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Abstract. — This is the second of two volumes collecting original research articles, on
several aspects of dynamics, mostly by participants in the International Conference
on Dynamical Systems held at IMPA (Rio de Janeiro), in July 2000, to celebrate
Jacob Palis’ 60th birthday.

Résumé (M éthodes géométriques en dynamique (I1). Volume en I’honneur de Jacob
Palis)

Ceci est le second de deux volumes regroupant des articles originaux de recherche
concernant des aspects variés de la théorie des systémes dynamiques, écrits par cer-
tains des participants a la Conférence Internationale sur les Systémes Dynamiques
qui s’est tenue a 'IMPA (Rio de Janeiro), en juillet 2000 pour commémorer le 60°
anniversaire de Jacob Palis.
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ABSTRACTS

On Random and Mean Exponents for Unitarily Invariant Probability Measures on
GL,(C)
JEAN-PIERRE DEDIEU & MIKE SHUB ...\ttt it 1

We consider unitarily invariant probability measures on GL,,(C) and com-
pare the mean of the logs of the moduli of the eigenvalues of the matrices to
the Lyapunov exponents of random matrix products independently drawn with
respect to the measure. We prove that the former is always greater or equal to
the latter.

On Some Approximations of the Quasi-geostrophic Equation
EriM I. DINABURG, VLADIMIR S. POSVYANSKIT & YAKOV G. SINAT .......... 19

For two-dimensional quasi-geostrophic equation in Fourier space, we pro-
pose a new type approximation representing itself some quasi-linear equation.
Natural finite dimensional approximations of this equation are investigated in
the article.

Stable accessibility is C dense
DMITRY DOLGOPYAT & AMIE WILKINSON ...\ttt 33

We prove that in the space of all C™ (r > 1) partially hyperbolic diffeomor-
phisms, there is a C! open and dense set of accessible diffeomorphisms. This
settles the C! case of a conjecture of Pugh and Shub. The same result holds
in the space of volume preserving or symplectic partially hyperbolic diffeomor-
phisms. Combining this theorem with results in [Br], [Ar] and [PugSh3], we
obtain several corollaries. The first states that in the space of volume preserv-
ing or symplectic partially hyperbolic diffeomorphisms, topological transitivity
holds on an open and dense set. Further, on a symplectic n-manifold (n < 4)
the C'-closure of the stably transitive symplectomorphisms is precisely the



xiv ABSTRACTS

closure of the partially hyperbolic symplectomorphisms. Finally, stable ergod-
icity is C' open and dense among the volume preserving, partially hyperbolic
diffeomorphisms satisfying the additional technical hypotheses of [PugSh3].

Anosov Geodesic Flows for Embedded Surfaces
VICTOR J. DONNAY & CHARLES C. PUGH ... ... 61

In this paper we embed a high genus surface in R® so that its geodesic
flow has no conjugate points and is Anosov, despite the fact that its curvature
cannot be everywhere negative.

Non-Gibbsianness of the invariant measures of non-reversible cellular automata
with totally asymmetric noise
ROBERTO FERNANDEZ & ANDRE TOOM ...ttt 71

We present a class of random cellular automata with multiple invariant
measures which are all non-Gibbsian. The automata have configuration space
{0, 1}Zd, with d > 1, and they are noisy versions of automata with the “eroder
property”. The noise is totally asymmetric in the sense that it allows random
flippings of “0” into “1” but not the converse. We prove that all invariant
measures assign to the event “a sphere with a large radius L is filled with
ones” a probability py that is too large for the measure to be Gibbsian. For
example, for the NEC automaton (—Inpuy) =< L while for any Gibbs measure
the corresponding value is = L2.

Injectivity of C* maps R? — R? at infinity and planar vector fields

CARLOS GUTIERREZ & ALBERTO SARMIENTO . ...uuuiiiineeeieaieeannnnns 89
Let X : R~ D, — R? be a C' map, where 0 > 0 and D, = {p € R? :
llpl] <o}

(i) If for some £ > 0 and for all p € R? \ D,, no eigenvalue of DX (p) belongs
to (—€,00), there exists s > o, such that X[, 5 _is injective;

(ii) If for some ¢ > 0 and for all p € R?\ D,,, no eigenvalue of DX (p) belongs to
(—£,0]U{z € C: R(2) > 0}, there exists py € R? such that the point oo, of the
Riemann sphere R?2U{cc}, is either an attractor or a repellor of 2’ = X () +po.

Averaging in difference equations driven by dynamical systems
YURI KIFER ..o 103

The averaging setup arises in the study of perturbations of parametric fam-
ilies of dynamical systems when parameters start changing slowly in time. Usu-
ally, averaging methods are applied to systems of differential equations which
combine slow and fast motions. This paper deals with difference equations case
which leads to wider class of models and examples. The averaging principle
is justified here under a general condition which is verified when unperturbed
transformations either preserve smooth measures or they are hyperbolic. The
convergence speed in the averaging principle is estimated for some cases, as
well.
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ABSTRACTS xv

On Basic Pieces of Axiom A Diffeomorphisms Isotopic to Pseudoanosov Maps
JORGE LEWOWICZ & RAUL URES ...ttt eeeen 125

We consider Axiom A diffeomorphisms ¢ in the isotopy class of a pseu-
doanosov map f. It is shown that they have a unique “large” basic piece A, and
necessary and sufficient conditions for g to be semiconjugated to f, that only
involve conditions on A, are obtained. As a consequence, it is proved that if A
is exteriorly situated, stable and unstable half-leaves of points of A boundedly
deviate from geodesics.

Sub-actions for Anosov diffeomorphisms
ARTUR O. LOPES & PHILIPPE THIEULLEN .. ...ttittintateittneneneannannnn. 135

We show a positive Livsic type theorem for C? Anosov diffeomorphisms
f on a compact boundaryless manifold M and Hoélder observables A. Given
A: M — R, a-Holder, we show there exist V : M — R, g-Holder, 5 < «a, and
a probability measure p, f-invariant such that

A<Vof—V—|—/Adu.

We apply this inequality to prove the existence of an open set Gg of 8-Holder
functions, 8 small, which admit a unique maximizing measure supported on a
periodic orbit. Moreover the closure of Gg, in the 8-Hélder topology, contains
all a-Holder functions, « close to one.

Dynamique des fonctions rationnelles sur des corps locaux
JUAN RIVERA-LETELIER .. ..ottt e 147

Let p > 1 be a prime number, @, the field of p-adic numbers and let C, be
the smallest complete extension of Q, that is algebraically closed. This work is
dedicated to the study of the dynamics of rational functions on the projective
line P(C,).

To each rational function R € C,(z) we associate its quasi-periodicity domain,
which is equal to the interior of the set of points in P(C,) that are recurrent
by R. We give several caracterizations of the quasi-periodicity domain and we
describe its local and global dynamics.

We prove that analytic components of the domain of quasi-periodicity (which
are the p-adic analogues of Siegel discs and Herman rings) are open affinoids
(that is, they have simple geometry) and we describe the dynamics on a given
component.

Like in the complex case there is a partition of the line P(C,) in the Fatou
set and the Julia set. By analogy to the complex case we make the following
non-wandering conjecture: every wandering disc is attracted to an attracting
cycle. We prove that this holds if and only if every point in the Fatou set is
either attracted to an attracting cycle or is mapped to the quasi-periodicity
domain under forward iteration.
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On the divergence of geodesic rays in manifolds without conjugate points, dynamics

of the geodesic flow and global geometry

RAFAEL OSWALDO RUGGIERO ...ttt ittt e 231

Let (M, g) be a compact Riemannian manifold without conjugate points.

Suppose that the horospheres in (M ,g) depend continuously on their normal
directions. Then we show that geodesic rays diverge uniformly in the universal
covering (M, g). We give some applications of this result to the study of the
dynamics of the geodesic flow and the global geometry of manifolds without
conjugate points.

Complex Schottky Groups
JOSE SEADE & ALBERTO VERJOVSKY ..ttt et 251

In this work we study a certain type of discrete groups acting on higher
dimensional complex projective spaces. These generalize the classical Schottky
groups acting on the Riemann sphere. We study the limit sets of these actions,
which turn out to be solenoids. We also look at the compact complex manifols
obtained as quotient of the region of discontinuity, divided by the action. We
determine their topology and the dimension of the space of their infinitesimal
deformations. We show that every such deformation arises from a deformation
of the embedding of the group in question into the group of automorphisms
of the corresponding complex projective space, which is a reminiscent of the
classical Teichmiiller theory.

ASTERISQUE 287



RESUMES DES ARTICLES

On Random and Mean Exponents for Unitarily Invariant Probability Measures on
GL,(C)
JEAN-PIERRE DEDIEU & MIKE SHUB ...\ttt 1

Etant donné une mesure de probabilité sur GL,, (C) qui est unitairement in-
variante, nous comparons la moyenne des logarithmes des modules des valeurs
propres des matrices aux exposants de Lyapunov des produits de matrices aléa-
toires indépendantes pour cette mesure. Nous montrons que celui-la est tou-
jours plus grand que celui-ci.

On Some Approzimations of the Quasi-geostrophic Equation
EriM 1. DINABURG, VLADIMIR S. POSVYANSKIT & YAKOV G. SINAT .......... 19

Pour I’équation quasi-géostrophique en deux dimensions dans ’espace de
Fourier, nous proposons une nouvelle approximation représentant elle-méme
une équation quasi-linéaire. On étudie dans cet article des approximations de
dimension finie naturelles de cette équation.

Stable accessibility is C' dense
DMITRY DOLGOPYAT & AMIE WILKINSON ...ttt 33

Nous montrons que, dans I'espace de tous les difféomorphismes partielle-
ment hyperboliques de classe C" (r > 1), il existe un ensemble C! ouvert et
dense de difféomorphismes accessibles. Ceci établit le cas C'!' d’une conjecture
de Pugh et Shub. Le méme résultat vaut dans ’espace des difféomorphismes
partiellement hyperboliques préservant le volume ou symplectiques. En combi-
nant ce théoréme avec des résultats de [Br|, [Ar] et [PugSh3], nous obtenons
plusieurs corollaires. Le premier énonce que, dans I’espace des difféomorphismes
partiellement hyperboliques préservant le volume ou symplectiques, la transi-
tivité topologique a lieu sur un ensemble ouvert et dense. Puis, sur une variété
symplectique de dimension n (n < 4), 'adhérence C! des symplectomorphismes



xviii RESUMES DES ARTICLES

stablement transitifs est précisément celle des symplectomorphismes partielle-
ment hyperboliques. Enfin, Iergodicité stable est C' ouverte et dense dans
I’espace des difféomorphismes partiellement hyperboliques préservant le vol-
ume satisfaisant I’hypothese technique additionnelle de [PugSh3].

Anosov Geodesic Flows for Embedded Surfaces
VICTOR J. DONNAY & CHARLES C. PUGH ... 61

Dans cet article, nous plongeons une surface de grand genre dans R? de
telle maniere que son flot géodésique n’ait aucun point conjugé et soit Anosov,
malgré le fait que la courbure ne puisse étre partout négative.

Non-Gibbsianness of the invariant measures of non-reversible cellular automata
with totally asymmetric noise
ROBERTO FERNANDEZ & ANDRE TOOM ...ttt 71

Nous présentons une classe d’automates cellulaires aléatoires avec plusieurs
mesures invariantes qui sont toutes non gibbsiennes. Les automates ont
{0, 1}Zd, avec d > 1, comme espace de configuration, et ce sont des versions
avec bruit d’automates ayant la “propriété d’érodeur”. Le bruit est totalement
asymétrique dans le sens qu’il permet des sauts aléatoires de “0”en “1”mais
pas le contraire. Nous montrons que toutes les mesures invariantes attachent
a I’événement “une sphere de grand rayon L est remplie de 1”’une probabilité
11, qui est trop grande pour qu'une mesure soit gibbsienne. Par exemple, pour
lautomate NEC, (—Inpuz) < L alors que pour toute mesure gibbsienne la
valeur correspondante est =< L2.

Injectivity of C' maps R? — R? at infinity and planar vector fields

CARLOS GUTIERREZ & ALBERTO SARMIENTO . ...uuutiiineeaie i 89
Soit X : R?\ D, — R? une application C*, ott o > 0 et D, = {p € R? :
llpl] <o}

(i) Si pour un £ > 0 et pour tout p € R?\. D,,, aucune valeur propre de DX (p)
n’appartient & (—¢, 00), alors il existe s > o tel que X|g, 75 est injective.

(ii) Si pour un € > 0 et pour tout p € R?\ D,,, aucune valeur propre de DX (p)
n’appartient & (—¢,0]U {z € C : R(z) > 0}, alors il existe py € R? tel que le
point oo de la sphere de Riemann R? U {oo} soit un attracteur ou un repulseur
de 2/ = X (x) + po.

Averaging in difference equations driven by dynamical systems
YURI KIFER ..o e e e e 103

La moyennisation apparait dans 1’étude des perturbations d’une famille
paramétrée de systemes dynamiques, lorsque les parametres varient lentement
avec le temps. D’habitude, les méthodes de moyennisation sont appliquées
aux systemes d’équations différentielles qui combinent des mouvements lents
et rapides. Cet article traite le cas des équations aux différences, qui conduit
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a un ensemble plus grand de modeles et d’exemples. Le principe de moyen-
nisation est justifié ici sous une condition générale qui est vérifiée lorsque les
transformations non perturbées ou bien préservent des mesures lisses ou bien
sont hyperboliques. On estime aussi la vitesse de convergence dans le principe
de moyennisation.

On Basic Pieces of Axiom A Diffeomorphisms Isotopic to Pseudoanosov Maps
JORGE LEWOWICZ & RAUL URES ...ttt 125

On considere les difféomorphismes g Axiom A, isotopes & des transforma-
tions pseudo-Anosov f. On montre qu’ils ont une unique “grande”partie basique
A, et on trouve des conditions nécessaires et suffisantes pour que g soit semi-
conjugué a f. Ces conditions s’expriment seulement en terme des propriétés
de A. Comme conséquence on obtient que si A est située extérieurement, les
demi-feuilles stables et instables des points de A sont a distance bornée des
géodésiques.

Sub-actions for Anosov diffeomorphisms
ARTUR O. LOPES & PHILIPPE THIEULLEN .. ...utittintateiteneaeneannannnn. 135

Nous montrons un théoréme de type Livsic positif pour les C?-difféomor-
phismes Anosov f sur une variété compacte sans bord M et des observables A
holdériennes. Etant donnée A : M — R, a-holdérienne, nous montrons qu’il
existe V : M — R, (-holdérienne, § < «, et une mesure de probabilité u,
f-invariante, telles que

A<Vof—V—|—/Adu.

Nous appliquons cette inégalité pour montrer 'existence d’un ouvert Gg de
fonctions (B-holdériennes, 8 petit, qui admet une unique mesure maximisante
supportée par une orbite périodique. De plus, ’adhérence de Gz dans la topolo-
gie (-holdérienne contient toutes les fonctions a-holdériennes, avec a0 proche
de 1.

Dynamique des fonctions rationnelles sur des corps locaux
JUAN RIVERA-LETELIER .. ...ttt e 147

Soit p > 1 un nombre premier, Q, le corps des nombres p-adiques et soit
C, la plus petite extension complete et algébriquement close de Q,. Ce travail
est consacré a I’étude de la dynamique des fonctions rationnelles sur la droite
projective P(C,).
A chaque fonction rationnelle R € Cp(z) on associe son domaine de quasi-
périodicité, qui est égal a l'intérieur de l'ensemble des points dans P(C,) qui
sont récurrents par R. On donne plusieurs caractérisations du domaine de
quasi-périodicité et on décrit sa dynamique locale et globale.
On montre que les composantes du domaine de quasi-périodicité (qui sont les
analogues p-adiques des disques des Siegel et des anneaux de Herman) sont des
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affinoides ouverts (c’est-a-dire que leur géométrie est simple) et on décrit la
dynamique sur une composante donnée.

Comme dans le cas complexe on a une partition de la droite P(C,) en I’ensemble
de Fatou et I’ensemble de Julia. Par analogie au cas complexe on fait la con-
jecture de non-errance suivante : tout disque errant est attiré par un cycle at-
tractif. On montre que ceci a lieu si et seulement si tout point dans I’ensemble
de Fatou est soit attiré par un cycle attractif, soit rencontre le domaine de
quasi-périodicité par itération positive.

On the divergence of geodesic Tays in manifolds without conjugate points, dynamics
of the geodesic flow and global geometry
RAFAEL OSWALDO RUGGIERO ...ttt e 231

Soit (M, g) une variété riemannienne compacte sans points conjugués. Sup-
posons que les horospheres dans (M ,g) dépendent de fagon continue de ses
vecteurs normaux. Alors, les rayons géodésiques divergent uniformément dans
le revétement universel (M, g). Nous présentons quelques applications de ce
résultat a I’étude de la dynamique du flot géodésique et la géométrie globale
des variétés sans points conjugués.

Complex Schottky Groups
JOSE SEADE & ALBERTO VERJOVSKY ...ttt 251

Dans ce travail, nous étudions un certain type de groupes discrets agissant
sur les espaces projectifs complexes de dimensions supérieures. Ces actions
généralisent les actions classiques de type Schottky sur la sphére de Riemann.
Nous étudions les ensembles limites de ces actions, qui se trouvent étre des
solénoides. Nous considérons aussi les variétés complexes compactes obtenues
comme quotient de la région de discontinuité par ’action du groupe. Nous
déterminons leur topologie et la dimension de l’espace des déformations in-
finitésimales. Une telle déformation provient d’une déformation du groupe
initial dans le groupe des automorphismes projectifs correspondants, ce qui est
une réminiscence de la théorie classique de Teichmiiller.
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PREFACE

These two volumes collect original research articles submitted by participants of
the International Conference on Dynamical Systems held at IMPA, Rio de Janeiro,
in July 19-28, 2000 to commemorate the 60th birthday of Jacob Palis.

These articles cover a wide range of subjects in Dynamics, reflecting the Confer-
ence’s broad scope, itself a tribute to the diversity and influence of Jacob’s contribu-
tions to the mathematical community worldwide, and most notably in Latin America,
through his scientific work, his role as an educator of young researchers, his respon-
sibilities in international scientific bodies, and the efforts he has always devoted to
fostering the development of Mathematics in all regions of the globe.

His own mathematical work, which extends for more than 80 publications, is de-
scribed in Sheldon Newhouse’s opening article. It is, perhaps, best summarized by
the following quotation from Jacob’s recent nomination for the French Academy of
Sciences: “sa vision, en constante évolution, a considérablement élargi le sujet”.

As Jacob does not seem willing to slow down, we should expect much more from
him in the years to come...

Rio de Janeiro and Paris,
May 20, 2003
Welington de Melo, Marcelo Viana, Jean-Christophe Yoccoz






Astérisque
287, 2003, p. 1-18

ON RANDOM AND MEAN EXPONENTS FOR UNITARILY
INVARIANT PROBABILITY MEASURES ON GL,(C)

by

Jean-Pierre Dedieu & Mike Shub

Dedicated to Jacob Palis for his sixtieth birthday.

Abstract. — We consider unitarily invariant probability measures on GL,(C) and
compare the mean of the logs of the moduli of the eigenvalues of the matrices to the
Lyapunov exponents of random matrix products independently drawn with respect
to the measure. We prove that the former is always greater or equal to the latter.

1. Introduction

Given a probability measure p on the space of invertible n x n complex matrices
satisfying a mild integrability condition, we have, by Oseledec’s Theorem, n random
exponents ry > ro = -+ > 1y, = —oo such that for almost every sequence ... gy ...g1 €
GL,(C) the limit lim ¢ log||gk . .. g1v|| exists for every v € C" \ {0} and equals one
of the r;, i = 1...n, see Gol'dsheid and Margulis [4] or Ruelle [8] or Oseledec [7].
The numbers rq,...,r, are called Lyapunov exponents. In our context we may call
them random Lyapunov exponents or even just random exponents. If the measure is
concentrated on a point A, these numbers lim 1 log |A™v| are log|Ai], ..., log|A,|
where \;(A) = \;, i = 1...n, are the eigenvalues of A written with multiplicity and
Al = Ao Z - = [l

The integrability condition for Oseledec’s Theorem is

g € GL,(C) — log™(||g]|) is p — integrable

where for a real valued function f, f* = max|0, f]. Here we will assume more so that
all our integrals are defined and finite, namely:

(%) g € GL,(C) — log™(||g||) and log™®(|lg~*||) are u-integrable.

2000 Mathematics Subject Classification. — 37Axx, 37Hxx.
Key words and phrases. — Random matrix, Lyapunov exponents, unitarily invariant probability mea-
sure, co-area formula.
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2 J.-P. DEDIEU & M. SHUB

We will prove:

Theorem 1. — If p is a unitarily invariant measure on GL,,(C) satisfying (%) then,
fork=1,...,n

k
log |A:(A)|d
/AEG]Ln Z o8 A:(A4)|du(4 z::

By unitary invariance we mean pu(U(X))

= p(X) for all unitary transformations
U € U,(C) and all g-measurable X C GL,,(C).

Corollary 2

[ S aana >3

€GL, (C) i=1

Theorem 1 is not true for general measures on GL,,(C) or GL,,(R) even for n = 2.

Consider
10 11
A1(11>, A2<Ol),

and give probability 1/2 to each. Then the left hand integral is zero but as is easily
seen the right hand sum is positive. So, in this case the inequality goes the other
way. We do not know a characterization of measures which make Theorem 1 valid.
We would find such a characterization interesting.

The numbers Ele r; have a direct geometric interpretation. Let G, x(C) denote
the Grassmannian manifold of & dimensional vector subspaces in C", A|G, i the
restriction of A to the subspace G, and v the natural unitarily invariant probability
measure on Gy, ;(C).

Theorem 3. — If p is a unitarily invariant probability measure on GL,,(C) satisfying
(%) then,

k
> = / log | Det (A|Gy.1.)|dv (G i )dp(A).
=1

A€GL, (C) /Gn,keGn,k(C)
We may then restate Theorem 1 in the form we prove it.

Theorem 4. — If p is a unitarily invariant probability measure on GL,,(C) satisfying
(x) then, fork=1,....n

/A ZloglA )ldu(A)

€GL,.(C) =5
> / / log | Det (A|Gn 1) |dv(Go ) du(A).
AGG]LH(C) Gn,kEGn,k(C)
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ON RANDOM AND MEAN EXPONENTS 3

There is a considerable literature on random Lyapunov exponents and quite general
criteria which guarantee that they are non-zero and even distinct. According to
Bougerol and Lacroix in 1985 in [2] “The subject matter initiated by Bellman was
fully developed by Furstenberg, Guivarc’h, Kesten, Le Page and Raugi.” We refer

o [2] for references prior to 1985 and to three others: Gol’dsheid and Margulis [4],
Guivarc’h and Raugi [5] and Ledrappier [6].

Our interest in Theorem 1 and Theorem 4 was motivated by some questions in
dynamical systems theory, see Burns, Pugh, Shub and Wilkinson [3]. Theorem 1 for
k =1, the orthogonal group and GL,,(R) was raised there.

We also get a version of Theorem 4 without the logarithms.

Theorem 5. — Let pu be a unitarily invariant probability measure on GL,,(C) satisfying
(%) and 1 < k < n. Then

/ H s (A) | dp( A / / | Det (A[Go i)|d(Gon ) dpi(A).
AEG]L,L AEG]L-,L(C) Gn,k eGn,k(C)

There is a special case of Theorems 4 and 5 that is good to keep in mind. Our
proof relies it.

Let A € GL,(C) and p be the Haar measure on U, (C) (the unitary subgroup of
GL,(C)) normalized to be a probability measure. In this case Theorem 5 becomes:

Theorem6. — Let A € GL,,(C). Then, for 1 <k < n,

k
/ Zlog (A (UA)|du(U) > / log | Det (A|Gp.x)|dv(Gr k)
U€U, (C) Gn.r€Gn k(C)

i=1

and

/ H|/\ (U A)|du(U) > / | Det (]G ) |dv(Grr).
U Gn,kEGn,k(C)

€U, (C) i=1

When k =1, |\ (UA)| = p(UA) is the spectral radius of UA. The Grassmannian
manifold is identical to the complex projective space P,,_1(C). Integration on this
manifold can be reduced to the unit sphere S?*~! in R?” so that

Corollary 7. — Let A € GL,,(C). Then

| gl uw) > [ tog|Asdv(a)
UeU,(C) reS2n—1

and

/ (U A)|du(U) > / | Az du(z).
UeU,(C) reS2n—1

We expect a similar result for orthogonally invariant probability measures on
GL,(R) but we have not proven it. Here we content ourselves with the case n = 2.
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4 J.-P. DEDIEU & M. SHUB

Theorem 8. — Let p be a probability measure on GL2(R) satisfying
g € GLy(R) — log®(||g|) and log™(|lg~*||) are u-integrable.
(a) If p is a SO4(R) invariant measure on GL (R) then,

[ ot = [ [ ogllds]as' w)dua),
A€EGLY (R) A€GLY (R) Jzes?

(b) If i is a SO2(R) invariant measure on GL5 (R), whose support is not contained
in RO2(R) i.e. in the set of scalar multiples of orthogonal matrices, then

/ log |\ (A)fdu(4) > | [ ogllds]as' @)duta),
A€GL; (R) A€GL; (R) Jzest

Here GLL (R) (resp. GL; (R)) is the set of invertible matrices with positive (resp.
negative) determinant. Theorem 8 is proved in section 5.

2. A More General Theorem

Theorem 4 is actually a special case of the much more general Theorem 11 below.
Before we state Theorem 11 we need some preliminaries.

A flag F in C™ is a sequence of vector subspaces of C": F = (Fy, Fa,..., F,), with
F; C F;y1 and Dim F; = 4. The space of flags is called the flag manifold and we denote
it by F,,(C). Now it is easy to see that F,,(C) may be represented by GL,(C)/R,(C)
or by U,(C)/T™(C), where R, (C) is the subgroup of GL,(C) of upper triangular
matrices and T™(C) is the subgroup of GL,,(C) consisting of diagonal matrices with
complex numbers of modulus 1, so T"(C) = U,(C) N R,(C). Regarding F,(C) as
U, (C)/T™(C) we see that F,(C) has a natural Uy, (C)-invariant probability measure.

An invertible linear map A : C* — C" naturally induces a map Ay on flags by

Ay(Fy, Fy, ... F,) = (AF\, AF,, ... AF,).

The flag manifold and the action of a linear map A on F,,(C) is closely related to
the QR algorithm, see Shub and Vasquez [9] for a discussion of this. In particular if F
is a fixed flag for A i.e. A4F = F, then A is upper triangular in a basis corresponding
to the flag F', with the eigenvalues of A appearing on the diagonal in some order:
MAF), ..., \M(AF).

Let

G = {A€GLO) : ()] > MalA)] > - > PNa(A)]}.
Then, there is a unique flag F' such that A;(F) = F' and such that \;(4, F) = X\;(A)
fori=1,...,n. We call this flag the QR flag of A and let QR : G — F,,(C) be the
map which associates to A € G its QR flag. It follows from Shub-Vasquez [9] and the
discussion of fixed point manifolds below that QR is a smooth mapping.

Now fix A € GL,(C), define U,(C)A = {UA : U € U,(C)} and consider G4 =
GN(U,(C)A). Assume that G4 # @. If we restrict QR to G4 then QR : G4 — F,,(C)
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ON RANDOM AND MEAN EXPONENTS 5

is in fact a locally trivial fibration whose fibers are the orbits of a T"(C) action we
now describe.
Let D € T*(C) and U € U,(C) and let QR(UA) = U;R,,(C) where U; € U, (C).
Let
(I)A : Tn((C) X GA — GA
be defined by ®4(D,UA) = U; DU; 'UA. In section 4 we establish

Proposition 1

(1) ®4(D,UA) is well defined.

(2) QR(®4(D,UA)) = QR(UA).

(3) @4 : T*(C) x G4 — G4 is an action of T"(C) on G4 whose orbits are the
fibers of QR : G4 — F,,(C).

(4) If D = Diag(dy,...,dy) then \i(®a(D,UA)) = d;\;(UA) and in particular
[Ai] is constant on the fibers of QR : G4 — F,,(C) fori=1,...,n.

Let
Va={(U,F)eU,(C)xF,(C) : (UA}RF = F}.
We denote by II; and II; the restrictions to V4 of the projections U, (C) x F,,(C) —
U, (C) and U,(C) x F,(C) — F,(C). We define an action of T"(C) on V4 denoted
\I/A : Tn((C) X VA —>VA by

U A(D)(U,U,T*(C)) = (U, DU; U, U, T(C)).

Proposition 2

(1) W4 is well defined and smooth.
(2) The orbits of ¥ 4 are the fibers of Iy : V4 — F,(C).

We consider the manifold
V={(A,F) e GL,(C) xF,(C) : A44F =F}

and the restrictions to V of the two projections GL,(C) x F,(C) — GL,(C) and
GL,(C) x F,(C) — F,(C) which we again denote by II; and IIy. By the Jordan
Canonical Form Theorem the map II; is surjective. Except on a set of positive
codimension, IT; “*(A) consists of n! points corresponding to the permutations of the
eigenspaces of A € GL,,(C). The fibers of the map IIs are more complicated.

For ¢ € C ~\ {0} we write ¢U,(C) to mean {cU : U € U,(C)}.

Definition 9. — Let f : GL,,(C) x F,,(C) — R be continuous.

(1) f is U,(C) or unitarily invariant if f(UA,F) = f(A,F) for all (4,F) €
GL,(C) x F,,(C) and U € U,(C), and if f|cU,(C) x F,(C) is constant for every
ce C~\{0}.

(2) For B € GLL,(C) let g(B) = max(g pyev f(B, F). We say that f is T"(C) or
torally invariant if g(®4(D, B)) = g(B) for all A € G, B € G4 and D € T"(C).
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6 J.-P. DEDIEU & M. SHUB

Examples of U, (C) and T™(C) invariant functions are

(1) For 1 < k < n let fr(A, F) = |Det (A|Fy)| where F = (Fy, Fy,..., F,) €
F,(C).

(2) log fr(A, F) where fr(A, F) is as in 1).

Remark 10. — If AyF = F then | Det (A|F;)| = [T, [Ni(A, F)|.

Given a continuous f : GL, (C) x F,(C) — R, let g : GL,(C) — R be defined by
g(B) = max(g r)ev [(B,F).

Theorem11. — Let f : GL,(C) x F,(C) — R be continuous, unitarily and torally
invariant. Let p be a unitarily invariant probability measure on GL, (C) satisfying
(). If f is u ® v-integrable then g is p-integrable and

[ s> [ | HAPEu).
A€eGL,, (C) A€eGL, (C) JFeF,(C)

It is now fairly simple to see how Theorem 11 implies Theorem 4. If fx(A, F) =
log | Det (A|F})| then, by Remark 10, g(A) = Y% log|A\i(A)| where |\ (A)] >
[A2(A)] = -+ = |An(A)| are the absolute values of the eigenvalues of A. So the
left hand integrals in Theorem 4 and 11 are the same. To see that the right hand
integrals are the same consider the natural fibration IIj, : F,,(C) — G,, x(C) given by
I, (Fy,...,F,) = Fx. Then |Det (A|II,F)| = | Det (A|Fy)| and it is easy to see that
| togipet(almjan(r) = [ log | Det (A[Gy )]di(Gr ).
FeF,(C) G k€G 1(C)

We will say more about this in section 4. So we are done.

We now turn to the proof of Theorem 11 which follows from the consideration of
a special case.

Let A € GL,,(C). We put Haar measure p on U, (C) normalized to be a probability
measure. Thus the next proposition is a special case of Theorem 11.

Proposition 3. — Let f : GL,(C) x F,,(C) — R be continuous, unitarily and torally
imvariant. Let

Va={(UF)eU,(C) xF,(C) : (UAF =F}
and g(B) = max(g pyev, f(B, F). If f is u ® v-integrable then g is p-integrable and

/ g (UAYdp(U) > / / J(UA, F)dv(F)du(U).
UeU,(C) UeU,(C) JFeF,(C)

We now see that Proposition 3 implies Theorem 11. Disintegrate the measure p of
Theorem 11 along the orbits of U, (C) obtaining U,,(C) invariant probability measures
on each orbit. Identifying an orbit with U,(C) we see that these measures are left
invariant on U, (C) hence they are Haar measures. Now Proposition 3 applies orbit
by orbit. Integrating the inequality over the space of orbits proves Theorem 11.
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Note that it is sufficient to prove Proposition 3 when A is not a constant times
a unitary matrix, for otherwise g(UA) and f(UA, F') are both equal to the constant
in the definition of unitary invariance. Thus the integrals are equal since they are
equal to this constant. We will assume below that A is not a constant times a unitary
matrix i.e. A is not conformal.

Note that in Proposition 3 the right hand integral does not depend on U since f is
unitarily invariant. Thus it is not necessary to integrate over U, (C), the first integral
is constant.

Now we restate Proposition 3 in its simpler form.

Proposition 4. — Let f : F,,(C) — R be continuous and torally invariant, suppose A
s not unitary or a scalar times a unitary. Let

Va={(U,F)eU,(C)xF,(C) : (UA}F = F}.
Let g(B) = max(p pyev, [(F). Then

/ gwmmmz/ F(F)dv(F).
UeU,(C) FeF,(C)

Now we outline the proof of Proposition 4. We use the diagram

Va
114 11,
s e

to transfer the right hand integral over F,,(C) to an integral over U, (C). First we
identify a subset of U, (C) over which we will integrate.

Let Gy be the open subset of U,,(C) consisting of those U such that the eigenvalues
of UA are of distinct modulus. In this case we write them as

)\i = Al(UA), 1<K n,
where [Aq| > - > |A,].
Proposition 5. — Gy is an open set of full measure in U, (C), i.e. u(Gy) =1.

Lemmal — Let f : F,(C) — R be continuous and torally invariant. Let g(B) =
maX(B’F)eVA f(F) Then

L@mﬂmwmzﬁ S]]

€61 (g Fyev., j<i

<[ o 31l

o€, j<i

-2

N(UA,F 40

1-22"""7
N (UA,F)

—2

Ao(i
1- 2291 quU)
Aa(j)

with X, the group of permutations over the set {1,2,...,n}.
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Proposition 5 and Lemma 1 are proved in section 4. Proposition 3 and 4 follow
from Proposition 5, Lemma 1 and from the next proposition.

Proposition 6

o™ 3 1=

ceX, j<i

—2
20| 1) = / o)D),

We will prove Proposition 6 in Section 4 by decomposing the two integrals along
the fibers of the QR fibration on which g(U) is constant.

Proposition 7. — The normal Jacobian of the QR fibration is []; ;1 —Xi/N |7
where A\ = \;(UA) are the eigenvalues of UA with [A]| > -+ > |\,|. Hence

—2
1— dp(U
/UGGI 0;3: ]1;[1 A (5) o)
= L= 2@/ Aot | )
_/FERL(C)Q(U /UeQR L(F) ggz:: E L—Ni/N; = dp(@QRTH(F)(U)dv(F)
and
ik -
/U€G1 oantt) = /Few,b(c)g(U) UEQR—l(F)J]:[Q - A du(QR™(F)(U)dv (F).

Proposition 7 is proved in Section 4. Finally in Section 4 we prove

Proposition 8
2

/. 1= 2 (@R ()

UEQR1(F) jZ; ’
- =20/ X0 | 0 or- PN
_/UEQRl(F) Z H 1— X/ 1(Q (F)(U).

oceX, j<i

Now Proposition 7 and Proposition 8 prove Proposition 6 and we are done. To
summarize it remains to prove Theorem 3, Proposition 1, Proposition 2, Proposition
5, Lemma 1, Proposition 7 and Proposition 8.

3. Manifolds of fixed points

The manifolds V and V 4 are manifolds of fixed points. In this section we discuss
integration formulas for manifolds of fixed points and prove Lemma 1 and Proposition
7. We begin by recalling the co-area formula.
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3.1. The Co-area Formula.— Let X and Y be real Riemannian manifolds. We
denote by dX and dY the associated volume forms. Suppose F': X — Y is a smooth
surjective map and suppose that the derivative DF'(x) : T,X — Ty,)Y is surjective
for almost all x € X. The horizontal space H, of T, X is defined as the orthogonal
complement to Ker DF(x). The horizontal derivative of F at x is the restriction of
DF(x) to Hy. The normal Jacobian NJ(F(z)) is the absolute value of the determi-
nant of the horizontal derivative defined almost everywhere on X:

NJ(F(z)) = | Det (DF(x)|m,) |
The map F defines a fibration of X with base Y and fibers F~1(y), y € Y. Integration

over X with respect to this fibration generalizes Fubini’s formula:

Theorem 12 (Co-areaFormula). — Let F' : X — Y be a smooth map of real Rie-
mannian manifolds satisfying the preceeding surjectivity conditions. Then, for any
integrable f : X — R

_ f(@) -1 z
[ p@ee =] [ @@,

Remark 13. — In the co-area formula, dX and dY are the volume forms associated
with the Riemannian structures over X and Y, dF'~!(y) is the volume form on F~1(y)
equipped with the induced metric.

Remark 14. — The co-area formula also extends to complex Riemannian manifolds.
In that case the normal jacobian is equal to

NJ(F(x)) = |Det (DF(z)|m,) |2

This follows immediately from the fact that if A : C* — C" is a complex linear map
and Ap : R?" — R?" the real map it defines, then

| Det Ar| = |Det AJ*.
Remark 15. — When DF(z) : T,X — T} ;)Y is onto, the normal Jacobian is equal to
NJ(F(z)) = (Det DF(z)DF (x)*)'/?

so that

_ f(@) -1 -
[os@ma=[ [ ., wrprapmm 9

and in the complex case (see Remark 14)

B f(x) -1 T
L  Je)i(a) = / . / o DA DFBFG T @)

Remark 16. — The co-area formula also extends to the case of maps F' : X — Y

between algebraic varieties by considering the restriction of F' to the smooth part
of X.
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3.2. Manifolds of Fixed Points.— Let F and M be compact Riemannian man-
ifolds and a smooth map ® : F x M — M be given. Let

UV:FxM—=MxM
be defined by ¥ (f,m) = (®(f, m), m). Suppose ¥ is transversal to
A={(m,m) : me M} C Mx M.
Then
V=01 (A)={(f,m) € F x M : ®(f,;m)=m}

is a submanifold in F x M. We denote by II# and Il the restrictions to V of the
projections F x M — F and F x M — M. By Sard’s Theorem, almost all f € F
are regular values of Ilx : V — F. For these f € F the corresponding fixed points
m € M, ie. (f,m) €V, are isolated in M. Since M is compact these fixed points
are finite.

Theorem 17. — Let Fy, denote the set of f € F which are regular values of U z. Let
G : M — R be a continuous function. Then

L NIOu(fm)
J_ ctmarim = [ Z R V(7))

mell

Remark 18. — The integral is taken over the set F of regular values of ITx. We note
that f € Fy if and only if for all m € M, such that (f,m) € V, idr,, s — Dp®(f, m)

m

is invertible.

Proof. — We apply the co-area formula to the function

G(m)NJ Iy (f, m))
Vol IT ; (m)

defined over V with respect to the projection ITr. This gives

G(m )NJ(HM(ﬁ m))
/fm)ev VO]H ( ) dV(f,m)

G(m)NJ(Lm(f,m)) 4
/’”GM/M)EHM(m) Vo dIly g (m)(f, m)dM(m)

o (m)NJ (I (f, m))
:/ G(m)dM(m).
meM

We now apply the same formula to the same function with respect to the the projection
II=. We notice that the fiber H}l (f) consists in a finite number of fixed points so
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that:
G(m)NJ(IIm(f, m))
/(f,m)ev Vol HX/} (m) dv(f,m)
NJ(MIam(f,m))
/fE}-m mEHJ_r_l(f) (Tn)\/v01r_[x/%(TrL)]\]'J(l'I]__(f'7 m)) (f)
and we are done. .

Now we compute the normal Jacobians in terms of the partial derivatives of ® :
Fx M — M. The Riemannian structure we put on V is the restriction of the product
structure on F x M.

Lemma2. — Let f € Fa, and (f,m) € V. Then the tangent space of V at (f,m) is
TV = {(f, ) € Ty F x TuM = 1= (idr, g — Dm®(f,m)) " Dr®(f,m)f}.
Proof. — This is a consequence of Remark 18. O

If we put together Lemma 2, Theorem 17, and Blum-Cucker-Shub-Smale [1]
Lemma 3, page 242, we have:

Theorem 19. — Let G : M — R be a continuous function. Then, for real manifolds

/ Gm)dM(m)
meM

_ |]:)et (qu)(fam)qu)(fam)*)|1/2

= m
/fefm GO ()| Det (i, s — D@ (f )
meIl L (f)

dF(f).

For complex manifolds this formula becomes

/ G(m)dM(m)
meM

:/ ( ) |Det(D7:<I>(f,m)Dy:<I>(f,m)*)|
FEFH

"Nl ()| Det (idzy, o1 — Daa®(f,m))|? F()-

mel ;' (f)

Similarly we may also evaluate integrals defined on F using the fibration over M.
Suppose that S : F, — V is a smooth section of V defined on F4 or on an open set
of fm i.e. H]:S = ’id]:m.

Theorem20. — Let H : F, — R be an integrable function defined on Fy or on an
open set in Fu. Then, for real manifolds

/ H(f)dF(f)
fEFn

_ | Det (idr,, p1 — D@ (f,m))|
= /meM /(HMS)—l(m) H(f) | Det (D]:q)(f, m)D}-@(f, m)*)|1/2d.7:(f)

SOCIETE MATHEMATIQUE DE FRANCE 2003



12 J.-P. DEDIEU & M. SHUB

and for complex manifolds
| #nar)
fEFm

_ | Det (idp,, p — Da®(f,m))|?
B /meM /(HMS)—l(m) "(f) | Det (Dx®(f,m)Dx®(f, m)*)| dF(f).

4. Proofs of Theorem 3, Propositions 1, 2, 5, Lemma 1
and of Propositions 7 and 8

4.1. Proof of Theorem 3.— If not explicitely stated this Theorem is inherent in
the works of Furstenberg, Guivarc’h, Raugi, Gol’dsheid, Margulis and possibly other
sources. See also Bougerol-Lacroix. We sketch a proof.

We consider two auxilliary spaces and maps:

(1) TI;2, GL,(C) equipped with the product measure 7i, and
o: HGLH((C) —
i=1

the one sided shift:
o(coogp-cq1)=(--Ggp.-.92)
(2) [I:2, GL,(C) x G, x(C) with the measure zi X v and the map

T ﬁGLn(C) X Gp 1 (C) <

defined by

T((oigp--61),Gni) =(0(...gp..-01),91(Gnk))-
@ is invariant and ergodic for o and i x v is invariant for 7 (here we use the unitary
invariance of p). It follows from Birkoff’s Ergodic Theorem and the invariance of
the measure 11 x v for the map 7 that lim%log |Det (gp - - - 91|Gn.i)| exists a.e. in
[1;2, GL,(C) x G, (C), and the integral of lim % log | Det (gp . - . g1|Gn.k)| equals

/ / log | Det (A|Gn i) |dv (G i )du(A).
AEGL(C) J G 1€6n 1 (C)

Now by Oseledec’s theorem for almost all g = (... gp...g1) the limit
.1
lim 5 log | Det (gp - - - 91|Gn.k)]

exists for almost all Gy, ;, and equals Zle ri. SO

k
> = / / log | Det (A|Gy.1.)|dv (G i )du(A).
i=1 AEGLn(C) Gn,keGn,k(C)
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ON RANDOM AND MEAN EXPONENTS 13

4.2. Proofs of Propositions 1 and 2.— We now turn, in section 3, to the case
that F = U, (C), M =F,(C), V=V, and (U, F) = (UA);(F).

Lemma3. — Suppose (UA)y(UT™(C)) = Ui T*(C). Then, for any V € U,(C) one
has

(VA); (U T"(C)) = U, T*(C)
if and only if there exists D € T"(C) such that Uy DU 'U = V.

Proof. — If (VA)y(U;T"(C)) = U1T"(C) then
UiR,(C) = VAU1R,(C) = VU 'UAU 1R, (C) = VU U1 R, (C).

So U 'UV~'U1R, (C) = R, (C) and U; *UV~'U; is in R, (C) N U, (C) = T*(C). So
there is a D € T™(C) with UV~! = U, DU;  and V = U; DU U
On the other hand for, D € T"(C),

U,DU'UAULR,, (C) = U; DU 'ULR,,(C) = U; DR, (C) = U;R,,(C).
So we are done. O

Proof of Proposition 1

(1) If QR(UA) = U1R,,(C) = UR,(C) then U] = Uy D’ for some D' € T"(C).
Thus

U/DU,"'UA=U,D'DD'"'U;'UA = U, DU 'UA.

From QR(UA) = Ui R,,(C) we get (UA);U1R,,(C) = U1R,,(C) so that UA = U; RU;*
for some R € R,,(C). This gives

®,4(D,UA)=U,DU;'UA =U,DU; *U,RU; * = U, DRU; .

Thus the eigenvalues of ® 4(D, U A) have distinct modulus and ® 4 is well defined.
(2) Using UA = U; RU; ' we get

®4(D,UAU, = U, DU 'UAU, = U, DR

so that
QR(®a(D,UA)) = QR(UA) = U1R,(C).

(3) This assertion is exactly Lemma 3.
(4) Mi(Pa(D,UA)) = d;Ni(UA) is proved in (1). and |\;| constant on the fibers of

QR described in (3) and we are done. O
Proof of Proposition 2. — Similar to the proof of Proposition 1. it also uses Lemma 3.
O
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14 J.-P. DEDIEU & M. SHUB

4.3. Proof of Lemma 1.— Lemma 3 has an immediate consequence:

Lemma4

(a) The volume of the fibers Tl '(F), for F € F,(C), with Ty : V4 — F,(C), is
constant and equal to Vol T™(C).

(b) The volume of the fibers QR™L(F), for F € F,(C), is constant and equals
Vol T*(C).

Next we turn our attention to the term |Det Dy, )@ (U, F)Dy, c)®(U, F)*|. If
we fix a flag I" then Dy, )®(U, F') = Dy, )®r(U) where ®r(U) = UU;T"(C) and
U defined by A4 F = U;T"(C). Next we prove that the normal Jacobian of @z (U) is
constant.

Proposition 9. — Let U, (C) act on U,(C)/T™(C) by ®r(U) = UU,T™(C). Then the
normal jacobian of ®p(U) is independent of F', Uy and U and equals Vol T™(C).

Proof. — First counsider the case Uy = I,,. Then ®r(U) = UT™(C) is the projec-
tion from U,(C) to U,(C)/T™(C). Before normalizing the Riemannian metric on
U, (C)/T™(C) to make the volume 1, the normal to the fiber is mapped isometri-
cally to the tangent space of U, (C)/T"(C). Now Ry, : U,(C) — U,(C) defined by
Ry, (U) = UU; is an isometry of U, (C) and the fibers of & are the reciprocal images
by Ry, of the fibers of ®; . So the normal jacobians are constant. After normaliza-
tion, the normal jacobians must equal Vol T™(C) to make Vol U, (C) equal 1. O

Corollary 21. — |Det Dy, ¢ ®(U, F) Dy, ¢y ®(U, F)*| = Vol T*(C) for any F € F,,(C)
and U € U, (C).

Proof. — By Remark 15 | Det Dy, (¢)®(U, F') Dy, )@ (U, F')*| is equal to the normal-
ized Jacobian of ®z(U) and we apply Proposition 9. O

Finally we have from Lemma 4 of Shub-Vasquez [9]

RO

Proposition 10. — | Det (id—Dg, ()®(U, F)| =[] \
a(j)

where X,y = A\i(UA, F)

J<i

and [A1| > -+ > | A

Making the substitutions in Theorem 19 given by Corollary 21 and Proposition 10
we have

Theorem22. — Let f : F,,(C) — R be continuous. Then

/F o ) = /U LY el

(U,F)ell J<i

)‘o’i B
L Ao

5\ d(U).

o(4)
Un (©)

This proves Lemma 1.
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4.4. Proof of Proposition 7.— Similarly substituting in Theorem 20 gives

Theorem 23. — Let g : G; — R be integrable. Then
| )
UeGy
g(U)
~/FE]F,L((C) /UF H_l(c)(F H

j<i

cr(z)

dHI;:(C) (F)(U)dv(F).

This theorem proves Proposition 7.

4.5. Proof of Proposition 8.— Since the fibers QR™!(F) for a given F € G; are
isometric to T"(C) we have to prove the equality

Aﬁ 1—>\04 Aoy |72
/ H 1.2 / (1)/ (4) du(T™(C)).
™™(C) j4 Aj n(C) UEE ]<l 1= Ai/A
Let us denote the Van der Monde determinant
IR VENUUD Vs
IRED VD Vo
VA, ) = 2 2 =T = M)
VU I
The first integral is equal to
ik . Vg, )
/ 11 L= du(T («:)):/ Vi, An) A42)| dp(T"(C)).
T7(C) j<i 7 T (C) Hj<i| ]|

The Van der Monde is equal to
VO, A) = Y e(o)a] W gt
oET,

Here the sum is taken for any permutation o in the symmetric group and (o) = 1
denotes its signature. The square of the absolute value of this Van der Monde is

VA, )2 = Z E(U)e(r)/\‘f(l)flxlﬂl)_l . /\%(n)—lxn

o, TEY,

7(n)—1

Now we integrate these products over a product of circles:
o(k)—17 7(k o T :
/ AZBZIR, T g o2 / exp (il (o (k) — 7(k)))dby,.
0<0<2m 0<0<2m
Since df), is a probability measure, this last integral is equal to 1 when o(k) = 7(k)
and 0 otherwise. For this reason

L3
(0 j<i

|)\1|20(1)—2 o |)\ |20(n)—2
D=2 WE
IIj<i| ”

oEX,

1-— 2t
Aj
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16 J.-P. DEDIEU & M. SHUB

The second integral is equal to

1- Aa i /)\0' 5|7 n
/ e e i e ()
™(C) UEE _]<’L v
V- AP Ao |
= > du(T"(C))
/"((C) e, |V o(1)s -+ a(n))|2 H )‘j

j<i
U(J)

=2 1|5

oceX, j<i

The first and second integral are equal if and only if

Z |>\1|20(1)—2 |>\ |20(n) 2 _ Z H|>‘a(])|

gEX, cEX, j<1i

or, in other terms, if and only if

Z A 27072 A 22 = Z |>‘a(1)|2(n71)|>‘a(2)|2(n72) Ao
cEX, oEX,

This last equality is obvious.

4.6. Proof of Proposition 5.— G is clearly open and semi-algebraic in U, (C).
For this reason, “full measure in U, (C)” is equivalent to “dense in U, (C)”. We shall
prove now this last property.

Consider Vi 4 C U,(C) x U,(C) defined by (U1, Uz) € Vi, 4 when (UsU,AUs); ; =
0 for ¢ > j, that is the flag defined by Us is fixed by (U1A)x. V1,4 is a connected
smooth real algebraic manifold. It is a locally trivial bundle over V 4 with fiber T™(C).
Since the map (Uy, Us) — U Uy AU, taking U, (C) x U, (C) into GL,,(C) is transversal
to the upper triangular matrices, which can be seen by varying U; alone, it follows
that V1 4 is also a smooth variety. So a polynomial which vanishes on an open set in
V1,4 vanishes identically. It will suffice to prove that the set of (U1, Us) € Vq_4 such
that U;A has distinct eigenvalue modules is dense in V; 4. Now the eigenvalues of
U1 A are the diagonal elements of UjUy AUs. The set of (U1, Us) € Vi 4 where there
are equal modulus eigenvalues on the diagonal is given by the equations

(Pik) (UsU1AU2); :(UsU1 AU3); s = (UsUrAU) i 1 (Us U1 AU2) o -

So, if we show for each (i, k) that there are (U, Uz) such that the equality fails, then
the variety defined by P; j is nowhere dense and the finite union of nowhere dense
sets is nowhere dense. Let A = V1 DV, be a singular decomposition of A: Vi and V5
are in U,(C) and D = Diag(dy,...,d,) with 0 < d; < --- < d,,. We know by the
hypothesis that there are at least two distinct d;. This gives two unitary matrices Uy
and Us such that

U; U1 AUy = Diag(dy, ..., dy)
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ON RANDOM AND MEAN EXPONENTS 17

with some pair (d;,,d;,) of different moduli. By composing Us with a permutation
matrix P, P*U3U1 AUy P permutes d;,, d;, to any two positions we wish, so we are
done.

5. Proof of Theorem 8

We may decompose the measure p along SO3(R) orbits. Then we are reduced to
comparing the integrals

/ log |1 (Ro A) du(9) = / log [ A(6)|d6
S@z(]R) St
for Det A > 0 and
| toglu(Ralaue) > [ tog]A®)]d8
S04 (R) st

for Det A < 0 unless A is a constant times a reflection in which case equality holds.
Without loss of generality we may assume that |Det A] = 1 and hence that
M (RpA)Aa(RgA) = £1 for all  as Det A = +£1. Now we consider

Va={(Ry,z) € SO2(R) x St (RoA)x =z}
and the two projections Ilgg,®) : V4 — SO2(R) and Ig: : V4 — S'. Then

[ o la@)as

-1 -1

AQ(RGA) ‘ )\1(R9A)
= log | A1 (RgA)| |1 — ———=| +log|r(ReA)| |1l — ——=—=| du(d
/S©2(R) gl (Fo ”‘ A (RpA) 8 Pa(Bo) A2(RpA) o
Aa(RoA) |7 ‘ M (ReA) |
= log |A\1(RpA 1]— =" —|1-=—" du(9).
/S@z(]R) g| 1( 0 )| <‘ Al(RgA) AQ(RQA) M( )
Now for A\jAs =1
—1 —1
M A2 -5 -1
while for A\ Ay = —1
—1 -1
1_& _1_ﬁ _ 1 B 1 :>\1+>\2<1.
A1 A2 1— i—f 1- i—; A=A

This proves Theorem 8 except for the possibility that Det A = —1 and log || A(6)]] is
identically zero, i.e. A is a reflection.
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ON SOME APPROXIMATIONS OF THE
QUASI-GEOSTROPHIC EQUATION

by

Efim I. Dinaburg, Vladimir S. Posvyanskii & Yakov G. Sinai

Abstract. — For two-dimensional quasi-geostrophic equation in Fourier space, we
propose a new type approximation representing itself some quasi-linear equation.
Natural finite dimensional approximations of this equation are investigated in the
article.

1. Introduction

The main difficulty in the proof of existence and uniqueness of solutions of hydro-
dynamical equations is the lack of understanding of the role played by non-linear,
or Eulerian, terms. In Fourier space these terms describe the expansion of initial
excitations of Fourier modes but the way how this process goes is in general unclear.

In this paper we propose an approach which leads to some simplifications of the
original equations with the belief that the processes of expansion remain the same.
Our equations have natural finite-dimensional approximations which are systems of
ODE and are easier to tackle.

We restrict ourselves to the two-dimensional quasi-geostrophic equation (QGE) for
an unknown function u(k,t),k = (k1,k2) € R? which in Fourier space has the form
(see [1], [2])

/L /
m kD /. %uw Bl — K, 1)k’ — Ik u(k, 1)
Here |k| = (k2 +k3)Y/2, k*+ = (—kq, k1), v > 0 is the viscosity and we are interested in
even solutions u(—k,t) = u(k,t). It is well-known that the mathematical difficulties

2000 Mathematics Subject Classification. — 76D05, 35Q30.
Key words and phrases. — Quasi-geostrophic equation, quasi-linear approximation.
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20 E.I. DINABURG, V.S. POSVYANSKII & YA.G. SINAI

related to (1) are in many respects similar to the well-known difficulties for the 3D-
Navier-Stokes system.

The main case is @« = 1. For 0 < o < 1 we obtain the so-called generalized QGE,
which we also consider in this paper.

We are interested in solutions which are smooth in £ and decay at infinity rather
slowly. Our main assumption says that for such solutions the main contribution to
the integral in (1) comes from |k'| < |k| or |k — k'| < |k|. For |k'| < |k| we can write

(N S S TR
vy _((k)’k)<lk| <V|k|””)+

where dots mean terms of a smaller order of magnitude. Thus for |k'| < |k| we keep
the term

nL i_ i / U ! U _ U / !
0 (G = (T ) k' O ) = (T 0, K )

= Mu ' Hu " L i Nk’ ,
*/Rg B (K t)u(k, t)dk (k,t)/ (k) ,k)(V|k|,k) (k' t)dk

R2

KNtk 1

[ B @ W 0k [ () RV R (Tl 0l )
re |kl R2 ||

The first and the last integrals are zero because the integrands are odd functions of

k'. For |k — k| < kput k" =k —k’. Then

1"

/ Mu(k‘ — k" Huk” t)dk
R Ly

1"

1"

kD 1) = (Vuh,8), K ulk” )k +- -
e
k .t

"

f/m ] (k, t)u(k ,t)dk /32 W (Vu(k,t),k Yu(k ,t)dk +

Again dots mean terms of a smaller order of magnitude. The first integral is zero by
the same reasons as above, i.e. the parity of the integrand. Thus our approximating
equation takes the form

ou(k,t) ) o /
() =5 = ulk) /Rz((k )l,k)(vm,k:)u(k )dk

_/ Mu(k’,t) (K, Vu(k,t)) dk’
r K|

_ / Mu(k’,t) (K, Vu(k, ) dk' — v|k[**u(k, 1)
R |K]
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The equation (2) does not satisfy the energy estimate but apparently remains
dissipative because of viscosity. Let us rewrite (2) as follows:

@) L —uht) [ (0BT

_ nL i 1 ! ! U Iy 2(yu
%0 | ] 0 @Vt ) = g

The equation (3) is a first order quasi-linear equation whose coefficients are global
functions of u. Take the first term in (3):

L) = /Rz((k')i,k) (Vﬁ,k’) (k' £)dk’

‘We have
1 k k
k’L——k’,k;’;V——<— L — 2 )
B =R bV = v e~ e
Therefore
! /
Nt = — /(k;kQ - kgkl)% u(k 5 £) dk’
k2 /1.0 / / k2 ! / /
=T K kyu(k t)dk + e k' Kyu(k ) dk
ik
T [ )7 = i ya
Denote
- / K2u(k, O)dk;  as(t) / K2u(k, O)dk;  as(t) = / kykou(k, t)dk
Then
k2 — k2 Ky ko
Il(t) = |k|3 as — |k|3 (a1 — ag)
Consider
1
B(0) = [ ()" R g (8 Ve, )
‘We have

hakh —hike o Oulkst) | Dulk )
/dkiw| (k) ) + 1y )

_ au(kvt) [ kl / / / k 7\2 / /
= ok, _ |k| k k2 (k: )dk + |k:| (k‘l) u(k ,t)dk
ou(k,t) k1 ’ / ’
+ o [ o (k) 2u(k',t)dk + |k|/k Kyu(k',t)dk'
- 8u(k,t) [ kl kJQ 8u(kﬁ,t) k?l kJQ
T ok | W™ TR } ok | TR TR
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The last term

(1) —/Mu(k/,ﬂ <,€,1 du(k, ) +k;au(k,t)> -

|&/| Ok1 Oks
ou(k,t K kS k1)?
- a(kl ) <—k1/ ﬁf/fu(k’,t)dk’—kkg/ (|kl,)| u(k’,t)dk’>
ou(k,t k4)? KL kS
+ Ua(kz ) (—k1/ (|lj’)| uw(k', t)dk" + ko |}€/|2u(k’,t)dk/)
Denote
k! 2 k! 2 k! k!
bi(t) = / (|k1,)| uw(k' t)dE',  bo(t) = / (Ilj’)I (k' t)dE',  bs(t) :/ ﬁf/fu(k",t)dk’,
k3 — k? kik
ol t) = |2+ T = aa) = vk
k k
hi(k,t) = — [Wlla‘* - ﬁal + kibs — kzbl] :
k k
hg(k,t) = — [|—k_1|a2 — |—k2|a3 + k1by — k2b3:| .
Then the equation (3) takes its final form:
Ou(k,t ou(k,t Ou(k,t
(80 2 )+ 20 ) = o )
or
du(k,t
(@) 1) — ot tyuti )
where
% = hl(kat)
dt
(5) dky
E - hg(k,t)

However, we should not forget that the coefficients a;, b; are also functions of un-
knowns k and u. (5) are the equations for characteristics of our quasi-linear equation.
We can think about them as curves along which the non-linearity spreads. Denote by
Sti:t2 the family of shifts along solutions of (5). Then

ta
©) ultt2) = u(k(en) e exp [ o). 7).
t1
where k(1) = S"Tk(ty).
Corollary 1. — The sign of u is preserved along the characteristics of (5).

Proof. — Follows immediately from (6). O
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This property is special for our approximation. Presumably it is not true in a
general case.

Corollary 2. — Ifu(—k,t) = u(k,t) then hy(—k,t) = —hy(k,t), ha(—k,t) = —ha(k,1).

This property has an important interpretation. Consider hq(k,t), ha(k,t) as the
components of our vector field (5). These components are odd functions of k. There-
fore the trajectories of the symmetric (with respect to the origin) points are symmetric.

A similar approximation can be constructed for the Navier-Stokes system. It will
be discussed in another paper.

2. Finite-dimensional Approximations

Assume that u(k,0) is non-zero only for finitely many k, i.e. u(k®,0) = u(® for
i=1,2,...,1. Then u(k,t) is non-zero at I points k() (¢). In this case

I

a1 =ar(t) = Y (k") ?u(k?, 1)
jl

az = ax(t) = 3 (k") Pu(k), 1)

az = a3 Z k(i)k(i) z) t)

and
I (02
k K3
bi(t) = (|k'1(i))| u(kW 1)
=1
I (1)y2
k 2
bat) =" (|;f<i>)| u(k®, 1)

The system of equations of dynamics of the points k(*) takes the form

dk” kﬁ“ K O, 40
(7) A A A
dk” kY k) @ @
dt = — Wag | z)|a3+k: bg—k b
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Let I = 1. Then

ar = () 2u(kW 1), as = (k3”)2u(k™,t), a3 = kKD u(k®, 1),

(k2 kYR
u(k ,t), b3— |/€(1)|

u(k™, 1).

We immediately see that hy = ho = 0, i.e. the point stays fixed and u(k(i), t) — 0 as
t — 0.

If I =2 and k@ = —kM 4 (k@) = w(kM) then in view of the symmetry (see
Corollary 2) both points stay fixed. The first non-trivial case arises for an arbitrary
configuration of two points. According to the Corollary 2 it is equivalent to the case
of four points consisting of two symmetric pairs. Denote u; = u(k™), ugy = u(k®).

We come to the following remarkable system of ODE:

dk{V @ | 1 1 1).2) (1.2
g = Uk |k(1>|+|k(2)| (’“1 Ry~ kg ’“1)

k) o 1 1 1.2 .(1)
g = U2k gy T e CREE

dk\” | 1 1 1,2 (1.2
o =k’ | oo + o (GRESE
dky | 1 1 1),.2) _ .(1).(2)
o =wh” | o e (k1 kD — k{Vk )
duy 1), (2 1), (2 1),.(2 1), (2 «
= | (KO — KR (KO 4 KR = k0| o

i = [ (07— k0) (08 487) ]

Lemmal — S = kg)kf) - kél)k‘f) is the first integral of (8).
Proof. — Direct checking. O

It is not difficult to see that

dED] SO R 11
prani £ kD] k@)
dlE® Sk @ 1 1
) = (e
o £ K] k)]
d(k'(l), k(2)) 2)12 (1))2 1 —1
T,s(_uﬂk I* + ur[K] )<k(1)|+|/€(2)|>
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In view of (9) the last two equations of the system (8) can be rewritten in the form

dln |us | d [ 1 1 1\
= —— _ k(l) 2a
o <|k<1>|> (|k<l>| * |k<2>|> vIE]

dln |us)| d [ 1 1 1 \!
= —— _ k(2) 2a
o dr (|k<2>|> <|k<l>| * |k<2>|> VIE]

Lemma2. — The function F(u,k) = In (|u1||u2| (\k<11>| + Wg)\)) is a Lyapunov

(10)

function of the system (8).

Proof. — With the help of a simple transformation we obtain from(10) that along

any trajectory of the system (8) the derivative of F'(t) is less than 0:
d
ZF(t) = —v <|k(1)|2a + |k-<2>|2a) . 0

Corollary. — For S # 0 andt >0

1 1
u (t)uz(t)| <|k(1)(t)| + |k(2)(t)|>

1 1
< 0)us2(0 —2v|S5|%t).
00| (s + gy ) 281
Proof. — The statement follows from the inequality:
KD @) + [k (@) = 20kM (@) [KP) ()]~ > 2|5 O

The system (8) has an invariant four-dimensional manifold
I = {k(l),k(Q),ul,ug | ug = 0,us =0}
which is locally stable. Our next result shows that this manifold is also globally stable.
Theorem 1. — For any solution of (8),

lim uq(t) = lim us(t) =0, lim kD = Eg-i)

t—o0 t—o0 t—oo J

where kj(-i) are limiting values of Egi) (t) which certainly depend on the initial conditions.

A priori there can be solutions which escape to infinity in finite time, i.e. k§i) — 00
as t — tg, which means some blow up. The theorem shows that this does not happen
in our case and each solution approaches some point of I'.

Proof. — For S = 0 the statement of the theorem is obvious. Therefore, we can
restrict ourselves to the case S # 0. It is sufficient to consider positive S, because
the case of negative S can be reduced to positive S by changing the order of points.
First, we prove the theorem for @« = 1 and in the Appendix we sketch the main steps
for a < 1.
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Put

L(t) = Jur (t)us ()| (| k(ﬁw +; ké(m) and - I(t) = sqn(u1 (0)uz(0))L(2).

Using these notations we can write u;(t) in the following way:
t T
w (t) = [— / %(k(l (7), K (7)) exp <u / |k(1)(s)|2ds> dt + ul(to)]
to to

t
X exp (—1// |k(1)(s)|2ds)
to

| t—T S|ka(7)] W () 62 (r
[ R e e TG )

eXp( / K (s)] ds)dr—i—ul(to] xexp( /|k;(1 |ds>.

Using the relations

T(r) = E(ro) exp (—u | 0P+ |k<2><s>|2>ds),

to

(11) KOV ()] + F2 (1)) > KO ED ()] > 8,
(KD (7), K@ ()] < 6D (7)) ()

we obtain from the previous expressions that

(12) t (s )

un (t) — w1 (to) exp <—u t

< (L(to) /t:|/<:(2)(7')|26xp (_V/t: |k(2)(s)|2ds>d7> exp (_V/t: |k(1>(7)|2d7)

¢ ¢
v L(ty) (1 — exp (—V k2 (T)|2d7')> exp (—V |k(1)(7)|2d7>.
to to

In the same way us(t) satisfies the inequality

walt) — o) exp / 10 o) )|

< v L(to) (1 — exp <_V/t: |k(1)(7)|2d7)> exp <_V/t: |k (T)|2d7>.
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It is not difficult to verify that for the functions vy (t) = uy(t)/|k™M (¢)| and vy (t) =
us(t)/|k®)(t)| the following inequalities hold:

(13)

v1(t) — v1(to exp( / kM) (s)| ds>

< (20/3) ' Lto) (1 —exp <_u t: e (7‘)|2d7'>> exp <—u
on() = attayeso (v [ 1690

< (2V\/§)1L(to)(1 —exp <_V/t: |k‘(1)(7')|2d7'>>,exp <_V/t: |k(2)(7)|2d7)

The inequalities (13) can be obtained from the system of differential equations for
v1(t) and va(t):

t
|k(1)(7)|2d7>,

to

" M (), k@ oy
d——m(t)( () (k (t) k (t)) —V|kj( )(t)| )

dt |k (t)[2
(14) dvs o (OSEDBKDM) o
@ = (2 ).

with the help of the above mentioned arguments for u;(t) and us(t). The system (14)
follows directly from (8).

At least one of the two integrals ftooo |k (7)|2dr and ftooo |E3) (1) |2dr diverges be-
cause their sum diverges. Assume for example that the first one diverges. Then from
(12) it follows that lim; o u1(t) = 0 because limy, .o L(tp) = 0. If f |k®) (7)|?dr
also diverges then lim;_, o us(t) = 0.

In the case of convergence of the last integral lim;_, o, ua(t) exists and is nonzero.
Indeed, for any given ¢ > 0 find such tq that v~ ' L(tg) < £/3 and then choose #(tg) so
that for t9 > t; >t

to t1
uz(to) exp (— 1// |k;(2) (T)|2d7') — ug(tp) exp (— u/ |k;(2) (T)|2d7> ‘ <e/3
to to
We have

lua(tz) — uz(t)] <

uz(ta) — ua(to) exp ( — V/: k) (T)|2d7'> ‘

uz(t1) — uz(to) exp ( - y/totl |k(2)(7')|2d7') ‘

us(to) exp < - y/tt |k(2>(7)|2d7) — us(to) exp < - y/tt |k(2>(7)|2d7)

<2 L(tg) +¢/3 < e.

+

+

This gives the existence of the desired limit.
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The same statement is true for lim; ., v2(t) (see (13) and (14)). Thus [k?)(t)]
tends to a positive number or to +00 when ¢t — oo. This contradicts the convergence
of f |E3) (1) 2dT, i.e. limy_ oo uz(t) = 0.

Now we shall study the behavior of the vectors k(") (), i = 1,2, for t — oco. The
first equality in (11) implies that there exist positive constants C1, Cy and suffiently
large ty, depending on the inital data for which
(15)

¢ ¢
Cy exp ( - V/ |k(i)(7')|2d7') < |u;(t)| < Caexp ( - 1// |k(i)(T)|2dT), i=1,2.
to to

Substituting (15) in (11) we obtain after simple calculations that
1 1

16 A < <A

1o N CIGTREID

for some positive A; depending on the initial data.

From (15) and from the system (8) for components of the vectors k() (t), k() (t)
one can conclude that k'j(z) (t),i,5 = 1,2 have finite limits when ¢ tends — oco. Let us

check this for k%l)(t):

an B0 -k *‘5/ ke (|k<1>< >|+|k:<2>1<r>|>d7

The integral in the right-hand side converges because its absolute value is less than

the integral
| 1@ (i + e ) 4
to [EO(T)] [P (7)]

Theorem 1 is proven for o = 1. o

which is finite.

3. Numerical experiments: results and discussion

In the previous section we considered the finite dimensional systems for I = 1,2.
For I > 2 we do not have rigorous results but did only some numerical experiments
to understand the behavior of solutions in some cases. Several results are represented
in Figures 1-11.

In Figures 1-8 solutions for I = 4 are shown, and in Figures 9-11 for I = 64. The
initial data for I = 4 were taken as follows:

10.01 0.0 100.0

20.0 0.2200.0
30.02 0.3 -50.0
40.040.5-1.0

Here in the table the first column represents the number of a point, the second (third)
column represents the first (second) coordinate of the point, the forth is u;(0).
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Figures 1, 2, 3, and 4 demonsrate the graphs of the function k%l)(t), phase portrait
kél)(k;?)), functions us(t) and wuy(t), respectively, for &« = 1. Figures 5 and 6 show
kp(t) and us(t), respectively, for a = 0.5. Figures 7 and 8 demonstrate graphs of the
same functions for @ = 0.1. At last on Figures 9, 10 and 11 k§64) (t), k564)(k§64)) and
uea(t) respectively are shown. For I = 64 initial data were choosen in the following
way. Points were distributed uniformely in the square [0.1,2] x [0.1,2] and u;(0) =
Ci1 + Cy sin(ﬂkii)) + C5 sin('yk‘g)), where C7 = —100; Cy = 50; C3 = 200 : 8 = 5;
v = 6. We carried out several hundreds of numerical experiments with different initial
data. In all cases the behavior of solutions was similar. Namely, u;(t) — 0, k§i) (t)
converge to limiting values as t — oo.

Appendix. Sketch of the proof of Theorem 1 for a < 1
Put .
i) = wiyexp (v [ FO@Par) =12
to
and after simple transformations rewrite the last two equations in (8) in the following
form:

dwy LSk, @)k ¢ R
(18) dat EOR(EO[+ k@) exp V/to | (1) [ dT

dwy  L(t)S(kW, k@) |EM)] t o
P ) k‘( ) Q(Xd
dt K@k + k@) exXp |\ ¥ " |E () [**dr

It is not difficult to see that

(19) % ( (to) k|2 exp <—1// k@ (7 |2‘1d7))
dw, | (1 (1 za
e L)W Pexp [ — v |k T)|*%dr

Integrating both parts of the inequalities (19) from to to t we obtain:

/to dwdl—T(T)aqu (1—exp<—au/ k@ (7 |2adr))
/tt dw;T(T) < < (L( (1—exp<—al//to |k—<1>(7)|2ad7))

dw;
Since limg, o L(tp) = 0 the norms in the L%(tg, 00) of the functions —- tend to zero

dt

in the space L(tg, 00) when ty — oo.

In the same way, one can show that the norms in the space L*(tg,00) of the
derivatives of functions w;(t)/|k((t)| also tend to zero when ty — oc.

As in the case a = 1, previous arguments give that lim; o, u;(t) = 0,7 = 1,2.
Hence all statments of Theorem 1 follow easily.
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STABLE ACCESSIBILITY IS C! DENSE

by

Dmitry Dolgopyat & Amie Wilkinson

Abstract. — We prove that in the space of all C" (r > 1) partially hyperbolic dif-
feomorphisms, there is a C! open and dense set of accessible diffeomorphisms. This
settles the C' case of a conjecture of Pugh and Shub. The same result holds in
the space of volume preserving or symplectic partially hyperbolic diffeomorphisms.
Combining this theorem with results in [Br], [Ar] and [PugSh3], we obtain several
corollaries. The first states that in the space of volume preserving or symplectic
partially hyperbolic diffeomorphisms, topological transitivity holds on an open and
dense set. Further, on a symplectic n-manifold (n < 4) the C'-closure of the stably
transitive symplectomorphisms is precisely the closure of the partially hyperbolic sym-
plectomorphisms. Finally, stable ergodicity is C! open and dense among the volume
preserving, partially hyperbolic diffeomorphisms satisfying the additional technical
hypotheses of [PugSh3].

Introduction

This paper is about the accessibility property of partially hyperbolic diffeomor-
phisms. We show that accessibility holds for a C! open and dense set in the space
of all partially hyperbolic diffeomorphisms, thus settling the C'' version of a conjec-
ture of Pugh and Shub [PugSh1]. Partially hyperbolic diffeomorphisms are similar
to Anosov diffeomorphisms, in that they possess invariant hyperbolic directions, but
unlike Anosov diffeomorphisms, they can also possess invariant directions of non-
hyperbolic behavior. Accessibility means that the hyperbolic directions fill up the
manifold on a macroscopic scale. Accessibility often provides enough hyperbolicity
for a variety of chaotic properties, such as topological transitivity [Br| and ergodicity
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Key words and phrases. — Partial hyperbolicity, accessibility.
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[PugSh3|, to hold. As a consequence, we derive several density results about stable
ergodicity and stable transitivity among partially hyperbolic diffeomorphisms.

Let M be a smooth compact, connected and boundaryless Riemannian manifold.
A diffeomorphism f : M — M is partially hyperbolic if the tangent bundle to M splits
as a T f-invariant sum

TM = FE"® E°® E?,
such that T'f uniformly expands all vectors in £* and uniformly contracts all vectors
in F°, while vectors in E° are neither contracted as strongly as any vector in £ nor

expanded as strongly as any vector in E*. More precisely, for each p € M, there exist
0<ap<b, <1< B, <A, such that:

ITpf

Bell < ap <bp <m(T,flpe) < NTpflpell < Bp < Ap < (T f]5),

where m(T) = ||T~!||~*. Throughout this paper we assume that both subbundles E“
and F* are nontrivial.

A more stringent condition, often called partial hyperbolicity in the literature (cf.
[BrPe|, [BuPuShWi)) requires that the constants ap,by,, A, and B, be chosen in-
dependent of p. Since the results in this paper apply to diffeomorphisms satisfying
the weaker condition, to avoid excessive terminology, we will use the term partial
hyperbolicity in the broader sense.

A partially hyperbolic diffeomorphism f is accessible if, for every pair of points
p,q € M, there is a C! path from p to ¢ whose tangent vector always lies in E* U E®
and vanishes at most finitely many times. We say f is stably accessible if every g
sufficiently C'-close to f is accessible. We prove here the following theorem.

Main Theorem. — For any r > 1, stable accessibility is C1 dense among the CT,
partially hyperbolic diffeornorphisms of M, volume preserving or not. If M is a sym-
plectic manifold, then stable accessibility is C' dense among C", symplectic partially
hyperbolic diffeomorphisms of M.

Related to the Main Theorem is the result of Niticad and Toérok [NiTo| that
stable accessibility is C"-dense among partially hyperbolic diffeomorphisms with 1-
dimensional, integrable center bundle E°. Other results about stable accessibility
treat more special classes of diffeomorphisms, such as time-one maps of Anosov flows
[BuPuWi], skew products [BuWil], certain systems where E* @ E* is integrable
[ShWi], and systems whose partially hyperbolic splitting is C* [PugSh2)].

The Main Theorem has several corollaries. The first corollary concerns the topolog-
ical transitivity of partially hyperbolic diffeomorphisms and follows immediately from
a theorem of Brin [Br|. Denote by PH" (M) the set of C" partially hyperbolic diffeo-
morphisms of M. If ;4 and w are, respectively, Riemannian volume and a symplectic
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form on M, then set
PH,(M) = {f € PH'(M) | f.(s) = u}, and
PH,(M)={fePH" (M) | f*(w) = w}.

Corollary 0.1. — Forr > 1, there is a C'-open and dense set of topologically transitive
diffeomorphisms in PH,,(M). If M has a symplectic form w, then there is a C'-open
and dense set of transitive diffeomorphisms in PH,,(M).

This corollary is false without the volume preservation assumption. Nitica and
Torok have shown in [NiT6] that there is an open set of accessible non-transitive
diffeomorphisms. While it is plausible that for a C! open and dense set of diffeomor-
phisms in the space PH" (M), there are only finitely many transitivity components,
it is not a direct corollary of the Main Theorem.

