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DIMENSION OF WEAKLY EXPANDING POINTS
FOR QUADRATIC MAPS

BY SAMUEL SENTI

ABSTRACT. — For the real quadratic map Pu(z) = 22 + a and a given € > 0 a
point x has good expansion properties if any interval containing x also contains a
neighborhood J of z with PJ'|; univalent, with bounded distortion and B(0,¢e) C
P (J) for some n € N. The e-weakly expanding set is the set of points which do not
have good expansion properties. Let o denote the negative fixed point and M the first
return time of the critical orbit to [a, —a]. We show there is a set R of parameters
with positive Lebesgue measure for which the Hausdorff dimension of the e-weakly
expanding set is bounded above and below by logy, M /M +O(logg logy M /M) for € close
to |a|. For arbitrary € < || the dimension is of the order of O(log, |log, €|/|logs €|).
Constants depend only on M. The Folklore Theorem then implies the existence of an
absolutely continuous invariant probability measure for P, with a € R (Jakobson’s
Theorem).
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RESUME (Dimension des points faiblement dilatants pour l’application quadratique)
Pour I’application quadratique réelle P, (z) = z24a et un € > 0 donné, un point z a
de bonnes propriétés de dilatation si tout intervale contenant x contient également un
voisinage J de x avec P['|; univalent, avec distortion bornée et B(0,¢) C P?(J) pour
un n € N. L’ensemble e-faiblement dilatant est I’ensemble des points qui n’ont pas de
bonnes propriétes de dilatation. Notons « le point fixe négatif et M le temps de premier
retour de lorbite critique dans [a, —a]. Nous prouvons l’existence d’un ensemble R de
parametres de mesure de Lebesgue positive pour lesquels la dimension de Hausdorff
de I’ensemble e-faiblement dilatant est bornée supérieurement et inférieurement par
logg M /M + O(logylogy M /M) si e est proche de |a|. Pour € < |a] quelconque la
dimension est de Pordre de O(log, |log, €|/|log, €|). Les constantes ne dependent que
de M. Le théoreme du Folklore implique alors I’existence d’une mesure de probabilité
absolument continue et invariante par P, pour a € R (théoréme de Jakobson).

1. Introduction

The 1-parameter family of real quadratic maps P,(r) = 2% + a is a simple
model of nonlinear dynamics exhibiting surprisingly rich dynamical structure
and giving rise to interesting and difficult questions. For instance, the existence
of a P,-invariant probability measure which is absolutely continuous with re-
spect to the Lebesgue measure Leb, a so-called a.c.i.p. , for a set of parameters
of positive Lebesgue measure was first proved by Jakobson in [9] (see also [4],
(14], [16], [10], [17], [15]).

Much is known about the real quadratic family, including a positive answer
for the real Fatou conjecture (see [8], [11]) as well as for its generalization
to real analytic families of maps with one non-flat critical point and negative
Schwarzian derivative, so-called S-unimodal families [1]. Avila and Moreira
have also shown that almost every non-regular parameter (no periodic hyper-
bolic attractor) satisfies the Collet-Eckmann condition for the quadratic map [3]
as well as for a residual set of analytical S-unimodal families with a quadratic
critical point [2]. However, many questions remain for S-unimodal maps, Hénon
maps (see [5]) and complex quadratic maps. The real quadratic map enjoys a
particular status as it serves as a model to help understand these problems.

A common technique to build an a.c.i.p. for an interval map f is to look
for expansion for some iterate of the original map on a properly restricted do-
main J;. The map T|;, := f"|;, is called the induced map. The Folklore
Theorem (see for instance [12], [6], [13]) asserts the existence of a T-invariant
a.c.i.p. v provided there exists € > 0 and a T-invariant interval A containing
the critical point satisfying the following three conditions: a) A is the countable
union, modulo sets of zero Lebesgue measure, of intervals J; with disjoint in-
teriors, b) T restricted to each J; is a diffeomorphism with uniformly bounded
distortion and ¢) Leb(T(J;)) > e. If additionally the summability condition
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DIMENSION OF WEAKLY EXPANDING POINTS FOR QUADRATIC MAPS 401

> n;v(J;) < oo holds, then there exists an a.c.i.p. p which is invariant by the
original map f.

Let B(0,€) denote the ball of radius e centered at 0. For the quadratic
family P, and a given € > 0, we will say that a point z has good expansion
properties if any interval containing x also contains a neighborhood J of z
with P7”|; univalent with bounded distortion and B(0,¢) C PI(J) for some
iterate n € N. We call points which do not have good expansion properties e-
weakly expanding. For such points there are only a finite number of iterates for
which one can find a neighborhood J of x with P?|; univalent with bounded
distortion and B(0,€) C P*(J)

In this work, we estimate the Hausdorff dimension of the e-weakly expanding
set for the quadratic map for a set of parameters of positive Lebesgue measure.
More precisely if « is the negative fixed point and

M :=min{n € N;|P(0)| < |a|}

is the first return time of the critical orbit to [, —a], we prove the following:

MAIN THEOREM. — For a set of parameters R with
lim Leb(RN[-2,—2+)) _q
5—0 6

the Hausdorff dimension of the e-weakly expanding set &, is

S e =)

for c27M < e < |a| and a constant ¢ > 0. For 0 < e < |a| arbitrary, we have

. log, |log, €

Constants depend only on the return time M.

For parameters in R close to —2 the return time M is large, so points with
good expansion properties have full Lebesgue measure. For € = || the Folklore
Theorem applies and Jakobson’s Theorem follows as a Corollary once we prove
the summability condition.

