ko =R or kg = Qp, let | | : & — R be the map obtained by composing the
norm N : k — ko with | | : kp — R. The topology of k is induced by the

absolute value | | : k — R and k is complete with respect to | | : & — R in
all cases. We shall assume that all norms and all seminorms on vector spaces
over k are compatible with the normalized absolute values | | : K — R under

scalar multiplication ([36, p.33], [38, p.44]).

If k is a finite extension of ky = Qp, let 0 be the maximal Z,-order (cf. [54])
in k. Then o is a complete discrete valuation ring. The inverse different o” is
defined by

oP :={a ck:Tr(aB) € Z, for all B € o}.

Denote by p the Haar measure on the additive locally compact group k
normalized in the following way. If k = R, let x be the usual Lebesgue measure
dzr and if kK = C, let p = dx be the measure 2dudv for the real (resp. imaginary)
part w and v. If k is a finite extension of Q,, choose p to be self-dual as
in [66, Ch.VII, §2]. This means that u(o)u(o”) = 1. Hence u(o) = 1 if
and only if £ is a unramified over Q,. The Haar measure is sometimes (cf.
e.g. [67], [52]) normalized such that (o) = 1 for all finite extensions of Q.
The normalization chosen here implies that we get no discriminant factors for
volumes of adelic measures. If K is a number field, and Ax the adelic group
[66] of K, then u(Ax/K) =1 for the restricted product measure of the local
measures above (cf. [67, 2.1.3] for more details). Also, we get no discriminant
factor (cf. (5.21), (6.12)) in our definition of Tamagawa numbers. Instead, we
get a discriminant factor in the local results in (2.14) and (2.15).

Most of the theory of analytic manifolds over locally compact fields are
obvious generalizations of the theory of analytic manifolds over R and C in
differential and analytic geometry. We first recall some definitions (1.1)-(1.3)
from Serre’s book [59, Part II].

Definition 1.1. — Let V C k™ be open and let f: V — k be a function. Then
f is said to be analytic in V' if for each point P = (ay,as,...,a,) € V C k™,
we may find an open neighbourhood of P

Np, ={(z1,22,...,2p) €K" : |x; —a;| <r, i=1,...,n}CV
such that f is defined by a convergent power series in k [x1 — a1, ..., %, — apn]
on NP,r-
Definition 1.2. — Let T be a topological space.

(a) An n-chart (or n-coordinate map) on T is a homeomorphism ¢ : U — V
between open subsets U C T and V' C k™.

(b) Two n-charts ¢ : U — V and ¢ : U’ — V' are compatible if the maps
¢ o Hp(UNU') and ¢po ¢~ |¢ (U NU’) are analytic.
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(c) An n-atlas A on T is a family of n-charts ¢; : U; — Vj, j € J such that
T = Uje U; and such that ¢;, and ¢;, are compatible for any ji,jo € J.
(d) Two n-atlases

AZ‘:Z{wZ‘ZUZ‘H‘/j,Z‘EI},Aj::{gbj:UjHV}‘,jGJ}

are said to be compatible if 1; and ¢; are compatible for any v; € A;,
¢j € Aj.

Compatibility of n-atlases is an equivalence relation (cf. LG 3.2 in op. cit.).

Definition 1.3. — Let T be a topological space. An analytic n-manifold struc-
ture on T' (over k) is an equivalence class of compatible n-atlases on T

Note that the analytic manifold structures considered in this paper are such
that the dimension n is the same at all points of the manifold.

Let M; and My be two analytic manifolds (over k) of possibly different di-
mensions. A continuous map f : My — M is said to be an analytic morphism
if it is “locally given by analytic functions” (cf. LG 3.6 in op.cit. for a precise
definition).

Definition 1.4. — An analytic vector bundle of rank r over an n-manifold
M consists of a family {Ep}per of r-dimensional vector spaces over k
parametrized by M, together with an analytic (n + r)-manifold structure on
E = Upepy Ep such that:
(i) The projection map 7 : E — M taking Ep to P is analytic.
(ii) For every Py € M, there is an open neighbourhood U C M of Py and an
analytic isomorphism ¢p : 771 (U) — U x k" which restricts to a linear
homeomorphism from Ep to {P} x k" for each P € U.

The tangent bundle Tan(M) — M and the cotangent bundle Cot(M) — M
are analytic bundles of rank n on an analytic n-manifold M (see [12], [38,
Ch. XXII] for the global properties and [59, Ch. 3, §8] for the local properties
of these bundles).

Let p : E — M be a vector bundle and let f : N — M be an analytic
morphism. The fibre product

N xu E={(Q,s) e N xE: f(Q) =p(s)}
is an analytic submanifold of N x E (see [59, LG 3.26]) and the projection
map
pN N xy E— N
is a vector bundle of the same rank as p : E — M. (The trivializations of
pn : N Xpr E — N and their transition functions are defined by pulling back
the trivializations of the bundle on M and their transition functions, cf. e.g.
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[25, p. 68] for the case k = C.) We shall in the sequel write f*E for N x s FE and
call py : N xpr E — N the pullback bundle of p: E — M under f: N — M.

Operations on vector spaces induce operations on vector bundles (cf. e.g.
[25, pp.66-67]). There exists thus for each vector bundle p : E — M a dual
vector bundle p* : E* — M and exterior product bundles AE — M. The
cotangent bundle Cot(M) — M is dual to the tangent bundle Tan(M) —
M. We shall write det E for the line bundle A"E when r = rk ' and call
det Cot(M) the canonical bundle and det Tan(M) the anticanonical bundle of
M.

Ifm : By - M and my : Fo — M are two analytic vector bundles, then
there are analytic bundles Fy & F3 — M and Fy ® E5 — M. The analytic
manifold F; @ F> is equal to the fibre product F; X j; Es and hence an analytic
submanifold of E; x E (see [59, LG 3.26]). If g : By — Es is an analytic map
with 71 = mag such that corresponding maps between the fibres gp : £y p —
E, p are linear for each P € M, then we define vector bundles kerg — M
(resp. coker g — M) when g is surjective (resp. injective).

Definition 1.5. — Let p : E — M be an (analytic) vector bundle over an
analytic manifold M (over k). A norm (resp. seminorm) onp: E — M is a
continuous map

Il B — [0, 00)

such that the restriction to Ep is a norm (resp. seminorm) on the vector space
Ep (over k) for each P € M. A normed vector bundle is a vector bundle with
a norm.

Remarks 1.6
(a) Silverman [63] and Peyre [52] define a metric
I B —[0,00)
on a line bundle p: E — M to be a collection of vector space norms
| [|z: Er — [0,00), €M
for which the map
PeU—|s(P)|| €[0,00)

is continuous for any local analytic section s : U — p~1(U) of p: E — M.
It is obvious that a norm on a line bundle p : £ — M is a metric.
Conversely, each metric || || : £ — [0,00) is a norm. To see this, one
works locally at M and reduces to the case £ = M x k by means of
(1.4)(ii). Then use the fact

PeM—s(P)=(P1)c€E
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is an analytic section of pi: F — M with
1P, @)l = |allls(P)]
forall Pe M, o € k.
Suppose we are given one norm || |[; and one seminorm || ||2 on a line
bundle p : E — M over an analytic manifold M. Then there is a unique
continuous function 7 : M — [0, 00) such that
Isll2 = r(p(s)) sl

for all s € E. If M is compact and || ||2 is a norm then there are positive
constants C' and D such that

Cllslly < [Isllz < Dlsllx
for all s € E.

Any vector space norm on k" defines a norm on the trivial vector bundle
M x k™ by means of the projection M x k" — k™. We now give some further
examples of norms and seminorms on (analytic) vector bundles.

Examples 1.7

(a)

Let p : E — M be a line bundle and let w be a continuous global
section of the dual line bundle p¥ : EVY — M. Then w may be regarded
as a continuous map F — M X k which restricts to the linear map
Ep — P x k for each P € M. We obtain a seminorm || || : E — [0, 00)
by sending s € E to the absolute value of the image of w(s) under the
projection M x k — k. In particular, any continuous differential form
w of maximal degree on M defines a seminorm on the anticanonical line
bundle det Tan(M). This seminorm is a norm if and only if w vanishes
nowhere.

Let p1 : E1 — M and py : EFo — M be two line bundles and

[l Er—[0,00), | l2: E2 — [0,00)
be seminorms on F4 resp. F». Then there exists a product seminorm
II'll: E1 ® Ey — [0,00)
such that
[(s1 @ s2)[ = [[s1l1 - lIs2|2
for two sections s; € Ey, so € Ey with pi(s1) = pa(s2). This seminorm
| || is a norm if and only if || ||; and || ||2 are norms.
Let p: E — M be a vector bundle and let py : N Xy E — N be the
pullback bundle of p : F — M under f : N — M. Then there is a

seminorm
A N xar B — [0, 00)
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on the pullback bundle associated to each seminorm || || on p: E — M.
This is obtained by composing the projection map N X E — E with
| || : E — [0,00). The seminorm f*|| || is a norm if || || is a norm. We

shall then call f*|| || the pullback norm of || ||.
In the next example we shall need the concept of a lattice in a vector bundle.

Definition 1.8. — Let o be a complete discrete valuation ring as above with
quotient field k. Let M be an analytic manifold over k and p : E — M be
an analytic vector bundle of rank r. An analytic lattice of p : E — M is a
submanifold L of E such that

(a) Lp:= LN Ep is an o-lattice in Ep for each P € M.

(b) For every Py € M, there is an open neighbourhood U C M of Py and
an analytic isomorphism \yy : LN p~H(U) — U x o" which restricts to an
o-module isomorphism from Lp to {P} x o" for each P € U.

Example1.9. — Let p : E — M, L, o, k be as in (1.8) and let p be a uni-
formizing parameter of o. If P € M and s € Ep, let

IIs|| = inf{|x™| : #™s € Lp}.
Then,
I B —[0,00)

is a norm. (The verification is local on the base so it suffices (see (1.8)(b) to
treat the trivial case where p is the projection from F = M x k™ to M and
L=DMxo")

The following result is a reformulation of a result due to Peyre [52].

Theorem 1.10. — Let M be an analytic Hausdorff n-manifold and let || || be
a seminorm on the anticanonical bundle det Tan(M) of M. Then there is a
unique positive linear functional A on the vector space C.(M) of real valued
continuous functions with compact support on M such that for any n-chart

U —V Ck",

o) = (d1(x), ..., on(x)) = (x1,...,20),c €U C M
and any f € C.(M) with support in U the following equality holds:

0
Af = /f (x1,...,x H dridxs - - - dxy,.
axl oxy,
Moreover, if || || is a norm and f : M — R>q is a non-negative function in

C.(M), then Af =0 if and only if f = 0.
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Proof. — Let ¢ : Uy — Vo C k", ¢g : Ug — Vg C k™ be two charts
and suppose that ¢ € C.(M) have support in U, N Up. Then Peyre (op. cit.)
deduces from the Jacobian formula for change of variables in a multiple integral
([67, p.14]) that the two integrals over V, and V; coincide so that Af is
well defined. His argument uses only that || || is a seminorm although it is
formulated for a metric (cf. (1.6)(a)). Now once the compatibility of integrals
under transition of charts has been established, one concludes by a standard
argument with partitions of unity (see th.5.1 in [38, Ch.IX] and note that no
paracompactness assumption is needed).

To prove the last statement, it suffices by partition of unity to consider the
case when there is an isomorphism ¢ : M — V onto an open subset V of
k™. But then the assertion follows from the integral formula above, thereby
completing the proof. O

Since M is locally compact and Hausdorff there exists according to Riesz
representation theorem [38, Ch.IX, §2] a unique positive Borel measure m on
M such that:

1.11 (i) If W is open, then
m(W) =supAf,

where f € C.(M) runs over all functions with support in W such
that 0 < f(z) <1 for all z € M.
1.11 (ii) If B is a Borel set, then m(B) = inf m(W'), W open D M.

This measure m has the following properties:
1.11 (iii) If K is compact, then m(K) is finite.
1.11 (iv) If B is open or a union of countably many Borel sets of finite mea-

sure, then m(B) = supm(K), K compact C B.
1.11 (v) Af = [,, fdm for any f € Co(M).

Definition 1.12. — We shall call m the positive Borel measure on M deter-
mined by the seminorm || || : det Tan(M) — [0,00) and A : C.(M) — R the
positive functional determined by || || : det Tan(M) — [0, c0).

If || || is & norm, then it follows from (1.11) and the last assertion in (1.10)
that m(W) > 0 for all non-empty open subsets W of M.

Example 1.13. — Let || || : det Tan(M) — [0,00) be a seminorm defined by
a continuous differential form w on M (see 1.7). Then the measure m is just
the “usual” positive Borel measure |w| on M determined by w (see e.g. [38,
Ch. XXIII, §3]) for the case k = R and [12, §10] for general locally compact
fields k). The construction of m in (1.10), (1.11) is thus a generalization of
the classical volume form construction.
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Definition 1.14. — A positive Borel measure m on a locally compact Haus-
dorff space M will be called o-regular if it satisfies the properties (1.11)(ii),
(1.11)(iii) and (1.11)(iv) in (1.11). It will be called regular if it satisfies
(1.11)(ii), (1.11)(iii) and the following stronger version of (1.11)(iv):

() If W is a Borel set, then m(W') = supm/(K), K compact W.

The space M is called o-finite with respect to m if M is a union of countably
many Borel sets B C M of finite measure m(B).

Remarks 1.15

(a) It follows from the definitions that (cf. [38, p.257]) a o-regular positive
Borel measure m on M is regular if M is o-finite with respect to m. The
o-finiteness condition is satisfied (see (1.11)(iii)) if M is o-compact (i.e.
a union of countably many compact subsets). It is sometimes useful for
integration with respect to product measures.

(b) The positive Borel measure m determined by a seminorm

| || : det Tan(M) — [0, 00)

on an analytic Hausdorff n-manifold M is o-regular (by 1.11) and regular
if M is o-compact.

Lemma 1.16. — Let M and My be two locally compact Hausdorff spaces and
let my (resp. ma) be a o-regular positive Borel measure on My (resp. Ms).
Then there exists a unique o-reqular positive Borel measure m on M := My X

My such that
/ hdm = hldml/ hgdmg
M My Mo

for any function h € C.(M) which is a product
h(Py, Py) = hi(P1)ha(P)
of two functions hy € Co(My), he € Ce(Ma).
Moreover, if h(Py, Py) € C.(M), then

g(PQ) = /M h(Pl,Pg)dml S CC(MQ)

/ hdm = gdmg = / </ h(Pl,Pz)dm1> dmg.
M M2 M2 Ml

Proof. — This follows from [11, Ch.III, §5] and Riesz representation theorem.
]

and
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Let M7 and M, be two analytic manifolds over k. The topological space
M := Mj; x M carries a natural analytic manifold structure described in
[59, p.LG 3.7]. Let pr; : M — M;, i = 1,2 be the two projections and let
pri Tan(M;), i = 1,2 be the pull back bundles (cf. (1.7(c)) of the tangent
bundles on M7 and Ms. Then there exists a natural identification

Tan(M) = pri Tan(M;) & prj Tan(Ms)
of vector bundles over M which induces a canonical isomorphism
det Tan(M) = pri(det Tan(M;)) ® prs(det Tan(Ms)).
Suppose that we are given seminorms:
|l laz; : det Tan(M;) — [0,00), i=1,2.

Then there are pullback seminorms pr}|| || on pr;(det Tan(M;)), ¢ = 1,2
(cf. (1.7)(c)) which are norms if (and only if) || ||, are norms.

Theorem 1.17. — Let My and Ms be two Hausdorff analytic manifolds over k
and let M be the product manifold M = My x Msy. Let

| ||z, : det Tan(M;) — [0,00), i=1,2
be two seminorms and let
| |27 : det Tan(M) — [0, 00)
be the product seminorm of the two pullback seminorms
pri|l |lag; : pri(det Tan(M;)) — [0, 00).

Let m;, i = 1,2 (resp. m) be the o-regular positive Borel measures deter-
mined by || ||ar,, i = 1,2 (resp. || ||az). Then the following assertions hold.

(a)
/ hdm = hl dm1 / hgdmz
M My Mo

for any function h € C.(M) which is a product h(Py, Py) = hy(P1)ha(P2)
of two functions hy € Ce(My), he € C.(Ms).
(b) If h(Py, Py) € Co(M), then

g(Pg) = /M h(Pl,Pg)dml S CC(MQ)

/ hdm = gdmg = / (/ h(Pl,Pg)dm1> dmg.
M M2 M2 Ml
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Proof
(a) Using charts and partitions of unity and the definition of the functionals
on C.(My), Co(Ms) and C.(M) corresponding to m;, i = 1,2 (see 1.10) it is
clear that it suffices to treat the case when My = k9 and My = kb, q,t € Z~o.
Let us choose coordinates (x1,...,z4) for My and (xgy1,...,2q4e) for Ma.
Then by definition we have that

/ hdm =
M

le] o) o) le]
Aq+th(x1,...,$q+t)‘a—xl/\"'/\a—zq ‘m/\ "Aax—q_HHd.’L'ld.%'Q"'qu_Ft
where the seminorms should be read as || |7, resp. || ||azs-
Let 5 5
v my) = hy(x, .. — A A=——

fi(2 zq) = h1(z1 Zq) . dzg

and
ol ) = ha | -
2\+&g+1, s Lg+t 2\Lg+1, s vqt+t 6$q+1 axq+t

Then (cf. (1.6)(a)) fi € C.(k?) and fo € C.(k'). Therefore, by an elemen-
tary version of Fubini’s theorem it follows that

/ hdm
M

= fi(zr, ..., zq)dxrday - - - dxy / N fo(zgq1, ..., Tgpt)dxgin - - drgpe
k4 ka

where the right hand side is equal to [ v, Pdma / 1, P2dma by definition.
(b) This follows from (a) and the previous lemma. O

Now let f : N — M be an analytic morphism from an m-manifold to an
n-manifold. Then f* Tan(M) = N x s Tan(M) is an analytic vector bundle
over N of rank m. It is endowed with a canonical morphism (cf. [59, LG 3.12]
and [12])

f: Tan(N) — N xj; Tan(M)
of vector bundles over N. The analytic morphism N — M is called an im-
mersion (resp. a submersion) if it “locally looks like” a linear injection (resp.
surjection) k"™ — k™ (cf. LG 3.12-14 in (op.cit.) for the precise meaning of
this phrase). There is also a proof in (op.cit.) that f is an immersion (resp. a
submersion) if and only if f’ is injective (resp. surjective).
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Definition 1.18

(a) If f : N — M is an immersion, then the normal bundle Nor(N/M) is
defined to be the cokernel of f’: Tan(N) — N X Tan(M).

(b) If f : N — M is a submersion, then the relative tangent bundle
Tan(N/M) is defined to be the kernel of f(see [12, 8.1]). The relative
cotangent bundle Cot(N/M) is the dual vector bundle of Tan(N/M).

If f: N — M is a submersion, then det Tan(N/M) is an (analytic) line
bundle over N, which we shall call the relative anticanonical line bundle of
f+ N — M. The restriction of det Tan(N/M) to a fibre Np, P € M of
f+ N — M is equal to the anticanonical line bundle det Tan(Np) of Np.
There is also a canonical isomorphism

(1.19) det Tan(N) = det(Tan(N/M)) @ f*(det Tan(M))

of line bundles over N induced by the exact sequence of vector bundles over
N

(1.20) 0 — Tan(N/M) — Tan(N) -5 N x5 Tan(M) — 0.

Notation 1.21. — Let f : N — M be a submersion between two analytic
Hausdorff manifolds and let

I lv/ar : det Tan(N/M) — [0, 00)

be a seminorm on det Tan(N/M) — N.
If Pe f(N), let
Ap . CC(NP) — R
be the positive linear functional on the fibre Np of f : N — M at P determined
by the restriction
| [|p: det Tan(Np) — [0, c0)
of || ln/ar to Np (see (1.10)) and let hp € C.(Np) be the restriction of
h € C.(N). Then we denote by

the function with value Ap(hp) for P € f(N) and with value 0 if P & f(N).
A linear map
Anynr Ce(N) — Ce(M)
is said to be positive if any non-negative function h € C.(N;R) is sent to a

non-negative function g € C.(M;R).

The following result is stated (without proof) by Serre [61, p.83] in the
special case of seminorms || ||y/as and || ||as defined by global sections of
det Cot(N/M) and det Cot(M) (cf. (1.7)(a)).
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Theorem 1.22. — Let f: N — M be a submersion between two analytic Haus-
dorff manifolds. Let

| |n/ar = det Tan(N/M) — N
| [|ar : det Tan(M) — M

be seminorms and let
| ||~ : det Tan(N/M) @ f*det(Tan(M)) — [0, 00)

be the seminorm on det Tan(N) — N obtained by taking the product of || || /s
and f*|| |lar (¢f. (1.7)(b), (1.7)(c) and (1.19)).
Then the following holds,
(a) Anyar is a positive linear map from Co(N) to Ce(M).
(b) Let Apr: Co(M) — R (resp. An : Co.(N) — R) be the positive functionals
determined by || ||ar (resp. || [|n). Then An = Anro Ay
(¢) Let m resp. n be the positive o-reqular Borel measures on M (resp. N)
determined by || ||ar (resp. || ||v. Let O(P), P € f(M) be the positive
o-regular Borel measure on Np (cf. (1.11)) corresponding to the positive
functional Ap : C.(Np) — R determined by the restriction to the fibre
Np of f: N — M at P of || |n/m to Np (cf. (1.10), (1.21)). Then,

/thn = /M Anyar(h)dm = /Pef(M) (/NP hpde(P)) dm

for any h € C.(N). The integral over Np is defined to be 0 if Np is
empty.

Proof

(a) It is obvious from the definition in (1.21) that Ay, is linear and pos-
itive. It thus remains to show that Ay/y(h) € Co(M) for h € C.(N). To
show this, we first note that f(IV) is an open subset of M (since any submer-
sion is open) and that the support of Ay y/(h) is contained in the compact
subset f(Supph) of f(N). It is therefore sufficient to prove that Ay, (h) is
continuous in an open neighbourhood of P = f(Q) € M for each Q € N.

Let t resp. s be the dimensions of N resp. M. Then since f is a submersion
there exist open analytic neighbourhoods U of Q, V of P and W of 0 in k'~*
and an analytic isomorphism ¢ : U — V x W such that f(U) = V and the
following diagram commutes (cf. [59, LG 3.16])

(1.23) U L 174
1% pri
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If we cover N with such subsets U and apply the linearity of Ap for all P € M,
then it is clear from the “usual” argument with partitions of unity [38, p.270]
that it suffices to show that g := An/p(h) € Co(M) for h € C.(N) with
support in an open subset of U as above. Further, if hy € C.(U) is the
restriction of h, then Ay y(h) = Ay (hy) on Voand Ay/p(h) = 0 outside
V. We may thus assume that N =U and M = V.

Since 1 is an isomorphism and (1.23) commutes and the constructions of
Ap (see (1.10)) are functorial under isomorphisms we may and shall further
assume that U = VxW and f = pr;. Then N = M xW and det Tan(N/M) =
pri(det Tan(W)) for the projection pro : M x W — W.

If || [[n/as - det Tan(N/M) — [0, 00) is the pullback pr3|| [[w of a seminorm
| [lw on det Tan(W) — W, then it follows from (1.17)(b) that Ay/y; is a
positive linear map from C.(NN) to C.(M).

In the general case, choose a norm || ||y on det Tan(W) — W, and let
An/um be the linear map Co(M) — C.(N) determined by the norm prj| [lw
on

det Tan(N/M) — N.

Then there exists a unique continuous function r : N — [0,00) such that
|8l /s is equal to r(Q)pr3||s|lw for any section s € det Tan(IN/M) above Q €
N (see (1.6)(b)). Therefore, An/ar(h) = An/ar(rh) for all h € Ce(N). There-
fore, the general case follows from the already known case where || ||y =
o3l -

(b) One reduces immediately to the case N = M x W and f = prq by means
of the same arguments as in the proof of (a). If || || 5/as is the pullback pr3|| |lw
of a seminorm || ||y on det Tan(W) — W, then it follows from (1.17)(b) that
AN = Apr oAy

In the general case, choose a norm || ||y on det Tan(W) — W and define
the linear map Ay/pr @ Ce(M) — C.(N) as above. Let r : N — [0,00) be
the function described in the proof of (a) and let Ay : C.(N) — R be the
functional defined by the product seminorm || ||arxw of pri|| ||ar and pri|| [|w-
Then ||s||xy = r(Q)||s||arxw for any section s € det Tan(N) above. Therefore
An(h) = An(rh) and An/ps(h) = Anyas(rh) for all b € Co(N) (see (a)). This
combined with Ay = AproAy/ps (see (1.17)(b)) implies that Ax = AproA -

(c) This follows from (b) and Riesz representation theorem. O

2. Measures and densities for algebraic varieties over local fields

Let k& denote a non-discrete locally compact field of characteristic zero and
let X be a smooth k-variety. It is well known that the set of k-points X (k)
on X can be given a natural analytic manifold structure X,, (k) and that this
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construction is functorial. The best reference for the applications here seems
to be chapter III of the book [53].

We first define the underlying topology of X (k). If X is an affine k-scheme of
finite type, then the k-topology on X (k) is defined to be the coarsest topology
for which all maps X (k) — k defined by regular functions on X are continuous.
We shall say that a subset of X (k) is k-open (resp. k-closed) if it is open (resp.
closed) in the k-topology.

In the following result (2.1) we always refer to the k-topology when regarding
the set of k-points X (k) on an affine k-scheme X as a topological space.

Proposition 2.1

(a) Let g : X — Y be a closed k-immersion of two affine schemes of fi-
nite type over k. Then g induces a closed immersion X (k) — Y (k) of
topological spaces

(b) Let Z = X XY be a product of two affine schemes of finite type over k.
Then Z(k) = X (k) x Y (k) as topological spaces.

(c) Let g : X — Y be an open k-immersion of two affine schemes of fi-
nite type over k. Then g induces an open immersion X (k) — Y (k) of
topological spaces.

(d) The k-topology on Aj (k) is equal to the direct product topology on k" =
A7 ().

Proof. — (a) and (b) are obvious and the proofs left to the reader.

(c) X may be identified with the closed k-subvariety of ¥ x A} =Y x
Spec k[T] defined by the equation hT = 1 for some invertible function A in the
coordinate ring of Y. By (a) and (b) one gets that X (k) is the closed subset
of the product space Y (k) x AL (k) defined by hT = 1. Now use the fact that
the projection of X (k) C Y (k) x A}.(k) onto Y (k) is an open immersion of
topological spaces.

(d) It suffices by (b) to consider the case X = A} = Speck[T]. Then
any regular function on X is a polynomial in T" with coefficients in k. This
combined with the fact that k is a topological ring implies that the k-topology
on X (k) is the coarsest topology for which 7" : X (k) — k is continuous. Hence
T : X(k) — k is a homeomorphism, as was to be proved. O

Proposition and definition 2.2. — Let X be a separated scheme of finite type
over k. Then the family of all k-open subsets of sets of k-points on all Zariski
open affine k-subschemes form the base of a topology of X (k). If X is affine
this topology is the k-topology above. If X is mot affine we call this topology
the k-topology of X (k).

Proof. — The statement follows immediately from (2.1)(c). O
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It is obvious from the definition that a k-morphism g : Y — X between two
separated schemes of finite type over k induces a continuous map Y (k) — X (k)
with respect to the k-topologies. It is also clear that the assertions in (2.1)(a)-
(¢) hold in the non-affine case.

Proposition 2.3

(a) X (k) is a Hausdorff space with respect to the k-topology.

(b) There is a countable base of open subsets with compact support for the k-
topology. In particular, X (k) is o-compact and paracompact with respect
to the k-topology.

(c) If X = P}, then the k-topology of X (k) is the quotient topology arising
from the canonical map k"'\(0) — Pp.

(d) If X is a closed k-subscheme of PJ' for some n, then X (k) is compact
with respect to the k-topology.

(e) If X is a smooth, proper and geometrically connected k-scheme, then
X (k) is compact with respect to the k-topology.

Proof
(a) X is Zariski closed in X xj X by assumption. The diagonal of X (k) x
X (k) is therefore closed in the k-topology.

(b) It suffices to prove this for a finite set of open affine subvarieties in a
covering of X. To show this, use (2.1) and the fact that the locally compact
field k£ has such a base.

c¢) This is checked locally using the standard covering of P/* by n+ 1 affine
g g k
n-spaces.

(d) It suffices by the non-affine version of (2.1)(a) to prove this in the case
X = PJ'. Then use the fact that the compact subset of "1\ (0) consisting of
(n+ 1)-tuples (xo,1,...,x,) with sup; |;| = 1 is mapped onto P’ under the
canonical map from "1\ (0) to P}

(e) There exists by Chow’s lemma [32, p 107] a proper k-morphism g : Y —
X from a projective k-variety Y and a Zariski non-empty open k-subvariety
U of X such that g induces an isomorphism of g=!(U) to U. This implies by
(a) and(c) that g(Y (k)) is a k-closed subset of X (k) containing U(k). But
X is smooth and hence U(k) dense in X (k) (cf. [53, lemma 3.2]). Therefore
g(Y(k)) = X (k), thereby completing the proof. O

The smoothness condition in (2.3)(e) is not necessary, but will be satisfied
for all the applications in this paper. One can prove that any proper morphism
g:Y — X between k-varieties gives rise to a proper continuous map Y (k) —
X (k) between topological spaces as remarked by Serre in [61, Ch. 2].
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Next, let 0o be a complete discrete valuation ring and ® : = — Speco be a
separated morphism of finite type. We shall in the sequel write =(0) for the
set of o-morphisms o : Speco — = such that ®o is the identity morphism on
Speco.

Proposition 2.4. — Let k be the quotient field of a complete discrete valuation
ring o. Let v : Z1 — EZo be a closed immersion of separated o-schemes of
finite type over o and let =1 — Zo be the closed immersion of their gemeric
fibres. Then the natural maps E;(0) — X;(k), i = 1,2 are injective and
El(o) = Xl(ki) N EQ(O) m Xg(k‘)

Proof. — The assertion follows from Grothendieck’s valuative criterion for
separated resp. proper morphisms (cf. e.g. [32, Ch.2 §4]). If 51 — E5 is an
arbitrary proper o-morphism between separated schemes of finite type over o,
then the diagram

is set-theoretically cartesian. O

Corollary 2.5. — Let k be a finite extension of Qp, and let o be the mazximal
Zp-order in k. Also, let = be a separated scheme of finite type over o. Then
the following holds.
(a) Z(0) is a compact and open subset of X (k) in the k-topology.
(b) Let X be the scheme theoretical closure of X in E. Then the natural
map from X (o) to Z(0) is bijective.

Proof

(a) There is a covering of Z by finitely many Zariski open affine o-schemes.
We may therefore assume that = is affine over o and choose a closed o-
immersion ¢ : & — A?. We may then by (2.1) and (2.4) reduce to the obvious
case = = AJ.

(b) X is also separated and of finite type over o with X as generic fibre.
The assertion therefore follows from (2.4). O

We shall not need (2.5)(b) in the sequel, but it makes it possible to reduce
to the case of reduced models over o.

Definition 2.6. — A k-variety X is a geometrically connected, separated
scheme of finite type over k.
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We shall in this paper use the word k-variety in this sense also for other
fields than locally compact fields. Thus a smooth k-variety will always be
assumed to be geometrically integral in this paper.

The definition of the k-topology works for arbitrary separated schemes of
finite type over k. For the definition of an analytic manifold structure on X (k)
we assume from now on that X is a smooth k-variety.

To define an n-chart (n = dim X) around a k-point X of X (k) choose an
affine neighbourhood U equipped with an étale k-morphism h : U — A}, It
follows from the inverse function theorem [59, part II, Ch.3, §9] that there
is a k-open neighbourhood N, in U(k) of X such that the restriction of h to
N, defines an homeomorphism between N, and a k-open neighbourhood of
y = h(z) in k" = A}(k). Moreover, any two such n-charts defined in this way
are compatible (see [53, p.111]). Also, any two n-atlases consisting of such
n-charts are compatible (in the sense of (1.2)). There is therefore a (canonical)
analytic manifold structure on X (k) (see p.112 in op.cit.). If k is a complete
discrete valuation field, then it follows from (2.3)(b) and a result of Serre [58]
that X, (k) is a disjoint union of “balls”.

Each k-morphism ¢ : Y — X gives rise to a (unique) analytic morphism
Jan : Y (k) — X (k) between the corresponding analytic manifolds so that one
becomes a covariant functor from the category of smooth algebraic k-varieties
to the category of analytic manifolds over k (cf. e.g. [62] for the case k = C).

The following result is well-known.

Proposition 2.7
(a) Let g : Y — X be a smooth k-morphism between smooth k-varieties of
constant relative dimension d. Then ga, : Y (k) — X (k) is a submersion
of relative dimension d. In particular, g.n is open.
(b) Let g : Y — X be a closed immersion of smooth k-varieties of codimen-
sion d. Then ga, : Y (k) — X(k) is a closed immersion of codimension

d.

Proof
(a) Let Qy/x (resp. Qy/) be the relative cotangent sheaf of Y/ X (resp.
Y/k). Then the natural sequence

0— g Qx/ — Qy, — Qyyx —0

is an exact sequence of locally free coherent sheaves on Y which corresponds
to an exact sequence of vector bundles over Y (cf. [30, 16.5.12 and 17.2.3))

where V(€) means the spectrum of the quasi-coherent symmetric algebra
S(E) on £ as in [29, 1.7.8]. Now note that the analytic tangent bundle
Tan(Yan(k)) — Yan(k) is equal to the analytic morphism V(Qy/i)an(k) —
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Yan(k) associated to the algebraic tangent bundle V(Qy ) — Y [53, p.113].
Hence the last sequence gives rise to an exact sequence of analytic vector bun-
dles as in (1.20) with N = Yo, (k) and M = X, (k). This implies that g is a
submersion by the criterion mentioned just before (1.18).

(b) The proof is similar, but one uses the exact sequence (cf. [30, 17.2.5])
0 — V(Qyp) — V(Qyi) xx Y — V(Cy/x) — 0

where V(Cy,x) is the normal bundle of Y//X corresponding to the algebraic
conormal sheaf of g : Y — X. U

The main application of (2.7)(a) will be in connection with the integral
formula in (1.22).
For the rest of this section we assume the following:

(A) k is a finite extension of ), o is the maximal Z,-order in k

(B) 2 : X — Speco is a separated morphism of finite type (e.g. a proper
morphism) such that the generic fibre X is smooth and geometrically
connected.

Then, by (2.5)(a) there exists a natural compact analytic manifold structure
over k on the k-open subset Z(0) of X,n(k). We shall denote this compact
analytic manifold by Zap(0).

Next, let =/, be the relative algebraic cotangent sheaf of ® : = — Speco.
It is a coherent (but not necessarily locally free) sheaf on X and one may form
the spectrum V(€z/,) of the quasi-coherent symmetric Oz-algebra S(Qz/,)
of Qz/, [29, 1.7]. Following [30, 16.5.12] we will write Tz/, = V(Q2z/,). The
morphism Tz /, — Z is affine, hence separated. The composite map Tz,, —
Speco is thus also separated and its generic fibre is equal to the algebraic
tangent bundle T/, = V(Qx/x) of X/k.

The analytic tangent bundle Tan(X,,(k)) — Xan(k) is equal to the ana-
lytic morphism T’y (k) — X (k) associated to the algebraic tangent bundle

Tx/, — X (cf. [63, p.113]). Also, the analytic tangent bundle Tan(M) over

M = Z,.(0) is equal to the inverse image of the analytic tangent bundle
Tan(Xan(k)) — Xan(k) over M. One may therefore regard Tz /,(0) as a com-
pact open subset of the analytic manifold Tan(M).

Proposition 2.8. — Let Z/o be as in (A) and (B) and let Tan(M) — M denote
the analytic tangent bundle of M = Ean(0) € Xan(k). Then L := Tz)4(0) is
an analytic o-lattice of Tan(M) in the sense of (1.18).

Proof. — The question is local so we may reduce to the affine case. Choose a
closed o-immersion ¢ : Z — A”" and make use of the natural epimorphism (see
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(32, 11.8])
U Qpm o — Q=)0
This defines in its turn (cf. [30, 16.5.12]) a closed immersion

—

Tz)o — Tamjo Xap 2
and hence by (2.5) an equality of subsets of T Ak

Tz/0(0) = Tx (k) N Tam /o

But it is noted in [57, 3.3] that the right hand side is “un champ localement
constant de résaux” for affine k-varieties X C A}' X, k. This means in our

language that it is an analytic o-lattice in Tan(M ). The proof is thus complete.
O

By taking exterior products of L one gets an analytic o-lattice detL in
det Tan(M).

Definition 2.9. — We shall call

det L C det Tan(M)

the analytic o-lattice defined by =/o. The norm

| || : det Tan(M) — [0, 00)

determined by det L C det Tan(M) (cf. (1.9)) will be called the model norm
determined by Z/o. The positive Borel measure (see (1.12)) m on M defined
by the model norm

| || : det Tan(M)]0, 00)

above will be called the model measure on M = Ean(0) determined by =/o.

Remark 2.10. — 1t follows from simple functoriality properties of algebraic
cotangent sheaves that the analytic o-lattice in Tan(M) is uniquely determined
by the closure A)fd of X in Z. This implies that the model norms and the model
measures on M = E,,(0) = X¢an(0) determined by Z/0 and X /o coincide

(ct. (2.5)(b)).

We now partition Z(o0) into congruence classes. Let m be a uniformizing
parameter of o and let o, := o/(7") for each positive integer r. Denote by Z(o;)
the set of morphisms o, : Spec(o,) — = such that ®o, : Spec(o,) — Spec(0)
corresponds to the reduction map o — o,. We shall also write F' for o7 and
E(F) for E(o1).
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Lemma2.11. — Let y € Z(F). Then there is a natural bijection between
sections o € E(o) which are sent to y € E(F) under the reduction map
=(0o) — Z(F) and morphisms Speco — Spec Oz, which are sections of the
morphism Spec Oz, — Speco induced by ®. This is also true if we replace
the stalk O= 4 by the completion along its maximal ideal.

Proof. — By definition of morphisms of schemes any morphism o : Speco — =
which is a lifting of y € Z(F) factorizes over an affine morphism Speco —
Spec O= ,, which is a section of the morphism Spec O= , — Speco induced by
®. This proves the first statement. The second follows from the first and the
fact that o is complete. O

We shall need the following explicit version of the inverse function theorem
on power series h(y1,...,Ym) € 0[y1,-..,ym]. We will write y = (y1,...,Ym),
ye =TI v for e = (e1,...,em) € ZU" and deg(e) for the degree g + - +

Em-
Lemma2.12. — Let
hi(yi, ... ym) €0y, uml, Jj=1,....m

be formal power series of the form
hj (y) =Y+ Z aey”

where o € (198E)=1) and e € Z0™ runs over exponents € = (1, . .., em) with
€1y.--,Em > 0 of degree > 2.
Then there are unique formal power series

VW) =i+ > By €olyr, -, yml
such that:
h‘j(vl(yh e 7ym)7 s 7’Ym(y17 s ;ym)) = yj
forj=1,...,m.
Moreover, € € Z(m) only runs over exponents € = (€1, ...,Em); E1y---sEm >

0 of degree e1+- - -+em > 2 and the coefficients 8. € (w9°8E)=1) . In particular,
all power series converge.

Proof. — This is an immediate consequence of a more general result proved
on pp.11-12 in chapter LG 2 of [59]. See in particular the statements 1. and
2. on the top of page LG 2.12. U

Theorem 2.13. — Let ® : Z — Speco be a separated morphism of finite type
with smooth geometrically connected generic fibre of dimension d and let m

be the model measure on M = E,,(0). Let o9 € E(0) and let e be the largest
integer such that H°(Speco, JSQE/O) contains a torsion subgroup isomorphic
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to o/(m€). Finally, let D(og,=,r) C Ean(0) be the k-open subset of all o € =(0)
with the same reduction as oo in =, (o).

Then,
m(D(00, E,7)) = (u(0)/ Card(o;))’
forr >e.

Proof. — Tt follows from (2.11) that D(og,Z,1) is contained in ) (o) for each
Zariski open neighbourhood ) of og in Z. It is therefore sufficient to treat the
affine case and we shall choose a closed immersion ¢ : = — A7* and coordinates
Zi,...,Tym such that

oot : Specolxy, ..., Tm]/(x1,. .., Tm) — Speco[ry, ..., Tpn]
is the obvious morphism. Then F := H°(Speco, (00L)* Qam /o) is a free o-
module generated by dzi,...,dx,.

Let (f1,...,fx) € o[z1,...,2m],k > m — d generate the ideal defining Z.
Then W := H°(Speco, 06Qz/,) is the quotient module F'/R of F' by the o-
submodule R generated by the k elements:

(i) df]‘ = (6f]/6x1)dx1 —+ -+ (6f]/6xm)dxm, j = 1, - ,k}

The generic fibre is smooth of dimension d and the o-module R is therefore
generated by m — d of these elements, say dfi,...,df,,_q. By the elementary
divisor theorem we may after a linear coordinate change of write:

(11) fj(‘rl’ cee ,CCm) = 7Te(j)md-i-j + ngxe’ge €o

where € = (e1,...,6m) € Z™) runs over exponents £1,...,e, > 0 of total
degree €1 + -+ + &5, > 2 and where e = ¢(1) > ¢(2) > -+ > e(m —d) > 0.

The polynomials f;(z1,...,2m), j =1,...,m—d define = C A}" in an open
Zariski neighbourhood of ¢, which by (2.11) contains D(og,1,Z). We may
and shall therefore assume that = C A}" is defined by the polynomials

filzr,...,zm) =0, j=1,...,m—d.
We now consider the analytic map
p:D(00,2,1) — D(0, A% r)

obtained by projecting onto the d first coordinates x1, ..., x4. Let us first show
that this map is an analytic isomorphism when r > e by means of an explicit
construction of the implicit functions involved.

Consider the morphism H : A7" — A7 sending (y1,...,Ym) to (h1,..., hpy)
where

hj(y17 ERE 7ym) = ﬂie(J)irfjfd(ﬂ-rylv v 77Trym) d+1 S.] <m
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Then each hj(y), j =1,...,m is of the form
(iii) hi(y) =y5+ Y azy® €olyr, -, ym]

where ae(wdeg(s)*l) and e € Z™ runs over non-negative m-tuples of degree
> 2.
We may thus apply the inverse function theorem described in (2.12) and
find unique convergent power series
’Yj(yla"'7yM)eo[[yla"'7ym]]) jzla"'am
such that

(iv) v W) =i+ By

where (3, € (ﬂdeg(e)*l) and ¢ € Z™ runs over non-negative m-tuples of degree
> 92
(v) Ry, Ym)s o Ym (Y- Ym)) = Y
forj=1,...,m.

We now consider I' : A7* — A7 sending (y1,...,Ym) t0 (71,...,¥m). Then
(v) says that HI is the identity map. By applying (2.12) to I' instead of H

one gets an analytic map ¥ : A7 — A7 such that I'U is the identity map.
But then H = HI'U = ¥ such that:

(Vl) ’Yj(hl(yla7ym)aahm(yl)aym)) =Yj
forj=1,...,m.

From hj(yi,...,ym) =y, for j =1,...,d and (vi) one deduces further that:
(vii) YW, ¥4,0,...,0) =y, j=1,....m
so that hj(y1,...,ym) =0for j =d+1,...,m. Set

¢j(x1,...,xq) =7y "w, ..., "2g,0,...,0)
for j =1,...,m. Then, from (iv) (resp. (v), resp. (viii)) it follows that:
(vii) f; is analytic on D(0, A, 7) with image in D(0, A}, 7).

(ix) fi(d1(x1,...2q), -, dm(x1,...,2q)) =0for j=1,...,m —d.
(x) ¢j(x1,...,zq) = for j=1,...,m and (z1,...,2m) € D(00,=,7).

Let
D(x1,...,29) = (P1(x1,. ., 20)y ooy Om(T1, .o, 24)).
Then from (viii), (ix) and (x) it follows that ® defines a bijective analytic
map
D(0, Ag,r) — D(09,Z,1)
which is inverse to the projection map

p: D(og,=2,17) — D(0, Agl,r).
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We now prove that the analytic isomorphism given by ® and p between
D(09,Z,7) and D(0, A2 r) is an isometry.

Let o € D(09,Z,7). Then it follows from (i) that H°(Speco,0*Qz/,) is the
o-module generated by dzi,...,dx, with relations

dfj = (af]/axl)dxl + -+ (af]/axm)dﬂ?m, J=1....m—d.
Moreover, by (ii) we obtain that
(xi) df; = We(j)d:cdﬂ- (modulo 7#"), j=1,...,m—d.

where by assumption r > e(j) for j = 1,...,m — d. This implies that the iso-
morphism between the analytic tangent bundles of D(og, =, r) and D(0, A%, r)
induced by p and ® preserves the o-lattices of these tangent bundles de-
scribed in (2.8). Hence (see (2.9)) the analytic isomorphism induced by p
and ® respects the model measures on D(og,Z,7) and D(0,A%,r). It is
therefore sufficient to prove the theorem for = = A? and oy = 0. But then
m(D(0, A%, 7)) = (u(0)/ Card(o,))? for r > 0. This completes the proof. O

Theorem 2.14. — Let ® : & — Speco be a separated morphism of finite type
with smooth geometrically connected generic fibre of dimension d and let m be
the model measure on M = Ean(0). Then there is an integer E such that the
torsion part of

H°(Speco, " Q=)

is annihilated under multiplication by ™ for all o € Z(0). Moreover, ifr > E,
then

(a)

m(Zan(0)) = Card(Im(E(0) — X (0,)))(p(0)/ Card(o,))’
(b)
/_ " hdm = > h(P)(u(0)/ Card(o,))?

= PeIm(Z(0)—X (o))

for any h € C.(ZEan(0)) which is constant on the fibres of the reduction map
from Z(0) to (o).

Proof. — The first statement is an obvious consequence of the assumptions
on ® and the reader may find a proof of a stronger result in [10, 3.3.3]. The
fact that (a) and (b) hold is a consequence of the previous theorem. O

It follows from (1.6)(b) that any measure on M = Zay(0) determined by
a seminorm on Z,,(0) on det Tan(M) is of the form hdm for a non-negative
continuous function h € C.(Xan(0)). We may thus use (2.14)(b) to compute
the volume of Z,,(0) with respect to any such measure.

The theorem (2.14)(a) is due to Serre [57, p.147] (cf. also [47]) in case Z is
affine and o = Z,. He proves that the equality holds for all sufficiently large r
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without giving any explicit bound for those r. The following result is due to
Peyre [52, 2.2.1] in case ® is projective and r = 1.

Corollary 2.15. — Let & : = — Speco be a smooth separated morphism of
finite type with geometrically connected generic fibre of dimension d. Then,

m(Zan(0)) = Card(E(o,))(1(0)/ Card(o;))
for all r > 0.

Proof. — It follows from the smoothness of ® that H°(Speco,c*Qy; /o) 18
torsion-free for all o € Z(0) (see [10, 3.3.1]). Therefore the equality (%) above
holds for all » > 0. To complete the proof, note that =(0) — =, (o,) is surjective
by Hensel’s lemma. O

Our next goal is to study families of measures along the fibres of an analytic
morphism 7y, : Yan (k) — Xan(k) associated to a smooth morphism 7 : Y — X
of k-varieties. We shall thereby write {2y, x for the relative cotangent sheaf
and Ty x = V(Qy,x) for the relative tangent bundle (cf. [30, 16.5.12] and
[29, 1.7.8] for the affine morphism V' (£) — Z associated to a coherent sheaf £
on a scheme 7).

Proposition 2.16. — Let X (resp. 17) be a smooth separated o-scheme of finite
type with geometrically connected fibre X (resp. Y ). Let 7 : Y — X be a
smooth o-morphism of constant relative dimension d and let w :' Y — X be
the corresponding k-morphism between the generic fibres. Then the following

holds.

(a) The relative cotangent sheaf Q?/f( 18 locally free of constant rank d and

its restriction to the generic fibre of 57/0 is equal to Qyx.
(b) The relative tangent bundles define a commutative diagram with injective
vertical maps

Ty ,5(0) — Y (0)

l ]

(c) Let N := Yan(k), M := Xan(k) and man : N — M be the analytic map
defined by w. Then ma, is an analytic submersion of relative dimension
d and the relative analytic tangent bundle Tan(N/M) — N is equal to
the algebraic map Ty x (k) — Y (k) in (b).

(d) Let N = Y(0) and let M = X(0). Then N (resp. M) is a compact
open subset of N (resp. M) and may, restricts to an analytic submersion
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Fan: N = M of relative dimension d. Further, T Y/X( 0) is an analytic
o-lattice of the relative analytic tangent bundle Tan( N/M)

Proof
(a) This is well known (cf. [30, Ch. XVI)).

(b) V(Qg %)
by assumption. Hence T5 & V(Qy / ) is also separated over o. Further,

— Y is separated since it is affine and Y is separated over o

/%)
(c) The submersion statement follows from the implicit function theorem.

The last assertion follows from a straightforward comparison of the definitions
of algebraic and analytic relative tangent bundles.

(d) The first assertion is proved in (2.5)(a) and the submersion statement
also follows from (2.5)(a). The o-lattice statement is local and easy to deduce
from (a) and (b). It suffices thereby to treat the case where 7: Y — X is an
affine o-morphism between two affine o-schemes. O

Now set L = Ty/X( 0). Then det L — N is an analytic o-lattice of the
relative anticanonical line bundle det Tan(N /M) — N.

Deﬁnition217 — Let7:Y — X and Ton N — M be as in (2.16)
and let L = Ty /X( 0). Then det L will be called the analytic o-lattice of
det Tan(N/M) — N defined by 7 : Y — X. The norm

I HN/M det Tan(N/M) [0, 00)

determined by this o-lattice (cf. (1.9)) will be called the relative model norm
determined by w:Y — X.
Note that the restriction of || || & Jar to the tangent bundle of a fibre 7, :

N — M is equal to the (absolute) model norm for this fibre.
Proposition 2.18. — Let 7 :Y — X and 7oy : N — M be as in (2.16) and let
I HN/M be the relative model norm determined by 7 : Y — X. Further, let

| [I5 : det Tan(N') — [0, 00)

| |57 : det Tan(M) — [0, 00)

be the model norms determined by Y /o resp. X /o and
Tanll 1157 : Tan(det Tan(M)) — [0, 00)
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be the pullback norm of || ||57. Then || ||5 corresponds to the product norm of
| HN/M and o, |l57 under the canonical isomorphism (cf. (1.19))

det Tan(N) = det Tan(N /M) @ 7, (det Tan(M)).
Proof. — The smoothness of 7 : Y - X and X /o implies that the canonical
sequence of coherent sheaves on:

(2.19) 0—>7~T*Q)~(/O—>Q?/O—>Q?/i—>0

is exact and that all sheaves involved are locally free.
There is therefore a “dual” exact sequence of (algebraic) vector bundles over

(2.20) 0—>T?/)?—>T?/O—>T)?/OX)?Y—>O

and an exact sequence of analytic o-lattices over

(221) 0— T)?/)?(O) — )7/0(0) — (Tf/o X)'Z Y)(O) — 0

inside the canonical exact sequence of analytic vector bundles over N described

in (1.20). The assertion is now an obvious consequence of the compatibility
between these two exact sequence. O

Corollary 2.22. — Let 7:Y — X and Tan : N — M be as in (2.16). Let

AM:CC(M) — R

Ag: C.(N) — R

be the positive functional (cf. (1.10)) defined by the model norms (|| |37 resp.
|l l5) and let

A i1+ Ce(N) — Ce(M)
be the positive linear map (cf. (1.22)(a)) defined by the relative model norm
I HN/M‘ Then,
Proof. — This follows from (2.18) and (1.22)(b). O

The following corollary of (2.15) will be useful in the theory of adelic mea-
sures.

Corollary223. — Let7:Y — X, 7n:Y — X, Fan : N — M and man :
N — M be as in (2.16) and hence of constant relative dimension d. Let
A : C(N) — R, Agz : Ce(M) — R and Ay )z - Ce(N) — Co(M) be the
positive linear maps defined by the model norms.

SOCIETE MATHEMATIQUE DE FRANCE 1998



122 PER SALBERGER

Let F be the (finite) residue field of o and 15 € C.(N) resp. 137 € C.(M)
be the constant functions with value 1. Suppose that all fibres of ™ are geomet-
rically connected and that all fibres of ™ over F-points have the same positive
number r of F-points. Then,

Az a(g) = r(u(o)/ Card(F))"15; = (Ax(15) /A5 (157))157-

Proof. — Let P € M = )Z'(o), Np be the fibre of Tay : N — M over P. Then
the restriction of det Tan(N /M) over Np is equal to det Tan(Np) — Np
and the restriction of the relative model norm || || % > to det Tan(Np) is

equal to the model norm defined || ||p by the smooth o-model Yp of Yp. This

implies (cf. (1.21)) that the value of Aﬁ/ﬁ(lﬁ) at P is equal to np(Np) for

the model measure np on N p determined by Yp. But it follows from (2.15)
and the assumptions that np(Np) = r(u(0)/ Card(F))?. Hence Aﬁ/ﬁ(lﬁ) is

constant on M and it is then a formal consequence of (2.22) that it is equal
to (A5 (15)/A537(137))157 This completes the proof. O

3. Invariant norms on torsors over local fields

The purpose of this section is to study norms and measures on torsors which
are invariant under the group action. The word K-variety will always mean
a geometrically connected separated scheme of finite type over a field K. We
shall use the following assumptions and notations throughout the section.

3.1 (a) K is an arbitrary field with separable closure K.
3.1 (b) X is a smooth K-variety with structure morphism h : X — Spec K.
3.1 (¢) G is a smooth K-variety which is an algebraic group over K.

We shall write e : Spec K — G for the unit section and
c:GxgG@— G

for the morphism defining the group multiplication. We shall for a K-scheme
Y write
ey : Y — G x K Y

for the morphism obtained from e by base extension.

Definition 3.2

(a) Let 7 be a K-scheme. A K-morphism o : G xg T — T is a (left)
G-action on 7 if the following conditions hold.
(i) The composition oer : 7 — T is the identity map.
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(ii) The following diagram commutes

GxnGxxT %G wrT

c X idJ la
GxyT—2 T

(b) Let 7 : T — X be a K-morphism. Then a K-morphismo : Gxg7 — 7T
is a (left) G-action on the fibres of 7 : 7 — X if (i) and (ii) hold and if
the following diagram commutes:

(iii) GxgT 25T
S
T—"—X

The map pry is the projection map onto the second factor.

Definition 3.3. — By a (left) X-torsor under G (with respect to the fppf-
topology) we shall mean a K-morphism

n: T — X
endowed with a G-action
c:GxgT —T

on the fibres of 7 : 7 — X satisfying the following conditions.

(a) The structural morphism 7 : 7 — X is faithfully flat and locally of finite
presentation.
(b) The morphism

p=(o,pra):GxgT —T xxT
is an isomorphism.

Let £ be a locally free sheaf on 7 endowed with an isomorphism ¢ : "€ —
pr3€ of sheaves over G x g 7 (cf. (3.2)(iii)). From ¢ we get the following three
isomorphisms of sheaves over G X G X 7T:

(e x id7) ¢ : (idg x0)* (0*E) = (¢ x id7)* (0*E) — (¢ x idg)* (pri€)
(idg x0)*6 : (idg x0)* (0°E) — (ide x0)* (pr3E) = pra(0™E) (cf. (3.2)(i))
P39 1 pa3(07E) — pag(pra€) = (¢ x id7)"(pr3€)

where pog is the projection onto the last two factors of G x5 G X 7T .
¢ is called an S-linearization of £ (see [45, Ch I §3]) if

(¢ xid7)* ¢ = (p53¢) o (idg xo)*¢.
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The symmetric algebra S(€) on £ is a quasi-coherent O7-algebra and defines
a vector bundle

q:V(E):=SpecS(E) —T
(see [29, 1.7.8] or [32, pp. 128-9]). The isomorphisms
¢:0"E — pry

of locally free sheaves over GG X i 7 corresponds canonically to vector bundle
isomorphisms over G X g T

O (GxgT)xgV(E)— (GxgT)xr V(E)
where the maps from G X 7 to 7 in the fibre products
(GxgT)xr V()
are given by pry resp. o. Let
Y:GxgV(E) — V()
be the composition of ® with the projection onto V(£). Then there is a
commutative diagram

(3.4) G xx V(E) === V(€)

wa| |

GxpgT —2 T

The cocycle condition on ¢ is equivalent to the condition that X is a G-action
on V(&). This gives (see [45, p.32]) a bijection between G-linearizations of £
and liftings of the G-action on 7 to G-actions on V(&).

The isomorphism

p=(o,pro):GxgT —T xxT
defines a bijection between covering data n of £ (cf. [10, p. 133]) and isomor-
phisms
¢=pn:0"E— pry€

such that 7 is a descent datum (cf. [10, 6.1]) if and only if ¢ is an G linearization
of £. There exists therefore by Grothendieck’s theory of faithfully flat descent
[28, exp. VIII] an equivalence between the categories of G-linearized locally
free sheaves (£, ¢) on 7 and locally free sheaves ¢ on X (this is indicated at

the end on p. 32 in [45]). Alternatively, one may use descent for vector bundles
[45, 1. 2.23] and establish the following result.

Lemma 3.5. — There is an equivalence of the category of vector bundles

q: V(€& —T
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endowed with a G-action
Y:GxgV(E) — V()
lifting
0:GxgT — T(cf. (3.4))
and the category of vector bundles
p:V(F) — X.

The pair (q,%) is obtained from (p,o) by means of base extension under
m: T — X. Conversely, V(F) is the geometric quotient V(E)/G (cf. [45,
p.4]) and p is the map

V()G —T/G

nduced by q.

We shall in the sequel by a G-vector bundle over 7 mean a vector bundle
q:V(E) — T endowed with a G-action ¥ as in (3.5).

Example 3.6. — Let Jx (resp. Jr) be the ideal sheaves of the closed immer-
sions

ex : X — GxgX
er: T — GxgT
and let
Ta:Gxg X —GxgX
be the morphism induced by 7 under the base extension from K to G. Then
exT = Tger
and
JIr| It = 76(Tx | TR)-
The conormal sheaf
& =er(Jr/J7)
of e is therefore equal to the inverse image £ = 7*F of the conormal sheaf
F=ex(Ix/ITR)
of ex. The corresponding G-linearization
¢:0"E — pry€

of sheaves over G x i 7 is the identity map beetween the inverse images of
jX/j)Z( along mgero = wgerprs.
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Since 7 : 7 — X is locally of finite presentation it is also separated. Write
J for the ideal sheaf on 7 x x 7 of the closed diagonal immersion

6: 7T — T Xx T

and Q7,x for the relative cotangent sheaf 6*(J/J 2). Then the following
identities hold.
3.7 (a) d = per
3.7 (b) p*(T/T?) = TIr/IF = m:(Ix [ TR)
3.7 (c) Qr/x = e (Jr/TF) = 7 (ex (Ix/TR))

We now consider the tangent bundle (cf. [30, 16.5.12]) V(Q7/x) of 7 : 7 —
X.

Proposition 3.8
(a) There ezists a canonical isomorphism
V(Qr/x) = V(er(Ir/T7))
between the tangent bundle of m : T — X and the normal bundle of
er: T -G xgT.
(b) There exists a canonical T -isomorphism
V(ex(Ix/TR)) =T xx V(ex(Ix/ITR))
for the normal bundle V(e (TIx/T%)) of ex : X — G xx X.

