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p-ADIC HODGE THEORY AND VALUES OF 
ZETA FUNCTIONS OF MODULAR FORMS 

by 

Kazuya+ Kato 

Abstract. — If / is a modular form, we construct an Euler system attached to / 
from which we deduce bounds for the Selmer groups of / . An explicit reciprocity law 
links this Euler system to the p-adic zeta function of / which allows us to prove a 
divisibility statement towards Iwasawa's main conjecture for / and to obtain lower 
bounds for the order of vanishing of this p-adic zeta function. In particular, if / is 
associated to an elliptic curve E defined over Q, we prove that the p-adic zeta function 
of / has a zero at s = 1 of order at least the rank of the group of rational points 
on E. 

Contents 

Introduction 118 

Chapter I. Euler systems in K2 of modular curves and Euler 
systems in the spaces of modular forms 120 
1. Siegel units 121 
2. Euler systems in K2 of modular curves 125 
3. Eisenstein series 134 
4. Euler systems in the space of modular forms 142 
5. Euler systems on XX{N) <g> Q(Cm) 152 
6. Projections to eigen cusp forms 160 
7. The proofs of the zeta value formulas 163 

Chapter II. p-adic Euler systems 179 
8. Definitions of p-adic Euler systems 180 
9. Relation with Euler systems in the spaces of modular forms . . . . 186 
10. Generalized explicit reciprocity laws 189 
11. Modular forms and BdR 202 

2000 Mathematics Subject Classification. — 11F11, 11F67, 11F80, 11F85, 11G05, 11G16, 11G40, 11R33, 
11R39, 11R56, 11S80, 11S99, 14F30, 14F42, 14G10, 14G35, 14G40. 
Key words and phrases. — Modular form, Euler system, Selmer group, reciprocity law, p-adic zeta 
function, elliptic curve. 

© Asterisque 295, SMF 2004 



118 K. KATO 

Chapter III . Iwasawa theory of modular forms (without p-
adic zeta functions) 218 
12. The main conjecture, I 219 
13. The method of Euler systems 224 
14. Finiteness of Selmer groups and Tamagawa number conjectures 234 
15. The case of complex multiplication 250 

Chapter I V . Iwasawa theory for modular forms (with p-
adic zeta functions) 267 
16. The p-adic zeta function 268 
17. The main conjecture, II 272 
18. p-adic Birch Swinnerton-Dyer conjectures 280 

Table of special Notation 284 
References 286 

Introduction 

One of the most fascinating subjects in number theory is the study of mysterious 
relations between zeta functions and "arithmetic groups". Here "arithmetic groups" 
include ideal class groups of number fields, Mordell-Weil groups of abelian varieties 
over number fields, Selmer groups associated to Galois representations of number 
fields, etc., which play important roles in number theory. Among such relations, 
we have Iwasawa theory (relation between zeta functions and ideal class groups) 
which is a refinement in 20th century of the class number formula in 19th century, 
Birch Swinnerton-Dyer conjectures (relation between zeta functions and Mordell-Weil 
groups), etc., and much of such relations are still conjectural. When we study such 
relations, a big difficulty is that zeta functions and arithmetic groups are too much 
different in nature; zeta functions are analytic and arithmetic groups are algebraic 
and it is very difficult to understand why they are closely related. 

After Kolygavin, it was recognized that zeta functions have not only the usual 
analytic shapes (Euler products), but also arithmetic shapes (Euler systems), and that 
it is useful to consider these arithmetic shapes for the study of relations between zeta 
functions and arithmetic groups; it is more easy to understand the relation between 
the arithmetic shapes of zeta functions and arithmetic groups which are not far in 
nature, than the relation of analytic shapes and arithmetic groups. 

zeta function 
(analytic) 

too far arithmetic groups 
(algebraic) 

Euler systems 
( = arithmetic shapes 

of zeta functions) 

near arithmetic groups 
(algebraic) 
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p-ADIC ZETA FUNCTIONS OF MODULAR FORMS 119 

In this paper, by considering the Euler systems of Beilinson elements in K2 of 
modular curves, which are regarded as "arithmetic shapes" of zeta functions of elliptic 
modular forms, and by using p-adic Hodge theory, we obtain results on the relations 
between zeta functions of elliptic modular forms and Selmer groups associated to 
modular forms, and results in Iwasawa theory of modular forms. 

Since it is now known that all elliptic curves over Q are modular ([Wi] [BCDT]) , 
this gives also results on Birch Swinnerton-Dyer conjectures for elliptic curves over Q. 

The main results of this paper are the following. (Please see the text for the precise 
statements.) 

Theorem. — Let f be an eigen cusp form for Ti(N) of weight k > 2. 
(1) (Thru. 14-2) Let r G Z, 1 ^ r ^ k — 1, and assume r ^ k/2. Then for any 

finite abelian extension K ofQ, the Selmer group Sel(K, / , r) of f over K with r twist 
is a finite group. 

(2) (Thm. 14.2) Assume k is even. Let K be a finite abelian extension of <y>. Let 
X : Gal(if/Q) —• Cx be a character, and assume L ( / , x>&/2) ^ 0. Then the x~Part 
Sel(K, f,k/2)(x) of Sel(K, / , k/2) is a finite group. 

(3) (Thm. 18.4) Assume k is even. Then 

p-adic corank of Sel ( K , / , * / 2 ) ^ ords=/c/2 (p-adic zeta function of f). 

(4) (Thm. 17.4) Assume f is good ordinary at p. Then 

X def Horn (lim Sei 
n 

L(/, x>&/2) ^ 0. L(/, x (r)) 

for l ^ r ^ k — lis independent of r and the characteristic ideal of X divides pn times 
the p-adic zeta function of f for some n ^ 0. 

In some cases, we can drop pn in (4) (Thm 17.4 (3)). This (4) is a partial answer 
to a conjecture of Greenberg ( [Grl] , the case of elliptic curves was conjectured by 
Mazur [Mai]) who predicts the equality in place of divisibility in (4). We also obtain 
results on "Iwasawa main conjecture for modular forms without p-adic zeta functions" 
(Thm. 12.5) and results on Tamagawa number conjectures ([BK2]) for modular forms 
(Thm. 14.5). 

There are already many results on these subjects (for example, [BD], [CW], [Ru2], 
[Ko], [ N e ] , . . . ) . Most of former works use elliptic units and Heegner points as "arith
metic shapes of zeta functions", whereas we use Beilinson elements instead. The part 
of the above Theorem concerning eigen cusp forms / with complex multiplication 
depends on results of [Ru2] on main conjectures of imaginary quadratic fields. 

The plan of this paper is as follows. In Chapter I, we define Euler systems of 
Beilinson elements in K2 of modular curves (§2) and also Euler systems in the spaces 
of modular forms (§4). The former Euler systems are related to lims_^0 s-1 L ( / , s) 
for cusp forms / of weight 2 by the theory of Beilinson, and the latter Euler systems 
are related to the zeta values L ( / , r) (r G Z, 1 ̂  r ^ k — 1) of cusp forms / of weight 
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120 K. KATO 

k ^ 2 by the theory of Shimura. In Chapter 2, by using the above Euler systems 
in K2 of modular forms, we define p-adic Euler systems in the Galois cohomology of 
p-adic Galois representations associated to eigen cusp forms of weight ^ 2 (§8). We 
prove that via p-adic Hodge theory, these p-adic Euler systems are closely related to 
the Euler systems in the space of modular forms (§9), and hence closely related to 
the zeta values L ( / , r) (r E Z, 1 ^ r ^ k — 1) for cusp forms of weight k ^ 2. In 
chapter III and Chapter IV, by using this relation of our p-adic Euler systems with 
zeta values, and by using the general theory of Euler systems in Galois cohomology, 
we obtain our main results. 

A large part of results of this paper in the case of modular forms of weight 2 were 
introduced in Scholl [Sc2] and Rubin [Ru3]. 

This work is a continuation of my joint work with S. Bloch on Tamagawa numbers 
of motives ([BK2]), and I am very thankful to him for his great influences. I express 
my sincere gratitude to J. Coates, M. Kurihara, and T. Saito for their constant en
couragements in my writing this paper. I am thankful to N. Kurokawa for teaching me 
modular forms and Rankin convolutions. I am also thankful to J. Coates, G. Faltings, 
M. Flach, H. Hida, N. Katz, M. Kurihara, B. Mazur, T. Shioda, T. Tsuji, A. Wiles, 
for advice, and to P. Colmez for corrections on the manuscript. 

Some part of this work was done during the author was a visitor of Japan-US. 
Math. Inst, in the Johns Hopkins Univ. in 1990, and some improvements in this 
work were obtained during the author was a visitor of Newton Institute in 1993 and 
of the Institute for Advanced Study in 1995. I express my sincere gratitude to their 
hospitalities. 

C H A P T E R I 

E U L E R SYSTEMS I N K2 OF M O D U L A R CURVES A N D E U L E R 
SYSTEMS I N T H E SPACES OF M O D U L A R F O R M S 

In this Chapter I, we consider Euler systems in K2 of modular curves (§2) and 
Euler systems in the spaces of modular forms (§4). The former (resp. latter) come 
from the work of Beilinson [Be] (resp. Shimura [Sh]) and are related to the zeta values 
lims_^o s~1L(f,s) (resp. L(f,r) (1 ^ r ^ fc — 1)) for cusp forms / of weight 2 (resp. k), 
by the theory in [Be] (resp. [Sh]). 

§ 1 is a review on Siegel units (resp. Eisenstein series) and is a preparation for § 2 
(resp. §4). 
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p-ADIC ZETA FUNCTIONS OF MODULAR FORMS 121 

1. Siegel units 

We review the theory of Siegel units which are functions on modular curves having 
zeros and poles only on cusps. Cf. [KL] . 

1.1. For N ^ 3, let Y(N) be the modular curve over Q of level N without cusps, 
which represents the functor 

S 

( 
( 
( 

the set of isomorphism classes of triples (E, ei,e2) where E is an elliptic 
curve over S and (ei,e2) is a pair of sections of E over S which forms a 
Z/7V-basis of NE = Kei (N : E —> E). 

Cf. [DR]. 
Y(N) is a smooth irreducible affme curve. The total constant field of Y(N) (the 

field of all algebraic numbers in the affine ring 0(Y(N)) is not Q, but is generated 
over O bv a primitive N-th root of 1. Let X(N) be the smooth compactification of 
Y(N). 

If AT, N' ^ 3 and N I N , we have a finite étale surjective morphism Y (TV') Y(N) 
which represents (E,eue2) ^ (E, (N'/N) eu (N'/N) e2). We regard C(Y(N)) as a 
subring of G(Y(N')) via the pull back. 

1.2. The aim of § 1 is to review basic facts about the Siegel units 

c9a,ß £ u 
N 

0(Y(N))x, 9oc,ß sd u 
iV 

0(Y(N))x <8>Q 

where (a, ß) G (Q/Z) \ { (0 ,0 )} and c is an integer which is prime to 6 and to the 
orders of a, ß. These elements satisfy 

c9a,ß e 0(Y(N))x, 9a,ß zO(Y(N))x (g)Q if Na = Nß = 0, 

c9ot,ß — (9*,ß)C ( i9ca,cß) in 0(Y(N))x 0 sd 

We introduce Siegel units by using the following proposition. 

Proposition 1.3. — Let E be an elliptic curve over a scheme S. Let c be an integer 
which is prime to 6. Then: 

(1) There exists a unique element c6E of 0(E \ CE) satisfying the following con
ditions (i) (ii). 

(i) c6E has the divisor cz(0) — CE on E, where (0) denotes the zero section of 
E regarded as a Cartier divisor on E and CE = Ker(c : E —> E) is also regarded 
as a Cartier divisor on E. 

(n) Na(ceE) = c0E for any integer a which is prime to c, where Na is the 
norm map 0(E \ acE)x —• Ö(E \ CE)X associated to the pull back homomor-
phism 0(E \ CE) —• 0(E \ acE) by the multiplication a : E \ acE —^ E \ CE. 
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122 K. KATO 

(2) If d is also an integer which is prime to 6, we have an equality in D(E \ cdE) X 

( df 0 
,c2 (COESDSD -] x (COE) 

xc (.d*{ceE)) -l 

where c* (resp. d*) denotes the pull back by the multiplication c (resp. d): (COEWX 

(3) Let S) = {T G C; Im(r) > 0} be the upper half plane. For T G $r\ and z G 
C x c - ^ Z r + Z),xcxcx let c0(T, Z) oe me value at z of c0 of the elliptic curve C/(Zr + Z) 
over C. Then, 

C0(T,Z) df 
l 

(J 12 
(c2-l) sfsfdf 2 [c-c2) dfsf f 

df 
c2 7<s r(*c)-— i 

where q df df 
dsff 

fd 
£ = e dfd and 

7« *. = n 
sdff 

(1 - qnt) n 
dff 

:i-9n*_1).dsffs 

(4) Ifh:E^ E' is an isogeny of elliptic curves over S whose degree is prime to c, 
then the norm map /i* sends ? C0E to CBE>. 

The proof of Prop. 1.3 is given in 1.10 later. 

1.4. We define Siegel units 
In 1.3, consider the case where E is the universal elliptic curve over Y (AO, N > 3. 

We define c9a,ß- Take N > 1 such that Na = Nß = 0, and write (a, ß) = 
(a/N,b/N) G (£Z/Z)2 x { (0 ,0 )} (a ,ÒGZ), and define 

c9a,ß Lcx,ß dsffsd G O (Y(N)r 

where 

lot,ß — ae\ + be<1 : Y (AT) dfsd E \ CE. 

Here £,* R{C0E) is defined since the image of ae\ + fre2 does not intersect with tl 
iivisor CE by the assumptions that c is prime to the orders of a, /?and (a,/3) ^ (0,0). 

By taking c such that (c, 6) = 1, c = 1 mod TV and sfsfsfdfd let 

9a,ß = cya,ß df (c2 - I)"1 G 0 ( Y dsff x <g>Q. 

Then it is seen from 1.3 (2) that #a # is independent of the choice of such c, and 

c9a,ß dsf dsfsfs c2 \9cot,cß) 

(o))x 

-] in 0(Y(N)) x ® Q 

for any integer c such that c, 6 AT) = 1. 
As elements of U;vö(Y (Am* (resp. UNÖ(Y sfdsf (COE (COE (resp.g n, b do not 

depend on the choice of N above. 

Remark 1.5. — To have a perspective view on Siegel units, a good way would be to 
find some "truth" in the following wrong statement. 

"If E is an elliptic curve over a scheme S, there exists an element O E of O(E\ 
which has the divisor (0) on E and Na(9E) = 6E for any non-zero integer a. We have 

CQE — (6E)C • CQE — (6E)C • . In the case E is the universal elliptic curve over Y(N), we 
have 9cx,ß sd dsdd sdsfgds 
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p-ADIC ZETA FUNCTIONS OF MODULAR FORMS 123 

Though the existence of such 6E would nicely explain properties of c6E and of 

Siegel units, 6E does not exist in fact since the degree of a principal divisor should 

be 0 but (0) has degree 1. 

1.6. The group G L 2 ( Z / W ) acts on Y(N) from the left in the following way. An 

element a = ila) e GL2(Z/N) sends (Eieue2) to (£,e'i,e2) where 

( 
( 
( 

df 

4 

) 
) 
) 

df 
( 
( 

a b 

c d 

) 
) 

) 
) 

f 

,e2 

) 
) . 

The induced action by a on the total constant field sends a primitive TV-th root a of 1 

to adet^) 

Lemma 1.7 

(1) For a e GL2(Z/7V) and for (a , /?) 6 e GL2(Z/N 
sd s d { ( 0 , 0 ) } , we have 

a* (c9oc,ß] wx c9ot'ß'< 

CT* (9<*tß) wx 9a',ß' 

where c is any integer which is prime to N and (a , 0) is defined by (Z/N xc e GL2 

(2) (Distribution property.) Let (a , /?) G ( Q / Z ) \ { ( 0 , 0 ) } , and let a be a non-zero 

integer. Then 

c9a,ß wx n 
a',ß' 

c9ot'd' in U 
N 

0(Y(N))x 

9ct,ß wx n 
a',ß' 

9cx',ß' in u 
N 

0(Y(N))x (g)Q 

where c is any integer which is prime to a and to the orders of 'a,ß, and a' (resp. ß' ) 

ranaes over all elements of Q / Z such that acx! — OL (resp. aß' = ß). 

1.7 (1) is proved easily. 1.7 (2) is deduced from Na(ceE) = c0E-

1.8. Let Y(N)(C) be the set of C-valued points of the Q-scheme Y(N). We have a 

canonical map 

wxwx xwx Y(N) ( C ) ; wxxcc ; c / ( Z r + z ) , r/TV, 1/. TV). 

Via z/, we often regard elements of 0(Y(N)) as functions on S). The standard action 

of SL2(Z) on ft and the above action of G L 2 ( Z / N ) on Y ( i V ) ( C ) are compatible via 

v. We have an isomorphism of analytic spaces 

(Z/7V)X x T(N)\f> wx Y ( 7 V ) ( C ) ; ( a , r ) I—> 
( 

a 0 

0 1 ) 
wxx 

where r ( i V ) = Ker(SL2(Z) xw SL2(Z /JV)). 

The C-valued points v(r) of Y(N) for r € ^ give a common homomorphism from 

the total constant field of Y(N) into C. We always regard the total constant field of 

SOCIÉTÉ MATHÉMATIQUE DE FRANCE 2004 



124 K. KATO 

Y(N) as a subfield of C via this homomorphism. In this paper, Cat denotes e2iri/N 
which generates this total constant field. 

1.9. The pull back of (faß) (faß) e ( * z / z ) 2 
M ( o , o ) } ) under V : SS = Y(N)(C) is 

the function C#C/(ZT+Z) [OLT + ß mod Z r + Z) in refi. From 1.3 (3), we can deduce 
that the pull back of ga/N,b/N °n Í ) for a, & e Z , 0 ^ a < i V , (a mod iV, & mod N) 
(0,0) is equal to 

qw = n 
N>0 

(1 - qnqa (1 - <f < 
= n 

N>0 
(1 - <f <? -a/iV G ) 

where io = 1/12 - a/27V + (l/2)(a/iV2). Here ga for a G Q means (1 - <f < 

1.10. We prove Prop. 1.3. (See [Sc2, § 1.2] for another proof.) 
We prove 1.3 (1). We first prove the uniqueness of c0E- Let / and g be elements 

of G(E \ CE)X having the properties (i) (ii) of c0E- Then g = uf for some invertible 
constant u G 0(S)X. For an integer a which is prime to c, we have g = Na(g) = 
Na(uf) = ua f (since a : E —> E is of degree a2) and hence ua ~x = 1. By taking 
a = 2 (resp. a = 3), we have u3 = 1 (resp. u8 = 1). Hence u = 1. 

Next we prove the existence of C@E- Since we have already the uniqueness, we can 
work locally on S. First we show that locally on 5, c2(0) — CE is a principal divisor. For 
this, by "Abel's theorem" it is sufficient to prove that the image of c2(0) — CE under the 
isomorpism of Abel Pic(E')deg_0 —• E(S) is zero. For any integer a which is prime to 
c, the image of the divisor c2 (0) — CE under the multiplication a : E —• E is c2 (0) — CE 
itself. Since the map a* on Pic(E')deg=0 is compatible with the multiplication by a 
on E(S) via the isomorphism of Abel, the image of c2(0) — CE in E(S) is invariant 
under the multiplication by a. By taking a = 2, we see that the image of c2(0) — CE 
in E(S) is zero. Now by what we have proved, there exists locally on S a function 
/ G 0(E \ CE)X having the divisor c2(0) — CE. If a is an integer which is prime to c, 
the divisor of Na(f), which is the image of c2(0) — CE under the multiplication by a, 
is equal to c2(0) — CE. Hence Na(f) has the same divisor as / and so Na(f) = uaf for 

some invertible constant ua- If b is also an integer which is prime to c, NaNb NbNa 

shows that ub2 -1 = 
a2 -1 . Hence it we put g = u2 3u3f we have 

Na(g) = u2 
-3a2 

«3 
.2 Uaf lm u2 

-3(a2-l) 1¿o 2-l 
km lm ml -3(22-l) 

lm 
C.2 -1 

uag = g-

Hence g has the properties (i) (ii) of c6E> Since we have already the uniqueness, this 
local existence of C9E proves the global existence of cVE> 

We prove 1.3 (2). As is easily seen, both WE) 
lm (c'{d6E)) -1 and L0E)' 

d2 (1 - <f < -1 

have the same divisor wx (0) xw c2dE w xw cE + cdE. Let u G 0(S)X be the ratio 
of these two elements. Since these two elements are invariant under ÍV2 and AT3, we 
have by applying N2 (resp. N3) that u4 = u (resp. u9 = u). Hence u = 1. 
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p-ADIC ZETA FUNCTIONS OF MODULAR FORMS 125 

We prove 1.3 (3). Let 

/ ( * ) = df 12 (c2-D 
( - * ) 

1 
2 

(c-c2) 
(faß) 

c2 
7gl 

sdssx where t re e2niz. 

Then it is directly checked that as a function of t, f(z) is invariant under the trans
formation t »-» qt. Hence f(z) depends only on z mod Zr + Z. Hence f(z) is a 

meromorphic function on £ = C/(ZT + Z ) . It is seen easily that this function has the 
characterizing properties (i) (ii) of C0E in (1). 

We prove 1.3 (4). For any integer a which is prime to c, we have 

Nah* (JE) h*Na{c9E) = h.{c0E). 

Since the degree of h is prime to c, h*(c0E) has the divisor c2(0) — c E'. Hence by the 
uniqueness of CQE>, we have h* \COE) —C VE'-

2. Euler systems in K2 of modular curves 

2.1. In this section, we consider "zeta elements (elements which are related to zeta 
functions)" in K2 of the modular curves Y(M, N). 

For M , N ^ 1, the modular curves Y(M, N) are defined as follows. 
Take L > 3 such that M \ L, N \ L. Define 

Y (M,N) = G\Y(L) 

where 

G = 
{ ( 

a b 

c d 

) 
) e GL2(Z/L) ; 

a = 1 mod M, 6 = 0 mod M, c = 0 mod iV, d=l mod A/ 
} 

Then Y(M, N) is independent of the choice of L. 

We have Y(N, N) = Y(N) if N ^ 3. 
Let X(M, N) be the smooth compactification of y ( M , i V ) . 

If M + N > 5, the Q-scheme Y(M, N) represents the functor 

S 

( 
( 
( 

the set of isomorphism classes of triples (E.ei.eo) where E is an elliptic 

curve over S and e\ and e2 are sections of E over S such that Mei = 

Ne2 = 0 and Z / M x Z/AT sd £7; (a, 6) I—> ae\ + De2 is injective. 

The canonical morphism Y(L) -> F(M,7V) ( M I L, AT I L ) represents (^ ,ei ,e2) I—> 
(£7, (L/M)e1,(L/N)e2). 

In the rest of this section, except in 2.8, we always assume 

M , N^2, M + A T ^ 5 . 
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126 K. KATO 

2.2. For integers c, d such that (c, 6M) E 1 and (d,67V) = 1, we define elements 
c,dZM,N, which we call "zeta elements" by 

c,dZM,N D {c<7l/M,0> d90,l/N} GK2(y(M,JV)) . 

Note , C<7I/M,O G 0(Y(M,1 ) )X and dyo,l/N e 0(Y(1,N))X by 1.7 (1). We define an 
element ZM,N, which we call also a zeta element, by 

ZM,N F {#1/M,0> 9O,I/N} eK2(Y(M,N)) <8>Q. 

We have 

c,dZM,N D ( 
-2 _ ( c 0 

0 1 
° 
° 
* 

) ( 
d* - ( 1 0 

0 d 
D 

) 
•zM,N in K2(Y(M, AT)) <g>Q. 

Here, for a € (Z /M)x and o e (Z/JV)X, ( o 0 
0 b ) 

O denotes the pull back by the action of 

( a 0 ^ 
0 6 

E on Y(M. N) which represents (E,e1,e2) I—> (E,aeube2). 

In 2.3 and 2.4 below, we consider the behavior ot zeta elements under norm ho-
momorphisms, and in 2.6, we consider the relation between zeta elements and zeta 
functions. 

Proposition 2.3. — Let M', N' > 2, and assume M \ M', N \ AT'. Assume further 
that 

prime M = prime I 5m° prime (faß) prime IN'), 

where for an integer a ^ 1, prime(a) denotes the set of all prime divisors of a. Then, 
the norm homomorphism 

K2(Y(M\N')) — » K2 (Y(M,N)) 

sends c,dZM',N' IO c,dZM,N for any integers c, d such that (c, 6M) = 1 and l(d,6N) = 1. 
After (faß) it sends ZM'yN' to ZM,N-

Proposition 2.4. — Let £ be a prime number which does not divide M. Let c, d be 
integers such that (c, 6M£) = 1 and (d,6N£) = 1. 
Then the norm homomorphism 

K2 (Y(MLND) XC K2 (Y(M,N)) 

sends c,dZMl,Nl 10 

( 
1 - T'(£) ( 

SDF 
0 1 

+ + ( 
i/e o 
o i/e ) 

* 
• i 

) ' c,dZM,N 

in the case £ does not divide N. and to 

( 
l - TU) ( i/e o 

0 1 ) 
* 5 

5 • c,dZM,N 

in the case £ divides N. Here T'(£) is the "dual Hecke operator" explained in 2.9 below. 

The similar statement holds for ZMÌ,N£ and ZM,N (after®®). 

The proofs of 2.3 and 2.4 are given in 2.11-2.13 below, 

ASTERISQUE 295 



p-ADIC ZETA FUNCTIONS OF MODULAR FORMS 127 

2.5. We next describe how zeta elements are related to zeta functions. 
We consider the operator-valued zeta function 

ZM,N(S) = E 

(n,M)=l 

T'(n) ( 1/n 0 
0 1 ) 

+ •n 0 

(T'(ri) is the dual Hecke operator explained in 2.9 below), acting on H1 (Y(M,7V)(C) ,C) . 
(Here Y ( M , i V ) ( C ) denotes the set of C-valued points of Y(M,N) as a Q-scheme.) 
This converges absolutely when Re(s) > 2. This function ZM,N(S) has a presentation 
as an Euler product whose Euler factor at a prime number £ is 

( 
l - T'te) ( i/e o 

o 1 ) 
* L - S + ( i/e o 

o l/l. ) 
* /1 -2« ° 

° 
-1 

if (<,MJV) = 1, 

( l - T 'm ( i/e o 
o 1 ) 

* DDF 
) 

-1 
if (£, M) = 1 and ¿1 TV, 

1 if £\M. 

The function ZM,N(S) has an analytic continuation to the whole C as an opera
tor valued meromorphic function in s, and is holomorphic at s ^ 2. Furthermore, 

^M,ÌV(0) = 0. 

As is reviewed in 2.10 below, we have the regulator map 

reg M,N :K2(Y(M,7V)) —> H1(y(M, 7V)(C),R-z). 

As is explained in 2.7 below, we have a special element 

à MM L - S +L - S +L - S +L - S + 

Let 

L - S + ± _ 
1 
X (ÖM,N ± L(SM,N)) GH1(y(M, iV)(C) ,Q) 

where ¿ denotes the pull back by the complex conjugation on y(M,7V (C). 
The following Thm. 2.6 is deduced from the work of Beilinson in [Be, § 5]. We will 

give the proof of Thm. 2.6 in § 7. 

Theorem 2.6. — Assume prime(M) C prime(iV). Then we have 

L - S + (ZM,N) X lin 
XC 

C 

XC • ZM,N(S) L - S + (ÖM,N) XC 

2.7. The definition of the special cohomology class JM,N is as follows. 
By Poincaré duality, the canonical pairing 

H1 (Y(M,JV)(C) ,Z) xH* [ Y ( M , A0(C),Z) L - S + XC 

XC 
C 

means the compact support cohomology) induces isomorphisms 

(2.7.1) H1 L - S +L - S +V Z) P Horn (Hl(Y(M,N)(C),Z),Z) 

DFDSF (X(M,N)(C), {cusps}, Z ) , 

where 
{cusps} = X ( M , iV (C \ F ( M , JV)(C) 
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We define ÛM,N G H 1 ( y ( M , J V ) ( C ) , Z ) to be the image oi 

class (<p) e Hi (X(M,N)(C), {cusps}, Z ) 

under (2.7.1) where <p is the continuous map 

(0,oo) dff X(N)(C) ; ip{y) — v(yi) for 0 < y < oo, 

which is a route from a cusp to a cusp. 

2.8. (In 2.8, we do not make the assumptions M , TV > 2, M + N > 5.) We give a 

preliminary to introduce Hecke operators. 

For A ^ 1, define Q-schemes 

Y ( M , N(A)), Y(M(A),N) 

as follows. Take L ^ 3 such that M | L and AN | L (resp. A M | L and Af | L ) . 

Define Y ( M , N ( A ) ) (resp. Y ( M ( A ) , AO) to be the quotient of Y(L) by the action of 

;he subgroup of G L 2 ( Z / L ) consisting of ( a b 
r. d ) such that 

a d 1 mod M , b fd 0 mod M (resp. A M ) , 

d d 0 mod AN ( esp. N fd d d d mod A . 

We have canonical projections 

Y ( M , A W ) sdff y (M,N(A)] sdff y ( M , N), 

y f A M , AO dfsf y ( M ( A ) , AO dfdf y ( M , N) 

Now assume M + N ^ 5. Then the Q-scheme y M , 7 V ( A ) ) ( resp. Y(M(A),N)) 
represents the functor 

S dfd fd 
df< 

the set of isomorphism classes of (E,ei,e2.C) where (E,e1,e2) gives an S-

valued point of Y ( M , N) and C is a cyclic subgroup scheme of E of order 

AN (resp. AM) satisfying the following condition. 

The condition is that C contains the section e2 (resp. e\) and the homomorphism 

Z / M x C sdfsfdff fay) •—• xei + y 

(resp. C x Z/AT df sdf fay) I — > qsdfsdff 

is injective. 

The canonical projections Y ( M , 7 V ( A ) ) df Y ( M , AT) and Y(M(A),N) dfs 
Y(M,N) are given bv (E,eue2,C) I—> (£?,ei,e 2), and the canonical projec

tion Y ( M , A AT) df Y ( M , AT(A)) (resp. y ( A M , AT) dff Y ( M ( A ) , AT)) is given by 

( £ , e i , e 2 ) df (£, A e i , e 2 , Z e 2 ) (resp. ]E,ei,e2) I—> (£? ,Aei ,e 2 ,Zei ) ) . 
We have an isomorphism 

df : Y ( M , A Y A ) ) dfd y ( M ( ^ ) , i V ) 

(E,ei,e2iC) df sdfdsf e'2,C) 

where E' = E/NC. e[ is the image of ei in E', e'2 
is the image of A~le2 

dff in E', 

and C" is the image of A ^ Z e i in E'. Here A ~ 1 e 2 (resp. A _ 1 Z e i ) denotes the inverse 
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image of e2 (resp. Zei) under the multiplication by A. (A~1e2 n (7 is just a closed 
subscheme of E, but the image of A~le2 H C in E' becomes a section of E' over S.) 
The inverse morphism of cpA is given by 

ri df Y {M (A), ,N) fd 
fd Y (M, N(A)) 

(E,ei,e2 sdf df Y (M, N(A)) 

where E' = E MC, df is the image of A"1 et HC in df 
df 

e'2 is the image of e2 in E' 

and C is the image of A~xZe2 in E'. 
If we denote the canonical morphisms 

55 df y(M,A(JV))(C) and fd dfds F ( M ( A ) , 7 V ; KC) 

(induced by v : 55 df Y(AMN) (C)) both by z/, y?̂  is the unique morphism satisfying 

Y (M, N(A)) sd V{AT) for any r G 55. 

2.9. The Hecke operators T(n) and the dual Hecke operators T'(n) (n > 1, 

( n , M ) = l ) on K2 (F(M,AT)) and on H1 y (M,AT) (C) ,Z ) are defined as follows. 
First, r ( l ) = T , ( 1 ) = 1. 
Next, we give the definitions of T(£) and Tf{£) for a prime number £ which does 

not divide M. Let 

pr : Y(M,i V(£)) sdsd Y(M, N) and pr': Y{M{£) ,N) sdfdf Y{M, N) 

be the canonical projections. We define 

TU) = (pr')* ° (ri)*° pr 5 T'U) = pr. d s f d f o ^ o ( p r ' ) . 

Here ( ) * means the pull back and ( ) * means the norm (or trace) homomorphism. 
If £ does not divide N, we have 

T'U) = T df ( p n ^ 
0dfdf ) I 

In the case n is a power £e (e ^ 0) of a prime number € which does not divide M , 
T(n) and T'(n) are defined as follows. If £ \ TV, T(£e) df T{£)\ T'(£e) df T'{£)e. lf£ 

does not divide TV, T(£e) and T (£e) are defined inductively, by 

df (r+2) df T(^ )T r+1) + df ( D ( i/e o 
o * ) 

* •e, 

df (r+2) df r ' ( ^ ) T ' [ee+1) + T'{£e] ( i/e o 
o a ) 

* df 

Finally, for n = I L dffd (e(£) > 0) where £ ranges over all prime numbers which 
do not divide M. Tin) and Tf(ri) are defined by 

T(n) = 
n 
df 

T sdfsff df (n) = n 
t 

T'UeW). 

Then, for any m, n ^ 1 such that (mn, M ) = 1 and for any a G ( Z / M ) x , 6 G 

(Z/A0x B bhe operators T(m), Tin), T'im), Tin), ( 
a 0 
0 b ) 

df commute with each other. 

SOCIÉTÉ MATHÉMATIQUE DE FRANCE 2004 



130 K. KATO 

In the Poincaré duality 

H (Y (M, AT) (C) ,Z ) X H ( Y ( M , JV)C) ,Z) sdsf z, 

T(n) and T'iri) are transposes of each other. 

2.10. Let Y be a smooth algebraic curve over C. We review the definition of the 
regulator map ([Be]) 

K2 (Y) dfdg H ( Y ( C ) , R . » ) . 

(In our application, Y is taken to be Y(M, N) <8>q C.) Since Y is a disjoint union of 
smooth connected curves, the definition is reduced to the case Y is connected. Now 
assuming Y is connected, let K be the function field of Y. First, we define 

K2 [K) dfs lim 
v 

H1 Y (M, N(A)) 

where U ranges over all non-empty Zanski open set of Y. For f,gG K , let f / bea 
Zariski open set of Y such that f,g€ 0(U)X. Define a C°°-differential form nftS on 
U(C) by 

sds sd logd/D-dlogfolsr1) sds -iQgdsD-diogtfi /r1) 

Then drjfi9 = 0, and hence class(rjfig) G H1(t/(C),R • i) is defined. It can be shown 
that the map 

Y (M, N(A)) wx lim 
wu 

H x ( [ / ( C ) , R . î ) ï / ® £ I—• class Vf,g) 

factors through the canonical surjection 

KX®KX wx K2(K) ; f®9 wx U,9h 

We have a commutative diagram of exact sequences 

M, N(A)) Y (M, 
xc 

yeY(C) 
xc 

0 Y (M, N(A)) lim 
—>u 

( t f ( C ) , R - i ) d 
Y (M, N R 

where the right vertical arrow is z »-» log(|^|), the ^/-component of the upper 9 for 
y G y ( C ) is the tame symbol map 

Y (M, I—) Y (M, N( mr Y (M, N(A)) (m = ordy cv 
cv xvxcvx ordy cxvv 

and the ^-component ot the lower ö is (2ttz) - i times the evaluation at the homoloev 
class of a small loop around y with the standard orientation. This diagram defines 
the regulator map K2(Y) xc H1 w w c ( r ( C ) , R - * ) -

ASTÉRISQUE 295 



p-ADIC ZETA FUNCTIONS OF MODULAR FORMS 131 

2.11. We prove Prop. 2.3. 
In general, if / : U —• V is a morphism of schemes which is finite and locally free, 

and if u € G(U)X and v G G(V)X, the norm map /* : K2(U) -+ K2(V) satisfies the 
Droiection formula 

vY (M, N(A)) xc Y (M, N(A))v Y (M, N(A)) sd Y (M, N(A)) 

where f.m denotes the imaee of w under the norm mar 0(U) X wx wxcxc X 
xc 

Hence, it is enough to prove the case M' — M and the case N' — N. Since the both 
cases are proved similarly, we assume N — Nf. In this case, our task is to prove that if 
M I M' and prime ( M ) = prime M , the norm map 0(Y(M',N))x wx G(Y(M, AH) X 

sends c9i/M'o to C9I/M.O-
Take an integer L ^ 3 such that M' \ L and N \ L. Let a = M'/M, let G be 

the subgroup of GL2(Z/L) corresponding to Y(M, AT), and let H be the subgroup 
of G corresponding to Y(M',N). For each (x,y) G (Z/a)2, fix an element Sx,y of 
GL2(Z/L) of the form (1+Mµ0 Mv1) such that u = x mod a and v = y mod a. (This 
is possible because prime(M') = prime(M).) Then sx,y for (x,y) G (Z/a)2 form a 
system of representatives of H\G. Hence the norm homomorphism G(Y(M',N))X 

G(Y(M, N))x spnds c9i/M',o to 

n 
(x,y)e(Z/a)2 

S* {c9i/M',o) sd n 
(x,y)e(Z/a)2 

c9(l/Mf)-h(x/a)iy/a wx c9l/M,0 

where the first equation follows from 1.7 (1) and the second follows from 1.7 (2). 
We give a preliminary lemma for the proof of Prop 2.4. 

Lemma 2.12. — Let faß) e (WZ)2 wx { ( 0 , 0 ) } . Let A wx 1, and let c be an integer 
which is prime to 6A and to the orders of wxw Then we have 

<P*A (c9a,ß) = n 
ß' 

c9a,ß' 

(i.e. cga^ (AT) = T U c9a,ß • T as junctions on X)J where p ranges over all elements 
of Q/Z such that Aß' = ß. 

This is proved by using the analytic presentation 1.3 (3) of Siegel units. 

2.13. We prove Prop. 2.4. 
Take L > 3 such that M\L,N\L, 
Thp m or nh ism Y [Mi, Nt) h Y(M, N) factors as 

Y {Mi, Ni] dfd Y {M, Nl) sdff Y(M,N(£)) qffd Y(M, N). 

Let Go, Gì, G2, G3 be the subgroups of GL2(Z/L^) corresponding to Y (Mi, Ni), 
Y (M, Ni), Y(M,N(l)), Y(M, N), : respectively. (So, Go C G1 C G2 C G3.) 
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Step 1.— First we show that the norm map K2 (Y(M£, N£)) K2 ( y (M, N£)) sends 

c,dzM£,N£ to \C9I/M,O ' <PP df - l 
xcvx 

cv d90A/Ne } where a denotes the unique element of 
j _ 
M 

Z/Z such that £a -cv l/M 
cv 

In fact, since d9o,i/N£ £ 0(Y(M,N£)) , it is enough to show that the norm map 
0{Y{M£,N£)) X cv 0(Y(M, N£))x B5BEE1 c9l/M£,0 to c9l/M£,0 ' PÌ (c9an) For each 

(x, y) G (Z/£)x x Z/e, fix an element sx,y of GL2(Z/L£) of the form ( g ? ) such that 
u = 1 mod M , v = 0 mod M, u = Mx mod £, v = My mod £ Then Sx,y for 
(x,2/) G (Z/£)x x Z/£ form a system of representatives of Go\Gi. Hence the norm 
map 0(Y(M£, N£))x -> G(Y(M,N£))X sends cg1/M£o to 

n 
(x,y)6(Z/^)xxZ/^ 

sdfg (c#l/M ,̂o) — n 
[x,y)e(z/e)xxz/e 

c9a+(x/e),y/e 

d ( n 
(x,y)e(Z/i)2 

c9a-h(x/£),y/£ 
df 

fd ( n 
!/€Z/€ 

ciJot.y £ dfr 

f cyi/M,0 vi ( 
-1 

c9a,0 ) by 1.7 (2) and 2.12. 

Step 2. df We show that the norm map K2| [Y(M, N£)) df K2(F(M,7V(£))) ESSE® 

{ C9I/M,O •if} ( — I sdffd ) d90,l/N£ d to 

{ C9I/M,O * 
•<Pe 

sds -1SD 
sdsd ) sd ,d#o,iA/v)} 

(resp. { :#1/M,0 '^1 s -1 
sdsd ) sd d c9a+(x ) x xcxc -1 

i.0 ) ) 

in the case £ divides N (resp. does not divide N, where 3 is the unique element of 

N z/z such that iß wx l/N). 

For each x G Z/£ (resp. ( Z / ^ ) A ) , fix an element sx of GL2(Z/Z^) of the form ( ¿ 2 ) 
such that it = 1 + Nx mod A ^ (resp. г¿ = 1 mod N and u = Nx mod £). Then sx for 
x G Z/£ (resp. (Z/£)x) form a system of representatives of G±\G2. Hence the norm 
map 0(Y(M, N£))x wx 0(Y(M,N(£)))x sends d9oA/N£ to 

n 
w 

9*, d90,l/N£ x n 
x 

d9o>{l/Ne) + {x/t) (resp. n 
X 

dgo,ß+(x/£) ) 

w x (dQo.l/N) (resp. wx Id90,l/N) •d90 
-1 

wx ) by 2.12. 

Since C9I/M,O wx w c9a,0 ) € 0(Y(M,N wxw X 
tx 

this proves the above statement on the 
K2-norm map K2(Y(M,N£)) wx K2 (Y{M,N{£)) . 

It remains to consider what happens in K2 V(M,7V(£)) wx K2(F(M, iV) ) . 

Step 3.— We will prove the following (2.13.1) and (2.13.2) in Step 4. Let pr : 

Y(M,N(£)) xw y (M, AO be the canonical projection. 

(2.13.1) In the case £ I N. wx Pi {d90A/N) wx d90,l/N-
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(2.13.2) In the case £ does not divide TV, we have 

pr*< Pi C9I/M ) er C9I/M,O (c#a,o) 
; 

or cv [d90A/N, cv d90,l/N (cgo,ß) e 

We prove Prop. 2.4 by using these (2.13.1), (2.13.2). 
First assume £ \ N. Then, the norm map K2 (Y(M£,N£)) f K2( ; y ( M , N)) sends 

c,dzM£,N£ to 

fggf C9I/MXCV (c£a,o) xvc (d9o,l/N) cv 'by Step 1 and Step 2) 

cv { C9I/M,0'. PI cvc \d90A/N) } c r cv { c9a,0y d90A/N } 

cv c,dZM,N cv T vc ( i/eo 
U 1 

cv f 
(c,dZM,NJ (by (2.13.1)). 

Next assume l does not divide N. Then the norm map Ko (Y(Mi, Ni)) fd 
K2 (F(M,7V)) sends c,dZM£,Ne to 

pr* "c#l/M,0 * <Pl ( ds c9a,0 ) sd 
sd 

[d90A/N) • (d90,ß)} 'by Step 1 and Step 2) 

sd { C9I/M,0I pr, sd ,d90A/N) } g T 0 {c9a,0, d90,l/NÌ 

s C9I/Mv C9I/MC9I/M } -I- [pr*<Pe ,c#a,o) , dgo,ß} 

(here £+1 appears because Y(M, N(£)) is of degree £+1 over Y(M, TV) in the case 
£ does not divide N) 

x c,dZM,N xc x xc ( 
i/e o 
0 1X xc * 

c,dZM,N xc ( 
i/£ o 
o 1/̂  ) 

xc •£ ' c,dZM,N by (2.13.2). 

5£ep ^.— We prove the statements (2.13.1), (2.13.2). Since the three equalities 
in (2.13.1), (2.13.2) are proved in the similar way, we give here only the proof of 
pr*<^!(dPo,i/AR) = d9oA/N ' (c9o,pY in the case £ does not divide N. For each x € Z/£, 
fix an element sx of GL2(Z/^) of the form ( £ ? ) such that u = 0 mod N, u = x mod £ 
Let a be an element of GL2(Z/L£) whose image in GL2(Z/7V) is (q ?) and whose im
age in GL2(Z/£) is ( i J)- Then sx for x £ Z/£ and a form a system of representatives 

of G2\G3. Hence 

PR*<PÎ(d0O,L/JV) = 
w 

n 
w<xw 

wx<wx 49OA/N) ) 
* * 

•CR ^ [d90A/N)-

Since xw ( d90A/N xw 
wx n 1/€Z/* i90,ß+(y/£), we have 

n 
xez/e 

w *x x x 3k 
x 
(d90A/N) x n 

x,yez/e 
d9xy/W+(y/£) x ( xn 

x,yeZ/£ 
s1= 

dgx/e,ß+(y/e) 
wx 

w Ugo,ß] wx 
wx 

On the other hand, 

a* wx 49OA/N) wx xn 
wxxw 

dgy/e,ß-
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Hence 

pr sf (d90,l/N) df ( n 
x,yez/e 

dgx/e,ß+(y/e) ) df (d9o,ß) e 
df fdd9o.l/N ' df d50,/3 ) 1 by 1.7 (2). 

3. Eisenstein series 

The aim of this section is to review the basic facts about Eisenstein series. See 
Weil [We], Katz [KN], Katz-Mazur [KM] for the proofs of the results introduced 
here. 

Let N ^ 3, let X(N) be the smooth compactification of Y(N), and let Mk{X{N)) 
(k G Z) be the space of modular forms on X(N) of weight k. (We review the definition 
of Mk(X(N)) in 3.1.) In this section, we introduce the following modular forms 
indexed by (a, ß) G (Q/Z)2, called Eisenstein series. 

(i) E IM 
dff 

C9I/M Mk(X(N)) (k > 1, k ^ 2). 

(ii) sd (2; 
sd G dsd M2(X(N)). 

( E [2) 
sds 

is something!* like "E (2) 
a,3 

ds sd :2)„ 
u,u sd 

but the modular forms E (2 
sd 

do not exist.) 

(iii) sd (V. 
a,ß G l\MMk(X(N)) (fc^l; we assume fa,/?) ¿(0,0) in the case k = 2). 

If Na = N3 = 0, the elements fi) (in) belong: to Mh(X(N))* and the elements fii) 
belong to M2 (X(N)). 

We define these elements algebraically in 3.2-3.6 first, and then give the analytic 
presentations of them in 3.8. 

Eisenstein series are additive analogues of Siegel units (which are multiplicative 
elements). 

3.1. We introduce algebraic definitions of Mk(X(N)) and of the subspace sk (X(N)) 
of Mk(X(N)] consisting of cusp forms. 

Let A : E sd Y(N) be the universal elliptic curve, and let 

A : E — > X(N) 

be the smooth Néron model of E over X(N). Let 

coLie sd ds A* sd sd 
E/X(N) 

ds sd 

Then coLie(E') is an invertible OX(N)-module, and 

sd ,1 E/X(N) sd A coLie sdsd 

Define 

(3.1.1) Mk(X(N)) df C9I/MXC coLie (E) xc 
xc xc 

We have another equivalent definition 

(3.1.2) xc (X(N)) xc T(X(N), coLiei IE) 
®(k-2) 

%><D(X xc cx 1 X(N)/Q (log(cusps))) 
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where f2^,^wQ(log(cusps)) denotes the sheaf of differential forms on X(N) with log 
poles at cusps. 

The equivalence of the two definitions (3.1.1) and (3.1.2) is given by the isomor
phism (3.1.4) below. Denote K(QE/Y(N)) by coLie(E'). We have a canonical homo-

morpnism 
(3.1.3) ;oLie(£) xxcv cv *Y [N)/Q ®0(Y(N)) R1 A* (OE) 

on Y(N) as the connecting map of the exact sequence 

0 xcv X* №Y(N)/Q, cv xcvxv cxv O1 
LCE/Y(N) 

cvv 0. 

By composing (3.1.3) with the Serre duality 

cxvcxv (OE) ®0(Y(N)) coLie (E) cv R1 A* (OE) ®0(Y(N)) A, fS^E/Y(N)) cvcv Oy(N), 

we obtain the composite map 

coLie IE) (8)2 cxv ni [N)/Q %>0(Y(N)) xcv (OE) <8>O(Y(JV)) coLiei (E) cv O1 
LIY(N)/Q 

It is known ( [KM, 10.13]) that this composite map induces an isomorphism 

(3.1.4) coLie E) 8)2 cv fi >1 
X (N)/Q (log(cusps)). 

The space Sk(X(N)) of cusp forms on X(N) of weight k is defined by 

Sk(X(N))=T (X(N), coLie (E)' 
®(k-2) 

xcvxcv cv 
X(N)/Q. ) vc Mk(X(N)). 

3.2. We define elements 

c cv k) 
cv 

e Mk{X{N)) for k > 1 Effffl xcvcxv c vc( _1 1 I cv cv c2 
cv 

where c is an integer which is prime to 6N. Once the elements E c 
vc 

for k > 1, k + 2, 

and the elemente E ¡(2) 
•a.a 

are denned, c-
v (k) 
'a.ß is expressed as 

c 
c (fc) 

a./3 c cC 2 c c 
vb v ck v(k v 

ca,cp 
for k ^ 1, & ^ 2 , 

c 
v (2) 

vb v c2 5 (2) 
vb vv o2 v (2) 

COÍ.C0' 

But it is convenient to define c vb vb 
vbb 

first, by using the theta function c6E in Prop. 1.3. 
Let the notation be as in 1.3. 
Let c be an integer which is prime to 6, and consider the element 

d l o g ( c ^ ) G VÌE \ cE, fi>E/Y(N)) — r ( £ \ c £ , A * coLie(E)). 

For r £Z. let 

D : A*coLie(£) ,<R>7 
vxb A*coLie(£) ®(r+l) 

be the map defined locally bv 

vbxbb b vbb 
d/ 
a; 

bv .®(r+l) 
v 
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where f € OE, w is a local basis of coLie(-E), and d//w € OE is determined by 

ffggg ( d/ 

df 
) • a; in 1} l E/Y(N) ' 

For A: > 1, we have an element 

sd fe-i IlOg(c^) GTl E\cEì\*cóLie(Ey R)fc sd 

Now for (a, /?) G ( 
_1_ 
N 

Z/Z d 
s 

2 
d { ( 0 , 0 ) } , assuming (c,6JV) df 1, we define 

c-
df df 

df f Lot,P ( dsfff dlog(c0B)) 6 T(Y(N), ;oLie df df ) 

where dfsf df YIN) df Ef fd cE is as in 1.4. Then 
dc 
df (fc) 

RV dft belongs to dff X{N)) C 
T(Y(iV),coLie(£; <g>/E> df 

We next define df E fd 
u,u 

for k ^ 1 and for an integer c such that (c, 6) = 1. The 
following is deduced from Na {CQE) = C@E-

If (a,(3) G (Q/Z)2 x { ( 0 , 0 ) } , a, c G Z \ { 0 } , and if c is prime to 6a and to the 
orders of a, 8, then 

a k 
df 1 

[k 
C* ft df sdfd 

dfsf 
C df d 

dff 

where af (resp. /?') ranges over all of Q/Z such that aa! = a (resp. a3' = /3). 
This shows that the following element ci?Q 0̂  is independent of the choice of a ^ ±1 

which is prime to c: 

c E (k) 
0,0 def 

(ak - lì"1 E 
a. a 

c 
E (k) 

dfdf 

where df is the sum over all non-zero elements {a, 13) of ( i z / z ; 
2 
df 

3.3. We define df (AO 
df 

G Mk{X{N)) for fc > 1, fc / 2 and for (a, /3) G ( A/ z / z ) 
2 

. From 
Prop. 1.3 (2), we obtain 

df 2 
fit E .(fc) 

JocS f 
ck 

df 
d (k) 
cct,cp df d fd E fd 

dff 
df fd 

c E (k) 
dot,dp 

for any integers c, d which are prime to 6N. This shows that if we take c which is 
prime to 6N such that c = 1 mod N and c ^ ±1 , then 

df df 
2,0 df 

def 
c2-cfc) -1 

c df dfc 
dfdf 

is independent of the choice of such c. We have 

c E k)d 
df df C J2 E 

(k) 
dff df ckE (k) 

COL,c(3 
for k ¿2 and (a, 8) G (Q/Z) 2 

where c is any integer which is prime to 6 and to the orders of OJ, (3. 
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3.4. We define È ¡2) 
'a.a 

E Mk(X(N)) for (a,3) G ( er Z/Z2 ) 
In general, if / : E —> S is an elliptic curve over a scheme S on which 6 is invertible, 

there exists locally on S a pair (a;, x) satisfying the following conditions; u> is a basis of 
the invertible (9s-module coLie(£), x is a section of I~2 where I denotes the invertible 
ideal of OE defining the origin of E, the image of x in /*(/~2)//*(7_1) is a basis of 
the invertible (9s-module f*( /~2) / /*( /~1) , and there exist sections a, 6 of Os such 
that 

( 

da: 

sd ) 

2 
sd 4z sd -f ax + b. 

Here da: 
ds 

is defined by dx = sd ds 
sd •)• 'Cd in 7 -3 O1 

LLE/S' 
Furthermore, x 0 u;2 e l~2 • 

/ * coLie(£) is independent of the choice of such pair (X,LJ), and hence is defined 
globally on S. Take Y(N) as S and the universal elliptic curve as E, and let 

P G Ti E J'2 • f coLie (E)®2) 

be the section which is locally x <S> w O2 for a pair (x, u;) as above 

Now let (a, /3) G ( i_ 
A/" 

z /z sd 2 
ds { (0 ,0 )} . We define 

E (2) 
sdd sd sdqd (P) G r(y(AT),coLie(£1 (8)2 ). 

Then E (2) 
et,a 

belongs to Mk (X(N)) c r(y(JV), coLie (E) 8)2 sd 
We define 

È ;2) 
0.0 ds 0. 

3.5. The constructions in 3.2-3.3 and those in 3.4 are related as follows. We have 

(3.5.1) DA\og{C0E) dd c p-c*p 

(E is the universal elliptic curve) where c denotes the pull back by the multiplication 
by c : E —> E. (This can be proved for example, by using the analytic descriptions of 
p and D d l o g ( c ^ ) given in 3.8 below.) From this we have for any k ^ 2, 

(3.5.2) sd sd dlog(c0i3] df 
ff Dk-2p-c*Dk~2p. 

From (3.5.1) and (3.5.2), we have for (a,/?) G (Q/Z)2 \ { (0 ,0 )} 

c 
df (2) 

df df Cf ,2f fd (2d) 
fd ff c2 E ; 2 

ca,c/? 

(this formula holds also in the case dfsdf fd (0,0)) and 

df f 
ct,nf 

ff f fff (f ffdfdf P ) for A: ^ 3 

(this formula presents another algebraic definition of E f 
ct,ß 

for k > 3). 
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3.6. Next we define the elements Fr'L G Mk(X(N)) for k ^ 1 (we assume (a,ß) ^ 
(0,0) in the case k = 2). 

For (a, ß) G s 
s 

l 
A 

:Z/Z = 2 
5 writing a = a I dgfg cv b/N, define 

F (k) 
n.ft cv vcvc E 

x,yeZ/N 
E (k) 

x/N,y/N 's bx—ay 
N sdfsf (X(N)) (here k ^ 2), 

F (2) 
df df AT-2 dfs 

x,yez/N 

È (2) 
x/NIV/N df df bx — ay 

iV 
G M2(X(iV)) (here (a,/?) ^ ( 0 , 0 ) ) . 

By the "distribution property" (i) (ii) of 3.7 (2) below, df (k) 
df 

is independent of the 
choices of TV, a, b such that a = a/N and ß = b/N. We have 

E ,(k) 
a/N,b/N df Nk-2 

E 
x,y£Z/N 

df (k) 
x/N,y/N df f 

•bx—ay 
N if fc^2. 

In the case k = 2, we have the formula for df (2: 
a/N,b/N of the same form, except that 

(x, i/) ranges in this case over all elements of ( Z / A 0 2 x { ( 0 , 0 ) } . 
The following 3.7 is an additive analogue of 1.7. 

Lemma 3.7. — Let k ^ 1. 

( i ) Let a € GL2(Z/A0, (a,ß) e ( 1 
N 

Z/1 ) 2 
1 

(a',ß') = (a,ß)-a. Then we have: 

(i) a* ( E [k 
Ot,ß ) f df k) 

a' ,ß'> ifk^2. 

(ii) a* ( f (2) 
df ) df E 2) 

dfds 
Cui) a* ( fd fd 

df ) df F (k) 
dfd d here, we assume (a,ß)^(0,0) in the case k = 2. 

(2) (Distribution property.) Let (a, (3) G (Q/Z) , a G Z, a ^ 0. Then we have 
the following equalities where a' (resp. 0') ranges over all elements of Q/Z such that 
acx' = a and aß' = ß. 

(i) ak E (k] 
df df E , oc''S' 

E fd 
a'3'> ifk^2. 

(Ü) a2 E ,2 
a,ti df fd 

ot'ß' • E 2) 
ot'ß' ' 

(iii) df 2-k F (k) 
oc,ß df E a' ,ß' 

df (k) 
a',ß' ; here, we assume (a,ß) ? (0,0) in the case 

k = 2. 