COROLLARY (Jakobson [9]). — For the real quadratic map Py, there exists a
probability measure which is invariant by P, and absolutely continuous with
respect to the Lebesque measure for a set of parameters a € R of positive
Lebesgue measure.
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Structure of the paper. — We consider the neighborhood A := [o, —a] of the
critical point in Section 2. We build a partition of A consisting of those pre-
images of A on which the induced map T' can be extended as a diffeomorphism
to a given larger domain containing A. Such extendibility insures uniform
bounded distortion by Koebe’s distortion property and the image by 1" of the
partition elements obviously contain the ball of radius € < || centered at 0.

In Section 3 we identify the sets that contain e-weakly expanding points
with € = a.

In Section 4 we introduce Yoccoz’s strongly regular parameter conditions [17]
and show that for these parameters the a-weakly expanding set is the attractor
of an iterated function system (IFS) with countably many generators.

In Section 5, we obtain derivative estimates for the generators of the IFS by
viewing the quadratic map as a perturbation of the Chebyshev polynomial 2% —2
for parameters close to —2 (large M). We also prove that strongly regular
parameters satisfy the Collet-Eckmann condition.

In Section 6 we bound the Hausdorff dimension of the a-weakly expanding
set. The lower bound is obtained by approximating this set by the attractor
of an IFS with finitely many generators and estimating the dimension of the
approximation (which obviously contains the a-weakly expanding set). If the
number of generators of the approximation is large enough, the difference be-
tween both dimensions lies within the error bounds produced by the derivative
estimates giving us an upper bound. The complement of the partition of A
coincides with the e-weakly expanding set with ¢2= < ¢ < |a| for some con-
stant ¢ > 0. We prove a measure estimate which implies both the summability
condition and the full Lebesgue measure of the partition of A. The Folklore
Theorem together with the positive Lebesgue measure of strongly regular pa-
rameters (see [17], [15]) then implies Jakobson’s Theorem [9].

In Section 7 we consider the e-weakly expanding set for general e. We gen-
eralize the construction introduced in the first part, showing that the e-weakly
expanding set is the attractor of an IFS with countably many generators. In this
case only very crude derivative estimates are necessary. We bound the number
of contractions for which the same estimates are used and proceed similarly as
in the first part to estimate the dimension of the e-weakly expanding set.

Acknowledgments. — The author would like to thank J.-C. Yoccoz for his un-
counted time, support and inspiration. Thanks also to M. Jakobson for his
interest and support, to the Université d’Orsay, where this research was con-
ducted, and to the Penn State University, where this article was written.

2. Definitions

For the real quadratic map

P.(z)=2"+a
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DIMENSION OF WEAKLY EXPANDING POINTS FOR QUADRATIC MAPS 403

with parameters —% > a € R denote the fixed points by > 0 and o < 0.

For n € N, set o := « and define inductively o™ as the unique negative point
for which

P,(a") = —a™ L.
If a < ™! define inductively &" as the unique negative point for which
P,(@") =a" L.

Choose M € N large and consider parameters for which P,(0) € (o ~1 o ~2).
Let

A:=[a,—a] C [, —a!] = A.
Set Cf = [a, a] and
CH:=[@"""a" for2<n<M-2.
Also write C,, = —C, for the interval symmetric to C,I.
DEFINITION 2.1. — An interval J C [—8, 3] is regular of order n > 0 if there

exists a neighborhood .J of J such that the restriction of P to J is a diffeo-

morphism onto A and P?(J) = A. We denote the order of a regular interval
by ord(J). Denote

J = {J C A regular;V.J’ regular with int(J’) Nint(J) # @ = J C J}.

Elements of J are maximal with respect to inclusion.

PROPOSITION 2.2. — a) Regular intervals are nested or have disjoint interiors.
b) [@™, a1 is regular and mazimal for all n > 1. CF € J are regular
and mazimal for 2 < n < M — 2. As lim,_, o™ = —f, regular intervals

cover [—f3,a]. As the multiplier of « is negative, there are no maximal regular
intervals of order 1 in [, —a] ([, o] and —[a?, o] are the only regular intervals
of order 1).

c) The imaﬁ(J) of a regular interval J of order n > 1 is regqular of or-
dern—1 and P,(J) = Pa(j) C (a,B). Conversely, if J is (maximal) regqular of
order n > 0, and if J C (a,3), then both components of P, 1(J) are (mazimal)
reqular of order n+ 1.

d) For each regular interval J there are two adjacent reqular intervals J,
i = 1,2, with int(J;) Nint(J) = @ and ord(J;) = ord(J) + 3. If J € J there
are two adjacent mazimal regular intervals J! with int(J!) Nint(J) = & and
ordJ! — ord J = {£1,£3}.

DEFINITION 2.3. — For a regular interval J denote by G : A — J the local
. ord(J)
inverse to Py |7. Also

Wo= (Jint()), wW=[JWw,
JeTg n>2
2<ord(J)<n
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O A(k) Ok A(k+1)
D
< ) PM
L B(k) B(k+1)
frr————————————————— -3 >
A J(0) ) 9o
FIGURE 1.

For z € int(J),J € J, the return time is the function N : W — N given by
N(x) := ord(J)
and the induced map is the function T': W — int(A) given by
T(z) == P ().
Accept the abuse of notation T'(0) := PM(0).

DEFINITION 2.4. — A gap of order n is a connected component of A\ W,,.
The set of all gaps of order n is denoted by €(n). The primary (a-)weakly
expanding set

E= () A\ = eln)

n>1 neN
is the set of non isolated points of A\ W. The (a-)weakly expanding set is

=] P e
k>0

We have dimy (€) = dimg(£).

For2<n <M —2 e(n) = (a",—a") since C* € 7. As [@™2,a™ ] is
not regular, 7 has no elements of order either M — 1 or M so

(M —1) =e(M) = (@2 —aM~2).

Hence e(n) C (@2, —a™ ™) forn > M — 2.

