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STRUCTURE OF SETS WITH SMALL SUMSET

by

Yuri Bilu

Abstract. — Freiman proved that a finite set of integers K satisfying |K + K| < 0| K|
is a subset of a “small” m-dimensional arithmetical progression, where m < |o —
1]. We give a complete self-contained exposition of this result, together with some
refinements, and explicitly compute the constants involved.

1. Introduction

This is an exposition of the fundamental theorem due to G. A. Freiman on the
addition of finite sets. (It will be referred to as Main theorem). Let K be a finite
set of integers (more generally, a finite subset of a torsion-free abelian group) of
cardinality k. The Main Theorem states that if the sumset K + K is “small”, then K
possesses a rigid structure. An example of a statement of this type is the following

Proposition 1.1
(1) Any K satisfies |K + K| > 2k — 1 and the equality |K + K| = 2k — 1 implies
that K is an arithmetical progression .
(ii) Assume that |K + K| =2k —1+1t, where 0 <t <k —3. Then K is a subset of
an arithmetical progression of length k + t.
(iii) Assume that |K + K| = 3k — 3 and k > 7. Then either K is a subset of an
arithmetical progression of length 2k — 1, or K is a union of two arithmetical
progressions with the same difference.

Here (i) is trivial, for (i) and (iii) see [12, Theorems 1.9 and 1.11], where the result
is obtained for subsets of integers. The case of subsets of an arbitrary torsion-free
abelian group follows from [12, Lemma 1.14], which is Lemma 4.3 of the present
paper.

Let us deviate for a while from our main subject, and make a short (and very
incomplete) historical account. Item (i) easily generalizes to distinct summands: if K
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78 Y. BILU

and L are finite subsets of a torsion-free abelian group, then |K+L| > |K|+|L|—1, and
the equality |K +L| = |K|+|L|—1 implies that K and L are arithmetical progressions
with the same difference. Freiman [10] extended item (ii) to two distinct summands;
see also [15, 23, 32, 35]. An important generalization to several (equal or distinct)
summands was obtained by Lev [22]. Concerning item (iii) see also Hamidoune [17].

Item (i) extends to torsion-free non-abelian groups (Brailovski and Freiman [4]). It
also has an analogue for cyclic groups of prime order (Cauchy [6], Davenport [7, 8],
Vosper [36]). Hamidoune [16] gave short and conceptual proofs of the theorems
of Brailovski-Freiman and Vosper. For general finite (abelian and/or non-abelian)
groups see [20, 18, 37, 38]. However, we do not know non-commutative analogues
of items (ii) and (iii), and we know only partial analogues of these items for cyclic
groups of prime order [11, 12, 2].

The first part of item (i) has various continuous analogues, for instance for con-
nected unimodular locally compact groups [19, 29]. Item (ii) has a partial analogue
for real tori [1].

Many of the results mentioned above are proved in the books of Mann [24] and
Nathanson [26], where the reader can also find further references.

The Main Theorem, however, develops Proposition 1.1 in a completely different
direction. Reformulate item (ii) as follows:

Let o < 3 be a positive number. Assume that |K + K| < ok andk > 3/(3—0). Then
K is a subset of an arithmetical progression of length (o — 1)k + 1.

The Main Theorem extends this to arbitrary o, without the restriction o < 3. To
formulate it, we need some definitions. Let A, B be abelian groups, K C A and
L Cc B. The map ¢ : K — L is Freiman’s homomorphism of order s or, in the
terminology of [28], F;-homomorphism, if for any z1,...,%s,y1,...,Ys € K we have

Tt T =yt Y S (@) + o+ p(as) = @yn) + -+ 9(ys)

In the other words, the map

s s

e e —
Y: K+4+---+K — L+---+1L,
Ttttz = p(@) + o+ o(as)
is well-defined. The F;-homomorphism ¢ is an Fs-isomorphism if it is invertible and
the inverse ¢! is also an F,-homomorphism; in other words, when both the maps ¢
and v are invertible. (In particular, Fi-isomorphism is a synonym to bijection.)
It is easy to find an Fj-isomorphism not induced by a group-theoretic homomor-
phism A — B. A typical example is the map

{0,a,...,(k—1a} — {0,...,k—1},
ra - x,

where a generates an additive cyclic group of order p > (k — 1)s.
A generalized arithmetical progression (further progression) of rank m in an abelian
group A is a set of the form

P = P(zo;T1,..-,Tm;b1,...,bm) ={zo+B1iz1+ -+ Bmzm : Bi=0,...,b; — 1},
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STRUCTURE OF SETS WITH SMALL SUMSET 79

where o, ..., Zm are elements of the group and by, ..., b, positive integers. We say
that P is an Fs-progression if the map
(1.1) {0,...,b =1} x --- x {0,...,bp =1} — P,

' (ﬂl,"'aﬂm) — x0+/31x1+“'+ﬂmxm7
is an Fg-isomorphism. In particular, each Fs-progression is also an F-progression
for any s’ < s, and P is an F-progression if and only if |P| = by - - - by

Now we are ready to formulate the Main Theorem().

Theorem 1.2 (the Main Theorem). — Let o be a positive real number, s a positive
integer, and K a subset of a torsion-free abelian group such that
lolo +1]
k = K k = e—
(K] > ko(o) 2(le +1] — o)
and
|K + K| < ok.
Then K is a subset of an Fs-progression P of rank m < |0 — 1] and cardinality
(1.2) |P| < ci1(o, 8)k.

It must be pointed out that, unlike Proposition 1.1, this theorem has only very
few known analogues for other types of groups, all of them being more or less direct
consequences of the Main Theorem; see Chapter 3 of Freiman’s book [12].

We also suggest the following more precise version of the Main Theorem, asserting
that at most |log, o] dimensions of the progression P can be “large”; the others are
bounded by a constant, depending on o.

Theorem 1.3. — Assuming the hypothesis of Theorem 1.2, write the F-progression
P as P(xzo;T1,-+-,Tm;b1,...,bm), where by > --- > b,,. Then
(1.3) bi < ciz(oys) (i > |logy o).

(See Subsection 5.5, where Theorem 1.3 is derived from Theorem 1.2.)
The quantitative estimates for the constants involve the function fr(n,e¢), defined
in Subsection 5.3. We obtain the estimates

e11(0,8) < (2c13(0)8)7" 13D ¢15(a,8) < 2e11(0,8") fr (|loga o] + 1,¢€0)
where
c13(0) = fr([8alog(20)],1), o= |logyo|+1—logyo, s =min(s,2).
At present, only a very poor estimate is known (see Subsection 5.3):
frin,e) < (2+ e_l)exPexp".
Therefore we have only

(14) e < (23)exp exp exp(90 log(2a))‘

(MWith a few exceptions, we write explicit constants as ¢;j, where ¢ is the number of the section
where the constant is defined, and j is the number of the constant in Section i.
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80 Y. BILU

Freiman published two expositions [12, 13] of his proof. Recently a new proof
of Freiman’s theorem, simpler and more transparent than the original, was found by
Ruzsa [30]. Ruzsa’s argument implies the estimate c;; < (25)**P(°°) | which is better
than (1.4) (here c is an absolute constant). In the final section we briefly review the
main points of Ruzsa’s proof. A detailed self-contained exposition of Ruzsa’s proof is
given in [26, Chapter 8]

Our exposition is based on the same principles as Freiman’s original proof [12,
13|, though the technical details are different. The most substantial innovations
are in Subsection 5.1, where we suggest a simpler proof of the Cube Lemma, and
in Subsection 8.3, where we apply the Bombieri—Vaaler theorem instead of Freiman’s
sophisticated elementary argument. We believe that the original argument of Freiman
is still of great interest, even after Ruzsa’s work.

We tried to make the exposition self-contained. Only three standard results from
the Geometry of Numbers, namely, the theorems of Minkowski, Mahler and Bombieri-
Vaaler, are quoted without proofs (but with exact references). The other auxiliary
facts are provided with complete proofs even if they are available in the literature.

In Section 2 we introduce the notation used throughout the paper. In Sections 3
and 4 we reduce the Main Theorem to certain more technical statements. At the end
of Section 4 we give a plan of the remaining part of the article.

Acknowledgments. Gregory Freiman drew my attention to his theorem. Daniel
Berend and Henrietta Dickinson read the drafts of the paper at different stages of
its preparation and made a number of valuable remarks. Peter Pleasants sent me his
unpublished notes on Freiman’s theorem and Mel Nathanson put at my disposal a
preliminary version of his book [26]. It is a pleasure to thank all of them.

My special gratitude is to Imre Ruzsa, who carefully studied the (pre)final version
of this paper. I found his numerous comments and suggestions very useful. Many
thanks for the hard job he has done.