(1) is proved easily. (2) is deduced from the analytic descriptions of Eisenstein 
series given in 3.8 below. 

3.8. We review the analytic theory of Eisenstem series. 
Let A : E —> Y(N) be the universal elliptic curve. Then we have a cartesian 

diagram 

( « x C ) / ~ E(C) 

A 

ft v Y(N)(C) 
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where ~ is the equivalence relation defined as follows. For ( r , z ) , (T7 ,*') G Si x C, 
( T , * ) ~ ( T ' , Z ' Ì if and only if r = T ' and z — z € Zr + Z. 

Let (r, 2) be the standard coordinate of Si x C. Then the pull back of F G 
Mfc(X(JV)) to Sj is written in the torm 

(T,*)~(T',Z'Ì ( 
di 

ds 
) 
<8>k 

(t = e 2iriz ) = fir) <g> (2?rid2:) . 

where / ( r ) is a holomorphic function on Si satisfying 

/ ( 
ar + b 
zr + d ) sd [cT + d)hf(T) forali 

( 

a b 

c d ) 
g r(7V). 

Classically, this / was called a modular form. We will identify an element F of 
Mk(X(N)) with the above holomorphic function / ( r ) . 

It is known ( [KM, 10.13]) that the isomorphism (3.1.4) 

coLie dsd 
sd 

sd sd 
(N)/Q (log(cusps)) 

sends (dt/t) (8)2 to dq/q (q = e 27T2T d 
We now describe the pull backs on Si x C or on Si, of the objects which appeared 

in this section. 
First, (p in 3.4 is described as 

P = P »(r, z) 0 (27ridz) v<8)2 

where p{r,z) is Weierstrass p-function denned by 

p(r,z) = (2m) -2 sd sdd + E 
(m,n)6Z2 

(m,n)/(0,0) 

{ ( z + mr + n) -2 
d mr + n) -2 d ) 

Define functions E^k\r,z) on $) x C and functions £^ £ on Si (k ^ 0, (a,/5) G 

(Q/Z)2; we assume (a,/?) / (0,0) in the case k = 0) as follows. (If 7̂  0, 2, as 

in (3.8.4) below, this notation E^\ is compatible with the notation for the modular 

forms E (k) 
d ) If k ^ 3, the definitions are simply 

Ew, r ,z = - 1 sd 
d (fc- l ) ! . (27r«) sd 

dE 
(m,n)GZ2 

(2; + mr + n) -/e 
? 

sd •m 
sd (r) sd sd fc) (t,St + 0) for ( a , / 3 )^ (0 ,0 ) 

where (a, ß) is a lifting of (a.3) to O2. 

sd sd 
(0,0) (r) ds ( - 1 ) ds • (k - 1)! • (2m) -k 

E 
T',Z'Ì 

(m,n)̂ (0,0) 

(mr + n) -k 
. 
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To include the cases k = 0, 1, 2, define for k > 0 

E(k,T,z,s) = E 

qsdddsdd 

[z + rar -h n) -k \z -h mr + n — s 

#(0,0)(k,t,s)s) d E 

(m,n)eZ 
(m,n)̂ (0,0) 

(mr + n) |mr + n| —s d 

These series converge absolutely when k + Re(2) > 2. When fc, T, z are fixed, 
these functions in s have analytic continuations as meromorphic functions on the 
whole s-plane. These functions for k ^ 1 are holomorphic on the whole s-plane, and 
E(0,T,Z,S) has a zero at s = 0. Let 

E^(rlZ) = (-l)k- (k- 1)! • (27ri\ -k E(fc,r,z,0) for k ^ 1, 

(T,*)~(T',Z'Ì lim 
s->0 

s-] £(0 ,T,2 ,s) , 

d k 
dsf 

(T) d dsf {T,OT + ß) for A; ^ 0 and (a, ß) 9^(0,0) 

where (a, /?) is a lifting of (a,/?) to Q2: 

E (k) 
0,0 (r) = ( - 1 ) df (fc - 1)! • (2TTZ) df £(o,o) (k, r, 0) for fe ^ 1. 

We have: 

(3.8.1) For A; < 1, d sdd dlog(cöE) sd (c2^fe)(r,z) sd 
ckE(k) V,C2:)) <g> ( 

d 

sd ) 
<8>fc 

d 

(3.8.2) log( lc^ l ) sd c s E :o) (T,*)~(T' CO) (r, C*). 

(3.8.3) P df (E (2) dsfdfs d d (2) 
DO sfdfsdf ( d 

d 
) 
(8)2 

d 
d 7c—2 P d E (k) (r, s) 0 ( dt 

d ) 
<8)k for fc ̂  3. 

(3.8.4) Let (a,/?) G ( Q / Z ) 2 
d 

Then: 

(i) If jfe ̂  1, k ̂  2, the modular form E (*0 
d coincides with the function £ (fc) 

at,ß defined 
analytically above. 

(Ü) È • 12) 
a,ß d E .(2) 

a,0 d Et (2) 
0,0* 

iii (T,*)~(T 
s s (0) 

sd 
for ( a , / 3 )^ (0 ,0 ) . 

(iv) The functions sd 0 
sd 

s d q « a , 0 ^ 0,0 and E (2) 
sd 

are C°°-functions on f) but not 

holomorphic. 

3.9. We next consider a-expansions. It is known that the pull back of an element of 
Mk(X(NY on r> has a presentation 

E 
qdqsdd 

anq n/N (an e Q(CJV)) 

sd n/Af s 
p2ixiriT / N ) called ç-expansion. We give ^-expansions of Eisenstein series. 
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For a e Q/Z, define C(a, s) and C*(a, s) by 

Ca, s = E 
ne©,n>o 

n mod Z=a 

CXCWC C(a ,S) = 
oo 

E 
n=l 

C(0,s)C(0,s) 

Note C(0,s) S C*(0,«) S C(0,s) 

Proposition 3.10. S Letk>l and a, ß e Q/Z 

(1) Assume k ^ 2. Wrote 

S S 
SD S SD 

nGQ,n>0 
anan. 

T/ien an /or n > 0 are given 6y 

SD 

neQ,n>o 
SDD S ,s S C*(«,*)C* C(0,s)C(0,s) - 1 D ; - a , s ) C ( - / 3 , s - f c + l ) . 

in £/ie case fe ^ 1, ao D 0 if a ^ 0, and ao D C ( A l - f c ) i f a = 0. 

in me case fc = 1, a0 SD C a ,0) S a £ 0; and 

a0 S 
1S 
2 

( C O M ) S C*( -^o) ) S a = 0. 

(2) W e 
S (2: 

SD S E 
nG0,n>O 

anqn. 

Then an for n > 0 are g^en 0?/ 

E 
raeQ,n>0 

ann 3 = :(a,s)C(ß,s-l) + C(-a,s)C(-ß,8-l) S 2C(s)C(s - 1). 

We have ao = 0 i / a / 0 , ana1 ao S C*(/?,-i) - C ( - i ) D S D i/a = 0. 
(3) #ere, we assume (a, ß) / (0,0) m £/ie case k = 2. Write 

F (k) 
oc S S E 

n<EQ,n̂ 0 
on 9 n 

S 

Then an for n > 0 are gzven 6?/ 

E 
neO,n>o 

ann 5 S C(a,s - k + 1) C*(/?,5) + ( - i y S + 1)C*(/?,5) + + 1)C*(/?,5) + 

In the case k 7̂  1, a0 S C ( a , l - * ) . 
In £/ie case A: = 1, ao SD £(a,0) if a = 0 and 

a0 = 
1 
2 

(C*(A0) sd s d a - a o ) ) 2/ Of = 0. 

By Prop. 3.10 and by the "a-presentation" of ga 3 in 1.9 (note that the number 
1/12 - a/2A/ + (l/2)(a/7V2) (0 ^ a <sdd AT) which appeared in 1.9 coincides with 
-C(a / iV, - l ) ) , sd we have 
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Proposition 3.11 

(1) E df 
ff fg F (i) 

fg 
gfor any (a,ß) G (Q/Z)2. 

(2) dlog(ga,ß) fg fg F (2) 
fg 

in r(X(N), fil K(N)/Q (log(cusps))) for any (a, ß) G 
(Q/Z)2 \ { ( 0 , 0 ) } . 

4. Euler systems in the space of modular forms 

4.1. For k G Z and a curve X over Q of the form G\X(N) with N > 3 and 
G a subgroup of GL2(Z/7V), we define the space Mfc(X) (resp. Sk(X)) of modu
lar forms (resp. cusp forms) of weight k on X to be the G-fixed part of Mk(X(N)) 
(resp. Sk(X(N))). (This definition makes sense since in the case TV, Nf ^ 3 and 
N I N', Mk(X(N)) (resp. Sk(X(N))) coincides with the Gal (X(N')/X(N)) -fixed 
part ofMk(X(N')) resp. Sk (X(N'))).) 

In the rest of this section, fix k > 2, M , TV ^ 1, such that M + ÌV ^ 5. 

4.2. We define elements 

c.d ZM,N (fc,r,r ) fg Mfc(X(M,iV)) 

which we call "zeta elements" or "zeta modular forms", for integers r, r , c, d under 
the following assumptions (4.2.1) (4.2.2). 

(4.2.1) l ^ r O - 1 , 1 < r' < fc - 1, at least one of r, r is k — 1. 
If r = A: — 2 and r' = k — 1, then M ^ 2. 

(4.2.2) ( c , M ) = l, (d,7V) = l. 

We also define elements 

ZM.N (k,r,r) G Mfc(X(M,iV)) 

which we call also zeta elements, for integer r, r under the following assump
tion (4.2.3). 

(4.2.3) (r,rO are as in (4.2.1) and ( r , r ' ) ^ ( 2 , f c - l ) , (k - 1,2), (k- l , f c - 2 ) . 

Under the assumption (4.2.3), we define ZM.N + 1)5) + to be 

( - i r - ( r - l ) ! " 1 - Mk-r-2N-r . d ;fc-r) 
1/M,0 df fd (r) 

3,1/N 
if r' = k- 1, 

( -Dr/ • № - 2 ) ! -l • Mr -kN~r' • d dffd 
1/M,0 d d d 

),l/iV if r = k — 1. 

(In the case r = r = k — 1, these definitions are compatible because F (i) Q;, p df 1 
(1) 
df ) 

Under the assumptions (4.2.1) and (4.2.2), we define c,dZM,N (k,r, r') by putting c, d 
to the above definitions. That is, we define c,dZM,N (k, r, r to be 

( - l ) - . ( r - l ) ! — 1 Mk-r-2N-r c F (k-r) 
./M.O d E (r) 

'0,1/AT if r' = k- 1, 

{-Ifr' .(k-2)rl Mr ~kN~r 
c E (k-r') 

1/M,0 d d d d 
0,1/iV 

if r = A: — 1. 
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Here 

c F (h) 
g g r2 g (h) 

a,ß g C 
3-h s .(M 

COi,CfJ 
(h^l, (a,0) g (0,0) if h = 2), 

r m (h) 
ghh g C 

2 g h) 
a,ß g ch Ja g 

gca,cß 
(0,0) if h = 2), 

C-
E 2 

rv./9 fg c2 fg ,(2) 
fgg f 

c2g gf (2; 
co¿,cp 

(c is an integer which is prime to the orders of a, (3). 
Under the assumptions (4.2.2) and (4.2.3), we have 

c,DZ. Vf,AT k, r, r ) fg f z¿ - cu • ( 
c 0 n 1 ) 

* 
) ( 

d2 - dv • ( 1 0 
D û ) fg 

) • ZM.N (k,r, r') 

where 

(4.2.4) dgfg fg 
( 
( 
( 

(r + 2 - fc,r) if r' = fc-l, 

(0,0) if h = 2), if r = A: — 1. 

Proposition 4.3. — Let M', N' ^ 1 and assume M \ M', N \ N'. Assume further that 

prime(M) = prime(M ) , prime (AT) = prime(iV ) . 

Then the trace map 

Mk(X{M',N')) ere Mk(X(M,N)) 

sends c,DZM',N>(k,r,rf) (resp. zM>,N'(k,r,r')) to C,DZM,N{k,r,r') (resp. zMjN{k,r,r )) 
for any r, r', c, d (resp. r, r' ) satisfying (4.2.1) and (4.2.2) (resp. (4.2.3)/ 

Proposition 4.4. — Let I be a prime number which does not divide M. Then the trace 
map 

Mk(X(rM£,N£)) ere Mk(X(M, AO) 

senas c,dZMÍ,Nt ik,r,r') to 

er 
( 
( 

1 - T'{i) ( i/e o 
o i ) 

* (0,0) if ( 
i/e o 
o \ i. 

fd * cvxbxbbb 
) • c,DZM,N(k,R,R ) 

in the case £ does not divide N. and to 

f 
f 1 - T'(l) ( l/£ 0 

0 1 ) 
f sdfds 

) ' c,dzM,N (fc,r, r ' ) 

in the case £ divides N, for any r, r', c, d satisfying (4.2.1), (4.2.2) and (cd,£) = 1. 
Here Tf(£) is the "dual Hecke operator" explained in 4-9 below. We have the result oj 
the same form for ZMe,NT(k, r, r') and ZM,N(k, r, r') for any r, r' satisfying (4.2.3). 

The proofs of Prop. 4.3 and Prop. 4.4 will be given in 4.11-4.13. 
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4.5. We describe how these zeta elements are related to zeta functions. 
Let A : E —-> Y(M, N) be the universal elliptic curve, and define a local system H1 

on Y(M,N)(C) by 
sd sd ssqdqfsfsf 

Then H1 is locally isomorphism to Z2. The cohomology group 

H}(Y(M, N)(C), Svm k 
•z 
d (0,0) if h 

will be important for us. For any commutative ring A, let 

(4.5.1) Vk,A(Y(M,N)) = H1 (Y(M,N)(C), Sym^-2 (0,0) if h = 2), 

V,A(X(M,N)) rr H1 ( X ( M , AT) (C), j . Sym|-2| (0,0) if h = 2), 

where j is the inclusion map Y(M, N) ) X(M, N). We consider the operator-valued 
zeta function 

ZM,N ( M ) = ere 
rere 

> , M ) = 1 
T'(n) ( 1/n 0 

0 1 ) 
r •n-s 

(T'(n) is the dual Hecke operator explained in 4.9 below), acting on Vk,c(Y(M, N)). 
(In the case A: = 2, ZM,N(k,s) coincides with ZM,N(S) m 2.5.) This converges ab
solutely when Re(s) > The function ZM,N(k,s) has a presentation as an Euler 
product whose Euler factor at a prime number £ is 

( L - T'(£) ( l/£ 0 
0 1 > 

r * zerezrz ( 1 // 0 
o i/e ) 

er , pk-l-2s 
) 

-1 if (£,MN) = 1, 

( 1 - T'(£) ( l/£ 0 
0 1 

e * zerze 
) 

-1 if (£, M ) = 1 and e\N, 

1 if £\M. 

The function ZM,N{k, s) has an analytic continuation to the whole C as an operator-
valued meromorphic function in s and is holomorphic at s ^ k. 

As is reviewed in 4.10 below, we have the period map 

per M,N re Mk(X(M,N)) erre VkiC(Y(M,N)). 

As is explained in 4.7 below, we have special elements 

zrezrz erer G VkìZ(Y(M,N)) ( 1 < j < f c - l ) . 

(The element #M AT G H1 (Y(M, N)(C), Z) defined in 2.7 coincides with ^M,JV(2, 1).) 

Let L : Vk^z(Y(M, N)) - » Vfc,z(^(^, N ) ) be the map induced by the complex con
jugation on Y(M, N)(C) and on E(C) , and we denote the C-linear automorphism of 
VktC(Y(M,N)) induced by i by the same letter t. For an element x oîVk,c {Y (M, N)), 
let 

x± ere 
1 
2 

: i ± o ( x ) . 

The following Thm. 4.6, which relates zeta elements to zeta values ZM N{k,r) 
(1 < r < k - 1), is deduced from the work of Shimura [Sh]. We give the proof of 
Thm. 4.6 in § 7. 
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Theorem 4.6. — Assume prime(M) C prime(TV). Then we have 

df PERM,AT {zM,N{k,r,r))) ± 
f (0,0) if h = 2), (2ni] sdfdsf • ÖM,N(k,r) ± 

for any r, r' satisfying (4.2.31 and for ± = - i 
k-r-l 

d 
and 

(perM iN(c,dZM,N(k, r, r ' ) ) ) ± 
ws ZM,N(k,r) • (27TZ) fc-r-l 

7* 

for any r, r1', c, d satisfying (4.2.1) and (4.2.2) and for ± = (—1) k-r-l 
x where 

7 = 
( 
c2 - c" • ( C 0 

0 1 
) * 

) ( 
f h = 2), ( 1 n 

0 d ) 
* 

) 
ÖM,N(k,r') 

with u, v as in 1.2. 

4.7. The definition of the special cohomology class Ó*M,ÌV(&5 j ) (1 ^ j ^ k - 1) is as 
follows. 

We have canonical isomorphisms 

B1(Y(M, N)(C), Sym k-2 
Z 

wvcvc (0,0) if h = 2),xcvvcb 

er Hi (X(M,N)(C), {cusps}, 3ym fc-5 
er 

erzer 

er Hi ( X ( M , i V ) ( C ) , {cusps}, Sym: k-2 
z zerezr 

where 7Yi = HomÇH1, Z ) , the first isomorphism is by Poincaré duality and the second 
isomorphism comes from the canonical isomorphism H1 = Hi. Here we used the 
relative homology with coefficients which may be not a well known object. The 
definition is exolained below. 

We define ÖM,N(kJ)eVkiZ(Y(M,N)) to be the image of 

classa, a) G Hi (X(M, N)(C), {cusps}. Sym k-2 
m (Wi)) 

under the above composite isomorphism, where ip is the continuous map 

(0,oo) dsff X ( M , i V ) ( C ) ; <p(y) vivi) for 0 < y < OO, 

which is a route from a cusp to a cusp, and a is the following element of 
r((0,oo),(p-1(Sym^"2(7^i)). The stalk of ^ _ 1 ( ^ i ) at y G (0, oo) is identified 
with Hi(C/(Z2/z + Z ) , Z ) = Zyi + Z. The sheaf ^p~l{Hi) on (0, oo) is a constant 
sheaf of rank 2 with basis ei, ^2, where the stalk of ei (resp. e<i) at y G (0, oo) is yi 
(resp. 1) G Zyz + Z. We define 

dsfds 4 -1 D 
-2 

k-i-1 
f 

If M ' , JV7 ^ 1 and M I M ' , N | N', the trace map Vfc z Y ( M ' , J V ' ) ) df 
^ ,Z(F(M,7V)) sends ÖM',N' [k,j) to SM,N(kJ). 

In the above, the relative homology with coefficients is defined as follows. If X is a 
topological space, C is a closed subset of X , and is a locally constant sheaf of finitely 
generated Z-modules on U = X \ C, Hm(X, C, .F) is the cohomology in degree —ra of 
the complex KHom(KT(X, i\7iom(T, Z ) ) , Z ) , where j is the inclusion map U —> X. 
If we have a pair (ip, a) of a continuous map ip : [0,1] —) X such thai (0,0) if h = 2), 
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and an element a of r((0,1), cp T), we have class(<£>, a) G H\ (X, C, ^ ) to be the image 
of a under the composition 

r ( ( 0 , l ) , ^ ) d H x ( [ 0 , 1 ] , { 0 , 1 } , ^ ) dfff H!(X,C,^). 

4.8. We give a preliminary to introduce Hecke operators. 
Let A ^ 1. We define isomorphisms 

sdfsd f sdfdsf 
f 

f Mk(X(M (A),N)) dfff fdf (X(M,N (A)) 

sfsdff d (<PA) 
* : Mk(X(M,N dfdsf > fg [X(M(A), V)) 

and homomorphisms 

* 
<PA 

d 
fgdfgfd 
fdgdfgd f VklZ(Y(M(A), AO) > Vk,z (Y(M, N {A))) 

( V A ) . fg (<PA) 
fg fg Vkj(Y(M,N(. 4))) > Vk,z (Y(M(A),. fgfdg 

Here X(M,N(A)) (resp. X(M(A), N)) denotes the smooth compactification 
of the curve Y(M,N(A)) (resp. Y(M(A),N)) in 2.8. Vk,z(Y(M(A),N)) and 
Vkiz{Y(M, N(A))) are defined in the evident way. 

Let Ei be the universal elliptic curve over Y(M, N(A)) and let E2 be the universal 
elliptic curve over Y(M(A), N). Then we have canonical homomorphism 

(4.8.1) Ei fgd fg (E2), E2 fgd (VA) 
fg (Ei) 

which are isogenics 01 degree A. Hence the pull back by (pA followed by the pull back 
by Ei —• (p*A{E2) (resp. the push down by E2 —> (^1)*Ei followed by the push down 
by <PA ) gives homomorphisms 

Mk (X(M(A),N)) gfdg Mk (X(M,N (A))) 

and 

Vk,z (Y(M(A), V)) fgg Vk,z (Y(M, N [A))) 

which we denote by <pA (resp. ((pA )t>). We have ipA = (ipA Similarly, the pull 
back by <pAx followed by the pull back by Ei —> (<pA1)*(Ei) (resp. the push down by 
& — gfdf E2 followed by the push down by <PA) gives homomorphisms 

Mk(X(M,N [A))) gdf Mk(X{M(A), AO) 

and 

Vk.z (Y(M, N (A))) > Vk,z(Y(M(A), AO) 

which we denote by dfgdf gf (resp. (ipA) J. We have ( ^ ) * gf (<AA)*- Here for the pull 
back and push down for on the spaces Mk by 

Ei —> gf E2 and fi dfgfd [VA1) 
* (Ei), 

we use the definitions (3.1.2) of Mk, not the definition (3.1.1) of Mk. 
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We have also 

<Pac fsdff * 
('PA1] o (0,0) if df Ak-2 

(<p?) *d 0(Pa d (<Pa) 
d o (<pa) d 

d Ak~\ 

We have 

(4.8.2: (<Pa/KT) d d fe-1 f(Ar) for any / e Mfc (X(M(A),. V)), 

(4.8.3) ((•Pi1) f)(r) d : A-'f(A-'T) for any / e d (X(M,N 'A))). 

4.9. The Hecke operators Tin) and the dual Hecke operators T'(n) on Mk :(X(M,N)) 
and on Vk,z{Y(M, TV)) are defined for integers n ^ 1 which are prime to M as follows. 
(In the case k = 2, these operators on V^zO^M, -/V)) were already given in 2.9.) 

First, T ( l ) = T'(1) = 1. 
Next we give the definitions of T(£) and T"(£) for a prime number £ which does 

not divide M. Let pr : X{M,N{£)) f X(M, TV) and pr' : X(M{£),N) fd X(M, TV) 
be the canonical project ions. We define 

TU) df (pr') fdf to'1) f opr , T (£) dfsfdf dsfs 3 pr . 

If ^ does not divide TV, we have T'(£) df Tf fd (d g 0 
0 l/£ ) 

\ * 
df 

In the case n is a power £e (e > 0) of a prime number ^ which does not divide M , 

r (n ) and T'fn) are defined as follows. [f £ I TV, T ( D fd T(£)e, T'(£e) df T'{£) . li£ 

does not divide TV, T(^e) and Tf{£e) are defined inductively, by 

T(r+2) T{£)T{£e+1) + (0,0) if h d r(^e) df ek-\ 

T\t+2) f T'(e)T'(ee+1) df (1/tO-
V 0 t' 

*f r ' ( ^ ) df tk-\ 

Finallv. for 71. = 
T\t+2) (e(£) >0) where £ ranges over all prime numbers which 

do not divide M, T(n), T'(n) are defined by 

T(n) F n 
DF 

T(eeW), T'(n) = n 
e 

r ' ( f W ) . 

For anv ra, n ^ 1 which are prime to M , and for anv a G ( Z / M ) x , b G (Z/iV)x, 
the operators T(m), Tin), T'ita), T'(n), (îl) * commute with each other. 

The similar definition gives Hecke operators on the compact support cohomology 

group 

Vk,A,c (Y(M,N)) F FD i 
c 

(F(M,TV)(C), Sym DF 
1 {Hl)®z A) 

(A a commutative ring). In the Poincaré duality 

Vk,Q (F(M,TV)) x Vi 
SDF 

(Y(M,N)) FDFF F 

induced by the canonical pairing H1 xH1 -+ Z, T(n) sind r ' (n) are transposes of 

each other. 
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Ihe operators T[n) ((n, M ) = 1) on Mk(X(M,N)) are described also by us
ing ç-expansions. Let £ be a prime number which does not divide M. Let / G 
Mk(x(M, j\m<8>c. Then the pull back of / on $) has the form 

f f dffE 
n£Z.n>0 

dfdf n/M (an e C). 

Write 
T(£)f = E 

dgddfg 

fgf n/M 

Then: 

(4.9.1) bn = Cini if £ divides N or if £ does not divide n. 

(4.9.2) Assume £ does not divide N and £ divides n, and assume ( i/e o 
o e ) 

f T\t+2)fdgf 
for some e(£) e C x . Then bn — an£ df e{£)£ fc-i a>n/e-

In the case M ^ 2, the definitions of the operators T(n) and T'{n) in this paper 
differ from the definitions in some literatures. In the case M = JV, the operators 
T(ro)(g i ) = T'(n)(J ° ) ((n, iV) = 1) in our notation are the Hecke operators in 
Deligne [Del]. The advantages and the disadvantages of the operators T{ri), Tf(ri), 
T(n) ( 8 Î ) . T f r K 1 ^ ? ) ((n,M) = l)are: 

(4.9.3) In t/ie case M = N, T(n){Vi ? )* and T ' ( n ) ( i 9)* commute with the action 
of GL2(Z/Ar). I?m£ t/iey do not preserve the direct summands of H1(F(M, JV)(C),Z) 
corresponding to connected components of Y(M, N)(C). 

(4.9.4) T(n) andT'(n) preserve the direct summands of H1(Y(M, N)(C), Z) corre
sponding to connected components. But in the case M = N, they do not commute 

with the action of GL2(Z/iV). 

4.10. We review the definition of the period map 

%m (X(M,N)) fggg Vfc>c(Y(M,iV)). 

We also review the period map 

fg (X(M,N)) > 4,c,c (Y(M,N)) 

which we will use in S 7. We denote X = X(M,N), Y gf Y(M,N). Let j : Y(C) fg 
X(C) be the inclusion map. Let A : E X be the smooth Néron model of the 
universal elliptic curve A : E —• Y. We denote by ( ) the analytic objects associated 
to algebraic objects. For example, 05? denotes the sheaf of holomorphic functions on 
X ( C ) . We have a homomorohism 

(4.10.1) coLie IE) an ghf 0 h 
x 8>Z 7* in1) 

on X(C), as the connecting homomorphism of the exact sequence 

0 fgh fghf -1 
[Ox) fghgf Of 

gh 
gfhf T\t+2) an 

gfg 0 
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on E(C). (4.10.1) induces 

(4;10,2 ( coLie(£) 8>(fc-2) f an 
fgf 0% ®z J* (Symz ¿• — 9 fdggfds 

On the other hand, consider the exact sequence 

0 xcv dfd dfd nan (—cusps) H 
dsfs T\t+2) an 

>• 0 

on X(C) where 0^{—cusps) denotes the subsheaf of consisting of functions which 
have zero at all cusps. This exact sequence tensored with Symz-2'(H1) gives the 
connecting maps 

(4.10.3) H° (X(C),(fJ3r/Q) an ®Z j * Sym k-2 sdfdsf 

dsf T\t+2)T\t+2) 3vm fc—2 T\t+2)T\t+2) Vfc.c.c(n, 

(4.10.4) fd (F(C ) , (n i ) an 0z Sym k-2 (W1)) 

dfds ^ ( ^ ( C ) , Sym fc-2 T\t+2)T\t+2)T\t+2) 

The period maps are defined as the composite maps 

Sk {X(M,N)) d H (X, (ftx/o) dfdf coLie df <8>(fc-2) 
) 

(4.10.2) 
H°(X(C) , ^ X / Q ) 

an ®ZJ* sYmz .fc-2 (W1)) dfdfdf 

4.10.3) 
T\t+2) 

df (X(M,N)) c H ° ( y , ( n ^ / Q ) ®oY coLie df <g>(fc-2) 
) 

(4.10.2) 
3 W C ) , (^*7Q) 

an &>z Symz k-2 T\t+2)T\t+2) 

(4.10.4) 
V^,c(y). 

4.11. We prove Prop. 4.3 
It is enough to prove the case M' = M and the case Nf = N. Since both cases are 

proved similarly, we give only the proof of the case N = Nf. In this case, our task is to 
prove that if M \ M' and prime (M) = prime ( M ' ) , the trace map M h (Y(M',N)) -

Mh{Y(M,N)) (h > 1) sends dfsf h-2 m h) 
1/M',0 

to Mh~2 rl/M,0 (we assume M ^ 2 in 

the case h — 2) and (M ' ] —AD f f 
1/M',0 

to M -h E (h) 
[/M.C fin the case h = 2, we replace I? 

by E) These are proved by the same arguments as in 2.11 (we use Lemma 3.7 in 
place of Lemma 1.7.) 

We give a preliminary lemma for the proof of prop. 4.4. 

Lemma 4.12. fg Let (a,ß) e (Q/Z)2, and let A ^ 1, h ^ 1. Then: 

(i: f f f0 g g 
gfg ) g E 0'60/Z 

dgfdg 
A"1 g fg 

fgd 
Here in the case h = 2. we replace E by E. 
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(2) df * 
f 

d F (h) 
a,a. 

df df dff 
3'eQ/z 
Ap=p 

Ah -2 fg (h) 
ot,ß' ' 

Here in the case h = 2, we assume 

( a , / 3 ) ^ ( 0 , 0 ) . 

Proof. — We prove (1). From the analytic descriptions of Eisenstein series in 3.8, we 
obtain 

E ,(h) 
dfg ( 

AT ) fg dgfg 
E 

ß'eQ/z 
Aß'=ß 

E (h) 
'a,ß' 

[r) (reft). 

(1) follows from this and from (4.8.2). (2) follows from (1). 

4.13. We prove Prop. 4.4. Since the proof for zeta elements with c, d is similar to 
that without c, d, we give here only the proof for zeta elements without c, d. Let 
1 ^ j ^ k — 1. Assume that j ^ 2 and that M ^ 2 in the case j = k — 2 (resp. Assume 
that j ^ 2 j ' ^ f c - 2 ) . By 4.12 and by similar arguments as in 2.13, we have that the 

trace map fdg (M£, N£) fg fgd [X{M£,N)) sends 

Fa dfgd 
1/M£,0 fg E g 

0,1 IN i ( resp. E [k-j) 
1/M£,0 fg 1 (j) 0A/NÍ ) 

to 

(1) ( p+2-k F (k-j) 
1/M,0 fg £ i+2-k 

Vi f F [k-j) 
a,U ) fg fg (j) 

0,1/Ni 
(resp. U ik—j E. dfgfd 

1/M,0 gf fgd f fgd 
fg 

fg E (j) o,i/Ne ) 

Here a is the unique element of -rjZ/Z such that ta = 1/M. The trace map 
Mk(X(M, N£)) dfg fgg 'X(M,N(l))) sends the element (1) to 

(2) ( pj+2-k 3 (k-j) 
1/M,0 fg e i+2-k 'Pi F [k-j) 

fg ) gf f i v i E j) 
J,l/N 

(resp. ( dg k-j E (k-i) 
1/M,0 fg tip*. E, (k-j) 

fgd ) fdg fE* 0) 
0,1/iV ) 

in the case t I N, and to 

(2') ( j+2-k F (k-j) 
1/M,0 

£3+2-k p\. F (k-j) 
a,u ) ( tip". 1 (j) 

OA N fg E (j) 
o,ß< ) 

(resp. fg k-j E .(fc-i) 
1/M,0 fg ivi E (k-j) 

a,0 
dg ( ivi E (j) 

0,1/N fg Et i) 
dg ) 

in the case (£, N) = 1 where (3 denotes the unique element of 4? Z /Z such that £(3 = 
l/N. Concerning the trace map pr* : fdg (X{M,N{£))) gfd gMh{X{M,N)) (h > 1), 

we have 

(4.13.1) In the case £ | TV, we have for ft ^ 1 

£pr dfg m (h) 
0,1 /N cv cv E (h) 

0,1/N 

(we replace E(2) by E(2)in the case h = 2). 
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(4.13.2) In the case £ does not divide N, we have for h > 1 

£2-h df if*. fa [h) 
a,0 d fd ?2-h F (h) 

1/M,0 4-
tF (h) 

n n 
sfsd 'Pi E (h) 

sdf d d E df 
1/M,0 f Œ ,(h) 

*,0 
(we replace E by E in the case h = 2), 

^pr sdf dfE (h) 
0,1/N d df df ih) 

0,1/N + £E (h) 
o,# 

(we replace E by E in the case h = 2). 

(These (4.13.1) and (4.13.2) are proved by the arguments similar to the proofs 
of (2.13.1) and (2.13.2).) By (4.8.2), we have 

(4.13.3) df [fg) fd erf ( / ) fd p£ (9) 

for / e Mh(X(M(£),N)), g e Mh,(X(M{£),N)) (h, hf ^ 1). By using (4.13.1)-
(4.13.3), ve obtain the following: in the case £ \ N, the trace map Mk {X(M,N{t))) 
Mk{X{M,N)) sends the element (2) to 

çj+2 — k F 'k-j) 
1/M,0 d T\t+2) E d 

0,1/N d £i+2~kT'(£) ( F k-j) 
df f Ci 

0,1/N ) 

df ( - i ) 3 f (j - 1)! • ( M f vJ+2-fc (Ney 

(zM,NÌk,j,k- 1) fd e-jT'(e) df i/e o 
o 1 ) 

ZM,N T\t+2)T\t+2) 

(resp. k-j E [k-j) 
1/M,0 

T\t+2) E U) 
cxvv v vejT'(£) ( E (k-j) 

ct,0 c E cv 
0,1/N ) 

xv - i j ( f c - 2 ) ! (M£) k-j (N£) j 

v ZM,N (k,k-l,j) cv v 1-k T'(£) ( 111 0 
n 1 ) 

xv ZM,N ( k,k- l,j )))• 

In the case £ does not divide N, the trace map Mk (X(M,N (0)) cv cxv (X(M, AT)) 
sends the element (2') to 

£ ]+2-k 5 (k-j) 
L/M,0 £pi xvxv @ (j) 0,1/N cv •£j +2-k> cv it) ( F {k-j) 

a,0 cv 0 (.7) 
0,1/N ) 

xv ( ¿ + 1 ) c 7+2-fc v xvv 
1/M,Ö 

E (j) 
0,3 + cv 93+2-k. pi cxv F xcvv 

cv ) v cv (i) 
0,/3 

xc ( - 1 ) 7 c ( j - 1)! c (Mê) J+2-fc (AT£ 

T\t+2) (k,j,k-l) f £-j T' (I) ( i/e o 
o 1 ) 

f 
^M,N ( T\t+2) d ÎI ) 

+ ( sffsdf o 
0 l/€ ) 

* T\t+2) ZM,N (k,j,k-l) 0 
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(resp. £ k-j df sdfdsf 
L/M,0 ^pr sdfs f U) 

OA/N fd £T' df dffd m (k-j) 
Q!,U d E i) 

OA/N ) 

dsf T\t+2) £ k-j E (k-j) 
1/M,0 

E 7 
O.ß + ( for dfdsf fd dsfdf 

a,0 ) E, 0,0 

df : - i ) d Ä - 2 ) ! - (M€) k-i 
fd (Ni) 3 

(ZM, N (k, k-1,j) == df £ i-k T{£) f( i/e o 
o 1 

f ZM,N (fc,fc-l ,j) 

f ( l/£ 0 
o i/e 

df d T\t+2) T\t+2) 
T\t+2)T\t+2) 

This proves Prop. 4.4. 

5. Euler systems on X\ (A0<8>Q(Cm). 

Let 

Xi(JV) = X(1,7V), T\t+2)T y(l ,7V). 

The total constant fields of these curves are Q. 
We will always identify XAN)®Q [Cm) (m ^ 1) with the quotient of X(L) (m I L, 

N I L, L > 3) by the action of the group 

{ ( 
a b 

c d 

) 
) 
) 

e GL2(Z/L) ; c = U, d = 1 mod dfs ad — be = 1 mod 77? dsf 
dsf 

Hence df (N) ® Q(Cm) is regarded as a quotient of Y(m, L) for any L ^ 1 such that 
m I L, AT I L 

Fix TV, m ^ 1. 
In this section, we define zeta elements in K2 (Yl(N)m(Cm)) g)Q and zeta elements 

in Mk(Xi(N)) <8> Q(Cm) ( fc>2) . 

5.1. Let £ and S be as in the following (5.1.1). 

(5.1.1) Either £ is a symbol a{A) where a, A G Z, A ^ 1 and S is a non-empty 
finite set of primes containing prime(raA), or £ is an element o/SL2(Z) and S is a 
non-empty finite set of prime numbers containing prime(raiV). 

We define zeta elements 

sqdqd sqdqd e K2{Y1{N) <8>Q(Cm))®Q 

is follows 
First we define zi,jv5m(£, S) in the case £ is a symbol a(A) for a, A G Z, i M . 

Take M > 1, L ^ 4 such that 

ra.4 I M , AML, M I L , prime(M) = 5, prime(L) = S Uprime(iV). 

As is explained below, there exists a unique morphism of schemes 

(5.1.2) Y(M,L) sdqsd T\t+2)T\t+2) 
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which is compatible with ¿ 3 — r ^ A - ^ r + a). Let 

£m,a(74) :K2 Y(M,L)) sdsd K2(Yi(JV)®Q(Cm)) 

be the norm map associated to (5.1.2). We define 

Zl,N,m (a(A),S) sd sqds (A) (ZM,L)-

By Prop. 2.3, Z\,N,m (a(A), S) is independent of the choices of M , L. 
The morphism (5.1.2) is obtained as the composition 

y ( M , L ) ( 
1 a 
0 1 ) Y(M, L) sdq Y(m(A),L) Vii Y(m,L(A)) sdq * l ( A 0 ® Q « m ) 

where ds 1 a 
n 1 )sd denotes the automorphism of Y(M, L) induced by the automorphism 

( 
1 a 
0 1 ) of Y(L). 

As we will see in 5.10, z\ ]vm(a(i4), S) does not change when we replace a(A) by 
a! (A) for any integer a! such that a = a' mod A 

Next we define z\ N m(£, S) in the case £ G SL2(Z). Take L ^ 3 such that 

m L, iV LL, prime (L) = S. 

We define N m(£, 5) to be the image of £*(ZL,L) under the norm map K2 № ) ) -> 
K2(yj(iV)®Q(Cm)) associated to the canonical projection T\t+2) H(JV)®Q(Cm). 
By Prop. 2.3, T\t+2) T\t+2) is independent of the choice of L. 

We have also the "with c, d-version" of the above zeta elements, which belong to 
K2(li(iV)<g>Q(Cm)) w^hout ®Q, by replacing ZM,L in the above definitions by c,dZm,L-
But we will not discuss about these elements, for we will not use them in this paper. 
Zeta elements with £ = a (A) and zeta elements with £ G SL2(Z) will play different 
roles; see the end of 8.1. 

5.2. Let k ^ 2. Let £, 5 be as in (5.1.1). We define the following elements of 
Mfc(Xi(iV)<8>Q(Cm)) df Mk(X, (7V))®Q(C™); 

c,dz\ N.m (k,r,r',e,s) 

for integers r, r', c, d satisfying (5.2.1) and (5.2.2) below, and elements 

zl,N,rr, ,(fc,r,r',£,S) 

for integers r, r satisfying (5.2.3) below. 

(5.2.1) 1 ^ r ^ k- 1, 1 ^ r' < fc - 1, at least one of r, T is /c — 1. 

(5.2.2) prime (cd) f iS = 0 , and (d,JV) = l. 

(5.2.3) r and r' are as in (5.2.1) and satisfy 

• , r ' ) ^ ( 2 , f c - l ) , T\t+2)xc (k-l,k-2). 

First we define these elements in the case £ = a(A). 
Take T\t+2)xcxc 4 such that 

mA\M, N I L, M I L, prime ( M ) = 5, prime(L) = 5 Uprime(AT). 
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Let 

tm,a(A :Mk(X(M,L)) sdsq Mk(X\ (N) <g> Q(Cm)) 

be the composite map 

Mk(X(M, L)) 
(ht) * Mk(X(M,L)) trace 

Mk(X(m(A),L)) (VA1)* 

sd 
Mk (X(m,L(A))) trace sd T\t+2) ® Q(Cm)). 

We define 

c,dZl,N,m {k,r,r',a(A),S) d tm,a (A) d T\t+2) (fc,r,r ')), 

for r, r', c, d as in (5.2.1) (5.2.2), and 

Zl,N,m (fc,r, r',a (A), S) d dstm,a(A) {Zmrik.r.r)). 

for r, r' as in (5.2.3). By Prop. 4.3, these elements are independent of the choices of 
M , L, as above. 

As we will see in 5.10, these zeta elements do not change if we replace a(A) bv 
a' (A) for any integer a' such that a = a' mod A. 

Next we define the zeta elements in the case £ G SL2(Z). Take L ^ 3 such that 

m I L, Tv I L, prime T\t+2) 

We define c,d,Z\,N ,m d T\t+2)T\t+2) for r, r , c, d as in (5.2.1, (5.2.2) (resp. 

Zl,N,m (k,r,r',$,S) for r, r as in (5.2.3)) to be the image of £* (c,d ,̂L,L (*,r,r')) 
(resp. £* (2L,L(fc,r,r'))) under the trace map 

Mfc(X(L)i dfs Mfc(Xi(JV) ®Q(Cm))-

By Prop. 4.3, these elements are independent of the choice of L as above. 
Let N' ^ 1 be a multiple of AT. In the case £ G SL2(Z), assume prime [N') c 5. 

Then the trace map 

T\t+2)T\t+2) ® Q«m)) fdgf Mfc(Xx(JV) 8 Q(Cm)) 

sends T\t+2)T\t+2) (fc,r,r',£,S) with (d. N') df 1 (resp. Zl,N'm (fc,r,r',£,S)) to 

c,d l̂, dfs (A:,r,r ' ,e,5) (resp. Zl,N,m (k,r,r',t;,S)). 

Proposition 5.3. — Le£ £ and 5 be as in (5.1.1), let m ^ 1, and Ze£ 5 6e a finite set 

of prime numbers such that S U prime(m/) c S". 

(1) The norm map 

K2(Y1(N) (8)0 (Cm')) sfds fddf K2(yi(JV) (8)Q !(Cm)) dfs 

sends Zl,N,m' sdfdsf df 

( n 
ezs'-s 

(1 - T'(£l df df + A' dsfdf df dfd f f • Zi^N,™ (Z,s), 
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where ere G Gal(Q(Cm)/Q); T\t+2) d dfsd A'(t) denotes ( / n 
o i/e d) 

df in the case £ does 
not divide N, and A'(£) = 0 in the case £ divides N. 

(2) Letk ^ 2 , and let r, r , c, d be as in (5.2.1) [5-2.2), and assume prime (cd)nS' df 
0. Then the trace map 

df (X!(iV)<8)Q(CmO) dfs dfsd (X1(N) ®Q(Cm)) 

sends c,dzl,N,m' (k,r,r',Ç,S') to 

d 
n 

ees'-s 
(1 - Til) f - i •£ d—r f dsfd f 

-2 f fc-l-2r ) 
) 
) T\t+2)T\t+ (fc,r,r',£,S) 

where A'(£) denotes ( * o 
0 1// ) 

sd in the case £ does not divide N, and A'(£) = 0 in the 

case £ divides N. We have the result of the same form for qdsqdqs T\t+2)T\t+2) and 

Zl,N,m (fc,r,r ' ,f ,S) for any integers r, r' satisfying (5.2.3). 

For the proof, see 5.7. 

5.4. In 4.5, we defined the space Vk^(Yi(N)) (k ^ 2) in the case N ^ A. We extend 
the definition including the cases N = 1, 2, 3. In general, for a curve Y of the form 
G\Y(N) with N ^ 3 and G a subgroup of GL2(Z/W), we define the space Vk^(Y) to 
be the G-fixed part of Vk^(Y{N)). (This definition makes sense since in the case N, 
N' ^ 3 and N | AT', 14,q(F(A0) coincides with the Gal(F(AT,)/y(AT))-fixed part of 
Vk,Q(Y(N')).) In the case k = 2, V^qOH is simply H1(F(C),Q). For a commutative 

ring A over (y), let 
VkiA(Y) = Vk,Q(Y) ® Q A 

We used dual Hecke operators in 5.3, but in fact we have explained them in § 2, § 4 
only in the case N ^ 4. Including the cases TV = 1, 2, 3, the operators T(rc), T'(ri) 
(n^ 1) onMfe(Ji(iV)) ( f c e Z ) , Vfc,Q(Yi(JV)) (fc ̂  2), K2(Y1(N)®K))®QfoT afield 
X D Q are defined as follows. Take M , L ^ 1, such that M + L ^ 5, (n, M ) = 1, 

AT I L, M I L, L I MAT. Then 

X ( M , L) dsfsd T\t+2) d XAN) 

is a Galois covering allowing ramification. The operators T{n) ( g J ) and X"(n) (*/n J) 
on Mfc(X(M,L)) , Vfe,Q(y(M,L)), K 2 ( y ( M , L ) (g) K ) <g> Q are invariant under the 
action of Gal(X(M, L)/Xi(N)), and hence induce operators T(n) and T'(n) on the 
Gal(X(M, L)/Xi(AT))-invariant parts Mfc(Xi(AT)), Vk,q{Yi(N)), K2(Y1(N)(^K)^Q, 
respectively. These last operators T(n) and T'(n) are independent of the choices of 
M , L. \i N ^ 4, these T(n) , T;(n) coincide with the ones given in §2 and §4. 

For a subfield K of C, the regulator map 

regl,iV : KO (Fi (AH T\t+2)xvv xcx H1(Fi(A^) ( C ) , R - t ) 

and the period map 

Peri „ : Mk(Xi(N)) dsfds df VkAYAN)) T\t+2) 
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are denned also for any N ^ 1; They are induced from those of T\t+2)vv T\t+2)fgdf 
They commute with T(n) , T'ln) (n ^ 1 . 

5.5. We define special elements 

ài,N (kJ,a(A)), $1,N {kj, a) e Vk,Q T\t+2) 

(1 < j < fe - 1, a, A G Z, A ^ 1, a G SL2(Z)). 
First we define 01,N (fc,?',aG4)). Take L ^ 4 such that TV I L. Consider the conti

nuous map 

<Pa(A) (0,oo) dfs *i T\t+2) 2/1—• ^ T\t+2)T\t+2) 

Then ipa(A\ is a route from a cusp to a cusp. The stalk of - i qsffsdf (•Hi) at y e 
(0,oo) is identified with Z A-^iyi + a) + Z. Let ßi (resp. /?2) be the element of 
r((0 ,oo), df — 1 

(A) 
T\t+2) whose stalk at 7/ G (0,oo) is vi (resp. 1) G Z- A-l(yi + d) + Z. 

Then T\t+2)T\t+2) is defined to be the image of the class (<Pa(A)> df -1 dsf -7-1 ) under 

H i ( X i ( L ) ( C ) , {cusps}. Svm k 
•7. 

-2 T\t+2)T\t+2)T\t+2)gfh Sym fgh 
Z 

T\t+2) 

trace V dfs T\t+2) 

Then Si N(k,j, a(A)) is independent of the choice of L. In particular < W 2 , l , a ( ^ ) ) € 
T\t+2)T\t+2)vvxx is the image of the class of the route from a cusp to a cusp 
(0,oo) df Yi(N),(<C); V I—» v{A-l{yi + a)) in Hi(Xi( iV)(C) , {cusps}, Z ) . 

For L ^ 4 such that A I L, TV I L, *ijv(fc,.7,a(A)) coincides with the image of 
ÖA,L(k,j) G Vfc,z (F ( A , L ) ) under the composite map 

T\t+2) T\t+2)T\t+2) ( à î ) . 
dsfds (Y(A,L)) trace 

sdfs (Y(1(A),L)) (Va% 
d 

Vfe,Q (Y(1,L(A))) trace 
Vk,Q VU*)). 

Next we define Si N(h,j,a) for a G SL2(Z). Take L > 3 such that iV | L. We define 

Sl,N(k,j, OLj to be the image of a* T\t+2)T\t+2) under the trace map VkM(Y(L)) fd 
T\t+2)T\t+2) Then S\ jv(fc, j , a) is independent of the choice of L. 

In the following Thm. 5.6, for k ^ 2 and a finite set £ of prime numbers such that 

pnme(m) C Ò, and tor a character \ : (Z/ra) d df dfd let 

T\t+2)T\t+2) xc J2 
(n,S) = l 

T\t+2)T\t+2) 

which acts on Vk£(Y\\N)), where (n, S) = 1 means that n ranges over all positive 
integers such that prime ( n ) n S = 0. Let 

erb G Gal Q Cm / Q ) (6 6 ( Z / m ) * ) 

be the element which sends Cm toCm-
As in §4, let x± = ( l / 2 ) ( l ± 0 ( s ) torx&VuclYUN)). 
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Theorem 5.6. — Let £ and S be as in (5.1.1) and let \ [Z/m] d df df be a character. 

(1) Let± = -x(-l). Then we have 

E 
be(1/m)x 

XW reg L,A7 (o-b(zi,N,rn(£, S))) fd lim 
sdff 

s~] %1,N,S T\t+2) 2m ài,N (2,1,0 ± 

(2) Let k>2. Then 

E 
6<E(Z/m)x 

XW per1N ( f̂e(̂ l,iV,m (k,r, r',£, S))) ± 

— Zl,N,S (k,X,r) (2ni) k-r-l Sl,N ( f c y , o ± 

for any integers r, r satisfying (5.2.3) and for ± = ( - 1 ) k-r-l x - i • Next let r, r , 
c, d be integers satisfying (5.2.1) (5.2.2). In the case sdfsf SL2 (Z), assume c f m f 
1 mod N. Let ± = f - i : \fc—r—1 x - i ) and let u, v G Z be as in 1.2. Then 

E 
6€(Z/m)x 

x(&) per 1,7V ( T\t+2)T\t+2)T\t+2)dsfds ))) 
± df Zi,N,s(kiXir) sdfdsf k-r-l 

7 f 

where 

7 = c2d25iiN iky MA)) df cud2x(c)ShN (fc, r', ac dsff 

df c2dv X(d) fd ( 
1/d 0 
0 d ) di,N (fe,r;, "a/d" sdfsd 

d d d d (cd) ( 1/d 0 
0 d ) 

d 
dfds OfcV, "ac/d" dsfds 

m £/ie case £ = a(-A), where "e/d" for e G Z means any integer such that d • ue/dT-df 
e mod TV, and 

1 — ( c 2 - c « x ( c ) ) (d2-d"x(d)) , T\t+2)T\t+2) 

in the case £gSL2(Z). 

5.7. Prop. 5.3 is deduced from the propositions 2.3, 2.4, 4.3, 4.4 and Thm. 5.6 is 
deduced from the theorems 2.6, 4.6, by the following (5.7.1)-(5.7.3). (We use (5.7.1) 
and (5.7.2) (resp. (5.7.1) and (5.7.3)) in the case £ = atA) (resp. £ G SL2 :(Z))0 
(5.7.1) On K2(Y!(AT) ®Q(Cm)), Affc(Xi(AT)®Qi (Cm)) ft € Z) , and Vfc,o(5/i(Ar) fd 
Q(Cm)) T\t+2) we have 

( 

& 0 
0 1 

) 
) 
* 

= o~b for b G (Z/m)x. 

(5.7.2) Let a G Z, A M ^ 1, L > 4, m 4̂ I M , TV I L, M I L. Lei 

dsf df :K2 y ( M , L ) ) dfsf K2 T\t+2)T\t+2) (Cm)) 

T\t+2) tm,a(A) d df T\t+2) L)) dff dff T\t+2) (8 Q(Cm) 
resp. dff (A) d Vi df ( F ( M , L ) ) sdfdsf V df 

T\t+2) ® Q(Cm)) 
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be the map defined in 5.1 (resp. defined in 5.2, resp. defined in the same way as £M,A(,4) 

for Mk in 5.2). Then we have 

t m,an(A) 
o Tin) = T(n)o tm,a(A) ? ̂ "mia{A) o T'{n) ff T'(n) ° tm,an(A) 

for any n ^ 1 such that (n. M) = 1, and 

tm,av{ (A) o 
( 
(( 

U U 

0 v 

= 
= 

d 
d 

d 
d 

u 0 

dfsd 

) 
) 

sd* 
° tm,au(A) 

for any integers u, v such that (u,M) = 1, :v,D sd i. In particular, T'Iti) ( In 0 
0 1 ) 

* 

(n^l, (n, M ) = 1) and ( o S ) fa € Z, (v, L) = l j commute with t"m,a(A) -

(5.7.3) T\t+2) ̂  3. Then for n > 1 si/c/i £/ia£ (n, L ) = 1 the operator T'(n) ( 1/n 0 
0 1 ) 

u 
u 

T(n) ( 1 
0 

I 
0 
In 

) 072 k2 [Y(L)) (resp. MdX T\t+2) resp. Vk.z (Y(L))) commutes with the 
action of GL2 (Z/L). 

The proofs of (5.7.1)-(5.7.3) are easy and hence omitted. 
We give explicit presentations of the zeta elements of this section in some special 

cases. 

Proposition 5.8. — Let a G Z, A ^ 1, and assume 

prime(A) C prime(m), N>4, m A I N, 

Let S = prime(m). 

( i ) Zl.N.m (a(A),S) gh 
)) 

n <r yi/m.xt yo.lln 
= 
= 

where x ranges over all elements of Q/Z such that mx = —a/A. 
(2) Let k ^ 2. Assume 

prime(A) C prime(m), T\t+2) mA I AT, 5 = prime(m). 

Then for integers r, r', c, d as in (5.2.1) (5.2.2) (resp. for integers r, r' as in (5.2.3)), 

c,dzl,N,m (k,r,r',a(A),S) (resp. zitN(k,r,r', a(A), S)) is equal to 

Ar'-1 {-l)r [r-i] df m h.-r-1 N —r E 
X 

c 
(k-r 
l/m,x d E r 

0,1/N 

fresv. Ar 1 • (-Dr ( r - l ) dfs mk-r-2N-r . sdfd 

x 

fd (k-r 
1/m.x 

E ,(r 
0,1/N ) 

if r' = k - 1, and to 

Ar-i . ( - 1 ) df 
df (k-2) d -l 

fd 
.r — k N df f E 

df 
r E (k-r 

1 /m,x df d fd dff 
),1/N 

(resp. A r-l df ( - 1 ) r 
df ffc -2)! -1 m 

r'-k N -r' df E 
X 

KM <sdfs 
l/m,x df d (Vi 

oa/iv f 

df r = K — I, where x ranges over all elements of Q/Z T\t+2)T\t+2) - a / A 
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Proof. — Concerning (2), the proof for zeta elements with c, d is similar to that 
without c, d. So we give the proof of (2) for zeta elements without c, d. 

By the arguments as in the proof of Prop. 2.3 (resp. 4.3), we can proceed as follows. 
The element 

{9i/mA,o,9o,i/N} eK2(Y(mA,N)) ® Q 

(resp. df dsff 
1/mAX 

E U) 
0,1/N G df {X{mA,N)) 

where (0 df F or E and 1 < j < fc - 1) 

is sent to 

{9l/mA,-a/mA, 90A/n} G K 2 (Y(mA, N)) sdfdd 

(resp. ! fdsf 
l/mA,—a/mA 

El U) 
0,1/N e dsf (X(mA,N))) 

under ( 1 a 
n 1 ) * df ( 1 -a 

0 1 ) dsf and then to 
df 

n 
T. 

