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Résumé. — A partir d’un arbre apériodique et répétitif du graphe de Cayley du groupe
abélien libre & deux générateurs décrit par Kenyon, Ghys a construit un exemple
de lamination minimale par surfaces de Riemann avec des feuilles euclidiennes et
hyperboliques. On démontre que la dynamique transverse de cette lamination est
représentée (du point de vue de la mesure) par une machine a sommer binaire. En
fait, on peut décrire sa dynamique topologique transverse et montrer ainsi que la
lamination de Ghys-Kenyon est affable.

Abstract (Transverse dynamics of the Ghys-Kenyon lamination). — Using an aperiodic and
repetitive subtree of the Cayley graph of the free Abelian group with two generators,
described by Kenyon, Ghys has constructed an example of minimal Riemann surface
lamination having both Euclidean and hyperbolic leaves. We prove that the trans-
verse dynamics of this lamination is represented (in a measurable way) by a 2-adic
odometer. In fact, we can describe its topological transverse dynamics, and show
that the Ghys-Kenyon lamination is affable.

1. Introduction

Il y a des laminations minimales par surfaces de Riemann ol les types conformes
des feuilles se mélangent. Le premier exemple a été construit par E. Ghys [4] & partir
d’un arbre apériodique et répétitif décrit par R. Kenyon [7]. La construction comporte
deux étapes distinctes, valables pour tout sous-graphe répétitif du graphe de Cayley
G d’un groupe infini de type fini G. Il s’agit d’abord de construire un espace com-
pact, muni d’un feuilletage par graphes, puis d’obtenir une lamination par surfaces
de Riemann. Soit & = J(G) 'ensemble des sous-graphes infinis de & contenant I’élé-
ment neutre e de G. On munit & de la topologie de Gromov-Hausdorff pour laquelle
deux sous-graphes de § sont proches s'’ils coincident sur une grande boule centrée

Classification mathématique par sujets (2010). — 37A20; 37C85.
Mots clefs. — Espace feuilleté, structure transverse, graphe.
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FI1GURE 1. Arbre de Kenyon

en e. Puisqu’une boule ne contient qu'un nombre fini de sous-graphes, un procédé
diagonal classique montre que & est compact. Grace a ’action de G sur ¢, on définit
une relation d’équivalence & qui identifie un arbre T et son translaté T/ = ¢~ 1.T
si g € T. On peut d’ailleurs réaliser Y comme un sous-espace d’un espace métrique
compact Y = Y (G), muni d’un feuilletage par graphes & dont toutes les feuilles
sont rencontrées par J. Alors & est induite par & et les classes d’équivalence sont
les ensembles de sommets des feuilles de &.

Pour tout graphe T € &, I'ensemble X = R[T] est un fermé saturé pour X, appelé
I'enveloppe de T'. 11 est réalisable comme transversale compléte d’un espace feuilleté
compact X, & savoir la fermeture de la feuille Ly € & passant par T. Les ensembles
X et X sont minimaux si et seulement si le graphe T' est répétitif, i.e. pour tout
nombre réel r > 0, il existe un nombre réel R > 0 tel que toute boule de rayon R > 0
contient une boule qui est I'image par translation de la boule de centre e et rayon
r > 0. Par ailleurs, I’holonomie de L est triviale si et seulement si T' est apériodique,
i.e. T # ¢g.T pour tout élément g # e de G. Ces définitions s’inspirent de définitions
analogues pour les pavages [9, 1].

Nous appellerons espace feuilleté de Ghys-Kenyon la fermeture X de la feuille Lt
passant par I’arbre de Kenyon T, (voir la figure 1) dans I'espace Y = 9 (Z?), munie
du feuilletage induit par &. Les feuilles sont des sous-arbres répétitifs et apériodiques
du graphe de Cayley Z? de Z2. En remplacant ces arbres par des surfaces, on ob-
tient la lamination (M, #) décrite par E. Ghys. Nous 'appellerons lamination de
Ghys-Kenyon. Dans ce travail, nous allons récuperer ’espace X par un procédé de
construction de sous-arbres répétitifs et apériodiques de Z2 a partir de suites de 4
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DYNAMIQUE TRANSVERSE DE LA LAMINATION DE GHYS-KENYON 3

FIGURE 2. Machine & sommer binaire

éléments. Grace a ce codage, nous montrerons que la dynamique transverse de ce
feuilletage est représentée par 'automate de la fig. 2.

Cela signifie que R est stablement orbitalement équivalente 3 la relation engendrée
par la somme S(z) = x + 1 définie sur ’anneau des entiers 2-adiques, ou de maniére
équivalente par la transformation 7' : {0,1} — {0,1}" définie par :

i) si ag =0, alors T'(a)g = 1 et T'(a),, = @y, pour tout n > 1,

ii) si ag = 1, alors T'(a)g = 0 et T(a); = T(o())o avec o(a)y, = @pi1-

Nous compléterons I’étude de 'exemple en décrivant sa dynamique topologique. Nous
montrerons ainsi que £ est affable, en ce sens que R est la limite inductive d’une suite
de relations d’équivalence étales compactes [5]. La dynamique transverse de £ sera
ainsi représentée par un systéme dynamique classique.

2. L’espace feuilleté de Gromov-Hausdorff

Soit S un systéme fini de générateurs de G. Le graphe de Cayley § = Y(G,S)
est un graphe localement fini non orienté, sans boucle, ni aréte multiple, dont les
sommets sont les éléments de G. Deux sommets g; et go sont reliés par une aréte si
91 19, € S. On appelle longueur de g le plus petit nombre d’éléments de S nécessaires
pour écrire g, i.e. longg(g) = min{n > 1/g = s1...s,, avec s;8,41 # e}. La distance des
S-mots est alors donnée par ds(g1,g2) = longg(g; *g2) pour tout couple g1, g2 € G.
Cette distance se prolonge en une distance sur & telle que toute aréte est isométrique
a lintervalle [0, 1]. Le graphe de Cayley @ devient ainsi un espace métrique connexe
par chemins sur lequel le groupe G agit par isométries.

2.1. Topologie de Gromov-Hausdorff. — Soit ¥ = J(G) l'ensemble des sous-
graphes T' de ¢ contenant I’élément neutre e de G. Notons Br(e, N) (resp. Br(e, N))
la boule ouverte (resp. fermée) de centre e et de rayon N et valp(e) la valence de e,
i.e. le nombre d’arétes issues de e. Considérons ’ensemble A={ N > 1/ Br(e,N) =

Br/(e,N) } et la quantité
sup A si A # @,
0 st A=,

R(T,T') = {

qui appartient & NU{+o00} pour tout couple T, T’ € . On définit alors la distance de
Gromov-Hausdorff par d(T,T") = e~ B(T.T)  (Pest une ultramétrique et donc T est
totalement disconnexe. Puisque la boule fermée Eg(e, N) ne contient qu'un nombre
fini de sous-graphes, un procédé diagonal classique montre que & est compact. Les
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4 F. ALCALDE CUESTA, A. LOZANO ROJO & M. MACHO STADLER

sous-graphes finis de & correspondent aux points isolés de &. Nous noterons désormais
J Pensemble des sous-graphes infinis de § contenant 1’élément neutre e. L’avantage
de la nouvelle définition est mise en évidence par le fait que I = J(G) est alors
homéomorphe & I’ensemble de Cantor, sauf si G = Z.

2.2. Structure feuilletée. — L’espace Y est muni d’une relation d’équivalence R
qui identifie deux graphes T et T' si T’ = g~ 1.T avec g € T. Toute classe d’équivalence
R|T) peut étre alors réalisée comme Pensemble de sommets d’un graphe %[T7]. Il suffit
de joindre T' = g=1.T et T” = h~1.T par une aréte si dg(g, h) = 1. Le graphe ®[T] est
donc isomorphe au quotient de T par le groupe de translations Iso(T) = {g € §/T =
g.T}. C’est une feuille de I’espace feuilleté compact fourni par le résultat suivant :

Théoréme de réalisation géométrique 2.2.1. — 1l y a un espace compact, métrisable et
séparable I, muni d’un feuilletage par graphes &, pour lequel I est une transversale
compléte et R est la relation d’équivalence induite sur T .

Démonstration. — Considérons le sous-espace & = {T,9) €¢ T xG | g est
un sommet de T} de & x ¢, muni de la pseudodistance d((T1,91),(T2,92)) =

d(gy 1.T1,gz_ 1. T,). Alors 7 est le quotient de & par laction diagonale de G sur
g x g. Chaque classe d’équivalence %[I] est obtenue par passage au quotient a
partir de l'orbite de (7', e). L’ensemble U, 4,) = §~((T1,g1) e 1) = {(Ty,92) €
V/B -1 n(e1) = B -~ (e,1)} est un ouvert-fermé qui se projette sur louvert-
fermé U iy = Bg(g1 Ty,e™'). Puisque By(e, 1) ne contient qu’un nombre fini de

sous- graphes les ensembles U(T1 g1) €t U -1 e définissent des partitions finies de 9

et I respectivement. Nous allons remplacer g par ’ensemble T des couples (T, )
ou z est un point quelconque de T qui peut appartenir & 'intérieur é d’une aréte e de

T. L’application (1, 4,) : ((Tg,gg),x) EU(Thgl) X Fgl—l.Tl (e, 1) H,ETQ,gQ.x) € T est
injective en restriction aux ensembles Ur, 4,) X B, -, (e,1) et U, g,y X & Leurs
images V(T1 g1) €t V(T ,g1) Sont munies de topologies telles que les restrictions et leurs
inverses @7, 4) V(Tl,gl) — U(T1 g1) X By-1. (e 35) et PTrr00) V(T1 1) U(T1 g) X €

sont des homéomorphismes. On munit 7 de la topologie faible pour laquelle V(Tl,gl)

et V(T 191)

i) espace 9 est réalisé comme un sous-espace compact de 9

forment un recouvrement ouvert fini. On vérifie aisément que :

ii) laction de G sur T s'étend en une action de G sur 9
iii) les cartes locales ¢(r, g,) €t $(r, ) forment un atlas feuilleté sur & qui définit

un feuilletage par graphes & invariant par l’action de G.

Soit & le quotient de g par action de G. Alors les applications
Yy-rgy (95 Ty, 2) € Uyt g, X ngl.Tl (e,1) =z (g5 ) € T
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définissent des cartes locales

. - e . 1e °
Pty Vorr = Ugtipy X Byor (e,=) et Yo, 'ngl-Tl —Ugr ., X &

2
et donc l'espace & posséde un atlas feuilleté fini. Il est compact car les plaques sont
relativement compactes et les transversales sont compactes. O

2.3. Structure transverse. — Nous allons préciser ici la notion de dynamique
transverse (mesurable ou topologique) utilisée dans la introduction. D’abord, la rela-
tion d’équivalence R est définie par I’action d’un pseudogroupe de transformations I'
engendré par les translations 7, : T +— g~ 1.T associées aux éléments de G. Chacune
de ces applications est définie sur 'ouvert-fermé D, = {T € Y /g € T} de . Le
théoréme 2.2.1 montre que I' est le pseudogroupe d’holonomie de & réduit a &. Nous
utiliserons donc la notion de dynamique transverse introduite par A. Haefliger [6].

Néanmoins, si ’holonomie est triviale, la dynamique transverse est représentée par
la relation d’équivalence induite sur toute transversale compléte. Rappelons qu’une
relation d’équivalence ® sur un espace borélien standard X est mesurable discréte si
les classes d’équivalence sont dénombrables et si le graphe est un borélien de X x X.
On appelle transformation partielle de R tout isomorphisme borélien ¢ : A — B entre
parties boréliennes de X dont le graphe G(¢) = {(z,y) € X x X/y = ¢(z)} C R.
Une mesure borélienne p sur X est dite invariante pour X si elle est invariante pour
toute transformation partielle ¢, i.e. u(¢~1(B’)) = u(B’) pour tout borélien B’ C B.
La relation d’équivalence £ sur = J(G) est mesurable discréte car les classes
d’équivalence sont dénombrables et le graphe de R est un borélien de J x  en tant
que réunion des graphes des transformations partielles 7, définies sur les ouverts-
fermés B (T,e™ ) (avec g € Br(e,1)) et de leurs compositions.

Définition 2.3.1. — Deux relations d’équivalence mesurées (&, X,p) et (R, X', 1)
sont dites :

i) orbitalement équivalentes si X et X' contiennent des boréliens Y et Y’ saturés
pour & et R’ et de mesure totale pour lesquels il existe un isomorphisme borélien
©:Y =Y tel que o(R[x]) = %I[go(w)] pour u-presque tout z € Y et fou ~ u';

ii) stablement orbitalement équivalentes si X et X’ contiennent des boréliens Y et
Y’ dont les saturés pour X et R sont de mesure totale tels que les relations
d’équivalence induites #|y et R’ |y sont orbitalement équivalentes. Nous dirons
alors que R et 74 représentent une méme dynamique mesurable.

Toute relation d’equivalence ® sur un espace borélien ou topologique X est mu-
nie d’une structure naturelle de groupoide caractérisée par les données suivantes :
linclusion € : z € X +— (z,7) € £ de l'espace des unités X dans R, les projec-
tions B : (z,y) e R~z € Xeta: (r,y) € R+— y € X, ensemble des couples
composables R x R = {((z,y),(z,y)) € R x R/a(z,y) =y = 2’ = B(z',y)},
la multiplication partielle p : ((z,y), (@",y’)) € Rx R — (x,y') € R et l'inversion
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6 F. ALCALDE CUESTA, A. LOZANO ROJO & M. MACHO STADLER

t:(z,y) € R — (y,z) € R. La relation d’equivalence & est dite topologique si elle
I’est comme groupoide, c’est-a-dire si le graphe de & est muni d’une topologie (qui en
fait un espace localement compact séparé) telle que o, 3: R — X et p: R*x R — R
sont continues et ¢ : £ — R est un homéomorphisme. Une telle relation d’équivalence
est dite 8-discréte si X est ouvert dans R. Pour tout ouvert U de 7 et tout élément
g de G, notons O(U, g) = {(T,g7'.T) € R/T € UN Dy} le graphe de la translation 7,
restreinte & U. Les ensembles O(U, g) engendrent une topologie sur &, plus fine que
celle induite par la topologie produit sur & x &, qui en fait une relation d’équivalence
topologique [-discréte.

Définition 2.3.2. — Deux relations d’équivalence 3-discrétes R et R’ sur X et X’ sont
dites stablement orbitalement équivalentes (resp. isomorphes) si X et X’ contiennent
des ouverts Y et Y’ qui rencontrent toutes les classes d’équivalence de & et R tels
que les relations d’équivalence induites & |y et R |y sont orbitalement équivalentes
(resp. isomorphes).

2.4. Reéalisation géométrique. — La donnée d’un systéme fini de générateurs S
de G fournit un systéme fini de générateurs ¥ = {7,/g € S} de I'. Par analogie avec
laction d’un groupe, l'orbite I'(T') = R[T] est 'ensemble des sommets d’un graphe
T(T) = R[T)], muni de la distance ds définie par la longueur des Y-mots. Nous
dirons alors que (&, 7,X) est une relation d’équivalence graphée et que (I', I, 3) un
pseudogroupe graphé. Dans [8], le deuxiéme auteur a prouvé ’extension suivante du
théoréme 2.2.1 :

Théoréme de réalisation géométrique 2.4.1. — Soit T’ un pseudogroupe de transforma-
tions d’un espace localement compact, métrisable et séparable X, muni d’un systéme
fini de générateurs 3. Si la fonction de valence val : X — N est continue, il existe un
espace feuilleté localement compact, métrisable et séparable (X, F) tel que X est un
fermé qui rencontre toute les feuilles de F et T' est le pseudogroupe d’holonomie de
I réduit o X. En outre, si X est compact, alors X [’est aussi.

Théoréme de épaississement 2.4.2. — Soit (X, F) un espace feuilleté par graphes loca-
lement finis tel que T' admet un systéme de générateurs dont les domaines et les rangs
sont ouverts et fermés dans X. Il existe une lamination par surfaces de Riemann
(M, £) dont le pseudogroupe d’holonomie réduit o X est égal a T.

Démonstration. — Fixons un entier k£ > 1 et un réel € > 0. Considérons la sphére 5’82
de rayon €, munie de la métrique usuelle, puis 6tons une famille de boules géodésiques
B(s1,2r),...,B(sk,2r) de méme rayon 2r > 0 et deux & deux disjointes. Considérons
le cylindre C = S} x [0, %[ Pour tout 1 < i < k, Papplication exponentielle permet de
définir un difféomorphisme entre la couronne C; = B(s;, 2r) — B(s;,r) et le cylindre
S x [0, 7] qui identifie chaque sphére géodésique de centre s; et rayon r < t < 2r avec
le cercle S} x {2r—t}. En recollant k copies du cylindre C' 4 la sphére trouée, on obtient
une surface P(k) appelée une pieuvre a k bras. Les métriques riemanniennes sur les
deux parties de la pieuvre se recollent en une métrique riemannienne qui coincide
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avec les métriques de départ hors d’un voisinage tubulaire de C; U--- U Cy. Un choix
13

convenable du rayon r > 0 permet de supposer que le cylindre S} x];, 2[ ne coupe
pas ce voisinage. Nous noterons P’(k) la pieuvre obtenue en remplagant ’intervalle
[0, 2[ par le sous-intervalle [0, £].

Notons XV#=F I’ensemble des sommets = € X tels que val(z) = k et 3, I'ensemble
d’arétes o issues de x. Soit 0~! I’aréte opposée, issue de l'extremité o(z) de o. Pour
tout x € XV¥=F T’ensemble ¥, permet d’étiqueter les bras de P(k). Soit M le
quotient de la réunion disjointe | |y X V=% x P(k) par la relation d’équivalence qui
identifie le point (z, z,t) du cylindre {z} x S} x]1, 2 contenu dans le bras de la pieuvre
{z} x P(k) d’étiquette o € 3, avec le point ((z), %, 1—t) du cylindre o(z) x S} x]1, 3|
contenu dans le bras de la pieuvre o(x) x P(k') d’¢tiquette o= € E,(,). Ici Z est le
conjugué de z et k' = val(o(z)). Soit 7 la projection. La donnée d’un atlas feuilleté
sur X (construit par le procédé décrit dans [8]) entraine ’existence d’un atlas feuilleté
sur M définissant une lamination #. La feuille L, passant par = est la réunion des
surfaces w({y} x P(val(y))) associés aux sommets y de la feuille de & passant par z.
En géneral, ces surfaces ne sont pas difféomorphes aux pieuvres P(val(y)) car certaines
arétes issues de y peuvent étre des boucles. Néanmoins, en remplacant P(val(y)) par
P’(val(y)), nous obtiendrons des vraies plaques w({y} x P’(val(y))) difféomorphes
aux pieuvres P’(val(y)). En ajoutant les images des bras {y} x S}x]1, 2[ d’étiquette
o € X, on décrit la feuille L, comme réunion de plaques de ¥. Puisque les bras
des pieuvres sont recollés a 'aide des difféomorphismes qui préservent ’orientation,
L, est une surface de Riemann orientable. L’inclusion naturelle de | |,y X =% dans
Uren X val=k » P(k) passe au quotient en un plongement fermé de I’espace de sommets
X dans M. En identifiant X avec son image dans M, on voit que la trace de la feuille

L, coincide avec I’ensemble de sommets de la feuille de & passant par . O

2.5. Graphes répétitifs et ensembles minimaux. — Le but de ce paragraphe
est de caractériser les ensembles minimaux de (9, ) et (M, ) en adaptant la pro-
priété d’isomorphisme local des pavages [1, 9].

Définition 2.5.3. — 1) Fixons un couple T,7" € . Nous dirons qu 7" contient une
copie fidele de la boule Br(x,r) et nous écrirons Bp(z,r) — T’ §'il existe g € G tel
que g.Br(z,r) = Br:/(g.z,7) C T".

ii) Nous dirons qu'un graphe T' € I est répétitif si pour tout entier r > 0, il existe
un entier R > 0 tel que Br(z,r) — Br(y, R) pour tout couple z,y € T.

Nous adaptons ici une version uniforme de la propriété d’isomorphisme local usuelle.
En fait, pour les pavages de type fini, les deux propriétés sont équivalentes. L’analo-
gue pour les graphes fait partie du critére de minimalité suivant (dont I’équivalence
(ii) < (i41) a été prouvée dans [2, 4]) :

Théoréme 2.5.4. — Pour tout T € T, considérons l’ensemble fermé X = R[T] saturé
pour K. Les conditions suivantes sont équivalentes :

SOCIETE MATHEMATIQUE DE FRANCE 2009



8 F. ALCALDE CUESTA, A. LOZANO ROJO & M. MACHO STADLER

i) le graphe T est répétitif;
ii) pour tout r > 0, il existe R > 0 tel que Br(e,r) — Br(y, R) pour touty € T ;
iii) lensemble X est minimal.

Démonstration. — 1l suffit de prouver (iii) = (i), mais il convient avant de rappeler
briévement (iii) = (ii). Pour cela, a tout réel » > 0, on lui associe une suite croissante
d’ouverts Up = { T' € X / Br(e,r) — Br/(e,R) } (avec R > 1) qui recouvrent X.
Puisque X est compact, il existe R > 0 tel que X = Ug. Pour tout x € T, le graphe
21T € Ug et donc Br(e,r) — B,-1.1(e, R), c’est-a-dire qu’il existe g € G tel que :
g.Br(e,r) = B,-1.7(g9,7) C By-1.7(e,R). Alors on a :

h.Br(e,7) = .By-1 7(g9,7) = Br(h,r) C 2.By-1 7(e, R) = Br(z, R)

avec h = zg et Br(e,r) — Br(z, R). Pour démontrer (iii) = (i), fixons un réel » > 0
et un point x € T. Comme auparavant, ’ensemble X est recouvert par une suite
croissante d’ouverts U = {T" € X/Br(z,r) — Br/(e,R)} et il existe R > 0, qui
dépend de r et z, tel que Br(z,r) — Br(y, R) pour tout y € T. Pour conclure, il faut
pouvoir choisir R > 0 indépendant du point z. Remarquons tout d’abord que pour
tout sommet g de {7, la boule By(g,r) = g.By(e, ). Rappelons aussi que la compacité
& provient du fait que By(e, ) ne contient qu’un nombre fini de sous-graphes. Il en est
de méme pour By(g,r). En fait, a translation prés, il n’y a qu'un nombre fini de boules
de rayon r > 0 distinctes. Considérons une famille finie de points z1,...,z, € T de
maniére que les boules Br(z;, r) représentent toutes les classes de translations possib !
les. Pour tout 1 < ¢ < n et tout y € T, on a Br(z;,r) — Br(y, R(r,z;)). Si on
pose R = max{R(r,z1),...,R(r,z,)}, alors Br(z,r) — Br(y, R) pour tout couple
z,yeT. ]

3. L’espace feuilleté de Ghys—Kenyon

Nous donnons ici une nouvelle construction de ’espace feuilleté de Ghys-Kenyon
[4], que n’utilise pas 'arbre de Kenyon [4, 7], mais ses régles de construction.

3.1. L’arbre de Kenyon et ’espace feuilleté de Ghys—Kenyon. — Nous al-
lons commencer par rappeler la construction de arbre de Kenyon. Soient Z2 le graphe
de Cayley de Z?2, muni du systéme de générateurs {(£1,0), (0,41)}, et T le sous-arbre
de Z* décrit dans la figure 3.

Cet arbre est translaté ensuite par le vecteur (0,2), puis 'image est tournée a
’aide des rotations d’angle 7, 7 et 37” L’¢élagage des arétes terminales contenues dans
I’axe horizontal fournit un arbre 75. Si on répéte ce procédé, on obtient de méme un
arbre T3. Par récurrence, on obtient une suite d’arbres 7,, qui rencontrent les axes
horizontal et vertical suivant les intervalles [-2" 4+ 1,2™ — 1] x {0} et {0} x [—27",2"]
respectivement. Nous appellerons arbre de Kenyon la réunion T, = (51 T C Z 2,
C’est un arbre apériodique et répétitif ayant 4 bouts.
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FIGURE 3. Les arbres T1, T2 et T3

Nous appellerons minimal de Ghys-Kenyon ’ensemble X = R[T..]. D’aprés les
théorémes 2.2.1 et 2.4.1, il existe un feuilletage par graphes & d’un espace compact X
pour lequel X est une transversale compléte et & est la relation d’équivalence induite
par &. Nous appellerons espace feuilleté de Ghys-Kenyon ce minimal de ’espace
feuilleté de Gromov-Hausdorff (&, ). En fait, grace au théoréme 2.4.2, on peut
remplacer (X, &) par une vraie lamination par surfaces de Riemann (M, ), appelée
lamination de Ghys-Kenyon.

3.2. Codage des feuilles. — Nous allons reconstruire le minimal de Ghys—Kenyon
a l'aide d’une application ® : J, — X qui, & toute suite & = ooy --- € J, =
{0,1,2,3}" = ZY, associe un arbre apériodique et répétitif ®(a)) dans I’enveloppe de
T+. Nous construirons ®(«) de proche en proche en partant du sommet zo = 0 et
de T'arbre trivial Py = {0}. Pour cela, nous commencons par identifier les éléments
de Z, avec les racines quatriémes de I'unité grace a 'application r : Z, — C définie
par r(k) = e%%*. Nous joignons les sommets zq et 2, = r(ag) par une aréte de Z2,
puis nous prenons la réunion des images de cette aréte par les rotations de centre
z1 et d’angle 7, 7 et 37” Nous obtenons ainsi un arbre P; = ®(ay). Considérons
ensuite 1'unique aréte de Z% qui joint le sommet zo = 21 + 2r(ay) avec un sommet
de P;. Nous appelons P, = ®(apay) la réunion de 'arbre P; et leurs images par les
rotations de centre z; et d’angle 7, 7 et 37” Par récurrence, nous avons une suite de
sommets T, = T,_1 + 2" r(a,_ 1) = ?:_01 2ir(q;) et une suite croissante de sous-
arbres finis P, de Z2. Alors ®(a) = Unso Pn = Unso (@0 -..an—1) est un arbre
apériodique et répétitif ayant au plus 2 bouts. Nous appellerons squelette de () la
suite de sommets xgxy...Z, ... identifiée au chemin d’arétes obtenu en joignant les
sommets , et z,41 par 2" arétes dans la direction r(«;). Nous venons de définir une
application ® : J, — 7.

Proposition 3.1. — Le minimal de Ghys-Kenyon X est l’enveloppe R[®(a)] de tout
arbre codé ®(a). Il se décompose en la réunion disjointe de la classe R[Ts) et de
Vensemble saturé | Joe 5, R[P(a)].
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—e—o
Xpe X0 ’_}x_l‘ X0 le 5 I P
Py Pl —¢—o

FIGURE 5. Le (n + 1)-iéme code

Démonstration. — Veérifions d’abord que X = R[®(a)] pour toute suite a € J,. En
effet, Too € R[®(a)] car Br,_(0,2" — 1) = Bg(a)(n,2" — 1) — n = Ba(a)-a, (0,
2" —1). Donc X = R[Ts] C R[®(a)]. Mais puisque ®(c) est répétitif, on a I'égalité.
Pour montrer la deuxiéme affirmation, on constate que les arbres T, et ®(a) sont
distincts car ils n’ont pas le méme nombre de bouts. Leurs classes d’équivalence R[Tw]
et R[®(a)] le sont aussi. Il faut donc vérifier que tout arbre T' € X — R[T] est équi-
valent & un arbre ®(a). En remplagant T par un translaté T — v, nous pourrons
supposer que val(T') = valp(0) = 1. Nous construirons alors de proche en proche une
suite a € J, telle que T = ®(a). Psar hypothése, la sphére S7(0,1) = dB7(0,1) est
réduite & un point z; et ap = r~!(x;). Supposons connus les codes ag ..., et les
points zg ...z, du squelette. Alors la sphére St (zy,,2") = OBr(x,,2") vérifie I'une
des deux conditions suivantes :

i) S7(xn,2") est réduite & un seul point x, 1 = 2, + 2"v ot v € Z*. Dans ce cas,
nous définirons «a,, = r=*(v).

ii) Sr(zn,2™) contient deux points 20 ; et z_ ;. Dans ce cas, il existe i € {0, 1} tel
que Br(z,,,2""2 —1) = Br_(0,2"%2 — 1) (voir la figure 5) et nous définirons

Tptl = m,ll:fl =z, + 2" et a,, = r 1 (v) avec v € Z*.

Par récurrence, nous aurons une suite a € J, telle que T = ®(a). O
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Considérons I'ouvert-fermé X<2 = {T € X/ val(T) < 2}, le G5 dense Y = X —
R(To] = Uaey, R®(a)] et le borélien YS? = Y N X<2 D’aprés la preuve de la
proposition ci-dessus, I'application de codage @ : J, — Y'S2 est surjective.

3.3. Relation cofinale. — Si on munit , = Zl de la topologie produit, engendrée
par les cylindres Cg;zﬁ"n ={a e d,/ai, = Po,---,, = Bn}, J4 est homéomorphe
a lensemble de Cantor. Soit o : J, — J, le déplacement de Bernoulli donné par
o(a)n, = an41 pour toute suite @ € J, et tout entier n > 0. Deux suites a et
dans (, sont cofinales s’il existe n > 0 tel que o™(a) = 0™(8), c’est-a-dire a,m = O
pour tout m > n. Pour tout couple de suites finies ag...a, et By ...0n, les arbres
finis ®(ag...a,) et ®(Bo...HBn) sont reliés par ®(Fy...0,) = P(ag...an) — v ol
le vecteur v = Y1 o 2'r(q;) — S i 2°0(B;) = S 2 (r(ew) — r(B;)). Un argument
simple montre alors que :

Proposition 3.2. — Deuz arbres codés () et D(8) sont R-équivalents si et seulement
si les suites a et B sont cofinales.

La remarque précédente montre aussi que ® est injective, ce qui nous donne :
Proposition 3.3. — L’application ® : J, — Y'S? est une bijection

Signalons que ’expansion binaire des éléments de Z, fournit un homéomorphisme
entre J, = Zl et J, = ZY, induit par les substitutions 0 — 00, 1 — 10, 2 —
01 et 3 — 11 obtenues en remplagant k € Z4 par un couple d’éléments a(k) et
b(k) de Zg tels que k = a(k) + 2b(k). Evidemment les relations cofinales sur J, =
{0,1,2,3}N et J, = {0,1}" deviennent isomorphes. Il y a d’ailleurs une équivalence
orbitale entre la relation cofinale R.or sur J, et la relation d’équivalence engendrée
par la transformation 7 : {0,1} — {0,1}" décrite dans I'introduction. Sauf les
suites 000... et 111... qui appartiennent & une méme orbite, les classes de cofinalité
coincident avec les orbites de T'.

3.4. Dynamique borélienne. — Empruntée 4 la théorie des pavages, la notion de
motif est le bon outil pour décrire la o-algébre des boréliens de X. Tout sous-arbre
fini P de Z2 contenant origine sera appelé un motif de Z2. Nous dirons que T € I
contient le motif P autour d’un sommet p si P+p C T et nous définirons Xp, = {T €
X/P +p CT}. Sip=0, nous écrirons simplement X p. Comme pour les pavages [1],
les ensembles X p sont des ouverts-fermés de X. Néanmoins, les motifs ne suffisent
pas pour engendrer la topologie de X. En effet, la boule B = Bx(®(00...),e"1) est
I’ensemble des arbres T tels que Br(0,1) = E@(OOM y(0,1) = 0Oe—e, mais il n’y a aucun
motif P tel que Xp C B. En fait,

BZXO.i.— (XI UX.f.O uX 0).
0

En général, pour tout arbre T € X et tout entier » > 0, la boule Bx(T,e™") est
I'ouvert-fermé X p 4) associé au motif fin (P, A) ou P = Br(e,r) et A est ’'ensemble
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12 F. ALCALDE CUESTA, A. LOZANO ROJO & M. MACHO STADLER

des arétes du graphe B2 (e,7) — Br(e,7 — 1) qui rencontrent P. Par conséquent, les
ouverts-fermés X p engendrent la o-algébre des boréliens.

L’application de codage ® n’est pas continue, car S4 est compact, mais Y'<? ne
I’est pas. Néanmoins, ¢ a deux propriétés importantes :

Proposition 3.4. — L’application ® : J, — Y'S? est borélienne ouverte.

n

Démonstration. — Pour tout motif P, I'ensemble @~ (Xp) = Uy,. .0, e Coy s, OU

P ={ag...an/P C ®(ag...0n)}. Par ailleurs, on a ®(CY: ", ) = Xo(ap..an)- U

Nous pouvons maintenant affirmer que la dynamique transverse borélienne de la
lamination de Ghys-Kenyon est représentée par une machine & sommer binaire.

3.5. Propiétés ergodiques. — Soit R une relation d’équivalence mesurable dis-
créte sur X, munie d’une mesure quasi-invariante ergodique p. Par analogie avec la
classification des facteurs de F. J. Murray et J. von Neumann, on peut distinguer trois
types de relations :

1) Type 1, (avecn =1,2,...,00) : si R est transitive (avec cardinal #X = n).

2) Type 11, (avecn =1 ou 0o) : si R n’est pas transitive et si y est équivalente & une
mesure (finie ou infinie) invariante pour X.

3) Type I11 : ¢’il n’existe pas de mesure invariante équivalente a .

Si p4 est la mesure de probabilité équidistribuée sur J,, alors Reof st de type II;.
Proposition 3.5. — La relation d’équivalence R sur X est de type 11;.

Démonstration. — Pour tout n > 1, notons B, la boule de centre T, et de rayon n
contenue dans &[T, ]. L’isomorphisme entre &[T ] et Tw, identifie B, avec Br._(0,n).
Soit p, la mesure de comptage sur B,,. Pour tout motif P, on a :

(X p) = #B,NXp _ #{peBr_(0,n) / P+pCTyx} _ A(P,n)
" #Bn #Br,.,(0,n)) V(n)
Quitte & extraire une sous-suite, on peut supposer que pu, converge faiblement vers
une mesure de probabilité u. Puisque Xp est un ouvert-fermé, on a :
. . A(P,n)

p(Xp) = lim pn(Xp) = lim Vn)
D’autre part, pour tout sommet v € P, ’ensemble Xp — v = Xp_, est I'image de
Xp par la translation 7,(T) = T — v. Si T, contient le motif P autour d’un point
p € Br_(0,n — ), il contient aussi le motif P — v autour du point p + v € Br._(0,n)
avec 7 >||v||. Donc

| (Xp —v) — pun(Xp)[<

= fréquence du motif P.

Vin)—=V(n—r) . Vin+r)=V(in-—r)

V(n) h V(n)
pour tout n € N. Mais puisque la fonction V' (n) est & croissance sous-exponentielle,
il vient lim, oo |tn(Xp — v) — pn(Xp)|= 0 et donc p est invariante pour &. O
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Proposition 3.6. — L’application ® définit une équivalence orbitale stable entre les
relations d’équivalence mesurées Reor sur J, et R sur X.

Démonstration. — Puisque le saturé de Y'S? est de mesure totale, il nous suffit de
démontrer que ® : J, — YS2 envoie yy sur une mesure équivalente & p|y<2. Par
I'invariance de p, on a p(X<S?) = 2 et donc py<: = %,u|ng est une mesure de pro-
babilité sur X <2 invariante pour &|x<2. L’inverse de ® envoie la mesure induite par
X
px <2 sur une mesure de probabilité sur ¢, invariante pour R.of. L’unicité ergodique
de p4 entraine que ®, 4 = <2|y<e. O
o q 122 Hx<zly

Théoréme 3.5.1. — La dynamique transverse mesurable de la lamination de Ghys-
Kenyon (M, £) est répresentée par une machine a sommer binaire. En outre, elle est
uniquement ergodique.

Un trés joli résultat d’E. Ghys [3] permet de parler du type topologique des feuilles
génériques de #. De notre cas, on a que :

1) il y a un ensemble saturé résiduel et de mesure totale dont toutes les feuilles ont
exactement un bout ;

1) il y a un ensemble saturé maigre et de mesure nulle constitué par une infinité non
dénombrable des feuilles ayant deux bouts ;

1) il y a une seule feuille avec quatre bouts.

Le point essentiel est de vérifier qu’il y a correspondance biunivoque entre 1’ensemble
des feuilles ayant deux bouts et 'ensemble des suites de ¢, contenant un nombre fini
de détours et une infinité d’aller et retours. Pour toute suite o € ¢J,, nous appelons
aller et retour (resp. détour) tout couple aypan,y1 avec o, # @p4+1 ayant la méme
(resp. distincte) parité. Cela permet de montrer que ’ensemble des feuilles a deux
bouts est non dénombrable de mesure nulle. D’aprés le lemme 2.6 de [2], Pensemble
des feuilles ayant un bout est résiduel.

4. Dynamique topologique

Toutes les R-classes du minimal de Ghys-Kenyon sont obtenues & partir des mémes
motifs par un méme procédé d’inflation. Nous utiliserons I'inclusion de ces motifs dans
les motifs qui résultent de l'inflation pour décrire sa dynamique topologique.

4.1. Relations d’équivalence affables. — Une relation d’équivalence (-discréte
R sur un espace localement compact séparé X est dite compacte [5] si R — A est
compact ou A est la diagonale de X x X.

Définition 4.1.1 ([5]). — Une relation d’équivalence # définie sur un espace totalement
disconnexe X est dite affable s’il existe une suite croissante de relations d’équivalence
compactes R, telle que R = |J, ey Ln- Si on munit R de la topologie limite inductive,
alors & = h_II)l R, est une relation d’équivalence 3-discréte approzimativement finie
(AF en abreégé).

SOCIETE MATHEMATIQUE DE FRANCE 2009



14 F. ALCALDE CUESTA, A. LOZANO ROJO & M. MACHO STADLER
0 40 _ 0 Ll ded 3 0
Ay AT = + Ao + Agddis + By

Ay Af =0 + AT+ A%)*Ag + B

A3 A3 =Qo + AS + Ag*Ag + B}
By By 4 + Al + A8
Bl B! =+ A+ A%%ing

Co Oy =% +2B) 42

FIGURE 6. Les familles Py et P; et les régles d’inflation

Un diagramme de Bratteli est un graphe orienté B = (V, E) dont les ensembles de
sommets et d’arétes admettent des décompositions V = | |,5qVn et E = | ],,50 En
ou V, et E, sont des ensembles finis non vides tels que pour toute aréte e € F,,
Porigine a(e) € V,, et I'extremité G(e) € V41 [5]. On appelle source tout sommet
v tel que B~ 1(v) = . Soit X4 l'espace des chemins infinis e e, 1€n42... (avec
a(ei+1) = B(e;)) issus d’une source a(e,) de B. La relation d’équivalence cofinal Ry
sur X¢ (qui identifie epenq1... et e, e, ;... 8l existe N > m,n tel que e] = e;
pour tout ¢ > N) est affable. En fait, d’aprés [5], toute relation d’équivalence AF
sur X est isomorphe & la relation cofinale £4 sur X4 définie par un diagramme de
Bratteli 8.

4.2. Affabilité du minimal de Ghys-Kenyon. — Soit #,, = {A% AL A2 A3
BY Bl C,} la famille de motifs basiques de taille n définis par A¥ = Br_(0,2" —
1) Uek, B¥ = Br_(0,2" — 1) Uek Uekt? et C,, = Br_(0,2") ot ek est l'aréte qui
rélie (2™ — 1)r(k) et 2"r(k) pour tout k € Z4 (voir la figure 6). Deux éléments T" et 1"
de X — X¢, sont R,,-équivalents 8’1l existe un motif basique P € #,, — {C,,} et deux
sommets v, v’ € P avec ||v|], ||v]< 2" tels que P C T — v =T’ — v'. D’autre part, la

relation R, est triviale sur X, .
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Proposition 4.1. — Les relations d’équivalence R,, sont compactes et ouvertes dans R
et donc Roo = Unen R, est affable et ouverte dans R.

Démonstration. — Montrons que &, est ouverte dans &. Pour tout couple (T, T") €
R, 1l existe un motif P € &P,, et deux sommets v,v’ € P avec || v |, ||[v"||< 2™ tels que
PCT—v=T —v'. Choisissons N > 0 tel que P +v C Br(0,N), puis considérons
louvert U = {T” € X/Br+(0,N) = Br(0,N)} de X et I'ouvert O(U,w) de R o
w = v —v'. Pour tout 7" € U, le couple (T",T" —w) € R,, car T" contient le motif
P autour de v. Donc (T,7T") € O(U,v) C R,. Alors R, est la réunion des ouverts
O(U,w) associés motifs P € P, et aux sommets v,v’ € P tels que ||v],] v [ < 2.
En remplacant U par Pouvert-fermé Xp, et O(U,w) par le graphe de la translation
T" — T" — w définie sur Xp,, nous aurons que R,, est compacte. O

Toutes les classes d’équivalence de ® et R, sont égales, sauf celle de T, qui se
décompose en la réunion de la classe triviale {To,} et de quatre classes isomorphes
aux composantes connexes de T, — {0}. La dynamique topologique de R, est re-
présentée par le diagramme de Bratteli B = (V,E) ou Vo = {0}, Vo1 = @, =
{AY AL A2 A3 BY Bl C,} et P e P, estrelié par une aréte de E, 41 & Q € Ppiq
si et seulement si ) contient une copie fidéle de P. L’isomorphisme ¥ : X — X4 entre
Roo €t Ry est donné par ¥(T) = (eo,e1,...) ou B(e,) est Uunique motif P € P, 41
pour lequel T'— v appartient & I'ouvert-fermé X (p 4) avec v € P et A formé des arétes
de Br_(0,2"*!) qui n’appartiennent pas & P. Pour tout 7' € X avec val(T) = 4,
Porigine 0 est I'intersection des translatés de quatre motifs basiques de taille n. Nous
modifierons alors &,, pour que 0 devienne équivalent aux autres points du translaté
de A% ou de BY. Nous obtiendrons ainsi une suite de relations d’équivalence com-
pactes R, D Rn. Alors Koy = U,en R, est affable. Puisque les bouts de la feuille
de & passant par T, sont partout denses, ®[Ts] se décompose en la réunion de
quatre orbites denses et donc %;o est minimale. Nous pouvons maintenant appliquer
le corollaire 4.17 de [5] :

Théoréme 4.2.1. — La relation d’équivalence R est affable et la dynamique transverse
de la lamination de Ghys-Kenyon est répresentée par un systéme dynamique minimal
sur ’ensemble de Cantor.
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COMPARAISON DES VALUATIONS DIVISORIELLES

par

Charef Beddani

Résumé. — En utilisant la notion de la connexité en codimension un, nous allons
donner dans cet article une nouvelle démonstration géométrique du théoréme d’Izumi
dans deux cas particuliers. Ensuite, nous allons proposer la conjecture suivante : soient
(R, m) un anneau local intégre normal complet et v1, vy deux valuations divisorielles
centrées en m, alors il existe un idéal m-primaire I de R, tel que les centres de v et
vo dans ’éclatement normalisé de SpecR le long de I sont liés en codimension 1. A la
fin de ce travail, nous présentons quelques commentaires concernant cette conjecture.

Abstract (Comparison of divisorial valuations). — Using the notion of connexity in codi-
mension one, we give in this paper a new geometric proof of Izumi’s theorem in two
special cases. We also propose the following conjecture: let (R,m) be a complete,
normal local domain and vi, v two divisorial valuations centered in m. Then there
exists an m-primary ideal I of R such that the centers of v1 and v in the normalised
blowing up of SpecR along I are linked in codimension 1. At the end of the paper,
we make some comments about this conjecture.

Introduction

Les valuations divisorielles sont des objets fondamentaux pour I’étude de la réso-
lution des singularités. Elles ont été étudiées par Zariski, Abhyankar, Rees, Swanson
et beaucoup d’autres. Plus récemment 1’étude des valuations pour aborder de ma-
niére nouvelle le probléme de résolution des singularités a été proposé, notamment
par M. Spivakovsky (cf. [11]) et B. Teissier (cf. [12]). Nous nous intéressons dans cet
article a I’étude des valuations divisorielles. Plus précisément, nous présentons dans
la premiére section quelques résultats élémentaires concernant les valuations diviso-
rielles avec leurs démonstrations. La deuxiéme section est consacrée & la comparaison
des valuations divisorielles. Nous donnons une approche géométrique du théoréme
d’Tzumi (cf. [10]), en utilisant la notion de connexité en codimension 1 (cf. [3]). De
maniére générale, nous allons montrer le résultat suivant : Soient (R, m) un anneau

Classification mathématique par sujets (2010). — 13F30, 13G05, 14E05.
Mots clefs. — Algébre de Rees, cloture intégrales des idéaux, valuations de Rees, valuations diviso-
rielles, théoréme d’Izumi, géométrie birationelle.
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local intégre noethérien analytiquement irréductible et vq, vo deux valuations diviso-
rielles associées & un idéal m-primaire I telles que les centres F; et Fy de vy et vy
respectivement dans I’éclatement normalisé X; de Spec R le long de I sont liés en
codimension 1. C’est-a-dire, qu’il existe une suite finie

1/]. = E17Y23 "'aYS—leS = E2

de composantes irréductibles de E; = Proj €D,,>¢ I"/I - I" telle que pour tout 1 <
i < s — 1, la codimension de Y; N Y;;1 dans Yi+_1 est égale & 1. Alors les topologies
v1-adique et vo-adique sont linéairements équivalentes. Autrement dit, il existe un
entier naturel r tel que pour tout élément x non nul appartenant & R, nous avons

vi(z) <rve(z) et wo(x) < rvq(x).

Ensuite, nous en déduisons une nouvelle démonstration du théoréme d’Izumi (cf.
Théoréme 2.1) sur les anneaux analytiquements irréductibles de dimension inférieure
ou égale & deux. Les démonstrations connues auparavant de ce théoréme en dimension
deux (cf. [7, 5, 10]) sont basées sur le fait que la matrice M = (E;.E;)1<i j<s est
définie négative. En dimension supérieure ou égale & trois, la matrice d’intersection n’a
pas de sense. Pour cette raison, D. Rees utilise une démonstration par récurrence sur
la dimension de R (cf. [10]) quand la dimension de R est supérieure ou égale & trois.
La démonstration qu’on donne dans cet article sous quelques hypotheéses est directe
en dimension quelconque (sans récurrence sur la dimension de R). Nous trouvons un
remplacement géométrique en dimension supérieure pour la négativité de la matrice
M qui est un phénoméne spécifique en dimension deux.

Le théoréme d’Izumi est toujours vrai sans ajouter la condition « v; et vy sont liées
en codimension 1 », c’est la raison pour laquelle nous allons proposer la conjecture
suivante : soient (R, m) un anneau local intégre normal complet et vy, v deux valua-
tions divisorielles centrées en m. Alors il existe un idéal m-primaire I de R tel que les
centres de vy et vy dans X sont liés en codimension 1.

Pour les surfaces (i.e. dim R = 2), nous allons montrer que la conjecture précédente
est une conséquence immédiate du théoréme principal de Zariski. Ensuite, nous allons
suivre les travaux de R. Hartshorne concernant la connexité en codimension (cf. [3]),
et ceux de M. Spivakovsky sur les valuations divisorielles (cf. [11]), pour démontrer
que cette conjecture est vraie si R admet une résolution des singularités plongée. En
particulier, elle est vraie si R est quasi-excellent de caractéristique zéro ou dim R < 3
et R est de type fini sur un corps parfait.

Remerciement : Je remercie Mark Spivakovsky, pour les remarques et les conseils
qui m’ont permis d’apporter certaines précisions et de rendre plus claires plusieurs
parties de ce texte.

1. Préliminaires

Tous les anneaux considérés dans cet article sont commutatifs et unitaires. Si p est
un idéal premier d’un anneau R, on note ht p la hauteur de p, et k(p) le corps résiduel
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COMPARAISON DES VALUATIONS DIVISORIELLES 19

de l'anneau Ry. Si (@, n) est un anneau local contenant R tel que nN R = m, on note
deg.tr.j(m) k(n) le degré de transcendance de k(n) sur k(m).

Notation 1.1. — Soit T' un groupe commutatif totalement ordonné. Nous adjoignons
au groupe I' un élément co et nous appelons T's, ’ensemble ainsi obtenu : I'ng =
I U {oo}. Nous munissons cet ensemble d’une relation d’ordre total en posant pour
touty el :

1. v < oo.
2. co+7=77+00=004 00 = 0.

Définition 1.2. — Soient (R, m) un anneau local intégre et K son corps de fractions.
On appelle valuation de K a valeurs dans un groupe totalement ordonné I, toute
application v de K dans ', qui vérifie les conditions suivantes :

1. Pour tous z,y € K, v(zy) = v(z) + v(y),
2. Pour tous z,y € K, v(z +y) > inf(v(z),v(y)),
3. Pour tout x € K, v(z) =00 &z =0.

Définition 1.3. — Soient I' un groupe commutatif totalement ordonné et v une valua-
tion & valeurs dans I'. Le rang rationnel de v est un élément de N U {400} défini
par

rang rat. v := dimg (I’ ®z Q).

Si I' = Z, on dit que la valuation v est discréte. Dans ce cas, on note, pour tout
nez:
I,(v) = {z € R tel que v(z) > n}.
Si I est un idéal de R finiment engendré, on note : v(I) = min{v(z) tel que =z € I}.
Nous rappelons que si v est une valuation discréte de K, alors I’ensemble des éléments
z € K tels que v(z) > 0 forme un anneau local. Cet anneau s’appelle 'anneau de

valuation associé a v, on le note R, . Son idéal maximal m,, est défini par m, = {z €
K tel que v(z) > 1}.

Définition 1.4. — Soient R un anneau intégre, K son corps de fractions et v une
valuation discréte de K centrée dans R enp (ie. R C R, etp = RNm, ). La valuation
v est dite divisorielle si elle vérifie I’égalité suivante

deg.tr.k(p) k'l, = htp — 1,
ot k, = R,/m, est le corps résiduel de R,,.

Définition 1.5. — Soient R un anneau intégre et K son corps de fractions.
On dit que R est N-2 si pour toute extension finie L de K, la cloture intégrale de R
dans L est un R-module de type fini.

Définition 1.6. — Un anneau R est dit de Nagata (ou universellement japonais) s’il
est nethérien et pour tout idéal premier p de R, lanneau R/p est N-2.
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Lemme 1.7. — Soient (R,m) un anneau neethérien local intégre de Nagata et K son
corps de fractions. Alors pour toute valuation divisorielle v de K centrée dans R enm,
il existe un idéal m-primaire I de R tel que le centre de v dans X est de codimension
1 dans X;.

Démonstration. — On peut choisir (a1, ag, ..., a4) un systéme de paramétres de R tel
que les images de as/a1,as/as,...,aq/a; dans R, /m, sont algébriquements indépen-
dantes sur k(m). Pour tout i = 1,2,...,d, soit s; = [],, v(a;). Prenons I I'idéal de
R engendré par ai',a3?,...,a;". Il est clair d’aprés le théoréme de la dimension (cf.
[8], Théoréme 2.5, Page 333) que le centre de v dans X est de codimension 1 dans
X O

Définition 1.8. — Soit (R, m) un anneau local intégre. On dit que R est analytiquement
irréductible si le complété m-adique de R est intégre.

Lemme 1.9. — Soient (R, m) un anneau local nethérien intégre analytiquement irré-
ductible et (E, m) le complété m-adique de R. Alors pour toute valuation divisorielle
v de R centrée en m, il existe une seule valuation divisorielle U de R centrée en m
telle que pour tout x € R on a V(z) = v(x).

Démonstration. — Montrons d’abord I'existence de U. Nous avons le diagramme com-
mutatif suivant

X

<"1
v ) S~ |

. y
ol E est le completé m,-adique de R, . L anneau ﬁ est un anneau de valuation
dlscrete Posons 7 la valuation associée a R . Nous allons montrer que le morphlsme
% est injectif. Supposons le contraire (ie. p = keri # (0)). Puisque 'anneau R, est
intégre, I'idéal p est premier. Notons p la restriction de v a k(p). Soient vy une
valuation de Rp centrée en pRp et 7 une extension de p au corps résiduel de vy.
Prenons vy = vgov; la valuation composée avec les valuation vy et v; (cf. [13]). Nous

avons ’égalité

(D rang rat. vy = rang rat. vy + rang rat. v;.

Comme R est intégre, la hauteur de p est supérieure ou égale & 1. Donc le rang
rationnel de vy est supérieur ou égal a 1. Nous en déduisons d’aprés I’égalité (1) que

(2) rang rat. vy > 2.
De plus, on a

(3) deg.tr. ky, > deg.tr.p(m) kv

k(m)
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Les inégalités (2) et (3) donnent
deg.tr.k(a) ky, + rang rat. vy > 2 + deg.tr.p () kv = dim R + 1.

Cela est une contradiction avec l'inégalité d’Abhyankar [1]. Donc le morphisme 7 est
injectif.

Soit # un élément de R. Posons ¥(z) = s et (@) = r1. Pour tout entier naturel
n > s/rq, il existe un élément z’ appartenant & R tel que z — 2’ € m”. Nous avons

v(z)=7((z—2')+2)
= (")
= v(z')
Donc les valuations v et ¥ ont le méme groupe de valeurs (i.e. ', = I'~.) Maintenant,

soient x et y # 0 deux éléments appartenant & R tels que z/y € R-~. Nous pouvons
choisir deux éléments z’ et y' appartenant a R tels que U(z —z') > U(z) et D(y—y') >
D(y). Donc v(z) = v(z') et U(y) = v(y'), par suite 2’'/y’ € R,. En plus nous avons

z 2 -2 x Y-y 2

y v oy oy oy
ce qui donne que v et ¥ ont le méme corps résiduel (ie. k~ = k,). Le fait que

dimR = dimR et k(f) = k(m) entraine que la restriction de la valuation 7 au
corps de fractions de I/%, qu’on note aussi U est une valuation divisorielle centrée dans
R en i, et elle vérifie bien évidemment v(z) = D(z) pour tout z € R.

Montrons maintenant 'unicité de la valuation 7. Soit # une autre valuation diviso-
rielle de K (R) centrée dans R en @ qui vérifie v(z) = #(z) pour tout z € R. Prenons
z un élément de R. Soient D(z) = s1, #(2) = s5 et #(m) = ro. Alors pour tout entier
naturel n > sup (s1/71, s2/72), il existe 2’ € R tel que z — 2’ € m™R. Par consequent
U(z) =D(7') et 0(z) = 0(2'), et comme 2z’ € R et les valuations U et ¥ sont égaux sur
R. 1l en résulte que U(z) = 0(z). O

Lemme 1.10. — Soient (R,m) un anneau neethérien local intégre analytiquement ir-
réductible et R la normalisation de R. Alors pour toute valuation divisorielle v de R
centrée en m, il existe une valuation divisorielle v de R centrée enm (I’idéal mazimal
de RMW), telle que pour tout x € R, on a v(x) = v(z).

Démonstration. — On a bien 'inclusion :
RCRCR,.

Notons 7 I’extension de v dans R. Puisque R est analytiquement irréductible, ’anneau
R est local et m est son idéal maximal (cf. [8]). La valuation ¥ est donc centrée dans
R en m. De plus, comme v est divisorielle,

htm=htm

(1) Sous les hypothéses de ce lemme, la normalisation de R est anneau local (cf. [8]), Proposition
2.14, (c), page 344).

SOCIETE MATHEMATIQUE DE FRANCE 2009



22 C. BEDDANI

et
deg.tr.k(m) k(ﬁ) = 0,

il en résulte que la valuation 7 est aussi divisorielle. O

2. Comparaison des valuations divisorielles

Soient X = Spec R ou R est un anneau noethérien local analytiquement irréduc-
tible, m son idéal maximal et K son corps de fractions. Pour tout idéal I de R, nous
notons 7 : X5 — X D’éclatement normalisé de X le long de I et E; = V(I@}I)md
le sous-schéma réduit de X associé au faisceau I @Yz' Soient F; et Es deux compo-
santes irréductibles de E7. On dit que E; et E5 sont liées en codimension 1, s’il existe
une suite finie Y7 = E1,Y5,...,Y,_1,Y; = E5 de composantes irréductibles de E; telle
que pour tout 1 < i < s—1, la codimension de Y; NY;;; dans Y, est égale a 1. De
méme, si v; et vy sont deux valuations divisorielles de K centrées dans R en m, on
dit que vy et vy sont liées en codimension 1 s’il existe un idéal m-primaire I de R tel
que le centre de v; et le centre de v, dans X sont liés en codimension 1. Rappelons
tout d’abord le théoréme d’Izumi :

Théoréme 2.1 (Théoréme d’Izumi [5, 10]). — Soit (R,m) un anneau neethérien local
analytiquement irréductible. Alors pour toutes valuations divisorielles vy,vy cen-
trées en m , il existe 7 € N* tel que pour tout x non nul appartenant & R on a
vi(z) < rvg(x).

Supposons que Panneau R est analytiquement irréductible et v;, vy sont deux
valuations divisorielles de R centrées en m. Le but de cette section est de donner une
nouvelle démonstration du théoréme d’Izumi dans les cas suivants :

Cas (I) : R est de dimension quelconque et les extensions de vy, vs dans le corps de frac-
tions de R sont liées en codimension 1 (cf. Théoréme 2.5).

Cas (II) : R est de dimension inférieure ou égale & 2 et vq, 5 sont deux valuations diviso-
rielles quelconques (cf. Théoréme 2.10).

2.1. Le cas (I)

Notation 2.2. — Si D = Y " n;D; est un diviseur de Weil d’un schéma X etY C X
un sous-schéma de X, nous notons :

DNlY|= Y mD;

D;CY

Proposition 2.3. — Soient (R,m) un anneau de Nagata analytiquement irréductible
et vy, vy deux valuations divisorielles de K(R) centrées en m. Si vy et vo sont liées
en codimension 1, alors leurs extensions Uy et Vs dans R sont également liées en
codimension 1.
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Démonstration. — Par hypothése, il existe un idéal m-primaire I de R tel que les
centres de v; et vy sont liés en codimension 1. Soit E; (resp. E2) le centre de vy et vo
dans X7, il existe donc une suite finie

Yi = E17Y27 "'7Y:9—17Y$ = E2

de composantes irréductibles de E; telles que pour tout 1 < i < s—1, la codimension
de Y; NY;11 dans Y;;; est égale & 1. Par conséquent, nous pouvons supposer que la
codimension de F; N Ey dans Fs est égale & 1. Soient

+oo
S =1
n=0

et

“+o0
S(IR) = @ I"R1"
n=0

les algébres graduées définies par les filtrations {17}, et {Iinﬁ’,}j;i% respectivement.

Les deux diviseurs F; et Fo sont définis respectivement par deux idéaux premiers
homogeénes q; et g2 de S(I) tels que :

ht q1 = ht q2 = 1
et
Nous avons donc R,, = S(I)(q,) et R,, = S(I)(g,)- Comme le morphisme naturel
R < R est fidélement plat et I est m-primaire, I nR =T"R.

Par suite,
S(I)/IS(I) = S(IR)/IS(IR).

Pour finir la démonstration, on a besoin de I'affirmation suivante :

Affirmation 2.4. — Pour tout i = 1,2, il existe un unique idéal premier homogéne Q;
minimal de IS(IR) tel que :

Qi = 4:S(IR).

D’abord, admettons que cette affirmation et finissons la preuve de la proposition. On
a:

(Q1+ Q2) = (a1 + 92)S(R).
Par fidéle platitude de l'extension S(I) — S(I ﬁ), nous obtenons

ht(Q1 + Q2) = ht(q1 + q2).
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De plus, comme les anneaux R et R sont analytiquement irréductibles, les anneaux
S(I) et S(IR) sont universellement caténaires (cf. [4], Théoréme (18.13), Théoréme
(18.23)). Donc

ht((Q1 + Q2)/Q2) = ht(Q1 + Q2) —ht Q2
= ht(q; + q2) — ht g2
= ht((q1 + 92)/92)-

Par construction de 7y (resp. Us), et l'unicité de @ (resp. Q2), on obtient que le
centre E1 (resp. Eg) de 7 (resp. V) dans I’éclatement normalisé de Spec Rle long de
IR est définie par I'idéal homogéne @1 (resp. @2). Nous savons que la codimension
de Ey N E; dans E est égale a la hauteur de (91 + 92)/q2 et ainsi la codimension de
El N E2 dans E2 est égale a la hauteur de (Q1 + Q2)/Q2. Par conséquent E1 et E2
sont liés en codimension 1. O

Démonstration de I’affirmation 2.4 : Le fait que le morphisme S(I) — S(IR)
est fidelement plat entraine que l'idéal q1S(IR) n’a pas d’idéaux preniiers associés
plongés. Pour tout idéal premier minimal @; de q;S(IR), anneau S(IR)(Ql) est un
anneau q\e valuation discréte. La valuation 7; associée & cet anneau est une extension
de 1 & R. Comme cette valuation 73 est unique (cf. Lemme 1.9), q1.5(/R) admet un
unique idéal premier ()1 associé, par conséquent 1/q1.5(] ﬁ) = Q1. De plus, d’aprés
le lemme 1.9, les valuations v, et 7; ont le méme groupe de valeurs, ce qui implique
que :
v (nSUR)NS(IR) Q) =1 (mSUR) N S(IR)qy)) =1
Donc
1S(IR)q,) = @SUR)(q,)-
Ceci donne :
01S(IR)q, = Q1S(IR)q,.

D’aprés cette derniére égalité et le fait que @1 est le seul idéal premier associé a

q1S(IR) , il résulte que q1S(IR) = Q;. De facon analogue, nous montrons que
92S(IR) = Q2. O

Théoréme 2.5. — Soient (R, m) un anneau local neethérien analytiquement irréductible
et v1,vy deux valuations divisorielles de R centrées en m. Si Uy et Uy sont lides en
codimension 1, alors il existe un entier naturel r € N* tel que pour tout x non nul
appartenant ¢ R, on a :

vi(z) < rve(x).

Démonstration. — Nous pouvons supposer que R est complet et que v, v5 sont liées
en codimension 1. Alors par définition, il existe un idéal m-primaire I de R tel que le
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centre de v, et le centre de v5 dans X sont liés en codimension 1. Soit F; (resp. E3)
le centre de vy (resp. v3) dans X . Il existe donc une suite finie

)/1 = E17Y27 "'7){5—17Y8 = E2

de composantes irréductibles de E; telles que pour tout 1 < i < s—1, la codimension
de Y;NY; ;1 dans Y;;; est égale & 1. Comme X 1 est normal et ’anneau R est de Nagata,
I’anneau QY,,Yi est un anneau de valuation divisorielle de R centrée en m. Donc pour
montrer le théoréme, nous pouvons supposer que E; N Ey est de codimension 1 dans
E5. Notons D le diviseur de Fo défini par

D .= El ﬂEz.

Soient  un élément arbitraire non nul appartenant a R et ¢ € K(R) un paramétre ré-
gulier de R,, (i.e. v2(t) = 1). Soient I = v1(z) et m = v5(z). En regardant Pensemble
Ey C P comme une variété projective sur le corps résiduel k de R, la restriction de
7w sur By est une fonction rationnelle sur Ey qui n’est pas identiquement nulle. Soient
V (t) le sous-schéma de X défini par t et B le sous-schéma de E, défini par

B = E2 N (V(t) - Eg)

Notons ¢ : ]P’% — P? le morphisme naturel induit par I'inclusion & C k, ot k est une
cloture algébrique de k, et Ey (resp. D, B) I'image réciproque de E (resp. D, B)
dans IP’%.

Soit ¢ un point régulier de F5 — (D U B). Prenons L un sous-espace linéaire de
P? de dimension n —dim E3 + 1 qui contient £ et qui intersecte E, transversalement
en £. L'intersection C' := L N E5 est une courbe, réduite et irréductible dans un
voisinage de £. Soit Y l'unique composante irréductible de C' qui passe par £; par
construction, Y est réduite. Soient ¢ : ¥ — ]P’% I'inclusion naturelle, ¢ : ¥ — Y une

résolution des singularités de Y, et F, (resp. B et D) la pré-image naturelle dans ¥
de E5 (resp. B et D).

Nous avons le diagramme suivant :

B, T T
X dEC PR~ Pr——F, ——Y — jf
D D D

Notons ¢ = @ 0141 04y 01, ol 41,42 sont les injections naturelles. Soient maintenant
B = B; U...U Bg la décomposition de B en composantes irréductibles. Pour tout

SOCIETE MATHEMATIQUE DE FRANCE 2009



26 C. BEDDANI

i €{1,2,...,s}, soient Vi1, ..., Vi, toutes les composantes irréductibles de V' \ E5 qui
contiennent B; pour tous i € {1,...,s} et j € {1,...,k;}, on a:

Bl'CVijﬂEg et V;j#EQ.

En tout point £ € E» — B la fonction ;7 est réguliére en codimension 1, elle est donc

réguliére car X est normal. Soit v;; la valuation associée & V;;. Pour tous 1 <43 <'s
et 1 <j <k, soit

S
tij < ﬂ @?IyBi
i=1

tel que :

(4) vij(tiz) = vij(t).

Posons pour tout 1 <3 < s:
k;
ti =[] tis-
j=1

Il est clair que la fonction t; est réguliére sur Spec @YI p,» €t comme Y ¢ B, nous
pouvons supposer que cette fonction ne s’annule pas identiquement sur Y. En parti-
culier le pullback de t; définit une fonction rationnelle sur Y non identiquement nulle,

qui est réguliére sur ¢—1(B;). L’inégalité (4) entraine :

(5) tim Ht:n = ﬂ Q}I,Bi.
=1 =1

Soit H; le diviseur de Y défini par H; = (¢*(t:))o N |¢~1(B;)| (cf. Notation 2.2). La
fonction ¢*(;7) n’a pas de poles dans Y — B et la fonction ¢* (7 [[i=; t{") n’a pas
de poles dans B (cf. (5)). Alors

dess (6" (5:))oe < dess (¢ ([T #7) N 1B)o)-
i=1
Par suite,

(6) deg (¢"(5))oc <m Y deg H;.

i=1
Soient u € Ox (—E1) \ O, (—E>2) et p = v1(u). Nous distinguons deux cas :
Cas1:1l—mu(t) <O0.
Cas 2 : I —muy(t) > 0.
Dans le cas 1, on a bien v (z) < v (t)va(z), ce qui implique le résultat recherché. Il
reste maintenant & démontrer le théoréme dans le cas 2. Supposons [ — mwy(t) > 0.
Alors par la définition de u et p, la fonction 2P /(t2™Pu!~™*1(t)) s’annule sur D. Ainsi
sa restriction & L N By s’annule sur L N D. Donc

x I —mu(t)

(7) deg (¢*(ﬁ))o > o

I —mu(t)

deg 9" ((woN D) 2 —
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Sachant que tout diviseur d’une fonction rationnelle sur Y est de degré zéro, alors
d’aprés les deux inégalités (6) et (7), nous obtenons
l—mui(t)

o §midegHi.

i=1

Par suite,

vi(z) < (n(t) +2p Y deg Hy) o (x),

i=1
(on rappelle que I = v1(z) et m = vy(z)).

Ce qui achéve la démonstration. O
2.2. Le cas (IT). — Pour démontrer le théoréme d’Izumi dans ce cas (cf. Théoréme

2.10), nous allons appliquer le théoréme principal de Zariski qui s’énonce comme suit :

Théoréme 2.6 (Théoréme principal de Zariski, cf.[8]). — Soit f : Y — X un schéma
projectif sur un schéma localement neethérien, tel que f* : Ox — f.Oy est un
isomorphisme. Alors pour tout point x € X, le fibre Y, est connezxe.

Lemme 2.7 (cf. [8], Corollaire 4.4.3). — Soient X un schéma normal et localement nee-
thérien, et f : Y — X un morphisme birationnel propre. Alors ft: Ox — f.0y
est un isomorphisme.

Il est important de noter que le schéma Y dans le lemme 2.7 n’est pas supposé
normal. Ci-dessous, on va appliquer ce lemme & ’éclatement normalisé du spectre
d’un anneau normal le long de son idéal maximal.

Corollaire 2.8. — Soient (R, m) un anneau de Nagata intégre et normal de dimension
2, I un idéal m-primaire de R, et E1, By deux composantes irréductibles de Ej. Alors
FE; et Ey sont lides en codimension 1.

Démonstration. — Comme ’application 77 : X; — X = Spec R est un morphisme
birationnel propre et que ’anneau R est ncethérien et normal, le morphisme naturel
it Ox — (71)« 0%, est un isomorphisme (cf. Lemme 2.7). Donc d’aprés le théo-
réme principal de Zariski (cf. Théoréme 2.6), le diviseur exceptionnel E; est connexe.
Ceci implique que pour toutes composantes irréductibles F, et Ey de E7y, il existe une
suite finie
Yi=E,Y, Y 1,Y, = B
de composantes irréductibles de Ey, telle que pour tout 1 <4 < s — 1, nous avons :
YinYig #9.

Comme la dimension de R est égale a 2, cela revient a dire que la codimension de
Y; NY;; dans Y, est égale & 1. Donc les deux composantes irréductibles E; et Ey
sont liées en codimension 1. O
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Corollaire 2.9. — Soient (R,m) un anneau de Nagata normal et de dimension infé-
rieure ou égale & 2, et vy et vy deuz valuations divisorielles de R centrées en m. Alors
vy et vy sont liées en codimension 1.

Démonstration. — Si la dimension de R est égale a 1, les deux valuations v et vy
sont égales, donc par définition, elles sont liées en codimension 1. Supposons que la
dimension de R est égale & 2. Puisque les valuations vy et v, sont divisorielles, il
existe deux idéaux m-primaires I1, I> de R tels que le centre de v; (resp. v3) dans Yh
(resp. X1,) est de codimension 1. Prenons I = I I, il est clair que cet idéal est aussi
m-primaire et que les centres de v; et de v dans X sont liés en codimension 1 (cf.
Corollaire 2.8). O

Théoréme 2.10. — Soit (R, m) un anneau local nethérien analytiquement irréductible
de dimension inférieure ou égale & deux. Alors pour tout couple v1,ve de valuations
divisorielles centrées en m, il existe un entier naturel r € N* tel que pour tout x non
nul appartenant & R, on a :

vi(z) < rve(x).

Démonstration. — Si la dimension de R est égale a 1, alors :
R, =R,, =R.

Cela signifie que v41(z) = va(z) pour tout x non nul appartenant & R. Supposons
maintenant que R est de dimension égale a 2. D’aprés les lemmes précédents (cf.
Lemme 1.9, lemme 1.10), il nous suffit de montrer le théoréme en supposant que R
est intégre, normal et complet. Puisque tout anneau noethérien complet est un anneau
de Nagata, il en résulte que v; et vo sont liées en codimension 1 (cf. Corollaire 2.9).
Par conséquent, le théoréme devient donc une conséquence immeédiate du cas (I) (cf.
Théoréme 2.5). O

3. Commentaires

Dans cette section, nous proposons une conjecture concernant le lien entre les
valuations divisorielles et la notion de connexité en codimension 1. (cf. Cas (I)), et
nous donnons certains cas dans lesquelles la conjecture est vraie.

Conjecture 1. Soient X = Spec (R, m) un schéma affine, intégre, normal et complet,
et soient vy, v5 deux valuations divisorielles de R centrées en m. Alors il existe un idéal
m-primaire I de R, tel que les centres de v; et v5 dans X sont liés en codimension 1.

Remarque 3.1. — Le corollaire 2.9, nous assure que cette conjecture est vraie si R
est de dimension inférieure ou égale o deuz.

Définition 3.2. — Soit k un entier naturel. Un espace topologique neethérien X est dit
connexe en codimension k si pour tout sous-ensemble ferméY de X de codimension
strictement supérieure a k, ’ensemble X —Y est conneze.
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Cette définition a été introduite par R. Hartshorne [3], en 1962. Il a montré que
X est connexe en codimension k si, et seulement si, pour tout couple (Y, Z) de com-
posantes irréductibles de X, il existe une suite finie Y = E;,Y5,...,Y;_1,Y; = Z de
composantes irréductibles de X telle que pour tout 1 < ¢ < s — 1, la codimension de
Y, NY;; dans X est inférieure ou égale a k.

Définition 3.3. — Soit X un schéma intégre. Nous disons que X admet une résolu-
tion des singularités plongée, si pour tout sous-schéma fermé E de X, il exriste une
résolution des singularités m : Y — X telle que le diviseur m~1(E) est a croise-
ments normaux. De plus pour tout point régulier x de X tel que le diviseur E est a
croisements normauz, le morphisme w est un isomorphisme au-dessus de x.

Lemme 3.4. — Soient (R, m) un anneau local, I un idéal m-primaire de R, w : X1 —
Spec R l’éclatement de Spec R le long de I, et soit # un faisceau d’idéauz de Ox,
tel que V(%) C V(I0Ox,). Alors le morphisme composé de m et de I’éclatement de X
le long de J¢ est un éclatement de Spec R le long d’un idéal m-primaire.

Démonstration. — Le faisceau #(n) = H ®¢,, Ox,(n) = I"H est engendré par
ses sections globales quand n est suffisamment grand (cf. [8], Théoréme 1.27, Page
167). En considérant X; comme un sous-schéma fermé de IF’%, soient f1, fa,- - -, fr
les sections globales de @p% qui engendrent le faisceau H#(n), donc elles sont des

éléments de R, car #(n) C @% et @%(P%) = R. En prenant J = (f1, fo, -+, fr)I,
nous pouvons montrer que la décomposition de 7 et de I’éclatement de X; le long de
J¢ est exactement ’éclatement de Spec R le long de J. Reste maintenant & montrer
que J est un idéal m-primaire, et pour cela, il suffit de montrer que :

(8) V(JOx,) C V(mbx,).
On a:
V(JOx,)=V{I"%)
cV({I"0x,)
=V(m0Ox,).
Donc on a bien inclusion (8). O
Proposition 3.5. — Soient (R, m) un anneau neethérien local & singularité isolée et I

un idéal m-primaire de R tel que le schéma X1 admet une résolution des singularités
plongée. Alors tout couple (v1,v2) de valuations divisorielles de Rees associées a I, vq
et vy sont liées en codimension 1.

Démonstration. — Soient E; (resp. Ey) les centres de vy (resp. v;) dans X ;. Comme

X admet une résolution des singularités plongée, il existe une résolution des sin-
gularités 7 : Y — X telle que le diviseur exceptionnel 7~!(E;) est & croisements
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normaux. Donc pour tout couple (Dy, Ds) de composantes irréductibles de 7= 1(E;)
telles que D1 N Dy # &, on a :

codim(Dy N Dy, Dy) =1

et
codim(D1 n DQ,DQ) =1.

Le fait que 71 (E;) est de plus connexe (cf. Théoréme 2.6) implique qu’il est connexe
en codimension 1. Par suite, les transformés stricts de F; et E5 sont liées en codimen-
sion 1. Il nous reste maintenant de démontrer que Y est obtenu d’un éclatement de
Spec R le long d’un idéal m-primaire. Puisque m est le seul point singulier de Spec R,
YI\V(IQYI) ~ Spec R — {m} est régulier. Nous pouvons donc choisir 7 un éclate-
ment de X le long d’un faisceau d’idéaux S de O, tel que V(#) C V(IX[). En
utilisant le lemme 3.4, il est clair que Y est un éclatement de Spec R le long d’un
idéal m-primaire. O

Remarque 8.6. — En admettant que : « tout schéma X excellent fini sur Spec Q
admet une résolution de singularités plongée » . Alors suivant les hypothéses de la
premiére question, si l’anneau R est un anneau excellent sur Q, nous avons toujours
une réponse positive a cette question.

Corollaire 3.7. — Soit (R,m) un anneau de Nagata & singularité isolée tel que tout
schéma'Y de type fini sur R admet une résolution des singularités plongée. Alors tout
couple (v1,v2) de valuations divisorielles centrées dans R en m, vy et vy sont liées en
codimension 1.
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GEVREY CLASS OF THE INFINITESIMAL GENERATOR OF
A DIFFEOMORPHISM

by

Fabio Enrique Brochero Martinez & Lorena Lépez-Hernanz

Abstract. — Let F be an analytic diffeomorphism in (C™,0) tangent to the identity
of order n. The infinitesimal generator of F' is the formal vector field X such that
Exp X = F. In this paper we provide an elementary proof of the fact that X belongs
to the Gevrey class of order 1/n.

Résumé (La classe de Gevrey du générateur infinitésimal d’un difféomorphisme)

Soit F' un difféomorphisme analytique de C™ tangent a ’identité a ’ordre n. Le
générateur infinitésimal de F' est le champ de vecteurs formel X tel que Exp X = F.
Dans cet article nous donnons une preuve élémentaire du fait que X appartient a la
classe Gevrey d’ordre 1/n.

1. Introduction

For each couple of integers m > 1 and n > 2, let us denote in((Cm, 0) the module
of formal vector fields of order > n in (C™,0) and Bﬁn(c’“, 0) the group of formal
diffeomorphisms in (C™,0) tangent to the identity of order > n, i.e, F' € 5i\ffn((Cm, 0)
if and only if v(F) = min{vg(z; o F —z;)]i = 1,...,m} —1 > n. For any X €

X,(C™,0), the exponential operator of X is the application exp X : C[[z]] — C[[z]]
defined by the formula

exp X(9) = Y- X7(0)
i=0""
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where X%(g) = g and X7*!(g) = X(X7(g)). It is a classical result (for instance, see
[5]) that the application

Exp : X,(C™,0) — ﬁn_1(cm,0)
X — (expX(z1),...,exp X (zm))

is a bijection. The formal vector field X such that F' = Exp(X) is called the infinites-
imal generator of F.

Let © = (z1,...,%m) and for any s € R let C[[z]]s denote the subset of elements of
C[[z]] that satisfy the s-Gevrey condition, i.e.

f@) =Y fil@) e Cllal]s ifand onlyif Y. f’;fff) € C{z},
k=0 k=0

where fi(z) is homogeneous of degree k. Let us observe that 0-Gevrey condition means
analyticity, and C{z} C C[[z]]; C C[[z]]; if 0 < s < t. Let X,(C™,0); C X,(C™,0)

be the set of s-Gevrey vector fields X = X(mk)% with X (z) € C[[z]]s and
=1

Diff,,(C™,0), = ﬁﬁn(@a 0)N(CJ[z]]s)™ the set of s-Gevrey diffeomorphisms tangent
to the identity of order > n.
We will prove the following result

Theorem 1.1. — For any s > ﬁ the application Exp gives a bijection
Exp : X,(C™,0)s — Diff,,_1(C™,0)s.

In particular, the infinitesimal generator of any tangent to the identity analytic dif-
1

feomorphism F' is W-Gevrey.

In general, X may be divergent for a convergent F, for instance, Szekeres [7] and
Baker [2]| proved that every entire holomorphic function tangent to the identity of
order k in dimension 1 has a non-convergent infinitesimal generator, Ahern and
Rosay [1] proved that this kind of diffeomorphisms cannot be the time-1 map of
a C3k*3_yector field, and finally J. Rey [6] showed that they cannot be the time-
1 map of a C*tl-vector field, which is the best possible bound. Thus, the map
Exp : %,(C™,0) — Diff,,_1(C™,0)o is not surjective for any couple of positive
integers m, n. In addition, in dimension 1, using resummation arguments, it is proved
that if an analytic diffeomorphism f(z) = = + ag 125t + -+ with ax1 # 0 has a
divergent infinitesimal generator X, then X is k-summable, so X is Gevrey of order
%, but not smaller (see [4], [3] and [5]). Therefore, the condition s > —1- is necessary.
Acknowledgements. We would like to thank Javier Ribon for pointing out the above
results on convergence and resummation in dimension 1, and giving us the idea to
improve our first version of this paper. We would like to thank José Cano for fruitful
conversation and computational calculations and Felipe Cano for useful conversation.
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2. Technical estimations

In this paper, we take the following notations:

e hy(z) will denote the homogeneous polynomial >~ z.

aeN™
o H, ,(z) the series Y (¢ +m —n)!®hy(x). =

q=n
m
° a% the differential operator %_
k=1
For formal series f(z) = 3, faz® and g(z) = 3, gaz®, we say that f < g if

|fal < |gal for any o € N™. We get in this way a partial order in C|[z]], and also in

%,(C™,0) and Bﬁn(cm, 0), working on the component function. From the definition
of Gevrey condition, it can be seen that X € X,(C™,0), if and only if there exists
a € RT such that, for all ¢ > n,

Coefy(X) = (g+m — n)!saqhq(w)%,

where Coefy(X) denotes the homogeneous term of X of degree g. Thus X €
X,(C™,0)s if and only if there exists a € RT such that X < Hs,n(ax)a%.
We need the following technical lemmas:

Lemma 2.1. — For every k,l € N*

0 . k+m-—1 l+m—2
hka:]:hlj(l—l—m—l)mln{( 1 ),( 1 )}hk+l_1.

Proof. — Observe that

8 L .
el Z@Zx IZZ%%

I
]
7
=
+
!
kS
I
=
3
L
E

|

Now, the coefficient of % in the product hg(x)h;—1(x) is less than or equal to the
minimum between the number of monomials of A; and the number of monomials of
hi—1, and the number of monomials of h; is (j ;@11)’ that corresponds to the number
of ordered partitions of j in m parts; therefore,

0 min{k,l —1}+m —1
hkaxhlz(“rm—l)hkhlﬂj(“‘m—l)( ¢ m—}l )hk-i-l—l- O

Lemma 2.2. — Let O(y) = ), (m71+j)yj_". Then O(y) converges for any |y| < 1.

m—1
Jj=n

SOCIETE MATHEMATIQUE DE FRANCE 2009



36 F.E. BROCHERO MARTINEZ & L. LOPEZ-HERNANZ

. o] . m4n—1
Proof. — Since Y ym~ 1+ =¥

j=n

converges for any |y| < 1 then

1 1 dm—l m+n—1
o) = (v

(m—1)lyndy™ 1\ 1—y

converges for any |y| < 1. O
Lemma 2.3. — For any s > 0 and integers m > 1 and n > 2, the sequence {bq}¢>an—1
given by

L45)

b= 3 ((j+m—n)!(q—j+1+m—n)!(q_j+m)n_1> (j+m_1>7

m!(qg +m —n)! m—1

j=n
is bounded.

Proof. — Observe that

(g—j+m)"* <( g—j+m )"‘1
(g—j+24+m-—n)---(g—j+m) g—j+24+m-n

— -1 —
Sam )" m4n—1\""
< |\ <\
TS=+2+m—n m+

a+1
b < <m+n—1>s<"—” Lij ((j+m—n)!(q—j+m)!)s (j+m—1>

m+1 m!(qg +m —n)! m—1

j=n

In addition

m+1 < m + 2 <j+m—n
g+m—-—j+1 q+m—j5+2 g+m-—n
and
; _ g+l _
J+m TLS 5+ m nSmaX{E,L}ZCmn<1;
qg+m—n qg+m—n 2’m+n-—1 ’
from lemma 2.2,
m+n—1)C"D
b <(7> ocs ). O
q m+1 (m,n)

Proposition 2.4. — Let s > - X € .’%n((Cm,O) and a € R* such that

0
Coefy(X) < (g+m — n)!saqhq(x)%
s(n—1
for alln < g < N, and let us denote A = 2m!* (%) ( )G(C’fnwn). For every

q,k withn<q<N+k-1,

Coef,(X*) < (aA)* (g +m — n)!saqhq(m)g,
x
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Proof. — Since X* = Z Xk(xl) , it is enough to prove the affirmation for X*(z;),

where i € {1,2,...,m}. Let us write X = Z X, where X; is homogeneous of degree
j=n

j. We will proceed by induction on k; if £ = 1, by hypothesis
Xq(z;) 2 (g+m—n)l°alhy(xz) for every n < g < N.

Suppose that the lemma is true for every k < p, then, since the order of X7 is greater
than or equal to (n —1)j + 1, Coef,(XP™)=0forn < ¢ < (n—1)p+n—1 and for
(n—1p+n<qg<N+pwe have

Coef, (X1 (2:)) = Coet, (X (X" (2:))) = Coef, ( 3 X,(X"(z:)))
j=n
g—(n-1)p
= > X;Coefgy15(XP(xi))
q*g;fl)p . .
=Y GHm-naih(@) & (@A g+ 1+ m—n)*at ey ()
j=n
= q_f:+1(j +m-—n)(g—j+1+m-—n)l°(g—j+m) (mm{] - ]%er l)A” La?tPh,,
(£

22 Y (G+m-n)lg—j+1+m—n)(g+m—j)" ") (T ) AP 1" Ph,.
j=n

A

Now, observe that

|2 |
j+m-—1
bym!® 1 s
gm!®(g+m—n) Z:: (G+m=—n)l(g—j+1+m—n)l(qg—j+m)"" )( 1 >,
where {b,} is the sequence defined in lemma 2.3; it follows that
Coef ,(XPT(x;)) < 2b,m!*(q +m — n)I* AP~ 1a?tPh,
= (¢g+m—n)!*(aA)Palh, O

3. Proof of theorem 1.1.

To prove that the application Exp : X,(C™,0); — Diff,,_1(C™,0), is well defined
for s > 5, let X € X,(C™,0)5, a > 0 be such that X < H,,(az), and A as in
proposition 2.4.

Then by proposition 2.4 we have

M2
x| =

Coef,(exp X (z;)) = Coef( (]))

£
Il
—

(aA)k Yg+m— n)*alhg(z)

PN
K
| =

>
Il
—
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o0 —

therefore Exp(X) < (ak’?)k ' H; ,(az). Now, to prove that Exp is surjective, let us
k=1

consider a diffeomorphism F(z) = (z1 + fi(x),...,Zm + fm(z)) € Diff,,_1(C™,0),

where f;(z) = i fi.q(z) € C[z]]s and f;4(z) is an homogeneous polynomial of
q=n

degree ¢. Then there exists a > 0 such that f; ,(z) < (¢ + m — n)!*a?h,(z). Observe
that, making a linear change of coordinates we can suppose that a is small enough

such that Z H2aAF <L If X = Z X, is the infinitesimal generator of F(z),
q=n
we will show by induction on ¢ that

X,y = (@4 m =) (20) hy(2) o

Forg=n
Xn(z;) = fin(z) 2 mPa"hy(z) <X m!®(2a)" hy ().

Suppose that the claim is true for any integer between n and g, it follows that

1 1
fj’q+1(.’]3) = Coefq_H (Z EX’“(.’I@)) = Xq—i—l(xj) + Z ECoequ (Xk(x])),
k=1"" k=2 "

using proposition 2.4

Xesi(z) = (@4 14+m—n)a* hy ()

<2¢I+1 + Z (2(’JA)k 1> (q+1+m—n)*2a)"* hypi(2)

< (g+1+m—n)*2a) " hey (),

2aA Flg+14+m—n)*(2a)"  hyyr ()

?T“)—A

in other words X < Hs,n(Qa)a%. O

4. Case0§s<ﬁ

As we indicated in the introduction, in this case, there exists F' € Diff,,_;(C™,0);
such that its infinitesimal generator is not s-Gevrey , but the reciprocal is true, i.e.

Proposition4.1. — Let 0 < s <
Diff,,_1(C™,0)s.

and X € %X,(C™,0)s. Then Exp(X) €

1
n—1’

Observe that the case s = 0 is a classical result about the existence of solution of an
analytic differential equation. To prove this proposition in the case s > 0 we need the
following lemma
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Lemma4.2. — Let t,r € R such that 0 <t <1 and1l—t¢ <r < 1. Let {ax} be the

sequence defined by a1 = a > 0 and for k > 1, agy1 = quuRR qﬂk/%ak. Then

{ar} is increasing and convergent.

Proof. — Taking q > k it is clear that 7/ % > 1, and then ag11 > ai. Now,
we know by Bernoulli inequality that

TSI ( q+mr_1)<1+lr
(k+1)T= a+k \(k+1)T (k+1)T=

for £k > m, so

1 1-t k+1 1 1-t
g1 < |1+ ——% ap < (1-1- = ) A,
o ( (k+1)1—t) ‘ (-H = )

Jj=m+1

and since ;= > 1 it follows that {ay} is bounded, thereby it is convergent. O
Proof of proposition 4.1. — If s € (0, — 1) X € X,(C™,0)s and a € RT such that
X = Hyp(az)Z then for t = s(n—1), r € (1 —¢,1) and {ax} as in lemma 4.2, using
the arguments of proposition 2.4 and the fact that kTa:J”F1 > (¢ + m)l_ta’;f‘fl for

every q > 2, we can prove that

Xk < (akA)k lk""Hsn(akx) g

o’
where A = 2m!* (L”_l)s(n_l) ©(C;, ). Let ¢ = lim aj. Therefore we have
) m+1 m,n/ k—oo ’
=1 & 2. (cA)FT 154
Coefy(exp(X)(z;)) = Y 17 Coefy(X*(2) Z i (Mg =) cth(2)
k=1 k=1
o (cA)FE a
Thus Exp(X) X Y = Hs,n(cx)a—z. O
k=1
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Abstract. — We prove that the limit of a sequence of generic semi-algebraic sets given
by a finite number of formulas always exists and is a semi-algebraic set that can be
explicitly given as a Boolean expression involving the primitives of the additive forms
of the formulas.

Résumé (Sur la limite des familles de subvarietés algébriques sans volume borné)

On prouve que la limite d’une suite d’ensembles semi-algébriques génériques don-
nés par un nombre fini de formules existe toujours et est un ensemble semi-algébrique,
ensemble qui peut étre donné explicitement comme une expression booléenne impli-
quant les primitives des formes additives de formules.

1. Introduction

Bishop [2] proved that the limit set of a sequence of complex purely k-dimensional
algebraic subvarieties whose real volumes are uniformly bounded is again a purely
k-dimensional algebraic subvariety. On the other hand, there are many reasons why
one should be interested in analyzing the limit sets of algebraic subvarieties with
unbounded volume. One reason is the existence of families of algebraic curves of
increasing degree that are integrals of families of polynomials differential equations
on the plane with bounded degree, a badly understood phenomenon related to the
sixteenth Hilbert Problem (see [4], for instance). Another reason is that, despite the
existence of topologically complicated limit sets of curves with unbounded volume
(see [6], for instance), much can be said about the limit sets of algebraic subvarieties
which lie in a family of subvarieties with finite complexity (see [5] for a definition of
this concept).
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In this paper we consider the limit sets of one-parameter families of algebraic
subvarieties, indexed by a natural number n, defined by a finite number of equations,
each equation defined by a formula. Informally, a formula is a polynomial expression
in which n appears in exponents only. Associated to each formula there is a height,
which is the maximum number of nested n-th powers that appear in it. Here is the
formal definition:

Definition 1. — Formulas and their heights are defined recursively as follows:

1. Every polynomial F' € C[Xj,...,X,,] is a formula of height zero.

2. If F; and Fy are formulas, then F; + F5 and F;F5 are formulas of height
max(h1, he), where h; is the height of Fj.

3. If F is a formula of height h, then F™ is a formula of height h + 1.

A formula of height zero is also called a primitive formula; it is simply a complex
polynomial.

At times we shall need to evaluate a formula F' at a point z € C™ and for a
particular n. In this case, we shall write F(z;n).

The height is a measure of the complexity of the formula: it measures how the
degree increases with n. A formula of height h has degree proportional to n”. More
precisely, the degree of a formula of height h is ©(n"), using Landau’s asymptotic
notation as modified by Knuth [3].

An example of a formula of height 3 is

ey’ (((@® —y+ 1" = )" +2)" + (2y)" + (" - 1) + 1.
Note that the degree is 2n® + 3 = ©(n?).
The same polynomial family may be given by different formulas. For instance,
(@" +y)? = (2")* + 22"y + y*.

For our purposes, a convenient way to handle this issue is to express formulas in
additive form. A formula is in additive form when it can be expressed as

Q1 AT + Q245 + -+ QA — P,

where Q1, ..., @Q;, and P are primitive formulas and Ay, ..., A; are arbitrary subfor-
mulas (necessarily of smaller height than the original formula). As we shall see later,
additive forms help us to use induction on the height when working with formulas.

Lemma 1. — Every formula can be written in additive form.

Proof. — The proof is by induction on the number of operations required to obtain
the formula according to Definition 1. If F' is a primitive formula, then we can take
l=0and P=—F.If F = A", then F is already in additive form because we can
takel=1,Q, =1, Ay = A, and P =0. If F = A+ B, then by induction A and B
can be expressed in additive form, whose combination gives an additive form for F.
If F = AB, then again by induction A and B can be expressed in additive form. By
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performing the multiplication AB on their additive forms, we get an additive form
for F. U

As an example of the procedure described in the proof above, (z™ + y)? can be
written in additive form as (z2)™ + (2y)z™ + y2. Note that the expression (z")2 +
22"y + y? given earlier for (z" + y)? is not in additive form.

Definition 2. — The limit (as n — 00) of a sequence (€2,,) of subsets of C™ is the set
lim Q,, of points that are limits of sequences of points lying in a subsequence of (£2,,).
More precisely,

limQ, ={z2e€C™ :3(2), 2n — 2,3 (kn), kn — 00, 2z, € Qy, for sufficiently large n }.

Thus, according to this definition, the family of real curves 2" +¢2® = 1 converges
to the border of the unit square given by z2 < 1, 42 < 1. Actually, the definition of
limit applies to the curves 2" + y™ = 1 (note that we now allow both even and odd
exponents). These curves converge to the union of the border of the unit square with
the two rays given by x = —y, 2 > 1 (the curves actually alternate between these two
limit sets, but our definition of limit covers this). Considered as a family of complex
curves, " + y™ = 1 has as limit set the subset of C? given by 9([|z| < 1] N [|y| <
1)) U [lz| = |y| > 1], as it is easy to verify.

We shall consider two situations: limit sets in R™ of families of algebraic subvarieties
given by a finite number of formulas and limit sets in C™ of families of complex
algebraic subvarieties.

In the real case it turns out that it is easier to describe the limits of semi-algebraic
subsets, instead of algebraic subsets. Semi-algebraic subsets will also play a role in the
complex case. An algebraic subvariety is the set of points that satisfy a polynomial
equation f(z) = 0. For simplicity, we shall write this set as [f = 0]. A semi-algebraic
set in R™ is one given by a Boolean expression on subsets of the form [f > 0] or
[f > 0]. We shall also deal with basic closed semi-algebraic subsets, which are the
solutions of a system of polynomial inequalities: [f; > 0,..., fr > 0], and with basic
open semi-algebraic subsets, which are given by strict inequalities: [f; > 0,..., fr > 0].

One main difficulty in the theory of semi-algebraic sets is that the closure of a
basic open semi-algebraic set is not necessarily the corresponding basic closed semi-
algebraic set obtained by relaxing the strict inequalities. That is, the closure of [f; >
0,...,fr > 0] is not always [f1 > 0,..., f > 0]. Nor is the interior of a closed semi-
algebraic set equal to the corresponding basic open semi-algebraic set obtained by
restricting the inequalities. That is, the interior of [f; > 0,..., fx > 0] is not always
[f1 >0,...,fr > 0]. However, these statements are true generically, in two senses: (i)
they are true if we perturb the polynomials slightly, and (ii) relaxing or restricting
the inequalities only adds or removes lower dimensional components. We say that
a basic closed semi-algebraic set is generic when it coincides with the closure of the
corresponding basic open semi-algebraic set obtained by restricting the inequalities. In
other words, a basic closed semi-algebraic set given by [f1 > 0,..., fr > 0] is generic
when [f1 > 0,..., fr > 0] = closure[f; > 0,..., fk > 0]. A generic algebraic set is,
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by definition, the boundary of a generic semi-algebraic subset. For a full discussion of
real algebraic and semi-algebraic sets, see the book by Benedetti and Risler [1].
Our main result is the following:

Theorem 1. — The limit of a sequence of generic semi-algebraic sets given by a finite
number of formulas always exists and is a semi-algebraic set that can be explicitly
given as a Boolean expression involving the primitives of the additive forms of the
formulas.

The corresponding algebraic version is also valid:

Theorem 2. — The limit of a sequence of generic algebraic sets given by a finite num-
ber of formulas always exists and is an algebraic set that can be explicitly given as a
Boolean expression involving the primitives of the additive forms of the formulas.

In the complex case, the limit set of a family of algebraic sets given by a finite
number of formulas has also an underlying semi-algebraic structure in the sense that
it projects, by means of a rational map, onto a proper real semi-algebraic subset
defined by expressions involving the absolute values of the primitives of the formulas.
More precisely, we have the following result:

Theorem 3. — The limit of a sequence of generic algebraic subsets given by a finite
number of formulas with complex coefficients always exists; it is a subset with a com-
plex structure obtained by means of a rational pull-back on semi-algebraic subsets
defined explicitly in terms of Boolean expressions involving the absolute values of the
primitives of the formulas.

As an example of the situation in the complex case, we consider the following
generalization of the 2" +y™ = 1 example given earlier. Let A1, Ao, and P be complex
polynomials. Then

Im[AT + A5 = P] = 0([|A1] < 1] N[|42]| < 1N [P #0]) U [|41] = |A2| > 1]).
This limit can be also understood as the pull-back by the polynomial map
(Al, AQ)I (CQ — (Cz

of the Reinhardt preimage of the semi-algebraic subset of R? given by the second
member of the equation above, where the axes of R? are taken as |A;| and |Aj|.

2. The real case

We start with the simplest cases and continue to more complicated cases until we
reach general formulas in additive form. To simplify the exposition, we assume that
all semi-algebraic sets are generic and we consider only formulas in which all n-th
powers are even.

The simplest non-trivial formula of height 1 is A?» — P, where A and P are real
polynomials. We want to describe the limit of the algebraic subsets [A?" = P]. As
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mentioned before, it is simpler to describe the limit of the semi-algebraic sets ,, =
[A?" < PJ]. The strategy in the following lemma and in all subsequent lemmas in this
section will be to give a candidate Q2 for Q. = lim 2,, and to show that Q,, C  and
Q C Q, thus establishing that Q,, = Q.

All lemmas in this section say that the limit of a formula can be expressed as a
Boolean combination of formulas of smaller height. Thus, they will provide a basis for
proving Theorem 1 by induction on the height of the formula.

Lemma 2. — Let A and P be polynomials. Then lim[A?" < P] =[A2 < 1,P >0].

Proof. — Let Q, = [A* < P], Qp = limQ,,, and Q = [A2 < 1, P > 0]. We shall
show that Q. = Q.

Take z € Q. Then, by definition, there are sequences z, — z and k, — o0
with z, € Q. , that is, A(z,)%*" < P(z,). Since A(z,)?**» > 0, we get P(z,) >0
and hence P(z) = lim P(z,) > 0. Moreover, the sequence (P(z,)) is bounded and so
P(z,) < L for some L > 0. This implies that A(z,)? < P(z,)"/*» < L'/*». Therefore,
A(2)? = lim A(2,)? < lim L'/*» = 1. Hence, z € Q.

Reciprocally, take z € 2. Since €2 is generic, we have that z = lim z,, with z, €
[A2 < 1,P > 0]. From A(2,)? < 1 we get that A(z,)?* — 0 as k — oo. Since
P(z,) > 0, there is a k,, such that A(z,)*" < P(z,), that is, z, € Q. By increasing
k. beyond n if necessary to get k, — oo, we conclude that z € Q. O

The genericity hypothesis is essential to the lemma as stated. Although the proof
shows that Q. C Q2 even when (2 is not generic, the reverse inclusion is not always
true when €2 is not generic. The following example gives a taste of how things are
more complicated in the general case. Let A = y(y —1)?+1 and P = z?(x — 1). Note
that [P > 0] is not the closure of [P > 0] because [P > 0] contains the line [z = 0],
which is not in the closure of [P > 0] since P is negative around z = 0. Similarly,
[A% < 1] is not the closure of [4% < 1] because of the line [y = 1]. As a consequence,
[A=1,P > 0] is only partially contained in lim[A™ < PJ; only [A = 1, P > 1] is part
of the limit set. This example is typical of what happens in general: lim[A?" < P] is
equal to [A2 < 1, P > 0], except that P > 1 when A =1%, and A =1 when P =0".

The next lemma generalizes Lemma 2 and the z" + y™ = 1 example given in §1:

Lemma 3. — Let Ay, ..., A and P be polynomials. Then
lim[A?" + ... + A" < P] = ﬁhm[A?” <P|=[A2<1,...,A2<1,P>0].
i=1
Proof. — Take z € lim[A3" + --- + A" < P]. Then there are sequences z, — z and
k, — oo such that A;(z,)%%" < A1(2,)%» + -+ + Ap(2,)?* < P(2y,). So
lim[A" + ... + A" < P| C (k]lim[Afn < P]= (k][Af <1,P>0],
i=1 i=1
by Lemma 2. Hence z € [47 <1,...,42 <1,P >0|.
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Reciprocally, take 2z € [42 < 1,...,A2 <1, P > 0]. Then z = lim 2,, with 4;(z,) <
1 and P(z,) > 0. Since A;(2,)*" — 0 as r — oo, we have A;(z,)?*" < P(z,)/k for
sufficiently large k,. As in Lemma 2, we can ensure that k, — 0o and conclude that
z € im[A3" + --- 4+ A?" < P). O

The next lemma generalizes Lemma 2 for formulas of larger height.

Lemma 4. — Let A be a formula and P be a primitive formula. Then
lim[A*" < P] = lim[A® < 1] N [P > 0].

Proof. — Take z € lim[A?" < P]. Then there are sequences z, — z and k, — oo
such that A(z,;k,)?* < P(z,). Clearly, P(z) = lim P(z,) > 0. As in Lemma 2,
the sequence (P(z,)) is bounded and we have A(z,;k,)**" < L for some L > 0.
This implies A(z,;k,)? < L'Y*». Clearly, lim[A%? < L'"] = lim[A? < 1], because
LY™ — 1. Hence, z € lim[A? < 1] N [P > 0]. Reciprocally, take z € lim[A? <
1] N [P > 0]. Assume for the moment that P(z) > 0. Since [P > 0] is generic, there
are sequences z, — z and k,, — oo such that A(z,;k,)? < 1 and P(z,) > 0. Since
(A(2p; kp)?*n /P(2,)) is bounded we have A(z;k,)?*» < LP(z,), for some L > 0.
Since lim[A?" < LP] = lim[4?" < P], we conclude that z € lim[4%?" < P]. Finally,
if P(z) =0, then z = lim 2, with P(z,) > 0, again because [P > 0] is generic. Since
lim[A?" < P] is closed, we conclude that z € lim[4%" < PJ. O

The next lemma handles the reverse inequality.

Lemma 5. — Let A be a formula and P be a primitive formula. Then
lim[A?*" > P] = [P < 0] U (lim[A? > 1] N [P > 0]).

Proof. — Take z € lim[A?" > P]. Then there are sequences z, — z and k,, — oo
such that A(z,; k)" > P(z,). So, either P(z) < 0, or P(z) > 0 and A(z,;k,)% >
P(z,)Y/*n. Since lim[P~/" A2 > 1] = lim[A? > 1], we obtain z € [P < 0] U (lim[A? >
1] N [P > 0]). Reciprocally, take z € [P < 0] U (lim[A? > 1] N [P > 0]). Since [P > 0]
is generic, there are sequences z, — z and k, — oo such that A(z,; kn)2 > 1 and
P(z,) > 0. As in Lemma 4, we may assume that P(z) > 0, and then the sequence
(A(2n; kn)?*n /P(2,)) is bounded below by L > 0, i.e., A(zy,;k,)?*" > LP(z,). Since
lim[A?" > LP] = lim[A?" > P, we conclude that z € lim[A?" > P]. O

Lemma 6. — Let A be a formula and P and Q be primitive formulas. Then

Im[QA*" < P] = ([Q > 0]Nlim[A*" < P)U([Q < 0JNlim[A*" > —P])u[Q = 0, P > 0].
Proof. — If Q(z) > 0 and z € lim[QA2™ < PJ, then there are sequences 2z, — z and
k, — oo such that Q(2,)A(zn; kn)?*» < P(2,) < L, with L > 0. Since lim[Q'/"A? <
LY = lim[A? < 1] and P(z) > 0, we obtain that z € [Q > 0] N lim[A?" < P]

by Lemma 4. If Q(z) < 0, then there are sequences z, — z and k, — oo such
that A(zn;kn)?*» > —P(2,)/Q(2,). By Lemma 5, either —P(2)/Q(z) < 0 or z €
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lim[4%2 > 1,—P/Q > 0], or equivalently P(z) < 0 or lim[A? > 1,P(z) > 0], i.e.,
z € lim[A%" > —P]. O

By setting @ = A in the limit above when A is a primitive formula, we get an
expression for lim[A?"*! < PJ], and from this an expression for lim[A™ < P], which
should convince the reader that restricting to even powers simplifies the exposition.

Lemma 7. — Let A and B be formulas and P be a primitive formula. Then
lim[A?" < P + B®"] = (lim[B? < 1] N lim[A?*" < P]) U (lim[B? > 1] Nlim[4? < B?)).