Proof. — This follows from (3.7)(c) and the contravariant equivalence between
locally free sheaves and “geometric” vector bundles described in [32, p.129].
]

It follows from (3.8) that there is a natural G-action on the tangent bundle
V(Qr/x) =T
given by the G-linearization of e (J7/J%) = 7*(e% (Jx/JT%)) in (3.6).

Proposition 3.9. — Let J be the ideal sheaf of the closed immersion e :
Spec K — G and let
V(e(T/T?)
be the tangent space of G at e regarded as a K-variety. Then there is a canon-
ical isomorphism
V(ex(Ix/TR)) = X xg V(e'(T/T?))
from the normal bundle of ex : X — G xg X.

Proof. — Let hg : G x g X — G be the first projection map. Then Jx/J% =
he (T /T?) and hgex = eh. Hence €% (Tx/J%) = h*(e*(J/T?)) as was to be
proved. ]
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Now let k£ denote a non-discrete locally compact field of characteristic zero
and let m: 7 — X be a torsor over a smooth k-variety X under an algebraic
k-group G as in (3.1).

The algebraic morphism 7 gives rise to an analytic morphism 7.y, : Zan (k) —
Xan(k). Set

N = %n(k)a
M = a0 (Zan(k)).

Then M is a k-open subset of Xy, (k) by the implicit function theorem. It is
thus endowed with a natural analytic manifold structure. We shall from now
on change notation and write

Tan : N — M

for the surjective analytic morphism sending @ € N to ma,(Q). This map is a
submersion in the sense of [59, LG 3.16].
The fibre product

N xpy N = {(QlaQ2) ENXN: 7Tam(621) = 7Tam(cx?2)}

is an analytic submanifold of N x N since 7,y is a submersion (cf. [59, LG3.26]).
It is the analytic immersion defined by the algebraic immersion 7 xx 7 —
T Xk 7.
Let I' = Gan(k). The group law ¢ : G x; G — G gives rise to an analytic
morphism
Can : I'XT'— T

which makes I" to an analytic group in the sense of [59, Chap.IV] with e € G(k)
as neutral element.
The G-action 0 : G x;; 7 — T (cf. (3.4)) induces an analytic (left) G-action

Oan :I'x N — N

as in [59, LG 4.11]. This I'-action satisfies man(0an(g,m)) = Tan(n) and we
shall therefore say that o,y is a I'-action on ma, : N — M (cf. (3.2)(iii)).

Definition 3.10. — A submersion
a:N— M
between analytic manifolds with an analytic G-action
B:TxN-—N
on « is called an analytic M-torsor under I' if the map
Y:I'X N — N xpr N

sending (g,n) to (8(g,n),n) is an isomorphism.
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The torsor isomorphism p: G X, 7 — 7 X x 7 induces an analytic isomor-
phism
Pan : I' X N — N xpr N

such that the pair (man : N — M, 04y : I' X N — N) obtained from the pair
(m: 7T — X,0:Gx; T — T) is an analytic M-torsor under T'.

Proposition 3.11. — Let o : N — M be an analytic M-torsor under the I'-
action 8 :I'x N — N.

(a) There exists for each P € M an analytic section s : U — N of a for
some open neighbourhood U C M of P.

(b) Let V = a Y(U) for the open subset U C M in (a). Then the restriction
of B toI' x s(U) defines an analytic isomorphism between I' x s(U) and
V.

Proof
(a) This follows from the implicit function theorem (cf. [59, LG 3.1.6]).

(b) pan restricts to an analytic isomorphism between I'x s(U) and V x 7 s(U)
which preserves the second coordinate. The projection map V xy s(U) — V
is also an isomorphism. This completes the proof. ]

By (3.11) any analytic M-torsor under I is a locally trivial analytic principal
G-bundle over M as defined in [59, Ch.IV]. The converse is also true. Note
that (3.11) implies that M as a topological space is homeomorphic to the
quotient space N/T.

Let ¢ : V() — T be an (algebraic) vector bundle as in (3.5) equipped with
a G-action ¥ : G x;, V(&) — V(&) lifting 0 : GXx kT — T. Let E = V(E)an(k)
and let q.n : £ — N be the analytic vector bundle defined by q. Then X
defines an analytic G-action

Yam:I'x E— F

which lifts the I'-action on N. We shall in the sequel write gs instead of
Yan(g, s) for each pair (g,s) € I' x E whenever it is clear what the I'-action is.
A seminorm

I B —[0,00)
on ¢an : £ — N (cf. (1.5)) will be called G-invariant if ||gs| = |[/s|| for all
(9,s) e ' x E.
Let p: V(F) — X be a vector bundle corresponding to the G-vector bundle
q : V(E) — T under the equivalence of categories in (3.5) and let us identify
V(€) and 7 xx V(F). To p one may associate an analytic vector bundle

Pan : V(f)an(k) - Xan(k)'
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Let F' C V(F)an(k) be the inverse image of M := man(Zan(k)) under pan.
Then p,, restricts to an analytic vector bundle pay ar 1 F¥ — M. The following
result is trivial.

Proposition 3.12

(a) The analytic bundle gay : E — N is the pullback bundle of pan v : F — M
under oy : N — M.

(b) The pullback seminorm on qan : E — N (cf. (1.7)(c)) of a seminorm on
Dan,M : F'— M is G-invariant.

(¢) Any G-invariant seminorm (resp. norm) on ¢a, : E — N is the pullback
of a unique seminorm (resp. norm) on pan .y F — M.

Now recall that V(Q7/x) = T %, V(e*(J/T?)) is endowed with a G-action
(cf. (3.5), (3.8)). As a corollary of the corresponding algebraic results result
we obtain:

Corollary 3.13. — The analytic tangent bundle
Tan(N/M) — N
s canonically isomorphic to the pullback of the analytic normal bundle
Nor(M/T'x M) — M

along wan : N — M.
There is a natural analytic G-action on Tan(N/M) — N. The normal
bundle

Nor(M/T'x M) — M
1s canonically isomorphic to the constant bundle
MxV —M
for the analytic tangent space V of G at e.

By considering the corresponding determinant bundles one deduces imme-
diately the following result.

Main proposition 3.14. — Let m,, : N — M be an analytic torsor under the

analytic group G as above and let V' be the analytic tangent space V of ' at e.
Then the following holds:

(a) The analytic anticanonical bundle
det Tan(N/M) — N
is canonically isomorphic to the constant bundle

N x detV — N.
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(b) Let
| [lar : M x det V' — [0, 00)
be a norm on M x detV — M. Then the pullback norm

Tanll lar : N x det V. — [0, 00)

is a T'-invariant norm on det Tan(N/M) — N.
(¢) Any T-invariant norm on det Tan(N/M) — N is the pullback norm of
a unique norm on M x detV — M.

Definition 3.15. — A constant norm on det Tan(N/M) — N is a pullback
norm of a vector space norm on det V under the projection

det Tan(N/M) = N x detV — det V.

The constant norms on det Tan(N/M) — N are clearly I'-invariant and
unique up to multiplication by a positive real number.

Remark 3.16. — Let wy be a non-zero section of det V"V for the cotangent
space VY of " at e. Then wy defines a vector space norm || || : det V — [0, 00)
(cf. (1.7)) and any norm on det V' is obtained in this way. Further, the bundle

det Cot(N/M) — N

is canonically isomorphic to the constant bundle N xdet VY — N by (3.14)(a).
There is thus a global I'-invariant section w of det Cot(N/M) — N corre-
sponding to the pullback of wy along the projection N x det VY — N. The
constant norm on det Tan(N/M) — N corresponding to || || : det V' — [0, 00)
is the norm associated to w in (1.7).

We now formulate an analog of (3.7) for schemes satisfying the following
hypothesis.
3.17 (a) o is a henselian discrete valuation ring, 0*" is a strict henselization of
0.
3.17 (b) h : X — Speco is a smooth separated morphism of finite type with
geometrically connected fibre.
3.17 (¢) G is a smooth separated group scheme of finite type over o with
geometrically connected fibres.

There is thus a unit section € : Speco — G and a morphism
c: G Xo G—G
defining the group multiplication. We denote by thhe ideal sheaf on G of the
closed immersion ¢ and by J- % the ideal sheaf on G % of the closed immersion

5X:)}—>C~¥XOX.
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Let 7: 7 — X be an o-morphism between o-schemes. A G-action
G:GxoT—T
on the fibres of @ : 7 — X is defined just as in (3.2)(b). A (left) X-torsor
under G (with respect to the fppf-topology) is an o-morphism

with an action B B B
0:Gx, T —T
on the fibres of 7: 7 — X satisfying the following conditions.

3.18 (a) The structural morphism 7 : T — X is faithfully flat and locally of
finite presentation. B B B B
3.18 (b) The morphism p = (d,pr2) : G X, T — T x T is an isomorphism.

Proposition 3.19. — Assume (3.17) and let 7 : T — X be an X -torsor under
G. Then there is a canonical T -isomorphism

V(Qz5) =T x5 V(€(T5/Txz2))
and a canonical )}—isomorphism
V(e5(T3/T3:) = X %o V(@ (T/T?))-
Proof. — The proofs are almost identical to those of (3.8), (3.9). O

We now add the following hypothesis to (3.17).
3.20 (a) k is a finite extension of Q, o is the maximal Z,-order in k.
3.20 (b) 7: T — X is an X-torsor under with action 5: G x, 7 — 7.
3.20 (c) The restrictions to the generic fibres of h, @ and & are equal to the
k-morphisms h : X — Speck, 7 : 7 - X and o : G xg7T — 7 in
(3.1) and (3.3).

Then N = 7 (0) (resp. I' = G(0)) is a compact open subset of N = Ty (k)
(resp. I = Gan(k)) in the k-topology (cf. (2.5)(a)). Also, M = X (o) is a com-
pact open subset of X, (k). This provides M and N with analytic manifold
structures and I with an _analytic group structure. The algebraic morphisms
7#:T > Xand5:G x,7 — 7T induce analytic morphisms

Tan : N—M ,

Oan : I'xX N — N.
Lemma 3.21

(a) Fan: N — M s a surjective submersion.
(b) Tan : N — M is an analytic M-torsor under the I'-action given by &.

SOCIETE MATHEMATIQUE DE FRANCE 1998



132 PER SALBERGER

(¢) There is a canonical isomorphism of analytic vector bundles over N:
Tan(N/M) = N x V
for the analytic tangent space of T' at e € T'(k). This isomorphism is
compatible with the isomorphism
Tan(N/M) =N xV
in (3.14).

Proof

(a) The pullback of 7 : T — X with respect to a section Speco — X is
a torsor over Speco under G. The closed fibre of such a torsor is a torsor
under the connected algebraic group G X 0/m and therefore trivial by a well-
known result of Lang (cf. e.g. [64]). It follows from Hensel’s lemma that
Fan 1 T(0) — X (0) is surjective. It is thus a submersion since 7 : 7 — X is
smooth.

(b) The torsor isomorphism p = (7, pra) :~é ><0~’Z~' — ’Z~;><X T (cf. (3.18) (b))

induces an analytic isomorphism pa : I' x N — N x = N.

(¢) This follows from the fact that the relative analytic tangent bundle
Tan(N /M) is equal to the inverse image over N of Tan(N/M) — N. O

Definition 3.22. — The tangent lattice of G/o at ¢ € G(0) is the o-module
Ly :=V(@(JT/T*))(0)
of sections Speco — V(e*(J /J2)) of V(&*(J/T?)) — Speco.

Note that L is an o-lattice of the k-vector space V = V(e*(J/J?)).

Now let T X = V(Q5 / ) and recall that T / 5(0) is an analytic o-lattice

of the vector bundle Tan(ﬁ/ﬁ) (see (2.16)(d)).
Proposition 3.23. — Assume (3.17) and (5.20) and let N, M be as above. Let
Ly be the tangent lattice of G/o at € in the tangent space V of G/k at €.

Then T%/;((o) 1s mapped isomorphically onto N x L1 under the canonical
isomorphism

Tan(N/M) = N x V.
of analytic vector bundles over in (3.21)(c).

Proof. — This follows from (3.19). O
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Corollary 3.24. — Assume (3.17) and (3.20) and let N, M be as above. Then
the relative model norm

I ll,57 : det Tan(N /M) — [0, 00)

determined by @ : T — X (cf. (2.17)) is equal to the constant norm
N x detV — [0, 00)

obtained by pulling back the vector space norm on detV given by det Ly for
the tangent lattice L1 of G/o at €.

Proposition 3.25. — Assume (5.17) and (5.20). Let pi be the model measure
on Aan(o) determined by Afo for any of the three smooth o-schemes A = X,
G orT. Then

(T (0)) = (X (0)) (G (0)).

Proof. — Let N =T (o), M = X(0),T = G(0) and 7o : N — M be as above.
Then it follows from the theorem of Lang already used in (3.21) that each fibre
of 7 over a F-point contains the same number of F-points as G. This implies
by (2.23) that u(N)/u(M) is equal to Card G(F)(u(o)/ Card(F))4™ & which

in its turn is equal to p(G(0)) by (2.15). This finishes the proof. O

We now restrict to the case when G is a K-torus. This means that G is a
commutative algebraic group which after a finite separable base field extension
is isomorphic to the product of a finite number of G,,,. The K-torus is said to
be split if there is such an isomorphism defined over K.

Let G be the group of characters defined over K. Then there is a homo-
morphism:

(3.26) dlog : G — H°(G, 04 1)
which sends a character f : G — G, to the G-invariant differential form df /f.

If G is a product of r copies of G,,, then G is a free Z-module of rank r and
one obtains by taking the r-th exterior products a homomorphism

(3.27) Ndlog: \ G — H(G, Q4 ).

Definition 3.28. — Let G be a split K-torus of dimension r. Then the image
of any generator of A" G under A" dlog is called an algebraic differential -
form of minimal dlog-type. We shall also say that the corresponding analytic
differential r-form is of minimal dlog-type.

Proposition and definition 3.29. — Let k be a non-discrete locally compact field
and let G be an r-dimensional k-torus. Then there exists a unique vector space
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norm || || on N (Tae(k)) for the tangent space T (k) of G at e defined as
follows.

Let E be a finite field extension of k such that the absolute Galois group
of E acts trivially on /\T(T) and let w1 be an differential r-form of minimal
dlog-type on Gg. Then if s € N (Tg.e(k)), put

sl := V/lwi(s) 2

where d := dimy E' and | |g is the normalized absolute value of E.
This definition does not depend on the choice of E and wi. The number ||s||
will be called the order of s and

r

11 A\ (Tae(k) — R

the order norm.

Proof. — The proof of the independence statement is obvious and left to the
reader. O

Definition 3.30. — Let k be a non-discrete locally compact field and let 7 :
7 — X be a torsor under a k-torus G. Then the constant norm (cf. (3.15))

I l7/x : det Tan(T (k)/ X (k)) — [0,00)

obtained by pulling back the order norm on A" (T¢ e (k)) is called the order
norm on det Tan(7 (k)/X (k)). If

| [|x : det Tan(X (k)) — [0, 00)

is a norm for X, then the product norm on det Tan(7 (k)) of the order norm
| ll7/x and the pullback norm 7*[| [x (cf. (1.19)) is called the norm on
det Tan(7 (k)) induced by || ||x.

We shall in the sequel write || || x.—.7 for the norm induced by | || x.

Remark 3.31. — Let k be the quotient of a complete discrete valuation ring o.
Suppose that G extends to a commutative group scheme G and that 7 extends
to a torsor 7 : 7 — X under G as in (3.20). Then the order norm

| l7/x : det Tan(7 (k)/ X (k)) — [0, 00)

restricts to the model norm on det Tan(7 (0)/X (0)). (To see this, use (3.24).)
Hence, if a norm || ||x restricts to the model norm on det Tan(X (o)), then

the induced norm || ||x.—7 restricts to the model norm on det Tan(7 (0)) by
(2.22).
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4. Adelic norms and measures

The aim of the section is to define norms and measures on the adele spaces
of varieties over number fields. This section is inspired by [52] but our adelic
notions are more general than in that paper.

We shall in this section use the following notations.

Notations 4.1

(a) k denotes a number field and o denotes the maximal Z-order in k.

(b) If v is a non-archimedean place of k, then o, denotes the complete discrete
valuation ring corresponding to v and F, the residue field of o,.

(c) If X is a finite closed subset of Spec o, then o(x;) denotes the Dedekind do-
main of elements in k which are integral with respect to non-archimedean
places outside X.

(d) W denotes the set of all places v of k and W, the subset of all
archimedean places of k.

(e) Why denotes the set of all non-archimedean places of k, which we will
identify with the set of closed points of Speco.

(f) If 3 be a finite subset of Wy, then

AR) =4E) =[]k x J[ 0. T:=TUW.
veT veW-T

(g) A = A is the adele ring
A:LHA(S)a SCWﬁn
where S is finite. N R
(h) Let ¥ C S be finite subsets of Wyy, 0 = oy, A= Ap(2) and X (resp.

Z) be a scheme over o (resp. A). Then

and
EA == x5 A

(i) Let ¥ C S be finite subsets of Wg, and P, X (resp. 11, E) be schemes
over 0 = o(s) (resp. A = Ax(S)). Then,

Hom(s) (P(s), X(s))
is the set of all o(g)-morphisms from ]5( s) to X (s) and

Hom 45y (TL4(s), Ea(s))
the set of all A(S)-morphisms from Il4(g) to Z4(g)-
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We shall in the sequel also consider the embedding & C A; obtained from
the inductive limit of the embeddings o(g)y C A(g) for all finite subsets S of
Whn.

Proposition 4.2
(a) Let X be a scheme of finite type over k and let X4 be a scheme of finite
presentation over Ay. Then there exists a scheme X (resp. Z) of finite
presentation over 0 = o(xy (resp. A = Ap(X)) for some finite closed
subset ¥ of Speco, such that
X = X ngj
and
XA == Xg A.
(b) Let ¥ be a finite closed subset of Speco. Let ﬁ, X be two schemes of
finite type over o0 = o(x) with generic k-fibres P and X and let 11, = be
two schemes of finite presentation over A= Ag(X) with

Py=1I Xj A,
XA == Xg A.
Then the obvious maps
e : lim Hom(g) (P(s), X(s)) — Homy(P, X), $C S C Wy,

€A : h_H>1H0mA(S)(HA(S)aEA(S)) — HOmA(PA,XA), 3 C S C Wan,

over finite subsets S are bijective.
(c) Let
(p(s)) € lim Homg) (P(s), X(s))
resp.
(Ta(s)) € lim Hom 45y (ILa(s): Ea(s))
be the element corresponding to

p € Homy (P, X) resp. mwa € Homy (P4, X4)

under the bijection e (resp. ea) in (b). Let P be any of the following
properties.

(i) p resp. w4 is an isomorphism,

(ii) p resp. ma is an open immersion,

(iii) p resp. w4 is a closed immersion,

(iv) p resp. wa is separated,

(V) p resp. wa is surjective,

(vi) p resp. wa is affine,

(vii) p resp. ma is proper,
(viii) p resp. ma 1is projective,
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(ix) p resp. wA is quasi-projective,
(x) p resp. wa is smooth.

Then there exists a closed subset T O % of Speco such that P holds for
P(s) Tesp- TA(s) for all finite closed subsets S of Wan containing T

Proof. — Let R be a Noetherian ring. Then a scheme of finite type over R is
also of finite presentation over R (cf. [31, 6.3.7]). Therefore, (a) resp. (b) is a
special case of part (ii) resp. (i) of Théoreme 8.8.2 in [30] and part (i)-(ix) of
(c) is a special case of Théoreme 8.10.5 in (op.cit.) and (x) is a special case
of Proposition 17.7.8 in (op. cit.). O

Lemma4.3. — Let X be a finite closed subset of Speco and let f : X —
Specos) be a morphism of finite type. Then there exists a finite closed subset
T O ¥ of Speco such that the morphism

f(S) : 5(:(5) e Speco(s)
s flat for all finite subsets S C Why containing T

Proof. — See Théoreme 6.9.1 in [30]. O

Definition 4.4
(a) Let X be a separated scheme of finite type over k and let ¥ be a finite
closed subset of Speco. An o(x)-model of X is an o(x)-scheme X which
is separated and of finite type over o(x) and for which the generic fibre

of )N(/O(Z) is equal to X. A model of X is an o(x)-model of X for some
finite subset ¥ C Wg,.

(b) Let X4 be an Ap-scheme which is separated and of finite presentation
over A. Let ¥ be a finite closed subset of Speco. An Ag(X)-model of

Xa/Ag is an Ag(X)-scheme X which is separated and of finite presenta-
tion over Ag(X). A model of Xa/Ay is an Ag(X)-model of X4 for some
finite subset ¥ C Wgy,.

Remarks 4.5

(a) It follows from (4.2)(a) that any k-scheme X (resp. any Ag-scheme X)

in (4.4) has a model. Also, by (4.3) there exists a model X of X which is
flat over its base ring. If X /k (resp. X 4/Ag) is smooth, then there exists
a model which is smooth over the base ring (cf. (4.2)(c)(x)). The models
are not unique, but any two such models become isomorphic after a base
extension to o(g) resp. Ax(S) for a sufficiently large finite subset

S C Wﬁn
(see (b) and (c)(i) in (4.2)).
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(b) Let X be a separated scheme of finite type over k and let X be a model
over 0 = o(y) of X. Further, let

A= A(D),
== X ngz{
for the diagonal embeddings o C Z, k C A and
XA =X x k‘A.

Then = is a model of X 4/Ay.

The adele ring Ay, is a locally compact topological ring. The underlying
topological space is the restricted direct product

Ak - H,ueW k”

of the locally compact fields k, with respect to the compact integer rings
o, C k‘,,, v € Whgn.

The subspace topology of Ax(X) for finite subsets ¥ C W4, is the product
topology of the v-adic topologies. The topology of Ay is therefore the inductive
limit topology of the product topologies of A (X) for finite subsets ¥ C Wgy,.

Let X4 be an Ag-scheme such that X4 /Ay is separated and of finite pre-
sentation. Write X 4(k,) (resp. Xa(Ay)) for the set of all Ag-morphisms

Speck, — X4,
Spec A, — X 4.

AkCHku

veW

The embedding

induces an injection

XA(Ak) C H XA(]{:,,).
veW

IfZ/A, A= A,() is a model of X4, then Z is the direct sum (cf. [31, 3.1])
of the o,-schemes

and of the k,-schemes
X, =Xaxak,, veXuW.
The set Z(0,) of all A-morphisms
Speco, — X

form a compact open subset of X 4(k,) for v € Wy, \X (cf. (2.6)).

ASTERISQUE 251



TAMAGAWA MEASURES ON UNIVERSAL TORSORS 139

Lemma 4.6. — Let X4 be an Ag-scheme such that X 5 /Ay is separated and of
finite presentation and let /A, A = Ak(X) be a model of X 4. Further, let

H;eW Xalky)

be the set of elements

{P,} e T Xa(k)
veW
such that P, € Z(0,) for all but finitely many places. Then X o(Ay) is mapped

onto [[,cy Xa(ky) under the embedding
XA(Ak) C H XA(]{:,,)
veW

If E//O(E/) is another model of X a, then

E(oy) = E/(OV)
in X (k,) for all but finitely many places.
Proof. — The first statement is a consequence of the isomorphisms e4 (see
(4.2)(b)) between lim Hom 4(s) (Spec A(S), Z4(s)) an,d HomA(SPec A, X4). To
prove the second assertion we may replace > and ¥ by > UX and reduce to

the case . = ¥'. Then the assertion follows from (4.2)(c)(i) for H=2". O

Definition and proposition 4.7. — Let X4 be an Ay-scheme such that X /Ay
is separated and of finite presentation and let £/Ak(X) be a model of X. The
adelic topology on X A(Ay) is the restricted product topology on

XA(Ak) - HVEW

with respect to the compact open subsets
E(oy) C X(ky), veWg\X.

This topology is independent of the choice of model.
If X is a separated scheme of finite type over k and X (Ay) is the set of all
k-morphisms

/

XA(kV)

Spec A, — X,

then we define the adelic topology on X (Ayg) to be the topology induced by the
adelic topology on X o(Ay) for

XAZXXkAk

under the obvious bijection between X (Ay) and X A(Ag). The adelic space of
X is the topological space X (Ay) endowed with the adelic topology.
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Proof. — The restricted topological product

/

HVEW X(ky)

does not change if we change or omit X (o,) (resp. Z(0,)) at finitely many
places. It therefore follows from (4.6) that the adelic topology is independent
of the choice of model. O

Examples 4.8

(a)

Let X be a separated scheme of finite type over k and let )?/0(2) be a

model of X. If v € W (resp. v € Wy\XE), let Xa(k,) (resp. X (o))
denote the set of all k-morphisms

Speck, — X
resp. o(s)-morphisms
Speco, — X.
Let
X(Aw) c [ X (k)
veWw
be the injection induced by the embedding

A I ko

Then, the adelic space of X is equal to the restricted topological prod-
uct of all X(k,), v € W with respect to the compact open subsets
X(0,) C X(ky) (cf. (2.5)) for all v € Wgn\S. In particular, X (Ay)
is locally compact.

Let X = AJ and choose & = A} as o-model of X. The adelic space

X (Ag) may be identified with the topological product Al(:) of r copies
of Ag. If X is an affine k-variety, then the adelic topology of X (Ag) is
the coarsest topology such that all the maps X (A;) — Ay determined
by regular k-functions on X are continuous.

Let X4 be a smooth proper A-scheme. There exists (cf. (4.2)) a proper
model Z/A(X) of X over o(x for some finite subset 3 of Wy,,. Moreover,

E(oy) = X(ky)

for all v € Wx,\X by Grothendieck’s valuative criterion for properness
so that

Xa(Ap) = [ X(k)

veWw
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as a topological space. By Tychonoff’s theorem we conclude from (2.3)(b)

that
Xa(Ap) = [T X (k)
veW
is compact if X is smooth and proper.
Remarks 4.9

(a) Let X4 be an Ag-scheme such that X 4/Aj is separated and of finite
presentation and let /A (X) be a model of X. Then it follows from the
definition of the adelic topology that the sets of the form:

[I1U. x [[E(0), SuWecCScw
ves vgS
for finite S and open subsets
U, c X(ky), ves

form an open base for the topology on X 4(Ax). Also, there exists for
each place v € W a countable base F, of open subsets with compact
support for the k,-topology on X(k,) (cf. (2.3)). Let F be the family
of open subsets of X(Ag) as above with the additional condition that
U, € F for all v € S. Then F is a countable base of open subsets
with compact support for the adelic topology on X 4(Ag). It follows that
the adelic space X 4(Ag) is a locally compact, o-compact, paracompact
Hausdorff space.

(b) Let m4 : P4 — X 4 be an A-morphism between two Ag-schemes as in (a).
Then 74 determines a map

between the adelic spaces. It is an easy consequence of (4.2) and the
continuity of the maps

P(k,) — X (k)
that this map is continuous.

We now define adelic norms for A-schemes X 4, thereby generalizing Peyre’s
notion of adelic metrics [Pel]. If X4 = X Xy Ay for a k-variety X, then

XA Xak, =X X ky
and X 4(k,) corresponds bijectively to the set X (k,) of all k-morphisms
Speck, — X.
We shall by abuse of notation write

X, =Xaxaky,
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X(ku) = XA(]CV)

also in the case where X 4 is not a fibre product X xj Ay for a k-variety X.

The scheme X4 will from now on be smooth, separated and of finite type
over A. This implies that X 4 is of finite presentation over A since any smooth
morphism is locally of finite presentation by definition. Hence there exist
smooth models of X 4 by (4.2).

The set X(k,) := Xa(ky) is canonically isomorphic to X, (k,) and will
always be endowed with a manifold structure. We shall write X, (k,) for this
analytic manifold over k,. If X is an Ag(3)-model of X and v € W5, \ X, then
the compact open subset

E(oy) C X (k)
inherits an analytic manifold structure from X(k,), which we denote by
Ean(0y).

Definition 4.10
(a) A smooth Ag-variety is an Ag-scheme which is smooth, separated and of
finite type over A = Ay such that X, is geometrically connected for all
vew.
(b) Let X4 be a smooth A-variety. An adelic norm for X4 is a family of
norms

Il = Al I : det Tan Xon (ky) — [0,00), v € W}

on the analytic tangent bundles of X,,(k,), v € W with the following
property. There exists a finite subset ¥ of W5, and an Ag(X)-model =
of X such that the restriction of || ||, to the analytic anticanonical line
bundle on Z(0,) is equal to the model norm determined by X, /o, for all
Ve Wﬁn\E.

If X4 =X xj Ag for a smooth k-variety X, then || || is said to be an
adelic norm for X.

It is clear from (4.2) that the last condition in (4.10) is true for any model
of X as soon as it is true for one model of X. We may therefore assume that
= is a smooth model.

Let M be a topological space. We shall in the sequel write C(M )¢ for the
vector space of all continuous functions

f:M — (0,00).
Definition 4.11. — Let X4 be smooth A-variety and let
vy={n € C(X(ky))s0, v €W}

be a set of positive continuous functions. Then - is called a set of convergence
factors for X 4 if the following condition holds.
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There exists a finite subset ¥ of W5, and an Ay (3)-model = of X such that

the product
I1 ( / %duy>
E(ov)

Wan\X

converges absolutely to a positive real number for the model measures p, on
=(o,) determined by =, /0, (see (2.9)).

If all functions +, are constant, then v = {v,, v € W} is called a constant
set of convergence factors for X a(Ay) if

T ~om(E0.)

VVﬁn\2

converges absolutely to a positive real number.
If X4 =X x Ay for a smooth k-variety X, then

v ={v € C(X(ky))>0, v € W}

is said to be a set of convergence factors for X.

Remarks 4.12

(a) The absolute convergence of the product is not affected by a change of
finitely many +,. We shall therefore use the term “set of convergence
factors” also in cases where v, is not defined for a finite set S of places
of k. One can then put v, =1 for v € S.

(b) It is clear from (4.2)(c)(i) that the absolute convergence of the products
above only depends on v and not on the choice of model. N

(c) If X is a smooth k variety and X is a model over 0 = o(x), then X (o)
is non-empty for almost all v € Wg,\X (cf. (4.19)). One may thus find a
set of constant convergence factors for X with

Y = (X (0,)) !

for almost all v. This is not true for arbitrary smooth Aj-varieties since
there are smooth Ag-varieties such that X 4(k,) = @ for infinitely many
places.

Definition 4.13
Let X4 be an Ag-variety as in (4.10).

(a) Let S be a finite set of places of k. Then Xg is the topological space

Xs =[] X (k)

ves
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endowed with the product topology of the analytic k,-topologies, v € S.
A subset Bg of Xg is said to be decomposable if it is of the form

Bg := H B,
veS
for some Borel subsets
BV C Xan(ky), ves.
(b) A decomposable subset of X 4(Aj) is a subset B of the form
B:= ][] B,
veW
for Borel subsets
B, C Xan(ky)
such that
B, =Z(0,)
for all v € W5, \X for some model Z/o(x;) of X.

(c) Let B = [, cw By be a compact decomposable subset of X(Ay). For
each v € W, let

fo:X(k,) —R
be a continuous function with support in B,,. Suppose that there exists
a finite subset 7" C W such that f, is (strictly) positive on B, for all
v € W\T and such that
I 7

WA\T
converges absolutely to a strictly positive function on HW\T B,. Let
f € Co(Xa(Ag)) be the function with support in B, such that

f:Hfl/

veW

on B. Then f is called the restricted product of {f,, v € W} and any
such function f € C.(Xa(Ay)) is said to be decomposable. If f, can be
chosen to be the characteristic function of B, for almost all v € W, then
f is said to be finitely decomposable.

We now define adelic measures following Weil [67] (cf. also [61] and [52]).

Theorem 4.14. — Let X4 be a smooth A-variety as in (4.10) and let
v ={w € C(X(ky))>0, v €W}
be a set of convergence factors for X (Ay). Let
| Il =A{ll Il : det Tan X (k,) — [0,00), v € W}
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be an adelic norm for X 4 and let
{my,, ve W}

be the regular positive Borel measures on X (k,) determined by these norms

(see (1.12), (1.14)). Then the following holds.

(a) Let T be a finite subset of W. Then there exists a unique o-reqular
positive Borel measure mr~ on X(k,) such that

mra(B) = [1 ( / V%dmy)

veT

for any decomposable subset

B:HBV

veT
of X(ky).
(b) There exists a unique o-reqular positive Borel measure ma on Xa(Ay)
such that
(+) man(B) = ] ( / %dmy)
veWw v

for any decomposable subset
B=]] B
veW

of Xa(Ay) for which all m,(B,) are finite.
(c) Let {f, € Co(X(ky)), v e Wy, T Cc W, f € C(X(Agr)) be as in

(4.13)(c). Then,
H (/X(ky) fVPYl/di>

WA\T

converges absolutely to a positive real number and

fdm7 = / fz/Yz/dmI/ .
/X<Ak> A H(X(k»

veW

Proof
(a) Let || ||, : det Tan X(k,) — [0,00), v € W, be the new norms ob-

tained by multiplying || ||, with +, and let m, be the Borel measure on X (k,)
determined by || ||,. Then,

/ Ydm, = my,(By).

v

SOCIETE MATHEMATIQUE DE FRANCE 1998



146 PER SALBERGER

The assertion is therefore equivalent to the existence and uniqueness of the
product measure of m, over all v € T. This follows from repeated use of
Theorem 8.2 in [38, Ch. VI] (the reader can also consult Chap.III, §5, No 4 in
[11]).

(b) Let = be an Ag(X)-model of X4 for some finite subset S of Ws, such
that || ||, restricts to the model norm on det Tan Z(o,) for all v € Wg,\X. We
shall call a set of functions

{gv € Ce(X(ky), v e W}
adelic if g, is the characteristic function of
E(oy) C X (k)

for all but finitely many v € Ws,\X. It is then by Riesz’ representation
theorem (cf. (1.11) and the references there) sufficient to show that there
exists a unique positive functional A on X 4(Ay) such that:

(") ORI ( / Ugwydmy>

veWw

for the restricted product g of any adelic set {g, € C.(X(k,)), v € W}.

The product of two finitely decomposable function is again finitely decom-
posable. This implies that finite sums of decomposable functions form a subal-
gebra A of C.(X (Ag)). Also, if g1, ..., gn are finitely decomposable functions
on X 4(Ag) with non-negative sum, then it follows from (a) that

Ag1) + -+ Algn) > 0.

There is thus a unique well-defined positive functional A on A satisfying (7).
Next, let f € C.(Xa(Ag)). There is then an open decomposable neighbour-

hood
v= [ v
veW
of the support of f with compact closure

J:HJ,,

veWw

in HueW X (ky).
The restrictions to J of functions in C.(X(Ay)) form a subalgebra

A(J) C C.(J)

which separates points and contains the constant functions. There exists
therefore by the Stone-Weierstrass theorem [38, p.52] a sequence (g;)5°; of
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functions in A(J) which converges uniformly to f on J. There exists fur-
ther by Urysohn’s lemma [38, IX. 2.1] a finitely decomposable function H €
C.(X(Ag)) such that

H<1 on Xa(Ag)
H=0 outside U
H=1 on Supp f.

Hence

(fi)iZ1 = (Hgi)iZ,
is a sequence of functions in A with support in J which converges uniformly
to f on X(Ag). The same is true for (H2g?)°; with respect to f2. We may
thus for non-negative f assume that all functions in the sequence (f;)5°; are
non-negative.

Now let (f;)72; be an arbitrary sequence of functions in A which converges
uniformly to f on X(Ag) and such that there exists a compact subset K of
X (Ag) containing the supports of all f;. There exists then by Urysohn’s lemma
a finitely decomposable non-negative function G such that G = 1 on K. Then,

—Gsup |fi — fi| < (fi = f;) < Gsup|fi = fjl
on X 4(Ag) so that:

IA(fi) = AT = IA(fi = fi)] < AMG)sup | fi — fj
by the linearity and positivity of A for functions in A. Also,

IA(fi)] < A(G) sup |fi
by the same argument.

This implies that (Af;)$°; is a Cauchy sequence in R for any sequence
(fi)i2, as above and that (Af;)$2; converges to zero if (f;)°, converges to
zero. There exists therefore a unique extension of the positive functional A on
A to a positive functional A on C.(X(Ag)). This completes the proof of (b).

(¢) Choose a bijective function Z<g — W\T and write W; for the image
of {1,...,i}. Let gi € Cc(X(Ag)), i € Zso be the restricted product of f,
for v € T U W, and of the characteristic function of B, for v € W\ (T U W;).
Then (g;):2, is a sequence of functions of finitely decomposable functions with
supports in B such that (g;):°, converges uniformly to f on X (Aj). Therefore,
(Agi)2, converges to Af so that the result follows from the validity of the
formula for finitely decomposable functions established in (b). This completes
the proof. O

Remarks 4.15

(a) All the Borel measures in (4.14) are regular since X 4(Ay) is o-compact
(see (1.15) and (4.9)).
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(b) Suppose that X4 := X xj A;. We may then regard my4, as a measure
on the adelic space X (A) for X (cf. (4.7) and (4.8)(a)).

The following example is due Peyre [52, 2.2] except for the fact that (2.15)
makes it possible to consider non-projective varieties as well.

Example 4.16. — Let X be a smooth proper k-variety. Then there exists a
smooth proper model X /o(s) of X (cf. (4.2), (4.4)) such that all reductions
Y, :=ExF,, veWs\Z
are geometrically integral (cf. [30, 12.2.1] or (4.18) below).
Let F', be an algebraic closure of F),, and let
?,/ ==X FV, Ve Wﬁn\z.

Then the geometric Frobenius Fr, acts on PicY ® Q and one defines the
local L-function for v € Wg,\X by:

L,(s,PicY,) =1/det(1 — ¢, *Fr, | PicY, ® Q).
Now let H} (X,0x) = HZ,.(X,0x) = 0. Then
H%ar(Yw OYV) = H%ar(Yw OYV) =0
for all but finitely many v € Ws,\3. Hence Deligne’s theorem [19, 3.3.9]
implies that (cf. [52, p.117])
Card(YV(FV))/qSimX =1+ Tr(Fr, | PicY, ® Q)/q, + O(l/qg/z)

for v € W, \X.

Moreover, by (2.15) one has

wy(Z(oy)) = Card(Y,,(Fy))(ﬂy(oy)/qy)dimx

with u,(0,) =1 for all but finitely many v € Wyy,.
Set B
) 1/L,(1,PicY,) for v e Wg,\E
= 1 forv e W UX.

Then it follows from the equalities above that (,) is a set of convergence
factors for X.

Example 4.17. — Serre [61, p.655] applies Deligne’s theorem [19, 3.3.4] to
smooth (not necessarily proper) varieties X for which the first two Betti num-
bers

BZ' = dimQHéing(Xan(C)a@)’ = 1a2
vanish (for some embedding k C C). He concludes that any model Z/o(x; of
X satisfies

Card(E(FV))/qgimX =1+ O(l/qgﬂ), ve Wﬁn\z-
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One may thus choose A\, :=1, v € W as a set of convergence factors for
such X.

It is possible to formulate a result for smooth (not necessarily proper) va-
rieties with B; = 0 which contains the results of Peyre and Serre as special
cases. The convergence factors are given by 1/L,, (1) for local L-functions L, (s)
defined by the means of the second ¢-adic cohomology groups for a fixed £.
One expects that the local L-functions L, (s) are independent of the choice of
£, but this is known only in the proper case (cf. [34, pp.27-28)).

Our next goal is to describe a relative version of theorem (4.14) for families
of smooth varieties. We first need some results on models.

Lemma 4.18. — Let 3 be a finite subset of Wy, and let ﬁ, X be two schemes
of finite type over o(s) with generic fibres P resp. X. Letp: P — X be a
morphism such that all geometric fibres of p are irreducible (resp. connected,
reduced or integral).

Then there exists a finite subset S C Wyy, containing ¥ and an extension of
p: P — X to a morphism.

pes) : Psy — Xs)

for which all geometric fibres are irreducible (resp. connected, reduced or inte-
gral).

Proof. — Let

pes): Psy — X(s), S C8C Wan

be a morphism in the inductive limit (cf. (4.2))
(p(s)) € h_H}HOm(S)(JS(S),X(S)), Y. CSC Whp

corresponding to p and let E be the set of closed points @) of X (s) such that
the geometric fibre of p(g) over @ is irreducible (resp. connected, reduced or
integral).

Then p(g) is of finite presentation since: ﬁ( s5) and )Z'( s) are of finite presen-
tation over o(g) [31, 6.3.7-8]. Hence by [30, Th. 9.7.7], E must be a locally
constructible subset of X (s)- Then it follows from a theorem of Chevalley [31,
7.1.4] that )Z'( s)\E is mapped onto a locally constructible subset of Speco(g)
under the structure morphism of X (S) /o 5)- But any locally constructible sub-
set of an affine Dedekind scheme is either an open or closed subset. Thus since
)Z'( S)\E and the generic fibre of X (S) /o s5) are disjoint by assumption we con-

clude that )Z'( S)\E is contained in finitely many closed fibres. This completes
the proof. O
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Recall that a k-variety X in this paper means a geometrically connected
separated scheme of finite type over k. Hence if X is smooth, then it is
geometrically integral.

Lemma 4.19. — Let X be a smooth k-variety and let m:' Y — X be a smooth
k-morphism of constant relative dimension on X with geometrically connected
fibres. Then there exists two smooth models 17, X over some integer ring
0 = orx)y and an extension of w to a smooth o-morphism T : Y — X with the
following properties:

(i) all fibres of T : Y — X are smooth and geometrically integral,
(ii) 7:Y — X is of constant relative dimension on 'Y,
(iii) the map from Y (0,) to X (0,) defined by composition with 7 is surjective
for all places.

Proof. — 1t follows from (4.2) that 7 has an extension to a smooth o-morphism
7:Y — X between smooth models over some integer ring 0 = o(x;). We now
prove (i)-(iii)

(i) It follows from (4.18) that the fibres of 7 are geometrically integral after
an enlargement of ¥ since the fibres of 7: Y — X are geometrically integral

(ii) It follows from the irreducibility of ¥ and the fact that 7 is flat and of
locally finite presentation that 7 is of constant relative dimension on Y (cf.
30, 14.2.2 and 2.4.6)).

(iii) We may (and shall) assume that (i) holds and that there exists a prime
number £ which is invertible in all residue fields F}, of 0. Then by the Lefschetz
formula of Grothendieck and Deligne (cf. [34]) one has for each variety Z over
F,, v € Wg,\¥ an equality

Card Z(F,) =Y (1) Te(F", H{(Z x F,,,Q)) = > _(-1)'a};
i i\
where H!(Z,Q;) are the f-adic cohomology groups 0 < i < 2dim Z with

compact support and «; ; are the eigenvalues of the Frobenius endomorphsim

on H(Z,Q;). Moreover, by the fundamental result of Deligne [19, 3.3.4] one
has that |oy ;| < qf/ % for ¢, = Card F,, with a unique eigenvalue a; = +¢%™%
when i = 2dim Z (use Poincaré duality and the integrality of Z x F'),). Finally,
since (cf. [18, 6.2]) R'AF is constructible for any constructible sheaf F on Y

it follows that the dimensions of the ¢-adic cohomology groups
HY(Z x F,,Q)

are uniformly bounded for the closed fibres Z of 7 : Y — X. Therefore,
Card Z(F,) >0
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for all F,-fibres Z of 7 if g, is sufficiently large (cf. [62, p.184] for the case
X = k). To complete the proof, use Hensel’s lemma. ]

It is worth noting that it follows from (4.19) and (2.7)(a) that the map
ma Y (Ar) — X(Ap)
between adelic spaces is open for m:Y — X as in (4.19).

Definition 4.20. — Let X be a smooth k-variety and let 7 : ¥ — X be a
smooth k-morphism with geometrically connected fibres. An adelic norm for
m:Y — X is a family of norms

1= Al - det Tan(Yan(k,)/ Xan(ky)) — [0,00), v € W}

on the relative analytic anticanonical bundles of 7, .y : Yan(ky) — Xan(ky),
v € W with the following property.
There exists a finite subset X of W5, and an extension of 7w to a smooth o(x)-

morphism 7 : Y — X between two smooth models Y and X over 6 = o(x) such
that the restriction of || ||, to the relative analytic anticanonical line bundle

of Y (0,) — X(0,) is equal to the model norm determined by 7 : ¥ — X (cf.
(2.17)) for all v € Wg,\X.

The notion of adelic norms is similar to notions in Arakelov theory and it is
possible to use (4.2) to define adelic norms for arbitrary vector bundles. Here
we introduce adelic norms only in order to define adelic measures.

Definition 4.21. — Let X be a smooth k-variety and 7 : ¥ — X be a smooth
k-morphism with geometrically connected fibres. Then a set

B={B, € C(Y(kv))>0, v € W}
of positive continuous functions is called a set of convergence factors for w :
Y — X if the following holds.
There exists an extension of 7 : Y — X to a smooth o(s)-morphism
7Y — X
as in (4.19) satisfying the following condition:

() The product
11 ( / ﬁuduy>
ZU(OU)

VVﬁn\E

converges absolutely to a positive real number for the model measure y, on
the o,-schemes

Z,,, vV E Wﬁn\E

SOCIETE MATHEMATIQUE DE FRANCE 1998



152 PER SALBERGER

obtained by base extension of 7 : Y - X along any

{(Pye ] X

VVﬁn\E

Remarks 4.22

(a) The condition (%) is clearly valid for all smooth morphisms 7 satisfying
the conditions in (4.19) as soon as it is valid for one such morphism.
(b) Let v € W5, \X. Then the map

P, — ﬂudﬂu
Zy(ov)

is a continuous real-valued function on the compact space X (o,) (cf.
(1.22)(a) and (2.5)). The product of integrals in (%) defines therefore a
continuous function on

(c) One may construct constant sets of convergence factors for 7 : Y — X
when the first two Betti numbers By and Bs vanish for all geometric
fibres of 7 : Y — X. This follows from the arguments in the proofs of
(4.17) and (4.19)(iii).

Example 4.23. — Let m : Y — X be as in (4.21) and suppose in addition
that X is proper. There is then an extension of 7 : ¥ — X to a smooth
o(s;)-morphism 7 : Y — X as in (4.19) such that X is proper over o). For
v e Wan\X, let

Ay 2 Ce(Y(01)) — Ce(X(0v))
be the positive linear map of 7 : ¥ — X (cf. (1.22)(a)) defined by the relative
model norm (2.17) and let

ey € Co(X(0y)) = Co(X (ky))

be the image of the constant map on Y (0,) with value 1.
Then,
€y € C(X(ku))>0
since
7, 1 Y(0,) — X(0,)
is surjective (cf. (4.19) and the last part of (1.10)). Hence any set
B = {ﬁu € C(Y(k‘,,))>0, S W}
with
By =1/(ey0om,)

for all v € W5, \X form a set of convergence factors for 7: Y — X.

ASTERISQUE 251



TAMAGAWA MEASURES ON UNIVERSAL TORSORS 153

Note also that
By =1/(ey0om), vE Ws\E
is constant on Y'(k,) if the number of F,-points in the F,-fibres of 7 is a
constant function on X (F,).

Notation 4.24. — Let X be a smooth k-variety and let 7 : ¥ — X be a smooth
k-morphism with geometrically connected fibres. Let

I 1I=A{llll : det Tan(Yan(ky)/Xan(kv)) — [0,00), v € W}
be an adelic norm and let

B={6, € C(Y(kv))>0, v €W}

be a set of convergence factors for 7 : Y — X. If P € n(Y(A)) C X (Ag),
let Zp be the smooth Ag-variety which is the fibre product of 7 : Y — X and
P : Spec A, — X (Ag). Then 0(P) is the positive o-regular Borel measure on
Zp(Ay) determined by the restrictions of || || and 3 to Zp (cf. (4.14)(b)).

Theorem 4.25. — Let X, w, || ||, B, 0(P), Zp, P € m(Y (Ax)) be as in (4.24).
Let fp be the restriction of f € C.(Y (Ax)) to Za(Ay) and let Ag(f) : X (Ag) —
R be the function such that

Ap(0P) = [ fedo(p)
Zp(A)
for P € m(Y(Ay)) and such that Ag(f)(P) =0 for P & m(Y (Ag)).
Then Ag is a positive linear map from C.(Y (Ag)) to Co(X (Ag)).

Proof. — The proof is very similar to the proof of (4.14)(b) and we shall use
the notions introduced there without further comments. In particular, A will
denote the subalgebra of C.(Y (Ax)) of finite sums of finitely decomposable
functions. It is obvious from the definition that Ag is positive and linear. It
is thus sufficient to prove that Ag(f) € C.(X(Ag)) for all f € C.(Y(Ag)).
Moreover, since w4 : Y (Ag) — X (Ag) is continuous it suffices to show that
Ag(f) is continuous for all f € C.(Y (Ag)).

We first treat the case where f € C.(Y (Ag)) is the restricted product of an
adelic set

{fy S Cc(Y(ku)), vV E W}

Choose a finite subset ¥ C W5, and two smooth models 17, X over 6 = o(x)
and an extension of 7 to a smooth o-morphism

7Y — X
satisfying all the conditions of (4.19) and such that f, is the characteristic
function of

Y(oy) CY(ky)
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for all v € W, \X.
Let

Ay Ce(Y(ky)) — Ce(X(Ry))

be the positive linear map corresponding to || ||, and let

P={P}yew € X(A4(() = [[ X(0)x [ Xk
Wen\Z WooUS

Finally, let Z,, v € Wg,\X be the o,-scheme obtained from 7 : Y — X after
base extension along P, and let p, be the model measure on Z,(0,). Then,

sHP) = 11 ( / ( )@duV) < TI M(Bofo).

Wan \o WeoUX

Hence by (4.22)(b) and (1.22)(a) we get that the restriction of Ag(f) to
X(Ap()) is continuous. Moreover, since Ag(f) = 0 outside the compact
open subset

X(A(2)) € X(Ar)
we obtain that Ag(f) € C.(X(Ag)) for all decomposable functions f €
Ce(Y (Aj)). Moreover, by the additivity of Ag, one has the same result for
any function f in A.

For arbitrary f € C.(Y (Ag)), there exists by the proof of (4.14)(b) a com-
pact subset K of Y (Ay) and a sequence (f;)72; of functions in A with support
in K which converges uniformly to f. There exists also a continuous decompos-
able non-negative function G in C.(Y (Ag)) such that G =1 on K. From the
linearity and positivity of Ag one gets (cf. the proof of op.cit.) an inequality:

sup [Ag(f) — Ag(fi)| = sup [Ag(f — fi)| < sup A(G) sup |(f — fi)]

for all positive integers i. Therefore (Ag(f;))2; is a sequence in C.(X(Ag))
which converges uniformly to Ag(f). Hence Ag(f) € Cq(X(Ax)), thereby
completing the proof. O

Now recall the canonical isomorphism described in (1.22):
(4.26)
det Tan(Yan(ky)) = det Tan(Yan(ky )/ Xan(ky)) ® 7, 4, (det Tan(Xan (,)))

Lemma 4.27. — Let X be a smooth k-variety and let m:' Y — X be a smooth
k-morphism with geometrically connected fibres. Let

I Ix =A{ll lIxv, veW}
and

I lyyx = Al lyyx,, veW}
be adelic norms for X resp. w:Y — X.
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Finally, forve W, let

I v =1 ly/x - Tanll xw
be the product norm of || |ly/x,, and the pullback norm m}, .|| ||x,. (cf. (1.7)(a),
(b) and (4.26)). Then

Iy = Al v, v e W}

is an adelic norm for 'Y .

Proof. — It is clear from (1.7) and (4.26) that | |y, is a norm on
det Tan(Ya,(ky)) for each v. Moreover, if 7 : ¥ — X is an extension of
7 to a smooth o(y)-morphism 7 : Y — X between two smooth models 17, X
over o = o(y), then

Il Iy, : det Tan(Yan(ky)) — [0, 00)

restricts to the model norm on det Tan(Yay, (0,)) for each v € Wg,\X by (2.18).
This completes the proof. O

Theorem 4.28. — Let X be a smooth k-variety and let m :' Y — X be a smooth
k-morphism with geometrically connected fibres. Let || ||x (resp. || [ly/x) be
an adelic norm for X (resp. an adelic norm for m:Y — X ) and let

v ={w € C(X(k))>0, v € W}
resp.
5 = {ﬁu € C(Y(ku))>07 IS W}

be a set of convergence factors for X (resp. m:Y — X).
Let ma be the positive o-reqular Borel measure on X (Ay) determined by
I lx and ~v and let

be the positive linear map determined by || |ly,x and B (cf. (4.26)).
Finally, let
Iy =Ll ly/x o™ anll lx0, veW}

be the adelic product norm for' Y constructed in (4.27).
Then the following holds.

(a) The products
auzﬁu(’)’uoﬂu)a veW

form a set o of convergence factors for Y.
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(b) Let naq be the positive o-regular Borel measure on Y (Ay) determined by
Il lly and a. Then,

/ Fdnao = / As(f)dma s
Y (Ag) X (Ag)
for any f € Cu(Y (Ag)).

Proof

(a) Let 7 : Y — X be a smooth o(x)-morphism between smooth o(x)-
schemes which extends 7 : ¥ — X and satisfies all the conditions in (4.19)
and such that the restriction of || ||, to det Tan(Yan(0,)/Xan(0y)) is the model
norm for each v € W, \X.

Let v € Wi, \X, and write p,, for all model measures. Let

A, : Ce(Y(0))) — Cu(X(0)))

be the positive linear map defined by the relative model norm. Then, by

(2.22),
/~ aydp, = /~ K(O‘V)dﬂv = /~ ’YVKV(ﬁV)d,U'V-
Y (ov) X(ov) X(ov)

Choose P, € X(0,) for each v € Wi, \E such that [log(A, B, (P,))| is maxi-
mal. Then,

< + |10g(AVﬂI/(PV))|

10g / ~ ’Yuduu

log /~ aydily,
Y (ov) X (ov)

by the positivity of the model measure on X (0,).
Now sum over all v € Wy, \X and use the assumptions on {7, } and {0, }.

(b) First, let f be finitely decomposable. One may adapt the choice of Y,
X and 7 in (a) to f such that in addition f is the restricted product of an
adelic set

{f, € C.(Y(k))), v eW},

where f, is the characteristic function of
Y(0,) C Y (k)

for all v € Wy, \X. Now combine the calculation of Ag(f) in the proof of (4.25)
with the formula in (4.14)(c) for the integral over X (Ay) for a decomposable
function. Then the formula for finitely decomposable functions follows from
the corresponding assertion over local fields established in (1.22)(c).

Let A denote the subalgebra of C.(Y (Ax)) of finite sums of finitely decom-
posable functions. By additivity of the integrals and Ag, we get the formula
also for functions f in A.
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Finally, let f be an arbitrary function in C.(Y (Ag)). Then, by the proof
of (4.25), there exists a sequence (f;)72; of functions in A which converges
uniformly to f on X (Aj) and such that the supports of all f; are contained in
one common compact subset K of X (Ay). Also, by (op.cit.), (Ag(fi))2, is a
sequence in C.(X (Ay)) with supports in f(K) converging uniformly to Ag(f).
The uniform convergence and the compactness statement now implies that

/ fdnae = lim fidnaq
Y (Ax) =00 Jy (Ag)

[ Apdma, = im [ Ap(dma,
X(Ak) 170 JX(Ak)

so that the formula also holds for arbitrary functions f € C.(Y (Ag)). This
completes the proof. O

5. Torsors over global fields and Tamagawa measures

The purpose of this section is to define Tamagawa measures on univer-
sal torsors. It is thereby important to generalize some of the constructions
of Colliot-Thélene and Sansuc in [15] and to define universal torsors over
schemes. We shall keep the notations in part 4 and use the word k-variety for
a geometrically connected, separated scheme of finite type over k. Also, k will
denote a number field and K a general field.

Hypothesis 5.1

(a) k is a number field

(b) X is a smooth k-variety with structure morphism h : X — Speck

(¢) G is a smooth k-variety which is an algebraic group over k

(d) m: 7T — X is a (left) X-torsor under G (with respect to the fppf-
topology) with G-action o : G x;; T — 7T (cf. (3.3))

Lemma5.2. — Assume (5.1). Then there exists schemes )A(:, é, T of finite
presentation over 0 := o(x) for some finite set 2 of closed points of Speco with
the following properties.

(a) X is a smooth o-model of X (see (4.4)(a)).
(b) h: X — Speco is a smooth separated morphism with geometrically con-

nected fibres.
(¢) G is a smooth separated group scheme over o with geometrically connected

fibres. N N N .
(d) 7:7 — X is a (left) X -torsor under G with G-action 5 : G X, T — T.
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(e) The generic fibres of )Nf, é, T are equal to X, G and T and the restric-
tions to the generic fibres ofﬁ, T and o are equal to the k-morphisms h,
m, o in (5.1).

Any other set of such o-schemes and o-morphisms are related to the given

ones by means of a canonical isomorphism after base extension to o) for
some finite set S O X of places of k.

Proof. — This result is a formal consequence of (4.2). The reader may also
consult [45, I11.4.3] and [1, VIL5]. O

We denote the unit sections of G/k and G /o by e resp. é. There is thus a
commutative diagram

Specd —— G

|,

Speck —‘.q

We shall in the sequel consider o,-schemes and o,-morphisms obtained by
base extension from the o-schemes and o-morphisms in (5.2). We will add a
lower index v for places defined by prime ideals of 0 to indicate that we have
made a base extension to the v-adic completion o, of o and 0. We denote by
F), the residue field of o, for v € Wg,.

Let # : T — X be an X-torsor under G as in (5.1) with G-action o :
G x T — T. Then o determines a (continuous) left G(Ay)-action

on the fibres of
ma T (Ar) — X(Ax)

(cf. (3.2)(iii)).
Let
T (Ar) xx(a) T(Ag) C T (Ag) x T (Ag)
be the inverse image of the diagonal under
(ma,ma) : T(Ag) X T(Ag) — X(Ag) x X(Ag).

It is a closed subspace of T (Ag) x T (Ay) since X (Ay) is a Hausdorff space.
The condition (3.3)(b) for torsors implies that the map

(53) PA ‘= (O'A,prg) : G(Ak) X T(Ak) — T(Ak) XX(A) T(Ak)
is a homeomorphism of adelic spaces.

Proposition 54. — Let m : T — X be a (left) X-torsor under G as in (5.1)
and let ma : T(Ag) — X (Ag) be the continuous map induced by m : T — X.
Then
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(a) w4 is open.
(b) mA(T (Ag)) is homeomorphic to the homogeneous space

T(Ar)/G(Ax)
of T (Ay) with respect to o 4.
Proof

(a) Let 7 : 7 — X be a torsor of o(x)-schemes as in (5.2). Then the open
decomposable sets of the form

B:=]]B.=|]][7( X(HB,,), S DX UW,

veWw vegS ves

for finite subsets S of W form a base for the adelic topology. Also, by Lang’s
theorem (cf. (3.21)(a)) one has

™ (By) = X(ov)
for all places outside S. This combined with the openness of 7, for v € S (cf.
(3.11)(b)) implies that 74 (B) is open in X (Ag).
(b) 74 is open and continuous. A subset U of w4 (7 (Ag)) is therefore open
in X(Ag) if and only if 7,1 (U) is open in X (Ay,) (cf.[38, p.311]). O

We shall now consider positive Borel measures on 7 (Ay) which are invariant
under the left action of G(Ay).