9x,-a/mA,90,l/N } 
€K2(Y{m(A),N))®Q 

(resp. E < 
X 

(!) (k-j) 
x,—a/mA f d f 

0.1 N 
6 dff (A-(m(A), AO)) 

by norm (resp. trace), where x ranges over all elements of Q/Z such that Ax = l/m. 
By using 2.12 and then 2.7 (2) (resp. 4.12 and then 4.7 (2)), we see that this element 
is sent by (ri), df fd 

dd 
to 

d 
fd 9l/m,—a/mAi n 

y 

9o,y } 
€K2(Y(m,N(A))) dsff 

(resp. A6 (!) 
dsf 
1/mA,--a/mA E 

ff 

fd (j) 0,y e df (X(m,N- [A))) 

(s = 0 if (!) df F, and s = k — 7 — 1 if ( ! ) = £ ) ) 

where 2/ ranges over all elements of Q/Z such that Ay = 1/7V. By using 2.7 (2) 
(resp. 4.7 (2)), we see that that this element is sent by norm (resp. trace) to 

\9l/m,-a/mA, 90A/NJ G K2 (Y(m,N)) <8>Q 

(resp. A*. (0 (k-j) 
l/m, — a/mA F [j) 

0,1/N dG dff (X(m,N)) 

( * = i i f (!) dfdfd and t = k- 1 if (!) = £))• 

This element is sent by norm (resp. trace) to 

{ n 
X 

9l/m,x, G0,1N E K 2 dsfsdf dsds KCm)) fdswf 

(resp. f 
DE 

X 
(!) 

dsff 
l/m,x 

E, fd 
),1/N 

dsffds (X1(N) ®Q(Cm)))-

where x ranges over all elements of Q/Z such that ma; = —A/a. This proves 5.8 (1) 
(resp. 5.8 (2) for zeta elements without c, d). • 
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Remark5.9. — Let k ^ 2, let £, S be as in (5.1.1) and assume f = a(A). Then 
Prop. 5.8 shows that the zeta element c,d^i,7V,m(^j r> r'> #) for r'', c, d as in (5.2.1) 
(5.2.2) (resp. Zi,N,m(k,r,r',£,S) for r, r' as in (5.2.3)) is defined also as follows 
avoiding the strange map £m,a(A)- Take M ^ 4 such that prime(M) = S, and let 
ra' = raM, TV7 = AmMN. Then this zeta element is the image of the zeta element 

c,dzl,N' ,m' (k,r,r',C,S) (resp. T\t+2) %r,r',t,S)) under the trace map 

sd (Xi(N') ®Q(Cm')) > sdsd {Xi{N) <8>Q(Cm)), 

and the latter zeta element is given by Prop. 5.8 since 

prime(.A) C prime (ra'), T\t+2) m'A I N', S = prime(m/). 

A similar remark works for elements z\ N m(o>(A), S) in K2 ® Q . 
By Prop. 5.8 and by Rem. 5.9, we have 

Corollary 5.10. — Let a, A e Z, A ^ 1, and let £ = a(A). Then the zeta elements 
in 5.1 (resp. 5.2) including the symbol £ do not change when we replace £ by a'{A) 
for any integer a' such that a' = a mod A, and they do not change (resp. they are 
multiplied by br ~~1) when we replace £ by ab(Ab) for a positive integer b. 

6. Projections to eigen cusp forms 

In this section, we consider zeta elements associated to each newform. 
Fix k > 2, N > 1. 

6.1. We fix a normalized newform :[al], [De2]) 

/ ds E 
sd 

qsdsd sdeSfc(Xi(A0)<8>C 

of weight k and of level N. We have 

31 = 1 

T(n)f = On/, T\n)f = Sn/, for any n ^ 1. 

6.2. The zeta function 

L( / , s ) sd E 
n l̂ 

T\t+2) 

can be written in the form of the Euler product 

E 
0 

T\t+2)T\t+2) T\t+2)T\t+2) -1 

where £ ranges over all prime numbers and 

£ : (Z/N)x ccvcc cv 
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is a homomorphism characterized by 

( 
( 
( 

Id 0 
0 fg 

) 
) / = e(d)f for any de (Z/N)x. 

(If I divides N. e(£) means 0.) 
For m ^ 1 and for a finite set S of prime numbers such that prime(m) C 5, and 

for a character X : T\t+2) 
xc Cx, let 

L ~ ( / , x , s ) ccv E 
(n,S)=l 

anY(n)n 3 

xw n 
xccv 

(1 - a<X(£)RFL + T\t+2)T\t+2)T\t+2) -i 

These zeta functions converge absolutely when Re(s) > (fc + l)/2, and are extended 
as holomorphic functions to the whole s-plane. 

6.3. Let 
F = Q(an ; n > 1) C C 

Then F is a finite extension of Q and is stable under the complex conjugation. The 
above e has values in F. 

We will define a quotient Q-vector space S(f) of Mk(X\(N)) and a quotient Q-
vector space V f ( / ) of Vk,q(Yi(N)), corresponding to / . These spaces will have struc
tures of F-linear spaces, and dimp (S(f)) = 1, dimjp(Vp(/)) = 2. In the case k = 2, 
we will define a quotient Q-vector space K2(/ , K) of K2{Y1{N) 0 K) 0 Q for a field 

T\t+2) which also has a structure of an F-linear space. 
Let m ^ 1 and let £, 5 be as in (5.1.1). For integers r, r', c, d satisfying (5.2.1) 

(5.2.2) (resp. integers r, r' satisfying (5.2.3)) we define the zeta element 

c,d Z"tn (f,r,r',Ç,S) (resp. zm(f,r,r ,£,S)} eS(/)®Q(Cm) 

as the imaere of the element c,dZl,N,rr jk,r,r',e,s) +2)(resp. Zi.N.m (k,ry,Z,S)) of 

Mfc(Xi(iV))®Q(Cm). In the case k = 2, we define the zeta element 

fgfT\t+2) 6 k 2 ( / , q ( u ) : 

as the image of Zl,N,m 
We define £ ( / ) to be the quotient of Mk(Xi(N)) 0q F by the F-submodule gen

erated by the images of the operators T(n) 0 1 — 1 0 an for all n > 1. Hence as a 
Q-vector space, S(f) is a quotient of Mk{X\{N)). Furthermore, S(f) is a one dimen
sional F-vector space, and S(f) Of C is generated as a C-vector space by the image 
of f under the canonical map S*(XI(JV))<8>qC : - s(f) o f c 

On £ ( / ) , T(n) acts by an and T"(n) acts by an. 
We define Vp( / ) to be the quotient of Vk^(Y\(Ny) by the F-submodule generated 

by the images of T(n) 0 1 — 1 0 an for all n ^ 1. As a Q-vector space, Vp( / ) is a 
quotient of Vk}q(Yi(N)). On Vf(/), 3H(n) acts by an and T ' (n) acts by an. 

SOCIÉTÉ MATHÉMATIQUE DE +FRANCE 2004 



162 K. KATO 

For a commutative ring A over F, define 

VAU) = VF(f) ®F A. 

The complex conjugation t on Vk,q(Yi(N)) induces an A-linear map i : VA(f) h 
vA(f). Hence we obtained an A-linear action of Gall C / R on VA ( / ) . 

We have 

áimF(VF(f)) = 2, dimF(yF(/)+) = dimF(VH/)-) = 1 

where ( )± means the part on which t acts as ± 1 , respectively. 
The period map per gh : M * ( X i ( W ) ) gh T\t+2)T\t+2) induces an F-linear map 

per, : S(f) fghg Vc(f) 

which we call the period map of / . 
For 1 < j < fc - 1 and for £ = a(A) with a ez, A^i (resp. for £ € SL2(Z)); let 

T\t+2) T\t+2) 

be the image of *i,N(fc,j,0-
In the case fc = 2, we define K2(f,K) for a field K D Q, to be the quotient of 

K2 (Yi (TV) <g)K)<g>zF by the F-submodule generated by the images of T(n) <g> 1 — 1 ® an 
and T"(n) 0 1 — 1 (8) an for all n ^ 1. As a Q-vector space, K2(/ , K) is a quotient of 
K2(Y1(N) ®K)®Q. On K2(f,K), T(n) acts by an and T'(n) acts by an. In the 
case K C C, the regulator map reglj7V : K2(Yi(7V) ® I f ) —» V/^cOKiV)) induces an 
F-linear map 

regy : K 2 ( / , / f ) fdg T\t+2) 

which we call the regulator map of / . 

Proposition 6.4. — Let Ç, S be as in (5.1.1). Let m' ^ 1, m I m', and let Sf be a finite 
set of prime numbers such that S U prime (m') C S'. 

(1) Let r, r', c, d be integers satisfying (5.2.1) (5.2.2) and prime(cd) H S' = 0. 
Then the trace map 

SU)®Q(Cm>) dfg S(/)®Q(Cm) 

sends dfgd (f,r,r>,£,S') to 

( fdgn 
ies'-s 

( 
( 
1 - aea¿ i T\t+2)T\t+2)vcv T\t+2) 

0 
' ctdZm(f, r, r',Ç,S). 

We have the result of the same form for (f,ry,tS') and zm J,r,r',¿,S) for any 
integers r,r' satisfying (5.2.3). 

(2) Assume fc = 2. Then the norm map 

K 2 ( / , Q « m , ) ) fgg T\t+2)T\t+2) 

sends Zm' :f,e,s') to 

( n 
ees'-s 

( l — a¿Gp 1 + £ (0 cvcv dfdg ) 
) cxwxc T\t+2) 
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This follows from Prop. 5.3. 

6.5. We introduce the dual cusp form /* of / . Let 

r = E 
DSF 

anqn. 

Then /* GMfc(X1(7V))0C, and / * is an eigen newform of level TV. 

Theorem 6.6. — Let E S be as in (5.1.1). Let x : (Z/m)x ^ C x be a character. 

(1) For integers r, r' satisfying (5.2.3) and for ± = ( - ! ) ' SDFF DSFSF we have 

Y 
be(Z/m)x 

X\P) PER/ (o~b(Zm(f, r, 7*',£, DFG ± FG FGD ( r , x , r ) ( 2 « ; DGFDG T\t+2) D 
; 

TVeatf /e£r, r', c, d be integers satisfying (5.2.1) (5.2.2). In the case e SU(Z), assume 
c = d = 1 mod N. Let ± = (-1) k-r-l SFSF and let u, v e Z ?e as in (4.2.4). Then 

E 
be(Z/m)x 

X(b) per. T\t+2)T\t+2)T\t+2)T\t+2) ± DF DF ( / * , X , r ) - (27Tt) k-r-l •7" 

where 

7 DF c2d2<5 ( / , R , R ' , A ( A ) ) C T\t+2) T\t+2)T\t+2) 

X 
T\t+2)T\t+2) ( / , r ' , " a / A ^ ) ) + cud»x(cd)e(d)6(f,r',Z) 

in the case £ = a(A), and 

T = (c2-c"x(c ) ) (d2 - d»x(d)) T\t+2)T 

m £/ie case £eSL2(Z) . 
(2) Assume k = 2. Le*± = - X ( - 1 ) . Xften we Ziawe 

E 
6G(Z/m)x 

x(&) reg. T\t+2)XVCXV T\t+2) XC lim 
s—0 

S"1 L Q ( / * , X , « ) 2TTZ • ö / , 1 , 0 ' ± 
C 

This follows from Thm. 5.6 

7. The proofs of the zeta value formulas 

In this section, we give the proofs of Thm. 2.6 and Thm. 4.6. 
In 7.1-7.17, we fix k > 2, N ^ 4, and m ^ 1 such that m | iV, and consider 

YAN) <8>Q(Cm). Thm. 2.6 and Thm. 4.6 are statements for F ( M , AT), but as is 

explained in 7.18-7.20, we can reduce them to a result (Prop. 7.12) on ii(JV)®Q(Cro). 
We will identify Y\(N)(C) with I V A O V S VIAI / : i3 CVC M I T E ) CV yx(iV)(C) (1.8), 

where 

Ti(JV) C { ( 

a 6 

c d 

° 
° e SL2(Z) ; c = 0, d = 1 mod AT 

° 
° . 

We will regard modular forms as functions on 9) as in 3.8. 
We start with the following result of Shimura. 
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Proposition 7.1 ([Sh]) DF Let 0 < j ^ k — 1, and let 

f = FSFF 
DF 

anqn eSk (X1 (N ))(g)C, 9 = E 
DF 

bnqn eMk-JXUN^^C. 

Assume T\t+2)T\t+2) and that f and g are eigen forms of T{ri) for any n ^ 1 such 
that (n,N) = 1. Then 

J ri(A/)\Í3 
f(r)a(r)'N-j-2<<s-k^ E 0 \ r , l /W,2 (* - f c + l ) ) y s-l ix A áy 

D (47r)-sT(s)D(f,gjS) 

fr = x + iy <E fi, x, y e R), where E (j,T,l/N,8) is as in 3.8 and D(f,g,s) is a zeta 
function defined as in 7.2 below. 

7.2. For f, q as in Prop. 7.1, the function D(f, o, s) is defined as follows. Write 

T(n)f = A(n)/, T(n)o = 77(n)# ( ( " , # ) = 1, A(n), 77(72) G C) . 

Then the Dirichlet series 

E 
(n,N) = l 

X(n)n~s anc E 
(n,JV) = l 

rj(n)n 

are expressed as Euler products, tor a prime number t which does not divide N, 
let { ( l - a ^ - ^ i l - a a ^ - ) } - 1 be the Euler factor of E(n,iV) = l A(n)n~5 at -t, let 

T \ t + 2 ) { ( l - Ä n a - Ä n r 1 be the Euler factor of CVT\t+2) n(n)n s at L and define 
i polynomial PeM by 

T\t+2) (1 - aißxu) [1 - aiß2u)\ [1 - a2ßiu)\ (1 - a2ß2u). 

Define L(jv)(A (E) ?7, s) by 

SDF (A (8) ry, s) DF n 
FD 

P£(^-S) -1 

where £ ranges over all prime numbers which do not divide N. Let 

S(N] DF T\t+2) prime(n) C prime IN)}. 

We define 

T\t+2)DF D LiN)(\®r),s) • E 
neS(N) 

anbnn . 

7.3. In 7.3-7.6, we fix some notation. 
Let x : №/m)x —+ Cx be a character. For h ^ 1, we define elements 

(7.3.1) 1 x (here we assume m ^ 2 in the case /i = 2), 

(7.3.2)S SDF (here we assume y ^ 1 in the case h = 2) 
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of Mh(Xi(N)) 0 C as follows: 

R 
Dx 
DF 

F m h-2 
e 
a,b 

SDF F (h) 
a/m,b/m 

D (h) 
x DF m -h E 

FD 

DFF 5 FD 
a/m,b/m 

for DSFFD 

E '(2) 
FD FD m"2 E 

DF 

DFF (a) D (2: 
a/m,b/m 

where a ranges over all elements of (Z/ra)x and b ranges over all elements of Z/ra. 

Since £6^L , * /m> E b ^ / U / m * 2)' and Eb^/m,*/™ = 2) belong to 
MhiX^N) <8> Q(Cm)) - Affc(Xi(iV)) (8) Q(Cm), (7.3.1), (7.3.2) are defined as ele
ments of Mh(Xi(N)) <S> C. These elements are zero unless x(—1) — (—l)h because 

R_ D 
— ex,-D DF ( - I ! D D D 

D 
and the similar formulas hold for D D 

FD D(h ¿2) and E (2: 
FD 

7.4. Let x ' (Z/m) X DF FD be a character. Let r, r' be integers satisfying the 
following (7.4.1). 

(7.4.1) 
0 < r O - l , 1 ̂  r' < fc - 1, and at least one of r, r' is k — 1. 
Furthermore m > 2 in the case (r, r' DF [k-2,k- 1), 

and X f 1 m the case (r ,r ' ) F (k- l , f c - 2 ) . 

We define a function 2* (r,r ; on £by 

(7.4.2) DF (r , r ' ) D 

° 
° 
° 

( - l ) r ( r - 1 ) T\t+2) E 'fc-r) 
D 3 (r) 

D,l/A/ 
if r' = k- 1, 

- i ; / 
r 

( f c - 2 ) ! -1 TV - r ' D (fc-r') 
D 

D (r'\ 
0,1/N if r = k — 1 

For an integer d which is prime to TV, we define a function dZ* (r, r ' ) on # by 

(7.4.3) <̂ x (r,r ; D 

° 
° 
° 

( - i f . ( r - 1 ) ! " 1 /V"R E7 (fc-r) 
X D 5 D 

'0,1/N if r' = k - 1, 

DFSDF r (k-2)\ -1 TV -r' E ffc-r') 
X 

dE FG 
[),1/N 

if r = k — 1 

These functions with r' = k — 1 (resp. r = k — 1) are zero unless x - l ) = ( -1 ) ' c — r 

(resp. x(-i) = ( - i r r ). 
The functions in (7.4.2) with (r ,r ' ) ^ (0, k - 1), (2,fc - 1), (fc - 1,2), and the 

elements (7.4.3) with r / 0 are elements of Mk(Xi(N)) ® C. In general, functions 
in (7.4.2) (7.4.3) are C°°-functions on H but not necessarily holomorphic. 

The following is clear from the definition. 

Lemma 7.5. — Let r, rf be as in (7.4.1) and assume r ^ 0 . Assume m ^ 2. Then we 

have 

E 
a€(Z/m)x 

T\t+2) (zi,N,m{k, r, r', 0(1), prime T\t+2) F F FGM, 
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T \ t + 2 ) T \ t + 2 ) z / ( r , r ' ) ^ ( 2 , f c - l ) , ( fc -1 ,2) ( * - ! , * - 2 ) , and 

E 
a€(Z/m)x 

T\t+2)T\t+2)T\t+2)T\t+2) , 0(1), prime DFS 
F (c2-c"x(c))^x(r,/) 

/or an?/ integers c, a7 s^c/i £/ia£ (c, m) = (d, mTV) = 1, where u = r + 2 \-kifrf = k-l, 
and u — k — r' if r = k — 1. 

7.6. Define zeta functions D D 
F1,7V < 

(A;, si and D T 
1,7V ' 

(&,X,s), whose values are operators 
acting on VktC{Yi(N)),bi 

Z D 
N (k,s) = D 

n>l 
r(n)n~5, D •1 

1 AT 
CVCVT\t+2) E 

FDG 
X(n)T(n)n-s. 

(The letter T means that these zeta functions are denned by using T(n) not T"(n).) 

For/ F FG FGG FDG FGF (Xi(JV)) FGG 

[fh = ai. 

We have 

FG FG FDGDFG 

for all n ^ 1. Define 

I DFG F E 
n>l 

Fann F [ 7T [k,s)_f F 
L 

For an integer j ^ 1, define 

« ( / , j ) = (27TÌ; k-i 
j 

•oo 

( 
T\t+2) CV 7-1 T\t+2) 

T\t+2) XC the complex conjugate of Q, (fj) 

Then we have 

(7.6.r T\t+2) XC (27T2) k-j-I ( - 1 : X 0 ' - l ) ! - L ( / , i ) 

for anv i > 1. (This follows from the well known fact 

XW ODO 

r0 
T\t+2) Ï-1 X X (27T) X r(s)L(/,5).) 

Proposition 7.7. — Let Y : (Z/m)x X Cx be a character, and let f e S*(Xi(W))<8>C. 
Let r, r' òe as m (7.4.1), and assume x ( - i ) = ( - 1 ) ' fc—r 'resp. (—1) r ) ifr' = fe-l 
fresp. r = A: — 1 ) . TTien 

-8TT2Î ) 
CXC 

J ri(AT)\ft 
XVC 1 

2 
2)T\t+2) 9 RT dx A dì/ 

is e<raaZ to 

(Ini) k-r-l B R R r 
1,AT (fc,x,r)/,r') 
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in the case r ^ 0, and to 

1 
2 

(27r¿; k-i n(( lim 
s->0 

S"1 FSDF T\t+2)T\t+2) 

m me case r = 0. 

7.8. The proof of Prop. 7.7 is given in 7.8-7.10. To prove Prop. 7.7 in the case 

r,r' = ( j , k - l ) C V V V C (resp. fr,r') = (k - 1, ?')), we will apply Prop. 7.1 to the case 
a = 1/2 C (k-i) 

X resp. 1/2 C k-i 
X ) with v ( - l ) = (-11 k-j (we assume m ^ 2 

(resp. x 7̂  1) m the case j = k — 2). If we write 

XC WXC 

i>0 
WXC 

we have by ¿5.10 

(7.8.1) XC 
T1>WXC1 

XWCXW X L(x, s - H r + l)C(s - k + r' + 1) 

(Here L ( Y , S) = X n>l.Í7i,J\n=l T\t+2)T\t+2) From (7.8.1), we have 

(7.8.21 T(DDn)g = òn# for all n ^ 1 such that (n, TV) = 1. 

Lemma 7.9. — If f is as in Prop. 7.1 and g is as above, D(f1g,s) is equal to the 
complex conjugate of 

D DF 
1\ 

(k< y, s — k + r + 1 \2 T [k,s-k-rr' + l)f\v 

Proof — By (7.8.1) and (7.8.2), we have 

(7.9.i; L(N) (A® 77, s) = L(7V ( A , x , 5 - f c + r + 1) L(iv) (A , s - f c + r' + l ) . 

Hen L(iv) (A,x,s D D 
FD F(n,7V) = l A„y(n)n s. Dn the other hand, D nGS(N) 1 DSFDF 

is the complex conjugate of D F neS(N) T{n)bnn-& fii and bv the fact 

T{nn') = r(n)r(n' ) for n,n' G 5(7V), 

this y neS(N) T(n)bnn-S is expressed as: 
(7.9.2) 

y 
T\t+2) 

T(n)bnn-S DF 
F DSF 

neS(N) 

T(n)x(n)n -(a-fc+r+l 
D) ( 

DF 

neS(N) 

T\t+2)T\t+2)T\t+2) 
) 

Now 7.9 follows from 7.9.1, 7.9.2, and the fact 

Tlnn') = r(n)T(nf) if (n,N) = l and ri GT\t+2) 

7.10. We prove Prop. 7.7. We may assume that / is an eigen form of T(n) for any 
n ^ 1 such that (n, N) = 1, since Sk(Xi(N)) ® C is generated over C by such forms. 
For such / , by (7.6.1) and Lemma 7.9, the case r ^ 0 (resp. r = 0) of Prop. 7.7 is 
obtained by putting s — k — 1 in 7.1 (resp. by taking lims_>fc_i of (s — k + 1)_1 times 
the both sides of 7.1). 
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7.11. For M , L > 1 such that M + L ^ 5, we defined in 4.5 a C-linear operator 

£ : Vk,c(Y(M,L)) DF Vk,c(Y(M,L)). 

Now we define another operator 

S :Vk,c(Y(M,L)) DF Vk,c(Y(M,L)) 

which is anti-C-linear, bv 

- {x®y) D DFFF (xeVkMY(M,L)), yeC). 

Proposition 7.12. — Let x D (Z/m) X D DFF be a character, and let 

SDT\t+2)T\t+2) 
E 

SQD 
Y(n)T'(n)n-s 

which is an operator-valued function acting on Vk,c(Yi{N)) 

(1) Assume x ( ~ 1) S ( - D 
k — r [resp. (—1) k-r' ) ifr' S k — 1 (resp. r = k — 1). 

Then 

(7.12.1) pei 1,N ( 
i 
2 zx (r,r')) 4 ( - 1 ) k-r-l V(per1JV S ,1 

"2 zT(r,r 
D 

S Z\N T\t+2) (2TTZ) T\t+2) • SliN(k,r ) 

in T\t+2)T\t+2) * / ( r , r ' )^ (0 , f c - l ) , %k-l), (A : -1 ,2 ) , and 

(7.12.2) peri V F 1 
2 

•d^x(r,r )) + -1 T\t+2) 
( ?erl,JV 

D 1 
2 DFD r,r'))) 

D Zi,N(k,x,r) (2TTI) fc-r-1 
( 

d 2 - d*x(d) ( 1/d 0 
0 d 

D D °0 
° °• *ijv(fc,r') 

*nT4.r.ryiWÌÌ ifr =¿0. 
(2) 4̂ss?/me ra ^ 2 and x(—1) — 1- Then 

(7.12.3) E 
2€Z/m> 

X(a) reSi,;v 
H 

n 

beZ/m 

1 /̂ v, », /™ .On i/wl ° 
° 

D lim 
DF 

«-^1,^(2, x, a) -27Ti-d1,JV(2,l) 

D T\t+2)T\t+2) 

The proof of Prop. 7.12 is given in 7.13-7.17. 

7.13. In this 7.13, by using Poincaré duality, we reduce Prop. 7.12 to Prop. 7.7 anc 
to a statement (Prop. 7.14) concernine the "boundary" of zeta elements at cusds. 

The canonical pairing DS S H1 xH1 - + Z o n Yi (7V ) (Q induces the pairing 

Sym k-2 
M 

'H1) x Sym k-2 
S (H1) SDD Q ; 

(m . . .xk-2,yi • --Vk-i) i—> 
i 

( f c - 2 ) ! E 
SDSD 

k-2 

M 
SD 

(X3,y<r(j)} 
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(Xi, . . . ,Xfc_2,yi, DSDF...,2/fc-2 This induces a perfect duality of finite dimensional 
Q-vector spaces 

(7.13.1) DF :Vk.0(Yi(N))x Vk,Q,JYi(N)) SF Q 

and also a perfect self-duality of the finite dimensional Q-vector space 

DF T\t+2) S 
XC 

T\t+2)T\t+2) ,3* Sym fc-2 
D ( « ) ) ® Q 

where j denotes the inclusion map Y1{N)(C) DF Xi(N)(C). (We regard DFD >(X!(N)) 
as a subspace of DFS ÁYAN)) and at the same time as a quotient of SDFF DFSDDFS 
Furthermore the period map (4.10) 

pei DSF T\t+2) (8)C XCX T\t+2) T\t+2) 

induces the isomorphism of Shimura 

(7.13.2) C X C ( & № ( # ) ) <8>C) .2 CX 
XV XCX № ( 7 V ) ) XC 

def 
1 4 , Q ( X 1 ( A T ) ) 0 C 

( / , # ) 1—• per(/) + L per(p). 

Consider the exact sequence 

(7.13.3) 0 XCW XCC (XAN)) XC Vkr(YAN)) 

X 
XCX XC XCX Sym XC 

/A XWCC (g>C 

where x ranges over all cusps in Xi(N)(C) and ( )x means the stalk at x. 
By (7.13.2) and (7.13.3) and by the self-duality of Vk,c{Xi(N)), we have 

(7.13.4) For z G Vk,c(Yi(N)), z — 0 if and only if z satisfies the following conditions: 
(z,per(f)) = (zIL'ver(f))=0 for all f G SkiXAN)) <g> C, and d{z) = 0. 

Concerning the Poincaré duality (7.13.1), the following (7.13.5)-(7.13.7) hold. 

(7.13.5) For f G SkiXAN)) <g)C, g G Mfc(Xi(JV))®C, we have 

(per (5), per(/)> = 0, (i'per(g),t perl/)) = 0, 
{per (5), t 'per(/)) C (-87T2i) AC— I Jr,(N)\fi • f(T)g(r)yk 2dxAdy 

{T = x + iy, x, yeRj 
(£'per(tf),per(/)) = £̂ e complex conjugate of (per(#)y per( / ) ) . 

(7.13.6) For z G 5fc(Xi(7V)) ® C, and for 1 $ j ^ k - 1, we Aave 

XCT\t+2) per / > T\t+2)T\t+2) 

(ài,N(k,j), *'per(/)> = n ( / , i ) . 

(7.13.7) Lei / G S2(X\(N)), and let w be a closed C°°-differential form on Yi(N)(C) 
which has at each cusp the growth 0{r-L log(r)c) T\t+2) for some c > 0 where r 
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denotes the distance from the cusp (the metric is defined by fixing an analytic isomor
phism between an open neighbourhood of the cusp and an open set of C). Then 

(elass(w),per(/)) = 5 
5 
Ti(A0\S 

w A j • dlog(g) 

(classi w) T\t+2)T\t+2) ° 
° 

T\t+2) 
wAf- dlog(g). 

((-8TT2¿) c-l in (7.13.5) comes from 

dlog(g) A dlog(g) = -87T2 . àx A dy 

and from 
5 
5 

C/(Zr+Z) 
dlog(£) A dlog(i) = -Snzi -Im(r), 

where Í = e2™2.) 
We reduce Prop. 7.12 (1) to Prop. 7.7 and Prop. 7.14 below. Let / €5fc(Xi(JV-))(8)C. 

By (7.13.5)-(7.13.7), we have 

(l.h.s. of (7.12.1), i;per(/)> = (-8TT2Z) fc-i ° 
° 

ri(iV)\15 
T\t+2) 1 

2 
T\t+2)CV yk 2dxAdy, 

r.h.s. of (7.12.1 U ' p e r m WX Í27TZ) fc-r-1 121 7T ,N (k, x, r) • / , r') 

(since T'{n) and T(n) are the adjoints of each other in the Poincaré duality). Next 
let d be an integer which is prime to N, and let h = (d2 — dJ'x(d) • (o i/d) ) / • Then 
by (7.13.5)-(7.13.7), we have 

(l.h.s. of (7.12.2)yPer(/)> = (-8TT2Í) x k—l 
J T\t+2) 

fir) 
1 
2 

'dzx(r, r') y 
,k-2 

dx A dy 

XC (-8TT2ZÌ k-i 
J ri(N)VS 

Mr X 
1 

2 XC r(r,r')- 2/ fc-2 dx Ady, 

(r.h.s. of (7.12.2i,¿'Der(n^ = (2TTZ) fc-r-1: X X 7T sr{k,x,r) -h,r'). 

Hence by 7.7, we have for e = 1, 2, 

(l.h.s. of (7.12.e),, *'per(/)> = (r.h.s. of (7.12.e),¿'per(/)). 

By taking the complex conjugate, we have for e = 1, 2, 

(l.h.s. of (7.12.e),per(/)) 

WX the complex conj. of ( - 1 ) 
k-r-l • (l.h.s. of (7.12.e) for y,¿'per(/)> 

WX the complex conj. 3Í ( -1 ) k-r-l • (r.h.s. of (7.12.e) for x, i per(/)) 

WX (r.h.s. of (7.12.e),per(/)). 

Hence by (7.13.4), Prop. 7.12 (1) is reduced to Prop. 7.7 and to Prop. 7.14 below. 
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We reduce Prop. 7.12 (2) to Prop. 7.7 and to Prop. 7.14 below. For g, h e 

OÇïiiN))* <8>Q, the differential forn 

Vg,h log(|p|)-dlog(h|ft|-A)-] logdhD-dlog^l^r1) 

in 2.10 is written also as 

Vg,h = log (g • dlog Ih + log(h) • dlog(a) -d{log(M)-log(|/i|)} 

SD log(|g|) • dlog(Ä) -10g(|Ä|) •dlog <?)+d{log M) •iog(N)}. 

Since class(d{log(|o|) • •log(|/i|)» = 0 we have by (7.13.7) 

(class(r;g 0 , ^ p e r ( / ) ) = 
D 
D 

ri(AT)\fl 
log(|fl|).dlog(/»Y A / • dlogfô) 

(class(»79,h), T\t+2)T\t+2) 
J ri(iV)\fl 

log(lol) • dlQg(Ä) a / • diog(g; 

SDD complex conj. of (class(?7s,/i), V p e r ( / ) ) 

for any / G S2(X1(N)) ® C. We have also 

T\t+2)T\t+2)DFF T\t+2) dlog(pa,/9) - ~tct,ß 

((3.8.4) (iii), 3.11 (2)). These imply, for any f€S2(Xl(N))®C, 

(l.h.s. of (7.12.3), i'per(f)) = 
J T , (A0\« 

/ ( r ) •2V(0,1)(T) • dlog(ç) A dlog(g) 

D (-8TT2Ì) 
J ri(JV)\S 

/ ( r ) « x ( 0 , l ) ( r ) d# A dy 

(r.h.s. of (7.12.3), ^pe r ( / ) ) = (2m) DF lim 
5—*U 

D DFD [2, x, « ) • / , ! ) 

(since T'(n) and T(n) are the adjoints of each other in the Poincaré duality). By the 
case k — 2 and r = 0 of Prop. 7.7, we have 

(l.h.s. of (7.12.3), ^per(/)> = (r.h.s. of (7.12.3), £/per(/)). 

By taking the complex conjugate, we have 

(l.h.s. of (7.12.3), per(/); 

= — the complex coni, of (l.h.s of (7.12.3) for v, i pert/), 

= — the complex conj. of (r.h.s of (7.12.3) for Y,t; per(/)> 

= (r.h.s. of (7.12.3), per(/)>. 

Hence by (7.13.4), Prop. 7.12 (2) is reduced to Prop. 7.7 and Prop. 7.14. 

ProDosition 7.14. — d(l.h.s. of (7.12.e)) = <9(r.h.s. of (7.12.e)) for e = 1, 2, 3, where 
d is as in (7.13.3) (we take k = 2 in the case e = S). 
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7.15. We give preliminaries for the proof of Prop. 7.14. 
Let oo G A i ( i v ) ( C ) (resp. oo G X{N)(C)) be the standard cusp, which is the limit 

point of the image of yi G $) (y—> oo). 
The cusps of Xi(N)(C) are described as follows. Let E be the set of pairs (v,w) 

such that v G Z/N and w G ((Z/N)/(v))x. Let £ / ± 1 be the quotient of E by the 
equivalence (v,w) ~ (—v, —w). Then there is a unique bijection 

{cusps of Xi(N){C)} FD E / ± l 

which sends the image of (* ^ )oo G X(N)(C) in Xi(N)(C) to the class of (v, w mod 
in E/±l for any {II) G SL2(Z/7V). 

We define a canonical homomorphism 

T\t+2)T\t+2)T\t+2)T\t+2) XCC m 

as follows. Take c ^> 0, and let C7 = { r GH ? Im(r) > c} . Then the map DFS 

T\t+2)T\t+2)T\t+2)VCV is AN ODEN IMMERSION, AND THE IMAEE OF THIS MAD HAS THE FORM 

(AN OPEN NEIBOURHOOD OF OO IN X1(N)(C)) - {^}. 

This map induces 

[ R ^ . S y m r ^ W 1 ) ) 
<-XJ 

^ H f ( è ï ) \ DF Svm DF 
D DF 0 

^H°(C/,Sym fc-2. 
DF 

T\t+2) 
I 

T\t+2)T\t+2) H°([7, Sym fe-2 
Z 

DF 

^H°(f / ,Sym fc —̂  z wo: / 
F 

l — 
( i n 
V0 1 > 

D 
D 

DF ( t f . S y m * - 2 ^ ) ) 

The pull back of Hi on U is a constant sheaf whose stalk at r G U is identified with 

Zr + Z. Let e\ (resp. e2) be the section of Hi on U whose stalk at r G C/ is r (resp. 1). 
Then ( J î ) (ei) = ei + E2- Prom this we see that 

H°(*7,Sym fc-2 
DF (ni))/ ( i - ( à î ) D 

.)H°(I7, 3ym .fc-2 
lZ ( « i ) ) ® Q 

is a one dimensional Q-vector space generated by the class of e\ , and the classes 
of efeo (5 ^ 0, t ^ 1, 5 + t = k - 2) in this space are zero. Hence there is a unique 
homomorphism 

Hu T\t+2)T\t+2) 
! ( « i ) ) / ( i - ( è î ) J H0(t/,Sym^2(W1)) —>Z 

which sends the class of e, to 1 and the classes of DF 32 s > 0, t > 1, s + t = k-2) 
to 0. This is the definition of R. 

We define a homomorphism 

R : (R1 j , bym fc-2 
z : ^ 1 ) ) 5 6 ® Q - ^ Q 

(we use the same letter R) to be the composite 

(R1 j * Syrr fc-2 
D 

T\t+2)T\t+2)T\t+2) (R^j .Syn^-^W1)) . T\t+2) 
D 

D 
Q 
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We have a commutative diagram 

(7.15.1; 

Mk(X(N)) C 

PerA/,iV 

Vk.c(Y(NY D 
c 

T\t+2)T\t 

where the upper horizontal arrow is I SD 
m=0 SD SD 

1—> a0. We have also a commutative 
diagram 

(7.15.2) 

K2(Y(N)) D 

SDQS 

^2,c(F(^v); 
S • (T 

x2ni 

where the upper horizontal arrow is induced by 

K2( (C((q1/N))) SDQ D {qaau, qßbv) SDD /3.1og(|a|)-alog(|b|) 

T\t+2)T\t+2)SD a, be Cx, u, v e 1 + .ql/NC[[ql/N]])m 

Let 

B = tBxi&J* Sym k-2 
•z 

T\t+2)T\t+2) 

where x ranges over all cusps of X1(N)(C). For F t U N 
F ) € SL2(Z/JV), let 

fio ( £ U 
V w )F 

F 
F 5 ® C F C 

be the homomorphism induced bv pulling back to X(N), then pulling back bv ( t u 
V w ) 5 

and then taking R of the oo-component. This map depends only on (v.w mod v) e E. 
For z e B ®C< 2 = 0 if and only if R o F t u V w )F F (z) = 0 for all ( t U V w ) G SL2(Z/iV). 

By this, Prop. 7.14 follows from Lemma 7.16, 7.17 below. 

Lemma 7.16. — Let \ : (Z/m)x FG FG be a homomorphism, and let 
FG 

t u FV w ) e 
SL2(Z/7V). 

(1) Let r, r' be as in (7.4.1), and assume x(—1) = (—1) k—r (resp. (—1 k — r FG in the 
case i r' = k - 1 (resp. r = k — 1). Let 

zx = zx(r,r) 

assuming (r, r ) ( 0 , f c - l ) , ( 2 , f c - l ) , ( fc -1 ,2) 

(resp. zx = dzx(r,r) 

for an integer d such that (d, N) = 1 assuming r ^ 0), and let 

Bx = Ro ( t u 
V w ) ° 0 O P E R 1 J V ( * X ) , P = 

1 

2 
(Bx + (-i)J vfc-r-l 

•Bx)-
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(i) Assume k ^ 3, r' — k — 1. Then, in the case v ^0, 

P = 0. 

In the case v = 0, if Q(w) denotes 

L(x, r + 1 - fc) • x( w) • R T\t+2)VC T\t+2)T\t+2)T\t+2) 
C 

s=r 
• (2m) k-r-l V 

(here £(a, s), (a G Q /Z) is as in 3.9), we have 

P = Q(w) (resp. P = d2Q(w) -<Px(d)Q(dw)). 

(ii) Assume k ^ 3, 2 < r' < fc - 2. Then, 

P = 0. 

(iii) Lei fc ̂  3, (r,r;) = ( f c -1 ,1 ) . TTien if Q(v) denotes 

T\t+2)T\t+2) VT\t+2) D C ( « / i V , 0 ) - C ( - « / A T , 0 ) D 
D D7 

T\t+2) 

P = Q{v) (resp. P = <PQ(v) S d?x(d)Q(dv) . 

(iv) Assume k = 2 /50 r = r = 1 ) . T/ien in the case T\t+2) if Q(v) denotes 

S L(x, l)x(v) 
° 
° 

Ç(v/N,0)-Ç {-v/N,0) 
) 

T\t+2) 

we have 

P = Q(v) (resp. P = d2Q(v) D d*x(d)Q{dv)). 

In the case v = 0, if Q(w) denotes 

L ( x , 0 ) x M { Ç(w/N,s)-Ç (-w/N,s) 
D 
D S=l 

T\t+2) 

we have 

P = Q(w) (resp. P = d2Q(w S #x(d)Q{dw)). 

(2) Let m ^ 2 , and assume \ T\t+2) = 1. Let 

P = SDD 

ae(Z/m)x 

y(a)Ro ( t u 
V w ) o d o reg1N D 

D { n 

beZ/m 
9a/m,b/m'i 9O,I/N i ) ; 

Then, in the case v ^ 0, 

P = - lim 
s->0 

s-1 T\t+2)T\t+2) ° 
° 
°° 

Qv/N,-1) ±t(-v/N,-i) 
° 
° • 2ni. 

In the case v = 0, 

P = L (X,-l)x(w) lim 
s->0 

s~l ) 
) 

Ç(w/N,s) f •Ç(-w/N,s] 
) 

• 2TTZ. 
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Proof. — By using the commutative diagram (7.15.1) (resp. (7.15.2)), 7.16 (1) 
(resp. 7.16 (2)) follows from the expressions of the constant terms of Eisenstein series 
in 3.10 (resp. from the "^-presentations" of Siegel units in 1.9) and the following well 
known equalities (7.16.1) (resp. (7.16.2)) and (7.16.3) for C(a, s) and C*(<*,*)-

(7.16.1: For a G Q/Z and for any integer r ^ 1, 

( - i ) r 
(r - 1)! 

1 
2 

:c(<*,i-r) + (-l)rC(-a,l-r)) g. 

sffsf — r { C ( « , « ) + ( - i ; rC(a,s)} 
dff 

(7.16.2) l'or a G Q/Z x { 0 } if we denote exp(27rzm by n, we have 

logli -n\ = lim 
sdf 

dsf (C(a,a) + C(-a ,s ) ) . 

(7.16.3) For any integer r ^ — 1, C(a,r) = ( - 1 ) 
r-1, C(-a,r). 

Lemma 7.17. — Let v : (Z/m)x —> Cx 6e a character, and let (t u\ 
\vwj G SL2(Z/AT). 

Let j be any integer such that 1 ^ j < k — 1. Le£ 

P(s) = R o ft u) 
\v w ) 

* oa(Zi,iv(/c,x,s) • <Jijv(fc,j))-

(1) Assume k ^ 3, j = k-l. Then, in the case v ^ O , 

P(s) = 0. 

In the case v — 0, 

P(s ) = L ( x , s - f c + l ) 
df 
x(«;)C(u;/W> * ) + T\t+2)T\t+2)vT\t+2)T\t+2) ) ) • N~s. 

(2) Assume k > 3,2^j^k-2. Then 

P(s) = 0. 

(3) Assume k ^ 3, j = 1. Tfterz 

P(*) = - L ( x , s ) ) 
) 

X(vK{v/N,s-k + l) + (-l)x(-v)Ç(-v/N,s-k + l) ) 
p jy —s+fc—2 

(4) Assume k = 2 (so j = IJ. Then, in the case v 0, 

P(s) = - Hx,s) r 
r 
X(v)dv/N,s-1) + x(-vK{-v/N,s-l) 

)) 
) • N~s. 

In the case v = 0 and m ^ 2. 

P ( s ) = L ( x , s - l ) 
== 
= v)C{w/N, s) + xi-wK{ - w/N, s) ) -N~s. 

In the case v = 0 and m = 1, 

P(s) = C(* - 1) ) ) C(w/ iV ,« )+c ( -« ; /JV,« ) -2C(s) 
0 

•N~s. 
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Proof. — Let E and B be as in 7.15. For (v,w) G E, let 

b(v,w) g B 

be the element characterized by the following properties: 6(v, w) is supported on the 
cusp corresponding to the element (v,w) mod ± of E/=b, and R o sdffssd *b(v,w) = 1 
for any t , u e Z/7V such that(ut uw) JJJ G SL2(Z/7V)- Then for any ( * S ) GSL2(Z/A0 
and any (vr ,wr) G E, we have 

(7.17.11 B o (tu) 
\vwj *b(v',w') = 

) 
) 
) 
) 

1 if v = v\ w = w' mod (ir 
T\t+2) if v = —v' and w = —wr mod (v) 

0 otherwise. 

For n ^ 1, let T'(rc) : B —> B be the dual Hecke operator. Let £ be a prime 
number, let ord^(iV) be the £-adic order of AT, and let ord^(iV, v) be the £-adic order 
of the order of the ring (Z/N)/(v). By considering the dual Hecke operators locally 
at cusps, we have 

r(£)b(v,w) = b(v,£w) + tk-xb{£v,w) 

if ord^(iV) = 0, 

T'(£)b(v,w) = b(vjw) + df 

w' 

T\t+2)T\t+2) 

if ord^(iV) > ordAN, v) = 0, where w' ranges over all elements of \(-L/N)/(iv)r 
whose image in ((Z/N)/(v))x coincides with to, 

T'(e)b(v,w) = ek-i 
E 
m1 

b(£v,wf) 

if ord^(iV) > ord^(7V, v) > 0, where wf ranges over all elements of ((z/N)/(ev))x 

whose image m i(Z/N)/(v))x coincides with w, 

T'(e)b(v,w) = (.k~xb{(.v,w) 

if ordf(iV) = ovdi(N, v) > 0. Prom this we have 

(7.17.2) ZltN(k,X,s)-b(0,l) = 

L(x,s-k + ï fgfg 

y€(Z/N)x 

x(yK(y/N,s) fgdg (V 0 x 
U l/i/J 

f* 6(0,1) 

(7.17.3) ZhN(k, X, s) • 6(1,0) = L(x, s) fg 
fggfg 

X(n)n T\t+2) f 
f 

fgg 

2/€(Z/(iV,n))x 

b(n,y) ) . 

ASTÉRISQUE 295 



p-ADIC ZETA FUNCTIONS OF MODULAR FORMS 177 

On the other hand, 

(7.17.4; 0(ÄMr(fc,Ä-i); = ò(0,1) if k > 3, 

(7.17.5) T\t+2)T\t+2) = 0 if 2 < j < k - 2, 

(7.17.6 d(6hN(k,i)] T\t+2)T\t+2) if k ^ 3, 

(7.17.7) 0 ( W 2 , 1 ) ) . = 6(0,1) - TV"1 >(i,o). 

Lemma 7.17 follows from these (7.17.2)-(7.17.7). 

7.18. In the rest of this section, we deduce Thm. 2.6 and Thm. 4.6 from Prop. 7.12. 
Let M, N ^ 1, M + N ^ 5. 

First we remark that Thm. 2.6 and Thm. 4.6 can be formulated without using the 
operator L, but using ¿/ instead. 

The image of the period map 

Mk(X(M,N)) dfs VkiC(Y(M,N)) 

and the image of the regulator map 

K2(Y(M,A0) df V2tc(Y(M9N)) 

are contained in the fixed part of the operator , O i' = i O i. 
Hence 

(7.18.1) P̂erM,7V = ¿/ perM M(x) for any xeMk(X(M,N)), 

(7.18.2) tregM M(x) = T\t+2)T\t+2) for any x GK2(F(M, N))®Q. 

Thus, the left hand sides of Thm. 2.6 and Thm. 4.6 are rewritten in the forms using 

d instead of 1. On the other hand, the right hand sides of Thm. 2.6 and Thm. 4.6 can 
be rewritten also in the form without using 1 by the following lemma. 

1 pmmn 7.1Q — t(ÖM,N(kJ). c T\t+2) < -1 en* 
V 0 1) SM.N (kj) (l^j^k-1). 

Proof. — For y > 0, let Ey be the elliptic curve over R defined by the equatior 

Y2 = 4X3 - 10 d 4 , 
0,0 [Vi) X -

7 
fi 

d :(6 
Ü,U dfsf 

(Since d d 
U.O 

for h ^ 1. h ^ 2 has a a-exoansion with rational coefficients, and since 

q = e2n*T g R if r = vL E ,(h 
O.C (yi) belongs to R.) We have an isomorphism 

d : C / (Z r + Z) d 
dfdf Ey(C) ; 

ey(z) = d T\t+2) c d 

'2mdz ) p(yi,z) 
) 

where p(r, z) (r G f ) , z G C) is as in 3.8. The map <p : '0,oo) cv Y(M,N)(C) in 4.7 

is written as 

c cvv (Ey,ey(yi/M),ey(l/N)). 
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By the definition of p(r, z) in 3.8, we have 

(7.19.1) I ( E T I U ) ) = ey(—z) for z G C 

where ¿ denotes the complex conjugation EY(C] fd EV(C). From (7.19.1), we have 

i M j / i / M ) ) dff (yi/M), i{ev{l/N)) -eJl/N). 

Hence the complex conjugation i:Y(M,N)(C) df d f Y ( M , N)(C) satisfies 

<>(<p(v)) fd T\t+2) T\t+2) 

Furthermore (7.19.1) also shows that t : H i ^ C J . Z J - H ^ C J . Z ) satisfies 

*(ei) = ei, ¿(62) = -e2 

where ei, e 2 are as in 4.7, and hence we have 

ç,f class (a?. T\t+2)cvvb 
cvc ^2 )) x - i ) 

k-j-i T\t+2) class (V, 
vT\t+2)v 

ci c2 ) 

where 1 denotes the automorphism of H i ( X ( M , iV)(C), {cusps}, Sym^~2(7ii)) induced 
by the complex conjugation of X(M,N)(C) and that of E(C) with E the universal 
elliptic curve over Y(M, N). Via the isomorphism 

Hx(y (M, iV)(C), 5ym k-2 
1 in1)) asHi(X(M,JV)(C), {cusps}, Sym fc-2 

•z (Wi) ) , 

the complex conjugation t on the l.h.s corresponds to (—l)k 11 of the r.h.s, and hence 
we obtain 

t(ÖM,N(k,j)) = dfgf fgd ( - 1 ) 
fdgdfgg 

( 0 - 1 ) , àM,N(k,j) 

= ( - 1 : dfgdfggd ÒM,N(k,j). 

Since T\t+2)fg T\t+2) ( - 1 : d on Vfc,z (F(M,AT)) , this implies 

i>(SM,N(k,j)) ds - 1 T\t+2) 
( 

-1 0 
0 1 ) ÖM,N(k,j). 

7.20. Now we reduce Thm. 2.6 and Thm. 4.6 to Prop. 7.12. 
We first prove Thm. 4.6. Let M , N ^ 1, M + iV ^ 5, and assume prime( M C 

prime(iv). The proof tor zeta elements with c,d and that for those without c,d are 
given in the same way, and so we give here the proof with c, d. We will apply Prop. 7.12 
by taking (MN, M) as (N, m) of 7.12. Take M' ^ 1 and L ^ 4 such that 

M2 I M ' , MTV I L, prime(M') = 3RIME(M), prime(L) = pnme(MiVJ 

and lei 

YIM\L) dfd Y1{MN)^Q{CM) (7.20.1) 

be the composite 

Y(M',L) sdsds Y(M(M),L 
sdq 

d 
Y{M,L{M)) df YAMN)®^ KCM) 
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which is used to define c,dZl,MN,M '(ife,r, r',0(M) ),prime(M)) (5.2). Then it can be 
shown that the canonical projection Y(M'L) d Y{M,N) factors through (7.20.1). 
Hence the trace maps 

Mk(X(M',L)) sfff Mk(X(M,N)) and Vfc.o {Y(M',L)) dfsf Vk,Q (Y(M,NY 

factor through the surjections 

£M,O(M) d Mk(X(M'LY dff Mi (XX(MN' ®Q(Cm)), 

ÏM,0(M) :Vkn{Y{M',L)t dfsf Vkx , (yi(MJV)®Q(CM)), 

respectively 
The trace map Mk(X(M',L)) Mk(X{M,N)) sends c,dZM',L 

c,dZM,N (k. r, rf) by Prop. 4.3, and £M,o(M) sends cAZM'L\k,T,T') tO 

Zl,MN,M(kiri r ' , 0 (M) , prime(M)) d T\t+2) ZI,MW,M( (A;, r,r', 0(1), prime(M) 

(Prop. 5.10). The trace map Vk,0(Y(M',L)) df Vkn(Y(M,NY sends ÒM>,L{k,rf) to 

•Xk,r,r') to 

<*MJv(fc,r'), and *M,0(M) sends sfdffff (fc,r') tc 

i i , ^ ( * y , 0 ( M ) ) df dsfdfds T\t+2)T\t+2) Vk.n(Yi(MN)) C ^ . O ( 1 I ( M Ì V ) ( 8 ) Q ( C M ) ) . 

(Here we regard Vkiq(Y1(MN)) as a direct summand of Vk^(Yi(MN) ® Q ( C M ) ) in 
the canonical way.) By these facts and by (7.18.1), 7.19, Thm. 4.6 is reduced to the 
special case £ = 0(1), S = prime(m), m | N, N > 4 of Thm. 5.6 (2). By Lemma 7.5, 
this case follows from Prop. 7.12 (1). 

In the similar way, Thm. 2.6 is reduced to the special case £ = 0(1), S = prime(m), 
m I TV, N ^ 4 of Thm. 5.6 (1), and this case follows from Prop. 7.12 (2). 

C H A P T E R II 

p -ADIC E U L E R SYSTEMS 

In this Chapter II, we define Euler systems in the Galois cohomology groups related 
to cusp forms. We define them in § 8 by using Euler systems in K2 of modular curves. 
A mysterious fact is that, via p-adic Hodge theroy, they are related to the Euler 
systems in the spaces of modular forms (see § 9) and hence to the zeta values L(f, r) 
(1 < r < k - 1 for cusp forms f of weight k (§9). We will deduce this fact from a 

generalized explicit reciprocity law in [KK3]. 
In Chapter II, we fix a prime number p. 
We denote by Q the algebraic closure of O in C. 
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8. Definitions of p-adic Euler systems 

8.1. Fix k ^ 2. 
In this section, we construct the following "p-adic zeta element" (8.1.1)-(8.1.3) 

basing on zeta elements in K2 of modular curves constructed in §2. The right hand 
sides of (8.1.1)-(8.1.3) are étale cohomology groups, and (k — r) means the Tate twist, 
as explained in 8.1-8.3. Our method to define p-adic zeta elements by using Beilinson 
elements is the "modular curve version" of the method of Soulé [So] in the cyclotomic 
theory in which he defined various p-adic cyclotomic elements by using cylotomic 
units. In the next section, these p-adic zeta elements will be related to zeta elements 
in the spaces of modular forms considered in § 4. 

8.1.1) d 
c,dzM ,iV (*,r,r'; e f f z i / p , sqdsqd ( F ( M , N))(k-r) 

where M,N> 1, M + TV ^ 5, and r, r', c, d are integers satisfying 

1 ^ r' < k - 1, (c, 6pM, = 1 (d,6pTV) = 1. 

(8.1.Ï (P) 
qT\t+2) (k,r,r',£,S) € H (Z T\t+2) Vk,zp (Y1(N))(k- r)) 

where TV. m ^ T\t+2) are as in (5.1.1), p G S, and r, r', c, d are integers satisfying 

1 < r' ^ fc- 1, prime (cd) HS = 0, (cd,6) = l, (d,TV) = 1. 

(8.1.3) dfs (p) m (f,r,r',£,S) sh1 (Z[l/pXm],V0,(f) (k - r)) 

where m > 1, f = vT\t+2)dfd is a normalized newform in T\t+2)dfdff ®C TV ̂  1 , 
£, S, r, r', c, d are as in (8.1.2), À is a finite place of F = Q(an ; n > 1), and OA is 
the valuation ring of A. 

The p-adic zeta elements (8.1.1) (resp. (8.1.2), (8.1.3)) will be defined in 8.4 
(resp. 8.9, resp. 8.11). 

In this paper, the p-adic zeta elements in (8.1.2), (8.1.3) and zeta elements in §5 
and §6 with £ = a(A) will take care of zeta values with bad Euler factors (Euler 
factors at primes which divide TV). Those with £ G SL2(Z) can not take care of bad 
Euler factors, but will take care of delicate integrality. 

8.2. We fix notation concerning étale cohomology. 
We denote the étale cohomology group H?t just by H9. Furthermore, for a ring R, 

we denote the étale cohomology group H|t(Spec(i?), ) simply by H9(i2, ) . In the case 
R is an integral domain with field of fractions K, we denote Hq(R,j*($l)) simply by 
H.q(R, 21) for a sheaf of abelian groups 21 on Spec(lf )ét, where j : Spec(if ) —• Spec(i2) 
is the inclusion morphism. 

For a field K with a fixed separable closure K, we identify a sheaf 21 on Spec(X)ét 

with the corresponding Gal .(K/K)-set 
Let K be a finite extension of Qi for a prime number £ (resp. K be a finite extension 

of © ) . Let R = K (resp. R be a ring of the form Ox [a x] for some a e O K \ {0} 
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such that p is invertible in R). For a finitely generated Zp-module T endowed with 
i continuous action of Gal(Ìf/K) (resp. a continuous action of Gal{K / K) which is 
mramified at almost all finite places of K), we denote 

W(R, T) x def 
lim 

x 

xRq(R,T/pn). 

It is known that H9(i?, T) is a finitely generated Zp-module, and is zero if q > 2 
(resp. if q > 2 and p is odd or if q > 2 and K is totally imaginary). For a finite 
dimensional Qp-vector space V endowed with a continuous action of Gal(K/K), we 

denote 
Jîq(R, V) xw 

def 
H « ( Ä , r ) 0zp Qp 

where 1 is a Gal(A/A j-stable ^-lattice m V. (buch i exists, and the r.h.s is 
independent of the choice of T.) 

If K is a finite extension of Ql for a prime number £, Hq(K,T) and Hq(K,V) 
coincide with the continuous Galois cohomology groups W (Gal(K/K), T) and 
H9(Gal (Ä/Ä) , V), respectively. 

8.3. For M , N > 1 such that M + N > 5, define a smooth Z„-sheaf Hi o n 7 ( M , N) >ét 
as follows. Let À : x x Y (M, N) be the universal elliptic curve. We define 

Hp xw RXA*(ZP). 

The Zp-sheaf on Y(M, iV)(C) associated to 7Yp coincides with 7Y1 (8) Zp, and the 

etale cohomology group H1(y(M, iV) ® Q, Sym|~2(Wi) <8>z A ) for A = Zp, Qp or 

Z/pn (n ̂  1) is identified with Ffc)A(F(M, AT)) = H1 ( F ( M , JV)(C), SymJ"2^1) 0 A) 
(4.5.1). Thus, for such A, T4,^(y(M, TV)) is endowed with a canonical action of 
Gal(Q/Q). This action is unramified at any prime number which does not divide 
pMN. This explains the notation on the r.h.s of (8.1.1). 