In the following assume: 7'(0) € (1,5, Dom(T™).
DEFINITION 2.5. — For k > 1, let J(k) € J with T%(0) € int(J(k)). Set

ng := 0, ng = N(Tk(O)),

No:=M, Np=Ng_1+ng_1=M+ Z n;.
0<i<k—1
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DIMENSION OF WEAKLY EXPANDING POINTS FOR QUADRATIC MAPS 405

Define a nested sequence of regular intervals B(k) containing P (0) by
B(1):=A, B(k)=Gpw)(A) =610 °Gin-1)(4)

(see Fig.1). Let ¢ € [@™2,@™ '] be the point with PM~1(¢) = 0 and let
Q = PM| _¢). Then define
Ak) = QM (BW).

Let L be the maximal (with respect to inclusion) regular interval adjacent
to B(k) and contained in PM((¢, —¢)) N (B(k) \ int B(k)). Set

A(k) == [0k, —0i] = QY (B(k) U L).

If PM((¢, —C))N(B(k)\int B(k)) is regular and A(k) # A(k+1), then by Propo-
sition 2.2 g(kz) \int(A(k)) is maximal and regular of order Nj, = Nj + 1. Other-
wise, 0y, is the left endpoint of a maximal regular interval of order Nj, = Ny, + 3.
Also set & = o and &, = PN*(0)41).

Let us make the following orientation assumption:
PNr(z) < PNe(0) for all = € A(k).
The reversed orientation case is similar. Write
K := {I regular ; P,"*(0) € Tand I ¢ [k, 6]}

PROPOSITION 2.6. — For all I,I' € Ky we have int(I) Nint(I') = &, except
for the two regular intervals adjacent to J(k) of order ord(I) :=p =ni —3 and
ord(I') = ny — 1. Also ord(I) # ord(I') and J(k) C I.

If ng <M —2 then K, = {C;} _} if 0 ¢ PNe(A(k)) and Ky = @ otherwise.

Ifng > M+ 1 then M —2 < p < ng

Proof. — Assume first & ¢ int([). Regular intervals are nested or disjoint.
If I’ C I thenp’ := ord(I') > p+2. Let I denote both regular intervals of order
p + 3 adjacent to but not contained in I. Then T C TUI” or else there would
be a point z € int(I' \ I') with PP™3(z) = —a. As J(k) € J and &, & int(I)
we have J(k) Z I” so I' N J(k) = @ and I’ € Ky. So I,I' € Ky have disjoint
interiors and for I’ between I and J(k) we have I’ C T\ I as I Nint(J(k)) # @
sop+3<yp.

Now assume &, € int(/). The component of j(k) \ int(J(k)) containing &
is regular, or else, by Definition 2.5 and Proposition 2.2, & is the endpoint
of a maximal regular interval. This contradicts & € int(/) with I regular.
Regular intervals are nested or have disjoint interiors so I and J(k) are adjacent
and J(k) € J implies p = ng — 1 or ng — 3.
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For nj, < M—2,if0 ¢ PN*(A(k)) then J(k) = C;} and Inint(J(k)) = @ for
all regular I Z [&, 3] except I = CF _, for which J(k) C 1. If 0 € PNx(A(k))

nk—l

then J(k) = C,; and I Nint(J(k)) = @ for all regular I & [&, ).

For ny, > M + 1, no interval of order < M — 2 intersects int(J(k)). As-
sume p > ny. Then & & int(I) and I N int(J(k)) # @ so one of the endpoints
of J(k) is contained in I\ I and p + 3 < ny, contradicting the assumption.
So M —2 < p < ng. Alsoif J(k) € I, then int(J(k)) would contain an endpoint
of Tas I N int(J(k)) # @. But then p+ 1 > ny + 2 contradicting p < ng. O

3. Classification of the gaps

For M +3 < n < Nyy1, let £ be the largest integer for which N7 < n with N7
from Definition 2.5. Define

e(n,0) = {J €e(n);J C A\int(A(1)}, ec(n)={Jee(n);J CA®)}
andfor 1<k <?
e(n,k) = {J €e(n);J C A(k) \ int(A(k + 1))}

PROPOSITION 3.1. — A gap of (n, k) is one of both pre-images
o either by Q' o GBk) of a gap of e(n — Ny) N [a, &5
s or by Q' oGpyy o Gr of a gap of e(n — Ny, — ord(I)) where I € K.

Proof. — Let J € J with J C A(k)\int A(k+1). By Proposition 2.2 PN*(.J) C
[, &] is a regular interval of order ord(PN*(J)) = ord(J) — Ng. If PNe(J) is
not maximal there exists I € K with PN*(.J) C I. Then Pév"'+ord(1)(J) eJ,
unless I is the regular interval adjacent to J(k) with ord(I) = ny — 3 and
PNe(J) C I for I' € Ky, with ord(I') = ny, — 1. Then P2 (1) € 7.
Conversely, for any maximal regular interval I C [a!, &, we have Ic (a, )
and by Proposition 2.2 both components of P, 1(I) are regular and maximal
with respect to inclusion. If I ¢ Kj, the same argument yields that both
pre-images Q' o Gk (I) contained in E(k) are maximal regular intervals of
order ord(I) + Nji. If I € Kj consider the images Gr(J) of maximal regular
intervals J. Passing to the complementary set yields the proposition. [l

~M-1 ~M-2
« )

COROLLARY 3.2. — A gap of £(n,0) is contained in either | a7 or

its symmetric and is a pre-image by Pa_(M_l) of a gap of e(n — M +1).

DEFINITION 3.3. — Set Dy := [@™ ™2, —a™ %] and Dy = DoN[a, &]. Denote:
. Qoi the restriction to Dy of the positive/negative branch of the inverse
map to Py71|[ahl—27ahl—l].
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. Qlf the restriction to Dy, # @ of the positive/negative branch of the inverse
map to Q' o G-

. g,:f, ; the restriction to Dy of the positive/negative branch of the inverse
map to Q' oGy o Gr for I € Kj, # @.

