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ON THE TWO-DIMENSIONAL SUBSET SUM PROBLEM

by

Alain Plagne

Abstract. — We consider a system of two linear boolean equations. Using methods
from analytic number theory, we obtain sufficient conditions ensuring the solvability
of the system. This completes Freiman’s work on the subject.

1. Introduction
In this paper, we are interested in considering the system of two linear equations
(1) a1Z1 + -+ aGmTm = b,

where a; = (a;,1,a:2) and b = (b, b2) arein Z? and the z;’s, the unknowns, restricted
to be either 0 or 1: that is, we are only interested in the boolean system induced by (1).
Our intention is to give sufficient conditions for the set of coefficients A = {a1,...,am}
and b to ensure the solvability of (1). Probabilistic considerations show that, if the a;’s
are “well distributed” and if their number is large enough, we should have solutions
for all b in the neighbourhood of E:’;l a;/2 and, more precisely, that the distribution
of the number of solutions must be Gaussian: in fact, we are expecting a central limit
theorem. So that here we investigate conditions ensuring a “good” distribution and
then deduce the general case, that is, we describe the structure of A*, the set of all
sums a1 + -+ - + Gm T, with boolean unknowns.

The corresponding one-dimensional problem has been much studied in the past
recent years from this point of view (see for example [F80, AF88, EF90, F93] and
[C91Db] for a complete bibliography). It has been shown that A* is a collection of
arithmetical progressions with the same difference. Each of these papers uses methods
coming from analytic number theory, in the vein introduced in the 80’s by Freiman
(in the first quoted paper), essentially the principle of the circle method.

1991 Mathematics Subject Classification. — 11P99, 11P55, 11HO06.
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376 A. PLAGNE

Freiman began to generalize these results in two dimensions [FF96] but some details
remained obscure (computations on page 143 for example). A little later, Chaimovich
[C91a] tried to generalize this in higher dimensions but some algorithmical problems
arose in these cases (see, for example, our counterexample in section 2.3 to the exten-
sion of Proposition 4 stated in [C91a]). Our goal here is to make clear the situation.
We complete, correct and improve in some places Freiman’s [F96]. In addition, the
results given here are in an explicit form, because of the opportunity they offer to
design algorithms. However the constants for which we prove the theorems are still
far from being the best one could expect.

For the sake of completeness, the present paper is self-contained except for very
classical tools (as, for example, Farey dissection) for which we refer as usual to [HW].

In this paper we shall use the following notation: if u is in R?, we denote by u;
and us its coordinates with respect to the canonical basis (€3, €2) and by O the origin
point. The e function is, as usual, defined by e(t) = exp(2wit). For a real t, ||¢|| will
denote the distance between ¢t and Z and [t] its integer part. The usual Euclidean
scalar product is denoted simply with a point and the Lebesgue measure is denoted
by p. Finally, the volume of a fundamental parallelogram of any lattice I" is denoted
Vol I'.

When k,l > 1 (in order to deal with really two-dimensional problems), we denote
Py, the integer rectangle

Pk,l = (['—'k’k] X [_lal]) nz?

and v its “volume”, v = (2k + 1)(2] + 1), that is, the number of integer points of Pj ;.
In the sequel, A will denote a set of m = | A| different integer points, A = {a1,...,am}
and J(b) the number of solutions of (1). We write M = >_7", a;/2 and

_( V¥ Vi
V= ( Via V22 ’
where we have put Vig = 377, aj1a5,2 and V2 = 377 a?; for i = 1,2.
We denote by gy the quadratic form naturally associated to this matrix gy (z) =
i (aj.x)? (z € R?), and by qy-1 that one associated to V! that is qy-1(z) =

b e det?(aj,z). Finally, we define the constants

ky = 25, ky =6, ks = 189912,
ks = 100k; = 2500, kg = 100ky = 600,
ks = max(10kg, ks) = 6000, ko = 596’

and ks = k7 being any constant < 1/2.
Our aim is to prove the following three Theorems:

Theorem 1. — Let A C P, 4, and v = (2l + 1)(2ls + 1). Assume
(2) |A] > ky0?/3 log!/%v

and that for each integer lattice T different from Z? we habe

(3) [A\ ANT| > kav?/3log'/? v,
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ON THE TWO-DIMENSIONAL SUBSET SUM PROBLEM 377

then we have the following asymptotic equivalent (when v — +00)
2m+1

4 J(Ob) ~ ———
“ ®) mvdet V
provided that qy-1(M — b) < k3 loglogv — 4.

exp{—2qy-1(M - b)},

Notice first that the density hypothesis (2) implies

v 3
>
logv — R,
that implies
(5) v Z k4.

The previous Theorem is slightly better than Freiman’s Theorem 1 of [F96], the
main difference being that the size of domain of validity of (4) is increased by a factor
loglogv tending to infinity with v. This result is the heart of this work, but this is
not entirely satisfying because dealing only with rectangle cases. That is why it is
generalized in the following form.

Theorem 2. — Let C be a compact convex set in R? containing O, E be its integer
points, and A be a subset of E. Assume

|A| > ks|E|*?log"/? |E|

and that for each integer lattice T' different from Z?*, we have

(6) |A\ ANT| > k| E|**1og"/? | E|,
then we have the following asymptotic equivalent (when |E| — +00)
J(b 2 2 M-b
~N — —_— —_ _ y
( ) ’R‘\/CW Xp{ qv 1( )}

provided that qy-1(M —b) < k7 loglog |E| — 4.

Once again, it is not completely satisfying because it deals only with “good” cases:
those where the elements of A are “well distributed”. The conclusion of this paper
will be the following general result.

Theorem 3. — Let C be a compact convex set in R?> containing O, E be its integer
points, and A be a subset of E. Assume |A| > ks|E|?/31og'/® |E| and that for each
line D such that O € D, one has
(7) |[AND| < ko|A|.
Then there exists a lattice Ao such that, if A’ stands for A\ AN Ao, one has |A’| <
|A n A()I and

A"+ (AN F) C A,
where F = {z € Z* qw-1(M' —z) < krloglog(|A|/2) —4} and W (z) = > acar (@.2)?,
M’ - ZCLGAI a/2.
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378 A. PLAGNE

This is a structural theorem because it describes how the set A* is made, at least
locally. It is a powerful result in order to design algorithms, as it has already been
done in the one-dimensional case (see for example [CFG89]).

We notice that hypothesis (7) is in fact not very restrictive: it ensures that our set
A is an essentially two-dimensional set. If that condition is not fulfilled, we have the
possibility to treat our problem as a one-dimensional one, by forgetting some points
and this is even much simpler.

Acknowledgments. — Many thanks go to G.A. Freiman for his kind help during the
preparation of this paper. I would like also to thank J.-M. Deshouillers for his advice.

2. Preliminary lemmas

We begin this section by quoting some inequalities (whose validity can easily be
seen by using, for instance, some Taylor-Lagrange’s inequalities). For any real ¢, if
0 < |t| < 1/2, we have

(8) |1+ e(t)] < 2exp(—n2t?/2),
and if |¢t| < /2,
(9) 0 < 1—exp(t?/2)cost < (2t/7)*.

Finally, for reals (€;)1<i<n between 0 and 1, we have, with a trivial induction argu-
ment,
n n
(10) [[a-e)>1-> e
i=1 i=1

Now we present several propositions that we shall need in the sequel.

2.1. Arithmetical lemmas. — Here, we give two results concerning the number
of solutions of a Diophantine inequality.

Lemmal. — Let a,b,e be real numbers and k,n be integers such that 0 < |alk < 1
and € < (1 — kla|)/2. Then we have

HzeNn<z<n+k:|laz+b|| <e} <1+ [2€/]all.

Proof. — Without loss of generality we may assume a > 0 and write u; = as+b. This
is a strictly increasing sequence. Let s; be the smallest integer, with n < s; < n +k,
such that ||us,|| < € (if s1 does not exist, then the cardinality studied is zero); we
thus have |us, — e] < € for some integer e. Let sy be the largest integer satisfying
lus, — €| < e. We claim that so < ¢t < n + k implies ||us]| > €; indeed |u; —e| > € is
clear by definition of sy and

Ut =1us; +(t—s1)a<u,, +ka<et+et+ka<e+1-—e

Since s — 81 = (us, — us, )/a < 2¢/a, we get, for the cardinality studied, the desired
upper bound. O
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ON THE TWO-DIMENSIONAL SUBSET SUM PROBLEM 379

Now, we prove a result due to Freiman. We write here a complete proof, in view
of the lack of details in Freiman’s paper [F96).

