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SOME REMARKS ABOUT ALGEBRAIC INDEPENDENCE
MEASURES IN HIGH DIMENSION

BY

FRANCESCO AMOROSO (*)

RESUME. — Pour uj C C7"1 et k e N, 1 < k < n, il est possible de definir
deux mesures. La premiere est la mesure d'independance algebrique, qui donne une
minoration de la grandeur en uj d'un ideal I de polynomes de codimension k. La
deuxieme est la mesure d'approximation, qui donne une minoration d'approximabilite
des coordonnees de uj par des nombres algebriques sur une extension transcendante
pure de Q de dimension n — k.

En une variable, ces mesures sont equivalentes entre elles. En plusieurs variables
les relations qui les lient ne semblent pas optimales. Dans ce texte nous etudions des
mesures d'independance algebrique pour "ideaux lisses" afin d'etablir des relations plus
precises avec les mesures d'approximation.

ABSTRACT. — For uj C C"- and / c G N , l < A ; < n , i t i s possible to define
two different measures. Firstly, an algebraic independence measure, which gives a
lower bound for the "smallness" at a; of a fc-rank ideal I of polynomials; secondly
an approximation measure, which provides a lower bound for the approximability of
<jj with n-tuples of complex numbers, algebraic over a pure transcendental extension
of dimension n — k over the rationals. If n = 1 these measures are equivalent, but
in higher dimensions the relations between them do not seem to be optimal. In this
paper algebraic independence measures "for smooth ideal" are analized and a stronger
relation between them and approximation measures is found.

0. Introduction
In a recent paper ([P3]) PHILIPPON considers some relations between

algebraic independence measures and approximation measures.
Let us recall some definitions. For any proper homogeneous unmixed

ideal I C Z[^o; • • • 5 ^n]; ^th I H ~S- = {0}, we define t ( I ) as the size of the
Chow form F associated with I . The norm ||J||^ of I at ^ C C^ - {0}
is defined as Jf(F(5V..., 5'n-fc+l^))M-(n+l-^ where k = rankJ,
S is the degree of F in the first group of variables and 51 , . . . , A'71-^1

(*) Texte recu Ie 9 avril 1988, revise Ie 6 juillet 1988.
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286 F. AMOROSO

are skew-symmetric matrices in the new variables s[^, 0 < k < i < n,
j = 1 , . . . , n - k + 1. Here t ( I ) and ||J||̂  play a role analogous to that of
the size t(Q) and the modulus |Q(^)| for a polynomial Q e l[x].

Given cj e C71, we denote by uj also (1,^) e C^ - {0}. An algebraic
independence measure in codimension k (0 < k < n+1) for uj is a function
(pk ' ' ^ + —^ IR+ such that the inequality

II^IL>exp(-(^(J)))

holds for any proper unmixed ideal I C Z[a;i, . . . ,^] with I n Z = {0}
and rankJ = A;.

Let 0 e C be algebraic over a purely transcendental extension K =
Q(ai,. . . ,o^). Let

6

f(y)=^Ph{a^..^aD)yh, P^eZ[^i , . . . ,^] ,
/i=o

be the irreducible polynomial of l [x^ , . . . , XD,V\ such that /(ai , . . . , OD, 0)
= 0. The size of 6 with respect to K is denned as

tK(0)=^{t(P^^8).

An approximation measure in dimension D (0 < D < n + 1) for uj is a
function 7^ : IR+ —^ IR+ such that the inequality

\6-^\ >exp(-7j^m^xJ^(^)))

holds for any 6 C C71 with algebraic coordinates over a pure transcendental
extension K of Q with trdegn K = D.

PHILIPPON finds the following results :

THEOREM 0.1. — Let uj C C71. There exist positive constants a^, a^,
03, 04 depending only on n and \uj\, with the following properties. If ̂
is an algebraic independence measure in codimension k for uj, then the
function

7„-fc(^)=(^(al^n)-a2^n

is an approximation measure in dimension n - k for u. Conversely, let 7^
be an approximation measure in dimension D for u j . Then the function

^n-D(T)=T [7^(03^-04]
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is an algebraic independence measure in codimension n — d for < j j .
If the approximation measures which can be derived from algebraic

independence measures seem to be the best possible ones, in the opposite
direction the result seems to be weaker. For example, if n = 1, it is well-
known (see [W, page 133] for instance) that ^(T) = 05 max(7o(r),T2) is
an algebraic independence measure in codimension 1 for uj e C if 70 is any
approximation measure in dimension 0 and 05 is some constant depending
only on c<;|. The reason for this gap between dimension one and higher
dimensions is in the "inversion theorem" (see [P2, lemma 2.7]) which is
the main tool for the proof of the second part of THEOREM 0.1 :

THEOREM 0.2 ("Inversion theorem"). — Let uj e C^. There exists
a positive constant 05 depending only on n and |cj| with the following
properties. Let P be a proper prime ideal o/Z[;ri,... ,Xn] with PFlZ = {0}.
Then there exists 6 C Vc" (P) = [x (E C" | f(x) = 0 V/ C P} such that

\uJ-6\<a,\\P\\^p\

We observe that a stronger result is available in dimension one :

THEOREM 0.3. — Let i j j e C. There exists a positive constant 07
depending only on \u\ with the following properties. Let Q e J.[x] be a
prime polynomial. Then there exists a root a of Q such that

\u}-a\< \Q(u;)\exp(a7t(Q)2}.