No mapping is to be defined if Dy = @ or K = &. Denote ggfl = QSE and

P={Giie==% k>0, DyNEAS}U{G ie=%, k>0, [ €Ky, # 2}

4. Strongly regular parameters
Fix a large M € N with log" M < M < %M for some £ > 1 and p € R with
M2™ <« p < 1.
DEFINITION 4.1 (see [17]). — A parameter a is strongly regular if
a) T(0) € (N, Dom(T™),
b) Y. N(T0)) < pk foral keN.
1<i<k,

N(T(0))=M

PROPOSITION 4.2. — For a strongly regular parameter and q = [p~1M)] the
integer part of p~' M,

N(Tk(O)) <M fork<q, N(Tk(O)) < pk for q<k.

COROLLARY 4.3. — Let F be the attractor of the iterated function system gen-
erated by the G, G € I' with k < q. For strongly reqular parameters F C &
and & is invariant by all G, Gr.r € I with k < q.

Proof. — Follows from Definition 2.4 and from Proposition 3.1 as EC Dy= Dy
for strongly regular parameters. [l

5. Derivative estimates

PROPOSITION 5.1. — Let x € Dy. For strongly reqular parameters, there ex-
ists a constant ¢ > 0 with

1) For0<k<gq:
19— 3(M+Ny—ny) < |ngi(x)| < 2~ 5 (M+N,—ny)
2) For k > q and x € Dy:
C—lz—%(M—O—Nk)—pk < |Dglzct(x)| < 62—%(M+Nk)+nk+pk'
3) For0<k<gq:

¢ 17 a(MH+Nks) < |Dglzctl(x)| < 27 2 (MH+Nes)
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4) Fork > ¢

C—lQ—%(M+Nk+ord(I))—2pk < |Dgf€t1(x)| < 62—%(M+Nk+0rd(1))+2pk

Mfl,aM72)

LEMMA 5.2. — For parameters with P,(0) € (« , there exists a

constant ¢ > 0 with

c™m <a"—-P,(0)<cd™™  for 0<n< M -2,

¢l < g < 277 for 0<n< M-—2,

c M <34 P,(0) < ca™M.
Proof. — For these parameters, consider P, as a perturbation of the Chebyshev
polynomial. The estimates follow. See [15] O

1

LEMMA 5.3. — Write h(x) := (82 — 22)~2 for |x| < 3. Then

|DP" |_2n h(z) 1_:[< ﬁ—|—a )*%.

h(Pn(x))
Proof. — Follows by induction using 4% + a = (. O
LEMMA 5.4. — For strongly reqular parameters, there is a constant ¢ > 0 with

(
h(gcﬂ 2))

1) |log,y DP;(@%S” — n‘ <cnd ™™ for 1 <n and x € [a",a"1].

2) |logy | DG+ () ‘—f— ‘<c4”Mfor1<n<M 2 and z € A.

3) 4~ ordJ < |ng(x)| < ¢ for all reqular J and x € A.

4) |logy | DGk (x )%‘4— Nk—M)‘ < 2pk for 1 <k and z € A.

Proof. — 1) and 2) follow from Lemma 5.3 using estimates from Lemma 5.2.

3) Since |DP,| < 4 on [, 8] C [-2,2] and G; sends A into J with bounded
distortion.

4) Rewrite 3) as |logy [ DG ) ()h(G ) (x))/M(z)] + ne| < ng + c. Use the
chain rule with 2) for n, < M and 3) else wise. For strongly regular parameters
4M=M <« b and

E

—1
(ng+c¢) < pk+c Z —<(1+CM 1)pk:.

(]

1 :7
M ne>M

< =
(Al

n

Thus (1+ ¢ )pk + k=M < 2pk. O
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Proof of Proposition 5.1. — 1) Set
yi=Gr(z) i= Py o Gif (¥) = Pa(Q " 0 Gpy)(@).

By Proposition 4.2, for strongly regular parameters Gp() is a composition

of Gox with 2 <n < M. Also ¢ 'h(z) < h(Gpp)(x)) < ch(z). As k < ¢ <
AM=M combining 1) and 2) of Lemma 5.4 with Lemma 5.2 yields

(1) c o= M=Ne < |D§k(x)| < 2~ M= Nk

y = Pu((y — a)?) implies |[D(P;1)*(y)| = 1|y — a|=2. Bounded distortion
for Gy, yields

Y ly —al
c |ng($)|§m

For x € Dy and PN*(0) € J(k) with ny < M, Lemma 5.2 yields

cTlomme < ’x - P;V’C(O)’ <277k,

< c| DG (z)].

The statement now follows from the chain rule. For k = 0 note that ¢! <
jw — PM1(0)] < c.

2) Lemma 5.4 part 4) yields ¢~ 12~ M-Ne=20k < | DG (z)| < 2~ M~ Ni+20k,
As above the chain rule and the bounded distortion argument yield

¢l s (MHENK)—pk < |ngi(x)| o - P(ka(O)ﬁ < 27 s (MFNK)+ok

J(k) is regular, so by Proposition 2.2 it is adjacent to a regular interval J' C J
of order ng + 3 contained in the image of ). Bounded distortion of G () and
part 3) of Lemma 5.4 imply ¢ 147" < ¢~ YJ(k)| < |J'| < |z — PN(0)| < ¢
for x € D;, and the result follows.

3) §k,, =P, og,::I. By Proposition 4.2 and Proposition 2.6 ord(I) = ny — 1.
Proceed as in 1), as estimates of Lemma 5.4 2) also hold for CE. For bounded
distortion of gk,[ note that ¢=! < |z — PNe+171(0)| < ¢ as PNVe+171(0) ¢ A
and x € Dy.

