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1. INTRODUCTION

Suppose that a countable group G acts freely and ergodically on the standard
probability space (X, u) preserving the probability measure . We are interested in
several types of ‘isomorphisms’ between such actions. Two actions are said to be

(1) conjugate if there exist a group isomorphism and a measure space isomorphism
satisfying the obvious conjugacy formula;

(2) orbit equivalent if there exists a measure space isomorphism sending orbits to
orbits, i.e., the equivalence relations given by the orbits are isomorphic;

(3) von Neumann equivalent if the crossed product von Neumann algebras are
isomorphic.
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Note that the crossed product construction® has been introduced by Murray and von
Neumann [41], who called it the group measure space construction.

It is clear that conjugacy of two actions implies orbit equivalence. Since the crossed
product von Neumann algebra can be defined directly from the equivalence relation
given by the orbits, orbit equivalence implies von Neumann equivalence. Rigidity
results provide the converse implications for certain actions of certain groups. This
is a highly non-trivial matter. Dye [16, 17] proved that all free ergodic measure
preserving actions of groups with polynomial growth on the standard probability space
are orbit equivalent. This result was extended to all amenable groups by Ornstein
and Weiss [45]. Finally, Connes, Feldman and Weiss [10] showed that every ergodic
amenable probability measure preserving countable equivalence relation is generated
by a free Z-action and is hence unique. Summarizing, for amenable group actions
all information on the group, except its amenability, gets lost in the passage to the
equivalence relation.

Concerning the relation between orbit equivalence and von Neumann equivalence, it
was noted by Feldman and Moore [19] that the pair L (X, u) C L>=(X, 1) x G remem-
bers the equivalence relation. The abelian subalgebra L™ (X, i) is a so-called Cartan
subalgebra. So, in order to deduce orbit equivalence from von Neumann equivalence,
we need certain uniqueness results for Cartan subalgebras, which is an extremely hard
problem. Connes and Jones [12] gave the first examples of non orbit equivalent, yet
von Neumann equivalent actions.

In this talk, we discuss Popa’s recent breakthrough rigidity results for Bernoulli
actions® of Kazhdan groups. These results open a new era in von Neumann algebra
theory, with striking applications in ergodic theory. The heart of Popa’s work is
his deformation/rigidity strategy: he discovered families of von Neumann algebras
with a rigid subalgebra but yet with just enough deformation properties in order for
the rigid part to be uniquely determined inside the ambient algebra (up to unitary
conjugacy). This leads to far reaching classification results for these families of von
Neumann algebras. Popa considered the deformation/rigidity strategy for the first
time in [54]. In [52], he used it to deduce orbit equivalence from mere von Neumann
equivalence between certain group actions and to give the first examples of II; factors
with trivial fundamental group, through an application of Gaboriau’s £2 Betti numbers
of equivalence relations [22]. Deformation/rigidity arguments are again the crucial
ingredient in the papers [48, 55, 56, 53] that we discuss in this talk and they are
applied in [29], in the study of amalgamated free products. These ideas may lead to

(D The crossed product von Neumann algebra L™ (X, u) X G contains a copy of L (X, u) and a copy
of the group G by unitary elements in the algebra, and the commutation relations between both are
given by the action of G on (X, p).

(D) Every discrete group G acts on (X, p) = ngg(Xo7 10), by shifting the Cartesian product. Here
(Xo, po) is the standard non-atomic probability space and the action is called the Bernoulli action
of G.
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many more applications in von Neumann algebra and ergodic theory (see e.g. the new
papers [28, 58] written since this talk was given).

In the papers discussed in this talk, the rigidity comes from the group side and is
given by Kazhdan’s property (T) [15, 36] and more generally, by the relative property
(T) of Kazhdan-Margulis (see [26] and Valette’s Bourbaki seminar [63] for details): the
groups dealt with contain an infinite normal subgroup with the relative property (T)
and are called w-rigid groups. Popa discovered a strong deformation property shared
by the Bernoulli actions, and called it malleability. In a sense, a Bernoulli action can
be continuously deformed until it becomes orthogonal to its initial position. In order
to exploit the tension between the deformation of the action and the rigidity of the
group, yet another technique comes in. Using bimodules (Connes’ correspondences),
Popa developed a very strong method to prove that two subalgebras of a von Neumann
algebra are unitarily conjugate. Note that he used this bimodule technique in many
different settings, see [29, 46, 55, 56, 52, 51].

The following are the two main results of [48, 55, 56] and are discussed below. The
orbit equivalence superrigidity theorem states that the equivalence relation given by
the orbits of a Bernoulli action of a w-rigid group, entirely remembers the group and
the action. The von Neumann strong rigidity theorem roughly says that whenever a
Bernoulli action is von Neumann equivalent with a free ergodic action of a w-rigid
group, the actions are actually conjugate. It is the first theorem in the literature
deducing conjugacy of actions out of von Neumann equivalence. The methods and
ideas behind these far reaching results are fundamentally operator algebraic and yield
striking theorems in ergodic theory.

Some important conventions

All probability spaces in this talk are standard. All actions of countable groups G
on (X, p) are supposed to preserve the probability measure p. All statements about
elements of (X, 1) only hold almost everywhere. A w-rigid group is a countable group
that admits an infinite normal subgroup with the relative property (T).

Orbit equivalence superrigidity

In [48], the deformation/rigidity technique leads to the following orbit equivalence
superrigidity theorem.

THEOREM (Theorem 4.4). — Let G ~ (X, ) be the Bernoulli action of a w-rigid
group G as above. Suppose that G does mot have finite normal subgroups. If the
restriction to Y C X of the equivalence relation given by G ~ X is given by the orbits
of ' Y for some group I' acting freely and ergodically on Y, then, up to measure
zero, Y = X and the actions of G and I are conjugate through a group isomorphism.
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The theorem implies as well that the restriction to a Borel set of measure
0 < u(Y) <1, of the Bernoulli action of a w-rigid group G without finite normal
subgroups, yields an ergodic probability measure preserving countable equivalence
relation that cannot be generated by a free action of a group. The first examples
of this phenomenon — answering a question of Feldman and Moore — were given by
Furman in [21]. Dropping the ergodicity, examples were given before by Adams in [1],
who also provides examples in the Borel setting.

Popa proves the orbit equivalence superrigidity for the Bernoulli action of G on X
using his even stronger cocycle superrigidity theorem: any l-cocycle for the action
G ~ X with values in a discrete group I' is cohomologous to a homomorphism of
G to I'. The origin of orbit equivalence rigidity and cocycle rigidity theory lies in
Zimmer’s pioneering work. Zimmer proved in [66] his celebrated cocycle rigidity
theorem and used it to obtain the first orbit equivalence rigidity results (see Section 5.2
n [67]). Since Zimmer’s theorem deals with cocycles taking values in linear groups,
he obtains orbit equivalence rigidity results where both groups are assumed to be
linear (see [68]). Furman developed in [20, 21] a new technique and obtains an orbit
equivalence superrigidity theorem with quite general ergodic actions of higher rank
lattices on one side and an arbitrary free ergodic action on the other side. Note
however that Furman’s theorem nevertheless depends on Zimmer’s cocycle rigidity
theorem. We also mention the orbit equivalence superrigidity theorems obtained by
Monod and Shalom [39] for certain actions of direct products of hyperbolic groups.
An excellent overview of orbit equivalence rigidity theory can be found in Shalom’s
survey [61].

Zimmer’s cocycle rigidity theorem was a deep generalization of Margulis’ seminal
superrigidity theory [38]. In particular, the mathematics behind involve the theory of
algebraic groups and their lattices. On the other hand, Popa’s technique to deal with
1-cocycles for Bernoulli actions is intrinsically operator algebraic.

As stated above, Popa uses his powerful deformation/rigidity strategy to prove the
cocycle superrigidity theorem. Leaving aside several delicate passages, the argument
goes as follows. A 1-cocycle 7y for the Bernoulli action G ~ X of a w-rigid group G,
can be interpreted in two ways as a l-cocycle for the diagonal action G ~ X x X,
either as 1, only depending on the first variable, either as 72, only depending on
the second variable. The malleability of the Bernoulli action (this is the deformation
property) yields a continuous path joining ; to v2. The relative property (T) implies
that, in cohomology, the 1-cocycle remains essentially constant along the continuous
path. This yields y3 = 72 in cohomology and the weak mixing property allows to
conclude that ~ is cohomologous to a homomorphism.

Let (o4) be the Bernoulli action of a w-rigid group G on (X, ). Popa’s cocycle
superrigidity theorem covers his previous result [54, 57] identifying the 1-cohomology
group H!(o) with the character group CharG. This result allows to compute as
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well the 1-cohomology for quotients of Bernoulli actions, yielding the following result
of [53].

THEOREM (Theorem 5.3). — Let G be a w-rigid group. Then, G admits a continuous
family of non-stably®) orbit equivalent actions.

Note that Popa does not only prove an existence result, but explicitly exhibits
a continuous family of mutually non orbit equivalent actions. The existence of a
continuum of non orbit equivalent actions of an infinite property (T) group had been
established before in a non-constructive way by Hjorth [27], who exhibits a continuous
family of actions such that every action in the family is orbit equivalent to at most
countably many other actions of the family.

Finally note that the first concrete computations of 1-cohomology for ergodic group
actions are due to Moore [40] and Gefter [23].

Von Neumann strong rigidity

The culmination of Popa’s work on Bernoulli actions is the following von Neumann
strong rigidity theorem of [56]; it is the first theorem in the literature that deduces
conjugacy of the actions from isomorphism of the crossed product von Neumann
algebras.

THEOREM (Theorem 9.1). — Let G be a group with infinite conjugacy classes and
G ~ (X, p) its Bernoulli action as above. Let T’ be a w-rigid group that acts freely
and ergodically on (Y,n). If

0:L®(Y)xT — p(L=(X) xG)p

is a *-isomorphism for some projection p € L°(X) x G, then p =1, the groups T' and
G are isomorphic and the actions of I' and G are conjugate through this isomorphism.

Note that in the conditions of the theorem, there is an assumption on the action
on one side and an assumption on the group on the other side. As such, it is not
a superrigidity theorem: one would like to obtain the same conclusion for any free
ergodic action of any group I' and for the Bernoulli action of a w-rigid ICC group G.

Another type of von Neumann rigidity has been obtained by Popa in [52, 51],
deducing orbit equivalence from von Neumann equivalence. We just state the following
particular case. Consider the usual action of SL(2,Z) on T2?. Whenever a free and
ergodic action of a group I' with the Haagerup property is von Neumann equivalent
with the SL(2,Z) action on T2, it actually is orbit equivalent with the latter. One
should not hope to deduce a strong rigidity result yielding conjugacy of the actions:
Monod and Shalom ([39], Theorem 2.27) proved that any free ergodic action of the

(3)See Definition 4.2.
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free group I, is orbit equivalent with free ergodic actions of a continuum of non-
isomorphic groups. Note that this also follows from Dye’s result [16, 17] if we assume
that every generator of F,, acts ergodically.

IT; factors and their fundamental group

Let G act freely and ergodically on (X, p). Freeness and ergodicity imply that the
crossed product von Neumann algebra M := L*°(X, u) x G is a factor (the center of
the algebra M is reduced to the scalars) and the invariant probability measure yields
a finite trace on M. Altogether, we get that M is a so-called type II; factor.

Another class of II; factors arises as follows: for any countable group G, one
considers the von Neumann algebra £(G) generated by the left translation operators
on the Hilbert space ¢?(G). The algebra £(G) always admits a finite trace and it is a
factor if and only if G has infinite conjugacy classes (ICC).

Let M be a II; factor with normalized trace 7. The fundamental group of M,
introduced by Murray and von Neumann [42], is the subgroup of R* generated by the
numbers 7(p), where p runs through the projections of M satisfying M = pMp. Mur-
ray and von Neumann showed in [42] that the fundamental group of the hyperfinite(*)
IT; factor is R% . They also write that there is no reason to believe that the funda-
mental group of every II; factor is R} . However, only forty years later, this intuition
was proved to be correct, in a breakthrough paper of Connes [6]. Connes shows that
the fundamental group of £(G) is at most countable when G is an ICC group with
Kazhdan’s property (T). This can be considered as the first rigidity type result in
the theory of von Neumann algebras. It was later refined by Golodets and Nessonov
[24] to obtain II; factors with countable fundamental group containing a prescribed
countable subgroup of R* . However, until Popa’s breakthroughs in [55, 52, 51], no
precise computation of a fundamental group different from R?* had been obtained.

Note in passing that Voiculescu proved in [64] that the fundamental group of £L(FF«)
contains the positive rationals and that it was shown to be the whole of R by
Radulescu in [59]. On the other hand, computation of the fundamental group of
L(F,) is equivalent with deciding on the (non)-isomorphism of the free group factors
(see [18, 60]), which is a famous open problem in the subject.

Specializing the problem of Murray and von Neumann, Kadison [34] posed the
following question: does there exist a II; factor M not isomorphic to M2(C) @ M?
This question was answered affirmatively by Popa in [52], who showed that, among
other examples, £(G) has trivial fundamental group when G' = SL(2,Z) x Z?. For a
more elementary treatment of this example, see [51]. Note that Popa shows in [52]
that the fundamental group of £(G) = SL(2,Z) x L*(T?) equals the fundamental
group of the equivalence relation given by the orbits of SL(2,Z) ~ T2. The latter

(1) The hyperfinite II; factor is, up to isomorphism, the unique II; factor that contains an increasing
sequence of matrix algebras with weakly dense union.
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reduces to 1 using Gaboriau’s ¢? Betti number invariants for equivalence relations,
see [22]. We also refer to the Bourbaki seminar by Connes [9] on this part of Popa’s
ceuvre.

In [55], Popa goes much further and constructs II; factors with an arbitrary count-
able fundamental group!

THEOREM (Theorem 7.1). — Given a countable subgroup S C R* and a w-rigid ICC
group G with L(G) having trivial fundamental group, there exists an action of G on
the hyperfinite I -factor R such that the crossed product R x G is a I} factor with
fundamental group S.

The example par excellence of a group G satisfying the conditions of the theorem,
is G = SL(2,Z) x Z2. Again, Popa does not establish a mere existence result: the
actions considered are the so-called Connes-Stgrmer Bernoulli actions (see [13] and
Section 3 below).

Some comments on proving von Neumann strong rigidity

We explain how an isomorphism of crossed products forces, in certain cases, actions
to be conjugate.

In a first step, using the deformation/rigidity strategy, Popa [55] shows the following
result. Suppose that G ~ (X, u) is the Bernoulli action of an infinite group G and
consider the crossed product L (X, pu) x G. It is shown (see Theorem 6.3 below)
that any subalgebra of L (X, 1) x G with the relative property (T) can essentially
be unitarily conjugated into £(G). Again leaving aside several delicate passages,
the argument goes as follows. A subalgebra @@ C L°°(X,u) x G with the relative
property (T) is viewed in two ways as a subalgebra of L>°(X x X, u x p) x G, where G
acts diagonally: @1 only living on the first variable of X x X and @5 only living on the
second one. The malleability of the Bernoulli action implies that the subalgebras Q1
and @2 are joined by a continuous path of subalgebras Q;. The relative property (T)
then ensures that (1 and @9 are essentially unitarily conjugate. The mixing of the
action is used to deduce that @ can essentially be conjugated into £(G).

Note in passing that the above result remains true when the ‘commutative’
Bernoulli action is replaced by a ‘non-commutative’ Connes-Stgrmer Bernoulli ac-
tion, which is the crucial ingredient to produce II; factors with prescribed countable
fundamental groups.

Given an isomorphism 0 : L*(Y) x I' — L*(X) x G, where G ~ X is the
Bernoulli action and the group I' is w-rigid, the previous paragraph implies that 6
sends L£(T') into L(G), after conjugating by a unitary in the crossed product. Using
very precise analytic arguments, Popa [56] succeeds in proving next that also the
Cartan subalgebras L>®°(Y) and L°°(X) can be conjugated into each other with a
unitary in the crossed product (see Theorem 8.2 below). Having at hand this orbit
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equivalence and knowing that the group von Neumann algebras can be conjugated
into each other, Popa manages to prove conjugacy of the actions.

An important remark should be made here. The results on Bernoulli actions dis-
cussed up to now, use the deformation property called strong malleability combined
with the mixing property of the action. So, they are valid for all strongly malleable
mixing actions. The result on the conjugation of the Cartan subalgebras however,
uses a much stronger mixing property of Bernoulli actions, called the clustering prop-
erty, which roughly means that the Bernoulli action allows for a natural tail. Note
in this respect the following conjecture of Neshveyev and Stgrmer [43]: suppose that
the abelian countable groups G and I' act freely and weakly mixingly on the standard
probability space and that they give rise to isomorphic crossed products where the
isomorphism sends £(G) onto L£(T'); then, the Cartan subalgebras are conjugate with
a unitary in the crossed product(®).

Outer conjugacy of actions on the hyperfinite II; factor

The deformation/rigidity technique first appeared®) in Popa’s paper [54] on the
computation of several invariants for (cocycle) actions of w-rigid groups on the hy-
perfinite IT; factor. In fact, many ideas exploited in the papers [48, 55, 56, 53, 57] are
already present to some extent in the breakthrough paper [54].