For any curve Y of the form G\Y(N) with N ^ 3 and G a subgroup of GL2(Z/7V), 
VktojY) for k > 2 (5.41 is endowed with an action of Gal(Q/Q) which is induced 

from the action of Gal(Q/Q) on wxwxwxwxWW)). 
We have defined Vk zAYi(N)) for N > 4 (the case M = 1 of (4.5.1)). In the case 

N = 1, 2, 3, we define Vk,zp(Yi(N)) as follows (in an ad hoc way). Let 1 ^ W ^ 
3. Take L ^ 4 such that N | L, and let Vk,zp(Yi(N)) be the image of the trace 
map Vfc,Zp(Yi(L)) -> V ^ J Y i ( i V ) ) . Then V ^ O ' i C W ) ) is independent of the choice 
of L. The action of Gal (^ /Q) on Vk oJYi(N)) induces the actions of Gal(Q/Q) on 
Vk,zAYi{N)). This explains the notations on the r.h.s of (8.1.2). 

Finally the notation on the r.h.s of (8.1.3) is as follows. For a finite place A of 
F = Q(an; n ^ 1), let 

Fx, Ox 

be the local field of F at A, and the valuation ring of F\, respectively. Let VoAf) 
be the OA-submodule of V F A ( / ) (6.3) generated by the image of Vk,zAYi(N)). Then 
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Vox ( / ) is a free OA-module of rank 2. The action of G a l ( Q / Q ) on VQP (YI (N)) induces 
an F\-linear action of Gal(Q/Q) on Vpx{f) and an 0A-linear action of Gal (Q/Q) on 
T\t+2) 

8.4. We define the p-adic zeta elements (8.1.1). 
By 2.3, we have an element 

<c,dzMpn,Npn) dffd ) hm 
n 

K2(Y(MpniNpn)) 

where the inverse limit is taken with respect to the norm map. For r, r G Z such 
that 1 ̂  r' < k — 1, we define below a canonical homomorphism 

ChM,;v(A;,r,r') : lim 
n 

K2(Y(Mpn,Npn)) xvvv H ^ Z f l / p ] , xcvv (Y(M,N))(k-r)). 

We define 
d 

c,dzMpn ,Npn (k, r, r' cv ChM,IV(A:,R, R') ((c,d ̂ Mp™, ATpn). a l̂J' 
The definition of ChM,AT k, r, r') is as follows, 
Let E be the universal elliptic curve over Y(M, iV), and let TPE be the p-adic Tate 

module of E regarded as a p-adic smooth sheaf on F ( M , AT)ét. Poincaré duality gives 
a canonical isomorphism 

(8.4.1) TPE *É Hl(l) 

where (1) means the Tate twist, and this induces 

(8.4.2) Svrr k-2 
cv cxv cv Syn k-2 

Zp TPE)){2 - k). 

Define CIIM N\k,r,r) to be the composite map 
8.4.3) 

lim 
r 

K2(Y(Mpn,Npn)) cxvc lim 
n 

H2(Y(Mpn,Npn),(Z/pn)(2)) 

cxv lin 
n 

B.2(Y(Mpn,Npn), ;Symfc-2 (TvE/pn)) 2 - r ) ) 

cv cxv hm 
cv 

H2 [Y(Mpn,Npn), c( cvx cvv 
Zp (K)/pn)(k - r); 

> lim 
n 

H2(F(M, AT), (Svm k-2 
lip 

nl)/Pn) (k-r)) 

cxv lim 
<— cv 

H1 T\t+2)dfff ( y ( M , A T ) ) ( f e - r ) ) 

where: 
The first arrow is the Chern character map. (For a scheme X on which p is invertible 

and for / , g G 0 ( X ) X , the Chern character map K2(X) -> H2(X, (Z/pn)(2)) sends 
{/,<?} to h(f)VJh{g), where h is the connecting map T\t+2) sd B.HX, (Z/pn)(l)) of 
the Kummer sequence 

n sdd :Z/Pn)(l) sdqd sdd sdsd 
sdqd 

sd 
sds sdsdsd o, 
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and U is the cup product.) The second arrow is the product with 

df 
el,n 

(r'-l) df ®(k-r'-l) 
E2,n m dfdf ®(-r) 

where (ei5n,e2,n) is the basis of TpE/pn over Y(Mpn,Npn). The third arrow is 
by (8.4.2). The fourth arrow is the trace map. The last arrow is defined by the 
spectral sequence 

E a.b 
2 df Ha(Q, Hb(y(M, N) <g> Q, )) —^ H n.-X-h (y(M,7V) , ) 

and by the fact H B ( F ( M , N)®Q, ) = 0 for 6 ^ 2. (The last fact is because Y(M, N)<g> 
Q is an afhne curve over an algebraically closed field.) By the following 8.5, 8.6, the 
image of ChM,A/(^5 ̂  rf) is contained in the image of the canonical injection 

H^zr i /p l , Vfc.Zp (Y(M,N))(k-r)) 

d lim 

7t 

H ^ l / p ] , dfsdfdf (F(M,iV)) (fc - r ) ) 

dsfdf lim 
d 

H1 :Q, vkiZ/pn [Y(M,N))(k-r)) 

Lemma 8.5 ([PeO, 2.2.4], [Ru4, B3.3]). — Let K be a finite extension of <Q>, Ze* O X &e 
£/ie rmg of integers of K, and let T be a finite Zp module endowed with a continuous 

action of G a l ( K / K ) . Then: 

(1) For any set S of finite places of K containing all places lying over p, the 
canonical map H1(OK[5,_1] ,T) —> H ^ i f , T ) is injective. 

(2) T/ie image of lim^ H1(K(Cp^), T ) —> H 1 ( K , T ) zs contained in the image of 

H^OKII/PIT) dff H 1 ^ , T ) . 

Proof — We have an exact sequence 

©v-Bv T\t+2)T\t+2) dsdf H1 OKÌS-KT) xcx T\t+2) 
T\t+2) 

T\t+2)T\t+2)T\t+2) 

where v ranges over all maximal ideals of OK[S *] and H1v means the cohomology 
with support in v. For each v, we have an exact sequence 

T\t+2)dfdf d xcx T\t+2)T\t+2) > HKOKIS-'IT] 

fsdd T\t+2)dfffd dfdf KHKV,T) dfs T\t+2)T\t+2)T\t+2) 

where Kv is the local field of K at v and Ov is the valuation ring of Kv. It is 
sufficient to prove that for each maximal ideal v of OK [ V P ] » H1(OV, T ) —> H1(i;fv, T) 
is injective and that the image of lim H1(i^v((pn), T) —> H1(iirv,T) is contained in 

the image of H ^ O « , T ) . We have 

H H O V , T ) F D S F S ^ H ^ G a l ^ V ^ ) , H ° ( x r , T ) ) 

SOCIÉTÉ MATHÉMATIQUE DE FRANCE 2004 



184 K. KATO 

where K™T denotes the maximal unramified extension of Kv, and hence H ^ O ^ T ) -
NHKv,T) is injective. The cokernel of H1 (Ov,T)^RHKv,T) is isomorphic to 

x c v b c v b b b H ^ G a l f i C V ^ H 1 ^ , ^ ) ) 

v 
vb {U1(Gai{iqr/Kv), n°(K™, Tv(l)) )}v {(Y vb Horn : ,Qp/Zp)) 
v 
vbv 

vbv{H (F„,H T\t+2) vT\t+2) 

where ¥v denotes the residue field of v, and the composite map 

lin 

n 

H1 KV(ÇPN), 1 ) xcx H1 [KV,T) cvcv { H ^ F ^ H 0 T\t+2)T\t+2) 

factors through { lim 
—>n 

H1 (1FU(CP")Î H° T \ t + 2 ) ( t f - ^ ( 1 ) ) ) } f Hence we are reduced to 

showing hmnH1(Fv(Cpn),H0(^r,Tv(l))) = 0 and hence to the fact that the 
p-cohomological dimension of the field Un>i ^V(CPN) *s zero. • 

8.6. The projections Y(Mpn,Npn) Y(M,N) factor canonically as 

Y(Mpn,Npn) df Y(M,N)®Q(Çpn) dsf Y(M,N), 

and hence the image of CliM,Ar(fc, r, r') is contained in the image of 

lim 
771,71 

df 
( 

Q , H (Y(M, N) ® Q(CPN.) ® Q , Sym. k-2 
Z/p™ (K/pm)) ) 

df lim 
m,n 

H1 ( Q ( C P " ) , ^ , Z / P - ;r (M, iv ) ) ) 

By this and by 8.5, we obtain the last comment in 8.4. 
The following 8.7 is deduced from the norm properties 2.3, 2.4 of zeta elements 

in K2 by Lemma 8.8 below. 

Proposition 8.7. — Let the notation be as in (8.1.1). 

(1) Let Mf, N' ^ 1 and assume 

M I M' N I TV', (c,M') = (d,N') = l, 

prime (Mp) — prime ( M p), prime(iVp) = prime ( N fp). 

Then the norm map 

H1 df 
Z\l/p},Vk,zJ (Y(M',N'))(k-r) di] dff H1 

) 
) m/p],vk^p (Y(M, N))(k-r) 

) 

sends c,d 2 (p) 
A'N' T\t+2) xc (v) 

c,dzi M.J\ 
T\t+2)sd 

(2) Let £ be a prime number which is prime to Mpcd. Then the norm map 

H1 
sd 

Z[l/p],VklZr (Y(M£,Ne))(k-r) 
0 

sdq H1 ( Z[l/p],VklZp< [Y(M,N))(k-r) 
) 
) 

(P) sends T\t+2) (k,r, rf) t.n 1-T'(£) ( 
i/e 0 
0 1 

x x T\t+2) ( 
i/e 0 
0 i/e ) ,*.£fc-l-2r ) 

(P) 
c,dZM,N (k, r, r') 

in the case £ does not divide N, and to s L - TU) ( XIt 0 
0 1 ) 

* sdq ) 
(P) 

c,d% qdsd (k,r,rf) in 
the case £ divides N. 
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Lemma 8.8. — The homomorvhism Ch™ \r(k. r. r') in 8. A has the followina vroverties. 

(1) T ' (n) o GhMiN(k, r, r') = nr 1 ChM,Ar(fc, r, r') o Tf(n) for any integer n which 
is prime to Mp 

(2) < a 0\ 
b ) s ° ChM)N(k,r, r') sd ar'-lbk-r'-1(ab)~r ChM,N(k, r, r') O ( 8 8 ) 

s* for any 
integers a, b such that (a, Mp) = 1 and (o, Np) = 1. 

This lemma is proved easily. 

8.9. We define p-adic zeta elements (8.1.2). 
Assume first £ = a(A). Take M ^ 1, L ^ 4 such that 

mA M, TV I L, M | L, prime(M) = 5, prime(L) = 5 U prime(TV). 

Let 
T\t+2) T\t+2) (Y(M,L)) vcv Vk,QP 'Yi{N)®Q(Çm)) 

be the homomorphism defined in the same way as the map £m?a(A) : M f c ( X ( M , L ) ) -
MkiYAN) <8> Q(Cm)) in 5.2. Let Ffc,zp(^i(TV) 0 Q(Cm)) be the Zp-lattice of 
Vfc,Qp(Fi(AT)®Q(Cm)) defined to be the image of the canonical injection 

Z[Gal(Q(Cm)/Q)l Wk^ÇY^N)) cvv 
xcvcv (ri(TV)0Q(Cm)). 

Then tm,a(A) induces a homomorphism 

Vk,zp ( F ( M , L ) ) cvv xvcxv ( y i W ® Q ( W ) . 

Hence we have a homomorphism 

*ra,a(A) iH^Zf l /p ] , cvx T\t+2)dsf dfd H^zri/p] , Vfc z. (Fl(iV)®Q(Cm)) 
dfs (Z[l/p,CmJ/ T\t+2)T\t+2) 

We define 

dfgg f l,N,m (k,r,r',£,S: fg tm,a(Ay fg (p) 
",dZM,L d f g f d g ( * W ) ) . 

dfg By Prop. 8.7 (1) ' Z1.N.M [k,r,r',f, 5; is independent of the choices of M , L. 
Next assume £ e SL2(Z). Take L ^ 3 such that 

m L, TV LL, prime (L) = S. 

The trace map Vkqp<™ (dfgf̂ (£)) gf dfgfd T\t+2)vx Q(Cm)) induces a homomorphism 

Vfc,Zp :Y(D) dgfd fdgdg dgdfgd ® Q(Cm)). 

Hence we have a homomorphism 

H1 ( Z [ I / P ] , ̂ fe,z„(r(dfgL))i fgd ^ ( Z t l / p ] , Vfc,z„ m ( i v ) ® Q i :cm))) 

fg fdgH] (Z[l/p,Cm], Vfe,zp (Yi(N))). 

We define fg 
c,dZl.N.m Xk,r,r',Ç,S) to be the image of fg fg 

( i>c>" L.L (k,r,r')) under this 
homomorphism. By prop. 8.7 (1), this element is independent of the choice of L. 
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Proposition 8.10. — Let the notation be as in (8.1.2). Let m' ^ 1, m | m', and let S' 
be a finite set of prime numbers such that iS'Uprime(m/) C S' andprime(cd)C\S/ = 0 . 
Then the norm map 

H1 [z[cm',i/p], T\t+2)T\t+2) fsfff H1 (ZÏCm.l/pl, VK,ZP ( T\t+2) 

(p) 
senas c,dZl,N,m' s(fc,r,r',£,S') sd 

) 
) n 
eeS'-s 

(1 - T\t) dsfsf dfd wcwcxv ) r-2 T\t+2) 
0 

(p) ' c,dz gfhgh 
(A;,r,r',£,S) 

where A'(£) denotes il o N 
\ o m J 

gh гn r/ie case -e does not divide N and A{£) = 0 in the 
case £ divides N. 

This follows from 8.7, in the same way as 5.3 followed from 4.3, 4.4. 

8.11. We define p-adic zeta elements (r>) 
c,d zm T\t+2)T\t+2) in (8.1.3) to be the image 

of the p-adic zeta element (P) 
c,dz\,N,m (k,ry,Ç,S). 

Proposition 8.12. — Let the notation be as in (8.1.3). Let m' ^ 1, m \ m!, let S' be 
a finite set of prime numbers such that S U prime(m/) C Sf and prime(cd) PI S' = 0 . 
Then the norm map 

H ^ Z f C m ' . l / p ] , ^ ( / ) ) tyuy H ^ Z Cm, l /p ] ,VW ( / ) ) 

sends [P) 
c,dzm' (f,r,r\£,S') to 

yt 
n 

ees'-s 
(1 - aeaT1 • rT V T\t+2)T\t+2)T\t+2) 

» ' c,d¿ 
XP) 
m 

( / , r , r ' ,£ ,S) . 

This follows from 8.10. 

9. Relation with Euler systems in the spaces of modular forms 

In this section, we state that the p-adic zeta elements in § 8 are related to the zeta 
modular forms in §4, via the p-adic Hodge theory (Thm. 9.5, 9.6, 9.7). The proof of 
Thm. 9.5 is given in § 10, § 11. Thm. 9.6 and Thm. 9.7 follow from Thm. 9.5 easily. 

First in 9.1-9.3, we review necessary things from p-adic Hodge theory. See Falt-
ings [Fal] [Fa2] [Fa3], Fontaine [Fol] [Fo2] [Fo3], Fontaine-Messing [FM], Tsuji 
[ T T l , . . . 

9.1. Let K be a complete discrete valuation field of characteristic 0 with perfect 
residue field k of characteristic p. Let B^n be the "field of p-adic periods" associated 
to K. defined by Fontaine (fFo2l, [Fo3l) Bdr is a complete discrete valuation field 
whose valuation ring contains the algebraic closure K of K. The action of Gal (K/K) 
on K is extended to a canonical action of Gol{K/K) on £?dR, and 

H° (K,BdR) = K. 

(W{K, ) er U°(Gal(K/K), ) er the Gal(K/X)-fixed part.) 
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9.2. We review de Rham representations. 
For a finite dimensional Qp-vector space V endowed with a continuous action of 

Gal(K/K), define a K-vector space DDR(V) by 

D H R ( V ) = H ° (K,BdK®V). 

(We denote DdR(V) by DdR(K, V) in the case we need to make K explicit.) Then 
A I R ( V ) has a descending filtration (DdR(y))ieZ defined by 

^dR (V) = H°( K,BdR®V) 

where BdR denotes the subset of BdR consisting of elements whose normalized valu

ation is > i. 
In general, dimx(£*dR(^0) ^ dimQ ( V ) , and we say V is a de Rham representation 

of Gal(K/K) when the equality holds here. De Rham representations are stable under 
taking direct sum, tensor products, duals, and under taking subquotients. If L is a 
finite extension of K in K, V is de Rham if and only if it is de Rham as a representation 
of Gal(K/L), and we have L ®K DdR(K, V) DdR(L, V) if V is de Rham. 

The following (9.2.1) and (9.2.2) provide important examples of de Rham repre

sentations , ([Fa2], [Fa3], [TT]). 

(9.2.1) Let X be a proper smooth scheme over K, let m £ Z, and let 

V = H™(X ®K K,QP) 

Then V is a de Rham representation of G&\(K/K), and DdR(V) is identified with 
the de Rham cohomology WV^iX/K). The filtration on DdR(V) coincides with the 
Hodge filtration on Hm 

dR (X/K). 

(9.2.2) Let Y be a curve of the form G\Y(N) with N ^ 3 and with a subgroup G oj 

GLo(Z/AO. Letk>2, and let 

V df sdsfdf [Y) (8.3). 

Then F is a de Rham representation of Gal(Qp/Qp), and 

DldR (V) = DdK(V] foi i < 0, dfgdgfdf = 0 for % > k, 

fdg 
ait'fg 

(V) = Mk(X) (8)Qp for 1 ^ i ^ k - 1, 

where X is a smooth compactification of Y. (See 511.) 

9.3. For a de Rham representation V. we have a canonical homomorphism 

exp : H (K, V) fdg dfgdfdff 

called the dual exponential map ([BK2], [KK2]). This is defined as the composite 

K H K , V ) F fgf H1 K,B°dR®V) f fdgfd n°(K,B°dR®V) f D°DR(V) 

where the middle isomorphism is the product with the element 

log(Xcyclo) eH1 K,ZV) = Homcont( (Gal(K/K),Zp) 
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defined as follows. Here H (K, ) are the continuous Galois cohomology groups 
H1 (Gal(K / K), ) . As a homomorphism Gal(K/K) —• Zp, log(xcvcio) is the composite 
of the cyclotomic character Xcycio Ga\(K/K) —> Z* and the logarithm ! ц - Zp. 

9.4. Let y and X D F be as in (9.2.2). For fc ^ 2 and 1 ^ i ^ fc - 1, consider the 
dual exponential maps 

(9.4.Г exp* :K4®v,VkMv(Y)(i)) fhhg Mk{X)®Qp. 

Here to define (9.4.1), we used the fact 
fhgfh T\t+2)dfdf df П >7. dR (VKTQJY)) df Mk(X)®Qp 

(Tate twist shifts the filtration of £>HR). 
Let / be a normalized newform in Mk(Xi(N)) 0 C of weight fc and of level N, and 

let F , A, FA be as in 8.3. Then by (9.2.2), Vp.if) is a de Rham representation of 
Gal (Qp/Qp), 

D dR D F D S ( V ^ ( / ) ) = A I R ( 1 M / ) ) for г ^ 0, dsfsdf ( V F A ( / ) ) - 0 for г > fc, 

and as a quotient of dffd s f d s f d f [ v w i î W ) ) dfd Mfc(Xx(iV))0Qp ( l ^ t ^ f c - 1 ) , we have 

^dR sT\t+2) f S(f)®FFx for 1 ^ г ^ fc - 1. 

Here S(f) is as in 6.3. We have the dual exponential map 

exp fg H1 f d g Ж т ) T\t+2) VFx(f)(i)) sfd sdfsS(f) FX®Q{(m) 

for 1 < г ^ fc — 1. 

Theorem 9.5. — Let the notation be as in (8.1.1). Assume l ^ r ^ f c — 1, at least one 
of r, r' is к — 1, and prime(M) C prime(TV). Assume further that M ^ 2 in the cast 
(r,r;) = (fc - 2,fc - 1). Then the dual exponential map (9.4.1) with Y = У (M, N) 
and i = к — r sends the image of CidZ^N(k,r,rf) in H^Qp^Qp1 (Y(M,N))(k-r)) 
to the following element of dMk(X(M,N)) CMfc (X (M,N ® Q „ : 

c.dZM.N s[k,r, r') if p divides M, 

( d f i - T ' ( p ) ( l/p 0 
0 1 d) df* dfdfd ) * c,dZM,N{ (fc,r, r') if (P ,M) = 1 and P sdff 

( 1-T'(p) ( l/p 0 
0 1 d) f sfsfsdfdf ( l/p 0 

0 l/p 
f . * pk-l-2r 

) • c,dZM,N r( L r, r ) */ ) 77.7V ) = 1. 

See § 10, § 11 for the proof of Thm. 9.5. 

Theorem 9.6. — Let the notation be as in (8.1.2). Assume 1 ^ r ^ fc — 1 and 
at least one of r, r' is fc — 1. Then the dual exponential man (9.4.1) with Y — 
Ki(JV)®Q(Cm) and i = k — r sends the image of fg fz,dZl,N,m (fc,r,r',£,S) mH1 (Q(Cm)® 
T\t+2)T\t+2)T\t+2) 

c,dzl,N,m (k,r,r',Ç,S) €Mk(X!(N)) ® Q(Cm) с Mfc(Xx(JV)) 8>Q(Cm)®Qp 

This follows from Thm. 9.5 and Prop. 4.4. 
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Theorem 9.7. — Let the notation be as in (8.1.3). Assume 1 ^ r ^ k — 1, and at least 
one of r, r' is k — 1. Let F, X, F\ be as in 8.3. Then the map 

exP/ :H1(Q(CM)0QP, T\t+2)T\t+2)cv vcds S(f) <8>F F\ 0 Q(Cm) 

sends the image oj (v) 
fgdgfg f / \ r , r \ £ , S ) to 

c,d fgdfXf,r,r',çiS)eS{f) dfT\t+2) C S ( / ) 0 F * A ® Q ( C m ) . 

This follows from Thm. 9.6. 

10. Generalized explicit reciprocity laws 

In this section, we deduce Thm. 9.5 from a generalized explicit reciprocity law 
proved in [KK3]. In this proof, we use the compatibility of two dual exponential 
maps (10.9.5) and this compatibility is proved in § 11. Generalized explicit reciprocity 
laws in [KK3] are related to generalized explicit reciprocity laws of Vostokov ([Vo]). 

10.1. In 10.1-10.5, we review the theory of BdR not assuming the residue field is 
perfect. The theory of BDR in this general case was studied in the unpublished work 
of Tsuzuki [TN] and is explained in [KK3, §2]. 

In 10.1-10.5, let /C be a complete discrete valuation field of characteristic 0 with 
residue field & of characteristic p. We assume : 8P] < oo. In our application, K 
will be a p-adic completion of the function field of a modular curve. 

We define the ring BDR over /C, and we define an action of Gal(/C//C), a filtration, 
and a connection on i?dR, as follows. 

Let JC be the algebraic closure of JC. For a subfield K of /C, and for n ^ 1, let 

d f s # n ( O W O x ) = H ° 
d( 

Spec( sfsfsdfsdfd Spec(0^/p")) 
CRVS 

5 Ĉ CRYS ) 

where OK is the discrete valuation ring OjcflK, ( )CRYS means the crystalline site with 
respect to the standard divided power structure on the ideal (p) of OK/P71, and OCVYS 
is the structure sheaf of the crystalline site. (The case K = JC and the case K = QP 
will be important for us.) Let Jn(OWO/r) be the kernel of the canonical surjection 

Bn(Or/0K) - Ojr/pn, and for q ^ 0, let Jn ( O r / O ^ ) ™ be the q-th divided power 
of Jn(OyOK). Define 

Boo OJC/OK) df lim 
ddf n 

T\t+2)T\t+2) 

sfds {OrJOK) df lim 
dff 

n 

d f / „ ( ( W O * ) , 

sfd OF/OK)1 '1 df hm 
df 77 

Jn{0T/0K)[q\ 

dR,/C/K df lim 
dsf 

d f ^ « ( O j c / O j f ) /JOO(OJC/OK)M®Q). 
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Then B+ -
dR,/C/Qp 

is a discrete valuation ring. Let BDRbe the field of fractions of 
df 

dR,/C/Qp 
and define 

T\t+2)vT\t+2) fd 
sfdsfsf fd sdfsdfsf B 

'dR,/C/Qp 

We denote 

£>dR sq B 
T\t+2) 

The inclusion map OK /p71 fg BN T\t+2)ddf induce 

d sfdfsdf #dR-

In the case & is perfect, E dR,/C/Qp 
d 

> F 
dR,/C//C and this is tne usual i^R which 

appeared in §9. 
Gal(/C//C) acts naturally or B<ìr,)C/k-
We define a filtration on BDK -^/K as follows. Let 

(z/p»)(i; dffd T\t+2)T\t+2) 

be the homomorphism a H-• log(yp ) where a is a pn-th root of 1 and ?/ G B N ( ( V / Z p ) 
is a lifting of the image of a in O-g/p71. (Then ?/p is independent of the choice of y, 
and belongs to 1 + J N ( O W Z P ) so that log(?yp ) G J N ( O W Z P ) is defined.) We obtain 
a homomorphism 

Zp( l) sdfd JOOCOJC/Zp) 

by passing to the inverse limit. The image of a generator t of Z p ( l ) in the discrete 
valuation ring BdK^Q is a prime element. Hence 

5 dR,/C/K df 5 d 
dR,/C/K 

sdfs 

For i ^ 0, define 

J d 
dR,/C/K 

df lim 
dsf 
d 

D F S ( 4 ( O W O K ) d[¿1 dsT\t+2)T\t+2) to] 0 Q ) sfsdff 
<m,K/K' 

We define the filtration on BdRX/K by 

df 
dR,/C/K fd U 

3^0 
t-31 i+j] 

dR,K/K' 

In the case K = <QL, this filtration coincides with the filtration given by the normalized 
discrete valuation of SdR,/C/Qp 

We denote B%DR-^/JC simply by BDR. 

We discuss about the canonical connection on .BdR- Let 

sdf 
df ( lim 

n 
^ / z / P n ) 8>Q. 

We have 

dim/c ("Je) df logp T\t+2) 
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Let Qi- be the q-th. exterior power of A1k over JC. Then there exists a unique ̂dR,/C/Qp" 
linear map 

d:BdK sdf dfds T\t+2) 

satisfying the following conditions (i)-(i i i) . 

fi) d(ab) = adb + bda for a.b € K. 

(i i) The restriction of d to JC coincides with JC df 
sdfd 
dfs 

a i ^ da. 

(iiii c [J 9} 
iR,/C//0 

df c 
dfs 8>/c sdfsdfd 

dR,/C//C 
for any q ^ 1. 

Furthermore, for any z € Z, we have an exact sequence 

(10.1.1) 0 dfs B\ 
'sdR,/C/Qp dfsd BdR 

d 
dsff "Je sdfsd E ii-1 

'dR 
f 

dsfsd d 2 
DS7C sdfsd B i-2 

dR 
df 

sfdff ssdf 

where d : df 
df DdF df 

df fd 
d 

0K: BdR is denned by d {x<8>y) f dx®y-\- (—\)qx ® dy. 

10.2. As in the perfect residue field case, we have the functor DDR and the notion 
"de Rham representation", defined as follows. 

For a finite dimensional (QL-vector space V endowed with a continuous action of 

Gal(/C//C), let 

DDK(V) fd H°(Gal(/C//C),, BdR ®Qp V). 

Then DdR(V) is a JC-vector space endowed with a filtration ( ^ R ( * 0 ) i e Z defined by 

^dR (V) fd H°(Gal(/C/C), B: 
dR ®Q„ V ) , 

and with a connection 

V : sfsdfdfs df • dfsd ®K DDR(V) 

induced by d : BdR ddf 
T\t+2) BAB and bv the identity map of V. 

We have always 

dim*; (DdR(V)) < diniQp V) 

We say V is a de Rham representation of Gal(/C//C) if the equality holds here. If V 
is a de Rham representation, we have an isomorphism 

ödR ®/c AiR (V) df dffd BdR 0Qp V 

which sends X^+.7=n ^dR ®£ A d R ^ ) onto ^dR ®QP ^ ôr eacn n ^ ^- De Rnam 
representations are stable under direct sums, tensor products, Tate twists, duals, and 
under taking subquotients. For de Rham representations, the functor DDR commutes 
with the operations direct sum, tensor product, dual and Tate twists. If £ is a 
finite extension of JC, V is de Rham if and only if it is de Rham as a representation 
of Gal(£/£), and we have C ®/c A I R ( V ) — + DdR(C,V) if V is de Rham where 

DDR(C, V) denotes DDR of V as a representation of Gal(£/£). 
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10.3. Let G be a p-divisible group over Ox:, let TPG be the Tate module of G, and 
let VPG = Q(8) TPG. Then VPG is a de Rham representation of Gal(/C//C), and there 
exists a canonical isomorphism 

dfgfg dgVPG) = JC 0OX D(G) 

preserving the nitrations and the connections, where D[G) is the covariant Dieudonne 
module of G (the Ox:-dual of the contravariant Dieudonne module of G in [BBM]) . 
(As in [BBM], D(G) has a canonical filtration such that 

D-HG) = D(G), D1{G)=0, 

D°(G) = coLie(G*), D(G)/D°(G) = Lie(G), 

where G* denotes the dual p-divisible group of G.) 

10.4. For a de Rham representation V of Gal(/C//C) and for any i, j G Z such that 
i ^ 3, we have (the meaning of the notation [ ] below is explained soon later): 

(10.4.1) fg (/C, [(Ban/San) fgdgfdfg = 0 for q ^ 2, 

(10.4.2) [ O Î R W / D Î P C V ) ] fg 
fgd F G H ° ( / C , [ ( ^ R / ^ R ) fdgdg V I ) 

fg fgd T\t+2)T\t+2)dsfdfd ®QP V}) 

where the last isomorphism is given by the product with log(xcyclo) T\t+2)dsfdf 
The meanings of [ ] are as follows. Let (Abp) be the category of abelian groups A 

satisfying the following condition (i) . 

(i) A is killed by some power of p. 

Let (Gal*:5p) be the category of Gal(/C//C)-modules A satisfying (i) and the follow
ing condition (ii). 

(ii) For any x € A, the stabilizer of x in Gal(/C//C) is open in Gal(/C//C). 
Then the functor 

H « ( / C , ) : (Galrp; fdgg Abp) 

induces 
H « ( / C , ) ind(pro(GaiA:,p)) fdg ind(pro(Abp)) 

where pro( ) means the category of pro-objects and ind( ) means the category of 
ind-objects. We define an object \DDR(V)/DDR{V)] of ind(pro(Abp)) and an object 
[(BLDR/B3DR) <8>Qp V] of ind(pro(GalK,p)), as follows. The equality (10.4.1) and the 
isomorphisms in (10.4.2) are considered in the category ind(pro(Abp)). 

For a finitely generated O^-module M , we denote by [M] the object "lim"M/pn 
of pro(Abp). For a finite dimensional AC-vector space N, we denote by [TV] the object 
" lim" [M] of ind(pro(Abp)) where M ranges over all finitely generated O/c-submodules 
of TV. This defines the object [DDR(V)/DJDR(V)] of ind(pro(Abp)). 
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On the other hand, let M be a finitely generated ^^(O^/Zpj-module endowed 
with an action of Gal(/C//C), satisfying the following conditions (a) (b) (c). 

(a) M is killed by Joo(OWZDrJ for some q ^ 0. (Then we have M — • 
lim 

n 
M/pn.) 

b) a(ax) = (i(a)a(x) for any a G Gal(X//C), a e ßoo(OwZp), x e M. 

(c) The action of Gal(/C//C) on M is continuous with respect to the p-adic topology 
on M. 

Then we denote by [Ml the obiect "lim 
dfsd 

'M/pn of pro(Gal/çp). Next let N be 

a dfsf 
dR,/C/Qp -module endowed with an action of Gal(/C//C) satisfying the following 

condition ( • ) . 

(•) N is the union of all finitely generated BQQ (Oj^/Zp)-submodules M of TV which 
are stable under the action of Gal(/C//C) and which satisfy the above conditions (a) 

(b) (c). 

Then we denote by [N] the object "lim"[M] of ind(pro(Galjc,p)). 
For example, for a finite dimensional Qp-vector space V endowed with a continuous 

action of Gal(/C//C), and for i < j , (BdR/BdR)<g)Qp V satisfies the condition ( • ) . Hence 
the object [(BdR/B3dR) ®Qp V] of ind(pro(Gal;c,p)) is defined. 

10.5. Let e ^ 0 be the integer defined by : &p\ = pe. Then, for a de Rham 
representation V of Gal(/C//C), we define a homomorphism 

exp He+1 (/C, [VI) df Cokerd dfsqd 
dsffff 

fdf ^dR [V)\ 
fd 

) T\t+2) T\t+2)T\t+2) 

in ind(pro(Abp)), called the dual exponential map. Here, [V] denotes the object of 
ind(pro(Gallup)) defined to be "lim"[T] in which T ranges over all Gal(/C//C)-stable 
Zp-lattices in V and [T] = " lim^T/pn. Take a sufficiently large q ^ 0 and consider 

the exact sequence 

0 fdg fg 
1R.AC/Q, 

fg Bqdgfgd fdfgfg V] fgd [B°dRl fgdgf fgdfd V f 
fg 

fgdfg 

fdg fg BdR fg BIN dgf V] 
fri 

fgd fdg fdg B -2 
dR-

f f >a-2 
dR 8>Q. fgfdg d 

dfgfddfg 

(10.1.1). By (10.4.1) and (10.4.2), this exact sequence induces 

He+1(£,[. ,0 
dR,/C/Qp /fg fg 

T\t+2)T\ dfdg V)) 

^ Coker 
( 

31 dfg Pgf 
fg 3-1 

fg fggf E l-e t 
dK / B a+l-e 

dK 
fgg V}) 

dgf T\t+2) f e 60 ir JE > —e 
dR / 

E q-e 
5159 dgg V ] ) ) 

^ Coker ( 
fg e-l 

/C fdg D U-e 
dR 

fdgf 
v 

dgfd gI ft e <S>* C gf 
dR ( v ) ] ) -
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We define exp* to be the composite 

He+1 T\t+2) 
fgd H •e+1 [5dR,/C/Qp T\t+2)T\t+2)T\t+2) 

sd sdd Coker (I df e-l 
df d<8>/c df d,1-e 

df 
dsffd df 

dfdf 
fd fd f fdf D — e 

fd (v)] • 

10.6. Now we apply the above general theory to the following field AC related to a 

modular curve. 
Fix M , N ^ 1 such that M + N ^ 5, (MN,p) = 1. Take a prime ideal p of Z[CÌV] 

lying over p, and let Z[0v]p be the p-adic completion of Z[Cw]. Let 

dfds ( fdlim 
ddfs 

n 
:z[6vU[<7l/Mi][<r1]) 'pn)[i/p\). 

This field AC is a complete discrete valuation field of mixed characteristics with valu
ation ring 

fd df lim 
df n 

(n<:N]p[[q1/M]][q-1}/pn) 

and with residue field 

fd = FP (0v)((<Z1/M)) 

which satisfies [Si : &p] — 1. 
Fix an algebraic closure AC of AC and fix an embedding 

U 
fadk&U 

nU[[ql/n}] dsf AC 

[Cm = exp(27ri/m), ql/n fd exp(27rzr/n) as before) over Z[0v][[<71/M]]. 

10.7. Let <£ be the elliptic curve over OA: which is obtained from the Tate curve over 

niq}][q-1} of ^-invariant q ([DR, VILI ] ) via the embedding T\t+2)T\t+2) xc OK. Let 

E = (£®Or £• 
Define a p-divisible group G over OJC by 

G = U 
n 

Ker(pn : <S —><&). 

By the theory of Tate curves, the torsion part of E{K) is identified with the torsion 
part of ( O ^ ) X /qz as a Gal(AC/AC)-module, and we have an exact sequence of p-divisible 
groups over OA: 

0 cxx (QP/ZP)(1) xcwx or xwcw T\t+2) wxwx o 

whose AC-valued points coincide with 

0 — > (QP/Zp)(i: T\t+2) u 
cvv 

cv 
T\t+2)T\t+2) V 

cxv T\t+2) > 0 

where v sends q1/?" mod qz to l/pn. We have canonical isomorphisms 

10.7.1) coLie(i£) c AC ®o,c coLie(G). 

10.7.2) coLie (G) c coLie c QP/zP) ) ( i ) ) T\t+2) 

where the first isomorphism in (10.7.2) is induced from the embedding :Qp/Zp)(i) c G. 
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10.8. We introduce finite extensions /Cm of /C and schemes Ym over /C (m ^ 0) 
For m ^ 0, let 

T\t+2) K T\t+2)T\t+2) vc ( limi 

n 
Z[ÇNP™]pm[[q l/Mpm fgT\t+2)T\t+2) 

where pm is the unique prime ideal of Z[£jVp™J lying over p. We have a morphism 

(10.8.1) Spec sdfg dfg Y{Mprn,Nprn) 

corresponding to the triple dfgfg form q l/Mom mod q,(NP™) over dfgg For IfceZ, this 

morphism induces 

(10.8.2) fgdg {X(Mprn,Np171)) fg 'Cm ®JC :oLie J5')®k = /Crr 

where the last identification is by (10.7.1), (10.7.2). This map (10.8.2) coincides with 
the ^-expansion ([DR]) . That is, the g-expansion 

fg ;x(Mpm,A^pm)) fgf Cllq1'*4*"]] 

4.9) has the image in Z <NP-w/Mpm\\ sdfsdf and the induced map 

fsd {X(Mpm,Npm)) dsfd K-"m 

coincides with (10.8.2). 
Let 

df = Y(MprniNprn) ®Y(M,N] Spec(/C) for m ^ 0 

where Spec(/C) —• Y ( M , iV) is the case m = 0 of (10.8.1). Then Ym is a finite etale 
Galois covering of Spec(/C) with Galois group GL2(Z/pm). The morphism (10.8.1) 
induces an open immersion 

2 m : Spec(/Cm) —• Ym 

and the image of the open immersion 

( 
U V 
W X df ° im : Spec(/Cm) dsf Ym for ( dsf 

if x ) e GL2(Z/pm) 

dépends only on the pair (u,w). If we dénote the image by U(u,w). 

dfsd fd u 
(uiw)EAm 

U (v, w) 

where 

dfff = {(u,w)e(Z/pmf; u and w generate Z/pm\. 
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10.9. We will consider the de Rham representations 

V = H\ ®zp QP 

and Symfc 2 V of Gal(/C//C) for fc ^ 2, where Hi here denotes the pull back of the 
Hi on y ( M , iV) via Spec(/C) -+ y ( M , N) (So,H1p= ^ Tp(£ ) ( -1 ) - TP(G)(-1) . ) For 
1 < i ^ fc - 1, we have a homomorphism 

(10.9.1) exp * . H2(ym, [(Symfe-2F)(i)]) cvvcx 
T\t+2) 

induced from the dual exponential map for Symk-2 (V)(i) in 10.5 and from the iso

morphism 

;i0.9.2) Coker([(9(ym) dfds sdf (Symfc-2 V)] 

ssdf [ sfd ®K 0(Ym)s <S»c D i—i dR (Sym*-2 V)])<*[0(Ym)] 

which is obtained as follows. 
First we define a canonical element qoo of Boo (O^/Zp) X as follows. For n > 1 , let 

T\t+2)xc e Bri T\t+2)xx X where y e Bn (Ojc/Zp) is any lifting of the image of fdgfgf 

in Ojc/p«. Then qn is independent of the choice of y. Let 

<7oo = T\t+2)T\t+2)T\t+2)vvv X 

Next we define a canonical element 

cvcx cv L 
in 

cv 

as follows. Let £i, £2 be the basis of TpG defined by 

6 cv fa1'" modg)n, £2 cv (Cpn)n-

By writing the group law of TPG additively, let 

£ = 1g> £ 1 <g> Cpn )n cvv + loff(a/<7oo) ® £2 ® ( O ) ? - i ) 

eH°(/C,JTO(0]c/0/c) (8>zTpG®Zp(-l)) 

where £ is the element of Joo(Oj^/Ozp) C JOO{0-J^/OJC) corresponding to the basis 

(C»)n of Z „ ( l ) (10.1). Here, since the elements g and 0™ of 5OÛ(OF/Or)x have the 

same image in Ojp, we can take log(g/Çoo) E JoofO^/O/c). 
Finally, for fc ̂  2, let 

£ 2 T\t+2) Sym*"2 V ) 

be the (fc — 2)-fold product of £. We define 

(10.9.3) 0(Ym) cvcxv «3c ®>C 0(ym) cv ni-1 
iR •(Sym*-2 10 

to be the /Cm-linear map which sends 1 to dlog(g) T\t+2) Then it can be shown 
([KK3, §4.2]) that (10.9.3) induces an isomorphism (10.9.2). 

For m ^ 0, fc ̂  2, r, r; G Z such that 1 < r' ^ fc - 1, let 

Chm(fc,r,r'): lim 

n 

K2(Yn, cvcv lim 
n 

H2cxvc vcx ( Sym! fc-2 
cv :wi)/pn)(* - r)) 
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be the composite homomorphism 

lim 
xcx n 

K2(yn; xcxwc lim 
n 

H2(Yn,(Z/p")(2)) 

xcx lim 
n 

H2(y„,(Sym fc-2. [TpE)/pn)(2 - r)] 

xc 
xwc lim 

xn 
H2(rn,C 3ym Jfc-2/ 

cx 
[Hl)/pn){k-r)) 

> lim 
xc n 

H2 (Ym, (Sym fc-2 
'Zp 

{Kl)/pn){k-r)i 

where: 
The first arrow is the Chern character map. The second arrow is the product with 

xc r'-l) 
el,n 8> 

0 
xccc 

(fc-r'-l) (8) (Cpn) <8>(-r) 
5 

where ei>n, £2,n is the canonical basis of (TpE)/pn over (that is, the pull back 
of the canonical basis of TpE/pn over Y(pn)), and the last arrow is the trace map 

associated to Y —• Y 
1 TI 7 X TU' As is easily seen, the following diagram is commutative 

10.9.41 

LIM 
< n 

K2(Y(Mpn,Npn)) lim 
< n 

H2(y(Mpm, Npn), (Sym fc-2 
cv ( « i ) / p n ) ( f c - r ) ) 

limK2 (Yn) lim 
f n 

H2(ym,(Syn fc-2 / 
ZI « i ) / p n ) ( k - r ) 

Here the upper horizontal arrow is the composite of the first four arrows in the defini
tion of CliMp™ Np™ (k, r, r') in 8.4, and the lower horizontal arrow is Chm(/c, r, r ' ) . Fur

thermore, as we will see in q 11, the following diagram is commutative if 1 ̂  r' ^ fc-1. 
Ü0.9.5) 

lim 
—n 

H.2(Y(Mpm,Npm)i (Sym k-2 
cv 

cvv:ni) /pn){k-r)) —v Mk(X(MpmiNpm)) (8>QP 

lim 
i Tl 

H2 (Ym-) (Sym, k-2 
cv 

lHl)/pn)(k - r) xcvvv 

Here the upper horizontal arrow is induced from the dual exponential map 

exp T\t+2)T\t+2) (y(Mpm,JVpm))(fc-r)) cvcv Mfc(X(Mpm,7V>m)) <8><Q>, 

in (9.4.1), and the lower horizontal arrow is the dual exponential map (10.9.1). 
As is explained in 10.11 below, Thm. 9.5 is reduced to 

Proposition 10.10. — Let the notation be as in (8.1.1). Assume 1 ̂  r ^ k — 1, at least 
one ofr, r' is k — 1, and (MN.p) = 1. Then 

exp" °Chm(fc,r, rf) ( (c,d zMpn,Npn )n^ 1 ) c,dzMpTn ,7Vpm xvcvvv 

for m ^ 1. 
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10.11. We show that Thm. 9.5 follows from Prop. 10.10 (assuming the commutativ-
ity of the diagram (10.9.5) which will be shown in § 11). In this 10.11, we do not assume 
(MN,p) = 1. By 4.3, 4.4 and 8.7, we may replace (M, N) by (M',7V') for any M ' , 
N' ^ 1 such that M | M ' , N \ N' prime(M') = prime(Mp), prime(A/r/) = prime(7V>). 
Hence we may assume the following: M — Mopm, N = Nop™ for some Mo, iVo, 
m ^ 1 such that {M$No,p) = 1 and Mo + No ^ 5. Hence by taking Mo and No as 
M and N in Prop. 10.10, Thm. 9.5 is reduced to Prop. 10.10 by the commutativity 
of the diagrams (10.9.4) and (10.9.5) and by the injectivity of 

xc {X(MpmiNpm)) <8>Qp xcc n 
p 

cxV(Ym) cx 

where p ranges over all prime ideals of Z[(jv] lying over p and 0(Ymyp) denotes 0(Ym) 
defined by using p as in 10.6-10.8. 

In the rest of this section, we prove Prop. 10.10 by using the following result which 
is a special case of the generalized explicit reciprocity law [KK3, Thm. 4.3.1]. 

Proposition 10.12. — Let Ö(G) — lim 0(pn G). Let 0i,n and 02,n (n ^ 1) be elements 

ofO{G)*, and assume 

<Np(0i,n+i) — #l,n Np (#2,n+l) xc #2,n for all n ^ 1 

where Np is the norm map 0(G)X xc 0(G)X associated to the pull back homomor
phism xwcccccmm —» 0(G) by the multiplication by p on G. Lei 

wxcvxw {0i,n(ei,n)j #2,n(e2,n)} e K2(Yn) for n ^ l 

where (ei,n> ^2,n) is the canonical basis of pn G over Yn. Then 

(Un)n^l e lim 
71. 

K2(r„) . 

Furthermore, for k > 2, 1 ^ j < fc - 1, m > 1, the homomorphism 

exp* o Chm (fc, fc - 1, i ) : hm xc 
K2(Yn) xwc 0(Ym) 

sends (un)n^i to 

-krr 

(k-2)\ 
xc xc d 

xc ) 
k-j log(öi,m))(e1,m) (( 

d 
ti) 

)j og(Ö2,m))(e2,m) 

where ui is the canonical O/ç-basis of coLie(G) coLie (0 wxcwc xwcwx 

Here for / € 0 ( G ) * and i ^ 1, (^Ylog(f) means (d/w)2-1 (d///u>) with (4)(d/w)2-1 the 

( ¿ - 1 ) -fold iteration of g : 0 ( G ) - • 0 ( G ) , and ( ( f ) log(/))(efc,TO) € 0(Fm) means 

the value of ' - ) 
, CO ) 

log( / ) at ehim for h = 1, 2. 
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10.13. In this 10.13, we prove Prop. 10.10 in the case r = k - l . In 10.14-10.17, we 
will prove Prop. 10.10 in the case r' = k — 1. Assume r = k — 1. In 10.12, take 

dfffd 0oneO(G)x 

as follows. Let an (resp. ßn) be the unique M (resp. AQ-torsion point of E(JC) such 
thatpnan (resp. pnßn) is equal to qxlM mod#z (resp. ^ modgz). Let Q\,n (resp. #2,n) 
be the unique element of Ö(G)x whose image under the pull back 0(G) —> 0(G) 
by the multiplication by M (resp. N) : G G coincides with the pull back of c0g 
(resp. by the addition <£ —» <£; x i-» X + an (resp. x + ßn)- Then 

Ap(#i>n+i) = 0i,n» A^ »№,n+i) = 02n for all n ^ 1 

by the characterizing properties of c0<* and d0<* in 1.3 (1). Furthermore, 

0i,n(ei,n) T\t+2)T\t+2) ^2,n(e2,n) = d#0,l/ATp"-
Hence for m ^ 1, Prop. 10.12 shows that the image of {c,dzMpn ,Npn, n^i under 
exp *oChml (fc,fc - 1, £ coincides with 

rp—km 

(k - 2)! 
c d 

xc 
) 
k-j log(ôl.m))' ̂ l,m) x 

c d 

Lu ) 
xc 

log(Ô2,m)) T\t+2) xcvv 

cv 
p—Km 

[k-2)\ 
T\t+2) xc xcc 

1/Mpm,0 
xcxc 

d E c 
0,1 /Np™ 

xc cA^Mp™, Np171 {k,k-l,j). 

10.14. We prove Prop. 10.10 in the case r = k - 1. We reduce 10.10 for the triple 
(k. r, r') = (k. r,k — 1) to 10.10 for the triple (r + l,r, r) . 

Let (£i,£2) be the basis of TVG as in 10.9. Then there exists a unique Gal (ic/icy 

homomorphism 

(10.14.1) Sym k-2 [TpG] xcx 
1 

[k - 2)! 
• Sym r-l xcxc C Q ® Sym xcx TPG) 

which sends Cf-2 to ^r1 This homomorphism is described as follows. Lei 
f(X,Y) be a homogeneous polynomial over Zp of degree k — 2, and let T\t+2)xcxc 

xcxcv k-r-l f{X,Y). Then we define the imaere of f(£i.£o) under Cl0.14.li to be 
( ( r - l ) ! / ( f c - 2 ) ! ) •#(£i ,6)-

Since 

Sym k-2 T\t+2)xccc cc {Sym k-2{ (TpG)}(2-r) 

and 
Sym r-l № ( i ) x c x c xc {Sym r-l ( T p G ) } ( 2 - r ) 

as smooth Z0-sheaves over Spec(i^), the homomorphism (10.14.1) induces a homo
morphism 

77 : Sym k-2 \ r i l ) ( k - r ) x c c x c xcx 
1 

k - 2 ) ! 
Sym xcr-l xcwxcw over Spec(/C). 
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We have a commutative diagram 

(10.14.2) 

lim 
< n 

ghH2(ym,Sym k-2 ghgh(Hl)(k-r)/pn) 
exD* 

0(Ym) 

gh 

lim 
< n 

H2 (Ymi gh i 
( f c - 2 ) ! • Svm r-l ghin l№) /pn) 

exp* 
0(Ym) 

Let (9(ym)mt be the subring of (9(Ym) consisting of all elements whose restrictions 
to each point y of Fm belong to the valuation ring of the field 0(y). Since 

exp gh lirr 
n 

HJ(Ym,Sym r-l ghh(Wi)(l)/Pn) ghg 0(Ym) 

comes from the morphism 

g h h h g g h h ï 2 ^ , [Sym*-1 («,)(!)]) gh ghh[0(Ym 

in ind(pro(Abp)), where [Symr (Hl)(l)] is the object "lim' 
< n. 

Syn .r-l ;w¿)(i)/pn of 
pro(Galx,p), the image of Hmn H2(ym, ((l/(fe - 2)!) • S y n ^ ^ X l ) ) / ? " ) in C?(ym) 
under exp* is contained in C • 0(y^)lnt for some non-zero integer C. 

For n ^ 0 and for (iz, tu) G 4̂n (10-8), the restriction of 77 to U(u,w) C sends 
<8>(fc-2) , fc_r_i (g)(r-l) 

el,n t0 U el,n Hence for n ^ ra, the projection of 77 o Chm(k, r, k - 1) 
to H2(ym,((l /(k - 2)!) • Symr~x{Hl){\))/pn) is induced from the composition of 
3hm(r + l , r , r ) with 

H2ÍK,,ÍSvmr"1 (W¿/Pn))(l)) 
(*: 

ghfhhh H^(yn, ( S y m ^ - 1 ( ^ / ^ ) ) ( l ) ) 

trace H2 (Fm, (Sym'-1(Wp/pn))(l)) 

where ( • ) multiplies each U(u, w)-component by uk r x. Hence by (10.14.2), for any 
n ^ ra, exp* o Chm(A:, r, A: — 1) coincides modulo pnC • (9(ym)int with the composite 
of exp* o Chn [r + 1, r, r) with 

(10.14.3) o(yn) 
gh 

ghfhh o(yn) 
trace 

gfhghh 0(ym) 

for any n ^ ra, where ( • ) multiplies each Í7(i¿, w)-component by uk r 1 with t¿ a 

lifting of i¿ to Z. Hence for the proof of 10.10 for the triple (fc, r, r ' ) = (k,r, k — 1), 
since we have proved 10.10 for the triple (r + l , r , r ) in 10.13, it is sufficient to show 

Lemma 10.15. — There exists a non-zero integer C such that the image of 

c,dzMpn ,Npn (r + l,r, r) 

under the map (10.14.3) is congruent to cdZ>Mvm Nvm(k,r.k — 1) modulo pnC • 
0(ym)intfor any n^m. 
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10.16. For ( U V U! X ) e GL2(Z/pm), 

cxvcv ( u v 
W X 

y ( the image of c,dzMpn ,Npn r + 1, r, r cv under (10.14.3)) 

vc cv 
cv 

vcc fc-r-1 i* xO cvxcvv 
cxvcxvcx 

vc ( z,dzMpn ,Npn (r + l,r, r)) 

where ( u', ^ , ) ranges over all elements of GL2(Z/pn) whose images in GL2(Z/pm) 
coincide with (JJ £)• Hence for the proof of Lemma 10.15, it is sufficient to show 
that there exists a non-zero integer C having the following property: For any ( ̂  vx ) G 
GL2(Z /p") and for any n ^ ra, 

[10.16.1) cxvcv \ W X ) cv xcvxvcvv Nvm (k,r,k-l) 

cv E 
cvv fc-r-1 cxv V m' T! ) Kc,d zMpn ,Npn (r + l,r, r ) ) mod vc cvxcvx 0/cn. 

For each n ^ 0 and a G Z/pn, fix a lifting a of a to Z such that a = 1 mod M , and 

a lifting a of a to Z such that a = 0 mod iv. For n ^ ra, let 

/r cv E 
(li',!/) 

cvcx fc-r-l °*n° (Mpn) I-1 
c 
cv (1) 

u' /Mpn ,v' /Npn 

where (u',vf) ranges over all elements of (Z/pn)2 whose images in (Z/pm)2 coincide 
with (u,v). Then by the distribution property 3.7 (2) of Eisenstein series, the right 
hand side of (10.16.1) is equal to 

cxv ( - i r - v c v v ( r - 1 ) ! c v -1 6 m O / u v \*cW X )vc vcv s) 
0,l/ATpm ' 

Since the left hand side of (10.16.1) is 

cvcv (Mpm) fc-r-2 (fc-r) cvcv 
/Mpm,v/Nprn 

•(-1Y- ( r - 1 ) ! -1 / u tO 
\ W X j 

cv E (r) 
0,1/A/p™' 

we are reduced to 

Lemma 10.17. — There exists a non-zero integer C such that 

cv o {Mpm) fc-r-2 c cv ,(fc-r) 
u/Mpm ,v/Npm cv fn mod cv CT1 cvc 

/or any n ^ ra. 

Proof. — In fact, we can take < T\t+2)vv This congruence is a consequence of the 
theory of p-adic Eisenstein series in [KN]. 

It is sufficient to show that the o-expansions of both sides of 10.17 coincide 
mod pn 171. 

Let A (resp. B) be the "without c version" of the left (resp. right) hand side of 10.17. 
Vrite 

A = E 
reQ^o 

arqr, B = E 
reQ^o 

brqr. 

It is sufficient to prove the following (1) and (2). 

(1) ar = b7 mod pTi—m for any r G Q>0. 
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(2) The constant terms of the ^-expansions of both sides of 10.17 coincide 
mod pTi—m 

We prove (1). By 3.10, T\t+2)T\t+2) is equal to 

(Mpn) - i 
E 
u' ,v' 

(5/)*-r-l 'X(ù'/Mpn,s)t T\t+2)T\t+2) c a-u'/Mpn,s) v T\t+2)T\t+2) 

We have easily 

E 
v' 

C(V/Npn,s) v pU-m-s C(v/Npm,s) 

and the formula with v' (resp. v) relaced by —v' (resp. —v). Hence c 
T\t+2) 

brr s is 
equal to 

(Mpm) —i ccx 

c 

T\t+2)T\ (C(ïï'/MPm,s )C(v/Npn,8) -a-ù'/Mpm,s)< :*(-v/Npn,s)). 

On the other hand, by 3.10, 

E 
T\t+2) 

T\t+2) 

df [Mpmy-r-2 (C(û/Mpm,s)C(v/Npm,s) -a-ü/Mpm,s)< C(-v/Npm,s)). 

Hence we are reduced to the elementary fact that the coefficients of the Dirichlet 
series E^(^/)fc_r"1C(^7Mpm, s) and (Mpm)fc-r-1C(w/Mp7n, s) coincide mod pn and 
the same holds when u' (resp. -M) is replaced by —u' (resp. —u). 

Next we prove (2). By 3.10, the constant term of the right hand side of 10.17 is 

equal to 

(Mpn) — 1 cvv 

u' ,v' 
(SO k-r-l cvT\t+2)T\t+2) - c 0 cû'/Mpn, 0)) 

cv (Mpm) -i 
E 

c 

(2,)*-r-1( clQ{u'/Mpn, 0) d cC(c£l7Mpn,0)). 

On the other hand, the constant term of the left hand side of 10.17 is 

(Mp™)-1 (c2C(S/Mpm,l - fc + r) T\t+2)cssd c w / M p m , l - H r ) ) . 