Proposition 1. — Let n,k, P be integers, 0 < P < k and a,b be two reals. Assume

a=p/q+z with (p,q) =1, ¢ < P, 1/2gk < |z| < 1/qP. We have
HzeN,n<z<n+k:|lax+b|| <P '} <34kP71 +1).

Proof. — By just changing the value of b, the problem reduces to the case where

n = 0. For P < 12, the result is clear, so we assume from now on P > 12 and without

loss of generality z > 0. The solutions of ||az + b|| < P! are clearly in bijection

with those of the following problem, that we shall denote (P), consisting in finding
(z,zo0,t) € {0,...,k} x {0,...,q — 1} X Z satisfying

pr = 9 mod q,

%0-+zm+b—tl < p-1.

One can easily bound from above the cardinality, J, of the set of solutions of (P) as
follows

J < {=zo | 3(z,t), (z,z0,t) solution of (P)}|
x max |{t | 3z, (z, zo, t) solution of (P)}| x maic|{w | (z,zo,t) solution of (P)}|.
xo Zo,
Now, write |zo/q + 2z + b — t| < P! in the following form
(11) —qP7 ' —2zxq—bg+tq <o < qP7! — 2zq — bg + tq.

It implies, because z > 0, that xo belongs to [-gP~! — zzxq — bq + tq,qP~! — bq + tq].
But ¢ is an integer, 0 < z < k and zo stays in {0,...,q — 1}, so zo belongs to
[-qP~! — 2kq — bg,qP~! — bq] mod ¢, which has length 2gP~! + zkq, this yields

[{zo|3(z, t), (x, 20, t) solution of (P)}| < inf([2¢P~! + zkq] + 1, q) < inf([zkq] + 3, q).
Now, the value of zy being given, equation (11) can be rewritten
—Pl42y/g+22+b<t<Pl4ao/q+zx+D,
and, as 0 < z < k, one has
—P ' 420/q+b<t< P '4mxo/q+zk+b,
thus ¢ belongs to an interval of length 2P~ + zk, which implies
n}c%xl{tlﬂz, (z,zo,t) solution of (P)}| < [2P~! + zk] + 1.

In the same vein, we can get

(12) Tf‘f“x}(w’ Zo,t) solution of (P)}| < [2/qPz] + 1.

Indeed, zp and t being given, we have

(—P7' —zog=b+1t)/z <z < (P7' —xog — b+1)/z,
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380 A. PLAGNE

so the z’s which are possible solutions are consecutive integers in an interval of length
2/Pz. The condition pr = xo mod q implies moreover that on a complete set of

residues modulo g only one z can be solution. This proves (12).
We have finally, and in any case,

(13) J < inf([|z|kq] + 3,9)([2P~" + |2]k] + 1)([2/qP|2(] + 1).

At this point, we have to distinguish two cases.
If (14 2P71)/2k < |2| < 1/qP, equation (13) gives

J < q(2P7" + 1+ |2|k)(1 +2/[2|gP),
but, in view of the hypothesis, this is < ¢(3|z|k)(3/|z|¢P) = 9kP~!.

Now, if |z| < (1 + 2P~1)/2k, one has 2P~ + |2|k < 2P~ ! + (1 + 2P~1)/2 =

1/2+ 3P~! < 1, because P > 12, thus (13) implies
(14) J < ([lz|kq] + 3)([2/¢P|2]] + 1).
There are now three sub-cases according to the position of |z|kq.
If |z|kg > 3/2, (14) leads to
J < (3+2lkq)(1 +2/qP|z])
< (3l2]9)(3/qP|z]) = 9kP 1,

because one has, in every case 1 < 1/¢P)|z|.
If now 1 < |2]kg < 3/2, equation (14) yields

J < ([3/2]1+3)(1 +2/qP|z|)
< 4(1+2kP7') <12kP7' + 3,

because kP~ > 1.
Finally, if 1/2 < |z|kg < 1, in virtue of (14),

J < ([lzlkg] + 3)(1 + 2/qP|2])
< 3(1+4kP7 ') <12kP7' 4+ 3.
This concludes the proof of Proposition 1. O
2.2. A two-dimensional ‘“reverse-Cauchy-Schwarz” inequality. — This sec-

tion is devoted to the proof of an inequality used in [F96] without explanation. Our

aim is to find a good lower bound for the ratio

(15) (Z(aj-a)"’) / > (@)

Jj=1

which is naturally > 1 and < m (by the Cauchy-Schwarz inequality). We would like
to “reverse” the Cauchy-Schwarz inequality, that is to find, for (15), a better lower
bound than 1 (a power of m or logm for example). This is generally not possible,

but here the a;’s have special properties which allow to get the desired result.
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ON THE TWO-DIMENSIONAL SUBSET SUM PROBLEM 381

4

Let us consider the one-dimensional corresponding problem. Since a* can be fac-

torized, the problem becomes to minimize

2
(16) z a? /Z aj
- =

for distinct integers a;’s satisfying 1 < a; < I. It is easily seen that this ratio is

2
m 2 m m .
> (Z]:l a’]) _ Z]:l a2' > ijl .72 ~ m3
e e £ 312’

Jj=1"3

which is better than O(1) as soon as I2/3 = o(m).

This can be guessed in another way: if one tries to choose the a;’s such that (16) is
near to 1, a natural idea (see below) is to take a; = j for 1 < j <m —1 and an,, = 1.
This choice yields

and this won’t be O(1) as soon as I4 = o(m®), that is to say 1?/3 = o(m).

In dimension 2, the situation is not so clear but we will show that an analogous
phenomenon happens. We begin by proving a preliminary lemma, which corresponds
to a generalized one-dimensional case, for which we present two proofs: the first one
will be direct while the second one corresponds to what we called the “natural idea”
above. Although this second approach is much more intricate, we believe that the
method could be efficient in some other contexts where the first one would not work.

The notation

{agel), oalen))

is for the multi-set (that is the set “with repetition”) composed with e; times a;, e
times a2, and so on.

Lemma 2. — Letr,s be integers > 1, AC E = {1",... 5"}, Assume that
(1 4] 2 c|E**log!* | E|
for some constant c, then we have, for ko = 1/10,
2
(18) <z a2> > kaoc* log|B| (z a4) .
a€A acA
First proof of Lemma 2. — We use the fact that

w e (se) /(5) ()

a€A a€A a€A
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382 A. PLAGNE

Now, suppose first that |A| > +/10r, then
r(?+ 22+ AP v [@]3

>
F(4) 2 82 - 332 r

which can be bounded from below by

3 31413 3
S T R R U T N .
32\ r 3 V10/) 12s? — 10r2s?
Since rs = |E|, we get the lower bound % log |E]|.

Suppose now |A| < v/10r, then
V10r > |A] > ¢(rs)?/?log'/? |E|,

which furnishes
r

But (19) implies
|4 r\2/3 1/3
F(A) 2 5 >c(5) g/ |B|
and thus
>c3log|E|

- 10
O

Now, we present the second method for obtaining a proof of Lemma 2 (in fact, the
proof given here does not yield the same value for k;9 but we did not try to optimize
it). It begins with some definitions and a lemma.

Let E be a multi-set. If A is a sub-multi-set of E, a an element of A and b an
element of E \ A, we denote by

Aa(b) = (A\ {a}) U {b},
the set obtained by replacing a by b in A.
Suppose F is a multi-set of reals and F a sub-family of the family of all sub-multi-
sets of E. If A is a sub-multi-set of E belonging to F and a an element of A, we say
that A is a-minimal relatively to JF if for any b in E \ A such that b < a, one has

Aq(b) & F.

In the same way, we define A to be a-maximal relatively to F if for any b in E \ A
such that b > a, one has

Aa(b) € F,

and A is said to be a-extremal relatively to F if it is a-minimal or a-maximal relatively
to F. Finally, we say that A is F-extremal if for any a in A, A is a-extremal. This
can be restated in the following way: A is F-extremal if for any a € A and b,c € E\ A
such that b < a < ¢ then at least one of the sets A,(b), A, (c) is not in F. For example,
if E is finite and F = P(FE), the F-extremal sub-multi-sets are those in which the
elements are accumulated on the extremities, with no “hole”.
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ON THE TWO-DIMENSIONAL SUBSET SUM PROBLEM 383

Lemma 3. — Let t be any real, E be a finite multi-set of positive reals and F be any
sub-family of the family of all sub-multi-sets of E. Assume the sub-multi-set B of E
minimizes, on F, the function D defined, for any A € F, by the formula

D(A) = (Z a2>2 —t (Z a4) ,

a€A a€A
then B is F-extremal.