The main part of this job was done in Bordeaux and was supported by the Bourse
Chateaubriand du gouvernement francais. 1 am grateful to Prof. J.-M. Deshouillers,
Mrs D. Cooke and Mrs F. Duquesnoy for having done their best to make my work in
Bordeaux pleasant and successful.

I must also acknowledge support of IMPA (Rio de Janeiro), Forschungsinstitut fiir
Mathematik (ETH Ziirich) and Lise Meitner Fellowship (Austria), during the final
stage of my work on this paper.

2. Notation and conventions
For B,C C R® and a € R put
BxC={bxc: beB,ceC}, aB={ab: be B},

etc.

A plane £L C R™ is a set of the form v + L', where v € R® and £’ is a linear
subspace of R". By (z,y) we denote the standard inner product in R*. The Lebesgue
measure in R” is referred to as volume and is denoted by Vol or Vol,,. The standard
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STRUCTURE OF SETS WITH SMALL SUMSET 81

inner product on R™ induces an inner product on each subspace, and hence it induces
a d-dimensional Lebesgue measure on each d-dimensional plane £. This measure is
referred to as L-volume, and is denoted by Vol., or Volg, or simply Vol.

Given a set S C R, we denote by £(5) the plain spanned by S. We put dim S =
dim £(S), and call it linear dimension (or simply dimension) of S. The orthogonal
complement to the set S is denoted by S+:

St={zeR": (z,y)=0forallyc S}

Let £ be a subspace of R*. A lattice in £ is a maximal discrete subgroup of L.
The L-volume of a fundamental domain of a lattice I' is denoted by A(T).

A convez body in L is a bounded convex subset of £ having inner points. A convex
body is symmetric if it is symmetric with respect to the origin. Given a lattice I' and
a symmetric convex body B in £, we say that B is I'-thick if L(BNT') = £; in words,
if the set BN T generate £ as a vector space.

When £ = R™ and I' = Z™, we shall simply say thick instead of Z™-thick. Thus, a
symmetric convex body B C R" is thick if dim B N Z"™ = n, where dim is the linear
dimension defined above.

Let B be a symmetric convex body. The norm associated with B is ||z||p :=
inf{A\"! : Az € B}. Recall the following result of Mahler (see [5, Chapter VIII,
Corollary of Theorem VIIJ).

Lemma 2.1 (Mahler). — Let B be a symmetric conver body in R™. Then there exists
a basis ey, ...,e, of Z™ such that

llealls < A,
lleillz < iXi/2 (2<i<n),

where A1, ..., A, are the successive minima of B with respect to the lattice Z™.

(Such a basis will be called a Mahler basis of the body B.)
We denote by ||z|| the Euclidean norm of the vector x = (z1,...,x,) € R?, and by
l|Z]|oo its loo-norm, i.e.

loll = v/(@,2) = a3+ + 23, llolloo = max |zl.

Finally, given z € R, we denote by |z| (respectively, [z]) the maximal integer not
exceeding z (respectively, the minimal integer not exceeded by ).

3. A geometric formulation of the Main Theorem

In this section we reformulate the Main Theorem and prove that the new formula-
tion implies the one from the Introduction.

First of all, since K is a finite subset of of a torsion-free abelian group, we may
assume that K C Z™ for some natural n.

Further, an Fi-progression may be defined as a set which is F,-isomorphic to
BNZ™, where B = [0,b1) x - - - x [0, b,). However, it is more convenient to work with
less particular convex bodies than rectangular parallelepipeds. Moreover, since we

SOCIETE MATHEMATIQUE DE FRANCE 1999



82 Y. BILU

apply the Geometry of Numbers, it will be preferable to deal with symmetric convex
bodies. Therefore we shall assume that 0 € K, which does not effect the generality.
Finally, let @: Z™—Z™ be a (group-theoretic) homomorphism. Instead of the
condition
(*) o induces an Fs-isomorphism on the set BNZ™
we prefer a slightly stronger condition
(*x) the restriction ¢ |spnzm= is one-to-one.

(Actually, (*) and (xx) are equivalent if B is the convex hull of its integer points.)
According to the previous paragraphs, we formulate the following theorem.

Theorem 3.1. — Let K be a finite subset of Z™ of cardinality k > ko(o), containing
the origin, and satisfying |K + K| < ok. Then for any T > 2 there exist a positive
integer m, a thick symmetric convex body B C R™ and a homomorphism p: Z™—7Z"
with the following properties:

(i) m<|o—1];

(i) p(BNZ™ D K;

(iii) the restriction ¢ |rBnzm= is one-to-one;

(iv) Vol B < c31 (0, T)k, where cs1 (0, T) = (c13T)°" 12,

Proof of Theorem 1.2 (assuming Theorem 3.1). — If m = 1, then (B N Z) is an
arithmetical progression of length not exceeding 2c31(0,T)k + 1, which is less than
an‘ if T = 2.

Now assume that m > 2. Let ep,...,e,, be a Mahler basis of the body B. Put
p;i = |le;||B and define a new norm on R™:

lall, = max piled,

where £ = z7e; + -+ - + Tmenm. It is a general property of norms in finite dimensional
spaces that
(3.1) llzlls < [lzll, < llzllB,

where the implicit constants may a priori depend on B. We shall now prove the
inequalities (3.1) with constants depending only on the dimension m.
The inequality on the left is easy:

(32) llzlls < lzalllexlls + - - + |zmlllemllz < mllzll,

The inequality on the right is less trivial. Denote by A; the convex hull of the points
+z/||z||p and *p; 'e;, where (j # i). Recall the second inequality of Minkowski 5,
Chapter VIII, Theorem V]:

2™ /m! < A+ Ay Vol B < 2™

Then

2" |xi|pi 22" aipi 2™ |zilpi
Vol B > Vol A; = > > Vol B,
O = O lzllspr - pm = (mDENellBAL - Am — (m)? [zl
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STRUCTURE OF SETS WITH SMALL SUMSET 83

whence |z;|p; < c32(m)||z||B, where c32(m) = 21=™(m!)2. This proves that

(3.3) llzllp < esa(m)l|z]|B-

Now put R = {z € R™ : ||z||, < c32}. Then inequalities (3.2) and (3.3) may
be rewritten as B C R C mecgeB. Therefore p(R) O ¢(B) 2 K. Further, put
T = smcsz. Then the restriction ¢ |srnz= is one-to-one, whence P = (RN Z™) is
an Fs-progression.

It remains to estimate the cardinality |P|. Since B is thick, we have A\; < .-+ <
Am < 1. Therefore for 1 < 7 < m we have p; < m/2 (recall that m > 2), whence
c32p; ! > 1. Hence

N (3cz2)™
(3.9) |P| = |RNZ™ =[] @les2pit] +1) < 22—
iy pl o pm
Now let p;; < --- < p;,, be the rearrangement of pi,...,pn in increasing order.

Then, by the definition of successive minima,
Piy Z ’\17"' » Pim _>. )"m,

whence
2m 1

>\ .- >2 -
procpm Z A dm 2 Ty

Combining this with (3.4), we obtain finally
IP‘ < m! ( 032) Vol B < C33k

with ¢33 = m! (2cs2)™ e31(0, smes2) < c11(0,8). Thus, the Main Theorem follows
from Theorem 3.1. O

4. Iteration step and partial covering

Let K, 0 and T be as in Theorem 3.1. We shall deal with triples (m, B, ), where
m is a positive integer, B C R™ is a thick symmetric convex body, and ¢ : Z™—Z"
is a group homomorphism. Everywhere in this paper the word “triple” will refer to a
triple defined as above, unless the contrary is stated explicitly. We have to prove that
there exists a triple (m, B, ) satisfying the conditions (i)—(iv) of Theorem 3.1. We
construct such a triple iteratively. Namely, we prove

Proposition 4.1 (the base of iteration). — There exist triples (m, B, @) satisfying the
conditions (i)—(iii) of Theorem 3.1.

(such triples will be called T-admissible) and

Proposition 4.2 (the iteration step). — For any T -admissible triple (m, B, ) there ex-
ists another T-admissible triple (m', B', ') with

(41) Vol B’ < C41(0’,T) VOlB(k/ VOIB)1/642(0') )
Here cqy = (c1sT)° "% and ¢4y = 200 log(20).
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84 Y. BILU

Proof of Theorem 3.1 (assuming Propositions 4.1 and 4.2). — Put
Vo =inf{Vol B : (m, B, ¢) is T-admissible}.
Then there exists a T-admissible triple with Vol B < 2Vj. By Proposition 4.2
car(o,T) (k/ Vol B)Y/¢2(0) > 1/2,
whence Vol B < (2¢41)“** k < c31k. O

Proposition 4.1 is a consequence of the following important lemma of Freiman [12,
Lemma 1.14].

Lemma 4.3 (Freiman). — Let K.C R" and dim K = m. Then
(4.2) |IK+ K| > (m+1)k—m(m+1)/2.

