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RATIONALLY CONNECTED 3-FOLDS
AND SYMPLECTIC GEOMETRY

by

Claire Voisin

Pour Jean Pierre Bourguignon, a l’occasion de ses 60 ans.

Abstract. — We study the following question asked by Kolldr: Let X be a rationally
connected 3-fold, and Y be a compact Kahler 3-fold symplectically equivalent to it.
Is Y rationally connected? We show that the answer is positive if X is Fano or
ba(X) < 2.

Résumé (3-variétés rationnellement connexes et géométrie symplectique). — Nous étudions
la question suivante posée par Kollar: soient X et Y des variétés kahlériennes com-
pactes de dimension 3 symplectiquement équivalentes. On suppose que X est ration-
nellement connexe. Y est-elle aussi rationnellement connexe? Nous montrons que la
réponse est positive si X est une variété de Fano ou b2 (X) < 2.

0. Introduction

Let X be a compact Kdhler manifold. Denoting by J the operator of complex
structure acting on Tx, Kéhler forms on X are symplectic forms which satisfy the
compatibility conditions

w(Ju, Jv) = w(u,v), 4, v € Tx z, w(u,Ju) >0, 0# u € Tx,s.
The first condition tells that w is of type (1,1). The last condition is called the taming
condition. The set of Kihler forms is a convex cone, in particular connected, and thus
determines a deformation class of symplectic forms on X.

Let X and Y be two complex projective or compact Kéihler manifolds. We will
say that X and Y are symplectically equivalent if for some symplectic forms o on X,
resp. B on Y, which are in the deformation class of a Kihler form on X, resp. Y,
there is a diffeomorphism

P: X 2Y,

2000 Mathematics Subject Classification. — 14M99, 14N35, 14J45, 53D45.
Key words and phrases. — Rationally connected, Kahler, symplectic, Gromov-Witten invariants.

© Astérisque 322, SMF 2008



2 C. VOISIN

such that 9¥*3 = a. Notice that 1* induces a bijection between the sets of symplectic
forms which are in the deformation class of a symplectic form on Y and X, and thus
we may assume that « is a taming form, or even a Kéhler form on X.

In the sequel, the compact Kéhler manifolds X we will consider are uniruled man-
ifolds, which means the following (cf [8]):

Definition 0.1. — A projective complex manifold (or compact Kdhler) is uniruled if
there exist compact complex manifolds Z and B, and dominating morphisms

f:Z—-X,9:7Z— B,

where f is non constant on the fibers of g and the generic fiber of g is isomorphic
to PL.

In other words, there is a (maybe singular) rational curve in X passing through any
point of X, where a (singular) rational curve is defined as a connected curve whose
normalization has only rational components.

The starting point of this work is the following result, due independently to Kollar
[9] and Ruan [19] (we refer to [6], [13], [14] for purely symplectic characterizations
and studies of uniruledness) :

Theorem 0.2. — Let X and Y be two symplectically equivalent compact Kdhler man-
ifolds. Then if X is uniruled, Y is also uniruled.

We sketch later on the proof of this result, in order to point out why the proof
does not extend to cover the rational connectedness property, which we will consider
in this paper. Let us recall the definition (cf [2], [10], [8]).

Definition 0.3. — A compact Kihler manifold X is rationally connected if for any
two points z, y € X, there exists a (maybe singular) rational curve C C X with the
property that z € C, y € C.

Examples of rationally connected varieties are given by smooth Fano varieties, i.e.
smooth projective varieties X satisfying the condition that —Kx is ample. (This is
the main result of [2], and [10].)

The following conjecture appears in [9]. It was asked to me by Pandharipande and
Starr :

Conjecture 0.4 (Kollar). — Assume X is rationally connected. Let Y be a compact
Kiéhler manifold symplectically equivalent to X. Then'Y is also rationally connected.

Remark 0.5. — A compact Kihler manifold X whis is rationally connected satisfies
H?(X,0Ox) = 0, hence is projective. Thus, under the assumption above, X is projec-
tive, and if the answer to conjecture 0.4 is positive, Y is also projective.
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RATIONALLY CONNECTED 3-FOLDS AND SYMPLECTIC GEOMETRY 3

This conjecture has an easy positive answer in the case of surfaces, as an immediate
consequence of theorem 0.2. Indeed, let X be rationally connected of dimension 2,
and let Y be symplectically equivalent to X. Then Y is uniruled, as X is. On the
other hand b,(Y) = 0, because b;(X) = 0 and Y is diffeomorphic to X. Thus Y is a
rational surface, hence rationally connected.

In this note, we prove the following partial results concerning conjecture 0.4 in
dimension 3. I should mention here that in these form the results are partly due to
Jason Starr. Indeed, in the original version of this paper, I had worked with a more
restricted notion of symplectic equivalence between compact Kéihler manifolds, where
I considered only symplectic diffeomeorphisms (X, a) & (Y, 8) where o and 3 were
taming for the complex structure. Jason Starr showed me how to make the proof of
proposition 0.6 work as well when only « is taming, and 8 is any symplectic form
which is a deformation (through a family of symplectic forms) of a Kéhler form on Y.

Proposition 0.6. — Let X be rationally connected of dimension 3, and let Y be compact
Kdhler symplectically equivalent to X . IfY is not rationally connected, X andY admit
almost holomorphic rational maps

p: X --%,¢:Y -5 3

to a surface, with rational fibers C, resp. D, of the same homology class (where we use
the symplectomorphism 1 : X 2'Y giving symplectic equivalence to identify Ho(X,Z)
and Hy(Y,Z)).

Here almost holomorphic means that the map is well-defined near a generic fiber.
We then consider the case where the above map ¢ is well-defined.

Proposition 0.7. — Under the same assumptions as in proposition 0.6, assume that
the rational map ¢ above is well-defined and that either ¥ is smooth, or ¢ does not
contract a divisor to a point. ThenY 1is also rationally connected.

We will use this result together with some birational geometry arguments to prove
the following:

Theorem 0.8. — Let X, Y be compact Kihler 3-folds. Assume that X and Y are
symplectically equivalent and that one of the two following assumptions hold:

1. X is Fano.
2. X is rationally connected, and by(X) < 2.

Then'Y is rationally connected.

This anwers conjecture 0.4 when X is a Fano threefold or satisfies b < 2. The
two considered cases have a small overlap. In the class where by(X) < 2, one has all
the blow-ups of Fano manifolds with b = 1 along a connected submanifold. Thus
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4 C. VOISIN

this is not a bounded family. It is known on the contrary that Fano manifolds form a
bounded family (see [2], [10], or [17] for the 3-dimensional case). However the bound
for by of a Fano threefold is 10 (cf [17]), showing that the Fano case is far from being
included in the second case.

