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STRUCTURED BUNDLES DEFINE
DIFFERENTIAL K-THEORY

by

James Simons & Dennis Sullivan

Abstract. — Complex bundles with connection up to isomorphism form a semigroup
under Whitney sum which is far from being a group. We define a new equivalence
relation (structured equivalence) so that stable isomorphism classes up to structured
equivalence form a group which is describable in terms of the Chern character form
plus some finite type invariants from algebraic topology. The elements in this group
also satisfy two further somewhat contradictory properties: a locality or gluing prop-
erty and an integrality property. There is interest in using these objects as pre-
quantum fields in gauge theory and M-theory.

Résumé (Les fibrés structurés définissent la K -théorie différentielle). — Les fibrés complexes
& connexion forment, & isomorphisme prés, un semi-groupe sous la somme de Whit-
ney qui est loin d’étre un groupe. Nous définissons une nouvelle relation d’équivalence
(’équivalence structurée) de maniére & ce que les classes d’isomorphismes stable, &
équivalence structurée prés, forment un groupe qui puisse étre décrit en termes de
forme de caractére de Chern et de quelques invariants de type fini de la topologie al-
gébrique. Les éléments de ce groupe satisfont également & deux propriétés en quelque
sorte contradictoires : une propriété de localité ou de gluing et une propriété d’inté-
gralité. Il semble intéressant d’utiliser ces objets en tant que champs pré-quantiques
en théorie de gauge et en M-théorie.

Let M be the category whose objects are smooth manifolds and whose morphisms
are smooth maps. We assume the manifolds are either compact manifolds possibly
with boundary or diffeomorphic to those obtained from these by deleting some or all
of the boundary components.

Let K" denote the contravariant functor on M to abelian groups defined by equiva-
lence classes of pairs (V, A) where V' is a complex vector bundle and A is a connection
on V. The equivalence relation is generated by stable isomorphisms of bundles with
connection and by structured equivalence: namely any deformation of a connection
A on a fixed bundle along any smooth path of connections so that the associated odd
Chern Simons form is exact. Recall the exterior d of the Chern Simons form of a path
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2 J. SIMONS & D. SULLIVAN

of connections measures the change in the Chern Character form at the endpoints of
the path.

We want to compute K. Note an equivalence class in K” has a precise total even
form representing the Chern character plus some information related to a total odd
cohomology class represented by Chern Simons forms which are closed but not exact.

Let ch(K) denote the contravariant functor on M to abelian groups defined by
considering pairs ([V],C) where V represents an element of the K-theory of complex
vector bundles and C is a total closed complex valued even dimensional form so that
C represents the Chern character of V in rational cohomology.

We have the obvious map from K” to ch(K) which assigns to the pair (V, A) of
bundle with connection the pair ([V],C) where [V] is the class of the stable vector
bundle V in Atiyah’s K-theory and C is the differential form defined by the Chern
Weil curvature construction representing the total Chern character.

Let Torus be the functor on M to abelian complex Lie groups given by the odd
cohomology with complex coefficients modulo the sublattice defined by considering
all maps into G , the union over n of the n-dimensional complex linear groups, and by
pulling back the desuspended Chern character class. This class is defined universally
at level n defining G by desuspending the Chern character class of the bundle on
suspension G defined using the identity map of G as a gluing function.

Theorem 1. — The homomorphism from K" to ch(K) is onto.

The kernel of the homomorphism is the abelian complex Lie group Torus. We have
the natural short exact sequence:

(1) 0 — Torus — K" — ch(K) — 0.

Let k denote the kernel of the natural map from K" to K, namely (V,C) — [V].
Then from sequence (1), k maps with kernel Torus onto exact total even forms.

Let O = total odd forms modulo all closed forms in the cohomology classes of the
sublattice above defining Torus. Then O maps via d with kernel Torus onto exact
total even forms. The construction of K shows the kernel k is naturally isomorphic
to O. In the detailed paper [1], O is denoted A°%(X)/ Ag (X).

Theorem 2. — There is the natural short exact sequence
(2) 0-0—-K"—>K-—0.
One may also show from the construction:

Theorem 3. — K" satisfies the Mayer-Vietoris property: if X is A union B with
intersection C then given two elements a in K" (A) and b in K"(B) which restrict to
the same element c in K"(C), then there is an element x in K"(X) which restricts
to a and to b respectively.

Consider E = all total even forms in the cohomology classes of the Chern characters
of complex vector bundles. By Theorem 1 the map K" — E is surjective. Now

ASTERISQUE 321



STRUCTURED BUNDLES DEFINE DIFFERENTIAL K-THEORY 3

consider k', the kernel of this map from K” to E. Since K’ satisfies the Mayer-
Vietoris property so does this kernel k’. One can show also that k’ is a homotopy
functor. Thus by Brown’s representability theorem k'’ is represented by homotopy
classes of maps into some space. Using this , the sequences above and side condition 1
in Remark 1 below leads to

Theorem 4. — The kernel of the surjection of K" onto E is naturally isomorphic to
K -theory with coefficients in C/Z. Let us denote the latter by K(C/Z). Then we
have the natural short exzact sequence:

3) 0—- K(C/Z)— K" - E—0.

Now K” is not a homotopy functor, but the change produced by an infinitesimal
deformation v of a map can be computed. This change u is in O = the kernel of
(K™ — K) because K is a homotopy functor. We know that du is the lie derivative
of the Chern character form. So the following is natural and indeed true for K":

Theorem 5. — The change in f*(z) for z in K™ by an infinitesimal deformation v of
a map f is obtained by contracting the Chern form of x byv and projecting it to O
inside K.

Remark 1. — We have omitted two natural side conditions in the statements of The-
orems 2 and 4 which should be noted.

1. The composition K(C/Z) — K" — K using (2) and (3) is the Bockstein map
in the Bockstein exact sequence for K -theory.
2. The composition O — K" — E using (2) and (3) is exterior d.

Conjecture. — There is at most one functor K™ up to natural equivalence satisfying
Theorems 1, 2, 8, 4 and 5 and the side conditions 1 and 2 in Remark 1.

The presence of the homotopy property expressed by Theorem 5 in the conjecture
above was inspired by conversations with Moritz Wiethaup. This homotopy property
was not needed in our axioms characterizing ordinary differential cohomology [2]. The
details of the proofs of the results here will appear soon [1]. We close by expressing
on this occasion our appreciation of and admiration for the geometer Jean Pierre
Bourguignon.
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EINSTEIN METRICS AND MAGNETIC MONOPOLES

by

Nigel Hitchin

For Jean Pierre Bourguignon on his 60" birthday

Abstract. — We investigate the geometry of the moduli space of centred magnetic
monopoles on hyperbolic three-space, and derive using twistor methods some (in-
complete) quaternionic Kahler metrics of positive scalar curvature. For the group
SU(2) these have an orbifold compactification but we show that this is not the case
for SU(3).

Résumé (Métriques d’Einstein et monopoles magnétiques). — Nous étudions la géométrie
des espaces de modules des monopoles maghétiques sur le 3-espace hyperbolique
et nous en dérivons quelques métriques kdhleriennes quaternioniques (incomplétes)
de courbure scalaire positive, en utilisant des méthodes twistor. Celles-ci ont une
compactification orbifolde pour le groupe SU(2) et nous montrons qu’il n’en est rien
dans le cas du groupe SU(3).

1. Introduction

Over 20 years ago Jean Pierre Bourguignon and I were part of the team helping
Arthur Besse to produce a state-of-the-art book on Einstein manifolds [3]. As might
have been expected, the subject proved to be a moving target, and the contributors
had to quickly assemble a number of appendices to cover material that came to light
after all the initial planning. The last sentence of the final appendix refers to: “hyper-
kdhlerian metrics on finite dimensional moduli spaces”, and so it seems appropriate
to write here about some of the results which have followed on from that, and some
questions that remain to be answered.

There is by now a range of gauge-theoretical moduli spaces which have natural
hyperkahler metrics: the moduli space of instantons on R* or the 4-torus or a K3

2000 Mathematics Subject Classification. — 53C28, 53C26, 51N30.
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6 N. HITCHIN

surface [16], magnetic monopoles on R? [2] and Higgs bundles on a Riemann surface
[12]. The latter structure features prominently in the recent work of Kapustin and
Witten on the Geometric Langlands correspondence [15]. Some of these metrics,
in low dimensions, can be explicitly calculated, but even when this is not possible,
the fact that these spaces are moduli spaces enables us to observe some geometrical
properties which reflect their physical origin. In this paper we shall concentrate on
the case of magnetic monopoles.

For monopoles in Euclidean space R3, there exist in certain cases explicit formulae
(for example [5]), but in general we cannot write the metric down. Instead we can
seek a geometrical means to describe the metrics; such a technique is provided by
the use of twistor spaces, spectral curves and the symplectic geometry of the space
of rational maps. This is documented in [2]. We review this in Section 2, drawing on
new approaches to the symplectic structure.

We then shift attention to the hyperbolic version. The serious study of monopoles in
hyperbolic space H® was initiated long ago by Atiyah [1], who showed that there were
many similarities with the Euclidean case. Yet the differential-geometric structure of
the moduli space is still elusive, despite recent efforts [18], [19]. One would expect
some type of quaternionic geometry which in the limit where the curvature of the
hyperbolic space becomes zero approaches hyperkdhler geometry. In Section 3 we give
one approach to this, and show, following [17], how to resolve one of the problems
that arises in attempting this — assigning a centre to a hyperbolic monopole.

The other problem, concerning a real structure on the putative twistor space, can
currently be avoided only in the case of charge 2 and in Section 4 we produce, for
the groups SU(2) and SU(3), quaternionic Kihler metrics on the moduli spaces of
centred hyperbolic monopoles, generalizing the Euclidean cases computed in [2] and
[8]. These metrics are expressed initially in twistor formalism, using the holomorphic
contact geometry of certain spaces of rational maps, but we obtain some very explicit
formulae as well.

For SU(2), these concrete self-dual Einstein metrics, originally introduced in [14],
have nowadays found a new life in the area of 3-Sasakian geometry, Kihler-Einstein
orbifolds and manifolds of positive sectional curvature. We consider briefly these
aspects in the final section, and suggest where new examples might be found.

2. Euclidean monopoles

All of the hyperkédhler moduli spaces mentioned above arise through the hyper-
kahler quotient construction. Recall that a hyperkéihler metric on a manifold M*"
is defined by three closed 2-forms wi,ws, w3 whose joint stabilizer at each point is
conjugate to Sp(n) C GL(4n,R). If a Lie group G acts on M, preserving the forms,
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EINSTEIN METRICS AND MAGNETIC MONOPOLES 7

then there usually exists a hyperkéhler moment map p : M — g* ® R3. The quotient
construction is the statement that the induced metric on =1 (0)/G is also hyperkihler.

For the moduli space of monopoles we use an infinite-dimensional version of this.
The objects consist of connections A on a principal G-bundle over R? together with
a Higgs field ¢, a section of the adjoint bundle. There are boundary conditions at
infinity [2], in particular that ||@|| ~ 1 —k/2r, which imply that the connection on the
sphere of radius R approaches a standard homogeneous connection as R — oco. The
manifold M to which we apply the quotient construction then consists of pairs (A, ¢)
which differ from this standard connection by terms which decay appropriately, and
in particular are in £2. This is formally an affine flat hyperkahler manifold where the
closed forms w; are given by '

w;i((A1, 1), (A2, $2)) = /R3 dz; Atr(A; Az) + /R3 *dx; A [tr($1A2) — tr(¢241)].

For the symplectic action of a group we take the group of gauge transformations which
approach the identity at infinity suitably fast.

The zero set of the moment map in this case consists of solutions to the Bogomolny
equations F)y = *d ¢, and the hyperkdhler quotient is a bundle over the true moduli
space of solutions — it is a principal bundle with group the automorphisms of the
homogeneous connection at infinity. This formal framework has to be supported by
analytical results of Taubes to make it work rigorously.

When G = SU(2), the connection on a large sphere has structure group U(1) and
Chern class k, which is called the monopole charge. The hyperkéhler quotient is a
manifold of dimension 4k which is a circle bundle over the true moduli space. It has
a complete metric which is invariant under the Euclidean group and the circle action
(completeness comes from the Uhlenbeck weak compactness theorem, one use of gauge
theoretical results to shed light on metric properties). The gauge circle action in fact
preserves the hyperkihler forms wy,ws,ws, and its moment map defines a centre in
R3. The (4k — 4)-dimensional hyperkihler quotient can then be thought of as the
moduli space of centred monopoles.

For charge 2, by using a variety of techniques [2], one can determine the metric
explicitly. It has an action of SO(3) and may be written as

(1) g = (abc)’dn® + a®a? + b%0? + ?o?
where

ab= —2k(k’)2Kﬁ

o be=ab- 2(k'K)?  ca=ab—2(K'K)?

7I'/2 d¢
n=-K'/tK Kk =/ S A
/ (k) 0 1—k2sin ¢

and 01,02, 03 are the standard left-invariant forms on SO(3).

SOCIETE MATHEMATIQUE DE FRANCE 2008



8 N. HITCHIN

Differentiably, this manifold can be understood in terms of the unit sphere in the
irreducible 5-dimensional representation space of SO(3). For each axis there is, up to
a scalar multiple, a unique axially symmetric vector in this representation and these
trace out two copies of RP? C S*. The centred moduli space is the complement of one
of these, the removed point being the axis joining two widely separated monopoles.
The other RP? parametrizes axially symmetric monopoles, which are (for any value
of charge) uniquely determined by their axis.

For the group G = SU(3) we consider a Higgs field which asymptotically has two
equal eigenvalues. On a large sphere the eigenspace is a rank two bundle with first
Chern class k, again called the charge. When k = 2, Dancer computed this metric [7].
For centred monopoles it is eight-dimensional with an SO(3) x PSU(2) action, the first
factor from the geometric action of rotations and the second from the automorphisms
of the connection at infinity. Explicitly it can be written as follows:

1
9=7 > (@1 + pz)ymim; + y(1 + py)nin; + 2pzymin;)

where
my = —fidfi + fadfa m2 = (ff - f3)o3
1
m3 = p—z[(nys? — (L+py) D)oz + f3f132]
my = —m[(pyfgz — (1 +py)f3)or + f2fs%]
mo= —(pafadfs+ (1+p) fudf)
ng = 1—)117[((1 +pz)f — pxf3)os — fif2Xs]
ng = (ff — f3)o2
ng = m[(l)xﬁ — (14 px)f3)o1 + f2f3%1]
with o;, X; invariant one-forms on SO(3) x SU(2), and
_ Decn(3D,k) _ Ddn(3D,k) oo - D
fi=- sn(3D, k) fa=- sn(3D, k) 8= sn(3D, k)’
1 (3P sn2(u)

1 3D \
= — — —= sn“(u)du.
o= ) Ty D3/0 (w)

and p = f1 fofs for D < 2K /3.
Clearly there are limits to extracting information from formulae like these. Never-
theless, the restriction to certain submanifolds can be useful.
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EINSTEIN METRICS AND MAGNETIC MONOPOLES 9

2.1. Twistor spaces. — Penrose’s twistor theory provides a method for trans-
forming the equations of a hyperkédhler metric into holomorphic geometry. The idea
is that the three closed two-forms of a hyperkdhler manifold M can be arranged as
w1, wsz + tws which define a complex structure I for which ws + w3 is a holomorphic
symplectic two-form and w; a Kéhler form. The other choices give complex struc-
tures J, K; more generally for a point x € S, (21 + z2J + 23K)? = —1 and defines
a complex structure.

The twistor space is the product Z = M x S2%. It has a complex structure ((z;] +
zoJ + x3K),1I) where I is the complex structure on S? = CP!. The projection
p : Z — CP! to the second factor is holomorphic, and the fibre is M with the structure
of a holomorphic symplectic manifold. There is a real structure (m, (21,22, z3)) —
(m, —(x1,x2,23)). To recover the space M one sees that for m € M, (m,S?) is a
holomorphic section of the projection p and M is then a component of the space of
real sections.

We shall describe here how to construct the twistor space for the moduli space
of SU(2) monopoles on R? (see [2]). This involves the link with rational maps.
Consider a straight line x = a + tu and the ordinary differential equation along the
line (Vy, —i¢)s = 0. Since asymptotically ¢ ~ diag(i, —i), there is a solution so which
decays exponentially at +0o0. Choose another solution s; with (sg, s1) = 1 using the
SU(2)-invariant skew form. This is well-defined modulo the addition of a multiple of
So. Now take s{, a solution which decays at —oco, then sj = asg + bs;. There are
normalizations at infinity which make the coefficient b well-defined.

Now take all lines in a fixed direction (1,0,0). We split R® = C x R with co-
ordinates (z,t) = (z1 + iz2,3), and then write sy(z,t) = a(z)so(z,t) + b(2)s1(z, t).
The Bogomolny equations imply that the coefficients are holomorphic in 2z, and fur-
thermore the boundary conditions tell us that for a charge k£ monopole b(z) is a
polynomial of degree k. Take p(z) to be the unique polynomial of degree k — 1 such
that p(z) = a(z) modulo b(z) and define
S(z) = p(z) _ a0+ a1z + -+ + ag_12F71 4

b(z) bo+biz+...oo+b_12k 142k

It is a theorem that this gives a diffeomorphism between the moduli space of
monopoles and the space R}, of rational maps S : CP! — CP! of degree k which take
oo to 0. Note that the denominator vanishes when s, = asp — when a solution exists
which decays at both ends of the line. Such lines are called spectral lines.

We can carry out the above isomorphism for lines in any direction in R3® which
yields a 2-sphere of complex symplectic structures. The set of spectral lines then
forms a k-fold cover of S? which is called the spectral curve. It is more than just an
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10 N. HITCHIN

abstract Riemann surface, though: it sits naturally as an algebraic curve in the total
space of O(2), which we can identify with the space of straight lines in R3.

In order to construct the twistor space we need to do two things: first identify the
symplectic structure, and secondly see how to glue the different complex structures
together to give a bundle over CP!.

The original approach of the authors of [2] was to think more in terms of the physics
of the monopoles rather than the geometry of rational maps. For charge k = 1 we
know that the moduli space is flat S' x R3, simply a gauge phase S' and a centre,
a point of R3. As a complex symplectic manifold this is C x C* with holomorphic
symplectic form dz A dw/w. Now there are solutions to the Bogomolny equations
(the original existence theorem of Jaffe and Taubes) which approximate k widely
separated charge one monopoles, so it is reasonable to think that asymptotically the
moduli space approximates the symmetric product S*(C x C*) with symplectic form

k

dw,»
2 i .
(2) ;dz Ao

This symmetric product is singular but Ry, gives in fact a smooth resolution of it: if
S(z) = p(z)/q(z) and the zeros of ¢ are 21, ..., 2k, then

S+ ((21,p(21)), - - - (26, P(2x)))

is the map (note that p, ¢ being coprime means that p(z;) # 0).

It is shown in [2] that the symplectic form extends, but there is now a more at-
tractive way of defining this form (see [10],[22],[23]). Note that fixing all z; gives
a Lagrangian submanifold, as does fixing all w;. In other words fixing the numera-

tor or denominator gives two transverse Lagrangian foliations. Given x € C define
f=(S) = p(z), 9:(S) = ¢q(z). Then from the previous remark the Poisson brack-
ets {fz, fy}, {9z, 9y} vanish. We can determine the symplectic structure by Poisson
brackets of the form {f;,g,} and this is defined in [10] by

p(z)q(y) — q(z)p(y)
{f T gy} = T —
Y
which is the classical invariant known as the Bezoutian. Taking k points in general

give local coordinates to write down the form. Clearly as y — x we get the Wronskian
p'(z)q(z) — p(x)¢'(z), so x and y don’t have to be distinct.

The expression in (2) consists of taking the points to be very special — the zeros
z; of the denominator — for then {f,,g.;} = (p(2i)a(2;) — q(25)p(2:))/(2i — 25) = 0 if
i # j and {f.,;, 9.} = —p(2i)¢'(2:) and hence the symplectic form is

1 dp(2i)
2 Sy e o = L dm AT

ASTERISQUE 321



EINSTEIN METRICS AND MAGNETIC MONOPOLES 11

since g(z;) = 0 implies ¢'(2;)dz; + dg,, = 0.

To define the monopole twistor space we stick together two copies of Ry x C over
C* by the following patching:
~ 1 - 1 z _
=1 1(Z) =@ p(5) =) mod o)
To see that this preserves the symplectic form note that if H : Ry x C* — C is defined
by

(8.0 = 7 34

we obtain the Hamiltonian vector field
d_qd(?z_)_ =0 d];_(tz) = —%p(z) mod g(2).
The transformation law for p is obtained by integrating this.

To find a holomorphic section of p : Z — CP!, the transformation rule for ¢(z)
shows that we must have g(z,{) = 2* + a1(¢)2¥~! + -+ + ax(¢) where a;(¢) is a
polynomial of degree 2i. The rule for p(z) (and the fact that p(z) # 0) means that on
the curve ¢(z,¢) = 0, the line bundle with transition function e~2?/¢ must be trivial.
Globally, noting the transformation z — z/¢2, this makes sense in the total space
of the line bundle O(2) over CP!. But the spectral curve of a monopole is defined
by the equation g(z,{) = 0 and satisfies precisely this constraint (see [2]). Since the
spectral curve determines the monopole we can, then, in principle find the metric on
the moduli space from just two pieces of information — the spectral curve and the

symplectic geometry of the space of rational functions.

3. Hyperbolic monopoles

If we replace R3 by hyperbolic space H?, then some features of the Bogomolny
equations remain the same, others are radically different. The main complication is
that, with the analogous boundary conditions, the SU(2) connection A has a limiting
U(1) connection on the boundary two-sphere at infinity which is not homogeneous.
In fact the solution is uniquely determined by its boundary value [17]. This means
that there is no obvious £2 metric to define on the moduli space, and no analogue
of the hyperkihler quotient to suggest what sort of geometric structure the moduli
space might have. Another difference is the appearance of an extra parameter, the
mass m, defined as the limit of ||#|| as R — oo. In the Euclidean case one can rescale
the metric to make m = 1 but in the hyperbolic case this will change the value of
the curvature to —1/m. It is convenient to have the curvature of H? fixed as —1 and
vary the mass. Occasionally we shall consider a limit as m — oo, and interpret it as
a limit through hyperbolic metrics with curvature tending to zero.

SOCIETE MATHEMATIQUE DE FRANCE 2008



12 N. HITCHIN

Some features are quite similar to the Euclidean case and discussed in the original
paper [1]. In particular, the two end-points give a parametrization of the geodesics in
hyperbolic space by S? x §% \ {x = y}. We give this a complex structure by letting
V be the standard 2-dimensional representation space of SL(2, C) (the isometries of
H3) and take P(V) x P(V)\ {z = §}. By considering the equation (V, — i¢)s = 0
along a geodesic we also obtain a spectral curve for an SU(2) monopole of charge k
which is the divisor of a section of O(k, k) on P(V) x P(V), and is therefore given by
H € S*V* ® S*V* where S*V is the kth symmetric power of V. By reality H = H*
but it is shown in [17] that H actually defines a positive definite Hermitian form on
Skv.

The spectral curve satisfies a constraint analogous to that of a Euclidean monopole
— instead of the triviality of the line bundle with transition function e~2%/¢ we have
the triviality of O(k + 2m, —k — 2m). Note that by removing the graph of complex
conjugation from P(V) x P(V), this line bundle makes sense for any real value of m.
Nonetheless, there are special reasons for considering half-integral mass, in particular
any formulas we derive will be algebraic in appropriate coordinates.

Given the lack of any direct introduction of a metric structure on the moduli
space, we shall attempt to use the spectral curve to generate a metric by twistor
means. But problems arise even here. In the Euclidean situation the one-monopole
space was flat S* x R3; in the hyperbolic case it is S* x H3. This carries no SL(2, C)-
invariant Einstein metric. If one introduces singularities then, as pointed out by
Kronheimer, the spectral curves for charge one Euclidean monopole moduli spaces
generate non-trivial hyperkdhler metrics of Ay ALF type, which is evidence for the
type of geometry to be expected in general. In the hyperbolic case one obtains this
way conformal structures related to LeBrun metrics [19] — non-trivial geometry but
still not Einstein. These low-dimensional examples therefore provide no suggestions
as to what geometry to expect. On the other hand, charge one is firmly rooted in
the notion of a centre — each of these four-dimensional moduli spaces has a map
to Euclidean or hyperbolic space which we can regard as assigning a centre to the
monopole. The problem of centres for hyperbolic monopoles has a solution given in
[17] which we describe (in slightly different terms) next.

3.1. Centres. — Let € be a skew form on V preserved by SL(2,C). Hyperbolic
space is the quotient SL(2,C)/SU(2) which we interpret as the space of Hermitian
forms w on V such that w? = —2¢€. Thus the standard SU(2) preserves the two forms
w=dz; NdzZ; +dzy ANdZ> and € = dz; A dzs.

From w we can form

w® e §FV* © SkV*
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and, using the isomorphism V 2 V* given by ¢, define the real-valued function
h(w) = H(w®F).

Theorem 3.1. — The function h : H® — R has a unique critical point which we call
the centre of the monopole.

Proof. — First consider the meaning of a critical point. The derivative of h in the
direction w is kH (& ® w®*~1). But the volume form of w is fixed so using a Lagrange
multiplier A a critical point corresponds to

3) H(w® 1) = .

Here H(w®*~!) € V* ® V* is the contraction of H € S¥V* ® S*V* with w®*~! ¢
Sk=1y* ® Sk=1V* using the skew form on V*.

More explicitly, use w at a critical point to identify V = V*, then H € S*V @ S*V.
The contraction using w is now a contraction using the skew form e which gives
H(w®*"1) € V ® V. The condition (3) says that this is a multiple of e~!. In other
words, if H € S¥V ® S¥V, the S2V component in the Clebsch-Gordan decomposition
of this tensor product vanishes. Now we essentially follow [17], showing that this
condition is the vanishing of a moment map.

Choose a Hermitian metric w on V' (hence an origin in H3), then H can be consid-
ered as a self-adjoint endomorphism of S*V. Since it is positive definite, we can write
it as H = Q*Q for an invertible endomorphism . Now consider the right action of
SL(2,C) on Q. This gives the transformation H — A*HA on H which is the natural
isometric action of hyperbolic isometries.

Consider now End S*V as a complex vector space with the right action of SU(2).
Then the moment map is the projection of @*@ onto the Lie algebra of SU(2) in
End S*V, and the vanishing of this is just the condition for a critical point above.
Now, as shown in [17], an invertible @ is stable for the SL(2,C) action so by the
theorem of Kempf and Ness there is a point on the SL(2, C) orbit of @ for which the
moment map vanishes, and this point is unique modulo SU(2). Thus for any positive-
definite H, an isometry, well-defined modulo the stabilizer of the origin, takes it
to another H whose centre is the origin: in other words a monopole has a unique
centre. |

Remark 3.2. — Widely separated monopoles have a spectral curve which approxi-
mates the union of twistor lines for k distinct points, so we may try and apply
the definition of centre above in this case. We therefore have k Hermitian forms
H; € V® V* and the function h is then given by the product

h(w) = (Hl,w)(Hz,w) “e (Hk,w).
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14 N. HITCHIN

If w is a critical point then we rewrite the form as Hermitian matrices. Replacing h
by log h, the condition (3) is
k

H;
4 o =M
1

To reinterpret this, we use the projective (Beltrami-Klein) model of H3. Let P be
the three-dimensional real projective space of the four-dimensional vector space of
Hermitian 2 x 2 matrices with the quadric defined by det H = 0. The interior of this
quadric (det H > 0) is hyperbolic space. The polar plane of the identity matrix is
defined by tr H = 0 (which of course lies outside the quadric). Removing this plane
gives an affine space where the hermitian matrices H; are represented as vectors
H;/tr H;. The centroid in the affine sense is

k
1 H;
E 21: tI‘HZ‘

and from (4) we see that with our definition this is the origin.

Given two points, there is a hyperbolic isometry interchanging the two points and
preserving the geodesic joining them and whose fixed point on the line is the hyperbolic
midpoint. In the projective model this is a projective transformation which preserves
the polar plane of that midpoint and is hence affine, so it fixes the affine midpoint.
For two points, it follows that our centre coincides with the hyperbolic midpoint of
the geodesic joining the points.

3.2. Rational normal curves. — For a hyperbolic monopole, we can associate to
the spectral curve a certain rational curve in projective space as follows.

Given v € V, define H(—,v®*) € S¥V*. Because H is invertible this defines a map
of degree k from P(V) to P(S*¥V*), or using the SL(2, C)-invariant isomorphism V =2
V*, to P(S*V). The spectral curve S thus naturally defines a curve C(S) C P(S*V).
This is a rational normal curve: the image of v — v®* is a canonical rational normal
curve A in P(S*V) (the diagonal when we identify S*P(V) = P(S*V)) and C(S) is
its image under the projective transformation H.

We lose information in passing from S to C(S) — indeed for k = 1 C(S) is the
whole space. However:

Proposition 3.3. — The spectral curve of a centred monopole is uniquely determined
by the rational normal curve C(S).

Proof. — Suppose H and H, define the same rational curve C(S) = C(Sp) and
have the same centre. Rescale the forms H, Hy so that they have determinant one.
Then H and Hj define invertible maps from A to C(S) and so differ by a projective
transformation of A (this is the action of A € SL(2,C) on the representation space
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S*kV). Thus, considering H, Hy : S*V — S*V* we have Hy = HA. But H, Hy are
Hermitian so

HA=H,=H}=A'H.
Equivalently, A is self-adjoint with respect to the Hermitian form H and in particular
its eigenspaces are orthogonal with respect to H. But if A is not a scalar then its
eigenspaces in S*V are one-dimensional and A acts as u*~2 for 0 < i < k. Since

H and Hj are positive definite, ;1 > 0 and hence has a positive square root, so that
A = B? for B € SL(2,C) and B is self-adjoint with respect to H. But then

Ho(u,v) = H(u, B*v) = H(Bu, Bv)

so Hy is obtained from H by the isometric action on H? of B € SL(2,C). However,
from the centring argument this means B € SU(2) and since it has positive eigenvalues
B=1and H = H,. O

The spectral curve S C P(V)x P(V) is constrained by the condition that the bundle
O(k + 2m,—k — 2m) is trivial. This, as we shall see next, imposes a constraint on
the curve C(S). From Proposition 3.3 we may consider monopoles with fixed centre,
which means that we have a chosen isomorphism V 2 V and so can consider H as a
linear map from S*V to S¥V, and the spectral curve S as lying in P(V) x P(V). Its
equation is then (H (v®%),w®*) = 0 where the brackets denote the SL(2, C)-invariant
bilinear form on S*V built from the skew form € on V.

Consider the map p : P(V) x P(S¥71V) — P(S*V) defined by symmetrizing v ®q.
This is a k-fold covering (in terms of polynomials in u this is the map (z,q(u)) —
(u—2)q(u) so the inverse image of r(u) is defined by the k roots 2;). Now if H(v®*) =
Sym(w ® q) then (H (v®*), w®k) = 0 so, restricted to the rational normal curve C(S),
this map is the covering = : S — P(V') of P(V) by the spectral curve S C P(V)x P(V)
with respect to projection on the second factor.

For convenience set n = k + 2m. On the spectral curve S we have a non-vanishing
section of O(n,—n) . Let O(E) = 7,.0O(n, —n) be the direct image sheaf on P(V), so
that E is a rank k vector bundle. Then tautologically there is a section s of E over
P(V'), which defines a section of the projective bundle P(E).

Now

7.0(n,0) = 1,(O(n, —n) ® O(0,n)) = m(O(n, —n) @ 7*O(n)) = 1,.O(n, —n) @ O(n)

so P(E) can also be written as P(m,O(n,0)). We can then extend this definition to
define a bundle E,, over P(S¥V) by taking the direct image of O(n,0) on P(V) x
P(S*~1V) under the projection p to obtain a 2k — 1-dimensional manifold P(E,,).
The constraint on the spectral curve S then defines a lift of the rational normal curve
C(S) to a rational curve C in this projective bundle.
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We calculate now the degree of the normal bundle of C. In the fibration P(E,) —
P(S*V), the rational curve C is a section over C(S), so its normal bundle is an
extension

0—-Tr > N—->Np—0
where Np is the normal bundle of C(S) in P(S*V). But C(S) has degree k and
c1(TCP¥) =k +1sodeg Np = k(k+1) — 2.

For Tr, by Grothendieck-Riemann-Roch for the map S — P(V), the degree of E

is —k? + k. The tangent bundle along the fibres Tr fits into the Euler sequence

0-0—-pEQH —-Tr—0

where H is the fibrewise hyperplane bundle (H~! is the tautological bundle). On

s(P(V)) c P(E), H™! coincides with the trivial subbundle of E consisting of mul-
tiples of the non-vanishing section, and hence is trivial. From the Euler sequence it
follows that, restricted to the section s(P(V)), deg(Tr) = deg(E) = —k? + k. Hence

deg N = deg Np + degTr = 2k — 2.

Generically, we expect the holomorphic structure of this rank 2k — 2 normal bundle
to be C?~2(1) in which case the full space of deformations of the rational curve
has complex dimension 4k — 4. Indeed, if there is a real structure on the complex
manifold, then this is the situation where the twistor theory for a 4k — 4-dimensional
quaternionic manifold becomes a theory of rational curves [20], a particular case
being hyperkahler geometry. One might therefore expect that the complex manifold
we have defined gives some type of quaternionic geometry for the moduli space of
centred monopoles. There is a problem though, which involves the real structure.

By centring, we have a quaternionic structure on V' and hence a real structure on
P(S*V), and we have a rational normal curve C(S) = H(A) depending on a spectral
curve S which has a real structure. However, C(S) in general is not preserved by the
real structure on P(S*V). In fact the reality condition on the spectral curve implies
that C(S) = H*(A), so unless H = H* we do not have reality for C(S).

However for charge k = 2, the Clebsch-Gordan decomposition is

S2VeStV=SVaeSivel

where S*V @1 are the symmetric forms and S?V the skew-symmetric forms on S?V.
Centring sets the SV component to zero and so here we do in fact have H = H.

4. Charge 2 hyperbolic monopoles

4.1. SU(2) monopoles. — The programme in Section 3.2 for constructing a twistor
space has been carried out in [14] to yield a quaternionic Kéahler structure on the
moduli space of centred charge 2 hyperbolic monopoles. Recall (see [3] Chapter
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14) that a quaternionic Kdhler manifold is of dimension 4n and has a rank three
bundle Q of 2-forms wi,ws,ws whose stabilizer at each point is conjugate to Sp(n) -
Sp(1) € GL(4n,R). The ideal generated by the w; should be closed under exterior
differentiation. The bundle Q can also be thought of as the imaginary part of a bundle
of quaternion algebras. The standard example is quaternionic projective space HP™.

The twistor space of a quaternionic Kahler manifold is a complex manifold Z2"~!
with a family of rational curves C' with normal bundle C?"~2(1) and a holomorphic
contact form; there must also be a real structure compatible with these. It is the
contact form which is the new feature here, replacing the symplectic geometry in the
hyperkahler case.

Example 4.1. — A simple example is to take Z = P(T*CP"*1), which has a canonical
contact structure. Each rational curve is determined by a line L ¢ CP™*!: using a
Hermitian metric on C"*2, we take L' to be the orthogonal projective (n — 1)-
space and then for each z € L, the join  + L is a hyperplane in CP™*! with a
distinguished point z on it — hence a point in P(T*CP"*!). As z moves along the
line L this defines a rational curve in Z. The corresponding quaternionic Kéhler
manifold is the 4n-dimensional Wolf space U(n+2)/U(2) x U(n) — the Grassmannian
of lines L in CP™+1,

Here is how to derive the metric from the twistor data. A contact structure on
Z is given invariantly by a holomorphic section ¢ of T* ® K~/ where L = K~1/»
is a line bundle such that L™ = K~ the anticanonical bundle. In this formalism
@ A (dp)™~! is a well-defined section of the trivial bundle and is therefore allowed to
be everywhere non-vanishing, the contact condition. If the normal bundle N of C is
isomorphic to C2"~2(1) then the degree of K~! on C is 2n. Restricting ¢ to C gives
a homomorphism from the tangent bundle T¢ of the curve to K1/, These are both
of degree 2 and we consider rational curves for which this is non-zero and hence an
isomorphism. It follows that ¢ : TZ — K~/ = T, is a splitting of the sequence of
bundles on C:

05TcSTZ— N—D0.

A tangent vector to the space of rational curves at a curve C is a holomorphic section
Y of N, which using the above splitting we can regard as a subbundle of TZ|c. Again
since N 22 C2"~2(1), we have

(5) H°(C,N) = H°(C,0(1)) ® H°(C,N(-1))

where O(1) = K51/2.

Now since ¢ is a contact form, dy restricted to the kernel of ¢ is a non-degenerate
skew form with values in K~'/" which we have just identified with To = O(2).
Hence it defines a skew form on H°(C,N(—1)). There is a natural skew form (the
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Wronskian) on H°(C,0(1)), and these two define a symmetric inner product on the
tensor product, which from (5) is the tangent space to the space of rational curves.

Remark 4.2. — Given a point z € C, there is, up to a constant multiple, a unique
section v of O(1) which vanishes at z and so the sections of N which vanish at
are, in the decomposition (5), of the form s ® v. Since (v,v) = 0 it follows from our
description of the metric that such complex vectors are null.

The above is not the approach of [14], which is heavily focused on an alternative
viewpoint: centred charge 2 monopoles form a 4-dimensional manifold with an isomet-
ric action of SO(3), which has generically codimension one orbits. Differentiably, and
equivariantly, this is the same space as the Euclidean two-monopole space mentioned
in Section 2: the 4-sphere with a copy of RP? removed.

The ODE which defines the metric is a particular form of the Painlevé VI equation.
Together with some algebraic geometry [13],[14] it gives explicit formulae for the
metric like the following (the charge 2, mass 2 case)

4= 147472 PR (1-1r2)2 o2t
r(r+2)2(2r + 1)2 A+r+r3)(r+2)(2r+1)
1+r+r2 5 r(l4+r+7?)
r+2)2r+1272 " (r+22@r+1)’?
where 01, 02, 03 form a standard basis of left-invariant forms on SO(3). (The interested

reader should beware of typos in some of the formulae in [14], and cross-check with
[24], for example). The above defines a self-dual Einstein 4-manifold with positive
scalar curvature, which is how one interprets the quaternionic Kéhler condition in
four dimensions.

The advantage of explicit formulas (in this case either algebraic or using elliptic
functions) is that the behavior of the metric can be analyzed in more detail, and in
[14] it is shown that, for all values of n, each of these (incomplete) metrics has an
orbifold singularity of angle 27/(n — 2) around the removed RP2. This is quite unlike
the Euclidean moduli space, which is complete. Another feature is that, as n — oo
the metric approaches the Euclidean monopole metric, consistent with the idea that
rescaling the mass to 1 is equivalent to changing the curvature to —1/m.

In fact, the orbifold behaviour can be detected without calculating the metric, as
can be seen by looking at the twistor space afresh.

4.2. Orbifold twistor spaces. — We consider as in Section 3.2, for k = 2, the pro-
jective bundle P(E,) — P(S?V) obtained from the direct image of O(n,0) under the
projection p : P(V) x P(V) — P(S%V), which in this case is just the quotient by in-
terchange of the two factors. These bundles were first introduced by Schwarzenberger
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[21]. By Grothendieck-Riemann-Roch ¢;(E,) = (n — 1)z,c2(E,) = (n(n — 1)/2)z?
where z is the positive generator of H2(P(S%V),Z). In this case, the rational normal
curve C(S) is a conic in P(S?V) and the spectral curve is an elliptic curve, the double
covering of C(S) over the four points of intersection with the conic A C P(S?V).

The twistor space itself is not the whole of P(E,,), but an open subset. There is a
divisor D C P(FE,) defined by the section of P(E,) over P(V) x P(V) given by the
kernel of the natural evaluation map

(6) ev:p*E, — O(n,0).

Because the lift C of C(S) is defined by a non-vanishing section of O(n, —n), CND =
@, and the twistor space Z is actually equal to P(E,) \ D.

Given that the metric has an orbifold singularity around a copy of RP2, there must
be a singular compactification of this twistor space by adding in a 2-sphere. We shall
see this next by using algebraic geometry instead of differential geometry, by showing
that D can be blown down to a rational curve.

By the definition of D, the kernel of ev is naturally isomorphic on D to the tau-
tological bundle H~! and so from (6) H~! 2 A%p*E,(—n,0) but ¢;(E,) = (n — 1)z
thus ¢;(p*E,) = (n—1,n—1) and hence H~! = O(—1,n—1). The cohomology class
of D is of the form ah + bx where h = ¢;(H), and as D intersects a generic fibre of
P(E,) in two points, a = 2. Since H & O(1, —n + 1) we have h%[D] = —2(n — 1) and
using h? = ¢;(E,)h — c3(E) we find b = n. Hence D is a divisor of the line bundle
H? ® p*O(n). Its normal bundle is therefore

H? ®p*0(n)|D = 0(27 —2n + 2) ® O(n> 'I’L) = O(n +2,-n+ 2)

For n > 2 the second degree is negative and we can therefore blow down the second
CP! factor in D = CP! x CP!. For n = 3 the resulting manifold is smooth, but for
n > 3 we have an orbifold singularity along a rational curve, locally modelled on a
quotient of C3? by Z/(n — 2) acting as (z1, 22, 23) — (21, w2z, wz3).

Remark 4.3. — In the case n = 3, the smooth blow-down is just CP3. Take a rational
normal curve C C CP? (a twisted cubic). It is well-known that through a generic point
in CP3 there passes a unique secant to C. The secant intersects C in two points and
so this defines a rational map from CP? to the symmetric product S2C = CP?; the
fibre is the secant itself. Blowing up C gives the projective bundle P(E3). Another
way of looking at this is to view the family of secants as a map from S2C to the
Grassmannian of lines in CP? (its image is actually a Veronese surface in the Pliicker
embedding). The projective bundle is then the pull-back of the tautological bundle
on the Grassmannian.
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4.3. The contact form. — In the approach of [14], the contact form was defined
using the Maurer-Cartan form of SO(3), but there is another way which makes con-
tact with the symplectic geometry of rational maps discussed earlier, and gives an
alternative viewpoint on the twistor space.

Consider an affine coordinate z on C C P(V) and a trivialization dz—™/2 of O(n).
Then for (21,22) € C x C C P(V) x P(V) with 21 # 29, the fibre of the bundle E,
defined by the direct image sheaf of O(n,0) consists of a linear combination of dz~"/2
at z; and 22, and we can take local coordinates w1, ws relative to this basis. On the

complement of the divisor D we have w; and ws non-zero. Define a one-form by

dw dw
(7 © = (21 — 29) (—ZUTI - w—;) + n(dz1 + dzz).

Note first that this is invariant under the exchange of z; and z; together with w; and
wa. Also, ¢ is homogeneous of degree 0 in the w; and annihilates the Euler vector

field
0
W=w—+wy—
! 6w1 2 ng
and so descends to the projective bundle P(E,).
As in Section 2, we can associate to the data 27, 22, w2, w2 a degree 2 rational map
ap + a1z
S(z)= ———
() bo + b1z + 22
where the denominator is (2 — 21)(2 — 22) and the numerator is the unique linear
polynomial which takes the value w; at z; and ws at 2. That part of the twistor
space Z which lies over the open set of P(S?V) consisting of quadratic polynomials
with finite roots can then be interpreted as the quotient of the space of rational
maps Ry by scalar multiplication. The form ¢ extends too, for it may be written as

¢ = iyw + ndx where z = z; + 25, w is the symplectic form described in Section 2.1

and U is the vector field
- (L= 2)
VTN B2, 02/

Using x = 21 + 23 and y = 2,2, as local affine coordinates on P(S%V), we can write
1o}

U= (4y — )=~

(y-= )3y

which is thus well-defined on the open set of P(S2V). It follows that ¢ is well-defined

even where z; = z5. Moreover,

d d
Y Adp = —2ndz; ANdze A (ﬂ — ﬂ) = -2niyw Aw
w1y wo

and since w is symplectic this defines a contact structure.
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Now consider the action of a M&bius transformation f(z) = (az + b)/(cz +d). It
acts on w € O(n,0) over z by w — w(cz + d)™. A short calculation gives
1
cz1 +d)(czp + d

o= ( e
It follows that we can use the same description replacing co by f(c0). In particular,
taking the three points 0,1,00 € P(V), we cover P(S?V) by three corresponding
affine open sets consisting of quadratic polynomials for which 0, or 1 or oo is not a
root. It follows that ¢ extends as a line-bundle valued form over the whole of Z.
Our conclusion is that the twistor space has an alternative description: it is covered
by open sets each of which is isomorphic to the quotient of the space Ry of rational
maps by scalar multiplication, where the identification preserves the contact structure

(7).

4.4. SU(3) monopoles. — We now approach the question of what the moduli space
for a hyperbolic SU(3) monopole with minimal symmetry breaking looks like. The
Euclidean case was dealt with by Dancer [7]. There is again a spectral curve involved,
which for charge 2 is an elliptic curve, but this time it is unconstrained: instead we
have a choice of data, which is a pair of sections of O(£ + 1, —¢) which are linearly
independent at each point. This is a line bundle of degree 2 on an elliptic curve and
so has a two-dimensional space of sections. When we centre the monopole we have
five real degrees of freedom for the conic and an SU(2) gauge action which acts on
the pair of sections, giving an 8-dimensional moduli space.

We shall try and defined a quaternionic Kdhler metric from a twistor space. As
we have seen before, the direct image sheaves of O(¢ + 1,—£) and O(2¢ + 1,0) have
the same projective bundle, so a pair of sections of O(¢ + 1, —£) over the conic C(S)
defines a section of P(E, ® C?), a 5-dimensional complex manifold, where n = 2¢+1.
These sections will be the twistor lines.

Remark 4.4. — The linear independence condition means that the twistor lines lie in
an open set of P(E, ® C?), which gives an alternative description of Z as the principal
PSL(2, C) frame bundle of P(E,).

We now have to introduce a contact form and here we take the lead from the
Euclidean case treated by Dancer. In [8] he defines a symplectic form on the space of
rational maps z — [f1(2), f2(2), f3(2)] of degree 2 from CP! to CP? which take oo to
[0,0,1], so that f1, fo are linear and f3 = (2 — 21)(z — 22). If f1(2:) = pi, fo(2i) = q;
and 2z; # 2o then this form is, up to a constant,

w=—

2 . dzy Ndzg +dzy AOp +dzg A Oy + (Z] - ZQ)dol
17— <2
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where
6, = q1dp2 — p1dge 0, = p2dq1 — Q2dP1'
P1q2 — p2q1 P1q2 — p2qa
Following the rational map description of P(E,)\ D, we can apply a similar argument
here and define a one-form in the open set 23, z2 # 0o by

(8) @ = (21 — 22)(61 — 02) + nd(z1 + 22)

As in the previous case, the form ¢ may be written ¢ = iyw + ndx and the fact that
w is symplectic shows that this is a contact form on the quotient by the scalars acting
on the rational maps. It has the same transformation properties as the contact form
in the SU(2) case, and so extends.

The twistor lines again cover C(S) C P(S%?V). We know that S has two sections
81,82 of O(£ +1,—¢). In local coordinates (21, 22, p1,P2,q1,92), P1,D2 are the values
of s1 at 21, 22 and ¢, g2 the values of s,, so the two sections give, in the rational map
picture, the two numerators.

There are now two group actions — a geometrical action of SO(3), the hyperbolic
isometries fixing the centre, and a gauge action by PSU(2) which changes the basis
of sections of O(£ + 1, —¢) (part of the principal bundle action according to Remark
4.4).

Given the twistor space we need to find the rational curves more explicitly, but there
is a very concrete way of doing this in the case where n = 2¢+1 is an odd integer. The
spectral curve is an elliptic curve S ¢ P(V) x P(V), a divisor of O(2,2), and projects
to a conic C(S) C P(S%V). Choose a point Py = (x9,%0) € S C P(V) x P(V) and
take the line {zo} x P(V') through this point. It intersects S in a point Q¢ = (o, y1)
and so the divisor class Py + Qo ~ O(1,0). Now take the line P(V) x {y;} which
passes through Qo and intersects S again in P; = (z1,y1), and continue. We have the
divisor classes

Py+ Qo ~0(1,0) Qo+ P,~0(0,1) P +Q~0(1,0)...
from which we get
Py+Qo+--+P+Qe~0(£+1,0)
Qo+Pi+Qi+P+ -+ Q1+ P~ 0(0,4)
and so
Po+Qe~O(t+1,-0).

Hence P, + Qg is the zero set of a section of this bundle on S.

Down in P(S%V) we start at the image X, € C(S) of Py, draw a tangent to the
diagonal conic A to meet C(S) at X;, and continue. The Poncelet problem of the

“in-and-circumscribed polygon” to two conics is the closure condition for this process
and was the basis of the explicit formulas in [13],[14].
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The question we ask ourselves now is whether this twistor data generates an orbifold
quaternionic Kahler metric in eight dimensions. The twistor space has an open orbit
under the complexified action of SO(3,C) x PSL(2,C) but there seems no obvious
way of equivariantly blowing down any lower dimensional orbits. In fact we shall see
that there is no orbifold compactification in this case. We don’t need to calculate the
whole metric, just the induced metric on a certain totally geodesic submanifold.

4.5. Axially symmetric monopoles. — For each charge and mass there is, for
the group SU(2), a unique monopole which is symmetric about a given axis. For SU(3)
this is no longer the case and we shall compute the metric restricted to a surface of
revolution which represents all such axially symmetric monopoles.

An axially symmetric spectral curve is of the form (w — pz)(w — p~'z) = 0 and
this defines the rational normal curve z — w? — (u + p~})wz + 2% in the space of
quadratic polynomials in w. The parameter p is real or complex depending on whether
wu+ p~! — 2 is positive or negative.

A section of O(¢ + 1, —£) constructed as above and with (zo,y0) = (i, 1) is given
by

(w = p)(w = p3) ... (w — pHD)
(z=p?)(z—pt)... (2 — p?)
in the local trivialization dw~(¢+1/2dz=¢/2, On the branch w = pz it has the form
uft1(z — 1) and on the branch w = p~'z is p~ ¢+ (z — u?+2). This is a section
of a line bundle of degree 2 on a (degenerate) elliptic curve which therefore has two

linearly independent sections. Changing the initial point (zg,yo) it is clear that this
space is spanned by the two sections s; and s; where s; = 1 on each branch and
sy = uft1z on the first branch and s = p~ ¢tz on the second.

The geometrical S'-action z — Mz acts as (s1,As;) and the gauge action is
(51,82) = (A\"Y2s1,A'/2s,), so coupling the two multiplies (sq,s2) by A/2. This
lifting of the geometric circle action means that we can consider the metric on the
fixed point set, which is a totally geodesic surface of revolution.

To do the calculation we need to use coordinates for this data on a varying curve:
we set u = €?® (where t is real in the first instance) and on the first branch w = etu, z =
e 'y and on the second z = etu,w = e"*u. Then u is a rational parametrization of
the plane conic defined by the spectral curve: in fact u is an affine parameter on the
diagonal conic A and we have transformed it by the hyperbolic isometry diag(et,e™?).
The real structure is given by u — —1/@. This provides a uniform parametrization
of our family of conics.

The twistor line for an axisymmetric monopole is then given, with n = 2¢ + 1, by:
—i¢p—nt -—i¢+ntu.

zn=eu zg=etu pr=1 p=1 qa=e U qy=e
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(recall that p; and g; are the values of s; and s at z;). Differentiating with respect
to u, the tangent to the line is spanned by

X==z 9 + z 9 o + 4
131 232 oq q2342

Differentiating with respect to t and ¢, an infinitesimal variation of the twistor line
is given by:

. 1o} 0 ) y . 0 . . 0
1"—?5(218—31 _228—2:2 - (1¢+nt)416—qI - (W‘nt)‘hé;];

+q1—

At this stage we put into effect the description of the metric in Section 4.1. The
tangent bundle of the rational curve C is defined by X and we must use the contact
form to embed the normal bundle N in TZ. Thus Y is a section of T'Z over C and

Y
_el¥) 5
p(X)

is a section of the normal bundle.
We evaluate the contact form on the vectors X and Y to obtain

@(X) = 2u(n cosht — sinh ¢ coth nt) @(Y) = 2i¢sinh t coth nt.
When = O,q'b =1 the section of the normal bundle is then

_ o1 . 0 8) ( 0 1s) )]
Yy = 22<p(X) [smhtcothnt(la +z26z2 + ncosht q8 +q28q2

and when ¢ = 0,f =1

Venl—nl a0l )
e 0z 282*’2 n oq 1 g2/
On our two-dimensional submanifold, whose tangent space is spanned by /0t and
0/0¢, the area form is dp (Y1, Yy):
©) nsinh t cosh ¢ cosech® nt — coth nt

ncosht — sinh t coth nt
To obtain the metric, we also need the conformal structure which, from Remark 4.2

dé A dt.

we can derive by considering complex variations of the twistor line which preserve a
point. Our twistor lines are C*-invariant so we have to consider variations preserving a
fixed point of the action. Unfortunately, this is where our local coordinates break down
— we have to consider a description of the vector bundle E,, at a branch point of the
covering p : P(V)x P(V) — P(S%V) restricted to the conic. The map p is the quotient
by permuting the factors, so we can describe it as p(w,2) = [1,w + z,wz] € CP2.
The equation of the spectral curve is w? — (44 p~!)wz + 22 = 0 and clearly any local
function f(w, z) can be written as g(z) + wh(z) modulo the equation of the curve, or
more conveniently as
folw+2) + (w — 2) fr(w + 2).
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The direct image sheaf of O is then generated by 1 and w — 2z over the functions on
the conic.
We apply this now to our two sections s1, sz of O(¢ + 1, —£). The first is equal to
1 on both branches and gives fi = 0, fo = 1. The second is uf*'z if w = pz and
p~ @D 2 if w = p~1z. This gives
1 cosh(2¢ + 1)t 1sinh(2¢+ 1)t
folu) = 2 c(osht ) u hlw) = 2 s(inht ! ’
Thus a variation of the twistor line which keeps the point v = 0 fixed is obtained by
fixing (again with n = 2¢+ 1)

it sinh nt
sinht
It follows that the conformal structure is defined by
d¢? + (n cothnt — cotht)?dt®.
From (9), we conclude:
Proposition 4.5. — The metric g restricted to the space of azially symmetric SU(3)
monopoles is:

n cothnt — nsinh ¢ cosh ¢ cosech? nt
(n cosht — sinh ¢ coth nt)(n cothnt — coth t)

(d¢? + (n cothnt — cotht)2dt?).

When, in the equation of the spectral curve, u+u~! < 2 then ¢ becomes imaginary
and we must replace the hyperbolic functions by the corresponding trigonometrical
ones. Note that, near 4 = 1 (or t = 0), the metric is still regular and behaves like

2 _ 2
nfﬁ 1(d¢2+ (———n 3 1) t2dt?).

Fix n and consider the limit of the metric as t — o0o. We find that the metric
approximates
P4+ (n— 1)%82)

(n—1)?
and putting r? = et this gives
oI - T (748" + 4(n = 1dr?)

which has an orbifold singularity: a quotient by Z/2(n — 1). Here the spectral curve
exactly corresponds to a pair of points, so the region is analogous to the orbifold
singularity in the SU(2) case.

At the other extreme, consider the metric on the trigonometric branch:

cot nt — nsint cost cosec? nt
(d¢? + (ncot nt — cot t)%dt?)

(ncost — sint cot nt)(n cot nt — cot t)
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as t = m/n — u for u small. Then we obtain
n cos 7—7;-(dq§2 + v 2du?)

which is asymptotic to a cylinder.

Now suppose the moduli space had an equivariant orbifold compactification. Then
the fixed point set of the circle action would extend to a compact orbifold and in
particular would have finite area. But the cylinder has infinite area and so an orbifold
compactification is impossible.

Remark 4.6. — Dancer explicitly wrote down the metric in the Euclidean case. If we
fix t and ¢ and put r = nt, then the metric ng as n — oo has a limit which is

r(cothr — r cosech® r) (d¢2 n (cothr— %) d'r2>.

rcothr —1

This is precisely Dancer’s metric (see [7] Theorem 5.1, or put f; = —Dcoth3D, fo =
f3 = —Dcosech3D in the formula in Section 2.) Thus in the infinite mass limit,
or as the curvature of hyperbolic space tends to zero, our metric approaches the
known Euclidean monopole metric. In the Euclidean case, the metric is asymptotically
cylindrical where ours has an orbifold singularity, and asymptotically conical (with
vertex angle 7/3) where ours is cylindrical.

5. New metrics for old

The relationship between these metrics and their physical origins in the study of
monopoles on hyperbolic space is not at all clear. We have proceeded by analogy and
used spectral data rather than the fields themselves to provide a route to the metric.
On the other hand they provide us also with a means for constructing other solutions
to Einstein’s equations. As the reader may find in [3], when a quaternionic Kéhler
manifold has positive scalar curvature, its twistor space has a natural Kahler-Einstein
metric. Thus the singular spaces obtained in Section 4.2 are Fano varieties with ex-
plicit Kéhler-Einstein metrics. But one can go further — the principal SO(3) bundle of
the rank three bundle Q of imaginary quaternions on a quaternionic Kéhler manifold
also has a natural Einstein metric. This is a 3-Sasakian metric (which also means that
by rescaling the SO(3) orbits one can find yet another Einstein metric). The 4n + 3-
dimensional 3-Sasakian manifold is a principal S!-bundle over the twistor space. One
should read about these in the recently published book of Boyer and Galicki [4],
in many respects a worthy successor to [3]. (The authors of that book note that
“3-Sasakian manifolds are never mentioned in Besse” which is quite true, though had
Arthur Besse known Biér’s result that the metric cone on a 3-Sasakian manifold is hy-
perkihler he would almost certainly have taken them more seriously). For our orbifold
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examples, the 3-Sasakian manifold is actually smooth: the circle action is semi-free
and has finite isotropy subgroup over the singular points of the twistor space. What is
perhaps more interesting is that these 7-manifolds — as differentiable manifolds with
a cohomogeneity one group action — have occurred in a completely different context,
that of manifolds of positive curvature [11],[24]. A series of manifolds P, and Qj
were found to be candidates for having metrics of positive sectional curvature. These
manifolds are the (2-fold) universal covers of the 3-Sasakian manifolds associated to
the moduli spaces of hyperbolic charge 2 monopoles of mass (2k — 1)/2 and k respec-
tively. Quite recently, Dearricott (unpublished) and, independently, Ziller [24] have
shown that P, does indeed admit a positively curved metric.

From [9], the sectional curvature of the 3-Sasakian metric on the 7-manifold will
be positive if the sectional curvature of the 4-manifold is positive. For the Einstein
metrics described above this is true when the two monopoles are well separated but not
when they are close to an axially symmetric one. Indeed, the scattering of Euclidean
monopoles described in [2] involves some negative curvature behaviour which seems
likely to persist in the hyperbolic case. The positively curved examples on P, are
constructed by concretely deforming the 3-Sasakian metric.

There may however be other self-dual Einstein structures on the 4-dimensional
spaces. Indeed, one of the spin-offs of Dancer’s work on SU(3) monopoles was a
hyperkihler deformation of the metric (1), obtained as a hyperkihler quotient of the
Euclidean SU(3) moduli space. In the hyperbolic SU(3) case described in Section 4.4
we have an action of the rank two group SO(3) x PSU(2) and so we could attempt
to take a quotient by a circle subgroup. Note that if the circle is in the gauge action
PSU(2), then it has a commuting SO(3) action which descends to the quaternionic
Kihler quotient, so already we know that this particular quotient is an SO(3)-invariant
self-dual Einstein manifold. In fact this quotient is the SU(2) moduli space. To see
this, recall [4] that from the twistor point of view quaternionic Kahler reduction
proceeds by evaluating the contact form ¢ on the vector fields generated by the group
action to get a section of g* ® K~/ The twistor space of the reduction is the
quotient of the zero-set of this by the complexified group action. In our case the
gauge circle action is (p1,p2,q1,q2) — (p1, P2, € q1,€?%qy) which generates the vector
field 5 5

X=q 3_4-]1 + ‘I2O_qz~
Evaluating the contact form (8) gives

(p(X) — (Zl _ 22) (Pz‘h +p1‘I2)
P2q1 —P192

and the zero set of this is pag; + p1g2 = 0. As a subset of P(E, ® C?) the equa-
tion pag1 — p1g2 = 0 is the quadric P(E,) x CP! and the complement is the SU(3)
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twistor space. The quotient twistor space is defined by p2q: + pi1g2 = 0 modulo
(p1,P2,91,92) — (Ap1, Ap2, kg1, pg2). The projection to [p1,p2] € P(E,) maps this
isomorphically to the complement of p; = 0 and p2 = 0 which is P(E,) \ D, the
twistor space for the SU(2) moduli space.

A more general circle subgroup of SO(3) x PSU(2) will yield a quotient with only a

circle action, but whether it is an orbifold metric or not requires further investigation

which we have no time to pursue here.
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GEOMETRY OF MODULI SPACES

by

Kefeng Liu, Xiaofeng Sun & Shing-Tung Yau

Dedicated to Jean Pierre Bourguignon

Abstract. — In this paper we describe some recent results on the geometry of the
moduli space of Riemann surfaces. We surveyed new and classical metrics on the
moduli spaces of hyperbolic Riemann surfaces and their geometric properties. We
then discussed the Mumford goodness and generalized goodness of various metrics
on the moduli spaces and their deformation invariance. By combining with the dual
Nakano negativity of the Weil-Petersson metric we derive various consequences such
that the infinitesimal rigidity, the Gauss-Bonnet theorem and the log Chern number
computations.

Résumé (Géométrie des espaces de modules). — Dans cet article nous décrivons certains
résultats récents en géométrie de ’espace de modules des surfaces de Riemann. Nous
parcourons un certain nombre de métriques classiques et nouvelles sur les les espaces
de modules de surfaces de Riemann hyperboliques et leur propriétés géométriques.
Ensuite nous discutons la bonté de Mumford et la bonté généralisée de différentes
métriques sur l’espace de modules et leurs invariance de déformation. En combinant
avec la négativité de Nakano duale de la métrique de Weil-Peterson nous en tirons
différentes conséquences telles que la rigidité infinitésimale, le théoréme de Gauss-
Bonnet et les calculs de nombres logarithmiques de Chern.

1. Introduction

In this paper we describe our recent work on the geometry of the moduli space
of Riemann surfaces M,. We will survey the properties of the canonical metrics
especially the asymptotic behavior.

This paper is organized as follows. In the second section we will briefly recall
the deformation theory of Riemann surfaces. In the third section we will recall the
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Ricci and perturbed Ricci metrics as welll as the Kéihler-Einstein metric which were
discussed in [5] and [6].

In the fourth section we will discuss the notion of Mumford goodness and our
generalizations to the p-goodness and intrinsic goodness. We then discuss the relation
of the goodness and the complex Monge-Amperé equation as well as the Kéhler-Ricci
flow. In the last section we will discuss the applications of these fine properties of the
canonical metrics.

2. Fundamentals of Teichmiiller and Moduli Spaces

We briefly recall the fundamental theory of the geometry of Teichmiiller and moduli
spaces of hyperbolic Riemann surfaces in this section. Most of the results can be found
in [5], [6], [7] and [18].

Let M, be the moduli space of Riemann surfaces of genus g with k punctures
such that 2g — 2 + k£ > 0. By the uniformization theorem we know there is a unique
hyperbolic metric on such a Riemann surface. To simplify the computation, through
out this paper, we will assume k = 0 and g > 2 and work on M, . Most of the results
can be trivially generalized to Mg .

We first recall the local geometry of M,. For each point s € M, let X, be the
corresponding Riemann surface. By the Kodaira-Spencer deformation theory and
Hodge theory, we know

T M, = HY(X,,Tx,) = H (X, Tx,).
It follows direct from Serre duality that
T:M, = H(X,,K%,).

By the Riemann-Roch theorem, we know that the complex dimension of the moduli
space is n = dim¢ M, = 3g — 3. Given a Riemann surface X of genus g > 2, we
denote by A the unique hyperbolic (Kéhler-Einstein) metric on X. Let z be local
holomorphic coordinate on X. We normalize A:

(2.1) 0,0zlog A = A

Let 7, be the Teichmiiller space. It is well known that 7; is a domain of holomorphy
and M, is a quasi-projective orbifold. There are many canonical metrics on 7,. These
are the metrics where biholomorphisms are automatically isometries and thus these
metrics descent down to M,.

There are three complex Finsler metrics on 7;: The Teichmiiller metric || - ||z,
the Kobayashi metric || - ||k and the Caratheédory metric | - ||c. Each of these
metrics defines a norm on the tangent space of 7,. These metrics are non-Kéhler. By
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the famous work of Royden we know that the Teichmiiller metric coincides with the
Kobayashi metric: ‘
I-llz=1"lx

We now describe the Kéhler metrics. The first known Kéhler metric is the Weil-
Petersson metric w,,,. Since 7, is a domain of holomorphy, there is a complete
Kéhler-Einstein metric on 7y due to the work of Cheng and Yau [2]. Since M, is quasi-
projective, there exist a Kahler metric on M with Poincaré growth. Furthermore, one
has the Bergman metric associate to 7, and the Kéhler metric defined by McMullen
[10] by perturbing the Weil-Petersson metric.

In [5] and [6] we defined two new Kahler metrics: the Ricci and perturbed Ricci
metrics which have very nice curvature and asymptotic properties. These metrics will
be discussed in the following sections.

We now recall the construction of the Weil-Petersson metric. Let (s1,---,s,) be
local holomorphic coordinates on M, near a point p and let X be the corresponding
Riemann surfaces. Let p : TsM, — HY(X,,TX,) & H"(X,,TX;) be the Kodaira-
Spencer map. Then the harmonic representative of p <ais,,-) is given by

0 0
2.2 (-) =85 (—\719,,051og \) — = B;.
(2.2) p o5, BL( 05,0z log )62®d2
If we let a; = —\710,,0:log A and let A; = Oza;, then the harmonic lift v; of 527 is
given by

0 0
(2.3) V; = 6_31 + a,a—
The well-known Weil-Petersson metric w,,, = ‘/T__lhﬁdsi A dsj on Mg is the L?
metric on Mg:

where dv = @)\dz A dZ is the volume form on X,. It was proved by Ahlfors that
the Ricci curvature of the Weil-Petersson metric is negative. The upper bound of
the Ricci curvature of the Weil-Petersson metric was conjectured by Royden and was
proved by Wolpert [16].

In our work [5] we defined the Ricci metric w,:

(2.5) wr = —Ric(wy, )
and the perturbed Ricci metric w~:
(2.6) wy =w; +Cw,,,

where C' is a positive constant. These new Kihler metrics have good curvature and
asymptotic properties and play important roles in out study.
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Now we describe the curvature formulas of the Weil-Petersson metric. Please see
[5] and [6] for details. We denote by fz = A;A; where each A; is the harmonic
Beltrami differential corresponding to the local holomorphic vector field 5%. It is
clear that f is a function on X. We let 0 = —9,85 be the Laplace operator, let
T = (O+1)~! be the Green operator and let e;; = T(f;). The functions e and f;-
are building blocks of these curvature formula.

Theorem 2.1. — The curvature formula of the Weil-Petersson metric was given by

(2.7) Ri;kf = - /Xs (ei;fki + eiifkf) dv.

This formula was first established by Wolpert [16] and was generalized by Siu [14]
and Schumacher [13] to higher dimensions. A short proof can be found in [5].

It is easy to derive information of the sign of the curvature of the Weil-Petersson
metric from its curvature formula (2.7). However, the Weil-Petersson metric is incom-
plete and its curvature has no lower bound. Thus we need to look at its asymptotic
behavior. We now recall geometric construction of the Deligne-Mumford (DM) moduli
space and the degeneration of hyperbolic metrics. Please see [5] and [16] for details.

Let M, be the Deligne-Mumford compactification of M, and let D = Mg \ M.
It was shown in [3] that D is a divisor with only normal crossings. A point y € D
corresponds to a stable nodal surface X,. A point p € X, is a node if there is a
neighborhood of p which is isometric to the germ {(u,v) | uv =0, |ul,|v| < 1} C C2.
Let p1,---,pm € Xy be the nodes. X, is stable if each connected component of
Xy \ {p1,- - ,pm} has negative Euler characteristic.

Fix a point y € D, we assume the corresponding Riemann surface X, has m nodes.
Now for any point s € M, lying in a neighborhood of y, the corresponding Riemann
surface X, can be decomposed into the thin part which is a disjoint union of m collars
and the thick part where the injectivity radius with respect to the Kahler-Einstein
metric is uniformly bounded from below.

There are two kinds of local holomorphic coordinate on a collar or near a node.
We first recall the rs-coordinate defined by Wolpert in [18]. In the node case, given
a nodal surface X with a node p € X, we let a,b be two punctures which are glued
together to form p.

Definition 2.1. — A local coordinate chart (U,u) near a is called rs-coordinate if
u(a) = 0 where u maps U to the punctured disc 0 < |u| < ¢ with ¢ > 0, and the re-
striction to U of the Kdhler-Einstein metric on X can be written as W]dul?
The rs-coordinate (V,v) near b is defined in a similar way.

In the collar case, given a closed surface X, we assume there is a closed geodesic
~ C X such that its length | = I(y) < ¢« where c, is the collar constant.
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Definition 2.2. — A local coordinate chart (U, z) is called rs-coordinate at vy if v C U
where z maps U to the annulus ¢~ |t|2 < |z| < c|t|?, and the Kdihler-Einstein metric

2
1( r 1 CSc7rlog|z|) da]?.

on X can be written as

2 \logt] 2]~ loglt]
The existence of collar was due to Keen [4]. We formulate this theorem in the
following:
Lemma 2.1. — Let X be a closed surface and let v be a closed geodesic on X such

that the length | of v satisfies | < cy. Then there is a collar Q on X with holomorphic
coordinate z defined on §} such that

2
1. z maps Q to the annulus {%e_z_t‘ <l|z| < ¢} fore>0;
2. the Kdihler-Einstein metric on X restricted to ) is given by

(2.8) (%u?r‘z csc? 7') |dz|?

where u = 3=, r = |z| and T = ulogr;
2

S d
1]

3. the geodesic vy is given by the equation |z| = e~ T ;
4. the constant ¢ has a lower bound such that the area of ) is bounded from below
by a universal constant.

We call such a collar 2 a genuine collar.

Now we describe the pinching coordinate chart of M, near the divisor D [18].
Let X be a nodal surface corresponding to a codimension m boundary point and let
p1,-*+ ,Pm be the nodes of Xy. Then Xo = Xo \{p1, '+ ,Pm} is a union of punctured
Riemann surfaces. Fix rs-coordinate charts (U;,n;) and (V;,¢{;) at p; fori=1,--- ,m
such that all the U; and V; are mutually disjoint. Now pick an open set Uy C fo
such that the intersection of each connected component of 550 and Uj is a nonempty
relatively compact set and the intersection Up N (U; UV;) is empty for all 5. Now pick

Beltrami differentials vy, 41, - , v, which are supported in Uy and span the tangent
space at X of the deformation space of Xo. Let AZ™™ C C®~™ be the polydisc of
radius €. For t" = (tmy1, -+ ,tn) € AZ™™, let v(t") = Y i, 41 tivi. We assume

[t = Ciemr [t:|2)2 small enough such that |v(¢”)| < 1. The nodal surface Xo,t7
is obtained by solving the Beltrami equation 0w = v(¢’)8w. Since v(t") is supported
in Uy, (Ui, m:) and (V;, (;) are still holomorphic coordinates on Xp ;. By the theory
of Ahlfors and Bers [1] and Wolpert [18] we can assume that there are constants
d,¢ > 0 such that when [t”| < §, n; and (; are holomorphic coordinates on Xg 4

with 0 < |n;] < ¢ and 0 < |(;] < ¢. Now we assume t' = (t;,---,tn) has small
norm. We do the plumbing construction on X ;~ to obtain X; = Xy . For each
i=1,---,m, we remove the discs {0 < |n;| < ]—tcﬂ} and {0 < |¢;] < %} from X ¢
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and identify {!4l < |n;| < ¢} with {4l < |¢;| < ¢} by the rule n,¢; = ¢;. This
defines the surface X;. The tuple t = (¥,t") = (t1, -+ ,tm,tm+1, - , tn) are the local
pinching coordinates for the manifold cover of M,. We call the coordinates n; (or ¢;)
the plumbing coordinates on X; ; and the collar {ltc’—| < |ni] < ¢} the plumbing collar.

Remark 2.1. — From the estimate of Wolpert [17], [18] on the length of short

. l; T
P A N L —
geOdeSIC, we have U; = 2 1 |t,| .

In [5] and [6] we derived the precise asymptotic of the Weil-Petersson metric and

its curvature. This is one of the key components in the proof of its goodness. We
have

Theorem 2.2. — Let (t,8) = (t1, " ,tm,Sm+1,"** ,Sn) be the pinching coordinates
near a codimension m boundary point in ﬂg. Let h be the Weil-Petersson metric.
Then we have the asymptotic:
L B = 2u; *[ti2(1 + O(uo)) and bz = &z (1 + O(ug)) for 1 < i <m;
7 343
2. B = O(Jtit;]) and hz = O (%:'LI)’ if1<i,7<mandi#j;

3. hil = O(1) and h; =0(1), if m+1<14,j <n;

s u3 p . .
4. h¥ = O(|t:|) and hz =0 (FL) ifism<j;

il 'u,3 .
5. b = O(ty]) and by = 0 () i <m <
where ug = 2;’;1 u; + E?:m-}—l |sjl-

The precise estimates of the asymptotic of the full curvature tensor of the Weil-

Petersson metric, which will be used in the proof of its goodness, can be found in [5],
[6] and [7].

3. Canonical Metrics on M,

Since the Weil-Petersson metric is incomplete and does not have bounded geometry,
it is hard to use it to study the geometry of M. In [5] we introduced the Ricci metric
w; = —Ric(w,, ») and the perturbed Ricci metric wy = w; + Cw,, .. It turns out that
these new Kihler metrics have nice curvature and asymptotic properties. These new
metrics are also closely related to the Kéhler-Einstein metric. Especially the Ricci
metric is cohomologous to the Kéhler-Einstein metric as currents.

To describe the curvature formulae of the Ricci and perturbed Ricci metrics, we

need to introduce several operators. We first define the operator & : C®°(X,) —
C>(X;) by

(B1) &) =78 (i(B)of) = ~A"10:(Akd:f) = —AxK1Ko(f)
where Ky, K; are the Maass operators [16], [5].
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It was proved in[5] that &k is the commutator of the Laplace operator and the Lie
derivative in the direction wvy:

(3.2) (D + l)vk - ’Uk(D + 1) = Ovg — v = &.

We also need the commutator of the operator vy, and 7;. In [5] we defined the operator
Qkf : COO(XS) - Coo(Xs) by

(3.3)  Qu(f) =[O, &l(f) = Pleyg) P(f) — 2f;0f + A0, f,30:f

where P : C®(X,) — ['(AY°(T%1X,)) is the operator defined by P(f) = 8,(A~19,f).

The terms appeared in the curvature formulae of the Ricci and perturbed Ricci
metrics are formally symmetric with respect to indices. For convenience, we recall
the symmetrization operator defined in [5].

Definition 3.1. — Let U be any quantity which depends on indices i,k,a and 7,1, (.
The symmetrization operator oy is defined by taking the summation of all orders of
the triple (i,k,a). Similarly, oy is the symmetrization operator of j and B and o7 is
the symmetrization operator of j, | and (3.

In [5] we derived the curvature formulae of the new metrics. These formulae,
although very complicated, are integral formulae along the fibers of the universal
curve.

Theorem 3.1. — Let Ei}ki and Piiki be the curvature tensors of the Ricci and perturbed
Ricci metrics respectively. In [5] we established the following curvature formulae of
these metrics:

Rgq=- hP {0 102 /x {(T(Er(ez))Eile,5) + T(&(ez)Es(e)} dv}

_ hoB o1 s(ez)e = dv
@4 w2 {o [ Qe )

+ rPApeB R {01 /X ACHN d”} {51 /X &ilegz)ess) d”}

_pPq _
+ijh Rz’Ekl
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and
P =1 {oios [ {T(6eq)tesp) + TiGtetep} do}
+ 7P poB 8 {al /X &x(ea)ens d”} {51 /X §ulegg)ens) d“}
+ TpihpaRiEki + CR,ka

Unlike the case of the Weil-Petersson metric from which we can see the sign of
the curvature directly, the above formulae are too complicated. On one hand we can
see that these metrics are Kihler from these formulae. On the other hand, we need
to look at the asymptotic of the curvature of these new metrics. In [5] and [6] we
computed the asymptotic of these new metrics and their curvature:

Theorem 3.2. — Let uo = Y 7" uj + Y 7 ,n11185]. The Ricci metric has the asymyp-
totic:

2 = 22 |82 o

L. 7= 22 pibs(1+ O(uo)) and 7% = 422181 (1 4 O(uo)), if i < m;
uZy? i7 pe . . .

. T5=0 (ﬁ(u, +uj)) and 7 = O(|t;t;]), if i, < m and i # j;

7

3.75=0 (ﬁ%) and 79 = O(Jti]), fi<mand j >m+1;

1

4. 75=0(), ifi,j Zm+1.