Recall that two actions (o,) and (p,) of a group G on a factor are said to be outer
conjugate if there exists an isomorphism A such that the conjugate automorphism
Ac,A~1 equals p, up to an inner automorphism.

The classification up to outer conjugacy of actions of a group G on, say, the hy-
perfinite II; factor is an important subject. This classification has been completed,
first for cyclic groups by Connes [5, 3], for finite groups by Jones [31] and finally, for
amenable groups by Ocneanu [44]: any two outer(”) actions of an amenable group G
on the hyperfinite IT; factor are outer conjugate (even cocycle conjugate).

Away from amenable groups, Jones proved in [32] that any non-amenable group
admits at least two non outer conjugate actions on the hyperfinite II; factor. Apart
from actions, one also studies cocycle actions of a group G on a factor N: families
of automorphisms (o4)gec such that o40, = oy, modulo an inner automorphism
Adwug p, where the unitaries ug ;, satisfy a 2-cocycle relation.

()1t is crucial to have conjugation of the Cartan subalgebras through a unitary in the crossed
product, which is the hyperfinite II; factor. Indeed, thanks to the work of Connes, Feldman and
Weiss [10], two Cartan subalgebras are always conjugate with an automorphism of the hyperfinite
II; factor. But, there exist continuously many non inner conjugate Cartan subalgebras.

(6) The paper [54] circulated since 2001 as a preprint of the MSRI and is the precursor of the papers
(48, 55, 56, 53, 57| discussed above.

() An outer action is an action (og) such that for g # e, o4 is an outer automorphism, i.e., not of
the form Adw for a unitary w in the von Neumann algebra.
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In the previously cited works on amenable group actions, it is shown as well that any
cocycle action of an amenable group on the hyperfinite II; factor is outer conjugate to
a genuine action. Popa generalized this result to arbitrary IT factors in [50]. In [11],
Connes and Jones constructed, for any infinite property (T) group G, examples of
cocycle actions of G on the free group factor L(FF,) that are non outer conjugate to
a genuine action.

This brings us to the topic of [54]. Popa introduces two outer conjugacy invariants
for a (cocycle) action on a II; factor: the fundamental group and the spectrum. These
invariants are computed in [54] for the Connes-Stgrmer Bernoulli actions, yielding the
following theorem.

THEOREM (Theorems 10.3 and 10.6). — Let G be a w-rigid group. Then G admits a
continuous family of non outer conjugate actions on the hyperfinite II, factor. Also,
G admits a continuous family of cocycle actions on the hyperfinite Iy factor that are
non outer conjugate to a genuine action.

Further remarks

We discussed in detail how Popa recovers information on a group action from the
crossed product algebra L>(X, u) x G. On the other hand, to what extent a group
von Neumann algebra £(G) remembers the group G? Very little is known on this
problem. Connes’ celebrated theorem [4] states that all the II; factors £(G) defined
by amenable ICC groups G are isomorphic to the hyperfinite II; factor. Indeed, they
are all injective® and Connes shows in [4] the uniqueness of the injective II; factor.
Cowling and Haagerup [14] have shown that the group von Neumann algebras £(T")
are non-isomorphic if one takes lattices I' in Sp(1, n) for different values of n.

Some group von Neumann algebras £(G) can we written as well as the crossed
product by a free ergodic action (but not all, since Voiculescu [65] showed that the free
group factors cannot be written in this way). We have for instance £(SL(n, Z) x Z™) =
L>°(T™) x SL(n,Z). Another example consists in writing the Bernoulli action crossed
product L>(X, u) X G as L(Z1G), where the wreath product group Z G is defined as
the semidirect product Z1 G = (D¢
theorem then implies the following result. It can be considered as a relative version of
Connes’ conjecture [7], which states that within the class of ICC property (T) groups,
L(G1) = L(G2) if and only if G1 = G5. Popa’s result ‘embeds injectively’ the category
of w-rigid ICC groups into the category of I1; factors.

Z) x G. Popa’s von Neumann strong rigidity

(&) A factor M C B(H) is called injective if there exists a conditional expectation of B(H) onto M
(which of course need not be weakly continuous). A conditional expectation of a von Neumann M
onto a von Neumann subalgebra N is a unital, positive, N-N-bimodule map E : M — N.
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COROLLARY. — When G and T' are w-rigid ICC groups, L(Z G) = L(Z1T) if and
only if G 2 T. Moreover, L(ZYG) has trivial fundamental group for any w-rigid ICC
group G.

Popa’s von Neumann strong rigidity theorem is in fact more precise than the version
stated above. As we shall see in Theorem 9.1 below, the strong rigidity theorem allows
as well to compute the group Out M of outer automorphisms of M = L>°(X, u) X G,
where G is a w-rigid ICC group and G ~ (X, ) its Bernoulli action. Then,

Aut* (X, G)

—a

where Aut™(X,G) is the group of measure space isomorphisms A : X — X for
which there exists a § € Aut G such that A(g - z) = 6(g) - A(z) almost everywhere.
Writing Ay(x) = ¢-z, one embeds G — Aut™ (X, G). Note moreover that Aut* (X, G)
obviously contains another copy of GG acting by Bernoulli shifts ‘on the other side’.

Out M = Char G x

In [29], Ioana, Peterson and Popa apply the strategy of deformation/rigidity in the
completely different context of amalgamated free products, yielding the first examples
of IT; factors with trivial outer automorphism group. Much more is done in [29], where
actually a von Neumann version of the Bass-Serre theory is developed.
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2. PRELIMINARIES AND CONVENTIONS

Von Neumann algebras, traces, almost periodic states and group actions

Throughout M, M, N,N, A, A denote von Neumann algebras. Recall that a von
Neumann algebra is a non-commutative generalization of a measure space, the alge-
bras L*°(X, u) being the abelian examples. By definition, a von Neumann algebra
is a weakly closed unital *-subalgebra of B(H) for some Hilbert space H. Whenever
M C B(H) is a von Neumann algebra, the commutant of M is denoted by M’ and
consists of the operators in B(H) commuting with all the operators in M. Von Neu-
mann’s bicommutant theorem states that M"” = M and this equality characterizes
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von Neumann algebras among the unital *-subalgebras of B(H). A factor is a von
Neumann algebra with trivial center, i.e., M N M’ = C1.

A state on a von Neumann algebra is a positive linear map M — C satisfying
w(1) = 1. All states are assumed to be normal, i.e., continuous with respect to the
ultraweak topology on M (which is equivalent with requiring weak continuity on the
unit ball of M). Hence, normal states are the counterparts of probability measures
on (X, ) absolutely continuous with respect to pu. A state w is said to be tracial if
w(zy) = w(yz) for all z,y. A state is said to be faithful if the equality w(z) = 0 for
x positive implies that x = 0. States are always assumed to be faithful.

The algebras denoted M, N, A are supposed to admit a faithful normal trace and if
we specify a state on M, N or A, it is always supposed to be a trace. The terminology
finite von Neumann algebra (N, 7) means a von Neumann algebra N with a faithful
normal trace 7.

An action of a countable group on (M, @) is understood to be an action by automor-
phisms leaving the state ¢ invariant. We denote by (X, u) the standard probability
space without atoms and an action of a countable group on (X, u) is supposed to
preserve the probability measure pu.

If G acts on (M, ) by automorphisms (o,), M denotes the von Neumann sub-
algebra of elements = € M satisfying o4(x) = « for all g € G. The action (o) is said
to be ergodic if M7 = C1.

If ¢ is a faithful normal state on M, we consider the centralizer algebra M¢% of ¢
consisting of those © € M satisfying ¢(zy) = ¢(yz) for all y. More generally, for a real
number A > 0, a A-eigenvector for ¢ is an element x € M satisfying p(zy) = Ap(yx)
for all y € M. We say that ¢ is almost periodic (or that (M, ¢) is almost periodic),
if the A-eigenvectors span a weakly dense subalgebra of M when A runs through R% .
If this is the case, Sp(M, ¢) denotes the point spectrum of ¢, i.e., the set of A > 0 for
which there exists a non-zero A-eigenvector.

A finite von Neumann algebra (P, 7) is said to be diffuse if P does not contain a
minimal projection. A finite (P, 7) is diffuse if and only if P contains a sequence of
unitaries tending weakly to zero. Equivalently, P does not have a direct summand
that is a matrix algebra. For instance, the group von Neumann algebra L(G) (see
page 242 for its definition) is diffuse for any infinite group G.

Crossed products

Whenever a countable group G acts by ¢-preserving automorphisms (o,) on
(M, ), we denote by M x G the crossed product, generated by the elements a € M
and the unitaries (ug)sec such that ugau; = o4(a) for all a € M and g € G.
We have a natural conditional expectation (see footnote on page 245) given by
E:MxG— M: E(aug) = dgca and we extend ¢ to a faithful normal state on

M x G by the formula ¢ o E. If ¢ is tracial, its extension is tracial.
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The crossed product M is a factor (hence, a type II; factor) in the following (non-
exhaustive) list of examples. If A C M is an inclusion of von Neumann algebras, we
denote by M N A’ the relative commutant consisting of elements in M commuting
with all elements of A.

e Suppose that G acts (essentially) freely on (X, u) and put M = L>®(X) x G.
Then, MNL>®(X) = L*°(X) and M is a factor if and only if the G-action is ergodic.

e Suppose that the ICC group G acts on the finite (N, 7) and put M = N x G.
Then, M N L(G)" = N and M is a factor if and only if the G-action on the center
of N is ergodic.

e Suppose that the group G acts on the II; factor (N, 7) such that for all g # e,
04 is an outer automorphism of N, i.e., an automorphism that cannot be written as
Adwu for some unitary u € N. Putting M = N x G, we have M N N’ = C1 and in
particular, M is a factor.

1-cocycles and 1-cohomology

Let the countable group G act on (X, u). We denote by g -z the action of an
element g € G on © € X and we denote by (0,) the corresponding action of G on
A= L>(X) given by (o4(F))(z) = F(g~' - x). A 1-cocycle for (c,) with coefficients
in a Polish group K is a measurable map

v:Gx X — K satistying ~(gh,x) =~(g,h-x) v(h,z)

almost everywhere. Two 1-cocycles 1 and ~» are said to be cohomologous if there
exists a measurable map w : X — K such that

(g, 2) = w(g - 2)(g, )w(z)™
Whenever K is abelian, the 1-cocycles form a group Z!(o, K) and quotienting by
the 1-cocycles cohomologous to the trivial 1-cocycle, we obtain H'(o, K). Whenever
K = S, we just write Z!(o) and H'(o). Several important remarks should be made.
Suppose that the action of G on (X, p1) is free and ergodic.
e Write M = L>°(X) x G. The group Z!(o) embeds in Aut(M), associating with
v € ZY(o), the automorphism 6, of M defined by 6. (a) = a for all a € L>°(X) and
0+ (ug) = ugy(g,-). Passing to quotients, H!(o) embeds into Out(M).
e H'(0) is an invariant for (o4) up to stable orbit equivalence (see Definition 4.2).
e If (0,) is weakly mixing, the group of characters Char G embeds into H' (o) as

almost everywhere.

1-cocycles not depending on the space variable z.

The fundamental group of a II; factor

Let M be a II; factor. If t > 0, we define, up to isomorphism, the amplification
M as follows: choose n > 1 and a projection p € M,,(C) ® M with (Tr®7)(p) = t.
Define M* := p(M,,(C) ® M)p. The fundamental group of M is defined as

FM)={t>0| M =M}.
It can be checked that F (M) is a subgroup of R .

ASTERISQUE 311



(961) RIGIDITY RESULTS FOR BERNOULLI ACTIONS 249

In Theorem 9.1, a large class of non-isomorphic IT; factors with trivial fundamental
group is obtained. In Theorem 7.1, II; factors with a prescribed countable subgroup
of R% as a fundamental group, are constructed.

Quasi-normalizers and almost normal subgroups

Let Q@ C M be a von Neumann subalgebra of M. An element x € M is said to
quasi-normalize @ if there exist x1,...,xr and y1,...,y, in M such that

k T
x@Q C ZQL— and Qx C ZyiQ .
i=1 i=1
The elements quasi-normalizing @ form a *-subalgebra of M and their weak closure
is called the quasi-normalizer of (Q in M. The inclusion (Q C M is said to be quasi-
regular if M is the quasi-normalizer of () in M.

A typical example arises as follows: let G be a countable group and H an almost
normal subgroup, which means that gHg~' N H is a finite index subgroup of H for
every g € G. Equivalently, this means that for any g in G, HgH is the union of
finitely many left cosets, as well as the union of finitely many right cosets. So, it is
clear that for every almost normal subgroup H C G, the inclusion £L(H) C L(G) is
quasi-regular.

There are some advantages to work with the quasi-normalizer rather than the
normalizer. In Lemma 6.5, the following is shown: let @ C M be an inclusion of
finite von Neumann algebras and let p be a projection in Q. If P denotes the quasi-
normalizer of @ in M, the quasi-normalizer of pQp in pMp is pPp. This is no longer
true for the actual normalizer.

More background material is available in the appendices. We discuss in Ap-
pendix A the basic construction (N,eg) starting from an inclusion B C A of a von
Neumann algebra B in the centralizer algebra of (N, ¢) (in particular, for an inclusion
of finite von Neumann algebras). Appendix B deals with the relative property (T) and
its analogue for inclusions of finite von Neumann algebras. In Appendix C is studied
the relation between conjugating von Neumann subalgebras with a unitary and the
existence of finite-trace bimodules. Finally, Appendix D is devoted to (weakly) mixing
actions.

3. THE MALLEABILITY PROPERTY OF BERNOULLI ACTIONS

Popa discovered several remarkable properties of Bernoulli actions. The first one is
a deformation property, that he called strong malleability and that is discussed in this
section. This notion of malleability, together with its stunning applications, should
be considered as one of the major innovations of Popa.
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As is well known, the Bernoulli actions are mixing (see Appendix D for definition
and results) and this fact is used throughout. But, Popa exploits as well a very strong
mixing property of Bernoulli actions that he called the clustering property. This will
be used in Section 8.

DEFINITION 3.1 (Popa, [55, 57]). — The action (o4) of G on (N, ) is said to be

e malleable if there exists a continuous action (o) of R on (N @ N, ® ¢) that
commutes with the diagonal action (o4 ® o4) and satisfies a1(a ® 1) = 1 ® a for all
a € N;

e strongly malleable if there moreover exists an automorphism 3 of (N QN , p Q)
commuting with (04 ® 04) such that Boy = a—yfB for allt € R and fla® 1) =a®1
for all a € N and such that 3 has period 2: 3% = id.

Remark 3.2. — In [55, 56], Popa uses the term ‘malleability’ for a larger class of
actions: indeed, instead of extending the action from N to A" ® N, he allows for a
more general extension to A/, which can typically be a graded tensor square N@N'.
This last example occurs when considering Bogolyubov actions. See remark 10.7 for
details.

Generalized Bernoulli actions

The main example of a strongly malleable action arises as a (generalized) Bernoulli
action. Let G be a countable group that acts on the countable set I. Let (Xo, o) be a
probability space. The action of G on (X, i) := [[,;c;(Xo, po) by shifting the infinite
product, is called the (generalized) Bernoulli action. The usual Bernoulli action arises
by taking I = G with the action of G by translation.

Convention 3.3. — For simplicity, we only deal with Bernoulli actions on the infi-
nite product of non-atomic probability spaces and we refer to them as Bernoulli
actions with non-atomic base. Most of Popa’s results also hold for Bernoulli actions
on products of atomic spaces. They are no longer malleable but sub-malleable, see
Definition 4.2 in [55] and Remark 4.6.

Write Ag = L>®°(R/Z). To check that the generalized Bernoulli action is strongly
malleable, it suffices to produce an action (a;) of R on Ay ® Ag and a period 2
automorphism 3 of Ag ® Ap such that a1(a® 1) = 1®a, fla® 1) = a®1 for all
a € Ay and fay = a_F for all t € R. One can then take the infinite product of
these () and 3. Take the uniquely determined map f : R/Z — |—3, 3| satisfying
x = f(x) mod Z for all z. Define the measure preserving flow «; and the measure
preserving transformation 5 on R/Z x R/Z by the formulae

ar(z,y) = (x+tfly—x),y+tfly—x)) and B(z,y) = (2,20 —y).
For F € L*(R/Z x R/Z), write oy (F) = F ooy and B(F) = F o §3.
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Popa gives a more functional analytic argument for the strong malleability of the
generalized Bernoulli action. Consider Ag® Ag as being generated by two independent
Haar unitaries v and v. We have to construct a one-parameter group (a;) and a period
2 automorphism 3 such that a;(u) = v, f(u) = v and Bay = a_¢3. Conjugating o
and § with the automorphism o determined by o(u) = w,o(v) = vu (note that u
and vu are independent generating Haar unitaries), the first requirement changes to
a1(u) = vu and the other requirements remain. Taking log : T — |— 7, 7], we can
now set oy (u) = exp(tlogv)u, ax(v) = v and B(u) = u, B(v) = v*.