4) By Proposition 2.6 and Proposition 4.2 ord(I) < nj < pk. The same ar-
gument as in Lemma 5.4 part 4) holds for Gp () o Gy (substituting 2pk by 3pk).
¢~ 12~ (MANitord)=3pk < | DG 1 ()] < 2~ MH+Nitord)+3pk  Bounded distor-
tion yields:

07127%(M+Nk+0rd1)72pk < |Dg;:1($)| . ’{L‘ _ PNk+OTd(I)(0)|%

< 62—%(M+Nk+ordl)+2pk

One has J(k) C I\ int(I) by Proposition 2.6 so ¢~ < |z — PNetord) ()| < ¢

as x € Dy. O
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COROLLARY 5.5. — Strongly regular parameters satisfy the Collet-Eckmann
condition:

Jim inf - In|DP} (a)| > 0.

n—oo M

Proof. — Let n,k € N with Ny < n < Niy1 and ¢ < k. For strongly regular
parameters, the same reasoning as in Proposition 5.1 with y = PN+=1(a) € A
yields

¢ 12MENe < | DPNeY ()] = | DGy |7 < c2M AN

for all k € N. If we had |[DPNe—1(a)| < ¢2M+2Ns=k for some 0 < i < ny, the
chain rule would imply

C—12M+Nk+nk S ‘Dpévk+1—l(a)| S C2M+%Nk+nk—21;
leading to the contradiction Ny < —2i. Therefore,

1 1
liminf — In|DP}(a)| > liminf min — Inc2M+aNe—nk > c(l—p)>0

n—oo M k—oo 0<i<ng

as 2k < N, <n < Npyq < (M + p)k. O

6. The Hausdorff dimension

Consider an at most countable family of contractions G : Dy — F where
each Dy, is a closed subset of a compact invariant set

F = JGr(Dx)

invariant with respect to all G, where the closure is taken with respect to the
Hausdorff topology. Let

|Gk (z) — Gk ()|
|z -yl
for all x # y € Dj. Assume > ¢ < 1 and let sy,s— € R be such that

Yt =1=30"
LEMMA 6.1. — Assume dimy (0F) < sy and G;(D;) N G;(D;) = @. Then

0< b < <cp <1

s— <dimpg(F) < s4

Proof. — In the finite case, see [7]. For the upper bound of the infinite case,
consider s > s;. By definition, for every § > 0 and 1 > 0 there is a J-cover
{U;} of F with ) (diamU;)®* < Hj + 7. Then

{Uirtien = {G (Ui N F)}, 4
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is a cxd-cover of Gy (F) for each k € N. As dimy(Fs) < s+ < s, there is a
d-cover {V;} of OF such that {U; 1, V;} is a §-cover of F' and

Hy <> (diamU;x)* + Y (diam V;)* < ¢(Hj +n) +1
ik J
for ¢ = > ,c; < 1. Asn > 0 and 6 > 0 were chosen arbitrary we get
dimg (F') < s for every s > s, hence dimp (F') < s;. The lower bound follows

from the finite case, as F' is also invariant for any finite subset of the infinite
family of contractions. For details see [15]. O

THEOREM 6.2. — For strongly reqular parameters there is a constant ¢ > 0
depending only on M such that

. logo M log, logo M
dimr(€) = =2— (1 + 0(%)).

Proof. — By Definition 2.4, dimp(€) = dimg (). For the upper bound, Ky
and I' are countable by Proposition 2.6 so Corollary 4.3 insures we can apply
Lemma 6.1 to £. Write

2, = N —ng — ¢ for k <g,

2z, = Ni —2ng — 2pk — ¢ for k > g,

21 = Np+ord(l) —4pk —c  for k> qand I € Ky

and
q
Hs,ap,...) i= 1= 2733 (3 Tgmem g §hgmeme g 7 gmerr ),
k=0 k>q k>q
S

Inserting the upper bounds of Proposition 5.1 yields 1 — > o cg > H (s, %o, ... ).
As OH/0s > 0 and H(0,x9,---) < 0 values s > 0 with H(s,zg,...) > 0 give
upper bounds on s,. The values of z, are larger than 2z, > M — M + 2k — ¢
for k < ¢q, 22, > M 4+ 2(1 — 2p)k — ¢ for k > ¢q as np < pk and
2z > M +2(1 —2p)k —c for k > g and I € Ky as ord(I) > 1. For
strongly regular parameters Card(Kx) < ng < pk for k > g by Proposition 2.6
and Proposition 4.2. Then, as s > 0 and (1 + pk)2~(1=2P)sk < 2-¢sk e have

(2) H(s,xzg,...)

>1 2<%<c+M>—M>s+1<1—2—<q+1>5 2~ 5(M+cq)s

12 + {9 ):zh(s,xo,...)

Again 0h/0s > 0 and the Implicit Function Theorem insures the existence of
a C! solution s* = s*(xg,z1,...) of h(s,zp,...) = 0 with s> > s;. For
our choice of constants p and M we have ¢ > M, and as s > 0 there is some
constant ¢ > 0

11  —1/1 _ og—cs\—1 1 —2-eslatD)  p—csy—1 —1
B) ¢ s < (1-27%)""<c T —9=cs <c(l1—279)"" <es
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As h(3logy M /M, xq, . ..) < 0 we have s > 2log, M /M. Set s = Slogy M /M.
With (3) we have

1 Micyz cM
h(s> L) =0>MA-TF)s .
(6%, ®0,...) =02 2 " log, M
Therefore
M —1
Smazx ‘= (1——M+C> (1—M> S1+0<10g210g2M>
M logy M log, M

and dimpy (€) < sy < (logy M /M) (1 + O(log, log, M /log, M)).