That these are congruent mod pn m is a consequence of the theory of p-adic Riemann 
zeta function of Kubota-Leopoldt. • 

11. Modular forms and BdR 

In this section, we review p-adic Hodge theory of modular forms, and prove the 
commutativity of the diagram (10.9.5) (the compatibility of the two dual exponential 
maps, one is exp* for the Galois representations of the local field Qp associated to 
modular forms, and the other is exp* of the big local field K, which is a "local field of 
the field of modular functions"). 
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In p-adic Hodge theory, we follow the method of Tsuji in [TT] who uses the 
syntomic cohomology (the method started by Font aine-Messing [FM]) . (In p-adic 
Hodge theory, there is another method by Faltings who uses almost étale extensions 
fFall-[Fa4l.) 

11.1. Following Scholl [Scl], we identify various cohomology groups associated to 
modular forms with direct summands of cohomology groups of Kuga-Sato varieties. 
We review Kuga-Sato varieties. 

Let k > 2, TV > 3, 
Let E —» Y(N) be the universal elliptic curve, and let E^k~2>) (= "the open Kuga-

Sato variety" of weight k) be the (k — 2)-fold fiber product of E over Y(N). 
Let E —• X(N) be the universal generalized elliptic curve with level N structure 

[DR]. Let i£(*-2) -+ X(N) be the (k - 2)-fold fiber product of E over X(N) and let 
KSfc = KSfc(iV) (the Kuga-Sato variety of weight k) be the canonical desingularization 
of 2£(fe~2) constructed by Deligne in [Del, Lemma 5.4, Lemma 5.5]. 

Then E^k~2^ is open in KS&, and the complement of £?(fc~2) in KS&, which coincides 
with the inverse imaere of the set of CUSDS of X(N). is a divisor with normal crossings 
in KS*. 

11.2. We review the relation of Kuga-Sato varieties with modular forms. 
Define a finite group G which acts on E^k~2^ and a finite group G which acts on 

KSfc as follows 
Let &k-2 be the symmetric group of degree k — 2. Let G be the semi-direct product 

of the two groups &k-2 and {±l}k~2 in which {±l}k~2 is normal and the action of 
&k-2 on {±l}k~2 by inner automorphisms is given by the canonical action of &k-2 
on {=bl}fc_2 by permutations. Then G acts on E^k~2^ as follows: { ± 1 } acts on E 
by multiplication, and hence {±l}k~2 acts on E^k~2\ and &k-2 acts on E^k~2^ by 
permuting the factors of the fiber product. 

On the other hand, let G be the semi-direct product of G and ((Z/N)2)k~2 defined 
as follows. ((Z/N)2)k~2 is normal in G, the action of {zbl}fc~2 on ((Z/N)2)k~2 by 
inner automorphisms is the one induced by the natural multiplicative action of { ± 1 } 
on (Z/7V)2, and the action of Dk k-2 on ((Z/N)2)k~2 by inner automorphisms is by 
permutations. Then G acts on KSk as follows: &k-2 acts by permutation, the action 
of {±l}k~2 is induced by the action of { ± 1 } on E by multiplication, and the action 
of ((Z/N)2)k-2 is induced by the translation on Ê by (Z/N)2 ((Z/N)2 is embedded 
in the smooth part of E by the TV-level structure of E). 

Let £:G—>{=bl}be the homomorphism whose restriction to {±l}fc 2 (resp. 6fc_2) 
is the product map (resp. the sign function). 

Let e : G —>{±l}be the composition G —»G-^{±1}. For a G-module (resp. G-
moduleì M , let 

M(e) (resp. M(e) ) = {x G M ; ax = s(a)x (resp. e(a)x ) for all a e G } . 
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Then we have the following: ;il.2.1)-(11.2.6). (11.2.1), (11.2.3), (11.2.5) are shown 
in Scholl [Scl], and (11.2.2), (11.2.4), (11.2.6) are shown in the same way but more 
easily. 

We have canonical isomorphisms of Q[Gal(C/R)]-modules 

(11.2.1) Vk,Q(X(N)) ~ H * - i (KS*(C),Q)(ê), 

(11.2.21 Vk,Q(Y(N)) ~ H * - i et e : G —>{±l}x 

which induce isomorphisms of QJGal(Q/Q)i-modules 

(11.2.3) v*,QP [X(N)) = Hfc_1 L(KS* 0 Q Q,Qp)(e), 

(11.2.4) sdfds IY(N)) = Vk,Q(Y(N)) 
® Q Q,QP)(e). 

(Gal(Q/Q) acts on Vk,Qp (X(N)) = Vk(X(N))®QQp, since it is identified with the etale 
cohomology group H1(X(A') ®Q Q,j+ Sym^~2(W^)) ®Zp Qp where j is the inclusion 
map Y(N) -> X(7V).) 

Let ^Ksfc/Q0os) be the de Rham complex on KSK with log pole outside E^K 2\ 
and denote for m ^ 0 

Hm 
log-dR (Ksfe; jh Hm fgfgKSfc, K̂Sfc /(Q>(log))> 

fil ̂ log-dR (KSfc) f fgg KS*, ^KSFC/Q (log)). 

Then ( i^R den°tes the usual de Rham cohomology), 

(11.2.5) fdgf k-1 
dR fdgfgdfgfggg < 

H fc-1 
dR (KSfc)(?) if i < 0, 

Vk,Q(Y(N)) if 1 ^ z < k - 1, 

0 if i ^ A:. 

(11.2.6) rsnì fc-i 
log-dR 

(Ksfc)(ê) fd < 

TTfc-1 
nlog-dR 

(KSfc)(g) if i < 0, 

Mfc(X(iV)) if 1 < z < A; - 1, 

df dfif ì ^ k. 

(The action of G on H log-dRV (KSfc) factors through G. This follows from (11.3.2) 
below.) 

11.3. By comparison theorems of Betti cohomology and de Rham cohomology over 
C, we have for any m 

(11.3.1) Hm [KSfe(C),Q)®C df Hm 
dR (KSjb) <8>Q C 

(11.3.2) Hm (^fc-2)(C),Q) dfdfdf H m log-dR1 (KSfc) ® Q C 

The homomorphism 

Mk(X(N))®C fdf Vk(Y(N))®C 

induced by (11.3.2) (we take m = k — 1) via (11.2.2) and (11.2.6) coincides with the 
period map in 4.10. 
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By Tsuji [TT], for any ra, Hm(KSfc <S)Q Qp,Qp) is a de Rham representation of 
Gal(Qp/Qp) and we have a canonical isomorphism preserving filtrations 

(11.3.3) DdR(Hm(KSfc (g) Qp, Qp)) ~H?R(KSfc)®Qp 

which is the p-adic version of (11.3.1). Form m = k — 1, this gives by (11.2.3) and 

(11.2.5) 

(11.3.4) DdR t(Vfc,Qp(X(iV))) d < 

DDR04 ,Qp(X(A0)) if i < 0, 

SK(X(N))®QP if 1 ^ i ^ k - 1 

0 if O fc. 

By [TT], we have also a canonical homomorphism 

(11.3.5Ì DdR Vk,Q(Y(N)) ®® QP,QP)) cvcv H m log-dR (KSfc)^Qp 

which is compatible with (11.3.3) and with filtrations, and which is the p-adic version 
of (11.3.2). See 11.4 for the constructions of the isomorphism (11.3.3) and the ho
momorphism (11.3.5). Unfortunately, [TT]does not contain results which show that 
(11.3.5) is an isomorphism. In (11.10), we will show that the homomorphism (11.3.5) 
for m = fc — 1 induces an isomorphism 

(11.3.6) DdR Vk,Q(Y(N)) ®Q Qp,Qp))0O df 
—? 

E dfd 
Llog-dR ,(KSfc)(e)0Qp 

preserving filtrations. (Hence by comparing the dimensions by (11.3.2), we have 
that VK,®P(Y(N)) = H*-1^*"2 ) <8>Q Qp~,Qp))(£) is a de Rham representation of 
Gal(Qp~/Qp).) The isomorphism (11.3.6) gives by (11.2.4) and (11.2.6) 

(11.3.7) dsf [V,®AY(N))) = 

) 
) 
) 

VdR(Vk,Qp(Y{N))) if i ^ 0, 

MK(X(N))®QP if 1 < 2 < fc - 1 

0 if i > fc. 

In [Fa2, Thm 8.1], Faltings has a result "DdR of the p-adic étale cohomology of 
an open variety is the de Rham cohomology with log poles" which gives a canonical 
isomorphism between the two groups which appear in (11.3.5). He uses the method of 
almost étale extensions. But we formulate in this section everything in the method of 
syntomic cohomology by Fontaine-Messing-Tsuji (this is because the author is familiar 
with syntomic cohomology and not so much with almost étale extensions). We use the 
definition of the map (11.3.5) given by the method of syntomic cohomology, and prove 
the bijectivity of (11.3.6) in 11.10 by the method of syntomic cohomology, and avoid 
long arguments to check the relation between the method of Fontaine-Messing-Tsuji 
and that of Faltings. 

11.4. We review the methods in [TT] and see how the isomorphism (11.3.3) and the 

homomorphism (11.3.5) are constructed as special cases of general results in [TT]. 
Let K be a complete discrete valuation field of mixed characteristic (0,p) with 

perfect residue field, and let X be a proper semi-stable scheme over OK (that is, X is 

SOCIÉTÉ MATHÉMATIQUE DE FRANCE 2004 



206 К. КАТО 

regular, the generic über XK of A is smooth over K, and the special über of A is a 
divisor with normal crossings), and let U be a dense open subscheme of XK such that 
(X^U) red IS a divisor of X with normal crossings. (In the application, X will be an 
integral model of a Kuga-Sato variety, and U will be a Kuga-Sato variety or an open 
Kuga-Sato variety.) 

For integers ra, r such that 0 ^ ra ^ r, we have a canonical isomorphism [TT, 
Thm. 0.5] 

(11.4.1) Hm [X ®0k Oje, s. 'log 
4P dff fd dfd fd Vk,Q(Y(N))Vk,Q 

between the log syntomic cohomology of X<g>oK Oj^ (the left hand side) and the p-adic 
étale cohomologv of U ®w K (the right hand side). 

Here 

Hm(X ®0k Ок. d log 
df df f 

aei 
Vk,Q(Y(N)) lim 

df 
df X 0oK °Ki fd (rhr) 

with <Sn(r)^- the syntomic complex o n I = X<g>oK Ow/Pn defined with respect to the 
canonical log structure of X ®oK ^h</Pn which is induced by the log structure of X 
associated to the divisor (X \ J7)red and the canonical log structures of Spec(O^) and 
Spec(O^r). On the other hand, for integers ra, r ^ 0, we have a canonical homomor
phism [TT, 4.8] 

(11.4.2) H™ (X ®oKOw,Sn(r)x) 

dff Я71 («X®oKOw/pn)/ [Ок/рп)) log—cry s' 
тИ ) 
ĉrys J 

where log-crys means the log crystalline site with respect to above log structure of 
X ®oK Oj(/pn and the canonical log structure of the base Spec(0/<:/pn), and jirys 
denotes the r-th divided power of the ideal Ker(0crys —• Ox) of the structure sheaf 
<9crys of the log crystalline site. We have a canonical isomorphism [TT, 4.7.6] 

(11.4.3) lim 
s 

©(g) lim 
n 

Hm ( « X ®ок Oj?/pn)/ [Ок/рп)) log—crys' ̂ crys f df 
crys • 

f в 4-
dR df H f log-dR (XK/K) ( В _u 

DK f В -4-dR,K/K f В >+ 
dK,K/Qv 

fd 

By (11.4.1), (11.4.2), (11.4.3), we have a canonical homomorphism 

(11.4.4) nm(U ®KK,QP) df HM(X ®oK OK К loe 
df V ) ) ( - r ) 

fd BdR <8>к H m log-dR (Хк/К) (BdR = BdR x/K - BdR,X/Qp)* 
for r > ra, and this map is independent of the choice of r ^ ra and commutes with 
the action of Gal(K/K). By taking the Gal(if//^-invariant part of the induced map 

(11.4.5) BdR Vk,Q(Y(N)) (U®KK,QP) cv BdR <S>K H т. log-dR I(XK/K), 

we have a canonical homomorphism 

(11.4.6 DdR (Hm(tf <S>K K,QP)) cvcv H ra log-dR (Хк/К) 
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Tsuji proves in [TT] that in the case of U = XK, the maps (11.4.5) and (11.4.6) 
are bijective and induce isomorphisms of filtrations. 

The isomorphism (11.3.3) and the homomorphisms (11.3.5) are obtained from the 
above general theory as follows (we follow [Sal]). Take a multiple NF of N such 
that the genus of X(NF) as a curve over Q(Cw) is ^ 2. Let X(N') be the fine 
moduli space over Z of generalized elliptic curves with iV'-level structures [ K M ] . 
Then X(N') is a proper flat curve over Z such that X{N') 0Z Q = X(NF). Take 
a finite extension K of Q£r which is Galois over Qp such that X(NF) <g)Q K has 
semi-stable reduction. Let <L be the minimal semi-stable model of X(NF) (g)Q K over 
OK- By the assumption on the genus, <£ is the minimal desingularization of the 
normalization of X(N') in X(N') ®Q K. Let <£—><£ be the base change of the 
universal generalized elliptic curve over X(N), let X be the canonical desingularization 
by Deligne of the k — 2 fold product of <£ over (£ (see [Sal, p. 610]). Let U = XK 
(resp. U = E^K~2^ Xy(jv) Y(NF) ® Q K). Then, X is proper semi-stable over OK, and 
(X \ £7)red is a divisor of X with normal crossings. By applying the above general 
theory to (X, U), and then taking the Gal(K/Qp) x Aut(X(AT/)/X(A/r))-invariant part 
of (11.4.6), we obtain the isomorphism (11.3.3) (resp. the homomorphism (11.3.5)). 

11.5. The theory of Tsuji can be generalized to the case the residue field k of K is 
not necessarily perfect as follows, without essential changes. 

Let K, X and U be as in 11.4 except that we do not assume here that the residue 
field k of K is perfect, but we assume [k : kp] < oo. 

For integers m, r such that 0 ^ m ^ r, we have a canonical isomorphism 

(11.5.1) Hm(X ®0k Or, >1OÉ 
QP ir)) fg 

dfg H.m(U®KK,Qp)(r). 

In fact, the canonical map from the left hand side to the right hand side is defined in 
the same way as in [TT], and the bijectivity of it is reduced to the perfect residue field 
case, for we have an intermediate field K' such that K C K' C K which is a henselian 
discrete valuation field with perfect residue field. (In fact take a lifting (bi)i of a p-
base of the residue field of K to OK, and choose a pn-th root 6i,n of bi in K for each i 
and n ^ 0 satisfying 6fn+1 = &i,n for all i and n ^ 0. Then K' — K(biin; Vz, Vn ^ 0) 
is such a field. The completion of a henselian discrete valuation field K' does not 
change the log syntomic cohomology and the p-adic cohomology for X, U over OK' 

as above.) 

Remark. — The log crystalline site which is used here for the definition of Sn(r)-^ 
is ((X <®oK 0^/pn)/(Z/pn))iog-crys with respect to the canonical log struc
ture of X ®oK ^K~/Pn and tne trivial log structure on the base Spec(Z/pn). 
In the perfect residue field case, Tsuji uses instead the log crystalline site 
((X <S>oK Oj^/pn)/Wn)\og-crys where Wn is the Witt ring of the residue field of 
K with length n, with respect to the canonical log structure of X (S>oK Ow/P™ ano^ 
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the trivial log structure on the base Spec(Wn), but these two log crystalline sites give 

the same < Vk,Q(Y(N)) 

We have canonical homomorphisms 

(11.5.2) sdfsdH™(X ^ O z , 5 n ( r ) Y ) dfdf dfsdf (I X ®oK Ow/pn) /(Z/pn)) Mugoli J df 
9vm ) 

sff H m ) 
) 

X ®oK OK. Ipn) I (0K/pn) 0 log—crys 5 J M 
;rys ) 

for integers m.r ^ 0, and an isomorphism 

(11.5.3) lim 

ssd 
sffdf lim 

n. 

sdf 
( « 

X®oK Or /Pn)/{0K/Pn)) 
log—crys' 

c crys 
df dfd 

crys ) 

sdf B + 
dK 

sdf fd d og-dR 
sfdsfsdf ( B df 

dR df B + 
dK,K/K 

fd 

which are obtained in the same way as in the perfect residue fields case. 
By (11.5.1), (11.5.2), (11.5.3), we have a canonical homomorphism 

(11.5.41 H m {U ®K K,QP) df f m Vk,Q(Y(N)) cxcx S •log; xc w x ( r ) ) ( - r ) 

dffd BdR dfd H m loK-dR [XK/K) (BdR = BdR 7 ^ ) 

for r ^ m, and this map is independent of the choice of r and commutes with the 
action of Gal(K/K). By taking the Gal( i f / i f )-invariant part of the induced map 

(11.5.5) BdR ®Qp H m ( [ / % K,QP) sdfsd dfsBdR ®K df m log-dR {XK/K), 

we have a canonical homomorphism 

(11.5.6) Vk,Q(Y(N))Vk,Q(Y(N)) dffg d m Llog-dR Vk,Q(Y(N)) 

Via (11.5.6), the connection 

V : D dR {KM(U ®KK,QP)) dfd dfsf DFDF®K L>dK (RM(U ®K K,QV)) 

in 10.2 commutes with the Gauss-Manin connection 

H m 
log-dR 

XXK/K) df df 1 
K dfd Hi m 

log-dR 
(XK/K). 

This is because the image of Hm(C7<8>KK, Qp) in BdR®/fHJ£ dR(-X/r/K) is contained 
in the kernel of V 0 1 + 1 0 V as is seen from the factorization (11.5.2). 

By the same method as in [TT] , we can prove that in the case U = XK , the maps 
(11.5.5) and (11.5.6) are bijective and induce isomorphisms of filtrations. (We will 
use this fact only in the case X is a product of finite copies of an elliptic curve of good 

reduction over Ojr.) 
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11.6. We consider an interaction of 11.4 (the perfect residue field case) and the case 
[k : kp] — p in 11.5, which will be used for the proof of the commutati vi ty of the 
diagram (10.9.5). 

Let X , U be as in 11.4. We assume here that the residue field of K is algebraically 
closed. Let C be a proper normal curve over OK, let X —• C be a morphism over 
OK, and let v be a generic point of the special fiber of C. Then the local ring Oc,v 
is a discrete valuation ring whose residue field & satisfies : 8P\ = p. Let be the 
field of fractions of the completion of Oc,v Assume that K is algebraically closed 
in J^, X 0c- OJC is smooth over OJC, and that 

X®c Ox = U®c O*. 

(In our application in 11.8, X will be an integral model of a Kuga-Sato variety, 
U will be an open Kuga-Sato variety, and C will be an integral model of a modular 
curve. In that case, X<®cOj(r = U ^cOj^r and this scheme is the (k — 2)-fold product 
over Ojfr of an elliptic curve over Ojtr of good reduction.) 

For m ^ 0, let 

Hm = f (U ®K K,QP), fgg 
fg H TL log-dR 

[XK/K), 

H TL fg fg Vk,Q(Y(N))vdf H m 
fgdf f H m 

dR 
(X 0 c Jtr/JtT). 

By 11.5, Hm is a de Rham representation of Galp^/J^) , and DdR(Hm) = H D/JXT' 
Fix an integer £ > 0. Assume we are given a de Rham representation Hf, of 

Gal(i^/jF^) contained in Ker(Hf —» HeE). Let R£d, = DdR(H*,). (In our application 
in 11.8, we will take i — k — l , ^ " 1 = H * " 1 ^ , ^ , - 1 = H*"1^) , where (e) is as in 
11.2.) 

In the following, we express by [ ] an object of ind(pro(Abp)) or of ind(pro(Galjr,p)) 
as in 10.4. In Prop 11.7 below, we will compare the two dual exponential maps : 

exp H i Vk,Q(Y(N))d fgfg [fiTHâ,], 

* 
exp 

:H2 f «SS H l ' V ) ] ) fgfg Vk,Q(Y(N)) filr_1 H dffd 
dfdf ]/V[ffl'H£-* ] 

for r E Z. 

Proposition 11.7. — For any r G Z, £/ie following diagram is commutative. 

&(K,\RUr)\) 
exp* Vk,Q(Y(N)) 

df /3 

H2 Vk,Q(Y(N)) >)]) 
exp* 

Vk,Q(Y(N)) fif-1 H dfdf 
qfff ] / v | f i i r 4 7 x ] 

Here the maps a and /5 are defined as follows. 
First we define a. Since is the completion of a henselian discrete valuation 

field which is of transcendence degree 1 over K, the composite field KJf in is of 
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cohomological dimension 1 [Sel, Chap. II,§ 3.3]. Hence we have an exact sequence 

C dfg [H^ifJT, Hjr1)] fgd \H.£(U®K KM, gfgdgdf fgdf № ] . 

Since the image of H£e, in Hi, is zero by our assumption, we have a map 
fdg fg \H>(Kjr,H'£-1)], and hence a map 

B\K,[BU) fg u1(K,u1(Kjer, №Hr)])). 

Since the residue field of K is algebraically closed, the cohomological dimension of K 
is 1 [Sel, Chap. II, §3.3] as well as that of K3f, and hence we have for any m 

H1 (K,W(KJ(r, ÏHTV)] ) ) fg 
fgd H2 f d g ( j r , [ H r x ( r ) ] ) . 

Hence we have the map a 
The map ¡3 is defined as follows. For any m, let 

H m 
iy / j\ fg K®oK lim 

n 

H m Vk,Q(Y(N))f {X®cOjr)/0Ky ;iog)/pn), 

fil H m 
gD/K gf fK®oK lim 

n 
Hm (X ®c Ojr, ft gf 

(X®cOje)/0K (log)/pn), 

(note that the base of the differential here is OK and not Ojr)- Then we have long 
exact sequences 

gfg dgfdg H1 m D/K fgf TT77T. 
V 

fdgg 
Vk,Q(Y(N))cxf 

dgfg H m+1 
D/K fgfdg H 71+1 gfgf 

V 
fgd 

fgfdg fgd fH m+1 
J / Jt Vk,Q(Y(N)) gh 

and 

Vk,Q(Y(N)) filr FT' TO—1 D/K fgf fg H m — fgl 
gf 

fg 
ggfg gf fg fgfg fil ir—1-H m—1 

fgfg 

dgfg filr H TO D/K fgdg filr H m 
gf 

V7 
fgfdg fg 1 

fg 
fgdg fil r-l H' 71 fgdfg fdggfgfgfg 

Since the composition nd' ~^ nd ^ Hl D/K ~^ nD/JtT is zero (for it is the DdR of the 

zero map H^, —> H ^ ) , the last long exact sequence gives the map p. 

11.8. Let K,X,U = (E^-2) xy(Ar) Y( iV ' ) ) <g)Q X be as at the end of 11.4, and let 
C be the scheme € at the end of 11.4. Let I = k - 1, H^ = Re(U ® x K,Qp)(e) ~ 
Vk,Q(Y(N)) Then Prop. 11.7 in this case proves the commutativity of the diagram 
(10.9.5). 

11.9. We prove Prop. 11.7. 
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For an integer s > r and for m > 0, let 

r 
s 
H m d D пГН m m /fii-D H m d » 

r H £ 
d' D m ri D V /fi] 1*1 H! d'' 

r FF; mD b D filr Vk,Q(Y(N)) H m 
и l)/fil (BdR,K/x ® * H m 

3 ) 

D lim 
3 

DDF lim 
n 

H" ( (DFFFFF(JfecCWVfOK/p") ' log—cry S 
.7 [r+7'1 
crys / В [s+3. 

crys 
° 
° CVVV; 

r 
s XC h' C в C 

ÏR,K/h 7 BJ 
dR,K/K XCXC H •£ 

e' » 
Vk,Q(Y(N))Vk,Q(Y(N)) •£ 

d' ) / ( B d R , K / K C V t 
d' 

CV 

r FT m 
XC = ЙГН m. D К 

/filsK m £>/Ю 
r 
s C n XCC C filrH rm XCC /filsH m XCCC 
r H; C 

в IК C lim 
.7 

XC lim 
n 

XC Vk,Q(Y(N)) 
X / Р П ) / ( О К / Р " ) ) log—crys' W+3Ì 

crys 
/ T(e+J"l 

crys K-3h 

r 
s ET m В1Ж X В r dR,JT/Ĵ  C в s 

iR,JT/jr XC H •m •Ei 
= fiir(BdR.^/JT ® ^ H', m XC )/fiis(B dR,JT/JT H rm XCC 

CX 

XC lim 
3 

Q(8)lim: 
n 

CX {(Х®сОзе/рп)1(Ох1рп)) log—crys' 
XC r+7'1 

crys X/ XCX 
crys XC 

For s ^> 0, the upper (resp. lower) exp* in 11.7 is the composition of the upper 
(resp. lower) rows of the following diagram. 

(11.9.1) 

Vk,Q(Y(N)) e 
e' 

XCC Vk,Q(Y(N)) E XC X 
CC 

C H e 1 
d'i 

a ß 

H2(Jf,[H e-i 
E 

CXC H2(J*r, ir
is-C £-1 

B/KÌ 
CC 
s 

XC 
Q 

Here 

P ^ H 1 ^ , [Ok 0^XCC r-l 
s-1 C £-1 

XC Vk,Q(Y(N)) C H e-i 
в/je 

Q - Vk,Q(Y(N)) r-l 
s-1 H ̂ -1 

XCC / v ( | r H< ¿-1 
XCX 5 

the map (5 is the connecting map of the exact sequence 

(11.9.2) 0 CC H CXC 
В К E H e-i 

в/ж 
\7 

[Sì C 
C C r-l 

s-1 
H £-1 В/Ж 0, 

the middle vertical arrow is induced by /3, and the two horizontal isomorphisms on 
the extreme right are cup products with log(xCycio)- For the proof of Prop. 11.7, it is 
sufficient to prove the commutativity of the two squares in (11.9.1). The commuta-
tivity of the right square is clear. The left square is divided into three squares as in 
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the following: diagram. 
(11.9.3) 

H1 (К, [Hf,(r)D H1! Vk,Q(Y(N)) 

ET 
в 

WCC Vk,Q(Y(N))XCXC 0° 
° — • H1 ( к.я1 ту- -v̂  \гтт£— 1 1 

, [stiB/K\ » 
C Vk,Q(Y(N)) 

н2 (Ж, Щ Г ( г ) н2 SFDF Сн' - /У) 
XC 

р 

Неге Р and the lower 5 are as above. 

R = H° Vk,Q(Y(N)) Vk,Q(Y(N)) r-1 
s-1 

H ¿-1 
B/JT 

. ]) /V(H°(tfjrs с H £-1 
XCC ])). 

the upper <5 is induced by the connecting map of (11.9.2), and the lower vertical arrow 
on the right hand side is defined as 

H 1 ^ , R) XC Vk,Q(Y(N))CXC Kl i XCXC r-1 s-1 H £-1 
В/JC ]))/УИЧК,Н0(ЮС, [ r 

s 
H £-1 

В/К ])) XCC P. 

The commutativities of the lower two squares in (11.9.3) are clear. It remains to 
prove the commutativity of the upper square of (11.9.3). This square is H^if , ) of 
the following square 

(11.9.4) 

[H-( r ) ] XCXC 

H1 ( XCXC гттт—1 
1НЕ CX H1 X( XCXC C H m—1 

ПIК 1) 
s R 

Let f,g : [H£?(r)] - • H^tfJf , \^JK\) be the two morphisms defined by (11.9.4); / 
is the composition of the left vertical arrow and the lower horizontal arrow on the left 
hand side, and g is th composition of the other arrows. Let 

XCXC ( KJfT, [ r 
s и га—] В/К ]) > XCC ( KJfT, C I RT в/к ]) 

be the canonical injection, where 

(11.9.5) [I CX 3 к } 

XC "Q (8) " "lim': 
C 

"lim 
n 

ИГ ( ( ( Х ® с < > * . /pn) / (Ox/p") ) log—crys' J CXC 
crys / J. [s+3\ 

zvys 
C 
C DFD 
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( W means 'lim 
XXW 

11 
M 

Vk,Q(Y(N)) The composite ho f (hog) coincides with do b o i 
(= co ao i) of the following commutative diagram 

[HMr)] C Vk,Q(Y(N)) a CXXC 

b c 

\ne(Kj(r,KrE)} d XCCXVk,Q(Y(N)) 

where RTE = "Q<8> "\^RT(U®c, %/P )• Hence ho f = hog and we have / = 5 
by the injectivity of Zi

l l . 10 . We give the proof of the bijectivity of (11.3.6). Let 

Dk(X(N)) C XC fc-i 
dR KS*)(5), Dk,log(X(N)) = R C 

log-dR (KSfc)(e). 

Our task is to prove that the canonical map 

(11.10.1) VäR(VkMp(Y(N))) XCX Dk,\og (X(N)) XCC 

is bijective. By (11.3.3), we have 

DHR [Vk,Qp(X(N))) C XCC Dk(X(N)) ® Q „ . 

By comparing the dimensions by (11.3.2), we see that it is sufficient to show that 
(11.10.1) is an injection. 

We define a homomorohism of 3al(Q/Q(0v)) -modules 

R : XCC (YW))<8>® CX QP(1 - k) 

and a homomorphism 
Ftes : Dk]0c (X(N)) CX Q(CN) 

as follows. First, R is the composition 

B.\Y(N) <g> O, Sym CX (NI)) CX CXCX Sym: CX 
C ( W I ) ) O O ® Q P C XCX Q P ( I - fc) 

where the last isomorphism is defined as follows. Let L = Q(Civ)((^1/^ ))• Since the 
pull back E' of the universal elliptic curve over Y(N) to Spec(L) is the pull back of 
the g-Tate curve over Z[[g]][g_1], we have an exact sequence 

0—>QD(1) —• TPE' <g> Q - + Q D ^ 0 

of Gal(L/L)-modules in which TPE' <g> Q - » QP sends (q1!^ mod qz)n to 1. This 
induces a homomorphism of Gal(L/L)-modules 

Svm k-2 
C (TVE) CXC QP, 

and hence a homomorphism of Gal(L/L)-modules 

Syn k-2 
C K) CX Q»(2 - fc). 
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This induces isomorphisms of Gal(Q/Q(£/v))-modules 

DFDS Svm fc-2 
DF 

^ Ì ) ) 5 5 ® Q = H1 (£ur,Sym fc-5 
2-P ( « £ ) ) ® Q 

D 
DF H xur, FD (2 - * ) ) F DFF Q P ( I - * ) 

where the last map comes from the isomorphism of Gal(Q/Q(Civ))-modules 

DF D DFF H ^ L - . Q ^ l ) ) 

which sends 1 to the image of q under the symbol map (Kummer theory] (Lur)x 
HHL^.QpCl)). This gives the desired map 

FD( DFF bym. fc-2, 
FD 

DFDSD FDD Q P ( I - * ) • 

Next Res is the composition 

Afe, log < (X(N))/Dk(X(N)) F DF Mk(X(N))/Sk(X(N)) FDD Q(Cw) 

where the last arrow is defined by F 
Frc^O FD a/TV DFS 

We will show that the following diagram is commutative. 

(11.10.2) 

Vk,Qv FDSFF R 
Q P ( I - * ) 

BdR <8>Q DFDF DSFFF Res BdR 

(This is a p-adic analogue of the commutative diagram (7.15.1).) We prove the bi-
jectivity of (11.3.6) admitting the commutativity of (11.10.2). We have an exact 
sequence of Gal(Qp/Q(C/v))-niodules 

(11.10.3) 0 —> Vk,Q„ (X(N)) DFF Vk,Q„ (Y(N)) FD e Qp(i - k) 

where a ranges over all elements of GL.2(Z/iV) and the last arrow is (R o <r*)a, and 
an exact sequence 

(11.10.4) 0 FDF BdR®Dk(X(N)) FD BdR ® Dki\0g (X(N)) DFF 
F 

BdR 

where a ranges over all elements of GL2(Z/iV) and the last arrow is (Res oa*)a. By the 
commutativity of (11.10.2), we have a homomorphism BdR0Qp (11.10.3) —» (11.10.4). 
By taking H°(Q(0v) ® Qp, ?) of this, we obtain a commutative diagram 

n Q(6v) ®Q (1) Q(CJV) ® Q (2) F 
Q(CJV) ® Qp 

o Q(CJV) ® Q (1)' Q(CJV) ® Q (2)' CR Q(CJV) ® Qp 
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where 

( i ) v DdR(Vk,Qp(X(N))), (2) v V C V V D D R ( V W r ( t f ) ) ) , 

(1)' v Dk(X(N))®Qp, (2)' v Dfc,iog(X(A0) ® QP. 

Since (1) —• (1)' , this diagram proves the injectivity of (2) —> (2) as desired. 
Now we prove the commutativity of (11.10.2). 
Let CP be the completion over QP. Since Gal(Q/Q(£jv)) acts trivially on 

(VktQp(Y(N)))/ (VkiQp(X(N)))(k-l) and since Res : BdR <g>Q Dkììog(X(N)) —• i?dR 
kills the image of 145QP [X(N)), the image of the composition 

cvcv (Y(N))(k-l) vc BdR ® Q Dki\og( {X(N)) vv BdR 

is contained in H° Vk,Q(Y(N)) c QP(CJV)- Since .BdR —> Cp induces an injection 

QP (6V ) - Cp, it is sufficient to prove that the diagram 

(11.10.5) (Vk,Qv(Y(N))) (k-1] 
R 

QP 

fil*-1 (B+ ® £>fciOE (X(N))) Res Cp 

is commutative. The lower horizontal arrow factors as 

fil*"1 (BJR ® öfc.log ; X ( Ì V ) ) ) cvc ER*-! (BdR ® -Dfc.iog IX(N))) 

cv Cp ® Q Vk,Q(Y(N)) urn 
Vk,Q cp 

where the last map Res is xcc 

xcxw 
ccxx n/N i—• a0. 

We will define certain groups V,V,D,D' with commutative diagrams 

(11.10.6) 

xccxcx № ) ) ( ^ - i ) x c x c c xc cx 

Dlog Dlog 

r 0 Q Mk{X(JM)) D Tl' 

fll.10.7) 

c V V 

cx w 
D' 

Dlog 

such that the composition of the upper horizontal rows of (11.10.6) coincides with the 
composition 

xccxc Y ( N ) ) ( k - l ) x c x c R 
xcxcx QP 

V 
xccx xcxc 
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the composition of the lower horizontal row of (11.10.6) coincides with the composition 

df ®QMk{X(N)) 
Res 

dfsdf w df 

and w is injective. This will prove the commutativity of (11.10.5). 
The groups V, V, D and D' are defined as follows. Let N', K,X,U = E^k~^ xY(N) 

Y(N') (g)Q K, and <£ be as at the end of 11.4. Let Spec(Oi<:) —> <£ be the standard 
cusp. Then the completion of the local ring of <£ at the image of the closed point 
of Spec(Ox) under this map is identified with OkIIq1^ ]]• For any n ^ 1, the 
smooth part of the irreducible component of X x<r Spec(Ox[[91//iV ]]/(<Zn)) containing 
the origin of X is canonically identified with ^^QK^qi/N'^y^qny Let fe')i<i<fc-2 be 
the standard coordinates of <G^~2, and let R be the completion of the local ring of 
-Ojc[tf, • • •, ̂ ^-2] atthe prime ideal generated by the maximal ideal tyik of Ok- Then 
i2 is a discrete valuation ring. Let v be the generic point of ^^Ok/ttik an(̂  regard ^ 
as a point of codimension two of X. Then the completion of the local ring Ox,v is 
identified with R\\_qxlN ]] . Let O1^ v be the henselization of Ox,w We define 

V = xcvcvvv lim 
n 

Uk-1 cvvcm mm ®0K K, (Z/pn)(k - 1)), 

V c cvcxvcv lim 
c 

rrfc-l, v c ( f r a c ^ ) ^ 1 / " )) cvcv c v K , ( Z / p n ) ( k - l ) ) , 

D = QP®zp lim 
n 

xcvcxvvv v 9 1/N \\)/pn, 

D' c xccxvv lim 

v71 

{0-r®0k R)/Pn, 

where frac(i^) denotes the field of fractions of R. 
By [TT, §3], there is a unique homomorphism 

Dlog: V—> D 

satisfying 

c v v D l o g ( { / i , . . . , / * _ i } ) •dlogUi)A---Adlog (tib-2)Adlog(g) = dlog(/i) A---Adlog( ffc_i) 

in 

cv cvv lim 
n 

vc 
cv Vk,Q(Y(N)) -1/N v k-1 

K[[q1/n']]/Ok ) / P " ) 

x QP xcxc hm 
n 

f 
\ {0-R®Ok R[ k1/N]])/pn 

)a 
8)dlog(ti) A • • • A dlog(i tfc_2) Adlog(g] 
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for any / l , • • • , FK-L £ Vk,Q(Y(N))xcxv where • • • > FK-L} is the image of f i (8) • • • <8> 

/fc-i under the symbol map [TT, § 3.2J. The diagram 

xvcv c v v ( Y ( N ) ) ( k - l ) V 

Dlog 

Cp®Mk(X(N)) D 

is commutative. On the other hand, let 

Dlog : V cvc VD 

be the homomorphism characterized by 

Dlog • • •, FK-2, FK-IQ}) 

cv 

dlog(ti) A - - -Adlog(tfc_2) dlog(/i) A - - A d l o g [FK-2) 

in 

QP®ZP lim 

n 
Vk,Q(Y(N)) v K-2 

vbvb )hn) 

= Qp ®zp lim 
n 

{Ok®Ok R/PN) 0 dlog(^i) A • • • A dlofff^-o) 

for any fi, • • • j /fc-i G (frac(Ä) <8>o cvcvvvv (The existence of this map Dlog follows 
from the bijectivity of the symbol map 
(11.10.8) 

K M K-R Vk,Q(Y(N))xcx ®K K)/pn -=U H*"1 (FRAC(R)((Q1/N')) ®K K, (Z/pn)(k - 1)) 

which follows from 

(11.10.9 vbb :&ac(Ä)®KK)/pnbv Hr(frac(i?) % K, (Z/pn)(r)) 

for all r [BK1] because (11.10.8) is isomorphic to the direct sum of (11.10.9) for 

r = k - hk - 2. From the constructions of the maps Dlog, the diagram 

V V 

Dlog Dlog 

D D' 

is commutative, where D —» D' is given by ^2N^.0CINQN^N 1—• ao- We define the map 
^ : Qp —• V by sending 1 to { ¿ 1 , . . . ,£fc_2,tf} and the map W : CP —• £>' to be the 
inclusion map. The diagram 

QP V V 

vb vb 

vDlog 

is clearly commutative. 
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It remains to show that the compositions 

Vk,QP Vk,Q(Y(N)) cvcv T7 vcv V 

cvcvv [Y(N))(k-l) R 
vcv v cvV 

vcv V 

coincide. This follows from the fact that if E' is the pull back of the q-Tate elliptic 
curve over Q((g)), the following two compositions 

TPE' v vc cv (E' ®Q((„))Q((9)),ZP(1)) a vcvc H1 ( G _ g , Z p ( l ) ) , 

TPE' h 
vbvb Zp c 

vbcbv H1 (Gm.5,Zp(l)) 

coincide. Here a is the restriction to the smooth part of the irreducible component of 
the special fiber of E' containing the origin (this part is isomorphic to Gm), b is the 
homomorphism which kills Zp(l) and sends (#1//pn mod qz)n to 1, and c is the map 
which sends 1 to the symbol {t} where t is the standard coordinate of Gm. 

C H A P T E R III 
I W A S A W A T H E O R Y OF M O D U L A R F O R M S 

( W I T H O U T p -ADIC ZETA F U N C T I O N S ) 

In this chapter (§ 12-§ 15), we study the following subjects: 
(1) Analogue of Iwasawa main conjecture for modular forms (§12). 
(2) The finiteness of Selmer groups (§ 14). 
(3) The Tamagawa number conjecture [BK2] for modular forms (§ 14). 

The "main conjecture" which we study in this chapter is not concerned with p-adic zeta 
functions of modular forms. In the next chapter, we will study the main conjecture 
involving p-adic zeta functions [Mai , Gr l ] for modular forms which are ordinary 
at p. 

It has been known that once p-adic Euler systems as in Chapter II are constructed 
and the result in § 12 is obtained, then the rest of Chapter III and Chapter IV can 
be proved (see [Pel], [Pe3], [Ru4]). The author gives in this paper all necessary 
arguments, for he thinks that is convenient for the reader, but many arguments in 
Chapter III and Chapter IV are already given in literatures. The author is thankful 
to the referee for pointing out the existence of several literatures. 

In Chap. Ill , we fix k ^ 2, TV ̂  1, and a normalized newform 

/ = b 
vbvb anQn eSk (Xx IN ® C . 

We denote by Q the algebraic closure of Q in C. 
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12. The main conjecture, I 

In this section, we state results concerning "the main conjecture without p-adic 

zeta functions" (Conj. 1 2 . 1 0 ) for modular forms. The proofs of the results are given 

in § 1 3 , 8 15 . 

We fix a prime number p. 

12.1. Let p be a prime number, and let 

G n fg Gal (Q(C«) /Q) for n ^ 0, 

ffdf f lim 
n 

DFDFDDFG„ = G a l ( Q ( C P ~ ) / Q ) where Q ( C „ ~ ) fd u n Q ( C p » ) . 

Then the cyclotomic character gives an isomorphism 

K — Xcyclo dfdf f 
dff dfdV 

For c G Z p , let ac G Goo be the unique element such that K,(ac) = c. 

For a finite extension L of <QL, the ring 

oL [{Goo}] fd lim 
n 

0 L [ G n } . f d 

has the following structure, as is well known. Let A be the torsion part of Goo, and 

let 

dfdfd f 
) 
) 

[a G Goo ; K{a) 

fer G Goo ; K((T) 

= 1 mod p) 

= 1 mod 4} 

in the case p ^ 2, 

in the case p = 2. 

Then 

Goo — dggfgvbv fggf — Z p , A ~ 

) 
) 

Z / Í P - 1 ) i f p / 2 , 

Z / 2 i f p = 2 . 

We have 

O L [ [ G O O ] ] = O t [ [ A x G j fd O L [ A ] [ [ G ^ ] ] fd : O i [ A ] [ [ Z p ] ] 

fd lim 
77. 

O L A Z/p"dff fd lim 
n 

0L[A][X]/(X"N - 1) df OL[A}[[T}} 

(T = X - 1 ) . Hence we have: 

( 1 2 . 1 . 1 ) OL[[GOO]] is a two dimensional complete semi-local ring. 

( 1 2 . 1 . 2 ) In the case p ^ 2 (resp. p = 2), for j G Z / ( p - 1 ) iresv. ?' € Z / 2 ) , let 

OL G » ¿ 6e £/ie quotient of OL[\G oo]] divided bv the ideal (a - K(aV:a€ A). Then 

O L [ [Goo] ] ; df dfdf df d f d d f f [ [ G i o ] ] ^ 0 L [ [ T ] ] . 

We have 

O L Goo] f 
dff n 

j e z / ( p ~ i ) 

O L [[Goo]],- */p ^ 2 . 

Ifp = 2, the canonical map O L [[Goo]] —* EIJEZ/2 O L [[Goo]] , ¿5 injective and the cok-

ernel is killed by 2 . 
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(12.1.3) Ol[[Goo]] ® Q is the product of the principal ideal domains Ol[[Goo]] j®Q. 

(12.1.4) If p is a prime ideal of height one in Ol[[Goo]]; the local ring Cl[[Goo]]P IS 

a discrete valuation ring except in the case p = 2 G p. 

12.2. Let T be a finitely generated Zp-module endowed with a continuous action of 
Gal(Q/Q) which is unramified at almost all prime numbers. We denote for q G Z 

H*(T) = lim 

n 

H«(z[Cp»,i/p],r) 

where Hq is the etale cohomology as in 8.2, and the inverse limit is taken with respect 
to trace maps. The following are known: 

(12.2.1) Hq(T) = 0 if q Ï 1,2 and H ^ T ) and H2(T) are finitely generated 

ZJfGUl -modules. 

(12.2.2) For any prime ideal q of Zp[[Goo]] 0/ height 0 (so Zp[[Goo]]q ¿5 a field), 
dimfH1 (T)q) - dim(H2(r)q) = rankZf,(T-) w/iere T= zs *fte part of T on which the 

complex conjugation acts by ± 1 . (|Ta2, Thm. 2.2], [Pe3, §1.3];. 

It is conjectured that H2(T) is always a torsion Zp[[Goo]]-module ([Pe3] Ap
pendix 3: conjecture de Leopoldt faible), and hence (by (12.2.2)) that dim(H1(T)q) = 
rank^p(T_) for any prime ideal q of Zp[[G00]] of height 0. 

On the other hand, for a finitely generated Zp-module T endowed with a continuous 
action of Gal (Qp/Qp), let 

Vk,Q(Y(N)) lim 

n 

Vk,Q(Y(N))xcx 

Then the following are known: 

12.2.3) H q 
loc 

( T ) = 0 if q 4 1,2,fdfdf H i 
loc 

(T) and cx 2 
loc' 

(T) are finitely generated 

Z»[[Goo]] -modules, and 

dim(H rl 
•loc (T)q) = rankZp(T), dim(H 2 

loc (T)n) = o 

for any prime ideal q o/Zp[[G00]] of height 0. 

The structure of H 2 
loc 

( T ) is well understood: By local Tate duality [Sel, Chap. II, 
§5.2], 

H 2 
loc (T) ~ Horn (H°(Qp(CPoo))HomZp(r ,Q/Z)),Q/Z)(-l). 

Finally, for a finite dimensional Qp-vector space V endowed with a continuous action 
of Gal(Q/Q) which is unramified at almost all prime numbers (resp. endowed with a 
continuous action of GaUQ^/Q-)), let 

Hq{V)=Hq(T)®Q (resp. H s 
loc' 

(V) = U Q 
loc 

( T ) ® Q ) 

where T is a Gal (0 /0) (resp. Gal(0„/O„))-stable Z„-lattice of V. Then Hq(V) 

(resp. H 
loc 

(V)) is independent of the choice of T. 
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12.3. Let k,N and / = Sn^i anQn be as in the beginning of Chap. Ill, and let 
F = Q(an ; n ^ 1) be as before. Let A be a place of F lying over p, F\ the local field 
of F at A, 0\ the valuation ring of F\, m\ the maximal ideal of OA, and let 

A = Ox[[G00}} 

Consider the two dimensional representation VFx{f) of Gal(Q/Q) over Fx associated 
to / (8.3). 

We will prove the following results Thm. 12.4, 12.5, 12.6. 

Theorem 12.4. — Take any Gal(Q/Q)-stable Ox-lattice T ofVFx. Then: 

(1) H r ( T ) is a torsion A-module. 
[2) HX(T) is a torsion free A-module, and H}(T) ®Q = HHVFx(f)) is a free 

A 0 Q-module of rank 1. 
•3) Ifp # 2 and if Tlm\T is irreducible as a two dimensional representation of 

Gal(Q/Q) over 0\/m\, HX(T) is a free A-module of rank 1. 

Theorem 12.5 

(1) There exists a unique F\-linear map 

VFAÎ) w x w x H x ( ^ ( / ) ) ; 7 Z(P) 

having the following property : Let r € Z, 1 ^ r ^ k — 1, let n ^ 0, and let 7 G Vjr(/) . 

T/ien £/ie image of under the composite map 

Vk,Q(Y(N))xcxvv x c c ( V ^ ( / ) ( * - r ) ) H ^ Q p ^ V ^ / X f c - r ) ) 

exp* 
S(f) ® f F A ® Q Q(CP-) 

(the first isomorphism is the product with (Cpn)n>i r ) belongs to 5,(/)CS)QQ(CP'*)> and 
the map 

S{f) ® Q Q(Cp-) Vfc(/)±; 

x ®y 

<r€Gn 

X(<r)<r(y) per/(x)±, 

where \ № anV character xc Cx and ± = (—1)k-r-1 x(—1)? sends the image of 
sfdfccvb 

(2ni)k-r-^ L{p} Vk,Q(Y(N)) 

We have 

xc P)X 
^7) 

= -CT-1 c c 
7 ) 

where t : VFx (/) —> VFx (/) ^ ^e action of the complex conjugation. 
(2) Let Z(f) be the A ® Q-submodule of H1(VFx(f)) generated by for all 7 G 

VFx ( / ) . T/ien H1 (VFx ( / ) ) / Z ( / ) zs a torsion A ® Q-module. 
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(3) Let p be a prime ideal of A of height one which does not contain p. Then 

lengthAp (U2(VFx(f))p) 
^ length. (Hi (yFA( / ) )p /Z( / )p ) + length. (H2OC(VFA(/))P). 

7/H2oc(VpA (/))p ^ 0, then f and p satisfy the following 
(12.5.1) k — 2,fis not potentially of good reduction at p (12.7), p is the kernel of the 
ring homomorphism A —• F\ induced by K~2x : G8 *F£ for some homomorphism 
X : Goo - F£ of finite order, and 

lengthAp ( H L № A ( / ) W = i 

(4) Let T be a Gal(Q/Q)-stable Ox-lattice of VFx(f), and let Z(f,T) be the A-
submodule o /H1(T) (g) Q generated by for all 7 G T. Assume p ^ 2, and assume 
that the following (12.5.2) is satisfied. 
(12.5.2) There exists an 0\-basis of T for which the image of the homomorphism 

Gal(Q/Q(Cp~)) GL0a(T)~GL2(Oa) 

contains bL2(Zp). Here the last isomorphism is given by this basis ofT. 
Then, 

Z(f,T)cHl(T) in tffTJ^Q. 
Furthermore, 

l e n g t h A p ( H ^ ( / ) )„) ^ l e n g t h A ^ H ^ t f N p / Z M p ) 
for any prime ideal of A of height one unless f and p satisfy (12.5.1) in (3). 

Theorem 12.6. — Let T = VQx(f) (8.3). Let Z be the A-submodule of Hx(V0x(f)) 
generated by the following elements (see (8.1.3), (8.11) J. 

(1) s 
c,d*>pn (f,kJ,a(A), prime(p^4))n^i e t f f r ) 

(1 ^ j < k- 1, a , A e Z , A ^ 1, c,d G Z, (c,6pA) = (d,6pJV) = l ) . 

(2) ds 
c,d,Zpn (/,&, j,a,prime(pAO) n>1 G H ^ T ) 

( l ^ j ^ k - h a G SL2(Z), c,d G Z, (cd,6pN) = 1, c = d = 1 mod N). 

Then Z C Z ( / , T ) and Z(f,T)/Z is a finite group. 

Remark 12.7. — In Thm. 12.5 (3), " / is potentially of good reduction at p" means 
that one of the following equivalent conditions (1), (2) is (hence both of them are) 
satisfied. 

(1) There exists a finite extension K of Qp having the following properties. For 
any finite place v of F which does not lie over the representation of Gsl(K/K) on 
VFV ( / ) is unramified. For any finite place v of F which lies over p, the representation 
of Gal(K/K) on VFv(f) is crystalline. 
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(2) There exist at least one finite place v of F and a finite extension K of Qp 
having the following property : Either v does not lie over p and the representation 
of Gal(K/K) on VFv(f) is unramified, or v lies over p and the representation of 
Ga\(K/K) on VFv ( / ) is crystalline. 

The equivalence between these conditions follows from the works [Ca, Sal] . These 
conditions are satisfied if p does not divide N. 

Remark 12.8. — We say that / has complex multiplication ( / has CM) if there is an 
imaginary quadratic field K of Q and a Hecke character tp of K (that is, a continuous 
homomorphism ip : CK —> Cx where CK denotes the idele class group of K) such 

that 
L ( / , s ) = L ( < M . 

Here, 

L N>,8 = 
V 

[l-rf,(v)N(v)-)-1 

where v ranges over all finite places of K at which i\) is unramified, ip(v) is the image 
of prime elements of Kv under ip, and N(v) is the norm of v. 

By Ribet [R i l , Ri3] (generalization of Serre [Se3]), we have the following. 

(12.8.1) If f has no CM, then, for almost all finite places A of F, there exist 

a Gal(Q/Q)-stable Ox-lattice T of VFx(f) which satisfies the condition (12.5.2) 
at Thm 12.5 (4). 

Note that it the condition (12.5.2) at Thm 12.5 (4) is satished tor one Ual(<g>/dJ>)-
stable 0A-lattice T of VFx(f), all Gal(Q/Q)-stable 0A-lattices of VFx(f) have the 
form aT for some a G F£ (see the proof of 14.7), and hence the condition (12.5.2) at 
Thm 12.5 (4) is satisfied for any Gal(Q/Q)-stable 0A-lattice of VFx{f). 
(12.8.2) Iff has no CM, then, for any finite place A of F, there exist a Gal(Q/Q)-
stable Ox-lattice T ofVFx{f) and an Ox-basis ofT such that the image of the action 
Gal(Q/Q(£poo)) —> GL/2(0A) with respect to this basis contains an open subgroup of 
SL2(ZP). 

The proofs of Thm. 12.4, 12.5, 12.6 are given in § 13 in the case / has no CM and 
in § 15 in the case / has CM. The proof in the case / has CM heavily depends on the 
work of Rubin [Rul] on the main conjecture for imaginary quadratic fields. 

12.9. Let pyé: 2. 
We recall the classical Iwasawa theory. We have for n ^ 0, 

Bl(Z[(pn,l/p},Zp(l)) ~ЩрП,1/р}* ®zp, 

H2(z[cPn,i /p] ,zp(i)) ~Cl(Q(Cpn))<8>Zp 

where Cl(Q(C«n)) denotes the ideal class group of Q(C»n)- Let 

ЗДСоо]]+ = ^P ,[[Goo]]/(*-l - 1), 
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and let Z be the Zp[[G,0o]]+-submodule of H1(ZP(1))+ generated by the image of 

( ( l -CpnXi-Cpn1))^! sd lim 

n 
( Z [ C P ~ , I / P ] X ) + . 

Then H2(ZP(1))+ and H1(ZP(1))+/Z are torsion Zp[[Goo]]+-modules. The classical 
Iwasawa main conjecture proved by Mazur-Wiles [ M W ] states 

length iZp[[Gao]] + )p (H2(ZP(1))+) = length (Zp[[Goc}] + )p (u\zp(i));/zp) 

for any prime ideal p of A of height one. 
This Iwasawa main conjecture is generalized to "main conjectures of motives" as in 

[KK2, Chap. I, §3.2] and [Pe3, §4.4]. These main conjectures are specialized to the 
following "main conjecture for modular forms". 

Conjecture 12.10(main conjecture). — Let T be a Gal(Q/(Q>)-stable 0\-lattice of 
VFX ( / ) and let P be a prime ideal of A of height one. In the case p — 2, assume p 
does not contain 2. Then Z(f,T)p C H1(T)P and 

lengthAp (H2(T)p) = lengthAp {U\T)p/Z{f,T)p). 

13. The method of Euler systems 

In this section, we give the proof of the theorems in § 12 by using the method of 
Euler systems in the case / has no CM. The proof of the CM case will be completed 
in §15. 

In this section, we fix a prime number p. 

13.1. The method of Euler systems started by Kolyvagin bounds arithmetic groups 
by using a system of "zeta elements". (See [Ko]; a similar idea was found by Thaine 
independently [Th].) We use results on Euler systems in Perrin-Riou [Pe4], Rubin 
[Ru4], and [KK4]. 

Let L be a finite extension of Qp and let T be a free OL-module of finite rank 
endowed with a continuous OL-linear action of Gal(Q/Q) which is unramified at 
almost all prime numbers. Let E be a finite set of prime numbers containing p and 
all prime numbers at which the action of Gal(Q/Q) on T ramifies, and let 

S = {m ^ 1 ; prime (m)nZ = {p}}. 

For a prime number £ which is not contained in E, let 

P£(t) = detoL ( 1 - F r l 't :T T) e 0L\t] 

where Fr̂  is the arithmetic Frobenius at £. 
By an Euler system for (T, L , E ) , we mean a system of elements Vk,Q(Y(N)) 

HHZKm . l /p],!') defined for m G S, satisfying the following condition. 
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(13.1.1) For ra, m' G E such that ra \ mf, the norm map 

H1 Z[Cm',l/p],r H Z[Cm,l/p],T 

sends zmr to Vk,Q(Y(N)) - Zmt where £ ranges over all prime numbers which 

divide mf but do not divide m, an is the arithmetic Frobenius of £ in Gal(Q(£m)/Q), 
and we regard Pi(£~1a^1) as an element of the group ring OL[Gal(Q(Cm)/Q)] which 
acts naturally on H^ZfCm . l/pl.T). 