Proof. — Take z € lim[A?" < P + B?"]. Then there are sequences z, — z and
k, — oo such that A(z,;k,)*» < P(2,) + B(2n;kn)*n. If B(zn;k,) < 1, then
B(2zp; kn)?*» — 0 and we have P(z) > 0 and A(z,; k,)**~ < L, where L is a constant.
Thus A(zp;kn)? < LY*» and so z € [P > 0] N lim[A? < 1] = lim[4*>" < P] by
Lemma 4. So we get z € lim[B? < 1] N lim[A?" < P]. If lim B(zy; k,)? > 1, then for
n large P(2,) < KB(2,;ky,)?* for some constant K > 0. Thus A(z,; k,)?*" < (K +
1)B(2n; kn)?*, so z € lim[A%" < B?"]. Reciprocally, if 2z € lim[B? < 1] N lim[A?" <
P], then there are sequences z, — z and k, — oo such that A(zy,; k,)*» < P(z,) <
P(2n) + B(zn; kn)? 7. If 2 € lim[B? > 1]N1im[A42" < B?"], then we have two possibil-
ities: either P(z) > 0 and then A(z,;k,)%*" < B(zn; kn)?" < B(2p; kn)% + P(2y,),
or P(z) < 0 and then for n large B(zp;ky)?*" > —2P(z,). Since lim[A?" < B?"] =
lim[24%" < B2?"] we can write 24(2,;k,)%%" < B(zn;kn)? " = 2B(zn;kn)?* —
B(zn; kn)Qk" < 2B(2y; kn)Qk" +2P(2,), i-e., A(zn; kn)Qk" < B(zp; kn)Qk" +P(zn). O

The next lemma shows that Lemma 7 is an important tool for the general case:

Lemma8. — Let A+, ..., Ay, B1, ..., B; be formulas and P be a primitive formula.
Then
lim[A2" ... + A" < P+ B +...+ B =
k ko1
= (\Um[A?" < P+ B+ + Bf"] = (| |J lim[A?" < P+ B"].
i=1 i=1j=1

Proof. — Define Py := P + B?" + - + B?™. We first show that

k
Hm[Af" + -+ AF" < Py] = () lim[A?" < Py].
i=1
Indeed, im[A?" 4 --- 4+ A?" < P1] C NF_, im[A?" < Py], because A2" < A" 4 ... 4
A?" < Py. Reciprocally, Nf_, im[A?" < P] C lim[A?" + --- + A?" < Py]. because
lim[A?" < P;] = lim[A2" < (1/k)P,], as in Lemma 3.
‘We now proceed to show that

l
lim[A®" < P+ B{" +--- + B}"] = | J lim[4*>" < P + B?"].

j=1
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On the one hand, it is clear that lim[A** < P+ B3"] C lim[A*" < P+ B}"+---+B"].
On the other hand, if z € lim[4?" < P + B" + --- + B?"], then we have a relation
B (2)? < --- < By, (2)?, where iy,...,4; = 1,...,1. Then A(z,;k,)% < P(z,) +
Bi(2n; kn)?* 4+ - + Bi(2n; kn)?* < P(2n) + 1By, (2n; kn)?*n, ie., z € lim[A%" <
P +1B}"] = lim[A*" < P + B}"]. O

The next lemma is the stepping stone to the proof of Theorem 1. Its proof is similar
to that of Lemma 6, and we leave it to the reader.

Lemma 9. — Let Ay, ..., A, By, ..., By be formulas and P, Q1, ..., Qr, Ry, ...,
R; be primitive formulas. Then

lim[Q A" + - + QA" < P+ RyB?" + -+ + R B"|
=lim[A?" 4+ ...+ A" < P+ B{" + -+ B

provided that Q1, ..., Qr, R1, ..., R; are positive. ]
We are now ready to prove Theorem 1.

Proof of Theorem 1. — By Lemma 1, every formula can be expressed in additive
form and the question is reduced to determining

m[Q A2" + - + QpA?" < P+ RyBi" +--- + R, B,

where Q1, ..., Qk, R1, ..., R; are positive, since the complete limit can be written
as a finite union of expressions as above. By Lemma 9 it is enough to find

lim[A" + ... + A" < P+ Bi" +--- + B,

which by Lemma 8 is

k1
() U lim[4?" < P+ B2").

i=1j=1

Thus, it is enough to find the limit of formulas of the type [A?" < P+ B?"]. Proceeding
by induction on the height h of A — B™ — P, we have by Lemma 7 that for h = 0
lim[A?" < P+ B?"] = [B2 < 1]N[A2 < 1]N[P > 0JU[B? > 1] N [A? < B?
and so this limit can be given by a Boolean expression involving the primitives of
the formula. Again, by Lemma 7 if A > 0, then lim[A?" < P + B?"] = lim[B? <
1]Nlim[[A%2 < 1]N[P > 0]Ulim[B? > 1]Nlim[A% < B?] is expressed in terms of limits
of formulas of height smaller than h. Thus by induction hypothesis we conclude that
lim[A%" < P + B?"] exists, has a semi-algebraic structure, and can be given in terms
of a Boolean expression involving the primitives of the formula. O
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3. The complex case

Consider now a formula of height h > 1 written in additive form: Q; A} + --- +
QIA} — P, where Q1, ..., Q;, and P are complex polynomials in m variables and A,
..., A; are formulas of height < h—1. We wish to describe lim[Q1 AT+ - -+Q; A} = P).
As in the real case, we start with the simplest situation, lim[A™ = P)].

Lemma 10. — Let A and P be complex polynomials. Suppose that P # 0 and that A
and P are independent in the sense that P 1 dP A dA in the region where |A| < 1.
Then lim[A™ = P] = 0([|A| < 1JU [P # 0]).

Proof. — Let z € lim[A™ = P]. Then there are sequences z, — z and k,, — oo such
that A(z,)*» = P(z,). There are two possibilities: |A(z)| < 1, then |A(z,)| < 1 for
large n and P(z) = lim P(z,) = 0, i.e., z € [|A] < 1,P = 0]; and |A(z)| = 1, then
z€[|Al =1] = [|A| =1JU[P #0]. Since 9([|4] < 1]N[P #0]) = [|[A| <1]N[P =
0] U[|A] = 1] N [P # 0], we obtain that z € d([|4] < 1] N [P # 0]).

Conversely, we wish to prove that |A| < 1]N[P = 0JU[|A]| = 1]N[P # 0] C lim[A™ =
P]. Since lim[A™ = P)] is closed, it is enough to show that

[JA] < 1] N [P = 0] U[JA| = 1] N [P # 0] C lim[A™ = P].

First take z € [|A] < 1] N [P = 0]. Then |A(2)| < 1 and P(z) = 0. In the plane
(A, P) the graph G}, of the map P = A*» approaches any point (4,0) with |4 < 1
as k, — oo. Thus, given € > 0 there is N such that for each n > N the point
(A(2),&n) € G, satisfies |€,] < e. Since S := A71(A(2)) N P~1(P(2)) is an algebraic
subvariety of codimension > 2, there is a 1-disc z € U. € A71(A(2)), in general
position with S, such that P|y_ is a covering map of U, over a neighborhood of
0 € C. Thus, for k, large enough, there is w, € U, such that P(w,) = &,. Since
A(wy,) = A(2) and (A(2),&,) € G, we obtain that P(w,) = A(w,)*". Clearly,
wy, — z and so z € lim[A™ = P].

Suppose now that z € [|A| = 1] N [P # 0]. Then |A(2)] = 1 and P(z) # 0.
In the plane (A, P) the horizontal line through the point (0, P(z)) intersects the
graph Gy, of the map P = A*» in k, points over the points A, = {P(z)'/*»} in the
A-axis. For each of the points w € A~}(2,,) we have P(z) = P(w) = A(w)*". Since
|P(2)|'/*» — 1, the graph Gy, approaches the set|A| = 1, thus the set 2, tends to
fill the unitary circle. Therefore for each n we can find w,, € Ail(an), w,, — 2, such
that P(w,) = A(wy,)*. O

Lemma 11. — lim(|A|™ = |P]) = d([|A| < 1] N [|P] # 0]) = lim[A™ = P].
Proof. — Same as above. O

Lemma 12. — Suppose P and Q are polynomials, not identically zero, and let A be a
formula of positive height h. Assuming that, for n large, Pt dPANdA and Q { dQ AdA,
we have

lim[QA = P] = (lim[|A| < 1] N [P +# 0]) U d([lim[|4] > 1] N [Q # 0)).
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Proof. — Take z € lim[QA™ = P]. Then there are sequences z, — z and k, — oo
such that Q(z,)A(zn; kn)*» = P(2,). We have the following possibilities:

e lim |A(zy; ky)| < 1. Then for, n large, |A(zn; k)| < 1 and P(z) = lim P(z,) = 0.
Thus z € lim[|A| < 1] N [P =0].

e lim |A(zy;ky)| = 1. Then z € lim[|A| = 1] = lim[|4| = 1] N [P # 0] = lim[|4] =
11Nn[Q #0]

o lim |A(zy;ky)| > 1. Then for n large |A(zn;kn)| > 1 and Q(z) = lim Q(z,) =
lim P(2,,)A(2n; kn) " Fn = 0.

Reciprocally, if z € lim[|A| < 1] N [P = 0], then there are sequences z, — z and
k, — oo such that P(z) = 0 and lim|A(zn; kn)| < 1. Assume that Q(z) # 0. Let
D ={w:|A(w;k,)| <1,n > 1}. Then ® # & and since (A(-,k,) is bounded in D,
it is a normal family. Then there is a subsequence, say (A(-;k,)), which converges to
a holomorphic function A4, i.e., lim A(w; k,) = A(w). Since |A(z)| < 1, we have &, =
A(z)'» — 0 as l,, — oo. As by hypothesis S, := A7}(A(2);k,) N (P/Q)~1((P/Q)(2))
is a codimension 2 algebraic subvariety for n large, there is a neighborhood z € U
such that (P/Q)|una-1(a(z);k,) Projects onto a neighborhood of 0 € C. Thus, there is
wy, € UN A7Y(A(2); ky), such that (P/Q)(wy,) = &,. Therefore P(w,) = Q(wy)&, =
Q(w,)A(2) = Q(wyp)A(wn; ky). Clearly, w,, — 2z and so z € lim[QA™ = P].
Similarly, if z € lim[|A| = 1] we have that z € lim[QA"]. On the other hand, if
z € lim[|4| > 1] N [Q = 0] then Q(z) = 0 and lim|A(z,;kn)] > 1. If P = 0 then
z € im[QA™ = P]. We assume P(z) # 0. Define the domain D= {w: |A(w; kp) 7Y <
1,n>1}. On D the sequence (A(-;k,)71) is normal and converges to a holomorphic
function B, i.e., lim A(w;k,)~! = B(w)~!. Thus |B(z)| > 1 and 1, = B(z)"!» — 0
as l, — oo. By hypothesis A™1(B(z2);k,) N Q7'(0) is a codimension 2 algebraic
subvariety for n large. Then, since P(z) # 0, there is a neighborhood z € U such
that Q/P|5%A(.;kn)(B(z)) projects over a neighborhood of 0 € C. Thus there is
w, € A~Y(B(2);k,) N U such that (Q/P)(wy,) = n, = B(2)7!» = A(wp;k,) ! or
Q(wy) A(wy; ky)» = P(w,,). Clearly, w, — z and so z € lim[QA"™ = P]. O

3.1. Example. — Let us compute lim[(A"™ + P)" = Q].

m[(A" + P)" = Q] = (lim[|A" + P| < 1] [Q # 0])
TmfJA" + P| < 1N [Q = 0]) U (im{|A"| = 1] N [Q # 0])
lim[|A" + P| < 1] = lm|[A|" <1+ |P]
— (4R <1]
m[A" =1] = [J4]=1]
Thus,
lim[(A" +P)"=Q] = [AP<1n[Q=0U[A]=1]N[Q # 0]

= (AP <1n[@=0]U[l4] =1].
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Thus this limit is the pull back by a rational map of a Reinhardt variety over
a semi-algebraic subset of R?. This example reflects pretty well the general picture
described in Theorem 3.

Suppose that Q1,...,Q;, P € Clzy,...,zy]. In what follows we will write

QA" = QAT+ + QuA} = P
Q" () = [QuA7 + -+ QAT +--- + QA = P

Lemma 13. — Suppose that Q1,...,Qi, P € Clxy,...,xn] and assume that Zg,, Zg,,
Zg, intersect in general position if i # j # k # i. Let Ay, ..., A; be formulas of
positive height h. Then
1. im[@Q1 AT + --- + QA} = P] = Uﬁ’jzllim[|Ai| = |4;] > 1] U (Zg, N
Zo,) Uiy im[|4;| < 1] N Hm[Q1 AL + -+ + QA + - -+ + QA = P]
2. im[@1 A} + -+ QIA} = P| = Ué,j:l lim[[A;| = [A;| > 1] U (Zg, N Zg,) U
O(lim[|A;1| < 1]N---Nlim[|4;| < 1]N[P # 0])

Proof. — Write ®y:=J\_, lim[|4;| < 1, Ro:=—; lim[|4;] > 1]. Then Lemma 13
follows from the next two lemmas. O

Lemma 14. — We have:

hm[QlA? +- -+ QAT = P] n %1
l
Jtim[|4;] < 1] NUm[Q1 A7 + -+ + QAT + -+ + Q A} = P]
i=1
= 9(lm[|A;] <1]N---NLm[|4;] < 1] N [P #0])

Proof. — Let z € lim[@Q1A} + -+ + QA = P]N Ry. Then there are sequences
Zp — z and k,, — oo such that Q1(2n)A1(2n; kn)k""" ~+Qi(2n) Ai(2n; kn)kn = P(zy).
Suppose first that lim [A1(2,; k,)| < 1. Then €,(2,) = Q1(2n)A1(2n; kn)*» — 0 as
n — oo and if we define

fn(zn) = P(zn) - Q2(Zn)A2(Zn; kn)kn -t Ql(zn)Al(zn; kn)kn’
then we have f,,(2,) = €n(2,). Let Z,, = f,1(0) and Z = lim Z,,. We claim that z € Z.

Indeed, if z ¢ Z then there are neighborhoods z € V and Z C W with VNW = &. For
n large 2, € V and f,1(e,) C W, a contradiction since f,(z,) = &, and f,(z,) = €,
and z,, — z. Then there is w,, € Z, = £, 1(0),w, — z, i.e., fn(w,) = 0,w, — 2. This

n
means that

QQ(wn)Aan (wn)kn +- Ql('wn)14lk:n (wn)kn = P(wn)
and so z € lim[|A4;| < 1] Nlm[Q2A4% + - - - + QA = P). Similarly, if z € %, then

l
z€ [JUm[|A;| < 1] NEm[Q1 AT + -+ + QAT + -+ + QA} = P].

%
i=1
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Reciprocally, suppose there are sequences z, — z and w, — z such that f,(w,) =0
and €,(z,) — 0. Then Z, = f;1(0) — Z. Since w, € Z, and w, — z, then
z € Z. Therefore for any § small positive there is y, € ,1(6) N f,1(6) # @, i.e.,
€n(Yn) = fn(yn). We will show now that for the points in the region %&; we have

o(JlArl < 1] n---N[JAl <1 N[P #0]) =
l
= U4l < 1] nLm[QA} + -+ + QAP + -+ QA = P]  (xx)
=1

= lim[@Q:AT + -+ QA] = P)].
We proceed by induction on I. For [ = 2 we have, by Lemma 12,

of[Ar] <1 N [[Az| <1N[P #0]] =
= [lAi] <1]no([[A2| <1 N [P #0]) U [|A2] < 1] NO([|A1] < 1] N [P # 0])
= (A < 1 N mlQ@2 A7 = PJU [|4y] < 1] N lim[@: A7 = P)
= lm[@1 AT + Q245 = P|.

For [ > 2, we have

Al < DIN---N (|4l <1)N[P #0]) =

l

U(|Ai| <D No([J[Ail <1 n---n (A n---N (Al <1)N[P#0])
l

U(|A,»| < 1)mim[Q1A’f+--~+@+-~-+Q,A” = P]

i=1
= lm[Q1AT + -+ QA] = Pl =lim[Q1 A} +--- + QAT = P],
where the last two equalities are derived by induction hypothesis on (#x). O

Lemma 15. — We have:

l
Hm[Q1 A} + -+ QUA] = PIN Ry = | im[|A;| = |4;] > 1] U (Zg, N Zg,)

i,j=1
Proof. — Suppose now that
z € lim[|A;] > 1]N---Nlm[|44| > 1JUlim[|Ag41| = 1] N - Nlim[|4;| = 1].
Then g # 1 and
Q1(20) (A1) (203 k)™ 4 -+ + Qq(2n) (Ag) (2n; kn)* = R(zn),
where

R(zy) := P(2n) — Qq+1(zn)(Aq+1)(zn§ kn)kn == Qi(zn) (A1) (2n; kn)kn
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is locally bounded at z. For any i,j = 1,...,q, i # j, we can write the next inequality
where, for simplicity, we wrote ¢ = 1 and j = 2:

1Q1.(20) | A1 (205 k) [ = Q2 (20) || Az (20 k)P <D 1Qu(20) 1 Ar (205 k) I*7 + [R(20)].

t=3
Thus, dividing both members of this expression by [[{_5 |A:(2,)|*", we obtain a left
member locally bounded at z. Then there is a bounded sequence {\,} such that

1Q1(zn) |41 (za)I* / [T 1Ae(z)I* = MalQe (2| A2 (za)1*/ T 14e (),

t=3 t=3
ie.,
|Q1(za) A1 (z0) "7 = AnlQ2(20) || A2 (20) *.

Thus, either z € Zg, N Zg,, or |A1( zn)| = (MnlQ2(2:)]/1Q1(20) )/ ¥ Ag(2,). There-
fore, lim[|A1(2zn; kn)|] = Um[|A2(zn; kn)|]- Thus z € Uf =1 lim[|A;]] = lim[|A4;]]] U
(Zq, N Zg,). This shows that for [ > 1

Hm[@1AT + -+ + @A) = PIN R C [lim[|4i]] = lim[|4;[]] U (Zo, N Zgq,) (%)

We now proceed to show the converse to (x). Suppose z € [|4;| = |4;] > 1] U
(Zg, N Zg,). For simplicity take i = 1, j = 2 and z € [|A1] = |4z > 1], |Ai(2)] > 1,
i=1,...,k, |A;(2)| <1,j=k+1,...,1. Consider the expression

an = Q1(A1/As.. . Ap)" + Q2(Az/As ... Ap)"

We claim that the curve a,, = 0 approaches z as n — oco. Indeed, from a,(w) = 0 we
obtain

(A1/A2)" (w) = —(Q2/Q1)(w).

For any w close to z such that arg(—Q2/Q1)(w) is irrational we have that
(—Q2/Q1)(w)'/™ approaches the circle of center 0 € C and radius 1 as n — oo.
Therefore (A;/As)(z) is in the closure of the sequence ((—Q2/Q1(w))*/™),. On the
other hand, if

b = P/(As-- Ap)" — 1/(As - Ap)" ZQJ

then b,(z) — 0 as n — oco. Therefore the curve b, = 0 approaches z as n — co. Thus
there is z, € [an, = b,], 2z, — 2, i€,

l

(QAT/(As- - A)™ + QaAL /(As -+ Ar)")(2n) = 1/(Az -+ Ap)"(P = Y Q;A7)(2n)

Jj=3

or Q1(zn)A1(zn)" + -+ Qi(zn)Ai(2)™ = P(zp). O
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Lemma 16. — Suppose that Q1 AT +- - -+ Qi A} is a formula of positive height h. Then

Hm(|Q1 A7 + -+ QuA}| < 1]
!
= Jlm[l4; < 1[N Em[Q1A} + - + QA + -+ + QA}| < 1]
i=1
1
U fim 4] =1lim|4;] > 1] U (Zg, N Zg,).

6j=1,i%j
Proof. — Let z € lim[|Q1 A} + --- + QA}| < 1]. There is z, — z and k,, — oo such
that |Q1(zn)A1(zn)kn +eet Ql(zn)Al(zn)kn| <L Suppose that lim |A1(zn; kn)| <1,
then &, = |Q1A1(2,)*| — 0 and there is w, — 2 such that |Qa(wy,)Az(wy)k +- -+
Qi(wn) Ay (wy)*"| < 1. Therefore, z € |J'_, lim[|4;| < 1], then z € J'_, lim[|4; <
1]Nim[|Q1 A7+ - -+ Q; AT+ - -+Q;A"| < 1. On the other hand, if z € N{_; lim[|4;| >
1] N=gp1 lim[|A; < 1]], then

Ql(zn)Al (Zn, kn)kn + -+ Qq(zn)Aq(zna kn)kn S 1 + S(Zn),

where S(z,) = |Z§:q+1 Q;(2n)Aj(2n)*], is locally bounded at z. Proceeding as in
Lemma 13, we obtain that for any 4,5 = 1,...,q either z € (lim|4;| = lim|A4;|)
or z € Zg, N Zgq,. The proof of the converse follows the same line of arguments of
Lemma 13. O

Proof of Theorem 2. — In order to describe im[Q1 A} + --- + QiA} = P)] we first
use induction on ! by means of Lemma 13, which reduces the problem to describing
lim[QA™ = P] and lim[|A| < 1] where QA™ — P has height h > 1. Then we proceed
by induction on h. For h = 1 Lemma 12 gives im[QA™ = P] = 0(lim[|A] < 1) N (P #
0)] U o(lim[|A| > 1] N [@ # 0]), which reduces the problem to height h — 1. It only
remains to find lim[|A| < 1] and this follows from Lemma 14.

Thus we have shown that this limit can be expressed by algebraic relations between
|A1],...,]4;| and |P|. O

4. Algebraic curves as integrals of differential equations

Lemma 17. — Given polynomials A and P, there is a family (X,,) of polynomial vec-
tor fields of fived degree such that [A®™ = P] is an integral curve of Xy,.

Proof. — Let X, be the field corresponding to the following differential equation:
& = —2nPA, + P,A, y=2nPA, — P, A.
Let f = A?™ — P. Then
&fe +yfy =2n(PyAs — PuAy)f,

as can be easily verified. This shows that [f = 0] is an integral curve of %,,. O
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Thus, we have curves of increasing degree that are integral curves of polynomial
fields of fixed degree. The next lemma says that in this case the field is essentially
unique. The following proof is essentially due to B. Scardua.

Lemma 18. — Suppose that [f, = 0] is a family of polynomial curves indexed by their
degree. Assume that each curve is an integral curve of two differential equations of
bounded degree: w, = 0 and Q,, = 0. Then, for n large enough, w, = 0 and Q, =0
define the same foliation.

Proof. — Forget the indices, for simplicity.
The hypotheses imply that

df Nw fldx N dy
df NQ = fLdx A dy,

where ¢ and L are polynomials.
Assume that w A Q # 0.
If df A # 0, then we can write

w = adf + (.

The coefficients o and 3 are determined as follows:

wAQ
wAQ=adf NQ = a_df/\Q
df Nw
= Q == .
df Nw = Bdf A = f TN
Therefore
ﬂ—é o wAQ
L - fLdx Ady
and so
Y wAQ ﬁ £
CdeAdy fL L
or a a
w A
Lw= - — + 4.
Y dondy T

Assume that f is irreducible. Since Lw — #€2 has bounded degree, we must have
that fdx A dy divides w A €2, that is,

wA Q= fudx A dy,

for some polynomial u. Hence, Lw = udf + 9.

Now 9¢ = Ow—1 and 0L = 92 —1, and so udf has bounded degree. Since df,, — oo
we conclude that p,, = 0 for large n.

If df A Q = 0, then we take df A w # 0. If both expressions vanish identically, then
w, ©, and df define the same foliation. O

Moreover, as the next lemma indicates, formulas that are more complicated than
A?" = P are not likely to be integral curves of fields of fixed degree.
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Lemma 19. — Let A, B, and P be bivariate polynomials such that A(0,0) = 0 =
B(0,0) and (A, B) = 1. Then the curves in the family A™ + B™ = P are not integral
curves of a family of polynomial fields of degree 2.

Proof. — Suppose that A and B have degree k and P has degree j. Let f = A™ +
B™ — P. Suppose that f is an integral curve of the 1-form

w = adx + bdy,
with a and b polynomials of degree 2. Then
df N\w = fLdzx A dy,
with L a polynomial of degree 1. This equation is equivalent to
(nA"'A, +nB" 'B, — P,)b— (nA"'A, + nB" " 'B, — P,)a = (A" + B" — P)L.
For n large, because A(0,0) = 0 = B(0,0), we obtain

(1) Pb—Pyja = PL

(2) nA"Y(Ayb— Aya) +nB" Y (Byb— Bya) = (A" + B")L.
Because (A, B) = 1, we get

(3) n(Azb— Aya) = AL

n(Bgb — Bya) = BL

(The proof is at the end.)

Suppose that P is homogeneous of degree j, A and B are homogeneous of degree k,
and a and b are homogeneous of degree 2, in equations (1) and (3). This is not a
restriction because it suffices to compare the homogeneous parts of highest degree in
these equations.

Equation (3) can be written as

(5 5)0)-+6)

IfA=A,B,— A, B;, then

(-5 ) G)

Since, by Euler’s formula, kA = A,x + A,y and kB = B,z + Byy, we get
a L (B, —-A,; A, Ay T
n =

b kA \B, -A,) \B, B, Y
L (0 -A) [z
kA \A 0 Y
_ L~
= 2\, )
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which implies that

_L _L,
= T " kn
From (1), we get
L L
P,~ x4+ P,—y=PL,
knx+ ykny

that is,
P,z + P,y = nkP,
which implies that P is homogeneous of degree nk. Since n is arbitrarily large and P
has a fixed degree, this is cannot happen. Therefore, f is not an integral curve of w.
We still have to prove that (2) implies (3). In fact, let & = Ayb — Aya and 8 =
B;b— Bya. Then

nA" 'a+nB""'3 = L(A™ + B"),
that is,
A" Yna — LA) = B" *(—nB + LB).
Since (A, B) = 1, this implies that A"~!|(—nB3 + LB) and B"!|(na — LA). Hence,
there is a polynomial A\ such that
M"Y = —nB+ LB
AB"™! = (na— LA)

Comparing degrees, we get A = 0 for large n. Therefore,
(=nB+ LB) =0 = (na — LA),
as claimed. O

Define the length of a formula as the minimum number of its primitives of degree
> 1. So, for instance, the formula

@+ 1)+ (@ -y =" +y)" +y* 1

has length 4.

Suppose that @ is a family of curves given by the zeros of a formula of positive
height. Let [ be the length of the formula and assume that the curves defined by the
zeros of its primitives intersect transversely in the complex domain. If 9/ is a family
of vector fields of degree k such that the elements of & are integral curves of the
corresponding elements of ¥/, then [ < k% 4+ k+ 1, as this last expression is the number
of singular points of the elements of 9. In particular if > k? 4+ k + 1 the elements in
© can not be integral curves of a family of polynomial vector fields of degree < k.

Theorem 4. — Every generic basic closed one-dimensional semi-algebraic set in the
plane is the limit of an family of algebraic curves that are integral curves of a family
of polynomial vector fields of fixed degree.
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Proof. — Let € be a generic basic closed semi-algebraic set. It is known (but hard
to prove) that every basic open semi-algebraic set in the plane can actually be given
by two inequalities [1]. Since € is generic, this also applies to Q and we can write
Q=[P >0,Q > 0]. We shall show that Q = lim[A?" < P] for

a=9_1
n
Indeed,
42 <1)=((@ -1 <1=p<@<)
Hence,
{z:A%(2) <1, for sufficiently large n } = [Q > 0].
and so

{z:P(2) >0, A%(z) < 1, for sufficiently large n}=[P>0,Q>0].
Lemma 2 then says that
lim[A?" < P] =[P >0,Q > 0] = Q,

if [A2 < 1, P > 0] is generic for sufficiently large n.

As mentioned in §4, the curves [A?" = P] are integral curves of a family of poly-
nomial vector fields of fixed degree. (Note that, although A has coeflicients that de-
pend on n, the vector fields are still of fixed degree. The general case is described in
Lemma 20 below.) O

Lemma 20. — Let
)4
A(z;n) = Z a;j(z)n’

be a real polynomial in z and n. Then

{@, if a; Z0 for some j > 1;

lim [A(z;n)*" < P(2)] =
[A(zim)™ < P(2)] [a2 < 1,0 < P]U[a = 1,e?9-1() < P(2)], otherwise.

n—oo

Proof. — First, notice that if a; # 0 for some j > 1, then the limit is empty.
Next, suppose that z € lim[A?" < P]. Then, there is a sequence z,, — z such that

2n
<afl;lgjn) + aif;l—(lzn) 4+t (LlT(zw + ao(Zn)) < P(zn).

If ap(z) = 0, then 0 < P(z).
Finally, assume that ag(z) # 0. Then, ag(z,) # 0 for n large enough. Letting
a_1(w) 1 a_p(w) 1

B(win) = ao(w) .E+.'.+ ap(w) nk’

we have
ao(2n)*™ (1 + B(zn;n))*™ < P(2,).

ASTERISQUE 323



ON THE LIMIT OF ALGEBRAIC SUBVARIETIES WITH UNBOUNDED VOLUME 59

For n large enough, we have |B(z,;n)| < 1 and then
nlogag(zn)? + 2nlog(1l + B(zn;n)) < log P(z,).

If ag(2)? = 1, we have 2a_1(2) < log P(2), i.e., €22-1(3) < P(2). If ap(2)? < 1, we
have 0 < P(z). O
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THE SPACE OF GENERALIZED FORMAL POWER SERIES
SOLUTIONS OF AN ORDINARY DIFFERENTIAL
EQUATION

by

José Cano & Pedro Fortuny Ayuso

A José Manuel Aroca, maestro y amigo

Abstract. — We prove that the set of truncations of generalized power series solutions
of an ordinary differential equations is contained in a semi-algebraic set of dimension
bounded by twice the order of the differential equation.

Résumé (L’espace des séries formelles généralisées qui sont solution d’une équation différentielle
ordinaire)

Nous montrons que ’ensemble des troncations de séries généralisées qui sont so-
lutions d’une équation différentielle ordinaire est contenu dans un ensemble semi-
algébrique dont la dimension est bornée par le double de ’ordre de I’équation diffé-

rentielle.
1. Introduction
Consider a polynomial differential equation F(0y(y),...,0,(y)) = 0, where
F(yo,...,Yn) is a polynomial in the variables yo,...,y, with coefficients in C[z¥]

(polynomials with real exponents). We are interested in series solutions of (F' = 0)
of the form 772, c¢;x*, where ¢; € C and u; € R with g3 < po--- (so called
generalized power series). D.Y. Grigor’ev and M. Singer describe in [5] a parametric
version of the Newton polygon process applied to F', which for each integer k, gives
rise to a semi-algebraic subset NIC}(F) C R3F so that the space of truncations of
length k of generalized power series solution of (F' = 0) is included in NIC} (F'). The
main contribution of this paper is to prove that the dimension of this semi-algebraic
set is bounded by 2n. More precisely, its adapted dimension (see subsection 3.2) is
bounded by n. The adapted dimension is a proper measure of the number of free
parameters (real or complex, coefficient or exponent) which have been introduced
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62 J. CANO & P. FORTUNY AYUSO

along the Newton polygon process in a parametric family of power series solution of
a differential equation.

Briot and Bouquet [1] in 1856 use the Newton polygon for studying first order and
first degree ordinary differential equations and Fine [4] in 1889 gives a description of
the method for ordinary differential equation of arbitrary order. In section 2 we present
a brief introduction to its classical version. In section 4 we introduce the notion of
parametric Newton polygon: specifically, we define it and give some technical results
about parametric polynomials which will be used in the proof of the main theorem.

In section 3 we state the main theorem and give a straightforward proof for the
case k = 1. The general case is dealt with in section 5.

2. Newton polygon of an ODE

A well-ordered series with complex coefficients and real exponents is a series ¢(z) =
> acs Ca %, where ¢, € C, and S is a well ordered subset of R. If there exist a finitely
generated semi-group I' of R>g and v € R, such that, S C v+T, then we say that ¢(x)
is a grid-based series (this terminology comes from [6].) Let C((z))* and C((z))? be
the sets of well-ordered series and of grid-based series, respectively. We denote C[z®]
the subring of series in C((z))? with finite support (polynomials, so to speak). It is
well-know (see [7], for example), that both C((z))* and C((z))9 are actually fields.
Both are differential rings with the usual inner operations and the differential operator

82:1:;7:
G(anazo‘) = Zacaxa.

Denote by 0y the identity operator and for positive integer i, 9; = 9 0 0;_1.
Let F(yo,.--,Yn) be a polynomial in the variables yq,...,y, with coefficients in
C[z®]. The differential equation

F(aO(y)yal(y)7 ce 78n(y)) =0

will be denoted by F(y) = 0. Notice that any polynomial ordinary differential equation
can be rewritten in this form.

We are interested in solutions of F'(y) = 0 in the field C((z))". By virtue of [2, 5, 6],
all of them are actually in C((z))9.

Write F' in a uniquely, using the standard multiindex notation y” = y§°-- -y~ (

where p= (p07" . upn)) as

F=Y Aa,z%y", with A, , €C,

a,p

where o and p run over finite subsets of R and N**! respectively. The cloud of points
of F' is the set

P(F) = {(a,|p]) : Aa,p # 0},

ASTERISQUE 323



POWER SERIES SOLUTIONS OF DIFFERENTIAL EQUATIONS 63

where |p| = po + -+ - + pn. The Newton polygon A (F) of F' is the convex hull of

U ®@+{@0)]az0}) .

PeP(F)

Notice that A (F) has a finite number of vertices, all of whose ordinates are non-
negative integers.

Given a line L C R? with slope —1/u, we say that u is the inclination of L. Let
u € R, we denote L(F'; u) the supporting line of /" (F') with inclination u (i.e. the only
line L with inclination p such that A (F) is contained in the right closed half-plane
defined by L and L N N (F) # @). More precisely, L(F; i) is the set of points (a, b)
in R? such that a + pb = v(F; u), where v(F;u) = min{a + p|p|; Aa,, # 0}.

For any u € R, define the polynomial

(1) (I)(F;p)(c) = Z Aa,p Mw(p) el (C[C],
(a,|p) EL(F;p)

where w(p) = p1 + 2p2 + - - - + np,. The Newton polygon data of F will be the set of
vertices vg,...,v; (ordered with decreasing ordinate), the sides [v;,v;41], 0 < @ < ¢,
the indicial polynomials associated to each vertex v:

(2) Uipy(m) = 3 Ag,m”®) € Cm).
(a|pl)=v

and the characteristic polynomials associated to each side [v;, vi41]:
D (Fivi,viea)) (©) = RFipgy, 0, ) (6)

where iy, v,,,] is the inclination of side [v;, viy1]-

2.1. Necessary Initial Conditions. — Given a well-ordered formal power series
y(r) = > 4es Ca %, its order, ord(y(z)), is infinity if y(z) = 0 and min{a € S | ¢o #
0} otherwise.

Lemmal. — Lety(z)=cazt+3% ., caz® € C((z))" be a solution of the differential
equation F'(y) = 0. Then
L(rin(e) = 0.

where ¢ may be zero. In particular, if y(x) = 0 is a solution of F(y) = 0 then
@ () (0) =0 for all p.
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Proof. — Developing F
Fcx* +---) =
ZAOHP x% (c_r“_’_...)po(,u/cxu_lr_...)pl ...(/j/ncx“+...)p" =

v
Z {Aa’p clel uw(ﬂ)xa+u\p| 4o } _
a,p

Z Aap el ywe) { v () oo
atp|p|=v(F;p)

where dots - -+ stand for monomials of order greater than the exponent of x in the
preceding term. The lemma follows from the fact that a + p |p| = v(F; p) if and only
if (a, |pl) € L(F’; ). O

Notation 1. — Let ¢ € C((x))? and F(yo,.--,yn) € C((z))yo, - .-, Yn], denote
Flp+y) = Fe+10,0(0) + y1,-- -, 0n(9) +yn) € C((2))[y0, - - - Y-

Definition 1. — Given F(yo,...,yn) and a positive integer k, define the set of nec-
essary k-initials conditions, NICy(F), to be the subset of (R x C)¥ of the points
(1,1, -5 gy cr) € (R x C)* such that

1 <o < pg, and
(I)(Fl;m)(cl) =0,..., (I)(kak)(ck) =0,

where Fy(y) = F(y) and Fiy1(y) = Fi(c;z* +y), for 1 <i < k.
Define the NIC;(F) = NIC,(F) N (R x C*)¥, where C* = C \ {0}.

Corollary 1. — If y(z) = Ele crht + 3, <o CaT® 18 a solution of F(y) = 0 with
p1 < -0 < g, then
([141,01, <o Mk Ck) € NICk(F)

Corollary 2. — Let vy, ..., v, be the vertices of N (F'), ordered by decreasing ordinate.
Let p;, 1 < i <t be the inclination of the side [v;—1,v;]. Set ug = —o00 and 41 = +00.
The subset NIC1(F) C (R x C) is semi-algebraic. Moreover, NIC](F') is the finite
union of the semi-algebraic sets corresponding to the sides of the Newton polygon of
F:
{(p,0) e Rx C* ;= s, and ®(py,,)(c) =0}, 1<i<t,
and the semi-algebraic sets corresponding to the vertices:
{(ny0) e RXC* 5 i < p < g1, and ¥(py,)(p) =0}, 0<i<t.

Proof. — Let p € R, p; < p < pyy1, for some 0 < i < t. As L(F;p) NN (F) = v;
and ®(p,,)(c) = ¢ ¥(p.,,) (1), (Where h is the ordinate of v;) then, for ¢ # 0 and
pi < p < piy1, one has ®p,)(c) = 0 if and only if ¥(p,,)(1#) = 0, and we are
done. O
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Let 1 € R be a real number and fix a point (a,h) € R x N.

Definition 2. — We say that (a,h) belongs to the red part with respect to u of the
Newton polygon of F(y) if h > 1 and either (a, h) is the vertex of &' (F') with minimum
ordinate or it belongs to a side of N (F) with inclination greater than p.

Notice that if the red part with respect to p of A"(F') is empty, then there are no
generalized power series solution of (F' = 0) of order greater than u: the vertex (a, h)
with minimum ordinate has h = 0 and all the sides of A (F') have inclination less
than or equal to yu, hence for v > u, the polynomial ®(g.,)(c) is a non-zero constant
and by Corollary 2 the set NIC](F') is empty. The reciprocal is not true as Example 1
(page 65) shows.

Lemma 2. — Let (py,c1,...,pk,cr) € NICL(E), ¢ = Z?:l cjzti and Friq1(y) =
F(o+vy). The red part of N (Fix+1(y)) with respect to py nonempty.

Proof. — Let (u,c) € NIC](F) and consider G = F(cz* + y). The red part of the
Newton polygon of G with respect to u is not empty. To see this, let vy, ..., v; be the
vertices of //(F') ordered by decreasing ordinate and let vy be the vertex with highest
ordinate in L(F;p) N A (F). The ordinate of this vy is greater than zero because
otherwise ®p,,)(c) would be a nonzero constant, in contradiction with the fact that

Dy (¢) = 0.
Returning to the main argument, given a monomial M = z®yf° ---y£~, one may
write
n
(3) M(cat +y) =2 [[(cu' a* +y:)* = M + R,

=0

where the points corresponding to the monomials of R have ordinate less than |p| and
belong to the line with inclination p passing through («, |p|). If w is the intersection
of L(F; ) with the axis of abscissas, then the cloud of points #(G) of G is contained
in the positive convex hull of {vy, ..., v, w}. The coeflicient of G corresponding to w
is precisely ®(p,,)(c) = 0, hence w ¢ P(G). Moreover, {vy,...,vx} C P(G), because
of (3). Therefore vy, ...,v; are vertices of A (G). Hence either vy is the vertex of
N (G) with minimum ordinate or there exists a side of A"(G) with inclination greater
than p and we are done. O

Example I (See Figure 1). — Let F = 2 ' ySyi+vd vi+avd -3z yo y1—2? yo+2 22 y1 +2°.
The point (1,1) € NIC*(F). Let G = F(z +y). The red part of V' (G) with respect to
w =1 is vertex vy and point p. In this example, there are no solutions of (G = 0) of
order greater than 1.
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Vo Vo

L\ | L(G;1)

N(F) r ° N(G)

Vi Vg

v3

FiGURE 1. Newton polygons of F' and G from Lemma 2 and Example 1

3. Main result

In this section we introduce the notions of truncation of well-ordered power series
and of adapted dimension, and proceed to state the main result: the truncation of
length k of the solutions of the differential equation (F' = 0) is contained in a semi-
algebraic subset of (R x C)* of adapted dimension less than or equal to the order of
F.

The adapted dimension is a proper measure of the number of free parameters (real
or complex, coefficient or exponent) which have been introduced along the New-
ton polygon process in a parametric family of power series solution of a differential
equation. Heuristically, when one introduces an exponent as a free parameter in the
solution space then one must also introduce a coefficient as a free parameter. The
simplest non-trivial case is the equation F(y) = y? — yoy2 = 0, whose solutions are
cx* for any p € R and ¢ € C, (adapted dimension 2).

3.1. Truncations. — For any positive integer k£ and real 3, the truncation of length
k to the right of 3 is a map Try.5 : C((z))¥ — (R x C)* defined as follows. If y(x) = 0,
then

Trr;p(y(2)) = ((B+1,0), (6 +2,0),...,(B+k,0)),

otherwise, y(z) = cz" + 3,5, ca ¥ = ca" + y(z), with ¢ # 0 and in this case
Triip(y(2)) = (1, €), Tra—1,,(5(2)))-
Finally, the truncation of length k is Try, = Try,o. For instance,

Try(z7%° 4+ 2™) = ((=0.5,1), (m, 1), (7 + 1,0), (7 + 2,0)) € (R x C)*

Remark 1. — Let M, be the subset of C[z®] of the elements with exactly s monomials.
Then Try, (M) is a semi-algebraic subset of (R x C)k.

Remark 2. — By corollary 1, if y(z) is a solution of (F = 0), then Trg(y) C NICy(F).
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3.2. Adapted dimension of cells of (R x C)¥. — In this section we use some
known notions and results of real algebraic geometry for which we refer to the reader
to [3] (or any other standard text on the subject).

Given a finite family Py, ..., P. € R[Xq,..., X;], we say that a subset C of R? is
(P1,..., P.)-invariant if every polynomial P; has constant sign (> 0, < 0, or = 0)
on C. A G -cylindrical algebraic decomposition of R* adapted to Pi,..., P, is a
cylindrical algebraic decomposition & all of whose cells are (Pi,..., P,)-invariant
©°°-manifolds and such that the defining functions of the cells of & are &°.

Algorithms for constructing &°°-cylindrical algebraic decomposition for a given
family of polynomials are well-known (see for instance [3]).

Let € = {©1,..., 6} be a & -cylindrical algebraic decomposition of R*. Let C
a cell of €. Let i; < --- < iq < k such that the restriction #¢ : C — R? to C of
the projection 7(ry,...,7%) = (riy,...,7i,) is a local diffeomorphism of C' onto an
open subset of R%. We choose 7 such that (iy,4s,...,i4) is minimal with respect to
the lexicographical order. In particular, ¢ is a local system of coordinates of C' at
any point o € C and d is the dimension of C. We call 7o the standard system of
coordinates of the cell C' with respect to the cylindrical algebraic decomposition &.

We denote I¢ the d-uple I¢ = (iy,...,iq). The derivations %’ ey %‘ span
‘1l d la
the tangent space of C' at a. One proves easily that
0
(4) (rsle) =0, s<ij, 1<j<d.
6Tij o
Remark 3. — The sequence Ic = (i1,...,1q) is characterized as follows: let ic be the

inclusion of C' in R* and o € C any point. Then j & Ic if and only if i%(d7Tj)a
depends linearly on {i&(drs)a | s < j}.

We identify (R x C)* with R3* as follows: let (rq,...,73;) be the coordinate func-

tions of R®* and (u1, ¢y, ..., ux, cx) the coordinate functions of (RxC)*. For 1 < t < k,
let

(5) Ht = T3(t—1)+15 and

ct =T3(t—1)+2 T V=1 r3—_1)+3-
Definition 3 (Adapted dimension). — Let C be a cell of a € -cylindrical algebraic de-
composition € of (R x C)* = R3* and 7ic(r1,...,73k) = (riy,...,Ti,) be the standard

system of coordinates of C with respect to . For each t, 1 < t < k, define d; as
follows:
1.di=2430t—-1)+1€ {i1,...,i4}
2. dy =1 if either 3(t — 1) + 2 or 3(t — 1) + 3 belongs to {i1,...,i4} and we are
not in case (1).
3. di = 0 otherwise.

The adapted dimension of C is dim,(C) = dy + - - - + dy.
Remark 4. — Certainly, dim(C) < 2dim,(C).
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Lemma 3. — Let € and 6 be two 6 -cylindrical algebraic decompositions of (R x
C)*. Let C be a cell of ©', and assume that C = C{U---UC!,where C! is a cell of
©? for all i. Then dim,(C!) < dim,(C) for 1 < i < s and there exists j € {1,..., s}
such that dim, (C}) = dim,(C), dim C} = dim C' and Ier = Ic.

Proof. — From the characterization given in Remark 3 and the fact that linear de-
pendency is preserved by the pull-back of the inclusion of C} into C, one infers that
IC£ C I¢, which implies that dim, C} < dim, C. Then there must exist an index j
with dim ¢} = dim C, whence ICJ’. = I¢ and dim, C} = dim, C. O

3.3. Main result. — Let F(yo,...,y,) be a polynomial in the variables yo, ..., yn
with coefficients in C[z¥].

Theorem 1. — Let Sol(F) the set of solutions of the differential equation F(y) = 0
in C((z))9. For any positive integer k, there exists a 6 -cylindrical algebraic decom-
position € of (R x C)* and a finite number number of cells Cy,...,Cy of € such
that:

o Try(Sol(F)) CCiU---UC, and

e dim,(C;) <mn, for 1 <i<s.
As a consequence, dim(C;) < 2n, for 1 <i <s.

We end this section doing a technical reduction for the proof of Theorem 1 and,
for the sake of clarity, giving a simple proof of case k = 1.

Claim: it is enough to prove the theorem substituting NICy (F') for Tr(Sol(F)) in
the statement.
Proof of the claim: let My be the subset of C[z®] of “polynomials” with exactly s
monomials, and M>, the subset of C((z))" of series with at least s monomials. Cer-
tainly,

k
(6) Try(Sol(F)) = Try, ( Sol(F) N My ) U | Try (Sol(F) N y).
s=0

By definition Try, ( Sol(F) N My ) C (R x C*)*, so that by corollary 1,
(7) Try, ( Sol(F) N M>x) C NICL(F).
Let 0 < s < k, and consider the differentiable semi-algebraic function Fy : (RxC*)* —
(R x C)k=* given by
Fs((ﬂ1,61),...,(us,cs)) = ((Ms +1,0),...,(us + k— 3,0)).

One sees easily that Try, ( Sol(F) N, ) is the graph of F restricted to Try ( Sol(F)N

Ms). As above, Tr, ( Sol(F) N M) C NIC;(F) and also, the adapted and the usual

dimensions of NIC}(F') are (respectively) equal to the adapted and usual dimensions

of the graph of F; restricted to NIC}(F'), which finishes. O
Follows a straightforward proof of the theorem for & = 1.
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Proof of the theorem for k = 1. — In this case, the first result of the theorem is just
Corollary 2.

For the second result, notice that the adapted dimension of any cell in R x C* is
less than or equal to 2. Hence, it is enough to prove that dim,(C) < n for n = 0 and
n = 1, which we do separately.

If n = 0, the only monomial of F'(y) corresponding to point (a,b) € R x N is exactly
A, %y, whence the polynomial ®p.,, (C) is nonzero and has only a finite number
of roots. The polynomial ¥ (f,,)(m) = A, is clearly a nonzero constant. From these
two facts, it follows that the dimension of NIC}(F) is zero

For n = 1, in order to prove that dim,(C) < 1, it suffices to show that the projection
(i, ¢) — p cannot belong to a local coordinate system of NIC] (F). Let v = (a, b) be a
vertex of the Newton polygon. Since n = 1, all the monomials of F(y) corresponding

to v are of the form A, (,,,,,)Z*Y6°yy" with po + p1 = b. Hence,

b
U(py(m) =Y Ag gy .
§=0

and W (p,,)(m) cannot be zero because for some j, A, ,—j;;) # 0. The image of
NIC;(F) by the projection (u,c) — g is thus a finite number of points and we are
done for k = 1. O

4. Parametric polynomials and parametric Newton polygon

In this section we define the parametric Newton polygon data of a parametric dif-
ferential polynomial. A parametric polynomial is a finite sum of the form }_,.; ¢; z#7,
where p; and ¢; are respectively real and complex semi-algebraic &°°-functions on a
semi-algebraic &°°-submanifold C. A parametric differential polynomial H is a poly-
nomial in yo, . . . , ¥y, whose coefficients are parametric polynomials. For any parameter
¢ € C, the value Hy of H at ¢ is an ordinary differential polynomial. The parametric
polygon data of H will be defined as a family of functional objects on C whose “val-
ues” are classical Newton polygon data (vertices, slopes, characteristics polynomials,
etc) in such a way that their values at ¢ coincide with the Newton polygon data of
Hy.

In order to define the parametric Newton polygon data of H, some semi-algebraic
properties on the family of exponents of £ and on the real and imaginary parts of
the coefficients of H are required. They are gathered in the notion of invariance on a
cell C.

Specifically, for a parametric polynomial H = ) ;. c; z#¢ to be invariant on C' we
require that the family of exponents & = {u;;4 € I} is totally ordered on C and that
none of the coefficients ¢; vanishes at any point of C. This way, both the minimum
of & and the (function) coefficient of 2% in H, provided 6 € &, are well defined.
Moreover, the value of the minimum of & at every point ¢ € C is the minimum
of {ui(¢);i € I}. For technical reasons one needs also to be able to compare the
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coefficients with functions belonging to some family of functions E (for instance,
some constant functions or the coordinate functions of the cell). This gives rise to the
notion of invariance with respect to a family F.

r<-—1 r=-1 -1<r<o
o—
< @)
| a | | | | | | | | A4 | |
I Y I I \‘J I I I I I \V I I 4 I I
r=20 O0<r<2or2<r r=2
Ficure 2.

All the above is probably better understood with an example. In Figure 2 are
shown the different shapes (and points) of the Newton polygon of

H=1+z"""+ 0 +r)a* " y3+(2—71)2"yoy1, reR.

One should imagine 7 “moving” on R “from left to right” giving rise to the six essentially
different shapes of the Newton polygon. One can see how three exceptional situations
can happen (in the same order as in the figure): (a) two or more points of the polygon
collide, (b) a point in the interior of the polygon collides with a side, and (c) a point
disappears from the polygon. These are respectively the casesr = —1,r = 0 and r = 2
in Figure 2. All the equations describing those events are of semi-algebraic nature, so
that there exists a cylindrical algebraic decomposition of the parameter space such
that H is invariant on each cell. In our example, the cells are the sets defined by the
equations in 7 below each diagram.

In the cell » < —1, the parametric Newton polygon data is composed of the se-
quence of functions Vp = (r,2),V; = (2r,1), V2 = (1 + 7,0), the indicial polynomials
corresponding to each vertex (¥(gp)(m) = (2 — r)m, ¥(g,y(m) = (1 + r?)m?,
and ¥ H;VZ)(m) = 1), and the characteristic polynomials corresponding to the sides:
@ arvo,vi)) (€) = Yy (1) + Wv (r)e; and @iy, vay (€) = Pay (1 = r)e? +
VU (f1,v,)(1 = r)c. Similarly for the other cells.

In the proof of Theorem 1 we shall differentiate the parametric polynomials with
respect to the “parameters”. As the class of parametric polynomials is not closed under
such derivations (due to d(z")/dr), we need to consider a larger family including
polynomials in log z, which can be related to the space of mappings from C x C to C,
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where C is the Riemann surface of the logarithm and C' is a semi-algebraic smooth
manifold.

Throughout this section, C C R™ denotes a nonempty semi-algebraic > subman-
ifold.

4.1. Parametric polynomials
Definition 4. — An N -function on C is a semi-algebraic smooth function f: C — R.
An N c-function is a function ¢ : C — C of the form ¢ = a + v/ —1 b, where a,b are
N -functions on C.

Let C be the Riemann surface of the logarithm. A function

H:CxC—-C
is called an N 'x-function over C if there exist a finite number of functions ¢; € N ¢c(C)
and p; € N(C), 1 < i<k, such that

k
(8) H(¢,z) = ci(¢)a*?), forall (¢,) € Cx C.
j=1
Denote V' (C), N '¢c(C) and N'x(C) the rings of X', N'¢c or Nx-functions over C,
respectively.
Nx(C)[log z] is the set of finite sums

H(¢p,z) = Zci,j(qﬁ) z3(®) (logz)?,  for all (¢,z) € C x C.
i,

where ¢; j € N c(C) and p;; € N(C), 1<i<k,0<j<s.

The following result shows that /4 x(c)[log z] is actually the set of “polynomials” in
log z with coefficients in N x(C):

Lemma 4. — Any H € X'x(C)[logz], can be written uniquely as H = Y5_o H; (log x)7,
where H; € N 'x(C).

Proof. — Let ©(C) be the differential ring of holomorphic functions on C with the
derivation ¢ = :ca%, which is an integral domain. The map sending 3" ¢, 2@ € C[z¥]
to the holomorphic function Cozw— > cqx® is an injective differential ring homo-

morphism. The result follows from logx € @((C) being algebraically independent over

the quotient ring of C[z¥]. O
4.1.1. Derivations with respect the parameters. — Assume that C is a cell of a §°°-
cylindrical algebraic decomposition and we(r1,...,7rs) = (r4,,...,7i,) its standard

system of coordinates. It is known that if f is an / -function then its partial derivatives

% are also JV'-functions. The operator z2— acts as a derivation on % x(C)[log z] as

follows: if w € N(C) and ¢ € N'¢(C), then
dc 1

Hlog®z) = s | log® z.

(9) (cz* log® x) ((%ij x +c87“ x og:c) og’x

Y5

Tij
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4.1.2. The notion of invariance
Notation 2. — Let H € 'x(C)[logz]. For ¢ € C, denote by H(¢) the function C >
x+— H(p,x).

If H € A'x(C), then H(¢) € C[z®]; for 7 € N(C), denote by [H], the function
[H], : C — C such that [H]_($) is the value of the coefficient of x™(#) in H(r). This
[H]._ is a semi-algebraic function but it is not smooth in general.

IfH=7%,H; log’ 2 € Nx(C)[log z], we write [H], = >, [Hj], log? z.

We shall denote <¢ the partial order over N (C) given by u <¢ u' if and only if
u(@) < p' (@) for all ¢ € C.

Definition 5. — Let H € V'x(C) and E be a finite subset of N (C). We say that H
is invariant on C' with respect to E, if either H = 0 or there exist a finite subset
& C N (C) and functions cg € N'c(C) for each 6 € & with the following properties:

1. For all (¢,x) € C x C, H(¢,z) = S ges co(d) 20(@).

2. The set &U E 1is totally ordered with respect to <c.

3. For every 6 € & and every ¢ € C, co(¢) # 0.

We remark that a set & satisfying (1), (2) and (3) is uniquely determined and inde-
pendent of E: by (2), its elements are ordered 61 <¢ 62 <¢ --- <¢ 65 and for each
P €C, 01(p) < 02(d) < --- < Os(¢) are the exponents of z in H(p).

The set & will be denoted &(H). By definition 5(0) = .

Definition 6. — An element H = Y77 _ H; log’ z € N 'x(C)[logx] is invariant with
respect to E if each H; € N'x(C), 0 < j <t is invariant on C' with respect to E and
the set 6(H) = U;6(H;) is totally ordered on C.

Lemma5. — Let H € Nx(C) be invariant on C with respect to E. If T € E U
&(H), then [H). € Nc(C). If 7 ¢ &(H), then [H). = 0. In particular, H =
Sreemur H], 2.

Proof. — It 7 ¢ &(H), then for each ¢ € C, 7(¢) & {0(¢) | 0§ € &(H)} because

E U &6(H) is totally ordered. If 7 € & then [H]_ = ¢, € N ¢(C), using the notation of
(1) in Definition 5. O

Corollary 3. — Let H,G € NV'¢(C)[log z] be such that H,G and HG are invariant on
C with respect to E. Let T € E be such that T — 0 € E for all 8 € &(G). Then

(H G]T = Z [H]Tfo [G]0~
0€E(G)

Corollary 4. — Let H',... H' € X'x(C)[logz] be invariant on C with respect to E.

Assume that Z;:1 HJ, is also invariant on C with respect to E. Let 7 € E, then

[Z§:1 Hj]T =30 [Hj]T. If % be a vector field on C, then % [ijl HI| =
ij ij T

o [BLHJ] -
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The following result is a consequence of the fact that invariance is a semi-algebraic
property.

Lemma6. — Let H',... H' € X'x(C)[logz], E a finite subset of A (C) and P a
finite family of polynomials in R[r1,...,r,]. There exists a € -cylindrical algebraic
decomposition & of R" adapted to P such that C is a finite union of cells of € and
for any cell C' € € and any s, 1 < s < t, H® is invariant on C' with respect to
Elc: ={flc' | f € E}.

4.2. The Parametric Newton polygon. — A parametric differential polynomial
is an element H(y) € /'x(C)[yo.-.,Yn)- Let d be the total degree in the indetermi-
nates yo, - - ., yn of H(y). Write uniquely

H(y) = Z Hyye®---ypr,  Hp € Mx(C).

lp|<d

We proceed to the definition of the parametric Newton polygon (and its data) of H(y)
on C. This notion requires several properties on the coefficients of H(y), expressed
technically in Definition 8. The first one (condition (a)) is invariance on a cell, which
lets us speak of monomials of H(y) and their coefficients (no monomial disappears
or appears inside a cell). In (b) we require that for each height (each ordinate) one
can define the leftmost point at that height of the cloud of H(y). We follow the usual
algorithm to compute the positive convex hull: starting from the top-leftmost point,
which will be the first vertex, we determine inductively the following ones. This is
possible, for example (and this is what we impose in (¢)) if the “slopes” appearing in
the polygon are totally ordered in C:

Definition 7. — A parametric differential polynomial H(y) is invariant on C with
respect to a finite subset E C A (C) if the following conditions hold:

(a) For all p € R, H, is invariant on C with respect to E.
(b) Let h be an integer, 0 < h < d, and set

&) = | 6.
lpl=h
Then EU &,(H) is totally ordered for all h, 0 < h < d.
(c) For &Sp(H) # @, let 0, = min &, (H). Then the union of E with the set of
functions on C' given by
Oh, — On,
hi—hy’
is totally ordered.
We say that H(y) € N'x(C)llogz][yo - - .,ys] is invariant on C' with respect to E if,
writing H(y) = Y750 H;(y) log’ x, then each H;(y) is invariant on C with respect to
E. H(y) is just invariant if it is invariant with respect to the empty set.

for0< hy <hy <d, &n(H)#D# Ep,(H),
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We proceed to “build up” the Newton polygon. Assume H(y) € N x(C)[yo - - -, Yn)
is invariant on C. The parametric Newton polygon of H(y) with respect to C is just
a sequence Vo, Vi,...,V; of vertices, each being a pair (0, h) where h is an integer,
0 < h < d and 6 belongs to &,(C). These vertices are defined inductively:

Definition 8. — Let Vy = (04,d), where d is the total degree of H(y) on yo,...,Yn-
Assume that vertex V; = (0n,, hi) has been defined. If | J, <, En(H) is empty, then
we have finished, Otherwise, set V11 = (6, hit1), where h;11 is the minimum of
those h < h; such that

On — On, . On —Op,

I Y
The parametric Newton polygon of H(y) with respect to C as the sequence Vy, ..., V;.
The sides are the sets [V, Viy1] fori=0,...,t—1:

i+1)

W < hi, Ew(C) # @}

On — ahi _ 9hi+1 B ahi
hi—h  hi— b

L (o)}

+1] = hi—h¢+1

Vi, Vig1] = {Vi} U{(On, h) | hi > h > hiqq,

}.

The inclination of side [Vi, Viy1] is py, v,
One can write uniquely

Hy)= > Y. Hupa®y’ ..yt Hyp€Nc(C).

lp|<d  6€8), (H)

Given a vertex V = (6p,, h) and a side [V}, V;41], define the indicial and characteristic
polynomials as follows (respectively):

Uigyy(m) = Z H,q, mv® ¢ Nem],
[p|=h
v Vi (€)= Z Hy g Mf{,(i’jz/”l] Pl e aefd.

(0,1p])E€[Vi,Vita]

Definition 9. — The parametric Newton polygon data of H (y) with respect to C is the
family of vertices Vy, ..., Vs, sides [V, Viy1], 0 < i < t, and polynomials ¥ g,v;)(m),
0<i<tand (I)(H;[V},Vi+1])(c)i 0<s<t—1.

Lemma 7. — Let H(y) be invariant on C with respect to E and C' C be a semi-
algebraic € -submanifold. Then H(y) is invariant on C' with respect to E and the
parametric Newton polygon data of H(y) with respect to C' is the natural restriction
of the parametric Newton polygon data of H(y) with respect to C. In particular, if
V = (0,h) is a vertex with respect to C, then V|c: = (0|cr, h) is a vertex with respect
to C'.

Proof. — If E' C A(C) is totally ordered with respect to <¢, then E'|cr = {7|¢" |
T € E'} is totally ordered with respect to <¢. The minimum of E’|¢- is the restriction
to C' of the minimum of E. This implies that if G € A 'x(C) is invariant with respect
to E, then G|c: € N 'x(C’) is invariant with respect to E|c and 6(G) = &(G|or).
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Condition (a) of Definition 7 holds for H|c:. Moreover, &, (H) = &,(H|c) so that
also conditions (b) and (c) are satisfied. As one can write

H(y) = Z Z Hp,9|C’ x9|c’y6’0 ce yZn, Hpﬂ € W(C(C,)a
lpl<d €6, (H)

then U g_,.v,)(m) and @(p|_,;[vi|or,Vis1|o])(€) are (respectively) the restrictions to
C' of the polynomials ¥ g,y,)(m) and @ g;v;,v,,,})(c)- O

Remark 5. — The above lemma holds for C' a single point. Namely, for any ¢ € C,
denote

Hy) = 3" Hyo(9)2°@ 4 € Cla®lyo, - ).
p,0

The vertices of the Newton polygon of Hy(y) are precisely the points Vo(9), ..., Vi(9),
where Vi(¢) = (0n,(¢), hi). Moreover, the (differential) monomials of Hy(y) whose
corresponding points belong to the side [Vi(¢), Vit1(¢)] are precisely the monomials
H, o(¢) 2@ yP, where (8,|p|) € [V;, Vit1]. Hence,

(10) Yy (dm) = Tz, wyvie)m),

(11) Vi) () = Ll @my, v 6D ()

From the semialgebraic nature of the properties required in Definition 7, one infers

Lemma 8. — Let H'(y),...,H'(y) € Nx(C)[log][yo---,yn], let E C N(C) be a
finite subset, and P a finite set of polynomials. There exists a G -cylindrical decom-
position & adapted to P such that C is a finite union of cells of € and for each cell
C' € € with C' C C, and for each j, H’(Y) is invariant on C' with respect to E.

5. Proof of the Main Theorem
We start with the differential equation F(y) = 0, where

Fly) =33 Aupayl -yl € Cle%lyos - - -, ynl,

aes |p|<d
where S is finite subset of R. Rewrite it in the following way
F(y) = Zfa(y)xa7 where fa(y) EC[?JOy-'-ayn]'
aesS

Before proceeding, we need to provide some notation. Then we shall prove in
Lemma 9 that NIC}(F) is semi-algebraic and state and prove Proposition 1, which
is the cornerstone of the present paper, from which Theorem 1 will follow.

Let (1, ¢1,- - -, pik, ¢ ) denote the coordinate functions on (RxC)* and (71, ..., 7r3x)
those on R3* with the identification given in (5). Define

p=¢y = clx’“—l—”-—i-ckx"kejl/x(R%),
P = pier a4+ o € W (RF),
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for any non-negative integer s, and let

g(y) = F(y0+90057yn+§0n) EWX(RSk)[yOa"'ayn]~

For any ¢ € (R x C)*, F4(y) € C[z¥][yo, - - .,yn] denotes the value of I (y) at ¢. One
has

Ts() = F(yo + @o(¢),- - yn + ¢n(9)) = F(y + ()
because ¢s(¢) = 0s(p(¢)) for s € N.

Lemma 9. — The set NIC;(F) C (R x C*)* is semi-algebraic for all k > 1.

Proof. — We proceed by induction on k, the case kK = 1 having already been proved
in Corollary 2.

Assume that NIC;(F) is a semi-algebraic subset of (R x C)*. From Lemma 8,
there exists a € -cylindrical algebraic decomposition & of (R x C)* such that & (y)
in invariant on each cell of & and NIC},(F) is the union of some of these cells.

Let ¢ € (R x C)* and ¢' = (¢, mpr1,brr1) € (R x C)¥TL. One sees easily that
¢’ € NICy . (F) if and only if both ¢ € NICy(F) and (mg41,br+1) € NICT (T 4(y)).
Hence it is enough to prove that for any cell C € & the set

Ac ={(¢,p,¢) | 6 € C, (u,¢) € NICI(T(y))}

is semi-algebraic. If C is contained in the complement of NIC} (F), then A¢c = @.
Assume that C C NICL(F') and let Vo, Vq,...,V; be the vertices of the parametric
Newton Polygon of ¥ (y) with respect to C. By Remark 5 the vertices of the Newton
polygon of F4(y) are Vo(¢),...,Vi(¢). From the proof of case k = 1 (Corollary 2)
and equations (10) and (11), one infers that A¢ is the union of the semi-algebraic
sets given by the following conditions:

¢ €C,p=p,_,vi(¢), and @z v,_, vi))(,¢c) =0,
for 1 <i<t, and

¢ € C, py,_,vi)(9) < 1 < ppv, vipa) (@), and ¥g.y)(d, 1) =0,

for 0 < i < t, (where by definition py._, v,)(¢) = —oc and ppy, v, ,1(#) = o). These
conditions are semi-algebraic, so A¢ is semi-algebraic and so is NICy_, (F). O

Given a nonempty G°-differentiable semi-algebraic manifold C C NICj (F), let
Eo = {ux} C N (C). Assume that F(y) is invariant on C with respect to Ey, let
Vo, ..., V; be the vertices of the parametric Newton Polygon of ¥ (y) on C and let
(On, ) € [V;, Vig1] for some 0 < i < t.

Definition 10. — With the above notation, we say that (0, h) is in the red part with
respect to py of the parametric Newton Polygon of ¥ (y) on C if h > 1 and either the
inclination ppy, v, > pk or (On, h) = V;.

Notice that the definition makes sense because since & (y) is invariant on C' with
respect to Ey, any inclination p[y; v;,,] can be compared with the function .
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Lemma 10. — In the conditions of the above definition, the red part with respect to
ux of the parametric Newton Polygon of & (y) on C is nonempty.

Proof. — Let ¢ € C. Since ¢ € NIC;,(¥4(y)), by Lemma 2, the red part with respect
to pr(¢) of the Newton polygon of ¥ 4(y) is nonempty. The vertices of the Newton
polygon of & 4(y) are Vo(9), . .., Vi(¢). Hence, either there exists a side [V;(¢), Vi+1(9)]
with inclination upy; v, ,1(4) greater than pg (@), or Vi(4) has ordinate greater than
zero. If pg (@) < wpv,,vi,,)(#), then ux <c ppv, v,,,), because uy € Ey and V; is in the
red part. Otherwise, if Vi(¢) = (60:(4), ht) with hy > 1, then V; is in the red part. O

Let NIC;'” (F) denote the following semi-algebraic set:
NICy” (F) = NIC;(F) N {u1 > 0}

and let © be a €™ °-cylindrical algebraic decomposition of (R x C)* such that
NIC;” (F) is the union of some cells of &. NIC;” (F) is defined as semi-algebraic
set by a finite family of polynomials ¢ and each cell C; € & by a finite family %;.
Set = QUU;P;. Fix a cell C € € and let I = (i1,...,1q4) (so that d = dim(C)).
Denote d, = dim,(C).

Proposition 1. — With the notation above, the adapted dimension of C' with respect
to G is less than or equal to the order of F: d, < ord(F).

Before starting the proof, let us introduce some useful notation.
Given A € N**! and f(y) € Clyo,. .., ¥n], let

) = 2 ) € Wx(R)
® _8)‘0y0~-~8>\"yn P05+ +3Pn X .

By the Taylor expansion formula,

1
fa(yO +S007"-ay’n +§0n) = Z jfy\)(@) yA S WX(ng)[yOP"vyn]a

[A<d
where Xl = X\o!---\,! and y* = y>‘° -~y Hence
=33 @
a€S |A|<d A

F), will denote the coefficient of y* in Z(y):

1 a
Fr= Y /0 (p)a" € Mx®),
a€S
so that 7 (y) = 3|z j<a F2 yr.

Proof of Proposition 1. — Let Eg = {u}. By Lemma 8 there exists a &”°-cylindrical
algebraic decomposition &' of (R x C)* adapted to & such that 7 (y) and 61‘?_ I (y),

for 1 < j < d, are all invariant with respect to Ey on any cell of €' contained in C. In
particular, C' is a finite union of cells of 6. By Lemma 3, there exists a cell C; of (
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such that dim, C; = d, and I, = I¢,. Let $; be a family of polynomials defining
C as semi-algebraic set.

Let Vp,...,V; be the vertices of the parametric Newton polygon of ¥ (y) on C;
(in decreasing order or height: hg > hy > --- > h;). Let 0}, be as in Definition 8, so
that Vi = (0p,,hs), 0 < s < I. Given a side [V;, Vs41] of the Polygon and a height
h € N with hy > h > hsy1, we denote by 75, the following value (see Figure 2):
Th = Op, + (hs — R)ppv, v.,,] € N (C1). Notice that 75,; = 6, for 0 < j < I. Given h
with &p(F) # &, if (O, h) € [V, Vsi1], then 74 = 0y, otherwise 7, < 5.

We shall later need to take coefficients with respect to the functions us and 74 — us,
and compare 7, + us with 7,_1. For simplicity, let E; denote the subset of A (Ct)
composed of 7y, g, Th — s, and 7, + pus for hg > h > h;and 1 < s < k.

Let # C N 'x(C1) be the set composed of the following functions:

OFy vy 0 O
o’ [ (p)z?, o

a aagos 890
)(‘P)ﬂ’?a fé)\)(SD)x B (97'7’

F)\)

forall |A\| <d,1<j<dandaeS. Fixa & -cylindrical algebraic decomposition
©? adapted to &; such that any element of J is invariant with respect to E; on any
cell of G2, As above, C1 is a finite union of cells of ©? and we may choose a cell Cy
of &* such that Cy C C4, dim, C; = d, and I¢, = I, .
By Lemma 7, ¥ (y) and %@ are invariant on Cs with respect to Ey and the
)

parametric Newton Polygon of ¥ (y) on Cs has vertices Vy|c,, ..., Vi|c,- Therefore,
we may write uniquely

- Z Z Foaa®y®, Fyx € Nc(O).

IA|<d 9€E1U6‘>\‘ (%)

Let (0n,h) € [V, Viy1] be in the red part with respect to py of the parametric
Newton polygon of ¥ (y) on Cs (recall that h > 1).

Take ¢ € {i1,...,1q} and let ¢ the minimum integer greater than or equal to i/3,
so that the corresponding r; in (5) is u;, R(c;) or I(¢;) (real and imaginary parts).
Let X' € N"*! such that [N|=h — 1. Fixt € {1...,k} and let 7 = 0, + pu; € Ei|c,.

We claim that F, = 0:if (65, h) = V; then £,_1 = @ and by Lemma 5 [Fy/]_ = 0;
if (On,h) € [V, Vsqa] then py < ppy, v,,,1, 80 7 < Op—q1 and 7 € &p_1(7) and again
by Lemma 5 [F)/]._ = 0. Therefore 0 = B,

’I‘

On the other hand, by direct computation

OF; 0 (a) 1
37-:\ :%{Z)ﬂf () :| :;)\’!L{)nf()\)() }

T

Z [/\1” Zf(/\ +e; )(<p) ‘pj a]

7=0

T

T

®) N~y L ey () ga 0%
(12> - ;0 )\ +1 |:; (}\,+ej)!fa (QD).Z' 373

T
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Vs = ehs:hs)
V;: 4
(On, h)
h
(6h—1,h—1)
h—1 |- f\q} ~
(9h+ﬂt:| |
(On,h) =V,
1 o
\ \
T 1
T Th—1 (On + pe, X))

Ficure 3. Two possibilities for a point in the red part.

—~

M:

C

W+ Y {Z(A,jej)!fy’“ﬂ(w)x“} k=l

3=0 pes(Hel) ¢ 7o o
@) Ay
00y Y Ao 2]

' (A; +1) Z o g |

Jj=0 0c{p1, 1k}

Where e; is the element of N+ (0,...,0,1,0,...,0) where the 1 appears in the
j—th place counting from 0.

Equality (a) is a consequence of Corollary 4 and the fact that all members of J¢ are
invariant on C; with respect to E1 (cf. Lemma 7). For (b), we just rewrite +; = 0 ;\‘ j_;l)!.
Equality (d) follows from the definition of F/y.; and the fact that it is invariant in
C5 with respect to E;. Finally, in order to get (c), we use Corollary 3 together with
the inclusion &( gf;) C {p1, ..., pr} which is proved as follows:

From relations (5) and equation (9) one gets

( s— 1% ac]

o _ ou .
o W5 e at) = (sp™ 50 ¢ +uagT + 15 ¢ o Piloga)ati, 1<j<k.
K2 K3

and since ¢, = Zf 1 u‘; c; x*i € Nx(Cs), then 6(%ff) C{p1, - ps}

From equation (4), -2 3 (rj) =01if j <iand 6 —(r:) =1, so that

0
a—r(uj c;xzh) =0, forj<t,

9 dc »
(13) 6T-(M§thm)_(‘9“§ 1Ct+ufa—;+ufct log z) #*t, (i = 1mod 3),
%(Mfw‘“ﬁuf%x“t, (i=2,3 mod 3).
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Therefore one may write

Op; _ 0 i - [3%}
Bri n 877‘1'(/% ca® ) + Z 87‘1' ’
s=t+1 Hs

For s > t, T — pis < Op, so that F_, t.; = 0 and the last member of equation (12)
is
n

(9 .
0=Y"(N;+1) > Frionie [asﬂe _

J=0 0e{p1,. opin}
= Z(A; +1) Fo, xite, ﬁ(#i ce ).
3=0 '

Ifi =1 mod 3, from (13) and the fact that ¢; does not vanish in Cy C NICj (F), one
infers the following two linear equations

n

(14) 0="> (N + 1) Fo, xrse,,
=0

(15) 0=> (Nj+1)jpul " Fop, e,
=0

(If i = 2 or 0 mod 3 then only (14) appears). Letting ¢ run over {i1,...,44}, one
obtains a linear system of equations in the variables Fp, x'yey,- -5 Fo, \+e,. An e€l-
ementary argument of linear algebra shows that it has rank d, = dim,(C5). Hence,
if d, > n its only solution is the trivial one, which implies that the red part of the
parametric Newton polygon of & (y) on Cy is empty, contradicting Lemma 10. O

Proof of Theorem 1. Proceed by contradiction. Assume that there exists a cell C in
NICj (F) with adapted dimension greater than n and let ¢ € C, m = p1(¢) — 1 and
consider the differential polynomial G(y) = F(z™y). The set NIC;(G) is the image
of NIC;(F) under the translation T(z,y) = (z — m,y) so that T(C) N NIC;” (G)
is nonempty. Since translations preserve the adapted dimension of cells, there must
exist a cell in NIC;” (G) with adapted dimension greater than the order of G, which
is equal to the order of F', against Proposition 1. O
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UNE PREUVE GALOISIENNE DE L’IRREDUCTIBILITE
AU SENS DE NISHIOKA-UMEMURA DE LA PREMIERE
EQUATION DE PAINLEVE

par

Guy Casale

A José Manuel Aroca pour son soirantiéme anniversaire

Résumé. — Cet article fait suite & un précédent. Nous utilisons le groupoide de Galois
calculé dans loc. cit. pour prouver que la premiére équation de Painlevé est irréduc-
tible au sens de Painlevé-Nishioka-Umemura. Pour cela nous prouvons que ’algébre
de Lie du groupoide de Galois d’une équation réductible admet une suite croissante
d’idéaux dont le premier est composé des champs tangents au feuilletage (donné par
I’équation), le dernier est l’algébre de Lie du groupoide de Galois et les quotients de
deux idéaux successifs sont de type linéaire. Ce n’est pas le cas pour Pj.

Abstract (Galoisian proof of Nishioka-Umemura irreducibility of first Painlevé equation)

This article follows a previous one. The Galois groupoid computed in loc. cit. is
used to prove irreducibility in Painlevé-Nishioka-Umemura sense of the first Painlevé
equation. We prove that the Lie algebra of the Galois groupoid of a reducible equation
gets an increasing sequence of ideals such that: the first is the algebra of vector fields
tangent to the foliation given by the equation, the last is the Lie algebra of the Galois
groupoid, the quotient of two successive ideals is a Lie Algebra with linear type. This
is not the case for P;.

La question de I'irréductibilité d’une équation différentielle a été étudiée de maniére
approfondie par P. Painlevé depuis les Legons de Stokholm [19]. Une premiére défini-
tion d’équation différentielle ordinaire réductible a été donnée par P. Painlevé et sera
ensuite formalisée par K. Nishioka [16]. Une équation d’ordre n est dite réductible
si on peut exprimer une solution rationnellement aprés avoir résolu successivement
des équations différentielles linéaires, abéliennes (dont les solutions sont des fonctions
abéliennes) ou d’ordre strictement plus petit que n.

Classification mathématique par sujets (2010). — 12H05, 34M55.
Mots clefs. — Equations différentielles, irréductibilité, groupoide de Galois.
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Aprés avoir étudié l'irréductibilité des équations du premier ordre, Painlevé se
pose la question de l'irréductibilité de la premiére des équations d’ordre deux sans
singularité mobile qu’il a découvertes :

d*y 2
(P1) T2 ot

Il prouve dans [17] qu’au moins une solution de cette équation est irréductible puis
affirme dans [18] avoir déterminé le « groupe de rationalité de J. Drach » de cette
équation et prouver ainsi son irréductibilité « absolue ». Le groupe de rationalité
utilisé par P. Painlevé provient d’une tentative de J. Drach de mettre en place une
théorie « de la rationalité » (ou « de Galois ») valide pour toute équation différentielle
[4]. Malheureusement, les travaux de J. Drach sont entachés d’erreurs.

A la fin des années soixante-dix, I’école japonaise reprend et continue les travaux de
Painlevé sur les équations sans singularité mobile. Une preuve de l'irréductibilité de
P; est enfin obtenue par K. Nishioka [16] puis par H. Umemura [23, 22]|. Récemment
I’étude géométrique des variétés de conditions initiales des équations sans singularité
mobile [21] a permis 4 M.-H. Saito et H. Terajima d’obtenir une autre preuve de
I'irréductibilité de cette équation. Aucune de ces preuves n’utilise une « théorie de
Galois générale ».

Ce type de théorie a été mis en place indépendamment par H. Umemura [24, 25]
et B. Malgrange [15] & la fin du vingtiéme siécle, achevant les travaux de J. Drach
et E. Vessiot ([26, 27]). Dans cet article nous présentons une nouvelle preuve de lir-
réductibilité de la premiére équation de Painlevé utilisant le groupoide de Galois de
cette équation [3, 15]. Ce dernier a été calculé dans [3] en complétant les calculs de
J. Drach [5]. La détermination du groupoide de Galois permet de montrer différents
types de résultats concernant la réductibilité ou l’irréductibilité d’une équation. L’ir-
réductibilité au sens de Drach-Vessiot ainsi que l'irréductibilité au sens des feuilletages
de Py ont été prouvées dans [3]. Nous expliquons ici les relations entre le groupoide
de Galois d’une équation et son irréductibilité au sens de Painlevé-Nishioka-Umemura
dans le cas particulier de la premiére équation de Painlevé.

Cet article est constitué de six parties. Dans la premiére, nous rappelons les défini-
tions d’irréductibilité et de modéles pour des corps différentiels. Nous étudions ensuite
rapidement la géométrie transverse des feuilletages donnés par les types d’extensions
utilisés pour « réduire » une équation. Dans la troisiéme partie nous rappelons la
définition du groupoide de Galois d’un feuilletage suivant B. Malgrange [15] et pré-
sentons ensuite quelques lemmes élémentaires dans une quatriéme partie. Aprés avoir
fait les rappels nécessaires sur les algébres de Lie de champs de vecteurs formels, nous
prouvons l'irréductibilité au sens de Nishioka-Umemura de la premiére équation de
Painlevé.

Je remercie B. Malgrange dont les remarques ont permis d’améliorer grandement
ce texte.
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1. Définitions et modéles géométriques

Pour les notions de géométrie algébrique utilisées dans cet article, nous renvoyons
le lecteur a [9] et pour celles d’algébre différentielle a [20]. Commengons par rappeler
la définition de réductibilité d’une équation différentielle du second ordre suivant
Nishioka-Umemura [16, 19, 22]. Les corps différentiels (K, d) seront toujours des
corps de type fini sur C et auront pour corps de constantes K° = C.

Définition 1.1 (réductibilité [16, 22]). — Soit (K,0) un corps différentiel ordinaire et
E : 8%y = F(y,d8y) € K(y,dy) une équation différentielle du second ordre sur K.
L’équation E est dite réductible s’il existe une solution dans une extension différen-
tielle L de K construite de la maniére suivante :

K=KyCcK;---CK,,=L
avec pour tout 1,

— soit K; C K11 est une extension algébrique,

— soit K; C K;y1 est une extension de Picard-Vessiot, c’est-a-dire K;11 =
Ki(f]p;l <p,j <n) avec 6fjp = ZkA?f,f, A? €K; et K} = Kerl.

— soit K; C K;1 est une extension abélienne, c’est-d-dire K; 11 = K;(pj(a1,...,
ay);1 < j < n) les ¢; formant une base de transcendance du corps des fonctions
d’une variété abélienne définie sur C, les a; appartenant ¢ K; et Kf = Kfﬂ,

— soit K; C K;y1 est une extension d’ordre un, c’est-a-dire K;11 = K;(z) avec
P(z,62) =0, P € K;(2,02) et K{ = K{ ;.

Une extension différentielle K C L du type précédent sera dite réductrice. Les exten-
sions intermédiaires (K; C K;y1) décrites ci-dessus seront dites élémentaires.

Dans la suite le corps différentiel de base sera (C(z), -). Nous allons décrire les

modéles géométriques des extensions élementaires. Le corps C(z) sera le corps des
fractions de la droite affine A'(C) et sa structure différentielle sera donnée par le

champ de vecteurs %.

Définition 1.2. — Soient C C K une extension de corps de type fini et § une dérivation
de K. Un modéle pour Uextension différentielle (K, ) de C est une variété algébrique
affine Y sur C de corps de fractions K munie du champ de vecteurs dy induit par §.

Soient K C L une extension différentielle de type fini, (Y, dy) et (Z,dz) des modéles
respectivement de K et de L. L’inclusion des corps donne une application rationnelle
dominante 7 : Z --+ Y et la compatibilité des dérivations dit que le champ 7 est
m-projetable d’image Jy .

Définition 1.3. — Une application rationnelle ¢ : Z --+ Y entre variétés munies des
champs de vecteurs respectifs 6z et 0y sera dite différentielle si p(Z) est 0y -invariante
et 6z est p-projetable sur 5y|m

Les applications différentielles entre modéles induites par les morphismes élémen-
taires seront appelées élémentaires. Voici une description succincte de ces applications.
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Extensions algébriques. — En restriction a des ouverts convenables, elles corres-
pondent aux applications finies étales Z — Y. Le champ sur Y se reléve de maniére
unique sur Z.

Extensions de Picard-Vessiot. — Ces applications se construisent & partir de
(Y,dy) en considérant le produit Y x GL,(C) muni du champ de vecteurs

0
Sy xGL,(©) =0y + Afgiﬁ
: 9g;
3>k.p J
ot les g% sont les coordonnées standard de GL,(C) et (Af) € GL,(C(Y)). Une ex-
tension de Picard-Vessiot est une sous-variété dy x gy, (c)-invariante minimale Z de
Y x GL,(C) telle que la projection induite de Z sur Y soit dominante. Par construc-
tion, cette projection est différentielle et il n’est pas difficile de montrer que ’extension
de corps induite ne dépend pas du choix de Z.

Extensions abéliennes. — Soient I' un réseau de C” tel que A = C"/T" soit une
variété abélienne, C(A) le corps des fonctions I'-périodiques et 1, ..., ¢, une base de
transcendance de C(A) sur C . Il existe des fonctions algébriques de n variables F; ;,
1 <i,j <n, telles que

0p;
oz, J(p1 ©n)

Soient aq,...,a, n fonctions sur une variété (Y,dy). Considérons ¥ x A muni du
champ de vecteurs

0
Syxa =0y + 3 dy(a;)F (e, .,(pn)a—(p.
.. (]
i,
Les trajectoires de ce champ de vecteurs sont les graphes des fonctions sur Y a valeurs
dans A données par

v1(ar 4+ c1y.eoyan +cn)y.ooyon(ar +c1y. oy an + cp),

les ¢ étant des constantes de dy. Un extension abélienne est une sous-variété dy x -
invariante minimale Z de Y x A telle que la projection induite de Z sur Y soit
dominante.

Extensions d’ordre un. — Une telle extension est donnée par une variété irré-
ductible Z sur Y de dimension relative un et par un relevé §z de Jy sans intégrales
premiére rationnelles.

Définition 1.1bis Soient (X, dx) une variété algébrique affine sur C muni d’un champ
de vecteurs et m : (X,8x) --» (AY(C), %) une application différentielle dominante.
Le champ 6x est dit réductible s’il existe une famille d’applications différentielles
dominantes m; : (Y;,6;) --+ (Yi—1,0i—1) pour 1 < i < m de type élémentaires avec
(Yo, 80) = (AL(C), 8%) et une application différentielle ¢ : (Y, 0m) --+ (X, 0x) dite

réductrice.
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2. Structures transverses des extensions réductrices

Les structures transverses que nous étudierons sont données par des suites de formes
rationnelles commengant par une base de formes nulles sur les trajectoires du champ
de vecteurs et satisfaisant & certaines identités différentielles. Ces suites sont aussi
appelées suites de Godbillon-Vey ou équations de structures. Soient (Y, dy) une va-
riété munie d’un champ de vecteurs, Ny le C(Y)-espace vectoriel des formes sur Y
s’annulant sur dy et dy une forme rationnelle telle que dy (dy) = 1.

Extensions algébriques. — Si Z est un revétement étale de Y, le relevé de dy est
unique et Pannulateur de ce relevé est Ny = C(2) ®c(y) Ny. Pour cette raison, la
géométrie transverse locale de ces extensions est triviale.

Extensions de Picard-Vessiot. — Soit Z une extension de Picard-Vessiot de Y.
Les formes de Ny s’annulent sur §z. Une famille génératrice de I’espace des formes
s’annulant sur §; complétant Ny est donnée par la matrice de formes suivante :

0 =G 'dG - G AGdy
ot G est la matrice des coordonnées (g%) de G L, (C) restreinte 4 Z. On vérifie que
d® = —60 A © modulo Ny.

Cette identité traduit la structure de feuilletage de Lie linéaire de ce type d’équation
au-dessus des trajectoires de dy (i.e. modulo Ny ) ([7]).

Extensions abéliennes. — Soient I' un réseau de C" tel que A = C"/T soit une
variété abélienne, C(A) le corps des fonctions I-périodiques, ¢1, ..., ¢, une base de
transcendance de C(A) sur C et F;;, 1 < 4,5 < n, des fonctions algébriques de n
variables telles que

0y;
3:6; =F; (@1, ¢n).
Considérons aq,...,a, n fonctions sur une variété (Y,dy) et Z C Y x A une

extension abélienne de Y de champ de vecteurs

1o}
0z = 5Y+Z(5Y a] ,J(‘Plv-”?‘{’n)%

%
()

Nous noterons (F[Jl)” la matrice inverse de (Fj;);;. Une famille génératrice de
I’espace des formes s’annulant sur §z complétant Ny est donnée par

Z 1d<p, Oy (a;)dy.

Ces formes sont fermées modulo Ny-.
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Extensions d’ordre un. — Soit Z --» Y une extension d’ordre un et # une forme
rationnelle s’annulant sur §z indépendante des formes de Ny . Il existe une suite de
formes rationnelles sur Z satisfaisant aux égalités :
df :9/\91 mod Ny,
df, =0 A6y mod Ny,
et pour tout n € N :

~ n
dbp =0 NOpyq + kZ:l <k> 0 A bp_p+1 mod Ny.

Une telle suite est appelée suite de Godbillon-Vey générale de codimension un modulo
Ny.

Structure transverse d’une extension réductrice. — Soit
m m—1 2 1
T —1 T—2 e e 8
(Y, 0m) = (Yin—1,0m—1) = ... - (Y1,61) - (Al’ 6?)

une extension réductrice de la droite affine. Le feuilletage défini par le champ de
vecteurs ,, sur la variété Y,, admet une structure géométrique transverse particuliére.
Le C(Y;,)-espace vectoriel des formes qui s’annulent sur §,, est engendré par une
famille filtrée de formes 2 = U~ (i) telle que (i) engendre C(Y:,) ®c(y;) Ny, et
Q) — Qi — 1) soit
— une famille de formes satisfaisant & des identités différentielles de type linéaire
modulo Ny, ,,
— une famille de formes fermées modulo Ny,_,,
— ou bien une forme intégrable modulo Ny, ,.

Ces formes différentielles donnent une famille de feuilletages sur Y;, :
Fm C Fme1 C -+ C T,

la géométrie transverse de &; relative a &;_; étant linéaire, de translation ou de
codimension un.

3. Groupoide de Galois

Soit Y une variété algébrique affine lisse et irréductible sur C de dimension n.
Nous noterons J*(Y) espace des difféomorphismes formels 7 : 1/’,\11 — ?,\b, pour tout
couple de points (a,b). Cet espace est un groupoide pro-algébrique sur Y pour les lois
de composition et d’inversion évidentes [13, 15]. Nous noterons Y la variété source
et Y la variété but. Son anneau de fonctions réguliéres est

O(J*(Y)) = O(Y) ®c O(Y) [detly;”], 72 1 <i <n,a € N0 < |af],

ASTERISQUE 323



IRREDUCTIBILITE DE P; 89

ot €(j) est le vecteur de coordonnées nulles sauf la j-iéme égale & un. Le faisceau
structural de J*(Y") est le faisceau sur Y x Y donné par

Oy ®c O [detly;”], 78 1 <i <n,a e N*,0<|a]].

Il fait de cet espace une pro-variété affine au-dessus de Y x Y au sens de [14].
Dans des coordonnées locales (y1,...,yn) sur Y et (gq,...,7,) les mémes coordon-
nées sur Y, cet anneau est muni de dérivations dites totales définies par :

,a—l—e(z) a

aENn
1<j<n

ol @? est égal a ;.

Ces champs définissent une connexion D : €y« (y) — 0 1-(v) ®g, Q5 en recollant
sur Y x Y les formules locales Df = 3, D, f ® dy;

Cet espace est muni de projections naturelles sur les espaces de jets d’ordre q :
J;(Y') d’anneau

O(J;(Y)) = O(Y) @c OY) [detly;”], 78 1 <i <n,a e N*,0 < |a| < q].

Les fléches précédentes induisent une structure de groupoide algébrique sur les J;(Y)
et une connexion D : O(J;(Y)) — O(J;1(Y)) Qgyvy Q1Y)

Définition 3.1 (Malgrange [15]). — Un D-groupoide de Lie sur Y est un sous-espace
G C J*(Y) défini par un idéal radiciel différentiel de O(J*(Y)) tel qu’en dehors d’une
sous-variété S de'Y, la restriction de G soit un sous-groupoide de J*(Y —S) (au sens
schématique).

Un groupoide de Lie G sur Y se projette sur des sous-variétés G, des espaces
J;(Y). Celles-ci sont des sous-groupoides algébriques de J; (U) au-dessus d'un ouvert
Zariski dense convenable U de Y.

Exemples 3.2. — 1°) Soit S un feuilletage de Y donné par un systéme de formes
wi, 1 <4 < gq, intégrable (i.e. \{_;w; A dw; = 0 pour tout j). Les difféomorphismes
formels préservant le feuilletage™ sont les solutions formelles d’un D-groupoide de
Lie dont lidéal est engendré par les coordonnées des équations N\!_w; Ay w; = 0
pour 1 < j < q. Il sera noté Aut()

2°) Soit m: Y --+ X une application rationnelle. Elle définit un feuilletage sur'Y
dont le D-groupoide de Lie d’invariance sera noté Aut(rw).

3°) On peut aussi considérer le D-groupoide de Lie d’invariance de m : Inv(r)
défini par les coordonnées de w(y) — 7(y) = 0 qui est naturellement inclus dans le
précédent.

(1) Aussi appelés difféomorphismes basiques.
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4°) Soient 6 une p-forme et w une g-forme sur'Y, le groupoide d’invariance de 6
modulo w : Inv(f mod w) est le D-groupoide de Lie dont l’idéal est différentiellement
engendré par les coordonnées de (70 —0) Aw =0

Remarque 3.3. — Les transformations tangentes aux feuilles d’un feuilletage n’étant
pas caractérisées a priori par des équations différentielles, le troisiéme eremple n’a
pas de sens pour un feuilletage sans intégrales premiéres rationnelles.

Un 9-groupoide de Lie a une 9-algébre de Lie formée par les champs de vecteurs
formels dont les flots appartiennent au 9-groupoide. Soient (yi,...,y,) des coordon-
nées locales sur Y. Les champs de vecteurs »; ai(y)aiyi dont les flots sont solutions
d’une équation E € O(J*(Y)) d’ordre ¢ sont eux mémes solutions d’une équation
d’ordre g appelée équation linéarisée le long de l'identité :

OF .
L(E) = Z W(ld) a;’
P00 Yi
ou id est lapplication de Y dans J*(Y) telle que id*y; = y;, id*y; = y;, id*yj(j) =4
et id*g¥ = 0 pour |a| > 1, et a?* est la dérivée d’ordre |a| de a; par rapport a y.

Définition 3.4. — Soit I C O(J*(Y)) l’idéal d’un D-groupoide de Lie G. L’déal £(I)
engendré par {£(E),E € I} décrit au-dessus d’un owvert Zariski dense U de Y un
sous-fibré vectoriel de l’espace J(T'Y) des champs de vecteurs formels sur Y. C’est
la D-algebre de Lie de G notée £G. Le C-espace vectoriel des champs de vecteurs
formels solutions de £G en p € U sera noté g, ou g si aucune confusion ne porte
sur p.

En dehors de S, les solutions formelles de la P-algébre de Lie d’'un %9-groupoide
de Lie sont stables par le crochet de Lie [15]. Dans loc. cit. une définition de 9-
algébre de Lie dont les objets ci-dessus ne sont qu’un cas particulier est donnée. Cette
notion englobe en particulier les feuilletages (algébriques singuliers) de Y. Avec cette
définition, il arrive qu’une P-algébre de Lie ne soit pas la D-algébre d’'un D-groupoide
de Lie. Dans le cas d’un feuilletage, cela conduit & la définition suivante :

Définition 3.5 ([15]). — Soit F un feuilletage (algébrique, singulier) de Y. Le grou-
poide de Galois de & est le plus petit D-groupoide de Lie G tel que F C £G. Il sera
noté Gal(9).

Remarque 3.6. — Soient I ’idéal de G et Ann(F) Uidéal différentiel des équations
différentielles en les a; s’annulant sur les champs Y a;0/0x; tangents & F. L’inclusion

I C LG doit se lire £(I) C Ann().

Un point essentiel dans la preuve de ’existence de cet objet est le théoréme suivant
dont nous nous servirons dans la suite.
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Théoréme 3.7 ([15], thm 4.5.1.). — Soient G1 et G2 deux groupoides de Lie sur Y
d’idéaux Tespectifs I et J. L’idéal /I + J est l'idéal d’un groupoide de Lie sur Y
noté G1 N Go.

Cet objet généralise le groupe de Galois différentiel d’une équation différentielle li-
néaire. Dans le cas d’un modéle (Y, §y ) d’un corps différentiel ordinaire, nous noterons
Ty le feuilletage de Y défini par le champ de vecteurs dy . Le groupoide Gal(Jy ) sera
aussi appelé groupoide de Galois du corps différentiel (C(Y),dy). Dans le cas d’une
extension de (C(z), Z), 7 : (Y,dy) — (A', Z), la partie significative de Gal(Ty)
est le D-groupoide de Lie Gal(¥y) N Inv(w). Lorsque cette extension est de type
Picard-Vessiot, on obtient ainsi un fibré en groupe au-dessus d’un ouvert de A dont
la fibre est un représentant du groupe de Galois abstrait donné par la théorie de

Picard-Vessiot.

Exemples 3.8. — 1°) Soit & un feuilletage de Lie linéaire 7] donné par une matrice
de n? formes rationnelles © = (6?);; vérifiant

dO=0AN0.
Les champs X tangents au feuilletage (©(X) = 0) préservent la forme © :
Lx® =1xdO +dix© = 0.

Le groupoide de Galois de F est donc inclus dans Inv(©), le groupoide d’invariance
des formes 67,1 <i,j <n.

2°) Soit(Z,6z) --+ (Y, 8y) une extension de Picard-Vessiot. On note ¥ z le feuille-
tage défini par 0z, Sy le feuilletage que l’'on obtient en ramenant le feuilletage sur
Z défini par éy. Soient wi,...,wq une base de formes s’annulant sur Fy et 0{,
1 <i,j < n, les formes définissant & z satisfaisant deg' => 95/\9% mod wy,...,wq.
On a évidemment Gal(¥z) C Gal(Py) C Aut(9y). De plus comme les champs
X tangents a Fz satisfont a LX(Hf) = 0 mod wiy,...,wq, 1 < 4,5 < n, on a
Gal(9z) C Gal(Fy) N Inv(@! mod wy,...,wy; 1<i,5<n).

Théoréme 3.9 ([3]). — Nous appellerons groupoide de Galois de la premiére équation
de Painlevé le groupoide de Galois du feuilletage défini par dp = %—l—za@y—l—(ﬁyQ—Fx)%
sur A3. Le groupoide de Galois de la premiére équation de Painlevé est le groupoide
de Lie d’invariance Inv(y) de la 2-forme v = dy A dz — zdz A dz + (6y® + z)dz A dy.

La partie significative du groupoide de Galois de (A®,6p) — (A, Z) est Inv(y) N

Inv(x). Dans des coordonnées analytiques locales z, h, k avec dhAdk = -, ses solutions
sont de la forme :

o5}

(hK) _ )
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4. Quelques lemmes sur les groupoides de Lie

Soit Y une variété algébrique affine lisse et irréductible sur C de dimension n.
Notons Ry(Y") le fibré des repéres d’ordre g sur Y. Ce fibré est I’espace des jets d’ordre
g en 0 d’applications inversibles (C™,0) — Y. Il s’identifie 4 la fibre en p € Y de la
projection source J;(Y) — Y via la composition par un repére d’ordre g en p. Cest
aussi un fibré principal sous I'action du groupe I'y’ des jets d’ordre g en 0 d’applications
inversibles (C",0) — (C",0). L’application A : Ry(Y) x Ry (Y) — J;(Y) défini par
A(r,8) = r o s™! permet d’associer a un sous-groupoide algébrique G, de J;(Y) une
relation d’équivalence algébrique EG, = A\"'G, sur R,(Y). Réciproquement, toute
relation d’équivalence algébrique sur R,(Y) invariante sous l'action diagonale de ry
sur Ry(Y) x R (Y) se projette sur un sous-groupoide algébrique de J;(Y).

Définition 4.1. — Soit § un champ de vecteurs sur'Y s’écrivant en coordonnées locales
> aiai?. Ce champ se prolonge en un champ I'y-invariant sur R,(Y) noté O et

donné en coordonnées locales par )~ , Do‘ai%. Ce prolongement est compatible avec
le crochet de Lie.

Soient G un groupoide de Lie sur Y et S une sous-variété fermée de Y telle que G
soit un sous-groupoide de J*(Y — S). La définition de son algébre de Lie se lit sur les
repéres de la maniére suivante ([15] paragraphe 3.2.). Les champs de vecteurs formels
solutions de £G sont les champs dont les prolongements sont tangents aux orbites de
la relation d’équivalence EG, au-dessus de Y — S pout tout ¢ € N. Autrement dit G
définit sur tous les espaces de repéres un feuilletage algébrique I'j-invariant dont les
feuilles sont les composantes irréductibles des orbites de EG,. D’aprés [6], le corps des
invariants rationnels de cette relation d’équivalence a un degré de transcendance sur
C égal a la codimension du feuilletage. Parmi les feuilletages algébriques I'y -invariant
de R4(Y), ceux provenant de relations d’équivalence sont ceux vérifiant la condition
précédente. Un théoréme de X. Gomez-Mont [8] assure que cette condition est vérifiée
lorsque toutes les feuilles sont algébriques.

Lemme 4.2. — Soit ¢ : Z --+ Y une application dominante entre deuzr variétés algé-

briques affines lisses et irréductibles sur C. Elle induit un morphisme de groupoide
0x t Aut(p) --» J*(Y).

Si H est D-groupoide de Lie sur'Y, sa préimage par ¢, est un D-groupoide de Lie

sur Z noté o H.

Démonstration. — Commencons par définir le morphisme d’anneau
o : 07y (U x U) = Opue(p)(V x V)

définissant ¢, au-dessus d’un ouvert affine Zariski dense V x V de Z x Z. Soient U
et V des ouverts affines Zariski dense de Y et Z tels que

e p(U)=V,
e U et V sont des revétements non ramifiés de A™ et A"+,
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e ces revétements conjuguent ¢ & la projection de A"T™ sur I’espace A" des n
premiéres coordonnées.

Notons U et V les mémes ouverts sur les copies Y et Z de Y et Z. Nous appellerons
y; (resp. ;) les n coordonnées induites sur U et V (resp. U et V) par A" et t; (resp.
t;) des m coordonnées sur V (resp. V) provenant de A"*™. L’anneaux des fonctions
réguliéres de J*(Y) au-dessus de U x U est

01/ (U x T) = O(U) 8¢ OT) [32 [1 <1 < nsa € N0 < [al]
et 'anneau des fonctions réguliéres de Aut(p) au-dessus de V x V est
Oaut(p)(V x V) = O(V) @c O(V)
(70,5 N<i<ml<j<m-naeN;aeN"0<al|6].

On définit Papplication ¢# de € y-(yy(U x U) dans Opyg,)(V x V) en étendant I'in-
clusion de O(U) ®c O(U) dans O(V)®@c O(V) par I'identification des variables portant
le méme nom. Cette application est différentielle (i.e. commute aux connexions) et
induit une application ¢, sur les difféeomorphismes formels.

Vérifions que cette application est un morphisme de groupoide. Dans notre situa-
tion, un morphisme de groupoide est un couple d’applications

Qb() VU
¢ : Aut(go) VxV - J*(Y)|U><U
telles que source o ¢ = ¢g o source, but o p = ¢gobut et poc = co (¢ X ¢).
Les notations source et but sont assez explicites, ¢ designe la loi de composition
(J, source) x z (J,but) — J ainsi que les applications induites sur les sous-variétes et
leurs ouverts oul cela a un sens et enfin ¢ X ¢ designe ’application de
Aut(g)], o xy Aut(@)l_ = = V)|, o xg )]

v UxT TxT

induite par ¢ et ¢o. Ces applications doivent étre des morphismes de variétés algé-
briques. Nous noterons ¢ et ¢* les morphismes d’anneaux induits. Ils doivent vérifier
les diagrammes duaux de ceux donnés ci-dessus. On vérifie aisément que le couple
©* : O(U) — O(V) et p* satisfont & ces diagrammes.

On vérifie tout aussi facilement que 'image réciproque d’un sous-groupoide H de
J*(Y)| v PAT @i est un groupoide que nous appellerons oy H. O

Définition 4.3. — Soient ¢ : Z --+ Y une application dominante entre deuzr variétés
algébriques affines lisses et irréductibles sur C et ¢, : Aut(p) --+ J*(Y) Uapplication
induite. Un groupoide de Lie G sur Z inclus dans Aut(p) est dit p-projetable si o, (G)
est un groupoide de Lie surY .

Lemme 4.4. — Soient ¢ : Z --+ Y une application dominante & fibres connezes et
G un D-groupoide de Lie sur Z contenu dans Aut(p). Le D-groupoide de Lie G est
p-projetable.
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Le D-groupoide de Lie image sera noté o, G. Pour tout D-groupoide de Lie H sur
Y, onap.p;'H=H.

Démonstration. — Considérons un sous-%-groupoide de Lie G de Aut(yp)| ... Pour
tout entier ¢ on a un groupoide algébrique G, de Auty(¢p)] v € EG, la relation
d’équivalence correspondante sur R,(Z).

Notons R,() I'espace des repéres d’ordre g, r : (CY™Z 0) — Z conjuguant ¢ 4 la
projection sur les dim Y premiéres coordonnées. La relation d’équivalence EG, induit
une relation d’équivalence sur R,(¢) que nous noterons encore EG,.

Notons encore T,y la distribution verticale du prolongement pf : R, (¢) --»
R,(Y). Les fibres de ¢ étant connexes, celles de (' le sont aussi. Ceci permet d’iden-
tifier Ry(Y') au quotient de R,(y) par les feuilles de la distribution Ty.