Connes-Stgrmer Bernoulli actions

Apart from ‘classical’ Bernoulli actions, also the ‘non-commutative’ Bernoulli ac-
tions of Connes and Stgrmer [13] satisfy Popa’s malleability condition. These Connes-
Stermer Bernoulli actions provide the main non-commutative examples of malleable
actions.

Let G be a countable group acting on a countable set I. Let ¢y be a faithful normal
state on B(H) for some Hilbert space H (finite or infinite-dimensional). Define

WV, ) == QB(H), ¢0) -
iel
On (N, ), G acts by shifting the tensor factors. To prove the malleability, one has to
produce an action (o) of R on (B(H® H ), po®¢p) satisfying a1 (a ® 1) = 1 ® a for all
a € B(H). Denoting by P € B(H ® H) the orthogonal projection on the symmetric
subspace densely spanned by the vectors £ ® p + u ® € for £, u € H, we define
Ui =P +¢e™(1—P) and ay = AdU;. Note that Connes-Stgrmer Bernoulli actions
are not in an obvious way strongly malleable. In some cases however, a generalization
of strong malleability holds, see 10.7.

The state g is of the form Tra for some positive trace-class operator A. So, ¢
is almost periodic and Sp(N, ¢) is the subgroup of R* generated by the ratios ¢/s,
where ¢, s belong to the point spectrum of A.

4. SUPERRIGIDITY FOR BERNOULLI ACTIONS

In this section, Popa’s very strong rigidity results for Bernoulli actions of w-rigid
groups are proved: according to the philosophy in the beginning of the introduction,
an orbit equivalence rigidity result deduces conjugacy of actions out of their mere orbit
equivalence. All these rigidity results follow from the following cocycle superrigidity
theorem.

SOCIETE MATHEMATIQUE DE FRANCE 2007



252 S. VAES

THEOREM 4.1 (Popa, [48]). — Let G be a countable group with infinite normal sub-
group H such that (G, H) has the relative property (T). Let G act strongly malleably
on (X, ) and suppose that its restriction to H is weakly mizing. Then, any 1-cocycle

y:Gx X - K

with values in a closed subgroup K of the unitary group U(B) of a finite von Neumann
algebra (B, ), is cohomologous to a homomorphism 0 : G — K.

By regarding I' C U(L(T")), the theorem covers all 1-cocycles with values in count-
able groups, which is the crucial ingredient to prove orbit equivalence rigidity results.

The superrigidity theorem for Bernoulli actions proved below, does not only deal
with orbit equivalence, but also with stable orbit equivalence. There are several ways
to introduce this concept, one of them being the following (see e.g. [21], where the
terminology of weak orbit equivalence is used).

DEFINITION 4.2. — Let G ~ (X, pu) and T' ~ (Y, n) be free and ergodic actions. A
stable orbit equivalence between these actions is given by a measure space isomorphism
w: A — B between non-negligible subsets A C X and B C Y preserving the restricted
equivalence relations: 7(AN (G -x)) = BN (T - w(x)) for almost all x € A.

The compression constant of w is defined as ¢(rw) := n(B)/u(A).

The maps 7; : A; — B; (i =1,2) define the same stable orbit equivalence if

m2(A2 N (G- x)) CT -m(x) for almost all x € Ay .
Note that this implies that c(m) = ¢(m2).

Suppose that m; : A; — B; (i = 1,2) define the same stable orbit equivalence.
If, say, u(A1) < p(As), there exist ¢ in the full group® of the equivalence relation
given by the G-orbits and v in the full group of the equivalence relation given by the
I-orbits such that ¢(A41) C A2 and mp is the restriction of ¥ o 79 0 ¢ to Aj.

If 7 : A — B defines a stable orbit equivalence between the free and ergodic actions
G ~ (X,u) and T' ~ (Y, n), one defines as follows a 1-cocycle a : G x X — T for
G ~ X with values in I'. By ergodicity, we can choose a measurable map pr, : X — A
satisfying pr 4 (z) € G - z almost everywhere and denote p = 7w o pr,. Freeness of the
action I' ~ Y, allows to define

a:GxX —->T:plg-z)=alg,z) - px)

almost everywhere. Taking another 7 defining the same stable orbit equivalence or
choosing another pr 4, yields a cohomologous 1-cocycle.

Given a free and ergodic action G ~ (X, p), there are certain actions that are
trivially stably orbit equivalent to G ~ X and we introduce them in Notation 4.3.

(9 The full group of the equivalence relation defined by G-orbits, consists of the measure space
automorphisms A : X — X satisfying A(z) € G - z for almost all z.
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The superrigidity theorem 4.4 states that for Bernoulli actions of w-rigid groups these
are the only actions that are stably orbit equivalent to the given Bernoulli action.

Notation 4.3. — Let G act freely and ergodically on (X, ). Suppose that § : G — T’
is a homomorphism with Ker @ finite and Im 6 of finite index in I'. Define

Indg(X,6) := G\(X xT') where G actson X x ' by g-(z,5) = (g-2,0(g)s) .

The action of T' on Indg(X,6) given by t - (z,5) = (z,st™') is free, ergodic and
finite measure preserving. We also have a canonical stable orbit equivalence between
G~ X and T’ ~ Indf (X, 0), with compression constant [I" : 6(G)]/| Ker6)].

THEOREM 4.4 (Popa, [48]). — Let G be a countable group with infinite normal sub-
group H such that (G, H) has the relative property (T). Let G act strongly malleably
on (X, u) and suppose that its restriction to H is weakly mixing.

Whenever T' is a countable group acting freely and ergodically on (Y,n) and when-
ever 7 defines a stable orbit equivalence between G ~ X and I' NY, there exist

e a homomorphism 6 : G — T" with Ker 0 finite in G and Im 0 of finite index in I ;
e a measure space isomorphism A Y — Indg (X,0) conjugating the actions T' ~
Y and T ~ Ind5 (X, 6),

such that A o w defines the canonical stable orbit equivalence between G ~ X and
I ~ Indg (X, 0). In particular, the compression constant c(r) equals [T : 0(G)]/| Ker 6.

Remark 4.5. — Several special instances of Theorem 4.4 should be mentioned. Sup-
pose that the action G ~ X satisfies the conditions of Theorem 4.4 and denote by R
the equivalence relation given by the G-orbits.

e If we suppose moreover that G does not have finite normal subgroups, we get
the following result stated in the introduction. If the restriction to Y C X of the
equivalence relation given by G ~ X is given by the orbits of ' ~ Y for some group
I" acting freely and ergodically on Y, then, up to measure zero, Y = X and the actions
of G and T" are conjugate through a group isomorphism.

e The amplified equivalence relation!®) R* can be generated by a free action of a
group if and only if t = n/|Go|, where n € N\ {0} and Gy is a finite normal subgroup
of G. So, we get many examples of type II; equivalence relations that cannot be
generated by a free action of a group. The first such examples were given by Furman
[21], answering a long standing question of Feldman and Moore.

(10) The amplified equivalence relation Rt is defined as follows. If ¢ < 1, we restrict R to a subset of
measure t. Ift > 1, we take a restriction of the obvious type II; equivalence relation on X x{1,...,n}.
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e The fundamental group of R is trivial. Note that this fundamental group is
defined as the group of ¢t > 0 such that ¢ is the compression constant for some stable
orbit equivalence between G ~ X and itself. If 7 : A — B is a stable orbit equivalence
with compression constant ¢ > 1, Theorem 4.4 implies that ¢ = n/|Kerf|, where
0 : G — G has finite kernel, satisfies n = [G : 0(G)] and where G ~ X is conjugate to
G Indg (X, 6). Since the action G ~ X is weakly mixing, the induction is trivial,
i.e., n = 1. This implies that ¢ < 1 and hence, t = 1.

e The outer automorphism group Out R = AutR/InnR of R can be described
as follows. Recall first that Aut R is defined as the group of orbit equivalences A :
X — X of G ~ X with itself. The full group (see note on page 252) of R is a normal
subgroup of Aut R and denoted by Inn R. The subgroup Aut™ (X, G) C Aut R consists
of those A satisfying

A(g-x) =0(g) - A(x) almost everywhere,

for some group automorphism 6 € AutG. For our given R, OutR is the image of
Aut* (X, @) through the quotient map Aut R — OutR. Weak mixing then implies
that Out R = Aut™ (X, G)/G.

Remark 4.6. — Let G be a group with infinite normal subgroup H with the relative
property (T). Let G ~ (X, 1) be a strongly malleable action whose restriction to H
is weakly mixing. Then, the conclusions of Theorems 4.1 and 4.4 hold as well for
all quotient actions G ~ (Y,n) provided that the quotient map X — Y satisfies a
relative weak mizing property, introduced by Popa in [48] (Definition 2.9). Indeed, if
for a measurable map w : X — K and a homomorphism 6 : G — K, the 1-cocycle
GxX — K :(g,2) — w(g-2)0(g)w(x)~! actually is amap G x Y — K, then relative
weak mixing imposes that w is already a map ¥ — K.

Hence, the conclusions of Theorems 4.1 and 4.4 hold for all generalized Bernoulli
actions that are free and weakly mixing restricted to H, even starting from an atomic
base space.

In fact, Theorem 4.4 follows from the cocycle superrigidity theorem 4.1 and the
following classical lemma.

LEMMA 4.7. — Let G ~ (X,pu) and T ~ (Y,n) be free ergodic actions that are
stably orbit equivalent. If the associated 1-cocycle is cohomologous to a homomorphism
0: G — T, then the conclusion of Theorem 4.4 holds.

Proof. — The proof of the lemma consists of two easy translation statements. In
the first paragraph, stable orbit equivalence is translated as measure equivalence (see
e.g. [21]): we get a natural space with an infinite measure preserving action of G x I.
In a second paragraph, the conclusion follows using the triviality of the cocycle.
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Let p : X — Y be the equivalence relation preserving map as in the construc-
tion of the 1-cocycle o above. Take symmetrically ¢ : ¥ — X and the 1-cocycle
0:T xY — G. We denote by g - x the action of G on X and by s * y the action of
I on Y. Define commuting actions of G and I" on X x I and Y X G respectively, by
the formulae

g-(z,8)-t= (g -malg,z)st) ,  sx(y,9)*h=(s*y,B(s,9)gh).

Following Theorem 3.3 in [21], we prove that there is a natural G x I'-equivariant
measure space isomorphism © : X xI' = Y x G satisfying O(z, s) € (I'sxp(x)) x G for
almost all (z, s). Indeed, take measurablemaps X — G:z+— g, andY - T 1y s,
such that ¢(p(z)) = ¢ - « and p(¢(y)) = sy * y almost everywhere. Define

O: X xT =Y xG:0(x,s) = (s *p(x), (s, p(x))gs)
07 Y xG = X xT:07(y,9) = (97" *a(y), alg™" a(y)sy) -

The assumption of the lemma yields a homomorphism 6 : G — I' and a measurable
map w : X — I such that a(g,z) = w(g - )0(g)w(x)~* almost everywhere. So, the
map V: X xI' = X xT': ¥(z,s) = (z,w(x)s) is a measure space isomorphism that
is equivariant in the following sense

U(g-x,0(g)st) =g -¥(x,s)-t.

So, © o ¥ conjugates the new commuting actions g(z,s)t = (g - z,0(g)st) on X x T’
with the commuting actions on Y x G given above. In particular, the new action
of G on X x I has a fundamental domain of finite measure. Having a fundamental
domain forces Ker 6 to be finite, while its being of finite measure imposes 6(G) to be
of finite index in G. Finally, the new action of " on the quotient G\ (X x I') is exactly
I ~ Ind5(X,0) and © o ¥ induces a conjugacy of the actions I' ~ Indk (X, 6) and
rny. O

There is a slightly more general way of writing ‘obviously’ stably orbit equivalent
actions, by first restricting G ~ X to Gg ~ Xg, where G is a finite index subgroup
of G and G ~ X is induced from Gy ~ Xg. Since the superrigid actions in this talk
are all weakly mixing, they are not induced in this way.

It remains to prove the cocycle superrigidity theorem 4.1. This proof occupies the

rest of the section and consists of several steps.

(0) Using the weak mizing property and the fact that U(B) is a Polish group with
a bi-invariant metric, restrict to the case K = U(B).

The 1-cocycle v : G x X — U(B) is then interpreted as a family of unitaries v, €
U(A ® B), where A = L*>®(X,p). Moreover, strong malleability yields (o) and
on A® A.
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(1) Using the relative property (T), find ¢y > 0 and a non-zero partial isometry
a € A® A® B satisfying

(*) (V9)13(0g ® 0g ®@1d)(a) = a(ar, ®1d)((74)13)
for all g € H. We use the notation (a ® b)13 := a ® 1 ® b and extend to uy3 for
all w € A ® B by linearity and continuity.

(2) Using the period 2 automorphism given by the strong malleability and the weak
mizing property of the action restricted to H, glue together partial isometries,
in order to get (%) with tg = 1, i.e., a non-zero partial isometry a € A® A® B
satisfying

(Vg)13(og ® 0g @ 1d)(a) = avg)2s
for all g € H.

(3) Deduce from the previous equality, using the intertwining-by-bimodules tech-
nique, a non-zero partial isometry v € A ® B and partial isometries 6(g) € B
such that

Vg(og ®1d)(v) = v(1 @ 6(g))
for all g € H.

(4) Using a mazimality argument, glue together such partial isometries v in order
to get a unitary v satisfying the same formula.

(5) Use the normality of H in G and the weak mixing property of the action
restricted to H, to extend the formula to g € G.

Lemma 4.8 covers step (0), Lemma 4.9 covers steps (1), (2) and (3), Lemma 4.10
covers step (4) and the final step (5) is done in the proof of the theorem.

To prove step (0) of the program, the essential property of the Polish group U(B)
that we retain is the existence of a bi-invariant metric d(u,v) = ||u — v||2.

LEMMA 4.8. — Let G act weakly mizingly on (X, u). Let G be a Polish group with
a bi-invariant complete metric d and let K C G be a closed subgroup. Suppose that
v:Gx X — K is a 1-cocycle. Let v: X — G be a measurable map and 0 : G — G a
homomorphism such that

v(g,2) = v(g - 2)0(g)v(z) "

almost everywhere. Whenever vy € G is an essential value of the function v, we have
v(z)vgt € K almost everywhere and vof(g)vy* € K for all g € G.

Proof. — Let vy be an essential value of the function v. Changing v(z) into v(z)vy*
and 6 into (Adwvg) o 0, we assume that e is an essential value of v and prove that
6(g) € K for all g € G and v(z) € K almost everywhere.

Denote by d the bi-invariant metric on the G. Choose ¢ > 0 and g € G. Take
W C X with u(W) > 0 such that d(v(x),1) < €/4 for all z € W. Take k € G such
that u(k-WNW) > 0 and p((gk)™ - WNW) >0. Ifz € k-WNW, we have
d(v(z),1),d(v(k™t-x),1) < g/4. It follows that d(6(k™'), K) < €/2. In the same way,
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d(8(gk), K) < e/2. Together, d((g), K) < €. This holds for alle > 0 and all g € G
and hence, §(G) C K.

Let € > 0. The formula v(g - ) = (g, z)v(x)0(g)* almost everywhere, yields that
{z € X | d(v(z), K) < £} is non-negligible and G-invariant, hence, the whole of X. It
follows that v(z) € K almost everywhere. O

We fix the following data and notations.

e Let G be a countable group with infinite normal subgroup H such that (G, H)
has the relative property (T). Let G act strongly malleably on (X, u) and
suppose that its restriction to H is weakly mixing. Write A = L*°(X) and
write the action of G on A as (04(F))(z) = F(g~! - z).

e Let v: G x X — U(B) be a 1-cocycle with values in the unitary group of the
II; factor (B, 7). Remark that we can indeed suppose that B is a II; factor(!),
We write v, € U(A® B), given by v4(z) =~(g,97* - z). The 1-cocycle relation
becomes

vg(0g ®1d)(vn) = vgn for all g,h € G.
e We denote by (p,) the following action of G by automorphisms of A ® B:
pg(a) =74(0, ®id)(a)y, forall a€ A®DB.
e We denote by (1,) the unitary representation of G on L?*(X) ® L?(B) given by
ng(a) = v4(0y ®id)(a) forall a € A® B C L*(X)® L*(B) .

o We denote, for every t € R, by () the unitary representation on L*(X x X)®
L?(B) of G given by

mo(a) = (Y9)13(0g ® 0 @ id)(a) (0w ®id)((79)73)

foralla € A® A®@ B C L*(X x X)®L?(B). Recall the notation u13 determined
by (a®b)i3=a®1®b.

We cover steps (1), (2) and (3) of the program in the next lemma.

LEMMA 4.9. — Let g € A® B be a non-zero projection which is p|g-invariant. There
exist a non-zero partial isometry v € A® B, a projection p € B and a homomorphism
0 : H — U(pBp) such that vv* < ¢, v*v =1 p and

Yh(on ®id)(v) = v(1 @ 0(h))
forallh € H.