Proof. — Clearly, k > m + 1 and (4.2) is true when m =1 or k = m + 1. Now fix a
pair (m, k) and suppose that (4.2) holds for all pairs (m/', k') with m’ < m or m' = m,
k' < k. We have to prove (4.2) for the pair (m, k).

Let z be a vertex of the convex polytope spanned by the set K and set K' = K\ z
. There are two possibilities: dim K’ = m — 1 and dim K' = m.

In the first case

IK+K| = |K'+K'|+|K'+z|+1
> mk—-1)—-m(m-1)/2+k
(m+ 1Dk —m(m+1)/2.
In the second case let II be the convex polytope spanned by K’. There is an
(m — 1)-dimensional face of II with the following property: if £ is the plain containing

this face then z and II lie in distinct half-spaces with the common boundary £. Since
dim K'N L =m — 1, we have |[K' N L| > m. Then

IK+K| > |[K'+K'|+|K'NnL+z|+1
> m+)k—-1)—m(m+1)/2+m+1
= (m+1)k—-m(m+1)/2.
O
Remark 4.4. — Ruzsa [31] obtained an analogue of this result for the sum of two

distinct sets: ifdim(K+L) = m and |K| > |L| then |K+L| > |K|+m|L|-m(m+1)/2.
The case L = —K was treated earlier in [14]. See also [34].

Proof of Proposition 4.1. — Without loss of generality dim K = n. Then, since k >
ko(o), Lemma, 4.3 implies that n < |0 — 1]. We conclude the proof, putting m = n,
letting B be any thick symmetric convex body, containing K, and letting ¢ be the
identical map. (]

The proof of Proposition 4.2 is much more complicated. The main difficulties are
concentrated in the following Lemma on Partial Covering.
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STRUCTURE OF SETS WITH SMALL SUMSET 85

Lemma 4.5 (Partial Covering). — Let (m, B, p) be a 2-admissible triple. Then there
ezist a subset Ko C K and a triple (mg, Bo, o) satisfying

(4.3) |Ko| > k/caa(o),

(4.4) VolBy < cs5(c) Vol B (k/ Vol B)*/2(7) |

and having the following properties.
(i)' mo < ca6(0);
(i) po(Bo NZ™) D Ko — Ko.
Here cqq = 29919829) ¢, 5 45 = exp (330 log®(20)), cs6 = 90 log(20).

(Intuitively, the triple (mqg, Bo, o) is “not very far” from being admissible).

Note that the statement of the Lemma on Partial Covering does not depend on
the parameter T. The dependence on T appears only in Section 9, where we deduce
Proposition 4.2 from Lemma 4.5. The deduction involves some computations, but is
in fact more or less straightforward. However, the Lemma on Partial Covering itself
is a non-trivial combination of several very non-trivial facts. The most important
and difficult of the latter is Freiman’s 2™-theorem, proved in Section 5. In Section 6
we establish several auxiliary facts, to be used in the proof of the Lemma on Partial
Covering. The complete proof of Lemma 4.5 is given in Sections 7-8.

5. Freiman’s 2"-theorem

Lemma 4.3 yields that |S+ S| > (n+1—¢)|S]| for a sufficiently large n-dimensional
set S. However, for such “typical” n-dimensional sets as the set of integer points inside
a large cube or ball, one has a stronger inequality |S + 5| > 2™|S|. In the general case
Freiman [12, Lemma 2.12] obtained the following result.

Theorem 5.1 (Freiman). — Let S be a finite subset of R*. Assume that |S + S| <
(2™ — €)|S| for some € > 0. Then there exists an (n — 1)-dimensional plane L such
that |S N L| > 6|S|, where the positive constant § depends only on n and €.

We apply this remarkable theorem twice. First, in Subsection 5.5 we deduce The-
orem 1.3 from Theorem 1.2. Second, the 2™-theorem plays the key role in the proof
of the Lemma on Partial Covering, see Subsection 7.2. (In both cases, instead of
Theorem 5.1, we apply a slightly more general Theorem 5.6.)

The presented proof is divided into two steps. First we prove an auxiliary assertion,
having some independent interest. We call it Cube Lemma. In the second step, which
is much simpler, we deduce Theorem 5.1 from the Cube Lemma.

Both steps go back to Freiman’s original proof, though they are not specified there
explicitly. Our proofs are simpler than Freiman’s original, but based on the same
ideas.

For another (very long) proof of the 2"-theorem see [25] and [26, Chapter 8].
Fishburn [9] and Stanchescu [33] found new proofs for the case n = 2, which give (in
this case) better quantitative estimates for §. Unfortunately, neither Fishburn’s nor
Stanchescu’s argument extends to n > 3.
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86 Y. BILU

5.1. The Cube Lemma. — First we introduce some concepts. An r-cube in R" is
the set

C=C(baq,...,a.) ={b(t) :=b+t1a1 +---tra, : t=(t1,...,t,) € [-1;1]"}.

Here b,a4,...,a, € R* (we do not assume a, ..., a, linearly independent). The point
b is the center of the r-cube C, and the set V(C) := {b(a) : a € {—1;1}"} is the set
of vertices of C.

Lemma 5.2 (the Cube Lemma). — Let S be a finite subset of R® and assume that
(5.1) |S + S| < 7|5

Put 6, = 6;(n,7) = (37)~2". Then there exists an n-cube C with V(C) C S such that
ICN S| > 61]5].

It turns out to be more convenient to deal with sets symmetric with respect to a
point b € R™ (that is, for any u € S there exist v € S such that u + v = 2b).

Proposition 5.3. — Let S be a finite subset of R™ satisfying (5.1). Then there is a
subset S; C S of cardinality |S1| > |S|/7, symmetric with respect to some by € R".

Proof. — For any b € R* put S, = {u € S: 2b—u € S}. By (5.1), there exist
at most 7|S| non-empty sets Sy. Since any u € S belongs to exactly |S| sets Sy, we
have 5~ |Sy| = |S|?. Therefore there exists a set S, of cardinality at least |S|2/7|S| =
|S|/T. O

The Cube Lemma is an easy consequence of Proposition 5.3 and the following asser-
tion.

Proposition 5.4. — Let S be a finite subset of R™, symmetric with respect to b € R™.
Let also L be a subspace of R™ of dimension n — r, where 1 < r < n. Then there
exists an r-cube C with V(C) C S, with center in b and such that |(C+ L)NS| > §2]95],
where 8, = 85(r,7) = (97)~2" +1.

Proof. — We use induction in r. Assume first that r = 1. For £ € R™ denote by p(z)
the (Euclidean) distance from the point = € R™ to the plane b+ £. Let b; € S satisfy

p(br) = max p(z).

Put a; = b; — b. Then for the 1-cube C = C(b;a;) we have |(C+ L)N S| = |S| =
62 (17 T) lsl .

Now assume that 2 < r < n. The argument splits into two cases, depending on
how many points from S belong to the plane b+ L.

Case 1: |(b+ £) N S| > |S|. — Let a be any element of the set (b+ £) NS. Then
the r-cube C(b,a,...,a) is as desired, because 1/3 > d2(r, 7).
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STRUCTURE OF SETS WITH SMALL SUMSET 87

Case 2: |(b+ L) N S| < 1|S|. — There exists a subspace £’ of dimension n — 1 such
that £ C £’ and

b+LYNS=0B+L)NS.
At least one of the two open half-spaces with boundary b+ £’ contains a subset S’ C S
of cardinality |S’| > 1|S|. The set S’ need not be symmetric. But since

(5.2) |S" + 8| < IS + S| < 7IS| < 3718,

the set S’ contains a symmetric subset S; of cardinality |Si| > |S’|/37 > |S|/97. As
in (5.2), we obtain

. (53) |Sl + Sll < 9T2|51!.

Let b; be the center of symmetry of the set S;. By our construction, a; := by —b ¢ L',
in particular a; ¢ L. Therefore the subspace £;, generated by £ and a;, is of
dimension n — r + 1. By induction, there is an (r — 1)-cube C; with center b; such
that V(C;) C S; and

(5.4) I(C1 +£1) nSll > (52(7‘ — 1,9T2)|Sll > 52(7‘,7’)|S'.

Write C; = C(by,as,...,a,) and put C = C(b,ay,...,a,). Each vertex of the cube C
is either a vertex of C; or is symmetric to a vertex of C; with respect to b. Therefore
V(C) C S. We shall prove that

(5.5) [(C+L)NS|>|(C1+ L1)N S

Together with (5.4) this will complete the proof.
Let u belong to the set S; := (C1 + £1) N S1. Then the point v = 2b; — u also
belongs to S;. We shall see that

(*) at least one of the points u, v belongs to the set S = C+L)nsS.
Assume (*) to be true and consider the map

§1 — §,

u Uu, ifue§,
2b—v, fv=2bp—ueSandu¢s.