[\

The holomorphic sectional curvature of the Ricci metric has the asymptotic:

5 3u? o .
1. R-- = —m(l + O(uwp)) if i < m;

2. R--=0(1) ifi > m.

1121

We also have a weak curvature estimate of the Ricci metric. Let

A= I%LI if i<m
T a if i>m.

Then
1. Rz =0(1) ifi,j,k,1 > m;

)

2. Ri;ki = O(A;AjAkA;)O(uo) if at least one of these indices i, j, k,1 is less than

or equal to m and they are not all equal to each other.

The asymptotic of the perturbed Ricci metric and its curvature can be found in [5]
and [6]. Also, precise estimates of the full curvature tensor of the Ricci and perturbed
Ricci metrics, which will also be used in the proof of their goodness, can be found in
[7] and [8].
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As a simple corollary of the curvature formulae and asymptotic analysis, in [5] we
first proved the equivalence of canonical metrics on M,g:

Theorem 3.3. — All the canonical metrics on the moduli space Mgy: the Teichmailler-
Kobayashi metric, the Carathéodory metric, the induced Bergman metric, the asymp-
totic Poincaré metric, the McMullen metric, the Ricci metric, the perturbed Ricci
metric and the Kdhler-FEinstein metric are equivalent.

The new metrics we defined have nice curvature properties which can be used to
control the Kahler-Einstein metric. In [5] and [6] we proved

Theorem 3.4. — Let Mg be the moduli space of genus g > 2 Riemann surfaces. Then

— The Ricci and perturbed Ricci metrics are complete Kihler metrics with Poincaré
growth.

— The Ricci and perturbed Ricci metrics as well as the Kdhler-Einstein metric
have bounded geometry on the Teichmiiller space 1.

— The Ricci and holomorphic sectional curvatures of the perturbed Ricci metric
are bounded from above and below by negative constants.

— All the covariant derivatives of the curvature of the Kdhler-Einstein metric are
bounded.

The finer asymptotic of these metrics, their local connection forms and curvature
forms will lead to the Mumford goodness which is a set of growth conditions of these
metrics and their derivatives modeled on the Poincaré metric on the punctured disk.
These conditions will guarantee the behavior of the Chern forms of these complete
metrics.

4. Notions of Goodness

In this section we will discuss various notions of goodness. The central idea is to
control the Chern forms, as currents, of singular Hermitian metrics on holomorphic
vector bundles over quasi-projective varieties.

Let M be a compact complex manifold and let (F, h) be a Hermitian vector bundle
over M. We denote by (21, ,2,) the local holomorphic coordinates on M and by
(e1,* "+, em) the local holomorphic frame of E. Let ho5 = h(eq,eg) and denote by 0

and © the local connection and curvature forms of . Then we have 6] = aihaﬁh"’ﬁdzi
and ©) = Rzﬁdzi A dz; where 8; = 22 and

— WP (8.0-h — — B0k -0-h ~
R} - = —h" (8,85h 5 — h™*B:h 505h,5) -
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The k-th Chern form cx(h) of h is given by the coefficient of the term t* in the
polynomial det (I + —‘/2;@) It is well known that

(4.1) ek (h)] = cx(E)

as cohomology classes. However, this is no long true in general when M is noncompact.
One needs growth conditions on h and its derivatives. The class of noncompact
manifolds we are interested in is the quasi-projective manifolds.

The first condition was given by Mumford in [11] which we will describe now. Let
X" be a projective manifold of complex dimension n and let D C X be a divisor of
normal crossings. Let X = X \ D.

We cover a neighborhood of D € X by finitely many polydiscs

{Ua = (A", (21, ,2n)) Yaea

such that V,, = U, \ D = (A*)™ x A¥=™. Namely, U, N D = {2 --- z,, = 0}. We let
U=UqecaUs and V = J,ca Vo- On each V,, we have the local Poincaré metric

V-1 [ 1 =

Wpa = —5— (Z ﬁdzi ANdzZ; + Z dz; A d21> .

i=1 2|zi| (IOglziD i=m41

The Mumford goodness is a growth condition on differential forms. We recall the

following definitions from [11]:

Definition 4.1. — Let 1 be a smooth local p-form defined on V.

— We say n has Poincaré growth if there is a constant C, > 0 depending on n
such that

p
2
Intr, 1) < Ca T 63,

i=1
for any point z € V, and t1,--- ,t, € T, X.
— We say n is good if both n and dn have Poincaré growth.

Now let E be a holomorphic vector bundle of rank k over X and let E be the
restriction of E to X. Let h be a Hermitian metric on E which may be singular along
the divisor D.

Definition 4.2. — An Hermitian metric h on E is good if for all z € V, assuming
z € V, and for all basis (e1,--- ,ex) of E over U, we have
h,5| (det h)~l < C (™, log|z))*® for some C >0 and p > 1.

— The local 1-forms (8h . h“l)l are good on V,,. Namely the local connection and

curvature forms of h have Poincaré growth.

Remark 4.1. — 1t is easy to see that the definition of Poincaré growth is independent
of the choice of local data.
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We collect the main properties of good metrics in the following theorem which is
due to Mumford. Please see [11] for details.

Theorem 4.1. — Let X and E be as above. Then
—~ A form n € AP(X) with Poincaré growth defines a p-current [n] on X. In fact

we have
/ In Al < oo
X .
for any & € AF~P(X).

— Ifbothn € AP(X) and £ € AY(X) have Poincaré growth, then n A€ has Poincaré
growth.

— For a good form n € AP(X), we have d[n] = [dn].

— Given an Hermitian metric h on E, there is at most one extension E of E to
X such that h is good.

— If h is a good metric on E, the Chern forms c¢;(E,h) are good forms. Fur-

thermore, as currents, they represent the corresponding Chern classes ¢;(E) €
H*(X,C).

The most important feature of a good metric on F is that we can compute the
Chern classes of E via the Chern forms of h as currents. Namely, with the growth
assumptions on the metric and its derivatives, we can integrate by part, so Chern-Weil
theory still holds. However, the Mumford goodness is very strong and hard to check.
Also, there are only few examples. In [7] we showed that the canonical metrics on
the moduli space of Riemann surfaces are Mumford good.

We now give weaker notions of goodness which still have the major properties of
Mumford good metrics. The definition of Mumford on Poincaré growth and good
forms is quite local. We first give a global formulation of these growth conditions.
Please see [7] for details.

We call a Kéhler metric w, on X a Poincaré type metric if w, is equivalent to wp
when restricted to V.

Remark 4.2. — 1t is easy to see that
— Any two Poincaré type metrics are equivalent.
— The quasi-projective Kéhler manifold (X, w, ) is complete and has finite volume.

Our first observation is

Lemma 4.1. — A smooth form n € A%(X) has Poincaré growth if and only if ||n|l., <

C for some constant C and a Poincaré metric on X. Namely n has L™ bound with
respect to Poincaré metrics.
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Parallel to the Poincaré growth and good forms, we know define the p-growth and
p-good forms by replacing the L* norm by LP norm.

Definition 4.3. — Let p > 1 be a real number. A differential form n € A9(X) has
p-growth if
Inlle, € LP(X,w,).
The form n is p-good if both n and dn have p-growth.
We note here that the above definition is independent of the choice of w,. To

study the currents of p-growth forms, we need a special cut-off functions. In [9] we
construct a desirable cut-off function:

Proposition 4.1. — There exists g > 0 such that for all0 < € < g9, there is a function
pe such that
1. 0<p:. L1
2. For any open neighborhood N of D in X, there is € > 0 such that supp(1—p.) C
N.

3. For each € > 0, there is a neighborhood N of D such that p:|ny = 0.
per > pe fore' <e.
5. There is a constant C, independent of € such that

—Cw, < v—-188p. < Cw,

and |[V'pe| < C.
6. lim p. = 1.
e—0

~

The p-good forms have similar behavior to good forms.

Lemma4.2. — Forp > 1, if n € AY(X) has p-growth, then n defines a g-current. If
7 is p-good, then d[n] = [dn]. Furthermore, if n,n' have p and p’ growth respectively,
then n An' has ff;,—, growth.

Now we can generalize the Mumford good metrics. Similar to Definition 4.2 we
define

Definition 4.4. — A Hermitian metric h on E is p-good if
1. ’haﬁ‘ ,(deth)™ < C (™, log|2:|)* for some C >0 and s > 1.
2. The local 1-forms (6h . h_l)l are p-good on V.
We have

Theorem 4.2. — For p large enough, if the Hermitian metric h on E is p-good, then
the Chern forms of h represent the corresponding Chern classes of E:

ci(h)] = &i(E) € HY(X, C).
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The p-goodness is essentially integral conditions which is much easier to check than
the Mumford goodness. Since the most important part of controlling the growth the
singular metric h is to study its Chern forms, we can just take this as a definition.

Definition 4.5. — A Hermitian metric h on E is intrinsically good if the Chern form
ci(h) defines a 2i-current and

[ei(h)] = ci(E).

It turns out that the intrinsic goodness is preserved by the continuity method and
the Kahler-Ricci flow. We have the following relation:

good metrics = p-good metrics for large p = intrinsic good metrics

There are only few examples of Mumford good metrics. In [11] Mumford
showed that the invariant metrics on Hermitian symmetric spaces are good. Later
Wolpert [18] showed that the hyperbolic metric on the relative dualizing sheaf is
good. In [15] Trapani proved that the metric on the logarithmic tangent bundle of
ﬁg is good. In the last cases, the holomorphic bundle involoved are line bundles. In
[7] and [8] we prove:

Theorem4.3. — Let E = Tﬂg(— log D) be the logarithmic tangent bundle of the DM
moduli space and let E = E
Petersson metric, the Ricci and perturbed Ricci metrics are good in the sense of

Mumford.

|rmyg- Then the metrics on E induced by the Weil-

The moduli space M, together with these metrics provide very interesting examples
of good geometry. It is more interesting to study the goodness of the Kihler-Einstein
metric since many consequences follows.

5. The Monge-Amperé Equation and the Goodness

As we described in last section, the Chern forms of various good singular Hermitian
metrics represent corresponding Chern classes. Thus it is important to study the
goodness of canonical metrics on the quasi-projective manifold X such as the the
Kéhler-Einstein metric.

Let X be a quasi-projective manifold obtained by removing a normal crossing
divisor D from a projective manifold X. Let E = T (—log D) be the logarithmic
tangent bundle and let E be the restriction of E to X. In this section we will consider
Hermitian metrics on E induced from a Kéhler metric on X.
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Let wy be a Kahler metric on X. Let U, (21, - ,2,) be a chart of X such that
UND = {2 2zm = 0}. It is clear that a local frame of E is given by
= e ren) = (1ol 0 2)
€ = \c1, yEn) = 1821, ) mazmaazm+11 ,32»,1 .
Let h be the metric on E induced by wy. Then under this frame we have
ziZjg;; HJ<m
Z2:q.= 2 < m < j
(5.1) gr =49 =T
Zi93 jI<m<i
95 1,7 > m.
By using the above frame and the local formula of the metric h, we have

Lemma 5.1. — The Chern forms of h and wy coincide. Namely,
ck(h) = ck(9)-

If we assume the background metric w, has Poincaré growth, then the induced
metric h is good will imply that the metric g has bounded curvature. The converse
is not true in general. But we can bound the Chern froms:

Lemma 5.2. — If w, is a Kdhler metric on X with bounded curvature and has
Poincaré growth, then the Chern forms of the metric h on E induced by wy are good
in the sense of Mumford.

In the case when h is induced by the K&hler-Einstein metric on X, to ensure the
Chern forms of h represent the correct Chern classes, we need control on the Kéahler-
Einstein metric.

The following result is a weaker version of our work. We state this version to
illustrate the ideas.

Theorem 5.1. — Let X be a projective manifold with dimc X = n. Let D C X be a
divisor of normal crossings, let X = X \ D, let E = Tx(~log D) and let E=E |x.

Let wy be a Kdihler metric on X with bounded curvature and Poincaré growth.
Assume Ric(wg) +wy = 00f where f is a bounded smooth function. Then

— There ezist a unique Kdihler-Finstein metric w,, on X with Poincaré growth.

— The curvature and covariant derivatives of curvature of the Kdhler-Einstein
metric are bounded.

— If wy is intrinsic good, then w,, is intrinsic good. Furthermore, all metrics
along the paths of continuity and Kdihler-Ricci flow are intrinsic good.

Remark 5.1. — In [8] we will prove a stronger version of the above theorem by re-
placing the L* bound of the Ricci potential f by LP bound.
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On the other hand, if we know the existence and properties of the K&hler-Einstein
metric by other means, we can prove the above theorem by only assuming f €
LY(X,wy).

Theorem 5.2. — Let wy be a Kdhler metric on X with Poincaré growth and bounded
curvature. Assume Ric(w,)+w, = O0f where f € L*(X,w,) and there exist a Kihler-
Einstein metric on X which is equivalent to wy. If wy is intrinsically good, then w, .
is also intrinsically good.

By combining Theorem 3.3, 4.3 and 5.2 we have

Theorem 5.3. — Let p be the metric on the logarithmic tangent bundle over the moduli
space Mg induced by the Kdhler-Einstein metric on Mgy. Then p is intrinsically good.

The intrinsic goodness of the Kahler-Einstein metric will imply stability of the log
tangent bundle and a strong Chern number inequality. As a consequence we proved
in [6] and [7]

Theorem 5.4. — The logarithmic tangent bundle E of the DM moduli space Hg is
stable with respect to the canonical polarization. Furthermore, we have

— —4
Cl(E)2 < 6g

E).
_3g—362( )

We now briefly describe the proof of these two theorems. Please see [7] and (8] for
details.

We first deform the background w, along the Kahler-Ricci flow for short time such
that all the covariant derivatives of w, are bounded. In the case, the intrinsic goodness
of wy is also preserved.

The existence of the Kéhler-Einstein metric follows from the C* estimates of the
complex Monge-Amperé equation

(wg + )™ _ oot!
wg
where we use Yau'’s generalized maximum principle. To prove that the intrinsic good-
ness of wy is preserved along the path of continuity, if we denote by g’ the Kéahler-
Einstein metric, we need to show that

ck(9) — cx(g)
is the O-current. Let R, R',T", I be the curvatures and connections of g and g’ respec-
tively.
We first deal with renormalized Chern character forms. For a Hermitian metric h
on a holomorphic vector bundle F with curvature ©, the k-th Chern character form
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is defined by

U

k
Chk(h) =Tr (\/2—__19> .

To simplify the notation, we drop the constant g As differential forms we have

k-1
chi(g) — chi(g9') = d <TYZ RFIZEA( =T A R”')
i=0

and
/7 -
P_ TP _ PG, _
Lk — T = 97 0sgk-

By the C? and C® estimate we know

k-1
Tr (Z RFIZIA (D -T) A R’i)
i=0
has Poincaré growth. Since both chi(g) and chi(g’) has Poincaré growth it is easy to
see chi(g) — chi(g’) is the 0 current.

This is proved by integration by part where we use the cut-off function as in
Proposition 4.1. Finally, by the expression of cx(g) and cx(g’) via chi(g) and chg(g’)
we see that cx(g9) — cx(9’) is also the O current.

6. Rigidity and Gauss-Bonnet Theorem

In this final section we discuss the applications of the curvature and asymptotic
properties of the canonical metrics on the curve moduli M,.

The Weil-Petersson metric has many negative curvature properties. Ahlfors showed
that its Riemannian sectional curvature is negative. Later, it was proved by Wolpert
that the bisectional curvature of the Weil-Petersson metric is negative. In [12] Schu-
macher showed that the curvature of the Weil-Petersson metric is strongly negative
in the sense of Siu. In [7] we proved that the Weil-Petersson metric is dual-Nakano
negative from which we will derive Nakano-type vanishing theorems.

We first recall the concept of dual Nakano negativity. Let (E™, h) be a holomorphic
vector bundle with a Hermitian metric over a complex manifold M™. The curvature
of F is given by

Pgap =
(E, h) is Nakano semi-positive if the curvature P defines a semi-positive form on the
bundle E ® T)s. Namely,

~0aB5hi; + hP10,higdsh, 7.

(6.1) P-,5C7CiP >0
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for all m x n complex matrix C. The metric h is Nakano positive if (6.1) is a strict
inequality whenever C # 0. E is dual Nakano (semi) negative if the dual bundle with
the induced metric (E*, h*) is Nakano (semi) positive.

In [7] we showed

Theorem 6.1. — Let M, be the moduli space of Riemann surfaces of genus g > 2.
Then (Tpm,,wy p) is dual Nakano negative.

Let us briefly describe the idea. Please see [7] for details. By the definition of the
dual-Nakano negativity, we only need to show that (T*Mg, h*) is Nakano positive.
Let R.5;; be the curvature of My and Pz,; be the curvature of the cotangent bundle.
We first have

— _pimpmip _ _
Pm%kl h™h szkl

Thus if we let ag; = 32, ™ C™*, we have

mknl _ e P = — - .—.—._Z (AT
P aiC™eC § : Rijkla'kJa“ = E : RkjilakJah = Rz‘jklawalk-
1,5,k,l i,5,k,l i,5,k,l

Recall that at X € M, we have

Gk = /X (€3 + eifig) dv-

By combining the above two formulae, to prove that the WP metric is Nakano negative

R

is equivalent to show that

(6.2) / (eﬁfki + eiifkf) Qi dv>0
X

and the left hand side of the above formula is strictly positive if A = [a;;] # 0.

We now describe the proof with the assumption that the matrix [a,;] is invertible.
The general case can be found in [7] which follows from the same idea.

Recall that if we let [ = —\~19,8; be the Laplace operator with respect to the KE
metric A on X and let T = (O0+1)"", then e;="T (fl.;) where fz = A;A; and A;
is the harmonic representative of the Kodaira-Spencer class of % where (t1,--+ ,tn)
are local coordinates on M, and z is the local coordinate on X;.

Let B; = Y i~ a;jA;. Then the inequality (6.2) is equivalent to

(6-3) _ R(Bj, Bk, Ax, 4; Z/ A;) AxBy + T (B;By) Ay 4;) dv > 0.

gk
Since {Ax} is a basis of the space H®!(X,Tx) and the matrix {a;;} is an arbitrary
invertible matrix, we need to show that the inequality (6.3) holds for any two bases
{A:} and {B;}. Of course we can choose one basis, say {A;}, and let the other basis
vary freely.
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Now we prove the inequality (6.3). Let 4 = 3", B;A;. Then the first term in (6.3)

is
T / T (B,4;) AuBr dv = / T ()i dv > 0.
ik X X

To check the second term, we let G(z,w) be the Green’s function of the operator T'.
Namely, for any function f € C*°(X), we have T(f) = [, G (w) dv(w). Now

we let
w) = Y A;(2)B;(w)
J
We know the second term of (6.3) is

> /X T (B;By) AyA; dv =Z / / G(z,w) B, (w) By (w) Ak (2)4; (2) dv(w)dv(2)
gk J

/ / G(z,w)H (z,w)H (z,w)dv(w)dv(z) > 0

where the last inequality follows from the fact that the Green’s function G is non-
negative which was proved by Wolpert in [16].

The asymptotic of Weil-Petersson , Ricci and perturbed Ricci metrics give us good
control of the L? cohomology with bundle twist. In [7] we showed

Theorem 6.2. — Let M, be the moduli space of genus g curves and let M, be its
Deligne-Mumford compactification. Then

Hé) ((Mga wT)? (TMg ) WWP)) >~ H* (—M—g, T—Mg (— 10g D))
Combining with the dual-Nakano negativity of the Weil-Petersson metric we have

Theorem 6.3. — The Chern numbers of the log cotangent bundle T*ﬂ (log D) of the

moduli spaces of Riemann surfaces are positive.

More importantly, we proved that the complex structure of the moduli space is
infinitesimally rigid:

Theorem 6.4. — When q # 3g — 3, the L? cohomology groups vanish
H?2;1 ((Mg?wT) s (ng (— log D),wwp)) =0.

One of the most important consequence of the curvature properties and goodness of
the Ricci, perturbed Ricci and Kéhler-Einstein metrics is the Gauss-Bonnet Theorem
on M,. Together with L. Ji, we showed in [7]

Theorem 6.5. — (Liu, Ji, Sun, Yau) The Gauss-Bonnet Theorem hold on the moduli
space equipped with the Ricci, perturbed Ricci or Kdhler-Einstein metrics:

Acmwﬁ&awﬂﬁ&awmbﬁMﬁ=Q%jn

g9 9 9
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Here x(M,) is the orbifold Euler characteristic of My and n = 3g — 3.

The computation of the Euler characteristic of the moduli space is due to Zagier.

In the proof of the Gauss-Bonnet Theorem we used the fact that the curvature of
the Ricci, perturbed Ricci and Kéhler-Einstein metrics are bounded. However, the
curvature of the Weil-Petersson metric is not bounded. However, as an application of
the Mumford goodness of the Weil-Petersson metric and the Ricci metric we have

Theorem 6.6. — We have
Bag

where n = 3g — 3.
This theorem gave us the first log Chern number of the DM moduli space Mg.
Corollary 6.1. — We have

X(ﬂg,Tj\;,-g(—-logD)) =x(M,) = 4—952_9—1)'
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GRADIENT KAHLER RICCI SOLITONS

by

Robert L. Bryant

To Jean Pierre Bourguignon, on the occasion of his 60 birthday.

Abstract. — Some observations about the local and global generality of gradient
Kahler Ricci solitons are made, including the existence of a canonically associated
holomorphic volume form and vector field, the local generality of solutions with a
prescribed holomorphic volume form and vector field, and the existence of Poincaré
coordinates in the case that the Ricci curvature is positive and the vector field has a
fixed point.

Résumé (Solitons gradients de Kihler-Ricci). — Nous proposons quelques observations
sur les généralités locale et globale des solitons gradients de Kéahler-Ricci, y compris
I’existence d’une forme de volume holomorphe et d’un champ de vecteurs canonique-
ment associés, la généralité locale de solutions pour une forme de volume holomorphe
et un champ de vecteurs donnés, et ’existence de coordonnées de Poincaré dans le
cas ol la courbure de Ricci est positive et le champ de vecteurs a un point fixe.

1. Introduction and Summary

This article concerns the local and global geometry of gradient Kéhler Ricci soli-
tons, i.e., Kdhler metrics g on a complex n-manifold M that admit a Ricci potential,
i.e., a function f such that Ric(g) = V2f (where V denotes the Levi-Civita connection
of M.

These metrics arise as limiting metrics in the study of the Ricci flow g; = —2Ric(g)
applied to K&hler metrics. Under the Ricci flow, a gradient K&hler Ricci soliton g

2000 Mathematics Subject Classification. — 53C55, 58G11.
Key words and phrases. — Ricci flow, solitons, normal forms.
Thanks to Duke University for its support via a research grant, to the NSF for its support via grants

DMS-8905207, DMS-0103884, and DMS-0604195 and to Columbia University for its support via an
Eilenberg Visiting Professorship.
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evolves by flowing under the vector field V f, i.e.,

(1.1) g(t) = eXP(_tVf)*(QO)'

In particular, if the flow of Vf is complete, then the Ricci flow with initial value gg
exists for all time.

The reader who wants more background on these metrics might consult the ref-
erences and survey articles [3, 5, 10]. The references [8, 9, 6, 14] contain further
important work in the area and will be cited further below.

1.1. Basic facts. — Unless the metric g admits flat factors, the equation Ric(g) =
V2f determines f up to an additive constant and it does no harm to fix a choice of f
for the discussion. For simplicity, it does no harm to assume that g has no (local) flat
factors and so this will frequently be done. Also, the Ricci-flat case (aka the Calabi-
Yau case), in which Ric(g) = 0, is a special case that is usually treated by different
methods, so it will usually be assumed that Ric(g) # 0. (Indeed, most of the latter
part of this article will focus on the case in which Ric(g) > 0).

1.1.1. The associated holomorphic vector field Z. — One of the earliest observa-
tions [2] made about gradient K&hler Ricci solitons is that the vector field Vf is
the real part of a holomorphic vector field and that, moreover, J(V f) is a Killing field
for g. In this article, I will take Z = 1(Vf —iJ(Vf)) to be the holomorphic vector
field associated to g.

1.1.2. The holomorphic volume form Y. — In the Ricci-flat case, at least when M
is simply connected, it is well-known that there is a g-parallel holomorphic volume
form 7T, i.e., one which satisfies the condition that i"’2-" T A T is the real volume
form determined by g and the J-orientation.

In §2.2, I note that, for any gradient K&hler Ricci soliton g with Ricci potential f
defined on a simply connected M, there is a holomorphic volume form Y (unique up
to a constant multiple of modulus 1) such that i""2-me=f T AT is the real volume
form determined by g and the J-orientation. Of course, T is not g-parallel (unless g
is Ricci-flat) but satisfies VY = 1 0f ® T.

This leads to a notion of special coordinate charts for (g, f) i.e., coordinate
charts (U, z) such that the associated coordinate volume form dz = dz' A --- A d2™
is the restriction of T to U. In such coordinate charts, several of the usual formulae
simplify for gradient Kéhler Ricci solitons.

1.1.3. The Y-divergence of Z. — Given a vector field and and volume form, the
divergence of the vector field with respect to the volume form is well defined. It turns
out to be useful to consider this quantity for Z and Y. The divergence in this case is
the (necessarily holomorphic) function h that satisfies Lz T = h T.
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By general principles, the scalar function h must be expressible in terms of the first
and second derivatives of f. Explicit computation (Proposition 4) yields

(1.2) 2h = try (V2 f) + |Vf|> = R(9) + |V £|%,

where R(g) = try(Ric(g)) is the scalar curvature of g. In particular, h is real-valued
and therefore constant. Now, the constancy of R(g) + |V f|? had already been noted
and utilized by Hamilton and Cao [6]. However, its interpretation as a holomorphic
divergence seems to be new.

1.2. Generality. — An interesting question is: How many gradient Kahler Ricci
solitons are there? Of course, this rather vague question can be sharpened in several
ways.

The point of view adopted in this article is to start with a complex n-manifold M
already endowed with a holomorphic volume form T and a holomorphic vector field Z
and ask how many gradient Kéhler solitons on M there might be (locally or globally)
that have Z and T as their associated holomorphic data.

An obvious necessary condition is that the divergence h of Z with respect to T
must be a real constant.

1.2.1. Nonsingular extension. — Away from the singularities (i.e., zeroes) of Z, this
divergence condition turns out to be locally sufficient.

More precisely, I show (see Theorem 2) that if H C M is an embedded complex
hypersurface that is transverse at each of its points to Z, and gg and fy are, re-
spectively, a real-analytic Kéhler metric and function on H, then there is an open
neighborhood U of H in M on which there exists a gradient Kihler Ricci soliton g
with potential f whose associated holomorphic quantities are Z and T and such that g
and f pull back to H to become gg and fo. The pair (g, f) is essentially uniquely
specified by these conditions. The real-analyticity of the ‘initial data’ go and fo is
necessary in order for an extention to exist since any gradient Kahler Ricci soliton is
real-analytic anyway (see Remark 4).

Roughly speaking, this result shows that, away from singular points of Z, the local
solitons g with associated holomorphic data (Z,T) depend on two arbitrary (real-
analytic) functions of 2n—2 variables.

1.2.2. Singular ezistence. — The existence of (local) gradient Kéhler solitons in a
neighborhood of a singularity p of Z is both more subtle and more interesting.

Even if the divergence of Z with respect to T is a real constant, it is not true in
general that a gradient Kéahler Ricci solition with Z and T as associated holomorphic
data exists in a neighborhood of such a p.
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I show (Proposition 6) that a necessary condition is that there exist p-centered

holomorphic coordinates z = (z') on a p-neighborhood U C M and real num-
bers hi,...,hy, such that, on U,
0 0
1. Z=h2" —+ 4 hy 2" —.
(1.3) 12 55 +--+hpz pye

In other words, Z must be holomorphically linearizable, with real eigenvalues. (1)

In such a case, if Ly T = hY where h is a constant, then h = hy + -+ + h,. I
show (Proposition 7) that, moreover, in this case, one can always choose Z-linearizing
coordinates as above so that T = dz! A --- Adz".

Thus, the possible local singular pairs (Z,T) that can be associated to a gradient
Kéhler Ricci soliton are, up to biholomorphism, parametrized by n real constants.

Using this normal form, one then observes that, by taking products of solitons of
dimension 1, any set of real constants (h1,...,h,) can occur (see Remark 9). Since,
for any gradient Kéhler Ricci soliton g with associated holomorphic data (Z, T), the
formula Ric(g) = Lre(z) g holds, it follows that if g is such a Kahler Ricci soliton de-
fined on a neighborhood of a point p with Z(p) = 0, then hy, ..., h, are the eigenvalues
(each of even multiplicity) of Ric(g) with respect to g at p.

However, this does not fully answer the question of how ‘general’ the solitons are
in a neighborhood of such a p. In fact, this very subtly depends on the numbers h;.
For example, if the h; € R are linearly independent over Q, then any gradient Kahler
Ricci soliton g with associated data (Z,Y) defined on a neighborhood of p must be
invariant under the compact n-torus action generated by the closure of the flow of
the imaginary part of Z. This puts severe restrictions on the possibilities for such
solitons.

At the conclusion of Section §3, I discuss the local generality problem near a
singular point of Z and explain how it can best be viewed as an elliptic boundary
value problem of a certain type, but do not go into any further detail. A fuller
discussion of this case may perhaps be undertaken at a later date.

1.3. The positive case. — In Section § 4, I turn to an interesting special case: The
case where g is complete, the Ricci curvature is positive, and the scalar curvature R(g)
attains its maximum at some (necessarily unique) point p € M.

This case has been studied before by Cao and Hamilton [6], who proved that this
point p is a minimum of the Ricci potential f, that f is a proper plurisubharmonic
exhaustion function on M (which is therefore Stein), and that, moreover, the Killing
field J(V f) has a periodic orbit on ‘many’ of its level sets.

(1) Of course, it is by no means true that every holomorphic vector field is holomorphically linearizable
at each of its singular points.
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For simplicity, the Ricci potential f will be be normalized so that f(p) = 0, so
that f is positive away from p.

I show (Theorem 3) that under these assumptions there exist global Z-linearizing
coordinates z = (z%) : M — C™, so that M is biholomorphic to C™ (which generalizes
an earlier result of Chau and Tam [8]). (2) Moreover, as a consequence, it follows that
every positive level set of f has at least n periodic orbits of J(Vf), a considerable
sharpening of Cao and Hamilton’s original results.

This global coordinate system has several other applications.

For example, I show that there is a Kéhler potential ¢ for g that is invariant under
the flow of J(V f) and that this potential is unique up to an additive constant. (Which
can be normalized away by requiring that ¢(p) = 0.)

As another application, I show how to normalize the choice of Z-linearizing holo-
morphic coordinates up to an ambiguity that lies in a compact subgroup of U(n).
This makes the function |z| well-defined on M, so it is available for estimates.

As an illustration of such use, I show that there are positive constants r and a;,
asa, b1, b2, c1, and cp such that, whenever |z| > r,

a1 loglz| < f(2) < ay log 7|,
(1.4) by log|z| < d(z,0) < by log |2],

¢1 (log2])” < ¢(2) < ¢z (log [2)*.

I also give some bounds for a; and ay. Perhaps these will be useful in further work.

1.4. The toric case. — This section studies the geometry of the reduced equation
in the case when a gradient Kdher Ricci soliton g defined on a neighborhood of 0 € C™
has toric symmetry, i.e., is invariant under the action of T", the diagonal subgroup
of U(n). This may seem specialized, but, for example, if the associated holomorphic
vector field is Z, where h = (hy,...,h,) and the real numbers hq,...,h, have the
‘generic’ property of being linearly independent over @, then g has toric symmetry.
Thus, metrics with toric symmetry are the rule when Z has a ‘generic’ singularity.

I first derive the equation satisfied by the reduced potential, which turns out to
be a singular Monge-Ampére equation. (The singularities are, of course, related to
the singular orbits of the T™-action.) I then show that, nevertheless, this singular

(2) On 27 July 2004, about 12 hours before the first version of this article was posted on the arXiv,
Chau and Tam posted the first version of their article arXiv:math.DG /0407449 in which they prove,
under the same hypotheses as in Theorem 3, that M is biholomorphic to C™. I saw their posting
just before I posted this article. Their method is different and does not produce Z-linearizing coor-
dinates, but has the advantage that it applies in the case of expanding solitons. In the second (much
shortened) version of their article, posted on 2 August, 2004, they deduce their biholomorphism
result from already-known results about automorphisms of complex manifolds. See [9].
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equation has good regularity and its singular initial value problem is well-posed in
the sense of Gérard and Tahara [11].

As a consequence (Corollary 5), it follows that, for any h € R", any real-analytic
T™~l-invariant Kihler metric on a neighborhood of 0 € C*~! is the restriction to C*~!
of an essentially unique toric gradient K#hler Ricci soliton on an open subset of C"
with associated holomorphic vector field Z = Z;, and associated holomorphic volume
form Y = dz. In particular, it follows that, in a sense made precise in that section,
the toric gradient K&hler Ricci solitons on C™ depend on one ‘arbitrary’ real-analytic
function of (n—1) (real) variables.

Next, I show that the reduced (singular Monge-Ampere) equation is of Euler-
Lagrange type, at least, away from its singular locus, and discuss some of its con-
servation laws via an application of Noether’s Theorem. (This is in contrast to the
unreduced soliton equation, which is not variational).

1.5. Acknowledgement. — This work is mostly based on notes written after
a conversation with Richard Hamilton during a visit he made to Duke University
in 1991. Section 4 is more recent, having been written after further conversations
with Hamilton during a semester I spent at Columbia University in the spring of
2004.

It is a pleasure thank Hamilton for his interest and to thank Columbia University
for its hospitality.

2. Associated Holomorphic Quantities

In this section, constructions of some holomorphic quantities associated to a gra-
dient Kéhler Ricci soliton g on a complex n-manifold M™ with Ricci potential f will
be described.

2.1. Preliminaries. — In order to avoid confusion because of various different con-
ventions in the literature, I will collect the notations, conventions, and normalizations
to be used in this article.

2.1.1. Tensors and inner products. — Factors of 2 are sometimes troubling and con-
fusing in Kéahler geometry.

For a and b in a vector space V, I will use the conventions aob = %(a ®b+bQa)
and aAb=a®b—b®a. In particular,a @ b=ao b+ %a/\b.

A real-valued inner product {,) on a real vector space V can be extended to VC =
C ® V in several different ways. A natural way is to extend it as an Hermitian form,
i.e., so that

(2.1) (v1 + ivg, w1 +iwe) = ((v1, w1) + (v2, wa)) +i({va, w1) — (v1,w2))
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and that is the convention to be adopted here.

If the real vector space V has a complex structure J : V — V, then VC = V1.0g V0.1
where V1.0 is the +i-eigenspace of J extended complex linearly to VC while V01 is the
(—i)-eigenspace of J. It is common practice to identify v € V with v}° =v —iJv €
V1.0 but some care must be taken with this.

For example, an inner product (,) on V is compatible with J if (Jv, Jw) = (v, w)
for all v,w € V. Note the identity

(2.2) (010,010 = 2(v, v).

For any J-compatible inner product (,) on V (or equivalently, quadratic form)
there is an associated 2-form 7 defined by

(2.3) n(v,w) = (Jv,w).

2.1.2. Coordinate expressions and the Ricci form. — Let z = (2*) : U — C™ be a
holomorphic coordinate chart on an open set U C M. The metric g restricted to U
can be expressed in the form

(2.4) g = giydz*odz’

for some functions g;; = gj; on U. The associated Kéhler form (2 then has the
coordinate expression

(2.5) Q=1g;dfAdF.

Note that g;;dz'®dz’ = g — 2i Q.

The Ricci tensor Ric(g) is J-compatible since g is Kihler, and hence has a coor-
dinate expression Ric(g) = R;; d2odz* where R;z = Ry;. Its associated 2-form p is
computed by the formula

(2.6) p=1iR;d'AdZ =-i00G
where
2.7 G = log det(g;5).

While p is independent of the coordinate chart used to compute it, the function G
does depend on the coordinate chart.
The scalar curvature R(g) = try(Ric(g)) has the coordinate expression

(2.8) R(g) = 2g”R;;

and satisfies R(g) Q" = 2np A Q"L
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2.1.3. The gradient Kdhler Ricci soliton condition. — The following equivalent for-
mulation of the gradient K&hler Ricci soliton condition is well-known:

Proposition 1. — A real-valued function f on M satisfies Ric(g) = D*f if and only
if p=100 f and D%2f = 0. This latter condition is equivalent to the condition that
the g-gradient of f be the real part of a holomorphic vector field on M. O

2.2. The associated holomorphic volume form. — In this subsection, given a
gradient Kahler Ricci soliton g with Ricci potential f on a simply-connected complex
n-manifold M, a holomorphic volume form on M (unique up to a complex multiple
of modulus 1) will be constructed.

2.2.1. Existence of special coordinates. — The following result shows that there are
coordinate systems in which the Ricci potential is more closely tied to the local coor-
dinate quantities.

Proposition 2. — If g is a gradient Kihler Ricci soliton on M with Ricci potential f,
then M has an atlas of holomorphic charts (U, z) satisfying log det(gi,—) =—f.

Proof. — To begin, let (U, z) be any local holomorphic coordinate chart on M, with
quantities g;; and G defined as above.

Since f is a Ricci potential for g, i.e., Ric(g) = D?f, it follows from (2.6) and
Proposition 1 that
(2.9) —-100G =100 f .

Thus, f+ G is pluriharmonic. Assuming further that the domain U of the coordinate
system z is simply connected, there exists a holomorphic function p on U so that

(2.10) f=-G+p+p

Now let w be any other local coordinate system on the same simply connected do-
main U in M and write

(2.11) Q=1 hiydw'Ade’.

Then H = log det(hi;) is of the form

(2.12) H=G+J+J

where J is the log-determinant of the Jacobian matrix of the change of variables from
z to w, i.e.,

(2.13) dz? Ad2?2 A Ade™ = el dw! Adw? Ao Adu™.

It follows that every point of U has an open neighborhood V on which there exists
a coordinate chart w for which —H = f, the Ricci potential. O
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Definition 1 (Special coordinates). — Let g be a gradient Kahler Ricci soliton on M
with Ricci potential f. A coordinate chart (U, z) for which logdet(g;;) = —f will be
said to be special for (g, f).

Remark 1 (The volume form in special coordinates). — A coordinate chart (U, z) is spe-
cial for (g, f) if and only if the volume form of g satisfies

1 i\"
— no_ -f 5
(2.14) dvoly = o Qr = (2) e TdzAdz.
Theorem 1 (Existence of holomorphic volume forms). — Let M be a simply connected

complex n-manifold endowed with a gradient Kdhler Ricci soliton g with associated
Kdhler form Q and a choice of Ricci potential f. Then there exists a holomorphic
volume form Y on M, unique up to muliplcation by a complex number of modulus 1,
with the property that

1 it\" f —
— n _ -
(2.15) dvoly = . Q= ( 5 ) e TAT.
Proof. — For any two (g, f)-special coordinate charts z and w on the same domain U,

the ratio of their corresponding holomorphic volume forms is a constant of modulus 1.
The volume forms of special coordinate systems are thus the sections of a flat
connection Vg on the canonical bundle of M, i.e., the bundle whose sections are the
holomorphic volume forms on M. Since M is simply connected, the canonical bundle
of M has a global Vy-flat section T that is unique up to a multiplicative constant.
By construction, T satisfies (2.15). Its uniqueness up to multiplication by a con-
stant of modulus 1 is now evident. O

Definition 2 (Associated holomorphic volume forms). — Given a gradient K&hler Ricci
soliton g with Ricci potential f, a holomorphic volume form T satisfying (2.15) will
be said to be associated to the pair (g, f).

Remark 2 (Scaling effects on T). — Scaling a gradient Kahler Ricci soliton g by a con-
stant produces another gradient Kéhler Ricci soliton and adding a constant to f will
produce another Ricci potential for g.

If T is associated to (g, f), then, for any real constants A > 0 and ¢, the n-
form A\"e° Y is associated to (A% g, f+2c).

2.3. The holomorphic flow. — Write the g-gradient of f as Z + Z where Z is of
type (1,0). Thus, Z = 3(Vf —iJ(V/)).
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2.3.1. The infinitesimal symmetry. — By the standard Ké&hler identities, Z is the
unique vector field of type (1,0) satisfying

(2.16) Of =—-iZ.9Q.

Writing Z = X —iY = X — i JX, it follows that, in addition to X being the one-half
the gradient of f, the vector field Y = JX is Q-Hamiltonian. Thus, the flow of Y
preserves 2.

Since Z is holomorphic by Proposition 1, the flow of Y also preserves the complex
structure on M.

Hence, Y must be a Killing vector field for the metric g.

Thus, a gradient Kéahler Ricci soliton that is not Ricci-flat always has a nontrivial
infinitesimal symmetry.

Proposition 3. — The singular locus of Z is a disjoint union of nonsingular complex
submanifolds of M, each of which is totally geodesic in the metric g.

Proof. — Since Z is holomorphic, its singular locus (i.e., the locus where it vanishes)
is a complex subvariety of M. However, since this locus is also the zero locus of Y =
—Im(Z), which is a Killing field for g, this locus is a submanifold that is totally
geodesic with respect to g. In particular, it must be smooth and hence nonsingular

as a complex subvariety. O
2.3.2. Z 1in special coordinates. — Assume (U, z) is a special local coordinate system.
Since

5 7997 .k _ _ 5
(2.17) 8G=g]6?dz = -0f,
the formula for Z in special coordinates is

0 % 7097\ O

2.1 - f_=_(2 ¢k za_w)__,
(2.18) Z2=2 50 979 52+ ) bzt

Thus, the equations for a gradient Kahler Ricci soliton in special coordinates are that
the functions Z* defined by (2.18) be holomorphic.

In fact, the expression in (2.18) can be simplified, since the closure of 2 is equivalent
to the equations

09i5 _ 99:k
2.1 = ==,
(2.19) ozk 0z
Thus,
v i; 00i7 7 ¢k 00 5. 0g® _ 08gY
£ _ _ Lk 17 I _9 47tk ‘Lk=2 i —
(220) A 2g g 93k 29 g 979 979k FY2i 933’

where I have used the identity g¢;z = 5% and the identity gi,-cg”"_c = 6¢ and its
derivatives.

ASTERISQUE 321



GRADIENT KAHLER RICCI SOLITONS 61

2.3.3. The Y-divergence of Z. — Since Z is holomorphic, the Lie derivative of T
with respect to Z must be of the form A Y where h is a holomorphic function on M
(usually called the divergence of Z with respect to T).

Replacing T by AT for any A € C* will not affect the definition of h, so the
function h is intrinsic to the geometry of the soliton. On general principle, it must be
computable in terms of the first and second covariant derivatives of f, which leads to
the following interpretation of a result of Cao and Hamilton:

Proposition 4. — The holomorphic function h is real-valued (and therefore constant).
Moreover,
(2.21) 2h = R(g) +2|2/?

where R(g) is the scalar curvature of g and |Z|? is the squared g-norm of Z.

Proof. — In special coordinates, where T = dz! A --- A dz”, the function h has the
expression
0z¢
2.22 h=—.
(2.22) 0
Thus, by (2.20),
g7
2.2 —9-99"
(2.23) h=2 02t 9z’

which shows that the holomorphic function h is real-valued and therefore constant.
Moreover, since p = i8df, it follows that

(3) Rjpdz? Adz* = p=100f = 0(Z =)
= (3) 0 (92" dz¥)

i 0z* 2994k j sk

(2.24)

In particular, in view of (2.19) and (2.18),

R(9) = 2¢°*R ; = 2¢4°* gg,'ca—Z. + 799 ) _ oy, + 2gf’°Z‘aL‘-’¥c
B 0zI 029 027
(2.25) 5
= 2h + 22 ng% — 2h — g 2¢2% = 2h — 2|22,
as claimed. O

Remark 3 (Interpretations). — It was Cao and Hamilton [6, Lemma 4.1] who first
observed that the quantity R(g) + |V f|? is constant for a (steady) gradient Kéhler
Ricci soliton. Since Z = (V£ —1J(Vf)), one has 2|Z|? = |V f|?, so their expression
is the right hand side of (2.21).
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The interpretation of R(g) + |V f|? as the YT-divergence of Z seems to be new. In
fact, for any gradient Ricci soliton g (not necessarily Kihler) with Ricci potential f,
one has the identity

(2.26) Ly (ef dvoly) = 2h ef dvol, .

where R(g)+|V f|? = 2h is a constant. This points out the importance of the modified
volume form ef dvol, in the general case.

In a sense, this constancy can be regarded as a sort of conservation law for the Ricci
flow. Note that, since Af = R(g), this relation is equivalent to the equation Ay(ef) =
2hel.

2.4. Examples. — The associated holomorphic objects constructed so far make it
possible to simplify somewhat the usual treatment of the known explicit examples.
The following examples will be useful in later discussions in this article.

Example 1 (The one-dimensional case: Hamilton’s cigar). — Suppose that M is a Rie-
mann surface. Then T is a nowhere vanishing 1-form on M and Z is a holomorphic
vector field on M that satisfies d(T(Z)) = h T, where h is a constant. There are
essentially two cases to consider.

First, suppose that h = 0. Then Y(Z) is a constant, say T(Z) = c.

If ¢ = 0, then Z is identically zero, and, from (2.20) it follows that, in special
coordinates z = (z!) the real-valued function gli is constant. In particular, in special
coordinates g = g;1|dz!|?, so g is flat.

If ¢ # 0, then Z is nowhere vanishing and, after adjusting T and the special
coordinate system by a constant multiple, it can be assumed that ¢ = 2, i.e., that
T = dz! and Z = 28/d2z'. Then (2.20) implies that g'T = 2! + z! + C for some
constant C. By adding a constant to 2!, it can be assumed that C = 0, so it follows
that, in this coordinate system

|d2*|?
(2.27) 9= G+
Since M is supposed to be simply connected, one can take z' to be globally defined.
Thus M is immersed into the right half-plane in C in such a way that g is the pullback
of the conformal metric defined by (2.27). Of course, this metric is not complete, even
on the entire right half-plane.

Second, assume that h is not zero. Then Y(Z) is a holomorphic function on M
that has nowhere vanishing differential. Write Y(Z) = hz! for some (globally defined)
holomorphic immersion z' : M — C. Then, by construction, T = dz! and Z =
hz' 8/82t. By (2.20), it follows that

(2.28) gl = Lc+h|'P)
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for some constant ¢, so z! (M) C C must lie in the open set U in the w-plane on which
¢+ h|w|? > 0. In fact, g must be the pullback under 2! : M — U C C of the metric
2 |dw|?

(2.29) St hup
This metric on the domain U C C is not complete unless both ¢ and h are nonnegative
and it is flat unless both ¢ and h are positive. In this latter case, this metric is simply
Hamilton’s ‘cigar’ soliton [12].

Consequently, in dimension 1, the only complete gradient Kahler Ricci solitons are
either flat or one of Hamilton’s ‘cigar’ solitons (which are all homothetic to a single
example).

Note that, under the Ricci flow g = —2 Ric(g), the metric (2.29) evolves as

2ldw? _ 2|de ™)

(230) g(t) = e2ht, +h leg = q)(—t)*(go)

c+h [e—’"’wl2 B

where ®(t)(w) = eMw is the flow of twice the real part of Z = hw d/0w.

Example 2 (Products). — By taking products of the 1-dimensional examples, one can
construct a family of complete examples on C*: Let hi,...,h, and c¢1,...,c, be
positive real numbers and consider the metric on C" defined by

n
2 |dw*|?
2.31 = ————,
(2:31) 9= 2 ot I b P)
This is, of course, a gradient Kahler Ricci soliton, with associated holomorphic volume
form and vector field
n
0
— .1 2 _ k
(2.32) T =duw' Adw? A--- Aduw”, Z_I;hkw Sk

The Ricci curvature is

n

(2.33) Ric(g) = M‘ldw—”zz
k=1 (ck + hg |w"|2)

Although these product examples are trivial generalizations of Hamilton’s cigar
soliton, they will be useful in observations to be made below.

Also, note that, even if the hj are not positive, as long as the ¢ are positive, the
formula (2.31) defines an incomplete gradient Kéhler Ricci soliton on the polycylinder
defined by the inequalities cj, + hg|w*|? > 0.

Example 3 (Cao’s Soliton). — One more case of an easily constructed example is the
gradient Kéhler Ricci soliton metric g on C" that is invariant under U(n), discovered
by H.-D. Cao [2]. The form of this metric can be derived as follows:
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Suppose that such a metric g is given on C®. (One could do this analysis on
any U(n)-invariant domain in C", and Cao does this, but I will not pursue this more
general case further here.) The group U(n) must preserve the associated holomorphic
volume form T up to a constant multiple and this implies that T must be a constant
multiple of the standard volume form dz! A --- A d2". Since T is only determined
up to a constant multiple anyway, there is no loss of generality in assuming that
T = dz!A---Adz". Furthermore, the vector field Z must also be invariant under U(n),
which implies that Z must be a multiple of the radial vector field. Since d(Z JX)=hT
where h is real, it follows that

LR
_ k
(2.34) Z=h k§=1: * s

Now, the condition that g be rotationally invariant with associated K&hler form
closed implies that

(2.35) giz = a(r)di; +d'(r)z* 2

for some function a of 7 = |2!|?+ - - - +|2"|? that satisfies ra’(r)+a(r) > 0 and a(r) > 0
(when n > 1). Thus G = log(a(r)"~*(rd’(r)+a(r))) in this coordinate system. Now,
the identity G = — f, the equation (2.16), and the above formula for the coefficients
of 2 combine to yield

(2.36) 0G=i1Z.Q= ——g(m'(r)+a(r))5r . —gé(m(r)).

Supposing that n > 1 (since the n = 1 case has already been treated), it follows
that G + %m(r) must be constant, i.e., that

(2.37) a(r)"? (ra(r))/e(h/2)m(") =a(0)".

Upon scaling T by a constant, it can be assumed that a(0) = 1, so assume this from
now on. Also, one can assume that h is nonzero since, otherwise, the solution that is
smooth at r = 0 is simply a(r) = a(0) = 1, which gives the flat metric.

The ODE (2.37) for a is singular at r = 0, so the existence of a smooth solution
near r = 0 is not immediately apparent.

Fortunately, (2.37) can be integrated by quadrature: Set b(r) = (h/2)ra(r) and
note that (2.37) can be written in terms of b as

(2.38) b(r)" e b (r) = (h/2)"r" L.

Integrating both sides from 0 to r > 0 yields an equation of the form

n—1 k n o ..n
(2.39) (_l)n(n_l)!eb(r) (e—b(r) _ Z (__bk(,:‘_))> = (g) ’l”__

n
k=0
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Set
b bn+ 1

(2.40)  F(b) = (=1)"(n-1)!e’ (e_b - E (—kb')k) ~ b ( —_— ) .
k=0

n  n(n+l)

Now, F has a power series of the form F(b) = 1p"(1 + gb+ ), so F can
be written in the form F(b) = 1 f(b)" for an analytic function of the form f(b) =
b(1 + n+_1b + --+). The analytic function f is easily seen to satisfy f'(b) > 0 for all b
and to satisfy the limits
(2.41) lim f(b)=0c0  and blim f(b) =—Vnl!.

b—+o00

In particular, f maps R diffeomorphically onto (—- nl, oo) and is smoothly invertible.
Of course, f(0) =0.

Since (2.39) is equivalent to f(b(r))" = (27)", when h > 0 it can be solved
for r > 0 by setting b(r) = f _1(% 7'), yielding a unique real-analytic solution with a
power series of the form

h h?
(2.42) b(r) = 57~ 1t D)

Consequently, when h > 0, the solution b is defined for all » > 0 and is positive

r?

and strictly increasing on the half-line 7 > 0. In particular, the function

2 b(r) h
(2.43) a(r) = P 1- 3t D)
is a positive real-analytic solution of (2.37) that is defined on the range 0 < r < c©
and satisfies ra’(r) + a(r) = b/(r) > 0 on this range, so that the expression (2.35)
defines a gradient Kéhler Ricci soliton on C™.

An ODE analysis of this solution (which Cao [2] does) shows that when A > 0 the
resulting metric is complete on C™ and has positive sectional curvature.

When h < 0, the solution b(r) only exists for r < —2 Yn!. Tt is not difficult to
see that the corresponding gradient Kihler Ricci soliton on a bounded ball in C™ is
inextendible and incomplete.

Chau and Schniirer [7] have shown that Cao’s example is stable in a certain sense
and hence is ‘isolated’ in an appropriately defined neighborhood in the space of Kéihler-
Ricci solitons on C™.

T

3. Potentials and local generality

In this section, the question of ‘how many’ gradient Kéahler Ricci soliton metrics
could give rise to specified holomorphic data (T, Z) on a complex manifold M will be
considered. While this question is not easy to answer globally, it is not so difficult to
answer locally.
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Thus, throughout this section, assume that a complex n-manifold M is specified,
together with a nonvanishing holomorphic volume form T on M and a holomorphic
vector field Z on M such that d(Z =) = kY for some real constant h.

3.1. Local potentials. — Suppose that U C M is an open subset on which there
exists a function ¢ such that Q = % 00¢ is a positive definite (1,1)-form whose asso-
ciated Kéhler metric g is a gradient Ricci soliton with associated holomorphic data T
and Z and Ricci potential f.

By (2.16),

20f = —21Z Q= Z 2(00¢) = —Z - (00¢)
(3.1) = —Z-(d(09)) = — Lz(0¢) + d(06(2))
= 0(06(2)) - (Lz(9¢) - 8(Lz(9)))
By decomposition into type, it follows that
(3.2) d(2f — 0¢(Z)) = 0.
Consequently, F' = 2f — 0¢(Z) = 2f — d¢(Z) is a holomorphic function on U.

3.2. Nonsingular extension problems. — Suppose now that p € U is not a
singular point of Z. Then, by shrinking U if necessary, F' can be written in the
form F = dH(Z) for some holomorphic function H on the p-neighborhood U. Re-
placing ¢ by ¢+H+ H, gives a new potential for ( that satisfies the stronger condition

(3.3) 06(2) = dp(2) = 2f.
This function ¢ is unique up to the addition of the real part of a holomorphic function
that is constant on the orbits of Z.

Of course, (3.3) implies that d¢(Y) = 0, i.e., that ¢ is invariant under the flow
of Y, the imaginary part of Z.

3.2.1. Local reduction to equations. — In local coordinates z = (z') for which T =
dz' A---Adz", one has f = —G so ¢ satisfies the Monge-Ampere equation ()

9%¢ ) 1d6(x)
(3.4) det (aziazﬂ' e? =1

as well as the equation
(3.5) do(Y) =0.

Conversely, if ¢ is a strictly pseudo-convex function defined on a p-neighborhood U
that satisfies both (3.4) and (3.5), then the Kéhler metric g whose associated Kéhler

(3) It is interesting to note that this equation is not of Euler-Lagrange type, even locally, unless Z = 0,
i.e., the Ricci-flat case. Of course, in the Ricci-flat case, the variational nature of this equation is
well-known.
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formis Q = % 00¢ is a gradient Kahler Ricci soliton on U with associated holomorphic
form T and holomorphic vector field Z.

Remark 4 (Real-analyticity of solitons). — Note that, because (3.4) is a real-analytic
elliptic equation for the strictly pseudo-convex function ¢, it follows by elliptic regu-
larity that ¢ (and hence g) is real-analytic as well.

Now, (3.4) and (3.5) are two PDE for ¢, the first of second order and the second of
first order. While this is an overdetermined system, it is not difficult to show that it
is involutive in Cartan’s sense.

In fact, an analysis along the lines of exterior differential systems leads to the
following result as a proper formulation of a ‘Cauchy problem’ for gradient K&hler
Ricci solitons in the nonsingular case:

Theorem 2 (Nonsingular extensions). — Let M™ be a complex n-manifold endowed with
a holomorphic volume form Y and a nonzero vector field Z satisfying d(Z -Y)=h7T
for some real constant h.

Let H"™! C M be any embedded complex hypersurface that is transverse to Z,
let Qg be any real-analytic Kdhler form on H, and let fo be any real-analytic function
on H.

Then there is an open H-neighborhood U C M on which there exists a gradient
Kdhler Ricci soliton g with associated Kdhler form Q, holomorphic volume form Y,
holomorphic vector field Z, and Ricci potential f that satisfy®

(36) H*Q = Qo, and H*f = f().

Moreover, g is locally unique in the sense that any other gradient Kihler Ricci soliton §
defined on an open H-neighborhood UcM satisfying these initial conditions agrees
with g on some open neighborhood of H in UNU.

Proof. — The first step in the proof will be to construct a special set of local ‘flow-
box’ coordinate charts adapted to the hypersurface H, the holomorphic form YT, and
the holomorphic vector field Z.

To begin, note that, since, by hypothesis Z, does not lie in T,H C T,M for
all p € H, the (n—1)-form Z oY is nonvanishing when pulled back to H.

Let p € H be fixed. Since H* (Z - T) does not vanish at p, there exist p-centered
holomorphic coordinates w?,...,w™ on a p-neighborhood V in H such that V* (Z 4
T) =dw?A--- Adw

Since H is embedded in M, there exists an open neighborhood U ¢ M of V C¢ H
with the property that U N H = V and so that each complex integral curve C C M

(4) Notation: If P C Q is a submanifold, and v is a differential form on Q, I use P*¢ to denote the
pullback of 9 to P.
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of Z that meets U does so in a connected open disk U N C that intersects H in a
unique point.

Consequently, there exist unique holomorphic functions 22,..., 2" on U satisfying
dz%(Z) = --- = dz™(Z) = 0 and V*(27) = w’ for 2 < j < n. Moreover, there exists
a unique function 2! on U with the property that z! vanishes on V = U N H and so
that U*Y = dz! Adz? A--- Adz". Since the functions z!,...,2" have independent
differentials on U, it follows that by shrinking V' (and hence U) if necessary, it can be
assumed that (U, z) is a p-centered holomorphic coordinate chart whose image z(U) C
C™ is a polycylinder of the form |2%| < p* for some p!,...,p" > 0. By shrinking p! if
necessary, it can be arranged that 1+hp' > 0.

By construction, Z = F(z)3/8z' for some holomorphic function F defined
on z(U) ¢ C". Thus, U*(Z +7Y) = F(2)d22 A--- Adz". Since V*(Z 2 7T) =
dw? A .-+ A dw", it follows that F(0,w?,...,w") = 1 for (0,w?,...,w") € z(U).
Moreover, since d(Z - Y) = kY, it follows that F/0z' = h. Consequently, in these
coordinates Z = (1+hz')8/0z .

Now write Z = X —iY, where X and Y are commuting real vector fields. The
integral curves of Y are transverse to the hypersurface H and there exists a real
hypersurface R C U that is the union of the integral curves of Y in U that pass
through V = U N H. The vector field X is everywhere transverse to R in U.

Now let 1y be a real-valued function on V such that V*(Qp) = 1 00¢o. Such
an Qp-potential ¥ is unique up the the addition of the real part of a holomorphic
function of w?,...,w™. Extend g to a function 1; on R by making it constant along
the integral curves of Y. Similarly, extend V*(fy) to a function f; on R by making it
constant along the integral curves of Y.

Finally, consider the initial value problem for a function ¢ on a neighborhood of R
in U given by the real-analytic PDE

%% ) 1de(x) _
3.7 det (3zi62f e =1

subject to the real-analytic initial conditions

(3.8) pE=nle) o ieRrCD
Lx(#)(2) = 2f1(2)

It is easy to check that (3.7) and (3.8) constitutes a noncharacteristic Cauchy problem.
Hence, by the Cauchy-Kovalewski Theorem, there exists an open neighborhood W C
U containing R on which there exists a solution ¢ to this problem.

Now, the solution ¢ produced by the Cauchy-Kovalewski Theorem is real-analytic
and strictly pseudo-convex. By uniqueness in the Cauchy-Kovalewski Theorem, ¢
is the unique real-analytic solution. Since, as has already been remarked, elliptic
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regularity implies that any strictly pseudo-convex solution of (3.7) must be real-
analytic, it follows that ¢ is the unique solution of (3.7) that satisfies (3.8).

By its very construction, the (1,1)-form Q = %6545 is then the Kahler form of
a gradient K&hler Ricci soliton metric on W C U that satisfies V*Q = V*Qy, that
has W*Y and W*Z as the associated holomorphic volume form and vector field,
respectively, and has f = %dqb(X ) as Ricci potential, which, of course, satisfies V*f =
V*fo.

Now, if one replaces ¥ by ¥ + H + H for some holomorphic function H =
H(w?,...,w™) on V, then one finds that the solution ¢ is replaced by by ¢ +
H(2%,...,2")+ H(22,...,2"), so that Q is unaffected.

The argument thus far has shown that every point p € H has an open neigh-
borhood U C M on which there exists a gradient Kéhler-Ricci soliton gy with the
desired extension properties and associated holomorphic data. It has also shown that
this extension is locally unique. Now a standard patching argument shows that there
exists an open neighborhood U C M of the entire complex hypersurface H on which
such an extension exists and is unique in the sense described in the statement of the
theorem. O

Remark 5 (Local generality). — Theorem 2 essentially says that the local gradient
Kéhler Ricci solitons depend on two real-analytic functions of 2n—2 variables, namely
the potential functions 1 (which is assumed to be strictly pseudo-convex but oth-
erwise arbitrary) and fo (which is arbitrary). There is, of course, some ambiguity
in the choice of the holomorphic coordinates z*, but this ambiguity turns out to de-
pend on essentially n—2 holomorphic functions of n—1 holomorphic variables, which
is negligible when compared with two arbitrary (real-analytic) functions of 2n—2 real
variables.

3.3. Near singular points of Z. — The situation near a singular point of Z is
considerably more delicate and interesting.

3.3.1. Linear parts and linearizability. — Recall that, at a point p € M where Z
vanishes, there is a well-defined linear map Z, : T, M — T, M (often called ‘the linear
part of Z at p’) defined by setting Z,(v) = w if w = [V, Z](p) for some (and hence
any) holomorphic vector field V defined near p and satisfying V(p) = v € T, M.

In local coordinates z = (2*) centered on p, if

: 0
(3.9) Z =27(z) EPeg
where, by assumption Z7(0) = 0 for 1 < j < n, then
, [ 0 ) 077 0
(3.10) z(Zw) =202
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The linear map Z, : T,M — T, M has a Jordan normal form and this is an important
invariant of the singularity. In particular, the set of eigenvalues of ZI’J is well-defined.

Proposition 5. — Let Z be the holomorphic vector field associated to a gradient Kihler
Ricci soliton g on M. At any singular point of Z, the linear part Z,, is diagonalizable,
with all eigenvalues real.

Proof. — If the data (Y, Z) is associated to a gradient K&hler Ricci soliton g in a
neighborhood of a singular point p of Z, then (2.24) shows that, in special coordinates
centered on p, one has
- (2

(311) 9 (0) Ryz(0) = 92 (0)

Because the matrices (g;7(0)) and (R;;(0)) are Hermitian symmetric and (g;3(0)) is
positive definite, one can choose the special coordinates so that (g,'j(O)) is a multiple
of the identity matrix and (R;;(0)) is diagonal. O

Definition 3. — A holomorphic vector field Z on M is said to be linearizable near
a singular point p if there exist p-centered coordinates w = (w') on an open p-
neighborhood W and constants a§~ such that, on W, one has

(3.12) Z = aéwj

ow®
The coordinates w = (w?) are said to be linearizing or Poincaré coordinates for Z
near p.

Not every holomorphic vector field is linearizable near its singular points, even if
the linear part at such a point has all of its eigenvalues nonzero and distinct.

Example 4 (A nonlinearizable singular point). — The vector field
0 0
_ 1 2 1)2
(3.13) Z=2 55+ (22 + (2Y) )822

on C? is not linearizable at the origin, even though its linear part there is diagonaliz-
able with eigenvalues 1 and 2.

This nonlinearizability is perhaps most easily seen as follows: The flow ®(¢) of the
vector field Z is

(3.14) B(t)(21, 2%) = (' 2%, e* (2% + (21)%1)).
In particular ®(t + 2mi) # ®(t), which would be true if Z were holomorphically

conjugate to the linear vector field

0

0
/ _ 1 2
(315) Z(O,O) =z 'a? + 2z @
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This phenomenon, however, does not happen for singular points of holomorphic
vector fields associated to a gradient Kahler Ricci soliton:

Proposition6. — Let Z be a nonzero holomorphic vector field on the complex n-
manifold M that is associated to a gradient Kahler Ricci soliton g. Then Z is lin-
earizable at each of its singular points. Moreover, the linear part of Z at a singular
point is diagonalizable and has all its eigenvalues real.

Proof. — Let p € M be a singular point of Z. The diagonalizability of the linear part
of Z at a singular point and the reality of the corresponding eigenvalues has already
been demonstrated, so all that remains is to show that Z is linearizable near p.

To do this, write Z = X —iY where X and Y are, as usual, real vector fields. As
has already been remarked, the vector field Y is an infinitesimal isometry of g. In
particular, the flow of Y is complete in the geodesic ball B,.(p) for some r > 0 and
is a 1-parameter group of isometries of the metric g restricted to B,(p) that fixes the
center p. It follows that there is a compact, connected abelian subgroup T C U(T,M)
whose Lie algebra is an abelian subalgebra t C u(T, M) that contains Y, : T,M —
T, M, the linearization of Y at p and is such that the 1-parameter subgroup exp(tY,)
is dense in T.

Let ® : T — Isom(Br(p),g) be the homomorphism induced by the exponential
map, i.e., such that

(3.16) ® (k) (exp,(v)) = exp, (k - v)

for all v € B,(0,) C T,M. Then ®(k) is a holomorphic isometry of g for all ¥ € T.
Now let du be Haar measure on T and choose any holomorphic mapping v :
B, (p) — Tp,M =~ C™ with the property that ¢(p) = 0 and ¥’(p) : T,M — To, (T, M)
is the inverse of the exponential mapping exp), : To,(T,M) — T,M. (It may be
necessary to shrink r to do this.)
Define a holomorphic mapping w : B.(p) — T,M by the averaging formula

(3.17) w(z) = /Tk—l - (®(k)2) du

for 2 € B,(p). Then w(p) = 0, and, by construction, w(®(k)z) = k - w(z) for
all z € B,(p) and all k € T. Moreover, also by construction, w'(p) = 9'(p). In
particular, by shrinking r again, if necessary, it can be assumed that w defines a
T-equivariant holomorphic embedding of B, (p) into T,M ~ C".

In particular, the holomorphic mapping w : B,(p) — T, M satisfies

(3.18) w(eXPty(z)) = exp(tY;) (w(z))’

for all real t. Since w is holomorphic and Y is the imaginary part of the holomorphic
vector field Z, it follows that, for z € B,.(p) and ¢ complex and of sufficiently small
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modulus, the identity

(3.19) w(exp,z(2)) = exp(tZ,)(w(z))

holds. In particular, the coordinate system w linearizes Z at p. O

Remark 6 (The exponential map). — Of course, the exponential map exp,, : T,M — M
of g also intertwines the flow of Y, on T,M with the flow of Y on M, but the
exponential map is not generally holomorphic and so cannot be used to linearize Z
holomorphically.

Remark 7 (Complex vs. real flows). — The reader may want to remember that, for a
holomorphic vector field Z = X — iY, the two real vector fields X and Y have
commuting flows and that, moreover, the identity

(3.20) €XP(qtib)z = €XPagx © €XPopy

holds. (The factors of 2 are neglected in some references.)

Corollary 1. — Let g be a gradient Kihler Ricci soliton on M and let Z be its asso-
ciated holomorphic vector field. Let p € M be a singular point of Z and let A € R* be
a nonzero eigenvalue of Z), of multiplicity k > 1. Then there ezists a k-dimensional
complex submanifold Ny C M that passes through p, to which Z is everywhere tangent,
and on which Y is periodic of period 47 /|A|.

Remark 8 (Nonuniqueness of the N)). — The reader should be careful not to con-
fuse the submanifolds N, with the images under the exponential mapping of the
eigenspaces of Z]’J acting on T, M. Indeed, the Ny need not be unique. For example,
for the linear vector field
0 0
_ 1 2

on C2, each of the parabolas z? — c(z!)? = 0 for ¢ € C is tangent to Z and the
imaginary part of Z has period 47 on all of C?, so each could be regarded as N;.

On the other hand, the line z! = 0 is the only curve that could be regarded as No,
since this is the union of the 2m-periodic points of Y.

Remark 9 (Existence at singular points). — Example 2 shows that diagonalizability

with real eigenvalues is sufficient for a linear vector field to be the linear part of a
vector field associated to a (locally defined) gradient Kahler Ricci soliton.
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3.3.2. Prescribed eigenvalues. — Let h = (hq,...,h,) € R™ be a nonzero real vector
and define
(3.22) Ap={k€Z"|k-h=0}=Z"Nnht CcR™

Then Ay, is a free abelian group of rank n — k for some 1 < k < n. The number &
is the dimension over QQ of the Q-span of the numbers hq,...,h, in R. Let A,"" C Ay
consist of the k € Ay, such that k = (ky,...,k,) with each k; nonnegative.

Consider the linear holomorphic vector field

P
(3.23) Z, = ; hiz! 5=

on C™. Let Z, = X, — iY}, be the decomposition into real and imaginary parts.

The closure of the flow of Y}, is a connected compact abelian subgroup T, C U(n) of
dimension k. (In fact, in these coordinates, T}, lies in the diagonal matrices in U(n).)
Note that Z, and (hence) X}, are invariant under the action of Ty.

3.3.3. Normalizing volume forms. — In addition to knowing that Z can be linearized
near a singular point, it will be useful to know that this can be done in such a way
that it simplifies the coordinate expression for T as well:

Proposition 7 (Volume normalization at Z-singular points). — Set h = hy+---+h,, and
let T be a nonvanishing holomorphic n-form defined on an open neighborhood U of
the origin in C™ that satisfies d(Z, - T) = hT.

Then there exist Zy-linearizing coordinates w = (w') near the origin in C™ such
that, on the domain of these coordinates T = dw! A --- A dw".

Proof. — There exists a nonvanishing holomorphic function F' on U that satisfies
(3.24) T=F(2)dz' A Ad2”

and the function F' must be invariant under the flow of Z,. In particular, it follows
that F' has a power series expansion of the form

(3.25) Fiz)=co+ Y, a2
keAF\{0}
where z¥ is the monomial (2!)*1...(2")*» when k = (ki,...,k,) and the ¢, are

constants, with ¢ # 0 (since, by hypothesis F'(0) # 0).
Now, the series

2 =
(3.26) G(z)=co+ +E (k1+1)z
keAF\{0}
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converges on the same polycylinder that the series (3.25) does. The resulting holo-
morphic function G is evidently invariant under the flow of Z,, and satisfies

0G

Because G satisfies (3.27), the function w! = 2'G(z) satisfies
(3.28) dw! Adz2A---Ad2™ = F(2)dz' Ad22 A -+ Ad2™

Moreover, since G is Z,-invariant, the function w! satisfies Lz, w! = hy w!.
Thus, replacing z! by w! in the coordinate chart results in a new Z-linearizing
coordinate chart in which T = dz' A --- A dz™. O

Corollary 2 (Local normal form near singular points). — Let Z and Y be a holomorphic
vector field and volume form, respectively on a complex n-manifold M. Let p € M be
a singular point of Z.

If there exists a gradient Kihler Ricci soliton g with Ricci potential f on a neigh-
borhood of p whose associated holomorphic vector field and volume form are Z and Y,
respectively, then there exists an h € R™ and a p-centered holomorphic chart z = (2*) :
U — C™ such that, on U,

.0
(3.29) Zzhiz’ﬁ and YT =dz=dz'A---Ad2™.
Proof. — Apply Propositions 6 and 7. O
3.3.4. Local solitons near a singular point. — In view of Corollary 2, questions about

the local existence and generality of gradient Kiahler Ricci solitons with prescribed Z
and T near a singular point of Z can be reduced by a holomorphic change of variables
to the study of solitons on an open neighborhood of 0 € C™ with Z = Z;, for some h # 0
and T =dz=dz! A--- Adz™.

Proposition 8 (Solitons with a prescribed singularity). — Let ¢ be a strictly pseudo-
convez function defined on a Th-invariant, contractible neighborhood of 0 € C™ that

satisfies

0%¢ ) 1d6(Xn) _
and
(3.31) do(Yy) =0.

Then 2 = % 00¢ is the associated Kihler form of a gradient Kdhler Ricci soliton with
Ricci potential f = %dqb(Xh) whose associated holomorphic vector field and volume
form are Zy, and dz* A --- A d2", respectively.
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Conversely, if g is a gradient Kihler Ricci soliton defined on a Th-invariant,
contractible neighborhood of 0 € C™ and f is a Ricci potential for g that satis-
fies f(0) = 0 such that the associated holomorphic vector field and volume form are Zy
and dz' A --- Adz", respectively, then g has a Kdihler potential ¢ that satisfies (3.30)
and (3.31).

Proof. — The first part of the proposition follows by computation, so nothing more
needs to be said. It remains to establish the converse statement.

Thus, consider a gradient Kéhler Ricci soliton g defined on a Th-invariant, con-
tractible neighborhood U of 0 € C™ with Ricci potential f satisfying f(0) = 0 whose
associated holomorphic volume form and vector field are T = dz and Zj,, respectively.

The metric g will necessarily be invariant under T}, as will its associated Kéahler
form Q. Since Q" = n!i"’ 2~ "e~f T A T, it follows that f, too, must be invariant
under T},

On U, there will exist some Kihler potential ¢ so that 2 = %aéqﬁ. By averaging ¢
over T}, it can be assumed that ¢ is Ty-invariant. By subtracting a constant, it can
be assumed that ¢(0) = 0.

As has been already noted in § 3.1, the difference F = 2f —d¢(Zy) is a holomorphic
function on U. By construction, F' is also necessarily Tp-invariant and vanishes at 0.
Since ¢ is Ty-invariant, it follows that d¢(Yy) = 0. Thus F = 2f — d¢(Zy) = 2f —
d¢(Xy) is real-valued and holomorphic and therefore constant. Thus, F' vanishes
identically, i.e., f = %qu(Xh).

Now, however, by construction, ¢ satisfies (3.30) and, since ¢ is invariant under
the flow of Yy, it also satisfies (3.31). d

Remark 10 (Analyticity in the singular case). — The equation (3.30) is a Ty-invariant
real-analytic Monge-Ampeére equation whose linearization at a strictly pseudo-convex
solution ¢ is given by

(3.32) Au+2Lx,u=0

where A is the Laplacian with respect to the metric g associated to = %35¢. Of
course, this is an elliptic equation.

It follows by elliptic regularity that any gradient Kéahler Ricci soliton is real-
analytic, even in the neighborhood of singular points of Z.

Example 5 (Existence with prescribed h). — By considering Example 2, one sees that,
for any h, there is a sufficiently small ball around the origin on which there is at least
one strictly pseudo-convex solution ¢ to (3.30).

3.3.5. A boundary value formulation. — Suppose now that ¢ is a strictly pseudo-
convex solution of (3.30) defined on a Tp-invariant bounded neighborhood D C C™®
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of 0 € C™ with smooth boundary dD. Let g be the corresponding gradient Kéhler
Ricci soliton.
Any solution u of (3.32) in D that vanishes on the boundary will also satisfy

(3.33) 0= /D |Vul® + $R(g) u?® dvol,,

as follows by integration by parts using the identities p = Lx, © and dvolg = %Q”.

In particular, by shrinking D if necessary, it can be assumed that any solution u
to (3.32) in D that vanishes on 8D must vanish on D.

It then follows, by the implicit function theorem, that any Ty-invariant function
on dD that is sufficiently close (in the appropriate norm) to ¢ on 8D is the boundary
value of a unique pseudo-convex solution ¢~> of (3.30) that is near ¢ on D. The
uniqueness then implies that ¢~S must also be Ty-invariant and so must, in particular,
satisfy (3.31).