Proof. — As E is finite, there is a minimum (on the sets belonging to F) for D: so B
always exists. Assume that B is not F-extremal: it contains an element 3 such that
there exists a, v not in B and such that 0 < a < 8 < v holds. Denoting simply B(«)
and B(v) the sets obtained by replacing 8 in B, respectively by a and v, it follows,
by hypothesis, that B(a) and B(y) belong to . As B is minimal for D on F, one
has

D(B(a)) —D(B) 20 and D(B(y)) — D(B) 2 0.
Denoting S the sum of squares of B\ {3}, this can be rewritten,
(20) (S+a®)? = (S+ )" - t(a" - p*) 20,
(21) (S+7%)? = (S+6%)? —t(r* - B*) > 0.

Introduce now the following notations:
X=a', Y=p, Z=+%

and

F(u) = (S +ul/?)2,
We have

F'"(u) = —8/2u®?,
which is strictly negative: therefore F' is strictly concave. But equations (20) and
(21) show

F(Y)-F(X) _, _F(2)-F({)
Y -X - - z-Y
and that is not possible for a strictly concave function in view of X <Y < Z. O

Second proof of Lemma 2. — Let F be the set of all sub-multi-sets of E satisfying
(17). Assume that (18) is proven for every F-extremal set, then by Lemma 3, (18) is
proven for every sub-multi-set of E belonging to F and we are done. Thus we only
have to check that (18) holds for F-extremal sets. That is what we do now, after
having noticed that conditions (17) and |E| > |A| imply

|A] > ¢ log |E|.

Thus it is enough to get a lower bound with kio|A| (3,c 4 a*) in the right-hand side
of equation (18). ‘
As above, we define the ratio

F(A) = (Z a2>2/2 a*.

a€A acA
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384 A. PLAGNE

We have to investigate the cases where A is of the following form
A={10 .. (a-1)",al) (s =)= (s —b+1)") ... s}
with a > 1,0 < z4,2s < 7, b being possibly zero. We have (using elementary tools)
(r(12+---+(a—1)2) + 2,02 + (s — )2 + (s + - + (s — b+ 1)?))?
(r(* 4+ (@—-1D*) +zsa* +zp(s —b)* +7(st +-- -+ (s — b+ 1)%))
(r(a —1)3/3 + 2,02 + zp(s — b)% + rbs?/3)?
r(a —1)° + zqa* + zp(s — b)* + rbst

F(A)

(22) =

Furthermore, the cardinality |A| verifies:

(23) Al =r(a+b—1)+ x4 + zp.

Consider now the following sub-cases.

(1) If a = 1, equation (22) shows that

(xa + z(s — b)? + rbs?/3)?
To + xp(s — b)* + rbs?

(1a) If b = O then equation (24) produces

(24) F(4) >

F(4) > Tat 28’
= g+ xps?
(1al) If z, > zps?, we get
z2st 2 |A|

X
2F(A) > zq + ; > zq + ;"- > sup(&a, o) > 5

- 2

a

because of (23). Thus F(A) > |A|/4.

(1a2) If z, < zps?, we get

) 5 4 b /2
T, + xS > 2.4
F(A) > 2——— xixTys Zq
= 2zpst a b =2
bS 2.8 o2
zys s

the second lower bound following from the arithmetico-geometric inequality.
If z, > |A|/2, one has F(A) > |A|/4. Otherwise, as in (1lal), equation (23) implies
|A] = 24 + zp < 2r. Using (17), we have

2r > |A| > c|E|**1og"/? | E| > c(sr)*/* log!/* | B,

from which we deduce 8 > ¢®s?log |E|. Now, writing s as (s25)2/3, we get

2/3
= \clogl|E|

4|E|2/3
clog?? |E|
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ON THE TWO-DIMENSIONAL SUBSET SUM PROBLEM 385

Finally, we have (as z, > |A4]/2)

A [ 2log?/? |E| P
> | — _— ] > — .
F(A) > ( 5 a5 ) 23 log | E|

(1b) Now, b > 1. Equation (24) gives
2 /92 2
F(A) > (rbs*/3) > (rbs?/3)? > b b > Q,
To+r(b+1)s* — r(1+(b+1)st) — 9(b+2) 27
in the same manner as above. Once again, using (23), we deduce |A| < r(b+2) < 3rbd.
Finally, in this case we have F(A) > |A|/81.
(2) If a > 2, we have

—1)3/3 + z4(s — b)% + rbs?/3)?

(r(a
(25) F(4) 2 ra® + zp(s — b)* + rbs?

(2a) If b = 0, we get

r/3)%(a — 1)% + zis*

(
(26) F(4) 2 ra® + rpst

(2al1) If ra® > zs* then equation (26) implies

r/3)%(a — 1)° a=0r fa—1\° _ (a—1)r
F(A)>(/)27Ea5 k=t 18) ( a ) > 576)'
But (23) implies 3(a — 1)r > | A|, so that finally F'(A) > |A|/1728.
(2a2) If ra® < zps* then equation (26) yields
1)3/3)% + st
2xp54

Fa) » @

Applying once again the arithmetico-geometric inequality, we deduce F(A) > r(a —
1)3/3s%. As 3r(a — 1) > |A|, using condition (17) we deduce the lower bound

(3(a—1)r)® > |AP® > (c(rs)*/* log'/* | E|) = ¢ (rs)* log | B,
thus
r(a —1)%/s2 > (log|E|)/27.
Finally, we have in this case F(4) > (c®log|E|)/81.
(2b) If b > 1, we have
_1)3 2 79)2 _1)3 2 /9)2
(@7) F(4) > (r(a —1)°/3 +1bs*/3) _ ((a—1)°/3 +bs%/3)%r
ra® +r(b+1)s a® + (b+1)st
(2b1) If a > b, the cardinality equation (23) shows that |A| < r(2a+1) < 5(a—1)r.

(2b11) If @® > (b + 1)s*, we have successively

ra—1)%/9 (a—1r (a—1 (a— 1)r _ |A]
A) > = >
F(4) 2 2ab 18 a =~ 576 T 2880°
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386 A. PLAGNE

(2b12) If a® < (b + 1)s*, we have
a—1)%/9+b%s%/9
2(b+1)s* ’
and after applying the arithmetico-geometric inequality
b r(a —1)3 r(a—1)3
F(4) 2 9(b+1) ( : s2 : ) 2 (1832) ’
Now, proceeding as in (2a2), we get that (|4] < r(2a—1)+2r < r(2a+1) < 5r(a—1))
ra—1)*/s* > (*log|E|)/125,
and finally F(A) > (c®log|E|)/2250.
(2b2) If a < b, using (27), we get
F(A) > rb®s*/(9{(b+ 1)s* +a°})
> rb®/18(b+1) > rb/36.

Once again (23) yields 3rb > |A|, whence F(A) > |A|/108.
This completes this proof of Lemma 2. O

F(A) > r(

Before going a step further, it is interesting to notice that hypothesis (3) implies
trivially the following:

(28) For each line D containing O, |[A\ AN D| > kyv?/3log'/? v,

since D N Z?2 can be completed in some integral lattice different from Z>.
We are now able to deduce the following

Proposition2. — If A C Py, ;, satisfies |A| > k1v2/3log'/® v and hypothesis (3), then,
for every a € R%, we have (recall v = (21 + 1)(2ly + 1))

2
(Z(a.a)2) > ki (Z(a.a)“) log v,

a€A a€A
where

ki; =1.12 1073,
as a consequence Of

Proposition3. — If A C P, ,, satisfies |A| > k1v?/31log*/? v and hypothesis (28),
then, for every a € R?, we have

(Z(a.a)2> > k1 (Z(a.a)4) logv.

a€A a€A

Proof. — Let us first notice some facts. The formula is homogeneous and continuous
with respect to a and symmetrical (as P, 4, is). Thus it suffices to prove it for every
a = (p,q) with p,q positive integers sufficiently large and ged(p,q) = 1 (during this
proof l; and Iy are assumed to be fixed). Indeed the fractions ¢/p subject to these
conditions are dense in R*.
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In all this proof, we write N = pl; + gl and assume, with no loss of generality,
that

(29) qlz > ply,
and

(30) p>2s+1,

(31) qg>2l +1.

Then

S = {laj.al,a; € A} c {0M,1® . NP} c {0?,1? .. N},

indeed z.a =t € Z is the equation of a line which can have at most one point in F;, ;,
because if
{ pT1+q72 = 1t,
Py +aqy2 =t,
then gly; — z1. This implies 1 = y; as a consequence of |z1]|,|y1| < I3 < ¢/2 and
then x5 = yo.
We now examine the value of |n.a| when n € P, ;,. Take first u,v € Z by Bezout
Theorem such that pu + qu = 1. If n.a = t, then there exists an integer e such that

n = t(u,v) + e(q, —p)-
So, n € A implies that |tu + eq| < l; for some integer e, that is to say
U
q

2
q

(32) < -

We now distinguish two cases.