This map is one-to-one(?), whence |§ | > |§1l, as desired. Thus, it remains to prove
the assertion ().

So, let u belong to §1 and put v = 2b; —u. Then u = u; +ta;+y and v = vy —ta; —v,
where uj,v; € C; are such that u; + vy = 2b;, and y € L. Recall (this is crucial)
that, by our construction, the (r — 1)-cube C; and the set §1 belong to the same open
half-space with the boundary b+ £’. In particular, the points u, v, u;, v; belong to
this half-space.

(2)Indeed, let © and ¢/ be two distinct elements of §1. If both are in S or both are not in S then
their images are obviously distinct. If one of them belongs to S but the other not, then the images
lie in the distinct half-spaces with boundary b+ £'.
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Since a; ¢ L', there exists a linear functional f: R* — R vanishing on £' and
positive at a;. Then the open half-space mentioned above is defined by the inequality
f(x) > f(b). Hence

(5.6) flw) = flw) +tf(a) > f(b),
(5.7) f) = f(v) —tf(a) > f(b),
(5.8) flu) > f(b),
(5.9) f) > f(b).

Since u; + v; = 2b + 2a;, the latter two inequalities imply that

fur), f(v1) < f(b) +2f(a).

Then (5.6) and (5.7) yield that —2 < t < 2.

Obviously, C = {zx —f0a; : £ € (1,0 <6 <2}. Thereforeu e C+ Lif —2<t<0
and v € C+ L if 0 <t < 2. The assertion () is proved, which completes the proof of
Proposition 5.4. O

Proof of Lemma 5.2. — The case r = n of Proposition 5.4 is exactly the assertion of
the Cube Lemma for symmetric sets, d;(n, 7) being replaced by é2(n, 7). To establish
the Cube Lemma for arbitrary sets, apply Proposition 5.4 to the symmetric set S; from
Proposition 5.3. Asin (5.2), we obtain |S;+S:1| < 72|S1|. Since d2(n,7%)/7 > §1(n, 1),
Lemma 5.2 follows. O

5.2. Proof of the 2"-theorem. — Now we are ready to prove Theorem 5.1. For a
positive real number § put (4, n) = 2"(4nd /)", where v = 6, /10n and 6; = §;(n,27)
is defined in Lemma 5.2.

Let S be a finite subset of R™ with at most §|S| points on every hyperplane. We
shall prove that |S + S| > (2™ — €)|S|, where € = &(d,n). Since this is trivial when
é > 61/4n, we shall assume that § < 6;/4n.

Let C be the n-cube constructed in Lemma 5.2 (where we put 7 = 2"). Since
|CN S| > 61]S| > 6|S|, we have dim C = n; in particular, the interior C° is non-empty.
Moreover, since the boundary of C is contained in a union of 2n hyperplanes, we have
for the set Sy := S N C° the estimate

(5.10) ISol > |5 NC| —2n6|S| > (61 — 2nd)|S| = (61/2)|S].

The 2n hyperplanes defined by the faces of the cube C divide R*\C® into p := 3" —1
disjoint convex sets. This divides the set S\ Sy into p subsets S,...,S,. We have

(5.11) (Si+S)Nn(S;+8;)=2 (0<Li<j<p),
because S; and S; are subsets of disjoint convex sets, and by the same reason
(5.12) So+V)N(Si+8) =2 (1<i<p),

where V = V(C) is the set of the vertices of the cube C. (Recall that V C S by the
definition of the cube C.) Further,

(5.13) |So + V| = |V||So| = 2™|Sol,
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because all the sums z+v, where z € C° and v € V, are distinct. Also, since |S;| < |S]|
for i =1,...,p, we have by induction

(5.14) ISi + Sil = (2" —€i)|S;1  (1<i<p),
where ¢; = €(6/n:,n) and n; = |Si|/|S|- Now

P P p
IS+ S| > [So+V|+>_|Si+Si| >2"So| + Y (2" —&:)|Si| = (2" - Zemi) 151,

i=1 i=1 i=1
and it remains to observe that

1—-v

P P P 1—v 5 1
mez:eZn?‘"sEp(%Zm) =6p"( —I—I%Ol—|> <ee? (1~%) <e.
=1 =1 =1

(It is a trivial exercise in calculus to show that the function e*/4(1—x/2)'/? decreases
on the interval [0, 1].) Theorem 5.1 is proved. O

Remark 5.5. — The argument of this section is a version of Freiman’s original, with
some modifications due to Ruzsa. Ruzsa also noticed that R™ \ C° can be divided into
2n rather than 3™ — 1 parts, but this does not affect much the final result.

5.3. The function fr(n,e). — Put

frin,e) = sgp mgn %,
where S runs over the finite subsets of R” satisfying (5.1) and £ runs over the hy-
perplanes of R®. Then fr(n,e) < 6~!, where § is from Theorem 5.1. A calculation
shows that

(5.15) fr(n,e) < (2+e71)TPP™]

It would be nice to improve against this extremely weak estimate. Such an im-
provement would have been possible if Proposition 5.3 were replaced by the following
assertion:

Given a finite set S C R™, there exists a symmetric subset S; C S satisfying |S1| >
77%|S| and |S; + S1| < 7|S1|. Here «a is an absolute constant, and the implied
constant is also absolute.

However, Don Coppersmith (private communication) and Imre Ruzsa (private com-
munication) had independently disproved this assertion by similar probabilistic ar-
guments. Moreover, the 72-term in (5.3) cannot be replaced even by 727¢, let alone
O(1). Therefore the estimate (5.15) is probably best possible for the method.

Note in conclusion that Freiman’s original argument yields only exponential de-
pendence of fr(n,e) in e~! (when n is fixed). Polynomial dependence in ¢~! was
achieved due to a suggestion of Ruzsa concerning the argument of Subsection 5.2.
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5.4. A generalized 2"-theorem. — Actually, we need the following simple gen-
eralization of Theorem 5.1.

Theorem 5.6. — Let 1 <r < n. Assume that S satisfies (5.1) with T < 2" —e. Put
8 = (fr(r,e))~. Then there exists a plane L C R* of dimension dim £ < r — 1 such
that |SN L| > 6|S].

Proof. — For any set T' C R" denote by Lo(T") the subspace of the same dimension,
parallel to the plane £(T). We say that the subspace A C R™ of dimension n — r is
generic if

dim (A N £Lo(S1)) = max(0,dim Lo(S1) — )

for any S; C (S — S). Clearly, generic subspaces exist.

Let A be a generic subspace and let R* = A & M. Denote by 7: R®* — M the
projection along A. For any distinct u,v € S we have 7(u) # w(v), because A is
generic. Hence the finite set 7(S) C M satisfies

Im(S) +7(S)| = |7(S + )| <|S + S| < 7IS| = 7|7 (I)].

Since dimM = r, we may use Theorem 5.1. Hence for some plane £' C M of
dimension r — 1 we have |£' N 7(S)| > §|x(S)| = 6|S|. Put S; = (L'"+ A)N S and
L = L£(S1). Then |SN L| > |S1| > §|S|. Since both the subspaces A and Lo(S1) are
parallel to the plane £' + A of dimension n — 1, we have

dim (A N Lo(S1)) > dim Lo(S1) — 7 + 1.
This is possible only when dim £ = dim £¢(S;) <7 — 1. O
5.5. Proof of Theorem 1.3 (assuming Theorem 1.2). — As the first applica-

tion of the 2"-theorem, we show that Theorem 1.3 follows from Theorem 1.2. This is
an immediate consequence of the following assertion.

Proposition 5.7. — Let P = P(xo;Z1,...,Zm;b1,...,bm) be an Fy-progression with
by > -+ > by and let K be a subset of P. Assume that |P| < ak and

(5.16) |K + K| < (27 —e)k,

where k = |K|. Then

(5.17) b; <2afr(r,e)  (i>r).

Proof. — Denote by ¢ the map (1.1). Since ¢ is an Fy-isomorphism, the set K' =
¢ 1(K) also satisfies (5.16). Put 6 = (fr(r,e))~!. By Theorem 5.6, there exists a
plane £ C R™ of dimension at most r — 1 such that |K' N L| > ék.

Let now e; = (1,0,...,0),...,em = (0,...,0,1) be the standard basis of Z™. Since
dim £ < r — 1, there is an index j < r such that the vector e; is not parallel to the
plane £. Then the sets

(5.18) pe; + (K'NL)  (0<p<bi—1)
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are pairwise disjoint. On the other hand, all the sets (5.18) are contained in the
progression P’ = P(0;e1,...,em;b1,...,bj—1,2b;,b41,bn). Therefore

b;—1
2ak > 2|P| = [P'| > ) |pe; + (K' N L)| > b;dk,
u=0
whence b; < 2ad™!. Since j <r and b; > -+ > b, we obtain (5.17). |

6. Some lemmas

In this section we prove some auxiliary facts, which, together with Theorem 5.6,
will be used the proof of the Lemma on Partial Covering.