Note that the metric g does not always uniquely determine ¢ by the construction
given in Proposition 8 since one can add to ¢ the real part of any T}-invariant holo-
morphic function that vanishes at 0 € C". (Depending on h, there may or may not be
any nonconstant Th-invariant holomorphic functions on a neighborhood of 0 € C".)
However, this ambiguity is relatively small.

Thus, local gradient K&hler Ricci solitons near 0 € C™ with prescribed holomorphic
data (Z,T) = (Zy,dz) do exist and have a ‘degree of generality’ that depends on the
number k. The most constraints appear when k reaches its maximum value n and
the least when k reaches its minimum value 1.

4. Poincaré coordinates in the positive case

Throughout this section, M will be a noncompact, simply connected complex man-
ifold and g will be a complete gradient Kéhler Ricci soliton with postive Ricci cur-
vature. Moreover, it will be assumed that the scalar curvature R(g) has at least one
critical point.

4.1. First consequences. — Cao and Hamilton [6, Proposition 4.2] prove the
following useful result:

Lemma 1. — The scalar curvature R(g) has only one critical point and it is both a
local mazimum and the unique critical point of f, which is a strictly convex proper
function on M.

Proof. — Since R(g)+2|Z|* = 2h by Proposition 4, the function R(g) > 0 is bounded
by the constant h and any critical point of R(g) is a critical point of |Z|> = |V f|2.
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On the other hand, since V2f = Ric(g), which is positive definite, the formula
(4.1) d (3IVf) (VF) = V2F(VF, V) = Ric(9)(V £, Vf)

shows that %|V f|? cannot have any critical point away from where V f = 0. Moreover,
any point p where V f vanishes satisfies R(g)(p) = 2h, which is the maximum possible
value of R(g).

Since V2f = Ric(g) is positive definite, the function f is locally strictly convex.
Since g is complete, f can have at most one critical point, i.e., point where Vf = 0,
and it must be a nondegenerate minimum of f.

By hypothesis, there does exist a (unique) critical point of f; call it p. By adding
a constant to f it can be assumed that f(p) = 0. It remains to show that f is proper,
ie., that f=([a,b]) C M is compact for any closed interval [a,b] C R.

Since R(g) + 2|Z|? = 2h and since R(g) > 0, it follows that |Z| < V/h, so that Z
has bounded length. In particular, writing

(4.2) Z=X-iY¥ = }(Vf-iJ(V]))

one has |X|? = |Y|2 = 1|Z|? < 1k, s0 X and Y have bounded lengths as well. Since g
is complete, their flows are globally defined on M.

Let v : R — M be any nonconstant integral curve of V f, i.e., ¥/(t) = Vf(7(t)) # 0
for all t € R. Consider the function ¢(t) = f(y(t)). Straightforward computation

yields ¢'(t) = |Vf(fy(t))!2 > 0 and
(4.3) ¢"(t) = 2Ric(9)(Vf(v(#)), V£ (7)) > 0,

so ¢ : R — R is strictly convex and increasing. It follows that ¢ increases without
bound along 7.

Since V2 f is positive definite, the critical point p is a source singularity of the vector
field Vf. Let U C M be the open set that consists of p and all of the points ¢ in M
whose a-limit point under V f is equal to p. Since f strictly increases without bound
on each integral curve of Vf, it follows that f maps each integral curve of V f that
lies in U diffeomorphically onto (0, 0). Moreover, for each ¢ > 0, the set f~1(c)NU
is compact and diffeomorphic to $2"~!. Indeed, f : U — [0, 00) is proper.

Now suppose that U # M. Then, by the connectedness of M, there exists a
point ¢ € M \ U that is not in the interior of M \ U, i.e., a point ¢ ¢ U such
that there exists a sequence ¢; € U that converges to ¢q. This implies, in particular,
that f(¢;) > 0 converges to f(q) = ¢. Thus, ¢ > 0 and, for i sufficiently large,
g; must lie in f~1([0,c+1]) N U, which has been shown to be compact and must
therefore contain its limit points. Thus ¢ lies in f‘l([O, c+1]) N U, although, by
construction, ¢ € U. Thus, U = M and f is proper, as claimed. O
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Remark 11 (M is Stein). — As Cao and Hamilton remark, since p = i80f is the Ricci
form of g, which is positive, the proof shows that f is a strictly plurisubharmonic
proper exhaustion function on M. This implies that M is Stein and, as Cao points
out in [4, Proposition 3.2], that M is diffeomorphic to R2".

However, as will be seen in Theorem 3, one has the stronger result that M is
biholomorphic to C™.

The following result, also known to Cao and Hamilton, (®) gives constraints on the
rate of growth of the Ricci potential.

Lemma 2 (Growth of ). — Let p be the critical point of R(g) and let f be the Ricci
potential, normalized so that f(p) = 0. There exist positive constants ¢; and ca such
that, for allz € M,

(4.4) 1+ (a1 d(z,p)” -1 < f(z) < cad(z,p).

Proof. — Since g is complete, there exists a geodesic joining p to z whose length
is d(p,z). Let o : R — M be such a unit speed geodesic with a(0) = p and a(s) =z
such that d(p,z) = s.

Consider the function ¢(t) = f(a(t)). By the Chain Rule, and the fact that o has
unit speed,

(4.5) ¢'(t) = V(at) - o (t) < |VF(a(t)| < V2h.

Since ¢(0) = 0, it follows that f(z) = f(a(s)) = #(s) < Vv2hs. Thus, one can
take co = V2h.
For the other inequality, note that, again, by the Chain Rule,

(4.6) 3" (t) = V2 f(a(t)) (¢ (t), o/ (t)) = Ric(g) (a(t)) (o' (t), o/ (t))

and the right hand side of this equation is positive since Ric(g) is positive. More-
over, if Apmin(g) > 0 denotes the minimum eigenvalue of Ric(g), which is a positive
continuous function on M, it follows that

(4.7) ¢ (t) > Amin(g)(a(t)) > 0.

In particular, ¢ is a convex function on R.

Let ro > 0 be sufficiently small that it is below the injectivity radius of g at p
and sufficiently small that Amin(9)(y) > 2 Amin(g)(p) for all y lying within B,,(p).
Let a = 3 Amin(9)(p) > 0.

(5) H.-D. Cao, personal communication, 2 June 2004.
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Then ¢"(t) > a for |t| < ro while ¢”(t) > 0 for [¢| > ro. Because ¢(0) = ¢'(0) =0,
it follows that ¢(t) > A(t) for all t € R where

Lat? for [t| < 7o;
(4.8) At) = { 2% or [tl < o

arolt| — 3ary? for [t| > ro.
Since there exists a positive constant ¢; such that A(t) > /1 + (c1t)? — 1, the desired
lower bound follows. |
Remark 12 (An alternative growth formulation). — Another formulation of Lemma 2 is
that the function ¢ : M \ {p} — R defined by

f(@)(f(z) +2)

4.9 c(z) = >0
(49 )

is bounded above and has a positive lower bound.

The bounds of Lemma 2 can be simplified somewhat if one stays sufficiently far
from p:

Corollary 3. — For every r > 0, there exist positive constants ¢; and cg such that, for
all x outside the ball of radius r, one has

(410) C1 d(xvp) S f(:l‘.) S C2 d(fl«',p)
Remark 13 (The growth rate of f). — For any vector v € T M, one has

(4.11) Ric(g)(v,v) < Amax(9) |'U|2

where Amax(9) : M — R is the maximum eigenvalue function for Ric(g). Since g
is Kahler, the eigenvalues of Ric(g) occur in pairs and, since Ric(g) > 0, it follows
that Amax(g9) < %R(g). In particular, by Proposition 4, one has the more explicit
inequality

(4.12) Ric(g)(v,v) < 3R(g) v|* < 3 (2h — [V ) v]*.

Now let 7y : (0,00) — M be the arclength parametrization of a nonconstant integral
curve of Vf, such that p is the limit of y(s) as s — 0%. Thus, |Vf(v(s))|7'(s) =
V£(v(s)) for all s > 0.

Let ¢(s) = f ('y(s)) One then computes via the Chain Rule that

(4.13) ¢'(s) = [Vf(7(9)] < V2h.

and hence that

(4.14) ¢"(s) = Ric(g) (

Vi(s) Vi) )
VIO Vi)l
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By the positivity of Ric(g) and (4.12), this implies
(4.15) 0<¢"(s) < % (2h—(¢(5)%).
Moreover, it is clear that, as s — 0%, the quantity on the right hand side of (4.14)
has Amin(g)(0) > 0 as a lower bound for its infimum limit. Thus, the infimum limit
of ¢"(s) as s — 01 is positive.

From these relations, several conclusions can be drawn. The function ¢ is increasing
and strictly convex up on (0,00). On the other hand, since ¢’ is bounded above,

it follows that ¢ grows at most linearly. Moreover, there must be a sequence of
distances sy — oo such that ¢”(sx) — 0. Since, by (4.14)

(4.16) " (sk) > Amin(9) (Y(sx)),
it follows that )\min(g)('y(sk)) — 0as k — oo.

4.2. Poincaré coordinates. — Let T be the associated holomorphic volume form
on M, normalized so that T has unit size at p. This determines T up to a complex
multiple of modulus 1. Let Z be the associated holomorphic vector field.

Since Z vanishes at p, the eigenvalues of Zz’7 are the eigenvalues of the Ricci tensor
at p, which are real and positive, say hy,...,h, > 0. Set h = h; +---+ h, >0, as
usual.

Theorem 3 (Poincaré coordinates). — There exists a global special coordinate system z :
M — C™ that linearizes Z. In particular, M is biholomorphic to C".

Proof. — By Proposition 6, there exists a small open ball U about p on which there
exist p-centered holomorphic coordinates w = (w') : U — C" that linearize Z. By
shrinking U if necessary, it can be assumed that U = f~*([0,¢)) for some small € > 0.
Note that, since the w® linearize Z, the identity

(4.17) w'(expyz(q)) = €™ w'(q)
holds for all ¢ € U and all ¢t € C in the connected domain containing 0 € C for
which exp,;(g) lies in U. In particular, this implies that

(4.18) w' (expax (9)) = e™* wi(q)
for all ¢ € U and all t € R in the interval containing 0 € R for which exp,, x(q) lies
inU.

Now, for ¢ € M distinct from p, write ¢ = expy, x(¢') for some ¢’ € U and t’' € R.
Define

(4.19) #i(q) = e"*'wi(q).

If expyy x (q') = expoyr x(¢”) for some ¢” € U and t” € R, then one sees from (4.18)
that eht”wi(q”) = Mt wi(q'), so 2*(q) is well-defined.
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Since the flow of X is holomorphic and w* is holomorphic on U, the function 2* :
M — C is also holomorphic. Moreover, by construction,

(4.20) 2 (expayx (9)) = €™ 2*(q)
for all ¢ € M, which implies that
(4.21) 7' (exp,z(9)) = €™ 2'(q).

In particular, the Lie derivative of 2 by Z is h;2%.

The fact that the mapping z = (2%) : M — C™ is one-to-one and onto now follows
immediately since, as was observed in the proof of Lemma 1, the gradient flow lines
of Vf = 2X all have p as a-limit point and the flow of V f exists for all time.

Finally, in these coordinates T = F(z)dz! A--- Adz" for some nonvanishing entire
holomorphic function F' on C". However, since d(Z-T) = h Y, it follows immediately
that dF(Z) = 0. Since all of the eigenvalues of Z, are positive, this is only possible
if F'is a constant function. By scaling one of the 2* by a constant, it can be arranged
that F' = 1.

Thus, the resulting global coordinate system (M, z) is special and linearizes Z, as
desired. O

Remark 14 (Previous results). — Chau and Tam [8, Theorem 1.1] proved that M is
biholomorphic to C™ under the additional hypothesis that all the eigenvalues h; are
equal. In a very recent posting to the arXiv [8], they prove a result that implies that M
is biholomorphic to C™ under the hypotheses of Theorem 3. However, their result does
not provide Z-linearizing coordinates, which is the main purpose of Theorem 3.

4.3. Coordinate ambiguities. — The reader may find it surprising that any local
Z-linearizing coordinates z! defined on a neighborhood of the Z-singular point p
extend to global coordinates on C™ that are special for any gradient Kéaher-Ricci
soliton defined on C™ with positive Ricci curvature whose associated holomorphic
vector field is Z.

This is perhaps made less surprising by the following result:

Proposition 9. — Let h = (hy,...,h,) € R™ be a vector with h; > 0 for 1 < i < n.
Consider the vector field

.0
4.22 Zn=h; 2" —
( ) h z azz
on C™. Then the set Gy of biholomorphisms ¢ : C* — C™ that preserve Zy is
a complex Lie group of dimension d, where dy, > n is the number of vectors k =

(k1,...,kn) € Z" that satisfy k; >0 and k-h € {hy,...,h,}.
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Moreover, if U C C" is any connected open neighborhood of 0 € C™, then any locally
defined biholomorphism 1 : (U,0) — (C™,0) that preserves Zy is the restriction to U
of an element of Gy,.

Proof. — Let U C C™ be an open neighborhood of 0 and let ¢ = (w'(2)) : U — C"
be a local biholomorphism that preserves Z. Since Z has only one singular point,
namely 0 € C, it follows that (0) = 0. Moreover, by construction, the functions w*
must satisfy dw'(Z) = h;w’. It follows that each w’ has a power series expansion
about 0 € C™ of the form

(4.23) w' = Z ck 2*.

(k0 | kh=h;}
Since the right hand side has only a finite number of terms, this power series is a
polynomial and hence globally defined on C™. It remains to see that it is invertible.

Consider the n-form dw = dw® A --- A dw™. By the above analysis dw = F(2)dz
for some polynomial F'(z). By hypothesis, 9 is a local biholomorphism, so F(0) # 0.
Since Lz dw = (hy + -+ + hyp)dw by construction, it follows that dF(Z) = 0, i.e.,
that F' is Z-invariant. This implies that F' is constant and hence nowhere vanishing.

Now, by hypothesis, 1 is locally invertible, with, say, a local inverse ¢~! : (V,0) —
(C™,0). However, by construction, 1»~! preserves Z, so, by the argument given above,
1~! is also a polynomial mapping and hence extends to a global polynomial map-
ping 7 : (C™,0) — (C™,0). Since ¢p o7 : (C*,0) — (C™,0) is a polynomial mapping
that is the identity on some neighborhood of 0, it must be the identity everywhere
on C™. In particular, 7 is the global inverse of i extended to C", which is now revealed
to be an element of G}, which is what needed to be shown.

Finally, it is clear that, for any 7 and any choice of constants ¢} € C for (i,k) such
that k € Z" satisfies k; > 0 for 1 < j < n and k- h = h;, the formula (4.23) defines a
polynomial w* that satisfy Lz w® = h;w?.

Moreover, for any choice of d, constants ¢ = (ci) where (i,k) satisfies k € Z"
with k; > 0 for 1 < j <n and k- h = h;, the corresponding collection of functions wt
satisfies

(4.24) dw' A~ Adw™ = F(cf)dz! A--- Ad2™

where F is a polynomial of degree n in the d parameters c} € C.

As long as F(c) # 0, the polynomial mapping 9. = (w') is a local (and therefore
global) biholomorphism of C™ that preserves Z and hence lies in Gy. Thus, the cf
define global holomorphic coordinates on Gy, that embed it into C% as an open set. [

Remark 15 (The structure of G). — If p1,...,ux > 1 are the multiplicities of the
eigenvalues (hi,...,hy), then Gy, is the semi-direct product of a reductive subgroup
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isomorphic to GL(u1,C) x ---GL(ug,C) with a nilpotent subgroup biholomorphic
to C* where p = dy, — 1% — -+ — g2

When n = 1, one has Gy, ~ C* = GL(1,C). When n = 2, one has either

1. dy = 2 if h = (hy, ho) with neither hy/ho nor hg/h; an integer (in which

case G, = C* x C*);

2. dy = 3 if h = (hy, hg) with either hy/hg or ha/hy an integer greater than 1; or

3. dy =4 if h = (h,h) (in which case G\, = GL(2,C)).

When n > 2, there is no upper bound for d, that depends only on n. For example,
when n = 3, one has d(; 1 x) = k + 6 for any integer k > 1.

4.4. Global consequences. — Throughout this section, g will be a complete gra-
dient Kahler Ricci soliton on C™ with positive Ricci curvature whose associated vector
field Z is given by (4.22) where h = (hy,...,h,) and

(4.25) 0<hy <hg<---<hy.

The compact abelian group Ty, C U(n) will denote the closure of the orbit of Y,
the imaginary part of Z.

The existence of global linearizing coordinates for a gradient Kahler Ricci soliton
gives elementary proofs and/or improvements of several known results.

4.4.1. Periodic orbits. — The first result sharpens Theorem 1.1 of the article [6] of
Cao and Hamilton.

Proposition 10 (Periodic orbits of J(V f)). — For all ¢ > 0, the flow of J(Vf) pre-
serves the (smooth) level set f~1(c) C M and has at least n periodic orbits on f~(c).

Proof. — Since Z = 3(Vf —iJ(Vf)), and since h; > 0 for 1 < i < n, it follows that
J(V ) is periodic of period 27 /h; on the z*-axis. Moreover, since f increases without
bound as |2¢| — oo, this axis meets each level set f~!(c) for ¢ > 0 in a circle. Thus,
there are at least n distinct periodic orbits of J(V f) within each such level set. [

4.4.2. An invariant potential. — As has already been seen, the metric g is invariant
under T}. It turns out that one can canonically choose a Kéhler potential for g:

Proposition 11 (Canonical potentials). — There is a unique Ty-invariant Kdhler poten-
tial ¢ : C™ — R satisfying Q = %85(}5 and ¢(0) = 0.

Proof. — Since M = C", there exists at least one Kihler potential ¢ for g, i.e., such
that 2 = % 00¢. Since T}, is compact, by averaging ¢ over T}, one can assume that ¢
is Ty invariant and by adding a constant, one can assume that ¢(0) = 0.

If ¢ were also Th-invariant and satisfied = % 08¢, then the difference é— ¢ would
be the real part of a Ty-invariant holomorphic function H. In particular H would be
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invariant under the flow of Y and hence of Z. However, as has already been seen,
the only holomorphic functions on C” that are invariant under the flow of Z are the
constants. Thus qg — ¢ is constant. The normalization ¢(0) = 0 then guarantees the
uniqueness of ¢. O

4.4.3. Normalized linearizing coordinates. — The ambiguity in the linearizing coor-
dinates for the vector field Z represented by the group G}, can be used to simplify the
potential for g.

Theorem 4 (Normalized coordinates). — Let ¢ be the unique Th-invariant Kdhler po-
tential for g, normalized so that ¢(0) = 0. Then there exists an element ¥ € Gy,
unique up to composition with an element of the compact group U(n) N Gy, such that

(4.26) T*(¢) = |2 2+ - + |2 + Egri(2)7 2 252

for some real-analytic functions Egzr = Eng = Egix = E,—cl-ij defined near 0 € C™.
Proof. — Let f be the Ricci potential for g, normalized so that f(0) = 0. Since f
is Th-invariant and since, by (3.2), the difference 2f — d¢(Z) is holomorphic and Tj-

invariant, it follows by the same argument as above that 2f — d¢(Z) is constant and
hence vanishes identically. Thus

(4.27) d¢(Z) = dp(X) = 2f.

Because ¢ and f are real-analytic they have convergent power series expansions
near 0 € C". Since f(0) = 0 and f has a critical point at 0, it has an expansion of
the form

(4.28) f=3fi22 + fi 2 + LFi; 22 + O(|2).
where f;; = fj; and fi; = E Because of the positivity of the h; and the invariance
of f under the flow of Y, it follows that f;; = 0 and (h;—h;)fi; = 0 for all i and j.
Moreover, since f is strictly convex up at the origin, the Hermitian form f;;2'2% is
positive definite.

Thus, by making a linear change of variables that preserves Z (i.e., by applying a
transformation in GL(n,C) N G}), it can be arranged that

(4.20) £ = tha |2 4t Eha 22 4 O(12P).
Next, consider the part of f that is pure in z or Z, i.e., consider the expansion

(4.30)  f=1ih|Z P A+ I P+ D (fd + fi2) + fia(2)7F
k>0, |k|>3

where fx € Cand f;; = E vanishes at z = 0. The invariance of f under the flow of Y’
implies that fi = 0 for all k, so these ‘pure’ terms do not appear after all.
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Finally, consider the part of the remainder that is linear in the variables z* or z*
and vanishes at z = 0 to order at least 3, i.e., write

(4.31) f=3he |52 + Q(2) 2 + Qi(2) 2 + fagui(2)Z' 2 2% 2,
where Q%(z) is a holomorphic function of z that vanishes to order at least 2 at z = 0
and fogk = fre = faie = fing- '

Again, the fact that f is invariant under the flow of Y implies that Q* must sat-
isfy Lz Q' = h;Q?, i.e., that Q° has an expansion of the form
(4.32) Q)= >,

{k>0 | k-h=h,}

with ¢{ = 0 unless |k| = ky + --- + k, > 1. In particular, this implies that Q' is
a polynomial in z since the right hand side of (4.32) can contain only finitely many
terms. Now consider the change of variables defined by

(4.33) w' = 2"+ h% Q'(2)
This transformation belongs to G}, by definition and satisfies
(4.34) f=13hk lwk|? + f%kl(w)wiijkwl,
for some functions f%kl with the same symmetry and reality properties as the corre-
sponding fizki-

Since Lx ¢ = 2f and ¢(0) = 0, it follows that ¢ has a power series expansion
(4.35) ¢ = [w*|? + Eggpa(w) 0w’ w*u',
as desired. The uniqueness of the transformation ¥ = (w') up to composition with
an element of U(n) N G}, is now evident. O

4.4.4. Totally geodesic submanifolds. — Since the fixed locus of an isometry of g must
be totally geodesic, one has the following result:

Proposition 12 (Geodesic subspaces). — If h; has multiplicity p; > 0 and has the prop-
erty that, for all k, hy # mh; for any integer m > 1, then the u;-plane in C™ defined
by 27 = 0 when h; # h; is totally geodesic.

More generally, if Y has a periodic point q with period T > 0, then the union of
the T'-periodic points is a nontrivial totally geodesic linear subspace of C™ generated
by the z'-axis lines for which h; is an integer multiple of 4w /T. O

Remark 16 (Geodesic axes). — The reader might wonder whether or not the hypoth-
esis of h; having no ‘supermultiples’ is necessary in order for the h;-eigenspace of Z,
in C" to be totally geodesic.

The answer is clearly ‘yes’ in general Z-linearizing coordinates: For example, if n =
l)k

2 and h = (1, k) for some integer k, then, any of the curves 22 = \(z!)* could be taken
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to be the z'-axis in Z,-linearizing coordinates. They all have the same tangent space
at the origin, so at most one of them could be geodesic for a given gradient Kahler
Ricci soliton g defined near 0 € C? with associated holomorphic vector field Zj,.
However, if one uses g-normalized coordinates as provided by Theorem 4, there
is a canonical C*i C C™ associated to the eigenvalue h; of multiplicity u; by the
equations z/ = 0 when h; # h;. It is still not clear to me whether this canonical
subspace is totally geodesic unless h; satisfies the ‘no supermultiples’ condition.

4.4.5. Growth of f in linearizing coordinates. — Now that global linearizing coordi-
nates are available, it makes sense to ask about the growth of the metric g and its
related quantities in those coordinates.

One particularly useful quantity to estimate will be the size of |V f|?(z) as |z| — .
Note that, because of (4.3), the function |V f|? is strictly increasing on the nonconstant
flow lines of Vf. On the other hand, |V f|> = 2h — R(g) is bounded by 2h. Define

(4.36) A= 1'ixlninf|Vf|2(z) >0 and  A; =sup|Vf|*(2) < 2h.

Proposition 13. — For any r > 0, there ezist constants a1 > 0, a2 > 0, b1, and by
such that, for all z € C™ with |z| > r,

(4.37) ay log|z| + b1 < f(2) < az log|z| + by .

Ezxplicitly, one can take

(4.38) 0= & inf [VF()R(2) >0 and  ay =t <2
hn |z|=r hl hl

Proof. — Fix r > 0 and note that there exist constants m, > 0 and M, > 0 such
that

(4.39) m, < f(2) < M, when |z| = r.

Moreover, taking a; and ay as defined in (4.38) and using the fact that |V f|?(z) and
|2| both increase along the flow lines of V f, one sees that

(4.40) hnay <|VF(2)? < hiag when |z| > r.
Now, the flow of Vf = 2Re(Z) in Z-linearizing coordinates is

(4.41) exptvf(zl, 20 = (eMtRt L et

so, since 0 < hy < --- < hy, it follows that

(4.42) eMt|z| < |expyyy(2t,...,2")| < €.

In particular, it follows that, for ¢t > 0.

1
(4.43) t< ™ (log (|expyy f(2*,. .., 2™)|) — log|z]) -
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and
(4.44) % (log (|exptvf(z1, .., 2")|) —loglz|) < t.
On the other hand, since Ly f = |V f|?, it follows that
(4.45) f(2)+hpart< f(exptvf(zl, ..,2") £ f(2) + hiagt

for all t > 0 and 2 satisfying |z| = r. Combining this with the above inequality gives,
for all t > 0 and z satisfying |z| =T,
(4.46)  f(expyyys(z',...,2")) — azlog |exp,ys(2'...,2")| < f(2) — ag log|z].

Since every w € C"* with |w| > r is of the form w = exp;y;(z) for some ¢t > 0 and 2
with |z| = r, it follows that

(4.47) f(w) < ap log|w| + (M, — a2 logr)
for all w € C"™ with |w| > r. Thus, taking b = M, — a2 logr verifies the claimed
upper bound on f.

The lower bound follows by combining the lower bound on ¢ with the lower bound
on f:
(448)  my, +ay (log (|expyys(2h ..., 2™)|) —logl2l) < f(exp,ws(2',...,2")),
which gives
(4.49) (mr — a1 logr) + a1 log lw| < f(w),
for all w € C™ with |w| > 7. O

Note that, as a function of r, the expression a; defined in (4.38) is increasing and
its limit as r — oo is A_/hn.

Corollary 4. — For any € > 0, there exists r > 0 such that, for z € C™ with |z| > r,

A A
(4.50) (F— - s) log |z| < f(2) < (h—+ +e) log |z|.
n 1
In particular, there exist constants by > 0 and bz > 0 such that, for all z € C"
with |z| > r,
(4.51) by log |z| < d(z,p) < balog|z|.

Proof. — The first statement follows by elementary reasoning from Proposition 13
while the second follows by combining the first with Corollary 3. O

Note that Corollary 4 implies that the ratio f(z)/log|z| is bounded above and has
a positive lower bound as |z| — co. Set

e f(2) . f(2)
4.52 _ = liminf and = limsu .
(4.52) N |z|—o0 log|2| bt |z|_,°°p log |2|
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Then Corollary 4 implies

A At
4.53 — < u_< < —.
( ) h, = B = Bt S By
Proposition 14. — One has the bounds p_ < 2n < u,, in other words
(4.54) lim inf 1(2) < 2n < limsup /(z) .
|z|—o00 lOg |z| |z|—>00 IOg Izl

Proof. — Suppose these bounds do not hold and let R > 0 be fixed large enough so
that there exist positive constants a; and as where either as < 2n or else a; > 2n
and positive constants b; and by so that

(4.55) a1 log |z| < f(2) < azlog|z|
and
(4.56) b1 log|z| < d(2,0) < bz log 2|

hold whenever |z| > R. (Remember that, in these linearizing coordinates p = 0.)

Let M > 0 be sufficiently large that d(z,0) < M when |z| < R, and consider any
real number p that is larger than both log R and M /bs.

Consider the g-metric ball By, ,(0). Since d(z,0) < bip for z € By, ,(0), it follows
that either |z] < R or by log|z| < bip, i.e., |z| < e”. Since e’ > R, in either case it
follows that |2| < e?. Thus By, ,(0) is contained in the flat metric ball B, (0).

On the other hand, if |2| < e, then either |2| < R or else d(z,0) < byp. In the
former case, d(z,0) < M < byp, by construction. In either case, z lies in the g-metric
ball By, ,(0).

Thus, one has inclusions

(4.57) By,5(0) € B2, (0) C B, (0).
Now, the volume form for g on C" is
(4.58) vol, = e~ vol,

where volg = i’ 2-"dz A dZ is the volume form of the flat metric on C™.
Consequently, the g-volume of the g-metric ball By,,(0) is at least as large as the
g-volume of the flat metric ball BY,(0) which is given by the integral

|z|=e”
/ e fvolp = / e~ ¥ volp +/ e~ ¥ voly
|z|<er |2|<R |z|=R

|z|=e”
(4.59) > / e~ volg +/ |2] 792 volg
lz|<R |z|=R
s=e”
= / e fvol + vol(Szn_l)/ sz gg
|z|<R s=R
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Now, if as < 2n, then the above would imply

1 2n—1
(4.60) vol(By,,(0),9) > / e~/ volg + vol(S™) (e(?n—a2)p _ g2n—az),

|2|<R 271—(12

However, because g has positive Ricci curvature, by the Bishop Comparison Theo-
rem [13, Theorem 1.3] the g-volume of By,,(0) is bounded by a constant times p".
Obviously, such a bound is not compatible with (4.60) for all p sufficiently large.
Thus, a; > 2n.

In the other direction, the g-volume of the g-metric ball By, ,(0) is at most as large
as the g-volume of the flat metric ball B, (0), which obeys the upper bound

|z|=e”
/ e~ voly = / e~/ voly +/ e ¥ volp
|z|<er |z|<R lz|=R

|z|=e”
(4.61) < / e~ voly +/ |2]|~%* volp
|z|<R |z|=R

s=e”

= / e fvoly + vol(Szn‘l)/ gin—l=a1 g
|z|<R s=R

If a; > 2n, then this would imply

2n—1
(462) VO](Bblp(O),g) < / e—f volg + M_)(RZn—al _ e(2n—a1)p).

lsI<R a1 —2n
and the right hand side is bounded as a function of p. Thus, vol(B,,(0),g) would
be bounded, independent of p, which, because g is complete and of positive Ricci
curvature on the noncompact manifold C", violates Theorem 4.1 of [13], which asserts

that g must have at least linear volume growth. Thus a; < 2n. O
Remark 17 (Growth of f in examples). — In the case of Hamilton’s soliton (Ex-
ample 1) and, more generally Cao’s soliton (Example 3), one has h; = h,

and A_ = Ay = 2nh;, so equality holds in the bounds of Proposition 14.
On the other hand for the product examples (Example 2),

(4.63) f(z) = log(1+ (hx/ck)|2"|?)

k=1
which satisfies

(4.64) lminf 2% 2 while  limsup L) =
|z| =00 log|z| |z|—o00 log|z|

In particular, note that this implies A_ < 2h,, < 2h.

Remark 18 (Growth of the potential ¢). — Let ¢ be the T,-invariant potential for g,
ie., = 100¢, and assume that ¢ is normalized so that ¢(0) = 0.
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Since Ly ¢ = f, it follows that ¢ is determined in terms of f and that Corollary 4
implies growth bounds for ¢ as well. For example, one sees that there exist positive
constants 7, ¢, and ¢ so that, whenever |z| > r, one has

(4.65) c1 (log |z|)2 < ¢(2) < ¢ (log |z|)2

It should be possible to derive C2-bounds on ¢ (and hence on g) using the fact
that ¢ satisfies an elliptic Monge-Ampére equation, but I do not see, at present, a
good way to do this so as to get any useful information.

5. The toric case

In this last section, some remarks will be made about the reduction of the gradient
Kihler Ricci soliton equation in the ‘toric’ case, which will now be defined.

Throughout this section, T" will denote the maximal abelian subgroup of U(n)
that consists of diagonal matrices. Although there is no symplectic form specified
on C", the mapping u, : C* — R" defined by

(5.1) pn(2y. 2% = (122, |27 2)

will sometimes be referred to as the ‘momentum mapping’ of T™.

Definition 4 (Toric metrics). — A T"-invariant K&hler metric g that is defined on a
connected T™-invariant open neigborhood of 0 € C™ will be said to be toric.

Remark 19 (Toric ubiquity). — While, at first glance, the toric condition seems to be
rather special, note that any gradient Kahler Ricci soliton g on a neighborhood of 0 €
C™ that has (Z,T) = (Zy,dz) as its associated holomorphic data is invariant under
the torus T}y,. If h is ‘generic’ in the sense that the real numbers hq, ..., h, are linearly
independent over QQ, then T}, = T™ and hence g is toric.

Thus, in some sense, the toric case is ‘generic’ among complete gradient Kéhler
Ricci solitons with positive Ricci curvature.

5.1. Symmetry reduction in the toric case. — Assuming an n-torus symmetry
allows one to reduce the number of independent variables in the gradient Kéhler Ricci
soliton equation (3.4).

Proposition 15. — Let g be a toric gradient Kihler Ricci solition defined on a con-
nected open neighborhood of 0 € C™ with a nonzero associated holomorphic vector
field Z and holomorphic volume form Y (defined with respect to a Ricci potential f
satisfying f(0) = 0). Then
1. The vector field Z is linearized in the coordinates z = (z*), so that Z = Zy, for
some nonzero h = (hy,...,h,) € R™;
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2. The n-form X is cdz! A---dz™ for some nonzero constant c; and
3. g has a unique Kdhler potential satisfying $(0) = 0 of the form

(5.2) ¢(z) = u(|2'?, 2%, ..., [2"]%)

for some real-analytic function u defined on an open neighborhood of 0 € R™.
Moreover, u satisfies the singular real Monge-Ampére equation

,.a(jau» 1" 8u_212 n
(5.3) 13(}3'27; (r 5\ 5,7 )) &P 2;h B = || ™.

where
(5.4) ﬁ 3_ = |c|? and (0) 1<j<n
' L1 5% = aw =J=sn

Conversely, for any nonzero h € R™ and any nonzero complex constant ¢, if u is a
real-analytic function defined on an open neighborhood of 0 € R™ that satisfies (5.3)
and (5.4), then the function ¢ defined on a T™-invariant neighborhood of 0 € C"
by (5.2) is the Kdihler potential of a toric gradient Kdhler Ricci soliton on the open
neighborhood of 0 € C™ where it is strictly pseudo-convez.

Proof. — To begin with, let me point out a fact that will be used several times in
the following argument: Any T"-invariant holomorphic function defined on a con-
nected open neighborhood of 0 € C™ is constant there. This follows, for example,
by examining the effect of T™ on the individual terms in the power series of such a
function.

Now, since g is toric, its associated holomorphic vector field Z is invariant under
the action of T™ and hence must vanish at 0 € C™ and commute with each of the
scaling vector fields Z; = 2° 3 ;. It follows easily that Z = Zj, for some h € R™. (For
the definition of Zy, see (3.23).)

Let f be the unique T™-invariant Ricci potential for g that satisfies f(0) = 0 and
let T be a holomorphic volume form associated to g and f. Since Y is uniquely
determined up to a complex number of modulus 1, it follows that, under the action
of T, T must transform multiplicitively by a character of T". It then follows easily
that T = cdz for some nonzero constant c.

Let ¢ be the unique T"-invariant Kéhler potential for g that satisfies $(0) = 0. As
has already been remarked, ¢ is real-analytic and so can be expanded as a convergent
power series in the variables 2z and z¢. However, T"-invariance evidently implies that
this power series can be collected in terms of the quantities r* = |2!|2. Thus, the
existence of a function u satisfying (5.2) follows.
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As argued in § 3.2, the quantity 2f — 8¢(Zy) is a holomorphic function on a neigh-
borhood of 0 € C™. By construction, it, too, is T"-invariant and vanishes at 0 € C",
which implies that it vanishes identically. Thus, 0é(Z,) = d¢(X,) = 2f.

The rest of the argument follows by substituting the formula (5.2) into (3.4), mul-
tiplying by r!---7", and rearranging terms, which gives (5.3).

Note that the stated positivity conditions on the first derivatives of u are needed in
order that the corresponding ¢ be strictly pseudo-convex in a neighborhood of 0 € C™
and the relation with |c|? follows by computing the coefficient of 7! - - - ¥ in the power
series expansion of the left hand side of (5.3).

The converse statement follows by computation. O
Remark 20 (Normalizations). — Given a solution u to (5.3) that satisfies u(0) = 0,
one can obviously scale in the individual coordinates so as to arrange that
(5.5) p=r'+-+r"+0(rP),

thereby reducing to the case |c¢| = 1, so it suffices to consider this case. Note also
that the resulting Kéhler soliton g is already in the normalized form guaranteed
by Theorem 4.

Remark 21 (pseudo-convexity of toric potentials). — A T"-invariant function ¢ of the

form (5.2), i.e., = uo u, for some u defined on a domain V. C R", is strictly

pseudo-convex on the domain (pn)_l( ) € C™ if and only if the symmetric matrix
e &%u )

(5.6) ( 1] 6 j + 1'87"-7

is positive definite on the part of V' that lies in the orthant defined by the inequali-

ties ¢ > 0.

5.1.1. A singular initial value problem. — Although (5.3) is singular along the hy-
persurfaces r¢ = 0 in R”, it turns out that the methods of Gérard and Tahara [11]
can be used to prove an extension theorem.

Theorem 5. — Let v be a real-analytic function on an open subset V.C R™"~! with the
property that ) = v o pi,_y is strictly pseudo-convez on (un—1)~ (V) c C*~1.

Then there exists an open neighborhood U C R™ of V x {0} and a real-analytic
function u on U with the properties

Lou(r,...,r"10) = o(rl,...,r""Y) for (r},..., 7" ) eV,

2. u satisfies (5.3) with |c| =1; and

3. ¢ = uo uy, is strictly pseudo-convex on u, *(U) C C".

Moreover, u is locally unique in the sense that any for any other pair ([j , @) with
these properties, there is an open neigborhood W of V' x {0} contained in U N U such
that u and i@ agree on W.
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Proof. — For the sake of clarity, write ¢ = r™ and let the lower case latin indices run
from 1 to n—1. Then after dividing both sides of (5.3) (with |c| = 1) by r!...rn~1
and the exponential factor, this equation takes the form

ou . 0%u  O(tus)
(5,‘ R —— . ) )
(5.7) det T ori ortori or _ te(_%ﬂ (tue)=3 S0 hyr? ;T“a)
rj%ujt—) (t8y)%u

Note the first crucial aspect of this equation, which is that the ¢-derivatives of u
occur as either tu; or t(tus); = (t@t)zu, i.e., as the ‘regular singular’ versions of the
t-derivatives at t = 0.

Expanding the left hand side of (5.7) along the last column shows that this equation
can be written in the form

ou ;0% —bn (44,) =1 ST py i Ou
(5 8) det (51‘757’—1 + 'I"] 87‘—267‘7) ((t at)zu) = te( 2 ( ) 2 j=1 "7 arJ)
. (2, 2 O o)
Y\Vor’ or2/) ori  ori

where Q;; = Q;; are certain polynomials in the variables r* and the first and second
derivatives of u with respect to the variables r.

In particular, note that the right hand side of (5.8) is an entire analytic function
of the variables r® and t, the first and second derivatives of u with respect to the
variables 7, the expression tu; and its first derivatives with respect to the rt.

In what follows, it will be particularly important that this right hand side is also in
the ideal generated by t and the quadratic expressions 85;:‘;) ag:‘j‘).

Now, set

(5.9) u(rt,..r L) = ot +2(e L e
and define

2
(5.10) Fy(rt,...,r" L) =4 Ov + 77 v

9 oy ortori
Note that, by hypothesis, det(F;;(r,0)) # 0 for r € V C R*"1. In particular, the
expression

0z . )

. o J
(5.11) det (F,] (r,t) + 0ij Py +7r 5ri5

which is what the coefficient of (t9;)?u on the left hand side of (5.8) becomes when

one substitutes u = v + z into that equation, is an analytic expression in r € V, ¢,
and the partials of z that is non-vanishing on V when one sets t = z = 0.
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Thus, substituting v = v + 2 into (5.8) and dividing by the determinant factor
yields an equation for z of the form

0z 0%z  0O(tz ))
2 t
(5.12) (td)°z=F (r,t, 2, _Bri’tzt’ 5197’ By

where the function FE is

1. real-analytic on an open neighborhood of V x {0} in V x R x R1*n+3n(n+1) anqg

2. in the ideal generated by t and the products of pairs of the last (n—1) variables
(i.e., the ‘slots’ containing the entries 3((,;;‘) ).

Now, turning to Chapter 8 of Gérard and Tahara [11], one sees that (5.12) is of

the form to which their Theorem 8.0.3 applies. (®) Consequently, (5.12) has a unique

real-analytic solution z(r,t) (defined on some neighborhood of V' x {0} C R"™) that

satisfies the initial condition

(5.13) 2(rt,. .., 0) =0 for (r',...,r" ) eV.

Using this solution z to define u via (5.9), one sees that (5.7) has a correspondingly
unique real-analytic solution satisfying the initial condition

(5.14) u(rt,...,r""10) = o(rt,...,r" ) for (r',...,r" ) eV,

as claimed. The existence of an open neighborhood U of V' x {0} such that ¢ = uopu,
is strictly pseudo-convex on ()~ (U) C C™ is routine. O
Corollary 5 (Singular initial value problem for toric solitons). — Let g’ be a real-analytic

toric Kihler metric on a T" ™ !-invariant, connected open neighborhood V.C C*~1 of 0.

Then, for any h € R™ there exists a T"-invariant open neighborhood U, C C™
of V x {0} and a toric gradient Kihler Ricci soliton gn on U, whose pullback to V
is g', whose associated vector field is Zy,, and whose associated holomorphic volume
form with respect to its T™-invariant Ricci potential f, vanishing at 0 € C™ is T =
dz! A--- A d2m.

Moreover, gn is locally unique in that any extension of g’ with these properties
agrees with g, on some open neighborhood of V x {0}.

Remark 22 (Contrast in initial value problems). — Note that Corollary 5 has a very dif-
ferent character from Theorem 2. Not only is the nature of the initial data different,
but, in the case of Corollary 5, one is imposing initial conditions along a submani-
fold that is everywhere tangent to the holomorphic vector field Z = Zj,, rather than

(6) While I do not want to state their full theorem here, I will give the gist: The two properties listed
for the function E are easily seen to imply that there exists a unique formal power series solution of
the form z(r,t) = z1(r)t + 22(r)t? + --- to (5.12). The main import of the quoted Theorem 8.0.3
is that this series actually converges to an analytic solution on some open neighborhood of V' x {0}.
(The need for a theorem is caused by the singularity at t = 0, which renders the standard method
of majorants ineffective in proving the convergence of the formal series.)
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everywhere transverse. The difference, of course, is that Corollary 5 addresses a sin-
gular initial value PDE problem that is, in many ways the analogue of the sort of ODE
problem one encounters in the theory of regular singular points of ODE.

Because the generalization of the ODE concept of ‘regular singular point’ to the
case of PDE is very delicate (cf. the book of Gérard and Tahara), it is somewhat
remarkable that this theory actually applies in this case.

5.1.2. A Lagrangian formulation. — While the reduced equation (5.3) is singular
along the hypersurfaces r’ = 0, it is regular on the open simplicial cone defined
by r* > 0. Indeed, setting r* = e, the equation (5.3) with |c|> = 1 can be written in

8%u ) e(ﬁzl

152'13"057; ( 0ptdpi

the form

Q
g

viegbn By 1
STt m) =P tte"

3

(5.15)
Setting u; = g—;‘“ this can be further rewritten into the form

(5.16) (Burtt i un) A A du, = P dpl A - A"
Thus, on R?"*! with coordinates u, p, u;, if one defines the contact form
(5.17) 6 = du — u; dp*

and the closed #-primitive (") n-form

(5.18) § = (F ot ipun) dug A Adup —e? T dpl AL A dp”,

Then the solutions of the original equation (5.3) correspond to the integral manifolds
of the Monge-Ampere ideal

(5.19) T = (,d9, T).

Since ¥ is closed and df A ¥ = 0, the (n+1)-form II = § A ¥ is closed and hence
is the Poincaré-Cartan form (see [1]) of a contact Lagrangian for the function w.
In particular, it follows by Noether’s Theorem that the symmetries of the Poincaré-
Cartan form give conservation laws for the reduced equation.

This is interesting because this system turns out to have a number of symmetries
that are not apparent from the symmetries of the original equation.

Remark 23 (Affine symmetries and equivalences). — For example, consider the affine
transformations on R?"*! of the form

@ =su+a;BipF +c,
(5.20) U = AZ u; +a;,

(M If (M2"+1 0) is a contact manifold of dimension 2n+1, then an n-form ¥ on M is said to be
0-primitive if dO A ¥ =0 mod 6.
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where A}, B}, s # 0, a;, b’, and c are real constants satisfying the n®+2n+1 equations
AIBi = 56,
Eh,-Ag =h; forl<j<mn,
i

5.21 ;
(5.21) Y Bi=1 for1<j<n,

a S a T 4b™
(Farttipan) det(A) = e T 1" det(B).

Such transformations, which constitute a Lie group of dimension n? + 1, preserve the
forms 6 and Y up to constant multiples and hence preserve the system Z.

Obviously, the system depends on the vector h = (hy, ..., h,). However, by leaving
off the second of the above four conditions, one finds transformations that define
equivalences between any two systems with h = hy + --- + h, # 0 and any two
systems with h = h; + -+ 4+ h, = 0 but h # 0. (The system corresponding to h = 0
is, of course, the system that gives Ricci-flat toric Kahler metrics.)

Remark 24 (Algebraic coordinates). — The function u is, in some sense, not that im-
portant, since only the derivatives of u appear in the formula for the metric. Thus,
one can actually formulate the essential part of the exterior differential system as a
system on R,

Assuming that none of the h; are zero, one can coordinatize the system algebraically
as follows: Set v; = e2"i%i, Then the form T can, after multiplying by a constant, be
written in the form

hy---hy,
(5.22) ’I‘=dv1/\~--/\dvn—1—271——dr1/\-~/\dr",
and the contact condition that du — u; dp* = 0 can be replaced by the condition
2 dvz drt
2 =0.
(5 3) Z h V; TZ
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SYMMETRY AND CALABI-YAU DOUBLE COVERS
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with my most sincere gratitude for the time

he spent guiding me through the process

of becoming a mathematician.

Abstract. — The first part of this paper is a review of the Strominger-Yau-Zaslow
conjecture in various settings. In particular, we summarize how, given a pair (X, D)
consisting of a Kdhler manifold and an anticanonical divisor, families of special La-
grangian tori in X \ D and weighted counts of holomorphic discs in X can be used
to build a Landau-Ginzburg model mirror to X. In the second part we turn to
more speculative considerations about Calabi-Yau manifolds with holomorphic invo-
lutions and their quotients. Namely, given a hypersurface H representing twice the
anticanonical class in a Kahler manifold X, we attempt to relate special Lagrangian
fibrations on X \ H and on the (Calabi-Yau) double cover of X branched along H;
unfortunately, the implications for mirror symmetry are far from clear.

Résumé (Fibrations lagrangiennes spéciales, symétrie miroir et revétements doubles de Calabi-
Yau)

La premiére partie de cet article concerne la conjecture de Strominger-Yau-Zaslow
dans diverses situations. En particulier nous décrivons comment, étant donnés une
variété kihlerienne X et un diviseur anticanonique D, un miroir de X dans la catégorie
des modeles de Landau-Ginzburg peut étre construit en considérant une famille de
tores lagrangiens spéciaux dans X \ D et en comptant des disques holomorphes dans
X. La seconde partie est consacrée & des considérations plus spéculatives concernant
les variétés de Calabi-Yau équipées d’une involution holomorphe et leurs quotients.
Autrement dit, étant donnée une hypersurface H représentant le double de la classe
anticanonique dans une variété kahlerienne X, nous tentons d’établir un lien entre les
fibrations lagrangiennes spéciales sur X \ H et sur le revétement double de X ramifié
le long de H, qui est une variété de Calabi-Yau ; malheureusement, les conséquences
pour la symétrie miroir sont loin d’étre évidentes.
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Key words and phrases. — Mirror symmetry, special Lagrangian fibrations, Strominger-Yau-Zaslow
conjecture, Calabi-Yau double covers.
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1. Introduction

The phenomenon of mirror symmetry was first evidenced for Calabi-Yau manifolds,
i.e. Kéhler manifolds with holomorphically trivial canonical bundle. Subsequently it
became apparent that mirror symmetry also holds in a more general setting, if one
enlarges the class of objects under consideration (see e.g. [14]); namely, one should
allow the mirror to be a Landau-Ginzburg model, i.e. a pair consisting of a non-compact
Kihler manifold and a holomorphic function on it (called superpotential).

Our motivation here is to understand how to construct the mirror manifold, starting
from examples where the answer is known and extrapolating to less familiar situa-
tions; generally speaking, the verification of the mirror symmetry conjectures for the
manifolds obtained by these constructions falls outside the scope of this paper.

The geometric understanding of mirror symmetry in the Calabi-Yau case relies on
the Strominger-Yau-Zaslow (SYZ) conjecture [28], which roughly speaking postulates
that mirror pairs of Calabi-Yau manifolds carry dual fibrations by special Lagrangian
tori, and its subsequent refinements (see e.g. [10, 21]). This program can be extended
to the non Calabi-Yau case, as suggested by Hori [12] and further investigated in [3].
In that case, the input consists of a pair (X, D) where X is a compact Kéahler manifold
and D is a complex hypersurface representing the anticanonical class. Observing that
the complement of D carries a holomorphic n-form with poles along D, we can think
of X \ D as an open Calabi-Yau manifold, to which one can apply the SYZ program.
Hence, one can attempt to construct the mirror of X as a (complexified) moduli space
of special Lagrangian tori in X \ D, equipped with a Landau-Ginzburg superpotential
defined by a weighted count of holomorphic discs in X. However, exceptional discs
and wall-crossing phenomena require the incorporation of “instanton corrections” into
the geometry of the mirror (see [3]).

One notable feature of the construction is that it provides a bridge between mirror
symmetry for the Kihler manifold X and for the Calabi-Yau hypersurface D C X.
Namely, the fiber of the Landau-Ginzburg superpotential is expected to be the SYZ
mirror to D, and the two pictures of homological mirror symmetry (for X and for D)
should be related via restriction functors (see Section 7 of [3] for a sketch).

In this paper, we would like to consider a slightly different situation, which should
provide another relation with mirror symmetry for Calabi-Yau manifolds. The union
of two copies of X glued together along D can be thought of as a singular Calabi-Yau
manifold, which can be smoothed to a double cover of X branched along a hypersur-
face H representing twice the anticanonical class and contained in a neighborhood of
D. This suggests that one might be able to think of mirror symmetry for X as a Z/2-
invariant version of mirror symmetry for the Calabi-Yau manifold Y. Unfortunately,
this proposal comes with several caveats which make it difficult to implement.
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Let (X,w, J) be a compact Kéhler manifold, and let H be a complex hypersurface
in X representing twice the anticanonical class. Then the complement of H carries a
nonvanishing section © of K?}z with poles along H. We can think of © as the square
of a holomorphic volume form defined up to sign. In this context, we can look for
special Lagrangian submanifolds of X \ H, i.e. Lagrangian submanifolds on which
the restriction of © is real. The philosophy of the SYZ conjecture suggests that, in
favorable cases, one might be able to construct a foliation of X \ H in which the
generic leaves are special Lagrangian tori. Indeed, denote by Y the double cover of X
branched along H: then Y is a Calabi-Yau manifold with a holomorphic involution.
If Y carries a special Lagrangian fibration that is invariant under the involution, then
by quotienting we could hope to obtain the desired foliation on X \ H; unfortunately
the situation is complicated by technicalities involving the symplectic form.

Conjecture 1.1. — For a suitable choice of H, X\ H carries a special Lagrangian foli-
ation whose lift to the Calabi-Yau double cover Y can be perturbed to a Z/2-invariant
special Lagrangian torus fibration.

If —Kx is effective, we can consider a situation where H degenerates to a hyper-
surface D representing the anticanonical class in X, with multiplicity 2. As explained
above, this corresponds to the situation where Y degenerates to the union of two
copies of X glued together along D. One could hope that under such a degener-
ation the foliation on X \ H converges to a special Lagrangian torus fibration on
X \ D. Using the mirror construction described in [3], one can then try to relate
a Landau-Ginzburg mirror (XY, W) of X to a Calabi-Yau mirror YV of Y. The
simplest case should be when Kx|p is holomorphically trivial (which in particular
requires c1(X)? = 0). Then W : XV — C is expected to have trivial monodromy
around infinity (see Remark 2.11), so that XV ~ S! x DV where DV is mirror to D.
It is then tempting to conjecture that, considering only the complex structure of the
mirror (and ignoring its symplectic geometry), YV can be obtained by gluing together
two copies of the mirror XV to X along their boundary S! x DV. Unfortunately, as
we will see in § 3.5 this is not compatible with instanton corrections.

The rest of this paper is organized as follows. In Section 2 we review the geometry
of mirror symmetry from the perspective of the SYZ conjecture, both in the Calabi-
Yau case and in the more general case (relatively to an anticanonical divisor). We then
turn to more speculative considerations in Section 3, where we discuss the geometry
of Calabi-Yau double covers, clarify the statement of Conjecture 1.1, and consider
various examples.

Acknowledgements. — I would like to thank Mohammed Abouzaid, Paul Seidel,
Ludmil Katzarkov, and Dima Orlov for many fruitful discussions. I am also grateful
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to Ron Donagi, whose interest in this topic prompted the writing of this paper, and
to the referee for insightful comments. This research was partially supported by NSF
grants DMS-0600148 and DMS-0652630.

2. The SYZ conjecture and mirror symmetry

2.1. Motivation. — One of the most spectacular mathematical predictions of
string theory is the phenomenon of mirror symmetry, i.e. the existence of a broad
dictionary under which the symplectic geometry of a given manifold X can be un-
derstood in terms of the complex geometry of a mirror manifold XV, and vice-versa.
This dictionary works at several levels, among which perhaps the most exciting is
Kontsevich’s homological mirror conjecture, which states that the derived Fukaya
category of X should be equivalent to the derived category of coherent sheaves of its
mirror XV [19]; in the non Calabi-Yau case the categories under consideration need
to be modified appropriately [20] (see also [1, 13, 18, 26, 27]).

The main goal of the Strominger-Yau-Zaslow conjecture [28] is to provide a ge-
ometric interpretation of mirror symmetry. Roughly speaking it says that mirror
manifolds carry dual fibrations by special Lagrangian tori. In the Calabi-Yau case,
one way to motivate the conjecture is to observe that, given any point p of the mirror
XV, mirror symmetry should put the skyscraper sheaf O, in correspondence with
some object £, of the Fukaya category of X. As a graded vector space Ext*(O,, Op)
is isomorphic to the cohomology of T™; therefore the most likely candidate for £, is a
(special) Lagrangian torus in X, equipped with a rank 1 unitary local system (a flat
U(1) bundle). This suggests that one should try to construct XV as a moduli space
of pairs (L, V) where L is a special Lagrangian torus in X and V is a flat unitary
connection on the trivial line bundle over L. Since for each torus L the moduli space
of flat connections can be thought of as a dual torus, we arrive at the familiar picture.

When X is not Calabi-Yau but the anticanonical class —Kx is effective, we can
still equip the complement of a hypersurface D € | — K x| with a holomorphic volume
form, and thus consider special Lagrangian tori in X \ D. However, in this case,
holomorphic discs in X with boundary in L cause Floer homology to be obstructed
in the sense of Fukaya-Oh-Ohta-Ono [6]: to each object £ = (L, V) we can associate
an obstruction mg(L), given by a weighted count of holomorphic discs in (X, L), and
the Floer differential on CF*(L, L") squares to mo(L') —mg(L). Moreover, even when
the Floer homology groups HF*(L, L) can still be defined, they are often zero, so
that £ is a trivial object of the Fukaya category. On the mirror side, these features of
the theory can be replicated by the introduction of a Landau-Ginzburg superpotential,
i.e. a holomorphic function W : XV — C. Without getting into details, W can be
thought of as an obstruction term for the B-model on XV, playing the same role as
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mg for the A-model on X. In particular, a point of XV defines a nontrivial object of
the category of B-branes DY, (XY, W) only if it is a critical point of W [18, 24].
2.2. Special Lagrangian fibrations and T-duality. — Let (X,w,J) be a
smooth compact Kéhler manifold of complex dimension n. If X is Calabi-Yau,
i.e. the canonical bundle Kx is holomorphically trivial, then X carries a globally
defined holomorphic volume form Q € Q™°(X): this is the classical setting for mirror
symmetry. Otherwise, assume that K;(l admits a nontrivial holomorphic section o,
vanishing along a hypersurface D. Typically we will assume that D is smooth, or
with normal crossing singularities. Then Q = o~! is a nonvanishing holomorphic
(n,0)-form over X \ D, with poles along D.

The restriction of 2 to a Lagrangian submanifold L C X \ D does not vanish, and
can be expressed in the form Q; = ¥ voly, where ¢y € C*°(L,C*) and vol, is the
volume form induced on L by the Kahler metric g = w(-, J*).

Definition 2.1. — A Lagrangian submanifold L C X \ D is special Lagrangian if the
argument of 1 is constant.

The value of the constant depends only on the homology class [L] € H,(X \ D, Z),
and we will usually arrange for it to be a multiple of 7/2. For simplicity, in the rest
of this paragraph we will assume that €2, is a real multiple of vol,.

The following classical result is due to McLean [23] (at least when |¢| = 1, which
is the case in the Calabi-Yau setting; see §9 of [17] or Proposition 2.5 of [3] for the
case where || # 1):

Proposition 2.2 (McLean). — Infinitesimal special Lagrangian deformations of L are
in one to one correspondence with cohomology classes in H'(L,R). Moreover, the
deformations are unobstructed.

More precisely, a section of the normal bundle v € C*°(NL) determines a 1-form
a=—t,w € Q(L,R) and an (n — 1)-form B = ¢,ImQ € Q" 1(L,R). These satisfy
B = 9 *4 o, and the deformation is special Lagrangian if and only if o and 3 are both
closed. Thus special Lagrangian deformations correspond to “¢-harmonic” 1-forms
—tyw € Hy(L) = {a € QY(L,R)|da = 0, d*(spar) = 0} (recall ¢ € C(L,Ry) is the
ratio between the volume elements determined by  and g).

In particular, special Lagrangian tori occur in n-dimensional families, giving a local
fibration structure provided that nontrivial -harmonic 1-forms have no zeroes.

The base B of a special Lagrangian torus fibration carries two natural affine struc-
tures, which we call “symplectic” and “complex”. The first one, which encodes the
symplectic geometry of X, is given by locally identifying B with a domain in H!(L,R)
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(where L ~ T™). At the level of tangent spaces, the cohomology class of —t,w pro-
vides an identification of TB with H!(L,R); integrating, the local affine coordinates
on B are the symplectic areas swept by loops forming a basis of H;(L). The other
affine structure encodes the complex geometry of X, and locally identifies B with a
domain in H"~!(L,R). Namely, one uses the cohomology class of ¢,Im 2 to identify
TB with H" 1(L,R), and the affine coordinates are obtained by integrating Im
over the n-chains swept by cycles forming a basis of H,,_1(L).

In practice, B can usually be compactified to a larger space B (with non-empty
boundary in the non Calabi-Yau case), by also considering singular special Lagrangian
submanifolds that arise as limits of degenerating families of special Lagrangian tori;
however the affine structures are only defined on the open subset B C B.

Ignoring singular fibers and instanton corrections, the first candidate for the mirror
of X is therefore a moduli space M of pairs (L, V), where L is a special Lagrangian
torus in X (or X \ D) and V is a flat U(1) connection on the trivial line bundle over
L (up to gauge). The local geometry of M is well-understood [11, 22, 8, 3], and in
particular we have the following result (see e.g. § 2 of [3]):

Proposition 2.3. — M carries a natural integrable complex structure JV arising from
the identification

TirvyM = {(v,a) € C*(NL) & Q' (L,R) | — 1w + i € H}(L) ® C},

a holomorphic n-form
QY ((v1, 1)+ -5 (Vn, an)) = /L(—Lvlw +iar) A A=ty w + i),
and a compatible Kdihler form
wY ((v1, 1), (v2,2)) = /LOlz Ay, ImQ — a1 A 1, Im Q
(this formula for wV assumes that [ 1 ReQ has been suitably normalized).

The moduli space of pairs M can be viewed as a complexification of the moduli
space of special Lagrangian submanifolds; forgetting the connection gives a projection
map fV from M to the real moduli space B. The fibers of this projection are easily
checked to be special Lagrangian tori in (M,w",QV).

The special Lagrangian fibrations f : X — B (or rather, its restriction to the open
subset f~1(B)) and f¥ : M — B can be viewed as fiberwise dual to each other. In
particular, it is easily checked that the affine structure induced on B by the symplectic
geometry of fV coincides with that induced by the complex geometry of f, and vice-
versa. Giving priority to the symplectic affine structure, we will often implicitly equip
B with the affine structure induced by the symplectic geometry of X, and denote
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by BY the same manifold equipped with the other affine structure (induced by the
complex geometry of X, or the symplectic geometry of M).

Thus, the philosophy of the Strominger-Yau-Zaslow conjecture is that, in first
approximation (ignoring instanton corrections), mirror symmetry amounts simply to
exchanging the two affine structures on B. However, in general it is not at all obvious
how to extend the picture to the compactification B. The reader is referred to [28],
[8], [22] for more details in the Calabi-Yau case, and to [12] and [3] for the non
Calabi-Yau case.

2.3. Mirror symmetry for Calabi-Yau manifolds. — Constructing a special
Lagrangian fibration on a Calabi-Yau manifold is in general a challenging task, but
there are a few situations where it can be done explicitly, for instance in the case of
flat tori, or for hyperkahler manifolds. We give two well-known examples.

Example 2.4 (Elliptic curves). — Consider an elliptic curve E = C/(Z & 7Z), where
7 = iy € iR,, equipped with the holomorphic volume form €2 = dz and a Kihler
form w such that |’ pwW =X € R;. (The reason why we assume 7 to be pure imaginary
is that for simplicity we are suppressing any discussion of B-fields). Then the family
of circles parallel to the real axis {Im (z) = c} defines a special Lagrangian fibration
on E, with base B ~ S'. One easily checks that the length of B with respect to the
affine metric is equal to A for the symplectic affine structure, and « for the complex
affine structure. The mirror elliptic curve EV is obtained by exchanging the two affine
structures on Bj; accordingly, it has modular parameter 7V = i)\ and symplectic area
Jgv @Y = 7. (The reader is referred to [25] for a verification of homological mirror
symmetry for the mirror pair E, EV.)

Example 2.5 (K3 surfaces). — In the case of K3 surfaces, special Lagrangian fibrations
can be built using hyperkéhler geometry. Let (X, J) be an elliptically fibered K3 sur-
face, for example obtained as the double cover of CP! x CP' branched along a suitably
chosen algebraic curve of bidegree (4,4): composing the covering map with projection
to the first CP! factor, we obtain an elliptic fibration f: X — CP' with 24 nodal
singular fibers. Equip X with a Calabi-Yau metric g, and denote the corresponding
Kahler form by wy. Denote by Q; a holomorphic (2,0)-form on X, suitably normal-
ized, and let wx = Re(Qy) and w; = Im(Ry): then (wr,ws,wk) is a hyperkihler

~lw; determined

triple for the metric g. Now switch to the complex structure I = g
by the Kéhler form wy, and with respect to which ; = w; + iwk is a holomorphic
volume form. Since the fibers of f : X — CP! are calibrated by wy, the map f is a
special Lagrangian fibration on (X,wy, ).

The affine structures on the base of f are only defined away from the singularities

of the fibration. Thus the geometry of (X,wr, Q) is characterized by a pair of affine
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structures on the open subset B ~ S2 \ {24 points} of B ~ §2%. The monodromies of
the two affine structures around each singular point are the transpose of each other,
and each individual monodromy is conjugate to the standard matrix ((1) i)

The mirror of (X,wr,;) is another K3 surface, carrying a special Lagrangian
fibration whose base differs from B by an exchange of the two affine structures. In
fact, under certain assumptions (e.g., existence of a section) and for a specific choice of
[wy], the mirror may be obtained simply by performing another hyperkéhler rotation
to get (X, —wk,Q_kg = wy + iwr); see e.g. § 7 of [15]. The reader is also referred to
§ 7 of [8] for more details on the SYZ picture for K3 surfaces.

In the above examples, one can avoid confronting heads-on the delicate issues that
arise when trying to reconstruct the mirror from the affine geometry of B. In general,
however, the compactification of the mirror fibration over the singularities of the affine
structure and the incorporation of instanton corrections are two extremely challenging
aspects of this approach. The reader is referred to [21] and [10] for two attempts at
tackling this problem.

Another even more important issue is constructing a special Lagrangian torus fi-
bration on X in the first place. When there is no direct geometric construction as in
the above examples, the most promising approach seems to be Gross and Siebert’s
program to understand mirror symmetry via toric degenerations [9, 10]. The main
idea is to degenerate X to a union Xj of toric varieties glued together along toric
strata; toric geometry then provides a special Lagrangian fibration on X, whose base
is a polyhedral complex formed by the union of the moment polytopes for the com-
ponents of Xy. Gross and Siebert then analyze carefully the behavior of this special
Lagrangian fibration upon deforming Xy back to a smooth manifold, showing how
to insert singularities into the affine structure to compensate for the nontriviality of
the normal bundles to the singular strata along which the smoothing takes place.
Moreover, they also show that, in the toric degeneration limit, exchanging the affine
structures on the base of the special Lagrangian fibration can be understood as a
combinatorial process called discrete Legendre transform [9].

Remark 2.6. — The affine geometry of B is a remarkably powerful tool to understand
the symplectic and complex geometry of X (and, by exchanging the affine structures,
of its mirror). Namely, away from the singularities, the two affine structures on
B = BV each determine an integral lattice in the tangent bundle T B; denoting these
lattices by A for the symplectic affine structure and AV for the complex affine struc-
ture, locally X can be identified with either one of the torus bundles T* B/A* (with its
standard symplectic form) and TBY /AY (with its standard complex structure). Thus,
locally, an integral affine submanifold of B (i-e., a submanifold described by linear
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equations with integer coefficients in local affine coordinates with respect to the sym-
plectic affine structure) determines a Lagrangian submanifold of X by the conormal
construction. Similarly, an integral affine submanifold with respect to the complex
affine structure BY locally determines a complex submanifold of X (by considering its
tangent bundle). More generally, tropical subvarieties of B or BY determine piecewise
smooth Lagrangian or complex subvarieties in X; whether these can be smoothed is
a difficult problem whose answer is known only in simple cases.

To give a concrete example, let us return to K3 surfaces (Example 2.5) and the
corresponding affine structures on B ~ S2? \ {24 points}. Each singular fiber of the
special Lagrangian torus fibration f : X — CP' has a nodal singularity obtained
by collapsing a circle in the smooth fiber. The homology class of this vanishing
cycle determines a pair of rays in B (straight half-lines emanating from the singular
point), with the property that the conormal bundles to these rays compactify nicely
to Lagrangian discs in X (possibly after a suitable translation within the fibers).
Similarly, the nodal singularity determines a pair of rays in BY (different from the
previous ones), whose tangent bundles (again after a suitable translation) compactify
to holomorphic discs in X. When two singularities of the affine structure lie in a
position such that the corresponding rays in B (resp. in BY) align with each other
(and assuming the translations in the fibers also match), the line segment joining
them in B (resp. BY) determines a Lagrangian sphere (resp. a rational curve with
normal bundle O(—2)) in X. In the mirror XV the same alignment produces a
rational —2-curve (resp. a Lagrangian sphere). In fact, using the hyperkihler structure
on X and remembering that the elliptic fibration f is J-holomorphic, these spheres
correspond to (special) Lagrangian spheres in (X,w; ) which arise from the matching
path construction and additionally are calibrated by wg (resp. wy).

2.4. Mirror symmetry in the complement of an anticanonical divisor. —
We now consider special Lagrangian torus fibrations in the complement X \ D of an
anticanonical divisor D in a Kahler manifold X. We start with a very easy example
to make the following discussion more concrete:

Example 2.7. — Let X = CP', equipped with any Kihler form invariant under the
standard S'-action. Equip the complement of the anticanonical divisor D = {0, o0},
namely CP' \ {0,00} = C*, with the standard holomorphic volume form Q = dz/>.
It is easy to check that the circles |z| = r are special Lagrangian (with phase 7/2).
Thus we have a special Lagrangian fibration f : CP? \ D — B, whose base B is
homeomorphic to an interval. As seen above, B carries two affine structures. With
respect to the symplectic affine structure, the special Lagrangian fibration is simply
the moment map for the S'-action on CP! (up to a factor of 27). Thus B is an open
interval of length equal to the symplectic area of CP!, and can be compactified by
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adding the end points of the interval, which correspond to the S* fixed points, i.e. the
points of D. On the other hand, with respect to the complex affine structure, B is an
infinite line: from this point of view, the special Lagrangian fibration is given by the
map z — log |z|.

We can start building a mirror to X by considering the dual special Lagrangian
torus fibration M as in §2.2. M is a non-compact Kihler manifold and, after taking
instanton corrections into account, it is in fact the mirror to the open Calabi-Yau
manifold X\ D. Thus, some information is missing from this description. As explained
at the end of §2.1, adding in the divisor D very much affects the special Lagrangian
tori X\ D from a Floer-theoretic point of view, and the natural way to account for the
resulting obstructions is to make the mirror a Landau-Ginzburg model by introducing
a superpotential W : M — C.

Recall that a point of M is a pair (L, V), where L C X \ D is a special Lagrangian
torus, and V is a flat connection on the trivial line bundle over L. Given a homotopy
class 8 € ma(X, L), we can consider the moduli space of holomorphic discs in X with
boundary on L, representing the class 8. The virtual dimension (over R) of this
moduli space is n — 3 + u(B), where u(8) € Z is the Maslov index; in our case, the
Maslov index is twice the algebraic intersection number 3 - [D] (see e.g. Lemma 3.1
of [3]). When p(8) = 2, in favorable cases we can define a (virtual) count ng(L)
of holomorphic discs in the class 8 whose boundary passes through a generic point
p € L, and define

(21) W(L,V)= Y ng(L)2zp(L,V), where z5(L,V) = exp(—[;w)holy(dP).
Bema(X,L)
n(B)=2
Thus, W is a weighted count of holomorphic discs of Maslov index 2 with boundary
in L, with weights determined by the symplectic area of the disc and the holonomy
of the connection V along its boundary.

For example, in the case of CP' (Example 2.7), each special Lagrangian fiber
separates CP! into two discs, one containing 0 and the other one containing co. The
classes 81 and B represented by these discs satisfy 51 + B2 = [CPI], and hence the
corresponding weights satisfy zg, 23, = exp(— fm,l w). One can check that ng, =
ng, = 1, so that using z = zg, as coordinate on M we obtain the well-known formula
for the superpotential, W = z + e~® 2~!, where A is the symplectic area of CP'.

While the example of CP! is straightforward, several warnings are in order. First,
unless X is Fano the sum (2.1) is not known to converge. More importantly, if L
bounds non-constant holomorphic discs of Maslov index 0 (i.e., discs contained in
X \ D), then the counts ng(L) depend on auxiliary data, such as the point p € L
through which the discs are required to pass, or an auxiliary Morse function on L.
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An easy calculation shows that the weights 23 are local holomorphic functions on
M (with respect to the complex structure defined in Proposition 2.3), and once all
ambiguities are lifted the disc counts ng(L) are locally constant, so that W is locally
a holomorphic function on M. However, Maslov index 0 discs determine “walls”
in M, across which the counts ng(L) jump and hence the quantity (2.1) presents
discontinuities. In terms of the affine geometry of the base of the special Lagrangian
fibration, an important mechanism for the generation of walls comes from the rays
in BV (the base with its complex affine structure) that emanate from the vanishing
cycles at the singular fibers of the special Lagrangian fibration: indeed, by definition
any special Lagrangian fiber that lies on such a ray bounds a holomorphic disc in
X \ D (see Remark 2.6). Intersections between these “primary” walls then generate
further walls (which can be visualized as rigid tropical configurations in BY).

Fukaya-Oh-Ohta-Ono’s results [6] imply that the formulas for W in adjacent cham-
bers of M differ by a holomorphic substitution of variables (see also Proposition 3.9
in [3]). The guiding principle that governs instanton corrections is that the various
chambers of M should be glued to each other not in the naive manner suggested
by the geometry of B, but rather via the holomorphic gluing maps that arise in the
wall-crossing formulas. Thus, the instanton-corrected mirror is precisely the analytic
space on which the weighted count (2.1) of holomorphic discs in (X, L), and more
generally the “open Gromov-Witten invariants” of (X, L) (yet to be defined in the
most general setting), become single-valued quantities. The reader is referred to [21]
and [10] for more details on instanton corrections.

One final issue is that, according to Hori and Vafa [14], the mirror obtained by
T-duality needs to be enlarged. The holomorphic volume form 2 has poles along D,
which causes B equipped with the complex affine structure to have infinite diame-
ter (after adding in the singular fibers, BV is complete). On the other hand, the
fact that w extends smoothly across D means that, with respect to the symplectic
affine structure, B has finite diameter, and compactifies to a singular affine manifold
with boundary. The consequence is that, after exchanging the affine structures, the
Ké&hler metric on the mirror is complete but its complex structure is “incomplete”:
for instance, in Example 2.7 the mirror of CP' is naturally a bounded annulus (of
modulus equal to the symplectic area of C]P’l), rather than the expected C*. Hori
and Vafa’s suggestion (assuming that X is Fano) is to symplectically “enlarge” X \ D
by considering a family of Kdhler forms (wg)kx—oo Obtained by symplectic inflation
along D, with the property that [wi] = [w] + kc1(X), and simultaneously rescaling
the superpotential by a factor of e*; see also §4.2 of [3]. (In some cases, this process
can also be viewed as a flow that should converge to a complete Ricci-flat metric on
X \ D.) However, this “renormalization” procedure does not seem desirable in the
geometric setting considered in Section 3, so we do not consider it further.
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We end here our discussion of the various delicate points that come up in the
construction of the mirror and its superpotential, and simply refer the reader to 3]
for more details. Instead, we return to examples.

Example 2.8 (Toric varieties). — Let (X, w, J) be a toric variety of complex dimension
n, and consider the toric anticanonical divisor D (i.e., the divisor of points where the
T™-action is not free). Recall that X \ D is biholomorphic to (C*)™, and equip it
with the holomorphic (n,0)-form Q = dlogz; A --- A dlog 2, which has poles along
D. Then the orbits of the standard T™-action define a special Lagrangian fibration
on X \ D ~ (C*)™. With respect to the symplectic affine structure, the base B of
this fibration is the moment polytope for (X, w), or rather its interior, and the special
Lagrangian fibration is simply given by the moment map. On the other hand, the
complex affine structure on B naturally identifies it with R™; from this point of view
the special Lagrangian fibration is the Log map (z1,...,2,) — (log|z1],...,log|z,]|).

Exchanging the two affine structures, the mirror of X is naturally a bounded do-
main in (C*)™ (the subset of points whose image under the Log map lies in the
moment polytope of X), equipped with a complete Kahler metric and a superpoten-
tial W defined by a Laurent polynomial consisting of one term for each component of
D. Details can be found in [5] and [7] (see also § 4 of [3] for a brief overview, and [1]
for a partial verification of homological mirror symmetry).

Example 2.9 (CP?). — Consider CP? equipped with the Fubini-Study Kéhler form
wo. Let D c CP? be a smooth elliptic curve defined by a homogeneous polynomial of
degree 3, and let  be a holomorphic volume form on CP? with poles along D.

Conjecture 2.9. — CP? \ D carries a special Lagrangian torus fibration over the disc
with (generically) three nodal singular fibers.