Recall (cf. (3.8), (3.9)) that the relative algebraic tangent bundle T'r/x — 7
is equal to the fibre product

T Xk TG,e — T
for the fibre Tz . at e € G(k) of the algebraic tangent bundle of G. There
is also a canonical isomorphism where T - is the fibre at € € G(0) of the

algebraic tangent bundle of G /0 = o(s). The o-points of T ~ form an o-lattice

Téfé(a in the tangent space T (k) of G at e.
Definition 5.5. — A constant adelic norm for 7w : 7 — X is a set of constant

norms (cf. (3.15)
1= {ll'l. : det(Tan(Tan(ky)/ Xan(ky))) — [0,00),v € W}

such that || ||, is the pullback of the v-adic norm on det (T (k. )) determined
by the o,-lattice det(T (0,)) for all but finitely many places in Wg,\X.

Example 5.6. — Let wy be a local non-zero section at e of the canonical line
bundle of G. Then wy defines v-adic vector space norms on det(7Tg (k,)) for
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all places v which are equal to the lattice norms given by det(7 (0,)) for
almost all v. The constant norms

I [l : det(Tan(Zon (ky)/ Xan (k) — [0,00), v eW

therefore form an adelic norm for 7 : 7 — X.
To define adelic measures, we shall need sets of convergence factors.

Lemma5.7. — Let m: 7T — X be an X -torsor under G as in (5.1) and let
B: W — Ryp

be a set of constant convergence factors for G. Then (B is also a set of conver-
gence factors for m: 7T — X.

Proof. — Choose 0 = o(x), G/o,7:T — X as in (5.2) and let v € Wg,\Z.
Then 7(7 (0,)) = X (0,,) (cf. (3.21)). Moreover, if P, € X (0,), then
T x 7 P, ~ G X5 0y
as oy-schemes by the torsor isomorphism (3.18)(b). This completes the proof.
O

The following result is fundamental for the applications of torsors to prob-
lems concerning counting functions of rational points.

Theorem 5.8. — Let m : T — X be an X-torsor under G with left action
0:GxT —T asin (5.1). Also, let

{lly, vew}

be a constant adelic norm for m : T — X defined by a local differential form

wo # 0 of G at e and let
{Ay: C(T (k) — Ce(X(ky)), veW}
be the positive linear maps defined by these norms. Finally, let
B:W —Rso

be a set of constant convergence factors for G. Then there exists a unique
positive linear map

Ap : Co(T (Ay)) — Ce(X(Ag))
which is independent of the choice of wy such that
(**) Aﬁ(fA) = H ﬁl/AI/(fl/)

veWw
for the restricted product

’

fA - HVGW fV

ASTERISQUE 251



TAMAGAWA MEASURES ON UNIVERSAL TORSORS 161

of any adelic set of functions
{fu S CC(Y(kV))7 IS W}

Moreover, if o(g) : T(Ag) — T (Ag) is the left translation defined by an
element g € G(Ay), then

Ag(f) = Ap(fool(g))
for any f € C(T (Ag)).

Proof. — The existence and the uniqueness of A follows from (4.25) and (5.7).
To prove that Ag is independent of the choice of wy, let o # 0 be an element
of k. Then the corresponding adelic norms is given by {|al|,|| ||,, v € W} and
the corresponding v-adic linear maps (cf. (1.21)) by |«a|,A,. The independence
therefore follows from the formula

IT lel =1.

veWw

To prove the last assertion use (%) to reduce to the statement

AV(fV) = Au(fu © U(gu))

for the left translations
U(gzl) : T(k‘,,) — T(ku)

defined by ¢, € G(k,). The equality follows from the fact that | ||, is invariant
under the left action of g, € G(k,) (cf. (3.15)), thereby completing the proof.
O

Remarks 5.9

(a) It is immediate from the definitions of A, that Ag(f) has support in the
open subset m4(7 (Ay)) of X (Ay). Therefore (cf. (5.4)) Ag may also be
seen as a positive linear map

A Co(T(Ar) — CulT (A1) /G(AR)).

This can be used to give another construction of Ag starting with a
Haar measure on G(Ay) (cf. [11, Ch. VII, §2, n°2]), thereby avoiding the
general result in (4.25).

But we shall in other papers give applications of (4.25), which can-
not be deduced from the theory of homogenous spaces in (op.cit). The
results (4.25)-(4.28) can e.g. be used to answer a question in [6] about
L-primitive fibrations. Also, even for torsors it is useful to consider mea-
sures which are not invariant under the group action and to define mea-
sures on (partial) compactifications of torsors (see [51]).
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(b)
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Let G be an r-dimensional k-torus and let 7 : 7 — X be an X-torsor
under G. Let

I ll7/x, : det(Tan(7 (k,)/ X (ky)) — [0,00), veW

be the order norms (see (3.30)). It follows from (3.31) that these v-adic
norms form an adelic norm. There is, therefore, for each set {3,, v € W}
of constant convergence factors for G a unique positive linear map

Ag 2 Ce(T (Ag)) — Ce(X(Ax))

satisfying the same property (xx) as in (5.8). This map coincides with
the positive linear map in (5.8) for split k-tori G (since the order norms
are defined by means of a differential form of minimal dlog-type). The
two maps also coincide for non-split k-tori G since [ [, oy |||, = 1 for the
order norms || ||, : A" (Tg,e(kv)) — R of a section s # 0 of A" (Tg,e(kv)).

Definition 5.10

(a)

A torus T over a scheme B is a commutative group scheme of finite
type over B which locally in the fpgc-topology (cf. [21, exp. VIII]) is
isomorphic to the group scheme

GmB XB - XBGmB

over B for a finite number of copies G, p. The torus is said to be split
over B if T is isomorphic to

Gm,B XB " XB Gm B.

A finitely generated torsion free twisted constant group scheme 11 over B
is a commutative group scheme over B which locally in the fpgc-topology
(cf. [21, exp. VIII)) is isomorphic to the constant group scheme

Zp XB-+XB 4R

over B for a finite number of copies Zg. The f.g. torsion free twisted con-
stant group scheme II over B is said to be split over B if T' is isomorphic
to

ZB XB---XBZB.

It is known by a theorem of Grothendieck (cf. [21, exp.X]) that any torus
and any twisted constant torsion free group scheme split after some surjective
étale base extension. One can therefore replace the fpqc-topology by the fppf-
topology or by the étale topology in the definition above. In particular, if

B:

Spec K for a field K, then all tori and all f.g. torsion free twisted

constant group schemes split over a separable closure K of K.
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Notations 5.11. — If T' is a B-torus, then
T := Homg, (T, Gm,B)
If IT is a f.g. torsion free twisted constant B-group scheme, then
D(II) := Homg, (I, Gy B).-

Here Homg, (-, Gyy,p) means the group scheme representing the Hom-
functor in the category of group schemes. It is easily seen that T is a f.g.
torsion free twisted constant B-group scheme and that D(M) is a B-torus in
(5.11).

These two constructions are inverse to each other in the sense that they
define a contravariant equivalence of categories between tori T over B and f.g.
twisted constant torsion free group schemes IT over B (cf. [21, X.5]).

If the base scheme B is a field K, and K is a separable closure over K, then
the functor sending IT to the Gal(K /K )-module P = II(K) defines an equiva-
lence between the category of f.g. torsion free twisted constant group schemes
over K and the category of f.g. torsion free continuous discrete Gal(K/K)-
modules (see [45, p. 52]). There is therefore in this case a contravariant equiv-
alence between the category of K-tori and the category of f.g. torsion free con-
tinuous discrete Gal(K /K)-modules for which a K-torus is sent to its character
Gal(K /K )-module T := Hom(T, G, x)- Conversely, if M is a f.g. torsion free

continuous discrete Gal(K /K )-module, form the K-Hopf algebra K[M]% of

Gal(K /K)-invariant elements in K[M] and let D(P) = Spec K[M]“. Then

D(P) is an K-torus (cf. Ch.III, §8 in Borel’s book [9]).

Now assume the following:

5.12 (a) B is a Noetherian scheme.

512 (b) f : X — B is a smooth proper surjective morphism of constant
relative dimension with geometrically connected fibres.

5.12 (c) R%f.Ox = 0.

5.12 (d) The relative Picard functor (cf. [10, Ch.8]) of f is representable by a
f.g. torsion free twisted constant B-group scheme Picy/p.

It follows from more general results of Grothendieck and Murre (cf. [10,
pp. 210-211]) that Picy,p is representable when f is projective or B is the
spectrum of a field. It is easy to show that the assumptions in (5.12) also hold
for smooth proper toric schemes over B.

Let g : T — B be a B-torus. Let Fr (resp. Gr) be the fppf-sheaves of
abelian groups on (Sch /B)°PP associated to the functor:

Y — Hi (X xp Y, Ty)

resp.
Y — Homyz (Homy (Ty, Gm,y ), Hiypt (X XBY,Gmyy))
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where Homy means the abelian group of Y-homomorphisms in the category of
group schemes over Y. The covariant functoriality of Hflppf(X xpY,-) under
homomorphisms of commutative group schemes over X xpg Y gives rise to a
morphism of functors:

F—G.

It is easy to verify that this is an isomorphism of functors since T is locally
isomorphic to G,;, X - -+ X G, in the fppf-topology. One can also according to
a theorem of Grothendieck [27, pp. 171-183] define Fr (resp. Gr) by means of
the étale topology instead of the fppf-topology.

If T = G,,, then Fpr coincides with the relative Picard functor. We may
thus for an arbitrary torus g : T'— B regard Gr as the fppf-sheaves of abelian
groups on (Sch /B)°PP, where

Y — Homy(Ty, (PiCX/B)y).
There is also an interpretation
Fr(Y) = HO(Y,R'g.(T))

where the right hand side can be read both with respect to the fppf-topology
and the étale topology (cf. [10, p.202-203]). The isomorphism Fr(B) = Gr(B)
may thus be interpreted as an isomorphism:

H°(B, R'g.(T)) = Homp(T, Picx/p).
There is further by Leray’s spectral sequence an exact sequence
0— H'(B,T) - H'(X,T) — H°(B,R'g.(T)) — H*(B,T) — H*(X,T)

of cohomology groups in the fppf-topology or the étale topology, which reduces
to a short exact sequence

0— Hl(BvT) - Hl(XvT) - HO(Bleg*(T)) —0

if there is a section s: B — X to f: X — B.
There are thus isomorphic exact sequences generalizing the sequence of
Colliot-Thélene and Sansuc (cf. [15, 2.0.2])

5.13 (a)
1 — H(B,T) — HLY(X,T) 5 Homp (T, Picy, ) — HZ(B,T) — HL(X,T),
5.13 (b)

| — HE (B, T) — HE (X, T) -5 Homp (T, Picy5) —
Hf2ppf(B7T) - Hf2ppf(X7 T)

The following definitions are equivalent to those of Colliot-Théleéne and San-
suc [15] when B is the spectrum of a field. We shall write [7] for the class in

HL(X,T)= Hflppf(X, T) of an X-torsor m: 7 — X under 7.
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Definition 5.14. — Assume (5.12).
(a) Let m: 7 — X be a torsor under 7. Then the image
t([7)) € HomB(T,PicX/B)
is called the type of m: 7 — X.
(b) The B-torus
g :D(Picy/p) — B
is called the Néron-Severi torus of f: X — B.

(c) Let T'= D(Picx,p) be the Néron-Severi torus of f : X — B. A universal
torsor over X is a torsor

m:7 — X

under T of identity type t([7]) : T — Picx/p.
(We use here the reflexive property of the group scheme Picy /B> cf.
[21, Exp. VIII]).

The following result in (op.cit.) is an easy consequence of (5.13)(a)

Proposition 5.15. — Suppose that there exists a section s: B — X to f : X —
B. Then there are universal torsors over X. The isomorphism classes of the
universal torsors over X are parametrized by the H} (B,T)-orbit in H}(X,T)
defined by t=1(id).

Proof. — The map H%(B,T) — HZ(X,T) in (5.13)(a) is the contravariant
functorial map. There is also a contravariant map H%(X,T) — HZ(B,T)
induced by s. There are thus classes in Hj (X, T) = Hflppf(X ,T') of identity
type. It is well-known that these classes are represented by torsors (cf. [45,
p.121]). This completes the proof. O

For the rest of this section let £ be a number field and let X be a smooth
proper k-variety as in (5.13). Denote by T' the Néron-Severi k-torus of X. The
following result shows a remarkable property of universal torsors.

Lemma 5.16. — Let k be a number field and let X be a smooth proper k-variety
satisfying H}. (X,0x) = H2, (X,0x) = 0 and such that the Néron-Severi
group of X =k x X is torsion-free. Let T be the Néron-Severi k-torus of X
and let m : T — X be a universal torsor or an arbitrary X -torsor under T.
Then

{a, =1, v € W} form a set of convergence factors for T .

Proof. — Choose 0 = o(x), T/E, 7:7 — X as in (5.2). The image H of the
representation

p: Gal(k/k) — GI(T)
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is finite and the subfield K C k of H-invariant elements is unramified over k
at all places v € Wg,\X. For these places, define the local L-function by

L,(s,T) = 1/det(1 - g, p(Ft,) | ).

The reduction T’ x F, is an F,-torus for each v € Wg,\¥ and T(F,) of
cardinality (Card F,,)@™7T /L, (1,T) by a result of Ono [49, 3.3]. Further, by
(2.15) one has

i(T(0,)) = Card(T(F,)) (1, (T(0,))/(Card F,)
for v € Wg,\2. Therefore,

4 — L,(1,T) =1/p,(T(0,)), v € Wgn\Z
v 1, veWoUX

>dimT

form a set of convergence factors for 7' (this is due to Weil [67]).
Hence by (5.7) one gets that 8 : W — Ry is a set of convergence factors

for m: 7 — X. But T = Pic(X) by assumption. Therefore,
J1/L,(1,T), veWsg\X
Y, veEW,oUX

form a set of convergence factors for X by (4.16). Hence {5,7,, v € W} form
a set of convergence factors for 7, as was to be proved. O

Theorem 5.17. — Let k be a number field and let X be a smooth proper k-
variety as in (5.16). Let T be the Néron-Severi k-torus of X and letm: T — X
be a universal torsor or an arbitrary torsor under T'. Let

Il Ix ={ll llx,: det Tan X (k,) — [0,00), v € W}
be an adelic norm for X and let
I lx—7 = {ll ll7, : det Tan(7 (k,)) — [0,00), v € W}
be the induced adelic norm for (cf. (3.30), (3.31)). Let
Ay Co(T(ky) — R, veW

be the positive functionals determined by the norms || |7, (cf. (1.10)). Then
there exists a unique positive linear map

A:C.(T(A) — R

such that
Afa) =] Mo(1)
veWw
for the restricted product
fA - HVGW fV
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of any adelic set of functions
{f, € Ce(Y(ky)), v e W}

Proof. — 1Tt follows from (3.31) that the order norms {|| ||7/x,, : v € W} form
an adelic norm for 7 : 7 — X. The assertion therefore follows from (5.8) and
(5.16). O

The group of characters of the Néron-Severi torus T' of X defined over k is
canonically isomorphic to Pic X. Therefore, the map

{al/}VEW € Gm,k(Ak) - log( H |a|,,) eR
veW

induces a pairing T'(Aj) x Pic X — R which we may reinterpret as a continuous
epimorphism
T(Ax) — Hom(Pic X, R).
Let T'(A;) be the kernel of this map. Then there is an exact sequence:
(5.18) 1 — TY(A) — T(A) — Hom(Pic X,R) — 0
where T'(k) C T*(Ay) by the Artin-Whaples product formula for number fields.

We now define a Haar measure @12 on TY(A)/T(k). To do this, we recall
the following result.

Lemma 5.19. — Let G be a locally compact group and let N be a closed normal
subgroup of G. Let Oy be a Haar measure on N and let f € C.(G). Then
there exists a unique function fN € C.(G/N) such that

N L n N
(N = /N f(gn)d®

for all g € G.
Moreover, if Oy is a Haar measure on H := G/N and ©O¢ is a Haar
measure on G, then there exists a unique positive real number ¢ > 0 such that

* dO¢ = N(h)d®

(+) /Gf(g)GC/Hf()H

for all f € C.(G).

Proof. — See [38, Ch. XII]. O

We shall say that the three Haar measures O¢, Oy, O are compatible if
(%) holds with ¢ = 1.
Now endow T'(k) with the counting measure and

V :=T(A;)/T' (A1) = Hom(Pic X, R)
with the unique Haar measure such that Vol(V/L) =1 for the Z-lattice
L := Hom(Pic X,Z)
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in V. Then apply (5.19) twice to the chain of normal closed subgroups
T(k) CTY(Ay) C T(Ap).

This defines a bijection between Haar measures on T'(A)/T (k) and Haar
measures on T'(Ag).

Proposition 5.20. — Let X be as in (5.1) and let B4 be a compact open subset
of X(Ag). Let T be the Néron-Severi torus and let m: T — X be a universal
torsor under T'. Let || ||x be an adelic norm for X and let m,, v € W (resp.
ny,, v € W) be the Borel measure on X (k,) determined by by || [|xu) (resp.

Ixw-rw)
Choose 3, 0, X, T, 7 : T — X as in (5.2) and such that there exists a
compact open subset

Bg C HX(kV), S=WoUX
ves
for which

(%) By = BS X H X(Oy).
veWg,—2

Let ©g be the Haar measure on T(Ay) given by the adelic order norm (cf.
(5.9)(b) and the convergence factors

By =1/1(T(0,)), vE Win\S
By =1, veW,UX

and let @12 be the corresponding Haar measure on T'(Ay)/T (k) under the
bijection above. Also, let mayx be the Borel measures on X(Ay) determined
by || ||x and v ={1/B,}vew. Then the following holds.

(a) ma(7T (Ax)) is a compact open subset of X (Ag)
(b) The product
—1
7e(X, Ba, || |Ix) == O5(T" (Ar)/T(k)) - mas(Ba N wa(T (Ar)))

is independent of the choices of ¥ and 7 : T X.
(c) Suppose that 3, 0, X satisfy the additional condition that || || xx,) is the

model norm defined by )N(,,/O,, for v e Wga\X. Then,

_1 ~
7e(X, Ba, || Ix) = Ox(T4/T(k))ms(Bs Un((Ts)  [[ (T (on)).
veEWgn—2

Proof

(a) It follows from the implicit function theorem that = (7 (k,)) is an open
subset of X(k,). By twisting the torsor with elements in H} (k,,T,) one
concludes (cf. [15]) that the functorial map X (k,) — H} (ky,T,) defined by
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7, is locally constant. Therefore, since Hgt(k:,,,T,,) is finite, it follows that
(7 (k,)) is a closed subset of X (k,).

Also, X (k,) is compact since X is proper (see (2.3)) so that w(7 (k,)) is
compact for all places v of k. Hence 74 (7 (Ag)) is a compact open subset of
X (Ag).

(b) It suffices by the last assertion in (5.2) to show that the product does
not change if we replace ¥ by ® = Y U{w} and T by T x o) for w € Wep\X.

It follows from the definitions of Oy and @12 that
94 (T (A1) /T(K)) = Ox (T (Ax)/T(k)) o (T (0w))-
It is therefore sufficient to show that:
mas(BaN7a(T(A))) = mas(BaNma(T (Ap))ph(T(0w)).
To show this, we first note that
A(T(o) = X(0),  X(0) = X(ky)
for v € Wgn\Z by (3.21) resp. the properness of X,,/0,. Hence
(T (k) = X (oy)

for v € Wg,\2 and

Banwa(T(Ay) =Bsna(Ts)x  [] X(ov)

veWg,—%
for
w(7Tg) = H (7T (ky)).
ves
Now from (%) and the definition of m 4 x5, we get
(5.21) . .
mas(BaN7a(T(4) = ms(Bs nx(Ts)  [[ m(@Flon)mu(X(0,))

veWg,—2
where mg is the product measure of m, for v € S.
Let FF = SU{w} =®UW, and let mp be the product measure of m, for
v € F. Moreover, let

#(Te) = [[ 7(T(k)),  Br = X(ow) x Bs.
veF
Then, by the definition of m 4 ¢, we get

maa(BaNma(T(A)) = mp(Br N7(Tr)  []  w(T(0))) - mu(X(0,)).
veEWg,—®

Now note that _
BrnN W(TF) = X(Ow) X (BS N W(Ts))

SOCIETE MATHEMATIQUE DE FRANCE 1998



170 PER SALBERGER

mp(Br N7(Tr)) = my (X (0y))ms(Bs N (TF)).

Hence,

mas(BaNma(T(Ar))) = maa(BaNwa(T (Ar))) (T (0w))
thereby completing the proof of (b).

(c) Letve Wgy\X. Then || ||x(k,)—7(k,) restricts to the model norm on

det Tan(7 (o,)) by (3.21). Hence m,, n, are equal to the model measures on
X(0,) (resp. 7(0,)) and

pr (T (00))m (X (00)) = 1, (T (00))

by (3.25). Now apply (5.21) and the equality above. This finishes the proof.
]

Definition 5.22. — Let X be as in (5.1) and let B4 be a compact and open
subset of X(Ay). Let e € HY(X,T) be the class of a universal torsor 7 :
7 — X and let || ||x be an adelic norm for X. Then the Tamagawa number
T(X, B4, || ||x) is the product

7-(X, Ba, | Ix) = Os(T" (Ar)/T(k))mas(Ba N ma(T (Ar)))
in (5.20).

In order to understand this definition we shall need the following corollary
of (4.28).

Corollary 5.23. — Let 7 : T — X, || |Ix, || lx=7, 8 = {Bv}vew be as in
(5.20). Let

Ag : CC(T(Ak)) - CC(X(Ak))

be the positive linear map described in (5.8) and let m4 resp. na be the Borel
measures on X (Ayg) resp. T (Ayg) determined by || ||x and v ={1/6,}vew (cf.
(4.14), (4.16)) resp. || ||x—1 and the convergence factors 1 (cf. (5.17)).
Let
Tr: Co(T (Ag)) — Co(T (Ag)/T(k))

be the trace map obtained by summing over all T'(k)-translates of a function
in Co(T (Ag)). Then the following holds.

(a) There exists a unique positive o-reqular Borel measure ma on T (Ag)/T (k)
with the following property:
If M is a Borel subset of T (Ay) with tMN\M = & for allt € T(k)\{1}
and M is the image of M in T (Ay)/T(k), then

ﬁA(M) = nA(M)
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(b) There exists a unique positive linear map
Ng : Co(T(AR)/T (k) — Ce(X(Ap))
with Aﬁ = Kﬁ oTr.

/ fdma :/ Kg(f)dmAﬁ
T(Ax)/T (k) X(Ar)
for each f € Co(T(Ax)/T(k)).

Proof
(a) This follows from the T'(k)-invariance of na (cf. e.g [11, Ch.VII, §2
prop.4 b)).

(b) It suffices by the usual argument with partitions of unity [38, p.270] to
prove the existence and uniqueness of such a map C.(M) — Co(X(Ag)) for
each open subset M C T (Ay)/T (k) of the type described in (a).

(c) One reduces again to the case f € C.(M) and applies (4.28)(b). O
Remark 5.24. — The motivation for the definition (5.22) is the following. The

continuous map
wa T (Ar) — X(Ax)
and the continuous T'(Ag)-action
oa:T(Ag) x T(Ax) — T (Ax)
determine (cf. (5.4)) a continuous map
T(A0)/ T (Ax) — 7a(T(AY))
and a continuous T'(Ay)/T* (Ay)-action
T(AR) /T (Ax) x T(AR)/TH(Ay) — T (Ap)/T" (Ay)
such that 7 (Ay)/T*(Ay) becomes a topological 4 (7 (Ay))-torsor under
T(Ar)/T"(Ax) = Hom(Pic X, R).
Now assume that there exists a continuous section
W ma(T(Ar)) — T(Ap)/T" (Ar)
of this map. This gives rise to an isomorphism:
I:74(T(Ay)) x Hom(Pic X,R) — T (Az) /T (A)

of topological m4(7 (A))-torsors under T(Ay)/T*(A) = Hom(Pic X, R).
Let
Fo € Hom(Pic X,R)
be a fundamental domain (cf. e.g. [53, p. 163]) with respect to

Hom(Pic X,Z) C Hom(Pic X, R)
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and let U be the inverse image of
I(Banma(T (Ax))) x Fo)
under the rest class map
T (Ay)/T (k) — T (Ap)/T"(A)-

Then U is a Borel subset of 7 (A)/T (k) which is invariant under T (Ay) /T (k)
for the action

o4 T(Ag)/T(k) x T(Ag)/T (k) — T (Ax)/T (k)
induced by o0 4. Moreover,
Assertion 5.25. — We have
(X, Ba, || lx) = ma).

To see this, one can assume that Fy has compact closure in Hom(Pic X, R).
Then U has compact closure U, in T (Ay)/T (k) with

nA(ld) =nale).
The characteristic function of
U. CT(A)/T(k)

is the infimum of the set J of all T'(Ay)/T (k)-invariant non-negative func-
tions in C.(7 (Ax)/T(k)) which are equal to 1 on U, (cf. [38, p.256]). Now re-
gard these functions as functions on 7' (A)/T*(A;) and make use of (5.23)(c).
Then,

naA(Ue :inf/ hdﬁA:/ inf Ag(h dma .
Ue) = 15 T(A)/T(F) X(Aw(he’ s(h))dmasy

Moreover, from the isomorphism I above, it follows that

Ou (T (A)/T(k)) on Banma(T(Ap))
0 otherwise.

inf Ag(h) = {

heJ
Hence,
TA(U) = Ox (T (A)/T(k)) - mas(Ba Nma(T(A)))

as asserted.

We shall in section 10 construct a canonical “toric” section 1 as above for
universal torsors over toric varieties. One can more generally construct a
continuous section 1 as above for varieties with a “system of heights” in the
sense of Peyre [51].
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6. Reciprocity conditions and Tamagawa numbers

The aim of this section is to relate the Tamagawa numbers for the universal
torsors defined in the previous section to the Tamagawa numbers defined by
Peyre [52]. To do this, we shall need Manin’s reciprocity condition for adelic
points on X which is defined by means of étale cohomology.

If R is commutative ring and F' is an abelian sheaf on the étale site of
Spec R (cf. [45]), we shall write HY (R, F) instead of HY (Spec R, F). If Gy
is a commutative group scheme over a scheme Y we let Gy denote also the
abelian sheaf F' on the étale site Y associated to this group scheme (cf. [45,
p.52]). In particular, we shall write H} (Y, Gy) = HL (Y, F). If Gy = Gy
we omit the index Y.

There is a canonical isomorphsims of schemes:

Spec Ay, = liin Spec Ag(X)
where X runs over all finite subsets of Wy,,. Since “étale cohomology commutes
with inverse limits of schemes” (cf. [1, VIL.5.9]) we get:
HE (A, Gn) = lim HE (Ay(2), Grn).
Next, note that Spec Ax(X) is a direct sum (cf. [31, 3.1]) of schemes
Spec Ak(X) = (®per Speck,) ® (@VEW\T Spec 0,,)
where T := ¥ U W,. Hence:
Hgt(Ak(E)’G’m) = (@VETHézt(kV’G’M)) b (@VEW\THé?t(OV’G’m)) :
Moreover, Hézt(Spec oy, Gp,) =0 for v € Why, (see [45, p.108]). Hence,
HE (Ak,G) = @vew Hg (K, G).
The Hasse invariant
iy« Hy (ky, Gm) — Q/Z

is defined as follows. If k, is the quotient field of a complete discrete valuation
ring o, with residue field F,,, then the Hasse-Witt residue map (cf. [27, II1.2])
gives a canonical isomorphism

Hgt(kw Gm) = Hélt(Fua Q/Z)
The map 14, is obtained by evaluating
H4(F,,Q/Z) = Hom(G,,Q/Z)

at the Frobenius element of the absolute Galois group G, of k.
If k, = R, then i, is the group monomorphism

HZ(k,,G,,) = Z/27 — Q/Z.
If k, = C, then HZ(k,,G,,) = 0.
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There is a fundamental exact sequence of Albert-Brauer-Hasse-Noether (cf.
e.g. [65, p, 196])

(6.1) 0 —s H2(k,Gp) — HZ(Ag, ) — Q/Z — 0.

The map from HZ(k,G;,) to HZ(Ak,G,y,) is the functorial map and the

reciprocity map

i @VEWHéQt(kVaGm) - Q/Z
is the sum of the Hasse invariants. The fact that the sum of the Hasse invari-
ants is zero for elements in HZ (k, G,,) is called the reciprocity law.

The other ingredient in Manin’s reciprocity condition is the (cohomological)
Brauer group HZ (X, Gy,) of X. The contravariant functoriality of HZ (-, G,)
yields pairings:

6.2 (a) X(ky) x H2(X,Gyp) — HZ(ky,Gp)
6.2 (b) X(Ag) x HA(X,Gy,) — HZ (A, Gp).

Notation 6.3. — Let A € HZ(X,G,,) be an element of the Brauer group of X.

(a) If Q, € X(ky), then A(Q,) € HZ(ky,Gy,) is the element defined by the
pairing (6.2)(a).

(b) If Qa € X(Ay), then A(Qa) € HZ(Ak, Gy,) is the element defined by
the pairing (6.2)(b).

Proposition 6.4. — Let X be a smooth variety over a number field k and let
A€ H%(X,Gy,). Then the following holds.

(a) The map which sends Q, € X(k,) to A(Qy) € HZ (kv,Gy,) is locally
constant for all places v € W of k. It has finite image if X is proper.

(b) The map which sends Qa € X (Ay) to A(Qa) € H% (A, Gy,) is locally
constant. It has finite image if X is proper.

Proof

(a) We change notation and write £ = k,, X = X,, A = A,. Also, let
§ € HZ(k,Gy,) and choose B € HZ(X,G,,) such that B — A is equal to the
image 0 under the contravariant map

Hézt(k’ Gm) — Hézt(X’ Gm)

corresponding to the structure morphism from X to Speck.
Then the subset of @ € X (k) with A(Q) = ¢ is equal to the kernel of the

specialization map
X (k) — HE(k,Gpn)

defined by B. To study this kernel, represent B locally (in the Zariski topol-
ogy) by Azumaya algebras (cf. [45, IV.2.16]) and apply the implicit function
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theorem to the associated Severi-Brauer schemes. It then follows that the ker-
nel of the specialization map defined by B is open in the k-topology (cf. sec. 2),
thereby proving the first assertion.

The second assertion follows from the first and the fact that X (k) is compact

(see (2.3)(d)).
(b) Each element A € H2(X,G,,) is the restriction of an element A €
HZ(X,G,,) for some smooth ogsy-model X of X (cf. [45, IIL.1.16]). This
comblned with the vanishing of HZ (0,,G,,) implies that
AQy) =0
for _
Q, € Im(X (o)) — X(ky)), v € Way\X.
Hence by (a) the map from X (Ag) to HZ (Ag, Gp,) is locally constant. The

finiteness of the image follows from the fact (see (4.9)(c)) that X (Ay) is com-
pact. O

The pairing in (6.2)(b) is part of a commutative diagram:

6.
X(Ak) X Hgt(k’Gm) — Hgt(kaGm)

l l

X(Ag) x H2(X,Gp,) — HZ(Ag, Gpy)
where the top map is the projection onto the second factor.
By the reciprocity law (6.1), one deduces from (6.5) a pairing
(6.6) X (Ap) x H2(X,Gy,)/Im HZ (k,G,) — Q/Z
which is a homomorphism with respect to the second factor.

Corollary 6.7. — Suppose that HZ%(X,Gy,)/Im HZ, (k,Gy,) is a finite group.
Then the map

X (Ay) — Homgz(HZ(X,G,,)/Im H: (k, G,,) — Q/Z)

induced by (6.6) is locally constant. In particular, if X is proper, then the
mverse image of any element of group on the right hand side is a compact
open subset of X (Ag).

Proof. — This is an immediate consequence of (6.4)(b). O

Notation 6.8. — X (A;)° C X(Ay) is the inverse image of 0 under the map in
(6.7).

We now examine the group HZ (X, Gy,)/Im HZ (k, G,).
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Notation 6.9
(a) HE (X, G )alg = ker(HE (X, Gm) — HZ(X,Gm))
(b) H2 (Xma)trans: H2 X G )/H2 X G )alg
( ) Hglng(X(C)amZ)tors
is the torsion subgroup of HZ (X(C)an,Z) where X(C) depends on the

choice of an embedding k C C.

It follows from HZ (k,G,,) = 0, that the image of HZ (k, Gy,) in HZ (X, Gy,)
is a subgroup of HZ(X,Gy,)ae. The following result is well-known (cf. [40],

[41] for (a))

Lemma 6.10. — Let k be a number field and let X be a smooth (geometrically
connected) proper k-variety satisfying HJ, (X, O0x) = HZ (X,0x) =0 and

for which the Néron-Severi group of X :=k x X is torsion-free. Then
(a) HZ(X,Gp,)ae/ Im HZ (k, G,,) = HY(Gal(k/k), NS(X))
(b) HZ(X,Gy,) Hgng(X(C)an,Z)tors for any embedding k C C.

(c) H2(X,G,,)/Im HZ (k,G,y,) is a finite group.
Proof
(a) The spectral sequence (cf. [27, I1.2.4])
H?(Gal(k/k), HS (X, Gp)) = HYY(X,Gy,)
of Hochschild-Serre gives rise to an exact sequence
Hgt(k’G’M) - He’?t(X’ Gm)alg — Hl(Gal(E/k‘),Hélt(Y, Gn)) — Hgt(k, G

For global fields k it is known from class field theory that H3 (k, G,) =
Hence it only remains to note that Pic(X) = NS(X) by the assumption on X.

(b) This follows from results of Grothendieck (cf. [45, VI.4.3], [27, 1.3.1]
and [26, 1.35]). It is also known from the work of Artin-Mumford [2].

(¢) This follows from (a) and (b). O

smg(

Peyre makes use of the following lemma (cf. [52, 2.1.1]) in his definition of
Tamagawa numbers.

Lemma 6.11. — Let k be a number field and let X be a k-variety as in (6.10).
Then there is an o(x)-model = of X for some finite set ¥ C Speco such that

E is smooth and proper over Speco(s). Let Y, =ExF, and let (cf. (4.16))
L,(s,PicY,) =1/det(1 —q,*Fr, | PicY, ® Q),v € W, \Z.
Then,
Ls(s,Pic X) := H L,(s,PicY,)
vEWgRL\Z
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converges absolutely and uniformly on compact subsets of Rs > 1 and defines
a holomorphic function for fs > 1.

The function Lx(s,Pic X) has a meromorphic continuation to C with a pole
of order r := rkPic X at s = 1.

Definition and proposition 6.12. — Let k be a number field and let X be a k-
variety as in (6.10). Let

I lx = Al Lx (k) : det(Tan X (k,)) — [0,00), v € W}

be an adelic norm for X. Then there is an oz)-model = of X for some finite
set ¥ C Wiy such that = is smooth and proper over Speco(s) and such that
I Il x(k,) s the model norm determined by =, /0, for v € Wg,\X.

Let m,, v € W, be the positive Borel measure on X, (k,) defined by the
v-adic norm || ||x) and let

1/L,(1,PicY,) forve Wi\,
%:{1 forve W UX.
If X(Ay) # @, then 7(X, || ||) is defined to be the product:
lim (s — 1)RFICX 15 (s, Pic X) (ma (X (A1)°))
where may = ma, is the reqular positive Borel measure described in

(4-14)(b).

This number is positive and independent of the choices of ¥ and =.

Proof. — The proof of the statement is clear from the definitions of
Ly (s,PicX) and ma, (compare [52, 2.2.4], but note that there is an
additional discriminant factor there due to differences in the normalization of
the Haar measures). O

Remark 6.13. — Peyre [52] uses the topological closure X (k) of X (k) instead
of X(Ax)? in his definition of Tamagawa numbers. It follows from the reci-
procity law that X (k) is mapped into X (A)® under the functorial embedding
X (k) C X(Ag) (cf. [40], [41)).

X (A;)° is a closed subset of X (Ay) (see (6.7) and (6.10)(c)). Therefore,
X (k) C X(A)°. Tt has been conjectured in [15] that X (k) = X (A;)° when
X is rational. We shall in (7.8) explain why we find it more natural to consider
ma(X (Ag)?) than ma(X(k)).

The following result is due to Colliot-Thélene and Sansuc [15, §3] in the
case of rational varieties.

Lemma 6.14. — Let k be a number field and let X be a k-variety as in (6.10).
Let (Qu)vew € X(Ag) be an adelic point on X. Then the following assertions
are equivalent
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(i) Y in(AQy)) =0 for all A€ H3(X,Gry)ag.
veWw
(ii) There exists a universal torsor m: T — X such that

(Po)vew € ma(T (Ag))-

Proof. — This is proved in [15, §3] for rational varieties by means of an explicit
computation of cocycles. An examination of the proof in (op.cit.) reveals that
it works also under the weaker hypothesis in (6.10). For a conceptual proof,
which does not use brutal force, see [55]. O

Lemma 6.15. — Let k be a number field and let X be a k-variety as in (6.10).
Let m: T — X be a universal torsor. Then the restriction to

(T (Ay)) x HE (X, Gp)
of Manin’s pairing (6.3) factorizes to give a pairing
(T (Ap)) x HG (X, Gin)irans — Q/Z
Proof. — This is a corollary of the previous lemma. O

Notation 6.16

T (k, T) := ker(Hi (k, T) — [ [ Hé(kv, T)).
veW

It is known from class field theory that this (Shafarevich) group is finite.

Lemma 6.17. — Let k be a number field and let X be a k-variety as in (6.10)
with X (Ag) # @. Let

IHlx = {ll x (k) : det Tan X (k) — [0,00), v € W}

be an adelic norm for X and let ma be the Borel measure on X (Ay) (cf.
(4.14)(b)) determined by || ||x and the convergence factors v in (6.12). Let
I C Hgt(X, T) be the subset parametrizing isomorphism classes of universal
torsors m : T — X such that 7(T (Ag)) N X(A)° # @. Then the following
holds.

(a) I is finite

(b) 7(T(Ag)) N X(A)° is a compact open subset of X (Ay).

()

Card(LLL' (k, T))man (X (Ar)*) = D maq(me(T(Ar) N X (A1)°)).
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Proof

(a) Let J C HL(X,T) be the subset parametrizing isomorphism classes of
universal torsors 7 : 7 (Ay) — X such that 7(Ay) # @. It then follows by a
weak Mordell-Weil argument (cf. [15, Th. 2.7.3]) that J is finite. Hence I C J
is also finite.

(b) It was shown in the proof of (5.20) that (7 (k,)) is a compact open
subset of X (k,) for all places v of k and that n(7 (k,)) = X (k) for all but
finitely many places. Hence 7(7 (Ay)) is a compact open subset of X (Ag). By
(6.7) X (Ag)? is also a compact open subset of X (Ay). Therefore 7(7 (Ay)) N
X (A)? is a compact open subset of X (Ay).

(c) Let mq : 7o, — X, w3 : T3 — X be two universal torsors and «, (3 their
classes in H},(X,T). Then from (5.13), (5.15) it follows that:
Tol(Ta(A) = T(To(A) = a—f€ (I (5, T) — HA(X,T)),
To(Ta(Ap)) N7p(T3(AR)) = @ <= a— [ & Im(IT'(k,T)).
This combined with 7(7 (Ax)°) = 7(7 (Ax)) N X (A)? implies that
Card(Ull(k,T))mA,y(ELeJI e a(Te(AR)) =D mas(me a(Te(Ar)°)).
eel

But
X(Ag)’ = U me a(To(Ap))°
eel

by (6.14). This completes the proof. ]

Definition 6.18. — Let X be as in (6.10) and let e € H. (X, T) be the class of
a universal torsor m: 7 — X. Let || ||x be an adelic norm for X. Then the
Tamagawa number 7.(X, || ||x) is the number 7.(X, X (Ax)°, || ||x) defined in
(5.22).

The following theorem is one of the main results of this paper.

Theorem 6.19. — Let k be a number field and let X be a k-variety as in (6.10).
Let

IHlx = {ll x (k) : det(Tan X (k,)) — [0,00), v € W}

be an adelic norm for X. Then T(Ax) = @ and 7.(X, || ||x) = 0 for all but
finitely many isomorphism classese € H élt (X,T) of universal torsors e : To —
X. Further,

() ZTE(X, | [Ix) = Card H'(Gal(k/k), Pic X)7(X, || |lx)

€

where e € HL (X, T) runs over all elements of identity type x(€) in
Homg(T, H (X, G)).
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In particular, if Pic(X) is a direct summand of a permutation Gal(k/k)-
module, then

(X D) =X 0 1)

for the unique element € € Hélt(X, T) of identity type.
Proof. — Let I C H} (X, T) be the subset parametrizing isomorphism classes
of universal torsors 7 : 7 — X such that (7 (A4%))° # @. Then [ is finite by
(6.17)(a). To prove (*), choose X, 0 := o(x), =, T, 7. :T. — Z asin (5.2) for
each representative m. : 7. — X of an isomorphism class ¢ € I of universal
torsors with 7 (Ag) # 9.

We may clearly choose the same finite set ¥ and 0 = oy for all € € I
since [ is finite. Also, by the definition of adelic norms, we may assume that

| | x(k,) is the model norm determined by Z,, /o, for vWg,\X and by (6.7) we
may chose the finite set ¥ C W5, such that

X(Ap)? = Xs(A4)° x [] X (k)
veES

for some compact open subset

Xs(Ap)° € [ X(k), S:=SUWs.
vES

By definition of 7.(X, || ||x) we have (cf. (5.20), (6.18)):

Te(X, || 1x) = O (T (Ap) /T (k) - mas (me(Te(Ax)°)).
Hence by (6.17)(c) we get:

Yo T(X ) x) = OL(T (Ap)/T(K)) - mas(X (Ay)°) - Card(ILL' (k, T)).
eel

By the main theorem of Ono [50, §5] on Tamagawa numbers for tori we
have firther

OL(T!(Ap)/T(k)) = (WT)/ Card IT* (k, T)) lim (s — 1)PieX 1o (s, Pic X)
where
h(T) := Card H'(Gal(k/k),T) = Card H*(Gal(k/k), Pic X).
Hence,

DX | ) = A(T)(dim (s — 1)77F Ly (s, Pie X)ma s (X (4r)°)
eel

as was to be proved. O
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7. Counting functions of Fano varieties

We shall in this section study the asymptotic growth of the number of ratio-
nal points of bounded anticanonical height on Fano varieties X over number
fields. This theory was initiated by Manin. He suggested (cf. [23], [3], [42],
[43]) that the asymptotic growth of the counting function should be of the
form

CB(logB)rkPicX—l(l + 0(1))
on sufficiently small Zariski open subsets of X.

Peyre [52] gave a conjectural interpretation of the constant C' by means of
his Tamagawa number 7(X, || ||) and a geometrical invariant «(X) depending
only on the effective cone in Pic X. His interpretation of the constant C
concerns the case where Pic X is a permutation module. It does not cover the
case of general toric varieties which have recently been studied by Batyrev and
Tschinkel ([7], [4]). The aim of this section is to use the Tamagawa numbers
of universal torsors over X to reinterpret and to refine the conjecture of Peyre
on the value of C.

Definition 7.1. — Let k be a field and let X be a smooth proper geometrically
connected scheme over k. Then X is said to be a Fano variety if the anticanon-
ical sheaf w)_(l of X is very ample. A Fano variety of dimension 2 is called a
del Pezzo surface.

It is usually only required that w}l is ample in the definition of Fano vari-
eties and del Pezzo surfaces. In particular, “our” del Pezzo surfaces are always
of degree > 3 and we do not consider surfaces of degree 1 or 2 (cf. [41], [44]).
It is known (cf. e.g. [52, 1.2.1]) that Fano varieties satisfy all the conditions
in (6.10) and (5.12). We can therefore apply all the constructions and results
made in the previous two sections to them.

We now turn to the arithmetic of Fano varieties and assume for the rest of
this section that k is a number field. Let

l'l={ll.:detTan X (k,) — [0,00), v € W}

be an adelic norm for X. It is well-known (cf. e.g. [63]) that || || defines a
height function

H: X (k) —[0,00)
although the “metrics” || ||, usually only occur explicitly for the archimedean
places.

Definition 7.2. — The height function H : X (k) — (0,00) defined by || | is
given by

H(P)= I] Is(P)l;"*

veW

SOCIETE MATHEMATIQUE DE FRANCE 1998



182 PER SALBERGER

where s is a local section of wy' at P with s(P) # 0.

This function is well defined since H(P) does not depend on the choice of
s by the product formula for number fields.

Remarks 7.3
(a) It follows from the compactness of all X(k,) that log Hy — log Hs is
bounded on X (k) for the height functions H; and Hjy defined by two
adelic norms || |1, || ||2 for X (cf. (1.6)(b), (2.3)(e) and (4.10)).
(b) Let X be a Fano variety. Then

C(B):= {P € X(k) : H(P) < B}

is finite for any height H defined by an adelic norm. It suffices by (a), to
prove this for one adelic norm on X and it is natural to consider a norm
defined by means of a finite set of global sections generating w)_(l (cf.
[52, pp. 107-8]). One can then apply the classical arguments for heights
defined by projective coordinates (cf. e.g. [37, Ch. 3, §1]).

Notation 7.4. — Let X be a Fano variety and let H be a height defined by an
adelic norm || ||. Let U be a constructible subset defined over k. Then,

(a)
(b)

Cu(B,|| ||) = Card{P € U(k) : H(P) < B}.

By = limsuplog Cy (B, || ||)/log B.
B—oo

()
o (|l |I) := limsup Cy(B)/B(log B)' ™ > 0

B—xo

for r = rk Pic X.

It is clear from (7.3)(a) that fy is independent of the choice of adelic norm
Il ||. It also follows from (7.3)(a) that the condition v (]| ||) > 0 is independent
of the choice of adelic norm and we shall therefore write vy > 0 for this
condition. The function sending B to Cy(B, || ||) will be called the counting
function of U with respect to || || and Sy the growth order of U.

The following definitions are inspired by notions of Manin (cf. [42]) and
[51]). But the reader should observe that our definitions are not identical
with the definitions in (op.cit.) and that we only consider Fano varieties.

Definition 7.5. — Let X be a Fano variety.
(a) A closed proper subset F' C X of X is said to be accumulating if for each
non-empty subset V' of F' one has Gy > 1.
(b) A closed proper subset F' C X of X is said to be weakly accumulating if
vy > 0 for each non-empty open subset V of F.
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We are now in a position to formulate a version of Manin’s conjecture on

Conjecture 7.6. — Let X be a rational Fano variety over a number field k for
which X (Ay)? is non-empty and let || || be an adelic norm for X. Suppose
that the complement U in X of the union of all weakly accumulating (proper)
subsets is a Zariski open non-empty set defined over k. Then there is a positive
constant C' = C(]| ||) > 0 such that

Blim Cu(B,|| |)/Blog Bt =C forr =rkPicX.
—00

Manin assumes that X (k) is Zariski dense instead of just assuming that
X (A)? is non-empty. To compensate this we have added the condition that
X is rational. This excludes cubic three-folds which are unirational but not
rational. A more optimistic version of (7.6) would be to assume that X is
unirational. This is still a restriction since some Fano varieties are not even
uniruled [35, V.5].

We have in our definition of U used weakly accumulating (proper) subsets
instead of accumulating (proper) subsets. It has recently been shown (cf.
[5]) by Batyrev and Tschinkel that (7.6) is false when U is defined as the
complement of the union of all accumulating subsets. The counterexamples
are given by smooth hypersurfaces in P3 x P} of bidegree (3,1).

To formulate a conjecture for the constant C(|| ||) > 0, Peyre [52, p.120]
defines for Fano varieties an invariant «(X) which we will often denote by
Qpeyre(X). It depends only on the effective cone in Pic X. To describe this
invariant, let

L = Homgy (Pic X,Z)
V = Homy,(Pic X, R)
and let dv be the unique Haar measure on V' such that volume Vol(V/L) = 1.
Further, let o.g(X) C V be the cone of all homomorphisms
p:PicX —R

such that
p([D]) =0
for the class [D] € Pic X of each effective divisor on X. Let A : V — R
be the linear form obtained by evaluating at the anticanonical class and let
V, = A !(x) for z € R and note that A\ : V — R is a trivial analytic torsor
under Vj.
There is then a unique positive linear map A : C.(V) — C.(R) such that:

/V gdy = /R Ag)dz
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for any function g € C.(V'). A restricts to a positive functional A, on V, =
A~Y(z) for each x € R. Let dv, be the corresponding positive Borel measure
on V. Then,

Qpeyre(X) 1= / dvy for B := Vi Noeg(X).
B

Batyrev and Tschinkel [7] define a similar invariant which they also call
a(X), but which we will denote by apr(X). It follows from one of the lemmas
in [7] that their invariant

apr(X) = (r —1)!- apeyre(X).
The app-invariant is multiplicative (see [Pel, lemme 4.2])
aBT(X X Y) = aBT(X)aBT(Y)

for varieties as in (6.10). It is more natural when one considers Manin s zeta-
functions (see [7] and [4]).
The following conjecture is due to Peyre [52, 2.3.1].

Conjecture 7.7. — Suppose that the assumptions in (7.6) are satisfied and sup-
pose that Pic X has a Z-basis which is invariant under the action of the absolute
Galois group Gy, of k. Then the constant C(|| ||) in Manin’s conjecture is of
the form:

CI ) = apeyre(X)T(X, [} [)-

Remark 7.8. — Peyre defines (cf. (6.13)) “his” 7(X, || ||) by means of m (X (k))
instead of m4(X(A4x)°) as we have done. The two definitions are expected
(cf. (6.13)) to be identical when X is rational and perhaps also when X is
unirational. We find it more natural to give an adelic interpretation of C
(with an extra twist given by reciprocity pairing of Manin).

It is not difficult to compute m (X (A;)°). The group

Hé2t(Xa Gm)/lmﬂgt(kac’m)
is finite (cf. (6.10)) and it is clear from the proof of (6.4)(b) that it can be

decided if an adelic point belongs to X (A4;)° by looking at finitely many places
S C W. Also, if || ||, is the model norm of a smooth model X /o,, then

my(X,) = Card(X (F,))(my(0,)/ Card(F,))dm™ X

by (2.15). It is thus possible, in principle, to compute m (X (A;)°) in finitely
many steps although the answer is given as an infinite product.

The only reasonable way to compute m4(X(k)), however, is to prove that
X (k) = X9 and then use the computation for m (X (Ay)°). This is a much
more difficult problem than the computation of m (X (A4)?).
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Fraenke, Manin and Tschinkel [23] proved (7.6) for generalized flag spaces
(using Langlands’ Eisenstein series). They also noticed that one can deduce
(7.6) for smooth complete intersections whenever asymptotic results on the
affine cone are available by the Hardy-Littlewood circle method. In these
cases the asymptotic formulas hold for X itself. Peyre (op.cit) completed
their results and proved his conjecture (7.7) for these varieties. He also proved
(7.6) and (7.7) some toric surfaces over Q. The open subset U is then the open
subset defined by the underlying torus. These results are proved for counting
functions defined by one special adelic norm.

Peyre formulates his conjecture (7.7) in the case where Pic X is permutation
Gr-module. It is natural to weaken this condition and also allow varieties for
which Pic X is a Gj-direct summand of a permutation Gj-module.

One cannot expect to omit such a condition completely. Batyrev and
Tschinkel study in two recent papers [7], [4] Cy(H) for smooth projective
U-equivariant compactifications X of tori U. They choose a natural adelic
norm (cf. (9.2) of this paper) and make strong use of the group action. Using
the abstract Poisson formula, they conclude that (7.6) holds with the constant

(7.9) O = apeyre(X)T(X, || )A! (Pic X)

where h!(Pic X) = Card H! (G}, Pic X).

This does not contradict (7.7) since H'(Gy,Pic X) = 0 when Pic X is a
Gj-direct summand of a permutation Gg-module. It is tempting to reformu-
late (7.7) and conjecture that (7.9) holds for general Fano varieties satisfying
(7.6). Numerical work of Heath-Brown [33] on the two diagonal cubic surfaces
defined by 2% + 93 + 22 + 2w? and 23 4 y3 + 23 + 3w? seems to indicate that
such a generalization of (7.9) is true. Note that

HY(G},PicX) #0
for both these surfaces.

Definition 7.10. — Let G be a profinite group. Let M be a finitely generated
torsion-free G-module and let N = Hom(M,Z). Then M is said to be flasque
[14] if

HY(H,N)=0

for each closed subgroup H of G.

It is known from work of Colliot-Thélene /Sansuc [14] and Voskresenskii
that Pic X is a flasque Gj-module for toric varieties. It is obvious that Pic X
is flasque if it is a Gj-direct summand of a permutation Gj-module. The
conjecture (7.6) has sofar only been verified for classes of k-varieties X for
which Pic X is a flasque Gj-module. This is not surprising since there are
only finitely many isomorphism classes of universal torsors for such varieties.
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The asymptotic formulas obtained by Batyrev, Fraenke, Manin, Peyre and
Tschinkel all satisfy the following conjecture:

Conjecture 7.11. — Suppose that the assumptions in (7.6) are satisfied and
suppose that Pic X is a flasque G-module for the absolute Galois group G of
k. Then the constant C(|| ||) in Manin’s conjecture is of the form:

Ol 1) = apeyre(X)T(X, || [)A (Pic X).

This conjecture is compatible with products. To see this, one uses the
arguments in [23] and [52] to prove compatibility of (7.6) and (7.7) under
products. The only new ingredient needed is the equality

h!'(Pic X x Y) = h!(Pic X)h!(PicY)
which follows from the canonical isomorphism
Pic X x Y = (PicX) x (PicY)

already used in [52, 4.1].
The following refinement of (7.6) and (7.11) is natural even if there is not
much evidence for it.

Conjecture 7.12. — Let X be a rational Fano variety over a number field k
and suppose that Pic X is a flasque Gi-module. Let || || be an adelic norm for
X and let H be the height function on X (k) defined by || ||. Let e € H} (X, T)
be the class of a universal torsor m : T — X such that T (Ay) # &. Suppose
that the complement U in X of the union of all weakly accumulating subsets
is Zariski open and non-empty and defined over k and let

Cue(B) = Card{P € n(T(k)) : H(P) < B}.

Then
Bh—r>n0<> CU,E(B)/B(log B)ril = aPeyre(X)Ts(Xa || H)

where r = rk Pic X.

It follows immediately from theorem (6.19) that (7.12) implies (7.11). If
Pic X is a direct summand of a permutation Gj-module, then there is only
one isomorphism class of universal torsors since HJ (k,T) = 0 (see (5.4)).
Thus in this case (7.11) and (7.12) are equivalent by (6.19). If one examines
the proof of conjecture (7.11) for toric varieties in [7] and [4] then it is likely
that (7.12) will follow if the Poisson formula is applied to smaller discrete
subgroups than in (op. cit.).

All numerical work on Manin’s conjecture on (7.6) so far concerns surfaces.
For surfaces the intersection pairing

Pic X x PicX — Z
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is perfect and induces a canonical isomorphism
Hom(Pic X, Z) = Pic X
of Gj-modules. In particular,
H'(Gy,PicX) =0

if X is a surface and Pic X is flasque.

The numerical work to date is insufficient to make any conjectures when
Pic X is not flasque The only work known to the author concerns the two
diagonal cubic surfaces of Heath-Brown [33] described above.

8. Torsors over toric varieties

We shall in this section study universal torsors 7 : 7 — X over toric varieties
X. The aim is to prove that the universal torsors are the toric morphisms
described by Cox in [16]. We shall in this section use the word complete
instead of proper for toric varieties corresponding to complete fans.

Let M be a free finitely generated abelian group of rank d > 1 and let
N := Hom(M,Z) be the dual lattice, with dual pairing denoted by (, ). Let
us recall some basic facts on toric varieties and refer to [24] and the references
there for more background.

Definition 8.1. — A finite set A consisting of convex rational polyhedral cones
in Ng = N ® R is called a fan if the following conditions are satisfied
(i) Each cone in A contains 0 € Np;
(ii) Each face of a cone in A is also a cone in A;
(iii) The intersection of two cones in A is a face of both cones
A fan A in N is called complete (resp. regular) if

(a) Ng is the union of cones in A resp.
(b) Each cone in A is generated by a part of a Z-basis of N.

Each cone o in A determines a finitely generated commutative semigroup:
Se=6NM={meM:(m,n)>0forallneoc}.

The group ring Q[S,] is a finitely generated commutative Q-algebra corre-
sponding to an affine Q-variety U, = Spec Q[S,]. If ¢ = {0}, then S, = M is
an abelian group and Q[S,| a Hopf algebra. This provides U, with a natural
structure of algebraic group when o = {0} (cf. [9]) and we shall denote this
Q-torus by U. It is by definition the Q-torus D(M) mentioned in section 5 and
there is a canonical isomorphism between M and the group U of characters of
U. We shall in the sequel write x™ : U — G, for the character corresponding
tom e M.

SOCIETE MATHEMATIQUE DE FRANCE 1998



188 PER SALBERGER

There is a natural U-action on U, for each cone ¢ in A and any inclusion
p C o of cones corresponds to a U-equivariant open Q-immersion U, C U,. By
gluing these one obtains for each complete regular fan A in N := Hom(M,Z) a
smooth complete Q-variety X containing U = Spec Q[M] as an open Zariski-
dense subvariety. This Q-variety Xa is equipped with a Q-morphism U x
XA — XA extending the group multiplication on U.

It is possible to do the whole construction over Z (cf. [20]) and start with
the affine schemes U, = SpecZ[S,]. If ¢ = {0}, then o = Spec Z[M] and any
inclusion p C o of cones gives rise to an open embedding (~fp C ﬁa. We may
therefore glue (70 for all cones o € A and obtain a scheme X A which is smooth
(resp. proper) over Z if A is regular (resp. complete). The open affine scheme
U = SpecZ[M] of Xa has a canonical structure of a Z-torus which comes
from the canonical isomorphism (cf. [21, exp.I, 4.4]) between Spec Z[M] and
D(Mz) = Homg,(Mz, G,,) for the constant group scheme (cf. [45, p.52])

My = H Spec Z.
meM

The group scheme morphism U x7 U — U extends to a (left) U- action
[7 X7 )Z' A — )? A

We shall call a 1-dimensional cone a ray. If A is complete, then the set A(1)
of rays of A spans Ng. We shall for a given p € A(1), let n, denote the unique
generator of pN N. We shall write o(1) for the set of one-dimensional faces of
o for any cone o € A.

The affine toric variety U, defined by a ray p of A has two U-orbits. Let
D, denote the Zariski closure of the orbit given by the complement of U in
Up,. This defines a bijection between rays p € A(1) and irreducible U-invariant
Weil divisors D, in Xa. The free abelian group of U-invariant Weil divisors
will be denoted by ZAM),

Any U-invariant Cartier divisor on the affine toric variety U,, ¢ € A is
represented by a character "™ : U — G,,, m(c) € M which is unique up to
an element in M (o) = o N M. This defines a canonical isomorphism between
the group Divy (X) of U-invariant Cartier divisor and lim. M /M (o). If we
order the maximal cones o, 1 < i < s then the latter group is equal to (cf.
(24, 3.3])

ker(@; M /M (0;) — @®ic;M/M(0; N 0})).
If A is complete, then all maximal cones of A are of the same dimension as

Ng. Hence m(o) is unique for each maximal cone o of A in this case.
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There is a commutative diagram with exact sequences [24, 3.4]

(8.2) 0—— Q[U]*/Q* —— Divy(X) —— PicX —— 0
Jz Jz JZ
0 M 7A(1) —— CHY(X) ——0

The maps are defined as follows. The map from Q[U]*/Q* to Divy(X)
is defined by representing a class in Q[U]*/Q* by the unique character x™
belonging to this class.