First case. — We assume that (25 +1)? > 2, +1 or that ¢/p < 2v'/3/3. In the case
where (2l + 1)? > 2, + 1, we get

(20 + 1) < (24 + 1)2/3(21y + 1)2/3 = 2/3,
and in the case where q/p < 2v'/%/3, we get (using relation (29))
3¢
2p
Here we have used 2l; +1 < 3l; < 3¢ly/p < %(2!2 +1).

Let k = [¢/2] + 1 and P = [¢/2l1] < k, we approximate u/q by an element a/3 of
the Farey dissection of order P:

1/2
(2 +1) < (2 +1)1/2 ( (205 + 1)) < v?/3,

vr_2
B
(2k)7' <q7 < B2l < P,

the lower bound being due to the fact that u/q # a/83 because 8 < P < ¢ and
ged(u, q) = 1. We can apply Proposition 1 that yields

ressn i)

+ 2,
with

< 3(8kP~1+1) < 13(2l + 1),

SOCIETE MATHEMATIQUE DE FRANCE 1999



388 A. PLAGNE

if q is large enough. Almost similarly (we have to consider separately the cases t > 0
and ¢ < 0 but we get the upper bound 6(4kP~! + 1) and finally the same result), for
any integer 0 < w < M = [N/k], we infer

Ht € Zwk < |t| < (w+ 1)k : Ht%” < P“l} < 13(2 + 1);

thus, by putting b; = |a;.a|/k and
Ap={j:w<b; <w+1},
for w=0,1,..., M, one has |A,| < 13(2l; + 1). Now

(o) () (E(5)

(é(aj.a)‘*) S Y aey Yu

<

=1 J€Ao w=1jEA,

But, 3¢ 4, b} < [Aol, thus

IPILE

w=1j€A,

U Aw| > |A]/2> Ao 2 > b2
JEA

because |Ao| < 13(2l; + 1) < 13v%/3 < |A|/2 (this is due to the fact that 13
(k1/2)log'/® v for v > k4). Therefore we obtain

2
m M 2 M 2
(a.'a)2 Aw 2) ( Aw 2)
(f\; ’ ) S (w;l v S wz;ll v _F(C)

™ ="M = M 25
(z(a,..a)4> 23w DA 2D il
w=1 w=1

j=1

IN

in the notations of the proof of Lemma 2 with C c E = {1(",...,s("} and r =
13(2l; + 1) and s = M = [N/k]. We have (q large), using inequality (29),

|E| =rs 13(2l; + 1)N/k < 522y + 1)l < 260,
|E| 13(20 + 1)(N/k — 1) > 13(20; + 1)(312/2 — 1) > 2v.
Thus |E| > 2k4 that implies

<
>

A k
€ =14] - |Aoi>‘ | > M08 30 > B(im1 1262 06 (11 /26)
k1 2/371..1/3
> .

Consequently, thanks to Lemma 2, we get the lower bound
F(O) | kok |
25 = 1384448

kiok}
08Bl 2 135145 18-
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Second case. — We now consider degenerate cases, namely when 2I; + 1 > (2l + 1)?
and ¢/p > 2v'/3/3. This corresponds to cases where Py, ;, is “thin” and a “almost
orthogonal” to P, ;,. It requires a particular treatment.

We examine the case where

(33) q/p<2h

and show that what has been done in the previous lines holds. We put € = [; /g and
k=[a(22 +1)*3/(20 + 1)'°] > 1,

for large enough q. By using the Bezout relation, we see that

U -V t
t— =t— + —.
q b pq
We obtain
H—kgtgk:”tEHSe} =‘{O§t§2k: b et ge}
q p q bq
[2k/p]
t k t
< E {wp§t<('w+1)p: —2+—Q£——“§e}
Pt P g pg
[2k/p]
t ku —
<Y {wpst<(w+1)p: L wHSWH
w=0 p q
where
17=e+q‘1.

But, as v is invertible modulo p, the number of solutions to ‘ %’ — cH < 7 in a residue

class modulo p is < 2np + 1. Thus

(34) H—kgtgk: t%“ge} < (2np+ 1)(1 + 2k/p).
For ¢ large enough, one has
(212+1)2/3
k_ [4(2112+1)1/3 ] q(2ly +1)%/3
p P p(2l + 1)1/3

and this is
(205 + 1)%/3
(20 +1)1/3

Therefore for ¢ large, k/p > 1. Concerning 7np, using the supplementary hypothesis

(33), we have
2np=2 (h:l)pz 2lqlp > 1,

> (20'/3/3) =2(2,+1)/3>2.
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thus (34) leads to

rsess<

< 4np(3k/p) = 12nk

2\ 1/3
<12 <l1+1> ((2l2+1) ) qsgv2/3.

q 2l1+1

As above, we get the same result in the general case:

Hwk <t < (w+1)k: Ht%” 56} < 8v*/3,

and, with the same notation as before, we have
|E| < 8031+ N/k) < 8v*/3(1 + 20*/%) < 24w,

therefore we can conclude as previously.

Case a = (0,1). — To complete the result, we first establish it in the case where
a = (0,1). In this case, we have

j=1 _ JjEJ
(Z(«zj.a)‘*) (z)
Jj=1 JjEJ

with J = {j : |aja| # 0}. If Jy = {|aj2|,j € J} C E = {1+ {#h+2)y
hypothesis (28) applied to the line Re; implies (since v > |E|)

| 1] > kov*/31og'/? v > ko| E|*/3 10g/? |E|,

which permits us to apply Lemma 2 with ¢ = k3 and to conclude that the fraction is

3 k1okg
> kioks log |E| > ) log v,
because |E| = (41; + 2)l3 > 2v/3.
Exzxtension of the formula. — Now, we extend the formula by continuity in the neigh-

bourhood of @ = (0,1) to fill the gap, namely we have to show that for every
0 < 6 < 1/2l4, the relation holds for the vector (6, 1). But for any a;,1, |a;10| <1/2,
thus if we denote by K the set of j’s such that aj» = 0 and by J its complementary
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(on which |aj2|/2 < |a;,10 + a; 2| < 3|a;2|/2), we obtain

2 2
< 1
(Z(ang + aj,2)2) (Z a;{102 + 1 Z a2.,2)
F = >

j=1 JjEK JjeJ
m - 3 4
Z(ama +a;2)" Z aj16" + (5) Z a2
j=1 JEK JjEJ
S% ,6* + 53
e = 9(6%)/81,

81(Sk 460* +Ss4)

where Sk2 = 3 ik 051,572 =2 ;s 052, SK4 = Y jek 051,554 = 2y a5, This
is a monotonic function g of §*. Thus
81F > inf(g(0), 9((1/2l1)*))-
We just estimated g(0) (cf. Case a = (0, 1)), there remains to calculate g((1/2l1)*),
Sl2 + SI2
1/20)%) > =52 242
g(( / 1) )_S}(’4+S.,],4

where S}(’2 = ZjeK(aj,1/2l1)27S.,I,2 = SJ,Q, S}(A = ZjeK(aj,1/211)4is.I],4 = SJA. We
have now to consider two different cases.
If Sk 4 > SY 4 (this implies |K| > |J| and consequently |K| > |A[/2), then writing
Slz S%{g

4 > K,2 —
o((1/20)) 2 35 = 35,

we can apply the result of Lemma 2, since the cardinality of K’, the set of j’s in K
such that a;; # 0 verifies

] 2 K|~ 1> 41/3 > 20/ 10g' v

and
{lajal,d € K’y c (1@, 1Py c 1=+ (=42} = B,
We have 2v/3 < (4l + 2)l; = |E| < v, thus we obtain

ki1o(k1/3)3 kiok3
g((1/2n)*) > ML 1050, 5) > Biokt 1op

If Sk 4, < S5, then

Sl2 Sz
4 > J,2 — J,2 )
g((]‘/zll) ) - 23./]‘4 2SJ’4

But |J| > k2v2/3log'/3 v because of hypothesis (28) applied to the line Re;. As above
{lajol,j € J} C E = {1042 (#2¥21 404 24/3 < |E| < v that allows to obtain
the lower bound

3 3
g((1/201)*) > ﬁl;—’%logwl > ku:l—leogv.
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All this computation show that, in fact, we can take any

ki1 <inf k—% i%_ k
n= 1384448’ 324 [ "1°

and ends the proof. O

2.3. Geometrical lemmas . — This section is devoted to the geometrical aspects
of the problem. We complete Freiman’s proof [F96] by studying every cases and
improve some interesting intermediate results.

Through all this section we refer to [C] for extra information.