Tentatively, the construction of this special Lagrangian fibration proceeds as follows.
Start with the toric setting, i.e. equip CP?> with a holomorphic volume form with
poles along the toric anticanonical divisor Dy consisting of the three coordinate lines
(% = dz Ady/zy in an affine chart). As mentioned above, the orbits of the standard
T2-action define a special Lagrangian fibration on (C*)2 = CP?\ Dy; with respect to
the symplectic affine structure, the base By of this fibration is the moment polytope
for CP?, i.e. a triangle. Deforming this situation to the case of a holomorphic volume
form €)' with poles along a smooth cubic curve D’ obtained by smoothing out the
three nodal points of Dy modifies the structure of the special Lagrangian fibration
near the three toric fixed points. A local model for what happens near each of these
points is described in §5 of [3]. Namely, if we replace Qg by Q. = dz A dy/(zy — €),
then the complement of the anticanonical divisor D, formed by the conic zy = € and
the line at infinity carries a special Lagrangian torus fibration with one nodal singular
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fiber: the fibers are formed by intersecting the level sets of the moment map for the
S'-action e? - (z,y) = (e, e %y) with the level sets of the function |zy — ¢|?, and
the singularity is at the origin [3]. If € is small then this family is close to the toric
family away from the origin. Therefore, general considerations about deformations
of families of special Lagrangians suggest that, if the smooth elliptic curve D’ lies
in a sufficiently small neighborhood of Dy, then (CP? \ D’,wp, ) carries a special
Lagrangian fibration with three nodal singular fibers. From the point of view of the
affine geometry of the base B’ of this fibration, the smoothing of each node of Dy
amounts to replacing a corner of the triangle By by a singular point in the interior of
B’ (so that B’ is a singular affine manifold with boundary but without corners). This
construction can be thought of as a special Lagrangian version of a trick studied by
Margaret Symington [29].

The special Lagrangian fibers over points close to the boundary of B’ lie in a
tubular neighborhood of D’, and collapse to closed loops in D’ as one approaches
the boundary. Thus their first homology group is generated by a meridian m (the
boundary of a small disc that intersects D’ transversely once) and by a longitude £
(a curve that runs parallel to a closed loop on D’). The monodromy of the special
Lagrangian fibration along 0B’ fixes m, but because the normal bundle to D’ has
degree 9 it maps £ to £+ 9m. Thus, in a suitable basis the monodromy along the
boundary of B’ can be expressed by the matrix ((1) 51’) (see equation (7.2) in [3]).

The general case, where the cubic curve D is not necessarily close to the singular
toric configuration Dy C CP?, should follow from a suitable result on deformations
of two-dimensional special Lagrangian torus fibrations with nodal singularities. (To
our knowledge such a result hasn’t been proved yet; however it should follow from
an explicit analysis of the deformations of the nodal singularities and the implicit
function theorem applied to the smooth part of the fibration. In our case one also
needs to control the behavior of the fibration near the boundary of B.)

When constructing the mirror, the singular fibers create walls, which require in-
stanton corrections. In the case of a cubic D’ obtained by a small deformation of
the toric configuration Dy, the local model for a single smoothing suggests that the
walls run parallel to the boundary of the base B’. In fact, the special Lagrangian
fibers which lie sufficiently far from D’ are Floer-theoretically equivalent to standard
product tori. Thus, in the “main” chamber the superpotential is given by the same
formula as in the toric case, W = z + y + e~*/zy in suitable coordinates (where
A= fu,,l w); in the other chambers it is given by some analytic continuation of this
expression (see § 5 of [3] for an explicit formula in the case of smoothing a single node
of Dy). In fact, ignoring completeness issues (e.g., looking only at |W| < 1), the
overall effect of deforming Dy to a smooth cubic curve on the complex geometry of
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the Landau-Ginzburg mirror is expected to be a fiberwise compactification. Simul-
taneously, the symplectic area of the fiber of the Landau-Ginzburg model, which is
infinite in the toric case, is expected to become finite and equal to the imaginary part
of the modular parameter of the elliptic curve D’ (see also [4]).

Example 2.10 (Rational elliptic surface). — Let X be a rational elliptic surface ob-
tained by blowing up CP? at the nine base points of a pencil of cubics, equipped
with a Kahler form &. Let D C X be a smooth elliptic fiber (the proper transform of
a cubic of the pencil), and let ) be a holomorphic (2,0)-form on X with poles along
D. We expect:

Conjecture 2.10. — X \ D carries a special Lagrangian torus fibration over the disc
with (generically) 12 nodal singular fibers. The monodromy of the affine structure
around each singularity is conjugate to (; :) , and the monodromy along B is trivial.
The construction starts with ((CIP2, D, wp, ), where D C CP? is an elliptic curve and
Q is a holomorphic (2,0)-form with poles along D, as in Example 2.9 above. By
Conjecture 2.9, we expect CP? \ D to carry a special Lagrangian torus fibration with
three nodal singular fibers. Now we blow up CP? at nine points on the cubic D, to
obtain the rational elliptic surface X. Pulling back Q2 under the blowup map yields a
holomorphic (2,0)-form 2 on X, with poles along an elliptic curve D C X (the proper
transform of D). On the other hand, the Kéhler form & on X is not canonical, and
depends in particular on the choice of the symplectic areas of the exceptional divisors.
We claim that, provided these areas are sufficiently small, the blowup should carry a
special Lagrangian torus fibration with 12 nodal singular fibers.

The local model for each blowup operation is as follows [2]. Consider a neighbor-
hood of the origin in C? equipped with the standard symplectic form, the holomorphic
volume form dx A dy/y with poles along C x {0}, and the family of special Lagrangian
cylinders {Re(z) = t1, 3|y|> = ta} C C x C*. Equip the blowup C? with a toric
Kshler form @ (invariant under the standard T2-action) for which the area of the
exceptional divisor is € > 0, and the holomorphic volume form o obtained by pulling
back dz A dy/y under the blowup map 7 : €2 — C2. The lift to C2 of the S-action
e . (z,y) = (z,e"y) preserves &y and o; its fixed point set consists of on one hand
the proper transform Dg of Cx {0}, and on the other hand the point where the proper
transform of {0} x C hits the exceptional divisor. Denote by p : C? - R the moment
map for this S'-action, normalized to equal 0 on Do and e at the isolated fixed point.
Then it is easy to check that the submanifolds {Re(n*z) = t;, u = to} € C2\ Dy are
special Lagrangian with respect to &y and Qo [2]. This family of special Lagrangians
presents one nodal singular fiber — the fiber which corresponds to (t1,t2) = (0,€) and
passes through the isolated S'-fixed point. Moreover, if € is small then away from
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a neighborhood of the exceptional divisor this family is close to the initial family of
special Lagrangians in C x C*.

Even though the local model is only an asymptotic description of the geometry of
the special Lagrangian fibration on CP? \ D near a point of D, it should be possible to
glue this local construction into the fibration of Conjecture 2.9, and thereby construct
a special Lagrangian fibration on the rational elliptic surface X obtained by blowing
up CP? at 9 points on the elliptic curve D. Each blow-up operation inserts a nodal
singular fiber into the fibration; thus the base B of the special Lagrangian fibration
on X presents 12 singular points. (The whole process can again be viewed as a special
Lagrangian version of Symington’s construction [29].) From the point of view of the
symplectic affine structure, an easy calculation on the local model shows that each
new singular point lies at a distance from the boundary of B equal to the symplectic
area of the exceptional curve of the corresponding blowup; in fact the exceptional
curve can be seen as a complex ray that runs from the singular point to the boundary
of B. Moreover, the monodromy of the fibration along the boundary of Bis trivial,
reflecting the fact that the anticanonical divisor D C X has trivial normal bundle.

The general case, where the exceptional divisors of the blowups are not assumed to
have small symplectic areas, should again follow from a careful analysis of deforma-
tions of two-dimensional special Lagrangian torus fibrations with nodal singularities
(with the same caveats as in the case of CP?).

Remark 2.11. — Assume D is smooth. Then the holomorphic (n,0)-form Q on X\ D
induces a holomorphic volume form Qp = Resp(Q2) on D: the residue of Q along D.
It is reasonable to expect that, as is the case in the various examples considered above,
in a neighborhood of D the special Lagrangian fibration on (X \ D,w, ) consists of
tori which are S'-bundles over special Lagrangian submanifolds of (D, w|p,p). As
a toy example, consider X = D X C, w = wp + 5dz A dZ, and 2 = Qp A dz/z: then
the product any special Lagrangian submanifold of D with a circle centered at the
origin in C is easily seen to be special Lagrangian. We conjecture that the qualitative
behavior is the same in the general case; see § 7 of [3] for more details.

Assuming that this picture holds, the special Lagrangian fibration f : X \ D — B
can be extended over the boundary of B by a special Lagrangian fibration on D. In
particular, the boundary of B, with the induced affine structures, is the base Bp of an
SYZ fibration on D. More precisely: with respect to the symplectic affine structure,
the compactified base B is a singular affine manifold with boundary (and corners if
D has normal crossings), and its boundary is Bp. With respect to the complex affine
structure, BV (after adding in the interior singular fibers) is a complete singular affine
manifold, isomorphic to R4 x B}, outside of a compact subset.
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As already seen in Example 2.9, near 0B the monodromy of the affine structures
on B is determined explicitly by the affine structures on Bp and by the first Chern
class of the normal bundle to D. Indeed, given a fiber of f near the boundary of B,
i.e. an S'-fibered special Lagrangian L C X \ D, the action of the monodromy on
H,(L) can be determined by working in a basis consisting of a meridian loop linking
D and n—1 longitudes running parallel to D; from this one deduces the corresponding
actions on H!(L) (monodromy of B) and H"!(L) (monodromy of BY).

Next, we look at the mirror, and observe that near its boundary M consists of pairs
(L,V) where L is an S'-fibered special Lagrangian contained in a neighborhood of
D. Denote by § € mo(X, L) the homotopy class of a small meridian disc intersecting
D transversely once (with boundary the meridian loop), and let z5(L,V) be the
corresponding weight as in equation (2.1). Then zs is a holomorphic function on
M near its boundary. (In fact, z; is the dominant term in the expression of the
superpotential W near M, as the meridian discs have the smallest symplectic area
among all Maslov index 2 holomorphic discs.) By construction, the boundary of
M corresponds to the case where the area of the meridian disc reaches zero, i.e.
OM = {|z5| = 1}.

Consider the complex hypersurface Mp = {25 = 1} (C OM). Geometrically, Mp
corresponds to limits of sequences of pairs (L, V) where L collapses onto a special La-
grangian torus A C D and the connection V has trivial holonomy along the collapsed
Sl-factor in L, i.e. is pulled back from a flat connection on the trivial bundle over A.
Thus Mp is none other than the SYZ mirror to D. Moreover, the restriction of zs5 to
OM induces a locally trivial fibration z5 : 8M — S with fiber Mp. The monodromy
of this fibration can be realized geometrically as follows. Start with a pair (L, V)
where L is almost collapsed onto A C D and V has trivial holonomy along the merid-
ian loop (so zs € R, ): then we can change the holonomy of V along the meridian loop
by adding to it a multiple of 0!V, where o is the defining section of D and V is a
suitable connection on K ;(1. From there it follows easily that the monodromy of the
fibration zs : 9M — S! is a symplectomorphism of Mp which geometrically realizes
(as a fiberwise translation in the special Lagrangian fibration Mp — Bp dual to the
SYZ fibration on D) the mirror to the autoequivalence — @ K ;(1| p of D®Coh(D).

This rich geometric picture naturally leads to a formulation of mirror symmetry
for the pairs (X, D) and (M, Mp); see § 7 of [3] for details.

3. Special Lagrangian fibrations and double covers

3.1. Special Lagrangians and Calabi-Yau double covers. — Let (X,w, J) be
a smooth compact Kihler manifold of complex dimension n, and let s be a nontrivial
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holomorphic section of K;z. Unless otherwise specified we assume that the hyper-
surface H = s71(0) is smooth. © = s~! is a nonvanishing section of K$? over X \ H,
with poles along H, and locally @ = ©'/2 is a nonvanishing holomorphic n-form,
defined up to sign. The restriction of © to a Lagrangian submanifold L C¢ X \ H
does not vanish, and can be expressed in the form nvolg, where n € C*°(L,C*). By
analogy with the situation considered previously, we make the following definition:

Definition 3.1. — A Lagrangian submanifold L C X \ H is special Lagrangian if the
argument of n is constant. (In fact © will usually be normalized so that n is real).

It is easy to see that, if L C X \ H is an orientable special Lagrangian submanifold,
then over L the holomorphic quadratic differential © admits a globally defined square
root . Therefore Proposition 2.2 still applies in this setting; since Q; = n'/2vol,,
special Lagrangian deformations are now given by n'/2-harmonic 1-forms on L.

As before, the base B of a special Lagrangian torus fibration carries two natural
affine structures, one arising from the symplectic geometry of X and the other one
arising from its complex geometry.

We now turn to the Calabi-Yau double cover of X branched along H, namely
the unique double cover m : Y — X with the property that 6 = 7O admits a
globally defined square root 2 € QmO0(Y). More explicitly, the obstruction for © to
admit a globally defined square root is given by an element of H(X \ H,Z/2) ~
Hom(m (X \ H),Z/2), and we consider the branched cover with this monodromy.

The complex geometry of Y is fairly straightforward, as the complex structure J
and the holomorphic volume form Q are simply lifted from those of X via w. In
particular, it is easy to check that Q is well-behaved along the ramification divisor.
(To give the simplest example, consider the map z — 22 from C to itself: the pullback
of © = 271dz®? is © = 4d2®2, which has a well-defined square root {2 = 2dz.)

On the other hand, constructing a Kihler form on Y requires some choices, because
the pullback form 7*w is degenerate along the ramification locus H = 7~ (H). One
approach is to view Y as a complex hypersurface in the total space of the line bundle
K ;(1 over X, equipped with a suitable K&hler metric. More directly, one can equip Y
with a Kahler form & = n*w + € A\, where € > 0 is a sufficiently small constant and A
is an exact real (1,1)-form whose restriction to the complex line Ker(dr) is positive
at every point of the ramification locus. Any two forms obtained in this manner are
symplectically isotopic; for example one can take A = —i00¢ where ¢ : Y — [0, 1]
is supported in a neighborhood of H, equal to 1 on H , and strictly concave in the
normal directions at every point of H.
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Thus, given a compact special Lagrangian submanifold L C X \ H, the two lifts
of L are in general not special Lagrangian submanifolds of Y, even though the re-
striction of € has constant phase, because they are not necessarily Lagrangian for
@. In very specific cases (for instance in dimension 1 or in product situations) this is
not an issue, but in general one needs to deform the lift of L to a nearby special La-
grangian submanifold L C Y, whose existence is guaranteed by the unobstructedness
of deformations (Proposition 2.2) as long as @ is sufficiently close to 7*w.

When considering not just one submanifold but a whole special Lagrangian fibra-
tion on X \ H, it is natural to ask whether the lifts can be similarly deformed to a
special Lagrangian fibration on Y. Away from H and from the singular fibers, we can
rely on an implicit function theorem for special Lagrangian fibrations which again fol-
lows from unobstructedness. In spite of the wealth of results that have been obtained
on singularities of special Lagrangians and their deformations (see e.g. [16]), to our
knowledge there is no general result that would yield a special Lagrangian fibration
onY from one on X\ H. Nonetheless, it seems reasonable to expect that such a result
might hold at least in low dimensions if the Kéhler form on Y is chosen suitably and
the family of special Lagrangians only presents generic singularities.

Thus, Conjecture 1.1 can be stated more precisely as follows:

Conjecture 3.2

1. X carries a special Lagrangian fibration (or rather, foliation) f : X — B, where
B is a singular affine manifold with boundary (with two affine structures), such
that the generic fibers of f are special Lagrangian tori in X \ H, and the fibers
of f above OB are special Lagrangians with boundary in H.

2. Y carries a special Lagrangian torus fibration f :Y — B, where B is a singular
affine manifold without boundary (with two affine structures), obtained by gluing
together two copies of B along their boundary.

Note that the boundaries of the two copies of B are identified using the identity map,
whereas the normal direction is reflected; thus this is an orientation-reversing gluing,
and the resulting singular affine manifold B admits an orientation-reversing involution
whose fixed point locus is the “seam” of the gluing.

3.2. Example: CP! and elliptic curves. — As our first example, we consider
X = CP! equipped with any Kihler form and a holomorphic quadratic differential ©
with poles at a subset H C CP*.

We first consider the special case © = dz?/(2% — a?), with simple poles at +a and
a double pole at infinity. Setting a = 0, we recover the classical situation discussed
in Example 2.7, in which the circles centered at the origin are special Lagrangian.
For arbitrary a, it follows from classical geometry that every ellipse with foci +a
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is special Lagrangian with phase 7/2 for Q = ©/2 = dz/V/22 — a2. Thus we get a
special Lagrangian foliation of C\ {+a} by this family of ellipses, the sole noncompact
leaf being the real interval (—a,a). The general case is less explicit but essentially
amounts to modifying the special Lagrangian family in the same manner not only
near zero but also near infinity.

More precisely, equip CP* with a generic holomorphic quadratic differential © =
22d2?/(z — a)(z — b)(z — ¢)(z — d) with poles at H = {a,b,c,d}. Then, for a suitable
choice of phase, CP! \ H admits a special Lagrangian foliation in which all the leaves
are closed loops with the exception of two noncompact leaves, each connecting two
of the points of H (say a and b on one hand, and ¢ and d on the other hand). For
instance, if a < b < ¢ < d are real, then we have such a foliation (with phase 7/2) in
which the two noncompact leaves are the real line segments (a,b) and (¢, d). Indeed,
after removing the two intervals [a, b] and [c, d], the quadratic differential © admits a
well-defined square root 2, which is a closed 1-form and hence has the same period
(easily checked to be pure imaginary) on any homotopically nontrivial embedded
curve. The general case follows from the same argument.

From a symplectic point of view, the base B of this foliation is again an interval of
length equal to the symplectic area of CP'. However, unlike the situation of Example
2.7, the affine structure induced on B by the holomorphic volume form identifies it
with a finite interval: if we normalize {2 so that the integral of Im Q over each special
Lagrangian fiber is 1, then the length of this interval is equal to fbc Re Q.

The double cover of CP! branched at H is an elliptic curve Y, and the family
of special Lagrangians in CP* \ H lifts to a smooth special Lagrangian fibration on
Y. The base B ~ S? of this fibration, and its two affine structures, are obtained by
doubling B along its boundary. For instance, the symplectic area of Y (which is the
length of B with respect to the symplectic affine structure, cf. Example 2.4) is twice
that of CP!, whereas the integral of Re{) over a section of the special Lagrangian
fibration (which is the length of B with respect to the complex affine structure) is
twice fbc Re Q.

Remark 3.3. — With respect to the complex affine structure, the base B of the special
Lagrangian foliation on (CP' \ H,Q) is a finite interval, whereas the base By of the
special Lagrangian fibration on (CP*\ {0, 00}, Qy = dz/2) has infinite size. The reason
is that, as a,b — 0 and ¢, d — o0, the elliptic curve Y degenerates to a curve with two
nodal singularities, and the base B of its special Lagrangian fibration degenerates to
a union of two infinite intervals. On the other hand, the symplectic structure on Y,
which determines the length of the base with respect to the other affine structure, is
unaffected by the degeneration.
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3.3. Example: Elliptic surfaces. — We revisit Example 2.10, and again denote
by X a rational elliptic surface obtained by blowing up CP? at the 9 base points
of a pencil of cubics, equipped with a Kéhler form ©. We previously considered a
holomorphic volume form € on X with poles along an elliptic fiber D. Now we equip
X with a section © of K§2, with poles along the union H = D, U D_ of two smooth
fibers of the elliptic fibration; for simplicity we assume that D, lie close to a same
smooth fiber D, so that away from a neighborhood of D the quadratic volume element
© is close to the square {1®2 of the volume form considered in Example 2.10.

Conjecture 3.4. — The special Lagrangian fibration on X \ﬁ constructed in Conjecture
2.10 deforms to a special Lagrangian family on X \ H. The base B of this family is
homeomorphic to a closed disc, and over its interior the fibers are special Lagrangian
tori, with the exception of 12 nodal singular fibers. The fibers above OB are special
Lagrangian annuli with one boundary component on D and the other on D_.

We now explain the geometric intuition behind this conjecture by considering a
simplified local model in which everything is explicit. The actual geometry of X near
D differs from this local model by higher order terms; however the local model is
expected to accurately describe all the qualitative features of the special Lagrangian
families of Conjectures 2.10 and 3.4 in a small neighborhood of D.

In a small neighborhood of the fiber D, the elliptic fibration X — CP! is topologi-
cally trivial, and even though it is not holomorphically trivial, in first approximation
we can consider a local model of the form E x U, where E is an elliptic curve (E ~ D)
and U is a neighborhood of the origin in C (with coordinate z). In this simplified
local model, the holomorphic volume form ) can be written in the form dw A dz /2,
where dw is a holomorphic 1-form on E (in fact, the residue of € along D), the sym-
plectic form @ is a product form, and the special Lagrangian family of Conjecture
2.10 consists of product tori, where the first factor is a special Lagrangian circle in
(E,dw) and the second factor is a circle centered at the origin.

We now equip E x U with the quadratic volume element © = (dwAdz)®%/(2%2 —¢€?),
with poles along H = E x {+e}. Then the previous family of special Lagrangians
deforms to one where each submanifold is again a product: the first factor is still a
special Lagrangian circle in (E, dw), and the second factor is now an ellipse with foci
at +e (in the degenerate case, the line segment [—¢, €]).

The bases of these two special Lagrangian fibrations on E x U, equipped with their
symplectic affine structures, are naturally isomorphic, as each ellipse with foci at +e
can be used interchangeably with the circle that encloses the same symplectic area (in
fact, the corresponding product Lagrangian tori in E x U are Hamiltonian isotopic
to each other). In this sense, passing from X \ D to X \ H (i.e., from B to B) is
expected to be a trivial operation from the symplectic point of view. However, the
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complex affine structures on B and B are very different: from that perspective B is
“complete” (its boundary lies “at infinity”, since the affine structure blows up near oB
due to the singular behavior of 9) along f)), whereas B has finite diameter. This is
most easily seen in terms of the local model near D, which allows us to reduce to the
one-dimensional case (see Remark 3.3).

Finally, we consider the double cover Y of the rational elliptic surface X branched
along H. It is easy to see that Y is an elliptically fibered K3 surface, carrying a
holomorphic involution under which the holomorphic volume form Q = (7*©)'/2 is
anti-invariant. By Conjecture 1.1 we expect that Y, equipped with a suitably chosen
Kéhler form in the class [7*@], carries a special Lagrangian fibration with 24 nodal
singular fibers, whose base B ~ S? is obtained by doubling B along its boundary.

In fact, it is well-known that such a fibration can be readily obtained using hyper-
kihler geometry as in Example 2.5. Indeed, consider an elliptically fibered K3 surface
with a real structure for which the real part consists of two tori. For example, let
Y’ be the double cover of CP! x CP! branched along the zero set of a generic real
homogeneous polynomial of bidegree (4,4) without any real roots. Composing the
covering map with projection to the first CP* factor, we obtain an elliptic fibration
f:Y’ — CP! with 24 singular fibers. Complex conjugation lifts to an involution ¢ on
Y’ which is antiholomorphic with respect to the given complex structure J, and whose
fixed point locus is the trivial (disconnected) double cover of RP* x RP* (i.e., two tori).
The involution ¢ maps each fiber of f to the fiber above the complex conjugate point
of CP', and in particular it interchanges pairs of complex conjugate singular fibers.

Equip Y’ with a Calabi-Yau metric, such that the Kihler form w; is anti-invariant
under ¢ (this is guaranteed by uniqueness of the Calabi-Yau metric if one imposes
[ws] to be the pullback of a Kihler class on CP' x CP' and hence anti-invariant).
Denote by Q a holomorphic (2,0)-form on Y”: then +*Q is a scalar multiple of Q,
because dim H3’2(Y) = 1. So after normalization we can assume that .*Q; = —Qy,
i.e. wg := Re(Qy) is anti-invariant and wy := Im(Q;) is invariant.

Now switch to the complex structure I determined by the Kéhler form wj;. Then ¢
becomes a holomorphic involution, and the holomorphic volume form Q; = wy + iwg
is anti-invariant. Since the fibers of f : Y’ — CP! are calibrated by wy, the map f is
a special Lagrangian fibration on (Y”,wy, ), compatible with the involution «¢.

It seems likely that this construction can be used as an alternative approach to
Conjecture 3.4, by considering the quotient of this special Lagrangian fibration by the
involution ¢.

Remark 3.5. — The elliptic surface X contains nine exceptional spheres, arising from
the nine blow-ups performed on CP?; these spheres intersect H in two points, so their
preimages in the double cover Y are rational curves with normal bundle O(—2). These
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curves can be seen by looking at the complex affine structures on the bases B and B
of the special Lagrangian fibrations on X and Y, as discussed in Remark 2.6. Namely,
the exceptional curves in X correspond to complex rays that run from singularities
of the affine structure of B to its boundary (as in Example 2.10). Doubling B along
its boundary to form B creates alignments between pairs of singular points lying
symmetrically across from each other. For at least 9 of the 12 pairs of points (those
which correspond to the blowups) the corresponding complex rays match up to yield
—2-curves in Y.

3.4. Example: CP? and K3. — We now revisit Example 2.9, and now equip CP?
with a section © of K®2? with poles along a smooth curve H of degree 6. We assume
that H lies in a small neighborhood of a cubic D, i.e. it is defined by a homogeneous
polynomial of the form p = 02 — €q, where 0 € H°(O(3)) is the defining section of D
and e is a small constant. Thus, away from a neighborhood of D the quadratic volume
element © is close to the square 2®2 of the volume form considered in Example 2.9.

Conjecture 3.6. — The special Lagrangian fibration on CP? \ D constructed in Con-
jecture 2.9 deforms to a special Lagrangian family on CP? \ H. The base B of this
family is homeomorphic to a closed disc, and over its interior the fibers are special
Lagrangian tori, with the exception of three nodal singular fibers. The fibers above OB
are special Lagrangian annuli with boundary on H, with the exception of 18 pinched
annuli (with one arc connecting the two boundaries collapsed to a point).

While we do not have a complete picture to propose, the rough idea is as follows.
Looking at the defining section p = 0% — eq of H, away from the zeroes of ¢ we can
think of H as two parallel copies of D, and special Lagrangians are expected to behave
as in the previous example. Namely, near D a special Lagrangian in CP? \ D looks like
the product of a special Lagrangian A (~ S!) in D with a small circle in the normal
direction, and the corresponding special Lagrangian in CP? \ H should be obtained by
replacing the circle factor by a family of ellipses whose foci lie on H. In the degenerate
limit case, the ellipses become line segments joining the two foci, forming an annulus;
when A passes through a zero of ¢, the corresponding line segment is collapsed to a
point, giving a pinched annulus.

In fact, we are unable to provide an explicit local model for this behavior on X \ H.
However, Conjecture 3.6 can be corroborated by calculations on a local model for the
double cover Y of X branched along H.

Near a point of D, we can consider local coordinates (u,v) on a domain in C?
such that D is defined by the equation v = 0, and H is defined by the equation
u? — €q(v) = 0 for some holomorphic function ¢g. The corresponding section of K %2 is
given by © = (u% —eq(v)) ™! (duAdv)®2. As e — 0, this converges to the square of the
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holomorphic volume form u~! du A dv, for which the cylinders {Rev = a, |u|? = r}
are special Lagrangians (the circle factor corresponds to the direction normal to D,
while the other factor corresponds to a local model for a special Lagrangian in D).

In this local model the double cover of C? branched along H is the hypersurface
Y C C® defined by the equation 22 = u? — eq(v). The pullback of © under the
projection map (z,u,v) — (u,v) admits the square root

Q=z2YduAdv=u"tdzAdv.

It is worth noting that €2 is the natural holomorphic volume form induced on Y by
the standard volume form of C3: denoting by f = 22 —u?+€q(v) the defining function
of Y, we have df AQ = dz AduAdv. We equip Y with the restriction of the standard
Kéhler form wy = % dzNdZ+ % duAdu+ % dv A dv, which differs from the pullback of
the standard Kahler form of C? by the extra term % dz A dz = £99|u® — eq(v)|?. We
claim that the (possibly singular) submanifolds

Lap = {(2,u,v) €Y | Re(v) = a, Re(uz) = b} (a,b) € R?

are special Lagrangian with respect to § and wy. Indeed, the vector field & (z,u,v) =
(fu,iz,0) is tangent to the submanifolds ia,b, and the 1-forms Lglmfl = Redv and
tewo = —d Re(uz) + %dv A dv both vanish on Ea’b. Moreover, I:a,b is singular if and
only if it passes through a point (0,0, v9) with vy a root of q.

The involution (z,u,v) — (—2,u,v) maps f/a,b to Ea,_b. Thus, the special La-
grangian fibration (z,u,v) — (Rewv,Re (uZ)) descends to a family of submanifolds in
C?, parameterized by the quotient of R? by the reflection (a,b) — (a,—b), i.e. the
closed upper half-plane. The image of Ea‘b under this projection is

Lap = {(u,v) € C*|Re (v) = a, Re(ay/u? — eq(v)) = b},

and behaves exactly as described above: fixing a value of v (i.e., a point of D), the
intersection of L, with C x {v} is an ellipse with foci the two square roots of eg(v)
(i-e. the two points where H intersects C x {v}). For b = 0 the ellipse degenerates to
a line segment; when v is a root of ¢ the ellipses become circles and the line segment
collapses to a point. However, a quick calculation shows that L, ; is not Lagrangian
with respect to the standard Kahler form on C2.

Thus, it may well be easier to construct a special Lagrangian fibration on the
double cover of CP? branched at H (namely, a K3 surface) than on CP?\ H. In fact,
as in the previous example, the easiest way to construct such a fibration is probably
through hyperkahler geometry, starting from an elliptically fibered K3 surface with a
real structure for which the real part is a smooth connected surface of genus 10. Let
P be a real homogeneous polynomial of bidegree (4,4) whose zero set in RP! x RP!
consists of nine homotopically trivial circles C1,...,Cy bounding mutually disjoint
discs D;, and let Y’ be the double cover of CP' x CP' branched along the zero set
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of P (over C). Then complex conjugation lifts to a J-antiholomorphic involution ¢ of
Y’, whose fixed point locus is a connected surface of genus 10, namely the preimage
of RP* x RP'\ (D, U- - -UDg) (whereas the fixed point set of the composition of + with
the nontrivial deck transformation consists of 9 spheres, the preimages of Dy, ..., Dy).
After performing a hyperkéihler rotation as in § 3.3, we obtain a new complex structure
I on Y’ with respect to which ¢ is holomorphic and the elliptic fibration induced by
projection to a CP! factor is special Lagrangian.

Remark 3.7. — The curve H ¢ CP? bounds a number of Lagrangian discs, arising
as relative vanishing cycles for degenerations of H to a nodal curve. For instance,
considering a degeneration of H to two intersecting cubics singles out 9 such discs.
The preimages of these discs are Lagrangian spheres in the double cover Y, and can
be seen by looking at the symplectic affine structure on the bases B and B of the
special Lagrangian fibrations on CP? and Y. Namely, B is obtained by doubling B
along its boundary, and 18 of its singular points are aligned along the “seam” of this
gluing. The rays emanating from these singular points run along the seam, and match
with each other to give rise to Lagrangian spheres.

Remark 3.8. — Consider a singular K3 surface Yy with 9 ordinary double point sin-
gularities, obtained as the double cover of CP? branched along the union Hj of two
intersecting cubics. The singularities of Y; can be either smoothed, which amounts to
smoothing Hj to a smooth sextic curve, or blown up, which is equivalent to blowing up
CP? at the 9 intersection points between the two components of Hy. These two pro-
cedures yield respectively the K3 surface considered in the above discussion, and the
K3 surface considered in §3.3. Yy admits a special Lagrangian fibration whose base
By presents 9 singularities with monodromy conjugate to ((1) "1’), viewing By as two
copies of a disc glued along the boundary, these 9 singularities all lie along the seam of
the gluing. Smoothing Y; replaces each ordinary double point by a Lagrangian sphere,
and resolves the corresponding singularity of By into a pair of singular points aligned
along the seam. Blowing up Yj replaces each ordinary double point by an exceptional
curve, and resolves the corresponding singularity of By into a pair of singular points
lying symmetrically across from each other on either side of the seam.

3.5. Towards mirror symmetry for double covers. — Conjecture 3.2 suggests
that a mirror YV of the Calabi-Yau double cover Y of X branched along H can be
obtained by gluing two copies of the mirror of X \ H along their boundary. From
the point of view of affine geometry, we start with a special Lagrangian fibration
fY : M — B (T-dual to the special Lagrangian fibration on X \ H), and glue together
two copies of M using an orientation-reversing diffeomorphism of &M which induces
a reflection in each fiber of f¥ above dB.
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Arguably the “usual” mirror of X arises from considering the complement of an
anticanonical divisor D, rather than the hypersurface H. Consider a degeneration of
H under which it collapses onto D (with multiplicity 2). At the level of double covers,
this amounts to degenerating Y to the union of two copies of X glued together along
D. By Moser’s theorem, this deformation affects the complex geometry of Y but not
its symplectic geometry. Hence, the special Lagrangian fibrations on X \ H and X \ D
can reasonably be expected to have the same base B, as long as we only consider the
symplectic affine structure. (The complex affine structures are very different: in the
case of X \ D the complex affine structure blows up near the boundary of B, while in
the case of X \ H it doesn’t. See e.g. Remark 3.3.) So, as long as we only consider
the complex geometry of the mirror and not its symplectic structure, it should be
possible to construct the mirror of Y simply by gluing two copies of the mirror of
X \ D (which is also the mirror of X without its superpotential).

Remark 3.9. — What we are considering is a special case of a more general construc-
tion, in which one degenerates a Calabi-Yau manifold to a reducible configuration of
manifolds of negative Kodaira dimension. For instance, as pointed out by the referee,
one could extend the example of § 3.3 to that of a K3 surface degenerating to a union
of two (different) rational elliptic surfaces glued together along a smooth elliptic fiber.

As pointed out by the referee, given a degeneration of Y to two copies of X glued
together along D (or another reducible configuration), one can try to build a Calabi-
Yau metric on Y by truncating and gluing together complete Ricci-flat metrics on
the open pieces X \ D (in the example of §3.3 those exist by the work of Tian and
Yau). This differs somewhat from our perspective, where the Kihler metric on Y is
not required to be Ricci-flat (i.e., Y is only “almost Calabi-Yau”), and hence it can
be obtained more directly from a non-singular Kahler metric on X.

A complication arises when the normal bundle to D is not holomorphically trivial.
In that case, the family of special Lagrangians in X \ H presents additional singular-
ities at the boundary of Bj; these singularities are not directly visible in the special
Lagrangian fibration on X \ D. An example of this phenomenon is presented in § 3.4
(compare Conjecture 3.6 with Conjecture 2.9). Thus, when building B out of two
copies of the base B of the special Lagrangian fibration on X \ D, we need to intro-
duce extra singularities into the affine structure along the seam of the gluing. This is
essentially the same phenomenon as in Gross and Siebert’s program (where singular-
ities of the affine structure also arise from the nontriviality of the normal bundles to
the codimension 1 toric strata along which the smoothing takes place).

For simplicity, let us just consider the case where D has trivial normal bundle.
In that case, the discussion in Remark 2.11 implies that the boundary of the (un-
corrected) mirror M of X \ D is the product of S! with a complex hypersurface
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Mp C OM (the uncorrected SYZ mirror to D). In fact, we have a trivial fibration
25 : OM ~ Mp x S' — 81, where z; is the weight associated to the homotopy class of
a meridian disc (collapsing to a point as the special Lagrangian torus L collapses onto
a special Lagrangian submanifold of D, whence |25] = 1 on dM). The orientation-
reversing diffeomorphism ¢ : OM — OM used to glue the two copies of M together
corresponds to a reversal of the coordinate dual to the class of the meridian loop.
More precisely, view a point of OM as a pair (A, V) where A is a special Lagrangian
torus in D and V is a flat unitary connection on the trivial bundle over A x S! (here
we use the triviality of the normal bundle to D to view nearby special Lagrangians
in X \ D as products A x S! rather than S'-bundles over A). Then the gluing dif-
feomorphism ¢ is given by (A,V) — (A, V), where V is the pullback of V by the
diffeomorphism (p, e*) — (p,e~*®) of A x S'. Thus, under the identification of &M
with Mp x S1, the diffeomorphism ¢ is the product of the identity map in Mp and
the complex conjugation map z5 — Z5 = zé_l from S to itself.

At this point it would be tempting to conclude that, if Kx p is holomorphically
trivial, then a mirror of Y can be obtained (at least as a complex manifold) by gluing
together two copies of the mirror of X along their boundary S' x Mp, to obtain a
Calabi-Yau variety with a holomorphic involution given near the “seam” of the gluing
by z5 — zgl. Unfortunately, in the presence of instanton corrections this seems to
always fail; in particular, the fibers of zs : 8XY — S! above two complex conjugate
points are not necessarily biholomorphic. The following example in complex dimension
2 (inspired by calculations in [2]) illustrates a fairly general phenomenon.

Example 3.10. — We consider again the local model for blow-ups mentioned in Ex-
ample 2.10, modified so the special Lagrangian fibers are tori rather than cylinders
[2]. Start with C* x C equipped the holomorphic volume form dlogz A dlogy with
poles along C* x {0}, and blow up the point (1,0) to obtain a complex manifold X
equipped the holomorphic volume form Q = 7*(dlog z A dlogy), with poles along the
proper transform D of C* x {0}. Observe that the S'-action e - (z,y) = (z,e%y)
lifts to X, and consider an S'-invariant Kahler form w for which the area of the
exceptional divisor is e. Denote by p : X — R the moment map for the S'-action,
normalized to equal 0 on D and € at the isolated fixed point. The S!-invariant tori
Ly, 1, = {log|m*z| = t1, u = t2} define a special Lagrangian fibration on X \ D, with
one nodal singularity at the isolated fixed point (for (t1,t2) = (0,€)) [2].

The base B of this special Lagrangian fibration is a half-plane, with a singular
point at distance € from the boundary (and nontrivial monodromy around the sin-
gularity), as pictured in Figure 1; we place the cut above the singular point in order
to better visualize wall-crossing phenomena near the boundary of B. The complex
rays emanating from the singular point (one of which corresponds precisely to the
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exceptional divisor of the blowup) are responsible for wall-crossing jumps in holomor-
phic disc counts, and split the mirror M into two chambers, which are essentially the
preimages of the left and right halves of the figure.

FIGURE 1. A special Lagrangian fibration on the blowup of C* x C

Denote by z (= z5) the holomorphic coordinate on M which corresponds to the
holomorphic disc {7*z = e'*, p < ta} in (X, Lt, +,); it can be thought as a complex-
ified and exponentiated version of the downward-pointing affine coordinate pictured
on Figure 1. In one of the two chambers of M, denote by u the holomorphic coordi-
nate that similarly corresponds to the leftward-pointing affine coordinate represented
in the figure. For instance, if we partially compactify X to allow 7*z to become zero
(i.e., if we had blown up C? at (1, 0) rather than C* x C), then u becomes (up to a scal-
ing factor) the weight associated to a disc that runs parallel to the z-axis. Similarly,
denote by v the holomorphic coordinate in the other chamber of M corresponding
to a rightward-pointing affine coordinate, normalized so that, if we ignore instanton
corrections, the gluing across the wall is given by u = v~1.

Imagine that Ly, +, in the “left” chamber (¢; < 0) bounds a holomorphic disc with
associated weight u (such a disc doesn’t exist in X, but it exists in a suitable partial
compactification), and increase the value of t; past zero, keeping ¢, less than e: then
this holomorphic disc deforms appropriately (and its weight is now called v~!), but it
also generates a new disc with weight e "¢z~ 1v~1, obtained by attaching an exceptional
disc (the part of the exceptional divisor where u > t3) as one crosses the wall. This
phenomenon is pictured on Figure 1 (where the various discs are abusively represented
as tropical curves, which actually should be drawn in the complex affine structure).
Thus the instanton-corrected gluing is given by u = v~ + e 2z~ 1v71 i.e.,

(3.1) w =1+ez7%
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Actually the portion of the wall where to > € also gives rise to the same instanton-
corrected gluing, so that the corrected mirror is globally given by (3.1); see [2].

Now replace D by the union H = D, U D_ of two disjoint complex curves, e.g.
the proper transforms of two complex lines intersecting transversely at the blown up
point (1,0), and consider the double cover Y of X branched along H. (We leave the
details unspecified, as the construction should arguably be carried out in a global
setting such as that of Conjecture 3.4 rather than in the local setting.)

Conjecture 1.1 suggests that Y should carry a special Lagrangian fibration whose
base (considering only the symplectic affine structure) is obtained by doubling B along
its boundary. Pictorially, this corresponds to flipping Figure 1 about the horizontal
axis and gluing the two pictures together. On the mirror, before instanton corrections
this amounts to reflecting the z variable via z — 27!, and gluing M and its reflected

—1 is not

copy along their common boundary |z| = 1. However, the gluing via z > 2
compatible with the instanton corrections discussed above; this is because when we
cross the wall there are now two different exceptional discs to consider. Namely, Y
contains a —2-curve C (the preimage of the exceptional curve in X), corresponding
to the alignment between the walls that come out of the two singular fibers on either
side of the seam. Special Lagrangian fibers which lie on the wall intersect C in a
circle and split it into two Maslov index 0 discs, which both contribute to instanton

corrections. A careful calculation shows that the instanton-corrected gluing is now
(3.2) ww = (14+e 27 ) (1 +e %2).

Thus the instanton-corrected mirror to Y does carry a holomorphic involution defined
by z +— 271, but restricting to the subset |2| < 1 does not yield the instanton-corrected
mirror to X.
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CHARACTERIZATION OF THE RADON-NIKODYM
PROPERTY IN TERMS OF INVERSE LIMITS

by

Jeff Cheeger & Bruce Kleiner

Abstract. — 1In this paper we clarify the relation between inverse systems, the Radon-
Nikodym property, the Asymptotic Norming Property of James-Ho [10], and the
GFDA spaces introduced in [5].

Résumé (Caractérisation de la propriété de Radon-Nikodym en termes de limites inverses)

Dans cet article nous clarifions la relation entre les systémes inverses, la propriété
de Radon-Nikodym, la propriété normative asymptotique de James-Ho [10] et les
espaces GFDA, introduits dans [5].

1. Introduction

A Banach space V is said to have the Radon-Nikodym Property (RNP) if every
Lipschitz map f : R — V is differentiable almost everywhere. By now, there are
a number of characterizations of Banach spaces with the RNP, the study of which
goes back to Gelfand [7]; for additional references and discussion, see [1, Chapter 5],
[8]. Of particular interest here is the characterization of the RNP in terms of the
Asymptotic Norming Property; (10, 8].

In this paper we will show that a variant of the GFDA property introduced in [5]
is actually equivalent to the Asymptotic Norming property of James-Ho, and hence
by {10, 8], is equivalent to the RNP. In addition, we observe that the GFDA spaces
of [5] are just spaces which are isomorphic to a separable dual space.

Definition 1.1. — An inverse system
6 X
(1.2) Wlﬁl—WQ(o—2<—1W,(0—,
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is standard if the W;’s are finite dimensional Banach spaces and the 6;’s are linear
maps of norm < 1. We let 7; : lim W; — W, denote the projection map.

Definition 1.3. — Let {(W;,6;)} be a standard inverse system and V C lim W; be a
subspace. The pair (h:_n W;, V) has the Determining Property if a sequen&a— {w}CV
converges strongly provided the projected sequences {;(vx)} C W, converge for every
J, the sequence {||vi||} is bounded, and the convergence ||m;(vi)|| — [lvk| is uniform
in k. A Banach space U has the Determining Property if there is a pair (lim W;, V)
with Determining Property, such that V is isomorphic to U. -

We have:

Theorem 1.4. — A separable Banach space has the RNP if and only it has the Deter-
mining Property.

Since a Banach space has the RNP if and only if every separable subspace has
the RNP, Theorem 1.4 yields a characterization of the RNP for nonseparable Banach
spaces as well.

To prove the theorem, we first observe in Proposition 2.8 that the inverse limit
@ W; is the dual space of a separable Banach space. Then, by a completely elemen-
tary argument, we show that a Banach space has the Determining Property if and
only if it has the Asymptotic Norming Property (ANP) of James-Ho [10]. Since a
separable Banach space U has the RNP if and only if it has the ANP [10, 8], the
theorem follows. We remark that there is a simple direct proof that if V' has the ANP
(or the Determining Property), then every Lipschitz map f : R — V is differentiable
almost everywhere.

Characterizations of the RNP using inverse limits are useful for applications; see
[5], the discussion below concerning metric measure spaces, and [6].

Relation with previous work. — In slightly different language, our earlier paper
[5] also considered pairs (lim W;, V'), where lim W; is the inverse limit of a standard

inverse system, and V C lim W; is a closed subspace. A Good Finite Dimensional
Approximation (GFDA) o%—a Banach space V, a notion introduced in [5], is a pair
(lim W;, V) with the Determining Property such that 7r,<|V : V. — W, is a quotient
m:,;) for every 1.

It follows immediately from Lemma 3.8 of [5] that if (lim W;, V) is a GFDA of V,
then V = {in W;. Since such inverse limits are dual sp;es by Proposition 2.8, V

is a separable dual space in this case. Conversely, using the Kadec-Klee renorming
Lemma [11, 12], it was shown in [5] that every separable dual space is isomorphic to
a Banach space which admits a GFDA. Thus, a Banach space admits a GFDA if and
only if it is isomorphic to a separable dual space.
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Applications to metric measure spaces. — We will call a metric measure space
(X, 1) a PI space if the measure is doubling, and a Poincaré inequality holds in the
sense of upper gradients [9, 4]. In [5], differentiation and bi-Lipschitz non-embedding
theorems were proved for maps f : X — V from PI spaces into GFDA targets V,
generalizing results of [4] for finite dimensional targets. As explained above, it turns
out that these targets are just separable dual spaces, up to isomorphism.

As an application of the inverse limit framework, we will show in [6] that the
differentiation theorem [5, Theorem 4.1] and bi-Lipschitz non-embedding theorem [5,
Theorem 5.1] hold whenever the target has the RNP.

Acknowledgement. — We are very grateful to Bill Johnson for sharing an obser-
vation which helped give rise to this paper. We are much indebted to Nigel Kalton
for immediately catching a serious error in an earlier version.

2. Inverse systems

In this section, we recall some basic facts concerning direct and inverse systems,
and the duality between them. Then we show that inverse limits of standard inverse
systems are precisely duals of separable spaces.

The following conventions will be in force throughout the remainder of the paper.

Definition 2.1. — An standard direct system is a sequence of finite dimensional Banach
spaces {E;} and 1-Lipschitz linear maps ¢; : E; — E;4;.

Definition 2.2. — An standard inverse system is a sequence of finite dimensional Ba-
nach spaces {W;} and 1-Lipschitz linear maps 6; : W;1; — W;.

Definition 2.3. — A standard direct system is isometrically injective if the maps ¢; :
E;, — E,;; are isometric injections.

Definition 2.4. — A standard inverse system is quotient if the maps 6; : W;,, — W;
are quotient maps.

By a quotient map of normed spaces, we mean a surjective map w : U — V for
which the norm on the target is the quotient norm, i.e. for every v € V,

loll = inf{ flull | u € 77" (v)}.

We will refer to the maps ¢; and 6; as bonding maps.

There is a duality between the objects in Definitions 2.1 and 2.2, respectively, 2.3
and 2.4: if {(E;,;)} is a standard direct system, then {(E},.¥)} is a standard inverse
system and conversely; similarly, isometrically injective direct systems are dual to
quotient systems. To see this, one uses the facts that the adjoint of a 1-Lipschitz map
of Banach spaces is 1-Lipschitz and the the adjoint of an isometric embedding is a
quotient map. (This follows from the Hahn-Banach theorem.) In particular, since
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the spaces in our systems are assumed to be finite dimensional (hence reflexive) every
inverse system arises as the dual of its dual direct system and conversely. The same
holds for quotient inverse systems.

We now recall the definitions of direct and inverse limits.

Given a standard direct system {(E;,¢;)} we form the direct limit Banach space
@ E; as follows. We begin with the disjoint union U; F;, and declare two elements
e € E;, ¢ € E; to be equivalent if their images in E; coincide for some j > max{¢,4’}.
Since the bonding maps are 1-Lipschitz, the set of equivalence classes inherits an
obvious vector space structure with a pseudo-norm. The direct limit hi,n E; is defined

to be the completion of the quotient of this space by the closed subspace of elements
whose pseudo-norm is zero. Clearly, there are 1-Lipschitz maps
Ti * E,’ — limEi,
which in the case of isometrically injective direct systems, are isometric injections.
The union |J; 7:(E;) is dense in lim E;.
The inverse limit lim W; of a standard inverse system {(W;, 6;)} is defined as follows.

The underlying set consists of the collection of elements (w;) € [[; W; which are
compatible with the bonding maps, i.e. 6;(w;) = w;—; for all ¢, and which satisfy
sup; ||wi|]| < oo. This is equipped with the obvious vector space structure and the
norm

(2.5) [{wi}]l := lim [lw,]].
j—o0

The map

(26) Uy lim Wz i Wj

given by

m({wi)) = w;
is 1-Lipschitz, and
Jim iy ({wi)ll = [{wi}] -

An inverse limit lim W; has a natural inverse limit topology, namely the weakest
topology such that :;ery projection map ; : liﬂlWi — W; is continuous. Thus a
sequence {vg} C lim W; converges in the inverse limit topology to v € {iEIWi if and
only if for every z':;re have m;(vg) — m;(v) as k — oo.

invlim

If {vx} ClimW; and {vx} — v € lim W, then
(2.7 lv]l < limkinf [lvkll -

Also, every norm bounded sequence {vx} C lim W; has a subsequence which converges

with respect to the inverse limit topology; this follows from a diagonal argument,
because {m;(vg)} is contained in a compact subset of W;, for all 1.
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Proposition 2.8. — Given a standard inverse system {(W;,0;)}, there is an isometric
isomorphism
(2.9) C:lim W; = (lim W})*.

In particular, lim W; is the dual of the separable Banach space lim W}.

Proof. — Pick a compatible sequence {z;} € I.EEW’ We get a map
Uw; - R
by sending ¢ € W} to ¢(z;). Since {z;} is compatible with bonding maps and
l¢(z)| < ol lz; 1| < lloll 1 {25},

this defines a linear functional of norm < [{z;}|| on lim W;*. Therefore we get a
1-Lipschitz map
C:limW, — (lim Wi*) .
We now verify that C' is an isometry.
Pick (z;) € lim W;, and choose n € N such that ||z,| > ||(z;)|| — €. If ¢ € W! has

norm 1 and ¢(z,) = ||z,||, then

IC(@NHITn (D)l Z C((@:))(1n(8)) = ¢(zn) = llzall 2 [I(z:)] — €,

where 7, : W — lim W} is the canonical 1-Lipschitz map described above. This

shows that C is an isometric embedding.
If ® € (lim W})*, then we define ®; € W* = W; to be the composition

W — limW; -2 R.

This defines a compatible sequence (®;) € lim W;, such that ||(®;)| = ||®| and
C((®;)) = ®. Hence C is onto. d
Corollary 2.10. — 1) A separable Banach space Y is isomorphic to the direct limit

of an isometrically injective direct system (E;,t;).
2) The dual space Y* of the separable Banach space Y (as in 1)) is isometric to

the inverse limit lim E} of the a quotient inverse system {(E},.})}.

Proof. — To see that 1) holds, start with a countable increasing sequence E; C
Ey C --- C Y of finite dimensional subspaces whose union is dense in Y, and take
the bonding maps ¢; : F; — FE;y; to be the inclusions. Clearly the inclusion maps
E; — Y induce an isometry li_n_'xE,- —-Y.
Assertion 2) follows from 1) and Proposition 2.8. O
Let C be the isometry in Proposition 2.8.
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Lemma 2.11. — 1) Suppose {vg} C lim W; is a sequence such that {C(vg)} C
(im W}*)* weak* converges to som(e—y € (limW})*. Then {vg} is convergent
w?tiz respect to the inverse limit topology, %d its limit vo € lim W; satisfies
C(vo) = y; in particular, y € C(lim W;). -

2) If {wx} C El W; converges in tﬁ inverse limit topology, and has uniformly

bounded norm, then {C(vi)} is weak* convergent.

Proof. — Assertions 1) and 2) follow readily from the assumption that the W; are
finite dimensional together with the density of compatible sequences in lim W;. O

3. The proof of Theorem 1.4

The proof of Theorem 1.4 is based on the Asymptotic Norming Property, which
we now recall.

Let Y denote a separable Banach space and V' C Y* a separable subspace of its
dual. (Here Y* need not be separable.)

Definition 3.1. — The pair (Y*, V) has the Asymptotic Norming Property (ANP) if
a sequence {vg} C V converges strongly provided it is weak* convergent and the
sequence of norms {|lvk||} converges to the norm of the weak* limit.

A Banach space U is said to have the Asymptotic Norming Property if there is a
pair (Y*, V) with the ANP such that U is isomorphic to V.

Theorem 3.2 ([10, 8]). — For separable Banach spaces, the RNP is equivalent to the
ANP.

Hence to prove Theorem 1.4, it suffices to show that for separable Banach spaces,
the ANP is equivalent to the Determining Property. By Corollary 2.10, every separa-
ble Banach space Y is isometric to the direct limit of a standard direct system, and
Y™ is isometric to the inverse limit of the dual inverse system. Hence the proof of
Theorem 1.4 reduces to:

Proposition 3.3. — Let {(W;,0;)} be a standard inverse system, and V be a closed
separable subspace of limW;. Then the pair (lim W;, V) has the ANP if and only
if it has the Determining Property. Here we are identifying lim W; with the dual of

lim W}, see Proposition 2.8.

Proof. — Let {vx} C V be a sequence with bounded norm. By Lemma 2.11, the
sequence {vy} is weak* convergent if and only if it converges in the inverse limit
topology. Therefore, to prove the equivalence of the ANP and the Determining Prop-
erty for the pair ({in W;, V), it suffices to show that when

(3.4) Vg, 2%, w € lim w;,
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the sequence of norms {||vg|} converges to the ||w| if and only if the convergence
[|7j(vk)|l = ||lvk| is uniform in k. Although this is completely elementary, we will
write out the details.

We have
3.8) Mokl = lwll = (o)l = llmi(we)lD) + (s (o)l = llm:(w)I]) + (s (w)lf = ffwl]) -
Assume first that limg_, o ||vg|| = ||w|. Given € > 0, there exists I; such that

lw] = |lm:(w)|| < €/3, for ¢ > I;. By (3.4) there exists K; such that ||mp, (vg) —
T (w)| < €/3, for k > Kj. Also, there exists K, such that ||lvg| — |wll| < €/3, if
k > K,. Set K = max(K, K3).

From (3.5), with ¢ = I, we get ||lvk|| — |71, (vk)|| <, for all kK > K. Since, |lvg| —
|l;(vk)|| is a nonnegative decreasing function of 4, this implies, |lvg|| — ||m:(vi)|| <€,
foralli > I, k> K.

Finally, there exists I5 such that ||vg| —||7i(vk)|| < eforalls > I, k=1,...,K-1,
Thus, if ¢ > max (I, I2) then ||vg| — ||m:(vk)]| < e, for all k.

Conversely, suppose the convergence ||7;(vg)|| — ||vk|| is uniform in k. Given € > 0,
there exists I such that ||vg| — ||mi(ve)|| < €/3, for i > I and all k. Also, there exists
I such that ||w|| — ||mi(w)|| < €/3, for i > I;. Set I' = max(I,I;). By (3.4), there
exists K such that |7 (vi) — 7 (w)|| < €/3.

From (3.5), with i = I', we get |||vg| — |lw[|| <, for all k > K. O

4. A variant of the Determining Property

In this section we discuss a variant of the Determining Property, which was in-
troduced in [5] (with a different name). A compactness argument implies that it is
equivalent to Definition 1.3, see Proposition 4.6.

For the remainder of this section, we fix a standard inverse system {(W;,6;)} and
a closed subspace V' C lim W;. ‘

Definition 4.1. — A positive nonincreasing finite sequence 1 > p; > -+ > py is
e-determining if for any pair v,v’ € V, the conditions

42) vl = lm@l <pi-lvl, W)= lm@)] <pi- ], 1<i<N,
and

(4.3) I (v) = 7 ()| < N™1 - max(flolf, [[0']]),

imply

(4.4) lv = 'l < € max([[o]], [v]]) -

Observe that by dividing by max(||v||, ||v’|]), it suffices to consider pairs v, v’ for which
max({lv]], [[v']]) = 1.
This leads to the alternate definition of the Determining Property:
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Definition 4.5. — The pair (lim W;, V') has the Determining Property if for every € > 0
and every infinite nonincreasing sequence
1>p > >p >

with p; — 0, some finite initial segment p; > --- > py is e-determining.

Proposition 4.6. — The pair (im W;, V) satisfies Definition 1.3 if and only if it
satisfies Definition 4.5.

Proof. — First we show that the property in Definition 4.5 implies the property in
Definition 1.3. So assume that the sequence {||vk||} is bounded and the convergence,
|i(vk)|| = ||vkl| is uniform in k.

Suppose that there exists a sequence, a positive sequence, p; \ 0, such that |jvg| —
|lms(vi)|| < pi- By applying the condition in Definition 4.5 to this sequence and using
convergence in the inverse limit topology together with (4.3) it is clear from (4.4) that
we obtain strong convergence.

Without loss of essential loss of generality, we can assume ||vg|| < 1 for all k. Since
the convergence, ||7;(vx)|| — ||vk]| is uniform in k, it follows that there exists a strictly

increasing sequence, N1 < N < ..., such that for all k, we have
1
loell = llmav, (o)l < 5 -
Then ||vg|| — ||m:(vk)|| < pi, for the sequence, p; given by

1 .
pi=5 (Ne <4 < Ngya).
Conversely, suppose that the property in Definition 1.3 holds, but not the property
in Definition 4.5. Then for some decreasing sequence {p;} C (0,00) with p; — 0, and
some € > 0, there are sequences {vg}, {vi,} C V, such that for all k¥ < oo,

(4.7) loll, loxll < 1,

(4.8) max ([[vell — llms(vi)ll, vkl = Imi(up)ll) < pi for 1 <i <k,
1

(4.9) i (o) = ma(wi)ll <

(4.10) lvx — vi]| > €.

By the Banach-Alaoglu theorem, we can pass to weak®* convergent subsequences,
with respective limits v, and v . From (4.9), it follows that ve, = v).

It follows from (4.7), (4.8), that the sequences, |vk||, ||vll, are bounded and the
convergence ||7;(ve)|| = llvll, [|m:(vi)|| = ||vi]l is uniform in k. Since we assume the
property in Definition 1.3, it follows vy — Voo, ¥}, — UL, is actually strong. Since,
Voo = V., this contradicts (4.10). O

We remark that proof of the implication Definition 1.3 = Definition 4.5 is similar
to the proof of Proposition 3.11 in [5].
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5. GFDA versus ANP

We conclude with some remarks about the relation between the ANP and GFDA’s;
see the introduction and [5].

Suppose Y is a separable Banach space and (Y*,V) has the ANP. By Lemma
2.10, we may realize Y* — up to isometry — as the inverse limit of a quotient system
{(Wi,6:)}.

Viewing V' as a subspace of 1331 W;, one might be tempted to modify the inverse
system to produce a GFDA of V. For instance, one could restrict the projection maps
m; : limW; — Wj to V, and replace W; with m;(V) C W;. However, the resulting

maps TI'jIV : V. — 7;(V) will usually not be quotient maps. One could also try
renorming the spaces 7;(V)) C W; so that the restrictions =; lv 1V — m;(V) become
quotient maps. This will typically destroy the Determining Property, however. In
any case, V will not admit any GFDA unless it is a separable dual space, whereas
many Banach spaces with the RNP are not separable dual spaces.

In fact, there are seperable spaces with the RNP which are not isomorphic sub-
spaces of dual spaces with the RNP; see [13], [2]; compare also [3]. We are indebted
to the referee for providing these references.
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Abstract. — This paper presents recent research findings on the connection between
test configuration and geodesic ray in Kahler metric space. The purpose was to gain
insight on the degeneration of Kéhler metrics along geodesic rays. A result associating
every smooth test configuration a C1'! geodesic ray is proved and exemplified with
toric degenerations. Furthermore, we show that the ¥ invariant agrees with Futaki
invariant, thus acts as a good substitute in general C1:! geodesic rays without a
background test configuration. Based on the assumption of simple test configuration,
we extend Donaldson’s correspondence between solutions of Monge-Ampére equation
and holomorphic discs. Results indicate that Chen and Tian’s analysis on Monge-
Ampeére equation via holomoprhic discs could apply in simple test configuration.

Résumé (Configuration de test et rayons géodésiques). — Cet article présente les derniéres
découvertes sur la connexion entre la configuration de test et les rayons géodésiques
dans les espaces métriques kahleriens. Un résultat qui associe & chaque configuration
de test lisse un C1:1-rayon géodésique est démontré, et nous fournissons des exemples
avec des dégénérations toriques. D’autre part, nous montrons que 'invariant ¥ s’ac-
corde avec celui de Futaki, et forme ainsi un bon substitut dans le cas de C''+1-rayons
géodésiques généraux sans configuration de test. En nous basant sur I’hypothése d’une
configuration de test simple, nous étendons la correspondance de Donaldson entre les
solution de ’équation de Monge-Ampeére et les disques holomorphes. Les résultats
indiquent que ’analyse de Chen et Tian sur ’équation de Monge-Ampere par le biais
des disques holomorphes pourrait s’applique dans les configurations de test simples.

1. Introduction
The purpose of this paper is to explore the connection between geodesic rays in

the space of Kéhler metrics and test configurations in algebraic manifold [15]. This
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Key words and phrases. — Monge-Ampére equation, test configuration, geodesic ray, Futaki invariant,
¥ invariant, toric degeneration.
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is a continuation of [9] in some aspects. In [7], the first named author and E. Calabi
proved that the space of Kihler potentials is a non-positive curved space in the sense
of Alexanderov. As a consequence, they proved that for any given geodesic ray and
any given K&hler potential outside of the given ray, there always exists a geodesic ray
in the sense of metric distance (L? in the Kihler potentials) which initiates from the
given Kihler potential and parallel to the initial geodesic ray. The initial geodesic
ray, plays the role of prescribing an asymptotic direction for the new geodesic ray out
of any other Kéahler potential. When the initial geodesic ray is smooth and is tamed
by a bounded ambient geometry, the first named author [9] proved the existence of
relative C1'! geodesic ray from any initial Kihler potential. (These definitions can be
found in Section 2.) Similarly, as remarked in [9], a test configuration should play a
similar role. One would like to know if it induces a relative C1'! geodesic ray from any
other Kéhler potential in the direction of test configuration. In [3], Arezzo and Tian
proved a surprising result that for a smooth test configuration with analytic (smooth)
central fiber, there always exists a general fiber sufficiently closed to the central fiber,
such that there exists a smooth geodesic ray initiated from that fiber metric, and be
asymptotically closed to the test configuration (or approximating to some analytic
metric in the central fiber). A natural question, motivated by Arezzo-Tian’s work, is
if there exists a relative geodesic ray from arbitrary initial Kahler metric which also
reflects the same geometry (i.e., degenerations) of the underlying test configuration.
In section 3, we prove

Theorem 1.1. — FEvery smooth test configuration induces a relative C*' geodesic ray
from any Kdihler potential in the given class. )

Test configurations can be viewed as algebraic rays, which are geodesics in a finite
dimensional subspace( with new metric) of space of Kihler metrics. The geodesic rays
induced by a test configuration are the rays parallel to the algebraic ray. They auto-
matically have bounded ambient geometry introduced by the first named author [9].

Theorem 1.2. — For simple test configuration ®, if the induced geodesic ray is smooth
regular®, then the generalized Futaki invariant agrees with the ¥ invariant®.

In 1982, E. Calabi asked if there always exists an extremal Kéhler metric in every
Kibhler class [5]. This is a very ambitious conjecture which includes his famous con-
jecture on Kihler Einstein metric ( when the first Chern class has a definite sign) as

(1) Following ideas of [9], the smooth assumption can be reduced to a lower bound of the Riemannian
curvature of the total space.

() Definition 2.3.

(3 Definition 2.1, it is also equivalent to Definition 6.2 in this case.

(4) The ¥ invariant is defined by the first named author [9].
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a special case. It was soon pointed out by Levine [19] that Calabi’s conjecture can
not hold for general Kihler class. However, it is understood among the experts that,
with some modification, Calabi’s conjecture might hold for general Kéhler manifolds.
Unfortunately, it is truely subtle and elusive to search/fromulate a correct statement
regarding the existence of constant scalar curvature Kéhler (cscK) metrics.

The generalized Futaki invariant or algebraic Futaki invariant is an algebraic no-
tion which relates to the stability of projective manifolds. In the late 1990s, S. T.
Yau conjectured that the existence of Kéhler Einstein metrics in Fano manifolds is
equivalent to some form of Stability of the underlying polarized Kéhler class. Even
though what stability notion to use is also part of puzzle, this is indeed a fundamental
conjecture with respect to Kahler Einstein metrics. According to G. Tian [34] and
Donaldson [12], this equivalence relation should be extended to include the case of
the constant scalar curvature (cscK) metric in a general Kédhler class. In [34] , G.
Tian introduced the notion of K-Stability and in the same paper, he proved that the
existence of KE metric implies weak K stability. In [13], Donaldson proved that, in
algebraic manifold with discrete automorphism group, the existence of cscK metrics
implies that the underlying Kéahler class is Chow-Stable. In this paper, Donaldson
actually formulated a new version (but equivalent) of K-Stability in terms of weights
of Hilbert points. In Kéhler toric varieties, the existence of cscK metrics implies that
the underlying K#hler class is Semi-K stable [15]. Now it is a well-known conjec-
ture that the existence of constant scalar curvature metrics, is equivalent to the K
stability of the underlying complex polarization ( the so called “Yau-Tian-Donaldson
conjecture”).

In [9], the first named author used the ¥ invariant to define geodesic stability.
Theorem 1.2 states that geodesic stability in the algebraic manifold, is a proper gen-
eralization of K stability, at least conceptually. The first named author believes that
the existence of KE metrics is equivalent to the geodesic stability introduced in [9].
Note that the geodesic stability introduced in [9] is a mild modification of a similar
concept of S. K. Donaldson [12].

The Yau-Tian-Donaldson conjecture is a central problem in Kéhler geometry now.
Through the hard work of many mathematicians, we now know more about one di-
rection ( from existence to stability), cf. Tian [34], Donaldson [16] , Mabuchi [22],
Paul-Tian [23], Phong-Sturm [24], Chen-Tian [10]... But on the direction from al-
gebraic stability to existence, few progress has been made though. However, in toric
manifolds, there has been special results of Donaldson [15] and Zhou-Zhu [37].

There is a recent intriguing work by V.Apostolov, D.Calderbank, P.Gauduchon and
C.W.Tonnesen-Friedman [2]. They constructed an example which is suspected to be
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algebraically K stable %), but admits no extremal Kihler metric. Perhaps one might
speculate that, the geodesic stability aforementioned is one of the possible alternatives
since it appears to be stronger than K stability and it is a non algebraic notion in
nature.

The converse to Theorem 1.1 is widely open. In other words, it is hard to com-
pactify a geodesic ray. The rays induced by any test configuration is very special in
many aspects. For instance, generally speaking, the foliation of a smooth geodesic
ray is a family of open strips which cover the base punctured disc. However, for the
smooth geodesic rays induced from a test configurations, the strips always close up
as punctured disc, or we may say that, the orbits are periodic. Unfortunately, hav-
ing a periodic orbit does not appear to be enough to construct a test configuration.
It would be a very intriguing problem to find a sufficient condition so that we can
“construct” a test configuration out of a “good” geodesic ray.

Question A. — Is there a canonical method to construct some test configura-
tion/algebraic ray such that it reflects the same degeneration of a geodesic ray?
What is natural geometric conditions on the “good” geodesic ray?

Our second main result is to establish the correspondence between smooth regular
solutions of Homogeneous complex Monge-Ampere equation (HCMA) on simple test
configurations and some family of holomorphic discs in an ambient space W which
will be explicitly constructed. We prove, in section 5:

Theorem 1.3. — There is a one to one correspondence between smooth regular solu-
tions of HCMA on simple test configuration M and families of holomorphic discs in
W with proper boundary condition. ()

Note that in the case of disc, S. K. Donaldson [14] and S. Semmes [30] established
first such a correspondence between the regularity of the solution of the HCMA equa-
tion and the smoothness of the moduli space of holomorphic discs whose boundary lies
in some totally real sub-manifold. The theorem above is a generalization of Donald-
son’s result. Following this point of view, the regularity of the solution is essentially
the same as the smoothness of the moduli space of these holomorphic discs under
perturbation. As in [14], we proved the openness of smooth regular solutions in
Section 6.

Theorem 1.4. — Let p(t) be a smooth regular geodesic ray induced by a simple test
configuration. Then there exists a parallel smooth regular geodesic ray for any initial
point sufficiently close to p(0) in C* sense.

(%) Generalized K stable for extremal Kshler metrics, cf. [32].
() In a followup work, we expect to extend this to all smooth test configurations.
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An immediate corollary is that the smooth geodesic ray constructed by Arezzo-
Tian is open for small deformation of the initial Kdhler potential. One may wonder
what about the closeness of these solutions? Note that the first named author and
Tian [10] studied the compactness of these holomorphic discs in the disc setting and
we believe that the technique of [10] can be extended over here.

In Section 7, as a special case, we explore the geodesic rays induced by toric de-
generations [15]. In particular, we found plenty of geodesic rays whose regularity is
at most C1! globally. We prove:

Theorem 1.5. — The geodesic ray induced by a toric degeneration has the initial di-
rection equal to the extremal function in the polytope representation.

More interestingly, we can write down the geodesic ray explicitly in polytope repre-
sentation. Thus, the various invariants and energies can be calculated explicitly. This
should have general interest since there are very few non-trivial examples of geodesic
segments or rays in the literature.

Acknowledgments. — Both authors are grateful to G. Tian for many insightful
discussions. The first named author is grateful to S. K. Donaldson for many discus-
sions in this subject.

The first named author has been lecturing on these theorems since spring of 2007.
In particular, he lectured in a week long conference on geometric analysis (June 17-22,
2007) held at Luminy, France.

When we are ready to post our paper, the authors noticed Phong-Sturm’s work [27]
which overlaps with our theorem 1.1.

2. Preliminary

2.1. Geodesic rays in Kihler potential space. — Let (M,w,J) be a com-
pact Kahler manifold of complex dimension n. This means J is an integrable com-
plex structure and the symplectic form w is compatible with J. In another word,
w(J-,J) =w(,), and g = w(-, J*) is a metric.

In local complex coordinates zo, = Zo + Yq, denote the metric ¢ = w(-,J-) by
9apdz* ® d2P. Then 9aj is the complexification of the real metric g;;.

By definition, w = @ 9apgdz® A dzP. Let
(1) H={¢eC°°(M):ga5+i2¢—>0}.

8zaaz5

It follows from the A0 lemma that H is the moduli space of all Kéhler metrics in the
class [w].
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'H is an infinite dimensional manifold with formal tangent space TH, = C*>°(M).
T. Mabuchi [21] defined a metric as the following: Let ¢1, 2 € THy.

@ <9102 >up= /¢1¢2dﬂ /<i51<l'>—jl /¢1¢M

This metric was also defined in S. Semmes [29] and S.K. Donaldson [12]. Under this
metric, the geodesic equation for curve ¢(t) € H is the following:

3) 6 - 957 dads = 0.

It is just the Euler-Lagrange equation of the energy E(¢ fo [ 22 S gt According
to Semmes [29], the geodesic equation can be transferred into a Complex Monge-
Ampere equation: Let ¥ = [0, 1] x S*, a Riemann surface. Now ¢ is originally defined
for t € [0,1]. Extend ¢ to be S! invariant function on ¥. Let z = ¢ + is be complex
coordinate of X, {w,,1 < a < n} be a local coordinates on M. Then the geodesic
equation is transformed into

(4) det( 9ap T Pap Pz ) _o.
¢zﬁ ¢zE

In another word, it is (Q + i094)"*! = 0 on M x ¥, where Q = 7*w is the pull back
of w by the projection 7 : M x ¥ — M.

A geodesic segment connecting two points ¢g and ¢; is the solution of the following
Drichelet boundary value problem.

(5) det( 9ap + Pap  Goz ) = 0on MxZ,
¢zﬁ ¢22
(6) ¢ = o on M x0x S,
(7 $ = ¢ on Mx1xS8
Definition 2.1. — Smooth regular solution: We call ¢ a smooth regular solution (some-

times smooth solution for simplicity) of the Monge-Ampere equation, if ¢ is smooth
and if g,5 + ¢o3 > 0 hold on all fibers.

In [8], The first named author proved the existence of a C!'! solution to above
equation. He used the continuity method to solve det = €f equation, and proved the
following: For every e > 0, there is a unique smooth solution ¢, with [00¢.| < C. The
C only depends on the background metric and the manifold. In fact, his proof works
for Monge-Ampeére equation on general compact complex manifold with boundary.
He also proved the uniqueness of the limit when ¢ — 0. Notice that the uniqueness
is expected since H is negatively curved space. T. Mabuchi [21], S. Semmes [29]
and Donaldson [12] showed that H is negatively curved in formal sense and later,
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the first named author and Calabi [7] proved it is negatively curved in the sense of
Alexanderov.

The regularity beyond C':! is missing. Our example in section 7 shows a solution
with no global C® bound. A similar setup [14] to the geodesic equation is concerned
Monge-Ampere equation on M x D instead of M x (I x S*). In that setup, Donaldson
showed that there exists boundary value such that there is no smooth regular solution.
In this direction, a deep analytic result is [10]. The first named author and Tian
characterized the singularity in detail by analyzing the holomorphic discs associated
to a solution.

In the geodesic ray case, the equation holds on M x [0, 00) x S! instead of M x I x S*.
By changing variable: z = e~ (1) the strip [0,00) x ST goes to a punctured disc.
The equation becomes (Q2+i09¢)"+! = 0 on M x (D —0). The well posed question for
geodesic ray is a “starting potential”, as well as prescribing an “asymptotic direction.”
This “asymptotic direction” is usually given by either a known geodesic ray with
bounded geometry or a smooth test configuration. In [9], we study the existence of
geodesic ray with given geodesic ray as “asymptotic direction.” Part of the goal of this
paper is to established the existence result with respect to test configuration and to
explore the relation of geodesic rays with test configurations.

2.2. Test configuration and equivariant embedding. — Test configuration
is defined first by Donaldson [15]. He used test configurations to study the relation
between stability of projective manifolds and the existence of extremal K&hler metrics.
Test configuration is parallel to the notion “special degeneration” introduced by Tian
[34] earlier. Both notions describe a certain degeneration of Kahler manifolds. As
discussed already in [12], the geodesic ray represents also degeneration of Kahler
metrics. Therefore, it is natural to relate these notions together.
Following Donaldson’s definition,

Definition 2.2. — Let L — M be an ample line bundle over a compact complex man-
ifold. A test configuration M consists of:

1. a scheme M with a C*—action.

2. a C*—equivariant line bundle £ — M.

3. a flat C*—equivariant map m : M — C, where C* acts on C by multiplication.
Any fiber M; = n~1(t) for t # 0 is isomorphic to M. The pair (L", M) is
isomorphic to (L|as,, M;) for some r > 0, in particular, (L", M) = (L1, M1).

Test configuration is more explicit in the view of equivariant embedding [28].
Without loss of generality, assume » = 1. For large k, £¥ — M — C can be
embedded into O(1) — PN x C — C equi-variantly. It means there is a C* ac-
tion on O(1) — PN x C — C, which restricts to the C* action of the embedded
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LF — M — C. In fact, the embedding of each fiber M; is just the Kodaira embed-
ding by the linear system H°(M;, £*|,). Moreover, one can make the S! action on
O(1) —» PN x C — C unitary.

In the rest of the paper, we always treat test configurations as equi-variantly em-
bedded with r = 1,k = 1. Therefore, we work on a subspace of PV x C. Also,
in geodesic ray problem, there is no loss of generality to only look at truncated test
configuration M — D.

At last, we define a special kind of test configuration.

Definition 2.3. — Simple test configuration: A test configuration M C PN x D is
called simple if the total space is smooth (M is a smooth sub-manifold of PV x D)
and the projection 7 : M — D is submersion everywhere.

By definition, the central fiber of a simple test configuration is automatically
smooth.

3. Relative C!'! geodesic ray from smooth test configuration

3.1. Existence. — As mentioned before, test configuration represents some degen-
eration of a Kéhler manifold along a C* action. Geodesic ray represents a degeneration
of Kahler metrics along a punctured disc. So it is natural to relate the truncated test
configuration to a geodesic ray. We have the following theorem:

Theorem 3.1. — A smooth truncated test configuration M — D induces a relative
CY! geodesic ray from any given initial point p € H.