In this paper we extend THEOREM 0.3 to higher dimensions, under
suitable "smoothness" conditions for the variety of zeros of P, obtaining
a stronger version of THEOREM 0.2. These results yields the following
improvements of THEOREM 0.1 :

THEOREM 0.4. — Let uj G C7'1. There exists a positive constant og
depending only on n and |c<;| with the following properties. Let ^)Q be an
approximation measure in dimension D forcj. Suppose that (p^W/^ is an
increasing function. Then for any proper unmixed ideal I e Z[a*i,..., Xn\
with I H Z = {0} and rank I == n — D the following inequality

fJH, > exp^ax^J^.^MJ))))

holds, provided that Vp^1)^) is a smooth variety. In other terms

^n-D(T) = max (osT^2, (^(asT))
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is an algebraic independence measure "for smooth ideals" in codimension
n — D for uj.

THEOREME 0.5. — Let uj C C". There exists a positive constant 09
depending only on n and \uj\ with the following properties. Let ^RD-I^D
be approximation measures in dimension D - \, D for u j . Suppose that
^^(x)jx is an increasing function for h= D - 1, D. Then

^n-D(T) = maxjaQr^^agr), T^D-iW2))

is an algebraic independence measure in codimension n- D for uj.

1. Inversion of ideals
The following lemmas will be useful :

LEMMA 1.1. — Let P be a prime homogeneous ideal of Z [ x o , . . . , Xn}
with PHZ = {0}, rank? = k. Let / i , . . . , fm be homogeneous polynomials
of Z [ x o , . . . , Xn] of total degree at most 6. Let r = rank(P, / i , . . . , fm).
Then there exists homogeneous polynomials \ij C l[xo,... ,Xn] with
(1 <i<r-k, 1 <j <m), degA^ =6-degfj and H(X^) ^^-^degP
such that the polynomials Q i , . . . , Qr-k defined by

Qi = ^ilfl + • • • + ^imfm, 1 < 1 < r — k,

are a " semi7'-regular sequence in I[XQ, . . . , X n ] / P , i.e. if IQ = P and we
define for i = 1 , . . . , r - k the ideal I, as the intersection of the isolated
components of (J,_i,Q,), we have I, : Q,+i = I, for i = 1,... ,r - k.

The proof of this lemma is standard. See for instance [P2, lemma 1.9]
or [M-W, lemma 2], although these authors take P = 0.

LEMMA 1.2. — Let P be a homogeneous prime ideal ofC[xQ^... ,Xn]
ofrankn-d-\-l. Let F e C[^],=i^..^^=o,..,n be a Chow form associated
to P. Let us denote by F j , j = 0,...,n the derivation of F with
respect to u^. For uj C C^1 - {0} lei us consider the homomorphism
a^ : C[uij] —^ C[<s^]o<A;<^<n,i=i,..,d given on each ui by u^ \-^ S^ where
the S'1 are skew-symmetric matrices in the variable s^. Let us assume

a^F == a^Fo == • • • = a^Fn = 0.

Then uj is a singular point of V = Vp(c")(-P).

Proof. — Let us denote by 6 the degree of F with respect to the
variables ui. Let us assume uj be a regular point of V. We show that

a^F = a^Fh =^ cj/, = 0.

TOME 117 — 1989 — N° 3
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We can find d — 1 skew-symmetric matrices T1 , . . . , Td~l such that uj is a
regular point of

v' = v n [xT^uj = 0} n • • • n [xT^uj = 0}

and dimV = 0. Let us consider the homomorphism T^ : C[i^j] —> C[udj}
given on each u^ 1 < i < d, by u^ \—> T^. Then r^F is a Chow form
ofV :

6

•• a TT ViUd a
£=1

r^F=a]]^0eUd a C C*, ^ C V.

We have :
^ m—6 __

To;P/z = .——r^F = a ̂  6ih H ̂ ^' 0; - /Z ^ ih
=1 m^^^d/i

r^F| . ^0, thus C(; = 0i, say. Hence
I Ud='-t CJ

0=T.(F,)|^^=a^nm̂ '̂̂

m^l

uj is a regular point of V, thus IIm^i ^mSd^ ^ 0. Hence uj^ = 0. D

THEOREM 1.1. — Let uj G C71. There exists a positive constant c\
depending only on n and LJ\ with the following properties. Let P be a
homogeneous prime ideal of J.[XQ, . . . ̂ Xn} with P D Z = {0}. If V =
Vp^71)^) %5 a smooth variety of dimension D then there exists 0 e V
with OQ = 1 SIAC/I ^a^

|0-^|<||P|Lexp(2c^(P)D+2).