Lemma 6.1. — Let yq,...,7v, be real numbers, and for any B € R let k(B) =
k(B;v1,...,7) be the number of indices j satisfying 0 < v; — f < 1/2 (mod1).
Assume that

k
et | > g
Jj=1
Then k(8) > (1 + 8)k/2 for some B € [0,1).

Remark 6.2. — This result is due to Freiman [11]. A simpler proof was suggested by
Postnikova [27] and reproduced in [12, Lemma 2.2]. We follow this argument with
slight modifications.

Proof. — Since k() is periodic with period 1, it is sufficient to find 8 € R with the
required property. Also, k(8;71,---,v) = k(B+v;7m +7,...,7 + ) for any real ~.
Therefore, replacing each -y; by v; + 7y, with a suitable v € R, we may assume that

k k
E 2™ | = _;_ 2™ E cos 277;.
Jj=1 1

=1 j=
For 0 < z < 1 let F(z) be the number of indices j such that 0 < v; < £ (mod1).
Then for 0 < 8 < 1/2 we have k(8) = F(B8+ 1/2) — F(B).
Assume that k(8) < (1+ 6)k/2 for all 3 € [0,1). Then k(3) > 1(1 — &)k for all
B € [0,1). Estimate now the last sum in (6.1):

(6.1)

k 1 1
Z cos 2my; = / cos2rxdF(x) = F(x)cos2nz|f+ 27 / F(z)sin 2rzdz

1
(6.2) = k+ 27r/ F(z) sin 2rzdz.
0
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For the last integral we have

1 1/2
/ F(z)sin2nzdr = —/ (F(z +1/2) — F(z)) sin 2rzdz
0 0
1/2
= —-/ k(z)sin 2rzdx
0

1 1/2

< ——(1—6)k/ sin 2rzdx
2 0

= —(2m)~'1 - d)k.

k
Substituting this into (6.2), we obtain Z cos 2my; < 0k, a contradiction. |
=1

Lemma 6.3. — Let K be a finite set of k elements with K,,...,K, C K satisfying
|Kil =2 (1+6)k/2 (1<i<r),

where 0 < § < 1/2. For a = (a,...,a,) € {0,1}" put Sq = N_, K, where
K! = K; and K? = K\K;. Then there exists a € {0,1}" such that

(6:3) 1Sl > (v/2)"k,
where vy = (1 + 5)(1+5)/2(1 _ 5)(1—6)/2‘

Remark 6.4. — Note that v > 1, and, moreover,

TEEP \Leiei-n ) =

This lemma is also due to Freiman [F1, Lemma 2.11]. He used a probabilistic method,
and his result was slightly weaker, with an additional factor ¢(d)r~'/2 in the right-
hand side of (6.3). The following elegant argument was suggested by Ruzsa (private
communication).

Proof. — For a € {0,1}" write |a] = a; + - + a,. Notice that
(6.4) > I8al =k, Y lallSal = K| + -+ | K| > (1+ 8)kr/2,

where here and below the summation extends to a € {0,1}".
Let z be a positive real number, to be specified later. Using (6.4) and the weighted
arithmetic and geometric mean inequality(®), we obtain:

3 lol|Sy| > k(170 TlallSel > po+8)7/2,
On the other hand, 3" zI%l = (1 + 2)", whence
r
max |Sa| > k (z<1+5>/2/(1 + z)) .
) That is, the inequality a1b1 + -+ + anbn > a‘l’l u‘al,’{‘, where ap,...,an are positive real

numbers and bi,...,bn non-negative real numbers satisfying b1 + - - - + b, = 1. It is an immediate
consequence of the Jensen inequality for the logarithm.
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The optimal choice z = (1 + §)/(1 — §) leads to max [Sa| > k(v/2)". O

In the next two lemmas we state elementary geometric properties of convex bodies.

Lemma 6.5. — Let B C R™ be a convex body. Suppose that its closure B contains
an n-dimensional ball of radius p. Then for any measurable B C B

|
(6.5) Voly(B;) < a-!;’}_g Vol,(B),

where d = dim(B1).
Proof. — We use induction in n — d. When n — d = 0, the assertion is trivial. Now
suppose that d < n — 1. Let  be an n-dimensional ball of radius p, contained in B.

Then there exists a point x € 2 such that the distance between z and £(B) is § > p.
Put

By ={zt+b(1—1t): be By,te[0;1]}.
Then dim Bs = d + 1 and by induction

V01d+1(Bz) S VOln (B)

n!
(d+1)!pn—d-1
On the other hand,

)
V01d+1(B2) = d—HVO]d(Bl),
which proves (6.5). O

Lemma 6.6. — Let w € R be a non-zero vector, W = wL and 7m: R*=>W the
orthogonal projection. Then for any symmetric convex body B we have

n |jwl|s

(6.6) Voln—1(7(B)) < 3 Tl

Vol, (B).
Proof. — We shall prove the following more general statement.

Let £ be a subspace of R* and W = L*. Denote by m: R*—W the orthogonal
projection. Then for any symmetric convex body B we have

n

(6.7) Vol (n(B)) - Voly(B N L) < < l) Vol,.(B),

wherel =dim L, m =n — 1 = dim W.

Let £ be the one-dimensional subspace generated by the vector w. Then Vol; (£LNB) =
2||w|l/||w|lB. Therefore inequality (6.6) is the case | = 1 of inequality (6.7).
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Proof of (6.7). — Let S;,—1 be the unit sphere in W. For any = € S,,—1 let L(z) be
the (I + 1)-dimensional half-plane containing z and having £ as the boundary. Put

r(x) = sup{r>0: rz € n(B)},
B(z) = L(z)NB,
h(z,r) = Voli(z~'(rz) N B).
Then
(6.8) Vol (w(B)) = -% - r™(z)dz,
(6.9) Vol,(B) = /.9,,,_1 dz /Or(:c) r™=1h(z, r)dr.

Note that B(z) D (BN L) and B(z) N7~} (zr(z)) # &. Hence

r(z) —r

6.10 >
(6.10) ) > (M
Combining (6.8)—(6.10) with the well-known equality

! m—1 g, (m_ 1)'”
A t (1—”(h_'65137’

we obtain (6.7). The lemma is proved. O

!
) Vol, (£ N B).

Now let B be a symmetric convex body, X > 1 and C > 0.

Definition 6.7. — The system of vectors a1, ...,a, € R* is (B, X, C)-badly approx-
imable if for any x € Z™ and y = (y1,-..,yr) € Z" satisfying

(6.11) llzllo < X, 0 <|lyllo <X,

we have

lyia1 + -+ yra, — z||p > C.
Lemma 6.8. — Let My,...,M, CR" be measurable sets, and assume that
Vol M; > 6"3' X" +'C™ Vol B.

Then there exists a (B, X,C)-badly approzimable system ai,...,a, such that a; €
My,...,a, € M,. i

Proof. — Use induction in r. Let r > 1, and suppose that a,,...,a,—; form a badly
approximable system. Estimate the volume of the set

M ={a, €R" : a,...,a,-1,a, is not a badly approximable system}.
By definition, a, € M if and only if there exists z,y satisfying (6.11) and
(6.12) llyra1 + -+ + Yr—10r—1 + yra, — z||p < C.
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Since a;,...,a,—1 is a badly approximable system, we have y,. # 0. Therefore
M= |J M@y
lzlloo, l¥lloo < X
yr #0
where M (z,y) = {a, € R* : (6.12) is true}. We have trivially
2C)™ Vol B
Vol M(z,y) = (_E)IT‘I’_O__ < (2C)" Vol B.
whence
VolM < > VolM(z,y)
Nz lloo, ¥ lloo < X
yr#0
< (X +1mtrl.2X . (20)" Vol B
< 6m"3"X"*"C"™ Vol B
< Vol M,.
Therefore we can choose a, € M,\M, which proves the lemma. O

For the next lemma we have to define the determinant of the linear map ¢: L—R",
where £ is a subspace of R*. We put det ¢ = 0 if dim p(£) < dim £. If dim (L) =
dim £, choose orthogonal bases in both £ and ¢(£) (with respect to the standard inner
product in R"), and let det ¢ be the determinant of the matrix of ¢ with respect to
these bases (clearly, det ¢ is independent of the choice of bases).

Lemma 6.9. — Let W and L be proper subspaces of R™, the subspace W being of
dimension n—1. Let w be a non-zero vector orthogonal to W and l a non-zero vector,
orthogonal to L. Denote by w: R*—W the orthogonal projection. Then

|(w, )|
(6.13 detm|c| > ol
: detmlel 2
(Here w | is the restriction of m on L.)
Proof. — Without loss of generality, [|l|| = |lw|| = 1. We may also assume that

L ¢ W, since otherwise 7 |¢ is the identity map, and (6.13) follows from the Cauchy-
Schwarz inequality.