Remark 0.9. — Note that for varieties with bs = 1, conjecture 0.4 obviously has an
affirmative answer. Indeed a uniruled projective manifold with by = 1 is necessarily
Fano. Hence if X is rationally connected with by = 1, by theorem 0.2 any projective
manifold which is symplectomorphic to it is also uniruled with by = 1, hence Fano,
hence rationally connected.

Remark 0.10. — The results presented here have a partial overlap with [3], where the
authors show that for rigid and “primitive” Fano threefolds with by = 2 and b3 = 0,
the projective (equivalently Kihler) complex structure is unique. I thank the referee
for bringing this reference to my attention.

To conclude this introduction, let us sketch the proof of theorem 0.2, and explain
on an example the difficulty one meets to extend it to the rational connectedness
question.

Proof of theorem 0.2. — Let a be a taming symplectic form on X (one can take here
a Kihler form). We will denote in the sequel the degree of curves C in X with respect
to a (that is the integrals [, a) by deg,(C). Let pq(X) be the minimum of the
following set:

Sx = {deg,(C), C moving rational curve in X}.

Here by “moving”, we mean that the deformations of C' sweep-out X. Note that the
minimum of the set Sx is well defined, because there are finitely many families of
curves of bounded degree in X and the (1,1)-part ab! of o is > ew where w is any
Kshler form on X. Let now C be a moving rational curve on X, which satisfies
deg,(C) = po(X) and let [C] € Hy(X,Z) be its homology class. We claim that for
z € X, and for adequate cohomology classes Ai,...,A, € H*(X,Z), the Gromov-
Witten invariant GW, (¢1([z], A1, ..., A;) counting genus 0 curves passing through z
and meeting representatives B; of the homology classes Poincaré dual to A;, is non
zero. To see this, we observe that by minimality of deg,(C), any genus 0 curve of
degree < deg,(C) is not moving, that is, its deformations do not sweep-out X. It
follows that for a general point x € X, any genus 0 curve of class [C] and passing
through z is irreducible, with normal bundle generated by sections. This implies that
the set Z, [¢] of rational curves of classes [C] passing through z has the expected
dimension and it is nonempty by assumption. Let r be its dimension, and choose
for A;,1 < i < r, a class h?, where h is a Kahler class on X. It is then clear

ASTERISQUE 322



RATIONALLY CONNECTED 3-FOLDS AND SYMPLECTIC GEOMETRY 5

that GW(f[C]([x],Al, ...,A;) # 0, as this number is the volume of a semi-positive
generically positive (1,1)-form on Z (¢

As Y is symplectically isomorphic to X, (for some symplectic structures on X,
resp. Y, in the deformation class determined by Kihler forms,) we conclude that
Gngw'[C]([y],A’l,...,A’,) # 0, where A} = ¢, A; € H*(Y,Z). But in turn, because
Gromov-Witten invariants can be computed using rational curves on Y by excess
formulas (see [12], [1], [20]), this implies that there is through any point y € Y a
rational curve of class 14[C]. Thus Y is uniruled. O

Remark 0.11. — The proof above shows in fact a strongest statement, namely the
fact that a uniruled compact Kihler manifold X admits non-zero Gromov-Witten
invariants in genus 0 passing through one point:

*) CWq (], Ar, ..., Ar) #0.

From this point of view, the proof of Theorem 0.8 is somewhat different. Indeed we do
not prove that a projective rationally connected 3-fold X admits non-zero Gromov-
Witten in genus 0 passing through two points: GW(f[C] ([z], [z], A1, - .., A;) # 0, which
would be the natural symplectic analogue of rational connectedness.

Our argument uses Gromov-Witten invariants in higher genus, which of course
works in the symplectic setting as well. What we show essentially is that there is a
covering family of rational curves of class [C] with a non zero 1 point Gromov-Witten

invariant: GWO)’([C]([:B], Aq,...,A;) # 0, and that there is a non zero Gromov-Witten
invariant of the following shape
(**) GWg),{[C/]([C]’""[C]’Al,""AN):Iéo’

e ——

T

for some r > g and curve class [C’] not proportional to C. We have the same non
vanishings for Y.

The second ingredient is the notion of maximal rationally connected fibration due
to Kolldr-Miyaoka-Mori and Campana in the Kahler context. This last notion does
not seem to extend well to the symplectic geometry context. The argument consists
roughly in proving that the basis of the maximal rationally connected fibration of Y
cannot be a 3-fold by the non vanishing (*), and cannot be a surface, which would
be uniruled by the non-vanishing (**). Finally it cannot be a curve by elementary
topological considerations.

Remark 0.12. — We used in this sketch of proof the terminology “rational curve in
X to mean “stable n-pointed genus 0 maps f : C — X”, which are the correct objects
to count in order to compute the Gromov-Witten invariants (cf [4]). However, note
that if f is as above, f(C) is a rational curve in the previous sense.
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6 C. VOISIN

If we want to apply the reasoning to study rational connectedness, we are faced to
the following problem: we could as before introduce the minimal degree for which there
are rational curves in X passing through any two points of X. On the other hand,
it might be that curves of this degree are all reducible, with one component which
is highly obstructed, so that one cannot conclude that the corresponding Gromov-
Witten invariant is non zero. In fact, consider the case of a Hirzebruch surface p :
F — P! which is a deformation (hence symplectically equivalent to) of a quadric
P! x P! : Let Cj be a rational curve which is a section of p with sufficiently negative
self-intersection : C2 < —4. Then one has in F rational curves consisting of the
union of two fibers with the section Cy. Such curves C can be chosen so as to pass
through any two points of F', and we may assume they are, among the rational curves
satisfying this property, of minimal degree with respect to an adequate polarization.
On the other hand, we have C? < 0 and it is clear that these curves disappear under a
deformation from F' to P! x P1. The corresponding 2-points Gromov-Witten invariant
is 0 in this case.

The paper is organized as follows. In section 1, we prove proposition 0.6. In
section 2, we study the remaining case, where X is an almost conic bundle (we mean
by this that X admits a rational map f to a projective surface ¥, with generic fiber
isomorphic to P!, and that the rational map f is well-defined along the generic fiber).
We show that ¢ is actually a morphism (for an adequate choice of birational model of
¥) when b2(X) < 2 or X is Fano, unless there are some non trivial genus 0 Gromov-
Witten invariants of the form GW(ff[C,]([C],AI, ..., Ar), with [C'] not proportional
to [C]. These Gromov-Witten invariants will be used in the last section to conclude
that in this last case, Y is also rationally connected. We also show that when ¢ is
well-defined, there are many non zero Gromov-Witten invariants on X, maybe not in
genus 0 however.