The existence is a direct application of the first named author’s result [8]. The key
ingredient of this theorem is the boundary estimate in [8]. For Homogenous complex
Monge-Ampere equation, there is an extensive literature in the subject (cf. [4], [18],
[35]...).

At present, we assume that the total space of the test configuration is smooth. We
expect that these results can be extended to singular test configurations accordingly.
For instance, in [9], the first named author took another approach to construct the
geodesic ray. Using techniques in [9], the smoothness condition here can be reduced
to a uniform lower bound of the Riemannian curvature of the total space.

Proof. — Consider a smooth test configuration over a disc: (L - M — D) —
(O(1) — PN x D — D). Assume the total space is smooth. i.e, M C PN x D is
smooth. Let © be the Fubini-study metric on PY x D. Actually, it means the pull
back of Fubini-study metric on PV by projection: PN x D — PN,
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Now solve the equation

(8) (Q+vV~=1004%)"* = 0 on M,
9) ¥ = 0 on OM.

According to [8], this equation has a C1! solution (it is not exactly the same situation
as in [8], but the techniques are the same). The following shows that: This solution
corresponds to a geodesic ray in the Kéhler class ¢;(L).

The C* action on M induces a biholomorphic map ¢ : (L, M;) x (D —0) —
(L, M) — My. Now i maps (e,z,2) € (L1,M;) x (D —0) to zo (e,z,1) C (L,M). zo
is the C* action of test configuration, and (e,z,1) € (L1, M;). The map 7 pulls the
equation to

(10) (@*Q + V=188i*)" ! = 0.

on M; x (D — 0), with boundary condition i*¢) = 0 on M; x S*.
Let w = Q|p,, and 7 : My X (D — 0) — M; be the projection, then

Proposition 3.2. — i*Q = *w + /—100n for some smooth function 7.

Proof — Let h be the Fubini-Study hermitian metric on O(1) — PN. So Q =
—/—180logh and i*Q = —y/—100logi*h. Note 7*w = —/—180loghy. h, is the
pull back of the hermitian metric on line bundle L; — M; by trivial projection
7t (L1, My)x(D—0) — (L1, M;). Soi*Q = n*w++/—180log 22- and n = log 2. O

%

Proposition 3.3. — ¢ = n+ i*y is a geodesic ray.

Proof. — We have shown (7*w + v/—189¢)"*! = 0 on M x (D — 0). It remains to
show the S! invariance of ¢. First, we check the S' invariance of . By assumption,
S! action on O(1) — P¥ x C is unitary. So the h is preserved by S! action. This
immediately implies that 7 = log & is S' invariant. Now we check ¢. 7 is S
invariant because the boundary condition ¢ = 0 is S* invariant, and the uniqueness of
Monge-Ampére solution. In another word, for the unique solution, the S! symmetric
on the boundary will force the S' symmetry in the interior. Now both 7 and v are
S invariant, so is ¢. 0

Back to the proof of the theorem 3.1: At this moment, we have associated a
relative C1'! geodesic ray to the test configuration. The ray starts from a fixed point
p, because we solved the equation with boundary condition ¥ = 0. However, for
another arbitrary point g, one can go back to the equation 8, solve ¥ = 1y on OM
and obtain the relative C1'! ray from q. 1), is the S' extension of the potential
difference between ¢ and p. O
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In [3], Arezzo and Tian constructed an analytic geodesic ray from a test configura-
tion when the central fiber is analytic. Such test configurations in [3] are simple test
configuration (cf. Defi. 2.3). Using the openness Theorem 6.5, we know that there
are smooth geodesic rays near the ray they constructed.

When the test configuration is simple (cf. Defi. 2.3), one may expect some better
regularity of the induced geodesic ray. Using the correspondence in section 5, the
techniques developed by the first named author and Tian in [10] would apply. We
expect a similar regularity result here: For any boundary condition ¢ € C*?, there
exists nearby perturbation ¢, |¢e — @|ck.« < €, such that the HCMA with boundary
value ¢, has a almost smooth solution (7). When the test configuration is not simple,
bad regularity may appear, maybe due to lack of the correspondence in section 5.
For example, in the case of toric degenerations: The total space is smooth when the
total polytope is delzant, but the central fiber is never smooth. The geodesic ray
is piece wise smooth and has no global C? bound. The singularity set on polytope
representation has real codimension 1.

Back to the question raised in the introduction: given a geodesic ray, how to
construct a test configuration which represents the same degeneration? Donaldson’s
construction of toric degenerations [15] is very inspiring: He chose piecewise linear
functions to approximate an arbitrary direction. A piecewise linear function can lead
to a well defined test configuration. In principle, one might view the degenerations
represented by a test configuration are dense in all possible geometrical degenerations.
Donaldson’s construction suggests a way to choose a good approximation, which re-
flects the same character of degeneration.

3.2. Special cases: geodesic line and Toric variety. — One example of geodesic
ray is the geodesic line generated by a holomorphic vector field. Let M be a Kéh-
ler manifold with Kéahler form w. Let X be a holomorphic vector field such that:
X=f ""3% for some real potential f. It is well known that Im(X) is killing vector
field. Let o(t) be the flow generated by Re(X) = V,,f. Then, the 1-parameter family
wp(t) = 0(t)*w is a geodesic line, t € (—o0, 00).

Nontrivial example of geodesic rays can be explicitly constructed in toric varieties.
For a toric variety, there is an associated polytope. More specifically, there is a
biholomorphic map f : M° = C"/2miZ™ — P° x T™. Here M° is an open dense
subset of M where the toric action is free. P is a polytope in R™ satisfying Delzant
conditions. Represent a toric-invariant Kéhler metric as w|pro = i00f, then there is
a map f from

C”/2m’Z"—>P°><T", V(u,v)e(ng—i,yzv),

(") For definition of almost smooth solution, see the first named author and Tian [10].
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Under this map , the Kéhler form w is translated into dz A dy. The complex structure
is translated into

0 G
(m (29

where

(G)=(——§29—) and g(w)+f(u)=2z-u~ at x:ﬁ
“ 0z;0z; /)’ L ou’
In another word, in the symplectic chart, the complex structure has a potential g.
This transformation is really helpful for the geodesic equation. The geodesic equa-
tion, in the polytope representation, is linear for complex structure potential g(¢). In

other words,

(12) §(t) = 0.

This immediately implies the existence of smooth geodesics segment connecting any
two toric metrics. It is just the linear interpolation of the two end potentials.

4. Connection between algebraic notions and geometric notions

4.1. Algebraic ray and geodesic ray. — Test configurations can be viewed as
algebraic rays. The induced geodesic rays are parallel to the algebraic ray.

Definition 4.1. — Two rays p;(t) and po(t) in the space of Kahler metrics are called
parallel if p;(t) — p2(t) is uniformly bounded.

The equality ¢ = n+14i*y can be interpreted geometrically. 7 represents the degen-
eration of the metric from the algebraic C* action. v is the difference between the
algebraic ray and the differential geometric ray. Notice that ¢ is C1'! bounded. We
will elaborate above statement in the following:

Recall that (L, M) = (L1, M;) — (O(1), PV) is embedding. The group GL(N +
1,C) acts on (O(1), PY). If one looks at the dual bundle of O(1) (i.e. the universal
bundle {(e,z) € CN*T!x PN : e = Az}), the action is simply A(e,z) = (Ae, Az),V A €
GL(N + 1,C). The natural dual map between O(1) and universal bundle passes the
action from one to the other.

Consequently, the action acts on the Hermitian metric of O(1), thus on its cur-
vature. The following lemma shows that this action preserves the positivity of the
Hermitian curvature.

Lemma 4.2. — Let A€ GL(N +1,C) and h be the Fubini-Study hermitian metric on
O(1). Then, —iddlog A*h > 0.
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Proof. — 1t suffices to prove that the action preserves the negativity of curvature
on the universal bundle. Under the action A, the metric of e = (X, X1,..., XN) €
O(-1) changes into ||Ae||? from standard Fubini-Study metric ||e||?. Notice that the
action A"UA for U € U(N + 1) is transitive on PN and this action preserves A*h.
Thus, one only need to show the negativity at one point. Let’s consider the point
p=A"1(1,0,...,0), and e = (Xo, ..., Xi—1,1, Xi41..., Xn). At this point p, we have

n
(13) — V=180log || Ae|]> = —V/=1) > AjAjdX AdX).
j=1k,l#i
To show the positivity, it suffices to show that the null space of the matrix A;x,j #
1,k # i must be empty. If v = (g, ..., ¥—1,;+1,...an) is a null vector, then the
vector Av® must be of form (¢ # 0,0,0,...,0), because of non-singularity of A. By
scaling ¢ = 1, A will map two vectors to (1,0, ...,0), which is a contradiction. O

As a consequence, the GL(N + 1,C) action induces a finite dimensional subspace
Hny C H. Note that Hy consists of those metrics obtained by the GL(N + 1,C)
action.

The space Hy is a symmetric space. Its dual is the unitary group U(N + 1).
Under the natural metric of symmetric spaces, the C* action (as a 1-parameter family
of metrics) is a geodesic ray in Hy. It is interesting to consider the limit of these
algebraic rays when one raises the dimension of ambient space P (we can raise the
power k of £* and do Kodaira embedding, then pull the ray back to the class ¢; (L)
by dividing out the scalar k). First, it is easy to derive that all the embedding induces
the same geometric geodesic ray.

Lemma 4.3. — Different embedding of a test configuration into projective spaces in-
duce the same geodesic ray provided the rays start at the same point.

Proof. — By different embedding, one essentially raises the power k of £LF — M — D
first. Then, we use sections of H(M, £*) to embed £*¥ — M into O(1) — PN x D.
The Fubini-Study metric naturally induces a metric on £*, which has curvature in
class ke; (£). To get a geodesic ray in the Kahler class c; (L), one takes the k-th root of
the Fubini metric on £* to get a Hermitian metric hy on L. Notice that log %ﬁ is the
potential difference of the background metric Q2 and €2,,. When we solve the Monge-
Ampere equation, by uniqueness of the solution, the potential difference log —% goes
into the difference between the C1! solutions ¢ and ¢,, such that the ray potential
Mk + 1" = N + " Ppn. O

As k — oo, it is expected that these algebraic rays converge to some geometric
geodesic rays. This is a natural extension of the classical problem: Use Bergman
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metrics to approximate a given Kéhler metric. There is extensive literature on this
topic, c.f. Tian [33], Zelditch [36], Lu [20], Phong-Sturm [25] and Song [31].

4.2. Bounded ambient geometry and test configuration. — In [9], the first
named author introduced the notion of “bounded ambient geometry” to study geodesic
rays. Briefly speaking, a geodesic ray is called to have bounded ambient geometry if
the following holds: There exists a metric § on M x S* x [0, 00) such that the ray has
a C11 relative potential under §, and § has uniformly bounded curvature.

The geodesic ray induced by a smooth test configuration always has bounded am-
bient geometry. To see this, one restricts the metric Q + idz A dz to the punctured
part M — M,. Since Q + idz A dZ has bounded geometry on M, the restriction
clearly has bounded geometry. The punctured part is holomorphically identified with
M x S' x [0,00). Thus the ray has bounded ambient geometry. Actually, it is a
stronger version of bounded ambient geometry since the metric § on M x S* x [0, 00)
can be compactified into a fibration over a disc. In general, this is not necessarily
true.

In [9], it is proved that: Let p(t) be a geodesic ray with bounded ambient geometry,
then for any other potential ¢o, there is a unique relative C1'! geodesic ray starting
from ¢ and parallel to p(t). Alternatively, we can use this to derive the existence of
geodesic rays, based on the algebraic ray.

4.3. Futaki invariant, ¥ invariant and geodesic stability. — The classical
definition of Futaki invariant is the following: Let M be a Ké&hler manifold with
Kéhler metric w. Let X be a holomorphic vector field on M. Let h be the solution
of Ah = R — R. Futaki invariant is a linear functional: F(X) = [,, X(h)w™. The
definition is independent with the metric w chosen in a fixed class. In particular, when
X =[50, F(X) = [y *hew™ = [y, f(R— R)w™

Ding and Tian [11] generalized the Futaki invariant to a class of singular varieties.
Briefly speaking, they embed the variety into a projective space PV, and consider
the restriction of ambient holomorphic vector fields tangent to the variety on regular
points. Also they consider the restriction of ambient Fubini-study metric w and define

Futaki invariant in similar fashion.

In test configuration, Donaldson’s algebraic definition of Futaki invariant is: Let
L - M — D be a test configuration. Consider the C* action on the central fiber
Ly — My, and its powers L’g — Mpy. Let di, = dim Hy, = dim H°(My; Lg) and wy, be
the weight of the C* action on highest exterior power of Hy. Then F(k) = wy/kdy
has an expansion

(14) Flk)=Fo+Fik '+ Fk™2 + ...
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The coefficient F; is called the Futaki invariant of the C* action on (Lo, Mjp). He
proved that if the central fiber is smooth, then the algebraic Futaki invariant agrees
with the classical Futaki invariant.

Using Futaki invariant, Donaldson defined stability. A pair (L, M) is K-stable if:
For each test configuration for (L, M) (i.e, (L1, M) = (L, M)), the Futaki invariant
of the C* action on (Lg, Mp) is less than or equal to zero, and the equality only occurs
when the configuration is a product configuration.

This algebraic definition agrees with an early geometric definition of K-stability
by Ding and Tian. In [11], they used a C* action of PN to obtain the limit of the
varieties M, then studied the Futaki invariant of the limiting variety M. The spirit
is similar to Donaldson’s setup of test configuration.

Notice that in test configuration, the stability is to check the Futaki invariant of
the central fiber. However, one would like to have some criterion that doesn’t need a
specific central fiber. Just as the bounded ambient geometry only concerns behavior
before reaching the limit, the ¥ invariant is a nice notion parallel to Futaki invariant
and doesn’t need a specific central fiber.

Definition 4.4. — [9] For a smooth geodesic ray p(t), ¥ invariant is defined to be
Op
(15) - tl—lglo d_ t—»oo / R R
The K-engery is convex along geodesics. So ¢ — is monotone and the limit exists

(either it is positive co or a finite number).

The first named author defined the notion of geodesic stability by ¥ invariant: M
is weakly geodesically stable if every geodesic ray has nonnegative ¥ invariant. M
is geodesically stable if every geodesic ray has positive ¥ invariant. Conceptually,
this is parallel to K-stability for test configurations. However, geodesic rays represent
all possible geometrical degenerations. Therefore, it would not be a total surprise if
geodesic rays detect some instabilities that test configuration method can’t detect.

To clarify this analogy further, we prove the following.

Theorem 4.5. — For simple test configuration, if the induced geodesic ray is smooth
reqular, then ¥ invariant agrees with Futaki invariant ®),

Proof. — By definition of simple test configuration, the central fiber is smooth. Fol-
lowing [15], the algebraic Futaki invariant is exactly the classical Futaki-invariant
applying to holomorphic vector field (induced by the C* action) in the central fiber.

Denote the associated HCMA on M by (Q+3i00¢)"*! = 0, ¢ is the smooth regular
solution. Let w, be the restriction of Q4 i8¢ on My. The S! action of the C* action

(8) It is the same up to a sign.
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is a Hamiltonian action on My. Let f be the hamiltonian potential. In another word,
df = i,w., where v is the S action vector field. The Futaki-invariant of the C* action
is

(16) v= [ $@- R,

Now we look at ¥ = limy_,oo [ %‘tg(ﬂ - R)w.

The C* action induces a diffeomorphism i : M — My — M x [0,00) x S*. Identify
M x [0,00) x S with M — M this way, then
17) tlivngo i*wp = we, tli»nolo i*R, = R,,.

So it suffices to show,

(18) tlg& i*% = —f + const.

The assumption ¢ is smooth regular means (24i39¢)|pr, > 0 for all fiber M, C M.
So it induces a smooth foliation F' by holomorphic discs on M. () Translate into
M x [0,00) x S, i, F is a foliation by holomorphic punctured discs. i,F in turns
induces an S* action on M x [0,00) x S, which is moving along the leaf of i, F' in S*
direction. By identifying the fiber M; with Mg (|0 = 1) trivially in M x [0, 00) x S,
the S! action is Hamiltonian action with hamiltonian %%, under the symplectic form
w,. In M x [0,00) x S1, notice that the identification between M, and My preserves
the symplectic form since w,|p, = wp|m,, for [0] = 1.

Translate this into the context of M, we have: If we identify the fiber M; with
M, in M, via the S* action of the C* action, then the S* action induced by foliation
F(on M) is hamiltonian action with hamiltonian i*%@, under symplectic form i*w,.
Now we take limit towards the central fiber. Under this limit, the central fiber M,
should be identified with itself via the S! rotation of the C* action. Also, originally,
the S! action induced by F is trivial on My. But, under the identification (which is
distorted in My), the limit S! action should be the reverse of S' action of the C*
action on central fiber.

At last, we can take the limit of i*%%. Because the leaf vector on M x [0, 00) x S?

is % — 95”(5¢)p 0= and

oo (3), (5)
1 TP _gB(22) (Z2) =
19 oz % \ac);\5r), ="

So the %@1 is constant along leaves. Therefore, when passing into M, the i*%f is
constant along leaves of F.. But F is foliation of discs and well defined on the central
fiber, so i* %% converges smoothly as moving towards the central fiber in M. The limit

(9) See 5.2 for foliation induced by smooth regular solution of HCMA.
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of the hamiltonian i*%§ is the hamiltonian of the limiting action. So lim;_, ., 7* % =
—f + const. and the theorem is proved. ]

5. Monge-Ampeére equation on Simple test configurations

Following Donaldson’s idea [14], we want to extend the correspondence in [14] to
the case of Monge-Ampere equation on simple test configurations.

But to explain the background and the motive, we start with a review on Don-
aldson’s result. M is a Kéhler manifold with a given K&hler form w. We solve the
equation (T*w+i00¢)"t! = 0 on M x D with boundary condition ¢ = ¢ on M x 8D.
m is the natural projection to M.

Donaldson and Semmes independently constructed the following manifold W — M.
W is glued by local holomorphic cotangent bundle over M. There exists a lifting of M
into W for every Kahler metric w +i09¢. If one take the lifting of M x D into W x D
by the solution w + i90¢, then one will obtain a family of holomorphic discs. These
discs are the lifting of the foliation induced by the degenerated form 7*w + i90¢.
Conversely, if one has the family, then it can induce a solution to Monge-Ampere
equation. This correspondence is powerful. It relates the regularity of a solution of
HCMA equation to the regularity of moduli space of holomorphic discs in the sense
of Fredholm theory.

The construction of Donaldson and Semmes works for a product manifold like
M x D. However, a test configuration of real interest is not a product space. So the
previous construction would not work here directly. We solve this problem by taking
a new point of view on the old construction: View W x D as a global construction
over M x D. Then we can derive an analogy in non-product case. This viewpoint
might potentially be generalized to other cases.

5.1. Construction of W — M. — Recall a test configuration is simple (Defi. 2.3)
if: The total space M is smooth (M is a smooth sub-manifold of PV x D) and the
projection 7 : M — D is submersion everywhere.

From the definition, any simple test configuration is a fibration over the disc. Each
fiber is smooth because 7 : M — D is submersion everywhere.

Let M be a simple test configuration. We solve (Q + i89¢)"*! = 0 on M. Since
7 : M — D is submersion everywhere, so M is locally product space. To see this
explicitly in the complex coordinates: First, choose a complex coordinate {zo, ..., Zn }
for U C M. The projection z = z(zp, ..., Zn) is holomorphic and ;9‘% # 0 by assump-
tion of submersion. Now one can easily cook up a tuple {z, z;,, ..., z;, } such that the
transition between {2,z;,,...,z;,_ } and {xo, ..., Z,} is non-degenerate. {z, i, , ..., T;, }
is the product holomorphic coordinate we are looking for.
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In the future, such product coordinate is denoted by (2, w) with z € D and w € M,.
Cover M with local product charts U;. On U;, suppose that the Q = i09p;. Write
T* M /T*C over U, by local coordinates (z,w,q). We glue these charts together, and
define the transition between (z,w, q) over U, and (v, z,p) over Ug:

z = v,
w = w(v,z) as defined inM,
__O0z;  O(pg — pa)
(20) g = Dpi B, + gy

One can verify these local charts (z,w,q) glue up to a complex manifold W — M.
Define a form © on each fiber of W — D,

(21) @'Wt = dqi A dwi.

Here © is well defined only on the fiber, so ©|w, is a family of forms.
The real part of © is a symplectic form on W;. So W, is a symplectic manifold and
we can talk about Lagrangian sub-manifolds of W;.

Definition 5.1. — For a Lagrangian sub-manifold L;, L; is called LS-submanifold if
©|L, is non-degenerate. L. is called LS-graph if it is LS-submanifold and also be a
graph over M;.

By straightforward calculation, one can see: Locally, LS-graphs are of forms d¢ for
some real potential ¢ on M;, and O], = 00¢. Our main result in this Section is:

Theorem 5.2. — Let M be a simple test configuration. There is an associated manifold
W — M such that:

1. A smooth solution ¢ of (Q + i09¢)"+t! = 0,6 = ¢9 on OM induces a family
of holomorphic discs G : M x D — M — W factoring through the foliation
on M, such that the image of G(-, z) is a LS-graph in W, — M, for all z and
Uzeap G(:, 2) is a totally real sub-manifold of W.

2. If a family of holomorphic discs G : M x D — W respects the projection W — D,
i.e, ToG : M x D — D is a projection to D. Also assume it satisfies the
boundary condition G(-,z) = A, 4, for z € 0D, where A, 4, is the lifting of M,
by metric Q+i00¢,, then the image of G(-, z) is a LS-submanifold in W, for all
z. Moreover, if assuming these images are LS-graphs, then the family projects
to a foliation of M and induces a smooth solution ¢ to (Q +i00¢)"+! = 0 with
¢ = ¢0 on OM.

Following Donaldson [14], we prove this theorem by discussion from both side of
this correspondence in next two subsections.
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5.2. One side of the Correspondence. — Now suppose there is a smooth so-
lution ¢ for (Q + i80¢)"*t! = 0 on M, = ¢y on OM, with Q + i8¢ positive on
M;.

In local product coordinates (z,w) of M, write Q + i00¢ = i00f. Since Q + D¢
has rank n, it has a 1-complex dimension kernel. Let X = a% + n® &‘Za
of 100 f, then

be in kernel

/) a [e a )_ o _ _ 5 o _ >

(02) 005 (245l ) = 0 fup  Fo) P+ (0 s + £u) d
=0.
Thus,
(23) na =- zﬁfaﬁa
(24) fz?, = _nafa2~
A direct calculation shows
o (o P\ @ (377(1 Bana) 9

(25) X, X] = (E” duws ) oup \ 3z 77 ui) Gum

=0.

This means that the kernel distribution is holomorphically parametrized by z € D.
Therefore a smooth regular solution implies a foliation of M by holomorphic discs.

The M can be lifted to a graph in W, using the form Q + i#9¢. On local product
charts U;, Q = i00p;, we can lift M to graph 9(p; + ¢) in each fiber. The lift is well
defined globally due to the way we glue W.

In [14], Donaldson showed in the lifting of M, the foliation is lifted up to a family
of holomorphic discs in W. More importantly, these holomorphic discs take boundary
value in a totally real sub-manifold Ay4,. The same technique can be extended to our
case.

Theorem 5.3. — For o simple test configuration, the smooth solution of the HCMA
equation induces a foliation of holomorphic discs on M which can be lifted up to a
family of holomorphic discs with in W. These discs have boundary in a totally real
sub-manifold.

Proof. — As above. O

5.3. The other side of the correspondence. — It is reasonable to consider the
reverse correspondence locally. We have the following theorem:

Theorem 5.4. — Suppose G : D x U — W is a smooth map which respects the pro-
jection and holomorphic in D. Assume for all T € 8D, U is mapped to be LS-graph
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and this LS-graph family has a global potential ¢g. Then for each 7 € D, G maps U
to an immersed LS-submanifold in W. Moreover, if assuming these LS-submanifolds
are LS-graphs (19, then this family induces a smooth solution to the Monge-Ampére
equation with boundary condition ¢ = ¢q.

In above theorem, U is an open set of real dimension 2n. G : D xU — W is smooth
and respects the projection. In another word, for 7 : W — D, 7 o G is identity on
D. G is holomorphic in D variable. For each 7 € 8D, U is mapped to be a LS graph
over M, and this LS-graph family have a global potential ¢9. This just means these
LS-graphs are lifting of M using Q + i89¢ on the boundary.

Proof. — Consider G*© on D x U. O is well defined on fibers Wy, so G*O is well
defined on fibers U; in D x U. We should view G*© as a family of forms on U;. Denote
real coordinates on U by g;, write G*© = (r;x+15;x)dg; Adgy. It is straightforward to
show 7, +4s,, is holomorphic function over D: Let (2, g) be coordinates on DxU. Let
(v, z,p) be a local coordinates in W. The map G is v = z,z = z(z2,q),p = p(z,q). G

is holomorphic, so % =0, % = 0. Now O|w, = dp; Adz;,G*O|y, = 3_52 gq’: dg; A dgg,

therefore & (r;x + is;k) = %%g_:,f =0

On the boundary 7 € 8D, G maps U to LS-graphs. But © is purely imaginary on
LS-graphs. Thus, G*O is also purely imaginary. A holomorphic function on the disc
with pure imaginary value on 0D must be constant, so r;; + ¢s;; must be constant
on every disc in D x U. This also implies the Jacobi of the map G(r,:) : U —» W, is
non-degenerate, since the pull back image G*© is non-degenerate. It follows that the
image G(7,U) is an immersed LS-submanifold.

Now assume G(r,U) is actually a LS-graph, i.e, the projection 7 o G(r,-) is dif-
feomorphism. Following [10], we find a global potential for this family of LS-graphs
(modulo the local potential of the background metric).

First, consider the case when U is a very small open ball. Let D, be a small
open set in D. Without loss of generality, G maps D, x U into a single chart in W.
Since they are LS-graphs, one can solve a real potential ¢, for this family in the local
product chart by %";—j = p;. P is unique up to a smooth function in z € D.

Choose a finite covering D, C D, and make U so small such that D, x U all fit
in single charts in W. This can be done if one fixes a finite chart covering of W — D
in first place and then replace U by small subset if necessary. Solve the potential
respectively in each D, x U, and the geometry of W implies 0(pq — pa) = (s — pg)
on every fiber M; of M. So on each fiber, the difference (9o — pa) — (pg — pg) must
be constant. It follows that ¢, — p, differ with @3 — pg by a smooth real function of

(10) Thanks to Song Sun, we noticed that the interior LS graphs are exact because the boundary LS
graphs are exact. For definition of exact LS graphs, cf, Donaldson [14].
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z on intersection. The fact H!(D,S) = 0, (S is the sheaf of C* functions) implies
one can adjust ¢, by function of z such that v, — po = @3 — pg. Therefore they give
the global potential ¢ = ¢, — po. ¢ is unique up to a function of z on D.

The next step is to make ¢ satisfy the boundary condition ¢ = ¢9. Let X =

3z +n® 6w°’ be the tangential vector of the foliation 7o G : D x U — M. There exists
a 1-1 form €’ on M such that ix©’ = 0 and its restriction to M; is i00@a|n, = O|L, -
Locally, @' = i(55-4-dwadwp + (*dwadz + (Pdwgdz + hdzdz), where ¢* = —nPi, 5
and h = 770‘7755%5-

Let (v, q) be coordinates on D x U, q as real coordinates. (z,w) are local coordinates
on M. We have nﬂ = aL Let p be local potential for background metric €2, and
¢ = p+ ¢. The disc famlly in W is holomorphic implies 3 6 ﬁ‘*’— = 0, therefore

o 0 2 2 _
99 _ %y . ¢ 5
0w, OwedzZ  Owydlwp

(26) 0=

So (* = 528, QU = i(80p + (h — pzz)dzd2) = i(00(p + ¢) + (h — paz — pz)dzdz) =
Q+i00¢ +i(h — p,z — ¢.z)dzdz.

On the other hand, €' is a closed form. To see this: Let i : My — M be the
embedding of fibers, then i*dQ)’ = d(i*QY’) = 0. It suffices to show ixdQ’ = 0 since the
restriction of dQ’ to the fiber is zero already. Now we show ixdQ)’ = Lx Q' —dixQ' =
LxQ = 0. Notice that Q' is determined by ©|r, and the condition ixQ' = 0.
If we can show O|r, and X are preserved by X-flow, then immediately we obtain
Lx$ = 0 by uniqueness. The fact ©|r, is preserved follows G*© is constant along
leaves and the fact X is preserved follows [X, X] = 0. So ' is closed form on M, and
i(h = paz — ¢rz)dzdZ = Q' — Q — i0D¢ is closed. This implies (h — p.z — ¢,3) is just a
function of z. Also, since ' and Q and ¢ are globally defined, so (h — p,5 — ¢,z)dzdz
is defined globally and doesn’t depend on the local representation. Therefore, the
function h — p,z — ¢,z is globally defined, since dzdZ is defined on the whole disc.
(Notice that the z stands for a coordinate in a local product chart, so in different
product charts, @, is not the same though the function ¢ is the same.)

Now let H = h — p,z — ¢,5. H is defined globally on 7 o G(D x U), but solely
depends on 2 € D. One can solve the following equation on disc:

(27) 8z§¢’ = H

with ¢/ = ¢o — ¢ on the dD. Now replace ¢ by ¢+ ¢’, then one get Q' = Q+id0¢ and
¢ = ¢o on OD. (Note that in different local charts, (z,w) and (v,z) in M, where z,v
project down to the same disc variable. 8,;¢' = 8,;¢’ since ¢’ is constant fiber-wise.)
This finishes the proof of finding potential ¢ if U is sufficiently small.
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Now for arbitrary U, one can always decompose it into small open balls U; which
admit potential ¢;. Let p be a local potential for the 2 on M. Then on the leaf, we
have

Lemma 5.5. — We have A(p+ ¢;) = XX (p+ ¢:) = 0.
Proof. — Let f = p+ ¢,

(28) XXf=X(0P)fs+0df(X,X)
=0. O

This implies A(¢; —¢;) = 0 on the leaf. Now with the extra condition ¢; = ¢; = ¢o
on the 8D, it implies ¢; = ¢; on the intersection. The global potential is immediately
obtained from this. O

Remark 5.6. — The above correspondence is constructed only on simple test config-
urations. In these configurations, central fiber are smooth. However, we believe the
techniques should work for some mild singularities in the central fiber.

Another point is that the correspondence has nothing to do with the C* action.

6. Openness of super regular solution

In simple test configurations, we can study regularity of the solution ¢ by the
associated holomorphic disc family in W — M. (1) Donaldson’s definition [14] of
super regular discs and the linearized model could be extended to our case as well. In
detail,

Definition 6.1. — In the moduli map G: D x U — W, a disc G(D, z) is called super
regular at z € D if d(w 0 G,), : TU — TM is isomorphism. A disc G(D, z) is called
super regular if it is super regular at every z € D.

Definition 6.2. — A geodesic ray induced from a simple test configuration is called

super regular if the disc family in W is super regular. (12,

For a disc G; = G(-,z) in the moduli map G : D x U — W, one can consider
the holomorphic perturbation of G, that satisfies the totally real boundary condition
(the boundary is in the Ay, i.e., the lifting of M;,t € D by Q + i9d¢4). Also, we
normalize the perturbation such that it preserves the projection property. In another
word, mo G : D x U — D is identity on D variable. Following Donaldson [14], the
linearized problem is

(11) However, the existence so far only requires smoothness of total space.
(12) Le.: the solution is smooth regular to the Monge-Ampére equation on the test configuration M.
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Theorem 6.3. — In the moduli map G : D x U — W corresponding to a smooth
solution ¢, the linearized perturbation equation for a disc G(-,z) is

(29) v = Su+ Az on 0D,
(30) ou = 0,
(31) ov = 0,

where S and A are maps from 0D to complexr symmetric matrices and positive her-
mitian matrices respectively; while u,v are C™ valued functions on D.

Proof. — The idea is the same to Donaldson [14]: Trivialize the exact sequence
0— (moGp)*(T*M) - GE(TW) — (1m0 Gy)*(TM) — 0. O

In [14], it is showed that the problem is Fredholm and the index is 2n. Conse-
quently, if the disc is regular in Fredholm sense, then G : D x U — W is indeed an
open set in the universal moduli space.

Regarding on the criterion of regularity for a disc, a mild modification of Donald-
son’s argument leads to the following:

Theorem 6.4. — If a disc is super regular at any point p € 0D, then the disc is reqular.

Proof. — We look at the linearized model since the general case can be reduced to
this simple model.

First, define Q(s1, s2) = ulvs —ubv,. This is a symplectic form for s = (u,v) € C?".
In particular, for s1, s, € ker 0s 4, iQ(s1(7), s2(7)) is real and independent of 7. To
see this, just notice that i2(sy, s2) is holomorphic function and on 9D, iQ(s1, s2) =
i[ul (Sug + Atig) — ub(Su; + Aty)] = i(ul Aty — ubAu,) is real.

The super regularity at p € D means there are 2n elements s; = (u;,v;) € ker 9s 4
such that u;(p) form a R-basis for C™. By continuity, it implies u;(7) form a R-basis
for C™ in a neighborhood 7 € Uy,

We claim s;(7) are generically C-linearly independent. It is equivalent to claim
det[s;]i<j<2n has discrete zeros. Notice det is holomorphic, so the zeros are either
discrete or the whole disc. Suppose it is the whole disc for contradiction. In the
neighborhood U, assume the maximal rank of [s;]1<j<2n for 7 € Up, is achieved at p
without loss of generality, and the rank is k < 2n. Assume s3, 82, ..., S; form a basis
for span{s;} at p, then near p, sp41 = Y A;si,1 <@ < k. A; is holomorphic, since it
satisfies 3° Aists; = st ;55,1 < 4,5 < k. In another word, it is obtained by solving the
holomorphic matrix equation A[sis;] = s} ;s;. Now one finds holomorphic functions
ALy ooy Ay Akt1 = —1, Agg2 = 0,..., A2, = 0 near p, such that Y A;s; = 0. On the
boundary 0D near p,

(32) 0=13 A =S Mjuy) + A Aiag) = A Aj4y)-
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So 3" Aj4; = 0 and we also have  Aju; =0, so
(33) S SOy = 0= S ROu;.

Since u; form R-basis near p, one has A\; = 0 on D near p, which contradicts the
choice of \;. Therefore, the det[s;]i<;<2n has discrete zero.

Now suppose the ker 557 4 has dimension strictly greater than 2n. Then one can
choose sp not in span{s;},1 < i < 2n. Now in the 2n + 1 dimensional vector
space span{s;}, iQ as a skew form, must be singular. So there is a vector s €
span{so, ..., San} such that iQ(s, span{si,...,s2n,}) = 0. Notice we proved s, ..., S2n
form a C-basis generically, this implies s = 0 generically on D. Thus it implies s = 0,
contradiction. O

In particular, since the holomorphic discs associated to smooth solution ¢ are
automatically super regular, above theorem proves that they are all regular and the
moduli space M in the map G : D x M — W is a compact connected component of
the universal moduli space. It readily implies the following theorem.

Theorem 6.5. — Openness: If the equation (Q+i00¢)" 1 = 0,¢ = ¢o on OM admits
a smooth solution ¢ with Q + idd¢p > 0 on fibers, then for any small perturbation
dpo € C®(OM), the new boundary value problem still has smooth solution ¢' which
is close to ¢ in C°(M) and (2 + i00¢') > 0 on fibers.

Proof. — We refer the proof to [14], which essentially asserts that compact families
of regular normalized discs are stable under small perturbations. O

7. Geodesic ray from Toric degenerations

7.1. Basics of Toric degeneration. — For toric varieties, there has been extensive
literature in extremal metrics. Abreu [1] initiated to study complex geometry on
toric variety by symplectic coordinates. Afterwards, there has been much work in
extremal metrics on toric variety, c.f. Donaldson [15], Zhou-Zhu [37], Gabor [32].
For completeness, we describe Donaldson’s construction of Toric degenerations [15]
in the following:

Let P C R™ be a polytope associated to a toric variety M. For simplicity, let us
assume P is Delzant. Let f be a rational piecewise linear function on M. One can
associate it with a polytope P = {(z,y) :2 € PLO<y< K—f} C R**!, K = max f.
By re-scaling 13, we can assume P is integral. In other words, all vertices of P are
integral points.

It is a classical fact that P as above induces a toric variety M with a positive line
bundle £. Each integral point p in P corresponds to a section sp of L = M. The
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correspondence is compatible with addition of integral points in M and multiplication
of sections in £. In other words, if p; + p2 = p3 + p4, then s, sp, = 5p,8p,.

One can view M as a sub-variety in PN by Kodaira embedding: z € M,z —
[s1(x) : s2(z) : ... : si(x)...]. i runs through the integral points of P. So M c PV is
defined by homogeneous equations F(X;) = 0. These equations are induced by the
relations of s;, or equivalently, by the relations of the integral points in P.

There is a map m : M — P!, defined by m : 2 — [s,(z) : s4(z)]. p =
(t1y ves tnytnt1), @ = (1, ey tnytner + 1) € P. Also, there is a natural C* action on
M from the torus 77! = T™ x C*. It transforms section s, to t*s,. k is the height
of p. i.e, p = (t1,...,tn, k). So the C* action can be lifted to 7 : M — P! by defining
to[z:y]=[z:ty] on PL

The toric degeneration is just M — 7~1([1: 0]). The following example shows the
construction in detail.

Example. — Let P = [0,2] € R be the base polytope. f = max{0,z — 1} is the
piece wise linear function on P. P = ([0,1] x [0,1]) U{1 < = < 2,z + y < 2}. Denote
the integral points X = (0,0),Y = (1,0),Z = (2,0),U = (0,1),V = (1,1). Then the
toric degenerations is the sub-variety in P* defined by

(34) XZ=Y%XV=UY

The C* actionon Mist: [X:Y :Z:U:V]— [X:Y :Z:tU : tV]. Notice that in
order to get nontrivial test configuration, we only consider the part M — x~1([L : 0]).
In another word, we consider the asymptotic direction when ¢ — oo on C*.

The central fiber is defined by [Y : V] = [0 : 1]. It is the toric variety associated
to the segment y = 1,z € [0,1] and z € [1,2],z + y = 2. Geometrically, the central
fiber is the union of two P! which intersect at one point. Notice that the ambient
space M is smooth here, so the induced geodesic ray has ambient bounded geometry
automatically.

7.2. Explicit calculation of the C*! geodesic ray. — We calculate the induced
geodesic ray of previous example. The idea is to first calculate the geodesic segment
connecting the fiber at [1 : 1] to the fiber at [1 : €], € R x S'. Then, taking the
limit of these segments when ¢ — oo, we obtain a geodesic ray.

Equipped with the natural background metric of P4, the fiber at w = [1 : €!] € P!
has metric potential 1 log(|X|?>+|Y|?+|Z|?+ |U|?>+|V|?). Pulling this metric to the
fixed fiber M at w = [1 : 1] € P!, the potential becomes

1
(35) 5 (X2 + [V [2 + |27 + U + e[V ]?).
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Since the fiber M is at [1:1],s0 Y = V,X = U. After proper normalization, the
potential is

1
(36) 5 log(IX|> + Y + (e + 1)1 Z)?).
Now we calculate the geodesic segment connecting these two metrics.
Choose [A, B] as standard P! coordinate on M. Thus, X = B2Y = AB,Z = A%
Using C* = Rx S! coordinate of P!, A =e¥, B = 1,y € RxS!. The Kihler potential
is

1
(37) ho = 5 log(1+ e +et(e® +1)7h).

One can verify that the Legendre transform of hg; maps R to (0,2) for each fixed ¢.
Notice that in polytope representation, the geodesic is just a straight line of convex
functions. Now by straightforward calculation, one just computes the two end points
associated to the two metrics in polytope representation and then take the linear
interpolation. Passing to limit, one gets the C1'! ray in polytope representation

(38) us = up + tmax(0,z — 1) , t€[0,00).

In the standard picture of M x [0, 00), we transform the u; by Legendre transform
and get the potential

ho(y), when y < lﬁiﬁ,
(39) hi(y) = ho(l—cﬁj—2)+y—l%f—2, Whenl‘%—2 <y< 1%;‘—2+t,
ho(y —t) + ¢, whenl"—‘;—2+t<y.

One can verify that hy—hg s is uniformly bounded. This confirms that the geometric
ray is parallel to the algebraic ray.
It is natural to extend this observation to general toric degenerations.

Theorem 7.1. — Let M be a toric degeneration with extremal piece wise linear func-
tion f. Suppose the ambient polytope P is integral and the base P is delzant. Then
the induced geodesic ray is u = ug + tf in polytope representation.

Proof. — Similar to the previous set up, we calculate the geodesic segment connecting
the fiber at [1, 1] to the fiber at [1,€e']. Then we pass the directions of these geodesic
segments to the limit as t — oo.

Under the (C*)" coordinates of M = M.y}, the projective coordinates can be
represented by [... : exp(3°7 Xiv:) : ...]. Let (Xi,..., Xpn, Xnt1) = p be coordinates of
those integral points in P. Therefore, after proper normalization, the metric potential
of the algebraic ray is:

1 n
(40) ho = 3 log > exp2(—Kt+ Xnpt+ Y Xiys)
peP 1
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K=maxf,p=(X1,..., Xn+1) € P are integral points.

Let z = (z1,...,2,) € P. Assume the extremal function f = cxzy + d near z.
i.e, we consider z in interior of a single definition domain of f. Under the Legendre
transform of hg ¢, the pre-image § of z satisfies

(41) Eperjepr( Kt+Xn+1t+Zl zyz -z
Zpepexp2(—Kt+Xn+1t+Z1 Xi¥s) ”

In particular, we denote the pre-image of x at time ¢ = 0 by y.

By the Legendre transform, the potential u; in polytope representation is:
(42) us(z) = =§ — ho,t-
So, the limit direction is:

Y pep xXP2(— Kt+Xn+1t+Z1 1)

~ _ _ ll
gy 2Oy g log D pep P 20T Xivi)
(43)  lim = lim
t—o00 t
1iog Zpepexp2( Kt+Xn+1t+El X;53)
. ~ . 2 o expi’(z1 iYi)
If we can prove lim ¥5¥ = ¢; and lim el = d,

then the theorem is proved. Now, we prove that the second is an implication of the
first. Assuming lim Qk%wi = ck, 1.6, Yk — Yk = ckt + €xt where € — 0 as t — oco. We
have the following

n n
(44) — Kt+ Xnpat + 3 Xifi = (—K + Xpir + )Xo+ d) t
1 1
n n
(45) + (—d +y° eiXi) t+ > Xy
1 1
For integral points p in the area where f = cpxi + d, the L(p) = —K + X411 +

S eiXi +d = Xpp1 — h(X) < 0, where h(X) = h(Xi,..., X,) is the height of P
over the base point (X, ..., X,). ie, h(X) = K — f(X). For integral points p not
in the area where f = cxxy + d, by definition of f = max(f1, f2, .., fi) (fi are linear
functions), it is clear that L(p) < —¢ for a fixed § > 0 Therefore,

(46) E exp 2 (—-Kt + Xnpat+ Z Xi’!?i)
1

peP
(47 exp(—2dt) Z exp 2(—0,t) exp (2 Z X; y,) + Z exp <2 Z X,y,)
peA pEB

B contains integral points p in P such that their projection (X1, ..., X,,) are in the
area where f = cyzx +d and X, 11 = h(X). A contains the rest integral points in P
but not in B. The condition P is integral guarantees that B is not empty.

ASTERISQUE 321



TEST CONFIGURATION AND GEODESIC RAYS 165

Now we can calculate
Zpeﬁ exp 2(—Kt+Xny1t+Y 1 Xifi)

1
(48) I LR YPYL) i
t—oo t
1 log exp2(—dpt)exp(2y o X,-yi)n+ exp(2Y 7 Xiyi)
— : 2 pep P20, Xivi)
49) = d+ tl_lgl() ;
(00 = d

So it remains to prove lim;_, “%ﬂ = Cg.
Let y, = §r — ckt, our purpose next is to prove y’ is uniformly bounded for ¢
sufficiently large. The equation 41 can be rewritten as:
_ 2 Xkexp(2) Xiyi) + 304 Xk exp(2 3 Xiy;) exp(—0pt)
 Yeexp(2Y Xiy)) + L aexp(2Y Xiy)) exp(=pt)
Xrexp(2)  Xiyl)
exp(2S | Xiy!

1J4

where f = cxxx + d. We need the following lemma:

(51) Tk

Define amap ¢ : 4y — x by zx = . Let P’ C P be the polytope

Lemma7.2. — ¢ : R™ — P’ is a diffeomorphism from R™ to the interior of P’

Proof. — The lemma is a special case of a more general fact: Let S = {p1,...,pm } be
a set of arbitrary points in R". p; = (X},..., X¢). If the convex hull P spanned by S
has dimension n, then the map:

. _ TsXiexp(2Y Xjy;))
(52) ¢ . (yla ayn) - (.’1)1, ...,.'En),.’llk = ES eXp(2ZX;y]])

is a diffeomorphism from R™ to the interior of P.

Notice that B projects to be a grid G on P’. G contains all the vertices of P’ due
to the integral condition of P. P’ is convex since f is convex. So P’ is the convex
hull spanned by G. Therefore, the above fact applies exactly. O

Now, using this lemma, we can prove lim;_, ﬂ%ﬂ = ¢: Choose a small closed
ball B, C P’ near p = (21, ...,%,). The pre-image ¢~!(B,) is bounded closed set in
R"™. Now consider the family of maps ¢; : 3’ — z defined by equation 51. Notice
that each ¢; is a diffeomorphism since equation 51 is just another form of equation
41, which defines the standard identification between R™ and P.

Since ¢~!(B,) is bounded, it is straightforward from the equation 51 that: For any
€ > 0, there exists T such that |¢;(y) — ¢(y)| < € for y € $~1(B,) and ¢t > T. Thus
the image ¢:(¢~!(B,)) is a ball close to B, and contains p for ¢ sufficiently large.

So above argument proves: For any B, contains p and lies in interior of P’, there
exists T > 0 such that y' = ¢; ' (p) € ¢~ (B,) for t > T. Since ¢~ (B,) is bounded,

_ .
(53) lim =cp+ lim &Y _ ¢ O
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These geodesic rays show some bad regularity. In general, they behave like the

following: First, they break the manifold M into several pieces. As time evolves, they

will tear these pieces apart, but keep metrics on each part. The space between the

teared parts has degenerated metrics and zero volume. In particular, one can verify
that the 2nd derivative of these rays are piece wise smooth function on fibers. At the

broken points, these 2nd derivatives have jumps, so there is no global C3 bound for
the relative geodesic ray potential.
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FLEXIBILITY OF SINGULAR EINSTEIN METRICS

by

Rafe Mazzeo

Dedicated to Jean Pierre Bourguignon on his 60" birthday.

Abstract. — This is a survey of a collection of related results about the deformation
properties of Einstein metrics on a certain class of spaces with stratified singular
structure. The results in low dimensions are particularly clean, and are motivated
by applications in hyperbolic and convex geometry. The three-dimensional setting is
related to an old conjecture by Stoker about flexibility of convex hyperbolic polyhedra,
and we report on a partial answer. We also review some of the analytic methods used
to prove these results.

Résumé (Flexibilité des métriques d’Einstein singuliéres). — Cet article constitue un
compte-rendu d’une collection de résultats autour des propriétés de déformation des
métriques d’Einstein sur une certaine classe d’espaces a structure singuliére strati-
fiée. Les résultats en basse dimension sont particulierement intéressants, et ils sont
motivés par des applications en géométrie hyperbolique et convexe. La configuration

N

3-dimensionnelle est reliée & une vieille conjecture de Stoker sur la flexibilité des
polyedres convexes hyperboliques et nous proposons une réponse partielle. Nous
examinons également certaines méthodes analytiques utilisées pour démontrer ces
résultats.

1. Introduction

The construction and study of canonical metrics on smooth Riemannian manifolds
is a longstanding central theme in geometric analysis. The term ‘canonical’ can be
interpreted in many ways; we shall take it here to mean Einstein, so we study metrics
satisfying Ric? = \g for some constant A\. Beyond the basic existence questions,
one of the main problems in this subject is to understand whether a given Einstein
metric is rigid or flexible, i.e. admits nontrivial deformations amongst Einstein metrics.
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As a rule of thumb, negative curvature usually implies rigidity of while positive (or
even just nonnegative) curvature often allows ‘flexibility’. Our goal here is to discuss
how Einstein metrics on a certain class of stratified singular spaces are sometimes
flexible precisely because of the geometry of the singular set. There are several well-
known instances of this, for example the classical problem of determining the flexibility
of convex polyhedra in space forms, to which some of the theory discussed below
is directly applicable. This provides one motivation for the more general study of
Einstein metrics on stratified spaces proposed here.

This paper is intended as a brief survey of some small part of a broader subject,
focusing on one interesting class of stratified spaces — the iterated cone-edge spaces
— and presenting some recent results about the local deformation theory of Einstein
metrics on these, particularly in low dimensions where it is closely related to many in-
vestigations in geometric topology concerning the class of ‘cone-manifolds’ introduced
by Thurston. The new results reported here are parts of various ongoing collabora-
tions by the author with Gregoire Montcouquiol, Frank Pacard and Hartmut Weiss,
and are also very closely related to his work with Olivier Biquard. The intention is to
indicate the beginnings of a coherent ‘story’, and one which seems worthy of further
development, albeit from a very personal point of view. Due to limitations of space
and the author’s expertise, we do not touch on many interesting situations where
singular Einstein metrics have already been studied by others, e.g. for metrics with
special holonomy, particularly in complex geometry. Finally, we also do not discuss
any global aspects of this moduli problem, in particular the compactification theory,
though this is likely to be both important and very interesting.

Let us first mention a few facts about Einstein metrics on smooth manifolds. Re-
call that a deformation of an Einstein metric g is a (smooth) one-parameter family of
metrics g; with gg = g; it is called a trivial deformation if there exists a one-parameter
family of diffeomorphisms ¢; of the underlying manifold such that g = ¢;go. In other
words, the moduli space £(M) of Einstein metrics on a given manifold M is the space
of all metrics satisfying the Einstein condition modulo diffeomorphisms. (Just as for
surfaces, one may mod out by all diffeomorphisms or by those isotopic to the iden-
tity, but since our focus is on local aspects of the deformation problem, we do not
emphasize this here.) As usual, it is more convenient to study an auxiliary equation
whose solution space yields all (nearby) Einstein metrics without the diffeomorphism
redundancy; this is done by introducing an auxiliary gauge condition to make the
problem elliptic; we describe this later. There is a well-known result due to Koiso
[22] which states that if M is compact, then £(M) is a finite dimensional analytic
set. (This means that it can be covered by neighbourhoods, each of which is identified
by a real analytic diffeomorphism with the zero set of an analytic function in a finite
dimensional Euclidean space.) The subtlety in proving this, and the reason that its
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conclusion is not more specific (e.g. with respect to the dimension or smoothness of
the moduli space) is that when the manifold is compact, the deformation theory is
either trivial or obstructed. Indeed, one standard approach to such a result is to apply
an implicit function theorem, for which one needs surjectivity of the linearization of
the relevant operator, and if this holds, then the space of solutions of the nonlinear
geometric problem is locally parametrized by elements of the nullspace of this lin-
earization. (We describe this in greater detail in §6 below.) This linearization is a
self-adjoint elliptic operator, so when M is compact, its surjectivity is equivalent to its
injectivity. Thus if the linearization is surjective, it is injective too and the Einstein
metric is rigid; on the other hand, if the linearization has nontrivial nullspace, then it
has cokernel too, so the implicit function theorem does not directly apply. There is a
standard trick to handle situations of this sort, known as Ljapunov-Schmidt reduction,
but one can then only deduce much less precise conclusions.

Despite the fact that the ‘formal dimension’ of the moduli space of Einstein metrics
on a compact manifold is zero, there are many manifolds M for which £(M) is pos-
itive dimensional and sometimes even smooth. The best known examples in higher
dimensions are the families of flat tori, and less trivially, the family of Calabi-Yau K3
surfaces, for which very detailed results may be obtained using algebraic geometric
techniques. Also worthy of note are the recent results of [11] about the existence of
smooth high dimensional families of Einstein metrics on the sphere, all far from the
standard metric, obtained using an integrable systems approach. On the other hand,
as suggested above, if M is compact and the sectional curvatures of g are everywhere
nonpositive, and negative somewhere, then g is rigid; this can be proved using the
Bochner technique. The special case where (M, g) is locally symmetric was proved in
various settings of increasing generality by Weil, Calabi, and Matsushita-Murakami.
For quite different reasons it is known that the standard metric on the sphere is also
rigid. We refer to the outstanding expository monographs [6], [21], and the collection
[23], for more about these facts and their proofs.

When the manifold is noncompact or incomplete, this rigidity or deformation the-
ory has a very different flavour. At one end is the study of the asymptotic boundary
problems associated to Einstein metrics with certain types of asymptotically sym-
metric geometries, in particular the much-studied case of asymptotically hyperbolic
Einstein metrics (also called Poincaré-Einstein metrics), see [17], [24], [2], as well
as the work by Biquard on complex and quaternionic analogues, [8], [7], and more
recently, some ‘higher rank’ analogues studied by the author in collaboration wtih
Biquard, [9], [10]. As the name ‘asymptotic boundary problem’ suggests, complete
Einstein metrics with these various types of asymptotic conditions come in infinite
dimensional families, and the emphasis changes to parametrizing them by some ap-
propriate type of boundary data, which in these cases are the associated parabolic
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geometries on the ideal boundary at infinity. The parabolic geometry associated to an
asymptotically real hyperbolic Einstein metric is a conformal structure on the bound-
ary of the geodesic compactification. The classical analogue of this, when dim M = 3
and M is a quasiFuchsian convex cocompact hyperbolic manifold, was developed by
Ahlfors and Bers; here, hyperbolic structures satisfying these hypotheses are in bijec-
tive correspondence with the space of conformal structures on the boundary at infinity,
which is then a compact surface with two components. In the asymptotically complex
or quaternionic settings, the parabolic geometries are the CR and quaternionic CR
structures; for the higher rank cases, the relevant asymptotic boundary structures are
somewhat less familiar but quite explicit, see [9]. There is also some recent progress
by Anderson on the boundary problem in the usual sense for incomplete Einstein
metrics on manifolds with boundary [3].

Of a different nature is the study of Einstein metrics which are asymptotically
locally Euclidean (ALE), or which satisfy other more intricate but related asymptotic
conditions, but which in any case are complete and have polynomial volume growth.
Almost all known examples of these are metrics with restricted holonomy group, e.g.
Kaihler-Einstein or even hyperKéahler, and that extra structure provides a substantial
key to unlocking their properties. These have only finite dimensional deformation
spaces, which are in some cases very well understood; we refer again to [21] for more
on this.

On the other hand, there does not seem to have been any systematic study of Ein-
stein metrics on various classes of spaces with ‘geometrically structured’ singularities,
e.g. manifolds with conic points, edges and iterated edges, or more general stratified
spaces, despite their ubiquity ‘in nature’. As indicated above, we focus on the local
rigidity /flexibity question, and in particular how geometric data at the singular locus
can provide at least some of the moduli parameters. There is nothing approaching
a comprehensive understanding of this phenomenon yet; rather, we simply present
several recent results in this area in order to explain what is possible with current
techniques and to emphasize this as an interesting area of study.

To be more specific, we first recall a particular class of Riemannian stratified spaces
obtained by an iterated coning procedure and a class of Riemannian metrics on their
principal smooth strata which induce metrics on each of the substrata. The general
problem we pose is to study Einstein metrics in this class of singular spaces. In suc-
cessive sections we consider this problem in the two, three, and higher-dimensional
settings. Not surprisingly, the results are of decreasing specificity. The case of conic
surfaces is certainly well-motivated through its association with marked Teichmiiller
theory, and serves as an excellent test-case for refining techniques for the more gen-
eral settings. The results on this discussed here are joint work with H. Weiss. The
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three-dimensional case has also appeared in many other guises before, in particu-
lar through the study of ‘cone-manifolds’ (or conifolds as we shall call them) by
Thurston and many others, cf. the exposition in [14]. There is another application,
however, concerning deformations of three-dimensional convex hyperbolic polyhedra;
one result discussed here, obtained recently with G. Montcouquiol, answers the in-
finitesimal version of an old question due to Stoker in polyhedral geometry, and is of
independent interest to that community. The local version of this same question has
been treated more recently, using methods from geometric topology, independently
by Montcouquiol and Weiss. There is quite a large literature about various aspects
of these three-dimensional problems, however, and we shall mention only a few other
related results. Finally, the situation in higher dimensions is much less complete; we
discuss one result concerning isolated conic singularities, with Pacard and Weiss, and
another (very special) set of examples of Einstein metrics bending along codimension
two edges, but can mostly point to what are likely to be the tractable interesting
directions. The final section contains some discussion of the analytic underpinnings
of the proofs of these results: first, a reminder of one convenient gauge choice, and
second, an overview of the analysis of elliptic operators in the conic and iterated edge
settings. I am grateful to all these collaborators for allowing me to report on these
ongoing projects here. I have also learned much from conversations with Steve Kerck-
hoff and Igor Rivin, and through my long-standing collaboration with Frank Pacard.
Finally, the referee provided some very helpful comments about the exposition and
relevant literature.

2. Iterated cone-edge spaces

Let (N, h) be a compact stratified Riemannian space with top-dimensional stratum
an open dense subset. We refer to [35] for generalities on stratified spaces; by Rieman-
nian we mean that each stratum S carries a Riemannian metric hg, which extends
smoothly to the closure of this stratum, and that this collection of metrics satisfies the
obvious compatibility relationships: if S; and S, are any two strata with ¢ : §; — S,
then (*hg, = hg,. We are interested in the subclass consisting of iterated cone-edge
spaces; these are spaces obtained locally by an iterated coning process, starting from
smooth compact manifolds. First, recall that the (complete) cone over N, C(N), is
the space ([0,00), x N)/ ~, where ~ is the equivalence relation collapsing {0} x N
to a point, endowed with the metric dr? + r2h. The truncated cone where r < 1 is
denoted C;(N). Any singular stratum S C N induces a singular stratum C(S) in
C(N), with dim C(S) = dim S + 1. Now we can make the
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Definition 2.1. — We define, for each k > 0, the class Iy of compact iterated cone-
edge spaces of depth k. This is done by induction on k. An iterated cone-edge space
of depth 0 is a compact smooth manifold. A stratified space M lies in Iy if for any
p € M, if S is the open singular stratum containing p and dim S = £, then there exists
a neighbourhood U of p in M diffeomorphic to the product V x C1(N) where V C Rf
is an open Euclidean ball diffeomorphic to a neighbourhood in S and N € I; for some
Jj < k. We assume furthermore that the integer n = £ + dim C(N) is independent of
the point p € M ; this number is called the dimension of M.

If dim S > 0, then we say that the stratum S is an edge in M with link N; some
neighbourhood of S in M is diffeomorphic to a bundle of cones over S with fibre C(N).
If dim S = 0, then we call it a conic point, but note that if N is itself singular, then
there are edges of lower depth which terminate at this point.

An iterated cone-edge metric g on M is by definition one which respects this diffeo-
morphism, i.e. is locally quasi-isometric to one of the form g ~ dr? + r2h + K, where
h is an iterated cone-edge metric on N and k is a metric on S.

To simplify the name a bit, we shall often call these iterated edge spaces. They are
much simpler than general stratified spaces, both geometrically and analytically. To
our knowledge, they were first singled out for the tractability of analysis on them in
Cheeger’s famous paper [12].

We shall be discussing Einstein metrics on iterated edge spaces, but one should
note that the precise definition of an Einstein metric on such a singular space is not
necessarily clear. Obviously any such metric g should be Einstein on the principal
open stratum, but it is not clear whether one should also require special conditions
on the restrictions of these metrics to the lower dimensional strata. This might be
clarified, for example, by examining what it means for a metric on an iterated edge
space to be critical for the Einstein-Hilbert action. In the low dimensional cases we
shall be focusing on mostly, this issue does not arise, while the higher dimensional
examples discussed in §5 are so special that they are not necessarily indicative of the
general case. In any case, this seems like an important issue to clarify.

3. Surfaces with conic singularities

The simplest setting for our general problem is the existence and deformation the-
ory of compact constant curvature surfaces with isolated conic singularities. This can
be approached by various different methods, but we follow one modelled on the pre-
sentation developed by Tromba [41] to study Teichmiiller theory on compact surfaces
without singular points since it generalizes to higher dimensions more readily.
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We first recall some facts about ‘marked Teichmiiller theory’. Let M be a com-
pact, oriented two-dimensional surface with genus 7. Any conformal class [g] on M
contains a constant curvature metric go which is unique after some choice of normal-
ization (when v > 1, it is unique if we fix the curvature to be —1; on the other hand,
requiring that the area equals 1, say, yields a unique solution for v > 1; for v = 0 there
is the usual nonuniqueness due to the Mébius group). For v > 1, the genus v Riemann
moduli space R is thus identified with the space of all constant curvature metrics
(completed in some Banach topology) with area 1 modulo the space of all diffeomor-
phisms (of appropriate regularity); the genus v Teichmiiller space 7, is the quotient of
the same space of metrics by the identity component of this group of diffeomorphisms,
i.e. the subgroup of diffeomorphisms which are isotopic to the identity. Finally, the
marked Teichmiiller space 7 is the quotient of the same space of metrics by the
still smaller subgroup of diffeomorphisms which are isotopic to the identity and which
fix a specified collection of points {p1,...,pr} C M. When x(M) — k < 0, it again
follows from the classical uniformization theorem that in each marked conformal class
there is a unique complete, hyperbolic, finite area metric. When x(M) — k = 0, this
uniformizing metric is flat. These metrics are the ones most commonly associated to
marked conformal structures.

Another choice of canonical metric in this setting is obtained as follows: given
a conformal class ¢ on M, a collection of distinct points {pi,...,px} C M, and a
collection of positive numbers {a1,...,a}, find a metric with constant curvature K
on M\ {pi1,...,px} which has an isolated conic singularity at each p;, with specified
cone angle 2ma; there.

In two dimensions, the local geometry of a constant curvature metric around a
conic point is quite simple. Define the function snk(r) to be the unique solutions to
the initial value problem f” 4+ Kf = 0 satisfying snk(0) = 0, snj(0) = 1. Then the
metric

g =dr? +snk(r)dy?, 0<r<ry, yeR/2ma

is a two-dimensional conic metric with curvature K and cone angle 2wra; when K < 0
we can take rg = oo, while ry < ﬂ/\/ﬁ when K > 0. There is another useful
representation,

g=e?2/?|dz’,  a=1+5,

in local holomorphic coordinates near 0 in the disk in C; here ¢ is some explicit
function (which equals 0 when K = 0). More generally, if ¢ is any reasonably smooth
function, we say that a metric of this form has isolated conic singularity at 0 with
cone angle 2ra = 27 (1 + G).

This existence problem translates into finding a solution of the following semilinear
elliptic PDE. Let g be any fixed metric in the conformal class ¢, and fix a function
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Z(p1,..,Pk,B1,-..,PBk) which depends smoothly on the p; and 3;, is everywhere
positive and smooth away from the p;, and such that near each of these points, in a
local holomorphic coordinate z, equals |2|?%i|dz|?. Now write

?j: Z(Pl,'- '7pk7/31a°~ 7/Bk)§a

the metric we seek can be written

g=e*g
and it has curvature K, = K if and only if
(3.1) As¢ — K5 +Ke?* = 0.

The solvability of (3.1) in general, i.e. for arbitrary values of the cone angle pa-
rameters §; > —1, is not known. One immediate constraint is obtained by applying
the Gauss-Bonnet formula to the surfaces with boundary M \ U;B.(p;) and letting
€ \, 0; this shows that if a solution exists, then

k
(3.2) K x Area (M, g)) = 2r(x(M) + >_ B;).
j=1

Since the term on the right, which we call the conic Euler characteristic, changes sign
as the cone angles vary, it is more convenient to fix the area and let K be determined
by (3.2). Solutions are obtained easily when K < 0 using barrier techniques, but we
pass out of this regime as soon as some of the 3; become sufficiently large. There is a
complete existence theory when K > 0 only if we restrict each 3; to lie in the interval
(—1,0), corresponding to each cone angle lying in the interval (0, 27).

Theorem 3.1. — Suppose that each B; € (—1,0). Then there is a solution of (3.1) if
and only if for eachi=1,...,k,
(3.3) X(M)+) 8 <2+ 8,

i
and moreover, if we require its area to equal 1, then this solution is unique. The Gauss
curvature K of this solution is equal to the conic Euler characteristic x(M)+ Y 5;.

Notice that by adding 3; to each side, (3.3) is equivalent to

k
X(M) +Y 85 < 201+ By);

j=1
since 3; € (—1,0), the right hand side is always positive, so this condition presents
a genuine obstruction only when conic Euler characteristic is positive. Existence and
uniqueness when K < 0 is due to Troyanov [42] and also McOwen [31]; Troyanov
used variational methods and was also able to obtain existence in the spherical case
(K > 0), assuming (3.3). Later, Luo and Tian [25] proved that (3.3) is necessary
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and that the solution obtained by Troyanov is unique. We shall say that the k-tuple
(Bi1,...,Bk) € (—1,0)* lies in the Troyanov region if it satisfies (3.3).

There are a few results concerning existence and uniqueness when some of the cone
angles are larger than 2m, cf. [16], [44], but the situation is still far from being well
understood. A very interesting recent survey paper by Troyanov [43] provides a lot
of information about the flat case.

Although it is implicit in these existence proofs that the solutions in Theorem 3.1
depend smoothly on the underlying parameters, i.e. the marked conformal structure
and cone angles, it is still of interest to understand the way in which all these metrics
fit together. There are some analytic subtleties, and overcoming them in this context
is good preparation for understanding the higher dimensional situation. Furthermore,
it is hoped that these methods will eventually produce a much better picture of the
existence theory when the cone angles are larger than 27. This was carried out several
years ago in joint work with Hartmut Weiss [30] (but only now finally being written).
The basic result is the

Theorem 3.2. — Let M be a compact orientable surface, as above. Let '];‘i‘,’cnic denote
the space of all constant curvature metrics on M with area equal to 1 and with conic
singularities at k distinct points on M with cone angles 2n(1 + (3;), and Tgc‘,’c“(‘f the
subset where the k-tuple (By,...,0Bk) satisfy the Troyanov constraint (3.3) and B; €
(—1,0) for all j. Then 7;‘“,1“;" is a smooth open manifold of dimension 6g — 6 + 3k;
it contains as an open submanifold the subset of metrics with negative curvature, and

as a hypersurface the subset of flat conic metrics.

The complete result contains other statements about the limiting behaviour of
these metrics as (B1,...,0k) approaches the boundary of the Troyanov region; we
refer to [30] for more details.

The proof involves constructing coordinate charts for this space, which we do by
regarding its elements as satisfying the Einstein equations (just the constant Gauss
curvature equation in this dimension) along with an auxiliary gauge condition. The
new feature, however, is that these equations are singular at the conic points, so one
must substitute other techniques to handle them. The gauge condition and some
discussion of elliptic theory adapted to conic spaces will be given at the end of this
paper.

There are several intriguing open questions. First, although there is no constant
curvature metric when the cone angles are still less than 27 but the 3; lie outside
the Troyanov region, is there still some sort of canonical metric with these specified
cone angles? Many years ago, Tian suggested that in these cases the canonical metric
should be a Ricci soliton with prescribed cone angles; there has been no good progress
on this yet. Second, when extending this result into the region where some of the
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cone angles are greater than 2, it is likely that one will need to face the issue of
bifurcations; for example a conic point with cone angle 3w may split into either two
or three points. It will be interesting to put this on solid analytic footing.

4. Conifolds in dimension 3

Iterated cone-edge spaces with constant curvature (or more generally, with a (G, X)
structure) were introduced by Thurston as a generalization of orbifolds. He called
these ‘cone-manifolds’, but this is not a very satisfactory name, so we opt for the
alternate moniker ‘conifold’. Thus, for us, a conifold is an iterated cone-edge space
(M, g) such that the induced metric gs on any stratum has constant sectional cur-
vature K, and each stratum is totally geodesic in an appropriate sense in all higher
dimensional ones for which it lies in the frontier. As in the surface case, we call a
conifold hyperbolic, flat or spherical depending on whether K is negative, zero or pos-
itive. We restrict attention to the 3-dimensional case, and mainly the hyperbolic case.
This has been intensively studied due to many applications to the theory of smooth
hyperbolic 3-manifolds, stemming from Thurston’s proof of the orbifold theorem and
various hopes to use similar methods to prove the full hyperbolization theorem. The
monograph [14] provides a good introduction.

The singular locus of M, denoted X, is a union of 1- and 0-dimensional strata which
constitute the edges and vertices of a graph (with the slightly nonstandard convention
that it may have components which are closed loops). Near each edge of the singular
locus, M is a bundle of cones with cone angle constant along that edge; this bundle
is trivial unless the edge is a closed loop. Near each vertex, M is identified with the
cone over a space Y, which is a copy of S? with k conic points, where k is the valence
of that vertex. (Thus the edges of ¥ are depth 1 singularities, while its vertices are
depth 2 singular points.) We shall denote the vertex set of ¥ by V and its edge set
by £. and we write the valence of a vertex v as the integer n(v) > 3.

In a neighbourhood of the interior of any edge of ¥, the metric g has a standard
form; this involves the function sn k(p) used in the surface case, and its companion,
csk(p), which is the unique solution to f” + Kf =0, csx(0) =1, csx(0) = 0. Now,
with p equal to the distance from that edge (in a sufficiently small neighbourhood),
we have

(44)  g=dp* +suk(p)dy® + csk(p)dt’,  y€ER/2ma=Sy,, t€(-aa)

We call this the constant curvature cylinder with cone angle 2ra. On the other hand,
near a vertex p € V, M is a constant curvature cone over a spherical cone surface
(N, h), so g has the form

4.5 dr? +snkrh,
K
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where r is the distance to the vertex. Of course, h in turn has the form described in
the previous section with K = +1 near each one of its singular points. Note that the
cone points of each link N correspond to edges of M.

Now let us identify natural geometric parameters. These are of two types: along
each edge e there is the cone angle 2ma(e) (or equivalently, the parameter 3(e) =
a(e) — 1), the length #(e) of the edge and also a certain twist parameter 7(e), which
will be described below; at each vertex v the parameter is in fact the spherical cone
metric on S? with n(v) conic points, i.e. an element of 73’)%‘3;5 Hence the total set of
free parameters lies in some subset of the space

FoS ni
(0,00)!€1 x (0,00)7 x (0,00)1E! x [ Zeomis.
veY

There are some obvious constraints: the cone angle parameter a(e) associated to each
edge e determines the angles at the cone points of the spherical links at the terminal
vertices of that edge. The length and twist parameters do not satisfy any such ‘local’
constraints, nor apparently does the marked conformal structure on each spherical
link. We denote the set of parameters satisfying these ‘obvious’ constraints by P. For
the same reasons as in the last section, namely the poor understanding of spherical
cone surfaces with cone angles larger than 27 or outside the Troyanov region, we
restrict attention to the subset P, C P where the cone angles satisfy (3.3) and are all
less than 27.

To each element ¢ = (a(e), {(e), T(e), h(v)) € P,, where a(e), £(e) and 7(e) are the
cone angle, length and twist parameters associated to each edge e € £ and h(v) is the
spherical cone metric with n(v) conic points in S? associated to each vertex v, we can
associate a local conifold ‘thickening’ of the graph ¥ as follows. First define the cones
with constant curvature K over each spherical cone metric h(v), v € V by the formula
(4.5), for 0 < r < ro. Next, over each edge e € £ construct the cylindrical metric
(4.4), again only up to some small radius. Take the core geodesic of this cylinder to
have length £(e). The twist parameter 7(e) provides a way of measuring how these
cylinders are attached at either end. It is only a relative parameter unless the edge
e is a closed loop, but in that case it is equal to the holonomy around that loop.
Let us call this thickened graph the singular germ associated to the data ¢ (and with
curvature K), and denote it by S(¢).

Here are the two main questions:

i) Which singular germs S(¢) arise as the restriction to a neighbourhood of the
singular set ¥ of a compact conifold; alternately, to which elements of P, does
S(¢) extend to a compact conifold?

ii) Given a compact conifold (M, g) of curvature K, let S((o) denote the associated
singular germ. Describe the local, or even just the infinitesimal, structure of
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the space of nearby conifolds with the same curvature, or equivalently, of their
geometric parameter sets.

Problem i) is much more subtle, and we do not have anything to say about it here.
Problem ii), on the other hand, can be treated by analytic methods, much like for
constant curvature conic surfaces.

Before proceeding, we describe one special case which is of interest in polyhedral
geometry. Let A be a polyhedron in either the sphere S%, Euclidean space R® or
hyperbolic space H3. Then A has a set of edges and vertices and its faces are totally
geodesic. At each edge e we may associate a dihedral angle, d(e), which is the inner
angle between the two faces meeting at that point; similarly, at each vertex v we may
associate a ‘solid angle’, which is a spherical polygon B, C S? consisting of the set of
interior normal directions at v (i.e. it is just the spherical link). The polyhedron A
has other geometric parameters as well, namely the lengths of each edge, but in this
context there is no twist parameter since there is a unique way of choosing a wedge
with opening angle (e) along a geodesic of length £(e), and the local structure at each
vertex is obtained uniquely by intersecting these wedges associated to all incoming
edges.

To pass from such a polyhedron to a conifold, double A simultaneously across all
of its faces. Since these faces are totally geodesic, the resulting space M is singular
only along a 1-skeleton. Its angle along each edge is given by angle 2mra = 26(e), while
its link at each vertex v is the double of the spherical polygon B,, hence a spherical
cone surface. This conifold has a natural involution, for which A is a fundamental
domain. Convexity is a natural condition; if A is a convex polyhedron, then each
6(e) < m, hence the cone angles along each edge in the conifold M are all less than
27. Furthermore, these cone angles lie in the Troyanov region simply because the link
at each vertex is a spherical cone surface with all angles less than 27, and by Luo-
Tian [25], this can only exist when its cone angles satisfy (3.3). We have therefore
proved that if the conifold M is the double of a convex polyhedron, then its geometric
parameters lie in P,.

In an influential 1967 paper [40], J.J. Stoker studied the flexibility of convex poly-
hedra in R3, and made the conjecture that the dihedral angles of a convex polyhedron
determine the angles in each face. (The polyhedron itself is not determined even up
to homothety since translating any face parallel to itself leaves all dihedral angles un-
changed.) This has become known as the Stoker conjecture. The analogous conjecture
in hyperbolic space, that convex polyhedra in H?® are determined by their dihedral
angles, was made explicit by Igor Rivin in his thesis. (Note the stronger statement
than in the Euclidean setting; one does not have the same ambiguity from parallel
translation of the faces.) Andreev [4] settled this when all dihedral angles are less
than /2, and it was proved by Rivin for ideal polyhedra [37] and later by Bao and
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Bonahon for hyperideal polyhedra [5], with further extensions by Schlenker [39]. In
the restricted setting of ideal and hyperideal polyhedra, the parameter space is convex,
but one of the main difficulties in the general case is that this is no longer true, see
[15]. There are counterexamples for spherical polyhedra due to Schlenker [38], and
it is known that any corresponding assertion for conifolds will be more complicated,
see [20].

One good place to start is to study the infinitesimal or local version of this conjec-
ture, either for polyhedra or conifolds, and for this, analytic methods turn out to be
very well suited. One can state the infinitesimal conjecture in the hyperbolic setting
as follows:

If (M, g;) is a smooth one-parameter family of hyperbolic conifold structures
with geometric parameters lying in P, which preserves the cone angles at each
edge to first order, then there is a one-parameter family of diffeomorphisms ¢
of the stratified space M such that g, — ¢; go vanishes to second order.

Said more plainly, any nontrivial infinitesimal variation of conifold structures includes
a nontrivial infinitesimal variation of some of the dihedral angles; likewise, in any
nontrivial variation of convex polyhedra in H3, the set of dihedral angles must vary.
The conjecture in the Euclidean setting is slightly more intricate since it must allow
for the phenomenon of families of nonisometric polyhedra with the same dihedral
angles which are obtained by parallel translations of the faces.

Several papers in the last decade have addressed special cases. The first, by Hodg-
son and Kerckhoff [19], concerns the case of hyperbolic conifolds with singular set a
finite union of loops (hence, no vertices), and they settled the infinitesimal and local
conjectures for cone angles less than 27. More recently, Weiss [45] in his thesis gen-
eralized their methods to prove the same result for conifolds for which the singular
set is allowed to have trivalent vertices and all cone angles are less than 7. Some
other nice results in this direction have been obtained by Porti and Weiss [36] and
Huesener, Porti and Suarez [18].