Proof. — We use the same notation as in LEMMA 1.2. We can assume
||P||^ < exp^ci^P)^2). We denote by 02 ,03 , . . . positive constants
depending only on n and |cj|. Let d = D + 1. We can find a finite
subset A of monomials in the variables s^ and homogeneous polynomials
fMh ^ ^[^o? • • • -, ^n]? A l e A ^ ^ / i ^ n o f total degree d6 — 1 such that

(7^ = ̂  /.M/î ).̂ .
A^eA

By LEMMA 1.2 the ideal (P, fMh)MeA,o<h<n has rank n + 1. Using
LEMMA 1.1 we can find homogeneous polynomials Q i , . . . , Qd with t{Qi) <
c^t(P) and max^ |(3i(c(;)| < 03 max^ |/^((c<;)| such that (Qi , . . . ,Qd) is a
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• ^\v riJ/P By induction, we define the"semi"-regular sequence in Z[a;o,..., X N \ / ^ - "y
following sequence of Chow forms :

fFo=F;
^Ffc=Res(Ffc-i,Qfc), l ^ k ^ d .

Using proposition 3 of [N] it is easy to see

W^c^P)^1;
\\F^<C^P)d+\^{\\P\UfM^M )•

A^eA

F. is a Chow form of an ideal of rank n +1. Thus. if c. is sufficiently large
with respect to 03,

max (|W^)1) ^exp^W^)-
0<_h<n
,MeA

In other terms, for some h

(1) H^F^exp^P)^1).

By lemma 4 of [N], we can find o £ ^ ^ ' • • • . ^ t - l and ̂ ' 1 ^ ̂  ''
0^^ n, algebraic over Q(fti,... ,^-i) snch that

(2)

i5="n̂=1
F = a]^[^'Ud.

d P (otherwise F, = 0 ) , we may assume 0^ = 1,Moreover, since xj, f. r (^otnerwibe r^ ^
1 < l ̂ 6 ' . r ^ cz i < i < d - 1 to the open set of skew-We can specialize the 5 1 ̂  ^ ^ ^ 1
symmetric matrices T^ = (t^) wltn L^ , ^ < ^ < rf - l,
such that under the substitution r, given on each u^ 1 . z -

by m ̂  T^, we get

(3) H(r^^)>^F,).

We have

(,) H(r^^)i^^m-

TOM. 117 - 1989 - »° 3
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The derivation of (2) with respect to u^ gives

6(5) ^^En^
^=1 m^i

by the continuity of || \\^ in GJ, we can assume r^a ̂  0. We extend r^ to
a homomorphism r^ : C[ui,0^]i^d —> C (see B, p. 7]). Thus

6(6) ^(^i^^-^n^^^^=1
(7) ^(^)|^^=^EII7-^^

^=1m^

Let us suppose
(8) H^e^uj} < • • • < ^(7-^.5^).

Using GELTOND'S inequality, (6), (7) and (8) give

(9) ^(^L^J > (^^H^F^^H^QS^

where 6 = Q\. Combining (1), (3), (4) and (9) we obtain

(10) max \6iuj, - 6^\ = H^eS'1^) < HPH^expdci^P)^1).
0<iJ<n

In particular \0o^ - 1| < ^ thus 6 > CQ. Let 61 = 0i/0o. 0 C V, 0o = 1
and

|0-^|<||P|Lexp(2cl^P)ri+l).

THEOREM 1.1 is proved. []

Proof of THEOREM 0.4. — Let I be any proper unmixed ideal
I C J.[x^,...,Xn} with J H Z = {0}, rankJ = n - D and Vp^n)^)
smooth. Using proposition 2 of [N], we can find a prime ideal P of h!
such that HPH^^ < fJH^^. Vp(cn)(P) is smooth and we apply
THEOREM 1.1 : if I I^ JH^ < exp^cg^J)^2), there exists 0 C Vp(cn)(P)
such that

\6-^\<\\P\\y.

Without any restriction, we may assume ^ i , . . . , OD algebraically indepen-
dent over Q and 0j algebraic over K = Q(^i, . . . .On)' For the size of 0j
we find

tK(0,) < CQt(P)

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE
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(see [P3, Proposition 9]). Thus

ll^llo; >e-^(cl()^)

and THEOREM 0.4 is proved with Ag = max(c8,cio). D

Proof of THEOREM 0.5. — Let I be any proper unmixed ideal
I C Z[.TI,. .. ,Xn] with I H Z = {0}, rank I = n - D. Let us assume
II^Ho; < exp^cn^J)^1). Using proposition 2 of [N], we can find a prime
ideal P of h! such that HPH^^ < iMl^12^. Let F be the Chow form
of P. Now we follow the pattern of the proof of THEOREM 1.1.