The proof of theorem 0.8 uses in turn these non zero Gromov-Witten invariants on
Y. It is completed in section 3.

Thanks. — It is a pleasure to acknowledge discussions with Jason Starr and Rahul
Pandharipande, which started me thinking to this question. I thank Dusa McDuff,
Yongbin Ruan and Johan de Jong for comments on various versions of the paper. I
am mostly indebted to Jason Starr for showing me how to modify my original work
to get the present version of the result.
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RATIONALLY CONNECTED 3-FOLDS AND SYMPLECTIC GEOMETRY 7

1. Study of the rationally connected fibration of Y

This section has been much simplified and improved thanks to the help of Jason
Starr. In the proof of proposition 1.1 below, he showed me how to work with general
symplectic equivalence, instead of restricted symplectic equivalence as I did originally.

We will assume that X is a projective rationally connected complex manifold, that
Y is compact Kihler and that X and Y are symplectomorphic with respect to some
symplectic forms a, 8 on X, Y respectively, with o a taming form for the complex
structure on X and 8 in the deformation class (as a symplectic form) of a Kéhler form
on Y. We will denote as before ¢ : X 2 Y, ¥*3 = a such a symplectomorphism. The
theory of Gromov-Witten invariants shows that the map 1 identifies the Gromov-
Witten invariants of X and Y, computed using holomorphic curves on X and Y.

We start now as in the proof of Theorem 0.2. Introducing as before moving rational
curves (or rather genus 0 stable maps) C on X, of minimal degree with respect to a,
we concluded that there is a covering family of rational curves (genus 0 stable maps)
in Y in the class . ([C]).

Our goal in this section is to show the following, (which implies proposition 0.6):

Proposition 1.1. — IfY is not rationally connected, then the covering family of curves
C in X is given by an almost holomorphic rational map

p:X -3

to a surface, with rational fibers of class [C]. Furthermore, Y also admits an almost
holomorphic rational map

oY - %
with rational fiber of class [D] = 1,[C].

Here almost holomorphic means that the rational map ¢ is well-defined along the

generic fiber of ¢. Equivalently, choosing a desingularization
é: X - X, T XX

of ¢, where 7 is a composition of blow-ups along smooth centers, this means that
the exceptional divisors of 7 do not dominate ¥. As the fibers of this fibration are
rational curves, but X is not necessarily ruled (as it may not exist a line bundle with
intersection —1 with fibers), we will say that X is an almost conic bundle.

The proof of the proposition is based on the following lemma (here we do not
distinguish the image curve and the map, as we know that the map is generically the
normalization map):

Lemma 1.2. — Y is rationally connected, unless possibly if the curve D above satisfies
Cl(Ky) . [D] = -2 and GWO,[D]([y]) =1.

SOCIETE MATHEMATIQUE DE FRANCE 2008



8 C. VOISIN

Proof. — We study the maximal rationally connected fibration of Y, which exists
even if Y is only Kéhler by [2], and is an almost holomorphic rational map
Y --+ B.

Notice that dim B < 2 because Y is covered by rational curves D of class [D] = 9.[C].
We use now the following elementary lemma.

Lemma 1.3. — Let X, Y be compact Kihler manifolds which are symplectically equiv-
alent. Assume X is rationally connected. If the basis B of the rationally connected
fibration of Y has dimension < 1, Y is rationally connected.

Proof. — We know that H!(X,C) = 0 because X is rationally connected and this
obviously implies H°(X,Qx) = 0, hence H'(X,C) = 0 by Hodge theory. As Y
is diffeomorphic to X, H}(Y,C) = 0 as well. It follows that if the basis B of the
rationally connected fibration of ¥ has dimension 1, it is isomorphic to P*. This
contradicts [5], which implies that the basis of the rationally connected fibration is
not uniruled. ' O

Thus we conclude that if Y is not rationally connected, the basis B of the maximal
rationally connected fibration of Y is a surface ¥’. Furthermore the map ¢’ : Y --+ ¥/
is almost holomorphic. The surface ¥’ is not uniruled by [5], and thus any (connected)
rational curve (or rather genus 0 map) f : I' — Y passing through a general point y
of Y (where we may assume, because ¢’ is almost holomorphic that ¢’ is well-defined
everywhere along the smooth connected curve D’ := ¢ ~1(¢(y))) must have image
supported on D’. It follows that [f.I'] = m[D’], for some m > 1.

We apply this to our covering family of rational curves D (genus 0 stable maps) in
Y in the class [D] = ¥.([C]) and we conclude that 1.[C] = m[D’]. Next we observe
that GW(}” [ D,]([y]) = 1, because the only rational curve of class [D’] passing through
y is D, which is smooth with trivial normal bundle, so that there is fact exactly one
genus 0 map f of class [D'] passing through y, and as H*(N(—y)) = 0, this stable
map is computed with multiplicity 1 in GW({ ( o[-

This implies that m = 1, because we find that

GWO),{# e ([=]) #0,
1

hence that X admits a covering by a family of rational curves of class --[C], so that

m > 1 would contradict the minimality of deg, (C). Hence we proved that
[D] = [D'], GWy 1 ([y)) = 1.

Finally, as ¢’ is well-defined along the generic fiber D', we conclude that Np/ y is
trivial, which implies by adjunction that Ky - D’ = Ky - [D] = —2. Thus lemma 1.2
is proved. O
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RATIONALLY CONNECTED 3-FOLDS AND SYMPLECTIC GEOMETRY 9

Proof of proposition 1.1. — Notice that, as ¢ is a symplectomorphism with respect
to symplectic forms «, 8 of X, resp. Y, which are respective deformations of Kéhler
forms on X resp. Y, ¥*c;(Ky) = ¢1(Kx). This is indeed a standard fact of sym-
plectic geometry: the canonical class of a symplectic manifold X is an invariant of
the deformation class of the symplectic form w on X. Indeed it can be computed
using any almost complex structure on X which is tamed by w or a deformation of
w, the set of such almost complex structures being connected. This almost complex
structure makes the tangent bundle into a complex vector bundle and the canonical
class is minus the first Chern class of this complex vector bundle.
Furthermore, we have by assumption [D] = ¥.([C]). Thus we have

c1(Kx) - [C] = c1(Ky) - [D] = -2,

GWeicy([2]) = GWo iy () = 1.