(1D Any finite (B,T) can be embedded, in a trace-preserving way, into a II; factor, e.g. into
(®TLEZ(B7 7)) X Z and U(B) is then a closed subgroup of the unitary group of this II; factor.
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Proof

Step (1). Note that 1 is a m&-invariant vector. The relative property (T') yields
atyp = 27" and a non-zero element a € A ® A ® B such that a is wﬁg—invariant and
such that |la — 1]|2 < |l¢]]2/2. Tt follows that a(c:, ® id)(q13) # 0, which remains
ﬂ'}}—invariant. Taking the polar decomposition of a(ay, ® id)(q13), we get a non-zero
partial isometry a € A® A® B which is m9-invariant and satisfies a*a < (ay, ®id)(q13).

Moreover, Proposition D.2 yields
aa® , (a_y, ®id)(a"a) € (A® B)’flgH .
So, we have a projection § € (A ® B)?!# such that ¢ < q and

a*a = (o, ®1id)(q13) -

Step (2). Whenever a and b are m'9-invariant, we have that a(c, ® id)(b) is 72°-

invariant and that (3®id)(a) and (a_, ®id)(a*) are 75" °-invariant. So, if we define
a1 = (a, ®1d)((8 ® id)(a*)a)
we get that a; is ﬂ'?}“-invariant and satisfies
ara; = @13 and aja; = (ag, ®id)(q13) -

Iterating the procedure yields at stage n a partial isometry b € A ® A ® B which is
ﬂ'}{—invariant and satisfies bb* = ¢13 and b*b = ¢og3.
Step (3) Define the (non-zero) operator T' € B(L?(X)) ® B by

T9)@) = [ b)) duly) forall €€ XX @ B.
We get *
[Tymp) =0 forhe H, T =T=Tq, [|[(Trid)(T*T)| < co.

Taking a spectral projection P of T', we get a non-zero orthogonal projection P with
the same properties as T'. It follows that the range of P is a finitely generated right
B-submodule of (L?(X) ® L?(B))p which is stable under (s )nen-

As in Proposition C.1, we get n > 1, a non-zero projection p € M,,(C)®B, a non-zero
partial isometry v € A ® M; ,,(C) ® B and a homomorphism 6 : H — U(p(M,,(C) ® B)p)
such that

Yr(op ®id)(v) =v(1®6(h)) forhe H, qu=v, v(1Q®p)=v.

Since v*v is (o, ® Ad §(h))-invariant for all h € H, it follows from Proposition D.2
that v*v = 1 ® po for some non-zero projection py € p(M,,(C) ® B)pNO(H)'. Since po
commutes with (H), we can cut down by pg. Since moreover 7(pg) < 1, we can move
po into the upper corner of M, (C) ® B and we have found a non-zero partial isometry
v € A® B, a non-zero projection p € B and a homomorphism 6 : H — U(pBp) such
that vv* < ¢, v'v =1 ® p and

Yn(on @id)(v) = v(1 @ 0(h))
forall h € H. O
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We cover step (4) of the program in the following lemma.

LEMMA 4.10. — There exists a unitary element v € A ® B and a homomorphism
0 : H— U(B) such that

Yh(on ®id)(v) = v(1 @ 0(h))
forallh e H.

Proof. — The proof is a straightforward maximality argument. Consider the set 7
of partial isometries v € A ® B for which there exist p € B and 6 : H — U(pBp)
satisfying
v'o=1®p and u(on®id)(v) =v(1®0(h))
for all h € H. Partially order Z by extension of partial isometries and let v be a
maximal element of Z. Write v*v = 1 @ p. If vv* # 1, put ¢ = 1 — vv*. Then,
q € (A® B)?!" and Lemma 4.9 yields a non-zero partial isometry w € A ® B,
a projection e € B and a homomorphism 6 : H — U(eBe) such that ww* < g,
w*w =1® e and
Y (on ®@id)(w) = w(l @ 0(h))

for all h € H. Since e < 1 —p in the II; factor B, we contradict the maximality v. O

Proof of Theorem 4.1. — Using Lemma 4.8, it is sufficient to prove the existence of
a unitary v € A ® B and a homomorphism 6 : G — U(B) such that
(1) Vg(og ©1d)(v) = v(1 @ 6(g))

for all g € G. Take v and 6 as given by Lemma 4.10. Fix g € G and write
=",y ®id)(v) and (h) = 6(g~"hg) forh € H .

Obviously, v, (on ®id) (@) = 5(1 ® 6(h)) for all h € H. It follows that

(on @id)(T*v) = (1® O(h)")7"v(1 ® 0(h))
for all h € H. Since v*v is a unitary, the same proof as the one for Proposition D.2,
yields a unitary u € B such that § = (Adw)f and v = v(1 ® u*). So, for any g € G,
we find a unique unitary element 6(g) € U(B) such that (1) holds. By uniqueness, 6
is a homomorphism and we are done. O

5. NON-ORBIT EQUIVALENT ACTIONS AND 1-COHOMOLOGY

The following theorem is an immediate consequence of Theorem 4.1.

THEOREM 5.1 (Popa, Sasyk, [57]). — Let G be a countable group with infinite nor-
mal subgroup H such that (G,H) has the relative property (T). Let (o4) be the
Bernoulli action (with non-atomic base) of G on (X, u). Then, H'(0) = CharG.
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Through the following lemma, one can easily produce non-stable orbit equivalent
actions

LEMMA 5.2. — Let G be a countable group and K a compact abelian group. Let
G x K act on (X, u) and denote by (o4pk) the corresponding action on A = L>®(X).
Define B = AKX, the algebra of K -fized points. Denote by (o) the restriction of (o)
to B. Assume that

o (04) is free and weakly mizing,
° (O’;() 1s still free,
e H'(0) = CharG.

Then, H'(¢%) = Char G x Sp(K, p), where

Sp(K, p) = {a € Char(K) | Ju € U(A), pr(u) = a(k)u for allk € K} .

Proof. — Whenever u € U(A) and p(u) = a(k)u for all k € K, we define wy € B by
the formula wy = uoy(u*). Using the weak mixing of (o), it is easy to check that we
obtain an embedding Char G x Sp(K, p) — H'(c®). Suppose on the contrary that the
1-cocycle w defines an element of H!(o%). We regard w as a 1-cocycle for o and since
H'(c) = Char G, we find that w is cohomologous to a character of G. Subtracting
this character from w, we may assume that w, = uo,(u*) for some unitary u € U(A).
Since for any k € K, w, is K-invariant and since (o) is weakly mixing, we conclude
that there exists a : K — S! such that pi(u) = a(k)u for all k € K. But this means
that w is given by an element of Sp(K, p). O

The following proposition immediately follows.

PROPOSITION 5.3 (Popa, [53]). — Let G be a countable group with infinite normal
subgroup H such that (G,H) has the relative property (T). Let T' be any count-
ably infinite abelian group and K = L. Denote by (og4) the Bernoulli action of G
on L®(X,pu) = QgecL™(K,Haar) and define (pr)wex as the diagonal action on
L>°(X, ) of the translation action of K on L*(K). Define (o) as the restriction
of (o) to the K -fived points L>=(X)K.

Then, (0'5() is a free and ergodic action of G satisfying H'(0%) = Char G x TI.

Remark 5.4. — It follows that any countable group G that admits an infinite normal
subgroup H such that (G, H) has the relative property (T), admits a continuous
family of non-stably orbit equivalent actions. Indeed, CharG being compact, an
isomorphism Char G x I'1 & Char G x I'y entails a virtual isomorphism between I'y
and I's. It is not hard to exhibit a continuous family of non virtually isomorphic
countable abelian groups.

ASTERISQUE 311



(961) RIGIDITY RESULTS FOR BERNOULLI ACTIONS 261

6. INTERTWINING RIGID SUBALGEBRAS OF CROSSED
PRODUCTS

The major aim of the rest of the talk is to prove Popa’s von Neumann strong
rigidity theorem for Bernoulli actions of w-rigid groups, deducing conjugacy of actions
out of their mere von Neumann equivalence. This is more difficult, but nevertheless
related to the orbit equivalence superrigidity Theorem 4.4. In particular, the crucial
Lemma 6.1 below, is the von Neumann counterpart to Lemma 4.9, covering steps
(1), (2) and (3) of the program on page 255. It states that in a crossed product
M := N x G by a malleable mixing action, a subalgebra Q C M with the relative
property (T), can be essentially conjugated into L£(G).

But, the aim of this section is not only preparation to the von Neumann strong
rigidity theorem. The results are applied as well in the next section in order to
construct II; factors with prescribed countable fundamental groups. For this reason,
we need to deal with actions on non-tracial (but almost-periodic) algebras.

We refer to page 243 for a rough explanation of the idea of the proof of Lemma 6.1.
It is another application of Popa’s deformation/rigidity strategy. The deformation
property of malleability is played against the relative property (T). For this, we need
the notion of relative property (T) for an inclusion @ C M of finite von Neumann
algebras (see Definition B.2). The mixing property of the action has several von
Neumann algebraic consequences that are used throughout and proved in Appendix D.
Finally, in order to actually conjugate (essentially) @ into L(G), Popa’s intertwining-
by-bimodules technique is used (see Appendix C).

LEMMA 6.1. — Given a strongly malleable mizing action of a countable group G on
an almost periodic (N, ), write N = N¥. Let Q C N x G be a diffuse subalgebra
with the relative property (T). Denote by P the quasi-normalizer of Q in N x G and
suppose that there is no non-zero homomorphism from P to an amplification of N.

Then, there exist v > 0, n > 1 and a non-zero partial isometry v € M, 1(C) ®
(N x Q) which is a y-eigenvector for ¢ and satisfies

vioe PNQ', vPv* C M,(C)® L(G) .

Proof. — In the course of this proof, we use the following terminology: given subal-
gebras (01, @2 of a von Neumann algebra, an element a is said to be @1-Q2-finite, if
there exists finite families (a;) and (b;) such that

n m
aQ2C ) Qua; and QiaC ) biQs.
i=1 i=1
Hence, the Q-Q-finite elements are nothing else but the elements quasi-normalizing Q.

Step (1), using relative property (T). Take (ay) and § as in Definition 3.1. Write
N = N@N)?®? and M = N x G. Write M = N x G and consider M as a
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subalgebra of M by considering N ® 1 ¢ N ® N. Extend (at) and 3 to M. The
relative property (T) yields ¢ = 27" and a non-zero element w € M such that
xw = way, () for all x € Q.

Step (2), finding a non-zero element a € M that is Q-a1(Q)-finite, using the period
2-automorphism (3. Denote by P the *-algebra of @Q-Q-finite elements in M. By
definition, P is the weak closure of P. Whenever y € P, the element oy, (8(w*)yw)
is Q- (Q)-finite. It suffices to find y such that 8(w*)yw is non-zero, since we can
then continue to find a non-zero @Q-a1(Q)-finite element a in M. Denote by p the
supremum of all range projections of elements yw, where y € P. We have to prove
that pG(w) # 0. By construction, p € M N P and pw = w. From Proposition D.5
(and here we use that there is no non-zero homomorphism from P to an amplification
of N), MNP c M and so, p € M. But, (8 acts trivially on M and we obtain
pB(w) = Blpw) = Aw) £ 0,

Step (3), using the intertwining-by-bimodules technique to conclude. Denote by
fe (1\7, €a,(m)) N Q" the orthogonal projection onto the closure of Qaa;(M) in
L2(M) and remark that 3(f) < +oo. Denoting by F : (N ® N) x G, eqan)xG) =
(N % G, er(c)) the p-preserving conditional expectation, it follows that

F(f) e N xG,ep)NQ  with J(F(f)) < oo.

Moreover, F(f) # 0 since F is faithful.

>From Proposition C.1, we get v > 0, n > 1, p € M,,(C) ® L(G), a homomorphism
6:Q — p(M,(C) ® L(G))p and a non-zero partial isometry w € M7 ,,(C) ® (N x G)
such that w is a ~y-eigenvector for ¢ and zw = wl(z) for all x € Q. Tt follows
that w*w € p(M,(C) ® (N x G))p N O(Q)’, which is included in p(M,(C) ® L(G))p
by Theorem D.4. Also ww* € M N Q" and hence, w*Quw is a diffuse subalgebra of
(M (C) ® L(G))p. Applying once more Theorem D.4, we get w*Pw C p(M,(C) ®
L(G))p. Since obviously M N Q" C P, we can take v = w* to conclude. O

Remark 6.2. — If P is a factor, it is sufficient to assume malleability instead of strong
malleability. Indeed, looking back at the proof, let a € M be a Q-ay, (Q)-finite
element. Then, aay,(ya) is Q-asar, (Q)-finite for every y € M that quasi-normalizes
Q. Denote by P the quasi-normalizer of @ in M. Tt is then sufficient to show that P
is factorial, to obtain at least one y such that aoy, (ya) # 0. As in the proof above,
MNP C M. Since P contains P, it follows that M NP’ c M NP’ = Z(P) = CI.
So, we are done.

In two cases, a unitary intertwiner v can be found. The first case is easy and follows
immediately: assume G to be ICC and the quasi-normalizer P to be a factor. It is
crucial to allow as well for an amplification in order to apply the result when dealing
with the fundamental group of the crossed product N x G.
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THEOREM 6.3 (Popa, [55]). — Given a malleable mizing action of an ICC group G
on an almost periodic (N, ), write N = N¥ and M = N x G. Lett > 0 and
let @ C M* be a diffuse subalgebra with the relative property (T). Denote by P the
quasi-normalizer of Q in M?t. Suppose that P is a factor and that there is no non-zero
homomorphism from P to an amplification of N. Realize M'* = p(M,,(C) @ M)p.

Then, there exist v > 0, k > 1 and v € M,, x(C) ® (N x G) a vy-eigenvector for o,
such that

v'uo=p, q:=wv*€M(C)®L(G), vPv*CL(G)",
where we have realized L(G)YY := q(My(C) ® L(G))q.

Proof. — Choose a projection g € My (C) ® Q with trace s where s = 1/t. Write
Q* = ¢(My(C) ® Q)q and P* := q(My(C) ® P)q. We consider Q°* C P* C M.
Clearly, @Q° is diffuse, Q°* C M has the relative property (T) by Proposition B.6 and
P# is the quasi-normalizer of Q* by Lemma 6.5. So, Lemma 6.1 (with Remark 6.2)
yields a partial isometry v which is a ~y-eigenvector for ¢ and satisfies v*v € P?,
vP%v* C L(G)". Since both P? and £(G) are factors, we can move around v using
partial isometries in matrix algebras over P and £(G) to conclude. O

In the tracial case, assuming G to be ICC is sufficient.

THEOREM 6.4 (Popa, [55]). — Given a strongly malleable mizing action of an ICC

group G on a finite (N, 7), let t > 0 and let Q C (N x G)* be a diffuse subalgebra with

the relative property (T). Denote by P the quasi-normalizer of Q in (N x G)' and

suppose that there is no non-zero homomorphism from P to an amplification of N.
Then, there exists a unitary element v € (N x G)* such that vPv* C L(G)".

Proof. — Write M = N x G. Below we prove the existence of a partial isometry
v € M satisfying v*v € PN Q" and vPv* C L(G)?. Since any projection p € PN Q’
of trace s yields an inclusion pQ C pPp C M*! satisfying the assumptions of the
theorem, a maximality argument combined with the factoriality of £(G) then allows
to conclude.

Choose a projection ¢ € M (C) ® @ with trace s where s = 1/t. Write Q° :=
qdM(C) ® Q)g and P* := ¢(My(C) ® P)q as in the proof of the previous theorem.
From Lemma 6.1, we get a partial isometry w € M satisfying w*w € P* N (Q*)’ and
wP*w* C L(G). Let e be the smallest projection in P N Q' satisfying w*w < 1® e.
Moving around w using partial isometries in matrix algebras over @ and L(G), we
find a partial isometry v € M? satisfying v*v = e and vPv* C L(G)*. O

LEMMA 6.5. — Let Q C M be an inclusion of finite von Neumann algebras and p a
non-zero projection in Q. If P denotes the quasi-normalizer of q in M, then pPp is
the quasi-normalizer of pQp in pMp.
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Proof. — Denote by P the quasi-normalizer of p@Qp in pMp. We only prove the inclu-
sion pPp C P, the converse inclusion being analogous. Let z be a central projection
in @ such that z = "I | v;v] with v; partial isometries in @ and v}v; < p.

If now x € M quasi-normalizes ), we write pg = pz and claim that poxpg quasi-
normalizes pQp. Indeed, if xQ C 22:1 Qxy, it is readily checked that

Porpo pQp C > pQp viakp .
ki
Since the central support of p in @ can be approximated arbitrary well by such
special central projections z, py approximates arbitrary well p and we have proved
that pPp C P. O

7. FUNDAMENTAL GROUPS OF TYPE 1I, FACTORS

Recall that we denote the fundamental group of a II; factor M by F(M) C R%
and that Sp(N, ) C R denotes the point spectrum of the modular automorphism
group of an almost periodic state ¢ on N.

THEOREM 7.1 (Popa, [55]). — Let G be an ICC group that admits an infinite almost
normal subgroup H with the relative property (T). Let (og4) be a malleable mizing
action of G on the almost periodic injective (N, ). Denote M := N9 x G. One has

Sp(N, @) C F(M) C SpNV, ) F(L(G)) -
In particular, if L(G) has trivial fundamental group, F(M) = Sp(N, ¢).