Example 13.2 (classical example). — Let L = Qp, T = Zp(l) , S = {p}. For m € S 
(that is, for any m ^ 1 such that p|m), let zm G H1(Z[Cm, l /p] ,Zp( l ) ) be the image 

of ( l - G n H l - C 1 ) eZfCm,l/plx under the isomorphism 

Z[Cm,l/p]X » Z p - H 1 z[cm,i /p] ,zp(i) 

Then (zm)m is an Euler system for (Zp(l),Qp,E). In fact, 

Pe(t) = 1 - et, Pi{rxa-i1) = \-G^\ 

and (13.1.1) follows from the fact that for any m ^ 2 and for any prime number £, 
the norm map 

vvcvcxv Vk,Q(Y(N)) 

sends 1 — Çm£ to 1 — Cm if ^ divides ra, and to (1 — Cm)(l — ^ (Cm)) 1 if £ does not 
divide ra. 

Example 13.3 (the crucial example for this paper). — Let A be a place of F lying 
over p, let r G Z, and let T = VbA (f)(k — r ) . Fix an integer j such that 1 ^ j ^ k — 1, 
and fix non-zero integers c, d. Let £ be either a symbol of the form a(A) (a, A G Z, 
4̂ ^ 1) or an element of SL2(Z). In the case, £ = a(A), we assume (c, 6pA) = 1 and 

(d, 6pN) = 1. In the case £ G SL2(Z), we assume (cd, 6pN) = 1. 
By fixing these, let £ = prime(cdpAN) in the case £ = a(A), and let 

£ = prime(cdpiV) in the case £ G SL2(Z). For ra G S, define zm G H^Z^m, l / p ] ,T ) 
bv 

(Y(N)) 
Toi 

c,dzm ( /» r, j,£,prime(raA)) if£ = a(A), 
p) c,dzm If, r, j,£,prime(raiV)) i f£GSL2(Z). 

Then (zm)m is an Euler system for (T ,FA,S) . 
In fact, for a prime number £ which does not divide Np, we have 

detoL 1 - F r - l 
wx 't:VFJf)) = l-aet+ e(£)£ Vk,Q(Y) 

and this polynomial has the form (1 - at)(l - ßt) , a,ß G C, \a\ = \ß\ = £(k-l)/2m 

Hence 

P/ft) = det0r (1 - Fr£-1: T) = 1 -s^1-r* + F(^fc+1-2rt2, 

P ^ " V 1 ) = l -â^- r (J71 Vk,Q(Y(N))xvcvcv 

Hence (zm)m is an Euler System for (T,F\,H) by Prop. 8.12. 

SOCIÉTÉ MATHÉMATIQUE DE FRANCE 2004 



226 K. KATO 

By [Pe4, Ru4, K K 4 ] , we have 

Theorem 13.4. — Let (T, L ,E) be as in 13.1, and let (zm)m be an Euler system for 
(T, L, E). Let A = O f [[Goo]]; let Z be the A-submodule o / H ^ T ) generated by (zpn)n, 
and let J be the ideal of A generated by h(Z) for all A-homomorphisms h : H1(T) —> A. 
On the other hand, let 

H2(T)o = 
def 

Ker(H2(T) H •2 
loc CO)-

Assume the following 

(i) Zq ^ 0 for any prime ideal q of A of height 0. 
(ii) rank0l, ( T + ) = ranker ( T ~ ) = 1. 
(iii) There exists an integer w such that for any prime number £ which is not 

contained in E, all eigenvalues of Fr£ on the L-vector space T <S>oL L are algebraic 
numbers whose all complex conjugates have absolute value £w/2. 

(iv) T ®oL L is irreducible as a representation o/Gal(Q/Q) over L. 
(v) There exists an element a of Gal(Q/Q(£poo)) such that 

dimI/(Ker(l — cr;T ®oL L T 0 O L L)) = l. 

Then we have: 

(1) H2(T) is a torsion A-module. 
(2) Let p be a prime ideal of A of height one which does not contain p. Then 

lengthA tt(H2(T)0,p) < lengthAp (Ap/Jp). 

(3) Assume that there exists an element a o/Gal(Q/Q(Cpoo)) such that 

Coker(l - a : T T) 

is a free OL -module of rank 1, and assume that T ®oL OL/TUL is irreducible as a 
representation of Gal(Q/Q) over OL/ITTIL- Assume further p =̂  2. Then 

lengthAp (H2(T)0)P) < lengthAp (Ap/Jp). 

for any prime ideal p of A of height one. 

In the case of 13.3, the conditions (ii), (iii), (iv) in Thm. 13.4 are satisfied ((hi) 
is due to Deligne [Del] , and (iv) is due to Ribet [R i l ] ) . However if / has CM, this 
theorem is not applied because the condition (v) is not satisfied in the CM case. So 
the CM case will be discussed separately in § 15. Concerning the condition (i) in 
Thm. 13.4, we use the following 13.5 and 13.6. 

Theorem 13.5 

(1) (Jacquet-Shalika [JS]).. L ( / , s) has no zero on Re(s) ^ fc+i 
2 
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(2) (Rohrlich [Ro2]). Assume k is even. Let S be a finite set of prime numbers. 
Then the set 

X e U 
xwcx 

prime(m)Co 

Hom((Z/m)x,Cx); Ls(f,X, k/2) = 0 

is finite. 

(When mira', we regard Horn ((Zm X,CX C Horn ( Z/m' \ C * . 

Theorem 13.6 (Ash-Stevens [AS]). — Let L ^ 3. Then Vk,z(Y(L)) is generated over Z 
by the elements 

a*SLiL(k,j) (a G GL2(Z/L), K j < f c - l ) . 

Proposition 13.7. — Define Z C H1(VbA(/)) as in Thm. 12.6. Then Zq ^ 0 for any 

prime ideal q of A of height 0. 

Proof — Let ± be + (resp. —) if the image of — <r_i in Aq is 1 (resp. —1). By 13.6, for 
some a G SL2(Z) and some integer j such that 1 ̂  j ^ k — 1, we have S(f,j, ^ 0. 
Take such a,j and take integers c, d such that (cd, 6p) = l,c = d = 1 mod AT, and 
c2 ^ l,d2 ^ 1. Then by Thm. 6.6, Thm. 9.7, and by Thm. 13.5, for almost all 
homomorphisms x : Goo —• Fx of finite order such that x(—1) — ±> the element 
(c ,dZ^( / , /c, j,a,prime(p7V)))n^i G Z C H1(VbA(/)) (12.6) is sent to a non-zero 
element by the homomorphism 

(13.7.1) H ^ V b J / ) ) w x w x w ^ H 1 ^ ( / ) ( ! ) ) Vk,Q(Y(N)) V f , ( / ) ( ! ) ) 

exp* 
wxwxS(f) ®F 

wx Vk,Q(Y(N)) 

where n > 0 is an integer such that x factors through G^ Gn, and the last arrow 
in (13.7.1) is a \—> ^2aeGn o~(a) (g) x(cr)- The composite map (13.7.1) factors through 
H1(Vfa ( / ) ) / P H 1 ( V f a ( / ) ) where p is the kernel of the ring homomorphism A F\ 
which sends a G8 to K(OT)~1X(O')~1 • Hence for infinitely many prime ideals p of 
A of height one such that p D q, the image of Z in H1(Vfa (/))/pH1(VpA ( / ) ) is not 

zero. This proves Za ¿0. 

In the rest of § 13, we assume f has no CM and we prove Thm. 12.4, 12.5, 12.6 
under this assumption. The proofs of these theorems in the case / has CM are given 
in § 15. 

13.8. We prove Thm. 12.4 
To prove 12.4 (1), we may assume T = VbA(/) . In this case, the fact H2(T) is a 

torsion A-module follows from (12.8.2), Thm. 13.4 (1), and 13.7. 
We prove 12.4 (2). By (12.2.2) and by 12.4 (1), it is sufficient to prove that Hl(T) 

is a torsion free A-module. (This torsion free property is deduced also from a general 
result [Pe3, Lemme p. 27].) 
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Let x be a non-zero-divisor of A. We prove that x : HX(T) —> H1(T) is injective. 
There exists a multiple of x of the form pny where n ^ 0 and y is a non-zero-divisor 
of A such that A/yA is p-torsion free. (In fact, the image of x under the norm map 

A = 0X[[G00\] W X O A [ [ G ^ O A [ [ X ] ] 

has the form pny for n ^ 0 and 7/ as above, and x divides pny in A.) Hence we may 
assume x = p or A/xA is p-torsion free. 

Let 

j : Spec(Z[l/p]) x prime(TV) Spec(Z[l/p]) 

be the inclusion map. 
First consider the case x = p. By the exact sequence 

0 xww V wx x wxwx 

the injectivity of p : HX(T) H}(T) is reduced to lim H°(<Q>(Cp»),T/p) = 0. Take 

m ^ 1 such that H°(Q(Cpn),T/p) = H°(Q(Cpoc), T/p). Then, for n ^ ra, the norm 

map 
H°(Q(CPn+i),r/p) H°(Q(Cp»), T/p) 

is the multiplication by [Q(£pn+i) : Q(Cpn)] = P, and hence is the zero map. Hence 

lim 
71 

H°(Q(Cp.),r/p) = 0. 
Next we consider the case A/xA is p-torsion free. For n > 0, 

H«(z[cP»,i /p],r) x H«(Z[ l /p] ,T®oA O A [ G „ ] ) 

where Gal(Q/Q) acts on the tensor product as follows : a G Gal(Q/Q) acts by Vk,Q(Y( 
where <jn denotes the canonical image of a in Gn. We have 

Uq(T) - lim 
7?. 

EP(Z[l/p],T<8>oA O A [ G „ ] ) . 

Hence we have an exact sequence 

H ° ( Q , T 0 O A A / x A ) HX(T) x U\T). 

where Gal(Q/Q) act on the tensor product as follows : a G Gal(Q/Q) acts by (7® G -i oo 
where a8 denotes the canonical image of a in GQQ. ^Ve prove 

H°(Q, T 0 O A A/a;A) = 0. 

The set H°(Q,T ®oA A / x A ) is identified with the set of all 0A[Gal(Q/Q)]-
homomorphism HomoA (A/xA, 0\) —> T (Gal(Q/Q) acts on A/xA here via cr i—• cr^1). 
Since the action of Gal(Q/Q) on HomoA(A/xA, 0\) is abelian and the representation 
of Gal(Q/<Q>) on VpA(/) is irreducible and is not abelian, there is no such non-trivial 
homomorphism. 

We prove 12.4 (3). Let x, y be elements of A such that (x, y) is a maximal ideal 
of A. It is sufficient to prove that x and y form a regular sequence for H1(T), that is 

x r H ^ T ) — > H1(T) and y:H1(T)/xH1(T) H1 (T) / xH1 (T) 
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are miective. The former is already proved. We prove the latter. By 

H ^ T j / a r H ^ T ) cH1(Z [ l /p] ,T®oA A/rrA) 

and by the exact sequence 

0 j * ( T (8)oA A / x A ) y UT 0oA A/a?A) j*(T 0Oa A / ( x , y ) ) , 

it is sufficient to prove H°(Z[l /p] ,T ®ox A/(x,y)) = 0. Here Gal(Q/Q) acts on 
A / y ) via a cr^1, and hence A/ (x , ?/) ~ (0\/m\)(r) for some r G Z as Gal(Q/Q)-
module over 0\ ((r) means the Tate twist). By the assumption of irreducibility, the 
Gal(Q/Q)-fixed part of (T/raAT)(r) is trivial. • 

13.9. In 13.9-13.11, we give preliminaries for the proofs of Thm. 12.5 and Thm. 12.6. 
For a commutative ring R, let Q{R) be the total quotient ring of R. That is, 

Q(R) xc {ab-1; a, b G R, b is a non-zero-divisor}. 

In this 13.9, we define the p-adic zeta element ziy for 7 G V F a ( / ) , which appears in 

Thm. 12.5, first as an element of H ^ V k ( / ) ) ® A Q(A) . We will see in 13.12 that zlp) 
belongs to Vk,Q(Y(N)) 

Fix elements ai, a2 of SL2(Z) and integers ji,j2 such that 1 ^ ji^k-1 (t = l ,2) 
and such that <5(/, ?i, a j)+ / 0, S(f,j2,a2)- ± 0. (13.6). 

Let 7 € V ^ ( / ) . We have 

7xcccccVk,Q(Y(N)) + M(/,J2 ,OJ2) 

for some 61,62 G F\. Fix c, d G Z such that (cd, 6p) = 1, c = d = 1 mod iV, c2 7̂  1, 
d 2 ^ l . Definecz(p)y G H ^ V ^ C f ) ) 0A Q(A) by 

d (P) 
7 ds fi(c,dji) -1-bl ip) 

c,d*p™ (/,fc,ji,ai,prime(piV)j 
dfd 

+ Vk,Q(Y(N)) -1 02 (p) 
xcxcxc / , A:,j2,^2,prime(pAr) 

xcx 

+ 

where 

Lfc(c, d.j) = (c2-ck^-ac) (d2 - d^1 - ad) 

e 

(1 — a£Ì~ka71) G A 

for j G Z in which ^ ranges over all prime numbers ^ p which divide N. It is easy to 
see that //(c, d,j) is a non-zero-divisor of A for any j G Z. 

By Thm. 6.6 and Thm. 9.7, if 7 G Vp(f) C V F a ( / ) and x is a homomorphism 

£00 —» QX of finite order such that c2 — ck~jx(c) = 0> d2 — dj\(d) ^ 0 for j = j i , j2 and 
Vk,Q(Y(N))Vk,Q(Y(N)) for any prime number £ ̂  p which divides AT, the homomorphism 

H1(Vk(/))®AAwcx[M-1] Slf) ®F Fx (// = /x(c, d,ji)/j.(c,d,j2)) 
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induced by (13.7.1) sends zJf* to an element of S(f) 0 F Q whose image under per^ : 

S(f) 0 F Q ^ V F ( / ) ® F C coincides with L<?(/*, x, & - 1) • 7* where 5 = prime(piV) 

and± = x ( - l ) . 
Since H^Vp^ ( / ) ) is a free A[l/p]-module of rank 1 (Thm.12.4 (2)), this shows that 

z(p) is independent of the choices of ai , ji, CY2,32, C, d as above. This also shows 

z fp) 
1(7) = -cr_i (z. :P) 

7 
c 

since the action of cr_i on H1(VpA ) commutes with the action of —x(—1) on S(f)(S>FF\ 
via the map (13.7.1). 

We express the elements 

c,d z (p) 
x 

Vk,Q(Y(N))Vk,Q(Y(N)) 
wxw 

and wx •(P) (/,&, j,a,prime(piV)) 
xw 

(a G SL2(Z)) by using z (p) 7 • 

Lemma 13.10. — We have the following equalities in H1 w x w » , ( / ) ) ® A Q ( A ) . 

(1) Le£ < j< -1 a , i G Z , A ^ l , and c, d &e integers such that (c,6pA) = 
(d,6pN) = 1. T/ien 

wxw 
(P)X 
x (/,fc,j,a(i4),prime(pi4)) 

xwxw 
c 

xc 
(l-â££~k cx c-1 

c 
-f eU)rk~l a, -2 

c ) c 

c2d2z (p) 
71 

cx C xcxc d 2 crcz. (p) 
Y2 xc c2 c 7 + 1 cvcvcv (P) 

73 
+ C AH-1-7 d 3 + 1 el [d)acdZ, [p) 

74 ) 

where £ ranges over all prime numbers ̂  p which divide A, and 

7i = <J(/,j,a(i4)), 72 = <*(/, j , a c ( A ) ) , 

ls = S(fJ, "a/d" (A)), 74 = * ( / , j , "ac/d" W ) , 

iifere "a/d" means any integer b such that bd = a mod A, and "ac/d" means any 
integer b such that bd = ac mod A 

(2) L e f H j ' a - l , a G SL2(Z), and Ze£ c, d be integers such that (cd, 6p) = 1 
and c = d = 1 mod N. Then 

(13.10.1) (v) 
wxwx {f,kJ,a,prime(pN)) 

n l̂ 
c 

(c2 - cfc+1"Vc) wx(d2 - d ' + V x w x w ( l - â ^ - ^ - 1 ) z 
(P) 
wxwx 

where £ ranges over all prime numbers ̂  p which divide N. 

Proof. — By Thm. 12.4 (2), this is obtained by computing the images of the elements 
in problem under the map (13.7.1) by using Thm. 6.6 and Thm. 9.7. • 

Lemma 13.11. — Let A^l and let v be a homomorphism (Z/A)* wxw 
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(1) For integers c,d such that (c,6Ap) = (d, 6ANp) = 1, we have 

ae(Z/A)x 

via) • . (P) 
sfsffdf (/, k,k — 1, a(A), prime(MV 

dff 
fd 

df 
Vk,Q(Y(N)) x -1 

t 
Vk,Q(Y(N)) o 

-2 
cx 

x cx 

(c2 - c M c ) - V C ) (d2 - d^fdWdWd) • 

a€(ZM)x 

t/(a)z IP) 
5(/,fe-l,a(A)j 

m H1(VpA(/)) (g>A Q(A) (g>oA -FA? where £ ranges over all prime numbers ^ p which 

divide A. 
(2) The element a(E(Z/A)x u(a)S(f,k - l,a(A)) of V F ( / ) ® Q «is not zero z/ 

Lprime(A)(/*717 \ & - 1) = 0 and if the conductor of v is A. 

Proof. — (1) follows from Lemma 13.10 (1). We prove (2). The canonical pairing 

7.13.1) 
sdfdf V*(yi(W))x VfcfC(yi(JV)) Q 

induces 

(,per(f*)):VF(f) C. 

We have for A ^ 1 and a € Z, 

<<5(/,fc-l,a(A)),r>dfffd df sd(-27r)fc-1 dfsfdf 
OO 

0 
r(yi + a/A)yk-2dy 

Prom this, we obtain 

a6(Z/A)x 
i/(a)(«(/,fc-l,a(i4)),rfdsfsdffdfff) 

= f-lì*-dff1^-2 • ( f e - 2 ) ! . G ( i / , a ) - £prime(A) (/*> ^ ! ) • 

where Cr(z/, GO is the Gauss sum. This proves 13.11 (2). 

13.12. In this 13.12, we prove Thm. 12.5 (1) and Thm. 12.6. 
Let T = V0x{f). Define Z ( / , T ) to be the A-submodule of H}(T) <g>A Q(A) gener

ated by z^p) for all 7 G T. On the other hand, let Z C H}(T) be the A-submodule in 
Thm. 12.6. 

By Lemma 13.10, we have Z C(f, T ) . We prove that Z ( / , T ) / Z is a finite group. 
This will show that 

Z ( / , T ) c H 1 ( T ) ® Q =dfffff Vk,Q(Y(N))df 

By 13.6 and by 13.10 (2), there is a non-zero-divisor /LL of A such that • Z(f,T)cZ 
and such that A/pA is p-torsion free. Hence it is sufficient to show T)p = Zp 
for any prime ideal p of height one which does not contain p. Let p be such a prime 
ideal, and let h be the map A —+ A / p , and embed A / p into FA over OA- Fix an 
embedding Q —> FA over F . Take integers c, d such that (c, 6p) = (d, 6Afp) = 1 and 
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C2 =é 1 d2 ± 1. By Thm. 13.5, there exist a power A of p and a homomorphism 
Vk,Q(Y(N))Vk,Q(Y(N)) of conductor A satisfying the following (13.12.1)-(13.12.4). 

(13.12.1) Vk,Q(Y(N))Vk,Q(Y(N)) 

(13.12.2) c2 -c2v{c)-xh(oc)±§ 

(13.12.3) d2 - dke{d)v(d)h{<jd) ^ 0 

(13.12.4) Let ± be + (resp. —) if the image of—o-\ in A/p is 1 (resp. —1). Then 

iz(-l) = ± . 
Let L be the subfield of F\ generated over A/p by the values of and let p' 

be the kernel of the homomorphism Oi, [[Goo]] —• L induced by the canonical map 
A —> A/p c L by OL-linearity. 

Let 7 6 VF(f). Let ± be as in (13.12.4). Then the image of z^p) in H ^ V ^ C f ) ) 0 
Q(Ap) coincides with that of z(p±}. By 13.11 (2), (13.12.1), (13.12.4), 

7± = 6-
ae(Z/A)x 

u{a)S{f,k-l,a{A)) mVF(f) ® F Q 

for some 6 € Q. We have 

z 
(P) 
7 xw 6-

a€(Z/A)x 

(p) i/(a)z <5(/\fc-l,aU)) in H1(VpA(/)) ®AQ(AP)<8)FA L . 

By 13.11 (1), (13.12.2), (13.12.3), 

a€(Z/A)x 
i/(q) •wx (PWX) wxw x (f,k,k — 1, a(^4), prime(pA)) 

xcxc 
xcxwc 

a€(Z/A)x 
z/faiz (P) 

5(/,fc-l,a(A)) 

for some Vk,Q(Y(N))Vk,Q(Y(N)) and hence 'a€(Z/A)x 
(P) z/(a)z '«5(/,fc-l,a(A)i belongs to 

Z®A 0L[[Goo]]p/ inxccc H 1 ^ / ) ) ® A 0(Ol[[GOO]]pO. Hence z P) 
7 also belongs to 

Vk,Q(Y(N))cvcxvv in c v v v H 1 ^ / ) ) ® A Q(Ol[[GOO]]p0- This proves z (p) 
7 xcvxcv 

It remains to prove that c 
(P) 
7 c v c ( 7 € ^ ( / ) ) has the property stated in Thm. 12.5 (1) 

Let Vk,Q(Y(N))Vk,Q(Y(N)) let x • Goo c cvv be a homomorphism of finite order, and 
consider the composite map 

(13.12.5) H] ( Vf\ ( / ) ) — H c v v : v ^ ( / ) ( f e - r ) ) HHQj<;pn),vFx ( / ) ( * - r ) ) 

exp* 
£ ( / ) ® f F a ® q Q(CP») 

v 
S(f) ®F F A 

where the last arrow is 

ou <g) a 0 ò 
cvxcv 

xcvo~{b)üü (g) axC0")-

Let /i : A vvc be the ring homomorphism induced by cxvcxvxvvv G oc cxvc and let 
p be the kernel of h. Then the map (13.12.5) is a A-homomorphism with respect to the 
action of A on S(f) (g>F F\ via h. Take integers c, d such that (c, 6p) = (d, 6Np) = 1 
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and c2 / 1, d2 ^ 1. By Thm. 13.5, there exist a power A of p and a homomorphism 
v : (Z/A)x -> QX C satisfying (13.12.1)-(13.12.4). Let 7 e V F ( / ) . Let ± be 
as in (13.12.4). Then the image of in H1(VFx(f))p coincides with that of z^ . 
By 13.11 (2) , (13.12.1), (13.12.4), 7± = & • £a6(zM)x H^(f,k - l , a ( A ) ) for some 

ò G Q. We have 

z; (p) 
7 

wxx 

aG(Z/A)x 
i/(a)z .(P) 

'<5(/,fe-l,o(A))» 

a€(Z/A)* 
i/(a) wxwx 

(P) 
PTL 

(/, k, k - 1, a(A), prime(pA)) 
xwx 

wxwx 

aE (Z/>l)x 
z/(a)z (p) 

5(/,fc-l,a(A)) 

where /i = (c2 - cMc)-1^) (d2 - dke{d)u{d)ad). Hence the image of z 
(P) 
7 under 

(13.12.5) coincides with the image of 

a<E(Z/A)x 
v(a) • c,dZ 

(P) 
0N (f, fc, /c - 1, a (A) , prime(pA)) 

wx 

w x w x x w • f t - C c 2 - ^ ) " ^ ^ ) - 1 ) - 1 Vk,Q(Y(N))Vk,Q(Y(N))xcx 

By Thm. 6.6 and Thm. 9.7, this image is an élément of S(f) <S)FQ whose image under 
per^ coincides with (2m)k-r-1L{p}\ : r , x , r ) - 7 ± . 

13.13. We prove Thm. 12.5 (2) (3) . 
Thm. 12.5 (2) follows from Thm. 12.4 (2) and the fact that Z(f)q ^ 0 for prime 

ideals q of height 0 (13.7). 
The inequality in Thm. 12.5 (3) is a consequence of the inequality in Thm. 13.4 (2) . 
It remains to prove the statement about the vanishing of H2oc(VpA (/))p m 

Thm. 12.5 (3) . Assume H2OC(VFA ( / ) ) „ ^ 0. Let T be a Gal(Q^/Qp)-stable 0A-lattice 
of V F a ( / ) . By Tate's local duality, the Pontrjagin dual of H2oc(T) is isomorphic to 

H°(QP(CP~), HomoA (T,Fx/Ox)(l)) 

Denote this C^-module by C. If Hfoc(VFx(f))p ^ 0, Hfoc(T) is not finite, and hence 
C contains an 0A-submodule which is isomorphic to Fx/Ox. Since 

Rom0x(Fx/Ox,C) CH°(QP(C„~), HomFA(VFA(/),FA)(l)), 

this means that the last space is not zero. Hence Vpx (f) has a non-zero quotient repre
sentation of Gal(Qp/Qp) over F\ on which the action of Gal(Qp/Qp) factors through 
the canonical projection Gal(Qp/Qp) —> Goo- Since Vpx{f) is of Hodge-Tate as a 
representation of Gal(Qp/Qp) [Fal], it follows from [Se2, Chap. Ill, Appendix] that 
this quotient representation has a non-zero quotient representation U of Gal(Qp/Qp) 
over F\ such that for some n ^ 0, the action of Gal(Qp/Qp(Cp™)) on U is given by KR 
for some r e Z. (K denotes the cyclotomic character as before.) Let Cp be the p-adic 
completion of Fx- Then 

(13.13.1) VFx(f) ®FXCP d s f f d - C p © C p ( l - f c ) Fal] . 
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If U = VFXÌ we have U <8>FXCP ~ Cp(r)e2 which is a contradiction. Hence 

dimFA(t/) = 1 and U ®Fx Cp ~ C p ( r ) . 

By (13.13.1), we have r G { 0 , 1 - k}. On the other hand, the Frobenius operator 
on Dcrys(Qp(Cpri)i U) (Dcrys(Qp(Cp«), ) means the Dcrys for the local field QP(Cpn)) is 
the multiplication by p_2r, but by [Sa2], the eigenvalues of the Frobenius operator 
on Dcrys (Qp(Cp™ )> U) must have complex absolute value p(fc_1)/2 (resp. pkl2) if / is 
(resp. is not) potentially of good reduction at p. Hence —2r G {k — 1,/c}. Since 
r G {0,1 — k} and k > 2, this means A: = 2 and r = — 1 and that / is not potentially 
of good reduction at p. Furthermore, the OA-module C has OA-corank 1. (If it has 
corank 2, the action of Gal(Qp/Qp) on VFX ( / ) factors through G ^ , and then by Serre 
[Se2, Chap.Ill, Appendix], V>A(/) should be potentially of good reduction at p.) 
By duality, H2OC(VFx(/)) is a one-dimensional F\-vector space, and is isomorphic to 

U(—l) as a A-module. 

13.14. We prove Thm. 12.5 (4). Since T = a • V0x(f) for some a G FAX under the 
assumption of Thm. 12.5 (4) (see 12.8), we may assume T = VoA(/ ) . In this case, 
since Z(f,T)/Z is a finite group, Z(f,T)p C H1(T)p for any prime ideal p of A of 
height one. Since H1(T) is a free A-module under the assumption of 12.5 (4) by 
12.4 (2), this means Z ( / , T ) C HX(T). The inequality in Thm. 12.5 (4) follows from 
Thm. 13.4 (3). 

14. Finiteness of Selmer groups and Tamagawa number conjectures 

In this section, we prove results on finiteness of Selmer groups associated to modular 
forms (Thm. 14.2). The proof is given completely in this section in the case / has no 
CM and the proof for the CM case will be completed in § 15. Thm. 14.2 in the CM 
case has been proved in many cases (Rubin [Ru2], Guo [Gu], Han [Ha], Dee [DJ],...). 
We also consider in this section the Tamagawa number conjecture for modular forms 

(Thm. 14.5). 

14.1. We define the Selmer groups of j9-adic Galois representations of number fields 
by the method of [BK2], as follows. 

Let K be a finite extension of Q, let p be a prime number, and let T be a free 
Zp-module of finite rank endowed with a continuous actions of G&\(K/K). We define 

the Selmer group Sel(/f, T) C H1 (K, T 0 Q /Z) by 

Sel(Zf, T) = Ker(H1 [K,T® Q /Z) 
WV 

wxcxwVk,Q(Y(N)) / I m a g e ( m ( K v , T ® Q ) ) ) 

where v ranges over all places of K, and Hj is as in [BK2, §3]. (The notation / in Hj 
has nothing to do with our cusp form / . ) We review the definition of Hi. For a finite 
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dimensional Qp-vector space V endowed with a continuous action of Gall [KV/KV), 

the subspace H\(KV, V) of M^{KV, V) is defined by 

H1f(Kv,V) = 

JP(Kv,V) = 0 if v is archimedian, 

KerCH1 (KV,V) wwVk,Q(Y(N)) if v is a finite place not lying over p, 

Ker I H 1 ^ , ^ ) H (/Cv,BCrys ®QP V)) 
if v is a finite place lying over p. 

Here K"r denotes the maximal unramified extension of Fv. 
If A is an abelian variety over K, the usual Selmer group Sel(if, A) of A coincides 

with 
xc 

Sel(iiT, Tp(A)) where p ranges over all prime numbers. 
In the case K = Q, we denote Sel(Q,T) simply by Sel(T). 
In this section, we prove 

Theorem 14.2. — Let K be a finite abelian extension ofQ. 
(1) Let r be an integer such that 1 < r ^ k — 1 and r =fi k/2. Then for any finite 

place X of F and any Gal(Q/Q)-stable Ox-lattice T ofVFx(f)(r), Se\(K,T) is finite. 
For almost all finite places X of F, Se\(K,T) = 0 for any Gal(Q/Q)-stable Ox-lattice 
T of VFJf)(r). 

(2) Assume k is even. Let x : Gsl(K/Q) —• Cx be a character, and assume 
L ( / , x, k/2) / 0. Then for any finite place X of F and any Gal(Q/Q)-stable Ox-
lattice T ofVFx(f)(k/2), the "x-part"Se\(K,T)(x) ofSe\_(K,T) is finite. For almost 
all finite places X of F, Sel(K,T)(x) = Q for any Gs\{Q/Q)-stable Ox-lattice T of 
VFx(f)(k/2). 

The above "x-part" is defined as follows. Let G = Gal(Ä7Q), and let Iy C Z[G] 
be the kernel of the ring homomorphism Z[G] —•> Q induced by x- Then, for a G-
module M , the x~Part M(x) of M is defined by 

M(x) = {x e M ; Ix • x = 0} . 

In 14.2 (2), L ( / , x,s) means Ls(f, X? 5) m which we identify x with the composite 
homomorphism 

(Z/m)x - Gal(Q(Cm)/Q) GalfAVO) X Cx 

for the smallest integer m ^ 1 such that i f C Q(Cm), and S = prime(ra) = 
{primes which ramify in K/Q}. 

Corollary 14.3. — Let A be an abelian variety over Q such that there is a surjective 
homomorphism Ji(N) —* A for some N ^ 1, where Ji{N) denotes the Jacobian 
variety of Xi (N). Let K be a finite abelian extension ofQ, letX:G*l(K/Q) dfd 
be a character, and assume L(A,x> 1) / 0- Then: 

(1) The x-part Sel(K, A <g)0 K)M of Sel(K, A <g>0 K) is finite. 
(2) The x-part of A(K)M is finite. 
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In the case Ji{N) is replaced by Jo(N) and K = Q, this result is contained in the 
work of Kolyvagin-Logachov [KoL]. In the case A is an elliptic curve with complex 
multiplication, this result is contained in the work of Rubin [Rul] which generalized 
the work of Coates-Wiles [CW] . 

We can replace the "x-parts" Se l (X,T) (* \ S e \ ( K , A ® Q K ) ( x ) and A(K)M in 14.2 
and 14.3 by the "x-quotients" Se\(K, T)(x) , Sel(K, A <8>q K)(X) and A(K)(X), respec
tively, where M(x) = M/IXM for a (2-module M . This is because the kernel and the 
cokernel of the canonical map M(x)—• M(x) are killed by some non-zero integer, and 
because for M = Sel(K, T ) , Sel(if, A<g)Q i f ) or j4(jRT), the kernel and the cokernel of 
n : M —* M are finite for any non-zero integer n. 

I learned from Professor John Coates that the following result is deduced from 
Cor. 14.3 by using the theorem of Rohrlich introduced in 13.5 (2). 

Theorem 14.4. — Let A be an abelian variety over Q such that there is a surjective 
homomorphism J\ (N) —> A for some N ^ 1. Then for any m ^ 1, u 

IV 
4(Q(Cm»)) Ì8 

finitely generated as an abelian group. 

The argument to deduce 14.4 from 14.2 is given in Rohrlich [Rol, §3] where he 
considered the case A is an elliptic curve with complex multiplication by using the 
result of Rubin [Rul]. 

The "anti-cyclotomic" analogues of Thm. 14.3, Thm. 14.4 were obtained by 
Bertolini and Darmon [BD]. 

The following theorem is related to the Tamagawa number conjecture in [BK2]. 

Theorem 14.5. — Let r G Z, 1 < r < k - 1. Let p be a prime number, À a place of F 
lying over p, and let T be a Gal( (Q/Q)-•stable Ox-lattice of Vk / r . In 1 (resp. (2) 
and (3)) below, we assume L(f,k/2)=0 in the case r = k/2 (resp. L{p] . ( / , f c - r ) # 0 
in the case r > k/2). 

(1) H2(Z[l/p],T) is finite and rankoA (H1(Z[l /p] ,T)) = l . 
(2) Let 7 be an element ofVFJf), and let z be the image oj z (p) 

7 
under 

1(l/Fx(/)(r)) — H1(l/Fx(/)(r)) H^Zl l /p ] , V K ( / ) ( r ) ) . 

Let± = ( - l ) r _ 1 . Then, i /7± ^=0, z is an F\-basis ofU\Z[l/p], VFx(f)(r)). 
(3) Assume p ^ 2. Assume either k ^ 3 or f is potentially of good reduction at p, 

and assume further that the condition (12.5.1) in Thm. 12.5 (4) is satisfied. Let 
and ± be as in (2), and assume that 7± is an Ox-basis ofT(—r)±. Then we have 

#(H2(Zfl/pl,T)) ^ [ H W / p l . T ) : * ] . 

Here, [H1(Z[l/p],T) : z] is defined as follows. Let L be a finite extension of Qp 
(we take Fx as L in the above), let M be a finitely generated O^-module such that 
dim^(M (g> Q) = 1, and let z be a non-zero element of M <S> Q. Take y G M and a 
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non-zero integer c such that z = c 1y in M <S> Q. We define 

[M : z] = [M : 0Ly] 1(l/Fx(/)(r)) 

(then this is independent of the choices of y and c). 
The Tamagawa number conjecture in [BK2] generalized by [FP], [KK2] predicts 

# ( H 2 ( z [ i / H T ) = 1(l/Fx(/)(r))xcvc 

in 14.5 (3) 
The rest of § 14 is devoted to the proofs of Thm 14.2 and Thm 14.5. 

14.6. In this 14.6, we show that for the proof of Thm. 14.2, we may assume K = Q. 
Let the notation be as in Thm. 14.2. Let G = Gal(üf/Q), Then the following is 

proved without difficulty: 

Sel(A\ T) = Sell (T ® z Z q ) xxc 
del 

Sel(Q,T(g)zZ[G])) 

where the action of Gal(Q/Q) on Z[G] is as follows: 
(14.6.1) For a e Gal(Q/Q), a acts on Z[G] as the multiplication by the image of 
a'1 under the canonical map Gal(Q/Q) G. 

The normalization of OF\G] has the form TL^r Ol,- where (Li)iei is a finite family 
of finite extensions of Q. Let c be a non-zero integer which kills cxc 0Li)/0F[G}. 
Then the kernel and the cokernel of 

Sel(T OzZFGl) Sel T®oF Uei xcc cx 
xcwxc 

Sel(T 0OA OV) 

are killed by c, where for each i, v ranges over all places of Li lying over A and Ov 
denotes the valuation ring of v, and where Gal(Q/Q) acts on O^i and on Ov via 
(14.6.1). Hence Sel(Jf,T) is finite if each Sel(T <g>oA 0 « ) is finite, and Sel(AT, T) = 0 
if each Sel(T <g>oA Ov) is zero and A does not divide c. Let m ^ 1 and 5 be as in the 
remark after Thm. 14.2, and for i G 7, let 

i/i : (Z/m)x Cx 

be the composite map: 

(Z/ra)x cx Z[G]X {oLir xwcxwc c C x , 

and let fi cx fn^l wxcwx be the normalized newform such that Ls(fi,s) = 
Ls{f,Vi,s). (Hence aUii = anVi{n) if n is prime to ra.) Let F< = Q {an^n ^ 1) C Li. 
Let v be a place of lying over A, and let w be the place of Fi lying over v. Then by 
comparing the action of Frobenius substitutions of prime numbers which are prime 
to Nm, we see that V F A ( / ) ®Fx Li,v with the action (14.6.1) of Gal(Q/Q) on LijV 
is isomorphic to VFitW(fi) ®Fi,w L^v with the trivial action of Gal(Q/Q) on LitV, 
as a representation of Gal(Q/Q) over L^v. Take any Gal(Q/Q)-stable O^-lattice 
T of VFitW(fi)' Then both T ®ox Ov (here Gal(Q/Q) acts on Ov via (14.6.1)) 
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and V <g>ow Ov (here G a l ( Q / Q ) acts on Ov trivially) are regarded as G a l ( Q / Q ) -
stable Ov-lattice of VFx(f) %x LijV. Since Sel(T' (g>0tw Ov) = Sel(T') ®0u) Ov (here 
G a l ( Q / Q ) acts on Ov trivially), the finiteness (resp. the vanishing) of Sel(T®oA Ov) 
(here G a l ( Q / Q ) acts on Ov via (14.6.1)) is reduced (resp. reduced for almost all A 
by Lemma 14.7 below) to the finiteness (resp. the vanishing) of Sel(T'). Concerning 
the x-part, Sel(if, r)<*> = Sel(T <g)Z Z[G])(*>. The image of X ' Q[G\ -* C is some of 
the number fields Li which appeared when we took the normalization of Z[G\ in the 
above argument. The kernel and the cokernel of 

Sel(T ®Z[G] oLi){x) Sel(r0z[G] Obi) 

are killed by the non-zero integer c which appeared in the above argument. Hence 
the finiteness of Sel(K, T)^ (resp. the vanishing of Sel(lf, T)^ for almost all A) is 
reduced by the above argument to the finiteness (resp. vanishing) of Sel(T') where Tf 
is as above. 

Lemma 14.7. — Almost all finite places A of F satisfy the following condition: For 
any finite extension P of F\ and for any two Gal(Q/Q)-stable Op-lattices T,T' of 

1(l/Fx(/)(r))wx there exists a G Px such that T = aT. 

Proof. — Here we give the proof in the case / has no CM. The proof for the CM case 
will be given in 15.19. 

Assume / has no CM. Then as in (12.8.1), for almost A, there exists an F\-basis 
(ei, еъ) of VFx(/) such that 0\e\ + 0\в2 is stable under G a l ( Q / Q ) and the image of 
the homomorphism G a l ( Q / Q ) —* G L 2 ( O A ) associated to this basis contains SL2(ZP). 
We show that such A satisfies the condition stated in 14.7. Let T be a G a l ( Q / Q ) -
stable Op-lattice of Vpx(f) (8>FX P- Let a\e\ + а^еъ € T(ai G Op). Then by applying 
( o i ) , ( l i ) € SL2(ZP) to aiei +a2e2, we obtain a2ebaie2 G T. By applying ( J ~0Г) 
to a2ei, aie2, we obtain aiei, a2e2 G T. This shows that T = a(Ope\ -h Ope2) where 
a is a generator of the fractional Op-ideal generated by all ai,a2 G P such that 
aiei + a2e2 G T. 

14.8. In general, for a finite extension K of Q and for a free Zp-module T of finite 
rank endowed with a continuous action of G a l ( K / X ) , let 

S(K,T) = Ker(R1 (Ок\Ш,Т® Q/Z) 

v\p 
nx(KViT^Q/Z)/ Image(H i (KV,T®Q))). 

where v ranges over all places of K lying over p. Then Sel (К,Т) С S(K,T) and 
S(K,T)/Sel(K,T) is a finite group which is embedded into the direct sum of 
1(l/Fx(/)(r)) wx ur 

V T®Q/Z))/Image xw 1 [KV,T®Q))) = H1{FV,H°{. К x w , T 0 O / Z ) ) / ( d i v ) 

where v ranges over all finite places of K not lying over p and div denotes the divisible 
part. (The last group is zero if T is unramified at v.). 
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In the case K = O, we denote <S(©,T) by S(T). 
For the proof of Thm 14.2, it is sufficient to prove the following : Assume 1 ^ r ^ 

k-1. If k is even and r = k/2, assume Hf,r) jt 0. Then S(T) is finite for any 
Gal(Q/Q) -stable OA-lattice T of Vpx ( / ) ( r ) , and for almost all A, S(T) = 0 for any 
Gal(Q/Q) -stable OA-lattice ToîVFx(f)(r). 

14.9. We give preliminaries on the duality theory of etale cohomology for global and 
local fields ([FL], [FP], [KK1]). 

Let i f be a finite extension of Q, let L be a finite extension of Qp, and let T 
be a finitely generated Oi,-module endowed with a continuous Oi,-linear action of 
Gal(K/K) which is unramified at almost all finite places of K. 

By the duality theory of Poitou-Tate [Tal , Ma2], we have sequences of O^-modules 

(14.9.1) 0 U0(OK[l/p},T) U°(K®QP,T) 

1(l/Fx(/) \l/p],T*\ [ 1 ) ® Q / Z ) } V 1(l/Fx(/)(r)) H1 (K ® Qp,T) 

ml(oK\\ip\, T * ( 1 ) ® Q / Z ) } V &{0K[\/p],T) H 2 ( K ® Q P , T ) 

moK[i/p], T*(l ® Q / Z ) } V 0 

(14.9.2) 0 n0(OK[l/p}, T ® Q/Z) 1(l/Fx(/)(r)) T ® Q/Z) 

{moK [l/p},T*(l))y nl{0K[\/pl T ® Q /Z) 

1(l/Fx(/)(r)) T<8)Q/Z) {H\0K[l/pl T*(l))y 

K2(0K[l/p], T ® Q / Z ) H^ivT^Qp, T ® Q /Z) 

{H°(Oic[l/p], ,T*(1))}V 0 

(T* = Homo, (T ,O i ) endowed with the dual action of Gal(K/K), and { }v = 
HomoL( ,L/OL)), which are exact in the case p ^ 2, and exact upto x2 in the 
case p = 2. Here we say that a sequence of abelian groups 

xxc Ci fi Ci+i fi+l 
xccx 

is exact upto x2 if 2 • Image(/j) C Ker(/j+i) and 2 • Ker(/j+i) C Image(/j) for all i. 
We have the local Tate duality 

1(l/Fx(/)(r)) r * ( l ) ® Q / Z ) } v ~ H 2 - « ( A T ® Q p , r ) (q e Z ) . 

If v is a place of K lying over p and V = T<g>Q is de Rham as a reDresentation of 
Gal(Ä\,/ürv), we have the duality ([BK2], §3) 

{H1(KV,T*(I)®Q/Z)/ Image( H i [KV,V*(1W~ E i (KV,T) 

where Hi(üfv, T) C H1(XV, V ) denotes the inverse image of H i 1(l/Fx(/)(r))XJicH1«^). 
Hence, if V is de Rham as a representation of Gal(Kv/Kv) for any place v of K lying 
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over p, we obtain from (14.9.1) a sequence of OL-modules 

(14.9.3) 0 H ( O k [ l / p ] , T ) / H •1 
7 (OK[1/P],T) 

a 1(l/Fx(/)(r)) /H l f (ÜT®QP,T) tS(K,T'(l))\v 

K2(0K[l/p},T) n2(K®Qv,T) 

{H0(OK[l/p}, c c x v t * ( i ) ® q / z ) V c 

(here we define H^(AT® Qp, ) to be the direct sum of H\(KV, ) for places v of K lying 
over p, and Hi ( O k [l /p], T ) to be the inverse image of i 1(l/Fx(/)(r)) CH1 K ® Q P , V 
in H1(0/c[l/p],T')), and from (14.9.2) a sequence of Oi,-modules 

(14.9.4) 0 S{K,T) H1 {OK [ l /p], r ® Q/Z) 

6 
H1 c v ( X ® Q P , T ® Q / Z ) / Image (Hi(Ä-®Qp>V)) 

{ H i ( Ä - ® Q „ , r * ( l ) ) } v H 2 ( 0 ^ [ l / p ] , T ® Q / Z ) 

rI2(*T®Qp, T ® Q/Z) {Hu(0*[ l /p] , T * ( l ) ) } v 0 

which are exact in the case p ^ 2, and exact upto x2 in the case p = 2. 
We will use also the following results of Euler-Poincare characteristics which are 

deduced from Tate [Ta2, Thm. 2.2]. Assume K = Q (we will need only this case). 

(14.9.5) 
q€Z 

(-l)"rank0i (H*(Z[l /p] ,T)) xc —ranker T - . 

(14.9.6) 

<7€Z 
(-l)*rank0i (H«(QP,T)) = — ranko^ ( T ) . 

14.10. We review some basic properties of the Galois representation VFx{f). The 
following are known (see [Ca, Sal , Sa2]): 

(14.10.1) Vpx(f*) is isomorphic to HomFx(VFx(/),F\)(l — k) as a representation 
of Gal(Q/Q) over F\. Hence for r e Z and for a Gal{Q/Q)-stable lattice T of 
vFAf)(r), T * ( i ) is isomorphic to a Gal(Q/Q)-stable 0\-lattice of VpÄHik-r) as 
a representation o/Gal(Q/Q) over 0\. 

(14.10.2) The action of Gal(Q/Q) on detFx (Vk (f)) is given by K1 ke 1 where K is 
the cyclotomic character and e is regarded as the character of Gal : q / q ) by 

Gal(Q/Q) Gal(Q(0v)/Q) ^ IZ/N)X € Fx. 

(14.10.3) For any prime number £ which is not divided by X, 

deti?x(l — Fr£ xu ; Hu(Q,UR,V>X ( / ) ) ) = l - a ^ + s ( l ) f - V . 

Here Fr£ is the arithmetic Frobenius of £. ( H ° ( Q - ) means the fixed part by the 

inertia subgroup of Gal [Qe/Qe)-) 
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(14.10.4) For the prime number p lying under X, 

detFx (1 - ipu ; Dcrys(Qp, VFx (/))) = 1 — apu + s 1(l/Fx(/)(r)) 

where ip is the Frobenius operator. 

(14.10.5) Let £ be a prime number and let a be an element of Q such that 1 — au 
divides \-atu + e ^ ^ u 2 . Then \a\ = i^1^2 or \a\ = f(fc-2)/2. If £ does not 
divide N, then \a\ = ^(/c_1)/2. In particular, Thm. 13.5 (1) implies that Ls{f, s) has 
no zero on {s G C; Re(s) ̂  ^2^} for anv fin^e se^ of primes S. 

Proposition 14.11. — Let r G Z. 

(1) For any finite place X of F and for any Gal(Q/Q)-stable U\-lattice T of 
VFx(f)(r), H° (Q, T <g> Q/Z) is finite. 

(2) For almost all finite places X of F, we have H°(Q,T <8> Q/Z) = 0 for any 
Gsl(Q/Q)-stable Ox-lattice TofVFx(f)(r). 

Proof. — (1) follows from H°(Q, VFx ( / ) ( r ) ) = 0. We prove (2). Let £ be a prime 
number which does not divide N and which A does not divide. Then by (14.10.3), 
the action of 1 — â Fr̂  + e{£)£k~l¥v2 is zero on VFx(f), and hence 1 — ai£~rFr£ + 
£(^)^fc-1~2rFrf = 0 on T <8> Q/Z. Since Fr̂  acts trivially on H°(Q,T <g> Q/Z) , we 
have that 1 - ae£~r + e(£)£k-1~2r = 0 on H ° ( Q , r 0 Q /Z) . If we can prove there 
exists a prime number £ which does not divide N and which satisfies 1 — ai£~r + 

e{£)£k~1-2r ^ 0, then we have that H°(Q, T ® Q/Z) = 0 in the case A does not divide 
£(\-ap£-r+e {£)£k-1~2r). Assume 1 -ap£-r+£(£)£k-l-2r = 0 for all prime numbers £ 
which do not divide TV. Then 

1 - ai£-8 + eWe*-1'28 = (1 - £r~s) (1 -e(£)t-1-r~s) 

for all prime numbers £ which do not divide A", and hence we have 

LS(f,8)=ts(8-r) Ls(e,s-k + l + r) 

where S = prime(A'), which is absurd. 

Proposition 14.12. — Assume 1 < r ^ k-1. Let p be the prime number lying under X. 
Then: 

(1) dimFA (B}(Qp,VFx ( / ) ( r ) ) ) = 2. 
(2) dimFA H 1 

f lQp,vFx{f) (r))) = 1. 
(3) H*(Qp,V^(/ ) (r) ) = 0forq^l. 

Proof. — By the result on lim 
n 

H2 ( Q P ( C P - ) , T A ( / ) ) in Thm. 12.5 (3), we have 
W(Qp,VFxlf)(r)) = 0 for q ± 1. 
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By (14.9.6), we have dim/rA H* QP,V>, / r)))) = 2 . Prom the exact sequence 

0 U°(®P,VFx(f)(r)) DCTys(VFx(f)) 

Bcrys(VFx(f)) ®DdR(yFA(/)> i /D5 r (V fa( / ) ) 

H 1 
f 

:®P,VFx(f)(r)) 0 

[BK2, §3], we have 

dim^ 1(l/Fx(/)(r))cxxvv = dimn(DdR(^A ( / ) ) / ] D r 
dR (VFx(f))) = l. 

14.13. Let r e Z, 1 < r < k - 1. In the case r = k/2, assume L(/ ,fc/2) ^ 0. In 
this 14.13, we prove (1)(2) of Thm. 14.5 and the finiteness of S(T) for any Gal (Q/Q)-
stable 0A-lattice T of VpA ( / ) ( r ) , by using Thm. 12.5 (3) (the proof of Thm. 12.5 (3) 
in the CM case will be given in § 15). 

Let ± = (—l)r 1, let 7 be an element of VF(f) such that 7± ^ 0, and let z be the 
image of z(p)y under the composition 

(14.13.1) ^(VFx(f)] sd 1(l/Fx(/)(r))cxc H\Z[l/p},VFx(f)(r)), 

Then the image of z under 

K\Z[l/p],VFxU){r)) B\Qp,VFx(f) (r))/Hlf(Qp,VFx : / ) (r) : 
exp* 

S(f) ® f Fx 

is an element of S(f) whose image under per^ : S(f) —> Vc(f) coincides with 

^ { P } ( / ^ - 0 - 7 ± . (exp* kills H } ( Q P , ) ; [BK2, §3]). This shows that if L{py(/, k — r) ^ 

0, the image of z(p)y in H^Qp, VFx ( / ) ( r ) ) / H } ( Q p , VFx ( / ) ( r ) ) is not zero. 
We prove the finiteness of H2(Z[l/p] ,T) in the case r < k/2. Let p be the kernel 

of the O^-homomorphism 
1(l/Fx(/)(r)) 

which sends ac (c € Zpx) to c r. Then the map (14.13.1) factors through 
H 1 ( ^ ( / ) ) p / p H 1 ( V F , ( / ) ) P . Since L{p}(f,k - r) ± 0 by 13.5 (1) and 14.10.5, 
we see that the image of z(p)yè in H1(I/p^(/)) is a Ap-basis of H1(VpA(/))p- Hence 
H 2 ( V f a ( / ) ) p = 0 by Thm. 12.5 (3). Since 

tf(Z[l/p],VFx(f)(r)) ^H2(VFx(f))p/pH2 (VFx(f))P(r), 

we have H2(Z[l /d, VFx(f)(r)) = 0. This proves the finiteness of H2 (Z[l /p] ,T) . 
We prove rankoA (Hi(Z[l/pj , T)) — 1 in the case r < k/2. This follows from the 

finiteness of H2(Z[l/p],T) and H°(Z[l /p] , T ) = 0 by (14.9.5). 
We prove the finiteness of <S(T) in the case r ^ k/2. By the duality (14.10.1), 

it is sufficient to prove the finiteness of <S(T*(1)) in the case r < k/2. Consider the 
sequence (14.9.3) (we put K = Q). Since the image of z e H^Zf l /p ] , VFx(f)(r)) in 
the one dimensional Fx-vector space H1(QP, VFx ( / ) ( r ) ) /Hi (Qp , VFx ( / ) ) is not zero, 
the cokernel of 

U1 (Z[l/p]9T) 1(l/Fx(/)(r)) /H}(QP,T)) 
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is finite. Furthermore, H2(Z[ l /d ,T ) is finite as we have already seen. Hence by the 
sequence (14.9.3), we obtain the muteness ol S(T*(1)). 

We prove the finiteness of o ( T ) in the case r ^ k/2. Consider the part 

(14.13.2) 0 S(T) H V Z r i / p L T s Q / Z ) 
H1 (Qp, T <g) Q/Z) / Image (H}(QP,V)) 

of (14.9.4) (we put K = Q) . Since H1(Z[l/p],T) has 0A-rank 1 as we have seen, 
HHzri /ül ,T<g)0/Zi has OA-corank 1. The last group in (14.13.2) also has 0\-
corank 1 by 14.12 (1) (2). By the fact that the image of z in 

1(l/Fx(/)(r))xvcvv H}(QP,VFx(f)(r)) 

is not zero, the last arrow in (14.13.2) has finite cokernel. Hence we have the finiteness 
of S(T). 

We prove the finiteness of H2(Z[l/p],T) in the case r ^ k/2. By the sequence 
(14.9.3), this follows from the finiteness of S(T*(1)) and the finiteness of H2(QP, T ) . 

We prove rankoA(H1(Z[l/p],T)) = 1 in the case r ^ k/2. This follows from the 
finiteness of H2(Z[l/p], T ) and H°(Z[l/p], T) = 0 by (14.9.5). • 

14.14. We prove Thm. 14.5 (3). 
Let p be the kernel of the OA-homomorphism A —> 0\ which sends Goo to 1. Since 

A is a finite product of regular local rings, p is a principal ideal. Let a be a generator 
of p. By the argument as in 13.8, we have an exact sequence 

(14.14.1) vc H ^ T J / o H ^ T ) H ^ Z l l / p ] , ^ aH (T) 0 

and an isomorphism 

(14.14.2) H2(T)/aH2(T) - H 2 ( Z [ l / p ] , T ) . 

By Lemma 14.15 below which we apply by taking A as A and H2(T) and 
H1(T) /Z( / ,T ) as M, we obtain from 12.5 (4) 

# (H2(T) /aH2(T)) • #(aH2(T))_1 < [ H ^ r j / o H ^ T ) : z] 

where „ ( ) denotes Ker(a) and z is the image of zV under (14.13.1) for an Ox-basis 
7 oiT(-r)-. Hence 

# ( H 2 ( Z [ l / d , T ) ) cv #(H2(T) /aH2(T) ) (14.14.2) 
c #(aH2(T)) - [K\T)/a&(T):z] 
cv [ H ^ Z I I M T ) : * ] (14.14.1). 

Lemma 14.15. — Let A be a Noetherian commutative ring, let C be the category of 
finitely generated A-modules M such that the support of M in Spec(^4) is of codimen-
sion ^ 2, and let G{C) be the Grothendieck group of the abelian category C. Let M 
be a finitely generated A-module whose support is of codimension ̂  1, let a G A, and 
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assume that Mp = 0 for any prime ideal p of height one which contains a. Then 
M/aM and nM = Ker(a : M M) belongs to C, and we have 

[M/aM] cv [aM] vc 
v 

length. (Mq). [A/(q + aA)} 

in G(C), where q ranges over all prime ideals of A of height one which do not contain 
a, and where [] denotes the class in G(C). 

Proof — The A-module M has a finite filtration whose graded quotients satisfy the 

following (i) or (ii) : 

(i) It belongs to C. 
(ii) It is isomorphic to A/q for a prime ideal q of A of height one which does not 

contain a. 

Hence we are reduced to the case M itself satisfies (i) or (ii). • 

Proposition 14.16 (See Flach [Fla] for a more gênerai study). — Let r G Z, 1 ^ r ^ 
k - 1. In the case r = k/2, assume L(/,fc/2) ^ 0. Let T be a Gal(Q/Q)-stable 
Ox-lattice ofVFx(f)(r). Then 

(1) #(S(T)) df #(<S(T*(1))) 
(2) Assume r < k/2, let 7 G VFx(f), and let ± = (-I)7*-1, and assume is an 

Ox-basis ofT ' ( - r ) ± = T - ( - r ) and let z G H1 (Z[l/p],VFx(f)(r)) be the image of f 
(P) 
y 

under (14.13.1). Then 

#(5 (T) ) = /i"1 - v #(H°(Q,r<g>Q/Z))- # (HU(Q,T*(1 )®Q/Z) ) 

where 

H = mHZ[\/p\,T):z\ # № ( Z r i / p l , T ) ) - \ 

V = [H1(Qp,r)/H>(Qp,T) :z] • #(H2(Qp,T))_1. 