For the lower bound we apply the finite case of Lemma 6.1 to the attractor
defined in Corollary 4.3 restricting to k < ¢q. The computations are similar as
above. Replace the upper bounds of Proposition 5.1 by the lower bounds and
take upper bounds for the x; and ;. O

The following leads to a notable simplifications in Yoccoz’s proof of Jakob-
son’s Theorem:

PROPOSITION 6.3. — For a strongly regular parameter and M large enough
Leb(A\W,) < c27 3"

Proof. — Recall ¢ € N with N;<n< NZ{H (where Nj = Ny + 1 or N; + 3).
We have A\ W,, C Uo<r<z€(n, k) Uec(n). With G € I the inverse branch of
an iterate P;"9 with mg € N Proposition 3.1 yields

Leb(A\ W) == pin < |Az| + > sup |DG| fin—ms-
ger

Proposition 5.1 without the last distortion step yields

| 45| < 2~ 3(M+N+0l < 9= 3(M+(1=3p)n)

for g = [p7'M] < 7 < n < Ny+ pl+3 and sup | DG| < ¢2~z(M+ma)tems \yith
I = 2%”/1” as all mg > M — 1 are distinct, we have
¢, < om0 p NN o-Goame
gerl
<c+ sup jin Z 9= 1M <ec

n’<n—mg

m>mg
for p < % O
THEOREM 6.4. — For a set of parameters R with
lim Leb(RN[-2,-2+)) _1

5—0 6
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there exists an absolutely continuous invariant probability measure for P,
with a € R and the Hausdorff dimension of the e-weakly expanding set &
for c2=M < e < |a| with a given constant ¢ > 0 is

where constants depend only on M.

Proof. — The partition W satisfies the hypothesis of the Folklore Theorem
(see [12]) by construction and by Proposition 6.3 (for the full measure and
summability), implying the existence of an a.c.i.p. for strongly regular param-
eters. The Hausdorff dimension estimate for the |a|-weakly expanding set is
proved in Theorem 6.2. For € < |a| the e-weakly expanding set is contained in
the a-weakly expanding set, so the upper bound holds. For the lower bound
and |[aM 2| < ¢, the e-weakly expanding set is generated by the contractions
G € T of Definition 3.3 and therefore this set must be the same as the |a|-weakly
expanding set. Finally we must prove that the strongly regular parameters have
a Lebesgue density point at —2. This is proved using the following standard
large deviation argument (see [17] or [15] for details). Applying Lemmas 5.2
and 5.4 and using the particular form of the quadratic map one obtains for
a € (apr—1,apr—2) that

d 1
L pn —-’< 4
LY <

n—l]

for x € [a™, « and n > 0, as well as

d
— <2
’dagcﬁ (x)‘ =¢
forre Aand 2 <n <M —2 and
d 4 ord(J)
— <
‘dag‘](x)‘ = c2
for 2 € A and J regular. Write A,, := {a <0;Pr(0) ==+a(a)} and
U(k) = U(k)(a)

for the connected component in R\ A ~,, of a strongly regular parameter a.
Observe that regular intervals of order < N vary continuously on each U (k)
and the sequence M = Ny < Ny < --- < Nj is constant on each U(k). Let

) = {fﬁk— L ifk<q=[p7M],
Pkl if k> g,

and write [v; (a),7; (a)] with 0 < i < r for the maximal regular intervals
of order smaller than m < N(k). This partition of A induces a partition
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a”=ay; <aj <a] <af <---<a; <af =at of U(k) = (a",a") and the
above estimates imply

d (- + 1 M
(@Pa( Yo Gp (v (a) — g( <ec27M,

hence a;,, —a < c(a® — a”) maxaep (V54 (a) — 75" (a)). Proposition 6.3

implies ) o<; <, Maxaeu(x) (Vi1 (a) — v (a)) < ¢275™ and therefore

D g —af <ela’ - )27,
0<i<r
Write U, = U, U(k)(a) where the union is taken over all strongly regular
parameters a with P,(0) € (™~ a?~2). Then define the random variable
0 if a € Ug—1 \ Uk,
X = Xi(a) = < ord(J) if TF(0) € intJ, J € J with ord(J) < N(k),
N(k)+1 elsewise.
The above estimates yield
Leb(Xp > m | X1,..., Xjpo1) < 275M
and as Si(a) := > 1<ick X; is constant on each U(k) we have that
X >M
M2 08k(a) 0—L)M\k
/ 272K\ dq < (1 +C2( 3 ) (G,M,Q —G,Mfl).
ap —1
Chebyshev’s inequality for the non-negative random variable X = 209 — 1

implies that

(14 c20-)Mk 1
< S = Uk.

Leb(a € (ap—1,an—2) | Sk(a) > pk)

(aM—2 - aM—l)

For any 6 < L and for k < p~! we have ux < cp~'200=3M. Write j = [pk].
Then for p*1 <k< 2—(0=3)M anq any 6 < % we have u < cp*1j2(0*%)]‘7[*0j.
For k > 2G=9M we have uy, < eAF where A = (1+4¢20=3)M)2-0p < (1 — 1))
(recall that M2~ < p, so choose 279M < p with § < L — @ for instance).

P 3
Observe that ¢ may depend on 6, but not on M or M, provided these are large

enough. Splitting the sum and using these bounds,

ZUk < Cp_22(9_%)M + (cp_12(9_%1\7) Zj2_9j + cp_12_071"2_(6
i>1

_%)1\7

Finally, for 0 < b < 3+ — 0 we get for M large enough D kst Uk < 9-0M Taking
the limit as M goes to infinity completes the proof. O
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Or—1 J O Ort1

Ok—1 L %i Y% 0

FIGURE 2.