Soit T(EG,) la distribution tangente aux orbites de EG, sur R4(¢). Elle est locale-
ment (en topologie transcendante) engendrée par les prolongements de champs de vec-
teurs solutions de #’G. Ceux-ci préservant la fibration ¢, la distribution T'(EGy)+ T4
est intégrable. Par construction, les feuilles de T(EG,) + T, sont algébriques. Pour
récupérer une relation d’équivalence sur R,(Y") qui soit la projection de EG,, com-
mencons par regarder le quotient générique de R,(¢) par EG, suivant [6] :

T Ry(p) -+ V.

La distribution T(EG,) + T,¢ se projette sur une distribution D sur V et l'image
des feuilles de T(EG,) + T, passant par une orbite de EG, est la projection d’une
feuille de Ty, c’est donc un ensemble connexe. D’aprés (8], la distribution D admet
une intégrale premiére rationnelle h : V' --» W telle que pour w dans un ouvert Zariski
dense de W, h™! (w) soit 'adhérence d’une feuille de D. Pour w dans un ouvert Zariski
dense de W, la fibre (hom)~!(w) est la réunion de feuilles de T(EG,) + T,¢ passant
par une orbite de EG,. Cette application étant constante sur les fibres de of, elle
se projette en une application h : Ry (Y) — W décrivant la relation d’équivalence
cherchée sur un ouvert Zariski dense de Ry(Y).

Cette construction, pour des valeurs de g assez grandes, permet de définir le 9-
groupoide de Lie image ¢, G. O

Lemme 4.5. — Soient Z une variété algébrique affine lisse et irréductible sur C, 6 un
champ de vecteurs sur Z et G un D-groupoide de Lie sur Z inclus dans Aut(Fs) tel
que sa D-algébre de Lie G contienne 6. Il existe un D-groupoide de Lie G° sur Z
contenant G, dont la D-algébre de Lie LG° contient tous les champs colinéaires d &
et ne differe de £G que par ceux-ci.

Démonstration. — Nous allons construire la relation d’équivalence sur R,(Z) don-
nant Gg & partir de la relation de G et du feuilletage donné par les prolongements
des multiples de §. Notons 7,0 la distribution engendrée par les champs (f&)® pour
tout f € Oz sur Ry(Z).

Commencons par montrer que la distribution 7,0 N kerdt verticale pour la pro-

jection but Rq(Z) L Z a toutes ses feuilles algébriques. Fixons un point p € Z au
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voisinage duquel le champ § est formellement redressable par &5\ sur le champ 6%1 de

AYmZ Te changement de variables gg induit un isomorphisme algébrique ¢ entre la
fibre de t en p : R, (Z), et 'espace des repéres d’ordre g en 0 sur A4™Z : R (AdimZ),,

—l

Pour tout f € O(Z,p) on a
~ a9\
6" ((50)") = (1035 ) |,

Les champs verticaux de 7,6 étant engendrés par ceux de la forme (f0)% — fo%, une
feuille de T,0 N ker dt au-dessus de p a pour image par ¢ la sous-variété de R,(CI™ %),
d’équation z = 0 pour 2 < ¢ < dim Z et 1 < || < ¢. Elles sont donc bien algébriques.

Notons T(EG,) la distribution tangente aux orbites de EG,. Comme le champ de
vecteurs 07 est tangent aux orbites de EG,, la distribution T(EG,) + T,0 est engen-
drée par T(EG,) et T,6 N kerdt. L’hypothése G C Aut(Fs) assure que cette distri-
bution est involutive. Les feuilles des deux distributions T(EG,) et Ty6 N ker dt étant
algébriques, les feuilles de T'(EG4)+T,6 le sont aussi. Le feuilletage ainsi construit est
ngm Z_invariant et ses feuilles sont algébriques, il donne un sous-groupoide de J;(Z ).
Ceci prouve le lemme. O

Lemme 4.6. — Si ¢ : (Z,6z) --» (Y,0y) est une application différentielle dominante
entre variétés algébriques affines lisses et irréductibles sur C munies de champs de
vecteurs alors Gal(Fz) N Aut(p) est p-projetable et

vx (Gal(Fz) N Aut(p)) = Gal(Fy).

Démonstration. — Quitte a remplacer Z et Y par des ouverts, nous pouvons supposez
que  est un morphisme qui admet la factorisation de Stein [9] :

Z5Yy 5y
ol @ est un morphisme & fibres connexes et Y est étale sur Y.
Commengons par projeter Gal(Fz) suivant @. Le 9D-groupoide de Lie

5
[ﬁglGal(S";) N Aut(gz)] “ contient Gal(¥z). En prenant lintersection avec
Aut(p), on obtient 'inclusion

Gal(7z) N Aut(@) C @, 'Gal(T5).
D’aprés le lemme 4.4, Gal(¥ z) est p-projetable. En projetant suivant @ on obtient
P4 (Gal(T z) N Aut(p)) C Gal(T5).

Comme Palgébre de Lie de Gal(¥ z) contient tous les multiples @-projetables de dz,
celle de ¢, (Gal(9z) N Aut(®)) contient tous les multiples de d5;. La minimalité de
Gal(¥ )~,) pour cette propriété donne ’égalité

P4 (Gal(9 z) N Aut(p)) = Gal(T5).
Occupons-nous maintenant de projeter Gal(¥;) sur Gal(Yy). Commencons par

le cas oil 7 est un revétement galoisien. Le revétement induit 7% : Rq(?) — Ry(Y) est
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aussi galoisien de méme groupe. Notons E la relation d’équivalence sur R, (?) donnée
par Gal(75). D’aprés (8], il existe des fonctions rationnelles sur Ry(Y') constantes sur

les composantes connexes des orbites de E en dehors d’une hypersurface et séparant
ces composantes connexes. Le champ 5;3 étant tangent aux orbites de E, il préserve

ces fonctions. Par minimalité de Gal(& }7), presque toute orbite de E est connexe.
Pour prouver que Gal(¥ 3;) est m-projetable, il suffit de prouver que les images des

orbites de E par  feuillettent R,(Y).

Le champ (5; étant m-projetable, on a g*5)~, = 5; pour tout g € Gal(w). On a
donc 'égalité Gal(Y5) = g*Gal(95) pour tout g € Gal(rm). Cette égalité implique
que 7 envoie le feuilletage donné par les orbites de E sur un feuilletage de R,(Y).
Ces feuilles sont algébriques et le feuilletage est I'j-invariant, ce sont donc les orbites
d’une relation d’équivalence. Ceci implique que Gal(& ;) est m-projetable.

Le 9-groupoide de Lie 7, 'Gal(Yy) contient Gal(F +); la projection suivant m
prouve 1’égalité

mGal(Y5) = Gal(Ty).

Dans le cas ot ™ n’est pas galoisien, on considére

telle que T et 7 soient galoisiens. Projetons Gal(¥ =) suivant T et 7. D’aprés ce que
Y

nous venons de montrer, les images sont respectivement Gal(Yy) et Gal(95). Le
diagramme ci-dessus étant commutatif, on obtient 1’égalité annoncée. O

Remarque 4.7. — 1°) En tant qu’application rationelle entre pro-variétés algébriques,
T de Gal(95) sur Gal(Yy) n’est pas un isomorphisme mais seulement une applica-
tion finie.

2°) Ce type de résultat a été obtenu par H. Umemura dans le contexte du groupe
de Galois infinitésimal d’une équation différentielle ([24] thm 5.14).

Corollaire 4.8. — Soit 7 : (?,6;) — (Y,0y) une application finie et différentielle
entre variétés algébriques affines lisses et irréductibles sur C munies de champs de
vecteurs. Soit p un point de Y tel que m soit étale, Gal(T5) soit lisse en id(p) (le
jet de Uidentité en p) et/gal(gy) soit lisse en id(w(p)). La projection des champs

—

de vecteurs formels sur ?,p sur les champs de vecteurs formels sur Y, w(p) donne un
isomorphisme de C-algebre de Lie entre gal(95), et gal(Ty )r(p)-
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Démonstration. — Si 7w est étale en p alors la projection des champs de vecteurs
formels suivant 7 en p est un isomorphisme. De plus cet isomorphisme est exactement
la différentielle de 7. en lidentité au point p : id(p) € Gal(95). Il envoie donc
Qa[(g§)p sur gal(Sy )z (p)- -

5. Quelques rappels sur les algébres de Lie de champs de vecteurs

Nous aurons besoin dans la preuve du théoréme d’irréductibilité de quelques faits
sur les algébres de Lie de champs de vecteurs. L’algébre des champs formels sur ((ﬂ
sera notée x™ et I’espace des champs s’annulant & 1’ordre k sera x};. Pour une algébre
de Lie de champs de vecteurs formels A, on notera Ay = A N x} la filtration induite.

Définition 5.1. — Soit A un algébre de Lie de champs formels. La croissance de A est
nk(A)
kP

la suite d’entier ng(A) = dim¢ A/Ag. Le plus petit entier p tel que la suite soit

bornée est le type de l’algébre A.

Une algébre de type 0 sera aussi appelée de type fini, celles de types 1 seront dites
de type linéaire etc.

Définition 5.2. — Soient A une algébre de Lie de champs formels et & un feuilletage
de codimension q régulier A-invariant de C*,0. L’algébre quotient A/(F N A) est une
algébre de Lie de champs formels sur l’espace quotient C*, 0/ = C4,0.

Exemple 5.3. — Soit v une 2-forme fermée réguliére sur @7\0 On note inv(~y) lal-
gebre de Lie des champs préservant v (i.e. X tel que Lxy =0) et ¥, le feuilletage
donné par les champs X tels que txy = 0. On a Uinclusion &, C ino(y) et lalgébre

quotient inv(vy)/F est lalgébre de Lie des champs de vecteurs sur C2,0 préservant
une 2-forme 7.

Cette algégre de Lie est simple, on en déduit que les idéauz de inv(y) sont inclus
dans &,

On obtient facilement les lemmes suivants.

Lemmes 5.4. — 1°) Si B C A sont deuzx algébres de Lie de champs formels, le type
de B est inférieur ou égal au type de A.

—

2°) Sim: @,\O — CP,0 est une surjection induisant un morphisme surjectif d’al-
geébres de Lie entre A C x™ et B C xP alors le type de B est inférieur ou égal au type
de A.

Exemple 5.5. — Soit ino(©) lalgébre des champs formels préservant une matrice de
formes © wvérifiant d® = © A ©. Notons ¥ le feuilletage définie par © que nous
supposerons régulier et de codimension q. En passant au quotient par &, on obtient
lalgébre de Lie des champs de vecteurs formels sur (51-,\0 préservant au moins un
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co-parallélisme donné par certains coefficients de ©. Ce type d’algébre est de type
fini [10].

Exemple 5.6. — Soient h et k des coordonnées sur @ L’algébre inv(dh A dk) des
champs formels préservant cette forme est l’ensemble des champs formels de diver-
gence nulle, son type est quadratique.

6. Irréductibilité de la premiére équation de Painlevé

Théoréme 6.1. — Soit (Z,6z) --» (Alva%c) une extention différentielle de degré de
transcendance 2. S’il existe une 2-forme fermée v sur Z telle que Gal(¥ z) = Inv(7)
alors aucune application différentielle d’une extension réductrice de la droite affine
dans Z n’est dominante.

Autrement dit, si une trajectoire de 0z est réductible (i.e. a ses coordonnées dans
une extension réductrice de C) alors elle est algébrique ou appartient & une hypersur-

face 6 z-invariante de Z.

Démonstration. — Supposons qu’il existe

m m—1
Tm—1 Tm—2

Yoy ) 5" (Yot Omt) 5 . (V2 81) s (Ag, 2

5
une extension réductrice de la droite affine et ¢ : (Y;n, ) --» (Z, §z) une application
différentielle dominante. Nous noterons 7" l'application de Y,, dans Y; obtenue en
composant les applications précédentes et F1 D -+ D Fyy, les feuilletages sur Y,
obtenus en ramenant ceux de Y; i.e. ¥, = (77")*Ty,, . Soient U un ouvert Zariski dense
de Y,, sur lequel Gal(¥,,,) est un groupoide et p un point de Y;,, ou les feuilletages sont
réguliers et les projections réguliéres. Si & est un feuilletage sur Y,,, nous noterons
gal() Dalgébre de Lie des champs formels en p solutions de £Gal(¥), & D'algébre
des champs formels en p tangents au feuilletage et gal(9),, P'algébre gal(F) N aut(p).
L’absence d’i/nt@iale premiére pour & z et le lemme 4.6 assurent que la projection
P m — Z,(p) est surjective et induit un morphisme d’algébre de Lie @, :
gal(Tm), — aut( z) dont 'image est gal( z). L’algébre de Lie h—1 = gal(T )y N
1 est un idéal de gal(F ), contenant dy,, . Son image est donc un idéal de gal(¥ z)
contenant éz. Le passage au quotient donne un morphisme surjectif

ga[(gm)w/bm—1 — gal(Y 2)/Px(Bm—1)-

Le type de gal(¥ z)/@«(hm—1) doit étre inférieur a celui de gal(T m)y/Hm—1, il est
donc au plus linéaire. L’algébre de Lie gal(¥z)/F 7 étant de type quadratique et
simple, on a gal(¥ z) = Gu(hm—1).

Considérons maintenant Z,,_; la feuille formelle de & i/p_?ﬁmt par p. On a une
application que nous appellerons encore ¢ : Z,,—1 — C3,¢(p), surjective d’aprés
les résultats précédents, donnée par le morphisme surjectif @, : b1 — gal(Fz)
d’algébre de Lie. Notons b, _o I'idéal b,,,_1 N F2 de b,,_1. Le raisonnement précédent
implique que gal(% ) = @u(Bm_2).
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Par induction on en déduit que ¥z = @, (F ) devrait étre égale a gal(F z) ce qui
n’est pas vrai. L’application ne peut donc pas étre dominante. 0

La premiére équation de Painlevé est modélisé par le champ de vecteurs sur A3(C) :

0

0
6p = o + 2 + (6y° —.
P 8m+28y+( Y _HC)(’?z
Théoréme 6.2. — La premiére équation de Painlevé est irréductible au sens de

Nishioka- Umemura.
Le théoréme 6.1 réduit la preuve du théoréme ci-dessus au lemme suivant.

Lemme 6.3 (Painlevé [17]). — Une application différentielle a valeurs dans (C3,35p)
est dominante.

Vocabulaire mis & part, ce lemme est classique. Il affirme qu’aucune solution de la
premiére équation de Painlevé n’est algébrique [17, 22| et qu’il n’existe pas d’hyper-
surface de A® invariante sous dp [3, 17]. Ce dernier résultat admet une version plus
générale appelée lemme de Kolchin-Kovacic [16, 11, 22].
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FEUILLETAGES EN DROITES, EQUATIONS DES
EIKONALES ET AUTRES EQUATIONS DIFFERENTIELLES
par

Dominique Cerveau

A José Manuel Aroca, épicurien et grand connaisseur de la géométrie classique

Résumé. — Nous donnons des résultats qui lient les équations classiques des eikonales
et les feuilletages en droites de I’espace affine.

Abstract (Foliations by straight lines, equations of the eikonales and other differential equations)
We give several results relating the classical eikonal equations and foliations by
straight lines of the affine space.

Introduction

Les solutions globales de certaines équations aux dérivées partielles satisfont sou-
vent & des principes de rigidité étonnants. Ainsi un célébre théoréme de S. Bernstein
affirme que si f : R2 — R est de classe C? et a son graphe minimal, i.e. f satisfait
a ’équation des surfaces minimales, alors f est une fonction affine. Dans cet article
on s’intéresse en particulier aux solutions rationnelles f : C* --» C de I’équation des
eikonales E(f) = c? ot ¢ € C et E désigne I'opérateur

of )2
1 p0-¥ (2)
1) n=3 (52
Cette équation est un cas spécial de I’équation différentielle :
(2) dét Hess (f) =0

ou Hess f désigne la matrice Hessienne de f.
Si f satisfait & I’équation (2) l’application de Gauss :
of ‘if)

Classification mathématique par sujets (2010). — 37F75.
Mots clefs. — Eikonales, feuilletages en droites.

© Astérisque 323, SMF 2009



102 D. CERVEAU

est dégénérée, i.e. n’est pas de rang maximal. Si f est rationnelle I’adhérence de
I'image de G5 est contenue dans une hypersurface algébrique. En particulier il existe
un polynéme P irréductible tel que

" P22 2

et f est solution d’une équation différentielle ne mettant en jeu que les dérivées par-
tielles du premier ordre. Par exemple toute solution rationnelle f de 1’équation de
Monge—-Ampére :

8% f 8%f ( 82 f )2:1

52 92 \8z0m,

()

satisfait & une équation de type 4.
Dans le cas réel il existe aussi un résultat de rigidité concernant les solutions glo-
bales de (5) ; plus précisément si

f:R? —R

de classe C? est solution de I’équation de Monge-Ampére (5), alors f est un polynome
de degré inférieur ou égal & 2. Cet énoncé est attribué a Jorgen; la démonstration
qui s’appuie sur le théoréme de Picard (une fonction entiére qui évite deux points est
constante) permet de donner une preuve alternative a 1’énoncé de Bernstein. Cette
idée est attribuée a E. Bombieri.

On a longtemps cru avec Hesse qu'un polynéme homogéne f, sur C" satisfaisant a
Péquation (2) dépendait en fait de moins de n variables, cas ou ’on peut trouver un
polyndome P satisfaisant a (4) de degré 1. Cet énoncé est correct en petite dimension
n < 4 mais ne 'est plus dés la dimension 5. L’exemple qui suit d & Gordan et Noether
[4] est trés populaire car il intervient dans différents contextes [3]. Il s’agit de :

(6) p(2) = Z%ZB + 212224 + z§z5.

On remarque d’enblée que ¢ est linéaire dans les variables z3, z4, z5. Un calcul élé-
mentaire montre que  satisfait a ’équation différentielle :

o9 o (390)2_
(7) 823 825 624 =0

Comme l'application de Gauss G, est de rang maximal, ’adhérence de I'image de
G, est la quadrique de C® définie par X3X5 — X7 = 0. Par suite il n’existe pas de
polyndéme P non constant de degré 1 tel que 'on ait (4) : P (g—f) =0.

Revenons a I’équation des eikonales; elle trouve son importance dans les fonde-
ments de 'optique géométrique et aussi en mécanique (Malus, Fresnel, Hamilton...).
Si f rationnelle satisfait & E(f) = c¢? alors 'image de l'application de Gauss Gy
est contenue dans la quadrique X? + --- + X2 = c2. Considérons, les coordonnées
Z1,...,2n étant fixées (a laction prés du groupe engendré par les translations et le
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FEUILLETAGES EN DROITES 103

groupe orthogonal complexe O(n,C)) le champ de vecteur rationnel X = grad f
défini par :

of 0

Comme on le sait au moins depuis Hamilton [5], si exptX est le flot (local, la ou il a
sens) du champ de vecteur X alors

(9) foexptX () = f(z) +ct

(8) X = grad f:Z

(10) et les trajectoires de X sont contenues dans des droites (en fait sont d’adhérence
des droites).

On doit imaginer, tout du moins en réel, les niveau de f comme un front d’onde
(fig. 1) se déplagant & la vitesse c? le long des droites paramétrées par :

(11) t a2+ X (2).

FIGURE 1.

On constate ainsi 'apparition naturelle de feuilletages algébriques de C", et par
suite de CP(n), dont les feuilles sont d’adhérence des droites. Ce sujet était trés popu-
laire chez les anciens géométres en particulier pour I’étude des surfaces et l'intégration
géométrique de certaines équations aux dérivées partielles. Dans ses « Legons sur la
théorie générale des surfaces », Gaston Darboux y consacre un volume entier « les
congruences de droites et les équations aux dérivées partielles ». Il attribue & Malus
le fait d’avoir le premier considéré « de tels assemblages de droites ».

En 1988 dans une courte note aux C.R.A.S. [2] j’ai proposé la classification des
feuilletages (singuliers) en « droites » de C3, répondant en cela & des préocupations
de René Thom et de l'astronome Pecker. J.V. Pereira m’a indiqué que cet énoncé
était connu de Kummer. On trouvera en particulier dans cet article des résultats
annoncés dans cette note ainsi qu’une application & I’étude des solutions rationnelles
de I’équations des eikonales. Les énoncés précis sont dans le chapitre qui suit.
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104 D. CERVEAU

1. Champs de droites ou feuilletages en droites.
Exemples et premiers résultats

Un feuilletage 9 en droites de I’espace CP(n), ou de ’espace affine C", est par
définition un feuilletage algébrique (singulier) de dimension 1, tel qu’en tout point
régulier m la feuille #,, passant par m soit contenue dans une droite D,,. Si Sing 9
désigne 1’ensemble singulier de 9, Sing 9 est un ensemble de codimension supérieure
ou égale a deux; visiblement #,, = D,, — Sing 9 pour tout point régulier m. Si
C™ C CP(n) est une carte affine la restriction 9,c» est donnée par un champ de
vecteurs polynomial :

~—

= 0
x=Yx
Z (Z 0z;
ot les X; sont des polynomes tels que p.g.c.d (X1,...,X,)=1.0na :
SingdNC"* ={ze€C"| X1(z) =--- = Xn(2)) =0}.

Sim est un point régulier de 9, par m passe évidemment une seule droite D,, tangente
a 9. A l'inverse, et nous le préciserons plus loin, si m est un point singulier de 9 par
m passent une infinité de droites qui sont, en dehors de Sing 9, des feuilles de 9.

Le flot du champ X satisfait & ’équation différentielle

(12) zi(t) = Xi(2(t), 2(0) =m.

Dire que la trajectoire de m, paramétrée par t ~» z(t), est rectiligne revient a dire que
z(t) et z(t) sont colinéaires. Comme

(1) Zxk 0)- A ()
S o)

on constate que X définit un feuilletage en droites si et seulement si :

(14) S X)L —p- ZX

pour un certain polynéme u, ot X (X;) est la dérivée de X; le long de X.

En particulier les quotients X;/X; sont des intégrales premiéres rationnelles du
champ X.

A titre d’exemple considérons dans C? un feuilletage en droites défini par le champ
de vecteur local :

(13)

0 0

X=X 18—1 + Xo 82‘2
Alors a = X3/X; est solution de ’équation de Burger :
Oa Oa
E A

Cet exemple d’équation différentielle non linéaire est bien connu des physiciens.

=0.
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En dimension deux, dans CP(2), les pinceaux de droites sont des exemples de
champs de droites. Nous verrons plus loin que ce sont les seuls.

En dimension trois c’est un peu plus compliqué. Dans CP(3), considérons un pin-
ceau de plans donné dans la carte affine C® = {(21, 22, 23)} par 21/22 = t. On se donne
une application rationnelle du type :

(15) tom (t22(), 22(0), 28(8)) = m(2)
Une telle application revient & se donner dans chaque plan z1 /2o = ¢ un point m(t).
Maintenant dans chacun de ces plans on considére le pinceau de droites de point

de base m(t). On feuillette ainsi CP(3) (ou C3) en droites; I’ensemble singulier est
constitué de I'union de I’axe des z3 et de I'image de ’application (15), (fig 2) :

FIGURE 2.

Le premier cas est I’exemple générique. Dans le second, 'image de ’application (15)
coincide avec 'axe des z3. Dans ces deux éventualités nous dirons que nous avons un
feuilletage radial dans les pages d’un livre ouvert. Dans le dernier I'application (15)
est constante ; le champ de droites est « radial » au point m = m(t).

Enfin introduisons la cubique gauche ¥ paramétrée dans une carte affine par

(16) t o~ (8,82, 8%) = (1)

Pour chaque couple de points v(t1) et y(t2) de ¥ on méne la sécante a ¥ par ces deux
points, convenant que si t; = to il s’agit de la tangente & ¥ en «(¢1). On obtient ici
encore un feuilletage de CP(3) (ou C3) que nous appellerons feuilletage associé a la
cubique gauche ¥ (fig 3).

Parmi nos résultats en voici deux qu’il est aisé d’énoncer. Bien que leur preuves ne
fassent intervenir que des arguments anciens et classiques, nous n’en avons pas trouvé
trace.
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FI1GURE 3.

Théoréme 1.1. — Soit D un feuilletage en droites de CP(3). Alors D est linéairement
conjugué o l’'un des exemples précédents. Plus précisément 9D est de l’un des trois types
sutvants :

1. feuilletage radial en un point;

2. feuilletage radial dans les pages d’un livre ouvert;

3. feuilletage associé aux cordes d’une cubique gauche.

Nous étudierons quelques équations différentielles de type (2). En particulier en
adaptant le théoréme 1.1 on obtiendra le :

Théoréme 1.2. — Soit f : C3 —-» C une solution rationnelle de I’équation aux eiko-
nales E(f) = c2, ¢ € C*. Il existe deuz formes linéaires Ly = o121 + aozs + azzs,
Lo = B121 + Paze + B3z3 et £ € C(t) tels que :

f(z) = L1 + £(L2)

avec o’ =af+ai+a3 =22 B> =0, < a|8 >=> ;8 =0. Sic=0, alors f
est affine, f = Ly avec ||a||? = 0.

On en déduit facilement le :

Corollaire 1.3. — Soit f : R? --5 R une solution rationnelle réelle de l’équation aux
eikonales. Alors f est une fonction affine

2. Généralités sur les feuilletages en droites sur les espaces projectifs

Tous les champs de vecteurs holomorphes rencontrés seront supposés satisfaire a
codSing X > 2, condition & laquelle on se raméne en divisant par le p.g.c.d des
composantes de X.
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Commengons par un énoncé facile en dimension 2 dont on retrouvera ’argument
naif plusieurs fois.

Proposition 2.1. — Soit D un feuilletage en droites sur ’espace projectif CP(2). Alors
D est radial, i.e. correspond & un pinceau de droites concourantes.

Démonstration. — Soit C? C CP(2). Si 9§ /c2 n’a pas de singularité alors les feuilles
de 9 /c> sont des droites paralléles. En particulier si 9 a une seule singularité il s’agit
d’un pinceau de droites. En général si Dy et D, sont deux droites tangentes a 9, elles
se coupent en un point M. Un argument combinatoire immédiat montre que toutes
les autres droites passent par M. O

Nous donnons quelques énoncés précisant le comportement des feuilles d’un champ
de droites aux points singuliers.

Lemme 2.2. — Soit X un champ de vecteurs holomorphes définissant un feuilletage
(singulier) d’une boule B(0, p) dans C™. On suppose que chaque feuille réguliere ¥y,
est contenue dans une droite D,,. Si M est un point singulier de X, il existe au moins
une droite D passant par M et tangente ¢ X ; éventuellement D est contenue dans
l’ensemble singulier de X.

Démonstration. — On considére la variété d’incidence :

I := {(z,D),z € D c CP(n), D droite de CP(n)}. Soit m; € B(0,p) — Sing X
une suite de points réguliers convergeant vers le point M. Comme la variété I est
compacte, la suite (m;, D,,;) posséde une sous suite convergente vers (M, D). Par
continuité X est tangent a D. O

Nous précisons le lemme précédent :

Lemme 2.3. — Soit X comme dans le lemme 2.2. On note G 'ensemble des droites
D passant par M tel que X soit tangent a D (sur B(0,p)). Si le nombre de droites
de G est fini alors M est non singulier.

Démonstration. — On choisit des coordonnées z1, ..., 2, en M telles que les droites
D, --- |, Dg de G ne soient pas contenues dans 'hyperplan horizontal z,, = 0 et telles
que Sing X N (2, = 0) soit de codimension > 3. C’est possible.

Ecrivons
- 1o}
X = X;—.

Supposons que X s’annule en M = 0; alors ’ensemble Y = {(X,, = 0)N(z, = 0)} est
non trivial. On choisit une suite m; € > et convergeant vers M. Alors les D,,, sont
des droites horizontales et produisent des droites limites passant par M, horizontales

et donc différentes des Dq,...,D,. Ceci est absurde et par conséquent X est non
singulier en M. O
Corollaire 2.4. — Si M est un point singulier de X l’ensemble G s est un cone algé-

brique de dimension > 2.
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Démonstration. — © s est un ensemble analytique ; comme c’est un cone, le théoréme
de Chow assure qu’il est algébrique. U

Voici encore une précision qui sera utile pour décrire les singularités de feuilletages
en droites.

Lemme 2.5. — Soit X holomorphe sur B(0,p) et non singulier sur B(0,p) — {0}.
On suppose que les feuilles régulieres ¥, de X sont contenues dans des droites D,,,
m € B(0,p) — {0}. Soit D une droite tangente ¢ X passant par 0. Si D est isolée
dans le cone Gy (i.e. D est une composante irréductible de Go) alors 0 est un point
régulier de X .

Démonstration. — Sans perdre de généralité on suppose que D est ’axe des z,. On
peut supposer aussi que p > 1. Soit H ’hyperplan z, = 1. Alors au voisinage du point
My = (0,...,0,1), le champ X est transverse & H. Par suite au voisinage de My les

feuilles sont paramétrées par les applications :
Z;L ~ (Zl + 27/17717 ceey®n—1t Z;Un—la 1+ 27/7,)
ou z, = 1+ 2}, les n; sont holomorphes sur un voisinage de My dans H et satisfont
a n;(Mo) = 0.
Evidemment les applications précédentes sont globales en z,. Comme la singularité
éventuelle de X en 0 est isolée dans B(0, p) ainsi que dans G, les droites ci-dessus ne

se coupent pas dans B(0, p) et forment un voisinage de 0. D’autre part elles définissent
visiblement un feuilletage régulier au voisinage de 0. D’out le lemme. O

L’énoncé qui suit décrit les feuilletages en droites locaux a singularité isolée.

Proposition 2.6. — Soit X un champ de vecteur holomorphe sur la boule B(0, p) dans
C™ a singularité isolée en 0. On suppose que les trajectoires de X sont contenues
dans des droites. Alors X définit le feuilletage radial en 0, i.e. & unité holomorphe
multiplicative prés X = S, zi%.

Démonstration. — Nous voulons montrer que chaque droite D passant par 0 est tan-
gente & X. Soit D une telle droite que ’on suppose étre I’axe des z;. Ecrivons :

. 0
X:;Xia—%

les X; étant holomorphes, X;(0) = 0.
Plagons nous sur I’ensemble analytique = :

vi={Xo=---=X, =0}
Comme X est & singularité isolée, v est une courbe passant par 0 sur laquelle X; ne
s’annule qu’en 0 quitte & restreindre. Soit m; € -y une suite tendant vers 0 ; visiblement

avec les notations habituelles D,,, est parallele & D et nécessairement (m;, Dy,,)
converge vers (0, D). Par suite X est tangent a D. O
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Remarques. — 1. on retrouve ainsi la prewve de la proposition 2.1.
2. Evidemment 1’énoncé se globalise. Un feuilletage en droites de C" ou CP(n)
ayant un point singulier isolé est radial.

3. Classification des feuilletages en droites dans CP(3)

Soit 9 un feuilletage en droite dans CP(3). On peut supposer que 9 n’a pas
de singularité isolée. Comme tout feuilletage de CP(3) a des singularités, ’ensemble
singulier Sing 9 est de dimension pure 1 et est donc composé de 'union I'; U--- U T
de courbes irréductibles. Si M € Sing @, on note encore ©j; 'union des droites
D tangentes & 9 et qui passent par M. D’aprés le corollaire 2.4, s est un cone
algébrique de dimension 2, avec éventuellement des branches de dimension 1. Mais le
lemme 2.5 indique que ’ensemble :

g?\d = G — Sing D
est une surface algébrique conique en M ; visiblement 1’union :

(17) = Cm

est P'espace CIP(3) tout entier pour i =1,...,s

Cette remarque implique que toute droite D tangente a 9 coupe en au moins un
point chaque composante I'; du lieu singulier Sing 9. En particulier on obtient comme
conséquence la

Proposition 3.1. — Soit D un feuilletage en droites de CP(3) dont ’ensemble singulier
contient une droite D. Alors 9 est radial dans les pages d’un livre ouvert.

Démonstration. — On consideére le pinceau P des plans contenant D. Sim € CP(3)—
Sing 9 la droite D,, coupe D. En particulier chaque plan © de P est 9 invariant et
D/ est un pinceau linéaire de droites. O

Remarque. — La description précise de ce type de feuilletages, en particulier des sin-
gularités, est donnée en 1.

Pour terminer la classification, on utilise avec les notations habituelles le :
Lemme 3.2. — L’ensemble singulier Sing 9 a au plus 2 composantes.

Démonstration. — Soit m un point régulier et D = D,, la droite tangente & 9 passant
par m. Choisissons des coordonnées affines (z1, 22, 23) telles que m = (0,0,0) et D
soit I’axe des z3. Comme dans le lemme 2.5 nous paramétrons les feuilles de 9 par
les applications :

zg ~» (21 + 231, 22 + 2302, 23) = F(21, 22, 23)

ot les 7; sont des fonctions rationnelles en (z1, z2) réguliéres en (0, 0).
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Puisque 9 est régulier en 0, Papplication F est un difféomorphisme local en 0; en
particulier le déterminant Jacobien :

) On | Ona ) 2 (5771 Onz  Om Ona )
déJF =1 (— T2 (2, gin g 9 92
&J + 2 0% + 029 (21,22) + 25 0z1 Ozg 0zp Oz (21,22)

est non nul en (0, 0,0). Ceci implique qu’a (21, 22) fixés détJF ne s’annule qu’en deux
valeurs de z3 au plus. Comme toute droite de 9 coupe chaque composante du lieu
singulier et qu’en chaque point singulier passent une infinité de droites de 9, on en
déduit que Sing 9 a au plus deux composantes irréductibles. O

Supposons que Sing 9 = I'; UTs. Soit L C CP(3) une droite évitant Sing 9 et donc
non tangente a 9. En particulier, pour tout point m € L la droite D,, est transverse
a L et coupe I'; en un seul point M;(m). Ceci démontre que I'; et I's sont rationnelles.

D’aprés (17) I'ensemble des droites constituant 9 est précisément I’ensemble des
droites joignant I'; & I's. En particulier les courbes I'; et I'; ne sont pas situées dans
un méme plan. On remarque aussi que si M; est un point générique de I'y, le cone
G, contient I's : en effet, toute droite D de €y, doit couper I's.

Choisissons un 2-plan général 7 et soient {M;,..., M} =T1Nn7w , {m1,...,ms} =
FQ nm.

Les droites [m;My] C 7 joignant m; & M sont dans 9. Mais sur chaque droite
réguliére, il y a au plus 2 points singuliers. Par suite s ou ¢ vaut 1, i.e. I’'une des
composantes I'; est une droite ; cas décrit par la proposition 3.1.

Dans la suite on suppose que Sing 9 se réduit a une seule courbe irréductible T';
toujours d’aprés la proposition 3.1 on suppose encore que I' n’est pas une droite.
Considérons deux points distincts M7 et My de T'.

Les cones &y, et Gz, se coupent le long d’une courbe qui est donc nécessairement
I'. Par suite une droite générique de &y, coupe I' en M; et en un autre point de I'.
Les feuille de 9 sont donc exactement les cordes de I' (privées des singularités) et
les tangentes & I'. Evidemment cela implique que I' est une courbe gauche. Nous
allons montrer que I' est une cubique gauche. Comme toujours choisissons 7 un plan
général. Alors TN = {My,..., M} avec s > 3 puisque I est irréductible non plane.
Les droites D;; joignant les M; & M; sont des droites de 9. Par connexité de T', en
chaque M; on a la méme configuration pour les droites D;;; d’autre part les droites
D;; se coupent en des points de I' N M. Comme sur chaque D;; on ne peut avoir que
deux My, c’est-a-dire M; et M, nécessairement s = 3.

Maintenant & transformation linéaire prés il n’y a qu’une courbe gauche de degré
3 dans CP? : la cubique gauche rationnelle > paramétrée par (16). Nous avons ainsi
démontré le théoréme 1.1.

4. L’équation détHess f =0

Considérons une solution rationnelle f : C* --» C non triviale de ’équation (2)
dét Hess f = 0. Lorsque ’application de Gauss Gy de f est de rang générique n — 1
nous dirons que f est une solution maximale de (2). L’idéal H(f) des polyndmes
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Q € Clz,..., 2] tels que Q (%) est alors engendré par un polyndme irréductible P;
c’est le cas comme nous l'avons vu pour le polynéme de Gordan et Noether.

Les polynémes P que I'on peut ainsi obtenir ne sont certainement pas quelconques.
Soient f solution maximale de (2) et P un polyndme générateur de H(f). La restric-
tion de 'application de Gauss Gy & un hyperplan général paramétre les zéros de P :
ainsi ’ensemble (P = 0) est une hypersurface unirationnelle.

Examinons plus précisément le cas de la dimension deux. Il existe alors une appli-
cation rationnelle :

r:C--»C?
t = r(t) = (r1(t),72(t)) , i € C(¢)

génériquement injective telle que r(CP(1) = (P = 0) C CP(2).
Par suite on dispose d’une factorisation :

{ %(21722) = r1(7(21,22))

18
( ) 6%];(21’22) = 7'2(7-(21722))

ot 7 : C? --» C est rationnelle.
Un calcul élémentaire montre que :

ory or . ory or

(19) E(T(Z)) O W(T z)) - oo

En particulier le long d’un niveau 7 = cste, la pente g—; / g—; est constante. Ainsi les
niveaux de 7 sont des droites, ce qui produit un feuilletage en droite de C2 C CP(2).
Il y a deux cas, suivant que le point base de ce feuilletage soit ou non & distance finie,
qui conduisent & 7 de 'un des deux types :

7(2) = di(a121 + azz2)
(20) T(Z) _ 5 (21—b1)
- 2 Zz—bz
ou les a,b € C et §; € C(t).
Par une intégration élémentaire on obtient la :

Proposition 4.1. — Soit f : C?> --» C une solution rationnelle maximale de dét Hess
f=0. Alors f est de l'un des types suivants :

1. f = El(alzl + (1222) + C121 + C222 + C3 5y

2. f =4y (zl_bl) (22 — b)) + c121 + co22 + c3,

2271)2

ot les a;, b;, ¢; sont des constantes et £; € C(t).

On note que les solutions polynomiales de (2) sont de type 1. Dans le cas 1 le poly-
néme P générateur de l'idéal H(f) est affine. Dans le cas 2 on peut tirer explicitement
en fonction de f ce méme polyndme P. Il n’y a pas d’énoncé général dés la dimension
3 décrivant les solutions de (2) ; toutefois dans la situation spéciale ou 1’on recherche
les solutions de (2) sous forme polynomiales on dispose du :
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Théoréme 4.2 ([1]). — Soit f € Clz1, 22, 23] un polynéme solution de dét Hess f = 0.
Alors a conjugaison linéaire prés f est de l'un des types suivants :

1. o1 =ez1 + (22, 23) , ¢ € Clzg,23] , € € {0,1};

2. o3 = a1(21) + 2z2a2(21) + 2z3a3(21), a; € Clz1].

Faisons quelques commentaires ; dans les deux cas f est affine dans une ou deux
variables. Le graphe de ’application de Gauss de 'application ¢; est contenu dans
z1 = € si 1 est maximale le polynéme P est alors z; — . Si ; est non maximale
il en est de méme pour ¢; dans ce cas ¢; est du type €z; + p(22) & conjugaison
linéaire prés. Le graphe de ’application de Gauss est une droite. Dans le cas 2 en
général po est maximale. Si P(z2,23) = 0 est ’équation de la courbe paramétrée par
t ~» (az(t),as(t)) on a visiblement P (gf;, gf;) =0.

5. L’équation des eikonales

Soit f une fonction holomorphe définie sur un ouvert V' de C™ satisfaisant a 1’équa-
tion aux eikonales E(f) = c¢2,c € C. Considérons le champ de gradient de f :

of o
(8) X=gradj=Y 909

les coordonnées z; étant fixées.
Soit t ~» z(t) une trajectoire de X :

(21) 4 = 520,

Suivant Hamilton considérons ’accélération le long d’une trajectoire :

n

(22) m—z (e =35 T ey 2w,

Si maintenant on dérive par rapport & z; 'équation E(f) = 2, on obtient :

2 2 .
(23) Z 8218,21C 821 =0

Ce qui implique la nullité des Z; ; en résulte que, chaque fois qu’il est défini, le flot ¢,
de X est affine en ¢ ce qui indique en particulier que le feuilletage associé & X est un
feuilletage en droites.

On remarque que, chaque fois que cela a un sens :

(24) Fowulz) = F(2)+
et :
(25) pi(z) =z+t.X(z )—z+t%( )
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avec des notations évidentes. Ainsi les fonctions % : V' — C sont intégrales premiéres
:

du champ X :
of ( of ) of
26 t— =
(26) 9o T 5, (%) az,-(z)
autre traduction de 1’égalité (23).
Remarquons de suite que tout champ de droites n’est pas associé & une solution de

l’équation aux eikonales. Considérons en effet le champ de droites dans C possédant
21—71(23)
22—7‘2(23)

ou r1 et ro sont rationnelles. Alors si X = grad f

correspond & ce feuilletage on aura nécessairement % = 0 et par suite r; et

les intégrales premiéres z3 et

constants.

Nous allons maintenant, dans le cas de la dimension 3, utiliser le théoréme 3 pour
classifier les solutions rationnelles de I’équation aux eikonales.

Soit f = g, solution de E(f) = ¢ ou P et Q sont des polynémes sans facteur
commun.

Lemme 5.1. — Si c # 0, le feuilletage F en droites produit par X = grad f n’est pas
associé aur cordes d’une cubique gauche.

Démonstration. — Elle se fait par ’absurde. Remarquons que ’application de Gauss
associée au feuilletage & par les cordes d’une cubique gauche est génériquement de
rang > 2, et ceci pour tout choix de champ de vecteurs Z rationnel définissant &. En
particulier 'image de l'application de Gauss :

G (2020 01

621 ’ 622 ’ (923
est dense dans la quadrique de CPP(3) donnée par :
(27) B+ i =
Soit zp un point générique de C3 ot f = g est holomorphe. On a l'égalité entre
fonctions rationnelles de ¢ :
P 0 P
(28) 6 (ZO +t- %(Zo)) = a(zo) + .

Ecrivons P et Q sous forme d’une somme de polynémes homogénes :
P= P+:---+P,
Q= Qo+ +Q,

les polynémes P, et @, étant non identiquement nuls. Remarquons, puisque ¢ #
0, qu’'un polynéme homogéne non trivial ne peut s’annuler identiquement sur la
quadrique (27); il existe donc un dense de zy pour lesquels on a P, (%(zo)) et

(29)

Qu (%(zo)) non nuls. L’égalité (28) se traduit alors au niveau des termes de plus
haut degré par :

4 tYP, (%ﬁ(zo)) = A, (%(ZO))

SOCIETE MATHEMATIQUE DE FRANCE 2009



114 D. CERVEAU

qui implique v = p + 1.
Puisque G¢ est dominante, le polynome P, — ¢*Q,_; s’annule sur la quadrique
(27). D’ou l'existence d’un polynéme K € C|z1, 22, 23] tel que :

(30) P,—c2Q, 1= (242 +25 - A)K
Une fois encore on développe K en somme de polynémes homogénes :
K=K,+ ---+Kzg , a<p.

et l’on observe en calculant les termes de plus haut et plus bas degré de (30) que
a=v—1etv=L0+2. Ce quiest absurde. O

Dans le lemme qui suit on traite le cas ol ¢ = 0 en utilisant une approche plus
géométrique.

Lemme 5.2. — Le feuilletage en droites associé & une solution rationnelle de I’équa-
tion aux etkonales E(f) = 0 n'est pas du type cordes d’une cubique gauche.

Démonstration. — Sous les hypothéses du lemme f est intégrale premiére de son
gradient X = grad f. Supposons que le feuilletage associé & X ait pour trajectoires
génériques les cordes d’une cubique gauche I'. Comme on ’a vu les E% sont aussi
intégrales premiéres du champ X. Par suite les fibres f~!(c) de f sont des surfaces
réglées par les trajectoires de X et le long de ces trajectoires le plan tangent a f~1(c)
est « constant ». En résulte que les f~!(c) sont des cone invariants par X, et donc
les cones G pr, M € T'. Ceci vient du fait que les cordes de la cubique I" feuillettent
CP(3) — T et ne peuvent donc se rencontrer en dehors de I'. Mais la famille des cones
G m ne feuillettent pas CP(3) — I'; il s’agit en fait d’un bi-feuilletage et par chaque
point de CP(3) — I" passent deux tels cones. D’ot une contradiction. 0

Supposons que le champ X = grad f soit tangent & un pinceau de plans Ly /Ly = cst
ou les L; sont affines non constants. Quitte a faire une translation on peut supposer
les L; linéaires et I'on écrira, :

Li= o121 +a0ze +a3zs
Ly = Bi21 + Baza + B3z3.

On pose < a|fB >= ;B ||la®> =3 a2 et |8]|> = 3. 82, En écrivant explicitement
que Ly /Ly est intégrale premiére du champ X, on obtient :
(32)

{(ﬂlLl - Oéle)aiZl + (52141 - asz)aiZ? + (ﬂSLl - ast)%} (f) = Y(f) =0.

Ainsi le champ linéaire Y s’annule sur la droite L1 = Ly = 0 et posséde f pour
intégrale premiére. Le fait que ses composantes soient liées produit une forme linéaire
non triviale :

(31)

(33) L3 = v121 + 7222 + 7323
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telle que Y (L3) = 0. Remarquant que
Y(Ls) =< B|v>Li+<a|y>Ls

on en déduit que :
<a|y>=<fly>=0.

Remarquons aussi que :

{ Y(L)= <a|B>Li—|al?Ls

(34) - \
Y(L2) = |BI*Li— < a|B> L.

Ainsi Y agit linéairement sur l'espace vectoriel Vectc (L1, Ls) ; comme cette action est
de trace nulle on peut choisir L; et Ly de sorte que :

{ Y(L)= AL

(35) Y(Ly) = —ALo.

ot A € C. Ceci revient donc & supposer que ||a|?> = [|B|* =0et < a|B >= A. On
note alors, puisque L; et Lo sont indépendants, que A est non nul. En particulier
le corps des intégrales premiéres rationnelles de Y est engendré par L3 et la forme
quadratique LqLs; on note aussi que L1, Lo et L3 sont indépendants (A # 0). Par
conséquent les trajectoires de Y sont les coniques :

L3 =cst
(36) 3 cste
L1Ly, = cste.

Le feuilletage & associé a f (ses feuilles sont les fibres de f) est invariant par Y ; s’il
est défini par la 1-forme polynomiale

(37) w = Aldzl + A2d22 + A3d23
son lieu singulier :

est aussi invariant par Y, et donc formé de trajectoires de Y. Le feuilletage associé a
X = grad f est donné par le champ Z

0 0 0

Mais d’aprés le théoréme 1.1 son lieu singulier est constitué de la droite Ly = Ly = 0
et éventuellement d’une courbe rationnelle I' coupant le plan générique L, = tLq
en un seul point en dehors de ’axe L; = Ly = 0. Visiblement I' ne peut-étre une
fibre générique de (Lq1Lo, L3) qui coupe deux fois chaque Ly = tLy en dehors de 'axe
L, = Ly = 0; ni une fibre spéciale (contenue dans L;Ls = 0) qui n’apparait pas
comme lieu singulier de feuilletages en droites. Ne reste que la possibilité ou le lieu
singulier du champ de droites Z est précisément ’axe L; = Ly, =0

On sait que dans cette situation le champ X = grad f posséde les deux intégrales
premiéres Li/Ly et %LII/LZ) ou r € C(t) est une certaine fonction rationnelle.
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FIGURE 4.

Comme f est intégrale premiére du champ Y, il existe une fonction rationnelle ¢ €
C(t1,t2) telle que :

(41) f=w(L1Ls,L3).

De sorte que X = grad f s’écrit :

(42) X = a—('D{ngmd Lo+ Lograd L1 } + a—(pgra,d Ls.
8t1 8t2
En écrivant explicitement que %ﬁl/h) est intégrale premiére du champ X on
obtient :
0 Ly
<Oé|ﬂ> '%(Lng,Lg) . ( 3—7‘( ))—” ”2 (L1L2,L3)—0

Comme < a| 8 >= v est non nul et comme Ly, Ly, L3 sont indépendants nécessaire-
ment |7 # 0 (utiliser < v |8 >=< 7| a >= 0). Finalement L3 — r(L;) apparait
comme fonction de L3 et de la forme quadratique LiLs; ce qui est absurde sauf si r
est constante. Mais dans ce cas le champ grad f est radial.

Lorsque grad f est radial :

grad f = h. Zzz h € C(z1, 22, 23)

ona:
oh oh

4 ig - T Fig T Y
(43) Zazj Zjazi 0
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En particulier il existe £ € C(t) telle que :
h= 00 + 25 + 23)
Par suite f = L(2} + 22 + 22). L’équation des eikonales se traduit par
4L (t)* = 2

qui s’intégre en L(t) = £cv/t+cste. La solution produite n’est pas rationnelle comme
on le voit et comme le savait Malus...

Il reste finalement un cas & examiner, celui ou le champ de droite X = grad f est
tangent & un pinceaux d’hyperplans paralléles L3 = cste ; on pose

L3 = v121 + Y222 + 323.

Les formes linéaires a1 21 + azz2 + aszz3 avec ||a||? = ¢2 sont solutions de E(f) = c? et
font partie du cas précédent.
Puisque :

of . of  of
718 +vzaz +738z =0

le champ de vecteur Y = 2%’371. annule f. Considérons deux formes linéaires indé-
pendantes

L1 = a1z + oz + o3z
Ly = piz1+ Boza+ Bazs

telles que < a |y >=< B |+ >= 0. Ces deux formes linéaires engendrent le corps des
intégrales premiéres de Y si bien que

(44) f=0(L1,L2) ou ¢ e€C(t,t2).
L’équation aux eikonales E(f) = c? se traduit par :
Oy Op Oy dp
o (%) (%) 2-
(45) ol (52) =+ 18l +2<alp> 22 20—

Remarquons que ||a||?, ||8]|? et < a, 8 > ne peuvent étre simultanément nuls puisque
L, et Loy sont indépendantes. Par suite ¢ € C(t1,t2) satisfait a :
dét Hess p = 0.

La proposition 4.1 assure qu’il existe deux formes linéaires u; et us en deux variables
telles que ¢ soit de I'un des deux types :

©1 = euy + £(usz)

02 —€u1+€( )U/Q , £eC(t),ee{0,1}.
Quitte & effectuer un changement de notation on peut donc supposer que f est de
I'un des deux types :

(46) fi=¢eL1 +4(Ly)

(47) fao=¢eLi+¢ (L ) Ly e €{0,1}.
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Dans le cas (46) I’équation des eikonales se traduit par :

(48) ellal? + (L) B2 +26(Ls) < a | B >= ¢

En particulier si £ est non constante on aura < a| 8 >= ||8]|> = 0 et ¢]|a||> = ¢?; on

peut alors, si ¢ # 0, supposer que € = 1. Si ¢ = 0 alors f est affine. Dans le cas (47)
I’équation des eikonales conduit & :

(48) lledl®(e + (1) + I1BI* (6(t) — t€'(£))* +2 < | B > (e +£(£)) (€(t) — t€'(2)) = c*.

Elle ne produit pas de nouvelles solutions rationnelles comme nous allons le voir en
l'intégrant explicitement. En dérivant (48) on obtient :

(49) Ol -2 <al B>t —6)1°)+

L) EIBIP+ < a| B>) + lal*e —et <a|f >} =0.

Evidemment (49) posséde des solutions affines mais qui sont de type (46). Aprés sim-
plification par ¢” on obtient une équation différentielle linéaire avec second membre.
On remarque que t ~» —et en est une solution particuliére. L’équation sans second
membre :

(50) y(la? =2 < a|B>t—2)8]%) +y|8|*+ < a| >=0
s’intégre en :
(51) y(t) = cste ([ BIP +2 < a|B >t —|laf?)?

qui produit donc des solutions explicites de (48). Ces solutions ne sont pas rationnelles
sauf lorsque #2||8]|2 +2 < a| B > t — ||a||? est un carré ; ce cas conduit encore & une
solution de type 46.

On obtient in fine le :

Théoréme 5.3. — Les solutions rationnelles de E(f) = ¢, ¢ # 0 sont de type L1 +
2(Ly) ou les L; sont des formes linéaires, L1 = a121+ gz +asz3, Lo = B121+ Pazo+
B3z3, satisfaisant ||| = 2, ||B]|2 =0, < a|B >=0; £ est une fonction rationnelle.
Les solutions rationnelles de E(f) = 0 sont affines.

6. Automorphismes des feuilletages en droites

Soit & un feuilletage en droites de CP(3); nous allons décrire quelques groupes

AutS ou
Aut Y :={p € Aut CP(3) | ¢*9 =T}

Rappelons que Aut CP(3) & PGL(4,C); visiblement Aut & est un sous groupe al-
gébrique de Aut ¥. Si ¢ est un élément de Aut & alors (Sing &) = Sing & ; dit
autrement Aut & est un sous groupe de Aut (Sing &) le groupe des automorphismes
de CP(3) qui préservent Sing &. Le groupe AutY décrit les mouvements permis qui
respectent la géométrie imposée par le feuilletage.
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Proposition 6.1. — Soit F un feuilletage en droites associé o une cubique gauche I';
alors :

Aut 9 = Aut (Sing &) = AutT’ =2 PGL(2,C).

Démonstration. — Sio : CP(1) — CP(3) est une paramétrisation de I', alors chaque
élément de Aut CP(1) =2 PGL(2,C) se reléve a I et s’étend en un automorphisme de
CP(3). Comme un élément ¢ € Aut CP(3) dont la restriction a I' est Iidentité en lui
méme, on a AutT' & PGL(2,C). Maintenant si ¢ € AutT il est clair que I'image par
¢ d’une corde de I' est une corde de I'; ainsi ¢ € Aut 7. O

On note que Aut & agit transitivement sur CP(3) — I" et sur I.

Lorsque & est le feuilletage radial en un point 0, il est clair que Aut & est exacte-
ment le sous groupe des automorphismes de CP(3) qui fixent 0.

Examinons le cas ou & est radial dans les pages d’un livre ouvert z1/2zo = cste.
Commengons par le cas dégénéré ou le lieu singulier de & se réduit a ’axe 71 =2 = 0.
On sait qu’alors & a deux intégrales premiéres de base : 2z3/2; et %1(73) ou r est
une certaine fonction rationnelle non constante. Si 'on éclaigl’axe z1 = z9 = 0 dans
CP(3), on obtient un feuilletage & sur la variété éclatée CP(3) dont le lieu singulier

est donné dans la carte (21,t = 2, z3) par :

Sing? ={z1 =0,23 =7r(t)}
Notons que si ¢ € Aut 7, alors ¢ préserve ’axe z; = z5 = 0; on peut donc relever ¢ a

CP(3) et obtenir un biholomorphisme & € Aut 7. Visiblement @ préserve le diviseur

exceptionnel (z; = 0) et laisse invariant Sing 7. De la méme fagon si X est un champ
de vecteurs sur CPP(3) dont le flot ¢, est dans Aut & alors X s’écrit :

0
+ (b121 + bQZQ)i

0
(52) (alzl + a222)7 az2

+ (cog +c121 + ca29 + C32
921 (0 121 222 33)

dz3

0 0 0
A A A ( )
+(Az1 + Agzy + Azzz) | 21 5— 921 + Zza + 23 7— 75

La restriction de 'éclaté X de X au diviseur exceptionnel z; = 0 s’écrit :

0
(CO —|— C323 + Agzg)—

(53) (bl + (b2 — al)t — agt ) a 8Z3

ot

et doit étre tangent a Sing T. Ce sera évidemment le cas si (53) est identiquement
nul. Dans cette éventualité X est du type :

0 0 0

(54) aj (218721 + 228722) + (clzl + 0222)872:34-
0 0 0

(Ar121 + Azz). g + z Zh + 3823>

et son éclaté X s’écrit :

> 0 0
(55) X = zZ1 {al + A121 + Agzlt)— + (Al +c1 + t(CQ + AQZ?,))*} .
62‘1 8z3
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Comme X doit respecter ?, dans chaque plan générique on a :

= 0 0
55 Ry, X]=h.R U Ri=2— —r(t)=—
(55) [R1, X] 1 o Ry Zlazl+(23 7‘())323
définit et h est un polyndme en z1, 2o & paramétre ¢t. En écrivant explicitement (55)
on constate que A; = Ay = 0.
Par contre tous les flots des champs :

a <zi+zi)+(cz —l—cz)i
\1g, T2g, 121+ Cz) 5

laissent invariant &.

Lorsque la fonction rationnelle r est suffisamment générique la composante neutre
Aut ¥ de Aut & se limite au groupe résoluble de dimension 3 :
(56) exp {al (zlaizl + 22%> + (121 + 0222)%}
c’est ce que nous allons voir maintenant tout en classifiant les cas exceptionnels.
Considérons un champ X (52) dont 1’éclaté X est non identiquement nul sur le diviseur
exceptionnel ; alors Sing T est invariant par le champ donné par (53). Dit autrement
la fonction rationnelle r est solution de ’équation différentielle de Riccati :

(57) (b1 + (b2 — a1)t — agt®)y’ — (co + csy + Asy®) = 0.

Ce qui prouve Paffirmation ci-dessus. L’équation (57) posséde les solutions constantes
r1 et 9, racines du trinéme

(58) co + coy + Asy® = 0.

Notons que le champ (53) ne peut s’annuler sur Sing & sans étre identiquement nul,
cas traité précédemment. Si (58) a deux racines distinctes on peut supposer qu’elles
sont en 0 et co. A changement de coordonnées linéaires prés (57) prend alors 'une
des deux formes suivantes :

(59) 2y +y=0

(60) ty' + Ay = 0.

Mais (59) n’a d’autre solutions rationnelles que y = 0, cas exclus tandis que (60) a
des solutions rationnelles y = r(t) non constantes si et seulement si A € Z, auquel cas
toujours & conjugaison prés, de telles solutions sont de type r(¢t) = t", n € N. Si (58)
a une racine double (le cas Az = 0 se raméne au précédent) (57) équivaut a

(61) a(t)y’ +y*> =0, ot a est un polynéome de degré deux.

Le seul cas ou (61) posséde une solution rationnelle r(¢) non constante est celui o
a(t) & une racine double; dans cette éventualité (61) est conjuguée a :

(62) ty' —y? =0.

qui s’intégre en y(t) = ueC.

_t
1+put?
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La fonction rationnelle r est ici I’un des ﬁ et quitte & composer par l%ut on
supposera que 7(t) = t. Nous étudions donc le groupe Aut &, ot &, est le feuilletage
en droites associé a la fonction t™. En écrivant l'invariance de Sing & par (53) on
obtient :

0 0
Aut (1 = exp {(alzl + ang)a7 + (b121 + bgzg)g
1 2

15}
+ (b1 + c121 + cozo + (by — a1)23) =—
823
0

0 0
+ (Ar1z1 + Aozo — agz3) <2187zl + Z237z2 + 238723) ai, by, ci, A € (C}

et pour n > 2:

0
Aut oS, = exp {(alzl + ang)a7
1

+<bzi+c + c121 + cazo + n(b —a)z)i
P L R 2 - )z ) 5

0 0 0
+ (A121 + Agzo + A323) (218721 + 226722 + Z36723>}

Les AutoY, sont tous de dimension 9 et agissent transitivement sur CP(3) —
(Zl = Z2 = 0)

Venons en au cas générique d’un feuilletage en droites & dans les pages d’un
livre ouvert, cas ou le lieu singulier Sing & se compose de deux courbes rationnelles
(21 = 22 = 0) et la courbe t ~ (r1(t), tr1(t),r3(t)) = R(t). Bien str pour R générique
Aut & est trivial puisque 'image de R en général n’est pas trajectoire d’un champ de
vecteur sur CP(3). La description des Aut ¢& dans le cas contraire est « zoologique .
L’exemple le plus simple est le suivant.

Supposons que ¢ ~~ R(t) soit affine, i.e. paramétre une droite générale D. On peut
supposer que D est donnée par z; = 1,23 = 0. Alors Aut & coincide avec le sous-
groupe de Aut CP(3) qui laisse invariant Sing &. Il est isomorphe au projectivisé du
groupe G C GL(4,C), ou G est engendré par les matrices :

Alo
(—‘—):A,BEGL(Z(C) et
0B

I1 agit encore transitivement sur CP(3) — Sing &.

o = O O
= O O O
o O O
o O = O
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7. Remarques et problémes

La description des solutions rationnelles de I’équation aux eikonales en dimension
3 donne bien str celle des équations différentielles de type :
o220
Z1 822 823
ou @ est une forme quadratique de rang maximum. Ces solutions ne sont jamais
maximales.

On peut s’interroger sur les solutions Liouvilliennes de 1’équation aux eikonales.
C’est tout a fait naturel puisque les c.y/27 + 23 + 22 en sont des solutions. De méme
on peut s’intéresser aux solutions globales réelles de classe C? ; on conjecture qu’elles
sont affines. La classification des champs de droites en dimension supérieure a 4 et
ses conséquences sur 1’équation des eikonales restent ouvertes; soit P un polynoéme
irréductible tel qu’il existe une solution maximale f rationnelle de P (%) = 0. On
sait que P = 0 est unirationnelle; il s’agit de classifier de tels polynémes P.

Remerciements & Paulo Sad, a Frank Loray qui a fait les dessins et Marie-Annick
Paulmier qui a assuré la frappe.
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SOME REGULARITIES AND SINGULARITIES APPEARING
IN THE STUDY OF POLYNOMIALS AND OPERATORS

by

Marc Chaperon & Santiago Lopez de Medrano

Abstract. — We apply the viewpoint of singularity theory to the following problems:
how does the decomposition of a polynomial P as the product of polynomials behave
under perturbations of P? How do the eigenvalues, eigenspaces and more generally
invariant subspaces of an operator A behave under perturbations of A? We give a
characterization of the regular situations and describe completely the singular ones
in some moderately degenerate situations.

Résumé (Quelques regularités et singularités apparaissant dans I’étude des polynomes et des opé-
rateurs )

Nous appliquons le point de vue de la théorie des singularités aux deux problémes
suivants : comment la décomposition d’un polynéme P comme produit de polynémes
se comporte-t-elle quand on perturbe P? Comment les valeurs propres, vecteurs
propres et plus généralement sous-espaces invariants d’un opérateur A se comportent-
ils quand on perturbe A? Nous caractérisons les situations réguliéres et décrivons
complétement celles qui sont singuliéres mais pas trop dégénérées.

Introduction

In the study of bifurcations of dynamical systems one has to deal frequently with the
following situation: as a parameter varies one considers the variation of an eigenvalue
or of the invariant line generated by the corresponding eigenvector of the linearization
of the dynamical system at a certain point. It often happens that those elements vary
smoothly with the parameter, which is known to be the case if the eigenvalue is simple.
But nevertheless the system undergoes a bifurcation if the eigenvalue crosses a certain
subset of the plane (the unit circle, the imaginary axis, etc.). A second, more complex,
situation happens when the eigenvalue becomes multiple, since then its variation with
the parameter ceases to be smooth. The same situations occur when instead of an

2010 Mathematics Subject Classification. — 32505, 58 K05, 58 K20, 58K50, 14B05, 15A18, 47-xx, 46Bxx,
12-xx.

Key words and phrases. — Singularities, polynomials, operators, invariant subspaces, eigenvalues, swal-
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124 M. CHAPERON & S. LOPEZ DE MEDRANO

invariant line one needs to consider an invariant subspace of dimension greater than
one.

During the years we have meditated on these questions and have arrived at various
forms of expressing the (essentially known) conditions for the smooth variation of
those elements (see for example [5, 4] for recent versions). One of those forms seems
especially suited for studying, in terms of singularities of mappings, the situations
where that variation ceases to be smooth. In this article we describe the simplest of
those singularities.

The results. — We begin by a study of the simplest singularities of the polynomial
multiplication map:

Mult : MP(n) x MP(m) — MP(n + m)

where MP(n) will denote the space of monic polynomials of degree n over K, which
will be either the real or the complex field. The rank of this map at a point (f, g) can
be expressed in terms of the degree of the greatest common divisor ged(f,g) so that
it is a local diffeomorphism precisely when this degree is 0, i.e. when the factors are
relatively prime. And we can describe completely the singularities of Mult when this
degree is 1 (Theorem 1). Then we proceed to study the higher corank singularities of
Mult; here our results are not as sharp, but we have a complete geometric description
of many cases and an algebraic description of the rest.

As a byproduct of Theorem 1 we give an interesting description of the classical
resultant of two polynomials and we obtain the relation between the singularities of
Mult we describe and the resultant set Res(f,g) = 0.

Then we apply Theorem 1 (and its corollary, Theorem 3, which generalizes it to
the multiplication of an arbitrary number of factors) to study the singularities of the
(monic) characteristic polynomial map

X : M(n x n) — MP(n)

where M(n x n) denotes the space of n x n matrices with entries in K. We will view
each M € M(n X n) as a linear mapping C"* — C" and always take into account all
its complex eigenvalues. We determine the matrices at which x is a submersion and
give a description of its simplest singularities (Theorem 5).

All the above is used to study the singularities of the eigenvalues of operators. For
that, we introduce the set of all proper elements of a Banach space E over K to be
the space of triples consisting of a linear operator on F, an invariant line and the
corresponding eigenvalue:

Eig(E) := {(\,L,A) € K x P(E) x End(E) : A(L) C L and Al = A}

Here P(FE) denotes the projectivization of E and End(E) the space of continuous
linear endomorphisms of E. There is a natural projection II : Eig(E) — End(F) on
the third factor.

The basic fact here (Theorem 6) is that Eig(FE) is a smooth object, actually an
analytic manifold modelled on End(E), provided with a projection II onto End(E).
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Therefore it is a kind a resolution of all the singularities associated to eigenvalue
problems.

We show that, not surprisingly, II is a local diffeomorphism precisely at those
points where A is a simple eigenvalue of A. And we can describe completely the
singularities of IT when A is a geometrically simple eigenvalue of A of finite multiplicity
(Theorem 8). In the finite dimensional case this means simply that it has only one
corresponding invariant line, while in infinite dimensions there are some technical
additional conditions. We also show that the mapping that forgets the invariant line
is regular (in this case an immersion) precisely when the eigenvalue is geometrically
simple, a fact that is useful in the proof of the singularity part of Theorem 8.

In section D, we generalize this to invariant subspaces of dimension greater than
one. In fact, this was the starting point of the whole story: in [2], we explained that
the theory of formal normal forms for dynamical systems is an easy consequence of
the Jordan decomposition of endomorphisms. Thinking about the generalization of
this approach to families, we came to the conclusion that each characteristic space
Fy of an endomorphism Ay of C™ must have the following stability property: every
nearby endomorphism A has a unique invariant subspace F'(A) of the same dimension
as Fy = F(Ap) and close to it, depending analytically on A. This is an easy result but
it is not so well-known®); and in section D we consider (and extend) it in the spirit
of singularity theory.

The singularities. — The singularities found in Theorems 1, 8, 15, 16 are a certain
type of Morin singularities which we will call swallowtails:
The standard k—swallowtail is the map

SW : KF1 - KF-!
defined by
SWi(a,...,ak—2,u) :=(a1,...,a5_2, uP +ap_oufF 24+ aiu)

For us a k—swallowtail will be any map germ between two Banach spaces which is
diffeomorphic to the germ at 0 of a map of the form

SW, xId: KF'xE—-SK:1'xE

for some Banach space E. When K = C but E is real—a situation occurring whenever
a real polynomial or endomorphism has nonreal roots or eigenvalues—we call such a
map a complex swallowtail.

Interesting examples of k-swallowtails are the evaluation map

ev: MP(k) x K — MP(k) xK
(P,a) — (P,P(a))
and the mapping

(a1,...,ax—1,a) — (aai,a; + aaz,az + aas, ...,ak_2 + aap_1,0k_1 + a)

(1) The finite dimensional case led us to Theorem 1. ..

SOCIETE MATHEMATIQUE DE FRANCE 2009



126 M. CHAPERON & S. LOPEZ DE MEDRANO

The second example shows that all swallowtails can be given by maps all of whose
coordinate functions are polynomials of degree at most 2, a fact that we have not seen
in the literature.

These examples, and some of their variants, will play an important role in the
proofs of the theorems.

The singularities in Theorem 5 will be k—swallowtail deformations, by which we
mean any map germ between two Banach spaces which is diffeomorphic to the germ
at 0 of a map

G:ExE - E

such that G(z,0) is a k—swallowtail, where F, E’ are Banach spaces.

There are many k—swallowtail deformations between spaces of the same dimension,
so this term does not describe a precise singularity type. And though it is possible, in
principle, to describe them all, there remains to do so specifically for the singularities
of x.

We will show by examples that in all cases the singularities that are not swallowtails
are more complicated than those one could expect from the classification results of
singularities of mappings.

We hope to give soon some applications of these results to bifurcation problems of
dynamical systems.

In the Appendices we recall the main properties of the singularities we will use in
the text and describe completely the main examples. We also provide an introduction
to the results on continuous linear maps between Banach spaces needed in the text,
referring to Rudin’s beautiful book [10] for more details about this magnificent theory.

Conversations with Sergey Antonyan, Shirley Bromberg, Lino Samaniego, Georges
Skandalis and Bernard Teissier were very helpful in the preparation of this work.

A. Singularities of Polynomial Multiplication
Polynomial multiplication defines a map
Mult : MP(n) x MP(m) — MP(n 4+ m)

We are interested in describing the regular points and the singularities of the map
Mult . We will denote by ged(P, @) the monic greatest common divisor of the monic
polynomials P and Q.

Theorem 1. — For (Py, Qo) in MP(n) x MP(m),

(i) The corank of the differential D Mult(Py, Qo) is the degree of ged(Py, Qo).
(ii) In particular, Mult is a local diffeomorphism at (Po,Qo) if and only if
ged(Po, Qo) = 1.
(iii) The mapping Mult is a (k+ 1)—swallowtail at (Py, Qo) for some positive integer
k if, and only if, deg ged(Po, Qo) = 1, the integer k being the mazimum of the
multiplicities in Py and Qg of their common root.
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(iv) If K = R, the mapping Mult is a complex (k + 1)-swallowtail at (Py, Qo) for
some positive integer k if, and only if, gcd(Po, Qo) is an irreducible polynomial
of degree 2, the integer k being the maximum of the multiplicities in Py and Qg
of their complex conjugate common roots?).

Proof. — The tangent space of MP(n) at any point is the set of polynomials of degree
less that n. The derivative of Mult at (Py, Qo) is then given by

(P, Q) — PoQ + PQo.

Therefore its image, being the set of multiples of ged(Py, Qo) by polynomials of degree
less than n + m — deg ged(Pp, Qo), has this dimension. This proves (i) and therefore
(ii).

If ged(Py, Qo) = ¢ — o then x — o must divide one of Py, Qo with multiplicity 1
and the other one with multiplicity k. By changing the variable in the polynomials
(which induces a diffeomorphism of MP(n)) we can assume o = 0.

Consider first the case Py = x, Qo = z*. Then Mult is given by

k—1 k+1

Mult (z +a,z* + Z aixi) = Z(ai—l + aa;)x’
i=0 i=0
(putting ax = 1, ag+1 = a—; = 0) or, in coordinates (a,ax_1,...,a0), by
Mult(ag, - - ., ax—1,a) = (aag, ag + aay, a1 + aas, . ..,ax—_1 + a),

which is a (k + 1)-swallowtail by example 2 in Appendix A.
In general, let Py = zP;, Qo = z*Q1, where P;,Q; are not divisible by . Then,
setting m; := m — k and n; :=n — 1, we have a commutative diagram:

MP(n) X MP(m) — MP(m + n)

7 T T
MP(1) x MP(n;) x MP(k) x MP(m1) — MP(k + 1) x MP(my +n1)

where all maps are given by multiplication. By Theorem 1, the vertical arrows are local
diffeomorphisms at (z, P;), (z¥, Q1) and (z*+1, P,Q;) respectively. The lower map is
the product of the multiplication MP (1) x MP(k) — MP(k + 1), which we have just
seen to be a (k+1)-swallowtail at (z, z*), and the multiplication MP(n;) x MP(m;) —
MP(m + n1), a local diffeomorphism at (P;, Q1) b Theorem 1. Therefore the upper
multiplication map is diffeomorphic to the lower one, which is a (k + 1)-swallowtail.
This proves the “if” in (i). As for the “only if”, just notice that, when the degree of
ged(Po, Qo) is greater than 1, the corank of D Mult is greater than 1 and Mult cannot
be a swallowtail at that point. This proves (iii).

(2) Or, in other words, the greatest integer k such that ged(Po, Qo)* divides Py or Qo.
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Let us prove (iv). In the “if”, the same diagram as for (iii) reduces the problem to
the case where Py = (z — a)(z — @) and Qo = (= — a)*(z — @)*, a € C\R. Applying
(ii) with m = n = 1 (resp. m = n = k), we see that every complex polynomial P (resp.
Q) of degree 2 (resp. 2k) close enough to Py (resp. Qo) writes in a (locally) unique
fashion P = P1 P», P; € MP(1) (resp. Q = Q1Q2, Q; € MP(k)), where (P1, P») (resp.
(Q1,Q2)) is the image of P (resp. @) by the local inverse of Mult at (z — o,z — &)
resp. ((a: — )k, (z - c_v)k)). This uniqueness property implies that, for real P and Q,
we must have P, = P; and Q2 = Ql. Thus, in that case, the mappings P — P;
and @ — @ are real analytic local diffeomorphisms, identifying (P,Q) — PQ to
(P1,Q1) — P1Q1, which is a complex (k + 1)-swallowtail by (iii).

For the “only if”, we observe that any other corang 2 singularity (Pp, Qo) has a
common real root. In any neighborhood of (Py, Qo) we can find a pair (P;, Q1) with a
single common simple real root and by (iii) the singular set of Mult is a codimension 1
smooth manifold near (P;, Q7). Therefore, at a complex swallowtail, as the singular set
of Mult is locally of real codimension 2, it cannot be diffeomorphic to the singularity
at (Po, Qo)- [

Remarks. — Theorem 1 (ii), which can be found in [3] (Exercice 1, p. 234), extends
the well-known result that a simple root varies smoothly with the coefficients of the
polynomial (consider the local inverse of Mult).

If one writes down the Jacobian matrix of Mult at a point (f,g) with respect to the
standard bases of the vector spaces of (non-necessarily monic) polynomials involved,
one obtains the transpose of the usual Sylvester matrix, whose determinant is one
of the definitions of the resultant of the polynomials (g, f). Therefore we have an
interesting equality:

Res(f,g) = JMult(g, f) (Jacobian determinant).

which is natural since both sides of the equality vanish precisely when f,g have a
common complex root. One can take this as a definition of the resultant and use it
to prove its basic properties. The change from (f, g) to (g, f) in the right-hand side is
only a sign convention, as in fact the definitions of the resultant by different authors
only coincide up to sign: see for example [11, 6].

The regular points of the variety Res(f,g) = 0 are precisely the pairs with ged
of degree 1, since the points of higher corank have to be singularities of J Mult (see
Appendix 1). By (iii), this regular set can be still stratified according to the singularity
type of Mult, i.e. according to the order of the swallowtails. Thus, the singularity type
of Mult gives more information than the singularities of the resultant variety. This is
a first answer to a question by Bernard Teissier about the relation between those two
singularities.

We now turn to the singularities of corank > 2 involving only simple common
roots:
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Proposition 1. — Given Py € MP(n) and Qo € MP(m), assume that all the (complex)

roots of ged(Py, Qo) are simple.
(1) If K = C, then, denoting by a1, ...,aq the roots of ged(Py, Qo), the map Mult
is the product of d swallowtails of respective orders k1 +1,...,kq+ 1, where k;

denotes the mazimum of the multiplicities of the root aj in Py and Qo.
(ii)) If K = R, then, denoting by ai,...,q, the real roots of ged(Py, Qo) and by

Qri1yQpgly- .-, 04,0q its other roots, the map Mult is the product of r real
swallowtails of respective orders k1 + 1,...,k. +1 and ¢ complex swallowtails
of respective orders kr41+1,...,kq + 1, where k; denotes the mazimum of the

multiplicities of the root a; in Py and Q.

Proof. — We establish (i) by induction on d. Theorem 1 (ii) tells us that (i) is true
if d = 1. Given d > 1, assume (i) true for d — 1. Then, in the situation of (i),
exchanging Py and Q) if necessary, we have Py = (z — o) Py, Qo = (z — ag)**Q; and
ged(Py, Qo) = (z — ag) ged(Py, @Q1). By the induction hypothesis, Mult is at (P, Q1)
the product of d — 1 swallowtails of respective orders k1 +1,...,kq—1 + 1. Now, setting
my :=m — kg and ny :=n — 1, we have a commutative diagram:

MP(n) X MP(m) — MP(m + n)

7 T 7
MP(1) x MP(n;) x MP(kg) x MP(my) — MP(kg+ 1) x MP(my + 1)

where all maps are given by multiplication, and we conclude as in the proof of Theo-
rem 1 (iii).

This also proves (ii) if ¢ = 0. Otherwise, exchanging Py and Q) if necessary, we have
that Py = (z — a,)(z — aw,)P1, Qo = (z — ay,)*(x — ax,)* Q1 and ged(Po, Qo) =
(x — oy )(x — ay,) ged(P1, Q1). Using Theorem 1 (iv), we conclude as for (i). O

Remark. — In the situation of (ii) with » = 2, ¢ = 0 and k1 = k2 = 1, we get (a
suspension of) the “twice folded handkerchief”, product of two one-dimensional folds.
More generally in the situation of (ii) with » = 2, ¢ = 0 and k; + k2 = k, the critical
set of Mult is locally the (singular) union of two smooth hypersurfaces intersecting
at (Py, Qo). In particular, the critical set of Mult has codimension 1, making more
precise the end of the proof of Theorem 1 (iv) in this case.

Let us now consider all the singularities of corank v > 2 with a single common
root:

Proposition 2. — Given Py € MP(n) and Qo € MP(m),

(1) Assume ged(Py, Qo) = (z — @)¥, a € K, v > 2. Then, denoting by k > v the
mazximum of the multiplicities of the root a in Py and Qg, the map Mult has a
singularity at (P, Qo) which is diffeomorphic to the singularity at 0 of the map

(a'7b7 U) — (avbu fl/,k‘(b7 U’)))
Km-l—n—k—l/ % Kk «xKY — Km-l—n—k—l/ % Kk % KY
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given by fl/,k = (fu,k,la ey fu,k,u) and} Zfb = (b17 cee 7bk:)7

k
[m|! |m!
orelbyu) = 3 ru4) by Y u™, 1<U<y,
Im||=k+¢ j=1  ||m|=k+L—j
where m = (my,...,m,) € N*, m! = my!---m,!, |m| == my + -+ m,,
[|m|| :==m1 4+ 2mg + --- +vm, and u™ :=u"* - U,

(ii) If K = R and ged(Po, Qo) = (z —a)’(xz—@)¥, a € C\R, v > 2, then, denoting
by k > v the maximum of the multiplicities of the root o in Py and Qqg, the map
Mult has a singularity at (Po, Qo) which is diffeomorphic to the singularity at 0
of the map

((1, b7 u) — (au b7 fu,k(b7 U), )
Rm+n—2k—2u % Ck x Q¥ N Rm+n—2k—2V % Ck: % Cl/7

where f, is as in (i).

Proof. — (i) If ged(Py, Qo) = (x — «)” then x — @ must divide one of the two poly-
nomials Py, Qo with multiplicity v and the other one with multiplicity & > v. As in
the proof of Proposition 1, we can assume o = 0 and reduce the general case to the
case Py = 2V, Qo = z*. Then, Mult is given by

v k k+v v
Mult (:c” - Zuiaz”*i,xk + Zvja:k’j) = Z (vj — Zvj_iui):ck”*j
i=1 j=1 3=0 i=1
where
Vo = 1
(1) . .
v; =0 for j <0 and for j >k
or, taking uy,...,u,,v1,...,v as coordinates, by

14
Mult(vl,...,vk,ul,...,u,,) = (Uj - E U]‘_i’ui) .
— 1<j<k+v

Denoting by b4, ..., bg+, the components of the right-hand side, we shall express the
variables vq,...,v; as functions of by,...,b; and uy,...,u, by solving the equations

(2) bj = ’Uj — Zvj_iui
i=1

for 1 < j <k, clearly an invertible linear system with respect to vy, ..., vs. Then, the
equations (2) with k + 1 < j < k + p will yield the required expression

(3) b] = _.fll,k,jfk(bla---;bk7u17"'7ul/)7 kE+1 SJ < k+IU/
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To do all this at once, we consider (2) for all j € Z and, using (1), rewrite it as
b; =0 for j <0
(4) bp=1
v = bj + Z;jzl Vj—i Ui for 7> 0
We claim that these conditions imply that
Im! mo
(5) vo= Y bim ™, j €2,

m!
[lm|I<j

hence (3) because of (1).
Indeed, by (4), we know that (5) is true for all j < 0. Given j > 0, we can therefore
make the induction hypothesis that (5) is true for all j — 4, 1 <4 < u, hence, by (4),

v = b+z y ol by

=1 ||n||<j—i

where n lies in N” and (41, ...,d,) denotes the canonical basis of K”. Now, for each
m € N¥, we have m = n + §; with n € N” if and only if m; is positive, in which case
|lm|| = ||n|| + %, hence

5!
v o= b+ Y Z'm |a||mu“m

1<||m||<j m,;éO

= b+ Y, W(Zmi)ba‘—nmnum

1<||m|I<j ) m;#0
[m|!
= b+ > b mu”
j ml J—lml| ’
1< m|I<y

proving (5). From this particular case, we deduce (i) in general as in the proof of
Theorem 1 (iii). The proof of (ii) is that of Theorem 1 (iv). O

Remarks. — Of course, for v = 1, the proof of Proposition 2 applies and is nothing
but the proof of Theorem 1 (iii), the function f; ; being essentially the evaluation map
of MP(k + 1).

In the situation of (i) with » = 2 and K = R, the germ of Mult at (P, Qo)
is analytically diffeomorphic to the germ at 0 of (a,b,u) — (a, b, f2.r (b, u)), a €
R™"=k=2 b — (by,...,b) € R¥, whose critical set is the set of zeros of the determi-
nant Jy f2 1 (b, u) := (aulfg,k,18u2 fok2— aulfg,k72(9u2f2’k,1)(b, w). Since the latter is a
quadratic form in the variable b satisfying J, f2 x(b,0) = b2 — b2 _,, this gives a more
precise idea of the shape of the critical set of Mult, which is a singular hypersurface,
as shown at the end of the proof of Theorem 1 (iv).

We can now glue together Theorem 1 (iv) and Proposition 2 as in the proof of
Proposition 1 to obtain an algebraic description of all the singularities of Mult:
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Theorem 2. — Given Py € MP(n) and Qo € MP(m),
(1) IfK = C, then, denoting by a, . . ., ag the roots of ged(Py, Qo) and by v, ..., vy
their respective multiplicities, the germ of Mult at (Py, Qo) is diffeomorphic to
the germ at O of the map

K”xH ’><K”1 — prH ixK”i

(a'y (b17w1)7"'a(bd7$d)) [ — (ayfu1,k1(b17w1)7'"7de’kd(bd7‘Td))7
where k; > v; denotes the maximum of the multiplicities of the root a; in Py
and Qo, and p=m +n — |k| — |v|.
(ii)) If K = R, then, denoting by ai,...,a, the real roots of ged(Py,Qo), b

Oy 1, Oryl, ..., 04, 0q its other roots, by v; the multiplicity of the root a; and
setting d := 1 + ¢, the germ of Mult at (Py, Qo) is diffeomorphic to the germ at
0 of the map

(CL, (b1,$1),...,(bd,1}d)) — (a7fu1,k1(b17-'171),--"fud,kd(bd,xd))a

of R? x [[1 (RF* x R") x H§+1 (Ck: x C¥i) into itself, where k; > v; denotes
the mazimum of the multiplicities of the root a; in Py and Qq, andp = m+n—
S5 (ks +vi) =250y (ki + vi).

Products of p monic polynomials. — Theorem 1 has the following obvious generali-
sation:
Theorem 3. — Given integers my, ..., my, p > 1, denote again the multiplication map

by Mult : MP(mq)x---xMP(m,) — MP(mi+---+m,). Then, for each (Py,...,P,) €
MP(my) x --- x MP(m,):
(i) The corank of D Mult(Pi, ..., P,) is the degree of gcd(P1 - Pp/Pj)1<j<p-
(if) In particular, Mult is a local diffeomorphism at (Py,...,P,) if, and only if
ged(P;, Pj) =1 for1<i<j<p.
(iii) The map Mult s a (k + 1)-swallowtail at (P, ..., P,) for some positive integer
k if, and only if, it has corank one. If this is the case, there existi,j € {1,...,p}
and o € K such that

_ 39 T
wd(Ppyy |70 LMY= (0d)
1 otherwise,

and k is the mazimum of the multiplicities of the root o in P; and P;.

(iv) If K = R, the map Mult is a complez (k + 1)-swallowtail at (Pi,...,P,) for
some positive integer k if, and only if, there existi,j € {1,...,p} and o € C\R
such that

ged (Pp, P) = {ix melle—@) d{bm}=1i.7)

otherwise,

and k is the mazimum of the multiplicities of the root o in P; and P;.
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The following result, whose proof is that of Proposition 2, describes the simplest
singularities of higher corank:

Theorem 4. — Given (Py,...,P,) € MP(mq) x --- x MP(m,,), assume that all the
(complex) roots of gcd(Pi - - - Pp/Pj)i1<j<p are simple.

(i) If K = C, then, denoting the roots by i, ...,aq, the map Mult is the product
of d swallowtails of respective orders ki + 1,...,kq + 1, where k; denotes the
mazimum of the multiplicities of the root a; in Pi,..., P,.

(ii) If K =R, then, denoting the real roots of ged(Py --- Py/Pj)1<j<p by 01,...,Qp
and its other roots by 41, @ry1,...,04,0q, the map Mult is the product of r
real swallowtails of respective orders k1 +1,...,k-+1 and c complex swallowtails
of respective orders kry1 +1,...,kq + 1, where k; denotes the mazimum of the
multiplicities of the root o in Pi,..., Pp.

Remark. — For p > 2, when ged(P; --- P,/Pj)1<j<p has multiple roots, they can
be common to three or more of the P;’s, yielding other singularities which deserve
a better study. For example, when p = 3, ged(PiP2Ps/Pj)1<j<3 = ¢ — e and « is
a simple root of all three polynomials, the singularity we get is a suspension of the
germ at 0 € C of z — (|z],3(2%)).

B. Singularities of the characteristic polynomial function

Let M(n x n) be the space of n X n matrices with entries in K. We will view each
M € M(n x n) as a linear mapping C" — C" and always take into account all its
complex eigenvalues. We will denote by

X : M(n x n) - MP(n)
the mapping sending M to its monic characteristic polynomial:
X(M) := det(zI — M).

We are interested in the regular points and the simplest singularities of the mapping
x- Recall that an eigenvalue of M € M(n X n) is called simple if it is a simple root of

x(M).
We will call the eigenvalue A of M € M(n x n) geometrically simple if the corre-
sponding eigenspace is a line.

Theorem 5. — Let My € M(n x n). Then
(1) The map x is reqular at My if, and only if, all the eigenvalues of My are geo-
metrically simple.
(ii) The rank of Dx(My) is the degree m(My) of the minimal polynomial of My. In
other words, the corank of Dx(My) equals

> (da—my),

A€o (Mp)
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where dy is the dimension of the characteristic space E of My associated to A,
and my 1is the smallest integer m such that E) = Ker(AI — My)™.®

(iii) The map x is a (k + 1)—swallowtail deformation at My if, and only if, it has
corank 1, the integer k being as follows: all eigenvalues of My are geometrically
simple except one, for which my =k and dy =k + 1.

Proof. — We can assume K = C since even in the real case all definitions involve
the complex numbers and the regularity of x does not depend on the field. We will
denote the Jordan block of order n and eigenvalue A by J, () :

A ifn=1

Jn(A) = 0 I,_
) )\In—l-(O 01> for n > 1.

Let us prove the “if” part of (i), first in the case where My = J,,(\) . To see that
x is a submersion at My we can also assume A = 0, since we can compose with a
translation in the space of matrices and with a change of variable in the space of
polynomials. In this case x admits a section, sending a polynomial to its companion
matriz, defined as follows: we let

Comp : MP(n) — M(n x n),
be given by
n—1
_ 0o .- 0
Comp|( z" + a;z") = Jp(0) + .
( ; ) —aO ... _an—l

Then x(Comp(P)) = P and in particular x is a submersion.
If My has only geometrically simple eigenvalues then, changing coordinates, we
may assume that it is block-diagonal, of the form (as a map)

Mo = iy (A1) X -0 X T, (Ap),

where the A;’s are all different. Now, the restriction of x to the vector subspace of
M(n x n) consisting of block-diagonal matrices (linear maps) M; x --- x M, with
M; € M(m; x m;) is already a submersion at Mjy: indeed, it is the composed map of
— the map My x --- x M, X (x(My),...,x(Mp)), which is a submersion at My
by what we have just done, and
— the product map

MP(m1) X - -+ x MP(m,) 3 (Py,...,P,) — Py --- P, € MP(n),

which is a local diffeomorphism at x?(Mo) = ((x — A1)™,...,(z — A\p)™) by
Theorem 3 (i) since the A;’s are all different.

(3) This is the size of the largest Jordan block with eigenvalue A or, equivalently, the multiplicity of
A as a root of the minimal polynomial of M.
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To prove (ii) and therefore the “only if” part of (i), we can again assume that
Moy = Jpmy (A1) X -+ X I, (Ap), where the \;’s may not be all different. Then, writing
each A € M(n x n) in block form

1 1
aj ap

A= b, el iK™ K™,
p P
ay Gy

we notice® that Dx(Mo)A = Dx(Mo)(aj x- - -xab). Therefore, the corank of Dx (M)
is the corank of the differential at My of the the restriction of x to the space of all
My x -+ x My, with M; € M(m; x m;). Now, we have seen that this restriction is the
composed map of the submersion x? and the map Mult : MP(m;) x - - - x MP(m,) —
MP(my + - + my). Thus, the corank of Dy(Mp) is that of D Mult (x?(M)) =
DMult ((z — A1)™, ..., (z — A\p)™). By Theorem 3 (ii), this is indeed the degree of

ng (Hi#j (‘T - Ai)mi)lgjgp = H)\EO'(M[))(:C - /\)dximk'

To prove (iii), still assuming that My = Jp, (A1) X - -+ X Jpp, (Ap), just notice the
following two facts:

— 1If the corank of Dy (My) is greater than 1, then x is not a (k + 1)-swallowtail
deformation at Mj.

— If Dx(My) has corank 1, then, by (ii) and Theorem 3 (iii), the map Mult is a (k+
1)-swallowtail at x?(Mp) with just the right k. Therefore x, being the composed
map of Mult with a local submersion, is a (k 4+ 1)-swallowtail deformation at
M. O

Remarks on the real case. — If K = R, it follows from Theorem 3 (iv) that x is
a (k + 1)—complex swallowtail deformation at My when all eigenvalues of My are
geometrically simple except one pair {\, A}, for which A € C\R, my = k and d) =
k+1.

This is coherent with the following (maybe not so well-known) Jordan normal form
theorem in the real case: every endomorphism A of a real vector space E of finite
dimension n is conjugate to a block-diagonal endomorphism of []; R™ x [[Z,, C™
of the form Jy,, (A1) X +++ X Jp, (Ap), where the A;’s and the A;’s are the eigenvalues
of A, real for j < r and nonreal for j > r.

Higher singularites. — It follows from the above arguments that all the singularities
of x are deformations of singularities of Mult for 2 or more factors. We shall not dwell
on this fact for the time being.

(4) Using the fact that det A is an n-linear function of the columns of A, implying that Dx(Mp)A
is the sum of the determinants of the n matrices obtained each by replacing one column of I — My
by the corresponding column of —A.
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C. Singularities of eigenvalues of linear operators

First we will describe several linear spaces, manifolds and maps related to the
Banach space E.

All closed hyperplanes H 3 0 are isomorphic as Banach spaces. We will use the
notation Ej for their common type(®).

Let P(E) be the projective space associated to E, that is, the space of all one-
dimensional linear subspaces of E. Then P(E) has a natural analytic (algebraic)
Banach manifold structure modelled on Ej, defined in the usual way—it is a connected
component of the Grassmannian G(E) described in Section D.

Let End(E) be the space of bounded linear operators from E to E. We will denote
the identity operator by 1 and its multiple by a scalar k also by k. If A € End(FE) we
denote by o(A) its spectrum.

More generally, if we have two Banach spaces Fi, Fs over K we will denote by
B(E1, E;) the space of continuous linear maps from E; to Es.

C1l. The manifold of proper elements. — The manifold of proper elements of
FE is the space

Eig(E) :={(\,L,A) e K x P(E) x End(F) : A(L) C L and A| = \}.

That is, the space of triples consisting of a linear operator, an invariant line and
the corresponding eigenvalue. The specification of the eigenvalue )\ is redundant but
useful, as we shall see.

Theorem 6. — The set Eig(E) is an analytic (algebraic) Banach submanifold of the
manifold K x P(E) x End(E), modelled on End(E).

Proof. — Given (Ao, Lo, Ag) € Eig(E), choose z € Ly\{0} and a complementary
subspace H of Lg. Identifying E = Kx & H to K x H we can identify each line
L € P(F) transversal to H to the unique h € H satisfying (1,h) € L (© and write
every operator A € End(E) in matrix form

b
Ao ( @ d),ae]K,beH*,ceH,deEnd(H)
C

A
Ag=| 7° b ).
0 do

(3) For E the Hilbert space 12 (or any of the well known Banach spaces from Functional Analysis) Fo
is isomorphic to E. However, there are examples of infinite dimensional Banach spaces where this is
not the case [7].

(6) Therefore, Lo corresponds to h = 0.

Hence in particular
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In these identifications, the relation (), L, A) € Eig(FE) reads
b 1 1
a _ 7
c d h h

a = XA—bh
c = (A—dh.

In other words, the open subset of Eig(E) consisting of those (X, L, A) such that L is
not contained in H admits the parametrisation

End(E)9<A b>H<A,h,< A= bh b))
h d A—dh d

as the graph of the polynomial map defined by (6). O

that is

(6)

Corollary. — For (Mo, Lo, Ag) € Eig(E), there is an analytic function A(X, L) defined
in a neighborhood of (Ao, Lo) such that A(Xo, Lo) = Ao and that the nonzero elements
of L are eigenvectors of A(\, L) with eigenvalue .

A—boh b

Proof. — Just take A(\, h) =
(A—do)h do

> modulo the identifications of the

previous proof.

This function is clearly not unique, and although it is possible from the proof of
the theorem to describe all of them, much more interesting is the question whether
A, L are analytic functions of the operator A. To present our version of the (classical)
answer, we consider the following geometric reformulation:

Question. — Let II be the projection from Eig(FE) to End(F) which forgets the first
two components. When is it a local diffeomorphism? What are its simplest singulari-
ties?

C2. The Immersion Theorem

Definition. — If ) is an eigenvalue of A € End(F) with eigenvector « and L is the
line generated by z, then A induces an operator A from the quotient E/L to itself.
We will say that \ is a simple eigenvalue of A if we have A & o(A).
We call A a geometrically simple eigenvalue of A if

(i) the corresponding eigenspace is a line (i.e. dim Ker(A — A\) = 1) and,

(ii) the image of the operator A — A is a direct factor(".
We call A a geometrically simple eigenvalue of A of (finite) multiplicity k > 1 if

(1) Meaning that it is closed and admits a closed complementary subspace.
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dimKer(A — A\)¥ = k, and X is not in the spectrum of the endomorphism of the
quotient E/Ker(A — \)* induced by A.
Let
Val(E) := {(A\, A) € K x End(FE) : X is an eigenvalue of A}.

Theorem 7. — Let j : Eig(F) — K x End(E) be defined by j(\, L, A) := (A, A), hence
j(Eig(E)) = Val(E).

(i) The map j is an immersion in the neighbourhood of (Ao, Lo, Ao) € Eig(E) if,

and only if, Ao is a geometrically simple eigenvalue of Ag.

(ii) The set of those (A, A) € Val(E) where X is a geometrically simple eigenvalue
of A with finite multiplicity is a manifold modelled on End(E).

Proof. — (i) In terms of the parametrization of Eig(E) introduced in the proof of
Theorem 6, j is the map

(ab NES
P\ha) 7\ o—an a))

(Mo, Lo, Ao) and Aj being identified to the same matrix

(A b
@ =)

Therefore, the derivative of j at (Mg, Lo, Ag) is the map

n e (1)~ 1% 1)

which vanishes if and only if A=0,b=0,d =0 and
9) boh =0, (Ao —do)h=0.

Ao bo 0 0
= )\0 )
0 dy h h
we have® Ker Dj(\g, Lo, Ag) # {0} if and only if Agv = Agv for some v € Ly. From
this (i) follows for dim E < oo. In infinite dimensions, we have to check that, moreover,

the image of Dj(\o, Lo, Ao) is a direct factor if and only if so is the image of Ao — Ag.
Now, by (7)—(8), this amounts to proving that the image of

()= (2250))

1
(8) Recall that, in our parametrization, Lg is generated by ( 0 )

As (9) writes
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is a direct factor in K x E if and only if the image of

A —boh
)T\ Oo—do)h

1
is a direct factor in E. In other words, setting e := <1, ( 0 >> , we should prove

that Ke & ({0} x Im(X\o — Ap)) has a closed complement S in K x E if and only if
Im(Xo — Ap) has a closed complement Sy in E, which is obvious: take S = {0} x Sp
to get the “if” part and {0} x Sp = ({0} x E) N (Ke @ S) to obtain the converse.

(i) Given (Ao, Lo, Ao) € Eig(E), we should prove that if Ao is a simple eigenvalue
of Ay of finite multiplicity & then, near (Ao, Ag), the subset Val(E) consists solely of
the image by j of a neighbourhood of (\g, Lo, Ag), a consequence of the following

Lemma. — For each sequence (A, Ly, Ap)n>1 in Eig(E) such that (A, Ayn) converges
to (Ao, Ao), the line L, tends to Ly when n — oo.

Proof. — For dim E < oo, the projective space P(F) is compact and every convergent
subsequence of (L, ) must tend to a line L invariant by Aq = lim A,, and such that
Ag|r = lim A, = Ao, hence L = Ly, proving the lemma.

When E is infinite dimensional, the subspace Ky := Ker(\g — 49)* admits an Ay—
invariant closed complement S by the Hahn-Banach theorem. Identifying £ = Ko @ S

an  Bn

Yo On
Yn € B(Ko,S), d, € End(S) for all n € N and, as Ky is Ap—invariant, 79 = 0 and
Ao & 0(dg). For n > 1, choose a generator u,, = (vn,w,) of L, with |u,| = 1. The
S—component of the relation (A, — A,)u, = 0 reads

(10) — YnVn + (Ap — 0p)w, = 0.

Now, as \g — dp is invertible, so is A\, — §,, for large enough n. Therefore, (10) can be
written

to Ko x S, we can write A,, = < > with o, € End(Kjy), B, € B(S, Ko),

(11) Wy = (>\n - 5n)_17nvna
hence in particular
(12) lim w, =0

since v,, is bounded, im(\,, — &§,) ™' = (Ao — &)~} and lim,, = v = 0. By (11), for
large enough n, the Ky—component of the relation (A, — A, )u, = 0 becomes

(13) ((An —an) + Bn(An — 5n)_1'7n)vn = 0.

By (12), |vn| tends to 1 when n — oco. Therefore, for large enough n, the vector v,
generates a line L/, C Ky and, by (13), the hypotheses of the finite dimensional case
are satisfied by the sequence (0,L/,A!) € Eig(Ky) defined by the formula A) :=
An — an) + Bu(An — 6) " 1yn, as lim A, = \g — ap. It follows that the line L!, tends
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to the one-dimensional kernel of \g — g, namely Lg. Therefore, by (12), we do have
lim L,, = lim L], = L. O

Remark. — Let m : Val(E) — End(FE) be the natural map, induced by the projection
K x End(E) — End(E). When ) is geometrically simple this map is diffeomorphic to
the natural map II : Eig(F) — End(F) via the local diffeomorphism Eig(E) ~ Val(E)
defined by j.

The singularities of Val(E) might be of some interest. In the finite dimensional
case, Val(F) is an algebraic subset, given by the equation x(A)(A) = 0, whose regular
part contains the points with geometrically simple eigenvalue. Near each such regular
point, it can be proven that ¥ : (A, A) — (X, x(4)) is a submersion of Val(E) into
Root(n) (see Example 1c).

C3. Singularities of eigenvalues
Theorem 8. — Let 11 : Eig(E) — End(E) be the natural map (A, L, A) — A.

(i) The map 11 is a local diffeomorphism near (Ao, Lo, Ao) € Eig(E) if, and only if,
Ao is a simple eigenvalue of Ag.
(ii) The dimension of the kernel of DII(Ao, Lo, Ao) equals the dimension of the kernel
Of )\0 — Ao.
(iii) The map I is a k—-swallowtail at (Mo, Lo, Ag) f (and, for dim E < oo, only if)
Ao is a geometrically simple eigenvalue of Ag with mutiplicity k.

Proof. — In terms of the parametrization of Eig(F) introduced in the proof of The-

orem 6, II is the map
A b A—bh b
II: —
h d AN=d)h d

and (Ao, Lo, Ap) identifies to the matrix

Ay = Ao bo
0 dy

Therefore, the derivative of IT at (Ao, Lo, Ao) is

DH(AOaLU,AO) : AP — )\_bOh b ’
hod (\o—do)h d

which is an isomorphism if, and only if, \g—dg is an automorphism of H, i.e. \g & o(dp)
or, equivalently, A\g & O'(AO). By the Inverse Function Theorem in Banach spaces this
condition is equivalent to II being a local diffeomorphism in the neighborhood of
()\0, Lo, Ao)

The same argument proves (ii).
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Proof of the “if” part of (iii) when dim E = k. — We can assume that A\g = 0 and
Ao = Ji(0). Then, we have a commutative diagram
Val(K¥) % Root(k)
lm 7
End(KF) % MP(k)

where 7 : (A, A) — A equals II up to the local diffeomorphism j near (0, Jk(O)) and
7 : (A, P) — P is a k—swallowtail by example 1c of section A. The map x is a local
submersion since it admits the local section Comp (see the proof of Theorem 3), and
sois x: (A A) — ()\,X(A)) since it admits the local section (A, P) — ()\, Comp(P)).
In particular, the (algebraic) fiber

F = x"!(z*) c End(KF)
is a submanifold near Ji(0) and so is

X H0,2*) = {0} x Fx F

near (0, J;x(0)) € Val(K¥). As y is a submersion, there exists a local diffeomorphism
defined near Ji(0) and of the form

End(KF) -2  MP(k) x F
A — (x(4), f(4))

such that
f(A)=A for AeF.

It follows at once that, near (0, J (0)), the map
Val(K¥) %5 Root(k) x F
AA)  — (X(A), f(4))
is a local diffeomorphism. As the diagram
Val(K*) % Root(k) x F
K |7 x1Id
End(KF) % MP(k) x F
is commutative and 7 is a k—swallowtail, so is 7.

Proof of the “if” part of (iii) in general. — If )¢ is a geometrically simple eigenvalue
of Ay with multiplicity k, we can choose a closed complement F' of Ker(\g — A4¢)* and
identify Ker(\g — Ag)* to K* so that E = Ker(\g — Ag)* @ F identifies to K*¥ x F
and

Ay = ( Jk(o)\O) ZO ) with by € %(F,Kk), do € End(F), Ao & O'(d()).
0
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More generally, every A € End(E) writes

A= ( ¢ Z ) , a € End(K*), b € B(F,K"), ce B(K*,F), d € End(F).
C

Note that the graph of h € B(K*, F) is invariant by A if and only if
¢+ dh = h(a + bh)
or, equivalently, if and only if

a = o-—>bh
¢ = ha-—dh

for some a € End(K*). The following crucial observation is a particular case of the
proof of Theorem 10 hereafter:

Lemma 1. — The polynomial map

a b a—>bh b
[ g
h d ha—dh d
1s a local diffeomorphism (End(E),AO) — (End(E),Ao).

Proof of Lemma 1 As its derivative at Ag is

a b a — boh b
| s
h d hdg(XNo) —dh d

we should show that the continuous linear map h — hJy,(A\o) — doh of B(KF, F) into
itself is an isomorphism, i.e. that, for each ¢ € B(KF¥, F), the equation hJy(A\g) —doh =
¢ or, equivalently, hJi(0) + (Ao — do)h = ¢, which (as we have Ao & o(dp)) can be
written

(14) h=(Xo —do)~"(c — hJK(0)),

has a unique solution. Now, this is obvious since, denoting the canonical basis of K*
by (e1,...,ex), (14) is equivalent to the triangular system

hes — ()\0 — do)*lcej lf_] =k
’ ()\() - do)_l(cej — h6j+1) for 1 < i< k.

The following result concludes the proof of the “if” part of Theorem 8 (iii):
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Lemma 2. — We have a commutative diagram
Val(KF) x B(F,K*) x B(K*, F) x End(F) — Val(E)
lmxIdxIdxId I
End(KF) x B(F,K*) x B(K*,F) x End(F) — End(E)
a—>bh b
A a),bh,d A,
((%),b.h,d) "~ ( (ha—dh d))
! !
—bh b
(e, h, d)) r * ,
ha—dh d

where the horizontal arrows are local diffeomorphisms at (()\O,Jk()\g)),bg,o,dg) and
(Jk()\o), bo, 0, do) respectively, the right vertical one is diffeomorphic to I1 (since X is
geometrically simple) and the left one is a swallowtail by the particular case E = K*
already treated.