For C a compact convex body of R?, let us denote E its integer points, E = CNZ2.
If A is a sub-lattice of Z2, we consider here E N A, which we assume to be two-
dimensional, that is, not included in a line (this implies |E| > 3) and introduce some
vocabulary and notation. If A is a line maximizing the cardinality |A N E N A|, we
write A NZ2 = Ze, for some e;. Now, ANENA = {Ap + kae1,0 < k < n} for some
point Ao, and a,n positive integers, because of the convexity of C. In the sequel,
without loss of generality, we assume Ap = O and write A = nae;. Next we choose e
completing e; in a Z2-basis, this is always possible. Now take 3 the unique (in view
of |aB| = Vol A, the volume of a fundamental parallelogram of A) positive integer
and v in Z such that

A = aZe; + Z(Behy + v'e1).

Define u = inf{t € Z,Bey + te; € ENA} and ez = €5 + [u/Ble1. Then (e1,e2) is, as
well, a Z2-basis and

A = aZe; + Z(Bez + ver),

for some v € Z. By definition of u, one can easily see that if Ses + tey € E N A then
t > B(u/B — [u/B]) > 0. This remark will be needed in the sequel. Points of A are of
the shape (ka + lv)ey + lBes with k,l € Z. We note

d* = max {l|(ka + lvy)e; +1Bes € EN A for some k} > 0,
d~ = — min {l|(ka + ly)e1 + lBes € EN A for some k} > 0.
Changing, if needed, e in —ey, one can assume that
d =max{d",d"} =d",
and since E N A is not one-dimensional, d > 1. Clearly
(35) [ENAI<(dt+d +1)(n+1)<(2d+1)(n+1).
Finally, we note A, the line se; + Re; and define

cs = |As NE|,
ch=1A;s NENA|.

First we have to prove some preparatory lemmas.
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Lemma 4. — With the preceding conditions and notation, we have
(i)  Amy1)pNENA is empty,
(i) IFn>2:d<n+3.
(iie) Ifn=1:d<3.
Proof. — We first prove (i). Assume that A(,41)sNENA is not empty. We can find
P = (ka+ (n+1)y)er + (n +1)8ez,
a point in that intersection. Performing the Euclidean division of k& by n + 1, we find
an integer r between 0 and n such that k = (n + 1)g + r for some integer g. Now, the
convexity of C' shows, on the one hand, that rae; belongs to E, because it is located
between O and nae; and, on the other hand, that any integer point on the segment
joining
P = (n+1)(Be2 + (g + v)e1) + raex
and rae; is in F too; in particular, for each integer s belonging to {0,...,n+ 1}, the
point s(Bes + (g + v)e1)) + rae; belongs to E. But now, these points are on a same
line and their cardinality is n + 2, which is impossible.

Let us now turn to (ii). Assume n > 2 and that there exists a positive integer j
such that A(,44453NENA contains some point M. Convexity of C' implies that the
“full” triangle (AOM) is entirely in C. Let us denote L the length of the intersection
of that triangle and A(,,41)g (which is a segment). Application of Thales’s Theorem
gives

L 3+
naley] n+4+j’

that is 34
L= ( +])n-alella
n+4+j
an increasing expression with respect to n and j, which is therefore minimal when
n = 2 and j = 0. It implies that L > ale;|. But then A(,11)3 N E N A contains at
least one point and is subsequently not empty, contrarily to (i). Because each point
of A is on some line A,g, one has d <n + 3.

Now, let us see (iii): n is 1. If d = 1 or 2, there is nothing to prove. Assume we
have d > 3 and choose M a point in Agzz N ENA. Part (i) of the Lemma shows that
A does not intersect EN A, and then that the diameter of the intersection Ay NC
is less than ale;|. Whence there exists a unique couple (S, T') of points of A verifying

the properties
1. Non-void segment Ayg N C is included in the segment [S, T7,
2. T=8+ae;.
These points are of the following shape
S = (ka + 2v)e; + 20es,
T=((k+1a+2y)e; +28e; =S + ae;.

We now show that k is odd. In fact, if & were even, say = 2l, the point S’ = %S =
(la+y)e1 + Bes would be in A. Moreover, ae; and S’ form a basis of A. But the “full”
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triangle (OAM) is contained in C, which forces the point M to be in the open strip
(if not so, S or T would be in C) between the lines (OS) and (AT'). Its coordinates
are then of the form:

M = zS + yae;,

with > 1 and 0 < y < 1. The point M can not belong to A, its coordinates not
being entire (in the basis (ae;,S’)). A contradiction.

The integer k is consequently odd, say = 21+ 1. If T’ = %T, as before, we get that
T' and ae; generate A. Writing

M = xS + yaey,

with z > 1and 0 < y < 1, we get M = 22T' + (y — )ae;. But, because M is in
A, 2z and y — z are integers. The only possibility is y = 1/2 and z = 1/2 + u with
u € Z. Looking at the coordinate on ez, we get d = 1 + 2u. But now, the convexity
of C forces the integer points belonging to the line joining the middle of the segment
[0, A] to M to belong to E, in particular T'. As M = T' + u(2T"' — aey) and since
there is no line containing more than 2 points of ENA,one hasu <lie. d<3. O

Lemma 5. — Leti,j,k be integers and t a real, 0 < t < 1, such that k = ti+ (1 —1t)j.
Then the following holds

(i) f AinNC,A; NC # &, then one has ¢k > te; + (1 —t)c; — 2,
(i) if ApiNC,Ap; NC # @, then one has cpy, > tcp; + (1 —t)eg; — 2,
Ck — 1
o< 14 B
(i) cgp <1+ o
Proof. — Because of convexity, A; N C,A; NC and A;y N C are non-empty segments.
If I;,1; and [}, denote their respective length, one has, once again by convexity, tl; +
(1 = t)l; < lx, but one has l; — |e1| < ¢;ler| < 1; + |e1| (and the same for j and k), so
we get
tlei—1)+ (1 —-t)(c; —1) <ex+1,
that is the first inequality.
The second one is similar (that is just a question of scale). And the third one is
the consequence of an easy counting argument. O

Lemma 6. — One has A

2 2
d< \/E‘El +3+ 30
Proof. — We first notice that, because of |E| > 3, the formula is easily verified in the
following cases: a = 1landd < 6,a=2or3andd<4and a >4 and d < 3 and
that except in those cases, which from now on we do not consider anylonger, one has
a(d — 3) — 3 > 1. This remark is useful to make easier the forthcoming estimations.
If d > 4, one can write

Bd (8d/2]
|E| > ek >co+ Y (c0/2-2),
k=0 k=1
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because of (i) in Lemma 5. This way, we obtain the lower bound
|B| > o + (co/2 — D[Bd/2] > na + 1 + [Bd/2|(na — 3)/2,

with the inequality co = |A¢ N E| > na + 1; it implies, by virtue of Lemma 4, (ii),
that

a(d—3)—3

|E| > a(d - 3) + 1+ [8d/2] 5

But the preliminary remark of this Lemma, ensures that the last fraction is positive.
Since 8 > 1, we get the lower bound for |E|:

|E|za<d—3>+1+(d;1) (a(d—23>—3),

which can be rewritten as follows:

4|E| > ad® — 3d+ 7 — 9a.

It is easy to see that it implies

3 4|E| 7 9
< = i b -
d = 2a+\/a +9 01-'—4012
3 2\/|E 7 9
< —+ Bl Jo- T4 S
20 Va 4a?
9 _
< i_'_ VIE| +3__’Z_+ \/9/4 49/36,
2a N 6a e
which implies the announced result. O
Lemma7. — We have

dt—1
Y cp| —4(dF+d7) > -39.

i=—d—+1

Proof. — Suppose first that d~ > 1 (and thus d* > 1). For any positive integer i,
we have, in view of Lemma 5, (i),

i 1
cig > (1 - d—+) co + d—+ng+ - 2.
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The same inequality holds, symmetrically, for the c_;g’s (changing dt in d~). By
summing these inequalities, we get

dt-1 dt—-1 i i
S e 2 et 3 (1) et gres -2)
t=—d—+1 =1
4= i i
+ ; ((1—3':)60+d—_c_gd——2)

= o+ (——-————c" t+Cats 2) (@ —1) + (—C" +2c"‘“ﬁ _ 2) (d= 1)

1
> ¢+ (c°+ —2) (dt +d~ -2),
where we have used the fact that c4+s,cq-3 > 1 because of the non-emptiness of
Ag+p N E and Agz-g N E. Finally we get

= co— 11
Do cs | -4 +dT) 23+ 25—
i=—d—+1

(dt +d7).