7. Generalization to arbitrary epsilon

The expansion required in the Folklore Theorem to build an absolutely con-
tinuous invariant measure is arbitrary. So the following definition is natural:

DEFINITION 7.1. — Let B(0,¢) denote the ball of radius € centered at 0. A

point x belongs to the primary e-weakly expanding set gg if no neighborhood
U of x can be sent univalently by any P.* for n > 0 onto an interval containing

B(0,¢€). A point  belongs to the e-weakly expanding set & if Pg'(z) € &, for
some n > 0. Note that & = & for [a™ 2| <.

DEFINITION 7.2. — Set A,, := P7"({a, —a}) for n > 0. Then v € A, \ A,—4
(or v € Ag for n =0) is said to be of order ordy = n. Define

D ={a<y<0;3In>0withy €A, and (v,—y)NA, =2},

D = {agw< 0;3dn >0 withy€ A, and (v,—y)NA,_1 = @}.
Then @" € D C D and for 7,7 € D, v < + implies ordy < ord~y'. If v € D
the inequality is strict. An interval [y,~'] is lateral if v <~ are consecutive in

D. An interval [y, —v] with v € D is central. For a lateral interval J, the order
ord(J) is the largest integer n for which P"|; is monotone.

LEMMA 7.3. — Let J = [v,7'] be lateral of order n. Then P™(J) := [0, —0]
is central. The complexity ¢(J) := ord(d) is defined as the order of §. Then
ord(J) + ¢(J) = ord' and 6 = « iff ordy < ord~'.

Proof. — As 0 € P"(J) and as 7,7 € D are consecutive int(P"(.J)) N
Aorgy—n = @ so P™(J) is central. If P"(J) = [a, —a] then ordy < ordy’ = n.
Otherwise P"1(y) = P""1(y') so n < ordy' = ord~. O

Now assume P(0) # « and P, non renormalizable.
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DEFINITION 7.4. — Set My = M, 6y = &M_l, 0o = a. Define inductively
M1 = My+my, where my, is the order of the lateral interval [y, ;] containing
+PMe(0) (see Fig. 2). Let [6x, —0k] := P™ ([vx,7,]). Then

[lyk+177;c+1] - [5/67 _5k:]

Let [0k, —0x] be the connected component of P~k (£[yy,v4]) containing the
critical point. For strongly regular parameters, we have (Ny)e>1 = (Mgg))e>1
with s(¢ + 1) = s(¢) + r for some r > 0.

PROPOSITION 7.5. — Let £ € N satisfy s(¢) < k < s({ +1). Then [0, —0k] is
a central interval. A lateral interval J = [y,7'] C [0k—1,0k] of order ord(J) =n
is the pre-image by P; M~ of one of either

e a central interval K C [y, —v;] if n = My. Then c(J) = ord(v;,).

e a lateral interval L (or its symmetric —L) if n > M. Then n = ord(L) +
My, and c(J) < ord(7;,).

For strongly regular parameters ord(y,) < M for ¢ < q¢ = [p~'M] and
ord(7y;,) < pl < pk elsewise.

Proof. — As 0 € Ay 1 ord(y)), if there exists £ € Apy, 4 ora(yr) N [0, —0] then
+PMr(z) € Asratyy) N [V&: 7] and vk, 7}, are not consecutive in D. If n < My
then 0 € P™(J) C P™([fk—1,0%]) and for some 0 < ¢ < n— 1 the interval [y;, /]
would have order less than m;. If n = M, then 0 € P"(J) C P"([0k—1,0k])

hence £P"(0x) =}, and P™(J) C [}, —;]. Then
c(J) = ord(P"(v)) = ord(P"(y")) = ord(;)

by Lemma 7.3 and since o < 7y, < 74, € D. But if ord(P"(7)) > ord(7y;,) then
ord(y) > ord(6y) contradicting v € D. If My, < n then 0 ¢ PMx(.J). Denote
by L := [\, \] the negative component of +Px(.J). Then either N < 75 or
v, < Aot £PMe(J) = [yx,~;]- In the first case ord(\) < ord(\') < ord(vy), and
assuming A ¢ D implies the existence of some x € A, qx)—1 N (A, Yx) since 1, €
D. Then P;Mr(+z) € (v,60;) with ord(P;Ms(+z)) < ord(y) contradicting
v E D. This reasoning implies A\, \' € D and these points are consecutive since
v and 7 are. If v}, < X then ord(y}) = ord(N') = ord()\) since v, € D and
ord(v) < ord(v') < ord(6). Assuming A € D (or N ¢ D) implies the existence
of some = € Ayrgny—1 N (A, 0) which contradicts v, € D. As above A and
X are consecutive in D as v and ~/ are. If £PM+(J) = [y,}], then J is
obviously the pre-image of a lateral interval. Finally by Lemma 7.3 we have
¢(L) < e(L) + ord(L) = ord(X') < ord(vy;,) and
s(£+1)—1 s(f+1)—1

ord(7y;,) < Z m; < Z m; = ng.
i=k

i=s({)
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Proposition 4.2 completes the proof. [l

Now consider only strongly regular parameters a with P, (0) € (&M_17 &M_Q).
LEMMA 7.6. — The number v(m,c) of lateral intervals of order m and com-
plexity ¢ satisfies v(m,0) < 1 and v(m,c) < 2t form < 2p~ DM jf ¢ < M or
form < 2p~ (Ve if M < c.