Let e1,...,e4-1 be an orthonormal basis of the subspace £ N W. Complete it to
orthonormal bases ey, ...,e4—1,eq and ey, ..., eq—_1, €} of the subspaces £ and «(L),
respectively. The matrix of the linear map 7 |z in these bases is

diag (1, ol E/1 o (ed,w)z)

(here the sign of the square root depends on the directions of the vectors ey and e;).
Therefore |det 7|z | = 1/1 — (eq,w)?. But (eq,w)? + (l,w)? < ||w||?> = 1 by Bessel’s
inequality, whence |det 7 |z | > |(w,1)|, as wanted. O

Our final lemma is a well-known result of Bombieri and Vaaler [3, Theorem 1].
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Lemma 6.10. — Let L be a proper subspace of R™ such that T' = LN Z" is a lattice
in L. Then there ezists a non-zero vector | € L+ NZ™ such that ||l||c < A(T).

O

7. Proof of the Lemma on Partial Covering: constructing the triple
(mao, Bo, o)

In this and the next section we prove the Lemma on Partial Covering. Thus, until
the end of Section 9 we fix a 2-admissible triple (m, B, ). If Vol B < C45(0)°42(")k,
then (4.4) holds with By = B, and the assertion of Lemma 4.5 becomes trivial.
Therefore we may assume that

(7.1) Vol B > ¢45(0)°2(?) k > exp(60002)k.

Fix a Mabhler basis ey, ..., e, of the body B (see Lemma 2.1). Since B is thick, we
have

(7.2) lleillp < max(1,i/2) (1 <i<m).

We shall assume that this basis is orthonormal, redefining the inner product if neces-
sary.

Put K’ = ¢~!}(K). Since our triple is 2-admissible, the restriction ¢ |k : K'—>K
is an Fs-isomorphism. Therefore '

|K'| =k, |K'+K'|=|K+ K| < ok.
7.1. Freiman’s map. — Let r be a positive integer, a1,...,a, € [0,1)™ and
bi,...,b. €[0,1). Define Freiman’s map

&:Z™ - I
= (21, -, Tm) = (T1,---3%m,|(a1,2) —=b1],...,[(ar,x) —b.]).

The map ® is one-to-one, but it does not induce an Fh-isomorphism Z™—®(Z™).
However, if for any a = (a4,...,a,) € {0;1}" we put

Zo = {2€Z™: ai/2<(z,ai) —b; < (i +1)/2 (modl) for 1<i< m},
(73) Sa = K'NZa,

then we obtain the following statement.

Proposition 7.1. — For any a € {0,1}" the map ®: Z,—®(Z,) is an Fa-isomorphism.
In particular,

(7.4) |2(Sa)l = 1Sal,  |2(Sa) + (Sa)| = |Sa + Sal-
Proof. — Trivial. O

We put K" = ®(K').
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7.2. Distorting vectors. — Fix § > 0, to be specified later. We say that vector
a € [0,1)™ is d-distorting (or shortly, distorting) if

Z e21ri(a,:c)

zEK'

> 6k.

This definition is motivated by Lemma 6.1. Applying this lemma in our situation, we
obtain the following assertion.

Proposition 7.2. — For any 6-distorting vector a € [0,1)™ there exist b € [0,1) such
that
(7.5) {zeK' : 0<(a,z) —b<1/2 (mod1)}| > (1 +d)k/2.

Return to the construction of Subsection 7.1. We did not yet impose any restrictions
on a; and b;. Let now all the vectors aq,...,a, be d-distorting, and for each a; let b;
be the b from Proposition 7.2.

Now Lemma 6.3 shows how “small” distortions in (7.5) (where we have (1 + §)k/2
instead of the expected k/2) can be combined to obtain “substantial” distortion for
one of the sets S, in (7.3). Applying it, we obtain the following:

Proposition 7.3. — For any positive integer r there ezists a € {0,1}" such that |Sq| >
(v/2)7k, where v = (14 6)(1+0)/2(1 — §)(1=0)/2 > ¢8°/2,
Now specify
§=1/2yo, r=[26"%log(20)] = [80log(20)].
(Our choice of § will be motivated in Subsection 8.1.) Then |S,| > 2!~ "ok, whence
|Sa + Sa| <K'+ K'| < 0k < 277184,

and by (7.4)
|8(Sa) + ®(Sa)l < 277HB(Sa)| < (27 — 1)|®(Sa)l-

Now it is the time to apply the 2"-theorem. By Theorem 5.6, there exists a plane
L C R™*" of dimension dim £ < r — 1 such that

L0 @(Sa)| = |2(Sa)l/cr1 > k/cre
with ¢;1 = fr(r,1) = c13 and ¢y = 2"fr(r,1) = 2"c;3. In particular, putting(®
Ky = K" N L we obtain
IK(’” Z k/C72 Z k/C44.
Without loss of generality
(7.6) L = L(Ky),

otherwise we can replace £ by the plane L(K()).

(" Recall that K" = &(K').
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7.3. Constructing the triple (mg, By, po). — Now we are ready to construct the

triple (mg, Bo, @o). It will sometimes be notationally convenient to write R™ @& R"

instead of R™*" (and Z™ & Z" instead of Z™*"). In these cases, we shall write the

elements of R™ ®R" as t®y, where z = (z1,...,Zm) € R™ andy = (y1,...,y-) € R".
By the definition of the map ®, the set K" is contained in the convex body

{royeR"®R : 2€B, 0< (z,a;)—b;—yi <1l 1<i<nr)}.
Therefore the set K" — K" is contained in the symmetric convex body

(7.7) N={zdyeR"dR : z€2B, —-1<(z,a;) —yi <1l (1<i<r)}

Proposition 7.4. — There exist a proper subspace Lo of R™1" with the following prop-
erties.

1. Let K be the subset of K" defined at the end of the previous subsection. Then
the set By := Lo N Q contains K — K.

2. PutTo = LoNZ™F". Then BoNT'y generates Lo as a vector space. In particular,
Lo is a lattice in Lo, and By is T'g-thick.

3. Let x dy € R™ & R" be a non-zero vector orthogonal to Lo. Then y # 0.

Proof. — For every x € B there exists y € Z" such that x ® y € . (Indeed, we can
always find y; € Z satisfying —1 < (z,a;) —y; < 1.) Since B is thick (by assumption),
there exists an m-element subset M C BNZ™ of linear dimension m. For any x € M
fix y € Z" such that z ® y € Q. We obtain an m-element subset M’ C QN Z™t" of
linear dimension m.

Let £; be the subspace of R™*" parallel to the plane £ and of the same dimen-
sion(®). Then Lo := £ + £(M') is a proper subspace of R™*" because dim £y <
dmZl;+m<m+r—1.

Proof of item 1. — Since the plane £ contains K{/, the subspace £, contains K — K.
Since Q contains K" — K", even the set £, N Q contains K§ — K. O

Proof of item 2. — Since By NTy contains both the sets K — K¢ and M', and since
Kl — K} generates £, by (7.6), the set By N Ty generates L. O

Proof of item 3. — Let z® 0 € R™ & R" be orthogonal to £o. Then it is orthogonal
to the set M’', whence z € R™ is orthogonal to M. Since M generates the whole
space R™, we have z = 0. O

Now the Lemma on Partial Covering becomes an easy consequence of the following
assertion.

Proposition 7.5. — We can choose the §-distorting vectors ay, ..., a, in our construc-
tion to have
(7.8) (VOI Bo)/A(FO) < cy5 (0‘) Vol By (k/ Vol B0)1/2(2m+r) )

(Recall that § = 1/2\/0 and r = [8clog(20)].)

(53)Recall that plane £ was defined at the end of the previous subsection.
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Proof of Lemma 4.5 (assuming Proposition 7.5). — Let w: Z™@®Z"—Z™ be the pro-
jection on the first summand. By the very definition of Freiman’s map ®, we have
mo® = idzm. Therefore 7w induces a one-to-one map K"—K'. Hence ¢ o 7 in-
duces a one-to-one map K" —K. It follows that the set Ko := ¢ o w(K{') satisfies
|Ko| = |K{§| > k/caa, which is (4.3).