The first equality together with the fact that the general curve passing through the
point X is irreducible, and thus has globally generated normal bundle, implies that for
general z € X, the normal bundle of a curve C of class [C] passing through z is trivial,
which shows that there are finitely many such curves through z, and that the set of
such curves has the expected dimension 0. Thus the number of these curves is equal
to GWO{{[C]([z]) and this is equal to 1 by the second equality above. In conclusion we
proved that if ¥y is the set parameterizing rational curves in X of class [C] and T
is the union of components of ¥¢ parameterizing moving curves, then the universal
curve

d:C—-%,®:C—>X,
has the property that ® has degree 1. Thus @’ is birational, and
p=qo® X --»%

gives the desired fibration into rational curves.

In order to conclude the proof, it just remains to prove that the rational map
¢ : X --+ X is almost holomorphic. Assume this is not the case: let 7 : X’ — X be
a composition of blow-ups along smooth centers, such that ¢ := ¢ o 7 is well-defined.
Assume there is an exceptional divisor E C X’ which dominates ¥ and is contracted
to a curve Z (or a point) in X. Then if C’ is the general fiber of ¢, C’ meets E. On
the other hand, Kx» = 7*Kx + F where F is an effective divisor supported on the
exceptional locus, and the multiplicity of F in F is > 0. Thus we find that

a(Kx) - [0 = -2 = (r*a(Kx) + F) - [C'] > r*ei(Kx) - [C') = a(Kx) - [C] = 2,

which is a contradiction. O
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10 C. VOISIN

2. The case where X is an almost conic bundle

We now study almost conic bundles ¢ : X --» ¥ with generic fiber C. When X
is rationally connected, ¥ is a rational surface, and thus we may assume to begin
that ¥ = P2. (Indeed, the fact that ¢ is almost a morphism does not depend on the
birational model of the target.) Notice that, because ¢ is almost holomorphic, we
have H - C = 0, where the line bundle H on X is defined by

H := ¢*Op(1).

The first result is the following:

Proposition 2.1. — Assume that either X is Fano, or bo(X) = 2. Then H is numeri-
cally effective, unless we are not in the Fano case, and there ezists a curve class [C']
not proportional to [C] such that for some cohomology classes Ai,..., A, € H*(X),

GWiion([C), Ay, .., Ar) # 0.

Proof. — Suppose first that X is Fano. Then any irreducible curve Z C X satisfies
Kx - Z < 0, hence the Chow variety of its cycle is at least one dimensional because
dim X = 3 (cf [8], theorem 1.15). (This can also be formulated by evaluating the
dimension of the space of deformations of the composed map Z—-Z-X , where
Z — 7 is the normalization.) Thus, Z being irreducible, its cycle can be moved so as
to be not contained in the indeterminacy locus of ¢. Thus ¢*H - Z > 0.

Suppose now that bz(X) = 2 but X is not Fano. We have to show that either H
is numerically effective, or there exists a curve class [C’] not proportional to [C] such
that for some cohomology classes Ay, ..., A, € H*(X),

GWcn(C), Ax, ..., Ay) # 0.

As Kx is not nef, there exists a Mori contraction ¢ : X — X', with (PicX')@Q =Q
and —Kx/x relatively ample. We consider the three possible dimensions of X’ (cf
(16]).

1) dim X’ = 1, that is X’ = P. In this case, the contraction is given by a pencil
whose fibers are Del Pezzo surfaces. Let L = ¢*Opi(1). If L. C = 0, then L is
proportional to H (because by(X) = 2), and this contradicts the fact that the Iitaka
dimension of H is at least 2. In the other case, we observe that the fibers of ¢ are
uniruled. Fix a polarization A on X and introduce the minimal degree with respect
to h of rational curves contained in the fibers of ¢ and sweeping-out X. Let [C’] be
a class curve such that L.[C'] = 0 and achieving this minimal degree. All curves of
class [C'] are supported on fibers of ¢. Exactly as in the proof of theorem 0.2, one
then shows that for a covering family of rational curves C’ of this minimal degree, the
generic member is irreducible with semipositive normal bundle. Using now the fact

ASTERISQUE 322



RATIONALLY CONNECTED 3-FOLDS AND SYMPLECTIC GEOMETRY 11

that C intersects non trivially the generic fiber of ¢, one concludes immediately that
there is a non zero Gromov-Witten invariant

GWo([C), A, ..., Ar).

2) dim X’ = 2. We have ¢*Pic X' = ZL, where L is ample on X', and if C- L =0
we conclude as before that L is proportional to H. In this case H is numerically
effective. In the other case, the map ¢ : X — X’ has for generic fiber a rational curve
C' with trivial normal bundle and satisfying Kx - C' = —2. Furthermore there are
only finitely many 2-dimensional fibers of ¢. If C is generic, there is thus exactly a 1-
dimensional family of fibers C’ meeting C, and this is exactly the expected dimension.
It thus follows that there is a non trivial Gromov-Witten invariant

GW5io (€, Av),

where A; = h? € H4(X,Z) for some ample class h € H%(X,Z).

3) dim X’ = 3. In this case c is a divisorial contraction. Note that C is not
proportional to the contracted extremal ray, because C is a moving curve. A look at
the list of divisorial contractions (cf [15]) shows the following (see [18]): Let E be the
exceptional divisor of the contraction, so that E is either a ruled surface contracted
to a smooth curve, or P? or P! x P! contracted to a point. Let [C’] be the class of
the fiber of the contracting ruling in the first case, or the class of a line in the second
case, or the class of one of the two rulings in the third case. Then for any curve class
v such that v - E # 0, one has GWO’,([C,]('y,Al, ..., Ar) # 0, for an adequate number
r, which will be in fact 0 or 1.

On the other hand E - C = 0 is impossible, because in this case E and H would
be proportional in Pic X, and E is contractible while the litaka dimension of H is
at least 2. We deduce from this that one has GWOX,[O,]([C],Al, ..., A;) # 0, where
A; = h? € H*(X,Z) for some ample class h € H?(X,Z). d

From this, we get the following result:

Corollary 2.2. — Assume that either X is Fano, or by(X) = 2. Then there exists a
well-defined morphism ¢ : X — % with fiber C, where ¥ is a normal surface, unless
we are not in the Fano case and there exists a curve class [C'] not proportional to [C]
such that for some cohomology classes Ay, ..., A, € H*(X),

GWilo (O], Ar,- -, A) £ 0.

Proof. — We use the contraction theorem (cf. [7], or [15], p 162) which tells that
such a morphism exists if and only if H is numerically effective and the curves Z C X
satisfying Z.H = 0 also satisfy Z - Kx < 0.