Now, we consider two cases. If ¢g > 11, this is greater than 3. Or else, in view of
co >na+1>n+1, and Lemma 4, (ii), thisis >3+ (n - 10)(n+3)if2<n < 9.
This expression is minimal for n = 3 or 4 and is in these cases equal to —39.

Assume now d~ = 0 (recall d = d*), the same inequalities as for the case d= # 0
show that our expression is

d—1

>SS es—ad > (2Fl_9)(@-1)-4d
4 2

=1

n — 10
= 3 (d-1) — 4,

which is > —4 if n > 10 and if n < 9, this is > (n + 2)(n — 10)/2 — 4 > —22. This
completes the proof. O

We are now ready to prove the first proposition of this section. It will be useful
for Theorem 3 and algorithmical aspects of our problem but we think that it is an
interesting result in itself.

Proposition 4. — Let C be a compact convez body in R? and E denote the set of its
integer points. Assume E is not included in a line. Then, for each integer lattice A
different from Z?, one has either E N A included in a line, or |[ENA| < 2|E| + 39.

Freiman [F96] obtained a non-effective version of this result with a “reduction”
factor 3/4 in place of our 2/3 which is the best possible, as one can see by considering
the family depending on an integer parameter n:

E,=CnNZ*={(i,§),0 <i<n-1,0<j<2}U{(n,0),(-1,0)}
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(where C,, denotes the convex hull of E,) and the lattice
A =Ze + 2Z€2,

because then |E,| = 3n+2, |E,NA| = 2n+ 2 and consequently |E,NA| = Z|E,|+ 2.

The constant 39 appearing in Proposition 4 seems to be larger than the one one
might expect. Once again, the reason is that our computations are rough. Indeed it
seems that one could expect a constant very near from 1. This problem of minimizing
that constant seems to be open.

Note that the higher dimensional analogue to Proposition 4 is false, contrarily to
what is announced in [C91a, Lemma 2], as can be seen by considering the following
example. In R® consider the points a = (1,0,0),b = (0,-n,0),c = (0,n,0) and
d = (—1,0,2) for an integer parameter n. Let C, be the convex hull of these points

E, =7°nC, ={(1,0,0),(0,0,1),(~1,0,2),(0,5,0), ~n < j < n}
and A = Ze; + Zes + 2Zez. One has E, N A = E}, \ {(0,0,1)} and thus
|E;, NA] 1 1
A A
that tends to 1 as n tends to infinity. At the same time, E;, NA is 3-dimensional. This
shows that no strictly less than 1 analogue to the constant 2/3 exists in dimension 3.

Proof of Proposition 4. — If A is not Z? then a or 8 is different from 1, that is at
least 2.
First we consider the case where a > 2. We can write, using Lemma 5 (iii),

at at 1
EnAl= ) cp < > (1+5"—’°—_—)
k=—d— k=—d~- @
1 1 &
— _ 2 — + 2
= (1 a)(1+d +d)+a Z Cak
k=—d—
(36) < @ +(2d + 1).

In view of Lemma 6, equation (36) can be rewritten, because of a > 2,

[ENA| < I—lzﬂ+2(\/§|Ell/2+g—l)+1
|E|

25
o E1V/2 4 22
2~|—\/_|| + 5

IA

which is bounded by 2|E| + 21, as one can easily check.
Now we consider the case where a = 1. Then one has 8 > 2 and C,'/.ak = cgr. We
have the trivial lower bound
Bdt
(37) El> Y o

k=—pBd-
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We put for 0 <i <dt —

(i+1)8—1
SZ+ - Z Ck,
k=10
and, likewise, for 0 <7 < d~ —
—(i+1)8+1
Si_ = Z Ck;
k=—ig3
then equation (37) becomes
(38) |El+co> (S§+ - +Sh_+carp)+(Sg +-+S5_, +c_ap)-

But, application of Lemma, 5, after summation, yields
(i+1)B-1

ﬂ + 1 8-1
S"‘ =cig + Z cig + B citnyp — 2(8 = 1),
k=if+1
and, symmetrically,
B+1 B—-1

S; 2 =5 —cmip + —5—c—ns — 2(B- 1),

so equation (38) implies

dat—1 dat
+1 -1
|E|+co > (——ﬂ 5 D cist A 5— > cis—2(6 - Dd* + Cd+l3)

=0 =1

/B+1 Z c—z,@+—_zc—zﬂ“2(ﬂ_1)d '+'Cd B .

1=0
N P
~

=0 if d-=0

which takes the following simplified form

+ dt-1
B+1 & B—1 -
B > —— 3 ckg + —5— S g -4adt+d)|.
k=—d— k=—d—+1
But the first sum is |[E N A| and the second > —39 in view of Lemma 7, so we have
|E|>'B+1|EOA| 39@;—1.

Thus,

2 -1
|EﬂA|§m|E|+39%T§ |E|+39<—|E|+39

B+
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From now on, we are only interested in E itself (which corresponds to A = Z?2 or
equivalently to a = 8 = 1) for which we need two more lemmas. We keep the same
notation as above but, for avoiding confusion, we put an index E so that d,n have
nothing to do with dg and ng.

Lemma 8. — Let k be an integer such that 1 < k < dg, then
kes +tey € E implies —k+1<t<ng+k-—1.
If —dg < k< -1, then
kes +tey € E implies k <t <2ng—k+ 1.
Proof. — Remember that, by construction, O, nge;, ez belong to E while —e;, e2—e;,
ez + (ng + 1)e; do not belong to E.

Let £ > 1.
If kes + te; € E then, as O € E too, one would have, by convexity

t 1 k-1
es + Eel = E(kez+tel)+ TO eC.

Suppose t < —k < 0, then

k t k
62-—61=—-t- (62+E61>+(1+?)62€E,

which is not true. Thus ¢t > —k + 1.
On the other hand, if kes + te; € E, one would have also

t+ (k-1 1 -1

es + L(——ﬂ e = —(kez +t61) + L— nge; € C.
k k k

Suppose t > ng + k, then

ez + (ng+ 1)e; =

() (o (25522) ) szt

which is not true. Thust <ng+k—1.
Now, let k£ < —1.
If kes + te; € E, then, since e € E,

(ﬁ) e = (ﬁ) (kes + tey) + (l:kk> es € C.

Suppose t < k — 1, then

k-1 t t+1—-k
n (57 (o) (2 e

which is false. Thus ¢t > k.
Suppose kes + te; € E. It is known, by construction, that there is some point
dges + ze1 € E and that, as previously seen, £ > 1 — dg. But then

( i ) e = (—dE — k) (kex + te1) + (m) (dpes + ze1) € C.
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Suppose t > 2ng + 2 — k, since
dpgt — zk S de(2ng +2—k) — k(1 —dg) _ 2ngdg + 2dg — k

= >
dg —k ~ dg — k dg — k zne+1,
the point (ng + 1)e; is located on the segment joining O to (Qf;—:%) e; and is
consequently in E, which is not true. Thus t < 2ng +1 - k. O
Lemma 9. — One has
IE[ > npdg / 3.
Proof. — As in the previous proofs, one has:
dg—1

|E| =co+cag+ D ¢ > (co+cap)(dp +1)/2—2(dp — 1)
i=1
>(ngp+2)(dg + 1)/2 —2(dg —1).
Then (|E| — ngdg/3) > 0 follows from (ng — 6)dg + 3ng + 18 > 0. For ng > 6 this
is trivially true and one checks that for ng < 6, using Lemma 4,
(ng —6)dg + 3ng + 18 > n% > 0.
O

Now, we prove the second geometric lemma, which will be the key result for ob-
taining Theorem 2. We have here to remember that Ay can be different from O.

Proposition 5. — Let C be a compact convex body containing O, and E denote CNZ>.
Then there exists a unimodular linear application ¢ and two integers I, m such that
¢(E) C Pi,m,

with v = (21 + 1)(2m + 1) < 345|E].

Proof. — Using the construction described before with & = 8 = 1, we find a point
Ap and two integer vectors e;, ez such that
C c {Ao+{—dg,....2ng+dg +1)}e1 + {—dpg,...,dp}es}
C {Ao + {—(nE + 3), ..., 3ng + 4)}61 + {—dE, - ,dE}eg}
in view of Lemma 8 and dg < ng + 3 (Lemma 4).

Recall that (e1,€2) is the canonical basis. Let ¢ be the linear transformation
sending the Z>-basis (e;)i=12 onto the Z>-basis (¢;)i=1,2. We have det ¢ = 1 (¢ is
_ unimodular) and

¢(C) C {p(Ao) + {—(ng +3),...,(3ng + 4 }e1 + {—dp,...,de}e2 }.
But ¢(0O) = O € C implies the existence of some r, s such that
O = ¢(Ap) + re1 + seq,

with —(ng + 3) < r < 3ng +4,|s| < dg. This fact shows that ¢(C) C Pynp+7,2ds»
whose volume is v = (8ng + 15)(4dg + 1) < 115ngdg. But, by Lemma 9, |E| >
ngdg/3 > v/345, which ends the proof. O
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3. Proof of Theorem 1

We assume without loss of generality that
2l +1> 02 > 20 + 1.