Proof of Lemma 2 The two things we do not already know are the following:
(a) the upper arrow does send Val(K*) x B(F, K*)x B(K*, F)x End(F) into Val(E)
(b) it is a local diffeomorphism.

—bh b
To obtain (a), just notice that « v Y if and only if
ha —dh d hz hx

ar = \r.
By Lemma 1, to get (b), we should show that, for (A, a,b,h,d) close enough to

—bh b
(X0> Tk (Ao), bo, 0, do), we have | “) = 7 ) if and only if
ha —dh d y Y

ax = Az and y = hx. Now, setting z := y — hx, the first relation reads
(a0 — Nz =bz
ha—=XNz=(\—d)z
or, equivalently,
(a =Nz =bz
(A—=d—-hb)z=0.
As )\g — dp is invertible, so is A — d — hb for (A, b, h,d) close enough to (Ag, bo,0,do),
in which case our system is equivalent to z = 0 and (o — A\)x = 0, proving Lemma 2.

Proof of the “only if” part of (iii). When the eigenspace associated to A is not a
line there is (at least) a circle of invariant lines with the same eigenvalue mapping to
the same operator. This cannot happen in a swallowtail, proving our result since we
assume® dim E < oo. O

(9) Though the result might well be true in general.
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C4. Simple eigenvalues. — Theorem 8 (i) is a version of the following well-known
result:

Corollary. — For (X, Lo, Ag) € Eig(E) the following assertions are equivalent:

(i) There are (necessarily unique) analytic functions A(A), B(A) defined near Ay
such that A(Ag) = Xo, B(Ao) = Lo and (A(A), B(A), A) € Eig(E).

(ii) Ao is a simple eigenvalue of Ay.

Proof. — Just observe that such functions provide a local inverse of II. O

Remarks. — Actually, under the conditions of the corollary there is also an analytic
function v(A) (which is not unique) defined in a neighborhood of A such that v(A4) is
an eigenvector of A with eigenvalue A\(A). As we said above, this result is classical and
many proofs have been given of it. For a proof that uses, as we do here, the Implicit
Function Theorem in Banach spaces see for example [3], exercice 14 p. 268. Proofs
using this method have been known for a long time, see for example [9].

Part (iii) of Theorem 8 is related to the usual expansion of the eigenvalue as a
power series on roots of the parameters [8].

In the finite dimensional case, for (A, L, M) € Eig(K") and P = x(M) we always
have P(A) = 0, and X is simple if and only if the derivative P’()) is nonzero. It can
be checked that Simp(A, L, M) := P’()\) equals the Jacobian of IT at (A, L, M) in the
coordinates introduced in the proof of Theorem 6.

Since at the singularities with higher corank of II the jacobian determinant is a
singular function (see Appendix Al), it follows that the regular points of the variety
Simp = 0 are precisely the points with a geometrically simple eigenvalue. This regular
set can be still stratified according to the singularity type of II, i.e. according to the
order of the swallowtails.

In the case of geometrically multiple eigenvalues, we have observed that there is
(at least) a circle of invariant lines with the same eigenvalue mapping to the same
operator. This means that the singularity type is not finite, and is therefore very
degenerate from the viewpoint of singularity theory. Nevertheless, it is a kind of
blow-down map that could be described combining the blow-down singularities of the
map j and some simpler singularities.

The group GL(E) of invertible endomorphisms acts naturally by conjugation on
both Eig(F) and End(FE) and the mapping II is equivariant. Therefore IT maps the
stratification by orbits of the first space into the second one and is some kind of
(partial) resolution of the latter’s singularities.

In the finite dimensional case, Arnold [1] has given a complete description of the
stratification by orbits of M(n x n) which is possible to lift to those of Eig(K™).
The images of our swallowtail singularities can be observed in the slice around the
corresponding orbit. Although no explicit statement appears it is probable that some
version of our results was known to Arnold.
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D. Singularities of linear operators and invariant subspaces

D1. Grassmannians. — We will denote by G(E) the set of closed linear subspaces
S of E with a closed complement. For each such S and each pair (V, W) of comple-
mentary closed subspaces of E such that E = S @& W, the subspace S is (in the
identification of E =V & W to V x W) the graph of a unique continuous linear map
h=hyw(S) of V into W.

Proposition. — The charts hy,w make G(E) into an analytic Banach manifold, which
is impure'®) but Hausdorff.

Proof. — The intersection of the domains of two such maps hy,r and hy, w, can be
nonempty only if V; is isomorphic to V and W; to W. When this is the case, each
v € E writes (z,y) € V X W in one identification and (z1,y1) € Vi x Wy in the other,
and there exists a unique invertible transition matrix

P = ( : Z ) a€ BV, V), be BW1,V), c€ B(Vi,W), d € BW1, W)

c

such that the first expression of v is obtained from the second by the formula

(v)-r(o)

If S € G(E) lies in the domain of both hy,w and hy, w,, then h := hyw(S) and
h1 := hyv, w, (S) satisfy
C+dh1 = h(a+bh1)

Now, a + bhy is an isomorphism of V; onto V, as it is obtained by composing the
isomorphism z7 +— (1, h1z1) of V7 onto S and the isomorphism (z,y) — x of S onto
V in the identification of E to V x W. In other words, the domain of the transition
map hy,w o h‘_/ll’W1 is the open subset of B(Vy, W) consisting of those h; such that
a + bhy is an isomorphism, and

hv,w © by (h1) = (¢ + dha) (a + bhy) "

To see that G(E) is Hausdorff (which we do not care much about), one can proceeed
as follows:

— If E is a Hilbert space, each S € G(E) can be identified to the orthogonal
projector onto S, yielding a natural embedding of G(E) into End(E). The image
is the smooth real(") algebraic subset of End(E) defined by the equations P? =

(10) Meaning the following: each hy,w applies only to subspaces S isomorphic to V and such that E/S
is isomorphic to W. It follows for example that two subspaces S which do not have the same dimension
or the same codimension lie in different connected components—which have various dimensions when
E is finite dimensional. In particular, the projective space P(E) is a connected component of G(E).
(1) If K = C, the holomorphic manifold G(FE) is compact for dim E < oo and therefore cannot be
embedded as a holomorphic submanifold of the complex linear space End(E).
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P and (1 — P*)P + P*(1 — P) = 0, where P* denotes the adjoint of P. See [3],
exercice 31 p. 271.

— Otherwise, for each p € E, it is quite easy to prove (using the charts hy ) that
the function dist, : G(E) — R defined by

dist, (S) = dist(p, S) := inf |g — p|
qeSs

is continuous. Given distinct elements S, S; of G(F), exchanging them if neces-
sary, there exists p € 57\ S and we have dist(p, S1) = 0 < D := dist(p, S), hence
two disjoint open subsets distzjl(—oo, D/2) > S; and distgl(D/Q, +o00) D S. O

D2. The manifold of invariant subspaces. — The manifold of invariant sub-
spaces of E is the space

Inv(E) := {(S, A) € G(E) x End(E) : A(S) C S}.

That is, the space of pairs consisting of a linear operator and an invariant subspace
with a closed complement. Compare with the definition of Eig(F). This manifold
resembles more the manifold Eig(E) (which it contains), than the more complicated
Grassmannian:

Theorem 9. — The subset Inv(E) is an analytic submanifold modelled on End(E).

Proof. — For each chart hy v, every S € G(E) such that E = S@®W identifies to the
linear map h = hy,w (S) of which it is the graph in the identification of E =V @ W
to V x W. In this identification, every A € End(E) reads as usual

A= ( a Z ),aeEnd(V),be BW,V),c € B(V,W),d € End(W)

c
and we have (S, A) € Inv(E) if and only if
(15) ¢+ dh = h(a + bh)
or, equivalently, if and only if

a = a-—>bh

¢ = ha-—dh
for some o € End(K*). In other words:

— The image of the restriction of hy,w xIdg, 4 (m) tO Inv(E) is the smooth algebraic
submanifold of B(V,W) x End(E) defined by (15), which is the graph ¢ =
h(a + bh) — dh.

— This graph admits the global parametrization

a b oa—bh b
16) QV’W:<h d>'—><h’<ha—dh d))

by End(E). O
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Corollary. — For all (Sy, Ag) € Inv(E), there is an analytic function A(S) defined in
a neighborhood of (So) such that A(Sp) = A and A(S) is an operator with invariant
subspace S.

Proof. — Given any complementary subspace W of V := Sy, with the notation of

the above proof, we have
b
Ay = ap 0o
0 do

b
and we can take A(h‘_,lw(h)) = pv.w C;Z) do , where ¢y w is the second com-
0
ponent of the parametrization ®y - defined by (16). O

Again, a more interesting question is whether S is an analytic function of the
operator A. Or, in our terms, whether the map II of Inv(E) into End(E) which
forgets the first component is a local diffeomorphism.

D3. Simple invariant subspaces. — For (S, A) € Inv(E), let a denote the re-
striction of A to S and A the induced endomorphism of the quotient E/S.

Proposition and definition. — The following three conditions are equivalent:

(a) We have that o(a) No(A) = 2.
(b) The mapping h — ha — Ah is an automorphism of B(S,E/S).
(c) The mapping h — hA — ah is an automorphism of B(E/S,S).

When they are satisfied, we call S a simple invariant subspace of A (compare with the
definition of a simple eigenvalue).

Equivalence between (a), (b), (c) follows from Proposition B.6 in Appendix B.

Theorem 10. — The restriction II : Inv(E) — End(E) of the canonical projection
G(E)xEnd(E) — End(E) is a local diffeomorphism in the neighborhood of (So, Ag) €
Inv(E) if, and only if, So is a simple invariant subspace of Ay.

Proof. — Given any complementary subspace W of V := S, we can read everything
in the chart (S, A) — <I>‘_/1W (hv,w(S), A). Then, II is the map

a b a—bh b
>
h d ha—dh d

of End(E) into itself and (Sp, Ag) equals
Ay = ap b()
"\ o d
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It follows that

b —boh b
dII(So, Ag) : “ — aTh
h d hag — doh d
is an isomorphism if, and only if,. the mapping h — hag — dgh is an automorphism
of B(V,W). As do identifies to Ay, the theorem follows from the Inverse Function

Theorem in Banach spaces and the characterization (b) of simple invariant subspaces.
O

Theorem 11. — Given (Sy, Ap) € Inv(E), if Sy is a simple invariant subspace of Ay,
then:

(i) The subspace Sy admits a unique Ag—invariant closed complement Sy, which is
a simple invariant subspace of Ag.

(if) Such a pair of complementary invariant subspaces exists for all A € End(E)
close enough to Ag. More precisely, there exists a unique analytic map germ
(Vo,V1) : (End(E),Ao) — (G(E)?,(So,51)) such that Vo(A) and Vi(A) are
complementary A—invariant subspaces.

Proof. — Assertion (ii) clearly follows from (i) and Theorem 10, as V and V; are
the first components of the maps obtained by inverting the local diffeomorphisms
(Inv(E), (S0, Ao)) — End(E) and (Inv(E), (S1,Ao)) — End(E) induced by II.

To prove (i), denote by W any closed complementary subspace of Sg. In the iden-
tification of £ = So @ W to Sy x W, we can as usual write

AO _ ap b()
0 dp

and notice that Sy, if it exists, must be the “graph” {(z,y) € So x W : = = hy} of a
map h € B(W,Sy), whose invariance is expressed by the equation

aoh + b(] = hdo

Now, as dg identifies to AO, the characterization (c) of simple invariant subspaces
implies that this equation has a unique solution h, namely the inverse image of by by
the automorphism h — hdy — agh of B(W, Sp). O

D4. Existence of simple invariant subsets. — Under the hypothesis of Theo-
rem 11, in the identification of £ = Sy @ S to Sy x S1, the operator Ay writes

ap 0
A =
’ <0 al)

and therefore o(Ag) is the disjoint union of ¢(ag) and o(a1) = o(Ag). In fact, each
decomposition of o(A) as the disjoint union of two compact subsets yields a unique
decomposition of E as the direct sum of two closed invariant subspaces:
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Theorem 12. — Assume that K = C. If the spectrum of Ay € End(E) is the union of
two disjoint nonempty compact subsets og and o1, then:

(i) For j = 0,1, there exists a unique invariant subspace S; of Ay such that the
spectra of the maps a; € End(S;) and A; € End(E/S;) induced by Ay are o;
and o471 respectively (in particular, S; is simple).

(ii) The Ag—invariant subspaces Sg and S1 are complementary. Thus, in the identi-
fication of E = Sy & S1 to Sy x S,

A= @ ).
0 ay

(iii) Therefore, by Theorem 11, there exist uniquely determined analytic germ Vj :
(End(E),AO) — (G(E),Sj), j = 0,1, such that Vu(A) and V1(A) are comple-
mentary A—invariant subspaces for each A in their domains.

Definition Under the hypotheses of Theorem 12, we call S; the invariant subspace
of Ay associated to o;.

Proof of Theorem 12 By Theorem 11, the subspace S; exists and is unique if and
only if the pair (Sp, S1) exists and is unique. Therefore, our problem is the following:
— find a projector® P € End(E) such that Sy := Im P and S; := Ker P have the
required properties
— prove that P is unique.

Lemma. — Given a bounded open subset U of C with smooth boundary, containing
oo and such that o1 lies in its exterior, we have the following:
(a) The map P € End(E) defined by
= ﬁ BU(z — Ay)tdz

18 a projector.

(b) As P commutes with Ay, the complementary subspaces Sy := Im P and Sy :=
Ker P are invariant by Ap.

(¢) Moreover, the maps a9 € End(Sp) and a; € End(Sy) induced by Ay satisfy
o(ap) = 09 and o(ay) = o1.

Proof of the lemma. — We can enlarge U into a bounded open subset U; of C con-
taining U and o and such that o lies in its exterior. Then®® P = f(A), where
the holomorphic function f : C\90U; — C is given by

{1 for z e U;

0 otherwise.

f(z) =

(12) Endomorphism P such that P2 = P.
(13) See [10], chapter 10 from 10.21 to 10.29, for an account of the beautiful theory sometimes called
holomorphic functional calculus.
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Since f(z)2 = f(z) for all z € C\dU;, we have f(Ag)? = f(Ap), hence (a).

As (b) is obvious, let us prove (c). Given A € C\ o (A4p) observe that (4g — A\)P =
P(Ay — ) equals g(Ap), where the holomorphic function g : C\ 8U; — C is given by
9(z) = (z = N) f(2). It follows that

(A) the spectrum of (Ag — A)P is g(o(Ag)) = (o0 — A) U {0}
(B) similarly, the spectrum of (A9 — A)(1 — P) is (o1 — A) U {0}.

Now, in the identification v — (Pv,v — Pv) of E to Sy x S1, we have

“A “A
(Ag—NP=| O ) and Ag—a=( ® o .
0 0 0 ar — A

hence, by (A)—(B),

(0(ap) =AU (o(a1) =A) = 0o(Ag—A)= (00 —A)U (01— A)
(a(ag) =N U{0} = o((4do—N)P) = (50— A)U{0}
(o(a1) — A) U {0} 7((Ao = N)(1 = P)) = (01 = N) U {0},

implying (c) since A belongs neither to g, nor to o;. O

Proof that P is unique. — Let @ € End(FE) be a projector with the required proper-
ties. As Im @ and Ker @ = Im(1 — @) are complementary subspaces invariant by Ay,
we have, for all v € F,

QAov + (1 — Q)Agv = Agv = Ay (Qv +(1- Q)v) = ApQu+ Ap(1 — Q)v,
hence AgQv = QAgv and therefore
AoQ = QAo.
Identifying £ = Sy @ S; to Sy x S1, we can write

0 b
A0:<a0 ) and Q:(qo >
0 a c q

The commutation relation implies that apb = ba; and cag = aic, hence b = 0 and
¢ = 0 by the characterizations (b)—(c) of a simple invariant subspace. It follows that

[ @ O
Q_(0q1>7

where ¢; € End(S;) is a projector which commutes with a; for j = 0,1. For every
A € C, we have

U((A() - )\)Q) = (0’0 - )\) @] {0}
since the spectrum of Ay — A restricted to Im @ is o9 — A and @ is not the identity
(otherwise o1 would be empty). Now, we also have

U((AO — )\)Q) = U((G,O — )\)qg) U 0’((CL1 - )\)ql)
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and®, as a; — A commutes with g¢;,
U((aj — )\)qj) Co(aj — No(gj) = (05 — No(g;) C (o5 — X) U{0}.

It follows that we must have o ((a; —A)q1) = {0} for every X and therefore o(g1) = 0,
hence ¢; = 0 since ¢; is a projector, yielding

Im@ C Sp.

Replacing @ by 1 — @ in this argument, we obtain the inclusion

Im(l1 - Q) C Ss.
AsE=S,® 5 =ImQ &Im(1l — Q), it follows that Im@Q = Sy and Im(1 — Q) = 51,
hence @ = P. O
Remarks. — Instead of deducing part (iii) of the theorem from the inverse function

theorem, one can use directly the observation that, for A close enough to Ay, the

formula
_ L -1
P(A) := 33 8U(z —A) dz

defines a projector. As it depends analytically on A, so do its image Vp(A) and its
kernel V4 (A), which are invariant by A since P(A)A = AP(A). This type of proof (and
the result) are well-known, although it must be said that in the standard reference
on the subject ([8], Chapter IV, Section 4, Theorem 3.16) the result is obscured by
unnecessary “additional” hypotheses.

Of course, Theorem 12 enables us to associate to every decomposition of o(Ag)
as the union of finitely many mutually disjoint nonempty compact subsets o4,...,0p
the decomposition £ = S; @ --- @ Sy, where S; denotes the Ap—invariant subspace
associated to o;.

In finite dimensions, we can consider the maximal decomposition of o(A4g) defined
by o; = {);}, where the A;’s are the eigenvalues of Ag. The subspace S; is then
called the characteristic subspace of Ay associated to A;. In that case, as mentioned
in the introduction, Theorem 12 (iii) (or, rather, Theorem 10) tells us something which
deserves being better known: every A close enough to Ay admits an invariant subspace
V;(A) of the same dimension as the characteristic subspace S, unique in a suitable
neighborhood of S; and depending analytically on A even though the eigenvalues do
not and the eigenspaces may explode—for generic A, the subspace V;(A) is the direct
sum of one-dimensional eigenspaces corresponding to mutually distinct eigenvalues of
A close to A;.

Theorem 13. — Theorem 12 holds if K = R, provided oy and (therefore) o1 are in-
variant by complex conjugation.

(14) See [10], Theorem 11.23.
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Proof. — On the complex Banach space Ec := E @ iFE obtained from E by complex-
ification, there is a conjugation

v+iw v 4w i=v —iw, v,w € E.

Denoting again by Ag the complexified endomorphism v + iw — Agv + iAgw, the
identity

Aoz = Agz
implies that the complementary Ag—invariant subspaces Sy, S1 C Ec obtained from
Theorem 12 satisfy

(17) 5=,

Indeed, §j is an Ag—invariant subspace of which Ay induces an endomorphism with
spectrum o; = o, hence (17) since S; is unique.

It follows that S; is the complexification of the real Ag—invariant subspace S; N E,
that F = (SoNE) @ (S1 N E) and, of course, that the spectrum of the endomorphism
of S; N E induced by Ay is o;. O

Theorem 14. — If K = R, then, given Ay € End(E):

(1) If 6(Ag) NR = &, there exist a complex Banach space F' and an analytic local
map I : (End(E), AO) — Iso(E, F) (space of continuous isomorphisms of E onto
F) such that every I(A).A := I(A) o Ao I(A)~! is a C-linear operator whose
spectrum is the intersection o (A) of o(A) with the upper half-plane Sz > 0.

(ii) More generally, if 0(Ag) N C\ R is compact*®, there exist Banach spaces S, F
with F complex and an analytic I : (End(E), Ag) — Iso(E,S x F) such that
every I(A).A is block diagonal a(A) x d(A), the endomorphism d(A) of F is
C-linear, o(a(A)) = o(A) NR and o(d(A)) = ot (A).

Proof. — (i) By Theorem 12, applied with o¢ := 07 (A4g) to the complexified map
Apc of Ag, there is a unique analytic local map P : (End(E), Ao) — End(E¢) such
that

— each P(A) is a projector whose kernel and image are invariant by Ac
— the map Ac induces endomorphisms of ker P(A) and Im P(A) whose spectra
are o+ (A) and o7 (A) respectively.

The projection v — Rv of E¢ onto E, restricted to Im P(A), is an isomorphism and,
denoting the inverse map by r(A), the map r(A),A clearly is the C-linear endomor-
phism of Im P(A) induced by Ac. The image of r(A) depends on A but we can make
it constant by composing r(A) with P(Ap), as the latter induces an isomorphism of
Im P(A) onto Im P(Ag) for A close enough to Ag. This proves (i) with ' := Im P(Ay)
and P(A) := P(Ap) or(A).

(ii) By Theorem 13, applied to Ay with o9 := 0(4p) N R, the same argument as
in the proof of (i) shows that there exist real Banach spaces S,V and an analytic
J: (End(E), Ag) — Iso(E, S x V) such that every J(A),A has the form a(A) x D(A)

(15) Which is automatically the case for dim E < co.
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with o(a(A)) = o(4) NR and o(D(A)) = o(A) N C\R. Applying (i) to D(A), we
get what we want. U

Remark. — This easy complexification result is extremely useful in the theory of
normal forms of dynamical systems.

D5. Singularities of invariant subspaces. — In infinite dimensions, the map
II : Inv(E) — End(E) can have a very wild singularity at (Sp, Ag) when Sy is not a
simple invariant subspace of Ay. We shall only consider the simplest cases, which do
occur naturally, at least for compact or Fredholm operators and in particular in finite
dimensions.

Theorem 15. — Assume that (So, Ag) € Inv(E) satisfies o(ag) Na(Ag) = {0}, where
Ao isa geqmetrically simple eigenvalue of Ag of multiplicity k and a simple eigenvalue
of ag or Ag. Then II is a k—swallowtail at (Sp, Ag)-

Proof. — Our hypothesis implies that o(ag) = 70 U {\o}, 0(4o) = 71 U {\o} and
o(Ag) = 70 U { Ao} U1, where 79,71 are disjoint compact subsets, which may be
empty and do not contain Ag.

First assume that A\g is a simple eigenvalue of ag. If 79 = &, our theorem is the “if”
part of Theorem 8 (iii). Otherwise, we proceed as in the proof of Theorem 8 (iii) to
show that the contribution of 79 (and 71) to the singularity is trivial.

If Ao is a simple eigenvalue of Ao, then the contribution of 79 and 7; to the sin-
gularity is trivial, which reduces the problem to the case where E = K*. Then, the
hypotheses of Theorem 8 (iii) are satisfied by the transposed map A§ € End(E*) and
the line Sy, hence our theorem since (4,S) — (A*,S1) is a diffeomorphism of the
open subset of Inv(KF) associated to hyperplanes S onto Eig(K**), fibered over the
isomorphism A — A*. O

Remark. — For k > 1, the hypotheses of Theorem 15 imply that Sy admits no Ag—
imvariant complement.

Theorem 16. — Assume that K = R and that (So,Ao) € Inv(E) satisfies
o(ap) N J(AO) = {Xo,\o}, where \g € C\R is a geometrically simple eigen-
value of Ay of multiplicity k and a simple eigenvalue of ag or Ay. Then I is a
complex k-swallowtail at (So, Ag).

Proof. — As in the proof of Theorem 15, we have that o (ag) = 70 U{Ao, Ao}, 0(Ao) =
71 U{ Ao, Ao} and o (Ag) = 19U {0, Ao} UT1, where 79, 71 are disjoint compact subsets,
invariant by complex conjugation, which may be empty and do not contain A\y. The
contributions of 79 and 7; to the singularity are trivial, reducing us to the case where
E = R?* and \g, \g are the only (geometrically simple) eigenvalues of Ag. Therefore,
our problem is to prove a real version of Theorem 8 (iii) in its simplest case, assuming
that Sp has dimension 2 (if it has codimension 2, the same duality argument as in the
proof of Theorem 15 applies).
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By Theorem 14, there exists an isomorphism I(A) of R2* onto C*, depending ana-
lytically on A such that I(A),A := I(A)oAocI(A)™! is a compler endomorphism of C¥,
that Ao is the sole, geometrically simple, eigenvalue of P(Ag).Ao and that P(Ag)Sy is
the corresponding complex one-dimensional eigenspace. Applying Theorem 8 (iii) to
I(A).A, we do get what we want for A. O

APPENDICES

Appendix A

Some Useful Singularities

We will recall in this appendix some simple properties of singularities, especially
of the swallowtail type, and we describe some examples of them that are used in the
main text.

Two function germs f,g : E1,0 — E5,0 are called diffeomorphic (%) if there are
local diffeomorphisms ¢ of E1,0 and % of Es,0 such that goyp =1 o f.

A singular function germ f : K™, 0 — K", 0 is called good (in the sense of Whitney)
if its jacobian determinant Jf : K”,0 — K, 0 is regular at 0.

It is clear that a good map is of corank 1, because if two rows of the jacobian
matrix of f vanish at 0, then the jacobian determinant is at least of order 2 and so
is singular at the origin. In fact, the good function germs are exactly those such that
j1f is transversal to the stratum X' of mappings of corank 1.

Swallowtails. — The standard k—swallowtail is the mapping

SWy: KT - KFT!
SWi(a1,...,ak—2,u) = (a1,...,a5-2,u" + ap_ou™ 2 + -+ + aqu).

In other words, it is the universal unfolding of the map u — u*.

For us a k—swallowtail will be any map germ between two Banach spaces which is
diffeomorphic to the germ at 0 of a suspension of the standard one, that is, a map of
the form

SWixId:KF1'xE—-K"!' xE

for some Banach space E. In other words, it is a versal unfolding of the map v — u*.

A k-swallowtail has the following properties:

(i) It is a stable map germ of corank 1.

(i) It is a Morin singularity of type X1x.

(iii) It is a good function in the sense of Whitney.

(16) Usually called left-right equivalent.
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Ezample 1. — The evaluation map
ev: MP(k) x K — MP(k) xK
(P,a) — (P,P(a))

is a k—swallowtail. Indeed, if we restrict (in the souce and target) to the subspace of
polynomials without terms of degree k — 1 and 0 we get the standard k—swallowtail.
For the whole space of monic polynomials we need only put aside those coefficients
by the standard translation procedures: Let

P(x) = 2 +ap_ 12" '+ + a1z + ag

Q(z) = P(x—ar-1/k)

Qo(z) = Q(z)—Q(0).

Then, the map ev factors as:

(Pya) — (Qo,a+ ag—1/k,ar-1,Q(0))
l !
(P,P(a)) < (Qo,Qo(a+ ar-1/k),ar—1,Q(0))

and the second vertical arrow is of the form SW, x Id while the two horizontal ones
are diffeomorphisms.

FEzxample 1a. — The evaluation map restricted to polynomials P with ar_1 = 0 is
also a k—swallowtail.

This is because in the above factorization of ev one can eliminate the third com-
ponent from the right-hand spaces.

Example 1b. — The evaluation map restricted to polynomials P with ag = 0 is also
a k—swallowtail.

This is because in the above factorization of ev one can eliminate the fourth com-
ponent Q(0) from the right-hand spaces since it is determined from the other ones by
the relation 0 = Qo(a + ax—1/k) + Q(0) (the last expression equals P(0) = ay).

Ezample 1c. — Let Root(n) = {(a,P) € K x MP(n) such that P(a) = 0}, which
is diffeomorphic to K" since the defining equation can be solved for ag. The map
Root(n) — MP(n) which sends (a, P) to P is also a k-swallowtail.

This is because, in terms of the natural parametrizations of Root(n) and MP(n)
the above map is given by

(aa Q) = (aa Q - Q(a)) = Q - Q((L) = (Q7 _Q(a‘))7

where Q(0) = 0, which is diffeomorphic to the evaluation map for polynomials with
ap = 0 (Example 1b).

FEzxzample 2. — The map
(a1,...,ax—1,a) = (aai,a; + aaz,az + aas, ...,ak_2 + aap_1,0k_1 + a)

is a k—swallowtail.
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To see this, take as new coordinates u = —a and the last k¥ — 1 components of the
map:
bi =a; — uai_H)

fori =1,...k—1, where we take ar = 1 (so bx—1 := ax—1 —u)). This yields inductively

1
ap—; = u' + E bk_ju’ﬂ
j=1

and therefore

k-1 k-1
aa; = —u(ukfl + Z bk—jukflfj) = —(uk + Z bk_juk*j)
j=1 j=1

so the mapping is equivalent to
(u7b17 LR bk*l) - (uk + bk*luk_l + -+ bluy bl7 e 7bk‘71)

which is essentially the evaluation map for polynomials with null constant term. As
we have seen in example 1b above, it is a k—swallowtail.
If we put ax_; = —a on example 2 we get essentially the map:

2
(a1,...,ak—2,a) — (aa1,a1 + aaz, a2 + aas, ..., ax_2 — a“).
As this corresponds to making bx_; = 0 in the new coordinates, it is diffeomorphic

to the standard k—swallowtail. This shows that every swallowtail can be given by
polynomial functions of degree 2.

Complex Swallowtails. — The complex swallowtail
SW; : CF~1 — ck?
can be considered as a real mapping
SWk . R2k:—2 _ R2k_2

which we will call the standard complex swallowtail and by a complex swallowtail we
will mean any map diffeomorphic to one of its real suspensions. For example, the
standard 2-swallowtail is the real map (z,y) — (22 — y2, 22y).

The complex swallowtails are not stable as real maps. In fact they are very de-
generate since their singular set is of codimension 2 and can explode into a subset of
codimension 1 (for k£ > 2, in uncountably many ways).

Swallowtail deformations. — A k—swallowtail deformation is any map germ between
two Banach spaces which is diffeomorphic to the germ at 0 of a map

G:ExE - FE
such that G(z,0) is a k—swallowtail, where E, E’ are Banach spaces. The stability of
the swallowtail implies that any k—swallowtail deformation is diffeomorphic to a simple
form, essentially a k—swallowtail with coefficients that depend on the parameters.

A k-swallowtail has always corank 1 at its singular points. However, observe that,
in a k—swallowtail deformation, the derivative with respect to the parameters may add
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the missing direction in the image of the derivative, in which case it is a submersion
(this is due to the fact that we are thinking of it as a mapping where variables and
parameters are not to be distinguished). Thus a k—-swallowtail deformation can have
corank 0 or 1.

The first case of a k—swallowtail deformation in our work corresponds to a double
eigenvalue. In this case the map x is

(a,b,¢,d) — (a+d,ad — bc)
which is easily seen to be diffeomorphic to
(a,b,¢,d) — (a,d” + be)

This is a stable map, being the suspension of a Morse funcion.

Appendix B
Some useful facts about Banach spaces
We denote by E, F' two Banach spaces over K = R or C and by B(E, F) the space
of continuous linear maps of F into F'.
Proposition B.1. — For A € B(E, F), the following properties are equivalent:

(i) The map A is injective and its image Im A is closed, in which case we call A an

embedding.
(ii) There exists ¢ > 0 such that c|Ax| > |z| for all x € E.
(iii) There does not exist any sequence (x,) in E such that |z,| = 1 for all n and

lim,, o Az, = 0.

Proof. — By the open mapping theorem, if (i) holds, then A induces an isomorphism
A; of E onto Im A and A1_1 o A = Idg, hence (iii) since lim,,_,, Az, = 0 implies
lim, o T, = A1_1 lim,, o Az, = 0.

If (ii) does not hold, there is a sequence (y,) in E satisfying |y,| > n|Ay,| for
all n and therefore the sequence z, := y,/|ys| is such that |z,| = 1 for all n and
lim,,_, o Az, = 0, proving that (iii) implies (ii).

Finally, assuming (ii), the linear map A is clearly injective. Moreover, any sequence
() in E such that Az, converges to some y satisfies |z, — z,| < c|A(z, — zp)| =
c|Az,, — Az,| and therefore is Cauchy. It follows that (x,) converges to some x € E,
which must satisfy Az = Alimz, = lim Az, = y, proving that Im A is closed and
therefore that (ii) implies (i). O

Covollary B.2. — The set of all embeddings A € B(E, F) is open.

Proof. — By Proposition B.1 (ii), the embeddings are exactly those A such that
|Az|/|z| is bounded below by a positive constant on E\{0}. O

Proposition B3. — Given A € B(E,F), let A* € B(F*, E*) denote the adjoint map
g+ qo A (also called transposed map).
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(i) The map A* is injective if and only if Im A is dense.
(ii) The subspace A*F* is closed if and only if Im A is closed.
(iii) In particular, A* is an embedding if and only if A is onto.
(iv) The map A* is onto if and only if A is an embedding.

Proof. — As A*q(z) = q(Az) for all z € E, the kernel of A* is the set (Im A)L of
those ¢ which vanish on the image of A, hence (i). Assertion (ii) is Theorem 4.14 of
[10], and (iii) follows at once from (i)—(ii).

Let us prove (iv). Clearly, for each ¢ € F*, the function A*q : v — ¢(Av) van-
ishes on Ker A, hence the inclusion A*F* C (Ker A)*. Therefore, if A* is onto, then
(Ker A)* = E*, hence (Hahn-Banach) Ker A = {0}, proving that A—which has closed
image by (ii)—is an embedding. Conversely, if A is an embedding, then it induces an
isomorphism A; of E onto Im A. For each p € E*, the map q := poA7' € (Im A)* can
be extended (Hahn-Banach) to a map Q € F™*, which satisfies A*Q = QoA = goA = p,
proving that A* is onto. O

Corollary B.4. — The set of all surjective A € B(E, F) is open.

Proof. — As the linear map A — A* of B(E, F) into B(F*, E*) is continuous (iso-
metric), this follows at once from Proposition B.3 and Corollary B.2. O

Proposition B.5. — The subset of B(E, F) consisting of those A which are onto but
not embeddings is open, and so is the subset consisting of those embeddings which are
not onto.

Proof. — By Proposition B.3 (iii)—(iv) and the fact that A — A* is continuous, we
just have to prove the second assertion. Given an embedding A which is not onto and
y € F\Im A, the distance 2D from y to the closed subset Im A is positive, that is

(18) |Az —y| >2D >0forallz € E
and, by Proposition B.1, there exists C' > 0 such that
(19) |Az| > C|z| for all z € E.

We claim that every B = A+ u € B(FE, F) close enough to A is an embedding and
satisfies

(20) |Bx —y|>D >0forallz € E,
proving our result. Indeed, (19) implies the inequality
|Bz| = [Az + uz| > |Az| — |uz| > (C — |u])|z],
proving that B is an embedding for |u| < C' and implying
|Bx —y| = |Bx| - [y| = (C — |u])|z] - [y],
which shows that (20) holds for

D + |y|

lu| < C and |z| > o
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Therefore, all we have to prove is that it holds for small enough |u| < C when z

satisfies |z| < gf—m. Now, this is clear as we then have

D
[Ba—y| = |Az -+ uz — y| > |Az — y|  uz| > 2D — jul 2!
C = |ul
by (18). O
Proposition B.6. — Given two Banach spaces S, F' and endomorphisms a,d of S and

F respectively, the spectrum of the endomorphism a* — dy : h — ha — dh of B(S, F)
iso(a)—o(d):={\—pu: Aeao(a),u €a(d)}.

Proof. — Our endomorphism is the sum of the two commuting endomorphisms a* :
u — ua and —d, : u — —du. Now, a classical application of the Gel’fand transform
([10], Theorem 11.23) is that if two elements of a Banach algebra with unit®” com-
mute, the spectrum of their sum is included in the sum of their spectra. As, clearly,
o(a*) = o(a) and o(d.) = o(d), we get the inclusion

o(a® —dy) C o(a) — o(d).

Alternatively, one can use the holomorphic functional calculus to verify that, if
o(a) No(d) = @ then the mapping

ko [ (T =)y~ "k(cT — a)~Yde
2wt J oy
(where U is a bounded open subset of C with smooth boundary, containing o(a) only,
cf. subsection D4) is the inverse of a* — d, and then use this particular case to prove
the above inclusion.
There remains to prove that we have A\ — u € o(a* — d,) for all A € o(a) and
u € o(d). Replacing a by a — A and d by d — p, this amounts to proving the following

Lemma. — If neither a, nor d is invertible, then o™ — d, is not invertible.

Indeed(®), there are four possible situations:

— If a is not onto and d is not an embedding, then by Propositions B.1 and B.3 (iii),
there exist a sequence y, in F and a sequence p, in S* with |y,| = |pn| = 1
such that p,a and dy, converge to 0. The sequence u, in B(S, F) defined by
Un (V) = pp(v)y, satisfies |u,| = 1 and lim(a* — d.)u,, = 0, proving that a* — d,
is not an embedding.

— Similarly, if a is not an embedding and d is not onto, there exist a sequence z,, in
S and a sequence g, in F'* with |z,| = |g,| = 1 such that g,d and ax,, converge
to 0. It follows that the sequence ¢, in B(S, F)* defined by ¢,(u) := g uz,
satisfies |¢,| = 1 and lim ¢, (a* — d,) = 0, proving that a* — d, is not onto.

(A7) In our case, End (B(S, F)) .
(18) We are indebted to Georges Skandalis for what follows.
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— If both a and d are non-surjective embeddings, it follows from Proposition B.5
that the set of those A € C such that both a — A and b — )\ are non-surjective
embeddings is open. Going to the boundary, one of the maps a — X and b — A
is not an embedding, and the other one is not onto by Corollary B.4. Thus,
replacing a,d by a — A\, d — A\, we are in one of the previous two cases.

— Similarly, if both a and d are non-injective but onto, the set of those A € C such
that both ¢ — A and b — A are non-injective but onto is open by Proposition B.5.
Going to the boundary, we are again in one of the previous first two cases:
indeed, one of the maps a — A and b — X is not onto and the other one is not an
embedding by Corollary B.2. O
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POLAR PENCIL OF CURVES AND FOLIATIONS

by

Nuria Corral

Abstract. — The polar pencil Ay of a singular foliation & is the pencil of curves
formed by the polar curves of &. We study the relationship between the behaviour
of Ay under blowing-up and the invariants associated to &. The main result here
describes a resolution of singularities of Ay in terms of the equireduction invariants
of &, for a Zariski-general foliation &.

Résumé (Pinceau polaire de courbes et feuilletages). — Le pinceau polaire A d’un feuille-
tage singulier & est le pinceau de courbes composé par les courbes polaires de &.
Nous allons étudier la relation entre le comportement de Ay par éclatement et les
invariants associés & &. Le résultat principal ici donne une description d’une résolu-
tion de singularités de Ay en termes des invariants d’équiréduction de & lorsque &
est un feuilletage général de Zariski.

1. Introduction

Let A, B be two germs of holomorphic functions at (C2,0) with no common com-
ponent and consider the pencil of curves A = {aA+bB =0 : a,b € C}. Classically,
these pencils of curves have been studied in relation to the reduction of singularities of
A =0 and B =0 (see for instance [4, 8, 14|). Here we propose a different approach:
we consider A as the polar pencil Ag associated to a singular foliation & defined by
the 1-form w = A(z,y)dz + B(z,y)dy. Our objective is to describe properties of Ag
in terms of the invariants associated to &.

Let &, be the Gauss map associated to & which is given by

. 2 1
g,: (C,00~{0} — Pg
(z,y) —  [-B(z,y) : A(z,y)]-
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A curve ['[4,) of Ay is the closure in (C?,0) of the fiber ﬁ;l([a : b]) for [a: b] € PE.
There is a maximal non-empty Zariski open set of & C P{ such that all the curves
['jq:p) with [a : b] € Q are equisingular: they are the generic curves of Ag.

Let 0 : X — (C2,0) be a finite sequence of punctual blow-ups. We say that o is an
elimination of indeterminations of G (or a resolution of singularities of Ag) iff the
map &w =g, oo : X — Pl is well-defined. Such o gives an embedded reduction of
singularities of the union ' UT” of two different generic fibers, then ¢ is a resolution
of singularities of Ag (see [14]).

An irreducible component D of o~1(0) is called dicritical if the restriction §w| D:
D — ]P’}C is not constant. The degree of a dicritical component D is the degree of the
map g Jp:D— P{; this number coincides with the number of intersection points
between D and the strict transform o¢*I" of I by o, for any generic fiber I'.

The curves of the polar pencil As can also be seen as the separatrices of a singular
foliation: the polar foliation Pg defined by d(A/B) = 0. The minimal resolution
or : X — (C2,0) of Ag gives a partial reduction [12] of P in the sense that the
minimal reduction of singularities 7, : X — (C2,0) of P& factorizes as 7y = op o 7,
where 7 : X — X is a finite sequence of punctual blow-ups which are non-dicritical
for g)g.

Let C C (C2%,0) be a plane curve. We shall work in the space of foliations G¢
of non-dicritical generalized curves over C (see [2]). It is known that the minimal
reduction of singularities 7 : Mo — (C2,0) of C gives a reduction of singularities of
any & € G¢. But in general 7o does not give a desingularization of a generic fiber T’
of Ag. This occurs essentially in the case that C has a kind equisingularity type and
& is Zariski-general (in the sense of the exponents of the logarithmic model) as we
have shown in [6, 7].

Take 7 € G¢ and let op ¢ : Ma,c — (C?,0) be the minimal reduction of singular-
ities of A = Ay that factorizes through 7. The main result of this paper provides a
precise description of o ¢ for kind singularities and Zariski-general foliations. Let us
state it.

Let G(C) be the dual graph of C oriented by the first divisor E;. For each divisor
E, let m(E) be the multiplicity of any F-“curvette" and v(E) be the coincidence of
two E-curvettes. Denote by bg the number of edges and arrows which leave from FE.
Thus FE is a bifurcation divisor if by > 2 and a terminal divisor if by = 0. A dead arc
joins a bifurcation divisor with a terminal divisor, with no other bifurcations. We say
that the equisingularity type €(C) of C' is kind if m(Ey) = 2m(E,), for each dead arc
of G(C) starting at E} and ending at E.

The main result here can be stated as

Theorem 1. — Let C C (C2%,0) be a plane curve with kind equisingularity type. Con-
sider a Zariski-general foliation ¥ € G, and take any generic curve I' of Ag. Then
oa,c is obtained from wo by blowing-up ag times in a free way at each point n&I'NE
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with
1) m(E)(v(E) — 1), if E is a bifurcation divisor;
(0] =
" m(E)(v(E) —1) —1, if E is the terminal divisor of a dead are,

for each irreducible component E Ofﬂ'al(O). Moreover, the first divisor Ey is dicritical
for Ag if and only if by, > 1, and the degree of E1 as a dicritical component of Ao is
equal to by, — 1. The degree of the other dicritical components of Ag is equal to one.

Observe that, under the hypothesis of theorem above, the points of the set 75I'N
7r51(0) belong either to a bifurcation divisor or to the terminal divisor of a dead
arc ([6]). Moreover, the points of 75" N 75" (0) are non-singular points of 75 & and
w5l cuts transversally 71'51(0). Consequently oo ,c = m¢ o 01 where o7 is obtained by
blowing-up free infinitely near points of 75, i.e., the centers of the blow-ups to obtain
o1 are not corners of the corresponding exceptional divisor. Hence o ¢ is obtained
from 7o by “blowing-up in a free way" as it is stated in the theorem above.

The paper is organized as follows. Section 2 is devoted to introduce notations
relative to the dual graph and the equisingularity data of a plane curve. In section 3
we remind some results concerning the generic fiber of the polar pencil and we also
prove some technical lemmas. Section 4 deals with the base points of the pencil Ay .
In section 5 we state some results describing the dicritical components of a resolution
of Ag. The proof of the main result is given in section 6. We finish the paper with a
list of examples showing different behaviours in the non Zariski-general cases.

2. Notation

In this section we introduce some notation concerning the dual graph and the
equisingularity data of a plane curve C' = UT_, C; C (C2,0) that will be used from now
on. For each irreducible component C; of C, denote by n* = my(C;) the multiplicity of
C; at the origin. Let y’(z) = Y isni a?a:j/”i be a Puiseux series of C;, for i =1,...,7.
The characteristic exponents {8;, 81, ..., By, } of C; are given by

By = mo(C;) =n'
By =min{j : a’#0andj#0 mod (ged(f,...,B1))}

for ¢ = 1,...,g;, where g; is the first integer such that ged(3i,... ,,6’;@_) = 1. Data
equivalent to the characteristic exponents of C; are the Puiseux pairs {(m};, n}c)}izl
of C; defined by

i mi
ﬁfljzik for k=1,,gl

2

cd(m?,ni)=1 and .
sed(mf,nf) =1 and (= T

In particular, we have that n* = nj ---nf,

Let us denote by m¢ : Mg — (C2,0) the minimal reduction of singularities of
C. We recall briefly the construction of the dual graph G(C) = G(n¢) of C. Each
irreducible component E of 7' (0) is represented by a vertex in G(C). Two vertices

i i i i — 4
and By =myng,,---ng fork=1,...,g;.
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are joined by an edge if their associated divisors intersect. An irreducible component
of C is represented by an arrow attached to the only divisor that it meets. The dual
graph weighted with the self-intersection of each divisor E C Mg determines the
equisingularity type €¢(C) of the curve C.

It is also possible to construct in a similar way the dual graph of a resolution of
singularities of a pencil or a dicritical foliation by marking the dicritical components.
If o is any finite sequence of blow-ups, we denote by G(o,A) the graph constructed
from the transform of a pencil A by o.

Denote by E; the irreducible component of 71'51(0) obtained after blowing-up the
origin. The dual graph G(C) is oriented by the first divisor E;. The geodesic of a
divisor E is the path which joins F; with E and the geodesic of a curve C; is the
geodesic of the divisor that meets the strict transform #n{,C; of C;. Thus, there is a
partial order in the set of vertices of G(C) given by E < E’ if, and only if, the geodesic
of E’ goes through E. Given a divisor E of G(C), we denote by Ig the set of indices
i € {1,...,7} such that E belongs to the geodesic of C;.

A curvette 4 of a divisor E is a non-singular curve transversal to F at a non-
singular point of 7' (0). The projection v = 7¢(7) is a germ of plane curve in (C2,0)
and ~ is called an E-curvette. We denote by m(FE) the multiplicity at the origin of
any E-curvette and by v(E) the coincidence G(yg,vy) of two E-curvettes vg, Vg
which cut E in different points; observe that v(E) < v(E’) if E < E’. Recall that the
coincidence G(v,d) between two irreducible curves v and ¢ is defined as

Gy,6) = sup {ord,(y](x) —y}(x))}

1<i<mq(7y)
1<j<mq (&)

where {y] (x)}?l”l(v), {y?(x)}?fl(d) are the Puiseux series of v and § respectively.
Denote by bg the number of edges and arrows which leave from a divisor E in
G(C). We say that E is a bifurcation divisor if by > 2 and a terminal divisor if
bg = 0. A dead arc is a path which joins a bifurcation divisor with a terminal one,
without passing through other bifurcation divisors. We denote by B(C) the set of
bifurcation vertices of G(C).
Let E be an irreducible component of the exceptional divisor 7r51 (0). The reduction
g : Mg — (C2,0) of m¢ to E is the morphism satisfying that
— there is a factorization 7¢ = 7y o g where 7y and 7g are composition of
punctual blow-ups;
— the divisor E is the strict transform by 7; of an irreducible component E,..4 of
75 (0) and E,.q C Mg is the only component of 75" (0) with self-intersection
equal to —1.

The morphism 7g is obtained from m¢ by blowing-down successively the divisors
different from E with self-intersection is equal to —1. Given any curvette 4g of F,
the curve 7/;(Jg) is also a curvette of E,.q C Mg. Let {8F,8F,... ,ﬂf(E)} be the
characteristic exponents of vz = mo(¥g). It is clear that m(E) = mo(vg) = BF. If E
is a bifurcation divisor of G(C), there are two possibilities for the value v(E):
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1. either mp is the minimal reduction of singularities of yg and then v(E) =
ﬂf(E)/,Béﬂ. We say that E is a Puiseuz divisor for m¢.

2. or mg is obtained by blowing-up ¢ > 1 times after the minimal reduction of
singularities of vg and in this situation v(E) = ( f(E) +q)/BE. We say that E

is a contact divisor for mo.

Observe that m(E) = m(Eyeq) and v(E) = v(E,eq). Moreover, a bifurcation divisor
FE can belong to a dead arc only if it is a Puiseux divisor.

Consider a bifurcation divisor E of G(C) and let {(m¥ nF), (m& nf) ...,
(mf(E), ngE(E))} be the Puiseux pairs of an E-curvette vg, we denote

S { ng(g), if E is a Puiseux divisor;
E

1, otherwise,

and ng = m(E)/ng. Observe that, if E is a bifurcation divisor which belongs to a
dead arc with terminal divisor F', then m(F') = ng. We define kg to be

o — g(E)—1, if E is a Puiseux divisor;
B g(E), if FE is a contact divisor.

Thus, we have that n, = nf...nf .
) E 1 kg

To finish this section, we recall a lemma which gives the relationship between the
intersection multiplicity (v, d)o and the coincidence &(v, ) (see Zariski [15], prop. 6.1
or Merle [11], prop. 2.4):

Lemma 2. — Let v and & be two germs of irreducible plane curves of (C2%,0). If
{Bo, b1, ---, By} are the characteristic exponents of v and « is a rational number such
that By < o < Byg1 (Bg+1 = 00), then the following statements are equivalent:

«a
mo(7y)’
(1,6)o Bq a— By

2. = + ,
mo((s) nl...nq_l nl...nq

1. 6(v,0) =

where {(mi,n;)}{_, are the Puiseuz pairs of v (no = 1) and {Bo,B1,---,Bq} s a
minimal system of generators of the semigroup S(v) of .

Recall that the semigroup S(v) of v is defined as
S(v) = {(~,0)0 : v is not an irreducible component of §}.

There is a minimal system of generators {3y, B1,. .., 84} of S(v) whose elements are
defined by

(2) Bo=pBo=mo(7), Bi1=pB1, Bi=ni-1Bi-1+B —Bi-1, for 1=2,...,9,

where {80, 01, ..., 84} are the characteristic exponents of v (see [1] or [16]). It is clear
that S(7) is determined by the equisingularity type of v and reciprocally.
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3. Generic curves of the pencil

This section is devoted to describe some properties of a generic curve of the polar
pencil As of a singular foliation &. The reader may refer to [5, 7] for a more detailed
description.

Consider a plane curve C = U7_,C; C (C%0). Let f = f1--- f- be a reduced
equation of C' and 7¢ : Mc — (C2,0) be the minimal reduction of singularities of
C'. Denote by G¢ the space of generalized curve foliations [2] having C' as curve of
separatrices. Let G}, be the sub-space of G¢ defined as follows: a foliation ¥ is in G,
iff the logarithmic model £y of & avoids a finite set of resonances Ry C (Zxo)".
More precisely, each foliation & € G¢ has a unique logarithmic model ¥ given
by fi- fr i Nidfi/fi = 0 with A = A7) = (M,...,\) € P! (see [5]). The
logarithmic foliation ¥, has the same reduction of singularities as & and the same
Camacho-Sad indices [3] at the final points of the reduction. Thus, a foliation &
belongs to G, iff >7i_; kiA; # 0 for each k = (ky,...,k;) € Ry where R ¢y C
(Z>o)" is a finite set which depends only on the equisingularity type ¢(C) of C (see
[5, 7] for a detailed construction of it).

Remark 3. — Note that a foliation & avoids the resonances of the set R, if and
only if there is no corner in the reduction of singularities of p*& with Camacho-Sad
equal to —1, where p : (C2?,0) — (C?,0) is any ramification transversal to C' such that
p~1C has only non-singular irreducible components (see [5]).

Consider a generic fiber I" of the pencil Ag. A first result describing some properties
of the equisingularity type €(I") of I" in terms of the equisingularity type €(C) of C' is
the following one:

Theorem 4 (of decomposition [5, 9, 10, 11]). — Consider a foliation ¥ € G and a
generic curve I' of Ag. There is a decomposition ' = UEGB(C)FE such that:

(i) mo(I'F) = {

(ii) For each irreducible component v of T'Y we have that
e G(Ci,v) =v(E) if E belongs to the geodesic of C;;
e G(Cj,v) = 6(C;,C;) if E belongs to the geodesic of C; but not to the one
Of Cj.

ngng(by — 1), if E does not belong to a dead arc;

ngne(beg —1) —ng, otherwise.

It is clear that the result above does not determine €(I"). However, there is a Zariski-
open set Uc C PL.7" such that €(T") is completely determined by €(C) if A(7) € Uc.
The set Uc depends on the analytic type of C' and it is a non-empty set if, and only
if, the curve C' has a kind equisingularity type. We say that a curve C has kind equi-
singularity type if m(Ep) = 2m(E;) for each dead arc of G(C) with bifurcation divisor
E, and terminal divisor E;. Using the notation introduced in section 2, the curve C
has a kind equisingularity type if and only if ng, = 2 for each bifurcation divisor Ej
of G(C) which belongs to a dead arc since m(Ep) = ng,m(E;). In particular, this
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implies that each dead arc in G(C) has only two vertices: the bifurcation divisor and
the terminal divisor.

A foliation & is called Zariski-general when \(F) € Ug and in this case €(T') is
described as follows:

Theorem 5. — [6, 7] Let C be a curve with kind equisingularity type and consider a
Zariski-general foliation F € G§,. If ' is a generic curve of the pencil Ay, then w¢
gives a reduction of singularities of T' U C. Moreover, the branches of I intersect an
irreducible component E of the exceptional divisor Wal(O) as follows:

— If E is a bifurcation divisor of G(C), the number of branches of I cutting E
equals to by — 2 if E belongs to a dead arc and to by — 1 otherwise.

— If E is a terminal divisor of a dead arc of G(C), there is exactly one branch of
T through E.

— Otherwise, no branches of I intersect E.

In particular, the characteristic exponents of the branches of I" can be completely
determined in terms of the equisingularity data of C. Denote by {8§, 51, ..., 55 } the
characteristic exponents of an irreducible component C; of C. Given a bifurcation
divisor E of G(C), let I} be the set of indices i € I such that v(E) = 8;_,,/6;
note that if ¢ € Ig \ I}, then there exists j € Ig such that v(E) = €(C;, C;). Hence,
if E is a contact divisor I, = @&. Moreover, if C has a kind equisingularity type and
E is a bifurcation divisor belonging to a dear arc of G(C), then the corresponding
Puiseux pair (m}'cE_H, anH) satisfies n};EH =2 for each i € Ig = I},.

Lemma 6. — [7] Consider a curve C with kind equisingularity type and a Zariski
general foliation & € Gf. Let I' be a generic curve of Ag with decomposition I' =
UEeB(C)FE. Then, for each E € B(C), we have that

(i) If E is a contact divisor, the curve T'® has bg — 1 irreducible components. Each
branch v of T'F with characteristic exponents {vg,v{,..., V,ZE} given by

V(’)Y:mO(’V):ﬂEa Vl’y:ﬂEﬂlZ/ﬂ(l]a l:1727"-7kE7

for any i€ Ig.

(ii) If E is a Puiseuz divisor which belongs to a dead arc, the curve T'F has one
irreductble component v with characteristic exponents {vy°,v°, ..., I/,Zz} given
by

Z/O’YO:mO('YU)ZEEv V?O:@Eﬁli/ﬂén l:1727"'7kE7

and bg — 2 irreducible components such that each branch ( C TF ~ 7 has
characteristic exponents {vg,vy,...,v] v .1} given by

vg =mo(y) =ngne, v =ngneBi/B;, 1=1,2,....kpg+1,

for any i € If,.
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(iii) If E is a Puiseuz divisor which does not belong to a dead arc, then T'® has bp —1
irreducible components. Each irreducible component v of I'® with characteristic

ezponents {vg,v],..., V]ZE,I/]ZE_i_l} given by
Yo — Y % /3t —
Yy —mO('Y) =ngnhg, VY, _ﬂEnE/Bl/ﬁOa 1=12,...,kg+1,

for any i € Iy,

The last part of the section is devoted to prove some technical lemmas which
will be useful in the sequel. The first one is a general result concerning intersection
multiplicities of polar curves:

Lemma 7. — Consider a foliation & € G and let T, TV be any two generic curves of
Ag. For any irreducible component v of T, we have that
(3) T, 7)o +mo(v) = (C,7)o-

Proof. — Consider a 1-form w = A(z,y)dz + B(z,y)dy which defines & and assume
that T’ = T'[4.4), I” = T'[4/./). Take an irreducible component y of I'4. and let ¢ (t) =
(z4(t),y(t)) be a parametrization of y. Since & is a generalized curve foliation, then
(C,7)o = ordy (¢ w) + 1
(see [13], lemma 3.7). The intersection multiplicity (I'4/.417,7)o is given by
(Tlarv), 1)o = orde{a’A(¢4 (1)) + b'B(d+())}-
Moreover, since v is an irreducible component of I'(4.4), then aA(¢,(t)) +bB(¢(t)) =
0. Assume that a # 0, a similar argument holds if b # 0. In this case, we have that

either ord;(A(¢~(t))) = ord,(B(¢~(t))) when b # 0 or A(¢p,(t)) = 0 otherwise. In
both situations, the following equalities to compute ordt(qf;w) hold:

ord,(63) = orde{A( (1) (1) + B(6 (1) (1)
= ordy { =2 B(6, (1) (1) + B(6, (1) (1)}
Au(B((1))) + ordu(—bi (1) + a (1)
= ordy(a A( (1)) + VB(g (1)) + (3, —ba +ay = 0)g 1
)

= (Clar:p)p Yo + (7, Yjaze))o — 1,

where /|4, is the line given by —br + ay = 0. In particular, this implies that the
formula (3) holds for all [a : b] such that £,.;) is not tangent to I',.; which is the case
when I',.;] is a generic curve of Ag. O

Let us introduce some notation in order to simplify the proofs of the following
lemmas. Given a bifurcation divisor E of G(C), we denote

bg if E is a contact divisor;

d, 1, if F is a Puiseux divisor which does not belong to a dead arc;

0, otherwise,
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and
22— 0, if F is a contact divisor;
bg — 1, otherwise.
Hence, if T' is a generic curve of Ay with decomposition I' = Uge B(C)FE , then

mo(T'F) = QE(d}; + d%nE -1).

Lemma 8. — Consider a foliation & € Gf, and a generic curve I' = UEGB(C)FE of
Ag. Then, for each bifurcation divisor E of G(C), we have that
(4) mO(U C;) — mo( U ey = np(dy + npds).

iclp E'>E

Proof. — Let £g be the size of the largest chain of divisors in B(C) starting at E.
We prove the lemma by induction on £g. If £ = 1, then F is a maximal bifurcation
divisor of G(C). In this case, the equality (4) turns into

mo(Uier, Ci) = np(dp + npdy)

and it can be directly deduced from the properties of G(C). Assume now that {g > 1
and let Eq, ..., E, be the bifurcation vertices of G(C) which are consecutive to E,
that is, F < E; without any other bifurcation divisor between FE and F;. Put Jg =
Ig ~Ui_1Ig, and t = {§Jg. Note that t + s = d;; + d%. Then we have the following
equalities

mo(|J Ci)=mo( |J TF) =

i€lg E'>FE
- 3 i)+ S U 0 [zmo< U %)+ 3 mir)
Jj€JE JjE€IE, i=1 E'>E;
- S @+ S U G- U 1] -3
i€Jp [ jelg, E’>E¢ J i=1
For each i = 1,...,s, we have that mo(Ujer,, Cj) — mo(Uprsp,IF) = ng (d}, +

d%, ng,) by the induction hypothesis and mqo(I'¥%) = np, (d. + d%, ng, — 1) by theo-
rem 4. Hence, we deduce that

m (U C;) — mo( U FE/) = Z mO(Cj)‘i‘ZﬂEi.

i€lp E'>E jeJm
Now three situations may happen:
— If E is a contact divisor, then ng =1, ng, = ng fori =1,...,s and mo(Cj) =
ng for j € Jg. Moreover, d%, = 0 and ¢ + s = dj,.
— If E is a Puiseux divisor which belongs to a dead arc, then np, = npng with
ng > 1 for each i = 1,...,s and mo(C;) = ngng for j € Jg. In this case,
dL=0and t+s=d%.
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— If E is a Puiseux divisor without dead arc, then d, = 1 and t +s — 1 = d%.
Moreover ng > 1 and there is:
e cither a divisor E;,, with ig € {1, ..., s}, such that np, =ngandng =
ngng for i # ip; in this situation mo(C;) = ngng for all j € Jg.
e or a curve Cj, with jo € Jg such that mo(Cj,) = ng and mo(C;) = ngng
if j # jo; in this case np, = ngng foralli € {1,...,s}.

It follows that 3¢ 7, mo(Cy)+> i1 ng, = np(dy+ding) and the result is straight-
forward. O

Take a bifurcation divisor E of G(C). Let F} < F» < -+ < F,, < Fj,41 = E be
the bifurcation vertices in the geodesic of E in G(C) and denote 8B; = {E’ € B(C) :
E’' > F;}. Then we have the following result

Lemma 9. — Consider a foliation & € G§ and let I', T be two generic curves of Ag
with decompositions I' = UEeB(C)FE and T = UEeB(C)TE, Let v be an irreducible
component of TP C T'. Denote by {vg,v],..., ng} the characteristic exponents of vy,
by {(m],n])}2, the Puiseuz pairs of v and by {v],v],.. ., 7y} the minimal set of
generators of the semigroup of v. Then we have that

(5) i [ Z (Ci; 7)o — Z (TEla’Y)O} = Vi ~ Vi

=1 iEIFl\IFl_H E'€Bi~Bis1

Proof. — By the properties of the decomposition of a generic curve of Ay given in
theorem 4, we have that:

o G(Ci,y)=v(F)ificlp~Ip,,;
o G(CE,y) = v(F) if ¢F is an irreducible component of TZ' with E € B~ Bi11.

For each I € {1,...,m}, let t(I) be the integer in {0, 1,..., gy} such that

V,?(l) < mO('Y)v(Fl) < V;/(l)+1

(1/;7+1 = +00). Note that ¢(I) < kg < gy for I = 1,...,m and t(m) = kg. We use
now the relationship between the coincidence and the intersection multiplicity given
in lemma 2 to compute (C;, 7)o and (CZ',7)o. We have that

(Ci,m)o _ Pey - My T mo(Mv(EL) — v il 1
mO(CZ) o n‘f .. .n’y ’ Fy N Fl+1?

and

(S _ Dg(l) 'nZ(z) +mo(y)v(Fi) — V,?(l)

mO(CE’) - n’ly . n:(l) ’
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for each irreducible component ¢Z" of TE' with E/ € B; ~ Bi;+1, Consequently, we
obtain that

Z (Ci,7)o — Z (TE, 7)o =

iEIFL\IFLJrl E'€Bi~Bi1
O\ 7yl +mo()vu(E) — v
S omeC)— S mo(YF) | t(l)n o o)
1€Im NI ry E'eBi~Biy1 1 t(l)

By lemma 8, we have that
Z mO(CZ) - Z mO(TE ) =np (d%l + d%‘anl) - mO(TFl) =np,
i€l BeB
and hence it follows that
Z mO(Cl) - Z mO(TE ) :ﬂFl _EF1+1 :EFl(]‘_nFl)‘
i€lp NIry E'€Bi~Biy1

By definition ng, is given by

1, if F} is a contact divisor;
ngp = . . . ..
! nZ(z)’ if F} is a Puiseux divisor.
Moreover, mo(y)v(F;) = I/:(l) and ng = ny---nyg—1 if F; is a Puiseux divisor.
Therefore, we deduce that
/ 0, if F; is a contact divisor;
2 (Gumom DL (TF0= { (1-n),. )5, if Fyis a Puiseux divisor
iEIFl \IFl+1 E'e [Bl\%l+1 t(l) t(l), ! :

To finish the proof we use the relationship between the characteristic exponents of
and the minimal system of generators of the semigroup S(7) given in equation (2).
The following computations complete the proof:

Em: { Z (Cisv)o — Z (TEla’Y)O} = kZE(l —n])v]

i=1 |i€ln~Ir, E'€Bi~Brya J=1
kJE 1 k}E—l
= O D B, G Yy o
=0 =g, Z Wy =) 7)) = 0] = 7+ > (W 1))
j=1
— ) — Y Y Y 5
=] —n) 7+ I/kE 2R 2l A O

4. Base points of the polar pencil

Consider a morphism ¢ : N — (C?,0) composition of a finite number of punctual
blow-ups. A point p € 0~1(0) is a base point of the pencil Ay if p is an infinitely near
point of each generic curve of As. More precisely, p is a base point of Ag if and only

SOCIETE MATHEMATIQUE DE FRANCE 2009



172 NURIA CORRAL

if, there is an irreducible component v of I' such that o*y N o~1(0) = {p}, for each
generic fiber I of Ag.

A first property concerning the resolution of singularities of the polar foliation,
and hence of the polar pencil, is the property of “separation of the separatrices" (see
[12]). Let II be a morphism which is a partial reduction of £ and also a reduction
of singularities of . We say that & satisfies the property of separation of the separa-
trices if the geodesic in G(II) of any separatrix of & does not go through a dicritical
component of P, except maybe E;. We proved [5] that the foliations in G, satisfy
the property of separation of the separatrices. From this property we can deduce the
following result:

Lemma 10. — Consider a foliation ¥ € G and take any generic curve I' of Ag. If
E is a bifurcation divisor of G(C), E # E1, then the points 7(I' N E are base points
of the polar pencil Ay .

Proof. — The result is a direct consequence of the property of separation of the
separatrices since F cannot be a dicritical component and hence the points of the set
w&I'N E are base points of Ag. O

Remark 11. — Note that, if F; is a bifurcation divisor, the points 7' N E; are not
base points of the polar pencil. In fact, if I' = ['[,.3), then the set 751'q.) N E1 has
exactly bg, — 1 points which depend on [a : b] (see [7]).

Let opa,c : Ma,c — (C?,0) be the minimal reduction of singularities of Ay that
factorizes by mc. The next result describes how to construct o ¢ from 7¢.

Proposition 12. — Assume that C is a curve with kind equisingularity type and let F €
G¢ be a Zariski-general foliation. There is a morphism o1 : My ,c — Mc composition
of a finite number of punctual blow-ups such that opc = mc o 01. Moreover, the
centers of the blow-ups to obtain o1 are not singular points of 5.

Proof. — Let I', I be two generic curves of As. If the morphism 7¢ is also a reduction
of singularities of I' U T, we take o1 : Mc — M¢ to be the identity map idps, on
Mc and hence op ¢ = me. Otherwise, let {R1,...,Rs} be the points of the set
ol N 7751(0); observe that these points are not singular points of 75 Y since m¢
is a reduction of singularities of C' U T'. By theorem 5, there is a unique irreducible
component v; of I' such that nfv; cuts transversally 71'51(0) at R; fori =1,...,s.
Moreover, a point R; belongs either to a bifurcation divisor of G(C) or to the terminal
divisor of a dead arc in G(C'). There are three possible situations:
— If R; belongs to Eq, then R; is not a base point of Ay by remark 11.
— If R; belongs to a bifurcation divisor F, E # FE1, then R; is a base point of A&
by lemma 10. Hence, there is a unique irreducible component v, of I such that
&y, N E = {R;} by theorem 5.
— If R; belongs to the terminal divisor E of a dead arc, then there is a unique
irreducible component ~; of I'V such that 7y, N E # @. In this case, the point
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R; can be either a base point or not. If it is a base point, then 75y, N E =
&y N E = {R;}. Otherwise, 75y, N E # {R;} and E is a dicritical component
for Ag.
Put X; = M¢ and consider the morphism 7; : (X;41, Ri+1) — (Xi, R;), for i =
1,...,s, defined by
o 7, =1idx, if R; is not a base point of Ag;
e 7; is the minimal reduction of singularities of the strict transform of 7}y, Ung~/
by 71 o7y 0---07;_; when R; is a base point of Ag.
The morphism o7 : X;41 — M¢ with 01 =1 o--- o7, fulfils the requirements of the
statement because m¢ ooy is a reduction of singularities of I' UT". Moreover, it is clear
by construction that 7¢ o o7 is the minimal resolution of Ay which factorizes by m¢;
hence oy ¢ = mc 001 : My ¢ — (C%,0) with My o = Xep1. O

5. Dicritical components

In this section we give some characteristics of the dicritical components which
appear in a resolution of singularities of As. Note that the degree and the valence v(D)
of a dicritical component D do not depend on the choice of the resolution. Hence to
determine these values it is enough to consider the morphism o ¢ : Mp.c — (C2%,0).
Next lemma gives the degree of the dicritical components

Lemma 13. — Consider a foliation F € G, and let 0 : X — (C2,0) be any resolution
of singularities of Ag. Then
1. The divisor E1 of G(C) is dicritical for Ay if and only if by, > 2. Moreover, in
that case, the degree of Ey as a dicritical component of Ag is equal to by, — 1.
2. If 7 is a Zariski-general foliation, each dicritical component D of 0=1(0), D #
E1, has degree equal to 1.

Proof. — The first assertion is a direct consequence of remark 11. The second one
follows straightforward from the construction of the morphism o ¢ given in propo-
sition 12. 0

Next result determines the valence v(D) of a dicritical component D of Ay in terms
of the data in G(C). It is a key result in the proof of theorem 1.

Theorem 14. — Let F € G}, be a Zariski-general foliation and let o : X — (C?,0) be
any resolution of singularities of the polar pencil A¢. Given any dicritical component
D of 071(0) and any D-curvette v, we have that
(6) v(D) =2 sup {G(C;,v)} — 1.
1<i<r

If T, T are two generic curves of Ay, then v(D) is equal to G(vp,{p) where vp,{p
are irreducible components of I' and T respectively such that c*yp N D # & and
0*{p N D # @. Moreover, if we denote by Ep the bifurcation divisor of G(C) such
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that p is a branch of the curve I'? of the decomposition of I' (and also ¢(p C TEP),
then sup; ;{6 (Ci,vp)} = v(Ep). Consequently, equation (6) can be written as
follows

(7 v(D) =2v(Ep) — 1.

Proof of theorem 14. — Consider two generic curves I', T of A with decompositions
given by I' = UEeB(C)FE and T = UEGB(C)TE. Let D be a dicritical component of
o~1(0). If D is equal to the first divisor E; of G(C), then Ep = E; and equation (6)
is held. Assume now that D # E;. Let v,( be irreducible components of I' and YT
respectively, with o*y N D # @ and ¢*¢ N D # &; note that they are unique by
lemma 13 and mg(y) = mo(¢). Let us compute (v, ()o. By lemma 7, we have that

(8) (T2, 7)o+ Y (X% 9)0+mo(y) =Y _(Cis)o.

EE€B(C) i=1
E#Ep

The intersection multiplicity (Y2, +), can be computed using the decomposition of
YTFr into irreducible components:

(9) (YE2 9o =10+ D>, (Mo
¢'crFp
¢'#¢C

From equalities (8) and (9) we deduce that (v, ()o is given by

T

100=>_(Civo— Y, & Mo— Y, (XTF9)0—mo(7)

i=1 C/Z:/T;jD ge#ség)
= > (Cio— D, Mo+ Y (Como— Y, (XE, 7)o —mo(7).
1€lp ¢'crED i¢lg, EeB(C)
¢I#¢ E#Ep

Denote by Fy < Fy < --- < Fy, < F,,41 = Ep the bifurcation vertices in the geodesic
of Ep in G(C) and put B; ={E’ € B(C) : E' > F;} fori=1,...,m. Thus we have
that

10O0= Y, Como— D>, (o= D, (T

i€l rcvED EeB(C)
Ep < gl;é( E>Ep

+§m: { >, (G- 3 (TE"Y)O} —mo(7)-

i=1 |i€ln I, Ee B~ B
We shall use lemmas 8 and 9 to compute the right side of the equality above. Note
that

e G(Ci,v) =v(Ep) for each i € Ig,, by theorem 4.

e ©(¢',7) = v(Ep) for each branch ¢’ of T¥, with E > Ep.

e ©(¢',y) = v(Ep) for each branch ¢’ of Y¥P with ¢’ # (, by theorem 5, since
& is a Zariski-general foliation.
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Let {vg,v7,...,v } be the characteristic exponents of v, {(m], n])}{7, the Puiseux
pairs of v and {7g,7/,..., 7, } the minimal set of generators of the semigroup S(v)
of 7. From lemma 6, we deduce that v < mo(y)v(Ep). Consequently, applying
lemmas 2 and 8, we get that

Z (Ci/Y)O_ Z (C/aV)U_ Z (TEafy)O =

i€lp 'cYED EeB(C)
b ¢ g/#c E>Ep

vy ny +mo(y)v(Ep) — vy,

Z mO(Cz) - Z mO(TE) — mo(’I‘ED N C) 99 mo(ﬂy)

i€lp, E>Ep
vy g +mo(v)v(Ep) — vy
mo(7)

We use now the equality above and the result given in lemma 9 to compute (7, {)o.
We obtain that

= (ng, +mo(C))

vy g +m v(Ep) — v
(7,0 = ((ng, + mo(¢)) 2 + ;(07()7)( D) — vy,

To finish the computation of (vy,{)o we consider the different possibilities for the
bifurcation divisor Ep and we use the expression of the characteristic exponents of
the irreducible components of the generic curves of Ag given in lemma 6.

2 e | =7 _
Vg, ~ Pkep Vks, mo(7).

— If E is a contact divisor, then mo(y) = mo(¢) = ng, = n{---nj with g, =
kg,. Then

(7,C)o = 207, ], +mo(y)u(Ep) — vi.] + v, — 7, n], —mo()

= 2mo(7)v(Ep) + 7] ng — v, —mo(7).

Moreover, by lemma 2, the relationship between (v, {)o and G(v, ()¢ is given by
(7, Qo = 73 ng +mo(y)€(v,¢) — vy, . Taking into account that €'(v, () = v(D),
we conclude that

v(D) = 2v(Ep) — 1.

— Assume now that Ep is a Puiseux divisor which belongs to a dead arc. By
lemma 6, the multiplicity mo(7) can be either ng  or ng ng, with ng, > 1.
Ifmo(y) =n E,» the same computations as in the previous case give the result.
Consider now the case mo(Y) = ng,ng,. Thus we have that mo(y)v(Ep) = v]_,
9y = kg, + 1 and np, =nj . Hence we get that

vy ngy
(100 = [, + iy mp v = ) = mo(0)
—LED
= (14 ng,)0g, +vg, =Py, —mo(y) =ng, 7y, +vg, —mo(7).
By lemma 2, we have that (v,()o = 77 nJ + mo(7)G(v,¢) — v; . We obtain
that
" (Bp) -1
G(v, () =2—"~—-1=2v(Ep)—1.
mo(7)
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— If Ep is a Puiseux divisor which does not belong to a dead arc, then
mo(Y)v(Ep) = v] , gy = kg, + 1 and ng, = n] . Hence the computa-
tions in the previous case give the result. 0

6. Resolution of singularities

In this section we give the proof of the main result of the paper and some conse-
quences than can be deduced from it.

Proof of theorem 1. — In proposition 12 we have shown that o, ¢ is obtained from
mc by a finite number of punctual blow-ups with centers at non-singular points of
759 . Recall that oy, ¢ = m¢ o 01, where o7 is obtained by blowing-up following
the infinitely near points of the irreducible components of a generic curve I' of Ag.
Moreover, since 75 I' is non-singular, then the centers of the blow-ups to get oy are
free infinitely near points of T.

Let {R1,..., Rs} be the points of the set 7;I' N 7r51(0). By theorem 5, there is a
unique irreducible component «y; of I' such that 7y; cuts transversally 7r51(0) at R;
fori=1,...,s. Let D; be the dicritical component of UX}C (0) such that o} oviND; #
@ and denote by Eg, the irreducible component of wal(O) such that 7%v; N Eg, =
{R;}. Note that it is possible that Er, = Eg, for i # j. Moreover, Ep, is either a
bifurcation divisor of G(C) or the terminal divisor of a dead arc in G(C).

Let o; = « Enr, be the number of blow-ups needed to obtain D, from Epg,. Let us
show that the value of o; is given by equation (1). We consider separately the different
possibilities for Eg;:

— Eg, is the first divisor By of m5'(0), then it is a dicritical component for Ag.
Hence, a; = 0 and the equality a; = m(ER,)(v(Eg,) — 1) holds since v(E;) = 1.

— Epg, is a bifurcation divisor different from FE;, then R; is a base point of Ag.
The valuation v(D;) is equal to

’U(Dl) _ m(ERi)v(ERi) + oy .

By theorem 14, we have that v(D;) = 2v(Eg,) — 1. Hence, we deduce that
@ = m(ERz)(U(ERz) - 1)

— FEp, is the terminal divisor of a dead arc with bifurcation divisor E. Using the
fact that C has a kind equisingularity type, we get that

(10) m(Eg,) =m(E)/2; v(Eg,) = (m(E)v(E) +1)/m(E).
By theorem 14, we have that v(D;) = 2v(F) — 1. Thus we obtain the following
equality
m(ERl)U(ERI) + _ 2m(ERz)v(ER1) -1 -1
m(ERg,) B m(ERg,) ’
and we conclude that o; = m(Eg,)(v(Eg,) — 1) — 1. 0
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Note that, in general, the minimal resolution of singularities oy of Ay is not a
reduction of singularities of the foliation &. Consider, for instance, the foliation &
given by d(y? —x3) = 0. The generic curves of Ay are the parabolas {2by —3az? = 0};
the minimal resolution of singularities oy of Ay is a composition of two blow-ups
whereas the separatrix of & is a (3,2)-cusp. The dual graphs G(C) and G(oa,As)

are given by
By E3 Eq ; :%%: Eg

G(C) G(O‘A,A}‘)

Next result characterizes the curves C' such that o ¢ coincides with the minimal
reduction of singularities of Ag.

Corollary 15. — Let C' be a curve with kind equisingularity type and consider a
Zariski-general foliation F € Gf. The following statements are equivalent:

1. The morphism o ¢ is the minimal resolution of singularities of Ag.
2. There is no mazimal bifurcation divisor of G(C) which belongs to the geodesic
of only one irreducible component of C'.

Proof. — Let I' = UEeB(C)FE be a generic curve of Ay. Assume that op ¢ is the
minimal resolution of singularities of Ag. If there is a maximal bifurcation vertex E
of G(C) which belongs to a dead arc and with bg = 2, then I'? is irreducible and I'”
cuts the terminal divisor F' of the dead arc starting at E (by theorem 5). Hence, 7¢
is not the minimal reduction of singularities of I' and consequently o c cannot be
the minimal resolution of Ag.

Assume now that G(C) satisfies the conditions in the second statement. This im-
plies that, for each maximal bifurcation divisor E of G(C), there is an irreducible
component vy of I' with 7,y N E # @. If E # E4, then 75y N E is a base point of Ay
and hence the minimal resolution of singularities of Ag factorizes by n¢. If E = Ey,
then m¢ is a resolution of Ay. We conclude that o) ¢ is the minimal resolution of
Ag. O

Finally we characterize when a terminal divisor of a dead arc is a dicritical com-
ponent for the pencil Ag.

Corollary 16. — Let C be a curve with kind equisingularity type and consider a
Zariski-general foliation F € G§,. Let F be terminal divisor of a dead arc in G(C)
starting at the bifurcation divisor E. The divisor F is dicritical for Ag if and only if
v(E) = 3/2.

Proof. — If v(E) = 3/2, then v(F) = 2 and m(F) = 1 because C has kind equisin-
gularity type. Thus, by theorem 1, «(F) = 0 and hence F is a dicritical component
for Ag.
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Conversely, assume that F' is a dicritical divisor for Ay and then v(F) = 14+1/m(F)
by theorem 1. Since C has a kind equisingularity type, the relationship between v(F)
and v(E) is given by equation (10), thus v(E) = 1+ 1/m(E).

Let {(m},n{)}", be the Puiseux pairs of an irreducible component C; of C. We
have that m(E) = nf{---nj_nj_,, and v(E) = mj__,/m(E) for i € Ig because
E is a Puiseux divisor. Consequently, the dicriticalness of F' implies that m} ., =
14+ni---nj nj_ ., But

i i
My < My pt1

1< 5 i mi ni
1 kg 1 kg "kg+1

by the properties of the Puiseux pairs. This implies that nﬁn}wn}wﬂ <

m};En};EH < mfwﬂ =1+nt n}cEn}CEH The preyious inequalities hold only

if kg = 0, i.e, m; = 0. Consequently v(E) = (1 +n%)/n} and the result follows

since ng =nj = 2. O
7. Examples

We illustrate here some different behaviours of a polar pencil A when & is not a
Zariski-general foliation.

Example 1. — There can be dicritical components of Ay with degree > 2, which are
different from E;. Consider the foliation & given by d(y® — 2°) = 0; note that C has
not a kind equisingularity type. The pencil A5 has a dicritical component of degree 2
which corresponds to the terminal divisor Es of the unique dead arc in G(C). In this
case, T¢ gives a resolution of singularities of Ag but it is not the minimal resolution
of Ag.

/4

E4 E4
E; E3 E; Ej

Ey E,

G(C) G(me, Ar)

Example 2. — Consider the foliation & given by w = z°dz — y3dy = 0. The minimal
reduction of singularities 7o of & is not a reduction of singularities of a generic fiber
Tiop) = {az® — by® = 0}. It is necessary to blow-up the corner E3 N Ey of m5'(0)
to obtain an elimination of indeterminations op of Ag; hence we need to blow-up a
singular point of 75 .

ASTERISQUE 323



POLAR PENCIL OF CURVES AND FOLIATIONS 179

/d

E E
E, ? E, E3 /74
E,
E>

G(F) G(oa, Ar)

Notice that v(E4) = 5/3 and v(E3) = 3/2, thus equation (7) is not true for this
foliation. In this example, the curve of separatrices C has a kind equisingularity type

but

1]
2]
3]
[4]
[5]
[6]

[7]
8]

(9]
[10]
[11]
[12]
[13]
[14]
[15]

[16]

the foliation & is not Zariski-general.
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POLAR PENCIL OF CURVES AND FOLIATIONS

by

Nuria Corral

Abstract. — The polar pencil Ay of a singular foliation & is the pencil of curves
formed by the polar curves of &. We study the relationship between the behaviour
of Ay under blowing-up and the invariants associated to &. The main result here
describes a resolution of singularities of Ay in terms of the equireduction invariants
of &, for a Zariski-general foliation &.

Résumé (Pinceau polaire de courbes et feuilletages). — Le pinceau polaire A d’un feuille-
tage singulier & est le pinceau de courbes composé par les courbes polaires de &.
Nous allons étudier la relation entre le comportement de Ay par éclatement et les
invariants associés & &. Le résultat principal ici donne une description d’une résolu-
tion de singularités de Ay en termes des invariants d’équiréduction de & lorsque &
est un feuilletage général de Zariski.

1. Introduction

Let A, B be two germs of holomorphic functions at (C2,0) with no common com-
ponent and consider the pencil of curves A = {aA+bB =0 : a,b € C}. Classically,
these pencils of curves have been studied in relation to the reduction of singularities of
A =0 and B =0 (see for instance [4, 8, 14|). Here we propose a different approach:
we consider A as the polar pencil Ag associated to a singular foliation & defined by
the 1-form w = A(z,y)dz + B(z,y)dy. Our objective is to describe properties of Ag
in terms of the invariants associated to &.

Let &, be the Gauss map associated to & which is given by

. 2 1
g,: (C,00~{0} — Pg
(z,y) —  [-B(z,y) : A(z,y)]-
2010 Mathematics Subject Classification. — 32565, 37F75.
Key words and phrases. — Singular foliation, pencil of curves, polar curve, reduction of singularities.
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A curve ['[4,) of Ay is the closure in (C?,0) of the fiber ﬁ;l([a : b]) for [a: b] € PE.
There is a maximal non-empty Zariski open set of & C P{ such that all the curves
['jq:p) with [a : b] € Q are equisingular: they are the generic curves of Ag.

Let 0 : X — (C2,0) be a finite sequence of punctual blow-ups. We say that o is an
elimination of indeterminations of G (or a resolution of singularities of Ag) iff the
map &w =g, oo : X — Pl is well-defined. Such o gives an embedded reduction of
singularities of the union ' UT” of two different generic fibers, then ¢ is a resolution
of singularities of Ag (see [14]).

An irreducible component D of o~1(0) is called dicritical if the restriction §w| D:
D — ]P’}C is not constant. The degree of a dicritical component D is the degree of the
map g Jp:D— P{; this number coincides with the number of intersection points
between D and the strict transform o¢*I" of I by o, for any generic fiber I'.

The curves of the polar pencil As can also be seen as the separatrices of a singular
foliation: the polar foliation Pg defined by d(A/B) = 0. The minimal resolution
or : X — (C2,0) of Ag gives a partial reduction [12] of P in the sense that the
minimal reduction of singularities 7, : X — (C2,0) of P& factorizes as 7y = op o 7,
where 7 : X — X is a finite sequence of punctual blow-ups which are non-dicritical
for g)g.

Let C C (C2%,0) be a plane curve. We shall work in the space of foliations G¢
of non-dicritical generalized curves over C (see [2]). It is known that the minimal
reduction of singularities 7 : Mo — (C2,0) of C gives a reduction of singularities of
any & € G¢. But in general 7o does not give a desingularization of a generic fiber T’
of Ag. This occurs essentially in the case that C has a kind equisingularity type and
& is Zariski-general (in the sense of the exponents of the logarithmic model) as we
have shown in [6, 7].

Take 7 € G¢ and let op ¢ : Ma,c — (C?,0) be the minimal reduction of singular-
ities of A = Ay that factorizes through 7. The main result of this paper provides a
precise description of o ¢ for kind singularities and Zariski-general foliations. Let us
state it.

Let G(C) be the dual graph of C oriented by the first divisor E;. For each divisor
E, let m(E) be the multiplicity of any F-“curvette" and v(E) be the coincidence of
two E-curvettes. Denote by bg the number of edges and arrows which leave from FE.
Thus FE is a bifurcation divisor if by > 2 and a terminal divisor if by = 0. A dead arc
joins a bifurcation divisor with a terminal divisor, with no other bifurcations. We say
that the equisingularity type €(C) of C' is kind if m(Ey) = 2m(E,), for each dead arc
of G(C) starting at E} and ending at E.

The main result here can be stated as

Theorem 1. — Let C C (C2%,0) be a plane curve with kind equisingularity type. Con-
sider a Zariski-general foliation ¥ € G, and take any generic curve I' of Ag. Then
oa,c is obtained from wo by blowing-up ag times in a free way at each point n&I'NE
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with
1) m(E)(v(E) — 1), if E is a bifurcation divisor;
(0] =
" m(E)(v(E) —1) —1, if E is the terminal divisor of a dead are,

for each irreducible component E Ofﬂ'al(O). Moreover, the first divisor Ey is dicritical
for Ag if and only if by, > 1, and the degree of E1 as a dicritical component of Ao is
equal to by, — 1. The degree of the other dicritical components of Ag is equal to one.

Observe that, under the hypothesis of theorem above, the points of the set 75I'N
7r51(0) belong either to a bifurcation divisor or to the terminal divisor of a dead
arc ([6]). Moreover, the points of 75" N 75" (0) are non-singular points of 75 & and
w5l cuts transversally 71'51(0). Consequently oo ,c = m¢ o 01 where o7 is obtained by
blowing-up free infinitely near points of 75, i.e., the centers of the blow-ups to obtain
o1 are not corners of the corresponding exceptional divisor. Hence o ¢ is obtained
from 7o by “blowing-up in a free way" as it is stated in the theorem above.

The paper is organized as follows. Section 2 is devoted to introduce notations
relative to the dual graph and the equisingularity data of a plane curve. In section 3
we remind some results concerning the generic fiber of the polar pencil and we also
prove some technical lemmas. Section 4 deals with the base points of the pencil Ay .
In section 5 we state some results describing the dicritical components of a resolution
of Ag. The proof of the main result is given in section 6. We finish the paper with a
list of examples showing different behaviours in the non Zariski-general cases.

2. Notation

In this section we introduce some notation concerning the dual graph and the
equisingularity data of a plane curve C' = UT_, C; C (C2,0) that will be used from now
on. For each irreducible component C; of C, denote by n* = my(C;) the multiplicity of
C; at the origin. Let y’(z) = Y isni a?a:j/”i be a Puiseux series of C;, for i =1,...,7.
The characteristic exponents {8;, 81, ..., By, } of C; are given by

By = mo(C;) =n'
By =min{j : a’#0andj#0 mod (ged(f,...,B1))}

for ¢ = 1,...,g;, where g; is the first integer such that ged(3i,... ,,6’;@_) = 1. Data
equivalent to the characteristic exponents of C; are the Puiseux pairs {(m};, n}c)}izl
of C; defined by

i mi
ﬁfljzik for k=1,,gl

2

cd(m?,ni)=1 and .
sed(mf,nf) =1 and (= T

In particular, we have that n* = nj ---nf,

Let us denote by m¢ : Mg — (C2,0) the minimal reduction of singularities of
C. We recall briefly the construction of the dual graph G(C) = G(n¢) of C. Each
irreducible component E of 7' (0) is represented by a vertex in G(C). Two vertices

i i i i — 4
and By =myng,,---ng fork=1,...,g;.

SOCIETE MATHEMATIQUE DE FRANCE 2009



164 NURIA CORRAL

are joined by an edge if their associated divisors intersect. An irreducible component
of C is represented by an arrow attached to the only divisor that it meets. The dual
graph weighted with the self-intersection of each divisor E C Mg determines the
equisingularity type €¢(C) of the curve C.

It is also possible to construct in a similar way the dual graph of a resolution of
singularities of a pencil or a dicritical foliation by marking the dicritical components.
If o is any finite sequence of blow-ups, we denote by G(o,A) the graph constructed
from the transform of a pencil A by o.

Denote by E; the irreducible component of 71'51(0) obtained after blowing-up the
origin. The dual graph G(C) is oriented by the first divisor E;. The geodesic of a
divisor E is the path which joins F; with E and the geodesic of a curve C; is the
geodesic of the divisor that meets the strict transform #n{,C; of C;. Thus, there is a
partial order in the set of vertices of G(C) given by E < E’ if, and only if, the geodesic
of E’ goes through E. Given a divisor E of G(C), we denote by Ig the set of indices
i € {1,...,7} such that E belongs to the geodesic of C;.

A curvette 4 of a divisor E is a non-singular curve transversal to F at a non-
singular point of 7' (0). The projection v = 7¢(7) is a germ of plane curve in (C2,0)
and ~ is called an E-curvette. We denote by m(FE) the multiplicity at the origin of
any E-curvette and by v(E) the coincidence G(yg,vy) of two E-curvettes vg, Vg
which cut E in different points; observe that v(E) < v(E’) if E < E’. Recall that the
coincidence G(v,d) between two irreducible curves v and ¢ is defined as

Gy,6) = sup {ord,(y](x) —y}(x))}

1<i<mq(7y)
1<j<mq (&)

where {y] (x)}?l”l(v), {y?(x)}?fl(d) are the Puiseux series of v and § respectively.
Denote by bg the number of edges and arrows which leave from a divisor E in
G(C). We say that E is a bifurcation divisor if by > 2 and a terminal divisor if
bg = 0. A dead arc is a path which joins a bifurcation divisor with a terminal one,
without passing through other bifurcation divisors. We denote by B(C) the set of
bifurcation vertices of G(C).
Let E be an irreducible component of the exceptional divisor 7r51 (0). The reduction
g : Mg — (C2,0) of m¢ to E is the morphism satisfying that
— there is a factorization 7¢ = 7y o g where 7y and 7g are composition of
punctual blow-ups;
— the divisor E is the strict transform by 7; of an irreducible component E,..4 of
75 (0) and E,.q C Mg is the only component of 75" (0) with self-intersection
equal to —1.

The morphism 7g is obtained from m¢ by blowing-down successively the divisors
different from E with self-intersection is equal to —1. Given any curvette 4g of F,
the curve 7/;(Jg) is also a curvette of E,.q C Mg. Let {8F,8F,... ,ﬂf(E)} be the
characteristic exponents of vz = mo(¥g). It is clear that m(E) = mo(vg) = BF. If E
is a bifurcation divisor of G(C), there are two possibilities for the value v(E):
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1. either mp is the minimal reduction of singularities of yg and then v(E) =
ﬂf(E)/,Béﬂ. We say that E is a Puiseuz divisor for m¢.

2. or mg is obtained by blowing-up ¢ > 1 times after the minimal reduction of
singularities of vg and in this situation v(E) = ( f(E) +q)/BE. We say that E

is a contact divisor for mo.

Observe that m(E) = m(Eyeq) and v(E) = v(E,eq). Moreover, a bifurcation divisor
FE can belong to a dead arc only if it is a Puiseux divisor.

Consider a bifurcation divisor E of G(C) and let {(m¥ nF), (m& nf) ...,
(mf(E), ngE(E))} be the Puiseux pairs of an E-curvette vg, we denote

S { ng(g), if E is a Puiseux divisor;
E

1, otherwise,

and ng = m(E)/ng. Observe that, if E is a bifurcation divisor which belongs to a
dead arc with terminal divisor F', then m(F') = ng. We define kg to be

o — g(E)—1, if E is a Puiseux divisor;
B g(E), if FE is a contact divisor.

Thus, we have that n, = nf...nf .
) E 1 kg

To finish this section, we recall a lemma which gives the relationship between the
intersection multiplicity (v, d)o and the coincidence &(v, ) (see Zariski [15], prop. 6.1
or Merle [11], prop. 2.4):

Lemma 2. — Let v and & be two germs of irreducible plane curves of (C2%,0). If
{Bo, b1, ---, By} are the characteristic exponents of v and « is a rational number such
that By < o < Byg1 (Bg+1 = 00), then the following statements are equivalent:

«a
mo(7y)’
(1,6)o Bq a— By

2. = + ,
mo((s) nl...nq_l nl...nq

1. 6(v,0) =

where {(mi,n;)}{_, are the Puiseuz pairs of v (no = 1) and {Bo,B1,---,Bq} s a
minimal system of generators of the semigroup S(v) of .

Recall that the semigroup S(v) of v is defined as
S(v) = {(~,0)0 : v is not an irreducible component of §}.

There is a minimal system of generators {3y, B1,. .., 84} of S(v) whose elements are
defined by

(2) Bo=pBo=mo(7), Bi1=pB1, Bi=ni-1Bi-1+B —Bi-1, for 1=2,...,9,

where {80, 01, ..., 84} are the characteristic exponents of v (see [1] or [16]). It is clear
that S(7) is determined by the equisingularity type of v and reciprocally.
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3. Generic curves of the pencil

This section is devoted to describe some properties of a generic curve of the polar
pencil As of a singular foliation &. The reader may refer to [5, 7] for a more detailed
description.

Consider a plane curve C = U7_,C; C (C%0). Let f = f1--- f- be a reduced
equation of C' and 7¢ : Mc — (C2,0) be the minimal reduction of singularities of
C'. Denote by G¢ the space of generalized curve foliations [2] having C' as curve of
separatrices. Let G}, be the sub-space of G¢ defined as follows: a foliation ¥ is in G,
iff the logarithmic model £y of & avoids a finite set of resonances Ry C (Zxo)".
More precisely, each foliation & € G¢ has a unique logarithmic model ¥ given
by fi- fr i Nidfi/fi = 0 with A = A7) = (M,...,\) € P! (see [5]). The
logarithmic foliation ¥, has the same reduction of singularities as & and the same
Camacho-Sad indices [3] at the final points of the reduction. Thus, a foliation &
belongs to G, iff >7i_; kiA; # 0 for each k = (ky,...,k;) € Ry where R ¢y C
(Z>o)" is a finite set which depends only on the equisingularity type ¢(C) of C (see
[5, 7] for a detailed construction of it).

Remark 3. — Note that a foliation & avoids the resonances of the set R, if and
only if there is no corner in the reduction of singularities of p*& with Camacho-Sad
equal to —1, where p : (C2?,0) — (C?,0) is any ramification transversal to C' such that
p~1C has only non-singular irreducible components (see [5]).

Consider a generic fiber I" of the pencil Ag. A first result describing some properties
of the equisingularity type €(I") of I" in terms of the equisingularity type €(C) of C' is
the following one:

Theorem 4 (of decomposition [5, 9, 10, 11]). — Consider a foliation ¥ € G and a
generic curve I' of Ag. There is a decomposition ' = UEGB(C)FE such that:

(i) mo(I'F) = {

(ii) For each irreducible component v of T'Y we have that
e G(Ci,v) =v(E) if E belongs to the geodesic of C;;
e G(Cj,v) = 6(C;,C;) if E belongs to the geodesic of C; but not to the one
Of Cj.

ngng(by — 1), if E does not belong to a dead arc;

ngne(beg —1) —ng, otherwise.

It is clear that the result above does not determine €(I"). However, there is a Zariski-
open set Uc C PL.7" such that €(T") is completely determined by €(C) if A(7) € Uc.
The set Uc depends on the analytic type of C' and it is a non-empty set if, and only
if, the curve C' has a kind equisingularity type. We say that a curve C has kind equi-
singularity type if m(Ep) = 2m(E;) for each dead arc of G(C) with bifurcation divisor
E, and terminal divisor E;. Using the notation introduced in section 2, the curve C
has a kind equisingularity type if and only if ng, = 2 for each bifurcation divisor Ej
of G(C) which belongs to a dead arc since m(Ep) = ng,m(E;). In particular, this
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implies that each dead arc in G(C) has only two vertices: the bifurcation divisor and
the terminal divisor.

A foliation & is called Zariski-general when \(F) € Ug and in this case €(T') is
described as follows:

Theorem 5. — [6, 7] Let C be a curve with kind equisingularity type and consider a
Zariski-general foliation F € G§,. If ' is a generic curve of the pencil Ay, then w¢
gives a reduction of singularities of T' U C. Moreover, the branches of I intersect an
irreducible component E of the exceptional divisor Wal(O) as follows:

— If E is a bifurcation divisor of G(C), the number of branches of I cutting E
equals to by — 2 if E belongs to a dead arc and to by — 1 otherwise.

— If E is a terminal divisor of a dead arc of G(C), there is exactly one branch of
T through E.

— Otherwise, no branches of I intersect E.

In particular, the characteristic exponents of the branches of I" can be completely
determined in terms of the equisingularity data of C. Denote by {8§, 51, ..., 55 } the
characteristic exponents of an irreducible component C; of C. Given a bifurcation
divisor E of G(C), let I} be the set of indices i € I such that v(E) = 8;_,,/6;
note that if ¢ € Ig \ I}, then there exists j € Ig such that v(E) = €(C;, C;). Hence,
if E is a contact divisor I, = @&. Moreover, if C has a kind equisingularity type and
E is a bifurcation divisor belonging to a dear arc of G(C), then the corresponding
Puiseux pair (m}'cE_H, anH) satisfies n};EH =2 for each i € Ig = I},.

Lemma 6. — [7] Consider a curve C with kind equisingularity type and a Zariski
general foliation & € Gf. Let I' be a generic curve of Ag with decomposition I' =
UEeB(C)FE. Then, for each E € B(C), we have that

(i) If E is a contact divisor, the curve T'® has bg — 1 irreducible components. Each
branch v of T'F with characteristic exponents {vg,v{,..., V,ZE} given by

V(’)Y:mO(’V):ﬂEa Vl’y:ﬂEﬂlZ/ﬂ(l]a l:1727"-7kE7

for any i€ Ig.

(ii) If E is a Puiseuz divisor which belongs to a dead arc, the curve T'F has one
irreductble component v with characteristic exponents {vy°,v°, ..., I/,Zz} given
by

Z/O’YO:mO('YU)ZEEv V?O:@Eﬁli/ﬂén l:1727"'7kE7

and bg — 2 irreducible components such that each branch ( C TF ~ 7 has
characteristic exponents {vg,vy,...,v] v .1} given by

vg =mo(y) =ngne, v =ngneBi/B;, 1=1,2,....kpg+1,

for any i € If,.
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(iii) If E is a Puiseuz divisor which does not belong to a dead arc, then T'® has bp —1
irreducible components. Each irreducible component v of I'® with characteristic

ezponents {vg,v],..., V]ZE,I/]ZE_i_l} given by
Yo — Y % /3t —
Yy —mO('Y) =ngnhg, VY, _ﬂEnE/Bl/ﬁOa 1=12,...,kg+1,

for any i € Iy,

The last part of the section is devoted to prove some technical lemmas which
will be useful in the sequel. The first one is a general result concerning intersection
multiplicities of polar curves:

Lemma 7. — Consider a foliation & € G and let T, TV be any two generic curves of
Ag. For any irreducible component v of T, we have that
(3) T, 7)o +mo(v) = (C,7)o-

Proof. — Consider a 1-form w = A(z,y)dz + B(z,y)dy which defines & and assume
that T’ = T'[4.4), I” = T'[4/./). Take an irreducible component y of I'4. and let ¢ (t) =
(z4(t),y(t)) be a parametrization of y. Since & is a generalized curve foliation, then
(C,7)o = ordy (¢ w) + 1
(see [13], lemma 3.7). The intersection multiplicity (I'4/.417,7)o is given by
(Tlarv), 1)o = orde{a’A(¢4 (1)) + b'B(d+())}-
Moreover, since v is an irreducible component of I'(4.4), then aA(¢,(t)) +bB(¢(t)) =
0. Assume that a # 0, a similar argument holds if b # 0. In this case, we have that

either ord;(A(¢~(t))) = ord,(B(¢~(t))) when b # 0 or A(¢p,(t)) = 0 otherwise. In
both situations, the following equalities to compute ordt(qf;w) hold:

ord,(63) = orde{A( (1) (1) + B(6 (1) (1)
= ordy { =2 B(6, (1) (1) + B(6, (1) (1)}
Au(B((1))) + ordu(—bi (1) + a (1)
= ordy(a A( (1)) + VB(g (1)) + (3, —ba +ay = 0)g 1
)

= (Clar:p)p Yo + (7, Yjaze))o — 1,

where /|4, is the line given by —br + ay = 0. In particular, this implies that the
formula (3) holds for all [a : b] such that £,.;) is not tangent to I',.; which is the case
when I',.;] is a generic curve of Ag. O

Let us introduce some notation in order to simplify the proofs of the following
lemmas. Given a bifurcation divisor E of G(C), we denote

bg if E is a contact divisor;

d, 1, if F is a Puiseux divisor which does not belong to a dead arc;

0, otherwise,
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and
22— 0, if F is a contact divisor;
bg — 1, otherwise.
Hence, if T' is a generic curve of Ay with decomposition I' = Uge B(C)FE , then

mo(T'F) = QE(d}; + d%nE -1).

Lemma 8. — Consider a foliation & € Gf, and a generic curve I' = UEGB(C)FE of
Ag. Then, for each bifurcation divisor E of G(C), we have that
(4) mO(U C;) — mo( U ey = np(dy + npds).

iclp E'>E

Proof. — Let £g be the size of the largest chain of divisors in B(C) starting at E.
We prove the lemma by induction on £g. If £ = 1, then F is a maximal bifurcation
divisor of G(C). In this case, the equality (4) turns into

mo(Uier, Ci) = np(dp + npdy)

and it can be directly deduced from the properties of G(C). Assume now that {g > 1
and let Eq, ..., E, be the bifurcation vertices of G(C) which are consecutive to E,
that is, F < E; without any other bifurcation divisor between FE and F;. Put Jg =
Ig ~Ui_1Ig, and t = {§Jg. Note that t + s = d;; + d%. Then we have the following
equalities

mo(|J Ci)=mo( |J TF) =

i€lg E'>FE
- 3 i)+ S U 0 [zmo< U %)+ 3 mir)
Jj€JE JjE€IE, i=1 E'>E;
- S @+ S U G- U 1] -3
i€Jp [ jelg, E’>E¢ J i=1
For each i = 1,...,s, we have that mo(Ujer,, Cj) — mo(Uprsp,IF) = ng (d}, +

d%, ng,) by the induction hypothesis and mqo(I'¥%) = np, (d. + d%, ng, — 1) by theo-
rem 4. Hence, we deduce that

m (U C;) — mo( U FE/) = Z mO(Cj)‘i‘ZﬂEi.

i€lp E'>E jeJm
Now three situations may happen:
— If E is a contact divisor, then ng =1, ng, = ng fori =1,...,s and mo(Cj) =
ng for j € Jg. Moreover, d%, = 0 and ¢ + s = dj,.
— If E is a Puiseux divisor which belongs to a dead arc, then np, = npng with
ng > 1 for each i = 1,...,s and mo(C;) = ngng for j € Jg. In this case,
dL=0and t+s=d%.
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— If E is a Puiseux divisor without dead arc, then d, = 1 and t +s — 1 = d%.
Moreover ng > 1 and there is:
e cither a divisor E;,, with ig € {1, ..., s}, such that np, =ngandng =
ngng for i # ip; in this situation mo(C;) = ngng for all j € Jg.
e or a curve Cj, with jo € Jg such that mo(Cj,) = ng and mo(C;) = ngng
if j # jo; in this case np, = ngng foralli € {1,...,s}.