SOCIETE MATHEMATIQUE DE FRANCE 2008



12 C. VOISIN

Indeed, by the previous theorem, we know that H is numerically effective, unless
there exists a curve class [C’] not proportional to [C] such that for some cohomology
classes Ay,..., A, € H*(X),

GWOXJC,]([C]’AI’ . '7Ar) 7é 0

Thus, in order to apply the contraction theorem, we just have to show that for any
curve Z C X satisfying the condition Z - H = 0, one has Kx - Z < 0.

In the Fano case, this is obvious. When b2(X) = 2, the orthogonal of H in Hy(X, Q)
is generated by the class of C, which satisfies the condition C - Kx = —2. O

We will use the following observation:

Lemma 2.3. — Assuming ¢ is well defined and either by(X) < 2 or X is Fano, we
may furthermore assume (by changing ¥ if necessary) that ¢ does not contract a
divisor to a point of X.

Proof. — First of all, note that if b2(X) < 2, ¢ cannot contract a divisor D to a point
of ¥. Indeed, such a divisor would satisfy D - C = 0, hence would be proportional
to H. But the litaka dimension of H is 2, while no multiple of D moves, which is a
contradiction.

Consider now the Fano case. Let z be a point of ¥, and let E be the pure 2-
dimensional part of ¢~ !(z), (counted with multiplicities). We claim that —E is nu-
merically effective on the fibers of ¢ and non trivial on ¢~ !(z).

Assuming the claim, H — eE remains numerically effective for a sufficiently small
€. On the other hand, curves Z satisfying Z - (H — ¢E) = 0 satisfy the condition
Kx - Z < 0 for the same reasons as before, hence we can apply the contraction
theorem to H — ¢F, which does not contract E anymore. This leads eventually to a
morphism ¢’ which does not contract any divisor to a point.

To see the claim, we observe that —F - F' = 0 for any irreducible curve F' contained
in a fiber of ¢ but not contained in ¢~!(z). Furthermore —E|g is effective and non
trivial on each component of E. This implies that —E-F > 0 for any irreducible curve
F C E whose deformations cover a 2-dimensional component of ¢ ~!(z). Consider now
any irreducible curve F C X contained in ¢~!(z). As X is Fano of dimension 3, the
cycle of any such F deforms to cover at least a divisor in X (cf [8], Theorem 1.15).
On the other hand, all such deformations remain contained in a fiber of ¢. It follows
that either the cycle of F deforms to cover a 2-dimensional component of ¢~!(z), so
that —E - F > 0 as shown previously, or the cycle of F' can be moved to be supported
in another fiber, in which case we have —E - F' = 0. O

We consider now the case where ¢ is well defined (but ¥ may be singular). Our
main result is the following:
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Theorem 2.4. — Let X be a rationally connected 3-fold which admits a morphism
¢ : X — X to a normal surface ¥, with generic fiber a rational curve C. Assume that
either ¥ is smooth, or ¢ does not contract a divisor to a point of ¥.. Then there exist
integers g, T with g < r, cohomology classes Ay,...,Axy € H*(X,Z) and a homology
class [C'] € Hy(X,Z) not proportional to [C] such that

GWXon(C), -, [C), Ar, ..., AN) # 0.

Before giving the proof, let us establish a few lemmas.

Lemma 2.5. — ¥ contains a complete linear system of generically smooth curves Z
of genus g, which do not meet generically the singular locus of ¥, and satisfy

(2.1) r=h%(%,05(2)) —1=h%Z,02(2)) > g.

Proof. — If ¥ is smooth, ¥ is rational and the result is obvious (we can even take
g = 0). In general, we start from a “very moving” generic smooth rational curve
I'p € X. Recall that “very moving” means that the normal bundle Nr ,x is ample.
Using the assumption that no divisor is contracted to a point by ¢ or that ¥ is smooth,
one concludes that for 'y generic, ¢(I'g) =: I'j) avoids the singular locus of X.

Let £ := Og(T}). Observe that H'(X,Ox) = 0, because ¥ admits a desingular-
ization which is rationally connected. It follows that the restriction map:

HO(E"C) - HO(F{)aNl"s/E)

is surjective. Observe now that because the equisingular deformations of I'fj in &
(which are singular rational curves) cover ¥, one has Ky - I'j < 0.

In fact we may even assume Ky -I'j < —1, replacing if necessary Iy by a ram-
ified cover of it, which by ampleness of the normal bundle can be deformed to an
embedding.

It thus follows that

deg Nr; /s = deg Kt; ® Kglll“{) > deg Kr; + 2.

This inequality implies that the linear system H®(I'g, Nt/ /) has no base-point on I'y
0

so that a generic deformation Z of I'j is smooth. Letting g be the arithmetic genus

of Ty, that is the genus of a generic deformation Z of I'y in X, we now find that Z

satisfies the desired property

r=h%%,0%(2)) - 1=h%Z,02(2)) > g=h"(Z,Kz),
because deg Oz(Z) > deg Kz + 2 by adjunction and because Ky, - Z < —1. a

Remark 2.6. — The inequality deg Oz(Z) > deg Kz + 2 also implies that
h'(Z,0z(Z)) =0, a fact which will be used later on.
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14 C. VOISIN

Let z1,...,z, be r generic points of ¥. Then there is a unique curve Z C X
belonging to the linear system | £ | and passing through z;,...,z,. This curve is
smooth and by Bertini the surface Xz := ¢~!(Z) is smooth. Choose now a section
I' C Xz of the morphism ¢z := ¢\x, : Xz — Z. Let C; := ¢~ '(x;). Let us prove
now the following:

Lemma 2.7. — L, z1,...,%., ' being as above, for any k > 0, any stable map f :

— l
I'y = X of class T + K(C]

meeting the r generic fibers C1,...,C, of ¢ has the property that ¢ o f(I'1) = Z.

Proof. — This is almost obvious. We just have to be a little careful with the singular-
ities of . Let us thus introduce a desingularization 7 : ¥’ — ¥ of ¥. Let £ := 7*L
and Z,,...,Z, the points of ¥’ over the generic points z1,...,z, of X.