Here in the definition ofv, we denote the image of z in H1(Qp,T)/H}(Qp,T) by the 
same letter z. 

Proof — By the duality (14.10.1), we may assume r ^ k/2 in the proof of (1). Hence 
we assume r ^ k/2. 

Consider the exact sequence (14.9.3) (we put K = Q). Since H1 (Z[l/p],T) and 
H 1 ( Z [ l / p ] , r ) / H } ( Z [ l / p ] , T ) are of rank 1 over Ox and the latter is torsion free, 
we have that H i ( Z [ l / p ] , T ) coincides with the torsion part H°(Q,T <g> Q/Z) of 
H V z r i / ^ n Hence by the exact sequence (14.9.3), we obtain 

#(5 (T*(1)) ) = U 1 • V # ( H ° ( Q , T ® Q / Z ) ) # ( H ° ( Q , T * ( 1 ) ® Q / Z ) ) 

For a homomorphism h of abelian groups whose kernel and the cokernel are finite, let 

[h] = #(Coker(^)) #(Ker(/i))-1. 
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Let a, b be the arrows as in (14.9.3), (14.9.4). Then the kernels and the cokernels of 
a, b are finite as we have seen. By the exact sequences 

n Z l / p , T / i 
i ( Z [ l / p ] , T ) ® Q / Z 

• H ^ l / p ^ T ) ® Q / Z H2(Z[l/p],T) o, 

0 H ^ Q p . T ) / H d 0,,r)<g>Q/Z 

H ^ o ^ r a Q / z y Image ( H i 1(l/Fx(/)(r)) H2(QD,T) 0, 

we have 

(14.16.1) [a] • [b] = #(H2(QP,T)) #(H2(Z[l/p],T))-1. 

Consider the sequence (14.9.4). Since H2(Z[l/p], T ) is finite, and since the p-
cohomological dimension of Spec(Z[l/p]) is 2, we have 

H2(Z[l/d, T <g> Q/Z) ̂ H 2 ( Z [ l / p ] , T ) ® Q/Z = 0. 

By the finiteness of <S(T*(1)), we have that H •i 7 ;z [ i /p ] ,T*( i ) ) is finite and hence 

H (Z[ l /p] ,T' ( l ) ) ~ Hu(Z[l/p], T * ( 1 ) ® Q / Z ) . 

Hence by the exact sequence (14.9.4), we obtain 

(14.16.2; #(<S(T)) = [6]-1 • #(Hu(Z[l/p], T * ( 1 ) ® Q / Z ) ) . 

On the other hand, by the exact sequence (14.9.3), we have 
(14.16.3) 
#(<S(T*(1))) = M -#(H^(z[ i /p] , T ) •# (H (Qp,T))_1 #(H° (Z [ l /p ] , r* ( 1 ) ® Q / Z ) ) . 

By (14.16.1), (14.16.2) and (14.16.3), we have 

# (S T = #(S(T*(1) ) ) . 

14.17. We next relate the number v in Prop. 14.16 to the A-adic absolute value of 
(zeta value)/(period), by the method in [BK2, §4] basing on the theory of Fontaine-
Lafaille ÌE [FL]. 

We review necessary things in "FL1. 
A filtered Dieudonne module D (called simply "filtered module" by Fontaine, and 

called "Fontaine module" by Ogus) over Zp is a Zp-module of finite type endowed with 

- a decreasing filtration (Dl)iGz where the Dl are direct summands of D, 
- a family of homomorphisms Vi\Dx^> D, 

satisfying the following (i)-(iii). 

(i) D* = D for i < 0 and D{ = 0 for i » 0. 

(Ü) 1(l/Fx(/)(r))xcxc 
iii D = nei xvxcxv 
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The category of filtered Dieudonné modules over Zp is abelian. 
The condition (ii) shows that there is a unique homomorphism 

1(l/Fx(/)(r)) D ® Q 

over Qp such that (fi on Dl (g) Q coincides with the restriction of p lip. This map </? 
is bijective. 

To a filtered Dieudonné module D satisfying the condition 

(14.17.1) D* = D and D* = 0 for some integers i. j such that j-i<p, 

Fontaine and Lafaille [FL] associated a finitely generated Zp-module T(D) endowed 
with a continuous action of Gal(Q»/Q«) , as follows. Take r G Z such that Dr+1 = 0 
and Dr+2~P = D. Define 

T(D) = Ker(l — u)T : filr(B00(Zp/Zp) ®Zp D) ^oo(Zp/Zp)®Zp D) ®zp Z p ( - r ) 

where Zp is the integral closure of Zp in Qp, 

filr(500(Zp/Zp) ®zp D) x 
xc 

J(Zp/Zp)W c x c ( » D ^ C B o o l (Zp/Zp) ®zp D 

(with notation as in 10.1) and <pr is the unique homomorphism which coincides with 
p V ® o?r_» on J(Zp/Zp)W ® L>r"* for 0 xcc< î < p - 2. (For 0 < i < p - 1, 
since <p(J(Zp/Zp)M) C piB00{Zp/Zv) and J3oo(Zp/Zp) is torsion free [FM], p ~ V • 
J(ZP/ZP)M —» B00(ZP/ZP) is defined.) Then T(£>) is independent of the choice of r 
as above; for two choices r, r' such that r ^ r', the canonical map x tr ~rx (g) tr_r 
with £ a basis of Zp(l) is an isomorphism from T{D) defined by using r onto T(D) 
defined by using r'. 

By [FL], we have: 

(14.17.2) The functor D i—• T(D) for D satisfying (14.17.1) with fixed i and j is 
exact and fully faithful. If D satisfies (14.17.1) for ij) and D' satisfies (14.17.1) for 

(ï,f) U-* <pJ'-ï <P)> and if x c x c x ( j + f ) - ( i + ï ) <p (resp. (j'-i)- [ï+j-l)<p), 
then 

T(D®ZpD') ^T(D) ®zpT(D') 

T(HomZp (D,D')) ~ HomZpi (T(D),T(D')) 

Here the filtered Dieudonne module D ®zp D' is defined in the evident way and 
the filtered Dieudonne module HomZ-(.D, D') is defined by 

HomZp (£>,£>')* = [h e HomZpl {D,D');h(Di) C Di+j for all j} 

ipi(h) (h e HomZp [D,D'Y) : 

3 

tpjlxj) (xj G Dj) 
j 

Pi+jh(xj). 

(We will use these for Tate twists (a special case of tensor products) and for the dual 
HomZp ( ,Zp)0 
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(14.17.3) T(D) <g) Q is a de Rham representation of Gal(Qp/Qp) and the canonical 
map T(D) —• BHR <8> D induces an isomorphism 

DdR(T(D)®Q) 6 £>(g>Q 

which gives an isomorphism of filtrations. 

In the following 14.18, for finitely generated Zp-modules Mi ,M2 and for an iso
morphism of Qp-modules 

h : Mi <8> Q M2(g>Q, 

let [h] (denoted also by [h : M\ > M2 ]) be the number defined as follows. Take a 
Zp-lattice Ms in M2 <8> Q such that the image of Mi in M2 0 Q and the canonical 
image of M2 in M2 ® Q are contained in M3. Define 

[ft] = #(Coker (ft : Mi M3)) #(Ker(/i : Mi Ms))"1 

(Coker(M2 M3))-1 #(Ker(M2 M3)), 

Then [h] is independent of the choice of M3. In the case h comes from a Qp-

homomorphism h : Mi —• M2 whose kernel and cokernel are finite, [h] = #(Coker(ft)V 
#(Ker(/i))"1 = [ft] with [ft] as in the proof of Prop. 14.16. 

Lemma 14.18. — Let D be a torsion free filtered Dieudonne module over Zp, and 
let D' be the filtered Dieudonne module HomzD(£>,Zp)(l). Assume the following (i) 
and (ii). 

fi) There are integers i, j such that i 1(l/Fx(/)(r)) = D.D3 = 0 and j — i < p. 
(ii) The map 1 - (p : D' <g> Q D' <g)Q zs bijective 

Then 

exp* : H1(Qp,T(D) 0 Q ) / H } ( Q p , T ( D ) 0 Q) 1(l/Fx(/ 

zs bijective, H2(Qp,T(£>)) 25 /mzte, and 

[exp* : B}(QPiT(D)) /K)(QPiT(D)) > D°] •#(H2(QP,T(D))) 

= [1 - <P : £>' • D'] . 

(The condition on 1 — (p of D'®Q in Lemma 14.18 (ii) is equivalent to the bijectivity 

of 1 - p " V _ 1 : ^ ^ Q D<g>Q. We have 

[ 1 - ^ : ¿7 >m DF [ 1 - P " V : £>>£>] •) 

Proof. — Lemma 14.18 is the dual formulation of [BK2, Thm 4.1] ; the map exp* in 
14.18 is the Qp-dual of 

exp: D7(£>') ® Q H i C Q p ^ D ' ) ) ® ^ 
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and hence is bijective by [BK2, Thm 4.1], and H2(QP, T(D)) <g> Q is the Qp-dual of 
H°(QP,T(D/))<8)Q = 0. Furthermore [BK2, Thm 4.1 (hi)] shows 

[exp: D'/(D')°> H i 
7 

(QP,T(ZT))] = [1 - <p : U > D'] . 

Let 
P = H1(QP,T(D) (g) Q/Z)/Image 1(l/Fx(/)(r))1(l/Fx(/)(r)) 

Then we have an exact sequence 

0 H (QP,T(£>))/ D 1 ;Qp,T(D))(g)Q/Z p H2(QP,T(D)) 0. 

By taking Hom( , Q / Z ) of this exact sequence and by using the duality 

H i 1(l/Fx(/)(r)) ~ Hom(P, Q/Z) 

[BK2, Prop. 3.8], we obtain an exact sequence 

0 Hom(H2(Qp,Tl CVVV Q/Z) H CVI (Qv,T CVV 

HomCH^Qp, T ( D ) ) / H CV (QP)T(D)),Zp) 0. 

FVom this, we have 

[exp* : H1 (QP,T(£>))/: FT l ; Q P . T ( I > ) ) >D°] 

WX [ D'/(D')° > Horn [E}(Qp,T(D))/ X'H X fQ„,T(D)) ,Z„) l 

XW [exp* : D'/(D')° > H l 1(l/Fx(/)(r)) #(Hi(Qp,T(£»)) ) -1 

X [ D'/(D')[ D'/(D') #(H2(QP,T( XCXXV 

Correction 14.19. — In this opportunity, we correct a mistake in [BK2, §4] : All We 
in Lemma 1.5 should be corrected as VCV 

14.20. Let p be a prime number which does not divide N. Then for any place A of 
F lying over p, VFx(f) is a crystalline representation of Gal(Qp/Qp). Hence by [LG], 
there exists an OA-lattice D of Dcrys(VFA ( / ) ) = D<m(VFx(f)) which satisfies (f(Dl) C 
piDi for all i G Z (Di = D n DiR(V>A(/))) and (L>, (£>% (p"Von dI°I is filtered 

Dieudonne module (Such D is called a strongly divisible OA-lattice in Dcrys {Vf, (/)))• 
If furthermore p > k, then T(D) C VpA ( / ) is defined. 

Proposition 14.21. — Let r G Z, 1 ^ r ^ fc/2. in t/ie case r = fc/2, assume 
L(f,k/2) ^ 0. Let p be a prime number which does not divide N satisfying p > k, 
and let X be a place of F lying over p. Let D C Dcrys(V/rA ( / ) ) be a strongly divisible 
Ox-lattice, and let T = T(Z>)(r) C VFx(f)(r). Let ± = ( - l ) r - 1 , take u G SF(f) 
and 7 G VF(f) such that uj is an Ox-basis of D1(= Dk~l) and 7± is an Ox-basis of 
T ( — = T~(—r), and define Q G Cx by pery(a;)± = Q • "y±. Let ¡1 and v be as in 
Prop. 1A.16 (2) (defined with respect to T and 7 ) . Then 

(1) v = [Ox : (2m) 1(l/Fx(/)(r))SFDDG 
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(2) # ( S ( T ( r ) ) ) = ß • [Ox : (2iriy-1L(f*,k - r)/Sl] # ( H ° ( Q , T ® Q/Z)) • 
# ( H ° ( Q , T * ( 1 ) ® Q / Z ) ) . 

Proof. — (2) follows from (1) and Prop. 14.16. We prove (1). We apply Lemma 14.18 
to the filtered Dieudonne module D(r). Let m = k — r. Then the filtered Dieudonne 
module D{r)' = Homzp (.D(r), Zp)( l ) has the property that D(r)' <g> Q is isomorphic 
to DCrys(VFx(f*)(m)) as a Qp-vector space with an operator ip. Hence we have 

[l-<p: D' > D'\ SQ [Ox : detFx ( i - p - m ; DCrys(V>\ ( / * ) ) ) ] 

SD [Ox : l - ö p p - m + 1(l/Fx(/)(r)) 

By this and by 

1(l/Fx(/)(r)) H l 
7 

{QP,T):Z] [exp*: H ^ Q p j T ) / H l 7 1(l/Fx(/)(r)) VC [IT :exp*(z)]. 

we have 
[Dr :exp*(,z)] = i / . 1(l/Fx(/)(r))XVXVV ip)pk-1-2m}. 

On the other hand, since 

per(exp*(z)) = ( l - ö „ p - m + £ i 1(l/Fx(/)(r)) W X V V L ( r , m ) - ( 2 7 r i r - 1 7 ± , 

we have 

exp* (z) = (l-âvp-m+s 1(l/Fx(/)(r)) 1(l/Fx(/)(r)) XV1(l/Fx(/)(r)) 

This shows 

[Dr:exp*(z)] X X V [ O x : ( l - â p p - m + ê Ip) / -1"2™) . (((27ri)*-1L(r, m))/fi)]. 

By comparing those two expressions of [Dr : exp*(z)], we obtain Prop. 14.21 (1). • 

14.22. We complete the proof of Thm. 14.2. Let r be an integer such that 1 ^ r ^ 
k — 1. In the case r = k/2, assume L ( / , k/2) ^ 0. We have already shown that S(T) 
is finite for any finite place A of F and any Gal(Q/Q)-stable OA-lattice of VpA (/)(?")• 
It remains to show that S(T) is zero for almost all finite places A of F and for any 
Gal(Q/Q)-stable 0A-lattice T of VFx(f)(r). 

By 14.16 (1) and by the duality (14.10.1), we may assume r ^ k/2. Let ± = 
(-lY-\ take a non-zero element LJ of SF(/) and an element 7 of Vp(f) such that 

XVXV and define Î Î 6 C X by peri ta;)* = n . 7 ± . 
Take a multiple iV7 of iV such that N' ^ 3, and let X be a proper smooth scheme 

over Z[1/7V'] such that X <g> Q ~ KSfc(7V')-

By Fontaine-Messing [FM], if p does not divide TV' and p > k, H ^ - 1 ^ , Q^/z) ® 

Zp has a structure of a filtered Dieudonne module whose filtration is given 

by ( H * - 1 ^ , ^ ^ ) <g> Zp)i, and H/c-1(KSfc(A/'/) ®Q Q^,ZP) is identified with 

T(Hk~1(X1 ß V z ) (g) Zp) as a finitely generated Zp-module with an action of 

Gal(Qp/Qp). For such p and for a place A lying over ü, let D\ be the image of 

1(l/Fx(/)SDD(r)) ® O A ) ( Ê ) D c r y s ( ^ ( / ) ) . 
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((£) is as in § 11) Then D\ is a strongly divisible OA-lattice, DI = DT* is generated 
over OA by the image of 

H*-i SDFD DFDF 
'X/Z № S(f). 

and T(D\) coincides with image of 

(Hk-1(KSk(N') (C) ,Z)®0A)(e) 1(l/Fx(/)(r))XVXVX ® Q Q P , Z P ) ®zPOx)(e) vFx{f). 

Hence for almost all À, LO is an OA-basis of D\ = Dk and 7^ is an OA-basis of 
T(DX)±. For such A, we have 

#(5(T(DA)(r) ) ) XVXVVCV [Ox : (27Ti)r-1 • L(r,k-r)/Q] 

#(H°(Q,T(FA) (r) ® Q / Z ) ) #(HU(Q,T(FA)* (1 - r) ® Q / Z ) ) 

by Prop. 14.21, where /J, is the number in Prop. 14.16 defined with respect to 
and 7 and ft is defined with respect to tu and 7. We have 

fOA : (2KÌY-1 • L ( r , f c - r ) / n ] = l 

for almost all A. We have 

H ° ( Q , T ( F A ) ( r ) ® Q / Z ) = H ° ( Q , T ( F A ) * ( l - r ) (8) Q /Z) = 0 

for almost all A by 14.11 (2), and we have \i > 1 for almost all A by 14.5 (3) in the 
non-CM case (see 15.23 for the CM-case). Hence S(T(D\)) = 0 for almost all A. By 
14.7, this shows that S(T) = 0 for almost all A and for all Gal(Q/Q)-stable 0A-lattices 

TofVFx(f)(r). 

15. The case of complex multiplication 

In this section, we prove the theorems 12.4, 12.5, 12.6, 14.2, 14.5 in the case / 
has complex multiplication. We deduce them from the work of Rubin on the main 
conjecture for quadratic imaginary fields. 

In this section, we fix an imaginary quadratic field K. We fix also an embedding 

K ->C . 

15.1. We first review the work of Rubin on the main conjecture of imaginary 
quadratic fields. 

By the fixed embedding K C C, Q becomes the algebraic closure of K in C. Let 
KAB be the maximal abelian extension of K in C, and for a non-zero ideal f of OK, 
let K(f) C Kab be the ray class field of conductor f. Fix a prime number p and a 
non-zero ideal f of OK, and let 

WCVCV C U 
n 

Km), G„=of = Gal(X(p°°f) /K) . 

Then 
Gpoo j 0^. Zp x Zp x fa finite abelian group). 
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Let 
h1 = lim 

K' 
Ok>[1/P\x ®zp, h2 = lim 

D 
C\{K'){p} 

where K' ranges over all finite extensions of K contained in Jf(p~f), c i ( x ' ) M 
denotes the p-primary part of the ideal class group C\(K') of K\ and the inverse 
limits are taken with respect to norm maps. Then \}q (q = 1,2) are finitely generated 
modules over the three dimensional semi-local ring Zp[[Gpoof]], f)1 is a torsion free 
Zp^Gpoofjj-module having the property that (f)1)q is of dimension one for any prime 
ideals q of Zp[[Gpoof]] of height 0 (Zp[[Gpoof]]q is a field for such q), and I}2 is a torsion 
^[[Gpooj]]-module (that is, it is killed by a non-zero-divisor of Zp[[Gpooj]]). Let 3 C f)1 
be the "part of elliptic units" whose definition is reviewed in 15.5 below. Then f)1 /3 is 
a torsion Zp[[Gfpoof]]-module. 

The following Theorem is contained in the works of Rubin in [Ru2, Ru4]. 

Theorem 15.2 (Rubin). — Letp be a prime ideal ofZJ\Gv°ot]] of height one. Consider 
the following conditions (a) (b) (c). 

(a) p does not contain p. 
(b) p does not divide the order of the group of all the roots of 1 in the Hilbert class 

field of K, and p does not divide the order of the torsion part of Gpooj. 
(c) p splits in K. 

We have: 
(1) If either the condition (a) or (b) is satisfied, we have 

lengthZp[[Gp00f]]p (0)2)P) < lengthZp[[Gp00f]] (ft1/*)*)-
(2) If both the conditions (b) and (c) are satisfied, then 

lengthy [[Gj>00(]]p № 2 ) P ) = lengthz [[G ,] ((173)P)-

In [Ru2], Rubin has an equality (not only inequality) even in the case p does not 
split in K under a certain condition, but we do not use it in this paper. 

15.3. We review here the theory of complex multiplication. 
Let f be a non-zero ideal of OK such that OK —> (Ox/f)x is injective. 
For a field K' over K, by a CM-pair with modulus f over K', we mean a pair (E, a) 

where E is an elliptic curve over K' endowed with an isomorphism OK —> End(E') 
such that the composite map 

OK End(£) EndK'(Lie(£)) =Kf 

coincides with the inclusion map, and a is a torsion point in E(Kf) such that the 
annihilator of a in OK coincides with f. 

Note that if (E,a) and {E'^a') are CM-pairs of modulus f over K' and if they 
are isomorphic, the isomorphism (E,a) —> (E',a') is unique by the injectivity of 

SD K 1(l/Fx(/)(r)) 
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The following (15.3.1)-(15.3.3) summarize a central part of the theory of complex 
mult iplicat ion. 

(15.3.1) There exist a CM-pair of modulus f over K(f) which is isomorphic to 
(C/f, 1 mod f) over C. This CM-pair of modulus f over K(f) is unique upto 
isomorphism (and hence unique upto unique isomorphism by the above remark). 

We call the above CM-pair of modulus f over K(f) the canonical CM-pair over 

Kit . 

(15.3.2) Let K' be a field over K and let (E, a) be a CM-pair of modulus f over K'. 
Then there exist a unique homomorphism K{f) —• K' for which (E, a) is obtained 
from the canonical CM-pair over K(f) by the base change. 

(15.3.3) (relation with class field theory) Let K' be a finite abelian extension of K, 
let a be a non-zero ideal of OK whose all prime divisors are unramified in K'', and 
let a = (a,K'/K) e Gsl(K'/K) be the Artin symbol. On the other hand, let (E,a) 
be a CM-pair of modulus f over K' and let (E^a\a(a)) be the CM-pair of modulus f 
over K' obtained form (E,a) by the base change a : K' —> K'. Then {E^a\a{a)) is 
isomorphic to (E/aE,a mod aE) where aE is the part of E annihilated by a. 

We will denote the unique isomorphism in (15.3.3) as 

Va ' (E/aE,a mod aE) WX 1(l/Fx(/)(r)) 

15.4. We give a refinement of Prop. 1.3 in the case of complex multiplication. Let 
K' be a field over K and let E be an elliptic curve over K' such that End(2£) ~ OK-
We normalize this isomorphism in the way that the composite map 

OK WX End(£) WXXXEndK'(Lie(£)) =K' 

is the inclusion map. 
Then for an ideal a of OK which is prime to 6, there is a unique element a0E of 

0 ( £ \ „ £ ) x having the following properties (i) (ii). 

(i) The divisor of a0 is N(a) • (0) - aE. 
(ii) Na(a0E) = a^E for any integer a which is prime to a. 

The unique existence of a0 and the following properties (15.4.1)-(15.4.3) of a0 are 
proved in the same way as the proof of Prop. 1.3. 

(15.4.1) If a = (c) for an integer c, a0 — c0. 

(15.4.2) IfE—>E' is an isogeny between elliptic curves over K' such that End(E') ~ 
OK and End(i^)+ OK, the norm map sends a0E to a0E'-

(15.4.3) If a and b are ideals of OK which are prime to 6, 

(b0E)N{a) • 1(l/Fx(/)(r))XCX 1(l/Fx(/)(r)) 
(prSU-W)-1 

where E\ = E/aE,E2 = E/^E, and for j — 1,2, prj is the canonical projection 
1(l/Fx(/)(r)) 
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Now let f be a non-zero ideal of OK such that OK —> (OK/f) x is injective, and let 
(E, a) be a CM-pair of modulus f over K(f). Then for ideals a, b of OK which are 
prime to 6f, we have (denote (o ,Ä-(f) /Ä-)byr„ and (b,K(f)/K)byn) 

(15.4.4) (b0E(a))N^Ta (Ma))-1 = 1(l/Fx(/)(r)) N{b)Tb(a0E(a)) -1 

In fact, in (15.4.3), we have (pr*(b^£?i))(^) = b^i(p^i(«)) = Ta(b#E;(a)) because 
(-E?i,pri(a)) ~ (E^\a(a)) with cr = ra (15.3.3), and the similar thing holds when we 
replace pm, b, E\ by pr^, a, E2, respectively. Hence we obtain (15.4.4) from (15.4.3). 

15.5. We review the definition of the "part of elliptic units" 3 C f)1 in 15.1 
Let f be an ideal of OK such that OK —• (OK/Î)X is injective, let (E,a) be the 

canonical CM-pair over K(f), and a be an ideal of OK which is prime to 6f. Then the 
element 

1(l/Fx(/)(r)) XCVCXV 

(the standard elliptic unit of modulus f and of twist a) has the following relation with 
L-functions (Kronecker's limit formula): For any homomorphism \ 1(l/Fx(/)(r))SSF 
Cx, we have 

(15.5.1) 

a 

Y(a)log|CT(02f)l = (N(a) - x(a)-1) lim 
DFD 

1(l/Fx(/)(r))XCV 

where LK,J(X? s) denotes ^bXityNfo) s in which b ranges all ideals of OK which are 
prime to f and x(b) denotes x((b, K(f)/K)). (This (15.5.1) is deduced from (3.8.2) 
by taking a suitable element of K as r in (3.8.2).) 

The element a^E{oi) is a p-unit for any prime ideal p of OK which is prime to f, 
and is a unit if f has at least two prime divisors. 

Now we define 3 c H1. Let f be a non-zero ideal of OK- Then for n > 1 such 
that OK —> (OK/pnf)x is injective and for an ideal a of OK which is prime to 6pf, 
the norm map of K(pn~{'1f)/K(pnf) sends azpn+if to â pnf- (This is deduced from 
(15.4.2).) We define 3 to be the Zp[[Gpooj]]-module of Ï)1 generated by the elements 
1(l/Fx(/)(r)) where a ranges over all ideals of OK which are prime to 6pf. 

15.6. We rewrite Thm. 15.2 in the form using Galois cohomology. 
For a finitely generated Zp-module T endowed with a continuous action of 

Gal(K/K) which is unramified at almost all finite places of K, let 

H X 
P°°f 

( T ) = lim 
K' 

W(0KA\/p],T) ( ? 6 Z ) 

where K' ranges over all finite extensions of K contained in K(p°°f). Then H Q 
P°°f 

(T) 
is a finitely generated ZpffGpoofll-module, and H P°°f 

( T ) = 0 if 9^1 ,2 . 
In the case T = Zp(l ) , we have: 

[15.6.1) O1^ H 1 
DFF ( z » ( i ) ) . 
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(15.6.2) There exists a homomorphism c/Zp[[Gpoof]l -modules 
h2 H 2 

D (Zp(l)) 
whose kernel and cokernel are finitely generated Zp-modules. In particular, 

(02)P DS H 2 
•P°°f (ZP(1))P 

for any prime ideal p in Zp[[Gvooi]] of height one. 
((15.6.2) is proved as follows. From the Kummer sequence 

0 Z/pnZ(l) SD 
D 

SD D 

we obtain exact sequences 

0 Q S D S D D S P i c ( 0 * , , [ l / p ] ) { p } S D S D S D H 2 ( 0 ^ [ l / p ] , Z p ( l ) lim 
n 

QSDQDQSDKer(pn;Br (0 * ' [ l /p ] ) ) 0 

for extensions if ' of Q. We have an isomorphism 

lim 
n 

SKer(p";Br(0^ DQSDD DS Kerfsum : D S 
+ 

DSD 

where E is the set of prime ideals of OK1 lying over p, and we have a surjection 
C\(K'){p} —> Pic(Oi<:/,[1:P] whose kernel is generated by the classes of elements in 
E. By taking lini^, for finite extensions K' of K contained in A*(p°°f), and by the 
finiteness of the number of places of K(p°°f) lying over p, we obtain (15.6.2).) 

Let Q(Zp[[Gpoof]l) be the total quotient ring of Zp[[Gp°of]]. We define an element 

ZpOOt 1(l/Fx(/) (Zp(l)) ®Zp[[Gpoo,]] Q(ZP[[GP^}}) 

(without a( ) ) by 

Zpoof = (N(a) -1(l/Fx(/)(r))DFDF (azpnf)n 

e f)1 ®zp[[Gpoof]] Q(ZP [[Gp-f]]) ~ Hicc, (Zp(l)) ®ZP[[GP~>,]] Q(Zp[[Gp~t]]) 

where a is any ideal of OK which is prime to 6pf such that a =fi OK (then 7V(a) — 
(a,K(p°°f)/K) is a non-zero-divisor of Zp[[Gpoof]]). Then zpoo^ is independent of the 
choice of a, for 

(N(b)-(b,K(p°°i)/K)) (aVf)™ QSSS= № ) - (a , t f (p°° f ) / t f ) ) ( b V f ) 
n for any ideals a, b of O K which are prime to 6pf by (15.4.4). 

We have : 
(15.6.3) {N{a)-{a,K(p<*>f)/K)) Zpoof SD H 1 

poof (Zp(l)) /or an?/ ideal a of OK which 
is prime to 6pf. 

The ideal I of Zp[[Gp°of]] generated by N(a)-(a,K(p°°i)/K) for all ideals a of OK 
which are prime to 6pf satisfies Ip — Zp[[Gpooj]]p for any prime ideal pof Zp[[Gpoof]] 
of height one. Hence we have 
(15.6.4) 3p — Zp [[Gpoof]]p SQQD for any prime ideal p o/Zp[[Gpoof]] of height one. 

By (15.5.1), we have 
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(15.6.5) Let K' be a finite extension of K contained in K(p°°f), and let ZK> be the 
image of zpoof under <S-1H^oof(Zp(l)) —> RX(OK' [l/p]> Qp(l)) where S denotes the 
multiplicative subset of Zp[[Gpooj]] consisting of non-zero-divisors whose images in 
QP[G&\{K'/ K)] are invertible. (Note N(a) - (a, K(p°°f)/K) e S for any ideal a of 
OK which is prime to p\ such that a ^ OK) Then ZK' belongs to the image of the 
canonical injection 

(0K,\l/p]V <s>Q Ul{0K,[l/p], W))-
If we regard ZK' as an element of ÍOK>[1/P})X ® Q , we have 

a(EGa\(K'/K) 
X(<r)log(\a(zK')\) XC lim 

s->0 
XC 1(l/Fx(/)(r)) 

for any non-trivial homomorphism CC Gsl(K'/K) Cx. 
Now Thm. 15.2 is reformulated as follows: For a prime ideal p of Zp[[Gpoof]] of 

height one, let 

e1 C lengthz [[GP 8FH ( H •i poop :zp(i))p/(Zp[[Gp-f]] p • 3p°of)) 
2 
p 

lengthZp [[GpOOf]]p ( H •2 
SDDS (Zp(l))p). 

Then, if either the conditions (a) or (b) in 15.2 is satisfied, we have 

<W 2 W I 1 

If both the conditions (b) and (c) in 15.2 are satisfied, then 

<W W W W L 

15.7. We review basic facts about Hecke characters of K. 
Let OK = lim OK/I where / ranges over all non-zero ideals of OK, and let K = 

0K®Q. Then the adele ring of K is C x K, and the idele class group CK of K is 
(Cx x Kx)/Kx. 

If ip is a Hecke character of K (i.e. a continuous homomorphism CK —> Cx) , the 
homomorphism OK —* Cx induced by ip factors through the projection OK —> 
(OK/I)X for some non-zero ideal J of OK, and there is a non-zero ideal which is the 
largest among such ideals / , called the conductor of If a is an ideal of OK which is 
prime to the conductor of ip, we define ^(a) to be ^ ( 1 , a) where 1 is the unit element 
of Cx and a an element of KX C\OK such that OK a = OK • a and such that the image 
of a under OK —> OK IS is 1 (then ^ ( l , a ) is independent of the choice of a). The 
L-function L(ip, s) of ip is expressed as 

m,s) = 
a 

ib(a)N(a)-s 

where a ranges over all ideals of OK which are prime to the conductor of tp. 
For integers m, n and for a Hecke character ij) of K, we say that ift is of type (m, n) 

if the restriction of Y to the archimedian part Cx of the idele group of K has the 
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form z i—> zm • z71. It is known that if ip is a Hecke character of type (m, n) for some 
integers ra, n then the subfield of C generated by i(J(KX) is a finite extension of Q. 

15.8. Let r ^ 1, and let ^ be a Hecke character of K of type (—r, 0) . We review the 
Galois representation, the period map, etc. associated to i/J. 

Let L be the subfield of C generated by i/J(KX) over K, which is a finite extension 
of K. In this 15.8, we define a one dimensional L-vector spaces VL(V>) and S(ip), and 
a continuous Z/A-linear action of Gal(Kab/K) on VLA = V L ( ^ ) ( 8 ) L L A for each finite 
place A of L. We define also an L-linear map 

PERY QSDSDD 1(l/Fx(/)(r))1(l/Fx(/)(r)) 

called the period map, and an isomorphism 

(15.8.r S(il>) <8>L Lx D D l 
FdR (K®Qp,VLx(^)) = D r 

dR (tf®Qp,VLA(V)) 

for each finite place A of L where p is the prime number lying under A. 
Take a non-zero ideal f of OK contained in the conductor of ib such that 0 ; 

(oK/f)x is injective, and let (E, a) be the canonical CM-pair over K(f) (15.3). 
We define 

VM)=H1 1(l/Fx(/)(r))XXVB 

where <g)r is taken over K. 
For a finite place A of L, we have a canonical identification 

XVCVCV ; H l et 1(l/Fx(/)(r))XC <8>r 1(l/Fx(/)(r)) 

where Vlx(iP) = V L ( ^ ) ®l L\, p is the prime number lying under A and <g>r is taken 
over K ® Qp. Hence we have an L^-linear action of Gal(Q//f(f)) on Vl,x(i/J). We 
extend this action to an LA-linear action of Gal(Q/K) on Vlx(^) as follows. For 
a e Gal (Q/X) , we define the action of a on Vlx ( ^ ) to be the composite 

1(l/Fx( a E L 
ét (£(<t) ®Km © , © „ ) XC XCXCCC XCC 

CV 

C 
1(l/Fx(/)(r)) 

where is the following isomorphism. Take an ideal a of OK which is prime to f 
such that (a, K(f)/K) coincides with the restriction of a to K(f). We define % = 

1(l/Fx(/)(r)) in which 77* denotes the pull back on H|t by 

XC EUE Va 

C 
E(a) (15.3.3). 

Then 77̂  is independent of the choice of a. 
This action of Gal (Q/K) on Vlx (t/>) is abelian, and described by class field theory 

as follows. Via the reciprocity map Kx /Kx ~ Gal(Kab/K) of class field theory, the 
image of a G KX in Ga\(Kab/K) acts on Vlx (V7) as multiplication by a^V^a)-1? where 
v is the place of K lying under A and av denotes the ^-component of a. Another class 
field theoretic description of this action by using Artin symbols is the following. The 
action of Gsl(Kab/K) on VLx(il>) factors through Gsl(K(p°°f)/K), and for an ideal a 
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of OK which is prime to of, (a, K(p°°f)/K) acts on VLX(IP) as the multiplication by 

V'(a)-1 
Next we define S(ip) as an L-subspace of coLie(E)®r ® K L such that 1(l/Fx(/)(r)) 

coLie(£0®r ®K L. in the following way, where <g>r is taken over K(f). 
We define an L-linear action of Gal(K(i)/K) on coLie (E)®r ®K L such that 

cr(ax) = cr(a)cr(x) for a e K{f) and x e coLie(E)®r ®K L by the following rule : 
a e Gel(K(f)/K) acts as the composite 

coLie(ü?) .<g)r ®K L 
CXVV coLie (£(ct)) ®K L 

VV 
CV 

coLie(E') 0 x L 

where rj^ is the following isomorphism. Take an ideal a of OK which is prime to f 
such that <r = (a,K(j)/K). We define 

1(l/Fx(/)(r))XCXVV : coUe(Ew) XCVCV CV coLie(E/aE) XCVCV CV coLie(E)®r®KL 

where the last identification is by the canonical isogeny E —> E/«E. Then ri^ is inde
pendent of the choice of a. Now we define S(i[)) to be the fixed part in coLie 
under this action of Gal(K(\)/K). 

We define the period map 

per,/, : SM CVC 

as the map induced by the period map coLie (E) 1(l/Fx(/)(r)) 

Finally we define the isomorphism (15.8.1). For any finite place v of K lying 
under À, VLX{^) is de Rham as a representation of Gal(Kv/Kv) because it is de 
Rham as a representation of Gal(K(f)w/K(f)w) for any finite place w of K(f) lying 
over v. We have 

DdR(X(f) ®Qp,Hit 1(l/Fx(/)(r))XVVCV CV H 1 
dR' {E/K(f))®Qp 

and this induces 

DdR(Ä-ff) ® XCVXBBBB C V r1 
dR' (E/K(f))®r ®K Lx 

where ®r is the r-fold tensor power as an invertible module over K ® K(f) (K acts 
via K ~ End(E) ® Q and K(f) acts because it is the base field). This induces 

D 3 
dR' 

1(l/Fx(/)(r))1(l/Fx(/)(r)) 2oL\e(E)®r ®K Lx for 1 ^ j < r 

(the left hand side does not depend on j such that 1 ^ j < r) where ®r is taken over 
AT(f) and coLie(^) is regarded as an K(f)-subspace of Jl\R(E/K(f)). By taking the 
Gal(K(f)/in-invariant part of the both sides of the last isomorphism, we have 

E vi 
'dR (K®Qp,VLx(il>)) ~ S(tp) ®L Lx for 1 ^ j ^ r. 

In the above constructions of VL{IP), S(ip), etc., we fixed f. However every construc
tion does not depend of the choice of f in the following sense. If f is another ideal 
oi OK which is contained in the conductor ip and (E',a') (resp. (E",an)) denotes 
the canonical CM-pair over K{¥) (resp. K(W)), E is identified with E"IvE" and E' 
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is identified with E" UE". Via the isomorphisms induced bv the canonical isogenics 
E" E and E" E', we can identify constructions using f and constructions f. 

Proposition 15.9. — Let r ^ 1 and let ^ be a Hecke character of K of type (—r, 0). 
Let p be a prime number, let f be a non-zero ideal of OK contained in the conductor 
ofijj, let K' be a finite extension of K contained in K(p°°f), and let 7 G VL(V0- Then 
the image of zp°o^ under 

H 1 
p SQDDDD 'Y H S 

S 
S D D S D = 0 , ( ^ ( 1 ) ) ® ^ ^ ) S S S 

S 1(l/Fx(/)(r)) 

H\0K-[l/p], v ^ « 0 ( i ) ) 
exn* D X 

iR 1(l/Fx(/)(r))XCX C 
(15.8.1) 

(sm®LLX) 2>KK' 

is an element of SOip) <8>K K' whose image under 

*eGa\(K'/K) 
X(cr) perw, oc : 1(l/Fx(/)(r)) WXWX 

coincides with Lpf(i/;,x,r) ' 7 /or any homomorphism x : G&\(K'/K) —> Cx. #ere 
Lpf(ip, Xis) denotes Y^a i)(&)x(a)N(a)~3 in which a ranges over all ideals of OK which 
are prime to pf. 

Proof — This 15.9 is proved in [KK2, Chap. Ill , § 1] under certain assumptions. The 
proof of 15.9 here follows the method there. 

By using the trace maps, we see that we may replace Kf by any finite extension 
of K' contained in K(p°°f). Hence we may assume K' = K(g), where g is an ideal 
of OK having the form pmfo, where m ^ 1 and fo is the smallest ideal of OK which 
divides f and which is prime to p, and such that g C f and OK —• (OK/g)x is injective. 

Let (E,a) be the canonical CM-pair over K' = K(g). Let /3 G Hi(J5?(C),Q) be 
the image of 1 G K under the canonical If-isomorphism K ~ Hi (C/g ,Q) which is 
induced from the canonical isomorphism g ~ H i (C/# ,Z) . By the K-linearity, it is 
sufficient to prove 15.9 in the case 7 = (3®(~r\ 

The image of prnf3 in Hi (JE7(C), QP) = TPE®Q is an OK ®Zp-basis of TPE which we 
denote by £ = (£n)n^o (£n is the 0#:/pn-basis of pnE corresponding to £). We define 
torsion points an and vn (n ^ 0) on E as follows. For n ^ 0, let an G (pnfo)) 
be the image of prn-nf3 in H i (£ (C) , Q /Z) ~ £(C)tor. So, a = am. For n ^ 0, let 

= £n — an. Then z/n is killed by fo and belongs to E(K'). Let 0n(z) = a0{z + ^n)-
We have 0n{£,n) = 0^(«n)- Furthermore Np(0n+i) = 0n for n ^ 1. 

By the assumption 5 C f, the action of Gal(Kab/K') on T^i? for any prime ^ 
is unramified at any finite place of K' not lying over £. Hence [ST], E is of good 
reduction at any finite place of Kf. 

We apply the generalized explicit reciprocity law [KK3, Thm. 4.3.1]. (We apply 
the case of height h = 1 of this theorem, though we applied the case h = 2 of this 
theorem in § 10.) For a place v of K1 lying over p and for a prime ideal p of OK 
lying over p, let G(v, p) be the part of the Neron model of E over OV killed by some 
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power of p. Then G(v, p) is a p-divisible group over Ov and the triple [K'v, G(v, p),Op) 
satisfies the assumption of the triple (K, G, A) of [KK3, Thm. 4.3.1] with h = 1. By 
applying this theorem to (K'v,G(v,p),Op) for all v and p as above, we obtain the 
following result: The image of 

£®(-r) ® ( « „ « „ ) ) „ 6 (TD£)®(~r) lim 

n 

H ^ C W . J l / p J . Z , , (1)) 

under the map 

C M SDFD DF lim 
D 

h H c w m i / p ] , Zp(l)) lim 

n 
H^OifCp-otl/p], (Tp£)®(~r) : i ) ) 

H1(ÜT'®QP, (TpE)®(-rHl)) 
exp* 

coLie(£)®p ®QP 

coincides with 

„-mr . ( r - 1 ) ! - 1 -
d 
D 

rlog(0m) 1(l/Fx(/)(r)) 

where w is a .Jsf'-basis of coLie(.E). This means that the image of QSDQ1(l/Fx(/)(r)) 

under 

1(l/Fx(/)(r)) H l 
DF D(Zp(l)) D •1 

p°°f D F D F ( ^ W ( i ) ) H H O ^ I l / p ] , ^ ! W0 ( i ) ) 

exp D D 
dR (K'®QVIVLx(ib)) ~ ( S W ® L L A ) ® K K' 

coincides with p mr ( r - 1 ) ! " 1 d 
LO log(öm))Km) !31 SDS Hence the image of 

1(l/Fx(/)(r)) (a»(an))n=Pmr ^-R0(^n(^n))n>l 

in (S(é) o Lif7)ol L\ is equal 

( r - 1 ) ! - 1 - ER 
ÜÜ 

E 1(l/Fx(/)(r))CVCXV 

= (r- lì!"1 • 
d 

cu 
I log(fl0) (am)®o;®r G 5 ( ^ ) % K'. 

Hence we are reduced to the following (15.9.1). 

(15.9.1) Let 

fl^ = ( r - l ) r 1 . 
d 
D Irl0g(nö) (am)®w®r e. S(V>) ®K Ä". 

Then 

a 

1(l/Fx(/)(r))XC = (7V(a)-V(a)x(a)-1) 1(l/Fx(/)(r))XCXV 

(a ranges over Gal(K'/K)). 

(This (15.9.1) shows 

(15.9.2) For z = (N(a) -ib(a)cra) \z, J2„x(<r) p e r e t e ) ) 1(l/Fx(/)(r))XCXCXC 

SOCIÉTÉ MATHÉMATIQUE DE FRANCE 2004 



260 K. KATO 

Proof of (15.9.1). — Let a G Gal(K'/K) and fix an ideal b of OK which is prime to 
a such that (b,K'/K) = a. Then 

<TLZ) = rh(b)~1 a 
DF \T log a0E/bE (a mod bE)®uj®r. 

By the analytic theory of Eisenstein series in 3.8, this is equal to 

Nia^ib)-1 
cEP(b) 

(cß)®(-rhc\-s 
s=0 

- ^ ( a )^ (ab ) "1 
cEP(ab) 

(cß)®^\c\-* 
.9=0 

where P(J) = {c G K ; c = 1 mod J_1g}. Let Q(J) be the set of ideals I of Ox such 
that I is prime to g and such that ( / , K'/K) = ( J, K'/K). Then as is easily seen, we 
have a bijection c H-» cJ from P(J) to Q(J) , and if)(cJ) = crip(J) for c G P(J). Hence 

a(az) = N(a) 
ieQ(b) 

MI)'1 N(I) 1(l/Fx(/)(r)) 
s=0 

-V>(a) 
reg(ob) 

^(I)~lN 1(l/Fx(/)(r)) 
s=0 

= N(a) 
ieQ(b) 

iP(I)N(I) 1(l/Fx(/)(r)) 
I s=r 

SDQSD 
/eQ(ab) 

il>(I)N(I) -sß®(-r) 
s=r 

(since i/)(I)x/>(I) = N(I)r). This proves (15.9.1). 

15.10. In the rest of §15, assume / has CM. Then L(f,s) — L(^,s) for a Hecke 
character ip of an imaginary quadratic field K of type (1 — k,0) whose conductor 
divides N. We denote the conductor of ij) by f. 

The field F — Q(an ; n ^ 1) is contained in L = K(i/;(KX)) as is seen from 
L(f,s) = m,s). 

Let À be a finite place of L. Then, as a representation of Gal (Q/Q) over SDSQDSD 
is isomorphic to the representation 

QDS1(l/Fx(/)(r)) SDFDFSDFFSD 

induced from the representation V/^ (-0) of the subgroup Gal(Q//f) of Gal(Q/Q). Here 
i G Gal(Q/Q) denotes the complex conjugation, and the action of a G Gal(Q/Q) on 
^z^WO sen(is (x,ty) (x,y G V L ^ ^ ) ) to (cr(x), i(tai)(y)) if cr belongs to Gal (Q/K) , 
and to ((LTi)(y), LT(X)) if cr = tr with r G Gal(Q/Zf). This can be seen by comparing 
the eigenpolynomial of Probenius of each prime number which is prime to N. (See 
[Ri2].) 

Lemma 15.11. — Fix an isomorphism of one dimensional L-vector spaces 

(15.11.1) DFF D S(f) ® F L. 
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Then: 
(1 ) For each finite place X of L, there exists a unique isomorphism of representa

tions of Gal (Q/Q) over L\ 

(15.11.2] V f f 
df f VLM) 

such that the composition 

sVFx(f)(r) (15.8.1 

x D l dR' (K®Qv,VLx(tb)] c D c 
dK 

VFx(f)(r) 

(15.11.2) 

xc 
r vi 

HR (VLJf))*S(f) ®F LX 

coincides with the isomorphism induced by (15.11.1). 
(2) Let 

w x L VFx(f)(r)VFx(f)(r)vxvvvvvx U = the complex conjugation) 

be the representation o/Gal(C/R) over L induced from the trivial representation VL(IP) 
of the subgroup { 1 } o/Gal(C/R), and denote the composite S(ip) —> VL{I/>) <—> VLW 
also by per^. Then there exists a unique isomorphism of representations o/Gal(C/R) 
over L 

(15.11.3) TO) xv VLU) 

for which the diagram 

sup) 
per,/, VFx(f)(r) VFx(f)(r)vxvv 

(15.11.1) (15.11.3) 

S(f) ®F L 
VFx(f)(r) 

Vc(f 

is commutative 

Proof. 
( 1 ) Take any isomorphism xwVFx(f)(r) x VLX ( / ) of representations of Gal(Q/Q) 

over LA- Then h induces 

D l dRV VFx(f)(r) x D c 
'dR< ( V L A ( / ) ) 

and hence 
S№ <8>L Lx xc Slf) OG Lx 

which is c times the isomorphism induced by (15.11.1) for some c G L ^ . The iso
morphism c~xh is the desired one. The uniqueness follows from the irreducibility of 
V£^(^) as a representation of Gal(Q/Q) over Lx. 

(2) Fix a sign ± . Identify S(i/>) with S(f) ® F L via (15.11.1). It is sufficient to 
show that there exists an isomorphism of one dimensional L-vector spaces 

h : VFx(f)(r) xc xvvxcv ± 
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such that h o per ± 
<0 

= per .± Here 

per; 5 5 
l ± ¿ 

G Fx(/)(r)) per a 
XWC 

2 
o per f . 

By 6.6, 13.5 and (15.9.2), there exist m ^ 1, elements 

zeS(*Jj) ®QQ(Cm), * ' É S ( / ) (8)Q Q(Cm), 

and non-zero elements 

7 € V n V ) * , 1(l/Fx(/)(r)) 

satisfying the following (i) (ii). 

(i) For any character x '• Gal(Q«TO)/Q) Cx such that X= ± , 

rr 
X(cr) pei ± 1(l/Fx(/)(r)) Ls(il>,X,k- 1)7, 

cr 
X(a) per ± 

(a(z/)) = L 5 ( / , X , * - l ) y , 

where a ranges over Gal(Q(£m)/Q) and 5 = prime(raiV). 
(ii) There exists a character \ : Gal(Q(Cm)/Q) - » Cx such that x ( - l ) = ± and 

such that Ls{ip, X, k — 1) = L s ( / , x, & — 1) is not zero. 

By (ii), there exists <TQ G Gal(Q(£m)/Q) such that the image of cro(z) under 

S(V0 ® Q Q(Cm) Sty) 0L L(Cm) 

is not zero. Let b be the element of L(Cm) such that the image of ao(z') in 

1(l/Fx(/)(r)) =s5Y°O ®L L(Cm) 

is ò times the image of 00(2). We will show that 6 is a non-zero element of L. The 
L-linear map 

h : CVCXV VCVV 

which sends 7 to b~1^' satisfies hoper^ = per^. Now we prove b G Lx. From (i) (by 
taking J2X x(T)_1 ((i) f°r x ) where x ranges over all characters Gal(Q(Cm)/Q) —• Cx 
such that x(—1) = ±)> we see that for each a G Gal(Q(Cm)/Q), there exists ca G C 
such that 

per ± (a(z) ± at(z)) = caj, per ,± 
f (a(zf)±at(zf))=c(Tjy4\ 

where t is the complex conjugation. For a = TCTQ with r G Gal(L(Cm)/L), we have 
ca ^ 0 and 

r(6) • per 
B 

(<x(z) ± crt(z)) = cay. 

Hence b ̂  0, and r(fr) is independent of r G Gal(L(Cm)/L). This shows b G Lx. 

In the rest of §15, we fix an isomorphism (15.11.1). In what follows, we identify 
S(ip) and S(f) (g>F L via (15.11.1). We also identify the representations V£* (ip) and 
VLx(f) of Gal(Q/Q) via (15.11.2) for any finite place A of L. 
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The "philosophy of motif" tells that the isomorphism (15.11.3) should be compat
ible with our identification (15.11.2), but I can not prove it. (The problem is that in 
the case k ^ 3, it is not known that the motif associated to / [Scl] and the motif 
associated to ip coincide. Here, the former motif is a direct summand of the motif as
sociated to the Kuga-Sato variety, and the latter motif is obtained from the (k — l)-fold 
tensor power of the motif associated to an elliptic curve with complex multiplication.) 
So to avoid the confusion, we will never use (15.11.3) as identification. 

15.12. Let A be a finite place of L. Then we have a canonical homomorphism of 

O A [ [ G P ~ , ] ] -modules 

(15.12.1) H i 
WXW <H^VU/) < H ^ V U / ) ) 

since 

H1 (VLx(f)) = h1(v l~(V) ) = lim 
n 

h1(0/c®q(c«») <H^VU/) <8>Q 

where T is any Gal(<Q>/lf )-stable OA-lattice of VLX(IP), and since we have a canonical 
homomorphism 

K®Q(CP°o) <H^VU/) 

By 15.9, we have: 

(15.12.2) Let 7 € VL(^0 and let ^ V L ( / ) be the image ofj under the isomorphism 
(15.11.3), For n > 0, consider the composite map 

H ( 
( sd 

<H^VU/) 
(15.12.1) 

<H^VU/)fdgh 

H ^ Q p « ^ ) , V i , ( / ) ( ! ) ) 

exD* 
d 1 

dR (V l , ( / ) )®Q(Cp») 

^S(f) <g>F ¿A®Q(Cp")-

Let S be the set of non-zero-divisors of Z^WGn^f}] whose imaqes in Qp[Gal(Q(Cp»)/Q)] 
are invertible. Then the induced map 

<H^VU/)<H^VU/)vv S(f) 0 F L A ® Q ( C P » ) 

sends Zpoot ® 7 to an element of 

S(f) ®FL®Q((pn) 

whose image undei 
a 

x(<t) per f ou, where x is any homomorphism 

Gal(Q(C0»)/Q) Cx 

anda ranges over Gal(Q(£pn)/(Q)), coincides with 

s d s d w r , x , * - i ) - ( 7 T , ± = x ( - 1 • 
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Lemma 15.13. — Let p be a prime number and assume K is not contained in Q ( C P ~ ) . 
Let f be the conductor ofip, A the torsion part ofGpoo^ X a finite place of L lying over 
p, p a prime ideal O/OA[[GOO]], and q the inverse image ofp in Oy^fiv00^ under the 
surjection 0\[[Gpoof]] —> OA[[COO]]- Assume that 2 and the order of A are invertible 
in the residue field ofp. Then: 

(1) OAKGOOIIp and Ox[[Gpoof\\q are regular rings, and the kernel of Ox[[Gp-f]]q 
OA[[GOO]]„ is a principal ideal. 

(2) Let a be a generator of the principal ideal in (1). Let T be a Gal(Q/K)-stable 
Ox-lattice ofVL^(ib) and let T~ = T®LT Cvr(*p) . 

Then we have 

(15.13.1) H 2 p°°V 
mja. r2 

cdf 
( T ) Q ^ H 2 ( T ~ ) p 

and an exact sequence 

(15.13.2) 0 H l 
dff 

(T)Ja H df 
sdf (T)a DFH (T~)p Ker(a; H r2 

sdf ffdsfdff 0. 

Proof. — Consider the exact sequence of representations of Gal( :Q/K) 

0 T ®ox Ox [[sfGpco,]] a dsfsdf Ox[[Gp~f}} T®0x OA[[GOO]] 0 

where a G Gal(Q/K) acts on OA[[Gp~f]] (resp. OA[[GOO]]) by the multiplication by 
the image of cr-1 in Gp=of (resp. Goo)- Let v be a finite place of K which does not lie 
over p, and let / „ C Gal(Kv/Kv) be the inertia subgroup. Then the cokernel of 

n°(Iv,T®0x Ox[[G^f)]) H°(Iv,T®0x OA[[GOO]]) 

is killed by the order of A . This is because the action of Iv on T ®oA OA[[GPOOJ]] 
factors through a homomorphism Iv •—• A c Gp^j. Hence if j denotes the inclusion 
map Spec(Ox[l/pf]) —+ Spec(Oi<'[l/p]), the cokernel of the last arrow of the exact 
sequence 

0 MOx[[Gpoof]]) n. MOx[[G«~f]]) 3*{T®0x Ox [[Goo]]) 

is killed by the order of A . Hence this exact sequence induces an exact sequence 

0 E l dfd sfdfd a f d•l 
•p°°f F(T)O H H T - ) , 

H 2 dff 
dfsf a df •2 

P^ì 
sdff H 2 ( T ~ ) P 0. 

15.14. In the case K C Q(Cp°°)> Lemma 15.13 is modified as follows. Let G'^ = 
Gal(Q(CPoo)/i^) c Goo, and let H«(T) = limnH«(Z[CPn, l / p ] , r ) . Then № ( T ~ ) -
H 9 ( T ) <8>OA[[G' ]] OA[[GOO]]- Lemma 15.13 holds when we replace Goo by G'^, and 
H * ( T ~ ) by H ~ ( T ) . 
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15.15. We prove Thm. 12.4 for / . 
Once we prove Thm. 12.4 (1 ) (that H2(VpA(/)) is a torsion 0A[[Goo]]-module), we 

can deduce Thm. 12.4 (2) (3) from it by the argument in 13.8. We prove Thm. 12.4 (1) . 
Let v be a place of L lying over A. Since H 2 ( V F A ( / ) ) <S>Ox Ov — H 2 ( V £ ^ ( ^ ) ) , it is 
sufficient to prove that H2(V£^(^)) is a torsion Ov[[Goo]]-module. Now by writing v 
as A, let A be a place of L lying over a prime number p. 

We first assume K is not contained in Q(Cp°°)- In lemma 15.13, let p be a prime 
ideal of height 0 of OA[[GOO]]- Then q is a prime ideal of height 1 of 0\[[Gp«,j]]. By 
13.5 and (15.12.2), the image of zp°°$ <g> V L A ( ^ ) ( — 1 ) under 

H l 
xcvv 

<H^VU/) <H^VU/)wc 

is not zero. Since H1p8 (VLx w))q is a free OA[[Gpoof]]q-module of rank 1, this shows 
that the OA[[Gp<x>j]]q-module Hpoof(VLX (ip))q is generated by the image of zpoof ® 
VLX(I/>). Hence by the theorem 15.2 by Rubin, we have H2oof(Vi:A (V0)q = 0- Hence 
by (15.13.1), H 2 ( V £ W 0 ) P = 0. This shows that H2(V£(V0) is a torsion Ox[[G oo]]-
module. 