M.-C. Arnaud has shown in [Ar] that if M is a symplectic 4-manifold, then the
stably transitive diffeomorphisms in Diff],(M) are partially hyperbolic. (The same
result has been announced by J. Xia in arbitrary dimension). Hence there is a complete
picture in dimension 4 of the stably transitive diffeomorphisms, which we summarize
in the next corollary.

Corollary 0.2. — Let M be a symplectic manifold with dim(M) < 4. The C*-closure
of the stably transitive diffeomorphisms in Diff,(M) coincides with the C1 closure of
the partially hyperbolic ones.

In other words, invariant tori are essentially the only obstacle for topological tran-
sitivity in the symplectic category, at least if dim(M) < 4. We conjecture that the
same is true in the volume preserving case.

Conjecture 0.3. — In the space of volume preserving diffeomorphisms, the C'-closure
of the stably transitive diffeomorphims coincides with the closure of the diffeomor-
phisms admitting a dominated splitting.

For a discussion of the dominated splitting condition and some results related to
Conjecture 0.3 see [Vi]. Even though the results of this paper could be useful in
attacking this conjecture some other ideas (possibly ones from the paper [BonDji])
are necessary to solve this problem. Here we note only that in [BV] a volume pre-
serving example is presented which is stably transitive yet not partially hyperbolic.
A. Tahzhibi has announced a proof that these example are in fact stably ergodic.

Another corollary of the Main Theorem concerns ergodicity of f € PH},(M). Pugh
and Shub proved the following theorem:

Theorem 0.4 ([PugsSh3, Theorem A]). — Let f € PHi(M) If f is center bunched,
dynamically coherent, and essentially accessible, then f is ergodic.

Thus we also have the corollary:
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Corollary 0.5. — Among the center bunched, stably dynamically coherent diffeomor-
phisms in PH/%(M), stable ergodicity is C' open and dense.

Theorem 0.4 refers to partially hyperbolic diffeomorphisms in the stronger sense
described earlier, but recently Burns and Wilkinson [BuWi2| have shown that these
results extend to the larger class of partially hyperbolic diffeomorphisms described
in this paper (satisfying additional center bunching conditions). For a description of
examples of diffeomorphisms satisfying the conditions “center bunched” and “stably
dynamically coherent” see the survey paper [BuPuShWi]. In particular, the corollary
implies that there is a C'-open neighborhood U C PHZ(M ) of f in which stable
ergodicity is C'-open and dense, where f is the time-t map of an Anosov flow, a
compact group extension of an Anosov diffeomorphism, an ergodic automorphism of
a torus or nilmanifold, or a partially hyperbolic translation on a compact homogeneous
space.

This paper arose out of an attempt to prove the following conjecture of Pugh and
Shub.

Conjecture 0.6 ([Pugsh2, Conjecture 4] and [PugSh3, Conjecture 2])
Stable accessibility is C" - dense in both PH" (M) and PH,,(M).

In the spirit of Theorem 0.4, Pugh and Shub also conjectured:

Conjecture 0.7 ([PugSh3, Conjecture 3]). — A partially hyperbolic C? volume preserv-
ing diffeomorphism with the essential accessibility property is ergodic.

Finally, combining Conjectures 0.6 and 0.7, they conjectured:
Conjecture 0.8 ([PugSh3, Conjecture 4]). — Stable ergodicity is C"-dense in PH,,(M).

As with Theorem 0.4, these conjectures refer to the narrower class of partially
hyperbolic diffeomorphisms described above, but in light of the results in [BuWiZ2]
and this paper, it seems reasonable to extend them to the class under consideration
here.

The question of accessibility is closely related to problems in control theory (see,
e.g. [Lo]). In fact, analogous density theorems in control theory initially suggested the
Conjectures 0.6 and 0.7. The sole reason that the results in control theory cannot be
directly transported to this setting is that we do not perturb the bundles E* and E*
directly, but rather the diffeomorphism f. We’d like to be able to say that a specific
perturbation of f has a specific effect on E* and E°. What makes this difficult is
that E°(p) and E*(p) are determined by the entire forward and backward orbit of p,
respectively; a perturbation will have various effects along the length of this orbit,
some desirable and others not.

The key observation that permits a measure of control is that the effects of the
perturbation are greatest along the first few iterates of p. To maximize our control
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over the bundles E* and E?, we isolate regions where we need local accessibility and
localize the perturbation to these regions. Choosing the support of the perturbation
to be highly non-recurrent then minimizes undesirable “noisy” effects of the pertur-
bations. The trade-off is that the desirable effects of the pertubations are necessarily
quite small. Nonetheless, with the right C'-small perturbation, the desirable effects
outweigh the undesirable ones and we obtain accessibility. Similar perturbations are
found in [PP].

It appears that a localized C2?-small perturbation cannot achieve this, and so the
techniques in this paper do not extend to the C? setting. New techniques would be
required to prove Conjectures 0.6 and 0.7.

Here is how the proof of the Main Theorem goes. Let f € PH"(M) have partially
hyperbolic splitting TM = E* @ E° ® E*. By [BrPe, HiPuSh| E* and E* are
tangent to the leaves of continuous foliations which are denoted W* and W?* and
are called the unstable and stable foliations respectively. A wus-path for f is a path
v :[0,1] — M consisting of a finite number of consecutive arcs — called legs — each
of which is a curve that lies in a single leaf of W*" or W*. It is easy to see that f is
accessible if and only if for all p,q € M, there is a us-path for f from p to q.

To prove the Main Theorem, we first find a collection of disjoint disks in M. Each
disk is approximately tangent to the center direction F°. We choose this collection
large enough so that f is accessible, modulo these disks. More precisely, for every
p,q € M, there is a finite sequence of us-paths for f, the first path originating at p
and ending in one of the disks, the last path originating in a disk and ending at q. The
intermediate paths all begin and end in disks, each path beginning in the disk where
the previous path ends. We then perturb f in a small neighborhood of these disks.
We can arrange that if this neighborhood and the C-size of the pertubation are both
sufficiently small, then the perturbed system will still be accessible, modulo the same
collection of disks. It is not hard to see that any additional C'-small perturbation
will preserve this property.

Under the C"-dense assumption that the fixed points of f* are isolated, for all
k > 1, we can choose these disks to be very small and their union highly non-recurrent.
This is Lemma 1.2. We show in Lemma 1.1 that it is then possible to perturb f in a
neighborhood of these disks by a C'*-small perturbation to obtain a stably accessible
g. We prove stable accessibility by showing that any two points in a given disk can
be connected by a us-path for g, and for any small perturbation of g. Since any
small perturbation of ¢ is already accessible modulo these disks, this gives stable
accessibility.

Lemma 1.1 is the only place where it is essential that the perturbation be only
Cl-small. When we examine the effect of perturbing f on E* and E®, we find that
in C!, the contribution to E%(p) and E*(p) of the perturbation near p is larger than
the combined contributions along the rest of the orbit of p; this is not true in C2.
Therefore, a more complicated analysis, taking into account the first several returns,
is needed to establish the analogue of our result in the C2-setting.
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1. Proof of the Main Theorem

Proof. — We first prove the Main Theorem in the case where f preserves a smooth
volume p. The proof is easily modified to the non volume preserving case. In the
final section we describe how to modify the proof for the symplectic case.

Let f € PH,,(M) and 6 > 0 be given. Our goal is to find a stably accessible
g € Diff}, (M) with dc1(f, g) < 8. We give some preliminary definitions and notation.

Let P(M) be the collection of all subsets of M. We say that f is accessible on X €
P(M) if, for every p,q € X, there is a us-path for f from p to ¢. The diffeomorphism f
is accessible modulo X C P(M) if, for every p,q € M, there exist X1,..., X, € X and
us-paths for f: from p to X5, from ¢ to X, and from X,,, to X,;, 41, form=1,... r—1.
We say that f is uniformly accessible modulo X if f is accessible modulo X and,
further, there is a number N such that the us-paths in the previous definition can be
chosen to have length less than N and to have fewer than N legs.

A property of a diffeomorphism f is said to hold stably if it also holds for all
g € Diffl(M) sufficiently Cl-close to f. Clearly if f is stably accessible modulo
{X1,..., X} and f is stably accessible on each X;, then f is stably accessible.

Define a function R : P(M) — N U {oo} as follows. For X € P(M), let R(X) be
the smallest J € NU {oo} satisfying:

(1) FAX)N X # @, with |i| = J + 1.

Note that R(B,(p)) — per(p), as p — 0, where we set per(p) = oo if p is not periodic.

We next fix a system of local charts on M. We will on several occasions refer to
the orthogonal splitting R™ = T,R™ = R* @ R° @ R®, where a = dim(E?).

Let B™(v,p) denote the ball of radius p about v € R™ with respect to the sup
norm on coordinates. More generally, we will use the notation B%(v, p), where a =
U, ¢, 8,¢+ u,c+ s, or u—+ s, to denote the sup-norm ball of radius p about v in the
affine space v + R?.

Applying Moser’s theorem on the equivalence of volume forms [Mo] we obtain, for
any p € M, a C* map

vp: B"(0,1) — M
such that

(1) ¢p(0) = p,

(2) Topp sends the splitting ToR™ = R* & R° & R® to the splitting T,M = E* &
Ec o E*,

(3) ¢p sends divergence-free vector fields to divergence-free vector fields.

(4) p — ¢, is a uniformly continuous map from M to C'(B™(0,1),M). The
dependence of ¢, on f is also continuous.

([Mo] gives maps satisfying (1), (3) and (4). (2) can be achived by precomposing
with a linear map.)
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Since we do not assume that E€ is tangent to a foliation, we will work with ap-
proximate center manifolds. For p < 1 and p € M, let

Vo (p) = ¢p(B(0, p)).

We refer to V,(p) as a c-admissible disk with center p and radius p and write r(V,(p)) =
p. If D is a c-admissible disk with center p and radius p, then for 8 € (0, 1), we denote
by 8D the c-admissible disk with center p and radius Gp.

A c-admissible family is a finite collection of pairwise disjoint, c-admissible disks.
If D is a c-admissible family, and 5 < 1, then let

BD={BD|DeD}, [D|=|]J D, r(D)=supr(D), and R(D)= R(D]).
DeD DeD

We have the following lemma.

Lemma 1.1 (Accessibility on central disks). — Let f € PH, (M) and 6 > 0 be given.
Then there exists J > 0 with the following property.

If D is a c-admissible family with r(D) < J=' and R(D) > J, then for all ¢ > 0
and B € (0,1), there exists g € Diff}, (M) such that:

(1) dea(f.9) <0,
(2) deo(f.g9) <o,
(3) For each D € D, g is stably accessible on 3D.

We may assume that the fixed points of f* are isolated, for all & > 1; this property
is C"-dense in Diff} (M). Under this additional assumption we have the following
lemma.

Lemma 1.2 (Accessibility modulo central disks). — Let f € PH ), (M) be given. As-
sume that the fized points of f* are isolated, for all k > 1. Then for every J > 0
there exists a c-admissible family D such that:

(1) r(D) < J7H,

(2) R(D) > J,

(3) f is uniformly accessible modulo %D.

Lemma 1.3 (Persistence of accessibility modulo D). — There exists 59 > 0 so that,
given § < &g, a c-admissible family D with f uniformly accessible modulo %D, and
g e (%, 1), the following holds.

There exists o > 0 such that any g satisfying

(1) dea(f.9) <0,

(2) dco(f, g) <o,
is accessible modulo BD (and hence g is stably accessible modulo 8D, since (1) and
(2) are open conditions).
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The proof of the Main Theorem now follows from Lemmas 1.1, 1.2 and 1.3. Let
f and 0 be given. After a C"-small perturbation, we may assume that the fixed
points of f* are isolated, for all k. We may assume that § < &g, where d is given by
Lemma 1.3.

Choose J according to Lemma 1.1. By Lemma 1.2, there exists a c-admissible
family D, with R(D) > J and r(D) < J ', such that f is accessible modulo 1D.

Now fix § € (%, 1), and choose ¢ according to Lemma 1.3. Applying Lemma 1.1
we obtain a diffeomorphism g € Diff, (M), with dc1 (f, g) < ¢ and dgo(f, g) < o, such
that g is stably accessible on 8D, for each D € D. By Lemma 1.3, g is also stably
accessible modulo #D. Thus, g is stably accessible. O

The proofs of Lemmas 1.2 and 1.3 are given in the next section, and the proof of
Lemma 1.1 is given in Section 3.

The arguments of Section 2 become simpler if E¢(f) is integrable. In that case,
one can work with central disks instead of c-admissible ones. To construct a family
of central disks satsifying the conditions of Lemma 1.2 one should take a small € > 0,
choose an e—net {p;} and let D be the union of unit central disks centered at p;. If
there are some ¢,j < Card(D) and n < J such that f"D(p;) () D(pj) # @ then one
can remove this intersection by arbitrary small shift of p; in an unstable direction
(this is possible even if i = j since the periodic leaves of f are isolated by partial
hyperbolicity). In case E° is not integrable the proof becomes significantly more
complicated since one has to work with disks which are almost tangent to £, but the
idea remains the same. As mentioned in the introduction the most difficult part of
the proof is Section 3 where the abundance of C'-perturbations is crucial. Therefore
many readers would find it helpful to skip Section 2 during the first reading returning
to it after mastering Section 3.

2. Global accessibility
In this section we prove Lemmas 1.2 and 1.3.

Proof of Lemma 1.2. — Let J be given. Let A = {p € M | per(p) > J + 2}. Since
the fixed points of f7, j < J + 2, are isolated, there exist x1,...,z,, € M such that
A=M~A{z1,...,2m}.

For p > 0, let U,(p) be the image of the ball B™(0, p) under ¢,. The proof of the
following lemma is straightforward.

Lemma2.1. — Ifr > 0 is sufficiently small, then every p € |JU,(x;) can be connected
to a point in M ~JU,(x;) by a us-path with one leg.

Choose r according to this lemma, and let A, = M ~|JU,(x;). Assume r is small
enough that A, is connected. Since A, is compact and contained in A, there exists
po < 1/(2J) such that R(Usap,(q)) > J, for every ¢ € A,.
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The next lemma follows from the uniform continuity of the invariant splitting for f,
and we omit its proof.

Lemma2.2. — There exists K > 1 so that, for po sufficiently small, for all p € M,
and for every q1,q2 € Uy, /k(p), there is a us-path with < 2 legs from q1 to some point
in Vi, (q2)-

The next lemma is key.

Lemma23. — Let K > 1. If po is sufficiently small, then there exist a cover of
A, by finitely many neighborhoods Uy, ..., Uy, of the form U; = U, k(q:), and, for
1=1,...,k, points p; € U; such that

V2po (pi) N Von (pj) =,
fori+#j, and
Vape (Pi) N F™ (Vapo (1)) = 2,

foralli,j and 0 < |m| < J.

Before proving Lemma 2.3, we finish the proof of Lemma 1.2.

Let Uy,...,U; and p1,...,pr be given by Lemma 2.3. Fori =1,...,¢, let D; =
Vap, (pi)- Note that the collection D = { D1, ..., Dy} satisfies conclusions (1) and (2)
of Lemma 1.2, if pg is sufficiently small.

Lemma 2.2 implies that, for every p € B;, there is a us-path with < 2 legs from p
to some point in %Di. It follows that, whenever B; N B; # &, there is a us-path
with < 4 legs from some point on %Di to some point in %Dj. Since A, is connected
and the balls B;,..., By cover A,, we obtain, for any i, j, a sequence of disks D,, =
D;,Dg,,...,Dq = Dj, such that %Dam is connected to %Dam+1 by a wus-path, for
m =0,...,0 —1. Then for any p,q € A,, there are a sequence of disks Dy, ..., Dy
and us-paths: from p to %Dbo, from ¢ to %Dbs, and from %Dbr to %Db

s
m+1) for

m =0,...,s — 1. The length and number of legs of these paths is clearly bounded.
Since any point in M \ A, = | J B;-(z;) can be connected to a point in A, by a us-path

with one leg, it follows that f is uniformly accessible modulo {%Dl, cee, %Dk} This
proves (3), completing the proof of Lemma 1.2. O
Proof of Lemma 2.3. — We start with a simple Besicovich-type covering lemma.

Lemma 2.4 (Coveringlemma). — For any C > 0 there exists an integer N > 0 such
that, for any compact set A C M, and for p > 0 sufficiently small, there exist
q1,---,qk € A with the following properties, fori=1,... k:

- ACB,(q1)U---UBy(qx), and

— #{J | Bop(qi) N Boy(q;) # @} < N.
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Proof of Lemma 2.4. — On the manifold M, there exists a constant K > 0 such that
for every p < 1 and every p € M, the volume of the ball B,(p) lies between p"/K
and Kp". Let N = (4C + 2)"K?; this is an upper bound on the number of disjoint
balls of radius p/2 that can fit inside a ball of radius (2C + 1)p.

Let A and p be given. Let S, C M be a maximal p-separated subset of A. Such a
set exists by compactness of A. We claim that S, is also p-spanning. If not, then there
exists ¢ € A such that d(z,y) > p, for all y € A. But this contradicts maximality
of S,. Hence, if q1, ..., g are the elements of S,, then

AC Bp((h) u---u Bp(Qk)-

For p € S,, let N(p) be the set of g € S, such that

Bep(p) N Beplq) # 2.

For each ¢ € N(p), the distance from p to ¢ is less than 2Cp, and so the ball B, /5(q)
is contained in B(acy1),(p). Since S, is p-separated, the balls B, /5(q) and B,/2(q")
are disjoint, for distinct ¢, ¢’ € N(p). The cardinality of N(p) is thus bounded by N,
which completes the proof. O

The sets U,(p) are uniformly comparable to round balls B,(p), and the maps
{f™, |m| < J} distort distances by a bounded factor. Thus Lemma 2.4 implies the
following.

Corollary 2.5 (Strengthened covering lemma). — Let C,J > 0 be given. There exists
an integer N > 0 such that, for any compact set A C M, and for any p > 0, there
exist q1,...,qr € A with the following properties, fori=1,... k:

~ACUp(q1)U---UUy(gk), and
= #{5 1Ucp(@) N ™ (Ueplq;)) # 2, for some [m| < J} < N.

We now return to the proof of Lemma 2.3. To simplify notation, let p; = pg/K and
let po = 4po, where pg is defined after the statement of Lemma 2.1. Thus p; < po < p2
In this notation, we have that R(U,,(p)) > J, for all p in A,.

For p € M and p > 0, let T,,(p) be the connected component of p in ¢, (B“"%(0, p)).
For d(p, ¢) small enough, the maps <pq_130p distort the Euclidean structure by a factor
< 1.5. Assume that po is small enough that this distortion bound holds whenever
p,q € Up,(2), for any z. From this we obtain that for all p € M and all ¢ € T}, (p),

(2) V200 (@) C Upy+3p0 (p) C Up, (p)-

We now apply Corollary 2.5 with C = 4K, A = A,, and p = p;. By Corollary 2.5,
there exists N > 0 and q1,...,q; € A, such that

- Ar = Upl (QI) U---u Upl (Qk)v and
= #{J [ Ups(@i) N [ (Up,(g5)) # @, for some [m[ < J} < N.
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Fori=1,...k, let U; = U, (g;). The neighborhoods Uy, ..., Uy cover A,.
We choose pi,...pr inductively. Let p1 = ¢1. Since Vap,(p1) C U, (p1), and
R(U,,(p1)) > J, we have that

V2P0 (pl) N fm(VQPo(pl)) =4,

for 0 < |m| < J.
Fix ¢ > 1, and suppose that the points p1,...,p;—1 have already been chosen. We
want to choose p; so that

Vapo (i) N ™ (Vapy (Pi)) = 2,
for 0 < |m| < J, and
Vapo (Pi) V™ (Vapo (p5)) = 2,
for 0 < |m| < J and j < i. The first of these two properties is satisfied if we choose

p; so that Va,, (pi) C Uy, (¢;). By (2), this is turn will hold if we choose p; € T, (¢;)-
Hence, we would like to find p; € T),, (¢;) such that

(3) Vapq (pi) N fm(VQPo (pj)) =4,
for 0 < |m| < J and j < i. The neighborhood U,,(q;) meets at most N sets of

the form f™ (Up,(g;)), for m between —J and J. Thus, #J; < N, where J; is the
collection of all (j, m) with j < ¢, |m| < J, and

Upo () N [ (Up, (45)) # 2.

For ¢ € M and |m| < J, let V,"(q) be the connected component of f™(q) in
U,(f™(q)) N f™(Vi(q)). There exists Cy > 1 such that, for all p,q € M,

N Vc";pg (Q) 2 fm(VQPO (Q))a and

— if Up, (p) N [ (Up,(q)) # 9, and py is sufficiently small, then V7 (g) intersects
Tcyp: (p) in exactly one point.
(It is not hard to see that Cy can be chosen to depend only on .J, on the Riemannian
structure, and on || T'f|ge||.) For (j,m) € Ji, let p’; ,, be the point of intersection of
V(%pQ (pj) and T, p, (@)

{pgvm} = VCT}ZPz (pj) N TCopl (Qi)-

Consider the collection of these points
P = {p;,m | (.77 m) € \-71} C TCopl (Q'L)

The points in @ ! (P;) lie on B*#(0, Cop1) C R™. By elementary Euclidean geometry,
there exists C; > 0 such that, for any p > 0, and any finite collection of points
Q C B“T%(0,Cyp), there is a point v € B¥*T$(0, Cyp) whose distance to the points in
Q is at least p/(C1#Q).

Applying this fact to the points in <p;11 (P;), we find that there exists a point
p; € Ty, (¢;) C U;, such that, for all p € P;,

(4) leg (pi) — 05 ()| = p1/(C1#P;) = p1/(CLN).
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We claim that if pg is sufficiently small, then p; satisfies (3); that is, for all j < i
and |m| < J,
Vapo (0i) V™ (Vapo (D)) = 2.
Clearly the claim is true for those (m,j) such that U,,(g:) N f™ (U,,(g;)) = @, so
suppose that (m,j) € J;. We show that

‘/épo (p’t) N VCn;pQ (pj) =4,

which clearly implies the result.

We shall view everything in R"™. Under the map <p;i1, the sets Va2, (pi) and |79 (p5)
lift, respectively, to B¢(0,2po) and a set we’ll call W. We show that B¢(0,2py) and
W are disjoint, for pg sufficiently small.

The set V¢, (pj) is a C* disk, tangent at f™(p;) to E¢(f™(p;)). Thus W is a C*
disk, tangent at a point w; € W to the uniformly continuous distribution Tgo;l (E°).
Furthermore, the distribution T@,!(E®) coincides at p; with Re.

By the distortion bounds, the diameter of W is on the order of ps:

(5) diam (W) < 3Cypa.
Let wy = @, ! (p),,) € W. Combining the distortion bounds with (4), we obtain that

(6) lwall = [le,," (p:) = @5, (P).m)ll = 201/ (3C1N).

All of these statements — about the C'-smoothness of W, the continuity of the dis-
tribution Tga;il E<, etc. —hold uniformly over p;, pg and |m| < J. Thus, to summarize
the preceding remarks, we have a constant Co > 0, and functions 61,62 : Ry — R,
all independent of p;, pg and m, such that W is contained in the graph of a C! function
F : B¢(0,Cspo) — R“T* with:

(1) |IDF(z1)]] < 61(]|z1]]), for some x1 € B¢(0, C2po),

(1 corresponds to the point wy € W),

(2) |F(z2)|| = po/Ca, for some xz2 € B(0, Capp),
(22 corresponds to the point ws),

(3) | F(y) — F(z) — DF@)(y — 2)]| < 0s((ly — ), for all 2,y € B0, Capo),

(4) lim,_0 01 (r) = 0, and lim,_, O2(r)/r = 0.

We claim that if pg is small enough, then ||F'(z)|| > 0, for all x € B(0, C2pp). This
implies that W is disjoint from B¢(0,2p¢), which is the desired result. By (3), we

have that for all x € B¢(0,2pg),
[F(z) = F(z1)|| < [|DF(z1)(x — 21)|| + O2(][x — 21]])
< 205 pob1(2Cap0) + 02(2Co2p0).

By the triangle inequality,
[E (@) = [|F(z2)ll = [|F(z2) = F(z1)l| — [ F(21) — F(x)
> po/Ca — 4C2p0 01(2C2p0) — 2602(2C2p0).
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If po is sufficiently small, then this quantity is positive. O

Proof of Lemma 1.8. — We want to pass from infinitesimal conditions given in the
definition of partial hyperbolicity to local conditions. To this end, let

ay(r) = s 1 Tof B (gl

by(r) = min m(T,f|ge(o))s
p( ) e Bolp) ( qf| (q))
B = T. e ,
p(T) qem%%(p) 1Tof|e (Q)H
A,(r) = min m(T, u .
p( ) e Bolp) ( of B (q))

By continuity of 7'f we can choose o > 0 and 6 < 1 so that @,(ro) < 6b,(r) and
A,(r9) < 0B,(r0). From now on we will fix this ro and write @, etc. instead of @,(r¢)
etc.

Let F, and F, be two continuous foliations with C' leaves on M. We say that
Fy is e (C%-) close to Fi if given any p,q on the same leaf of F; with the leafwise
distance at most 1 apart, the F» leaf passing through p intersects the € ball centered
at q.

It is clear that there exists € > 0 such that g is stably accessible modulo 5D
provided that W' is € close to Wy and Wy is € close to W;. So we need to show
that given € > 0 there is ¢ > 0 such that the conditions of Lemma 1.3 with this o
imply € closeness of dynamical foliations of g to those of f. Namely we prove that for
all p,q € Bfo/2 (f,p), the intersection W#(g,p) () B:(q) is non-empty. (Thus, 1 in the
initial definition is replaced by ro/2 but this is sufficient because the unit ball can be
covered by a finite number of r¢/2-balls.) Let a,(n) denote

ap(n) = apayy...apm-1,
where « is either of @, A, b, B.
Partial hyperbolicity implies that given n € (6, 1) there is a continuous cone family
K" around E" @ E° such that

(a) Tf(K“(p)) € K*(fp),

(b) K is uniformly transverse to £}, and

(c) for any v € K“(p)

1T f ()| > @pnllv]-

For d¢ sufficiently small, K°* will also satisfy (a)—(c) if f is replaced by any g such
that dci(f,g) < do. Let ¢ € Wi(p) and let dyy=(p,q) < ro/2. Then d(fNp, fNq) <
@p(N). Let V be a topological disk of dimension dim(E“ @ E°) passing through ¢ and
such that TV belongs to K (for example, we could take V = ¢, (B“*¢(0,1))).

Given n we can find o so small that dgo(f,g) < o implies that

d(g"p,g"V) < 2a,(n).

SOCIETE MATHEMATIQUE DE FRANCE 2003



46 D. DOLGOPYAT & A. WILKINSON

Since ¢"V is uniformly transverse to E® there exists C = C(f) such that
W;(g"p)(1g"V contains a point z with d(g"q,2) < Capy(n). Hence g~"z € W*(p)
and d(g, g"z) < Cn". Thus, if n is large enough, Wy is e—close to W3. O

3. Local accessibility

Proof of Lemma 1.1. — Let f and § < §p be given. Assume dq is small enough that
any g within 6y of f in the C'-metric remains partially hyperbolic, with functions
a,b. Since our perturbations are local, it is convenient to adapt the structures we use
to a neighborhood of a point p. To each p € M we shall associate:

(1) a neighborhood U, = ¢,(B"(0, 1)),

(2) a C*° Riemann structure g, on U, with path metric d,, isometric under ¢, *
to the Euclidean metric on B™(0,1),

(3) a C> splitting TU = E" @ E° @ E* = Ty,(R* & R° @ R®), that agrees with
E* @ E¢® E?® at p,

(4) C= foliations W', Wy, W, Wy of U, tangent to the corresponding subbun-
dles of the C*° splitting in (3),

(5) fori =1,...,c, partial flows (} : U, — U, tangent to the leaves of W¢,

(6) partial flows 7 : U, — U, and 77 : Up, — U, tangent to the leaves of W*, W?,
respectively.

We describe the construction of (5) and (6) in more detail. Let {eq,...,e.} be an

orthonormal basis for the R¢ factor in the splitting R® = R*@R*®R®. Fori =1,...c,
define the partial flows ¢} : B — B by

Gi(ep(v) = @p(v + te).

Similarly, fix unit vectors w* and w?® tangent to the R* and R?® factors in the
splitting R® = R" @ R® ® R?, and define the partial flows 7,77 : B — B, by

7 (pp(v)) = pp(v + tw"), and
77 (pp(v)) = pp(v + tw?).

Note that 7 (resp. 7) sends W leaves (resp. W leaves) to other W leaves,
and between W¢ leaves is the exactly the wu (resp. ws ) holonomy map. Note that,
where defined, 7%,7%, 777" is the identity. This expresses the fact that W and W*
are jointly integrable. In Subsection 3.2, we will use the partial flows 7%, 7%, ¢}, ..., ¢f
to define g.

The next lemma follows directly from the uniform continuity of ¢,,.

Lemma3.1. — The structures described in (1)-(6) are uniform over p € M and over
g sufficiently C'-close to f. For all p € M, the structure g, is uniformly comparable
to the original Riemann structure on U,.
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Since all estimates involving the Riemann structure on M in this paper are local,
uniform over p € M, any statement about the Riemann structure becomes valid
for g, by introducing a multiplicative constant. We will therefore be deliberately
ambiguous in our notation, using d interchangeably for the Riemannian metric and
the local metric dp. Also, when the point is clear from the context, we will drop the
subscript p in describing the various structures.

3.1. A criterion for stable accessibility. — We describe here a condition on the
foliations W', Wy that implies that g is stably accessible on a c-admissible disk for f.

Let D be a c-admissible disk for f centered at p € M, and let p = (D). Let N,(D)
denote the tubular neighborhood of D of radius r. Let m = m(c,dim(M)) be the
constant given by Lemma 3.10. Suppose that g is partially hyperbolic. We say that
g is B-accessible on D if, for each ¢ = 1,..., ¢, there exists a continuous map

H":[0,1] x D — N(;,—9),(2D)

with ¢t — H(t,q) a 4-legged us-path for g originating at q, and, for some to € (0, p/2),
the condition

(7) d(H'(1,q), G, (a)) < tob
holds for all ¢ € D’. Here (%, d, etc. are the structures described in the previous
section, adapted at p.

The next lemma gives a criterion for central accessibility. A basic element of the
proof is the “quadrilateral argument” of Brin, in which 4-legged paths are homotoped
to the trivial path along 4-legged paths with endpoint in a fixed c-admissible disk. The
reader unfamiliar with this argument may consult the survey paper [BuPuShWi] for
a detailed description; the case ¢ = 1 is also proved there. The case ¢ > 1 is essentially
proved in [ShWi], using an index argument.

Lemma 3.2 (Central accessibility criterion). — Suppose 5 > 1/2. For every ' €
(8,1), there exist 8 > 0, 61 > 0 and pg > 0 such that, for every c-admissible disk D
of radius (D) < po, if

- dcl(fag) < 51; and

— g is O-accessible on 3'D,
then g is stably accessible on BD.
Proof of Lemma 3.2. — Let 3,3 be given. Choose 6 < (3 — 3)/4/3'c. By continuity
of the bundles E(p) and Eg(p) in (p, g), there exist 61 > 0 and po > 0 such that,
if dea(f,g) < 61, if D is any c-admissible disk of radius (D) = p < po, and if
5:10,1] = N(m—2),(D) is any 4-legged us-path for g with 5(0),s(1) € D, then
(8) d(s(0),5(1)) < p(8" — B)/Ac.

Let g, D be any such diffeomorphism and c-admissible disk. Suppose that ¢ is
f-accessible on 3'D. For i = 1,...c, we have maps H' satisfying (7) with D' = 3'D.
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We show ¢ is accessible on 3D. Since the existence of such H? is a C'*-open condition,
this implies that g is stably accessible on 8D.

By varying the lengths of the last 2 legs in the path t — H'(t,q), we may arrange
that that H'(1,q) € D, for all ¢ € 3'D. The reader may verify that it is possible to
do so while preserving property (7). (If necessary, the value of § can be reduced a
little).

By a standard argument, the path t — H'(t,q), for ¢ € #'D, can be homotoped
through 4-legged us-paths originating at ¢ to the trivial path so that the endpoints
stay in D during the homotopy. The trace of these endpoints along the homotopy
gives a curve in D from g to H'(1,q). More precisely, for i = 1,. .., ¢, we obtain

U [0,1] x [0,1] x 8D — Ng(D)

such that, for all s € [0,1], t — Wi(s,t,q) is a us-path for g with ¥Ui(s,1,q) € D,
Ui(0,t,q) = q and Wi(1,t,q) = H'(t,q). Thus, s — Ui(s,1,q) =: ®i(q) is a curve
in D, from ¢ to H'(1,q). Every point on this curve is the endpoint of a us-path
originating at q.

By (8), we have, for ¢ € §'D:
(9) diam(®*([0,1] x {q})) < p(8' = B)/4c.

For ¢ € 8'D, we then extend the definition of ®%(q) to values of s > 1 by the
inductive formula

i (a) = 24(27,()),
for t € (0,1] and m € N. How far ®%(q) can be extended in s depends of course on q.
Note, however, that (7) gives, for m € N,

d(®},(9), G (@) = d(H (L H (1, H(1,9) -+ +)), (g (0))

= d(H'(1,gm1), Qo(qm 1)
A(H" (1, gm—1), ¢y (@m—1)) + (¢ (@m—1), o (@—1))
to(8" = 0)/48'c + d(gm—1, 1)

<
<

(10) < mito(B' — B)/48'c.

As before, every point in the image of ®!(¢) is the endpoint of a us-path originating
at g, although this path can have more than 4 legs.
Let go = p(—0'p/2(e1 + -+ - + e.)), and define a map Z : [0, 3 p]° — M by:

Z(a’la"'7ac) = C(},l e (ir(qo)

Note that Z is a homeomorphism onto 3’ D
Next, consider the the map P : [0, p3’']® — D defined by:

Plai,...,ac) =@y 1 @0y 60 (q0)-
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Each point in the image of P is the endpoint of a us-path for g originating at gg. We
claim that D is in the interior of its image. Since Z is a homeomorphism onto §'D,
it suffices to show that doo (P, Z) < d(08D,08'D) = p(3' — 3)/2.

If a = (a1,...,ac) € [0, 8 p]¢, with a; = to(m; + s;), m; € N and s; € (0,1], then,
by (9), and (10),

d(P(a), Z(a)) = d(@q, /1,27, 1, P51, (90), Cay G2y i (90))

7 i+1 c 7 i+1 c
< d(q)ai/toq)a:ll/to T q)au/to (QO); Calq)ai;l/to e (I)au/to (QO))
i=1
¢ .
< D diam(@([0,1] x &L, - @7y, (00)})

@
I
—

c
+ Z d(‘b%@éﬁl/to T <1>Zu/t0 (qO)a C:n,',toq)zatjl/to e (I)Zu/to (QO))
i=1

<c(B—p)/4c+ > mito(8' — B)/48'c

i=1
< p(ﬁ/ - ﬂ)/Qv

since tom; < pf’. Then g is accessible on 8D. O

3.2. Constructing the perturbation. — Fix 5’ € (8,1). The next lemma com-

pletes the proof of Lemma 1.1.

Lemma3.3. — For every 0,0 > 0, if r(D) is sufficiently small and R(D) is sufficiently
large, then there exists g € Diff}, (M) such that

(1) dea(f.9) <0,

(2) deo(f,g) <0

(3) g is 0-accessible on ('D, for each D € D.

The proof of Lemma 1.1 now follows. Choose 6 < o satisfying the hypotheses of
Lemma 3.2. Let g be given by Lemma 3.3. Since g is 6-accessible on 8'D, g is stably
accessible on D. O

Proof of Lemma 3.3. — Let 9,0 > 0 be given. We will perturb f by composing with
a C*°, volume preserving diffeomorphism ¢ : M — M. We first estimate the effect of
the composition v o f on the partially hyperbolic splitting.

Say that ¢ : M — M is supported on X C M if 1» = id outside of X C M. The
next lemma states that if R(X) is sufficiently large, and p, ¢ € X are sufficiently close,
then for any g, with gf~! supported on X, the subspaces Tw_l(E;‘)(q) and E;(q)

are very close to E;;(q) and E; (q), respectively.

Lemma 3.4 (Bundle Perturbation Lemma). — There exists dg > 0 such that the fol-
lowing is true. For every v > 0, there ewists J > 0 such that, if = go f~1 is
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supported on a set X with R(X) > J, and dc1 (v, id) < 0o, then for any p,q € X with
d(p,q) < J71, we have:

(1) £4(E;. E}) <, and

(2) £o(Tv™H(Eg), By) <
Proof of Lemma 8.4. — Let v > 0 be given. Recall that the splittings TU, = E* @
E¢® E®and TU, = Eg @ Ef, @ EE coincide at p.

By uniform continuity of the splitting £* @ E°® E*, uniformity of ¢,, and smooth-
ness of 1, there exists a continuous function 6, : Ry — R, with 6;(0) = 0, such that,
for all p,q € M,

(11) Zy(TY(E"), TY(EY))
(12) £y(E*,E3)

< 01(d(p, q))
< 01 (d(pa q))7
provided dc1 (v, id) is small enough.

Let B
A = max <max <ap> , (—p>>
P by Ap

and note that A < 1, because f is partially hyperbolic. There exist C1,60y > 0 such
that, for all all subspaces F'*, F'* with

max{Z(F", E"), Z(F*® E®)} < 6y
we have:
L(TF(F%), Tf(E®)) < C1 M, and
LTI (F), TH(EY) < OV,
for all j > 0. The splitting Ef & E; @ E; depends continuously on g, and so
max{Z(Ey, E"), Z(E;, E°)} < o,
if doi(v,id) (and so dei(f,g)) is sufficiently small.

Fix positive R < R(X). If ¢ € X, then ¢g'(q) = f*(q), for all i between 0 and R.
For these ¢, we have

LB B*) = £,(Tg B3 T~ E°)
= Zy(Tf "E;, Tf "E®)
<O
Similarly, for ¢ € X, g7%(q) = f~~1(q) = f~"1g71(q), for all i between 1 and
R —1, and so
LBy, TY(E")) = £4(Tg(Ey), Tg(E"))

< Coly(q) (Ey )

_ Cglg—l(q)( fR 1 fR—lEu)

< C10M L
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Combining these inequalities with (11), we have shown: there exist A, 67 : Ry —
R4, and C > 0 such that, for any 1 sufficiently close to the identity and supported
on X, for all R < R(X), and all ¢ € X, p € M, we have

- Z4(E}, B}) < C(" 4+ 61(d(p.0))), and

- Ly(Ty™(Ey), Ey) < 224(By, TW(E})) < COF + 61(d(p. 0))-

Hence if R is sufficiently large and d(p, q) is sufficiently small, these quantities are
bounded by 7. O

We will also need the following lemma.

Lemma3.5. — There exists T > 0 such that, for ¢ > 0 sufficiently small, for any

p € M, and for any c-admissible disk D centered at p, there are C°°, volume preserving
flows &,...,&¢ : Uy, — U, such that, for each i:

(1) & = id outside Nao(D).

(2) For q € N.(D),

§i(q) = ¢i(a)-

(hence &} preserves the leaves of W N N.(D)),

(3) der (id, &) < Tt
Proof of Lemma 3.5. — Let G = ¢, ' (D) = B(0, p), for some p > 0. Fix i, and
let E be the divergence-free vector field on Na-(G) C R™ such that, for all v:

E(v) = ce;.
Let w be the Euclidean volume form on R™, and let ¢g = igw. Since F is divergence-
free, the (n — 1)-form ¢q is closed: d¢y = digw = div(E)w = 0. Since Noo(G) is
contractible, there exists an (n — 2)-form v on Na.(G) such that dv = ¢g. We may
choose v so that
lv|| < 2¢2, and ||v||cr <e.

Let o : Nac(G) — [0,1] be a C*° bump function, vanishing on a neighborhood of

ON.(G) and identically 1 on Ne(G), such that
|do|| < 2/e, and ||do||cn < 2/€2.

Let ¢ = d(ov). Then

[¢llcr = lldo Av + ool
< lldoll - [[vller + lldallcr - vl + llofler - Idoller
<8
Hence ¢ has the following properties:

— |l¢llcr < T, where T =8,
—dp =0,

- ¢ = ¢0 on NE(G)v

— ¢ =0 on IN2(G).
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Let X be the vector field on R™ satisfying ixw = ¢ and let X; be the flow generated
by X. Let & = ¢ o X; 0. Then ¢! has the desired properties. O

Returning to the proof of Lemma 3.3, let T' be given by Lemma 3.5. Let v =
66/100c¢T. Choose J > 0 according to Lemma 3.4.

Now suppose that D = {Dy, ..., Di} is any c-admissible family with R(D) > J and
r(D) < J=1. Choose n < r(D) so that the n-neighborhoods of any two c-admissible
disks in D are disjoint.

To prove Lemma 3.3, it suffices to show that for any D € D, there is a C* volume
preserving diffeomorphism ¢, supported on the n-neighborhood N, (D), such that

(1) der (¥, id) < 4,

(2) deo(9,id) <0,

(3) if f is any diffeomorphism with f~!f supported on N,(|D|) ~ N,(D), and
der (f, f) < 8, then v o f is f-accessible on 'D.
To construct the final diffeomorphism g, we proceed disk by disk, constructing for
each D; € D a diffeomorphism ; suppported on N, (D;) so that ©;0t¢;_1---1;0 f is
- accessible on ' D;. Then g = 1)y - - - 11 o f will satisfy the conclusions of Lemma, 3.3.

Fix D € D centered at p and choose e < n/4¢ small enough to satisfy the hypotheses
of Lemma 3.5. Let the flows &}, ..., £¢ be given by Lemma 3.5.

Fori=1,...,c, let g; = 4ie, let Z; = 72 (D), and let

Ni = Noe(Z;) = 72, (N2e(D)).

The neighborhoods Ny, ..., N, are pairwise disjoint. Define ¢ : M — M by

W(g) = TEEiTgTsifg/TTEEi (q) if g € N;, for some 1,
q otherwise.

Observe that ¢ has the following properties:

— 1) preserves U,

— ¢ =1id outside Ny U---UN, C N,(D),

— 1) preserves the leaves of WE outside of Ny U---U N, and inside of N.(Z;), for
1=1,...,c

— dei(,id) < 0.

Let f be any diffeomorphism with dg1 (£, f) < 6 and f~1f supported on N, (|D|)
N, (D), and let g = 1) o f. It remains to show that g is f-accessible on 3'D.

We will now examine the behavior of the holonomy maps for g along us-paths
whose corners are near the points:

(), 1T (p), i 7T (D)
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In analogue with 73 and 7, which translate along leaves of W“, WS, respectively, we
introduce maps 7', 7} : Nyy(8'D) — B, which translate along W' and W leaves:

{7 (@)} = Wy (a) N W (1i(q))
{7 (@)} = Wy(@) N (7} (a))-

If dea(f, g) is sufficiently small, these maps are well-defined for |t| < e.. Notice
that if we were to replace Wj and W; with WU and W* , these equations would
instead define 7;* and 7, respectively. Between Wwes leaves, 7} is the WW“-holonomy
(and similarly for 7). Lemma 3.4 will allow us to predict the behavior of these maps.
The upshot is:

On the appropriate domains, ™ ~ Y7 and ©° ~ 7%,
where we will be precise about ~ later.

Fori=1,...c, let

h'=m? 7t mliml.
Then A’ is a homeomorphism of N.(3'D) onto its image. Observe that hi(q) is the
endpoint of a 4-legged us-path for g, originating at ¢. By construction, these paths

depend continuously on ¢, and so there are continuous maps
H":[0,1] x /D — N, (D)

with t — H'(t, q) a 4-legged us-path for g, such that H*(0,q) = q and H'(1,q) = h'(q).
The rest of the argument goes as follows. We will show that 7% ~ 7" and 7% ~ 79,
which will imply that h? ~ 75_ ¢7"_ 75972 Since 7" and 7° are just translations,
v = go on 7.,(D), and ¢y = id on 7" 72 7., (D), we find that bt~ CZO, where
to = &d/T. The remainder of the argument is devoted to making ~ precise.

Lemma 3.6 (Holonomy Perturbation Lemma). — For e and § sufficiently small,
deo (B, G,) < tof)

where tg = £6/T, and the C°-distance is measured on 3'D.

Proof of Holonomy Perturbation Lemma 3.6. — For § sufficiently small, there exists
a neighborhood @ C N.(8'D) of 3D such that, for i = 1,...,¢,

Q) C Y7 (Ne(B'D)),
Q) C 72 Y1t (N-(B'D)), and
Q) C 1. 7T (N(6'D)).

i

the conclusion of the lemma.
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From the definition of 1, we write, for g € @,

Cho(q) = &, e (q)

= §§/T(Q)
=7 T TET (q)

—E&j —E&i &

(13) =12 YT 2T (9),

the final equality a consequence of the fact that 1 is supported on Ny U---UN,, which
is disjoint from 72 7% (Q). On the other hand,

(14) hi(q) = e e (q)-

—E&; Ei €4

We show that the corresponding factors in the two compositions (13) and (14) satisfy
the desired inequality. More specifically, we show that, restricted to the appropriate
domains, the distances deo (7., 7Y, ) and deo(n,,, 71.,) are bounded by 60t /4.

First, consider the maps ¢ o7 and 7, on the domain (). Recall that, restricted to
wes leaves, 72 is the we holonomy map. But ¢o7 sends Wes leaves in Q C N(B'D)
to W leaves: 72 sends We leaves to W¢ leaves, and 1 preserves Wes leaves in
72 (Q) C Nj. It follows that, restricted to Wcs(q) N Q, the map 1 o7 is the w(VNv“)-
holonomy map to the transversal /¢ (1% (q)), where w(VNV“) is the image of W* under
Y. Recall that 72, restricts to the Wj-holonomy map between wes (¢) NN (6'D) and
We(i(g).

Thus, between W** leaves, we are comparing the holonomy maps for the foliations
Wy and w(VNV“) To compare the holonomies for W' and w(W“), we first apply the
smooth change of coordinates p — 1 ~!(p) and compare the holonomies for w_l(W;‘)

and W*. Since dcr (1, 4d) is small, this change of coordinates distorts distances by a
factor very close to 1.

The tangent distributions to w*I(W;) and W*" are TQ/J*IE; and E", respectively.
According to the Bundle Perturbation Lemma 3.4, the distributions T ~"(EY) and
Ev are close; in particular,

(15) Ly(Tv™ (Ey), B*) < v = 05/100cT,
for all ¢ € N,(D). We now apply the next elementary lemma.

Lemma3.7. — Let F be a continuous foliation of B C U, with C', u-dimensional
leaves, transverse to Es &) E°. Let T1 and Ty be smooth disks tangent to Es &) E°.
Assume that both the F- and VNV“—holonomy maps between Ty and Ty are defined, and
denote them by h” and hWWV", respectively. Then, for all ¢ € Ty,

d(h” (q), BV (q)) < dist(Ty, Tp) - sup Z4(TF, B*).
qeB

The analogous statement holds for s-dimensional foliations transverse to Es & E°.
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Applying Lemma 3.7 to the foliation w*IW;, and using inequality (15), we obtain
that, for any two transversals Ty C @ and Ty = 72 (T1), and ¢ € T1,

d(h? VD (q), WV (q)) < dist(T1, To) - sup  Zo(Tw~ (EY), EY)

qENy (D)
< &y
< (4ee)y
< (4ee)(66/100cT)
< 6(ed/8T)
= Oty/8.

But then, for all g € @,

d(m (q), o7 () = d(bh? ™ OV (q), bh"" (q))
< Lip(v)0to/8
< Ot /4.
Similarly, for ¢ € 72 (Q),
d(n2 (q), 75 (q)) < 2e:4(ES, E)
< 9t0/4.

Combining these inequalities and using the fact that 77 is an isometry, we have,
for all ¢ € Q,

d(mZ, e (q), 72,072 () < d(wi 7 (q), 72, mE () + d(72,7g (), 72,472 (a)
= d(wZ 7 (q), 72,7 (q) + d(wZ,(q), Y72 (q)
< Oto/4+ 6ty/4
= Oto/2.

Proceeding in this fashion, we obtain that for ¢ € @,
A (), T T T T (0)) < B,
which completes the proof. O

This completes the proof of Lemma 3.3. We have now shown that for each 4, there
exists
H':[0,1] x B’'D — N,(D)
with t — H'(t,q) a 4-legged us-path for g, such that H*(0,q) = ¢ and
d(H'(1,9),¢, () = d(h*(9), &, (0)) < 6to,

where tg = €0/T. Hence, g is f-accessible. O
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3.3. The symplectic case. — If f preserves a symplectic form w, then the per-
turbation g can also be made symplectic.

As in the proof for the volume preserving case, we begin with a local system of C'*°
charts ¢, : B*™(0,1) — M, defined for each p € M, where 2m = n. Similar to the
volume preserving case, these charts can be chosen to have the following properties:

(1) ¢p(0) = p,

(2) Topp sends the splitting ToR™ = R* & R° & R® to the splitting T,M = E* &
E°® E?,

(3) the symplectic form ¢rw is a linear pullback of the standard symplectic form
on R?m:

ppw = A;(Z dp; N dg;),

for some linear map A, on R*™,
(4) p — ¢, is a uniformly continuous map from M to C*(B™(0,1), M). The
dependence of ¢,, A, on f is also continuous.

By Darboux’s theorem, for each p € M, there exists a neighborhood U, of p and
coordinates k, : U, — R?™ such that, in these coordinates, w takes the standard
form Y dp; A dg;. For each p, Tk, sends the splitting T, M = E*(p) ® E°(p) ® E*(p)
to a splitting R*™ = RY @ R @ RS, Let A, : R*™ — R*" be a linear map that
sends B?™(0,1) into ,(U,) and sends the trivial splitting R*™ = R* & R® & R® to
R2™ = Ry @& R}, @ Ry, chosen to depend continuously on p, f. Then ¢, = m;l oA,
satisfies properties (1)-(4).

With this modification, the proof of the Main Theorem in the symplectic case
proceeds exactly as in the volume preserving one, replacing “u” by “w”, until the proof
on Lemma 3.3. Since we will modify slightly the statement and proof of this lemma,

we restate it here in the symplectic case.

Lemma3.8. — For every 6,0 > 0, if r(D) is sufficiently small and R(D) is sufficiently
large, then there exists g € Diff|,(M) such that

(1) dcl (fv g) < 5;

(2) deo(f,g9) <0, and

(3) each D € D is covered by c-admissible disks fVi,...,BVy such that g is 0-
accessible on V;, for each i.

Remark. — If 6 and 4 are sufficiently small, then any g € Diff], (M) satisfying condi-
tions (1)-(3) in Lemma 3.8 is stably accessible on D; for then Lemma 3.2 implies that
g is stably accessible on each BV;, which implies stabe accessibility on their union,
which contains D.

Proof of Lemma 3.8. — Let D be a c-admissible family. Using Lemma 3.10 below,
we will cover each D € D with ¢-disks GV1,..., 3V,. The lemma associates to each i
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an open set (a union of balls) N (D, i) C N, (D); for different ¢, these sets are disjoint.
We will then perturb inside of N (D, %) to obtain 8-accessibility on V;.

Similar to the volume preserving case, we will need to show that if (D) is suffi-
ciently small and R(D) is sufficiently large, then for each D € D and each c-disk V;
in the cover of D, there is a symplectic C*° diffeomorphism 1, supported on N (D, 1),
with

(a) dca (wvzd) <9,

(b) deo(v,id) <0,

(c) if f is any diffeomorphism with f~'f supported on N,(|D|) ~ N(D,i) and
dor(f, f) < 8, then v o f is f-accessible on V;.

Each perturbation v is supported on a union of balls (as opposed to a tubular
neighborhood); this allows for symplectic perturbations. The next lemma replaces
Lemma 3.5 for the symplectic case.

Lemma3.9. — There exists T > 0 such that, for e > 0 sufficiently small, for each
p € M and q € By)s(p), there are C°, symplectic flows & = &« M — M,
1=1,...,c, such that, for each i:

(1) & =id outside Ba.(q)

(2) For x € B:(q),

& (@) = ().

(hence &} preserves the leaves of wen B:(q)),

(3) don (id, &) < T,
Here, all balls B,(q) are measured in the d,-metric, and all other invariant structures
)/NVC,C, etc. are adapted at p.

Proof of Lemma 3.9. — Let p, q,i be given and let v = go;l(q) € B™(0,1/2). We will
explain how T is chosen later. Since constant vector fields are locally Hamiltonian
with respect to pyw = A5(> dp; A dg;), there exists a Hamiltonian vector field X i
supported on B"(v,1/2), such that X* = e; on B"(v,1/4). Since the C'-size of
¢p is uniformly controlled, there exists a 7 > 0, independent of p, g, ¢, such that
| Xi|lcr < To. Given e < 1/4, let

Yi(x) = eX((x —v)/4e).

Then Y is Hamiltonian (if X’ has Hamiltonian H, then Y? has Hamiltonian
4e?H ((x — v)/4¢e)), is supported on B™(v,2¢), and satisfies |[Y?|c1 < 4Tp. Further-
more, Y = ee; on B"(v,e). The vector field (¢,).Y" generates the desired flow &;.
Clearly T can be chosen to depend only on T and other uniform data. O

Next, we choose the balls. The proof of the next lemma is an elementary exercise
in Euclidean geometry.
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Lemma 3.10. — There exists m > 2, depending only on ¢ and dim(M ), such that, for
e > 0 sufficiently small and all p € M, there exist k > 0 and points

{qi,j | 7= ].,...,C, ]: ].,,k} C N(m—Q)s(D)
with the following properties:

(1) there exist py,...,px € D and g;; > 0 such that 7., (qi,;) = pj,
(2) the balls in the collection

{B2(ij), Boe (72, (i), Bae (72, 72 (@) [1=1,...,¢, j=1,....k}

are pairwise disjoint,
(3) the balls
BBE(pl)a cee 7B56(pk)

cover D.

Given ¢ and 6, let T be given by Lemma 3.9, let v = 6§/100cT, and choose J
according to Lemma 3.4. Let D be any c-admissible family with R(D) > J and
r(D) < J7!. Let D € D with center p. Proceeding as in the proof of Lemma 3.3,
choose ¢ < 6/4mc satisfying the hypotheses of Lemma 3.9, where m is given by
Lemma 3.10. Fix 1 < < ¢, and let the points {g; ; }, p; be given by Lemma 3.10. Let
Vi = Vz(pi); by Lemma 3.10 the disks 5V1,..., 8V} cover D. Let

N(D, i) = J{Bae(ai ), Bac (72, (ai3)), Bae (2 72, (qij)) |5 =1,...¢}.
We show that properties (a)-(c) above are satisfied for this i.

In each ball Bs.(g; ;), let £ = fti’qj be the flow given by Lemma 3.9, with ¢ = g;.
Define ¢ : M — M by

{i’j if ¢ € B2:(qi,;), for some j,
¥(g) = { o o
q otherwise.

Then 1) has the following properties:

- 1/)*01 =w,

— ¢ = id outside N(D,1),

— 1 preserves the leaves of W¢ outside of |J; Ba:(¢;,;) and inside of (J; B:(qi,;),

— de1(¥,1d) < 6.

Let f be any diffeomorphism with f~!f supported on N, (|D|) ~ N(D,1), and let
g =1 o f. Let Tt remains to show that g is f-accessible on V;.

By the same argument as in the proof of the Main Theorem, we obtain that for
each z € Vj, there is a 4-legged us-path for g from x to a point y € N(p,_9)-(D) such
that

d(y7 CZO (J?)) < HtO;

In other words, g is #-accessible on V;. O
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ANOSOV GEODESIC FLOWS FOR EMBEDDED SURFACES

by

Victor J. Donnay & Charles C. Pugh

Abstract. — In this paper we embed a high genus surface in R3 so that its geodesic
flow has no conjugate points and is Anosov, despite the fact that its curvature cannot
be everywhere negative.

1. Introduction

At the International Conference on Dynamical Systems held in Rio de Janeiro in
July, 2000, Michael Herman asked whether the geodesic flow for an embedded surface
in R? can be uniformly hyperbolic, i.e., Anosov. Using techniques from our paper [5]
and a suggestion of John Franks and Clark Robinson, we answer Herman’s question
affirmatively. The embedded surface looks like a spherical shell with many holes
drilled through it. See Figures 1 and 2.

The Lobachevsky-Hadamard Theorem states that if a Riemann manifold has neg-
ative sectional curvature then its geodesic flow is Anosov. The celebrated thesis of
Anosov [1] shows that this implies ergodicity, in fact the Bernoulli property, a stronger
form of ergodicity.

In [2], Burns and Donnay showed that every surface M embeds in R? so that
its geodesic flow is Bernoulli; however, this cannot be a consequence of M having
negative curvature. For a compact surface M C R3 necessarily has regions of positive
curvature, the standard explanation being that there is a smallest sphere S which
contains M, and there are points at which S is tangent to M. At these points the

2000 Mathematics Subject Classification. — 37D40.
Key wordsand phrases. — Anosov geodesic flow, no conjugate points, isometrically embedded surface,
high genus.
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H

FIGURE 1. An embedded surface formed by connecting two concentric
spheres with many tubes.

FIGURE 2. The radiolarian Aulonia hexagona, a marine micro-organism,
as it appears through an electron microscope, by S.A. Kling.

curvature of M is positive. By continuity, the curvature of M is positive at nearby
points too. The Bernoulli geodesic flows constructed by Burns and Donnay employ
“focusing caps” to control the positive curvature. However, the caps are bounded
by closed geodesics on which the curvature is zero, preventing uniform hyperbolicity.
If the caps are perturbed to destroy these parabolic orbits the system can become
non-ergodic [3, 4].

Instead of using caps, we use tubes of negative curvature together with the notion
of a finite horizon geometry, which we introduced in [5], and are thereby able to show

Theorem A. — There exist embedded surfaces in R® for which the geodesic flows are
Anosov.

As an extension of Theorem A we discuss the immersed case, which has interest
when the surface is not orientable.

Theorem B. — There exist immersed non-orientable surfaces in R? for which the
geodesic flows are Anosov.

The basic ingredient in our construction is illustrated in Figure 3; connect two flat
tori (they are not embedded in R?) via a tube of negative curvature. The geodesic
flow for this genus two surface is Bernoulli but not uniformly hyperbolic - since there

ASTERISQUE 287



ANOSOV GEODESIC FLOWS FOR EMBEDDED SURFACES 63

Sy

F1GUure 3. Two flat tori joined by a negatively curved tube.

are periodic geodesics lying completely in a flat region. If we now connect the two
tori by enough tubes to produce a finite horizon pattern (see Section 2), i.e. every
geodesic enters a tube in a bounded time, then the geodesic flow for this high genus
surface is Anosov. To make an embedded Anosov example, we follow the suggestion
of Franks and Robinson: reproduce the construction using very large and nearly flat
concentric spheres instead of tori, again in a finite horizon pattern of tubes.

Remark. — Theorems A and B give the existence of high genus surfaces in R? with
Anosov geodesic flows, but we do not know a good lower bound on the genus. In [6],
Wilhelm Klingenberg shows that no surface whose Riemann structure has conjugate
points, which are produced by a surfeit of positive curvature, can have an Anosov
geodesic flow. Hence our construction also provides examples of embedded surfaces
without conjugate points. By Klingenberg’s result, the sphere and torus never have
Riemann structures whose geodesic flows are Anosov. So in particular, these surfaces
cannot embed in R3 in such a way that their geodesic flows are Anosov. But what
about the bitorus? Can it embed in R? so that its geodesic flow is Anosov? Is it at
least possible to embed the bitorus so that its metric has no conjugate points?

2. Finite Horizon

Let M be a surface equipped with a Riemann structure. A family C of curves
C1,...,Ck in M gives M ¢-finite horizon if every unit length geodesic crosses at least
one curve in C at an angle > ¢. In [5] we show in detail how to choose C that gives
M finite horizon, when M is a surface embedded in R? and its Riemann structure is
the one it inherits from the embedding. Here is an outline of the construction.

We first construct a fine, smooth triangulation of M whose triangles have uniformly
bounded eccentricity and nearly geodesic edges. (The eccentricity of a triangle is the
reciprocal of its smallest vertex angle.) We then draw small geodesic discs at the
vertices of the triangulation, and a string of N “pearl discs” along each edge of the
triangulation outside the vertex discs. Finally, we draw 2N + 2 “wing discs” parallel
to the string of pearl discs. Altogether this gives 9(IN + 1) discs per triangle. The
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pearl and wing discs have radius r, which is much less than the radius R of the vertex
discs, and this makes the pearl and wing discs along one edge of a triangle disjoint
from those along a different edge.

Technically, once we have a bound on the eccentricity of the triangles that appear
in our triangulations, we choose R and N. We then keep R and N fixed, while we
dilate the surface by a factor of 2", n — oo, making ever finer triangulations of the
dilated surface that have nearly linear triangles of roughly unit size. The radii r of
the pearl and wing disks vary depending on the length of the edge of the triangle but
lie in a compact interval.

With respect to the flat Riemann structure, the disc pattern for a triangle is shown
in Figure 4. Every unit segment starting inside the flat triangle must cross the bound-

FIGURE 4. The pattern of discs for a linear triangle that gives the finite
horizon property.

ary circles of these discs at some positive angle. By compactness, they cross at some
uniformly positive angle ¢, a fact that remains true under small perturbations. For
example, if we shrink all the discs by a factor p < 1, where 1— p is small, they still give
the finite horizon property for unit segments. Similarly, the finite horizon property
still holds if the flat metric is replaced by a nearly flat metric.

Denote by 2™ M the surface gotten by dilating M by a factor 2. The Riemann
structure of 2" M restricted to a nearly linear triangle T" of roughly unit size is nearly
flat. Thus, the geodesic discs of radius pur and pR laid down in the pattern of Figure 4
are disjoint and give the finite horizon property for unit geodesics on 2" M when n is
large.

We then flatten these disjoint geodesic discs by pushing each into the tangent plane
at its center. Slightly smaller round discs lie in the flattened geodesic discs, and they
still give the finite horizon property. The net effect is that the given surface M is
replaced by a new one, 2" M, with diameter roughly 27, and having a great number
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of disjoint, flat plateau discs such that any unit geodesic crosses the boundary of at
least one plateau disc at an angle > ¢ > 0 for n large.

3. Dispersing Tubes

In [5] we glue “focusing caps” in place of the plateau discs above to make the
geodesic flow non-uniformly hyperbolic. Here we glue tubes between pairs of plateau
discs to make it Anosov.

Definition. — A dispersing tube T is a surface of revolution
T={(r0,z):r=h(z)}
such that h: [—1,1] — (0, 1] satisfies
(a) h(z) = h(—2).
(b) h(£1) =1.
(c) If |z| < 1 then h is smooth and h'”/(z) > 0.

(d) The graph of h is infinitely tangent to the lines z = £1. In particular
lim,_, 11 h'(2) = too.

Thus, T is a catenoid-like surface with its ends made planar. It has negative
curvature. See Figure 3. The geodesics on a dispersing tube are simple to describe.
There is the closed geodesic I' around the “waist” of the tube, and there are geodesics
asymptotic to it. Every other geodesic either enters and exits T" without meeting T,
or it crosses I' once on its way from one end of T' to the other. The entry and exit
angles are equal because the tube is symmetric.

Note that independent linear scalings of z and r preserve the properties of T": it
has negative curvature, it is infinitely tangent to the planes containing its boundary
circles, and it contains a unique, closed waist geodesic I'. Thus, we can make T' long
and thin, or short and broad. To avoid bending T, which may introduce positive
curvature, we must be sure to keep its boundary circles in parallel planes.

4. The Perforated Sphere

Here is the proof of Theorem A. Take a sphere in R? and make the finite horizon
construction described in Section 2. (Any surface could be used instead of the sphere.)
This gives a sequence of spheroids S,, of radius 2" that contain many disjoint plateau
discs of roughly unit radius. Each plateau disc lies in the plane normal to the radius
vector from the origin. Then take a concentric copy of S,, say S;, which is S,
shrunk by the factor 1 — 1/2™. The spheroids have radii that differ by 1. As n — oo,
this makes the plateau discs nearly equal in radius and parallel in pairs. Replace
each pair of parallel plateau discs by a dispersing tube. The boundary circles of the
dispersing tubes have radius equal to the plateau disc in S/, which is slightly less
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than the corresponding radius in S,,. But as n — oo, the difference tends to 0, and
consequently the slightly smaller discs on the outer spheroid continue to give the finite
horizon property there. The dispersing tubes are roughly of unit size, so they all have
roughly the same effect on geodesics passing through them.

The spheroids Sy, S],, with plateau disc pairs replaced by dispersing tubes is the
perforated sphere M = M,,. There are three types of geodesics on M. The closed
geodesic I around the waist of each tube, the geodesics that are asymptotic to these
closed geodesics, and the geodesics that regularly enter and exit dispersing tubes at
an angle > ¢.

Let ¢ be the geodesic flow for M. Its phase space is the unit tangent bundle SM.
To show that ¢ is Anosov we consider the normal bundle N to the flow direction X.
Then T(SM) = N ® X is a Tp-invariant splitting. The normal bundle is given by
N = H ®V , where H is the horizontal subspace and V is the vertical subspace. For
x € SM , let P(z) be the standard, closed positive cone that consists of lines through
the origin of N(z) lying in the first and third quadrants with respect to N = H @ V.
We claim that the positive cone field P is contracted uniformly into itself by the time
one map T'p;.

For £ € N,, £ # 0, let u(t) denote the slope of the vector Tp:(£) with respect to
the splitting N = H @ V at ¢¢(z). Then u solves the Riccati equation

u' = —K(t) — u?.

The vertical edge of the cone field is easily seen to be mapped inside the positive
cone by a uniform amount under the time one map. Thus we need only examine the
horizontal edge of the cone which corresponds to solutions of the Riccati equation with
initial condition u(0) = 0. Henceforth, we restrict our attention to Riccati solutions
with this initial condition.

Every unit geodesic has the following life. It experiences strictly negative curvature
K < vy <0 for at least a fixed time t5 > 0 because it enters at least one tube at an
angle > ¢, and it experiences curvature K < kg for the rest of the time, where kg
is the maximum of the curvature on the surface. The positive curvature bound kg
becomes uniformly small when we take n large enough, while the negative bound vg
stays fixed, and the time bound t( stays fixed.

First, let us assume that the curvature on the surface is non-positive, so that
ko = 0. Then we can make the estimate that v/ = —K — 42 > 0 — u? which implies
that u(t = 1) > up > 0 for u(t) any solution of the the Riccati solution along a
geodesic on the surface M. The bound ug equals the value of the solution at t = 1 of
the piecewise constant Riccati equation with K (t) = vy for ¢ € [0,%0] and K (t) = 0,
for ¢ € (to, 1].

By continuous dependence on parameters, if kg > 0 is sufficiently small (i.e., if n
is large), then u(t = 1) > uo/2 > 0. Hence, the bottom edge of the cone is mapped
into the cone by a uniform amount. We conclude that P is uniformly contracted into
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itself by the time one map T¢;. This implies that
[e.e]
2 E'(z) = () Tou(P(p-nz))
n=1

is a line field, and the restriction of T'p; to E* is a uniform expansion. Symmetry
implies that T'@_; contracts the negative cone field, and that it contains a line field
E? which is contracted by T'¢y. Thus, T(SM) = E* @ X & E* is an Anosov splitting
for T'p, which completes the proof of Theorem A.

As a consequence of Theorem A we get the following stability result.

Corollary. — There is a high genus surface M such that the set £ of embeddings
M — R3 for which the geodesic flow is Anosov is non-empty and open. In particular
there exist such embeddings of M that are analytic.

Remark. — The earlier examples of ergodic geodesic flows for embedded surfaces [2],
[5] are not stably ergodic as one can perturb the focusing cap to produce a “light-
bulb” shaped cap which traps a positive measure set of trajectories and hence prevents
ergodicity [3]. (Stable ergodicity means that the system and all small pertrurbations
of it are ergodic.) Thus, our Anosov example above is the first geodesic flow for an
embedded surface known to be stably ergodic.

Proof. — Theorem A asserts that £ # @. Uniform hyperbolicity is an open condition,
so £ is open with respect to the C® topology. The proof is completed by recalling
that embeddings are open in the space of mappings, and analytic mappings are dense
in the C'*° topology. O

5. Non-orientable Surfaces

Here we show out how to construct a non-orientable immersed surface in R? whose
geodesic flow is Anosov, thereby proving Theorem B.

The simplest idea is to attach a Klein bottle or a Klein handle to the surface M
constructed in Section 4. Doing so produces a certain amount of positive curvature,
and it becomes unclear whether negative curvature continues to dominate.

A second idea is this. Take the previous pair of spheroids with the tubes joining
them and select a pair of points p, ¢ such that p is on the outer spheroid, ¢ is on the
inner spheroid, the points p, ¢ are not near any of the tubes (they lie in the unused,
middle portions of the triangles), and the segment [p, ] passes through the origin.
Then make plateaus at p and ¢ and draw a long thin tube T' of negative curvature
from one plateau to the other, as shown in Figure 5. This causes the new surface to be
non-orientable. (With just one perforation and the long tube, the surface is ambiently
diffeomorphic to the standard immersion of the Klein bottle.) Every geodesic has the
same type of behavior as before, except now it may spend a fair portion of its time
in the flank of T where the curvature is barely negative. As n — oo, the negativity
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Perforations

FIGURE 5. A long thin dispersing tube joining plateaus at p and g, shown
in cross-section.

in T is on the order of 1/2™, which is the same as the worst positivity on the surface.
Thus, it is not clear that negativity outweighs positivity enough to make the geodesic
flow Anosov. More care may in fact validate this construction.

Here is what we do instead.

Choose a pair of adjacent triangles on the spheroid S,, constructed in Section 4.
Form plateaus at their two centers based on a common plane, rather than different
tangent planes at each center. Arbitrarily choose one of the two tangent planes to
use. Do the same on the parallel spheroid S;,. Hence all four plateaus are based on
parallel planes. Make the tube connections between S,, and S/, at all but these four
new plateaus, and call the resulting surface M;. Take a copy of M;, say Ms, and
rotate it to line up the four new unconnected plateaus from each surface, in parallel.
Then draw tubes from one plateau disc to the other as shown in Figure 6.

FIGURE 6. Cross-sectional view of connecting plateaus with tubes to make
an immersed non-orientable surface whose geodesic flow is Anosov.

The resulting surface is non-orientable and the tubes all have roughly the same
size. By the same sort of estimates as in the orientable case, negativity continues to
dominate positivity and the geodesic flow remains Anosov.
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NON-GIBBSIANNESS OF THE INVARIANT MEASURES
OF NON-REVERSIBLE CELLULAR AUTOMATA WITH
TOTALLY ASYMMETRIC NOISE
by
Roberto Ferndndez & André Toom

Abstract. — We present a class of random cellular automata with multiple invari-
ant measures which are all non-Gibbsian. The automata have configuration space
{0, I}Zd, with d > 1, and they are noisy versions of automata with the “eroder prop-
erty”. The noise is totally asymmetric in the sense that it allows random flippings
of “0” into “1” but not the converse. We prove that all invariant measures assign to
the event “a sphere with a large radius L is filled with ones” a probability ur that
is too large for the measure to be Gibbsian. For example, for the NEC automaton
(—=Inpur) < L while for any Gibbs measure the corresponding value is < L2.

1. Introduction

Studies of cellular automata and of their continuous-time counterpart, the spin-
flip dynamics, have been successful in determining how many invariant measures
the automaton or dynamics have. Much less is known about properties of these
measures. A natural question is whether they are Gibbsian, that is whether they
could correspond to measures describing the equilibrium state of some statistical
mechanical system. There are two categories of evolutions —both with local and
strictly positive updating rates— for which the answer is known to be positive: (1)
If the updating prescription has a high level of stochasticity —high noise regime—,
in which case Gibbsianness comes together with uniqueness of the invariant measure
[15, 19, 18]; and (2) if the updating satisfies a detailed balance condition for some
Boltzmann-Gibbs weights [20]. Known cases of non-Gibbsianness, on the other hand,
refer to automata where the updating rates are either non-strictly positive [16], [30,
Chapter 7] or non-local [23].

2000 Mathematics Subject Classification. — 37B15, 37C40, 60A10.
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In this paper we present some examples of stochastic non-reversible automata —
that is, automata not satisfying any form of detailed balance—, with multiple in-
variant measures, all of them non-Gibbsian. Our class of automata can be seen as a
generalization of the North-East-Center (NEC) majority model introduced in [24] and
discussed in many papers. Its non-ergodicity was first proved in [28] (see also the dis-
cussion in [15]) and later by another method in [2]. Also it was simulated more than
once [1, 21, 22]. Models of this sort are obtained by superimposing stochastic errors
(noise) to deterministic automata having the so-called eroder property: finite islands
of aligned spins, within a sea of spins aligned in the opposite direction, disappear in
a finite time.

We allow only one-sided noise or stochastic error —a “0” can stochastically be
turned into a “1”, but not the reverse. Thus some of our transition rates are zeros
and therefore the “dichotomy” result of [20, Corollary 1] is not applicable. Our work
does not settle the long-standing issue of the Gibbsianness of the invariant measures
of NEC models with non totally asymmetric noise. There are conflicting arguments
and evidences for the model with symmetric noise: An interesting heuristic argument
has been put forward [30, Chapter 5] pointing in the direction of Gibbsianness, and
a couple of pioneer numerical studies yielded findings respectively consistent with
Gibbsianness [21] and non-Gibbsianness [22]. However, we hope that the simple non-
Gibbsianness mechanism clearly illustrated by our examples could be a useful guide
and reference for the study of the more involved two-way-noise situation.

In our examples, non-Gibbsianness shows up in the same way as in the basic voter
model [16]: Large droplets of aligned (“unanimous”) spins have too large probability
for the invariant measures to be Gibbsian. More precisely, we show that once a
suitable “spider” of “1” appears, the dynamics causes the alignment of the spins in
a neighboring sphere. This sort of damage-spreading property (or error-correcting
deficiency) implies that the presence of a sphere of “1” is penalized by the invariant
measures only as a sub-volume exponential. This contradicts well known Gibbsian
properties. In fact, we can be more precise. Gibbsian measures are characterized by
two properties [13]: uniform non-nullness and quasilocality. As we comment in Section
3, the large probability of aligned droplets means that the invariant measures can not
be uniformly non-null. More generally, such invariant measures can not be the result
of block renormalizations of non-null, in particular Gibbsian, measures. Furthermore,
known arguments [7] (briefly reviewed in Section 3 below), imply that if one of these
measures is not a product measure, then its non-Gibbsianness is preserved by further
single-site renormalization transformations.

2. Simple examples

Before plunging into the technical and notational details needed to describe our
results in full generality, we would like to present some simple examples that contain
the essential ideas. The examples are defined on the configuration space {0, 1}Z2.
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Example 1: The NEC model. — Its deterministic version is defined by a translation-
invariant parallel updating defined by the rule

(1) zhh(0,0) = major{xt(o, 1), 2'(1,0), xt(0,0)},

where 2'(i,7) denotes the configuration at site (i,j) € Z? immediately after the t-
th iteration of the transformation and major : {0,1}?*+!1 — {0,1} is the majority
function, i.e. the Boolean function of any odd number of arguments, which equals “1”
if and only if most of its arguments equal “1”. This prescription yields an evolution,
which is symmetric with respect to the flip 0 < 1 [a function with this property is
called a self-spin-flip function in Section 4 below]. We consider a noisy version, where
in addition spins “0” flip into “1” independently with a certain probability €, while
spins “1” remain unaltered. This corresponds to stochastic updating

2) Prob(xt+1(i,j) ~0 ‘ xt) —(1-¢) [1 - xggtl(i,j)]

The “all-ones” delta-measure §; is invariant for this automaton. For small ¢ there is
at least another invariant measure, as a consequence of Theorem 4.2 below.

Let us start with the following simple observations which are immediate conse-
quences of the NEC rule (1) and the one-sidedness of the noise:

(i) Horizontal lines (parallel to axis #) filled with spins “1” remain invariant under
the evolution.

(ii) The same invariance holds for vertical lines (parallel to axis j) filled with spins
“17.

(iii) After one evolution-step (that is, after one parallel updating of all the spins),
a line of slope —1 filled with spins “1” moves into the parallel line immediately to the
south-west.

(iv) If the (infinite) “spider” formed by the i-axis, the j-axis and the line i 4+j =0

is filled with “17, then after ¢ steps the evolution causes the whole triangle {(, j) :
1,7 <0, i+ 7 > —t} to be filled with “1”.
The last observation can be visualized as a displacement, at speed 1, of the “front”
formed by the line i + j = 0, with a simultaneous displacement (here a trivial one),
at speed 0, of the “fronts” formed by the i- and j-axis. This combined displacement
produces a growing triangle full of “1”.

The same observations hold if full lines are replaced by finite segments, except that,
depending on the values of neighboring spins, in each iteration each segment can lose
one or both of the “1” at its endpoints. We conclude that if at some time the spider

(3) SPloo). = {(z’,o) €7?: 8L<i< 4L} U{(O,j) €7 8L < <4L}
U{(i,j) €Z*:i+j=0, —6L<i<6L}

is filled with “1”, then after 4L iterations the “1” fill a triangular region that contains
the sphere of radius L centered at (—L, L), to be denoted S(_, _ry 1. Therefore, if u
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is a invariant measure,

(4) /J’(ls(—L,—L),L) > N(lSP(o,o),L) > 63(12L+1)'

We have denoted 14, for A C 72, the event {x : x(i,j) = 1,(i,7) € A}. The last
inequality in (4) follows from the fact that a “1” has a probability at least ¢ to appear
at a given site because of the noise. As commented in Section 3, such a probability is
too large for the invariant measure to be Gibbsian, or block-transformed Gibbsian.

Ezample 2: North-South mazimum of minima (NSMM). — The initial deterministic
prescription is defined by

(5) a:fittl(o, 0)= max{min(a:t(o, 0), x'(1, O)) , min(xt(o, 1), 2'(1, 1))}

plus translation-invariance. The corresponding evolution is not symmetric under flip-
ping, unlike the previous example. The stochastic version is obtained by adding
one-sided noise as in (2). For small ¢ this automaton has more than one invariant
measure (see comment after Theorem 4.2). One of them is, of course, the “all-ones”
delta-measure ;.