It follows that 3¢ 7, mo(Cy)+> i1 ng, = np(dy+ding) and the result is straight-
forward. O

Take a bifurcation divisor E of G(C). Let F} < F» < -+ < F,, < Fj,41 = E be
the bifurcation vertices in the geodesic of E in G(C) and denote 8B; = {E’ € B(C) :
E’' > F;}. Then we have the following result

Lemma 9. — Consider a foliation & € G§ and let I', T be two generic curves of Ag
with decompositions I' = UEeB(C)FE and T = UEeB(C)TE, Let v be an irreducible
component of TP C T'. Denote by {vg,v],..., ng} the characteristic exponents of vy,
by {(m],n])}2, the Puiseuz pairs of v and by {v],v],.. ., 7y} the minimal set of
generators of the semigroup of v. Then we have that

(5) i [ Z (Ci; 7)o — Z (TEla’Y)O} = Vi ~ Vi

=1 iEIFl\IFl_H E'€Bi~Bis1

Proof. — By the properties of the decomposition of a generic curve of Ay given in
theorem 4, we have that:

o G(Ci,y)=v(F)ificlp~Ip,,;
o G(CE,y) = v(F) if ¢F is an irreducible component of TZ' with E € B~ Bi11.

For each I € {1,...,m}, let t(I) be the integer in {0, 1,..., gy} such that

V,?(l) < mO('Y)v(Fl) < V;/(l)+1

(1/;7+1 = +00). Note that ¢(I) < kg < gy for I = 1,...,m and t(m) = kg. We use
now the relationship between the coincidence and the intersection multiplicity given
in lemma 2 to compute (C;, 7)o and (CZ',7)o. We have that

(Ci,m)o _ Pey - My T mo(Mv(EL) — v il 1
mO(CZ) o n‘f .. .n’y ’ Fy N Fl+1?

and

(S _ Dg(l) 'nZ(z) +mo(y)v(Fi) — V,?(l)

mO(CE’) - n’ly . n:(l) ’
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for each irreducible component ¢Z" of TE' with E/ € B; ~ Bi;+1, Consequently, we
obtain that

Z (Ci,7)o — Z (TE, 7)o =

iEIFL\IFLJrl E'€Bi~Bi1
O\ 7yl +mo()vu(E) — v
S omeC)— S mo(YF) | t(l)n o o)
1€Im NI ry E'eBi~Biy1 1 t(l)

By lemma 8, we have that
Z mO(CZ) - Z mO(TE ) =np (d%l + d%‘anl) - mO(TFl) =np,
i€l BeB
and hence it follows that
Z mO(Cl) - Z mO(TE ) :ﬂFl _EF1+1 :EFl(]‘_nFl)‘
i€lp NIry E'€Bi~Biy1

By definition ng, is given by

1, if F} is a contact divisor;
ngp = . . . ..
! nZ(z)’ if F} is a Puiseux divisor.
Moreover, mo(y)v(F;) = I/:(l) and ng = ny---nyg—1 if F; is a Puiseux divisor.
Therefore, we deduce that
/ 0, if F; is a contact divisor;
2 (Gumom DL (TF0= { (1-n),. )5, if Fyis a Puiseux divisor
iEIFl \IFl+1 E'e [Bl\%l+1 t(l) t(l), ! :

To finish the proof we use the relationship between the characteristic exponents of
and the minimal system of generators of the semigroup S(7) given in equation (2).
The following computations complete the proof:

Em: { Z (Cisv)o — Z (TEla’Y)O} = kZE(l —n])v]

i=1 |i€ln~Ir, E'€Bi~Brya J=1
kJE 1 k}E—l
= O D B, G Yy o
=0 =g, Z Wy =) 7)) = 0] = 7+ > (W 1))
j=1
— ) — Y Y Y 5
=] —n) 7+ I/kE 2R 2l A O

4. Base points of the polar pencil

Consider a morphism ¢ : N — (C?,0) composition of a finite number of punctual
blow-ups. A point p € 0~1(0) is a base point of the pencil Ay if p is an infinitely near
point of each generic curve of As. More precisely, p is a base point of Ag if and only
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if, there is an irreducible component v of I' such that o*y N o~1(0) = {p}, for each
generic fiber I of Ag.

A first property concerning the resolution of singularities of the polar foliation,
and hence of the polar pencil, is the property of “separation of the separatrices" (see
[12]). Let II be a morphism which is a partial reduction of £ and also a reduction
of singularities of . We say that & satisfies the property of separation of the separa-
trices if the geodesic in G(II) of any separatrix of & does not go through a dicritical
component of P, except maybe E;. We proved [5] that the foliations in G, satisfy
the property of separation of the separatrices. From this property we can deduce the
following result:

Lemma 10. — Consider a foliation ¥ € G and take any generic curve I' of Ag. If
E is a bifurcation divisor of G(C), E # E1, then the points 7(I' N E are base points
of the polar pencil Ay .

Proof. — The result is a direct consequence of the property of separation of the
separatrices since F cannot be a dicritical component and hence the points of the set
w&I'N E are base points of Ag. O

Remark 11. — Note that, if F; is a bifurcation divisor, the points 7' N E; are not
base points of the polar pencil. In fact, if I' = ['[,.3), then the set 751'q.) N E1 has
exactly bg, — 1 points which depend on [a : b] (see [7]).

Let opa,c : Ma,c — (C?,0) be the minimal reduction of singularities of Ay that
factorizes by mc. The next result describes how to construct o ¢ from 7¢.

Proposition 12. — Assume that C is a curve with kind equisingularity type and let F €
G¢ be a Zariski-general foliation. There is a morphism o1 : My ,c — Mc composition
of a finite number of punctual blow-ups such that opc = mc o 01. Moreover, the
centers of the blow-ups to obtain o1 are not singular points of 5.

Proof. — Let I', I be two generic curves of As. If the morphism 7¢ is also a reduction
of singularities of I' U T, we take o1 : Mc — M¢ to be the identity map idps, on
Mc and hence op ¢ = me. Otherwise, let {R1,...,Rs} be the points of the set
ol N 7751(0); observe that these points are not singular points of 75 Y since m¢
is a reduction of singularities of C' U T'. By theorem 5, there is a unique irreducible
component v; of I' such that nfv; cuts transversally 71'51(0) at R; fori =1,...,s.
Moreover, a point R; belongs either to a bifurcation divisor of G(C) or to the terminal
divisor of a dead arc in G(C'). There are three possible situations:
— If R; belongs to Eq, then R; is not a base point of Ay by remark 11.
— If R; belongs to a bifurcation divisor F, E # FE1, then R; is a base point of A&
by lemma 10. Hence, there is a unique irreducible component v, of I such that
&y, N E = {R;} by theorem 5.
— If R; belongs to the terminal divisor E of a dead arc, then there is a unique
irreducible component ~; of I'V such that 7y, N E # @. In this case, the point
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R; can be either a base point or not. If it is a base point, then 75y, N E =
&y N E = {R;}. Otherwise, 75y, N E # {R;} and E is a dicritical component
for Ag.
Put X; = M¢ and consider the morphism 7; : (X;41, Ri+1) — (Xi, R;), for i =
1,...,s, defined by
o 7, =1idx, if R; is not a base point of Ag;
e 7; is the minimal reduction of singularities of the strict transform of 7}y, Ung~/
by 71 o7y 0---07;_; when R; is a base point of Ag.
The morphism o7 : X;41 — M¢ with 01 =1 o--- o7, fulfils the requirements of the
statement because m¢ ooy is a reduction of singularities of I' UT". Moreover, it is clear
by construction that 7¢ o o7 is the minimal resolution of Ay which factorizes by m¢;
hence oy ¢ = mc 001 : My ¢ — (C%,0) with My o = Xep1. O

5. Dicritical components

In this section we give some characteristics of the dicritical components which
appear in a resolution of singularities of As. Note that the degree and the valence v(D)
of a dicritical component D do not depend on the choice of the resolution. Hence to
determine these values it is enough to consider the morphism o ¢ : Mp.c — (C2%,0).
Next lemma gives the degree of the dicritical components

Lemma 13. — Consider a foliation F € G, and let 0 : X — (C2,0) be any resolution
of singularities of Ag. Then
1. The divisor E1 of G(C) is dicritical for Ay if and only if by, > 2. Moreover, in
that case, the degree of Ey as a dicritical component of Ag is equal to by, — 1.
2. If 7 is a Zariski-general foliation, each dicritical component D of 0=1(0), D #
E1, has degree equal to 1.

Proof. — The first assertion is a direct consequence of remark 11. The second one
follows straightforward from the construction of the morphism o ¢ given in propo-
sition 12. 0

Next result determines the valence v(D) of a dicritical component D of Ay in terms
of the data in G(C). It is a key result in the proof of theorem 1.

Theorem 14. — Let F € G}, be a Zariski-general foliation and let o : X — (C?,0) be
any resolution of singularities of the polar pencil A¢. Given any dicritical component
D of 071(0) and any D-curvette v, we have that
(6) v(D) =2 sup {G(C;,v)} — 1.
1<i<r

If T, T are two generic curves of Ay, then v(D) is equal to G(vp,{p) where vp,{p
are irreducible components of I' and T respectively such that c*yp N D # & and
0*{p N D # @. Moreover, if we denote by Ep the bifurcation divisor of G(C) such
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that p is a branch of the curve I'? of the decomposition of I' (and also ¢(p C TEP),
then sup; ;{6 (Ci,vp)} = v(Ep). Consequently, equation (6) can be written as
follows

(7 v(D) =2v(Ep) — 1.

Proof of theorem 14. — Consider two generic curves I', T of A with decompositions
given by I' = UEeB(C)FE and T = UEGB(C)TE. Let D be a dicritical component of
o~1(0). If D is equal to the first divisor E; of G(C), then Ep = E; and equation (6)
is held. Assume now that D # E;. Let v,( be irreducible components of I' and YT
respectively, with o*y N D # @ and ¢*¢ N D # &; note that they are unique by
lemma 13 and mg(y) = mo(¢). Let us compute (v, ()o. By lemma 7, we have that

(8) (T2, 7)o+ Y (X% 9)0+mo(y) =Y _(Cis)o.

EE€B(C) i=1
E#Ep

The intersection multiplicity (Y2, +), can be computed using the decomposition of
YTFr into irreducible components:

(9) (YE2 9o =10+ D>, (Mo
¢'crFp
¢'#¢C

From equalities (8) and (9) we deduce that (v, ()o is given by

T

100=>_(Civo— Y, & Mo— Y, (XTF9)0—mo(7)

i=1 C/Z:/T;jD ge#ség)
= > (Cio— D, Mo+ Y (Como— Y, (XE, 7)o —mo(7).
1€lp ¢'crED i¢lg, EeB(C)
¢I#¢ E#Ep

Denote by Fy < Fy < --- < Fy, < F,,41 = Ep the bifurcation vertices in the geodesic
of Ep in G(C) and put B; ={E’ € B(C) : E' > F;} fori=1,...,m. Thus we have
that

10O0= Y, Como— D>, (o= D, (T

i€l rcvED EeB(C)
Ep < gl;é( E>Ep

+§m: { >, (G- 3 (TE"Y)O} —mo(7)-

i=1 |i€ln I, Ee B~ B
We shall use lemmas 8 and 9 to compute the right side of the equality above. Note
that

e G(Ci,v) =v(Ep) for each i € Ig,, by theorem 4.

e ©(¢',7) = v(Ep) for each branch ¢’ of T¥, with E > Ep.

e ©(¢',y) = v(Ep) for each branch ¢’ of Y¥P with ¢’ # (, by theorem 5, since
& is a Zariski-general foliation.
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Let {vg,v7,...,v } be the characteristic exponents of v, {(m], n])}{7, the Puiseux
pairs of v and {7g,7/,..., 7, } the minimal set of generators of the semigroup S(v)
of 7. From lemma 6, we deduce that v < mo(y)v(Ep). Consequently, applying
lemmas 2 and 8, we get that

Z (Ci/Y)O_ Z (C/aV)U_ Z (TEafy)O =

i€lp 'cYED EeB(C)
b ¢ g/#c E>Ep

vy ny +mo(y)v(Ep) — vy,

Z mO(Cz) - Z mO(TE) — mo(’I‘ED N C) 99 mo(ﬂy)

i€lp, E>Ep
vy g +mo(v)v(Ep) — vy
mo(7)

We use now the equality above and the result given in lemma 9 to compute (7, {)o.
We obtain that

= (ng, +mo(C))

vy g +m v(Ep) — v
(7,0 = ((ng, + mo(¢)) 2 + ;(07()7)( D) — vy,

To finish the computation of (vy,{)o we consider the different possibilities for the
bifurcation divisor Ep and we use the expression of the characteristic exponents of
the irreducible components of the generic curves of Ag given in lemma 6.

2 e | =7 _
Vg, ~ Pkep Vks, mo(7).

— If E is a contact divisor, then mo(y) = mo(¢) = ng, = n{---nj with g, =
kg,. Then

(7,C)o = 207, ], +mo(y)u(Ep) — vi.] + v, — 7, n], —mo()

= 2mo(7)v(Ep) + 7] ng — v, —mo(7).

Moreover, by lemma 2, the relationship between (v, {)o and G(v, ()¢ is given by
(7, Qo = 73 ng +mo(y)€(v,¢) — vy, . Taking into account that €'(v, () = v(D),
we conclude that

v(D) = 2v(Ep) — 1.

— Assume now that Ep is a Puiseux divisor which belongs to a dead arc. By
lemma 6, the multiplicity mo(7) can be either ng  or ng ng, with ng, > 1.
Ifmo(y) =n E,» the same computations as in the previous case give the result.
Consider now the case mo(Y) = ng,ng,. Thus we have that mo(y)v(Ep) = v]_,
9y = kg, + 1 and np, =nj . Hence we get that

vy ngy
(100 = [, + iy mp v = ) = mo(0)
—LED
= (14 ng,)0g, +vg, =Py, —mo(y) =ng, 7y, +vg, —mo(7).
By lemma 2, we have that (v,()o = 77 nJ + mo(7)G(v,¢) — v; . We obtain
that
" (Bp) -1
G(v, () =2—"~—-1=2v(Ep)—1.
mo(7)
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— If Ep is a Puiseux divisor which does not belong to a dead arc, then
mo(Y)v(Ep) = v] , gy = kg, + 1 and ng, = n] . Hence the computa-
tions in the previous case give the result. 0

6. Resolution of singularities

In this section we give the proof of the main result of the paper and some conse-
quences than can be deduced from it.

Proof of theorem 1. — In proposition 12 we have shown that o, ¢ is obtained from
mc by a finite number of punctual blow-ups with centers at non-singular points of
759 . Recall that oy, ¢ = m¢ o 01, where o7 is obtained by blowing-up following
the infinitely near points of the irreducible components of a generic curve I' of Ag.
Moreover, since 75 I' is non-singular, then the centers of the blow-ups to get oy are
free infinitely near points of T.

Let {R1,..., Rs} be the points of the set 7;I' N 7r51(0). By theorem 5, there is a
unique irreducible component «y; of I' such that 7y; cuts transversally 7r51(0) at R;
fori=1,...,s. Let D; be the dicritical component of UX}C (0) such that o} oviND; #
@ and denote by Eg, the irreducible component of wal(O) such that 7%v; N Eg, =
{R;}. Note that it is possible that Er, = Eg, for i # j. Moreover, Ep, is either a
bifurcation divisor of G(C) or the terminal divisor of a dead arc in G(C).

Let o; = « Enr, be the number of blow-ups needed to obtain D, from Epg,. Let us
show that the value of o; is given by equation (1). We consider separately the different
possibilities for Eg;:

— Eg, is the first divisor By of m5'(0), then it is a dicritical component for Ag.
Hence, a; = 0 and the equality a; = m(ER,)(v(Eg,) — 1) holds since v(E;) = 1.

— Epg, is a bifurcation divisor different from FE;, then R; is a base point of Ag.
The valuation v(D;) is equal to

’U(Dl) _ m(ERi)v(ERi) + oy .

By theorem 14, we have that v(D;) = 2v(Eg,) — 1. Hence, we deduce that
@ = m(ERz)(U(ERz) - 1)

— FEp, is the terminal divisor of a dead arc with bifurcation divisor E. Using the
fact that C has a kind equisingularity type, we get that

(10) m(Eg,) =m(E)/2; v(Eg,) = (m(E)v(E) +1)/m(E).
By theorem 14, we have that v(D;) = 2v(F) — 1. Thus we obtain the following
equality
m(ERl)U(ERI) + _ 2m(ERz)v(ER1) -1 -1
m(ERg,) B m(ERg,) ’
and we conclude that o; = m(Eg,)(v(Eg,) — 1) — 1. 0
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Note that, in general, the minimal resolution of singularities oy of Ay is not a
reduction of singularities of the foliation &. Consider, for instance, the foliation &
given by d(y? —x3) = 0. The generic curves of Ay are the parabolas {2by —3az? = 0};
the minimal resolution of singularities oy of Ay is a composition of two blow-ups
whereas the separatrix of & is a (3,2)-cusp. The dual graphs G(C) and G(oa,As)

are given by
By E3 Eq ; :%%: Eg

G(C) G(O‘A,A}‘)

Next result characterizes the curves C' such that o ¢ coincides with the minimal
reduction of singularities of Ag.

Corollary 15. — Let C' be a curve with kind equisingularity type and consider a
Zariski-general foliation F € Gf. The following statements are equivalent:

1. The morphism o ¢ is the minimal resolution of singularities of Ag.
2. There is no mazimal bifurcation divisor of G(C) which belongs to the geodesic
of only one irreducible component of C'.

Proof. — Let I' = UEeB(C)FE be a generic curve of Ay. Assume that op ¢ is the
minimal resolution of singularities of Ag. If there is a maximal bifurcation vertex E
of G(C) which belongs to a dead arc and with bg = 2, then I'? is irreducible and I'”
cuts the terminal divisor F' of the dead arc starting at E (by theorem 5). Hence, 7¢
is not the minimal reduction of singularities of I' and consequently o c cannot be
the minimal resolution of Ag.

Assume now that G(C) satisfies the conditions in the second statement. This im-
plies that, for each maximal bifurcation divisor E of G(C), there is an irreducible
component vy of I' with 7,y N E # @. If E # E4, then 75y N E is a base point of Ay
and hence the minimal resolution of singularities of Ag factorizes by n¢. If E = Ey,
then m¢ is a resolution of Ay. We conclude that o) ¢ is the minimal resolution of
Ag. O

Finally we characterize when a terminal divisor of a dead arc is a dicritical com-
ponent for the pencil Ag.

Corollary 16. — Let C be a curve with kind equisingularity type and consider a
Zariski-general foliation F € G§,. Let F be terminal divisor of a dead arc in G(C)
starting at the bifurcation divisor E. The divisor F is dicritical for Ag if and only if
v(E) = 3/2.

Proof. — If v(E) = 3/2, then v(F) = 2 and m(F) = 1 because C has kind equisin-
gularity type. Thus, by theorem 1, «(F) = 0 and hence F is a dicritical component
for Ag.
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Conversely, assume that F' is a dicritical divisor for Ay and then v(F) = 14+1/m(F)
by theorem 1. Since C has a kind equisingularity type, the relationship between v(F)
and v(E) is given by equation (10), thus v(E) = 1+ 1/m(E).

Let {(m},n{)}", be the Puiseux pairs of an irreducible component C; of C. We
have that m(E) = nf{---nj_nj_,, and v(E) = mj__,/m(E) for i € Ig because
E is a Puiseux divisor. Consequently, the dicriticalness of F' implies that m} ., =
14+ni---nj nj_ ., But

i i
My < My pt1

1< 5 i mi ni
1 kg 1 kg "kg+1

by the properties of the Puiseux pairs. This implies that nﬁn}wn}wﬂ <

m};En};EH < mfwﬂ =1+nt n}cEn}CEH The preyious inequalities hold only

if kg = 0, i.e, m; = 0. Consequently v(E) = (1 +n%)/n} and the result follows

since ng =nj = 2. O
7. Examples

We illustrate here some different behaviours of a polar pencil A when & is not a
Zariski-general foliation.

Example 1. — There can be dicritical components of Ay with degree > 2, which are
different from E;. Consider the foliation & given by d(y® — 2°) = 0; note that C has
not a kind equisingularity type. The pencil A5 has a dicritical component of degree 2
which corresponds to the terminal divisor Es of the unique dead arc in G(C). In this
case, T¢ gives a resolution of singularities of Ag but it is not the minimal resolution
of Ag.

/4

E4 E4
E; E3 E; Ej

Ey E,

G(C) G(me, Ar)

Example 2. — Consider the foliation & given by w = z°dz — y3dy = 0. The minimal
reduction of singularities 7o of & is not a reduction of singularities of a generic fiber
Tiop) = {az® — by® = 0}. It is necessary to blow-up the corner E3 N Ey of m5'(0)
to obtain an elimination of indeterminations op of Ag; hence we need to blow-up a
singular point of 75 .
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/d

E E
E, ? E, E3 /74
E,
E>

G(F) G(oa, Ar)

Notice that v(E4) = 5/3 and v(E3) = 3/2, thus equation (7) is not true for this
foliation. In this example, the curve of separatrices C has a kind equisingularity type

but

1]
2]
3]
[4]
[5]
[6]

[7]
8]

(9]
[10]
[11]
[12]
[13]
[14]
[15]

[16]

the foliation & is not Zariski-general.

References

H. BRESINSKY — “Semigroups corresponding to algebroid branches in the plane”, Proc.
Amer. Math. Soc. 32 (1972), p. 381-384.

C. CamacHO, A. Lins NETO & P. SAD — “Topological invariants and equidesingular-
ization for holomorphic vector fields”, J. Differential Geom. 20 (1984), p. 143-174.

C. CamacHo & P. SAD — “Invariant varieties through singularities of holomorphic
vector fields”, Ann. of Math. 115 (1982), p. 579-595.

E. CasAs-ALVERO — Singularities of plane curves, London Mathematical Society Lec-
ture Note Series, vol. 276, Cambridge University Press, 2000.

N. CoRRAL — “Sur la topologie des courbes polaires de certains feuilletages singuliers”,
Ann. Inst. Fourier (Grenoble) 53 (2003), p. 787-814.

, “Détermination du type d’équisingularité polaire”, C. R. Math. Acad. Sci. Paris
344 (2007), p. 33-36.

, “Infinitesimal adjunction and polar curves”, submitted.

F. DELcADO & H. MAUGENDRE — “Special fibres and critical locus for a pencil of plane
curve singularities”, Compositio Math. 136 (2003), p. 69-87.

E. R. GArcia BARROSO — “Sur les courbes polaires d’une courbe plane réduite”, Proc.
London Math. Soc. 81 (2000), p. 1-28.

T. C. Kvo & Y. C. Lu — “On analytic function germs of two complex variables”,
Topology 16 (1977), p. 299-310.

M. MERLE - “Invariants polaires des courbes planes”, Invent. Math. 41 (1977), p. 103—
111.

P. RoUILLE — “Courbes polaires et courbure”, Thése de doctorat, Université de Bour-
gogne, 1996.

, “Théoréme de Merle: cas des 1-formes de type courbes généralisées”, Bol. Soc.
Brasil. Mat. (N.S.) 30 (1999), p. 293-314.

L. D. TrRANG & C. WEBER — “Equisingularité dans les pinceaux de germes de courbes
planes et C°-suffisance”, Enseign. Math. 43 (1997), p. 355-380.

O. ZARISKI — “General theory of saturation and of saturated local rings. II. Saturated
local rings of dimension 17, Amer. J. Math. 93 (1971), p. 872-964.

, Le probléeme des modules pour les branches planes, Ecole polytechnique, 1973,
Cours donné au Centre de Mathématiques de 1’Ecole polytechnique, Paris, Octobre-
Novembre 1973.

Nuria CorrAL, Dpto. Matematicas, Estadistica y Computacién. Universidad de Cantabria. Avda.

de los Castros s/n, 39005 Santander. Spain e FE-mail : nuria.corral@unican.es

SOCIETE MATHEMATIQUE DE FRANCE 2009






Astérisque
323, 2009, p. 181-195

HOMOGENEOUS COMMUTING VECTOR FIELDS ON (C?

by

Alcides Lins Neto

Abstract. — In the main result of this paper we give a method to construct all pairs
of homogeneous commuting vector fields on C2? of the same degree d > 2 (Theorem
1). As an application, we classify, up to linear transformations of C2, all pairs of
commuting homogeneous vector fields on C?, when d = 2 and d = 3 (corollaries 1
and 2). We obtain also necessary conditions in the cases of quasi-homogeneous vector
fields and when the degrees are different (theorem 2).

Résumé (Champs de vecteurs homogénes commutants dans C2). — Dans le résultat principal
de ce papier on donne une méthode de construction de tous les paires de champs de
vecteurs homogénes de méme degré d > 2 qui commutent (théoréme 1). Comme
application, on classifie les paires de champs de vecteurs homogénes commutantes
dans C? de degrés d = 2 et d = 3 (corollaires 1 et 2). Nous obtenons aussi des
conditions nécessaires dans les cas quasi-homogénes et quand les degrés sont différents
(théoréme 2).

1. Introduction

A. Guillot in his thesis and in [3], gave a non-trivial example of a pair of commuting
homogeneous vector fields of degree two on C3. The example is non-trivial in the sense
that it cannot be reduced to two vector fields in separated variables, like in the pair
X = P(z,y)0; + Q(z,y)0, and Y := R(z)0,. This suggested me the problem of
classification of pairs of polynomial commuting vector fields on C™. This problem,
in this generality, seems very difficult, even for n = 2. Even the restricted problem
of classification of pairs of commuting vector fields, homogeneous of degree d, seems
very difficult for n > 3 and d > 2 (see problem 3). However, for n =2 and d > 2 it is
possible to give a complete classification, as we will see in this paper.

2010 Mathematics Subject Classification. — 37C10, 37F75.
Key words and phrases. — Vector fields, commuting, homogeneous.
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Let X and Y be two homogeneous commuting vector fields on C2?, where dg(X) = k
and dg(Y) = ¢, and R = z 0, + y 0, be the radial vector field.

Definition 1.1. — We will say that X andY are colinear if X AY = 0. In this case, we
will use the notation X//Y . When dg(X) = dg(Y'), we will consider the 1-parameter
family (Zy)sepr given by Zy = X +AY if X € C and Z, =Y. It will be called the
pencil generated by X and Y. The pencil will be called trivial, if Y = A.X for some
A € C. Otherwise, it will be called non-trivial.

From now on, we will set:

XAY =f0, A0,
(1) RAX =g, A0,
RAY =hd, A D,

Since dg(X) = k and dg(Y) = ¢, the polynomials f, g and h are homogeneous
and dg(f) = k+ ¢, dg(g) = k+1, dg(h) = £+ 1. Moreover, f # 0 iff X and Y are
non-colinear.

Our main result concerns the case where k = ¢ > 2. In this case, if g, h # 0, we will
consider the meromorphic function ¢ = g/h as a holomorphic function ¢: P! — P*:

9(z,y)
olx :y| = .
== by
Theorem 1. — Let (Z))x be a non-trivial pencil of homogeneous commuting vector

fields of degree d > 2 on C2. Let X and Y be two generators of the pencil and f,g,h
and ¢ be as before. If the pencil is colinear then X = a.R and Y = B.R, where a and
B are homogeneous polynomials of degree d — 1. If the pencil is non-colinear then:

(a) f,9,h #0.

(b) f/g (resp. f/h) is a non-constant meromorphic first integral of X (resp. Y ).
(c) Let s be the (topological) degree of ¢: P1 — PL. Then1<s<d—1.

(d) The decompositions of f, g and h into irreducible linear factors are of the form:

r 2k;+m;
f= Hj:l fj §Tm;
T kj s
(2) 9= Hj:l fj 5y g
T kj s
h=T0_, £ 002, by

where s + Z;zl ki =d+1 and E;Zl m; = 258 — 2. Moreover, we can choose
the generators X andY in such a way that g1,...,9s,h1,...,hs are two by two
relatively prime.

(e) Considering the direction (f; = 0) C C? as a point p; € P1, then

(3) mj =mult(g,p;) -1, j=1,...,r,

where mult(é, p) denotes the ramification index of ¢ at p € P*.
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(f) The generators X andY can be chosen as:

@ {X = 9.[=1 (ks +m) 7 (Fi20y — fiy02) = Yica 5, (9ix0y — 9iy0u)]
Y = h[35 (b +my) £ (£i20y — f1y02) = Yict 75 (hiaOy — hiy0r)]

Conversely, given a non-constant map ¢: P! — P! of degree s > 1 and a divisor

D on P! of the form

(5) D= )" (2k(p) + mult(¢,p) — 1).[p] ,
peP?!

where k(p) > min(1, mult(¢,p) — 1) and }, k(p) < +oo, there exists a unique pencil
(Zx)x of homogeneous commuting vector fields of degree d = 3, k(p) + s — 1 with
generators X and Y given by (4), and the f;’s, gi’s and h;’s given in the following
way: let {py = [a1 : b1],...,pr = [ay : b} = {p € P! | 2k(p) + mult(¢,p) — 1 > 0} .
Set k; = k(pj), m; = mult(¢,p;) — 1 and fj(z,y) = ajy — bjz. Set ¢[x : y] =
G1(z,y)/H1i(x,y), where G1 and Hy are homogeneous polynomials of degree s. Then
the g;’s and h;’s are the linear factors of G1 and H,, respectively.

Definition 1.2. — Let X, Y, g =1I5_, f.113_, g; and h = Ij_, f” TI3_, h; be as in
theorem 1. We call (f; =0), j=1,...,r, the fized directions of the pencil.

Given A € C, the polynomial gy = g + A.h plays the same role for the vector field
Zy=X+ )Y as g and h for X and Y. Its decomposition into irreducible factors is
of the form

k.
g =10 7 I gix -

Definition 1.3. — The directions given by (g; » = 0) are called the movable directions
of the pencil.

In particular, the number s of movable directions coincides with the degree of the
map ¢ = g/h: P! — PL.

As an application of Theorem 1, we obtain the classification of the pencils of
homogeneous commuting vector fields of degrees two and three.

Corollary 1. — Let (Z))x be a pencil of commuting homogeneous of degree two vector
fields on C2. Then, after a linear change of variables on C?, the generators X and Y
of the pencil can be written as:

(a) X =g.R and Y = h.R, where g and h are homogeneous polynomials of degree
one and R = .0, + y.0,.

(b) X =220, and Y = y?9,. In this case, the pencil has two fized directions.

(¢) X =y?0, andY = 2xyd, +y?8y. In this case, the pencil has one fized direction.

Corollary 2. — Let (Zy)x be a pencil of commuting homogeneous of degree three vector
fields on C2. Then, after a linear change of variables on C2, the generators X and Y
of the pencil can be written as:
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(a) X =g.R and Y = h.R, where g and h are homogeneous polynomials of degree
two and R = x.0; + y.0y.

(b) X =4%0, and Y = 3zy?d, + y38,. In this case, the pencil has one movable and
one fized direction.

(c) X = 22%y8, and Y = xy?0, —y30,. In this case, the pencil has one movable and
two fized directions.

(d) X = (22%y +2%)9, — 2°ydy and Y = —zy?9, + (2zy? + y*)9,. In this case, the
pencil has one movable and three fized directions.

(e) X =230, andY = y39,. In this case, the pencil has two movable and two fized
directions.

Some of the preliminary results that we will use in the proof of Theorem 1 are also
valid for quasi-homogeneous vector fields.

Definition 1.4. — Let S be a linear diagonalizable vector field on C™ such that all
eigenvalues of S are relatively prime natural numbers. We say that a holomorphic
vector field X # 0 is quasi-homogeneous with respect to S if [S, X] =m X, m € C.

It is not difficult to prove that, in this case, we have the following;:

(I) m e NuU{0}.
(IT) X is a polynomial vector field.

Our next result concerns two commuting vector fields which are quasi-homogeneous
with respect to the same linear vector field S. Let X and Y be two commuting
vector fields on C2%, quasi-homogeneous with respect to the same vector field S with
eigenvalues p, g € N (relatively prime), where [S, X] = m X and [S,Y] =nY. Since S
is diagonalizable, after a linear change of variables, we can assume that S = pzd, +
qy0y. Set X AY = fO, N0y, SAX = g0, N0y and SAY = h 0, AJ,. We will always
assume that X, Y #0

Remark 1.1. — We would like to observe that f,g and h are quasi-homogeneous with
respect to S, that is, we have S(f) = (m + n +tr(S))f, S(g) = (m + tr(S))g and
S(h) = (n+1tr(S))h, where tr(S) = p+q. It is known that in this case, any irreducible
factor of f, g or h, is the equation of an orbit of S, that is, x, y or a polynomial of
the form yP — cx?, where ¢ #0 .

Theorem 2. — In the above situation, suppose that f,h Z 0 and n # 0. Then:

(a) g £ 0 and f/g is a non-constant meromorphic first integral of X.
(b) Suppose that m,n # 0. Then f, g and h satisfy the two equivalent relations
below:

(6) mn f2dx Ady = fdg Adh+ gdh Adf + hdf Adg

df dh dg _mnf
(7) (m—n)7+n?—m;— oh

(qy dz — pz dy)
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(¢) Suppose that m,n # 0. Then any irreducible factor of f divides g and h. Con-
versely, if p = ged(g, h) then any irreducible factor of p divides f. Moreover, the
decompositions of f, g and h into irreducible factors, are of the form

f=10_ f
(8) g = H =1 f Hz 1 gz
h=T0_, £ Iy by
where r > 0, mj,n; >0, £; > m; +n; — 1, for all j, and any two polynomials
in the set {f1,..., fryg1,---,9s,h1,...,ht} are relatively prime.
(d) Suppose that f, g and h are as in (8). Then vector fields X andY can be written
as

) {X = %9-[2:;:1 (5 — mj)f%(fjxay — fiy0z) — Zz 1 Gig; (gzxa — 9iyOz)]
Y= %h-[Z;T:l(Zj - nj)f%.(fjway - ijaw) - Zi:l bzhﬁ(hway - hiyaw)]

As an application, we have the following result:

Corollary 3. — Let X and Y be germs of holomorphic commuting vector fields at

0 € C2. Let
X=) X;
j=d

be the Taylor series of X at0 € C?, where X; is homogeneous of degree j > d. Assume
that d > 2 and that the vector field X4 has no meromorphic first integral and that O
is an isolated singularity of X4. Then Y = A\. X, where A € C.

We would like to recall a well-known criterion for a homogeneous vector field of
degree d on C?, say X4, to have a meromorphic first integral (see [1]). Since the radial
vector field R = z 9, +y 8, has the meromorphic first integral y/z, we can assume that
RANX4=90, N0y #0. Let w = ix,(dz A dy), where i denotes the interior product.
Then the form w; = w/g is closed. In this case, if g = I, g;-cj is the decomposition
of g into linear irreducible factors, then we have

=3 A gt ),

where A\; € C, for all 1 S 7 < r and h is homogeneous of degree d + 1 — r =
dg(X4q)+1—7=4dg(g/g1--gr). In this case, X; has a meromorphic first integral if,
and only if, either Ay = --- = A, =0, or A\; # 0 for some j € {1,...,r}, h =0 and
[Ad1 i Ap] =[mq -+ m,], where mq,...,m, € Z. In particular, we obtain that
the set of homogeneous vector fields of degree d > 1 with a meromorphic first integral
is a countable union of Zariski closed sets.

Let us state some natural problems related to the above results.

Problem 1. — Classify the pencils of commuting homogeneous vector fields of degree
d>2o0onC" n>3.
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Problem 1 seems dificult even in dimension three.

Problem 2. — Let X5 be the set of germs at 0 € C? of holomorphic vector fields.
Given X € X5, X # 0, to determine the set

CX)={Y |[X,Y]=0}.
Under which conditions is C(X) of finite dimension?

Problem 3. — Classify all pairs of commuting polynomial vector fields on C2.

Observe that problem 3 has the following relation with the so called Jacobian
conjecture: let f and g be two polynomials on C? such that f,.g, — fy.g9» = 1. Then
their hamiltonians X = f, 0, — f; 0y and Y = g, 0, — 9,0, commute. By this reason,
problem 3 seems very difficult.

2. Preliminary results

In this section we prove some general results that will be used in the next sections.
Let S, X and Y be holomorphic vector fields defined in some domain U of C2. Assume
that:

M) [S,X]=m.X, [S,Y] =n.Y and [X,Y] =0, where m,n € C.
(II) XAY = f.0, N0y, SANX =¢.0; N0y and SAY = h.0; A Oy, where f,g,h #0.

We consider also the holomorphic 1-forms w = ix(dz A dy) and n = iy (dz A dy),
where i denotes the interior product.

Lemma 2.1. — In the above situation we have:

(a) The meromorphic functions f/g and f/h are first integrals of X and Y, re-
spectively. Moreover, f/g (resp. f/h) is constant if, and only if, n = 0 (resp.

m=0).
(b) If n#0 (resp. m #0) then
g [dg df} h [dh df}
| :7{7_7 p= | _d
(10) wngf(respnmhf)
(¢) The polynomials f, g and h satisfy the relation:
(11) mn f2dx Ady = fdg Adh+ gdh Adf +hdf Adg .

Proof. — Let us prove (a). Assume that n # 0. First of all, note that
Lx(SANX)=[X,SINX+SA[X,X]=—-mXANX=0
and simillarly Lx (X AY) = 0, where L denotes the Lie derivative. Since X AY =
(f/9)-SNY, we get
0= Lx(X AY) = Lx((f/9)-8 A X)
— X(f/9)-SAX + (f/9)-Lx(SAX) = X(f/g).SAX —>
— X(f/9)=0.
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Therefore, f/g is a first integral of X. It remains to prove that f/g is a constant if,
and only if n = 0. Since Lg(X AY)=(m+n) X AY and Lg(SAX)=mSAX, we
get

(m+n)XAY =Ls((f/9)-SAX)
=5(f/9)-SNX+(f/9).Ls(SAX)
=(8(f/9) +m.(f/9)) SAX

which implies that S(f/g) = n.(f/g). Hence, if f/g is a constant then n = 0.
Conversely, if n = 0 then S(f/g) = 0 and f/g is a first integral of S and X
simultaniously. If f/g was not constant then the vector fields X and S would be
colinear in the non-empty open subset of U defined by d(f/g) # 0. This would imply
that S A X =0, and so g = 0, a contradiction. Therefore, f/g is a constant.
Now, let w = ix(dz Ady) and suppose that n # 0. Since f/g is a non-constant first
integral of X, we get w A d(f/g) = 0, which implies that

where k is meromorphic on U. On the other hand, we have

g=—is(ix(dz ANdy)) = —ig(w)

L (S(f) S\ _,S(f/9)
_k<7_7>_k flg

nk = k=g/n.

This proves (10).

Let us prove (c). Note first that wAn = f.dz Ady. We leave the proof of this fact to
the reader. If n = 0 (or m = 0) then (11) follows from f/g =c# 0 (or f/h = c # 0),
where ¢ is a constant. We leave the proof to the reader in this case. On the other
hand, if m,n # 0 then

fdzANdy=wAn
_g{@ ﬁ} h{@ ﬁ}_g.h [dh/\df df/\dg+dg/\dh
g f h o f h.f fg g-h 17

which implies (11). O

n m m.n

In the next result we prove a kind of converse of (11).

Lemma 2.2. — Let f, g and h be holomorphic functions on a domain U C C2. Suppose
that f/g and f/h are non-constant meromorphic functions on U. Define meromorphic
vector fields X and Y by ix(dx A dy) = g[% - %] and iy (dz A dy) = h[9 — %]
Suppose that

fdgAdh+gdh ANdf +hdf Adg= X f2dx Ady ,

where A # 0. Then [X,Y] =0.
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Proof. — The idea is to prove that d(f/g) A d(f/h) # 0 and [X,Y](f/g) =
[X,Y](f/h) = 0. This will imply that f/g and f/h are two independent meromorphic
first integrals of [X,Y], and so [X,Y] = 0. O

Proof of d(f/g) Ad(f/h) # 0. — Note that

3
d(f/g) Ad(f/h) = f%[fdgAthrhdengrgdhAdf] :)\.gfwdx/\dyaéo —

= d(f/g) Nd(f/h)# 0. O
Proof of [X,Y] = 0. — We have

(X, Y(f/9) = X(Y(£/9) - Y (X(f/9)) = X(Y(f/9)) ,
because X (f/g) = 0. On the other hand, a straightforward computation shows that

(12) Y(f/g)dz Ndy =d(f/g) An,
where n = iy (dz A dy). Since n = h[4" — %] = —?d(f/h), we get from (12) that
2 2
d(F19)An = =" A [9) Ad( /) = =T dandy = Y(Fg) = -A(f/a)? —
= X(Y(f/g)) =0. In a similar way, we get [X,Y](f/h) =0. O
3. Proofs

Proof of Theorem 2. — Assume that n # 0, f,h % 0 and g = 0. Since S has an
isolated singularity at 0 € C? and S A X = g.0, A 9, = 0, we get X = 1.5, where
1 # 0 is a polynomial. It follows that

0=V, X]=[Y, 9.5 =Y®).S —¢.[S,Y]=Y®).S—nypY = Y()#O0

and S A'Y = 0, which implies h = 0, a contradiction. Hence, g # 0. It follows from
lemma 2.1 that f/g is a non-constant meromorphic first integral of X. This proves
(a) of theorem 2.

Lemma 2.1 implies also that f, g and h satisfy relation (6). Let us prove that (6)
is equivalent to (7). We will use the following fact: let u be a 2-form in C? such that
Ls(p) = Ay, where A € C. Then

(13) d(is(p)) = Ls(p) = A.p

Set u = fdg Adh + gdh Adf + hdf Adg and g, = mn f2dz A dy. We have seen
in remark 1.1 that S(f) = (m +n+tr(S)).f, S(g) = (m + tr(S)).g and S(h) = (n +
tr(S)).h. As the reader can check, this implies that Lg(u) = A.p and Lg(p1) = A.pq,
where A = 2m + 2n + 3tr(S) # 0.

On the other hand, we have

is(p1) = mn f?(pz dy — qy dz)
is(p) = —n fgdh+m fhdg + (n — m) ghdf
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as the reader can check. If we assume (6), we have u; = p, so that ig(p) = ig(u1)
and

mn f2(pxdy — qydz) = —n fgdh +m fhdg + (n —m) ghdf = (7).
If we assume (7), then we have

) (13) )
(1) = is(m—p) =0 = A —p)=d(is(p —p)=0 = (6).
This proves (b) of theorem 2.
Let us prove (c). We will use (7) in the form

(14) (m—n)g.hdf +nf.gdh —m f.hdg=mn f*(qydzr — pxdy) .
It follows from (14) that, if k£ is an irreducible factor of both polynomials g and h,
then k divides f2, and so it divides f.

Let us prove that any factor of f is a factor of both polynomials g and h. Here we
use that f/g is a first integral of X. This implies that

(15) fX(g9) =9.X(f).
Recall that any irreducible factor of f or g is the equation of an orbit of S (remark
L.1). Let f =1I7_, fjj (r,€; > 0), be the decomposition of f into irreducible factors
and set F' =11, f;. It follows from (15) that
(16)
X(f X(f) _ v
FX(g) = Fj(r)g = g.k ,where k = FJ(”) = Z ifr- fima. X(f) . fivr- fr -
j=1
On the other hand, (16) implies that for any j = 1,...,r, f; divides g or X(f;). If
f; divides g, we are done. If f; divides X (f;) then (f; = 0) is invariant for X. Since
(f; = 0) is also invariant for S, it is a common orbit of X and S. This implies that
f; divides S A X, and so it divides g. Similarly, any irreducible factor of f divides h.
Now, we can assume that the decompositions of f, g and h into irreducible factors
are as in (8):
T L
f= Hj:l f j
g=107_, f" 105, g
h=10_, £ I by

where £;, mj,n; > 0 and any two polynomials in the set

{fla' "7f7‘aglv‘ .. ’gs>h1>'- 'aht}
are relatively prime. Let us prove that £; > m; + n; — 1. As the reader can check, it
follows from (14) that f;nﬁ"ﬁej_l divides f2. This implies that m;+n;+£;—1 < 2¢;,
and we are done.
It remains to prove (d). Let w = ix (dx A dy). We have seen in lemma 2.1 that

dg df N dgi df
w:%{*g_ﬂ =il2ai gg. —Z(@'—ma‘)fj

9 i=1 v j=1
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As the reader can check, this implies that X is like in (9). Similarly, Y is also as
in (9). O

Proof of Corollary 8. — Let X = Z;’;d X; and Y # 0 be germs of holomorphic
vector fields at 0 € C? such that [X,Y] = 0. Assume that d > 2 and X, has an
isolated singularity at 0 € C? and no meromorphic first integral. Set Y = S2° Y},
where Y; is homogeneous of degree j, 7 > 0, and Y, # 0. We have [R, X4] = m Xy,
[R,Y,] =nY,, where m =d —1+# 0 and n = r — 1. Note also that [X4,Y,] = 0.

Claim 3.1. — We have r =d and Yq = A\. X4, where X\ # 0.

Proof. — As before, set XqAY, = f.0, N0y, RAXgq = g.0, N0y and RAY, = h.0; A0Oy.
Observe that g # 0. Indeed, if g = 0 then R A X; = 0. Since 0 is an isolated
singularity of R, it follows from De Rham’s division theorem (cf. [4]) that X; = ¢.R,
where ¢ is a homogeneous polynomial of degree d — 1 > 0. But, this implies that
sing(X4) D (¢ =0), and so 0 is not an isolated singularity of Xj.

Suppose by contradiction that r # d. Let us prove that in this case we have f, h Z 0.
Suppose by contradiction that f = 0. This implies that X4 A Y. = 0. Since X, has
an isolated singularity at 0 € C2, it follows from De Rham’s division theorem that
Y, = ¢.X 4, where ¢ is a homogeneous polynomial of degree r — d > 0. Therefore,

0= [Xd,Yvr] = [Xd,¢.Xd] = Xd(¢)Xd — Xd(¢) =0 =

that ¢ is a non-constant first integral of X, a contradiction. Hence, f # 0. Suppose
by contradiction that h = 0. This implies that R A Y,. = 0, so that Y, = ¢.R, where
¢ # 0 is a homogeneous polynomial of degree kK = r — 1. From this we get

0=[Xq, Y] = [Xa,9.R] = Xa(¢).R+ ¢.[Xa, R] = Xa(¢).R— (d—1).0.Xqg =

Xa(¢).R=(d—1)..Xq .

If ¢ # 0 is a constant then d = 1, a contradiction. If ¢ is not a constant then
Xa(¢) # 0, for otherwise ¢ would be a non-constant first integral of X ;. In this case,
we get R A X4y = 0, and so g = 0, a contradiction. Hence, f,g,h # 0. Now, we can
apply (a) of lemma 2.1.

If r #1thenn=7r—1%0and f/g is a non-constant meromorphic first integral
of X4, a contradiction. If r = 1 then n = 0 and (a) of lemma 2.1 implies that f = c.g,
where ¢ € C. Therefore,

0=(f—cg)0:NOy=XqNY1+cR) = Yi=—cR#0,

by the division theorem and the fact that d = dg(Xy) > 1. But, this implies that
0=[Xg4,Y1] =c(d —1).X4 # 0, a contradiction. Hence, r = d.

Now, r = d implies that n = m =d —1 > 0 and f = 0, for otherwise, f/g would
be a non-constant meromorphic first integral of X,. It follows that X4 A Yy = 0, and
so Yy = A\. X4, where X # 0 is a constant. This proves the claim. O
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Let us finish the proof of corollary 3. Let Z =Y — A.X. Then [X,Z] = 0. If Z # 0,
then we could write Z = Z‘;’;T Z;, where r > d, Z; is homogeneous of degree j and
Z, # 0. But, this contradicts claim 3.1 and proves the corollary. O

Proof of Theorem 1. — Let (Z))xcp: be a non-trivial pencil of homogeneous of de-
gree d > 2 commuting vector fields on C2. Fix two generators of the pencil, X and
Y, and set as before X ANY = f.0, N0y, RAX = 9.0, N0y and RAY = h.0, A O,.

Suppose first that the pencil is colinear, that is, f = 0. In this case, we can write
X = a.Z, where « is the greatest common divisor of the components of X and Z
has an isolated singularity at 0 € C2. Since Y AX =0, we get Y A Z = 0, and so
Y = 3.Z, where (3 is a homogeneous polynomial with dg(8) = dg(«), by De Rham’s
division theorem. Now,

0=[X,Y]=[a.Z,8.2] = (a Z(B) — BZ(a).Z = Z(B/a)=0.

Since the pencil is non-trivial, 3/« is non-constant. On the other hand, we can write
Je) = ¢(y/w), where ¢(t) = 242
degree. Therefore,

0=2Z(g(y/)) = ¢'(y/x).2(y/x) = Z(y/z)=0,
because ¢’ # 0. This implies that y Z(z) = « Z(y). If we set Z = A9, + B 9, then we
get yA =2 B, and so A = A.x and B = \.y, where \ is a homogeneous polynomial.
Since 0 is an isolated singularity of Z, it follows that ) is a constant. Hence, X = a;.R
and Y = (;.R, where a; = A.a and 1 = A.( are homogeneous polynomials of degree
d — 1. This proves the first part of theorem 1.

Suppose now that the pencil is non-colinear. In this case, we have f # 0. Let
us prove that g,h #Z 0. If ¢ = 0, for instance, then X = ¢.R, where ¢ # 0 is a
homogeneous polynomial of degree m = n = d — 1 > 0, by the division theorem.
Therefore,

g, because « and [ are homogeneous of the same

0=[Y,¢.R|=Y(¢).R—m.0.Y .
Since m.¢.Y # 0, the above relation implies that Y and R are colinear. Hence, X//Y,
a contradiction. This proves (a) of theorem 1.

Since m = n # 0, it follows from (a) of theorem 2 that f/g and f/h are non-
constant meromorphic first integrals of X and Y, respectively, which proves (b) of
theorem 1. Recall that f, g and h are homogeneous polynomials, where dg(f) = 2d,
dg(g) = dg(h) =d + 1.

It follows from (c) of theorem 2 that we can write the decomposition of f, g
and h into irreducible linear factors as f = II}_,; fj, g=15_, f;nj II¢_, gf" and h =
Im5_, f;” b, hfi, where r > 0, mj,n; > 0,£; > m;+n;—1 and any two polynomials
of theset {fi,..., fry91,---,9a, h1,..., hp} are relatively prime. Set k; = min(m;,n;).

Claim 3.2. — The generators of the pencil can be chosen in such a way that:
(a) mj=mn;=k; forallj=1,...,7.
(b) a=banda;=b;=1 foralli=1,...,a.
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Proof. — Set X\ = X + .Y and RA X = gx.0; A Oy,where gy = g+ A.h. It follows
from Bertini’s theorem that for a generic set of A € C the decomposition of g, into
linear irreducible factors is of the form:

r kj
(17) o =10 f;7 g gin

where s +37; k; = d+1 and any two polynomials in the set {f1,..., fr,g1x, -+, gsa}
are relatively prime. Now, it is sufficient to take A1 # A2 € C such that gy, and gy,
are as in (17). Set X3 = X»,, Y1 = X»,, g = g, and h = g),. Then X; and Y; are
generators of the pencil with the properties required in claim 3.2. O

From now on, we will suppose that the generators X and Y of the pencil satisfy
claim 3.2. Let us prove that the decomposition of f into irreducible linear factors is
of the form

(18) f=1_ f;kﬁmi , where m; > 0.
Since m =n =d — 1 > 0, relation (14) implies that
gdh —hdg=m f(ydx — zdy) , m #0.
Set g =¢.G1 and h = ¢.H;, where ¢ = II’_, fj’-cj. As the reader can check, we have
gdh —hdg = *.(G1dH, — H, dG1) = m f(ydx —xdy) = *|f.
Hence, the decomposition of f is like in (18) and we get
Gi1dH, — HydGy = m1Ij;_, f;nj (ydx — z dy) .

Now, consider the map ¢: P! — P! given by

¢[$ . y] — g(l‘7y) _ Gl(xay) )
h(z,y)  Hi(z,y)

Since G; and H; are relatively prime, the degree of ¢ is s = dg(G1) = dg(H).
Let {p1,...,p:} C P! be the critical set of ¢ and ¢(p;) = ¢; € P If ¢; # oo set
K; = G1 —cj.Hy, and if ¢; = oo set K; = H;. Suppose that p; is a critical point with
mult(¢, p;) = £; > 2. This implies that we can write K; = dzfj.A, where 9 is a linear
polynomial, A a homogeneous polynomial and 1; does not divide A. We claim that
’l/)fj_l |IL; ™. Indeed, if ¢; # oo, we get

(19) Kj ClH1 — H1 dKj = Gl dH1 — H1 dG1 = mHizl f:n’(ydl‘ — xdy) .

Since 1/)5"71 divides K; dH; — Hy dKj, relation (19) implies the claim. If ¢; = co then
wfj% divides G1 dH; — Hy1dG; and we get also the claim. Therefore, ¥; = A;.fi(;),
A; € C*, for some i(j) € {1,...,7} and £; — 1 < m,(;y. In particular, we get t < r.
By reordering the f;s, if necessary, we can suppose without lost of generality that
i(j) =4,7=1,...,t. Set £; = 1 for t < j < r. With these conventions, we have

mj—(;—1)>0forallj=1,...,r.
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Let us prove that m; = ¢; — 1 for all j =1,...,r. Recall that s+, k; =d+ 1.
Since f =1II; ffk”mi and dg(f) = 2d, we get

Y omi=dg(IL f)=2d—2 ) ki=2d—2(d+1-5)=25-2.
On the other hand, it follows from Riemann-Hurwitz formula (cf. [2]) and m; — (¢; —
1) > 0 that

Sy =25-2=Y m = OSi[mi—(&—l)]ﬂ = my=4i-1, Vi.
7 =1

(2

This proves (d) and (e) of theorem 1. Note that (f) follows from (d) of theorem 2.
Let us prove that 1 < s <d—1and 1 <r < d. First of all note that

kj>1 = 2r<> (2kj+m;)=2d = 1<r<d.
j=1

Moreover,

T
s=d+1-Y kj = s<d+1-r<d = 0<s<d.
j=1
Suppose by contradiction that s = 0. This implies that the map ¢ is constant, and so
g = A\.h, where A € C*. It follows that

RA(X=-AY)=0 = X-AY=9¢.R,

where v is homogeneous of degree d — 1. Therefore, the first part of theorem implies
that X and Y are colinear with the radial vector field, a contradiction. Hence, s > 1.
It remains to prove that s < d — 1. Suppose by contradiction that s = d. In this
case, we get g = f1.91---9d, b = fi.h1---hq and f = f2¢. It follows that the map
¢ =1(g1---94)/(h1---hg) has degree d > 2 and just one ramification point, (f; = 0),
with multiplicity 2d — 1. However, this is not possible, because this would imply that

mult(é, (f1 =0))=2d—1>d.

It remains to prove that in the converse construction the vector fields X and Y
defined by (9) in theorem 1 commute. But, this is a consequence of lemma 2.2 and the
fact that f, g and h satisfy (b) of Theorem 2. This finishes the proof of Theorem 1. [J

Proof of Corollary 1. — Let X; and Y; be generators of a pencil of commuting of
degree two homogeneous vector fields on C2?. As before, define fi, g1 and h; by
XiANY1 = f10, N0y, RANX1 = g10, N0y and RAYy = hy Oz A Oy, respectively. If
g1 = h1 = 0 then X; and Y7 are multiple of the radial vector field, and so we are in
case (a) of corollary 1. If not, then fi,g1,h; #Z 0, by (a) of theorem 1. Moreover, the
rational map ¢ = g1/h; has degree s = 1, by (c) of theorem 1. Therefore, the pencil
has one movable direction and one or two fixed directions, because g; has degree
d+1=3.
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Suppose that it has two fixed directions. In this case, we can suppose that they
are (r = 0) and (y = 0). This implies that g; = x.y.g2, h1 = 2.y.he and f; = x2.y?,
where g2 and hy correspond to the movable direction. Since go and ho are relatively
prime, there exist (a,b),(c,d) such that ags + bhy = = and cgs + dhy = y. If we
set g := 2%y = z.y(a gy + bhy) and h := 2.y?> = x.y(cgs + d hs), then we can apply
lemma 2.2 to f = 22.y2, g and h. We get the first integrals f/g = (z2.42)/(z2.y) = v,
f/h = (229%)/(z.y?) = z, the forms w := g d(fi/gg) =2%dy,n:=nh % = y?dz, and
the vector fields X = 229,, Y = y?9,. So, we are in case (b) of corollary 1.

Suppose that it has one fixed direction. We can suppose that it is (y = 0). In
this case, we have g; = y2.g2, b1 = y%.ho and f = y*. Consider linear combinations
ags +bhy = x and cgy + dhe = y. So, we have just to apply lemma 2.2 to the
polynomials f = y* g = z.4? and h = y3. By doing this, we obtain case (c) of
corollary 1, as the reader can check. O

Proof of Corollary 2. — Let f, g and h be as in theorem 1. If g = h = 0 then we are
in case (a) of corollary 2. If not, then f,g,h # 0 and ¢ = g/h has degree s, where
s e {1,2}.

Let us consider the case where s = 2. Let ¢: P! — P! be a map of degree two.
It follows from Riemann-Hurwitz formula that ) (mult(¢,p) — 1) = 25 -2 = 2,
and so the map must have two ramification points, both of multiplicity two. After
composing the map in both sides with M&bius transformations, we can suppose that
élx : y] = y?/x%. This implies that (x = 0) and (y = 0) are fixed directions of the
pencil, so that z.y divides g and h. Since dg(g) = dg(h) = 4 and s = 2, we get
g = z.y.91.92 and h = z.y.hy.ho, and so k; = ko = 1 in (2) of theorem 1. Since
dg(f) = 6 and mult(¢, (x = 0)) = mult(¢, (y = 0)) = 2, we must have m; = mg =1
and f = 3.y, In this case, we have

9 _ (9/zy) _ ¥

_9_ =L =zy®and h =23y .
0] W hfzy) 2 = g=2zy" an oy

So, when we apply lemma 2.2, we get f/g = x2, f/h = y*, w = 23> dx and n = 223 dy.
Hence, we can set X = 239, and Y = y3 d,. In this case we get case (e) of corollary
2.

Suppose now that s = 1. In this case, we have just one movable direction and the
map ¢ has no ramification points, which implies that m; =0 for all j =1,...,r. This
implies that f = II7_, fj%". Since dg(f) = 6, we have three possibilities: (1). r =1
and k1 =3.(2).r=2,ky=1and ks =2. (3). r=3and k; = ka =ks = 1.

CASE (1). In this case, we have just one fixed direction f;. After a linear change of
variables in C2, we can suppose that it is f; = y. This implies that f =45, g = y>.¢1
and h = y3.h;. Since g; and h; are relatively prime, there exist a,b,c,d € C such
that a.d — b.c # 0 and a.¢g; + b.h; = = and c.g; + d.hy = y. Therefore, we can apply
the construction of lemma 2.2 to f = 3%, g = y* and h = z.y3. This gives the first
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integrals f/g = y? and f/h = y3/x. Moreover,
{w =ix(dz Ady) =2y* %y =2y3dy = X =29%0,

n=iy(dz Ady) = z.y3 (3 d?y — df) =3zy’dy —y*dr = Y =3zy?0, +y%9,.
Therefore, we get case (b) of corollary 2.

CASE (2). In this case, we have two fixed directions, that we can suppose to be f; = z
and fy = 3. Since k1 = 1 and ky = 2, we get g = 2.y%.g1, h = z.9%.h; and f = 22.y*.
After taking linear combinations, we can suppose that g = x2.y2 and h = z.y3. This
gives the first integrals y? and z.y and so w = 22?2 ydy and 1 = zy? dy + y> dz and
we are in case (c).

CASE (3). In this case, we have three fixed directions. After a linear change of variables
we can suppose that they are fi = =, fo = y and f3 = z + y. This gives g =
zy (z+y).91, h = zy (z+y).hs and f = 22 y? (x+y)?. After taking linear combinations
of g1 and h;, we can suppose that g = 22y (r +vy) and h = 2 y? (z + y). Therefore we
get the first integrals are f/g =y (z +y), f/h =z (z + y) and
w=2a’y(e+y) [P+ G =2 yde + 207y +2°) dy
= X=Q2zy*+2%)0, —2%yd,
n=zy?(z+y) L+ L) = 2zy? +¢*) do + zyPdy
= Y =-2y?0,+ (2zy*>+ 9> 0,.

Therefore, we are in case (d) of corollary 2. O
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UN THEOREME DE TYPE HAEFLIGER DEFINISSABLE
par

Jean-Marie Lion & Patrick Speissegger

A José Manuel Aroca, pour ses soizante ans

Résumé. — Soit M C R™ une sous-variété définissable dans une structure o-minimale
@ et soit w € A(M) une 1-forme différentielle @-définissable. Nous montrons que si
w définit un feuilletage de codimension un sur M alors il existe un recouvrement fini
de M par des ouverts @-définissables M1, ..., M, qui vérifient la propriété suivante :
pour chaque i, tout lacet C! inclus dans M; est tangent & ker(w) en un point.

Abstract (Definisable Haefliger’s Type Theorem). — Let & be an o-minimal expansion of
the real field, M a submanifold of R™ and w a differentiable 1-form on M. We assume
that M and w are definable in & and w defines a foliation on M of codimension one.
Then there are definable, open subsets M; of M, for i = 1,...,r, such that every C!
loop contained in M; is tangent to ker(w) at some point.

Introduction

Soit M C R™ une sous-variété différentielle de classe C*,k > 2, de dimension
m, connexe et w € A*(M) une 1-forme différentielle de clase C* définie sur M. On
suppose que w est non singuliére et intégrable : en tout point x de M

w(z) #0 et wAdw(z) =0.

D’apreés le théoréme de Frobenius, pour tout point x de M il existe une carte locale
de M centrée en z dans laquelle le champ d’hyperplans ker(w) est le champ ker(dz,, ).
Par conséquent, la forme w définit sur M un feuilletage de codimension un noté .
Par tout point z de M passe une unique feuille V de . C’est une hypersurface de
classe C*, connexe, immergée injectivement dans M, tangente au champ d’hyperplans
x € M — ker(w)(z) et maximale pour ces propriétés (voir [4], [14] ou [16] pour une
introduction a la théorie des feuilletages).

Classification mathématique par sujets (2010). — 14P10, 58 A17; 03C99.
Mots clefs. — Structure o-minimale, feuilletage.
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F1GUrE 1. Un feuilletage du carré privé de trois points

Observons que si la condition d’intégrabilité de Frobenius n’est pas vérifiée alors
d’une part il n’y aurait pas de feuilletage et d’autre part il existerait nécessairement des
lacets transverses au champ ker(w). Ce dernier point est une conséquence immédiate
du théoréme de Darboux sur les modeéles locaux des formes différentielles (voir par
exemple [13]).

Les feuilles du feuilletage & ne sont pas toujours fermées ou plongées proprement
dans M et elles peuvent étre denses. Cependant si M est une variété analytique sim-
plement connexe et w est analytique, alors, d’aprés un théoréme d’A. Haefliger [15]
(voir aussi [23]), le feuilletage n’admet pas de transversale fermée (ceci signifie qu’il
n’existe pas dans M de lacet de classe C' et transverse au feuilletage) et toute feuille
est une hypersurface analytique fermée de M qui sépare M en deux composantes
connexes. En particulier toute feuille est de Rolle : tout lacet différentiable qui la ren-
contre est tangent au feuilletage en un point (voir [17] et [23]). Si la simple connexité
de M joue un réle important dans la preuve du théoréme de A. Haefliger, I’analyticité
de M et celle de w sont aussi essentielles. Elles garantissent ’analyticité des holono-
mies. Un exemple de G. Reeb [11] montre qu’on ne peut s’affranchir totalement des
hypothéses d’analyticité et de simple connexité (voir [4] ou [14]).

Dans [26], C.A. Roche conjecture qu’il est possible de recouvrir M par un nombre
fini d’ouverts My, ..., My tels que sur chaque M; la forme w induit un feuilletage &;
dynamiquement simple : il n’admet pas de transversale fermée et toute feuille est une
hypersurface fermée de M; qui sépare M; en deux composantes connexes.

L’objet de cet article est de donner une réponse positive & cette conjecture dans
un cadre assez général, le cadre o-minimal [8] (voir aussi [10] ou [31]).

Théoréme 1. — Si M et w sont définissables dans une structure o-minimale @, il
existe un recouvrement fini My, ..., My de M par des ouverts G-définissables tel que
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la forme w induit sur chaque M; un feuilletage & ; dynamiquement simple : il n’admet
pas de transversale fermée et toute feuille est une hypersurface fermée de M; qui
sépare M; en deux composantes connexes.

Cette réponse positive a la conjecture de Roche a la conséquence dynamique sui-
vante : un espace feuilleté par un champ d’hyperplans définissable dans une structure
o-minimale se décompose en un ensemble fini de régions avec un comportement dyna-
mique uniforme [26].

D’aprés les résultats de [6] adaptés au cadre o-minimal, pour chaque % le feuilletage
F; est presque une C*-fibration triviale : c’est le cas dans les composantes connexes
de M; \ Z; ou Z; est la réunion d’un nombre fini de feuilles de &;. De plus, d’aprés
[30], les feuilles du feuilletage &; sont définissables dans une structure o-minimale, la
cloture pfaffienne de @. Ainsi le théoréme, combiné a [30], pourrait étre une source
de nouveaux exemples de structures o-minimales.

Notre théoréme est une généralisation du théoréme 1 de [20] dans laquelle on s’af-
franchit de toute condition d’analyticité. On sait que les techniques de désingularisa-
tion des ensembles analytiques (présentées par exemple dans article de J.M. Aroca,
H. Hironaka et J.L. Vicente [1]) appliquées a 1’étude des feuillletages analytiques sin-
guliers de codimension un et & celle des champs de vecteurs analytiques peuvent se
révéler trés fructueuses (voir par exemple [5] ou [25]). Ici, il faudra se résoudre a des
méthodes plus naives de nature essentiellement topologique et différentielle : 1’idée
principale, déja présente dans [20], est de construire un recouvrement fini de M par
des ouverts M; sur chacun desquels la forme w induit un feuilletage dont les feuilles
sont des graphes d’applications.

Apreés une présentation des structures o-minimales (partie 1) nous donnerons trois
observations topologiques et une proposition utiles a la preuve du théoréme (partie 2).
Ensuite (partie 3) nous énoncerons une proposition qui permet de recouvrir ’espace
en ouverts sur lesquels la dynamique du feuilletage se révélera simple ou au moins
controdlée par la dynamique de feuilletages induits sur certaines parties de leurs bords.
La preuve de cette proposition, purement technique, sera donnée en annexe (partie 5).
Elle se conclut par un argument de transversalité de Thom [32]. Dans la partie 3
on donnera aussi un exemple qui illustre la nécessité du contréle de la dynamique au
bord. La partie 4 sera consacrée a la preuve du théoréme.

Les auteurs remercient les rapporteurs pour leurs suggestions et Laurent Moret-
Bailly pour sa relecture attentive.

Les dessins ont été réalisés a l'aide du logiciel Fig4TpX développé par Yvon La-
franche et Daniel Martin.

1. Les structures o-minimales (voir [8] ou [10])

Définition 1.1. — On appelle structure une famille & = U, N %, de sous-ensembles
des espaces euclidiens R"”,n € N qui vérifie les propriétés suivantes :

—-si X, Y €@,alors XNY, XUY et X \Y appartiennent a &,
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—siXetl,etYeGyalors X XY € Gy
—si Z € Gpim alors {x € R"|Fy € R™, (z,y) € Z} € &,
—si P € Rlzy,...,z,) alors {P > 0} € &,.

Définition 1.2. — Suivant la terminologie introduite par L. van den Dries [8] la struc-
ture & est dite o-minimale si les éléments de ©&; sont les unions finies d’intervalles et
de points.

D’aprés le théoréme de Tarski-Seidenberg (voir par exemple [3] ou [2]) les semi-
algébriques forment une structure o-minimale. S. Fojasiewicz montre que les semi-
analytiques possédent de nombreuses propriétés de régularité (stratifications de Whit-
ney, triangulations, ordre de contact, voir [21]) mais ils ne forment pas une structure
o-minimale. Cependant d’aprés un théoréme de A. Gabrielov [12] les sous-ensembles
semi-analytiques relativement compacts en engendrent une. On connait depuis la fin
des années 80 de nombreux autres exemples de structures o-minimales (voir par
exemple [9], [35], [29], [28]). L’article [29] montre en particulier qu’il n’existe pas
une structure o-minimale maximale qui engloberait toutes les autres et que certaines
structures o-minimales sont trés éloignés des ensembles analytiques.

Considérons une structure o-minimale &. Les éléments des &, sont appelés en-
sembles €-définissables. Une fonction ou une application est dite &-définissable si
son graphe est -définissable. Une sous-variété de R" est dite G-définissable si c’est
un élément de @,,. Une forme différentielle est dite @-définissable si son graphe est
@I-définissable. Les grassmanniennes ﬁi des p-plans de R" et leur réunion { sont
des sous-ensembles semi algébriques. Elles sont donc @-définissables. Les trois pro-
positions suivantes récapitulent des propriétés élémentaires mais fondamentales des
structures o-minimales.

Proposition 1 (Propriétés ensemblistes)

— La composée d’applications G-définissables l'est aussi.

- Si f: X — R est G-définissable alors {f = 0}, {f > 0} et {f < 0} le sont
auSsi.

—Sif: X —>R™etY C R™ sont G-définissables alors f~1(Y) l’est aussi.

Proposition 2 (Propriétés topologiques)

— S8i X est G-définissable alors son adhérence X et son intérieur Int(X) le sont
aussi.

Proposition 3 (Propriétés différentielles)

— Les dérivées partielles d’une application différentiable et @G-définissable sont @G-
définissables.

— 8i X est une sous-variété de dimension p de R™, de classe C* et G-définissable
alors son fibré tangent est aussi G-définissable.
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- Sia: X — ﬁi etf: X — ﬁi sont deuz applications G-définissables alors les
ensembles {a C B} et {dim(a N B) = d},d = 1,...,n ainsi que Uapplication
aN B a valeurs dans &, le sont aussi.

— Si X est une sous-variété de R"™ €G-définissable et w € A(X) est une I-forme
différentielle G-définissable alors Uapplication ker(w) ’est aussi.

Les structures o-minimales possédent la propriété de finitude uniforme suivante
(voir [8], [10]).

Proposition4. — Si X C R" est G-définissable il existe un entier N qui majore le
nombre de composantes connexes de X N E pour tout sous-espace affine E de R™.

Définition 1.3. — Soit k € N\ {0}. On définit par récurrence sur n les cylindres de
R"™ de classe C* et @-définissables. L'unique cylindre de R® = {0} de classe C* et
@-définissable est R? lui méme. Soit n € N\ {0} et supposons avoir défini les cylindres
de R ! de classe C* et @-définissables. Un sous-ensemble C' de R™ est un cylindre
de R™ de classe C* et G-définissable si les conditions suivantes sont vérifiées.

— L’ensemble C est une sous-variété différentielle de classe C* et @-définissable.
— 11 existe un cylindre D de R"! de classe C* et @-définissable tel que soit C
est le graphe d’une fonction de D dans R, de classe C* et @-définissable, soit

C=DxR
ou C={(z,y):z€D,¢(z) <y <(x)}
ou C={(z,y) :z € D,d(z) <y}
ou C={(z,y):z €D,y <y(x)}

avec ¢ et 1 des fonctions définies sur D & valeurs dans R de classe C*, @-
définissables et telles que ¢ < 1. Le cylindre D est appelé base de C.

On déduit de cette définition les propositions suivantes.

Proposition 5. — Si C est un cylindre de R™, de classe C*, G-définissable et de base
D et si D' est un cylindre de R*™' de classe C*, G-définissable et inclus dans D
alors C N (D' x R) est un cylindre de R™, de classe C* et @-définissable.

Proposition 6. — Si C est un cylindre de dimension d de R™ de classe C* et G-
définissable alors quitte & permuter les coordonnées, le cylindre C' est le graphe d’une
application définie sur un cylindre ouvert D' de R?, & valeurs dans R"~%, de classe
C* et G-définissable. De plus il existe un difféomorphisme de R dans D', de classe
CF et G-définissable. Ainsi C est conneze et il existe un difféomorphisme de R dans
C, de classe C* et G-définissable.

Définition 1.4. — Soit k € N \ {0}. On définit par récurrence sur n les décomposi-
tions cylindriques de classe C* et @-définissables. L’unique décomposition cylindrique
de R® = {0} de classe C* et @G-définissable est R lui méme. Soit n € N\ {0}
et supposons avoir défini les décompositions cylindriques de R*~! de classe C* et
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@-définissables. Une famille finie C1, ..., C, de sous-ensembles de R"™ est une décom-
position cylindrique de R™ de classe C* et G-définissable si les conditions suivantes
sont vérifiées.

— La famille C4,...,C, est une partition de R™ en cylindres de R™ de classe C*
et -définissables.

— Les bases des C; forment une décomposition cylindrique de R*~! de classe C*
et @-définissable.

Les structures o-minimales possédent la propriété de décomposition cylindrique
suivante (voir [8], [10]).

Proposition 7. — Soient X1,...,Xy des sous-ensembles de R™, @-définissables et
pour chaque i = 1,...,d une application ¢; : X; — R™ G-définissable. Soit
k € N\ {0}. Il existe une décomposition cylindrique C1,...,C, de R™ de classe C*
et G-définissable qui vérifie les propriétés suivantes.
— Chaque X; est une réunion de Cj.
— 8i C; C X; alors la restriction de ¢; a C; est une application différentiable de
classe C* et de rang constant.

Définition 1.5. — La décomposition cylindrique obtenue dans la proposition 7 est dite
adaptée auxr X; et aux ¢;. Pour chaque ¢, la partition de X; donnée par la proposition
s’appelle décomposition cylindrique de X;.

La proposition 7 permet de faire des stratifications de Whitney [34] adaptées a
une famille finie d’ensembles définissables (voir [8], [10]) et d’expliquer plus finement
I’adhérence d’un ensemble définissable que ne le fait la proposition 2.

Toute sous-variété de R™ qui est #-définissable admet un recouvrement fini par
des cartes @-définissables. Plus précisément, on démontre a partir des propositions
précédentes :

Proposition 8. — Soit M C R™ une sous-variété différentielle de classe C*, de di-
mension m et G-définissable. Il existe des sous-ensembles M,..., M, C M, G-
définissables et tels que

—~M=MU---UM,

— pour chaque i € {1,...,r}, quitte & faire une permutation o; des coordonnées
(x1,...,2,), M; est un cylindre de R™ de dimension m, de classe C* et @-
définissable.

Le principe de la preuve de cette proposition sera repris pour établir la proposi-
tion 10.

Démonstration. — Si i3 < -+ < &y, avec i1,...,%, € {1,...,n} on note M;, . ;
I’ensemble des © € M ot la restriction & M de la projection ;, . ; définie par

T(T1ye ey Tn) = (Tiyy ooy Tiy,)
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est de rang m. Les M;, . ;  sont des sous-ensembles de M, ouverts pour la topologie
induite et ¥-définissables d’aprés la proposition 3. Leur réunion est égale & M. On peut
donc supposer que M est I'un d’eux, M = M; . ,, par exemple. On pose ™ = 71 . m.
La restriction de w & M est de rang m.

D’aprés la proposition 7 on sait que M admet une décomposition cylindrique de
classe C* et @-définissable. Considérons donc un cylindre C' de dimension d < m de
R", de classe C*, @-définissable et contenu dans M. Il suffit de montrer qu’il existe
Z C C, de dimension au plus d — 1, #-définissable et des sous-ensembles My, ..., M,
de M, @G-définissables et tels que

-C\ZcCcMU---UM,

— pour chaque i € {1,...,r}, M; est un cylindre de R™ de dimension m, de classe

C* et @-définissable.

Si d = m la conclusion est immédiate. On suppose d < m. Puisque la restriction de

N

m & M est de rang m, d’aprés la proposition 6, quitte & permuter les coordonnées
(x1,...,%T) le cylindre C est le graphe d’une application de classe C*, @-définissable
et définie sur un cylindre de classe C* et %-définissable de R?.
Siz=(z';2441,...,%n) € C on pose
0(z) = max{d : V(dgt1,---,0m),

sup |0;] < & = 3(emt,---,En),suplej| < V6,

(@241 + 0at1, - Tm + O, Tl + Emgls -, Tn +En) € M}
D’aprés la proposition 1 la fonction § est @-définissable. Puisque la restriction de 7w &
M est de rang m, la fonction § est strictement positive en tout point de C. D’aprés

la proposition 7 il existe des cylindres Cj,...,C, C C, de dimension d, de classe C*
et @-définissables tels que

— C\(C1U---UCQC,) est de dimension au plus d — 1
— la restriction de § & chaque C; est de classe C* et @-définisssable.

Sii=1,...,r on pose

M; = {(z';2441 + 0da41,- - Tm + Om, Tl + Emag1y -+, Tn +En) € M :
T = (252441, .., 2Tn) € Cy,5up |6;] < 6(x),sup [g;| < /d(z)}.

Par construction les M; sont des cylindres de dimension m, de classe C*, inclus dans
M et @-définissables. L’ensemble

Z=C\(M,U---UM,)

est inclus dans C, G-définissable et de dimension au plus d — 1. U

2. Observations et proposition topologiques

Soit p : V — M’ un revétement de base M’ simplement connexe et avec I’espace
total V' connexe. Alors p est un homéomorphisme (voir [7] ou [24]).
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Dans R™ une hypersurface fermée sépare R™ en deux composantes connexes exac-
tement (voir [7] ou [24]).

Soit & un feuilletage de codimension un d’une variété M associé & une 1-forme
différentielle w, non singuliére et intégrable. Si une feuille V' de & est une sous-variété
fermée de M qui disconnecte M alors V est une feuille de Rolle. La réciproque est
fausse : si V est une feuille de Rolle alors c’est une sous-variété fermée de M mais
elle ne disconnecte pas toujours M. Par exemple, comme le mentionnent Moussu et
Roche dans [23] les courbes C; = {(z,texp(=)},t € R sont des feuilles de Rolle du
feuilletage & de R? \ {0} associé & la forme ydzr — z?dy mais elles ne disconnectent
pas R?\ {0}. En revanche, si M est diffSomorphe & R™ il est équivalent de dire que
V est de Rolle et que V sépare en deux composantes connexes (voir [17] ou [23]).

7

N\

FiGURE 2. Rolle, étre ou ne pas étre : feuilletages associés aux formes
ydz — 22dy et ydx — xdy

Outre ces trois observations topologiques la proposition générale qui suit est utile
a la preuve du théoréme. C’est un corollaire d’un lemme de Morse & paramétres en
classe C* qui est dfi & S. Lopez de Medrano [22] et Kuiper [18]. Ici, comme dans tout
le papier k > 2.

Proposition 9. — Soit f = 22 + .-+ 22 et soit g une fonction de classe C* définie
au voisinage de 'origine de R™ et telle que g(0) = 0 et dg(0) # 0. Il existe alors une
fonction G d’une variable, de classe C*~1, telle que G(0) = 0 et dG(0) # 0 ainsi que
des coordonnées y = (y1,...,yn) de classe C*~1 au voisinage de l'origine de R™ telles
que f=12+---+y2 etg=Gouy,.

Démonstration. — Quitte a faire un changement de coordonnées orthogonales (donc
qui laisse invariant 'expression de f) on peut supposer que dg(0) = Adz,. Posons
Zn = % g. D’aprés le théoréme des fonctions implicites il existe une fonction h de classe

C* définie au voisinage de l'origine telle que x,, = h(21,...,Tn_1,2,) et dh(0) = dz,.
Par conséquent il existe une fonction ¢ de classe C* et dont le 2-jet & lorigine est
nul telle que f = o2 + -+ + 22 | + 22 + &(T1,...,Tn_1,2,). D’aprés le lemme de
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Morse & paramétre en classe C* de Lopez de Medrano [22] appliqué a la fonction
F=z?+.--4+22_, +e(w1,...,Tn_1,2,) il existe des coordonnées y' = (Y1, .., Yn_1)
de classe C*~1 définies au voisinage de lorigine de R"~! et une fonction o de classe
C* définie au voisinage de l'origine de R et dont le 2-jet & origine est nul telles que
F=y?+---+y2_; + a(z,). D’aprés le lemme de Morse (version de Kuiper [18]) en
classe C* appliqué & 22 +a(z,) il existe une fonction G' d’une variable, de classe C*~1,
telle que G(0) = 0 et dG(0) # 0 vérifiant 22 + a(z,) = y2 et g= Az, = Goy,. U

Cette proposition implique que si € > 0 est petit alors pour tout ¢ € R ’ensemble
{f < e,g =t}, s’ il n’est pas vide, est connexe, coupe l’axe vertical {y; = -+ = yp_1 =
0} transversalement en un point exactement et sépare la boule ouverte {f < €} en
deux composantes connexes exactement.

T T
T 1
L
N~—1
N T
M~

—1 I
L1 T
~— L+
) I I

T

AN

FI1GURE 3. On redresse le feuilletage localement dans un systéme de coor-
données qui respectent les petites sphéres

Dans le cas ou g est I'intégrale premiére locale d’un feuilletage & de codimension
un défini au voisinage de l'origine, ceci implique que si V' est une feuille de Rolle de
F alors VN{f < €} est vide ou connexe.

3. Recouvrement d’un ouvert relativement compact M de R™ adapté a
une forme différentielle définie au voisinage de M \ {0}

On s’intéresse dans la proposition qui suit au cas ou la 1-forme w est définie sur
un ouvert M relativement compact de R™ et admet un prolongement intégrable,
non singulier et @-définissable au voisinage de M sauf peut-étre en un point. La
proposition affirme qu’on peut alors recouvrir ’espace M en ouverts sur lesquels la
dynamique du feuilletage se révélera simple. Sa démonstration, purement technique,
sera donnée en annexe

Proposition 10. — Soit m > 2, M un ouvert relativement compact de R™, @G-
définissable, de classe C* et w une 1-forme différentielle & coefficients G-définissables,
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de classe C*, définie sur M et au voisinage de M \ {0}, non singuliére et intégrable.
1l existe une constante K > 0 et des ouwverts Uy, ...,Us dits adaptés & w et vérifiant
les propriétés suivantes :

(1) Pouvert M est la réunion des ouverts Uy, ...,Us;
(ii) pour chaque i € {1,...,s} il existe des coordonnées linéaires dans lesquelles U;
est un cylindre G-définissable, de classe C*,

Ui={(z,y) : x € U, pi(x) <y < ¢i(z)};

(iil) pour tout x € U; Uhyperplan ker(w)(x) est transverse a l’axe vertical et c’est le
graphe d’une application linéaire K -lipschitzienne ;

(iv) le champ x — ker(w)(z) est soit partout transverse soit partout tangent au bas
B, = {(z,¢:(z)) : x € U/} (respectivement au haut H; = {(x,v¥;(x)) : x € U/})
du cylindre U; et 0 ¢ B; (respectivement 0 ¢ H;).

Sii e {1,...,s}ladynamique du feuilletage &y, induit par w sur U; n’est pas néces-
sairement simple comme le montre I’exemple suivant construit & partir du feuilletage
de Reeb. Cependant on verra dans la preuve du théoréme principal que la dynamique
de Yy, est simple dés que celles des feuilletages induits par w sur B; et H; le sont.

On peut trouver des énoncés voisins en particulier dans des articles qui abordent
des questions de géométrie sous-analytique, de singularités ou de stratifications. C’est
le cas par exemple dans un travail récent de Valette [33] mais aussi dans un papier
plus ancien de Kurdyka et Raby [19] ou encore chez Roche [27]. Seulement dans ce
dernier les conditions de Lipschitz et les feuilletages sont mélés comme ici.

Exemple Partons de ’exemple de Reeb [11] (voir aussi [4] ou[14]) dont on donne une
construction o-minimale a ’aide d’une 1-forme w de classe C'*° et dont les coeflicients
sont définissables dans la structure o-minimale R, exp engendrée par les fonctions
analytiques restreintes et 'exponentielle [9].

Soit 83 = {|21]® + |22/ = 1} la sphére unité de C2. On pose z; = p; exp(ify),
73 = paexp(ifz). On a donc S3 = {p? + p2 = 1} et donc dp? + dp2 = 0 en restriction a
S et S3 C {p? <1/2 ou p3 < 1/2}. On considére la fonction de recollement y définie
par u(t) = 1o 4+00)(t) exp(—1/t). Elle est définissable dans Rap exp- Soit @ la 1-forme
différentielle définie sur S3 par

@ = u(1/2 — p3)dby + u(1/2 — pi)dbs + dps.

Elle est aussi définissable dans Ry cxp- De plus

— si p3 < 1/2alors p? > 1/2 et @ = p(1/2 — p3)do; + dp3

— si p? <1/2alors p2 > 1/2 et @ = p(1/2 — p?)dhs — dp3.

On a donc bien @ A d® = 0 et & définit un feuilletage ¥ sur S2. On remarque que
le lacet C = {p2 = 0} est transverse a ce feuilletage. Le feuilletage ¥ est donc
un feuilletage de R3 qui admet des transversales fermées. On considére le champ de

ASTERISQUE 323



UN THEOREME DE TYPE HAEFLIGER DEFINISSABLE 207

vecteurs X orthogonal & @ défini sur S3 par

X = u(1/2- )2

d d
1/2 — p?)— + 209 —.
891+u(/ P1) 7 + 202

892 8p2
Il est aussi égal a

X =p(1/2- 05)8%1 + u(ps — 1/2)8%2 + 2,028%2.
Il est donc définissable dans Ry exp, il est sans zéro et puisque ce champ ne dépend
que de po, d’aprés [30], son flot $ : S* x R — S3 est une application définissable dans
une structure o-minimale m appelée cloture pfaffienne de Rap exp-

Par projection stéréographique de pole nord on obtient un feuilletage & de R3
défini & partir d’une forme @ de classe C™ et définissable dans la strucure o-minimale
Ran,exp- Le feuilletage admet des tranversales fermées car le cercle C' image par la
projection stéréographique du lacet C est transverse au feuilletage Y. Décrivons un
peu la géométrie de ce feuilletage. Il est invariant par rotation autour de 'axe {z; =
2o = 0}. L'une des feuilles du feuilletage & est un tore T2. Il est dans I’adhérence
de toutes les autres qui ne sont donc pas fermées dans R3. Le complémentaire de ce
tore T? se décompose en deux composantes connexes appelées composantes de Reeb
du feuilletage.

FIGURE 4. Morceau d’une feuille s’enroulant sur le tore T2, bord commun
aux deux composantes de Reeb

On note X 'image de X par la projection stéréographique. Il est définissable dans
Ran exp €t il est sans zéro. Son flot ¢ est 'image par la projection stéréographique du
flot qz~5 Il est donc définissable dans la cléture pfaffienne de Ryp oxp. Contrairement au
champ X , le champ X n’est pas complet puisque par la projection stéréographique le
pole nord est envoyé a I'infini.

On étend trivialement la forme w en une forme w de R* définissable dans la cloture

pfaffienne Ry exp €t qui définit un feuilletage &y de R*. Les feuilles de S sont les
0

produits V' x R des feuilles de ¥z par R. On note X le champ X=X+ T Le

T4
champ X est transverse a & o, il est définissable dans la cloture pfaffienne Rap exp,
jamais vertical et son flot & est définissable dans la cloture pfaffienne Ran,exp- De plus
le flot de X échange les plans horizontaux {z = cst} et ceux-ci sont transverses aux
feuilles de w.
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Pour faire la représentation planaire suivante de ces objets de R* on a fait des
choix : le feuilletage de Reeb est symbolisé par un feuilletage en points de U'intervalle,
son extension & R* est symbolisé par le feuilletage en intervalles verticaux du carré

]-1,1[x]—1,1[, le champ X par le champ 92’ le tore T2 bordant les deux composantes
x

de Reeb est symbolisé par ’origine et les orbites du champ X sont en pointillés.

FIGURE 5.

Soit A = {x = (x1,72,73) € R?: |21|,|2|, |r3] < D} avec D assez grand pour que
le tore T2 appartienne a4 A aprés avoir identifié R® et R® x {0}. Soit & > 0 assez petit
pour que pour tout ¢ €] — 2¢,2¢[ et pour tout point z € 2A, I'image qvﬁ(;v,t) de = par
le flot de X au temps t existe.

On pose M = <5(A><] —gegl), Q= 95(2A><] — 2¢,2¢[) et on note w I'image de la
forme @ par quﬁ Les ensembles M et Q) sont des ouverts de classe C*° et définissables
dans la cloture pfaffienne m et la forme w est de classe C'™° et définissable dans
la cloture pfaffienne R/a;;). L’ouvert M est un ouvert relativement compact de €.

On munit 'ouvert Q du systéme de coordonnées y = (y1,y2,¥s3,¥y4) suivant qui

v

trivialise le flot : les coordonnées de 'image ¢(z,t) du point (z,0) € 2A x {0} sont
Y= (ylay27y37y4)

avec
Y1 =T1,Y2 = T2,Y3 = 23,Y4 = L.
C’est un systéme de coordonnées de classe C'*° et définissable dans la cléture pfaf-
fienne Ran exp- Dans ce systéme 'image X du champ X est le champ vertical
0
C Oya

Dans ces coordonnées on a

M = {y = (y1,92,Y3,94) : |v1l; [y2l, lys| < D, |ya| < €}
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FIGURE 6. L’ouvert M représenté dans les coordonnées (z1, z2, T3, T4) puis
dans les coordonnées (y1,y2, Y3, y4).

et
Q=A{y = (Y1,¥2,93,94) : 91}, |y2l; lys| < 2D, [ya| < 2¢}.

La forme w est définie sur (Q, elle est/de\classe C*, intégrable, non singuliére et
définissable dans la cloture pfaffienne Ry exp. De plus pour tout y € Q I'hyperplan
ker(w)(y) est transverse a 1’axe vertical et il n’est jamais horizontal. Ainsi il existe
K > 0 tel que pour tout y € M I’hyperplan ker(w)(y) est transverse & ’axe vertical,
jamais horizontal et c’est le graphe d’une application linéaire K-lipschitzienne.

Par conséquent 'ouvert M = U; vérifie les points i, ii, iii et iv de la proposi-
tion 10 mais la dynamique du feuilletage & associé & w n’est pas simple. Il admet des
transversales fermées et il posséde des feuilles qui ne sont pas fermées dans M = U;.

4. Preuve du théoréme 1
La preuve du théoréme se fait par récurrence sur la dimension m de M.

1. Sim = 0 ou 1 c’est immédiat. Soit m > 1. On suppose le résultat prouvé jusqu’au
rang m — 1.

L’objet des étapes 2, 3 et 4 et de se ramener au cas ou M est un ouvert adapté a
la forme w comme les ouverts U; de la proposition 10.

2. Puisque M admet un recouvrement fini par des cylindres ouverts pour la to-
pologie induite et @-définissables (proposition 8) on peut supposer que M = R™
(proposition 6).

3. Maintenant la forme w est défini sur R™ tout entier. On la controéle mal & I'infini.
Soit Uy = {||z|| > 1}, Vi = {||z|| > 1}, ¢1 l'inversion de péle 0 et qui fixe {||z|| = 1}.
Soit Uz = {||z — (3,0,...,0)|| > 1}, Vo = {||z — (3,0,...,0)|| > 3}, ¢2 la translation
de vecteur —(3,0,...,0) composée a droite avec ¢1. On a ¢;(U;) = {0 < ||z|| < 1},
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o:(Vi) = {0 < ||z]| < 2} et U; UUs = R™ = M. Par conséquent quitte & transporter
wjy, et w)y, par ¢; on peut supposer que M = {0 < [[z|| < 1} et que w se prolonge
en une forme intégrable et non singuliére toujours notée w définie sur un voisinage de

M\ {0} = {0 < ||z]| < 1}.

4. En décomposant M suivant la proposition 10 on peut supposer que M est I'un
des ouverts U; du recouvrement obtenu. On est donc dans la configuration suivante :

(i) Touvert M est un cylindre ouvert de R™ de classe C* et @-définissable de la
forme
M ={(z,y) : 2 € M, ¢(z) <y < ()}
ot M’ est un cylindre ouvert de R™~! de classe C* et @-définissable;
(ii) la forme w est définie non singuliére et intégrable et -définisssable sur un
voisinage @-définissable Q de

{(z,y) :z e M, ¢(z) <y < p(x)};

(iii) il existe K > 0 tel que pour tout = € Q I’hyperplan ker(w)(z) est transverse a
I’axe vertical et c’est le graphe d’une application linéaire K-lipschitzienne ;

(iv) le champ z +— ker(w)(z) est soit partout transverse soit partout tangent au bas
B ={(z,¢(x)) : x € U'} (respectivement au haut H = {(z,v(z)) : z € U'}) du
cylindre M.

Remarquons qu'on a M N (M’ x R) = M UBUH.

5. Le feuilletage & induit par w sur M se prolonge en un feuilletage de codimension
un Fq sur . Si V est une feuille de & ou de F, alors c’est localement le graphe d’une
fonction de R™~! dans R. Plus précisément, si a € V il existe un voisinage O de a tel
que la composante connexe de V' N @ qui contient a est le graphe d’une fonction K-
lipschitzienne de R™~! dans R. Si le champ z + ker(w)(x) est partout transverse a B
(respectivement H) il induit sur B (respectivement H) un feuilletage de codimension
un &g sur B (respectivement &/ g sur H). Si le champ x — ker(w)(x) est partout
tangent & B (respectivement H) alors B (respectivement H) est un morceau de feuille
de gQ

6. Il n’est pas certain que la dynamique du feuilletage & |5 (respectivement fz)
soit simple lorsque le champ z +— ker(w)(z) est partout transverse a B (respective-
ment H). Cependant, d’aprés ’hypothése de récurrence et la proposition 5 on peut
supposer que si le champ z — ker(w)(z) est partout transverse & B (respectivement
H) alors le feuilletage & |p (respectivement ) induit sur B (respectivement H)
est dynamiquement simple : il n’admet pas de transversale fermée et toute feuille est
une hypersurface fermée de B (respectivement H) qui sépare B (respectivement H)
en deux composantes connexes.

7. Fixons zg € M'. Il existe Ko > K, et yo < y{, € R tels que pour tout £g > 0 petit
les propriétés suivantes sont vérifiées. On note Uy la boule {x € R™ ™! : ||z —x|| < &0}
et Qo le cylindre Uy x Jyo, yh[. Alors Uy C M', MN(UyxR) C Qo C N et BN(Uy xR),
H N (U x R) ainsi que les feuilles du feuilletage ¥, qui rencontrent M N (U x R)
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Le champ z +— ker(w)(x) est transverse Le champ z +— ker(w)(x) est transverse
aBetH a B et tangent & H

FIGURE 7. Deux cas out M est adapté a w : transversalité et tangence

sont des graphes de fonctions Kjy-lipschitziennes définies sur Uy. Ce sont donc des
hypersurfaces fermées de 9. De méme, les feuilles de | png, ou de ¥ |gnq, (en cas
de transversalité) sont des hypersurfaces fermées de B N Qg ou de H N Qq. Quitte
a réduire un peu g toute feuille ¥ du feuilletage Fq, vérifie I'une des conditions
suivantes.

La feuille 9 ne rencontre ni B ni H.

La feuille 9/ est égale & BN Qg ou & H N .

— La feuille 9 coupe B N Qy transversalement le long d’une unique feuille de
Y Bna, et elle ne rencontre pas H.

La feuille 9 coupe H N € transversalement le long d’une unique feuille de
910, et elle ne rencontre pas B.

Les deux derniéres conditions résultent de la proposition 9 appliquée avec n = m — 1,
en choisissant comme origine l'intersection de B (ou de H) avec la verticale issue de
Zo, en paramétrant B (ou H) par M’ et en prenant comme fonction g la restriction
a B (ou H) d’une intégrale premiére locale du feuilletage ¥, définie au voisinage de
Porigine considérée.

8. Vu les hypotheses faites sur &g ou & |y en cas de transversalité, d’aprés le
modele des feuilletages & |pnq, ou de & |gnq, donné par la proposition 9 on peut
aussi supposer en cas de transversalité que toute feuille W du feuilletage & |5 (ou du
feuilletage &|x) qui rencontre €2 est telle que W N (BN Q) (ou W N (HNQg)) est
connexe et sépare BN Qy (ou H N Q) en deux composantes connexes exactement.

Dorénavant on note 7 la projection définie par 7(z1,...,Zm) = (Z1,-. ., Tm-1)-
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-

FIGURE 8. Qo = Uox]yo,yo[, M N Qo et des feuilles de Fq,

9. Décrivons ce qui se passe au voisinage du point ag de B (ou de H) qui se projette
sur xg. Plagons nous sur B par exemple. Si B est une feuille du feuilletage ¥ ¢ induit
par w sur § alors il existe un voisinage W de BN et un changement de coordonnées
(pas nécessairement Z-définissable) dans lesquelles Wy = R™, BN Qg = {z,, = 0},
M N Wy = {z,, > 0} et le feuilletage induit par w sur M N Wy est le feuilletage
par hyperplans horizontaux. Supposons B transverse au champ z — ker(w)(z). Soit
a € BN Q. D’aprés Pétape 8, la feuille W, du feuilletage | pnq, qui passe par a est
exactement la trace sur B N € de la feuille W, de & | qui passe par a. De plus W,
sépare B N Qg en deux composantes connexe C; (a) et C_(a) qui sont incluses dans
B\ W,. On pose C', (a) = 7(Cy(a)) et C”_(a) = n(C_(a)). Les ensembles C, (a) et
C_(a) sont des graphes d’applications définies au dessus de C’, (a) et C” (a). Il existe
une et une seule feuille ¥/, de & |MnQ, qui contient a (ou un quelconque point de Wa)
dans son adhérence. Quitte & permuter C, (a) et C_(a) cette feuille ¥/, est le graphe
d’une application définie sur C', (a). La remarque cruciale est la suivante. La réunion
de V4, de W, et de C_(a) est le graphe d’une application continue définie au dessus
de la projection Uy de Qg sur M’. On a bien siir les mémes conclusions si a € H N Q.

10. Finalement si 9/ est une feuille de & |MnQ, alors elle vérifie I'une des conditions
suivantes.

— C’est une feuille de 7 |q, et c’est le graphe d’une application définie sur Up.
— 11 existe un point @ de BN Qg qui est dans I’adhérence de ¥/ et alors ¥ = ¥/, et
VoUW, UC_(a) est le graphe d’une application définie sur U.
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FIGURE 9. a, Wa, Va, C+(a), C-(a), C' (a), C’(a) et Uy avec B trans-
verse au champ z — ker(w)(x)

— 11 existe un point a de H N Qg qui est dans I’adhérence de V et alors ¥ = ¥/, et
Yo U WqUC_(a) est le graphe d’une application définie sur Up.

11. Soit V une feuille de & et soit a € B. On dit que a est dans ’adhérence directe
de V g'il existe xg, Q¢ et ag comme précédemment tels que la feuille ¢/, précédente
est dans V.

On suppose que a est dans 'adhérence directe de V. Soit W la feuille de &g
qui contient W,. Puisque le feuilletage &|p est dynamiquement simple, W est une
hypersurface fermée de B qui sépare B en deux composantes connexes. D’aprés 1’étape
8, 'une d’elles, notée C (W), contient C' (a) et 'autre, notée C_ (W), contient C_(a).
Alors tout point o’ de W est dans Padhérence directe de V' et Cy(a’) est inclus dans
C, (W) alors que C_(a’) est inclus dans C_(W). On dit que W adhére directement
a V. On a des définitions et des conclusions analogues pour H au lieu de B.

12. Considérons maintenant V comme une variété abstraite et non plus comme une
feuille de M. On note j : V. — M l'immersion de V dans M. On va prolonger cette
immersion différentiable et injective en une immersion continue et non nécessairement
injective j définie sur V variété topologique connexe & valeurs dans M N (M’ x R)
telle que la composée de 5 avec la projection 7 soit un revétement de base M’. Les W
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¥_

VNQo
a
a € VNQo mais a n’est pas dans a est dans ’adhérence directe de V'
I’adhérence directe de V' (VN Qg a une (VN Qo a un nombre fini de compo-
infinité de composantes connexes) santes connexes, ici deux)
Ficure 10.
H

FIGURE 11. W adhére directement & V'

de B ou H qui adhérent directement & V sont en nombre au plus dénombrable. Pour
tout W on colle C_(W) a V le long de W. C’est bien sur un collage abstrait : il faut
dans cette opération considérer les C_ (W) disjoints, c’est & dire oublier un instant
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qu’ils sont dans M N (M’ x R) et les voir comme des variétés topologiques abstraites.
Par ces collages en nombre au plus dénombrable on obtient une variété abstraite V.

H

FIGURE 12. V est la réunion de V, Wi, C_(W1), Wa et C_(W2)

13. Nous voulons démontrer que la projection 7o j de V sur M’ est un revétement.
Pour cela décrivons d’abord plus précisément V et sa topologie. Indexons par un
sous-ensemble I de N les W de B et H qui sont dans ’adhérence directe de V :
(W;)ier. D’un point de vue ensembliste, V est 'union disjointe de V, des W;,i € I et
des C_(W;),i € I. Soit xg € M’ et g9 > 0, Qg et Uy comme dans I’étape 7. Soit & un
point de V tel que j(&) = a € Q. Trois cas sont a considérer.

— Le point o est dans M et la composante connexe Vy de V N Q4 qui contient «
est un graphe au dessus de Uy. Alors j~(Vp) est un voisinage ouvert de & dans
V et la restriction de w0 j & j~1(V;) sur Uy est un homéomorphisme.

— Il existe ¢ € I et a; € W; N Qg tels que & provient du collage de W;. Dans ce
cas a peut-étre un élément de V, de W; ou de C_(W;), I'ensemble (¥, U Wy, U
C_(a;)) vu comme sous-ensemble de V est un voisinage ouvert de & dans V et
la restriction & cet ouvert de 7 o j est un homéomorphisme sur Up.

— Il existe ¢ € T tel que & provient du collage de C_(W;) et W; N Qo = &. Dans ce
cas @ € C_(Wl), C_ (Wz)ﬂgg est égal a BNy ou HﬂQo, Uy = W(Qonc_ (Wz))
et QoNC_(W;) vu comme sous-ensemble de V' est un voisinage ouvert de & dans
V. De plus la restriction & cet ouvert de 7 03 est un homéomorphisme sur son
image Uy.
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Ces cas donnent une famille d’ouverts connexes disjoints qui recouvrent ] Qo).

A la fin de la démonstration on pourra affirmer que l'application 7 o j est une un
homéorphisme de V sur M’ et que j est injective. Pour l'instant nous ne I’affirmons
pas encore. Ainsi la figure suivante illustre une configuration qui n’est a priori pas a
exclure pour lintersection V' N €y et Iintersection 5(C) N Q.

Cy

R
Cs

\/;

(&

Qo

FiGure 13. V N Qo a quatre composantes connexes, C1,Cs,Cs et Cy
VN (5)~*(Q) a quatre composantes connexes mais j(V) N a trois com-
posantes connexes

14. L’application j envoie continument V dans M N (M’ x R) et a priori elle n’est
pas nécessairement injective. Par construction application 7o j est un revétement de
base M. En effet si zq est dans M’ alors (m03)~1(Up) (avec les notations précédentes)
est 'union disjointe et dénombrable d’ouverts qui sont des feuilles du feuilletage ¢/ o,
des ensembles du type (¥4, U W4, UC_(a;)) et des ensembles du type Qo N C_(W;).
De plus la restriction de 7 03 a chacun de ces ouverts est un homéomorphisme sur Up.

15. Puisque V est connexe alors que M’ est simplement connexe le revétement
7o est un homémorphisme (voir la premiére observation topologique de la partie 2).
Ceci implique que la restriction & V' est injective et que 5(‘7) est fermé relativement
a M UBUH. Ainsi V vue a4 nouveau comme feuille est le graphe d’une application
continue définie sur un ouvert V' de M’ et V est fermé relativement a M. C’est
donc une sous-variété fermée de M. Puisque M est difféomorphe & R™, la feuille V
sépare M en deux composantes connexes et elle est de Rolle (voir la deuxiéme et la
troisiéme observations topologiques de la partie 2). Puisque ces conclusions valent pour
toute feuille, le feuilletage induit par w sur M est donc un feuilletage dynamiquement
simple : il n’admet pas de transversale fermée et toute feuille est une hypersurface
fermée de M qui sépare M en deux composantes connexes. O
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5. Annexe : preuve de la proposition 10

On va montrer par une récurrence descendante sur la dimension d que si Z est un
sous-ensemble inclus dans M, @-définissable de dimension d alors il existe K > 0 et
Z' C Z @-définissable et de dimension au plus d —1 tel que Z\ Z’ peut étre recouvert

Si d = m > 2, on peut supposer que Z = M. Soit K; > 0. Sii=1,...,m on
note M; lensemble des z € M tels que ker(w)(x) soit le graphe d’une application
linéaire strictement K;-lipschitzienne des variables (z1,...,%;,...,Tn). Les M; sont
des ouverts #-définissables inclus dans M. Quitte & choisir K; assez grand, on a
M =M U---UM,,. Fixons i € {1,...,m}. Permutons les coordonnées z; et x,,. On
fait une décomposition cylindrique de R™ adaptée a M; et & {0} et on ne retient que
les cylindres ouverts M; 1,..., M;,,. Soit M; ; 'un d’eux et MZ’] sa base :

M;j={(z,y) :x € M, ¢ij(x) <y < (x)}

On pose

Bij={(z,y) 1z € Mj;,y = ¢ ()}
et

Hij={(z,y):x €M ;,y=1;x)}
Les ensembles B; ; et H; ; sont dans 1’adhérence M de M. Par conséquent la forme
w est définie sur B, ; et H; ; car elle est définie sur M \ {0} et B; ; et H; ; sont des
cylindres de dimension m — 1 > 1 d’une décomposition de R™ adaptée a 0 et & M.