Proof. — As shown by Golodets and Nessonov [24], the inclusion Sp(N, ¢) C F(M)
holds. Indeed, let s € Sp(N,p) and take an s-eigenvector v € N, that we may
suppose to be a partial isometry. Write p = v*v and ¢ = vv*. Then, p,q € N¥ C M,
©(q) = s¢(p) and Ad v yields an isomorphism of pMp with ¢Mgq. Hence, s € F(M).

Suppose t € F(M) and let 0 : M — M?" be a *-isomorphism. Since H is almost
normal in G, £(G) is contained in the quasi-normalizer of L(H) in M. Moreover,
L(H) is diffuse since H is infinite. So, it follows from Theorem D.4 that the quasi-
normalizer of L(H) in M is exactly £(G) and, in particular, a factor. Since N'¥ is an
injective von Neumann algebra with finite trace ¢, it follows from Remark B.4 that
there is no non-zero homomorphism from £(G) to an amplification of N'?.

Write M = N'xG, Q = 0(L(H)) and P = 0(L(G)). Realize M* := p(M,,(C)@M)p,
where p is chosen in M, (C) ® L(H). By Proposition B.5, the inclusion ¢ C P has
the relative property (T). Increasing n if necessary, the previous paragraph and Theo-
rem 6.3 yield s € Sp(M, ¢) and v € M, (C) ® M such that v is an s-eigenvector for
, v = p, ¢ := vw* € M,(C) ® L(G) and vPv* C ¢(M,(C) ® L(G))q. We claim
that this inclusion is an equality. Then, we have shown that £(G) and L£(G)' are
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isomorphic, which yields ts € F(L(G)) and hence, ¢ € Sp(N, p)F(L(G)). So, this
ends the proof.

Changing ¢ to an equivalent projection in M, (C) ® £L(G), we may assume that
q €M, (C)® L(H). Write Q1 C P, C M as

Q1:=0""(v*(M,(C) ® L(H))v) and Py :=0""(v*(M,(C)® L(G))v) .

The inclusion @; € M = N x G has the relative property (T), P; is the quasi-
normalizer of Q1 and L(G) C P;. We have to prove that £L(G) = P;.

By Theorem 6.3, there exist a w € My 1(C) ® M, an r-eigenvector for ¢ satisfying
w*w =1 and wPyw* C £L(G)". Since L(G) C P, Theorem D.4 yields w € My 1 (C) ®
L(G). But then, £(G) = P; and we are done. O

COROLLARY 7.2. — Let G be an ICC group that admits an infinite almost normal
subgroup with the relative property (T). Suppose that L(G) has trivial fundamental
group. Let Tra be the faithful normal state on B(H) given by Tra(a) = Tr(Aa)
and define (N, ) = @ ,cq(B(H), Tra), with Connes-Stormer Bernoulli action G
(N, ). Write M := N¥ x G.

Then, F(M) is the subgroup of R generated by the ratios N/ for A, belonging
to the point spectrum of A. In particular, for every countable subgroup S C R*., there
exists a type Il factor with separable predual whose fundamental group is S.

Popa showed in [52] that, among other examples, £(G) has trivial fundamental
group when G = SL(2,Z) x Z%. Note that Popa shows in [52] that the fundamental
group of £(G) = SL(2,7Z) x L>(T?) equals the fundamental group of the equivalence
relation given by the orbits of SL(2,Z) ~ T2. The latter reduces to 1 using Gaboriau’s
£? Betti number invariants for equivalence relations, see [22].

It is an open problem whether there exist II; factors with separable predual and
uncountable fundamental group different from R

8. FROM VON NEUMANN EQUIVALENCE TO ORBIT
EQUIVALENCE

The following is an immediate consequence of Theorem 6.4.

PROPOSITION 8.1. — Let G be an ICC group with a strongly malleable mizing action
on the probability space (X, p). Write M = L (X) x G. Let T be a countable group
that admits an almost normal infinite subgroup Ty such that (T',Ty) has the relative
property (T). Suppose that T' acts on the probability space (Y,n).

Let p be a projection in L(G) and

0:L®°(Y)xT — p(L™(X)xG)p

SOCIETE MATHEMATIQUE DE FRANCE 2007



266 S. VAES

a *-isomorphism. Then, there exists a unitary v € pMp such that v0(L(T))v* C
pL(G)p.

Proof. — We apply Theorem 6.4, observing that £(T') is included in the quasi-
normalizer P of £(T'g) in L>°(Y) x I'. Using Remark B.4, it follows that there is no
non-zero homomorphism from P to an amplification of L (X). O

From now on, specify G ~ (X,u) to be the Bernoulli action. The following
preliminary result is proved: an isomorphism between crossed products sending one
group algebra into the other, makes the Cartan subalgebras conjugate. The final aim
is Theorem 9.1 below, which states that the actions are necessarily conjugate.

THEOREM 8.2 (Popa, [56]). — Let G be an infinite group and, for po non-atomic,
G (X, p)= ngG(Xo,uo), its Bernoulli action. Let T' be an infinite group that
acts freely and weakly mizingly on the probability space (Y,n). Write A = L>®(X) and
B =L*>(Y). Let p be a projection in L(G) and
0:BxT —p(AxG)p

a *-isomorphism. Suppose that (L(T")) C pL(G)p. Then,

e there exists a partial isometry u € A X G satisfying u*u = p, e :== uu™ € A and
uf(B)u* = eA;

o the equality 0(L(T")) = pL(G)p holds.

Later on, Proposition 8.1 and Theorem 8.2 are combined to prove that the actions
of I and G are conjugate through a group isomorphism of I' and G. The proof of
Theorem 8.2 certainly is the most technical and analytically subtle part of this talk.

Notations 8.3. — We fix several notations used throughout the lemmas needed to
prove Theorem 8.2.
e We fix an infinite group G and write A9 = L>(Xy), (4,7) = ®(A0,TO). For
geG
every finite subset K C G, we write Age = ®(A0,TO). Write M = A x G and

9K
denote by 7 the tracial state on M.

e We use n : M — L?(M) to identify an element of the algebra M with its
corresponding vector in the Hilbert space L?(M).

e For a finite subset K C G, we denote by e the orthogonal projection onto the
closure of span{n(Axeuy) | g € G} in L?*(M) and we denote by pj the orthogonal
projection onto the closure of span{n(Auy) | k € G\ K} in L?(M).

e We do not write the isomorphism 6. We simply suppose that BxT = p(A x G)p
in such a way that £(T') C pL(G)p. Of course, 7 is as well the trace on B x T', but
non-normalized.

e The elements of I are denoted by s,t and the action of " on B by (ps)ser. The
elements of G are denoted by g, h and the action of G on A by (04)gec-
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e Denote by (vs)ser the canonical unitaries generating £(I') and by (ug)gec the
canonical unitaries generating £(G).

We first explain the idea of the proof of Theorem 8.2. Elements in the image of e
for K large are thought of as living far away space-wise, while elements in the image
of py for K large are thought of as living far away group-wise. In order to show that
B can be conjugated into A, one shows first that sufficiently many elements of B
are not living far away group-wise. This suffices to construct a B-A-subbimodule of
L?(M) which is finitely generated as an A-module. To obtain elements of B that are
not living far away group-wise, two lemmas are used:

e if an element of B lives far away space-wise, it does not live far away group wise
(Lemma 8.4);

e if b € B and s, — oo in I, the elements p,, (b) are more and more living far
away space-wise (Lemma 8.5).

To pass from the approximate inequalities in Lemmas 8.4, 8.5 to exact inequalities,
the powerful technique of ultraproducts is applied. This allows to conjugate B into
A at least on the level of the ultrapower algebra. But this is sufficient to return to
earth and conjugate B into A.

LEMMA 8.4. — For every € > 0 there exist finite subsets K, L C G such that

lpen(@)|? < 3)I(1 —ep)n()] +e

for all x € B with ||z|| < 1.
Proof. — We make the following claim.
Claim. For every a € M with ||a|]| < 1 and every & > 0, there exist K, L C G finite
such that

{a-n(z) - a® prn(@)] <3[|(1 —ep)n(@)| + | Exe(a)lz +¢
for all z € M with ||z|] < 1. To deduce the lemma from this claim it is then sufficient
to prove that B contains unitaries a with || Ez(g)(a)||2 arbitrary small and to use the
commutativity of B in order to get a - n(x) - a* = n(z) for x € B.

To prove the claim, choose a € M with |ja]] < 1 and € > 0. By the Kaplansky
density theorem, we may assume that a € span{Apuy | g € F1} for some finite
subsets Fy, F1 C G. We may assume as well that e € F;. Put L = Fleo and
K = LF;'. Tt is an excellent Bernoulli exercise to check that

ep(a-&) =ep(Er(a)-§) for felmer,  ep(§-a)=(eff) a for & € Impy.
Take x € M with ||z|| < 1. We obtain that

(%) a-n(@) - a” pgn(@)] < lleg(a-n@)]l + (1 —ep)((pgn(@)) - a)ll -

In (%), the second term equals

(A = eppgn(@)) -all <1 —ep)n()] -
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The first term of (x), is bounded by

() llez(a-(epn(@)I + 11 —ez)n(@)] -

In (%), the first term equals

ler(Ece(a) - (epn(@)l < [ Eziq)(a) - (egn(@))|l
< 1Bz (a) - n(@)l + [|(1 = eg)n(x)||
<Ec@(@)llz + 11 —ep)n(@)] -
We have shown that

[{a-n(x) -a”, pen(@))] <31 —ep)n(@)] + [[Ecc(a)l2
for all 2 € M with ||z|| < 1, which proves the claim.

It remains to show that, for every € > 0, there exists a unitary u € B such that
|Eziey(u)ll2 < e. If not, it follows from Proposition C.1 that there exist n > 1, a
projection ¢ € M, (C)®L(G), a homomorphism 0 : B — ¢(M,,(C)®L(G))q and a non-
zero partial isometry v € My ,,(C)®pM satisfying v*v < g and bv = v0(b) for all b € B.
Using Theorem D.4, v*v € M,,(C) ® L(G) and we may assume that v*v = ¢. Then,
v*Bu is a diffuse subalgebra of ¢(M,,(C) ® £(G))g. Since the normalizer of B in pMp
is the whole of pMp, it follows from Theorem D.4 that v*Mv C ¢(M,(C) ® L(G))q.
Since v*Mv = ¢(M,,(C) ® M)q, this is a contradiction. O

LEMMA 8.5. — For every b € B, ¢ > 0 and L C G finite, there exists K C T' finite
such that

[(1—ez)n(ps(0))] <e
forallseT\ K.

Proof. — We again make a claim.
Claim. For every a € M with |ja|]| <1, L C G finite and € > 0, there exists K1 C G
finite such that
(1 = ep)n(vaw)|| <&+ [|(1 = pg,)n()ll
for all v,w € L(G) with [Jw|| < 1.

The lemma follows easily from the claim: given K; C G finite and € > 0, we can
take K C T finite such that [[(1 —pg )n(vs)|| < e for all s € T'\ K. It remains to
observe that ps(b) = vsbv! and v, € L(T) C L(G).

To prove the claim, choose a € M with ||a]] < 1 and € > 0. By the Kaplansky
density theorem, we may assume that a € span{Aru, | g € G} for some finite subset
F c G. Given L C G finite, we put K; = LF~! and leave as an exercise to check
that

(Pg,n()) - (aw) € Ime; for all v,w € L(G).

The claim follows immediately. O
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b
LEMMA 8.6. — For every b € B, Erg)(b) = ﬂp. Hence, L(T) = pL(G)p.

7(p)

Proof. — We have to prove the following: if b € B and 7(b) = 0, then E.g)(b) = 0.
Take such a b € B with 7(b) = 0. Since I' acts weakly mixingly on B, we take a
sequence s, — oo in I' such that ps, (b) — 0 in the weak topology.

Combining Lemmas 8.4 and 8.5, we find a finite subset K C G and ng such
that ||pzn(ps, (b))||*> < e for all n > ng. Denote by f the orthogonal projection
of L?(M) onto the closure of n(£(G)). Since f and pj commute, we find that
lpan(Ecc)(ps. (b))||* < e for all n > ng. On the other hand, Ez ) (ps, (b)) tends
weakly to 0 and belongs to £(G). Hence,

11 = pr)n(Eer) (ps, (D)1 — 0
when n — co. We conclude that for n sufficiently large, || Ezq)(ps, (b))]13 < 2¢. But,
for every n,
[Ec ) (ps, (0))ll2 = Vs, Eccy(b)vs, ll2 = [ Ecc) ()2 -

It follows that ||[E.q)(b)||3 < 2e for all € > 0, which proves that Ez(q)(b) = 0.
Since pMp = B x I' and L(I") C pL(G)p, it suffices to apply E. () to obtain that
pL(G)p = L(T). O

Let us warm up the ultraproduct machinery to finish the proof of Theorem 8.2.

Notations 8.7. — We introduce the following notations.

e Let w be a free ultrafilter on N and define the ultrapower algebra M“, containing
A“ as a maximal abelian subalgebra. Denote by A% C A“ the tail algebra for the
Bernoulli action, defined as

A = () (Ape)”.
FcG
F finite

Observe that A%, as a subalgebra of M*, is normalized by the unitaries (uy)qec-

e Denote by A% x G the von Neumann subalgebra of M“ generated by A% and
L(G).

e We define x := B¥ Np(A% x G)p.

Lemmas 8.4 and 8.5 can be reinterpreted to yield elements of x.

LEMMA 8.8. — The following results hold.
(1) A bounded sequence (by,) in B represents an element of x if and only if

lim ||(1 —e;)n(bn)|| =0 for every finite subset L C G.

(2) When s, — oo in I' and b € B, the sequence (ps, (b)) represents an element
m x.
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(3) If a bounded sequence (by,) in B represents an element of x, then b, — 71(b,)p
tends to 0 weakly. Here Ty := 7(-)/7(p) denotes the normalized trace on pMp.

Proof

(1) If (an) € A% and g € G, clearly lim, ., ||(1 — e;)n(anuy)|| = 0. Hence, the
same holds if we replace (anug) by any element of A% x G. Conversely, let b € B*
be represented by the bounded sequence (b,,) in B such that (1) holds. For any finite
K C G, define zx € MY by the sequence (deK EA(bnu;)ug). Our assumption
yields that zx € A% x G for all K. From Lemma 8.4 it follows that ||zx — b||2 — 0,
if K — G. Hence, b € A% x G.

(2) This follows using Lemma 8.5 and statement (1).

(3) Using Lemma 8.6, it suffices to check that b, — Er () (b,) tends to 0 weakly.
This is true for any (b,) in A< % G. O

In the next lemma, x is shown to be sufficiently big.
LEMMA 8.9. — One has pM“pN x' = B¥.

Proof. — We first claim that the action (ps)ser is 2-mixing (see Definition D.6). We
have to prove that for all a,b,c € B,

|7(aps(b)pi(c)) — T(a)T(ps (b)pt(c))| — O
when s,t — oo.

Suppose that the bounded sequence (d,,) represents an element d € x. By (3) in
Lemma 8.8, d,, — 71(d,,)p — 0 weakly and hence,

|71 (ady) — m1(a)m1(dy)] — 0

for all @ € B. Fix a,b,c € B and take sequences s,,t, — oo in I'. From (2) in
Lemma 8.8, we get that the sequences (ps, (b)) and (p;, (¢)) represent elements of y.
Since x is a von Neumann algebra, the sequence (ps, (b)p:, (¢)) represents an element
of x as well. Applying the previous paragraph to this sequence, we have proved
the claim. Combining the 2-mixing of the action (ps)ser with Lemma D.7, we are
done. O

Proof of Theorem 8.2. — We first claim that there exists a non-zero a € p(M¥, e4.)Tp
N x’ with 7(a) < oco. As usual, 7 denotes the semi-finite trace on the basic construction
(M¥,eqw), see Appendix A.

There exists a finite subset K C G such that

N | =

Tim [pgen(ba)|| <

for all (b,) in the unit ball of x. Indeed, if not, write G as an increasing union of
finite subsets K, and choose b, € B with [b,]| < 1, [[(1 —eg )n(bn)|| < 1/n and
Ipg, n(bn)|l > 1/2. This yields a contradiction with Lemma 8.4.
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Define the projection fx € (MY easw) as fx = deK ugeawtg.  Clearly
T(frk) < co. Denote by a the (unique) element in the ultraweakly closed con-
vex hull of {bfxd* | b€ U(x)}. By construction 7(a) < oo and a € x’. To obtain the
claim, we have to show that a # 0. Whenever (b,,) represents b € U(x), we have

Fleasbfibea) = lim (1= pe)n(vo)|* 2 3/4.

Hence, T(egwaeqw) # 0 and a # 0. This proves the claim stated in the beginning of
the proof.