The mechanism for non-Gibbsianness for this model is even simpler to describe
than for the NEC model. Indeed, it suffices to observe that whenever a horizontal
line is filled with “1”7, then in the next iteration these “1” survive and in addition
the parallel line immediately to the South becomes also filled with “1”. The same
phenomenon happens for finite horizontal segments, except that each creation of a
new segment filled with “1” can be accompanied by shrinkages of up to two sites (the
spins at the endpoints) of all the previously created segments. We conclude that if
the “spider” (which looks more like a snake in this case)

(6) SP0.0).1 = {(z’, 0)eZ?: —3L<i< 3L}

is filled with “1” at some instant, then 2L instants later the “1” will cover at least a
square region that includes the sphere S 1 1. Arguing as for (4), we obtain for all
invariant measures p the bound

6L+1
(7) M(]‘S(O,—L),L) > M(lﬁj(o,o),L) ze€ + )
which implies that p is neither Gibbsian nor block-transformed Gibbsian.

A comment by A. van Enter (private communication) gives a colorful description
of the mechanism acting in both preceding examples: “the spider fills his stomach
faster (< L sites at a time) than his legs shrink (< 1 sites at a time)”.

Example 3: A non-example. — The automata defined by the deterministic prescrip-
tion

(8) xf;gtl (0,0) = major{min(xt(O,Z), (1, 2))7 min(xt(Z,O), z'(2, —1))7

min(xt(O, —1), 2 (-1, 0))}
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followed by one-sided noise (2), also has multiple invariant measures; this follows
from Theorem 4.2 (see the comment following this theorem). Nevertheless, neither
the mechanism of Example 1 (travelling fronts), nor that of Example 2 (growing
strips) are present, so the theory of the present paper does not apply.

3. Non-nullness and the probability of aligned spheres

We present in this section the key property used in our paper to detect non-
Gibbsianness. To state it in its natural generality we introduce some definitions.

We consider a general space of the form Q = AZ" where A is some finite set,
equipped with the usual product o-algebra. For A C Z¢ and z € Q we denote z, the
cylinder

9) zan={reQ:x; =z,i €A}

Definition 3.1. — A measure p in € is said to have the alignment-suppression property
(ASP) if there is a positive number C such that the inequality

(10) —Inp(za) = C-|A|
holds for every configuration z € Q and for every finite set A C Z¢9.

All Gibbs measures have the ASP property, but many non-Gibbsian measures
too. We construct now a general class of measures with this property by considering
renormalized measures having suitable non-nullness features. For this we consider an
auxiliary configuration space 0y = SZ%. The single-site space S can be very general,
not necessarily finite or even compact. We assume that there is a o-algebra on §
and consider the usual product Borel o-algebra on Q4. A renormalization transfor-
mation from Qg to (2 is a probability kernel T'(-|-) from Qg to 2. In words, T (A |w)
is the probability that, given a configuration w € )y, the “renormalized” configura-
tion is in A. This represents a general stochastic transformation while deterministic
transformations are the special cases obtained via delta-like prescriptions T'( - |w). A
block-renormalization transformation is a transformation, for which probabilities fac-
torize in the following sense: to every i € Z? there corresponds a finite set B(i) C Z¢,
called block, with the following properties:

(i) If two points are far enough from each other, the corresponding blocks are dis-
joint. That is, there is a positive dg such that if the distance between k,f € Z% is
greater than dy, then B(k) N B({) = @ (dy = 1 for the renormalization transfor-
mations used in statistical mechanics, while dg > 1 for common cellular-automata
transformations).

(ii) If 4y,. ..,y are sites in Z%, and ay, ..., a; are values in A, then

k
(11) T({xil =ai,...,T;, = a} ‘ w) = HTiJ <{$ij = a;} ‘ WB(ij))-
j=1
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Our notation indicates that the functions 7}, ;({xi; = a;}|-) depend only on the values
of wg for £ € B(i;) (i.e., they are measurable w1th respect to the o-algebra generated by
the cylinders with base in B(i;)). Examples of such transformations include decima-
tion (deterministic), Kadanoff transformations (stochastic), majority rule, sign fields
and transitions of cellular automata (the last three can be deterministic or stochastic,
depending on the setting). These transformations are well known in physics, their
precise definitions can be found, for instance, in [6, Section 3.1.2].

The kernel T naturally induces a transformation at the level of measures: each
probability measure p on )y is mapped into a probability measure pT on 2 —the
renormalized measure— defined by

(12) IRCIGEE / [ @) T(dole)] ol

for all suitable f (e.g. continuous or non-negative measurable). For each measure p on
Qo and each block B(i) let us consider the conditional probabilities p(dwp(s) | wza p(i))-
For a given transformation 7" we single out the set Pr of measures on €2y that admit
conditional probabilities such that

13 in inf inf T( = ‘ 4)'(d ‘ \i)>5,
(13) un iIEnZd wz}zrigm / {zi=a} | wpw ) p(dwsi) | wzas()

for some § > 0. We denote P the union of these families Pr over all block-
renormalization transformations T'. Here is our key characterization.

Theorem 3.1. — FEvery measure in P has the alignment-suppression property.

Proof. — Let T, p be such that u = pT. By property (ii) above, there exists a
constant v > 0 (proportional to dg) such that for any A C Z? there is a family of
sites i1,...,1x € A with k > «|A|, all of which are far enough from each other and
therefore the blocks B(i1),...,B(ix) are disjoint. We therefore have that for every
z €

~ k ~
pu(za) = /P(T({xil =2z} ‘ ‘ Wzdi B 11)) I:IT {% = Zz,} |wB )P(dw)

k A~
1) <=0 [TI%, @, =2} | wsiy) pldo)
j=2

This inequality is an immediate consequence of condition (13). After k iterations of
this procedure we obtain

(15) plzn) < (1=68)F < (1 -8y .

The class P of measures is a very large class. It contains practically all block trans-
formations of Gibbs measures with finite alphabet obtained via standard statistical
mechanics prescriptions (decimation, Kadanoff, majority rule, etc), plus the measures
generated by finite-time evolutions of usual cellular automata prescriptions. There is
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by now a vast literature about such measures —see, for instance, [6, 18, 3]; for recent
reviews with many references see [4, 10, 11, 8— showing that many of them are
non-Gibbsian. In fact, the family Py, where I is the identity, includes all uniformly
non-null measures. These are measures u that have, for each finite region A C Z<,
uniformly bounded conditional probabilities p(dwa |uwzap), that is, such that there
exist 65, > 0 with

16 min inf ( TA = a ‘ ) > A
(16) Jin - inf g {za =an} | wpan) =0
Here we have denoted apy = (a;);ea. Gibbs measures are uniformly non-null —

and in addition quasilocal (the finite-volume conditional probabilities are continuous
functions of the external conditions wya._ s )— hence they also belong to P;. Property
(13) seems to be more general than usual non-nullness, in particular it does not depend
on the existence of a whole system of conditional probabilities.

The invariant measures of the automata of the present paper, on the other hand,
do not have the alingment-suppression property, hence they do not belong to the
class P. They therefore can be neither Gibbsian nor uniformly non-null nor block-
transformed Gibbsian. As further examples of measures without the ASP we mention
the invariant measures of the basic voter model [16], the invariant measure of some
non-local dynamics [23], and the sign-fields of massless Gaussians [14, 5], anharmonic
crystals [6, Section 4.4] and solid-on-solid (SOS) models [9, 17].

For measures p having a well defined relative entropy density s( - | ), the alignment-
supression property (10) implies that s(d,|ux) > 0 for every periodic configuration
z € €. The relative entropy density is known to exist for translation-invariant Gibbs
measures [12, Chapter 15]. Recent work in [25] shows that it is also well defined for
most translation-invariant measures obtained through block transformations of Gibbs
measures. Because of this, the non-Gibbsianness resulting from the lack of ASP
has often been interpreted as “too large probabilities of large deviations”. The non-
Gibbsianness (non-nullness) criterion obtained by falsifying Theorem 3.1, however,
is a more general argument that needs neither translation invariance of p nor the
existence of the entropy density.

For completeness, we mention a further result obtained in [7].

Theorem 3.2. — Suppose 1 is a measure in § such that (i) it violates the ASP property
for some periodic configuration z € Q, and (ii) it is not a product measure. Then, for
every single-site block-renormalization transformation T (i.e. a transformation defined
by blocks B(i) formed by only one site), the measure uT is not Gibbsian.

This result follows from the fact that such a violation implies that s(d.|u) = 0,
which in its turn implies that s(6,7 |pT) = 0. If uT were Gibbs, then by a well
known result [12, Theorem 15.37] the measure 6,7 would be Gibbs for an equivalent
interaction. But this is impossible because the latter is a product measure and the
former is not. Note that if T corresponds to a not-totally asymmetric noise, the
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measure p7' is uniformly non-null. Hence its non-Gibbsianness would correspond to
lack of quasilocality.

For the automata of this paper, we suspect that many of their invariant measures
are non-product.

4. General Results

We now describe a large family of automata exhibiting a general version of the
non-Gibbsianness mechanism of the first two examples in Section 2. Throughout
the article we consider the d-dimensional integer space Z¢ with d > 1 embedded into
the d-dimensional real space R? with the same axes and Euclidean norm || - ||. The
configuration space is £ = {0, 1}Zd. We first need some definitions.

For any i € Z¢ we denote 7; :  — (2 the translation of 2 defined by (7; z); = x,_;.
Any function f : Q — {0,1} will be called a transition function. Given any transition
function f, we define the corresponding operator Dy : 2 — € by the rule

(17) VieZ . (D) = f(r; 2).
We call f : Q — {0,1} standard if it has the following three properties:

1) f is local, i.e. there is a finite set A C Z¢ —the support of f— such that
f(z) = f(za). Given A, we denote ||A|| the maximum of ||i|| for i € A.

2) f is monotonic, that is (Vi : z; <y;) = f(x) < f(y).

3) f is not a constant. (Otherwise our theorem is either trivially true if f =1 or
trivially false if f =0.)

Since f is monotonic and non-constant,
(18) f(“all zeros”) =0 and f(“all ones”) = 1.

For any = € Q we denote its indicator Ind(x) = {i € Z¢ | z; = 1}. Conversely, for
any S C Z% we denote Conf(S) that configuration, whose indicator is S.

Let us call an element of R¢ a direction if its norm equals 1. For any direction p
we call a front with this direction any configuration whose indicator has the form

(19) {iez?| i,p)<C},

where C' is a real number and (-,-) denotes the scalar product in R%. Tt is evident
that for any standard f the operator D transforms any front (19) into a front with
the same direction, C' being substituted by C + V,,, where V,, does not depend on C.
We call V), the velocity of Dy in the direction p.

Let us call a configuration x € 2 invariant for Dy if Dy x = x. Given z, y € Q,
we call y a finite deviation of z if the set of those i € Z%, for which y; # x;, is finite.
We say that an invariant configuration = attracts Dy if for any its finite deviation y
there is a time ¢ such that th Yy = x.
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Let M denote the set of probability measures on € (on the o-algebra generated by
cylinder sets). For any € € [0, 1] we define one-sided noise N. : M — M as follows:
when applied to a measure 0, concentrated in a configuration x = (z;), it produces a
product measure N, 6., in which the i-th component equals 1 with a probability 1 if
xz; = 1 and with a probability ¢ if x; = 0.

Theorem4.1. — Take any standard f, such that “all ones” attracts Dy, and make any
one of the following two assumptions:

a) Vp, +V_p, 2 0 for all directions p.

b) There is a direction p such that V, +V_, > 0.

Then for any € > 0 all the invariant measures of Ne Dy satisfy
(20) - hl:u(]-So,L) = Ldil'

Here and in the sequel f < g or g = f, for f and g positive functions means that
there exists a constant C' > 0 such that ¢ > C'- f. If f < g and f > g, we write f < g.

If ¢ = 0, our theorem may be false, for example if D is the identity. Notice also
that in the case b) our assumption that “all ones” attracts Dy is redundant because
it follows from b).

Let us present some further considerations that clarify the statement of the theo-
rem. Given any non-constant affine function ¢ : R — R and two numbers C; < Cs,
we call a layer any configuration Conf{i € Z¢ | Cy < ¢(i) < Cz}. We call the thick-
ness of this layer the distance between the hyperplanes ¢ = C and ¢ = Cs, that is
(Cy — C4) /||#]|, where || - || is the norm. We call a layer thick-enough if its thickness
is not less than 2 ||A]|. We call the two normal unit vectors to hyperplanes ¢ = const
the directions of this layer. If f is standard, Dy transforms any thick-enough layer
into a layer with the same directions, the thickness of the layer changing by V,, +V_,,.
The condition a) of our theorem means that thickness of any thick-enough layer does
not decrease and the condition b) means that thickness of some layer increases under
the action of Dy.

Of the examples of Section 2, the NEC automaton satisfies condition a), while
the NSMM automaton satisfies condition b) for p = (0,1). For the non-example,
however, V,,+V_, < 0 for all directions p. In all the three cases f [given, respectively,
by (1), (5) and (8)] is standard, and both “all zeros” and “all ones” attract Dy.

The NEC example is representative of a class of models with a further duality
property. For any z; € {0,1} we denote —~z; = 1 — x;. Accordingly, if x is a configu-
ration, -z is another configuration such that (—z); = —(x;). Any transition function
f has an associated spin-flip () function denoted —f and defined by the identity
-f(x) = f(-x). Let us call f self-spin-flip if it coincides with its spin-flip. If f is

(DIn the theory of Boolean functions —f is called dual, but we have to use another term because in
the theory of random processes the word “duality” is used for another purpose.
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standard and self-spin-flip, then V,, + V_, = 0, so the thickness of all layers does not
change under the action of Dy, which provides many examples where out results can
be applied. For example, the function magjor(-), described above, is self-spin-flip.

It is evident that under the hypothesis of Theorem 4.1, the measure §; is invariant
for any superposition V. Dy . Hence, the theorem is not trivial only if the automata
have more than one invariant measure. This is ensured by the following theorem.
Given f, let us call a set S C Z? a one-set if f(Conf(S)) = 1. Since one-sets belong
to Z%, they belong to R?, where we can consider their convex hulls, the intersection
of which is denoted ;. In the analogous way we call a set S C Z¢ a zero-set if
f(Conf(Z% — S)) = 0 and denote o the intersection of their convex hulls.

Theorem 4.2. — For any operator Dy defined by (17), where f is standard, the fol-
lowing four statements are equivalent:

1) N. Dy has more than one invariant measure for some positive €.
2) The configuration “all zeros” attracts Dy.

3) o9 is empty.

4) There are a natural number m < d+ 1 and m affine functions
A1,y Om : RE— R such that:

i) for every j € [1,m] the set {p € Z¢ : ¢;(p) < 0} is a zero-set.
i) ¢1 4 -+ + ¢m = const > 0.
iii) There is a rational point p € R such that ¢;(p) > 0 for all j € [1,m)].

This theorem proves, in particular, that the three examples of Section 2 exhibit
multiple invariant measures for ¢ small. Indeed, in the three cases the configuration
“all zeros” attracts Dy.

5. Proof of Theorem 4.2

If we omit the condition iii) in 4), our Theorem 4.2 almost follows from theorems
5 and 6 and lemma 12 of [29]. However, there is some difference, so for the reader’s
convenience we completely deduce 4) from 3).

Suppose that o( is empty. Every zero-set can be represented as an intersection of
several zero-half-spaces, i.e. half-spaces, which are zero-sets, where a half-space is a
subset of R?, where some non-constant affine function does not exceed zero. Thus
there are several zero-half-spaces, whose intersection is empty. Everyone of them can
be represented as {p € R | fi(p) < 0}, where f; are affine functions on R%. We can
choose these functions so that they have no common direction of recession (that is,
no direction p such that f;(p) < f;(0) for all ¢), which allows us to apply to them
Theorem 21.3 on page 189 of [26]. Since the intersection of our zero-half-spaces is
empty, the case (a) of this theorem is excluded in the present situation, whence the
case (b) takes place, which amounts to our conditions i) and ii) in 4), the products
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A: fi mentioned in the case (b) serving as our ¢;. We may assume that our m is the
minimal for which there are functions satisfying i) and ii). Based on this, let us prove
statement iii) using the following lemma, which is a direct consequence of Theorem
21.1 on page 186 of [26]:

Lemma5.1l. — Let ¢1,..., 0 be affine functions on R*. Then one and only one of
the following alternatives holds:

(a) There exists some x € R? such that ¢1(x) > 0,..., ¢m(z) > 0;
(b) There exist non-negative real numbers A1, ..., \m, not all zero, such that the
sum A1d1(x) + - -+ + Andm () is a non-positive constant.

Let us assume that the case (b) takes place in our situation. We may assume that

Am is the greatest of A1,..., Ay, and therefore positive. From the statement ii) of 4),
not all \; are equal to \,,. Let us divide all terms by A;;,:

A m—

gy 4+ L) + Gy = const < 0

Am Am

and subtract this from the statement ii) of 4):

<1_;‘_1>¢1+...+(1_)\:\”1>¢1—const>0.

Here all coefficients are non-negative and not all are zero. Therefore the functions
(1 =X/ Am)¢; for i = 1,...,m — 1 also satisfy the conditions i) and ii) of 4) with a
smaller value of m, which contradicts our assumption. Thus case (b) is excluded, so

case (a) takes place, whence there is a point p € R? where all ¢;(p) > 0. Since all ¢;
are continuous, there is a rational point with this property also, whence condition iii)
of 4) follows, O

6. Proof of Theorem 4.1

6.1. Proof of (20) in case a) of the theorem. — Rewording Theorem 4.2 for
the case when 0 and 1 are permuted, we see that whenever f is standard and “all

ones” attracts Dy, there exist a natural number m < d 4+ 1 and m affine functions
1y, 0m : RY — R such that:

i) for every j € [1,m] the set {i € Z¢ : ¢;(i) < 0} is a one-set.
(21) i) ¢1 + -+ + ¢m = const > 0.
iii) There is a rational point p € R? such that ¢;(p) > 0 for all j € [1,m].

For instance, for the NEC example there are m = 3 such affine functions, whose
level lines are horizontal, vertical and lines of slope —1 respectively.

For every j let us denote Ej = ¢; — ¢;(0), whence ¢; = aj + ¢;(0), where aj is the
linear part. Notice that |¢;(0)| < ||¢;]| - ||A]| and that ¢1(0) + - - -+ ¢ (0) > 0. Notice
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also that if f is standard, “all ones” attracts Dy and V}, + V_, > 0 for all directions
p, then for any j € [1,m] and any thick-enough layer

Yy = Conf{i S Zd | C; < (bj(l) < CQ},
(22) d(Dyy) 2 {i € 21| €1 +;(0) < 6;() < Ca + 650 }.

Lemma6.l. — Take any standard f and assume that “all ones” attracts Dy and that
Vo +V_p = 0 for all directions p. Take x* defined by

(23) md(@*) = | {i ez’ |le;) <20a]- o}
1<G<m
Then fort =0,1,2,3,... the indicator of D' z* includes the union Ay U By, where
(24) av= U {iez|16:0) —t- 6:0) <201All- llosl |
1<j<m
and
(25) Bi= () {iez'|9;(i)~t-9;(0) <0}.
1<j<m

[For the NEC example of Section 2, this lemma corresponds to observation (iv).]
Let us prove this lemma by induction. Base of induction: Since Ag coincides with
Ind(z*) and By C Ay, our statement is true for ¢ = 0.

Induction step. — Let us suppose that Ind(D! z*) O A;UBy, take any i € A;41UB;41
and prove that i € Ind(D!™* z*). Let us consider two cases.

Case 1. — Let i belong to A¢11. Then our statement follows from (22).

Case 2. — Let i belong to Byy1, but not to A;y1. Then
6; (@) = (t+1) - 0;(0) < =2[|A] - [yl
for all j € [1,m]. Notice that
6@ +vk) < b;(0) + 951l - vkl < &0 + Nl - Al

Therefore

¢;(i+vk) —t-$;(0) < ¢;(2) + 5] - [All = (£ + 1)¢;(0) + ¢;(0)
< =2[ Al sl + sl - 1A] + ¢;(0) < 0.
Thus
i+A C By C Ind(D'z*).
Hence from (18) i € Ind(D**! 2*). Lemma 6.1 is proved.
Lemma6.2. — Under the conditions of Lemma 6.1, there is a positive constant o > 0

such that for allt = 0,1,2,... the set B; defined by (25) contains a sphere in Z% with
the radius o - t.
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Proof. — In fact we shall prove that
VieZd t=0,1,2,... : li+t-p|<a-t = i€ By,

where p is that rational point where all ¢;(p) > 0, whose existence is provided by iii).
Let us denote k; = ¢;(p) > 0 and a = min;(k; /||¢;]), that is the minimal distance
from p to the hyperplanes ¢; = 0. Let us consider three cases.

Case 1. — Let p = 0. Then ¢,(0) = x; > 0 for all j. Now let us take any point ¢ in
the sphere with the radius « - ¢ and center 0. This means that

il < o+t = min(¢;(0) /|g;]) - 2.

Then
6; (@) < il - 101 < 05 0) /Il - £ - 5]l = ¢ - 5(0)

for all j, whence i € By.

Case 2. — Let p € Z? Then along with our operator D; we consider another
operator Dy, where g(z) = f(7p, ). The function g is also standard, D, is also
attracted by “all ones” and the affine functions provided for D, by iii) of (21) can
be obtained from those for D; by the same translation, so their values at 0 are
Kl,...,km > 0, whence D, fits our case 1. So the set B; for D, contains a sphere
with the center 0 and radius o -¢. Since Dy commutates with all translations, the set
B! for D, results from the set B, for Dy by a translation at ¢ - p. Thus the set B; for
Dy results from By for D, by the opposite translation, whence it contains a sphere
with the center —t - p and the same radius.

Case 3. — Let p be any rational point. Let us denote ¢ the least common de-
nominator of all the coordinates of p and immerse our Z¢ into the set Zg, where

Zq=A{n/q | n € Z}. Let us denote Q, = {0, 1}22. Now f can be considered as a
function ¢ from Q4 to {0,1}. Now let us “stretch” Zg to turn it into Z%. Under this
transformation the function g remains standard and “all ones” still attracts Dy. In
addition to that, the affine functions for D, with the properties (21) now can be
obtained from those for D; by a homothety with coefficient ¢q. Therefore their values
at the integer point ¢ - p are K1,...,Kym > 0. So D, fits our case 2, whence the set
By for D, contains a sphere with the center —¢ - ¢ - p and radius « - ¢ - ¢, whence the
set B; for Dy contains a sphere with the center —¢ - p and radius « -t. Lemma 6.2 is
proved. O

Now let us prove (20). From monotonicity it is sufficient to prove this inequality
for p = (N: Dy)" §y for some t. Let us choose ¢; such that o ¢ > R+ d. Then,
taking =* defined by (23) as the initial configuration, after ¢; time-steps we obtain a
configuration, whose indicator contains a sphere with the radius R + d and therefore
contains a sphere with the radius R and center at some integer point p. However, what
we actually need is a finite deviation from “all zeros”, which coincides with z* only
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within a sphere with the radius R +t; - ||A|| and has zeros outside it. The cardinality
of its indicator does not exceed C(R%~! + 1) with an appropriate C. Translating this
configuration at the vector —p, we obtain another configuration, which fills with ones
a sphere with radius R and center at the origin after ¢; time-steps. The probability
that the actual configuration’s indicator contains this configuration is not less that

eC(RHD) whence (20) follows. O
6.2. Proof of (20) in case b) of the theorem. — This time we define z* as
follows:

Ind(z*) = {i € 2* | |(i,p)| < |AIl}.
Then for all t =0,1,2,...
md(Da*) 2 {iez| = A+t Vop < (i) <Al +1-Vp .

Here the right side is a layer with the thickness 2||A||4+¢(V,+V_,). Given any R > 0,
let us choose the minimal integer ¢; for which 2||Al| +¢1(V, +V_,) > R+ d. Then
indicator of D;l x* contains a sphere with an integer center and radius R. If we take an
initial condition which coincides with z* within a sphere with the center at the origin
and radius R 4+ d + t1 - ||Al|, we shall obtain the same result. This configuration has
C(R~! 4+ 1) components that equal 1, where C' is an appropriate constant. Further
we argue like in case a). O

7. Final notes

Note 1. — Using minoration arguments, is is easy to expand our theorem to some
random cellular automata, which cannot be represenred as N. Dy. Using the same
A as before and choosing transition probabilities 6(z|ya) for all z € {0,1} and
y € {0,1}2, we can define a random cellular automaton as an operator P : M — M
which transforms any d,,, where y € €, into a product-measure in which the probability
that the i-th component equals  is 6(x | yi+a). This operator majorates N, Dy if

=1 if f(ya) =1,
0(x|ya) .
>e if f(ya) =0.
As soon as this condition holds and Dy satisfies conditions of our theorem, all invariant

measures of P also satisfy (20) and therefore are non-Gibbs.

Note 2. — In some cases it is possible to obtain a stronger estimation than (20).
Let d > a > 0 and f(z) equal

~ min ~ max (i1, .y 0q)
01,580 €{0,1}  dq41,..-,8a€{0,1}

where i1, ...,iq are the coordinates of Z%. In this case

—1In M(I(S()’L)) < La,
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where (4 is any invariant measure of N.Dy. If a < d — 1, this estimation is stronger
than (20). This estimation can be proved in the same manner as in the case b), only
z* now is defined by the condition:

xf =1 if max(|igt1],-. -, |ia]) < const.

Note 3. — Given a standard f, let us assume that “all zeros” attracts D¢. Then we
hope to estimate —In p(1(So,z,)) from below as follows:

—1In M(I(S()’L)) > L.

If we succeed, this will settle the question of asymptotics of —In u(1(So,z)) in some
cases, e.g. in our examples 1 and 2.

Note 4. — Those conditions under which our theorem holds and is non-trivial can
be satisfied only for d > 1. However, a statement similar to our theorem for the
one-dimensional case was proved in [27]. Namely, it was proved that all non-trivial
invariant measures of a class of one-dimensional random cellular automata did not
belong to a class, which included all Markov measures.

Acknowledgments. — We thank Aernout van Enter for very useful comments and
criticism. We also thank the organizers and funding agencies of the IV Brazilian
School of Probability where the final discussions for this paper took place.
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INJECTIVITY OF C' MAPS R? —» R? AT INFINITY AND
PLANAR VECTOR FIELDS

by

Carlos Gutierrez & Alberto Sarmiento

Abstract. — Let X : R2 \ D, — R2 be a C! map, where ¢ > 0 and Dy = {p € R? :

|Ipll < o}
(i) If for some € > 0 and for all p € R? \ Dy, no eigenvalue of DX (p) belongs to
(—¢€,00), there exists s > o, such that X|p, D, Is injective;

(ii) If for some € > 0 and for all p € R? \ D,, no eigenvalue of DX (p) belongs to
(—€,00U{z € C : R(z) > 0}, there exists po € R? such that the point oo, of the
Riemann sphere R? U {co}, is either an attractor or a repellor of 2’ = X (x) + po.

1. Introduction

The study of planar vector fields around singularities has somehow motivated the
present work. A sample of this study is the work done by C. Chicone, F. Dumortier,
J. Sotomayor, R. Roussarie, F. Takens. See for instance [Chi, DRS, Rou, Tak].
Here we study the behavior of a vector field X : R? — R? around infinity. While a
C! vector field around a singularity is quite regular, we work under conditions that
do not imply, a priori, any regularity of the vector field around infinity. Given an
open subset U of R? and a C* map Y : U — R2?, we shall denote by Spec(Y) =
{eigenvalues of DY (p) : p € U}. Our main result is the following

Theorem1. — Let X = (f,g9) : R2~ D, — R? be a C' map, where o > 0 and
D, ={peR?:||p|| <o}. The following is satisfied:

(i) if for some e > 0, Spec(X) is disjoint of (—e,00), then there exists s > o, such
that X |g» 55, is injective;
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(ii) if for some € > 0, Spec(X) is disjoint of (—e,0)U{z € C: R(z) > 0}, then,
there exists po € R? such that the point oo, of the Riemann sphere R U {oo},is either
an attractor or a repellor of ' = X () + po.

To give an idea of the proof of this result, let us introduce the following definition.
Let X = (f,g) : RZ\ D, — R? be a C' map as in Theorem 1. Since f : R2\. D, —
R is a C' submersion, ¢ € R? — Vf#(q) = (—f,(q), f=(q)), the Hamiltonian vector
field of f, has no singularities. Let go(x,y) = xy and consider the set
B={(z,y) €[0,2] x[0,2] : 0 < x +y < 2}.

We will say that A C R? is a HRC (Half-Reeb Component) of Vf# (see figure 1)
if there is a homeomorphism h : B — A which is a topological equivalence between
Vf#|A and Vg0#|3, and such that

(1) h({(z,y) € B:x+y =2}) (called the compact edge of A) is a smooth segment
transversal to Vf# in the complement of h(1,1), and

(2) both h({(z,y) € B : ® = 0}) and h({(z,y) € B : y = 0}) are full half-
trajectories of Vf7#.

A
B
2
@ |
/—/—\‘
0 2
Y
L_/,/cginpact edge of A

FIGURE 1. A half-Reeb component.

Observe that A may not be a closed subset of R2.
Proceed to give an idea of the proof of Theorem 1. First, we shall prove that:

Proposition 1. — if X = (f,g) : R2~ D, — R? is a C* map as in Theorem 1, then
any HRC of V¥ f is a bounded subset of R?.

This is used to prove

Theorem2. — if Y = (f, g) : R2 — R? 4s a C' map such that, for some ¢ > 0,
Spec(Y) N (—¢,¢) = @, then Y is injective.
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Roughly speaking about Theorem 2, if the foliation induced by Vf# has no half-

Reeb components then, Vf# is topologically equivalent to the foliation, on the (z,y)-
plane, induced by the form dz (the foliation is made up by all the vertical straight

lines). The injectivity of X will follow from the fact that Vf# and Vg are linearly
independent everywhere.

Sections 3 and 4 are devoted to prove

Corollary 2. — if X = (f,g) : R*\ D, — R? is a C' map as in Theorem 1, then there
exists a smooth compact disc E such that Vf#, restricted to R? \ E, is topologically
equivalent to the foliation, on R? \ D, induced by dx.

Observe that the foliation, on R? \. Dy, induced by dz has exactly two tangencies
with 9Dy (at (1,0) and (0,1)) which are “quadratic” and “external”. Let us say a
little more about what is proved in Section 3 and 4: We show, in Section 3, that given
any generic smooth compact disc F' O D, the number of “external” tangencies of V f
with OF is equal to 2 plus the number of “internal” tangencies of Vf with OF. We
show, in Section 4, that the disc F' can be deformed to a smooth compact disc F so
that the referred “external” and “internal” tangencies cancel in pairs yielding exactly
2 tangencies which are “external”.

Using Theorem 2 we obtain

Proposition 2. — Let X be as in Corollary 2. If X takes OF diffeomorphically to a
circle then X|g2 g may be extended to a map which satisfies conditions of Theorem
2 and so it is injective.

The proof of item (ii) of Theorem 1 is finished in Sections 5 and 6 by showing that,
under conditions of Corollary 2, the disc E can be deformed so that, for the resulting
new disc, still denoted by F, V f#th\ B, is topologically equivalent to the foliation,
on R? \ Dy, induced by dz and moreover X takes OF diffeomorphically to a circle.
Then the result follows from Proposition 2.

The item (ii) of Theorem 1 follows from the corresponding item (i) and some
previous Gutierrez and Teixeira work [G-T].

Throughout this article, given an embedded circle C' C R?, the compact disc (resp.
open disc) bounded by C will be denoted by D(C) (resp. D(C)). Also, we will
freely use the fact that the assumptions of the theorem are open in the Whitney C'—
topology. In this way, when possible and necessary, we will assume that X is smooth
and that it satisfies some generic property which will be made precise at the proper
place.

Acknowledgements. — We wish to thank referee’s comments which have been appre-
ciated and incorporated into this work.
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2. A global injectivity result

We shall need the following lemma which is contained in the proof of [Gut, Lemma
2.5]. For 6 € R: let Ry denote the linear rotation
Ry — <0050 — sin t9>

sinf cos6

Lemmal — Let X = (f,g) : R?~ D, — R? be a C* map as in Theorem 1. Suppose
that V7 f has an HRC which is unbounded (as a subset of R?) but whose projection
on the x-azis is a compact interval. Then, there exists € > 0 such that, for all
0 € (—£,0)U(0,6) V#fy has a HRC whose projection on the x-azis is an interval of
infinite length; here (fo,g90) = Roo X o R_g.

The proof of Proposition 1 and Theorem 2 can be found in [CGL] but, as we have
already said and for sake of completeness, they are included here.

Proposition 1. — Let X = (f,g) : R2\ Dy, — R? be a C' map as in Theorem 1. Then
any HRC of V¥ f is a bounded subset of R?.

Proof. — Let A be a half Reeb component for f. Let IT : R? — R be the projection
on the first coordinate. By composing with a rotation if necessary, in the way that
is stated in Lemma 1, we may suppose that II(A) is an interval of infinite length,
say [b,00). We may also assume that X is smooth and —by Thom’s Transversality
Theorem for jets [G-G]— that

(al) the set

T ={(z,y) € R?: fy(z,y) = 0}

is made up of regular curves;

(a2) There is a discrete subset A of T such that if p € T\ A (resp. p € A), V# f
has quadratic contact (resp. cubic contact) with the vertical foliation of R2.
Then, if a > b is large enough,

(b) for any z > a, the vertical line II~!(z) intersects exactly one trajectory o, C A
of Vf#| 4 such that I(a,) N (x,00) = @; in other words, z is the maximum for the
restriction II| 4, .

It follows that

(c)ifx>aand p € a, NII~(z) then pe TNANA.
Let T,, be the set of p € A such that, for some z > a, p € a, N1 (z). Notice that,
for every z > a, a, NTI71(x) is a finite set; nevertheless, by (b), (c¢) and by using
Thom'’s Transversality Theorem for jets, we may get the following stronger statement:

(d) There is a sequence F' = {aj,az,...,a;, -} in [a,00), which may be either
empty or finite or else countable, such that if © € F' (resp. x € [a,00) \ F), then
~1(x) N T, is a two-point-set (resp. a one-point-set).
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If € [a,00) \ F, define n(x) = (x,m2(z)) = O-Y(z) N T,,. Observe that n :
[a,00) N\ F' — T, is a smooth embedding. As f]|4 is bounded,

(e) F on extends continuously to a strictly increasing bounded map defined in
[a, 00) such that, for all z € [a,00) N\ F, f.(n(z)) has constant sign.
Therefore, there exists a real constant K such that

@it

K—Li%ﬂwmm—glidﬂwwa

=§fl?“nmu»

This and (e) imply that, for some sequence z, — 0o, lim, o fz(n(xy)) = 0. This is
the required contradiction. O

Theorem2. — Let X : R2 — R? be a C' map. Suppose that, for some ¢ > 0,
Spec(X) N (—e,e) = @. Then X is injective.

Proof. — By Proposition 1, the Hamiltonian vector fields induced by the coordinate
functions of X = (f,g) have no Reeb component. Therefore X is injective. O

3. Index of a vector field along a circle

We shall say that a collar neighborhood U of an embedded circle C' C R? \. D, is
interior (resp. exterior) if U is contained in D(C) (resp. R? \ D(C)).

Proposition 2. — Let X = (f,g) : R\ D, — R? be a C' map as in Theorem 1. Let
C C R?>~ D, be a smooth circle surrounding the origin. Suppose that X (C) is an
embedded circle and that there exists an exterior collar neighborhood U C R? . D,
of C such that X (U) is also an exterior collar neighborhood of X (C). Then X is an
embedding.

Proof. — By the assumptions, X can be extended to a C! map Y : R? — R? which
takes D(C) diffeomorphically onto the D(X(C)). See [Hir]. Under these conditions
we may apply either Theorem 2 or Gutierrez and Fessler Injectivity Theorem [Gut,
Fes] to conclude that Y is an embedding and, a fortiori, that X is an embedding
too. O

The theorem below on indexes of singularities of vector fields will be used to prove
theorem 1. The proof can be found in [Har, Theorem 9.2]

Let C be a simple closed curve of R2. A C! vector field Y : R? — R? is said to be
internally (or externally) tangent to C at zo € C, if there exists an € > 0 such that
the solution arc ¢(t) of the equation

¥ =Y (x), z(0) = o,
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is interior (or exterior) to C' for 0 < |t| < €. We shall denote by jy (C) the index of Y’
along C.

Theorem3. — Let Y be a Ct wector field on a connected open set E C R%. Let C be
a positive oriented Jordan curve of class C' in E with the property that Y (x) # 0 on
C and that Y is tangent to C at only a finite number of points 1, ... ,x, of C. Letn’
(resp. n° be the number of these points x; where the solution arc ¢(t) of ' =Y (z),
#(0) = z; for small |t| is internally (resp. externally) tangent to C at x; (so that
n' +n® < n). Then 25y (C) =2+ n' —n°.

Corollary 1. — Let assume the notation and conditions of Theorem 1. In particular
let X = (f,9) : R Dy — R? be a C' map. If C C R?>~\ D, is a smooth circle
surrounding the origin, then jgp#(C) = jv(C) = 0.

Proof. — If jv;(C) # 0 there would exist a point p € C' and a real a > 0 such that
Vf(p) = (a,0). In particular a will be an eigenvalue of DX (p). This contradiction
with the assumptions of Theorem 1 proves the corollary. O

4. Avoiding internal tangencies

We say that Vf# is in general position with an embedded circle C C R? . D, if
there exists a subset F of C, at most finite such that (i) Vf# is transversal to C' \ F,
(ii) Vf# has a quadratic tangency with C at each point of F', and (iii) a trajectory
of Vf# can meet tangentially C' at most at one point.

Lemma2. — Suppose that Vf# is in general position with a smooth circle C C
R2 \. D, which surrounds the origin. Suppose also that a trajectory v of V¥ meets
C transversally somewhere and with an external tangency at a point p. Then the tra-
jectory v contains a closed subinterval [p,r]s which meets C exactly at {p,r} (doing
it transversally at r) and the following is satisfied:

(i) If [p,r] denotes the closed subinterval of C such that I' = [p,r] U [p,r]s bounds
a compact disc D(T') contained in R? \. D(C), then points of v \ [p,7]; nearby p do
not belong to D(T);

(ii) Let (p,7) and [p,7] be subintervals of C satisfying [p,r] C (p,7) C [p,7]. If D
and 7 are close enough to p and r, respectively, then we may deform C into a smooth
circle C1 in such a way that the deformation fizes C \ (p,7) and takes [p,7] C C to a
closed interval [p, 7]y C C1 which is close to [p,r]s. Furthermore, Vf# is in general
position with Cy and the number of tangencies of V¥ with Cy is smaller than that
of V7 with C.

Proof. — Certainly, v contains a closed subinterval [p, 7]y C v which meets C exactly
at {p,7}. As Vf# is in general position with C, v meet C transversally at r. Let
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[p, ] be the closed subinterval of C' such that I' = [p,r] U [p,r]s bounds a compact
disc D(T') contained in R? . D(C).

If [p, 7] does not satisfy (i) then the points of v\ [p, 7] nearby p belong to D(T).
Hence, as V f# has no singularities in R? . D(C), points of v [p, 7] ; nearby p belong
to D(I'). Therefore, there must be a closed subinterval [¢,p]; C yND(T) (see fig. 2.a)
such that:

(al) the union I'y of the closed interval [p, q] C [p,r] and [p, ¢]; bounds a compact
disc D(T'1) contained in (R? \. D(C)) N D(T);

(a2) [g,p]s meets C exactly at {p, ¢}, doing it transversally at ¢ (with an external
tangency at p); also, points of v \ [g,p]s nearby p do not belong to D(T'1).
Summarizing either [p,r]s or [g, p]; satisfies (i). Therefore we may denote by [p,7]s
the arc which satisfies (i).

We claim that (i) implies (ii). In fact, let us choose a small flow box B of V# f
whose interior contains [p, | . By the assumptions, we may suppose that p,7 € BNC.
We may see that there exists a closed interval [p,7]7 C B transversal to V f# (drawn
as a dotted line in fig. 2.b) and such that C; = (C \ [p,7]) U [p, ¥ is a smooth circle,
surrounding the origin, contained in R? \. D(C). Moreover, Vf# meets C; with a
smaller number of tangencies than it does it with C. The remaining conclusions of

(ii) can easily be checked. Therefore (i) implies (ii). O
;Y
v N ,/B ,
- NP D,
e C

FIGURE 2.a FIGURE 2.b

Remark 1. — Let suppose that V f# is in general position with a smooth circle C' C
R?\. D, which surrounds the origin. Suppose also that V f# has an internal tangency
with C' at the point ¢; then, by observing the trajectories of Vf# around ¢, we may
see that there exist closed subintervals [p, q] [g, 7] of C, with [p,q] N [q,r] = {¢}, and
a homeomorphism 7T : [p, q] — [g,7] such that,

(al) Tp = r,Tq = q and, for every = € (p,q], there is an arc of trajectory
[z,Tz]; C R? \ D(C) of Vf#, starting at x, ending at Tz and meeting C exactly
and transversally at {x, Tz},
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(a2) the family [z, Tx]; : € (p, q] depends continuously on « and tends to {q} as
T —q.

Lemma3. — Let suppose that V f# is in general position with a smooth circle C C
R2\. D, which surrounds the origin. Suppose also that ¥V f# has an internal tangency
with C at the point q. Given any pair of subintervals [p,q|, [q,7r] of C (generated
by q) as in Remark 1, the family {[z,Tx]; : * € (p,q]} tends continuously to the
compact arc of trajectory [p,Tply C R* \ D(C) which either meets C exactly and
transversally at {p,Tp} or meets C with a quadratic external tangency; this second
alternative happens if, and only if, (p,q] is the mazimal interval with properties (al)
and (a2) of Remark 1.

Proof. — If (p,q] is not the maximal interval with properties (al) and (a2) of Re-
mark 1, then [p, Tp]; C R? \ D(C) meets C exactly and transversally at {p, Tp}.
Otherwise, as R? \. D(C) is not bounded, the closure of (p, ¢] U [p,7) cannot be the
whole circle. Therefore, there are two possibilities. The first one is that the positive
(resp. negative) half-trajectory v} (resp. =, ) of Vf# starting at p (resp. at )
does not meet C' and so it must accumulate at the point oo of the Riemann sphere
R? U oco. Under these circumstances, the subinterval [p, ¢ U [g, 7] is the compact edge
of non-bounded HRC of V f# made up of 'y;r U~,~ together with the union of the arcs
[z, Tx]f, with € (p, ¢]. This contradiction with Proposition 1 shows that the second
possibility must happen: this lemma is true. O

Lemmad. — There exists a smooth circle C C R? \. D, surrounding the origin, in
general position with V f#, and such that

(i) if a trajectory v of Vf# meets C, with an external tangency, say p, then
yNC = {p};

(ii) As a consequence of (i), every tangency of the Hamiltonian vector field ¥V f#
with C is quadratic and external. In particular, there exists a correspondence between
tangencies and HRCs (which —by Proposition 1— are contained in the disc of R>
bounded by C).

Proof. — By a small C? perturbation of f, we may assume that Vf# is in general
position with C; in particular, every tangency of Vf# with C is quadratic. If (i) of
this lemma is not satisfied, we may use Lemma 2 to obtain a new circle C such that
Vf# is in general position with Cy and the number of tangencies of Vf# with C is
smaller than that of Vf# with C. Using this procedure, as many times as necessary,
we will be able to obtain a circle as required to prove (i)

As (i) is true, (ii) follows from Lemma 3. O

Corollary 2. — There exists a smooth circle C C R?\ D, surrounding the origin and
there are two points a,b € C, with f(a) < f(b), such that V f# is tangent to C exactly
at a and b; moreover, these tangencies are quadratic and external.
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Proof. — In fact, by Lemma 4, we may take a smooth circle C C R2\. D, surrounding
the origin, such that every tangency of the Hamiltonian vector field Vf# with C
is quadratic and external. Therefore, by the index formula of Theorem 3 and by
Corollary 1, there are two points a,b € C, with f(a) < f(b), satisfying this corollary.

O

5. Main Proposition

This section is devoted to the proof of the following
Proposition 3. — There exists a smooth circle C C R? \. D, surrounding the origin,

such that X (C) is also an embedded circle and, for some exterior collar neighborhood
UCR?\ D, of C, X(U) is also an exterior collar neighborhood of X (C).

The proof of this proposition will be completed at the end of this section after some
preparatory lemmas.

We say that a smooth circle C C R2\D,, is of ETT (i.e. external tangency type) for
V f# if the following is satisfied: C' surrounds the origin, there are two points a,b € C,
with f(a) < f(b), and there are points as,as,...,a, € C_ and by,ba,...,b, € Cy,
where C_ and C are the connected components of C' \ {a, b}, such that:

(al) Vf# is tangent to C exactly at a and b; also, these tangencies are quadratic
and external;

(a2) fla) = inf{f(x) : v € C} < sup{ f(x) : 3 € C} = F(b);

(a3) f takes diffeomorphically each C;, with ¢ € {—,+}, onto the open interval
(f(@), £(b)) (e, X(Cy) is the graph of a map (f(a), £(5)) — R);

(ad) X restricted to C \ {a1,az,...,a,,b1,b2,...,b,} is an embedding, and also,
X(C_) and X (C4) meet transversally to each other

(a5) (X (a1), X (az),...,X(an)) = (X(b1), X (b2),...,X (b)) and
F(a) < flar) = f(br) < flaz) = £(b2) < -+ < f(an) = f(ba) < F(b). B

(a6) there are sequences x, — a and y, — b of points x,, and y, in R? \ D(C)
such that, for all n, f(x,) < f(a) < f(b) < f(yn). This means that the local exterior
of C around a (resp. around b) is taken to the unbounded connected component of
R2 \ X(C). In particular, n > 0 is an even number.

(a7) If z € R\ D(C) is close enough to y € Cy (resp. y € C_) and f(x) = f(y),
then g(y) < g(z) (resp. g(y) > g(x)).

(a8) If a1,a, € C_ and b1,b,, € Cy are close enough to a1, a, and by, b,, respec-
tively, and [a1,an] C (@1,@n), [b1,bn] C (b1,bs) then, X([@1,a1) U (an,@n]) is below
X ([b1,b1) U (b, by]) (ie. if a’ € [@1,a1) U (an, @y and b’ € [b1,b1) U (by, by] are such
that f(a') = f(V') then g(a’) < g(b")).

Lemma5. — There is a smooth circle C C R2~. D, of ETT for V.
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c,
ar .
a b X(Cy)
b bn X(C.)
o f(a) 7(0)

FIGURE 3

Proof — 1In fact, by Corollary 2, we may take a smooth circle C C R? \ D,,, sur-
rounding the origin, such that there are two points a,b € C, with f(a) < f(b), and
so that (al) above is satisfied. This implies that (a2) and (a3) of definition above
are also satisfied. Furthermore, by a small perturbation of X, we may assume that
(ad) and (ab) of definition above are satisfied too. Item (a6) follows directly from the
preceding properties. As X (C) is tangent to the vertical foliation at the points X (a)
and X (b), and by using (a6), The connected components C_ and Cy can be named
to satisfy (a7). Item (a7) implies (a8). O

In the following of this section, C' will be a smooth circle of ETT for Vf# and we
shall use all corresponding introduced notation.

Given «, 8 € C_ (resp. «, 8 € C4), [a, O], (o, B), [, B) will denote subintervals of
C_ (resp. of C;) with endpoints «, 5. Let L denote the straight line which passes
through the points X (a1) e X(a,). Let £ be the foliation of R? made up by all the
straight lines parallel to the line L. By a small perturbation of X (C) with support in
X([a1,an] U [b1,by]), we may assume that

(b) every point of tangency of X([a1,a,]) with £ is quadratic, X ([a1,a,]) and
X ([b1, by]) are transversal to L.

Also, by taking @;,@, € C_ and by,b, € Cy close to a1, a, and by, b,, respectively,
and [a1,a,] C (@1,@n), [b1,bn] C (b1,by), we may suppose as well that

(¢) X([@1,a1) U (an,ay,]) and X ([b1,b1) U (bp, by]) are disjoint of L.

Let 8 € R be such that Ry(L) is made up of vertical lines, where Ry is the rigid
rotation of angle 8. Recall that (fg,gs) = Xg = Rgo X o Re_l. By means of a small
C?—perturbation of f, we may assume that

(d) Vfe? is in general position with Ry(C).

Then we have that
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Lemma6. — Remark 1 and Lemma 3 are also valid when referred to the vector field
Y = (R_e)*vfa# = R_g 9] Vfg# o Rg.
Also X takes any trajectory of Y into a subinterval of a leaf of L.

Proof. — If ~ is a trajectory of Y then Rp(7) is a trajectory of Vf.g#. Therefore,
Xp o Rg(7y) is a subinterval of a vertical line and so R_g 0 Xy o Rp(7y) is a subinterval
of a leaf of L. However,
R_goXgoRy=X.

This implies that X takes any trajectory of Y into a subinterval of a leaf of £. On the
other hand, as (fg,g99) = X9 = Rgo X o R;l satisfies the assumptions of Theorem 1,
Remark 1 and Lemma 3 are valid for the vector field V7. By definition of Y, we
obtain the remaining conclusion of this lemma. O

We claim that

Lemma?7. — If X([@1,a1) U (an,@n]) is below L and X ([by,b1) U (bn,bs]) is above
L, then there is a smooth circle C; C R? \ D(C), surrounding the origin, obtained
from C by a deformation which fizes C ~ ((@1,@n) U (b1,by,)) and takes [a1,@,] C C

and [by,b,] C C) to the closed sub-intervals [ay,an)c, C C1 and [by,by]c, C Ci,

respectively, which satisfy X ([a1,an]c,) is below L and X ([b1,bn]c,) is above L. In
particular, Cy is as requested to prove Proposition 3.

Proof. — Suppose that Y has an internal tangency with C at the point ¢ € (a1, ay,).
By (d) and Lemma 6 we may proceed as in Remark 1 (applied to Y and considering
the notation introduced there) to obtain sub-intervals [p,q], [¢,7] of C (generated
by ¢q), determined by the condition that (p,q] is the maximal subinterval of [a1, ay]
satisfying properties (al) and (a2) of Remark 1. By Lemma 3, every element of the
family {[z,Tz]y : = € (p, ¢|} is an arc of trajectory of Y. Notice that the maximality
criterium for (p.g] right above is different from that of Lemma 3.

To perform a sequence of adequate deformations, we meet three possible cases:

The first one is that {p,r} N{a1,a,} # . Consider only the case in which p = a1
and r # a,. We may deform C' into a new circle C in such a way that: the deformation
fixes C' \ (@1,a,) and takes [a1,a,] C C to a closed sub-interval [a;,a,]c, C Ci such
that

(e) the cardinality of L N [G1,an]c, is less than that of (the finite set) L N [ay, @y];
and, concerning tangencies with £, that are above L, [a1,Gp]c, has less ones than
[@1, @y
In this deformation the arc [p, T'p] C C has been taken to an interval whose image by X
is below L. This deformation takes place inside a small neighborhood of {[z, Tz]y :
x € [p,q]}) and so C; surrounds the origin. Also as both [a;,a@,] C C and L are
transversal to the vertical foliation, [a1,@,]c, C C1 can be obtained to be transversal
to the vertical foliation. We do not care if C7 has more self-intersections than C.
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The second case happens when {p,r} C (a1,a,) and the arc of trajectory [p,r]y
of Y meets C' according to the conditions (i) of Lemma 3. The arguments of such
lemma imply that we may deform of C' into a new circle C according to the following
conditions. The deformation fixes C' \ (G1,a,) and takes [a1,a,] C C to a closed
sub-interval [a1,@p]c, C Cy such that

(f) LN[a@1,an]c, has the same number of elements than LN[ay,a@,]; and, concerning
tangencies with £, that are above L, X ([a1,ay]c,]) has one less than X ([a1,a,]).

As above, this deformation takes place inside a small neighborhood of U{[z, Tz]y :
x € [p,q]}) and so Cy surrounds the origin. Also as X ([a1,a,]) and £ are transversal
to the vertical foliation, [a1,a,]c, C Ci can be obtained so that X ([a1,an]c,) is
transversal to the vertical foliation. Again, as in case above, we do not care if C; has
more self- intersections than C.

The third case occurs when {p,r} C (a1, a,) and the arc of trajectory [p,r]y of Y
does not meet C according to the condition (i) of Lemma 3. We shall show now that
this case is not possible. In fact, otherwise, this supposition and (d) imply that the
open subinterval of trajectory (p,r) meets tangentially C' exactly once, say at s.

Let [p, s] and [s, 7] be the subintervals of C such that [p, s]y U[p, s] and [s, ]y U[s, 7]
bound discs D([p.s]y U [p, s]) and D([s,r]y U [s,7]) contained in R? \ D(C). Then,
either [s, 7]y is contained in D([p.s]y U[p, s]) or [p, s]y is contained in D([s, r]y U[s, 7]).
If [s,7]y is contained in D([p.s]y U [p,s]), then the circle (C' \ [p,s]) U [p,s]y can
be approximated by a circle C; such that X (Cj) has exactly two tangencies with
the vertical foliation: {X(a), X(s)}. It follows from (a7) that X meets C; with an
internal tangency at s. As X meets C; with an external tangency at a, we conclude,
by Theorem 3 that jx(Ci) = 1. This contradiction with Corollary 1 shows that
[s,7]y is not contained in D([p.s]y U [p,s]). Similarly, [p,s]y is not contained in
D([s,r]y U[s,r]). This contradiction implies that the third case is not possible.

As cases 1 and 2 above are the only possible ones, and thanks to (e)-(f), we only
need to perform finitely many times the process (just described above) of obtaining
new circles, of ETT for Vf#, in order to finally obtain a smooth circle, say Cs, such
that X ([@1,@n]c,) is below L. Similarly, by a deformation that fixes Co \ [b1, b,] we
shall finally obtain one circle as requested in this lemma. O

Proof of Proposition 3. — By (a8), X ([a1, a1)U(an,@x]) is below X ([b1,b1)U(bn, by))-
It is easy to see that we may deform C, locally around {a1, b1, a,, b, } so that the new
circle of ETT for Vf# satisfies the conditions of Lemma 7 and so it can be deformed
into one as requested to prove this proposition. O

As a direct consequence of this proposition and Proposition 2 we obtain:

Corollary 3. — Under the assumptions of Theorem 1, there exists an embedded circle
C C R?2\ D, such that X restricted to R?> . D(C) can be extended to an orientation
preserving embedding from R? into R2.
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6. Proof of Theorem 1
Item (i) of Theorem 1 follows directly from Corollary 3.

We shall need the following result of Gutierrez and Teixeira [G-T|

Theorem4. — Leto >0 and Y : R? — R2 be a C" vector field satisfying the following
conditions:

(i) Y has a singularity, say S;
(ii) for all p € R? \. D,, no eigenvalue of DY (p) belongs to {z € C : R(z) = 0};
(iii) for all p € R?, Det(DY (p)) > 0.

If7Z(Y) = / Trace(DY') is less than 0 (resp. greater of equal than 0), then the point
R2

oo of the Riemann sphere R? U {co} is a repellor (resp. an attractor) of Y.

Proceed to prove item (ii) of Theorem 1. Under the terms of Corollary 3, X can be
extended to an orientation preserving embedding X : R?2 — R2. Choose po € R? such
that X + po has a singularity. By applying Theorem 4, we shall obtain that the point
oo of the Riemann sphere R?U{oo} is either a repellor or an attractor of X +po. This
proves item (ii) of Theorem 1 because, around infinity, X + po and X + po coincide.

We should comment that there are vector fields of R?, as in Theorem 4, having
either attracting or repelling behavior at oo [G-T]. For sake of completeness we
present in next section the example of Gutierrez and Teixeira of a vector field, as in
Theorem 4, having attracting behavior at co.

7. An example

The purpose of this section is to exhibit a vector field X satisfying the conditions
of Theorem 4 and such that the unstable manifold W*(0), of 0, is R2. In particular

“ 9

o0” is an attractor of X. The required vector field is given by:

X(@,y)=g(r)(e "z —y,x +e "y)

1—e™"
where r = /22 + 42 and ¢(r) = ———.

The following expressions can be obtained by a symbolic computer system like

Mathematica:

(a) Det(DX) = e-1

T@QT
e’ + (r—1)(1 4 2e? — %)
T€4T(1 + 6—27“)3/2

(¢) I(X) = /]1&2 Trace(DX) = 0.

(b) Trace(DX) =
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It is clear that Det(DX) > 0 everywhere and that Trace(DX) < 0 in the region
{r > K} for some large K.
It follows, from (a)—(c) and Theorem 4, that “c0” is an attractor of X. To obtain

a stronger conclusion, we may observe that the inner product

(z,y), X (2,y)) = g(r)rie™"

is greater than 0, for all o > 0; therefore, the vector field X points outside all discs
whose boundary has the form {r = constant}. This implies that W*(0) = R?.
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Abstract. — The averaging setup arises in the study of perturbations of parametric
families of dynamical systems when parameters start changing slowly in time. Usu-
ally, averaging methods are applied to systems of differential equations which combine
slow and fast motions. This paper deals with difference equations case which leads to
wider class of models and examples. The averaging principle is justified here under a
general condition which is verified when unperturbed transformations either preserve
smooth measures or they are hyperbolic. The convergence speed in the averaging
principle is estimated for some cases, as well.

1. Introduction

In the study of evolution of many real systems we can usually observe only few
parameters while other less significant ones are regarded as constant in time. A more
precise investigation may reveal that these parameters change, as well, but much
slower than the others. These leads to complicated double scale equations describing
slow and fast motions which are difficult to solve directly. Such problems were en-
countered with already long ago in celestial mechanics in the study of perturbations
of planetary motion. People noticed that good approximations of the slow motion on
long time intervals can be obtained by averaging coefficients of its equation in fast
variables. This averaging principle was applied in celestial mechanics long before it
was rigourously justified in some cases in the middle of the 20th century (see [18] and
historical remarks there).

Traditionally, averaging methods were employed in the study of two scale ordinary
differential equations describing a continuous time motion. On the other hand, it
is well known that the study of discrete time dynamical systems, i.e. of iterates of

2000 Mathematics Subject Classification. — Primary: 34C05; Secondary: 39A11, 60J05, 37D20.
Key words and phrases. — Averaging, difference equations, dynamical systems.

© Astérisque 287, SMF 2003



104 Y. KIFER

transformations (not necessarily invertible), enables us to deal with a wider class of
models and examples and to reveal new effects. Suppose that an idealized physical
system can be described by a transformation Fy of a (d + m)-dimensional space and
there exist functions x1,...,2z4 which do not change along orbits of Fy (integrals
of motion). Then, generically, Fy can be written as a transformation of a locally
trivial fiber bundle M = {(z,y) : = € R% y € M,} with base R? and fibers M,
being m-dimensional manifolds acting by the formula Fy(z,y) = (z, fry) where f, =
f(z,-) : My — M, is a transformation of M,. It is natural to view a real physical
system as a perturbation of the above idealized one, and so it should be described by
a transformation

(1.1) Fo(z,y) = (x +e®(x,y,¢), f(z,y,¢))

where ®(-,-,¢) : M — R? and f(z,-,€) : M, — M,. Since locally M has a product
structure U x M, where U is an open subset of R? and M is an m-dimensional
manifold, and iterates F(z,y) of any point (z,y) in U x M stay there for all n < /¢
with small but fixed § = d(z) > 0 we conclude that it suffices to study the evolution
on time intervals of order 1/e only on product spaces and then glue pieces of orbits
together.

In this paper we consider difference equations of the form

X°(n+1)—X%(n) =e®(X*(n),Y*(n),e), X°(0)=

(12) Ye(n+1) = F(X(n),Y(n).e),  Y¥(0)

x?
Y
where X¢(n) = XZ (n) € R, Y¢(n) = Y, (n) runs on a compact m-dimensional
Riemannian manifold M, ® = ®(z,y,e) is a Lipschitz in z,y,e vector function,
fz(e) = f(z,+,¢) is a family of smooth maps (usually, endomorphisms or diffeo-
morphisms) of M close to f,. Thus (X; ,(n),Y;,(n)) = F'(z,y). The equations
(1.2) usually cannot be solved explicitly and it is desirable to approximate its solu-
tions for small . Returning back to the unperturbed € = 0 case eliminates the slow
motion X¢ completely and gives a rather pure approximation valid only for bounded
time intervals. The averaging principle is supposed to give a prescription how to ap-
proximate the slow motion X on time intervals of order 1/e. Recurrent relations (1.2)
can be regarded as a more general than usual setup for perturbations of dynamical
systems where not only the transformation itself is perturbed but also we begin to
take into account evolution of some parameters whose change was disregarded before.

We note that the standard continuous time averaging setup (see [13]) can be always
reduced by discretizing time to a model described by difference equations of type
(1.2). On the other hand, an attempt to go the other way around faces substantial
difficulties since the standard suspension construction should be implemented now for
different transformations f, and it is not clear how to glue everything together in an
appropriate way. Observe, that (1.2) can be generalized adding some randomness in
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the right hand sides there so that f.(-,¢) become random endomorphisms, but we
will not discuss this setup here.

Assume, first, that the fast motion Y¢(n) is independent of the slow variables, i.e.
f(z,y,e) = fy, and so Y7 (n) = f"y. For an ergodic f-invariant probability measure

u the limit
. 1 N—-1
(1.3) Tule) = Jim, 3 ¥ ") = [ intw)

exists for p-almost all y. For such y’s uniformly in n the solution X oy Of (1.2) is close
€

2,0 baken at integer

on any time interval of order 1/¢ to the solution X = 72 =X
times, of the differential equation
dX°(t) e

(1.4) = eB(X (1)), X(0)==x

where ® = ®,, (see similar continuous time results in [18]). Already in this case the
averaging principle works only for u-almost all initial points y and for different y’s
averaged solutions may be different. In the particular case when f is uniquely ergodic
the convergence in (1.3) is uniform in y and for all y, whence the averaged equation
(1.4) and its solution are unique and the latter approximates X¢(n), n € [0, N/e]
uniformly.

The general case (1.2) when the fast and the slow motions are fully coupled is much
more complicated. The averaging principle suggests here to approximate X: by X
satisfying (1.4) but with ® given by

x

(1.5) Bla) =By (o) = lim - 3" (e, £5y)
k=0

provided the last limit exists for “most” x and y. If p, is an ergodic invariant measure
of f, then the limit (1.5) exists for p,-almost all y’s and

(1.6) B(2) = By, (1) = / Bz, y)dpia ).

Observe that Lipschitz continuity of ® cannot be guaranteed now without further
assumptions even for smooth ®, and so we do not have automatically existence and,
especially, uniqueness of solutions in (1.4) in these general circumstances. On the
€ €

other hand, consider the recurrent relation for X (n) = X _(n),

€ —€ — —¢ €
(1.7) X n+1)=X (n)+e@(X (n)), X (0)==z

=€ — —
which determines X (n) without any conditions on ® and it is easy to see that if ®
is Lipschitz continuous and bounded then

— ¢ =€
(1.8) pnax [Xo(n) = X, (n)| < Cre
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for some C'r > 0 independent of e. Thus we may discuss the approximation of X¢(n)
by Ye(n) under more general conditions when we even do not have uniquely defined
solutions of (1.4).

In general, there exists no natural family of invariant measures p,, © € R?, since
the transformations f, may have rather different properties for different x’s and the
averaging principle can be justified here only under substantial restrictions. First,
the averaging prescription relies here on existence of a family of probability measures
e such that the limit (1.5) exists pg-almost everywhere (a.e.) and it is given by
(1.6) (at least, Lebesgue a.e. in x). Of course, in addition, we need sufficiently good
dependence of ® and f in (1.2) on € but still, this does not seem to be enough, in
general. The problem here is that the average in (1.5) is taken along orbits of the
unperturbed fast motion but in the perturbed evolution (1.2) we cannot disregard now
changes in the slow variable parameter of the fast motion, and so we have to study
the interplay between unperturbed and perturbed dynamics. Namely, the method of
this paper relies on measure estimates of sets of pairs (x,y) which arrive under the
action of F¥ to sets of points with a specified behavior of averages for the unperturbed
evolution. Then we will show that the slow motion is close to the averaged one in
certain L'-sense. Required estimates can be done assuming, for instance, that each
fz is a smooth endomorphism or a diffeomorphism of M preserving a smooth measure
i, on M which is ergodic for Lebesgue almost all (a.a.) z. This result is a discrete
time version of Anosov’s theorem [1] which is one of few general results about fully
coupled averaging. Actually, we prove our result under a general condition which is
satisfied in essentially all known cases where the averaging principle holds true and it
does not rely on existence of smooth invariant measures as in Anosov’s approach.

Recently, quite a few papers dealt with a class of diffeomorphisms called stably
ergodic (see, for instance, [5]) which are volume preserving ergodic diffeomorphisms
having a C%-neighborhood of volume preserving ergodic diffeomorphisms. If each f,
from our parametric family belongs to such a neighborhood then our results yield
an L'-convergence in the averaging principle. Moreover, we need ergodicity only
for almost all x’s which suggests to study parametric families of volume preserving
diffeomorphisms which are ergodic for almost all parameter values. When convergence
in the averaging principle in a fully coupled setup (1.2) holds true for any reasonable
® we can naturally regard this as a manifestation of compatibility of f,’s or their
stability within our parametric family.

Observe that our result works in the case when all f.s are C? expanding transfor-
mations of M which always possess fast mixing smooth invariant measures p,. On
the other hand, close relatives of expanding transformations Anosov and Axiom A
diffeomorphism do not possess, generically, smooth invariant measures. Still, relying
on specific properties of Axiom A system in a neighborhood of an attractor we will be
able to carry out necessary estimates for p, being either Lebesgue or corresponding
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Sinai-Ruelle-Bowen (SRB) measures, and so the averaging principle will be justified
in this case, as well. Moreover, using moderate deviations estimates from [12] for this
case we will give an estimate of deviation of the slow motion from the averaged one.
More delicate limit theorems (large deviations, central limit theorem etc.) for these
deviations will be studied in another paper. Some relevant results in this direction
were obtained recently in [3].

Our conditions need ergodicity of measures p, only for a.a. and not all 2’s which
is important in the presence of resonances. For instance, let f, be a parametric
family of toral translations. All of them preserve the Lebesgue measure but only
translations with rationally independent mod 1 frequencies are ergodic. Assuming
that these frequencies depend only on the slow variable x we see that, generically,
they will be rationally independent mod 1 for Lebesgue almost all and not all z's.
For such translations and also for some skew translations of the torus (which are both
uniquely ergodic) we will be able to estimate the speed of convergence in the averaging
principle deriving a discrete time version of Neistadt’s theorem (see a comprehensive
exposition of Anosov’s and Neistadt’s theorems in [13]).

The author is grateful to the anonimous referee for several useful suggestions im-
proving the exposition.

2. Preliminaries and main results
Assume that the right hand sides in (1.2) satisfy

|@((E,y,€) - Q)(z,v)| + dM(f(fE,y,€),f(Z,’U)) < L(E + |£L' - Z| + dM(yav))

2.1
(21) and [0(z,9,)| < L

for some L > 0 independent of ¢ > 0, z,z € R% and y,v € M, where ®(z,v) =
®(2,v,0), f(z,v) = f.v = f(z,v,0), fo = f(x,) : M — M for each z € R? is a
Lipschitz map and dj; is the Riemannian metric on M. In Corollaries 2.2 and 2.3
below we will assume also that

(2.2) oG o)ller +1FCe)ller <L and [[Dey f( - 8) = Day f(5 )|l < Le

where || - || ¢ is the C* norm of the corresponding map and D, , f is the differential
at (z,y) of the map f : R x M — M. Our setup includes also a family of probability
measure /i, © € R? on M depending measurably on x. For each n € N and 6 > 0 set

n—1
_ L )T
Bn,0) = {(&,9): | kzzofb(x,fxy) T(a)| > 6}
where ®(z) = [}, ®(x,y)dus(y). Assume that for all z,z € R?,

(2.3) () - /M B y)dp- (y)| < 12l — =]
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and there exist o, 9 > 0 such that for any 7,6 > 0,k € N, and a compact K C R? we
can find dr x(k,d) — 0 as k — oo and n(e) — oo as € — 0 such that for any € < ¢

and k < n(e),
(2.4) p((K x M)NF-"E(k,0)) < drx(k,6) ifn<T/e—
where du(z,y) = dp.(y)dé(x) and £ is the Lebesgue measure on R9.

Theorem 2.1. — Suppose that (2.1), (2.3) and (2.4) hold true. Then for any T > 0
and a compact set K C RY,

(2.5) lim / /M sup X2, (n) — X, (n)|dps(y)de(z) =

e—0 O<n<T/6
where X, (t) is the solution of (1.4).

The conditions (2.1) and (2.2) are clear and rather standard, the condition (2.3)
is less straightforward, in general, while the assumption (2.4) is far from being trans-
parent. We will provide in Corollaries 2.2 and 2.3 two important classes of trans-
formations f, such that (2.3) and (2.4) hold true for any perturbation satisfying
(2.1) and (2.2). It is instructive to verify these conditions in the simpler well known
setup when the fast motion does not depend on ¢ and on the slow one, i.e. when
F.(z,y) = (x +eP(x,y,¢), fy) where f is a map of M. Suppose that all measures
1tz coincide with the same ergodic f-invariant probability measure pg on M so that
= £ x po. Then (2.3) follows automatically and

(K x M) FE(0) = [ (B )it(z)
K
where
E, = E,(n,k,0) ={ye M: (X;,(n),["y) € E(k,0)}.

Set E.(k,0) ={y: (z,y) € E(k,d)}. By (2.1) we have that E,(k,d) C E.(k,d§/2)
provided |u — z| < §/4L. Hence,

Eo»=FEg:(n,k,0) ={y € M : |X7 (n)—z| <6/4L and f"y € Ex: (n)(k,6)}

C f~ ”Ez(k,6/2).

Let K, denotes the closed r-neighborhood of K. By (2.1), X; ,(n) € Kpr if z € K
and n < T/e. Thus, if z1,..., 2 is a minimal 6/4L-net in Kpr then Xg (n) belongs
to a §/4L-ball around some z; provided n < T'/e. Then, for any = € K

Ex(na kv 6) - Ui:le,Zi (na kv 6) C Ué:lfinEZi (kv 5/2)

Since pg is f-invariant and ergodic we obtain from here that
1
to(Ex(n, k,0)) Z E, (k,6/2)) -0 ask — o0

and (2.4) follows.
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We note that though the assumption (2.4) does not seem to be weakest possible
it is rather clear that without some compatibility between measures j,, x € R? the
averaging principle is not going to work, in general. Consider, for instance, the fol-
lowing simplest example where d = 1, M is a circle T! of length 1, all f, coincide
with the identity transformation of T, ®(z,y,¢) = ®(y) is a C! function depending
only on y. We define p, to be the unit mass at  (mod 1) regarded as a point of
T! which is identified with the unit interval whose end points are glued together. Of
course, each p, is an ergodic invariant measure of the identity transformation and
(2.3) holds true as well. Extending ® as a l-periodic function to the whole R we
can write (I> = [ ®(y)dua(y) = ®(z) for any x € R. Then dX (t)/dt = e®(X (t))
and Z(t) = (t/e) satlsﬁes dZ( )/dt = ®(Z(t)). Clearly, X; ,(n) =2z +en®(y), and

/ /T sup | X5, (n) — X, (n)|dpa(y)dé(x)

1 O<n<T/s

:/O sup [tB(x) + 7 — Za(8)|dl(z) + O(c).

0<t<T

The last integral is positive, in general, (take, for instance, ®(z) = cos? 2mx obtaining
Z.(t) = (2m)"arctan(27t + tan27z)) and it does not depend on ¢, so we do not
have (2.5) in this case. More substantial examples of nonconvergence in (2.5) can be
constructed, as well, but the whole question is not yet completely understood.

Next, we will provide more specific conditions which ensure that (2.4) is satisfied.
We assume now that (2.1) and (2.2) hold true and that for each 2 € R? we are
given an f,-invariant probability measure p, where f, is supposed to be now a C2-
endomorphism of M, i.e. its differential D, f, is nondegenerate at any point y € M.

Corollary 2.2. — Suppose that each measure p, has a Radon-Nikodim derivative
q(z,y) = q:(y) = dus(y)/dp(y) with respect to the normalized Riemannian volume p
on M such that

(2.6) laller +111/4ll < L

where ||+ ||c1 and || || are corresponding C* and supremum norms. Then there exists
C = Cp x such that for alln < T/e and k € N,

(2.7) W((I % M)A FZ"E(k,6)) < Cu((Kpr x M) 0 E(h,6))

were, again, du(z,y) = du,(y)dl. Assume, in addition, that for £-a.a. x the limit
(1.5) exists pg-a.e. and it is given by (1.6). Then pu((Kpr x M) N E(k,d)) — 0 as
k — oo and (2.4) follows. Since (2.1) and (2.6) imply (2.3) then (2.5) holds true, as
well. Clearly, the measures u, can be replaced there by the Riemannian volume p.

We claim that (2.4) is also satisfied in the setup of hyperbolic diffeomorphisms.
Namely, we assume now that f,, z € R? are diffeomorphisms and for each z there
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exists a compact f-invariant set A, C M which is a basic hyperbolic attractor for f,
(see [11]). Moreover, we assume that there exists an open set W C M such that for
all z € RY,

(2.8) A, CW, fWCW, and Nyso f2W = A,.

Denote by i, the Sinai-Ruelle-Bowen (SRB) invariant measure of f, on A,. Recall,
that p1, can be obtained as a weak limit of f,' pyw as n — oo where pyy is the normalized
restriction of the Riemannian volume p on M to W (see [11]). There are several other
important characterizations of the SRB measure p,, in particular, it is the unique
equilibrium state of f, for the function

(2.9) @z (y) = —log J;/(y)

where J¥(y) is the absolute value of the Jacobian with respect to the Riemannian
inner products of the linear map Dy f, : I'y |, — T3 . where Ta, M =T @ T'7 is the
hyperbolic splitting. The measure p, sits on A, and, in general, even when A, = M
(Anosov diffeomorphism case) is singular with respect to the Riemannian volume p

so that Corollary 2.2 is not applicable here.

Corollary 2.3. — Suppose that (2.1) and (2.2) hold true and for each v € R a C?
diffeomorphism f, of M is given which C? depends on x and possesses a basic hy-
perbolic attractor A, satisfying (2.8). Then (2.8)—(2.5) hold true if each p, is taken
to be the corresponding SRB measure. This remains true if instead of SRB measures
we take in Theorem 2.1 uy coinciding for each x with the Riemannian volume pw
restricted to the set W satisfying (2.8). Moreover, for each v > 0 and a compact set
K there exists Cxr > 0 such that

@10) [ [ s (X2, 0) - Fo)ldow ()dt(e) < Ccr (log1/e) E
K JM o<n<T /e

Note that the convergence (2.5) can be derived from the results announced in [3]
but we consider it useful to have an independent direct proof based on Theorem 2.1.
The bound (2.10) will be derived from estimates of the next section and the moderate
deviations asymptotics obtained in [12]. The estimate (2.10) holds true also when
fz, © € R are C? expanding endomorphisms of M but (2.5) follows for them already
from Corollary 2.2 since they preserve smooth ergodic invariant measures (see, for
instance, [14]). Moreover, it is possible to extend Corollary 2.3 to the continuous time
case of flows with hyperbolic attractors. If f, do not depend on x then methods from
[12] yield easily much better estimate of order /¢ for the left hand side of (2.10) (cf.
[8]). In the general case Y7 (n) and f;'y diverge exponentially fast and the arguments
of the next section yield only a logarithmic estimate of speed of convergence in (2.10).
Still, a more precise study of normalized deviations e~'/2(X¢  ([t/e]) — X ([t/e])
which should lead also to the central limit theorem here is likely to provide the order
/€ estimate for the left hand side of (2.10) in the general case, as well.
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Next, we consider two types of specific uniquely ergodic diffeomorphisms f, of an
m-dimensional torus T™ falling into the framework of Corollary 2.2 for which we will
be able to obtain good estimates of speed of convergence in (2.5). First type of these
diffeomorphisms consists of translations of T defined by

(2.11) fo(yt, ooy ym) = ({y1 +wi(@)} . {ym +wm(x)})

where w(z) = (w1(x),...,wm(z)) is a vector function of frequencies and {a} denotes
the fractional part of a. All these f, preserve the Lebesgue measure p on T™ and it
is well known (see, for instance, [7]) that f, is ergodic (and even uniquely ergodic)
if and only if the vector w(z) has rationally independent mod 1 components. The
second class of diffeomorphisms consists of skew translations of T™ having the form

= ({1 +a@)}, {2 +pavits - {Um + Py + - + Pym—1Ym—11})

where p;; are positive integers and « is a function on RY. Again, each f, preserves
the Lebesgue measure p and it is ergodic (and uniquely ergodic) if and only if a(x) is

irrational.
Since M is now the torus T we can regard ®(z,y), y = (y1,.-.,Ym) as a vector
function on R? x R™ 1-periodic in each ¥;, J = 1,...,m. Furthermore, we assume

that ®(z,y) can be extended as an analytic function ®(z,y + iz) to a strip
{y+iz: yeR™, |z <k, i=1,2,....m}CcC™, k>0

with |®| < L. The latter condition can be relaxed to finite differentiability similar to
[13] and it will be used only to get appropriate estimates on remainders of Fourier
series. Following, [13] we say that a map ¢ : R? — R! satisfies Kolmogorov’s non-
degeneracy condition if its Jacobi matrix (9¢;/0xy) has rank [ at any point & which
means that d > [ and the maximal absolute value A¢(z) of determinants of { x [
submatrices of (9¢;/0xy) is positive.