The map from Divy (X) — Pic X is the standard map (cf. [32, 2.6]) sending
a U-invariant Cartier divisor represented by x™) : U — G,,, on U,, o € A to
the subsheaf of the constant sheaf k(X)* on X generated by ™). We shall
denote this invertible sheaf by O(D) where D is the associated Weil divisor
of the second vertical map. If D is effective, then O(D) is the inverse of the
ideal sheaf of D.

The map from M to Z~(W is defined by sending m € M to 2 pen)(msnp) D,

and the map from Z2®) to CH!(X) sends a divisor to its linear equivalence
class.

The first vertical map is defined by sending x™ € Q[U]*/Q* to m € M.

The second vertical map sends a U-invariant Cartier divisor defined by char-
acters Y™ : U — G,, on Uy, o € A to the Weil divisor A = ZPGA(U a,D,
where a, = (m(0),n,) for any cone ¢ € A for which p € ¢(1). (This map is
well-defined since (m(c),n,) is independent of the cone o for which p € o(1).)
The map is the same as the “usual” map from Weil divisors to Cartier divisors
[32, 2.6] since the order of vanishing of the Cartier divisor along D, is equal
to (m(o),n,) by [24, 3.3]. Any toric variety X is normal, so the map from
Divy(X) to Z2W is injective. It is also surjective when A is regular.

The third vertical map is defined by the exactness of the rows and the
commutativity of the first square.

Definition 8.3

(a) Let ¢ : N’ — N be a homomorphism of lattices and A be a fan in N, A’
be a fan in N’ satisfying the condition:
For each cone o’ in A’ there is some cone o in A such that ¢(o’) C o.
Then ¢ is called a morphism of fans.
(b) Let 7 : X’ — X be a morphism of toric varieties and let U" — U be the
corresponding homomorphism of tori obtained by restricting w. Then 7
is said to be a toric morphism if 7 is equivariant with respect to the toric
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actions of U’ and U. This means that the following diagram commutes

UxX — X'

|

UxX—X

It is easy to see that any homomorphism ¢ : N’ — N of lattices with
¢(0’) C o for two rational strongly convex polyhedral cones ¢/ C N and
o C Ngr determines a toric morphism between affine toric varieties U,r — U, .
It follows by gluing (cf. [24, p.23]) that any morphism (N',A’) — (N, A) of
fans gives rise to a toric morphism from X' = Xa/ to X = XAa.

There is also a notion of toric morphism for toric schemes defined just as in
(8.3)(b) and it is clear that the proof in (op.cit.) implies that any morphism
of fans defines not only a toric morphism between toric varieties but also a
toric morphism between toric schemes over Z.

We now consider torsors over X = Xa for a regular complete fan A in
N :=Hom(M,Z). We shall by D)/, p € A(1) denote the basis of Hom(Z~M, 7)
which is dual to the base D,, p € A(1) of irreducible Weil divisors in Z*(1).
Note that D) is sent to n, under the map from Hom(ZAM 7)) to N =

Hom (M, Z) induced by the inclusion M C Z*(1) in (8.2).

Proposition 8.4. — Let My C Z2W be a sublattice containing M and let Ny =
Hom(My,Z). Letng, € No, p € A(1) be the image ofD;,/ under the restriction
map Hom(Z2W | Z) — Ny. Moreover, if o € A, let oo be the cone in Nor
generated by ng, for all one-dimensional faces p of o. Then the following

holds.

(a) The set of all these cones o9 € Nor form a reqular fan Ay of Nor and
any og € Ag is sent isomorphically onto the cone o € A defining it under
the restriction map from Hom(My,R) to N = Hom(M,R).

(b) Let Uy, := Spec[Sy,], Sy = do N My be the affine toric variety defined
by o9 € Ag and let n, : Uy, — U, be the toric morphism defined by the
map from oy to o. Then these toric morphisms glue to a toric morphism
7w Xo — X from the toric variety X defined by (Ag, Ny) to the toric
variety X defined by (A, N). This morphism is a torsor under the the
torus D(M /My).

Proof
(a) This is a consequence of the fact that each cone o € A is generated by
its one-dimensional faces.

(b) The last assertion is essentially a special case of the exercise on p.41 in
[24]. See also [46, §1.5]. O
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Proposition 8.5. — Let A be a complete regular fan in N := Hom(M,Z) and
let (Ao, No) be the fan defined in (8.4) by a sublattice My C ZAM) | Let Py be
the image of My in Pic X and let Sy = D(FPy) be the dual Q-torus. Then the
corresponding morphism Xg — X of toric varieties is an torsor under Sy of
type Py C Pic X. In particular, if My = 22O, then Xo — X is a universal
torsor.

Proof. — The type of an Sy-torsor over X is uniquely determined by the types
of the G,,-torsors induced by the characters Sy — G,,, of Sy. Using this and
the functoriality of the construction of Xy under restriction of the lattice My to
smaller lattices containing M, one reduces to the case Sy = G,,. Now note that
by the completeness of A one may extend any group embedding n : G,, — U
to an equivariant closed embedding P! — X of toric varieties. Since the one-
parameter subgroups corresponds bijectively to elements of N := Hom (M, Z)
it follows that a class in Pic X is determined by its restriction to these closed
subschemes.

It may happen that P, is sent to zero under some of these restrictions, in
which case the pullback of the G,,-torsor is trivial for trivial reasons. It this
is not the case, then we reduce to the case when M is of rank 1 and X = P%Zl)
and Py = Pic X. Then (A, Np) simply defines the affine cone of IF’%D and it is
known and easy to prove that the affine cone of IF’}@ is a universal torsor. This
completes the proof. O

Remarks 8.6

(a) One can also give a proof of (8.5) based on purity and look at the re-
striction of the torsor over a toric variety defined by the cones in A of
dimension < 1. B

(b) There is a version of (8.5) for smooth proper toric Z-schemes X obtained
by gluing the affine schemes U, = SpecZ[S,] for the complete regular
fan A in N. In particular, one can construct a universal torsor )A(:O X
(cf. (5.14)) which extends the homomorphism of Z-tori Uy = D(My z) —

U = D(My) associated to the monomorphism M C My = ZA1). We

leave the details to the reader since the statement and the proof is almost

identical to (8.5). One can now make base extensions and obtain versions

of (8.5) for toric schemes over arbitrary base schemes B. One can e.g.

choose B = SpecZ/pZ and consider toric varieties over Z/pZ.

We shall in the sequel fix an arbitrary field k and let X = XA be the
k-variety determined by the complete regular fan (N, A).

Let Mo = ZA™ in (8.4). The fan A and the morphism (Ny, Ag) — (N, A)
of fans described there defines a toric variety Xy and an equivariant morphism
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7 : X9 — X which according to (8.5) is a universal torsor. We shall call this
universal torsor 7 : Xg — X the principal universal X-torsor.

Let N7 = Ny and let A1 be the fan in N; consisting of all cones generated
by ng, = D/\)/, for p belonging to any subset of A(1). Then the toric variety
X1 determined by (Ni,Aq) is the affine n-space A", n = Card A(1) and the
morphism of fans (Ny, Ag) — (N1, A1) defines an open equivariant embedding
Xo C X;.

We now give a more concrete description of this embedding following Cox
[16]. We introduce one variable z, for each p € A(1) and extend this to a
bijection between monomials

7= 11 =, reaq

pEA(L)
and effective Weil divisors

D= Y a,D,cz?V

pEA(L)
with support outside U. For a cone o € A, let o be the divisor

o= ) D,

pgo(1)

Then Uy, (cf. (8.4)(b)) is the open subvariety of X; = Speck[z,], p € A(1)
for which xZ # 0.

The open affine toric subvarieties Uy, 0 € Apax form a covering of Xjp.
Hence X is the open subvariety in X; = Speck[z,], p € A(1) for which not
all the monomials 2%, ¢ € Apax vanish.

Proposition 8.7. — Let A be a complete reqular fan and let Ay = ZpEA(l) D,.

Let o be a mazimal cone of A and let X", m(o) € M be the unique character
of U such that x~™) generates O(Dy) on U,. Let

D) =Do+ 3 (=mlo),n,)D,.
pEA(1)
Then the following holds for any maximal cone o of A.

(a) If O(Dy) is generated by its global sections, then x~"™) is a global sec-
tion of O(Dy) and D(o) is an effective divisor with support contained in
Upga(1) Dp-

(b) If O(Dy) is ample, then O(Dy) is very ample and D(o) an effective
divisor with support Upgs(1) D).

Proof
(a) If O(Dy) is generated by its global sections, then there exists for each
o € A a global section of O(Dy) which generates O(Dy) on U,. But U, is
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an affine space for maximal cones o in a complete fan A. There is thus up
to multiplication with an element in k* only one local section which generates
O(Dy) on U, for o € Apax. This implies that for maximal cones o, (e ) is
not only a local section on U, but a global section of O(Dy).

The Weil divisor of the rational function x ") is > peaqy(—m(o),np) D,
(cf. [24, p.61]). Therefore, since x ™) is a global section of O(Dy) we must
have that (—m(c),n,) > —1 for all rays p of A [24, p.68]. Also, (—m(0),n,) =
—1 for p € (1), since x~™) generates the fractional ideal O(Dy) on U, so
that (—m(o),n,) = —1. Hence A(0) is effective with support contained in
Uoga(1)Dp-

(b) The very ampleness of O(Dy) is part of a more general result of De-
mazure [24, p.71]. Also, if Dy is ample, then the function ¢ : Ng — R defined
by ¥(n) = (—=m(0),n) is strictly convex [24, p.70] and (—m(c),n,) > —1 for
all p ¢ o(1). This completes the proof. O

Corollary 8.8. — Let A be a complete regular fan such that Dy = ZpEA(l) D,
is ample. Let D(0), 0 € Amax be the U-invariant Weil divisors on X described
in (8.7).

(a) If O(Dy) is generated by its global sections and o a mazimal cone of A,
then 2P@) £ 0 on Uy, C Xo (cf. (8.4))

(b) If O(Dy) is ample and o a mazimal cone of A, then Uy, is the open
subset of X1 = Specklz,], p € A(1) defined by xP?) # 0. Hence Xq is
the open subvariety in X1 = Speck(z,], p € A(1) for which not all zP@)
0 € Amax vanish.

Proof. — This follows from (8.7) and the description of Uy, C X; by means
of z2. O

The following lemma will be used to prove (9.10) and in the proof of the
asymptotic formulas in section 11. Recall that a facet 7 of a cone ¢ is a face
of codimension one (cf. [24, Ch.1]).

Lemma 8.9. — Let A be a complete reqular d-dimensional fan and let 09 be a
mazximal (and hence d-dimensional) cone of A with facets 7D Then
there exist unique d-dimensional cones oM, ... o@D such that 7D = 60 Ng®
fori=1,...,d.
Moreover, for any such set of cones the following holds:
(i) There exists exactly one 1-dimensional face pD of ¢ such that p N
o) = {0} for each i =1,...,d. Moreover, any one-dimensional face of

o) is equal to p for exzactly one integer i =1,...,d.
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(ii) Let {n\) : 1 < i < d} be the Z-basis of N defined by the generators of the
rays p1, ..., p@ € o(1) and let {m® : 1 < i < d} be the dual Z-basis of
M. Let b; be the multiplicity of D; in D(c®), 1 <i < d. Then,

m(eW) —m(c@) = b;m®, ie{1,...,d}.
(iii) Let m = mM) + ...+ mD and let Dy = > pea) Dp- Then,

Do~ D)= > (m,n,)D,.
pEA(1)

(iv) Suppose that Do =3 cx(1) Dy is ample. Then b; >0 fori € {1,...,d}.

(v) Suppose that there is only one 1-dimensional cone n® e A not contained
in 0(0). Then n® +nM 4 ... £ nd =0,

Proof. — Let 7 € A be a cone of dimension d—1 and let H; be the hyperplane
generated by 7 and —7. Then 7 is part of the boundary of any d-dimensional
cone 0 € A containing 7 [24, p.10]. Hence any such cone ¢ € A must lie
in one of the closed half spaces of Nr defined by H,. Let R be one of these
closed half spaces and let 2 C R be the open subset of interior points of
R which do not lie on any cone of dimension < d. Then 2 is contained in
the union o7 U --- U gs of the maximal cones o1, ...,0 with a point in € by
completeness of A. Hence the closure R of €2 is also contained in the closed
subset o1 U---U o so that 7 = 7N (07 U---Uoy) is a finite union of cones
(TNoy)U---U(1rNos). Therefore, 7 = 7N o for some d-dimensional cone
o € A with ¢ C R. This cone is clearly unique since any such cone ¢ must
contain O N R for any sufficiently small neighbourhood O around an interior
point of 7. There are thus exactly two d-dimensional cones o € A containing
T.

The statement (i) is a trivial consequence of the regularity assumption on
A. To prove (ii), let m(c) € M be the unique element such that the character
x~™) of U generates O(Dy) on U,. Then (cf. (8.7)):

Do)=Y (1+ (~m(0).n,)D,

pEA(1)
where (—m(o),n,) = —1 for any maximal cone o € A and any ray p of o.
Hence
() — m(®), n) = b
and

(m(o @) = m(c®),n0)) =0

for the generators nU), j € {1,...,d},j # i of the rays of 7). This proves
(i)

ASTERISQUE 251



TAMAGAWA MEASURES ON UNIVERSAL TORSORS 195

To show (iii), note that the multiplicity of the D; in

Do—D(eV) = > (m(c”),n,)D,
pEA(L)

and

Z <m’nP>DP

pEA(L)

is equal to 1 for 1 < i < d. But then (m(c®),n,) = (m,n,) for all rays p of
A, since {n¥) : 1 <i < d} is a Z-basis of N.

To show (iv), use the fact that 1 + (—m(c),n,) > 0 for any maximal cone
o € A and any ray p of o if Dy is ample.

To show (v), note that any subset of d elements in {n(®), n( ... n(d} form
a Z-basis of N by the regularity of the maximal cones {o(® o1 . . @},
Hence we have (m® n(0) = +1 for 1 < i < d. Also, since 0 # ¢(0 we
must have (m®, n(©) #£ 1 for 1 <4 < d. This completes the proof. O

Proposition 8.10. — Let Do =} cx(1) Dy and let wxy, be the canonical sheaf.
Let du be a non-vanishing U-invariant section of wx, on U. Then there exists
a unique extension of du to a global section owa/k®(’)(D0). This global section
generates wx, @ O(Dp).

Proof. — This is proved in [24, 4.3] when du is of minimal dlog-type (cf.
(3.28)). If dv is another U-invariant section, then dv/du is a U-invariant
regular function on U and hence dv = adu for some « € k. This proves the
assertion. O

We end this section with some comments on twisted toric varieties.

Suppose that My = Z2(M and let G be a finite group of automorphisms of
(A, N). Then G acts also on the fan (A, Ny) so that we get a morphism of G-
fans from (Ag, Np) to (D, N). This implies that the corresponding morphism
m : X9 — X is a G-equivariant morphism between toric varieties with G-
actions.

An important case is when G is the Galois group of a finite Galois extension
k C K of fields. If we regard X = XA as a variety over the base field K, then
the G-actions on (A, N) and K define a G-action on X which is compatible
with the G-action on K. This may be interpreted as a descent datum (see [10,
pp. 139-141]). The descent datum is effective if and only if each Galois orbit is
contained in a quasi-affine variety (e.g. if X is projective). It then follows from
results of Weil and Grothendieck (cf. op. cit) that there is a k-variety X& with
a G-equivariant K-isomorphism \ between X< x;, K and X. The G-action on
X x;, K is induced by the Galois action on K. The pair (X G A) is unique
up to unique isomorphism.
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There is also a G-action of Xy which defines a k-variety Xg; and an iso-
morphism Ay between XOG X K and Xy. The corresponding descent datum is
always effective since X is quasi-affine. By Galois descent there exists further
a unique k-morphism 7 : X(? — X© such that the induced K-morphism
T x K : XOG x5 K — X© x;, K belongs to the following commutative diagram
of G-morphisms

Cx K
(8.11) X6 sy K ——22 5 XC o K
)\()JZ ZJ/)\
Xo u X

Let w7 @ Up — U be the restriction of m corresponding to the morphism
of fans from ({0}, Ng) to ({0}, N). Then 7% restricts to a homomorphism
() UOG — U% of k-tori which may also be obtained directly from the G-
morphism of fans from ({0}, Np) to ({0}, N). This morphism is nothing but
the map from D(My) = U§ to D(M) = U dual to the G-monomorphism
from M = ker(Z*) — CH'(X)) to My = Z*(). The kernel of (7)€ is thus
the Néron-Severi k-torus T¢ dual to the G-module Pic X = CH!(X).

The k-torus U§ (resp. UY) acts on X§ (resp. X%) so that X§ and X¢
become twisted toric varieties. The k-morphism 7€ : X(? — X is equivariant
under these torus actions. It is clear from the G-equivariant commutative
diagram (8.11) that 7% : X§ — X is a torsor under T¢. The type of this
torsor is uniquely determined by the type of the torsor after a base extension.
It must therefore be a universal torsor since 7¢ : Xg; — X is a universal
torsor. The fibre of this torsor at the neutral element e of UY € X is trivial
since it contains the neutral element ey of US. We have thus (cf. (5.13))
determined the isomorphism class of the universal torsor 7 : Xg; — XC.
We shall call this universal torsor the principal universal torsor.

9. Norms on toric varieties over local fields

Let X = XA be a smooth complete toric variety over a locally compact
field. There is a natural norm || ||p for each U-invariant Weil divisor D on
X described in [7]. We shall in this section give a new interpretation of these
norms by means of a “canonical toric splitting” for the principal universal
torsor Xo — X. This interpretation may be seen as an analog of Bloch’s (cf.
[8], [48]) approach to local Néron heights for abelian varieties. We shall also
show that the induced norm on Xy of || ||p for the anticanonical system is very
natural and simpler than || ||p.

We shall keep all the notations in section 8. We shall thus by X denote
the smooth complete k-variety defined by a regular complete fan A in N =
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Hom(M,Z). The only difference is that k will denote a non-discrete locally
compact field of characteristic 0 throughout the section.

Let | | : k* — Rsq be the normalized absolute value defined in section 1.
The additive valuation log| | : £* — R induces a homomorphism

L:U(k) =Hom(M, k") — Nr = Hom(M,R)

from the multiplicative group U (k) to the additive group Ng. If 0 € Ais a
cone, then L~!(—c) is a closed subset of U(k) in the k-topology.

Notation 9.1. — Let o € A. Then C, (k) is the closure of L™(—0o) in X (k).

Batyrev and Tschinkel [7] use the compact subsets Cy(k), 0 € A to define
anorm || ||p on the line bundle O(D) for any U-invariant Weil divisor D. We
now give a slightly different, but equivalent, definition of their norm.

Proposition and definition 9.2. — Let D be o U-invariant Weil divisor on X
and let s be a local analytic section of O(D) defined at P € X (k). Then any
P € X(k) belongs to Cy(k) for some cone o € A. Let x™) be a character
which on U, represents the Cartier divisor with Weil divisor D. Then the
exTpression

Is(P)l|p == |s(P)x™) (P)|
is independent of the choice of cone o with P € C,(k). It defines a norm in

the sense of (1.5) on the analytic line bundle V(O(—D))an(k) — Xan(k) of
sections of O(D). If D is effective, then

X™(P)| <1
and

Is(P)llp < |s(P)|-

Proof. — Tt suffices to prove the first two statements for the dense subset
U(k). To show the first, use the completeness of A. For the second, note that

X" (P)] = exp(m(0), L(P))

for P € U(k). If P € C,(k) N C(k) for two cones o and 7, then there are
unique non-negative real numbers \,, p € (o N 7)(1) such that

—L(P)= > Am,
pE(enm)(1)

Therefore |x"(?)(P)| and |x"™ (™) (P)| are equal since (m(c),n,) = (m(7),n,) is
the multiplicity of D along D, for each ray (cf. (8.2)). The third statement is
obvious since |s(P)x™@) (P)| is a norm for the line bundle over C, (k) for each
cone 0. To prove the inequality, note that (m(o), L(P)) < 0since (m(o),n,) >
0 for each p € o(1). This completes the proof. O
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Let T be the Néron-Severi torus of X and let 7 : 7 — X, 7 = Xg be
the principal universal X-torsor constructed from the fan (Ny, Ag) (see (8.5)).
There is an analytic torsor

Tan * %n(k) — Xan(k)

under Ty, (k) associated to 7. In particular, we may identify the topological
space X (k) with the quotient space Xo(k)/T'(k) (cf. (3.11)).

Notation 9.3
(a) T(k)cp (resp. Up(k)cp) is the maximal compact subgroup of the locally
compact group T'(k) (resp. Uy(k)).
(b) 7 : Xo(k)/T(k)ep — X(k) is the unique continuous map sending the
T'(k)cp-orbit of a point @ € T (k) to 7(Q).

The existence of the norms in (9.2) is related to the existence of a canonical
splitting of 7 : Xo(k)/T(k)ep — X (k). To construct such a splitting, we first
define local splittings of may,.

Lemma 9.4. — Let o be a mazimal cone of A and let X1 = Speck[z,], p €
A(1). If D, is a U-invariant Weil divisor on X corresponding to a ray p €

A(1), let X;n(a), 0 € Anax be the unique character on U which generates
O(=D,) onU,. Let1, : Uy — X1 be the affine k-morphism such that )}z, =

m(o)

Xp s p € A1) and let my : Uy — U, be the open affine toric morphism
described in (8.4)(b).
Then, s (Uy) C Uy and my 0 Y : Uy — Uy, is the identity morphism.

Proof. — XZL(U) generates O(—D,) on U,. Therefore, z, # 0 on U, for all
p & o(1). This proves the first statement since Uy, is the open subset of X
such that x, # 0 for all rays p € A(1) not in o.

The ring k[U,] of regular functions is generated by characters x € U for
m € M in the dual cone oV of 0. Let

D= Z a,D, € /a8 a, = (m,n,)
pEA(1)
be the corresponding Weil divisor (cf. (8.2)) and let
¥ kU] — k[Uosl,
VE k[Uoo] — k(U]
be the homomorphisms defined by 7, and ¢,. Then,

(") =2 =[] =
pEA(D)
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and )
vEEP) = T X0 = xm
pEA(1)
This completes the proof. ]

Proposition 9.5
(a) There exists a unique continuous map ¢ : X (k) — Xo(k)/T(k)ep such
that 1)(P) is the class of 1y (P) € Xo(k) in Xo(k)/T(k)cp for P € Cy(k),
0 € Apax-
(b) The map v is a section of the continuous map 7 : Xo(k)/T(k)ep — X (k).

Proof

(a) Suppose that P € C,(k) N Cr(k) for two maximal cones o, 7 of A.
It then follows from the proof of (9.2) that |X;n(g) (P)| = |le(7) (P)| for each
ray p of A. This is equivalent to the existence of an element u € Upy(k)cp
such that 1, (P) = wi-(P) under the toric action of Uy(k) on Xo(k). But
m(¢Ys(P)) = m(¢-(P)) = P by the previous lemma. Therefore, since 7 is a
toric morphism, P = m(u)P for the toric action of U(k) on X (k). Hence
m(u) = 1 in the group U(k) and u an element of T'(k) = ker(Uy(k) — U(k)).
But then u € T'(k)NUy(k)ep = T'(k)cp s0 that 15 (P) = - (P) in T (k) /T (k)cp-
This proves that ) is well defined.

The continuity of v is immediate from the continuity of Yg.an for each
maximal cone o of A.

(b) This follows from the corresponding property of ¢, (cf. (9.4)). O

We shall in the following sections call 9 : X (k) — Xo(k)/T (k)ep the canon-
ical toric section (or splitting) of @ : Xo(k)/T(k)ep — X (K).

Notation and remark 9.6

(a) Let D =% ca1)apD)p € 72M be a U-invariant Weil divisor on X. Then
| |Ip : X1(k) — R is the map which sends the n-tuple (8,), p € A(1) in
X1(k) to |3P| where BP = [peaq) By°. We shall also write | |p for the
restrictions of this map to 7 (k) = Xo(k) and Up(k).

(b) | |p : Xi(k) — R is constant on the Up(k)cp-orbits under the toric action
of Up(k) on X;(k). Therefore | |p : T (k) — R factorizes to give a map
T (k)/T(k)cp — R which we also denote by | |p by abuse of notation.

Proposition 9.7. — Let Dy, Dy € Z2W be two effective U-invariant Weil di-
visors on X and let D = Dy — Da. Then 1 is a local section of O(D) at each
k-point P € X (k) outside the support of Ds. Moreover,

11(P)|lp = [¥(P)Ip
for each k-point outside the support of Ds.
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Proof. — Let 0 € A be a maximal cone such that P € C,(k) and let D =
ZpeA(l) a,D,. Further, let ™) resp. le(o), p € A(1) be the unique charac-
ter on U which generates O(—D) resp. O(—D,,) on U,. Then,

1P o = ™) =] T "= 1$P)lp
PEA(L)

as was to be proved. O

Proposition 9.8. — Let D be a U-invariant Weil divisor on X such that O(D)
is generated by its global sections. Let x ™), o € Amax be the unique char-
acter on U which generates O(D) on U,. Then x~"™9) s a global section of
O(D) and x~™)(P) # 0 for points P € Uy(k). If o is a local section of O(D)
defined at P € X (k), then

Is(P)][p = inf |s(P)x™)(P)]
where o runs over all maximal cones in A.

Moreover, if D is ample and o is a mazimal cone in A, then C,(k) is equal
to the subset of P € X (k) such that

™M@=y <1
for all mazimal cones T € A.

Proof. — Tt follows from the proof of (8.7)(a), that x~™(?) is global section of
O(D).
Next, let D = ZPGA(U a,D,. Then, by [24, p.68], one has

(i) (m(o),n,) < a, for all 0 € Apax, p€ A1),

(ii) (m(o),n,) = a, for all 0 € Apax, p € o(1).

Here (i) follows from the fact that ™) is a global section of O(D) while
(ii) follows from the assumption that x~"(@) generates O(D) on U,.

To prove the formula for ||s(P)||p it suffices by continuity to treat the case
P e U(k). Let 0 € Apax and suppose that P € C,(k)NU (k). Then —L(P) is
a linear combination }_ ¢ ;) Apn, with non-negative real coefficients A, (cf.
(9.1)). By (i), (ii) we get that

<m(0)7 _L(P)> - Z )‘p<m(0)7np> = Z )‘pa’/h 0 € Apax,

p€a(l) p€a(l)
<m(7_)7 _L(P)> - Z )‘p<m(7_)7np> < Z )‘pa’/h 0, T € Apax-
p€a(l) p€a(l)

From this we conclude that if P € Cy(k) N U(k), then
X7 (P)| = exp(m(0), L(P)) < exp(m(r), L(P)) = [x"7(P)|
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for any other maximal cone 7 of A. This proves the first statement. Further,
if P € C,(k), it follows by continuity that

™ (P < 1

for all maximal cones 7 € A.
Now assume that D is ample and that

TPy <1
for all maximal cones 7 € Apax (cf. (8.9)). Then (cf. [24, p.70]),
(iii) (m(7),n,) < a, for all T € Apax, p & 7(1).
Therefore, if P € Cy(k) NU(k) and 7 € Apax, then
™ (P)| = [x™™(P)] & A\, =0 for all p € o(1)\7(1) & P € C.(k).
Hence by continuity if P € Cy(k) then [x™@) =) (P)| = 1 if and only if
P € C(k). This completes the proof of the last assertion. O

We now concentrate on the anticanonical system.

Definition 9.9. — Let A be a complete regular fan and o be a maximal cone.
Then another maximal cone 7 of A is said to be adjacent to o if c N7 is a
facet of o.

Lemma 9.10. — Let A be a complete reqular fan such that Dy = ZpEA(l) D,
is ample. Let o be a maximal cone in A and let P be a k-point on Xa(k).

Then P € C,(k) if and only if
@) <1
for all mazimal adjacent cones T € A.

Proof. — —L(P) is a linear combination }_ .y Apn, with real coefficients
Ap and P € Cy(k) if and only if A, > 0 for all rays p of 0. Let {m,, p € o(1)}
be the Z-basis of M dual to the Z-basis {n,, p € o(1)} of N. Let o, be the
maximal adjacent cone corresponding to p € o(1) under the bijection in (8.9).
Then (cf. op.cit.) there exists a positive integer b,, such that

bym, =m(o,) —m(o).
Hence,
log |Xm(0)—m(0p)(P)| — <m(o-) _ m(ap),L(P)> — _bp)\p

so that A, > 0 if and only if [x"™(©)=™")(P)| < 1 for 7 = o,. This completes
the proof. O
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Proposition and definition 9.11

(a) Let X = Xa be a smooth k-variety defined by a regular fan A and let
D= ZpEA(l) D,. Then there exists a unique extension of the order norm

(3.30) on det Tan(Uan(k)) — Uan(k) to a norm

1| : det(Tan Xan(k)) © V(O(D))an(k) — R
which we shall call the order norm on

det(Tan Xan (k) @ V(O(D))an (k) — Xan(k)

and denote by || ||7.
(b) Let X = Xa be a smooth complete k-variety defined by a reqular complete
fan A and let D = ZpEA(l) D,. Then we define the toric norm on

det(Tan X, (k) — Xan(k)

to be the product norm of the order norm in (a) and the norm || ||p on
V(O(=D))an(k) — Xan(k)

described in (9.2).

Proof. — The uniqueness follows from the density of U(k) in Xan(k) (cf.
(1.6)(b)). To show the existence, let du be an analytic differential form of
minimal dlog-type on Uy (k) (3.28). Then du extends to a global nowhere
vanishing section on det(CotXa,(k)) @ V(O(—=D))an(k) by (8.10). We may
thus define ||s||* to be the absolute value of du(s) € k (cf. (1.6)(a)). This
completes the proof. O

The toric norm depends on the toric structure of X = X, but is otherwise
a “canonical” norm.

Choose an ordering pi,...,p, of the one-dimensional cones in A and let
x1,...,Z, be the corresponding variables. Recall that (8.7) the principal uni-
versal X-torsor Xy is the open subset of X; = Speck[z1,...,z,] for which not
all the monomials
7% = H Ty, 0 € Apax
pgo(1)
vanish.

Theorem 9.12. — Let k be a non-discrete locally compact field of characteristic
zero and let X = X be a toric variety over k obtained from a reqular complete
fan (N, A) such that the anticanonical sheaf is generated by its global sections.
Let D =3} ey Dp and let

D(o):=D+ > (-m(0),n,)Dp, 0 € Apax
peA(1)
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be the effective anticanonical U-invariant Weil divisors described in (8.7).
Let T be the Néron-Severi torus of X and let m : T — X, T = X be the
universal torsor constructed from the fan (No,Ag) (see (8.4)).
Let || || : det Tan(Xan(k)) — [0,00) be the toric norm on the analytic anti-
canonical line bundle and let || ||p : det Tan(Zy,(k)) — [0,00) be the induced
norm on Ton (k). Then,

Is(P)llo := 1 )\/(Sup!wD(" (P)]); 0 € Amax
0

for any local analytic section s = f(x1,...,xp)=—— A -+ ? defined at
83:1 8:6n
P € T (k).

Proof. — Let du be a U-invariant global section of det QlU Ik of minimal dlog-
type (see (3.28)) and w be a T-invariant global section of det Q7 /j, of minimal
dlog-type (cf. (3.16)). Then dup := w ® 7*du is a Up-invariant global section
of det Qon s of minimal dlog-type. The order norm of det Tan(Up an (k)) is
therefore (cf. (3.30)) the product norm of the order norm on

det Tan(UO,an(k)/Uan(k))

and the pullback norm of the order norm on detTan(U,,(k)). Also,
by definition, || ||o is the product norm on det Tan(7Z,,(k) of the order
norm || [|7/x on detTan(Zu,(k)/Xan(k)) and the pullback norm 7*|| || on

i (det Tan(X n(k))). Hence by the definition of || || (cf. (9.11)) one concludes
that the restriction of || ||o to det Tan(Upan(k)) C det Tan(Xpan(k)) is the
product norm of the order norm || ||; on det Tan(Up an(k)) and the restriction
of .|| ||p to the trivial line bundle over Up an (k).

Therefore, since dz1 A -+ - A dxy, /2P is of minimal dlog-type it follows that:

4 0 D — 9 0 D *

‘axl A A g P =g N N g (P Tl

= Taull(P)lb-

. 0 o
Hence, if s = f(z1,...,x )8 A 8— is defined at P € Uy(k), then
1
0
Is(P)llo = I' 8x1 ATxD( W /122 (P
0

= |F (Pl (man(P))lIp /|27 (P)]

where ||1(7(P))||p means the norm of 1 regarded as a section of the analytic
line bundle V(O(—D))an(k) — Xan(k) at the point w(P) € U(k). But it
follows from (9.8) that

I(x(P))llp = inf [\ (w(P))| = inf [« (P) /=" (P)|

SOCIETE MATHEMATIQUE DE FRANCE 1998



204 PER SALBERGER

where o runs over all maximal cones in A.

Therefore, if s = f(z1,... ,xn)a— RERVA ai is defined at P € Uy(k), then
T1 Tn

Is(P)llo = 1/(P)|inf [1/z7(P)], 0 € Amax.

The same statement for P € Xy(k) follows by continuity since Uy(k) is
dense in X((k) and both sides define a norm on the anticanonical line bundle
on Zon(k). This completes the proof. O

The preceding proposition is related to the following description of the
canonical splitting ¢ : X (k) — Xo(k)/T(k)ep of 7 : Xo(k)/T(k)ep — X (k)
(cf. (9.5)) for non-archimedean fields k.

Proposition 9.13. — Let k be a finite extension of Qp, let o be the maximal
Zp-order in k and let (A,N) be a complete reqular fan. Let 7 : Xy — X
be the toric o-morphism of toric o-schemes defined by the obvious morphism
(Ao, No) — (A, N) of fans (cf. (8.6)). Then the following holds.
(a) T(k)cp is the image of T(0) under the natural embedding of T'(0) in T (k).
(b) The obvious maps Xo(0)/T(0) — X(o) and X(0) — X (k) are iso-
morphsisms. ¥ : X(k) — Xo(k)/T(k)ep is the unique map such that
the following diagram commutes

X (0) +—— Xy (0)/T(0)

1y

X (k) —— Xo(k)/T(k)ep

Pl i

Proof N

(a) This is true for any split o-torus T' = G,, X --- X G, with generic fibre
T.

(b) It follows from the assumptions on A that X is a smooth proper scheme

over o and hence that X (0) = X (k). The morphism 7 : Xy — X is a (univer-
sal) torsor under G, X -+ X Gy,. Thus, by Grothendieck’s version of Hilbert

90, it follows that 7(Xo(0)) = X(0) and Xo(0)/T(0) = X(0). The map 1 is
defined (cf. (9.5)) by gluing the restrictions of the maps
Yo.an Ua(k) - UO,U(k)

to Cy (k) modulo elements in T (0). But the algebraic maps v, : U, — Up,, and
Yy : Up e — U, are actually defined over o (i.e. they extend to toric morphisms
between affine toric schemes over o). Therefore, 1), sends a point in U, (k) to a
lifting to X (0) C Xo(k) of the corresponding point in X (0) = X (k). But this
defines its class in Xo(k)/T'(k)cp uniquely, thereby proving the assertion. [
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Proposition 9.14. — Let k be a finite extension of Q, and let X, o, X be as
above. Then the following holds.

(a) The toric norm (cf. (9.11)) of the analytical anticanonical line bundle on
X (o) = X(k) is equal to the model norm determined by X /o.

(b) The restriction to Xo(0) of the induced norm || ||o for Xo(k) of the toric
norm || || coincides with the model norm for Xo(o).

Proof

(a) The quotients of two norms on the analytical anticanonical line bundle
on X (k) define a continuous function f : X (k) — (0,00) (cf. (1.6)(b)). Hence
it suffices to prove that the two norms coincide for the local section 1 of O(D)
on the dense set U (k). Then,

I1(P)lp = [¥(P)Ip
by (9.7) so that the statement is an immediate consequence of (9.13)(b).
(b) This follows from (a) and (3.31). O

Remarks 9.15

(a) It follows from (9.14)(a) that the toric v-adic norms on a smooth complete
(split) toric variety over a number field form an adelic norm which we
shall call the toric adelic norm. Also, by (4.7) or (9.14)(b) we have that
the induced r-adic norms on the universal torsor form an adelic norm on
the principal universal torsor which we shall call the induced toric adelic
norm.

(b) One can define toric norms on twisted toric varieties (cf. sec.8) over
locally compact fields. Batyrev and Tschinkel [7] define their norms
|| [|p for arbitrary (twisted) toric varieties by means of the corresponding
norms for the (split) toric varieties obtained after a base extension. It is
also clear that one can define order norms (cf. (9.11)(a)) on twisted toric
varieties by means of dlog-forms of minimal type over a splitting field
(cf. (3.29), (3.30) for the case of non-split tori). We may therefore, just
as in (9.11)(b), define toric norms on twisted toric varieties over locally
compact fields as a product of the Batyrev-Tschinkel norm || ||p and the
order norm. One can deduce from (9.14) that the toric norms form an
adelic norm also for twisted toric varieties.

(c) One can construct a canonical toric splitting of the map 7 (cf. (9.3))
for principal universal torsors over twisted toric varieties (cf. the end of
section 8).

Proposition 9.16. — Let X = Xa be a toric variety over k defined by a reqular
complete d-dimensional fan (N,A) and let m be the Borel measure on X (k)
determined by the toric norm. Then,
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(X (k)) = 2442 Card(Amax) for k=R,
(X (k)) = (2m)3mA Card(Apax) for k = C.

(a)
(b)

Proof. — Let ¢ € A be a maximal cone and let {m), 1 < j < d} be
the Z-basis of M which is dual to the Z-basis {n¥), 1 < j < d} of N,
consisting of generators of the rays pi,...,pq of 0. Then the d characters
xY) € k[U], 1 < j < d corresponding to {m\), 1 < j < d} form a set
of coordinates (z1,...,z24) for the affine toric variety U, = Speck[z1, ..., zq]
with U = Spec k[z1, zl_l, e 2ds zd_l]. Moreover, by definition (cf. the proof of
(9.10))

m
m

Co(k) ={(21,..,2q) € KD : |zj| < 1for j=1,...,d}.

Finally, note that H?Zl zi = x ™) by (8.9)(iv).
The norm || ||p for D = Dy + --- + D,, is defined by (cf. (9.2))

d
Is(P)llo = |s(P@(P)| = || s[T= | ()

for a local section o of O(D), D = Dy + --- + D,, defined at P € C,(k).

0 0
This implies that the toric norm (cf. (9.11)) of the section — A -+ A =— of
82’1 azd

det Tan X,, (k) is equal to 1 for all P € C,(k). Hence the Borel measure m
determined by the toric norm (cf. (1.12)) is given by dz; - - - dzq4, so that

d

(9.17) m(Cs(k) = | / dz; = ( / dz)? = 2% (resp. (2m)?)
j=1 |2j1<1 [z]<1
for k =R (resp. k = C).
We now show that
(9.18) m(Cy (k)N C-(k)) =0
for any pair of (different) maximal cones o, 7 of A. This implies that
(9.19) m(X (k) = Y m(Co(k)
UGAmax

since Uyen, Co(k) = X (k).

Let ™) (resp. X_m(T)) o, T € Apax be the unique character on U which
generates O(D) on Uy (resp. Uy). Then x"™“)~™") is a Laurent monomial in
(21,27 ooy 20y 25 ) with [x™@) =) | =1 on Cy(k) N Cr(k) (cf. (9.2)).

Now suppose that o # 7. Then x™(?)="(7) =£ 1 so that one of the variables,
say z1 occurs in the Laurent monomial x™) =™ Tet r; = |z for j =
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1,...,d. Then there are rational numbers «; for j = 2,...,d such that

d
o
=1
j=2

for each point on C,(k) N C.(k) with H;'l:1 zj # 0. This implies that in case
k = R there exists finitely many bounded subsets A; of R%~! and finitely many
Cl-maps f; : A; — C,(R) N C,(R) satisfying a Lipschitz condition (cf. [39,
Chap. XI, §1]) such that

Cor(k) N Cr (k) = Ufi<Al->.

Therefore, m(C,(k) N Cr(k)) = 0 by lemma 1.3 in (op. cit).

For k = C, we regard U,(k) = C¢ as a real analytic manifold R?? with
coordinates x; = Jz;, y; = Jz; and introduce polar coordinates x; = r; cos 0;,
Y; =1y sin (9]'.

There is then a parametrization of the real analytic subset C, (k)N C (k) C
R?? by finitely many Lipschitz C'-maps f; : 4; — C,(k)NC, (k) from bounded
subsets A4; of R?~! so that m(C,(k) N C;(k)) = 0 by lemma 1.3 in [39,
Chap. XI]. Hence (9.19) holds also for £ = C. To complete the proof of the
proposition, combine (9.17) and (9.19). O

Note that m(Cy(k) N C-(k)) # 0 in the non-archimedean case. The volume
m(X (k)) can then computed by means of (2.15) and (9.14)(a). We shall in
(11.50) consider these volumes in a concrete case.

10. Toric height functions and Tamagawa volumes of universal
torsors

Let X = XA be a smooth complete toric variety over a number field k
defined by a complete regular fan. We shall in this section use the canon-
ical toric splittings of universal torsors over such varieties to define heights
and to interpret the main term a(X)7.(X, || ||) in the conjectured asymptotic
formula (7.12) as an adelic volume using the induced measures on universal
torsors. We shall not need to assume that X = Xa is a Fano variety. In
(10.14) we assume that the anticanonical sheaf of X = X is generated by its
global sections. This is used to give a very concrete description of the anti-
canonical height function and of the adelic volume corresponding to the main
term a(X)7(X, ] ||). But the remaining arguments of the section go through
without this assumption if one works with the original definition (10.4) of the
anticanonical height function.
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We shall in this section let k£ denote a number field and o denote the maximal
Z-order in k. Otherwise we will keep the notations in section 8. We shall thus
by A denote a complete regular fan in N = Hom(M, Z) and put My = Z>(W),
Ny = Hom(My,Z). We denote by A the “pullback” fan in Ny described in
(8.4) and by A; the fan in N; = Ny described after (8.5). There is a morphism
of fans from (Ag, Ny) to (A, N) which defines a toric k-morphism 7 : Xy — X
of split toric k-varieties. This morphism is defined over Y, but we shall in
this section let X = X denote the corresponding (geometrically integral)
k-variety obtained by base extension. The morphism 7 is by (8.5) a universal
torsor over X and we shall also write 7 instead of Xj.

The morphism of fans from (Ag, Ny) to (A, N) defines also a toric morphism
T )?0 — X of toric schemes over Z. But we shall in this section let 7 : )Z'o —
X be the toric o-morphism obtained by base extension (cf. (8.6)(b)). The
restriction of 7 to the generic fibres over k is thus the morphism 7 : Xo — X
of toric varieties over k. The morphism 7 is by (8.5) a universal torsor over X

under the Néron-Severi o-torus T = D(Pic 5 /O) as defined in (5.14). We shall

call 7 : )?0 — X the principal universal torsor.
Recall (cf. (8.2)) that there is an exact sequence of finitely generated free
Z-modules

(10.1) 1— M — 72 — PicX — 1.

We may endow Hom(L,Z) with the trivial fan consisting of the cone {0} for
each of the three lattices L = M, ZA2M, Pic X. The morphism between these
fans defines toric k-morphisms between toric varieties over k as well as toric
o-morphisms between toric o-schemes. We obtain thereby an exact sequence
of split k-tori:

(10.2) 1—T—Uy—U—71
as well as an exact sequence of split o-tori Gy, o X -+ X Gy 0t
(10.3) 1—T—Uy—U—1.

The exact sequence of f.g. torsion-free abelian groups in (10.1) gives rise to
an exact sequence of constant group schemes over k (resp. o). The sequences in
(10.2) (resp (10.3)) are the “dual” exact sequences of tori over k (resp. o) under
the contravariant equivalence between torsion-free constant group schemes and
tori described in section 5. _

The assumption that A is complete and regular implies that X /o is proper
and smooth. There is a natural ﬁo—equivariant open toric immersion of toric
schemes Xo C X corresponding to the inclusion of fans Ay C Ay. It was
shown in section 8 that the generic fibre X; of X; is canonically isomorphic
to an affine space A} = Speck[z,] where n is the cardinality of A(1) and the
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variables are indexed by the rays p of A. Moreover, Xo C X; = A} is the
open complement of the closed subscheme defined by the monomials

H Ty, 0 € Apax.
pgo(1)

There is a similar description of )?0 C Xi. The latter scheme is equal to
A} = Speco[x,] where p runs over A(1) and X is the open complement in

X of the closed subscheme defined by the monomials 22, 0 € Apax.

Let W be the set of places of k and denote by || ||,, v € W the toric v-
adic norm (see (9.11)) of the analytic anticanonical line bundle of X,,(k,). It
follows from (9.14) that the toric norms || ||,, ¥ € W form an adelic norm || ||
for X, which we shall call the adelic toric norm for X = Xa.

The adelic toric norm || || gives rise to a height function H : X (k) — (0, 00)
with
(10.4) = IT s

veWw

for a local section s of wy! at P € X (k) with s(P) # 0 (cf. (7.2)). We shall call
this function the toric anticanonical height function or simply the toric height
function when it is clear that we consider the anticanonical linear system.

We now give alternative descriptions of the toric height function. We first
represent wx as the tensor product of the invertible sheaves

wy = O(=Dy) @ (wx ® O(Dy)), Do = Z D,.
PEA(L)
Let || ||py, v € W be the v-adic norm on
V(O(=Do))an(kv) — Xan(ky)

described in (9.2). The toric norm || ||, on det Tan X, (k,) — Xan(ky) is by
definition the product of this norm and the order norm (cf. (9.11)) || ||

det(Tan X,n (k) @ V(O(Do))an(ky) — Xan(ky).
Proposition 10.5. — The toric height function H : X (k) — (0,00) is equal to

the product
H HSl HD v
veWw

where s1 is a local section of O(D) for D = Dy at P € X (k) with s1(P) # 0.

Proof. — Choose local sections sj resp. s at the k-point P (defined over k)
of O(D) resp. wy' ® O(—D) and put

H H81 HD 12

veWw
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Hy(P) = T lsa(P)IE™
veWw

Then H;(P) and Hs(P) are independent of the choice of s; and s9 and give
well defined height functions H; : X(k) — (0,00) and Hs : X (k) — (0, 00)
such that H(P) = H,(P)Hz(P).

The invertible sheaf wy' ® O(—D) is trivial and we may choose s3 to be
the dual of an algebraic differential form du of minimal dlog-type on Uy, (k)
(cf. (3.28)) for all points P € X (k). Then ||so(P)||} = |du(s2(P))], = 1 for
all v € W (cf. the proof of (9.11)(a)) and Ha(P) =1 for all P € X (k). This
completes the proof. O

Definition 10.6
(a) Let D € ZA(W be a U-invariant Weil divisor on X and P € X (k). Then,
Hp(P) = [] Is(P)II, ",

veW

hi(P) :=log Hp(P) = = > _ log [[s(P)]l,
veWw
where s is a local section of O(D) at P € X (k) with s(P) # 0.
(b)
Ha : X (k) x 221 — (0, 00)
resp.
ha : X(k) x 220 — R

is the pairing

HA(P,D) := Hp(P)
resp.

ha(P, D) := hp(P).

Note that ha is additive on the right hand side.

One can extend the restriction of Hp to U(k) to a height function
Fpa:U(Ar) — (0,00)

by choosing s = 1 as local section. To see this, we make use of the local v-adic
sections

Yy 2 X(ky) — Xo(kv)/T (ky)ep
of

T+ Xo(k) /T (ky)ep — X (k)
in (9.5) and the map

| [ : Xo(ky)/T(ky)ep — R
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described in (9.6). Then (cf. (9.7)):

(10.7) ILP)p, = [ (P,

for all P, € U(k,).

Let X be the smooth proper toric o-model above and let 7 : )Z'o — X be
the principal universal torsor. This model can be used to define the splitting
v, at non-archimedean places v (see (9.13)). It is the unique map for which
the following diagram commutes:

(10.8) X (o

X(k‘ )—>XO( V)/T(ku)cp

There is further an obvious commutative diagram:

(10.9) U(o,) +—— Us(0y)/T(0,)

J J

X(0,) = Xo(ky)/T(0y)
Hence, if P, € Im(U(0,) — U(ky)), then

U(R,) € m(U(o,) = T (ky)/T(ky)ep)
so that ||1(P,)| 5}, = |1/V),,(P,,)|B’1V by the remark in (9.6)(b). This implies the
following result:

Proposition 10.10. — Let Py € U(Ag) be an adelic point and let
{PV}VEW € H U(k )
vew
be the corresponding set of k,-points. Then the products
Fp a(Pa): H I1(P)IDL = H [0 (P) 5,
vew vew

are absolute convergent with at most finitely many factors different from 1.

Let
fp.A(Pa) =log Fp a(Pa) = = > 1og|[L(P,)|| D
veWw
It is an immediate consequence of the definition that the pairing
(10.11) faa:U(Ap) x 220 = (0, 00)
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with fa 4(Pa, D) := fp,a(Pa) is additive on the right hand side. One has also
the following result:

Proposition 10.12. — Let P € U(k). Then hp(P) and Hp(P), D € 7AW
depend only on the linear equivalence class of D in Pic X.

Proof. — hp is additive with respect to Z2() . It therefore suffices to prove
that Hp(P) = 1 for principal divisors

D= Z a,D, € 720, a, = (m,n,), m e M.
pEA(L)
But 2° (¢, (P)) = x™(P) for all v since 1, is a section to 7, (cf. the proof
of (9.4)).
This implies in its turn that |, (P,)|p., = |x"(P)], and hence that

Hp(P) = [] I1P)lIp, = TT 1)l = TT ™ (P)l, ' =1

veW veW veW
by the product formula in algebraic number theory. This finishes the proof. [

Remarks 10.13

(a) The properties (10.11) and (10.12) of the height functions are essentially
due to Batyrev and Tschinkel [7] (cf. also [4]) although they state them
in a somewhat different language. They make essential use of these prop-
erties in their study of Manin’s zeta functions for counting functions on
U(k) (cf. the comments after (10.28)). We shall not use the pairing in
(10.11) further. Instead, we will extend the restriction of ha to

U(k) x Z2Y) = Uy (k) /T (k) x 25O
to a pairing

ha,a : Xo(Ag)/T (k) x Z°) — R
which factorizes over Xo(Ag)/T (k) x Pic X.

(b) The treatment of Tamagawa volumes and local heights by means of uni-
versal torsors and the canonical toric splitting of

Wy = Xo(ky) [T (ky)ep — X (ky)

has some similarities with Bloch’s torsor theoretic approach to the Birch-
Swinnerton-Dyer conjecture and to the local Néron symbols (cf. [8], [48])
for abelian varieties. The analogy is not perfect since the pairing Ha 4 :
U(Ar) x 221 — (0, 00) is not multiplicative on the left hand side. But
it is still suggestive to think of universal torsors for toric varieties as the
analog of biextensions for abelian varieties.
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Proposition 10.14. — Let X = XA be a smooth complete k-variety defined by
a regular complete fan A. Let D =3~ c A1y D) and suppose that O(D) is gen-

erated by its global sections. Let Xm(”)(P), 0 € Anmax be the unique character
on U such that x~"™) generates O(D) on U, and let

D(o)=D+ Y (~m(o),n,)D,
pEA(L)
be the effective Weil divisors in (8.7). Let
Hy : Xo(k) — (0,00)
be the composition of m : Xo(k) — X(k) and the toric anticanonical height
function H : X(k) — (0,00). Then,

Ho(Ro) =[] sup [zP(R)lo.
VGWO‘EAmax

Proof. — Let P € X(k) be the image of Py € Xy(k) and let 7 € Apax be
chosen such that P € U,. Further, let du be a U-invariant global section of
wy,k of minimal dlog-type regarded as a global section of wx/, ® O(D) (cf.

(8.8)). Then x"™"du is a local section of wx/x which does not vanish at P.
Let s be local section of w}l at P which is the inverse of x™ (™) du. Then, by
definition of the toric v-adic norm || || (cf. (9.11)) and (9.8)), we have:

ls(P)llv = Ix~™(P)llp,y = L af ™= (P,

m.

for any P € X (k).
From P € U, it follows that z”()(Py) # 0 (cf. (8.8)(a)). Hence
2P (Py) /2P (Py)

is defined and equal to ™™~ (P). We may thus rewrite the preceding
formula in the following form:

ls(P)I; ! = sup &P (Po)lu/|aP T (Po)y-

VEAmax

By the Artin-Whaples product formula for number fields we have:

IT 1=l = 1.

veWw
The assertion follows from the last two equalities. O

Notation 10.15
(a) Let B be a positive integer. Then

¢(B) := Card{P € U(k) : H(P) = B}.
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(b) Let B > 1 be a real number. Then
C(B) :=Card{P € U(k) : H(P) < B}.

(c) Let B > 1 be a real number. Then

(B]

m=1

These numbers are finite (cf. the proof of (10.28) below).

Since X is a split toric variety, it follows that the Néron-Severi torus T is a
split k-torus T = Ggﬁ) and that H E/}t(k, T) = 0. The principal universal torsor
7 : Xo — X is thus the only universal torsor up to isomorphism. In particular,
m(Xo(k)) = X (k).

The conjecture (7.12) is therefore equivalent to the conjecture:

(10.16) C(B) = a(X)7(X, || [)B(log B)""'(1 + o(1))

where 7 = rkPic X, a(X) = apeyre(X) is the constant of Peyre (cf. the lines
before (7.7)) and 7.(X, | ||) is the Tamagawa number defined in (6.18) for the
trivial (and only) class € in Hj (k,T).

Moreover, 7-(X, | ||) = 7(X,| |), since Pic(X) is a Galois permutation
module (cf. (6.19)). Therefore (cf. (5.21))

(1017) (X ) = Bs(T(A)/TR)ms(x(Ts))  [] nu(T(0)).
veWg,—2

Peyre [52] verified that (7.12) for holds for some classes of toric varieties
over Q and Batyrev and Tschinkel [4] establish a version of (7.12) for arbitrary
toric varieties. Their proof depends on the claim that any effective divisor on
X is linearly equivalent to an effective divisor with support outside U. This
fact is well-known (cf. e.g. the lemma on p.66 in [24]). We may therefore use
the following equivalent definition of o(X) for smooth complete toric varieties.

Definition 10.18
Let V = Homy(Pic X,R), let L be the Z-lattice Homz(Pic X,Z) in V and
let dv be the unique Haar measure on V' such that Vol(V/L) = 1.

Let A : V — R be the linear form obtained by evaluating at the anticanonical
class and let A : C.(V) — C.(R) be the unique positive linear map such that:

[ ot = [ Atg)aa

for each function g € C.(V).
Let V, = A71(z) for x € R and let dv, be the positive Borel measure on
V. corresponding to the restriction A, : C.(V,) — R of A to V,. Finally,
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let ooz (X,U) C V be the cone of all homomorphisms ¢ : PicX — R such
that ¢([D]) > 0 for the class [D] € Pic X of each effective divisor on X with
support outside U. Then,

a(X) = / gdin
Dy
for Dy = oeg(X,U) N V1.

Remark 10.19. — Let © > 0 and let D, = o.g(X,U) N V,. Then an easy
substitution of variables implies that:

/ dv, = 2" LX)

x

for r = rk Pic X.
Therefore, if Ej is the set of all ¢ € oeg(X,U) with 0 < A(¢) < b, and g is
the characteristic function of Ej, then

b b
Vol(Ey) :/ gdv :/ A(g)dx = a(X)/ 2" rdr = a(X)b" /r.
1% 0 0
In particular, a(X) = Vol(E1)/r. This completes the remark.

Now suppose that (10.16) holds. Then, by partial summation we get that:

B
D(B) = C(B)/(B+1)+ Y C(m)/m(m+1)

m=1
- Zc )/m? + (log BY ~o(1).

Also, when (10.16) can be proved one usually has enough information to
deduce that

B
Zc X)X, [ ) S (logm)=" /m + (log BY'o(1)
m=1
We may further replace
B B
d
>~ (ogm)tfm by [ (ogay 1S
m=1 1 r

and still have an error term of order (log B)"o(1). This suggests the following
conjecture, which in a sense is a weak version of (10.16):

(10.20) D(B) = Vol(Ey)7(X, || ||)(log B)*™*FicX (1 + o(1)).
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One advantage with this alternative conjecture is that it is easy to give an
interpretation of
Vol(E1)7 (X, || [|)(log B)"
as an adelic volume (cf. (10.22)) of a compact subset of X¢(Ax)/Xo(k). To
see this, we need some further notations.

Notations 10.21
(a)
T(Ak)ep = H T(kv)ep
veWw
is the maximal compact subgroup of T'(Ay).
(b)

ba: X(Ar) — Xo(A)/T(Ar)ep
is the continuous product map of all ¥, : X (k,) — Xo(k,)/T (kv )ep (cf.
(10.8)).
()
Gy T(ky) /T (ky)ep x Xo(kv) /T (kv)ep — Xo(kv) /T (ky)ep
is the continuous map induced be the analytic action
oy T(ky) x Xo(ky) — Xo(ky)
(cf. the lines before (3.10)).
(d)
Py = (6v,pr2) : T(ky) /T (ky)ep x Xo(ky) /T (kv )ep
— Xo(k)/T(kv)ep X X (k) Xo(kw) /T (Ky )ep
is the homeomorphism induced by the analytic isomorphism
Pv = (O'V,pTg) : T(k‘,,) X X()(k,/) — Xo(k‘y) XX(k;,,) X()(k,/)
(cf. (3.3)(b) and the lines before (3.11)).
()
&+ Xo(ky)/T(ky)ep — T(ky) /T (kv)ep
is the continuous map composed of (cf. (9.5))
((&Vﬁu)v id) : XO(kV)/T(kV)Cp - XO(kV)/T(kV)Cp XX (k) XO(kV)/T(kV)Cp
5t and pr s () /T )ep % Xo(ko)/T(k)ep — T (k) /Ty )ep.
(f)
G4 T(Ap)/T(Ak)ep X Xo(Ar)/T(Ag)ep — Xo(Ak)/T (Ak)ep
is the continuous map induced by (cf. (5.3))
gA - T(Ak) X Xo(Ak) — Xo(Ak)
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(2)

pa = (Ga,pra) : T(Ag)/T(Ar)ep X Xo(Ax)/T(Ak)ep
— Xo(Ar)/T(Ar)ep X x(a,) Xo(Ar)/T(Ag)ep

is the homeomorphism induced by the homeomorphism

pa = (0a,pr2) : T(Ag) x Xo(Ax) — Xo(Ar) X x(a,) Xo(Ax)
in (5.3).
(h) )
€a: Xo(Ak)/T(Ak)ep — T(Ar)/T(Ak)ep

is the continuous composite map obtained by replacing all the maps in
(e) by their adelic counterparts.

(i)
& o Xo(Ag) /T (Ar) — T(AR)/T" (Ar)

is the unique continuous map such that

€4t Xo(Ak)/T(Ap)ep — T(Ar)/T(A)ep

J |

€4+ Xo(Aw) /T (Ax) —— T(Ax)/T"(Ay)
commutes.
6) i
€4 Xo(Ag)/T (k) — Hom(Pic X,R)
is the map obtained by composing the obvious map
Xo(Ag)/T (k) — Xo(Ar)/T"(Ar)
with
€4 s Xo(A)/TH(Ar) — T(Ar) /T (Ay)
and (cf. (5.18))
T(Ay)/TY(Ar) = Hom(Pic X, R).