It follows from Lemma 8.9 and Theorem C.3 that there exists a non-zero partial
isometry v € MY satisfying v*v € B¥, vv* € AY and vB“v* C A¥. Take partial
isometries v, € M such that e, := v v, € B, v,v} € A and (v,) represents v. It
follows that there exists n such that

. 1
lonbug = Ea(onbvy)ll2 < Fllenl2

for all b € B with ||b]| < 1. Indeed, if not, we find a sequence of elements b,, € B with
[b,]] <1 and [[vabpvy — Ea(vabv)||2 > 1|len]l2. Since (by,) defines an element in B¥,
taking the limit » — w yields a contradiction.

If we write f = vpv) € A, Ay := fA and B; := v, Bv}, as subalgebras of fM f, we
have, after normalization of the trace, [|b— E4, (b)||2 < % for all b € By with ||| < 1.
Hence, (4) in Proposition C.1 is satisfied and an application of Theorem C.3 concludes
the proof of Theorem 8.2. O

9. STRONG RIGIDITY FOR VON NEUMANN ALGEBRAS

Suppose that G acts on (A4, 7) by (04)geq and I on (B, 7) by (ps)ser. A conjugation
of both actions is a pair (A,§) of isomorphisms A : B — A, § : I’ — G satisfying
A(ps(b)) = 05(s)(A(D)), for all b € B and s € I'. Associated with the conjugation
(A, 9) is of course the obvious isomorphism of crossed products 0a 5 : BXxI' — AxG.

Whenever G acts on (A4,7) and o : G — S! is a character, we have an obvious
automorphism 6, of the crossed product A x G defined as fixing pointwise A and

Qa(ug) = a(g)ug.

THEOREM 9.1 (Popa, [56]). — Let G be an ICC group acting and G ~ (X, pu) its
Bernoulli action (with non-atomic base). Let T' be a countable group that admits an
almost normal infinite subgroup Ty such that (I',Tg) has the relative property (T).
Suppose that T acts freely on the probability space (Y,n). Let p be a projection in
L>*(X)x G and

0:L%(Y) % T — p(L=(X) x G)p
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a *-isomorphism. Then, p = 1 and there exist a unitaryu € L= (X)XG, a conjugation
(A, 0) of the actions through a group isomorphism § : I' — G and a character o on G
such that

0=Aduob,o00as.
Theorem 9.1 admits the following corollary stated in the introduction.

COROLLARY 9.2. — Let G be a w-rigid group and denote by Mg := L®(X) x G the
crossed product of the Bernoulli action G ~ (X, u) with non-atomic base. Then, for
w-rigid ICC groups G and T', we have Mg = Mr if and only if G =2 T'. Moreover, all
Mg for G w-rigid ICC, have trivial fundamental group.

The corollary is an immediate consequence of Theorem 8.2 and the orbit equiv-
alence superrigidity Theorem 4.4. Indeed, let G and I' be w-rigid ICC groups with
Bernoulli actions on (X, u) and (Y, ), respectively. If p is a projection in L*(X) x G
and 0 : L=®(Y)x T — p(L*>°(X)x G)p is a *-isomorphism, we have to prove that p =1
and that I and G are isomorphic. Combining Proposition 8.1 and Theorem 8.2, we
may assume that p € L®°(X) and 0(L>°(Y)) = L*°(X)p. Hence, 0 defines a stable
orbit equivalence between I' ~ Y and G ~ X. So, Theorem 4.4 allows to conclude.

Refining the reasoning above, Theorem 9.1 is proved. First, taking a further re-
duction, it is shown that we may assume that the action I' ~ Y is weakly mixing. So,
Proposition 8.1 and Theorem 8.2 can be applied and yield a stable orbit equivalence
of ' ~ Y and G ~ X. Associated with this stable orbit equivalence is a cocycle. The
unitary that conjugates £(I") into £(G) (its existence is the contents of Proposition
8.1) is reinterpreted as making cohomologous this cocycle to a homomorphism into
U(L(G)). Using the weak mixing property through an application of Lemma 4.8, the
homomorphism can be assumed to take values in G itself. This yields the conjugacy
of the actions.

Proof of Theorem 9.1. — Write A = L>®°(X) and B = L>(Y). Write M = A x G
and identify through 6, B x T' = p(A x G)p. First applying Proposition 8.1, we may
assume that p € L(G) and L(T') C pL(G)p. We claim that there exist a finite index
subgroup I'y C T" and a I'y-invariant projection p; € BN L(G) such that the T-action
on B is induced from the I'j-action on p; B obtained by restriction, and such that the
I';-action on p1 B is weakly mixing.

Whenever V' C B is a finite-dimensional I'-invariant subspace, it follows from
Theorem D.4 that V' C pL(G)p. Also, BN L(G) is a I'-invariant von Neumann
subalgebra of B. By the ergodicity of the I'-action on B, this invariant subalgebra is
either diffuse or atomic. If it is diffuse and since it commutes with B, it would follow
from Theorem D.4 that B C pL(G)p and hence, pMp C pL(G)p, a contradiction.
So, BN L(G) is atomic, hence finite-dimensional, and it suffices to take a minimal
projection p; € BN L(G). This proves the claim.
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It now suffices to prove the theorem under the additional assumption that the
action of I' on B is weakly mixing. We apply Theorem 8.2. Conjugating again, we
obtain the following situation: a projection ¢ € A and a partial isometry v € M such
that vv* = p € L(G), v*v = g and B x ' = ¢(A x G)q in such a way that B = ¢A
and vL(T")v* = pL(G)p. The theorem follows from Proposition 9.3 below. O

In the proof of Theorem 9.1, we used the following proposition. It is a weaker
version of Theorem 5.2 in [56], but sufficient for our purposes. It also provides a
generalization and simpler proof for the main result in [43] by Neshveyev and Stgrmer.

PROPOSITION 9.3 (Popa, [56]). — Let G be an infinite group that acts freely and
weakly mizingly on (X, ). Let T' be an infinite group that acts freely on (Y,n). Write
A=L>*(X) and B =L>(Y). Suppose that q is a projection in A such that

BxT'=qAxG)q with B=gA.

Suppose that there exists a partial isometry v € A x G satisfying v*v = q, vv* =p €
L(G) and vL(T)v* = pL(G)p.

e If G has no finite normal subgroups, ¢ = 1.

o If g = 1, there exists w € U(L(G)) such that, writing v = wv, v normalizes
B = A and vwv* = a(s)uss) for some a € Char(I') and some group isomorphism
0:I'—=@G.

We write this rather pedantic formulation of the proposition, to cover at the same
time its application in the proof of Theorem 9.1 (where G is ICC and hence, without
finite normal subgroups) and the result of [43] (where G is an any abelian group, but
q = 1 from the beginning).

Proof. — We make use of the canonical embedding n : A x G — A®(?*(G) of the
crossed product into the Hilbert-W*-module A®¢*(G) given by n(uga) = a ® d,-1 for
all g € G and a € A. Here (§,)g4ec is the canonical orthonormal basis of £2(G). We
identify A®?*(G) = L*>®°(X,(*(Q)) and we make act £L(G) on £2(G) on the left and
the right: uyd, = 64, and dpuy = dpy. At the same time, we regard £(G) C £2(G).

Denote S'G := S x G that we identify in the obvious way with a closed subgroup
of U(L(G)). We identified Y C X such that I" acts on Y, B = L®(Y), A = L>®(X)
and ¢ = yy. We have the orbit equivalence ¢(A x G)g = B x T’ with B = gA. This
yields a one-cocycle v: I' x Y — S'G given by

n(zvs)(x) = n(z)(s * ) (s, )
for all z € A x G and where we use s * x to denote the action of an element s € I on
x €Y. We claim that the partial isometry v makes v cohomologous to a homomor-
phism.
Observe that Ey gy (vav*) = 7(p)~'7(a)p for all a € B. Indeed,

Er()(vav) = 7(p) ' By ryer (vav®) = 7(p) " v Bz (a)v* = 7(p) ' r(a)p .

SOCIETE MATHEMATIQUE DE FRANCE 2007



274 S. VAES

We first study the function w := 7(p)*/?n(v) € L®(Y,¢*(G)). Suppose that wy €
L(G) is an essential value of this function. We find a decreasing sequence of non-zero
projections g, in B such that ||7(p)Y/?1(v)gn — gn ® wolle — 0, where we use the
uniform norm for functions in L>°(X,%(G)). So, we have a sequence &, — 0 such
that ||(7(p)"/?v — wo)gqnll2 < €nllgnll2, Where we use the norm of L*(M). In L'(M),
we obtain that 7(g, )~ !||7(p)vgnv* — wognw§lly — 0. Applying Er (g it follows that
lp — wowg]|1 — 0 and hence wow§ = p. We have shown that for almost all y € Y,

w(y) € L(G) and w(y)w(y)" =p.

Since we can replace v by wiv, we may assume that p is an essential value of the
function w.

Define the homomorphism 7 : I' — U(pL(G)p) : 7(s) = vvsv*. For every s € T,
vvs = 7(s)v. Applying 7, this yields,

(2) w(s*x) y(s,z) =7(s) w(x) for almost all z €Y.

If ¢ = 1, Lemma 4.8 yields that 7(s) € S'G for all s € I' and w(z) € S'G for
almost all x € X. The latter implies that v normalizes the Cartan subalgebra A = B.
The former allows to define the group isomorphism § : I' — G and the character
a: T — S! such that 7(s) = a(s)d(s) for all s € I'. So, we are done in the case ¢ = 1.

It remains to show that p = 1 when G has no finite normal subgroups. The orbit
equivalence allows as well for an inverse 1-cocycle: define W = {(g,z) e G xY |z €
Y,g-x € Y}. We use the notation ¢ - z to denote the action of an element g € G
on £ € X. Then, the 1-cocycle u : W — ST is well defined and related to by the
formula

9= 'Y(:ugroup(ga -T)a -T) Mscal(ga )

for almost all (g,x) € W. Here we split up explicitly g = ftscalflgroup- Plugging the
previous equality into (2) yields

(3) w(g - z) ug = w(p(g,x)) w(z) for almost all (g,z) € W.

Since p is an essential value of the function w and since 7 takes values in the unitaries
of pL(G)p, arguing exactly as in the proof of Lemma 4.8, yields that for any g € G,
pug is arbitrary close to a unitary and hence, u, and p commute for all g € G. So, p
is a central projection in £(G) and it follows that w(z) € U(pL(G)p) for almost all
r € Y. Conjugating equation (3) with v*, implies that the cocycle u : W — ST is
cohomologous, as a cocycle with values in U (L(T")), to the homomorphism g — v*ugv.
It follows from Lemma 4.8 that v*u,v € S'T for all g € G. On S'T, the trace 7 takes
the values 0 and 7(p)S*. Hence, for all g € G, we have

T(ugp) = T(ugvv*) = 7(v ugv) € {0} U Str(p) .

We also know that p is a central projection in £(G). It is an excellent exercise to
deduce from all this that p is of the form 3 - B(k)uy, for some finite normal subgroup
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K C G and an Ad G-invariant character § € Char K. Hence, K = {e}, p =1 and we
are done. O

10. OUTER CONJUGACY OF w-RIGID GROUP ACTIONS ON
THE HYPERFINITE II; FACTOR

We discuss some of the results of Popa [54] on (cocycle) actions of w-rigid groups
on the hyperfinite ITy factor. As explained in the introduction, the paper [54] is the
precursor to all of Popa’s papers on rigidity of Bernoulli actions.

DEFINITION 10.1. — A cocycle action of a countable group G on a von Neumann
algebra N consists of automorphisms (0g)gec of N and unitaries (ugn)gnhea i N
satisfying

0g0n = (Adugn)ogn , UghUghk = 0g(Unk)Ughk, 0Oc=I1d and uee=1,

forall g, hk € G.

A cocycle action (04) of G on N is said to be outer conjugate to a cocycle action
(pg) of G on M if there exists an isomorphism A : N — M such that AcygA™! = pg
mod Inn M for all g € G.

Note that a stronger notion of conjugacy exists, called cocycle conjugacy, where it
is imposed that AcyA™! = (Adwy)p,, with unitaries (w,) making the 2-cocycles for
o and p cohomologous. In the case of an outer conjugacy between cocycle actions on
a factor, the associated 2-cocycles are only made cohomologous up to a scalar-valued
2-cocycle.

Cocycle actions on a II; factor can be obtained by reducing an action by a projec-
tion. Let (0y) be an action of G on the II; factor N. Whenever p is a non-zero projec-
tion in N, choose partial isometries w, € N such that w,w; = p and wjw, = 0,4(p).
This is possible because (0,) preserves the trace and hence, p and o,4(p) are equivalent
projections since they have the same trace. Define
(4)

ob € Aut(pNp) : of (x) = wyoy(x)wy

and  ugp € U(PNp) : ugn = wyoy(wn)wy, -
It is easily checked that (07) is a cocycle action of G on the II; factor pNp and that

its outer conjugacy class does not depend on the choice of wj.

DEFINITION 10.2. — Let (o,4) be an action of the countable group G on the I fac-
tor N. Whenever t > 0, the cocycle action (O’;) of G on Nt is defined by reducing the
action (Id® o,4) of G on M,(C) ® N by a projection p with (Tr ®7)(p) =t, as in (4).

The fundamental group F(o) of the action o is defined as the group of t > 0 such
that (o)) and (o,) are outer conjugate.
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It is clear that F (o) is an outer conjugacy invariant for (o4). The following theorem
computes the fundamental group for Connes-Stgrmer Bernoulli actions of w-rigid
groups.

THEOREM 10.3 (Popa, [54]). — Let (N, ) be an almost periodic von Neumann al-
gebra and suppose that N := N¥ is a II; factor. Suppose that the countable group G
admits an infinite normal subgroup H with the relative property (T) and that (o4) is
a malleable action of G on (N, ) whose restriction to H is weakly mizing.

If we still denote by (o4) the restricted action of G on the Iy factor N, then
F(o) =Sp(N, ¢).

Proof. — 1If s € Sp(N, ¢), we take a non-zero partial isometry v € N which is an
s-eigenvector for . Denote p = v*v and ¢ = vv*. Then, Adv outer conjugates (o?)

9
and (o). Since s = %, it follows that s € F(0).

Conversely, suppose that s € (o). We have to prove that s € Sp(NV, p). We may
clearly assume that 0 < s < 1 and take a projection p € N and elements w, € N
such that ¢(p) = s, wyw; = p and wyw, = o4(p) for all g € G and such that
pg(x) = wyoy(z)wy defines a genuine action of G on pNp that is conjugate to (o).
We only retain that (pg) is a genuine action and that its restriction p|g is weakly
mixing.

Let (at) be the one-parameter group on N'® N given by the malleability of (o).
As in the proof of Lemma 4.9, the relative property (T) yields tg = 1/n and a non-zero
partial isometry a € (N ® N)?®% such that aa* <p®1, a*a < oy, (p® 1) and

(wg ®1)(0g ® 0g)(a) = aay,(wg ®1) forall ge H.

Weak mixing of o|g on N and of p|g on pNp implies that aa* = p® 1 and a*a =
at,(p ® 1). Taking b := acy,(a) - am_1y,(a), we get a partial isometry b € (N ®
N)#®% satisfying bb* = p® 1, b*b =1 ® p and

(wg ®1)(og ®0g)(b) =b(1®w,) forall ge H.

Continuing as in the proof of Lemma 4.9, Step (3), we obtain the following data: a
non-zero partial isometry v € pN'®@M; ,,(C) which is a y-eigenvector for ¢ and satisfies
v*v =1 as well as w,y(0, @ 1d)(v) = v(1 ® §(g)) for all g € H, where 0 : G — U(n)
is a projective representation. The ergodicity of p|x yields vo* = p and hence, Ad v
conjugates the actions p|g and (py ® Ad6(g))ger. Since 1 ® M, (C) is an invariant
subspace of the latter, weak mixing of p|y imposes n = 1. Since vv* = p, v*v =1
and v is a y-eigenvector, we conclude that s = 1/v € Sp(N, ¢). O

In Section 3, Connes-Stgrmer Bernoulli actions were shown to be malleable and
mixing. The following corollary is then clear.
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COROLLARY 10.4. — Let G be a countable group that admits an infinite normal sub-
group with the relative property (T). Let Tra be the faithful normal state on B(H)
given by Tra(a) = Tr(Aa) and define (N, ¢) = @ cq(B(H),Tra), with Connes-
Stormer Bernoulli action G ~ (N, p). Write R := N¥ and denote by (o4) the
restricted action of G. Then, F (o) is the subgroup of R generated by the ratios A/
between A, p in the point spectrum of A.

In particular, G admits a continuous family of non outer conjugate actions on the
hyperfinite I, factor R.

In Theorem 10.3 the following question was studied: when is the cocycle action

t
g9

(o
(o
always outer conjugate to a genuine action when (o) is a Connes-Stgrmer Bernoulli
action on the centralizer of ® je(B(H), o) for g non-tracial. On the other hand, for
o the trace on Ma(C) and ¢ not an integer, (o?

g9
action, see Theorem 10.6 below.

) outer conjugate to (o4)? Another natural question is: when is the cocycle action
) outer conjugate to a genuine action? The following remark shows that (of]) is

) is not outer conjugate to a genuine

Remark 10.5. — Let (N, ) be an almost periodic factor with N := A¥ a type II;
factor and ¢ non-tracial (note that this implies that N is a factor of type III, with
0 < XA < 1). Suppose that the group G acts on (N,¢) and denote by (o4) the
restriction of this action to N. Then, for any ¢ > 0, (0;) is outer conjugate to a
genuine action.