Theorem 2.4. — Suppose that ® and f satisfy (2.1) and (2.2) and, in addition, ®
satisfies the above analyticity condition and f,, x € R? are either all translations of
T™ defined by (2.11) or all skew translations defined by (2.12) with w(x) : RY — R™
and a(r) : RY — R satisfying Kolmogorov’s nondegeneracy condition. Then there
exists cog > 0 such that for every ¢ < cg, each compact set K C R? and any T > 0
there exists Cr k.. > 0 such that

@) [ [ s X200 - Fom)ldel)de) < O
K JM 0<n<T /e

Moreover, if f., x € R? are given by (2.11) then we can take co = 1/5 and if they are

given by (2.12) then co = 1/(3m + 7) will do.

Actually, employing the approach from [15] it is possible to prove (2.13) for f,
given by (2.11) with ¢ = 1/2.
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3. General estimates and convergence

We begin with a general basic estimate which will be used in the proof of both
Theorems 2.1 and 2.4. Set Ry (x,y) = du Yy, (), fy).

Proposition 3.1. — Suppose that (2.1) and (2.3) hold true. There exists C > 0 such
that if 1 < n(e) < T/e and N(g) is the integral part of T'(en(e))~! then for all x € RY,
yeM,e€(0,1) and § > 0,

(3.1) sup | Xg ,(n) — X (n)] < CeT x (T§ +en(e)(T+1)
o<n<T /e

+ e N (1T Ru(XE, (), YE, (in(e)))
(e )Ipn(e) 0) (X5, (n(€)), Vi, (1n(£))) )
where Ir(v) =1 if v € T and = 0, otherwise.
Proof. — By (1.4)-(1.6) and (2.1),

sup  [X,(s) — X, (k)| < Le,
k<s<k+1

and so by (2.3),
k+1
‘/ (xX° ds—_(YE(k;))‘ <eL(L+1).
Hence, by (1.2) and (1.4) for X*(n) = X3  (n) and X" (n) = X, (n) we have
X (n) = X ()] < 20LA(L+1) + | DAY (X (R), YE(h),€) — BX (k)|
<L (L+ 1) +e Y32, [(R(XE(k), YE(k),€) — ®(X=(k), VE(k))|
(32)  +e| Sis (RXE(h), YE(h) — BX=(k)) | + £ Sho [FOX(R) — B (B))
<ELL2+ L+1)+ e‘ S (X (), YE (k) — B(XE(K))) ‘
T+ LAL+ 1) YR X () - X (R

By a version of the discrete Gronwall inequality (see, for instance, Lemma 4.20 in [9])
we derive from (3.2) that

(3.3) |X°(n)— X (n)| < (1 +eL(L + 1))" (EQnL(LQ +L+1)
o] sy (X (R), Yo (k) - B(X(K)))] ).

Next, setting 5 = X7, (jn(¢)) and y5 = Y7, (jn(e)) we obtain by (2.1) that

(34) SUpogngT/s Loy

W0 (ROXE, (R), Yz, (k) — B(XE, (k)|

<2Lne) + LN T SR T (@K e (0), Vi 4o () = B 4 (R) .

9 .y = yS
TiY; 3’73
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(3.5) | SR (@K 4o (8), Vi o () — B(X: o (K), fE95)|
< LY Rulas, v),

(3.6) | D (@K e (k) fhys) = @(a5, fhy))| < LEpQ T X (k) - a5,
and

(3.7) X2, () — 2| < Lk

for any z € R? and v € M. In addition, by (2.1) and (2.3),

)| BN, g (09) — Banle)| < L+ 1) X () - 7.

Observe also that
(3.9) | SR @z, fE) = B(=)n(e)| < )6 + 2L e) 5 (2 ).
Finally, Proposition 3.1 follows from (3.3)—(3.9). O

Now we can complete the proof of Theorem 2.1. Observe that by (2.1) and (3.7),
Ri(,y) = dar (F(XZ (k= 1), Y5, (k= 1),€), fry)
S du(f(Xg (k= 1), Y, (k= 1)), f(X7, (k= 1), Y, (k- 1))
+du(f(Xgy (k= 1), Y7, (k= 1),8), f(z, Yy, (k=1))

(3.10) +du (o (Y, (k= 1)), fo (2 1y))

< L(e + Lek + Rig—1(x,y))

= eL Y L1+ Lk —1))

<eL(1+ LE)(LF —1)(L —1)7%
Integrating (3.1) against 1 over K x M and taking n(e) = min([n(e)], [(log)'~*]) for
some o € (O 1) we derive from (2.4), (3.1), and (3.10) that for any T, > 0 there
exists C(T,~) > 0 such that

@11) [ / sup X5, ()~ Ko (n)ldu(e.y) < C(T.7)(6+€ 7 +dr x (n(e). 6)).
M O<n<T/e
Letting, first, e — 0 and then § — 0 we obtain (2.5).

4. Proof of Corollaries

4.1. We deal first with Corollary 2.2. Denote by Jac, f, the Jacobian of the linear
map Dyf, : TyM — Ty ,M with respect to the Riemannian norms. Since f, is
an endomorphism Jac, f; is bounded away from zero uniformly in y € M and in z
belonging to a compact set. The density ¢, of the f,-invariant measure pu, satisfies

(4.1 v = 3 e

vEfs My

SOCIETE MATHEMATIQUE DE FRANCE 2003



114 Y. KIFER

By perturbation arguments, for any compact set V C R? there exists (V) > 0 such
that if ¢ < (V) then the differential D, ,F. : R? x M — R? x M is nondegenerate
on V' x M and, moreover, its Jacobian Jac, , F; is uniformly bounded away from zero
there. Then for any bounded Borel function g on R% x M,

/ g0 Fu(z,y)dus (y)de(x) = / g0 Fu(z,9)g:(y) x dp(y)de(z)
VxM Vx M

- o qx(y) v 2
(42) -/ P CUID S O]

Jacy o F.
<x,y>eF;1<z,v>| acoy el

It follows from (2.1), (2.2), and from the implicit function theorem arguments that
there exists C; > 0 depending only on V such that if z € V| F.(z,y) = (z,v), and
folv = (w,...,wg) then F=1(z,v) = ((x1,91), . - -, (Tk, yx)) With |z; — 2| < C1e and
|lwi —yi| < Cye, i =1,..., k. Thus by (2.1), (2.2), (2.6), and (4.1),

(4.3) Z %7(2/) < Z qzi(y) + Cae = g, (v) + Cae

(a:,y)EF;l(z,'u) |Jacx,yF€| yef o |Jacyfz|

for some Cy > 0 depending only on V. Suppose that g > 0 then substituting (4.3)
into (4.2) and taking into account (2.6) we obtain

[ soPGudnmite < [ gl + Caldpe)de(:)
VxM F.(VxXM)
(4.4)
< (14 CoLe) / 0z, 0)dpia (v)d0(2).
F.(VxM)
If (z,y) € K x M then by (2.1) we see that F'(x,y) € K x M for all n € [0,T/¢]
where, recall, K, is the closed r-neighborhood of K. It follows that there exists

Cr,x > 0 such that

(4.5) /K 90 P ) (1)df(a) < Cr i /K gl (02

for all n € [0,T/¢] and taking g = Ig s 5) We derive (2.7).

4.2. Next, we consider the setup of Corollary 2.3. First, observe that (2.3) follows
from §14 in [2] (see also [17]). If = belongs to a compact set K then by (2.1),
Xz ) € X = Kpp for all n < T'/e so we will have to consider z-coordinates
in X only. Any vector £ € T(R? x M) = R? @ TM can be uniquely written as
& = &% + W where ¢t € TR and ¢V € TM and it has the Riemannian norm
1€ = 1€¥] + 1€V where | - | is the usual Euclidean norm on R? and || - || is the
Riemannian norm on M. The corresponding metrics on M and on R? x M will be
denoted by djs and d, respectively, so that if z; = (z1,w1), 22 = (22, ws) € R x M
then d(z1,22) = |z1 — @2| + dpr(wr,ws2). It is known (see [10] and [16]) that the
hyperbolic splitting Th, M = TI'S & T'% over A, can be continuously extended to the
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splitting Tw M = I'; T over W which is forward invariant with respect to D f, and
uniformly in z € X satisfies exponential estimates

(4.6) IDFEEN < e ™[lE]l and  [[Df;"nll < e |ln]|

forall¢ e 'S, n € TY, and n > ng. Moreover, by [6] (see also [17]) we can choose these
extensions so that I'S and I'* will be C! in z in the corresponding Grassmann manifold.
Each vector £ € Ty (X x W) = T, X ®T,,W can be represented uniquely in the form
E=EV L v+ €8 with €X¥ e T, X, ¢4 € ry ., and & €T . For any small €, 3 > 0 set
Ci(e, B) ={€ € T(XxW) : [|&°]| < B72I|¢"|l and €¥] < eB7H[|g"]|} and CFt (e, B) =
C"(g,8) N T (X x W) which are cones around I'* and Ty ,, respectively. Similarly,
we define C*(g, 3) = {£ € T(X x W) : [|€¥]| < eB72||€%]| and |€Y] < e87Y|€%]|} and
Co (e, 8) =C%(g,8) N Ty (X x W). We claim that there exist ny, 5o, e(3) > 0 such
that if F¥2 € X x WYk =0,1,...,n,n>n1, B < fo, € < (B) then

(4.7) D.FICY(e,B) € Chy(e.8),  C2(e.) D DoF"Ciy.(e, )
and for any § € C2(=, 8), 1 € C,.. (=, 9),

lnn —n lnn
(4.8) WID-EFZEN = e[l [[[D=F"nlll = e2""{[|n]]].

Before deriving (4.7) and (4.8) we explain how to use them in order to obtain
(2.4). For any linear subspace = of T, (X x W) denote by JZ(z) absolute value of
the Jacobian of the linear map D, F. : = — D,F.E with respect to inner products
induced by the Riemannian metric and set J=(n, z) = Z;é JEDZF:E(FE’“Z). Denote
also by J¥(y) absolute value of the Jacobian of the linear map Dy f, : I, — ey
and set J¥(e,n,y) = Z;& Jg(iy(k) (Y;,(k)). Let n* and n® be the dimensions of

Iy, and I';

u
z,y

2, respectively, which do not depend on z,y by continuity considerations.
If = is an n"-dimensional subspace of T.(X x W), z = (x,y), and = C C} (¢, )
then it follows easily from (2.1), (2.2), and (4.7) that there exists a constant C; > 0

independent of x € X and y € M, such that for any small € > 0 and n € N,
(4.9) (1= Cre)" < JE(n, 2) (T3 (e, )~ < (L4 Cre)™.
For each y € A, and v > 0 small enough set
W(y,7) = {veW: du(fry, fiv) <y Yk >0}
and
Wiy, ) ={v € W du(fy, fiv) <y VE <0}
which are local stable and unstable manifolds for f, at y. According to [10] these
families can be included into continuous families of n® and n*-dimensional stable and
unstable discs W2 (y,~) and W¥(y,~), respectively, defined for all y € W and such

that W2 (y,~) is tangent to T's, W (y,~) is tangent to T'%, foWi(y,~v) C W2(fzy,7)
and W2(y,7v) D f. 'WE(fry,~). For any 2,z € R% x M set

d5(2,2) = max{d(FFz, FF2): 0 <k <n}
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and
B;(yvﬁyan) = {’U ew: dfz((xay)v (LE,U)) < 7}'

Let v € W¥(y,v) and assume that BZ(v,7,n) does not intersect the boundary
W, (y,y) of Wiy, ). Set

Vi(v) = Vit (v,7) = Wiy, 7) N Bi(v,7,m)
and

Vi (0, k) = Vo, 7, k) = FE({a} x VE@), k=1,2,...,n,

By (4.7), TV (v, k) C C¥(e,B), k = 1,2,...,n (where TV is the tangent bundle of V')
and we conclude by (4.8), (4.9) and the volume lemma type arguments (see Appendix
in [4]) that
(4.10) C7H <P (Vi () 3 (e, my0) < O
where p* is the induced Riemannian volume on W¥(y,~) and we denote by C here
and below different positive constants depending on ~ but not on x € X, y, e, and
n < T'/e. By the volume lemma arguments we derive also that
(A1) P (V) NETTE(R ) < O(JE(eim,0) oy (Vit(v,n) N Bk, )

where py is the induced n"-dimensional Riemannian volume on V}*(v,n). By (4.7)
and (4.8) it is easy to see that if w € V*(v) then

(112) A(FH (,0), F¥ () < Coxp(—C (n — k)
for all k =0,1,...,n which together with (1.2) yield that
(4.13) [ Xz0(n) = X5 o (n)] < Cé,

i.e. the z-coordinate of points in V;*(v,n) may differ at most by 2Ce. It follows
by (2.1) that if (z,u) € V;*(v,n) N E(k,d) then (X3 ,(n),u) € E(k,§/2) provided
k < (logl/e)=% a > 0 and ¢ is small enough. Then, we will have also that for
such k,

(X2, ()} X Wie_(0,9) € E(h,5/3)
provided + is small enough. This together with (4.7) yield that
oy (V2 (0,m) N E(k,8)) < Cp* (Wike 0y (Y, (10),2)) 1 Excs oy (k:5/2))

< C*p(Ex; (K, 6/3))
where E,(k,7) = {v: (z,v) € E(k,7)} and k < (log1/e)'~?. In the right hand side

of (4.14) we can write also px: () in place of p. It follows from the upper moderate
deviations bound in [12] that

(4.15) i = sup p(F, (k, k* 1)) < exp(—cak®*™1)
z€X

(4.14)

for each a € ($,1) and some ¢, > 0. Observe that (4.15) remains true with z. in
place of p.
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Now, choose a maximal set of points v; € W¥(y,~) such that V,*(v;,7) does not
intersect the boundary of W2 (y,2v) and d; (v;,v;) > v if ¢ # j. Then U,V (v;,7y) D
Wi(y,~) and V}*(v;,v/2) are disjoint for different i’s. Applying the volume lemma
style arguments as above to V;*(v;,~/2) we conclude from (4.10) that

(4.16) 3 (JEen ) T < CpHWE(y,)):

It follows from (4.11) and (4.14)—(4.16) that
(417)  p“(W(y,~7) N F."E(k,6)) Zp “(vi,y) N FZ"E(k,6)) < Cry,

provided § > k*~! and k < (log1)'=*. Let B((z,y),¢y) be a ball in R? x M
of radius ¢y centered at (z,y) for some small constant ¢. The family W*(v,v) N
B((z,y),cy), (z,v) € B((z,y), cy) forms a measurable partition of B((z,y), cy) (even
a foliation) and conditional measures of £ x p relative to this partition are equivalent
to the corresponding measures p*. Hence, (4.17) implies

(4.18) {x p(B((z,y),cy) NES"E(k,0)) < Cry

provided y is small enough. Choose a minimal finite cover of X x M by balls of radius
¢y centered at some points (z;,y;), making the above construction for each point
(xj,y;) and applying (4.18) we arrive at (2.4) and (2.10) follows from (3.1), (3.10),
(4.15) and (4.18). Since essential estimates concern only volumes on unstable and close
to unstable manifolds where the SRB measures are equivalent to the volume there we
see that (4.19) remains true if we replace £ x p by p such that du(x,y) = du,(y)dl(z),
and so (2.4) and (2.10) remain true with such p, as well.

Finally, we prove (4.7) and (4.8). Let £ = &% + €4 4+ ¢5 € T.(X x M), D,F"¢¥ =
C= Y (U (€ Trna(X x M), 2 = (2,w), Dy 26" = 7", and Dy f16° = 1y
Then D.f2€ = ¢ + (C* + %) + (¢* + ) and [¢¥] = [C¥], [I¢¥]| < CeCnleX],
11l < CeCnIEX), ]| < €] for some C > 0 independent of ¢ and [l > e%"|l¢¥]
if n > ng. Hence, for n > ny,

(4.19) €+l = In“ll = lIC™ll = e lIg]l — e (g™

and

(4.20) I16° + [l < I + Nl < Ce“™ €™ | + Clles]l-
Suppose that ||£¥]| > Be~1€¥| and ||€¥]| = B2~ [|€%]|. Then by (4.19),
(4.21) IS+ = (5™ Be™ — Ce™)|e¥| + e %1€

Put n; = [~ In(8C + 5)] + 1, choose By > 0 so that e*™ > 43CeC™ for any 8 < fFo
and all n € [n1,2n,], and set e(3) = &  min(3,C~te"2™). Then by (4.21) we see
that D, Fg'¢ € Cin_(€,2) and since we have to check (4.7) only for n € [n1,2n1] we
obtain easily from (2.1) and (2.2) that the perturbation F. of Fy satisfies the first
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part of (4.7) provided By and €(3) are chosen sufficiently small. The second part of
(4.7) follows in the same way.
Next, for n > ng,

IDFGElll = ™l = 16 = ¢ = ll¢*l = Nl
> el ew 1 20 Cn\|eX| Cles
(4.22) ™€ H (142Ce C)If | ) 1€°1
> (e = Ble(1+20™) — f2%C) ¢
> (" = B7e(1+20e7") = f2C) (1 + 7! +267%) 7 [
Choose £(/3) so small (for instance, £(3) = %) that for all ¢ < () and 8 < fo,

e — B (1420 —eB72C = (1 4B + B 2)es

for any n € [n1,2n1]. Then, ||D,F¢||| = e357]||¢||| for all such n, and so if & small
enough we have also ||| D, F*¢||| > e2%"]||€]||. Using (4.7) and repeating this argument
for D,Fi™¢, i = 1,2,.... in place of £ we derive the first assertion in (4.8) for all

n > ny and the second one follows in the same way.

5. Toral translations and skew translations

First, we write the Fourier series for @,

(5.1) = > Dp(@) exp(2ri(k, y))

kEZ?n

where (k,y) = ZT=1 k;y;, the vector coefficients ®;, are given by

(52) Bi(0) = [ Bla,y) exp(-2ri(k.)dp(y)
where p is the Lebesgue measure on T". Set

rn(@y) = Y k(x)exp(2mi(k,y))
k: k| >N
then by the well known estimates of tails of Fourier expansions of analytic functions

(5.3) ry(e,y) < cgleerV

for some cg > 0 which can be written explicitly via the supremum norm of the analytic
extension of ® (see Appendix 1 in [13]). By (5.2), ®(x) = ®¢(x), and so by (2.1) and
(5.1)—(5.3),

n—1 n—1
1 _ L L ,

(54) |- Y @ fhy) - B@)| < cgle N + 2 ST | exp(2rih, fiy)|
1=0 k: [k|<N =0

Next, we will deal separately with translations and skew translations.
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5.1. Cousider, first, toral translations f, defined by (2.11). Then we have to estimate
n—1

(5.5) ‘ Z exp(27i(k, y + lw(x)))| < 2| exp(27i(k,w(x))) — 1|71
1=0

Let V € R¢ be a compact set and
Uy(n,N)={z €V : |exp(2mi(k,w(z))) — 1| < n|k|”™for some k with 0 < |k| < N}.

It follows by Diophantine approximations type arguments (cf. Appendix 4 in [13])
that for some constant C' > 0,

(5.6) (U (1, N)) < Cinf Ao (@) (V)

with A, defined before the statement of Theorem 2.4. Set N = N(g) = [—c1 loge], n =
n(e) =&, 5 =0(e) =%, and n = n(e) = & where ¢y, 2, c3,¢4 > 0 will be picked
up later. Then by (5.4) and (5.5) for any x € V \ Uy (n, N),

1 _
(5.7) - >0 f2y) = Bla)| < O + (loge)mens )
for some C' > 0 independent of . Hence, if
(5.8) min(cecr, c2 — ¢q) > 3
then
(5.9) VNE@(e),n(e)) € Uy(n(e), N(e))

provided € is small enough.
Next, we improve the estimate (3.10) in our particular case. Since f, is an isometry
then das(fo(Yy, (1= 1)), fo(fi'y)) = Ri—1(z,y) and (3.10) becomes

(5.10) Ri(z,y) <eL(l1+ L)+ Ri—1(x,y) < eLl(1 + Li).

It follows from (2.7), (3.1), (5.6), (5.7), and (5.10) that (2.13) holds true with ¢ =
min(es, 1 — 2¢q, ¢4) provided (5.8) is satisfied. Since ¢; can be chosen arbitrarily large
we have to choose only co, c3,¢4 > 0 so that min(cs, 1 — 2¢o, ¢4) is maximal possible
assuming that ¢ — ¢4 > ¢3. Set ¢5 = min(ca — ¢4, 1 — 2¢9,¢4) then ¢5 > ¢. Since we
can increase one term in the last minimum only by decreasing another term there, it
is clear that c¢; will be maximized when all three terms are equal. Solving emerging
then two equations we obtain ¢5 = ¢4 = 1/5 and ¢a = 2/5. Taking c3 arbitrary close
but less than 1/5 we conclude that (2.13) holds true with any ¢ < ¢g = 1/5.

5.2. Next, we consider skew translations f, defined by (2.12). Identifying y € T™
with a vector of R™ having coordinates y; € [0,1), i = 1,..., m we define recursively
vectors fFy, ?jy(k) € R™ by foy =y, ?jy(O) =yand fry = (I + P)f" Ly + a(x),
fffy(n) =+ P)}N’;y(n —1)+a(X; ,(n—1)) where I is the m x m identity matrix,
P = (pj;;) is the matrix whose elements for | < j appear in the definition (2.12) and
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for [ > j are equal to zero, and a(x) is the m-vector whose first coordinate is a(x)
and all other coordinates are zero. Then

(5.11) fly=I+P)"y+> (I+P)" a(x)
=1
and
(5.12) YE,(n)=(I+P)" zn: I+P)"a(XE,(1-1)).

The crucial fact in using the formulas (5.11) and (5.12) is that P is nilpotent, and so

(5.13) Pi=0 forall j>m

For any vector v = (v1,...,v,) € R™ denote by {v} the vector in T™ whose coor-
dinates are fractional parts {vi},...,{vm} of vi,...,0p, ie. {-} : R™ — T™ is the
natural projection. It is clear that

(5.14) fry=A{flyy and Y7, (n) ={Y;,(n)}.

Expanding binomials in (5.11) the coordinates of fI'y can be written more explicitly.
Namely, (sce [7], §2 in Ch. 7) f2(y1,-,ym) = (41" (@(@))..... .y’ (a(2))) where

Y (B) = g1 + B,
-1 -
_yl+zyjz< )pl] +BZ< )pll7 1<i<m,

are elements of the gth power of the matrix P.

(5.15)

where p(Q)

Observe7 that the projection {-} does not increase distances, and so by (3.7) and
(5.11)-(5.14),

Ra(w,y) = du(Ys,(n), fiy) < 1Ys, = f1'y]

5.16
(5.16) CanZ|X (1—1) — x| < eCL?*p™*?

for some C' > 0 depending only on P and m.
Let k = (k1,...,km) € Z™, |k| # 0 and set Iy = lo(k) = max{l : k; # 0}. Define
the map ¥y, : Rl — R acting by ¥y (y1,...,%,-1,3) = (1, --,7,) so that

Zky‘") G (n) = (k,y) +7an +72n® + -+ 5onl

for any n € N where y(n)(ﬂ), Il =1,...,lp are given by (5.15). Observe, that ¥y is
one-to-one and the coordinates of \Pgl('yl, ...y7,) can be obtained recursively from
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the formulas

Bliply " =loty,  yikieplS Y = (o — 1)1(np-1 + c11 ),
(5.17) y2klopl((l)02_2) = (lo — 2)!/(vig—2 + 218+ c2291), - - -,

1 lo—2
Yio—1ktoPiho—1 = (1 + o118+ S0 o1, 54195)
where the coefficients c¢;;, j > I satisfy
(5.18) lej| < clo) ||

for some ¢(m) > 0 depending only on m. Next, we will employ an elementary estimate
of Weyl’s sums which can be found on p.p. 215-216 in [19]. Namely, let

Wy (n) =) exp(2miG (1))
=1

then it follows easily that for any compact V C R,

/V W, () 2de(7) < nl(V, )

where, recall, V;. is an r-neighborhood of V. By Chebyshev’s inequality we conclude
that for any n € N and ¢ € (0,1/2) there exists a Borel set U = Uy, z C V such that

(5.19) LU) < UV g )n* !
and
(5.20) W, (n)] <n'~¢ provided v ¢ U.

It follows from (5.17)—(5.20) and the nondegeneracy condition on «(z) that for any
T > 0 and a compact K C R? there exists a constant C(K,T) > 0 such that

n—1
(5.21) | S exp(@rmi(k, fly)| <n'
1=0
provided z € Kyr, y € T™ and (z,y) € Ux C R? x T™ with
(5.22) ¢ x p(Uy) < C(K,T)|k|lon*1
where Uy, depends on n, k and ¢. Set now N = N(g) = [—c1 loge], n = n(e) = e 2,
and § = 6(g) = €5. Then by (5.4) for any (z,y) € U = Up. 5 <nUs,
n—1
1 — ~
(5.23) ‘H > ®(x, fry) — B(x)| < C(e + (loge)*™e™?)
1=0
for some C' > 0 independent of €. Hence, if
(5.24) min(cper, cea) > c3
then
(5.25) KrrNE((e),n(e)) CU.
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It follows from (2.7), (3.1), (5.16), (5.22), and (5.25) that (2.13) holds true with
(5.26) ¢ =min(cs, 1 — (m 4+ 2)ca, c2(1 — 2¢))

provided ¢ < 1/2 and (5.24) is satisfied. Since ¢; can be chosen arbitrarily large we

have to choose only ¢, ¢z, c3 > 0 so that the right hand side of (5.26) is maximal
possible assuming that ¢co > ¢3. Set ¢4 = min(ccg, 1 — (m + 2)eg, c2(1 — 2¢)), then

cy Z

c. Again, ¢4 will be maximized when all three term in the minimum there will

be equal which gives ¢ =1/3, ¢ =3/(3m+7), and ¢4 = 1/(3m + 7). It follows that
(2.13) holds true with any ¢ < ¢g =1/(3m + 7).
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ON BASIC PIECES OF AXIOM A DIFFEOMORPHISMS
ISOTOPIC TO PSEUDOANOSOV MAPS

by

Jorge Lewowicz & Radl Ures

Abstract. — We consider Axiom A diffeomorphisms g in the isotopy class of a pseu-
doanosov map f. It is shown that they have a unique “large” basic piece A, and
necessary and sufficient conditions for g to be semiconjugated to f, that only involve
conditions on A, are obtained. As a consequence, it is proved that if A is exteri-
orly situated, stable and unstable half-leaves of points of A boundedly deviate from
geodesics.

1. Introduction

In this paper we consider Axiom A diffeomorphisms in the isotopy class of pseu-
doanosov maps. It is known (see [H1, L1]) that any pseudoanosov map f is persistent
in its isotopy class i.e. for any homeomorphism ¢ isotopic to f there exists a closed
invariant set J, such that g restricted to Jj is semiconjugated to f. When g verifies
Axiom A, the first author (in [L2]) introduced the definition of “small” and “large”
basic pieces of g. Roughly speaking, a basic piece B is small if an adequate lift to the
universal cover of a B-stable (unstable) manifold is bounded. Otherwise, B is large.
In [L2] it is proved that it is necessary and sufficient for a large basic piece A to be
contained in J,; that the above mentioned lift lies at a bounded distance of an f-stable
set of a point. In this work we prove that an Axiom A diffeomorphism g has a unique
large basic piece A and, using that if g is not semiconjugated to f the Nielsen classes
of g" grow exponentially faster than the Nielsen classes of f™ (see [H2]), we prove
that it is necessary and sufficient for g being semiconjugated to f that A C J;. These
results are proved in sections 3 and 4.
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In section 5 we lead with the case when the large basic set A is exteriorly situated
i.e. there are no nul-homotopic loops that consist in the union of a stable and an
unstable arc of a point of A. We show that, in this case, g is semiconjugated to f.
As a consequence we obtain that half-leaves of stable and unstable manifolds of A
boundedly deviates from geodesics that have the same asymptotic direction. Let us
say that V. Grines (see [G1] and the survey [G2]) obtained this bounded deviation
property for unstable (stable) manifolds of exteriorly situated nontrivial attractors
(resp. repellers) of any diffeomorphism of a closed surface of genus larger than one
and also for both, unstable and stable manifolds, provided the attractor (repeller) is
a basic piece of a diffeomorphism that verifies Axiom A and that satisfies the strong
transversality condition. In [RW] R. C. Robinson and R. Williams constructed an
example of an Axiom A diffeomorphism on a surface of genus > 1 such that its
nonwandering set consists exactly of an exteriorly situated attractor and an exteriorly
situated repeller and that does not verify the strong transversality condition. V.
Grines ([G3]) also showed that the stable manifold of the attractor (unstable for
the repeller) of this example does not have the bounded deviation from geodesics
property. Our results show that this kind of behaviour is impossible in the isotopy
class of pseudoanosov maps (the fact that the Robinson-Williams example is not
isotopic to a pseudoanosov map can be checked directly)

Finally, let us say that to understand the proofs, some familiarity with the theory
of pseudoanosov maps is needed. We do not include this background material that
the reader may find in [FLP, CB, M, HT, T].

2. Preliminaries

Let f be a pseudoanosov map of a compact connected oriented boundaryless surface
M, let F be a lift of f to the universal cover M of M and 7 : M — M the covering
projection. Then, there exist (see [T, FLP]) equivariant pseudometrics Dg, Dy, and
A > 1 such that, for £&,n € M,

Ds(F~H(€),F~'(n)) = ADs(&,n)

and D = Dg + Dy is an equivariant metric on M.
For the remainder of this paper g will be a homeomorphism isotopic to f.

Definition 2.1. — We say that z,y € M are equivalent iff for some (and then
for any) lift G of g there exist £ € w1 (z), n € 7~ Y(y) and K > 0 such that
D(G™(£),G™(n)) < K for allm € Z.

Obviously, this is an equivalence relation. In the following proposition we state
some properties of this relation. For completeness we include the proofs that are
essentially contained in [H1, L1, CS].
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Proposition 2.2. — The following statements hold:

(1) The constant K of the definition above only depends on g i.e. 3K, such that
if © is equivalent to y then D(G™(§),G™(n)) < K, for all n € Z. Moreover, K, tends
to 0 as g tends to f (see [L1, H1]).

(2) Let [x]y be the equivalence class of x € M. Then, [z]4 is a compact set and
g(laly) = l9(@)],- B

(3) The quotient space under the equivalence relation, M4, is a compact metrizable
space and, by part 2, g induces a homeomorphism G : Mg — Mg. When g = f,
My =M and f = f, due to the infinite expansivity of any lift of f.

Proof. — In order to prove the first part of the proposition take F, G to be adequate
lifts of f,g and let R > 0 be such that D(F,G) < R and D(F~',G71) < R.

Suppose that D(&,n) > 2K, then Dy (€,n) > K or Dg(§,n) > K. With no loose
of generality we can assume that the first inequality holds. If K > 2R(A — 1)1
there exists 1 < a < A such that K > 2R(A — a)~! > 2R(A — 1)~! which implies
Dy (G(§),G(n)) > AK —2R > aK.

Thus, Dy (G™(£),G™(n)) > o™ K. Since a™K tends to infinite with n, this implies
that if x and y are equivalent there exist £, 7 so that

D(G™(€),G™(n)) <4R(A—1)"! VYneZ

Choose K, = 4R(A — 1)71.

To prove the second part, take xj equivalent to x for all £ € N and x; —k— 400 T*.
Then, given £ € m~!(z), there are & € 7 !(zy) such that D(G™(&),G™(€)) < K,
Vn e Z.

By taking, if necessary, a convergent subsequence, we may assume that & —x— 400
& € 7 (z*). Then, D(G™(£*),G"(§)) < K, VYn € Z.

Now we prove the third part of the proposition. The proof is similar to the one
included in [CS] where the same result for ¢ C%-close enough to an expansive home-
omorphisms is shown.

It is not difficult to see that if {z,} C M is a sequence such that z, — =z,
limsup[z,]y C [z]g. Then, given an open set U C M, the set {y € M;[y], C U}
is open. This easily implies that Mg is Haussdorf and metrizable. O

We want to study the connection between the dynamics of § and f; to this end we
find conditions on g to be semiconjugated to f.
Define

Definition 2.3. — The g-orbit of x is shadowed by the f-orbit of y iff there exist
¢ € 7l (z),n € 7 1(y) such that {D(G™(&),F"(n)) : n € Z} is bounded, for G,
F equivariantly homotopic lifts of g, f.

Observe that if the g-orbit of x is shadowed by the f-orbit of y, then y is unique
and every g-orbit of a point of [z], is shadowed by the f-orbit of y. Moreover, there is
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a uniform bound (independent of x and y) for {D(G™(§), F™(n)) : n € Z} that tends
to 0 as g approaches f (see [H1, L1)).

It is known that for any y € M there exists x € M such that the g-orbit of x is
shadowed by the f-orbit of y(see [H1, L1]).

Definition 2.4. — Call J, the set of x € M such that the g-orbit of x is shadowed by
the f-orbit of some y.

We remark that J; consists of all points that are f-shadowed.

It is not difficult to see that J, = Jgn, if we consider f" instead of f. J, is a compact
g-invariant set that not necessarily equals M. Moreover, there exists a continuous
surjection homotopic to the inclusion, h : J; — M, such that foh = hog|;, (see
[L1, H1]). This implies that, as the equivalence classes on J, coincide with A~ (y),
y € M, the quotient of J, under the equivalence relation we are interested in, is
homeomorphic to M and g restricted to this set is conjugated to f.

Assume now that g is Axiom A; we look for conditions in order to have semicon-
jugacy to f (J, = M).

Given £ € M, let

W& (€) ={ne M;D(F"(£),F"(n)) — 0as n — +oo}
W (€) = {n e M; D(F"(£), F"(n)) — 0 as n — —oo}

denote the F-stable and unstable sets of &.

Analogously, denote by W& (&) and WS (€) the G-stable and unstable manifolds
of &.

When g is an Axiom A diffeomorphism, for £ € M, B a basic piece of g and
7(€) € B, we shall denote

BWE (&) = {n € W§ (&);(n) € B}
PWE (&) = {n e W (€);n(n) € B}.

Definition 25. — We shall say that B is “small” iff BWE (€) is bounded for some
(and then for every) & € m~Y(B). In case that BWE (&) is unbounded we say that B
is “large”.

Observe that B being small implies that the quotient of B under the equivalence
relation is a periodic orbit for g (all the points in a topologically mixing component
of B are equivalent).

In [L2] was proved that large basic pieces for g always exist in the case that g is
C®-near enough to f. The same proof works for g isotopic to f because it is sufficient
to take x € J, such that its g-orbit is shadowed by an f-orbit dense in the future.
Then, the basic piece containing the w-limit set of x (wy(x)) is large.

We will say that a closed curve is essential if it is not nul-homotopic.

ASTERISQUE 287



BASIC PIECES OF AXIOM A DIFFEOMORPHISMS 129

Lemma2.6. — Let A be a large basic piece of g. Then, there exists an essential closed
curve consisting of an arc of W*(z) and an arc of W*(z), where x € A.

Proof. — Suppose that v = 75 U, is a nul-homotopic closed curve such that v, C
W (z), v, C W¥(z), € A (we may suppose that z € v5 N 7y,).

Then, there exists a closed curve ¥ C M such that 7(¥) = 7. On the other hand,
5 = s UF, where 55 and 7, are arcs of W& (€) and WF (€) with ¢ € m~!(x). This
implies that any point in v, N7y, is equivalent to x.

Thus, if there are no essential curves as in the statement, all points in the closure of
W#(x) are equivalent, and since A is a finite union of iterates of this closure it would
be small. O

In the next two sections we will use some basic notions about Nielsen classes of
fixed points that we define below.

Definition 2.7. — Let h be an homeomorphism of M and p,q € Fix(h); p is Nielsen
equivalent to q iff for some (and then for any) lift H of h to M there exist a covering
transformation T and P,Q lifts of p,q such that H(P) = 7P and H(Q) = 7Q. A
Nielsen class of h is essential iff the Lefschetz index of the class is different from 0.

The Nielsen class of a point p € Fixz(h) is not removable if for any homeomorphism
k isotopic to h there exist p’ € Fix(k), equivariantly homotopic lifts H, K of h, k, P, P’
lifts of p,p’ and a covering transformation 7 such that H(P) = 7P and K(P') = 7P’.
Essential Nielsen classes are not removable (see [B] chapter IV for more details).

Lemma2.8. — Two fized points of g" are equivalent iff they are Nielsen equivalent
(see [H1])

Proof. — The if part follows easily from the definition of Nielsen equivalence.

Now, if p and ¢ are equivalent we have that G"(P) = oP and G™(Q) = 7Q for
o, T covering transformations and

D(P,(c7*G™)*Q) = D((c*G™)*P, (¢7'G")*Q) < K,

Then, there exists ko such that (c71G™)*0Q = @Q and, on the other hand, c~'7Q =
o~ 1GnQ.

This implies that (¢~1G™)* commutes with 0 =17 and, as g is in the isotopy class
of a pseudoanosov map, we obtain that c~'7 is the identity. O

We obtain the following corollary.

Corollary 2.9. — Let g satisfy Aziom A then there exists T > O such that for alln € Z
the number of Nielsen classes of fized points of g™ included in small basic pieces is
less than T'.

Proof. — Since the set of equivalence classes of points in small basic pieces is finite,
the result follows from Lemma 2.8. O
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3. Uniqueness of large basic pieces

In this section we will use some results of the type of those obtained by Nielsen.
The proofs may be found in [CB, HT, M].

In what follows we identify M with the Poincaré disk D. We call S, the boundary
of D as an euclidean subset of R2 and D = DU S.

Proposition 3.1 ([CB,HT, M]). — Let g be a homeomorphism isotopic to a pseu-
doanosov map and G any lift of g.

i) G has an even number of fized points in S, alternatively attracting and repelling
in .

ii) Each of these fized points has the property that given any simple closed geodesic
T in M it has a nested base of neighbourhoods bounded by lifts of T.

This follows from the fact that, associated to the isotopy class of a pseudoanosov
map f, there exist two transversal minimal geodesic laminations F*® and F* such that
both of them transversely intersects infinitely many times any simple closed geodesic.
As a consequence, it is not difficult to prove that any end-point of a lift to D of
a geodesic of F* or F*, has a nested sequence of neighbourhoods bounded by lifts
of 7 converging to this end-point. Finally let us say that the attracting (repeller)
fixed points mentioned above are end-points of geodesics of F* (resp. F*). See [CB]
Chapter 5 and [HT] Proposition 4.3.

Theorem 3.2. — Let g be an Axiom A diffeomorphism in the isotopy class of a pseu-
doanosov map then, g has a unique large basic piece.

Proof. — Let NE,(g) be the number of essential Nielsen classes of ¢". By [H1] all
the periodic points in essential classes of g™ are in J, for all n and for each essential
class of ¢g", there exists a unique periodic point of f that shadows all the points of

this Nielsen class.
As

lim

n—oo

log NE,(g) ~ log A
n

(the topological entropy of f, see [FLP]), by using Corollary 2.9 we obtain that there
are periodic points of essential Nielsen classes in some large basic pieces.

In order to prove the theorem, we shall show that if A is a large basic piece and p
is a periodic point of an essential Nielsen class of ¢g" contained in a large basic piece
then p € A. Obviously, this implies the theorem.

Let A be a large basic piece, then by Lemma 2.6 there exists an essential simple
closed curve v consisting of an arc of W#(¢) and an arc of W*(q) where ¢ is a periodic
point of A.

Let G,, be a lift of ¢g°" such that G,,(P) = P (7(P) = p) and fixes (setwise) the
separatices of WY (P), where G is a lift of g. Now, if p is an essential fixed point of g"

ASTERISQUE 287



BASIC PIECES OF AXIOM A DIFFEOMORPHISMS 131

contained in a large basic set, by 3.1, W§ (P) = W (P) accumulates in an attracting
fixed point (sink) of the extension of G,, to S, (we also call G,, its extension to D).

Since v is freely homotopic to a simple closed geodesic, any lift of it has the same
end-points at S., of the corresponding lift of the geodesic. Then, again by 3.1, WY (P)
cuts a lift of v and this implies that W*(p) cuts W*(q). Analogously, W*(p) cuts
W*(q). Thus p € A. O

Corollary 3.3. — Q(g) consists of the quotient of A and a finite set of periodic orbits.

Proof. — First of all observe that, by the density of periodic points, the quotient of
Q(g) is contained in Q(7).

Now, if [z], C Q(g)°, on account of the fact that each y in [z], has a neighbour-
hood W such that g™ (W) lies very close to the nonwandering set of ¢ for sufficiently
large n, it is easy to show that there exists an open set U, [z];, C U such that
g"(U)NU =@, Vn € N. As in the proof of the third part of Proposition 2.2, by
using that V = {y € M;[y], C U} is an open set, it is easy to see that [z]; is a wan-
dering point of g. O

4. Conditions for semiconjugacy

From now on let A be the large basic set of g given by Theorem 3.2.
Theorem4.1. — A C Jg if and only if g is semiconjugated to f.

Proof. — The “if” part is obvious because, since J,; consists of all points f-shadowed,
Jg =M.

Let N,(h) be the number of distinct Nielsen classes of h™, h = f,g. Then, if
A C Jg, the number of Nielsen classes of ¢g" intersecting A is less or equal to N, (f)
(see [H1]). Since, by Lemma 2.9, N, (g) < N,(f) + T, this implies that

<log A

log N,
lim sup me-RAACH) (9)
n

(in fact the equality holds because f minimizes this number).
Then, by Corollary 3.6 of [H2], g is semiconjugated to f. O

Corollary4.2. — g is semiconjugated to f iff there exist &,n € M, w(€) € A, and
V > 0 such that for every ¢ € *W§ (&), D(¢,W&(n)) < V.

Proof. — See Theorem 4.1 of [L2] and observe that the proof works for ¢g in the
isotopy class of f. O
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5. Exteriorly situated basic pieces

Lemma5.1. — Let p € Fixz(g™) and G, be a lift of g™ to D such that G, (P) = P,
w(P) =p and Wg" (P) contains two different fized points of Gy|s.. . Then, p € Jg.

Proof. — By [H1] it is enough to prove that the Nielsen class of p is essential. In order
to prove this, first observe that, since the fixed points of G, at S, are sinks or sources,
the fixed points accumulated by Wg "(P) are sinks. Then, G,|s.. has at least four
fixed points and, since the Lefschetz index of any of them is 1/2 (when the fixed point
is in S, we have to take into account half of the index of the homeomorphisms on the
double of D, which agrees with G,, on each copy of D) and the Euler’s characteristic
of D is 1, we obtain that the index of the Nielsen class of p is strictly negative. O

To state Theorem 5.3 we need another definition.

Definition 5.2. — A nontrivial basic set (different from a periodic point) is called ex-
teriorly situated if there is no nul-homotopic closed curve consisting of an arc of the
stable and an arc of the unstable manifold of some point of it (see, for instance, [G1]).

Observe that it is not difficult to prove that exteriorly situated basic pieces are
large, since otherwise the whole stable (unstable) manifold of a periodic point would
be included in a disk centered at the periodic point.

Theorem5.3. — If A is exteriorly situated then g is semiconjugated to f.

Proof. — By Theorem 3.2 it is enough to show that A C J,.

Take a periodic p € A such that it is not a boundary point of A. Now, take a simple
closed curve 7 = vy U ~g formed by oriented arcs of stable and unstable manifolds
of A (not containing boundary points) intersecting at two points of A with the same
oriented intersection number. The lift of + is formed by a disjoint union of curves
with different end-points at So, which corresponds to the end-points of the connected
lifts of the simple closed geodesic homotopic to 7. Let P € 7=1(p). Then, we claim
that Wg (P) cuts a connected lift of v, say 7, in at most one point. To see this we
first observe that, as A is exteriorly situated, W,§ (P) cannot intersect twice the same
lift of 5. Thus, if W (P) cuts twice 7, an arc of it and an arc of ¥ bounds a disk
D. The boundary of D contains at least one lift 7y of 4y and [ arcs contained in
lifts of v5. By the form we choose v we can continue 7y inside D along the lift of
the unstable manifold containing vy. As this curve is unbounded, it should cut the
boundary of D at a lift of vs. In this way we obtain a new disk bounded by an
arc of a lift of a unstable manifold of A, arcs of lifts of vy and, at most, [ — 1 arcs
of lifts of vg. Repeating this argument, we will obtain a disk bounded by an arc of
unstable manifold of A and one arc in a lift of yg which contradicts the fact of A being
exteriorly situated (see [G1] for a similar argument). As W*"(p) intersects infinitely
many times 7, it is not difficult to see that Wg (P) has exactly two end-points at Su.
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Now, if G, is a lift of g™ that fixes P and the separatrices of Wg (P) we obtain
that the end-points of Wg" (P) = W§ (P) are fixed and, by Lemma 5.1, p € J,. The
density of non-boundary periodic points in A implies the statement. O

Definition 5.4. — Suppose that a curve v : [0,+00) — M has a lift ¥ with one end-
point limy 1o Y(t) = 3T € So. Let T be a geodesic that also has ¥+ as end-point.
From 5(t) take the perpendicular 7¥°" to T and call 7w = 7 N 77", We say that ~y
has the property of bounded deviation from geodesic if {d(¥(t),7:);t € [0,+00)} is
bounded. Here d is the metric of constant negative curvature (see [G1]) Observe that

the property is independent of the geodesic with end-point .

Corollary 5.5. — If x beelongs to the exteriorly situated basic piece A, the connected
components of W7 (x) ~{z} and Wj'(x) \ {x} not containing boundary points verifies
the property of bounded deviation from geodesics.

Proof. — Call an f-stable (unstable) half-leaf of x an arcwise connected component
of Wi(z) \ {z} (W§(x) \ {z}) when it does not contain singularities. In case that
Wi (x) (W} (z)) contains a singularity all the half-leaves of x are defined, in a natural
way, by choosing one at each time the half-leaves of the singularity.

Half-leaves of f have the property of bounded deviation from geodesics (see, for
instance, the construction of pseudoanosov maps of [M] or [HT] or the results about
foliations of [A])

Then, as images of the g-stable and unstable manifolds by the semiconjugation are
contained, respectively, in the stable and unstable sets of f and the semiconjugation
is homotopic to the identity, the corollary is proved. O
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SUB-ACTIONS FOR ANOSOV DIFFEOMORPHISMS

by

Artur O. Lopes & Philippe Thieullen

Dedicated to Jacob Palis

Abstract. — We show a positive Livsic type theorem for C? Anosov diffeomorphisms f
on a compact boundaryless manifold M and Hélder observables A. Given A : M — R,
a-Holder, we show there exist V' : M — R, g-Hélder, 8 < «, and a probability
measure p, f-invariant such that

AgVof—VJr/Adu.

We apply this inequality to prove the existence of an open set Gz of 3-Hélder func-
tions, 0 small, which admit a unique maximizing measure supported on a periodic
orbit. Moreover the closure of Gg, in the 3-Holder topology, contains all a-Hoélder
functions, « close to one.

1. Introduction

We consider a compact riemannian manifold M of dimension d > 2 without bound-
ary and a C? transitive Anosov diffeomorphism f : M — M. The tangent bundle T M
admits a continuous T'f-invariant splitting TM = E* @ E* of expanding and con-
tracting tangent vectors. We assume M is equiped with a riemannian metric and
there exists a constant C'(M), depending only on M and the metric and constants
depending on f

0<As <A <1< A <Ay
such that for all n € Z

C(M)=INP || T f™ - v|| < C(M)A"  for all v in EY,
C(M)IAT < || Tof™ - v|| < C(M)AN?  for all v in ES.

S
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Livsic theorem [5] asserts that, if A: M — M is a given Holder function and satisfies
JAdp =0 for all f-invariant probability measure u, then A is equal to a coboundary
V' (which is Holder too), that is:

A=Vof-V.
What hapens if we only assume [Adp > 0 for all f-invariant probability measure p?

We denote by M(f), the set of f-invariant probability measures and m(A, f) =

sup{ [Adp | pe M(f)}.
For a B-Holder function V'

Holds(V) = sup { 14
0<d(z,y)

We prove the following:

Theorem1. — Let f : M — M be a C? transitive Anosov diffeomorphism on a com-
pact manifold M without boundary. For any given a-Hdélder function A : M — R,
there exists a B-Hdolder function V : M — R, that we call sub-action, such that:

A<V0f—V+m(A,f),

and

5 om0/ c(M)
In(Ay /N’ min(l — Az %, 1 — A\2)2

where C(M) is some constant depending only on M and the metric.

Holds (V) < Hold, (A)

By analogy with Hamiltonian mechanics and the way we define V' from A, we may
interpret A as a lagrangian and V' as a sub-action. This result extends a similar one
we obtained in [4] for expanding maps of the circle (see [2] [6] for related results).
The same techniques of [4] also apply for the one-directional shift as it is mentioned
in [4].

The proof we give here is for bijective smooth systems, and we obtain V' continuous
in all M. Our result can not be derived (via Markov partition) directly from an
analogous result for the bi-directional shift.

Corollary 2. — The hypothesis are the same as in theorem 1. The following statements
are equivalent:

(i) A= Vo f—=V for some bounded measurable function V,

(ii) [Adp =0 for all f-invariant probability measure y,

(iii) Zi;é Ao fF(x) >0 for all p > 1 and point x periodic of period p,
(iv) A2V o f—V for some Hélder function V.

The proof of that corollary is straightforward and uses (for (iii) = (ii)) the fact
that the convex hull of periodic measures is dense in the set of all f-invariant prob-
ability measures for topological dynamical systems satisfying the shadowing lemma
(see Lemma 5). F. Labourie suggested to us the following corollary:
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Corollary 3. — The hypothesis are the same as in theorem 1. If A satisfies [Adu >0
for all p € M(f) and Zi;é Ao fF(x) > 0 for at least one periodic orbit x of period
p then [AdX >0 for all probability measure X giving positive mass to any open set.

Again the proof is straitforward: R = A—V o f +V > 0 for some continuous V'
and [RdX = 0 for such a measure X\ implies R = 0 everywhere and in particular
Zi;é Ao f(x) =0 for all periodic orbit z.

Any measure p satisfying [Adu = m(A, f) is called a maximizing measure and
since A is continuous, such a measure always exists. It is then natural to ask the
following two questions: For which A, the set of maximizing measures is reduced to a
single measure ? In the case there exists a unique maximizing measure, to what kind
of compact set, the support of this measure looks like 7

The following theorem gives a partial answer for “generic” functions A.

Theorem4. — Let f : M — M be a C? transitive Anosov diffeomorphism and
B <In(1/Xs)/In(Ay/As). Then there exists an open set Gg of (-Hélder functions
(open in the CP-topology) such that:

(i) any A in Gs admits a unique mazimizing measure a;

(ii) the support of pa is equal to a periodic orbit and is locally constant with respect
to A € gg N

(iii) any a-Hélder function with a > Gln(Ay/As)/In(1/As) is contained in the
closure of Gg (the closure is taken with respect to the CP-topology).

The proof of Theorem 4 is a simplification of what we gave in [4] in the one-
dimensional setting. The existence of sub-actions is in both cases the main ingredient
of the proof.

Now we will concentrate in one of our main results, namely, Theorem 1; the basic
idea is the following: given a finite covering of M by open sets {U1, ..., U;} with suffi-
ciently small diameter, we construct a Markov covering (and not a Markov partition)
{Ri,..., R} of rectangles: each R; contains U, and satisfies

z e Uin f-1(U;) = f(W*(z, Ri)) € W*(f(x), Ry),
where W*#(z, R;) denotes the local stable leaf through z restricted to R;. We then
associate to each R; a local sub-action V;, defined on R; by:
Vi(x) =sup {Sn(A =m)o f"(y) + A%(y,z) [n >0, y € W*(z, Ry) }
where A®(y, x) is a kind of cocycle along the stable leaf W*(z):
A*(y,x) =) (Ao [ (y) — Ao f'(x)),
n>=0
and where S,,(A —m) = 3720 (A —m) o f*.
This family {V1,...,V;} of local sub-actions satisfies the inequality:
zeUNf1U;) = Vi(z) + A(z) —m < Vj o f()
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and enable us to construct a global sub-action V:

where {61,...,0;} is a smooth partition of unity associated to the covering
{U1,...,U;}. The main difficulty is to prove that each V; is Holder on R;.

2. Existence of sub-actions

We continue our description of the dynamics of transitive Anosov diffeomorphisms
(for details information, see Bowen’s monography [3]). All the results we are going to
use depend on a small constant of expansiveness ¢* > 0 (by definition this constant
says that any pseudo-orbit can be followed by true orbits) depending on f and M in
the following way:

z—:*:C(M)*lmin( du—1 1A )

D2 flloe” 1Dl
where C'(M) > 1 is a constant depending only on M and the riemannian metric. At
each point z, one can define its local stable manifold W2 (z) for every ¢ < £*:

We(z) = {y € M | d(f" (), f"(y)) <& V¥n >0}
which are C? embeded closed disks of dimension d* = dim E$ and tangent to ES. In
the same manner, W*(x) is defined replacing f by f~!. If two points x,y are close
enough, d(z,y) < 6, then W?(z) and W*(y) have a unique point in common, called
[z, y):
[z,y] = W2 (z) N WE(y) = W2 (x) N W2 (y),
where e = K*§ and K™ is again a large constant depending on M and f:
C(M)
min (1 — At 1= X))

This estimate is in fact a particular case of Bowen’s shadowing lemma:

*_

Lemma5 (Bowen). — If § is small enough, 6 < e*/K*, if (xn)nez is a bi-infinite 0-
pseudo-orbit, that is, d(f(xy), Tnt1) < § for alln € Z, then there exists a unique true
orbit { f™(x) }nez which e-shadow (T )nez, that is d(f"(x),z,) < € for alln € Z with
e=K*J.

This lemma (see [3]) for proof) is the main ingredient for constructing (dynamical)
rectangles. A rectangle R is a closed set of diameter less than £*/K* satisfying:

z,y € R = [z,y] € R.

We will not use the notion of proper rectangles but will use instead the notion of
Markov covering.
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Definition 6. — Let & = {Uy,...,U;} be a covering of M by open sets of diameter
less than ¢*/(K*)2. We call a Markov covering associated to U, a finite set R =
{R1,..., R} of rectangles of diameter less than £*/K* satisfying:

U, C R;

z € U N f7H(U;) = f(W*(z,R)) € W(f(), R)

y € fU)NU; = fTH(W"(y, Rj)) C W*(f(y), Ri)

Vjv E'Z, f(Ul) n Uj # )
where W*(z, R;) = W2 () N R; and W"(y, R;) = Wk (y) N R;.

An easy consequence of the shadowing lemma shows there always exist such Markov

coverings:

Proposition 7. — For every covering U of M by open sets such that the diameter of
each U; is less than €*/(K*)?, there exists a Markov covering R by rectangles of
diameter less than * /| K*.

Proof. — Given U = {Uy,...,U;} such a covering, we define the following compact
space of £* /(K*)? pseudo-orbits:

Y={w=(..,w_g,w_1|wo,w,...) st. U,, N f_l(anH) #+ o}
Here w is a sequence of indices in {1,...,l} and ¥ is a subshift of finite type where
i — j is a possible transition iff U; N f~1(U;) is not empty. Given such w € ¥, we
choose for all n € Z, x,, € Uy, so that f(z,) € Uy,,,. Then (z,)nez is a e*/(K*)?
pseudo-orbit which corresponds to a unique true orbit (f"(z))nez satisfying:

d(f"(z),U,,) < &*/K* ¥nel.

Since £* is a constant of expansiveness, there can exists at most one point x satisfying
the previous inequality for all n. We call that point w(w) and notice that the map

TiX—M
is surjective (for U is a covering), commutes with the left shift o, fom = 1o, is
continuous by expansiveness (in fact Hélder if ¥ is equiped with the standard metric).

Also notice that # may not be finite-to-one. We first construct a Markov cover on ¥
as usual by the braket

[w,w]= (.., 0 5w 1| wowi,...)

where w = (wp)nez, W' = (W), )nez and w) = wp. By uniqueness in the construction of
m(w), we get

(w, o)) = [r(w), 7(W)]

([

(W (w,[i])) = W*(n(w), R;) whenever wy =1

7r
7m([i]) = R; is a rectangle of M containing U;
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where [i], i = 1,...,1, is the cylinder {w € ¥ | wy = i} and W?*(w, [i]) is the symbolic
stable set {w' € ¥ | w), = w, Vn = 0}. (For the proof of the last equality, we
just notice: if x = 7(w), y € W¥(z,R;) and y = 7(w’') then 7([w,w’]) = y and
[w,w'] € W*(w,[i]).) To finish the proof we only show

zeUin [7HU;) = f(W*(z, Ri)) C W*(f(x), R)).
Indeed, z = m(w) for some w = (-++ ,w_1 | 4,7, wa, -+ ) and
o(W*(w,[i]) € W*(a(w), [j])-
To conclude, we apply 7 on both sides. O

Definition 8. — Let R = {R1,..., R} be a Markov covering of M associated to some
open covering U = {Ux,...,U;}. We define a local sub-action by

Vi(z) = sup{ Sn(A —m)o f"(y) + A%(y,2) | n >0, y € W*(z, Ry), }

for € U, and where S,B = S.7—0 Bo f*, As(y,z) = YesolAo fi(y) — Ao fF(x))
and the supremum is taken over all n > 0 and points y € W#(z, R;).

Before showing V; is a (finite!) Holder function on each R;, let’s conclude the proof
of Theorem 1:

Proof of Theorem 1. — Let U = {Ux,...,U;} be an open covering of M, {Ry, ..., R;}
a Markov covering associated to U and {61, ...,0;} a partition of unity adapted to U.
Let {V1,...,Vi} constructed as above and

V=> 6V
Suppose we have proved that z € U; N f~1(U;) implies

Vi(z) + (A =m)(z) < Vjo f(z).

Multiplying this inequality by 0;(z)6; o f(x) and summing over ¢ and j (whether or
not ¢ — j is a possible transition), we get

V(z) +(A=m)(x) <Vof(z) (VeeM).

We now prove the local sub-cohomological equation: if z € U; N f~1(U;) and y €
W*(x, R;), then f(y) € W*(f (), R;) and

Sn(A—m)o f7"(y) + A%(y,z) + (A —m)(z)
= Spi1(A—m)o [~ o fy) + A°(f(y), f(2) < Vjo f(x).
Taking the supremum over all n > 0 and all y € W#(z, R;), we get indeed

Vi(z) + (A =m)(x) < Vjo f(x).
That finishes the proof of theorem 1. O
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We now come to our main technical lemma. We notice that, even in the case where
A is Lipschitz, we only obtain a Holder sub-action.

Lemma9. — If A is a-Hélder on M, R is a rectangle and V is defined as in Defini-
tion 8, then V is B3-Hélder on R with exponent

[1n As]

= R ] <
Proof. — We divide the proof into four steps:
Step one. — If d(z,2') < e* and z, 2’ are on the same stable leaf, then
s n n HOldOé(A) JAYeY
Af(z,2) <Y Ao fM(z) — Ao f()| < C(M)Wd(%x) ;

n>=0

for some constant C' (M) depending only on M and the metric.
Indeed, it follows from the contraction d(f*(x), f*(z')) < C(M)\rd(z,2") for k > 0
and the fact that A is a-Holder.

Step two. — For every n > 1, x,2' € M such that d(f*(z), f¥(2')) < */K* for all
0 < k < n, then

n—1
D Ao fH(@) — Ao fH(a')| < K(M, f)max(d(z,«')*, d(f" (@), " (2')*),
k=0

Hold, (A)
min(1 — Ay %, 1 — \2)2’

where K(M, f)=C(M)

Indeed, one can build w = [z, 2']; then on the one hand, d(z,w) < &* and x,w are on
the same stable leaf; on the other hand, d(f"(w), f™(2’)) < &* and f™(w) and f™(z')
are on the same unstable leaf. We conclude by applying step one and the estimates:

d(z,w) < K*d(x,2’), d(f"(w), f*(2)) < K*d(f"(x), " (2)).

Step three. — We show that V() is finite for every x € R. It is precisely here that
the choice of the normalizing constant m(A, f) is important.

Indeed, since a transitive Anosov diffeomorphism is mixing (see [3]), there exists
an integer 7* > 1 such that, for every finite orbit { f~"(y),..., f~1(y),y}, n arbitrary,
T (B(y,e*/K*)) contains f~"(y). Thanks to the shadowing lemma, there exists a
periodic orbit z, of period n 4+ 7*, satisfying

d(f %), 5 y) <&t (Vk=0,1,...,n).

Using step two, Y ,_, (Ao f*(y) — Ao f=%(2)) is uniformly bounded in n by some
constant C (M, f). As any periodic orbit is associated to an invariant probability,
then, Y2317 (Ao f75(2) —m(4, f)) <0.
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Without lost of generality we can assume m(A4, f) = 0. Therefore, we get

n47*

ZAo y) < C(M, f) + ZAO 2) 4+ 7% All o

(M7f)+T ||A||oo-

Step four. — We finally prove that V is Holder on R. Let n > 0, z,2’ € R,
y € W5(z, R) and define y' = [2/,y] belonging to R since R is a rectangle and to
the same local unstable manifold as y. Then for some N we are going to choose soon:
let B=A—m(4,f),

SpBo f7™(y) + A%(y,x) < SpBof " (y) + A°(y, 2)

N—1
+ ) Ao ffy) — Ao ffy)l (=)
k=—n
+Z|A0f’“ o ff@)l (=)
+ |AS( ), (@) (= 23)
+HIAFN ), N @) (=)
We now bound from above each ¥; with respect to d(z,z’):
2 < N i), 5

Hold, (A)
min(1 — Az %, 1 — \%)2
Hold,

e ). £ ),
1d,,
BB ™ (). 17 )
We now choose N = N(z,2') by Ae* = Ald(z,2’), N = [t] + 1 and then choose
£ > e* so that AN = AN d(x,2’). Then
d(fN (@), [N (2')) < C(M)ATd(x,2") < C(M)AY
d(fY (), fN(@)) or (fF¥ (), fN(2') < CM)NTe™ < C(M)Aivg-
In particular, we get first d(f (y), f¥(y')) < 3C(M)AYN& and next:

Hold, (A4) N v
)\ @ :K M )\ [e%
min(l—/\;a,l_)\g)Q(Sa (M, £)(A5'8)%,

SuBo fT(y) + A%(y,x) < SpBo fT(Y) + A%y, a') + K (M, [)(ATE)*,
V(z) V(') + K(M, f)(ATE).

max(d(z,2")*, d(fN (z), N (2'))%),

S < O(M)

514+ 34 <6C(M)

<
<
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But
ANE = d(w,a!) /A I/ o) =

Remark 10. — We have not used explicitly the fact that the stable foliation W* is
Holder but our proof (step four) is close to showing W* is Holder of exponent v =

In(Ay/As)/ In(Ay/As).
Proof. — We show that if ¢ < &*/K*, d(z,2') < e, y € Wi(z), ¥y € W5(2') and
€ WXL (y') then
d(y,y') < 3C(M)*d(z,')”

where v = In(Ay/As)/ In(Ay/As).
Indeed we choose ¢ > 0 real such that Ale = Al d(z,2’), N = [t] + 1, and £ close to
e so that A& = ANd(z,2') where £/ varies between 1 and A, /)\s. Then

d(fN (@), N (y)) or d(fN (), N (y") or d(f¥ (2), fN(2")) < C(M)ATE,
d(fN (), N (') <3C(M)ALE,
d(y, ') < 3C(M)*(As/ )V E = 3C(M)2d(w, 2')". O

3. Maximizing periodic measures

The proof of Theorem 4 requires two ingredients: the first one is the notion of sub-
actions we have already studied, the second is the notion of strongly non-wandering
points we are going to explain.

Definition 11. — Given A € C#(M) and m = m(A, f), a point z € M is said to be
strongly non-wandering with respect to A, if for any € > 0, there exist n > 1 and
y € M such that

n—1
yeB@e), ['y)eBlae) and | Y (A-m)o fi(y)|<e

where B(z,e) denotes the ball centered at = and radius e. We call Q(A, f) the set of
strongly non-wandering points.

The first non-trivial but easy observation is that (A, f) is non-empty; more pre-
cisely:

Lemma12. — The set Q(A, f) is compact forward and backward f-invariant and con-
tains the support of any mazximizing measure.

Proof. — If 1 is maximizing, by Atkinson’s theorem [1], for almost p-point z, the
Birkhoff’s sums ZZ;& (A—m)o f* are recurrent (in the sense of random walk theory)
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to [(A —m)du = 0: that is, for any Borel set B of positive y-measure and for any
e > 0, the set

{x €B|3In>1f"(z) € Band | SI-HA—m)o fi(z)| < g}

has positive u-measure. Since by definition of the support of a measure, any ball
B(z,¢e) has positive u-measure, we have proved that supp(u) is included in Q(A, f).
O

The second observation is that any Holder function A is cohomologuous to m(A4, f)
on Q(A4, f), more precisely:

Lemmal13. — Let A be a CO-function and assume A admits a C° sub-action V, then
and any f-invariant measure p whose support in contained in QU(A, f) is mazimizing.

The set Xy (A4, f) will play an important role later and it is convenient to to give
it a name:

Definition 14. — Let A be a C%-function and V' be a sub-action of A.

(i) We call the set Xy (A, f) = {z € M | A—m =V o f—V}, the V-action-set
of A.

(ii) Two points x, y of the V-action-set are said to be V-connected and we shall
write z % y, if for every e > 0, there exist n > 1 and z € M (not necessarily in
Yy (4, f)) such that

z € B(z,e), yeB(f"(2).¢), [Sv(A-—m)(z) - (V(y)—V(2))| <e.

Notice that, if V' is §-Holder for some 3 > 0, using the shadowing lemma, one
can prove that x Y, y and y Yo imply x Y, w. This is so, because if z, and n,
are the ones for z % y in (ii) above, and if z, and n, are the ones for y Y win (ii)
above, then considering the pseudo-orbit zy, ..., f™ (), 2y, - - ., f™" (2y), we can find

by shadowing the z for x Y win (ii) above.

Proof of Lemma 13. — Define R=V o f —V — A+ m and choose xz € Q(A, f). Then

Z":BI(A —m) o f¥(y;) converges to 0 for a sequence of points y; and a sequence of
integers n; such that y; converges to x, n; converges to +oo and f™(y;) converges
to x. Since R is non-negative,

nifl n,-fl
0< R(y:) < Y Roffy) =Vof™(y)—V(y) - > (A—m)o f*(y)
k=0 k=0
converges to 0 and by continuity of R: R(z) = 0. O

Definition 15. — For any 3 > 0, define
Gs = {AcCP(M) | QA, f) is a periodic orbit}.
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Our next goal is to show that G is open in the C? topology. We could have choosen
a bigger set: the set of A in C%(M) such that Q(A, f) is minimal and is dynamically
isolated (i.e. there exists U, open, containing (A4, f) as the only f-invariant compact
set inside U) and the proof below would again be the same.

Lemma16. — For any 3 > 0, Gg is open in the C* topology and Q(A, f) is locally
constant as a function of A in Gg.

Proof. — Let A € Gg. We want to show that Q(A, f) = Q(B, f) whenever B is
sufficiently close to A in the C? topology. By contradiction: let U be an isolating
open set of the periodic orbit Q(A, f) = orb(p) and {A,} be a sequence of S-Holder
observables converging to A in the C* topology such that Q(A, f) is not included in U
for each n.

Each A, admits (Theorem 1) a «-Holder subaction V,, with y-Holder norm uni-
formly bounded and v = BIn(1/As)/In(Ay/As). By Ascoli, {V,,} admits a subse-
quence converging in the C° topology to some y-Holder function V. Since the set of
non-empty compact sets is compact with respect to the Hausdorff topology, we may
assume that {Q(A,, f)} has a sub-sequence converging to some compact invariant
set K. Each A,, satisfies:

An—m(An, f) < V,of =V, Vz e M),
Ap—m(An, f)=V,of =V, (VzeQAn, f)).
By continuity of m(A, f) with respect to A (for the C° topology),
A-m(A, f)<Vof-V (Vxe M)
A—m(A, f)=Vof-V (Vo e K).
We have assumed that each Q(A4,, f) \ U is not empty, then K \ U is not empty too.

Let g € K \ U, the w-limit set w(zo) and the a-limit set a(zg) of xy are compact
invariant sets included in Q(A, f), necessarily:

w(zg) = axg) = orb(p) C orb(xg) C Ty (4, f).

Since p is V-connected to z¢ and z¢ is V-connected to p, xg is V-connected to itself
which is equivalent to xg € (A4, f). We just have obtained a contradiction. O

Proof of Theorem 4. — Let (3 given and A, a-Holder with:

In(1/,)

f<b =g g

According to Theorem 1, there exists V, B—Hélder, satisfying:
A-m<Vof-V Ve e M).
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]geﬁne R=Vof-V—-—A+m, ¢, = min(R,1/n) and B,, = A+ ¢,. Then ¢, is
B-Holder with Hold5(¢n) < Héld5(R) and

A-m<B,—-m<Vof-V (Ve e M)
B,—-m=Vof-V (Vx € {R < 1/n}).

In particular m(B,,, f) = m(A, f) and the V-action set of B,, contains a neighborhood
{R < 1/n} of Q(A, f). Using the shadowing lemma, we construct a periodic orbit
orb(p) inside {R < 1/n} and we just have proved a perturbation B,, of A satisfies

orb(p) UQAA, f) € QB f).
Let v, be any B—Hélder function with small B—Hélder norm satisfying:

Yn(z) =0 (Vz € orb(p))
Yn(x) >0 (Vx € M ~ orb(p)).

Then A, = B, — ¢, = A+ ¢ — ¥, is such that the minimizing measure has sup-
port on orb(p), and A, has small C° norm and (possibly large) uniform 3-Hélder
norm. Therefore (A,) converges to A in the C’-topology and each A, has a unique
maximizing measure which is supported on a periodic orbit. O
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DYNAMIQUE DES FONCTIONS RATIONNELLES
SUR DES CORPS LOCAUX
par

Juan Rivera-Letelier

Em homenagem a Jacob, na acasiGo de seu sexagésimo aniversdrio.

Résumé. —  Soit p > 1 un nombre premier, Q, le corps des nombres p-adiques et
soit Cp la plus petite extension complete et algébriquement close de Q. Ce travail est
consacré a 1’étude de la dynamique des fonctions rationnelles sur la droite projective
P(Cp).

A chaque fonction rationnelle R € Cp(z) on associe son domaine de quasi-périodicité,
qui est égal & l'intérieur de ’ensemble des points dans P(Cp) qui sont récurrents par
R. On donne plusieurs caractérisations du domaine de quasi-périodicité et on décrit
sa dynamique locale et globale.

On montre que les composantes du domaine de quasi-périodicité (qui sont les ana-
logues p-adiques des disques des Siegel et des anneaux de Herman) sont des affinoides
ouverts (c’est-a-dire que leur géométrie est simple) et on décrit la dynamique sur une
composante donnée.

Comme dans le cas complexe on a une partition de la droite P(Cp) en I’ensemble de
Fatou et ’ensemble de Julia. Par analogie au cas complexe on fait la conjecture de
non-errance suivante : tout disque errant est attiré par un cycle attractif. On montre
que ceci a lieu si et seulement si tout point dans ’ensemble de Fatou est soit attiré
par un cycle attractif, soit rencontre le domaine de quasi-périodicité par itération
positive.

Introduction

Ce travail est essentiellement ma these de doctorat, laquelle a été soutenue a Orsay
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Il y a des questions en théorie des nombres qui sont reliées aux systéemes dynamiques
et les gens ont étudié, plus ou moins implicitement, des systemes dynamiques depuis
longtemps. Par exemple, la définition de la fraction continue d’un nombre réel est
reliée & Ditération de lapplication de Gauss © — 1/x — [1/z]. Notamment on a la
relation suivante entre la théorie des courbes elliptiques et 'itération des fonctions
rationnelles. On considere une courbe elliptique

E :y?>=2%+ax+b,

ol a et b appartiennent & un corps de nombres K (extension finie des rationnels).
Pour toute extension L de K l’ensemble E(L) de points dans E a coordonnées dans
L a une structure de groupe abélien, avec O = (00, 00) comme élément neutre. Cette
structure est définie par,

(o, 90) + (x1,91) = (/\2 — 0 — a:l,/\(/\2 —To—x1) +V)

ot A = (y1 —yo)/(w1 —x0) si 21 # 20 et XA = (322 +a)/2yo si 21 = 79 et v =
Yo — Arg = y1 — Ar1. Géométriquement la somme de trois points est égal a O si et
seulement si les trois points sont colinéaires. On dit qu’un point de E est de torsion
s’il existe n > 1 tel que
n|P=P+---+P=0.
n

Ceci a lieu si et seulement si P est pré-périodique pour I’application de doublement
P — [2]P, c’est-a-dire qu’il existe k > 0 et [ > 1 tels que [2¥] P = [2¥T!]P. La premiere
coordonnée de ’application de doublement est donnée par
r§ — 2ax3 — 8bxo + a®

423 + daxo + 4b

)

z([2](w0,y0)) =

qui ne dépend que de xy. On voit alors qu'un point (z,y) de E est un point de torsion
si et seulement si x est pré-périodique pour cette fonction rationnelle de degré 4. Ainsi
I’étude des points de torsion K-rationnels d’une courbe elliptique est étroitement reliée
a I’étude des points pré-périodiques sur K d’une fonction rationnelle.

Il y a beaucoup de résultats dans ce dernier contexte; on renvoie le lecteur aux
références de [MS2] et [Be]. Northcott a montré une propriété fondamentale :

Théoréme (Northcott [NO]). — Soit K un corps de nombres. Alors toute fonction ra-
tionnelle a coefficients dans K, de degré au moins deuzr, a un nombre fini de points
pré-périodiques sur la droite projective P(K).

Ce théoréme vaut en dimension quelconque; voir aussi Lewis [Le]. On donne une
nouvelle démonstration de ce théoréme (en dimension 1) dans un cadre légerement
plus général (Section 4.5).

Morton et Silverman ont conjecturé qu’il existe une borne pour le nombre de points
pré-périodiques qui ne dépend que du degré de [K : Q] de K et du degré de la fonction
rationnelle; voir [MS1].
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Principe de Hasse. — Dans ce genre de probleme il y a un principe appelé principe
de Hasse. Hasse a montré le théoréme suivant ; voir e.g. [Ca].

Théoréme (Hasse). — La forme quadratique,
2 2 2 .
azy + agxy + - +anz;, ouai,...,an €Q,

a un zéro non-trivial sur Q" si et seulement s’il en a sur Qi pour toute valeur abso-
lue P, ot Qp dénote la complétion de Q par P.

Rappelons que une valeur absolue P sur un corps K est une fonction P: K — R
telle que P(x) > 0, P(x) = 0 si et seulement si x = 0, P(zy) = P(x)P(y) et
Pz +y) < P(x)+ P(y), pour tout z, y € K.

L’importance de ce théoreme est que souvent il est plus facile de déterminer si une
forme quadratique a des zéros non-triviaux sur Q% que sur Q", car Qp est complet.

Le principe de Hasse consiste & : d’abord, traiter le probléme sur les différentes
complétions du corps de base et apres, essayer de recoller 'information. Mais on
n’a pas toujours une équivalence comme dans le théoreme de Hasse. Par exemple

I'équation (22 — 2)(z? — 17)(2? — 34) = 0 a une solution sur toute complétion de
Q, mais n’a pas des solutions sur Q. Il en est de méme pour la courbe elliptique

2y? = z* — 17; voir [Ca].

Dynamique des fonctions rationnelles. — Si 'on veut appliquer le principe de Hasse
pour étudier la dynamique d’une fonction rationnelle a coefficients dans un corps
de nombres, on doit étudier d’abord la dynamique des fonctions rationnelles sur les
différentes complétions du corps de base.

Il y a deux types de valeurs absolues : les non-archimédiennes qui satisfont I'inéga-
lité triangulaire forte : |z +y| < max{|z|, |y|}, et les archimédiennes qui ne la satisfont
pas. D’apres un théoreme de Orstrowski la complétion d’un corps de nombres par rap-
port a une valeur absolue archimédienne est isomorphe a C ou a R ; voir par exemple
[Ca].

Parfois il est plus facile d’étudier la dynamique d’une fonction rationnelle sur C
que sur R car on profite du fait que C est algébriquement clos. L’étude de la dyna-
mique d’une fonction rationnelle complexe est classique et elle a été initiée par Fatou
et Julia dans les années 1910. Depuis ces premiers travaux, et notamment dans les
vingt derniéres années, la dynamique des fonctions rationnelles complexes a connu
un grand développement, méme si des questions fondamentales comme la densité de
I’hyperbolicité sont encore ouvertes.

L’étude de la dynamique des fonctions rationnelles sur des corps non-archimé-
diens est plus récente ; voir [MS1], [Hs]| et [Be]. Ce travail est consacré a I'étude de
la dynamique d’une fonction rationnelle dont les coefficients appartiennent & C,, qui
est la plus petite extension complete et algébriquement close de Q,.
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Généralités sur le corps C,. — La norme p-adique sur Q, notée | - |,, est définie par

lp"r/slp =p~"
par p. On note @, la complétion de Q par la norme p-adique et on 'appelle le corps

, pour v € Z et pour tous les entiers r et s qui ne sont pas divisibles

des nombres p-adiques. On peut étendre | - |, a la cloture algébrique Q de Q. La
complétion de Q est le corps C,, qui est aussi algébriquement clos.

Comme p est fixe, on note |- |, simplement par |-|. Une boule fermée (resp. ouverte)
de C, est un ensemble de la forme B,(a)™ = {z € C, | |z — a|] < r} (vesp. B.(a) =
{z € C,|lz—al <r})our e |C, ={lz] | 2z € C, —{0}}. Notons que tout
élément w € B, (a) (resp. w € B,(a)) est un centre; B;f (w) = B} (a) (resp. B,(w) =
B,.(a)) et si deux boules fermées (resp. ouvertes) s’intersectent, alors 1'une est contenue
dans lautre. Dans la droite projective on appelle boule fermée (resp. ouverte) le
complémentaire d’'une boule ouverte (resp. fermée) de C,. La notion de boule de
P(C,) est alors invariante par automorphismes projectifs.