The point of view of all of these is to study this from the point of view of deforming
representations of the fundamental group into the M6bius group. However, it is also
possible to approach these problems using methods from global analysis similar to
those used in other dimensions, and this has led to the following result by the author
in collaboration with G. Montcouquiol:

Theorem 4.1 (Infinitesimal conifold Stoker conjecture [27]). — Let (M,g) be a hyper-
bolic conifold with parameters lying in P,. Then any nontrivial variation of g amongst
hyperbolic conifolds changes at least one cone angle to first order.
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More recently still, Montcouquiol and Weiss, independently, have established a local
(rather than infinitesimal) result. One formulation is that there is a local parametriza-
tion of the set of hyperbolic conifold structures in some neighbourhood of (M, g) by
an analytic set (i.e. the zero set of an analytic function) in an e-ball B, in the space
of cone angle parameters (fi,...,0k) around those of g. In other words, all nearby
conifolds are parametrized by letting 8 vary in some analytic subset of the space of
cone angles. Both of these authors use techniques similar to the ones employed earlier
by Hodgson-Kerckhoff, Weiss, et al.; it is quite likely that the approach of [27] can
be extended to handle this as well, but this is still work in progress.

There are analogous results in the Euclidean case and also in both the infinitesimal
and local setting for convex hyperbolic polyhedra, but we shall not state any of these
explicitly here. One subtle point is that if A is a convex hyperbolic polyhedron and
(M, g) its conifold double, then there may be conifold variations of (M, g) which are
not doubles of hyperbolic polyhedra. This would be very interesting to understand
better. The full Stoker conjecture in the polyhedral or conifold setting (either Eu-
clidean or hyperbolic) remains open. A substantial new difficulty which must be faced
in the global problem for conifolds is that as the cone angles vary, the topology of the
singular set might be forced to change. For example, under a family of deformations,
edges might shrink and disappear, or conversely, be generated and grow, or disjoint
‘skew’ edges might move toward each other and touch. As in the surface case, it is
also important to try to push these techniques and results to when the cone angles
are larger than 27.

5. Higher dimensions and codimensions

It is possible to obtain reasonably explicit results about local deformation theory
for singular Einstein metrics in low dimensions simply because these metrics have
constant sectional curvature. This allows the analytic problem to be reduced to a finite
dimensional one. In higher dimensions the situation is quite different. Even though the
gauged Einstein equation seems formally well-posed, it becomes highly overdetermined
on an iterated cone-edge space, at least near edges of positive dimension, and with
codimension at least two. Because of this, very few singular Einstein spaces with
interesting singular sets are known in higher dimensions. In this section we first
describe the local structure theory of the space of Einstein metrics with isolated
conic singularities in general dimensions, and then go on to discuss a few examples
of Einstein metrics with higher dimensional singular sets. These examples have a lot
of symmetry, and although it is reasonable to think that there might be many other
Einstein metrics with similar singular structure, this is quite unknown and seems to
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be a very difficult problem. We do not discuss any examples where the singular set is
itself stratified.

A standard computation, see [6], shows that the exact conic metric g = dr?+r2h on
R* x N is Einstein if and only if the link (N, k) is itself Einstein, with Ric" = (n—2)h
(where dim N = n—1). This generalizes the standard picture of R™ with its flat metric
as a cone over the sphere with unit radius; cones over spheres of other radii are no
longer even Ricci flat (except when dim N = 1; in this case the condition on the link
is satisfied by a circle of any radius). Based on this, we see immediately that Einstein
deformations of the cone C(N) can be obtained by deforming the link (N, h) in its
own Einstein moduli space. If dim N = 3, the link is either the sphere or a spherical
space form, neither of which admits Einstein deformations; on the other hand, when
dim N > 4, it is sometimes possible to obtain a finite dimensional family of Einstein
cones this way. More generally, if (M, g) is an Einstein space with isolated conic
singularities p1,...,pk, and if n = dim M > 5, then denote by (N;,h;) the link at
p; and £(N;) the Einstein deformation space of this link. We shall need to impose
an extra integrability condition: for each such link, suppose that « is an infinitesimal
Einstein deformation on the entire cone C'(V;) which is homogeneous of degree 0 with
respect to radial dilations. Then we assume that  is the derivative of a one-parameter
family of conic Einstein metrics.

Theorem 5.1. — Let (M, g) be as above, and suppose that the integrability condition
is satisfied at each p;. If the sectional curvature of (M,g) is nonpositive and nega-
tive somewhere, then the local Einstein deformation space can be identified with an
analytic subset in the product []; E(N;). If this curvature condition is not satisfied,
the local Einstein deformation space is contained in an analytic subset in the larger
space []; E(Nj) x R¢, where £ is the dimension of the space of infinitesimal Einstein
deformations which decay at each p;.

The integrability condition is a bit of a surprise. It holds in all known situations,
but seems to be necessary, at least using our approach.

This theorem, joint with Frank Pacard and Hartmut Weiss [28], is a direct analog
to the two-dimensional case, but with the important proviso that we know very little
about the spaces £(IN;) beyond the fact that they too are finite dimensional analytic
spaces. This last fact is a classical result due to Koiso, cf. [6]. The second result in
this theorem, about the deformation space in the ‘degenerate’ situation where there
are decaying infinitesimal Einstein deformations, follows by a standard adaptation of
the proof of the first part, using Ljapunov-Schmidt reduction.

One motivation for studying this type of singular Einstein space is the fact that
Einstein metrics with conic singularities arise naturally as limits in the compactifica-
tion theory of the Einstein moduli space in four dimensions. This is due originally to
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Anderson [1] and Nakajima [33], but see the more recent work by Cheeger and Tian
[13]. The precise mechanism by which a conic singularity arises is that a Ricci flat
ALE space ‘pinches off’ in the limit.

We finally turn to the case where (M, g) is an Einstein metric with higher dimen-
sional singular set. Of particular interest is the case when the singular set has a
stratum of codimension two, partly because this is quite natural in complex geom-
etry, but also because this should correspond to the greatest flexibility. We mostly
discuss this case. There are various examples of this phenomenon known; the simplest
arise as quotients of smooth Einstein spaces. In particular, it is not hard to construct
examples of hyperbolic manifolds singular along a codimension two edge. One may
also construct cohomogeneity one metrics, for which the Einstein condition reduces
to an ODE, and which have a singular edge. The paper [29] shows how to adapt
an ansatz by Page and Pope to produce families of singular Einstein metrics with
simple edge singularities along a smooth codimension two stratum. The examples
emphasized there are actually noncompact (their other end is asymptotically hyper-
bolic), but this is immaterial for the present discussion. To write these down, fix
a holomorphic line bundle L with Hermitian metric and connection 1-form @ over a
compact Kihler-Einstein manifold (X, g) with ¢; > 0. The metrics are defined on the
complement of a ball around the zero section in L by the formula

g=(r2=1)"P(r)"tdr? 4+ A2P(r)(r? — 1)""6% 4 c(r? — 1)g;

here P(r) satisfies the ODE

%(T_IP(T)) =r 2 (JA|(r? = 1)" 4 7 IN(E - 1)),
and A, c and )\ are parameters. The issue is to show that there are choices for these
parameters, including the initial condition for P, which yield metrics with the stated
properties. We refer to [29] for more details.

These metrics have a number of interesting features, but their definition relies
on many strong hypotheses and it is unclear whether these features are in any way
necessary. Following the approach of this paper, one should be able to discern some
of this from the local deformation theory. One attack on this is in the thesis by
Montcouquiol [32], who proved that for higher dimensional hyperbolic conifolds with
smooth codimension two singular set, all nontrivial infinitesimal deformations must
vary the cone angle. However, this result does not in any obvious way imply a local
rigidity statement: in the language explained in the final section of this paper, the
defect space is infinite dimensional, and does not seem to integrate to families of
Einstein metrics, even those just defined near the singular set.
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6. Methods

After the geometric descriptions in the earlier parts of this paper, the reader is
owed some indication of the methods used to prove these results. We begin with the
fairly standard formalism of turning the Einstein deformation problem into an elliptic
partial differential equation, and then discuss the extensions of ordinary elliptic theory
to manifolds with conic and iterated cone-edge singularities needed for this problem.

6.1. The Einstein equation and Bianchi gauge. — Let M be a smooth compact
manifold with dim M = n and define M*® as the space of all C** metrics on M.
The mapping
g — Ric?

is a second order quasilinear differential operator which is polynomial in the com-
ponents of g, g~!, Vg and V?g, hence is a real analytic mapping M**t2:%(M) —
Ck(M,S?T*M). Fixing A € R, the metrics which are Einstein with this given con-
stant A are the solutions of

(6.6) Ex(g) = Ric? —Ag=0.

Taking traces of both sides yields A\ = R9/n, where R9 is the scalar curvature. From
now on we fix A and drop it from the notation.

This equation is not elliptic because of its invariance under diffeomorphisms, i.e. if
&(g) = 0, then for any diffeomorphism ¢ of M, £(¢*g) = 0. Equivalently, the gauge
group GF+1a(M) of Ck+1* diffeomorphisms acts on M**® by pullback, and the zero
set of £ consists of the orbits of this action. This action is not C!, so the orbits are
not in general smooth, which complicates the global analysis slightly.

Fix g with £(g) = 0. To study the Einstein deformations of g, consider the mapping

(6.7) h — E9(h) := Ric9™ — A(g + h).
From [6, p.63],
1 o
(6.8) DE?|,_o = 5(V"V = 2R?) — (8°)" (6 + %dtrg )i

o
here RY is the curvature operator acting as a symmetric endomorphism on symmetric
two-tensors,

(}O%gh)ij = Ripjoh??
and ((69)*w)i; = 2(wi;j + wj;s). For simplicity we set
L= %(V*V _9R9), BI=69+ %dtrg.
so that (6.8) takes the simpler form
(6.9) DE|,_, = %Lg — (69)*BS.
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The operator BY is called the Bianchi operator, and appears in two important iden-
tities:

(6.10) BI(g) =0, and B9(Ric?) = 0.
The first is trivial, and the second follows from the contracted second Bianchi identity.
Note that this yields
h+— BI*PEI(R) =0

for any g, h. Now suppose that g is Einstein; linearizing this identity at h = 0 gives
(6.11) 0= BY DEY|,=BILY — B%(69)"BY.
This means in particular that

ran (DE?|,) C ker(BY);

in other words, on any compact manifold, the Einstein equation is always obstructed
since its linearization has range lying in a proper subspace (in fact, the nullspace of
the underdetermined differential operator BY).

The orbit of the diffeomorphism group has tangent space at g given by the range
of the mapping (§9)*; the restriction of DEY to the orthogonal complement of this
subspace, i.e. to the nullspace of §9, is elliptic. We shall use a slight variant of this
procedure, restricting DFEY instead to the nullspace of B9. This ‘Bianchi gauge’,
introduced in [8], is very convenient for calculations.

The system h +— (DE9(h),B9(h)) is elliptic in the sense of Agmon-Douglis-
Nirenberg, and so one can look for gauge group representatives for all Einstein
metrics near to g as solutions of E9(h) = 0, B9(h) = 0. We consider instead the
operator

(6.12) h+— N9(h) := E9(h)+ (697")*BI(h).
Its linearization when g is Einstein is

1 o
(6.13) DNY|,_, = L* = E(Vg)*Vg — RY.

Clearly (E9(h), B9(h)) = (0,0) implies N9(h) = 0, and the converse is almost true
as well:

Proposition 6.1. — If N9(h) = 0 and Ric/*" < 0, then g+h is Binstein and h satisfies
the gauge condition B9(h) = 0.

Proof. — Let v = B9(h). Applying 69t to N9(h) = 0 gives (§9+h(89+h)* —
%dég“‘)'y = 0. Now recall the Weitzenbock formula on 1-forms

(6.14) BF(6%)* = 6%(6%)* — %d&’“ = % ((v*)*V* — Ric*)
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for any metric k (where the first equality uses tr *(6%)* = —§*), and so the equation
above becomes ((V9T")*V9+h _ Ric9*")y = 0. Because Ric?™" < 0, this operator is
an isomorphism, and so v = 0 as desired. O

As a final comment, if h is an arbitrary (small) solution of N9(h) = 0, then the
metric g 4+ h is a Ricci soliton: it satisfies the equation E(g + h) = (69*")*w where
w = —BI(h). This suggests that a problem which may be somewhat less obstructed
than the deformation problem for Einstein metrics is the deformation problem for
Ricci solitons. ‘

6.2. Conic and edge operators. — Implementing this analytic formalism for
the Einstein deformation problem on singular spaces requires an understanding of
the mapping properties for linear elliptic operators on such spaces. There is a good
theory to draw upon for spaces with isolated conic or simple edge singularities, which
we describe briefly below, and this can be extended to the depth 2 singularities which
appear in the three-dimensional theory. However, its full extension to the general
iterated cone-edge setting does not yet exist. Rather than presenting this linear
theory in any sort of generality, we present the main results quickly in two and three-
dimensions and then indicate the general picture. As a reference for this material we
list [26]: it does contain all the results quoted below (at least when the singular set
is either a point or a smooth submanifold), albeit in a very general form. There are
other more accessible and direct approaches for some of this, which work particularly
well in low dimensions, see [34] and [45], for example.

Let M be a surface with isolated conic points, and suppose that L is a ‘generalized
Laplacian’ associated to the metric. In other words L = V*V + R where R is a
naturally defined symmetric endomorphism depending only on the curvature tensor
and its covariant derivatives; rather than being precise about this we turn always
to the special operators which were described in the last subsection, e.g. the scalar
Laplacian, the linearized gauged Einstein operator, etc. Near a conic point p we can
choose coordinates (r,y) in terms of which
_ 8_2_ A(r,y) 0 1 i

or? r Or r2
where A(r,y) is smooth on r > 0, A(0,y) = 1, and H = H(r) = 82 + Ry(r,y) is a
family of operators acting on (sections over the) circle, also depending smoothly on

(6.15) L

r. Associated to L is the set A of indicial weights. We say that « is an indicial root
of L if there exists a function @(y) such that L(r"¢(y)) = O(r?~1). This is one order
better than the expected rate of blowup or decay, 2, which indicates that there is
some ‘leading order’ cancellation. Indeed, we see directly that

L(r"¢(y)) = r"~ (v* + 85 + Ro(0,)) ¢(y) + O(r" ™),
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so —72 is equal to an eigenvalue of 85 + Ry (0,y) and ¢ its corresponding eigenfunction.
A priori, these indicial roots may be real or complex, and we define the set A to consist
of the real parts of these indicial roots. It is easy to see that A is infinite and discrete.
For example, if L is the scalar Laplacian, or the linearized gauged Einstein operator
acting on trace-free symmetric two-tensors, for a metric g which has a single conic
point with cone angle 2w, then A = {j/a : j € Z} and {£(2 £ j/a) : j € Z},
respectively. For generalized Laplacians in two dimensions, A is symmetric about 0.
In all the examples of interest here, all indicial roots are real, so we think of A as
being precisely equal to the set of indicial roots.

Consider the action of L on weighted Holder spaces r”CZ;"’(M ) consisting of func-
tions of the form u = r”v where v is in the ‘geometric Hélder space’ with respect to
the metric g, i.e. computed using derivatives and distance functions for g. The basic
result is

Proposition 6.2. — The mapping
(6.16) L: r"Cg’a(M) — r"'Zc‘;va(M)

is Fredholm if and only if v ¢ A. This mapping is surjective for v ¢ A, v < 0, and
injective when v > 0. Finally, (6.16) is injective for some value v ¢ A if and only if
the corresponding mapping with weight —v is surjective.

If v is an indicial root, then a sequence of appropriate cutoffs of the approximate
solution r7¢(y) can be used to show that (6.16) does not have closed range when
v = 7. The more subtle parts of this result are to show Fredholmness when v ¢ A,
and to prove the final statement. We comment on this last part especially a bit
further. Both assertions are proved by constructing, for each v ¢ A, a generalized
inverse G for L. This is done using L? based methods, but the key is to show that
the Schwartz kernel of this operator has a precise structure as a smooth (or rather,
polyhomogeneous) function, which allows one to pass easily between weighted L2
and weighted Holder estimates. This is what makes it possible to prove the ‘duality
statement’ in a Holder setting.

For all the relevant operators in the Einstein deformation problem, one can prove
that (6.16) is injective for v > vy > 0, hence surjective for —v < —yy < 0. In order to
apply the inverse function theorem or any related contraction mapping arguments, the
operator should be surjective, hence by this result we should be working on a Holder
space with negative weight. However, it is impossible to let the nonlinear PDE act
on functions unbounded at the conic points. The resolution of this dilemma rests on
the

Proposition 6.3. — Let L be as above, and suppose that A 5 v > 0 is such that (6.16)
is injective. List the indicial roots of L with real parts in the interval (—v,v) by
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{vj : =N < j < N} with the convention that y_; = —v;. Then for any f € 7“’_2C2’°‘,
there exists a solution u € r‘”Cg’o‘ to Lu = f, and this u has a decomposition

N
(6.17) u= Z u; (y)r + v, ve r"Cg’“,
j=—N

where each u;(y) is an eigenfunction associated with that indicial root.

The finite dimensional span of terms u;(y)r? which appear in this partiale xpan-
sion is called the defect space. This result is general, but the crucial observation is
that for our particular problem, every element of this defect space can be identified
with an infinitesimal variation of a one-parameter family of solutions of the nonlinear
gauged Einstein operator. All the geometric moduli for the problem appear in this
way: the underlying Teichmiiller parameter on the compact surface, the location of
the conic points and the cone angles. We can then ‘solve’ the problem Lu = f with
fe r”_ng*o‘, v > 1y, by first altering these geometric parameters and applying the
operator L corresponding to the new metric to the remainder term v. In this way we
can set up an iteration scheme to solve the nonlinear perturbation problem.

Suitable generalizations of this idea are behind all of the other deformation results
discussed in the earlier parts of this paper. (Indeed, this type of idea has been applied
in very many other circumstances.) The result about higher dimensional Einstein
spaces with isolated conic singularities uses essentially the same linear theory, and
there are direct analogues of the Propositions 6.2 and 6.3. The calculational aspects
are substantially different, however, and unfortunately much more complicated. On
the other hand, the main indicial term to understand is the one corresponding to the
indicial root v = 0. The integrability hypothesis we imposed is that this does indeed
correspond to a one-parameter family of Einstein deformations of the cone C(N).
This appears to be generically true, and can be checked explicitly in several cases of
interest, but it is unclear if it holds in general (chances are that it does not).

When the singular set is a submanifold Y of dimension d > 0, the linear theory is
more complicated. It suffices to work in neighbourhoods diffeomorphic to U x Cy (N),
where U C Y is a coordinate neighbourhood. Each of the operators of interest have

the form
_ 8?2 A(r,y) 0 1

-7 9 L _H+K;
or? r 8r+r2 A

where H is much as before, an elliptic operator acting the link N, while K restricts

L

to an elliptic operator on Y. We can define the indicial roots of L exactly as in the
previous case; the operator K does not appear at the lowest level in terms of a formal
count of powers of r. It does play a role in a new model operator that we need to
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consider in this setting, called the normal operator of L. This is defined as

0> A(0,y) 0 1
—W ; E+T—2H(O)+AR¢1,
acting on function (or sections) on C(N) x R%. We roll the requisite results into the
one

N(L)

Proposition 6.4. — The mapping
L:rvC2(M) — r*=2Co(M)
is Fredholm if and only if v does not lie in the indicial weight set A, and addition,
N(L) : r*C2*(C(N) x R?) — r*72C0*(C(N) x RY)

is an isomorphism. If the nullspace of N(L) is nontrivial, then it is automatically
infinite dimensional and the same is true for the nullspace of L for the space with the
same weight; the analogous statement is true for the cokernel. As in the conic setting,
this mapping is surjective from r"Cg"" if and only if it is injective from r"’Cg*"‘.

Suppose A > v > 0 is such that (6.16) is injective, and list the indicial roots of L
in the interval (—v,v) as {7; : |j| < N} withy_; = —v;. Then for any f € r*~2CQ*,
there exists a solution u € r"’Cg’“ such that

N
(6.18) u= Z u; (Y)r7 +v.
j=—N
with each u;(y) equal to a multiple of the eigenfunction associated with that indicial
T00t.

It is no longer true that v or the coeflicients u;(y) in this decomposition are as
smooth as formal considerations would dictate, and this leads to some considerable,
and perhaps insurmountable, analytic difficulties when attempting to apply this linear
theory to our nonlinear problem. More plainly, when the codimension of Y in M is
equal to 2, then the defect space corresponding to crossing the indicial root 0 is infinite
dimensional, and its elements do not correspond in any reasonable way to geometric
motions.

When M is 3-dimensional, it is possible to overcome this using the fact that there
is a simple correspondence between the overall geometric parameters for the problem
in a neighbourhood of the singular set and their ‘traces’ in the asymptotic expansions
of infinitesimal Einstein deformations along the singular set.

The final issue to discuss is the general three-dimensional case, when M is a conifold
whose singular set contains not only edges but also vertices. One now needs an
extension of the theory of conic and edge operators discussed above. Fortunately,
the generalization needed is the simplest one possible, where the depth 2 points are
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isolated vertices of cones where the links are themselves spaces with isolated conic
singularities. The idea is to try to adapt the conic theory at these vertices, even
though the links are not smooth; in general one would expect to have difficulties with

lack of smoothness in the asymptotic expansions along the edges which terminate
at this vertex, and the main new steps are to control these expansions uniformly on

approach to these depth 2 vertices.
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Abstract. — We prove uniqueness of the Kerr black holes within the connected, non-
degenerate, analytic class of regular vacuum black holes.

Résumé (Sur lunicité de trous moirs stationnaires dans le vide). — On démontre
I’unicité de trous noirs de Kerr dans la classe de trous noirs connexes, analytiques,
réguliers, non-dégénérés, solutions des équations d’Einstein du vide.

1. Introduction

It is widely expected that the Kerr metrics provide the only stationary, asymptoti-
cally flat, sufficiently well-behaved, vacuum, four-dimensional black holes. Arguments
to this effect have been given in the literature [12, 84] (see also [51, 77, 91]), with
the hypotheses needed not always spelled out, and with some notable technical gaps.
The aim of this work is to prove a precise version of one such uniqueness result for
analytic space-times, with detailed filling of the gaps alluded to above.

The results presented here can be used to obtain a similar result for electro-vacuum
black holes (compare [13, 71]), or for five-dimensional black holes with three com-
muting Killing vectors (see also [56, 57]); this will be discussed elsewhere [31].

We start with some terminology. The reader is referred to Section 2.1 for a pre-
cise definition of asymptotic flatness, to Section 2.2 for that of a domain of outer
communications ((.#ext)), and to Section 3 for the definition of mean-non-degenerate
horizons. A Killing vector K is said to be complete if its orbits are complete, i.e., for
every p € ./ the orbit ¢;[K](p) of K is defined for all ¢ € R; in an asymptotically flat
context, K is called stationary if it is timelike at large distances.

2000 Mathematics Subject Classification. — 83C57.
Key words and phrases. — Stationary black holes, no-hair theorems.
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A key definition for our work is the following:

Definition 1.1. — Let (.#,g) be a space-time containing an asymptotically flat end
Fext, and let K be stationary Killing vector field on 4. We will say that (A, g, K)
is I*t-regular if K is complete, if the domain of outer communications ({Mexs)) is
globally hyperbolic, and if ((Mexs)) contains a spacelike, connected, acausal hyper-
surface . O Foxt, the closure . of which is a topological manifold with boundary,
consisting of the union of a compact set and of a finite number of asymptotic ends,
such that the boundary 8.7 := % \ .& is a topological manifold satisfying

(11) 857 - EY = 8<<%ext)> n I+(%ext)v

with 0.7 meeting every generator of &% precisely once. (See Figure 1.1.)

FIGURE 1.1. The hypersurface . from the definition of I -regularity.

In Definition 1.1, the hypothesis of asymptotic flatness is made for definiteness,
and is not needed for several of the results presented below. Thus, this definition
appears to be convenient in a wider context, e.g. if asymptotic flatness is replaced by
Kaluza-Klein asymptotics, as in [20, 23].

Some comments about the definition are in order. First we require completeness
of the orbits of the stationary Killing vector because we need an action of R on .#
by isometries. Next, we require global hyperbolicity of the domain of outer commu-
nications to guarantee its simple connectedness, to make sure that the area theorem
holds, and to avoid causality violations as well as certain kinds of naked singularities
in ((Mext)). Further, the existence of a well-behaved spacelike hypersurface gives us
reasonable control of the geometry of ((.#ex:)), and is a prerequisite to any elliptic
PDEs analysis, as is extensively needed for the problem at hand. The existence of
compact cross-sections of the future event horizon prevents singularities on the future
part of the boundary of the domain of outer communications, and eventually guaran-
tees the smoothness of that boundary. (Obviously It could have been replaced by I~
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throughout the definition, whence &+ would have become &~.) We find the require-
ment (1.1) somewhat unnatural, as there are perfectly well-behaved hypersurfaces in,
e.g., the Schwarzschild space-time which do not satisfy this condition, but we have not
been able to develop a coherent theory without assuming some version of (1.1). Its
main point is to avoid certain zeros of the stationary Killing vector K at the boundary
of ., which otherwise create various difficulties; e.g., it is not clear how to guarantee
then smoothness of &, or the static-or-axisymmetric alternative. () Needless to say,
all those conditions are satisfied by the Schwarzschild, Kerr, or Majumdar-Papapetrou
solutions.

We have the following, long-standing conjecture, it being understood that both the
Minkowski and the Schwarzschild space-times are members of the Kerr family:

Conjecture 1.2. — Let (A ,g) be a vacuum, four-dimensional space-time containing a
spacelike, connected, acausal hypersurface .#, such that Z is a topological manifold
with boundary, consisting of the union of a compact set and of a finite number of
asymptotically flat ends. Suppose that there exists on A a complete stationary Killing
vector K, that ((Meys)) is globally hyperbolic, and that 8.7 C M \ ({Mexs)). Then
((Mext)) is isometric to the domain of outer communications of a Kerr space-time.

In this work we establish the following special case thereof:

Theorem 1.3. — Let (A, g) be a stationary, asymptotically flat, I -regular, vacuum,
four-dimensional analytic space-time. If each component of the event horizon is mean
non-degenerate, then ({Mext)) is isometric to the domain of outer communications of
one of the Weinstein solutions of Section 6.7. In particular, if &% is connected and
mean non-degenerate, then ((Mexs)) is isometric to the domain of outer communica-
tions of a Kerr space-time.

In addition to the references already cited, some key steps of the proof are due to
Hawking [48], and to Sudarsky and Wald [89], with the construction of the candidate
solutions with several non-degenerate horizons due to Weinstein [93, 94]. It should
be emphasized that the hypotheses of analyticity and non-degeneracy are highly un-
satisfactory, and one believes that they are not needed for the conclusion.

One also believes that no candidate solutions with more than one component of &+
are singularity-free, but no proof is available except for some special cases [69, 92].

A few words comparing our work with the existing literature are in order. First, the
event horizon in a smooth or analytic black hole space-time is a priori only a Lipschitz
surface, which is way insufficient to prove the usual static-or-axisymmetric alternative.

(D In fact, this condition is not needed for static metric if, e.g., one assumes at the outset that all
horizons are non-degenerate, as we do in Theorem 1.3 below, see the discussion in the Corrigendum
to [18].
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Here we use the results of [22] to show that event horizons in regular stationary black
hole space-times are as differentiable as the differentiability of the metric allows.
Next, no paper that we are aware of adequately shows that the “area function” is non-
negative within the domain of outer communications; this is due both to a potential
lack of regularity of the intersection of the rotation axis with the zero-level-set of the
area function, and to the fact that the gradient of the area function could vanish on its
zero level set regardless of whether or not the event horizon itself is degenerate. The
second new result of this paper is Theorem 5.4, which proves this result. The difficulty
here is to exclude non-embedded Killing prehorizons (for terminology, see below), and
we have not been able to do it without assuming analyticity or axisymmetry, even for
static solutions. Finally, no previous work known to us establishes the behavior, as
needed for the proof of uniqueness, of the relevant harmonic map at points where the
horizon meets the rotation axis. The third new result of this paper is Theorem 6.1,
settling this question for non-degenerate black-holes. (This last result requires, in
turn, the Structure Theorem 4.5 and the Ergoset Theorem 5.24, and relies heavily
on the analysis in [19].) Last but not least, we provide a coherent set of conditions
under which all pieces of the proof can be combined to obtain the uniqueness result.

We note that various intermediate results are established under conditions weaker
than previously cited, or are generalized to higher dimensions; this is of potential
interest for further work on the subject.

1.1. Static case. — Assuming staticity, i.e., stationarity and hypersurface-
orthogonality of the stationary Killing vector, a more satisfactory result is available
in space dimensions less than or equal to seven, and in higher dimensions on manifolds
on which the Riemannian rigid positive energy theorem holds: non-connected config-
urations are excluded, without any a priori restrictions on the gradient V(g(K, K))
at event horizons.

More precisely, we shall say that a manifold & is of positive energy type if there
are no asymptotically flat complete Riemannian metrics on Z with positive scalar
curvature and vanishing mass except perhaps for a flat one. This property has been
proved so far for all n—dimensional manifolds & obtained by removing a finite num-
ber of points from a compact manifold of dimension 3 < n < 7 [86], or under the
hypothesis that S isa spin manifold of any dimension n > 3, and is expected to be
true in general (14, 70].

We have the following result, which finds its roots in the work of Israel [61],
with further simplifications by Robinson [85], and with a significant strengthening
by Bunting and Masood-ul-Alam [10]:
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Theorem 1.4. — Under the hypotheses of Conjecture 1.2, suppose moreover that
(((Aext)), 9) is analytic and K is hypersurface-orthogonal. Let & denote the man-
ifold obtained by doubling . across the non-degenerate components of its boundary
and compactifying, in the doubled manifold, all asymptotically flat regions but one to
a point. If 7 is of positive energy type, then ({Mexs)) is isometric to the domain of
outer communications of a Schwarzschild space-time.

Remark 1.5. — As a corollary of Theorem 1.4 one obtains non-existence of black holes
as above with some components of the horizon degenerate. In space-time dimension
four an elementary proof of this fact has been given in [26], but the simple argument
there does not seem to generalize to higher dimensions in any obvious way.

Remark 1.6. — Analyticity is only needed to exclude non-embedded degenerate pre-
horizons within ((.#ext)). In space-time dimension four it can be replaced by the
condition of axisymmetry and IT-regularity, compare Theorem 5.2.

Proof. — We want to invoke [18], where n = 3 has been assumed; the argument
given there generalizes immediately to those higher dimensional manifolds on which
the positive energy theorem holds. However, the proof in [18] contains one mistake,
and one gap, both of which need to be addressed.

First, in the case of degenerate horizons 5, the analysis of [18] assumes that the
static Killing vector has no zeros on ##; this is used in the key Proposition 3.2 there,
which could be wrong without this assumption. The non-vanishing of the static Killing
vector is justified in [18] by an incorrectly quoted version of Boyer’s theorem [8],
see [18, Theorem 3.1]. Under a supplementary assumption of I*-regularity, the zeros
of a Killing vector which could arise in the closure of a degenerate Killing horizon
can be excluded using Corollary 3.3. In general, the problem is dealt with in the
addendum to the arXiv versions vN, N > 2, of [18] in space-dimension three, and
in [20] in higher dimensions.

Next, neither the original proof, nor that given in [18], of the Vishveshwara-Carter
Lemma, takes properly into account the possibility that the hypersurface .4 of [18,
Lemma 4.1] could fail to be embedded. () This problem is taken care of by Theo-
rem 5.4 below with s = 1, which shows that ((.#ext)) cannot intersect the set where
W := —g(K, K) vanishes. This implies that K is timelike on ({(.#exs)) D .#, and null
on 0.7. The remaining details are as in [18]. d

() This problem affects points 4c,d,e and f of [18, Theorem 1.3], which require the supplementary
hypothesis of existence of an embedded closed hypersurface within .4'; the remaining claims of [18,
Theorem 1.3] are justified by the arguments described here.
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2. Preliminaries

2.1. Asymptotically flat stationary metrics. — A space-time (.#,g) will be
said to possess an asymptotically flat end if .# contains a spacelike hypersurface %y
diffeomorphic to R™ \ B(R), where B(R) is an open coordinate ball of radius R, with
the following properties: there exists a constant a > 0 such that, in local coordinates
on Yyt obtained from R™\ B(R), the metric 7y induced by g on .#xs, and the extrinsic
curvature tensor Kj;; of #ox, satisfy the fall-off conditions

(21) Yij = 0ij = Ok(r™%), Kij = Op-1(r™'7%),
for some k > 1, where we write f = Og(r®) if f satisfies
(2.2) Oy - Ok, f =0O(r*Y), 0<t<k.

For simplicity we assume that the space-time is vacuum, though similar results hold
in general under appropriate conditions on matter fields, see [4, 25] and references
therein. Along any spacelike hypersurface ., a Killing vector field X of (.#,g) can
be decomposed as
X =Nn+Y,

where Y is tangent to %/, and n is the unit future-directed normal to .%e:. The
vacuum field equations, together with the Killing equations imply the following set of
equations on ., where R;;(7) is the Ricci tensor of ~:

(23) D.,,YVJ + D]}/, = 2NKij,
(2.4) R;; (’)’) + KkkKij - 2K,'kKkj - N-l(ZyKij + DiDjN) =0.

Under the boundary conditions (2.1) with k > 2, an analysis of (2.3)-(2.4) provides
detailed information about the asymptotic behavior of (N,Y). In particular, one can
prove that if the asymptotic region %y is contained in a hypersurface . satisfying
the requirements of the positive energy theorem, and if X is timelike along .#y¢, then
(N,Y?) —, 00 (A% A%), where the A*’s are constants satisfying (4°)? > 3,(4%)%
One can then choose adapted coordinates so that the metric can, locally, be written

as
(2.5) g=—-V3(dt+ wf + yijdz'da?,
—o -
with
(2.6) 8,V = 30 = By = 0
(2.7) Yij = 0ij = Ox(r™®), 0; =Ox(r=*), V —1=0x(r"),

for any k € N. As discussed in more detail in [7], in y-harmonic coordinates, and in
e.g. a maximal time-slicing, the vacuum equations for g form a quasi-linear elliptic
system with diagonal principal part, with principal symbol identical to that of the
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scalar Laplace operator. Methods known in principle show that, in this “gauge”, all
metric functions have a full asymptotic expansion ®) in terms of powers of Inr and
inverse powers of r. In the new coordinates we can in fact take

(2.8) a=n-2.

By inspection of the equations one can further infer that the leading order corrections
in the metric can be written in a Schwarzschild form, which in “isotropic” coordinates
reads

1 - _—_2| ”In p) 2 m ﬁ n
z|"~ 2 2
m <1 i 2|valw—2) 2|$L‘|"' 2 ; [
where m € R.

2.2. Domains of outer communications, event horizons. — A key notion in
the theory of black holes is that of the domain of outer communications: A space-
time (,g) will be called stationary if there exists on .# a complete Killing vector
field K which is timelike in the asymptotically flat region .Fpy.® For t € R let
¢:|K] : M — A denote the one-parameter group of diffeomorphisms generated by
K; we will write ¢, for ¢;[K] whenever ambiguities are unlikely to occur. The exterior
region ey and the domain of outer communications ((Mext)) are then defined as (5)
(compare Figure 2.1)

(2.9) ((Mext)) =TT (Uedt(Fext)) NI~ (Ughe(Fext))-
————
=:Mext,
The black hole region % and the black hole event horizon J# T are defined as
B= M\ (Mey), H+=02RB.

The white hole region # and the white hole event horizon ¢~ are defined as above
after changing time orientation:

W = M\ (Mogs), H~=0W, H=HT0H".

(®) One can use the results in, e.g., [15] together with a simple iterative argument to obtain the
expansion. This analysis holds in any dimension.

() In fact, in the literature it is always implicitly assumed that K is uniformly timelike in the
asymptotic region Fext, by this we mean that g(K,K) < —e < 0 for some € and for all r large
enough. This uniformity condition excludes the possibility of a timelike vector which asymptotes to
a null one. This involves no loss of generality in well-behaved space-times: indeed, uniformity always
holds for Killing vectors which are timelike for all large distances if the conditions of the positive
energy theorem are met [5, 25).

(5) Recall that I~ (£2), respectively J~(S2), is the set covered by past-directed timelike, respectively
causal, curves originating from €2, while I~ denotes the boundary of I~, etc. The sets I't, etc., are
defined as I, etc., after changing time-orientation.
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""""""""""""" Mext

Fext

17 (Mext)

FIGURE 2.1. Fext, Mext, together with the future and the past of Aext.
One has Mexi C I (Mext), even though this is not immediately apparent
from the figure. The domain of outer communications is the intersection
It (Mext) N I™ (Mext), compare Figure 1.1.

It follows that the boundaries of ((.#exs)) are included in the event horizons. We set

(2.10) E = 0((Mexs)) N IE (M), E=8ETUE.

There is considerable freedom in choosing the asymptotic region .. However,
it is not too difficult to show, using Lemma 3.6 below, that I*(.#.y), and hence
((Mexs)), #* and &F, are independent of the choice of .%,.,; whenever the associated
Mext’s overlap.

Several results below hold without assuming asymptotic flatness: for example, one
could assume that we have a region .%,x; on which K is timelike, and carry on with the
definitions above. An example of interest is provided by Kaluza-Klein metrics with an
asymptotic region of the form (R™\ B(R)) x TP, with the space metric asymptotic to
a flat metric there. However, for definiteness, and to avoid unnecessary discussions,
we have chosen to assume asymptotic flatness in the definition of I't-regularity.

2.3. Killing horizons, bifurcate horizons. — A null hypersurface, invariant un-
der the flow of a Killing vector K, which coincides with a connected component of
the set

N (K) :=={g(K,K) =0, K # 0},
is called a Killing horizon associated to K.

A set will be called a bifurcate Killing horizon if it is the union of four Killing
horizons, the intersection of the closure of which forms a smooth submanifold S of co-
dimension two, called the bifurcation surface. The four Killing horizons consist then
of the four null hypersurfaces obtained by shooting null geodesics in the four distinct
null directions normal to S. For example, the Killing vector xd; + t9, in Minkowski
space-time has a bifurcate Killing horizon, with the bifurcation surface {t = z = 0}.

The surface gravity k of a Killing horizon .4 is defined by the formula

(2.11) d(g(K,K))|x = —2kK" ,
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where K’ = guv K¥dz#. A fundamental property is that the surface gravity « is
constant over each horizon in vacuum, or in electro-vacuum, see e.g. [51, Theorem 7.1].
The proof given in [90] generalizes to all space-time dimensions n + 1 > 4; the result
also follows in all dimensions from the analysis in [55] when the horizon has compact
spacelike sections. (The constancy of k can be established without assuming any field
equations in some cases, see [62, 82].) A Killing horizon is called degenerate if
vanishes, and non-degenerate otherwise.

2.3.1. Near-horizon geometry. — Following [74], near a smooth event horizon one
can introduce Gaussian null coordinates, in which the metric takes the form

(2.12) g = rpdv? + 2dvdr + 2rhdz®dv + hapdz®dz®.

(These coordinates can be introduced for any null hypersurface, not necessarily an
event horizon, in any number of dimensions). The horizon is given by the equation
{r = 0}; replacing r by —r if necessary we can without loss of generality assume that
r > 0 in the domain of outer communications. Assuming that the horizon admits a
smooth compact cross-section S, the average surface gravity (k)s is defined as

(2.13) (ks = —ﬁ /S odin,

where duy, is the measure induced by the metric h on S, and |S| is the volume of S.
We emphasize that this is defined regardless of whether or not some Killing vector K
is tangent to the horizon generators; but if K is, and if the surface gravity k of K is
constant on S, then (k)s equals «.

On a degenerate Killing horizon the surface gravity vanishes by definition, so that
the function ¢ in (2.12) can itself be written as rA, for some smooth function A.
The vacuum Einstein equations imply (see [74, eq. (2.9)] in dimension four and [67,
eq. (5.9)] in higher dimensions)

o 1. - o o
(214) Rop = §hahb - D(ahb)7

where éab is the Ricci tensor of ﬁab := hap|r=0, and D is the covariant derivative
thereof, while h, := h4|r—o. The Einstein equations also determine A= Alr=o
uniquely in terms of h, and hgp:

(2.15) A= %fz“b (hahy — Dahs)

(this equation follows again e.g. from [74, eq. (2.9)] in dimension four, and can be
checked by a calculation in all higher dimensions). We have the following: ()

(6) Some partial results with a non-zero cosmological constant have also been proved in [26].
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Theorem 2.1 ([26]). — Let the space-time dimension be n + 1, n > 3, suppose that a
degenerate Killing horizon A has a compact cross-section, and that ha = 8\ for
some function A (which is necessarily the case in vacuum static space-times). Then
(2.14) implies hq = 0, so that hay is Ricci-flat.

Theorem 2.2 ([47, 67]). — In space-time dimension four and in vacuum, suppose that
a degenerate Killing horizon A has a spherical cross-section, and that (#,g) admits
a second Killing vector field with periodic orbits. For every connected component A

°

of N there exists an embedding of N into a Kerr space-time which preserves hq, hqp
and A.

It would be of interest to understand fully (2.14), in all dimensions, without re-
strictive conditions.

In the four-dimensional static case, Theorem 2.1 enforces toroidal topology of cross-
sections of A, with a flat izab. On the other hand, in the four-dimensional axisym-
metric case, Theorem 2.2 guarantees that the geometry tends to a Kerr one, up to
errors made clear in the statement of the theorem, when the horizon is approached.
(Somewhat more detailed information can be found in [47].) So, in the degenerate
case, the vacuum equations impose strong restrictions on the near-horizon geometry.

It seems that this is not the case any more for non-degenerate horizons, at least
in the analytic setting. Indeed, we claim that for any triple (IV, iza, ;lab)a where N is
a two-dimensional analytic manifold (compact or not), ;za is an analytic one-form on
N, and fozab is an analytic Riemannian metric on NN, there exists a vacuum space-time
(A, g) with a bifurcate (and thus non-degenerate) Killing horizon, so that the metric
g takes the form (2.12) near each Killing horizon branching out of the bifurcation
surface S ~ N, with - haplr=0 and he = ha|r=0; in fact ;Lab is the metric induced
by g on S. When N is the two-dimensional torus T? this can be inferred from [73]
as follows: using [73, Theorem (2)] with (¢, Ba, gab)lt=0 = (O,Zﬁa,ilab) one obtains
a vacuum space-time (.#' = S' x T? x (—¢,€),g') with a compact Cauchy horizon
S1 x T? and Killing vector K tangent to the S* factor of .#’. One can then pass
to a covering space where S! is replaced by R, and use a construction of Récz and
Wald [82, Theorem 4.2] to obtain the desired .# containing the bifurcate horizon.
This argument generalizes to any analytic (N, iza, ilab) without difficulties.

2.4. Globally hyperbolic asymptotically flat domains of outer communi-
cations are simply connected. — Simple connectedness of the domain of outer
communication is an essential ingredient in several steps of the uniqueness argument
below. It was first noted in [28] that this stringent topological restriction is a conse-
quence of the “topological censorship theorem” of Friedman, Schleich and Witt [37]
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for asymptotically flat, stationary and globally hyperbolic domains of outer commu-
nications satisfying the null energy condition:

(2.16) R, Y*Y” >0 for null Y*.

In fact, stationarity is not needed. To make things precise, consider a space-time
(. ,g) with several asymptotically flat regions .#,, i = 1,..., N, each generating
its own domain of outer communications. It turns out [41] (compare [42]) that the
null energy condition prohibits causal interactions between distinct such ends:

Theorem 2.3. — If (A ,g) is a globally hyperbolic and asymptotically flat space-time
satisfying the null energy condition (2.16), then

(2.17) (M) O T (M) = @ for i # 5.
A clever covering/connectedness argument (") [41] shows then: (®)

Corollary 2.4. — A globally hyperbolic and asymptotically flat domain of outer com-
munications satisfying the null energy condition is simply connected.

In space-time dimension four this, together with standard topological results [76],
leads to a spherical topology of horizons (see [28] together with Proposition 4.4 below):

Corollary 2.5. — In It -regular, stationary, asymptotically flat space-times satisfying
the null energy condition, cross-sections of & have spherical topology.

3. Zeros of Killing vectors

Let . be a spacelike hypersurface in ((.#ext)); in the proof of Theorem 1.3 it will
be essential to have no zeros of the stationary Killing vector K on .#. Furthermore,
in the axisymmetric scenario, we need to exclude zeros of Killing vectors of the form
Ky + aK) on ((Mexs)), where Ky = K and K(y) is a generator of the axial
symmetry. The aim of this section is to present conditions which guarantee that; for
future reference, this is done in arbitrary space-time dimension.

We start with the following:

Lemma3.1. — Let Syt C & C ((Mext)), and suppose that ¥ is achronal in
((Mext)). Then for any p € Meyy, there exists tg € R such that

I NI (44, (p) = 2.

(") Under more general asymptotic conditions it was proved in [44] that inclusion induces a surjective
homeomorphism between the fundamental groups of the exterior region and the domain of outer
communications. In particular, 71 (Aext) = 0 = 71 (((Mext))) = 0.

(8) Strictly speaking, our applications below of [41] require checking that the conditions of asymptotic
flatness in [41] coincide with ours; this, however, can be avoided by invoking directly [28].
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Proof. — Let p € Meys. There exists ¢o such that 7 := ¢4, (p) € Fext- Suppose that
Z NIt (¢s,(p)) # D. Then there exists a timelike future directed curve v from r
to g € #. Let ¢; € % converge to g; then ¢; € IT(r) for i large enough, which
contradicts achronality of . within ((Aexs))- O

Lemma 3.2. — Let S C I (Mexs) be compact.

1. There ezists p € Mext sSuch that S is contained in IT(p).
2. If S C O Mext)) NI (Mexs) and if ({{Mexs)), 9) is strongly causal at S, ®) then
for any p € Mecxy there exists to € R such that SN It (¢, (p)) = 2.

Proof. — 1: Let q € S; there exists p, € Mexy such that ¢ € I*t(p,), and since
It (pg) is open there exists an open neighborhood &, C S of ¢ such that &, C I*(p,).
By compactness there exists a finite collection &, i = 1,...,I, covering S, thus
S C Uil (pg,)- Letting p € Mext be any point such that p,, € IT(p) fori=1,...,1,
the result follows.

2: Suppose not. Then ¢;(p) € I=(S) for all i € N, hence there exists ¢; € S
such that ¢; € I'*(4;(p)). By compactness there exits ¢ € S such that ¢; — q. Let
0 be an arbitrary neighborhood of g; since g € &7; there exists 1 € 6 N ((Mext)),
D+ € Meoxt, and a future directed causal curve vy from r to py. For all ¢ large,
this can be continued by a future directed causal curve from p, to ¢;(p), which can
then be continued by a future directed causal curve to g;. But ¢; € € for i large
enough. This implies that every small neighborhood of ¢ meets a future directed
causal curve entirely contained within ({.#cxt)) which leaves the neighborhood and
returns, contradicting strong causality of ((#ext)). O

It follows from Lemma 3.1, together with point 1 of Lemma 3.2 with S = {r}, that

Corollary 3.3. — Ifr € NI (Meys), then the stationary Killing vector K does not
vanish at r. In particular if (A ,g) is It -regular, then K has no zeros on .%. O

To continue, we assume the existence of a commutative group of isometries R x
Ts—1, s > 1. We denote by K, (o) the Killing vector tangent to the orbits R factor, and
we assume that K q) is timelike in .#.;. We denote by K(;),i = 1,...,s—1 the Killing
vector tangent to the orbits of the i’th S! factor of T*~!. We assume that each K )
is spacelike in ((#ext)) wherever non-vanishing, which will necessarily be the case if
((Mext)) is chronological. Note that asymptotic flatness imposes s—1 < n/2, though
most of the results of this section remain true without this hypothesis, when properly
formulated.

(9) In a sense made clear in the last sentence of the proof below.
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We say that a Killing orbit v : R — . is future-oriented if there exist numbers
71 > To such that y(m;) € I*T(y(7)). Clearly all orbits of a Killing vector K are
future-oriented in the region where K is timelike. A less-trivial example is given by
orbits of the Killing vector 0, + 0, in Minkowski space-time. Similarly, in stationary
axisymmetric space-times, those orbits of this last Killing vector on which & is timelike
are future-oriented (let 7o = 0 and 71 = 27/Q).

We have:

Lemma 3.4. — Orbits through My of Killing vector fields K of the form K +
Y oK) are future-oriented.

Proof. — Recall that for any Killing vector field Z we denote by ¢;[Z] the flow of Z.
Let

Y = Za(i)K(,-).
Suppose, first, that there exists 7 > 0 such that ¢.[Y] is the identity. Since Ky and
Y commute we have

¢-[K] = ¢-[K (o) + Y] = ¢-[K(0)] 0 $-[Y] = ¢-[K (0)]-
Setting 79 = 0 and 7; = 7, the result follows.
Otherwise, there exists a sequence t; — oo such that ¢, [Y](p) converges to p.
Since I'*(p) is open there exists a neighborhood Z* C I*(p) of ¢1[K()l(p). Let
¥+ = ¢_1[K)](% ), then every point in % lies on a future directed timelike path

starting in ¥, namely an integral curve of K (0)- There exists 79 > 1 so that ¢; > 1
and ¢, [Y](p) € ¥ for i > iy. We then have

¢t1‘ [K](p) = ¢ti [K(O) + Y](p) = ¢ti—l[K(0)](¢1 (¢ti [Y](])))) € I+(p)
eyt
€U+ CI*(p)

The numbers 79 = 0 and 71 = t;, satisfy then the requirements of the definition. O
For future reference we note the following;:

Lemma 3.5. — The orbits through ((Mexs)) of any Killing vector K of the form K o)+
Y aw Ky are future-oriented.

Proof. — Let p € ((#ext)), thus there exist points p+ € .#ey; such that py € I%(p),
with associated future directed timelike curves 4. It follows from Lemma 3.4 together
with asymptotic flatness that there exists 7 such that ¢, [K](p_) € I'*(p5) for some
7, as well as an associated future directed curve « from p; to ¢,[K](p—). Then the
curve 4 - v - ¢-[K](7-), where - denotes concatenation of curves, is a timelike curve
from p to ¢-(p). O

The following result, essentially due to [27], turns out to be very useful:
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Lemma 3.6. — Let a; € R. For any set C invariant under the flow of K = K o) +
S i i K, the set I*(C) N Meyy coincides with Meys, if non-empty.

Proof. — The null achronal boundaries I¥ (C) N Myt are invariant under the flow
of K. This is compatible with Lemma 3.4 if and only if I¥(C) N Moy, = @. If C
intersects I (Mext) then I~ (C)NMeyt is non-empty, hence I~ (C) O Moy, since Moy
is connected. A similar argument applies if C intersects I~ (Aext)- a

We have the following strengthening of Lemma 3.2:

Lemma 3.7. — Let o; € R. If (({Mext)),8) is chronological, then there erists no
nonempty set N which is invariant under the flow of Koy + > ; a;K; and which is

included in a compact set C C ({Moxs))-

Proof. — Assume that N C ((#.x)) is not empty. From Lemma 3.6 we obtain
Meoxy C IT(N), hence I (Meyy) C IT(N). Arguing similarly with I~ we infer that

(<-ﬁext>> - I+(N) ﬂI_(N)

Hence every point g in ((#ext)) is in I (p) for some p € N. We conclude that
{I*(p) N C}pen is an open cover of C. Assuming compactness, we may then choose
a finite subcover {I*(p;) N C}.L_,. This implies that each p; must be in the future of
at least one p;, and since there is a finite number of them one eventually gets a closed
timelike curve, which is not possible in chronological space-times. O

Since each zero of a Killing vector provides a compact invariant set, from Lemma 3.7
we conclude

Corollary 3.8. — Let a; € R. If ({{Mexs)), 8) is chronological, then Killing vectors of
the form Koy + 3 ; 0; K; have no zeros in ((Mext))

4. Horizons and domains of outer communications in regular space-times

In this section we analyze the structure of a class of horizons, and of domains of
outer communications.

4.1. Sections of horizons. — The aim of this section is to establish the existence
of cross-sections of the event horizon with good properties.

By standard causality theory the future event horizon S#+ = I~ (M) (recall that
I* denotes the boundary of I +) is the union of Lipschitz topological hypersurfaces.
Furthermore, through every point p € S#* there is a future inextendible null geodesic
entirely contained in ##%1 (though it may leave J#* when followed to the past of p).
Such geodesics are called generators. A topological submanifold S of £+ will be
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called a local section, or simply section, if S meets the generators of 51 transversally;
it will be called a cross-section if it meets all the generators precisely once. Similar
definitions apply to any null achronal hypersurfaces, such as J#~ or &*.

We start with the proof of existence of sections of the event horizon which are
moved to their future by the isometry group. The existence of such sections has been
claimed in Lemma 5.2 of [16]; here we give the proof of a somewhat more general
result:

Proposition 4.1. — Let 56 C = #TUH~ = I—(//lext)uﬁ(.///ext) be a connected
component of the event horizon J in a space-time (M ,g) with stationary Killing
vector K gy, and suppose that there exists a compact cross-section S of H#4 satisfying

S C & = NI (Moys).

Assume that
1. either
((Mext)) NIF (Mexy) 1s strongly causal,

2. or there exists in ((Mext)) a spacelike hypersurface # O Fext, achronal in
((Meys)), so that S above coincides with the boundary of .7 :

S=07cé&T.

Then there exists a compact Lipschitz hypersurface Sy of &y which is transverse to
both the stationary Killing vector field Ky and to the generators of &y, and which
meets every generator of & precisely once; in particular

6 = Uss(So)-

Proof. — Changing time orientation if necessary, and replacing .# by I (M) \
(S \ %), we can without loss of generality assume that & = & = S84 = # = H#T.
Choose a point p € ey, where the Killing vector K, (0) is timelike, and let

Yp = Uier®:(p)

be the orbit of Ky through p. Then I~ (S) must intersect v, (since & is contained
in the future of .#cy¢). Further, I~(S) cannot contain all of y,, by Lemma 3.1 or by
part 2 of Lemma 3.2. Let g € =, lie on the boundary of I~(S), then I (g) cannot
contain any point of S, so it does not contain any complete null generator of &. On
the other hand, if I*(q) failed to intersect some generator of &, then (by invariance
under the flow of K )) each point of y, would also fail to intersect some generator. By
considering a sequence, {g, = ¢:,(q)}, along 7, with ¢, — —o00, one would obtain a
corresponding sequence of horizon generators lying entirely outside the future of {g,}.
Using compactness, one would get an “accumulation generator” that lies outside the
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future of all {g,} and thus lies outside of It (v,) = I (Mext), contradicting the fact
that S lies to the future of .Zeyy.

Set

So == I*(g) N &0,
and we have just proved that every generator of &y intersects Sy at least once.

The fact that the only null geodesics tangent to & are the generators of & shows
that the generators of I *(q) intersect & transversally. (Otherwise a generator of
I *(q) would become a generator, say I, of &. Thus I" would leave & when followed
to the past at the intersection point of I *(q) and &, reaching g, which contradicts the
fact that & lies at the boundary of I~ (.#ext).) As in [22], Clarke’s Lipschitz implicit
function theorem [29] shows now that Sy is a Lipschitz submanifold intersecting each
horizon generator; while the argument just given shows that it intersects each genera-
tor at most one point. Thus, Sy is a cross-section with respect to the null generators.
However, Sy also is a cross-section with respect to the flow of K g), because for all ¢
we have

$:(S0) = I (¢e(g)) N &,
and for ¢ > 0 the boundary of I (¢:(g)) is contained within I (q). In other words,
¢+(So) cannot intersect Sy, which is equivalent to saying that each orbit of the flow of
K o) on the horizon cannot intersect So at more than one point. On the other hand,
each orbit must intersect Sy at least once by the type of argument already given —
one will run into a contradiction if complete Killing orbits on the horizon are either
contained within I*(q) or lie entirely outside of I1(q). O

Now, both S and Sy are compact cross-sections of &y. Flowing along the generators
of the horizon, one obtains:

Proposition 4.2. — S is homeomorphic to Sp.

We note that so far we only have a C%! cross-section of the horizon, and in fact
this is the best one can get at this stage, since this is the natural differentiability of
&y. However, if &y is smooth, we claim:

Proposition 4.3. — Under the hypotheses of Proposition 4.1, assume moreover that
&o is smooth, and that ({Mext)) is globally hyperbolic. Then Sy can be chosen to be
smooth.

Proof. — The result is obtained with the following regularization argument: Choose
a point p € Moy, such that the section S of Proposition 4.1 does not intersect the
future of p. Let the function u be the retarded time associated with the orbit v,
through p parameterized by the Killing time from p; this is defined as follows: For
any q € 4 we consider the intersection J~(gq) N~,. If that intersection is empty
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we set u(q) = co. If J~(q) contains v, we set u(g) = —oco. Otherwise, as J~(q) is
achronal, the set J~(g) N 7p contains precisely one point ¢,(p) for some 7. We then
set u(q) = 7. Note that, with appropriate conventions, this is the same as setting

(4.1) u(q) = inf{t : ¢:(p) € J™(9)}-

It follows from the definition of u that we have, for all r,

(4.2) u(d(r)) = ulr) + ¢.

In particular, u is differentiable in the direction tangent to the orbits of K o), with
(4.3) K)(u) = g(K(0), Vu) =1,

everywhere.

The proof of Proposition 4.1 shows that u is finite in a neighborhood of &p; let
So = U—I(O) n go,

and let € denote a conditionally compact neighborhood of Sy on which u is finite;
note that Sy here is a ¢;[K (0)]—translate of the section Sy of Proposition 4.1.

Let n be the field of future directed tangents to the generators of &, normalized
to unit length with some auxiliary smooth Riemannian metric on .#. For ¢ € Sy
let A; C Ty denote the collection of all similarly normalized null vectors that
are tangent to an achronal past directed null geodesic v from ¢ to ¢y q)(p), with
contained in ((.#ext)) except for its initial point. (If u is differentiable at ¢ then .45
contains one single element, proportional to Vu, but .4; can contain more than one
null vector in general.) We claim that there exists ¢ > 0 such that

(4.4) g(lg,ng) > ¢ > 0.

quJ,Ilque./%
Indeed, suppose that this is not the case; then there exists a sequence ¢; € Sy and
a sequence of past directed null achronal geodesic segments v; from ¢; to p, with
tangents l; at g;, such that g(l;,n) — 0. Compactness of Sy implies that there exists
q € Sy such that ¢; — gq.

Let v be an accumulation curve of the 7;’s passing through ¢. By hypothesis, & is
a smooth null hypersurface contained in the boundary of ((#ey:)), with g € &. This
implies that either v immediately enters ((.#ext)), or 7 is a subsegment of a generator
of & through g. In the latter case v intersects S when followed from ¢ towards the
past, and therefore the -y,’s intersect J~(S) N ((.#exs)) for all i large enough. But this
is not possible since SN J*(p) = @. We conclude that there exists so > 0 such that
Y(80) € ((Mext)). Thus a subsequence, still denoted by ~;(so), converges to v(so),
and global hyperbolicity of ({#cyt)) implies that the 7;’s converge to an achronal null
geodesic segment «y through p, with tangent ! at Sy satisfying g(I,n) = 0. Since both
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l and n are null we conclude that [ is proportional to n, which is not possible as the
intersection must be transverse, providing a contradiction, and establishing (4.4).

Let £;,i=1,...,N, be a family of coordinate balls of radii 3r; such that the balls
of radius r; cover &, and let @; be an associated partition of unity; by this we mean
that the ¢,;’s are supported in &;, and they sum to one on &. For € < r := minr; let
we(z) = €™ Lp(z/€) (recall that the dimension of .# is n+ 1), where ¢ is a positive
smooth function supported in the ball of radius one, with integral one. Set

N
(4.5) U 1= Z Pi Pe * U,
i=1

where * denotes a convolution in local coordinates. Strictly speaking, ¢, should be
denoted by ¢ ;, as it depends explicitly on the local coordinates on &;, but we will
not overburden the notation with yet another index. (!®) Then u. tends uniformly to
u. Further, using the Stokes theorem for Lipschitz functions [75],

N
(4.6) du, = Z {(pe *x U dp; + @i Qe * du}
21=Vl
= ;{((pe*'j—u) doi + @i goe;kldu},

where we have also used >, dp; = d>"; p; = d1 = 0. It immediately follows that the
term I uniformly tends to zero as € goes to zero. Now, the term II, when contracted
with K|q), gives a contribution

Il

47 kg leerd@ = [ K@ o - vy

= /|y—zlse [SKgo)(x) ~ Ko (y)) Biuly)

2

'

=0(e)
+ K{o) (4)Biu(y) ] pc(z —y)d* Ty
——
=1 by (4.3)

= 1+ 0(e).

It follows that, for all € small enough, the differential du. is nowhere vanishing, and
that K g is transverse to the level sets of u..

To conclude, let n denote any future directed causal smooth vector field on &
which coincides with the field of tangents to the null generators of & as defined

(10) This is admittedly somewhat confusing since, e.g., vazl Pi Pe ¥ U F (Zfil ©i) Pe * u.
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above. By (4.4) the terms II in the formula for du., when contracted with n, will
give a contribution

(4.8)
n(perd)@) = [ [(0@) — 1) ) + n' 0wl - DIy
ly—z|<e S’ N e’
=0(e) : >c
> ¢+ O(e),

and transversality of the generators of &y to the level sets of u., for € small enough,
follows. O
4.2. The structure of the domain of outer communications. — The aim

of this section is to establish the product structure of IT-regular domains of outer
communication, Theorem 4.5 below. The analysis here is closely related to that
of [27].

As in Section 3, we assume the existence of a commutative group of isometries
R x T*~! with s > 1. We use the notation there, with K (o) timelike in .#ext, and
each K(;) spacelike in ({#ext))-

Let r = /) ;(z%)? be the radius function in .#c. By the asymptotic analysis
of [25] there exists R so that for 7 > R the orbits of the K(;)’s are entirely contained
in My, so that the function

0= [ rlo)iug

is well defined, and invariant under T*~'. Here du, is the translation invariant mea-
sure on T*~! normalized to total volume one, and g(p) denotes the action on .# of
the isometry group generated by the K(;)’s. Similarly, let ¢ be any time function on
((Mext)), the level sets of which are asymptotically flat Cauchy surfaces. Averaging
over T*~! as above, we obtain a new time function #, with asymptotically flat level
sets, which is invariant under T*~!. (The interesting question, whether or not the
level sets of £ are Cauchy, is irrelevant for our further considerations here.) It is then
easily seen that, for o large enough, the level sets

8,0 :={t=1,7=0}

are smooth embedded spheres included in #eys.

Throughout this section we assume that (.#,g) is I*T-regular. Let . be as in
the definition of regularity, thus . is an asymptotically flat spacelike acausal hy-
persurface in ((Meyxt)) with compact boundary, the latter coinciding with a compact
cross-section of &. Deforming .# if necessary, without loss of generality we may
assume that .# N ey is a level set of £. We choose R large enough so that S’o, R is
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a smooth sphere, and so that the slopes of light cones on the S'T,g’s, for 0 > R, are
bounded from above by two, and from below by one half, and redefine ., so that
ajpext = gO,R-
Consider

(g+ = (j+(S'O,R) \ -/ﬂext) N <<‘/”ext>>'
Then %7 is a null, achronal, Lipschitz hypersurface generated by null geodesics ini-
tially orthogonal to S'O, r- Let us write ¢; for ¢;[K )], and set

G = i(T);

we then have

G = (JY(SR) \ Mext) N ((Mexs)),
(recall that the flow of K () consists of translations in ¢ in .#ex) which implies that

every orbit of K g intersects & + at most once.
Since . is achronal it partitions ((.#ex:)) as

(4.9) ((Moxt)) = L UTT(F; ({Mext))) U T (F; ({Mexs))) (disjoint union).

Indeed, as ((.#ex)) is globally hyperbolic, the boundaries (I(.#) \ %) N ((Mexs))
are generated by null geodesics with end points on edge()N{((Mext)) = 2.

We claim that every orbit of K (o) intersects .#. For this, recall that for any ¢ in
((Mext)) there exist points p+ € eyt such that ¢ € IT(py). Since the flow of Ko
in Mext is by time translations there exist t+ € R so that ¢, (p+) € Fext. Hence
¢¢, (q) € IT(Fext), which shows that every orbit of Koy meets both the future and
the past of .. By continuity and (4.9) every orbit meets . (perhaps more than
once). Hence

(4~10) <(~//{ext>> = Ut¢t(y)» ((J/{ext)) n I+(*//{ext) = Ut¢t(57)

(for the second equality Proposition 4.1 has been used). Setting #iny = ((Mext)) \
My, one similarly obtains

(4.11) My = CTUIT(CT; Miny) UI (€T Mins) (disjoint union),
(412) -%int = Ut¢t(cg+).

By hypothesis . \ Fext is compact and so, by the first part of Lemma 3.2, there
exists p_ € Moyt such that

(4.13) F\ Fext C I (p-).
Choose t_ < 0 so that p_ € I'*(S;_ g); we obtain that . \ Fx; C I*(S;_ r), hence
L\ Fexs C I ().

Since S g C . we have € C IT(%). By acausality of . and (4.9) we infer that
P\ Foxs C I (€7), and hence ¢;_(F \ Fext) C I (E,F).
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So, for p € .\ Fext the orbit segment
[t_,O] 2t— ¢t(p)

starts in the past of €," and finishes to its future. From (4.10) we conclude that

(4.14) {t C Uep_,019(F \ Fext) 5

equivalently,
€+ C Usepo,—t_19t(S \ Fext)-
As the set at the right-hand-side is compact, we have established:

Proposition 4.4. — Suppose that (A ,g) is I -regular, then €+ is compact.
We are ready to prove now the following version of point 2 of Lemma 5.1 of [16]:

Theorem 4.5 (Structure theorem). — Suppose that (.#,g) is an I —regular stationary
space-time invariant under a commutative group of isometries R x T*~!, s > 1, with
the stationary Killing vector K tangent to the orbits of the R factor. There exists
on ((Mexs)) a smooth time function t, invariant under T°~!, which together with the
flow of K o) induces the diffeomorphisms

(4.15) (M) MR XS, (M) (Mexs) ~ R x P,

where & = t=1(0) is asymptotically flat, (invariant under T°~1), with the boundary
L34 being a compact cross-section of &. The smooth hypersurface with boundary 5
is acausal, spacelike up-to-boundary, and the flow of K o) is a translation along the R
factor in (4.15).

Proof. — From what has been said, every orbit of K(g) through ({/ext)) \ Mext
intersects 4+ precisely once. For p € ((Mext)) \ Mext We let u(p) be the unique
real number such that ¢,,)(p) € €, while for p € exy we let u(p) be the unique
real number such that ¢, (p)(p) € Fext. The function u : ((Aexs)) — R is Lipschitz,
smooth in e, with achronal level sets transverse to the flow of K(g), and provides
a homeomorphism

<<-ﬁext)) \%ext ~ R X cg+’ ((-ﬁext» ~ R X (Cg-'_ U «Sﬂext)-

The desired hypersurface & will be a small spacelike smoothing of u~1(0), obtained
by first deforming the metric g to a metric g, the null vectors of which are spacelike
for g. The associated corresponding function u. will have Lipschitz level sets which
are uniformly spacelike for g. A smoothing of u. will provide the desired function ¢.
The details are as follows:

We start by finding a smooth hypersurface, not necessarily spacelike, transverse to
the flow of K. We shall use the following general result, pointed out to us by R. Wald
(private communication):
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Proposition 4.6. — Let Sy be a two-sided, smooth, hypersurface in a manifold M with
an open neighborhood €& such that M \ € consists of two disconnected components
M_ and M. Let X be a complete vector field on M and suppose that there exists
T > 0 such that for every orbit ¢,(p) of X, t € R, p € M, there is an interval [to,t1]
with (t1 — to) < T such that ¢¢(p) lies in M_ for all t < to, and ¢:(p) lies in M,
for allt > t1. If M has a boundary, assume moreover that 8Sy C OM, and that X
is tangent to OM. Then there exists a smooth hypersurface S; C M such that every
orbit of X intersects S1 once and only once.

Proof. — Let f be a smooth function with the property that f =0in M_,0< f <1
in €, and f =1 in M, ; such a function is easily constructed by introducing Gauss
coordinates, with respect to some auxiliary Riemannian metric, near Sy. For t € R
and p € M let ¢+(p) denote the flow generated by X. Define F : M — R by

0
F(p)=/_ fo¢s(p)ds.

Then F' is a smooth function on M increasing monotonically from zero to infinity
along every orbit of X. Furthermore F is strictly increasing along the orbits at points
at which F' > T (since such points must lie in M., where f = 1). In particular, the
gradient of F' is.non-vanishing at all points where F' > T. Setting S; = {F = T'}, the
result follows. O

Returning to the proof of Theorem 4.5, we use Proposition 4.6 with X = K,
M = ((Mext))NIF (Mext) \ Mexs,
and Sy = ¥ N M. Letting t_ be as in (4.14) we set
O :=Uies_,—t_)9:(S) ;
by what has been said, € is an open neighborhood of .. Finally
M_ = Uig(—o0,t19t(F), My = Use[—t_ 00)®(F).

It follows now from Proposition 4.6 that there exists a hypersurface S; C M which is

transverse to the flow of K g).
Let 7' be any smooth, timelike vector field defined along S, and define the smooth
timelike vector field T on M as the unique solution of the Cauchy problem

(4.16) Lk T =0, T=T onS.

Since the flow of Ky acts by time translations on .#ey:, it is straightforward to
extend T to a smooth vector field defined on .#, timelike wherever non vanishing,
still denoted by T, which is invariant under the flow of Koy, the support of which
on . is compact. Replacing T by its average over T*~!, we can assume that T is
invariant under the action of T*~!.
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For all € > 0 sufficiently small, the formula
(417) ge(ZlaZ2) = g(ZhZ2) - Eg(T, Zl)g(Tv Z2)

defines a Lorentzian, R x T*~! invariant metric on the manifold with (ge—timelike)
boundary ((Mext))NIT(Mex). By definition of g, vectors which are causal for g are
timelike for g.. Wherever T' # 0 the light cones of g. are spacelike for g, provided
€ #0.

Since g-causal curves are also ge-causal, ({({(#ext)),8e) is also a domain of outer
communications with respect to g..

Set

EF = (JF (So,r) \ Mext) N ((Mexs)),

where we denote by J () the future of a set {2 with respect to the metric g.. Then the
%:+’s are Lipschitz, g-spacelike wherever differentiable, T*~! invariant, hypersurfaces.
Continuous dependence of geodesics upon the metric together with Proposition 4.4
shows that the €7 ’s accumulate at € as € tends to zero.

Let u. : M — R be defined as in (4.1) using the metric g. instead of g. As before
we have

(4.18) ue(¢t(p)) = ue(p) + ¢, so that Kg)(u) = 1.

We perform a smoothing procedure as in the proof of Proposition 4.3, with & there
replaced by a conditionally compact neighborhood of *. The vector field T in (4.16)
is chosen to be timelike on &; the same will then be true of T. Analogously to (4.5)
we set

N
(4.19) U 1= D Pi P * Ue,
=1

so that the u.,’s converge uniformly on & to u. as 7 tends to zero. The calculation
in (4.7) shows that

1
Ko (uen) 2 5
for  small enough, so that the level sets of uc , near €% are transverse to the flow of
K-
It remains to show that the level sets of u. , are spacelike. For this we start with
some lemmata:

Lemma 4.7. — Let g be a Lipschitz-continuous metric on a coordinate ball B(p,3r;) =
O; of coordinate radius 3r;. There exists a constant C such that for any q € B(p,r;)
and for any timelike, respectively causal, vector Ny = N¥0,, € Ty# satisfying

(4.20) > (NM?2 =1

m
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there exists a timelike, respectively causal, vector field N = N*9, on B(p,2r;) such
that for all points y,z € B(p,2r;) we have

(4.21) INY = NE|<Cly—z], C'<) (NM?2<C.
"

Proof. — We will write both N} and N*(q) for the coordinate components of a vector
field at ¢. For v =0,...,n, let e,y = e?‘u)aﬂ be any Lipschitz-continuous ON basis
for g on O;. there exists a constant ¢ such that on B(p,2r;) we have

et () — et ()] < cly — 2]

Decompose N, as Ny = Né")e(,,)(q), and for y € 0; set N, = é")e(u)(y); (4.21)
easily follows. O

Lemma 4.8. — Under the hypotheses of Lemma 4.7, let f be differentiable on O;.
Then V f is timelike past directed on B(p,2r;) if and only if N*0,f < 0 on O, for all
causal past directed vector fields satisfying (4.20) and (4.21).

Proof. — The condition is clearly necessary. For sufficiency, suppose that there exists
q € B(p,2r;) such that Vf is null, let Ny, = AV f(g), where X is chosen so that (4.20)
holds, and let N be as in Lemma 4.7; then N#0, f vanishes at g. If V f is spacelike
at g the argument is similar, with /N chosen to be any timelike vector orthogonal to
V f(q) satisfying (4.20). O

Let N be any g-timelike past directed vector field satisfying (4.20) and (4.21).
Returning to (4.6) we find,

N
(4.22) iNdue, = Z { (¢n * e — ue) indp; + @i in(pn * due) }
i_ S—

I II
For any fixed €, and for any § > 0 we can choose 75 so that the term I is smaller than
d for all 0 < 1 < 7s.

To obtain control of I, we need uniform spacelikeness of du.:

Lemma 4.9. — There exists a constant ¢ such that, for N as in Lemma 4.7,
(4.23) N*0,ue < —ce
almost everywhere, for all € > 0 sufficiently small.

Proof. — Let {e(,y} be an g-ON frame in which the vector field T' of (4.17) equals
T®e (). Let o, denote the components of du, in a frame dual to {e(,)}. In this
frame we have

g = diag(-1,1,...,1), g =diag(—(1+ (T©)%),1,...,1).
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Since du. is g.—null and past pointing we have
ag) = V1+(TO)2ey/Y af.
The last part of (4.18) reads
(0) (¥ _
K(O)a(o) + K(S)a(i) =1
It is straightforward to show from these two equations that there exists a constant c;
such that, for all e sufficiently small,

Qo) > Cl_lv V Za?i) > cl_la Z |a(u)| <a.

Since N is g. causal past directed, (4.20) and (4.21) together with the construction
of N show that there exists a constant ¢y such that

NO < —C3.
We then have
Nt ue = N(O)a(o) + N(i)a(i)
_ NOVITT @O ReS et + NOag
= NOG/1+(TO)2 - 1)\/Z—a@.)+ N(O)m+ N®qg

<0 by Cauchy-Schwarz, as N is g—timelike

—40721 i%f(T(O))2 € =: —ce,

for € small enough. a

Now, calculating as in (4.8), using (4.23),

intonrdu)@) = [ (V@) ~ V@) 8,) + N @ @lonte ~ 9y

N\ —

<Cn <—ce

< —ce + O(n),

so that for n small enough each such term will give a contribution to (4.22) smaller
than —ce/2. Timelikeness of Vu,, on & follows now from Lemma 4.8.
Summarizing, we have shown that we can choose ¢ and 7 small enough so that
the function u., : M — R is a time function near its zero level set. It is rather
straightforward to extend ue,, to a function on ((#ext)) — R, with smooth spacelike
zero-level-set, which coincides with % at large distances. Letting % be this zero
level set, the function #(p) is defined now as the unique value of parameter ¢t so that
éi(p) € #; since the level sets of ¢ are smooth spacelike hypersurface, t is a smooth
time function. This completes the proof of Theorem 4.5. O
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4.3. Smoothness of event horizons. — The starting point to any study of event
horizons in stationary space-times is a corollary to the area theorem, essentially due
to [22], which shows that event horizons in well-behaved stationary space-times are
as smooth as the metric allows. In order to proceed, some terminology from that last
reference is needed; we restrict ourselves to asymptotically flat space-times; the reader
is referred to [22, Section 4] for the general case. Let (//7 ,8) be a C3 completion of
(A ,g) obtained by adding a null conformal boundary at infinity, denoted by .# 7,
to .4, such that g = Q29 for a non-negative function 2 defined on M , vanishing
precisely on £, and d2 without zeros on #*. Let & be the future event horizon
in .. We say that (//7 ,8) is & -tegular if there exists a neighborhood & of &% such
that for every compact set C C & for which I1(C; M ) # & there exists a generator
of #* intersecting I+ (C’;‘///~ ) which leaves this last set when followed to the past.
(Compare Remark 4.4 and Definition 4.3 in [22]).
We note the following:

Proposition 4.10. — Consider an asymptotically flat stationary space-time which is
vacuum at large distances, recall that &% = I~ (Mexs) N I (Moxt). If ((Mexs)) is
globally hyperbolic, then (A ,g) admits an &+ -regular conformal completion.