For simplicity of notation, suppose t < 1 and let p € N be a projection with
¢(p) = t. We can write a series t = ) v, with v, € Sp(N,p). Write p = > p,
for some mutually orthogonal projections p, in N with ¢(p,) = 7,. Take partial
isometries v, € A such that v, is a y,-eigenvector for ¢ and viv, = 1, v,v5 = p,.
Define for g € G, the element wy, € N as

Wy 1= Zvnag(v:;) .
n

It is easy to check that wyw; = p, wiw, = 04(p) for all g € G and wyoy(wn) = wyn
for all g,h € G. Writing o} (z) = wyoy(z)w; for x € pNp, it follows that (o) is a
genuine action of G on pNp and a way to write (af]).

THEOREM 10.6 (Popa, [54]). — Suppose that the countable group G admits an infi-
nite normal subgroup H with the relative property (T). Denote by (o4) the Bernoulli
action of G on R = ®gea(Ma(C),7). Fort > 0, the cocycle action (o) is outer
conjugate to a genuine action if and only if t € Ny.

Observe moreover that it follows from Theorem 10.3 that, for different values of

t > 0, the cocycle actions (o?

;) are mutually non outer conjugate.
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Proof. — Given (o};) outer conjugate to a genuine action (pg), we can start off in
the same way as in the proof of 10.3, but we do not know anymore that p|gy is
weakly mixing (or even, that p is ergodic). So, in order to make the passage from
‘an intertwiner for oy,’ to ‘an intertwiner for «;’, we need the extra data of strong
malleability, as in the proof of Lemma 4.9. But, the Connes-Stgrmer Bernoulli action
(04) is not strongly malleable in the sense of Definition 3.1 in an obvious way. So,
we need a more flexible notion, essentially replacing tensor products by graded tensor

products, see Remark 10.7 below.

Let ¢ > 0 and suppose that (J;) is outer conjugate to a genuine action. So, we
can take k € N, a projection p € R ® Mi(C) with (7 ® Tr)(p) = t and partial
isometries w, € R ® My(C) such that w,w; = p, wyw, = (05 ® id)(p) and such
that pgy(z) = wy(oy @ id)(z)w} defines an action of G on R' := p(M(C) ® R)p. Let
g < p be any non-zero projection in R? invariant under p|y. We shall prove that g
dominates a non-zero projection qo, invariant under p|y and with (7 ® Tr)(¢) € N.

This of course proves that (7 ® Tr)(p) € N.

Combining Remark 10.7 and the proof of Lemma 4.9, we find a non-zero partial
isometry v € R ® My, ,(C) and a projective representation 6 : G — U(n) such that
v*v =1, vv* < ¢ and such that wy(o, @ id)(v) = v(1 ® 6(g)) for all ¢ € H. Putting
qo = vv*, we are done. O

Remark 10.7. — The Connes-Stgrmer Bernoulli action (o,) of the group G on N :=
®geq M2 (C) satisfies the following form of strong malleability: the II; factor N is
Z/27Z-graded, the action (o,) commutes with the grading and the graded tensor square
N & N is equipped with a one-parameter group of automorphisms () and a period
2 automorphism g, all commuting with the grading and satisfying

a(z®)=1®z, Pfe®l)=2®1 and fayB=a_; forallzec N ,tcR.

To check that the Bernoulli action indeed admits such a graded strong malleability,
it suffices to construct the grading and (ay), 8 on the level of My(C) and take the
infinite product.

More generally however, for any real Hilbert space Hg, one considers the complexi-
fied Clifford *-algebra Cliff (Hg ), generated by self-adjoint elements s(&), £ € Hg with
relations

s(&)? = ||€]|* forall ¢€ Hg and & s(¢) R-linear.

The *-algebra Cliff (Hgr) admits an obvious Z/2Z-grading such that the elements s(§)
have odd degree. Also, Cliff(Hg) has a natural tracial state yielding the hyperfinite
IT; factor after completion if Hy is of infinite dimension. Clearly, any orthogonal
representation on Hg extends to an action on Cliff(Hg) preserving the grading. Fi-
nally, we have a canonical isomorphism Cliff(Hr @ Kg) = Cliff(Hg) ® Cliff(Kg).
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If one notes that Cliff(R?) = My (C), one defines o and 8 on Cliff(R? & R?) by the

formulas

e =a(zE 2B () e re(=e(8)

The above procedure shows that also the so-called Bogolyubov actions are strongly
malleable in a graded way.

APPENDIX A
THE BASIC CONSTRUCTION AND HILBERT MODULES

Let (N, ) be a von Neumann algebra with almost periodic faithful normal state
¢ and let B C N¥ be a von Neumann subalgebra of the centralizer algebra. A
particularly interesting case, is the one where ¢ is a trace and where we consider
an inclusion B C (N, 7). We briefly explain the so-called basic construction von
Neumann algebra (N, eg), introduced in [62, 2] and used extensively by Jones [33] in
his seminal work on subfactors. We refer to [8, 25, 33] for further reading and briefly
explain what is needed in this talk.

The basic construction (N, ep) is defined as the von Neumann subalgebra of
B(L?(N)) generated by A/ and the orthogonal projection ep of L?(N) onto L?(B) C
L?(N). Tt can be checked that (N, ep) consists of those operators T € B(L?(N))
that commute with the right module action of B: T(£b) = T(€)b for all £ € L?(N)
and b € B.

The basic construction (N, ep) comes equipped with a canonical normal semi-finite
faithful weight @ satisfying

P(zepy) = p(xy) for all z,y € N.

If ¢ is a tracial state, ¢ is a semi-finite trace.

Let (B, 7) be a finite von Neumann algebra with faithful tracial state 7. Whenever
K is a right B-module, the commutant B’ of B on K is a semi-finite von Neumann
algebra that admits a canonical semi-finite trace 7/, characterized by the formula

7 (TT*) = 7(T*T) whenever T :L*(B) — K is bounded and right B-linear.

Observe that for every bounded right B-linear map T : L?(B) — K, the element TT*
belongs to B’ and T*T belongs to B, acting on the left on L?(B).

When B is a factor, one defines dimpg (K) := 7/(1) and calls dimpg(K) the coupling
constant. It is a complete invariant for countably generated B-modules, which means
the following: if dimp(K) = 400, K is isomorphic to ¢?(N) ® L?(B) as a right B-
module and if dimp(K) =t and p € M,,(C) ® B is a projection with (Tr ®7)(p) = ¢,
then K is isomorphic with pL?(B)®" as a right B-module.
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When (B, 7) is an arbitrary finite von Neumann algebra with faithful tracial state
7, the situation is slightly more complicated. If E'z denotes the center valued trace,
i.e., the unique 7-preserving conditional expectation Ez : B — Z(B) of B onto the
center of B, we know that Fz(zy) = Ez(yx) for all z,y € B and that p < ¢ if and
only if Ez(p) < Ez(q) whenever p and ¢ are projections in B. Moreover, whenever
the Hilbert space K is a right B-module and 7 a faithful tracial state on B, we denote
by B’ the commutant of B on K as above and construct a normal, semi-finite positive
linear map

E% : (B)* — { positive elements affiliated with Z(B) }
satisfying E% (z*z) = EZ (za*) for all = and such that
EL(TT*) = Ez(T*T) whenever T : L?*(B) — K is bounded and right B-linear.

The positive affiliated element E’; (1) of Z(B) provides a complete invariant for count-
ably generated right B-modules. First note that the B-module K is finitely generated,
i.e., of the form pL?(B)®" for some projection p € M,,(C) ® B, if and only if E%;(1)
is bounded. In that case E%Z (1) = (Tr®FEz)(p).

Note that 7/ = 70 E%. So, if 7/(1) < o0, it follows that E%(1) is not necessarily
bounded, but 7-integrable. This implies that E%(1)z is bounded for projections z €
Z(B) with trace arbitrary close to 1. So, we have shown the following lemma.

LEMMA A.1. — Let K be a right B-module and T a normal faithful tracial state
on B. Denote by 7' the canonical semi-finite trace on the commutant B’ of B on
K. If (1) < oo, there exists for any € > 0 a central projection z € Z(B) with
7(z) > 1 —¢ and such that the B-module Kz is finitely generated, i.e., of the form
pL%(B)®" for some projection p € M,(C) ® B.

Returning to the basic construction for the inclusion B C N, with B C N'%, we
observe that the restriction of ¢ defines a tracial state on B and that (N, ep) is the
commutant of B on L?(N). Using the previous paragraph, (N, ep) comes equipped
with a canonical semi-finite trace ¢'. If ¢ is tracial on N, it is easily checked that
¢ = ¢'. If v is no longer a trace, but an almost periodic state, we denote by p, the
orthogonal projection of L?(N) on the y-eigenvectors for . Note that p, belongs to
(N, ep) because B C N'¥. Tt is easy to check that

P(x) = Z P(pyapy) and ¢ (z) = Z 7_1$(p7$p7)
YESP(N ) YESP(N,p)

for all z € (M, ep)™. In particular, ¢ is tracial and a multiple of ¢’ on p, (N, eg)p-,
for all v € Sp(N, ).

ASTERISQUE 311



(961) RIGIDITY RESULTS FOR BERNOULLI ACTIONS 281

APPENDIX B
RELATIVE PROPERTY (T) AND II, FACTORS

A countable group G has Kazhdan’s property (T) if every unitary representation
of G that admits a sequence of almost invariant unit vectors, admits a non-zero
G-invariant vector. More generally, a pair (G, H) consisting of a countable group
G with subgroup H is said to have the relative property (T) of Kazhdan-Margulis
[26, 15, 36, 37], if every unitary representation of G that admits a sequence of almost
invariant unit vectors, admits a non-zero H-invariant vector. The main example is
the pair (SL(2,Z) x Z?,Z?).

A countable group G is said to be amenable if the regular representation on ¢?(G)
admits a sequence of almost invariant unit vectors. Hence, an amenable property (T)
group is finite and an amenable group does not have an infinite subgroup with the
relative property (T).

Below, we need the following alternative characterization of relative property (T)
due to Jolissaint (see Theorem 1.2(a3) in [30]). The pair (G, H) has the relative
property (T) if and only if every unitary representation of G admitting a sequence
of almost invariant unit vectors, admits a non-zero H-invariant finite dimensional
subspace.

The notion of property (T) has been defined for II; factors by Connes and Jones
[11]. Unitary representations of groups are replaced by bimodules (Connes’ corre-
spondences, see [7, 49]). Popa [52] defined the relative property (T) for an inclusion
of finite von Neumann algebras ) C P and we explain it in this appendix.

A P-P bimodule is a Hilbert space H with a left and a right (normal, unital) action
of P. We write x&, resp. £x for the left, resp. right action of P on H.

Terminology B.1. — Let (P,7) be a von Neumann algebra with a faithful normal
tracial state 7. If K is a P-P-bimodule and (§,,) a sequence of unit vectors in K, we
say that

— (&) is almost central if ||z&, — &yx|| — 0 for all z € P;
— (&) is almost tracial if |[{&n, -€n) — 7| — 0 and |[(&n, &) — 7] — 0.

A vector £ is said to be Q-central for some von Neumann subalgebra Q C P if
x€ =&z for all x € Q.

DEFINITION B.2 (Popa, [52]). — Let (P,7) be a von Neumann algebra with a faithful
normal tracial state 7. The inclusion Q C P is said to have the relative property (T)
if any P-P bimodule that admits a sequence of almost central almost tracial unit
vectors, admits a sequence of almost tracial QQ-central unit vectors.
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Remark B.3. — One might wonder why almost traciality is assumed in the definition
of relative property (T). In applications (as the ones Popa’s work), it is crucial that
an inclusion Q C P with the relative property (T) remains relative (T) when cutting
down with a projection of @ (see Proposition B.6). Now look at the following example:
we take a II; factor P, two von Neumann subalgebras Q1,2 C P and we consider
the inclusion of @1 ® Q2 C M2(C) ® P. If one would define naively the relative
property (T) by imposing that any P-P bimodule admitting almost central vectors,
admits a non-zero Q-central vector, then the inclusion Q1 ® Q2 C M3 (C) ® P would
have the relative property (T) if one of the inclusions Q1 C P, Q2 C P has the
relative property (T). And hence, Proposition B.6 would not hold.

Remark B.4. — A finite von Neumann algebra (P, 7) with faithful normal tracial state
7 is said to be injective (or amenable) if the coarse Hilbert P-P-bimodule L?(P) ®
L?(P) defined by a-£-b = (a®1)£(1®b) contains a sequence of almost central almost
tracial vectors. It is then clear that an injective (P,7) does not contain a diffuse
subalgebra Q C P with the relative property (T). More generally, if Q C P is diffuse
with the relative property (T), there is no non-zero normal homomorphism from P
to an injective finite von Neumann algebra.

A lot can be said about relative property (T) in the setting of von Neumann
algebras, see the papers of Peterson and Popa [47, 52]. In this talk, only two easy
results are shown, which suffices for the applications in the rest of the talk.

PROPOSITION B.5. — Let G be a countable group with subgroup H. Then, (G, H)
has the relative property (T) if and only if the inclusion L(H) C L(G) has the relative
property (T) in the sense of Definition B.2.

Proof. — First suppose that (G, H) has the relative property (T). Let K be an L(G)
L(G)-bimodule with an almost central almost 7-tracial sequence of unit vectors (&,

for some faithful normal tracial state 7 on £(G). Define the representation 7(g)§ =
ug€uy of G on K. Choose ¢ > 0. Using the stronger version of relative property (T
we can take a m(H)-invariant unit vector £ and n € N such that

€ €

9
1€ = &nll < 55 I, &n) =7l <5 l{&n &) =7l < 3

Since a m(H)-invariant vector is L£(H )-central, we have found an L£(H)-central unit

))
);

vector & satisfying
&) =7l <&, {66 =7l <e.
It follows that K admits a sequence of almost tracial £L(H )-central vectors.
Conversely, suppose that the inclusion L(H) C £(G) has the relative property (T)
in the sense of Definition B.2. Let 7 : G — U(Kj) be a unitary representation of
G that admits a sequence (§,) of almost invariant unit vectors. As stated above,
it is sufficient to prove that K admits a non-zero finite-dimensional 7(H )-invariant
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subspace. Define K = ¢?(G) ® Ko, which we turn into an £(G)-£(G)-bimodule by
the formulas

ug-(5h®§):59h®ﬂ(g)§ and (5h®§)~ug:5h9®§

forall g,h € G, € € Ky. It is clear that (6. ®&,) is a sequence of almost central almost
tracial unit vectors. So, K admits a non-zero L(H )-central vector u. Considering i as
an element in /2(G, Ky), we get that u(hgh™') = w(h)u(g) for all h € H, g € G. Take
g € G such that pu(g) # 0. Since u € (2(G, Ky), we conclude that {hgh™! | h € H}
is finite. But then, the linear span of {u(hgh™') | h € H} is a finite-dimensional
7 (H )-invariant subspace of Kj. O

PROPOSITION B.6. — Let P be a I, factor and Q C P an inclusion having the
relative property (T). If p € Q is a non-zero projection, pQp C pPp has the relative

property (T).

Proof. — Write Q1 = pQp and P; = pPp. Since P is a II; factor, we can take partial
isometries v1, ..., v, € P satisfying v; = p, v;v; < p and Zle viv; =1. Let K be a
P;-P;-bimodule admitting the almost central almost tracial sequence of unit vectors
(&n). Define K as the induced P-P-bimodule: put a scalar product on Pp K; pP by
the formula

(x&y™, aub®) = (&, (" a)u(b*y)) for all z,y,a,b € Pp, &, n € Ky .

Up to normalization, the sequence Zle v;€,v] is almost central almost tracial in
the P-P-bimodule K. Hence, K admits an almost tracial sequence (i) of @Q-central
vectors. Up to normalization, (pu,) = (unp) defines an almost tracial sequence of
pQp-central vectors in K. O

The above proposition remains valid when (P, 7) is just von Neumann algebra with
faithul tracial state 7, but the proof becomes slightly more involved.

APPENDIX C
INTERTWINING SUBALGEBRAS USING BIMODULES

The fundamental problem in the whole of this talk is to decide when two von
Neumann subalgebras P, B C M can be conjugated one into the other: uPu* C B
for some u € U(M). The usage of the basic construction in this respect goes back
to Christensen [2], who used it to study conjugacy of uniformly close subalgebras.
A major innovation came with the work of Popa [55, 52|, who managed to prove
conjugacy results for arbitrary subalgebras, still using the basic construction.

Roughly, Proposition C.1 below says the following. Let P,B C M be von Neu-
mann subalgebras of a finite von Neumann algebra (M, 7). Then, the following are
equivalent.
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e A corner of P can be conjugated into a corner of B.

e L?(M) contains a non-zero P-B-subbimodule which is finitely generated as a
B-module.

e The basic construction (M, eg) contains a positive element a, commuting with P
and satisfying 0 < 7(a) < 400, where 7 is the canonical semi-finite trace on (M, ep).