Une propriété des fonctions rationnelles a coefficients dans C, qui simplifiera la
géométrie est que les fonctions rationnelles préservent les affinoides. Un affinoide fermé
(resp. ouvert) conneze est une intersection finie non-vide de boules fermées (resp.
ouvertes) de P(C,) et un affinoide fermé (resp. ouvert) est une union finie d’affinoides
fermés (resp. ouvertes) connexes. Alors I'image et la préimage d’un affinoide fermé
(resp. ouvert) par une fonction rationnelle est aussi un affinoide fermé (resp. ouvert)
(Proposition 2.6). Une union d’affinoides connexes fermés qui contient un point donné
est appelé un espace analytique connexe. Alors la classe des espaces analytiques, qui
sont les unions finies de espaces analytiques connexes, est aussi invariante par les
fonctions rationnelles.

On prendra cette notion pour définir une notion de composante connexe : la com-
posante analytique d’une partie ouverte X de P(C,) qui contient zp € X est 'union
de tous les espaces analytiques connexes qui contient zg et qui sont contenus dans X ;
voir [Be]. Notons qu’une composante analytique est un espace analytique connexe
non-vide.

Les fonctions holomorphes définies sur les affinoides fermés connexes sont les li-
mites uniformes de fonctions rationnelles sans podles sur 'affinoide. Une telle fonction
est constante ou a un nombre fini de zéros. Alors une fonction définie sur un es-
pace analytique est holomorphe si sa restriction a tout affinoide fermé connexe est
holomorphe ; voir [FvP] et Sections 1.2 et 1.3.3.

Points périodiques. — Rappelons que si zg est un point périodique de R de période
minimale k alors {20, R(20), ..., R*"1(20)} est le cycle de zo; A = (R*)’(20) ne dépend
que du cycle et est appelé le multiplicateur du cycle. On considére la classification
suivante des points périodiques, en analogie avec le cas complexe.

« Si || < 1 on dit que zg est attractif. Si de plus A = 0, alors on dit que 2 est
super-attractif.
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« Si|A] =1 on dit que zq est indifférent. Si A\ est une racine de l'unité on dit que zg
est parabolique ou indifférent rationnel. Sinon on dit que 2y est indifférent irrationnel.

« Si [A] > 1 on dit que zy est répulsif.

Un théoréme de Fatou dit qu’une fonction rationnelle a coefficients complexes, de
degré au moins deux, est telle que tout cycle attractif ou parabolique attire au moins
un point critique ; voir [Fa]. Comme une fonction rationnelle R a au plus 2 deg(R) — 2
points critiques on a la propriété suivante.

Théoréme (Fatou [Fa]). — Soit R € C(z) une fonction rationnelle de degré au moins
deuz. Alors le nombre de cycles attractifs ou paraboliques de R est au plus 2 deg(R)—2.

Cette propriété est loin d’étre vraie dans le cas p-adique. Par exemple tous les
points périodiques du polynéme zP € C,[z] sont attractifs. Mais on montre que si une
fonction rationnelle a coefficients dans C, et degré d > 1, a plus de 3d — 3 cycles
attractifs, alors elle en a une infinité (Corollaire 4.9). On conjecture que pour une
telle fonction rationnelle, soit tout cycle attractif attire un point critique (et alors il
y a au plus 2d — 2 cycles attractifs), soit il y a une infinité de cycles attractifs, voir
Section 4.1.1.

D’autre part, notons que la notion de cycle super-attractif et cycle parabolique ne
dépend pas d’une valuation. On obtient alors le théoréme suivant par le principe de
Lefschetz.

Théorémel. — Soit R € C,(z) une fonction rationnelle de degré d > 2. Alors le
nombre de cycles super-attractifs et paraboliques est au plus 2d — 2.

Dynamique au voisinage des points fizes (Sections 3.1 et 3.3). — Comme dans le cas
complexe on peut décrire, dans la plupart des cas, la dynamique au voisinage d’un
point fixe a partir de son multiplicateur. Une des différences avec le cas complexe est
que, comme {|A\| = 1} C C, est un ensemble ouvert, la condition d’avoir un point
fixe indifférent est ouverte. Par conséquent il n’y a pas d’analogie non-archimédienne
aux tres riches phénomenes liés a la bifurcation d’un point fixe indifférent, comme par
exemple I'implosion parabolique; voir [La].

En général la dynamique locale des points fixes est assez simple et en particulier la
dynamique au voisinage d’un point fixe qui n’est ni parabolique ni super-attractif est
localement linéarisable. Il y a aussi des formes locales canoniques pour les points fixes
paraboliques et super-attractifs. De plus, deux germes sont conjugués si et seulement
g’ils le sont formellement ; voir [HY], [Lul], [TVW], [AV] et Sections 3.1 et 3.3.1.
Les mémes assertions dans le cas complexe ne sont pas toujours vraies et sont reliées
a des problemes de petits diviseurs assez subtils; voir [Y], [Ecl] et [Vo].

Ensembles de Fatou et de Julia (Section 4.3). — On peut définir les ensembles de
Fatou et de Julia comme dans le cas complexe, mais on remplace la normalité du
complexe par 1'uniformité lipschitzienne.
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L’ensemble de Fatou d’une fonction rationnelle R € Cp(z), noté F(R), est l'en-
semble de tous les points zp € P(C,) tels qu’il existe un voisinage U de 2 tel que la
famille { R"|y }n>0 est uniformément lipschitzienne ; voir [Hs].

On a les propriétés usuelles : F(R) est ouvert, R"1(F(R)) = F(R) et F(R") =
F(R), pour n > 1. Mais 'ensemble de Julia J(R) = P(C,) — F'(R) n’est pas nécessai-
rement compact (rappelons que C, n’est pas localement compact). De plus I’ensemble
de Julia peut étre vide (par exemple il n’est pas difficile de voir que J(z2P) = &). On
a aussi propriété suivante.

Théoréme (Benedetto [Be]). — L’ensemble de Fatou d’une fonction rationnelle est
non-vide.

Dans le cas complexe on a au contraire : I’ensemble de Julia est non-vide et peut
étre égal a P(C). Comme conséquence de ce théoreme (et d’un théoreme de Hsia), on
obtient que I’ensemble de Julia est toujours d’intérieur vide.

Cas complere. — Dans le cas complexe ’étude de la dynamique de I’ensemble de
Fatou, est faite en étudiant les composantes connexes, car il n’est pas difficile de
voir que la fonction rationnelle envoie une composante connexe sur une composante
connexe. Fatou et Julia ont classifié les composantes connexes en trois types (voir par
exemple [CG]) :

« Composantes attractives. Ce sont les composantes connexes qui sont attirées par
un cycle, qui peut étre attractif ou parabolique.

« Préimages des composantes de quasi-périodicité. C’est-a-dire qu’il existe k > 0
et une suite n; — oo telle que R™ +F converge uniformément vers R* sur les parties
compactes de la composante en question. Dans ce cas, un itéré de la composante est
périodique pour R et peut étre, soit un disque appelé disque de Siegel, soit un anneau
appelé anneau de Herman.

« Composantes errantes. Ce sont les composantes qui ne sont pas pré-périodiques
pour la fonction rationnelle.

En 1985 Sullivan a montré que toutes les composantes connexes de 1’ensemble de
Fatou sont pré-périodiques et par conséquent, il ne peut y avoir que des composantes
attractives ou des préimages des composantes de quasi-périodicité; voir [Sul].

Sur la structure de l’ensemble de Fatou (Section 4.4). — Dans le cas p-adique a
chaque fonction rationnelle R € C,(z) on associe son domaine de quasi-périodicité,
que 'on note £(R), qui est égal & I'intérieur de I’ensemble de points de P(C,) qui sont
récurrents par R. On montre le théoréme suivant.

Théoréme de Classification. — Soit R € C,(z) une fonction rationnelle. Alors len-
semble de Fatou de R se décompose dans les ensembles disjoints suivants.

(1) Bassins d’attraction. (L’ensemble de points de P(Cp) qui sont attirés par un
cycle attractif.)
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(2) €'(R) = UnzoR™"(E(R)).

(3) L’union des disques errants qui ne sont pas attirés par un cycle attractif.

On dit quun disque D C P(C,) est errant si pour tous k > 1 > 0 on a R¥(D) N
RY(D) = @. Par analogie au cas complexe on fait la conjecture suivante.

Conjecture de Non-Errance. — Tout disque errant est attiré par un cycle attractif.

D’apres le Théoréeme de Classification la Conjecture de Non-Errance est équivalente
a la conjecture suivante.

Structure Conjecturale de’Ensemble de Fatou. — Tout point de l’ensemble de Fatou
appartient ¢ E'(R) ou est attiré par un cycle attractif.

Benedetto a étudié les composantes analytiques de I’ensemble de Fatou et il a fait
une conjecture de non-errance dans ce contexte; voir [Be]. Cependant il arrive que
I’ensemble de Fatou soit égal a P(C,), méme s’il y a plusieurs comportements attractifs
et quasi-périodiques; voir exemples 6.6 et 6.3.

Dynamique attractive (Section 4.1). — L’étude des bassins d’attraction des cycles
attractifs peut étre faite comme dans le cas complexe et ne présente pas de surprises.
Une fonction rationnelle envoie une composante analytique d’un bassin d’attraction
sur une composante analytique. De plus un bassin d’attraction immédiat (c’est-a-dire
une composante analytique du bassin qui contient un point du cycle) est soit un disque
rationnel ouvert ; soit un ensemble qui ressemble au complémentaire d’un ensemble
de Cantor dans P(C,) (Théoreme 2).

Dynamique quasi-périodique (Section 4.2). — Par analogie au cas complexe on définit
le domaine de quasi-périodicité d’une fonction rationnelle R € C,(z) comme

E(R) = {z0 € U | il existe nj; — oo tel que R — id, sur un voisinage de zo}.

En particulier £(R) est ouvert et tout point dans £(R) est récurrent par R. On
montre que E(R) est égal & I'intérieur de ’ensemble de points récurrents par R (Co-
rollaire 4.27). Une définition équivalente (Proposition 3.14) est :

o R™ —id
E(R) = {20 € X | il existe k = k(zg) > 1 tel que § ————
nk n3>0

est uniformément convergent sur un voisinage de 29, quand |n|, — 0}.

Il n’est pas difficile de voir que R est injective sur E(R), R(E(R)) = E(R) et
E(R™) = E(R), pour n > 1 (Proposition 3.9). En général £(R) n’est pas fermé; voir
exemple dans [R-L].

On peut décrire la dynamique locale sur le domaine de quasi-périodicité comme
suit : soit zg € £(R) n’est pas périodique et alors il existe un entier k > 1 tel que RF est
localement conjugué a la translation z — z + k (Proposition 3.16) ; soit zgp € £(R) est
périodique et par conséquent R est localement linéarisable si zg n’est pas parabolique;
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sinon R est localement de la forme Az(1 + 2" + a2?"), ot A est une racine de 1'unité,
n>1etaeC,; (Section 3.3.1).

Logarithme itératif (Section 3.2). — Pour montrer ces propriétés on considere la fonc-
tion R, définie au voisinage d’un point zg € £(R) par,
R, = lim w, ou k = k(20),
Inlp—0  nk

qui est appelé le logarithme itératif de R. Cette fonction a aussi été considérée par
Lubin dans [Lul] au voisinage des points fixes. Par définition R, est localement
holomorphe et on montre que R, (z9) = 0 si et seulement si zgp € E(R) est périodique
par R; voir aussi [Lul].

Ceci nous donne deux corollaires intéressants. Le premier est que les points pério-
diques indifférents sont isolés, ce qui n’était pas tellement clair; voir [Hs] et [Be].
L’autre corollaire est une nouvelle démonstration du théoréme de Northcott unidi-
mensionnel (Section 4). On peut aussi utiliser le logarithme itératif pour expliciter les
conjugaisons locales décrites dans la Section 3.3.1.

Composantes du domaine de quasi-périodicité (Section 5). — On montre qu’une fonc-
tion rationnelle permute les composantes analytiques du domaine de quasi-périodicité
et on montre la propriété fondamentale suivante.

Théoréme 3. — Soit R € Cp(z) une fonction rationnelle de degré au moins deux et C
une composante analytique de E(R). Alors C est un affinoide ouvert, c’est-a-dire :

C:P((Cp)—BoU"'UBn,

oun >0 et By,...,By, sont des boules fermées.

Par analogie avec le cas complexe on dit que C est un disque de Siegel si n = 0
et on dit que C est un n-anneau de Herman si n > 0 (on suppose que les boules
By, ..., B, sont disjointes).

On montre que pour tout affinoide ouvert il existe une fonction rationnelle telle
que chaque composante connexe de I'affinoide est une composante analytique de son
domaine de quasi-périodicité.

De plus on montre que pour tout n > 1 il existe une fonction rationnelle de degré 2
ayant un m-anneau de Herman. En revanche une fonction rationnelle complexe de
degré deux ne peut pas avoir un anneau de Herman ; voir [Sh].

Itérés fractionnaires (Section 4.2). — Etant donnée une composante analytique C'
de £(R), et quitte & remplacer R par un itéré, on a une action (w,z) — R°¥(z) de
Zp ={w € Q| |z], < 1} sur C telle que R°! = R et telle que pour chaque w € Z,
Papplication R°* : C' — C est un automorphisme holomorphe de C' (Proposition 5.6).
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En effet pour chaque affinoide fermé contenu dans C on a que pour chaque w € C,
de norme assez petite la série

-1
R°" =Ty +wT + sz )

converge uniformément sur 'affinoide et on a R°™ = R", pour chaque entier n > 1,

To+ -,

et on a

Rewitwz) _ powr o ROv2,

quand R°(witw2) Rowi et ROW2 sont définis. Par conséquent R, = lim,, o (R°* — id)/w
et alors on peut considérer le logarithme itératif R, comme un champ de vecteurs tel
que le temps w du flot engendré par R, est R°.

Composantes et points périodiques (Section 5.2). — On obtient que chaque com-
posante analytique du domaine de quasi-périodicité contient une infinité de points
périodiques, mais chaque affinoide fermé contenu dans la composante rencontre au
plus un nombre fini d’eux. De plus, quitte a prendre un itéré, les périodes de ces
points périodiques sont de la forme p™, pour n > 0.

On montre ensuite qu’a chaque bout d’une composante analytique du domaine
de quasi-périodicité sont attachés une infinité de disques de Siegel (Section 5.3). Par
conséquent si R € C,(z) est une fonction rationnelle de degré au moins deux, alors
les affirmations suivantes sont équivalentes.

— R a un point périodique indifférent.

— R a une infinité de points périodiques indifférents.

-E&(R)#£ 2.

— Il y a une infinité de disques de Siegel.

Un exemple. — Un exemple intéressant est la fonction rationnelle
1—-bz
R(z) = \*—=,
z—a
ou |A| =1 et |a] = |b] <1 (exemple 5.15). La couronne

C={2€Cy|lal <[z <o|7"}

est une composante analytique de £(R) et si |[A—1] < 1 alors tous les points périodiques
de R sur C sont de période de la forme p™. De plus pour p > 2 on montre (& Paide
d’un théoréme de Keating) que si R n’a pas de cycles paraboliques, alors pour tout
n > 0, la fonction rationnelle R a exactement 2 cycles de période primitive p™ dans C.

\

Sur la rectification des applications a allure polynomiale. — On finit avec une re-
marque. Dans le complexe la théorie des applications quasi-conformes est un outil
tres utile. Notamment, la preuve du théoreme de non-errance de Sullivan dépend de
fagon essentielle de cette théorie; voir [Sul]. Une autre application est le théoréme de
rectification de Douady et Hubbard qui dit que toute application & allure polynomiale
est quasi-conformément conjuguée a un polynome; voir [DH].
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Il semble difficile qu’on puisse avoir un analogue du théoréeme de rectification de
Douady et Hubbard. Par exemple soit i € Cs la racine de 22 = —1 telle que |i —2| < 1,
et considérons le polynome

P(z) = —z+ (5+1i)2% — (i + 3)2% € Cs[2].

Alors (P, {|]z] < 5}) est une application & allure polynomiale de degré 2 qui a 0
et 1 comme points fixes paraboliques, car P'(0) = —1 et P/(1) = —i. Mais par le
Théoreme 1, un polyndéme de degré 2 a au plus un cycle parabolique.

Organisation et remarques. — Ce travail est divisé en 6 sections. Souvent la démons-
tration la plus longue d’une (sous)section est & la fin de la section. Maintenant on
décrit brievement le contenu de chaque section.

La Section 1 contient les préliminaires. On considére d’abord les objets géomé-
triques avec leurs propriétés basiques (Section 1.2). A part ceux mentionnés dans
cette introduction on définit les bouts, les systémes projectifs et arbre associé a un
espace analytique connexe. La Section 1.3 contient des outils d’analyse.

Dans la Section 2 on considere l'action d’une fonction rationnelle sur les diffé-
rents objets géométriques. On définit aussi la notion de composante d’injectivité et
on montre que une composante d’injectivité est un affinoide ouvert (Proposition 2.9).
Ceci est le premier pas dans la démonstration du Théoréme 3.

La Section 3 est consacrée a la dynamique locale. Cette section ne dépend pas de la
Section 2. Dans les Sections 3.1 et 3.3 on décrit la dynamique au voisinage des points
fixes et dans la Section 3.2 on introduit le domaine de quasi-périodicité et on décrit
ses propriétés locales.

La Section 4 est consacrée a la dynamique des fonctions rationnelles. On commence
par le Théoréme 1 sur la borne du nombre de cycles super-attractifs et paraboliques.
Dans la Sections 4.1 on étudie les bassins d’attraction et dans la Section 4.2 on consi-
dere des propriétés globales du domaine de quasi-périodicité. Dans la Section 4.3 on
considere les ensembles de Fatou et de Julia avec leurs propriétés basiques. Dans
la Section 4.4 on montre le Théoreme de Classification et on énonce les conjectures
décrites dans cette introduction. Dans la Section 4.5 on considere la dynamique de
fonctions rationnelles dites simples, qui ont été introduites par Morton et Silverman
dans [MS2].

Dans la Section 5 on étudie les composantes analytiques du domaine de quasi-
périodicité. On montre le Théoreme 3 sur la géométrie des composantes analytiques
et dans la Section 5.1 on considére la dynamique sur une composante analytique
donnée. Dans la Section 5.2 on étudie les points périodiques dans une composante
donnée et dans la Section 5.3 on étudie la dynamique aux bouts des composantes
analytiques.

Dans la Section 6 on considere des exemples.
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1. Préliminaires

1.1. Généralités. — On note Z l’anneau des nombres entiers, Q le corps des
nombres rationnels, R le corps des nombres réels, C le corps des nombres complexes
et, si ¢ > 1 est une puissance d’un nombre premier, on note F, 1'unique corps avec
q éléments. On appelle corps de nombres une extension finie de Q. Etant donné un
corps K on note K la cloture algébrique de K.

Un corps valué (K,|-|) est un corps K muni d’une fonction |-|: K — R qui vérifie
les propriétés suivantes.

(i) |z| = 0, pour tout = € K.

(ii) |z| = 0 si et seulement si « = 0.

(ili) |zy| = |=| - |y, pour tous z, y € K.

(iv) |z +y| < |=| + |y|, pour tous z, y € K.

On dit que (K, | -|) est ultramétrique, ou non-archimédien, si de plus on a
(iv)’ |z + y| < max{|z|, [y|}, pour tous z, y € K.

Si K est complet pour la distance induite par la valeur absolue |- |, on dit que (K, |-])
est complet. Le groupe |K| = {|z| | + € K — {0} } s’appelle le groupe de valuation
de K. Si K est algébriquement clos, alors | K| est dense dans R.

Lorsque K est non-archimédien, I'ensemble O = {z € K | |z| < 1} est un anneau
appelé l'anneau de valuation de K et 'idéal Px = {x € K | x| < 1} est appelé [%idéal
de valuation de K ; c’est un idéal maximal de Ok. Alors K= Ok /Pk est un corps,
qui est appelé le corps résiduel de K ; pour x € Ok, on note T € K I'image de x
dans K.

Etant donné un nombre premier p > 1 on considére la norme p-adique |- |p sur Q

v

définie par |p“r/s|, = p~¥, pour tout v € Z et tous les entiers r et s qui ne sont pas

divisibles par p. On note Q, la complétion de Q par |- |,, qu'on appelle le corps de
nombres p-adiques. Alors (@p, | - |p) n’est pas complet, on note C, sa complétion, qui
est algébriquement close. On note D, = Pc, = {z € C, | |2| < 1}.

Notons que F,, est le corps résiduel de Q, et que Fp est celui de @p et C,. De plus
log,, IC,p| = Q.

1.1.1. La droite projective et la métrique chordale. — Etant donné un corps K on
considere la droite projective de K notée P(K), qui est 'ensemble des droites dans
K? = K x K passant par (0,0). On notera [z,y] € P(K), pour (z,y) € K? — {0,0},
le point correspondant & la droite {(Az, \y) | A € K}. Le groupe d’automorphismes
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de P(K) est isomorphe & GL(2,K)/K*, ou K* = K — {0}. En effet, & (24) €
GL(2,K)/K* on associe 'automorphisme

o([z,y]) = [az + by, cx + dy].

On identifie P(K) — [1,0] avec K par 'application [\, 1] — X et on note oo le point
[1,0]. Alors on a une identification naturelle P(K) = K U{oco}. On étend l'application
€0k —7eKaPK), par T = 0o € P(K) pour tout z € P(K) — O.

Une coordonnée, ou plus précisément, une coordonnée globale w de P(K) est w €
GL(2,K)/K* et I'identification de P(K)—{w~!([1,0])} & K donnée par [z, y] — x1/y1
ou [z1,y1] = w([z, y]). On dit qu'une coordonnée w est affine si w est représentée par
une matrice de la forme (§%) € GL(2,K).

Si K est un corps valué ultramétrique, alors on considére, comme dans [Rul], la
distance chordale d sur P(K') donnée par

|$0y1 - $1y0|
max{|zo, |yo|} - max{|z1], [y1]}’

d([‘x()vyO]v [1‘1, yl]) =

ou en coordonnées

d(z0,21) = 0 — 21
0 max{|zo|, 1} - max{|z1|, 1}’
ou | - | désigne la norme ultramétrique sur K correspondante; voir aussi [Ru2] et

[MS2]. Notons que la distance chordale coincide avec la distance induite par | - |
sur {|z| < 1}. De plus il est facile de voir que la distance chordale est invariante
par les automorphismes représentés par les matrices (‘Z 2) € GL(2,0k) telles que
lad — be| = 1.

On peut considérer la distance chordale comme 1’analogue de la distance sur P(C) =
C U {oo} que l'on obtient quand on identifie C U {oc} & {z € R? | |z| = 1} par la
projection stéréographique et en considérant la distance sur {z € R? | |z| = 1} induite
par celle de R3.

1.1.2. Corps ultramétriques localement compacts. — On considere un corps valué
(K,|-|) ultramétrique et complet.

Proposition. — Le corps K est localement compact si et seulement si le groupe des
valuations est discret et le corps résiduel est fini.

Dans ce cas il existe m € Pk tel que pour tout systeme de représentants A de K
et tout x € K — {0}, il existe N € Z et {an}n>n C A tels que,

o0
T = E a,m" avec ay # 0.
n=N

On appelle 7 une uniformisante de (K, |- |).
Par exemple Q,, est localement compact et on peut prendre m = p comme unifor-
misante et A ={0,1,...,p — 1} comme systéme des représentants de Q, = F,,.
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Il est facile de voir que toute extension finie de QQ, est complete et localement
compacte. D’autre part C, n’est pas localement compact, car son corps résiduel est
infini (et son groupe des valuations n’est pas discret).

1.2. Objets géométriques. — Dans cette section on introduit différents objets
géométriques et on montre les propriétés qui nous seront utiles dans la suite.

1.2.1. Boules, affinoides et espaces analytiques. — Etant donné z € Cpetr>0on
pose

B (z)={z€Cp||z—2a| <r} et Bj(x):{ze((:p||z—x|<r}.

Si r € |C,| on appelle B;f (z) (resp. By (z)) boule fermée (resp. ouverte) de C,. Si
r & |Cp| alors B,(z) = B;f (x) et on I'appelle boule irrationnelle de C,,.

Une boule fermée (resp. ouverte, irrationnelle) de P(C,) est soit une boule fermée
(resp. ouverte, irrationnelle) de C,, soit le complémentaire dans P(C,) d’une boule
ouverte (resp. fermée, irrationnelle) de C,. La classe des boules fermées (resp. ouvertes,
irrationnelles) de C,, (resp. P(C,)) est invariante par changement de coordonnée affine
(resp. projectif).

Si By, B; sont des boules fermées, ouvertes ou irrationnelles de C,, alors
ByNBy =@, By C By ou By C By. Une boule fermée (ouverte, irrationnelle) est
topologiquement ouverte et fermée, donc la notion de boule ouverte et fermée n’est
pas topologique. On appelle une boule fermée (resp. ouverte) simplement boule (resp.
disque).

Un affinoide fermé (resp. ouvert) connexe est une intersection finie non-vide de
boules fermées (resp. ouvertes). Un affinoide fermé (resp. ouvert) est une union finie
d’affinoides connexes fermés (resp. ouverts). Alors P(C,) est un affinoide fermé (resp.
ouvert) connexe, car c¢’est l'intersection vide de boules fermées (resp. ouvertes).

Une intersection ou une union finie d’affinoides fermés (resp. ouverts) est un affi-
noide fermé (resp. ouvert). Une intersection finie non-vide d’affinoides fermés (resp.
ouverts) connexes est un affinoide fermé (resp. ouvert) connexe. L’union de deux affi-
noides fermés (resp. ouverts) connexe dont l'intersection est non-vide est un affinoide
fermé (resp. ouvert) connexe. Le complémentaire d’un affinoide fermé (resp. ouvert)
est un affinoide ouvert (resp. fermé).

Proposition 1.1. — Soit X = X1UXoU---UX,, ot les X; sont des affinoides connezxes,
et soit x € X. L’union des affinoides connexes contenant x et contenus dans X est
un affinoide connexe qui contient les X; qu’il rencontre. On U'appelle la composante
connexe de x dans X. X est l'union disjointe des ses composantes connezes.

Démonstration. — Soit J C {1,...,n} 'ensemble des j tels qu’il existe un affinoide
connexe contenu dans X, contenant = et rencontrant X;. Posons ¥ = U;X;. Soit Z
un affinoide connexe contenant z et contenu dans X ; si Z rencontre un Xj, on a
k € J; on conclut que Z C Y.
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Inversement, soit j € J; notons Y; un affinoide connexe contenu dans X conte-
nant x, et rencontrant X;, et posons Z; = Y; U X; : c’est & nouveau un affinoide
connexe contenant x et contenu dans X, et c’est aussi le cas pour Z := U;Z;. On a
donc Y =U;X; CU;Z; C Z mais aussi Z C Y d’apres ci-dessus, donc Z est le plus
grand affinoide connexe contenant x et contenu dans X. O

Un espace analytiqgue connexe est une union croissante d’affinoides connexes. Les
unions (finies ou infinies) d’affinoides connexes contenant un méme point sont des
espaces analytiques connexes. Un espace analytique est une union finie d’espaces ana-
lytiques connexes. Les affinoides fermés et ouverts sont des espaces analytiques; c’est
aussi le cas du complémentaire d’un ensemble compact dans un espace analytique.
Les espaces analytiques sont les domaines des fonctions holomorphes; voir Section 1.3
et [FvP].

Suivant Benedetto on appelle composante analytique d’une partie ouverte X de
P(C,) qui contient z € X, 'union de tous les espaces analytiques connexes contenus
dans X et contenant xz; voir [Be]. Une composante analytique est alors un espace
analytique connexe non-vide.

Une couronne C' C P(C,) est un ensemble qui apres changement de coordonnée
approprié, est de la forme

C)={zeCp|lzl 1},

ou I C (0,400) est un intervalle non-vide. Si lintervalle I est ouvert, alors on dit
que C est une couronne ouverte ou simplement couronne quand il est clair qu’il s’agit
d’une couronne ouverte.

De facon équivalente une couronne ouverte est un ensemble de la forme P(C,) —
By U By, ou By et By sont des ensembles disjoints qui sont des points, des boules
fermées ou des boules irrationnelles, qu’on appelle composantes de P(C,) — C. On
appelle

mod(C) = mod(C(I)) = log, || € (0, 00]
le module de C'. Les couronnes sont des espaces analytiques connexes.

1.2.2. Bouts et systémes projectifs

Définition 1.2. — Soit B une boule fermée de P(C,). Une chaine évanescente associée
a B est une suite décroissante {A;};>1 de couronnes ouvertes de la forme P(C,) —
B U B;, vérifiant NA; = @.

On considere la relation d’équivalence ~ entre chaines évanescentes définie par :
{Ai}iz1 ~ {/Nli}i>1 si et seulement si, pour tout n > 1 il existe m tel que A,, C ;1"
et Zm C A,. Notons que deux chaines évanescentes sont équivalentes si et seulement
s’ils ont la méme boule associée.

Un bout est une classe d’équivalence de chaines évanescentes par la relation d’équi-
valence ~. Notons que 1’on a des bijections naturelles entre les bouts, les boules fermées
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et les boules ouvertes. Etant donné un bout P, on note Bp (resp. Dp) la boule (resp.
le disque) associée a P.

On dit qu'un bout P est inclus dans un ensemble X et on note P < X, si pour
toute chaine évanescente {A;};>1 qui représente P il existe n > 1 tel que 4,, C X. Un
bout d’un espace analytique X est un bout P < X tel que P £ Y pout tout affinoide
fermé Y C X. L’ensemble 7 des bouts d’un affinoide ouvert connexe X est fini, les
boules Bp, pour P € T, sont disjointes et on a X = P(C,) — Ur Bp.

Etant donné un bout P considérons une coordonnée w telle que Dp = {|w| < 1}.
Pour £ € P(C,) soit P(¢) le bout tel que Dpey = {w | w = &}. On appelle
S = {P(ﬁ)}ﬂh(@p) le systeme projectif de bouts associé & P ou simplement un sys-
teme projectif. On dit que la coordonnée w est compatible avec P ou S. Chaque boule
ou disque est associé alors & un unique systéme projectif. Notons que le paramétrage
P(€) dépend aussi de la coordonnée w. A chaque coordonnée w correspond un unique
systéme projectif canonique : celui associé a {|w| < 1}.

Etant donné un espace analytique connexe X on dit que S est inclus dans X, et on
note § < X, si X n’est pas contenu dans un disque associé a S. De fagon équivalente
S < X si et seulement s’il existe Py, P; € S distincts, tels que Py, P1 < X. Dans ce
cas I'ensemble des bouts P € S tels que Dp ¢ X est fini.

L’ensemble de tous les systemes projectifs de P(C,) est appelé ’espace hyperbolique
p-adigue, que 'on note H, ; voir remarque ci-dessous. Etant donnés Sy et S; € H,
distincts il existe un unique P; € S; tel que S1—; < Dp,, pour ¢ = 0,1; on pose
C(So,81) = Dp, N Dp,. Si 29,21 € P(C,) sont distincts on définit les couronnes
C(z0,21) = P(Cp) — {20, 21} et C(So,21) = Dp — {21}, ou P € Sy est le bout tel que
z1 € Dp. Pour 8y, 81 € H, UP(C,) on pose,

(80,81) = {S S Hp — {80,81} | C(SQ,S) n C(S,Sl) = @},

[80781) = {SQ} U (80781) et [80,81] = [80,81) U {81} Chaque triplet S(), 81, 82 S
H, UP(C,) détermine S € H, UP(C,) tel que [S;, S;1N[Si, Sk] = [Si, S|, ou {4, j, k} =
{1,2,3}. Si Sy, S1 et Sy sont distincts, alors S € H,.

On dit qu’un systeme projectif S est entre Sy et S1 si S € (Sp, S1). De plus on dit
que qu'un ensemble A C H, UP(C,) est conveze si pour tous Sp,S1 € A distincts
on a (Sp,S1) C A. Pour 7 C H, UP(C,) l'ensemble [7T] = Ur[So, S1] est la cléture
conveze de T. On pose (7) = Uz (Sp, S1) qui est aussi un ensemble convexe.

Pour Sy, S1 € H, UP(C,,) différents, la formule

d(SQ,Sl) = mOd(C(So,Sl)) S 10gp |(Cp| =Q,

définit une distance sur H,. Alors (Sp,S1) C H, est isométrique & lintervalle
(0,d(S0,81)) NQ C R si Sy ou &1 n’appartient pas a P(C,) et est isométrique a
Q C R sinon.

Remarque. — La complétion Ep de (H,, d) est un espace métrique géodésique au sens

que pour tous Sy, S; € H, il existe un sous-ensemble [Sy, S;] de H, isométrique &
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I'intervalle [0, d(So, S1)] C R, ayant Sy et S; comme extrémités; voir [GH] p. 16. Si
So, S1 € H,, alors [Sp, S1] est la complétion de [Sp, Si] C H,.

Le segment géodésique [Sp, S1] est uniquement déterminé par Sp et S;. On a aussi
que ﬁp est un arbre réel au sens que si deux segments géodésiques ont exactement une
extrémité en commun, leur réunion est un segment géodésique ; voir [GH] p. 31. Par
conséquent H, est 0-hyperbolique au sens de Gromov. Le bord & l'infini 0. H, (défini
comme dans [GH]) est égal au bord & U'infini de H), et est canoniquement identifié &
P(C,).

La distance sur 0,.H, = P(C,) relative & S € H,,, induite par la distance d est
définie par

ds(zo,21) = p*d(s’sl), pour zg, z1 € P(C,) avec zg # 21,

ou &' € H, est déterminé par [S,S'] =[S, 20) N[S, z1) ; voir [GH]. 1l est facile de voir
que la distance ds coincide avec la distance chordale, dans une coordonnée compatible
avec S.

1.2.3. Arbres affines. — Fixons un espace analytique connexe X C P(C,). On va as-

socier & X un arbre Ax et une partition canonique de X . Cet arbre est une adaptation

de larbre défini par Motzkin en [Mo] pour les quasiconnexes; voir aussi [GVP)].
Etant donné un systeme projectif S < X on pose

nsz#{PES|DpﬂX=®} et
ms=#{PeS|DpNX#Fet Dp ¢ X}
qui sont finis. Alors S est un point (resp. sommet) de Ax si et seulement si mg > 2

ou ng > 0 (resp. ms = 3 ou ng > 0). Dans ce cas on associe & S 'affinoide fermé
connexe,

Xs = P((Cp) — UPES,DP¢XDP c X.
La projection mx : X — Ax est définie par 7r)_(1 (S) = Xs.
Les arétes de Ax C H,, sont les sous-ensembles convexes de Ax qui ne contiennent
pas de sommet, maximaux pour ces propriétés. Si I est une aréte de Ax alors,

X1 =UserXs C X,

est une couronne ouverte. Les deux composantes de P(C,) — X rencontrent P(C,) — X
et la couronne X; est maximale pour ces propriétés. Un sommet S de Ax est une
extrémité de I si l'une des composantes de P(C,) — X1 est une boule fermée ayant S
comme systeéme projectif associé.

On a la partition canonique,

X = (l—ls sommet de AXXS) U ('-II aréte de AXXI) ‘

Si S est un sommet de Ax, alors tout bout P € S tel que DpNX # @ et Dp ¢ X
est un bout d’une couronne associée & une aréte de Ax dont S est une extrémité (il
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y a donc mg arétes dont S est extrémité). Il peut y avoir des sommets S de Ax qui
ne sont pas des points de ramification, dans ce cas ng > 0.

Si B C Ax est convexe, alors Y = 77;(1 (B) est un espace analytique connexe et on a
Ay = B et Ys = X5 pour tout point S de Ay.

La complétion Ay de (Ax,d) est un arbre; on note Aﬂf} le plus petit connexe dans
Ax contenant Ax qui est aussi égal & la cloture convexe de Ax dans Ax C ﬁp.

Exemple 1.3

(i) Ax = @ si et seulement si X est une boule ouverte ou une boule irrationnelle
ou le complémentaire d’un point ou P(C,).

(ii) X est une couronne ouverte si et seulement si Ax n’a pas de sommets et a
une seule aréte; Ax (resp. A%) est alors isométrique a un segment de Q (resp. R) de
longueur mod(X).

(ili) Ax est réduit & un sommet S si et seulement si X = Xs = P(C,) — UrDp
o 7 est un partie finie non-vide de S (on a #7 = ng). Par exemple ns = 1 si et
seulement si X est une boule fermée et ng = 2 si et seulement si X est une spheére;
c’est-a-dire X = {z | |z| = 1} pour un certain choix de coordonnée.

(iv) Pour tout ensemble fini 7 C P(C,) on a Ap(c,)—-7 = (7) C H,; voir Sec-
tion 1.2.2.

(v) Ax est un arbre fini, c’est-a-dire Ay a un nombre fini de sommets (et donc un
nombre fini d’arétes) si et seulement si P(C,) — X = U B;, ou les B; sont disjoints
et chaque B; est soit un point, soit une boule, ouverte, fermée ou irrationnelle.

Dans ce cas il existe une immersion tres élégante de Ax dans Q™ C R™ due & Yoc-
coz : on suppose que oo € By et pour chaque B; on choisit z; € B;. Alorsi: Ax — Q"
est déterminée par,

iomx : X — (log, |z — 21],...,log, |z — z,]) € Q" C R™.

La restriction de i a chaque aréte est une isométrie sur son image, ou ’'on considere
R™ avec la norme du maximum.

(vi) X # P(C,) est un affinoide fermé si et seulement si Ax est fini et A% est
compact ; ceci est équivalente a que Ax soit la cloture convexe dans H,, d’un ensemble
fini. X est un affinoide ouvert si et seulement s’il existe un ensemble fini 7 C H, tel
que Ax = (7) C H,,; voir Section 1.2.2.

(vii) L’arbre de X, = C, — Og,. Le systéme projectif canonique S est un sommet
de Ax,, sauf si p = 2. A cause de cela on consideére d’abord le cas p > 2; voir figure 1.

Les sommets de Ay, , différents de S, sont les systemes projectifs Sq,...a,, 01l a; €
{0,1,...,p— 1}, associés aux boules

Buag...an = {17 = (a0 + -+ + anp™)| < p~ D}
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Soo
So Sor
Sogp-1)
Sio_
S S
S ! : o
.31(1.’?1)
S(p-1)0
Sp-1)1
Sp-1 Sp-1)-1)

FIGURE 1. Arbre de C, — Oq,,, pour p > 2.

de telle sorte que Sy ..., €st lié & Soy...a, 14, DPar l'aréte associée a
(= <|p—(ao+ - +anp™)| <p"}.

De plus S est lié a S, pour ag € {0,...,p—1}. Notons que toutes les arétes de Ax,
sont de longueur 1.

So S0
SO %NSOO S1o 106

Siop

Si1p)
Sup

FIGURE 2. Arbre de C2 — Oq,.

Supposons p = 2. Considérons le systéeme projectif S; associé a la boule B; =
{|z —i| < 4}, pour i = 0,1. Alors Sy et Si sont des sommets de Ax, et la couronne
P(C,) — Bo U By est associée & une aréte de longueur 2 qui joint Sy & Sp. Les autres
arétes sont de longueur 1. En général les sommets de Ax, sont les systémes projectifs
Sapar...ans OU a; € {0, 1}, associés aux boules

Bayay..a, = {12 = (a0 + 12" 4+ -+ 4+ a,2")| < 2~ TV},
de telle fagon que S,y . .q,_, €st 1ié & Say.. ., _,a, par laréte associée &

{270 <z = (ag+ -+ an2") <277}
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1.3. Analyse ultramétrique. — Dans cette section on considere les outils d’ana-
lyse qu’on va utiliser dans ce travail. Pour des références on renvoie le lecteur a [Cal,
[Ro] et [FvP].

1.8.1. Séries convergentes. — Une série
f(z) =ao+a1z+--- € Cy((2)),

est convergente sur {|z| < r} si et seulement si limsup,,_, . |ag|"/*r < 1. Sir € |C,|
alors f est convergente sur {|z| < r} si et seulement si limy,_. |ag|r* = 0.

Une fonction rationnelle R € Cp(z) admet un développement en série en chaque
point zg, qui n’est pas un pole. Le rayon de convergence est égal a la plus petite
distance entre zy et un pole.

On note H(B) lanneau des séries convergentes sur B = {|z| < r ou {|z| < r}. On
munit H(B) de la norme uniforme || - ||g. Si B = {|2| < r} alors

115 = sup Jai]r,

12
etona|[fglz = [flsllglls et [|f +gllz < max{[|f]|5, lgllz}, pour tous f, g € H(B).
Donc (H(B), || - ||g) est un anneau valué, ultramétrique et complet.

Principedu Maximum. — Soit B = {|z — a|] < r} avec v € |C,|. Alors pour tout
feH(B) ona

sup|f(2)| = [Ifllz = sup [f(2)]-

B |z—a|=r
LemmedeHensel. — Soit f € Oc,[[z]] une série convergente sur {|z| < 1} a coeffi-
cients entiers. S’il existe zg tel que |f(z0)| < |f'(20)|? alors il existe un unique zéro w

de f tel que |w — zo| < |f(20)|/|f (20)|-

Pour w € C, considére la translation T,,(z) = z — w. Notons que T,, préserve la
distance sur C, induite par la norme |- | et T}, = 1. De plus T\,(B,(0)) = B,(0) pour
chaque r > |w|.

Lemmede Schwarz. — Considérons une série f € H(B,(0)) de la forme f(z) = z(ao+
a1z +---). Alors les propriétés suivantes sont équivalentes.

(i) |f(2)] < |z| pour tout z € B(0). En particulier |f'(0)] < 1.

(i) |a;] < 77%, pouri > 0.

(iif) f(Br(0)) € B(0).
Considérons maintenant une série f € H(B-(0)) telle que f(B,(0)) C B,-(0). Alors
[f(z0) — f(z1)] < |20 — 21| et |f'(2)| < 1 pour tous zo, z1 et z € B(0). De plus les
propriétés suivantes sont équivalentes.

(iv) f: Br(0) — B.(0) est un automorphisme.

(v) Il existe z € B, (0) tel que |f'(z)| = 1.

(v) |f'(2)] = 1 pout tout z € B(0).

(vi) 1l existe z9, z1 € Br(0) différents tels que | f(z0) — f(z1)| = |20 — #1].
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(vi)" Pour tous 29,21 € B(0) on a |f(z0) — f(z1)| = |20 — 21].
Le corollaire suivant est immédiat.

Corollaire1.4. — Si f € H(B(0)) alors pour tous z, y € By(0),

1£@) — 1wl < 0 0,

En particulier notons que si || f|| g0y < 7, alors B,.(0) contient un unique point fixe
de f.

Démonstration du Lemme de Schwarz. — Clairement (ii) = (i) = (iii). Supposons
(iii). Par le Principe du Maximum pour tout r¢ € |C,| N (0,7) on a

f(2)

la;lrt < sup
z

[2|="0

T .
‘g—, pour ¢ > 1.
To

Donc |a;| < r~% pour i > 1, et (iii) = (ii).

Soit f € H(B,(0)) une série telle que f(B,(0)) C B,-(0). Notons que pour chaque
w € Br(0) on a Ty o foT_(0) =0. Donc par (i) on a |f(z0) — f(21)] < |20 — 21
et |f'(z)| < 1 pour tous zp, z1 et z € B,(0).

Evidemment (vi)’ = (vi)’ et (vi) = (v)’ = (v). Supposons f(0) = 0. Alors par
(i) on a |f(2) — f'(0)z]| < |z| et |f'(2) — f'(0)] < 1 pour tout z € B,.(0) — {0}. Donc
(vi) = (v) = (v)".

Supposons (iv). Fixons w € B,.(0) et soit g = Ty o f 0 T_4, de telle fagon que
g(0) = 0. Donc par (i) appliqué a g et & g=% on a |¢’(0)| = 1 et |g(2)| = |z| pour tout
z € B,(0). Donc (iv) = (v)’ et (iv) = (vi)".

Il suffit de montrer (v) = (iv). Supposons alors (v) et on peut supposer de plus
f(0) = 0. Alors f(z) = z(ap + a1z +--+) ol |ag| = 1 et on a |a;| < r~%, pour i > 0,
par (ii).

On définit par induction b; € C,, pour i > 0, tel que |b;| < r~% et tel que

S bi(f(2)) =214 F T ),
0<j<i
On pose by = al_l et supposons b; déja définie. Alors notons que ¢; 1 comme plus haut
satisfait [¢; 41| < =+ Donc biy1 = cH_la;(iH) satisfait les hypotheses d’induction.
Par conséquent la série z(bg + b1z + - -+ ) € H(B,(0)) est I'inverse de f et donc f est
un automorphisme de B, (0). O

1.8.2. Degré de Weierstrass, polygone de Newton et fonction de valuation. — On
considere Oc, [[2]], 'anneau des séries a coefficients dans Oc,. Pour une telle série
f(z) =ao+ a1z +--- € Oc,[[2]], le plus petit entier d > 0 tel que |aq| = 1 est appelé
le degré de Weierstrass de f que l'on note wideg(f). Si wideg(f) est fini alors il est
égal au nombre de zéros de f dans {|z| < 1}, comptés avec multiplicité.
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Plus généralement considérons
f(z) =ao+aiz+--- € Cy((2)), avec ag # 0.

Le polygone de Newton de f, que I'on note P(f), est '’enveloppe convexe dans R? des
points (j,1og, |a;[), pour a; # 0, et de {(0,t) | t < log, |ao|}. Soient (ij,log, |a;,|),
pour j > 0, les sommets de P(f) (on peut avoir un nombre fini ou infini des sommets).
Comme ag # 0 on a iy = 0.

Proposition. — Soit m > 1 tel que ig < i1 < -+ < i, sont définis. Pour 1 < k< m

on pose
|aik1|>1/(lklk—1)
Ty = e |C,|.
(5 &l
Alors 11 < -+ < 1y, [ est convergente sur {|z| < rn} et f a iy — ix—1 2éros

de norme 1y, comptés avec multiplicité, et ces zéros sont tous les zéros de f dans
{re—1 < |z] < i}

En particulier notons que si f est une série convergente dans B,.(0), alors f(B,(0))
est de la forme B,(f(0)) et il existe d € {1,2,...} U {oo} tel que pour tout w €
f(Br(0)), la série f —w a d zéros de f dans B,(0), comptés avec multiplicité. On dit
alors que f : B-(0) — f(B-(0)) est de degré d.

Etant donné un polynéme P € C,[2], y € C, et r € |Cp| on définit

|Ply(r) = sup [P(z)].

le—y[|=r
Soit R = P/Q € C,(z), avec P, Q € C,[z]. On définit,
[Ply
R, =Y,

qui s’étend en une fonction continue définie sur [0, c0), monomiale par morceaux. On
appelle |R|, la fonction de valuation de R en y. Notons que siy, z € Cp et r > |y — 2|
alors |R|,(r) = |R|.(r). Si R n’a pas ni zéros ni poles dans {x | |z — y| = r} alors
|R|,(r) = |R(x)| pour tout = tel que |z —y| =r.

Le graphe de Iapplication log, r + log, (| R|,(r)) est appelé le polygone de valuation
de R en y. La pente du polygone a gauche (resp. a droite) du point d’abscisse log,, 7
représente la différence entre le nombre de zéros et de pdles de R dans B, (y) (resp.
B} (y)). Donc le changement de pente au point d’abscisse log,, r représente la différence
entre le nombre de zéros et les poles situées sur B (y) — B, (y). En particulier le
polygone de valuation d’un polynoéme est convexe.

1.8.8. Fonctions holomorphes. — Comme dans le cas complexe on dit qu’une fonction
est analytique si elle a un développement en série en chaque point. Cette notion est
trop général : la fonction qui vaut 1 sur {|z| < 1} et 0 dans le complémentaire
est analytique dans ce sens. C’est pour cette raison qui on considere la notion plus
restreinte de fonction holomorphe définie sur un espace analytique.
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Une fonction holomorphe définie sur un affinoide fermé X est la limite uniforme
de fonctions rationnelles sans poles dans X. Les fonctions holomorphes définies sur
un espace analytique X C P(C,) sont les fonctions dont la restriction & tout affinoide
fermé contenu dans X est holomorphe.

On note H(X) Panneau des fonctions holomorphes définies sur X. Si X est une
boule fermée alors H(X) coincide avec la définition de la Section 1.3.1. On munit
H(X) de la norme ultramétrique

[fllx = sup [f(x)]
zeX

Si X est un espace analytique connexe différent de P(C,), alors on dit qu’une
fonction définie sur X est méromorphe si elle est de la forme [f, g] ou f,g € H(X)
n’ont pas de zéros en commun. Un affinoide fermé Y C X rencontre au plus un nombre
fini de zéros et de poles d’une fonction méromorphe non identiquement nulle.

Soit X C P(C,) un espace analytique connexe et zo € X. Etant donnée f € M(X)
considérons une coordonnée telle que zg = 0. Alors f est de la forme

f(2) = agz® + agy129T + -+ | avec d € Z et aq # 0.

L’entier d ne dépend pas du choix de la coordonnée. On I’appelle I'ordre de f en zg
et on note ordy(zp).

2. Propriétés des fonctions rationnelles

Dans cette section on étudie I’action des fonctions rationnelles sur des objets géo-
métriques. On fixe pour toute cette section une fonction rationnelle R € Cp(z) non-
constante.

On commence par les propriétés élémentaires des fonctions rationnelles. Etant
donné un point w € P(C,) le degré local de R en w, que 'on note degp(w), est définit
comme suit. On considére des coordonnées telles que w = 0 et R(0) = 0. Alors R est
localement de la forme az2%+--- ot d > 1 et ag # 0; on défini degp(w) = d. Il n’est
pas difficile de voir que degp(w) ne dépend pas du choix des coordonnées.

Pour tout w € P(C,) on a

Y degp(z) = deg(R)
(=

R w

et pour tout @ € Cp(z) on a degg,p(w) = degg(R(w)) - degp(w).

Les points critiqgues de R € C,(z) sont les points w € P(C,) tels que degp(w) > 1.
Alors la multiplicité de w comme point critique de R est degp(w) — 1. Une fonction
rationnelle R a 2deg(R) — 2 points critiques comptés avec multiplicité. C’est-a-dire

Z (degp(w) — 1) = 2deg(R) — 2.
weP(Cp)
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Etant donnés X, Y C P(C,) tels que R(X) C Y, on dit que R : X — Y est de
degré d > 1 si tout point dans Y a exactement d préimages dans X, comptées avec
multiplicité ; de fagon équivalente, pour tout y € Y on a

Z degp(y) = d.

z€X, R(z)=y

2.1. Fonctions rationnelles et bouts. — Dans cette section on décrit 'action
d’une fonction rationnelle sur les bouts.

Lemme2.1l. — Soit R € Cy(z) une fonction rationnelle. Alors on a les propriétés
sugvantes.

(i) Si{Ai}iz1 est une chaine évanescente alors {R(A;)}isn est une chaine évanes-
cente, pour n assez grand.

(i) Si {Ai}iz1 et {/Nli}i>1 sont deux chaines évanescentes équivalentes alors
{R(A)}isn et {R(A})}Yisn sont équivalentes, pour n assez grand. On définit ainsi
limage R(P) d’un bout P par R.

(iii) Soit P un bout. Alors il existe d > 1 tel que pour tout représentant {A;}i>1
de P et pour tout i assez grand R : A; — R(A;) est de degré d. On note d = degr(P)
et on lappelle degré local de R en P.

(iv) Soit P un bout. Alors il existe N > 0 tel que chaque point y € P(C,) ¢ N
préimages de R dans Dp siy & Dg(py, et N +degp(P) siy € Drepy.

La démonstration de ce lemme est & la fin de cette section. Notons que pour R, Q €
Cp(2) on a degpoq(P) = degr(Q(P)) - degy(P).

Corollaire2.2. — Soit P un bout et R € Cp(z) une fonction rationnelle. Alors
R(Dp) =P(C,) ou R: Dp — Dpgp) est de degré degg(P).

Démonstration. — Soit N > 0 comme en (iv) du lemme. Si degr(P) + N < deg(R)
alors R(Dp) = P(C,). Mais si degr(P) + N = deg(R) alors R : Dp — Dpg(p) est de
degré degr(P). O
Lemme2.3. — Considérons des fonctions rationnelles R, Q € Cp(2) et un bout P tel
que la boule fermée Brepy soit de la forme {|z — 20| < r}. Soit {An}n>1 une chaine

évanescente définissant P. Supposons qu’il existe ng tel que |Q(z) — R(2)| < r pour
2 € Ap,. Alors Q(P) = R(P) et degy(P) = deggr(P).

Démonstration. — Par un changement de coordonnée projectif au départ et affine a
'arrivée, on se ramene a Bp = Brpy = {|z| < 1} et r = 1. Soit d = deg(P). Par le
lemme précédent on peut supposer que

R:A,, ={l<lzl<r}—{1<|z|<rd}

est de degré d. Alors pour tout 21 € A, on a |R(z1)| = |21]? et 'image du disque
D, = {|z — z1| < |z1]} par R est le disque {|z — R(z1)| < |R(z1)|}. Donc on a
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Q(D,,) = R(D,,); on conclut que @ : A, — R(A,) est de degré d pour n assez
grand. Par conséquent Q(P) = R(P) et degg(P) = d = degr(P). O

Démonstration du Lemme 2.1

(i) 11 est facile de voir que cette propriété est vraie pour les automorphismes de
P(C,), donc on peut faire des changements de coordonnée. Aprés changement de
coordonnée on peut supposer que le disque associé & {A;}i>1 est {|z| < 1}. Alors
pour ¢ assez grand A; = {r; < |z| < 1}, ot r; — 1 quand ¢ — oo.

Etant donné P(z) = ag + a1z 4 - - - + arz* € C,[2], soit n(P) le plus petit entier
qui maximise |a,| et on pose Tp(z) = P(z) — anz™. Aprés changement de coordonnée
a Darrivée on suppose que R = P/Q avec P(z) = z") 4+ Tp(z) € Cpl2] et Q(z) =
2@ 4Ty (2) € Cplz]. Quitte & changer R par R—1 on peut supposer que n(P) # n(Q)
et quitte a changer R par 1/R on peut supposer que n(P) > n(Q).

Alors pour w € B1(0) le polynéme

P,(z) =P(z) —wQ(z) =co + 1z + -+ + cp2",

est a coefficients entiers et |c,(p)| = 1.

On choisit r € (0,1) tel que si 7 < |w| < 1 alors [cp)| = |wl], [ei] < |wl
pour n(Q) <i <n(P) et |e;|rd, < |cn(Q)|rﬁ,(Q) pour 0 < j < n(Q), ou 1y, =
Jw|V/ (M(P)=n(Q)) " Par conséquent (n(Q),log, [w[) et (n(P),0) sont des sommets
consécutifs du polygone de Newton de P,. Par la proposition de la Section 1.3.2 P,
an(P)—n(Q) zéros dans {|z| = ry}, comptés avec multiplicité. C’est-a-dire que R a
n(P) — n(Q) préimages de w dans {|z| = r, }, comptées avec multiplicité. Donc,

R: {rV/P)n@) < 5] <1} — {r < |2| < 1},

est de degré d = n(P) — n(Q).

(ii) Ceci résulte immédiatement de la définition de chaine évanescente.

(iii) Ceci a été montré dans (i).

(iv) Posons d = degy(P). Apres changements de coordonnée on peut supposer que
Dp = Drepy = {|2] < 1}. Par (i) il existe o € (0,1) tel que R : {ro < [z| < 1} —
{rd < |z| < 1} est de degré degr(P). En particulier |R(z)| = |2|? pour ro < |z| < 1.
Soit N le nombre de pdles de R dans {|z| < 1}. Alors R a N +d zéros dans {|z| < 1};
voir polygone de valuation dans la Section 1.3.2.

Considérons y € {|z| < 1}. Alors |R(2) — y| = |2|? pour max{ro, |y|} < |2] < 1.
Donc R —y a N + d zéros dans {|z] < 1}.

Considérons maintenant y ¢ {|z| > 1}. Alors |yR(2)/(R(z) — y)| = |R(z)| pour
ro < |z] < 1. Comme la fonction rationnelle yR/(R — y) a les mémes zéros que R sur
{]#] < 1}, on conclut que yR/(R —y) a N pdles dans {|z| < 1}. O

2.1.1. Théoréme des résidus pour les fonctions rationnelles. — Soit R € Cp(z) une
fonction rationnelle. Etant donné un bout P soit ordgr(P) défini comme suit.

« ordg(P) = degr(P) si Dp(p) est de la forme {|z| < r}.
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o ordr(P) = — degp(P) si Dgepy est de la forme {|z| > r} U {oo}.

« ordr(P) =0si Dp C C, — {0} ou Bp C C, —{0}.
Par (iv) du Lemme 2.1 on a que ordr(P) est égal a la différence entre les zéros et
les poles de R sur Dp. On considere une version du Théoreme des Résidus pour les
fonctions rationnelles; voir [FvP].

Théoréme desRésidus. — Soit R € C,(z) une fonction rationnelle. Soit X un affi-

noide ouvert conneze avec bouts P1, ..., Py. Alors
ZordR(z) = Z ordg(P;).
X 1<i<k
Démonstration. — Soient Z et P le nombre de zéros et de poles de R sur X respec-

tivement (comptés avec multiplicité). Alors )y ordgr(z) = Z — P.

Soient Z; et P; les nombres de zéros et de péles de R sur Bp, = P(C,) — Dp,,
respectivement. Par la remarque plus haut on a ordg(P;) = P; — Z;.

Notons que deg(R) =Z+Z1+ -+ Z, = P+ P, +--- + P,. Par conséquent on a

0=Z+Z1+ - +2Z—(P+Pi+---+P)=> ordr(z) = Y ordg(Pi). O
X

1<i<k

2.2. Fonctions rationnelles et systémes projectifs

Proposition 2.4. — Soit R € C,(2) une fonction rationnelle et Sy un systéme projectif.
Alos on a les propriétés suivantes.
(i) 1l existe un systéme projectif Sy tel que si P € Sy alors R(P) € Sy.
(ii) Considérons des paramétrages S; = {Pi(&§)},opz \, pouri = 0,1. Alors il existe
€eP(Cp) N

une fonction rationnelle R € (Ep(z) telle que pour tout § € P(C,) on a

R(Po(€)) = P1(R(€)) et degr(P(§)) = degy(&).

Donc pour tout P, € S1 on a

> deg(Po) = deg(R).
Po€So,R(Po)=P1
(iii) Il existe un sous-ensemble fini T C Sp tel que R(Dp) = P(C,) pour tout
P €T et tel que R: Dp — Dppy est de degré degg(P) pour tout P € So — 7T ; dans
ce dernier cas R(Dp) = Dg(p).

La démonstration de cette proposition est & la fin de cette section.

On note degp(Sp) le degré de E, qui ne dépend pas du choix des coordonnées.
Par (iii) du Lemme 2.1 et par (iii) de la Proposition 2.4, I'application degp : H, —
{1,2,...} est semi-continue supérieurement et en particulier la condition degy(S) =1
est ouverte; donc si degp(S) = 1 alors R : H,, — H,, est une isométrie au voisinage
de S.
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On pose R7}(0) U R71(c0) = {ao,...,an} et apres changement de coordonnée on
suppose que ag = 00. On considere 'application,

I:X=Cy,—{a,...,an} — (log, [z —a1],...,log, [z — a,|) € Q" C R™.

Alors log,, |R| : X — Q C R se factorise comme log, [R| = Lol ou L: Q" — Q est un
fonctionnelle linéaire & coeflicients entiers. De plus I se factorise comme I = 30 mx
oui: Ax — Q" est une immersion de telle fagon que Xs = {z | I(z) = i(S)}
pour chaque point § € Ax ; voir Section 1.2.3. La restriction de ¢ a chaque aréte est
une isométrie avec son image et i s’étend & une immersion propre ¥ : A% — R™.
L’application L o i® : A% — R est aussi propre.

Lemme25. — Soit S° (resp. P°) un systéme projectif (resp. bout). L’ensemble
R7Y(8% (resp. R=1(PY)) des systémes projectifs S (resp. bouts P) tels que R(S) = S°
(resp. R(P) = P°) est fini et on a

Z degR(S)(resp. Z degR(P)>:deg(R).
R(P)=P°

R(8)=8°

Démonstration. — Apres changement de coordonée & 'arrivée on peut supposer que
PO est le bout associé & {|z| < 1}. Soient {ag,a1,...,an}, X, I, i,... comme plus
haut.

Considérons une suite {wp}n>0 C B1(0) telle que |w,| — 1 et soit z, tel que
R(z,) = w,. Comme L o i® est propre, quitte & prendre une sous-suite on peut
supposer que mx (z,) € Ax converge vers S € A%.

On montre d’abord que S € Ax. Si S n’est pas un sommet de Ay, alors S est
contenu dans une aréte I® de A%. Comme i®(I®) est un segment dans R™ avec
extrémités dans Q" et Loi®(S) =1,ona S € Ax.

Quitte & prendre une sous-suite, on peut supposer que 7x (z,) € (7x(20),S), pour
n > 0. Par conséquent le bout P ayant {C(7mx(2y),S)}n>0 comme représentant est
tel que R(P) = P°. De plus, pour tout n assez grand degy(P) est égal au nombre de
préimages de w,, dans C(mx(29),S), comptées avec multiplicité.

Si on considere tous les bouts Py,..., P, obtenus de cette manieére on a pour n
assez grand,

Z degr(P;) = # préimages de w,, = deg(R).
En particulier R~Y(P) = {Py,..., P, }. Alors les affirmations sur les systémes pro-
jectifs suivent de la Proposition 2.4. O

Démonstration de la Proposition 2.4

(1) et (ii). Il est facile de vérifier ces propriétés pour les automorphismes de P(C,).
Donc on peut faire des changement de coordonnée.

Etant donné un polynéme P € Cp[z] et n > 0 on note a, (P) le coefficient de 2.
De plus on note n(P) > 0 (resp. m(P) > 0) le plus petit (resp. le plus grand) entier
qui maximise |a;(P)|, pour 0 < ¢ < deg(P) (voir démonstration de (i) du Lemme 2.1).
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Apres changement des coordonnées on suppose que Sy est le systéme projectif
canonique. Considérons le paramétrage {P(f)}P(@p) de Sp.

On pose R = P/Q ou P,Q € Cp[z]. Comme dans dans la démonstration de (i) du
Lemme 2.1 on peut supposer m(P) > m(Q) et de plus |ap,p)(P)| = |amg)(Q)] = 1.
Alors R(P(0)) = P(c0) = P(R(c0)) et degp(P(c0)) = m(P) — m(Q) = deg(00),
ol R est la réduction de R.

On montrera & = Sp. Soit £ € ((N:p et soit ¢ € {|z| < 1} tel que 5: &. Posons
T¢(z) = z—( et notons que T¢(P(€)) = P(0). De plus m(PoT¢) = m(P) et m(QoT¢) =
m(Q).

Sin(PoT¢) > n(QoT¢) alors

R(P(C)) = RoT¢(P(0)) = P(0) = P(R(C))

et degp(P(&)) = n(PoT¢) —n(Q oT¢) = degz(€). Done (i) et (ii) sont vérifiés dans
ce cas. Le cas n(P o T¢) < n(Q o T¢) est similaire.

Supposons n = n(P o T¢) = n(Q o T¢) et posons b = a, (P o T¢) et ¢ = an(Q o T¢).
Alors

~ b b b
R(f):é, n(POTC—EQOTC)>n(QOTC) et |an(POTC_EQOTC)‘:1
car m(Q o T¢) > m(Q o T¢) et |am(Q o T¢)| = |am (P o T¢)| = 1. Par conséquent

(RoTC - g)(P(O)) = P(0) et

degrer, 1/ (P(0) =n(Po T, ~ 2QoT.) ~n(QoTy) = degz(€).

Donc R(P(§)) = P(b/c) = P(R(E)).

(iii) Soit P € Sp. Par le Corollaire 2.2 on a R(Dp) = P(C,) ou R : Dp — Dp(p)
est de degré degp(P). Comme les ensembles Dp, pour P € Sy, sont disjoints deux a
deux 'ensemble 7 C Sy des bouts tels que R(Dp) = P(C,) est fini. O

2.3. Fonctions rationnelles et espaces analytiques. — La propriété suivante
des fonctions rationnelles simplifiera I’étude de la dynamique; voir aussi [Be].

Proposition 2.6. — Soit C la classe des affinoides fermés connexes, des affinoides ou-
verts connezes ou des espaces analytiques connexes. Si R € Cp,(z) est une fonction
rationnelle de degré au moins deuz, alors R(X) € C pour tout X € C et il existe
X1,..., X, € C disjoints deuz & deux tels que

RYUX)=X,U---UX,.

De plus R : X; — X est de degré d;, ou les d; sont entiers positifs et vérifient
dy + -+ d, = deg(R).

En particulier pour r € |C,| ensemble {z € C, | |R(z)| < r} (resp. {z € C, |
|R(z)| < r}) est un affinoide fermé (resp. ouvert).
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La démonstration de cette proposition dépend du lemme suivant.

Lemme2.7. — Soit R € C,(z) une fonction rationnelle. Considérons ro, r1 € |Cp|
avec 1 = 19, tels que |Rlo = 1 sur [ro, 1] et |R|o = ait% sur (ro —e,ro] et [r1,71 +¢)
pour i = 0,1 respectivement, avec dy et dy # 0. Alors

R({ro < |z[ < m}) =P(Cp), {lz] = 1}, {[z] <1} ou {|z[ > 1} U {oo}.

Démonstration. — On suppose d’abord que rg = r; = r. Aprés changement de coor-
donnée on suppose r = 1. Soit § = {P(f)}&@p le systéme projectif canonique. Par
hypothese R(P(0)), R(P(c0)) € {P(0),P(cc)}. Donc pour tout £ € C, — {0} il existe
¢ € C, — {0} tel que R(P(¢)) = P(£). Alors le lemme suit du Corollaire 2.2 dans ce
cas.

Supposons maintenant 71 > 9. On pose R = P/Q avec P(z) = ag + --- + axz* €
Cplz] et Q(z) =bo + -+ + bzt € Cplz].

Comme dy # 0 (resp. d; # 0) P ou @ a un zéro dans {|z| = ro} (resp. {|z| =m1});
voir polygone de valuation dans la Section 1.3.2.

Par la proposition dans la Section 1.3.2, si P a un zéro dans {|z| = ro} (resp.
{lz| = r1}) alors il existe ig < i1 (resp. im < im+1) tels que

(i()v 1ng |aio|) et (ilv 1ng |a’i1 |)

) et (im+1,1og, [ai,, . [))

sont des sommets consecutifs du polygéne de Newton P(P) de P tels que 7 |a;,| =
rotlai, | (vesp. ri™ |ag,, | =" ai, , |).
Comme |R|o = 1 sur [ro, 1] le point p1 = (j1,log,, |bj,[) (vesp. pm = (jm,log,, |bj,,
est aussi un sommet de P(Q) et on définit jo = j1 = 1 (reSp. Jm+1 = Jm = tm)-
Si P n’a pas de zéros dans {|z| = 7o} (resp. {|z|] = r1}) alors @ en a un et on
définit jo < j1 (resp. jm < Jm+1) de fagon analogue et on pose ig = iy = j; et

(resp. (im,log, |a;,,

)

I+l = bm = Jm-

Donc i1 = j1, @m = Jm, 0 # Jo €t tmt1 F# Jm1. S0it po (resp. pmi1) égal a
(0, logy, |ai,|) (vesp. (im+1,l0g, |ai,, ) siio < jo (vesp. im > jmt1) ou (jo,log, [bj,|)
(resp. (jm+1,10g, |bj,,,, 1)) sinon.

Alors P(P) U P(Q) est au dessous des droites qui passent par pg et p; et par
Pm €t Pmy1. On choisit I'indice m > 0 de telle facon que p, = (in,log, |a;, |), pour
1 < n < m, soient tous les sommets de P(P) avecig < i1 < - -+ < iy,. Comme |R|g =1
sur [rg,r1] les points pg,...,pm sont tous les sommets de P(Q) avec abscisse entre
1= i1 et = .

Considérons w € C, et soit P, = P —w@Q. Si |w| = 1 alors py et pp,+1 sont des

sommets de P(P,,) et P(P,) est au dessous des droites qui pasent par pg et p; et par
Dm €t pmy1. Par la proposition de la Section 1.3.2 P, a un zéro dans {ro < |z| < m}.
Par conséquent {|z| = 1} C R({ro < |z| < r1}).
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Supposons |w| < 1,le casw € {|z| > 1}U{co} étant analogue. Les points p1, ..., pm
sont tous les sommets de P(P,,) avec abscisse en [ig, i,,]. De plus P(P,,) est au dessous
des droites qui passent par pg et p; et par p, et pny1. Par la proposition de la
Section 1.3.2 le polynéme P, a un zéro dans {ro < |z| < r1} si et seulement si
10 < tm+1. Donc,

soit {|]z] < 1} C R({so < |z| < s1}, soit {|z] <1} NR{so < |z|<s1})=2. O
Corollaire2.8. — Soient ro, r1 € |Cp| avec ro < 11 (resp. ro < r1) et on pose C' =
{ro < |z| < m} (resp. {ro < |z| < r1}). Alors R(C) est égal ¢ P(C,), une boule
ouverte (resp. fermée) ou aprés changement de coordonnée {so < |z| < s1} (resp.
{so < lz[ < s1}).

Démonstration. — Apres changement de coordonnée on peut supposer que R est tel
que |R|o(t) = agt? sur [rg,m0 +¢) (vesp. sur (rg —e,70]) et tel que |R|o(t) = a1t? sur
(r1 —e,r1] (resp. sur [r1,r1 +¢), pour i = 0, 1 respectivement, avec dy et dy # 0.

Par le lemme précédent
{z€Cy | Iz] € [Rlo((ro,m))} C R(C)
(resp. {z € Cp | |2] € |Ro([ro,m])} € R(C)).

De plus si R a un zéro et un pole dans C alors R(C) = P(C,). Si R n’a pas de pdles,
alors |R|o est convexe sur (rg,r1) et

R(C) C {|z] < max{[R|o(ro), [Rlo(r1)}}

(resp. C {[z| < max{[Rlo(ro), [R[o(r1)}})
avec égalité si R a un zéro dans C'. Si de plus R n’a pas de zéros dans C

R(C) = {min{[R|o(ro), [Rlo(r1)} < |2| < max{|R]o(r0), [Rlo(r1)}}

(resp. {min{[R|o(s0), [Rlo(s1)} < [2] < max{[R]o(s0), [Rlo(s1)}})-
Le cas ou R n’a pas des zéros dans C' est similaire. O

Démonstration de la Proposition 2.6. — On va montrer d’abord que les classes en
considération sont invariantes. Soit X un affinoide fermé connexe. Si X =P(C,) on a
R(X) = P(C,), donc on suppose X # P(C,). Par conséquent Ax # @ et X a une
décomposition canonique,

X = (l—ls sommet de AXXS) U ('-II aréte de AXXI) J

donnée dans la Section 1.2.3.

Etant donnée une aréte I de Ax avec extrémités Sy et Sy, considérons 'affinoide
fermé connexe X 1 = Xs,UX1UXs,. Notons que si Iy et I ont une extrémité commune
alors Xy, N X, # @.

Par la Proposition 2.4 on peut montrer (comme dans le corollaire du Lemme 2.7)
que si I est une aréte de Ay avec extrémités Sy et S; alors R()/(\' 1) est un affinoide
fermé connexe. Donc R(X) = UX est un affinoide fermé connexe.
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Ceci montre aussi que si X est un espace analytique connexe, alors R(X) est aussi
un espace analytique connexe. Pour le cas d’affinoides ouverts connexes, pour chaque
sommet S de Ax on considere I’affinoide ouvert connexe )A(g = XsU(UX7), ot 'union
porte sur toutes les arétes I de Ax ayant S comme extrémité. Alors on procede comme
dans le cas des affinoides fermés connexes.

(1) Considérons un affinoide fermé connexe, le cas des affinoides ouverts connexes
étant similaire. Soit P l'ensemble fini des bouts P tels que R(P) est un bout de
P(C,) — X et pour y € R~(X) soit Y, 'affinoide fermé connexe

Yy, = Npep,yeBr Bp.

Par (iv) du Lemme 2.1 pour chaque P € P il existe dp > 0 tel que tout x € Brp) a
dp préimages dans Dp.
Donc pour tout y € R~1(X) un point z € X = NpepBrp) a

dy=deg(R)— Y dp

PeP,yeBp

préimages par R dans Y}, et par conséquent R : Y, — X est de degré d,.

Soit z € X et soient y,z € R~ (z) tels que Y, NY, # @. Alors Y, =Y., car sinon
il existe un bout P de P(C,) — Y, tel que P < Y, ou vice-versa. Mais dans ce cas
R(P) < X, ce qui n’est pas possible car par définition R(P) est un bout de P(C,)—X.

Par conséquent si 'on considere la décomposition Y1 U---UY, de Y = Uycr-1(nYy
en affinoides fermés connexes disjoints deux & deux (donnée par la Proposition 1.1)
il existe des entiers d; > 1, tels que R : Y; — X est de degré d;, pour 1 < i < n.
Donc dq + -+ +d,, = deg(R) car R"}(z) CY = Yy U---UY,, et par conséquent
RIYX)=Y1U---UY,.

(2) Soit X = U;»1X; € C un espace analytique connexe olt {X;};>1 est une suite
croissante d’affinoides fermés connexes. On a montré que R™(X;) est un affinoide
fermé. Soit n; > 1 le nombre de composantes connexes de X;. Alors notons que
n;41 < Ny, pour ¢ > 1. En effet si

RYX)=Y1U---UY,, et R Xiy1)=Z1U---UZ

Ni41)

sont les décompositions en composantes connexes alors
il UY,, =R NX;)) CR Y X)) =Z1U-UZy,,,,

et Z;N R‘l(X) # @ pour tout 1 < j < njy1. Donc n;y1 < n;. Par conséquent pour ¢
assez grand n; = n ne dépend pas de i. Alors on peut supposer que Y; C Yki"’l7
pour 1 < k < n. De plus il existe dy,...,d, > 1 tels que di + -+ + d,, = deg(R) et
R: Yki — X; est de degré di, pour 1 < k < n.

Donc Yy, = Ui>>1Yki est un espace analytique connexe, R : Y, — Y est de degré dy
et RFI(Y)=YiU---UY,. O

ASTERISQUE 287



DYNAMIQUE DES FONCTIONS RATIONNELLES SUR DES CORPS LOCAUX 177

2.4. Composante d’injectivité. — Le but de cette section est de montrer le ré-
sultat suivant, qui est le premier pas dans la démonstration du Théoreme 3; voir
Section 5.

Proposition 2.9. — Soit R € Cp(2) une fonction rationnelle et x € P(C,) non-critique.
Alors il existe un affinoide ouvert I(x) qui contient x, tel que R est injective sur I(x)
et tel que, pour tout espace analytique connexe X qui contient x sur lequel R est
injective, on a X C I(x).

Définition 2.10. — Soient R et x comme dans la proposition. Alors on appelle I(z) la
composante d’injectivité de x pour R.

La démonstration de la Proposition 2.9 dépend de quelques lemmes.

Lemme2.11. — Supposons que la fontion rationnelle R € Cy,(z) est injective sur
l’espace analytique connexe X. Alors pour tout systéme projectif S < X on a

Démonstration. — Si degr(S) > 1 alors il y a deux cas.

Soit degp(P) > 1 pour tout P € S : alors, si P € S est tel que Dp C X, R n'est
pas injective sur Dp.

Soit on peut trouver Py, Py € S distincts tels que Dp,, Dp, C Xs et R(Py) =
R(P1); on peut alors choisir g € Dp, et x1 € Dp, tels que R(xo) = R(x1). O

Lemme2.12. — Soit R € Cu(z) une fonction rationnelle. Pour rg,r1 € R soit
C(ro,r1) = {ro < |z| < r1} et pour r € |Cp| soit S, le systéme projectif associé
{lz] < r}.

(i) Pour chaque r € R — Q il existe d > 1 et ro, r1 > 0 avec r € (rg,r1), tels que
C = R(C(rg,m1)) est une couronne et R : C(rg,m1) — C est de degré d. On a alors
mod(C) = d - mod(C(rg,r1)).

(ii) Supposons que degr(Sy) = d = 1 pour tout r € |Cp| dans lintervalle (ro,m1).
Alors il existe une coordonnée a larrivée tel que |R|o(t) = t* sur [ro,71]. Si R
est injective sur C(ro,r1) alors |R(2)| = |z] pour ro < |z| < r1 et en particulier
R(C(Toﬂ“l)) = C(To,’l“l).

Corollaire2.13. — Si C est une couronne ouverte et R € Cp(z) est injective sur C,
alors R(C) est aussi une couronne, mod(R(C)) = mod(C) et R induit une isométrie
entre Ac et Agr(c)-

Démonstration. — On suppose C' = C(rg,r1). Par le Lemme 2.11 on a degp(S,) =1
pour tout r € (rg,r1) et par (ii) du lemme on peut supposer que |R(z)| = |z| pour
ro < |z| < r1. Donc R(C) = C et R(S,) = S, pour tout r € (rg,r1). O
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Démonstration du Lemme 2.12

(i) Etant donné P(z) = ag + -+ + anz™ € C,lz] soit n(P) le plus petit entier
qui maximise r'~%|a;|. Alors on proceéde comme dans la démonstration de (i) du
Lemme 2.1.

(i) Par (iii) du Lemme 2.1 et par (i), pour tout r € (rg,r1) il existe un voisinage
U, = (s, t,) ol R est telle que

d(R(Su)v R(Sv)) =d- d(Suv'Sv) = d|u - U|a

pour tout w,v € U,. On peut aussi choisir U, (resp. U,,) de la forme (rg,rg + €)
(resp. (11 — &,71)). Donc on peut trouver un nombre fini de U, qui recouvrent (s, t).

Solent u < v < w tels que u € Uy, v € Us, NUs, et w € Usg,. Soit S le systeme
projectif tel que

[R(Su), R(Su)I N [R(Sv), B(Sw)] = [R(Sy), S];

voir Section 1.2.2. Comme v € Uy, NU,, on a § = R(S,), cest-a-dire R(S,) €
(R(S.), R(Sw)). Donc pour tous u < v dans (rg,71) on a d(R(Sy), R(Sy)) = d-|u—wv].
Alors apres changement de coordonnée & I'arrivée on a |R|o(r) = r¢ sur [rg, r1].