Let Lo, By and I'g be defined from Proposition 7.4, and let ¢ be the restriction of
pom to I'g. If we change coordinates, identifying I'g with Z™° and Ly with R™° then
we obtain a triple (mg, By, o), satisfying the requirements of Lemma 4.5. Indeed,

mo =dim Lo <m+7r—1< cy6(0),

which is the condition (i)’ of Lemma 4.5. Further, K — K{ C By N Ty, whence
@o(Bo NTg) D Ko — Ky, which is the condition (i)’ of Lemma 4.5. Finally, the
left-hand side of (7.8) is independent on the choice of coordinates. Since in the new
coordinates we have A(I'g) = 1, we obtain

Vol By < ¢45(0) Vol By (k/ Vol By)*/2m+r)
Since 2(2m + r) < c42, this proves (4.4). a

It remains to prove Proposition 7.5, which will be done in the next section.

8. Proof of the Lemma on Partial Covering: estimating (Vol By)/A(Iy)

8.1. A badly approximable system of distorting vectors. — Let B* be the
convex body dual to B, that is

B*={z* € R™ : (z,2") <1 for any z € B}.
As proved in [5, Chapter IV, Theorem VI],
(8.1) Vol B* < 4™V~ =4™(3k)71,

where we put V = Vol B and ¥ = V/k.

We want aq,...,a, to be a (B*, X, C)-badly approximable system of §-distorting
vectors (see Definition 6.7), X and C to be specialized later. First we need to estimate
the measure of d-distorting vectors in the unit cube. We follow the argument of [12,
Section 2.16].

Proposition 8.1. — Let § be a positive real number(®) satisfying § < 1//o. Then the
set M(8) of 6— distorting vectors a € [0,1)™ satisfies

1

(8.2) Vol M (8) > %‘? .

(6)We forget for a while that we have already specified 4.
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Proof. — We use the circle method. For a € [0,1)™ put

S(a) — Z e21ri(a,z)’ Sl(a) — Z e—2mi(a,®)

z€K' zeK'+K'
Then
R = / T ity g = / $()$1(a)da.
0™ ek [o,n)™

z€EK'+K'

We have trivially
/ $%(a)S1(a)da < k2 |K' + K'| VOLM (8) < o'k® Vol M (9),
M)

and by the Cauchy-Schwarz inequality

AN

/ S%(a)Si(a)da < Ok |S(a)||S1(a)|da
[0,1)™\M(3) [0,1)™

< 6k\// |S(a)|2da\// |S1(a)|?da
[0,1)™ [o,1)™
< SkVkVok = 8ok
Hence k?> < ok®VolM (8) + §1/ck?, which implies (8.2). O

The next proposition is a direct consequence of Proposition 8.1, Lemma 6.8 and
inequality (8.1).

Proposition 8.2. — Assume that 0 < § < 1/+/o and let k,v > 0 satisfy the condition
(m+r)k+mrv <1.
Also, assume that

1

5 o -24™ . 37\ T=(m+r)rtmr
1-4yo ’

Then for X = &R and C = XV there exists a (B*,X,C)-badly approzimable system

of 6-distorting vectors ai, . ..,a, € [0,1)™.

In particular, specifying kK = u = 1/2(2m + r), we obtain the following.

Proposition 8.3. — Assume that ¥ > ¢2671986(29) | Then for § = 1/2\/c and X = C =
$1/2@m+7) there exists a (B*, X, C)-badly approzimable system of &-distorting vectors
ai,...,a, € [0,1)™.

ASTERISQUE 258



STRUCTURE OF SETS WITH SMALL SUMSET 101

8.2. Estimating Vol By. — Since we are going to apply Lemma 6.5, we start with
the following assertion.

Proposition 8.4. — The convez body Q defined in (7.7) contains an (m+r)-dimensional
ball of radius (m + 1)71.

Proof. — Since the Mahler’s basis of the body B is orthonormal (see the beginning
of Section 7), we obtain

(83) lzllp < max(1,m/2)||z|| (z€R™).

Define a linear map A: R™ — R" by Az = ((z,a1),...,(z,a,)). Since a1,...,a, €
[0,1)™, we have ||Az|lco < m||Z||c- Now fix 2Dy € R™ & R" (= R™*"). Then

max (||z||28, || A% — ylloo)
max (%”x”B’m“z‘”oo + “y”oo)
(m + 1)z & ylloo

(m+ 1)z & yl|.

lz ® ylle

ININIA

Therefore  contains the (m + r)-dimensional ball of radius (m + 1)~! with center in
the origin. O

Now we are able to estimate Vol By.

Proposition 8.5. — We have
(84) Vol Bo S C81 V,

where cg1 = 2™ (m + r)!(m + 1)™F".

Proof. — We have

(8.5) Vol Q = 2m+7V.
Combining this with Proposition 8.4 and Lemma 6.5, we obtain (8.4). O
8.3. Proof of Proposition 7.5. — Now we are in a position to complete the

proof of Proposition 7.5. Let X and C be defined as in Proposition 8.3. By (7.1),
the assumption of Proposition 8.3 is satisfied. Therefore we may assume that vec-
tors ai,...,a, form a (B*, X, C)-badly approximable system. We shall see that this
yields (7.8).

Put Ag = A(Ty). The argument splits into two cases (recall that ¥ = V/k).

Case 1: Ag > X1/2@m+7) __ Since cg; < ¢ys, in this case the inequality (7.8) follows
immediately from (8.4). (Note that in this case we did not need the fact that ay, ..., a,
form a badly approximable system.)
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Case 2: Ay < $1/2(m+7)_ By Lemma 6.10 there exists a vector | = A\du € Z™HZ"
orthogonal to the subspace £ and satisfying 0 < ||!|lcc < Ag. By Proposition 7.4 (3),
w=(t1,...,4r) # 0. Now, since [|u|]| < ||l|| € A¢ £ X and since ay,...,a, form a
(B*, X, C)-badly approximable system, we have ||u1a; + - - - + pra, + A|p« > C. This
means that for some x € R™ we have

(86) '(ﬂlal + -4+ HrQrp + A,(l')l Z C”:E”B

Put w = 2 ® Az € R™ & R" (where A is the linear map defined in the proof of
Proposition 8.4). Clearly, |lw|lo = }||z||p. Since the left-hand side of (8.6) is equal
to |(w,1)], we have

(8.7) |(w, D] 2 Cllzl|p = 2C]|lwllo

Let W = w™ be the orthogonal complement to w and 7: R™*" —W the orthogonal
projection. We have the following three inequalities:

llwlle

(8.8) Volptr—1(m(R)) < cs2 |[w—||V;
(89) v VOlmO (TI'(B())) S Cg83 V01m+,~_1 (W(Q)),
(8.10) Vol (Bo) < WUl 1 (n(Bo)).

|(w, )]

Here cg2 = (m +7)2™*" and cg3 = (m +r — 1)!(m + 1)™ 71,
Indeed, (8.8) follows at once from (8.5) and Lemma 6.6. To prove (8.10) note that
by Lemma 6.9

Volyng (r(Bo)) _ [lwlll]
detmlc, 7 |(w,])]
Finally, as we have seen in Proposition 8.4, the body 2 contains an (m+r7)-dimensional
ball of radius (m + 1)~1. The projection 7 maps it onto an (m + r — 1)-dimensional
ball of the same radius. Now we obtain (8.9) applying Lemma 6.5.
Combining the inequalities (8.7)—(8.10), we obtain Vol,,,(Bo) < cs4||l||[VC~! with
Ccgy = %682083. Since ||l|| < vVm +7||l||loc < VM + rAp, we obtain finally

Vol (Bo) < cgs AoV B 1/2(2mtr)

with cgs = v/m + rcss < c45, which proves (7.8). This completes the proof of Propo-
sition 7.5 and the Lemma on Partial Covering. 0O

Vol (Bo) = Vol (m(Bo)).

9. Proof of Proposition 4.2 (the iteration step)

In this section we prove Proposition 4.2. We fix a real number T' > 2, and write “ad-
missible” instead of “T-admissible” in the sequel. Given an admissible triple (m, B, ¢),
we have to construct another admissible triple (m’, B',¢') satisfying (4.1). Note
that (4.1) holds (with another constant) for the triple (mg, Bg, o) constructed in
Lemma 4.5. However, instead of conditions (i)—(iii) of Theorem 3.1, we have only (i)’
and (ii)’, which can be regarded as weaker analogues of (i) and (ii). Our strategy

ASTERISQUE 258



STRUCTURE OF SETS WITH SMALL SUMSET 103

will be to “correct” the triple (mg, Bo, @o) step-by-step, obtaining at the final step the
desired (m/, B', ¢').

Thus, fix an admissible triple (m, B, ), and again put V = Vol B and ¥ = V/k.
9.1. The condition (ii)

Proposition 9.1. — There exists a triple (m1, By, 1) satisfying
(9.1) Vol B; < 091(0')VE_1/C“(")

and the conditions

@)" m1 < co2(0);
(ii) ¢p1(B1NZ™) D K.
Here cg1 = 27°44¢45 and cga = C46 + 0Cyaa.