Case 1.— maxo<h<nH(a^F^) > ||P||^3. Then there exists 0 C
V with Co = 1 such that \6 - cj| > \\P\\}J2 and we find I^JI^ >
exp(-(^z)(ci3^(J)).

Case 2. — maxo<h<nH(^F^) < \\P\\l!^. dim SingV < D, thus there
exist M, /i such that /^:, ^ P and J be the ideal associated with G. We
have

rank J = n - D + 1; t ( J ) < c^t(P)2 ;
II^IL^c^^maxdlPII^I/^^)!^!-^1).

Using Proposition 2 of [N], we can find a prime ideal Q of J such that

IMI^^II^157^2.

THEOREM 0.2 ensures the existence of 0 C Vp^cnJ^) with ^o = 1 such
that

\0-uj\ < HPH^/^)2

Thus
11^11. >exp(-t(lf^-i(c^t(I)2)).

Hence THEOREM 0.5 is proved with OQ = max(cn,Ci3,Ci7). []
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2. Inversion of polynomials

If we have some information on the generators of the ideal P, we can
improve the results of the last section.

THEOREM 2.1. — Let uj in C^ and m C N. There exists a positive
constant cig depending only on n, m and uj\ with the following properties.
Let Qi,..., Qm be homogeneous polynomials in Z[a;o,..., Xn] with P =
(Qi^",Qm) prime of rank k. If V = VP(C.)(P) is a smooth variety
and maxi<,<^ |Qi(cj)| < exp(-ci8 maxK^rn^Qz)71^1) then there exists
0 e C^^ - {0} with 0Q = 1 and a projective variety W 3 V such that
0 (E W, dime W = dime V = n - k and

\6-uj\ < ( max \Qz(u)\}
\l<i<m /

1/2

In the proof of this theorem we use the following lemma in which
we yield explicit bounds for the neighbourhoods which appear in DINI'S
theorem :

LEMMA 2.1. — Let uj in C^. There exists a positive constant CIQ de-
pending only on k and \uj\ with the following properties. Let J?i , . . . , R^ C
C[y^...,yk}. LetT=m^<,<kt(Ri), F=(R^...,Rk) : C^ ̂  C^ || • ||
the euclidean norm. Let us suppose :

Det^F^l^cige^llF^)!!1^.

Then there exists 0 e C* such that F{6) = 0 and

|0-^|^||F(o;)||1/2.

Proof. — Let

K = B^ (^A;-1/4!!^)!!1/2), M = dF(^),
'0 : K —> C^ ^(x) =x- M~^F{x).

For any x e K we have :

II^^II^IIM-^llldF^-dF^II

<C2oe^| Del 71^1-^216^1^-^

^ 2'
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Thus, for any x in K

\^(x) -cj\< \^(x) - ̂ )| +1^) - uj\ ̂  A;-1/4!!^)!!172.
Hence '0 is a contraction from K to K and we can find a fixed point 0
which satisfies our requirements. []

Proof of THEOREM 2.1. — Let us denote by T the maximum of the
size of the polynomials Qi. Let Mi, . . . , Mi the determinants of the A; x A;
minors of the jacobian matrix (9Qi/9xj)^<i<rn,o<j<n- V is smooth, thus
the ideal (Qi , . . . , Q^, Mi , . . . , Mf) has rank n + 1. We apply theorem 13
of [PI] : there exists £, 1 < t < t such that

(11) \M^)\>exp(-c^T^1).

Using Euler's formula we may assume 9/9xo do not appear in M^. Hence
we may suppose

M.=Det(^)
\OXj / l<i<^k,l<,j<k

Let R i { y^ , . . . , y k ) = 0,(1,^.. ,^,^+1, • • • ̂ n), z = l , . . . , f c . We
apply JLEMMA 2.1 : there exists 6 € C^ such that Ri(6) = 0 (% = 1, . . . , k)
and |61 - Cb\ < (maxi<,<^ |^(^|)1/2, where ^ = (0:1,...,^). Let 0 =
( l , ^ i , . . . , 6^ ,Lc ; f c+ i , . . . ,^n). We have :

/ \ l/2
(12) |0-^|< (max |^(cj)|) .

\l<i<k /

Let W = {Qi = .. . = Qk = 0}. 0 € W and inequalities (11) and (12)
give :

Det(^),Kz<^<,<, (0)^0.

Hence
dime V ^ dim^ W < dim Tw^ < n - k = dim6> V

where Tw,e is the tangent space of W at 0. i) and ii) are proved. []
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