Si R est injective sur C(rg,r1) soir r € (ro,7m1) et P € S, tel que Dp C {|z| =r}.
Par (iv) du Lemme 2.1 on a R(Dp) = Dpgepy. Comme R fixe les bouts associés a

{lzl <7} et {lz| <r}ona R({|z| = r}) = {|z[ = r}. -

Lemme2.14. — Soit R € C,(z) une fonction rationnelle et soit X un espace analy-
tigue conneze tel que Ax # @. Alors R est injective sur X si et seulement si R est
injective sur chaque Xs, pour S € Ax.

Démonstration. — Supposons que R est injective sur chaque Xg, pour § € Ax. Si
X est une couronne ouverte alors, par (ii) du Lemme 2.12, on peut supposer que
X = {s < |z| < t} et |R|o = id sur [s,t]. Par hypothese R est injective sur chaque
{|z] = r}, pour r € (s,t). Donc R({|z| = r}) = {|z| = r} et par conséquent R est
injective sur X.

Dans le cas général soient S°, S € Ax. Alors il suffit de montrer que R(Xgo) N
R(Xs1) = @. Quitte a remplacer X par Use[so,s1]Xs on peut supposer que S0 et St
sont des sommets de Ax. Soient Sy = SY,Sy,..., Sy = St tous les sommets de Ax
contenus dans [S°, S1].

On va trouver inductivement des coordonnées w; a l'arrivée, telles que R est
l'identité sur [Sp,S;], pour 0 < ¢ < k. On peut choisir wy sans probléeme. Suppo-
sons que w; est déja définie. Comme on a vérifié le lemme pour les couronnes on a
R(C(Sz, 87;4_1)) = C(R(Sz), R(SH_l)) Comme degR(Si) =1lona C(R(Si_l), R(Sz)) N
C(R(S;), R(Si+1)) = @, donc on peut trouver une coordonnée w;1 qui coincides
avec w; sur (Sp,S;) et telle que (R(S;), R(Si+1)) soit égal a (S;,S;41) dans cette
coordonnée.
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On fixe la coordonnée wy, a larrivée. Alors R(Xs,) et R(Xs, ) sont contenus dans de
composantes différentes de P(C,) —C(So, Sk). Par conséquent R(Xg0) N R(Xs1) = @.
O

Démonstration de la Proposition 2.9. — Fixons une coordonnée telle que R(z) = 0
et soit X = P(C,) — R71(0) U R~!(00). Comme z n’est pas un point critique R est
injective sur un disque D, contenant z et tel que D, N (R™*(0) U R~1(00)) = {x}.
Alors le systeme projectif S, associé & D,, est un point de Ax et degr(S) = 1 pour
tout S € (z,S,] C Ax.

Soit B C Ax le plus grand convexe qui contient S, et tel que degp(S) = 1 pour
tout & € B. Comme la condition degy(S) = 1 est ouverte B est ouverte. Par (i) du
Lemme 2.12 on peut écrir w3 (B) = I(z)NX, ot I(z) est un affinoide ouvert connexe.

Si S est un point de Ax et P € S est tel que Dp C Xs C X alors R(Dp) C
Cp, — {0}. Par (iv) du Lemme 2.1 R : Dp — Dp(p) est de degré degr(P). Comme
degr(S) = 1, R est injective sur Xg. Par le Lemme 2.14 R est injective sur w3 (B) =
I(x) N X et par conséquent R est injective sur I(z).

Si Y est un espace analytique connexe alors mx (Y N X) est convexe. Donc si YV
contient = et n’est pas contenu dans I(x), alors mx (Y N X) ¢ B. Par maximalité de
B il existe S € mx (Y N X) tel que degp(S) > 1. Comme x € Y et Y rencontre Xg
onaS <Y. Parle Lemme 2.11 R n’est pas injective sur Y. O

2.5. Invariance des arbres. — Le but de cette section est de montrer la proposi-
tion suivante qu’est un cas particulier d’'un théoréme de Motzkin ; voir [Mo].

Proposition 2.15. — Soit X un espace analytique conneze et R € Cp(z) une fonction
rationnelle injective sur X.

(i) Si S < X est un systéme projectif, alors R(S) <Y = R(X).

(ii) Soit P < X wun bout. Alors R : Dp N X — DpgepyNY est de degré 1. En
particulier, si Dp C X alors R(Dp) = Dgp).

(iii) Le systéme projectif S < X est un point (resp. sommet) de Ax si et seulement
si R(S) est un point (resp. sommet) de Ay .

(iv) R induit une isométrie de Ax sur Ay.

Corollaire2.16. — Soit X un affinoide ouvert conneze et R € C,(z) une fonction
rationnelle telle que R : X — X est de degré 1. Alors il existe n tel que R™ induit
lidentité sur Ax.

Démonstration. — Soit n tel que les bouts de X soient fixes par R. Si Ax = @& alors
il n’y a rien a montrer; donc on suppose que Ay # & et par conséquent X a au
moins deux bouts. Donc pour tout point S de Ay il existe des systémes projectifs Sy
et S; associés & des bouts de X tels que S < (Sp, S1). Notons que R™(S;) = S;, pour
1 =0,1. Comme R induit une isométrie sur Ax on a

d(S,Si) = d(R"(S), R"(Si)) = d(R"(S), R(S:)),
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pour ¢ = 0,1. Donc R(S) = S. O

Démonstration de la Propostion 2.15

(i) D’apres (iii) de la Proposition 2.4, sauf pour un nombre fini de bouts P € S
on a R(Dp) = Dg(p). Donc § < X impliques R(S) < Y.

(ii) Comme R est injective sur X il existe une composante d’injectivité I de R qui
contient X . Rappelons que I est un affinoide ouvert connexe. Soit Z la composante
connexe de R_l(DR(p)) ayant P comme bout. Si @ # P est un bout de Z alors
Q A I et comme [ est un affinoide ouvert connexe, Bg NI = &. Par conséquent
DpnNX CDpNICZet RIDpNX)C R(Z) = Dg(py. Si X C Dp le résultat est
clair, donc on suppose que X ¢ Dp. Par conséquent, si S est le systeme projectif
associé a P, alors S < X et par le Lemme 2.11 on a degy(S) = 1. Donc,

R(X — Dp) C Uges—{pyR(X N Dg) C Uges—(ryDr(g) = P(Cp) — Dr(p),

et par conséquent R : X N Dp — Y N Dp(p) est de degré 1.
(iii) D’apres (i) S < X implique R(S) < Y. Dans ce cas on a d’apres (ii)

#{PeSIDpNX =2}t =#{Q € R(S)DoNY =2} et
#HPeSIDpNX #2,Dp ¢ X} =#{Q€ R(S)|Dg #2,Dg ¢ X}.

Donc § est un point (resp. sommet) de Ax si et seulement si R(S) est un point (resp.
sommet) de Ay. Par (ii) pour tout bout P < X on a Dp C X si et seulement si
Dgepy C Y. Comme degr(S) =1 on a R(Xs) = Yr(s).

(iv) Soient 8%, S € Ax et soient Sp,...,Sk les sommets de Ax dans (SY,S?)
tels que les (S;,Siy1) sont disjoints, pour 0 < i < k, o1 Sg = SY et Sp41 = St. On
va montrer par induction dans i que d(R(So), R(S;)) = d(So,S;). Par (iii) et par le
Lemme 2.11, R induit une isométrie entre I; = (S;, Si+1) et R(I;) = (R(S:), R(Sit+1))-

Comme R est injective sur X, R est injective sur Ax et par conséquent les
R(I;) sont disjoints. Comme d(R(S;), R(Si+1)) = d(Si, Si+1) on a d(R(So), R(Sk)) =
d(So, Sk). O

3. Dynamique locale

Soit U un ouvert de C, et f : U — C, une application. Un point 2o € U est
périodique sil existe k > 1 tel que 2o, ..., f¥"1(29) € U et f¥(20) = 2z0. On appelle
k période de x; si k est le plus petit entier avec cette propriété, alors k est appelé la
période primitive de zg et on dit que {zo, f(20), ..., f¥ 1 (20)} est le cycle de zo. Quand
f est analytique au voisinage du cycle de zp, la dérivée (f*)'(z0) = (f*) (f?(20)) est
appelé le multiplicateur du cycle correspondant.

Le multiplicateur est invariant par conjugaison analytique et sa nature donne une
certaine information sur la dynamique de f au voisinage du cycle. On considéere la
classification suivante des points périodiques, en analogie avec le cas complexe.
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Définition 3.1. — Soit zg un point périodique et A son multiplicateur.

« Si|A| < 1 on dit que 2y est attractif. Si de plus A = 0, alors on dit que zq est
super-attractif.

« Si |A| =1 ondit que zg est indifférent. Si A est une racine de I'unité on dit que zy
est parabolique ou indifférent rationnel. Sinon on dit que zg est indifférent irrationel.

« Si |[A] > 1 on dit que zy est répulsif.

Dans les Sections 3.1 et 3.3 on considere la dynamique locale des points périodiques,
selon la classification précédente. Dans la Section 3.2 on consideére la dynamique ‘quasi-
périodique’.

3.1. Points périodiques attractifs. — Dans cette section on considere la dy-
namique au voisinage des points périodiques attractifs. On peut étendre la plupart
des propriétés aux points périodiques répulsifs en considérant que, si zg est un point
périodique répulsif pour f, alors zg est un point périodique attractif pour f~1.

Si zg € U un point périodique attractif de f. Alors on dit que

Wi(z0) ={z €U [ d(f"(2), ["(20)) — 0 quand n — oo}

est le bassin d’attraction de zy et que Un>1Wi(f"(20)) est le bassin d’attraction du
cycle de zg. Notons que W;(zo) est ouvert et invariant par f*, ot k est la période
de zp.

On considére 'ensemble A(C,) des séries & coefficients sur C, convergentes au
voisinage de 0 qui sont de la forme

f(2) =Xz 4+az® +ax® +---,

avec |A| < 1. Pour une telle série, différente de Az, on définit

(= (sup |ak|1/’“)_1.

=

Il n’est pas difficile de voir que f est convergente sur B,.f)(0) et que r(f) < oc.

Proposition 3.2. — Soit f € A(C,) une série différente de Az. Alors on a les propriétés
sugvantes.
(i) Pour |z| <r(f) on a |f(2)| < |z|max{[A], |z|/r(f)}. Donc B,)(0) C W;(O)
(i) r(f) = sup{r > 0| f est convergente sur B.(0) et f(B,(0)) C B.(0)}.

Démonstration
(i) On pose f(2) = Az +a122 +--- . Pour |2| < r(f) on a
[f(2)] = |2l - [N+ a1z + a2z® + -+ | < max{|A], |2l /r(f)},
car |ag|*r(f) < 1.
(ii) Si f est convergente sur B, (0) avec r > r(f), alors

1 1/k

limsup |ag|Y* <7t < r(f)~! = sup |ax|/*,
1

k>1 >
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donc il existe k tel que r(f) = |ax|/*. Si s € |Cp| N (r(f),r) on a

T max{w ()" (ﬁ)} > s (ﬁ) >s. O

Notons que par (ii) on a f(B,4)(0)) C By5)(0) et 7(f™) = r(f) pour tout entier
n > 1.

Proposition 3.3. — Considérons une série f € A(C,).

(i) Si A= f'(0) # 0 alors {\""f"}p>1 converge uniformément vers une fonction
¢ € H(B,()(0)) sur BF(0), pour tout r < r(f). Donc po f = Ap. De plus, si
J(By(5(0)) = By.(5)(0), alors ¢ : By(5(0) — C, est surjective.

(ii) Si f'(0) = 0 alors il existe une série @ convergente au voisinage de 0, telle que
pof=y otd= deg(0).

La démonstration de cette proposition est & la fin de cette section. Le résultat sur
la linéarisation est un cas particulier d’'un théoréme en [HY] et est aussi montré dans
[Lul]. En considérant (i) de la proposition précédente on fait la définition suivante.

Définition 3.4. — Soit f € A(C,). Si f(B,(#)(0)) = By(5)(0) alors on dit que B,(4)(0)
est le bassin d’attraction immédiat de 0 pour f.

En général f peut étre injective sur B,(4)(0), par exemple f(z) = pz/(1 — 2).
D’autre part on a les propriétés suivantes.

Proposition 3.5. — Soit f € A(C,) une série différente de Az.

(1) Sir(f) & |Cyl| alors v(f) est le rayon de convergence de f et f : By (0) —
By.(5)(0) est de degré infini.

(2) Sir(f) est strictement inférieur au rayon de convergence de f, on ar(f) € |Cp|
et B,(5)(0) est le bassin d’attraction immédiat de 0.

(3) Sir(f) =1 et B1(0) est le bassin d’attraction immédiat de 0, alors f : B1(0) —
B1(0) est de degré d, ou d = wideg(f) € {2,3,...} U{oo}. Si de plus le rayon de
convergence de f est plus grand que 1, on a d < co.

Démonstration

(1) Si r(f) ¢ |C,| alors il existe k; — oo tel que |ay,|/* — r(f), par conséquent
7(f) est le rayon de convergence de f et f: B4 (0) — By (s)(0) est de degré infini.

(2) Si le rayon de convergence est strictement plus grand que r(f) alors il existe k
tel que r(f) = |ax|'/* € |C,|. Donc

1113,sy(0) = r(f) max{|A[, lax|(r(f))*} = 7(f) et F(By()(0)) = Byy)(0).

(3) Dans ce cas pour tout zgp € B1(0) on a d = wideg(f — z9) = wideg(f), donc
f : B1(0) — B1(0) est de degré d. Si le rayon de convergence est plus grand que 1
on a |ag| < 1 pour tout k grand, donc d = wideg(f) < oo. O
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Si B (5)(0) est le bassin d’attraction immédiat de f on a par la proposition précé-
dente d > 1. En général d peut étre infini, mais si par exemple f est a coefficients sur
un corps a valuation discrete, alors d < oo.

Exemple3.6. — On considere la fonction rationnelle f € C,(z) définie par f(z) =
A22/(z + 1), avec |A| € (0,1), qui est conjugué au polynéme A~1(22+z). Onar(f) =1,
mais f(B1(0)) # B1(0). De plus il n’est pas difficile de voir que pour tout disque
D c P(C,) qui contient 0 on a f(D) # D.

Démonstration de la Proposition 3.3

(1) Soit r > 0 tel que |f(z)| = |Az| pour |z| < r; on pose f(z) = Az(1 + g(z)) avec
9(0) = 0. Soit C' > 0 tel que [g(z)| < Clz|, pour |z| <r. Donc [[go f"[| g+ < CIA"r
et

pn(2) = XT"(2) = 2(1+ g(2)) (L + go f(2) -+ (L + g0 [ (2)),
converge uniformément sur B, (0) vers une fonction ¢ € H(B; (0)). Comme pour
tout n > 0 on a Ap, 11 = @, o f, on conclut que po f = Ap.

Montrons que ¢ € H(B,4)(0)). En effet soit s < r(f). Il existe n > 1 tel que
f™(Bf(0)) ¢ B,.(0), d’apres (i) de la Proposition 3.2. La fonction A" = ¢ o f"
appartient donc & H(BZF(0)) et coincide avec ¢ dans H(B;(0)). On obtient ainsi que
¢ € H(B,(1(0)).

L’image de ¢ contient une boule B;(0). L’équation fonctionnelle montre alors, si
f(Br)(0)) = B,(5)(0), que cette image contient la boule Bjy-»4(0) pour tout n > 0.

(ii) Apres conjugaison par Az on peut supposer que f(z) = z¢ + .- ol d =
deg;(0) > 1. On pose f(z) = z%(1+ g(z)) avec g(0) = 0. On considere r > 0 et C >0
tels que ||g||B:r(0) < Ct < 1, pour t € (0,7). En particulier on a |f(z)| = |2|¢ pour
0 < |z| < r. Notons que si t < p~*/®=1 alors |In(1 + 2)| = |2|. On suppose que
Cd™t1r?" < p=1/®=1) pour tout n > 1. Donc si t € (0,7) et n >0 on a

et limy, o0 |

<d"go fo(t) < Aot < cdn it < pm /)
B} (0)

rIn(l1+go fn)HBj(O) =0 pour t € (0,r) fixé. Par conséquent
1 n
h=) —ym(l+gof") € H(B(0)),
n>=0

satisfait d-h = In(1+g)+ho f. Comme ||h| 5, o) < p~ Y/ P~V onap(z) = zexp(h(z)) €
H(Br(0)) et

¢4(2) = (zexp(hnt1(2)))? = f(2) exp(hn 0 f(2)) = p o f(2). O
3.2. Dynamique quasi-périodique et logarithme itératif. — Dans cette sec-

tion on considere les aspects locaux de la dynamique quasi-périodique d’un systéme
dynamique donné.
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A chaque systéme dynamique (f,U) on associe son domaine de quasi-périodicité,
que 'on note £(f). Dans cette section on s’intéresse aux aspects locaux de la dy-
namique de f sur £(f). Par conséquent on n’utilise que des propriétés élémentaires
d’analyse et plus concrétement les outils de la Section 1.3.1. Des aspects globaux de
la dynamique sur le domaine de quasi-périodicité sont étudiés dans les Sections 4.2
et 5.

Un des modeles de la dynamique quasi-périodique est la translation z +— z + 1.
Supposons donc que f est localement conjugué a z — z + 1; c’est-a-dire qu’il existe
une fonction analytique h au voisinage d'un point zg telle que h'(zo) # 0 et ho f(z) =
h(z) + 1. Alors notons que

i L@ =z PR ) k() 1
nlp—0 Inlp—0 n W(z)

Ceci explique la définition suivante.

Définition 3.7. — On appelle

nk _
E(f)={20 € U| ilexiste k = k(z9) =1, tel que {fikld} .
n n>=

est uniformément convergente sur un voisinage de 29, quand |n|, — 0}

le domaine de quasi-périodicité de f. De plus la fonction f, : £(f) — C,, définie par

o f™(20) — 20
T

pour zg € E(f), est appelé le logarithme itératif de f.

Ainsi définie f, est une fonction analytique ; voir aussi Corollaire 4.17. Notons que la
définition de f, ressemble a la définition du nombre de rotation d’un homéomorphisme
du cercle. Dans ce dernier cas il faut considérer le relevement sur R et n — oo au lieu
de |n|, — 0. Donc on peut dire que pour zg € E(f), f«(z0) est le 'nombre de rotation
infinitésimal de f en zp .

Remarque 3.8. — La notion de logarithme itératif formel est connue dans la littérature
sous divers autres noms ; voir les références en [Ecl] et aussi la trés compleéte référence
de [Ku] pour ce sujet et autres. Ici on considere 'approche d’Ecalle; voir [Ecl]. Il a
considéré le logarithme itératif pour les séries formelles sur C tangentes a 'identité
et il a étudié des problemes de convergence. Lubin a considéré le logarithme itératif
défini sur les anneaux a valuation discréte au voisinage des points fixes paraboliques
et il a montré 1 et 2 de la Proposition 3.16 (ci-dessous), dans ce contexte par une
méthode différente ; voir [Lul].

Proposition 3.9. — On a les propriétés suivantes du domaine de quasi-périodicité.

(1) E(f) est ouvert.
(ii) f est injective sur E(f).
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(iii) E(f) est invariant par f.

(iv) E(f™) = E(f) et (f™)« = nfs«, pour tout n > 1.

(v) Sig=ho foh™! alors E(g) = h(E(f)) et g« o h = I f.. En particulier pour
tout entierm =1 on a f.o f™ = f . (f™).

Démonstration

(1) Suit directement de la définition.

(ii) Soient zg et z1 € E(f) différents. Alors il existe r > 0 et k > 1 tels que la
suite {fnzlzid tn>0 est uniformément convergente sur B,(zo) et By(z1). De plus on
peut supposer que B, (z9) N B,(z1) = &. Donc pour n de norme p-adique assez petit
on a f™"(z) € By(z0) et f"¥(z1) € B,(z1). Par conséquent f™%(z) # f"F(z1) et
f(z0) # f(21).

(iii) 11 suffit de montrer que, si {

ok _id
nk

kn_ X
voisinage de 0, alors {% o f}n>0 aussi. Notons que pour n > 0 on a

fErrof—f  foffr—f  fld+(fF—id) - f
kn N kn N kn '

}n>0 est uniformément convergente sur un

kn -
—id . . ..
Donc {1 7 © f}n>0 converge uniformément vers f’ o f, sur un voisinage de zo.

(iv) Immédiat.
(v) On observe simplement que

kn kn kn :
. gmoh—nh . ho ff* —h ff —id ,
* — 1 _— = N == h * e D
g |n\1pIE>O kn [n|,—0 fkn —id kn /
Exemple 3.10. — Soit f(z) = ©  Alors
1—az
fr(z)—z  az?
n 1—naz’

Donc f.(2) = az? et E(f) = P(C,).
Soit f(z) = Az avec |[A\| =1;0n a
f (z)—n: A —12.
n n
Donc f. = (InA)z et E(f) = P(C,). Il n'est pas difficile de voir que, si R est une

fonction rationnelle de degré un telle que £(R) # &, alors R est conjuguée a une de

ces fonctions.

3.2.1. Automorphismes d’un disque et logarithme itératif. — Pour w € Cp et k > 0

w\  ww—1)--(w—(k—-1))
(+) -
et considérons la fonction continue p : (0,00) — (0,00) définie par p(s) = sp/ P~V
pour s > 1, p(p~") = p'/P" =1 pour n > 0 et de la forme a, s’ si p~ ("t < s <
p~™. Notons que p(s) — 1 quand s — 0.

soit
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Lemme3.11l. — Soit R > 0 et f € H(BRr(0)) un automorphisme de Br(0) tel que
| f —id || Bro) < YR, oty € (0,1). Alors on a les propriétés suivantes.

(i) £(f) = Br(0).

(ii) Posons Ty = id et pour n = 0 posons Tp4y1 = T, o f — T, ; donc T,, =
S (=DM i Pour w € Cyp tel que p(lw]) < 7! on a |Tallgro) < RY™

De plus la série
m
[ = Z (?) T;
i=0
converge uniformément dans Br(0) vers un automorphisme de Bgr(0). De plus si
p(lw|) <1, pouri=1,2, alors for o fow2 = folwitws),
(iii) Pour tout w € C, avec p(lw|]) <771 on a

Fov —id T

i fe Y ek
‘ w 1<i<k !
ot la constante C' ne dépend que de yp(|w|). En particulier

(fr—id)yn @ 31

i>0

< kY*R,
Br(0)

fe =

< CRJw| et ‘
Br(0)

convergent uniformément vers f. sur Br(0) quand |n|, — 0.
La démonstration du Lemme 3.11 est a la fin de cette section.

Corollaire3.12. — Si f : Br(0) — Bgr(0) est un automorphisme, alors E(f) = Br(0).
Si de plus f est tangent a lidentité en 0, alors pour tout w € C, la série f°V est
convergente au voisinage de 0.

Démonstration. — Comme f est un automorphisme de Br(0) il existe |A| = 1 tel
que |f'(z) — A] < 1 pour tout z € Br(0). Par conséquent, quitte & remplacer f par
un itéré, on peut supposer |f'(0) — 1| < 1. Alors pour tout r € (|f(0)|, R) il existe
v =7(r) € (0,1) tel que || f—id | g, (o) < yr. Donc par (i) dulemme on a B,.(0) C £(f).

Si f est tangent a I'identité, pour tout w € C,, on peut trouver R > 0 petit tel que
| f —id || o) < YR avec v < p(|w|)~!. Alors on peut appliquer le lemme. O

Notons que la formule du logarithme itératif en (iv) du lemme ressemble celle du
logarithme usuel

(z-1)? (@-1)°

1 fr— —_— ]_ —_— _—.e
ne=(zr—1) 5 + 3
Notons aussi ’analogie entre la définition de f, et I'identité suivante du logarithme
p-adique
AT —1
In(A\) = lim )
In|p—0 n
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Les séries dans (ii) sont les itérés fractionnaires de f ; voir par exemple [Ecl]. De

la formule ow i
—i

fo=lim 071

w—0
on peut penser a f, comme un champ de vecteurs et f°* comme le temps w du flot
engendré par f.. Ceci est justifié aussi par la formule de transformation (v) de la
Proposition 3.9.
La démonstration du Lemme 3.11 dépend du lemme suivant.

Lemme3.13. — Pour toutw € Cp etk>1ona

‘(:)‘ < klw|p(lw])* et ‘%(:) ~ %

Démonstration. — Si |w| > 1 alors il est facile de voir que

w |w|k k¢, 1/(p—1
<< Pk,
<k>\\ i < )

<k Jwlp(jwl)®.

n

Donc on obtient les deux inégalités dans ce cas. Si p~ ("1 < |w| < p~™ alors notons

que [1 —w/i| <1silil >p et |1 —w/i| < |w|-|i|~! sinon. Donc on a

e B

n+1 nl,
= (Juwlp™ PP = p(juw])*,

k/pntl k/p" 2k /pn 34

w 1

pn+1

car il y a au plus k/p™ entiers dans {1,...,k} que sont divisibles par p". Par consé-

quent
w w w &
= |=(1=w) ---- 1—-— — < .
(D)|=[Fa-w- (1= 525 | < Holatron
D’autre part

%@)_(—1;—1:(—;)’“ > 1,#1-(1_%)'

Par le raisonnement précédent on a ‘ngigk—l i (L= U)/j)‘ < p(Jw|)¥. Donc

L()-E

Démonstration du Lemme 8.11. — On note || - ||z au lieu de || - || 5 (0)-
(ii) Par le Corollaire 1.4 du Lemme de Schwarz, pour tout n > 1 on a

< K2 |w|p(jwl)®. O

1 :
ITnsillr = 1Tw o f = Tallr < H1f —idllzITullr < YT 7-

Donc par induction on a ||T,|[g < Ry". Par le Lemme 3.13 ()| < n|w|p(|w])™,
par conséquent ||(¥)T|lr < njw|(yp(Jw]))™ — 0, quand n — co. Donc f°* est un
automorphisme de Br(0).
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On a lidentité fovr o fowz = fo(witwz) ay sens formel; voir [Ecl]. Donc si les
séries sont convergentes on a aussi cette identité au sens analytique.

(i) Par (ii) la série Ek>1(—1)k+1Tk/k est convergente. Soit n > 0 tel que
p~ (D) < |w| < p~™. Par le lemme précédent on a

> (3(0) =)

k=2

e}

fr—id Z k1 Tk
4L (=112
w Pt k

R R

< (maxk(u)*) Aol < CRju)

ou C ne dépend que en yp(Jw|). Par conséquent (f°* —id)/w converge uniformément

sur Bg(0), mais par définition

n __: on __ 3 T

[n]p—0 n [n]p—0 k=1

Donc on obtient la premieére inégalité du lemme ; la deuxiéme suit de (ii).

(i) Suit de (iii). O
3.2.2. Propriétés du domaine de quasi-périodicité
Proposition 3.14. — On a les caractérisations suivantes du domaine de quasi-
périodicité.

(1) E(f) ={z0 € U | il existe n; — oo tel que f™ —id sur un voisinage de zo}.
(2) E(f) ={z20 €U | {%} o est localement uniformément bornée}.
nz

Démonstration

(1) Sizg € E(f), alorsil existe k > 1,7 > 0 et C > 0 tels que | f*?" (2)—z| < C'1/p",
pour z € B,(z). Alors la suite {f*?"},~¢ converge uniformément vers l'identité
sur B, (z9). Supposons que f™ converge uniformément vers l'identité sur B, (zo).
Alors, pour j assez grand on a f™ (B, (z0)) C By(20) et |(f™) (20)| = 1. Donc par le
Corollaire 3.12 on a 29 € Br(z9) C E(f).

(2) Si zo € E(f), alors la suite {L "S;id }n>0 est uniformément bornée sur un voi-
sinage de zg. Supposons que { ! n:;id }n>0 est uniformément bornée sur un voisinage
de zg. Alors {f k”"}n>0 converge uniformément vers l'identité sur un voisinage de z,

et par 1 on a zg € E(f). O

Corollaire3.15. — Tout z € E(f) est récurrent par f.
Démonstration. — Par la caractérisation 1. O

Proposition 3.16. — On a les propriétés suivantes du logarithme itératif.

(1) Soit zo € E(f). On a fi(z0) = 0 si et seulement si zg est un point périodique
indifférent de f. Si k est une période de zg, alors f.(z9) = %ln(fk)’(zo), En particulier
20 est parabolique si et seulement si f1(z9) = 0.
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(2) Pour tout zg € E(f) tel que fi(z0) # 0 il emiste k > 1 tel que f* est conjugué
analytiquement a la translation z — z + k sur un voisinage de zy. Plus précisément
pour tout z sur un voisinage Uy, de 2y on a

FUEE) = £ () + &y

ot f* Uy — B‘J,;‘(O) est une primitive formelle injective de 1/ fy.
Corollaire3.17. — Les points périodiques indifférents sont isolés.

Démonstration. — Par 1 les points périodiques indifférents sont les zéros de la fonc-
tion analytique f,, donc sont isolés. O

Démonstration de la Proposition 3.16
(1) Si zp est périodique on a fi«(z9) = 0. Supposons que f.(z9) = 0. On peut
supposer de plus k(z9) = 1, U, = B, (20), avec r € |Cpl, et f(B;(z0)) C B, (20).
On consiﬂdére la norme uniforme ||-||, = [||| g+ .,y sur H(B; (20)) ; voir Section 1.3.1.
On pose fP =id +gyp, ol ||gn|» < Cp~". Donc

() = 2+ ga(f7" (2)) + -+ gu(FF VP (2)) = 2+ kgn(2) + 7n(2),

ou ||rpllr < %HgnH%, par le corollaire du lemme de Schwarz. Par conséquent, si n est
assez grand on a ||gn41]l» = %Hgn”r.

Alors, soit g, = 0 et tout point de B,.(z0) est fixé par f™, soit f. # 0 sur B, (z0) et
alors f. a un nombre fini de zéros sur B, (0). Par (v) de la Proposition 3.9 on a
f«(f™(20)) = (f™)(20)f«(20) = 0 et par conséquent zy est prépériodique par f.
Comme f est injective sur B,.(z0) C £(f) on a que 2 est périodique par f.

(2) Soit zg € E(f) tel que fi(20) # 0 et soit f* une primitive formelle de 1/ f,. définie
sur un voisinage de zg et telle que f*(zp) = 0. Comme (f*)'(z0) = 1/f«(20) # 0, il
existe n > 0 et une boule U,, que contient zy tel que f* : U,; — B,-»(0) est une
bijection.

Soit m tel que f™(zg) € Uy,. Par (v) de la Proposition 3.9 on a f. o f™ = f.(f™).
Par conséquent (f* o f™) = (f*)" sur U,,. Donc il existe w € B,-»(0) tel que
ffof™=f*+w. Alors

mn _ *\—1 _ *\—1 0
fulzo) = tim LGOI Z R0 g, DT ) 2UDTO) g,
|n|p—0 mn |n|p—0 mn m
Comme f,(z9) # 0 on a w = m. Par conséquent f* o f™ = f*+m sur U,,. O
3.3. Points périodiques indifférents. — Dans cette section on considere la dyna-

mique au voisinage des points périodiques indifférents. Il suffit bien sir de considérer
le cas des points fixes. On consideére le groupe (pour la composition) I(C,) des séries f
a coefficients dans C,, de la forme

f(2)=Xz+a12’ +a2® +---, ou|\=1
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qui convergent au voisinage de 0. Comme dans la Section 3.1 on définit, pour f(z) #
Az,
-1
r(f) = (sup|ak|1/k) < 00.
k>1
Proposition 3.18. — Soit f € I(C,) une série différente de Az. Alors f est convergente
sur By.(5)(0) et on a les propriétés suivantes.

(i) Br(p)(0) € E(f).
(i) r(f) = sup{r| f est convergente sur B,.(0) et f(B,(0)) C B,(0)}.

Démonstration. — La preuve de (ii) est similaire & celle de la Proposition 3.2 de la
Section 3.1. L’assertion (i) résulte du corollaire du Lemme 3.11 de la section précé-
dente. O

On s’intéresse d’abord aux points périodiques de f dans B, (f)(0). Dans la Sec-
tion 3.3.1 on considere la structure du groupe I(C,). On verra que si R € I(C,) est
une fonction rationnelle, alors on a r(R) € |Cp|; voir Lemme 4.11 dans la Section 4.1.

Considérons dans la suite une série f € I(C,) telle que r(f) € |C,|. Apres chan-
gement de coordonnée on peut supposer que r(f) = 1. Alors f € Ok[[z]], c’est-a-dire
f est & coefficients entiers. Quitte & changer f par un itéré on peut supposer en plus
que |f'(0) — 1| < 1. On verra que dans ce cas tous les points périodiques de f dans
By.(5)(0) ont une période primitive de la forme p™, ott n > 0; voir [Lil].

Rappelons que le degré de Weierstrass d’une série g(z) = ag +a12+ -+ € Ok|[7]],
noté wideg(g), est le plus petit entier d > 0 tel que |ag| = 1. Si d est fini alors d est
égal au nombre des zéros de g dans {|z| < 1}, comptés avec multiplicité. De fagon
équivalente wideg(g) est égal & ord;(0) ou g dénote la réduction de g. Par conséquent
pour n > 1 le nombre

wideg(f" —id) = ordz, ;4(0) € {1,2,...} U{oo}

est égal au nombre de points fixes de f dans {|z| < 1}. Donc pour connaitre le nombre
des points périodiques de f dans {|z| < 1} d’une période primitive donnée, il suffit
d’étudier la suite {wideg(f™ —id)}n>1.

La condition |f/(0) — 1| < 1 est équivalente a ce que fsoit tangente a 'identité en

zéro. De plus notons que si f(z) = z + amz™t + -+, alors wideg(f —id) = m + 1 et
pour tout entier k,

¥(2) = 2 + kamz"™t 4+

Par conséquent wideg(fk —id) = Wideg(f— id), pour tout entier k qui n’est pas
divisible par p. Donc tous les points périodiques de f dans {|z| < 1} de période k sont
des points fixes. Plus généralement tous les points périodiques de f dans {|z| < 1}
de période kp™, avec n > 0 et k qui n’est pas divisible par p, sont aussi de points
périodiques de période p™.
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Par conséquent tous les points périodiques de f dans {|z| < 1} ont une période
primitive de la forme p™, avec n > 0. Donc il suffit d’étudier la suite

In = Wideg(fpm —1id), pour m > 0.

Théoréme (Sen [Se]). — Soit f € Oc,[[x]] un série telle que |f'(0) — 1| < 1. Sin >0
est tel que i, < 00, alors i, =i,—1 mod (p").

Voir aussi [Lu2] et [Lil]. Le théoréme suivant de Keating [Ke| décrit des cas o 'on
peut connaitre explicitement la suite 7,,. On utilise ce théoréme dans ’exemple 5.15
de la Section 5.2.

Théoreme (Keating [Ke]). — Soit f € Oc,[[z]] une série telle que ig = 2 et iy = 2+bp
avec 0 < b <p—1. Alors
im =2+ bp +bp* + -+ bp™,

pour tout m > 1.

Exemple3.19. — Considérons la série g(z) = z + 22 + a2 + .-+ € F,[[z]]. On va
montrer que si p > 2 alors gP(z) = z — (a — 1)2P*2 + .. .. Par conséquent si une série
[ € Oc,[[#]] a g comme réduction et a # 1, alors f vérifie les hypotheses du Théoreme
de Keating avec b=1. Donc 4, =1+ (1 +p+---+ p™) dans ce cas.

On suppose alors que p > 2 et on pose T'(¢) = po f — ¢, qui est linéaire en ¢. Soit
0o(2) = 2 et prr1 = TH(pg) de telle fagon que ¢;(2) = 22 et gP(2) = 2 + ¢, (2). Pour
[ >1on a,

-1
T =(z(1+2z+a2®+- ) =2 =1 4 (% + la)zl+2,

et en particulier T'(zP) = 2%’ 4 --- . Donc ¢y (2) = klz**1 4+ ... pour 0 < k < p, et si
on pose p,_2(z) = (p—2)12P712P71 4 azP + .-+ on a,

Gp1(2) = T(gyp-al2)) = (0~ DIT() +aT () + -+
= (p—l)!zp+(p—1)!(p%2 +a)z”+1+---
Comme p>2ona(p—2)/2=-1,2p>p+2et (p—1)l=1. Donc
0p(2) = T(pp-1(2)) = —(a — 1)zPT2 + ...

Exemple 3.20. — Considérons le polynéme P(z) = z + 2P € F,[z]. On peut montrer

par induction
n n\ .n
P"(z) = P P
(2) z—|—<1>z + +(n>z

Par conséquent ord(P"(z) —z) est égal & p¥, la plus grande puissance de p qui divise n.
En particulier ord(PP" — z) = p?".
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Donc une série f € Oc,[[z]] telle que f = P vérifie i,, = wideg(f*" —id) = p*". Si
p=2onaig=2,11=4=2+2bavecb=1c¢et

Si f est a coefficients dans un corps algébrique K et f(z) # Az alors f a un nombre
fini de points périodiques dans {z € K | |z| < 1}. En effet, dans ce cas la complétion K
de K par |- | est localement compacte, donc {z € K | |2| < 1} C £(f) est compact et
comme les points périodiques de f dans E(f) coincident avec les zéros de f. € H(D,)
il ne peut avoir qu'un nombre fini de points périodiques de f dans {z € K | |z| < 1}.

De plus on a les résultats suivants de Lubin ([Lul], Corollaire 4.3.1) et Li ([Li1],
Théoréme 4.3).

Théoreme (Lubin [Lul]). — Soient K C C, est un corps a valuation discréte et f €
Ok|[z]] est une série telle qu’il existe n > 0 avec wideg(f™ —id) = oo et f™ # id.
Alors f a un nombre fini de points périodiques dans {z € K | |z| < 1}.

Théoréme (Li [Lil]). — Soient K C C, un corps & valuation discréte et f € Ok|[z]]
une série telle que |f'(0) — 1| < 1. Si f a un point périodique de période primitive p™
alors p™ — p™ ! < e, ou e est le degré de ramification de K sur Q,.

Remarque 3.21

(1) En général, si f € I(C,) on peut avoir r(f™) > r(f). Par exemple la série
f(z)=—2(1422+422+---) = 2z/(22 — 1) est telle que f? = id donc, r(f?) = co >
11/2lp = r(f)-

(2) Comme le montre f(z) = z+2% + 2% +--- = 2/(1 — z), en général B,()(0) ne

peut contenir que 0 comme point périodique de f.

8.8.1. Conjugaison locale des points périodiques indifférents. — La classe de conju-
gaison et les centralisateurs du groupe I(C,) ont une structure trés simple et bien
connue; voir [Lul]. C’est la méme structure que pour le groupe formel correspon-
dant : pour tous f et g € I(C,), f est localement conjugué & g si et seulement si f est
formellement conjugué a g. Dans cette section on rappelle brievement les principaux
résultats.

L’étude des classes de conjugaison du groupe I(C) est beaucoup plus subtile ; voir
[Ecl], [Vo] et [Y]. Par exemple toute série f € I(C,) telle que f/(0) n’est pas une
racine de I'unité est localement linéarisable ; voir par exemple [HY] et [Lul], [TVW],
[AV]. Dans le cas complexe ce n’est pas toujours le cas et il y a des problemes de
petit diviseurs assez délicats; voir [Y].

Pour A € C,, avec |A\| = 1 on définit ord(\) comme le plus petit entier positif tel que
A" =1, si A est une racine de I'unité et ord(A) = oo sinon. Soit f € I(C,) et on pose
A= f(0). Si ord(A) = g < oo on définit valit(f) = oo si f7 =1id et valit(f) =n > 1
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sinon, ou n est I’entier tel que
fUz)=z4+az"" 4. | avec a # 0.

L’entier n est alors un multiple de g. Dans ce dernier cas on a f.(z) = (a/q)2z" 1+ -
et on note resit(f) le résidu de 1/ f, en 0. Soient f et g € I(C,) avec A = f'(0).

« Siord(A\) = oo alors f et g sont conjugués si et seulement si ¢g'(0) = A.

« Siord(\) = ¢ < oo et f7 = 1id, alors f et g sont conjugués si et seulement si
g'(0) = A

« Siord(\) = ¢ < oo et valit(f) < oo alors f et g sont conjugués si et seulement si
g’ (0) = A, valit(f) = valit(g) et resit(f) = resit(g).

Dans ce dernier cas f est conjugué a un unique polynéme de la forme Az(1+2"+az?"),
avec a € Cp,. Soient f € I(C,), m > 1 et ( € C, tels que ("™ = f(0).

« Siord(¢) = oo il existe un unique g € I(C,) tel que ¢’(0) = et g™ = f.

« Siord(¢) =¢ < oo et f1=id il existe g € I(Cp) tel que ¢’(0) = ( et g™ = f.

« Siord(¢) = g < oo et valit(f) < oo alors il existe g € I(C,) tel que ¢'(0) = ( et
g™ = f si et seulement si g|valit(f). La série g est alors unique.

Soient f, g € I(Cp).

o Si fi, g« Z 0 alors f et g commutent si et seulement s’il existe w € C, — {0} tel
que fy = wgx.

« Si f est linéarisable, son centralisateur se déduit par conjugaison de celui de sa
partie linéaire.

. Si ord(f'(0)) = ¢ < oo et valit(f) = oo posons f = f9 et définissons pour
ord(()|valit(f) la série fo € I(Cp) par f((0) = ( et fgrd(o = f. Alors g € I(C,)
commute avec f si et seulement s'il existe ¢ (avec ord(¢)|valit(f)) et w € C,, tels que

g=feoF " =TF"ofe

4. Dynamique des fonctions rationnelles

Cette partie est dédiée a I’étude de la dynamique globale d’une fonction rationnelle.

Dans la Section 4.1 on étudie les bassins d’attraction et dans la Section 4.2 on étudie
les propriétés globales du domaine de quasi-périodicité d’une fonction rationnelle.

On a la partition usuelle en ensembles de Fatou et de Julia comme dans le cas com-
plexe ; voir Section 4.3. Dans la Section 4.4 on montre le Théoréme de Classification
caractérisant la dynamique de ’ensemble de Fatou. De plus on fait une conjecture
de non-errance et une conjecture sur la structure de ’ensemble de Fatou. Dans la
Section 4.5 on considere une classe de fonctions rationnelles dites simples, qui ont une
dynamique particulierement élémentaire.
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On considere d’abord les propriétés de la dynamique d’une fonction rationnelle a
coeflicients algébriques qui ne dépendent pas d’une valuation donnée. Plus concrete-
ment on s’intéresse aux points périodiques. Il y a une grande littérature a ce sujet et
on renvoie le lecteur aux bibliographies de [MS2] et [Be]. On a la propriété suivante.

\

Théoreme (Northcott [No]). — Une fonction rationnelle a coefficients sur un corps
algébrique a un nombre fini de points prépériodiques.

Ce théoréme vaut en dimension quelconque; voir aussi Lewis [Le]. On donne une
nouvelle démonstration de ce théoréme (en dimension 1) a I’aide du logarithme itéra-
tif ; voir remarque dans la Section 4.5.

Il y a deux types de cycles dont la nature ne dépend pas de d’une valuation : les
cycles super-attractifs qui sont ceux pour lesquels le multiplicateur est égal a zéro et
les cycles paraboliques, qui sont ceux pour lesquels le multiplicateur est une racine de
I'unité ; voir Section 3.

D’apres un théoreme de Fatou tout cycle attractif ou parabolique, d’une fonction
rationnelle complexe de degré au moins deux, attire au moins un point critique par
itération ; voir [Fa]. Comme une fonction rationnelle de degré d > 1 a au plus 2d — 2
points critiques on obtient :

Théoréme (Fatou [Fa]). — Soit R € C(z) une fonction rationnelle de degré au moins
deuz. Alors le nombre de cycles attractifs ou paraboliques est majoré par 2 deg(R) — 2.

Il y a une amélioration de ce théoreme par Shishikura qui dit que le nombre de
cycles non-répulsifs d’une fonction rationnelle complexe de degré d > 2 est majoré
par 2d — 2; voir [Sh] et une nouvelle démonstration de A. Epstein [Ep].

Cette propriété est loin d’étre vraie dans le cas p-adique. Par exemple le polynome
2P € Cplz] a une infinité de cycles attractifs; voir Section 4.1.1. D’autre part, une
fonction rationnelle a coefficients sur C, a un cycle indifférent, alors elle en a une
infinité ; voir Corollaire 5.17.

Par le principe de Lefschetz on la une propriété analogue au Théoréme de Fatou
pour les fonctions rationnelles & coefficients dans C,.

Théorémel. — Soit R € Cp(z) une fonction rationnelle de degré d > 2. Alors le
nombre de cycles super-attractifs et paraboliques de R est au plus 2d — 2.

Démonstration. — Soit R € C,(z) une fonction rationnelle de degré d > 2 et consi-
dérons k > 0 cycles super-attractifs ou paraboliques. Considérons ’ensemble T' des
coefficients de R et des points périodiques super-attractifs et paraboliques en ques-
tion. Comme T est un ensemble fini le corps Q(T") a un degré de transcendance fini
sur Q et par conséquent il existe une immersion ¢ : Q(T")(z) — C(z). Alors la fonction
rationnelle image i(R) € C(z) a au moins k cycles super-attractifs ou paraboliques et
donc, par le théoréeme de Fatou on a k < 2d — 2. O
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Sil’on considere seulement des cycles super-attractifs et paraboliques, alors I’énoncé
du théoréme de Fatou est purement algébrique. Cependant la démonstration de Fatou,
ainsi que celle de A. Epstein, utilise des méthodes complexes. Il serait souhaitable
d’avoir une démonstration de ce théoréme (disons pour les fonctions rationnelles a
coefficients algébriques) qui soit purement algébrique.

Remarque 4.1. — Daus le théoréme de Fatou ci-dessus (et donc dans le Théoréme 1),
on peut compter les cycles super-attractifs et paraboliques avec multiplicité comme
suit. Si zg est un point périodique super-attractif de période primitive n, alors
la multiplicité du cycle correspondant est degpn(20) — 1. Si zg est un point pé-
riodique parabolique de période primitive n, alors la multiplicité de son cycle est
valit(R", zp)/ord(R"™, zp) dans la notation de la Section 3.3.1. C’est-a-dire, si l'on
considére une coordonnée telle que zp = 0 et si (R")’(0) est une racine primitive
¢®™¢ de I'unité; alors la multiplicité est égal & I'entier N/q, ot N est déterminé par
(R™)(2) = 2(1+azN +---), avec a # 0.

4.1. Domaines d’attraction. — Soit R € C,(z) une fonction rationnelle et zp €
P(C,) un point fixe attractif de R. Rappelons que

Wi (z0) = {z € P(C,) | d(R"(2), R"(20)) — 0 quand n — oo}
est le bassin d’attraction de zg pour R; voir Section 3.1. Notons que
R™ (Wi(20)) = Wg(20)-

Par conséquent R envoie une composante analytique de W3(2o) sur une composante
analytique de W4,(z) ; voir Proposition 2.6.

Définition 4.2. — Soient R € C,(z) une fonction rationnelle et zp un point périodique
attractif de R. Alors la composante analytique de Wg(zo) qui contient 2z est appelée
le bassin d’attraction immédiat de zg et composante attractive de R.

Définition 4.3. — On dit qu’un espace analytique connexe X est de type Cantor si
Parbre Ax de X est non-vide et si Ax satisfait les propriétés suivantes

(1) Toute aréte de Ax a deux extrémités dans Ax.
(2) Pour tout point S de Ax et Pe SonaDpNX # .

La condition 2 implique que pour tout sommet S de Ay il existe au moins trois
arétes ayant S comme extrémité ; en particulier Ax a une infinité de sommets. Dans
la notation de la Section 1.2.3, la condition 2 de la définition se traduit par ng = 0
pour tout point S de Ax.

Par exemple le complémentaire dans P(C,) d’un ensemble de Cantor est un espace
analytique connexe de type Cantor; voir I'exemple 1.3 (vii) olt 'on considére I’arbre
de P(C,) — Oq, et voir 'exemple 6.1 olt on considere un polynome ayant P(C,) — Oq,
comme bassin d’attraction immédiat de I'infini.
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On fixe pour le reste de cette section une fonction rationnelle R € C,(z) de degré
au moins deux et un point fixe attractif zo de R.

Théoréme2. — Notons C' le bassin d’attraction immédiat de zo et D C W5 (z0) un
disque tel que z9 € R(D) C D. Pour n > 0 notons X,, la composante connezxe de
Uaffinoide ouvert R~™(D) qui contient zo. On a alors C = Up>0X,. De plus il y a
deuz cas :

(1) C est un disque rationnel ouvert.
(2) C est un espace analytique de type Cantor.

La démonstration de ce théoreme est a la fin de cette section. Supposons que le
point fixe attractif zg ait un bassin d’attraction immédiat D au sens de la Section 3.1.
Alors D est une boule ouverte (Lemme 4.11 ci-dessous). Notons X la composante de
R1(D) qui contient D. On a X = D sinon il existe r > r(R) tel que le disque ouvert
D1 de centre zg et rayon r soit contenu strictement dans X ; alors R(D1) est contenu
strictement dans R(X) = DcC D;. Par conséquent D est la composante analytique
de W5 (%0) qui contient zg.

Corollaire4.4. — 1l existe d > 1 tel que R : C — C est de degré d. En particulier
R(C)=C.

Démonstration. — Par la Proposition 2.6 il existe d,, > 1 tel que R: X,, — X,,_1 est
de degré d,,. 1l est facile de voir que d,, 1 > d, et par conséquent d,, =d > 1 pour n
assez grand. Alors R : C' — C est de degré d.

Si C est un disque alors d > 1, car sinon zg est indifférent. Si C' n’est pas un
disque alors il existe n tel que X, est un disque et X,, 1 ne l'est pas. Par conséquent
d>d, >1. O

Corollaired45. — Si A\ = R'(z9) # 0 il existe ¢ € H(C) tel que p o R = Ap et
e(C) =C,.

Démonstration. — Par (i) de la Proposition 3.3 il existe ¢ € H(D) tel que po R = Ay
sur D. Comme pour tout n > 0 on R"(X,,) = X9 = D on obtient que ¢ = A""@poR" €
H(X,). Comme C = Up>0X, et X,, C Xy pourtoutn > 0onap € H(C) et goR =
Ap. De plus notons que p(X,) = A\""p(Xy) donc ¢(C) = p(Up>0Xn) = C,. O

Corollaire4.6. — Si X C Wg(20) est un affinoide fermé, alors {R"}n,>1 converge
vers zo uniformément sur X.

Démonstration. — Sile disque D C C contenant zq est suffisamment petit, ’assertion
est vraie; par conséquent il suffit de montrer qu'il existe n tel que R"(X) C D. On
peut supposer que l'affinoide X est connexe et, quitte a remplacer R par un itéré on
peut supposer X N D # &, et par conséquent X C C' = Up>0X,. Par conséquent il
existe n tel que X C X,, et R"(X) C D. O
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4.1.1. Bassins et points critiques. — Dans le cas complexe il y a un théoreme du a
Fatou qui dit que tout bassin d’attraction immédiat d’un cycle attractif contient un
point critique. Ceci n’est pas vrai dans le cadre présent, par exemple tous les cycles
de 2P € C,(z) sont attractifs et par conséquent il y a des cycles qui n’attirent aucun
point critique ; voir aussi exemple 6.2. Mais on a le corollaire suivant du Théoreme 2.

Corollaire4.7. — Si le bassin d’attraction immédiat C est un disque et ne contient
pas de points critiques, alors R a une infinité de points périodiques attractifs et le
degré de R : C — C est divisible par p.

Démonstration. — On suppose que C' = {|z| < 1} et on note R la réduction de R.
Alors wideg(R') = oo, donc R’ = 0 et par conséquent le degré de R : C' — C est
divisible par p. Par le Corollaire 4.4 on a deg(R) > 1 et par (iii) de la Proposition 2.4
il existe une infinité de o € F, périodiques par R tels que R™(D,) = DE,,(Q) oll
n = n(a) est la période de a et D, dénote {z | Z = a}. Par le lemme de Hensel,
chacun de ces D, contient un point périodique attractif de R et par conséquent il y

en a une infinité. Voir aussi la démonstration de (ii) de la Proposition 4.32. (|

On conjecture que cette propriété est aussi vraie dans le cas ou C' est de type Cantor.
Ceci impliquerait que le nombre de cycles attractifs est, soit infini, soit majoré par
le nombre de points critiques (et donc au plus 2deg(R) — 2), voir Corollaire 4.9 ci-
dessous. On remarque qu’il y a des fonctions rationnelles ayant un bassin d’attraction
immédiat de type Cantor (d’un point fixe) qui ne contient pas des points critiques;
voir exemple 6.2.

Proposition 4.8. — Soit R € C,(z) une fonction rationnelle. Alors R a au plus
deg(R) — 1 cycles de bassins d’attraction immédiat de type Cantor.

Corollaire4.9. — Soit R € C,(z) une fonction rationnelle de degré au moins deuz. Si
R a plus de 3deg(R) — 3 cycles attractifs, alors R en a une infinité.

Démonstration. — Supposons que R a un nombre fini de cycles attractifs. Par le
Corollaire 4.7 chaque cycle ayant un disque comme bassin d’attraction immédiat at-
tirés au moins un point critique de R, et par conséquent il y a au plus 2deg(R) — 2
tels cycles. Par la proposition il y a au plus deg(R) — 1 cycles attractifs avec bassin
d’attraction immédiat qui n’est pas un disque. O

La démonstration de la Proposition 4.8 se base sur le lemme suivant ; voir [Be].

Lemme4.10

(1) Soient X un affinoide fermé connexe non-vide et V.C X un affinoide ouvert.
Alors le nombre de composantes connexes de laffinoide fermé X — V est égal au
nombre de bouts de V.
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(2) Soient Vi,...,V, des affinoides ouverts disjoints ayant chacun au moins deux
bouts. Alors Uaffinoide fermé P(Cp) — V4 U--- UV, a au moins n + 1 composantes
connezes.

(3) Soit R € C(z) une fonction rationnelle de degré d > 1 et Dy,...,D,, disques
disjoints deuz a deux tels que R~1(D;) n’est pas une union de disques, pour 1 <i < n.
Alorsn <d—1.

Démonstration

(1) Pour chaque bout P de V l'ensemble Bp N X est un affinoide fermé connexe
non-vide. Par conséquent le nombre de composantes connexes de

X =V =Up pout de vBrNX

est égal au nombre de bouts de V.

(2) Par la partie 1 et par induction en n.

(3) On pose X =P(C,)— (DyU---UD,). Par hypothese, pour chaque 1 <i < n il
existe une composante connexe V; de R~(D;) qui n’est pas un disque. Par la partie 2,
R™}(X) a au moins n+ 1 composantes connexes. Par conséquent n+1 < deg(R) = d,
doun<d-1. O

Démonstration de la Proposition 4.8. — Soit zg un point périodique de R de période
primitive k, soit D un disque qui contient zy et contenu dans le bassin d’attraction
immédiat de zg. De plus soit X; la composante connexe de R~!(D) qui intersecte le
cycle de zg. Alors les bassins d’attraction immédiats des points du cycle de zg sont de
type Cantor si et seulement si il existe [ tel que X; est un disque et X; 1 ne l'est pas.
Donc si’'l y a n cycles attractifs avec bassin d’attraction immédiat de type Cantor, on

peut trouver des disques Dy, ..., D,, deux & deux disjoints tels que R(D;)~! n’est pas
une union de disques. Donc par le point 3 du lemme précédent on an < d — 1. O
4.1.2. Preuve du Théoréme 2. — La preuve du Théoreme 2 dépend des lemmes
suivants.

Lemme4.11. — Soit R € C,(z) une fonction rationnelle telle que R(0) = 0 et
|R'(0)| < 1 et soit r(R) comme dans la Section 3.1. Alors r(R) € |Cp|.

Démonstration. — On pose R(z) = ag + a1z + ---. Soit il existe i tel que
la;|(r(R))* =1 et le résultat est clair; soit r(R) est le rayon de convergence de
la série ag + a1z + -+ qui est donc égal a la plus petite norme d’un podle et par
conséquent 7(R) € |Cp|. O

Lemme4.12. — Soit {X,}n>0 une suite croissante d’affinoides ouverts connezes et
soit C = Up>0Xp, qui est un espace analytique connexe. Supposons que pour tout
bout P de X,, on a Bp ¢ C et il existe de bouts Py et P1 de X,+1 tels que Bp, C Bp
et Bp, C Bp. Alors C est de type Cantor.
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Démonstration. — Si S est un systéme projectif tel que S < C' alors il existe n > 0
tel que S < X,,. De plus si § < X,, n’est pas un point de Ax, , alors S n’est pas un
point de Ac, donc Ac C UpoAx, . Par définition pour tout point (resp. sommet)
S de Ay, , il existe des bouts P; € S distincts, tels que Dp, ¢ X,, i = 0,1 (resp.
i =0,1,2); donc pour chaque P; il existe un bout Q; de X,, tel que Bg, C Dp,. Par
hypothese Bg, ¢ C, donc S est un point (resp. sommet) de A¢ et par conséquent
Ac = Up>0Ax, . Alors notons que C satisfait la propriété 2 car chaque X,,, étant un
affinoide ouvert connexe, la satisfait.

Pour montrer la propriété 1 il suffit de montrer que pour toute aréte I de Ag,
chaque composante B de P(C,) — C intersecte C. Soit S € I et n tel que S € Ax,,.
Si BN X, = @ alors il existe un bout P de X, tel que B C Bp. Par hypothese le
nombre de bouts Q de X, 11 tels que Bg C Bp est au moins deux, donc Bg C B et
BN Xpi1 £ @. O

Lemme4.13. — Soit Q € C,(z) une fonction rationnelle et P un bout tel que Bp C
Bgpy et P # Q(P). Alors Bp contient un point fize de Q.

Démonstration. — Apres changement de coordonnée on suppose que Bp = {|z] < 1}
et Bopy = {|z| <r}otr € |Cyl est tel que 7 > 1. Par le Lemme 2.3, (Q —id)(P) =P
et par le Corollaire 2.2 on a {|z| < r} C (Q—id)(Bp). Par conséquent il existe zg € Bp
tel que Q(zp) — zp = 0. O

Démonstration du Théoréme 2. — Soit C le bassin d’attraction immédiat de zg ;ona
donc C' C C. 11 y a deux cas.

Cas 1. — X, est un disque pour tout n > 0. Alors C' = U, >0X,, est un disque. Consi-
dérons r > 0 et une coordonnée telle que zop = 0 et C' = {|z| < r}. Comme R(C) =C
le développement en série de R est convergent dans C. Considérons r(R) > 0 comme
dans la Section 3.1; on a r < r(R) par la Proposition 3.2. D’autre part pour tout
s < r(R) il existe n tel que R"(B,(0)) C Xo et donc Bs(0) C X, C B,(r)(0); on
conclut que r = r(R). Par le Lemme 4.11 on a r(R) € |C,|, donc apres changement
de coordonnée on peut supposer C' = {|z| < 1}.

Considérons la réduction~}~% de R et S = {P()}cep,) le systéme projectif cano-
nique. On va montrer que C = {|z| < 1}. Il suffit de montrer qu’il existe une infinité
de ¢ € T, tels que Dp(ey N W5(0) = @. Par (iii) de la Proposition 2.4 il suffit de
montrer il existe une infinité de points périodiques de R dans Fp. Ceci est immédiat

car deg(R) > 1.

Cas 2. — 1l existe ng tel que X,,, n’est pas un disque. On suppose sans perte de
généralité que ng = 1, de telle fagon que Xy est un disque. Soit Py le bout de Xy ;
notons que X; a au moins deux bouts. De plus pour chaque bout Q de X; on a
Bo C Bp, et Q # Po.
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Comme pour tout bout P de X,, on a R"(P) = Py, il existe au moins deux bouts
Qo et Q1 de X,,11 tels que Bg, C Bp, pour i = 0,1. De plus P # Py et R™*(P) =Py
donc Bp C Bpgn(p) et par le Lemme 4.13 la fonction rationnelle R™ a un point fixe
dans Bp. Par conséquent Bp ¢ W} (z0) et en particulier Bp ¢ C et Bp ¢ C. Donc C
satisfait les hypotheses du Lemme 4.12 et par conséquent C' est un espace analytique
de type Cantor.

Il reste & montrer que C' = C. Soit X un affinoide fermé connexe qui intersecte
Xo C C et P(C,) — C. Soit P,, un bout de X,, défini par induction (Py est le bout
de Xo) tel que Bp,,, C Bp, et tel que Bp, N X # &. Par le raisonnement précédent
onaBp, ¢ X.

Soit Dy une composante connexe de P(C,,) — X. Alors, soit DoN(Bp, —Bp,,,) = 9,

n+1

soit Dy C Bp, —Bp,,,. Comme le nombre de composantes connexes de P(C,) — X est
fini il existe n tel que Bp, — Bp,,, C X. Par le raisonnement précédent il existe un
bout Q de X, 11 tel que Bg C Bp, —Bp, , C X.Mais on a montré que Bo ¢ W5(20)-
Donc X ¢ W5,(2). Par conséquent C = C. O

4.2. Domaine de quasi-périodicité. — Fixons une fonction rationnelle R €
Cp(2). On note par £(R) l'ensemble de points zg € P(C,) tels qu'il existe une suite
n; — 00, quand j — oo, telle que R™ converge uniformément vers l'identité pour
la distance chordale, sur un voisinage de zp. On appelle £(R) domaine de quasi-
périodicité de R.

Par définition £(R) est ouvert, R(E(R)) = E(R), R est injective sur £(R) et tout
point de £(R) est récurrent par R. Dans la Section 4.4 on verra que E(R) est égal a
I'intérieur de 'ensemble des points récurrents par R (Corollaire 4.27).

Notons que la définition de £(R) coincide localement avec la définition donnée dans
la Section 3.2. En effet pour chaque zo € E(R) il existe un disque D C £(R) contenant
zo et n > 1 tel que R™"(D) = D et par conséquent R" : D — D est de degré 1. Par le
Corollaire 3.12, D est contenue dans le domaine de quasipériodicité de R, au sens de
la Section 3.2. En particulier £(R™) = £(R) pour n > 1.

On voudrait avoir un analogue du Lemme 3.11 pour les affinoides fermés conte-
nues dans £(R). Dans C, la convergence locale n’implique pas la convergence globale,
comme dans le cas complexe. Donc on ne peut pas appliquer le Lemme 3.11 directe-
ment. A cause de cela on considere la Proposition 4.14, ci-dessous.

Etant donné un affinoide fermé connexe X  C, et # € X on dénote par D, C X
le plus grand disque contenu dans X qui contient x. Alors mx (x) € Ax est le systeme
projectif associé a D, ; voir Section 1.2.3.

Proposition 4.14. — Soit R € C,(z) une fonction rationnelle et X C E(R) un affinoide
fermé connexe tel que X C Cp. Alors il existe un entier n > 1 tel que R™ : X — X
est de degré 1 et tel que R™ induit lidentité sur Ax et sur chaque systéme projectif
S € Ax. (En particulier pour chaque x € X on a R*(D,) = D,.) De plus, il existe
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~v € (0,1) tel que pour tout x € X on a
IR" —idlp, <~ - diam(D,).

Corollaire4.15. — Soit R € C,(z) une fonction rationnelle. Alors R permute les com-
posantes analytiques du domaine de quasi-périodicité et chaque composante est pério-
dique.

Démonstration. — Soit C' une composante analytique de £(R). Alors il est clair que
R(C) est contenu dans une composante analytique C’ de £(R). Soit x € C' et soit
Y C C’ un affinoide fermé connexe tel que R(x) € Y. Par la Proposition 4.14 il existe
n > 1 tel que R*(Y) =Y. Alors X = R""1(Y) est un affinoide fermé connexe qui
contient x car R(X) = R"(Y) =Y et R est injective sur £(R). Donc X C C' et par
conséquent Y C R(C'). Alors C' C R(C) et R"(C) = C. O

D’apres la Proposition 4.14 on peut appliquer le Lemme 3.11 & chaque disque D,,

pour x € X, avec une constante v € (0,1) uniforme. Donc le corollaire suivant est
immédiat.
Corollaire4.16. — Soient R € C,(z) une fonction rationnelle et X C E(R) N C, un
affinoide fermé connezxe. Supposons R vérifie avec n = 1, les propriétés de la Propo-
sition 4.14. Considérons la fonction p : (0,00) — (0,00) définie dans la Section 3.2.
Alors on a les propriétés suivantes.

(1) Soit Ty = id et pour n > 0 posons Tp41 = T, 0o R —T,,. Pour w € C, tel que
p(lw]) <71 on a||T,||x < Ry™. De plus, la série

- w

ROU} :Z ( )7—;7

1
=0

converge uniformément dans X vers un automorphisme de X . De plus si p(jw;]) <y,

pour i = 1,2, alors R°Wt o R°W2 = Ro(wi+w2),
(2) Pour tout w € C, avec p(|w|) <y~ on a

R°Y —id
w

< ky*diam(X),

|-
X

T
< Cdiam(X)|w| et HR*— Z (—1)’_17

1<i<k

’ X

ot la constante C' ne dépend que de vyp(lw|). En particulier (R™—1id)/n et
> iao(=1)T; /i convergent uniformément vers R, sur X quand |n|, — 0.

Corollaire4.17. — Soit C C C, une composante analytique de E(R). Alors R, €
H(C).

Démonstration. — Par 2 du corollaire précédent on a R, € H(X) pour tout affinoide
fermé X C C. Donc on a R, € H(C) par définition de H(C). O

Corollaire4.18. — Un affinoide fermé X C E(R) contient au plus un nombre fini de
points périodiques de R.
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Démonstration. — Apres changement de coordonnée on suppose X C C,. Par 1 de
la Proposition 3.16 les points périodiques dans £(R) coincident avec les zéros de R..
Donc la condition R, = 0 implique qu’il existe n > 1 tel que R™ = id sur un ouvert,
mais ceci n’est pas possible car deg(R) > 1. Par conséquent R, # 0. Par le corollaire
précédent R, € H(X) et donc R, a un nombre fini de zéros dans X. O

Corollaire4.19. — Pour tout affinoide fermé X C E(R) tel que X C Cp, il existe une
suite d’entiers n; — oo telle que R™ converge uniformément vers l'identité sur X.

Démonstration. — Par le point 2 du Corollaire 3.11; voir aussi démonstration de (i)
de la Proposition 3.14. O

Corollaire4.20. — Soit X C E(R) un affinoide fermé. Alors tout bout P < X (resp.
systéme projectif S < X ) est périodique par R.

Démonstration. — Comme S < X implique P < X pour une infinité de bouts P € S,
il suffit de montrer I'affirmation sur les bouts.

Considérons une coordonnée telle que X C C,. Alors il suffit de noter que par le
corollaire précédent il existe un entier n tel que

|IR" —id || x < min{diam(Bp),diam(Dp)}.
Donc on a R™"(P) = P par le Lemme 2.3. O

4.2.1. Preuve de la Proposition 4.14. — La démonstration de la Proposition 4.14 est
divisée en plusieurs lemmes. Fixons une fonction rationnelle R € C,(z) de degré au
moins deux et un affinoide fermé X C E(R) tel que X C C,,.

Lemme4.21. — Soit P un bout tel que Dp C E(R). Alors R : Dp — Dpep est de
degré 1 et il existe un entier n > 1 tel que R"(Dp) = Dp.

Démonstration. — Par (ii) de la Proposition 3.9 R est injective sur Dp C E(R) et
donc degr(P) = 1. Donc par (iv) du Lemme 2.1 R : Dp — Dpp) est de degré 1.
Comme tout point de E(R) est récurrent par R (Corollaire 3.15) il existe un entier
n > 1 tel que R"(Dp) N Dp # @. Notons que Dp U Dgn(py # P(C,), sinon £(R) =
P(C,) et alors R est injective; ceci n’est pas possible car deg(R) > 1. Donc Dgn(py C
Dp ou Dp C Dpnepy. Si on a pas I'égalité alors Dp C £(R) contient un point
périodique attractif ou répulsif, mais ceci n’est pas possible. Donc R"(Dp) = Dp. O

Comme par hypothese I'affinoide fermé X est contenu dans C,, 'arbre Ax de X
est non-vide et on a la partition canonique

X = (l—ls sommet de AXXS) U ('-II aréte de AXXI) ‘

La Proposition 4.14 est une conséquence immédiate des Lemmes 4.22 et 4.23 ci-
dessous.
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Lemme4.22. — Il existe n > 1 tel que pour tout sommet S de Ax on a R"(S) =8
et R™ induit lidentité sur le systéme projectif S. Dans ce cas il existe vs € (0,1) tel
que pour tout x € Xs on a

|R" —id|lp, < s - diam(D,).

Démonstration. — Soit P € S tel que Dp C E(R). Alors par le lemme précédent il
existe k tel que RF(P) = P. Comme R est injective sur £(R) on a degpi(S) = 1
(Lemme 2.11). Comme tout automorphisme de P(F,) est d’ordre fini, il existe m tel
que RF™ induit l'identité sur S. Comme Ax n’a que un nombre fini de sommets,
I'assertion du lemme en résulte.

Notons que pour tout z € Xs on a diam(D,) = diam(Xgs). De plus R"(z) € D,,
donc on a |R™(z) — z| < diam(Xs). Comme Xg est un affinoide fermé son image
par R™ — id est aussi un affinoide fermé (Proposition 2.6) et par conséquent il existe

vs € (0,1) tel que ||R™ —id || x5 < vs - diam(Xs). O

Lemme4.23. — Soit I une aréte de Ax et supposons que R induit Uidentité sur les
extrémités de I. Alors il existe vy € (0,1) tel que pour tout x € Xy on ait

IR —id | p, <~ -diam(D,).

En particulier R(D;) = D, et donc R induit l'identité sur chaque point dans I.

Démonstration. — Apres changement de coordonnée on suppose X = {r < |z] < 1},
avec r € (0,1). Alors pour z € X7 on a D, = {|z — x| < |z|} et en particulier
diam(D,) = |z|.

Notons que |R(z)| = |z| pour 7 < |z| < 1. Comme R est I'identité sur les systémes

projectifs associés aux bouts de X7, la fonction |R|y coincide avec l'identité sur un
voisinage (rg,r1) de [r,1]. On choisit rg et r1 tels que tous les zéros et poles de R
dans {ro < |z| < 71} sont de norme égale & r ou 1. Comme R induit 'identité sur
les systemes projectifs associés aux bouts de X, & tout zéro a de R sur {|z| = 1}
correspond un pole b(a) tel que |a — b(a)] < 1. Comme R fixe le bout associé &
{lz] <7}, R a au moins un zéro dans {|z| < ro}.

De la méme fagon, a tout zéro a de R sur {|z| = r} correspond un poéle b(a) tel que
|a —b(a)| < r. Par conséquent R est de la forme

R(z) =Xz —p)- II (;%b(aa))

a zéro sur {|z|=1,|z|=r}
. ITa séro sur (a1 (1~ a”'2) ) I zév0 sur {\z\<ro}(1 —az’')
I pote sur {12153 (F=0712) T pote sur (1z<ro} (1 = 0271)
ou |A —1] <1 et |u| < ro. Notons que pour z € X7 on a
a—b(a)
z—b(a)

z—a a—b(a)
z—b(a) 71+z—b(a)

a—b(a)
b(a)

et < 1.

X
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Par conséquent
[R(z) — 2| < max{[R(z) — (Az = p)[, [(A = 1)z + p}
2] max{|A = 1], |n/z].|(a — b(a))/bla)] ,r1 ", 70 /7).

Donc 47 = max{|A—1|,|(a — b(a))/b(a)|, 7] *,70/r} < 1 satisfait I'assertion du lemme.
O

<
<

4.3. Ensembles de Fatou et de Julia. — Dans cette section on considere la
décomposition en ensembles de Fatou et de Julia, comme dans le cas complexe. On
considere d’abord le théoreme suivant de Hsia qui est ’analogue p-adique du Théoreme
de Montel ; voir [Hs] et voir [CG] pour le Théoréeme de Montel.

Théoréme (Hsia[Hs]). — Soit r > 0 et considérons une famille F C H(B,(0)). S’il
existe zo € C, tel que f(z) # zo pour tout f € F et tout z € B-(0) alors F est
uniformément lipschitzienne pour la distance chordale.

La démonstration de ce théoréme est simple : il suffit de noter que 'image d’un
disque par une série f convergente sur B,.(0) est aussi un disque. Par conséquent, si les
éléments d’une famille F C H(B,(0)) ne prennent pas la valeur zo (que on suppose de
norme égale & 1), les images de B,-(0) par les f € F ont un diameétre chordal plus petit
que 1; alors le théoréme suit du Corollaire 2.2 du Lemme de Schwarz (Section 1.3.1).

Définition 4.24. — Soit R € C,(z) une fonction rationnelle. L’ensemble de Fatou de
R, noté F(R), est 'ensemble de tous les points zy € P(C,) tels qu’il existe un voisi-

nage U de zp o la famille { R"|¢ },,>1 est uniformément lipschitzienne pour la distance
chordale. De plus J(R) = P(C,) — F(R) est appelé I’ensemble de Julia de R.

Il est facile de voir que l'on a les propriétés usuelles; R™'(F(R)) F(R),
R7Y(J(R)) = J(R) et pour tout n > 1, F(R") = F(R) et J(R") = J(R). De
plus, si w est un automorphisme de P(C,) alors F(w o Row™!) =
J(wo Row ) =w(J(R)).

Par définition F'(R) est ouvert et par conséquent J(R) est fermé, mais en général
J(R) n’est pas compact. De plus J(R) n’a pas des points isolés; voir [Hs].

Proposition 4.25. — Soit R € C,(z) une fonction rationnelle. Alors E(R) C F(R) et
F(R) contient tous les bassins d’attraction.

Démonstration. — Par le Lemme 4.21 pour tout disque D C E(R) il existe n > 1 tel
que R™"(D) = D. Donc £(R) C F(R). Le cas des bassins d’attraction est clair. O

En particulier F(R) contient tous les points périodiques non-répulsifs de R et il
n’est pas difficile de voir que tous les points périodiques répulsifs de R appartiennent
a J(R). De plus on a le théoreéme suivant de Benedetto.
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Théoréme (Benedetto [Be]). — Soit R € C,(2) une fonction rationnelle. Alors R a un
point fize non-répulsif, en particulier F(R) # &.

Voici une différence avec le cas complexe. Dans le cas complexe ’ensemble de Julia
d’une fonction rationnelle est non-vide et ’ensemble de Fatou peut étre vide, mais
dans le cas p-adique c’est le contraire. Par le théoréme précédent, I’ensemble de Fatou
est non-vide et ’ensemble de Julia peut étre vide. Par exemple il n’est pas difficile de
voir que J(zP) = @. Plus généralement J(R) = & pour toutes les fonctions rationnelles
simples ; voir Section 4.5.

Corollaire4.26. — L’ensemble de Julia est d’intérieur vide.

Démonstration. — Si 'ensemble de Julia d’une fonction rationnelle R € Cp(z) est
d’intérieur non-vide, alors par le Théoréeme de Hsia U, >oR™(J(R)) C J(R) est égal
a P(C,) ou égal a P(C,) moins un point. Comme J(R) est fermé on obtient J(R) =
P(C,), ce qui n’est pas possible par le théoreme de Benedetto. O

4.4. Structure de I’ensemble de Fatou et disques errants. — Soit R € C,(z)
une fonction rationnelle. On dit qu'un disque D C P(C,) est errant si pour tous
k>1>0onaR¥D)NR(D)=9o.

Théorémede Classification. — Soit R € C,(z) une fonction rationnelle. Alors ’en-
semble de Fatou de R se décompose dans les ensembles disjoints suivants.

(1) Bassins d’attraction.
(2) &'(R) = UnzoR™"(E(R)).
(3) L’union des disques errants qui ne sont pas attirés par un cycle attractif.

Corollaire4.27. — Soit R € Cp(z) une fonction rationnelle. Alors E(R) est égal a
lintérieur de l’ensemble des points récurrents par R.

Démonstration. — Par définition E(R) est ouvert et tous les points de E(R) sont
récurrents par R; voir Section 4.2. D’autre part considérons un point zy € P(C,)
récurrent par R.

Par [Hs] on peut trouver un point périodique wy € P(C,) tel que tout point de
J(R) soit accumulé par des préimages de wy, par des itérés de R. Donc zy appartient
a 'ensemble de Fatou de R. Clairement 2y n’appartient pas & un disque errant et n’est
pas attiré par un cycle attractif. Donc le théoréme implique que zy € E(R). O

Dans [Hs| Hsia a montré que ’ensemble de Julia est contenu dans I’ensemble de
points de accumulation des points périodiques. Mais en effet on a 'égalité.

Corollaire4.28. — L’ensemble de Julia est égal a l’ensemble des points d’accumulation
des points périodiques.
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Démonstration. — Par [Hs] il suffit de montrer que si w € P(C,) est accumulé par
points périodiques, alors w € J(R). Clairement w n’appartient pas a un bassin d’at-
traction et n’est pas contenue dans un disque errant. De plus w ¢ &'(R) car les
points périodiques indifférents sont isolés (Corollaire 3.17). Donc par le théoréme on a
w € J(R). O

Il n’est pas clair si J(R) est égal & la fermeture de points périodiques répulsifs;
voir aussi [Hs]. Par analogie au cas complexe on fait la conjecture suivante.

Conjecturede Non-Errance. — Tout disque errant est attiré par un cycle attractif.

On peut comparer a Sullivan [Sul] et Guckenheimer [Gu]. Benedetto a fait une
conjecture de non-errance qui n’est pas tout a fait équivalente a celle-ci. Par exemple
la conjecture de Benedetto ne dit rien dans le cas ou 'ensemble de Fatou est P(C,)
tout entier. Néanmoins on peut avoir une dynamique non-triviale dans ce cas; voir
exemples 6.3 et 6.6.

D’apres le théoreme précédent la Conjecture de Non-Errance est équivalente a la
conjecture suivante.

Structure Conjecturale de’Ensemble de Fatou. — Tout point de l’ensemble de Fatou
appartient ¢ E'(R) ou est attiré par un cycle attractif.

La démonstration du Théoreme de Classification dépend du lemme suivant.