Proof. — What follows is a combination of arguments due to Freiman [12, Sec-
tion 2.24] and Ruzsa [30, Section 5]. Let (myg, By, o) and Ko be constructed in
Lemma 4.5. Let A = {ai,...,as} be a maximal subset of K with the following
property:

(9.2) (a; + Ko) N (aj + Ko) =2 (i #3]).

Then

(9.3) s = |A| < ocaa.

(Indeed, (9.2) yields that |A + Ko| > s|Ko|, whence
ok > |K+K| > |A+K0| > S‘Kgl > Sk/C44,

which proves (9.3).) By the maximal choice of the set A, for any b € K there exist
a; € A such that (b+ Ko) N (a; + Ko) # @. In other words,
(94) KcA+ (Ko - Ko)

Now put E = {z € R®* : ||z||co < 1}, and define a homomorphism v : Z*—Z™ by
e; — a;, where e; = (1,0,...,0),...,es = (0,...,0,1) is the standard basis of R®.
Further, put
m1=mo+8, By =DBy®E,
(where we identify R™ = R™o ¢ R® and Z™ = Z™° ¢ Z°) and define ; : Z™—7Z"
by
®1lzmo = o, p1lze =P

Since po(By) D Ko — Ko and ¥(Z) D A, we have (ii). Estimates (i) and (9.1) are
obvious. O

Remark 9.2. — We could replace the cube = by the “octahedron”
E={z=(21,...,75) ER° : |z1|+ - +|zs| < 1}.

This would imply a better value for the constant ¢g;. However, this would not have
much influence on the final value of the constant c;; in the Main Theorem.
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9.2. Condition (iii)
Proposition 9.3. — There ezists a triple (ma, Ba, p2) satisfying

(9-5) Vol By < c3(a, T)VE~1/42(0)

and the conditions
()" ma < coz;
(11) (pg(Bg n Zm2) D) K.
(ii) the restriction w2 |TBynzm™2 is one-to-one;

Here cg3 = (2C92T)092C91.

Proof. — We follow the argument of [12, Lemma 2.26] with some changes. Let
(m1,B1,p1) be the triple constructed in Proposition 9.1. We say that the triple
(ma, Ba, p2) is appropriate if it satisfies the conditions

me < My, (pz(Bz N ng) DK, VolB; < (2m1T)m‘_m2 Vol B;.

Appropriate triples exist — for example, the triple (mj, B, ;) is such. Fix an
appropriate triple (ms, B2, ) with the minimal value of ms. To prove the proposition
we have to show that this triple satisfies (iii).

Assuming the contrary, we find a non-zero e € 2T'By N Z™2 such that ¢s(e) = 0.
We may assume that the greatest common divisor of the coordinates of vector e is 1.
Then there exists a basis ey, ..., em, of Z™2 such that e,,, = e. We assume this basis
to be orthonormal, redefining the inner product.

Let m: R™2 —R™2~1 be the projection on the first my — 1 coordinates. Put B =
m(B2). Since e = ey, € Kerys, there is a uniquely defined map ¢} : Z™2>~1—Z" such
that @2 = @5 o m. We have

Py (ByNZ™Y) = by (m(B2) N w(Z™2)) D ¢y om(Ba NZ™2) = pa(Bo NZ™2) D K.
Also, since e € 2T B,, we have ||e||p, < 2T, and by Lemma 6.6
Volm,_1 By < 2T'mg Vol,, By < (2m,T)™ (M2~ Vol B.

Thus, the triple (m2 — 1, Bj, %) is appropriate, which contradicts the minimal choice
of mao. O

9.3. The condition (i). — Now it is easy to complete the proof of Proposition 4.2.
Let (ma, Bs,p2) be the triple constructed in Proposition 9.3. Put K' = ¢;!(K).
Since T > 2, it follows from (ii) and (iii) that the map @2: K'—K is Fy-isomorphic.
Therefore |K' + K'| < o|K'|, whence by Lemma 4.3 we have m' := dim K' < |0 —1].
Put £' = L(K').

We may assume that the Mahler’s basis of the body Bs is orthonormal. Then B,
contains an ma-dimensional ball of radius 2/ms. Putting B’ = L' N By, we have by
Lemma 6.5

(9.6) Vol (B') < ma!(mz/2)™ Volp, (Bz) < cos(o, T)VE~1/c42(9)

with cg4(0,T) = co2(0)2¢2 (Vg3 (0, T) < c4.
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Finally, put IV = £' NZ™2 and ¢’ = @2 |r-. When we identify £’ with R™ and I
with Z™', the volume of B’ should be multiplied by A(I')~1. Since A(T') > 1, we will
still have (9.6).

Thus, the triple (m/, B’,¢') is admissible and satisfies (4.1). Proposition 4.2 is
proved. 0O

10. Final remarks

10.1. Various formulations of Freiman’s theorem. — Both Theorems 1.2
and 1.3 are new, though not very much is added to Freiman’s proof. Freiman’s
original formulation of his theorem is similar to our Theorem 3.1, but with |[BNZ™|
instead of Vol B. Ruzsa’s result is as follows.

Theorem 10.1 (Ruzsa [30]). — Let K and L be finite subsets of a torsion-free abelian
group. Suppose that |K| = |L| = k and |K + L| < ok. Then K is a subset of a
generalized arithmetical progression P of rank m < ci01(0) and cardinality |P| <
Clog(U)k.

The main advantage of Ruzsa’s theorem is that it deals with distinct sets. Ruzsa’s
proof implies an estimate c1p2(0) < exp exp(o€) with an absolute constant ¢, which is
better than (1.4). However, Ruzsa does not prove that P is an Fs-progression (even
for s = 1), nor does he obtain the inequality m < |o — 1], having only the weaker
bound m < exp(c°).

Both these difficulties can be overcome in the case K = +L: one should combine
Ruzsa’s result with the arguments from Sections 9 and 3 of the present paper. (In
the case L = —K Lemma 4.3 should be replaced by its analogue for K — K proved
in [14].) This would give us a new proof of Theorem 1.2, the estimate (1.4) being
replaced by c11(0) < (25)**P(°) | and an analogue of the Main Theorem with K — K
instead of K + K.

It is very likely that a similar approach (with some additional ideas) would lead to
a complete analogue of Theorem 1.2 for the addition of two distinct sets of the same
cardinality.

Remark 10.2 (added in revision). — Nathanson [26, Section 9.6] posed the following
proper conjecture:

Let a < 1 and o be positive real numbers, let k be a positive integer, and let K and
L be finite subsets of a torsion-free abelian group such that

ak < |K|,|L|<k and |K +L|<ok.

Then K is a subset of an Fi-progression P of rank c(a,o) and cardinality |P| <
c(a,o0)k.
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It is easy to see that this conjecture is a consequence of Theorem 1.2. Indeed, it

follows from [28, Lemma 3.3] (reproduced in [26] as Theorem 7.8) that
N
K+ K| <|K+K K| < () 16 < (0/a)IK,

Applying Theorem 1.2, we prove the conjecture with ¢ = [(0/a)® — 1] and ¢’ =
c11((o/a)3,1). (A slightly more accurate argument gives (o/a)? instead of (o/a)3.)

8

e e—
10.2. Freiman’s proof and Ruzsa’s proof. — Put Ks = K +---+ K. Ruzsa
starts with proving that
(10.1) |K + L| < ok = |Ks; — Ksy| < o152k,

(where s; and s are arbitrary positive integers) and then works with the set K only.
He shows also that it is sufficient to consider the case K C Z.
The first crucial step of his proof is the following nice theorem.

Theorem 10.3 ([28]). — Let K be a finite set of integers, and s a positive integer.
Then for any N > 2s|Ks — Ks| there is a a subset K' C K of cardinality |K'| > k/s,
which is Fs-isomorphic to a subset of the cyclic group of order N.

Due to this result one may work in a “close environment”, which essentially simpli-
fies the reasoning and allows one to avoid iterations.
The second crucial step is the following result:

Theorem 10.4 ([30]). — If A is a subset of a cyclic group of order N < a|A|, then
the second difference set A2 — A2 contains a progression of rank at most cio3(c) and
cardinality at least N/cio4(c).

A simple combination of these two theorems shows that there is a progression
P C K2— K2 of bounded rank, satisfying |P| > k/c105(0). Now it is easy to complete
the proof proceeding in the same manner as in Subsection 9.1 of this paper.

Thus, in both Freiman’s and Ruzsa’s proofs one first takes care of an “substantial
part” of the set in question (or a relative set), and then covers by a progression the
whole set. In Freiman’s argument the main tools for finding a “partial covering” are
the 2"-theorem and the circle method. In Ruzsa’s argument the same role belongs to
Theorem 10.4, in the proof of the latter the circle method being crucial too.

Evidently, there are deep interconnections between the two proofs. Revealing them
will lead to a much better understanding of the problems connected with Freiman’s
theorem.
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