Proposition 10.22. — Let B be a positive real number, b = log B and let Kp
be the inverse image of E, C Hom(Pic X,R) under £, : Xo(A)/T(k) —
Hom(Pic X,R). Let n,, v € W be the Borel measure on Xo(k,) determined
by the induced norms of the toric norms on X(k,) (cf. (9.12)) and let ny
be the (restricted) product measure on Xo(Ay) (cf. (5.16)) of these measures.
Finally, let ma be the quotient measure of na on Xo(Ag)/T (k) (cf. (5.23)).
Then,

1A(Kp) = Vol(E1)7(X, || [|)(log B)".
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Proof. — The translation invariance of n4 under o4 : T(Ag) x Xo(Ax) —
Xo(Ag) implies that T4 is translation invariant under the action of
T(Ay)/T(k). Let F C Hom(PicX,R) be a fundamental domain with
respect to

Hom(Pic X,Z) C Hom(Pic X, R).
Then,

14(Kp)/TA(€s (F)) = Vol(Eig )/ Vol(F) = (log B) Vol(Ey).
Also, 7.(X, || ) = 7a(€4 (F)) by (5.24). This completes the proof.
Thus, by (10.22), (10.20) is equivalent to the conjecture:
(10.23) D(B) =ma(Kp)(1 + o(1)).

To understand the relation between the adelic volume 74(Kp) and the
counting function

D(B) = > 1/H(P)
{PecU(k):H(P)<B}
we extend the toric height function
H:Uk)=Uy(k)/T(k) — R
to a function on Xy (Ax)/T (k) by means of the following result.
Proposition 10.24. — Let P € U(k) = Uy(k)/T(k) C Xo(Ax)/T (k) and let
D € 72W be a U-invariant Weil divisor. Let V = Homg(Pic X,R) and let

Ap V. — R be the linear form obtained by evaluating at the class of D in
Pic X. Then,

hp(P) = Ap€4(P).
In particular, £ 4(P) € og(X,U).
Proof
Hp(P) = [ 0u(P)lp, = T 1MP)I5),
veWw veWw
by (10.7) and (10.10). Let Py € Up(k) be a lifting of P. Then Py =
£/(Po)Yy(P) in Ug(ky)/T (ky)ep for each place v of k by the definition of &,.
Therefore, since
II 21, =1

veW
(cf. (9.6)), we conclude that

Hp(P) = T &(P)lo.s.

veWw
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Hence,
hp(P) =log Hp(P) = Ap(§a(P))
by the definitions of | |p, (cf. (9.6)) Ap and £}. To prove the last statement, it
suffices to show that log Hp(P) > 0 for all effective divisors. But this follows
from the first formula for Hp(P) since ||1(P)||p < 1 by (9.2). This completes
the proof. O

To understand the conjecture limp_,oo D(B)/ma(Kp) = 1 in (10.23), recall
that the measure T4 on Xo(Ag)/T(k) is the quotient measure of the measure
n4 on Xo(Ag) which is the restricted product of the measures

dzidzy - - - dzy, /(sup |2P O (P)],), 0 € Amax, Po € Xo(ky)
g
with notations as in (9.12). Here we make use of the toric open embedding
Xo C X1 = Speckz,] = A},
and an ordering of the rays o € A(1).

Recall that
D(B) = Z 1/Ho(Fo)
where Py runs over all classes in Uy(k)/T'(k) such that (cf. (10.14)):

() X1xg - Ty £ 0,
(") Ho(Py) = H sup 2”@ (Py)|, < B.
VEWO'EAmax

These two conditions can be reformulated by means of (10.24). Since & 4(Pp) €
oot (X, U) for all Py € Uy(k)/T (k) one gets the following equivalent conditions:

10.25 (i) xyxg---xpy # 0,
10.25 (ii) P € K.

One can therefore regard n4(Kp) as an adelic integral approximating the
sum D(B). To understand the link recall that the local measures in this
paper are normalized (cf. sec.1) such that p(Ax/k) =1 for the adelic product
measure on Ag. This implies that the volume of the additive quotient group
X1 (Ag)/ X1 (k) with respect to dzidxg - - - dxy, is equal to 1.

One can now modify this discussion to give a similar interpretation of C(B)
by means of (10.19)-(10.20). But it is better to introduce generating Dirichlet
series following Manin, Batyrev and Tschinkel [3], [7], [4].
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Notation 10.26
(a) Let {1,...,n} — A(1) be a bijection (i.e. an ordering of the rays of A)
sending i to p;. Then we shall write
H;: X(k) — (0,00)

for the height function defined by the irreducible U-invariant Weil divi-
sor D; (cf. (10.6)). If D € C*W is a formal sum s;Dy + --- + 8, Dy,
S1y...,8, € Cand P € U(k), put

n

hp(P) = sihi(P),
=1

Hp(P) = [[ Hi(P) = exphp(P).
i=1

ha : X(k) xCA) — ¢,
Ha: X(k)xCcrM — ¢
are the pairings for which
ha(D,P) = hp(P),
HA(D, P) = Hp(P).
Remarks 10.27
(a) The pairings in (10.26)(b) extend the pairings
ha : X(k) x 220D — R,
Hpa : X(k) x 22— (0,00)

defined earlier.

(b) Suppose that D = s1D1 + -+ + s, D,, comes from Mc = M ®z C under
the map induced by (8.2). Then Ha(D, P) = 0 by the proof of (10.12).
Therefore, the pairings in (10.26)(b) factorize over

U(k) x (PicX)c — C
for (Pic X)¢ := Pic X ®z C. We shall by abuse of notation write
ha : U(k) x (Pic X)¢ — C

and
Hp :U(k) x (PicX)c — C

also for these pairings.
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Proposition 10.28. — Za(s) := ZPEU(k) HA(P,—s1D1—---—s,D,) converges
absolutely and uniformly in the domain Ns = (Nsy,...,Nsy,) € RY, 5 for any
0> 0.

Proof. — This is due to Batyrev and Tschinkel [4, Ch.4]. First note that

n
|HA(P,—s1Dy — - — s, D) = ] |Ha(P)| 7"
i=1

< [ &P+
=1

— H(P)f(lJr(S)
where H : X(k) — (0,00) is the toric height function. Then choose a finite
closed subset S of Spec o, such that o(g) is a principal ideal domain and consider
the toric o(g)-morphism 7(g) : )Z'O( 5) — X (s) obtained by base extension from

the toric o-morphism 7 : X — X. The natural map from )?0(0(5)) to X (k) is
surjective and

HoPo) =[] sw ")l = [ sw 22O@) = [] kP
vew T€Amax SUW,, 7EAmax SUWee
for D = Dy + ---+ D, (cf. (11.20) for the inequality). Also, zix9- -2, # 0
for any lifting to Xo(o(s)) of a k-point in U(k). Therefore,
Za@l<C Y I l=l"0)"
{L‘GO(S)\{O} SUWeo
so that the desired assertion follows from standard results on S-integers of

bounded height (cf. e.g. [37, th.5.2(i)] for the case S = @). O

The deepest contribution of the authors of [7] and [4] is the construction of
a meromorphic continuation of Za(s) to a region with s € RZ,_; for some
0 > 0. They also prove that the function (a(s) := Za(s,...,s) has no other
poles in the region s € Ry _s than at s = 1 where it has a pole of order
r = rkPic X. Now once this is known it follows from the Tauberian theorem
of Delange [17] that

(10.29) C(B) = ¢B(log B)" (1 + 0(1))

where ¢ = a_,/(r — 1)! for the leading coefficient in the Laurent expansion

o0

als) =D ar(s — 1),

k=—r

Batyrev and Tschinkel prove that ¢ = a_,/(r — 1)! is equal to the constant
a(X)1(X, | ||) in (10.17). We shall here give an interpretation of the leading
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constant as an adelic density and describe an alternative approach to derive
the meromorphic continuation of Za(s) which apart from the use of multidi-
mensional zeta functions is closer to the method of Schanuel [56] and Peyre
[52].

To describe the differences between the two methods, recall that there are
(at least) two methods to find a meromorphic continuation of Riemann’s zeta

function .
((s)=) n*
n=1

to a region Rs > 1 — §. The most elegant and group theoretic approach is to
use the Poisson formula and integral transforms. This method was formulated
in an adelic language by Tate and Iwasawa and this is the route followed by
Batyrev and Tschinkel. But the use of harmonic analysis on U(Ay) depends
strongly on the group structure of U(Ay) and it is hard to see how this “idelic”
method can be applied for varieties without a transitive group action.

An alternative method to prove that {(s) = > 2, n~* has a meromorphic
continuation is by means of the integral representation

(10.30) in _ /1 et = /1 T odn 4 i::l( /n " - )

where the last sum converges absolutely and uniformly on compact subsets
with s > 0. It defines therefore a holomorphic function in the right half plane.
This should be seen as the “error term” while the main term floo r %dxr =

1/(s —1).

The idea is now to apply a multidimensional version of the last argument and
approximate sums over lattices by integrals. This suffices over Q and the reader
will find some of the techniques to bound the error terms in the next section
although we shall not consider zeta functions there. Over arbitrary number
fields, it is more systematical to use an adelic approach and approximate sums
over the discrete set U(k) = Uy(k)/T (k) by integrals over Xo(Ay)/T (k). To
find the adelic integral approximating Za(s) we extend the restrictions to
U(k) x (Pic X)c of the pairings

ha : X(k) x (PicX)c — C,
Ha =exphpa : X(k) x (PicX)c — C
in (10.27)(b) to pairings:
haa: Xo(A)/T(k) x (PieX)e — C,
HA,A = exp hA,A : X()(Ak)/T(k) X (PiCX)(C — C.
To define these, we use the canonical toric splitting. Let
€4 Xo(Ap)/T (k) — Homg(Pic X,R)
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be the continuous map described in (10.21)(i) and let (Pic X)r = Pic X ® R.
The obvious R-linear pairing Homgz(Pic X,R) x (Pic X)g — R of dual real
vector spaces extends uniquely to a pairing:

(10.31) (, ):Homgz(Pic X,R) x (PicX)c — C
which is C-linear on the right hand side.
Notations 10.32. — Let (Pg,[D]) € Xo(Ag)/T (k) x (Pic X)c. Then,
ha,a(Po, [D]) = (€4(Po), [D]),
Hp,a(Po, [D]) = exp(€4(Po), [D]).
Proposition 10.33. — The pairings
haa: Xo(Ag)/T (k) x (PicX)e — C,
Hpoa: Xo(Ag)/T(k) x (PicX)e — C
coincide on Uy(k)/T (k) = U(k) with the pairings
ha: X(k) x (PicX)ce — C,
Hpa: X(k) x (PicX)e — C
in (10.27)(b).
Proof. — The pairings ha 4 and ha are C-linear on the right hand side. It is
therefore sufficient to prove that ha 4 (P, [D]) = ha(P,[D]), P € Uy(k)/T (k) =
U(k) for D € Z2W). But this has already been established in (10.24). O
Remark 10.34. — The restriction of ha 4 to
Xo(k)/T (k) x (PicX)c = X(k) x (Pic X)c

does not coincide with ha outside U(k) x (Pic X)c. This is not surprising
since the conjectures of Manin and Peyre according to our reinterpretation
will give a link between the counting functions on U (k) and adelic integrals on
X (Ay)/T (k) whereas on X (k)\U (k) there are accumulating subsets (cf. (7.5)).

To study the adelic integral which approximates Za(s), we shall need a
positive linear map

Aa 5 ColXo(Ag)/T(K)) — C.(Hom(Pic X, R))
obtained by integrating along the fibres of
€4 Xo(Ay)/T (k) — Hom(Pic X, R).
To define this map we choose (cf. the proof of (5.16)) two sets
{8y, veW},
{w, veW}
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of convergence factors for T resp. X such that 3,7, = 1 for all v € W. Let Oy,
be the Haar measure on T'(Ay) given by the adelic order norm (cf. (5.9)(b)) and

the convergence factors {(3,, v € W} and let @12 be the corresponding Haar

measure on T (A)/T (k) under the bijection between Haar measures on T'(Ay,)

and T1(Ay)/T(k) described after (5.19). Finally, let m be the measure on

X (Ay) given by the toric adelic norm and the convergence factors {,, v € W}.
Then, there are two positive linear maps

Ap: Ce(Xo(Ar)/T(k)) —  Ce(Xo(Ar)/T"(Ar)),
A, Co(Xo(Ag)/TH(Ar)) —  C.(Hom(Pic X, R))
defined as follows. Let f € C.(Xo(Ax)/T(k)) and =z € Xo(Ag)/T (k) be a
lifting of x! € Xo(Ag)/T*(Ag). Then
—1
(10.35) As(f)(z) == / f(tz)dOs,.
T (Ag)/T (k)
Here we integrate with respect to t € T1(Ay)/T(k). The notation tz €
Xo(Ag)/T (k) refers to the the translation
T (Ay)/T (k) x Xo(Ax)/T (k) — Xo(Ay)/T (k)
induced by
OA - T(Ak) X XQ(Ak) — X()(Ak)
(cf. (5.3)). This map makes
Xo(Ar)/T (k) — Xo(Ar)/T" (Ax)
into a topological torsor under the compact group 7% (A;)/T(k). We may
therefore apply the results in [11, Ch. VIL, §2 n°2] and conclude that Ag(f)(z!)
is a TY(Ax)/T(k)-invariant function on Xo(Ay)/T (k) with compact support.

It is clear that Kg is a positive linear map.
To define A, we make use of the canonical splitting

¢l Xo(Ag) /T (Ag) — Hom(Pic X, R)
in (10.21)(i) (cf. also (5.24)) and the corresponding canonical isomorphism
(10.36) Xo(Ay)/TH(Ap) = X(A;) x Hom(Pic X, R).
Then each g € C.(Xo(Ax)/T'(Ag)) can be regarded as a function on
X (Ag) x Hom(Pic X, R). Further, by (1.16) and [11, Ch.III, §5], the integral

/ g(P,A\)dm, X € Hom(Pic X,R)
PEX(Ap)

defines a continuous function on Hom(Pic X, R). There is, therefore, a positive
linear map

(10.37) A, : Co(Xo(Ag) /T (Ar)) — C.(Hom(Pic X, R))
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with

for A € Hom(Pic X, R).

Definition 10.38. — The toric positive linear map
An 1 Ce(Xo(Ag)/T (k) — Ce(Hom(Pic X, R))

is the composition of Kﬁ and A,.

The map Aa does not depend on the choice of the convergence factors as
long as 6,7, =1 for all v € W. It depends only on the fan A.

Lemma 10.39. — Let na be the measure on T (Ay) = Xo(Ag) determined by
the induced adelic norm (cf. (5.16)) of the toric adelic norm on X (Ay) and
let ma be the quotient measure of na on Xo(Ag)/T (k) (cf. (5.23)). Let

V = Homgz(Pic X,R), L =Homg(PicX,Z) CV

and dv be the unique Haar measure on V' such that the volume Vol(V/L) = 1.
Then, the following holds.

(a)

/ gdng = / Aa(g)dv
T(Ar)/T(k) Hom(Pic X,R)

for any g € Co(T (Ay)/T (k).
(b) Let h € C.(V). Then,

ho&, € Co(T (Ay)/T(k)),
AA(h OEA) = Te(Xv H H)h

Proof
(a) Let
Tr: Co(T (Ax)) — Co(T (Ag)/T(k))
be the trace map obtained by summing over all T'(k)-translates of a function

in C.(7 (Ag)). It suffices to prove the equality in the case f = Tr(g) for each
g € Ce(T(Ag)). Let

B={B,, ve W}, vy=Amw, ve W}

be two sets of convergence factors for T' resp. X such that £,v, = 1 for all
v e W and let

Ag: Co(T(Ap)) — Cu(X(Ay))
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be the positive linear map defined by the adelic order norm on 7" and 3 (cf.
(5.9)(b)). Then, by (5.23) and (4.28) there are equalities:

(10.40) / gdii 4 :/ fdna :/ Ag(f)dma
T(Ag)/T(k) T (Ag) X (Ag)

for the measure my on X (Ay) defined by the toric norm and ~.
Now make use of the canonical isomorphism

T (Ap)/T (Ag) = X(Ag) x Hom(Pic X, R)
in (10.36). Then by (1.16) we obtain a positive linear map
A Co(T (A) /T (Ar)) — Ce(X(Ay))

by integrating over the fibres of the projection 7 (Ay)/T(Ax) — X (Ax). We
may also change the order of integration (cf. op.cit.) such that

(10.41) / Al(h)dmA:/ A (h)dv
X(Ag) Hom(Pic X,R)

for any h € C.(T (Ay)/T*(Ax)). Finally, the following positive linear maps are
equal:

(10.42) Ag=A'oAgoTr.
This is a consequence of the compatibility of the Haar measures of
T(Ay), T(Ap)/TY(A), TYA)/T(k) and T(k)

(cf. the discussion after (5.19)) and the alternative description of Ag. Now let
h = Ag(g). Then, by (10.40) and (10.42) it follows that:

(10.43) / gdﬁA:/ Ag(f)dmA:/ A (R)dmy.
T(Ar)/T (k) X(Ag) X(Ag)

Therefore, (a) follows from (10.43) and (10.41) and the identity A,(h) =
Aa(g).

(b) Tt is clear that ho &, € C.(T (Ag)/T(k)) since &4 : Xo(Ag)/T (k) — V
is continuous and proper (in the topological sense). The equality is a direct
consequence of the definitions of Ax and 7.(X, || ||) (see (5.24) for more details).
This completes the proof. O

Notation 10.44. — Let oeg(X,U) C V = Hom(PicX — R) be the (dual)
effective cone described in (10.18) and let £ 4 : Xo(Ax)/T (k) — Hom(Pic X, R)
be the map described in (10.21)(j). Then,

(Xo(Ag)/T(k))ett = €4 (0e (X, T)).

ASTERISQUE 251



TAMAGAWA MEASURES ON UNIVERSAL TORSORS 227

Definition and proposition 10.45. — Let ny be the (restricted) product measure
on Xo(Ax) of the induced adelic norm (cf. (5.16)) for Xy of the toric adelic
norm for X and let my be the quotient measure on Xo(Ag)/T (k) (cf. (5.23)).
Then,

IA(S) = / HA(ﬁo, —s1Dy — -+ — SnDn)dﬁA
Poe(Xo(Ar)/T(K))est

converges absolutely in the domain Rs = (Rs1,...,Rsy) € RL,. Moreover, if

dv is the normalized Haar measure of V.= Hom(Pic X,R) in (10.18), and
(,):Vx(PicX)c—C

is the obvious pairing (cf. (10.31)), then

(1046)  Ia(s) = (X, | H)/ exp(A, [=51D1 — -« — sp Dy])d
)\Go‘eff(X,U)

in the domain Rs = (Rsq,...,RNsy,) € RL,.

Proof. — Fix s € R, and let fs : V — R be the function with support in

oet(X,U) such that fs(\) = exp(\,[-s1D1 — -+ — s, Dy]) for X € o (X, U).
Then,
= = JHA(Po,—s1Dy — -+ — sy Dy) if Pg € (Xo(Ag)/T(k))et
fs(gA(PO)) - {0 if ﬁO ¢ (XO(Ak)/T(k))eff
so that

Ia(s) = [ (fs 0 E)dria.
Xo(Ag)/T(k)

Now recall that C.(V) is dense in L!(dv) (see [38, Ch.IX, §3]). There exists
thus an L!'-Cauchy sequence (h;)2; in C.(V') converging to h. Hence, by
(10.39), (h; 0 € 4)2, is a L'-Cauchy sequence in C.(Xo(Ax)/T(k)) converging
to fs o0&, with

tim (hi0€0) = 7o ) fims | e =78 ) [ f

1700 J X0 (Ar)/T (k) t—oo Jy \%4

Hence Ia(s) converges absolutely and takes the value:

Ia(s) = 706 1) /V Fud

= ) / exp(\, [—51D1 — - — s, D)y
A€o (X,U)

for s € RZ,. But then Ia(s) converges absolutely for s € C" with
(Rs1,...,Rsp) € RY,

SOCIETE MATHEMATIQUE DE FRANCE 1998



228 PER SALBERGER

since
|HA(?0, —81D1 — e SnDn)| == HA(?(), —(%Sl)Dl — (%Sn)Dn)

It is also clear how to extend the proof to complex s by means of complex
valued L'-Cauchy sequences (h;)2; in C.(V,C). This completes the proof. O

Corollary 10.47. — Let In(s) be as above and let Qa(s) be a product of linear
forms defining the codimension one faces of the cone in Pic X, generated by
the classes [D] € Pic X of effective U-invariant Weil divisors D € Z2W) . Then
IA(S)QA(8) is a polynomial in s1,...,Sp.

Proof. — This follows from a result of Batyrev and Tschinkel [4, prop.5.4]
applied to the characteristic transform:

/ exp(\, [=s1D1 — -+ - — s, Dy ])dv
Aeaeg (X,U)
of the effective cone in Pic X. O

Now recall that U(k) = Uy(k)/T (k) is a discrete subset of (Xo(Ag)/T(k))est
(cf. (10.24)) and that the volume of the additive quotient group Xi(Ax)/X1(k)
with respect to dxidxs - - - dx, is equal to 1, because of the normalizations of
the Haar measures in section 1. It is therefore reasonable to regard

IA(S) = / HA(ﬁo, —s1Dy — -+ — SnDn)dﬁA
Po€(Xo(Ar)/T(k))emt
as a continuous approximation of
Za(s)= > Ha(P,—s1Dy—-- = s,Dp)
PcU(k)

in the domain Rs = (Rsy,...,Rsy,) € RL,.

To make this precise, one has to choose a fundamental domain in Xy (Ag)
under the action of T'(k). Suppose for simplicity that the o is a principal
domain. Then the natural map from T'(k) to the direct sum ®T'(k,)/T (kv )cp
over all non-archimedean places v of k is surjective. This together with the
canonical isomorphisms in (10.8) implies that there is a canonical isomorphism:

I Xo(on) x J] Xo(k.) /T(O) = Xo(Ax)/T(k)
Weo

Whn

so that we are reduced to a choice of a fundamental domain modulo 7'(0).
We refer to the papers of Schanuel [56] and Peyre [52], [51] for more details
about the choice of fundamental domains. The zeta function Za(s) may be
reinterpreted as a sum over a subset of Uy(k) lying in the fundamental domain
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F and the goal is to approximate this by the corresponding integral over the
subset of F defined by the inverse image of (Xo(Ag)/T(k))eft-

If we restrict to the diagonal s; = --- = s, and put (a(s) := Za(s,...,s)
for Rs > 1, this leads to proving that {a(s) — Ia(s,...,s) is small compared
to In(s,..., ).

Batyrev and Tschinkel prove in [7] that the characteristic transform in
(10.46) has a pole of order r and that the leading coefficient in the Laurent
expansion is equal to (r —1)!- apeyre(X). If one applies the Tauberian theorem
in [D] to Ca(s), one thus concludes that if

(s =)' (Cals) = Ia(s, .-, 9))

has a holomorphic continuation to a right half plane s > 1 —§, § > 0, then
(7.6) and (7.7) holds for the counting function defined by the toric height.
(This is how Batyrev and Tschinkel proceeds in [7] and [4] although there is
no volume-theoretic interpretation of Ia there.)

We shall in the next section prove (7.6) and (7.7) for toric varieties over Q
without making use of Manin’s zeta function (a(s). But the bounds of the
error terms in section 11 can be reinterpreted as bounds for {a (s)—Ia(s, ..., s).

11. Asymptotic formulas for counting functions on toric Q-varieties

We shall in this section study the asymptotic growth of counting functions
for (split) toric varieties XA over Q defined by complete regular fans A. We
shall assume that the base field £k = Q, but otherwise keep the notations in
section 10. We will thus write H for the toric (anticanonical) height function
and C(B) for the number of rational points of toric height at most B on the
open Q-torus U in X = Xa. Also, r will denote the rank of Pic X as in
the previous sections. Hence r = Card A(1) — dim A by (8.2). We assume
throughout this section that w)_(l is generated by its global sections.

The aim of this section is to prove the asymptotic formula

(11.1) C(B) = CB(log B)""' + O(B(1 + log B)"~%/%*¢)

where
C=aX)r(X,|[)>0

is the constant of Peyre (cf. (7.7)) and € > 0 is a positive number which
may be arbitrarily small. This improves somewhat upon the earlier results of
Peyre [52] for special classes of toric Q-varieties and the results of Batyrev and
Tschinkel [7], [4] for arbitrary toric varieties. They prove asymptotic formulas
of the type

C(B) = a(X)7(X, || [)B(log B)""'(1 + o(1))
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Batyrev and Tschinkel deduce this result from the meromorphic continuation
of the Manin zeta function (a(s) (cf. the end of sec.10). By using their esti-
mates for the growth of {a(s) along suitable vertical strips with Rs < 1 and a
method of Landau (cf. [60]), one can probably deduce the more precise result

C(B) = BP(log B) + O(B'™9)

for some real polynomial P and some positive number §.

Our proof of (11.1) has its origin in the papers of Schanuel [56] and Peyre
[52] on projective spaces resp. certain special blow-ups of projective spaces.
The main idea is to count integer points on models of finite type over Z of
universal torsors over X instead of rational points on X. If » = 1, then
Xa =P (cf. (8.9)(v) and [24, p.22]) and the toric height is equal to the
standard height. There is, then, only one (isomorphism class of) universal
torsors given by the affine cone A"T\(0,...,0) of P*. Hence our method
reduces to Schanuel’s method when r = 1. We shall therefore omit this trivial
case in some lemmas.

Let W be the set of places of Q and let

I =Allll, veW}

be the toric adelic norm for X. This adelic norm gives rise to the toric height
function H on X (Q) defined by

(11.2) = 11 s
veW

where s is a local section of the anticanonical sheaf wy!' at P with s(P) # 0
(cf. (7.2)).

Let m: Xg — X (resp. 7 : Xo — )~() be the principal universal torsor over
Q (resp. Z) described in the beginning of section 10. Let

= > D,
pEA(L)

If o is a maximal cone of A, let x™), m(s) € M be the unique character
of U such that y~"%) generates O(Dy) on U,.
Let

D(c) = Do + Z (—m(0),n,), 0 € Amax

be the Weil divisors described in (8.7) and recall that these are effective divisors
when w;(l is generated by its global sections. Let

= I =

pEA(L)
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be the monomial in the indeterminates x,, p € A(1) corresponding to the

effective Weil divisor
D= > a,D, ez

pEA(1)
We now give a concrete description of the composite map Hy = H o x from
Xo(Q) to Rs in the case where O(Dy) is generated by its global sections.

Proposition 11.3. — Let By be a Q-point on Xo which extends to a Z-point on
Xgo. Then
Ho(Py) = sup [aP)(Py)|

UGAmax

for the usual archimedean absolute value | | of R.

Proof. — Let B € J?O(Z) be the extension of Py and let X, C X; =
SpecZlx,|, p € A(1) be the toric open immersion described after 10.3. Let p
be a prime and let Yy C SpecZ/pZx,], p € A(1) be the reduction modulo p
of Xo. Then, by applying (8.8)(a) to Yy, we conclude that 2P)(Py) # 0 in
Z./pZ for some maximal cone o of A. Hence the product formula for Hy(Fp)
in (10.14) reduces to its archimedian factor. This completes the proof. O

Lemma 11.4
(a) Let ¢(m) = Card{P € U(Q) : H(P) = m} and
co(m) = Card{Py € Xo(Z) N Uy(Q) : Hy(Py) = m}.

Then, c(m) = co(m)/ Card T(Z).
(b) Let Up(R)™ be the real connected component of Uy(R) containing 1 and

let
Uo(Q)F =Uo(@n Uo(R)™,
co(m)t = Card{Py € Xo(Z) NUp(Q)" : Hy(P) = m}.
Then,
co(m) = Card(Up(R)/Un(R) " )eo(m) ™.
Proof

(a) It follows from Grothendieck’s version of Hilbert 90 (cf. [45, p.124]) and
the fact that Z is a principal ideal domain that H}, (SpecZ, T) = 0. The fibres
of 7 : XO — X at Z- points on X are therefore trivial Spec Z-torsors under
T. Hence 7(Xo(Z)) = X( ) and there are exactly Card T(Z) points in Xo(Z)
with a given image in X (Z).

(b) We regard (70(2) as a subgroup of Uy(Q). Then, since the group action
Up x Uy — Up extends to a toric action (70 X )~(0 — )?0 we conclude that
Xo(Z) N Up(Q) is a union of Uy(Z)-cosets in Up(Q). Also, each Uy(Z)-coset
in Up(Q) contains exactly one element in Up(Q)* and the height function
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Hj takes the same value for each Q-point in a ﬁO(Z)—orbit of Xo(Q). Hence
co(m) = co(m)T CardUp(Z). To complete the proof, note that there is a
canonical group isomorphism between Uy(R) and Uy(Z) x Up(R)*. O

We may thus instead of counting Q-points on U count Z-points on the
universal torsor X, such that the corresponding Q-points lie on 7= (U). The
number of such Z-points on the universal torsor )~(0 of a given height is the
same in each real connected component of Uy.

To study co(m), let pi1,...,p, be an ordering of the rays in A. Let

Dy, ..., D, be the corresponding U-invariant irreducible Weil divisors and let
T1,...,T, be the variables corresponding to these prime divisors. Each a2 (@)
0 € Amax 18 @ monomial in xq, ..., z, with exponents ¢1, ..., &, corresponding

to the multiplicities of D(o) along D1,...,D,,. If r = (r1,...,7y,) is an n-tuple
with components in an arbitrary commutative ring R and o € Ay, let 72
be the element in R obtained by evaluating () at z = r.
Now recall (cf. the comments after (8.6) and (10.3)) that the open toric
embedding
)~(0 cCX = SpecZx1, ..., xy)

is the complement in X 1 of the closed subscheme defined by the monomials 2%,
0 € Apax. This implies that Xo(Z) € X1(Z) = Z™ is the subset of n-tuples
q of integers for which the greatest common divisor

ged (g%) =1.
UeAmax

Hence, by (11.3) it follows that ¢o(m) is the number of n-tuples q of non-zero
integers satisfying the following two conditions

11.5 (i) sup la” | =m,
OEAmax
11.5 (ii) ged (%) =1.
0E€Amax

Moreover, co(m)* is the number of n-tuples q of positive integers satisfying
(11.5).
If O(Dy) is generated by its global sections, then we have seen in the proof
of (11.2) that (11.5)(ii) implies that
11.5 (i)’ sup |qP@)] =1,
UeAmax
If O(Dy) is ample, then these two conditions are equivalent (cf. (8.8)(b)).

It is difficult to make use of (11.5)(11.5 (ii)) directly. We shall therefore
first study a simpler counting function Aq(H) and then make use of Mdbius
inversion. This idea is central in the papers of Schanuel [56] and Peyre [52].
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Notation 11.6
(a) a(m) is the number of n-tuples q of positive integers such that
sup |q” )| =m
UGAmax

A(B) is the number of n-tuples q of positive integers such that
sup |q”7)| < B.

0E€Amax
(b) Let d be an n-tuple of positive integers. Then, aq(m) is the number of
n-tuples q of positive integers such that

sup [qP@=m, dlq
O'EAmax

(i.e. d; divides ¢; for i@ = 1,...,n) whereas Aq(B) is the number of
n-tuples q of positive integers such that

sup |q”@|<B, dla
JEAmax

(c) Co(B) (resp. Co(B)™) is the set of all n-tuples q of non-zero integers (resp.
the set of all n-tuples q of positive integers) such that
(i) supsen,,, [a”7| < B,
(i) gedyen ., (@%) = 1.
(d)

for any n-tuple of integers d = (dy,...,d,).
All the cardinalities above are finite since (cf. (11.20))

sup |qP@)| > [TI(q)|
UGAmax

Lemma 11.7. — Let d be an n-tuple of positive integers. Then,
0 <II(d)Aq(B) < A(B).

Proof. — We introduce an equivalence relation ~ on the set of all positive
n-tuples q = (q1, ..., qpn) such that

sup |q”?)| < B.
0E€Amax

Let
a=(q1,- - sqn) ~r=(r1,...,m0)
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if and only if

(g1 = V)/d], - [(gn = )/ dn]) = ([(r = 1)/da], .. [(rn = 1)/ dn])-

An equivalence class consists of II(d) elements if and only if it contains a
positive n-tuple q € ZZ, such that d | q. Also, no equivalence class contains
more than one such n-tuple. Therefore, A4q(B) is the number of equivalence
classes with II(d) elements. This implies the assertion. O

Notations 11.8
(a)
X - ZT>LO — {0’ 1}

is the function such that y(e) = 1 if and only if the greatest common
divisor of all €%, o € Apax is 1.

(b)
Xz — {0,1}

is the function such that x(?)(e) = 1 if and only if the greatest common
divisor of all eZ, 0 € Apax is not divisible by p.
(c) Let d € Z%,. Then,

Xd : ZZO - {Oa 1}

is the function such that yg(e) =1 if and only if d | e.

We have also denoted characters of tori by x. But no confusion should occur
since the indices are not the same.
We now define a Mobius function

piZly — Z

recursively with respect to the relation |. This Mébius function was defined
by Peyre [52, 7.1.7] for special classes of toric varieties.

Definition and proposition 11.9. — There exists a unique function
pZly — Z
such that

x(e) => u(d)

dle

for d running over all n-tuples of positive integers dividing e € ZZ,.

Proof. — Use the finiteness of the set {d € Z2,:d | e} for all e € Z%,. O
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It is unfortunate that we also use the letter p for measures, but it will be
clear from the context if p is a measure or a Moébius function.
From the definition of y, it follows that:

(11.10) X =Y u(d)xa
d

where d runs over all n-tuples of positive integers. Now consider the sum of
the values of all q € (Z)" such that Hy(q) = m. Then,

(11.11) co(m)t = Zu(d)ad(m),d € Z%,.
d

The sum is finite since aq(m) = 0 if sup(dy, ..., d,) > m.

Notation 11.12. — Let p be a prime number. By
(p)

2

d
we shall mean a sum over all n-tuples d of positive integers of the form

d=(p=,...,p)

for non-negative integers eq, ..., e,.

There is a local version of (11.10)

(p)
(11.13) X® =" p(d)xa
d

where p(d) = 0 if p? | d; for some component of d = (dy, ..., d,).

The values of the functions x)(q) and y4(q) for n-tuples d as in (11.12),
depend only on the residue class of @ = (q1,...,qn) in (Z/pZ)". We can
therefore compute the cardinality of

Xo(Z)pZ) = {r = (r1,...,r) € (Z/pZ)" : 36 € Apay with 17 # 0}

by means of (11.13). If we consider the sum of the values of all r € (Z/pZ)",
then we obtain
_ (p)
(11.14) Card Xo(Z/pZ) = 3 u(@)(p" /TI()).
d
Now write
de := (dlel, ce ,dnen)
for n-tuples d = (d1,...,d,), e = (e1,...,e,) of integers.
The following result is due to Peyre for special classes of toric varieties (cf.
[52, Ch.7]).
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Lemma 11.15
(a) Letd = (dy,...,d,), e=(e1,...,e,) be n-tuples of positive integers.
Let
d =ged(d?), o € Apax,
e =ged(e?), o€ Apax

and suppose that 6 and € are relatively prime. Then

pu(de) = p(d)u(e).
(b) Let (e1,...,en) be an n-tuple of non-negative integers. Then u(p°, ..., p)
is independent of the prime number p.
(c) Let (e1,...,en) be an n-tuple of non-negative integer, not all 0 and sup-
pose that there exists a cone o € A such that e; = 0 for all rays p; € A

outside o. Then
€1

pu(p®, ..., p) =0.
(d) Let f be the smallest integer such that there exist f rays of A not con-
tained in a cone of A. Then the product

H Z!u )I/T1(d

over all prime numbers p is absolute convergent for s > 1/f.
(e) The sum

ZIM )I/I(d)*,  deZg,

is convergent for s > 1 /f and equal to

(»)

[T | D (u@)l/1ay
p d

fors>1/f.
(f) The product [, (Z((ip)u(d)/ H(d)) over all prime numbers p is absolute

convergent and equal to Y4 pu(d)/TI(d).

Proof. — (a) and (b) are easy consequences of the definition of p.

(c) Let q = (p°,...,p°"). Then the greatest common divisor of all integers
qZ, 0 € Apnax is 1 if and only if there exists a cone o € A with e; = 0 for all
rays p; € A outside o (cf. the discussion before (11.5)). The desired statement
now follows from the recursive definition of u.

(d) It follows from (b) and (c) that there is a polynomial Q(7T") with non-
negative integer coefficients such that Zg)(\u(d)\/ﬂ(d)s) =1+p/*Q(1/p%)
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for all prime numbers p. Now use the fact that the sum of all p~/Q(1/p) <
p~2Q(1) is absolute convergent.

(e) This follows from (d) and the multiplicativity of (|u(d)|/TI(d)*) (cf. (a))
(f) This follows from (e) and the multiplicativity of p(d)/II(d). O

Lemma 11.16. — Let f : Z > 0 — R be a function such that f(B) > 0 for all
sufficiently large integers B > 0 and such that

I(d)Aa(B) = f(B)(1 +o(1))

for alld € Z%,.
Then there exists a positive constant

(p)
=111 D (w@)/m(d)

P d
such that
Co(B)" = kf(B)(1 +o(1)).
Proof. — Choose k > 0 such that f(B) is positive for B > k and let
9(d, B) = [u(d)Aa(B)/F(B) - u(d)/T1(d)|
for all B > k and all d € ZZ,. Then

Co(B)*/f(B) — & = |3 Aa(B)/f(B) = k| <> _g(d, B)
d d
for B > k. It is therefore sufficient to prove that

lim Zg(d,B) = 0.
d

B—oo

Also, since 0 < II(d)Aq4(B) < A(B) there exists a constant E > 0 such that
(d)Aa(B)/f(B) = 1| < [A(B)/f(B)| + |A(B)/f(B) = 1| < E

for all d € Z% and all B > k.

Hence by (11.15)(f), it follows that ) 4 ¢(d, B) converges uniformly with
respect to B > k (this means that it for each € > 0 exists a finite subset S of
Z% such that 4,6 9(d, B) <e¢ for all B > k).

Therefore,
1' = 1 =
Jim > g(d.B) =) (lim g(d, B)) =0
d d
as was to be proved. O
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We can now extend the method of Peyre [52] for certain blow-ups of pro-
jective spaces to arbitrary toric varieties. It can be described as follows. One
first proves asymptotic formulas of the type

(11.17) (d)Aq(B) = wB(log B)" (14 O(1/ log B))

with the same positive constant @ for all d € Z%; and compares @ with a
volume. Then from (11.16) one gets the asymptotic formula

(11.18) Co(B)* = kwB(log B)" ! (1 + 0(1))

with  as in (op.cit.).

Peyre computes the main term f(B) by Mobius inversion as in (11.11)-
(11.15). He bounds the error term by means of an argument with uniform
convergence as in (11.16) although he never mentions the role of uniform con-
vergence. His proof of (11.17) is less direct than here (cf. his comment at the
end of p.171 in op.cit.). It also makes use of special properties of the class of
blow-ups of projective spaces he considers.

We shall in this paper apart from the generalization to arbitrary toric vari-
eties improve the treatment of error terms under Mébius inversion in [52]. One
of the tools to do this will be the following result about the Mdbius function
p: Z%y — Z introduced in (11.9).

Lemma 11.19. — Let f be the smallest integer such that there exist f rays of
A not contained in a cone of A. Let ¢ be any posititve real number. Then the
following holds.

(a) Zn(d )<b (@) = OB/ 1+e)
(b) Crayzs(I#(d)]/1I(d)) = OB}/ ~1e)
Proof

(a) This follows from the fact (cf. (11.15)(e)) that the sum ) 4 [p(d)|/TI(d)®
over all d € ZZ, converges for s > 1/f (cf. e.g. [68, p.5]).

(b) Let y(m) = > rydy=m l1(d)| where d € ZZ,. Then we have to prove

that
> y(m)/m = 0@+
y>b

for any € > 0.
To show this, put y(0) = 0 and Y (m) = y(0) + - - - +y(m) for m > 0. Then,
by partial summation we obtain:

Zy(m)/m:— b—l/b—i—ZY )/m(m + 1)

m>b m>b

for any positive integer b.
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But Y (m) = O(m"#+%) by (a). Hence
Y(b—1)/b=O®YI1Fe)

and
Z Y(m)/m(m+1) < Z Y (m)/m? = O(Z ml/ff2+5) _ O(bl/f,lﬁ).
m>b m>b m>b

This completes the proof. 0

Proposition 11.20. — Let Dy = 3 A
ated by its global sections. Let o = (o, ..., o) € Up(R) be an n-tuple of real
numbers different from 0. Then,

(@) < sup [aP@)].

UeAmax

1 Do and suppose that O(Dy) is gener-

Proof. — Let P € Uy(R) be the image of o € Uy(R) and let o be a maxi-
mal cone such that P € C,(R) and let x"?) be the character which on U,
represents the Cartier divisor with Weil divisor Dy. Then |x"™)(P)| < 1 (cf.
(9.2)). Now note that x"?)(P) = o0 /aP() by the definition of D(c). This
completes the proof. O

Note that the argument is valid for arbitrary locally compact local fields.

Notation 11.21

(a) Let mran : Xo(R) — X (R) be the analytic map defined by 7 : Xg — X
and let Cy(R) C X(R) be the compact subset defined in (9.1). Then,
Co,s(R) is the inverse image of Cy(R) under mg ay.

(b) Let p;, 1 < i < n be the rays of A, let D;, 1 < ¢ < n be U-invariant
irreducible Weil divisors corresponding to these rays and let z;, 1 <7 < n
be indeterminates indexed by the rays. Let

D=UDi+---+1,Dy, UL,....0l, €7

be a U-invariant Weil divisor on Xa. Then x” denotes the Laurent

monomial [, zb.
Proposition 11.22. — Let 0 € A be a mazximal cone of the complete reqular fan
A and let

(p17 s 7p’r'+d)
d=dimA, r+d= Card A(1) be an ordering of the rays of A such that
(Pre1y- -5 Prad)

are the rays of o. Let
{n¥, 1<j<d}
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be the Z-basis of N, consisting of the generators of the rays p,1; of o and let
{mY, 1<j<d}
be the dual Z-basis of M. Finally, let
D)= Y (mY n,)D,
pEA(L)

for1 <j<d.
Then Cy »(R) is the subset of Xo(R) of real n-tuples x = (z1,...,%r4q) for
which

(%) 2PV <1, je{l,....d}.

Proof. — It suffices by continuity to show that an R-point Py on Uy satisfies
XPO(Ry)| <1 for 1<j<d

if and only if P = n(Py) € C;(R). To see this, let

d
—L(P) =Y _xnY), N eR,
j=1

Then P € C,(R) if and only if
(mP, L(P)) > 0
for 1 < j <d (cf. (9.1)). Now note that
[xP ()| = exp(m), L(P))

by the definitions of mU), D(j) and L. This completes the proof. O
Remark 11.23. — Let 7 = o) be the (unique) adjacent maximal cone with
TOpryj = {0},

and let b; be the multiplicity of D,,; in D(7). Then,
D(r) = D(0) = b;D(j)

by (8.9) so that
,xD(T)—D(J)‘ — ‘XD(j)‘bj_

Also, if x € Cp»(R), then [xP(=P@)| <1 for all maximal cones 7 € A by
(9.8).

If > eaq) Dp is ample, then b; > 0 for 1 < j < d (cf. (8.9)). We may
therefore in this case (cf. also (9.10)) replace (x) by the condition:

(+') xPT=DE)) <1 7€ Apax.
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Sublemma 11.24. — Let (eq,...,e;) be non-negative integers and let e be a
positive integer. Let

S(B,G; €1, .- '761") = Z(Hgfi/efl)

=1

be the sum over all r-tuples (g1,...,gr) of positive integers satisfying

ngléB

and

max(g1,...,9r) < B.
Then,
S(B,eseq, ... e,) = O(BY¢(1+1og B)"Y).

Proof. — Suppose that e, = 0. Then,
S(B,e;e1,...,ep—1) (Zgi}l 1/1) ifr>1
(Zl@l 1/2') ifr=1.

We may and shall therefore assume that (eq,...,e,) is a positive r-tuple.
The statement is easy to verify for r = 1 by means of a comparison with an
integral. Suppose r > 1 and put m = g, a = e,. Then

S(B,eier,... e0) <

[VB]
S(B,e;er,...,a) = Z m LS ([B/m%, eseq,. .., er 1).
m=1
The induction assumption for S([B/m?%],e;e1,...,eq—1), 1 <m < [V/B] gives
[VB]
S(B,e;e1,...,a) =0 Z m =Y (B/m®)Y¢(1 + log(B/m®)"2) | ,
m=1
S(B,e;e1,...,a) = Bl/eZm (1 +log(B/m®)"~?)
and the desired result follows. O
Lemma 11.25
(a) A(B) = O(B(1+log By ).
(b) Let

up = (0,...,0,1,0,...,0), 1<k<n
be the k-th unit vector in the standard basis for R™ and let or(B) be the
set of n-tuples g of positive integers such that
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(i) SupaEAmax |gD(U)| < B7
(i) sup,ea,,, (&8 +ur)P| > B.
Suppose that Card A(1) — dim A > 1. Then,
Card§(B) = O(B(1 +log B)" ).

Proof
(a) Let 0 € A be a maximal cone and let A,(B) be the number of positive
n-tuples g of integers such that

g = (gla s agn) S CO,O‘(R)
and

sup [gP7)| < B.
UeAmax

It suffices to prove that
A,(B) = O(B(1 +log B)"™ 1)

for each maximal cone o of A.
Fix 0 € Apax and let (p1, ..., p,) be an ordering of the rays of A such that
the last d = n — r rays are the one-dimensional faces of . Then

r

D(O‘) = Z eiDi
i=1
for some non-negative integers ej,...,e,. (We use here the assumption that

O(Dy) is generated by its global sections.)
Let {mU) € M, 1 < j < d} be the Z-basis of M in (11.22) and let

E(j)=Dryj— > (mP.n,)D,, je{l,...,d}.
pEA(1)

Then each x¥U) is a Laurent monomial in (T1y. ooy p).
Moreover, by (11.22)-(11.23) it follows that A,(B) is the cardinality of the
set of r 4+ d-tuples g = (g1, ..., gr+q) of positive integers such that

(#) g’ =[e <B
=1
(##) gri; <89, je{l,....d}
Now note that by (8.9)(iii):
d
D(o) = (D1 +--+ D) = > E(j)
j=1
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and hence that

r

fl -

There is, therefore, for each r-tuple (g1,...,9,) € ZL, at most []._, gffl
d-tuples satisfying (##). Hence,

5 < YqTo)

where in the sum (g1,...,g,) runs over all r-tuples of positive integers satis-
fying [[;_, ¢;* < B. Finally, note that

max(gi, ..., g,) < [l(g)| < sup [g”| < B
O'EAmax

by (11.20). Hence A,(B) = O(B(1 + log B)"~2) by the sublemma above.

(b) It suffices to count the set d,(B) of n-tuples g = (¢1,. .., gn) satisfying
(i) and (ii) and the additional condition

(iii) g+ ux € Co0(R)

for some maximal cone o € A.
Now order the rays as in (a) with

.
gD(O‘) — Hgiei
i=1

and recall that

g’ < (g+u)"”

by (i)-(iii). Then k € {1,...,r} and e; > 0. After a permutation of the first r
rays we may thus assume that & = 1. Moreover, from the arguments in (a), it
follows that 0, (B) is the number of n-tuples g of positive integers satisfying:
(I U0 g”7)| < B
(II) gTJrJ (g+ul) (]) Je{l)ad}
(D) (g1 + D) [Tiza 9" > B

Also, by (8.9)(iii) we have just as in (a) that

d
H g+ul)E(]) 91 + 1 el — Ingz—l < 9e1— 1ngl—1.

Jj=1
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There are therefore for each r-tuple (g1, ..., g,) € ZZ, at most 2611 [T’ gt

i=19;

d-tuples satisfying (II). Moreover, from (I) and (III) we conclude that

= [(B/Hgiei)l/el B/ngl 1/61

j=2
Hence,
,
Cardd,(B) < 297137 ( B/ ngz )i Hgf”)
i=2
,
261 1B1 1/61 Z (nge /61 )
i=2
where in the sums (g9, ..., g,) runs over all r-tuples of positive integers satis-
fying

ngl < B.

We therefore obtain from the bublemma above that
Card §,(B) = O(B(1 + log B)"?)
as was to be proved. O

Lemma 11.26. — Suppose that v > 1. Then there exists for each € > 0 a
positive constant C = C(g) > 0 depending only on € such that

0 < A(B) — Aq(B)II(d) < CTI(d)B(1 + log B)" 2
for alld € Z%, and all B > 1.

Proof. — Fix d € Z%, and B > 1. Then (cf. the proof of (11.7)) A(B) —
Aq(B)II(d) is equal to the cardinality of the set Q(B) of q € ZZ, such that

(i) Supgea,.. [(@+d—(1,...,1)P@| > B
(i) supyen,,., ‘qD(U)‘ <B
But there exists for each q € Q(B) an n-tuple e of positive integers with

e; <d, iE{l,...,n}

and an integer k € {1,...,n} such that q + e belongs to the set Jx(B) in
(11.25). Hence

Card Q(B Z Card oy (B

so that the desired assertion follows from the previous lemma. O

ASTERISQUE 251



TAMAGAWA MEASURES ON UNIVERSAL TORSORS 245

Main lemma 11.27. — Let A be a complete reqular d-dimensional fan with n
rays such that r :=n—d > 1 and let f be the smallest integer such that there
exist f rays of A not contained in a cone of A. Then the Fuler product

H Kp = H Card Xo(Z/pZ) /p"

converges absolutely to a positive constant k and
for each € > 0.

Proof. — The first assertion about x is just a restatement of (11.15) since

(p)
Kp =Y _(1(d)/TI(d))

d

by (11.14). To prove the last assertion, we fix ¢ > 0 and use the identity (cf.
(11.11))

Ct(B) = n(d)Aa(B), d ez,
d
Then,

Cf (B) - kA(B) = 3" u(d)Aa(B) - 3 u(@)A(B)/II(d), d € 22,
d d

where the last sum is absolute convergent by (11.15).
It is therefore sufficient to prove that

> ()| (A(B)/I(d) — Aa(B)) = O(B(1 + log B)'~>H1//+%),
d

But there exists by (11.26) a constant C' such that
0 < A(B)/TI(d) — Ag(B) < CB(1 4 log B)" 2

for all d € Z% and all B € Z~o.
Hence by (11.19)(a) we get that

D In(@I(AB)/I() — Aa(B)) < CB(1+logB) %)) |u(d)|
d

d
= O(B(1 + log B)"~2+1//+¢)

for the partial sum of all d € Z%, such that II(d) < (1 +log B).
For d € Z¢, with II(d) > (1 + log B), we use the fact that (cf. (11.25))

0 < A(B) — Aq(B)TI(d) < A(B) = O(B(1 +1og B)" ™).
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Hence, by (11.19)(b) we get that
D IH(@I(AB)/NI(d) — Aa(B)) = O(B(1+1logB)"™") Y [u(d)|/1(d)
d d
= O(B(1 +log B)'~2+1/f+e)
for the partial sum of all d € ZZ, such that II(d) > (1 +log B). We therefore

obtain the desired upper bound for the sum of all d € ZZ, by combing the
two partial sums. This completes the proof. ]

Let my, be the Borel measure associated to the toric norm on X(R) (cf.
(9.11)(b)) and let no be the Borel measure on Xo(R) determined by the
induced norm of the toric norm (cf. (3.30) and (9.12)).

Notation 11.28. — Let B > 1 be a real number. Then,
(a) D(B) C Uy(R) is the set of n-tuples x = (x1,...,z,) such that
(i) inf(x1,...,2,) > 1,
(H) SUPge Amax ‘XD(J)‘ < B.
(b) T(B) = fp5) S0Pt X7
Lemma 11.29. — We have
A(B) = I(B) + O(B(1 +log B)"?).
Proof. — Let X, = SpecZlz,], p € A(1). Then X1(Z) is a Z-lattice in
X1(R) = X;(R) = R". Let
dx =dxq---dxy,

be the Haar measure on X7 (R) such that the volume of a fundamental domain
of X1(Z) c X1(R) is equal to 1. Then (cf. (9.12)) the following equality holds
on XQ(R) C Xl(R)

[ gan= [ (5097 s x7) ) ax
XQ(R) Xo(R) 0€Amax

for any continuous function f on Xy(R) with compact support. It is therefore
also true for the characteristic function g of D(B) C X(R) since there exists
an L'-Cauchy sequence (f;)32; in C.(X1(R)) converging to g (cf. [38, Ch IX,

§3]). Hence,
I(B) = /D(B) dx.

while A(B) is the number of lattice points in D(B). Let v(B) be the set of
n-tuples g = (g1, .., gn) of positive integers such that

(i) SUPsen ., 187 < B,
(i) supyen,. [(8+1)P@| > Bfor 1 =(1,...,1).
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Then, D(B) contains a union of of A(B)— Card v(B) disjoint n-dimensional
unit cubes and is contained in a union of A(B) n-dimensional unit cubes.
Hence, by an argument due to Archimedes one has

0 < A(B)— I(B) < Card~(B).

There is for each g € (B) a binary n-tuple e such that g + e belongs to
one of the sets d;(B) described in (11.25). Therefore,

n
Cardy(B) < 2" Z Card 0x(B)
k=1
so that the desired assertion follows from (op. cit.). O

Let n, be the measure on X,(Q,) determined by the induced norm of the
toric norm on X (Q,). Then,

Card XO(Z/pZ)/p” = np(XO(Zp))

by (9.14) and (2.15). We may thus summarize the results obtained so far as
follows.

Theorem 11.30 (preliminary form). — Let A be a complete reqular d-dimensio-
nal fan with n rays such that r :=n —d > 1 and let X = XA be the toric
Q-variety defined by A. Suppose that the anticanonical sheaf of X is generated
by its global sections. Let H be the height function on X(Q) defined by the
toric adelic norm || || for X and let C(B) be the number of Q-points on U of
toric height at most B.

Let m: Xo — X be the principal universal torsor of X and let n, and ns be
the Borel measures on Xo(Qp) resp. Xo(R) determined by the induced norm
of the toric norms. Finally, let D(B) C Uyp(R) be as in (11.28) and let f be
the smallest integer such that there exist f rays of A not contained in a cone

of A. Then, N
17 (Xo(Z,))
p

converges absolutely to a positive constant k and

c(B) - KCard(Uo(R)/UO(RJF) /
Card T(Z) D(B)

sup |xP|dn
0E€Amax

= O(B(1 + log B)"~2T1/7te)
for any € > 0.
Proof. — We have
cm) = com)/ Card(T(2)) i
co(m)™ Card(Up(R)/Uy(R)")/ Card(T(Z))
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(cf. (11.4)) and hence
C(B) = Card(Uy(R)/Up(R)") Card(T(Z)) ' Co(B)*.
The theorem is therefore a consequence of (11.27) and (11.29). O

It remains to study the integral:

/ sup |XD(”)|dnoo:/ dx.
D(B) UGAmax D(B)

We shall do this by means of the toric canonical splitting over R.

Notation 11.31. — Let B > 1 be a real number, 0 € A be a cone and D(B)
be as in (11.28). Then,

D(B,o) = D(B) N Cy(R).
It follows immediately from the definition of C,(R) that
D(B,o)ND(B,7)=D(B,cNT)
for any two cones 0,7 € A.
Proposition 11.32. — We have
o™ 2 </D<Bﬂ dx)

where dx is the Lebesque measure on X1(R) = R normalized by X,(Z) =
VARRS

Proof. — Tt follows from the definition that the sets D(B,0), 0 € Apax form
a covering of D(B). It is therefore sufficient to prove that

/ dx =0
D(B,oNT)

for each pair (o, 7) of maximal cones in A. But this is done exactly as in the
proof of m(Cy(R) N C(R)) =0 in (9.16). O

Now fix a maximal d-dimensional cone ¢ € A and choose an ordering
(p1,...,pn) of the rays in A such that the last d rays are the one-dimensional
faces of o and such that (cf. (8.7))

D(U) = i eiDi
i=1

for some non-negative integers e, ...,e., r =n —d.
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Let {mU), 1 < j < d} be the Z-basis of M which is dual to the Z-basis
{n(j), 1 < j <d} of N, consisting of generators of the rays p,4;, 1 <j < d of
o. Also, let

E(j)=Drj— Y (mY\n,)D,, je{l,....d}
pEA(L)

as in the proof of (11.25). Recall that x*(), 1 < i < d is a Laurent monomial
in (z1,...,2,) and that (cf. (8.9)(iii))

d r
(11.33) [[x79 =%/ ]
j=1 i=1

D(B, o) is then by (11.22)-(11.23) the set of x = (x1,...,%,+4) such that
(1) min(zq,...,2p4q) > 1
(i) [[i., =z <B
(i) @ < xFU) je{1,...,d}
Notations 11.34. — (B, o) is the set of all real r-tuples (x1,...,z,) such that
(i) min(zq,...,2,) > 1,
(i) xP) < B,
(i) xP0) > 1, j € {1,...,d}.
We now first integrate with respect to (,41, ..., Z;1+4) and then with respect
to (z1,...,z,). By Fubini’s theorem it follows that:

d
D(B,0) Q(B,0) j=1
and by (11.33) that
(11.36) / dx = / PO [T - xm0 | . dar
D(B,o0) Q(B,o) I Ty

d d
We may regard w = St
I x
on T(R) C Uy(R). Moreover, since D(0) — Dy and D, ; — E(j) are principal

divisors one has

as a global T-invariant differential form

XD(O’) _ XDO

and
xbi = Tryj, jeEA{L,...,d}
on T'(R).
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Let F(B) C T(R) be the subset of T(R) C Up(R) satisfying
(%) min(xy,...,T4q) > 1,
(k) xPo < B.

Then the projection onto the r first coordinates defines an analytic isomor-
phism between Q(B, o) and F(B, o). Hence from (11.36) we deduce that

dxrq dx,

d
11.37 / dx:/ xPo 1—1/zpys) | — -
( ) D(B,o) F(B,o) jq( / +J) I Ly
Lemma 11.38. — We have

/ dx — / KDL BT 6 B(1 4 log B )
D(B,o) F(B)

I s
for B> 1.
Proof. — 1t suffices by (11.37) to show that

d d
/ (kP fa, 1) =L S = O(B(1+ log B)'~2)
F(B) 1 Ly
. dxq dx,
for j =1,...,d. But the measure |w| on T(R) defined by w = o (cf.
1

(1.13)) does not depend on the maximal cone o used to define {z1, ... ,:L',«?. We
may thus in the description of |w| replace the coordinates (z1,...,x,) by any

set of r coordinates corresponding to the rays outside a given maximal cone
7 of A. We shall choose 7 such that —n,,; € 7. Then D, ; has multiplicity
> 2 in D(7) (cf. (8.7)). After a permutation of the rays we may change the
index of p,4; to 1 and assume that (p1,...,p,) are the rays not in 7. Then it
suffices to show that

/ (XD(T)/‘TI)% d.’IJT :O(B(l-f—lOgB)r_Q)
F(B)

T Ty

We shall in fact consider the integral over the larger subset G(B) defined
by

I1 2 0
x> 1, ie{2,...,r}
xP() < B.