Proof. — Let M be obtained by adding to .#ex: the surface ¥ = 0 in the coordinate
system (u, 7,0, ) of [34, Appendix A] (see also [32], where the construction of [34] is
corrected; those results generalize without difficulty to higher dimensions). Let ¢ be
any time function on ({.#,,:)) which tends to infinity when &7 is approached, which
tends to —oo when It (.#.y:) is approached, and which coincides with the coordinate
t in Moy as in [34, Appendix A). Let

0={p|tp) >0yUIT(EH)UET;

then & forms an open neighborhood of &*. Let C be any compact subset of & such
that I+(C;.#) N It # @; then @ # C N ((Mext)) C {t > 0}. Let v be any future
directed causal curve from C to £, then 7 is entirely contained in ((Aex:)), with
to~ > 0. In particular any intersection of v with 0.#; belongs to the set {t > 0},
so that at each intersection point

u oy > inful—0}no.s,, =: ¢ > —00.

The coordinate u of [34, Appendix A] is null, hence non-increasing along causal curves,
S0 u 0y > ¢, which implies the regularity condition. O

We are ready to prove now:

Theorem 4.11. — Let (#,g) be a smooth, asymptotically flat, (n + 1)-dimensional
space-time with stationary Killing vector K o), the orbits of which are complete. Sup-
pose that ((Mexs)) is globally hyperbolic, vacuum at large distances in the asymptotic
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region, and assume that the null energy condition (2.16) holds. Assume that a con-
nected component 54 of
M= U

admits a compact cross-section satisfying S C I (Mexs). If

1. either

((Mexs)) NI (Mexy) is strongly causal,
2. or there exists in {(Mext)) @ spacelike hypersurface & O Fext, achronal in
({(Meys)), so that S as above coincides with the boundary of % :

S=07c &,

then
Uit [K (0))(S) €

is a smooth null hypersurface, which is analytic if the metric is.

Remark 4.12. — The condition that the space-time is vacuum at large distances can
be replaced by the requirement of existence of an &*-regular conformal completion
at null infinity.

Proof. — Let ¥ be a Cauchy surface for ({.#ex:)), and let .# be the conformal com-
pletion of .# provided by Proposition 4.10. By [22, Proposition 4.8] the hypotheses
of [22, Proposition 4.1] are satisfied, so that the Aleksandrov divergence 64 of &7, as
defined in [22], is nonnegative. Let S; be given by Proposition 4.1. Since isometries
preserve area we have 0, = 0 almost everywhere on U;¢:(S1) = U;@:(S). The result
follows now from [22, Theorem 6.18]. O

4.4. Event horizons vs Killing horizons in analytic vacuum space-times. —
We have the following result, first proved by Hawking for n = 3 [49] (compare [38]
or [16, Theorem 5.1]), while the result for n > 4 in the mean-non-degenerate case is
due to Hollands, Ishibashi and Wald [55], see also [54, 60, 68]:

Theorem 4.13. — Let (#,g) be an analytic, (n+ 1)-dimensional, vacuum space-time
with complete Killing vector K. Assume that .# contains an analytic null hyper-
surface & with a compact cross-section S transverse both to K o) and to the generators
of &. Suppose that

1. either (k)s # 0, where (k)s is defined in (2.13),

2. orn=3.
Then there ezists a neighborhood % of & and a Killing vector defined on % which is
null on &.

In fact, if Koy is not tangent to the generators of &, then there exist, near &,
N commuting linearly independent Killing vector fields K(yy,...,Kn), N > 1, (not
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necessarily complete but) with 2w —periodic orbits near &, and numbers Q(yy, ..., Qny,
such that

Koy +QyKqy + -+ + Qv K

is null on &.
In the black hole context, Theorem 4.13 implies:

Theorem 4.14. — Let (#,g) be an analytic, asymptotically flat, strongly causal, vac-
uum, (n + 1)-dimensional space-time with stationary Killing vector K o), the orbits
of which are complete. Assume that ({(Mext)) is globally hyperbolic, that a connected
component ;" of '+ contains a compact cross-section S satisfying

S C It (Mext),
and that
1. either (k)s # 0,
2. or the flow defined by K ) on the space of the generators of AT is periodic.
Suppose moreover that
a) either
((Mext)) N I (Mexs) is strongly causal,
b) or there exists in ((Mexs)) an asymptotically flat spacelike hypersurface 7,
achronal in ((Mexs)), s0 that S as above coincides with the boundary of 7 :
§S=0%cé&t.

If Koy is not tangent to the generators of H#, then there exist, on ((Mext)) U H",
N complete, commuting, linearly independent Killing vector fields Ky, ..., Ky,
N > 1, with 2m-periodic orbits, and numbers §yy,...,Qn), such that the Killing
vector field

Ko + QK+ + QK
18 null on 4.

Remark 4.15. — For I*-regular four-dimensional black holes S is a two-dimensional
sphere (see Corollary 2.5), and then every Killing vector field acts periodically on the
generators of J#".

Proof. — Theorem 4.11 shows that & = Uy¢¢[K(0)](S) is an analytic null hyper-
surface. By Proposition 4.3 there exists a smooth compact section of & which is
transverse both to its generators and to the stationary Killing vector. 1) We can thus
invoke Theorem 4.13 to conclude existence of Killing vector fields K(;,i=1,..., N,
defined near cf’o+. By Corollary 2.4 and a theorem of Nomizu [78] we infer that the

(11) The hypothesis of existence of such a section needs to be added to those of [55, Theorem 2.1].
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K(;y’s extend globally to ((.#ex:)). It remains to prove that the orbits of all Killing
vector fields are complete. In order to see that, we note that by the asymptotic anal-
ysis of Killing vectors of [5, 25] there exists R large enough so that the flows of all
K(;)’s through points in the asymptotically flat region with r > R are defined for
all parameter values t € [0,27]. The arguments in the proof of Theorem 1.2 of [17]
then show that the flows ¢:[K(;)]’s are defined for ¢ € [0,27] throughout (({.Zex:)).
But ¢ [K(;)] is an isometry which is the identity on an open set near <§’0+, hence
everywhere, and completeness of the orbits follows. O

5. Stationary axisymmetric black hole space-times: the area function

As will be explained in detail below, it follows from Theorem 4.14 together with the
results on Killing vectors in [6, 17], that IT—regular, 3+ 1 dimensional, asymptotically
flat, rotating black holes have to be axisymmetric. The next step of the analysis of
such space-times is the study of the area function

(5.1) W := —det (g(K(H),K(,,))) R

pw=0,1

with K (o) being the asymptotically timelike Killing vector, and K(;) the axial one.
Whenever VW can be used as a coordinate, one obtains a dramatic simplification of
the field equations, whence the interest thereof.

The function W is clearly positive in a region where K gy is timelike and K, is
spacelike, in particular it is non-negative on .#. As a starting point for further
considerations, one then wants to show that W is non-negative on ((#ext)):

Theorem 5.1. — Let (A ,g) be a four-dimensional, analytic, asymptotically flat, vac-
uum space-time with stationary Killing vector Koy and periodic Killing vector K,
jointly generating an RxU(1) subgroup of the isometry group of (M, Q). If ({Mexs)) is
globally hyperbolic, then the area function (5.1) is non-negative on ((Mexs)), vanishing
precisely on the union of its boundary with the (non-empty) set {g(K 1), K(1y) = 0}.

We also have a version of Theorem 5.1, where the hypothesis of analyticity is
replaced by that of I-regularity:

Theorem 5.2. — Under the remaining hypotheses of Theorem 5.1, instead of analyt-
icity assume that (M ,g) is I*—regular. Then the conclusion of Theorem 5.1 holds.

Keeping in mind our discussion above, Theorem 5.1 follows from Proposition 5.3
and Theorem 5.4 below. Similarly, Theorem 5.2 is a corollary of Theorem 5.6.
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5.1. Integrability. — The first key fact underlying the analysis of the area func-
tion W is the following purely local fact, observed independently by Kundt and
Triimper [65] and by Papapetrou [80] in dimension four (for a modern derivation
see [51, 95]). The result, which does neither require K to be stationary, nor
the K(;)’s to generate S1 actions, generalizes to higher dimensions as follows (com-
pare [11, 35]):

Proposition 5.3. — Let (#,g) be a vacuum, possibly with a cosmological constant,
(n + 1)-dimensional pseudo-Riemannian manifold with n — 1 linearly independent
commuting Killing vector fields Ky, p=0,...,n—2. If

(5.2) %igt ={pe A | K(o) A A K(n_2)|p = 0} #* o,
then (12)
(5.3) dK(H) A K(o) ARERWA K(n_g) =0.
Proof. — To fix conventions, we use a Hodge star defined through the formula

a A B = £(xa, B)Vol,

where the plus sign is taken in the Riemannian case, minus in our Lorentzian one,
while Vol is the volume form. The following (well known) identities are useful [51];

(5.4) x %0 = (—1)°(*+1=9)=1g  yg e A®,

(5.5) ik *0=%0AK), Vo e A, K e A
Further, for any Killing vector K,
(5~6) [gx, *] =0.

The Leibniz rule for the divergence § := *dx reads, for § € A®,

5(0/\K)=*d*(0/\K)(5—;5)*d(iK*9)=*($K*0—ixd*0)

(5.4)=,(5.6) * % L — *iK(_1)(n+1—s+1)(n+1—(n+l—s+1))—1 % xd * 0
— (_l)s(n+1—s)—1$K0 _ (_l)s(n+1—s)~n+1 " *(59/\ K)

(=1)5(+1=9)=1 29 + (-1)" 160 A K.

Applying this to § = dK one obtains

xd* (dK ANK) = —LxdK + (-1)""16dK AN K
= (-1)""6dK A K.

(12) By an abuse of notation, we use the same symbols for vector fields and for the associated 1-forms.
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As any Killing vector is divergence free, we see that
ddK = (-1)"AK = (-1)"*ik Ric.

Assuming that the Ricci tensor is proportional to the metric, Ric = Ag, we conclude
that
*d*x (K ANK)=(ig \g) ANK =0.

Let w(,) be the y’th twist form,
Wi = ¥(dK ) A K)-
The identity
LK 4y W) = L * (@K () A Kw)
(L) A ) + dK ) A Ly Kw)) =0,

together with

Ly (K gy - TRy Wlpesn)) = Ky WK 1) LKy Waern) = 05

and with Cartan’s formula for the Lie derivative, gives

(57) d(iK(m) o 'iK(uz)w(P¢+l)) = (_l)ziK(Ml) t 'iK(#n—l)dw(l‘H—l) :
We thus have
d* (dK(uy) NKuy A+ NE () =dikg, ) - K, * (@K ) A Ky)))

—92. .
= (_1)n lK(un_l) .o 'ZK(m)dw(m) =0.

So the function *(dK,,) A K(u,) A K(uy) A+ A Ku,_,)) is constant, and the result
follows from (5.2). O

5.2. The area function for a class of space-times with a commutative group
of isometries. — The simplest non-trivial reduction of the Einstein equations by
isometries, which does mot reduce the equations to ODEs, arises when orbits have
co-dimension two, and the isometry group is abelian. It is useful to formulate the
problem in a general setting, with 1 < s < n—1 commuting Killing vector fields K,
p=0,...,s — 1, satisfying the following orthogonal integrability condition:

(5.8) Yu=0,...,s—1 dK(”)/\K(O)/\"-/\K(S_l)=O.

For the problem at hand, (5.8) will hold when s = n — 1 by Proposition 5.3. Note
further that (5.8) with s = 1 is the definition of staticity. So, the analysis that
follows covers simultaneously static analytic domains of dependence in all dimensions
n > 3 (filling a gap in previous proofs), or stationary axisymmetric analytic four-
dimensional space-times, or five dimensional stationary analytic space-times with two
further periodic Killing vectors as in [56]. It further covers stationary axisymmetric
It -regular black holes in n = 3, in which case analyticity is not needed.
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Similarly to (5.2) we set
(5.9) %igt = {K(O) AR K(s—l) = 0},

(5.10) Fi={p e det (oK, Kg)) =0}.

i,j=1,...s—1

In the following result, the proof of which builds on key ideas of Carter [11, 12],
we let K (o) denote the Killing vector associated to the R factor of R x Ts~1, and we
let K(;) denote the Killing vector field associated with the i — th S* factor of T*~!:

Theorem 5.4. — Let (A ,g) be an (n + 1)-dimensional, asymptotically flat, analytic
space-time with a metric invariant under an action of the abelian group G = Rx T*™1
with s—-dimensional principal orbits, 1 < s < n — 1, and assume that (5.8) holds. If
((Mexs)) is globally hyperbolic, then the function

(5.11) W := —det (Q(K(”), K(,,)))#

,w=0,...,s—1

is non-negative on ((Meys)), vanishing on 8((Mexs)) U Z.

Remark 5.5. — Here analyticity could be avoided if, in the proof below, one could
show that one can extract out of the degenerate Sp’s (if any) a closed embedded
hypersurface. Alternatively, the hypothesis of analyticity can be replaced by that of
non-existence of non-embedded degenerate prehorizons within ({.#ext)). Moreover,
one also has:

Theorem 5.6. — Letn = 3, s = 2 and, under the remaining conditions of Theo-
rem 5.4, instead of analyticity assume that (.#,g) is It -regular. Then the conclusion
of Theorem 5.4 holds.

Before passing to the proof, some preliminary remarks are in order. The fact
that 4 \ Zug is open, where 2y, is as in (5.9), together with (5.8), establishes
the conditions of the Frobenius theorem (see, e.g., [52]). Therefore, for every p ¢
Z44t there exists a unique, maximal submanifold (not necessarily embedded), passing
through p and orthogonal to Span{K), ..., K(s—1)}, that we denote by &,. Carter
builds his further analysis of stationary axisymmetric black holes on the sets &,. This
leads to severe difficulties at the set 2 of (5.10), which we were not able to resolve
using neither Carter’s ideas, nor those in [91]. There is, fortunately, an alternative
which we provide below. In order to continue, some terminology is needed:

Definition 5.7. — Let K be a Killing vector and set
(5.12) A[K):={9(K,K) =0, K # 0}.
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Every connected, not necessarily embedded, null hypersurface Ny C N [K]| to which
K is tangent will be called a Killing prehorizon.

In this terminology, a Killing horizon is a Killing prehorizon which forms an em-
bedded hypersurface which coincides with a connected component of A4 [K].

The Minkowskian Killing vector d; — 9, provides an example where .4 is not a
hypersurface, with every hyperplane ¢ + x = const being a prehorizon. The Killing
vector K = 3y + Y on R x T", equipped with the flat metric, where T" is an n-
dimensional torus, and where Y is a unit Killing vector on T™ with dense orbits, admits
prehorizons which are not embedded. This last example is globally hyperbolic, which
shows that causality conditions are not sufficient to eliminate this kind of behavior.

Our first step towards the proof of Theorem 5.4 will be Theorem 5.8, inspired again
by some key ideas of Carter, together with their variations by Heusler. We will assume
that the K(;)’s, i = 1,...,5—1, are spacelike (by this we mean that they are spacelike
away from their zero sets), but no periodicity or completeness assumptions are made
concerning their orbits. This can always be arranged locally, and therefore does not
involve any loss of generality for the local aspects of our claim; but we emphasize that
our claims are global when the K(;)’s are spacelike everywhere.

In our analysis below we will be mainly interested in what happens in ((Aexs))
where, by Corollary 3.8, we have

é; N <<-ﬂext>> = a@iigt N ((-ﬂext»a

in a chronological domain of outer communications. We note that 25, C {W = 0},
but equality does not need to hold for Lorentzian metrics. For example, consider in
R1:2, Ky = 0y + 0; and K1y = 0y; then Koy A K1y = dx Ady —dt Ady # 0 and
W =0.

If the K(;)’s generate a torus action on a stably causal manifold, 13 it is well
known that % is a closed, totally geodesic, timelike, stratified, embedded submanifold
of .# with codimension of each stratum at least two (this follows from [63] or (2,
Appendix C]). So, under those hypotheses, within ((.#exs)), we will have

(5.13) the intersection of 254, with any null hypersurface .4 is a

stratified submanifold of .#", with .#—codimension at least two.

This condition will be needed in our subsequent analysis. We expect this property
not to be needed, but we have not investigated this question any further.

(13) Let ¢ be a time-function on (A, g); averaging t over the orbits of the torus generated by the
K(;)’s we obtain a new time function such that the K(;)’s are tangent to its level sets. This reduces
the problem to the analysis of zeros of Riemannian Killing vectors.
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Theorem 5.8. — Let (M, g) be an (n+1)-dimensional Lorentzian manifold with s > 1
linearly independent commuting Killing vectors Ky, u =0,...,s — 1, satisfying the
integrability conditions (5.8), as well as (5.13), with the Kyy’s, i = 1,...,5 — 1,
spacelike. Suppose that {W = 0} \ Zyg is not empty, and for each p in this set
consider the Killing vector field 1, defined as(¥

(5.14) I = Koy — (DD g(K o), K))[p K5y,
where KV s the matriz inverse to
(5.15) h(,‘)(j) = g(K(i),K(j)), i,] € {1, ey 8 — 1}.

Then the distribution lj C T of vectors orthogonal to l, is integrable over the
non-empty set

(5.16) {ge A\ Zage | 9(lp,1p)lg =0, W(g) =0} \{qg € 4 | l,(q) =0}

If we define 5',, to be the mazimally extended over {W = 0}, connected, integral leaf
of this distribution (1% passing through p, then all 5',, ’s are Killing prehorizons, totally
geodesic in A \ {l, = 0}.

In several situations of interest the 5’,,’5 form embedded hypersurfaces which coin-
cide with connected components of the set defined in (5.16), but this is certainly not
known at this stage of the argument:

Remark 5.9. — Null translations in Minkowski space-time, or in pp-wave space-times,
show that the S,’s might be different from connected components of A4"[l,].

Remark 5.10. — Tt follows from our analysis here that for ¢ € Sp \ Zig: we have
ly = lp. For g € S, N Zyy we can define I, by setting Iy := ,. We then have I, =,
for all g € S'p.

Proof. — Let
(5.17) w = K(O)/\"'/\K(s—l)~
We need an equation of Carter [11]:

Lemma 5.11 ([11]). — We have
(5.18) wAdW = (-1)°’Wdw.

(14) If s = 1 then & = @ and I, = K(q).
(15) To avoid ambiguities, we emphasize that points at which I, vanishes do not belong to Sp.
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Proof. — Let F = {W = 0}. The result is trivial on the interior F of F, if non-empty.
By continuity, it then suffices to prove (5.18) on .# \ F. Let & be the set of points
in A \ F at which the Killing vectors are linearly independent. Consider any point
p € O, and let (z%,24), a = 0,...,s — 1, be local coordinates near p chosen so that
K(4) = 0, and Span{d,} L Span{0a}; this is possible by (5.8). Then

w=-Wdz®A---Adz*71,
and (5.18) follows near p. Since & is open and dense, the lemma is proved. O

Returning to the proof of Theorem 5.8, as already said, (5.8) implies that for every
p ¢ Zugt there exists a unique, maximal, (n + 1 — s)-dimensional submanifold (not
necessarily embedded), passing through p and orthogonal to Span{ K, ..., K(s—1)},
that we denote by &),. By definition,

(519) ﬁp n %gt = @7
and clearly
(5.20) OpNO#D = 0Op,=0,

Recall that p € {W = 0} \ Z4y; then Koy A--- A K(,_1) # 0 in 6, and we may
choose vector fields u(,) € TM, p=0,...,s — 1, such that

K(o) JARERIAY K(s_l)(u(o)a oo ,u(s—l)) =1

in some neighborhood of p. Let v be a C* curve, k > 1, passing through p and con-
tained in &),. Since ¥(s) € Ty(s)0p = Span{K(q), ... aK(s—l)}ll'y(s)a after contracting
(5.18) with (ug,...,us—1,) we obtain the following Cauchy problem

{ LW ov)(s) ~ W on(s),

5.21
(521 W], = 0.

Uniqueness of solutions of this problem guarantees that W o v(s) = 0 and therefore
W vanishes along the (n + 1 — s)-dimensional submanifold &,. Since G preserves W,
W must vanish on the sets

(5.22) S, =G, - 0,.

Here G- denotes the motion of a set using the group generated by the K;’s, i =
1,...,8—1; if the orbits of some of the K;)’s are not complete, by this we mean “the
motion along the orbits of all linear combinations of the K(;)’s starting in the given
set, as far as those orbits exist”. Since 1,0, is orthogonal to all Killing vectors by
definition, and the K;)’s are spacelike, the K(;)’s are transverse to &,, so that the
Sp’s are smooth (not necessarily embedded) submanifolds of codimension one.

On {W = 0}\ Z4y: the metric g restricted to Span{Kq), ..., K(s_1)} is degenerate,
so that Span{Kg),...,K(s—1)} is a null subspace of T.#. It follows that for ¢ €
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{W = 0} \ 244 some linear combination of Killing vectors is null and orthogonal
to Span{K(q),...,K(s—1)}, thus in T,0,. So for g € {W = 0} \ 244 the tangent
spaces T,S, are orthogonal sums of the null spaces 7,0, and the spacelike ones
Span{K(y,...,K(s—1)}. We conclude that the S,’s form smooth, null, not necessarily
embedded, hypersurfaces, with

(5.23) S, =G -0, C{W =0}\ Zig,

where the action of G is understood as explained after (5.22).
Let the vector £ = QW K, (1) Q) € R be tangent to the null generators of Sp, thus

(5.24) QWg(K (), K())QW) = 0.

Since det(g(K(u), K())) = 0 with one-dimensional null space on {W = 0} \ Zg,
(5.24) is equivalent there to

(5.25) g(K(“),K(,,))Q(”) =0.

Since the K(;)’s are spacelike we must have Q9 +£ 0, and it is convenient to normalize
¢ so that Q© = 1. Assuming p ¢ 3 , from (5.25) one then immediately finds

(5.26) L= K(o) + Q(i)K(i) = K(O) - h(")(j)g(K(O), K(j))K(i),
where h(Y0) is the matrix inverse to
(5.27) h(i)(j) = g(K(i), K(j)), i,J € {1, ey, 8 — 1}.

To continue, we show that:

Proposition 5.12. — For each j =1,...,n, the function
Sp 34— Q9 (g) == Y (q)g(K(0), K(1))(9)

is constant over Sp.

Proof. — The calculations here are inspired by, and generalize those of [51, pp. 93-
94]. As is well known,

(5.28) dhM0) = _h(i)(m)h(j)(S)dh(m)(s)‘
From (5.4)-(5.5) together with Z , K(;) = 0 we have

dhgiyy = dlg(K ), K(j))] = dik, K = —ik,,dK()
= _iK(i)(_]_)z("H'l—z)—l * *dK(j) = (-—-].)n * (K(i) A *dK(j)),
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with a similar formula for d[g(K o), K(;))]. Next,
d0® = d(—h(i)(j)g(K(o),K(j)))
= —[8(K (0, K(57)dhD + RO d[g(K o), K ()]
— —[—g(K(O),K(j))h(i)(m)h(j)(s)dh(s)(m) + h(i)(m)d[g(K(o),K(m))]]
= —ROM [ (~1)"g(K (o), K(5))hD® % (K(5) A %d K (1n))
+ (=1)" * (K (o) A ¥dK (m))]
= ()" RO & (AWK () + K(g)) A %dK (m)]
= (=1)" ROk (0 A xdK (m)),
and
Ky -+ iy *AQD = (=)™ lig xR % (EA %dK (m))

= h(i)(m)’ix(o) LK 1)(£ A *dK(m)).

(s~
Since ix,€|s, = 9(¢, K(3))|s, = 0, we obtain
7 5 SN (2 *dK (m))ls, = 1Ky - - IK(_2 [iK(s_l)B A *d K (m)

+ (=D Nikg,_,, *dK(m)lls,
= Ky K (o) L NiK oy * K (m))]s, = -
= (=18 NiKy, iK1y * AEm) s,
= (=14 A*(dK(m) NK(s—1y A= ANK(0)ls,
(5___-3)0,

and therefore

(5.29) K - Ky * 4P|, = 0.

This last result says that dQ(i)| s, is a linear combination of the K(,)’s, so for each ¢
there exist numbers a*) € R such that

(5.30) dQ(i)lSP = a(“)K(M).

Now, the Q(*)’s are clearly invariant under the action of the group generated by the
K (,)’s, which implies

0= ix,,d2 = g(K(,), a K(y)).

This shows that a(W K, (u) is orthogonal to all Killing vectors, so it must be proportional
to £. Since T,S, = ¢+, we are done. a

Returning to the proof of Theorem 5.8, we have shown so far that S, is a null
hypersurface in {W = 0} \ 234, with the Killing vector I, := £ as in (5.14) tangent
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to the generators of Sp,. In other words, S, is a prehorizon. Furthermore,

(5.31) Te# 5Y € T,S, for somep <=
W(g) =0, KgyA---AK_plg#0, Y L.

For further purposes it is necessary to extend this result to the hypersurface S’p
defined in the statement of Theorem 5.8. This proceeds as follows:

It is well known [43] that Killing horizons are locally totally geodesic, by which we
mean that geodesics initially tangent to the horizon remain on the horizon for some
open interval of parameters. This remains true for prehorizons:

Corollary 5.13. — S, is locally totally geodesic. Furthermore, if vy : [0,1) — S, is a
geodesic such that v(1) € Sp, then (1) € Zygt-

Proof. — Let v : I — .# be an affinely-parameterized geodesic satisfying v(0) = g €
Sp and 4(0) € T,S, <= g(7(0),l,) = 0. Then

L8610, 1) = 8(V303(0), 1) + 830, Vaoly) =0,

where the first term vanishes because  is an affinely parameterized geodesic, while

(5.32)

the second is zero by the Killing equation. Since g(¥(0),l,) = 0, we get
(5.33) g(¥(t),l,) =0, Vte I.
We conclude that 4 remains perpendicular to I,, hence remains within S, as long as
a zero of Ky A -+ A K(,_1) is not reached, compare (5.31). a
Consider, now, the following set of points which can be reached by geodesics ini-
tially tangent to Sp:
(5.34) S, := {q: 3 a geodesic segment ~ : [0,1] — .# such
that v(1) = g and y(s) € Sp for s € [0,1)} \ {q : l,(g) = 0}.
Then S, C 5‘,,, and if g € 5’,, \ Sp then g € 254 by Corollary 5.13. We wish to show

that 5',, is a smooth hypersurface, included and maximally extended in the set (5.16);
equivalently

(5.35) S, =25,

For this, let g € 5',,, let € be a geodesically convex neighborhood of ¢ not containing
zeros of I, and for r € & define

(5.36) R, = eXpﬁ,r(lq(T)l)’

here exp, . is the exponential map at the point 7 € & in the space-time (&, gs). It
is convenient to require that € is included within the radius of injectivity of all its
points (see [64, Theorem 8.7]). Let v be as in the definition of S,. Without loss of
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generality we can assume that v(0) € &. We have ¥(s) L I, for all s € [0,1), and by
continuity also at s = 1. This shows that ([0, 1]) C R,.

Now, R.(o) is a smooth hypersurface in &. It coincides with S, near v(0), and every
null geodesic starting at y(0) and normal to I, there belongs both to R,y and S}, until
a point in 23, is reached. This shows that R, (o) is null near every such geodesic until,
and including, the first point on that geodesic at which 23 is reached (if any). By
(5.13) Ry(9)NSp is open and dense in R.,(g). Thus the tangent space to R, o) coincides
with lzJ; at the open dense set of points R. ) NSy, with that intersection being a null,
locally totally geodesic (not necessarily embedded) hypersurface. By continuity R.q)
is a subset of (5.16), with TR.,(g) = l;‘; everywhere. Since R, ) C 5',,, Equation (5.35)
follows.

The construction of the S'p’s shows that every integral manifold of the distribution
I over the set

(5.37) Qi={qge A\ Zg | 9(lp,1p)|q =0, W(q) =0}

can be extended to a maximal leaf contained in Q \ {g|l,(¢) = 0}, compare (5.16).
To finish the proof of Theorem 5.8 it thus remains to show that there exists a leaf
through every point in Q\ {g|l,(g) = 0}. Since this last set is contained in the closure
of 2, we need to analyze what happens when a sequence of null leaves S'I,n, all normal
to a fixed Killing vector field /;, has an accumulation point. We show in Lemma 5.14
below that such sequences accumulate to an integral leaf through the limit point,
which completes the proof of the theorem. O

We shall say that S is an accumulation set of a sequence of sets S, if S is the
collection of limits, as ¢ tends to infinity, of sequences g,, € Sy,.

Lemma 5.14. — Let S’,,n be a sequence of leaves such that I,, = l;, for some fized
q, and suppose that p, — p. If lo(p) # 0, then p belongs to a leaf 5’,, with I, = 4.
Furthermore there exists a neighborhood % of p such that expy ,(l4(p)*) C S,nu
is the accumulation set of the sequence expy, , (lq(pn)*) C S, N%,neN.

Proof. — Let % be a small, open, conditionally compact, geodesically convex neigh-
borhood of p which does not contain zeros of ;. Let S'pn be that leaf, within %,
of the distribution lj‘ which contains p,. The S’,,n 's are totally geodesic submani-
folds of % by Corollary 5.15, and therefore are uniquely determined by prescribing
Ty, Sp,.. Now, the subspaces T}, Sp, = ly(pn)* obviously converge to l,(p)L in the
sense of accumulation sets. Smooth dependence of geodesics upon initial values im-
plies that expy, (I4(pn)t) converges in C*, for any k, to exp%’p(lq(p)l). Since
W vanishes on expy (l4(pn)t), we obtain that W vanishes on expy ,(lg(p)h).
Since Ty, €xpg, 4, (lg(pn)*) = 1 (gn) for any g, € expyy . (lg(Pn)*t) we conclude that
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Ty expy, ,(lg(p)*:) = 13- (r) for any 7 € expy ,(ly(p)*). So expy ,(ly(p)h) is a leaf,
within %, through p of the distribution I3 over the set (5.16), and expy, ,(l4(p)*) =
S, N % is the accumulation set of the totally geodesic submanifolds S,, N %’s. O

The remainder of the proof of Theorem 5.4 consists in showing that the S',,’s cannot
intersect ({#exs)). We start with an equivalent of Corollary 5.13, with identical proof:

Corollary 5.15. — S'p is locally totally geodesic. Furthermore, if v : [0,1) — Ap is a
geodesic segment such that v(1) ¢ S’p, then 1, vanishes at v(1). O

Corollary 3.8 shows that Killing vectors as described there have no zeros in
({Mexs)), and Corollary 5.15 implies now:

Corollary 5.16. — S, N ((Meys)) is totally geodesic in ((Mexs)) (possibly empty). O

To continue, we want to extract, out of the S'p’s, a closed, embedded, Killing
horizon S§ . Now, e.g. the analysis in [55] shows that the gradient of g(I,,[,) is either
everywhere zero on 5’,, (we then say that 5’,, is degenerate), or nowhere vanishing there.
One immediately concludes that non-degenerate S'p’s, if non-empty, are embedded,
closed hypersurfaces in ((.#ext)). Then, if there exists non-empty non-degenerate
5’,,’3, we choose one and we set

(5.38) Sf=25,.

Otherwise, all non-empty Sp’s are degenerate; to show that such prehorizons, if non-
empty, are embedded, we will invoke analyticity (which has not been used so far). So,
consider a degenerate component gp, and note that .§'p does not self-intersect, being
a subset of the union of integral manifolds of a smooth distribution of hyperplanes.
Suppose that S'p is not embedded. Then there exists a point q € .5',,, a conditionally
compact neighborhood & of g, and a sequence of points p, € 5',, lying on pairwise
disjoint components of & N S'p, with p, converging to q. Now, Killing vectors are

solutions of the overdetermined set of PDEs
VMVVXP = R“,,,,an,

which imply that they are analytic if the metric is. So g(lp,,) is an analytic function
that vanishes on an accumulating family of hypersurfaces. Consequently g(lp,!p)
vanishes everywhere, which is not compatible with asymptotic flatness. Hence the
S,’s are embedded, coinciding with connected components of the set {g(l,,1,) =0 =
W1\ {l, = 0}; it should be clear now that they are closed in ({.#ex:)). We define Si
again using (5.38), choosing one non-empty S'p,

We can finish the proof of Theorem 5.4. Suppose that W changes sign within
((Mext)). Then SF is a non-empty, closed, connected, embedded null hypersurface
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within ((#ex)). Now, any embedded null hypersurface Sg is locally two-sided, and
we can assign an intersection number one to every intersection point of S()" with a curve
that crosses S from its local past to its local future, and minus one for the remaining
ones (this coincides with the oriented intersection number as in [45, Chapter 3]). Let
p € S{)F , there exists a smooth timelike future directed curve «; from some point
q € Moyt to p. By definition there exists a future directed null geodesic segment 7o
from p to some point r € #ey; intersecting S precisely at p. Since ey is connected
there exists a curve y3 C .#exy (Which, in fact, cannot be causal future directed, but
this is irrelevant for our purposes) from r to ¢. Then the path 7 obtained by following
~1, then 5, and then ~3 is closed. Since SJ does not extend into .y, 7y intersects ng
only along its timelike future directed part, where every intersection has intersection
number one, and v intersects S; at least once at p, hence the intersection number
of v with S is strictly positive. Now, Corollary 2.4 shows that ((.#es)) is simply
connected. But, by standard intersection theory [45, Chapter 3|, the intersection
number of a closed curve with a closed, externally orientable, embedded hypersurface
in a simply connected manifold vanishes, which gives a contradiction and proves that
W cannot change sign on ((Mexs))-

It remains to show that W vanishes at the boundary of ((.#ey)). For this, note
that, by definition of W, in the region {W > 0} the subspace of T.# spanned by
the Killing vectors K, is timelike. Hence at every p such that W(p) > 0 there
exist vectors of the form Ky + ) a;K(;) which are timelike. But O((#ext)) C
I™ (Moxt) Ut (Meyy), and each of the boundaries I~ (Mext) and It (Mey) is invariant
under the flow of any linear combination of K(,)’s, and each is achronal, hence W < 0
on O({Aext)), whence the result. O

In view of what has been said, the reader will conclude:

Corollary 5.17 (Killing horizon theorem). — Under the conditions of Theorem 5.4,

away from the set 234 as defined in (5.9), the boundary ((Mexs)) \ ((Mext)) is a
union of embedded Killing horizons. O

Let us pass now to the
PROOF OF THEOREM 5.6: Let

7t (Mex)) U EF — f“”’ext)) ust)/(RxU()

vl

~"

=:Q
denote the quotient map. As discussed in more detail in Sections 6.1 and 6.2 (keeping
in mind that, by topological censorship, ((.#ext)) has only one asymptotically flat
end), the orbit space Q is diffeomorphic to the half-plane {(z,y) | * > 0} from
which a finite number 7 > 0 of open half-discs, centred at the axis {z = 0}, have
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been removed. As explained at the beginning of Section 7, the case 7 = 0 leads to
Minkowski space-time, in which case the result is clear, so from now on we assume
n>1.

Suppose that {W = 0} N ((#ext)) is non-empty. Let pg be an element of this set,
with corresponding Killing vector field Iy := l,,. Let Wy be the norm squared of ly:

Wo = g(lo, lo)-
In the remainder of the proof of Theorem 5.2 we consider only those S'p’s for which
lp =lo:
S, c {W =0} n{W, = 0}.
We denote by Cr(,) the image in Q, under the projection map 7, of S'pﬂ (((AMext))U
&7). Define

o

0 = ((Mex))/ (R x U()),
Wy = ({W0 = 0} N {W = 0} N ({({(Mexs)) U é”*))/(]R x U(l)).

Then 7/0" is a closed subset of Q, with the following property: through every point ¢
of 7/0[’ there exists a smooth maximally extended curve Cy, which will be called orbit,
entirely contained in 7/0". The C,’s are pairwise disjoint, or coincide. Their union
forms a closed set, and locally they look like a subcollection of leaves of a foliation.
(Such structures are called laminations; see, e.g., [39].)

An orbit will be called a Jordan orbit if Cy forms a Jordan curve.

We need to consider several possibilities; we start with the simplest one:

Cask I: If an orbit Cy forms a Jordan curve entirely contained in Q°, then the cor-
responding S, = 771(C,) forms a closed embedded hypersurface in ((.#ey;)), and a
contradiction arises as at the end of the proof of Theorem 5.4.

CasE II: Consider, next, an orbit Cy; which meets the boundary of Q at two or more
points which belong to (%), and only at such points. Let I, C C; denote that part
of Cy which connects any two subsequent such points, in the sense that I, meets 0Q
at its end points only. Now, every S'p is a smooth hypersurface in . invariant under
R x U(1), and therefore meets the rotation axis & orthogonally. This implies that
n~1(I,) is a closed, smooth, embedded hypersurface in ((#ex:)), providing again a
contradiction.

To handle the remaining cases, some preliminary work is needed. It is convenient
to double Q across {z = 0} to obtain a manifold 0 diffeomorphic to R? from which
a finite number of open discs, centered at the axis {z = 0}, have been removed, see
Figure 5.1. Connected components of the event horizon & correspond to smooth
circles forming the boundary of é, regardless of whether or not they are degenerate.
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FIGURE 5.1. The quotient space Q@ and its double Q

From what has been said, every C, which has an end point at 7(%/) is smoothly
extended in Q across {z = 0} by its image under the map (z,y) — (—z,y). We will
continue to denote by Cj the orbits so extended in Q.

The analysis of CASES I and II also shows:

Lemma 5.18. — An orbit Cy which does not meet 8Q can cross the azis {z =0} at
most once. : O

An orbit C; will be called an accumulation orbit of an orbit C, if there exists a
sequence ¢, € C, such that ¢, — ¢q. Every orbit is its own accumulation orbit. It is
a simple consequence of the accumulation Lemma 5.14 that:

Lemma 5.19. — Let C, be an accumulation orbit of C.. Then for every p € C, there
erists a sequence p, € C, such that p, — p. O

We will need the following:

Lemma 5.20. — Let v, € C, be a sequence accumulating at p € w() \ 80. Then
p € Cy, and C, continues smoothly across {z = 0} at p.

Proof. — By Lemma 5.14 there exists an orbit C, crossing the axis {z = 0} transver-
sally at p. Lemma 5.19 shows that C. crosses the axis. But, by Lemma 5.18, C,. can
cross the axis only once. It follows that C,. = C,, and that p € C,. O

Abusing notation, we still denote by W and Wy the functions W om and Wyor. If
W and W, vanish at a point lying at the boundary 89, then the corresponding circle
forms a Jordan orbit. We have:

Lemma 5.21. — The only orbits accumulating at 80 are the boundary circles.
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Proof. — Suppose that r, € C; accumulates at p € dQ. Then, by continuity, W (p) =
Wo(p) = 0, which implies that the boundary component through p is a Jordan orbit.
But it follows from Lemma 5.19 that any orbit accumulating at 90 has to cross the
axis more than once, and the result follows from Lemma 5.18. O

The remaining possibilities will be excluded by a lamination version of the Poincaré-
Bendixson theorem. We will make use of a smooth transverse orientation of all the
S’p’s; such a structure is not available for a general lamination, but exists in the
problem at hand. More precisely, we will endow ((.#ex)) U &T with a smooth vector
field Z transverse to all S'p’s. The construction proceeds as follows: Choose any
decomposition of ((Aexi)) U EF as R x ., as in Theorem 4.5: thus each level set
.5% of the time function ¢ is transverse to the stationary Killing vector field Ko, with
the periodic Killing vector K; tangent to . Let q € S’,, N .520; as the null leaf 5',, is
transversal to ,5}0, the intersection .520 N S'p is a hypersurface in .# of co-dimension
two. There exist precisely two null directions at ¢ which are normal to 5% N S'p, one
of them is spanned by ly(q); we denote by Z the unique future directed null vector
spanning the other direction and satisfying Z =T, +Zq, where T, is the unit timelike
future directed normal to .% at q, and Z is tangent to .

The above definition of Z, extends by continuity to g € S, N Fo.

Transversality and smoothness of Iy imply that there exists a neighborhood &, of
g and an extension Z, of Z, to €, with the property that Z,(r) is transverse to S,
for every r € 0, satisfying Wy(r) = W(r) = 0. The neighborhood &, can, and will,
be chosen to be invariant under R x U(1); similarly for Z,(r).

Consider the covering of . N {Wy = 0} N {W = 0} by sets of the form &, N ..
Asymptotic flatness implies that % N {Wo = 0}N{W = 0} is compact, which in turn
implies that a finite subcovering &, := &,, can be chosen. Let ¢; be a partition of
unity subordinated to the covering of ((#ext)) U &T by the €’s together with

O = (((//ext» UEH)\ (W =0} {Wo = 0}).

The @;’s can, and will, be chosen to be R x U(1)-invariant. Set

Z = Z goiZqi.

i>1

Then Z is smooth, tangent to 520, and transverse to all S'p’s.

Choose an orientation of Q The vector field Z projects under 7 to a vector field
Z" on O transverse to each C,. For each r € C, we define a vector V,(r) by requiring
V,(r) to be tangent to C; at r, with {V, Z°} positively oriented, and with V; having
length one with respect to some auxiliary Riemannian metric on 0. Then Vg varies
smoothly along C,, and each Cj is in fact a complete integral curve of its own Vj.
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The vector field V,, along C),, defines an order, and diverging sequences, on Cj, in the
obvious way: we say that a point v’ € C), is subsequent to r € Cj, if one flows from r to
r’ along V), in the forward direction; a sequence r, € V, is diverging if r, = ¢(s»)(p),
where ¢(s) is the flow of V, along Cp, with s,, /" 00 or s, \, —00.

By Lemma 5.14, if a sequence r, € C,, tends to r € Cy, then the tangent spaces
TC,, accumulate on T'Cy. This implies that there exist numbers €, € {£1} such
that €,V;, (rn) — Vg(r), and this is the best one can say in general. However, the
existence of Z guarantees that Vg, (rp) — Vg(r).

We are ready now to pass to the analysis of

CASE III: In view of Lemmata 5.18 and 5.21, it remains to exclude the existence
of orbits C,; which are entirely contained within @ \ 6@, and which do not intersect
(&), or which intersect m(2) only once, and which do not form Jordan curves in
Q. Since {W =0}n 5}0 is compact, there exists p € 0 and a diverging sequence
gn € Cy such that ¢, — p. Again by Lemmata 5.18 and 5.21, p ¢ 8Q. The fact that
C, is a closed embedded curve follows now by the standard arguments of the proof
of the Poincaré-Bendixson theorem, as e.g. in [53]. The orbit C}, does not meet lo)
by Lemma 5.21. If C, met w(&/), it would have an intersection number with {z = 0}
equal to one by Lemma 5.18, which is impossible for a Jordan curve in the plane.
Thus C,, is entirely contained in Q°, which has already been shown to be impossible
in CASE I, and the result is established. O

Similarly to Corollary 5.17, we have the following Corollary of Theorem 5.6, which
is essentially a rewording of Lemma 5.21:

Corollary 5.22 (Embedded prehorizons theorem). — Under the conditions of Theo-
rem 5.2, away from the set 244 as defined in (5.9), the boundary ((Mexs)) \ ({Mext))
is a union of embedded Killing prehorizons. O

5.3. The ergoset in space-time dimension four. — The ergoset E is defined
as the set where the stationary Killing vector field K ) is spacelike or null:

(5.39) E:={p| 9(K(0), K())lp > 0}.

In this section we wish to show that, in vacuum, the ergoset cannot intersect the
rotation axis within ((.#ext)), if we assume the latter to be chronological.

The first part of the argument is purely local. For this we will assume that the
space-time dimension is four, that K (o) = X has no zeros near a point p, that K,y =Y
has 2m—periodic orbits and vanishes at p, and that X and Y commute.

Let 7' be any timelike vector at p, set

27
(5.40) T := o:[Y].Tdt,
0
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then T is invariant under the flow of Y. Hence T is also invariant under Y. Let %y
denote expp(TL) N O, where O is any neighborhood of p lying within the injectivity
radius of exp,, sufficiently small so that .#5 is spacelike; note that /4 is invariant
under the flow of Y. A standard argument (see, e.g., [2] Appendix C) shows that Y
vanishes on
= exp,(Ker VY),

and that &7, is totally geodesic. Note that T' € Ker VY, which implies that 7, is
timelike.

We are interested in the behavior of the area function W near &7, the set of points
where Y vanishes. We have VW | = 0 and

(5.41) V,V,W|y = -V,V,(a(X,X)g(Y,Y)—-g(X,Y)?)
-2 (g(X’ X)Q(V#Y, VVY) - G(Xv VIJY)Q(Xa VI/Y)) .

The second term vanishes because [X,Y] = 0, with Y vanishing on «:

XV, Y|l = —XV,Y, = -XV, Y, + Y* VX, =-[X,Y], =0.
=0
Now, the axis & is timelike, and the only non-vanishing components of the ten-
sor V,Y, have a spacelike character on &/. This implies that the quadratic form
V,.Y*V,Y, is semi-positive definite. We have therefore shown

Lemma 5.23. — If X is spacelike at p € &/, then W < 0 in a neighborhood of p away
from o .

Under the conditions of Theorem 5.1, we conclude that X cannot be spacelike on
2 N ((Meys)). To exclude the possibility that g(X, X) = 0 there, (!6) let w be defined
as in (5.17),

w=X"AY";
here, and throughout this section, we explicitly distinguish between a vector Z and
its dual Z" := g(Z,-). We will further assume that X is causal at p, and that the
conclusion of Lemma 5.11 holds:

(5.42) dW Aw = Wdw.

Let T denote the field of vectors normal to ¥4 normalized so that g(T,X) = 1;
note that T}, is, up to a multiplicative factor, as in (5.40). Let v be any affinely

(16) The analysis in Section 6 shows that X cannot become null on & N ({.#ext)) when the vacuum
equations hold and the axis can be identified with a smooth boundary for the metric g; this can be
traced to the “boundary point Lemma”, which guarantees that the gradient of the harmonic function
p has no zeros at the boundary {p = 0}. But the behavior of ¢ at those axis points which are not on
a non-degenerate horizon and on which X is null is not clear.
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parameterized geodesic such that v(0) = p, ¥(0) L T, and 4(0) L X,; a calculation
as in (5.32) shows that
9(Y,9) =9(X,7) =0
along 7. As Y is tangent to g, from (5.42) we obtain
aw

(5.43) EQ(Y, Y) =Wdw(®,T,Y).

=dWAXPAY?(4,T,Y)

Now, iydw = %w — d(iyw) = —d(iyw), so that

dw(,T,Y) = —d(iv(X* AY*)3,T)
= d( -9V, Y +9(¥,V)X’) (3,T)
= (~ o x)ar’ + g(v,V)ax*) (3,7) + LOHTD),
Inserting this in (5.43), we conclude that
d w _ g(Y, X) )
A (goc Y)) - f - )6 sl

=f

Let h be the metric induced on .#s by g. Then h is a Riemannian metric invariant
under the flow of Y. As is well known (compare [19]) we have c~1s? < g(Y,Y) =
h(Y,Y) < cs®. Since T € KerVY we have dY’(T,-) = 0 at p. It follows that the
function f defined in (5.44) is bounded along 7 near p. If g(X, X) = 0 at p, then the
limit at p of W/g(Y,Y) along ~ vanishes by (5.41). Using uniqueness of solutions of
ODEs, it follows from (5.44) that W vanishes along v. But this is not possible in
((Aext)) away from &7 by Theorem 5.1. We have therefore proved that the ergoset
does not intersect the axis within ((Hexs)):

Theorem 5.24 (Ergoset theorem). — In space-time dimension four, and under the con-
ditions of Theorem 5.1, Koy is timelike on ((Mexy)) N 2. O

A higher dimensional version of Theorem 5.24 can be found in [20].

A corollary of Theorem 5.24 is that, under the conditions there, the existence of
an ergoset implies that of an event horizon. Here one should keep in mind a similar
result of Haji¢ek [46], under conditions that include the hypothesis of smoothness of
OF (which does not hold e.g. in Kerr [81]), and affine completeness of those Killing
orbits which are geodesics, and non-existence of degenerate Killing horizons. On the
other hand, Hajicek assumes the existence of only one Killing vector, while in our
work two Killing vectors are required.
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6. The reduction to a harmonic map problem

6.1. The orbit space in space-time dimension four. — Let (.#, g) be a chrono-
logical, four-dimensional, asymptotically flat space-time invariant under a R x U(1)
action, with stationary Killing vector field Koy = X and 2n-periodic Killing vector
field K(;) =Y. Throughout this section we shall assume that
(6.1)
({Mex)) = R x M, where M is a three dimensional, simply connected manifold
with boundary, invariant under the flow of Y, with the flow of X consisting of
translations along the R factor. Moreover the closure M of M is the union of a

compact set and of a finite number of asymptotically flat ends.

Recall that (6.1) follows from Corollary 2.4 and Theorem 4.5 under appropriate con-
ditions.

Because X and Y commute, the periodic flow of Y on ({.#ext)) defines naturally
a periodic flow on M; in our context this flow consists of rotations around an axis
in the asymptotically flat regions. Now, every asymptotic end can be compactified
by adding a point, with the action of U(1) extending to the compactified manifold
by fixing the point at infinity. Similarly every boundary component has to be a
sphere [50, Lemma 4.9], which can be filled in by a ball, with the (unique) action of
U(1) on S? extending to the interior as the associated rotation of a ball in R3, reducing
the analysis of the group action to the boundaryless case. Existence of asymptotically
flat regions, or of boundary spheres, implies that the set of fixed points of the action is
non-empty (see, e.g., [6, Proposition 2.4]). Assuming, for notational simplicity, that
there is only one asymptotically flat end, it then follows from [83] (see the italicized
paragraph on p.52 there) that, after the addition of a ball B; to every boundary
component, and after the addition of a point iy at infinity to the asymptotic region,
the new manifold M U B; U {ig} is homeomorphic to S3, with the action of U(1)
conjugate, by a homeomorphism, to the usual rotations of S3. On the other hand, it is
shown in [79, Theorem 1.10] that the actions are classified, up to smooth conjugation,
by topological invariants, so that the action of U(1) is smoothly conjugate to the usual
rotations of S3. It follows that the manifold M U B; is diffeomorphic to R3, with the
U(1) action smoothly conjugate to the usual rotations of R3. In particular: a) there
exists a global cross-section M? for the action of U(1) on M U B; away from the set
of fixed points &, 1") with M? diffeomorphic to an open half-plane; b) all isotropy
groups are trivial or equal to U(1); ¢) « is diffeomorphic to R. (18)

(17) We will use the symbol & to denote the set of fixed points of the Killing vector Y in M or in
M, as should be clear from the context.
(18) We are grateful to Allen Hatcher for clarifying comments on the classification of U(1) actions.

ASTERISQUE 321



ON UNIQUENESS OF STATIONARY VACUUM BLACK HOLES 243

Somewhat more generally, the above analysis applies whenever M can be compact-
ified by adding a finite number of points or balls. A nontrivial example is provided by
manifolds with a finite number of asymptotically flat and asymptotically cylindrical
ends, as is the case for the Cauchy surfaces for the domain of outer communication
of the extreme Kerr solution.

Summarizing, under (6.1) there exists in ({.#ext)) an embedded two-dimensional
manifold M2, diffeomorphic to M2 =~ [0,00) x R minus a finite number of points
(corresponding to the remaining asymptotic ends), and minus a finite number of
open half-discs (the boundary of each corresponding to a connected component of
the horizon). We denote by M? the manifold obtained by removing from M? all its
boundaries.

6.2. Global coordinates on the orbit space. — We turn our attention now to
the construction of a convenient coordinate system on a four-dimensional, globally
hyperbolic, R x U(1) invariant, simply connected domain of outer communications
((Mexs)). Let M? and M? be as in Section 6.1. We will invoke the uniformization
theorem to understand the geometry of M?; however, some preparatory work is useful,
which will allow us to control both the asymptotic behavior of the fields involved, as
well as the boundary conditions at various boundaries.

For simplicity we assume that ({(.#ext)) contains only one asymptotically flat region,
which is necessarily the case under the hypotheses of Theorem 2.3. On M? there is a
naturally defined orbit space-metric which, away from the rotation axis {Y = 0}, is
defined as follows. Let us denote by g the metric on space-time, let X; = X, Xo =Y,
set hy; = g(X;, X;), let h*/ denote the matrix inverse to h;; wherever defined, and on
that last set for Zy, Z, € T, M? set

(62) q(Zl’ Z2) = g(Zlv Z2) - hijg(ZI’X‘i)g(ZZ,Xj)‘

Note that if Z; and Z; are orthogonal to the Killing vectors, then q(Zi,Z;) =
9(Z1.Z3). This implies that if the linear span of the Killing vectors is timelike (which,
under our hypotheses below, is the case away from the axis {Y = 0} in the domain
of outer communications), then ¢ is positive definite on the space orthogonal to the
Killing vectors. Also note that ¢ is independent of the choice of the basis of the space
of Killing vectors.

To take advantage of the asymptotic analysis in [19], a straightforward calculation
shows that ¢ equals
1, Z1 )y (Y, Z2)

W, Y)

where v is the (obviously U(1)-invariant) metric on the level sets of ¢ (where t is any

(6.3) (21, Z3) = (21, Z2) -

time function as in Section 6.1) obtained from the space-time metric by a formula
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similar to (6.2):
Q(Zl, X)Q(Zz, X)
8(X, X)
(So 7 is not the metric induced on the level sets of t by g.) The right-hand-side is mani-

(6.4) (21, Z2) = 9(Z1, Z2) —

festly well-behaved in the region where X is timelike; this is the case in the asymptotic
region, and near the axis on ((#ext)) under the conditions of Theorem 5.24.

In any case, the asymptotic analysis of [19] can be invoked directly to obtain
information about the metric ¢ at large distances. Recall that if the asymptotic
flatness conditions (2.1) hold with k > 1, then by the field equations (2.1) holds with
k arbitrarily large. We can thus use [19] to conclude that there exist coordinates z*,
covering the complement of a compact set in R? after the quotient space has been
doubled across the rotation axis, in which ¢ is manifestly asymptotically flat as well

(see Proposition 2.2 and Remark 2.8 in [19]):
(6.5) qaB — 0AB = Ok_3(7”_1).

To gain insight into the geometry of ¢ near the horizons, one can use (6.4) with X
being instead the Killing vector which is null on the horizon. It is then shown in [18]
that each non-degenerate component of the horizon corresponds to a smooth totally
geodesic boundary for . (It is also shown there that every degenerate component
corresponds to a metrically complete end of infinite extent provided that the Killing
vector tangent to the generators of the horizon is timelike on ({#ex:)) near the hori-
zon, but it is not clear that this property holds.) Some information on the asymptotic
geometry of v in the degenerate case can be obtained from [47, 66]; whether or not
the information there suffices to extend our analysis below to the non-degenerate case
remains to be seen.

6.3. All horizons non-degenerate. — Assuming that all horizons are non-
degenerate, we proceed as follows: Every non-degenerate component of the boundary
OM is a smooth sphere S? invariant under U(1). As is well known, every isometry
of S? is smoothly conjugate to the action of rotations around the z axis in a flat R3,
with the rotation axis meeting S? at exactly two points. Thus, as already mentioned
in Section 6.1, we can fill each component of the boundary M by a smooth ball
B3, with a rotation-invariant metric there. We denote by v any rotation-invariant
smooth Riemannian metric on R?® which extends the original metric v, and by ¢
the associated two-dimensional metric as in (6.3). From what has been said we
conclude that every non-degenerate component of the horizon corresponds to a
smooth boundary dM/U(1) for the metric ¢, consisting of a segment which meets
the rotation axis at precisely two points. The filling-in just described is equivalent to
filling in a half-disc in the quotient manifold. Since the boundary OM is a smooth
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U(1) invariant surface for v, it meets the rotation axis orthogonally. This implies
that each one-dimensional boundary segment of M /U(1) meets the rotation axis
orthogonally in the metric g.

Consider, then, a black hole space-time which contains one asymptotically flat end
and N non-degenerate spherical horizons. After adding N half-discs as described
above, the quotient space, denoted by M?2, is then a two-dimensional non-compact
asymptotically flat manifold diffeomorphic to a half-plane. Recall that we are assum-
ing (6.1), and that there is only one asymptotically flat region. We will also suppose
that

(6.6) W > 0 on ({Mext)) \ &, and
(6.7) on ({Mexs)) N & the stationary Killing vector field X is timelike.

Note that those conditions necessarily hold under the hypotheses of Theorem 5.1,
compare Theorem 5.24.

By (6.6) the metric g is positive definite away from &/. Near & the metric vy
defined in (6.4) is Riemannian and smooth by (6.7), and the analysis in [19] shows
that o is a smooth boundary for gq. After doubling across the boundary, one obtains
an asymptotically flat metric on R?. By [19, Proposition 2.3], for k > 5 in (2.1) there
exist global isothermal coordinates for g:

(6.8) q = e*(dz?® + dy?), with u —

x2 +y2—>00

In fact, u = og—_4(r~!). The existence of such coordinates also follows from the
uniformization theorem (see, e.g., [1]), but this theorem does not seem to provide the
information about the asymptotic behavior in various regimes, needed here, in any
obvious way. As explained in the proof of [19, Theorem 2.7], the coordinates (z, y)
can be chosen so that the rotation axis corresponds to z = 0, with M2 = {z > 0}.

The next step of the construction is to modify the coordinates (z,y) of (6.8) to a
coordinate system (p, z) on the quotient manifold M?2, covering [0,00) x R, so that p
vanishes on the rotation axis and the event horizons. This is done by first solving the
equation

quR =0,

on Qg := M2 N {z? +y? < R?}, with zero boundary value on dM?, and with pp = z
on {z? + y? = R?}. Note that

C= sup z—pg,
Np\ o

is independent of R, for R large, since z and pgr differ only on the event horizons.
Since Agz = 0, the maximum principle implies

x—C<pr<z ong.
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By usual arguments there exists a subsequence pr, which converges, as ¢ tends to
infinity, to a g-harmonic function p on M?, satisfying the desired boundary values.
By standard asymptotic expansions (see, e.g., [15]) we find that Vp approaches Vz
as v/z2 + y2 — oo. In fact, for any j € N we have

2

J i
2 2\i/2
— (22 +y?)/

(6.9) p—x= + O((z? + y?)~U+D/2)

where ¢ denotes an angular coordinate in the (z,y) plane, with a; being linear com-
binations of cos(iy) and sin(ip), with the expansion being preserved under differ-
entiation in the obvious way. In particular Vp does not vanish for large z, so that
for R sufficiently large the level sets {p = R} are smooth submanifolds. The strips
0 < p < R are simply connected so, by the uniformization theorem, there exists a
holomorphic diffeomorphism

(z,y) = (a(z,9), B(z,y))

from that strip to the set {0 < @ < R, 8 € R}. By composing with a Mébius map we
can further arrange so that the point at infinity of the (z,y)-variables is mapped to
the point at infinity of the («, 3)—variables. As the map is holomorphic, the function
a(z,y) is harmonic, with the same boundary values and boundary and asymptotic
conditions as p, hence a(z,y) = p(z,y) wherever both are defined. If we denote by z
a harmonic conjugate to p, we similarly obtain that z — 3 is a constant, so that the
map

(6.10) (z,y) — (p,2)

is a holomorphic diffeomorphism between the strips described above. Since the con-
stant R was arbitrarily large, we conclude that the map (6.10) provides a holomorphic
diffeomorphism from the interior of M? to {p > 0, z € R}, and provides the desired
coordinate system in which ¢ takes the form

(6.11) q = e?¥(dp® + dz?).

From (6.9) and its equivalent for z (which is immediately obtained from the defining
equations 8,p = 9yz, Oyp = —0,2) we infer that & — 0 as y/p? + 22 goes to infinity,
with the decay rate 4 = ox_4(r~!) remaining valid in the new coordinates.

In vacuum the area function W satisfies A;v/W = 0 (see, e.g., [91]). If we as-
sume that W vanishes on O{(#ex)) U & (which is the case under the hypotheses
of Theorem 5.1), then W = p on O((Aext)) U &. Since Agp = 0 as well, we have
Aq(x/W — p) =0, with W — p going to zero as one tends to infinity by [19], and the
maximum principle gives

(6.12) VW = p.
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6.4. Global coordinates on ({#e)). — According to Section 6.1 we have
((Moxt)) \ & =R x S' x RY x R,
and this diffeomorphism defines a global coordinate system (¢, , p, 2) on {{(Mext)) \ &,
with X = 8; and Y = 9,,. Letting (z4) = (p, 2) and (2%) = (¢, ), we can write the
metric in the form
g = gap(dz® + 0° gdz?)(dz® + 6° pdz®) + qapdz?dz?,
=:0°
with all functions independent of ¢t and . The orthogonal integrability condition of
Proposition 5.3 gives

de® =0,
so that, by simple connectedness of R} xR, there exist functions f such that 6 = df*.
Redefining the z%’s to * + f¢, and keeping the same symbols for the new coordinates,
we conclude that the metric on ((Zext)) \ & has a global coordinate representation
as
(6.13) g = —p2ePdt? + e (dyp — vdt)? + e?¥(dp? + d2?)
for some functions v(p, z), A(p, z), with p, z and 4 as in Section 6.3, see in particular
(6.12). We set
(6.14) U=A+1Inp, sothat g(8,,0,)=p’e 2V =e 2
Let w be the twist potential defined by the equation
(6.15) dw=x(dY AY),

its existence follows from simple-connectedness of ((.#ext)) and from d* (dY AY) =
0 (see, e.g.,[91]). As discussed in more detail in Section 6.7 below (compare [91,
Proposition 2]), the space-time metric is uniquely determined by the axisymmetric
map

(6.16) ®=(\w): R\ & — H?,

where H? is the hyperbolic space with metric

(6.17) b:=d\? + e dw?,

and & is the rotation axis & := {(0,0,2),z € R} C R3. The metric coefficients can
be determined from ® by solving equations (6.45)-(6.47) below. The map ® solves
the harmonic map equations [36, 88]:

(6.18) IT|2 := (AX — 2¢**|Dw|?)? + e**(Aw + 4D - Dw)? = 0,

where both D and A refer to the flat metric on R3, together with a set of asymptotic
conditions depending upon the configuration at hand.
We continue with the derivation of those boundary conditions.
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6.5. Boundary conditions at non-degenerate horizons. — Near the points
at which the boundary is analytic (so, e.g., at those points of the axis at which X
is timelike), the map defined by (6.10) extends to a holomorphic map across the
boundary (see, e.g., [30]). This implies that @ extends across the axis as a smooth
function of p? and z away from the set of points {g(X, X) = 0}.

Let us now analyze the behavior of i near the points z; € & where non-degenerate
horizons meet the axis. As described above, after performing a constant shift in the
y coordinate, any component of a non-degenerate horizon can locally be described by
a smooth curve in the ¢ := x + iy plane of the form

(6.19) y=1(2), 7(0) =0, 7(z) = v(-2).

Near the origin, the points lying in the domain of outer communications correspond
then to the values of = + iy lying in a region, say 2, bounded by the half-axis {z =
0,y > 0} and by the curve = + iy(z), with = > 0.

To get rid of the right-angle-corner where the curve z + iy(z) meets the axis, the
obvious first attempt is to introduce a new complex coordinate

(6.20) w:=a+if = —i¢>.

If we write v(z) = agz? + O(z*), then the image of {z + iy(x), z > 0} under (6.20)
becomes
(6.21) filz +iy(x)) = 2a22® +0(z®) —i(z? — a2a* + O(z%))

=:—t

= it + 2a9t]¥/% + O(|t|?/?).

The remaining part {iy, y € R}, of the boundary of 2, is mapped to itself. It follows
that the boundary of the image of Q by the map (6.20) is a C*'/2 curve. Here C**
denotes the space of k-times differentiable functions, the k’th derivatives of which
satisfy a Hoélder condition with index A.

To improve the regularity we replace —i¢2 by f2(¢) = —i¢?+03¢3 for some constant
03. Then (6.21) becomes
(6.22) fo(z +iv(x)) = (202 + Ro3)z® + O(2°) —i (2 + O(z*)) =S(03)0(z*)
——r

=:—t

= it + (2az + Ro3)[t]*/2 + O(Jt|*/?).
The remaining part of the boundary of §2 is mapped to the curve f5(iy), with y > 0:

(6.23) f2iy) = Sasy® +i(y® — Rosy®)
__.t
= it + Sos([tP’? + O(It]*)).
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and is thus mapped to itself if o3 is real. Choosing 03 = —2a3 € R one gets rid of the
offending [t[3/2 terms in (6.22)-(6.23), resulting in the boundary of fy(Q) of C*'/2
differentiability class.

More generally, suppose that the image of x + iy(z) by the polynomial map ¢ —
w = fr_1(¢) = —i¢? + ... has a real part equal to Box_12%*~! + O(2?*+1); then
the substraction from fx_; of a term Bor_1¢(?*~! leads to a new polynomial map
¢ = w = fx(¢) which has real part for4122**! + O(2%¢*3), and the differentiability
of the image has been improved by one. Since all the coefficients fx+1 are real,
the maps fr map the imaginary axis to itself. One should note that this argument
wouldn’t work if v had odd powers of z in its Taylor expansion.

Summarizing, for any k we can choose a finite polynomial fx({), with lowest order
term —i(?, and with the remaining coefficients real and involving only odd powers of

¢, which maps the boundary of €2 to a curve
(0,), t>0;

6.24 —€,€) Dt (u(t),v(t)) =

(6.24) (—e,€) 3 t s (ult), (1)) {(O(t“m),t)’ =0

which is C*1/2,
Note that

(6.25) 9r(Q) 1= \/ife(©) = ¢(1+ O(CD)

where /- denotes the principal branch of the square root, is a holomorphic diffeomor-
phism near the origin. So

(6.26) w = fr(¢) = —iE(¢)
and we have
(6.27) dw diw = 4|y |*d¢ d¢ = 4|w||y|*d¢ dC.

We claim that the map

weni=p+iz
extends across p = 0 to a C* diffeomorphism near the origin. To see this, note that
we have again Ap = 0 with respect to the metric dwdw, with p vanishing on a C*1/2
boundary. We can straighten the boundary using the transformation

(6.28)  w=(a,f) = (a— u(B),B) =w+(O(B*/2),0) = w + O(jw|**1/?),

where p is as (6.24), and O(:) is understood for small |w|. Extending p with —p
across the new boundary, one can use the standard interior Schauder estimates on
the extended function to conclude that w — p(w) is C*1/2 up-to-boundary. Now,
the condition dz = xdp, where x is the Hodge dual of the metric g, is conformally
invariant and therefore holds in the metric dw div, so z is a C*'/2 function of w. By
the boundary version of the maximum principle we have dp # 0 at the boundary
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(when understood as a function of w), and hence near the boundary, so dz is non-
vanishing near the boundary and orthogonal to dp. The implicit function theorem
allows us to conclude that the map w — 7 is a C*1/2 diffeomorphism near w = 0.
Comparing (6.8) and (6.11) we have

(6.29) e?ldndij = q = e**d¢ d¢ = de dw

4w | |? ’
in particular dwdw = e?%*dndn, and from what has been said the function iy is
C*k=1:1/2 yp to boundary. Hence
e2u+2ﬁk

6.30 et = —
(6.30) PR

where v is a smooth function of (z2,y), while ¥}, is a non-vanishing holomorphic
function of ¢ = z + iy, @ is a C*~! function of n = p + iz, and n — w is a CF
diffeomorphism, with w having a zero of order one where the horizon meets the axis.
Finally & + iy is a holomorphic function of v/iw, compare (6.26).

Choosing k = 2 we obtain

1
(6.31) = =5 Infw| + i + 4,

where w is a smooth complex coordinate which vanishes where the horizon meets the
axis, tip = — In |14|?/2 is a smooth function of (z,y), and 4, is a C' function of (p, 2).

Taylor expanding at the origin, from what has been said (recall that n — w is
conformal and that, near the origin, {p = 0} coincides with {& — pu(8) = 0}) it follows
that there exists a real number a > 0 such that

(p,2) = (a~*( — u(B)),a~2B) + O((e — (B + B,
which implies
(6.32) (a, B) = (a®p,a’z) + O(p* + 2°).
Here we have assumed that z has been shifted by a constant so that it vanishes at

the chosen intersection point of the axis and of the event horizon.
We conclude that there exists a constant C such that

1
(6.33) |4+ 3 Iny/p? + 22| < C near (0,0).

This is the desired equation describing the leading order behavior of @ near the meeting
point of the axis and a non-degenerate horizon.

6.5.1. The Ernst potential. — We continue by deriving the boundary conditions sat-
isfied by the Ernst potential (U,w) near the point where the horizon meets the axis.
Here U is as in (6.13)-(6.14), and w is obtained from the function v appearing in the
metric by solving (6.45) below.
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Our analysis so far can be summarized as:

(6.34) z+iy=C = Q) = Vifi(() = —iWr())? =w — p+iz

Each map is invertible on the sets under consideration; and each is a C* diffeomor-
phism up-to-boundary except for the middle one, which involves the squaring of a
complex number.

Using ¢ = 9, !(viw), the expansion
il +id) = (c+id) (1+O(V@ + ),
which follows from (6.25), together with (6.32), we obtain
T +iy = a\/—2z +ip+ O(p* + 22).

Equivalently,

ap 2, 2 2+ V22 +p?
+0(p"+2%), y=a\—F5——
2(z+ /22 + p?)

To continue, in addition to (6.1), (6.6) and (6.7) we assume that

+0(p* + 2%).

(6.35) z =

(6.36) The level sets of the function ¢, defined as the projection on
the R factor in (6.1), are spacelike, with 0,t = 0;

this is justified for our purposes by Theorem 4.5. Thus, the Killing vector 0, is
tangent to the level sets of ¢, so that

Q(ap;ap) = h(awaap),

where h is the Riemannian metric induced on the level sets of ¢. As shown in [19],
we have

(637) h(atp» aw) = f(xvy)$2a

where the function f(z,y) is uniformly bounded above and below on compact sets.

Recall that U has been defined as —1 In(g,,p~2), and that (p,z) have been nor-
malized so that (0,0) corresponds to a point where a non-degenerate horizon meets
the axis. We want to show that

(6.38) U=Invz+ 22+ p2+ 0O(1) near (0,0).

(This formula can be checked for the Kerr metrics by a direct calculation, but we
emphasize that we are considering a general non-degenerate horizon.) To see that, we
use (6.37) to obtain

In(geep~?) = In(z?p™?) + In(geez™?) = 2In(zp~") + O(1).
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We assume that p?+ 22 is sufficiently small, as required by the calculations that follow.
In the region 0 < |z| < 2p we use (6.35) as follows:

| a+ \/§(§+,/§§+1)0(p3/2+p§32)
n
2(z 4+ /22 + p?)

—In ( 2(z + \/m)) +0(1).

In(z p 71

In the region z < 0 we note that

L Ve - VIRV
P2z + /22 + p)
2 < V2
\/2( iRt (P p2)1/4"

Hence, again by (6.35),

a + 32+ VP00 +27)
V2(z+ 22+ p?)

a +O((p2+z2)3/4)
= In =—In 2z + 224+ p2) ) +0(1).
( — z2+p2)) (Vatz+ V25 M) +00)

In the region 0 < p < z/2 some more work is needed. Instead of (6.35), we want to

In(zxp™) = In

use a Taylor expansion of p around the axis a = 0, where « is as in (6.20). To simplify
the calculations, note that there is no loss of generality in assuming that the map
of (6.25) is the identity, by redefining the original (z,y) coordinates to the new ones
obtained from ). Since in the region 0 < p < 2/2 we have 8 > 0, the function u(3)
in (6.28) vanishes, so

alp,z) =  a0,2) +8,a(0,2)p+0(p*) = 8,a(0,2)p+ O(p?).
(502 =0

Note that 9,a(0, 2) tends to a® as z tends to zero, so is strictly positive for z small
enough. Instead of (6.35) we now have directly

¢ _ 9,0(0,2) +0(p)

T = a = = .
V208 + VA + ) P28+ VB + D)
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In the current region « is equivalent to p, 3 is equivalent to z, /32 + a2 is equivalent
to z, and z is equivalent to 2(z + 1/22 + p?), which leads to the desired formula:

—In <\/2(ﬁ +/B32 + a2)) +0(1)

V2B8+ VB +a?)
—In | V2(z + V22 + p2 o(1
n (z+ /22 + p?) ,———2(z+ ) +0(1)

= —ln( 2(z + \/z2+p2)) +0(1).

This finishes the proof of (6.38).

Let us turn our attention now to the twist potential w: as is well known, or from [24,
Equation (2.6)] together with the analysis in [19], w is a smooth function of (z,y),
constant on the axis {# = 0}, with odd z-derivatives vanishing there. So, Taylor
expanding in z, there exists a constant wg and a bounded function & such that

In(zp~")

w = w+o(z,y)z?

o(z,y) (ap +1/2(z + V22 1 pD)O(? + z2))2
2(z+ /22 + p?) '

In our approach below, the proof of black hole uniqueness requires a uniform bound

(6.39) = wot

on the distance between the relevant harmonic maps. Now, using the coordinates
(A, w) on hyperbolic space as in (6.17), the distance d, between two points (z1,w:)
and (z2,ws) is implicitly defined by the formula [3, Theorem 7.2.1]:

(6—211 _ 6—2:1:2)2 + 4(0.)1 _ w2)2

COSh(db) -1 = 2e—2z1—2x2

Using the (U,w) parameterization of the maps, with U as in (6.14), the distance
measured in the hyperbolic plane between two such maps is the supremum of the
function dy:

p4(e_2U1 _ 6—2U2)2 + 4(w1 _ w2)2
2p4e_2U1_2U2

cosh(dy) -1 =

(ez(Ul—Uz) + e2(U2=U1) _ 2) +2 p—4e2(U1+Uz)(w1 _ w2)2 .

(a) ®)

N =

Inserting (6.38) and the analogous expansion for the Ernst potential of a second
metric into (a) above we obviously obtain a bounded contribution. Finally, assuming
w1(0,0) = w2(0,0), up to a multiplicative factor which is uniformly bounded above
and bounded away from zero, (b) can be rewritten as a square of the difference of two
terms of the form

(6.40) fi =y (ai +p W2z + V22 + p2)O(p? + z2))2,
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with 4 = 1,2. We have the following, for all 22 + p? < 1:
1. The functions f; in (6.40) are uniformly bounded in the sector |z| < p:
2
il < C(ai+ V2= + V22 + 0000+ 22/p)) < C"

2. For 0 < p < —2 we write

2 2
0<z++22+p =|z|(\/1+i’—2—1)sc%

z|’

so that

1 2
|fz| < C(ai + Wo(p2 + 22)) — C(a,- + O(|z|3/2))2 < Cl.
3. For 0 < p < z one can proceed as follows: by (6.37), together with the analysis

of w in [19], there exists a constant C such that near the axis we have
(6.41) C122 < g(8,,0,) = h(,,d,) < Ca?, |w - | < Cz?
N——r
=iwg
(recall that h denotes the metric induced by g on the slices t = const, where t
is a time function invariant under the flow of J,,). But

(6.42)
(Wi —w2)? (w1 — wy)? (w1 — wo)? + (w2 — wp)?
ple=2U1—202 B 91(a¢’6¢)92(&p78¢) - gl(aqovaw)g2(anpyatp)
2( w1 — Wy )2 91(3@3«/:) 4 ( w2 — Wo )2 g2(8<P’3‘P)
R gl(aapvatp) 192(890’3«:) R 92(34;:,3@) ng(&p, 3@’
<c? —e2(Uz—U1) <C? —e2(Uy~U2)

where g; denotes the respective space-time metric, while z; denotes the respec-
tive x coordinate. Uniform boundedness of this expression, in a neighborhood
of the intersection point, follows now from (6.38).
We are ready now to prove one of the significant missing elements of all previous
uniqueness claims for the Kerr metric:

Theorem 6.1. — Suppose that (6.1), (6.6)-(6.7) and (6.36) hold. Let (U;,w;), i =1,2,
be the Ernst potentials associated with two vacuum, stationary, asymptotically flat
azisymmetric metrics with smooth non-degenerate event horizons. If wi = w2 on
the rotation axis, then the hyperbolic-space distance between (Ui,wi1) and (Uz,ws) is
bounded, going to zero as r tends to infinity in the asymptotic region.