Then if f : 'y — X is a curve as above, denote by f"l C ¥’ the proper transform
of T} := ¢ o f(I'1) C £ (counted with multiplicities) in ¥'. We observe that because
the class of f(I';) is [I] + k[C] and ¢(C) is a point, I'; belongs to one of the linear
systems

| ™ L - F |
on ¥/, where E is an effective divisor supported on the exceptional locus of the
desingularization. The linear system above has dimension < r, with equality if and
only if F is empty. As f’l passes through r generic points of ', it follows that the
linear system | 7*£ — E | has dimension r. Thus E is empty, and the curve I’} does
not meet the singular locus of . Hence I} €| £ |, and as it passes through z1,...,z,,
it must be equal to Z. O

Consider the morphism ¢z : Xz — Z. The smooth fiber of ¢z is a P!, and the
singular fibers are chains of P!’s. Note that by successive contractions of —1-curves
not meeting I', one can construct from Fz a geometrically ruled surface X). The
curve T is then the inverse image of a curve (still denoted I') in X5. I is a section
of the structural morphism p : X = P(£) — Z, where & := p+Oxg (T') is a rank 2
vector bundle on Z. We shall denote by o : Xz — X2 such a contraction morphism.
It will be convenient to choose the following basis E; of the lattice

H*(X2,Z)/0*H*(X3,Z) = o*H* (X3, Z)*.
We factor o : Xz — X% as a sequence of m blow-ups at one point. Let o; : Xz — X}
be the successive surfaces appearing in this factorization. Then we define for ¢ > 1,

[Ei] := o}|E], where E is the exceptional curve of the blow-up X5 — X5 '. The
classes [E;] are effective, and they satisfy

[Ei]2 = -1, [Ej] - Kx, = —1.
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Proof of theorem 2.4. — We will denote by j : Xz — X the inclusion. For a curve
I' contained in Xz, we will denote by [['|x, € H%(Xz,Z) its cohomology class in Xz
and [I') € H*(X,Z) its cohomology class in X. Hence [I'] = j,[[]x,.

Let g, 1, 21,..., T+, Z,T' C Xz be as in lemmas 2.5, 2.7. Let Cy,...,C, be the
generic fibers ¢~ (z;) of . We now consider curves (stable maps) of genus g and
class [l + k[C] in X, where k will be chosen sufficiently large.

The expected dimension of the family of such curves is equal to

—Kx - ([T + k[C]) = 2k — Kx - [I'] = 2k + x(T', Nr/x)
=2k + x(T', Nr/x,) + x(Z,Nz/s) = 2k + x(T', Nr/xg) + 7
=2k+r+x(Z,E)+g—-1=2k+r+degE+1—g.

If we consider the family of such curves meeting C1, ..., C,, its expected dimension
is N := 2k +deg £ + 1 — g, and by lemma 2.7, we know that these curves are all
contained in a given surface Xz, where Z is a generic member of the linear system
| £ | on X. Note that N is the expected dimension of the space of deformations of
a smooth curve of class [[] + k[C] in Xz. If k satisfies the condition I'2 + 2k > 2g,
choose a section I'y, of Xz — Z of class [ + k[C] in X 7.

Then as Nr, /x, has degree > 2g — 2, it satisfies

H'(Tx,Nr,/x,) = 0.

As furthermore H' (T, (Nx,/x)r,) = H'(Nz/5) = 0 by remark 2.6, one concludes
that H(T', Nr,/x) = 0, so that the deformation space of I'y in X is locally smooth
of the right dimension N + r. Furthermore, if y;,...,ynv € Ty are generic, and
D :={y1,...,yn}, the restriction map:

H°(Tk, Nr,/x,) — H°(D,(Nr,/x,)|D)

is an isomorphism. Choosing N curves Bj,...,By C X meeting Xz in y1,...,yn
respectively, we find that I'y is an isolated point in the family of curves of genus g
meeting C4,...,C, and By,...,Bx. This gives at least one positive contribution to
GW X, (C,- -, [C, [Bi),..., [BN]).

However, inrorder to compute the Gromov-Witten invariant above, we need to
control all curves in Xz whose class in X is equal to [['x] = j.«[[x]x,-

From lemma 2.7, we know that any curve in X of class [['y] which meets Cy,...,C;
is contained in Xz. In order to conclude the proof, we thus have to compute the
contribution to GW;,([Fk]([C], ..,[C],[Bi), .-, [Bn]) of all the families of curves f :

M
I'y —» Xz, where I' is (maybe nodal) of arithmetic genus g, such that the class in X

of f(I'1) (counted with multiplicities) is equal to [['x], with k large.
For this, we need the following lemma
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16 C. VOISIN

Lemma 2.8. — Classes in the kernel of j.« : Ho(Xz,Z) — Hy(X,Z) are integral com-
binations of the classes 3[C] — [E;].

Proof. — H3(Xz,Z) is generated over Z by the classes [C] of the fiber of ¢z, the
class [I'] of a section of ¢z and the classes [E;].
If a € Ker j., write

a = n[C] + m[I] +‘Z n; <%[C] - [E,]) , My, m, n; € Z.

Then we must have m = 0 because ¢.(j.a) = 0 = m[Z]. Next we have Kx-[E;] = —1,
because Kx, - [E;] = —1 and Kx has the same restriction as Kx, on the fibres of
¢z. Furthermore Kx - [C] = -2 # 0, and Kx - ([C] — [E;]) = 0. Thus

ja=0=>Kx-a=0=n=0.

Hence we proved that « is a combination of the [C] — [E;] with integral coefficients
n;. Note that if such a combination belongs to H2(Xz,Z), the n; € Z satisfy the
condition that 2 divides )_; n;. d

We need thus to study maps f : I'j — Xz where I'y is a nodal curve of genus g,
Fell1lfuna = 7 == [Tk] + 3 ni(3[C] — [Ei]). Note that for each such map, ¢z o f :
I'1 — Z is an isomorphism on the (unique) genus g component of I'; and contracts all
the other components of I'y, which must be rational. As deg Nz 5 > 2g9—2, it follows
that H'(T'y, f*Nz/s) = 0, and as an easy consequence, for fixed v, the contribution
of this family to GW, [Fk]([C'] ,[C], [Bi), - - -, [Bn]) is equal to

%,_/

GWXZ([B1]ix ;- - - [BN]ixz)-

Of course [By]|x, is a multiple of the class of a point of Xz. It thus remains to
prove that for k large enough and any v = [[x] + 3°; ni(3[C] — [Ei]),

GW. 2 ([pt],..., [pt]) > 0.
—,_/
N
Note that by deforming Xz, we may assume the successive blow-ups starting from
XY are at m distinct points z1,...,zm € X% = P(€).
We have the following:

Lemma 2.9. — m being fized, for k sufficiently large, for a fized choice of distinct
points z1, . .., 2zm € P(E), for any choice of integers ni,...,nm € Z, any linear system
L on the surface X}, which is P(€) blown-up at 21,...,2m, of class

ei(L) =~ =[Tx] +1[C] - ZmE]l_ Zn,
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satisfies h°(X},L) < N + 1 — g, and when equality holds, the generic member of this
linear system is smooth.