We shall also assume that r > 2 and leave the trivial case » = 1 to the
reader.
Now note that

D(T):f1D1+"'+fTDT
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for some non-negative integers e = f1 > 2, fa,..., fr (cf. (8.7)). Let E(7) =
D(7) — fiDy and let H(B) be the subset of R"~! defined by

xE( < B and min(zg,...,x,) > 1.

Then by integrating with respect to 1 € [0, (B/x%®)¥/¢] we obtain

1-1/e
/ (kD) gy 2oL, 42 B // xE@edrz  dor
G(B) T Ty e—1 Juw) T2 Ty
_ er—lBll/e/ <Em e day
e—1 H(Bl/e) To Ty

The latter integral can be calculated by means of the variable substitution
y; = filogx;, 2 <i <mn. This gives (cf. (11.39)-(11.40) below):

/ KB dre O(BY¢(1 + log E)“2)
H(B/e) G ‘

thereby completing the proof. O

Now let b = logB > 0 and y; = logz; for ¢ = 1,...,n. This gives an
analytic isomorphism between T(R)™ and V = Hom(Pic X,R) which sends
the subset T(R)>; C T(R)" with all coordinates z1,...,2,4+4 > 1 onto the
cone o (X,U) C V described in (10.18).

Let Ej be the set of all ¢ € oeg(X,U) with 0 < ¢(D) < b and let dv
be the unique Haar measure on V' such that Vol(V/L) = 1 for the Z-lattice
L = Homy(Pic X,Z) in V. Then, by the variable substitution y; = log x;, we
get

d
/ dx = / exp(ys + -+ yn) [ [(1 — exp(—yri;))dv
D(B,0) B, i

dr1  day
(11.39) / xPELLL 2 =/ exp(yi + -+ + yn)dv.
F(B) x1 Ty B,

Let A: V — R be the linear form A(y1,...,yn) = y1 + -+ + yn, obtained by
evaluating at the anticanonical class. By integrating along the fibres of A (cf.
(10.18)-(10.19)), we obtain

b
(11.40) / exp(y1 + -+ + yn)dv = a(X) / exp(y)y’"_ldy
E() 0

where «(X) is Peyre’s constant. The integral on the right hand side is equal
to

BZ(—l)k%(log By 1k,
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We therefore conclude from (11.38)-(11.40) that
(11.41) /D(B | dx = a(X)B(log B)" ' + O(B(1 + log B)""?)
for any maximal con7e o of A and hence by (11.32) that
(11.42) /D(B) dx = a(X) Card(Amax) B(log B)" ™' + O(B(1 + log B)" ™).

If we combine this with (11.30) then we obtain the asymptotic formula
(11.43) C(B) = CB(log B)"~! + O(B(1 + log B)'~2+1//+¢)
for any € > 0 with the constant

C = (Card T(Z)) ™! Card(Up(R)/Up(R) ") (X ) Card (A max ) Tynp(Xo(Zy)).

We now verify that this result is compatible with Peyre’s conjecture (7.7)
(11.44) C(B) = apeyre(X)T(X, || [)B(log B)"~'(1 + o(1))

This is by theorem (6.19) (cf. also (5.21)-(5.22)) true if the following identity
holds:
(1145) B(acy(T" (4)/T(@))moo (X (R)

= (Card T(2)) ™! Card(Up(R) /Up(R) ) Card(Amax)-

Here @%OO} is the Haar measure on T?(Ag)/T(Q) corresponding to the Haar
measure O} on T(Ag) given by the adelic order norm (5.9)(b) and the

convergence factors (3, = up(f (Zy))~! and Bo = 1 under the bijection de-
scribed after (5.19). Hence if K C T(R) is a Borel set, and K the image of
[1,T(Z,) x K in T(Aq)/T"(Ag) = Hom(Pic X, R), then

@{OO} (H T(Zp) X K) = /_dl/

K

for the Haar measure dv on T(Aq)/T"(Ag) = Hom(Pic X, R) used in (11.38)-
(11.40).

Now recall that the bijection betwen measures on T (Ag)/T(Q) and T'(Ag)
is established by applying (5.19) twice to the chain of normal closed subgroups
T(Q) € T'(Aqg) € T(Aqg)
with the counting measure on T(Q) and the measure dv on T(Ag)/T*(Ag).
Note also that T'(R)* x [, T'(Z,) is a fundamental domain for the T'(Q)-action

on T'(Aq). It is straightforward from this description that:

(1146)  ©o)(T"(AQ)/T(Q)) = Card(T(R)/T(R)")(Card T(2)) "
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which is equal to 1. It is easy to verify that there is a commutative diagram
with exact sequences

(11.47) 1—T(R)T — Up(R)T — UR)T —— 1

Lol

1—T(R) —— Upy(R) —— U(R) —— 1

where the upper +-index means the subgroup given by the real connected

component containing 1. One can e.g. make use of the fact that the subgroups

in the first row are generated by squares of elements in the groups below.)
Finally, by (9.16) we have:

(11.48) Meoo(X(R)) = Card(U(R)/U(R)™) Card(Amax)

Therefore, (11.45) follows from (11.46)-(11.48). We have thus given a new
very different proof of the following result of Batyrev-Tschinkel [4].

Theorem 11.49. — Let A be a complete reqular d-dimensional fan with n rays
and let X = XA be the toric Q-variety defined by A. Suppose that the an-
ticanonical sheaf of X is gemerated by its global sections. Let H be the toric
anticanonical height function on X(Q) defined by the toric adelic norm || ||
for X (cf. (11.2)) and let C(B) be the number of Q-points on U of toric an-
ticanonical height at most B. Let apeyre(X) and 7(X, || ||) be the numbers in
(7.7) and let f be the smallest integer such that there exist f rays of A not
contained in a cone of A. Then,

C(B) = apeyre(X)7(X, || [)B(log B)"~" + O(B(1 + log B) ~*+1//+°)
for any € > 0.

The following toric surface has been discussed in talks by Batyrev and
Tschinkel:

Example 11.50. — Let N = 72, ny = (1,0), ng = (0,1), n3 = (—1,2), ng =
(=1,1), n5 = (—1,0), ng = (—1,-1), ny = (0,—1), ng = (1, —1), ng = (2, —1).
Then there exists a unique complete regular fan (N, A) with 9 two-dimensional
cones o;, 1 < i < 9 and 9 one-dimensional cones p;, 1 < ¢ < 9 where oy,
i € Z/9Z is generated by n;;+4 and n;45 and p; is generated by n;.

Let
Dy= > D,
pEA(L)

and let U;; 1 < ¢ < 9 be the affine toric plane defined by o;. Let x™i,
m; = m(o;) € M be the unique character of U C X which on U; represents
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the Cartier divisor with Weil divisor Dy and let
D(0;) := Do + Z n,)D,.
pEA(L)
Finally, let D; be the prime divisor which corresponds to p;. Then,
D(oi—1) = D(0;) = D(0441) = Di—o+2D;_1 +3D; + 2D 11 + Diyo

for all ¢ € Z/9Z with i = 0 mod 3.

There exists thus for each closed point P on Xa a divisor D(0), 0 € Apax
with P & Supp D(0) so that O(Dy) is generated by its global sections. Also,
it is easy to see that m = 0, mg, mg, mg are the only elements m € M such
that

Dy + Z —m,n,)D

is effective. Therefore, by [24, p. 66} it follows that:

H°(XA,0(Dg) = Q@ Qx ™ @ Qx ™ @ Qx~ ™

This means that the morphism g : XA — ]P’% defined by the linear sytem
| Dy| restricts to the open immersion restriction

g : U — IP’% defined by (1, x ™3, x ™8, x~ ).

If we introduce projective coordinates (zo, z3, 26, z9) for IP’%, then the scheme-
theoretic image X’ of g is given by the closed subscheme with equation zS’ =
2326%79. The morphism g : X — X' is a toric morphism corresponding to a
morphism of fans (N,A) — (N, A’). The fan A’ is the complete non-regular
fan with three two-dimensional cones 713;, ¢ = 1,2,3 generated by ns;+3 and
N3i+6-

Therefore, the number C(B) of Q-points on U C Xa of toric height at
most B is equal to the number of integral points (zo, 23, 26, 2z9) € P3(Z) with

zS’ = 232629 # 0 of height:
max(|zol, |23/, |26/, |20]) < B.

The Picard group of Xa is of rank r = Card A(1) —dimA =9 -2 =7 (cf.
(8.2)). Further, if p is a prime number, then we can determine the cardinality
of X A(Z/pZ) by means of the bijection between U(Z/pZ)-orbits under the
action of U(Z/pZ) on Xa(Z/pZ) and the cones in A (see [24, p.94]). This
gives

Card XA(Z/pZ) = 1(p—1)? +9(p—1) +9=p* + Tp + 1.

Therefore, the principal universal torsor )~(0 over X = X A satisfies

Card Xo(Z/pZ) = Card X (Z/pZ) Card T(Z/pZ) = (p* + Tp+ 1)(p — 1),
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and (cf. (2.15))

np(Xo(Zp)) = (1+7/p+1/p*)(1 = 1/p)".

Also, Peyre’s constant «(X) is easily seen to be equal to the Vol(P)/9,
where P is the polytope in RS with coordinates (y1,y2,y4,Ys, y7,ys) defined
by -

max(y1 + 2y2 + 2ya + Y5, Ya + 2ys + 2y7 + ys, yr + 2ys + 2y1 +y2) < 1

and a further calculation gives a(X) = 1/25920.
Hence by (11.43) we get that

(11.51) C(B) = CB(log B)’ + O(B(1 + log B)%~1/2+¢)
for any € > 0 with

[ +7/p+1/p*)(1 - 1/p)".

p

~ 720

This asymptotic formula was first established by Batyrev and Tschinkel as a
corollary of [4] (cf. [6] which we received after completing this paper). Another
treatment of this asymptotic formula, but without a discussion of the value for
C, can be found in the paper of Fouvry [22]. We have also after the completion
of this paper received the paper [13] of de la Bretéche on the counting function
for zg = 232629 # 0. He obtains a more precise asymptotic formula than in
(11.51). He has also just before this book goes to press improved the estimates
of the error terms for other toric varieties.
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TERME PRINCIPAL DE LA FONCTION ZETA
DES HAUTEURS ET TORSEURS UNIVERSELS

par

Emmanuel Peyre

Résumé. — Soient V' une variété de Fano et H un systeme de hauteurs d’Arakelov
définissant un accouplement entre le groupe de Picard Pic V et les points rationnels de
V avaleur dans R. Soit (¥ la fonction zéta associée sur Pic V' @ C. Batyrev, Manin et
Tschinkel ont conjecturé que cette fonction est holomorphe sur un cone de sommet le
faisceau anticanonique w;l. Il est en outre possible de donner une expression conjec-
turale du terme principal de cette fonction (i au voisinage de ce sommet. Le but de ce
texte est de montrer comment cette expression conjecturale peut s’écrire naturellement
en passant aux torseurs universels au-dessus de V.

1. Introduction

Soit V' une variété projective, lisse et géométriquement integre sur un corps de
nombres k telle que H*(V, Oy ) soit nul pour i = 1 ou 2 et telle que la classe du
faisceau anticanonique w‘jl soit a I’intérieur du cone effectif. On suppose en outre
que les points rationnels de V' sont Zariski denses. Soit h une hauteur sur V' corres-
pondant a la donnée d’une paire (L, (||.||y)»enr, ) out L est un fibré en droites dont la
classe est dans le cone effectif et (||.||,),cas, un systeme adélique de métriques sur
L. On s’intéresse alors au comportement asymptotique de

npn(H) = #{z € U(k) | h(z) < H}
ou U est un ouvert dense de V.
A la connaissance de 1’auteur, dans les exemples considérés a ce jour ce compor-
tement est de la forme
nyn(H) ~ CH"(log H)"™!
ou C est une constante réelle strictement positive, a > 0 et b > 1. Diverses conjec-
tures a des degrés de précision divers ont été faites sur a et b par Batyrev et Manin

Classification mathématique par sujets (2000). — Primaire 14G05; secondaires 14130, 11D72.
Mots clefs. — Torseurs universels, mesure de Tamagawa.
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260 EMMANUEL PEYRE

(cf. [FMT], [BM] et [Man]) puis, lorsque L est le faisceau anticanonique, sur C
(cf. [Pe]). Les principales familles de variétés pour lesquelles des résultats ont été
effectivement démontrés peuvent &tre regroupées en deux groupes : d’une part les
intersections completes lisses de grande dimension sur Q, pour lesquelles on dispose
de la méthode du cercle (cf. [Bi], [FMT]) et d’autre part les variétés sur lesquelles
agissent des groupes algébriques avec une orbite ouverte pour lesquelles on utilise
des techniques d’analyse harmonique fine (cf. [FMT], [BT1] et [BT2]). Peu de cas
ont été traités en dehors de ces deux grands groupes, faute d’avoir une autre méthode
générale. Toutefois Salberger a montré une majoration de la forme souhaitée pour la
surface de Del Pezzo obtenue en éclatant quatre points rationnels en position géné-
rale sur P%Q’ surface qui ne rentre dans aucun des deux groupes indiqués. La méthode
qu’il utilise souligne le role du torseur universel pour attaquer le probleme en général.

Ces torseurs universels, introduits par Colliot-Thélene et Sansuc en liaison avec les
problemes du principe de Hasse et de 1’approximation faible (cf. [CTS1] et [CTS2])
apparaissent implicitement dans le cas des intersections completes lisses en tant que
cone au-dessus de la variété ainsi que dans des démonstrations directes de la formule
asymptotique dans quelques cas particuliers de variétés toriques (cf. [Pe] et [Ro]).
Tout récemment, Salberger a démontré dans [Sa] comment la constante

#H' (k,PicV)Cp(V)

ou Cp, (V') a été défini dans [Pe], constante qui apparait dans la plupart des cas consi-
dérés a ce jour, pouvait s’interpréter comme somme de nombres de Tamagawa asso-
ciés aux torseurs universels ayant un point rationnel.

Le but de ce texte est similaire : il s’agit de montrer comment la conjecture actuel-
lement la plus précise sur le terme principal de la fonction zeta des hauteurs

CHPICV®C—>C

peut s’exprimer de maniere naturelle comme passage d’ une sommation sur les points
rationnels a une intégrale sur un domaine de type adélique muni d’une mesure cano-
nique.

Les outils développés permettent également d’interpréter la conjecture de Manin
raffinée sur ny 1, (H) pour une hauteur h associée a w‘jl en termes des torseurs uni-
versels.

Dans la partie 2, nous introduisons les notations qui nous sont nécessaires puis
rappelons la formule empirique obtenue pour le terme principal de la fonction zéta
des hauteurs. La partie 3 est consacrée a des rappels sur les torseurs universels. La
partie 4 décrit le relevement de divers objets a ces torseurs. Enfin la partie 5 contient
les deux résultats principaux et leurs démonstrations.
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2. Le terme principal de la fonction zéta des hauteurs

2.1. Notations. — Nous allons tout d’abord fixer un certain nombre de notations
qui seront utilisées dans I’ensemble du texte.

Notations 2.1.1. — Pour tout corps E, on note E une cloture algébrique de E et
E* 1a cloture séparable de E dans E. Pour tout Gal(E®/E)-module discret M, on
désigne par H'(E, M) le groupe de cohomologie H'(Gal(E*/E), M).

Dans la suite k désigne un corps de nombres, Oy son anneau des entiers et d son
discriminant. L’ensemble des places de & est noté M, ’ensemble des places finies
M et ’ensemble des places archimédiennes M. Pour tout v € M}, on note k, le
complété de k en v, |.|, la norme associée normalisée par

Yolp, Vz €ky, |z|,= ‘Nkv/Qp(x)‘p-

Si v appartient a My, O, désigne I’anneau des entiers de &, et F, le corps résiduel.
Pour tout v de M, tel que [k, : R] = 2, on fixe un isomorphisme de k, sur C.
Pour toute place v, la mesure de Haar dx, sur k, est normalisée comme dans [We,
§ 2.1.1] ; autrement dit,

- siv € My, alors va dz, =1,

- si k, = R, alors dz,, est la mesure de Lebesgue usuelle,

- sik, = C,alors dx, =idzdz = 2dx dy.

Soit ¥ un schéma sur un anneau A. Alors pour toute A-algebre B, ¥ (B) désigne
I’ensemble Homgpec 4(Spec B, #') et ¥ g le produit ¥ Xgpec 4 Spec B. Si V' est
défini sur k et v € Mj, on note V,, le schéma V},, .

Si V' est une variété lisse sur un corps F, son groupe de Picard est noté Pic V, son
groupe de Neron-Severi NS(V') et son faisceau canonique wi . On note également
Ceir(V') le cone dans NS(V') ®z R engendré par les classes de diviseurs effectifs. Si
V est une variété sur k, V' (Ay) désigne ’espace adélique associé (cf. [We, § 1]).

Si A est une partie de B, on note 14 sa fonction indicatrice.

Hypothéses 1. — Dans la suite V' désigne une variété projective, lisse et géométri-
quement integre sur k qui satisfait les conditions suivantes :

() H'(V,0y) = 0pouri = 1ou 2,

(ii) PicV = NSV est sans torsion,

(iii) w;;" appartient a I'intérieur du cone Cugr(V') et

(iv) V (k) est Zariski dense dans V.

Ces hypotheses suffisent pour définir les objets décrits dans [Pe]. Toutefois nous
serons amenés par la suite a supposer que la variété vérifie d’autres conditions plus
techniques.

2.2. Hauteurs. — Dans la suite nous utiliserons les hauteurs d’Arakelov qui sont
définies de la maniere suivante :
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Définitions 2.2.1. — Soit X une variété projective, lisse et géométriquement integre
sur k, L un faisceau inversible sur X . Pour toute place v de k, une métrique v-adique
sur L est une application qui a tout point x de X (k,) associe une norme |.||, sur
L(x) = L, ®p, , kv de sorte que pour tout ouvert W de X et toute section s de L
sur W l’applicatfon

z e [ls(@)]],
soit continue.

Une métrique adélique sur L est une famille de métriques (||.|},)vens, de sorte
qu’il existe un ensemble fini S C My, un modele projectif et lisse 2" de X sur
Og et un modele .2 de L sur 2 de sorte que pour tout v € My — S, pour tout
x € X(ky), correspondant a £ € 27(0,), la norme ||.||, sur L(z) soit définie a
I’aide d’un générateur 1y du O,-module de rang un z*(.%) par la formule

weL@), lyl,=|<
Yo
Une hauteur d’Arakelov h sur X est la donnée d’une paire (L, (||.|l)venr, ) ot L
est un fibré en droites et (||.||,)vens, une métrique adélique sur le fibré en droites L.
Si h est une hauteur sur X et si x est un point rationnel de X, alors la hauteur de x
relativement a h est définie par
= II lIs@1;"

veEMj,

(2

ou s est une section de L sur un voisinage de x avec s(x) # 0. Par la formule du
produit cela est indépendant du choix de la section.
Pour tout sous-espace constructible W de V et tout H > 0 on pose

nwn(H) = #{z € W(k) [ h(z) < H} < +00

Remarques 2.2.1. — (i) Si [L] appartient a I’intérieur du cone effectif, alors il existe
un ouvert non vide U de X tel que ny;j,(H) soit fini pour tout H.
(i1) On a une notion évidente de produit tensoriel de hauteurs et

Vx € X(k‘), h; ® hg((L‘) = hl(.%')hg(.%')

2.3. Mesures de Tamagawa. — Nous allons maintenant rappeler comment toute
métrique adélique sur wi;' définit une mesure sur V' (Ay).

Notations 2.3.1. — Soit h = (wy;', (||.|ls)ver,) une hauteur sur V. Pour toute
place v de k, on lui associe la mesure wy, , sur V'(k,) définie par la relation (cf.
[We], [Pe, § 2.2.1])

0
(2.3.1) AN —| driy...dx,,
6w1 Oxy ||, ’ ’
ou x1,...,x, sont des coordonnees locales analytiques au Voisinage d’un point = de
V(k,) et 8%1 A+ A 52— est vu comme section locale de wi .
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Comme dans [Pe, Lemme 2.1.1], il existe un ensemble fini de places S C Mjy
et un modele projectif et lisse 7" de V' sur Og, dont les fibres sont géométriquement
integres et tel que, pour tout p € My — Sp, il existe un isomorphisme de Pic(V) sur
Pic(¥ Fp) compatible aux actions des groupes de Galois et tel que pour tout nombre
premier [ non divisible par p la partie [-primaire du groupe de Brauer Br(“//fp) soit
finie.

On considere alors les termes locaux de la fonction L associée a Pic V, définis
pour toute place p € My — Sp par

. = 1
Ly(s,PicV) = Det(1 — (#F,)~* Fr, | Pic 7/Fp ® Q)

ou Fry, désigne le Frobenius géométrique en p. La fonction L globale est alors définie
par le produit eulérien

Lg,(s,PicV) = H Ly(s,PicV).
perfSO

Comme dans [Pe, lemme 2.2.5], on montre que ce produit converge absolument pour
Res > 1 et s’étend en une fonction méromorphe sur C avec un pdle d’ordre ¢ =
rgPicV en 1.

On utilise les facteurs de convergences (\,)yc s, définis par

N — L,(1,PicV) siv e My — Sy,
)1 sinon.

Il résulte alors des conjectures de Weil démontrées par Deligne que la mesure adéli-
que [, M, Ay 1wh7U converge (cf. [Pe, proposition 2.2.2]).

Remarque 2.3.1. — 1l est également possible dutiliser la série L associée au groupe
de cohomologie HZ(V,Q,(1)) comme le propose Swinnerton-Dyer dans [S-D].

Définition 2.3.2. — Avec les notations qui précedent, la mesure de Tamagawa asso-
ciée a h est donnée par

. o 1 1
wyp = (hm(s —1)"Lg,(s,PicV )) —a | | Ay Whos
s—1 ’ \/Ed v ’UEMk ! !

ou t est le rang de Pic V. Elle est indépendante du choix de 5.
On pose également

(V) = wn(V(k)).
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2.4. Notions de répartition. — Une des premieres questions qu’on est amené a
se poser lorsqu’on étudie le comportement asymptotique du nombre de points de
hauteur bornée sur une variété est la question de la répartition asymptotique des points
rationnels. Ce phénomene peut &tre considéré a différents niveaux de précision.

La notion la plus stricte, introduite par Manin, est celle de sous-variété accumula-
trice.

Définition 2.4.1. — Soit F' un sous-espace constructible de V. Alors pour toute hau-
teur h = (L, (||.||lv)venr, ) avec [L] appartenant a I’intérieur du cone Cr(V'), on note

ap(L) = H@m log(npn(H))/log H < +00

qui donne la puissance de H apparaissant dans le comportement asymptotique de
npn(H).

Un fermé irréductible F' de V est dit L-accumulateur (ou simplement accumula-
teur quand L = w;l) si et seulement si, pour tout ouvert non vide W de F, il existe
un ouvert non vide U de V avec ay (L) > ay(L).

Remarques 2.4.1. — (i) Par [BM, proposition 1.4.a], le fait d’étre L-accumulateur
ne dépend pas du choix de la métrique adélique sur L.

(i1) A la connaissance de ’auteur, dans les exemples étudiés a ce jour, si [u,;l]
appartient a I’intérieur de Cegr(V), le complémentaire des sous-variétés [L]-accumu-
latrices dans V' est un ouvert de Zariski non vide de V.

(iii) Batyrev et Manin ont défini dans [BM, §2.5] une notion de sous-variété géo-
métriquement accumulatrice de la maniere suivante : on considere pour toute sous-
variété irréductible F' de V, une normalisation F' de F' d’ouvert lisse Fp ;si ¢ : Fo —
V' est I’application induite, on pose

() =it { £y € 2.q € Zoa| T(Fon" (D)7 &) £ (0}

et la sous-variété est dite géométriquement accumulatrice si cﬁf’ °(L) > a%/éO(L). Il est
envisageable que les deux notions coincident lorsque le corps est suffisamment gros
(i.e. contient un sous-corps fixé).

En ce qui concerne les sous-variétés accumulatrices, le faisceau anticanonique ne
joue pas un role vraiment particulier. Il n’en est plus de m&me lorsqu’on considere la
notion suivante :

Définition 2.4.2. — Soit h une hauteur dont le fibré est a I'intérieur de Cigr(V).
Un fermé irréductible strict ' de V' est dit modérément accumulateur pour h si et
seulement si pour tout ouvert non vide W de F/, il existe un ouvert non vide U de V'

tel que
l.— W (H)
im ————=

> 0.
H—+oc0 nU7h(H)
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Remarques 2.4.2. — (i) Si pour une hauteur h = (L, (||.||y)ve s, ), pour tout ouvert
U de V et tout nombre reel B > 0

lim nyn(BH)/nyn(H) >0,
H—+0c0

ce qui est vérifié si ng,(H) est de la forme C'H®(log H)*~1 avec a > 0 alors un
fermé est modérément accumulateur pour h si et seulement s’il I’est pour toute hau-
teur h’ correspondant 2 une métrique sur L.

(ii) Il est aisé d’obtenir des variétés V' telles que si [L] & Reo[w;,'], alors les sous-
variétés modérément accumulatrices pour L sont Zariski denses. Ainsi pour V =
P} xPiet L = O(m,m') avec m > m/ > 0, toutes les fibres de la projection sur le
premier facteur sont modérément accumulatrices pour L.

(iii) Lorsque L = w(/l, on ne connait pas d’exemple ou ’on ait montré que
les sous-variétés modérément accumulatrices sont Zariski denses. Toutefois, dans le
contre-exemple a la conjecture de Batyrev et Manin sur la puissance du logarithme,
construit par Batyrev et Tschinkel dans [BT3] et qui est une variété fibrée en surfaces
cubiques, il est vraisemblable que toutes les fibres dont le groupe de Picard est de
rang 7 sur k sont faiblement accumulatrices. Or ces fibres sont Zariski denses.

(iv) Si F' est une sous-variété lisse et si 0 < a%éo(L) < 400, on peut également
définir b’j}é °(L) comme la codimension de la face du cone [wp'] + Cer(F) contenant

a%’(L) [Lp] dans NS(F). On peut alors se poser la question de savoir si les sous-
variétés modérément accumulatrices minimales sont données par les conditions :

géo géo
a F (L ) > a’V (L )7
auquel cas la sous-variété est géométriquement accumulatrice, ou

aS°(L) = af°(L) et BEO(L) = bEO(L).

Il faut noter que le contre-exemple de Batyrev et Tschinkel est basé sur cette idée
géométrique.

Si le complémentaire des sous-variétés modérément accumulatrices est un ouvert
de Zariski U non vide de V, ce qui semble étre assez général pour L = w;l, lorsque
V' vérifie les hypotheses 1, on peut se demander comment sont répartis les points ra-
tionnels d’un point de vue adélique. Une réponse semble étre donnée a cette question
par la notion d’équidistribution, définie dans [Pe, § 3] de la maniere suivante :

Définition 2.4.3. — On dit qu’un ouvert W de V(Ay) est bon si et seulement s’il
existe une hauteur h correspondant a une métrique sur w;l telle que wy, (OW) = 0
ou OW désigne W — W. Cela est alors vrai pour toute métrique.

On dit alors que les points de V' sont équidistribués sur U ouvert de Zariski de V' si
et seulement s’il existe une métrique adélique sur w‘jl telle que pour tout bon ouvert
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W de V(Ak)
#{reUk)NW |h(z) < H} . w,(WNV(k))
nyn(H) wy(V (k)
H — 4o
Remarques 2.4.3. — (i) Dans [Pe], on montre que les points de V' sont équidistri-

bués sur V' si c’est une variété de drapeau généralisée, c’est-a-dire de la forme P\G
ou GG est un groupe algébrique linéaire semi-simple et P un k-sous-groupe parabo-
lique de G, ou si V est une intersection complete lisse définie par m polyndmes
homogenes de degré d en N variables avec

N > 27 m(m +1)(d - 1).

(il) Comme dans [Pe, remarque 3.1], on montre que si les points sont équidis-
tribués dans U alors cet ouvert est inclus dans le complémentaire des sous-variétés
modérément accumulatrices pour la hauteur correspondante.

On peut alors poser la question suivante :

Question 2.4.4. — Fixons une hauteur h définie par une métrique sur le faisceau
w‘;l. Si U, le complémentaire des sous-variétés modérément accumulatrices de V
est un ouvert de Zariski non vide, les points rationnels de V sont-ils équidistribués
dans U ?

Hypothése 2. — Dans la suite on suppose en outre que le complémentaire U des
sous-variétés modérément accumulatrices pour toute hauteur relative a @1 est un
ouvert de Zariski non vide de V.

2.5. Fonction zeta des hauteurs
Définition 2.5.1. — On note .7 (V') I’ensemble des classes d’isomorphismes de
hauteurs d’Arakelov modulo la relation d’équivalence ~ engendrée par

\V/(AU)UEM]C € @ R-o,
veEMj,

H A =1= (La (HHv)veMk) ~ (L’ ()\U||’||U)U€Mk)'
veMj,

L’ensemble .7 (V') muni du produit tensoriel est un groupe commutatif et on a un
morphisme canonique o : S (V) — Pic(V).

On appelle systéme de hauteurs un morphisme H : PicV — (V) tel que
oocH = Idpic V-
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Remarques 2.5.1. — (i) Si on se donne une base ([L;])1<i<t de Pic V ® R ou pour
tout ¢, L; est un faisceau tres ample sur V et si on fixe des métriques m; sur L;
données par des bases de I'(V, L;) (cf. [Pe, page 107]), alors I’application

{ILi,1<i<ty — (V)
[Li] (L, mi)]
s’étend de maniere unique en un systeme de hauteurs sur V.
(ii)) Si h = (w&l, (IIllv)venr,, ) est un représentant de H([wle]), on notera, par

abus de langage, ny; gy pour ng;p,, Wy pour wy, etc. Il faut noter que, par la formule
du produit, cela est indépendant du choix du représentant.

Définition 2.5.2 ([Ar, page 408], [FMT, §2.1]). — Soit H un systeme de hauteurs
sur V, il induit un accouplement H : PicV ® C x V (k) — C qui est I’exponentielle
d’une fonction linéaire en la premiere variable et tel que

VL € PicV, VzeV(k), H(L,x)=H(L)(x).
La fonction zeta des hauteurs associée au systeme H est définie par
Vs €PicV®C, Cu(s)= Y H(s,z)"!
zeU(k)
qui converge absolument dans un cone ouvert de PicV ® C.

2.6. Une question optimiste

Notations 2.6.1. — Comme dans [BT1, §2.4], on utilise la fonction caractéristique
du cone effectif, qui remonte a [Ko], définie par
Vs €PicV @ C, Xcquv)(8) = / e~ dy
Cesp(V)Y

ot Ceg(V)" est le cone dual de Cegr(V), ¢’est-a-dire
Cerr(V)" = {z € (Pic V@ R)" | ¥y € Cen(V), (x,y) > 0}

et dy est la mesure de Haar sur PicV @ R normalisée par le dual du réseau naturel
de PicV @ R.

On pose également (V') = X, (v) (wy')/(t — 1)! ou t = rg Pic V qui coincide
avec la constante définie dans [Pe, définition 2.4] et, comme dans [BT1, corollary
1.4.16], B(V) = #H!(k,Pic V).

Les divers exemples connus amenent a se poser la question suivante qui est une
version raffinée d’une conjecture de Batyrev et Manin [BM, conjecture B] :

Question 2.6.1. — Pour quelles variétés V vérifiant les hypotheses 1 et 2, existe-t-il
un systeme de hauteurs H tel que la fonction zéta (1 converge sur

[©]

1 N N .-
C =w, +Cei(V)+iPicVO®R
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et tel que la fonction s — Cu(s)/Xc(v)(5 — w&l) s’étende en une fonction holo-

morphe sur un ouvert contenant € et prenne la valeur 3(V)75z3(V') en w‘jl ?

Remarques 2.6.2. — (i) Par un théoreme taubérien standard (cf. [BT1, theorem
3.3.2]), une réponse positive a cette question implique que

nyu(H) ~ a(V)B(V)ra(V)H(log H)'~" quand H — +oo,

out=rgPicV.

(i1) Par [FMT, §2] et [Pe, théoreme 6.2.2], la réponse est positive si V' est une
variété de drapeaux généralisée grace aux travaux de Langlands sur les séries d’Ei-
senstein. Par [BT1] et [BT2] elle est également positive pour les variétés toriques
lisses.

(iii) Dans [BT1], Batyrev et Tschinkel donnent un exemple ou la fonction Gy ne
peut pas avoir d’extension méromorphe a PicV ® C.

3. Rappels sur les torseurs universels

3.1. Les tores. — Le but de ce paragraphe est de rappeler quelques notions sur les
tores algébriques ainsi que le résultat d’Ono sur leur nombre de Tamagawa.

Définition 3.1.1. — Soit E un corps. Un tore sur E est un groupe algébrique com-
mutatif T tel que
T = G(Ti’:%T.
On dit qu'une extension F' de E déploie T' si et seulement s’il existe un isomor-
phisme Tp — (G, )47 Par [Ono2, proposition 1.2.1], il existe une telle ex-
tension de E qui est séparable et finie.

Théoréme 3.1.1 (cf. [Ono2, remark 1.2.1]). — Il existe une équivalence de catégo-
ries entre les tores algébriques sur un corps E et les Gal(E’ /| E)-réseaux, c’est-a-
dire les Gal(E?® / E)-modules qui sont libres et de rang fini en tant que Z-modules.
Cette équivalence de catégories est donnée par le foncteur contravariant qui a T
associe le groupe des caracteres de T

X* (T) = HOmE‘s (TEs, Gm)

Définition 3.1.2. — Soit (&;)1<i<dim T une base de X*(T') alors la forme différen-

tielle
dim T

wr= N &'dé
=1

est, au signe pres, indépendante du choix de la base. Elle est invariante sous 1’action
de T' et définie sur E. On I’appelle la forme canonique de T'.

Passons maintenant au cas des tores sur le corps de nombres k.

ASTERISQUE 251



FONCTION ZETA ET TORSEURS UNIVERSELS 269

Notations 3.1.3. — Soit T' un tore sur k et K une extension séparable finie qui
déploie T Soit 4 = Gal(k/k), X*(T), = X* (T)?, et X,(T) le 9-réseau dual
Hom(X*(T),Z).

Pour toute place v de k, soit 4, C ¢ le groupe de décomposition de v, X*(T),
le groupe X*(T)?" et X.(T), = X, (T)?". Par abus de notations, le sous-groupe
compact maximal de T'(k,) est noté 7'(O,). On a alors une injection canonique (cf.
[Ono2, §2.11).

log, : T'(ky)/T(0y) — Xu(T), ® R

définie par Vr € T'(k,), V¢ € X*(T),, |£(r)], = log“([r])( ), ot @ = #F,siv €
Mg, q, =esik, =Retg, = €2 sinon. Par [Ono2, §2 1], logv est un isomorphisme
si v est archimédienne, d’apres [Dr, page 449] I’image de log, est X, (T), si v est
finie et non ramifiée dans K /k et c’est un sous-module d’indice fini de X, (7"), dans
le cas restant.

L’espace adélique associé, T'( Ay) est, par définition, le produit restreint des 7'(k,)
relativement aux 7°(0,).

Onnote K7 = [[,cpy, T(00), W(T) = K7 NT'(k) et

TY(Ay) = { (ro)vem, € T(Ay) | V€ € X (D), T] lEGro)l =1}

ve My
Si S est une partie finie de My, on note

=[] 7(k) H T(0,) C T(Ay).

vES UEMk

Proposition 3.1.2 (Ono, [Onol, theorem 4] et [Ono2, pages 120-122])
Avec les notations qui précédent, on a alors :
(i) T(Ay) /T (A) = (X*(T),)' @R,
(ii) T'(Ay)/T (k) est compact,
(iii) W (T) est le groupe fini des éléments de torsion dans T'(k),
(iv) 1l existe un ensemble fini de places S; contenant M, tel que pour tout S
contenant Sy

Ts(Ay).T(k) = T(Ag).
Autrement dit, il existe S tel que I’application naturelle
T() - @ X.(T),
veEM—S51
soit surjective,

(v) Soit S comme dans (iv) et Og I’anneau des S-entiers. On a une suite exacte

0 — W(T) — T(0g) —255, HsX (T), &R
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et I'image de logg est un réseau du noyau du morphisme naturel

[[X@)erR — X@;er
vES

()\U)’UES = Z(log%}))‘v-
vES

Nous passons maintenant a la définition du nombre de Tamagawa de 7T'.

Notations 3.1.4. — Pour toute place v de k, soit wr,, la mesure de Haar sur T'(k,)
définie par la forme différentielle wy (cf. [We]).

Soit S un ensemble fini de places contenant les places archimédiennes, les places
ramifiées dans //k et vérifiant I’assertion (iv) de la proposition. Pour tout v € My —
S, le terme local de la fonction L associé a X*(T') est défini par

1
det(1 — (#F,) ~ Fr, | X<(1))
ou Fr, est un morphisme de Frobenius en v. La fonction L globale associée est don-
née par

Ly(s, X*(T)) =

Ls(s, X*(T)) =[] Lu(s,X*(T)).
UEMf—S
Comme dans [Ono2, §3.3], on utilise les facteurs de convergence
N = Lv(l,X*(T))*1 sive My —S
v 1 sinon

et on considere la mesure adélique

. e X ¥ -1 1 _
wp = (llﬁ)ﬁ%(s — 1) g X (T)kLs(S’X (T))) W H )\U 1wTvv
UEMf

qui est indépendante du choix de S. En outre le réseau X* (T)Z fournit une mesure
canonique w1 sur X* (T, ®R. Il existe alors une unique mesure w1 sur T ( Ay)
telle qu’on ait la formule

/T(Ak)/Tl(Ak) W1 (x) /mTl(Ak) f(y)le (y) = /T(Ak) f(y)wT(y)

Définition 3.1.5. — Le nombre de Tamagawa de T est alors défini par
7(T) = wp (T (Aw) /T (k)

ou on note également w;1 la mesure induite sur 7' (Ay) /T (k).

Notations 3.1.6. — On définit

' (k,T) = Ker(H' (k, T) H H'(k,,T))
ve My
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eton pose h(T) = #H' (k, X*(T)) eti(T) = #1I' (k, T).
Théoréeme 3.1.3 (Ono, [Ono3, §5]). — Avec les notations ci-dessus, on a

7(T) = W(T)/i(T).

3.2. Cones et structures associées. — Dans ce paragraphe, on se donne en outre
un cdne dans X*(7T'), ce qui correspond a une variété torique affine pour 7". Dans
cette situation diverses notions qui nous seront utiles ont été introduites par Draxl
dans [Dr].

Notations 3.2.1. — Soit T un tore sur le corps de nombres &k déployé par une exten-
sion finie K et soit C' un cone rationnel polyédrique strictement convexe de 1’espace
vectoriel X*(T') ® R ; c’est-a-dire qu’il existe une famille finie (&)1<i<m de X*(T')
telle que C' = >_7" | R>&; et C N —C = {0}. On suppose en outre que C' est inva-

riant sous 1’action du groupe de Galois ¥4 = Gal(k/k) et que C' est d’intérieur non
vide.

Par la théorie des variétés toriques (cf. [Da, chapter 1]) cela correspond a la variété
torique affine Ac j sur k£ définie par

Acy = Spec(k[C N X*(T)])g

ou k[C' N X*(T)] est I’algebre associée au monoide C' N X*(T'). Cette variété a un
modele naturel, a savoir le schéma affine

Ac,o, = Spec(0£[C N X*(T)))?

ou O désigne I’anneau des entiers algébriques.
D’autre part pour toute place p de k, Draxl définit [Dr, page 447]

T(C,0p) =T(C,09) NT(ky)
ou B désigne une place de K au-dessus de p et T'(C, Op) est défini par
T(C,0q) = {r € T(Ky) | V¢ € CNX*(T), £(r) € Og}.

Lemme 3.2.1. — Il existe un entier N tel que si A est une Ok-algébre dans laquelle
N est inversible, alors les A-points de Ac,o, sont donnés par

Ac o, (A) = Homga gk (CNX*(T),(A® Ok, .))

o Homgy(k/x) désigne ’ensemble des homomorphismes de monoides invariants
sous le groupe Gal(K /k). En particulier, pour toute place v de k ne divisant pas N,

T(C,0,) = Ac,0,(0,) NT(ky).
Démonstration. — Le schéma A¢ ¢, peut aussi se décrire comme

Ac,0, = Spec(Ox[C N X*(T))) S /R,
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Comme il existe une base de K sur k invariante sous 1’action de Galois, il existe
un entier Nj tel que O [1/Np] ait une base invariante sur O[1/Ny]. D’autre part il
résulte du lemme sans nom qu’il existe un isomorphisme naturel

K[C N X*(T))%ER @ K = K[C N X*(T)]
il existe donc un entier NV tel que
O [0 N XH(T)SER) g6 O [1/Ni] = Og[1/N][C N X*(T)).

Si N est un multiple de Ny et N1, et si IV est inversible dans A, alors on a une suite
d’isomorphismes naturels

Homgay(x/k) (C N X (T), (A® Ok, .))
— Homo, (O [1/N][C N X*(T)], A ®@ O )ClE/R)
— Homg, ((Ox[C' N X*(T)])Gal(K/k) ® Ok[1/N],A® O ) CalE k)
— Homyg, ((Ox[C N X*(T)])CE/R) 1)
= Ac,0,(4);

ce qui montre la premiere assertion. La seconde s’en déduit a partir des définitions.
O

Définition 3.2.2. — Soient T' et C comme ci-dessus. Pour toute place finie v de k,
on définit un accouplement

<.7 .>v : X*(T)U ® C x T(k‘v) — C*

qui est I’exponentielle d’une fonction linéaire en la premiere variable et tel que pour
tout { de X*(T'), et tout r de T'(k,) on ait

<§ ® 17r>v = ‘f(?")’v

La fonction L associée a C est alors définie pour tout s de (CO’ +iX*(T) @ R)? par
la formule
1

wr(T(0,)) /T(O,ov) (8,7)0 W, (7).

Il résulte de [Dr, proposition 2] que cette intégrale converge bien sur le domaine
indiqué.

L,(s,T,C) =

Cette fonction L peut également s’exprimer de la maniere suivante :

Proposition 3.2.2 (Draxl, [Dr, proposition 4]). — Si v est une place finie non rami-
fiée dans I’extension K /k alors

Ly(s,T,C)= > (#F,) W

yeCVNX.(T),
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Définition 3.2.3. — La fonction L globale associée est alors définie par le produit
eulérien
Ls(s,7,C) = [ ZLo(s.,T,C)
veEMy—S
pour tout ensemble fini de places S.

Théoréme 3.2.3 (Draxl, [Dr, proposition 5]). — On consideére le domaine D(C) de
Iespace vectoriel X*(T),, ® R défini comme I’ensemble des y tels que

Vz e OV — {0} N X (T), (x,9)>1

ou CV est le cone dual de C dans X, (T) @ R. Alors le produit eulérien définissant
Ls(s,T,C) converge sur D(C) + i X*(T), @ R.

3.3. Torseurs universels. — La notion de torseur universel a été introduite par Col-
liot-Thélene et Sansuc dans [CTS1] et [CTS2] en liaison avec le principe de Hasse
et I’approximation faible. Nous allons en rappeler la définition et en donner quelques
propriétés. Nous nous restreindrons ici au cas ou le groupe de Picard géométrique est
sans torsion.

Définition 3.3.1. — Si G est un groupe algébrique linéaire sur un corps E, X et Y
deux variétés sur £/, m : X — Y un morphisme fidelement platet 4 : G x X —
X une action de G sur X, alors X est appelé un G-forseur ou espace principal
homogéne sous G au-dessus de Y si et seulement si 1’application (g, z) — (g, z)
définit un isomorphisme de variétés de G xg X sur X xy X.

Sin : G — H est un morphisme de groupes algébriques et X un G-torseur au-
dessus de Y, on peut considérer le produit contracté X x& H qui est un H-torseur
au-dessus de Y et qu’on notera 7, (X).

Par [Mi, III, 3.9], si G est lisse et abélien, les G-torseurs au-dessus de Y sont
classifiés a isomorphisme pres par le groupe de cohomologie Ift(Y, Q).

Proposition 3.3.1 (Colliot-Thélene, Sansuc [CTS2, (2.0.2), §2.2])
Si E est un corps , X une E-variété algébrique propre, lisse et géométriquement
integre et T’ un tore sur F, alors on a une suite exacte naturelle

0 — HY(E,T) — HY(X,T) £ Homgags /) (X*(T), Pic Xg:) > H?(k, T)

ou ’application p est définie de la maniére suivante : pour tout torseur T et tout ca-
ractére £ de T, p(T)(&) est la classe du Gy, -torseur &.(T) dans Pic Xgs. En outre
6 est nulle si X a un point rationnel.

Définition 3.3.2 (Colliot-Thélene, Sansuc [CTS2, (2.0.4)])

Un torseur universel pour une variété X propre, lisse et géométriquement integre
sur un corps F de groupe de Picard de type fini et sans torsion sur F’ est un torseur
7 au-dessus de X sous le tore T\g associé au ¥-module Pic Xgs et tel que p(7) =

Idpic xps -

SOCIETE MATHEMATIQUE DE FRANCE 1998



274 EMMANUEL PEYRE

Par la proposition de tels torseurs existent si la variété X a en outre un point
rationnel. De plus, par [CTS1, proposition 2], si E est un corps de nombres les classes
d’isomorphismes de torseurs universels ayant un point rationnel sont en nombre fini.

Nous allons maintenant en donner quelques exemples.

Exemple 3.3.1. — Soit X une intersection complete lisse de dimension n > 3 dans
P4. Par [SGA2, exposé XII, corollaire 3.7], le groupe de Picard de Xg- est de rang
1 engendré par Ox(1). Soit 7 le cone épointé de Ag“ au-dessus de X muni de
I’action naturelle de G,,,. Le cone 7 est un G,,,-torseur au-dessus de X.

On identifie X*(G,;,) avec Pic X en envoyant Idg,, sur Ox(—1). Le morphisme
p(7T) envoie alors Ox(—1) sur la classe de 7 donc p(7) = Id et 7 représente
I’unique classe d’isomorphisme de torseurs au-dessus de X .

Exemple 3.3.2. — De méme si X C [[", Pgi est intersection normale d’hyper-
surfaces définies par des équations multihomogenes en les variables

((Xij)1<i<m,0<i <)

de sorte qu’on ait un isomorphisme

m
Pic [ [P3 = PicX
i=1
alors I’'unique torseur universel au-dessus de X est obtenu comme 1’image inverse de
X dans H?il(Ag“Ll —{0}), l’action de (Gy,,)™ se faisant composante par compo-
sante.

Exemple 3.3.3. — Si X est une variété torique propre et lisse pour un tore 7" dont
I’orbite ouverte a un point rationnel, autrement dit une compactification équivariante
lisse du tore 7', alors il résulte de [Sa, §8] qu’un torseur universel au-dessus de X est
donné par un ouvert d’un espace affine dont la construction remonte a Delzant [De].
Plus précisément, soit D(X) le Z-module libre ayant pour base les Tps-orbites dans
Xpgs de codimension 1, ou encore, ce qui revient au méme, les cones de dimension 1
dans I’éventail de X, (T") correspondant a X (cf. [Da, §6.5] ou [Odal]). On a alors
une suite exacte
0— X*(T) — D(X) — Pic Xgs — 0.

En passant aux tores correspondants on a une injection Iys — T'(D(X)). Soit C
le cone de D(X) ® R engendré par la base ci-dessus. Alors le tore T\g agit sur
I’espace affine Acy = Spec(E*(C N D(X))GE/E)) Soit T I'ouvert de Ac
correspondant aux points dont 1’orbite est de dimension maximale. Alors, par [De]
ou [Oda2], le quotient de 7 par g est isomorphe a X, cet isomorphisme dépendant
du choix d’un point rationnel dans 1’orbite ouverte de X. Les différents torseurs uni-
versels au-dessus de X sont obtenus en faisant varier ce point rationnel dans I’orbite
ouverte.
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Exemple 3.3.4 (Skorobogatov, [Sk1] et [Sk2]). — On considere maintenant la sur-
face X obtenue en éclatant les quatre points A = (1 : 0 : 0), P, = (0 : 1 : 0),
Py=(0:0:1)etPy = (1:1:1)dans P%. Alors Pic X est isomorphe a
Z5. On considere alors Gr(2,5), la Grassmanienne des sous-espaces de dimension 2
dans E°. On a un plongement de Gr(2,5) dans P(A?(E®)) par les coordonnées de
Plucker. Soit (e;)1<;<5 la base canonique de EP et pour tout J C {1,...,5}, soit
M le sous espace D, ; Ee;j. Soit W (2,5) Iouvert de Gr(2,5) correspondant aux
sous-espaces M tels que

dim(M N M) < (2/5)#J

et soit 7 le cone de A%(E®) au-dessus de W (2,5). Or les diviseurs exceptionnels de
X sont les éclatés des quatres points F} que I’on note Fj 5 et les relevés stricts des
droites (P; P;j) notés Fj ,, si{3,7,1,m} = {1,2,3,4}. Onidentifie les F; ; pour ¢ < j
avec la base naturelle de A?(E5). L’épimorphisme du Z module libre de base F ;
sur Pic X induit un morphisme Tys — GV et une action de Tk sur 7. Le quotient
7T /Tns est naturellement isomorphe & X donnant ici I’'unique torseur universel au-
dessus de X a isomorphisme pres.

Du point de vue arithmétique un des intéréts des torseurs universels provient de
I’annulation des obstructions de Brauer-Manin au principe de Hasse et a 1’approxi-
mation faible pour ces variétés, lorsque X est une variété algébrique propre, lisse et
géométriquement integre et rationnelle (cf. [CTS2, théoreme 2.1.2]). Cela amene a
envisager les hypotheses arithmétiques suivantes sur la variété V' :

Hypotheses 3. — Désormais, on suppose en outre que
(i) les torseurs universels au-dessus de V' vérifient le principe de Hasse, c’est-a-
dire pour tout torseur universel 7 on a I’implication

(Vo € My, T(ky) # @) = T (k) # 2,

(ii) les torseurs universels au-dessus de V' vérifient I’approximation faible, c’est-
a-dire, pour tout ensemble fini S de places de k, 7 (k) est dense dans le produit

HUES T(kv)

4. Montée aux torseurs universels

4.1. Les hauteurs

Notations 4.1.1. — Dans ce paragraphe, on fixe un torseur universel 7 au-dessus
d’une variété vérifiant les hypotheses 1 a 3. On suppose en outre que 7 a un point
rationnel .
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Si K /K est une extension finie et Hx un systeme de hauteurs pour Vi, alors pour
tout fibré en droites L sur V, on a une métrique adélique définie par

TR
(4.1.1) Vp € My, Va € V(ky), Yy € L(@), llyl, = | [[1vllyp
Blp

si [(L, (||-llg) e )] = Hi ([L]) et on obtient ainsi un systeme de hauteurs H sur
V appelé systeme induit.

Dans la suite, on note K une extension galoisienne finie de k de sorte que Pic Vi
soit isomorphe & Pic V et on choisit un systeme de hauteurs Hy sur V. On dési-
gnera par H le systeme induit sur V. Le systtme Hy permet également d’obtenir
des métriques ||.||, pour les fibrés en droites sur Vj, bien définies a une constante
multiplicative pres.

Soit B une place de K et L un fibré en droites sur Vi, . Le morphisme Z — PicV
envoyant 1 sur [L] induit un morphisme ¢, : Tns — Gy, ; le Gy, -torseur ¢y, (7) est
isomorphe au G,,,-torseur L™ obtenu en dtant a L la section nulle. On obtient ainsi un
morphisme ¢7, : 7 — L* compatible avec ¢r,. On fixe une place pg de k. La fonction
HH% qui envoie un élément y de 7 (Ksp) sur (|92 (y)||g / (|4 (y0) [l si B ne divise
pas po et sur la méme expression multipliée par H (L, 7(yo)) K% #eol/[KH sinon
est alors indépendante du choix de I’isomorphisme de ¢.(7") sur L* et du choix du
représentant (L, (| ||q)penr,c ) de H ([L]), mais dépend du choix de yy et de po.

On note HX 7.5 'application (Pic Vg ® C) x T (Kgq) — C* qui est I'exponentielle
d’une fonctlon linéaire en la premiere variable et telle que

HE (L, y) = (lylip) ™

on définit de maniere similaire Hy , : Pic V, ® C x T (k,) — C*.

Remarque 4.1.1. — Soit w : T — V 1’application quotient. Pour tout point y de
7 (k) ettout L de PicV ® C, on a la relation

(4.1.2) H(L,n(y)) = [ Hro(L.y).
veMj,

4.2. Un espace de type adélique. — Le but de ce paragraphe est d’utiliser le cone
des diviseurs effectifs dans le groupe Pic V' pour construire sur le torseur universel
une structure adélique qui, fibre a fibre, est donnée par la construction de Draxl (cf
§3.2). Nous en donnerons tout d’abord une construction pratique pour la descente
avant d’en donner une interprétation plus intrinseque. Pour cela, on fera I’hypothese
suivante :

Hypothése 4. — Le cone Ceg(V') est un cone polyédrique rationnel de I’espace vec-
toriel PicV ® R.
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Remarque 4.2.1. — Par la théorie de Mori, cela est vérifié pour les surfaces de Del
Pezzo. En outre, aucun contre-exemple ne semble &tre connu pour une variété véri-
fiant les hypotheses 1.

Notations 4.2.1. — Pour tout torseur universel 7 au-dessus de V' ayant un point
rationnel yg et pour tout systeme de hauteurs Hg sur Vi, on note pour toute place 3
de K

T (Ory) = {y € T(Ky) | VL € Cenr(Vicy ), HE p(L,y) < 1}

et pour toute place p de k,

Ta(0p) = T (kyp) N () Tiage (Okcy)-
PBlp

Définition 4.2.2. — L’espace adélique associé a T et Cer(V') est alors défini com-
me le produit restreint des 7 (k) relativement aux Zg(Op). On le notera temporaire-
ment 7gr(Ay).

Nous allons maintenant justifier cette terminologie en montrant qu’il s’agit de I’in-
tersection d’un espace adélique avec [ [, m, T (ky). L’idée de la construction est
donnée par le paragraphe 3.2.

Proposition 4.2.2. — Soit T le produit contracté T xTNs A—Ceff(V) i et T un Og-

modéle de T . Alors il existe un ensemble fini de places S, contenant les places archi-
médiennes tel que pour tout p de My, — Sa, Ta(Oy) coincide avec T (ky) NT (Op).

Démonstration. — Par définition de 7g1(0Oy), il suffit de démontrer le résultat sur K.
On peut donc supposer que Pic V = Pic V.

Soit L un fibré en droites sur V' tel que I'(V, L) # {0}. L’application de Z dans
Pic V' qui envoie 1 sur —[L] induit un morphisme du monoide N dans le monoide
—Cett(V) N Pic V et donc un morphisme d’algebres

E[N] — E[—Ceff(V) N Pic _]

D’ou un morphisme gZS L A—Ceff(V% B A,1ﬁ compatible avec le morphisme de tores
Tns — G- En prenant le produit contracté par 7 relativement a T\g, on obtient
un morphisme 1& Lv - T — LV qui étend le morphisme rv défini au paragraphe
précédent.

Soient Ly, ..., L,, des fibrés en droites tels que les classes d’isomorphismes [L;]
forment un systeme de générateurs du monoide Cig(V) N Pic V. Alors on a

Tu(0p) = {y € T(ky) | Vi, 1 <i<m = Hrp(Li,y) < 1}.

SOCIETE MATHEMATIQUE DE FRANCE 1998



278 EMMANUEL PEYRE

Soit S2 un ensemble fini de places tel que pour toute place p de M, — So, les
métriques sur les fibrés L) soient définies par un modele &) défini sur Og, et tel
que pour tout ¢ le morphisme ;v s’étende en un morphisme

&Liv . T x SpecOg, — &Y.

Sipe My—Ssyety € T(kp)ﬂ%(op), alors pour tout 7 compris entre 1 et m,zﬁLiv (y)
appartient & ) (O,) et par conséquent [¥ry (9)llp < 1. Quitte & augmenter S5, on
peut également supposer que [[¢rv (yo)|[y = 1 et que po appartient a S5. Il résulte
alors des définitions que x € TH(OF). On a donc montré I’inclusion

T (ky) N T(0p) C Tra(Oy).

D’autre part le morphisme @™, ¢, v T — ", L) estune immersion fermée.
En effet il suffit de le démontrer pour 1’application

m m

5 1
EB(bLiV : A*Ceff(v)vk - @Ak'
i=1 i=1

Mais ceci résulte du fait que le choix des L; donne une surjection

.?'21 N — —Cet(V) N Pic V.

Quitte & augmenter Sy, on peut supposer que T x Spec Og, est I’adhérence de 7 dans
(D, Z)) x SpecOg,. Soitp € My — Sz ety € T (Oy). Alors pour tout i entre
Letm, Hr y(L;,y) < 1 entraine que ||¢py (y)[lv < 1 etdonc v (y) € ZL7(0).
Donc

@"&L}(y) € (@‘iﬂz‘v)(op)-
i=1 i=1

Par conséquent y € %(Op). O

Corollaire 4.2.3. — L’espace adélique T, (Ay) est indépendant du choix du sys-
teme de hauteurs et du choix de 1.

Notation 4.2.3. — Dans la suite, on notera %eff(v) (Ay) cet espace adélique.

Remarque 4.2.4. — 11 faut noter qu’en général Ce(V') ne définit pas un éventail
régulier. Le nombre de raies extrémales peut, par exemple, etre supérieur au rang de

Pic V. La variété A_ Coe(V),k €St alors singuliere et il en est a fortiori de méme de la
€ ’

variété 7.
Exemple 4.2.1. — Soit X une intersection complete lisse de dimension n > 3 dans
P]kV et 7 le cone épointé de A]kVJrl au-dessus de X. Par ’exemple 3.3.1, 7 est,

a isomorphisme pres, 'unique torseur universel au-dessus de X. On peut en outre
choisir comme systeme de hauteurs celui induit par le systeme générateur (X;)o<i<n
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de I'(X, Ox(1)). Autrement dit, pour toute place v de k, tout x de X (k,) et toute
section s de Ox (1) correspondant & une forme linéaire [ sur ENHL

l
— inf |—
Ist)l, = inf |- @)
On suppose qu’il existe 9 € 7 (k). Le morphisme (1) envoie le point y de coor-
données (yo,...,yn) de 7 (k) sur 1/y; X;(yo : ... : yn) pour un ¢ tel que y; # 0.

On a donc

1
—inf =] = — -
Hw(‘)(l)(y)Hv ;Z,r;go Yily SUPoiKN ‘yl‘v

Done Hr,(0(1), ) = supg<;< [4il,/ suPosi< [40,il,, si v # po. Par conséquent
pour presque toute place v de k

T (0y) = A5 (0,) N T (ky)

et I’espace adélique considéré est égal a Ay T (Ax) N [Loenr, 7 (ky). Cest donc
celui utilisé pour la méthode du cercle.

Exemple 4.2.2. — Plus généralement, si X C [[;", Pffﬁl est donnée comme in-
tersection normale d’hypersurfaces définies par des équations multihomogenes et si
Z™ = Pic([]", Py*") est isomorphe 2 Pic X, I'unique torseur universel 7 au-
dessus de X est I'image inverse de X dans[[;", (Afcv i1 _£0}). Le cone effectif est
donné par RY; C R™ et comme dans le cas précédent, on vérifie que

To oy (Ax) = AZ=R MDA 0 TT T (k).
UEMk

Remarque 4.2.5. — Une des raisons de 1’apparition du cone —Cig plutdt que Cegy
dans les construction précédentes est donnée par les exemples 4.2.1 et 4.2.2 : dans
ces cas les structures adéliques usuelles sur les cones sont induites par celle de AV+!
vu au-dessus de PY et correspondent donc a O(—1) et non a O(1).