Proof. — Assume v(m,0) > 2. Then the right endpoint of the left one of two
lateral intervals of order m and complexity 0 would have higher order than
the left endpoint of the right interval by Lemma 7.3 and thus wouldn’t belong
to D. This contradiction implies v(m,0) < 1. For m < M — 1 the only lateral
interval of order m is [@" ", @™] which has complexity zero thus v/(m, ¢) = 0.
By Proposition 4.2 and Proposition 7.5

v(m,c) <1 for M§m§2p71]\_4<N[p_lA7[] ifc< M,
vim,e)=0 for M<m<2p '¢e<N,1. if M<c

For 2p7'M < m let j € N satisfy ord(6,_1) < m + ¢ < ord(6;). As ¢ > 0
both endpoints of a lateral interval contributing to v(m, ¢) have order m + ¢ by
Lemma 7.3. As 6; € D such an interval is contained in [¢,_1,6,]. By Proposi-
tion 7.5 v(m, ¢) < max{1,2v(m — M;,c)} and for strongly regular parameters
m — M; < ordy} < pj < pMj < pm. Thus v(m,c) < 2" for m < 2p~ (DAL
if ¢ < M or for m < 2p~ Ve if M < ec. O

DEFINITION 7.7. — Set up := &"' 2 and consider the nested sequence of cen-
tral intervals [us, —us] := (A(s))s>0 with A(s) from Definition 2.5 for s > 1.
Define inductively the decomposition P([y, —v]) of a central interval [y, —v] as
follows

o If v < ug then P([y, —7]) = {CF| ord(y) <n < M —2} U {A(0)}.

o If us < v < usyq then, with J C [y, us41] lateral and I an element of the
decomposition P(Pawd(‘]) (J))

Py, =) = {£J;e(J) =0} U{P~ ") (I) C J;e(J) > 0} U{A(s +1)}.

Call an element of the decomposition of A(s) maximal if it is a pre-image of
some A(r) and is not contained in any pre-image of A(t) with ¢ < r (or of A
if r = 1). Let 7(s,r) be the number of maximal pre-images of A(r'),r’ > r in
the decomposition of A(s).

LEMMA 7.8. — Let w:= pM < 1. For s > 1 we have D(s,7) =0 if s <r —1,
v(s,r)=1ifr—1<s<w r and

D(s,7) < (cMws?)?1082 (1/8)/1082 @ glseise
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Proof. — A(s+1) contributes to U(s, ) if and only if s > r—1. The decomposi-
tion of ™) (J) for a lateral interval J C [us, usy1] of order m and complexity
¢ contains maximal pre-images of A(r'),r’ > r if and only if ¢ > N,_;. For
ws < ¢ € Nandc > N, wehavem < 2p~lesince 2s < Ny —M < (M+p)s+p.
So by Lemma 7.6, v(m, ¢) = 0. Therefore we can write

ws—1

D(s,r) <142 Y > vlm,e)p(L,7).
l=r—1 Ns<m+c<Ngy1
Ne<e<Ngi1

For ws < r the sum is empty and we obtain the first two inequalities. For
r < ws we have

ws—1

v(s,r) <1+ 2N Z Lv(l,r)  max  v(m,c).

Ns<m+c<Ngy1
f=r—1 Ng<e<Nepa

For t = [log, s] — 1 we have m < 2p~(#+1¢ so
max  v(m,c) < 2t < .
Ns<m-+c<Nst1
Ne<c<Ngy1
As U(¢, r) increasing with £,
ws—1 k

(s, r) < M’ s? Z Lol r) < H(c]\_4254w2(2i+1))1’7(wk3,7‘).
t=r—1 i=0
Finally for k = [logy(r/s)/log, w] we have w¥s < w™lr and (w*s,r) = 1 hence
D(s,7) < (cMws?)?1082(r/s)/logs w0, O
THEOREM 7.9. — For a set of parameters R with
lim Leb(RN[-2,-2+)) _1
6—0 1)

there exists an absolutely continuous invariant probability measure for P,
with a € R and the Hausdorff dimension of the e-weakly expanding set &,
for c27M < e < |a| with a given constant ¢ > 0 is

. logy M log, logy M
dim (€)= =5 (14 0(F5))
img (&) Y +0 log, M
with constants depending on M. For 0 < e < |a| arbitrary, we have

) log |loge
dimgy (&) = O(ﬁ).

Proof. — For the first part of the claim see Theorem 6.4. For the estimate of
the dimension for arbitrary e, note that [@™ ~2,&" '] is lateral of complexity
zero and for strongly regular parameters aM=t = u; is the left endpoint of

a lateral interval of complexity zero. So for € > [&™~!| we obtain dimpg (&)
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as in Theorem 6.2. For our parameters both components of A\(k) \ int(A(k))
are contained in lateral intervals of zero complexity. So for e < |a™™!|, E is
contained in the maximal pre-images of some A(r') with ' > r, and r € N
satisfies A(r +1) € B(0,¢) C A(r). By Lemma 7.8 the maps from E(r) onto
maximal pre-images of the decomposition of A(s) form a countable family of
contractions accumulating only the critical point and whose contraction ratios

satisfy

)

S —
(4) 0 < gsr < :/T : < 027 s NemNop2os < pMr=(=20)s <

T
since the decomposition of A(s) only contains maximal pre-images of A(r)
if r <ws < s. We can thus apply Proposition 6.1, so dimg (&) < d for every
deRwith >0y ﬁ(s,r)gir <1.As

N 2log (r/s) log (cwMs?) 1 i
S st € 3 eal S (2 M0
s,reN ws>r

and as w < M ! the exponent is negative and the sum is bounded by
Z ﬁ(s,r)gir < C2210g(01\7@;*1r2)—(1—2p—1\71u)dw*1r'
s,r€N
Thus L,
dimp (E)) < dy = clog(c]\_&;‘ T )_ < clogr
rw=t— (M +2)/M) r
As A(r +1) C B(0,e) C A(r), we have r < |logye] < Mr + 3M as in

Proposition 5.1. As € < |[a™7!| < ¢2=M by Proposition 5.2, we have
dimpg (&) < clog, |log, €|/|log, €. O
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