Let us remember that v > ks. Define m = |A| and write mqo = k;1v2/3 log'/3 v.
The trivial orthogonality relations for e type functions easily yield

J(b) = 2’"/ d(a)e(—b.a)da = 2’"/ d(a)e(—b.a)da,
[0,1]2 [-1/2,1/2)?
with
oo - L)

and ¢ =[]}, ¢;. In fact, we investigate I = I(b) = J(b)/2™, by splitting the domain
of integration into two parts, the major and minor arcs, corresponding respectively
to the domains

KO = [—1/4l1, 1/4l1] X [—1/4l2, 1/412]

and K; =[-1/2,1/2]?\ Kp. The corresponding integrals are denoted respectively Ip
and Il .

3.1. The error term. — We have |I;| < le |p(a)lda < p(K1)sup,ek, |o(a)l.
Applying (8) we get

'/Tz . e
|| < p(Ky)exp (‘“2— oTE > Ha.aj||2) :
-

J

Our main aim in this section is to find a uniform lower bound on K; for the sum
Z;n=1 ||a.a;||? appearing in the exponential. For this, let us use a Farey dissection of
order @ of [-1/2,1/2]\ [-1/4l;,1/4l;]: we write (modulo 1) each a; of this interval
as p/q + z with

ged(p,g) = 1,0 < ¢ < Q and |2 < 1/¢Q.
Here we choose @ = [k12v/m], with
ki2 = 69.
We notice that

2 +1 v'/? mo o ki1
Q T kiv/m T k02 T ko

(39) log'/?v > 2,

because v > k4.
Now, we distinguish different cases.
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3.1.1. |z| > 1/4ql;. — Using Proposition 1 with P = @, k¥ = 2[; which is > Q,
a=a1, b= —aily + asns and n = —1;, we get for each ns subject to —ls < ng < ls:

=l <mi < b s llaen]] < Q7Y < 38LQ™ +1).
Thus we get, after summation on na,
{n € Py, : |lan|l < Q71 < 3(8LQ7" +1)(22 + 1),
and this is
<3

8l1 +4 2[1 +1 _ -1
( o 50 )(2l2+1)_13.5vQ ,
in view of (39).

3.1.2. |z| <1/4qly;. — Write ag = (h+6)/qwhereh € Z,0< 6 <landf =p'/¢+2'
by using a Farey dissection of order 4l (therefore ¢’ < 4l, and |2'| < 1/4¢'ls). We

have
h S 4
an = (E+z)n1+ (—+£—,+—>n2
q q qq q
/ h / /n
- domthng)dpne 4202
qq q
If D, denotes the set {ag,ag+1,...,(a+1)g—1} x {bg',bg' +1,...,(b+1)q' — 1},
define ¥ the application
¥: D,p — Z/qq'Z
(z,y) — d'(pz+hy)+p'y.
It is easy to check that ¥ is bijective (injectivity is just a trivial consequence of
ged(p', q') = 1).
Finally, equation ||a.n|| < Q! implies
"I’(n)
qq'
in view of |zn;| < |2|l1 and |2'na/q| < 1/4q¢’.
3.1.2.1. Case 1: Q7! > |z|l1,1/4qq'. — We have

1 -1
<
4qq' ~ 3@

—1 |2 |n2 -1 1
SQ +|Z|n1+TSQ +|Z|l1+w,

(40)

Q_—l + 'lel +

and since ¥ bijective,

{n € P, llan|| <Q7'H < Hn€ Py, |1¥(n)/ed|l <3Q7Y
< (1+6Q'qq)([2L/q] + 1)([22/¢] + 1),

because [2l1 /g] +1 is the maximal number of integers between —!; and /; having same
residue modulo q.
Now, 1+ 6Q1qq' < 10Q1qq' by hypothesis of case 1. One has

2 1
l1q+1+1<§(2l1+ >,

<
[2l1/q] +1< <3 p
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in view of (39). And [2l2/¢'] + 1 < 3(2l3 + 1)/¢' because ¢' < 4l,. Finally,
{n € Py, : [len|] < Q71 < 10Q 7 qq' (3(20 + 1)/2¢)(3(2l2 + 1)/¢') < 450Q "

3.1.2.2. Case 2: Q71,|z|l1 < 1/4qq¢’. — In this case, a solution of [|a.n|| < Q!
verifies ||¥(n)/qq'|| < 1/qq', but this implies ¥(n) = 0 mod gq', that is

q'(pny + hnz) + p'na = 0 mod qq'.

This implies that ¢'|ns, so that, when ¢' # 1, n belongs to some lattice different
from Z? (namely Ze; + Zq'e).

If ¢ =1, one has pn; + (h + p')ns = 0 mod ¢, which is the equation of a lattice
different from Z? as soon as q # 1, but that is the case because if ¢ = ¢' = 1, one has
p=p' =0 (and then h = 0), and |2| < 1/4l;,|2'| < 1/4l,. Therefore |a;| < 1/4l; for
i = 1,2, which shows that, in this case, « is not in K.

Consequently, we can bound the number of solutions in this case, using hypothesis
(3):

H{n € B4, : |len|| < Q7Y < m — kov?/? log'/® v.
3.1.2.3. Case 3: |z|l; > Q~1,1/4qq’. — If the integer vector n satisfies
(41) llan|| < Q7
it satisfies a fortiori
(42) 1¥(n)/aq'|| < 3|2|ix

and so the number of couples of residues (xo, yo), modulo ¢ and ¢’ respectively, solu-
tions to (42), is less than 1 + 6|z|l1qq".

Let us now give an upper bound for the number of solutions of (41) with n;
restricted to be equal to some ¢ modulo ¢ and n, fixed. The equation becomes

pny

7 + 2(zo + qt) + asna|| < Q7Y

this is of the form

lln + zqt]] < Q7
for which we can apply Lemma 1 with a = 2¢,b = n,e = Q™! < kl‘21 < 1/6,k =
[2l1/q] + 1. We have k|a| < |z|g(1+2l1/q) = |z|g+2l1|2| < Q71 +1/2¢ < Q™1 +1/2,
by hypothesis of section 3.1.2 and thus (1 — k|a|)/2 > € is verified. We get the upper
bound 1 + [2/Q|z|g]. Consequently, if now, n; and n. are restricted to be constant
modulo ¢ and ¢’ respectively, the number of solutions of (41) is

<(+ %) 0+ o)

Finally, the total number of possible solutions to (41) is bounded above by

(1 + 6|z|l1qq") (1 + [%l?-D (1 + ﬁ) < 450Q71,

by using |z|l1gq’ > 1/4, |z| < 1/¢Q and ¢’ < 4.
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3.1.3. Conclusion. — In the cases of sections 3.1.1 and 3.1.2 cases 1 and 3, the total
number of solution to (41) is bounded by
45
4 1<
50Q " < - 1
Consequently,
k 4
[(n € A, llanl] > Q1| > M2= 0
k12 —
Thus we get
k _ ki —46 m3 _ (ko — 46)k3
2 5, k12 — 40 2 12 12 1
a.a > e — >~——————lo v > 0.75logw.
Z” ]II 2_1 Q _(k12—1)k2v2 ( 2_1) g g

In the case of section 3.1.2, case 2, we have
n € A,|lan|| > Q '} > kw?/?logw,
M g

thus
2

12122 logv > 0.75logv.
1

m 2
Z l|a.aj||® > I kov?/3 1ogt/?

Finally,
I| < u(Ky)exp ——2 inf E «a 2] < WK 3
I 1| —_ ( 1)e 2 a1€K1J, 1” a]” —_ ( 1)/U *

3.2. The major part. — Here, we have to investigate Iy = [ #(a)e(—b.a)da.
Let us denote

K ={a€ Ky:V(a) <0.7510gv}
and K' = Ko \ K. The contribution of K’ can be evaluated as follows

' /K , ¢>(a>e(—b.a)da| < /K Ij1=11|¢j(a)|da < W(K') exp (—H;na-anl?/z)

< WK exp (-72V(0)/2) < w(K')[v*" %,

in view of the definition of V' and because on Kp, |a;a;;| < 1/4 so that ||a.a;|| =
|eaj| < 1/2.
Now, rewrite ¢(a)e(—b.c) as follows

d(a)e(—b.a) = e((M —b).a) [] cos(ma;.),
7j=1
but for |ra;.a| < /2, one can write, in view of (9),
cos(maj.a) = exp(—n?(a;.@)?/2)(1 — g(aj.c)),

with
0 < g(aj.a) < (2ma;.a/m)* < 1.
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Finally the major part is

m

/K ¢(a)e(—b.a)da = /K exp (—Zr; jz=;(aj.a)2 + 2in (M — b).a) (1 - R(a))da,

where R(a) = 1 - [];_, (1 — g(a;.a)). One can write this integral Ag — A; — Az by
splitting it into three parts

2
Ay = /]R(2 exp (—%V(a) + 2im(M — b)-a) da,

2
A = / ) exp (—%V(a) -+ 2i1r(M - b)-a) da,
\K

Az /K R(a) exp (-—%ZV(a) + 2im(M — b).a) da.