Exemple 4.2.3. — Considérons le cas ou V' est une compactification lisse d’un tore
T sur k. Soit D(V') le Z-module libre de base les T-orbites (7}) je s de codimension 1
dans V/, soit C' le cone naturel dans ce module et Ac i 'espace affine correspondant.
La suite exacte ‘
0— X*(T) L D(V) = PicV — 0

induit une action de Tns sur Ac . Dans ce cas, par I’exemple 3.3.3, les torseurs
universels au-dessus de V' sont isomorphes en tant que variété a un ouvert 7 de Ac ;.
et les morphismes 7 : 7 — V sont paramétrés par le choix d’un point a de 1’orbite
ouverte de V' et donnés comme les uniques extensions du morphisme équivariant de
T(D(V)) dans V envoyant I’élément neutre sur .

On prend pour yp I’'image de 1’élément neutre de 7'(D (V")) dans 7. En outre, on

choisit I’extension K /k de sorte que K trivialise le Gal(k/k)-ensemble J. Soit F;
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I’adhérence de T} pour j € J. On se donne un ensemble fini S C My et un modele ¥
de V sur Og. On peut supposer que .S contient les places ramifiées dans 1’extension
K /k et que, Sk désignant les places de K au-dessus de celles de S, il existe des
modeles .Z’; des fibrés associés a F; pour j décrivant .J, de sorte que les métriques
sur ces fibrés soient définies en dehors de Sk par les .Z’;. Enfin on suppose que I’on a
|47, (y0) |l = 1 en dehors de S et que 'adhérence .7; de F) dans ¥ 4 est définie
comme le lieu des zéros d’une section s; de .Z;.

La description de I’espace 7g(0p) nous amene a considérer des multiplicités
d’intersection. Soit P une place finie de K en dehors de Sk et ¢ € J. Pour tout
x € V(Kg) n’appartenant pas a F;, on note m;(x) la multiplicité d’intersection de
’adhérence 7 de = dans ¥, avec (F;)0,,. Cette intersection étant de dimension 0
par hypothese, on peut utiliser la formule de Serre (cf. [Se, page V-32])

. o,
mi(x) = > > (=1)1Tor; " (Oy 4/Tyz,Or y/T,5)
ye(P oy )(0) 720

ou Oy , désigne Oy/%g et pour tout sous-schéma fermé Y de 7/, Z,y désigne

I’idéal associé a Y dans I’anneau local Oy , et [ la longueur d’un Ogz-module. Dans
ce cas particulier, la formule se réduit a

mi(x) = lpy (Zi(7)/(si(x))).

De maniere plus intuitive, on peut également décrire m;(z) comme le plus grand
entier j tel que, modulo 3/, # appartienne 4 .%;.

Soitp € My —S.Onaky, ® K = H‘Blp Kgq. Comme p n’est pas ramifiée dans
K /k, on peut choisir des uniformisantes mp de Og pour ‘Blp de sorte que (myp)qyp
soit invariant sous 1’action du groupe de Galois. On considere alors pour tout J3|p
1’application

iy T(D(V))(Kep) = T(D(V))(Kp)

quiay = (y;)jes associe (y;/mgr () =m; (r(w)) )jeJ- On obtient alors que pour tout j

de J, I'entier vy (nxy (3);) vaut m;(m(y)). Le produit [ [y 1k, définit par passage
aux invariants une application

1y : T(D(V))(kp) — T(D(V))(kp)-

Proposition 4.2.6. — Avec les notations qui préceédent, pour tout élément y de l’en-
semble T(D(V'))(ky), Uintersection de T (Oy) avec la fibre de m en 7(y) est donnée
par

T(Cee(V), Op)-mp(y)-

Démonstration. — Toutes les définitions €tant obtenues par descente galoisienne a

partir de K, il suffit de montrer le résultat dans le cas ou le Gal(k/k)-ensemble .J est
trivial.
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Notons tout d’abord que la formule m;(z) = Ip, (Z;(%)/(s;(v))) se réécrit éga-
lement

(4.2.1) Is; (@), = (#Fp) ).

Vérifions que, pour tout y de T'(D(V'))(ky), on a m(ny(y)) = m(y). Pour cela,
on étend I’application Fj — y; en un morphisme u, : D(V) — ky*. Alors 7(y)
est caractérisé par les relations {(m(y)) = (&) ou & décrit X*(T). Il nous faut
donc calculer uy, () (£). Mais la fonction Fj — |[s;(7(y))||, s’étend également en
un morphisme wy : D(V)) — R~q qui vérifie

Ve e XHT), wy(§) = E(n(y))l,
et, par conséquent, les morphismes D(V') — Z qui étendent les applications F; —
m;(m(y)) et Fj — wvp(y;) coincident sur X*(7T') et, par définition de 7),, on obtient

que Uy, (4)(§) = uy(§) pour tout caractere £ de 7. '
Pour montrer la proposition, il reste a montrer que pour tout j, on a

o) |, =1

Mais il découle des définitions que I’on peut choisir ¢} 5| de sorte que y soit envoyé
sur yj_lsj(w(y)) et il résulte de (4.2.1) que

H¢[Fj](77p H _ H -1 vp(y]) m;(m(y)) ](W(y))szl’ 0

Cas particulier. — Si V est la variété torique obtenue en éclatant 3 points ration-
nels P, P; et P; en position générale sur P%Q, alors les diviseurs F} sont les images
inverses F, Eo et E3 des points ainsi que les relevés stricts F 2, Eo 3 et E3 1 des
droites (P P), (P2P3) et (P3Py). On note (yi,Y2, Y3, Y1,2,Y2,3,Y3,1) les coordon-
nées naturelles sur D(V)Y ® k et (z1 : 22 : x3) des coordonnées sur P%Q de sorte
que L =(1:0:0),P,=(0:1:0)et P;=(0:0:1).Soit U le complémentaire
des diviseurs F}; que I’on peut identifier avec son image dans P%Q Au-dessus de U le
morphisme 7 : 7 — V est donné par

T1 = Y2,3Y2Y3, T2 =Y1,3Y1Yys €t T3 = Y12Y1Y2.
Considérons la section ensembliste s : U(Q) — 7 1 (U)(Q) qui apparait notamment
dans [BM, §5] et [Pe, §7.1.2] et définie par, si (x1, z2,23) = 1,
s(@1 @2 1 x3) = (Y1,Y2, Y3, Y1,2: ¥2,3, Y3,1)
ouy; = (zj,x;) ety j = xlyl-_lyj_l pour {i,7,1} = {1,2,3}. Il est aisé de vérifier
que pour tout nombre premier p, et pour tout & = (a1 : x3 : x3), les valuations en p
des coordonnées de son image par s coincident avec les multiplicités d’intersection

de x avec les diviseurs correspondants dans Vj,. On en déduit comme dans le cas
général que Iintersection de 71 (Z,) avec la fibre en @ est le produit

TNs(Ceff(V), Zp).s(;l:).
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Mais Pic V' — Z[A|®Z[E;|®Z]Es) ou A est le relevé d’une droite ne contenant
aucun des points éclatés et pour la décomposition correspondante

TNS(Ceff(V)7 Zp): {(T7 T17 T27 r3)€G;1n

r; € 4 pour 1<i<3
rr.*lr;lEZp pour 1<i<j < 3 ’

7

Or, pour tout nombre premier p,

s(m(p,p,1,1,1,1)) =s(p:p: p2) =s(1:1:p)=(1,1,1,p,1,1)

etdonc (p,p,1,1,1,1) & T (Z,). L'espace adélique T3(Aq) est donc différent de
I'intersection de [ [, 7(Q,) avec ’espace adélique associé a I’espace affine.

Exemple 4.2.4. — On reprend les notations de 1’exemple 3.3.4. On considere donc
la surface de Del Pezzo V' obtenue en éclatant les quatre points rationnels de coor-
données (1:0:0),(0:1:0),(0:0:1)et(1:1:1)dans P%Q et ’unique torseur
universel au-dessus de V' est décrit comme un ouvert du cone de A2k° au-dessus de
I’image de la grassmannienne Gr(2,5) (cf. [Sk1], [Sk2] et I’exemple 3.3.4). Ce cone
est donné par les équation de Plucker :

Y1,2Y34 — Y1,3Y2.4 + Y1,4Y23 =
Y1,2Y3,5 — Y1,3Y2,5 T Y1,5Y2,3 =
Y1,2Y4,5 — Y1,4Y2,5 + Y1,5Y24 =
Y1,3Y4,5 — Y1,4Y35 + Y1,5Y34 =
Y2,3Y4,5 — Y2,4Y35 + Y2,5Y3.4 =

cocoocoo

Soit W I’image inverse dans 7 du complémentaire des diviseurs exceptionnels.
Alors, comme dans le cas des variétés toriques, on peut définir des applications 7, :
W (kp) — W (ky) avec mom, = 7 et telles que, si 1 < i < j < 5, la composante en
i, j de n,(y) ait pour valuation la multiplicité d’intersection de 7(y) avec le diviseur
exceptionnel F; ;. On montre alors aisément que I’intersection de la fibre en 7(y)
avec 7y1(Z,,) est donnée par le produit

Tns(Cetr(V), Zp) mp(y).

Remarque 4.2.7. — Pour presque toute place B de K, on peut également décrire
I’ensemble 7p,, (O k,, ) comme le produit

Tns(Cer(V), O).7 (Ogp)

ou .7 est un modele de 7. Cette description est sous-jacente dans les exemples 4.2.3
et 4.2.4, puisque les applications 7, ont en fait leur image dans .7 (Op) pour des
modeles bien choisis de 7.
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4.3. Un domaine fondamental sous NS(Og). — Comme dans le cas de 1’espace
projectif étudié par Schanuel dans [Sc], ou plus généralement celui des intersec-
tions completes lisses (cf. [Pe, §5.1]), le passage aux torseurs universels nécessite
la construction d’un domaine fondamental sous I’action des unités. L’objet de ce pa-
ragraphe est de définir ce domaine a 1’aide des fonctions I~{T,v introduites dans le
paragraphe 4.1.

Notations 4.3.1. — Dans la suite .S désigne un ensemble fini de places contenant
I’ensemble Sy défini au paragraphe 2.3 ainsi que I’ensemble S défini dans la dé-
monstration de la proposition 4.2.2, les places archimédiennes, les places ramifiées
dans I’extension K /k, et tel que les conditions (iv) et (v) de la proposition 3.1.2 soient
vérifiées pour le tore Tng associé au groupe de Picard.

On a donc, d’une part, une surjection

logs : Tns (k) — @D Xu(Tns),
vgS
et, d’autre part, une suite exacte
1
0 — W(Tns) — Tis(0s) —= [] (X.(Txs),) @ R.
vES

Soit M I’'image de logg. Le Z-module M est un réseau dans le noyau de I’application
canonique

[ X" (Tns)y ® R — X*(Ths) @ R.
veS

Soit A un domaine fondamental pour M dans ce noyau, donné par une base de M,
et pr une projection de [, g X* (Txs), ® R sur ce noyau.
Dans la section 4.1, on a construit des fonctions

Hr, : PicV, ® C x T(k,) — C*
pour tout torseur 7 ayant un point rationnel. Elles induisent des fonctions
H T (k) — (PicV,)” @ R
données par

~ rtlog
Vy € T(ky,), VL € PicV,,, Hr ,(y, L) = qff,v(y)(L)

2

oug, = #F,siv € My, q, = esik, = Ret g, = e sinon. On définit alors un

domaine Ay, (7) par

Au(T) = { ye [[Tk)

vES

pr((ﬁl;,gy(yv))veé‘) €A } .
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Proposition 4.3.1. — L’ensemble A, (T) est un domaine fondamental de I’espace
[Loes 7 (ko) sous Uaction de Tns(Os)/W (Ins). Autrement dit, il vérifie les condi-
tions suivantes :
(i) Amny (T) est stable sous I’action de W (1Ixs),
(ii) Vr € Tns(Og) — W(Ins), r-Au, (7T) N Au, (7) = 2,
(lll) UTGTNs(Os) r'AHK (T) = HUGS T(kv)
Démonstration. — Notons tout d’abord que pour toute place v de k on a
VL € PicV,, Yy € T (ky), ¥r € Txs(ko), Hro(L,ry) = ([|ryll5)~"
= |L(r)|, Hro(L,y).

Par conséquent la fonction

(yv)ves = (I:I;?%v(yv))ves

est compatible avec les actions de T'(Og), I’action de ce groupe sur 1’espace vectoriel

H (PicV,)" @ R
vES
étant donnée par — logg.
L assertion (i) résulte alors du fait que W (T\s) est contenu dans le noyau de logg
et les assertions (ii) et (iii) du fait que A est un domaine fondamental pour 1’image
de logg. O

Exemple 4.3.1. — SiV estI’espace projectif Py, alors on peut prendre pour S 1’en-
semble des places archimédiennes et pour métriques celles associées a la base usuelle
de ’espace vectoriel I'(P}}, O(1)). Le domaine fondamental coincide alors avec celui
construit par Schanuel [Sc].

Plus généralement, si V' est une intersection complete lisse de dimension supé-
rieure a 3 et si on prend S = M., alors, en utilisant les métriques obtenues par
restriction a partir de P}, le domaine fondamental est celui décrit dans [Pe, §5.1].

En particulier si & = Q on a simplement dans ce cas

A (T) = [ T(Qu).

veS

4.4. Mesures sur les torseurs universels. — Notre but dans cette section est de
construire une mesure adélique canonique sur les torseurs universels. La encore, notre
fil conducteur sera le cas des intersections completes lisses pour lesquelles on dispose
de la mesure induite par la forme différentielle de Leray (cf. [Lac, page 148], [Pe,
page 130]). Comme pour la mesure introduite par Salberger [Sal], il ne sera pas néces-
saire d’introduire des facteurs de convergence, ce qui est un des avantages du passage
aux torseurs universels. Toutefois I’espace adélique considéré par Salberger differe
de celui utilisé ici. En outre la mesure utilisée ici n’est pas invariante sous I’action du
tore TNs.
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Notations 4.4.1. — Soit 7 un torseur universel au-dessus de V' ayant un point ra-
tionnel sur k. Pour toute place v de k et tout point x de V' (k,) au-dessus duquel le
torseur 7 a un point rationnel sur k,, on considere la mesure Wz, définie par la
relation :

@an [ peen0)= [ )il e, o)

T (kv) Tns (ko)
ot f est une fonction sur 7 (k,) et y un point fixé de 7 (k,), ot |||V a été défini au
paragraphe 4.1 et ol wyy . , est la mesure canonique sur Txs(ky ), dont la définition

a été rappelée dans le paragraphe 3.1.
On considere alors la mesure wy ,, définie sur 7 (k,) par la relation :

[f(kv)f(y)wzv(y) :/V(kv)wH’U(x)/:/;(kv)f(y)w%’”(y)'

Remarque 4.4.1. — (i) Pour ces notations on fixe (wy/, (||-||s)venrs,, ), un représentant
de H(Jwy/]). Ce choix n’intervient que dans les termes locaux de la mesure.

(ii) En termes de celle de Salberger, cette mesure peut s’exprimer de la maniere
suivante :

W (T) = ||T ‘ | gv wSalberger,v(T) .

Hypothése 5. — Désormais on suppose en outre que le faisceau w‘jl appartient a
I'ouvert D(Cer(V')) défini dans le théoreme 3.2.3.

Proposition 4.4.2. — Avec les notations ci-dessus, le produit des mesures wr ,, dé-
finit une mesure adélique sur I’espace %eff(v)(Ak)'

Démonstration. — 1l nous faut montrer que, quitte a élargir .5, le produit
[ wru(mm(0.))
vgS

converge. Mais on a les relations

Vo My, wr (Ta(©.) = [ Anogwr,
7 (kv)

- / () / 100 ()7 ().
V(kv) T (kv)

Par [CTS2, lemme 3.2.3], quitte a augmenter .S, pour tout v de My — S, I’appli-
cation 7 (k,) — V (k,) est surjective.

En outre, quitte a augmenter S, on peut supposer qu’il existe un modele .7 de 7
sur Og de sorte que pour toute place 3 ne dominant pas un élément de .S, tout y de
T (Og) et tout L € Pic Vi, on ait

I:Ig,‘n(La y) =L
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Pour un tel S, si v appartient a My — S et x a V' (k,), il existe un élément y de
7.(ky) provenant de .7 (0, ). Mais alors

/Tx(kv) 174 (0.) W)W, o(y) = /TNS(M 1TNS(7ceff(V),ov)\WV(T)\UWTNS,U(T)-
On obtient donc les égalités

H wT,v (TH(O’U))

vEM—S

B H [/ T ‘UJV(T)’vaNs,v(T)wH,v(V(kv))
S TNS(_Ceff(V)aOv)

veEMj—

= H Lv(TNSaCeff(v)’wal)

UEM}C*S
x| ]I @reo(Tns(00) Ly (1, Pic V)
| vEM)—S
< | J] Lo@.PicV) 'wy, (V(k))
| vEM,—S

La convergence du premier terme résulte des travaux de Draxl, (cf. théoreme 3.2.3)
et de I’hypothese 5, la convergence du second des travaux de Weil et Ono et celle du
troisieme se démontre comme dans [Pe, proposition 2.2.2]. O

Il résulte de la preuve qu’il est possible de prendre la convention suivante :

Convention 4.4.2. — Dans la suite, on augmente S de fagon a ce que pour tout p de
My, — Settout x de V'(ky), il existe y € 7, (ky) tel que

VPIp, VL € Pic Vic, HE 4(L,y) = 1.

Lemme 4.4.3. — Le produit des mesures wr ,, est indépendant du choix du systéme
de hauteurs.

Démonstration. — Soient H! et H? deux systemes de métriques correspondant 2
deux métriques adéliques (||.||})vens, et (||.|2)venr, sur wy,'. La seconde peut alors
s*écrire comme (fy||.||1)vens, ol les fonctions f, sont continues, partout non nulles
et presque toutes constantes et égale a 1 sur V' (k,). Par la formule (2.3.1), la mesure
wy,, est multipliée par f,. Mais par (4.4.1) et la définition de .l , les mesures
wr, o sur T, (k,) sont divisées par fy A, ol (A, )ve s, est une famille de réels presque
tous égaux a 1 et telle que [ |, . M, Av = 1. La mesure [1.e M, WT o est donc inchan-
gée. U
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Définition 4.4.3. — On définit la mesure adélique canonique w7 sur I’espace adéli-
que 7o, ) (Ag) par la formule

1
wr = dim T H WT -
\/E veMj,

Remarque 4.4.4. — 1l est en fait également possible de définir cette mesure en
termes d’une section partout non nulle de wr, mais la description donnée ici est plus
pratique du point de vue de la descente.

Exemple 4.4.1. — SiV estune intersection complete lisse de dimension n > 3 dans
P]kV définie par I’annulation de m polyndmes homogenes f; de degré d; et si 7 est
le cone épointé au-dessus de V' dans Aé_v +1 alors la forme différentielle de Leray
wr, sur 7 est définie par la relation suivante : si y est un point rationnel de 7 et si

< a%"_ (y) est inversible pour [; < --- < [, alors
’ Ii,j<sm

) -1
wr (y) =(=1)" = det ( ai?; <y>)

1<, j<m
dXo A NdXp, A AdXL A+ AdXy.

Cette forme définit des mesures wy , sur 7 (k,) pour toute place v de k. D’autre
part le choix des équations ( f;)1<;<m définit un isomorphisme de w;l sur Oy (6) ou
d=N+1-3", d;. De maniere plus explicite un polyndme homogene g de degré
0 correspond a la forme w(g) définieen ¢ = (1 : 27 : ... : zy) par la formule (cf.
[Pe, page 134])

B of; 0 0
w(g)(z) = g(z) det (8Xi(‘”)> Nomprcisn 0X; " OX
1< <m

Par ailleurs, le systeme de hauteurs est défini par le choix d’une métrique adélique
sur Oy (1).

Proposition 4.4.5. — Pour tout choix de la métrique sur Oy (1) et toute place v de
k la mesure wy ,, coincide avec la mesure wy ,,.

Démonstration. — 11 suffit de montrer le résultat au-dessus d’un ouvert W de V (k)

pour la topologie v-adique sur lequel Xj et det (g—fé(x)) Nomiicicn D€ s’annulent

1<<m
pas. Soit p : W — 7 I’application qui envoie  de coordonnées (1 : 2 : ... : xy)
sur (1,21,...,2N—_m). Alors par [Pe, Lemme 5.4.4], I’image de la mesure Wy, SUT
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p(W) est donnée par
1

ij
SIC0) —
1< <m v

AX1y. . dXN o

)

p*wH,v =
lylle

Par définition, la mesure wy , s’exprime par la formule suivante

1
wT’v = of, Xm,v e dXN—m,v
~JI
det ( (y)) Nem+1<i<N
1<j<m v
qui coincide avec wy . O

5. Deux résultats de descente

5.1. Une fonction de comptage. — Comme pour la méthode du cercle, il semble
raisonnable de chercher a comparer dans certains cas des sommations du type

> a(y)

y€T (k)

avec des intégrales de la forme

dwr
TC ff(V)(Ak)
ou ® est une fonction sur I’espace 72} £V )(Ak) Or les différentes conjectures sur le
nombre de points de hauteur bornée sur la variété V' peuvent s’interpréter a I’aide de
comparaisons de ce type.

A titre d’exemple, nous allons décrire comment la question 2.6.1 peut se relever. Il
nous faut pour cela décrire les fonctions pour lesquelles devraient étre effectuées les
comparaisons.

Notations 5.1.1. — Si 7T est un torseur universel au-dessus de V avec 7 (k) # @ et
si s appartient a Pic V ® C, on définit <I>¥ par le produit

1

H

Q7 (s,y) = W (Tns) Y 4(s,y) EAI;IS‘I)TUS?JU
veEMj

ol pour tout v en dehors de S, (I)?v(s, .) est la fonction indicatrice de Zy(0,) et
oH 5(s,-) est la fonction indicatrice de 1’ensemble donné par

Vv € S, 7(y) € Ul(ky)
{ (yv)veS € AHK (T) '{ VL € Ceff(v)v HUES I:ITvv(L’yU) =1 }
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multipliée par la fonction [ [, . g H7 4 (s, Y») " ot U désigne le complémentaire dans
V' des sous-variétés modérément accumulatrices.

5.2. La descente pour la fonction zéta des hauteurs. — Nous nous placerons sous
les hypotheses suivantes, qui contiennent toutes les hypotheses déja effectuées.

Hypotheéses. — Lalettre V' désigne une variété projective, lisse et géométriquement
integre sur k£ qui satisfait les conditions suivantes :
(1) H{(V,0y) = 0pouri=1o0ou2,
(2) PicV = NSV est sans torsion,
3) wle appartient 4 I’ouvert D(Cegr(V)) C Cer(V),
(4) Cegr(V) est un cone polyédrique rationnel,
(5) V(k) est Zariski dense dans V,
(6) le complémentaire dans V' des sous-variétés modérément accumulatrices pour
toute hauteur de fibré w‘jl est un ouvert de Zariski non vide de V,
(7) les torseurs universels au-dessus de V' vérifient le principe de Hasse et 1’ap-
proximation faible.

Remarque 5.2.1. — Les hypotheses 1 a 4 sont de nature géométrique alors que les
conditions 5 a 7 sont de nature arithmétique. Comme indiqué précédemment, 1’auteur
ne connait pas de variété vérifiant les conditions 1 a 3 sans vérifier la condition 4 ;
la condition 7 a été étudiée par Colliot-Thélene et Sansuc [CTS2, §3.8] et la encore
aucun contre-exemple ne semble &tre connu lorsque V' vérifie les conditions 1 a 3.
Il n’en est peut-etre pas de méme de la condition 6 qui pourrait &tre fausse pour
certaines variétés de Fano (cf. I’exemple de Batyrev et Tschinkel [BT3]).

Pour simplifier I’énoncé des résultats, nous supposerons que le systtme de hau-
teurs Hy vérifie la condition suivante :

Vz € V(K), VL€ Cer(V)NPicV, Hg(L,z)>1

situation a laquelle on peut toujours se ramener.

Théoréme 5.2.2. — Soit V une variété vérifiant les conditions ci-dessus, K une ex-
tension galoisienne de k telle que Pic Vic —— PicV, H un systéme de hauteurs sur
Vi satisfaisant a la condition qui précéde, soit (T);cr une famille de représentants
des classes d’isomorphismes de torseurs universels au-dessus de V ayant un point
rationnel sur k. Alors, pour tout s appartenant a un coéne ouvert de PicV @ C

Z Z % (s,y) = Cu(s)Ls(s, Ins, Cer(V)).

i€l yeT; (k)

Démonstration. — On se fixe un élément s de Pic V ® C pour lequel les suites qui

définissent (xz(s) et Ls(s, Tns, Ce(V')) convergent. Soit alors  un point rationnel
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de U et ¢ I'unique élément de I tel que 7; ait un point rationnel au-dessus de x. Il
nous faut donc démontrer la formule suivante :

(5.2.1) > @8 (s,y) = H(s,x) ' Ls(s, Txs, Cerr(V)).
yezac(k)

Par définition des fonctions @% et par la formule (4.1.2), le terme de gauche s’écrit
également

# ] -1 __ 1 HUEMka I:I'Ti,v(svy)
B (Te) 2 LI Hm(s9)™ = s 3 H(s,2)

yEFz vES yeFz

ou F, est I’ensemble des y de 7;, (k) vérifiant les conditions suivantes

(i) VP € Mk — Sk, VL € Cen(V), HE (L) < 1,

(i) VL € Cetr(V), [Tpes Hrp(Ly) > 1,

(iii) (yv)veS € AHK (7;)
Mais I’hypothese faite sur Hy et la formule (4.1.2) entrainent que la premiere asser-
tion implique la seconde. Il suffit donc de considérer la premiere et la derniere.

Il résulte de la convention 4.4.2 que si v € M, — S, il existe yo , € Z;,(ky) tel
que pour tout L de Pic Vi on ait
(5.2.2) Hr (L, yo,0) = 1.
Mais comme le morphisme

Tns(k) —» € X.(Txs),
vEM—S
est surjectif, il existe en fait yy € 7;,(k) tel que, pour tout v de My, — S, I'image de
yo dans 7;, (k) vérifie (5.2.2). Considérons alors la bijection
0:1Ins(k) — Tig(k)

r = 7.
Lasomme ) = [, s Hr 0(s,y) s°écrit alors

2 I tsn)

Voe M) — S, r€Tng (—Cop(V),00) vEMy—S
TYo€AH ;. (T)

{TETNS (k)

= #W(TNS) Z H <5’T>v
vEM—S
{TETNs(kJ)‘V’UEMk—S, TETNs(—Ceff(V),OU)}/TNS(Os)

ou I’égalité résulte de la proposition 4.3.1. Mais par la proposition 3.1.2, on a une
suite exacte

0 — Tis(0s) = Tns(k) = €D Xu(Tis), — 0
veEM—S
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et donc la somme ci-dessus coincide avec

11 > (#F,)

veEM—S J}E—Ceff(V)ﬁX* (TNS)U

qui par le résultat de Draxl, (cf. proposition 3.2.2) est égale a Ls(s, Tis, Cett(V)).
]

5.3. La descente pour ’analogue intégral
Théoréme 5.3.1. — Sous les hypothéses du théoréme 5.2.2, pour tout s appartenant
a un cone ouvert de PicV ® C, on a la formule

> [ ehegenw
el Tie(v) (Ak)

= #H'(k,Pic V).15(V).xc ) (8 — wp ') Ls(wy ', s, Cer(V)).
Démonstration. — On fixe un élément s de PicV ® C pour lequel 1’expression

Xy (V) (8 — w‘jl) est bien définie. Par définition, le terme de gauche du théoreme
s’écrit de la maniere suivante

1
Z/ T st 11 Mnion ZamT Il wrole

el veM, f veM,
ZC ff(V)(Ak) k™ k

ou encore

dlmTZ H 7;71) ))/@TZ,S H Tz,v

#W(TNS) d iel veM,—S I Titks) ves

veS

Soit v une place de k en dehors de S, 7 un élément de [ et = un point de V (k). On
peut alors choisir dans la fibre un point g, tel que

VL € PicV, |yollk =

On obtient la formule

wﬂyv - ’wV(T)‘vaNs,U(r)

/TNS(Ceff(V)va)
= wTNs,v(TNS(Ov)) : LU(TNSv Ceff(v)v W\71)

/;;z(kv)mZH(OU)

et donc

wTi,v(ZH(ov)) = wTNS,v(TNS(Ov))Lv(TNSv Ceff(v)v Wal)wH,y(V(kv))-
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En prenant le produit sur les places v en dehors de .S, on obtient

[I wz.Tm©@)=| J[ ZLo(@xs Cer(V),wh)
vEM—S vEM—S

< | I wrew(Tis(00))Lo(1, PicV)
_UEM}C*S

< | I Lo(1,Pic V) wp, (V (k)
_UEMk—S

Soit 4 un élément de I et (z,)ycs un point de 'image de [[, g Zi(k,). Comme,
par la proposition 3.1.2 (i), le morphisme de Txg(Ay) vers (Pic V)Y @ R est sur-
jectif, il existe un élément gy de [, g Zi(ky) tel que pour tout L de PicV on ait
[Toes llvolls = 1. On a alors la relation

#W(TNS)_l/ - o4 5(5,9) (H )
UI;IS iacv( U)

vES

- /1{(7‘v)ves|V§€Ceff(V) H 1€(rv)], <1} H § _wV s Tw)u HwTNSU Tv)-

HSTNS(kv)/TNS(OS) ves ves
ve

Notons Tig([T,cg kv) I’ensemble
{(ro)ves € [ ] Tis(ko) | V€ € PicV, [T 160r)], =1}

veS veS
Comme dans le paragraphe 3.1, on définit une mesure wry s SUI ce groupe. Le terme
ci-dessus est alors donné par la formule

/Ceff(v)v e_<s_w‘;1’y>dy.le\1‘S’S <T§IS (H kv) /TNS(OS)>.

veS
On obtient donc I’égalité

awne " [ o) [[era)
Moes Tilky) ves

= Xcuq(v) (S — w\71)wT1§S,s (Tﬁls (H kv> /TNS(OS)>

vES

(o) (<(IT700).
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Or il résulte de la proposition 3.1.2 qu’on a un isomorphisme
s (T # ) /Tas(0s) x - [T TNS ) = Ths(Ax)/Tus (k).
veS UEMk

En réunissant le terme obtenu pour les bonnes places a celui obtenu aux mauvaises,
on obtient la formule

[ oeen)
Ticeff(v)(Ak)
= Xceff(V)( — Wy )le (TNS(Ak)/TNS ( ( H ))
vEMj,

Par le théoreme d’Ono,
wrs (Ths(Ap)/Tis (k) = #H" (k, Pic V) /#111' (k, Txs).

D’autre part si z € V(k), alors le nombre de classes d’isomorphisme de torseurs
universels au-dessus de V' qui ont un point adélique au-dessus de I’image de x dans
V(Ay) est précisément 111! (k, Tis). Et il résulte de I’hypothese (7) du paragraphe

précédent que
7T< H Z(kv)> - W

vEMj,
En sommant sur les différents torseurs universels, on obtient la formule recherchée.
O
5.4. Conclusion. — En définitive on obtient que, sous les hypotheses faites a la

section 5.2, la question optimiste 2.6.1, a savoir la comparaison entre Gy (s) et
Xe(v) (s = wi BV ) e (V)

au voisinage de w‘;l se ramene, au niveau des torseurs universels a des majorations
de termes de la forme

> B(s,y) - (s, y)wr; ()

yeTi(k) Ticygr (™) (Ax)

ou, par le corollaire 4.2.3 et le lemme 4.4.3, ’Z{Ceff(v)(Ak) et wy; sont des structures
canoniques associées au torseur universel.

De méme la conjecture de Manin raffinée (cf. [Pe, conjecture 2.3.1] et [BT1]) qui
relie ny g (H) a

a(V)B(V)rg(V)H (log H)'™!
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avec t = rg Pic V, peut se ramener a des majorations similaires a I’aide des fonctions
de comptage

H H H
(EIZ(Hvb’y) - (I)/Ti,S(H7b7y) H (I)/Ti,v(H7bvy)
vEM—S

avec H € Rygeth € @UeMk_S X, (Ins), ou, pour tout v en dehors de S,

@’ % v (H,b,y) est la fonction indicatrice de b,7;11(0O,) pour un élément b, de I’en-

semble Txs(ky) tel que log, (b,) = b, et ou @’%7 g(H,-) est la fonction indicatrice
de I’ensemble défini par

(yv)ves € AHK (7;)7
Yo €S, m(yy) € Ulky),

VL € Cer(V), Tlpes Hro(Loyw) > 1,
[Loes HT,v(W\;layv) < H.

Ces réductions sont des généralisations du passage de la variété au cone épointé
pour les intersections completes lisses.

L’étape suivante dans le développement d’une hypothétique machinerie générale
serait de passer d’un torseur 7 a un espace affine. Pour cela, il nous faut tout d’abord
trouver un plongement de 7 dans un espace affine qui joue le méme role que celui
considéré dans le cas des variétés multihomogenes (cf. exemple 3.3.2) ou torique (cf.
exemple 3.3.3).

Dans ce but, donnons-nous une famille génératrice ([L;]) ;e s de Cer(V) provenant
de PicV et qui soit invariante sous I’action du groupe de Galois Gal(k/k) et soit
(V) le Z-module libre de base J. C’est un module de permutation et on a un
épimorphisme naturel

p: M V) PicV.

Le fibré vectoriel £ = P jed L}/ provient d’un unique fibré E sur V et ’'unique tor-

seur R sous T'(.# (V')) au-dessus de V dont I’invariant p(R) est p est donné comme
k-forme de xv je ;L7
L’application p induit un morphisme de tores

jiIns = T(A#(V))
et on a un morphisme de 7 vers j.(7 ) qui est isomorphe & R. On obtient ainsi un
morphisme
} :T —-RCE.
Comme dans la démonstration de la proposition 4.2.2, on peut montrer que

ff(V)(Ak) = H T (k) N E(Ay).

ve My

1

€l
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Considérons maintenant 1’espace vectoriel A obtenu par descente galoisienne a
partir de

A=PTV, L))"

On a un morphisme naturel ev : £ — A. On suppose dans la suite que cela définit
un plongement de 7 dans A. Ce plongement a I’avantage que 1’action de Tyg sur 7
s’étend en une action sur A.

Un premier probleme auquel on se heurte est, comme dans le cas des variétés to-
riques, la différence entre 7, v (Ag) et[T,enr, 7 (kv) N A(Ay). Plus précisément,
soit v une place finie, z € V(k,) au-dessus duquel 7 a un point y. En dehors de S,
on peut choisir yy de sorte que

VL € Ceff(V), Hyon =1.
et on a un isomorphisme naturel
%(kv)/TNS(Ov) — X, (TNS)U'

On se donne des bases s; ; de I'(V, L;). Quitte a augmenter .S, on peut supposer que
Iimage de 7, (Ksy) N A(Og), qui est invariante sous Txs(Og), est donnée par

{& € Xu(Txs) | V) € J, (€, Ly) > sup(log,, [Isi;(z)[[%) }

ou (Lj, (Hng)EBEMK) représente H(L;) pour j € J. Il s’agit d’une réunion finie de
translatés de Ceff(V)v qui n’est autre que 1'image de 7, (Kq) N Th,, (O Ky, ). En outre
le terme
sup(log,, sij ()l

est d’autant plus important que x est proche des points bases des faisceaux L;, qui,
dans plusieurs exemples, coincident avec les sous-variétés accumulatrices.

Cette difficulté résolue, il faudrait alors passer de[ [, 7 (kv)NA(Ay) a A(Ay)
et de 7 (k) a A(k) ce qui devrait &tre réalisable en s’inspirant des travaux d’Igusa

lorsque 7 est donné comme intersection complete dans A, puis majorer sur 1’analo-
gue des arcs majeurs les différences

o(x) — ¢
ye;(k) /A(Ak)

pour les fonctions ¢ obtenues. Toutefois il n’est pas clair a I’heure actuelle que I’on
puisse obtenir des généralisations du cceur de la méthode du cercle a savoir obtenir
des majorations suffisamment fines de sommes d’exponentielles.

Je tiens a remercier Per Salberger et Yuri Tschinkel pour plusieurs dicussions qui ont
permis la rédaction de cet article.
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Dedicated to Professor Yu. I. Manin on his 60th birthday

Abstract. — Let £ = (L, || - ||v) be an ample metrized invertible sheaf on a
smooth quasi-projective algebraic variety V' over a number field F. Denote by
N(V, L, B) the number of rational points in V having £-height < B. In this
paper we consider the problem of a geometric and arithmetic interpretation
of the asymptotic for N(V, L, B) as B — oo in connection with recent conjec-
tures of Fujita concerning the Minimal Model Program for polarized algebraic
varieties.

We introduce the notions of L-primitive varieties and L-primitive fibrations.
For L-primitive varieties V over F' we propose a method to define an adelic
Tamagawa number 72(V') which is a generalization of the Tamagawa number
7(V) introduced by Peyre for smooth Fano varieties. Our method allows us
to construct Tamagawa numbers for Q-Fano varieties with at worst canonical
singularities.

In a series of examples of smooth polarized varieties and singular Fano
varieties we show that our Tamagawa numbers express the dependence of the
asymptotic of N(V, L, B) on the choice of v-adic metrics on L.

1. Introduction

Let F' be a number field (a finite extension of Q), Val(F') the set of all
valuations of F', F, the v-adic completion of F' with respect to v € Val(F),
and |- |, : F, — R the v-adic norm on F, normalized by the conditions
|2y = |NE,/q, (z)|p for p-adic valuations v € Val(F).

Consider a projective space P with homogeneous coordinates (zo, ..., 2 )
and a locally closed quasi-projective subvariety V' C P™ defined over F' (we
want to stress that V is not assumed to be projective). Let V(F') be the

2000 Mathematics Subject Classification. — Primary 11G35; Secondary 14G05, 14G10.
Key words and phrases. — Rational points, height zeta functions, Tamagawa numbers.
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300 VICTOR V. BATYREV & YURI TSCHINKEL

set of points in V with coordinates in F. A standard height function
H : P™(F) — R is defined as follows

H(z) := UEQMF)jrgéxm{IZj(w)lv}-
A basic fact about the standard height function H claims that the set
{z e P™(F) : H(z) < B}
is finite for any real number B [29]. We set
N(V,B)=#{x € V(F) : H(x) < B}.

It is an experimental fact that whenever one succeeds in proving an asymp-
totic formula for the function N(V, B) as B — oo, one obtains the asymptotic

(1) N(V,B) = ¢(V)B"") (log B)"") 7! (1 + o(1))

with some constants a(V) € Q, b(V) € 3Z, and ¢(V) € Rsg. We want to use
this observation as our starting point. It seems natural to ask the following:

Question A. — For which quasi-projective subvarieties V. C P™ defined over
F do there exist constants a(V) € Q, b(V) € 3Z and ¢(V) € Rxg such that
the asymptotic formula (1) holds?

Question B. — Does there exist a quasi-projective variety V over F with an
asymptotic which is different from (1)?

In this paper we will be interested not in Questions A and B themselves
but in a related to them another natural question:

Question C. — Assume that V is an irreducible quasi-projective variety over a
number field F' such that the asymptotic formula (1) holds. How to compute the
constants a(V'),b(V) and c¢(V') in this formula via some arithmetical properties
of V over F and geometrical properties of V' over C?

To simplify our terminology, it will be convenient for us to postulate:

Assumption. — For all quasi-projective V', V with V/ € V C P™ and with
|[V(F)| = oo there exists the limit

o NV, B)
Be N(V,B)

The following definitions have been useful to us:
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Definition S1. — A smooth irreducible quasi-projective subvariety V' C P™
over a number field F' is called weakly saturated, if |V (F)| = co and if for
any locally closed subvariety W C V with dimW < dim V' one has

N(W, B)

—_ 1.
N(V.B) *

limp_ s

It is important to remark that Question C really makes sense only for weakly
saturated varieties. Indeed, if there were a locally closed subvariety W C V
with dim W < dim V' and

NW.B)
N(V.B)

liInB—m)o

then it would be enough to answer Question C for each irreducible component
of W and for all possible intersections of these components (i.e., one could
forget about the existence of V' and reduce the situation to a lower-dimensional
case). In general, it is not easy to decide whether or not a given locally closed
subvariety V' C P™ is weakly saturated. We expect (and our assumption
implies this) that the orbits of connected subgroups G C PGL(m + 1) are
examples of weakly saturated varieties V' C P™ (see 3.2.8).

Definition So. — A smooth irreducible quasi-projective subvariety V. C P™
with |[N(V,B)| = oo is called strongly saturated, if for all dense Zariski
open subsets U C V', one has

N(U, B)

limp o575+ = 1.

N(V,B)
First of all, if V' C P™ is a strongly saturated subvariety, then for any
locally closed subvariety W C V with dim W < dim V/, one has
N(W,B)
limp oo———+—= =0,
TNV B)
i.e., V is weakly saturated.

On the other hand, if V' C P™ is weakly saturated, but not strongly satu-
rated, then there must be an infinite sequence Wy, Ws, ... of pairwise differ-
ent locally closed irreducible subvarieties W; C V with dim W; < dimV and
|W;(F')| = oo such that for an arbitrary positive integer k£ one has

N(WyU---UWy, B)

1.
N(V.B) <

0 < limp_,

Moreover, in this situation one can always choose the varieties W; to be
strongly saturated (otherwise one could find W/ C W; with dim W/ < dim W
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with the same properties as W; etc.). The strong saturatedness of each W;
implies that
]\[(VVZ‘1 n--- ﬂWZ‘l,B)

limp_, =0
BTN B)
for all pairwise different i, ...,4 and [ > 2. In particular, one has
WB) ) NWyU---UWy, B)
limp_, “—~ =limp_, : 1 Vk > 0.
Z HiB—oo Ty gy T B N(V, B) < ~

Definition F. — Let V be a weakly saturated quasi-projective variety in P™
and Wy, Wy, ... an infinite sequence of strongly saturated irreducible subvari-
eties W, having the property

N(W;, B)
N(V,B)

We say that the set {Wy, Ws,...} forms an asymptotic arithmetic fibra-
tion on V, if the following equality holds

=1

The main purpose of this paper is to explain some geometric and arithmetic
ideas concerning weakly saturated varieties and their asymptotic arithmetic
fibrations by strongly saturated subvarieties. It seems that the cubic bundles
considered in [9] are examples of such a fibration. We want to remark that
most of the above terminology grew out of our attempts to restore a conjectural
picture of the interplay between the geometry of algebraic varieties and the
arithmetic of the distribution of rational points on them after we have found
in [9] an example which contradicted general expectations formulated in [4].

0<0; :=limp_ <1 Vi>D0.

In section 2 we consider smooth quasi-projective varieties V over C together
with a polarization £ = (L, || - ||5) consisting of an ample line bundle L on V'
equipped with a positive hermitian metric || - ||;. Our main interest in this
section is a discussion of geometric properties of V' in connection with the
Minimal Model Program [27] and its version for polarized algebraic varieties
suggested by Fujita [20, 23, 24]. We introduce our main geometric invariants
arc(V), Be(V), and é.(V) for an arbitrary L-polarized variety V. It is impor-
tant to remark that we will be only interested in the case ag(V) > 0. The
number a, (V') was first introduced in [4, 5], it equals to the opposite of the
so called Kodaira energy (investigated by Fujita in [20, 23, 24]). Our basic
geometric notion in the study of L-polarized varieties V with az (V) > 0 is the
notion of an L-primitive variety. In Fujita’s program for polarized varieties
with negative Kodaira energy L-primitive varieties play the same role as Q-
Fano varieties in Mori’s program for algebraic varieties with negative Kodaira
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dimension. In particular, one expects the existence of so called L-primitive
fibrations, which are analogous to Q-Fano fibrations in Mori’s program. We
show that on L-primitive varieties there exists a canonical volume measure.
Moreover, this measure allows us to construct a descent of hermitian metrics
to the base of L-primitive fibrations. Many geometric ideas of this section are
inspired by [4, 5].

In section 3 we introduce our main arithmetic notions of weakly and strongly
L-saturated varieties. Our first main diophantine conjecture claims that if an
adelic L-polarized quasi-projective algebraic variety V over a number field F
is strongly L-saturated, then the corresponding L-polarized complex algebraic
variety V(C) is L-primitive. Moreover, we conjecture that if an adelic £-
polarized quasi-projective algebraic variety V over a number field F' is weakly
L-saturated, then the corresponding L-polarized complex algebraic variety
V(C) admits an £-primitive fibration having infinitely many fibers W defined
over F' which form an asymptotic arithmetic fibration. These conjectures allow
us to establish a connection between the geometry of V(C) and the arithmetic
of V. Following this idea, we explain a construction of an adelic measure on
an arbitrary L-primitive variety V' with a,(V) > 0 and of the corresponding
Tamagawa number 7, (V') as a regularized adelic integral of this measure. Our
construction generalizes the definition of Tamagawa measures associated with
a metrization of the canonical line bundle due to Peyre [30]. We expect that
for strongly L-saturated varieties V' the number 7 (V') reflects the dependence
of the constant ¢(V') in the asymptotic formula (1) on the adelic metrization of
the ample line bundle L. We discuss the natural question about the behavior
of the adelic constant 7(W) for fibers W in L-primitive fibrations on weakly
L-saturated varieties.

In section 4 we show that our diophantine conjectures agree with already
known examples of asymptotic formulas established for polarized algebraic
varieties through the study of analytic properties of height zeta functions.

In Section 5 we illustrate our expectations for the constants a(V'),b(V') and
¢(V) in the asymptotics of N(V, B) on some examples of smooth Zariski dense
subsets V' in Fano varieties with singularities.

We would like to thank J.-L. Colliot-Théléne for his patience and encour-
agement. We are very grateful to B. Mazur, Yu. I. Manin, L. Ein and A.
Chambert-Loir for their comments and suggestions. We thank the referee for
several useful remarks.

2. Geometry of L-polarized varieties

2.1. L-closure. — Let V be a smooth irreducible quasi-projective algebraic
variety over C, V(C) the set of closed points of V', L an ample invertible sheaf
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on V,ie., L = i*Opm(1) for some k > 0 and some embedding i : V
P™. Since we don’t assume V to be compact, the invertible sheaf L on V
itself contains too little information about the embedding i : V — P™. For
instance, let V be an affine variety of positive dimension. Then the space of
global sections of L is infinite dimensional and we don’t know anything about
the projective closure of V in P" even though we know that the invertible
sheaf L®¥ is isomorphic to i*Opm(1). This situation changes if one considers
L together with a positive hermitian metric, i.e., an ample metrized invertible
sheaf £ associated with L. Let us choose a positive hermitian metric A on
Opn (1) (e.g. Fubini-Study metric) and denote by || - ||, the induced metric on

L®*. Thus we obtain a metric || - || on L by putting ||s(z)| := Hsk(x)H}ll/k
any z € V(C) and any section s € H*(U, L) over an open subset U C V.

for

Definition 2.1.1. — We call a pair £L = (L, || - ||) an ample metrized invert-
ible sheaf associated with L. We denote by £L®" the pair (L=, || - ||*).

Our next goal is to show that an ample metrized invertible sheaf contains
almost complete information about the projective closure of V' in P™.

Definition 2.1.2. — Let L = (L,||-||) be an ample metrized invertible sheaf on
a complex irreducible quasi-projective variety V. We denote by

HY4(V, L)

the subspace of H(V, L) consisting of those global sections s of L over V' such
that the corresponding continuous function z — ||s(z)|| (x € V(C)) is globally
bounded on V(C) from above by a positive constant C'(s) depending only on
s. We call Hg 4(V, L) the space of globally bounded sections of L.

Proposition 2.1.3. — Let V be the normalization of the projective closure of V.
with respect to the embedding i : V «— P™ with L®* = i*Opm (1). Denote by
e : V. — P™ the corresponding finite projective morphism. Then one has a
natural isomorphism

HY (V, £%%) =2 HO(V, e*Opm (1)).

Proof. — Since V(C) is compact, the continuous function z + ||s(z)|| is glob-
ally bounded on V(C) for any s € H(V,e*Opm(1)). Therefore, we obtain
that HY(V, e*Opm (1)) is a subspace of HY (V, LZF).

Now let f € HY,(V,L%F) be a globally bounded on V(C) section of
i*Opm(1). Since HY,(V,L®") is a subspace of HO(V,L®"), the section f
uniquely extends to a global meromorphic section f € H°(V,e*Opm(1)).
Since a bounded meromorphic function is holomorphic, f is a global regular
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section of €*Opm (1) (we apply the theorem of Riemann to some resolution of
singularities p : X — V and use the fact that p.Ox = Oy;). Thus we have

HY (V, £%%) ¢ HO(V, e*O(1)).

Definition 2.1.4. — We define the graded C-algebra

AV, L) = P U (V, £5).
v>0

Using 2.1.3, one immediately obtains:
Corollary 2.1.5. — The graded algebra A(V, L) is finitely generated.
Definition 2.1.6. — We call the normal projective variety
V* = Proj A(V, £).

the L-closure of V with respect to an ample metrized invertible sheaf L.

Remark 2.1.7. — By 2.1.3, Vﬁ is isomorphic to V. Therefore, we have ob-
tained a way to define the normalization of the projective closure of V' with

respect to an L®*-embedding via a notion of an ample metrized invertible
sheaf £ on V.

2.2. Kodaira energy and a, (V). — Let X be a normal irreducible alge-
braic variety of dimension n. We denote by Div(X) (resp. by Z,—1(X)) the
group of Cartier divisors (resp. Weil divisors) on X. An element of Div(X)®Q
(resp.Zp—1(X) ® Q) is called a Q-Cartier divisor (resp. a Q-divisor). By Kx
we denote a divisor of a meromorphic differential n-form on X, where Kx is
considered as an element of Z,,_1(X).

Definition 2.2.1. — Let X be a projective variety and L be an invertible sheaf
on X. The Iitaka-dimension (L) is defined as

iy ={ > if HO(X, L®) =0 for all v > 0
M= Max dim épes (X) : HO(X,LE) £ 0

where ¢re.(X) is the closure of the image of X under the rational map
prov : X — P(HY(X,L®)).

A Cartier divisor L is called semi-ample (resp. effective), if L® is generated
by global sections for some v > 0 (resp. k(L) > 0).
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Remark 2.2.2. — The notions of litaka-dimension, ampleness and semi-ample-
ness obviously extend to Q-Cartier divisors. Let L be a Cartier divisor. Then
for all k1, ko € N we set
R(LERIE2) = (L),
L®k1/k2 ig ample < L is ample,
and
L®k1/k2 ig semi-ample < L is semi-ample.

Definition 2.2.3. — Let X be a smooth projective variety. We denote by
NS(X) the group of divisors on X modulo numerical equivalence and set
NS(X)r = NS(X) ® R.

By [L] we denote the class of a divisor L in NS(X). The cone of effective
divisors Acg(X) C NS(X)g is defined as the closure of the subset

U R}O[L] - NS(X)R.
k(L)>0
Definition 2.2.4. — Let V be a smooth quasi-projective algebraic variety with
an ample metrized invertible sheaf £, V"~ the L-closure of V and p some
resolution of singularities
p: X —>V£.
We define the number
ac(V)=if{t € Q : tp"L] + [Kx] € Aui(X)}.
and call it the £-index of V.

Remark 2.2.5. — 1t is easy to see that the L-index does not depend on the
choice of the resolution p.

Remark 2.2.6. — The L-index a, (V) for smooth projective varieties V' was
first introduced in [4] and [5]. We remark that the opposite number —ay (V')
coincides with the notion of Kodaira energy introduced and investigated by
Fujita in [20, 23, 24]:
ke(V,L) = —ap (V) = —inf{t € Q : x((L)®" ® Ky) = 0}.

From the viewpoint of our diophantine applications it is much more natural
to consider a (V') instead of its opposite —a, (V). The only reason that we
could see for introducing the number —a, (V') instead of a (V') is some kind
of compatibility between the notions of Kodaira energy and Kodaira dimen-

sion, e.g. Kodaira energy must be positive (resp. negative) iff the Kodaira
dimension is positive (resp. negative).

The following statement was conjectured in [4] (see also [5, 21, 22]):
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Conjecture 2.2.7 (Rationality). — Assume that oy (V) > 0. Then as(V) is
rational.

Remark 2.2.8. — It was shown in [5] that this conjecture follows from the
Minimal Model Program. In particular, it holds for dimV < 3. If dimV =1,
then the only possible values of a,(V) are numbers 2/k with (k € N). If
dimV = 2, then ag(V) € {2/k,3/1} with (k,l € N).

Definition 2.2.9. — A normal irreducible algebraic variety W is said to have at
worst canonical (resp. terminal) singularities if Ky is a Q-Cartier divisor
and if for some (or every) resolution of singularities

p: X—=-W

one has

Kx = p"(Kw) ® O(D)
where D is an effective Q-Cartier divisor (resp. the support of the effective
divisor D coincides with the exceptional locus of p). Irreducible components
of the exceptional locus of p which are not contained in the support of D are
called crepant divisors of the resolution p.

Definition 2.2.10. — A normal irreducible algebraic variety W is called a ca-
nonical Q-Fano variety, if W has at worst canonical singularities and K;[,l
is an ample Q-Cartier divisor. A maximal positive rational number r(WW)
such that Kﬁ/l = L®W) for some Cartier divisor L is called the index of
a canonical Q-Fano variety W (obviously, one has (W) = a,z(W) for some
positive metric on L).

The following conjecture is due to Fujita [20]:

Conjecture 2.2.11 (Spectrum Conjecture). — Let S(n) be the set all possible
values of ap (V) for smooth quasi-projective algebraic varieties V- of dimen-
ston < n with an ample metrized invertible sheaf L. Then for any € > 0 the
set

{as(V)e S(n) : ag(V) > e}
s finite.

This conjecture follows from the Minimal Model Program [27] and from
the following conjecture on the boundedness of index for Fano varieties with
canonical singularities:

Conjecture 2.2.12 (Boundedness of Index). — The set of possible values of in-
dex r(W) for canonical Q-Fano varieties W of dimension n is finite.

In particular, both conjectures are true for Q-Fano varieties of dimension
n < 3[2, 20, 23, 24, 28, 32].
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2.3. L-primitive varieties
Definition 2.3.1. — Let X be a projective algebraic variety. We call an effective
Q-divisor D rigid, if k(D) = 0.

Proposition 2.3.2. — An effective Q-divisor D on X is rigid if and only if there
exist finitely many irreducible subvarieties Dy, ..., D; C X (I > 0) of codimen-
sion 1 such that D =r1 Dy +--- 4+ r Dy with r1,...,7r € Q> and

dimH(X,O(nm Dy + -+ +mDy)) =1 V (n1,...,nm) € Z,.

Proof. — Let D be rigid. Take a positive integer mg such that mgD is a
Cartier divisor and dim H°(X, O(moD)) = 1. Denote by D1,..., D the irre-
ducible components of the divisor (s) of a non-zero section s € H*(X, O(mD)).
One has

(s)=m1Dy+---+myD; mq,...,m; €N.
Since O(D;) admits at least one global non-zero section we obtain that
dim H(X,O(n| Dy + --- +njDy)) > dimH(X, O(n1 Dy + - - - + n D)),

whenever ny > nf,...,n = nj for (n},...,n)), (n1,...,n) € Zl)o- This
implies that

dimH(X, 0Dy + -+ +mDy)) > 1V (ny,...,n) € Z,.

On the other hand, for any (ni,...,n;) € Zl>0 there exists a positive integer
ng such that ngmi > nq,...,ngm; = n;. Therefore,

dim HY(X,0(ny1 Dy + --- +mDy)) < dimH(X, O(ngmoD)) = 1,
since k(ngmoD) = k(D) = 0. O

Corollary 2.3.3. — Let Dy,...,D; C X be all irreducible components of the
support of a rigid Q-Cartier divisor D. Then a linear combination

nDy+---+mD;, niy,...,n €4
s a principal divisor, iff ny = --- =n; = 0.

Proof. — Assume that ny D1 + - - - +nyD; is linearly equivalent to 0. Then the
effective Cartier divisor Dy = an >0 i Dj is linearly equivalent to the effective
Cartier divisor D) = >_n,<0(—1;)D;. Since Dy and D{ have different supports

we have dim HY(X, O(Dy)) > 2. Contradiction to 2.3.2. O

Definition 2.3.4. — Let V be a smooth quasi-projective algebraic variety with
an ample metrized invertible sheaf £ and V' the projective £L-closure of V.
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The variety V is called £-primitive, if the number az (V) is rational and if
for some resolution of singularities

p:X—>V£

one has p*(L)®*(V) @ Kx = O(D), where D is a rigid effective Q-Cartier
divisor on X.

Remark 2.3.5. — 1t is easy to see that the notion of an L-primitive variety
doesn’t depend on the choice of a resolution of singularities p. Since V is
smooth, we can always assume that the natural mapping

p:p V)=V
is an isomorphism.

Example 2.3.6. — Let V; and V5 be two smooth quasi-projective varieties with
ample metrized invertible sheaves £; and Lo (resp. on V; and V3). Assume
that V4 (resp. V5 ) is Li-primitive (resp. Li-primitive). Then the product
V =V x Va is L-primitive, where £ = 77 L1 ® 75 L.

Our main list of examples of L-primitive varieties is obtained from canonical
Q-Fano varieties:

Example 2.3.7. — Let V be the set of nonsingular points of a canonical Q-
Fano variety W with an ample metrized invertible sheaf £ = (L, || - ||) such
that Kv_vl = 1&W) (W = Vﬁ). Then V is an L-primitive variety with
L-index r(W). Indeed, let p : X — W be a resolution of singularities. By
2.2.10, we have
F(D)F W) @ Ky = O(D),

where D is an effective Q-Cartier divisor. Since the support of D consists of
exceptional divisors with respect to p, D is rigid (see 2.3.2).

We expect that the above examples cover all L-primitive varieties:

Conjecture 2.3.8 (Canonical Q-Fano contraction). — Let V' be an L-primitive
variety with ap (V) > 0. Then there exists a resolution of singularities p :
X — Vﬁ and a birational projective morphism © : X — W to a canonical
Q-Fano variety W such that 7 K} = p*(L)*tV) (i.e., ag(V) = r(W)) and
the support of D (p*(L)®*"W) @ Kx = O(D)) is contained in the exceptional
locus of .

The above conjecture is expected to follow from the Minimal Model Program
using the existence and termination of flips (in particular, it holds for toric
varieties).
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The following statement will be important in our construction of Tamagawa
numbers for £-primitive varieties defined over a number field:

Conjecture 2.3.9 (Vanishing). — For V an L-primitive variety such that
ars(V) >0 we have

hi(X,0x) =0 Vi>0

for any resolution of singularities
p X —>V£

such that the support of the Q-Cartier divisor p*(L)(X’O‘ﬁ(V)@KX 1s a Q-Cartier
divisor with normal crossings. In particular, Pic(X) is a finitely generated
abelian group and one has a canonical isomorphism

Pic(X) ® Q ¥ NS(X) @ Q.