Assuming this lemma, it follows that for each v as above, the dimension of the
space of divisors in X/, of class v has dimension < N. Thus the dimension of the
space of divisors of class v passing through N generically chosen points is 0. Further-
more, when equality holds, the finitely many divisors of class v passing through N
generically chosen points are smooth. It follows that the stable maps f : I’y — X7, of
class fx[['1]funa = <y passing through N generically chosen points have finitely many
possible images which are smooth curves of genus g. Thus each of these f’s must
be an isomorphism, and there are also finitely many such stable maps f. It follows

that GWg{( ,;Z ([pt], . - -, [pt]) = 0. The proof of Theorem 2.4 is thus finished, modulo the
N————
N
proof of lemma 2.9. O

Proof of lemma 2.9. — Note that if n; < 0, n;E; is contained in the fixed part of
| L |. Thus it suffices to prove the result assuming n; > 0, and ! < %ZZ n;. Next,
note that because 7 - [C] = 1, any section of L vanishing to order n; at z; vanishes
to order n; — 1 along the fiber C,, passing through z;. This way, we are now reduced
to the case where n; =0 orn; =1, and | < % >~;n;. Notice that, in both reduction
steps, if either one of the n; < 0 or n; > 2, the inequality becomes a strict inequality.

We have thus to show that for k large enough, for any choice of s points z;,, ..., z;,
among 21, ..., 2m, for L € Pic X/, with
s
CI(L) = [F] + k[C] + l[C] - Z[Eij]a [ < P
Jj<s 2

we have h®(X7, L) < N+1—g, while for | < £, we have h°(X},L) < N+1—g. Note
that for I = 0, s = 0, we can take for L the line bundle Ox,(I'y) which has N+1—g¢g
sections.

The points z;; € P(£) determine a vector bundle £’ on Z, defined as the kernel of
the evaluation map p,Opg)(1) = € — ®0(1)|zi,-- Then sections of L on X/, identify
via p, to sections of £'(D) on Z, for some D € Pick*t!(Z). There are finitely many
bundles £’, and thus for k large enough, and any | > 0,deg D = k + I, we have
HY(Z,E'(D)) = 0. As deg £ = deg £ — s, it follows that

h%(Z,€'(D)) = x(Z,€'(D)) = deg £'(D) +2 — 2g
=deg£E—5+2k+20+2-29<deg£E+2—-29+2k=h"(Xz,Th)=N+1-g,
with equality only when 2! = s.
When equality holds, we have seen that all the n; must be equal to 0 or 1, and the

fact that the generic curve of class v is smooth is deduced from the fact that with the
notation above, the bundle £'(D) is generated by sections, for D € Pic**Y(Z). O
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3. Proofs of the main results

Proof of Proposition 0.7. — Here ¢ : X 2 Y is a symplectomorphism with respect
to some symplectic forms «, 8 on X, resp. Y, where a tames the complex structure
on X and 3 is a deformation (as a symplectic form) of a Kdhler form on Y. We
assume that the conclusion of proposition 0.6 holds, but furthermore the rational
map ¢ : X --+ ¥ is well-defined, and that either ¢ does not contract a divisor, or X
is smooth. We can thus apply the conclusion of Theorem 2.4. This tells us that there
exist integers g < r, cohomology classes A1, ..., Ay € H*(X,Z) and a homology class
[C'] € Hy(X,Z) not proportional to [C] such that

GWXcn(C),.. -, [C), As,..., AN) # 0.

T

It follows that the curve class [D'] = 1.[C'] and the cohomology classes A; := . A; €
H*(Y') satisfy:
Wy (D] A, A) 70

But then this means that there exist a curve D’ of genus g in Y, of class not pro-
portional to [D], meeting r generic fibers Dy,...,D, of ¢'. This implies that the
surface ¥’ contains genus g curves D" := ¢/(D’) passing through r generic points,
with » > g. In fact we will rather consider in the following lemma these curves as
stable maps from a nodal curve to 3. The normal bundle should be thought as Ny .

Lemma 3.1. — If Y satisfies this property, the Kodaira dimension of ¥/ is —oo.

Proof. — Indeed, the generic curve D" above has genus g and satisfies
hO(NDI//EI/TOrS) >r> 9,

where Tors is the torsion of Np. /5. It follows that D" contains at least one moving
irreducible component D which has genus gg, and satisfies

h®(Dg, Npy s/ Tors) > go.

We claim that this implies deg (Npy,s/Tors) > 2go — 2. Assuming the claim, it
follows that deg (Npy/s/) > 2go — 2, hence by adjunction that Ky - Dy < 0. This
implies that h°(%’ ,Kgll D‘,),) = 0,¥l > 0, and as Dy is moving, this implies that
RO(Z, K8}) =0,V > 0.

To see the claim, observe that Riemann-Roch gives

x(Dg, Npy s/ Tors) = deg (Npy 5 /Tors) + 1 — go.
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Thus, if deg (Npy /s /Tors) < 2go — 2 and h®(Dg, Npy s/ Tors) > go, we find that
h'(D§, N py /sv/Tors) # 0. Thus by Serre duality,

hO(D(,)/, (ND‘/)I/E//TOI'S)* (4 KD(’)’) 75 0
But then this implies, because Dy is irreducible, that
hO(D(l)l, ND’/J//E!/TOI'S) S hO(Dg, KD(’)’) = gO’
which is a contradiction. O

Thus we conclude in this case that ¥’ is (birationally) a ruled surface, and it follows
that the basis of the rationally connected fibration of Y has dimension < 1. By lemma
1.3, Y is rationally connected. O

Proof of theorem 0.8. — We assume that X and Y are symplectically equivalent and
that, either X is Fano, or X is rationally connected with b2(X) < 2. Thus there is
a symplectomorphism ¢ : X 2 Y between X endowed with a Kahler form a and Y
endowed with a symplectic form § which is a deformation of Ké&hler form.

We want to show that Y is rationally connected. We argue by contradiction, and
assume that Y is not rationally connected. Applying lemma 1.2, we find that there
are curve classes [C], [D] on X resp. Y, satisfying the following properties:

1. c1(Ky) - [D] = -2 =c1(Kx) - [C].