Lemme4.29. — Soit R € Cp(2) une fonction rationnelle et supposons que D est un
disque errant. Alors les affirmations suivantes sont vraies.
(1) D C F(R).
(2) DNE'(R) =@.
(3) Pour tout n > 1, R™(D) est un disque.
(4) Si diam dénote le diamétre chordal, on a
lim inf diam (R’ (D)) = 0.
j—00
(5) Si D intersecte un bassin d’attraction, alors D est attiré par le cycle corres-
pondant.

Démonstration

(1) Comme R™"(D)N D = @&, pour n > 1 la famille {R"|p},>1 est uniformément
lipschitzienne (Théoréme de Hsia, Section 4.3). Donc D C F(R).

(2) Par le Corollaire 3.15 tout point de E(R) est récurrent par R. Donc l'orbite de
D est disjointe de £(R) ; c’est-a-dire DNE'(R) = @.

(3) Par le Corollaire 2.2 on a que R"(D) est un disque ou R"(D) = P(C,). Mais
comme D est un disque errant on a R"(D) C P(C,) — D et par conséquent R"(D)
est un disque.
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(4) Supposons liminf;_,« diam(R’(D)) > 0. Par le Lemme 2.3 on a que si Dy et
R(Dy) sont des disques et @ est une fonction rationnelle telle que d(R(z),Q(z)) <
diam(R(Dy)) < 1, alors Q(Dg) = R(Dy). Donc quitte & faire une petite perturbation
dans les coefficients de R, on peut supposer qu’il existe une extension finie K de Q,,
tel que R € K (z) et tel que DNP(K) # @.

Alors P(K) est invariant par R et comme P(K) est compact, pour tout w € D on
peut trouver des entiers m > n tels que |R"(w) — R™(w)| < liminf;_, diam(R’(D)).
Mais ceci implique R"™(D) N R™(D) # @. On obtient une contradiction.

(5) Supposons qu'un point zg € D est attiré par un cycle attractif. Par la partie 3
on a liminf;_, diam(R?(D)) = 0. Donc il existe n tel que R™(2g) soit suffisamment
proche d’un point périodique attractif wg et tel que le diametre de R™(D) soit suffi-
samment petit, de telle fagon que R™(D) soit contenu dans le bassin d’attraction de
wp. Alors D est attiré par le cycle (attractif) de wyp. O

Démonstration du Théoréme de Classification. — Soit zp € F(R). Par définition de
F(R) il existe un disque ouvert D qui contient zo et tel que diam(R"(D)) < 1 =
diam(P(C,)) pour tout n > 1. D’apres le Corollaire 2.2 R™(D) est un disque pour
n > 1.

Si D est un disque errant alors DNE'(R) = @ par le lemme précédent. De plus soit
D est disjoint des bassins d’attraction, soit D est attiré par un cycle attractif. Donc
le théoreme est vérifié dans ce cas.

Supposons que D n’est pas errant. Soient n et k > 1 tels que R"(D)NR"*(D) +# @.
Si R"**(D) est strictement contenu dans R"™(D) alors D contient un point périodique
attractif et D est attiré par le cycle correspondant ; cf. Corollaire 1.4. Sinon R™(D) C
R"*(D) et on considere le disque Dy = U;5oR" % (D). On a R¥(Dy) = Dy. Si
RE : Dy — Dq est de degré 1 alors Dy C £(R) par le Corollaire 3.11. Sinon Dy est
contenu dans le bassin d’attraction d’un point fixe de R* ; voir Proposition 3.2. [

4.5. Bonne réduction et fonctions rationnelles simples. — En coordonnées
homogenes, une fonction rationnelle R est de la forme

R([xay]) = [Pl(xvy)ap2(x7y)]v

ou Py, P, € C,lx,y] sont des polynoémes homogenes de degré deg(R). Comme pour
A € C, — {0}, [\P1, AP,] représente la méme fonction rationnelle, on peut supposer
P; et P, a coefficients entiers et qu’au moins un des coeflicients de P; ou de Ps est
de norme égale a 1. On consideére la définition suivante, due a Morton et Silverman
[MS2].

Définition 4.30. — On dit que R € C,(z) a une bonne réduction si P, et P, nont pas
de racine commune sur Fp X Fp, autre que (0,0).
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Donc R a une bonne réduction si et seulement si |disc(Py, P2)| = 1. Autrement dit
R € Cp(z) a une bonne réduction si et seulement si le systéme projectif canonique S
est invariant par R et la réduction R de R a un degré maximal, deg(R) = deg(R).

La notion de bonne réduction dépend du choix de la coordonnée. Par exemple le
polynéme pz? n’a pas une bonne réduction sur C,, mais il est conjugué a 22 qui en a
une. Pour n > 1 la fonction rationnelle R™ a une bonne réduction si et seulement si
R a une bonne réduction; voir [Be].

Notons que, si R € Q(z), alors R a une bonne réduction sur C, pour presque tout
nombre premier p.

Théoréme (Morton, Silverman [MS2]). — Soit R € C,(z) une fonction rationnelle
ayant une bonne réduction. Alors R n’augmente pas la distance chordale et en parti-
culier J(R) = @.

Définition 4.31. — On dit qu’'une fonction rationnelle R € C,(z) est simple 8’1l existe
un choix de coordonnée pour laquelle R a une bonne réduction.

La dynamique des fonctions rationnelles ayant une bonne réduction, ou plus géné-
ralement la dynamique des fonctions rationnelles simples, est intéressante car on peut
comprendre une grande partie de la dynamique si 'on comprend la dynamique de la
réduction ; voir la proposition suivante.

Proposition 4.32. — Soit R € C,(z) une fonction rationnelle, ayant une bonne réduc-
tion R. Pour a € P(F,) on pose D, = {Z = a}. Alors on a les propriétés suivantes.

(i) R: Dy — D, est de degré degz (). En particulier R(Dy) = Dy

(ii) Dy contient un point périodique attractif si et seulement si « est périodique
par R et (Rk)’(a) =0, ou k est la période de o. Dans ce cas D, contient un unique
point périodique et D, est son bassin d’attraction immédiat.

(iii) Dy NE(R) # @ si et seulement si o est périodique par R et (R*) (a) # 0, ot
k est la période de . Dans ce cas D, C E(R). De plus, si deg(R) > 1 alors D, est
une composante analytique de E(R) qui contient un point périodique de R de méme
période que a.

(iv) Soit R' =0 et dans ce cas p| deg(R) et tout point périodique de R est attractif;
soit R/ Z 0 et alors tout cycle attractif de R attire un point critique (et donc le nombre
de cycles attractifs est majoré par 2deg(R) — 2) et E(R) est non-vide.

Voir aussi Proposition 2.4 dans la Section 2. La démonstration de cette proposition
est & la fin de cette section.

Corollaire4.33. — Soit R € C,(z) une fonction rationnelle ayant une bonne réduc-
tion. Alors tout point de P(C,) appartient & £'(R) = Up>oR™™(E(R)) ou a un bassin
d’attraction.
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Démonstration. — Par la proposition précédente et en considérant que tout élément

de P(F,) est prépériodique pour une fonction rationnelle quelconque. O

Corollaire4.34. — Soit R € Cp(z) une fonction rationnelle de degré au moins deuz
ayant une bonne réduction et telle que E(R) # &. Alors E(R) est de la forme UaD,,
ot A CP(F,) est tel que #A et #(P(F,) — A) sont infini.

Démonstration. — Comme E(R) # @ la réduction R a un point périodique avec
multiplicateur différent de zéro. Par conséquent R en a une infinité. Comme le degré
de R est au moins deux il y une infinité de o € Fp strictement prépériodiques. Alors
le corollaire suit de la proposition. O

Proposition 4.35. — Soit L une extension finie de Q, et R € L(z) une fonction ra-
tionnelle de degré au moins deuzx, avec une bonne réduction. Alors R a un mombre
fini des points prépériodiques dans P(L).

Démonstration. — Comme P(L) C P(IF,) est fini il suffit de montrer que pour chaque
o € P(L) périodique par R, le disque {Z = o} rencontre au plus un nombre fini de
points prépériodiques par R. On se raméne au cas ou « = 0 et le disque {|z]| < 1} est
fixé par R.

Supposons d’abord que R est injective sur {|z| < 1}. Dans ce cas, {|z| < 1} C
E(R) et les points prépériodiques dans ce disque sont périodiques. La fonction R est
holomorphe dans {|z| < 1} et comme R est de degré au moins deux on a R, # 0.
Comme les points périodiques indifférents sont les zéros de R, et P(L) est compact,
{]#] < 1} rencontre au plus un nombre fini de points périodiques.

Supposons maintenant que R n’est pas injective sur {|z| < 1}. Alors {|z| < 1}
est une composante attractive de R. De plus R n’a qu’un seul point périodique dans
{]z] < 1}, qui est alors fixe et qu’on peut supposer égal a 0. Soit £ > 0 tel que R n’a
pas de préimage de 0 sur {|z| < €} différente de 0. Comme |L| est discret il existe n > 1
tel que |R™(2)| < & pour tout z € L tel que |z| < 1. Donc tout point prépériodique
contenu dans {z € L | |z| < 1} appartient & 'ensemble fini R~"(0). O

Voici une démonstration du théoréme de Northcott unidimensionnelle. Si K est un
corps de nombres, alors une fonction rationnelle R € K (z) a une bonne réduction pour
toute valeur absolue non-archimédienne, sauf pour un nombre fini. Si 'on considere
la complétion L de K pour une telle valeur absolue la proposition précédente dit que
R a un nombre fini de points prépériodiques dans L et par conséquent dans P(K).

Les exemples canoniques de fonctions rationnelles ayant une bonne réduction, sont
les polynémes moniques entiers.

Exemple 4.36. — Considérons les fonctions rationnelles bicritiques, qui sont les fonc-
tions rationnelles, de degré au moins deux qui ont seulement deux points critiques, le
minimum possible; voir [Mi]. Notons que cette classe comprend les fonctions ration-
nelles de degré deux. Si I’on choisit une coordonnée telle que les points critiques soient
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0 et oo, alors les fonctions rationnelles bicritiques sont de la forme (az™ + b)/(cz™ + d),
avec ad — bc = 1.

Il n’est pas difficile de voir que, si a, b, ¢ et d sont entiers, alors la fonction rationnelle
correspondante est simple. De plus si p fn cette condition est aussi nécessaire. Si p|n
alors cette condition n’est pas nécessaire. Par exemple le polynéme 22 + % est simple
sur Cy, car il est conjugué a z + 22.

Remarque 4.37

(1) Le théoreme de Morton et Silverman suit du (i) de la Proposition 4.32 et du
Lemme de Schwarz.

(2) Si R € Cp(z) a une bonne réduction et D, C E(R), alors D, contient une
infinité de point périodiques, tous indifférents ; voir Corollaire 5.13.

Démonstration de la Proposition 4.32. — Soit § = {P(é)}ﬁ,@)) le systéme projectif
canonique, de telle facon que Dp(o) = Da.
(i) Par la partie (iv) du Lemme 2.1 un point x € Dg, ou 3 € P(F,), a au moins

deg(P(€)) préimages dans Dg¢, pour chaque & € P(F,) tel que R(§) = 8.
Comme R a bonne réduction deg(R) = deg(R) et par conséquent

Y degp(P(€) = ) degp(6) = deg(R) = deg(R).
R(&)=p R(&)=p
Donc R : D¢ — Dg est de degré degg(§).

(i) Clairement RF(a) = a et (R*)(a) = 0 est équivalent & ce que R¥ : D, — D,
soit de degré plus grand que 1. Par le Lemme de Schwarz ceci est équivalent a ce que
R* ait un point fixe attractif sur D,.

Supposons que R : Dy — Dy est de degré plus grand que 1. Alors

R(2) = ap + a1z + agz?> + -+ | avec |ag| < 1, |a1| < 1 et max|a;| = 1.

Donc r(R) = 1, ou r est comme dans la Section 3.1. Par conséquent Dy est un bassin
d’attraction immédiat ; voir Section 3.1.

(iii) Supposons D, NE(R) # @. Comme tout point de E£(R) est récurrent par R, o
est périodique par E; voir Corollaire 3.15. Par conséquent R¥(D,) = D,, ot k > 1
est la période de a. De plus (ék)’(a) # 0, car sinon on a par (ii) que D, est contenu
dans le bassin d’attraction d’un cycle attractif.

D’autre part supposons que o € P(Fp) est périodique par E, de période k, et
(R*Y' () # 0. Alors par (i), R* : Dy — Dg est de degré 1. Donc D, C £(R) par le
Corollaire 3.12 de la Section 3.2.

Notons que 'on a montré que si D, N E(R) # @, alors D, C E(R). Pour montrer
que D, est une composante analytique de £(R) il suffit de montrer qu’il existe une
infinité de 3 € P(F,) tels que Dg N E(R) = 2.

Si deg(R) > 1 alors il existe 3 € F, tel que E(ﬂ) = « et tel que B n’appartient
pas au cycle de a. Ceci implique que § a une infinité de préimages distinctes, donc il
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suffit de montrer que DgNE(R) = @. Comme R(Dg) = D, C E(R) et B n’appartient
pas au cycle de a on a DgNE(R) = @, car R est injective sur £(R); voir le (ii) de la
Proposition 3.9.

Il reste & montrer que, si «a est de période k, alors D, contient un point périodique
de R de période k. Apres changement de coordonnée on peut supposer D, = {|z| < 1}.
Donc on a

RF(2) =ao+ a1z +azz® +--- ,|ag| < 1.

Comme deg(R) > 1 et max;>2|a;| = 1 on a wideg(R* —id) > 1. Par conséquent il
existe z € D, = {|z] < 1} tel que RF(x) = .

(iv) Si R’ =0, alors R est de la forme Q(z) et donc p| deg(R) = deg(R). De plus
par la partie (i) tout point périodique de R est attractif.

Supposons que R # 0 et soit x un point périodique attractif de R de période k.
Apres un changement de coordonnée on suppose x = 0. Alors

RF(2) = a1z +ag2® + -+, avec |a1| < 1, |a;| < 1

et il existe un entier i > 1 tel que |ia;| = 1 (car R’ # 0). Donc 0 < wideg((R¥)') < o
et par conséquent il existe une solution de 1'équation (R¥)'(2) = 0 dans {|z| < 1}.
Donc le bassin d’attraction immédiat du cycle de 0 contient un point critique de R.
En particulier le nombre de cycles attractifs est au plus 2deg(R) — 2 et donc R a
une infinité des points périodiques indifférents. Par conséquent £(R) # . O

5. Composantes analytiques du domaine de quasi-périodicité

Rappelons que la composante analytique d'un ensemble U C P(C,) qui contient
un point x € U est I'union de tous les affinoides fermés connexes contenus dans U qui
contiennent x.

Théoréme 3. — Soit R € Cp(z) une fonction rationnelle de degré au moins deux et C
une composante analytique de E(R). Alors C est un affinoide ouvert connexe, c’est-
a-dire ;

C=P(Cpy) —ByU---UB,y,

otn >0 et By,...,B, sont des boules fermées. De plus, chaque bout de C (dont la
boule fermée associée est l'un des B;) est périodique et le degré de 'action induite par
l’itéré correspondant sur le systéme projectif associé est plus grand que 1.

On peut voir les composantes analytiques du domaine de quasi-périodicité comme
I’analogue p-adique des disques de Siegel et des anneaux de Herman en dynamique
complexe. Mais il y a des différences : sur C, on peut avoir des composantes avec un
nombre fini arbitraire de bouts ; voir les exemples dans la Section 6. Par analogie avec
le cas complexe on consideére la définition suivante.
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Définition 5.1. — Soit R € C,(z) une fonction rationnelle de degré au moins deux, C
une composante analytique de £(R) et n + 1 le nombre de bouts de C. Alors on dit
que C est un n-anneau de Herman si n > 0 et on dit que C est un disque de Siegel si
n =0.

La proposition suivante ne dépend pas du théoreme.

Proposition 5.2. — Soit X un affinoide ouvert conneze et R € Cy,(z) une fonction
rationnelle de degré au moins 2 telle que R : X — X est de degré 1. Alors X C E(R).
Si de plus pour tout systéme projectif S il existe i > 1 tel que degr:(S) > 1, alors X
est une composante analytique de E(R).

Démonstration. — On montre d’abord que X C E(R). Si X est un disque ceci est
une conséquence du Corollaire 3.12. Comme deg(R) > 1 on a X # P(C,), donc si X
n’est pas un disque on a Ax # <.

D’apres le Corollaire 2.16 il existe n tel que R™ induit l'identité sur Ax. Si S € Ax
alors § < X, donc on a degp(S) = 1 par le Lemme 2.11. Par conséquent il existe
m tel que R™" induit l'identité sur S. Donc si P € S est tel que Dp C X alors
R™ : Dp — Dp est de degré 1. Par le Corollaire 3.12 on a Dp C E(R). Par
conséquent Xs C E(R) et donc X C E(R).

Soit C' la composante analytique de £(R) qui contient X. Si S est un systéme
projectif associé & un bout P de X tel que degp:(S) > 1, alors on a § £ C par le
Lemme 2.11, car R est injective sur C' C E(R). Clest-a-dire C' C Dp. Par conséquent
on a

X CC C MNpout de cDp = X. O
On a le corollaire suivant du Théoréme 3.
Corollaire5.3. — Soit R € C,(z). Alors tout bout P < E(R) est périodique par R.

Démonstration. — Si P est un bout d’une composante analytique de £(R) alors il est
périodique par le théoréme précédent. Sinon il existe un affinoide fermé X < E(R) tel
que P < X et par conséquent P est périodique par le Corollaire 4.20. O

La démonstration du Théoréeme 3 occupe le reste de cette section.

Lemmed' Approximation. — Soit R une fonction rationnelle, fixant le bout Py associé
a D, = {|z| < 1} et injective dans la couronne {r < |z| < 1}.

(1) Pour tout bout P tel que la boule fermée associée Bp vérifie Bp C D, et
diam(Bp) > r, limage R(P) vérifie Brpy C Dy, et diam(Bgpy) = diam(Bp).

(2) 1l eziste un fonction rationnelle Ry injective dans Dy, fizant Py, telle que pour
tout bout P vérifiant les hypothéses précédentes on ait Ro(P) = R(P).
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Démonstration. — Soit h un automorphisme de P(C,) préservant D, tel que h o
R({r < |z] < 1}) = {r < |z| < 1}. Si Ry vérifie les conclusions du lemme par rapport
A hoR, alors Ry = h™! o Ry les vérifiera par rapport & R. On peut donc se ramener

a h = id; par conséquent, pour tout r < |z| < 1 on a |R(z)| = |z|.
Comme degr(Po) = 1 et par (iv) du Lemme 2.1, si n est le nombre des poles de R
sur D, alors R a n + 1 zéros sur D,,. Soient ai,...,any1 €t b1,..., by, les zéros et les

poles de R sur D, respectivement. On pose
L2 - a; —b;
_ i\ _ 1 ) ’L).
Q(Z) H(z—ai) zl_[l( +z—ai

Donc Ry = R-Q : D, — D, est de degré 1 et par conséquent, si le bout P vérifie les
conditions dans 1 on a diam(Bg,p)) = diam(Bp) > r. D’autre part on a

A_b.
L e[ et |R(2)| = |2

zZ — Qg

pour tout z € {r < |z| < 1}. Donc

n
a; — bj

—_ = 1 - 1 g .
o) = ree) = RG] (1+ 222) -1 <7
On a alors Ro(P) = R(P) par le Lemme 2.3. Donc Bp C D, et diam(Bgp)) =

diam(Bg,py) = diam(Bp). O

Corollaire5.4. — Soient R € Cp(z) une fonction rationnelle et D; = {|z — 2| < r;}
des disques, pour 0 < i < k, avec Do = Dy. On suppose que pour 0 < i < k l'image
par R du bout associé a D; est le bout associé a D;y1 et que R est injective sur
{rri < |z — 2| < r;}. Alors tout bout P dont la boule fermée associée Bp vérifie
Bp C Dg et diam(Bp) > rro est périodique sous laction de R.

Démonstration. — Par le lemme il existe des fonctions rationnelles R;, pour 0 < i < k
telles que R : D; — D;y1 est de degré 1 et tel que pour tout bout Q qui vérifie
Bg C Dyg et diam(Bg) > r7g le bout RF(P) = Ri_y1 o --- o Ro(P), vérifie les mémes
propriétés. Donc il suffit de vérifier que P est périodique par Q = Rg_1 0 --- o Ry.
Comme Q : Dy — Dy est de degré 1, on a par le Corollaire 3.12 que Dy C £(Q). Par
le Corollaire 4.20 de la Section 4.2, P est périodique par Q. O

Lemmeb5.5. — Soit R € Cp(z) une fonction rationnelle de degré au moins deuz et
C une composante analytique de E(R). Pour tout © & C il existe un bout P, < C
périodique par R tel que x € Bp, et Bp, N C = @&. De plus si S, est le systéme
projectif associé a P, et ny est la période de Py, alors degpn, (Sz) > 1.

Démonstration. — On suppose que C' est fixe par R. Soit Py un bout tel qu’il existe
un affinoide fermé X C C tel que Dp, C X. Par le Lemme 4.21 il existe n > 1 tel
que R" : Dp, — Dp, est de degré 1. Donc quitte a remplacer R par un itéré on peut

SOCIETE MATHEMATIQUE DE FRANCE 2003



214 J. RIVERA-LETELIER

supposer que R : Dp, — Dp, est de degré 1. Apres changement de coordonnée on
peut supposer que Dp, = {|z| > 1} U {o0}.

Soit I la composante d’injectivité de R qui contient C'. Rappelons que [ est un
affinoide ouvert connexe ; voir Proposition 2.9 . Notons qu’on a Dp, C I.

(1) Supposons que P est un bout qui satisfait les propriétés suivantes.
(1) x € Bp.
(ii) P est périodique par R de période N et R*(P) < C pour tout 0 < i < N.
(iii) Bri¢py C {|z] < 1} et il existe r € |Cyp| tel que diam(Bgi(py) = r, pour
0<i<N.
Notons que Py satisfait ces propriétés avec r = 1.

Soit S le systéme projectif associé & P ; on suppose que degpn (S) = 1. Alors on va
trouver un bout P’ qui satisfait aussi (i)-(iil) ci-dessus, avec r' < r appartenant a un
ensemble fini.

Donc on conclut qu’il existe un bout P qui satisfait (i)-(iii) et que de plus
degpr~ (S) > 1; alors on continue en 3.

(2) Quitte & remplacer N par un multiple, on peut supposer que R" induit 'iden-
tité sur S. Par (iii) de la Proposition 2.4, sauf pour un nombre fini de Q € S,
R : Dg — Dg est de degré 1 et par le Corollaire 3.12 on a Dg C £(R). Par conséquent
S < Cet R(S) < C, pour 0 <i < N. En particulier Bgipy NI # .

D’autre part, UBg:(py ¢ I, sinon RN : Bp — Bp est de degré 1 et par conséquent
Bp C £(R) ce qui implique © € Bp C C, mais « ¢ C par hypothése. Par conséquent
on a

r . ) _
0<r = omax diam(Bgi(py — I) <.

(2.1) Soit P’ le bout associé a {|z — z| < '} C {|z| < 1}, donc P’ satisfait
la propriété (i) par définition. Soit Q" € S le bout tel que z € Dgs. Notons que
RN(Q') = Q et degpn(Q') = 1 car RY induit Iidentité sur S. Donc il existe une
couronne ouverte A ayant Q' comme bout telle que R : A — A est de degré 1. Par la
Proposition 5.2 ona A C £(R) et comme S < C ona Q < C.

Par définition de 7" on a Do — Bpr C I, donc R est injective sur la couronne
DQ/ — Bp/. Donc

Br(pry C Dregy C Bp C {[2[ < 1},

et par le Lemme d’Approximation on a diam(R(P’)) = diam(Bp/) = . Alors par
définition de " on a Dg(g/y — Brpy C 1.

Alors on peut montrer par induction (en utilisant le Lemme d’Approximation) que
pour tout 4 > 0 on a Bgi(py C {|z| < 1} et diam(Bgi(pr)) = r'; c’est-a-dire (iii) du 1.
On applique le Corollaire 5.4 a les disques Dgi(g/y et r =1’ et on obtient que P’ est
périodique par R.

(2.2) 1l reste & montrer que P’ < C. Comme dans 2.1 on peut montrer que tout

~

bout P tel que B C Bp et diam(B3) = r’ est périodique par R ; soit n(P) la période
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Pes

FI1GURE 3. La partie grise représente le complémentaire de I.

de P. Si de plus

UBpip) C I, pour 0 <i < n(P),
on a que R™P) : Bs — B est de degré 1 et on a Bs C £(R) par le Corollaire 3.12.
Notons que ’ensemble 7 des bouts P tels que Bs C Bp, diam(Bz) =1’ et

UBg: (%) ¢ I, pour 0 <i< n(7/5),
est fini. Par conséquent I'ensemble Do, — UrBs C E(R) est un affinoide ouvert
connexe. Comme Q' < C cet affinoide ouvert est contenu dans C. Donc P’ < C.
(3) Le bout Py satisfait (i)-(iii) du 1. Dans 2 on a montré que si P est un bout qui
satisfait ces propriétés et degpn (S) = 1 (ou S est le systéme projectif associé a P)
alors il existe un bout P’ dont v’ < r appartient & I’ensemble fini,

{diam(B —I) | B C C, boule fermée telle que BN I # @}.

Par conséquent il existe un bout P qui satisfait les propriétés (i)-(iii) du 1 et de plus
degRN (8) > 1.

(3.1) On va montrer qu'un tel bout P, = P satisfait les assertions du lemme.
Comme P, satisfait (i)-(iii) il reste & montrer que Bp, NC = &. Si Bp, NC # & alors
S < C car P, < C. Par conséquent R*(S) < C et degg(R(S)) =1, pour 0 <i < N,
par le Lemme 2.11. Mais ceci contredit degp~ (S) > 1. Donc Bp, NC = . O

Démonstration du Théoréme 3. — Sans perte de généralité on suppose que C' est
fixé par R. Par le lemme précédent, pour chaque x ¢ £(R) il existe un bout P, < C
périodique par R de période n, tel que x € Bp,, Bp, N C = & et tel que si S, est le
systéme projectif associé a P, alors deggn, (Sz) > 1.
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Notons que R (P;) < C et Bri(p,) N C = @, donc Ay = Ui»0Bri(p,) est disjoint
de C. De plus, si A, N Ay # @ alors A, = A,. Comme degpn,(Sz) > 1, on a
R (Bp,) = P(C,), sinon R™ : Bp, — Bp, est de degré 1 par le Corollaire 2.2 et
par conséquent x € Bp, C C par le Corollaire 3.12. Donc on a R(4,) = P(C,) par le
Corollaire 2.2.

Fixons z € C. Alors C et chaque A, contient un point de R~!(z), donc il y a au plus
deg(R) — 1 ensembles A, disjoints deux & deux. Par conséquent C' = P(C,,) — Uzgc Az
est un affinoide ouvert et les P, sont ses bouts. La dernier assertion du théoréme suit
du fait que deggn, (Sz) > 1. O

5.1. Dynamique sur une composante analytique. — Considérons une fonction
rationnelle complexe R € C(z) ayant une disque de Siegel ou un anneau de Herman C
fixé par R. Alors R est conjuguée sur C' a une rotation irrationnelle par une application
holomorphe; voir [CG].

Soit a € R—Q le nombre de rotation correspondant. Alors pour tout w € T =R/Z
on peut définir une automorphisme (holomorphe) R°* de C' de nombre de rotation
w. Donc on a une action de T sur C' définie par (w, z) — R°*(z). De plus pour toute
suite {n;};>1 d’entiers positifs telle que njac — w dans T, on a que R™ converge
uniformément & R°" sur chaque partie compacte de C.

Dans cette section on montre des propriétés analogues sur C,, avec 'anneau Z, =
{w € Q, | |lw| < 1} au lieu de T. L’anneau Z, est compacte et Z C Z, est dense sur
Ly,.

Une différence avec le cas complexe est qu’il ne suffit pas que la composante soit
fixée. Il faut que les bouts de la composante soient fixés et que la fonction rationnelle
soit tangente a l'identité en chaque bout de C. On dit qu’'une fonction rationnelle
R € C,(2) est tangente a l'identité en un bout P si R fixe P et si la multiplicité de P
comme point fixe de 'action de R dans le systeme projectif associé a P est strictement
plus grande que 1.

Proposition 5.6. — Soit R € Cp(z) une fonction rationnelle de degré au moins deux
et soit C une composante analytique de E(R) de telle facon que R fize C et les bouts
de C. De plus supposons que R est tangente a l’identité en chaque bout de C. Alors
on les propriétés suivantes.

(1) Pour chaque w € Zj il existe un automorphisme R°" de C' tel que pour toute
suite {n;};>1 d’entiers positifs telle que n; — w au sens p-adique, R" converge
uniformément (pour la méltrique chordale) a R°" sur chaque affinoide fermé contenu
dans C.

(2) L’application qui d (w, z) € Z, x C' associe R°"(z) € C' définit une action. En
particulier R°C est Uidentité et on a R°(W1Hw2) — ROW1 o ROW2 poyr tous wy, wo € L.

Comme Z, est compact le corollaire suivant est immédiat.
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Corollaire5.7. — La suite {R"}n>1 est normale sur chaque composante analytique
C de E(R); c’est-a-dire que pour toute suite d’entiers positifs il existe une sous-
suite {m;};>1 telle que R™i est uniformément convergent sur chaque affinoide fermé
contenu dans C.

La démonstration de la proposition dépend de deux lemmes.

Lemme5.8. — Soit R € C,(z) une fonction rationnelle qui soit tangente a ’identité
au bout associé a {|z| < 1}. Alors il existe ro € (0,1) tel que R induit 'identité sur le
systéme projectif associé a {|z| < r}, pour chaque r € (rg,1).

Démonstration. — Comme R est tangente & 'identité au bout associé a {|z| < 1} on a
R(z) = 2+ 22P(2)/Q(2) ot P,Q € C,[z] sont des polynomes a coefficients entiers tels
que @(0) # 0. Par conséquent il existe 9 € (0,1) tel que pour chaque A qui satisfait
ro < |[A| <lona|P(A)|<1et]|Q(A)|=1; voir Lemme 2.1. Donc la réduction de
P(\z)

Q(Az)

est I'identité. O

A IR(Az) = 2+ 22

Lemmeb5.9. — Soit C un affinoide ouvert et R € Cp(2) une fonction rationnelle telle
que R : C — C est de degré 1 et tel que R fize les bouts de C. De plus supposons
que R est tangente a lidentité en chaque bout de C. Alors R induit l’identité sur Ac
et sur chaque systéme projectif S € Ac.

Démonstration. — Comme R : C — C est de degré 1, R induit une isométrie sur
Ac ; voir Section 2.5. Comme R fixe les bouts de C, R induit 'identité sur Ac.

Comme C est un affinoide ouvert, chaque sommet S de A¢ est 'extrémité d’au
moins trois arétes de A¢. Par conséquent R fixe au moins trois éléments d’un sommet.
Donc R induit 'identité sur chaque sommet de Ac.

Donc pour toute aréte I = (Sp,S1) C H,, de A, R est tangente & l'identité en
chaque bout de C;. Par le lemme précédent pour chaque i € {0, 1} il existe un systeme
projectif S/ proche de S; tel que R induit I'identité sur chaque systéme projectif dans
(S;, S!]. En particulier R induit l'identité sur S} et S7. Alors R induit l'identité sur
chaque systéme projectif dans [S), S1], par le Lemme 4.23. O

Démonstration de la Proposition 5.6. — Comme le degré de R est au moins deux
C # P(C,) et on peut supposer que C' C C,.

Considérons une suite croissante d’affinoides fermés X; C C de telle fagon que
UX,; = C. Dans le cas o C n’est pas un disque R satisfait (avec n = 1) les propriétés
de la Proposition 4.14 pour X;, par le lemme précédent. On notera 7; € (0,1) une
constante telle que |R —id || x, < 7; - diam(D,) pour x € Xj.

Si C est un disque, on peut supposer que C = {|z| < 1} et X; = {|2| < r;}, avec
ri € |Cp| N (0,1) tel que r; — 1. Alors par le Lemme 5.8 on peut supposer que R
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induit I'identité sur le systeme projectif S; associé a X;, pour chaque i. Comme dans
ce cas Ax, = {S;}, R satisfait les propriétés de la Proposition 4.14 et alors on peut
continuer comme dans le cas ou C n’est pas un disque.

Etant donné w € Z,, considérons une suite croissante {m;};>1 d’entiers positifs de
facon que p(jlw —myl,) < 'yj_l, pour tout j > 4. Alors on a R°(W =) ¢ H(X,) d’aprés
le Corollaire 4.16. Notons que R°(¥~™i+1) définie sur X; coincide avec la restriction
de la méme application définie sur X, ;.

De plus on a p(|mii —m;|p) < v, *, done R°(Mi+17m4) est définie sur X; et coincide
avec R™i+1~™i Par conséquent R°(W~™i+1) définie sur Xy et Re(w=mi) définie sur

X, satisfont I'identité suivante sur Xj,

R™i+1 o Ro(wfmi+1) — R™i ORO(miJrl*mi) ° Ro(wfmi+1) — R™i o Ro(wfmi).

Donc la fonction R°* définie par R™ o R°(W~™) sur X; appartient & H(C). Notons
quon a R°® = id; voir Corollaire 4.16.

Soit {n,},;>1 une suite d’entiers positifs tels que n; — w au sens p-adique et fixons
i > 0. Alors il existe J > 0 tel que p(|n; — my|,) < ;' pour tout j > J. Donc
R%—mi = RO(mi—mi) sur X; et par conséquent R™ = R™: o R°("—™i) converge
uniformément & R°® = R™: o R°(W=m:) sur X; ; voir Corollaire 4.16.

Soient wy, wy € Zp; considérons des suites {n;};>1 et {k;};>1 d’entiers positifs
tels que n; — w; et k; — wy au sens p-adique. Comme R"™ et R™i convergent
uniformément & R°™! et R°*2 sur chaque X; on a que R™ % converge uniformément
a Ro(witw2) qur chaque X;. Par conséquent R°%1 o ROW2 = Re(witws),

Comme pour chaque w € Z, on a R°" o Re(=%) = R°0 = id, on a que R°("%) ¢
H(C) est I'inverse de R°™ et par conséquent R°" est un automorphisme de C. O

5.2. Composantes analytiques et points périodiques. — Dans cette section
on s’intéresse aux points périodiques contenus dans une composante analytique donnée
du domaine de quasi-périodicité.

Soit R € C,(z) une fonction rationnelle de degré au moins deux et soit C' une
composante analytique de £(R) fixée par R. Les bouts de C sont permutés par R.
Notons Py, . .., Py, les bouts fizés par R. Pour chaque 0 < i < n, R induit une action
projective (de degré au moins 2 par le Théoréme 3) sur le systéme projectif S; associé
a P;; on note nr(P;) la multiplicité du point fixe P; pour cette action. Rappelons
que quand ng(P;) > 1 on dit que R est tangent a l'identité en P;.

Proposition 5.10. — Le nombre de points fizes de R dans C comptés avec multiplicité
est €gal a

24+ Y (na(Pi) —2).

0<i<n

La démonstration de cette proposition est a la fin de cette section. On considére
d’abord des corollaires et un exemple.
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Corollaire5.11. — Si C' est un disque de Siegel fixe, alors C' contient au moins un
point fixe.

Corollaire5.12. — Soit R € Cp(z) de degré au moins deux et C une composante
analytique de E(R) fixée par R. Si aucun des bouts de C n’est fixé par R, alors C
contient exactement deux points fixes de R, comptés avec multiplicités.

Corollaire5.13. — Soit R € C,(z) une fonction rationnelle de degré au moins deut.
Alors chaque composante analytique de E(R) continent une infinité de points pério-
diques de R.

Démonstration. — Quitte a remplacer R par un itéré on suppose que tous les bouts
Pi,..., P, de C sont fixes et que R est tangente a I'identité en P;, pour 1 < i < n.
Notons que pour k > 1 on a nger (P;) > ngr(P;). Par conséquent le nombre de points
fixes de RP" dans C (qui est égal & 2 + > (ngem (P;) — 2) par la proposition) tend
vers l'infini quand m — co. Chaque point fixe de R* a une multiplicité comme point
fixe de R'™ qui est bornée indépendamment de . Donc R a une infinité de points
périodiques dans C'; voir Section 3.3. O

Corollaire5.14. — Soit R € C,(z) une fonction rationnelle et C une composante
analytique de E(R) fixée par R. Supposons que R fize les bouts de C et que R est
tangente a l'identité en chaque bout de C. Alors tous les points périodiques de R dans
C ont une période primitive de la forme p™, m > 0.

Démonstration. — Simplement note que pour tout m > 0 et tout k& > 1 qui n’est pas
divisible par p on a ngrym (P) = ngem (P) pour tout bout P de C'; voir Section 3.3. O

Voici d’autres différences entre le cas complexe et le cas p-adique. Dans le cas
complexe les disques de Siegel et les anneaux de Herman, coincident avec le domaine
de linéarisation, mais sur C, tous les composantes analytiques du domaine de quasi-
périodicité contiennent une infinité de points périodiques et par conséquent les do-
maines de linéarisation sont strictement plus petits que les composantes analytiques
correspondantes.

Une autre différence est que dans le cas complexe les disques de Siegel et les an-
neaux de Herman sont instables (voir [Ma]); c’est-a-dire que pour chaque fonction
rationnelle a coefficients complexes on peut trouver des fonctions rationnelles arbi-
trairement proches qui n’ont pas de disque de Siegel ni de anneaux d’Herman. Dans
le cas p-adique, si R € Cp(z) est une fonction rationnelle ayant Paffinoide ouvert
connexe C' comme composante analytique de £(R), alors pour toute fonction ration-
nelle @ € C,(z) proche de R, C est une composante analytique de £(Q).

Exemple5.15. — Etant donnés a, b, A € C, tels que |a| = [b] < 1 et [A| = 1 considé-

rons la fonction rationnelle
1—bz

zZ—a

R(z) = \2?
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et la couronne C' = {z € C, | |a|] < |z| < |b]!}. Notons qu’on a

1 1 l—az

R(1/z) T

(1) On va montrer que C est une composante analytique de £(R). Notons que
R : C — C est de degré 1 et R fixe les bouts de C. Soit P, le bout associé a
{lz| > la|} U {oo} et Py le bout associé & {|z| < |[b|~1}; ce sont les bouts de C. La
coordonnée w, = —a/z (resp. w, = bz) est telle que w, (P,,) (resp. wy(Pyp)) est le bout
associé a {|z| < 1}. De plus
51—z

:)\—1223_—"1 .
z+ ab

z+ ab

Ro(2) = wa 0 Row, ()

a

et Ry(z) =wpoRowy '(2) = Az

Donc Rq(z) = A1 (z+22) et Ry(2) = Mz —22) sont de degré 2. Par la Proposition 5.2,
C' est une composante analytique de £(R).

(2) Notons que ng(P,) = nr(Py) = 1 si et seulement si |A — 1] = 1. Donc par la
Proposition 5.10, R a un point fixe dans C' si et seulement si |A — 1] < 1.

(2.1) On suppose que |A — 1] < 1 de telle facon que R,(z) = z + 22 et Ry(z) =
z— 22 = —Ry(—2). Donc ngi(Py) = np(Py), pour k > 1. D’aprés I'exemple 3.19
onangem(Py) =1+ (1+p+---+p™). Par la Proposition 5.10 la fonction rationnelle
R a

2+ (np (Pa) — 2) + (npn (P) = 2) = 2014+~ + ™)

points fixes dans C', comptés avec multiplicité. Par conséquent, si R n’a pas de cycles
paraboliques dans C, alors R a exactement 2 cycles de période primitive p™. Par le
Corollaire 5.14 ce sont tous les cycles de R contenus dans C'.

Si p = 2 on obtient (par 'exemple 3.20 et par un raisonnement similaire) que si R
n’a pas de cycles paraboliques dans C, alors R a exactement 2*’”(22m — 22m_1) cycles
de période primitive 2. Par le Corollaire 5.14 ce sont tous les cycles de R contenus
dans C.

(3) On va montrer que si A = 1 et a = b = p alors R n’a pas de cycles paraboliques.
Un théoreme du a Fatou dit que tout cycle parabolique attire, dans le sens complexe,
au moins un point critique; voir [Fa]. Donc il suffit de vérifier que tous les points
critiques de R sont attirés (dans le sens complexe) par les points fixes super-attractifs
0 et oco.

Les points 0 et oo sont des points critiques. Notons que p est un poéle de R et pour
tout autre réel x € R, R(x) est réel. De plus R est négative dans 'intervalle (p, +00)
et par conséquent R a un point critique ¢ dans (p, +00). Comme R(z) = —1/R(1/z),
—1/c est aussi un point critique de R. Alors 0, oo, ¢ et —1/c sont tous les points
critiques de R.

Donc il suffit de vérifier que R™(¢) — oo quand n — oo. Notons que —1 est un
point fixe répulsif de R et pour tout z € (—oo,—1) on a R(z) < z. Par conséquent
R"(xz) — oo quand n — oo car R n’a pas d’autre point fixe dans (—oo, —1). Finalement
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il n’est pas difficile de voir que pour tout z € (p, +00) ona R(x) < —1, donc R(c) < —1
et par conséquent R"(c) — oo quand n — oo.

Démonstration de la Proposition 5.10. — On va appliquer le Théoreme des Résidus
a R—id sur X = C'; voir Section 2.1.1. Considérons une coordonnée telle que co € C
et telle que R(0c0) # co. Alors R —id a deux poles simples dans C' : co qui est un pole
simple de id et la préimage w de co par R dans C', qui est un pole simple car R est
injective sur C C £(R).

Le nombre des zéros de R — id dans C est évidement égal au nombre F' de points
fixes de R dans C' (comptés avec multiplicité). Par conséquent,

Z Ol"dR,id(Z) =F+ Ol"dR,id(OO) + ordR,id(w) =F—-2.
C

Soit P un bout de C. Notons que pour toute coordonnée affine w on a
ordyorow-1—ia(P) = ordr_ia(P). Donc apres changement de coordonnée affine
on peut supposer Dp = {|z| > 1} U {o0}.

Si P n’est pas fixé par R on a par le Lemme 2.3 P/ = (R —id)(P) = R(P), qui est
un bout de C. Par conséquent Bp C C,, — {0}. Donc ordg—_iq(P) = 0 dans ce cas.

Supposons que P est fixé par R. Soit R € @p(z) la réduction de R. Par définition
de nr(P) > 1 on peut écrire

— ot azrn® L)

1
R(1/2) Q(2)’

ol a € @p — {0} et les polynémes P,Q € (Ep[z] sont tels que P(0) # 0 et Q(0) # 0.
Par conséquent
~ B 1 P(1/z)
R) =2 = o 0 /2) + 2= P P(/7)
Supposons ng(P) = 1. Comme degz(c0) = degp(P) = 1ona 1+ aP(0)/Q(0) # 0.

Donc degr ;4(P) = deggp_,y(c0) = 1 et (R — id)(c0) = oo. Par conséquent
(R—1id)(P) =P et

ordr_ia(P) = —degr_;q(P) = =1 = nr(P) — 2.

Sing(P) = 2 alors R(co) € C,—{0}. Donc D(g—ia)py C C,—{0} et par conséquent
OI‘deid('P) =0= TLR(P) — 2.

Si ng(P) > 2 alors notons que degp ;3(P) = degg_; (c0) = nr(P) — 2 et
R(c0) = 0. Par conséquent ordg_iq(P) = degp_q(P) = nr(P) — 2.

Par le Théoreme des Résidus on a

F—-2= > (nr(P)-2). O

bouts fixes de C
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5.3. Dynamique au bouts d’une composante analytique

Proposition 5.16. — Soit R une fonction rationnelle de degré au moins deux, C une
composante analytique de E(R) et P un bout de C. Soit S le systéme projective associé
a P. Alors il existe une infinité de Py € S tels que Dp, est un disque de Siegel.

Voir figure 4.

Démonstration. — Quitté a remplacer R par un itéré on peut supposer que P, et
par conséquent S, est fixé par R. Considérons un paramétrage S = {P(f)}P(pr Soit
T C S comme dans (iii) de la Proposition 2.4 et soit T' C P(F,) tel que 7 = UrP(£).
Comme P est un bout de C on a degp(P) = 1 et donc R’ # 0. Par conséquent il
existe une infinité des ¢ € P(F,)) périodiques par R tels que (R¥)/(¢) # 0, ol k est
la période de &. On peut supposer de plus que R’ (¢) ¢ P(F,) — T, pour i < j < k.
Donc par (iii) de la Proposition 2.4 et le Corollaire 3.12 on a Dp) C E(R). Par le
Théoréme 3 on a deg(fi) > 1, donc D,, est un disque de Siegel par la Proposition 5.2.
O

FIGURE 4. Chaque bout P d’une composante analytique de £(R) a une
infinité de disques de Siegel attachés.

Corollaire5.17. — Soit R € C,(z) une fonction rationnelle de degré au moins deut.
Alors les affirmations suivantes sont équivalentes.
(i) R a un point périodique indifférent.

(ii) R a une infinité de points périodiques indifférents.
(i) £(R) # @.
(iv) E(R) a une infinité de disques de Siegel.
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Démonstration

(ii) = (i) est trivial; (i) = (iii) résulte du point 2 de la Proposition 3.16.

(iv) = (ii) suit du Corollaire 5.13 et (iii) = (iv) suit de la Proposition 5.16 et de
(i) de la Proposition 5.10. O

6. Exemples

Dans cette section on considere des exemples. Dans la Section 6.1 on montre que
pour tout affinoide ouvert il existe une fonction rationnelle ayant chaque composante
de l’affinoide comme composante analytique de son domaine de quasi-périodicité (Pro-
position 6.4) ; voir aussi Proposition 6.7.

Exemple6.1. — On va montrer que le bassin d’attraction de linfini du polynéme
R(z) = p~ (2 —2P) est égal & P(Cp,) — Og,. Dans la Section 1.2.3 il y a une description
de ’arbre de cet espace analytique.

Notons que pour |w| > 1 on a |R(w)| = plw|P, donc {|z] > 1} C WZ(c0). De plus
pour tout w tel que |w — | = 1 pour tout ¢ € {0,1,...,p— 1}, on a |w — wP| = 1.
Donc |R(w)| = p > 1 et par conséquent w € W3,(00).

D’autre part Og, est invariant par R donc Og, N Wg(o0) = @. Pour chaque
i € {0,...,p— 1} 'application

R:D; ={|z—i| <1} — {|z| <p},

est de degré 1. Soit R; : {|z| < p} — D; la branche inverse correspondante. Pour tout
k>0 fixé on a

Cp = Uig...inef0....p-1) Rig 0 -+ - 0 Ri, ({]2] < p}) € Wg(o0).
Alors I'égalité W5 (00) = P(C,,) — Oq,, suit du fait que
Rig oo Ry ({le] <p}) = {2 | |z = (io + -~ +ixp")| <p~*}.

Exemple6.2. — Considérons la fonction rationnelle R(z) = A(Z5 + 2P) € Cy(2), ot
A € C,, est tel que p~(P=1/(p+1) < |A] < 1. On montrera que le bassin d’attraction du
point fixe attractif 0 est de type Cantor et ne contient pas des points critiques.

Notons que pour chaque z € C, tel que |z|] < 1 on a |R(z)| = |Az|. De plus
R(1) = R(c0) = oo et par conséquent D = {|z| < 1} est le plus grand disque contenu
dans le bassin d’attraction de 0. Comme R(D) # D, le bassin d’attraction immédiat
de 0 est non-trivial.

D’autre part, si z € C, est tel que |z| > 1 alors |R(z)| = |A||z|"; donc, si de
plus |z| > |[A7Y®=D on a que |R"(z)] — oo quand n — oco. Comme R'(z) =
/\(—ﬁ + pzP~1), les points critiques finis de R sont de norme p/(?+1) Donc la
condition |A| > p~@=1/P+) impliques que tous les points critiques de R tend vers
Iinfini par itération, et par conséquent le bassin d’attraction de 0 ne contient pas des

points critiques.
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Exemple 6.3. — Considérons le polynéme P(z) = %(zp — ZPQ). Notons que 0,1 €
K(P) C {|z| < 1} et pour |w| <1 on a,

P(z+w) — P(w) = %(zp — ) £ Qul2),

ol Qu € C,lz] est entier et Q,,(0) = 0. Par conséquent |P(z + w) — P(w)| = p|z|P
pour tout p~ /P~ < |z| < 1. En particulier pour toute boule fermée B C {|z| < 1}
de diametre au moins p~ /P~ P=1(B) est une réunion de p boules By, ..., B, i
disjointes deux a deux avec

1 1/p
diam(B;) = (—diam(B)> > p*l/(pfl)’
p

et P : B; — B est de degré p. On pose P~ ({|]z| < 1}) = BoU--- U B,_1 on
diam(B;) = p~/P. En général,

P_n({|z| < 1}) = uaiE{O,l,...,p—l}Baoal.A.an,l7
ol les boules B, ..., , sont de diametre

p*(l/p+1/p2+~~+1/p") = p~ 0=/ (=1) __, p=1/P=1) quand n — oo,

et les indices sont tels que Bo,.. .a,_1a, C Bag...a,_1 €t P(Bagas...a,,) = Ba,...a, - Consi-
dere l'espace de codage ¥, avec alphabet {0,...,p — 1},

Y¥p={a0a1...|a; €{0,...,p—1}},

et & chaque point w € K(P) on associe la suite w(w) = .apa; ... de telle fagon que
P"(w) € B,,,. Par conséquent 'application 7 respecte la dynamique de P sur K (P) et
la dynamique du décalage o : ¥, — X, défini par o(.apa;i ...) = .a1 . ... Alors notons

que w € Np>0Baga;...a, €t pPar conséquent w appartient a une composante errante si
et seulement si m(w) n’est pas prépériodique pour le décalage o.

Jusque a maintenant on est dans une situation standard en dynamique. Mais notons
que a chaque @ = .apa; ... € ¥, on peut associer l'intersection B, = Ny>0Ba,...a,
et comme X, n’est pas dénombrable il y a beaucoup d’intersections vides, car C, est
séparable. (Ceci montre que C, n’est pas maximalement complet, c’est-a-dire que il
existe des suites emboitées de boules B,, avec intersection vide; voir e.g. [Ro]).

Si lintersection B, est non-vide alors c’est une boule de diametre p~ 1/ @=1 Par
le Lemme 4.29 si D est un disque errant alors

lim inf diam(P"(D)) = 0.

n—oo
Par conséquent tous les intersections B,, avec a € ¥, qui n’est pas prépériodique
par o, sont vides. De plus par le Lemme 4.13 pour toute suite périodique a € ¥, il
existe un point périodique w de P, de méme période, tel que w(w) = a. Par conséquent
m(K(P)) C X, est égal a ’ensemble des suites prépériodiques pour le décalage o.
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6.1. Exemples de composantes du domaine de quasi-périodicité

Proposition 6.4. — Soit X wun affinoide ouvert. Alors il existe une fonction ration-
nelle R telle que chaque composante connexe de X est une composante analytique du
domaine de quasi-périodicité de R.

La démonstration de cette proposition se base sur le lemme suivant.

Lemme6.5. — Soit X un affinoide ouvert et S un systéeme projectif tel que pour toute
composante analytique Y de X il existe P € S tel que Y C Dp. Alors il existe une
fonction rationnelle R telle que degr(S) > 1, R: X — X est de degré 1 et telle que
R fize les bouts de X .

Démonstration. — Apres changement de coordonnée on peut supposer que S est le
systéme projectif canonique et que X C {|z| < 1}. Alors il existe un ensemble fini
A C {|]z] < 1} tel que X C UsaD,, ou D, = {|z — a|] < 1}. Le polynéme Q(z) =
z+ [[a(z — a)? est tel que Q : D, — D, est de degré 1 pour tout a € A. Donc
D, C £(Q) par le Corollaire 3.12 et les bouts P < D, de X sont périodiques par @,
par le Corollaire 4.20. Donc il existe n tel que R = Q™ fixe les bouts de X. Par
conséquent R : X — X est de degré 1 et degp(S) = deg(R) = n - deg(Q) > 2. O

Démonstration de la Proposition 6.4. — Soient Sy, ..., Sy les systémes projectifs as-
sociés aux bouts de X et soit Rs, comme dans le lemme précédent. Alors R =
Rs,0---0Rs, : X — X est de degré 1 et degp(S;) > 1. Par la Proposition 5.2

chaque composante connexe de X est une composante analytique de £(R). O
Exemple 6.6. — On va montrer que la fonction rationnelle,
14+ wl)+1
R(’LU) = € (Cp(w)a

wP (1 + (pw)P*t)
a C = {1 < |z| < p} comme composante analytique de £(R) et que ’ensemble de
Julia de R est vide.

Notons que la coordonnée 1/pw est une symétrie de R, c’est-a-dire R(w) =
1/pR(1/pw). Soit Sy le systeéme projectif canonique et Py € Sy le bout associé a
{Jw| < 1}, qui est un bout de C. On pose Dy = {Jw| < 1} et Wy = {|]z] = 1}.
Notons que la réduction de R est (1 +wPtl)/wP et pour tout P € Sy — {Po},
R : Dp — Dpgp) est de degré deggr(P). Par conséquent R(Wy) = Wo U Dy et R
n’augmente pas la distance chordale ds, dans Wy LI Dy.

On pose S1 = (S0)1/pw, D1 = (Do)1/pw, - - - de telle facon que C' = Dp, N Dp, et
on a les propriétés analogues; en particulier R n’augmente pas la distance chordale
ds, (correspondante & la coordonnée 1/pw) dans Wy U Dy = {|w| = p} U {oc}; voir
figure 5. De plus la réduction de R dans la coordonnée 1/pw est aussi (1 + wPT1)/wP.
Il est facile de voir que R : C' — C' est de degré 1, et comme degr(Sp) = degr(S1) =
p+1>1, C est une composante analytique de £(R) (Proposition 5.2).
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P eS8
¢ Py € So

FIGURE 5. Partition de P(C,).

(1) On va montrer que, si z,w € Dy sont tels que
dso(z,w) = |z —w| <p~/ PV et R(w) € {|2] > p} U {oo},
alors ds, (R(2), R(w)) < p~ %=1, Ceci est équivalent & montrer que si |1/pR(w)| < 1
alors |1/pR(z) — 1/pR(w)| < p~ /=D On a
11 2P+ (et w1+ (pw)Pt)

PRG) pR(@) ~ p+20)  p(l+wrt)

P wP — (2w (s — w) + (p2)PH (1 + W) — ()Pt (14 224
p(0— (1 wri) '

Notons que |1+ 2P = [1 + wPt =1 et

2P0+ 0P ) = )t (1 4+ 27| < PR < 2,
p
D’autre part, si € = z — w, alors,

. - L -
|2P — wP| = [pewP 4 4 pePw + P < = p V=1

p
car |e| < pt/ P~V et [eP| < %p‘l/(”_l). De plus, comme
1 P(1 p+1
12‘ ‘:‘w( + (pw) )‘=p|w|pa
pR(w) p(1+w+t)
on a p|z|P < 1 et donc |(zw)P(z — w)| < I%p_l/(p_l). Par conséquent
1 1 ‘ L 1/p—1 —1/(p—1
_ gp(_p /(@ >):p /(=)
‘pR(Z) pR(w) p
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(2) Montrons maintenant que F'(R) = P(C,). Notons que C C £(R) C F(R).
Fixons zg € P(C,)—C; par symétrie on peut supposer |z9| < 1. Comme R~ (F(R)) =
F(R), s'il existe n tel que R™(2p) € C alors zgp € F(R); donc on peut supposer que
R"(z) ¢ C, pour n > 0.

Par la partie 1, pour tout wp € B = {|w — 20| < p~/®P~D} et tout n > 1, on a
ds,(R™(20), R™(wo))) < p~"®=1 ot i = 0 si R*(20) € {|z|] < 1} et i = 1 sinon.
Par conséquent la famille {R"}, >0 est uniformément lipschitzienne sur B, et donc
z0 € B C F(R).

La Proposition 6.4 ne nous donne aucun information sur le degré de la fonction
rationnelle. Avec la proposition suivante, dans un cadre plus restrictif, on aura un
controle sur le degré.

L’idée est de modifier une fonction rationnelle R € C,(z) ayant une bonne ré-
duction ; voir Section 4.5. Par la Proposition 4.32, si deg(R) > 1, les composantes
analytiques de £(R) sont des disques de la forme {z = £}. Si deg(R) = 1 alors
E(R) =P(C,) ; voir exemples dans la Section 3.2.

Proposition 6.7. — Soit R € C,(z) une fonction rationnelle ayant une bonne réduc-
tion. Soit v € |Cp| tel que r < 1 et soient des Pi, ..., Py bouts tels que Bp, C E(R)
et diam(Bp,) = r. Alors il existe une fonction rationnelle Q de degré deg(Q) =
deg(R) + n telle que pour toute composante analytique C de E(R), Uaffinoide ouvert
connexe

C—UrBp, ouT = {Rj(’Pi) | pour1<i<netj>1},

est une composante analytique de £(Q).

Notons que par le Corollaire 5.3, 'ensemble 7 de la proposition est fini. La dé-
monstration de cette proposition est a la fin de cette section.

Exemple6.8. — Considérons des bouts Pi,...,P, tels que les boules Bp,,...,Bp,
sont disjointes deux & deux et de méme diametre. Alors par la proposition (en prenant
R =id) il existe une fonction rationnelle @ de degré n + 1 telle que

P(Cp) — B1U---UB,,
est une composante analytique de £(Q).

Exemple 6.9. — Soit n > 1 et ( racine primitive n'®™¢ de I'unité et soit r € |C,| tel
que 1 est la seul racine ni*™¢ de 1'unité dans la boule {|z — 1| < 7}. Soit P le bout
associé & cette boule. Posons R(z) = (z et notons que R"(Bp) = Bp et que les
boules Bp, ..., R"~!(Bp) sont disjointes deux a deux. Par la proposition il existe une
fonction rationnelle @ de degré 2 telle que

P(C,) — BpU---UR" ! (Bp),

est une composante analytique de £(Q) (un (n — 1)-anneau de Herman).
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Démonstration de la Proposition 6.7. — Soit S le systéme projectif canonique et
Z C S l'ensemble des bouts P € S tels que degp(P) = 1. Comme E(R) # @
I'ensemble Z est infini et on peut trouver @ € Z tel que Dg N (UrBp) = @.
Apres changement de coordonnée on suppose que oo € Dg, de telle fagon que
Dg = {]z] > 1} U{o0}. Soit S; le systeme projectif associé a P;, pour 1 < i < n.

1.— On va définir par induction des fonctions rationnelles R; € C,(z) qui satisfont
les propriétés suivantes.

(1) deg(R;) = deg(R) + 1, pourl i< n.

(2) degp,(S;) > 1, pour 1 < j <

(3) R; est injective sur Dp — (Bp1 -U Bp,), pour tout P € 7.

(4) Pour tout bout P & {Py,... ,Pz} tel que Bp C {|z| < 1} et diam(Bp) =rona
Ri(P) = R(P) et R; : Bp — Bprp) est de degré 1.

Notons que 4 implique 3. Posons Ry = R et supposons que R;_; est déja définie.
Apres changement affine de coordonnée au départ et a ’arrivée, on suppose que 0 €
Bp, et R;—1(0) = 0 de telle facon que R;_1(Bp,) = {|z| < r} = Bp,.

On pose
z

Ri(2) = = Rica () = Ria () + ﬁRH@),

. —
ou p € C, est de norme égale a r. Clairement deg(R;) = deg(R;—1) +1 = deg(R) +1¢
donc R vérifie 1. De plus degp, (S;) > 1.

Comme R;_q vérifie 4 on a

|Ri—1(20)| = |20| pour tout zp € {|z| <1} — Bp, U---UBp, ,

Par conséquent, si de plus zg € Bp,, on a |R;(z) — R;—1(2)| < r. Donc si P est comme
dans 4 on a R;(P) = Ri_1(P) = R(P), degg,(P) = 1 (Lemme 2.3) et R; : Bp —
Bpr(p) est de degré 1. C’est a dire R; vérifie 4, et par conséquent 3.

Fixons 1 < j < i et considérons (o € Bp, et (1 € Br(p,). On a [(o| = [¢1| > 7. On
pose Qo(2) = Ri—1(z2 4+ Co) — G et Q1(2) = Ri(z + {o) — (1. Comme R;_; satisfait la
propriété 4, on a Qo(P) = P et degy, (S) > 1, ot P est le bout de {|z| <7} et S est
le systeme projectif contenant P. Par définition de R; et @1 on a

z+ o z 4+ Co 7
——— R 1(z+ () - = —F— DT
z+C —p (et o) z+C — 1 z+C —
Comme |[Go| = [¢1| > 7 = [u] on conclut que Q1(P) = Qo(P) = P et degg, (S) =
deg,(S) > 1 (Lemme 2.3). Donc R;(P;) = R(P;) et degg, (S;) > 1.

2.— Posons Q = R,, et considérons un cycle C1, .. C’k de composantes analytiques
de E(R) de telle facon que R(C;) = Cit1, pour 1 < i < k, ot Cip1 = Cp. Par les

propriétés 2 et 3, Q¥ vérifie les hypotheses de la Prop051tlon 5.2 avec X = C; —Ur Bp
pour chaque 1 < i < k. Par conséquent les affinoides ouverts C; — Uy Bp, pour

Q1(z) = Qo(z) + G

1 < i < k, forment un cycle de composantes analytiques de £(Q). O
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ON THE DIVERGENCE OF GEODESIC RAYS IN
MANIFOLDS WITHOUT CONJUGATE POINTS, DYNAMICS
OF THE GEODESIC FLOW AND GLOBAL GEOMETRY

by

Rafael Oswaldo Ruggiero

Dedicated to J. Palis, on his 60th. birthday

Abstract. — Let (M, g) be a compact Riemannian manifold without conjugate points.
Suppose that the horospheres in (M,g) depend continuously on their normal direc-
tions. Then we show that geodesic rays diverge uniformly in the universal covering
(M ,g). We give some applications of this result to the study of the dynamics of the
geodesic flow and the global geometry of manifolds without conjugate points.

Introduction

The problem of the divergence of geodesic rays in manifolds without conjugate
points is one of the most natural, yet unsolved, questions of the theory. Recall
that a C*° Riemannian, n-dimensional manifold (M, g) has no conjugate points if
the exponential map is nonsingular at every point. The universal covering M of a
manifold (M, g) is diffeomorphic to R", and the metric spheres in (M, g) — the uni-
versal covering endowed with the pullback of g — are diffeomorphic to the standard
sphere in R™. Given a point p € M, and two geodesics v, § in (M, g) parametrized
by arclength such that p = 4(0) = B(0), we say that these geodesics diverge if
limy 4 oo d(7y(t), B(t)) = oo. Although two different geodesic rays starting from a
point in M diverge in all well-known examples of manifolds without conjugate points
(e.g., nonpositive curvature, no focal points, bounded asymptote), there is no gen-
eral proof of this fact so far. The problem has been already considered by L. Green
[11] in the late 50’s, where Green deals with the divergence of radial Jacobi fields.
Later, P. Eberlein [6] proves that radial Jacobi fields diverge along any geodesic in
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(M, g), but observes that the divergence might not be uniform, it could depend on
the geodesic (in the same work [6], Eberlein points out a gap in Green’s paper). The
divergence of rays and Jacobi fields is related with many important geometric prop-
erties of manifolds without conjugate points, like the continuity of the horospherical
foliations and Green bundles, and the existence of good compactifications of M. This
motivated somehow the introduction of some categories of manifolds without conju-
gate points in the literature (see for instance [5], [6], [8], for the so-called bounded
asymptote condition, [16] for the Axiom of asymptoticity, [14] for the proof of the
superlinear divergence of radial Jacobi fields in manifolds with bounded asymptote).
The usual approach to the proofs of the continuity of horospheres, Green bundles,
and divergence of rays, relies on strong assumptions on the asymptotic behaviour of
geodesics and Jacobi fields (e.g., convexity in the case of nonpositive curvature; uni-
formly bounded asymptotic behaviour of Green Jacobi fields in the case of manifolds
without focal points and manifolds with bounded asymptote). We shall present in
this paper a more topological approach to the problem of the divergence of rays, based
on simple variational properties of horospheres. Given 6 = (p,v) in the unit tangent
bundle Tlﬁ of M , we shall denote by 74 (t) the geodesic parametrized by arclength
whose initial conditions are v4(0) = p, 74(0) = v. We shall denote by Hy(t) the horo-
sphere of the geodesic vy containing the point 4 (t). We say that the map 6 — Hy(0)
is continuous (in the compact open topology) if given a compact ball B,.(gq) C M of
radius 7, and € > 0, there exists § = d(r,¢q,€) such that if | # — « ||< 6 then the
Hausdorff distance dg between the sets

dyr (Hp(0) N B, (q), Ha(0) N B,(q)) < e.

The introduction of this notion is motivated by the works of Pesin [16], Eschenburg
[8], and Ballmann, Brin, and Burns [1]. Observe that, if M is compact, the number
6 above does not depend on the point ¢, since every horosphere has an isometric
image that meets a compact fundamental domain of M (horospheres are preserved by
isometries of (M ,9)). In all known examples of manifolds without conjugate points
the map 6 — Hpy(0) is continuous. Moreover, the assumption of the continuity of
horospheres does not carry (a priori) any restrictions on either the convexity of the
metric or the behaviour of Jacobi fields. The main result of the paper is the following:

Theorem 1. — Let (M, g) be a compact, C* Riemannian manifold without conjugate
points. Assume that the map 6 — Hy(0) is continuous in Ty M. Then, every two
different geodesics (t), B(t) with v(0) = B(0) in M diverge.

The proof of Theorem 1 is done in Sections 1 and 2, where we also study some gen-
eral problems concerning asymptoticity properties of geodesics which were introduced
by Croke and Schroeder in [4]. Namely, consider the relation R between geodesics in
M defined by: v R 3 if and only if v is a Busemann asymptote of 5. We show in
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Section 1 that, under our continuity hypothesis, this relation is an equivalence rela-
tion. In the remaining sections we give some applications of Theorem 1. The results
in Section 3 are inspired in the following classical result of Eberlein: Let (M, g) be a
compact, C° Riemannian manifold without conjugate points. Assume that the Green
subbundles E*(0), E*(0) are linearly independent at every point § € Ty M. Then the
geodesic flow of (M, g) is Anosov. Recall that the geodesic flow ¢, : ThM — Th' M is
defined by ¢¢(0) = (79(t),v5(t)). We obtain in Section 3 a sort of topological version
of Eberlein’s result. Recall that (M ,g) is a Gromov hyperbolic space if there exists
& > 0 such that every geodesic triangle formed by the union of three geodesic seg-
ments [xo, 1], [x1,Z2], [x2, xo] satisfies the following property: the distance from any
D € [Ti,Tit1] to [Tit1, Tite] U [Tiq2,x;] is bounded above by § (the indices are taken
mod. 3). The main Theorem of Section 3 is the following.

Theorem2. — Let (M,g) be a compact Riemannian manifold without conjugate
points. Suppose that the map 60 — Hy(0) is continuous in the compact open topology
in M. Then, if H,.)(0) N He, —)(0) = {p} for every (p,v) € T1M, the universal

covering (M, g) is a Gromov hyperbolic space.

Using some results in [18] we shall show that Theorem 2 is equivalent to the
following result:

Theorem 3. — Let (M,g) be a compact Riemannian manifold without conjugate
points. Suppose that the canonical liftings in T1 M of the submanifolds H, . (0),
Hp,, —1)(0) give rise to continuous foliations H®, H" having a local product structure.

Then (M, g) is a Gromov hyperbolic space.

For the definition of the canonical liftings of the horospheres we refer to Section 3.
A pair of ¢4-invariant foliations Fy, F5 in 11 M has a local product structure if there
exists an atlas {®; : U; C ' M — Rzn’l} of T1 M such that

(1) Every ®; is continuous.

(2) Each local chart is of the form ®; = (z¢,y%,t), t € (—¢,¢), where the level
sets ' = constant, y* = constant are connected components of the foliations Fy, Fy
respectively.

In virtue of Theorems 2 and 3, we can say that the topological transversality (meaning
local product structure) of the horospherical foliations in T3 M implies that M is a
Gromov hyperbolic space. Notice that Theorem 1 is true for manifolds of nonpositive
curvature, because the hypotheses in the Theorem imply that there are no flat planes
in M ([5]). It also holds for manifolds without focal points, but if we allow focal
points many key facts of the theory (convexity, bounded asymptotic behaviour of
Jacobi fields and geodesics, etc.) might not hold.

In Section 4 we get some results concerning the boundary of a Gromov hyperbolic
group that covers a compact manifold without conjugate points. Suppose that the
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map 6 — Hy(0) is continuous. Then we show that, if the fundamental group of M is
Gromov hyperbolic, its ideal boundary is a sphere. This fact is well known for compact
manifolds of nonpositive curvature whose fundamental group is Gromov hyperbolic.
However, if we drop the assumption on the curvature it is not clear whether the ideal
boundary of the fundamental group is a sphere.

Finally, in Section 5, we apply the results of Sections 1, 2 to manifolds satisfying the
so-called Axiom of Asymptoticity, introduced by Pesin [16]. This notion is perhaps
the first one in the literature of the research about continuity of horospheres which
does not consider any assumptions on the C? features of the metric (convexity, Jacobi
fields).

1. Horospheres and Busemann flows in M

Throughout the paper, (M, g) will be a C*°, compact Riemannian manifold without
conjugate points. All the geodesics will be parametrized by arc length. We shall often
call by [p, q] the geodesic segment joining two points in M. A very special property
of manifolds with no conjugate points is the existence of the so-called Busemann
functions: given 6 = (p,v) € Tlﬁ the Busemann function b7 : M — R associated to
0 is defined by

V() = Jim_(d(w,0(0) ~ )

The level sets of b are the horospheres Hy(t) where the parameter ¢ means that
v9(t) € Hg(t). Notice that g (t) intersects each level set of b? perpendicularly at only
one point in Hy(t), and that b%(Hy(t)) = —t for every t € R. Next, we list some
basic properties of horospheres and Busemann functions that will be needed in the
forthcoming sections (see [16], [4] for instance, for details).

Lemmal.l

(1) % is a C function for every 6.

(2) The gradient Vb’ has norm equal to one at every point.

(3) Every horosphere is a CYTX | embedded submanifold of dimension n—1 (C1+E
means K -Lipschitz normal vector field), where K is a constant depending on curvature
bounds.

(4) The orbits of the integral flow of —Vb?, ¥ M — M, are geodesics which are
everywhere perpendicular to the horospheres Hy. In particular, the geodesic vy is an
orbit of this flow and we have that

¥f (Ho(s)) = Hp(s + t)

for every t,s € R.

A geodesic (3 is asymptotic to a geodesic v in M if there exists a constant C' > 0 such
that d(B(t),~(t)) < C for every t > 0. We shall denote by Busemann asymptotes of vy
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the orbits of the flow d)f . Busemann asymptotes of vy might not be asymptotic to g,
so the relation between geodesics v R 3 if and only if “y is a Busemann asymptote
of 5”7 might not be an equivalence relation. Observe that in all known examples of
manifolds without conjugate points (nonpositive curvature, no focal points, metrics
on surfaces without conjugate points [1]), the relation R is an equivalence relation.
Lemma 1.1, item 4, implies that the horospheres Hy(t) are equidistant, i.e., given any
point p € Hy(s), then the distance d(p, Hy(t)) is equal to |t — s|. The canonical lifting
in Ty M of Hy (t) is the set Hy(t) = {(p, —V,b%),p € Hy(t)}. Another way of defining
the horosphere Hy(0) is

Hy(0) = lim S:(ve(r)),

where S,.(p) is the sphere of radius r centered at p, and the limit is uniform on compact
subsets of M. In other words, given D > 0, g € M, and € > 0, there exists T' > 0 such
that the Haussdorf distance between the restrictions of Hp(0) and S, (y9(r)) to the
ball Bp(q) of radius D centered at ¢ is less than e for every r» > T. We shall denote
by dy the Haussdorf distance between subsets in M. Actually, given 6 € T\ M , the
spheres S,.(79(r)) converge to Hg(0) in the C! topology uniformly of compact subsets
(see [16]) as a consequence of the bounded geometry of M. The notion of continuity
of 8 — Hy(0) given in the introduction is equivalent to the following: let 6,, converge
to 6, then Hy, (0) converges to Hy(0) uniformly on compact subsets of M. Although
it is clear that Hy(t) depends continuously on ¢ € R, it is not known whether Hy(0)
depends continuously on #. The continuity of 8 — Hy is equivalent to the continuity
in the C' topology of the map 6 +— bY uniformly on compact subsets of M. For the
purposes of this section, it will be more convenient to state our results in terms of
Busemann functions instead of using horospheres, in general the notation becomes
simpler. Let b%(p) = d(p,ve(t)) —t, so b%(p) = lim;_ 1 o b%*(p), for every p € M. We
shall denote by dr, a (-, -) the Sasaki metric in Ty M. The following result tells us that
the continuity of § — Hpy(0) implies that horospheres can be uniformly approached
by large spheres.

Lemmal2. — Let (M,g) be a compact manifold without conjugate points, such that
the map 6 — b? is continuous. NThen, given D > 0, € > 0, there exists T > 0 such
that for every 0 = (po,vo) € T1M, and every ball Bp of radius D containing pg, we
have

% (p) =" (p)| < e,
for everyp € Bp andt > T.
Proof. — Let us first recall that the family of functions b%! converges monotonically
to b%, i.e., the difference b%(p) — b%*(p) decreases with respect to ¢ for every p. This is

due to the fact that the spheres S;(y9(¢)) converge monotonically to Hy(0), i.e., the
Hausdorff distance between the restrictions of Si(v4(t)) and Hy(0) to compact sets
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decreases to 0 as t goes to +oo. Since b?(p) = lim;_, o, b%*(p), there exists Tp . > 0
such that

% (p) =0 (p)| < e
for every t > Tp p.c.

Claim1. — The number Ty . can be made independent of p in Bp. Moreover, it
depends on 0, D, ¢c.

Indeed, this is a straighforward application of Dini’'s Lemma about uniform con-
vergence of monotone sequences of functions: the family of functions

fe:Bp — R, fip) ="(p) = " (p)]
converges monotonically to zero at each point p € Bp; so by Dini’s Lemma the family
converges uniformly to zero in the compact set Bp.

Next, we would like to relate Tp p . and T, p. for o close to §. At this point we
need the continuity of horospheres, we have not used this hypothesis so far. Recall
that

67 (p) — 0™ (p)] = |d(p, 70(1)) — d(p, v ()] < (0 (1), 7 (1)).
By hypothesis, 8 — b’ depends continuously on 6 uniformly on compact subsets, so
there exists § > 0 such that if d;, 77(6, a) < & then |b?(p)—b(p)| < ¢ for every p € Bp.
On the other hand, by continuity of geodesics with respect to initial conditions, given
€ > 0 there exists §' = (6, &) > 0 such that if d , 77(0, @) < 6" then

b7t (p) — b (p)| < d(Y0(t),Va(t)) <&,
for every 0 < t < Ty,p,c, and every p € Bp. This implies that

[6%(p) — b7 (p)| < [6%(p) — b ()| + [6° (p) — 6T (p)| + [67T (p) — 0T ()|
Lete+e =3,
for every dTIM(L‘), a) < min{o, '}, for T'= Ty p ., and every p € Bp. Therefore, by the

monotonicity of the limit b*(p) = lim;— 4o b**(p) we have that [b*(p) — b (p)| < 3¢
for every t > T'=Tp p,s and d, 77(0, a) < g9 = min{e, e’}. This means that

Top3e < Tope,
for every dT1 77(0,a) < g¢. Now, take a compact fundamental domain My of the
manifold M, let K = {0 = (z,w),z € My,w € TJ\Z}, and let us cover K by open
neighborhoods V,(0) where § € K. Take a finite covering U2, V., (6;) of K by
these neighborhoods. Let T = max;=1,2, m{Ts, D}, and assume without loss of
generality that the ball Bp contains the fundamental domain My. Then we get that
[6%(p) — b*!(p)] < 36 for every p € Bp, a € K, and every ¢t > T. Since balls,
horospheres, and Busemann functions are preserved by isometries in M , we deduce
that [b%(p) — bt (p)| < 3¢ for every a = (q,w) € Tlﬁ, t > T, and p in every ball of
radius D containing ¢, as we wished to show. O

ASTERISQUE 287



ON THE DIVERGENCE OF GEODESIC RAYS 237

Corollary 1.1. — Let M be a compact Riemannian manifold without conjugate points,
and assume that the map 0 — Hp(0) is continuous. Then, if ¢ € Hy(0), and o =
(q, —V4b?), we have that b = b°. In particular, H,(0) = Hy(0) and the relation R
s an equivalence relation between geodesics in Tlﬁ.

Proof. — Let 7y, be the Busemann asymptote of  through «. Let us denote by [z, 3]
the geodesic segment joining the points x,y in M. By definition, the geodesic 7, is
the limit of the geodesic segments [q,vs(t)], where t — +o00. Let v,, be the geodesic
containing the segment [q, vo(t)], with va, (0) = ¢ and 7, (r+) = 7o (t) for some positive
r¢. Then, lim;_, 4o @y = @, and by the continuity hypothesis, lim;_, o, 6%t = b%, this
limit being uniform on compact subsets of M. Let 6 = (po, vo), and consider a compact
ball B containing the foot points py and ¢ of the vectors 8 and « respectively. By
Lemma 1.2, the functions 67, b*, b, ¢t > 0, can be uniformly approached by radial
functions b%7, b*T, b T in the compact ball B. Namely, given € > 0 there exists
T. > 0 such that for every T' > T, every p € B, we have that

b0(p) =T (p)| <&, [b%(p) —b*T(p)| <&, [b*(p) — b T (p)| <e,

for every t > 0. Since the functions b%* converge uniformly in B to the function 5%,
there exists S. > 0 such that

[b%(p) — b**(p)| <,

for every p € B and t > S.. Recall that the number r; is defined by ~a, (rt) = Yo (t).
Cla]m 1 — limt_,+oo |’I”t — t| = O

This follows easily by definition: r = d(vq,(0),79(t)) = d(q,7s(t)); which implies
that
re—t=d(q,7(t) —t =b""(q).
And, since ¢ € Hg(0) = (b%)71(0), we get

0="0%q) = lim v%%(q) = lim |r, —t|.

t—Fo0 t—+oo
Claim2. — bt (p) = b%!(p) +t — ry for every p € M.