On note T'B; ; et TH; ; leurs fibrés tangents. On fait une décomposition cylindrique
de M; ; adapté a

{IL‘ € Mi/,j : T(w,¢i,j(z))Bi,j C ker(w)(w,¢i7j(x))}
et a
{z e MZ’]  Ta e @) Hij C ker(w)(z, 9 ()}

et on ne retient que les cylindres ouverts M/ .M . Pour chaque k =

4,5,17 2JhTi,4
1,...,7r;; on pose

Mk ={(z,y) € M j:x €M}

plus la réunion des M, ; ; est dense dans M et M \ ( U M; ;1) est un sous-ensemble
i3,k
@-définissable de M de dimension au plus m — 1. Le cas d = m est résolu.

Soit 0 < d < m et considérons Z C M, %-définissable de dimension d. D’aprés la
proposition 7 on peut supposer que Z est une sous-variété différentielle de dimension
d, de classe C* et @-définissable. Soit Ky > 0. Si X = (X1,...,%Xpm) est un systéme de
coordonnées orthogonales de R™ on note Zj l'ensemble des = € Z tels que ker(w)(z)
soit le graphe d’une application linéaire strictement Ks-lipschitzienne des variables
(X1,...,Xm—1) et le plan tangent et tels que T, Z soit le graphe d’une application

linéaire strictement K»-lipschitzienne des variables (X1,..., X4). S’il n’est pas vide,
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I’'ensemble Z 5 est @-définissable et ouvert dans Z. C’est donc une sous-variété diffé-

rentielle de dimension d < m — 1, de classe C* et @-définissable. On note aussi M %
lensemble des x € M tels que ker(w)(z) soit le graphe d’une application linéaire stric-
tement Ks-lipschitzienne des variables (X1,..., X;,—1). C’est un ouvert @Z-définissable
de M qui contient Zj. Si K> est assez grand on peut choisir un nombre fini de ces

5\51""’Zl = Z,;h re-

systémes de coordonnées 561, ceey 9~Cl de telle sorte que Z; = Z
..,Ml = M;vl recouvrent M. On peut supposer que

couvrent Z et M; = M%,.
Z =7y, M = M, et que X = (z1,...,2Zm). D’apres la proposition 7 on peut suppo-
ser que Z est un cylindre ©-définissable de classe C* de la forme
Z={(z',F(z"):2' € D'}

ot D' C R? est un cylindre de classe C*, @-définissable et F = (Fyy1,...,Fn)
est une application définie sur D’ de classe C*, strictement Ks-lipschitzienne et @-
définissable.

Siz' = (x1,...,24) € D’ on pose

5(z') = max{§ : Vh = (hat1,---,hm), sup |h;i| <8 = (z', F(z') + h) € M}.

La fonction § est #-définissable. D’aprés la proposition 7 il existe des cylindres
D},...,D. c D', de dimension d, de classe C* et @-définissables tels que

— D'\ (DjU---UDy)) est de dimension au plus d — 1

— la restriction de § a chaque D) est de classe C* et définisssable dans @.

On peut donc supposer que D’ = D] et
Z ={(z',F(z")) : 2’ € D' = D{}.
On pose

I ={(z',Za+1,- - Tm—1) 1 2" € D', sup lz; — F;(z')| < 8(z)}
j=d+1,...,m—-1

et
F={zxeM:(x1,....,5m_1) €2 = F(x1,...,74)}

Ce sont des cylindres de dimension m — 1, de classe C*, @-définissables et I" est inclus
dans M et contient Z. On considére aussi

A={z+(0,...,0,h) :z=(2',2") eT,2’ € D', |n| < &(z')}.

C’est un cylindre de dimension m, de classe C*, @-définissable et inclus dans M. Si
A>0et p=(p1,...,1m) € R™ avec ||p|| < 1 on définit la fonction Oy, sur I' en
posant pour z = (z/,2") € T avec 2’ € D', ©, ,(z) = A(1+ ||z — p|[*)d(z’). C’est une
fonction @-définissable de classe C*. On pose
Ay, ={z+(0,...,0,h):z €T, |h| <Oy ,(x)},
By, ={z—-1(0,...,0,0, ,(z)) : x € T},
H/\,H = {:L' + (0, .. .,0,@)\,“(33)) X € F}
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Il existe Ao tel que si 0 < XA < Ag alors ©) ,(z) < 6(z) si € T'. Les ensembles
Ay, By, et Hy, sont alors des cylindres #-définissables de classe C* inclus dans
M. On déduit du théoréme de transversalité [32] (voir [7]) et de la o-minimalité de la
structure & (proposition 4) que pour presque tout (A, ) et pour tous les points z de
I' sauf peut-étre pour un nombre fini d’entre eux formant un ensemble F) ,, le plan
tangent

Ty (0,...,0,0x.,.(2) B
et le noyau
ker(w)(z — (0,...,0,0, ,(x)))
ainsi que le plan tangent
T:4(0,...,0,0x.. () Ha
et le noyau
ker(w)(z + (0,...,0,0, ,(z)))

sont transverses. Fixons A et pu. D’aprés la proposition 8 la différence I' \ F) ,, est
la réunion d’un nombre fini de cylindres ouverts de classe C* et @-définissables
Iy,...,Ts. Pour chaque i € {1,...,s} on pose

Aspi={z+(0,...,0,h) : z €Ty, |h| < Ox ,(x)}.

Les ensembles Ay ,, ; sont inclus dans M, recouvrent Z \ F) , et ce sont des cylindres
qui vérifient les points ii, iii et iv de la proposition avec tout K > K,. De plus
I'ensemble Z' = F , N Z est fini donc de dimension strictement plus petite que celle
de Z.

Il reste & considérer le cas ou Z est de dimension 0. C’est un ensemble fini de points.
On peut supposer que c’est un unique point z°. Il existe un systéme de coordonnées
orthogonales dans lesquelles z° = 0 et ker(w)(0) est transverse a l’axe vertical et au
plan horizontal dz,,. Dés que € > 0 est petit le polydisque {z € R™ : |z1],..., |zm| <
e} vérifie les points ii, iii et iv de la proposition 10 avec tout K > 0 assez grand. [

Références

[1] J. M. Aroca, H. HIRONAKA & J. L. VICENTE — Introduction to the theory of infinitely
near singular points. The theory of the mazximal contact. Desingularization theorems,
Memorias de Matematica del Instituto « Jorge Juan », vol. 28, 29, 30, Consejo Superior
de Investigaciones Cientificas, 1977.

[2] R. BENEDETTI & J.-J. RISLER — Real algebraic and semi-algebraic sets, Actualités
Mathématiques, Hermann, 1990.

[3] J. Bocunak, M. CosTE & F. Roy — Géométrie algébrique réelle, Springer, 1986.

[4] C. CamacHO & A. LiNs NETO — Teoria geométrica das folheagoes, Projeto Euclides,
vol. 9, Instituto de Matematica Pura e Aplicada, 1979.

[6] F. CaNo — Reduction of the singularities of codimension one singular foliations in
dimension three, Ann. of Math. 160 (2004), p. 907-1011.

[6] F. CHAZAL — Structure locale et globale des feuilletages de Rolle, un théoréme de
fibration, Ann. Inst. Fourier (Grenoble) 48 (1998), p. 553-592.

SOCIETE MATHEMATIQUE DE FRANCE 2009



220

[7]
8]
(]
[10]

[11]

[12]

[13]
[14]

[15]
[16]
[17]

[18]

[19]
[20]

[21]
[22]

23]
[24]
[25]
[26]
[27]
[28]
[29]

[30]

J.-M. LION & P. SPEISSEGGER

B. DOUBROVINE, S. Novikov & A. FOMENKO — Géométrie contemporaine, Editions
Mir, 1982.

L. v. D. DRIES — Tame topology and o-minimal structures, London Mathematical So-
ciety Lecture Note Series, vol. 248, Cambridge University Press, 1998.

L. v. D. DRIES, A. MACINTYRE & D. MARKER — The elementary theory of restricted
analytic fields with exponentiation, Ann. of Math. 140 (1994), p. 183-205.

L. v. . DrIEs & C. MILLER — Geometric categories and o-minimal structures, Duke
Math. J. 84 (1996), p. 497-540.

C. EHRESMANN & G. REEB — Sur les champs d’éléments de contact de dimension p
complétement intégrables dans une variété continuement différentiable V,,, C. R. Acad.
Sci. Paris 218 (1944), p. 955-957.

A. M. GABRIELOV — Projections of semianalytic sets, Funkcional. Anal. © PriloZen. 2
(1968), p. 18-30.

C. GODBILLON — Géométrie différentielle et mécanique analytiqgue, Hermann, 1969.

, Feuilletages, Progress in Mathematics, vol. 98, Birkhauser, 1991, Etudes géo-
métriques.

A. HAEFLIGER — Structures feuilletées et cohomologie & valeur dans un faisceau de
groupoides, Comment. Math. Helv. 32 (1958), p. 248-329.

, Naissance des feuilletages, d’Ehresmann-Reeb & Novikov, in Géométrie au XX©
siécle, histoire et horizons, Hermann, 2005.

A. G. KHOVANSKII — Real analytic manifolds with the property of finiteness, and com-
plex abelian integrals, Funktsional. Anal. © Prilozhen. 18 (1984), p. 40-50.

N. H. KUIPER — C'-equivalence of functions near isolated critical points, in Symposium
on Infinite-Dimensional Topology (Louisiana State Univ., Baton Rouge, La., 1967),
Princeton Univ. Press, 1972, p. 199-218. Ann. of Math. Studies, No. 69.

K. KurpDykA & G. RABY — Densité des ensembles sous-analytiques, Ann. Inst. Fourier
(Grenoble) 39 (1989), p. 753-771.

J.-M. LioN — Partitions normales de YL.ojasiewicz et hypersurfaces pfaffiennes, C. R.
Acad. Sci. Paris Sér. I Math. 311 (1990), p. 453—-456.

S. LosasiEwicz — Ensembles semi-analytiques, prépublication IHES, 1965.

S. L6reEz DE MEDRANO — A splitting lemma for C” functions, r > 2, in Singularity
theory (Trieste, 1991), World Sci. Publ., River Edge, NJ, 1995, p. 444-450.

R. Moussu & C. RocHE — Théorémes de finitude pour les variétés pfaffiennes, Ann.
Inst. Fourier (Grenoble) 42 (1992), p. 393-420.

J. R. MUNKRES — Elements of algebraic topology, Addison-Wesley Publishing Company,
1984.

D. PaNAzzoLO — Resolution of singularities of real-analytic vector fields in dimension
three, Acta Math. 197 (2006), p. 167—289.

C. ROCHE — Sur les variétés pfaffiennes de Rolle, Habilitation, 1993, Université de
Bourgogne.

, Densities for certain leaves of real analytic foliations, Astérisque 222 (1994),
p. 7, 373-387, Complex analytic methods in dynamical systems (Rio de Janeiro, 1992).
J.-P. Rouin, F. SANZ & R. SCHAFKER — Quasianalytic solutions of differential equa-
tions and o-minimal structures, prépublication, 2005.

J.-P. RoLIN, P. SPEISSEGGER & A. J. WILKIE — Quasianalytic Denjoy-Carleman
classes and o-minimality, J. Amer. Math. Soc. 16 (2003), p. 751-777.

P. SPEISSEGGER — The Pfaffian closure of an o-minimal structure, J. reine angew. Math.
508 (1999), p. 189-211.

ASTERISQUE 323



UN THEOREME DE TYPE HAEFLIGER DEFINISSABLE 221

[31] B. TEissiER — Tame and stratified objects, in Geometric Galois actions, 1, London
Math. Soc. Lecture Note Ser., vol. 242, Cambridge Univ. Press, 1997, p. 231-242.

[32] R. THOM — Les singularités des applications différentiables, Ann. Inst. Fourier, Gre-
noble 6 (1955-1956), p. 43-87.

[33] G. VALETTE — Lipschitz triangulations, Illinois J. Math. 49 (2005), p. 953-979.

[34] H. WHITNEY — Tangents to an analytic variety, Ann. of Math. 81 (1965), p. 496-549.

[35] A. J. WILKIE — A theorem of the complement and some new o-minimal structures,
Selecta Math. (N.S.) 5 (1999), p. 397-421.

J.-M. Lion, IRMAR, UMR CNRS 6625, UFR Mathématiques, Université Rennes 1, 35042 Rennes
Cedex, France e FE-mail : jean-marie.lion@univ-rennesl.fr

P. SPEISSEGGER, Department of Mathematics & Statistics, McMaster University, 1280 Main Street
West, Hamilton, Ontario L8S 4K1, Canada, soutenu par le Natural Sciences and Engineering
Research Council of Canada e E-mail : speisseg@math.mcmaster.ca

SOCIETE MATHEMATIQUE DE FRANCE 2009






Astérisque
323, 2009, p. 223-252

PROJECTIVE STRUCTURES AND PROJECTIVE BUNDLES
OVER COMPACT RIEMANN SURFACES

by

Frank Loray & David Marin Pérez

To José Manuel Aroca for his 60" birthday

Abstract. — A projective structure on a compact Riemann surface C of genus g is
given by an atlas with transition functions in PGL(2, C). Equivalently, a projective
structure is given by a Pl-bundle over C equipped with a section ¢ and a foliation
& which is both transversal to the P!-fibers and the section . From this latter
geometric bundle picture, we survey on classical problems and results on projective
structures. By the way, we will recall some basic facts about P!-bundles. We will give
a complete description of projective (actually affine) structures on the torus with an
explicit versal family of foliated bundle picture.

Résumé (Structures projectives et fibrés projectifs sur les surfaces de Riemann compactes)

Une structure projective sur une surface de Riemann C de genre g est donnée par
un atlas dont les applications de transition sont a valeurs dans PGL(2, C). De maniére
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1. Projective structures

1.1. Definition and examples. — Denote by X, the orientable compact real sur-
face of genus g. A projective structure on ¥4 is given by an atlas {(U;, f;)} of coordi-
nate charts (local homeomorphisms) f; : U; — P! such that the transition functions
fi = @ij o f; are restrictions of Moebius transformations ¢;; € PGL(2, C).

FIGURE 1. Projective atlas

There is a unique maximal atlas defining the projective structure above, obtained
from the previous one by adding all charts {(U;, ¢ o f;)} when ¢ runs over PGL(2, C).

A projective structure induces a compler structure on 3,4, just by pulling-back
that of P! by the projective charts. We will denote by C the corresponding Riemann
surface (complex curve).

Example 1.1 (The Universal cover). — Let C be a compact Riemann surface having
genus ¢ and consider its universal cover m : U — C. By the Riemann Mapping
Theorem, we can assume that U is either the Riemann sphere P!, or the complex plane
C or the unit disk A depending wether g = 0, 1 or > 2. We inherit a representation
of the fundamental group p: m1(C) — Aut(U) whose image A is actually a subgroup
of PGL(2,C). All along the paper, by abuse of notation, we will identify elements
v € 71(C) with their image p(vy) € PGL(2,C). The atlas defined on C by all local
determinations of 77! : C' --» P! defines a projective structure on C' compatible with
the complex one. Indeed, any two determinations of 7—! differ by left composition
with an element of A.

We thus see that any complex structure on X, is subjacent to a projective one. In
fact, for g > 1, we will see that there are many projective structures compatible to a
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given complex one (see Theorem 1.2). We will refer to the projective structure above
as the canonical projective structure of the Riemann surface C: it does not depend on
the choice of the uniformization of U. We now give other examples.

Example 1.2 (Quotients by Kleinian groups). — Let A C PGL(2, C) be a subgroup act-
ing properly, freely and discontinuously on some connected open subset U C P'. Then,
the quotient map 7 : U — C := U/A induces a projective structure on the quotient
C, likely as in Example 1.1. There are many such examples where U is neither a disk,
nor the plane. For instance, quasi-Fuchsian groups are obtained as image of small per-
turbations of the representation p of Example 1.1; following [35], such perturbations
keep acting discontinuously on some gquasi-disk (a topological disk whose boundary
is a Jordan curve in P).

Example 1.3 (Schottky groups). — Pick 2g disjoint discs A7 ..., A and AT, A;

inP!, g >1. Fori=1,...,n,let p; € PGL(2,C) be a loxodromic map sending the
disc A; onto the complement P! — A¥.

Ficure 2. Schottky groups

The group A C PGL(2,C) generated by ¢1,..., ¢, acts properly, freely, and dis-
continuously on the complement U of some closed set contained inside the disks (a
Cantor set whenever g > 2). The fundamental domain of this action on U is given
by the complement of the disks and the quotient C = U/A is obtained by gluing
together the boundaries of A] and A; by means of ¢;, i = 1,...,g. Therefore, C
is a compact Riemann surface of genus g. This picture is clearly stable under small
deformation of the generators ¢; and we thus obtain a complex 3g — 3 dimensional
family of projective structures on the genus g surface 3, (we have divided here by
the action of PGL(2, C) by conjugacy).
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1.2. Developping map and monodromy representation. — Given a projec-
tive atlas and starting from any initial coordinate chart (Up, fy), one can extend it
analytically along any path v starting from pg € U.

Indeed, after covering v by finitely many projective coordinate charts, say (Uy, fo),
(U1, f1), - s(Un, fn), one can modify them step by step in the following way. First
of all, since fo = g1 o f1 on Uy N Uy, one can replace the chart f; by fl = o1 0 f1
which is well-defined on U;, extending fy. Next, we replace fy; by f2 ‘= o1 © P12 © fa2
which, on U; N Us, coincide with fl. Step by step, we finally arrive at the chart
fn '= (g1 0+ 0Qu_1 n o fn which, by construction, is the analytic continuation of fj
along .

Therefore, the local chart (Up, fo) extends (after lifting on the universal covering)
as a global submersion on the universal cover

f:U—P!

which is called the developping map of the projective structure. The developping
map is moreover holomorphic with respect to the complex structure subjacent to the
projective one. By construction, the monodromy of f along loops takes the form

(]') f(fyu) = QD’Y o f7 QD‘Y € PGL(zy(C) V’Y S ﬂ-l(zgapo)

(u is the coordinate on U and +y.u, the canonical action of (X4, po) on U). In fact,
¢~ is the composition of all transition maps ¢; ; encoutered along «y for a given finite
covering of projective charts: with notations above, setting (U,, fn) = (Uo, fo), we
have ¢, = @10 0@p_1 n. It turns out that ¢, only depends on the homotopy class
of v and we inherit a monodromy representation

(2) p:m(2g,p0) = PGL(2,C) 5 v = o,

The image A of p will be called monodromy group. The developping map f is defined
by the projective structure up to the choice of the initial chart (Up, fo) above: it
is unique up to left composition ¢ o f, ¢ € PGL(2,C). Therefore, the monodromy

representation is defined by the projective structure up to conjugacy: the monodromy
of po fisyr pop,o0pt

Conversely, any global submersion f : U — P! on the universal covering 7 : U — %,
satisfying (1) is the developping map of a unique projective structure on 3,. We note

that condition (1) forces the map v — ¢, to be a morphism.

Example 1.4. — The developping map of the canonical projective structure (see ex-
ample 1.1) is the inclusion map U < P! of the universal cover of C. More generally,
when the projective structure is induced by a quotient map 7 : U — C' = U/A like in
example 1.2, then the developping map f is the universal cover U — U of U and the
monodromy group is A. In example 1.3, the open set U is not simply connected (the
complement of a Cantor set) and the developping map is a non trivial covering. Thus
the corresponding projective structure is not the canonical one. Similarly, the devel-
opping map of a quasi-Fuchsian group is the uniformization map of the corresponding
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quasi-disk and is not trivial; the projective structure is neither the canonical one, nor
of Schottky type.

Example 1.5 (The Sphere). — Given a projective structure of the Riemann sphere P!,
we see that the developping map f : P — P! is uniform (no monodromy since 7 (P*)
is trivial). Therefore, f is a global holomorphic submersion (once we have fixed the
complex structure) and thus f € PGL(2,C). Consequently, the projective structure
is the canonical one and it is the unique projective structure on P!.

For similar reason, we remark that the monodromy group of a projective structure
on a surface of genus g > 1 is never trivial.

Example 1.6 (The Torus). — Let A = Z+7Z be a lattice in C, 7 € H, and consider the
elliptic curve C := C/A. The monodromy of a projective structure on C' is abelian;
therefore, after conjugacy, it is in one of the following abelian groups:

— the linear group {p(z) =az ; a € C*},
— the translation group {p(z) =2z+b; b e C},
— the finite abelian dihedral group generated by —z and 1/z.

The canonical projective structure on C' has translation monodromy group A. On the
other hand, for any ¢ € C* the map

(3) fo:C =P uws exp(cu)

is the developping map of a projective structure on C' whose monodromy is linear,
given by

(4) felu+1) =€ f(u) and fo(u+7)=e""f(u).

We inherit a 1-parameter family of projective structures parametrized by ¢ € C* (note
that fo = 1 is not a submersion). We will see latter that this list is exhaustive. In
particular, all projective structures on the torus are actually affine (transition maps
in the affine group).

The projective structures listed in example 1.6 are actually affine structures: the
developping map takes values in C with affine monodromy.

Theorem 1.1 (Gunning [12]). — All projective structures on the elliptic curve C/(Z +
TZ), are actually affine and listed in example 1.6 above. There is no projective struc-
ture having affine monodromy on surfaces X, of genus g > 2.

In particular, the dihedral group is not the holonomy group of a projective structure
on the torus.

Partial proof. — Here, we only prove that the list of example 1.6 exhausts all affine
structures on compact Riemann surfaces. In example 1.7, we will see that there are
no other projective structure on tori than the affine ones.
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Let f : U — P! be the developping map of a projective structure with affine
monodromy on the compact Riemann surface C' # P': f is a holomorphic local home-
omorphism satisfying

f(v-uw)=ay- f(u)+by, a, €C*, b, €C, Vyem(C,po)

Choose a holomorphic 1-form wg on C and write wg = ¢ - df. Here, we identify wq
with its lifting on the universal covering. Since f is a local diffeomorphism, df has no
zeroes and ¢ is holomorphic on U, vanishing exactly on zeroes of wy and poles of f.
Moreover, the monodromy of ¢ is that of df, given by ¢(vy-u) = a;l - ¢(u). Therefore,
the meromorphic 1-form w; = 4% has no monodromy: it defines a meromorphic 1-form
on C having only simple poles, located at the zeroes of wy and poles of f, the residues
of which are positive integers. Following Residue Theorem, w; has actually no poles:
f is holomorphic, wy does not vanish and thus genus g = 1. This proves the second
assertion of the statement.

Now, assume g =1, U = C and C = C/(Z+ 7Z). The 1-form w; above is holomor-
phic and thus takes the form w; = —c - du for some constant ¢ € C. In other words,
we have f”/f' = ¢ and we obtain after integration

o f(u)=a-e®™+bwhenc#0,

e fluy=a-u+bwhenc=0
for constants a € C* and b € C. After left composition by an affine map, which does
not affect the affine structure, we can set a = 1 and b = 0 and f belongs to the list of
example 1.6. O

Remark 1.1. — We see from the proof that the projective structures on C/(Z + 7Z)
are naturally parametrized by C, namely the constant map ¢ = f”/f’ = ¢, which is
not clear from the description of example 1.6 (we see C* plus one point ). One can
recover this by choosing conveniently the integration constants a and b in the proof

above. Indeed, consider the alternate family of developping maps given by

(5) F:C?-C; (c,u) — fo(u) ::{ € cfl, c#0
u, CZO

The map F is clearly holomorphic on C? and makes the developping maps f, into a

holomorphic family parametrized by ¢ € C. Moreover, the corresponding holonomy

representations are given by

e folu) + <5, c#£0
u -+, c=

fc(quv):{ Vy€Z+TZ

and we see the affine motions with common fixed point —1/c converging to translations
while ¢ — 0.

Remark 1.2. — When we set g = 1 in example 1.3, we have U = C* and A is generated
by a single map ¢(z) = e*™* 2. The quotient C = U/A is the elliptic curve with lattice
Z+ M\7Z. The complex structure varies with A and very few projective structures on the
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torus are obtained by this way. In fact, we see in example 1.6 that, for generic values
of ¢, the monodromy group of the corresponding projective structure is not discrete
(c is not Z-commensurable with 1 and 7).

1.3. Quadratic differentials. — In order to generalize the arguments involved in
the proof of Theorem 1.1 for genus g > 2 Riemann surfaces, we have to replace f”/f’
by the Schwartzian derivative of f

(©) o= (L) 212

f! f!
Recall that, for any holomorphic functions f and g, we have
(7) I(fog)=d(f)og-(9)?+ )

Given a projective structure on a Riemann surface C, consider the Schwartzian deriva-
tive of the corresponding developping map ¢ := J(f). For any v € A = m1(C), we
deduce from property (1) of f that

poy- (V) =d(foy)=d(pyof)=¢.

In other words, the quadratic differential w = ¢(u) - du? is invariant under A and
gives rise to a quadratic differential on the Riemann surface C. We note that w is
holomorphic. Indeed, outside the poles of f, ¢1 := f’ is not vanishing, thus ¢o =
¢} /$1 is holomorphic and ¢ = ¢, — (¢2)?/2 well. On the other hand, at a pole of
f, one can replace f for instance by 1/f, which is not relevant for the Schwartzian
derivative, and go back to the previous argument. By this way, we canonically associate
to any projective structure on C' a holomorphic quadratic differential w on C, i.e., a
global section of K, ?2, where K¢ is the canonical line bundle over C.

Conversely, given any holomorphic quadratic differential w = ¢(u) - du? on the
Riemann surface C, one can solve locally the differential equation J(f) = ¢ in f
and recover the coordinate charts of a projective structure on C' (compatible with
the complex one): the fact is that any two (local) solutions of J(f) = ¢ differ by left
composition by a Moebius transformation.

Example 1.7. — In genus 1 case, any holomorphic quadratic differential takes the
form w = ¢ - du? for a constant ¢ € C (K$? = K is still the trivial bundle). In fact,
w = @2, where & = y/cdu. On the other hand, any solution of f”/f’ = ¢ gives rise
to a solution of J(f) = —&%/2 = c; therefore, the projective structure defined by w
is actually subjacent to the affine structure defined by ¢. This concludes the proof of
Theorem 1.1. We note that the space of affine structures forms a two fold covering
of the space of projective structures (the choice of the square root é). Of course, this
comes from the fact that the 2 affine structures given by f. and 1/f. (with notations
of example 1.6) do not define distinct projective structures.

For genus g > 2 Riemann surfaces, the dimension of H°(C, K gz) can be computed
by Riemann-Roch Formula, and we obtain
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Theorem 1.2 (Gunning [12]). — The set of projective structures on a complex Riemann
surface C' of genus g > 2 is parametrized by the 3g — 3-dimensional complex vector
space HO(C, K&?).

In this vector space, 0 stands for the canonical structure of example 1.1.

1.4. The monodromy mapping. — A natural question arising while studying
projective structures is to understand, for a given surface X, the nature of the Mon-
odromy (or Riemann-Hilbert) Mapping

Py — Ry

On the left-hand side, #, denotes the set of all projective structure on X, up to iso-
morphism; on the right-hand side, %, is the set of representations of the fundamental
group in PGL(2,C) up to conjugacy:

Ry = Hom(m1(2,), PGL(2,C))/paL(2,0)-

Let us first consider the genus g = 1 case. From Gunning’s Theorem 1.1, the left-
hand side can be viewed as a C-bundle over the modular orbifold H/PSL(2,Z) where
H denotes the upper-half plane whose fiber at a given complex structure is the affine
line of holomorphic differentials. Nevertheless, to avoid dealing with orbifold points,
we prefer to deal with the parametrization of affine structures by H x C given by the
map

C= C/(Z+1Z)

w = c-du

(1,¢) — (C,w) where {

Here, the base H is the space of marked complex structures on the torus, up to
isomorphism, and the fiber over 7 is the affine line of differentials C-du, u the variable
of C. Since all projective structures are actually affine, we can replace R, by @; :=
Hom(71(C), Aff(C))/ as(c) Where

Aff(C) :=={p(z) =az+b, a € C*, be C}

is the group of affine transformations. Once we have fixed generators 1 and 7 for the
fundamental group of C = C/(Z + 77Z), the set Hom(m (C), Aff(C)) identifies with
the complex 3-dimensional subvariety

{(a1z +b1,a,2+b;) ; (a1 — )b, = (ar — 1)by} C (C* x C)?

(here, we see the condition for the commutativity). The Aff(C))-action by conjugacy
commutes with the projection on the linear part C* x C*. For any (aj,a,) # (1,1),
the action is transitive on the fibre: it is the usual action of Aff(C)) on the line
{(b1,b;) ; (a1 —1)b, = (ar — 1)b1} C C2. The fibre over (1,1) is C? and Aff(C)) acts
by homothecy: after deleting the point (b1,b,;) = (0,0) corresponding to the trivial
representation, the quotient by the action is P!. Since the trivial representation does
not occur as monodromy representation of an affine structure on the torus, we consider
the quotient B; C @; of its complement in Hom(m(C), Aff(C)). By the previous
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remarks, % is the blowing-up of C* x C* at the point (1,1) and can be identified
with the 2-dimensional complex manifold

B = {(a1,a,,[b1 : b7]) ; (a1 — )b, = (ar — 1)b1} C C* x C* x P!

where [z : w] denotes homogeneous coordinates on P!.

The projection B; — C* x C* is just the blow-up of the point (1,1) and the
exceptional divisor consists in euclidean representation. Finally, the monodromy map
is described by

et [ec—l . e”—l])’ C7é 0

c c

) . (e e
HXxC—Bs (1) { (1,1,[1: 7)), c=0

Looking at the differential of the Monodromy Map above, we see that it has always
rank 2 and the Monodromy Map is a holomorphic local diffeomorphism; it is moreover
injective and proper in restriction to each fiber 7 x C. Its image is the complement
of the preimage on %; of the real torus S' x S! ¢ C* x C* plus the complement of
P!(R) inside the exceptional divisor P!(C) over the point (1,1) € C* x C*.

But the Monodromy Map is neither injective, nor a covering map onto its image:
for instance, for any 7,7’ € H, 7/ # 7, and for any (m,n) € Z? — {(0,0)}, the two
affine structures

/
(T, QiWw) and (7, inw)
T —T T —T
have the same monodromy representation. In particular, the injectivity is violated
for arbitrarily close complex structures. On the other hand, the monodromy of the
canonical structure (7,0) occurs only for this structure.

Consider now the genus g > 2 case. It follows from Gunning’s Theorem 1.2 above
that the set ?, of projective structures on the genus g > 2 surface X, can be viewed
as a complex 6g — 6-dimensional space. Indeed, if we denote by &, the Teichmiiller
space of complex marked structures on ¥, viewed as an open subset of C3~3, then
P4 is parametrized by the rank 3g — 3-vector bundle éjg over &4 whose fiber over a
given complex structure C is the space of quadratic differentials H°(C, K ?2).

By Theorem 1.1, the monodromy representation cannot be affine in the case g > 2.
The image of #y by the Monodromy Map is thus included in the subset of irreducible
representations

Ry =Ry — Gy
where @, = Hom(m1(X,), Aff(C))/par(2,c) is the set of affine representations up to

PGL(2, C)-conjugacy. One can check (see [13]) that %igrr forms a non-singular complex
manifold of dimension 6g — 6. Thus, the Monodromy Map can locally be described
as a holomorphic map between open subsets of C59~6 and the following result makes
sense (see proof in section 1.5).

Theorem 1.3 (Hejhal [7, 16, 18]). — The Monodromy Map is a local diffeormorphism.
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In [20], it is moreover proved that the Monodromy Map is symplectic with respect
to symplectic structures that can be respectively canonically defined on both spaces
(see [10]).

The restriction of the Monodromy Map to each fiber H°(C, K3?) of @g over C €
T 4 is injective. In other words, we have the following result whose proof will be given
in section 2.2.

Theorem 1.4 (Poincaré [28]). — Given a compact Riemann surface C, any two projec-
tive structures are the same if, and only if, they have the same monodromy represen-
tation (up to PGL(2,C)).

It is clear that the Monodromy Map is not surjective. First of all, by Theorem 1.1,
its image is contained in ®." C Rg4. On the other hand, the space of representations
Hom(m(C),PGL(2,C)) falls into 2 connected components, namely the component
of those that can be lifted as Hom(m(C),SL(2,C)) and the other ones. Since the
Monodromy Map is continuous (actually holomorphic) and since the monodromy of
canonical projective structures can be lifted to SL(2,R), it becomes clear that the
image of the Monodromy Map will be in the former component. Finally, notice that
the monodromy representation cannot be in PSU(2, C), i.e., conjugated to a group of
rotations of the sphere, otherwise we could pull-back the invariant spherical metric
of P! by the developping map, giving rise to a curvature +1 metric on the surface,
impossible except in the trivial case g = 0 (see Example 1.5). The main result in the
field, which has been conjectural for decades, is the following.

Theorem 1.5 (Gallo-Kapovich-Marden [9]). — Consider the genus g surface X4,
g > 2. A homomorphism p € Hom(m (X,),PGL(2,C)) is the monodromy repre-
sentation of a projective structure on the Xg if, and only if, p can be lifted as
p € Hom(m(C),SL(2,C)) and the image of p is, up to PGL(2, C)-conjugacy, neither
in the affine group Afi(C), nor in the rotation group PSU(2,C).

1.5. The fibre bundle picture. — Let f : U — P! be the developping map of a
projective structure on C (here we fix the underlying complex structure) and consider
its graph {(u, f(u)) ; u € U} C U x P'. The fundamental group m;(C) acts on the
product U x P! as follows: for any v € m;(C), set

7 (uy) = (7w 04(y)
where u +— 7 - u is the canonical action of 71 (C) on the universal cover and ¢, is the
monodromy of the projective structure along ~y. This action of 71(C) is proper, free
and discontinuous since its projection on U is so. By consequence, we can consider
the quotient:
P:=Ux Pl/ﬂl(c).

The projection U x P! — C defined by (u,y) — =(u), where 7 : U — C is the
universal cover, is preserved by the action and induces a global submersion

m:P—C
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making P into a P'-bundle over C. The graph of f also is invariant under the action
(consequence of (1)) thus defining a section

c:C — P.

Finally, the horizontal foliation defined by {y = constant} is also preserved and defines
a foliation & transversal to all P!-fibres on P. Since the developping map f is regular,
its graph is transversal to the horizontal foliation and o is transversal to &. In this
situation, we say that the P!-bundle P is flat. The triple (7 : P — C, 7, 0) is well-
defined by the projective structure up to analytic isomorphism of P!-bundles.

g _graph(/)

v _— T

FIGURE 3. From projective structure to bundle picture

Conversely, given a P'-bundle 7 : P — C, a foliation & on P transversal to 7
and a section o : C — P transversal to &, then the (unique) projective structure on
P!-fibres can be transported, transversely to the foliation &, inducing a projective
structure on the section o(C), and thus on its w-projection C.

In the recent terminologoly of [3], such triple (7 : P — C, ¥, o) are called sl(2, C)-
opers.

Remark 1.3. — Given a homomorphism p € Hom(m; (C), PGL(2,C)), one can at least
construct the pair (7 : P — C, ) as above. This foliated surface is called the sus-
pension of the representation p, also known as the flat P'-bundle associated to p.
Conversely, consider a flat P1-bundle, i.e., a pair (7 : P — C, ) where 7 : P — C
is a Pl-bundle and & is a foliation transversal to w. Then one can associate to it a
representation p in the following way.

Over any sufficiently small open subset U; C C, one can construct a trivializing
coordinate F; : 7~ 1(U;) — P! for the flat bundle, that is to say inducing an isomor-
phism in restriction to each fibre and such that the level curves Fi_l(yo) are local
leaves of the foliation &. In fact, F; is uniquely determined after choosing the local
F-invariant sections g, 01,04 : U; — P along which F; takes values 0, 1 and oo
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—

FIGURE 4. From bundle picture to projective structure

respectively. Such flat coordinate is well defined up to left-composition by a Moebius
transformation; likely as in section 1.2, after fixing a flat local coordinate F' over
some neighborhood of the base point zg € C, we inherit a monodromy representation
p : m(C,z9) — PGL(2,C) where the analytic continuation of F' along any loop ~
satisfies F'(y - u) = p() o F(u).

It turns out that any flat P'-bundle is isomorphic to the suspension of its mon-
odromy representation just defined. In fact, any two flat P'-bundles are isomorphic
if, and only if, they have the same monodromy representation up to PGL(2,C) conju-
gacy. Indeed, let (7 : P — C, ) and (7' : P’ — C,J") be flat P'-bundles having flat
coordinates F' and F' over Uy C C giving rise to the same monodromy representa-
tion; then the local isomorphism ® : 7=1(Uy) — 7/~!(Up) sending any point p to the
unique point p’ satisfying (7(p), F(p)) = (7'(p'), F'(p')) extends uniformly as a global
isomorphism of flat P*-bundles ® : P — P’ i.e., conjugating & to &' and satisfying
o ® =m.

Proof of Hejal’s Theorem 1.8. — In fact, since the Monodromy Map is clearly holo-
morphic, it is enough to prove that it is locally bijective.

Let (m : P — C,Y,0) be the triple associated to a projective structure having
monodromy representation p € Hom(m;(X,), PGL(2,C)). For any perturbation p’ €
Hom(m;(%,), PGL(2, C)) of p, the corresponding suspension (7’ : P’ — C, ") is close
to the foliated bundle (7 : P — C, ¥); if the perturbation is small enough, one can
find a real C™ section o’ : C' — P’ close to 0 : C' — P and still transversal to & (all
of this makes sense and can be checked on the neighborhood of a fundamental domain
of the universal cover U x P'). The foliation & still induces a projective structure

ASTERISQUE 323



PROJECTIVE STRUCTURES AND BUNDLES 235

on the real surface ¢’(C) that, by construction, has the required monodromy. This
proves the surjectivity.

Let (m : P — C,7,0) be the triple associated to a projective structure & and
consider another projective structure & close to this & having the same monodromy
representation. The fibre bundle construction can be done in the real C*° setting so
that one can associate to & a triple (7 : P — C, ¥, ") where C is still the complex
curve attached to & and ¢’ : C — P is now a real C™ section transversal to &; we
note that the pair (7 : P — C,9) is the same for # and 9 since they have the
same monodromy representation. If ' is close enough to &P, say in the C™° category,
then ¢’ is close to o; one can therefore unambiguously define a C*° diffeomorphism
¢ : 0'(C) — o(C) by following the leaves of the foliation from one section to the
other one. By construction, the projective structures induced by & on both sections
are conjugated by ¢. The diffeomorphism m,¢ := 7 o ¢ o ¢’ actually integrates the
quasi-conformal structure induced by 2 on C ; it is close to the identity. O

/\

F1Gure 5. Local injectivity of the Monodromy Map

Remark 1.4. — Since the Monodromy Map is not globally injective, the injectivity
argument of the previous proof cannot be carried out for sections ¢ and ¢’ that
are not close enough: the set of C'™° sections transversal to & may have infinitely
many connected components as it so happens in the case of affine structures on the
torus. Similarly, the surjectivity argument of the proof cannot be globalized: when the
monodromy representation p’ eventually becomes reducible for instance, there does
not exist C'*° section transversal to & anymore. Following Theorem 1.5, the existence
of a C* section transversal to & is possible if, and only if, & is the suspension
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of a non-elementary representation p (lifting to SL(2,C))! From this point of view,
Theorem 1.5 looks like a very subtle transversality result.

2. Pl-bundles and Riccati foliations

Motivated by the fibre bundle picture of section 1.5, we developp here the study of
Riccati foliations on P'-bundles over compact Riemann surfaces.

2.1. Classification of P!'-bundles. — Let 7 : P — C be a P!-bundle over a
compact Riemann surface C: P is a smooth surface and the fibers of 7 are rational,
isomorphic to P1. We also say that P is a ruled surface. Another P!-bundle 7’ : P! — C
is analytically equivalent to the previous one if there is a holomorphic diffeomorphism
¢ : P — P’ such that 7’ o ¢ = 7. We recall some basic facts (see [15, 24]).

On open charts u; : U; — C on C, the bundle becomes analytically trivial (see [8]):
we have holomorphic diffeomorphisms (trivializing coordinates)

¢i s (U;) = Ui x P' 5 p (w(p), ¢i(p)).
On overlapping charts U; NUj, the transition maps take the form ¢; = ¢; j o ¢; where
ij(u,y) = (u, i ;(u,y)) and
vi; € PGL(2, O(U; ;)).
The P'-bundle is equivalently defined by the collection
(¢ij)i; € H'(C,PGL(2, 0)).

By lifting conveniently the transition maps into H*(C, GL(2, #))), we may view a P!-
bundle as the projectivization P = PV of a rank 2 vector bundle V over C. Moreover,
another vector bundle V'’ will give rise to the same P'-bundle if, and only if, V! = LV
for a line bundle L over C. The classification of P-bundles is thus equivalent to the
classification of rank 2 vector bundles up to tensor product by a line bundle.

From the topological point of view, due to the fact that m (PGL(2,C)) = Z/2Z,
there are exactly 2 distinct S?-bundles over a compact real surface.

From the birational point of view, any P!-bundle is equivalent to the trivial bundle:
there are infinitely many holomorphic sections o : C — P; after choosing 3 distinct
ones 0y, 01 and 0o, one defines a birational transformation ¢ : P --» C x P! commut-
ing with 7 by sending those sections respectively to {y = 0}, {y = 1} and {y = oo}.
When the 3 sections are disjoint, the transformation ¢ is actually biregular and P is
the trivial bundle C' x P*.

The analytic classification is a much more subtle problem. If P admits 2 disjoint
sections, say 0g, 0 : C — P, we then say that the bundle is decomposable: one can
choose trivialization charts sending those two sections respectively onto {y = 0} and
{y = oo}, so that P may be viewed as the compactification L of a line bundle L.
Recall that line bundles are analytically classified by the Picard group Pic(C). Any
two elements L, L' € Pic(C) have the same compactification P if, and only if, L' = L
or L®(=1: we just exchange the role of 6y and o, (see proof of Proposition 3.1).
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For instance, on C' = P!, Pic(PP!) ~ Z and the compactification of ©(e) (or O(—e)),
e € N, gives rise to the Hirzebruck surface F.. It follows from Birkhoff’s Theorem [5]
that all P'-bundle is decomposable on P! and is thus one of the F, above.

An important analytic invariant of a P!-bundle over a curve C is the minimal
self-intersection number of a section

e(P) := —min{o.0; 0:C — P} € Z.

For a decomposable bundle P = L, L € Pic(C), we have e(L) = | deg(L)| > 0. For an
undecomposable bundle, Nagata proved in [25] that —g < e < 29 — 2 and all those
possibilities occur.

From the homological point of view, H?(P,Z) is generated by the homology class
of 09 and f where o is any holomorphic section and f any fibre. Let us choose o
with minimal self-intersection:

op-09g=—e€, f-f=0 and og-f=1.

The homology class of any other holomorphic section is 0 = 0¢g +n - f with n € N: it
has self-intersection

c-c=o0g-0g+2n-09-f+n-f-f=—-e+2n>—e.

In particular, the intersection number of holomorphic sections are either all even,
either all odd: e mod 2 is the topological invariant of the bundle.

On the other hand, if oy and o are not homologous then the intersection number
0o -0 = n — e must be non negative and we deduce that o - 0 > e: when e > 0, this
implies that og is the unique holomorphic section having negative self-intersection;
there is a gap between —e and e.

Theorem 2.1 (Atiyah [1]). — Beside compactifications of line bundles, there are exactly
2 undecomposable P! -bundles over an elliptic curve, Py and P;, with invariant e = 0
and —1 respectively.

A Pl-bundle P is flat (in the sense of Steenrod [29]) when a trivializing atlas can
be choosen with constant transition maps ¢; ; € PGL(2,C) (not depending on u).
This means that this atlas defines by the same time a foliation & transversal to the
fibres on P, namely the horizontal foliation defined by {y = constant} in trivializing
coordinates, see Remark 1.3.

Theorem 2.2 (Weil [34]). — The flat P'-bundles over C are all the undecomposable
bundles and all those arising as compactification of elements of Picy(C).

The pairs (7 : P — C, ) are classified by H!(C,PGL(2,C)). All triples (7 : P —
C, 7 ,0) associated to a projective structure on & are actually supported on the same
flat P'-bundle P, namely

— the Hirzebruch surface F; when g = 0,
— the trivial bundle C' x P! when g = 1,
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— the unique maximally unstable (e = 2g — 2) and undecomposable bundle when
g > 1 (see [14]).

A birational description of the bundle will be given in Remark 2.2.

2.2. Riccati foliations on P'-bundles. — A Riccati foliation on the bundle 7 :
P — C is a singular foliation (see definition in [6]) & on P which is transversal to
a generic fibre. In trivialization charts (u;,y), it is defined by a Riccati differential
equation ;—i = a(u;)y? + b(u;)y + c(u;), a,b, c meromorphic in u, whence the name.
The poles of the coefficients correspond to vertical invariant fibres for the foliation.
Outside of those poles, the leaves of the foliation are graphs of solutions for the Riccati
equation. The foliation & arising in the fibre bundle picture of section 1.5 is a reqular
Riccati foliation. Nevertheless, we will need to deal with singular foliations later.

One can define the monodromy representation of a Riccati foliation as
p : m1(C — {projection of invariant fibres}) — PGL(2, C).

A classical Theorem due to Poincaré asserts that, in the regular case, the monodromy
representation characterizes the Riccati foliation as well as the P'-bundle supporting
it up to analytic equivalence.

Remark 2.1. — One can view a Riccati foliation & on the P!-bundle P = PV as the
projectivization of a meromorphic linear connection V on the vector bundle V. In
fact, given a (meromorphic linear) connection ¢ on the determinant bundle detV =
/\2 V — C, there is a unique connection V on V lifting & and such that trace(V) = (.
Indeed, over a local coordinate u; : U; — C, the bundle V is trivial and a connection
V is just a meromorphic system

-6 1))
dui \yo)  \(uw) d(ui)/) \e

and the trace of V is the rank 1 connection defined by

dX
du;

The projection of V on PV is therefore the Riccati equation defined in affine coordinate
(y:1) = (y1:92) by

¢ = trace(V) :

= (aug) +6(u;)) A

W )y + (alus) — 8(us))y + Blus).

dui o
Clearly, V is uniquely defined by & and (. Notice finally that the line bundle det V'
admits a linear connection ¢ without poles if and only if it belongs to Picy(C).

F:=PV:

We start recalling some usefull homological formulae from [6]. First of all, let us
introduce Ty, the tangent bundle of &, which is a line bundle on the total space P
defined as follows. In trivializing charts (u;,y), the Riccati foliation is also defined by
the meromorphic vector field V; := 8,, + (a(u;)y? + b(u;)y + c(u;))d,. The leaves of
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g are just complex trajectories of the vector field V;. After choosing a global (mero-
morphic) vector field v on C, one can write v = f; - 9, for a meromorphic function
fi on the chart U; so that the new meromorphic vector fields f; - V; glue together
into a global meromorphic vector field V on P still defining & at a generic point.
One can think of V' as the lifting of v by the (meromorphic) projective connection
defined & on the bundle. Then, T is the line bundle defined by the divisor of V, i.e.,
Tg = O((V)o — (V)oo)- If d denotes the number of invariant fibres (counted with the
multiplicity of the corresponding pole for V;), then the homology class of Ty is given
by Tg = (2—2g—d)- f.

Given a curve ¢ on P, each component of which is not invariant by &, then the
number of tangencies Tang(F, o) counted with multiplicities is given by (see [6],
p. 23)

(8) Tang(¥,0) =0-0 —Tg - 0.

For instance, if 0 = o9+ n - f is a section, we immediately deduce that Tang(¥,c) =
2n—e—2+2g+d.

Proof of Poincaré Theorem 1.4. — Consider two projective structures on C' (compat-
ible with the complex structure of C') having the same monodromy representation: by
the construction given in section 1.5, they correspond to triples (7 : P — C, ¥, 0) and
(r: P — C,,0') with common P!-bundle and Riccati foliation. Since & is regular
and the section o defining the first projective structure is transversal to &, we have
d = 0, Tang(¥,0) = 0, and we deduce that e = 2n + 2g — 2. On the other hand,
Tang(Y,00) = 29 — 2 — e should be non negative and we obtain e = 2g — 2 and n = 0:
in the genus g > 2 case, 0 = 0y is the unique section having negative self-intersection
in P, and by the way o’ = ¢. In genus 0 case, there is nothing to show; in genus 1
case, the result follows directly from formula (4) and Theorem 1.1. O

Another important formula is the Camacho-Sad Index Theorem (see [6]). Given
a curve o on P invariant by &, the self-intersection number of o equals the sum of
Camacho-Sad index of & along this curve. When & is regular, all invariant curves are
smooth and all Camacho-Sad index vanish: when & is regular, any invariant curve o
has zero self-intersection.

For instance, if & has affine monodromy, then the fixed point gives rise to an
invariant section o, : C — P. We deduce that e = 0 and o, realizes this minimal
self-intersection number. In particular, we recover the fact that a projective structure
on a genus g > 2 curve cannot have affine monodromy since the corresponding bundle
has invariant e = 2g — 2 > 0.

More generally, if the monodromy of & has a finite orbit (e.g., a finite group of the
infinite dihedral group), then & has an invariant curve ¢ = m-oo+n- f and formulae
-0 =m(2n—em) = 0 together with o- f =m > 0and 0-09 = n—em > 0 show that
e < 0. Again, this is not the monodromy of a projective structure whenever g > 2.
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In the particular case where the monodromy of & is linear, we have 2 invariant
disjoint sections og and o, showing that the bundle P is actually a compactification
of a line bundle L € Picy(C).

We should emphasize that any two line bundles L and L’ have the same compact-
ification if, and only if, L’ = L or L®(~1. Indeed, we first note that, for a bundle P
satisfying e(P) = 0, any two sections o and ¢’ are disjoint if, and only if, they have 0
self-intersection (and are distinct). The compactification L of a line bundle L always
has the two canonical disjoint sections og and oo. Now, a diffeomorphism ¢ : L — A
between the compactifications of 2 non trivial line bundles has to preserve or permute
the two canonical sections; in the former case, ¢ is actually an equivalence of line
bundles; in the latter case, ¢ restricts to the fibres as 1/z and invert the monodromy.
Of course, L is trivial if, and only if, L is trivial as a line bundle. It follows that when
C has genus 1 the corresponding set of equivalence classes of P!-bundles with e = 0
may be thought as C/{£1} ~ P!

A bundle P obtained by suspension of a representation p : m1(C) — PGL(2,C)
is topologically trivial (e even) if, and only if, p can be lifted as a representation
p:m(C) — SL(2,C).

There is an algebraic and somewhat technical notion of (semi-) stability of vector
bundles of arbitrary rank on Riemann surfaces due to Mumford, see for instance [27].
We can define the (semi-) stability of a P'-bundle PV by the same requirement to
the rank 2 vector bundle V. It turns out that a Pl-bundle is stable (resp. semi-stable)
when e < 0 (resp. e < 0). It is known that if such a bundle occur along an algebraic
(resp. analytic) family, it occurs for a Zariski open subset of the family. There is a
theorem of Narashimhan and Seshadri characterizing stable bundles on a compact
Riemann surface C' by means of a precise, but some technical, construction in terms
of unitary representations of the fundamental group of C. We present here a more
comprehensible consequence, see Corollaries 1 and 2 of [27]:

Theorem 2.3 (Narasimhan-Seshadri [27]). — Let C' be a compact Riemann surface of
genus g > 2. Then a holomorphic vector bundle of degree zero is stable if and only if
it arises from an irreducible unitary representation of the fundamental group 71 (C)
of C. A holomorphic vector bundle on C arises from a unitary representation of the
fundamental group if and only if each of its undecomposable components is of degree
zero and stable.

Applying this general result to our situation we obtain that the map p — (7 :
P — C,9)— (r: P — C) which to a representation p € Hom(m(C),PGL(2,C))
associate the P!-bundle obtained by suspension (forgetting the flat structure) induces
a bijection from the set of irreducible representations p : 71 (C') — PSU(2,C) up to
PSU(2,C) conjugacy onto the set of isomorphism class of P!-bundles with invariant
e < 0 and even (not fixed).

The complete analytic classification of P*-bundles (including unstable ones) over
curves of genus 2 has been achieved by the works of Atiyah [1] and Maruyama [24].
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The analytic classification of rank 2 stable vector bundles over curves of arbitrary
genus from the algebraic point of view (in contrast with Narasimhan-Seshadri’s ap-
proach) was done by Tyurin in [31] (see also [32] for a survey in arbirtrary rank).

2.3. Birational geometry of P!-bundles. — Given a point p on (the total space
of) a P'-bundle 7 : P — C, we will denote by elm, P the new P!-bundle obtained
after elementary transformation centered at p: after blowing-up the point p, elm, P is
obtained by contracting the strict transform of the fiber passing through p. The strict
transform of a section ¢ passing through p (resp. not passing through p) is a section
of the new bundle having self-intersection o - ¢ — 1 (resp. o - 0 + 1). All birational
transformations between P!-bundles over curves are obtained by composing finitely
many elementary transformations. On the other hand, any P!-bundle over a curve is
birational to the trivial bundle.

Example 2.1. — For instance, let D be a divisor on C and let py be the point on the
zero section of the (total space of the) line bunde &)(D) over x € C. Denote by O(D)
the Pl-bundle obtained after compactification (adding a section at infinity). Then

elm, O(D) = O(D — [z]).

Similarly, if p,, lies on the infinity section of &(D) over z, then
elm, O(D) = O(D + [z]).
Now, recall that, as a consequence of Abel Theorem, the map
C? = Pico(C) ; (1,...,34) = O(g[zo] — [21] — -+ — [z4])

is surjective for any z¢ € C: it follows that (compactification of) line bundles of degree
0 can be obtained after applying at most 2g elementary transformations to the trivial
bundle.

In [26], Maruyama and Nagata proved that an undecomposable bundle can be
obtained from the trivial one after at most 2g + 1 elementary transformations. On the
other hand, we note that the minimal number of elementary transformations needed
to trivialize all decomposable bundle is unbounded: for a line bundle of large degree
d >> 0, one need at least d elementary transformations.

Next section, we will give an explicit birational trivialization of the bundle P sup-
porting all triples (P, ¥, o) associated to projective structures. After birational trivial-
ization, the Riccati foliation becomes singular, and the section ¢ no more transversal.

2.4. Riccati equation, schwartzian derivative and the 27¢ order linear dif-
ferential equation. — First, we would like to make explicit the correspondance
between the point of view of quadratic differentials, and that one of bundle triples.
Consider the triple (7 : P — C,%,0) associated to a projective structure on
the curve C. One can reduce P to the trivial bundle and o to the infinity section
{y = oo} either locally, by a fibre bundle isomorphism, or globally on C, by birational
transformation. Here below, we adopt the later point of view; everything can be carried
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out mutatis mutandis in the local regular setting. After a birational trivialization like
above, & becomes possibly singular, but is now defined by a global Riccati equation

9) dy+a-y*+B-y+y=0

where «, 3,y are meromorphic 1-forms on C. This trivialization is unique up to bira-
tional transformation of the form y = ayj + b where a and b are meromorphic function
on C, a # 0. Let us see how such change of coordinate acts on the equation. A change
of coordinate of the form y = ay transforms the Riccati equation into

d
(10) dj + aag® + (B + §)§+%:0
although a change of coordinate y = § + b yields
(11) dj + af* + (B + 2ba)§ + (db + b*a + bB + ) = 0;

after a combination of those two transformations, we can choose o and (8 arbitrary
(with o # 0) and then 7 is uniquely determined by the projective structure. Let us
show how to compute it from the developping map f of the projective structure.

Let us go back to the universal cover where the Riccati foliation is given by dyo = 0
and o is the graph of f (see section 1.5). By a preliminary change of coordinate
yo = y1+ f(u), we have now 0 = {y; = 0} and the equation becomes & : dy; +df = 0.
A second change of coordinate y; = f'(u) - yo yields & : dys + (1 + %yg)du =0, and
o is still the zero section y» = 0. In the case of an affine structure on a torus, the later
Riccati equation is well-defined: the corresponding triple (7 : P — C,¥,0) is then
given by:

P=CxP'3(uy), T:dy+(1+cy)du=0 and o(u)=0

for some ¢ € C.
In the general projective case, it is more convenient to send the section o to infinity:
in the coordinate §o = —1/ys, & is defined by dgs + (73 — J}—/g2)du = 0 and o, by

72 = 0co. We finally apply the change of coordinate g2 = y + %J}—l,/ and obtain

(12) T dy+ (4 + 34,(f))du =0

where J,(f) is the schwartzian derivative of f with respect to the variable u. Un-
fortunately, du is not a global 1-form. Moreover, u is a transcendental variable that
we do not want to deal with when we are considering a triple (7 : P — C,¥,0). In
general, by birational trivialization of the bundle, one can assume o at infinity and,
after choosing a global holomorphic 1-form « on C, reduce the Riccati foliation to the
special form

(13) Tdj+aj? +7=0

with v meromorphic on C. Here, a plays the role of du, that is u is replaced by
a variable v such that o = dv; this makes sense at least at a generic point of
C where everything is regular. Setting v = (v), the change of coordinate y =
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% (g]—|— %ﬁ’:) transforms equation (12) into (13); after computation we find v =

2 (Ju(f) oy (@) + J,(¥)) dv. Using (7), one finally obtains v = ¢, (f 0)dv where
J, is the schwarzian derivative with respect to v and deduce

Proposition 2.1. — Let (m : P — C,Y,0) be a triple defining a projective structure
on C. Let (v,y) € U x P! be bundle coordinates over n=1(U), U C C, such that

oc:y=o00 and 9’:dy+(y2+@)dv20.

Then the projective coordinates f on U are the solutions of J,f = ¢.

Remark 2.2. — Following [26], the maximally unstable undecomposable P!-bundle
P corresponding to projective triples (£, ¥, o) can be trivialized after 2g elementary
transformations (here e = 2g — 2 is even). The birational tranformation constructed
above to put & into the normal form (13) however needs many more elementary
transformations.

Indeed, at a point where o = dv ~ u”du has a zero of order v, i.e., v ~ u**!, the

Lanane ~ ()7 ()"

2 v U
has a pole of order 2 and thus v ~ u‘f’iz has a pole of order v + 2. In fact, ¥’ ~ u%
and the birational change of coordinate takes the form

v ~ v 1 _ 1 2v+1 ~ v .
v (5 ) = e (77 5);

3v + 2 elementary transformations are needed at this point.

Now, we look for a sharp birational trivialization of P, that is to say with exactly
2g elementary transformations. For any choice of global meromorphic 1-forms « and
B, there is a unique birational transformation of the form y = a(g§ + b) putting the
initial Riccati equation (12) into the form (9) and we have

expression

aQy =

o« = adu
B = da 4 9qh
v = db+ ab*du+ 92p+ LDy

Each zero or pole of a (or a) gives rise to an elementary transformation: if we choose «
holomorphic, we already get 2g —2 elementary transformations with the first change of
coordinate. We would like now ab = % (8 — %) be holomorphic (as much as possible).
The sum of residues of % is 2g — 2: we can construct a meromorphic 1-form § having
the same principal part as %, plus one extra simple pole (at, say, p) with residue
2 — 2g. The final change of coordinate y = afj + ab is therefore a combination of 2g
elementary transformations: the change of coordinate y = ay goes from the trivial
bundle to K with 2g — 2 elementary transformations; the ultimate transformation
y = 3 + ab has one simple pole corresponding to a succession of 2 generic elementary
transformations of the same fibre (compare [24]).
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Setting y = 2'/z, 2/ = %, the differential equation dy + (y? + @)dv =0is
transformed into

¢v)

14 "
(14) z+2

z=0.
Then the following goes back to Schwarz:

Proposition 2.2. — Any solution f to the differential equation J,(f) = ¢(v) takes the
form f = z1/zo where z1 and 2z are independent solutions of (14).

Proof. — A straightforward computation shows that J(z1/z2) = —2% provided that
z1 and zo are solutions of (14). Any other solution J,(f) = ¢(v) takes the form
f =2tz 5 quotient of two other solutions. In fact, one can take f = z1/zy with

cz}—&-dzz ’

7 = —= and 2, = . O
1 \/]? 2 \/F

Remark 2.3. — One can easily generalize the notion of projective structure to the

branching case by considering triples (7 : P — C, ¥, 0) with o generically transversal
to &: branching points of the structure are those points x € C' over which ¢ has a
contact with . The local projective chart then takes the form f ~ u**! where v € N
is the order of contact. More generally, one can consider a singular Riccati foliation
T generically transversal to o, or equivalently linear equation dy + (y2 + @)dv =0
with ¢ meromorphic. By the way, projective structures on the 3-punctured sphere (3
simple poles) correspond to the Gauss Hypergeometric equation, on the 4-punctured
sphere, to the Heun equation and on the punctured torus, to the Lamé equation.

k
Remark 2.4. — Let D = 5~ v;p; be an effective divisor on 4. Consider the set P4(D)

consisting in all the pro}ecltive structures on X, branched over the points p; with
ramification order v; > 0 (see [21, 22]). Notice that the case D = 0 corresponds to
genuine projective structures on X,. As before we can describe the elements of #¢(D)
as triples (P, 7, o), where P — %, is a P!-bundle with structural group PSL(2,C),
& is a transversely projective foliation transverse to the fibres, o is a section such
that o(p;) is a tangency point with & of order v; for each ¢ = 1,...,k and outside
these points o is transverse to &. Projecting to X, the branched projective structure
induced by & on o we obtain an orbifold complex structure C' over (X4, D). We
can make a finite number of elementary transformations centered at the tangency
points ¢ (p;) in order to obtain a birationally equivalent triple (P’, ", o’), where &'
is a singular Riccati foliation and ¢’ : C — P’ is a holomorphic section everywhere
transverse to 7'. Applying the same transversality arguments of the proof of Hejal’s
theorem to (P’,’,0’) one shows that the monodromy mapping M : #,(D) — R, is
also a local diffeomorphism.
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3. The genus 1 case

3.1. Monodromy and bundles

Proposition 3.1. — Let C = C/(Z + 17Z) be an elliptic curve, p : 71(C) — PGL(2,C)
be any representation and (w: P — C, ) be the associated suspension. Then we are,
up to conjugacy, in one of the following cases:

e p: m(C) — C* is linear and P € Picy(C) is the compactification of a line
bundle; P is trivial if, and only if, p(1,7) = (e, e7).

e p: 7 (C) — C is euclidean and either P = Py is the semi-stable undecomposable
bundle, or P is the trivial bundle; we are in the latter case if, and only if,
p(1,7) = (¢, 7¢).

e p(1,7) = (—2,1) and P = P_, is the stable undecomposable bundle.

Proof. — 1Tt is easy to verify that all representations p : Z? — PGL(2,C) appear in
the statement. We have already noticed that a linear representation gives rise to the
compactification of a line bundle (this is almost the definition). In fact, for linear
representations, we have the exact sequence of sheaves

0-C*-0"-Q—0

where 0 is the sheaf of invertible holomorphic functions and the morphism " — Q
is given by f — 4 From the corresponding exact sequence of cohomology groups,

we deduce the following one
0 — H°(C,Q) — Hom(m;(C),C*) — Picy(C) — 0.

The first non-trivial morphism associates to a holomorphic 1-form w the homomor-
phism v — exp( f,y w) while the second one is the suspension. In our particular case
where C' is an elliptic curve, we finally deduce

0 — Cdu — Hom(m (C),C*) - C — 0

and the first alternative of the statement follows.

The suspension of an euclidean representation gives rise to a bundle with a section
0co having 0 self-intersection. If there is another section o( disjoint from o, then it
should be either transversal, or invariant by & from (8): in the first case, oy provides
a projective structure on C' and the monodromy satisfies p(1,7) = (¢, 7¢) by Guning
Theorem 1.1; in the second case, the monodromy has two fixed points and is trivial,
so is the bundle. In the remaining case where there is no disjoint section from o,
the bundle is undecomposable with invariant e = 0 and we conclude with Atiyah
Theorem 2.1 that P = F,.

Finally, if p(1,7) = (—=z, %) is the irreducible representation, we note that p cannot
be lifted to SL(2,C) and thus e is odd. On the other hand, Weil Theorem 2.2 tells us
that P must be undecomposable (being flat with e # 0). From Atiyah Theorem 2.1,
the only possibility is P = P_;. O
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3.2. Algebraic families of bundles and Riccati foliations. — It follows from
[24] that all degree 0 line bundles as well as Py can be obtained after 2 elementary
transformations of the trivial bundle. In order to obtain P_1, a third one is needed. We
use this approach to provide an algebraic family of flat bundles and Riccati foliations.

Letpe O, qc elm, (C x P') and consider P = elmqelme Fix trivializing coordi-
nates (u, z) € C x P! and, for simplicity, set p = (0, c0). This is irrelevant since all flat
P!-bundles over C admit a one parameter group of automorphism lifting the action of
Ou (see description of Proposition 3.1). After elementary transformation at the point
p, we obtain the bundle ©(—[0]) having one section oo, with —1 self-intersection and
a special point p, on the fiber over u = 0 but not on o, through which all sections
having +1 self-intersection intersect. Indeed, +1-sections come from horizontal sec-
tions of the trivial bundle. Here, we use the fact that there is no holomorphic section
of homology type o9 + f on @, otherwise it would be the graph of a regular covering
C — P.L

pe

0

=}

u

FIGURE 6. The bundle 0(—[0])

Case 0: ¢ = p. The elementary transformation centered at p goes back to the trivial
bundle: P = 0.

Case 1: ¢ = (ug, 20) with ug # 0 and zg # oo. After vertical automorphism, one
may assume z = 0. The sections {z = 0} and {z = oo} respectively give rise to disjoint
sections oy and 0w, on P having 0 self-intersection. We are in Picy(C) case: P = L.

The generic horizontal section {z = ¢} gives rise to a section o on P intersecting
oo at uw =0 and o, at u = ug; in other words, ¢ is a meromorphic section of L with
divisor Div(o) = [0] — [uo] on C: L = O([ug] — [0]) corresponds to ug € Picy(C) ~ C.

Case 2: ¢ is on the fibre over u = 0 but is neither p, nor on 0. Then, P = P, is the
indecomposable bundle. Indeed, assume that there exists a section ¢ on P disjoint
from 0. It then comes from a section of (—[0]) disjoint from o and passing
through ¢, itself coming from a section of ) intersecting o, only at © = 0, without
multiplicity. We have already seen that this cannot happen.

Case 3: ¢ is on 0, over ug. We obtain the bundle O(—[0] — [ug])-
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FIGURE 7. An algebraic family of topologically trivial bundles

Here, we have parametrized all topologically trivial flat bundles by the line bundle
B(—[0]), see [30]. We now want to parametrize all regular Riccati foliations on topo-
logically trivial bundles. The natural way to do this is to provide an explicit family
of Riccati equations on the trivial bundle ) having apparent singular fibres whose
desingularization span all regular Riccati foliations. For instance, consider a linear
Riccati foliation defined on the bundle O([ug] — [0]), uo # 0. Apart from the invariant
sections oy and 0, the leaves are multivalued sections without zero or pole; after
trivialisation of the bundle, those multivalued sections z(u) have now a simple pole
over v = 0 and a simple zero over u = ug (and still have linear monodromy): their

logarithmic derivative de(u)
z\u

is a meromorphic 1-form on C having exactly 2 simple
poles, one at 0 with residue —1 and one at uy with residue +1. In other words, the
Riccati equation defining the singular foliation after trivialization of the bundle is

de _ (9w tgm) |\
<2<p<u>—p<uo>>+> '

- =
Indeed, the 1-form (% + c) du has a simple pole at © = 0 with residue —1
1p'(u)

since its principal part is given by 5 o)
other poles may come from the two zeroes of p(u) — p(ug), namely u = Fug, but
u = —ug is actually regular since the numerator g’(u) + p’(ug) also vanishes at this
point: by Residue Theorem, u = ug is a simple pole with residue +1. Of course, any
other 1-form having the same principal part must differ by a holomorphic 1-form,
namely c¢ - du, ¢ € C. We have omitted from our discussion the case ug = —ug is an
order 2 point which can be treated like u = 0.

After two elementary transformations of € centered at the points (u,z) = (0,00)
and (ug,0), we obtain by this way all (linear) foliations on the bundle ([ug] — [0])
while ¢ runs over C. This does not provide yet a universal family for linear connections
on C since the limit of the Riccati foliation while ug — 0 is the vertical fibration: for

du and p has a double pole at u = 0; the
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(u, z) in a compact set not intersecting {u = 0}, {z = 0} and {z = oo}, we have

’ / 1o 1
W +elu) o 1w) 1 oo

2(p(u) — p(uo)) "2 p(ug)  uo

' (w)+p’ (uo)
2(p(u)—p(uo)) : ;
—zdu on the compact set, so does the foliation. We would like to complete this C-
bundle over ug # 0 with the family j—z = c¢g -z, ¢g € C, of linear connections on
the trivial bundle © (ug = 0). A way to obtain it from our large family is obviously
to set ¢ = c(ug) = co — % and take the limit while ug — 0 with ¢g € C fixed. In
other words, in the parameter space (ug, c) we consider only the limit at (0, c0) while
ug — 0 with a special direction. The good global parameter space is obtained after

separating the germs of curves ¢ + ulT, = constant. This is done after 2 elementary

In other words, the 1-form ugdz — uo( + c) - zdu tends uniformly to

transformations on ©): first we blow-up (ug, ¢) = (0, 00) by setting ¢ = t/ug, and then
we blow-up (ug,t) = (0,—1) by setting t + 1 = sug, so that s = % + ¢ coincides
with the expected parameter cy. The resulting parameter space is the affine bundle
Ay := Py — 05 where o, is the unique 0-section of the undecomposable bundle P;.
Now, we construct a fine moduli space as follows. Consider the product 0 x 0 with

global coordinates ((uo, ¢), (u, 2)), and equipp the bundle over (ug, c) with the Riccati
foliation

() )

du  \2(p(u) — p(uo))
This can be seen as an algebraic foliation on the total space. Now, apply the elemen-
tary transformations with center along the surfaces {u = 0,z = oo} and {u = ug, z =
0}. Then, we modify the base (ug,c) € © by two elementary transformations so that
we obtain P, as a base and the foliation extends as a linear connections all along

Ug = 0.
The euclidean connections on Py are given by:
dz
Tu p(u) + 7.

Indeed, one can check that the reduction of the singularity over u = 0 yields Py;
on the other hand, it is clear that monodromy is given by translations. This can be
obtained also as a limit of our previous family of connections, or better from

& (W)
m‘<mmm—ww»+> S

which is equivalent to the previous one by the change of coordinate z — z + ¢. Now,

instead of taking limit along curves ¢ = c¢(up) = ¢o — leo as ug — 0 with ¢y constant,

we take limit along ¢ = c(ug) = yup — u%? ~ € C constant, i.e., cg = yug. We have on
convenient compact sets:

M_iwu u) while wug ~
2p(w) — pluo))  ug 0PN hile o~
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so that

dz _ ( ¢'(u) + ' (uo) 2
7= (o gy +0) (=)~ () +2)- (saz 4 1= ma) () 7

3.3. The Riemann-Hilbert Mapping. — For a given elliptic curve C = C/(Z +
7Z), the Riemann-Hilbert Mapping provides an analytic isomorphism

ﬂ/l:AO—>(C*><(C*

between two spaces of algebraic nature.

The space of linear connections on C' is an affine C-bundle over Pico(C) ~ C that
we have identified with Ag: it is defined by gluing the chart (ug,c) € (C — {0}) x C
with the chart (ug,co) € (C,0) x C by the transition map

1
(UO,C) = (u(]?CO) = (U‘Oa c+ 7)
g
The space of linear representations of 71 (C) is C* x C*. In the main chart (ug, ¢), the
analytic connection is given by

d / /
b _(Frn) ) g,
z 2(p(u) — p(uo))
Introducing Weierstrass Zeta Function ((u) = — fou p(€)d¢g, one can write %

C(u — ug) — ¢(u) + ¢(up) and integrate the differential equation above by means

of the Weierstrass Sigma Function: the general solution(*) is therefore given by

z(u) = a%e““o)'“, a € C*, and the monodromy is given by the homomorphism
A=Z+77Z — C*; v exp(—uoC(y) + {(uo)y + ).

Finally we obtain the full monodromy mapping

(ug,c) +> (e—uoC(l)“‘C(uo)-f-c7 e—uoC(T)+C(uo)T+CT)

(0,c0) = (e%,e%7)

M:Ayg — C* x C* {

The image by the monodromy map of the algebraic fibration defined on Ay is the
holomorphic foliation defined on C* x C* by the linear vector field

20z + TYO,.

As a particular case of Narasimhan-Seshadri Theorem, the unitary representations
S! x S! form a smooth real 2-dimensional torus transversal to the foliation and cutting
each leaf once. It is the space of the leaves. It inherits, from the transversal complex
foliation, a complex structure, namely the structure of C. The euclidean foliations
defined on Ag by ddTCO = p(ug)+7, v € C, are sent to the linear foliations 20z + A\ydy,
A € P!\ {7}. The space of linear connections is equipped with a group law given by
tensor product; it is just the pull-back of the natural group law on C* x C*. We thus

(1) This computation was communicated to the first author by Frits Beukers; a similar computation
but with a slightly different presentation was done in [17].
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=)

AO C*x C*

Ficure 8. The Riemann-Hilbert Mapping

get an analytic isomorphism between two algebraic groups that are not algebraically
equivalent.
One can compute the group law on Aq as follows. Given two connections

(P | N d (g )
P <2<p<u>—p(u1>> Fer)du and <2<p<u>—p<u2>> res) -,

z
the tensor product is a connection of the form
dz _ < p'(u) + 9’ (us)
z 2(p(u) — p(us))
with ug = ug + us (group law on Picy(C)). Then, c3 is determined by the fact that

9 (u) + ¢’ (u1) PWtes) g +eus) o df

2(p(u) — p(u1))  2(p(u) — wp(uz))  2(p(w) — p(us)) f
for a meromorphic function f on C. Looking at the principal part of the left hand
side, one see that f must have divisor Div(f) = [u1] + [us] — [uz] — [0] so that, up to
a scalar, we have

+03> -du

. o (u) — @ (ur) — L2l (o (y) — p(u1))
p(u) — p(us) ’

after computations, one finds that

9 (u2) — p'(u1)
2(p(u2) — p(u1))’

c3 =C1 +Cy —
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Abstract. — In this paper we study germs of codimension one holomorphic, non-
dicritical, singular foliations in (C2,0) having no saddle-nodes in their reduction of
singularities. These are called generalized surfaces. The main result says that the
reduction of the singularities of a generalized surface agrees with the reduction if its
separatrix set.

Résumé (Sur les surfaces généralisées dans (C3,0)). — Dans cet article, on étudie les
germes de feuilletages holomorphes de codimension un, non dicritiques et singuliers
en (C3,0), qui n’ont pas de selles-nceuds dans la réduction des leurs singularités.
Ces feuilletages s’appellent surfaces généralisées. Le résultat principal affirme que la
réduction des singularités d’une surface généralisée coincide avec la réduction de son
ensemble de séparatrices.

1. Introduction

The main objective of this paper is to characterize a class of holomorphic codimen-
sion one foliations in (C3, 0), whose reduction of singularities agrees with the reduction
of their separatrices. We will call generalized surfaces to these foliations, as they are a
generalization of the notion of generalized curves introduced by C. Camacho, A. Lins
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Neto and P. Sad in [2]. Following that paper, a codimension one singular foliation &
defined by a 1-form w in (C2,0) will be called a generalized curve if:

1. & is not dicritical, i.e., it has a finite number of separatrices, or equivalently the
exceptional divisor obtained after reduction of singularities is invariant by &.
2. There are no saddle-nodes in the reduction of the singularities of &.

Recall that a germ of singular foliation & defined by w is called reduced, or simple,
if there are coordinates (z,y) such that

A
w= (Az + h.ot.)dy + (py + h.o.t.), p#0, and m ¢ Q<o.

If A =0, the singularity is called a saddle-node.
Generalized curves have a number of good properties, as shown in [2]. If (f = 0)
is an analytic equation of their set S of separatrices, then:

1. v(w) = v(df), where v denotes the order at 0.

2. The reduction of the singularities of & is the same as the reduction of (f = 0).

3. pu(w) = p(f), where o denotes the Milnor number of w, f, at the origin. Note
that for every foliation we always have the inequality p(w) > wp(f), and the
equality only holds for generalized curves.

Another properties of generalized curves have been established more recently. For
instance, let BB(, P) denote the Baum-Bott index of & at P, CS(Z, S, P) the
Camacho-Sad index of & at P relative to the invariant curve S, and GSV (¥, S, P) the
index of Gomez-Mont, Seade and Verjovsky. Then, M. Brunella shows in [1] that, for a
generalized curve, GSV (¥, S, P) = 0, and that this implies BB(¥, P) = CS(¥, S, P).

In our previous paper [12], we classified analytically a class of singular foliations in
(C3,0), which we called quasi-ordinary cuspidal foliations. These are foliations with
one separatrix, that is a cuspidal, quasi-ordinary surface. In particular it can be seen
in that paper that, after resolving the singularities of the surface, the singularities of
the foliation are automatically reduced, and the analytic classification of these foli-
ations agrees with the analytic classification of the projective holonomy of a certain
component of the exceptional divisor. This property is similar to the property of gen-
eralized curves we saw before, and it motivates the generalization of this notion to
dimension three. In fact, in dimension three it exists a theorem of reduction of sin-
gularities for holomorphic foliations [6, 5], and a theorem of existence of separatrices
(in the non-dicritical case) [6] that allows the generalization.

The plan of the paper is as follows: in section 2, we shall recall some basic facts
about holomorphic foliations, mainly about the final forms (simple singularities). In
section three, we will give the definition of generalized surface, and will show its main
properties. The main result of this paper will then be as follows.

Theorem 1.1. — If 7 is a generalized surface in (C3,0), and S = (f = 0) is the union
of their separatrices, then the reduction of singularities of F agrees with the reduction
of the surface S.
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Of course, from a careful study of [6] the main result of this paper can be deduced,
but it is not explicit. The purpose of this paper is to offer an independent proof more
in the spirit of [2]. It is also worth to mention here related works about foliations in
dimension three that admit particular reduction of singularities, for instance foliations
that can be desingularized with only punctual blow-ups [7].

There is work in progress about the analytic classification of generalized curves.
For instance, several papers have been written about the classification of quasi-
homogeneous singularities of foliations (see [17] for definitions and statements). Let
us mention the works of D. Marin [15, 16], and more recently, Y. Genzmer [13],
who shows that two quasi-homogeneous generalized curves with analytically equiva-
lent separatrices are analytically equivalent if and only if the projective holonomies
of the component of the exceptional divisor where the separatrices lie are also analyt-
ically conjugated. We expect to extend this result to dimension three, thanks to the
characterization given in this paper.

2. Pre-simple and simple singularities

Consider a germ of codimension one holomorphic foliation & defined in a neigh-
bourhood of a point P on a complex manifold M of dimension n by an integrable
1-form w, and let E be a germ of normal crossings divisor through P, invariant by &.

We will call the dimensional type of & at P, t = t(&, P), the minimum number
of variables needed to write a generator of &. If O,/ p denotes the set of germs of
holomorphic vector fields in a neighbourhood of P, and

D(w)(P) ={D(P) | D € Qum,p, w(D) =0}

then t(&, P) equals the codimension of the complex vector space ?D(w)(P). Note that
the integrability of w implies that the set of vector fields in the kernel of w define
an integrable distribution, and Frobenius’ Theorem allows to assume that they are
coordinates.
Denote e = e(E, P) the number of components of F through P. Assuming that
e

E = H T;, We can write
i=1
t

e [
diL‘i
w:Hmi- E a; + E a;dz;
=1 i=1

1=e+1

The adapted order of w at P, relative to F, is then
v(¥,E; P) =min{vp(a;) | 1 <i <t}
where vp denotes the order at P. The adapted multiplicity is
W&, E; P) = min{vp(a;) h<ice U {vp(ai) + L}ise.

Then F. Cano and D. Cerveau [6] propose the following definition:
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Definition 2.1. — A singularity P € Sing(¥) is called a pre-simple singularity adapted
to E if one of the following holds:
1. v(4,E;P)=0.
2. v(9,E;P) = u(¥,E; P) = 1, and perhaps after performing a change of vari-
ables, there exists s > e such that, if i < e, a; = \;xzg + h.o.t., with some

A # 0.

Remark 2.2. — Due to the integrability of w, in 2. it is sufficient to assume that, for
some ¢ < e, a; = x5 + h.o.t.. The condition above follows.

Pre-simple singularities of dimensional type t are formally conjugated to one of the

following meromorphic models, according to [5, 6, 4]:
a. w=>S"r, )\id;", A€ Cr.
b w = P+ p(xP) - Yy A2, where p; € Zso, ¢ € C[[T]], (0) = 0,
a; € C, 22:2 loi| #0, a; #0if i > k, xP := " - zfF.
c.w=dx; — 11 Zfﬁpid“ +abh? o xbe S, N9

x; T ox;

A pre-simple singularity is called simple or reduced if it is formally conjugated to
the types (a) and (b) above, and moreover, the vector A = (A1,..., ;) in case (a) or
A= (Ak+1,---,A¢) in case (b) is strongly non-resonant, i.e., for any non zero function
®:{1,...,t} — Z>g, we have that > ®(i)A; # 0. This last condition, that does not
appear in [6], is imposed in order to avoid dicriticalness.

If P is a pre-simple singularity of dimensional type t, consider the set

{Q e U\ {P} | Q € Sing(¥), U a neighbourhood of P}.

All elements of this set are singularities of dimensional type 2 (see [6] for a proof).
Then, P is simple if and only if all elements in the previous set are simple. For instance,
in dimension three we have the following result.

Theorem 2.3 (Cano-Cerveau [6]). — Let P be a pre-simple singularity of a singular fo-
liation & adapted to a normal crossings divisor E over an ambient space of dimension
three.
1. Ife(E, P) = 2, take an inmersion i : (C2,0) — (C3,0) through P, tranversal to
E. Then P is simple if and only if i*F is simple.
2. If e(E, P) = 3, and there exists an open set U 5 P, such that if Q # P is a
singular point for F (e(E,Q) = 2), the restriction at F over a transversal plane
through @ is a simple foliation, then & is simple.

At this point, let us recall the following result:

Theorem 2.4 (Cerveau-Mattei [11]). — Let & be a foliation in (C™,0) defined by an
integrable 1-form w. Suppose we have an inmersion i : (C%,0) — (C",0), such that 0
is an isolated singularity of i*w, reduced. Then, we have the following possibilities:

1. If cod(Sing(w)) > 3, then w has an holomorphic first integral.
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2. If cod(Sing(w)) = 2, then & is a cylinder over the foliation induced by i*w, i.e.

if in appropriate coordinates i is defined by i(x1,22) = (X1, %2, ...,%,), F is the
pull-back of i*Y by the projection w : Ct — C? given by
m(Z1,Z2, ..., n) = (z1,22). In particular, the dimensional type of w is
2.

Applying this result to a simple singularity P in C3, with e(E, P) = 3, we obtain
that, around nearby singularities, the foliation is simple of dimensional type 2, and
trivial over a transversal.

Recall that, in dimension two, there are two types of simple singularities, one
of them called saddle-nodes, namely the ones that have a null eigenvalue. This is
also valid for foliations of dimensional type two in greater dimensions. If we are in
an ambient space of dimension three, and P is a simple singular point for & with
t(, P) = 3, we say that P is a saddle-node if some of nearby singularities are saddle-
nodes. This occurs if the foliation is formally conjugated to the form (b) above, with
k < 3.

3. Generalized surfaces

From now on, we will work in dimension three. At present, it is not known a result
of reduction of singularities for foliations in dimension greater that three, but with
that result in hand, our conclusions could be extended to upper dimensions.

Definition 3.1. — Let F be a holomorphic foliation of codimension one, defined by
an integrable 1-form w in (C3,0). We will say that I is a generalized surface if in
the reduction of singularities of F, no saddle-nodes appear, and moreover, it is not
dicritical.

The main objective of this work is the proof of the theorem 1.1.

We have two possible situations. If cod(Sing(&)) = 3, then & has a first integral,
according to Malgrange’s singular Frobenius Theorem [14] and the result is obvious.
So, in the sequel, we asume that cod(Sing(¥)) = 2.

D. Cerveau introduces in [10] a notion of quasi-regular foliation. As a consequence
of the results that will follow, our notion of generalized surface agrees with the notion
introduced by Cerveau.

Remark 3.2. — In dimension two, a foliation admits only one minimal reduction of
singularities. The algorithm is obvious: if one point is singular, blow-up. In dimension
three, as in the case of surface, different reduction processes may give as a result
desingularized foliations. So, the process is not canonical and we must check that the
definition above is independent of the reduction.

The independence of the dicriticalness condition may be seen in [3]|. Let us also
observe that saddle-nodes cannot be destroyed by subsequent blow-ups. So, if we have
two different reduction processes over a neighbourhood of 0, such that a saddle-node
for 1 = 77T appears, take a tranversal germ of surface S; C Ml, such that ¥q|g,
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has a saddle-node, and S5 its image in Mg by the birational transformation 75 Lo,
The theorem of factorization of birational maps between surfaces allows us to find a
surface S that dominates S; and Ss.

The maps p; and ps are obtained blowing-up points in Sy, S respectively, so that
we have the following picture:

M
7N
M, M,
N AL
(C3,0)

The foliation pj7] Y restricted to S must have a saddle-node, while the foliation
P35S must not have, and this is a contradiction.

Definition 3.3. — Let & be a foliation in (C™,0), defined by w. An inmersion i :
(C%,0) — (C™,0) is transversal to F if:

1. Sing(i*w) = i~!(Sing(w)) = {0}.

2. 1/0(9) = Z/Q(’L*g)

J.-F. Mattei and R. Moussu [18] show that inmersions satisfying (1) and (2) are
generic. Recall their construction: first, as cod(Sing(w)) = 2, take an inmersion such
that i~ (Sing(w)) = {0}. Then, a generic deformation of order two verifies the result.
In general, multiplicity may increase if there are tangencies, and it may drop if a
common factor appears in the coefficients of i*w. That this does not happen is a
consequence of (1).

In order to prove the main theorem, we need some lemmas,that will allow us to
reduce the problem to dimension two.

Lemma 3.4. — Let S be a generalized surface defined by an integrable 1-form w. If
i:(C?,0) — (C3,0) is a transversal inmersion, then i*T is a generalized curve.

Proof. — Consider a reduction of &:
W:(Mk,gk) —r e > (M():U,go),

U a neighbourhood of 0 € C3, and lift 4 to 7 : (C2,0) — (Mj, P), transversal, with
P € Sing(7}). Let Ej be the exceptional divisor 7~ !(Sing(F)).

If e(Ey, P) = 2, 94 is a cylinder over the foliation i*J, so P is not a saddle-node
for i*Fy.

If e(E, P) = 3, blow up again P. The strict transform of i after this new blow-
up will be transversal to the transform of ¥, in three points corresponding to the
three axis of Sing(¥ ). These are now points of dimensional type 2, and the result
follows. O
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Lemma 3.5. — Let & be a generalized surface, defined by w, and f = 0 a reduced
equation of its set S of separatrices. Then vo(w) = vo(df).

Proof. — Take an inmersion i : (C2,0) < (C3,0) transversal to & and to T g (= df).
By previous lemma, i*Y is a generalized curve, having i~!S as separatrix. As i is
transversal to &, i~1S is a separatrix of i*7; as a consequence of [6], we have that
for & non dicritical, every separatrix of i*& extends to a separatrix of &, see also
[10, Section 5.6]. By transversality, vo(w) = vo(i*F) = vo(d(f 03)) = vo(df). O

Lemma 3.6. — Let I be a generalized surface in (C3,0). If & has precisely three
transversal smooth separatrices at 0, then & is simple.

Proof. — Choose local coordinates such that the set of separatrices of & is (x1z223 =
0). Then ¥ is given by a 1-form
( diL‘l dZL’Q dl‘3 )
w=2x1T2x3 |\ 01— +a2— +a3— |,
z1 T2 z3

where a; € C{z1,T2,23}. Any transversal inmersion i : (C2,0) — (C3,0), through a
point P, with P # 0, P € Sing(¥) is a generalized curve and it has two separatrices,
then, by [2, Lemma I1.3.1], i*& is simple.

Take now a transversal section ¢ through the origin. The foliation i*& has three
transversal smooth separatrices, and it is a generalized curve, so vy(i*w) = 2.

By Lemma 3.5, vo(w) = 2, so vg(a;) = 0 for some i. Then the origin is a pre-simple
singularity, and all the separatrices in a neighbourhood of 0 are simple, so 0 itself is

simple. O
Proof of Theorem 1.1. — Desingularize the separatrix set S of &, of reduced equation
f=0:

T M, = M, ] — - —5 My =U C C3.

After this, we have a foliation &,, on M,,. Every P € Sing(¥,) is in the crossing
of 2 or 3 smooth surfaces, invariant by &, (namely, the total transform of S). In
fact, according to Lemma 3.5, a regular point of the total transform of S cannot be
a singular point for &. If P is a point in the intersection of two components, take a
transversal at P, it is a generalized curve with two separatrices, so it is simple. Then
I is simple of dimensional type two.

If P is in the intersection of three components, Lemma 3.6 shows that &, is simple
at P. U

Example 3.7. — As told in the introduction, in a previous paper [12], we studied
quasi-ordinary cuspidal foliations in (C3,0), i.e., foliations generated by a 1-form

w = d(2* + zPy?) + A(z, y)dz.

satisfying the integrability condition d(zPy?)AA(z,y) = 0. In that paper the reduction
of singularities is analyzed carefully, according with the parity of p, ¢q. It can be seen
that reduction of the singularities of the separatrices for these foliations agrees with
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reduction of the singularities of the foliation. So, they provide an example of the

generalized surfaces we have studied in this paper.
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THE GALOISIAN ENVELOPE OF A GERM OF FOLIATION:
THE QUASI-HOMOGENEOUS CASE

by

Emmanuel Paul

A José-Manuel, pour ses 60 ans

Abstract. — We give geometric and algorithmic criterions in order to have a proper
Galois envelope for a germ of quasi-homogeneous foliation in an ambient space of di-
mension two. We recall this notion recently introduced by B. Malgrange, and describe
the Galois envelope of a group of germs of analytic diffeomorphisms. The geometric
criterions are obtained from transverse analytic invariants, whereas the algorithmic
ones make use of formal normal forms.

Résumé (L’enveloppe galoisienne d’un germe de feuilletage : le cas quasi-homogéne)

Nous donnons des critéres géométriques et algorithmiques pour qu’un feuilletage
quasi-homogeéne en dimension deux posséde une enveloppe galoisienne propre. Nous
rappelons cette notion récemment introduite par B. Malgrange et nous décrivons
I’enveloppe galoisienne d’un groupe de germes de difféomorphismes analytiques. Les
critéres géométriques sont obtenus & partir d’invariants analytiques transverses, tan-
dis que les critéres algorithmiques utilisent les formes normales.

Introduction

There are several notions of integrability for a system of differential equations.
Most of them are related to the existence of a sufficient number of first integrals for
the solutions of the system. These definitions differ each other on the additional prop-
erties required for this family of invariants functions. We can separate them into two
types:

— conditions between the first integrals: one may ask commutativity conditions for
the Poisson bracket, or relax such a condition;
— conditions on the nature of these functions: rational, meromorphic or multivalued
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270 E. PAUL

functions in some “reasonable” class of transcendency.

The main methods for proving non integrability (analytical methods, Ziglin method
or Morales-Ramis method) are based on the linearization of the system around a par-
ticular solution. Therefore they only deliver sufficient criterions on non integrability,
using for the last mentioned method linear differential Galois theory.

In order to investigate the second type of condition, and —in the future— to get
necessary and sufficient conditions for integrability, we have to consider the system
in the whole, which suggests to consider a non linear differential Galois theory. The
first attempts in this direction was done by J. Drach and E. Vessiot. More recently,
B. Malgrange introduced in [12] (see also the introductive version [13]) a “Galois
envelope” for any dynamical system, namely the smallest D-groupoid which contains
the solutions of the system. Roughly speaking, a D-groupoid is a system of partial
differential equations whose local solutions satisfy groupoid conditions outside an
analytic codimension one set. They are not strict Lie groupoid, in order to deal with
singular systems. As a matter of introduction to this notion, we shall describe in the
first section the Galois envelope of a group of germs of analytic diffeomorphisms at
the origin of C.

Each D-groupoid admits a D-algebra obtained by the linearization of its equations
along the identity solutions. The local solutions of this linear differential system are
stable under the Lie bracket outside of a codimension one analytic set. The Galois
envelope of a singular analytic foliation & is the smallest D-groupoid Gal(¥) whose
D-algebra contains the germs of tangent vector fields to &. It is a proper one if it
doesn’t coincide with the whole groupoid Aut(¥) obtained by writing the equations
of invariance of the foliation under a local diffeomorphism. In this case —which is not
the general case—, its solutions satisfy an additional differential relation, and we shall
say that the foliation is Galois reducible.

For a local codimension one singular foliation defined by a holomorphic one-form
w, this reducibility property is equivalent to the existence of a Godbillon-Vey sequence
of finite length for w (at most three): there exists a finite sequence of meromorphic
one forms wy, wi, and ws such that wg is an equation of the foliation and

dwo = Wp /\wl, dw1 = Wo /\w27 d(.UQ = w1 N\ ws.

This fact was described in a manuscript of B. Malgrange [14], and then has been
extensively proved by G. Casale in [5] with some different arguments. In particular,
the transverse rank of GalY (i.e. the order of its transverse local expression) is also
the minimal lenght of a Godbillon-Vey sequence for &. Finally, G. Casale proved in [2]
that this Godbillon-Vey condition is also equivalent to the existence of first integrals
for the foliation with a particular type of transcendency which belongs to a Darboux
or Liouville or Riccati type differential extension, according to the transverse rank of
the Galois envelope. These different points of view on the Galois reducibility admit a
generalization for higher codimension foliations: see [6] for the Painlevé 1 foliation.
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In the present paper we shall only deal with codimension one foliations in ambi-
ent spaces of dimension two. Therefore, we expect the existence of at most one first
integral, and we only have to discuss the second type of integrability condition: the
existence of such a first integral in a given class of transcendency. The previous dis-
cussion allows us to reformulate the integrability problem as following: give necessary
and sufficient criterions for the Galois reducibility of a germ of codimension one fo-
liation. We present an answer to this problem in the following context: & is defined
by a vector field X = X} + --- where the “initial” hamiltonian vector field

Oh 0 Oh 0

Xp=—— ———
Oy 0xr Ox dy

is quasi-homogeneous with to respect to R = pla:% +pzy3% (p1, p2 positive integers):
R(h) = 6h, 6 = degpr(h). The dots means terms of higher quasihomogeneous degree.
We furthermore require that h has an isolated singularity (with Milnor number u)
and that X still keep invariant the analytic set h = 0. Therefore, X is a logarithmic
vector field for the polar set A = 0, and we have:

X =aXp+bR, a€ Os,b€ O, a(0) =1

with degr(bR) > degr(Xp). The restriction to this class of foliation is motivated by
the two following reasons:

— the desingularization of these foliations by blowing up’s is “simple”: it is similar to
the one of the quasi-homogeneous function h: the exceptional divisor is only a chain
of projective lines and all the pull-back of the irreducible components of h —excepted
the axis if they appear in h— meet the same “principal” projective line C.

— in this class of foliations, we have at our disposal formal normal forms which give
us complete formal invariants: see [21].

This will allow us to give two different types of criterions for the Galois reducibility
of & : a geometric one which is related to the holonomy of the principal component
C of the desingularized foliation, and an algorithmic one which directly holds on the
normalized formal equation of the foliation. For the first one, let us denote Hol(¥) the
holonomy group of the principal component C' for the desingularized foliation. This
is an analytic invariant of & (in fact, this “transverse invariant” is also a complete
invariant in this quasi-homogeneous context: see [8]). We prove in theorem (2.4) the
following result :

Theorem 1. The Galois groupoid of the germ of quasi-homogeneous foliation &F
is a proper one if and only if the Galois envelope of Hol() is a proper one.

This theorem reduces the initial problem to the determination of the Galois enve-
lope of a subgroup G of Diff (C,0), which is described in the first section (theorem 1.8).
The main argument in the proof of this theorem is an extension of the equation which
define the Galois envelope of Hol(¥) to the whole exceptional divisor. This is possi-
ble, since the elements of the holonomy group of C' are solutions of this equation and
therefore keep it invariant. This proof suggests that even in non quasi-homogeneous
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cases, these criterions for the Galois reducibility will only depend on the transverse
structure of the foliation.

Theorem 1 is not an explicit criterion since in general, we can’t compute the in-
variant Hol(¥). In order to get an algorithmic criterion, we recall in section 3 the
formal normal forms for this class of foliations. Notice that in general these mod-
els are divergent models. The radial component of these normal forms make appear
a collection #(¥) of p formal one-variable vector fields, and it turns out that this
collection (up to a commun conjugacy) is a complete invariant for the formal class
of . It must be surprising to try to charaterize the Galois reducibility of & using
only formal invariants. Nevertheless, we can perform it according to the two following
facts:

— if a foliation is Galois reducible, then its formal normal form is a convergent one;
— if the foliation ¥ is a “non exceptional” one (see [7]), then there exists a convergent
conjugacy between & and its model.

Clearly, for exceptional foliations, we need an additional condition on the analytic
class of &, which is not yet an algorithmic one. The central result of this work is the
following theorem which summarize theorem 3.5, corollary 3.7 and theorem 3.8:

Theorem 2. If the quasi-homogeneous foliation & is a non exceptional one, the
Galois envelope of & is proper if and only if the explicit invariant £(F) generates a
finite dimensional Lie algebra. In this case, this one is always of dimension one, and
the foliation is at most Liouvillian.

If the quasi-homogeneous foliation & is an exceptional one, the Galois envelope
of & is proper if and only if the explicit invariant £(F) is a finite dimensional Lie
algebra, and the analytic invariants of & are of “unitary” or “binary” type. In this
case, the foliation will be a Liouvillian one (for unitary invariants), or of Riccati
type, (for binary invariants).

We shall recall in the first section the definition of unitary or binary invariants
which is a terminology introduced by J. Ecalle. The first part of the theorem is an
extension of a result of F. Loray and R. Meziani for nilpotent singularities [11], while
the second one is an extension of a theorem of G. Casale for reduced singularities
[5]. Notice that in the local context, the Galois reducible foliations which are not
Liouvillian are very rare.

Clearly, the relationship between the algorithmic invariant (&) and the geomet-
ric one Hol(¥) has a transcendental nature since the first one is directly obtained
from the differential equation whereas the second one is related to the solutions of
this equation. Nevertheless, for Galois reducible foliations we can describe this rela-
tionship: it reduces to the exponential map of the one-variable vector fields of £(¥).
In order to check this fact it is more convenient to consider an equivalent data to
Hol(¥): the relative holonomy of & with respect to its initial part defined by X, (see
section 4).
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Finally, we conclude this paper with a list of open questions related to the present
results.

1. The Galois envelope of a subgroup of Diff (C,0)

Let A be a disc around 0 in C. We first recall the list of all the D-groupoids on
A (see [14] and [3]). We denote (z,y,y1,Y2,.-.,Yr) the coordinates for the space of
k-jets of maps from A to itself.

Theorem 1.1. — The differential ideal of a D-groupoid on A is generated by a mero-
morphic equation of one of the five types:

1. D-groupoids of order zero: they are generated by an equation of the form: h(z)—
h(y) = 0 where h is a holomorphic function on A. We denote them: Go(h).

2. D-groupoids of order one: they are generated by an equation of the form:
n(y)(y1)™ — n(x) = 0 where n is an integer, and n a meromorphic function on
A. We denote them G7(n).

3. D-groupoids of order two: they are generated by an equation of the form: u(y)y1+
% — p(z) = 0 where p is meromorphic on A. We denote them Ga(u).

4. D-groupoids of order three: they are generated by an equation of the form:

v(y)y 2 + 2% -3 (%)2 — v(x) = 0 where v is meromorphic on A. We denote
them G3(v).

5. The D-groupoid of infinite order G, defined by the trivial equation 0 = 0, whose
solutions are the whole sheaf Aut(A).

The Galois envelope of a subgroup G of Diff (C,0) is the smallest D-groupoid in the
previous list which admits all the elements g of G as solutions. Clearly, the existence
of a proper Galois envelope of finite order k, only depends on the analytic class of
G. The Galois envelope for a monogeneous subgroup generated by g is the Galois
envelope of g itself, since all the iterates of g will also satisfy the same equation, by
composition or inversion stability. The Galois envelope Gal(g) of g is given by the two
following results, see B. Malgrange [14], and G. Casale ([3]). Let o = ¢’(0). If v is an
irrational number, then g is formally linearizable. We have:

Proposition 1.2. — A formally linearizable diffeomorphism has a proper Galois enve-
lope if and only if it is an analytically linearizable diffeomorphism. In this case, its
Galois envelope is a rank one D-groupoid.

If o is a rational number, g is a resonant diffeomorphism, and there exists an integer
q such that g7 is tangent to the identity. The following lemma

Lemma 1.3 ([3]). — For all non vanishing integer q, Gal(g) = Gal(g?).

reduces the study to the case a = 1. Any diffeomorphism tangent to the identity to an
order k is conjugated via a formal series to a normal form gy which is the exponential

of the vector field 1”_”;6 ;zlk %. Following the description of J. Martinet and J.P. Ramis,
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we obtain a complete analytic invariant Inv(g) of g by the following construction
(see [15]). Using 2k sectorial normalizations, one can prove that the space of the
orbits of g is obtained by gluing 2k bipunctured Riemann spheres (S;,0,00) with
local diffeomorphisms ¢? : (S;-1,0) — (S;,0) and ¢$° : (S;,00) — (Si+1,00). The
collection Inv(g) of these gluing maps up to global automorphisms on each (S;, 0, c0)
is a complete analytic invariant of g. This invariant Inv(g) is unitary if there exists a
positive integer p such that the gluing maps ¢? are of the form z — z/(1 + aizp)l/ p
and ¢$°: u — u at infinity (u = 1/z). It is a binary one when the gluing maps are
alternatively of the form z — z/(1+a;2?)'/? in 0 and u — u/(1 + b;uP)/? at infinity.
We have:

Theorem 1.4 (see [3]). — Let g be an element of Diff (C,0) tangent to the identity. The
Galois envelope Gal(g) is proper of rank two (resp. three) if and only if its analytic
invariant Inv(g) is a unitary one (resp. a binary one).

Remark 1.5. — The proof of this theorem make use of the following result (see [3]):
Let 04 be the formal vector field such that g = exp 04 (there is existence and unicity of
such vector field, and its multiplicity at 0 is greater or equal to 2). The diffeomorphism
g is a solution of a D-groupoid if and only the vector field 84 is a formal solution of
its D-Lie algebra.

We now discuss the Galois envelope of a subgroup G of Diff(C,0) generated by
91, gu- Let O (resp. ©) be the Lie algebra of one variable holomorphic (resp. formal)
vector fields which vanish at the origin: § = (ay2* + ---)d/dz. Recall that (see for

example [9]):

Lemma 1.6. — A subalgebra G of © (resp. @) is a finite dimensional one if and only
if G is at most of dimension two. Furthermore, such a Lie algebra is always a solvable
one, and if the multiplicity k of each element of G is greater or equal to two, then its
dimension is at most one.

Notice that such a result, and thus the following proposition, cannot be generalized
in a global situation, in which there exist three dimensional Lie algebras of one variable
vector fields which are not solvable ones.

Proposition 1.7. — If the subgroup G of Diff (C,0) has a proper Galois envelope, then
G is a solvable group.

Proof. — Let G; be the subgroup of G whose elements are tangent to the identity
map. If Gy is trivial, then G is abelian since the first derivative group [G,G] of G is
contained in G1, and we are done. Therefore, we suppose that G; is non trivial. For
each element g of G, let 6, be the element of © such that g = exp . From remark
1.5, the Lie algebra #(G1) generated by these vector fields is included in the solutions
of the D-Lie algebra of the Galois envelope of G, and is a finite dimensional one.
Therefore, from the previous lemma, its dimension is one, and there exist a vector
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field # and constants c, such that for all g in G, g = exp c,8. This proves that G is
an abelian group. Since [G, G] is contained in G4, the group G is a solvable one. [J

The converse of Proposition (1.7) is false: all the monogeneous subgroups are
abelian, but from (1.4), outside of the unitary or binary cases, they don’t have a
proper Galois envelope. The Galois reducibility is not only an algebraic property of
the group G.