The relation between the second and the third condition is clear: the orthogonal
projection px onto a P-B-subbimodule K of L?(M) belongs to (M,eg) N P’ and
T(pk) < oo is essentially equivalent to K being a finitely generated B-module.

We reproduce from [55, 52] two results needed in this talk.

ProposITION C.1 (Popa, [55, 52]). — Let (M, p) be a von Neumann algebra with an
almost periodic faithful normal state p. Let P, B C M¥ be von Neumann subalgebras.
Then, the following statements are equivalent.

(1) There existn > 1, v >0, v € My ,(C) ® M, a projection p € M,,(C) ® B and
a homomorphism 6 : P — p(M,,(C) ® B)p such that v is a non-zero partial isometry
which is a v-eigenvector for ¢, viv < p and

v =v0(x) forall ze€P.

(2) There exists a non-zero element w € M such that Pw C >, _, wyB for some
finite family wy in M.

(3) There exists a non-zero element a € (M,eg)™ N P with p(a) < oo. Here
(M, ep) denotes the basic construction for the inclusion B C M, with its canonical
almost periodic semi-finite weight ©.

(4) There is no sequence of unitaries (uy) in P such that || Ep(au,b)|l2 — 0 for all

a,be M.

Of course, if one wants to deal as well with the non-separable case, one should take
a net instead of a sequence in statement (4).

Proof

(1) = (2). Taking a non-zero component of v, this is trivial.

(2) = (3). Since P and B are in the centralizer algebra M?¥ and ¢ is almost
periodic, we can assume that w,wy,...,w, are all y-eigenvectors for ¢. Note that,
whenever w € M is a y-eigenvector, the projection of L?(M) onto the closure of wB
yields a projection f € (M,ep) and f is the range projection of wepw*. It follows
that @(f) < ~. In the same way, the projection onto the closure of Y )_; wiB has
finite ¢-weight. Hence, the projection f onto the closure of PwB in L?(M) satisfies
the requirements in (3).

(3) = (1). If p, denotes the orthogonal projection of L?(M) onto the v-spectral
subspace of ¢, we know that $(a) =>__ @(p,apy) and we can replace a by pyap, # 0.
Taking a spectral projection of the form X(s 4o[(a), we obtain an orthogonal projec-
tion f € (M, ep)t NP’ with 3(f) < oo and the range of f contained in the vy-spectral
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subspace of ¢. Hence, the range of f is a non-zero P-B-sub-bimodule of L*(M)., with
finite trace over B. Cutting down by a central projection of B (see Lemma A.1), we
get a P-B-sub-bimodule H C L*(M), which is finitely generated over B. Hence, we
can take n > 1, a projection p € M,,(C) ® B and a B-module isomorphism

¢ pL*(B)®*" — H .

Since H is a P-module, we get a homomorphism 6 : P — p(M,(C) ® B)p sat-
isfying z¢(¢) = ¥(0(z)€) for all z € P and £ € H. Define e; € L?(B)®" as
e; = (0,...,1,...,0) and £ € M;,(C) ® H as & = v (pe;). The polar decomposi-
tion of the vector £ yields an isometry v € M; ,,(C) ® M belonging to the ~y-spectral
subspace for ¢. A direct computation shows that zv = v(z) for all x € P, as well as
v < p.

(1) = (4). Suppose that we have all the data of (1). If (u,) is a sequence
of unitaries in P such that |Eg(au,b)|ls — 0 for all a,b € M, it follows that
Ilid ® Ep)(v*upv)|]l2 — 0 when n — oo. But, ||(id ® Ep)(v*u,v)|lz2 = ||(id ®
Ep)(v*0)0(uy)||2 = ||[(id ® Ep)(v*v)||2. We conclude that v = 0, a contradiction.

(4) = (3). By (4), we can take ¢ > 0 and K C M finite such that for all unitaries
u € P, maxqpex || Ep(aub)||2 > e. Define the element ¢ = 3, - bepb* in (M, ep)™.
Note that @(c) < co. Let d € (M,eg)™ be the element of minimal L% mnorm (with
respect to @) in the L2-closed convex hull of {ucu* | u € U(P)}. By uniqueness of the
element of minimal L2-norm, it follows that d € (M, ep)*t N P’ and by construction
p(d) < oo. It remains to show that d # 0. But, for all u € U(P), we have

Z plepaucu® a*ep) = Z | Ep(aub)|3 > &* .

acK a,be K
It follows that Y ., $(epada*ep) > e* and d # 0. O
LEMMA C.2. — Let M be a finite von Neumann algebra and B C M a mazimal

abelian subalgebra.

e If g € M is an abelian projection, there exists v € M satisfying v*v = q and
vMv* C B.

o If M is of finite type I and Py C M an abelian von Neumann subalgebra, there
exists a unitary u € M such that uPyu* C B.

Proof. — We do not provide a full proof of this classical lemma: see paragraph 6.4
in [35] for the necessary background. The following indications shall allow the reader
to fill in the proof.

For the first statement, it suffices to find a projection in B which is equivalent
with ¢, i.e., v € M with v*v = ¢ and vv* € B. Since B is maximal abelian, we have
vMv* C B.

For the second statement: since M is of finite type I and L>°(X) = B C M is
maximal abelian, the partial isometries in M normalizing B induce an equivalence
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relation with finite orbits on X. Taking a fundamental domain for this equivalence
relation, we can easily conclude. Of course, a proper proof can be given in operator
algebraic terms: if M is of type I,, and B C M maximal abelian, we can write 1 as
the sum of n equivalent abelian projections contained in B. Embedding Py C P C M
with P maximal abelian, we can do the same with P and then, P and B are unitary
conjugate. O

THEOREM C.3 (Popa, [52]). — Let (M,7) be a finite von Neumann algebra and
Py, B C M abelian subalgebras. Suppose that B is mazimal abelian and P := M N P}
abelian (hence, maximal abelian). The following statements are equivalent.

(1) There exists a non-zero v € M such that Pov C Y ;_, vp B for some finite set
of elements (vy) in B.

(2) There exists a non-zero a € (M,eg)™ N P} satisfying T(a) < co. Here (M, ep)
denotes the basic construction for the inclusion B C M and T is the canonical semi-
finite trace on it.

(3) There exists a non-zero partial isometry v € M such that v'v € P,
p:=vv* € B and vPv* = Bp.

If moreover M 1is a factor and P and B are Cartan subalgebras, a fourth statement
18 equivalent:

(4) There exists a unitary w € M such that uPu* = B.

Proof. — Given Proposition C.1, it suffices to prove that (2) implies (3) as well as
(4) under the additional assumption that M is factorial and P and D are Cartan.

Using Proposition C.1, we take n > 1, a projection p € M, (C) ® B, a non-zero
partial isometry w € M; ,(C) ® M and a homomorphism 6 : Py — p(M,(C) ® B)p
such that zw = wh(x) for all x € Py. We can replace p by an equivalent projection
in M,,(C) ® B and take p = diag(p1,...,pn). Then, diag(p1B,...,p,B) is a maximal
abelian subalgebra of the finite type I algebra p(M,,(C) ® B)p. Since Py is abelian,
Lemma C.2 allows to suppose that 8(Py) C diag(p1B,...,p,B). Hence, we can
cut down @ and w by one of the projections (0,...,p;,...,0) and suppose from the
beginning that n = 1.

Write ¢ := w*w, e := ww* € P and A := pMp N 6(F)’. Then, ¢ € A and
qAq = w*(eMe N (Pe) )w = w* Pw, which is abelian. Since A is finite and pB C A
maximal abelian, Lemma C.2 gives u € A satisfying wu* = ¢ and u*Au C pB.
Writing v = u*w*, we have vPv* C B and v*v = e. Write f := vv* € B. Hence,
eP C v*Bv C eMe. Since v*Bw is abelian, it follows that eP = v*Bv and so,
vPv* = fB.

Assume now that M is a factor and that P,B C M are Cartan subalgebras.
Whenever u; is a unitary in M normalizing P and ug is a unitary in M normalizing
B, ugvu; moves as well a corner of P into a corner of B. A maximality argument

yields (4). O
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APPENDIX D
SOME RESULTS ON (WEAKLY) MIXING ACTIONS

An action of a countable group G on (A, ¢) is said to be ergodic if the scalars
are the only G-invariant elements of A. Equivalently, the multiples of 1 are the only
G-invariant vectors in L?(A, ). Stronger notions of ergodicity are the mixing and
weak mixing properties.

DEFINITION D.1. — An action of a countable group G on (A, ) is said to be

e mixing if for every a,b € A, p(acy (b)) — p(a)p(b) when g — oo;

e weakly mixing if for every ai,...,a, € A and € > 0, there exists g € G such
that |p(aiog(a;)) — @(ai)ela;)| < e foralli,j=1,...,n.

For the convenience of the reader, we prove the following classical equivalent char-
acterizations for weakly mixing actions.

PRrROPOSITION D.2. — Let a countable group G act on the finite von Neumann algebra
(A, 7) by automorphisms (o). Then, the following statements are equivalent.

(1) The action (o) is weakly mizing.

(2) For every ay,...,ar € A with T(a;) = 0, there exists a sequence g, — oo in G
such that o4, (a;) — 0 weakly for alli=1,... k.

(3) C1 is the only finite-dimensional invariant subspace of L*(A).

(4) C1 is the only finite-dimensional invariant subspace of A.

(5) For every action (ag) of G on a finite von Neumann algebra (M,T),
(A®@ M)7®% =1 M*.

(6) The diagonal action of G on A® A is ergodic.

Proof. — The implications (1) = (2) = (3) = (4), as well as (5) = (6), being obvious,
we prove two implications below.

(4) = (5). Suppose that X € (A® M)7®*. Denote by 1 the canonical embeddings
M — L?*(M) and A — L*(A). Define the Hilbert-Schmidt operator T : L2(M) —
L?(A) : T¢ = n((id ® we »1))(X)). Note that the image of T is contained in 7(A)
and that TT* commutes with the unitary representation (m,) on L?(A) given by
mgn(a) = n(og(a)). Moreover, TT* is trace-class. Taking a spectral projection, we
find a G-invariant finite-dimensional subspace of A. By (4), the image of T is included
in Cn(1), which means that X € 1 ® M.

(6) = (1). Suppose that (o4) is not weakly mixing. We find € > 0 and a4, ..., an
with 7(a;) = 0 and 327, |7(ajoy(ai))[* > € for every g € G. Define the vector
E=3" a;®al in L2(A® A). Let & be the element of minimal norm in the closed
convex hull of {(my ® 74)€ | g € G}. Since for any g € G,

(€, (mg @m)(€)) = Y Ir(afog(an))f® =

i,7=1
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we conclude that &; # 0. Moreover, by the uniqueness of {1, we get that & is (m,®m)-
invariant. By construction &; is orthogonal to 1 and we have obtained a contradiction
with (6). O

LEMMA D.3. — Let (M,p) be an almost periodic von Neumann algebra and
P C B C M¥ von Neumann subalgebras of the centralizer algebra M¥. Suppose that
there exists a sequence of unitaries (un) in P such that

|Es(aunb)||2 — 0 whenever a,b€ Ker Ep ,

where Eg : M — B s the p-preserving conditional expectation. If x € M is such
that Px C 22:1 z B for a finite family of elements x, € M, then x € B.

More generally, any P-B-sub-bimodule of L?>(M) that is finitely generated as a
B-module, is contained in L*(B).

Proof. — Let Hy C L?(M) be a P-B-subbimodule that is finitely generated as a
B-module. We have to prove that Hy C L?(B). Cutting down with a central pro-
jection in Z(B) and using almost periodicity, we may assume that Hy is generated
by the entries of a 7-eigenvector £ € (M; ,(C) ® M)p, with p € M,,(C) ® B and
0: P — p(M,(C) ® B)p a homomorphism satisfying a = £0(a) for all a € P. We
have to prove that all entries of £ belong to L?(B).

In the polar decomposition of &, the positive part |{| commutes with §(P) and is
affiliated with M,,(C) ® M¥. So, cutting down & by spectral projections of |¢|, we
may moreover assume that & € My ,,(C) ® M. Our assumptions imply that

16d © Es)(€"n) — (id ® E5)(€)" un (1d @ E)(€)]l2 — 0.
Since un€ = £0(uy) and O(u,) € M, (C) ® B, it follows that
(id® Ep)(£7¢) = (d® Ep)(§)"(id ®@ Ep)(£) -

This implies that the entries of ¢ belong to B and we are done. O

THEOREM D.4 (Popa, [55]). — Suppose that G acts mizingly on an almost periodic
(N, @) and write M = N x G. Let p € M,,(C) ® L(G) a projection with (non-
normalized) trace t and write L(G)' = p(M,,(C) @ L(Q))p, M' = p(M,,(C) @ M)p.
If P C L(G)! is a diffuse von Neumann subalgebra, any P-L(G)!-sub-bimodule of
L?(M?) that is finitely generated as an L(G)t-module, is contained in L*(L(G)?).

So, under the conditions of Theorem D.4, if x € M! such that
Pz C Y aL(G)
k=1

for a finite family z, € M?, then z € L(G)".

ASTERISQUE 311



(961) RIGIDITY RESULTS FOR BERNOULLI ACTIONS 289

Proof. — We claim that whenever (z,) is a bounded sequence in £(G) that weakly
tends to 0,

1B (e (aznb)llz — 0
when n — oo, for all a,b € Ker(E(q)). Here Ep ) : M — L(G) is the p-preserving
conditional expectation. It suffices to prove the claim when a,b € N with p(a) =
¢(b) = 0. Writing z, = >° 5 Zn(9)ug, we have

IBc(ay(aznd) 3 =D [ea(g)p(acy (b)) -
geG
Take C' > 0 such that ||z,|| < C for all n. Choose ¢ > 0. Since (0,) is a mixing
action, take K C G finite such that |p(acy(b))|? < e/(2C?) for all g € G\ K. Since
x, tends weakly to 0, x,(g) — 0 for every g. Hence, take ng such that for n > ny,
Y gek |Tal(g)plaoy())|® < /2. Since Y- |z,(g)[* < C? for all n, we obtain that
| Ez()(aznb)||3 < e for all n > ng, which proves the claim.

It is then clear that any sequence of unitaries (u, ) in P tending weakly to 0 satisfies
the conditions of Lemma D.3 with B = £(G)" and M = M". O

PRrROPOSITION D.5 (Popa, [55]). — Suppose that G acts mizingly on the almost
periodic (N, @) and arbitrarily on the almost periodic (A, ). Consider the diagonal
action on AQN. Write M = AY x G and M = (AQ@ N)¥®¢ x G. Let P C M
be a diffuse subalgebra such that there is no non-zero homomorphism from P to an
amplification of AY. If x € M and Pz C Y opeq TEM, we have x € M.

Proof. — Write A = AY. It follows from Proposition C.1 that there exists a sequence
of unitaries (uy,) in P such that | Ea(unug)|l2 — Oforallg € G. Let E : (AQN)xG —
A x G be the unique state-preserving conditional expectation. By Lemma D.3, it
suffices to check that ||E(aunb)|2 — 0 for all a,b € Ker E. It moreover suffices to
check this last statement for a,b € N with ¢(a) = ¢(b) = 0. Writing up, = 3 un(g)u,
with u,(g) € A, we have

1E(aunb) |3 = D lelaoy (0)I fualg)l3 -

geaG

We conclude the proof in exactly the same way as the proof of Theorem D.4. o

Finally, the notion of a 2-mixing action is introduced. Definition D.1 of a mixing
action comes down to the notion of a 1-mixing action.

DEFINITION D.6. — An action of a countable group G on (A,p) is said to be
2-mixing if

placy(D)an(c)) — p(a)p(d)p(c)  when g,h, g~ h — oo.
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Note that any 2-mixing action is mixing and satisfies

|p(acy(D)on(c)) — ¢(a)p(og(b)on(c))] — 0 when g, h — cc.

Conversely, this last statement characterizes 2-mixing actions.

LEMMA D.7. — Let (04)gec be a free 2-mizing action of a countable group G on
(X, ). Write A= L*®(X,u). For every e > 0, there exists a finite partition of 1 in
A given by 1 = q1 + - - - + g with q; projections in A and satisfying

(5) timsup | o (a)aoy (ar) | < ez}
g—0o0 1 2

for all z € A x G with E4(x) = 0.

Proof. — Choose £ > 0. Combining freeness and the mixing property, we take a finite
partition of 1 in A given by 1 = ¢1 + - - - + ¢,, with ¢; projections in A and satisfying

n

D rlarog(ar)) < e

k=1
for all g # e. We claim that (5) holds for all x € Ax G with E4(z) = 0. It is sufficient
to check this for z = ZheF apup, for some finite subset F' C GG not containing e. Then,

Hiag(%)xag(quz: i 7(ayanog(qr)ong(qr)) -
k=1

heF,k=1

When g — oo, the right hand side is arbitrary close to

Y rlahan)t(og(ar)onglar) = Y T(ahan)T(arog-ng(ar)) < ellz]® .
heF,k=1 heF,k=1
So, we are done. O
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