Proof. — We have just proved that the distance between two different Ernst poten-
tials is bounded near the intersection points of the horizon and of the axis. In view
of (6.7), the distance is bounded on bounded subsets of the axis away from the hori-
zon intersection points by the analysis in [19]. Next, both w,’s are bounded on the
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horizon, and both functions p?e~2Va’s are bounded on the horizon away from its end
points. Finally, both w,’s approach the Kerr twist potential at infinity by the results
in [87] (the asymptotic Poincaré Lemma 8.7 in [21] is useful in this context), so the
distance approaches zero as one recedes to infinity by a calculation as in (6.42), to-
gether with the asymptotic analysis of [19]; a more detailed exposition can be found

in [31). ]

6.6. The harmonic map problem: existence and uniqueness. — In this sec-
tion we consider Ernst maps satisfying the following conditions, modeled on the local
behavior of the Kerr solutions:

1. There exists Ngn > 0 degenerate event horizons, which are represented by
punctures (p = 0,z = b;), together with a mass parameter m; > 0 and an-
gular momentum parameter a; = +m;, with the following behavior for small

ri = /p*+ (2 — bi)?,

(6.43) U=1n(2:'%) + %m (1+(z;—2b)2) +O(ry).

The twist potential w is a bounded, angle-dependent function which jumps by
—4J; = —4a;m; when crossing b; from z < b; to z > b;, where J; is the “angular
momentum of the puncture”.

2. There exists Npgn > 0 non-degenerate horizons, which are represented by
bounded open intervals (c; ,c:”) = I; C &/, with none of the previous b;’s
belonging to the union of the closures of the I;. The functions U — 21np and w
extend smoothly across each interval I;, with the following behavior near the

end points, for some constant C, as derived in (6.38):

(6.44) U - %ln(\/p2 +(z=c)2+2—ck)| <C near (0,cF).

The function w is assumed to be locally constant on & \ (U;{b;} U; I;), with
expansions as in (6.39) nearby.
3. The functions U and w are smooth across & \ (U;{b;} U; I;).

A collection {bi,mi}fvzdlh, I, 5 =1,...,Nnan, and {wg}, where the wy’s are the
values of w; on the connected components of &/ \ (U;{b;} U; I;), will be called “azis
data”.

We have the following [24, Appendix C| (compare [33, 93] and references therein
for previous related results):

Theorem 6.2. — For any set of azis data there exists a unique harmonic map ® :
R3\ & — H? which lies a finite distance from a solution with the properties 1.-3.
above, and such that w = 0 on & for large positive 2. O
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Here the distance between two maps ®; and ®, is defined as

d(®1,®2) = sup dy(®1(p), P2(p)),
peER3\
where the distance d; is taken with respect to the hyperbolic metric (6.17).
We emphasize the following corollary, first established by Robinson [84] using dif-
ferent methods (and assuming |a| < m, which Weinstein [91] does not); the approach
presented here is due to Weinstein [91]: (19)

Corollary 6.3. — For each mass parameter m and angular momentum parameter a €
(=m,m) there ezists only one map ® with the behavior at the axis corresponding to an
I —regular azisymmetric vacuum black hole with a connected non-degenerate horizon
centered at the origin and with w vanishing on & for large positive z. Furthermore,
no I —regular non-degenerate azisymmetric vacuum black holes with |a| > m ezist.

Proof. — Theorem 4.5 shows that (6.1) and (6.36) hold, (6.6) follows from Theo-
rem 5.1, while (6.7) holds by the Ergoset Theorem 5.24. One can thus introduce
(p, z) coordinates on the orbit space as in Section 6.2, then the event horizon cor-
responds to a connected interval of the axis of length ¢, for some ¢ > 0. Let (U,w)
be the Ernst potential corresponding to the black hole under consideration, with w
normalized to vanish on & for large positive z. Let J be the total angular momentum
of the black hole, there exists a Kerr solution (Uk,wk ), with wg normalized to vanish
on & for large positive z, and such that the corresponding “horizon interval” has the
same length £. We can adjust the z coordinate so that the horizon intervals coincide.
The value of w on the axis for large negative z equals 4J, similarly for wg, hence
w = wg on the axis except possibly on the horizon interval. Theorem 6.1 shows that
(U,w) lies at a finite distance from (Uk,wg). By the uniqueness part of Theorem 6.2
we find (U,w) = (Uk,wk), thus the ADM mass of the black hole equals the mass of
the comparison Kerr solution, and |a| < m follows. O

6.7. Candidate solutions. — Each harmonic map (A, w) of Theorem 6.2 with
Ngn + Npgn > 1 provides a candidate for a solution with Ngy, + Nygn components of
the event horizon, as follows: let the functions v and @ be the unique solutions of the

(19) Yet another approach can be found in [77]; compare 72, Section 2.4]. In order to become
complete, the proof there needs to be complemented by a justification of the assumed behavior of
their potential ® (not to be confused with the map ® here) on the set {p = 0}. More precisely,
one needs to justify differentiability of ® on {p = 0} away from the horizons, continuity of & and
@’ at the points where the horizon meets the rotation axis, as well as the detailed differentiability
properties of ® near degenerate horizons as implicitly assumed in [72, Section 2.4].
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set of equations

(6.45) v = —e*pd,w, 0,v = e*p o w,
(6.46) Bpt = p [(8,A)2 — (8:0)? + 1 ((Opw)? — (8:w)?)] + B,
(6.47) 0,1 =2p [0pA O\ + ;e 0w B,w] + 0.,

which go to zero at infinity. (Those equations are compatible whenever (\,w) satisfy
the harmonic map equations.) Then the metric (6.13) satisfies the vacuum Einstein
equations (see, e.g., [95, Egs. (2.19)-(2.22)]). Every such solution provides a candidate
for a regular, vacuum, stationary, axisymmetric black hole with several components
of the event horizon. If Ny, + Nygn = 1 the resulting metrics are of course the Kerr
ones.

At the time of writing of this work, it is not known whether any such candidate
solution other than Kerr itself describes an It-regular black hole. It should be em-
phasized that there are two separate issues here: The first is that of uniqueness, which
is settled by the uniqueness part of Theorem 6.2 together with the remaining analy-
sis in this section: if there exist stationary axisymmetric multi-black hole solutions,
with all components of the horizon non-degenerate, then they belong to the family
described by the harmonic maps of Theorem 6.2. Note that Theorem 6.2 extends
to those solutions with degenerate horizons with the behavior described in (6.43).
Conceivably this covers all degenerate horizons, but this remains to be established.

Another question is that of the global properties of the candidate solutions: for
this one needs, first, to study the behavior of the harmonic maps of Theorem 6.2 near
the singular set in much more detail in order to establish e.g. existence of a smooth
event horizon; an analysis of this issue has only been done so far [69, 91] if Ng, =0
away from the points where the axis meets the horizon, and the question of space-time
regularity at those points is wide open. Regardless of this, one expects that for all
such solutions the integration of the remaining equations (6.45)-(6.47) will lead to
singular “struts” in the space-time metric (6.13) somewhere on .

7. Proof of Theorem 1.3

If &t is empty, the conclusion follows from the Komar identity and the rigid
positive energy theorem (see, e.g. [18, Section 4]). Otherwise the proof splits into
two cases, according to whether or not X is tangent to the generators of &7, to be
covered separately in Sections 7.1 and 7.2.

7.1. Rotating horizons. — Suppose, first, that the Killing vector is not tangent
to the generators of some connected component é°0+ of &t = A+ NI (Meyt). Theo-
rem 4.14 shows that the isometry group of (., g) contains R x U(1). By Corollary 2.4
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((Meoxs)) is simply connected so that, in view of Theorem 4.5, the analysis of Section 6
applies, leading to the global representation (6.13) of the metric. The analysis of the
behavior near the symmetry axis of the harmonic map ® of Section 6.5 shows that ®
lies a finite distance from one of the solutions of Theorem 6.2, and the uniqueness part
of that last theorem allows us to conclude; compare Corollary 6.3 in the connected
case.

7.2. Non-rotating case. — The case where the stationary Killing vector X is
tangent to the generators of every component of J#% will be referred to as the non-
rotating one. By hypothesis V(g(X, X)) has no zeros on &%, so all components of
the future event horizon are non-degenerate.

Deforming . near 0.% if necessary, we may without loss of generality assume that
% can be extended across &t to a smooth spacelike hypersurface there.

For the proof we need a new hypersurface " which is maximal, Cauchy for
((Mext)), with X vanishing on 85”. Under our hypotheses such a hypersurface
will not exist in general, so we start by replacing (., g) by a new space-time (.#’, g’)
with the following properties:

1. (#',g’') contains a region ((Aext))' isometric to ({{MHext)), 9);

2. (A',¢') is invariant under the flow of a Killing vector X’ which coincides with
X on ((ﬁext»;

3. Each connected component of the horizon é”o"" is contained in a bifurcate Killing
horizon, which contains a “bifurcation surface” where X’ vanishes. We will
denote by S the union of these bifurcation surfaces.

This is done by attaching to ({.#ex:)) a bifurcate horizon near each connected
component of &% as in [82], invoking Corollary 5.17.

We wish, now to construct a Cauchy surface #’ for ((#ext))' such that 8.#" = S.
To do that, for € > 0 let g. denote a family of metrics such that g. tends to g, as €
goes to zero, uniformly on compact sets, with the property that null directions for g.
are spacelike for g. Consider the family of g.—null Lipschitz hypersurfaces

No=JFS) N A,

where Jj denotes the boundary of the causal future with respect to the metric g..
The A’s are threaded with g.—null geodesics, with initial points on S, which con-
verge uniformly to g-null geodesics starting from S, hence to the generators of &%
(within .#"). It follows that, for all € small enough, .4, intersects .# transversally.
Furthermore, since &% is smooth, decreasing e if necessary, continuity of Jacobi fields
with respect to € implies that the .#.’s remain smooth in the portion between S and
their intersection with .. Choosing e small enough, one obtains a smooth g-spacelike
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hypersurface .#’, with boundary at S, by taking the union of the portion of 4¢ be-
tween S and where it meets ., with that portion of . which extends to infinity and
which is bounded by the intersection with .4, and smoothing out the intersection.
The hypersurface ./ can be shown to be Cauchy by the usual arguments [9, 40].

By [27] there exists an asymptotically flat Cauchy hypersurface . for ((Mext)),
with boundary on S, which is maximal.

We wish to show, now, that ({#e)) , and hence ((#Zoxt)), are static; this has been
first proved in [89], but a rather simple proof proceeds as follows: Let us decompose
X' as Nn+ Z, where n is the future-directed normal to .%”, while Z is tangent. The
space-time Killing equations imply

(7.1) D,‘Zj +D;Z; = —2NK¢J',
where g;; is the metric induced on #”, K;; is its extrinsic curvature tensor, and

D is the covariant derivative operator of g;;. Since .#” is maximal, the (vacuum)
momentum constraint reads

(7.2) D;K% = 0.
From (7.1)-(7.2) one obtains
(7.3) D;(KYZ;) = -NK"YK,;.

Integrating (7.3) over "/, the boundary integral in the asymptotically flat regions
gives no contribution because K;; approaches zero there as O(1/r"~!), while Z ap-
proaches zero there as O(1/r"~2) [25]. The boundary integral at the horizons vanishes
since Z and N vanish on S = 8.#" by construction. Hence

(7.4) » NKYK,;; =0.

On a maximal hypersurface the normal component N of a Killing vector satisfies the
equation

(7.5) AN = KYK;N,

and the maximum principle shows that N is strictly positive except at 8.7".
Staticity of ((#ext))’ along #” follows now from (7.4). Moving the .#""’s with the
isometry group one covers {(ext))' [27], and staticity of ((.#exs))’ follows. Hence
((Mext)) is static as well, and Theorem 1.4 allows us to conclude that (( o)) is
Schwarzschildian. This achieves the proof of Theorem 1.3. O

8. Concluding remarks

To obtain a satisfactory uniqueness theory in four dimensions, the following issues
remain to be addressed:
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1. The previous versions of the uniqueness theorem required analyticity of both the
metric and the horizon. As shown in Theorem 4.11, the latter follows from the
former. This is a worthwhile improvement, as even C'-differentiability of the
horizon is not clear a priori. But the hypothesis of analyticity of the metric
remains to be removed.

In this context one should keep in mind the Curzon solution, where analyticity
of the metric fails precisely at the horizon. We further note an interesting recent
uniqueness theorem for Kerr without analyticity conditions [59]. However, the
examples constructed at the end of Section 2.3.1 show that further insights are
needed to be able to conclude along the lines envisaged there.

The hypothesis of analyticity is particularly annoying in the static context,
being needed there only to exclude non-embedded Killing prehorizons. The
nature of that problem seems to be rather different from Hawking’s rigidity,
with presumably a simpler solution, yet to be found.

2. The question of uniqueness of black holes with degenerate components of the
Killing horizon requires further investigations. Recall that non-existence of sta-
tionary, vacuum, I -regular black holes with all components of the event hori-
zon non-rotating and degenerate, follows immediately from the Komar identity
and the positive energy theorem [58] (compare [18, Section 4]). Furthermore,
the results here go a long way to prove uniqueness of degenerate, stationary,
axisymmetric, rotating configurations: the only element missing is an equiva-
lent of Theorem 6.1. We expect that Theorem 2.2 can be useful for solving this
problem, and we hope to return to that question in the near future.

In any case, the above would not cover solutions with degenerate non-rotating
components. One could exclude such solutions by proving existence of maximal
hypersurfaces within ((.#ey;)) with an appropriate asymptotic behavior at the
cylindrical ends. The argument presented in Section 7.2 would then apply to give
staticity, and non-existence would then follow from [26], or from Theorem 1.4.

3. The question of existence of multi-component solutions needs to be settled.

And, of course, the question of classification of higher dimensional stationary black
holes is largely unchartered territory.
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A NEW NONFORMAL NONCOMMUTATIVE CALCULUS:
ASSOCIATIVITY AND FINITE PART REGULARIZATION

by

Hideki Omori, Yoshiaki Maeda, Naoya Miyazaki & Akira Yoshioka

Abstract. — We interpret the element Tiﬁ(u * v+ v *u) in the generators u, v of

the Weyl algebra W3 as an indeterminate in N + % or —(N + %), using methods of
the transcendental calculus outlined in the announcement [13]. The main purpose
of this paper is to give a rigorous proof for the part of [13] which introduces this
indeterminate phenomenon. Namely, we discuss how to obtain associativity in the
transcendental calculus and show how the Hadamard finite part procedure can be
implemented in our context.

Résumé (Un nouveau caleul non-formel et non-commutatif : associativité et régularisation des
parties finies)

Nous interprétons I'élément ﬁ {u*v 4 v=*u) dans les générateurs u,v de I’algébre
de Weyl W2 en tant qu’indéterminés dans N + % ou —(N + %), en utilisant des
méthodes du calcul transcendental décrit dans 'annonce [13]. Le but principal de
cet article est de donner une preuve rigoureuse de la partie de [138] qui introduit ce
phénomeéne indéterminé. A savoir, nous discutons la maniére d’obtenir ’associativité
dans le calcul transcendental et de montrer comment la procédure de parties finies
de Hadamard peut &tre implémentée dans notre contexte.

1. Introduction

Deformation guantization, first proposed in [3], is a fruitful approach to developing
quantum theory in a purely algebraic framework, and was a prototype for noncom-
mutative calculus on noncommutative spaces. It was first treated as a formal non-
commutative calculus, with the Planck constant # regarded as a formal parameter,
but has been extended to nonformal cases, as in the studies of noncommutative tori
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268 H. OMORI, Y. MAEDA, N. MIYAZAKI & A. YOSHIOKA

[18] and quantum groups {20]. In fact, the formal and nonformal noncommutative
calculus have quite different features.

In [12], we analyzed star exponential functions of quadratic forms in the Weyl
algebra and uncovered several mysterious phenomena unanticipated from the formal
case. These mysterious phenomena reflect the fact that star exponential functions
of quadratic forms (see [11] and [15]) lie outside of the Weyl algebra. These new
features suggest a new approach to noncommutative nonformal calculus. In this
paper, we show that this new calculus is necessary to treat transcendental elements
of the Weyl algebra.

From the papers [12}-[13]|, we know that the Moval product, the most typical
product on the Weyl algebra, is not sufficient to treat transcendental elements such
as star exponential functions. For this reason, we introduced a family of xg-products
on the Weyl algebra depending on a complex symmetric matrix K and developed a
transcendental nonformal noncommutative calculus specifically formulated to treat
star exponential functions of quadratic forms. The transcendental elements of the
Weyl algebra have a realization depending on the #x-product, which we called the
K-ordered expression. Thus, properties of (transcendental) elements of the Weyl
algebra depend on the choice of product *g,

We now propose as a principle, called the Independence of Ordering Principle
(IOP), that the relevant properties of transcendental elements of the Weyl algebra
do not depend on the choice of ordered expression, just as properties and objects in
differential geometry do not depend on the choice of coordinate expression. Following
this principle, in [12] we proposed the notion of a group-like object of star exponential
functions of quadratic forms on the Weyl algebra. The IOP seems to be a new outlook
on interpreting physical phenomena/mathematical phenomena, especially for treating
quantum objects and phenomena from an algebraic point of view.

As a test case, we examine this principle on the nonformal noncommutative calculus
for transcendental elements of the Weyl algebra. As part of this approach, we interpret
an element as an indeterminate in a discrete set in the case of the Weyl algebra with
two generators.

Let W5 be the Weyl algebra with generators u, v obeying the commutation relation

(1) [w, v] = —ik.

We consider the element :uov= 5k (u*v+v*u) of W;. We show that zuov can
be interpreted as an indeterminate in N+ 1 or —(N + 1), not from a more standard
operator theoretic point of view but from a purely algebraic approach, using the I0P
that a physical/mathematical object should be independent of its various ordered
expressions.
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A NEW NONFORMAL NONCOMMUTATIVE CALCULUS 269

In our approach, we interpret %uov in two ways: 1) via the analytic continuation of
inverses of z + Luov and 2) via the x-product of the *-sin function and the *-gamma
function using ordered expressions. These results have been already announced in
[13] with outlines of proofs. The main purpose of this paper is to give a rigorous
description of method 1) and therefore to realize %u o v as an indeterminate in the
discrete set. The main ingredients of the proof are dealing with associativity in the
framework of the transcendental calculus of [13] and applying the Hadamard finite
part procedure in this context. For a family of #x-products on the Weyl algebra Wa,
we provide rules for the associativity of the extended products *x, and in preparation
for the definition of the inverse of z + uov we investigate star exponentials i ey
and their ordered versions.

We leave the the finite part regularization method for Fréchet algebra valued func-
tions in the subsection 6.1. For a holomorphic function f{z) with a pole at z = z,
we define the finite part of f{z) as

f(z) z# 2
Resw=0%(f(z0 + w)) z = zg.

FP(f(z)) = {

We first construct the inverses of z + ; u ov by using the star exponential function
+ [+]
en oy and a K-ordered expression. We can construct two inverses of z 4 muo v as
follows:

1 0 L
(z+ _—uoﬁv):i = / ei(z-f-,ﬁuov)dt
ik o

and

1 1 i .‘.(z+—u0'u)
(z+Euov),,_=— dt
0

(see [7] and {10] for more details}). Both inverses have analytic continuations for
generic ordered expression. In §6, we mainly study the inverse (z + Juov), +, as the
other inverse has similar properties.

In §6, we show the following:

Theorem 1.1. — For generic ordered erpressions, the inverses (z + u o ’”)*+:
(z— 3 uov)*f extend to £, (C?)-valued holomorphic functions of z on C— { (N+1)}.

Here, we refer the class £, (C?) in the subsection 2.2.

Employing the Hadamard technique of extracting finite paris of divergent integrals,
we now extend the definition of the *-product using finite part regularization. We
deﬁne the new product of (2+ 3 uov)*i with either the polynomial g(u, ») or g{u,v) =

§ J=uov
* 5 by

(2) (z+ Huovhikg(u,v) = (FP(z + guov)ii) * q(u,v).
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270 H. OMORI, Y. MAEDA, N. MIYAZAKI & A. YOSHIOKA

Note that the result may not be continuous in z.
The following is an description of the discrete phenomena for +u o v via method

ih
1):
Theorem 1.2. — Using definition (2) for the %-product, we have
1 z¢& —(N+ 1
(3) (24 ruowv)i(z+ ruouv)l= ¢ —( 2),
1— S(Gu)" xwoe xv” z=—{(n+3)
1 s —(N+ 1
(4) (Z_;]EUOU);(Z—%UOU)*_IZ{ . . & —( f)
1- S(5v)"*Teo*u™ z=—(n+3)

for generic ordered expressions.

We will interpret this discrete phenomena for %uov via method 2) in a forthcoming
paper.

We would like to thank Steven Rosenberg and Sylvie Paycha for their suggestions
about regularization methods.

Finally, we are honored to contribute our paper to the Proceedings for the 60th
birthday celebration of Jean Pierre Bourguignon, whose friendship with us for over
2(} years we warmly acknowledge.

2. General ordered expressions and I10P

We introduce a method to realize the Weyl algebra via a family of ordered expres-
sions. This leads to a transcendental calculus for the Weyl algebra.

2.1. Fundamental product formulas and intertwiners. — Let G(n) and A(n)
be the spaces of complex symmetric matrices and skew-symmetric matrices respec-
tively, and set M(n) = &S(n) & U(n). We denote by u the set of generators u =
(41,...,%2,). For an arbitrary fixed nxn-complex matrix Ac®i(n), we define a
product *, on the space of polynomials C[u] by the formula

(in)*

ik B Atig i i
(5) fx,g=fe? L EAED) Z WA LAWK, By, f By By, g
k

Tt is known and not hard to prove that {Clu], *,) is an associative algebra.

The algebraic structure of (C[u],*,) is determined by the skew-symmetric part of
A, if the generators are fixed. In particular, if A is a symmetric matrix, (Clu}, *,) is
isomorphic to the usual polynomial algebra.
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A NEW NONFORMAL NONCOMMUTATIVE CALCULUS 271

For every symmetric matrix K € &(n), the operator
P ih i
(6) Iy (f) =exp (' D KY0,0,,)f
¥

gives an isomorphism I: (Clu], *, ) = (Clu], *,. ). Namely, for any f,g € Clu]:

(M) Iy (£, 9) = Iy (F) *aure Lo (9).

Let A = K + J be the symmetric/skew symmetric parts of A, K € &(n), J € A(n).
Changing K while leaving J fixed will be called a deformation of the expression of
elements, as the algebra remains in the same isomorphism class.

We view these expressions of algebra elements as analogous to the “local coordinate
expression” of functions on a manifold. Changing K corresponds to a local coordinate
transformation on a manifold. In this context, we call the product formula (5) the
K-ordered expression, i.e. ignoring the fixed skew part J, and *, stands sometimes
for *, with J understood.

The big difference from local coordinate expressions for functions on a manifold is
precisely that in our context there is no “underlying topological space”.

0

m

—I,
In the following we set n = 2m and J = l: 0 ] . (Clu], #, ) is called the Weyl

algebra, with isomorphism class denoted by Wy,,.

0 I, 0o -I,
According to the choice of K = 0, [I 0] , [ I 0 ], the K-ordered ex-

pression is called the Weyl ordered, the normal ordered and the anti-normal ordered
expressions, respectively. The intertwiner between a K-ordered expression and a K'-
ordered expression is given by

® L W= (G K - K0.0,)f (= 1 (157 (1),
4]
} between algebras.

giving an isomorphism I:: D (Cluli*y, ;) — (Cluls .,

2.2. Extension of products and intertwiners. —

In what follows we write *g for x4 for simplicity. Let Clu]{[h]] be the space
of all formal power series in A with polynomials in u as coefficients. Obviously, the
x,-product and the intertwiners extend naturally to Clu][[k]] by the same formu-
las. (C[u][[A]], *, ) is an associative algebra and I :: "is an algebra isomorphism from
(Clul[Al], ) to (Clul[{All,%,.,).

Let Hol{C™) be the space of all holomorphic functions on C™ with the topology
of uniform convergence topology on compact domains. The following fundamental
lemma follows easily from the product formula (5) together with Taylor's formula:
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Lemma 2.1, - Let p(w) be either a polynomial of w or an exponential function of a
linear combination of generators p(u) = €2 %% Then the left multiplication p(u)*,
{(resp. the right multiplication x, p{w) ) is a continuous linear mapping from Hol(C™)
to itself. Associativity (fx, g)*,h = fx, (g, h) holds if two of f, g, h are polynomials.

For every positive real number p, we set
(9) Ep(C™) = {f € Hol(C™) | | fllp,s = sup |fle™*FI" < 0o, Vs > 0}

where [£] = (3, |wi|2)*/2. The family of seminorms {|| - ||,.s}s>0 induces a topology
on £,(C") and (£,(C™),-) is an associative commutative Fréchet algebra, where the
dot - is the ordinary product for functions in £,(C").

Let H be a polynomial of order p. Then, ef € £,(C") for every p' > p, but
efl ¢ £,(C™). Note also that expVH € Ep 14 for every p’ > p on a suitable Riemann
surface.

It is easily seen that for 0 < p < p’, there is a continuous embedding
{10) EH(C™) C &y (C™)

as commutative Fréchet algebras (cf. [4],[15]), and that £,(C") is Sp(m, C)-invariant.
It is obvious that every polynomial is contained in £,{C") and that C[u] is dense
in £,(C™} for any p > 0 in the Fréchet topology defined by the family of seminorms

{ll llp,s}s>0-

Theorem 2.1. — Assume 0 < p < 2. The product formule (5) extends in the following
way:

{a) The space (E,(T™),*, ) forms a complete noncommutative topological associative
algebra over C (cf [11]).

?

(b) The intertwiner I: extends to an isomorphism of (£,(C"), ) onto itself (cf.[12]).

See also [15] for the general case with precise proofs and several comments.
It is easily seen that the following identities hold on £,(C"), p < 2:

(11) Crl=, 1o =1L
For every f € £,(C™) such that p < 2, f(K) = I: (f) is globally defined on &(n).
Thus, we naturally extend our object f to the space of all mutually intertwined

sections {f(K); K € &(n)} of the trivial bundle []gcen)(Ep(C™), %}, 0<p<2.

However, several anomalous phenomena occur in the space (£:1(C™),*.) =

Mp>2(Ep(C™), %, ). See [7]-[10], [12]-[14].

Theorem 2.2. — For every pair (p,p’) such that  + ; > 1 the product (3) extends to
a continuous bilinear mapping £,(C") x £, (C™) — Epyp (C™).
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A NEW NONFORMAL NONCOMMUTATIVE CALCULUS 273

By Theorems 2.1 and 2.2, associativity f % (g * k) = (f * g) * b holds for f,g,h €
&2(C™). Moreover if one of f,g.h is in £,(C"), p > 2, then by using the polynomial
approximation theorem, we have that associativity holds if the two others are in
Ep(C") such that | + 5 > 1.

Since £,(C™) is a Fréchet space, we have:

Lemma 2.2. — Let M be a compact domain in R™, and let z — f, € E,(C") be a
continuous mapping of M into £,(C™). Then the integral [,, f.dV, of f» on M is an
element of £,(C").

3. Star exponential functions

In differential geometry, it is widely accepted that geometrical notions should have
coordinate free expressions. Obviously, the algebraic structure of (C[u], x4} depends
only on the skew part of A. This analogy with geometry makes it plausible to in-
troduce the Independence of Ordering Principle (IOP), namely that the algebraic
interpretation of physical phenomena should be independent of the choice of ordered
expression (cf. [1]).

In fact, this principle for the class £2(C7) is reflected in Theorem 2.1. However, as
will be seen below, we have to think carefully about the true meaning of 10P, since
there are many delicate anomalous phenomena in the transcendental calculus of star-
exponential functions. In spite of these difficulties, we believe that properties which
appear in generic (i.e. almost all/open dense) ordered expressions are fundamental
features of this theory. In the end, IOP provides deeper insight into the extended
Weyl algebra.

For an element H, of the Weyl algebra, we define the *-exponential function et
as the family {f,(K}} of real analytic solutions of the evolution equation

(12) SR = . o fu ),

with the initial condition fo(K) = 1. We think of f;{K) as the K-ordered expression
of ¢!¥- | and denote it by :et: . = fi(K).

Provided :e39-: « exists for every s € C, they form a complex one parameter
subgroup, for the exponential law holds by the uniqueness of real analytic sclutions.
If :ef*-: . exists for every s € R, it is a real one parameter subgroup.

If we have the real analytic solution of (12) with initial condition fo(K) = g,

tH..

then it is natural to denote the solution by :el™«:

g€ &(CH™), p> 2,
Warning In general, {12) is a misleading definition, as we can expect neither the

#,g. This definition works for

existence of a solution of (12), nor any continuity in the initial data. For H, = lﬁuov,

1
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there are branching singular points in etf~. If H, is an exponential function such as
e**y, then {12} is not a partial differential equation, but rather a difference-differential
equation (cf.[7]).

If H, is a quadratic form, :e$¥+: ,_ is defined with a certain discrete set of singu-
larities, ag we shall see in §3.1. In general, there is no reflection symmetry for the

domain of existence of the solution of (12).

3.1. General properties of *-exponential functions. - - For a given K, suppose
that (12) has real analytic solutions in ¢ on some domain D(K) including 0 for the
initial functions 1 and g. We denote the solution of (12) with initial function g by

(13) et xeg, t€ D(K).

Proposition 3.1. — If H, is a polynomial and :etH+: _ is defined on a domain D(K),
then :etfis:  x, p(u) is defined for every polynomial p(u) on the same domain D(K).
Ifplu) =3 Aa(s)u™ is a polynomial whose coefficients depend smoothly on s, then
the formula
8:elfe: v plu) = €0+ Op(u)

holds for every £.

Proof Multiplying the defining equation (12} by +p(u) and applying the associativity
in Lemma 2.1, we have

d
(14) g fe(E) x plu) = Hot oy (flK) < p(u), fo(K) = 1.
Since f;(K) * p(u) is a real analytic solution, this is written in our notation as eff> x
p(u). Applying 8¢ to (14) gives the second assertion by a similar argument. O

Let P, be the space of polynomials of degree at most n. Then there are natural
inclusions P, C Pph4.1. We view Clu] as the inductive limit lim_, P, with the inductive
limit, topology. The second assertion of Proposition 3.1 then yields continuity with
respect to the initial condition in the inductive limit topology. We use this topology
in calculations with inverse elements. However, we should remark that Clu] is not a
Fréchet space in this topology, as the first axiom of countability fails.

Remark Although :e!+: 0= 0, since (12) is linear, it does not necessary follow
that

limy, :etH-: |+, pp(u) = 0, when limy, px{u) = 0 in the uniform convergence topology.

Suppose et is singular at ¢ = 4. Since :et#-: _*,.0 = 0 on an open dense domain,
the zero function is the real analytic solution of (12), but for a series ¢, € C such

that limy, e ¢n = 0, imy, o0 :et=:  #,. ¢, does not converge to 0 in this topology.

In the following, we often omit the subscript K, and so denote *,., :g.:, simply
by *, g. when the context is clear.
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A NEW NONFORMAL NONCOMMUTATIVE CALCULUS 275

Suppose H, is a polynomial and G(t; K) = :et¥-: . :g.: . is defined. Then for

every polynomial p(u), G(¢; K) satisfies
%G(t,K)*KP(u):(‘-HHK*KG(t,K)) ep(w) = Ha o (G, K)x e p(u)),
G(01 K)*Kp(u) = :g*:x*xp(u)'

Since G(t, K )*, p(u) is real analytic in ¢, we have the following associativity:

Proposition 3.2. — If et~ x g, is defined for some K, then et¥« x (g, xp(u)) is defined
for K and

( tH.,

et 4 (g, * p(u)) = x g ) * p{u) for every p(u) € Clu).

Let H, be a polynomial. Since :etf» « H,: _and :H, xe'f+: _ satisfy the same dif-
ferential equation with the same initial data, the uniqueness of real analytic solutions
gives :etfs x H,: = :H, *elHs: .

Using this, we also have

Proposition 3.3. — If H. is a polynomial such that e!¥~ is defined, then :etH+:_ is
the real analytic solution hy(K) of the equation

d
(15) oK) = he (K, il

with the initial condition ho(K) = 1.

From this fact, we see that p(u) * e!¥+ is the solution of (15) with the initial
condition kg = p{u). Hence the exponential law and the uniqueness of solutions give
(16) e3H« x (et x p(u)) = els T sp(u), (p(u)*e)xet = plu) = s TIH-

Let ad{H.}(h) = [Hi,h] = H. ¥ h— hx H. If H, is a quadratic form, then ad(H,)
defines a linear transformation on the linear hull of the generators. By exponentia-
tion, exp sad(H,) is a degree preserving linear transformation on the space Clu] of
polynomials such that

[(exp sad(H,))f, (exp sad(H.})g] = (exp sad(H.}){f, g].
Note also that (exptad(H,)){p(u)) is the solution f; of

d
Etft =[H., fil, fo=p(u).
Since ps(u) = (exp sad(H.))(p(w)) is a polynomial, we see by Proposition 3.1
d —s —3 —3
ST (W) = €0 (< Hy e py () + [Hep(w)]) = €0 5 () # (< HL).
Since e+ * py(u)|s—0 = p(u), we have
(17) e *H xpo(u) = p(u) x e,
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Combining (17) with (16), we get the following associativity:

(18) e x (p(u) x el=) = (e % p(u)) * €ffT+.

It also follows that

(19) s x (p(u) x e, *") = (eI + p(w)) ¥ e, *M* = (exp sad(H.))(p(u)).

3.2. Star-exponentials of quadratic forms in the normal ordered expres-
sion. — In this section, we set n = 2m and © = (u1, - , U ), v = (U1, - ,05) =
(i1, ,Uzm). For every C = (Cy;) € M{m), we consider C'(u,v) = Y Csuv;.
The star exponential function of this special quadratic form is easily obtained in
the normal ordered expression, since no anomalous phenomena occur. By setting

0 I
A=Kp+J, Ky = |:I O] in the product formula (5), a direct calculation gives

(20) ge%EAHukw *e, glengB”usvt _ ggIE%ZCiju,-vj’
where C = A+ B+ 2AB. For (g; A) = ge% ZA’”“"“, this product formula becomes
(21) (9 A) *,, (¢'s B) = (99 A+ B+24B), (g;4),(¢; B) € CxMM(m).
Note that
(I+2A)I+2B)=1+2(A+B+2AB).

Under the correspondence A « I + 2A, the structure of the usual matrix algebra
M(m) is carried over to the space {e%C(“’”); C € M(m)}}. However, note here that 0
corresponds to I. In (21) we see that (—I) + (=I) + 2(—I)(—=I) =0, and -3+ C +
2(—31)C = —31 for every C.

Although these elements are in 5, (C"), associativity still holds for the products

(22) (9 AY %y, (675 B) ¥, (4750)) = ({95 A) %, (973 B)) %4, (975 C),
and
e B Cluw) e, R0 = e T(u) - e C@y) — i Iuv)
By (21), we see that
(23) e (7 =DA) (D) _ R (ETTIE D),

Differentiating the exponential law (23) to obtain the Ky-expression (the normal or-
dered expression} of the *-exponential function, we have

(24) :ef-ﬁ; EG“”"*”*: _ e#‘ Z(ﬂ“c—f)klukvi'

Ko
This is holomorphic in ¢ € C and the r.h.s of (24) is contained in &4 (C?).
Set .
aob= E(a*b-kb*a).
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A NEW NONFORMAL NONCOMMUTATIVE CALCULUS 277

By the exponential law for scalar exponential functions, (24) becomes

it ) '
(25) :ei—nzcmusz:K = e%’n'(c)g% E(euc_‘[)k!ﬂkull

o
This is also a holomorphic one parameter group contained in (€34 (C?); *,. ). However,
this property of e,.':% 2 Criunow is not generic, as we see in §3.3. Indeed, a generic
element has branching singular points periodically distributed in €. On the other
hand, for the special case C = I, we see that :e% D HrOk, Ko
map scalars to scalars, but may change the sign of the scalar (—1)™ in this equation.
The property that eT 2

We note that lim, o :e,.f’i Zu"‘m”: wx, = 0 but lim; el W2 ukovE,

is rather surprising that the finiteness of the integral
o0
;/ N g e £y, (CF)
-0

is a generic property, as we will see in §3.4.

= (—1)™. Intertwiners
Ok, = +1 is generic.

Ty = 00 It

3.3. Intertwiners for exponential functions of quadratic forms. — In this
section we extend intertwiners to the space Ce®(?™} of exponential functions of
quadratic forms ge'*@¥) where g € C,Q € &(2m). This will be used to obtain
K-ordered expressions of star-exponential functions of quadratic forms.

The exact formula for intertwiners is obtained by solving the evolution equation

g()eB M = 57 K119, 8, (g()e W), Q(0) = 4, (0} =

ij

dt
by setting
(26) ot 2 K9, 8, J(ge#(uA,u)) _ g(t)e#(“Q(t):“).
A direct calculation gives
32 K8,,0,, (g(t)e Q02) = g(t) (2K 5 Q)+ b (QK Q)isusu; etk A0,

To find the intertwiner, we solve the ODE system:

%mﬂ=iQmew
y Q=4 90)=s
240 = 9(6) (- TPK Q)

Then Q(t) = IT;‘I-%_RA’ g(t) = g(det(] — % AK))~'/2 is the solution of the ODE
system by the uniqueness of real analytic solutions.

Here the inverse matrix of X is denoted by )1{ Note also that %% = YLX It is
easy to check that —7 A is a symmetric matrix by the identity:
1 1
27 A=A ;
@) I-AK I-KA
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Setting ¢ = %, we can build the intertwiner Ié( from
fii 1 ki

(28) Q(Z) = I——EA’ Q(I) = g(det(I — AK))™*%.

as follows. For ge#("A’”) = {g; A) as before, we call g and A the amplitude and phase
part of (g; A}, respectively. In this notation, we see that

I (9:4) = (gdet(I — AK) ™5 Tic(4)),

where Tk : §(2m) — &(2m), Tx(A) = ;=43 A is the phase part of the intertwiner

K

I .
Computing the inverse I?( = (I: )—1 and taking the composition I: l IE(, we easily
cbtain
(29) I% (g 4) = (gdet(I - A(K' - K))"%; ___1__A)'
oo T A(K — K)

The mapping (29) is singular at those A where either det(f — A{K’ — K)) = 0 or the
sign ambiguity in the square root cannot be removed. We denote the phase part of
. . Kl KI’ 1
the intertwiner I, by T, (A) = 7_grxr—e; 4-
Note that the identities
K’ _ ' K
T, ~Tx(Tg) Y, I ~Ig 1D

K

hold in the same sense as the algebraic identities x/x = 1, V1+z/v1+z = 1, ie.
whenever the denominator is nonzero. Here we use the notation ~ to distinguish such
an algebraic calculation. Singularities are moving by this algebraic trick.

By sefting B = j—grkrgy A, the rhus of (29) is (gdet(I + B(K' - K))%;B).

Moving branching singularities are a remarkable feature of this calculus.

For every A, get(#4%) js an element of £ (C™). If (g(-), A()) is a a continuous
mapping from a compact manifold M into Cx&(n), then Lemma 2.2 shows that

f glz)em BAC UG € £, (CM).
M

Suppose further that M is simply connected. Since the intertwiner I :: is given in a
concrete form, we see the following:

Lemma 3.1. — For every K,K' € G(n),

I:, (/' g(m)e#("A(m)’u)de) =f g(z)I: (e%(uA(z).u))de
o M

is also an element aof £2. (C*) whenever det{I — A(z)(K’' — K)) is nowhere zero on M.
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. t(z+.1—nuo'u)
3.4. The general ordered expression of e, ° . — From here on, we set

n = 2m = 2, and (u1,u2) = (u,v). We are mainly concerned with functions of
(z+z.lﬁuov).

©wovy = %(u * ¥ + v x u) alone. The general ordered expression e « Wwill be
given by applying intertwiners to the normal ordered expression.
01
For this purpose, we set 2uov = (uA, u), where u = (u,v), A = Lol The
intertwiner I: is given by (29).
1 e}
We determine the formula of a general ordering expression :e:fqu Y. o K =
8 A
, A4, e C.
A4
. g
Setting B = ol we note that
5 1-8(A-1
(1~ B(K — Ko)) B = s P oo
(1 =B(A-1))2~-5%8 |(1-8(r-1)8 B4

Recalling the formulas (24) and (29), we have

_etﬁ%ﬁov_ _ 2
Ex CK \/A2_(eﬁ_e—t)266,
ef — et t 7t62 A ¢ iner 2
xexpﬁAz_(et_eﬁt)zéé;((e —e dut + A2uv + (e — ¢ )51:)

where A = (e! + e %) — Me! — e ). Here we note that the sign ambiguity of the
square root is removed by choosing a path from the £ = 0 to ¢ on which no singular

point appears, and by choosing the initial condition e‘i*z“” =latt=10.
Replacing ¢ by it, we see that
(30)
itouoy 1 1 sint tsint cost — tAsint )
ey L = exp u , U
N 1/A(K)(t) ﬁA(K)(t) cost —iAsint 16" sint ’
where
(31) Ary(t) = (cost —i(A + V8§ ) sint) (cost — i(A — V&) sint)

Note that A + v/ and A — v/88’ can be arbitrary complex numbers. Both (30)
and (31} are w-periodic. Here we note that the sign of /A k() depends on the

;1
migy 2uov

ordered expression parameter K. It follows that :e, e = ﬁz—, which is +1

depending on K and the path from 0 to .
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In the remainder of this section, we comment on the appearance of these singular
points. The sign ambiguity of ,/~ cannot be removed on the whole complex plane.
Thus these *-exponentials are double valued functions of ¢t € C in general {cf. [12],
[6]}). The sign ambiguity is removed only when 4’ = 0 by choosing the initial condition

E%’*ZWU = 1 at £ = 0. In this case, cusp singular points appear = {and not 27)-
periodically along a line parallel to the real axis. However, singular points are not
stable under general intertwiners, as intertwiners are double valued in general (cf.
[12)).

From these observations we see that in generic ordered expressions the singular
points of :eitﬁzuov:  appear w-periodically on two lines parallel to the real axis and
the ordered expression has e~ !!l-decay on any line parallel to the imaginary axis.
Moreover, the generic ordered expression does not have singular points, and the exis-
tence of fR efﬁ Y dt is a generic property. However, we see there are several categories

for the behavior of expression parameters.
To fix the notation, we denote by  the open dense domain of expression param-
eters K such that :e;"zu v x has no singular point on either the real or imaginary

. . . i ouow
axis. Generic patterns of the properties for :e:” : . are as follows:

{1) On a domain D (resp. ®_) for the parameter K, the singular set of :e::_;%w: x
appears only in the open lower (resp. upper) half plane, and the x-exponential func-
tions form a complex semi-group over the upper (resp. lower) half plane without sign
ambiguity by demanding the value 1 at ¢ = 0. :eit%’%zuw: «» is alternating w-periodic
on the real axis (we call f(z) alternating m periodic if f(z +nn} = (—=1)"f(z) for any
integer n).

(2) On a domain Dy for the parameter K, the singular set occurs in both the upper
and lower half-planes, but not on the real axis. In this domain, :ef%ho“:m is
m-periodic on the real axis by demanding the value 1 at ¢t = 0.

Note Some delicate arguments about the winding number are required to determine

it
the periodicity of :e*imzuov: «» as will be discussed in a forthcoming paper.

3.5. Star exponential functions of general quadratic forms. — In this section
we give without proof formulas for K-ordered expressions of star exponential functions
of general quadratic form, with details in [6).

As in [17], star exponential functions ef"(e’u) for a linear form (€, u) are well
defined as the family {emnéELem&¥ K ¢ &(n)}. However, for a quadratic form
{(uA,u}l. = 3 Agug o yy, the star exponential function ef"(uA’u)' will be defined
only on a dense domain of K-ordered expressions, and is in general a double valued

function of ¢t € C (cf. [6]).
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For every a € sp{m,C), we first consider the one parameter subgroup e=%@ of
Sp(m, C), and consider the inverse image of the twisted Cayley transform C!(e~2t%):
For & € sp(m,C), we set
(32)

1
C-(e

—2tcey __ 1
K ( 2 )_(I—K)+6_2ta(1+ﬁ)

_ e~ oy H
(F=e™™) coshta — (sinhta)k sinh o

The exponential function must lie in a certain submanifold 1?5,‘Z through (1;0), and
points of this manifold are determined by their phases. Setting & = JK, we have

(33) eI (det (T + O e %) (T4r))) T ek (MO e NN,

More precisely, for every a € sp(m, ), the K-ordered expression of the *-exponential
function is given as follows (see [12]-[13] for special cases):
£ Jhu). m

(34) :eih (u(aJ} u) e = —

Vdet(I — & + e 22(] + K))
It is not hard to see that (34) is the real analytic solution of (12). Note that det e'*[ =
1 for every e € sp{m,C). Thus (34) can be rewritten as
(35)

- IUICEIRO R 2m £u
o Jdet(etr(T — k) + e~ (I + &)

In spite of the sign ambiguity of the square root, the exponential law

%(B7I—n+e_;‘a(l+n) (I_efnc.)‘f'u)-

(eta_e—ta}J,u)

1
et (J-r)te O ([ 4x)

&+ (ulat)u). td(w(ad)u). (s+t) ACICTIRTIN
(36) et ke T w e

holds using /avh = v/ab without regard to sign ambiguities, as the exponential law
and associativity hold on the group Sp(m, C). Note however that we allow v/1 =

To treat these formulas without sign ambiguity, we always have to specify a path
with no singular points from £ = 0 to the considered point.

From (34) we derive the following:

1
Proposition 3.4. — If e’ =1 {e.g. o = J), then :efi“(m']’u)"

'k = V1 independent
of K.

The sign of v/1 depends on the K-ordered expression and also on a path from 0 to
7 as above.

Hence, even though (v1)? = 1 is trivial, the strict exponential law may fail, that

2%;%(naJ,u). —1lor: -rr%(ou,u), . ﬁﬁ(ua.f u)

'K €y K OK”T

uadep & has a singular point on the 1nterval [0, 27], then it may

is, e = 1 may not hold auto-
matically. If :e, L

happen that
(e:ﬁ(ua.],u),)z# 27r—(u.aJu.).’

although equality holds up to sign. In spite of this, we have
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2
Proposition 3.5. — If ™ = I, then (e:“"w&"r’")')2 =1 for every K-ordered expres-
1
sion such thaet :ei”"<mJ’u>':K has no singular point on the interval [0,7].

& (uadu).

Proof Note first that this is by no means trivial, because e . may have

i ivadu),

1
a singular point on the interval [r,27]. Since :ey ™ . = T1, one can define

t{vadu).
. 1- . h ? - . .
L T H Y %, (=)

by the solution of the evolution equation {12). By Proposition 3.2,

_et # [CERETV N
Ey

th{uadu). C m{uad ).
e DKt e

is the solution of (12). This gives the result. a

By (34), we also see that :ei*—”—(“(an’“)' !, has in general discrete branching singu-

larities in € with some periodicity depending on the parameter k = JK.

4. Criteria for associaftivity

In this section, we give several criteria which imply associativity for the extended
product *,.. However, we note that there is no generally applicable lemma guaran-
teeing associativity. For simplifying notation, we often omit the subscript K of the
product %, and the expression : : . if it contains no confusion.

4.1. Remarks on star exponential functions. — We first note how to define
rigorously the product of star exponential functions and a general function IR,
f(u,v). There are essentially two approaches. The first is, as mentioned in §3.1, to
use the real analytic solution f; of

%fﬁ = %uov*‘ft,

with the initial condition fy = f{u,v) provided such a solution exists. The second

approach is to define
1 Lo . .
er ™ x flu,v) = Hm e w fu(u,v), if flu,v) = lim fn(u,v),
n—0o0 n— 0

where f,, are polynomials. These two definitions do not coincide in general, since
multiplication by ei#uov* is not a continuous linear mapping of Hol{CT?) to itself (cf.
(42), (43)). Note that EEY ¢ £ (C). TE flu,v) € E_(C2) = Upea £p(€2) with
the inductive limit topology, then the two definitions coincide.

Since star exponential functions of quadratic forms are elements of £, {C™), their
product may not be defined, and even if the product is defined associativity may not
hold.
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LHUU . s
We show that f_oooo eLFUVdr € E2,{C?) in the Weyl ordered expression. In the

. £ A uow
Weyl ordered expression, we have :e,’* o= me(ta“h 5)m2ue, Thus,

o 1
:f muo'vdt 0= / 4_te(tanh%)#l2uudt.
R — oo cosh 3

For cos s = tanh %, —2sin sds = sin” sdt, the integral on the r.h.s. of the last equation

/] -
2/ (coss) 2uvds_f e(coss) Zuvds

Since g(s) = (39 &% js a continuous curve in £24 (C?), Lemma 2.2 implies that the

becomes

last integral belongs to £, (C?). Hence, by Lemma 3.1 this property is generic.

Using the intertwiner I, , we see that : [, e*‘”uwdt. = 7 celcos)dmIuov, gs €
£;,(C?). Then we have

140 .

Proposition 4.1. — In generic ordered expressions, the integmi : f =~ i‘”u dt: K 18

e t—huov “’dt

in £2.(C?). Furthermore, integration by parts gives 55 f = 0 when-

ever the integral is defined.

We have seen that in generic ordered expressions, %u cv has two different inverses,

1 -1 ¢ tfuow 1 1 fm t A uov
= 7 dt’ — O = — 6;_5 dt
(e f_m o (GReev)o=-J,

in the space €24 (C™), which implies the failure of associativity in general:

1 1 1 1
(37) ((%uov);i*(%uov)) ( uo'u):_ # (——u T))*+ ((—ﬁuov) (Euov);l).
Indeed (Guo v), ) * (Fuo v), ! diverges in any ordered expression. This gives an

example where {(f*g)+*h=f=(g*h) does not hold even if ¢ is a polynomial.

4.2, Basic criteria for associativity for the extended product. — Suppose
f.g € Hol(C™) are given by f = lim fi,g = lim g, in the topology of Hol(C") for
sequences {fi}, {g:} C Hol(C™). Even if f*g and lim, f * g; exist, f * g may not equal
limg f * ge, since fx* is not continunous in general. Moreover, it may happen that even
though lim g, diverges, lim; f * g, exists.
If f =lim fi,g = lim g¢, we have
lim fiy x p(u) = f+p(u), limp(u)+ge=p(u) g
for every polynomial. However, as we saw in (37), we may have

tim(lim fi * (p(w) * g¢) # lim(lim fi * p(w)) * ge),

even if both sides exist. In this case, lim ¢ fi * p(©) * ge does not converge.
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Suppose fi. x g; converges to an element h in Hol(C™). Then we define f *g = h,
ie.

38 = 1 = h.
(38) f*g (kgel)n_l}mfk*gf h

where in the limit k? 4+ #2 — co. The same definition is also employed for the product
(39)

0 0 (0,0)
f f(.s)ei(”#“"”’dg*f g(DETTFC gy — T / f F(s)g(t)els T+ g gy
—oo —oo (5,1 —-(8,T)

although these integrals are not in £2(C™).

Suppose f,g € Hol(C™) are given as f = lim fi,g = limgy in the topology of
Hol(C"™) as above. For polynomials p(u), g(u), Lemma 2.1 gives that limg p(u) * f, =
p(u) = f, limg g(u) * g» = g(u) x g.

Lemma 4.1. — Suppose that associativity holds for the approzimating series:

(p(w) * fi) * (g(w) * 9¢) = ((p(w) * fi) *x a(w) * ge),
and lim ¢y (p(w) * fi) * (g(u) * go) converges to an element h in Hol(C"). Then
(p{u) * f) = (g(u) * g) equals h, end the following associativity holds:
(p(u) x ) * (q(w) * g) = (p(w) * f » q(u)}) * g.

Proof. — By definition, we have (p(u)* f)*(q(u)*g) = lim; 5 (p(u) * ) * (g(u}*ge)-
Using the associativity of the inside of the r.h.s. of the last equation in Lemma 4.1,

we have
(1}61,18})(11(“) * fi) * (g(u) x g¢) = }i’%(?(“) * fio % q(u)) * go-
From Lemma 2.1, we see that limy p(w) * (fr *g(u)) = p(u) * f xg(w). It follows that

(p(w) * f) * (g(u} *x g) = (l;ic,rle)(P(”) #(foxq(u)))*ge = (p(u)+ frq(u))xg. O

Note that if the approximating series are in £,(C"), then associativity holds before
the limiting procedure.

Lemma 4.2. — Suppese f,q, f x g are given as in (38). Then, for any polynomials
p{u), g(u), the product {p(w) * f) * (g * g{u)) is defined and associativity holds:

(p(w) * £+ (g * g(w)) = p(u) * (f * g} * g(u).

Proof — By Lemma 2.1, we see that p(u) * f = limg p(u) * fr, g% g{u) = limg(gs *
g{wu)}), and the product is defined by
(p(w) % £) * (9= g(w) = lim (p(u) » fi) # (92 * g(w)) = limm plu) * (fi % ge)  g(w).

Hence Lemma 2.1 gives (p(u) * f) * (g * g{u)) = p(u) « (f * g) * g{u). ]
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It does not secem that the existence of lim g) fx * g¢ yields that of limy ¢ fi *
(p(u) * ge) or lim ¢)(fi * p(u))} * g¢ for every polynomial p(u). In spite of this, we
have the following for the special element v o v:

Lemma 4.3. — If (39) is defined, then
0 3 ¢ = UCY
[ f(s)ei(z+?ﬁucﬂ)ds*p(u) *f g(t)ei(z+‘1"‘ gt
is defined for every polynomial p(u).

Proof. — Using the “bumping identity” :
vr fluxuv) = flosu)xv

several times, we find a polynomial ${u) such that:

0 0 0
plu) * / ()t T gy = / gO)p(u) x T g f ()T gtk ().
-0 -0

—0C

Hence Lemma 4.2 gives the result. U

In the general setting, suppose the limits f * ¢ = limg ¢ fo * g¢ in (38) and
limgy gy 0% fi * 87, exist for every ev, 8. Then it is not hard to show the existence of
limg gy fi * (p(w) * g¢) and limg ¢ (fr * p(u)) * g¢ for every polynomial p(w).

The following is useful in concrete computations. Note that for (C[u]|[4]], *,. ), the
space of formal power series in k, the %, -product is always defined by the product
formula (5) and associativity holds. The elements of £2 (C™) are often given as a real
analytic function of /i defined on a certain interval containing h = 0.

The following is easy to see:

Lemma 4.4. — Suppose f(h, u), g(h,u) and h{h, u) are given as real anelytic func-
tions of i in some interval [0, H].

If f(R, w)=g(h, w), (f (R, u)xg(h, u))xh(R, w), g(h, u)xh(h, u) and f(R, u)*(g(h, u)*
h{h, w)) are defined as real analytic functions on [0, H|, then the following associativity
holds:

(f(Ru) = g(h,w)) * bk, w) = [, u) * (g(R, w) = A(h, u))

Remark In the following, elements are often given in the form f(3¢(t), u) for a real
analytic function f(¢,u) in ¢ € [0, T], where o(?) is a real analytic function such that
©(0) =0 (cf. (24)). In such a case, replacing ¢ by sh gives a real analytic function of
h, and such an element lies in (C[u][[A]], *, ). Thus, we can apply Lemma, 4.4.

However, there are many elements in £, {C™) of the form f (%go(t), u) such that
©(0) # 0. For these elements we have to use Lemmas 4.1 and 4.2 carefully.
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1
EHDU.

As mentioned before, we know that :e. 1 € Hol(C?) for every fixed t whenever

Lo . . . . . .
defined. We also see that :ei""‘u . 1« 1s rapidly decreasing with respect to t in a generic
ordered expression.

5. Vacuums and their matrix element expressions

In this section, we give properties of vacuums which we can compare to similar
properties in operator theory.
Noting that vsu=uov + %iﬁ, we begin with the following:

Proposition 5.1. — In generic ordered expressions with no singular points on the real
g
axis, we have
. b Busw . tL2uxy
lim e =0, lim et" =10,
t——o00 t—oo
and the following limits exist:
B b 2usn . b 2usy —
lim e, = oo, lim e,™* = Tgo-
t— o0 t——oc

We call wyp and @yp the vacuum and bar-vacuum respectively. Strictly speak-
ing, such vacuums should be defined together with the one parameter semigroups
eiﬁ%*u, e:tﬁzv*u, t>0, for they depend on the K-ordered expression and may change
sign if there are singular points on #>0. When the ordered expressions K(s), s € I,

1
top2usy

move along a curve, we require that :e.  c(s) has no singular point on [0, c0)x 1.
Since the *-exponential function ei#mw can be defined as a single valued element
by requiring it equal 1 at ¢ = 0, the sign ambiguity does not occur in the K-ordered
expression. Thus, we have

lim 'etizv*u- = ﬁ____2_7 #m(éu2+(1—l)2uu+d'v2)
L= k= ,
oo (T— N2+ 0%
(40) lim -et?lg%w- = __M_Q____e‘# m(6u2+(1+/\)2w+5’v2)
e Ce = ’
oo (1+ )2 + 66
. t & 2usu .tk ousw
lim :e*ﬁh kT 01 lim :e,*” kT 0.
t——oo t—o0

The exponential law gives
Woo *o Woo = Won, 00 *¥0 Woo = Woo-

However, we easily see

Theorem 5.1. — The product wog *g oo diverges in any ordered ezpression.
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The existence of the limits (40) also gives
u*V*togyg =0 =g *u*v,

but the bumping identity v * f(u * v) = f{v *u} * v gives the following:

Lemma 5.1. — v xwyy = 0 = togg * u in generic ordered expressions.

Proof — Using the continuity of v*, we see that v*lim; ,_, et-ﬁzu*v = limy o ¥ %

ei”‘zu Y. Hence, the bumping identity proved by the uniqueness of the real analytic

solution for linear ODE and {40) give lim;_, e,."’ W = 0. O
The following identities ensure associativity:

Lemma 5.2. — wop * (uP * wog) = 0,and (wog * v7) * wpo = 0.

Proof. — By the formal power series expansion in ¢h for ef**, associativity for the

equations in Lemma 5.2 holds, and the following computation is justified by the
bumping identity:

s+t)usxv+ihips
eiu*'v (up * etu*u) ( sURY *up) *etu*v _ up*e( ) +ihp

The r.h.s of this equation is continuous in s,¢. In particular,

tu*v) _ esu*v tu*v)

lim 3% * (4P x e * hm(up *e

t—a
Using the bumping identity, we have
(s+t)usv+ihps

e x (wP x lim ef*V) =eS**Vx lim wP x e = lim uf x ey
t——oo t——o0 t——oo
t h ;
=uP % lim T vtiiee _ upeites oo

t——co

It follows that

wog * (uP * wpg) = hm ex R ( lim ? * el huw) = lim uPe” xwyy = 0.
t——00 S5 — 00
Similarly, we also have (o * ¢P) * o = 0. O
Lemma 5.3. — For every polynomiel f(u,v) =¥ apeu? * v9,

woo * (f(u,v) * @woe) = £(0,0)woo = (w00 * f(u,v)) * woo.

Consequently, associativity holds for wop * f(u,v) *x woo for all polynomials f(u,v) .

Reasoning as above, we see that
SURY . q Dypltttvy _ osukv (g p tusey _ L (q-p)tik (stilurv a. p
(ed®" ko T)x(uP %) = 3" s (vI4ul+el™*") = ¢ e xpixuf  for g > p,

t N
(eiu*v*,UQ) (up*etu*v) _ esurv (,vq*up*etu’kv) — vq*up*e£s+ )utv*e(p q)sik for g <p.
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Replacing s,t by s,

and ¢ > p respectively, we have

t and taking the limits £ = —o0 and s — oo for the case p > ¢

(41) (woo*v®) * (uP x woo) = 8p gp!(ER)F = woo* (V7 *uP xwop0) = (wop*v? * P ) xwyg.
Since woo * v9 % uP * wog = &, ¢ P!(if)P oo, we have the following:

Proposition 5.2. — u? * wpy * v is the (p, q)-matric element.

plgl(ih)r+a
1
As mentioned in the Remark in §3.4, we have two definitions of e, ™" * f(u,v).
However, both definitions satisfy

z-tuov 1
(42) e kg = e ¥ xmgq.

: 1 1 _ 1 _ > Louo
Remark In contrast, since zuov* & (zuocv) =0, where d,(zuov) = foo eSTIRMO,

t%uou 1 1 . . d
we must set e,’ *d,(zuov) = d,(zuov) as the real analytic solution of £ f; =
%u ov * f;. However, computing

. t-Luov N s Jpuow . N (#+5) Jpuov
lim e. * €y ds = lim €s i ds
—0a “N N—ooo J_ N

gives the following:
(43) e£z+iy)#uov *5*(%,“00) _ eiyﬁuov *5*(%1‘001;).

1
:rri—ﬁuou

Note that e
with respect to z, while (43) is only continuous and not real analytic with respect to
Z=1r+iy.

= —1 in the Weyl ordered expression. Thus, (42) is holomorphic

6. Inverses and their analytic continuation

6.1. The Hadamard finite part procedure. — We first recall the Hadamard
finite part procedure, a well known technique in distribution theory to extract a finite
quantity from a divergent expression. (cf. [19]). We reformulate this procedure on
abstract Fréchet algebra in order to extract information on the eigenspaces of a given
matrix via its inverse. We conclude that the element %u o v is an indeterminate
lying in a discrete set. Let {A;*) be a complex, complete, topological associative
Fréchet algebra with 1 and A a Fréchet space with a (4; x}-bimodule structure (i.e.
a continuous bilinear product * is defined for AxA, A x A into A with the natural
associativity). We call A € C a resolvent of X € A if A — X has inverse (A — X)™!
in A

Suppose the resolvent set p{X) of X € A is open and dense in C, and ((—-X)'is
holomorphic in ¢ € p(X). Since (¢ — X)* (¢ — X)~! =1 on the open dense domain
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p(X), the singularities of this equation are all removable in the usual complex analysis
sense.

An isolated singular point zg of (¢ — X)~! is a pole, if {{ — X)~! can be expressed
in the form

A A
(C_X)_1=(—<Téi_yi+“'+‘cﬁ+z40+~“

on a neighborhood of zg. We call Ag the finite part of (( — X)~' and denote the finite
part by FP((¢ -~ X} 1)

In general, for an .A-valued holomorphic function f(z) with a pole at z = z; the
finite part FP(f(z}) is defined as follows:

f(z) z# 2

FP(f(2)) = {Resw=o;1;(f(£m +w)) Z= %0

This definition is valid for z in a neighborhood of 2; containing no other pole. Although

(C=X)*(C—X)"1 =1 for ¢ # zp, we have
- 1 C# 2o

_X)+FP(( - X)"' =
(¢ = X) «FP(C - X) {1A_1 I

where we use (zp — X)Ag+ A_1 = 1, which follows easily from the identity (( — X) *
(¢ — X)"! = 1. We will employ this trick to analyze singularities of ({ — X)~! in
calculations in extensions of star algebras. In particular, we use this procedure to
define a new product by

(= X)PC—-X) = (- X)+FP(( - X)7".

Note that this trick applied to the usual matrix algebra naturally relates to generalized

eigenspaces. For a matrix X of finite rank with the eigenvalues A1, ..., s, we have
I ZFE AL, A
(2] — X)#(zI - X) ! = AL
I - ng z = )\,;

where P; is the projection to the generalized eigenspace corresponding to the eigen-
value A;.

Since the inverse (( — X) ! is given very often via the Laplace transform
fEm et~ %) gt we have the following theorem:

Theorem 6.1. — Let A and A be as above. Suppose X € A is an element such that

the equation
d

(44) LB =Xxf@), f0)=1
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has a complez analytic solution in the Fréchet space A defined on a connected open
domain D. If A+ X has an inverse in the Fréchet algebra A for some A € C, then D
is simply connected and f(2}) =3 % ~Xn,

Proof. — The proof is elementary. Denote the solution by e2*. Let £(X) be the set
of singular points of €% in C. If C\ £(X) is not simply connected, there is a closed
curve ' in D surrounding a singular point zj. O

By the uniqueness of real analytic solutions, the exponential law eiX x e¥X =

(z+w)X

* el
holds, provided all three terms exist. Suppose there is a A € C such that
(A+ X))~ € A. Since e**e3¥ is the solution of the equation d%fz =(A+ X)* ., we
derive a second exponential law e**eZX = e2M ) Tt follows that Za+X)=X(X).

Obviously, for every integer k > 0 the contour integral [.(z — zo)"efm"LX)dz gives
an element of A. It follows that

(A +X)k+1 f(z z )kei(A+X)dz == j (z — zo)k()\+ X)k+1 " ei()\-i-x)dz
C

2(A4+X) k d o4x)
f{z z0) dk+16* dz = (1)]52 dz
The existence of (A + X) ™! gives [.(z — 2} e )4y = 0 for every integer k,
which implies that zp is not a singular point. Thus, [J is an open simply connected

neighborhood of the origin. Standard Taylor series methods yield f(z) = 2% =

> ailzX)™ O

This theorem suggests that we have to go beyond the category of Fréchet algebra
valued meromorphic functions to treat the inverse of z+ %uov, as eiﬁmv has discrete
singular points in general ordered expressions. The regularized product (¢ — X)*(¢ —
X)~! seems to be a good method to treat singularities.

6.2. Basic properties of the inverse of z + ;%u o y. — We first study basic
properties of the inverse of z + u o .
By the results of §4, the 1ntegrals

0 t-iyow 0 Btz 19 tanh 1# 1
{45} :/ et e, B0 dt =f e MRt Rez > — o,
—o0 —oo coshi 5t 2
o0 oo etz 1
(46) :_f tz tmuovdt 0= _/ e ﬁqutanh tdt Rez < -
0 o coshl 3t 2

converge in the Wey! ordered expression.
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One can analyze the r.h.s. of (45) and (46) more closely via a change of variables
as in Proposition4.1. For —1 < Rez < 0, the change of variables tanh ¢ = coss
transforms the r.h.s of (45) into

0
f i +COSS)ze(coss)%2uuds'
— C08 8

For 0 < Rez<% and for —coss = tanh%, 2sinsds = sin? sdt, the r.hs. of (46)

transforms into
™
1 + COS § 1
f ze(coss)‘.h2uvdsl

1 - coss

Hat 749 44 is an element of Hol (C?) in generic

Hence, Lemmas 2.2, 3.1 give that f
ordered expressions. Thus, both (45) a.nd (46) give inverses of z + %u o v for generic
ordered expressions, which will be denoted by (z + ;lguov);:, (z+ %u ov), !, respec-
tively.

The following may be viewed as a Sato hyperfunction:

Proposition 6.1. — If —% <Rez < %, then the difference of the two inverses is given
by
(47) (z+luov)_1_(z+luo,u)—l =/DO et(z+#uov)dt

ifi o+ ik *— L .

The difference is holomorphic in this strip for generic ordered expressions.

An elementary change of variables gives

( ) 1 )_1 o —t(ZA%ucu) 0 (z;—ﬁuou)

- e — — * = — * B

((—2)+ Juovw j e : dt f e dt
ih 1] —o0

Thus, for generic ordered expressions, we see that
1 1
(48} (z — Fue )7 = —((—2) + Fue o)t

This is holomorphic on the domain Rez> — 2, on which (z + h'u, ) 'U)H_ is also
holomorphic. All of these results are easily proved for the Weyl ordered expression.
is rapidly decreasing in £, and

. . t-Lucy
However, for generic K-ordered expression, :e,™  :

the same computation gives the following:

Proposition 6.2. — For genenc ordered ecpressions, (z+ uov) vt and (z— iuo )
are defined for Rez> — 5.

The product (z+ Fuov),l*(w+ muov)*_‘_ is naturally defined for z,w & —(N+ 3)
by the usual resolvent identity. {(z+ Fuo vyl 152 & —(N+ 1)} forms an associative
algebra. in &£, (C?™).
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Note that {z + 2uov), ! * (2 - 2uowv). ! diverges for any ordered expression.
However, the standard resolvent formula gives the following:

Proposition6.3. — If 2 +w # 0, then

1 1 1 -1
z+w(( o huov)*++(w—ﬁiuov)*_)

is an inverse of (z + ; u ov) * (w— %u ow). In particular, for every positive integer
n, and for every comple:r number z such thet Rez> — (n+ %),

3 (4 26+ Zuou)Tl (L= L+ Fuow)T)

iR
is an inverse of 1 — —(z + ; u ov)? for generic ordered expressions.
6.3. Analytic continuation of inverses. — Recall that {(z &+ ?15',“ o)z} is holo-

morphic on the domain Rez > f% for generic ordered expressions. It is natural to
expect that (z £ fuowv)l = C(C(z £ Luow))I, for any non-zero constant C. To
confirm this, we set C = ¢ and consider the -derivative of

9 ¢ e t(z+ L uov)
e € R dt.
—0

In generic K-ordered expressions, the phase part of the integrand is bounded in ¢ and
the amplitude is given by
2e'9tz
(1 - k)e=®t/2 4 (1 + r)e—et/2’
The integral converges whenever Ree®®(z & %) > 0, and by integration by parts this
convergence is independent of 8. Tt follows that (2 + jfuo v).! is holomorphic on the
domain C - {z; —oo<z< — 1}.
Next, it is natural to expect that the bumping identity (uov)*xv = v (uov — ih)

K # 1.

gives the following “sliding identities”

1 1 1
v *(z+ ﬁuov)*+*v ={(z—-1+ huov)+1, v * (- —ﬁuov) ey = (z—i-l——huov)

whenever the inverse of v exists in a particular ordered expression. In this section,
analytic continuation will be produced via these sliding identities.

However, the existence of v j is not a generic property. As a result, instead of

using v, J: we will apply the sliding identity to the left inverse v° of v given below.

Remark There is a K-ordered expression such that : ffoo etVdt: . converges to give

an inverse of v, of v (cf. [17]), but it is easy to see that w ! * woo: . diverges.

*+K

First, we remark that the formula in Proposition 6.1 gives

! 1 = L usw -1 1 0 t-Lusu
(wxw)_ = "71] e, ' dt, (vrxu) = s e, dt
ifi fy vl
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for generic ordered expressions. Then
v =uk{vru)l, uwt=uvs(uxv)l,
are left and right inverses of v and u respectively. That is,
vxv® =1, vrv=1-—my, u*ru’'=1 u'*ru=1-—1wy.

The bumping identity gives

1 1 1 1
vx(z+ Euov)*vﬁ = z+1+4+ —cuowv, v“*(z+z,~ﬁuov)*v = (l-woo)*(z-lwl-%uov).

th
Successive applications of the bumping identity give the following useful formula:
1.1
—Iyn I SRalPAY
(49) (w(v*w) ;)" *weo = o (mu) * T

Using v° instead of v Jl, we can produce the analytic continuation of inverses.
However, we have to be careful about the continuity of the =-product. We compute

1 0 1 1 0 1o
v % (2 + _ﬁUOU);i _ (U*/ et(ﬂguo‘qug)dt) *f ei(z+ihu 'v)ds

-0

f /‘ et | s e (o (39))

:/ / ethHmy x o TITI gy (ef. Lemma 2.1)

/ / gt rea— t“)ei*“)ﬁ’“’” * udtds.

Hence, whenever both sides are defined, we obtain

1 ¢ 5) duov
(%% (z+ RYe V)it) v =/ / ethtalamn lite)iuey (u = v)dids

0 0
tAuse s(z—1+ Ao
:/ (urv)*es " dt *f e,.( o) g
— 0 — DO

1
=({1 —wp) *({z -1+ Huo v):_i.
i

Noting that
1 -1 1 _1 |
w[,ﬂ*(z—l+ﬁuov)*+ :(z—1+%uov)*+*wm= (z ~ 5) Wao,
whenever (z — 1 + Zuov),] is defined, we have

i
UO'U)*_,.)*?J-F(Z——) ‘g = {2 -1+ —uow

(50) (v x(at Fuov)

ik
Since (z — 1) 1wy is always deﬁned we see that the functional equation (50) gives
an analytic continuation for (z + u o v)]}. Namely, we have the following (see [7]

and [10] for more details):
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Theorem 6.2. — For generic ordered expressions, the inverses (z + glgu ou),. j:, (z -
Luowv), ! extend to £2, (C?)-valued holomorphic functions of z on C — {—(N+ D)}

In particular, (2° — (fuo v)?)Z1 extends to a holomorphic function of z on this
domain.

The residue at a singular point zp is defined as usual by ﬁ fC {(z+ #u cv)idz.
g
The analytic continuation formula gives the following;:

Theorem 6.3. — Res((z + Luo v):i,—(n + 1) = mu" * topg * v for generic
ordered erpressions.

For the proof, we remark that (z-+n+ %uov):il is holomorphic for sufficiently large
n, and the contour integral is an integral on a compact set. Note that (z + %u ) v);j
is singular at z = n+ J, but (z+ Zuov)* (¢ + fucv)l =1for z ¢ —(N+ }) for
generic ordered expressions.

Note also that if we exchange (z + %u o v)* and the integration, then

0 1
1 Lo 1 Rez> —3
/ (= + _L-uov)*ei(z+‘“u gy = 2
—o0 Zh 1—ZD00 zz—é—

0 1
1 ~ Lo 1 Rez > —3
f (2 — —uouv)xel wuen) gy - ¢ 2.
oo ih 1

1-— oo zZ = -3
As suggested by these formulas and Hadamard’s technique of extracting finite parts
of divergent integrals, we now extend the definition of the *-product using the finite
part regularization mentioned in the introduction.
We consider the inductive limit topology on the space Clu]. We define the new
product of (z + %u ov),1 with either polynomials g(u,v) or g(u,v) = e*"’uov by
1 - 1 _
(51) (s + puov)idiau, ) = (FP(z + —uov):d) * q(u,v),
)
where FPf(2) denotes its finite part of f at z. The result may not be continuous in
z.
For Rez > —1 we easily see that
0 Ei(z+ A uov)

{(z + — u o v}, *q(u,v) = hm * glu, v)dl

h N—ro0 -N

Hence we have the formula

(52) (z + 1 iz + 1 ) 1 Rez>—%
2+ —uou)k(z —uov* = .

USing ()" * (z+ Fuov)*(z+ Tuov)fxv" = ()" x (24 fuov)* v x (v°)" «
(z+ Fuo v),4 *v™ and (50), we have the following:
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Theorem 6.4. — Using definition (51) for the *-product, we have

1 —(N+1
(53) (z+_luov)¥(z+_luov):i:{ L z& —( f)7
) ih l_m(ﬁu)n*wog*v“ z=—(n+§)

1 —(N+ 1L
(54) &—iuwﬁu_immj_{ . 2 g f)
ik ih _m(ﬁv)n*ﬁ()ﬂ*un Z:—(n+§)

for generic ordered expressions.

Although z = —{n + %), n=20,1,2,--- are all removable singularities for (53) and
(54) as a function of z, it is better to retain these singular points.

In these computations, elements are often given via a limiting procedure. As usual,
x-products of such elements depend delicately on the limiting procedure. There is no
general rule guaranteeing associativity.

Via the identity (1 + (2 + guov));y = m{m+ z+ juowv), we have, in
particular
(55)
1 zd —(N+m<+1
(141 (2+ Luov))F(14+ L (z+ Lucv)) ) = o & —( ?
1— (e rwoo*v® z=—(k+m+3)

for every fixed positive integer m and for arbitrary k¥ € N for generic ordered expres-
sions.
By the associativity stated in Lemma 2.1, we see the following:

Theorem 6.5. — We have
(—n— 5+ Fuowv)xu xwog = u™ * (jru* v)wey = 0.
And thus,
1 - _
(1fE(z+ %uov}) * ((1 + -nl;(z + 1Tlf—iuo v))*((1+ %(z + %u ov))*_’l_)
1—3(z+ Fuow) 2 ~(N+m+ )
=41-3(z+ %uov) z=—((+ 1)
(1-3(z+ Fuov))* (1 L(Awr*moxv¥) z=—~(k+1), 2# —(£+ ).
for generic ordered expressions.

We note here that singularities such as J{;}u)? * @pp *v* disappear from the r.h.s.
of the above equality because of the term 1 — 3(z + fuouv).
We also define a *-product for a certain class of elements by

- 1 —1 1 -1
Flw)¥(z + U v),; = flu) = (FP(z + Euov)*+).
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These formulas will be applied to the computation of

. 1 - 1 1 _
sing(z + Fue v)*(1 + E(Z + Fue u))i i

along with an infinite product formula for sin, (z + z—%u ov) in a forthcoming paper.
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