We shall recall the formal classification of the solvable subgroups of Diff (C,0) (see
[21] or [7]). We denote G7 the subgroup of G of its elements tangent to the identity
map. We have:

— the group G is formally linearizable if and only if G is the trivial group;

— every solvable non linearizable group G is formally conjugated to a group Gy
of the following type:

k+1 d

Gy = —dexpt—— L NeA teT
N {gk’t P ok dz }

where A is a multiplicative subgroup of C* and T is an additive subgroup of C.
Furthermore, G is abelian if and only if A is a group of k-roots of 1. If G is not an
abelian group, the residue « vanishes, and the elements of G are obtained by lifting

homographies fixing 0 with the ramification z — z*.

— Following the terminology of D. Cerveau and R. Moussu [7], G is an ezceptional
subgroup of Diff (C,0) if G; is monogeneous. In particular, they are solvable groups.
These authors prove that, among the non linearizable groups, the non exceptional
groups are exactly the rigid ones: the formal classification coincides with the analytic
one. One should say that an exceptional group is a unitary or binary one when G; is
generated by a unitary or binary element.

Theorem 1.8. — The only subgroups of Diff (C,0) which have a proper Galois envelope
are:

(1) the analytically linearizable groups;
(2) the non exceptional solvable groups;
(3) the exceptional unitary groups;

(4) the exceptional binary groups.

Furthermore, the rank of their D-envelope is at most one in case (1), at most two
in cases (2) and (3), and at most three in case (4).

We call Liouvillian group every subgroup of Diff (C,0) whose Galois envelope is at
most of rank two, and Riccatitian group every subgroup of Diff (C,0) whose Galois
envelope is at most of rank three. In the present local situation, the Riccatitian non
Liouvillian groups are very rare: their class is restricted to the (non empty!) set defined

by (4)\ (3)-
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Proof. — We first check that these groups have a proper Galois envelope:

(1) Since the existence of a proper Galois envelope of finite order k only depends
on the analytic class of G, it suffices to consider a group of linear diffeomorphisms.
They keep invariant the differential form dz/z and therefore satisfy the differential
equation zy; — y = 0 which is, according to the notations of (1.1), the equation of
the D-groupoid G1(1/z). Remark that this is only an upper bound of Gal(G): for
example, if G is a group of periodic rotations, they keep invariant an holomorphic
function h and Gal(G) = Go(h).

(2) The formal model Gy of a solvable group is Liouvillian. Indeed, the differ-
ential form w = (1 4+ az®)/z*¥+1dz is invariant by each element f,; of Gy up to a
multiplicative constant cy ;. Therefore, each element of G satisfies

a(y)y1 = cxa(x),
where a is the coefficient of w. Derivating these equations, each element of G is a
solution of the same equation

a(z)a(y)yz + d'(y)a(@)yi — o' (@)a(y)yr = 0

where a’ is the derivative of a with respect to z. This is the equation of the rank two
D-groupoid G3(a’/a). The same previous remark holds: this is only an upper bound
of the Galois envelope of G: if G is abelian, its elements all satisfy the rank one
equation a(y)y; —a(z) = 0 of Gi(a). Now, if G is a non exceptional group, by rigidity,
it is analytically conjugated to G, and still have a proper Galoisian envelope of rank
at most two.

(3) and (4): Let G be an exceptional group and let g; be a generator of the mono-
geneous group G1, which is supposed to be unitary or binary. From (1.4), G; has a
proper envelope of rank two or three with equation £ = 0. If G is not equal to G,
we know from proposition 2 of [7] that G is generated by g; and a second resonant
element go. If g7 is tangent to the identity at order k, the normal form of G described
by [7] shows that g2* belongs to G; and therefore g2* = g! for some integer I. With
lemma (1.3), we conclude that g, also belongs to the Galois envelope of Gi, and
finally, Gal(G) = Gal(G).

On the converse, we now suppose that G has a proper Galois envelope. If G is a
trivial group, then G is formally linearizable and from proposition (1.2) we conclude
that G is of type (1). If Gy is non trivial, we know from (1.7) that G is a solvable
group. Either it is a non exceptional one, and G is of type (2), or it is an exceptional
one: (G; is generated by an element g;. Since the Galois envelope of this one is non
trivial, we know from theorem (1.4) that g; and thus G is of type (3) or (4). O

2. A geometric criterion for Galois reducibility

We first recall general facts on the Galois reducibility for singular holomorphic foli-
ations. Let & be a singular holomorphic foliation of codimension & on a n-dimensional
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holomorphic manifold of M. Following the definition of B. Malgrange [12], the Galois
groupoid of ¥ is its D-envelope, i.e. the smallest D-groupoid Gal(¥) wich is “admissi-
ble” for the foliation: its D-Lie algebra contains the tangent vector fields. The Galois
groupoid of & is always contained in the D-groupoid Aut(¥) of the germs of diffeo-
morphisms which keep invariant the foliation. We shall say that & is Galois reducible
if its Galois envelope is proper: Gal(¥) # Aut(¥). This property only depends on
the analytic class of the foliation, and is invariant by blowing up or blowing down
transformations.

If U is an open set in M on which the foliation is trivializable by tangent-transverse
coordinates (s,t), s = (81, Sp—k), t = (t1,-- - tx), the local ideal of Gal() can be
generated by equations (see [5]):

oT; ol
(1) 821 - Oa EZ (taTv e ata)

where F; are the equations of a D-groupoid on the k-dimensional polydisc ¢(U). The
rank of this local transverse groupoid doesn’t depend on the local chart [5]: this is
the transverse rank of Gal(7).

We now suppose that & is a codimension one foliation on a polydisc A in (C",0),
defined by a one-form w which satisfies the Frobenius condition. We may suppose that
the singular locus is at least a codimension two analytic set. From (1.1), the transverse
rank of & can only get the values 0, 1, 2, 3 or oo, the finite values corresponding to the
proper cases. A Godbillon-Vey sequence for w is a sequence of meromorphic one-forms
wy, such that

do=wAwi, dwi =wWAwg, -

A .
1
dw; = w Awjy1 + E (j)wj NWi—jr1
Jj=1

A Godbillon-Vey sequence of lenght [ > 1 is a Godbillon-Vey sequence such that
w; = 0,4 > 1. A Godbillon-Vey sequence of lenght 1, is a Godbillon-Vey sequence of
lenght 2, such that w; = p~1df/f for an integer p: fY/? is an integrating factor of w.
The existence of a Godbillon-Vey sequence of lenght ! only depends on the foliation
defined by w. We have (see [14] and [5]):

Theorem 2.1. — The foliation F has a Godbillon-Vey sequence of lenght I with [ < 3
if and only if the transverse rank of its Galois groupoid is at most [.

Furthermore, G. Casale has proved in [2] that the existence of a proper Galois
envelope for & is also equivalent to the existence of a transcendental first integral
which belongs to a particular type of extension, namely a meromorphic, Darboux,
Liouvillian or Riccatician type, according to the values [ = 0,1, 2 or 3 of the transverse
rank of Gal(¥). Therefore, in each case, one should call the foliation with the same
terminology.
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If L is a leaf of &, and if Hol(L) is the image of its holonomy representation, then
all its elements are solutions of the local ideal of Gal(¥). Indeed, for any loop v which
represents an element of 7 (L, m), we can cover y by trivializing open sets Uy, --- U,
such that the transverse coordinate on U; is an analytic extension of the previous
one. With this choice, the change of local coordinates are tangent to the foliation and
therefore are solutions of Gal(¥). By the stability under composition, the change of
coordinates between U, and U; is a solution of Gal(). In particular, its transverse
component —which is the holonomy representation of y— is a solution of the local
expression of Gal(&). From this remark, and since the existence of a proper Galois
envelope is an invariant property under birational maps, we obtain

Proposition 2.2. — If F has a proper Galois envelope, then any holonomy group of F

or of any foliation F obtained from F by blowing up’s has a proper Galois envelope
whose rank is at most the transverse rank of Gal(¥).

We shall prove that for the present class of quasi-homogeneous germs of foliations,
we have a converse of this statement. In order to do this, we consider the desingu-
larization process of &: see [22] or [17]. For a quasi-homogeneous foliation which is
a perturbation of the foliation defined by h = 0, extending an argument of [7], one
can prove that the desingularization process is the same as the one of dh, namely:
the exceptional divisor is a chain of projective lines which are invariant for the desin-
gularized foliation; all the strict pull back of each component of h = 0 different from
the axis are transverse to the same projective line C: we call it the principal one. One
can check that C' is also the space of the values for the meromorphic first integral
xP2 /yP1 of the quasi-radial vector field R. The singularities on C are the different
values corresponding to each branch of X, and 0, oo, which are the intersections with
other components. If  or y occurs in the decomposition of A, their pullback by the
composition of blowing up’s is a line transverse to the end components of the chain.
All the reduced singularities are resonant saddles (not necessarily linearizable), since
their linear part is obtained by the local expression of the desingularization of dh/h.
The projective holonom}jv of & is the holonomy of the principal component C' of the
desingularized foliation . We denote Hol(¥) the image of this representation: this
is a subgroup of Diff(C,0) defined up to a conjugacy (the choice of a transverse on
which we realize the holonomy group). The following result is announced in [8], and
proved for cuspidal singularities in [18]:

Theorem 2.3. — Two quasi-homogeneous germs of foliations &1 and F o are analyti-
cally equivalent if and only if Hol(F1) is conjugated to Hol(F3).

The easier following result can be proved independently:

Theorem 2.4. — The Galois envelope of the germ of quasi-homogeneous foliation &
is a proper one if and only if the Galois envelope of Hol(F ) is a proper one.
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Proof. — 1If the Galois envelope of & is a proper one, the same holds for Hol(¥) from
proposition (2.2). We now suppose that Hol(&) has a Galois envelope of finite rank
given by an equation E = 0 of type (0), (1), (2) or (3) in the list given by (1.1). Let
(s0,t0) be a local system of tangent-transverse coordinates on an open set Uy around
a regular point m in the principal component of 5, and let T' be the transversal
S0 = so(m). As above, we can extend E = 0 to a local equation Ey of a D-groupoid
on Uy whose transverse expression is £ = 0 and is admissible for the foliation setting:

oT oFT
aS_O’E<t7T’...atk‘>_0.

We can extend this D-groupoid along a path « by covering this path with open sets
Uy, @ =0, - -n with local systems (s, t): the first equation is preserved by a foliated
change of coordinates, and the second one E, = 0 is extended on Ug by 97, 3 E, where
tg = Yap(ta). If v is a loop, this analytic extension coincides at the end of y with the
initial groupoid: indeed, the composition of the transition maps 1,z is the holonomy
map of v and we know that this one is a solution of the Galois envelope, and therefore
keep invariant E, = 0. By this way, we get an extension of the D-groupoid Ey = 0
to the smooth part of the principal component C. Now, we can extend this groupoid
to a neibourhood of each reduced singularity on C, from a result of Guy Casale: see
proposition (5.2) in [5]. Let C’ be an adjacent component to C' and p a regular point
near from C N C’. One can choose local generators of the groupoid in p which are
still written under the previous adapted form. Furthermore, the local holonomy of
C’ around C' N C' is a solution of this groupoid. From the previous description of
the exceptional divisor, C’ gets at most two singularities, and the fundamental group
of the complement of its singularities is generated by one element. Therefore we can
extend the groupoid along C’ and inductively to the whole divisor. O

Such a type of argument can be used to prove that if Hol(¥1) is conjugated to
Hol(¥2), then this conjugacy gives a local conjucagy around m for the desingularized
corresponding foliations, whose transverse expression can be extended to the whole
divisor. The main difficulty in theorem (2.3) is to prove that for quasihomogeneous
foliations there is no tangent obstruction to construct a global conjugacy along the
divisor. Here, the existence of a proper Galois envelope -or of a Godbillon-Vey se-
quence: see [21] for the Liouvillian case- only involves transverse obstructions, and
thus are easier to obtain.

3. An algorithmic criterion for Galois reducibility

We want to test the Galois reducibility by making use of formal normal forms for
the germs of quasi-homogeneous foliations & x defined by the vector fields:

X =aXp 4+ bR, a € 02,0 € Oy, a(0) =1,deg(bR) > deg(Xp).
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In the general situation, both normal forms and conjugacies are formal objects. This
will only give a criterion of formal Galois reducibility. We can consider two definitions
for the formal Galois reducibility of an analytic foliation:

(i) There exists an analytic foliation &’ which is formally conjugated to & and
Galois reducible;
(if) The foliation & admits a formal finite Godbillon-Vey sequence.

Clearly the first one implies the second one, by taking with the formal conjugacy
the pull back of the Godbillon-Vey sequence of &' given by (2.1). We first choose
the second definition here, since we deal with formal models. But finally, it turns out
that, for our class of foliations, both definitions coincide (see remark (3.6) below):
when this criterion of formal Galois reducibility holds, we shall obtain convergent
final normal forms. Therefore, if we are in a non exceptional (or “rigid”) case, the
conjugacy will also converge, and we shall obtain an algorithmic criterion for analytic
Galois reducibility.

We first recall the construction of these normal forms and introduce the related
complete formal invariant, obtained in [21]. They generalize the normal forms of the
cuspidal case (h = y2 — z3) described in [23] and [10]. We split it into two steps:

First step: prengrmalization. It is based on the following general lemma. Let M be a
submodule of the @),-module of formal vector fields at the origin of C™, endowed with
a graduation, and stable under the Lie bracket (in the present case, M is the module
of logarithmic vector fields, endowed with the quasi-homogeneous degree induced by
R). Let X = Xg+ --- be a perturbation of the initial quasi-homogeneous vector field
Xy of degree &g by higher order terms.

Lemma 3.1. — [21] Let B be the image of the operator [Xo, ] in M, and W a com-

plement space of A = B+ ©,Xqy in M. There exist a vector field Y in W, a formal
diffeomorphism ® and a formal unity u such that ®*X = u(Xo +Y).

Notice that if we want to classify the vector fields instead of the foliations (i.e. if we
don’t work up to a unity) the same statement holds with a complement of B instead
of A. This lemma reduces the first step to an appropriate choice of a submodule W
isomorphic to the quotient space M/A. Denote by J the ring of first integrals of
the initial vector field X,. The rich cases for normal forms occur when 4 doesn’t
reduce to the constants. In our case, J = C[[h]]. Clearly, the quotient M/A is a J-
module, and one should naturally require the same property in our choice for W. In
our present situation (Xo = X, with a quasi-homogeneous function h which has an
isolated singularity), we can compute the quotient M/A (see [21] for details): this a
free J/-module generated by the p classes of vector fields ayR, where a1, --a, is a
monomial basis of the C-vector space 02/J(h), and J(h) is the jacobian ideal of h.
This allows us to choose W = X, ®_, Jaj R, and from lemma (3.1), we have
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Theorem 3.2. — Let X = aX}y, + bR be a perturbation of Xj. There exist an element
(dv,---dy) of C[[h]]*, a formal diffeomorphism ® which conjugates the foliation & x
to the foliation defined by the vector field

w
Y=X,+ Z dk(h)akR.
k=1
Furthermore, we can require that this conjucagy is “fibered” with respect to R, i.e. is
formally the exponential of a vector field proportional to R. Such a conjugacy keeps
invariant each trajectory of R.

Second step: final reduction. In the previous step, for a fixed complement space,
there is no unicity of the prenormal form Y. One can prove that the set of prenormal
forms for & x is the orbit of one of them under the action of a final reduction group
of transformations of the following type: ® = exp b - R, with a formal coefficient b in
J: b= b(h). Such transformations satisfy the relation ho® = ¢ o h for a one variable
formal diffeomorphism ¢. In order to study the action of this final reduction group
on the prenormal forms, it is convenient to introduce a modified expression of them.
We shall make use of the two following remarks:

i- Setting o = h=%/9_ he have [ X}, R] = 0. The introduction of this multivalued
coefficient will allow us to work with an abelian basis of logarithmic vector fields.

ii- Setting r; = @ we have R(aa;h™"") = 0. This will allow us to work with
coefficients which are constants for R.

Multiplying Y with «, and grouping coefficients in order to transform coefficients
a; in constants f; for R we obtain the following “adapted” prenormal forms:

(2) Xo+ 3 fa(hR

with X, = aXy, fi = aa;h™" and 6; = d;(h)h". By these two tricks, any element ®
of the final reduction group keep invariant X, and the coefficients f;. Therefore we
have

Iz p
" (Xo+ Y fibiR) = Xo + Y _ [i®*(5:(R)R).
i=1 i=1
The action of ® over §;(h)R is given by
. e(h)" ' R
®*(0;(h)R) = d; h)————
(8.0 R) = dso o) £
where ¢ is defined by h o ® = ¢ o h. This is the lifted action by h of the action of ¢
on the one-variable vector fields

i, d

91(2,’) = di(Z)Zn+1£.

Since r; = p;/§ for a positive integer p;, we can uniformize these vector fields setting
t=2%in q

0:(t) = 5—1di(t‘5)t1’i+1%
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We may choose ¢ -and therefore ®- in such a way that one of the vector fields 6; is
normalized under its usual normal form
i+l g
1+ At dt’
where k; is the multiplicity of each series d;. Going back to the non adapted prenormal
forms, we obtain the following final normal forms:

Theorem3.3. — Let Y = X, + > %_, di(h)axR be a prenormal form of X and i
an indice arbitrary chosen among 1,---u. There exists a diffeomorphism in the final
reduction group which conjugate Y to a mormal form Yy in which the coefficient of
indice i is a rational function of h of the following type:

hm
14 ARmin

where \ is a complex number, and m, n are positive integers.

d;" (h)

In fact, the previous argument gives rise to the following explicit formal invariant:

Proposition 3.4. — The family of the p formal vector fields 6;(t) up to a common
conjugacy is a complete formal invariant for the foliation defined by X. We denote it

2().

Notice that as soon as p is greater than two, we can’t normalize simultaneously
all the coefficients d; under a rational form. The final normal form is still a formal
object. A result of M. Canalis and R. Schafke in the cuspidal situation (h = y? — z3)
suggests that these final normal forms are defined by k-summable series in ¢: see [1].
Nevertheless, the generalization of this fact, and the computation of the order k& is still
an opened question. Furthermore, even if they are of the same nature (conjugacy class
of p one variable objects) the relationship between this algorithmic invariant ¥(%)
and the geometric one Hol(¥) is not clear (it is of transcendental nature), excepted
in the Galois reductible situations, in which we shall be able to specify it in the next
section.

We now give a criterion of formal Galois reducibility, for the class of quasi-
homogeneous foliations described in the introduction.

Theorem 3.5. — The following propositions are equivalent:

(1) The foliation & is formally Galois reducible;

(2) The Lie algebra generated by the elements of £(F) is a finite dimensional one;
(3) The Lie algebra generated by the elements of £(F) is one dimensional;

(4) ¥ is a formally Liowvillian foliation.

Proof. — The equivalence between propositions (2) and (3) comes from Lemma (1.6),
since one can check that the multiplicity of each vector field 6; is greater than one:
this is a consequence of deg(bR) > deg(Xp).
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We now prove the implication (3) = (4). Let 6 and c¢; be a vector field and
constants such that 6 = c,6. The adapted normal form obtained in (2) is here of the
following type:

Xo+ (O cif:)d(h)R.
i=1

The final reduction step normalize 6 -and therefore here all the 6;- under its usual
rational normal form. We obtain a convergent normal form Xy in the formal class
of ¥ x. In order to prove that the foliation & v defined by Xy is Galois reducible of
order two, by theorem (2.1) we have to prove that there exist two logarithmic one-
forms wy and w; such that wy define the foliation & x5 and w; is a closed form such
that dwy = wny Awi. We consider the logarithmic one forms (for details on this dual
point of view, see [21]):

1@:clnv/\dy
h h

_ dr — prxd dr Nd
(6 1Xh7')7 wR:p2y hpl y: h y(7R)

whzé_

Since dx Ady/h(6 * X, R) = 6" *R(h)/h = 1, {wg,wp} is a dual basis of {X},, R} for
the pairing (w, X) = w(X). Therefore, for any function f, we have df = R(f)wn +
Xn(f)wr, and the one-form aw;, — bwg define the same foliation as X = aX; +
bR. Notice that wg is not a closed form, but dividing it with a = h=%/%  we have
d(a~twgr) = 0: this is similar to the trick (i-). The foliation ¥y is defined by

I 1
w w

WN = Wwp — E a;di(h)wr = wh — E Fibi(h) =2 = wy — fc5(h)*aR

=1 =1

(0%

where f. = Y, c;f; only depends on ¢ = (c1,---¢,). Since R(f) = 0, we have
d(wn/d(h)) = 0, and the logarithmic derivative w; of d(h) is a closed form which
satisfies the Godbillon-Vey relation.

We now prove the main implication (4) = (3). We shall give another proof of it in
the next section. If & is formally Liouvillian then & x have a (formal) Godbillon-Vey
sequence of lenght two given by wy, wi, and it suffices to prove that £(¥ ) is one
dimensional. We can check that w; also keep invariant X : h = 0, with simple poles
along X (for this last point, which is only formally true, see [20]). Therefore, w; is
a closed logarithmic form and there exist two formal coefficients A and p such that
w1 = Awp + pwr. We may suppose that wy = Agwp,, where Aq in the residue of w; along
h = 0, even if it means replacing h with h o ® and replacing the logarithmic basis
with its pull back by ®: indeed, wy — Agwy, is a closed logarithmic form with vanishing
residue and therefore, there exists a formal coefficient g such that w; — Aowp = Agdg.
Setting u = expg we obtain: w; = Aod(uh)/(uh). Since h is a quasihomogeneous
function there exists a change of variable ® such that h o & = uh. Conjugating the
Godbillon-Vey relation by ® we normalize wi under the previous form, and ®*wy is
still normalized relatively to the new logarithmic basis.

SOCIETE MATHEMATIQUE DE FRANCE 2009



284 E. PAUL

Using the relations df = R(f)wp + Xi(f)wgr and d(wgr/a) = 0, we obtain

doy = d(wn — Y fiéi(h)%%) = =" £RE(R))wn A %R
=1

i=1

Therefore, the Godbillon-Vey relation dwy = wy A w; is equivalent to
2 W
Ao Z fibi(h) = — Z fi6i(h)Sh.
i=1 i=1

where ¢’ is the derivative of this one-variable function. The decomposition of any ele-
ment b under a sum Y% ; f;6;(h) or equivalently under a sum > ; a;d;(h) is unique.
Indeed, the space of prenormal forms W is isomorphic to the J-module coker(X}),
and this one is a free module over the basis given by the classes of aq,---a, (see
[21]). Therefore the Godbillon-Vey equation is equivalent to the p linear differential
equations
5h5;(h) = )\o5l(h), t=1--- M.

Since the functions d;(h) are solutions of the same one-dimensional first order linear
differential equation, we have §;(h) = ¢;6(h) for all 4 in {1,--- u}.

Finally, we have to prove the non trivial implication of (1) < (4), i.e.: any for-
mally Galois reducible foliation is a formally Liouvillian one. This is essentially a
consequence of (1.7). Indeed, if & has a proper Galois envelope, we know that the
same holds for Hol(¥). From theorem (1.8), Hol(¥) is a solvable group. According
to [20], this allows us to construct a formal Godbillon-Vey sequence of lenght two for
the foliation. We summarize this construction: from Theorem (1.7) of [20], a solvable
subgroup of Diff(C,0) admits a formal symmetry i.e. a formal one variable vector
field which is invariant up to a multiplicative constant by each element of the group.
Evaluating w on this symmetry, we obtain a local integrating factor whose logarithmic
derivative wy satisfies the Godbillon-Vey relation. We can extend w; on the regular
part of the principal component the exceptional divisor, since it is invariant by the
holonomy of this component. Then, we extend it along the whole exceptional divisor
with similar arguments as in the proof of (2.4). O

Remark 3.6. — If the foliation & is formally Galois reducible, then its final normal
form is a convergent one. Indeed, if the Lie algebra generated by the elements of £(F)
is one dimensional, then the action of the final reduction group will simultaneously
normalize each coefficient d;(h) under a rational form. Therefore the final normal
form of F has a convergent expression.

Following and extending the definition of D. Cerveau and R. Moussu in [7], a quasi-
homogeneous foliation & is a non exceptional foliation if and only if its invariant
Hol(¥) is a non exceptional group. Two non exceptional holomorphic foliations which
are formally conjugated are analytically equivalents: indeed, by [21], we know that
we can construct a conjugacy which is fibered with respect to R, and which is only
a transversally formal one. Therefore, the restriction of such a transformation to any
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fiber of R will define a conjugacy between the holonomy groups. Since they are non
exceptional this conjugacy is a convergent one.

Corollary 3.7. — We suppose that the foliation & is a non exceptional one. The fol-
lowing propositions are equivalent:

(1) The foliation & is Galois reducible;

(2) The Lie algebra generated by the elements of £(F) is a finite dimensional one;
(3) The Lie algebra generated by the elements of £() is one dimensional;

(4) & is a Liouvillian foliation.

Proof. — The first implication (1) = (2) (or (3)) comes from the corresponding
implication in Theorem (3.5). Since (4) = (1) is trivial, we only have to prove (3) =
(4). Let & be a holomorphic foliation such that #(<) is one dimensional. Following
the previous remark (3.6), its final normal form is a convergent one and defines a
holomorphic foliation & j, which is Liouvillian. Since & is a non exceptional foliation,
the conjucacy between & and &y is a convergent one and & is also a Liouvillian
foliation. O

Notice that for non exceptional germs of foliations, there doesn’t exist Riccatitian
foliations which are not Liouvillian. Clearly, for an exceptional foliation, we need an
additional criterion on the analytic class itself inside the formal one (they are all
formally Liouvillian). This one is given by theorem (2.4), and by the classification of
the groups of diffeomorphisms with proper envelope (1.8), and therefore is not yet an
algorithmic one:

Theorem 3.8. — An exceptional foliation & has a proper Galois envelope if and only
if the group Hol(¥) is an exceptional unitary or binary one.

4. Relationship between geometric and algorithmic invariants
for Galois reducible foliations

We introduced in section 2 the notion of projective holonomy, namely the holonomy
of the principal component C' in the desingularization of the foliation. For explicit
computations, the following notion of “relative holonomy” is more efficient. Let m be
a regular point of the desingularized foliation on C' and T the pull back of the fiber of
R corresponding to this value m. Any element of 7 (C,m) can be lifted into a path
from a point in T in a leaf of the initial foliation &} defined by dh = 0. We consider
the normal subgroup 7j(C,m) of w1 (C, m) corresponding to the elements which can
be lifted in loops in the initial foliation: this is the kernel of the representation of
the projective holonomy of &},. The relative representation of holonomy of & is
the restriction of the projective holonomy to 7i(C,m). We denote by Hol(¥, F},)
its image. This is a subgroup of the group Diff;(C,0) of germs of diffeomorphisms
tangent to the identity. We have:
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(i) The Galois envelope of Hol(&, &},) is identical to the one of Hol(¥);
(ii) The class of conjugacy of Hol(¥,F},) is still an analytic complete invariant

for &.

These two facts only hold for foliations & which are a perturbation of &}. Indeed,
in this case any element of Hol(¥) is a resonant one, and the statement (i-) is a con-
sequence of proposition (1.3). The second one can be deduced from theorem (2.3) by
proving that the relative holonomy groups are conjugated if and only if the projective
holonomy groups are conjugated. We don’t give the details since we shall not make
use of this result.

The main interest of this holonomy is a more efficient presentation of 7} (C,m)
interpreting its elements as horizontal classes of evanescent cycles. Let us develop
this point of view. We first remark that the quasi-radial vector field R is a basic
vector field for the initial foliation &p: from R(h) = Jh, we deduce that its flow
exp[7]R sends the fiber F,, : h = z on the fiber F, with the formula z = zpe™.
This implies that the flow of the vector field 6 'R commutes via h with the flow
zd/dz on the disc image of h. In particular, one can lift the circle with base point my:
explo]zd/dz - mg, o € [0, 2ir]. For o = 2im, we obtain a diffeomorphism

p = exp[2iT]6 'R

which keep invariant each fiber of h. This is the geometric monodromy of &p. The
diffeomorphism p is periodic with period §. The orbit of a point p on F, under the
action of p is a set of § points, intersection of F, with the trajectory T, of R through
p. The meromorphic first integral of R defines a projection mr onto C. From the
previous description, for any loop 7 in F, the § elements of its orbit via p have the
same projection by mr onto a loop which represents an element of 7] (C, m). Finally,
the elements of 71(C,m) can be identified to the classes of evanescent loops in a
fiber F, modulo the action of p, or also to the horizontal family of evanescent loops,
obtained by the action of the flow of R on v (the previous description is only the
intersection of this family with F}).

Let 71,---7, be a basis of the free group m(F.,p), and let I'y,---T', be their
projection in 7} (C,m) or their class modulo p. We want to compute their image hr,
in Hol(¥, ¥}1,) when & has a proper Galois envelope. In the non exceptional case, the
probleme reduces to the computation of Hol(¥ , %) where &y may be defined by
the following one-form written under its adapted form

"
WN = wp, — (; cifi> 5(h)%2.

Notice that the p one-forms n; = f;“% are horizontal, i.e. invariant under the action
of R. Indeed, we have

Lg(mi) = (ird + dig) (f%R) ~0
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since R(f;) = 0 and d(“2) = 0. Let n. = > i~ ¢;n;. The choice of ¢ = (c1,---¢cy)
completely determines the class of & . Since 7, is a horizontal form, its integration
T, = f% 1. only depends on the horizontal classe I';.

The vector field §(h)R is a vertical vector field, i.e. a vector field tangent to the
foliation defined by R, and its restriction on each fiber doesn’t depend on this fiber.
If we introduce local coordinates around a point p outside X defined by s = [ 7. and

t = h'/9 this vector field is a one variable holomorphic vector field  in ¢. In the final
tat! 4

final form, we have: 0 = e 4

Theorem 4.1. — The generators of Hol(¥ N, 1) are given by
hr,(p) = exp[T;]6 - p

where the T;’s are the periods of n. on the horizontal cycles T';.

We can remark that this holonomy is an abelian group. This is coherent, since for
any solvable group G of germs of diffeomorphisms, the subgroup of its elements which
are tangent to the identity is always an abelian one (see [7] or [20]).

Proof. — The foliation &y is also defined by the vector field

i=1

or by O‘;ih + 6(h)R with f. = Y%, ¢;fi. The key point here is that the vector field
a;i" commutes with §(h)R. Indeed, [a X}, R] = 0, f. is a first integral for R and 6(h)
a first integral for X}. Therefore we have:

expo] ( ajfh

c

+ 5(h)R> -p = exp[o]d(h)R o exp|o] a}Xh .

c

If o runs over a segment [0,7] in C, the first member is a path with origin p into
the leaf of &y through p. Likewise, the term exp[o] "‘;ih - p describes a path of origin
p into a leaf of the initial foliation &, and exp[o]d(h)R - ¢ is a path into a fiber
of the vertical foliation defined by R. Therefore, the first member defines a lift in
F n of a path in the initial foliation by the projection defined by R. If this path is

closed for ¢ = T, exp[T]6(h)R - p is its relative holonomy. Since nc(a;ih) =1, in the

(multivalued) coordinate s = [ 7. such a flow is a translation, and for the periods T;
of 7., the segments [0, T;] are covering of a basis ;. This proves the theorem. O

This allows us to characterize the exceptional foliations (i.e. those which have a
monogeneous relative holonomy group) on their normal form:

Corollary 4.2. — F N is an exceptional foliation if and only if the quotients of the
periods T; are rational numbers.

Finally, we can deduce from theorem (4.1) the following realization theorem:
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Theorem 4.3. — We fix the quasi-homogeneous curve X : h = 0 with Milnor number
w. Given a non exceptional abelian sub-group H of Diff1(C,0) generated by hq,---hy,
there exists a germ of quasi-homogeneous foliation whose relative holonomy group

Hol(Y,9) is H.

Proof. — In order to construct the class of 7 we have to choose aX;,+(>2% | ¢; f;)d(h)R.
Since H is a non exceptional abelian subgroup of Diff(C, 0), there exists an analytic
vector field 6 and a constants T; such that h; = expT;0 (see [20]). The vector field

6 induces a unique vector field d(h)R whose expression on each fiber of R is . We
only have to choose the constants c¢; which will induce the given relative holonmy.
The relationship between the constants T; and the ¢;’s is given by

nw
= ne=Ye [ u
T; j=1 T;

It follows that one should have the matricial equality T = M - C where T is the
column of the T;’s, C' is the column of the ¢;’s and M = (m; ;) with m; ; = fFi ;.
The coefficients of this matrix are constants since 7; and I'; are horizontal. Since the
loops ~y; generate a basis of the homology of the Milnor fiber and the n; a basis of its
cohomology, it is a well known fact that this matrix is an inversible one. Therefore,
we may compute C' from T O

Remark. If we admit that the relative holonomy group is a complete invariant of
the foliation, the previous result gives us another proof of the main implication (4) =
(3) in (3.7). Indeed, if & is a Liouvillian foliation, its relative holonomy group is a non
exceptional abelian subgroup H of Diff;(C,0). We can realize it by another foliation
given by a normalized vector field Xy, whose algoritmic invariant £(& ) is one
dimensional. Since the two foliations are analytically equivalent, we have £(¥n) =
£(F) up to a conjugacy, and £() is also one-dimensional.

5. Open problems

In the present class of quasi-homogeneous foliations, there remain the following
questions:

— Find the relation between the algorithmic invariant ¥(%) and the geometric one
(relative holonomy) outside the Galois reducible case. In the general case, this
transcendental relation will not reduce to the exponential of one variable vector
field. Probably, we shall have to consider Campbell-Hausdorff type formulae;

— Prove the k-summability for the final normal forms and find the geometric mean-
ing of this order k.

One can try to extend such a study to any germ of foliation in C2:
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— In the non dicritical case (i.e. when the exceptional divisor is an invariant set of

the foliation), outside the quasi-homogeneous context, we have no normal forms.
We would like to construct them, having in mind the present motivations: a good
representative of an holomorphic foliation may allow us to compute its Galois
envelope, and its geometric invariants. Of course, we agree divergent models in
order to get the previous conditions, and we expect their summability.

In the generic dicritical case (i.e. when the foliation is desingularized after one
blowing up such that the projective line is not an invariant set), we have formal
normal forms: see [19]. Can we make use of these models to compute their Galois
envelope?

We can also consider the following developments:

— (suggested by B. Malgrange) study the Galois envelope for any local codimension

one foliations: can we reduce it to the previous dimension two cases?

— study the Galois envelope of vector fields in (C2,0). This means that we first

have to classify vector fields not only up to a unity, and to construct formal
normal forms with respect to this classification.

— develop a similar study for an algebraic foliation on the projective plane near

1]

2]
3]
[4]
[5]
[6]
(7]
8]
(9]
[10]

[11]

an algebraic invariant set.
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Jorge Vitoério Pereira & Paulo Sad

To José Manuel Aroca in occasion of his 60" birthday

Abstract. — We consider a set I' of points in the projective plane obtained as the
intersection of two curves of the same degree. We blow-up the projective plane at
that points to get Sr. We consider the foliation &, in St obtained from the pencil of
the two curves above. Under generic conditions & is isolated in the space of foliations
of Sp.

Résumé (Rigidité des fibrations). — Nous considérons ’ensemble I" des points du plan
projectif obtenu comme intersection de deux courbes du méme degré. Nous éclatons
cet ensemble pour obtenir la surface St et nous considérons sur St le feuilletage
&~ obtenu & partir du pinceau de deux courbes précédentes. Sous des conditions de

1. Introduction

Let T be a finite set of points in the projective plane P? defined as the intersection
of two transverse curves of the same degree (we say that I' is a complete intersection
set); let also m : Sp — P2 be the blow-up of P? at the points of I'. The surface Sr
admits a natural foliation G p: the strict transform of the pencil Fr : FAG—GdF =0
generated by the curves {F = 0} and {G = 0} that define I".

A natural problem is to understand the families of reduced foliations of surfaces
(in the sense of [2]) containing (Sr, @r); this is related to studying the foliations of
P2, in a neighborhood of I, that have radial singularities close to the points of I

We consider in this paper the particular situation where the surface St does not

change in the family (or, equivalently, we look at the foliations of P? with radial
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singularities at the points of I'). The leaves of ¥ are fibers of the holomorphic
fibration (F/G) om — PL. In order to study a deformation & of this fibration (in the
space of foliations of Sr) we analyze how a generic fiber Cof & r is intersected by t
he leaves of . If C is not ¢-invariant then Wg.a = tang(¥, 6) + X(ﬁ), where N ¢
is the normal bundle of ¥, X(@) is the Euler characteristic of C' and tang(g C) is
the number of tangency points between & and C. Notice that tang(g C) > 0 and
also Wg C = /Vg .C by continuity. Since C is ¥p-invariant, N, C = Z(9, C)

C.C’, where Z(¥, C) denotes the number of singularities of Y along C, and we get
that tang(¥,C) = —x(C).

Let ¢ € N be the common degree of the polynomials F' and G. When ¢ = 1 or
¢ = 2 we have X(ﬁ) = 2 and we get a contradiction unless ¥ = Y1 ([12]). When
¢ = 3 we have tang(¥, 5) = —X(5) = 0 and therefore ¥ is transverse to the generic
fiber of ¥, implying that the regular fibers are all isomorphic; this is not possible
for a generic choice of F' and G, and we conclude again that & = & in this case
(see [11] for a related result). When ¢ > 4 this type of argument fails since X(@) < 0.
Nevertheless we are able to prove for ¢ > 3:

Theorem 1. — IfT is a generic complete intersection set then Fr is an isolated point
of the space of foliations of Sr, i.e., S is rigid.

In the statement generic complete intersection set refers to the set of base points of
a generic element of the space of lines of PH?(PP2, Op2(c)); in other words, the couple
(F,G) of polynomials of degree ¢ € N is generically chosen in order to define I'. In §3.2
we exhibit some examples of non-rigidity to show that the hypothesis of genericity is
necessary.

We have no result when the surface Sr changes in the family of reduced foliations;
but still we should mention that for ¢ = 3 we can only deform &t as a fibration
(starting with a generic choice of T'). In fact, 1 has Kodaira dimension equal to 1
and this dimension is constant along the family ([2]). We then apply the Classification
Theorem ([1]) to conclude that any foliation in the family is an elliptic fibration.

The proof of Theorem 1 relies on the analysis of the indexes of a plane foliation
along a smooth invariant algebraic curve. Let {F = 0} be such a curve, of degree
¢ € N, containing singularities of the foliation at the intersection points with another
curve {G = 0} of degree k < c. We prove then that if (F,G) is generically chosen
the set of indexes is sufficient to identify completely the foliation (Theorem 2.2).
Application of this result in order to prove Theorem 1 is not immediate; we have to
show first that the defining curves for the set I are invariant curves of the foliation.

Acknowledgements. — We are grateful to L.G. Mendes for posing the question
that originated this work.
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2. Variation of Indexes

2.1. Division Lemma. — All foliations, unless stated otherwise, are supposed to
have isolated singularities.

Let C C P? be a smooth curve of degree ¢ € N, invariant by a plane projective
foliation & € Fol(d) of degree d € N. The Lemma below can be implicitly found in
[4, Proof of Proposition 3]; we assume that & is defined by w = 0, w a homogeneous
1-form of C3 of degree d+ 1 (or by a homogeneous vector field of C? of degree d € N),
and that C is defined by F' = 0, F' a homogeneous polynomial of degree ¢ € N. Let
us denote by R the radial vector field of C3.

Lemma 2.1. — There exist a polynomial G of degree d—c+2 and a 1-form n of degree
d — c+ 1, both homogeneous, such that

deg(F)
deg(G)
Furthermore, the foliation &, defined by n = 0 depends only on & and C' when
d<2c—2.

w=GdF —

FdG+ Fn and ir(n) =0.

Proof. — It follows from ([4, Proposition 1]|) that there exist a homogeneous poly-
nomial G of degree d — ¢ + 2 and a homogeneous 1-form « of degree d — ¢ + 1 such
that

(1) w=GdF + Fo.

After contracting the above expression with the radial vector field we obtain

deg(F)FG+ Fira =0,
We rewrite (1) as

- deg(F) deg(F)
w = GdF — deg(G)FdG+F <a + deg(G)dG> .

and define n 1= o + $EEdG; it follows that ir(n) = 0.

Let us replace (1) by w’ = G'dF’ + F'a’, where w’ = Mw and F' = uF for A\, u € C.
Consequently:

W= (%G’) dF + F (%o/) — GdF + Fa
and

(%G' — G) dF = F (a — %a’) .

From (%G’ — G)‘
P; two possibilities arise:

o d < 2c—2; therefore £G' = G ,£a’ = a and we get

deg(F
o = o 4 deslf)

o = 0 we have £G" — G = P.F for some homogeneous polynomial

—
deg(G)dG =T
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e d=2c—2,s0that £G' — G = aF ,a — §a’ = adF for a € C. It follows that
a— 8o’ =£dG" — dG and again ' = §n.

O

We observe that &, may have a curve of singularities.

Our results follow from the analysis of the behavior of &, with respect to C' when
d < 2¢ — 2. For the moment we remark that:

e the singularities of & contained in C' are the points of {G =0} N C.

e C is not contained in the singular set of &, (because deg(n) < deg(F')).

e C is not &, -invariant (because otherwise deg(C) < deg(¥,) + 1, see [4], or
¢ < d—c+1). Let us write k = deg(G) = d — ¢ + 2 for simplicity, so that
deg(¥,) = k—2. Since tang(7,, C) = N, .C—x(C) = k.c— (2 — 2{=1=2),
we find tang(¥,, C) = c(k + c — 3); the tangency points between C and &, are
given by the common solutions of F' = 0 and dF'(Z,)) = 0 (Z,, is the homogeneous
vector field of C® of degree k — 2 which defines 7).

2.2. Indexes and Foliations. — In [13] we have proved the existence of foliations
of sufficiently high degree with prescribed linear holonomy group with respect to a
given curve. Here we will consider the opposite situation when the degree of the curve
is comparable to the degree of the foliation. More precisely we will consider foliations
of degree d € N which have an invariant smooth curve of degree ¢ € N such that
d < 2¢ — 2 (remark that in all cases ¢ < d + 1). This inequality is equivalent to
Z(F,C) < 2. As already pointed out it implies that the decomposition given by
Lemma 2.1 is essentially unique.

Let us take a pair of transverse algebraic curves C = {F = 0} and E defined by
polynomials of degree ¢ € N and k € N respectively; C' is supposed to be a smooth
curve and F' a reduced polynomial. Denote by Folc cng(d) the space of foliations of
degree d = ¢+ k — 2 which leave C invariant and have C'N E as the singular set along
C. We define the Index Map J(C,E) =4 as

j:FOlcvcmE(d) — ﬁ(CﬂE,(C)
I = (p—i(J,C,p))

where %(C N E,C) is the space of maps from I' to C and (&, C,p) is in the index of
& with respect to C at the point p (cf. [3]).

According to Lemma 2.1 , a foliation & € Folc,cng(d) is defined by a 1-form
w = GdF — (¢/k)FdG + Fn = 0; we may assume that £ = {G = 0}. A simple
computation shows that

(2) i(g,C,p):Z—ReS((Z>C,p) ,

where (%)IC means i* (%) for the inclusion i : C — P2,
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When C and E are transverse to each other at p € C N E, we have
. c -
3) u7,Cp) = e in(p)=0
The equality i*n (p) = 0 means that &, is tangent to C at p.

If the foliation is the pencil Y1 : GAF — (¢/k)FdG = 0, all k.c indexes at the points
of C' N E are equal to ¢/k; a natural question to ask is whether the converse is true.
This is not always the case (see [14] for a counterexample). Before stating the main
result of this Section, we need a lemma; set S; = H(P2, )(1)) and S; = PH® (P2, 0(1)))
for I > 0.

Lemma 2.2. — Let ¢ > k. There exists a Zariski open subset Ugy(c, k) C S. X Sy, such
that if (C,E) € Uo(c,k) then C and E are transverse to each other and no foliation
of degree k — 2 is tangent to C' at the points of C N E.

Proof. — Let Xp,(n) be the set of homogeneous vector fields of C? of degree n, and
H the set

{(F, G) €S, x Sk;H(Z,A,B) S Xh(k - 2) X Sk_3 X Sc_g;dF(Z) =AF + BG}

Then H is an algebraic subvariety of S x Sg. Let us show that H is a strict subvariety.
For that we take Fy € S, as the equation of a plane rational curve of degree ¢ with
nodal singularities and G defining a plane curve of degree k£ which is transverse to
{Fo = 0}. We know from the genus formula that {F; = 0} has % nodal
singularities. If (Fy, Go) € H, one has D fy(Zy) = Ao.Fo + By.Gy for a (Zy, Ag, Bo) €
Xp(k—2) x Sc_3 x Sg_3. Let us compute the number of intersection points between
{dFy(Zp) = 0} and {Fy = 0}:

e k.c points of {Fy =0} N {Gy = 0}, which are smooth points of {Fy = 0}.

e (¢ —1)(c— 2) points corresponding to the nodal singularities of {Fy = 0}

We have then k- c+ (¢ —1) - (¢ —2) = (k+ ¢ — 3) - ¢, contradiction.

Let now %(c, k) be the open subset of S. x Sy of pairs of curves (C, E) such that C
and E are transverse to each other; finally we set %(c, k) = U(c,k) N (Se x Sk \ H).
Consider (C,E) = ({F = 0},{G = 0}) € %(c, k) and suppose that dF(Z)(p) = 0 at
all points in C' N E for some Z € X, (k — 2). By Noether’s Theorem ([6]), dF'(Z) =
A.F + B.G for some (A, B) € S._3 x Si_3, so that (C, E) € H, contradiction unless
Z=0. O

Remark. — The argument above is inspired in Severi’s idea to prove the Brill-
Noether Theorem ([8], p. 240-244).

We have as a consequence:

Theorem 2. — Let ¢ > k. There exists a Zariski open subset Uy (c, k) C S. X Sg such
that if (C, E) € U1(c, k) then C is smooth, C and E are transverse to each other and
J(C, E) is injective.
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Proof. — Tt is enough to define % (c,k) C %(c, k) (obtained in Lemma 2.2) as the
set of pairs (C, E) € %(c, k) such that C is a smooth curve, and use (3). O

Before proceeding let us take a closer look at the case E is a conic.

Example 2.1. — When E is a conic then 7 induces a degree 0 foliation of P2. These
foliations are pencils of lines and, as such, are completely determined by the base
point of the pencil.

If n, is the degree 0 foliation corresponding to the pencil of lines through p = [a :
b: c] € P? then the tangency points between & n, and C are the points of intersection
of C' with its polar curve centered at p, i.e.,

oF OF OF
T,C C kernp(q) <= <a% + ba—y + c$> (99 =0,
where F' is an irreducible polynomial defining C. It follows from Noether’s Theorem
that the map J(C, E) is not injective if, and only if, there exists [a : b : ] € P? such
that

.. OF oF 8F)
G divides (a% + ba—y + C& ,

where G is quadratic polynomial which defines F.

When C is a conic then this never happens since a polar curve of C' has degree 1.
Thus for any C and any F the map J(C, E) is always injective.

When C is a cubic then the map J(C, E) is not injective if, and only if, E is a
polar curve of C.

Suppose now that C' is a quartic; let us identify the set of polar curves of C
with a projective plane A, linearly embedded in the projective space S;. If J(C, E)
is not injective then there exists a point in A intersecting Wi o, the image of the
multiplication map S; x Sy — Ss3. Since W 2 has codimension 2 in S3 then a generic
A will intersect W 5 is a finite set of points. Moreover it can be easily verified that
Wi 2 is a linear projection of the Segre Variety So 5 C P(C? ® C®) 2 P(S; ® S2) to S3
from a center that does not intersect Sz 5. Since the degree of Sy 5 (cf. [7, page 233])
is (*1?) = 21 then the degree of W 5 is also 21. Thus a generic A will intersect Wi
in 21 points counted with multiplicity. Translating to our situation we obtain that for
a generic C € Sy the cardinality of

{E €Sy | J(C,E) is not injective}
is 21.

For C of degree at least 5 we can argue as follows. Let A = IP’(C(% @ (C% @ (Ca%)
and X C S¢c_3 X Sg X A X S, be defined by the relation

([B],[G], 9], [F]) € & = [0(F)] = [B-G]
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Notice that every 0 € (C% &) (C% &) (Ca% acting as a derivation induces a surjective
linear map @ : S. — Sc._1. Thus if 71 : ¥ — S._3 X S X A is the natural projection
t0 Sc—3 X So X A then 7; induces a structure of P°T1-bundle on . In particular
c(c—3)

5
Since ¢ > 5, dim ¥ < dim S, and consequently U = S, \ m2(X) # @ where 13 : ¥ — S,
is the natural projection to S..

We conclude that for every C' € U and every E € Sy the map J(C, E) is injective.

dim =c+ 8+

We summarize the discussion above in the following table.

degree of C | type of C | {E € S| J(C, E) is not injective }
2 arbitrary empty
3 arbitrary {aF, +bF, + cF, = 0}[g:p:cep2
4 generic finite with 21 elements
>5 generic empty

3. The Rigidity of a generic Yr: Proof of Theorem 1

The proof of Theorem 1 will follow from the above results. We start with a simple
lemma:

Lemma 3.1. — Let T be the intersection of two transversal curves C = {F = 0} and
E = {G = 0} of degree ¢ and k respectively and let F be a holomorphic foliation of
degree ¢ + k — 2 with singular set containing I'. Then & is induced by a 1-form
deg(F)
deg(G)
where a and B are homogenous 1-form satisying ira = igB = 0. In particular « and
B define foliations of P? of degrees k — 2 and ¢ — 2 respectively.

w=GdF —

FdG + Fa + G3,

Proof. — A direct application of Noether’s Theorem ([6]) gives that & is induced by
a 1-form w = Fag + GBy. Thus igw = 0 implies that Figrag = —GirBy. To conclude

it is sufficient to take o = ag + gz:gg% FdG and B = By + (—GdF). O

Let C = {F = 0} and E = {G = 0} be transverse curves of degree c in P? and
let T' = C N E. Recall from the introduction that we denote by 7 : Sp — P? the
blow-up of P? at the points of ' and by ¥ the strict transform of the foliation I
induced by FdG — GdF = 0. If ¥ is a foliation close to ¥ then both & and Y are
transversal to the exceptional divisor of Sy. Thus & = . is a foliation of P? with
radial singularities on I'. Let now %2(c,c) C Ui(c,c) C Up(c, c) be the Zariski open
subset of S; x S, with the property that if (C, E) € %(c,c) then both C and E are
smooth curves.
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Using Lemma 3.1 we see that & is induced by
w=GdF — FdG+ Fa+ Gg

where both o and g induce foliations of degree ¢ — 2. We write this equality using
homogeneous vector fields in C3:

Z=Zr+F.Zo+G.Zs

where Z defines &, Zr defines the pencil Yt and Z,, Z3 define the foliations associ-
ated to @ = 0 and B = 0, respectively.

We claim that § = 0, that is, C is Y-invariant. If not, we observe that
tang(¥,C,p) > 2 at any point p € I'; therefore the points of I' contribute at
least 2¢? to tang(7, C). The points of tangency between & and C are the common
solutions to dF'(Z) = 0 and F' = 0, or G.dF'(Zg) = 0 and F' = 0. Since we have
already c? solutions to G = 0 and F = 0, it follows that the points of T' are also
solutions to dF(Zg) = 0 and F = 0. Consequently ¥4 is tangent to C along the
points of I, which is impossible since (C,E) € Usz(c,c) C Up(c,c¢) (Lemma 2.2).
Therefore g = 0.

Finally we may apply Theorem 2 to (C, E) € Uz(c,c) C Ui(c,c) to conclude that
«a = 0. This concludes the proof of Theorem 1.

Remarks. — When ¢ > 3 we do not really understand for which pair of curves
the conclusion of the Theorem holds. For instance we do not know if the conclusion
holds if we suppose that the pencil is a Lefschetz pencil, i.e., all singularities have
multiplicity one and every element of the pencil has at most one singularity.

Theorem 1 is also true for generic complete intersection sets defined as the the
intersection of curves {F = 0} and {G = 0} of degrees k and ¢ with k < ¢; the
fibration which is the desingularisation of GdF — £ F'dG = 0 is rigid. The same proof
as above applies with minor modifications.

3.1. Fermat Curves and Non-Rigid Foliations. — In order to conclude we
exhibit below a family of examples showing that Theorem 1 does not hold for arbitrary
I’ when ¢ > 3.

Example 3.1. — For every c > 3 there exists a complete intersection I' C P? of degree
c? such that It is not rigid.

Proof. — It C = {z¢ — y® = 0} and E = {y® — 2° = 0} then the pencil generated
by C and E is a pencil whose generic element is isomorphic to the Fermat curve of
degree c and three singular elements: C, F and {z¢ — 2 = 0}. Let wa.—2 be a 1-form
which defines the associated foliation.
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The pencil generated by {z¢(y® — 2¢) = 0} and {y°(x° — 2°) = 0} defines a foliation

of degree
c+1= dc—2 - 3(c—1)
~——
is a pencil of degree 2c curves  with 3 singular fibers of degree 1 and multiplicity ¢

and has radial singularities at I' = C'N E. Denote by 7.4+1 the 1-form which induces
this foliation. Thus for arbitrary P._3 € S._3 the strict transform of the foliation
associated to the 1-form

Wac—2 + P073770+1
is a deformation of Y. O
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THE ¢-ANALOGUE OF THE
WILD FUNDAMENTAL GROUP (II)

by

Jean-Pierre Ramis & Jacques Sauloy

Abstract. — In a previous paper, we defined g-analogues of alien derivations and stated
their basic properties. In this paper, we prove the density theorem and the freeness
theorem announced there.

Résumé (Le g-analogue du groupe fondamental sauvage (II)). — Dans un article précédent
nous avons défini les g-analogues des dérivations étrangéres et leurs propriétés de
base. Dans cet article nous démontrons le théoréme de densité et d’indépendance que
nous y avions annoncé.

1. Introduction

1.1. The problem. — In this paper we shall continue the study of the local mero-
morphic classification of g-difference modules. In [10] we gave such a classification in
Birkhoff style, using normal forms and index theorems; this classification is complete
in the “integral slope case". (One could extend it to the general case using some results
of [3].)

In [6] we introduced a new approach of the classification, using a “fundamental
group” and its finite dimensional representations, in the style of the Riemann-Hilbert
correspondence for linear differential equations. At some abstract level, such a clas-
sification is well known: the fundamental group is the tannakian Galois group of the
tannakian category of local meromorphic g-modules. But we wanted more informa-
tion: our essential aim was to get a smaller fundamental group which is Zariski dense
in the tannakian Galois group and to describe it explicitly, in the spirit of what was
done by the first author for the differential case [5].
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302 J.-P. RAMIS & J. SAULOY

In [6] we built a family of elements of the Lie algebra of the tannakian group, the
g-alien derivations, we achieved our program for the one-level case and we announced
the main results in the general case. The aim of the present paper is to give some
proofs omitted in [6] for the multi-level case. We will finally give a more precise
algebraic formulation of our results in [7], which will end the series.

1.2. Contents of the paper. — General notations and conventions are explained
in the next paragraph 1.3. In section 2, we recall basic properties of the category é,go)
of linear analytic ¢-difference equations with integral slopes, and the structure and
action of its Galois group G:(LO). In section 3, we recall the unipotent structure of the
Stokes subgroup &t of Ggo)’ and the construction (taken from [6]) of elements of the
Lie algebra st of &t, the so-called g-alien derivations. Our “g-analogue of the wild
fundamental group” is the Lie subalgebra they generate. We then prove in 3.2 and 3.3
our main results: density and a freeness property of the g-alien derivations. In section
4, we summarize what remains to be solved, and will be the contents of [7].

The paper is written so as to be read widely independently of [6] - granted the
reader is willing to take on faith some key points. The principle of the proofs is
almost purely tannakian, but we have stated explicitly the underlying methods and
prerequisites. Moreover, they are described in a concrete, computational form (with a
systematic use of matrices). Since neither g-difference equations, nor even tannakian
methods are so popular, this may help the reader to get familiarized with either
domain. Note that, since we heavily rely on transcendental tools, the methods here
are, to a large extent, independent of those of M. van der Put and his coauthors.

1.3. General notations. — The notations are the same as in [6]. Here are the
most useful ones.

We let ¢ € C be a complex number with modulus |¢| > 1. We write o, the g¢-
dilatation operator, so that, for any map f on an adequate domain in C, one has:
0qf(2) = f(gz). Thus, o4 defines a ring automorphism in each of the following rings:
C{z} (convergent power series), C[[z]] (formal power series), &(C*) (holomorphic
functions over C*), §(C*,0) (germs at 0 of elements of £)(C*)). Likewise, o, defines
a field automorphism in each of their fields of fractions: C({z}) (convergent Laurent
series), C((z)) (formal Laurent series over), #(C*) (meromorphic functions over C*),
M(C*,0) (germs at 0 of elements of M(C*))

The o4-invariants elements of M(C*) can be considered as meromorphic functions
on the quotient Riemann surface E, = C*/ ¢%. Through the mapping z — z = 27,
the latter is identified to the complex torus C/(Z+ Z7), where ¢ = e%77. Accordingly,
we shall identify the fields #(C*)?* and M(E,). We shall write a — @ the canonical
projection map 7 : C* — E,; and [¢;q] = 77! () = cq? (a discrete logarithmic
g-spiral).

Last, we shall have use for the function § € ©(C*), a Jacobi Theta function such
that 040 = 26 and 6 has simple zeroes along [—1; ¢]. One then puts 0.(z) = 6(z/c), so
that 0. € O(C*) satisfies 0,0. = (2/c)f. and 0. has simple zeroes along [—c; ¢|.
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THE ¢-ANALOGUE OF THE WILD FUNDAMENTAL GROUP (II) 303

2. Linear analytic g-difference equations

A linear analytic (resp. formal) g-difference equation (implicitly: at 0 € C) is an
equation:

(1) 04X = AX,

where A € GL,(C({z})) (resp. A € GL,(C((#)))). There is an intrinsic description
as a “g-difference module M4”, which runs as follows. We consider the operator ® 4
on C({z})" which maps a column vector X to A~'c,X. This can be abstracted
as a finite dimensional C({z})-vector space V endowed with a so-called “o,-linear
automorphism” ®. A g¢-difference module is such a pair M = (V, ®). Here, we have
Ma = (C({z})", ®.).

We shall here stick to the matrix model and, for all practical purposes, the reader
may identify the equation (1), the matrix A and the g¢-difference module M4 with
each other. For instance, we call solution of A, or of (1), or of M 4 in some extension
K of C({z}), on which o, operates, a column vector X € K™ such that 0,X = AX.
The underlying space of A € GL,(C({z})) is C({z})".

2.1. Description of the tannakian structure. — We now proceed to describe
the tannakian category of analytic q-difference equations &9 There is a similar de-

~ (0
scription for the corresponding formal category 6( ). The objects of &© are linear
analytic g¢-difference equations (1). A morphism from A € GL,(C({z})) to B €
GL,(C({z})) is a matrix F € M, ,(C({z})) such that:

2) (0,F)A = BF.

This just means that F' sends any solution X of A to a solution F'X of B. One can
check that &% is an abelian category. Indeed, it is the category of finite length left
modules over the euclidean non-commutative ring 9y i of ¢-difference operators over
K = C({z}).

The abelian category &9 is endowed with a tensor structure. The tensor product
A; ® Az of two objects (resp. the tensor product F; ® F» of two morphisms) is just
the Kronecker product of the matrices; of course, we must define a consistent way of
identifying C" ® CP with C™?, or C({z})" ® C({z})* with C({z})"" (see, for instance
[11)).

The unit object 1 (which is neutral for the tensor product) is the matrix (1) €
GL1(C({z})) = C({z})", with underlying space C({z}). The object 1 of course corre-
sponds to the “trivial” equation ) ¢z = z. One easily checks that the space Hom(1, A)
of morphisms from 1 to A is exactly the space of solutions of A in C({z}), or, equiv-
alently, the space of fixed points of ®4 in C({z})". We shall write T'(A) or I'(M,)

(1) In differential Galois theory, the matrix A of a system is in M, (C({z})) (rather than in GL,),
the trivial equation is 2’ = 0, etc. The theory of g-difference equations rather has a multiplicative
character
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304 J.-P. RAMIS & J. SAULOY

that space, as it is similar to a space of global sections (and, indeed, can be realised
as such, see [14]).

The characterization (2) of morphisms can itself be seen as a g-difference equation
0,F = BFA™'. This means that there is an “internal Hom” object, which can be
described in the following way. Consider the linear operator F' — BFA™! on the
vector space M, ,(C({z})). Through identification of M, ,(C({z})) with C({z})"?",
this operator is described by a matrix in GL,,(C({z})), which yields the desired
equation. We shall write Hom(A, B) the corresponding object. Thus, one gets:

(3) I'(Hom(A, B)) ~ Hom(1,Hom(A, B)) ~ Hom(A, B).
Actually, this is a special case of the following canonical isomorphism::
(4) Hom(A, Hom(B,C)) ~ Hom(A ® B, C).

The reader will check that the object Hom(A,1) has the following description. The
underlying space is M1 ,,(C({z})), which we identify with C({z})". The corresponding
matrix for the linear operator F +— F A~ is the contragredient matriz AY =*A~1. We
call the object AV the dual of the object A. From this, we get yet another construction
of the internal Hom:

(5) Hom(A, B) ~ AV ® B.

We summarize these properties by saying that &9 is a tannakian category. This
is halfway to showing that it is (isomorphic to) the category of representations of
a proalgebraic group, our hoped for Galois group. To get further, one needs a fiber
functor on & This was defined and, to some extent, studied in full generality in
[13], [12] and [6]. However, for our strongest results, we need to restrict to the case
of integral slopes.

2.2. Equations with integral slopes. — In [13], one defined the Newton polygon
of a g-difference module (analytic or formal). This consists in slopes @ py < -+ < g
(rational numbers) together with ranks (or multipicities) 71, ..., rg (positive integers).
We shall say that a module is pure isoclinic if it has only one slope and that it is pure
() if it is a direct sum of pure isoclinic modules. We call fuchsian a pure isoclinic
module with slope 0. The Galois theory of fuchsian modules was studied in [11]. Pure
modules are irregular objects without wild monodromy, as follows from [10], [12] and
[6].

The tannakian subcategory of & made up of pure modules is called 6;0). Modules

with integral slopes also form tannakian subcategories, which we write £§°) and 51(,(2.
From now on, we restrict to the case of integral slopes. Our category of interest is
therefore 6(10) and we shall now start its description.

(2) Note that here, as in [6], we have changed the definitions of slopes. Those used here are the
opposites of those used in [13], [8]and [12].

(3) Here again, starting with [6], we changed our terminology: we now call pure isoclinic (resp. pure)
what was previously called pure (resp. tamely irregular). The latter are called split modules in [3].
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Any equation in 550) can be written in the following standard form:
/Z”lAl \
UiJ‘
(6) A= 0

0 ... 0 . ZHR AL
where the slopes pu; < -+ < pg are integers, r; € N*, A; € GL,,(C) (i =1,...,k)
(those p; and r; make up the Newton polygon of A) and:

Vi,jst. 1<i<j<k,U;¢€Mat, . (C({z})).

We actually can, and will, require the blocks U; ; to have all their coefficients in
C[z,27!]. Then any morphism F : A — B between two matrices in standard form is
easily seen to be meromorphic at 0 (by definition) and holomorphic all over C*; this
is because the equation o,F = BFA~! allows one to propagate the regularity near 0
to increasing neighborhoods.

We moreover say that A is in polynomial standard form if each block U; ; with

1 <i < j <khascoefficients in 3. Cz?. It was proved in [10] that any object in
i <d<pj

£§O) is analytically equivalent to one written in polynomial standard form (in essence,
this is due to Birkhoff and Guenther). Last, we say that A is in normalized standard
form is if all the eigenvalues of all the blocks A; are in the fundamental annulus
{z € C* | 1 < |z| < |q|}. Any standard form can be normalized through shearing
transformations. Note that polynomial standard form is stable under tensor product,
while normalized standard form is not.

The standard form (6) above expresses the existence of a filtration by the slopes
([13]). The functoriality of the filtration moreover entails that a morphism F : A —
B is also upper triangular (by blocks) in the following sense: if the slopes of B €
GL,(C({z})) are 11 < --- < vy, with ranks s; < --- < s;, then the morphism
F € My ,(C({z})) from A to B has only non null blocks F;; € M, . (C({2})),
1<i<k, 1 <5< forv; < p,.

To the matrix A and module M = M, is associated the graded module grM =
My = M4, with block diagonal matrix:

(Z“lAl \
) Ag = 0 ,
The graded module Mj is the direct sum P; @ - - - ® Py, where each module P; is pure
of rank r; and slope p; and corresponds to the matrix z#¢ A;. The functor M ~» grM
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306 J.-P. RAMIS & J. SAULOY

also acts on morphisms. To F', it associates Fy which has the same diagonal blocks as
F, that iS, (FO)i,j = Fi,j if Hi = Vj. But all the (FO)i,j such that i 7é v; are null.

By formalisation, i.e. base change C({z}) — C((2)), the slope filtration splits
and the functor gr becomes isomorphic to the identity functor. In matrix terms,
this translates as follows. There is a unique isomorphism F' : Ay — A with formal
components F; ; € M, ., (C((z))) (for 1 < 4,5 < k) and the following shape:

(L1-~ e “..“\
(8) F=10
o ... 0 ... I
To express that a matrix has such a shape and coefficients in some domain K, we shall
write F' € & 4,(K). Thus, &4, is a unipotent algebraic subgroup of the linear group
and it can be realised above any field K: in the above case, one has F' € & 4,(C((2))).

For further use, we also give a notation for the corresponding Lie algebra ga,. An
element f € ga,(K) has the shape:

(ml e

. fi,j

9) 0 ...
0 ... 0 ... 0,

where 0, is the null 7 x r matrix and where each f; ; € M., , (K).

We shall denote F4 the unique F' mentioned above. Its blocks can be characterised
as the unique formal solutions to the following recursive equations:

(10) V1 <1< _] < k s O'quJZﬂjAj — ZHiAiFiJ = Z Ui7[ﬂ7j + U@j.
i<l<j

There are usually no analytic solutions (that is, with coefficients in C({z})) for equa-
tions (10). (The existence of analytic solutions is equivalent to M4 being pure.) There
are, however, meromorphic solutions, to be considered as resummations of the formal
solution F4 (section 3.1).

The graded counterpart Fy of F' = F4 satisfies simpler equations. From the above
description, we know that (Fy); ; = 0 for any 4, j such that u; # p;, that is, if ¢ # j;
if i = j:

0q(Fo)iiz"t Ay = 2" Ai(Fo)ii-

This implies that o4(Fy)iiA; = Ai(Fo)is, and it then follows from [11] that the
coefficients of Fyy are Laurent polynomials (elements of C[z, z71]); if moreover A is in
normalized standard form, then these coefficients are in C.
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2.3. Description of the fiber functor. — In Tannaka theory, the Galois group
is defined as the group of tensor automorphisms of a fiber functor. We now describe
a fiber functor on 6&0). There is actually a whole family of these, indexed by C*,
and one can therefore define a Galois groupoid (|6]). Here, we shall first choose an
arbitrary basepoint a € C*. As a consequence, some constructions of 3.1 will be valid
for most equations, but not all. This means that, to study a particular equation, one
has to choose a basepoint compatible with it, which will be seen to be a generically
true condition.

The fiber functor (;J((LO) goes from 6§0) to the category of finite dimensional C-vector
spaces. On the side of objects, to each matrix A € GL,(C({z})) and module M4,
it associates the space o (A) = C™. On the side of morphisms, to F : A — B €
GL,(C({z})), it associates Fy(a) : C™ — CP. (The dimensions are right and it follows
from the last remark in 2.2 that Fj(a) is well defined).

Apart from functoriality, the properties of LD((ZO) which make it a fiber functor are
the following: it is exact, faithful and ®-compatible. The latter means that, for any
A, B, the natural map t4 p : GJ,SO)(A) ® d),(lo)(B) — o (A ® B) is an isomorphism.

We now define the Galois group of 5§°) (at base point a) as G§°) = Aut® ((21((10)). It
would be more rigorous to write explicitly the index a indicating the basepoint, but
this would make the notation heavier without true necessity. An element of the group
Aut® ((IJ,(IO)) is, by definition, a natural transformation g : A ~ g(A) € GL (d)((zo)(A)) =
GL,(C), subject to the following conditions:

1. Functoriality: for any morphism F' : A — B, one has g(B)oFy(a) = Fy(a)og(A).

Thus, the following diagram is commutative:

o) 29, 50 (B

g(A)l lg(B)
a((lo)(A) Fo(a) d;éo)(B)

2. Tensor compatibility: for any objects A, B, up to the natural identifications,
one has an equality g(A ® B) = g(4) ® g(B). Thus, the following diagram is
commutative:

504) @ ®(B) 22, o (A® B)
g(A)®g(B)l lg(A®B)
60 o (B) 22, (A B)

In [11] was completely described the Galois group G(fo) of the subcategory 6;0)
of % made up of fuchsian equations. From [13], one could (trivially) deduce the
Galois group Gz(f; of the category é’;?i of pure objects with integral slopes. Here, we

will describe the Galois group G(© of 650). The extension of these results to the case
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of non integral slopes should not involve new ideas on the analytic side, but will have
to take in account the results of van der Put and Reversat in [3].

2.4. Galois group and Galois action

Theorem 2.1. — The structure of the Galois group Ggo) is as follows:

G§°) = 6tx GI(]?) (total Galois group with integral slopes),

G;?i = Tl(o) X G;O) (pure Galois group with integral slopes),

Tl(o) = C* (theta torus with integral slopes),

GECO) = Ggp?i X GE&)L (fuchsian Galois group),

GE&)L = C (unipotent component of the fuchsian Galois group),

GE,(E = HomgT(C*/qz, C*) (semisimple component of the fuchsian Galois group).

The structure and action of the prounipotent Stokes group &t are the subject
matter of [6] and of section 3 of the present paper. We shall presently explain the
structure and action of the pure group G;()(,)i- This means that we should associate to
any object A a representation of GS’]{ in the space (D,(IO) (A); thus, for any g € GS; and
any matrix A € GL,(C({z})), we should realize g(A) € GL,(C).

We start from the standard form (6). For each of the block matrices A;, we write:
Ai = Ai,sAi,u
its multiplicative Dunford decomposition: A; s is semisimple, A;, is unipotent and

they commute.

1. Let g =7 € G;?i = Hom,, (C*/q%, C*). The latter is here identified with the
group of morphisms from the abstract group C* to itself that send ¢ to 1. We
let v act on each A; s through its eigenvalues: if 4; ; = Pdiag(ci,...,c.)P7!,
then v(4; ) = Pdiag(y(c1),...,7(c))P~! (it does not depend on the choice of
a particular diagonalisation). Then:

(ol
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2. Let g= X € G;OL = C. Since the A;, are unipotent matrices, the Af:u are well
defined and we put:

(Al

0 ... 0 ... A,
3. Letg=te T(O) C*. This theta torus is the analogue here of the exponential
torus of the classical differential Galois theory. Then:

th Irl

0 ... 0 ... thI,

Note that all these depend on Aj only. This is because the category 6 1 of pure
modules with integral slopes is equivalent to the category of representations of Gp 1,80
that giving a representation of the latter group is the same as giving an object in the
former category. We leave as an exercise for the reader the reconstruction of Ay from
the representation described above. For further use, we shall now prove two lemmas
about the action of G(O1 on d)((lo) (A). These lemmas actually express the “duality” of

G (01 and é’z(,?i :

Lemma 2.2. — Let A be in normalized standard form (6). Let X € & (0)(A) be covari-

ant under the action of G;,p that is, for all g € G;,l, the vectors X and g(A)X are
colinear. Then there exists i € {1,...,k} and o € Sp(A;) such that: AgX = aztiX.

Proof. — First note that the block decomposition of Ag (or, equivalently, the action
of the theta torus) entails a splitting of vector spaces:

@’(10)(14) =C"=C"@..-C",

each A; acting upon the corresponding C"i. We can accordingly write X =
(X1,...,Xk) (in row form, instead of column form, for economy of space). Covari-
ance under the action of Tl(o) say that (¢"1X,,...,t"*Xy) and (Xi,...,Xx) are
colinear for all ¢ € C*, which implies that at most one component X; is non trivial.

Then, covariance under the action of G(OL says that X, is fixed by A;, (since the
latter is unipotent). Last, covariance under G( 2 1mphes that X, is an eigenvector of

A; 5. Indeed, this comes from the fact that 1f a # o are eigenvalues of A;, then, by
the normalization condition, ag% N a’q%? = @; it is then easy to see that there exists
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v € Hom,,(C*/q%,C*) such that v(a) # v(a'), so that X; cannot have nontrivial
components in both eigenspaces of A;. The conclusion follows. U

Lemma 2.3. — Let A be in normalized standard form (6). Let X € o (A) be invari-

ant under the action of GS?%, that is, for all g € Gz()(,)i’ the vectors X and g(A)X are
equal. Then AgX = X.

Proof. — The proof is similar, with two adaptations. First, equality of (t#* X1, ..., t* X})
and (X,...,Xx) entails that at most one component X; is non trivial and the cor-
responding slope is p; = 0; second, invariance under G}?g implies that at most
one component of X; (in the eigenspace decomposition) is non trivial, that the
corresponding « € Sp(4;) is in the kernel of all elements of Hom,,(C*/¢%, C*), so it
is in g%, so equal to 1 by the normalisation condition. O

Again because of the duality of GI(J?% and é;?i, the conclusions of these two lemmas
have useful interpretations. The conclusion of lemma 2.2 says that the column matrix
X € M,,1(C) is a morphism from the rank one object (az#i) € GL1(C({#})) into Ao.
The conclusion of lemma 2.3 says that the column matrix X € M,, ;(C) is a morphism
from the unit object 1 = (1) € GL1(C({2})) into Ay, i.e. a section X € I'(Ap).

3. The wild fundamental group

3.1. The action of the Stokes group. — An element s € &t is characterized by
the following properties:

1. To each A in standard form (6), it associates a matrix s(A) € & 4,(C); recall
that & 4, was described as the algebraic group of matrices of shape as in equation
(8).

2. If A= Ay, that is, if A is pure, then s(A) = I,,.

3. Functoriality and tensor compatibility are defined as in section 2.3.

Since Gt is a prounipotent proalgebraic group, it is convenient to study it through
its Lie algebra st. (The underlying formalism is expounded in the appendix of [2].) An
element D € st is also a natural transformation of (Z)((IO). It associates to each object A
an endomorphism D(A) € Z’(dz(go) (A)) = M,,(C), subject to the following conditions:

1. For each A in standard form (6), the matrix D(A) € M, (C) is in g4,(C); recall
that ga, was described as the Lie algebra of matrices of shape as in equation
(9).

2. If A= Ag, that is, if A is pure, then D(A) = 0,,.

Functoriality is defined as in section 2.3.

4. Tensor compatibility is that of “Lie-like elements” (as in [15], §6): for any
A € GL,(C({#})) and B € GL,(C({z})), one should have, up to natural
identifications: D(A ® B) = D(A) ® I, + I, ® D(B). Thus, D behaves like

a derivation.

w
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In [6], we have produced many elements of Gt and of st. However, for a given
basepoint a € C*, these do not operate on the whole of 5&0) but on a tannakian
subcategory of it. Therefore, the way of using them is the following: given an equation
A of interest, proposition 4.2 of loc. cit. yields an explicit criterion to select adequate
basepoints (these are generically adequate). Then all the constructions that follow
make sense in the tannakian subcategory of é’§°) generated by A. This means that each
time we shall evaluate a meromorphic function at a, this will be possible. Henceforth,
we shall not anymore discuss this matter. We assume that the basepoint has been
chosen so that all the objects we deal with are compatible with it.

In [12] and [6], we defined an explicit finite subset X4, of E, and proved:

Theorem 3.1. — Let ¢ € E,\ 4,. Then, there is a unique F : Ay — A such that
F € & 4,(M(C*)), with poles only on [—c;q] = —cq? and such that, for 1 <i < j <k,
the poles of F; ; have multiplicity < p; — p;.

We write this meromorphic isomorphism SEZ:"A and see it as some kind of summa-
tion of Fy in the direction ¢ € E4. Therefore, changing direction of summation, we
may define, for every ¢,d € E; \ X 4,:

SEEFA‘A = (SEFA)_ISEFA‘A,
some kind of “ambiguity of summation”, that is, a Stokes operator. It is plainly a
meromorphic automorphism of Ay. We also proved in loc. cit.:
Proposition 3.2. — If moreover @ # ¢,d, then A ~ S EPA’A(a) is an element of &t.
In particular, S EFA(a) € Gt(A). (Recall that we implicitly restrict ourselves to a
subcategory of 650) where everything is defined.)

For the following corollary, we fix an arbitrary direction of summation ¢y € Eg,
again to be considered as a choice of basepoint (and inessential).

Corollary 3.3. — Putting LSz ,(A) = log(SecFa(a)) € st(A) yields a family of ele-
ments of elements of st(A). Moreover, A ~~ LSz ,(A) is an element of st. (We omit
Co in the notation.)

The above family is a meromorphic map from E, to a vector space, hence one can
take residues. Define the g-alien derivations by the formula:

Az(A) = Resz_.LS3 ,(A).

(We do not mention the arbitrary basepoints ¢p,a in the notation.) Of course, for
¢ & X4,, we have Az(A) = 0. Another result we need from [6] is:

Theorem 3.4. — One has Az(A) € st(A). More precisely, A ~ Az(A) is an element
of st.
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Since Gt is a normal subgroup of Ggo)’ it admits a conjugation action by G;(B.
This can be transferred to the Lie algebra st. Because of the action by the theta torus
Tl(o) = C*, we thus have a spectral decomposition:

st = @5’:5,

5>1

and each alien derivation admits a canonical decomposition:

Ac= DAY,

6>1

where Aé‘s)(A) € 5t°(A) has only non null blocks for y; — p; = 6. Each t € TI(O) acts
on st° by multiplication by #°, and carries A?) (A) to t‘sAg) (4).
Remarks
1. The theta torus actually operates on each dz((zo)(A) = dz((lo)(AO) and, being semi-
simple, splits it into the direct sum of its eigenspaces: one for each slope p, with

rank r(u). The corresponding increasing filtration comes from the filtration by
the slopes:

o (A)>p =0 0)(A2u)-

The elements of the group &4,(C) are the automorphisms of o (A) which
respect that filtration and are trivial (i.e. the identity) on the associated graded
space. The elements of the algebra & 4,(C) are the endomorphisms of w£°>(A)
which respect that filtration and are trivial (i.e. null) on the associated graded
space.

2. From this, we deduce a spectral decomposition:

94, = @ngé,

5>1

from which the decomposition of st follows.
3. Putting ngzé =3 gAO‘;l defines a filtration of the Lie algebra g4, by ideals.
§>6

Putting @AOZ‘S =1, + gA025 = exp gAOE‘S then defines a filtration of &4, by
normal subgroups.

4. Similarly, we can decompose each (7,j) block of Ags)(A) (where p; — p; = 90)
into subblocks indexed by pairs (a, 5) € Sp(4;) x Sp(A4;). Each vy € ch?g then
multiplies the corresponding subblock of Aé‘s) (A) by zégg- This may be deduced
as above from the action of G}?g on (:J((IO)(A(J) and a corresponding splitting of

each of the g4,°.
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3.2. The density theorem

3.2.1. Plain density theorem. — The wild monodromy group actually is the Lie sub-
algebra of st generated by the g-alien derivations Agz. The justification of the name is
that its definition has a transcendental character and the following result.

Theorem 3.5 (Density theorem). — (i) The subgroup of &t associated with the wild

monodromy group (as defined above), together with the pure group G;?i,

a Zariski-dense subgroup of the whole Galois group G§°). (it) The Az together with

generate

all their conjugates under the action of GZ(,(H generate a Zariski-dense Lie subalgebra
of st.

Proof. — Actually, (i) is but a rephrasing of (ii) and we shall prove the latter. We
shall use Chevalley’s criterion in the following form:

For a subset H C GEO) to generate a Zariski-dense subgroup of G§O), it is sufficient
that, for each object A and each line D C d)((lo)(A) which is invariant under the action
of all elements of H, then D is actually invariant under the action of GEO). Our way
of using it is similar to that in [11] (2.2.3.3 and 3.1.2.3).

We take H = Gg?i U exp ({Ag |ce C*}) If we choose a generator X of the line

D, the assumption is that X is covariant under GI(J?%(A) = G,(,?i(Ao) on the one hand,
under all the AE(A) on the other hand. Since the latter are nilpotent, this means that
all Az(A)X = 0. Then, must prove that for all D € st, one has D(A)X = 0.

Using lemma 2.2, along with its proof and notations, we may write (in row form)
X =(0,...,X,,...,0), where the components have sizes r1, ..., r; and where 4;X; =
cX; for some ¢ € Sp(4;), so that AgX = czH X.

Now, we note that components of slopes > p; are neither involved in the as-
sumptions nor in the conclusion, so that one may as well assume from start that
1 = k. Indeed, write n’ = r; + --- + r; the size of the components correspond-
ing to slopes < u; (equivalently, the rank of the submodule MZ ui C© M = My of
slopes < p; in the slope filtration), A’ the corresponding submatrix of A (so that
M' = My) and X' = (0,...,X;) the corresponding subvector of X. The matrix

I,
¢ = < 0 ) € M, »(C) is a morphism ® : A" — A (it is the inclusion M’ C M) and

®X'=X.Forallge G§°), one has (by functoriality) g(A)® = ®g(A’) (here, one has
®(a) = ®). The reader will check that A’ and X’ satisfy the same assumption as A
and X, and that it is enough to prove the conclusions for them.

So we assume from now on that X = (0,...,Xy), that Ay Xy = cXj for some
¢ € Sp(Ag), so that AgX = cz**X. Then X : (cz#*) — Ay is an analytic morphism,
and therefore G = F4 X : (cz**) — A is a formal morphism. We shall prove below
(lemma 3.6) that it is actually an analytic morphism. Therefore, taking D € st and
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using functoriality, we get the commutative diagram:

D(cz“k)l lD(A)

Go(a)
-

C 0 (A)

The matrix G is the graded part of the column matrix FaX , that is, in row notation,
X itself. Since D € st and since the source object (cz**) is pure, one has D(cz#*) = 0.
Hence we get D(A)X = 0 as wanted. O

Lemma 3.6. — The matriz FAX is analytic and the summations SEFA do not de-
pend on the direction € € By, and they are all equal to FaoX (that is, its “classical
summation”, as a convergent power series).

Proof. — First fix a direction ¢ € E; and write F' = SzF4. Likewise, write G = Fy
for short. The components F; ; and G, ; satisfy equations (10). We are interested in
the F; X and the G; ;X for 1 < i < k (for ¢ = k, both equal X).

We shall put: Y; = F; 1 Xy, Z; = G; ;X and V; = U; 1, Xg. Then, for 1 < ¢ < k,
multiplying (10) by X}, on the right and taking in account the equalities 0, X} = X},
and A; X, = cXg, one gets:

Cz’uk(Uq ) =2 AY = Z Ui;Y;+Vi and czpk(UZ) MAZ; = Z UijZi+Vi.
i<j<k i<j<k

On the other hand, we shall have to use the assumptions: Az(4)X = 0. Since
= (0,..., X)), this means that, for each ¢ < k, one has (Az(A4)); X = 0. Writing
)

for short Fy; = SEFA(a), Fo = Sa:F4(a) and L = LS5; ,(A) = log(S5; 5Fa(a))
notations of section 3.1), we shall see in lemma 3.7 below that, for ¢ < k

Lig = (F)ie — (Fo)ik + Y Mijk((Fa)jk — (Fo)jn),

i<j<k

see the

—~

where the M; ; i, are some arbitrary matrices (their values are inessential here).
We use a downward induction on i. For i = k — 1:

ezt (0qYpo1)— 2" A 1Ye—1 = Vo1 and 2% (0qZp—1)—2"* 1 Ap_1Zk—1 = Vie—1.

Thus, Zy_1 is the formal solution and Y;_; the solution summed in direction ¢ of
the equation cz#*(0,Y) — 2#*=1Ap_1Y = Vi_;. On the other hand, from the for-
mula above, one has: Ly_1 x = (F4)k—1% — (Fo)k—1,. Taking residue at d = ¢ and
multiplying at right by the constant vector Xy, one gets:

(AE(A))k—l,ka = ReSE:ELSk—Lka = Resﬁ:e(Fd)k—l,ka = ReSE:EYk_l.

This means that the residues of resummed solutions of the equation just mentioned
are all 0. According to the results of section 4.2 of [6], this implies that Yj_; is
analytic near 0 (it has no poles other than 0), that it does not depend on the direction
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of summation d, and that it is equal to Z;_;. This completes the first step of the
induction.
Now take i < k — 1 and assume that the property has been proved for all j > i.

Consider the equation of which Yj is solution. Its right hand member Y U;;Y;+V;
i<j<k

is analytic, by the induction hypothesis (analyticity part). The residue at d = ¢ of Y;

is equal to, Res;__(Fq);x Xk, thus to:

ResEZELSi,ka = (AE(A))i,ka =0.

This is because all other terms in the formula taken from lemma 3.7 have at right
a factor ((Fy)jx — (Fo)jk) Xk = Y; — Y}, since Y; does not depend on the direction
of summation. Thus we have again a solution Y; with all residues null, so that it is
analytic and independent of the direction of summation by loc. cit.. O

Lemma 3.7. — With the notations of section 3.1, one has, for i < k:

log(S%,EFA(a))i,k
= (S7F4(a))ik — (SeFa(a))ik + Z Mo ((S3Fa(@)ise = (SmFa(@)i).
i<j<k

where the M; ;1 are some arbitrary matrices.

Proof. — We write A = SEFA(a), B = SQFA(a) and C = A — B, which is strictly
upper triangular by blocks. Then:

log(B~'A) =log(I, + B™'C) =) ﬂ(B—lc)P,

p>1

from which the equality of blocks:

(log(B_lA))i’k =Cir+ Z M; ; xCi
i<j<k

follows easily. O

3.2.2. Functorial density theorem. — In section 3.3, we shall describe how the Zariski
generators Az of st (theorem 3.5) are related. For that, we shall first give a more
functorial version of the density theorem.

Since 51(7(,); and 6§°’ are respectively isomorphic to the category of (finite dimen-

sional complex) representations of GI()?% and Ggo) = Gt~ G;(j,]i, and since finite di-
mensional representations of the prounipotent proalgebraic group &t are equivalent
to finite dimensional representations of the pronilpotent proalgebraic Lie algebra st,
the tannakian category 5&0) admits an alternative “mixed” description, which runs as

follows:

1. Objects are pairs A = (Ao, (D(A))pest), where Ag is some object of 51(,?{, e.g.
a matrix in pure standard form (7), and where each D(A) € g4,(C).
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2. Morphisms from A = (Ao, (D(A4))pest) to B = (Bo, (D(B)) pest) are morphisms
Fy : Ag — By in é’;?i such that, for each D € st, one has D(B)Fy(a) =
Fo(a)D(A). (Recall that an arbitrary basepoint a € C* has been chosen once
for all.)

3. The tensor product of A = (Ag, (D(A))pest) and B = (By, (D(B))pest) is the
object C = (Cy, (D(C))pest), with the previous rule Cy = Ayp ® By from 61()(2,
and with the “Lie-like element” rule D(A ® B) = D(A) ® I, + I,, ® D(B). The
unit is 1 = ((1), (0) pest). The dual of A is AY = (AY, (—*D(A))pest). The space
of sections of A is I'(A) = Hom(1, A) = {Xo € T'(Ao) | VD € st, D(A)X, = 0}.
(Recall that I'(Ag) = {Xo € C({z})" | 04X0 = Ao Xo}.)

4. There is a a fiber functor &% (A) i w,‘f)(Ao).

To be complete, such a description should take in account the adjoint action of GS?%
on st, which is, for all A, the restriction of the action of G;[R on ga,(C). For instance,

from the action of the theta torus, one draws the graduation st = @ st’, whence
5>1

decompositions D(A) = Y D°(A), where each D°(A) € ga,’(C). We shall take in
531

account the adjoint action of G'? 1ater.
We would like to consider the Ag)(A) as encoding a Lie algebra representation
from the free Lie algebra L generated by the family of symbols (Ag))ng,EeEq, and so

describe £§°) as the category of representations of L x GS?% in a way similar to that
above. This would require some other tools (see the conclusion of the paper). As a
substitute, we define a new tannakian category & as follows:

1. Objects are pairs:
A= (40, (AP (4))531zem, ) »
where Ay is in pure standard form (7), and where each A?) (A) € ga,’(C).

2. Morphisms from A to B = (BO, (Ag)(B))ézl,EeEq) are morphisms Fj
Ay — By in é’z(,?} such that, for each § > 1,¢ € Eg, one has A?) (B)Fy(a) =
Fo(a)AL) (4).

3. The tensor product of A and B is the object C = (CO, (Aé‘s) (B))(szl,EeEq), with

Co = Ay ® By and Aéé)(A ® B) = Aéé)(A) I, +1,® Ag)(B). The unit and
dual are described as before. The space of sections of A is I'(A) = Hom(1, A) =
{Xo €T(Ay) | V6 > 1, € E,, A (4)X, = 0}.

4. There is a a fiber functor &\ (A4) o &J((lo)(Ao).

For the time being, we do not take in account the action of G\,
We now consider the functor A ~~ F(A4) = (AO, (AS)(A))ézl,EeEq) from é’ﬁo) to
&'. Tt is plainly an exact faithful ®-functor.
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Theorem 3.8 (Functorial density theorem). — The functor & is fully faithful.

Proof. — To prove that Hom(A, B) — Hom(¥(A), ¥ (B)) is onto, we draw on the
identifications Hom (A, B) =I'(AY ® B) and Hom(F (A), #(B)) = I'(F(A)Y @ F(B)).
Since & is a ®-functor, the latter is identified with I'(7(AY ® B)), so that we are left
check that, for any A, the map I'(A) — I'(F(A)) is onto.

That map sends a vector X € C({z})" such that 0,X = AX to its graded part
Xo € C({2})". The vector X, has the same null slope component as X and is zero
elsewhere. It satisfies 0,Xo = ApXp and V6 > 1,¢c € E, , A?) (A)Xo = 0. If we
start from such a vector Xg, lemma 2.3 tells us that it comes indeed from some
X eT'(4). O

3.3. A freeness theorem. — We now shall describe the (essential) image of the
functor &, or, what amounts to the same, which families (Aéé)(A))(szl,EeEq can be

realized for a given Ag in 61(3. To understand what is going on, we start with the
first level, which is easier.

3.3.1. The first level. — In theorem 3.1, we obtained the Fj; blocks of SEFA as
solutions of the following equations:

(0qFig)zt1 A = 2 AiFyy = Y UigFyg + Uiy
<l<j
We consider the first non trivial level in the computation of S-F 4, that is: §y =
min(p; — ;). For a block F; ; of level pu; — p; = &, there isno Fj ; # 0 for i < 1 < j,
1<J

so that the second hand member in the equation above is U; ;j, which is analytic near
0. In that case, there is a solution F; ; with poles on [—¢; ¢] and multiplicity < §y for
any ¢ € E; which satisfies the non-resonancy condition:

Vo € Sp(A;) , VB € Sp(4;) , ac* # Bc*  (mod ¢%).

We recall briefly, from [6], how this was computed. One puts F; ; = 3;0] , (the function
6. has been defined in section 1.3). We thus look for G; ; holomorcphic on C* and

satisfying:

660 (UqGi’j)Aj - AiGi,j = Z_’MUZ‘,J‘Q(CSO = Z vnz".
neZ
Writing the Laurent series G; ; = Y gn2", we are left to solve, for each n € Z:

05°q”gnAj — Aign = vn € Mat,, ,,(C).

If Sp(c% g™ A;)NSp(A;) = @, which is is just the non-resonancy condition above, then,
for each n, this admits a unique solution.

Using the notations given at the end of 3.1, we see that, for any d ¢ X 4,, one
has SEF 4(a) € &4,2%(C). Provisionally call fg its component at level §. A small

computation shows that LS5 (A) is in ga,=%(C) and that its component at level &,

is f20 — f&. Thus, AP (4) = Res;__f2.
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From the previous computation, we now conclude that, for p; — p; = do, the (3, 5)
block of A?O) (A) is trivial for non-resonant directions, i.e. if Sp(c®q™A;) N Sp(4;) =
. This is the necessary conditions we were looking for. It is not hard to see (and it
will come as a particular case of the following sections) that these are indeed the only
conditions on the first level.

3.3.2. Structure of the q-alien derivations at an arbitrary level. — We are led to
introduce some more notations. We first refine the spectral decomposition of d},(lo)(A)

under the action of the theta torus by taking in account the action of G\ 7, S, the semi-
simple component of the fuchsian group. From the equivalence:

a=p (mod ¢%) <= Vy e G, v(a) =(B),

we see that the action of G;Oi splits each eigenspace under C* corresponding to the

slope p; into a sum indexed by the @ € Sp(A;). Precisely, if V = (I)((IO)(A), then one

may write:
V= @ 1428

where p runs through the set of slopes of A, and, for each u:

— @ V(uﬁa)’

where a runs through Sp(A4;) if 4 = u; in our usual notations.

To be able to carry this splitting to matrices, we fix an arbitrary linear order on E,
and assume the order on indices is compatible with that arbitrary order. The corre-
sponding adjoint action of ch(g on g4,(A) then allows one to define the eigenspaces:
94,%9(C) = {M € ga,(C) | M is trivial out of the (u;, @, s1;,/3) components such
that act = B¢ (mod ¢Z)}. This can be non-trivial only if ¢ € Zi‘o, where:

%, = {€¢ € Eq | 3i < j such that p; — p; = § and = = c%}.

=l QI

By definition, ¥4, = | Ei‘o. then:
531

94,°(C) = P 94,°7(C).

=38
CEZAO

Example. From the previous paragraph, it follows that on the first non trivial level,

ALY (A) € 94,%°(C). The difficulty is to properly generalize this fact to upper levels.
Remark The equality ae’i = B¢t is equivalent to: Vv € Gf 2 Y(acks) = y(BcH).
Thus, g 4,2¢(C) can be characterized as the common fixed space of all the
(v(®)7%,7,0) € Gp 1, where 7 runs through G(O

Now let A, A’ be matrices in standard form w1th the same graded part Agy. From
[12] and [6], we have the following generalisation of theorem 3.1: for each ¢ € E,\ X 4,,
there exists a unique meromorphic morphism F : A — A" in & 4,(M(C*)), with poles
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on [—¢;q] and with multiplicities prescribed as in the theorem. We write it SEF ALA
One then has: )

SiFan = S7Fa (S3Fa) .
Assume now that A = A’ (mod ga,2°(C({z}))), that is, A and A’ have the same

over-diagonals at levels < §. The components F; ; of S5F4 ar for 0 < pj — p; < 9§ are
solutions of the equations:

(0qF; ;)21 A; — 2H A F; ; = 0.
Therefore, they are null (¢f. loc. cit.). This implies:
SzFaar € g4,2° (M(CY)).
From the equality: SEF W= Sgﬁ A,A SEF "4, we deduce:
SgFA = SEFA' (mod EAozé(m(C*)))-
Proposition 3.9. — Let fA,A',E be the component at level § of SEFA,A/ (a). Then:
AD(A) = AP (A) + Resy_.fu 43

Proof. — To alleviate notations, we omit the evaluation at a and the direction d in
the notations; to indicate summation along the arbitrary fixed direction ¢y, we just
add the index 0. Thus, we respectively write:

Fy for SEﬁA(a) and  Fa for SeF4(a)
Fy for SgFA' (a) and Fa g for SQFA/ (a)
Fy 4 for SEFA,A/ (a) and Fa arp for SeFa a(a)
faarfor fu 45 and  faaofor faa .
From the previous remark:
Fa=FanFa=(In+ faa)Fa (mod ga,=°(C)),
so that:
F,Z/I,OFA’ = FX})FA,O + faar — faaro  (mod ga,=°(C)).

The conclusion then comes by taking logarithms, applying the following lemma and
then taking residues. O

Lemma 3.10. — Let M € & 4,(C) and N € ga,2°(C). Then:
log(M + N) = (logM) + N (mod g4,2°(C)).
Proof. — Write M = I,, + M'. Then:

log(M + N) = Z ﬂ(M' + N)™  (mod g4,2°(C))
R .
=Y M + N (mod ga,~*(C)). O
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Corollary 3.11. — Under the assumptions of the proposition, we have:
AP (A7) = AP (4) € g4, (C).

We are going to prove that these are, in some sense, the only conditions on the
g-alien derivations at a given level 4.

3.3.3. Interpolating categories. — There are two equivalent ways of defining 61()?%
from é’go): the first is by restriction to a subclass of objects, the pure ones; the second
is by formalisation, i.e. extension of the base field C({z}) — C((z)). The former
way amounts to shrinking the Galois group Ggo) to its quotient Gz(,(g. The latter way
amounts to extending the class of morphisms (indeed, there are no really new objects),
and therefore to shrinking the Galois group G§°) to its subgroup Ggﬁ

The existence of a natural filtration on the Stokes group Gt suggests that it should
be possible to interpolate between 6;(2 and égo)' We shall presently do so by extending
the class of morphisms; the interpretation by restriction to subobjects is a bit more

complicated.
We first define intermediate fields between C({z}) and C((z)), for all levels § € N:

N ={> faz"eC((2) 3R >0 : fnzo(an#/zé)}'

mmcwwwﬂgcwnccwwﬁcmwﬁmccwwmécw»w
The following is standard ([4], [16],[12]):
Lemma 3.12. — If v — pu= 4§ > 1, then, the following equation:

(0,F)(z"B) — (z*A)F =U, Ae€GL,(C), BeGL,(C), U € Mat, (C({z}))

has a unique solution F € Matns(C((z))(‘S)). If moreover F € MatT,s(C((z))(‘sl)) for
some §' > 0, then F € Mat, ;(C({z})).

Write C((z))>5 = U C((z))(é/). Then we call §° the category with the same ob-
558

jects as 5§0) (seen in matrix form) and with morphisms satisfying the same conditions,
but with F' € GLn(C((z))>5). (Actually, since we deal only with integral slopes, we
could as well take C((z))(éﬂ) instead of C((z))>5.)

It is then clear that the &’ are tannakian categories, and that embeddings are
natural exact faithful ®-functors €° — ©°~! . Moreover, 6" = 5( 1, because equa-
tions with integral slopes can be solved in C((z ))(1) by the lemma, so that F4 is an
isomorphism from Ag to A in €°. In the opposite direction, we have §*° = (‘3%0).
Actually, if A has slopes p; < -+ < pg, then it is entirely determined by its image in
©° for any 6 > pp, — p1.

(4 This C((2))(® is the field of fraction of the algebra of g-Gevrey series of level §, which was
introduced in [1] and denoted C[[z]]q,s With s = 1/§ (the ¢-Gevrey order) in [4].
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(0)
p,1?

a well defined Newton polygon, that there is on € a “graded module” functor, and
that @\ defines a fiber functor on ©°.

From the composite functor ¢ — 6° = 89, we draw that objects in €° have

3.3.3.1. An alternative description of 6°.— We also see that, if two objects A and B
in 6§0) have isomorphic images in i?é, then they have isomorphic images in 6% = 51()(7)%
and they can be written in standard form (6) with the same block diagonal Agy. Of
course, we may moreover assume Ag to be in normalized standard form and A, B to

be in polynomial standard form (section 2.2).

Proposition 3.13. — Let A and B in 550) be in normalized polynomial standard form

with the same block diagonal Ag. Then they have isomorphic images in 6’ if, and
only if, there exists Fy € GL,,(C) such that B = FoAF; " (mod ga,”?(C({2}))).

! . .
Proof. — Here, of course, we have put ga4,”° = 3 ga,° (which is the same as
0'>0

g A026+1 since we deal with integral slopes) and the condition just means that B and

FyAF; ! have the same over-diagonals up to level §.

The diagonal part Fj of any formal morphism F' from A to B is an automorphism
of A, thus constant (because of normalisation). Up to composing F' with F; ' and
replacing A by FOAFO_I, we may assume that Fy = I,, so that F' = FA7B. The
condition then means that F4 p has its coefficients in C((z))(é). From the lemma,
we draw, by induction on the level, that all over-diagonals up to level § are analytic,
therefore 0 because of results in [10]. O

Corollary 3.14. — One can define 6’ in the following alternative way:

If
Sy

1. Objects of ©° are matrices in 650) modulo the equivalence relation A
(mod 5.4, (C({2}))).

2. Morphisms from (the class of) A to (the class of) B are matrices F €
Mat, ,(C({z})) such that (6,F)A and BF differ only in levels > §.

Corollary 3.15. — The Galois group of 6° is St(6) NGI(B} for some unipotent subgroup

St(d) of Gt. Fori <6, the Ag) are well defined on €° and belong to the Lie algebra
st(8) of &6t(9).

3.3.4. A freeness theorem. — We now describe precisely the essential image of the
functor &, that is, given Ag in 5;?{, the exact conditions on (A?)(A))(;Zlﬁep;q that

allow the reconstruction of A. The reconstruction will be done inductively, using g-
alien derivations of levels up to § to reconstruct the over-diagonals of A up to level 6,
that is (after the previous paragraph) an object in 6.

In the same spirit as the definition of isoformal analytic classes in [10], we consider
classes of objects A in €° above an object B of €°~! under the equivalence induced by
gauge transform F' = I,, (mod ga,<?). Using polynomial standard normal form and
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the results of loc. cit., we see that these classes make up a vector space of dimension:

irré(Ao) = Z ’I‘i’f‘j(p,j - [I,i) =4 Z TiTj.

Hj—Hi=0 Bj—Hi=0

Moreover, to see if two objects A, A’are in the same class, one computes F WS
®4,°(C((2))); if its over-diagonal at level § has null g-Borel invariants, then we have
the same class.

Theorem 3.16 (Freeness theorem). — Let B be an object of Ga

affine space Vz(B) of direction ga, > (C) such that:

(i) The Ags)(A) for A an object of €° above B belong to V&(B).

(i) The mapping which sends an object A of ©° above B to the family of all AS)(A)
induces a one-to-one correspondance between classes of such objects (as defined above)

and [] V&(B).

Proof. — (i) It follows from paragraph 3.3.2 that all Aé‘s) (A) (where A is fixed and
€ varies) belong to a unique affine space of direction g4,®®(C). Call it Vx(B). It is
easily seen that the product space [J Vz(B) has dimension irr®(Ap).

(ii) The map from the set of polynomial representatives of a class, as described above,
onto the above affine space, is affine. Up to the choice of an arbitrary basepoint, it is
equivalent, after the results of [7] (section 3.2), to the parametrisation of the isoformal
class by ¢g-Borel transform, which is one-to-one after [10]. O

. Then, there is an

Corollary 3.17. — The following algorithm allows one to reconstruct A in 5§°) from
Ag and the Aéé)(A):
1. Reconstruct the first over-diagonal using the g-derivations of lowest level (this
is the linear situation and it rests on [6].
2. Having reconstructed the over-diagonals up to level 6 — 1 (using g-alien deriva-
tions up to level § —1), call A’ the matrixz with these over-diagonals and 0 above;
then compute the A?)(A’).
3. Use the relation Ag) (A’)—AS)(A) € g4, %9 (C) to find the level § over-diagonal
of Fz,4r, then the level § over-diagonal of A.

In [7], we shall give a representation-theoretic formulation of the theorem, and a

description of the nonlinear part of A(;)(A) (that part which depends on the lower
level g-derivations) in terms of convolution.

4. Conclusion

Write H = C* x Hom,,.(C*/¢%,C*) and v = (t,v) € H. We saw how the group H
acts upon the diagonal of Ag: for 1 < i < k and a € Sp(4,, positions corresponding
to slope p; and the eigenspace of A; s for o are multiplied by t*:v(a). Now let ¢ < j
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be indices of slopes p; < p; and o € Sp(A4;, B € Sp(A;) be corresponding exponents.
The adjoint action of v on the (u;, @, p;, 5) block is the multiplication by:

mﬂﬁ@z —1~(e g
! v(B) (t7(@)

for each “resonant” ¢, i.e. ¢ € E4 such that ¢® = — (mod ¢Z). For any Galois derivation

IR

D € st, we now put:
3% (D) = v(D) — (t—ly(é))‘s D € st,

where v(D) comes from the adjoint action of H on st. From the remark on page 318
and from paragraph 3.3.2, one draws that, for two objects A, A" of ©° above the same
object B of °~1, @7 (AL)(4)@ (AL)(4’) = 0. In other words, 7 (AL))(A4)
depends only on the lower levels ¢’ < § of A. Moreover it is trivial on the first level.
Actually, with methods similar to those used here, one can prove that <I>,(,6’E)(A?))(A)
is in the Lie algebra generated by the g-alien derivations at lower levels. So it is natural
to conjecture that <I>,(,6’E)(A?)) belong to the free Lie algebra generated by the Ags/)

(8’ < 8, d € E;), and even that there is a universal explicit formula. This would allow
us to define a semi-direct product by a free Lie algebra, and to definitely “free” the
g-alien derivations.

All the problems comes from the fact that points come from two distinct origins:
elements of the dual of H on the one hand, packs of points of E, on the other hand,
and from the interplay of the corresponding games of localisation. Comparing with the
differential case, where one localizes geometrically on the circle of directions S, then
one takes a Log, here, we take a Log, then we localise on Fq; whence an embroilment
with plenty of Campbell-Haussdorff formulas between the two approaches ).