Remark 2.3.10. — Theorem 1-2-5 in [27] implies the vanishing for the struc-
ture sheaf for Q-Fano varieties with canonical singularities (even with log-
terminal singularities). All canonical (and log-terminal singularities) are ra-
tional and it follows that the higher cohomology of the structure sheaf on any
desingularization of a canonical or a log-terminal Fano variety must also van-
ish (by Leray spectral sequence). Therefore, we would obtain the vanishing
2.3.9 for all L-primitive varieties which are birationally equivalent to a Fano
variety with at worst log-terminal singularities. The existence of a canonical
Q-contraction 2.3.8 would insure this.

Definition 2.3.11. — Let V be an L-primitive variety with ag(V) > 0,
p X — Vﬁ any resolution of singularities, D1,...,D; irreducible com-
ponents of the support of the rigid effective Q-Cartier divisor D with
O(D) = p*(L)®*t(V) @ Kx. We shall call
!
Pic(V, £) := Pic(X \ | Dy)
i=1
the £-Picard group of V. The number
Be(V) :=rkPic(V, L)
will be called the L-rank of V. We define the £-cone of effective divisors
Ag(V, L) C Pic(V, L) @ R
as the image of Aeg(X) C NS(X)r = Pic(X)® R under the natural surjective
R-linear mapping

¢ Pic(X)® R — Pic(V,£) ® R.

ASTERISQUE 251



TAMAGAWA NUMBERS OF POLARIZED ALGEBRAIC VARIETIES 311

Remark 2.3.12. — By 2.3.3, one obtains the exact sequence

(2) 0— Z[D1] @ -~ @ Z[Dy] — Pic(X) % Pic(V, £)—0
and therefore
Be(V) =rkPic(X) — 1.
Using these facts, it is easy to show that the group Pic(V, L) and the cone
At (V, L) do not depend on the choice of a resolution of singularities p : X —

V.

Conjecture 2.2.7 holds in dimension n < 3 as a consequence of the Minimal
Model Program. More precisely, it is a consequence of Conjecture 2.3.8 and
the following weaker statement:

Conjecture 2.3.13 (Polyhedrality). — Let V' be an L-primitive variety with
ac(V) > 0.
Then Aegt(V, L) is a rational finitely generated polyhedral cone.

Definition 2.3.14. — Let (A, Ar,A) be a triple consisting of a finitely gener-
ated abelian group A of rank k, a k-dimensional real vector space Ag = AQR
and a convex k-dimensional finitely generated polyhedral cone A € Ar such
that AN —A =0 € Ar. For Re(s) contained in the interior of the cone A we
define the X-function of A by the integral

XA (s) ::/ e~ Y dy

where A* € AR is the dual cone to A and dy is the Lebesgue measure on Ap
normalized by the dual lattice A* C Ax where A* := Hom(A,Z).

Remark 2.3.15. — If A is a finitely generated rational polyhedral cone the
function XA (s) is a rational function in s. However, the explicit determination
of this function might pose serious computational problems.

Definition 2.3.16. — Let V be an L-primitive smooth quasi-projective alge-
braic variety with a metrized invertible sheaf £ and a (V) > 0. Let X be any

resolution of singularities p : X — Vﬁ. We consider the triple
(Pic(V, L), Pic(V, L)r, Aet (V. L))

and the corresponding X-function. Assuming that Pic(V, L) is a finitely gen-
erated abelian group (cf. 2.3.9) and that Aeg(V, L) is a polyhedral cone (cf.
2.3.13), we define the constant v.(V) € Q by

Yo (V) == Xagvio) (A(=[Kx]))-
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2.4. L-primitive fibrations and descent of metrics. — Let V be an
L-primitive variety of dimension n. We show that there exists a canonical
measure on V(C) which is uniquely defined up to a positive constant.

In order to construct this measure we choose a resolution of singularities
p X — VE and a positive integer ks such that koD is a Cartier divisor,
where O(D) = (p*L)®*¢(V) @ Kx. Then k; = koar(V) is a positive integer.
Let

g € HY(X,O(kyD))

be a non-zero global section (by 2.3.2, it is uniquely defined up to a non-
zero constant). We define a measure wr(g) on X(C) as follows. Choose
local complex analytic coordinates z1, ..., z, in some open neighborhood U, C
X(C) of a point z € V(C). We write the restriction of the global section g to
U, as

g= Skzaz(v)(dzl Ao A dzn)®k2 — gk (d21 VANEERIVAN dZn)®k2,

where s is a local section of L . Then we set

we(g) = (T_l) 1s14¢MV) (dzy AdZy) A -+ A (dzn A dZn).

By a standard argument, one obtains that w,(g) doesn’t depend on the choice
of local coordinates in U, and that it extends to the whole complex space
X (C). It remains to notice that the restriction of the measure w,(g) to V(C) C
X (C) does not depend on the choice of p. So we obtain a well-defined measure

on V(C).

Remark 2.4.1. — We note that the measure wz(g) depends on the choice of
g € HY(X,O(kyD)). More precisely, it multiplies by |c|'/*2 if we multiply g by
some non-zero complex number c. Thus we obtain that the mapping

I -1lz « HY(X,0(k2D)) — Rxo
9'—>/ we(g) :/ we(g)
X(C) V(C)

legllz = [e['/*||gllc Ve € C*.

satisfies the property

Definition 2.4.2. — Let V be a smooth quasi-projective variety with an ample

metrized invertible sheaf £, p : X — V a resolution of singularities. A
regular projective morphism 7 : X — Y to a projective variety Y (dimY <
dim X) is called an £-primitive fibration on V' if there exists a Zariski dense
open subset U C Y such that the following conditions are satisfied:

(i) for any point y € U(C) the fiber V, = 7~!(y) NV is a smooth quasi-
projective L-primitive subvariety;
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(ii) ag(V) = ag(Vy) > 0 for all y € U(C);
(iii) for any k € N such that ka,s(V) € Z,

Rk
Ly := ROW* (p*(L)®aL(V) ® KX)
is an ample invertible sheaf on Y.

We propose the following version of the Fibration Conjecture of Fujita (see
[20]):

Conjecture 2.4.3 (Existence of Fibrations). — Let V be an arbitrary smooth
quasi-projective wvariety with an ample metrized invertible sheaf L and
ar(V) > 0. Then there exists a resolution of singularities p : X — V" such
that X admits an L-primitive fibration m : X — Y on some dense Zariski
open subset V' C V.

Remark 2.4.4. — From the viewpoint of the Minimal Model Program, Con-
jecture 2.4.3 is equivalent to the statement about the conjectured existence
of Q-Fano fibrations for algebraic varieties of negative Kodaira-dimension (cf.
[27]). The existence of an L-primitive fibration is equivalent to the fact that
the graded algebra

R(V, L) = @,0H (X, M*), M := p*(L)***V) @ Kx

is finitely generated (cf. 2.4 in [4]). One can define Y as ProjR(V, £) and X
as a common resolution of singularities of V7 and of the indeterminacy locus
and generic fiber of the natural rational map Ve oy (cf. [26]).

It is important to observe that a metric || - || on L induces natural metrics
on all ample invertible sheaves L; on Y:

Definition 2.4.5. — Let Lj be an ample invertible sheaf on Y as above. We
define a metric || - ||z, on Ly as follows. Let y € Y (C) be a closed point,
U C Y be a Zariski open subset containing y, and s € H°(U, L) be a section
with s(y) # 0. Then we set

k
sz = ( /V o wc(ﬂ*8)> ,

where V,(C) is the fiber over y of the L-primitive fibration 7%, 7*s the -
pullback of s restricted to L-primitive variety V,(C), and wg(7*s) the cor-
responding to 7*s volume measure on V,(C). We call || - |z a k-adjoint
descent to Y of a metric || - || on L.
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3. Heights and asymptotic formulas

3.1. Basic terminology and notations. — Let F be a number field, O C
F the ring of integers in F', Val(F') the set of all valuations of F', F,, the com-
pletion of F' with respect to a valuation v € Val(F), Val(F)oo = {v1,...,0,}
the set of all archimedean valuations of F'. For any algebraic variety X over a
field F' we denote by X (F') the set of its K-rational points.

Definition 3.1.1. — Let E be a vector space of dimension m+1 over F', Op C E
a projective Op-module of rank m +1 and || - [[v;,- ., - [|o, the set of Banach
norms on the real or complex vector spaces E,, = E xp F,, corresponding
to elements of Val(F)s = {v1,...,v,}. It is well-known that the above data
for £ define a family {|| - ||y, v € Val(F)} of v-adic metrics for a standard
invertible sheaf O(1) on P(E). If z € X(F) is a point and s € H°(U, O(1))
is a section over an open subset U C P(FE) containing x, then we denote by
|s(z)||» the corresponding v-adic norm of s at z. We set O(1) = (O(1),]| - ||)
to be the standard invertible sheaf O(1) on P(F) together with a family v-adic
metrics |- ||, defined by the above data and we call O(1) the standard ample
metrized invertible sheaf on P(F).

Definition 3.1.2. — Let X be an algebraic variety over F. For any point z €
X (F) and any regular function f € H°(U,Ox) on an open subset U C P(E)
containing x, we define the v-adic norm || f(z)||, := | f(x)]y. We call this family
of v-adic metrics on Ox the canonical metrization of the structure sheaf
Ox.

Definition 3.1.3. — Let X be a quasi-projective algebraic variety, L a very
ample invertible sheaf on X, i : X < P(FE) an embedding with L = *O(1).
We denote by £ = (L, || - ||) the sheaf L together with v-adic metrics induced
from a family of v-adic metrics on the standard ample metrized invertible sheaf

O(1) on P(E). In this situation we call £ a very ample metrized sheaf on
X and write £ =*O(1).

Definition 3.1.4. — Let L = (L,|| - ||») be a very ample metrized invertible
sheaf on X. Then for any point x € X (F'), the £-height of z is defined as

He(e)= [ ls@l,",
vEVal(F)

where s € I'(U, L) is a nonvanishing at x section of L over some open subset
UcCX.

Remark 3.1.5. — Using a canonical metrization of the structure sheaf Oy, the
linear mapping

SH(D(U, L)) — T(U, L®*) (k> 0),
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and the F-bilinear mapping
(U, L% x T(U, L® %) — (U, Ox),

one immediately sees that a family of v-adic metrics on an invertible sheaf L
allows to define a family of v-adic metrics on L®* and on any invertible sheaf
M such that there exist integers ky, ko (ko # 0) with L% = M®F2_ In this
situation we write

M= (M o) o= (LM /b2
or simply M = £F1/k2 Obviously, one obtains
Hp(z) = (He(x)/* V@ e X(F).

Definition 3.1.6. — Let L be an ample invertible sheaf on a quasi-projective
variety X and k a positive integer such that L®* is very ample. We define an
ample metrized invertible sheaf £ = (L, ||-||,) on X associated with L by

considering L& := (L®* || - |¥) as a very ample metrized invertible sheaf on
X.

3.2. Weakly and strongly L-saturated varieties. — Let V be an arbi-
trary quasi-projective algebraic variety over F' with an ample metrized invert-
ible sheaf £. We always assume that V(F) is infinite and set

NWV,L,B):=#{zx e V(F) : He(z) < B}.
Here and in 3.4 we will work under the following

Assumption 3.2.1. — For all quasi-projective V',V and with V! C V and

|V(F)| = oo there exists the limit
. N(V' L, B)
lim ————=
Beo N(V, L, B)

Definition 3.2.2. — We call an irreducible quasi-projective algebraic variety V'
with an ample metrized invertible sheaf £ weakly L-saturated if for any
Zariski locally closed subset W C V with dim W < dim V/, one has

N(W,L, B)
N(V,Z,B)
Definition 3.2.3. — We call an irreducible quasi-projective algebraic variety V'

with an ample metrized invertible sheaf £ strongly L-saturated if for any
dense Zariski open subset U C V, one has
N(U,L,B)

N(V,L,B)

< 1.

liInB—)oo
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Definition 3.2.4. — Let V be a weakly L-saturated variety, W C V a locally
closed strongly saturated subvariety of smaller dimension. Then we call W an
L-target of V, if

N(W, L, B)

1.
N(V,Z,B) *

0 < limp_
Theorem 3.2.5. — Let V be an arbitrary quasi-projective algebraic variety with
an ample metrized invertible sheaf L. Assume that |V (F')| = oo and that 3.2.1
holds. Then we have:
(i) if V' is strongly L-saturated then V is weakly L-saturated;

(ii) V' contains finitely many weakly L-saturated subvarieties Wr, ..., Wy
with
limBHooN(Wl U---UWy, L,B) _1
N(V,L,B)
(iii) V' contains a strongly L-saturated subvariety W having the property
N(W, L, B)

0 < limp_ < 1.

N(V,L,B)

(iv) if V is weakly saturated and if it doesn’t contain a dense Zariski open
subset U C 'V which is strongly saturated then V contains infinitely many
L-targets.

Proof. — (i) Let W C V be a Zariski closed subset with dim W < dim V' and
U=V \W. Then

i NWLB) o NWOLB) . NVLB)
N(V,L,B) N(V,L,B) N(V,L,B)
Since V is strongly L-saturated, we have
limp. .. N(U,L,B) _
N(V,L,B)
and therefore N(W.L.B)
llmgﬁmm =0<1.
(ii) Let W C V be a minimal Zariski closed subset such that
i N(W,L,B
hmB_)ooiN((V,ﬁ,B)) =1
and W1y,..., Wy irreducible components of W. It immediately follows from

the minimality of W that each W; is weakly saturated.

(iii) Let W C V be an irreducible Zariski closed subset of minimal dimension
such that
N(W.L, B)

— 1.
N(V.L,B)

liInB—)oo
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The minimality of W implies that W is weakly saturated.
(iv) By (iii) the set of L-targets is nonempty. Assume that the set of all
L-targets is finite: {W7,..., Wy}. The strong saturatedness of each W; implies

that
NW;n--- ﬂWil,ﬁ,B)

limp_s0 =
s N(V.Z.B) 0
for all pairwise different iy,...,4; € {1,...,k} and [ > 2. In particular, one
has
NWi, L, B) . NWyU---UWy, L,B)
limp_ s =limp_. 1.
Z D (AN B N(V.Z, B) <
We set U:: V(Wi U---UWy). Then
N(U,L,B)
limp e =220 5 .
BNV L.B)

Since U is not strongly saturated, there exists an irreducible Zariski closed
subset Wy C V of minimal dimension < dim V' such that

NWynU,L,B)
N(U,L,B)

It follows from the minimality of Wy that Wy is strongly saturated. On the

other hand, one has

> 0.

limp_ s

. N(Wy, L,B) _ .. NWonU,L,B)
1 —00 AT/ A N & 1 —00 5
M=oy r By =B NV.C,B)

i.e., Wy is an L-target and Wy & {Wy,..., Wy }. Contradiction. O

Definition 3.2.6. — Let V be a weakly L-saturated variety and Wi, Wy, ... an
infinite sequence of strongly saturated irreducible subvarieties W; having the

property
NW;, L, B)

N(V.L,B)
We say that the set {Wi,Ws,...} forms an asymptotic arithmetic £-
fibration on V, if the following equality holds

0<0; :=limp_ <1 Vi>D0.

e}

Zeizl.

i=1
We expect that the main source of examples of weakly and strongly satu-
rated varieties should come from the following situation:

Proposition 3.2.7. — Assume 3.2.1 and let G C PGL(n + 1) be a connected
linear algebraic group acting on P™ and V := Gx C P" a G-orbit of a point
x € P"(F). ThenV is weakly O(1)-saturated.
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Proof. — Let W C V be an arbitrary locally closed subset with dim W <
dimV, W C V its Zariski closure in V and U := V \ W C V the correspond-
ing dense Zariski open subset of V. Then V is covered by the open subsets
gU, where g runs over all elements in G(F') (this follows from the fact that
G is unirational and that G(F') is Zariski dense in G [10]). Therefore, the
orbit of x € V(F') under G(F') is Zariski dense in V. Since the Zariski topol-
ogy is noetherian we can choose a finite subcovering: V = Ule giU (gi in
G(F)). Considering g; € G(F') as matrices in PGL(n+ 1) and using standard
properties of heights [29], one obtains positive constants ¢; such that

Hpe(gi(z)) < ¢iHe(z)
for all x € P™(F). It is clear that for ¢y := Zle ¢; we have
N(U,L,B) < N(V,L,B) < coN(U, L, B).

It follows that
N(U, L, B)

L.
- < hmB—)OO

ot b AP
Co N(‘/v ‘C7B)
Hence
. NW,L,B) _ . N(W,L,B) 1
limp e 202 i VD) 2
Mo G 7 By S BN L B) o "

We can reformulate the statement of 3.2.7 as follows:

Proposition 3.2.8. — Let G be a connected linear algebraic group, H C G a
closed subgroup and 'V := G/H. If 3.2.1 holds then V is weakly saturated with
respect to any G-equivariant projective embedding of V.

It is easy to see that V' = G/H is not necessarily weakly saturated with
respect to projective embeddings which are not G-equivariant:

Example 3.2.9. — Let S C P® be the anticanonically embedded Del Pezzo
surface which is a blow up of a rational point in P?. Denote by £ the metrized
anticanonical sheaf on S. The unique exceptional curve C' C S is contained
in the union of two open subsets Uy, U; C S where Uy = U; = A2. Therefore,
S can be considered as a projective compactification of the algebraic group
G2 (after an identification of G2 with Uy or Uy). This compactification is not
GZ-equivariant. One has

ar(Uy) = ars(Uy) = ag(C) =2,

but
ar(Ug\C) =ar(U1 \C) =1.
Hence, Uy and U; are not weakly L-saturated.
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It is easy to show that an equivariant compactification of G/H is not nec-
essarily strongly L-saturated:

Example 3.2.10. — Let V = P! x P!. Then V is a G-homogeneous variety
with G = GL(2) x GL(2). However, V is not strongly L-saturated for L :=
7Ti< (k‘l) ®7T§< (k‘g) (k‘l,kg S N), if ky 7& ko.

3.3. Adelic L-measure and 7,(V). — Now we define an adelic measure
wy corresponding to an ample metrized invertible sheaf £ on an L-primitive
variety V' with az(V) > 0 which satisfies the assumption 2.3.9. This is a
generalization of a construction due to Peyre ([30]) for V' being a smooth
projective variety and £ the metrized canonical line bundle, which in its turn
is a generalization of the classical construction of Tamagawa measures on the
adelic points of algebraic groups.

Let V be an L-primitive variety of dimension n, p : X — Vﬁ a resolution
of singularities, ko a positive integer such that k1 = koar (V) € Z and

(p"(L)* =) © Kx)®* = O(D),
where D is a rigid effective Cartier divisor on X.

Definition 3.3.1. — Let g be a non-zero element of the 1-dimensional F-vector
space HY(X,O(D)) (g is defined uniquely up to an element of F*). Let v €
Val(F). We define a measure wg ,(g) on V(F,) as follows. Choose local v-
analytic coordinates 1, ..., %y, in some open neighborhood U, C X (F,) of
a point z € X (F,). We write the restriction of the global section g to U, as

g= skl(dxlw AEERW,\ dacm,)l€2
where s is a local section of L. Define a v-adic measure on U, as
wewl(g) = s8R 2dwr - dapy = |[s]05 day - dag,

where dx1 , - - - dxy, is the usual normalized Haar measure on F}'. By a stan-
dard argument, one obtains that w, ,(g) doesn’t depend on the choice of local
coordinates in U, and that it extends to the whole v-adic space X (F,). The
restriction of wg ,(g) doesn’t depend on the choice of p. So we obtain a well-
defined v-adic measure on V(F,).

Remark 3.3.2. — We remark that wg ,(g) depends on the choice of a global
section g € HY(X,O(D)): if ¢ = cg (c € F*) is another global section, then

Wew (g/) = |C|ql)/kw£,v (g)

Our next goal is to obtain an explicit formula for the integral
LV)i= [ weale) = [ wealo)
V(Fyv) X (Fy)
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for almost all v € Val(F'). We use the p-adic integral formula of Denef ([16]
Th. 3.1) in the same way as the p-adic formula of A. Weil ([35] Th. 2.2.3)
was used by Peyre in [30].

Remark 3.3.3. — By [1, 26|, we can choose p in such a way that p is defined
over F' and all irreducible components Dy,...,D; (I > 0) of the support of

D= Zizl m;D; are smooth divisors with normal crossings over the algebraic
closure F'.

Definition 3.3.4. — Let G be the image of Gal(F/F) in the symmetric group
S; that acts by permutations on D1,...,D;. Weset I :={1,...,l} and denote
by I/G the set of all G-orbits in I. For any J C I we set

D, e ﬂjeJDj, lfj#g
T X\Uje Dy ifT=2

Dy =D\ D;.
igJ

(Dy is defined over F if and only if J is a union of some of G-orbits in I/G.).

We can extend X to a projective scheme X of finite type over Op and

divisors D1,...,D; to codimension-1 subschemes Dq,...,D; in X such that
for almost all non-archimedean v € Val(F') the reductions of X and Dy,...,D;
modulo g, C O are smooth projective varieties &, and D, 1,..., D, ; over

the algebraic closure k, of the residue field k, with D,; # D,  for i # j.
Moreover, we can assume that

D . ﬂjGJDUJ’ if J 7& %)
v T X\UjerDoyr i J=2

are also smooth over k,.

Definition 3.3.5. — A non-archimedean valuation v € Val(F') which satisfies
all the above assumptions will be called a good valuation for the pair

(X, {Di}ier)-

Definition 3.3.6. — Let G, C G be a cyclic subgroup generated by a repre-
sentative of the Frobenius element in Gal(k,/k,). We denote by I/G, the
set of all Gy-orbits in I. If j € I/G,, then we set b; to be the length of the
corresponding G-orbit and put r; = m;/ko, where m; is the multiplicity of
irreducible components of D corresponding to the G,-orbit j.

The following theorem is a slightly generalized version of Th. 3.1 in [16]:
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Theorem 3.3.7. — Let v € Val(F') be a good non-archimedean valuation for

(X, {Di}ier)-
Then

c 1
dy(V) = /X(F )wﬁ’”(g) =uta > wll ( 50 1) |

T T @#£JCI/G,  jEJ
where q, is the cardinality of k,, and cy is the cardinality of the set of k,-

rational points in DY.

Let us consider an exact sequence of Galois Gal(F/F)-modules:

3 !
(3) 0— Z[Dy] @ -+ @ Z[Dy] — Pic(X) 5 Pic(X \ | D;)—0
=1

Theorem 3.3.8. — Assume that X has the property h'(X,0x) = 0. Then

1
dU(V)—lJr Tr<I> »|Pic( X\UD ®Ql)+0(q1+€>’
=1

where
e =min{l/2,ry,... 1}

and ®,, is the Frobenius morphism.

Proof. — By conjectures of Weil proved by Deligne [15], one has

1
“_o (—) T#@
dy Qv
(since dim Dy < n —1 for J # @) and

C
qg—Z )FTe(, IH’“X\UDZ,QZ)
v k=0

=1

where H¥(-, Q;) denotes the étale cohomology group with compact supports.
Using long cohomology sequence of the pair (X,|J, D;), one obtains isomor-
phisms

l
HF (X \ U D;, Q) = HF (X, Q) for k=2n,2n—1

i=1
and the short exact sequence

oﬁHMX\UDZ,Qz — HZ2(X, Q) — GBH?"2 (D, Q) —

=1
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Using isomorphisms
HZ" (D, Qun — 1)) 2= Qi HZ' (X, Qu(n)) = Qu,
Poincaré duality
HE" (X, Qu(n — 1)) x Pie(X) = Qi
and the vanishing property h!(X, Ox) = 0, we obtain

l
H X\ D, Qi) =0

and

0_®_1+ Tr(CD \PICX\UD ® Q)
Qv i=1

2n3

(@, |HkX\UDZ,Ql

—1+ Tr(<I> \Pch\UD ® Q) + (%2)
du

i=1
On the other hand, for J # & one has

11 g -1 1
) o( L),
iy qb i (rj+1) 1 q11)+€0

where g = min{ry,...,r}. O
Definition 3.3.9. — We define the convergency factors

N L,(1,Pic(X \U._, Dy)), ifvis good
R | otherwise

where L, is the local factor of the Artin L-function corresponding to the G-
module Pic(X\ Ui‘:l D;) and we set

wes = Idise(B)] T[] A lwewlo)

vEVal(F)

where disc(F') is the absolute discriminant of Op and S is the set of bad
valuations.

By the product formula, wz g doesn’t depend on the choice of g.
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Definition 3.3.10. — Denote by Ap the adele ring of F. Let X(F) be the
closure of X(F) in X(Ap) (in direct product topology). Under the vanishing
assumption h'(X,Ox) = 0, we define the constant

l
72(V) = lim(s — 1)?2V) Lg (s, Pic(X \ | Dy)) /_%S,
s—1 i1 X(F)
where 8,(V) is the rank of the submodule of Gal(F/F)-invariants of the mod-
ule Pic(X \ UL_, Dy).

3.4. Main strategy. — Now we proceed to discuss our main strategy in
understanding the asymptotic for the number N(V, L, B) as B — oo for an
arbitrary L-polarized quasi-projective variety. Again, we shall make the as-
sumption 3.2.1. Our approach consists in 4 steps including 3 subsequent sim-
plifications of the situation:

Step 1 (reduction to weakly L-saturated varieties): By 3.2.5 (ii), every
quasi-projective L-polarized variety V contains a finite number of weakly L-
saturated varieties W1, ... W} such that

N(W.L,B)

N(V.L,B)

Therefore, it would be enough to understand separately the asymptotics of
NW;,L,B),i € {1,...,k}

limp_.e0 =1.

modulo the asymptotics
NW; n---NnW;,,L,B)

for low-dimensional subvarieties W;, N---NW;,, where {i1,...,4} C {1,...,k}
are subsets of pairwise different elements with [ > 2.

For our next reduction step, we need:

Conjecture 3.4.1. — Let V be a weakly L-saturated variety which doesn’t con-
tain an open Zariski dense and strongly L-saturated subset U C V. Then the
set of L-targets of V' forms an asymptotic arithmetic L-fibration.

Step 2 (reduction to strongly [-saturated varieties): Let V be an
arbitrary weakly L-saturated variety. Then either V' contains a strongly L-
saturated Zariski open subset or, according to 3.4.1, we obtain an asymptotic
arithmetic L-fibration of V' by L-targets. In the first situation, it is enough to
understand the asymptotic of N(U, L, B) for the strongly £-saturated variety
U (we note that the complement V'\ U consists of low-dimensional irreducible
components). In the second situation, it is enough to understand the asymp-
totic of N(W;, L, B) for each of the L-targets W; C V.
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For our next reduction step, we need:

Conjecture 3.4.2. — Let V be a smooth strongly L-saturated quasi-projective
variety. Then the complex analytic variety V(C) is L-primitive.

Step 3 (reduction to L-primitive varieties): Every quasi-projective al-
gebraic variety V is a disjoint union of finitely many locally closed smooth
subvarieties V;. Therefore, if one knows the asymptotic for each N(V;, L, B)
then one immediately obtains the asymptotic for N(V, L, B).

Definition 3.4.3. — Let V be an L-primitive algebraic variety over a number

field F', p : X — v a desingularization over F' of the closure of V with
the exceptional locus consisting of smooth irreducible divisors D1, ..., D;. We
consider Pic(X) and Pic(V, £) as Gal(F/F)-modules and we denote by (. (V)
the rank of Gal(F/F)-invariants in Pic(V, £) and by 6.(V) the cardinality of
the cohomology group

HY(Gal(F/F),Pic(V, L)).

Remark 3.4.4. — Using the long exact cohomology sequence associated with
(3), one immediately obtains that (.(V) and 0,(V) do not depend on the
choice of the resolution p.

Step 4 (expected asymptotic formula): Let V be a strongly L-saturated
(and L-primitive) smooth quasi-projective variety. Assume that a,s(V) > 0.
Then we expect that the following asymptotic formula holds:

N(V,£,B) = cc(V)B*)(log B)2(V)71 (14 0(1))
where W)
VL
ce(V) =
V)= )G = 1)
~vc(V) is an invariant of the triple
(Pic(V, L), Pic(V, L)r, Ae (V; L))

(2.3.16), 0.(V) is a cohomological invariant of the Gal(F/F)-module Pic(V, L)
(3.4.3) and 7,(V) is an adelic invariant of a family of v-adic metrics {|| - ||, }
on L (3.3.10).

In sections 4 and 5 we discuss some examples which show how the constants

ac(V),Bc(V),0c(V),7c(V), (V)
appear in asymptotic formulas for the number of rational points of bounded £-
height on algebraic varieties. Naturally, we expect that the exhibited behavior
is typical. However, we also feel that one should collect more examples which
could help to clarify the general situation.

oc(V)re(V),
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3.5. L-primitive fibrations and 7.(V). — We proceed to discuss our ob-
servations concerning the arithmetic conjecture 3.4.1 and its relation to the
geometric conjecture 2.4.3.

Let V be a weakly L-saturated smooth quasi-projective variety with

ar (V) > 0 which is not strongly saturated and which doesn’t contain Zariski
open dense strongly saturated subvarieties. We distinguish the following two
cases:
Case 1. V is not L-primitive. In this case we expect that some Zariski
open dense subset U C V admits an L-primitive fibration which is defined by a
projective regular morphism 7 : X — Y over F' to a low-dimensional normal
irreducible projective variety Y satisfying the conditions (i)-(iii) in 2.4.2, for an
appropriate smooth projective compactification X of U (see 2.4.3). It seems
natural to expect that all fibers satisfy the vanishing assumption 2.3.9. Thus
we see that for any y € Y (F) such that V, = 7~ 1(y) NV is L-primitive we can
define the adelic number 72(V,). Furthermore, we expect that every L-target
W is contained in an appropriate L-primitive subvariety V,, which is a fiber of
the L-primitive fibration 7 : V — U on V. In particular, Step 4 of our main
strategy implies that if every L-target W coincides with a suitable L-primitive
fiber V}, then one should expect the asymptotic

N(V,£,B) = cc(V)B*)(log B)*2V)71 (1 + 0(1))

where the numbers az (V) (resp. Gz(V)) coincide with the numbers az (V)
(resp. Bc(Vy)) for the corresponding L-targets V, and the constant cg (V) is
equal to the sum

V,
Deei) =3 V)V,

where y runs over all points in Y'(F') such that Vj, is an L-target of V. It is
natural to try to understand the dependence of 72(V}) on the choice of a point
y € Y(F). We expect that the number 72(V,) can be interpreted as a “height”
of y. More precisely, the examples we considered suggest the following:

Conjecture 3.5.1. — There exist a family of v-adic metrics on Ky and two
positive constants co > ¢ > 0 such that

caHr(y) <71c(Vy) < oHr(y) Yy e Y(F)NU,

where U C Y is some dense Zariski open subset and F is a metrized Q-
invertible sheaf associated with the Q-Cartier divisor L7' ® Ky (recall that
L1 is the tautological ample Q-Cartier divisor on'Y defined by the graded ring
R(V, L) (see 2.4.4)).

Case 2. V is L-primitive (but not strongly saturated!). We don’t know
examples of a precise asymptotic formula in this situation.
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Example 3.5.2. — Let V be a Fano diagonal cubic bundle over P? with the
homogeneous coordinates (Xp : X7 : Xo : X3) defined as a hypersurface in
P3 x P? by the equation

XoYg + X1 Y2 4+ XoV5 + X3Y5 =0

in P? x P? (see [9]). We expect that V is not strongly saturated with respect
to a metrized anticanonical sheaf L := O(3,1) and that the corresponding
L-targets are the splitting diagonal cubics in fibers of the natural projection
7 : V — P3 (this leads to the failure of the expected asymptotic formula in
Step 4 for this example).

The next example was suggested to us by Colliot-Thélene:

Example 3.5.3. — Let V be an analogous diagonal quadric bundle over P3
defined as a hypersurface in P? x P3 by the equation

XoYZ + X1 Y7 + XoV5 + X3YZ = 0.

For infinitely many fibers V,, = 7 ' (z) (z € P3(F)) we have rkPic(V;) = 2.
At the same time, we have also rk Pic(V') = 2. We consider the height function
associated to some metrization of the line bundle L := O(3,2). On the one
hand, we think that the asymptotic on the whole variety is ¢(V)Blog B(1 +
o(1)) for B — oo with some ¢(V) > 0. On the other hand, if X¢X;X5X3
is a square in F' we get already about Blog B solutions. Another important
observation is the expected convergency of the series

> (V).

z€P3(F): V2Pl x P!

The latter would be a consequence of the following two facts. First, the condi-
tion V, 2 P1xP! (z = (Xp : X1 : X2 : X3)) is equivalent to the conditions that
V; contains an F'-rational point and that the product XgX; X2 X3 is a square
in F. The number of F-rational points 2’ = (X : X7 : Xo : X3 : Z) with
Hp1y(z') < B lying on the hypersurface with the equation XoX;X2X3 = 72
in the weighted projective space P4(17 1,1,1,2) can be estimated from above
by B2(log B)3(1 + o(1)).
Secondly, we expect

c(Va) = Hgpy (@)(1 + o(1)),

uniformly over the base P3(F). This would imply the claimed convergency.
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4. Height zeta-functions

4.1. Tauberian theorem. — One of the main techniques in the proofs of
asymptotic formulas for the counting function

NWV,L,B):=#{z e V(F) : He(z) < B}

has been the use of height zeta functions. Let £ be an ample metrized invertible
sheaf on a smooth quasi-projective algebraic variety X. We define the height
zeta function by the series

Z(X,L,s):= > Hg(x)™
zeX(F)
which converges absolutely for Re(s) > 0. After establishing the analytic

properties of Z(X, L, s) one uses the following version of a Tauberian theorem:

Theorem 4.1.1. — ([14]) Suppose that there exist an € > 0 and a real number
©(L) > 0 such that

oL s
ot

for some a > 0, b € N and some function f(s) which is holomorphic for
Re(s) > a —e. Then we have the following asymptotic formula

Z(X,L,s) =

e(£) b1
N(X,L,B) = ——B%log B 1 1
(X.£.B) = 3 s B og B (1 + o(1)
for B — oo.
4.2. Products. — Let X; and X5 be two smooth quasi-projective varieties

with ample metrized invertible sheaves £ and Lo (resp. on X; and Xs).
Denote by X = X; x X the product and by £ the product of £1 and Lo (with
the obvious metrization). Clearly,

Z(X,L,s)=Z(X1,L1,s) Z(X2, L2, s).
Assume that for i = 1,2 we have
O(£Li) n fi(s)
(5 — ag, (X)) 55D (s — ag, (X)) 07
with some functions f;(s) which are holomorphic in the domains
Re(s;) > ag,(X;) — €

for some € > 0. There are two possibilities:

Z(XZ, ['i’ S) =

Case 1: ar,(X) = ar,(X). In this situation the constant ©(L) at the pole
of highest order Sz, (X1) + B, (X2) is given by O(L) = O(L1)O(L2).
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Case 2: ar,(X) < ag,(X). In this situation the constant is a sum

O(L)= ) H. ™(@)0(Ly).

:I?EXl(F)

Consider the projection X — X and denote by V, the fiber over x € Xy (F).
We notice

(V) = Hzla% ()72, (X2).

We denote by M the Q-Cartier divisor WT,C?L2 ® Ky,. We obtain that

LY = M ® K‘;ll, So we have 7.(V,) ~ HA}%K‘;E. We observe that

Tamagawa numbers of fibers depend on the height of the points on the base.

4.3. Symmetric product of a curve. — Let C' be a smooth irreducible
curve of genus g > 2 over F. We denote by X = C(™) the m-th symmetric
product of C' and by Y := Jac(C) the Jacobian of C. We fix an m > 2g — 2.
We have a fibration
T M Ly,
with P79 as fibers. We denote by V,, a fiber over y € Y (F').
Let C' — Spec(Or) be a smooth model of C' over the integers and £ an

ample hermitian line bundle on C. Tt defines a height function

Hy : C(F)— Ry
which extends to X (F). Observe that ag(X) = (m+ 1 — g)/d, where d :=
degq(L). Consider the height zeta function

Z(X,L,s):= > He(x)™
z€X(F)

This function was introduced by Arakelov in [3].
Theorem 4.3.1 ((17]). — Let L be an ample hermitian line bundle on C. There

exist an (L) > 0 and a real number (L) # 0 such that the height zeta
function has the following representation

o(c) 8
GG ag(xy) 1)

with some function f(s) which is holomorphic for Re(s) > ar(X) —e(L).

Z(X,L,s) =

This is Theorem 8 in ([17], p. 422). Arakelov gives an explicit expression
for the constant ©(L) ([3]). We are very grateful to J.-B. Bost for pointing
out to us that Arakelov’s formula is not correct and for allowing us to use his
notes on the Arakelov zeta function.
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Theorem 4.3.2. — With the notations above we have

o) = > (V).

yEY (F)

Proof. — We outline the proof for F' = Q. For Re(s) > 0 one can rearrange
the order of summation and one obtains

Z(X,L,s):= Y > He(x)™
yeY (F) 2€Vy(F)
It is proved in ([17], p. 420-422) that the sums

Z(Vy, Los)= > He(z)™*
z€Vy(F)

have simple poles at s = a,(X) with non-zero residues and that one can
“sum” these expressions to obtain a function with a simple pole at s = a,(X)
and meromorphic continuation to Re(s) > a,(X) — (L) for some (L) > 0.
Moreover, the residue at this pole is obtained as a sum over y € Y(F') of the
residues of Z(V,, L, s).

Choosing an element z(y) in the class of y € Jac(C)(F'), and denoting by

E(y) :==T(C,0(z(y)))

one can identify the fiber as V,, = P(E(y)), where f € E(y) = I'(C,0(z(y)))
is mapped to z(y) + div(f). The height is given by the formula

He(2(y) + div(f)) = He(s(y)) exp( /C o el

This defines a metrization of the anticanonical line bundle on V,, = P(E(y)).
Assuming the Tamagawa number conjecture for P" (for suitable metrizations
of the line bundle O(1) on P") we obtain

lirr%X)(s —orp(X))Z(Vy, L,s) =1 (Vy).

s—ar

O

One can write down an explicit formula for 7.(V})). For f € E(y)c\{0} we
define

1
B(f) = exp(y [ loglflea(s)
c(C)
and we put ®(0) = 0. It follows that

Cac(x) VOI({f € E()r|2(f) <1})
vol(E(y)r/E(y)) ’

re(Vy) = sor(X)He(w)
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where the volumes are calculated with respect to some Lebesgue measure
on the space E(z(y))r. Arakelov relates this last expression to the Neron-
Tate height of y € Jac(C). A detailed calculation due to Bost indicates that
Arakelov’s formula is correct only up-to O(1).

4.4. Homogeneous spaces G/P. — Let G be a split semisimple linear
algebraic group defined over a number field F'. It contains a Borel subgroup P
defined over F' and a maximal torus which is split over F. Let P be a standard
parabolic. Denote by Yp = P\G (resp. X = Py\G) the corresponding flag
variety.

A choice of a maximal compact subgroup K such that G(Ar) = Py(Ap)K
defines a metrization on every line bundle L on the flag varieties Yp ([19], p.
426). We will denote by

Hr : P(F)\G(F) — Rxo
the associated height. We consider the height zeta function

Z(X,L,8):= > He(x)™
z€X(F)

Theorem 4.4.1. — Let L be an ample metrized line bundle on X. There exist
an (L) > 0 and a real number O(L) # 0 such that the height zeta function
has the following representation

9(£) N f(s)
(s — ap (X)) T (5 — ag(X))Pe(0-1

Z(X,L,s) =
with some function f(s) which is holomorphic for Re(s) > ar(X) —e(L).

This theorem follows from the identification of the height zeta function with
an Eisenstein series and from the work of Langlands. The formula (2.10) in
([19], p. 431) provides an expression for ©(L) which we will now analyze.

There is a canonical way to identify the faces of the closed cone of effective
divisors Aeg(X) C Pic(X)r with Aeg(Yp) as P runs through the set of stan-
dard parabolics. A line bundle L such that its class is contained in the interior
of the cone € Ay (X) defines a line bundle

[Ly] = ac(X)[L] + [Kx]

which is contained in the interior of the face Aeg(Y) C Aeg(X) for some
Y = Yp. We have a fibration 7, : X — Y with fibers isomorphic to the flag
variety V' := Py\P. A fiber over y € Y (F) will be denoted by V,,. Denote by
Ky the canonical line bundle on Y with the metrization defined above.
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Theorem 4.4.2. — We have
L) = > (X)) (V).

yeY (F)

Proof. — In the domains of absolute and uniform convergence we can rear-
range the order of summation and we obtain

Z(X,L,s)=> >, He(yz)™
yeY (F) zePy(F)\P(F)
One can check that the sums
Z(Vy,Los):= > He(z) = Y Helyx)™
zeVy(F) z€Py(F)\P(F)

have poles at s = az(X) of order G.(X) with non-zero residues, and that
they admit meromorphic continuation to az(X) — (L) for some £(£) > 0.
Moreover, the constant ©(L) is obtained as a sum over y € Y (F) of the
residues of Z(Vy, L, s). From the Tamagawa number conjecture for Py\ P (with
varying metrizations of the anticanonical line bundle) we obtain

tim (s~ ()20 2V, £,5) = (X7 (1)),

s—ar (X
The sum
> e (X)7e(Vy)
yeY (F)
converges for [Ly| contained in the interior of Ag(Y). O

Let us recall the explicit formula for 72(V}) (see (2.9) in [19], p. 431):
lim (s — o (X))7eX) Z He(zy)™ = yiecpH o1 (y)
s—ar(X) Y Y
xE€Py(F)\P(F)

where 71 € Q is an explicit constant and the constant cp is defined in ([19],
p. 430). It follows that

OL) =mner Y Hytge, ().
yeY (F)
Next we observe that there is an explicit constant o € Q such that we have
'YQTL(Vy) =Cp- H£;1®]CY (y)

for all y € Y(F'). To see this, we first identify cp = vo7,(V), this is done by a
computation of local factors of intertwining operators ([30], p.160-161). The
next step involves the comparison of Tamagawa measures on V, for varying
y € Y(F). Finally, we have v£(X) = y172.
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4.5. Toric varieties. — There are many equivalent ways to describe a toric
variety X over a number field F' together with some projective embedding
(see, for example, [12, 25, 13]). For us, it will be useful to view X = Xy, as
a collection of the following data ([6]):

1. A splitting field E of the algebraic torus T' and the group G = Gal(E/F).

2. The lattice of E-rational characters of T', which we denote by M and its
dual lattice N.

3. A G-invariant complete fan ¥ in Ng = N ® R.

There is an isomorphism between the group of G-invariant integral piecewise
linear functions ¢ € PL(X)% and classes of T-linearized line bundles on Xiy.
For ¢ € PL(X)% we denote the corresponding line bundle by L().

We define metrizations of line bundles as follows. Let G, C G be the
decomposition group at v. We put N, = N for the lattice of G,-invariants
of N for non-archimedean valuations v and N, = Ng“ for archimedean v. We
have the logarithmic map

T(F,)/T(Oy) — N,

which is an embedding of finite index for all non-archimedean v, an isomor-
phism of lattices for almost all non-archimedean valuations and an isomor-
phism of real vector spaces for archimedean valuations. We denote by ¢, the
image of t, € T'(F,) under this map.

Definition 4.5.1 ([6, p. 607]). — For every ¢ € PL(X)“ and t, € T(F,) we
define the local height function

Hy o(ty, @) i= e#t)loga

where g, is the cardinality of the residue field of F}, for non-archimedean val-
uations and log g, = 1 for archimedean valuations. For ¢t € T(Ap) we define
the global height function as

Hs(t,o) = ] Hswlte o)
veVal(F)

We proved in ([6], p. 608) that this pairing can be extended to a pairing
Hs, : T(Afp) x PL(X)g — C

and that it defines a simultaneous metrization of T-linearized line bundles on
X. We will denote such metrized line bundles by £ = L(y). We consider the
height zeta function

Z(T,L,s)= Y He(t)™"

teT(F)
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Theorem 4.5.2 ([8]). — Let L be an invertible sheaf on X (with the metrization
introduced above) such that its class [L] is contained in the interior of Aeg(X).
There exist an (L) > 0 and a O(L) > 0 such that the height zeta function has
the following representation

o(£) f(s)
(s — ap(X))PeX) (5 — ap(X))PeX)-1

where f(s) is a function which is holomorphic for Re(s) > ag(X) —e(L).

Z2(L,T,S) =

Remark 4.5.3. — The computation of the constants a(X) and G.(X) in spe-
cific examples is a problem in linear programming. For the anticanonical line
bundle on a smooth toric variety X we have ax-1(X) = 1 and [ic-1(X) =
dim PL(X2)§ — dim M.

Our goal is to identify the constant ©(L). Let us recall some properties of
toric varieties and introduce more notations (see [6]). The cone of effective
divisors Aeg(X) is generated by the classes of irreducible components of X\T
which we denote by [Di], ..., [D,]. These divisors correspond to Galois orbits
¥i1(1),...,X,(1) on the set of 1-dimensional cones in ¥. The line bundle £
defines a face A(L) of Aeg(X). We denote by J = J(L£) the maximal set of
indices J C [1,...,7] such that we have

ac(X)[L] + [Kx] =D _r;[Dj]
Jj€J
with [D;] € A(L) and some r; € Qsg. We denote by I = I(L) the set of
indices i € J(L). We denote by M the lattice given by

My={meM| <e,m>=0 Rxpe € Uicr3;(1)},

We denote by M := M /My and by N, the corresponding dual lattices. We
have an exact sequence of algebraic tori

1-Tr—->T—->T;—1

which induces a map 7z @ T(F) — T;(F') with finite cokernel and an exact
sequence of lattices
0—- Nr— N—Nj;—0.

The restriction of the fan ¥ C Nr to Ny r will be denoted by ¥;. It is again
a G-invariant fan and it will define an equivariant compactification X of T7.
The class of the piecewise linear function ¢; € PL(X;)¢ with pr(e) = 1 for
e € Ujery; corresponds to the class of the anticanonical line bundle [- K| €
PiC(X]) .

The line bundle £ defines a fibration of varieties 7y : X — Y with fibers
isomorphic to X, which, when restricted to T, gives rise to the exact sequence
of tori above. We denote the fiber over y € T;(F') by Xy ,.
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Theorem 4.5.4. — We have

O(L) =7(X)oc(X) Y. 7e(Xiy).
yenc(T(F))

Proof. — Let L = L(¢) be an invertible sheaf on 7' with the metrization
introduced above. In the domain of absolute and uniform convergence we can
rearrange the order of summation and we obtain

Z(T,L,s) = Z Z Hy.(yx,p)~°.

yemc(T(F)) z€Ty,y(F)

From the proof of our main theorem in [8] it follows that the sums

Z(Tl,ya[’) S) = Z HZ(y:C’SO)is
J?ETI(F)

have a pole at a2 (X) of order 82 (X). Moreover, the constant ©(L) is obtained
asasumover y € mz(T(F')) of residues of Z(T7,, L, s). Now we want to use the
Tamagawa number conjecture for the anticanonical line bundle (with varying
metrizations) on the toric variety X to conclude the proof.

In [7] we proved this conjecture for a specific metrization and under the
assumption that the fan X is reqular. We want to demonstrate that our proof
goes through in the general case needed above.

Our main idea was to use the Poisson summation formula on the adelic
group T(AF) and to obtain an integral representations for the height zeta
function. We denote by A; = (T7(Ar)/KT;(F))* the group of unitary char-
acters of Tr(Ar) which are trivial on T7(F') and on the maximal compact
subgroup K C T7(A ). Using the the adelic definition of the height function
we obtain

Z2(Tplis) = 3 )= [ /T . “(t)dp,
I I F

teTr(F)

where dy is a Haar measure on T (A ) and dy is the orthogonal Haar measure
on Aj. To apply our technical theorem in [7] about the analytic continuation
and the residues of such integrals we need to know that

/ He(yty™*x(®)dp = T Lixir5) - G0 (0 8) - Cool8)
Tr(AF) icl
where

CZ[ X, S H CZ[, XS

vEVal(F)
is an absolutely convergent Euler product for Re(s) > azx) —e(£), Li(xs,s)
are Hecke L-functions (with some induced characters y;) and (oo (X, s) satisfies
certain growth conditions.
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First we observe that it is unnecessary to assume that the fan X; is reg-
ular. Using our definition of the height function we see that the calcula-

tion of the Fourier transform (see [6]) reduces to summations of the function

a7 (Bo)Fimy (m, € Myr) over the lattice Ny, (resp. to integrations in cones

for archimedean valuation). A piecewise linear function ¢ induces a piece-
wise linear function on any subdivision of the fan. Clearly, the result of such
summations and integrations does not depend on any subdivisions.

Next we see that for a fixed y € T;(F) we have Hg,(yt) = Hp,(t) for
almost all v and all ¢t € Tj(A ). Now we can refer to lemma 5.10 in [8] which
proves the required statement. The local integrals for the remaining finitely
many non-archimedean valuations will be absorbed into (s, (x, s). And finally,
we need to check that the estimates of the Fourier transform of H. ,(yt) at
archimedean valuations are still satisfied for any y € T;(F'). This is straight-
forward.

We can now apply the main technical theorem of [7] and obtain

lim (s — OCL(X))ﬁE(X)Z(TI,y7 L,s) =vc(X)oc(X)me(X1y).

s—ar

O

Remark 4.5.5. — 1t is possible to compute 72(X7,) and to observe that it is
related to the height of the point y € T;(F).

Remark 4.5.6. — Similar statements hold for equivariant compactifications of
homogeneous spaces G/U where G is a split reductive group and U is its
maximal unipotent subgroup [33]. We hope that these results can be extended
to equivariant compactifications of other homogeneous spaces, in particular,
to equivariant compactifications of reductive and non-reductive groups.

5. Singular Fano varieties

5.1. Weighted projective spaces. — Let W := P(w) = P(wy,...,w,) be
a weighted projective space of dimension n with weights w = (wo, ..., w,). We
remark that W is a rational variety over Q with Pic(W) = Z. Moreover, the
anticanonical class K‘,_Vl is an ample Q-Cartier divisor. So W is a (singular)
Fano variety of index

_ wot -t Wy

- Lemgwo,. .., wy}

One could try to generalize the method of Schanuel [31] for counting Q-
rational points of bounded height on usual projective spaces to the case of
weighted projective spaces. Let zg, 21, ..., 2, be homogeneous coordinates on
Y. Then a first approximation to counting points of bounded height would
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be a counting of all (n + 1)-tuples (xo,x1,...,z,) € Z™ \ {0} satisfying the
conditions »
|z;| < BwotwitFwn §=0,... ,n.

Since the volume of the domain restricted by these inequalities is

n
B = H ij

i=0
one could expect that the asymptotic number of solutions of these inequalities
agrees with “expected” linear growth for the anticanonical height. However,
this “intuition” turns out to be wrong, in general, because the singularities of
Y could be even worse than canonical. A typical class of singularities that
appear on Y are so called log-terminal singularities introduced by Kawamata
[28]. We give below a simple example of a Del Pezzo surface with a log-
terminal singularity and we show that for every dense Zariski open subsets
U C W the number N (U, B) of F-rational points of anticanonical height < B
in U has more than linear growth:

N(U, B) = (U)B* n+2(1 + o( B)).

Moreover, there are no dense Zariski open subsets U’ C X such that the
adelic term in the constant ¢(U) in the asymptotic formula for N (U, B) would
be independent of U for U C U’.

Example 5.1.1 (Del-Pezzo surface with a log-terminal singularity)

Let W = P(1,1,m) be a singular weighted projective plane with weights
(1,1,m), m > 2. Then the anticanonical class of W is an ample Q-Cartier
divisor (i.e., W is Del Pezzo surface) and p = (0 : 0 : 1) is the unique singularity
of W. Let X — W be the minimal resolution of the singularity at p € W.
Then X is isomorphic to a ruled surface F,, = P(Op:1 @ Opi(m)) and the
exceptional divisor E = f~!(p) is a smooth rational curve which is a section
of the P1-bundle over P! and (E, E) = —m. Then we have

Ky = fPly +2—"p,
m
Therefore, p is canonical < m = 2 and p is log-terminal < m > 3.

The group Pic(X) is isomorphic to Z2? where {[E],[C]} is a Z-basis.
Moreover, [E], [C] are generators for the cone Acg(X) of effective divisors in
Pic(X)r. We have

Kx = —-2E — (m +2)C,
I = f*(—KX) — —m*r:L— 2E—|— (m—|— 2)0

and
aL(W) = inf{t € Q : [L] + [Kx] € Au(X)} = m2—:':‘2
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Since X is a smooth toric variety, we can apply our main result in 8] and
obtain the following:

Theorem 5.1.2. — Let m : W \ p — P! be the natural projection, C, the fiber
of ™ over x € PY(Q). Then for any dense Zariski open subset in W \ p, one
has
N(U, B) = c(U)B* 7% (1 + o( B))
Moreover,
U)y= Y cCa).

zePH(Q)N (V)

5.2. Vaughan-Wooley cubic
Example 5.2.1. — Let Y C P° be a singular cubic defined by the equation
202122 — 232425 = 0, X the intersection of Y with the linear subspace in P°
with the equation:

z0+ 21+ 29 —23 — 24— 25 =0.
Vaughan and Wooley proved [34]:

Theorem 5.2.2. — Let U C X be the complement in X to the following 15
divisors Di1’i2’i37D’ij c X ({il,ig,ig} = {0,1,2}, 1 € {0,1,2}, j € {3,4, 5}),
where
D’iligig = {(ZQ Dot 25) S P5 LR T 23, Rig = R4, Rjg = 25}
DZ‘jZ{(ZQ:...:Z5)€X : ZZ'ZZ]'ZO}.
If N(U, B) is the number of Q-rational points in U of the anticanonical height
< B, then there exist some constants ¢ > co > 0 such that

coB%(log B)® < N(U, B) < ¢1B%(log B)®.

We want to show that this result is compatible with predictions in [4]. First
of all we note that Y is a 4-dimensional toric Fano variety: an equivariant
compactification of a 4-dimensional algebraic torus T with respect to a 4-
dimensional polyhedron A with 6 lattice vertices

Vg = (0) Oa 0) 0)) V1 = (1) Oa 0) 0)) Vo2 = (0) 15 0) 0))
v3 = (0,0,1,0), v4 = (0,0,0,1), v5 = (1,1,-1,—1)
(A is the support of global sections of a very ample divisor Y corresponding to
the embedding Y < P*). The polyhedron A has 9 faces ©;; of codimension
1:
©,; = Conv({vo, v1,v2,v3,v4,v5} \ {vi,vj}).

Each face ©;; defines an torus invariant divisor Y;; C Y \ T such that D;; =
Y;; N X. It is easy to check that all singularities of ¥ are at worst terminal

and that the hypersurface X C Y intersects all strata Y;; transversally. From
these facts we obtain that the only exceptional divisors with the discrepancy
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0 that appear in a resolution of singularities of X come from singularities in
X NT. We write down the affine equation of X NT as

Ty
l+z+y—2—-t——,
zt

where T' = Spec Q[zT!,y*!, ¥ +F1]. From this equation one immediately
sees that the only singularities in X N7 are the Aj-double points lying on
the curve C' : x = y = z = t. Therefore, we obtain rk C1(X) = 1k Cl(Y) =
9 —dimT = 5. Moreover, there exists exactly one crepant divisor (over C)
in a resolution of singularities of X. So the predicted power of log B in the
asymptotic formula for N(U, B) is (tkCl(X) — 1) +1 =5.

5.3. Cubic zyz = u. — We consider the singular cubic surface X c P3
over Q given by the homogeneous equation zyz = u3. This is a toric variety,
an equivariant compactification of the torus

T = SpeCQ[xvyv z]/(xyz - 1)
given by the condition u # 0. We can fix an isomorphism 7' = G2, by choosing

{z,y} as a basis of the group of algebraic characters of T'. Consider the problem
of the computation of the asymptotic of

N(T, B) = Card{(z,y) € (Q")* : H(z,y) < B}

for B — 00, where

H(y)= ] max{lell lyllo. 1zy) " o, 120}

veEVal(Q)

This problem is addressed in [18]. We would like to use this problem as a
down-to-earth illustration of our general theory of height zeta functions of toric
varieties. First of all we note that the relation ||z||o||yll.|[(zy) e = 1], = 1
implies that

Hy(@,y) = max{||zlv, [yllo, I (zy) " ]}
Since 1 = log ||z||y, l2 = log ||y|lv, I3 = log ||(xy) !, are linear functions on
the logarithmic space Nr , = R?:

{ T(Q.)/T(0y) ®z R, if v=p € SpecZ
T(Q,)/T(0O,), if v = o0,

we can consider log h,(z,y) as a piecewise linear function on Ng,. Let e; =
(=2,1), ea = (1,-2) and ez = (1,1) be lattice vectors in Z2 C R%. We define
the following 3 convex cones in R?:

NRv:

)

o1 = Rxpe2 + Rxoes,
o2 = Rxpe1 + Rxpes,

o3 = R>0€1 + R)()eg.

ASTERISQUE 251



TAMAGAWA NUMBERS OF POLARIZED ALGEBRAIC VARIETIES 339

Then Nr, = U?:l o; and the restriction of log H,(z,y) to o; coincides with
the linear function [;. Let

A= @ T(Qv)/T(Ov)

veVal(Q)

be the logarithmic adelic group. In order to compute the height zeta function

Z(s) = > H(z,y)~*
(z.9)€(Q*)*=T(Q)
we use the natural homomorphism Log of T(Q) to A. Denote by B the
subgroup Log(T(Q)) € A. We remark that the kernel of Log consists of
4 elements of finite order in (Q*)? and the quotient A/B is isomorphic to
R2. Moreover the functions H,(z,y)~* on each T(Q,)/T(O,) define a natural
extension of h(z,y)™* to a function on A. So we obtain:

(4) Z(s) = 42 H Hv(bv)_s

beB veVal(Q)

The main idea of our proof in [6] is to apply the Poisson summation formula
on the group A and to express the height zeta function Z(s) as an integral

4 . .
Z(s) = W /R2 (1;[ Qp(s,im) - Qoo(s,zm)> dm,
where m = (m1,ms) € R?, dm = dmidma,

Qp(sim) = Y hy(by) P,

(b1,p,b2,p)EZ2
and
Qoo(s,im) = / Hyo(b) Pexp(i < b,m >).
R2

An exact computation of @Q,(s,im) and Qo (s,im) can be obtained by a
subdivision of each of the cones o1, 09, 03 into a union of 3 subcones generated
by a basis of the lattice Z2 C R2. (From the viewpoint of toric geometry this
means that we reduce the counting problem for rational points in a torus with
respect to a singular compactification to a counting problem for rational points
in a torus with respect to the minimal resolution of singularities of this com-
pactification). This calculation is done in [6], Section 2 for arbitrary smooth
toric varieties. What remains is the analytic continuation of the integral and
the identification of the constant at the leading pole. For this it is necessary
to work on the whole complexified space PL(X)c and to invoke the technical
theorems in Section 6 in [7]. Applying the main theorem of [7], we obtain

Yie-1(X) -1 (X) -1 (X)

N(T,B) = .

B(log B)5(1 + o(1))
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for B — oo. The constants are as follows: ~i-1(X) = 1/36, 6(X) = 1 and
Ti-1(X) = 71 (X) oo [ [, Tic-1 (X)p where

e (X), = (1 L1y %) A-1/p)

for all primes p and 7xc—1(X)oo = 9-4. Similar statements hold over any number
field. One can compute the constant yi—1(X) by observing that A’g(X) (the
dual cone to the cone of effective divisors) is a union of two simplicial cones.
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