Just check the definitions:
b (p) = d(p, Ya, (1)) — 7

= d(pa’79(t)) — Tt
= be’t(p) +t—r.

Hence, if t,r; > sup{Te, Sc} we obtain,

6% (p) = 6% ()| < [b%(p) — b™* (p)| + [b™* (p) — ™" (p)|
+ |67 (p) — b (p)| + " (p) — 0% (p)|
< 3e+ | — ¢,
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for every p € B. Since € and B are arbitrary, and by Claim 2, lim; 4 |ry — t| = 0,
we deduce that b*(p) = b%(p) for every p € M. Since the level sets of Busemann
functions are horospheres, then the horospheres of vy are the same horospheres of ~,,.
It is clear that the relation v R (3 if and only if v is a Busemann asymptote of [ is
an equivalence relation: their horospherical foliations will be the same, and therefore,
their Busemann flows will coincide. O

We would like to point out that Croke and Schroeder in [4] posed the question
of whether the relation R is an equivalence relation in the universal covering of a
compact manifold without conjugate points. They show in fact that, if M is analytic,
then b*(p) — b%(p) is constant if vp, 7, are axes of the same deck transformation in
m1(M). Corollary 1.1 asserts that, under the assumption of continuity of horospheres,
b*(p) — b%(p) is constant whenever 1, is a Busemann asymptote of .

2. The divergence of geodesic rays
The main result of the section is the following:

Theorem 2.1. — Let (M, g) be a compact manifold without conjugate points such that
the map 0 — Hy(0) is continuous. Then the geodesic rays diverge uniformly in M,
namely, given € > 0, L > 0, there exists s..; > 0 such that any two geodesic rays
Vpw)s Vip,w), Where p € M and v,w form an angle Z(v,w) > €, satisfy

d(’Y(p,v) (t)a V(p,w) (t)) > L

for every t > sc 1.
We begin by recalling the first variation formula.

Lemma2.1. — Let v(t) be a geodesic of (M,g) parametrized by arclength. Let f :
[a,b] x (—e,e) — M be a differentiable variation of v[a,b], i.e., f(t,0) = ~(t). Then,
the length L(x) of the curve f(t) = f(t,x) satisfies

20 = (2 1,0,7(0))

b

a

Now, let 79, Va be two geodesics in M with 76(0) = 74(0) = p. Assume that 6 # a.
Take s < 0, and let f : [s,0] x (—a,a) — M be the variation of y4|s, 0] defined by

— f(t,0) = vp(t) for every t € [s,0].

— fz(t) = f(t,x) is the geodesic segment joining yg(s) and 7, (z) for each |z| < a
(observe that ¢ might not be the arclength parameter of the geodesic f,(t)).
If |s| and a are small enough, the geodesic segments f,(t) are unique and minimizing.
Hence, the variation f is differentiable because of the smooth dependence of small
geodesic segments with respect to initial conditions. Notice that g—i(s,x) = 0 for
every = € (—a,a). Also, we have that g—i(o, z) = v, (z), and %(t, 0) = v5(2).
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Corollary 2.1. — Let ¢ = Z(75(0),7,(0)) =| 0 — « ||, 57- Then, there ezist so > 0,
Ko = Ko(|| K ||so), such that for every variation f : [s,0] x (—a,a) — M as above,
with |s| < so, |a| < s; there exists 6 = 0(e, s, || K |ls), such that for every x € (—9,6)
we have

|L(2) = (L(0) + L'(0)z)| < Koz,

where || K ||co is the supremum of the sectional curvatures of (M, g).

The proof of Corollary 2.1 is straightforward from the first and second variation
formulas and the compactness of M. Corollary 2.1 can be viewed as a shortcut
lemma, and we shall use it to give a sort of lower estimate of the distance between
the horospheres Hy(t), H,(t) when ~g, 7, are two different geodesic rays starting at
the same point.

Lemma2.2. — Let ya, Vo be two geodesic rays with v9(0) = v4(0) = p. Let 8 = (p,v),
p=|60—cal. Then, for every p > 0 there exists 61 = d1(p, || K |loo) > 0, such that
for every t, t', satisfying vo(t') = va N Hp —y)(—t) we have that

[t/ —t] > 61(1 - cos(p))-

Proof. — Let sq, 6o = 6(¢, 50, || K ||s), Ko be the numbers defined in Corollary 2.1.
We know that ¢’ > t, because

th = d(’}/oz( ), 'Yoz( )) d( 0(0), 'Yoz(tl))
(’7(;0 —v) (O)a H(p,—v) (_t))
(76(0), 70 (1)) = 1,

where we used that vo(t) = v(p,—v)(—t) is the geodesic that realizes the distance
between p = (p,—)(0) and H, _,y(—t). Thus, sq +t' = so +t. By Corollary 2.1,

d(76(—50),7a(0)) + d(7a(8), 7a(t')) = d(76(~50),76(0)) + d cos(p) + O(6?) +t' —§
= 50+ dcos(p) +1' — 5+ O(6%),

WV

d
d

for every |d| < do; which implies that
so+t=d(ve(—s0),70(t)) < so+ dcos(p) +t' — 3+ O(6?).

for every |d| < dp (see figure 1).
So we get, by Corollary 2.1,

t'—t> 68— dcos(p) + O(6%) = §(1 — cos(p)) + O(5?),

for every |o| < 9. On the other hand, there exists 0 < d; = d1(p, Ko) < dp such that
81(1 —cos(p)) + O(63) > %1(1 —cos(p)), therefore ¢’ —¢ > %1(1 —cos(p)) as we wished
to show. (]
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t'+ 50 >t 450 =d v9(—50),76(t)

FIGURE 1

Proof of Theorem 2.1. — Let (M, g) be a compact manifold without conjugate points
such that the map 6 — Hy(0) is continuous. Let C' > 0, and consider two geodesic
rays vo, Yo with 79(0) = v4(0) = p. Let us define

Tw,0,c =sup{t > 0,d(y6(t),7a(t)) < C}.

We are going to show that there exists T'(|| § — « ||,C) > 0 such that Tp 9 <
T( 0 —a ||,C) for every o, in Ty M with the same foot point p. In particular,
T(|| @ —«||,C) depends on C and on the angle between 6 and «. So let ¢ > 0 be such
that d(ye(t), va(t)) < C.

Claim 1. — There exists a number t' such that
’ya(t,) = Ya N H(p7_,u)(—t -+ C)

In fact, recalling that b®~) is the Busemann function of Y(p,—v), the hypotheses
on 74(t) implies that
t—C<bP (1) <t +C,

which is easy to check by the definition of the Busemann function (recall that v (t) =
Y(p,—v)(—1t)). On the other hand, observe that H, _,y(—t) = (b"~))~1(¢), and since
Ya(0) = 79(0) € Hp —0(0) we have that b7~ (74(0)) = 0, bP =) (v, (t)) >t — C.
Since the function g(t) = b®~?)(v,(t)) is continuous, it assumes all the values in the
interval [0,¢ — C]. Hence, there exists ¢ such that g(¢') = ¢ — C. Or equivalently,
Yo ') € PNt — C) = Hp _y)(—t + C). It is clear that ¢/ > t — C, because
t — C' is the distance between p = (, —)(0) and H, _,y(—t + C).

We can assume without loss of generality, by changing ¢ by ¢t — C, that ~y, intersects
H,,(t). In this case we have ¢ > ¢, and we can assume that

t' =1inf{s > t,7a(s) € Hep,—p)(—1)}.
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Claim2. — Given e > 0, there exists T = T'(e,C) > 0 such that [t —t'| < & for every
t>1T.

This follows from Lemma 1.2. Indeed, since v4(0) = 74,(0) = p, the points
~Y9(t),va(t) belong to the sphere Si(p) for every ¢t. Let ¢ : TyM — T;M be the
geodesic flow of M. Let B = ¢_+(p, —v). The geodesic g is a reparametrization of vy
satisfying vs(0) = v¢(t), and vg(t) = v9(0) = p. By the choice of ¢/, we have that the
ball Bsc(v5(0)) contains v, (t) and 7, (t'). Moreover, the points vg(t) = v3(0) and
va(t) belong to the sphere Si(p) = Si(y5(t)). Thus, by Lemma 1.2, for D = 3C and
g > 0, there exists T' > 0 such that

dr(Hp(0) N Bp(ys(t)), Se(p) N Bp(16(t))) < e,

for every t > T. In particular, the point v,(t), that belongs to Si(p) N Bp(7s(t)), is
within a distance ¢ from Hg(0) (see figure 2).

Hp,—v)(—1)
O<t —t<e )

Ve

Vo L
Yal(t)
p=0(0) ) 76 (t)
St(p)
FIGURE 2

Hence, choosing e small enough, the first time s = ¢ > ¢ where occurs a transversal
intersection between v,(s) and Hg(0) = H(, _,)(—t) satisfies

d(va(t),7a(t)) = [t' — 1] <e,
for every t > T. This finishes the proof of the Claim.
Applying Lemma 2.2 and Claim 2 to the geodesics g, Yo, we have that for every
t>T(e,C),
£ It — ] > 81(1 - cos(p)),
where p is the angle between 6 and . Therefore, if p > 0, the number ¢, =
01(1 — cos(p)) is strictly greater than 0. Hence, the above inequality holds only if
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€ > ¢,, and therefore, ¢ has to be smaller than T'(¢,/2, C) for instance. This implies
that Ty .0 < T'(€,/2,C), as we wished to prove.

3. Topological transversality of horospheres and expansiveness
are equivalent

The goal of this section is to combine the divergence of geodesic rays with some
ideas connecting topological dynamics and global geometry. We shall obtain a sort
of topological version of Eberlein’s theorem about the characterization of Anosov
geodesic flows by the transversality of the Green bundles. We begin by showing one
of the main consequences of the divergence of geodesic rays.

Lemma3.1. — Let M be a compact manifold without conjugate points, such that the
map 0 — Hg(0) is continuous. If a geodesic B is asymptotic to a geodesic g in M,
then (B is a Busemann asymptote of vg.

Proof. — Let us assume that d(vy9(t), 8(t)) < C for every ¢ > 0. Consider the geodesic
segments [3(0),v9(t)] (using the notation of Corollary 1.1), where ¢t > 0. Let 5; be
the geodesic defined by 5:(0) = B(0), B:(Ty) = ~o(t) for some positive T;. Since
d(6:(Ty), B(t)) < C for every t > 0, letting t — +oo we have, by the uniform diver-
gence of geodesic rays, that
tBeroo Br = ﬂv

uniformly on compact sets. This implies that § is a Busemann asymptote of vy by
definition. 0

Lemma3.2. — Let M be a compact manifold without conjugate points, such that the
map 6 — Hy(0) is continuous. Then, if vy and vo are bi-asymptotic, we have that,
up to a reparametrization of Va, Ya(0) € Hp ) (0) N Hp, —y)(0).

Proof. — Let a = (q,w). Since 7, is bi-asymptotic to v, ., then, according to
Lemma 3.1 and Corollary 1.1, v, is Busemann asymptotic to 7, ), and v(g —w) 18
Busemann asymptotic to 7y, ). Let us assume that ¢ = 74(0) = 7o N Hp 1) (0). In
this case, we have b®(7,(0)) = 0, b (7,(0)) = 0, and by Corollary 1.1, b* = bP-).
If we also had that b(@~%) = p®~v) then Lemma 3.2 would hold.

Claim. — 7,(0) = g € H(, —)(0).

In fact, let o be such that 74 (to) = Yo N H(p,—y)(0). Since —ty = bP) (4 (t0)),
and H(, _,(0) is in the region (b®*))~1[0,400), we have that to < 0. Let ¢; be the
geodesic flow of M. Notice that

$—t0(0; —w) = (Ya(to), —7a(to)),
so we have, by Corollary 1.1, that %= (=) = p(»=) as long as Va(to) € H(p —v)(0).
Hence, wt(p’v) = wt(q’w), wt(p’_v) = wgq*“’) for every t € R — where ¢/? is the Busemann
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flow of 6 — and the foliations {H g _.)(t),t € R}, {H(p —)(t),t € R}, coincide. We
get, by the choice of ¢y, that

H(qﬁw)(_to) = H¢7t0(qy7w)(0) = H(pﬁv)(o)'
But
H(q,fw)(_t()) = w@t,;w)(H(q,fw) (0))7
(see figure 3) which implies that

% (Hig, ) (0)) = 57 (Hg, ) (0)) = Hep, ) (0).

Hg,—w)(=to) = Hp,—1)(0)

'Y(q,w) (tO)

p Vp,v)

H(F,ﬂ)(o) = H(q,w)(o)

FIGURE 3

Therefore, we get
Hg-)(0) = 05 ™" (Hip—0) (0)) = Hey, o (f0).
Since H, _,(0) is in the region (b(@®)71[0,4+00) = (bP¥))71[0,+00), and
Yip,w) (—to) = V(p,—v)(to) € Hp, ) (to), we have that
) ((p ) (—to)) = to = 0.
Since tg was already nonpositive, we conclude that ty5 = 0, thus proving the Claim

and the Lemma. O

Lemmas 3.1, 3.2 are concerned with one basic question of the theory of manifolds
without conjugate points: Are the geodesics asymptotic to v Busemann asymptotic
to 4?7 In all known examples of manifolds without conjugate points the answer to
this question is affirmative. However, there is no proof of this fact, as far as I know,
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without strong assumptions on either the curvature, the convexity of the metric, or
on the asymptotic behaviour of Jacobi fields.

Next, let us recall a notion that appears very often in topological dynamics. Given a
C*° Riemannian manifold (N, g), a differentiable flow f; : N — N without singulari-
ties is said to be expansive if there exists € > 0 such that the following holds: let p € N,
and suppose that there exist ¢ € N, and a continuous, surjective reparametrization
p: R — R, with p(0) = 0, of the orbit of ¢ such that d(f:(p), fy)(q)) < € for every
t € R; then ¢ belongs to the orbit of p. The following results are proved in [17], [18].

Theorem3.1. — Let M be a compact manifold without conjugate points. If the
geodesic flow is expansive, the universal covering of M endowed with the pullback of
the metric of M is a Gromov hyperbolic space.

Lemma3.3. — Let (M,g) be a compact Riemannian manifold without conjugate
points. Then the geodesic flow is expansive if and only if for every pair of geodesics
v, B in (M, g) with d(vy, ) < D we have that v = .

So expansiveness of the geodesic flow is equivalent to the nonexistence of bi-
asymptotic geodesics. Hence, to show Theorem 2 it is enough to show the following;:

Lemma3.4. — Let (M,g) be a compact manifold without conjugate points such that
0 — Hy(0) is continuous. If H, ,y(0)NH, —0)(0) = {p} for every (p,v) € T1M, then

there are no bi-asymptotic geodesics in M.

The proof of Lemma 3.4 is immediate from Lemma 3.2: bi-asymptotic geodesics
are Busemann bi-asymptotic, and there is an injection between geodesics which are
bi-asymptotic to (,.,) and the set H;, ,,)(0) N Hp,, 1) (0).

For the proof of Theorem 3, we shall need some other definitions. The stable
horosphere H*(p,v) of (p,v) in T4 M is defined by the following canonical lift:

Hé(p,v) = I{(q,w),q € Hz(0),w = -V P},

where IT : Ty M — Ty M is the canonical projection, and II(p,v) = (p,v). The unstable
horosphere of (p,v) is defined by

Hu(pa ’U) = H{(Q7w)7 qc H(;E,—ﬁ) (0),’(1) = qu(ﬁ’ig)}'

When the geodesic flow is Anosov, these sets coincide with the dynamical stable and
unstable sets of (p,v). The collection of the stable horospheres is denoted by H*, and
the collection of unstable horospheres is denoted by H™.

Lemma3.5. — Let M be a compact manifold without conjugate points such that the
collections H®, H" are continuous foliations of T1 M having a local product structure
(as defined in the introduction). Then the geodesic flow is expansive.
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Proof. — The definition of local product structure includes the continuity of the map
0 — Hy(0), so our hypothesis implies that geodesic rays diverge in M. Observe also
that the local product structure provides a number r > 0, such that for each (p,v) in
Ty M there exists an open ball V(p,v) of radius r where

V(p,v) N H*(p,v) N H"(p, —v) = {(p,v)}.

The number r > 0 is uniform in 73 M by the compactness of M and the continuity of
the invariant foliations. Thus, the natural projection of the nelghborhood V(p,v) in
M, lifted to M, gives us an open neighborhood W (p) of a lift § of p in M where

W(p) N Hz.)(0) N Hp, -0 (0) = {p}-

Moreover, W (p) contains an open ball Bs(p) centered at p, and § does not depend
on p. Let us prove that this local transversality implies expansiveness. Arguing
by contradiction, suppose that the geodesic flow is not expansive. Then, given any
€ > 0 there would exist a pair of different geodesics vg_, v3. in T1M such that
d(ve.(t),v8.(p(t))) < ¢, for every t € R, where p: R — R is a reparametrization of
v3. satisfying the conditions in the definition of expansiveness. It is clear that for ¢
small enough, we can lift the above geodesics to M and get a pair of geodesics %E, 7)?55
such that dg (%Eﬁﬁa) < e. Denote (p.,v:) = 0.. By Lemma 3.2 and Corollary 1.1,
%E and WEE would be Busemann bi-asymptotic to each other and hence, the set

H(pa ;'UE) (0) N H(pa 7*115) (0)

would contain a point within a very small distance from (p.,v.) = 0.. This clearly
contradicts the existence of the neighborhood Bjs(p:). O

4. Visibility and the ideal boundary of 71 (M)

Recall that M is a visibility manifold if given p € M , € > 0, there exists L =
L(p,e) > 0 such that if the distance from every point of a geodesic segment [z,y]
in M to p is greater than L, then the angle formed by the geodesic segments [p, x]
and [p,y] at the point p is less than €. When L does not depend on p, M is said
to be a uniform visibility manifold. Visibility manifolds were introduced by Eberlein
[6], and their geometric properties were extensively studied by Eberlein and O’Neill
in the 70’s (see [7] for instance). Visibility manifolds of nonpositive curvature enjoy
many properties of negatively curved manifolds. In fact, if M is compact and has
nonpositive curvature, then M is a visibility manifold if and only if M is a Gromov
hyperbohc space. In [17] is stated that if M is s compact and has no conjugate points,
then M is a visibility manifold if and only if M is a Gromov hyperbolic space. It is
first shown that the visibility property implies Gromov hyperbolicity, however, the
proof of the converse statement has a gap based precisely in the (implicit) assumption
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of the divergence of geodesic rays. In the light of the results in Section 2, what we
have is the following;:

Lemmad.l. — Let M be a compact manifold without conjugate points. Assume that
the map 0 — Hy(0) is continuous. If M is Gromov hyperbolic then M is a visibility
manifold.

Proof. — We just make a sketch of the proof pointing out the role of the divergence
of geodesic rays in the argument. We want to show that the Gromov hyperbolicity
of M implies visibility. Let § > 0 be such that every geodesic triangle in M is 6-
thin. It is easy to see that there exists D = D(J) such that in every geodesic triangle
[0, z1]U[z1, 22]U[x2, o] there exists three points y; € [x;, z;4+1] (indices taken mod. 3)
with d(y;, ¥i+1) < D (see figure 4).

FIGURE 4

Let us suppose that the distance between zy and every point in [z1, z2] is greater
than L > 0. By the triangle inequality, we have that

inf{d(xo,y0),d(x0,y2)} > L — D.

So we have two geodesic rays vg, 72 starting at (xzg = v(0) = 72(0), namely, the
geodesic rays containing the geodesic segments [zg, 1], [zo, x2] respectively, having
points Yo € Y0, Y2 € Y2, such that

(1) d((0),5:) > L — D, for i =0,2.

(2) d(yo,y2) < D.
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The continuity of 8 — Hy(0) implies the uniform divergence of rays in M. So given
e > 0, there exists T' > such that if L — D > T, the angle formed by -y and v, at xg
is less than €. This clearly implies Lemma 4.1. O

Once we have that M is a visibility manifold, the theory of Eberlein and O’Neil
[7] grants the existence of a well defined compactification of M , similar to the com-
pactification of the universal covering of negatively curved manifolds. The boundary
of the compactification, called the ideal boundary, is homeomorphic to a sphere of
dimension n — 1, if n is the dimension of M. The action of 7 (M) extends to the
boundary and the complexity of the dynamics of the action is comparable with the
complexity of the actions of Kleinian groups in the sphere. A similar theory is made
for Gromov hyperbolic groups. For the definitions and proofs of statements we refer

o [12], [10]. Indeed, the group 71 (M) has a compactification as a metric space, via
its Cayley graph endowed with the word metric on a finite set of generators. There
is an ideal boundary for this compactification, and action of 71 (M) induces an ac-
tion in this ideal boundary. The point is that these two boundaries, the first one of
geometric nature and the second one of algebraic nature, are homeomorphic. This is
a straightforward consequence of the following fact: the Cayley graph endowed with
the word metric and M are quasi-isometric spaces. Therefore, we have proven the
following:

Lemmad.2. — Let M be a compact manifold without conjugate points such that the
map 0 — Hy(0) is continuous. If m (M) is Gromov hyperbolic, then its ideal boundary
is homeomorphic to a sphere.

We would expect that Lemma 4.2 holds for every compact manifold without con-
jugate points, with no extra assumptions on the manifold. It is not known if the
n — 1 sphere is the ideal boundary of a Gromov hyperbolic group covering a compact,
n-dimensional manifold, for n > 3 (a good survey of results and conjectures can be
found in [13]).

5. Is the divergence of geodesic rays equivalent to the continuity
of horospheres?

We would like to finish with some remarks about a class of manifolds without
conjugate points introduced by Pesin in [16]. We say that a manifold M without
conjugate points satisfies the so-called Axiom of Asymptoticity, if given any 6 = (p, v)
in leT/f, a point q € M, sequences 0, — 0, ¢, — q, and t,, — +00, then the sequence
of geodesics [gn, 7o, (tn)] converges to a geodesic § that is asymptotic to . Pesin in
[16] claimed that if M is a compact manifold without conjugate points satisfying the
Axiom of Asymptoticity, then the map 6 — Hy(0) is continuous in the sense defined in
Section 1. However, the argument is based in Green’s result [11] about the divergence
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of geodesic rays in manifolds without conjugate points which has a gap in its proof,
as we already mentioned in the introduction. Therefore, what is actually proved in
[16] is the following:

Lemmab5.l. — Let M be a compact manifold without conjugate points such that
geodesic rays diverge in M. If M satisfies the Aziom of Asymptoticity, then the map
0 — Hy(0) is continuous.

According to the results in Section 2 we have,

Corollary5.1. — Let M be a compact manifold without conjugate points such that M
satisfies the Aziom of Asymptoticity. Then, geodesic rays diverge in M if and only if
the map 6 — Hy(0) is continuous.

It is natural to expect that the divergence of geodesic rays implies the continuity
of the horospheres. Straighforward generalizations of the proofs of Lemmas 3.1 and
3.2 apply to manifolds satisfying the Axiom of Asymptoticity.

Corollary5.2. — Let M be a compact manifold without conjugate points such that the
map 0 — Hp(0) is continuous. If M satisfies the Axiom of Asymptoticity then

(1) The relation between geodesics defined by v R (3 if and only if 8 is a Busemann
asymptote of v, is an equivalence relation.

(2) If 7o is asymptotic to s, then b — b is constant.

(3) A geodesic 3 is bi-asymptotic to vg if and only if, up to a reparametrization of
B, ﬁ(O) € H(p,v) (0) N H(p,fv) (0)
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COMPLEX SCHOTTKY GROUPS

by

José Seade & Alberto Verjovsky

Abstract. — In this work we study a certain type of discrete groups acting on higher
dimensional complex projective spaces. These generalize the classical Schottky groups
acting on the Riemann sphere. We study the limit sets of these actions, which turn out
to be solenoids. We also look at the compact complex manifols obtained as quotient
of the region of discontinuity, divided by the action. We determine their topology
and the dimension of the space of their infinitesimal deformations. We show that
every such deformation arises from a deformation of the embedding of the group in
question into the group of automorphisms of the corresponding complex projective
space, which is a reminiscent of the classical Teichmiiller theory.

Introduction

The theory of Kleinian groups introduced by Poincaré [Po] in the 1880’s played
a major role in many parts of mathematics throughout the 20th century, as for ex-
ample in Riemann surfaces and Teichmiiller theory, automorphic forms, holomor-
phic dynamics, conformal and hyperbolic geometry, 3-manifolds theory, etc. These
groups are, by definition, discrete groups of holomorphic automorphisms of the com-
plex projective line P¢, whose limit set is not the whole PZ. Equivalently, these
can be regarded as groups of isometries of the hyperbolic 3-space, or as groups of
conformal automorphisms of the sphere S2. Much of the theory of Kleinian groups
has been generalised to conformal Kleinian groups in higher dimensions (also called
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Mébius or hyperbolic Kleinian groups), i.e., to discrete groups of conformal automor-
phisms of the sphere S™ whose limit set is not the whole sphere (see, for instance,
[Kul, Ku2, Mal, Sul, Su2, Su3, Sud4]).

Many interesting results about the dynamics of rational maps on P} in the last
decades have been motivated by the dynamics of Kleinian groups, and there is an
interesting “dictionary” between these two theories (see, for instance, [Sul, Su2,
Su3, Su4, Mcl, Mc2]). The theory of rational maps has also been generalised
to automorphisms of P2, and recently many results are being obtained about the
dynamics of automorphisms and rational endomorphisms of P* in general. This led
us to define in [SV] the concept of a higher dimensional complex Kleinian groups. By
this we meant (infinite) discrete subgroups of PSL(n+ 1, C), the group of holomorphic
automorphisms of P#, n > 1, acting with a non-empty region of discontinuity.

One of the most interesting families of (conformal) Kleinian groups is provided by
the Schottky groups, and the aim of this article is to study the analogous construction
for groups acting by holomorphic transformations on complex projective spaces. We
call these Complex Schottky Groups.

We consider an arbitrary configuration {(L1,Mi),..., (L., M,)} of pairs of pro-
jective m-spaces in Pé”“, which are all of them pairwise disjoint. Given arbitrary
neighbourhoods Uq, ..., U, of the L;’s, pairwise disjoint, we show that there exists,
for each i = 1,...,r, projective transformations T; of Pé"“, which interchange the
interior with the exterior of a compact tubular neighbourhood N; of L; contained
in U;, leaving invariant the boundary E; = 9(N;). The E;’s are mirrors, they play
the same role in Pé"“ as circles play in S? to define the classical Schottky groups.
Each mirror F; is a (2n 4 1)-sphere bundle over FZ. The group of automorphisms
of Pé”'“ generated by the T;’s is a complex Kleinian group I'. The region of dis-
continuity Q(T) is a fibre bundle over P? with fibre $?"*2 minus a Cantor set C.
The limit set A is the complement of Q(T') in PZ"*%; it is the set of accumulation
points of the I'-orbit of the Ls, and it is a product C x PZ. The action of I on
this set of projective lines is minimal in the sense that the I'-orbit of every point z,
in Pé”'“ accumulates to (at least a point in) each one of the projective lines in A.
This set is transversally projectively self-similar, i.e., A corresponds to a Cantor set
in the Grassmannian Gy41,,, Which is dynamically-defined. Hence A is a solenoid
(or lamination) by projective spaces, which is transversally Cantor and projectively
self-similar. Each of these groups I' contains a subgroup I' of index two, which is a
free group of rank 7 — 1 and acts freely on Q(T). The quotient Q(I')/T" is a com-
pact complex manifold, which is a fibre bundle over P# with fibre the connected
sum of (r — 1) copies of S?"T! x S1. As mentioned above, these manifolds have a
canonical projective structure [Gul, i.e., they have an atlas {(U;, ¢;)} whose changes
of coordinates are restrictions of complex projective transformations. However, these
manifolds are never Kéhler, due to cohomological reasons. When n = 1, the manifolds
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that we obtain are Pretzel twistor spaces in the sense of [Pe]; and if the configuration
{(L1,M),...,(Ly, M,)} consists of twistor lines of the fibration p: P2 — S*, then I
and T descend to conformal Schottky groups on S*. In this case Q(I")/T is the twistor
space of the conformally flat manifold S*/p(T"), which is a Schottky manifold [Ku2];
Q(T)/T is a flat twistor space [Si]. We also generalise our construction of Schottky
groups to Pg°, the projectivization of a separable complex infinite dimensional Hilbert
space.

We then compare the deformations of our Schottky groups with the deformations
of the complex manifolds that one gets as quotients of the action of the group on
its region of discontinuity. For this we estimate an upper bound for the Hausdorff
dimension of the limit set of the complex Schottky groups. We use this to show
that, with the appropriate conditions for the Schottky group I, the Kuranishi space
£ of versal deformations of the complex manifold My := Q(T)/T, is smooth near
the reference point determined by M. Furthermore, we estimate the dimension of &
and we prove that every infinitesimal deformation of M} actually corresponds to an
infinitesimal deformation of the group I in the projective group PSL(2n + 2,C), in
analogy with the classical Teichmiiller and moduli theory for Riemann surfaces.

While preparing this article we had very useful conversations with a number of
people, and we wish to thank all of them for their support. We are most grateful
to Frangois Lescure for very useful comments regarding the algebraic aspects of this
paper. Special thanks are also due to Misha Kapovich and Etienne Ghys.

1. Complex Schottky groups

We recall that (in the classical case) the Schottky groups are obtained by consid-
ering pairwise disjoint (n — 1)-spheres Sy,...,S, in S™, see [Ma2]. Each sphere S;
plays the role of a mirror: it divides S™ in two diffeomorphic components, and one
has an involution 7; of S™ interchanging these components, the inversion on S;. The
Schottky group is defined to be the group of conformal transformations generated by
these involutions. We are going to make a similar construction on Pé"“, n > 0.
(For n = 0, if we take P2 to be a point, this construction gives the classical Schottky
groups on Pl.)

Consider the subspaces of C22 = C™1 x C"*1 defined by Ly := {(a,0) € C2"+2}
and My := {(0,b) € C*"2}. Let S be the involution of C*"*2 defined by S(a,b) =
(b,a). This interchanges Lo and M.

11 Lemma. — Let ®: C2"*2 - R be given by ®(a,b) = |a|> — [b]>. Then:

i) Eg = ®~Y0) is a real algebraic hypersurface in C*"*2 with an isolated singu-
larity at the origin 0. It is embedded in C*"*2 as a (real) cone over S?"+1 x §2n+l
with vertex at 0 € C2"+2,
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ii) Eg is invariant under multiplication by A\ € C, so it is in fact a complex cone.
Eg separates C*"T2 — {(0,0)} in two diffeomorphic connected components U and V,
which contain respectively Lo — {(0,0)} and Mo — {(0,0)}. These two components are
interchanged by the involution §, for which Eg is an invariant set.

iii) Every linear subspace K of C?"*2 of dimension n + 2 containing EB meets
transversally Eg and M. Therefore a tubular neighbourhood V' of My — {(0,0)} in

Pé”'“ is obtained, whose normal disc fibres are of the form Kn V', with K as above.

Proof. — The first statement is clear because ® is a quadratic form with 0 € C2"+2
as unique critical point. Clearly Eg is invariant under multiplication by complex
numbers, so it is a complex cone. That EA N S§4nt3 = g2n+l ¢ §2ntl — C2nt2 g
because this intersection consists of all pairs (x y) so that |z| = |y| = 1/v/2. That S
leaves E§ invariant is obvious, and so is that S interchanges the two components of
C?"*2 — {(0,0)} determined by ES, which must be diffeomorphic because S is an
automorphlsm Finally, if Kis a subspace as in the statement (iii), then K meets
transversally E , because through every point in EA there exists an affine line in K
which is transverse to Eg O

Let S be the linear projective involution of P(CQ”Jrl defined by S. Since Eg is a
complex cone, it projects to a codimension 1 real submanifold of P(g"‘H, that we
denote by Eg.

1.2. Corollary

i) Eg is an invariant set of S.
ii) Eg is a S -bundle over PZ, in fact Es is the sphere bundle associated to the

holomorphic bundle (n +1)Opy, which is the normal bundle of P¢ in partt,

iii) Es separates Pé”'“ in two connected components which are interchanged by

S and each one is diffeomorphic to a tubular neighbourhood of the canonical PE in
P([an+1'

Definition. — We call Eg the canonical mirror and S the canonical involution.

It is an exercise to show that (1.1) holds in the following more generally setting.
Of course one has the equivalent of (1.2) too.

1.3. Lemma. — Let X\ be a positive real number and consider the involution
S)\ (Cn—i-l (Cn—i-l N (Cn—i-l x (Cn—i-l,
given by §>\(a, b) = (\b,\"ta). Then Sy also interchanges Lo and ]\/4\0, and the set
Ex = {(a,b) : |af* = X]p[*}

satisfies, with respect to §)\, the analogous properties (1)-(iii) of (1.1) above.
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We notice that as A tends to 0o, the manifold E gets thiner and approaches the Lg-
axes. Consider now two arbitrary disjoint projective subspaces L and M of dimension
n in Pé”“, and the corresponding linear subspaces E, M of C2"*+2. Tt is clear that
C27+2 = T @ M and there is a linear automorphism H of C2n+2 taking L to Lo and
M to ]/W\O. For every A € Ry, the automorphism H'o §,\ o ﬁ, is an involution that
descends to an involution H~! o Sy o H of Pé"“ that interchanges L and M. It is
clear that one has results analogous to (1.1) and to (1.2). One also has:

14. Lemma. — Let T be a linear projective involution of Pé"“ that interchanges L
and M. Then T is conjugate in PSL(2n + 2, C) to the canonical involution S.

Proof. — Let L and M be linear subspaces of C?"*2 as above. Let {l1,...,l,+1} be
a basis of L. Then {li, oy g, f(ll), e ,f(ln+1)} is a basis of C?"*2. The linear
transformation that sends the canonical basis of C2"*+2 = C"+! @ C"*! to this basis
induces a projective transformation which realizes the required conjugation. O

In this paper, mirrors in P(CQ”Jrl are, by definition, the images of Fg under the
action of PSL(2n + 2,C). A mirror is the boundary of a tubular neighbourhood of a
P2 in P2 so it is an S?"*1-bundle over PZ.

We summarise the previous discussion in the following result.

1.5. Proposition. — Let L =2 M =2 P? be disjoint projective subspaces of Pé”“. Then:

i) There exist involutions of Pé"“ that interchange L and M .

i) Fach of these involutions has a mirror, i.e., an invariant set E = Ep C P(g”"’l
which separates Pé”“ in two connected components which are interchanged by T .
FEach component is diffeomorphic to a tubular neighbourhood of the canonical PF C
p2n+l

e

iii) Given an arbitrary tubular neighbourhood U of L, we can choose T so that the

corresponding mirror Er is contained in the interior of U.

In fact one can obviously make stronger the last statement of (1.5):

16. Lemma. — Let L and M be as above. Given an arbitrary constant A\, 0 < X\ < 1,
we can find an involution T interchanging L and M, with a mirror E such that
if U* is the open component of Pé"“ — E which contains M and x € U*, then
d(T(x),L) < Ad(z, M), where the distance d is induced by the Fubini-Study metric.

Proof. — The involution Ty := H~ !0 Sy o H, with H and S, as above, satisfies
(1.6). O

We notice that the parameter A in (1.6) gives control upon the degree of expansion
and contraction of the generators of the groups, so one can estimate bounds on the
Hausdorff dimension of the limit set (see section 2 below).

The previous discussion can be summarized in the following theorem (cf. [No]):
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1.7. Theorem. — Let £ := {(L1,M1),...,(Ly,M,)}, v > 1, be a set of r pairs of
projective subspaces of dimension n of Pé"“, all of them pairwise disjoint. Then:

i) There exist involutions Ty,..., T, of Pé"“, such that each T;, i = 1,...,r,
interchanges L; and M;, and the corresponding mirrors Er, are all pairwise disjoint.

ii) If we choose the T}s in this way, then the subgroup of PSL(2n + 2,C) that they
generate is compler Kleinian.

ili) Moreover, given a constant C > 0, we can choose the T}s so that if T =
Tj, ---Tj, is a reduced word of length k > 0 (i.e., j1 # jo # -+ # ju—1 # Jji), then
T(N;) is a tubular neighbourhood of the projective subspace T'(L;) which becomes very
thin as k increases: d(z,T(L;)) < CA¥ for all z € T(N;), where N; is the connected
component of Pé"“ — Er, that contains L;, for alli=1,...,r.

1.7.1. Définition. — A Complex Kleinian group constructed as above will be called a
Complex Schottky Group.

1.7.2. Définition. — Given a Complex Schottky group I', we define its limit set A :=
A(T') to be the set of accumulation points of the I'-orbit of the union Ly U--- U L.
Its complement Q = Q(T) := P2"*! — A is the region of discontinuity.

1.7.3. Remark. — We notice that this definition is not standard but it is suitable for
Schottky groups.

1.8. Theorem. — Let T' be a complex Schottky group in P(g"‘H, generated by invo-
lutions {T1,..., T}, n = 1, r > 1, as in (1.7) above. Let Q(T') be the region of
discontinuity of I' and let A(T') = P2"T" — Q(T') be the limit set. Then, one has:

i) Let W = Pé”'“ — Ulelsfi, where Ji)fz is the interior of the tubular neighbourhood
N; as in (1.7). Then W is a compact fundamental domain for the action of T' on
Q). One has: QT) = U, cp v(W), and the action on €2 is properly discontinuous.

ii) A(T") is an intersection of nested sets: A(T') = N2 17vi(Nj()), where {yi}2, is
a sequence of distinct elements of ' and 7: N — {1,...,r} is a function such that
Vi1 (Njit1)) C il Njey)-

iil) If r = 2, then T' = Z/27Z % Z/2Z, the infinite dihedral group, and A(T') is the
union of two disjoint projective subspaces L and M of dimension n. In this case we
say that T is elementary, in analogy with Kleinian groups acting on P}.

iv) If r > 2, then A(T') is a complex solenoid (lamination), homeomorphic to
PE x C, where C is a Cantor set. I' acts minimally on the set of projective subspaces
in A(T") considered as a closed subset of the Grassmannian Gapi1,n.-

v) If r > 2, let I' € T be the index 2 subgroup consisting of the elements which are
reduced words of even length. Then I is free of rank r — 1 and acts freely on Q(T).
The compact manifold with boundary W = W U Ty (W) is a fundamental domain for
the action of T' on Q(T). We also call T' a complex Schottky group.
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vi) Each element v € T' leaves invariant two copies, Py and Ps, of P in AT).
For every L C A(T), v*(L) converges to P1 (or to Py) as i — oo (ori — —oc).

In fact we prove that if » > 2, then I' acts on a graph whose vertices have all
valence either 2 or r. This graph is actually a tree, which can be compactified by
adding its “ends”. These form a Cantor set and the action of I' can be extended to
this compactification. The limit set A(I") corresponds to the uncountable set of ends
of this tree. We use this to prove statement v) above.

Proof of i). — Let OW be the boundary of W = Pé”'“ — U]S/'i, i.e., the union F; U
.-+ U FE, of the mirrors. Set Wy := W. Now define W; = U;ZO T;(W), where Tj
is the identity, by definition. Then Wj is a manifold whose boundary consists of

r(r — 1) components E;; := T;(E;), ¢ # j, i, = 1,...,r, each one being a mirror.
Define, by induction on k > 1, Wy, = U::o T;(Wk—1). Then W}, is a manifold whose
boundary consists of r(r —1)" components, Ej .. . =T - Tje-1(Ej,), where

J1sd2y -5 gk € {1,...,r} and j1 # jo,...,Jk—1 # Jrk. Thus Wy is contained in the
[e]

interior of Wy41: Wi C Wiy,

Let U = Ujey Wk, so U is I-invariant, since T;(Wj) C Wiy for every j €
{1,...,r}. Tt is clear that U is open, since any & € U is contained in the inte-
rior of some Wj. Let v = Tj ---T;, be any element of I' represented as a re-

duced word of length k& > 1. Then v(W) C Wy — Wy_y. Thus, for any v # 3,

YW)NBW) = 2. Since U = (J,cpv(W), then U is obtained from translates of W,
glued along some boundary components. Thus U is open, connected, with a properly
discontinuous action of I. Therefore U C Q(I'). To finish the proof of i) we must prove

P2t — U = A(T'). For this we consider, for each k > 0, the set Fj, := Pa"t! — V?/k.
Then Fyy1 C F), hence ﬂ:io F, = Pé"“ —U is a nonempty closed invariant set. For
each k > 0, F}, is a disjoint union of closed tubular neighbourhoods of projective sub-
spaces of dimension n of PZ"*!. These are of the form v(N;) = Ty, - - Tj, (N;), for a
v € I' which is represented in terms of the generators as the reduced word 7}, - - - Tj, .
They are closed tubular neighbourhoods of the projective subspace T}, - -- T}, (L;).
For each sequence {7;}32, in I, such that the length of 7,1 is bigger than the length
of y; and vj4+1(N;) C v;(IV;), the tubular neighbourhood becomes thinner. By (1.7),
the sequence {v;(L;)}72; converges, in the Hausdorff metric, to a linear subspace of
dimension n. Hence, also by (1.7), Pé"“ — U is a nowhere dense closed subset of
Pé”“, which is a disjoint union of projective subspaces of dimension n. Thus U is
open and dense in P2""; since U € Q(T), it follows that Q(T") is also connected. We
have that U/T" is compact and it is obtained from the compact fundamental domain
W after identifications in each component of its boundary. If Q(T") # U we arrive to
a contradiction, because /T" is connected and U/T" is open, compact and properly
contained in Q/T. Therefore, Q(I") = U and A(T') = (N, Fi. This proves i).
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Proof of ii). — If 2 € A(T') then, as shown above, z € (-, F;. To prove ii) it is
sufficient to choose, for each i, the component of F; which contains z. Such component
is of the form ~(N;) for a unique v € T' (we set v = ~;) and a unique j € {1,...,r}.
We set j = j(i). This proves ii). This also shows that ;2 F; is indeed the limit set
according to Kulkarni’s definition in [Kul].

Proof of iil). — We have two involutions, T" and S, and two neighbourhoods, Ny and
Ng, whose boundaries are the mirrors of T" and S, respectively. The limit set is the
disjoint union AU B, where A := [\, p, 7(Ns), B := [, cpn 7(Nr), I'" is the set of
elements in T" which are words ending in T and T is the set of elements which are
words ending in S. By (1.7), A and B are each the intersection of a nested sequence
of tubular neighbourhoods of projective subspaces of dimension n, whose intersection
is a projective subspace of dimension n. Hence A and B are both projective subspaces
of dimension n, and they are disjoint. Two reduced words ending in 7" and S, act
differently on Nt (or Ng). Hence T is the free product of the groups generated T'
and S, proving iii).

Proof of iv). — Let L C P(CQ”Jrl be a subspace of dimension n and let NV be a closed
tubular neighbourhood of L as above. Let D be a closed disc which is an intersection
of the form N N , where Lisa subspace of complex dimension n + 1, transversal
to L. If M is a subspace of dimension n contained in the interior of IV, then M is
transverse to D, otherwise the intersection of M with L would contain a complex line
and M would not be contained in N. From the proofs of i) and ii) we know that A(T")
is the disjoint union of uncountable subspaces of dimension n. Let x € A(T") and let
L c A(T") be a projective subspace with € L. Let N be a tubular neighbourhood
of L and D a transverse disc as above. Then A(T') N D is obtained as the intersection
of families of discs of decreasing diameters, exactly as in the construction of Cantor
sets. Therefore A(T') N D is a Cantor set and A(T") is a solenoid (or lamination) by
projective subspaces which is transversally Cantor. It follows that A(T) is a fibre
bundle over PF, with fibre a Cantor set C. Since P{ is simply connected and C is
totally disconnected, this fibre bundle must be trivial, hence the limit set is a product
PE x C, as stated.

There is another way to describe the above construction: I' acts, via the differential,
on the Grassmannian Gan41,, 0f projective subspaces of dimension n of Pé”“. This
action also has a region of discontinuity and contains a Cantor set which is invariant.
This Cantor set corresponds to the closed family of disjoint projective subspaces in
A(T). It is clear that the action on the Grassmannian is minimal on this Cantor set.

Proof of v). — Choose a point xg in the interior of W. Let 'y, be the T-orbit of zg.
We construct a graph G as follows: to each y(zg) € T'y, we assign a vertex v,. Two
vertices v., v are joined by an edge if v(W) and ~/(W) have a common boundary
component, which corresponds to a mirror F;. This means that v/ is v followed by an
involutions T; or vice-versa. This graph can be realized geometrically by joining the
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corresponding points y(z), vy (zo) € Q) by an arc a, . in Q(T"), which is chosen
to be transversal to the corresponding boundary component of v(W); we also choose
these arcs so that no two of them intersect but at the extreme points. Clearly G is
a tree and each vertex has valence r. To construct a graph G with an appropriate
I'-action we introduce more vertices in G: we put one vertex at the middle point of
each edge in G; these new vertices correspond to the points where the above arcs
intersect the boundary components of v(W). Then we have an obvious simplicial
action of I' on G. Let I' be the index-two subgroup of I' consisting of elements which
can be written as reduced words of even length in terms of 71, ..., T,.. A fundamental
domain for T' in Q(T') is W = W U T1(W), so this group acts freely on the vertices
of G. Hence I is a free group of rank r — 1. The tree G can be compactified by its
ends by adding a Cantor set on which T' acts minimally; this corresponds to the fact
that ' acts minimally on the set of projective subspaces which constitute A(T).

Proof of vi). — By (1.7), if v € T, then either y(N;) is contained in Ny or y~'(N;)
is contained in Ny; say v(Np) is contained in Ni. Thus {v*(N1)}, i > 0, is a nested
sequence of tubular neighbourhoods of projective subspaces whose intersection is a
projective subspace P; of dimension n; {y*(N1)}, i < 0, is also nested sequence
of tubular neighbourhoods of projective subspaces whose intersection is a projective
subspace P, of dimension n. For every L C A(T), v*(L) converges to P, and P,
as i — oo or ¢ — —o0, respectively, and both P; and P» are invariant under -, as
claimed. O

1.9. Remarks

i) The action of I" in the Cantor set of projective subspaces is analogous to the ac-
tion of a classical Fuchsian group of the second kind on its Cantor limit set. We also
observe that, since each involution T; is conjugate to the canonical involution defined
in lemma 1.1, the laminations obtained in theorem 1.8 are transversally projectively
self-similar. Hence one could try to apply results analogous to the results for (confor-
mally) self-similar sets (for instance Bowen’s formula [Bo]) to estimate the transverse
Hausdorff dimension of the laminations obtained. Here by transverse Hausdorff di-
mension we mean the Hausdorff dimension of the Cantor set C of projective subspaces
of Goy41,, which conform the limit set. If ﬁ, 1=1,...,r, denote the maps induced
in the Grassmannian Ggy1,, by the linear projective transformations 7}, then C is
dynamically-defined by the group generated by the set {i}

ii) The construction of Kleinian groups given in 1.8 actually provides families of
Kleinian groups, obtained by varying the size of the mirrors that bound tubular
neighbourhoods around the Lis. In Section 3 below we will look at these families.

iii) The above construction of complex Kleinian groups, using involutions and mir-
rors, can be adapted to produce discrete groups of automorphisms of quaternionic pro-
jective spaces of odd (quaternionic) dimension. Every “quaternionic Kleinian group”
on P%"Jrl lifts canonically to a complex Kleinian group on Pé”+3.
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2. Quotient Spaces of the region of discontinuity

We now discuss the nature of the quotients Q(T')/T" and Q(T')/T, for the groups of
section 1. The proof of proposition (2.1) is straightforward and is left to the reader.

2.1. Proposition. — Let L be a copy of the projective space PE in Pé”“ and let x be a
point in Pé"“ — L. Let K, C Pé"“ be the unique copy of the projective space P(EL'H
n P(CQ”Jrl that contains L and x. Then K, intersects transversally every other copy of
Pt embedded in P(CQ”Jrl — L, and this intersection consists of one single point. Thus,
given two disjoint copies L and M of PF in PCQ”“, there is a canonical projection
map

Ti=Tp: Pé"Jrl —L— M,

which is a (holomorphic) submersion. Each fibre 7=1(x) is diffeomorphic to R?"+2,

2.2. Theorem. — Let T be a complex Schottky group as in theorem 1.8, with r > 2.
Then:

i) The fundamental domain W of T is (the total space of) a locally trivial dzﬁer-

entiable fibre bundle over PP with fibre S*" T2 — D1 U---u Dr, where each Dz is
the interior of a smooth closed (2n + 2)-disc D; in SQ”+2 and the D;’s are pairwise
disjoint.

ii) Q(T) fibres differentiably over P2 with fibre S*"+2 minus a Cantor set.

iii) If T is the subgroup of index two as in theorem 1.8, which acts freely on Q(I),
then Q(T)/T is a compact complex manifold that fibres differentiably over PE with fibre
(S2n+L 5 SUYE .. (82 HL x S1) | the connected sum of r — 1 copies of STt x S*.

Proof of i). — Let Py, P, C A(T") be two disjoint projective subspaces of dimension
n contained in A(T') C P2"™!. Since Q(T) is open in P2"*!, the restriction to Q(T)
of the map 7 given by 2.1, using P, as L and P, as M, is a holomorphic submersion.
We know, by theorem 1.8.iv, that A(T') is a compact set which is a disjoint union of
projective subspaces of dimension n and which is a transversally Cantor lamination.
By 2.1, for each y € P», K, meets transversally each of these projective subspaces (in
other words, K, is transverse to the lamination A(T), outside P;). Hence, by theorem
1.8, for each y € P, K, intersects A(I') — P; in a Cantor set minus one point (this
point corresponds to P;). The family of subspaces K, of dimension n + 1 are all
transverse to Ps.

Let us now choose P; and P, as in 1.8.vi, so they are invariant sets for some
v e T, and 7/ (L) converges to Py as j — oo for every projective n-subspace L C
A(T') — P1. We sce that every mirror E;, ¢ € {1,...,r} is transverse to all K. Hence
the restriction

mo=7p|lw: W — Py = Pg,

of m to W, is a submersion which restricted to each component of the boundary
is also a submersion. For each y € P, one has Wfl({y}) =K,NnW, so ﬂfl({y}) is
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compact. Thus m; is the projection of a locally trivial fibre bundle with fibres K, "W,
y € P, by Ehresmann’s lemma [Eh]. On the other hand for a fixed yo € P», Ky, "W
is a closed (2n + 2)-disc with » — 1 smooth closed (2n + 2)-discs removed from its
interior. This is true because P; is contained in exactly one of the N/s, say Ny, the
tubular neighbourhood of P;, and K, intersects each Nj, j # 1, in a smooth closed
(2n + 2)-disc. This proves i).

Proof of ii). — The above arguments show that for each ¥ € T', the image 7(E;)
of a mirror E; is transverse to K, for all y € P, and i € {1,...,r}. Hence the
restriction ¥ := 7p, |w, , where Wy is as above, is a submersion whose restriction to
each boundary component of W}, is also a submersion. Thus 7§ is a locally trivial
fibration. Since Q(T') = Uk>0 Wi, we finish the proof of the first part of ii) by applying
the slight generalisation below of Ehresmann fibration lemma [Eh]; we leave the proof
to the reader.

Lemma. — Let M = [J;2, N; be a smooth manifold which is the union of compact
manifolds with boundary N;, so that each N; is contained in the interior of Nii1.
Let L be a smooth manifold and f : M — L a submersion whose restriction to each
boundary component of N, for every i, is also a submersion. Then f is a locally
trivial fibration.

Thus 7p, : QT") — P, = P is a holomorphic submersion which is a locally trivial
differentiable fibration. To finish the proof of ii) we only need to show that the fibres
of mp, are S?"*2 minus a Cantor set. Just as above, one shows that K, N W, is
diffeomorphic to the sphere $?"*2 minus the interior of r(r — 1) disjoint (2n + 2)-
discs. Therefore the fibre of mp, at y, which is K, NQ(T"), is the intersection of 522
minus a nested union of discs, which gives a Cantor set as claimed in ii).

Proof of iii). — We recall that by theorem 1.8.v, the fundamental domain of I is the
manifold W = W UT;(W). Then, as above, the restriction of  to W is a submersion
which is also a submersion in each connected component of the boundary:

oW = <U Tl(Ej)) U &
i#1 i#1
which is the disjoint union of the » — 1 mirrors Ej, j # 1, together with the mirrors
E,; :=Ti(E;), j # 1. The mirror E; is identified with E1;, j # 1, by T1, and QI)/T
is obtained through these identifications. Let 7 : W — P, be the restriction of 7
to W. By the proof of i), 7 '(y) = K, N W, y € P, is diffeomorphic to S?"*2
minus the interior of 2(r — 1) disjoint (2n + 2)-discs. The restriction of 7 to each
E; and Ey; determines fibrations 7; : E; — P, and 71, : E1; — Pa, respectively,

whose fibres are S*"*1. Set 7; := iy o (T1|g,). If we had that 7; = #; for all
j=2,...,r, then we would have a fibration from W/f‘ to P,, because we would have

compatibility of the projections on the boundary. In fact we only need that 7; and 7;
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be homotopic through a smooth family of fibrations m; : Ey; — Pa, m = 7, mp = 7,
t € [0,1]. Actually, to be able to glue well the fibrations at the boundary we need
that m; = 7; for ¢ in a neighbourhood of 0 and m; = 7; for ¢ in a neighbourhood of
1. But this is almost trivial: 7; : E1; — P is the projection of E1; onto P from P;
and T — j is the projection of Ey; from T'(P;) onto P». The n-dimensional subspaces
Py and T(P;) are disjoint from Ps, so there exists a smooth family of n-dimensional
subspaces P;, t € [0, 1], such that the family is disjoint from P» and P, = P; for ¢ in a
neighbourhood of 0 and P, = T'(P;) for ¢ in a neighbourhood of 1. We can choose the
family so that for each ¢ € [0, 1], the set of n+ 1 dimensional subspaces which contain
P, meet transversally Ey;. To achieve this we only need to take an appropriate curve
in the Grassmannian of projective n-planes in Pé”'“, consisting of a family P; which is
transverse to all K; this is possible by (2.1) and the fact that the set of n-dimensional
subspaces which are not transverse to the K ;s, is a proper algebraic variety of Pé"“.
In this way we obtain the desired homotopy. Hence W fibres over P> = F{; the fibre
is obtained from S$*"*2 minus the interior of 2(r — 1) disjoint (2n + 2)-discs whose
boundaries are diffeomorphic to S?"*! and are identified by pairs by diffeomorphisms
which are isotopic to the identity (using a fixed diffeomorphism to S?"*1). Hence the
fibre is diffeomorphic to (S?"T1 x S1)# - #(5?" 1 x S1), the connected sum of r — 1
copies of S2"*1 x S1. This proves iii). O

2.3. Theorem. — Let Mr be the compact complex orbifold My := Q(T')/T, which has
complex dimension (2n + 1). Then:

i) The singular set of My, Sing(Mr), is the disjoint union of r submanifolds an-
alytically equivalent to P, one contained in (the image in Mr of) each mirror E;
of I.

ii) Each component of Sing(Mr) has a neighbourhood homeomorphic to the normal
bundle of P¢ in P(CQ”Jrl modulo the involution v — —v, for v a normal vector.

iii) Mr fibres over PZ with fibre a real analytic orbifold with r singular points,
each having a neighbourhood (in the fibre) homeomorphic to the cone over the real
projective space Pﬁ”“.

Proof. — We notice that Mp is obtained from the fundamental domain W after an
identification on the boundary E; by the action of T;. The singular set of Mr is the
union of the images, under the canonical projection p : Q(T") — Q(T")/T, of the fixed
point sets of the r involutions 7. Now, 7} is conjugate to the canonical involution
S of (1.2). The lifting of S to C2"+2 = C"*! x C"*! has as fixed point set the
(n+ 1)-subspace {(a,a) : a € C"*1}. This projectivizes to a n-dimensional projective
subspace. Since we can assume, for a fized j, that T} is an isometry, we obtain the
local structure of a neighbourhood of each component of the singular set. The same
arguments as in theorem 2.2.iii prove that Q(I')/T" fibres over PZ and that the fibre
has r singular points, corresponding to the r components of Sing(Mr), and each of
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these r points has a neighbourhood (in the fibre) homeomorphic to the cone over
Pﬂ%’rH»l. O

2.4. Remarks

i) The map 7 in (2.2.ii) is holomorphic, but the fibration is not holomorphically
locally trivial, because the complex structure on the fibres may change.

ii) The Kleinian groups of 2.2 provide a method for constructing complex mani-
folds which is likely to produce interesting examples (cf. [No, Kal, Ka2, Ka3, Ka4,
Pe, Si]). These are never Kihler, because the fibration 7 : Q(T')/T" — PZ has a sec-
tion, by dimensional reasons, so there can not exist a 2-cocycle with a power which
is the fundamental class of Q(I')/T. The bundle (n + 1)Opy is nontrivial as a real
bundle, because it has non-vanishing Pontryagin classes (except for n = 1), hence 7 is
a nontrivial fibration. We notice that the fundamental group of a compact Riemann
surface of genus greater than zero is never a free group; similarly, by Kodaira’s clas-
sification, the only compact complex surface with non trivial free fundamental group
is the Hopf surface S2 x S'. Our examples above give compact complex manifolds
with free fundamental groups (of arbitrarly high rank) in all odd dimensions greater
than one. Multiplying these examples by P}, one obtains similar examples in all
even dimensions. As pointed out by the referee, it would be interesting to know if
there are other examples which are minimal, i.e., they are not obtained by blowing
up along a smooth subvariety of the examples above. It is natural to conjecture that
our examples in odd dimensions are the only ones which have a projective structure
and free fundamental group of rank greater than one.

iii) The manifolds obtained by resolving the singularities of the orbifolds in (2.3)
have very interesting topology. We recall that the orbifold My is singular along r
disjoint copies of Ff: Si,...,Sr. The resolution Mr‘ of Mr is obtained by a monoidal
transformation along each S;, and it replaces each point x € S;, 1 < ¢ < r by a
projective space P*. Hence, if P : M — M denotes the resolution map, then P~1(S;)
is a non-singular divisor in M , which fibres holomorphically over P* with fibre Ff,
1<t <.

2.5. Symmetric products of classical Kleinian groups. — Let I' C PSL(2,C)
be a classical Kleinian group acting on PZ. Let A(T') and Q(T') := P} — A(T) be,
respectively, the limit set and the region of discontinuity of I'. Since P is the n'”
symmetric product of P}, PE = S"(P}), there is a canonical diagonal action of I’
on PZ, for all n > 1. The group I' acts properly and discontinuously on Q" :=
PZ — S™(A(T)). In particular, if T is a Schottky group of the second kind acting in
P} whose limit set A(T') is a Cantor set, then S™(A(T")) is again a Cantor set, and
the action of I' on its complement is discontinuous. Every point in S™(A(T")) is an
accumulation point of orbits of I". This provides examples of complex Klenian groups

SOCIETE MATHEMATIQUE DE FRANCE 2003



264 J. SEADE & A. VERJOVSKY

acting on P#* whose limit sets are Cantor sets. If in addition, the quotient of the action
of I' in P} in the region of discontinuity is compact, then Q" /T is also compact.

3. Hausdorff dimension and moduli spaces

Let £ := {(L1,M1),...,(Lr, M,)} be a configuration of PZ’s in P(CQ”Jrl as before,
r > 2. Let T" and IV be complex Schottky groups obtained from this same configu-
ration, i.e., they are generated by sets {T1,...,T;} and {T7},...,T)} of holomorphic
involutions of Pé”'“ that interchange the L;’s with the M,;’s. For each i =1,...,r,
the composition 7} o T[l preserves the subspaces L;, M;. It is an exercise to see
that the subgroup of PSL(n + 2, C) of transformations that preserve these subspaces
is the projectivization of a copy of GL(n + 1,C) x GL(n + 1,C) C GL(2n + 2,C).
Therefore, we can always find an analytic family {I";}, 0 < ¢ < 1, of complex Schottky
groups, with configuration £, such that {T'g} =T and {I';} = I. Furthermore, let
L:={(L1,M1),...,(Ly, M)} and L' := {(L}, M]),..., (L}, M])} be two configura-
tions of P’s in Pé"“ as before. Due to dimensional reasons, we can always move
these configurations to obtain a differentiable family of pairs of disjoint n-dimensional
subspaces {(L1,+, M1,4t),.-., (Lrt, M)}, with 0 < ¢ < 1, providing an isotopy be-
tween £ and £’. Thus one has a differentiable family I'; of complex Kleinian groups,
where ' = I" and I'1 = I'V. The same statements hold if we replace I and I by
their subgroups I' and I", consisting of words of even length. So one has a differen-
tiable family I'; of Kleinian groups, where I'o =T and I'y = I". Hence the manifolds
Q(T';)/T; are all diffeomorphic. By section 2, these manifolds are (in general non-
trivial) fibre bundles over PZ with fibre #~1(S2"+1 x S1) a connected sum of
(r — 1)-copies of S2"*1 x S, If n = 1, given any configuration of r pairwise disjoint
lines in P2, there exist an isotopy of P2 which carries the configuration into a family
of  twistor lines. Hence P2 minus this configuration is diffeomorphic to the Cartesian
product of S* minus r points with PZ. Moreover, the attaching functions that we use
to glue the boundary components of W, the fundamental domain of T, are all isotopic
to the identity, because they live in PSL(4,C), which is connected. Thus, if n = 1,
then Q(T';)/T; is diffeomorphic to a product PE x #0=1 (83 x S1). Hence we have:

3.1. Proposition. — The differentiable type of the compact (complex) manifold
QT,) /Ty is independent of the choice of configuration. It is a manifold of real
dimension (4n + 2), which is a fibre bundle over PE with fibre #("=1(S2n+1 x §1);
moreover, this bundle is trivial if n = 1. We denote the corresponding manifold
by M.

The fact that the bundle is trivial when n = 1 is interesting because, as pointed
out in the introduction, when the configuration £ consists of twistor lines in P2, the
quotient Q(I")/T is the twistor space of the conformally flat manifold p(Q(T"))/p(T),
which is a connected sum of the form #(" =1 (8% x S1). Hence, in this case the natural
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fibration goes the other way round, i.e., it is a fibre bundle over #("~1 (83 x S1) with
fibre PL.

Given a configuration £ as above, let us denote by [£]¢ its orbit under the action
of the group G = PSL(2n+2, C). These orbits are equivalence classes of such configu-
rations. Let us denote by C; the set of equivalence classes of configurations consisting
of r pairs of PZ’s as above. Then C' is a Zariski open set of the moduli space I},
of configurations of r unordered couples of projective subspaces of dimension n in
P2 which is obtained as the Mumford quotient [MFK] of the action of G on such
configurations. By [MFK], C is a complex algebraic variety: the moduli space of
configurations of r pairs of n-planes Pg in Pé”'“. Similarly, we denote by & the
equivalence classes, or moduli space, of the corresponding Schottky groups, where
two such groups are equivalent if they are conjugate by an element in PSL(n + 2, C).
Given L := {(Li,M),...,(Lr, M)}, and r-tuples of involutions (7i,...,T,) and
(S1,...,55) as above, i.e., interchanging L; with M; for all ¢ = 1,...,r and having
pairwise disjoint mirrors, we say that these r-tuples are equivalent if there exists h € G
such that hT;h~! = S; for all 4. Let T, denote the set of equivalence classes of such
r-tuples of involutions. It is clear that a conjugation h as above must leave £ invari-
ant. Hence, if r is big enough with respect to n, then A must be actually the identity,
so the equivalence classes in fact consist of a single element.

3.2. Theorem. — There exists a holomorphic surjective map w: & — C' which is a
C® locally trivial fibration with fibre Tz. Furthermore, let T', TV be complex Schottky
groups as above and let Q(T), Q) be their regions of discontinuity. Then the com-
plex orbifolds Mr := Q(T')/T and My, := Q(I")/T" are biholomorphically equivalent
if and only if T and I are projectively conjugate, i.e., they represent the same ele-
ment in B. Similarly, if I,T7 are the corresponding index 2 subgroups, consisting
of the elements which are words of even length, then the manifolds My = Q(T')/T
and Mg, = Q(T")/T', are biholomorphically equivalent if and only if T and T’ are
projectively conjugate.

Proof. — The first statement in (3.2) is obvious, i.e., that we have a holomorphic
surjection w: & — C]' with kernel .. The other statements are immediate conse-
quences of the following lemma (3.3), proved for us by Sergei Ivashkovich. Our proof
below is a variation of Ivashkovich’s proof.

3.3.Lemma. — Let U be a connected open set in Pé”'“ that contains a subspace
LC Pé"“ of dimension n, and let h: U — V be a biholomorphism onto an open set
V C PCQ”“. Suppose that V' also contains a subspace M of dimension n. Then h
extends uniquely to an element in PSL(2n + 2, C).

SOCIETE MATHEMATIQUE DE FRANCE 2003



266 J. SEADE & A. VERJOVSKY

Proof. — Let f : U — P be a holomorphic map. Then f is defined by n meromorphic
functions f1,..., fn from U to P} (see [Iva]), i.e., holomorphic functions which are
defined outside of an analytic subset of U (the indeterminacy set).

Consider the set of all subspaces of Pé"“ of dimension n + 1 which contain L.
Then, if NV is such subspace, one has a neighbourhood Uy of L in N which is the
complement of a round ball in the affine part, C"*!, of N. Since the boundary of such
a ball is a round sphere Sy and, hence, it is pseudo-convex, it follows from E. Levi
extension theorem, applied to each f;, that the restriction, fu, of f to UNN extends
to all of IV as a meromorphic function. The union of all subspaces N is Pé"“ and
they all meet in L. The functions fy depend holomorphically on IV as is shown in
[Iva]. One direct way to prove this is by considering the Henkin-Ramirez reproducing
kernel defined on each round sphere Sy, [He, Ram]. One can choose the spheres Sy
in such a way that the kernel depends holomorphically on N by considering a tubular
neighbourhood of L in N whose radius is independent of N. Hence the extended
functions to all N’s define a meromorphic function in all of Pé"“, which extends f.
Now let h be as in the statement lemma 3.3 and let £ be its meromorphic extension.
Then, since by hypothesis h is a biholomorphism from the open set U C PZ onto the
the open set V := h(U) C PZ, one can apply the above arguments to h=! : V — U.
Let g : P& — P be the meromorphic extension of h~'. Then, outside of their sets of
indeterminacy, one has ng = gﬁ = Id. Hence the indeterminacy sets are empty and
both h and g are biholomorphisms of Pg. In fact, in [Iva] it is shown that if f is as
in the statement of lemma 3.3 and if f is required only to be locally injective, then f
extends as a holomorphic function. O

Notice that if n = 1, then (3.3) becomes Lemma 3.2 in [Kal].

3.4. Corollary. — For r > 2 sufficiently large, the manifold Q(T')/T" has non-trivial
moduli.

In fact, if the manifolds Q(T")/T" and Q(I)/I"” are complex analytically equivalent,
then I is conjugate to I in PSL(2n+2,C), by (3.2), and the corresponding configura-
tions £ and L’ are projectively equivalent. Now it is sufficient to choose r big enough
to have two such configurations which are not projectively equivalent. This is possi-
ble because the action induced by the projective linear group G on the Grassmannian
Gan+1,n is obtained from the projectivization of the action of SL(2n + 2, C) acting on
the Grassmann algebra A"t1, of (n + 1)-vectors of C?"*2  restricted to the set of de-
composable (n+1)-vectors D" 1. The set D" ! generates the Grassmann algebra and
Gont1,n = (D" —{0})/ ~, where ~ is the equivalence relation of projectivization.

If r is small with respect to n, then C' consists of one point, because any two
such configurations are in the same PSL(2n 4 2, C)-orbit. Therefore, in this case ¥,
coincides with &)*. That is, to change the complex structure of M we need to change
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the corresponding involutions into a family of involutions, with the same configuration
(up to conjugation), which is not conjugate to the given one.

The following result is a generalization of Theorem 1.2 in [Kal]. This can be
regarded as a restriction for a complex orbifold (or manifold) to be of the form Q(T")/T

(or Q(I')/T).

3.5. Proposition. — If r > 2, then the compact compler manifolds and orbifolds
Q(T)/T and QT)/T, obtained in theorem 2.2, have no non-constant meromorphic
functions.

Proof. — Let f be a meromorphic function on one of these manifolds (or orbifolds).
Then f lifts to a meromorphic function f on Q(T) C P2"!, which is T-invariant. By
lemma (3.6) below, f extends to a meromorphic function on all of Pé”“. Hence f
must be constant, because I' is an infinite group. O

3.6. Lemma([lva]). — LetU C Pé"“, n = 1, be an open set that contains a projective
subspace PZ. Let f : U — P¢ be a meromorphic function. Then f can be extended to
a meromorphic function f:U — PL.

We refer to [Iva] for the proof of (3.6). In the following proposition we estimate an
upper bound for the Hausdorff dimension of the limit set of some Schottky groups.

3.7. Proposition. — Letr >2,0< A< (r—1)"" andletT andT be as in (1.7). Then,
for every & > 0, the Hausdorff dimension of A(T') = A(T') is less than 2n+ 149, i.e.,
the transverse Hausdorff dimension of A(T') = A(T") is less than 1+ 4.

Proof. — We recall that A(T') = N2, Fy, by the proof of theorem 1.8.i), where F}, is
the disjoint union of the r(r — 1)k closed tubular neighbourhoods v(N;), i € {1,...,r},
where v € T' is an element which can be represented as a reduced word of length
k in terms of the generators. ~(N;) is a closed tubular neighbourhood of ~(L;),
as in theorem 1.7, and the “width” of each v(N;), w(, ) = d(v(E;), L;), satisfies
W(y,i) S C\*, as was shown in lemma 1.6 and corollary 1.7. Hence,

w(k) = Z w(l;tf) < Cr(r — 1PN+ < O — 1)_6k.
Uy)=k
ie{l,...,r}

Thus, limg_o, w(k) = 0. Hence, just as in the proof of the theorem of Marstrand
[Mr], the Hausdorff dimension of A(T') can not exceed 2n + 1+ 4. O

Next we will apply the previous estimates to compute the versal deformations of
manifolds obtained from complex Schottky groups as in (3.7), whose limit sets have
small Hausdorff dimension.

We first recall [Kod] that given a compact complex manifold X, a deformation
of X consists of a triple (X, B,w), where X and B are complex analytic spaces and
w : X — Bis a surjective holomorphic map such that w=!(¢) is a complex manifold for

SOCIETE MATHEMATIQUE DE FRANCE 2003



268 J. SEADE & A. VERJOVSKY

allt € Band w1(ty) = X for some to, which is called the reference point. It is known
[Kur] that given X, there is always a deformation (X, 8x,w) which is universal, in
the sense that every other deformation is induced from it (see also [KNS, Kod]). The
space Rx is the Kuranishi space of versal deformations of X [Kur]. If welet © := O x
be the sheaf of germs of local holomorphic vector fields on X, then every deformation
of X determines, via differentiation, an element in H'(X, ©), so H'(X,©) is called
the space of infinitesimal deformations of X ([Kod], Ch. 4). Furthermore ([KINS]
or [Kod, Th. 5.6]), if H?(X,©) = 0, then the Kuranishi space fx is smooth at the
reference point ¢y and its tangent space at tq is canonically identified with H!(X, ©).
In particular, in this case every infinitesimal deformation of X comes from an actual
deformation, and vice-versa, every deformation of the complex structure on X, which
is near the original complex structure, comes from an infinitesimal deformation.

The following lemma is an immediate application of (3.7) and Harvey’s Theorem 1
in [Ha], which generalises the results of Scheja [Schj].

38 Lemma. — Letr > 2,0 < A< (r— 1)71, let T be as in proposition 3.7 and let
Q:=Q() C Pé"“ be its region of discontinuity. Then one has:

H(Q, 7 (O pzn+1)) 2 HI (PE"T, O panin),  for 0<j <m,
where i is the inclusion of Q0 in Pé"“. Hence, if n > 1, then one has:
HO(Q, (O pzn1)) Zsl(2n +2,C)  and HI(Q, (O pant1)) =0,
for all 0 < j < n, where s1(2n + 2,C) is the Lie algebra of PSL(2n + 2,C), and it is

being considered throughout this section as an additive group.

Proof. — By (3.7) we have that the Hausdorff dimension d of the limit set A(T)
satisfies d < 2n + 1 + 6 for every § > 0. Therefore the Hausdorff measure of A(T")
of dimension s, Hs(A(T')), is zero for every s > 2n + 1. Hence the first isomorphism
n (3.8) follows from Theorem 1.ii) in [Ha], because the sheaf © is locally free. The
second statement in (3.8) is now immediate, because

0 2n+1 " o~ 7 2n+1 " o~ .
HY(PZ ,Op2 +1) =sl(2n+2,C) and H’(Pg ,Op2 +1) =20 for j >0,
a fact which follows immediately by applying the long exact sequence in cohomology
derived from the short exact sequence:
0— 0 — o))" — Opzni1 — 0,

where O is the structural sheaf of P2""' and [O1)]""" is the direct sum of n + 1
copies of O Pc2"+1(1)’ the sheaf of germs of holomorphic sections of the holomorphic

line bundle over Pé"“ with Chern class 1. See Hartshorne [Ht|, Example 8.20.1,
page 182. O

We let M = Q/f‘, where T' is as above. We notice that Q is simply connected
when n > 0, so that € is the universal covering M of M. Let p : M — M be the
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covering projection; since I" acts freely on €, this projection is actually given by the
group action. Let ©j; be the sheaf of germs of local holomorphic vector fields on M
and let © be the pull-back of © to M under the covering p; © is the sheaf i*(@P[gnH)

on M = Q.
3.9.Lemma. — Ifn > 2, then for 0 < j < 2 we have:
HI(M,0y) = HJ(T,sl(2n + 2,C)),
where sl(2n + 2, C)) is considered as a T-left module via the representation
p: T — Aut(sl(2n + 2,C)))
given by:
p(V)(v) =dT,ovoT,~ ", wesl(2n+2,C),

where T, is the action of g € I' on Pé"“.

Proof. — If n > 2, then (3.8) and Mumford’s formula (c) in [Mu], pag 23, (see also
Grothendieck [Gr], Chapter V) imply that there exists an isomorphism

¢ HI(D, H°(Q,0)) — H(M,0y),

for 0 < j < 2, where HO(, ©) is the vector space of holomorphic vector fields on the
universal covering M=QcC Pé"“ of M.

Now, by [Ha], Theorem 1.i), every holomorphic vector field in Q(T"), extends to a
holomorphic vector field defined in all of Pé”'“. Therefore,

H°(9,6) = H'(PZ"",0 p2nn) = (20 +2,C). O

We recall that I' is a free group of rank r — 1; let g1,...,g,_1 be generators of I'. By
[HS], page 195 Corollary 5.2, applied to I', we obtain:

H)(T,sl(2n +2,C)) 2 sl(2n + 2,C) x -+ x s[(2n + 2,C)/Im(4)),

where
P :sl(2n+2,C) — sl(2n +2,C) x --- x sl(2n + 2,C)

is given by ¢¥(v) = (g1(v) —v, ..., gr—1(v) —v). We claim that 1 is injective. Indeed, if
v is a linear vector field in Pé"Jrl which is invariant by g1, ..., gr—1, then, by Jordan’s
theorem, this vector field is tangent to a hyperplane II which is I-invariant. This can
not happen. In fact, if L is a n dimensional projective subspace contained in A(f‘),
then L must intersect II transversally in a subspace of dimension n — 2, for otherwise
IT would contain the whole limit set A(f‘), which is a disjoint union of projective
subspaces of dimension n. Hence, there exists L C II, a projective n-subspace such
that L N A(T) = @. Then, as we have shown in section 1, there exists a sequence
{7i}ien such that lim; oo (vi(L)) = L1, where Ly C A(T), where L; is not contained
in II. This is a contradiction to the invariance of II. O
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Therefore,
dime H(Q,0) = dime[sl(2n +2,C)" % = (r —2) (2n +2)> - 1) .

By [HS], page 197, Corollary 5.6 we have Hp2(f‘,5[(2n +2,C)) = 0. Hence, by 3.9
above, one obtains,

H?(M,©,r) = H3(T,sl(2n + 2,C)) = 0.
Thus we arrive to the following theorem:

3.10. Theorem. — Let n,r > 2 and let A be an arbitrary scalar such that 0 < A <
(r—1)~1. LetT be a Schottky group as in (1.7.iii), so that the (Fubini-Study) distance
from ~(z) to the limit set A decreases faster that CAF for every point x € P2 and
any vy € I’ of word-length k (where C' is some positive constant). Let I" be the indez-two
subgroup of T' consisting of words of even length. Let ) be the region of discontinuity
of ', M := Q/f‘, and let R} denote the Kuranishi space of versal deformations of M,
with reference point to € R corresponding to M. Then, we have:

HY(M,©y) = HL(D, s1(2n + 2,C)) 2 Cr=2/(@nF2)° 1)

and

H*(M,05) = 0.
Hence &7 is non-singular at to, of complexr dimension (r —2)((2n + 2)? — 1), and
every small deformation of M is obtained by a small deformation of ' as a subgroup
of PSL(2n + 2,C), unique up to conjugation.

Although we only considered n > 2 above, the last theorem remains valid for
n = 0,1. In fact, if n = 0 and r > 2, we have the classical Schottky groups. The
manifold /T is a compact Riemann surface of genus  — 1. Tt is well known that in
this case the moduli space has dimension 3(r — 1) — 3 = 3(r — 2), which, of course,
coincides with the formula above. When n = 1 and r > 2 the manifolds Q/T" are
Pretzel twistor spaces of genus g = r — 1, in the sense of Penrose [Pe]. The theorem
above gives that the dimension of the moduli space of this manifold is 15g — 15, which
coincides with Penrose’s calculations in page 251 of [Pe].
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