We shall also give in [7] various applications, to the abelianisation of the tannakian
w1 and to the inverse problem for the local Galois group. For the latter problem, we
shall state a list of necessary conditions; we don’t know for the time being if they are
sufficient.

Last, we built our alien g-derivations by tannakian methods. One can ask what
happens for solutions. There, one meets the usual difficulty about constants, since
one wishes operators defined over C and acting upon solutions (while constants are
here elliptic functions). That problem maybe has no solution; however, one could
perhaps, in analogy with the differential case, “unpoint” the g-alien derivations and
build operators acting upon adequate spaces of formal power series. This seems related
to a “g-convolution” mechanism presently studied by Changgui Zhang.

(3) Actually, we think that, in the end, we’ll have a simpler description with a denumerable family
of g-alien derivations, freed by the mere action of the theta torus.
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UNFOLDINGS OF TANGENT TO THE IDENTITY
DIFFEOMORPHISMS

by

Javier Ribén

Abstract. — This paper is devoted to classify one dimensional unfoldings of tangent
to the identity analytic diffeomorphisms, in other words elements ¢ of Diff(C?,0) of
the form (z, f(z,y)) with (8f/0y)(0,0) = 1. We provide the topological classification
in absence of small divisors phenomena and an analytic classification of the finite
codimension unfoldings. Such results are based on the study of the stable structures
preserved by the diffeomorphisms. The main tool is the use of real flows. In both the
topological and the analytic cases a non-wandering property is required, namely the
Rolle property in the topological setting and infinitesimal stability in the analytic
one.

We also prove that under generic hypotheses the analytic class of an unfolding ¢
depends only on the analytic classes of the germs of 1-dimensional diffeomorphisms
obtained by localizing along an irreducible component of the fixed points set of ¢.

Résumé (Déploiements des difféomorphismes tangents a I’identité). — Cet article est consacré
a la classification des déploiements & un paramétre des difféomorphismes analytiques
tangents & I’identité, en d’autres termes, les éléments ¢ de Diff(C2,0) qui sont de la
forme (z, f(z,v)), avec (0f/0y)(0,0) = 1. Nous fournissons une classification topo-
logique en 'absence de phénomeénes de petits diviseurs et la classification analytique
des déploiements de codimension finie. Les preuves sont basées sur I’étude des struc-
tures stables qui sont invariants par ’action des difféomorphismes. L’outil principal
est le recours aux flots réels. Une propriété de non-errance est nécessaire, & savoir
la propriété de Rolle dans le cas topologique et la stabilité infinitésimale dans le cas
analytique.

On prouve aussi que, sous des hypothéses génériques, la classe analytique d’un dé-
ploiement ¢ ne dépend que des classes analytiques des germes de difféomorphismes en
dimension 1 obtenus en localisant le long d’une composante irréductible de I’ensemble
des points fixes de .

1. Introduction
We classify one dimensional unfoldings of tangent to the identity diffeomorphisms,

i.e. elements ¢ of Diff (C2,0) of the form (z, f(x,y)) with (8f/0y)(0,0) = 1. The

2010 Mathematics Subject Classification. — 37F75, 32H02, 32565, 32A05.
Key words and phrases. — Analytic classification, topological classification, diffeomorphisms, local dy-
namics, vector fields.
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set of diffeomorphisms of the previous form is denoted by Diff ,;(C?,0). We provide
a topological classification of the multi-parabolic elements of Diff ,;(C?,0) and an
analytic classification of the non-degenerate ones (see section 2). Such results are
based on the study of the stable structures preserved by the diffeomorphisms whose
main tool is the use of real flows (section 3). This part of the paper is a survey of the
papers [10] (topological classification) and [12] (analytic classification).

In section 6 we present a new result. We are interested on the local behavior of
global objects. For instance in our setting we are interested on describing the nature
of ¢ = (z, f(z,y)) € Diff ,;(C?,0) in a neighborhood of v\ {(0,0)} for an irreducible
component v of the fixed points set Fix(¢) of ¢. Given (zg,y0) € v \ {(0,0)} we
denote by (.4, the germ of p|,—,, in the neighborhood of y = yo. Suppose 7 is
parabolic, i.e. (0f/0y)rix(e) = 1. Then “part" of the Ecalle-Voronin invariants of
©(a,y), Where (z,y) belongs to v\ {(0,0)}, can be extended continuously to z = 0
in good sectors S in the parameter space. Under the proper hypothesis (see theorem
6.1) we can prove that the analytic class of ¢ in the neighborhood of ~ \ {(0,0)}
determines the analytic class of ¢ in Diff ,;(C?,0). By varying the parameter z we
show that the Ecalle Voronin invariants of ¢, ) “turn" with respect to the Ecalle
Voronin invariants of ¢ (see subsection 6.2). Section 6 is a small glimpse of a more
detailed work to be published.

2. Notations

We denote by X(C2,0) the group of germs of complex analytic vector fields in a
neighborhood of 0 € C2. The elements of ¥(C?,0) which are singular at 0 € C? can
be interpreted as derivations of the maximal ideal of the ring C{xz,y}. We denote by
%(C2,0) the group of derivations of the maximal ideal f of the ring C[[z,y]]. An
element X € QAC((C2, 0) can be expressed in the more conventional form

PN 0 s, 0
X = X(x)% —|—X(y)a—y.

Let Diff (C2,0) be the group of germs of complex analytic diffeomorphisms in a
neighborhood of 0 € C2. We define Fix (i) the fized points set of ¢ € Diff (C2,0). We
denote by Diff 1 (C2,0) the subgroup of Diff (C2,0) whose elements are tangent to the
identity, i.e. given ¢ € Diff (C2,0) then it belongs to Diff;(C2,0) if jl¢ = Id. Let
Diff (C2,0) be the formal completion of Diff (C2,0).

We denote by Diff 1 (C?,0) the subgroup of Diff (C?,0) of unfoldings of tangent to
the identity diffeomorphisms. More precisely an element ¢ € Diff ,; (C?,0) is of the
form

p(z,y) = (2, f(2,9))
where (9f/0y)(0,0) = 1. We say that ¢ € Diff ,;(C?,0) is non-degenerate if y o
©(0,y) # y. The linear part jl¢ of an element ¢ of Diff ,;(C?0) is of the form
(z,y + azx) for some a € C. The linear unipotent isomorphism (z,y + ax) is the
exponential of the linear nilpotent vector field azd/dy. Indeed ¢ is the exponential
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of a unique nilpotent formal vector field X. More precisely @ can be interpreted as
an operator ¢ — g o ¢ acting on ™. The operator @ is the exponential of an operator
X acting on t as a derivation and such that le = axd/0y. We say that X is the
infinitesimal generator of . We denote log ¢ = X.

Let ¢ € Diff 1 (C?,0); we say that ¢ is multi-parabolic if (8f/0y)pix,) = 1. We
denote by Diff 5, p(C?,0) the set of multi-parabolic unfoldings and we call its elements
MP-diffeomorphisms.

Given ¢,n € Diff ,;(C?,0) with Fix(¢) = Fix(n) we denote ¢~a,nn if ¢ and 7 are
conjugated by some o € Diff (C2,0) such that x o 0 = z and O|Fix(p)\{z=0} = Id.
If we replace Diff (C2,0) with the group of germs of homeomorphisms we obtain the
equivalence ¢~iopn. By replacing Diff (C?,0) with Diff (C2,0) we obtain o~ t,mn. In
the formal setting o|pix(y)\{z=0} = Id means that y o 0 — y belongs to the ideal of

Fix(¢) \ {z = 0} in the ring C[[z, y]] (supposed z o 0 = x).

3. Real flows

Our goal is describing the dynamics of ¢ € Diff ,; (C2,0). Instead of trying a direct
approach we consider a continuous dynamical system similar to ¢. More precisely we
choose a germ of holomorphic vector field X, = g(x,y)0/0y satisfying the prozimity
condition, namely

yop—yoexp(Xy,) € (yop —y)*.
Such a choice of X, is possible [11] even if not unique. Supposed ¢ = exp(X,,) then
the orbits of ¢ would be contained in the trajectories of the real flow #(X,) of X,,.
Anyway R(X,) provides a continuous “model" for the iterates of ¢.

The proximity condition implies that Fix(¢) = SingX, and that ¢ is formally
conjugated to exp(X,) [11].

Definition 3.1. — We say that ¢ satisfies the e-property if there exist open neighbor-
hoods V.C W of (0,0) such that for all (z,y) € V and j € Z satisfying

UkE[min(j,O),max(j,O)]ﬂZ{eXp(XsP)k(xa y)} cVv
then Uke[min(j,O),max(j,O)]ﬂZ{(pk(xay)} CW and
¢’ (z,y) € exp(B(0,€) X,) (exp(Xy )’ (2, 9))-

We say that ¢ satisfies the stability property if it satisfies the e-property for any € > 0
small enough.

Theorem 3.1 (e-theorem or stability theorem). — [10] Let ¢ € Diff 5,p(C2,0). Then ¢
satisfies the stability property for every choice of X, satisfying the prozimity property.

The e-theorem implies that in the multi-parabolic case the orbits of ¢ and exp(X.,)
remain close independently of the number of iterations. Moreover, the dynamics of
¢ is roughly speaking the dynamics of exp(X,) plus some small “noise". Analyzing
the noise is not trivial since not every MP-diffeomorphism is topologically conjugated
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to the exponential of a holomorphic vector field as we will see later on. The stability
property is crucial [10] to provide a complete system of topological invariants for the
MP-diffeomorphisms. The situation in the general case is different since

Theorem 3.2. — Let ¢ € Diff ,;(C2,0) \ Diff ,yp(C?,0). Then ¢ holds the e-property
for some choice of X, if and only if log o € X (C?,0).

Proof. — Denote ¢(z,y) = (=, f(z,y)). Since ¢ ¢ Diff ,yp(C?,0) there exists an
irreducible component 7o of Fix(y) such that (d(y o ¢)/0y)|,, Z 1. Up to replace ¢
with (z, f(«*,y)) and v with one of the irreducible components of (z*,y)~!(yo) for
some k in N we can choose 7 of the form y = h(z). Up to the change of coordinates
(z,y — h(z)) we can suppose 79 = {y = 0}. Denote L(w) = (8(y o ¢)/dy)(w,0).

Let w € C; denote ¢,, the germ of ¢|,—,, in the neighborhood of (w,0). Suppose
L(w) € S'\ {1}, then the e-property implies that the sequence {¢J,} is normal in
some neighborhood of (w,0). Therefore ¢,, is analytically linearizable for any w €
L=1(S'\ {1}) and then for any w in a pointed neighborhood of 0 in C.

The infinitesimal generator log ¢ is of the form f(a:, y)9/0y for some fe Cllz, y]]-
We have f = Y0 fi (x)y’. Indeed f is transversally formal along 7o, i.e. there exists
a neighborhood V' C C of 0 such that f; € &(V) for any j > 0. This is a consequence
of ¢,, being linearizable for any w € L™1(e?™Q\ {1}) [11].

Consider a path n C V' \ {0} turning once around 0 and transversal to L~!(S!).
Moreover we can suppose that whenever w € n N L™(S!) then L(w) is a Bruno
number. Denote by o(w,y) the element of Diff ; (C, 0) linearizing ¢,,. By the choice of
7 then o is continuous in 1 x Wy for some neighborhood Wy of 0 € C. As a consequence
f is a continuous function in 7 x W for some neighborhood W of 0 € C. Then there
exists C' € R such that

|fj(w)] < C7 for all (w,j) €n xN.
The modulus maximum principle implies that log ¢ € X(C?,0). O

The previous theorem implies that the dynamics of a generic ¢ € Diff 1 (C?,0)
is unstable. Then the stable dynamics of a vector field is not a good model of the
dynamics of ¢. As a consequence the study of real flows of holomorphic vector fields
is no good to classify topologically generic elements of Diff ,; (C2,0).

In spite of the previous discussion real flows are useful to provide a complete system
of analytic invariants for non-degenerate elements of Diff ,;(C2,0). Why this? This
phenomenon is linked to the rigidity of analytic structures. Roughly speaking by doing
cuts in the domain of definition of ¢ we can find subsets S such that the dynamics of
¢|g is stable and close to the dynamics of exp(Xy)|5. Moreover, the analytic class of
¢ is determined by the analytic classes of g for good choices of S (here the rigidity
in the analytic world plays a role). The cuts in the domain of definition allows us
to avoid the instability related to resonances, small divisors and renormalized return
maps. This point of view is developed in section 5 to obtain the theorem of analytic
classification.
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Theorem 3.3. — Consider non-degenerate elements ,n of Diff ,1 (C?,0). Suppose that
Fix(p) = Fix(n). Then p~ann if and only if there exists r € RT such that for any w
in a pointed neighborhood of 0 the restrictions @|z—., and Nz—,, are conjugated by an
injective holomorphic mapping defined in B(0,r) and fizing the points in Fix(¢)N{x =

In the previous theorem the mappings conjugating the restrictions of ¢ and 7n to
x = w do not depend a priori continuously on w. Even so we can obtain an analytic
conjugation because the spaces of orbits associated to the cuts ¢|g are rigid (see
section 5). The theorem is representative of a more general property: a non-degenerate
element ¢ of Diff ,;(C?,0) inherits the rigidity properties associated to ¥|z=0 and its
space of orbits.

Resuming, we can use real flows of holomorphic vector fields to catch the stable
structures contained in the dynamics of ¢ € Diff ,; (C?,0). We will use such informa-
tion to classify topologically stable elements of Diff (C2%,0) and to classify analyti-
cally non-degenerate elements of Diff ,; (C2,0).

topological stability — topological classification

analytic substability + rigidity of analytic structures — analytic classification.

4. Topological classification of MP-diffeomorphisms

Consider ¢ € Diff 5;p(C2,0). Because of the stability property its dynamics by
iteration is close to the dynamics of exp(X,). The latter one is embedded in the
dynamics of the vector field (X, ). The subsections 4.1, 4.2 and 4.4 are intended to
describe briefly the dynamics of $(X, )=, for w in a neighborhood of 0 € C.

In subsection 4.5 we introduce the tools to describe the instability phenomena
attached to R(X,), we also explain that the dynamics of R(X)|;—,, is simple for
generic values of w. That could make us think that the dynamics of (X )|,—., does
not depend on w. In subsection 4.6 we show that this is not the case if §(Fix(¢)N{z =
w}) > 1 for w # 0.

The subsection 4.7 is intended to describe the properties of the sets Z corresponding
to unstable parameters. The limit of the dynamics of %(X,)|;—, When w € Z and
w — 0 is more complicated than the dynamics of R(X,) ;0. In order to do this, given
an analytic curve v C Z and a sequence of points v X C 3 (wp, y) — (0,y0) # (0,0),
we study the limits of the trajectories of ®(X,) passing through points (wn,yn)
when n — oo. There are choices of v and (wy,y,) such that the limit is bigger
than the closure of the trajectory of R(X,) passing through (0,yo). In subsection
4.8 we describe the evolution of the limits of trajectories with respect to . The
existence of big limits (or long trajectories) is invariant by topological conjugation,
their study provides the first topological invariants both for vector fields (subsection
4.9) and diffeomorphisms (subsection 4.10). These invariants are of formal type, they
only depend on the formal class of the vector field or diffeomorphism. A second type
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of invariant, namely the analytic class of ¢|,—g, can be obtained by studying the
evolution of the big limits with respect to curves . Finally the theorem of topological
classification is presented in subsection 4.12.

4.1. Flower Type Vector Fields. — Consider the real flow R(¢) of a complex
analytic vector field £ defined in an open subset V of C. Let P € V be a singular point
of £ = a(y)d/dy; the point P is parabolic if a’(P) = 0. Throughout this subsection
we will consider a complex analytic vector field ¢ defined in a neighborhood of D.
By definition the vector field R(§) is of flower type if Sing€ N 0D = & and all the
singularities are parabolic.

We define I'¢[Q] the trajectory of (&) in D passing through Q. We also define the
positive and negative trajectories I'¢ 4 [Q] and T'¢ _[Q)] obtained by restraining I'¢[Q]
to non-negative and non-positive times respectively. The trajectory I'¢ 4 [Q] is defined
for times in some interval [0,a) for some a € Rt U {oco}. Whenever a < oo we have
I':[Q](a) € OD; we denote we(Q) = oo. Otherwise we denote by we(Q) the omega
limit of I'¢[Q]. We can define the mapping a, in an analogous way.

Remark 4.1. — If we(Q) contains a singular point P € Sing€ then we(Q) = {P}
since singular points are parabolic.

4.2. The dynamical Rolle property. — We say that a flower type vector field
R(&) satisfies the dynamical Rolle property if there is no connected transversal I such
that T'¢[Q] cuts I for two different values of time. Our definition implies that any
vector field having cycles can not hold the Rolle condition. Anyway, the definition
coincides with the usual one if all the cycles are isolated. We also call no return
property the dynamical Rolle property.

Proposition 4.1. — Let R(§) be a flower type vector field. Then R(§) satisfies the dy-
namical Rolle property.

Proof. — Suppose that $(£) does not hold the dynamical Rolle property. There exist
a trajectory v : [0,f] — D of R(£) and a connected transversal T C D such that
4~(T) = {0,t}. We can suppose that T is closed and 8T = {v(0),y(t)}.

Consider the bounded connected component B of C\ (v[0,¢]UT). We can suppose
that B is invariant by the positive iteration of R(£) by changing £ with —¢ if necessary.
Choose a point @ € B, the set we(Q) is either a singular point or a cycle. In the latter
case the cycle is limiting a bounded domain containing a singular point of £. Thus we
obtain Sing€ N B # @.

The mapping exp(s{)p : B — B is well-defined for any s € R*. Moreover
exp(s)|p is tangent to the identity at the points in Sing¢ N B by the flower type
character. By Cartan’s theorem we have exp(s{)|p = Id for any s € R*. We obtain a
contradiction since B is not contained in Sing&. O
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4.3. Multi-parabolic vector fields

Definition 4.1. — We denote by X, (C%0) the set of vector fields of the form
g(z,v)0/0y € X(C2%,0) with g(0,0) = (0g/0y)(0,0) = 0. We say that an element
g(z,y)8/8y of Xp1(C?,0) is non-degenerate if g(0,y) # 0.

Definition 4.2. — We say that X = g(x,y)0/0y € X(C2,0) is a multi-parabolic vector
field if g(0,0) = 0 and (89/0y)|singx = 0. We denote by Xpp(C*,0) the set of

multi-parabolic vector fields.

Definition 4.3. — A vector field X € X1 (C%,0) is of the form X h(x,4)0/0y with
h(0,y) £ 0. The radical ideal \/@ is generated by some k € C{x,y}; we denote by
N(X) the order v(k(0,y)) at y = 0. Indeed N(X) is the cardinal of {x = w}N SingX
for w # 0. We define v(X) as v(h(0,y)) — 1. We can define m(p) = m(X,), N(p) =
N(Xy) and v(p) = v(Xy).

Clearly a vector field X € X1 (C?,0) is nilpotent. Moreover given a nilpotent germ
of vector field Y € %(C?,0) we have that exp(Y) belongs to Diff ,yp(C2,0) (resp.
Diff ,1(C?,0)) if and only if Y € Xprp(C2,0) (resp. Y € X,1(C2,0)).

Remark 4.2. — Let X € X pp ((CQ, 0). The multi-parabolic character excludes unstable
behavior. Indeed R(X)|,—,, enjoys the no-return property for any w in a neighborhood

of 0 (prop. 4.1).

In the case N = 1, m = 0 both multi-parabolic vector fields and diffeomorphisms
are topological products. The problem of topological classification can be reduced to
the setting of tangent to the identity diffeomorphisms in one variable.

Proposition 4.2. — Let ¢,n € Diff 5;p(C?,0) with Fix(p) = Fix(n). Suppose that
N(p) =1 and m(p) = 0. Then we have priop).

The case N = 1, m > 0 is a sort of singular “reparametrization" of the previous
one since X = 2™X)Y with m(Y) = 0 and z is constant in = w. We can use the
one variable techniques to provide a complete system of topological invariants. Anal-
ogously the case N = 0 (and then m > 0) is also simple since it is a reparametrization
of a regular case. Indeed proposition 4.2 is also valid for N = 0. From now on we
focus on the most interesting case, namely N > 1. We will suppose the condition of
non-degeneracy m = 0, it is not necessary but the presentation is simpler.

4.4. The graph. — Consider X € X;p(C?,0). Let us fix a domain of definition
Ue = B(0,0) x B(0, €) for some €, > 0 small enough. We denote I'S; [Q)] the trajectory
of R(X) in U, passing through Q. Analogously to subsection 4.2 we can define a%
and w%.

We can associate an oriented graph ﬁ;w to R(X)|twyxB(0,e)- The vertices are
the elements of SingX N {z = w}. Consider the space Sp(w) of trajectories vy of
R(X)|{w}x B(0,e) Such that (a,w)5(v) € SingX x SingX. The edges of ﬁ;w are the
isotopy classes of those trajectories in Sp(w). We define the unoriented graph #'G% ,,
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FIGURE 1. @, , and X Gx,, for X =y*(y — 2)?0/0y and w € RY

obtained from &5 » Dy removing the reflexive edges and the orientation.
Proposition 4.3. — Let X € Xpp(C?,0). Then NG ,, has no cycles.

The proposition shares the spirit of the no-return property and they have analogous
proofs. The lack of connectedness of /"G, is related to the existence of “long"
trajectories.

Proposition4.4. — Let X € Xpp(C?,0). Then (a,ws) *(00,00) N{z = w} =@
implies that WG;Cw is connected.

Proof. — Let G, ..., G be the set of connected components of WG}’UJ. Denote by
S; the set of vertexes of G; for any j € {1,...,1}. We define

Fj = ((a%) 7 (S5) U (wk) ™ (7)) N ({w} x B(0,¢)) \ SingX) Vje{1,...,1}.

By the open character of parabolic fixed points we obtain that F}; is an open set for
j€{1,...,1}. Moreover, we have F; N F}, = @ for j # k since G; and Gy, are different
connected components of /'GY ,,. Then (a%,w§) ™! (00,00) N {z = w} = & implies

({w} x B(0,¢€)) \ SingX = Ué»:le.
The set ({w} x B(0,€)) \ SingX is connected, thus we get I = 1. O

Remark 4.3. — It can be proved that (a,w$) *(c0,00) N {z = w} = & and the
connectedness of WG}M are equivalent for any w in some neighborhood of 0.

4.5. Quantitative analysis of trajectories. — Let X = g(z,9)0/0y €
Xrp(C2,0).

Definition 4.4. — Let Resx (zo,yo) be the residue of dy/g(zo,y) at y = yo.
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Suppose that (aS,wS) ! (00,00) N {z = w} # & for infinitely many points w in
every neighborhood of 0. Then there exist a sequence {wy, },cy With limy, . w, =0
and trajectories 7, : [0,t,] — {wn} x B(0,€) of R(X) such that

Yn[0, ] N ({wn} x 8B(0,€)) = {1 (0), Yn(tn)}-
Let 0, : [0,a,] — {w,} X dB(0,€) be the arc going from ~,(0) to v,(¢,) in counter
clock-wise sense. We denote by C),(w,,) the connected component of the set

({wn} x B(0,€)) \ 7a(0,tn)

such that 7,[0,a,] C C,(w) . We define E,(w,) = Cp(wy) N SingX. Given a set
E,(wy,) we can define E,(w) C SingX N {z = w} for any w in a neighborhood of 0
by continuous extension of E,(w,). Any set build in this way is called a continuous
set of singular points.

By taking a subsequence we can suppose that the limits lim, ., 7,(0) and
lim,, oo Yn(tn) exist. We can also suppose that there exists a continuous set of
singular points F such that F = E,, for any n € N. Consider a holomorphic function
1o defined in a neighborhood of lim,,_,. v,(0) and such that X(¢9) = 1. Denote
by 1o the analytic continuation of v along the arc going from lim, . 7,(0) to
lim,, 00 Yn(tn) in counter clock-wise sense. Finally we define ¢;(w,,y) the analytic
continuation of (¢o)|z=w, along 7,[0,t,]. We have 11(vn(tn)) — ¥o(1,(0)) = t, for
any n € N by definition.

The theorem of the residues implies

V1 = Yy — 27 Z Resx (P).

PcE(x)

Therefore we obtain

Yo (Yn(tn)) — Yo(1n(0)) — 2mi Z Resx (P) = tn.
PeE(wy)
The quantity ¥a(vn(tn)) — ¥o(7,(0)) is uniformly bounded by a constant depending
only on X. The function  — 27i ) pc p(,») Resx (P) is meromorphic for some k € N
[11]. In spite of that, it is not a holomorphic function since otherwise the sequence
{tn} is bounded and this implies (a5, w$) (00, 00) N {z = 0} # 2.

Proposition 4.5. — Let X € Xprp(C?%,0). The graph WG}’U) is connected for generic
values of w.

Proof. — A point w such that (a§,w%) *(c0,00) N {z = w} # & is contained in
some curve
Bec={-2mi Y  Resx(P)€R" +iC}
PcE(x)

for some continuous set E of singular points and some C' € R. Moreover there exists
a constant D € RT depending only on X and such that C € [—~D, D]. Denote 7 :
(R*tU{0})xS! — C the mapping defined by 7(r, A\) = rA. The set of tangent directions
7 1(Br,c \ {0})N ({0} x S) of Bg ¢ at 0 is finite and it does not depend on C. There
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are finitely many choices of continuous sets of singular points. Thus there exists a
finite set Dx C S! such that for any closed arc ac C S' \ Dx there exists b > 0 such
that (a5,wS) (oo, 00) N {z = w} = & for any w € (0, b)ac. O

4.6. Splitting of the dynamics. — The dynamics of R(X){w}xB(0,e) is DOt con-
stant with respect to w if N(X) > 1 (see def. 4.3). Otherwise the graph V' GY% ,, is
connected for any w in a neighborhood of 0 and it depends continuously on w. The
next proposition states that this is not the case; indeed the graph can be disassembled.

Proposition 4.6. — Let X € Xpp(C?,0) with N(X) > 1. There are no permanent
edges in N G .,

2m/4
 oms | T
O'K%—Or
0 K 0

FIGURE 2. X = y?(y — 2)?8/0y. Parameters § = 0,1/8,1/4

K K

FI1GURE 3. Parameters # =1/2 and § =1

Proposition 4.6 is proved by analyzing the dependence of the edge with respect to
the parameter [10]. Let us consider the example X = y2(y—x)20/0y. The edge 0 — w
belongs to ﬁ} o for any w € R*. Suppose that 0 — w is a permanent edge. Every
trajectory 7, (—00,00) of R(X)twixB(0,c) representing the edge 0 — w has well-
defined tangents v,,(—o0) at 0 and ~,,(c0) at w. Moreover the homotopy class x(w) of
Yw|[—00, 0] in the space obtained by doing the real blow-up of C at the points 0 and
w does not depend on the choice of v,,. Fix 7 > 0 small enough and let us consider
z = re2™ when 6 goes from 0 to 1. The point 7,2 (—00) is the direction given by
e 4™9R* at y = 0. The point 7,.2xi (00) is the direction given by re?7 4 ™ —4m0R+
at y = re?™®. Then both 7,26 (—00) and 7,26 (00) are turning in clock-wise sense
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whereas the singular point y = re?™® turns around y = 0 in counter clock-wise sense
(see figures (2) and (3)). This phenomenon, i.e. tangents and singular points turning
in opposite senses, forces the absurd inequality x(e2™'r) # x(r).

4.7. Long Trajectories. — The next two subsections are devoted to make clear
that the limit of the dynamics of %(X)|;—, when w — 0 is more complex than the
dynamics of the limit R(X)|y—o-

We already saw that the points w in (a5,wS ) !(0c0,00) N {z = w} # & are in
curves of the form —27i )" pe p(,) Resx (P) € RT +4C for some continuous set E of
singular points and some C' € R (subsection 4.5). Then it is interesting to consider
limits of trajectories along branches of analytic curves contained in the parameter
space.

Let X € X3rp(C?,0). Consider a branch of analytic curve 3 and a point y, in
B(0,¢€) \ {0} such that w5 (0,yo) = (0,0). We are interested on describing the limit of
I's [w,yo] when w € § and w — 0. Let y1 € B(0,¢) \ {0} be a point satisfying that
there exists a mapping y;1(w) : 8 — C such that

L4 (anl) = limweﬁ,w—ﬂ(w)yl(w)) and (Ovyl) g nn>0r;‘:i[0790]'

e For any 7 > 0 there exists v(n) € RT such that (w,y;(w)) € F;"j_ [w, yo] for any
w € B(0,v(n))NS.
The set of points satisfying the previous conditions will be denoted by L;’;O (X) (or
just L;,’;O if X is implicit); it is the positive Long Limit (or just L-limit) associated to
Yo, € and 5. We can define L;;;O by replacing in the definition the positive trajectories
with the negative ones.

Remark 4.4. — We have L;”JU (X) = L;’; (X) if (0,90) and (0,y1) are in the same

trajectory of §R(X)|{o}><m'

trajectory of R(X) [{0}xB(0,e)"

Proposition 4.7 (Existence of the L-limit). — Let X € X3,p(C?,0). Suppose N(X) > 1
(def. 4.3). Consider yo € B(0,¢€) \ {0} such that w$ (0,y0) = (0,0). Then there exists

a branch of analytic curve B such that L;”;O (X)#92.

Every connected component of a L-limit Lg’;o (X) is a

The proof of the previous proposition is based on the splitting of the dynamics
phenomenon. Analogously as in the proposition 4.6 it can be proved that the trajec-
tory I's , [, o] does not depend continuously on z. In particular the set S = {z €
B(0,9) : w&(x,y0) € SingX} is not a neighborhood of the origin. The quantitative
analysis in subsection 4.5 can be used to prove that 0S5 is a union of branches of
analytic curves. It is enough to choose 8 C 05S.

Lemma 4.1. — The number of connected components of LZ”;O (X) is finite.

The lemma is a consequence of the dynamical Rolle property. Indeed a con-
nected transversal to %(X)|{0}xB(0,e) can not intersect two connected components of

+,€e
Ly (X).
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The Long limits admit a quantitative analysis. Given y; € LZ”;O (X) there exist a
continuous section (z,y1(x)) for z € B U {0}, a continuous set E; of singular points
and a continuous function T} : 8 — R™T such that

e 31(0) = y1 and limgeg 40 T1(x) = 0.

* (z,y1(z)) = exp(T1(z)X)(z, yo)

o Ti(z) = Yo(x,y1(x)) — o(z,y0) — 2mi Y PeE (2) Resx (P) for any z € .
Last property is obtained as in subsection 4.5 for trajectories of R(X) (.} x B(0,¢) divid-
ing {w} x B(0,¢€). Indeed Long Trajectories can be interpreted as dividing trajectories
just by reducing the domain of definition.

The connected components of ng”;o are ordered by the time of the flow. Let

(0,41),(0,y2) € L;’;O. Denote by «; the trajectory of %(X)I{O}xm containing
(0,y;) for 5 € {1,2}. Consider data (z,y;(z)), E; and T; as above. By the non-

oscillating property for analytic curves we have three possibilities:

o limyeg y—o To(x) — Ti(x) = co. We define 11 < 2.
o limyep o To(z) — Th(x) = —co. We define 1 > vo.
o limycp 0 To(z) — Th(x) € R. We have v = .

4.8. Evolution of the Long Trajectories. — In this subsection we study the
dependence of L,‘]ﬁ’yeo (X)) with respect to 7. Moreover we introduce the openness prin-
ciple. Namely, if there exists a Long Trajectory joining yo and y1, i.e. y; € Lj]'jo (X),
then there exists a Long Trajectory joining yo and y, for any ys in a neighborhood
of Yi1-

Suppose y; € L;}»¢ (X). There exist a continuous section (x,y1(z)) for z in nU{0},
a continuous set E of singular points and a function 7" :  — R™ such that

T(x) = vo(,y1(z)) — Yo(x,y0) — 2mi Y Resx(P)

PcE(x)

for any x € n (see subsection 4.7). Let v € R; denote by n(v) the curve given by

i +1(0,y1) — %o(0,y0) — 2i Z Resx (P) € R*
PceE(x)

and whose tangent at z = 0 coincides with the tangent of n. The point y; belongs to

L;'(’S)’yo (X). Moreover, we have

zen(lir)n Yo 0 exp(ivX)(0,41) — %o (0, yo) — 2mi > Resx(P) = oo+ 0.
o PEE(z)

The previous equality is key to prove the openness principle.

Proposition 4.8 (Openness principle). — Let X € X p(C?,0) and y1 € Li< (X).

Then exp((p + w)X)(0,y1) belongs to L;(’ng?;g)(X) for all p,v € R in a small

neighborhood of 0 and some €(p,v) > 0 such that lim(, .,y €(p,v) = €.
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Let us remind the reader that we are studying multi-parabolic vector fields as
models of MP-diffeomorphisms. Therefore we are interested on the limit of the discrete
trajectories {exp(X)™(z,yo)}nen When z — 0. Denote

Fpo(z) = p+iv+p(0,41) — ¢o(0,50) —2mi Y Resx(P).
PcE(x)

Consider p,v € R in a small neighborhood of 0. We have
exp((p+ ) X)(0,91) = lim_exp(F (24")X) (25" o)

where {z£} is a sequence of points in n(v) N F, }(N) with lim, . £ = 0. Thus
the orbits {exp(X)"(x,yo)} accumulate on I'S [exp(ivX)(0,y1)] when z € n(v) and
z — 0.

Resuming, the limit of the orbit {exp(X)"(z,y0)}nen when z € 0, L} (X) = &
and z — 0 is the discrete orbit {exp(X)™(0,yo)}nen. Supposed y; € L:(’S)’yo (X) we
have that {exp(X)™(z,yo)}nen generates the real flow R(X) of X through (0,y;)
when z € 1(0) and z — 0. Moreover {exp(X)"™(z,yo) }nen generates the complex flow

of X through (0,y;) when z € Uyern(v) and z — 0 by the openness principle.

4.9. Formal type topological invariants. — In this subsection we introduce
topological invariants obtained by analyzing how much time a multi-parabolic vector
field spends in travelling along a Long Trajectory.

Consider X; and X, in Xpp(C2%0) with SingX; = SingX,. Suppose that
exp(X1)~iopexp(X2) by a germ of homeomorphism o. We have

o(B(0,8) x B(0,e1)) € B(0,8) x B(0, e5)

for some €1, €5 > 0 small enough. Given y; € Lg;& (X1) consider a continuous section
y1(z) : BU{0} — C, a continuous set of singular points E and a function 7 : § — R
such that

T(x) = $o,1(x,y1(x)) = vo,1(z,y0) —2mi Y Resx, (P)
PeE(x)

for any z € 3 (see subsection 4.7). Let {z,, }nen be a sequence of points in FNT~1(N)
such that lim,,_,., 2, = 0. Since exp(X;) is topologically conjugated to exp(Xs3) we
obtain

T(In) = ¢8,2 © U(xna Y1 (xn)) - ¢0,2(mna yO) —2mi Z Rest (P)
PeE(zn)

for any n € N. Denote G(z) = Y pep(s) Resx, (P) — X pep() Resx, (P). Suppose
for simplicity that X7 is non-degenerate. Hence the previous formula implies that the
sequence G(x,,) is bounded. Since G(x) is a meromorphic function up to a ramification
r — z* then G(z) is a bounded function in a neighborhood of z = 0. Thus the
principal parts of 3 pe () Resx, (P) and ) pe g, Resx, (P) coincide. By analogous
techniques and the splitting of the dynamics phenomena we obtain the sufficient
condition in the next theorem.
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We say that the extended principal parts Ext.ppal.(X;) and Ext.ppal.(X2) of X3
and X, respectively coincide if the function

2 — o™ V¥ (Resx, (2%, h(2)) — Resi, (%, h(z)))

is holomorphic and vanishes at 0 for all continuous sections (z*, h(x)) of SingX.

Theorem 4.1. — Let X1,X2 € Xpp(C%0) with SingX; = SingXs. Suppose that
(N(X1),m(X1)) # (1,0) (see def. 4.3). Then exp(Xi)~iopexp(X2) if and only if
Ext.ppal.(X1) = Ext.ppal.(X3). Moreover, we have

exp(Xl)Ntopexp(Xg) = %(Xl)Ntop%(Xg).

The extended principal part is an invariant of formal type since X~ 7, X7 implies
Ext.ppal.(X7) = Ext.ppal.(X3).

4.10. Multi-parabolic diffeomorphisms. — The stability theorem 3.1 implies
that MP-vector fields provide good models for MP-diffeomorphisms. The proof is
based on dividing a neighborhood of (0,0) in regions in which we use different tech-
niques to show that the orbits of ¢ € Diff ;p(C2,0) remain close to the orbits of
exp(X,). A finiteness argument, based on the dynamical Rolle property, is required
to prove that the trajectories of (X, ) can not visit infinitely many regions.

Definition 4.5. — Let ¢ € Diff 5;p(C?,0). We define Res,(P) = Resx, (P) (see def.
4.4) for P € Fix(p). Denote Ext.ppal.(¢) = Ext.ppal.(X,). The definitions do not
depend on the choice of X,,.

Let 1,92 € Diff prp(C?,0) with Fix(¢1) = Fix(p2). Suppose that ¢1~topp2 by
a homeomorphism o. Given y; € L;’yeo (X,,) we have a continuous section y;(z) :
BU{0} — C, a continuous set of singular points E and a function T : 8 — R* such
that

T(z) = vo(z,y1(x)) — Yo(@,y0) —2mi Y Res,, (P).
PeE(x)

The stability theorem implies that o almost conjugates exp(X,, ) and exp(X,,). Then
we can use arguments analogous to those in the previous section to prove that the
principal parts of ) pe () Resy, (P) and Y- pe p(,) Resg, (P) coincide. Indeed we can
push forward the analogy to obtain

Theorem 4.2. — Let p1,py € Diff 51 p(C2,0) with Fix(p1) = Fix(p2). Suppose that
(N(p1),m(p1)) # (1,0). Then p1~iopp2 tmplies Ext.ppal.(¢1) = Ext.ppal.(¢2).

The extended principal part is, as for vector fields, an invariant of formal type since
Y1~ forp2 implies Ext.ppal.(¢1) = Ext.ppal.(p2).
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4.11. Analytic type topological invariants. — The extended principal part is
a complete system of topological invariants for MP-vector fields. In spite of this more
topological invariants are required in order to classify MP-diffeomorphisms.

Let ¢ € Diff ,yp(C?,0). Denote X = X,. Given y; € B(0,¢) \ {0} such that
a%(0,y1) = (0,0) (the situation where w$(0,y1) = (0,0) is analogous) there exists
L;(’(;%m # & by prop. 4.7. The diffeomorphism ¢|,—¢ is embedded in a natural way in
a complex flow Y defined in the repelling petal V' C {0} x B(0,¢€) containing (0, y1).

The following theorem is the analogue of proposition 4.8 for MP-diffeomorphisms.

Theorem 4.3 (Openness principle). — Let ¢ € Diff 5, p(C2,0) with N(¢) > 1. Consider
y1 € B(0,¢€) \ {0} such that a5 (0,y1) = (0,0). There exists yo € B(0,¢€) \ {0} such
that for any p + tv in a neighborhood of 0 € C there exist a branch of analytic curve
n(v) and sequences {T"}nen of natural numbers and {z2V},en of points in n(v)
satisfying

o lim, oo TPV = 00 and lim,_,o 22V = 0.

o limy o o™ (25, 50) = exp((p + i)Y )(0, 1)
Moreover n(v) depends continuously on v.

Let 1,92 € Diff prp(C?,0) with Fix(¢1) = Fix(p2). Suppose that ¢1~iopp2 by
a homeomorphism o. The openness theorem implies that given y; € B(0,¢) \ {0}
the restriction o|,—¢ is determined in a neighborhood of (0,y:1) by ¢(0,%0) for some
Yo € B(0,¢) \ {0}. The germ of 0|, in the neighborhood of (0,y;) only depends on
the set of analytic data @1, ¢2 and 0(0, o). This property allows to prove that o|,—o
is analytic in the neighborhood of (0,y;) for any y; € B(0,¢) \ {0}. By Riemann’s
theorem we obtain

Theorem 4.4. — Let p,n € Diff ,yp(C?,0). Suppose that we have Fix(¢) = Fix(n) and
(N, m)(¢) # (1,0) (see def. 4.3). Then

P~topl] — Ple=0"~an"|z=0-

This theorem provides topological invariants of analytic type.

4.12. Theorem of topological classification. — The formal and analytic type
topological invariants compose a complete system of topological invariants.

Theorem 4.5. — Let p,n € Diff 5, p(C?,0). Suppose that we have Fix(p) = Fix(n) and

(N,m)(¢) # (1,0). Then
Ext.ppal.(¢) = Ext.ppal.(n
o { (#) (n)
Plz=0"an)|z=0

The last theorem and the proposition 4.2 provide a complete system of topological
invariants for the multi-parabolic diffeomorphisms. The discussion so far has been
intended to introduce the invariants and the ideas in the proof of the implication =
in the previous theorem.
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Remark 4.5. — The topological invariants are related to the study of the unstable phe-
nomena, more precisely the Long Trajectories. As a consequence there are no topolog-
ical invariants related to the behavior of a MP-diffeomorphism in a neighborhood of
its fized points.

Remark 4.6. — The theorem of topological classification relates formal, analytic and
topological invariants.

The proof of the implication < in theorem 4.5 can not be reduced to the case of
vector fields since p~iopexp(Y) implies ¢|z—g~an€xp(Y)|z=0. Thus ¢ is not topologi-
cally conjugated to the exponential of a vector field whenever ¢|,—q is not embedded
in an analytic flow, i.e in the generic situation.

We have that

Ext.ppal.(X1) = Ext.ppal.(X2) = R(X1)~opR(X2)

for X;,Xo € Xpp(C2,0) with SingX; = SingX,. What can we say for multi-
parabolic diffeomorphisms? In other words how far are ¢,n € Diff ,yp(C2%,0) from
being topologically conjugated if Ext.ppal.(¢) = Ext.ppal.(n)?

Let ¢,n € Diff 5;p(C?,0) with Fix(p) = Fix(n). We say that o is a tangential
conjugation if there exists € > 0 such that

e 200 =z and 0|pix(p)\{z=0} = d.
e 0,071 are homeomorphisms defined in ((B(0,6) \ {0}) x B(0,¢)) U {(0,0)}.

Roughly speaking a tangential conjugation is not very different from a germ of home-
omorphism, but we allow some noise when z — 0.

Theorem 4.6. — Let p,n € Diff 3,p(C?,0) with Fix(¢) = Fix(n). Then the equality
Ext.ppal.(p) = Ext.ppal.(n) implies the existence of a tangential o conjugating ¢
and 1.

The choice of o7 is not unique but it is possible to build o7 in such a way [10]
that or is a germ of diffeomorphism if and only if ¢|,—¢~an7jz=0- Thus the property
®|z=0~an"|z=0 can be interpreted as a condition on elimination of noise for tangential
conjugations.

Remark 4.7. — Let p,n € Diff 5 p(C2,0) with Fix(p) = Fix(n). Supposed o~iopn
then the topological conjugation o can be chosen to be C™ outside Fix(p) U {z = 0}.
It is known (Martinet-Ramis [6], Ahern-Rosay [1] and Rey [8] for optimal results)
that in general o can not be chosen C*° for some vy € N. The MP-diffeomorphisms

3 2
¥ (y — ) 0 (3 28)
=e — = - —~— | andnp=c¢e — —
' XP<1 l‘yQ(y—:L‘)2 (9y> nd n Xpl\Yy (y 1‘) dy

are topologically conjugated. It can be proved that the topological conjugation can not
be chosen Ct in {0} x (B(0,¢) \ {0}). The fized points set is singular with respect to
the C¥ conjugation as well as the dynamical singular set x = 0.
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Finally let us stress some of the key points in our approach of the dynamics of
multi-parabolic diffeomorphisms:

— The limit of the dynamics is more complex than the dynamics of the limit in the
dynamically interesting cases (N > 1). Indeed the limit of discrete dynamics in
the generic lines £ = w with w # 0 generate a complex flow-like structure in
the limit line z = 0. A consequence of this property is theorem 4.4.

— The topological classification theorem relies on a qualitative and quantitative
description of the dynamics.

— A multi-parabolic diffeomorphism ¢ supports non-trivial dynamics whenever
N(p) > 1. The existence of the L-limits is an example of this statement. More-
over, generically ¢ is not topologically conjugated to the exponential of a vector
field.

5. Analytic classification of elements of Diff ,; (C?,0)

We provide in this section an analytic classification of the elements of ¢ in
Diff ,;(C?,0) (theorems 5.3 and 5.4). Moreover, we sketch the proof of theorem 3.3.
Both goals are fulfilled in subsection 5.9. We introduce an extension of the Ecalle-
Voronin invariants (subsection 5.8) based on an extension of the Fatou coordinates
of ¢|z—¢ to the nearby parameters (subsection 5.7). The philosophy of this approach
is explained in subsection 5.2.

The subsections 5.3, 5.4, 5.5 and 5.6 can be considered as a setup for the con-
struction of the Fatou coordinates. The proof of theorem 3.3 requires quantitative
estimates for the Fatou coordinates in the neighborhood of the fixed points. We intro-
duce the notion of infinitesimal stability (subsection 5.4) allowing to obtain the desired
estimates. This is a stronger version of a qualitative version of stability, namely topo-
logical stability provided in subsection 5.5. The definition of infinitesimal stability is
obtained after splitting conveniently a neighborhood of the origin (subsection 5.3).
Finally in subsection 5.6 we introduce the sets in which the extensions of the Fatou
coordinates are defined.

5.1. Relation between the analytic and formal classifications. — Generically
the analytic classification of elements in Diff ,;(C?,0) can be reduced to a formal
classification problem. Anyway our approach has an advantage, it allows to take profit
of the rigidity properties of elements of Diff ,1 (C?,0).

Definition 5.1. — Let ¢ € Diff,;(C?,0) be non-degenerate. Consider an irreducible
component v of Fix(yp). We say that -y is parabolic if (3(y o )/0y), = 1.

Theorem 5.1. — Let p,n be non-degenerate elements of Diff 51 (C2,0) \ Diff 5, p(C2,0)
with Fix(p) = Fix(n). Suppose that o~yorn by 6 € Diff (C2%,0). Suppose also that
yo & is transversally formal along a non-parabolic irreducible component v of Fix(y).
Then o is analytic.
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Proof. — Analogously to the proof of th. 3.2 we can suppose that v = {y = 0}.
Denote L(z) = (O(y o ¢)/0y)(z,0). Since ¢~ o1 we have L(z) = (d(y o n)/0y)(x,0)
[11]. By hypothesis there exists a neighborhood V of 0 € C such that the series y o &
is of the form

[e.¢]
yoo =Y oj(x)y’ witho; € O(V) for all j € N.
j=1

Consider a path kK C V \ {0} turning once around 0 and transversal to L~!(S!).
Moreover we can suppose that whenever w € x N L71(S!) then L(w) is a Bruno
number. The choice of  implies that & is continuous in x x B(0,v) for some v > 0.
Then there exists C € RT such that

loj(z)| < C7 for all (z,5) € k x N.
The modulus maximum principle implies that & € Diff (C2,0). O

There is a downside in interpreting the analytic invariants of a non-degenerate
¢ € Diff ,1(C?,0) as formal invariants along a non-parabolic component of Fix(y).
Indeed this system of invariants does not provide as much information on the nature of
 as the one we are going to introduce. For instance theorem 3.3 relies on the fact that
©|{w}x B(0,e) inherits the rigidity properties of tangent to the identity diffeomorphisms
in one variable for w # 0. This property is of very difficult translation in the formal
setting.

5.2. Analytic classification and extension of Fatou coordinates. — We pro-
vide a complete system of analytic invariants for non-degenerate ¢ € Diff ,; (C2,0).
The system of invariants is based on building extensions of the Fatou coordinates of
@|o=0 to the nearby parameters. This topic is is a classical subject of study (Lavaurs
[3], Shishikura [13], Oudkerk [7], Mardesic-Roussarie-Rousseau [5]).

Definition 5.2. — A Fatou coordinate for a diffeomorphism ¢ € Diff (C™,0) is a com-
plex valued function V¥ such that ¥ o p = Y% + 1.

Definition 5.3. — Consider a non-degenerate element ¢ of Diff,1(C?,0). Denote
v(p) =v(yop(0,y)) — 1 where v(y o (0,y)) is the order of y o v(0,y) at 0.

The methods to obtain extensions of the Fatou coordinates are based on choosing
a system of transversals to the dynamics of ¢|;—,, depending continuously on w. Even
if the dynamics of ¢ is discrete it is possible to make sense of the previous statement.
The approach consists in considering coordinates (z, z) in which ¢ is very similar to
(z,z + 1). Then every real line not parallel to R provides a choice of transversal to
@|z=w- Indeed we always choose transversals T, C {x = w} homeomorphic to R.
Given a parametrization T,,(¢) : (—00,0) — {z = w} we demand

. lim T, (t) € Fix(p) tlim Ty (t).

The transversal T,, and its image ¢(T,,) enclose a strip S(T,). The space of orbits of
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FIGURE 4.

®|s(t,,) is biholomorphic to C*. Given a biholomorphism pr, conjugating the space
of orbits of ¢|g(r,) and C* the function 97, = (1/27i)Inpr, is a Fatou coordinate
of ¢ in the fundamental domain S(T,). The Lavaurs vector field is by definition the
unique holomorphic vector field X7 in S(T),) such that X7, (47 ) = 1. Clearly it
satisfies ¢ = exp(X7).

Suppose that ¢|,—q is generic, then ¢|,—¢ is of codimension 1, i.e. v(¢) = 1, and
N(p) = 2. In Mardesic-Roussarie-Rousseau’s paper [5] the diffeomorphism ¢ is “pre-
pared". More precisely, up to an analytic change of coordinates, they suppose that the

multipliers of the fixed points of ¢ be equal to the multipliers of exp( 1_1;1?;)1/ a%) for
some a € C{z}. The change of coordinates at x = w approaching the dynamics of ¢ to
(z,z+1) is obtained by lifting ¢|,—,, to the universal covering of P*(C)\ (Fix(p)N{z =
w}). The covering transformation 7, : C — P1(C) \ (Fix(¢) N {z = w}) can be ex-
plicitly written and be made to depend holomorphically on w. Therefore a continuous
system of transversals can be build. This method is only valid if ¢|,—¢ is of codimen-
sion 1.

The Oudkerk’s approach is different. He obtains Fatou coordinates for unfoldings of
every ¢ € Diff 1 (C, 0) independently of the codimension of ¢. Given a point (w,yo) &
Fix(¢) we consider the change of coordinates A(z) = exp(2X)(w,yo) defined from a
neighborhood of 0 to a neighborhood of (w,yp) in £ = w. We have

A*X =0/0z and A ' oexp(X)oA=2z+1.

In order to find transversals to the dynamics of ¢ we choose a vector field X such that
¢ ~ exp(X). Then we fix u € St \ {—1,1} and consider as transversals trajectories
of the form I'{ x[z,yo(z)] where yo is continuous. In order to obtain holomorphic
extensions of the Fatou coordinates for z in a domain D C C* then w;, x (2, yo(z)) and
af x (7, yo(z)) have to be continuous sections of Fix(¢) for z in D. In other words the
trajectory I'f, x [, yo (z)] has a stable behavior for z € D. Indeed given p € S'\{~1,1}
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the trajectories of R(uX) provide a good choice of system of transversals for the
parameters in which w — R(uX)|,—,, is stable.

More precisely, consider a direction e?™?R* ( € R) in the parameter space. We
choose p € S'\ {—1,1} such that Jv > 0 satisfying that R(uX)|{w}xB(0,e) is stable
with respect to w for w € e2™(?=v0+v) (0 §). We can obtain a continuous extension
of the Fatou coordinates in z € e?7(®~v:0+v)(0 §) U {0} which is holomorphic for
o= 6271'1'(9—1),9-1-11) (0,6)

Our approach is of analytic type and takes profit of the properties of the unfolding.
We choose X = X, as the vector field such that ¢ ~ exp(X), i.e. we ask X to fulfill
the proximity condition. In this way the model exp(X) reflects better the nature
of ¢ in the neighborhood of the fixed points. The approach of Lavaurs, Shishikura,
Oudkerk, Mardesic-Roussarie-Rousseau is of topological type; they implicitly use a
notion of continuous stability. We replace it with a concept of infinitesimal stability
for N(pX)|g=w. Our approach provides:

— Asymptotic developments of the Lavaurs vector field X7 until the first non-zero
term in the neighborhood of the fixed points.

— Accurate estimates for the domains of definition of exp(cX¥) for ¢ € C.

— Canonical normalizing conditions for the Fatou coordinates.

These improvements allow us to:

— Identify the Taylor’s series expansion of the analytic mappings conjugating ¢,
¢ € Diff ,1(C?,0).

— Study the dependance of the domain of definition of a conjugation with respect
to the parameter.

— Give a geometrical interpretation of our complete system of analytic invariants
(theorem 3.3).

5.3. Dynamical splitting. — We provide a division of the domain of definition
of a multi-parabolic vector field. The division is a key tool to handle the concept of
infinitesimal stability that we will introduce later on.

Remark 5.1. — Let X = g(z,y)d/dy be a non-degenerate element of X1 (C?,0). For
the sake of simplicity we suppose that all the irreducible components of SingX are
parameterized by x. In the non-degenerate case, this property can always be obtained
by replacing X with g(x*,y)0/0y for some k € N. Then X is of the form

X =u(z,y)(y = 9:1(2))" ... (y — gp(2))"7 9/ By
where v is ¢ unit in C{z,y} and ny +...+np > 2.

We say that U, = B(0,5) x B(0,¢) is a seed. If p =1 we do not divide U, and we
call U, a terminal seed. We say that U, is a product-like set (or also an exterior set).
Denote by 9.U. its exterior boundary B(0, ) x B(0,¢€). Denote

L = {(391/02)(0), ..., (9g,/d)(0)}.
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Suppose p > 1. Consider a set U, N {(x,y) € C%: |y| > Clx|} with C >> 1. Since
C >> max L an observer in |y| > C|z| can not distinguish the singular points. Thus
we obtain

g1(z)\" gp(z)\"" 0 (x)+1 9
qux,yy”(X)J“l(l—i) ...(1—7 — ~u(0,0)y” —
(z,9) ” " oy (0,0) oy
in U. N {(z,y) € C? : |y| > Cl|z|}. Indeed it can be proved that the dynamics
of %(X)Iﬁeﬂ{ly\zclxl} is a topological product. The set U, N {|y| > Clz|} is called

exterior set or also product-like set associated to the seed U,.

Next we want to study the dynamics of R(X) in |y| < C|z|. We consider the change
of coordinates x = x, y = zt. The set {(z,y) € C?: |y| < C|z|} and the vector field
X become {(z,t) € C?: |t| < C} and

ni Np 8

X = u(z, zt)z’ ) (t - M) (t — M) —

x T ot

respectively in the new coordinates. Consider the polynomial vector field

091 m Og "9

Y() = (- %) (1- %) 2

) = (0,00 (£ - 22 (0) 20) o

for A € S'. We say that Y is the polynomial vector field associated to X and the seed
U.,. Consider a domain

€ = {(x,t) € C*: (x,t) € B(0,6) x [B(0,C) \ Us,er. B(to, a(to))]}

where 0 < a(tg) << 1 for any ¢y € L. We say that & is a compact-like set associated
to X and the seed U.. We say also that Y is associated to . We denote by 8, & and
©° the exterior boundary |t| = C and the interior {|t| < C}\ Us,er{|t — to| < a(to)}
of € respectively. A set of the form {(z,t) € C?: (z,t) € B(0,68) x B(to,a(to))} for
some to € L is called a seed that is a son of U.. We have

u(@,at)e" X (¢ = gi(2)/2)" .. (t = gp(w) /2)"™
u(0,0)z¥(X) (t — (8g1/02)(0))™" ... (t — (8g,/0x)(0))""
uniformly in & when z — 0. Therefore we obtain that

R(uX)|eniz=rry ~ R(pY (X)) for r € RY and (A, p) € St x st.

— 1

The last property provides a justification for the term compact-like since the behavior
of R(uX)|gn{z=rr} is determined by a polynomial vector field in one variable and a
parameter (), ) belonging to the compact set S' x S'. We can repeat the process
with the seeds |t — to| < a(to) for j € {1,...,p}. We say that B is a basic set if B is
either a product-like set or a compact-like set.

ExaMPLE: Consider X = y(y — 2%)(y — )9/8y. Denote t = y/z. The vector field
X has the form z?t(t —z)(t — 1)d/0t in coordinates (z,t). The polynomial vector field
Y'()\) associated to the seed J = U, is equal to A\*t?(t — 1)0/0t

The product and compact-like sets associated to J are & = J N {|y| > C|z|} and
€ = {ly] < Clz|}\ ({lt| < ao} U{|t — 1] < a1}) respectively. The sons of f are the
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&

FiGURrE 5. Splitting for X = y(y — 2°)(y — )0/0y in a line z = z

seeds J, = {|t| < ap} and &1 = J; = {|t — 1| < a1}. The seed ¢J; is terminal since it
only contains one irreducible component of SingX.

Denote w = t/z. We have X = z3w(w — 1)(zw — 1)8/0w in coordinates (z,w).
Thus —A3w(w — 1)8/0w is the polynomial vector field Yy(\) associated to ¢J,. The
seed ¢, contains a product-like set &g = J, N {|t| > Cy|z|} for Cp >> 1, a compact-
like set Go = {Jw| < Co} \ ({lw] < bo} U {Jw — 1] < b1}) and two terminal seeds
00 = Joo = {|lw] < bo} and o1 = Sy = {|w — 1] < b1} for some 0 < by, by << 1.

5.4. Infinitesimal stability. — The dynamics of ®(uX) in a product-like set is a
topological product. As a consequence it is stable with respect to the parameter x.
Then the stability is a property depending of the behavior of $(uX) in the compact-
like sets.

Many of the results in this subsection on polynomial vector fields either come from
[2] or have been found independently in [2].

Definition 5.4. — Given a polynomial vector field Y = P(t)0/0t € X(C,0) we define
v(Y) = deg(P(t)) — 1. Let ty € SingY, we define Resy (to) as the residue of the
differential form dt/P(t) at t = tg.

Consider a polynomial vector field Y = P(t)0/0t € ¥(C,0) such that v(Y) > 1.
We want to characterize the behavior of Y in the neighborhood of co. We define the
set Tr_o(Y) of trajectories v : (¢,d) — C of R(Y') such that c e RU{—o0},d € R
and lim¢_,4v(¢) = oo. In an analogous way we define Tr o (Y) = Tr_ 0 (—Y). We
define Troo(Y) = Tr oo (Y) UTr_ o (Y).

We consider a change of coordinates z = 1/t. We have

-1 0

= v(Y)+1 il
- ZV(Y)_I (Z P(l/z))az
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where z¥(¥)*1P(1/z) is a unit in the neighborhood of z = 0. Thus the meromorphic
vector field Y is analytically conjugated to 1/(v(Y)z*(Y)=1)0/8z = (2*())*(8/92)
in a neighborhood of t = co. We have Tr_,»(0/0z) = R~ and Tr_(0/0z) = R*.
Hence the set Tro(Y) has 2v(Y) trajectories in the neighborhood of co, there is

exactly one of them which is tangent to arg(w) = —arg(C)/v(Y) + kn/v(Y) for
0 <k < 2u(Y) where C = (2*Y)+1P(1/2))(0). The even values of k correspond to
Tr_o(Y).

We say that R(Y) has homoclinic trajectories if Tr_oo(Y) NTr_(Y) # @. In
other words there exists a trajectory « : (c_1,c¢1) — C of R(Y) such that c_1,¢; € R
and lim._,., v({) = oo for any s € {—1,1}. The notion of homoclinic trajectory has
been introduced in [2] for the study of deformations of elements of Diff;(C, 0). We
say that R(Y") is stable if the dynamics of R(uY") is stable in a neighborhood of 4 =1
in St

Theorem 5.2. — [2] Let Y € X (C,0) be a polynomial vector field such that v(Y') > 1.
Then R(Y) is stable if and only if R(Y) has no homoclinic trajectories.

Definition 5.5. — We denote by X (C,0) the set of polynomial vector fields Y in
X(C,0) such that v(Y) > 1 and Y pc g Resy (P) € iR* for any subset E of SingY .

Proposition5.1. — Let Y € X (C,0). Then R(Y) is stable. Moreover given @ in
C\Tr_oo(Y) we have that wy (Q) is a finite singular point. In particular R(Y') has
no cycles.

Proof. — Let v : (a,b) — C be a homoclinic trajectory for R(Y). We suppose that
(a,b) is a maximal domain of definition of the trajectory. The set P1(C) \ (y U {oo})
has two connected components C; and Cs. Denote E = C; N SingY . By the theorem
of the residues we have
b—a=F2mi Z Resy (P).
PEE
We obtain a contradiction.

Given Q € C\ Tr_,»(Y) suppose that P € wy(Q) N (C\ SingY). Consider a
transversal T' to $(Y) passing through P. Let {t,},, .y be the increasing sequence of
points in {t € R : 'y 1 [Q](¢) € T'}. There exists n > 0 such that ¢,,41 —t, > 7 for any
n € N. Denote by +,, the curve composed by I'y 4 [Q][tn, tnt1] and the segment S, of
T such that 95, = {Ty,+[Q](tn), Iy +[Q](tn+1)}. Let C, be the bounded connected
component of C\ v,. Denote E,, = C,, N SingY. We obtain

Fomi Z Resy (P) = (tpt1 — tn) + an
PEE,

where a,, € C for any n € N and lim,,_,, a, = 0. Thus there exists a set £ C SingY
such that F27i Y pc p Resy (P) € [n,00). That is a contradiction. O

Let Y € X(C,0) be a polynomial vector field such that v(Y) > 1. We denote by
%(Y) the complementary of the set {x € S! : R(xY) is stable}. It is clear that kY
belongs to X (C,0) for any k € S! outside a finite set. Thus we obtain
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Proposition5.2. — Let Y € X (C,0) be a polynomial vector field such that v(Y) > 1.
Then U(Y) is a finite set.

Let Y1(A) = A™Y1(1),...,Yi(A) = A™Y)(1) the polynomial vector fields associated

to a non-degenerate X € X,1(C2,0). We define
UX)=U_ {r e st A™ € wY;(1))}

Clearly %(X) is a finite set. Denote by , ..., d, the seeds associated to the vector
fields Y7, ...,Y] respectively. Consider the compact-like set &; associated to J ;- We
say that R(uX) is infinitesimally stable at the direction z € AR™ if R(uY; (X)) is stable
for any j € {1,...,1}. This property is equivalent to A ¢ %U(uX).

The set &; is of the form {(z,¢) € B(0,6) x [B(0,C) \ U;?:lB(tj,aj)]} for some
coordinates (z,t). Denote x = rA (r € Rt U {0} and A € S'). We have

R(pX)(rA,y) ~ R(pY; (X)) = RA™ pY;(1))

in §; for j € {1,...,1}. Suppose A & U(puX). Since (A" pY;(1)) is stable in the
neighborhood of {oco} U SingY;(1) and C' >> 1, a; << 1 then the stability of

F(A™ipY;(1)) implies the stability of R(uX)g, in the neighborhood of the direc-
tion z € AR™. This discussion leads us to

Proposition 5.3. — Let X be a non-degenerate element of Xp1 (C%,0) and let p € S*.
Suppose that A € S'\ U(uX). Then R(uX)¢ is stable in the neighborhood of x € AR
for any compact-like set G associated to X.

5.5. Topological stability. — The infinitesimal stability is a pretty strong prop-
erty. For most of the discussion in the paper a weaker property, namely topological
stability, is sufficient. Anyway, the quantitative estimations on the constructions rely
on the use of infinitesimal stability as well as the theorems depending on those esti-
mations (for instance theorem 3.3). In this subsection we define topological stability
and show that it is implied by its infinitesimal counterpart.

Infinitesimal stability is incompatible with the existence of centers.

Proposition 5.4. — Let X be a non-degenerate element of Xp1 (C%,0) and let p € S*.
Consider a compact connected set K C S*\ U(uX). The vector field X|g=z, has no
center at yo for any (xo,y0) € ([0,0)K x B(0,¢€)) N SingX.

Proof. — We have to prove that the multiplicator ¢ of X|,—,, at y = yo does not
belong to iR*. We can suppose that ¢ # 0. The point (z¢,yo) belongs to a curve
y = h(z) of SingX. Consider the non-terminal seed J such that (xo,yo) belongs
to a terminal seed J, = {(z,t) € B(0,6) x B(to,a(ty))} which is a son of . Let
A™Y (1) be the polynomial vector field associated to J. The infinitesimal stability
implies Res(Y'(1),t0)/(A™u) & iR* for A € K. The multiplicator of X at (z, h(x)) is
of the form 2™ pu/Res(Y (1),t9) + O(z™T1). Since we have

AL A"

Res(v(1).2) T 0@ ) = lal™ <Res(y(1), t) O(‘”))
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with A = z/|z| then (9, yo) is not a center if z( is in a neighborhood of 0. O

Infinitesimal stability also implies that the limit of the dynamics is not more com-
plicated than the dynamics of the limit. More precisely, the limit of a sequence of
trajectories of N(uX)|y=,, when x, — 0 is a priori only invariant by the flow and
it can contain several trajectories of %(uX)|;—o. Next proposition shows that this is
not the case.

Proposition 5.5. — Let X be a non-degenerate element of X1 (C%,0) and let p € S*.
Consider a compact connected set K C S'\ %(uX). There do not ezist sequences
(0n,92), (Tn,yL) of points in (0,0)K x B(0,¢) such that
e lim, . (7,,y") exists and belongs to {0} x (B(0,¢) \ {0}) Vk € {0,1}.
o (zn,yy) is in the positive trajectory of R(uX)|{z,1xB(0,e) Passing through
(0,y2) for any n € N.
o lim, oo (7n,yl) is not in the positive trajectory of %(”X)\{O}xm passing

through lim,,—, oo (T, ¥2).

Sketch of proof. — Suppose that the result is not true. Consider ¢, € RT such
that (zn,y5) = Tix 4 [Tn,ynl(tn) for n € N. The points (z,,y;) and (z,,y,) are
in the product-like set & associated to the seed U. for n >> 0. The trajectory
FZX’_i_[:L’n,yg] [0,%,] is not contained in &, otherwise lim, o (%y,y.) is in the posi-
tive trajectory of §R(/,LX)|{O}X§(07€) passing through lim,, . (2., %0). Therefore there
exists a sequence 0 < tL < ... < tF < t, such that given ¢t € [0,%,] the point
I x 4 [@n, y%](t) belongs to the boundary of a basic set if ¢t € {t.,...,t%}. The prop-
erty
Pr(B,n)=(30<s<kst Tix |zn,ynl{ts, ti} C 0.B)

holds true for some basic set 8 and any n >> 0. The set 8 can not be product-like,
it is necessarily a compact-like set

{(z,1) € B(0,6) x [B(0,C) \ Usyer B(to, a(to))]}-
Let Y be the polynomial vector field associated to 6. If the property Pr(%,n) holds
true for all C' > 0 and n > n(C) then there exists a homoclinic trajectory of RY (X)
for any A € K being an accumulation point of the sequence z,,/|z,|. Then the absence
of homoclinic trajectories implies that there exists a choice of the dynamical splitting
leading us to a contradiction. O

Definition 5.6. — Let X be a non-degenerate element of X1 (C?,0) and let p in S'.
Consider a compact connected set K C S*\ U(uX). We say that R(uX) is topologically
stable at K if it satisfies the theses in propositions 5.4 and 5.5.

The result on next corollary is a consequence of the topological stability property.

Corollary 5.1. — Let X be a non-degenerate element of X,1(C?,0) and let p € S'.
Consider a compact connected set K C S'\ U(uX). Then NG,y ,, is connected and
has no cycles for any w € (0,0)K.
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Proof. — The proposition 5.5 implies that (aZX,w;X)_l(oo,oo) N{z = w} =9
for any w € (0,0)K. We can argue as in proposition 4.4 to prove that VG x ,, is
connected since the proof is based on the openness of basins of attraction and repulsion
of singular points. This is guaranteed in this context by prop. 5.4.

Suppose there exists a cycle in NV G; x,w- Lhen there exists a bounded region T in
z = w bounded by singular points and trajectories of $(uX) representing the edges
of the cycle. We claim that the mapping wj, y : T\ SingX — SingX is well-defined.
The absence of centers (prop. 5.4) implies that there are no cycles. We obtain that
every w limit contains a singular point and then it is a singular point since the no-
center property implies that a pointed neighborhood of a singular point is a union of
open basins of attraction and repulsion. The mapping wy yx : T \ SingX — SingX
is not constant, otherwise all the trajectories of R(uX) in OT represent the same
edge. This provides a contradiction since the topological stability implies that wy, y :

T\ SingX — SingX is locally constant. O

The corollary 5.1 is a “topological" regularity property. The infinitesimal stability
is a deeper condition and provides regularity in infinitesimal neighborhoods of the sin-
gular points. For instance we can associate graphs to every seed J just by considering
the dynamics of R(uX))s. The graphs A" Gix,w obtained are connected and with no
cycles for compact connected sets K C S'\ %(uX) and w € (0,0(K))K.

5.6. Defining regions. — Let X be a non-degenerate element of X,;(C?,0) and
let 4 € S*. Consider a compact connected set K C S'\ %(uX).

Definition 5.7. — We define Reg®(uX, K) as the set of connected components of
(a5, wS) 1 (SingX x SingX) N ([[0,8)K x B(0,€)]\ SingX).

We call regions the elements of Reg®(uX, K). Given a region R € Reg®(uX, K) and
a point w € B(0,0) we denote by R(w) the set RN ({w} x B(0,¢)).

Given a non-degenerate element ¢ € Diff,;(C?,0) and X = X,, the regions in
Reg®(uX, K) are the sets where we define extensions of the Fatou coordinates of ¢|,—.
We take profit that the orbit space of ¢|go is biholomorphic to the set (0,0)K° x C*
for any R € Reg®(uX, K).

Definition 5.8. — Denote by orb(yp, E) the space of orbits of o|g.

Definition 5.9. — Given R € Reg®(uX, K) we denote R € Regi(uX, K) if we have
(ak)r = (W%)|Rr, otherwise we denote R € Regy(uX, K).

As a consequence of the stability a region R € Reg§(uX, K) is homeomorphic to
[0,0)K x R(0) by a mapping (x,h(z,y)). Therefore orb(¢, R) is homeomorphic to
[0,0)K x C* and orb(y, R°) is biholomorphic to (0,)K° x C* (see the regions Rs
and Rs in picture (6)). A region R € Reg5(uX, K) satisfies that R(z) has one con-
nected component for any x in (0,)K whereas R(0) has two connected components.
Moreover orb(y, R°) is biholomorphic to (0,d)K° x C* by stability and orb(p, R(0))
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TEX (W)

FIGURE 6. Regions for uX = y*(y — z)(y + )9/0y and w € RT

is biholomorphic to the union of two disjoint copies of C* (see the regions R; = Rg
and R3 = R, in picture (6)).

Denote by T} x the set of tangent points between ®(uX) and 0.U.. Denote Ty N
({w} x C) by T:x(w). As the picture (6) suggests we have

Lemma5.1. — Let X be a non-degenerate element of X,1(C?,0) and let p € S*.
Consider a compact connected set K C S*'\ U(uX). Given R € Reg},(uX, K) we have

$(R(z) NTSx(x)) =k for any x € [0,0)K.

The cardinal of Regj(uX, K) coincides with the number of edges in #/'G},x ,, for
w € (0,9)K. The corollary 5.1 implies

Lemma5.2. — Let X € X,1(C%0) be non-degenerate and let p € S'. Consider a
compact connected set K C S*\ U(puX). Then we have fRegs(uX, K) = N(X) — 1.

Let X = u(z,y)(y — g1(z))™ ... (y — gp())"»0/0y where u € C{z,y} is a unit.
The number of regions of Reg®(uX, K) in (a5, wS%) *({y = g;(@)} x {y = g;(z)}) is
equal to 2(n; — 1) for any j € {1,...,1}. This leads us to

Lemma 5.3. — Let X be a non-degenerate element of X,1(C?,0) and let p € S'.
Consider a compact connected set K C S* \ U(uX). Then we have

fRegi (nX, K) + fRegy(uX, K) = 2v(X) - N(X) + 1
and fReg] (uX, K) + 2fRegs (uX, K) = 2v(X).

There are 2v(X) continuous sections T'", .. ., T;ZV(X) of the set T . We will always
suppose that T;l, R T;2”(X), T;2”(X)+1 = T;gl are ordered in counter clock-wise

sense. Fix u € S' \ {—1,1}. There exists a unique T;)J((ZL‘) € T;;x(x) in the arc of
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AU, (x) going in counter clock-wise sense from T’ (z) to T’ ™ (z). We define R;‘X’K
(or just R; when X and K are implicit) as the element of Reg®(uX, K) such that
T x(z) € OR;(x) for any x € [0,0) K.

Definition 5.10. — We define R} as the union of R;\ R;(0) and the connected compo-

nent of R;(0) whose closure contains T;)J((O) Given w € B(0,0) we denote by R} (w)
the set R N ({w} x C).

The set orb(p, R}) is homeomorphic to [0,6)K x C* for any j € Z/(2v(p)Z).
We denote by Reg;(1X, K) the set {R],..., R}, y)} (see picture (6) where we have
Rl = RG and R3 = R4)

We want to define an integral ’(/JJX of the time form of X (i.e. X(g/)]X) =1) in an
element R} of Reg{ (uX, K) for j € Z. An integral of the time form then transforms
the vector field X in the regular vector field 9/0y. The set R} (z) is simply connected
for any = € [0,6)K. We fix a holomorphic integral ;X of the time form of X in a
neighborhood of 7" (0). We can extend ¢ to a neighborhood of T;)l( (0) by doing
analytic continuation along the arc going from T;l((]) to T;;(O) in counter clock-
wise sense. We want to define a holomorphic integral %X of the time form of X in a
neighborhood of T;)J( (0) for j € Z; then we extend analytically 1/132( to R} (z) for any
z € [0,6)K. We obtain that ¢X is continuous in R¥ and holomorphic in (R})°.

Given ¢X we denote by ¢ (T;)J(H(x)) the result of evaluating at TZ§+1(x) the
analytic extension of 1/JJX along the arc joining T;)J( (0) and T;§+1(0) in 8.U(0) in

counter clock-wise sense. We require two conditions to the sequence {1/)JX } namely

Jjew’
. 1/);;2”()() = ’(/JJ)-( for any j € Z.
o c(x) = jﬂ_l(T;)J(H(m)) — X (T;)J(H(x)) is independent of j € Z.
We define the function (x(z) = —miv(X) ™" Y pesingxn({z}xB(0,e)) Resx (P). Tt is
holomorphic in a neighborhood of 0. It turns out that the previous conditions imply
¢ = (x. Moreover the choice of ¢ determines {¢)X }jeZ‘

5.7. Extension of the Fatou coordinates. — Fix a non-degenerate element ¢
of Diff ,1(C?,0). Denote X, = f(z,y)0/0y and X = X,,. There exists a unique A,
in the ideal (f) of the ring C{z,y} such that

o(z,y) = (exp(tX)(t,2,y)) o (1 + Ay (2, y), ,y).
The previous formula is a consequence of the implicit function theorem.
Consider p € S' and a compact connected set K C S' \ %(uX). We obtain
pXop =9y +1+A, in R} € Regi(uX,K).

Hence %X is “almost” a Fatou coordinate of ¢ in R}. In this subsection we sketch how
to obtain a Fatou coordinate 1/1;4’ of ¢ in R} by slight deformation of 1/)3}-( .

Fix j € Z/(2v(X)Z). Consider a trajectory 7 of ®(uX) passing through a point
T;)J( (w) for some w € [0,8)K. The strip exp([0,1]X)(y) is a fundamental domain of
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exp(X) in R}(w). Denote by Sj(w) the strip enclosed by v and ¢(v). Then S;(w) is
a fundamental domain of ¢ in R}(w). We can build a C*° diffeomorphism o, from a

Y

e2ni(\l/]X00y—1) ay(Q)
R

FicurE 7. Constructing Fatou coordinates

neighborhood of exp([0,1]X)(y) in # = w to a neighborhood of S;(w) in z = w and
such that

e 0, 0exp(X) = oo, and o(exp([0,1]X) (7)) = S;(w).

. 1/;]X o0y —’(/}]X = O(f).
The function dJ]X o 07_1 is a C*° Fatou coordinate of ¢ in the neighborhood of S;(w),
ie. (oo ) op =1 oo ! +1. We want to deform ;¥ 0 0! slightly in order to
obtain a holomorphic Fatou coordinate. Consider the diffeomorphism

2mi(pX oo 1y
a. : orb(¢p, S;j(w)) © SN Cc*.

The complex dilatation k,(z) = na;1(z) = (9a3'/0%z)/(8a;"/0z) of a' satisfies
|ky]|(z) = O(f(w,y)) where 1/1]X oo ' (w,y) = (Inz)/(2mi). We can suppose that
supc- |k| < 1/2 since f(0,0) = 0. Thus there exists a unique quasi-conformal mapping
d : P1(C) — P*(C) such that k4 = k-, d(0) = 0, d(c0) = oo and d(1) = 1. By choice
doa. is a biholomorphism from orb(¢p, S;(w)) to C*; there exists a Fatou coordinate
1/7;.? in S;(w) given by the formula 1[};" = (In(d o a))/(2mi). The Fatou coordinate
can be extended to a holomorphic function defined in R} (w) by using the formula
&f op = z/;;" + 1. The function @f + b is also a Fatou coordinate of ¢ in R;‘(w) for
any b € C. The set {1[)3" + b}beC does not depend on the choices of 1/JJX and o.,.

We would like to have

1 lim T°(P) — wX(P) = ¢! € C.
v Pes;(w), Img(w;((P))_)iood)J( ) —v5 (P) 4
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In other words we want 1[);” - 1/15’( to have a continuous extension to S;(w) N Fix(yp).
The importance of the previous condition can be understood in terms of the Lavaurs
vector fields.

Definition 5.11. — There ezists a unique vector field Xf defined in Rj (w) and such
that Xf(z/;f) = 1. Therefore we have p = exp(X) in R}(w). Moreover, since X7 is
unique then it is continuous in R; and holomorphic in R]. The vector field Xf is the
Lavaurs vector field associated to ¢ in R;.

The vector field X|,_,, is of the form a(y—yo)"(1+O(y—yo))9d/0y in the neighbor-
hood of a point (w, yo) in S;(w) NFix(p) for some a € C* and r € N. The equation (1)
implies that (X)|,—,, is of the form a(y —yo)"(1+h(y))9/dy where h is a continuous
function defined in R}(w)U (S;(w)NFix(p)) such that h(yo) = 0. The Lavaurs vector
field coincides with X until the first non-zero term. In absence of the equation (1) we
can only say that X f can be extended continuously to S;(w) N Fix(p) as a singular
vector field. The analytic invariants can be expressed in terms of the Lavaurs vector
fields; as a consequence a better knowledge of their behavior provides more accurate
results. An example is given by the “quantitative" theorem 3.3.

Equation (1) holds if and only if the quasi-conformal mapping d : P1(C) — P(C)
is conformal at 0 and co. To get the conformality at 0 is enough to prove that

1 1
7/ |”£v(§)|da < 0o
T J)z|<r 1- |K”Y(z)| |Z|

for any r € R (theorem 6.1 in page 232 of [4]). Such a property can be obtained if

1 1
@ s[=0 <(1 T |1nz|>1+1/v<w>> s =0 ((1 +1of |>1+1/“<¢>> |

Denote S; = U,e[o,5)k5;(z). Now suppose that there exists y; € B(0,¢€) \ {0} such
that (0,71) € S;(0) but (0,y1) belongs to S; (of course such a behavior is ruled out
because of stability but that is precisely the point, to justify the choice of infinitesimal
stability). Then typically f(0,y;) # 0 whereas

lim X T,Y) =00
(z,9)€S;, <z,y>~(o,y1>w’ (@)

since (0,y1) ¢ S;(0). In this context the estimate in the right hand side of condition
(2) does not hold and then we can not get the good estimates for Fatou coordinates
and Lavaurs vector fields in the neighborhood of the fixed points. The problem is

associated to the fact that lim,c(o,5)x,0—0 [ux [T;)’((x)] is bigger than I, x [T;)J( (0)].

In order to obtain condition (2) is not enough to ask for S; N {z = 0} C S;(0)
(see picture (8)). The condition (2) is of quantitative type and it can be broken if we
have instable phenomena even in an infinitesimal scale, for instance if I';, x [T;)J( (z)]

does not converge “fast enough" to I',x [T;)J((O)] when z € (0,0)K and z — 0. An

erratic behavior of ', x [T;)J( (z)] makes difficult to obtain similar Fatou coordinates
for ¢ and X. An example of bad convergence would be provided by the existence
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FicUure 8. The point P is in S; \ S;(0)

of a sequence (wp,yn) € S; tending to (0,0) and with 1/(1 + |¢3X(wn,yn)|)1+1/'/(¢)
tending faster to 0 than |f(wn,yn)|- (see picture (9), it is somehow an infinitesimal
version of picture (8)). All these pathologies are excluded as a consequence of the
infinitesimal stability. The infinitesimal stability plays here a somehow analogous role
to the Rolle property in the multi-parabolic case. It is a property of non-wandering
type, forcing the trajectories of R(uX) to go “fast" towards the fixed points. We
bound the “complexity" of trajectories of R(uX). Our quantitative study makes all
these ideas rigorous.

A lyl=e

FIGURE 9. There is no trajectory splitting y = |C|z

Proposition 5.6. — Let ¢ be a mon-degenerate element of Diff ,1(C?,0). Consider
X, = f0/0y, p € S'\ {~1,1} and a compact connected set K C S'\ U(uX,). Then
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we have

1
1+ -1
(14 g )7

Ay, =0(f) =0(yop—y)=0
in S; for any R} € Regi (uX, K).

Fix w € [0,0) K. By the previous discussion there exists a Fatou coordinate ﬁf of
¢ in R} € Regg (uX, K) satistying the condition (1). It is unique if we require
3 lim b?(P) — X (P) = 0.
®) PeS;(w), Tmg($X (P))—-+oo U5 (P) =i (P)
The uniqueness implies that the Fatou coordinate 'LZf is continuous in R} and holo-
morphic in R. In other words the uniqueness forces the holomorphic dependance

with respect to w. A stronger property can be proved, namely the function 1/;;" — Q/JJX
admits a continuous extension to the fixed points.

Proposition 5.7. — Let ¢ be a non-degenerate element of Diff ,1(C?,0). Consider u €
S*\{-1,1} and a compact connected set K C S'\ U(uX,). Then {4 — X is continu-
ous in R; U(Fix(¢) N R;) and holomorphic in its interior for any R; in Reg®(uX, K).

With respect to the previous proposition let us remark that a priori 1[);" - ’l/JJX is
defined only in R} and not in the whole R; when R; € Regy(uX, K). But then there
exists a unique k € Z/(2v(¢)Z) \ {j} such that R; \ R;(0) = R \ Ri(0). The function
(1/7;" — 1/)]X) — (1[),‘5 —9iX) depends only on x and by condition (3) is identically 0. As a
consequence the function dNJf — %X is well-defined in R; = R} U R}. The next result
is the analogous of proposition 5.7 for Lavaurs vector fields.

Corollary 5.2. — Let ¢ € Diff ,1(C?,0) be non-degenerate. Consider X, = f0/8y.
Let p € S*\ {—1,1} and consider a compact connected set K C S' \ U(uX,). Then
ﬁa is of the form f(z,y)(1 + q(z,y))0/0y where q is continuous in R; U (Fix(p) N
R;) and holomorphic in its interior for any R; € Reg®(uX, K). Moreover we have

Upix(p)nT; = 0

Fix an irreducible component 7 = {y = h(z)} of Fix(¢). Consider a system of inte-

. X . . .
grals of the time form {¢; }jGZ/(Zu(X)Z) of X constructed as described in subsection
5.6. There exists a unique family {bj}jeZ/(2u(X)Z) of functions being continuous in

[0,6)K and holomorphic in (0,d)K° such that the family

def

© 7P .
{%- }jGZ/(Zu(X)Z) {%’ + bJ}jeZ/(zu(x)Z)
satisfies
o (Vi —¥)) mnmrix(e) = Sx(x) for any j € Z/(2v(p)Z).
o (¥ — X)), =0 for any j € Z/(20(9)2).
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We say that 7 is a privileged curve and that {1/1;’} is a privileged system of

JEL/(2v(p)Z)
Fatou coordinates with respect to {1X } and 7.

JEZ/ (2w (X)Z)
5.8. Extension of the Ecalle-Voronin invariants. — Fix a non-degenerate el-
ement ¢ of Diff j;(C?,0). Denote X = X,,. Consider p € S\ {—1,1} and a compact
connected set K C S*\ %(uX). We denote D(p) = Z/(2v(p)Z). We define

D_1(p)={j € Z/(2v(p)Z) : R(X) points at T;)J((O) towards R;}.

We denote D1(¢p) = D(p) \ D_1(y).

The mapping (as,z/)f) conjugates ¢ and (z,z + 1) in R for any j € D(yp). The
set R;(0) is contained in an attracting petal (resp. an repelling petal) P; of ¢|,—o
if j € D_1(p) (resp. j € Di(yp)). For instance in the repelling case the set P; is
composed by the points y € B(0,€) satisfying that there exists ¥ € N such that
¢ *(0,y) € R;(0) and ¢~'(0,y) € {0} x B(0,¢) for any 0 < I < k. We have that
P;N P, # o implies k € {j —1,j,7 + 1}.

We can interpret ¢|,—¢ as the diffeomorphism z + 1 defined in the manifold with
charts 97 (P;) for j € D(p) and whose changes of charts commute with z + 1 and are
of the form ¥, , (0,y) o (45 (0,y)) " for j € D(y). Moreover, the function %¥,,(0,y)o
(¥7(0,y))~" is defined in 97 ({0} x (P; N Pj;1)) ~ {sImgz > I} for all s € {—1,1},
J € Ds(p) and some I € RT.

The map ™7 (0,y) is a biholomorphism from orb(y, R;(0)) = orb(¢|,=, P;) to
C*. Thus orb(p, z = 0) is the union of orb(y, R;(0)) ~ C* for j € D(p). We have that
orb(p, R;(0))Norb(yp, R}, 1(0)) # @ in orb(p, z = 0) since P;NP;;1 # @ for j € D(p).
Suppose j € Di(y); then the germs of orb(p, R} (0)) ~ C* and orb(yp, R} (0)) ~ C*
at 0 are identified by a germ Y; € Diff (C,0) defined in a domain B(0,e2"1). For
J € D_1(p) the germs of orb(p, R;(0)) ~ C* and orb(p, R}, (0)) ~ C* at oo are
identified by a germ Y; € Diff(C,00) defined in a domain {|z| > e**'}. The space
of orbits orb(¢,z = 0) is a string of spheres glued by the system of changes of

charts {T; }j eD(e)" Indeed the string of spheres provides a complete system of analytic

5
0.8

!

FIGURE 10. Space of orbits of ¢|,—¢ with identifications in black
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invariants for the classification of elements of Diff ; (C,0). This is the Martinet-Ramis
[6] presentation of the Ecalle-Voronin invariants. We will apply the same program to
non-degenerate elements of Diff ,; (C?,0).

Let R; € Regs(uX, K). There exists a seed ¢J; containing {a5 (R;), wk (R;)} but
such that a5 (R;(7)) and w (R;(z)) are in different seeds among the sons of ¢J; for any
z € (0,0) K. Consider the compact-like set ©'; associated to ;. We define R?» ={Q ¢
R; : I'fx[Q] C €;} and R?— as the connected component of R} \ RE whose closure
contains T;)J((ac) for any = € [0,0)K. We define Rg- = R; for R; € Regj(uX,K).
Denote by R ;i1 the connected component of the set ([0,6)K x B(0,¢)) \ (R; U
R; 11 UFix(p)) such that R; ;1(z) contains the arc in 0U.(z) going from T} % (z) to
T;’)%'H(:c) in counter clock-wise sense for any point z € [0,6)K.

The restriction of #(X) to R} UR],; UR; ;11 satisfies the no-return property (see
subsection 4.2) if and only if R; # R,11. This is the reason because we introduced
the sets Rg- since the restriction of R(X) to R;- U R;+1 U R, ;41 satisfies the no-
return property for any j € D(yp). Thus orb(p, R}) and orb(p, R}, ) are embedded
in orb(p, Rg U R; 11 UR]-,H;Q and their‘inwtersection is not empty. Define the change of
charts @, (z,2) = €™/ o (2, ™ )1 between orb(ip, ;) and orb(p, K, ;)
for any j € D(yp). We have

orb(p, R}) Norb(p, R} 1) ~ [0,0)K x {0 < [2]° < h}

or more precisely wi%K is defined in [0,6)K x {0 < |z|®* < h} for all s € {—1,1},
j € Ds(p) and some h > 0.

The value of 97, ; — 97 at the fixed point (R; ;41 N Fix(p)) N {z = w} is equal to
(x (w) for any w € [0,0)K. The previous discussion implies:

Proposition 5.8. — Let ¢ € Diff ;1 (C2,0) be non-degenerate. Fiz p € S'\ {—1,1} and
a compact connected set K C S'\ U(uX,). Then there exists h € R" such that for
all s € {—1,1} and j € Ds(p) we have

. wi%K € C%[0,0)K x {|z]* < h}) N O((0,8)K° x {|z|* < h}).
° wi%K(O, z) does not depend on p and K.

» @, ,x 15 of the form e2miCx, (@) 5 (1 +302 b}’il’p’K(x)zs’).
b, k€ C°([0,86)K) N O((0,86)K°) for any l € N.

We define the u-space of orbits of ¢ at K as the variety obtained by taking an
atlas composed of charts orb(yp, R}) ~ [0,0)K x C* for j € D(yp) and the changes

of charts (z,@], , ) identifying subsets of orb(p, R}) and orb(p, R} ;) for any j in
D(y). The p-space and the space of orbits of ¢ coincide for z = 0. They are different
for x = w € (0,0)K since the u-space of orbits does not contain the identifications

orb(, Rj \ Rj(0)) ~ orb(e, Ry \ R;(0))
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for Rj = Ry € Regh(uX, K) with R} # Rj. We have that ¢y — ¥ = P — 1/1;( is a
pure meromorphic function in C{z}[z~!]. As a consequence we obtain

(x,627riw,f) ° ($’€2ﬂ-iw3p)o(fl) = (z, ezm(zpffwj‘)(z)z)‘

The p-space of orbits of ¢ at K is the space of orbits of ¢ restricted to

F1GURE 11. The u-space of orbits restricted to x = w

def .
BLp,p,,K = ([Oa 5)K X B(Oa 6)) \ ((URjERegg(pX,K)RE‘) U FIX(()O))

Moreover the restriction of ¢ to B, , x satisfies the no-return property. Thus the u-
space of orbits depend nicely on the parameter x. By removing U R; €Regg (X, K)RE- we
dismiss the complexity related to small divisors problems. Of course we can recover any
dynamical information attached to the system by adding the “singular" identifications
. X X
(z,e2™ Wi =¥i)(®@) ) for any R; € Regs(uX, K) where Ry, = R; and R} # R;.
Remark 5.2. — Given a direction x € ART with X\ € S! the set
{pest: e Uux)}
is finite. The choices of u in the same connected component of
@™\ e st xe ULX)}

provide equivalent definitions of the u-space of orbits in the neighborhood of the direc-
tion x € ART. Thus there are finitely many choices of the u-space of orbits.

The diffeomorphism ¢ is of the form (z, 2+ 1) in a manifold with changes of charts

(m’gi,ll«,K) = (wif+1) © (95’1/)}?)_1

for j € D(¢p). Since

; ) ; Inz
J 2miz J

ko) = ] o) —_—
oK = € g</>,u,K (:E’ 27
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then proposition 5.8 implies

Proposition 5.9. — Let ¢ € Diff ,;(C?,0) be non-degenerate. Fiz yu € S'\ {—1,1} and
a compact connected set K C S*\ U(uX,). Then there exists I € Rt such that for
all s € {—1,1} and j € D;s(p) we have

* S;,#,K(lﬁ z+1) = f;’M’K(-’ﬂ,Z) +1.
° 51‘6’4‘71( € CY([0,0)K x {sImz > I})N O((0,6)K° x {sIlmz > I}).
° g;vﬂvK(o,z) does not depend on p and K.

. 5;%}( is of the form z + (x_ (x) + 3724 a;_P)l’M’K(x)QQW'islz‘
x €C°([0,8)K) N 0((0,8)K°) for anyl € N.

* azlw,
5.9. Analytic conjugacy. — Fix a non-degenerate element ¢ of Diff,;(C?,0).
Denote X = X,,. Consider u € S'\{—1,1} and a compact connected K C S'\ %(uX).
The p-space of orbits of ¢ at K is a rigid object since it is composed of copies of
[0,6)K x C* and the set of biholomorphisms of C* fixing 0 and oo is isomorphic to
C*. The rigidity implies that the u-space of orbits determines the analytic class of
conjugacy of ¢. We obtain a complete system of analytic invariants for non-degenerate
elements of Diff ,; (C2, 0). Roughly speaking it is a fibered version of the Ecalle-Voronin
system of invariants.

Let ¢,n be non-degenerate elements of Diff ,;(C?,0). Suppose that ¢ and 7 are
formally conjugated. Then there exists 6 € Diff (C2,0) satisfying 6 0 p = o & and
whose action on Fix(yp) is analytic [9] [11]. More precisely there exists an element o
of Diff (C?,0) such that

(a) zod=zoo0.

(b) yo & —yoo belongs to the ideal associated to the analytic set Fix(y).
Indeed the mapping o satisfies [9] [11]

(1) zoo € C{z}

(2) (yon—y)oo=(yop—y)

(3) Res(X,,0(P)) = Res(X,, P) for any P € Fix(yp).
Moreover, given o holding conditions (1), (2) and (3) there exists & € Diff (C2,0)
conjugating ¢ and n and such that o and & satisfy the conditions (a) and (b). Then
up to identify such ¢ and replacing n with 0~! oo o we can suppose

(A) (yon—y)=(yop—y)

(B) Res(X,,P) = Res(X,, P) for any P € Fix(p) (see def. 4.4).
The ideal (X, (y)) = (y o ¢ —y) and the function Res(X,) : Fix(¢) — C compose a
complete system of analytic invariants of X,,. As a consequence if the conditions (A)
and (B) are satisfied there exists & = (z,01(z,y)) € Diff (C?,0) such that 6 pix(,) = Id
and and 6.X, = X,. Then up to replace n with 67! ono & we can suppose that
X, =X,

Definition 5.12. — Let p,n € Diff ,;(C%,0) be non-degenerate. We say that ¢ and
n have common normal form exp(X) if there exists a vector field X € X,1(C?,0)
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satisfying the prozimity condition for both ¢ and n. We say that a formal conjugation
& € Diff (C2,0) between ¢ and 1 is normalized if O|rix(p) = Id. We denote by Z((p)
the group of normalized elements of Diff (C2,0) commuting with .

The previous discussion implies that we can suppose that when dealing with formal
conjugacy problems we can reduce the problem to diffeomorphisms ¢, with common
normal form and the equivalence ~,, instead of analytic classification.

Let ¢,n be non-degenerate elements of Diff ,;(C?,0) with common normal form.
Suppose that ¢~f,.n by ¢ € Diff (C2,0). The set of normalized elements of
Diff (C2,0) conjugating ¢ and 7 is equal to Z(n) o 6. Then it makes sense to analyze
the nature of Z(n).

Proposition 5.10. — Let ¢ be a non-degenerate element of Diff ,1(C2,0). Suppose
N(p) = 1. Then we obtain that Z((p) is the semi-direct product of a finite group of
order v(p) and {exp(&(z)logy) : é € C[[z]]}. Moreover Z(p) is commutative.

Proposition 5.11. — Let ¢ be a non-degenerate element of Diff ,1(C2,0). Suppose
N(p) > 1. Then we obtain Z(p) = {exp(é(z)logyp) : é € C[[z]]}. In particular Z(y)
18 commutative.

Let ¢,n be non-degenerate elements of Diff ,;(C?,0) with common normal form
exp(X). Fix p € S*\ {~1,1} and a compact connected set K C S!'\ %(uX). We
choose a system {dsz} as described in subsection 5.6. By fixing a privileged

(subsection 5.7). We

JED(p)

curve 7 in Fix(¢) we can construct {wf}jeD(w) and {w?}jeD(q;)

can define the mapping

Uj(%ﬁ) = (.’IT, 1/);])71 o (.’IT, 1/);0)
defined in R; € Reg®(uX, K) for any j € D(p) and some € > 0 independent of
j. As usual the diffeomorphism o;(y,n) admits an extension to a bigger domain by
using the formula o;(¢,n) o = noo;(p,n). Suppose that p~,,n by o € Diff (C2,0).
Supposed N () > 1, it satisfies

o|r, = exp(c(x)X]) o 0;(p,n)

for any j € D(p) and some ¢ € C{z} independent of j and K. In the case N(¢) =1
the group Z(n) contains a finite group; thus o satisfies

O|\R; = exp(c( ) ) [(l’ ’(/)]Jrl)_ (ZL‘,’(/);I)] Oaj(907 77)

for any j € D(p) and some ¢ € C{z} and | € Z/(v(¢)Z) independent of j and K.
The latter equation can be rewritten in the form

O|Rr; = (x7¢?+l)_1 ° (:IZ, w;p + C(:E))
since exp(c(z) X)) = (=, wy)_l o(x,9] +c(x)). Then we obtain g~ .,y if the equations

@) (@l ) o (@] +e@) = (2, 9],) 7 o (2,9, +c(z)) Vi€ Dlp)
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hold true in the intersections of their domains of definition for some ¢ € C{z} and [

in Z/(v(¢)Z) (note that I =0 if N(p) > 1). The equation (4) is equivalent to
i (@, 2+ @) =€), g (2,2) +e(z) Vi e Dlp).

As a consequence we obtain

Theorem 5.3. — Let p,n € Diff ,1(C?,0) be non-degenerate with common normal form
exp(X). Suppose N(p) = 1. Then prann if and only if

&g (@2 +c(@) =€) i (2,2) + e(2) Vi€ D(p)
for some c € C{z} andl € Z/(v(p)Z).

Theorem 5.4. — Let ,n € Diff ,1(C2,0) be non-degenerate with common normal form
exp(X). Fiz p € S'\ {—1,1} and a compact connected set K C S'\ U(uX). Suppose
N(p) > 1. Then @~ann if and only if there exists ¢ € C{x} such that

& k(@ z+c(@) =€, (,2)+c(x)
for any j € D(yp).

Corollary 5.3. — Let ¢ € Diff ,;(C%,0) be non-degenerate. Fiz p € S*'\ {—1,1} and
a compact connected set K C S*\ U(uX,). Then logp € X (C2,0) if and only if

fi’H’K(a:,z) =2+ Cx,(z) for any j € D(p).

Proof of the corollary. — The infinitesimal generator log ¢ of ¢ is analytic if and only
if p~anexp(X,). Indeed if log ¢ is analytic then log ¢ and X, satisfy conditions (A)
and (B). Thus we obtain log ¢p~an X, and then g~ exp(X,). The corollary is now
a consequence of §ZXP(X¢)’M’K(:U, z) = 2+ (x,(z) for any j € D(p) and theorems 5.3
and 5.4. O

The theorem 5.3 is a parametrized version of the Ecalle-Voronin theorem of analytic
classification. The proof of the implication = in theorem 5.4 is simple. The implication
< is trickier since a priori the conjugating mapping o is defined in a set [0,0)K x
B(0,¢). Anyway, given a compact connected J C %(u’'X) the existence of o implies
that

S (@ zte()=E, 5+ c)
in {z € [0,0)(KNJ)} for any j € D(p). By analytic continuation we can extend
the previous equalities to {z € [0,d)J}. We then construct a conjugation o; between
¢ and 7 and defined in a set [0,8)J x B(0,¢€). The mappings ¢ and o coincide, we
have extended o to [0,8)(K U J) x B(0,¢€). By iterating this process we obtain that o
belongs to Diff (C2,0).

We discuss next why theorem 3.3 holds true. Let » € RT such that there exists an
injective k,, defined in B(0,r), with (Kw)Fix(p)n{z=w} = Id and conjugating p|;—.,
and 7y—, for any w # 0. The existence of k,, for w # 0 implies that ¢ and 7
satisfy conditions (A) and (B). As a consequence we can suppose that ¢ and 7 have
a common normal form exp(X). It can be proved that the mappings x, have a
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moderated behavior. More precisely, by considering a smaller » > 0 if necessary we
can suppose that there exists R > 0 such that s, (B(0,7)) C B(0, R) for any w # 0.
Fix pn € S'\{-1,1} and a compact connected set K C S*\ %(uX,,). Given w € (0,8)K
then k., satisfies

() 7, ) () = exp(e(w) XT) o ({2,971 )) ™ 0 (@, 9] 0 05 (0,m) (w, )
for some c(w) € C, I(w) € Z/(v(¢)Z) and any j € D(p). Indeed we have
i (w2 + ew) =€, o (w,2) + e(w) Y(w,j) € (0,6)K x D(p).
We can suppose that both log ¢ and log 7 are non-analytic (divergent), otherwise both

of them are analytic by corollary 5.3 and theorems 5.3 and 5.4. In such a case log ¢
and log n satisfy conditions (A) and (B) and then ¢~,,n. The mappings

[(x7¢?+l(w))_1 © (.’E, TP;])] © Uj(%ﬂ)(%y)

are moderated, i.e. their images are contained in B(0,R) for all w € (0,0)K and
j € D(¢) (maybe by considering a smaller » > 0). Moreover since X is very similar
to X7 in R; (prop. 5.7 and cor. 5.2) then

(5) exp(c(w)X)({w} x B(0,r)) C {w} x B(0, R)

for any w € (0,9)K. We obtain the expression (5) for any w # 0 by considering other
compact sets. Now it is not complicated to prove that the previous condition implies
that ¢ is bounded in a pointed neighborhood of 0. The existence of k., for w # 0 also
implies the existence of a function d(x) and I € Z/(v(¢)Z) such that

gt (@, 2+ d(x)) = (z,2) +d(z) Vj € D(p).

51, K = So,u, K
The function d is defined in the universal covering of B(0,6) \ T where T is a closed
set such that T\ {0} is discrete. It turns out that since 1 is not analytically trivial
the function Im(d) is well-defined in B(0, d) \ 7. Moreover the boundness of ¢ implies
that Im(d) is bounded in B(0,4)\ T. By using the last property we deduce that d can
be extended to a neighborhood of the origin to obtain an element of C{z}. Theorems
5.3 and 5.4 imply that p~,,n.

6. Compactification of the Ecalle-Voronin invariants

Let ¢ be a non-degenerate element of Diff ,;(C?,0). Suppose that there exists a
parabolic component v = {y = h(z)} of Fix(¢) (see def. 5.1). Given w € B(0,4)
we can consider the germ ¢ (., n(w)) of Y|z—y in the neighborhood of y = h(w). This
section is devoted to sketch the proof of the following theorem:

Theorem 6.1. — Let p,n € Diff ,1(C?,0) be non-degenerate with common normal form
exp(X). Suppose that there exists a parabolic irreducible component v of Fix(p). Sup-
pose also that g is highly non-trivial and N(p) = 2. Then pr~ann if and only if
©Q K% ng for any Q in a pointed neighborhood of 0 in .
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Definition 6.1. — We denote ¢ “~' 7 for ¢, T € Diff (C,0) if there exists a mapping in
Diff 1 (C,0) conjugating ¢ and .

Definition 6.2. — We say that ¢ € Diff 1(C,0) is highly non-trivial if no change of
charts associated to ¢ is a translation. Given ¢ € Diff 1 (C?,0) the highly non-triviality
of Y|z—o is equivalent to 51,7”71((0,2) # 2+ (x,(0) for any j € D(p). This condition
is generic and independent of the choices of u € S* and K C S\ U(uX).

Definition 6.3. — Let ¢ be a non-degenerate element of Diff 1 (C?,0). Given an irre-
ducible component v of Fix(p) we define v,(7y) as the only natural number such that
yop—y € I(y)eMFTI\ I()Y¢M+2 where I(v) is the ideal of .

Remark 6.1. — There is a version of theorem 6.1 for the case N(¢) = 1. It is much
less interesting since in that case the number of changes of charts associated to g
for @ € v\ {(0,0)} and to ¢ coincide. Roughly speaking, the analytic invariants of ¢
are the union of the Ecalle-Voroning invariants of ¢ for Q € v\ {(0,0)}.

Remark 6.2. — The case N(p) = 2 is generic among the diffeomorphisms satisfying
N(p) > 1.

The implication = in theorem 6.1 is trivial. We focus on the implication <. Sup-
pose without lack of generality that v = {y = 0}. Consider a compact connected set
K’ C S'\ %(iX). Consider also a compact connected set K’ C K C S! such that there
exists a continuous function px : K — S'\ {—1,1} satisfying that A & %(ux(\)X)
for any A € K. We also require the condition u;{l () NK' £ 2.

We can order the petals Py (w), ..., Pépyw(v)(w) of V(w,h(w)) in counter clock-wise
sense. These petals are open sets and they dep