Let us write d; = M, — b; and investigate these three integrals. By the change of
variables

VdetV
(43) T = 1(V120¢1 +Visa),y=m as,
Wi W
we get

1 2 2diz y .2(d2 V2 — di1Vh2)y
Az_/e <__+ )d/e (_— d
"V k7T T )T R VAV
1 o d 1( dV2—diViz
m2detv P v,) | Veme 5 A
_ 2exp(—2qy-1 (M — b))
mvdetV )

An upper bound for |A;| can be achieved by noticing that if a ¢ K then V(a) >
0.75logv. Suppose a ¢ Z? + Ky. We have

m m
= (.0;)? 2 [la.as]®.
i=1 j=1

Since the last sum is not changed by an integral translation of a, the problem is
reduced to the study of this sum for @ € K;. This has been done in the preceding
section and thus we get the lower bound 0.75logv. If now a € (Z* \ {(0,0)}) + Ko,
it can be written as & = h + € with h € Z* \ {(0,0)} and € € Kj. Since |e;| < 1/4l;,
le.aj] < 1/2 and in view of hypothesis (3) at least k2v?/3log'/? v elements a; of A
verify h.a; # 0 (cf. hypothesis (28)) thus (a.a;)? > 1/4 for these values and we obtain

Via) > %vzﬁ log*/3 v > 0.75logv.
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This ends the proof of the lower bound of V(a) on the complementary of K. Now,
the change of variables (43) and a polar change of variables produce

27
rexp(—r2/2)dr do,

R - g
Al < n2vdet V Jr\/3logv/a 0

and finally
|41 < 2/(xV/det V3™ /8).
Now, we consider A;. We have, in view of inequality (10),
IR(@)| = 11— [](1 - g(a;-0)| <D glaj.0) <16 > (aj.)*,
Jj=1 Jj=1 j=1

the last inequality being due to (9). Here is the place where we need Proposition 2.

We get
|As] < 16/ ( ) exp (—E;V(a)> da

m R? V(a)? exp (———V(a))

In the same way as above we obtain finally

256 750

A <
42| < ki1m5vdet Viogv — logv\/detV
3.3. Conclusion. — The dominant term is

2
= ———exp(—2qy-1(M —b)).
T p(—2gv-1( )
The error term is bounded from above by

pEKy) | p(E) 2 + 0 800
03 v37/8  r\/det Voudm®/8  logvvdetV ~ loguvyvdet V'’

using | det V| < m?v?/4 < v*/4. It is readily seen that if gy -1 (M —b) < k3 loglogv—4
then the main term A is > 1800/v/det V log?** v. At the same time the error term is

< 800
~ VdetViogv

(with a constant 1) thanks to our choice for k3. This concludes the proof of Theorem
1.

= O(AO)’
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4. Proof of Theorems 2 and 3
4.1. Theorem 2. — By Proposition 5, we can find a linear application ¢ sending
C onto Py, ;, for some lj,l; with v < 345|E|. We can assume that v > |E| with no

loss of generality. Consequently,
ks (555) 1og”* (555)

ks o730 173, _ 4 . 2/3
1007 log’°v = kv

Since the linear transformation ¢ sends lattices onto lattices we have
16(A) \ (4(4) NT)| = [A\ (AN ¢~ ()| > ke|E|*/* log/* | E,
by hypothesis (6). As above this is

|6(4)] = |A| > ks|E|*/%1og"/* |E|

v

log1/3 v.

v

Ke 2/3 1/3 2/3 1/3
> — = .
1 v log v kzv IOg v

Applying Theorem 1 to the set ¢(A), the asymptotic formula (4) is changed in (J'
stands for the number of solutions to the boolean equation induced by ¢(A))
m+1

J(b) = J'($(5)) ~ ;—Et——;v— exp{~2gw-1 ($(M) — $(5))},

for any b such that gy -1(d(M) — ¢(b)) < ksloglogv — 4, where W is the matrix
obtained with the ¢(a;)’s instead of the a;’s that is to say W = ¢V ¢*. Thus det W =
det? ¢ detV = detV, qw-1(p(M) — ¢(b)) = qy-1(M — b) and we can take k7 = k3
due to loglog |E| < loglogv. O

From Theorem 2 we deduce the following result.

Corollary 1. — Let C be a compact convez set in R? containing O, A be an integer
lattice and E = C N A. Let A be a subset of E. Assume

|| > ks|EI*/®log'/? | E|
and that for each T sub-lattice of A different from Z?, we have

(44) |A\ ANT| > ke|E|*®log"/? | B].

Then we have the following asymptotic equivalent (when |E| — +00)
2™+ Vol A

45 J(b) ~ ——— exp{—2qy-1(M —b)},

( ) ( ) W\/m Xp{ qv 1( )}

provided that gy -1(M — b) < k7 loglog |E| — 4.

Proof of the Corollary. — Take a basis of A and ¥ a linear application sending this
basis onto the canonical basis of Z2. If A’ = ¥(A), E' = ¥(C)NZ? = ¥(E) and since
the sub-lattices of A are sent onto integer lattices, we can apply Theorem 2 to ¥(C)
and ¥(A). With the same computation as above, we get the asymptotic equivalent
(45), the factor Vol A being due to the formula of change of basis for quadratic forms
and | det ¥| = Vol A. O
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4.2. Theorem 3. — Either condition (6) is fulfilled by A and we are done by
applying Theorem 2 (notice ks > ks) or there is an integral lattice I'; such that
(46) |ANT1| > |A] - k6| E|*/* log/? | E.

Write T = Z2, A; = ANT; and E; = ENT;. Since A4; is not contained in a line
in view of hypothesis (7) (41| > (1 - %g) |A] and k9 < 1 — kg¢/ks) we have, by
Proposition 4, |E;| < 2|E| + 39 < 0.7|Eo| (the smallest possible value of |E| allows
to write this). Therefore we get

(47) |A1| 2 ks|Ea[*/ log'/® | By |

in view of equation (46) and (0.7)%/3ks < kg — k.

Now either A, verifies condition (44) of Corollary 1 and we stop here the process,
or there exists a lattice I'y C I'y violating (44).

Let us show that, more generally, we can construct a decreasing finite sequence
of lattices (I';)1<i<p: assume we have already built I'y,...,I'; and Ay,...,A;. If
condition (44) is fulfilled for A; C E; then we stop the process else we find a lattice
;41 C T; violating (44).

Lemma 10. — We have for each i
|As| > ks|Ei|*/* log"/® |E;| and |E;| > |Ai| > |A]/2.

Proof. — For i = 1, equation (47), ks > 2ke and (46) prove the result. Assume that
the result is true for 1,2,...,4 and that we have built I'; 1, E;4; and A;11. One has

|Aiv1] > |As| — kel E;|*/® log!/? | E;| >
(ks — ko) | E:[*/* 10g'/® | Es| > ks|Eiy1|*/*10g"/? | Eiza |

in view of Proposition 4 (here we used the fact that |A;+1] > (1 — ke/ks)|A:| >
3(1—ke/ks)|A| > ko|A| which implies first that Ej, is not included in a line (in view
of (7)) and, second, that |E;| is large enough). Now

[Aiv1] > |A] — ke Z |E;|*/ log'/® | E|

j=0
00 .
> |A| - ke Y_(0.77|E|)*/ 1og"/? | E|
j=0
> |A| - 5ks|E|*/%1og!/® |E| > |A|/2
due to the definition of kg and ksg. O

This Lemma shows that the process is well defined. As it is clearly finite (since
(|Ei|)1<i<p is a strictly decreasing sequence and E; is never included in a line in
view of hypothesis (7) and Lemma 10) and at the end we have a lattice Ag = I'p,
A, = ANT, and E, = ENT}, such that condition (44) and the cardinality condition
are fulfilled. Thus we can apply the Corollary to Theorem 2 which gives the result.
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