The proof for the case K C Q(Cx>°°) g°es similarly by using 15.14 instead of 15.13. 

15.16. We prove Thm. 12.5 and Thm. 12.6 for / in the case K is not contained 
in Q(CP°°)- Since we have already proved Thm. 12.4 for / , Thm. 12.5 (1 ) (2) and 
Thm. 12.6 are proved by the same arguments in 13.9-13.13. 

Next we prove Thm. 12.5 (3) (Thm. 12.5 (4) does not exist in the case with complex 
multiplication). By (15.12.2) and Thm. 12.4 (2) , we have 

(15.16.1) Let 7 G VLWO and letj' be the image 0/7 in V L ( / ) under (15.11.3). Then 
the homomorphism (15.12.1) sends zpo° <g) 7 <g) dsfd n (-1) to z (p) 

7' 
Hence 12.5 (3) is reduced to 

Proposition 15.17. — Let X be a finite place of L lying over a prime number p, let p 
be a prime ideal of 0\[[G00]] of height 1, and assume either (a) or (b) in Thm. 15.2 
is satisfied. Let T be a Gal(Q/K)-stable 0\-lattice in VLA(V0 and ^ ^ ( ^ 5 ^ % be 
the ZP[[G00]]p-submodule of H1(T~)P generated by the image of zp°°^ ( g ) T ( - l ) under 

H 1 
p°°f T H f f r p . Then 

lengthy [[Goo]]p (H ' (T~)p) < lengthOA[[Goo]]p {Hl(T~)p/Z(i/>,T)p). 

Proof. — Assume first K is not contained in Q(Cp°°)- Let q be the inverse image 
of p in 0A[[Gpoof]]. We apply Lemma 14.12 to A — 0\[[Gp°ofl\q and to the A-
modules H2^(T)q and H ^ f (T)q/A-(zpoof(g)T(-l)). Then by (15.13.1) and (15.13.2), 
Prop. 15.17 follows from theorem 15.2 of Rubin. 

The proof for the case K C Q(Cp°°) g°es similarly by using 15.14 instead of 15.13. 
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15.18. We can prove Thm. 14.5 (1)(2) for / by using Thm. 12.5 (3) in the same way 
as in § 14. (Thm. 14.5 (3) does not exist in the case with complex multiplication.) 

15.19. Here we give the proof of Lemma 14.7 in the case / has complex multiplica
tion. 

The following fact is proved easily : For a finite dimensional vector space V over a 
complete discrete valuation field P and for a finite extension P' of P, the canonical 
map 

{Op-lattices in V}/ ~ {Op'-lattices in P' <8>p V}/~ 

is injective, where the first ~ (resp. the second ~ ) is the equivalence by multiplications 
by Px (resp. ( P ' ) x ) . 

Take an ideal a of OK which is prime to N such that ip(a) ^ ^(a). We show 
that the condition in 14.7 is satisfied by all finite places A of F which do not divide 
(^(a) — ip(a))N(a). By the above remark, we may assume P D Lv for some place v of 
L lying over A. Let e be a P-basis of Vp(/0), and let T be a Gal(Q/Q)-stable Op-lattice 
of Vp(i/j) (~ VFx ( / ) 0FA P ) . We show that T = a- (0Pe + Opte) for some a G Px . 
Let a\e + a2ie ET (a,i £ P). Let p be the prime number lying under A. By applying 
(a,K(p°°f)/K) to axe + a2te and by using i(a, K(p°°f)/K)L = (a, K(p°°t)/K), we 
have i/j(a)~1aie + ^{a)'1 a2te G T. (Note ip(a),ilj(a) G Op as is easily seen.) By 
^(a ) — ?p{a) G Op, we have a\e G T. By applying L, we have a\ie G T. Similarly we 
have a2e,a2te G T. This shows that T = a • (Ope + Opte) where a is a generator of 
the fractional Op-ideal generated by all a±, a2 G P such that aie + a2ie G T. 

Lemma 15.20. — Almost all finite places A of F have the following property: For any 
Gal(Q/Q) -stable Ox-lattice T ofVFx{f), T/mxT is irreducible as a representation of 
Gal(Q/Q). 

Proof — By 14.7, it is sufficient to prove that for almost all finite places A of L and for 
any Gal(Q/AT)-stable lattice T of VLX ( ^ T~/mxT~ is irreducible as a representation 
•f Gal(Q/Q). Take an ideal a of OK which is prime to N such that -0(a) ̂  ^(a). By 
the similar argument as in 15.19, we can see that any finite place A of L which does 
not divide (^(a) — i/j(a))N(a) has this property. • 

Proposition 15.21. — Almost all finite places A of F have the following property: For 
any Gal(Q/Q)-stable Ox lattice T ofVFJf), 

<H^VU/)<H^VU/) in H ^ T ) ® Q, 

and 
lengthA № ( T ) P ) < lengthAp (Hl(T)p/Z(f,T)p) 

for any prime ideal p of A of height one. 
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Proof. — The first part is proved in the same way as in the non-CM case in 13.14 by 
12.4 (1), 12.6, 14.7, 15.20. 

We prove the second part (the property about length). If p is an odd prime number 
which does not divide the order of Gal(K(f)/K) and which is unramified in K, then 
p does not divide the order of the torsion part of Gpoof as is easily seen. Hence by 
Prop. 15.17 and lemma 14.7, we are reduced to 

Lemma 15.22. — Let 7 be a non-zero element of VL{^) and let 7' be an element of 
VL(/) such that (7')+ 0> (7 ' )~ 0- Then for almost all finite places A of L, 
7,_,~ = uj+ and 7' = wy in VL (ip) = VLx{f) for some u. v G o r -

Proof — Fix an L-basis UJ of S(tp) = S(f) <S>F L. For almost all finite places A of L, 
the 0\ lattices 

sdf df def 
OA7+ + OA7~ and Ti d def Oa • (V)+ + Ox • (7 ' )~ 

of VTAW = VLx(f) are Gal(Q/Q)-stable. For almost all A, T\ = T(DX) and T'x = 
T(D'X) for strongly divisible lattices D\ and D'x of Dcrys(V^A(^)) = Dcrys(VLA(/)) 
such that ijj is an OA-basis of D\ = D\~x and also is an OA-basis of (^a)1 = (^a)^-1-
For almost all A, T'x = a\ • T\ for some a\ G Lx (14.7) and this implies Dx = a\D\ 
and hence {DXY = a a • ^a- For almost all A, since uo is an OA-basis of D\ and also 
an OA-basis of ( IX)1 , we have a\ G Ox and hence Tx = T\. This proves Lemma 
15.22. 

15.23. From 15.22, we can deduce the following result by the argument in § 14: 
Let r G Z, 1 < r < k/2. In the case r = k/2, assume L ( / , k/2) ^ 0. Then for almost 
all places A of F and for all Gal(Q/Q)-stable 0\-lattices T ofVFx{f)(r), the number 
\i in Prop. 14 16 (2) satisfies 

any Gal(Q/Q)-stable Ox lattice T ofVFJf), 
By this, the proof of Thm. 14.2 goes in the same way as in the non-CM-case. 

C H A P T E R I V 
I W A S A W A T H E O R Y FOR M O D U L A R FORMS 

( W I T H p -ADIC ZETA F U N C T I O N S ) 

In this chapter, we study the Iwasawa theory concerning p-adic zeta functions of 
modular forms, and p-adic Birch and S winner ton-Dyer conjectures for modular forms. 

As in Chap. Ill, we fix k ^ 2, N ^ 1, and a normalized newform 

/ = 
dff 

anqn G Sk(XAN))®C. 
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We also fix a prime number p and a place A of F = Q(an ; n ^ 1) lying over p. 
We denote by Q the algebraic closure of Q in C. We fix an algebraic closure F\ of 

F\ and an embedding Q FA over F\. 

16. The p-adic zeta function 

In this section, we review the theory of p-adic zeta function of / , and then show 
(Thm. 16.6) that the p-adic zeta function of / is the image of the p-adic zeta element 
of / * = Yln^i ^nQn under a homomorphism of Perrin-Riou. This in fact provides a 
new construction of the p-adic zeta function of / . 

16.1. We assume that there exists a G (F\)x such that 

1 — au\l — apu + e(p)p + e(p)p in FA M 

and 

ovdp(a) < k — 1 

where ordp is the additive valuation of FA normalized by ordp(p) = 1. The p-adic 
zeta function of / is defined after we fix such a. 

The p-adic zeta function of / corresponding to a lives in a certain ring H8 L with 
L = Fx(a) which contains Oz,[[Gooj] as a subring. We introduce the ring W T 

Let Gn = Gal(Q(CP")/Q), Goo — nm Gn, and let Goo = A x G ^ be the decompo
sition in 12.1. Let u be a topological generator of G^. Then, for a finite extension L 
of QP, OL[[GOO]] is identified with the ring OA[A][[M — 1]] of formal power series over 
the group ring 0\\A] in one variable u — 1. 

For h > 1, let 

o//> 

n>0 
creA 

Cn,a * CT • lu - l)n G L A u - 1 ] ] ; LIM 
qsds 

ICn_rr\n ' 71 — 0 for all (j G A 

where | |p denotes the multiplicative valuation of L normalized by |p|p ds l p 
Then 

OL[[GOO]] c+ e(p)p + e(p)pv+ e(p)pvvvxv 

Define 

+ e(p)p LJ 
Ai 

cvxvcv 

Then H8 L is a ring since cvc+ e(p)p Z J%i+j,L for any i,j ^ 1. We defined J#h,L and 
3/0 L by fixing u, but they are in fact independent of the choice of u in the following 

sense. 
Let 

*(Coo) = Homcont(Goo,£ ). (16.1.1) 
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For x € X(Goo), we have a ring homomorphism 

+ e(p)p L 

xw Kx) 

n>0 
(TEA 

+ e(p)p (u - l)n 
cx 

cvcv 

Cn,a • X{°) U(u) - l)n 

The homomorphism H8 L —> Map(X(Gr00), L); fJ> (x *-* Mx)) is injective, and 
H8 x, is identified with a subring of Map (X (Goo), L). This subring is independent 
of the choice of tx, and for h > 1, H8 regarded as a subset of Map(X(Gf00), L ) is 
independent of the choice of u. 

Theorem 16.2 (Amice-Velu [AV], Vishik [Vi]). — Fix a G (F\)x as above. Fix also a 
non-zero element uo of S(f*), and a non-zero element 7 G Vp(f*) such that 7+ ^ 0, 

7 - ^ 0 . Define Q +, Q- G Cx by 

per(cj) = ^ + 7 + + ^ - 7 " . 

Then there exist a unique element 

Lp-adic,a ,UJ ,7 ( / ) £ «^Jfe-l,FA(a) 

(which we denote Lp_adic a(f) for simplicity) having the following properties (i) (a) 
for any integer r such that 1 ^ r ^ k - 1. 

(i) Let n^z 1, let x Gn —• FA 6e a homomorphism which does not factor through 
Gn-i, and regard ktX as an element of X(Goo) (16.1.1). Then 

^p-adic,a ( / ) («rx_1) sd (r - 1)! • vnroTn • + e(p)pxcxcx + e(p)pxcxc 1 
xc 

L{p}(f,X,r) 

(both sides belong to Q, and the equality holds in where ± = (—1) r x ( ~ 1)> X *s 
regarded here as a character of (Z/pn)x via the cyclotomic character Gn m (Z/pn)x, 
and G(x,Cpn) means the Gauss sum ]CbX(fr)Cp»> where b ranges over all elements of 

(Z/pn)x-
(ii) 

Lr>-a,d'ic,a(f)(f^ ) — (r-l)\'(2m)k-r-1' 1 
sdsd (l-pr-'a-1) (l-e(p)pk'-r-1a-1) 'L{f,r) 

where ± = {-l)k-r-\ 

Remark 16.3 

fli Let h > 1 and let /2, / / G J%H,L- Let r ( l ) , . . . , r(h) be distinct h integers, and 
assume 

q+ e(p)pcvb ^ V ( i ) x ) 
for any i = 1,..., h and for almost all elements x € -X"(C?oo) of finite orders. Then 
u = u!. Hence the property (i) in Thm. 16.2 characterizes the element Lp_adic a(f) of 

+ e(p)pwvccx 

(2) For a ,ÒGFx, We have Lp-adic,a,au;,Ò7(/) — Û *Ò • Î p-adic,a,u>,-yif)• 
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The following theorems follows from the work of Perrin-Riou [Pe2l. 

Theorem 16A (Perrin-Riou). — Let L be a finite extension ofQp and let V be a finite 
dimensional L-vector space endowed with a continuous L-linear action o/Gal(Qp/Qp). 
Assume V is a de Rham representation of Gal(Qp/Qp), and assume 

(16.4.1) Dcrys + e(p)p c D 0 
dR 

+ e(p)p in DdR(V*(l)) 

where V* = HomrfKL) endowed with the dual action of Gal(L/L). Let ri G 
Dcrys(Vr*(l)). Then there exists a unique homomorphism 

cxvv H •I 
locV (V) xcv + e(p)p 

having the following properties (i) (ii) for any integer r ^ 1. 

(i) Let n ^ 1, and let \ : GN —+ L* be a homomorphism which does not factor 
through Gn-i> Then for any x G H l 

IOC 
. (V) , we have 

+ e(p)p+ e(p)p (r-IY.-GIXXP*)-1 

a€Gn 
x(*)(a(exp*(a;_r,n)),(p rif) N(7])). 

Here x-riTl denotes the image of x under the composite 

w -1 
loc< (V) wx wx 1 

loc 
:v(-r)) 

proi 
H1(QP(CP»),^(-r)) 

where the first arrow is the product with ( ( 0 ) O (-r))j>1 an^ ^e second arrow is 
the canonical projection (so exp*(#_r)n) is an element of Q (Cp»)®DdR (^( -r ) ) = 
+ e(p)p+ e(p)p+ e(p)p+ e( is the canonical pairing 

( Q ( 0 ) ® D d R ( V ) ) xDcrys(V*(l)) L 

induced by DdRftO x Dcrvs(V*(l)) —> L, and u> is the Frobenius. 
(ii) Assume 77 = (1 — p rip)r]' with rj' G Dcrys(VFx ( / ) ) . Then for any x G H î loc (V), 

2„(X)(KR) = (r - 1)! • (exp*(:r_r,o), ( l - p ^ - V 1 ) » / ) -

This map £v is A-linear, and the map rj >—• £v is L-linear. Furthermore, ifr< 1 and 
if r) belongs to an L-subspace of Dcrys(F*(l)) on which the slope of the Frobenius is 
< h, then Image(£r?) + e(p)p 

Remark 16.5 

(1) In the paper [Pe2], Perrin-Riou in fact defined a canonical homomorphism 

+ e(p)p ^oo,L <S>A lin 

n 
. H ^ z i C p - . i / p l . r ^ i ) ) /(some small thing), 

associated to 77 G Dcrys(V*(l)). The homomorphism in 16.4 is obtained from this 
homomorphism by taking Horn + e(p)pxxvwx 

(2) In the paper [Pe2], the assumption V is crystalline appears to have a map in 
the above (1) for 77 G Dcrys(V*(l)). Kurihara,Tsuji and I checked that this assumption 

is not necessary [ K K T ] . See also [CP], [Pe5]. 
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We apply 16.4 by taking VFx(f*)(k) as V in 16.4. Since (VFxtf*)(k))*(l) = 
V F A ( / * ) * ( ! ~ *0 is isomorphic to V>A(/) as a representation of G a l ( Q / Q ) (14.10.1), 
the condition (16.4.1) is satisfied. 

Theorem 16.6. — Let a,u;,7 be as in 16.2. and let 

z [p) 
7 

( /*)(*) e H 1 
oc1 

+ e(p)pxcx 

6e £/&e image of the p-adic zeta element 

z (P) 
7 

( r ) € H 1 ( v ^ ( / * ) ) 

(12.5 (1)) under the product with (Cpn) ds 
sdq 

T/ien; 

( 1 ) T/iere eziste an element rj of Fx (a) <8>Fa DCrys(V>A ( / * ) * ( ! - fc)) such that 

ip(rj) = arj and \uj,rf) = 1. 

(2) For rj as in (1), we hav 

Lp-a,dic,ct,uj^{f) — £77 (Z' (p) 
'Y + e(p)p 

ifere a; is regarded as an element of DCIR(VFA(/*) ) via the embedding Sir) c 

DdRÍV^ (/*))-

Proof. — We prove (1). Since V K ( / * ) * ( ! -k) + e(p)p and 

1 - avu + e(p)p fc-i, u2 = detFA ( 1 - y r o on Dcrys(V>A(/))) 

by [Sail, there exists a non-zero element ri of F\(at) <S>Fa Dcryg + e(p)p 

such that (f(rj) = arj. It is sufficient to prove (a;, rj) ^ 0. Since the annihilator of 
S(f*) in FA(a) <8>Fx BdR(VFx(rr(l - k)) is Fx(a) ®Fjk D * " 1 ^ ( / * ) * ( ! - fc)), it 
is sufficient to prove that in FA(a) ®/?A DdR(VpA(/*)*(l — fc)), 77 does not belong 
to Fx(a) 0FA D ^ 1 ( V F A ( / * ) * ( 1 — fc)). Hence it is sufficient to show that a non
zero element rj in F\(a) <S>FX •Dcrys(Vp<x(/*)*(l — fc)) such that ip(rj) = an does not 
belong to Fx(a) <S>FX D5R 1 ( ^ > A ( / * ) * ( 1 ~ k)). Consider the FA(a)-subspace Fx(a) • 77 
of Fx(ct) ®Fa Dcrys(VFA(/*)*(l — fc)). This subspace is stable under the action of the 
Frobenius (p. The Newton polygon of this subspace has slope ordp(a) < fc — 1, and if 
77 G F\(a) ®FX DdR1(̂ FA ( / * ) * ( ! ~ k)), the Hodge polygon of this subspace has slope 
fc — 1 [Fo3, §4.4]. By [Fo3, §4.4], this contradicts the result of Tsuji and Faltings 
that VFa ( / ) is potentially semi-stable (as explained in 11.4). 

Next we prove (2) . Let r G Z , l ^ r ^ f c — 1 and let n and x De as in 16.4 ( i ) . 
Write 

exp*(z^(/*)(*0-r,n) + e(p)p with c_r?n G + e(p)pxcv 

Then by 16.4 

wx e 
J7 (/*)(*))(«rx_1) • ds (r-l)\-pnra-n • G ( X . C P - ) - 1 

<r€G?„ 

X(cr)cr(c_r,n). 
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Let ± - ( - l ) f c - r - 1 x ( - l ) . By the characterizing property of the p-adic zeta element 
sdd ( / * ) in 12.5, the image of sqd+ e(p)p X(cr)cr(c_r,n) • U) under 

Q ( C P « ) ® S ( D xwcx c®FvFir) xwc + e(p)p+ e(p)p 

is (2TTÌ) k-r-l + e(p)p+ e(p)pvx This shows 

( 
xc 

cxvv 

X(cr)a(c_r?n) 
0 

• fl± = (2m) k-r-l L{v}(f,X,r). 

This proves + e(p)p+ e(p)p x -̂ p-adic,a,a;,7 ( / ) by 16.3 (1). 

17. The main conjecture, II 

In § 17 and § 18, we consider the relation between the p-adic zeta function of / 
and the Selmer groups associated to / . In this section, we consider the analogue of 
Iwasawa main conjecture in the case / is of good ordinary reduction. 

The following is known: 

Proposition 17.1. — The following three conditions (i)-(iii) are equivalent. 

(i) p does not divide N and av e OAX. 

(ii) p does not divide N and there exists an element a of O? such that 1 — au 
divides the polynomial 1 — apu + s(p)pk 1u2. 

(iii) VFx(f) is crystalline as a representation of Gal(Qp/Qp); and there exists a 
one dimensional F\-subspace VL (f) ofVF.(f) which is stable under the action of 
Gal(Qp/Qp) and is unramified as a representation of Gai .(QP/Q»). 
Furthermore, if these equivalent conditions are satisfied, the element a in (ii) 
is unique, and the subspace V'F (/) in (iii) is unique, and if we put v$Af) = 
vFx(f)/vFAf), v & ( / ) ( * - i ) is unramified as a representation of Gal(Qp/Qp). 

We give the proof of 17.1 in 17.7. 
We say that / has good ordinary reduction at A if the equivalent conditions in 17.1 

are satisfied. 
If / has good ordinary reduction at A, / * also has good ordinary reduction at A. 

This follows from VFX ( / * ) ^ HOIHA (VF. ( / ) , F\)(l — k) by using the above condition 
(iii). 

Proposition 17.2. — Assume f has good ordinary reduction at A. Let VFx (f) am 

Vif (/) be as in 17.1, let T be a Gal(Q/W-stable Ox-lattice in VFJf), and let 

0 —• T' —> T ^ rpll —> 0 

be the exact sequence defined by V = T UV^(f) ,T ' = T/T c V^(f). Then for 
1 ^ r ^ k — 1, the subarowp 

lim 
n 

Sel(Q(C»»),T(r))(-r) 
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Of lim 
?n 

HHZ[C„»a/pl ,r<g)Q/Z) coincides with the kernel of 

lim 
n 

VFx(f)(r)VFx(f)(r)VFx(f)(r) cxvc lim 
n 

VFx(f)(r)xvv Z1" (g) Q/Z) 

and hence is independent of r 

The proof of 17.2 is given in 17.10. 

17.3. Assume / has good ordinary reduction at A. For a Gal(Q/Q)-stable OA-lattice 

T o f V > A ( / ) , let 

Seloo(T) = lim 
TL 

Sel(Q(Cp»),T(r))(-r) [1 < r < k-1) 

which is independent of r, and let 

X(T) = HomoA ;Seloo(T),FA/OA). 

We regard X(T) as a module over A = OA[[GOO]] in the natural way. It is easily seen 
that X(T) is a finitely generated A-module. 

The aim of this section is to prove the following Thm. 17.4. 

Theorem 17A. — Assume f has good ordinary reduction at A. Let T be a Gal (Q/Q)-
stable Ox-lattice ofVpx(f). 

(1) X(T) is a torsion A-module. 
(2) Let a be as in 17.1, let UJ be a non-zero element of S(f*), and let 7 be an 

element of VF(f*) such that 7 + ^ 0 and 7 ^ 0. Then, Lp^dic,a,uj^(f) £ A ® Q , and 
we have 

lengthAp(2(T)pKordp (-Z/p_adic,a:,a>,7 ( / ) ) 
for any prime ideal p in A of height one which does not contain p. 

(3) Let a, a;, 7 be as in (2), and assume that both UJ and 7 are good for some 
Gal(Q/Q)-stable Ox-lattice of VFx(f) in the sense of 17.5 below. Assume further 
v ^ 2 and that the condition 12.5.2 in 12.5 (A) is satisfied. Then -̂ p-adic, a, UJ, 7 'J) 
belongs to A and 

length* [XIT)P] ^ ordp (-̂ p-adic, oc, UJ, 7 ( / ) ) 

for any prime ideal p of A of height one. 

17.5. Assume / has good ordinary reduction at A. Then as we will see in 17.8, the 
composite map 

(17.5.1) S(f) ® F Fx — DdR(VFA(/)) — DdR(V&(/)) 

is an isomorphism. (Here V"Fy ( / ) is as in 17.1.) 

Let T be a Gal(Q/Q)-stable 0A-lattice of VFx ( / ) . Then H°(QP, Z£r <g)Zp T"(k - I)) 

is an OA-lattice of the one dimensional F\-vector space D d R ( V ^ ( / ) ) , where T" is 

the image of T in VF ( / ) and ZJJr denotes the p-adic completion of the valuatior 
ring of Q"r-
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We say an element u of S(f) is good for T if the image of u in DdR,(V£A ( / ) ) under 
the map (17.5.1) is an 0A-basis of H°(QP, Z£r ®Zp T"(k - 1)). Note that a good u> for 
T exists. In the case / of weight 2 and T = (TpE)(—l) for an elliptic curve E over Q, 
u; is good for T if and only if UJ is a Zp-basis of coLie(i?) <g> Zp where E is the Néron 

model of E. 
Recall 14.18 that we say an element 7 of VFX ( / ) is good for T if 7+ is an O^-basis 

of T + and 7 is an Ox-basis of T . 
The following is an old conjecture due to Mazur and Greenberg. 

Conjecture 17.6 (main conjecture). — Assume f has good ordinary reduction at A, and 
let T,£(T),a,u; ,7 be as in Thm. 11.1 (2). Then 

lengthAp + e(p)p — °rdp (£p-adic,a,u;,7 ( / ) ) 

/or any prime ideal p of height one of K which does not contain p. If furthermore p / 2 
and i/u; and 7 are good in the sense of 11.5 for some Gal(Q/Q)-stable 0\-lattice of 
V F A ( / * ) which is isomorphic to T*( l — k) as a representation o/Gal(Q/Q) over 0\, 
then 

length. (X(T)P) = ordp (-̂ p-adic, a ,a> ,7 ( / ) ) 

/or an?/ prime ideal p of height one. 

See Greenberg [Grl] , [Gr2], Schneider [Sep] for more general aspects for motives. 
As we will see in 17.13, the main conjecture 12.10 implies the main conjecture 

17.6. The arguments to do this are similar to the arguments in deducing the classical 
Iwasawa main conjecture for the p-adic Riemann zeta function from the Iwasawa main 
conjecture of the form 12.9, and are well known to experts. 

17.7. We prove 17.1. 
Assume (i) . We prove (ii). Write 1 — apu + e(p)pk~lu2 in the form (1 — au)(l — /3u) 

with a, (3 G F^. If a does not belong to F\, we have ordp(a) = ordp(/3) because a 
and P are conjugate over F\. Since a/3 = e(p)pk~1, ordp(a) = ordp(/?) = kj^ > 0 
and this contradicts a + 3 = a„ G Ox. Hence a G F\. This shows a. 3 £ 0\. Bv 
+ e(p)p+ e(p)p one of a,/3 belongs to O?. Hence (i) implies (ii). 

Assume (ii). We prove (iii). Since p does not divide N, Vpx(f) is a crystalline 
representation of Gal(Qp/Qp). The space Dcrys(VpA(/)) has a Probenius and a 
filtration (DJR(V>A(/)))i€Z via the identification DcryB(V>A(/)) = D D R ( V F A ( / ) ) . We 
have 

+ e(p)p+ e(p)p 
xc 

f 

< 

DdR(VFx(/)) for 2^0 , 

S(f) ® F Fx for 1 ̂  i < /c — 1, 

0 for i ^ k. 

Let oj be as in condition (ii). Since 

deti?A ( l — tpu ; BCTYS(VFJf))) = 1 — ar.ii 4- £i [P)P 
k-i u2 
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[Sal], DCrys(VF\(/))a = {x e Bcrys(VFx(f)) ; <p(x) = ax} is a one dimensional F\-
vector space. 

Let U be a one dimensional F\-vector space which is endowed with an unramified 
action of Gal(Qp/Qp) such that the arithmetic Probenius acts by a~1. Then the 
Probenius on DCTys(U) coincides with the multiplication by a, DdR(C7) = DdR(l7) for 
i ^ 0, and D%dR(U) — 0 for i ^ 1. Let h : Dcrys(J7) —> Dcrys(VFA ( / ) ) be an injective F\-
linear map whose image is Dcrys(VFA ( / ) ) « • Then h preserves the Probenius operators 
and the filtrations, and hence comes from an JPx[Gal(Qp/Qp)]-homomorphism U —• 
VFAf) [Foil. Let VFx(f) be the image of this homomorphism. Then Vk(f) is 
unramified. 

It is easy to see that (uj implies (lj. 
We prove that (iii) implies (ii). Since VFx(f) is crystalline as a representation of 

Gal(Qp~/Qp), p does not divide N by [Ca] and [Sal]. Since 

1 — dr>u + e(p)u2 = det(l - cpu; Dcrys| + e(p)p (14.10.4) 

and since the slope of the unramified representation VFx(f) is zero, we have (ii). 
Thus we have proved that the conditions (i)-(iii) are equivalent. Assume now that 

these equivalent conditions are satisfied. Then a in (ii) is unique as is easily seen. Let 
+ e(p)p = VFx{f)/VUf) Since 

sdsd if) ® F , V & ( / ) ( * - ! ) ^ (detFx(VFx(f))) ( f c - 1 ) 

is unramified (14.10.2), we have that VFx(f)(k — 1) is unramified. Since VFx(f) is not 
isomorphic to VFx{f), we see that VFx(f) is unique. 

This completes the proof of Prop. 17.1. • 

17.8. We prove the biiectivity of the composite map (17.5.1). For i G Z , we have an 
exact sequence 

n —> D i dR' .(VkU)) D i 
dR 

(VFx(f)) DdF (vk(f)) —>0. 

For i such that 1 < i < k — 1, 

D k ( ^ ( / ) ) = 0, DjR (VFx(f)) = SF(f) ®F F A a n d D ^ " ( / ) ) = D k ( ^ ( / ) ) -

Hence SF(f) ® F Fx - D k ( V ^ ( / ) ) is an isomorphism. 

Lemma 17.9. — Assume f has good ordinary reduction at X, let T,T',T" be as 
in 17.2, and let f be an integer such that 1 ^ r ^ k — 1. Then the image of 
lim H}(Qp(Cpn),T(r)) in H,1 (T( r ) ) coincides with the image oj Hj,c(T ' ( r ) ) . 
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Proof. — By Prop. 14.12, we have 

H° + e(p)p = w [Qv,v) = o for V = + e(p)pxcxvbvb ( / ) ( r ) , V & ( / ) ( r ) , 
dimj^ H1 [Qv,vFx(f)(r)) = 2, 
dim^ qs (Qp,vFx(f)(r)) = i, 

dinii^ qs + e(p)p = 1 for V = 1 ̂ ( / ) ( r ) , ^ ( / ) ( r ) 

H}(Qp,V ' ( / ) ( r ) ) wcwv (QP,VFAf)(r)), 
sq ( Q P , v ^ ( / ) ( r ) ) = 0. 

We have also Hm(Qp(CPn), V ^ ( / ) ( r ) ) = ®iHm(Qp, VLi( / ® Xi)(r)) and similar facts 
for VF (f)(r), Vpx ( / ) ( r ) , where Lt are finite extensions of Qp satisfying F\ [ № " ) x j = 
Ili Li and where Xi • ( Z / p » ) * qs qss are induced homomorphisms. These show 
that H}(Qp(Cpn),VFx(/)(r)) coincides with the image of HA(QP(CP»), VFx ( / ) ( > ) ) in 
H1(Q«(Cow),(Cpn) Hence Hi(QD(C»™)5 T ( r ) ) contains the image of the injection 
H H O P K P - ) , ! » ) < X W W X X W wx v ( C p n ) H H Q P C C P - ) , ^ / ) ^ ) ) , and 

H1, (Qp(Cp-),T(r))/ ' H ^ Q p C C p » ) , ! » ) 

is a finite group and is embedded into the torsion part of H1 (Qp(Cp™), T" '(r)) . Since 
the torsion part of H1 (QP(CP- ) , T"{r)) is the image of H°(QP(CP- ) , T"{r) <8> Q /Z) , it is 
sufficient to prove that lim H°(Qp(Cp™), T" ( r ) ® Q/Z) is zero. But this follows from 
the finiteness of H° ( {Qp(ÇP~),T"(r)®Q/Z) 13.13). 

17.10. We prove Prop. 17.2. Let 1 ^ i ^ k — 1. For each prime number £, let 

Aï = HA(Q*®Q(CP»), w x T ( r ) ® Q/Z) , 

xc = Image (H}(Q^ 0 Q(Cp-), x c r ( r ) ® Q ) ^ A ? ) , 

For each prime number £ ̂  p, let 

xcc xc= H1(z^®z [ cP«] , T ( r ) ® Q/Z) c Ant. 

Then for any prime number £ ^ p, By coincides with the biggest divisible subgroup 

of ( xccx We have 

Sel(Q(Cp»), r ( r ) ) = Kei ( 
<wH1(Q (Cp») ,r ( r )®Q/Z) wx w 

xI wI B n 
V e ( wx 

wx 
wxww<x 

) 

5(Q(CP-) ,TA(/)(r)) = Kei wx (Cpn)wvvv T( r ) (8) Q /Z) wc x in 
xc 

xcc 3 c 
c c ( cx 

xc 
4? x7 cxxc 

) 

H (Z[CP»,l/p],r(r) 8 Q/Z) xcx Ker 
( 

H1 (Q(Cp-), T(r) ® Q/Z) xc œ 
xcc 

(Cpn) 
) c 

We have lim 
>n 

(Cpn) 0 since 

H (z<®z[Cp»], ) xc H1 (F /®Z [C .» ] , ) 
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and the »-cohomological dimension 01 u „ F«(Cp-) is zero. Hence we have also 
hm 

ffl 
prc x o, RTIH 

lim 
TA 

Sel(Q(CPn), T ( r ) ) xw Lim 
WN 

wxw (CP«) , T(r)) 
(17.10.1 

wx lim 
n 

Ker ( H ( Z C » - , I / P , T(r) ® Q / Z ) xw wx 71 
x 

x x n) x 

Hence it is sufficient to prove that B™ is equal to the kernel of 

lim 
N 

x N 
WV wx lim 

N 
Hi (QP(CP- ) , x r(r)(g)Q/Z) 

But this follows from Lemma 17.9 by duality [BK2, Prop. 3.8]. 
The following Prop. 17.11 and Lemma 17.12 are preliminaries for the proof of 

Thm. 17.4. 

Proposition 17.11. — Assume f has good ordinary reduction at X, let T be a 
G a l ( Q / Q ) -•stable Ox-lattice O / V F A ( / * ) , let V = T H VFx (/*), T" = T/T' C V f t ( / * ) . 
Let n be a basis of the invertible Ox-module 

H° (QP, z ur 
wx 

wxx HomoA wx(T" ,0A)( l - fc) ) c Dcrys (Cpn)xxc (Cpn)xcxcx 

T/ien £/ie homomorphism 

Siri cx H c 
loc (T(fc)) xcx cx DO,FA (16.4) 

induces an injection 
H l loc № ) ) / H l 

loc (T'(*0) xcxc A, 

whose cokernel is a finite group. 

Proof — Since rj G Dcrys(V£' ( / * ) * ( ! — k)), the map £^ factors through {T(k)) cx 
(Cpn)(Cpn)wc Since Hfoc(T'(k)) is a finite group, the cokernel of the injective homo
morphism 

H l 
loc" 

(T(fc))/H 1 
Lloc [T fc xvxv H • 1 

locV 
T'(k)) 

is a finite group. It remains to prove that £r? induces an injective homomorphism 
xx l 

loc 
(T"(k)) xc A with finite cokernel. Hence we are reduced to the following lemma 

17.12 which we apply by taking T"{k - 1) as T in Lemma 17.12. 

Lemma 17.12. — Let L be a finite extension of Qp, and let T be an invertible Ol-
module endowed with a continuous unramified Ol-linear action of Gal(Qp/Qp) such 
that H°(Qp ,T) = 0. Let rj be an Ol-basis of the invertible Ol-module 

xc xcc 7/ ur 
V xcx wxc 

Then £ x H l 
loc 

xwcw cx 0/0 induces an injection cx l xlocV 
xcxxc cx OlIIGOO}} whose 

cokernel is a finite group. 
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Proof. — In this case, the homomorphism £„ is expressed by using the theory of 
Coleman power series. 

Let xc be the residue field of QXr, which is an algebraic closure of Fp. Since T is 
unramified, T is regarded as Gal (Fp/Fp> -module. The map xcwc is written as 

xc RI 
loc T ( l ) ) a 

xcw xc xo cx 
xc Fp lim 

x<— n 

H1 (Q^r(Cp«),Zp(l))®ZpT 
= 
= 

f 
sdff H° ;Qp,z"r ®ZPT) sdff Or [[Goo]] 

n 
dffd 
d 

Or dfI dffd f 

where a is the evident map and b is defined as follows. Let 

P = lim(d 
n 

sdfd (CP»)X) df 
5 

sdfs lim 
dfs 
f 

( dff 
f [CP«]X) 

f 

where ( ) denotes the p-adic completion lim 
< n X)/pn i) Then 

P d dffd lim 
n 

H1 f 1 ur 
-p 

:cpn),Zp(i)), 

(Cpn) xc 
xccx zp by the additive valuation. 

By Coleman [CR1, CR2], we have an exact sequence of Gall (FP/FP) -modules 

(17.12.1) 0 df zp cvxcv Q r. 
cxv z nr 

t Icv vcv ]] cxv 0, 

where the map Zp cvv Q sends 1 G Zr, to (—Çvn)n>i G Q and c is defined as follows. 
Let t be an indeterminate, and let 

cv (resp. (jyj : Z ur 
'P [[•v - 1 ]] cvc 2 UI 

P [I t - 1 S 

be the unique continuous ring homomorphism such that <p(t) = t? (</>(t) = t) and such 
that the restriction of (p (resp. (f>) to Z£r is the Frobenius automorphism of Z"r. Since 

xwc acts on Z"r[[£ — 1]] as ZJJMinear continuous ring automorphisms in the way that 

o- G Goo sends t to tK^aK we can regard Z»r[ [ i -1 ] ] as a z™xcc«,]]-•module, l<or each 

u = (un)n c lim 
r ii 

m nr I 
cx 

[CP»]x C Q, by the theory of Coleman, there exists a unique 

element u = u a) cx z ur 
y 

[[t-iT (the Coleman power series associated to u) such that 

c xc <f)-n(ü)((pn) for all n ^ 1. Furthermore, there exists a unique element fiu of 
Z 'ur 

p 
fGoo 11 such that 

1 
log((u )Mì)"1) = Mi. • t in z Ul 

p 
(Cpn) 

Here / i« • t is defined by the above Z"r[fGoo 11 -module structure of xc wxcccwxc The 
map c is defined by c(u) = jiu. Now the definition of b is as follows. Since 

H°(FP, P/Q ®Zd T ) ~ H ° ( Q p , T ) = 0, 
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we have H° (FP,P®Z T) D Hu(Fp,Q®ZpT). The map b is defined to be the composite 

H°(Fp ,P®ZpT) D H°(Fp,Q®Zp T) c 
FD H°(Fp,ZJr[[Goo]] ®ZpT) 

= H°(Qp,Z"r ®z„ T) ®oL OLUGOO}}. 

It remains to prove that the map a is bijective and that the map b is injective and 
the cokernel of b is finite. The bijectivity of a follows from H1 (Qp"(Cp») ,Zp(l)) FD 
H1 SDF (C»-),Zp(i)) and from the spectral sequence 

SFF F ET (F„,№ hJ Cp- , SQD E i+3 
oo D SQD (Qp(Cp»), ) • 

Next by the exact sequence (17.12.1), Ker(6) = H°(Fp,r) and Coker(6) C 
HHFP,T). Hence the injectivity of 6 follows from the vanishing of H°(FP,T) = 
H°(Qp,T), and the finiteness of the cokernel of b is reduced to the nniteness of 
(Cpn)WX X Coker(Frob„-l: T),wXChich follows Ker Frob„-l : T) C H°(Fo,T) = 0. • 

17.13. We prove Thm. 17.4 
First the property Lp-adic,a,u;,7(/) € A(8)Q (resp. Lp-adic,a,w,7(/) £ A) in 17.4 (2) 

(resp. 17.4 (3)) is known but follows also from 17.11 and 16.6 (resp. 17.11, 12.5 (4) 
and 16.6). 

Let T be a Gal(Q/Q)-stable 0A-lattice of VFa( /*) - Take any integer r such that 
1 ^ r ^ k - 1.XC By taking lim of the sequence (14.9.3) for K = Q(Co*0 and fo: 
T(r) (we use T{r) as T in (14.9.3)), and by using (17.10.1), we obtain a sequence of 
A-modules 

(17.13.1) 0—•H1(T(fc)) / l̂im 
n 

Hi(Z[Cp»,l/p],T(r)) (* - r)) 

> H 1 
loc' [T(k))/ (lim 

n 
CC (Qp(Cp-).r(r)) ( fc -r ) ) 

XC X(Tm(l - fc)) > H2(T(k)) CX Hloc (T(k)) 

( T * - H o m o A ( T , 0 A ) ) which is exact if p ^ 2, and is exact upto x2 in the case p = 2. 
We show first 

(17.13.2) lim 
nC 

CX (ZCp- , i /p , T (r)) = 0. 

For this, since H1(T(/c)) has no A-torsion and is of A-rank 1 (12.4), it is sufficient 
to show that the image of H1 №CX)) in Hjoc C X № ) ) >/( lim 

* TL 
XC (Qp(Cp-).r(r)) (fc-r)) IS 

of A-rank 1. This fact is shown by observing that the image of Z(f)(k) (12.5 (2)) is 
already of A-rank 1. 

Next by 17.9, we have 

17.13.3) H l locV CO/ ( LIRR XC (QP(CP"): T r fc-r CX XCC № ) ) / Hloc C № ) ) 

where f = TnC CXW (/*)• Furthermore by the latter half of Thm. 12.5 (3), 
(17.13.4] XC •2 

loc 
(T(k)) is a finite group. 
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Let p be a prime ideal of A of height one. In the case p contains p, we assume 

p ^ 2 and that the condition (12.5.2) in 12.5 (4) is satisfied. By (17.13.2)-(17.13.4), 

we obtain from (17.13.1) an exact sequence 

0 CBVB H1! (Cpn) XBV H 1 
loc ( T ( * 0 ) p / H 1 

loc (T'(k))p 

XCV X ( T * ( 1 - fc))p CVX H2(T(fc))p CV 0 

Let u> be an element of S(f*) which is good for T, and let 7 be an element of VF(f*) 
which is good for T , in the sense of 17.5. By 17.11 and by 12.5, 16.6, we have an 

isomorphism H11oc(T(/i;))p/H11oc(T/(A:))p ~ Ap which sends the image of Z(f,T)(k)f 

(12.5 (4 ) ) onto Ap • (Cpn)(Cpn)(Cpn) Hence we obtain an exact sequence 

0 XV H1 XV(T(k))p/Z(f ,T)(k)p WV A P / ( A „ CV 2 p-adic,a,u>,7 ;/)) 

> 
X C X V V V C V C H I - * ) ) , CVX H (Cpn) CX 0 

Hence £ ( T * ( 1 — k))p is a torsion Ap-module, and 

length 
XC 

X W C ( X ( T * ( l - k ) ) p ) CX length AP (Ap/ ( Lp- adic, a, u;, 7 ) ) 

C length A», 
(H2(T( fc ) ) ) C length 

C 
( H 1 ( T ( A ; ) ) p / Z ( / , r ) ( A ; ) p ) . 

Hence Thm. 17.4 (resp. Conj. 17.6) becomes a consequence of Thm. 12.5 (resp. 

Conj. 12.10). 

18. p-adic B i rch S w i n n e r t o n - D y e r conjectures 

In this section, we assume k is even. 

Let T be a Gal(Q/Q)-stable 0A-lattice of VFx(f){k/2). We consider the relation 

between the corank of the Selmer group Se l (T) and the order of the p-adic zeta 

function of / at s = k/2. 

18.1. For the order of the complex zeta function L ( / , s ) , the "modular form version" 

of the Birch Swinnerton-Dyer conjecture says 

corankoA ( S e l ( T ) ) CX ord s=k/2 (Hf,s)). 

A p-adic analogue of this is formulated in [ M T T ] . 

Assume that there is a G F\ such that 1 — au divides 1 — apu + s(p)pk~1u2 and 

such that ordp(a) < k — 1. Let a; be a non-zero element of £ ( / * ) , and let 7 be an 

element of VF(/*) such that 7+ / 0 and 7 " ^ 0. Write I /p -adic ,a ,u; ,7 ( / ) simply as 

£p-ad ic , c* ( / ) (the choices of u; and 7 are not important in the following). We denote 

^oo,FA(a) simply b} 0/0 
7c00 

For an element a of µ and for r G Z, we define the order of a at s = r, denoted 

by ords=r(/z), as follows. Let p be the kernel of the ring homomorphism Woo —• 

(Cpn)(Cpn)(Cpn) induced by the group homomorphism K1 CV Goo y Zp (Cpn) 
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Then as we will see in 18.6, the local ring Jtif^ *, is a discrete valuation ring. We define 
ords=r(//) d = length 

dff (^XD,p//^^00,t))-

Conjecture 18.2 ([MTT]). fd If dsfds (k-2)/2 
1 we have 

corankoA 'Sel(T)) fd ords=fc/2 (-£/p-adic,a ( / ) ) • 

Ifo d f 'k-2) 12 
f we have 

corankoA SelT c VFx(f)(r) (,Zyp_adic,o ( / ) ) c 1. 

Remark 18.3. cc If a = v [k-2)/2 
c 

then L 
p-adic,o ( / , * / 2 ) = 0(16.2 (ii)) and hence 

ord. S = K/ 4 c( ̂p-adic, a ( / ) ) > 1. 

If a = v 
(k-2)/2 

5 
then p divides N. In the case k = 2 and / corresponds to an elliptic 

curve E over Q, a = 1 if and only if E ® Qp is a Tate curve. 

Theorem 18.4. — Let T be Gal(Q/Q)-stable Ox-lattice ofVFx(f)(k/2). Then we have 

^ in place of = in Conj. 18.2. That is, 

corankoA (Sel(T)) xc 
) 
) ord5==fe/2 ( -̂ /p-adic, a. ( / ) ) if a p [k-2)/2 

ord •s=k/2 (-̂ /p-adic, a' ( / ) ) - 1 if x x P (k-2)/2 
x 

In particular, if k = 2, F — Q, and / corresponds to an elliptic curve E over Q, we 
/ia^e 

rank (-E'(Q)) < ord 
x (-̂ p-adic,a ( / ) ) 

z/E1 is not a Tate curve, and 

rank :^(Q)) x ord s=l ( -̂ /p-adic, a ( / ) ) - 1 

if E is a Tate curve. 

The arguments in the proof below for the case a ^ p(fc_2)/2 is given in Perrin-Riou 
[Pel], [Pe3]. The proof for the case a = p(fc~2)/2 will be given in [KKT], and we 
give below the outline of it. 

18.5. We prove that for p as in 18.1, the local ring J^o,p is a discrete valuation ring. 
This is reduced to the case r = 0, and then to the following fact. Let L be a complete 
discrete valuation field of mixed characteristic ( 0 , » ) , and let 

x x { Y. xw x X n X1 \a»n |p • n. -h xw 0 for some w<xx } c wxwx 
x 

Here I L denotes the multiplicative valuation of L normalized by IPIP x wxwx Let p be 
the prime ideal {X^n>o anXn G A; ao = 0} of A. Then the local ring Ap is a discrete 
valuation ring. We prove this. If ¡1 = Yln>o anXn G A, /i ^ 0, and m = min{n ^ 

0; an Ï 0},xx then [iX 7X1 — J2n>0an+rnXn belongs to A. (In fact, \an\p • n h -> C 
for some h ^ 1, and hence limn_>00 |an+m|p wxx x limn_,oo \an\p • (n - m)-h = 0.) 
Hence any non-zero element of A can be written in the form Xm/x for some m ^ 0 
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and for some a € A \ p. This shows that all ideals of Ap are given by (Xn) (n ^ 0) 
and (0). Hence Ap is a discrete valuation ring. 

Proposition 18.6. — Let T be a Gal(Q/Q)-stable Ox-lattice of VFx(f)(k/2), and let j 
be the canonical map 

H1! (Z[l /p] ,T*(l)) CXV H^Qp .TVl ) ) ) / H } ( Q p , T * ( l ) ) . 

T/ien 

corankoA (ael(i ) VCX 

° 
° 

dim/rA H2(Z[l/p],Vn(/*)(fc/2)) 

iimFA H2(Z[l/p],VFA(/*)(fc/2)) - 1 

(Cpn)(Cpn) 

ifj®Q = 0. 

This follows from the exact sequence in the category {abelian groups}/{finite groups} 

H\Z[l/p},T*(l)) 1 
CX H ^ Q p . r V l ) ) / C 

C 
(Qp , r*( i ) : 

C 
C 

Sel(T)v XC H'(Z[l/p], (Cpn) XC 0 

where ( ) v = Hom0x( ,Kx/0\). (see (14.9.4). Here we used the fact H2(QP, T * ( l ) ) is 
finite (14.12), and the fact that T * ( l ) is isomorphic to a Gal(Q/Q)-stable 0A-lattice 

ofVFA(/*)(fc/2) as a representation of Gal(Q/Q) over 0\. 

Lemma 18.7. — Let p be the ring homomorphism A —• 0\ which sends G^ to 1. 
Then we have 

dimFA(H2(Z[l/p], VFx(f*)(k/2))) ^ lengthA (Cpn)(Cpn)V (A/2)p/Z(/*)(fe/2)p). 

Proof. — By 

H2(V^(/*))(A:/2) p/pH '(vFi(/*))(fc/2)„ - H ^ z r i / p l . v M r x * ^ ) ) , 

we have 

dmiFA 1 (Cpn)(Cpn)(Cpn) ( /*)(*/2))) 

= length. (H2(Vp,(r))(fe/2)p / p H ^ ( ^ ( / * ) ) ( f c / 2 ) p ) 

< lengthAp ( H 2 ( V F , ( D ) ( f c / 2 ) p ) 

s£ lengthAp ( H ^ V F ^ / * ) ) (fc/2)p/Z(/*)(fc/2)p), 

where the last ^ follows from Thm. 12.5 (3). 

18.8. Let p be as in Lemma 18.7. Then the kernel of the ring homomorphism 

tnv : XWC XC Fx(a) 

which sends g8 to 1 coincides with pJ^oo-
For r GZ, let rr : , W —• W be the ring isomorphism induced by 

Goo DF SFDDF a DFS K,(cr)ra. 
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Let 77 be as in Thm. 16.6. Then the A-homomorphism 

DSF H 1 
loc 

(VF, ( F )(*)) > 
1/0 

induces a A-homomorphism 

(Cpn) H 1 
loc •XVFXIN< XC[k/2)] XCW XCW 

X I—> WCXC (x <g> (Cpn) ®(K/2) 
CC ) 

Let / be the ideal of XC(Cpn) generated by the image of X (f*)(k/2) under (Cpn) 
Then I coincides with the ideal generated by Tc/2 -̂ p-adic, a ( / ) . Hence 

(18.8.1) length C(Cpn) XC XCX(Cpn) X XC ords=0 (/rfc/2-̂ p-adic,o; ( / ) ) 

CX SEI s=fc/2 <-̂ p-adic,CK (,/*))• 

Lemma 18.9 

(1) We have 

lengthAp ( H (VpA(/*))(fc/2)p (Cpn)XVXV ^ Ords=fc/2(£p-adic,a(/))-

[2) I / j ® Q = 0, 

lengthy (Cpn)VXVV (fc/2)B/Z r i(fc/2)p; X ord s=fc/2' iZ/p_adic,a(/)) - 1. 

Proof. — (1) is clear from (18.8.1). Assume j ® Q = 0. Since the composite 

(18.9.1Ì H 1 ( V K ( r ) ) ( f c / 2 ) 
£"N,K/2 

CVV tnv 
FA (a) 

coincides with a - f ,(fc-2)/2a -1 ) ( 1 - p{ ,(fc-2)/2a -1 times the composite 

H 1 yFx(D)( fc /2 ) CV H1! V C V ( z [ i / p ] , v n ( r ) ) 
j'<g>Q 

C V C V V H ^ Q p ^ c r x f c / s ) ; / CV (QP,v^( /*) ( fc /2) ) exp* 
C V s ( r ) CVWV 

r? 
FA (a) 

(16.4 (ii)), the map (18.9.1) is the zero map. Hence the image of 

£/7,fc/2 (Cpn)(Cpn)(Cpn)(Cpn) — ) (Cpn)V 

is contained in p XVV Hence we have the ^ in 

lengthAp ( H 1 ( V F A ( / * ) ) (fc/2)p/Z(r)(fc/2)p) ^ length (Cpn) 
(Cpn)(Cpn)(Cpn) 

= length (Cpn) V(Cpn)(Cpn) - 1 . • 

18.10. Now the case a ^ p(k~2)/2 of Thm. 18.4 follows from Lemma 18.6, 18.7, 18.9. 
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18.11. Finally we give the outline of the proof of the case a = p(k 2^2 of Thm. 18.4. 
In the case, by [KKT], the image of 

£"r),k/2 X XCC (VFx(r)(k/2)) CX ^00,0^00 

is contained in pJ^co, and the composite map 

£"n,k/2 C Hloc (VpA(D ( fc /2) ) XC (Cpn)(Cpn) XC (Cpn)(Cpn) /P ^0,P^Toc 

factors through the canonical projection 

Hloc ( V ^ ( D ( f e / 2 ) ) CX HHQp,VpA(/*)(*/2)) /H}(Qp>V^(R)(fc/2)) . 

Hence in the case a = P (k-2) 2 and j (g) Q = 0, the image of 

£r7,fc/2 :W(VFx(f*)(k/2)) XC (Cpn)VXV 

is contained in P2 (Cpn)XVCV These show that 

lengthAp C V V ( H 1 ( ^ ( / * ) ) ( ^ / 2 ) p / Z ( / * ) ( A ; / 2 ) p ) V C3rds=fc/2(I/p_adic,a(/)) - 1 

in the case a = p ,(fc-2)/2 and ? ® O ^ 0 , and 

lengthA ,(H1(V>A(/*))(A;/2)p/Z(R)(fc/2)p) V Ords=fc/2(^p-adic,a(/)) ~ 2 

m the case a VC 
v{k~2)/2 and j <g> Q = 0. rhis and Lemma 18.6, 18.7 prove the case 

a = % Jk-2)/2 of Thm. 18.4. 

Table of special Notation 

Zeta elements 

c,dZM,N (a zeta element in K2 of a modular curve Y(M, N)) 2.2 

ZM,N (a zeta element in K2 <8> Q of a modular curve Y(M, N)) 2.2 

c,d,ZM,N(k, r, r ' ) , ZM,N(k, r, r ' ) (zeta modular forms of weight k on X(M, N)) 4.2 

c,dZ^N(k, r, r') (a p-adic zeta element on X(M, N)) 8.4 

zi,N,m(€, S) (a zeta element in K2(Y1(N) <g> Q(Cm)) ® Q) 5.1 

c,dZi,N,m(k, r, r', £, 5) , ^i,jv,m(fc, ^ r', 5) (zeta modular forms of weight 

onXi(JV)®Q(Cm)) 5.2 

c,dziPjv,m(^'r'r''e ^ ) (a P~adic ze^a element of weight k on Xi(N) <g> Q(C™)) 8.9 

zm(f,e?s (a zeta element in K2 0 Q of a new form / ) 5.1 

zm{f, r, r', £, S), c,dZm(f, r, r', £, 5) (zeta modular forms of a new form / ) .. 5.2 

c,d^m^(/, r', £, 5) (a p-adic zeta element of a new form / ) 8.11 
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Zeta functions 

ZMÌN(S) 2.5 

ZM,N(k,s) 4.5 

((a,*) 3.9 

C(*,s) 3.9 

-̂ p-adic, at, a;,") ( / ) , -^p-adic.aC/) Jthe p-adic zeta function of a new form / ) 16.2 

Iwasawa algebra and a related ring 

A 12.3 

Hoo,L 16.1 

Modular curves 

Y(N) 1.1 

Y(M, N) 2.1 

Y1(N) = Y(liN) 2.1, §5 

Y(M(A),N),Y(M,N(A)) 2.8 

X(N),X(M,N),X1(N),... smooth compactifications of Y(N), Y(M, N), Yi(iV),. . . 

/ * (the dual modular form) 6.5 

Spaces associated to modular curves or to modular forms 

VkiA(Y(M,N)), VktA(X(M,N)) 4.5 

Mfc, (Mk(X(N)) etc.) (space of modular forms of weight k) 3.1 

Sk (Sk(X(N)) etc.) (space of cusp forms of weight k) 3.1 

VAU) 63 

S(f) 6.3 

Maps related to modular curves 

v 1.8 

'•PA 2.8 

reg (regulator map for K^) 2.10 

per (period map) 4.10 

exp* (the dual exponential map) 9.4 

£^ (Perrin-Riou map) 16.4 
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Special functions 

c0E (a theta function on an elliptic curve E) 1.3 

cg<x,ß, 9a,ß (Siegel units) 1.2 

cE^ß (Eisensetein series of weight k) 3.2, 4.2 

E^ß (Eisenstein series of weight k) 3.3 

E^ß (Eisenstein series of weight 2) 3.4 

F^ß (Eisenstein series of weight k) 3.6 

Operators 

T ( n ) (a Hecke operator) 2.9, 4.9 

T ' ( n ) (a dual Hecke operator) 2.9, 4.9 

Special integral cohomology classes 

SM,N 2.7 

ÖM,N{k,j) 4.7 
ÖM,N{k,j 6.3 

G r o u p s related to Galois cohomology 

H m 12.2 

HMloc 12.2 
Z ( / ) , Z ( / , T ) 12.5 

Se\(K,T) (Selmer group) 14.1 
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