2. G py(ly)) = 1 = GWgc ([a]).

3. The class [C] is of minimal degree with respect to o, among those class curves

satisfying the property GW(ﬁC]([z]) #0.
Furthermore, as proved in proposition 1.1, the manifolds X and Y are in this case
almost conic bundles with fiber D, resp. C of class [D], resp. [C] where [D] = v.[C].
Let us denote by ¢ : X --+ X, and ¢’ : Y --+ X/ the almost conic bundle structures
on X and Y respectively.

Our assumption is that b2(X) < 2 or X is Fano. Hence we can apply to X the
corollary 2.2, because X is an almost conic bundle with fiber C. Thus we conclude,
with the notations of this section, that the morphism ¢ : X --+ ¥ with fiber C is
well-defined, unless there exists a curve class [C’] not proportional to [C] such that
for some cohomology classes A,,..., A, € H*(X]_,),

GW3ion([Cl, Ar, ..., Ar) # 0.
However, in the later case, we conclude, by denoting [D'] = ¢.[C'], A, = 9. A;, that
GWop (D], Ay, ..., 47) #0.

It follows that there exists a rational curve of class [D’] which meets a generic curve
D C Y and as [D’] is not proportional to D, we conclude that ¢'(D’) is not a point.
Hence it follows that the surface X' is swept-out by rational curves and the basis of
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the rationally connected fibration of Y has dimension < 1, which implies by lemma
1.3 that Y is rationally connected, a contradiction.

Thus the morphism ¢ : X — ¥ with fiber C is well-defined. Furthermore, by lemma,
2.3, we may assume that ¢ does not contract a divisor to a point. By proposition 0.7,
Y is then rationally connected, which is a contradiction. O
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IN CONFORMAL GEOMETRY
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Abstract. — In this paper we survey some analytic results concerned with the top
order Q-curvature equation in conformal geometry. Q-curvature is the natural gen-
eralization of the Gauss curvature to even dimensional manifolds. Its close relation
to the Pfaffian, the integrand in the Gauss-Bonnet formula, provides a direct relation
between curvature and topology.

Résumé (L’équation de Q-courbure en géométrie conforme). — Dans cet article nous exa-
minons certains résultats analytiques autour de 1’équation de Q-courbure d’ordre
maximal en géométrie conforme. La Q-courbure est la généralisation naturelle de la
courbure de Gauss aux variétés de dimension paire. Sa proximité avec le pfaffien
(intégrande de la formule de Gauss-Bonnet) nous fournit une relation directe entre
géométrie et topologie.

1. Introduction

Recently, there is a lot of interest in the study of higher order Q-curvature invariant.
This notion arises naturally in conformal geometry in the context of conformally co-
variant operators. Paneitz ([23], see also [6]) gave the first construction of the fourth
order conformally covariant Paneitz operator in the context of Lorentzian geometry
in dimension four. Based on the ambient metric construction introduced by Feffer-
man and Graham ([14],[15]), Graham-Jenne-Mason and Sparling [18] systematically
constructed conformally covariant operators of higher orders. Each such operator
gives rise to a semi-linear elliptic equation analogous to the Yamabe equations which
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24 S.-Y. A. CHANG & P. C. YANG

we shall call the Q-curvature equation. These equations share a number of common
features. Among these we mention the following:

(i) the lack of compactness: the nonlinearity always occur at the critical exponent,
for which the Sobolev embedding is not compact;

(i) the lack of maximum principle: for example, it is not known whether the solution
of the fourth order @-curvature equation on manifolds of dimensions greater
than four may touch zero.

In spite of these difficulty, there has been significant progress on questions of exis-
tence, regularity and classification of entire solutions for these equations in the recent
work of Djadli-Malchiodi [13], Adimurthi-Robert-Struwe [1] and X.Xu [25]. On the
other hand, in the case when the dimension is even n = 2k, the Branson-Paneitz
operator and its associated @)-curvature equation is more accessible. In this article,
we will give a brief survey of two results for the Q-curvature equation, each of which
makes use of its close relation to the Pfaffian; both of these results are joint works
with Jie Qing. The first [10] is a generalization of the Cohn-Vossen-Huber inequality
([22]) to complete conformal metrics on domains in R. The second gives a Gauss-
Bonnet type formula for Poincaré-Einstein metrics in which the renormalized volume
plays a role. As the original article [12] of the second result appeared in Russian,
we provide an exposition with some details. In section two, we review the notion
of conformally covariant equations, their associated @-curvatures and the associated
boundary operators for manifold with boundary. We then provide an outline for these
two results in sections three to five.

2. Conformally covariant operators and the Q-curvature equation

In general, we call a metrically defined operator A defind on a Riemannian manifold
(M™,g) conformally covariant of bidegree (a,b), if under the conformal change of
metric g, = e2*g, the pair of corresponding operators A,, and A are related by

Au(p) = e ™A™ p) forall e C®(M™).

A basic example is the conformal Laplacian L = —A + 4(';—__21)12 where R is the
scalar curvature of the metric. The conformal Laplacian is conformally covariant
of bidegree ("7‘2, "T“), and the associated curvature equation is the equation for
prescribing scalar curvature: writing e¥ = u™=2 we have

n—2 n+2

(1) Lu = mRuU"‘2,

where R, is the scalar curvature of the metric g, = g*¥g = = g. In case of surfaces,
the corresponding Q-curvature equation becomes the equation for prescribing Gauss
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THE Q-CURVATURE EQUATION IN CONFORMAL GEOMETRY 25

curvature:
(2) —Aw+ K = K,e*,
where K, is the Gaussian curvature for the metric g,,, and we have the Gauss-Bonnet
formula:
3) 2mx (M) = /M KdA.

In dimension four, S. Paneitz found the fourth order conformally covariant operator:
4) Pip=Po=A%p+6 [(gRg - 2Ric) dcp]

where § denotes the divergence, d the deRham differential and Ric the Ricci tensor.
For example:

— On (R4, |dz|?), P = A?,

— On (8%,g.), P= A% - 2A,

— On (M%,g), g Einstein, P = (—A) o (L).

The Paneitz operator P has bidegree (0,4) on 4-manifolds, i.e.
(5) Py, (9) = €7 Py(9) Vp € C2(M*).

The fourth order @-curvature is given by

(©) Q= %(—AR+R2 — 3Ricf).

Under the conformal change of metric g,, = e**g, the Q-curvature equation (see
[6], also [8]) takes the form

() Pw+Q = Que*,

where @Q,, is the @ curvature for the metric g,,.
The Gauss-Bonnet formula in dimension four may be written as

(®) 8n2x(M) = / (W +Q)av,
M

where W is the Weyl tensor. Since |W,|, = e=2¥|W,, |, , on manifold of dimension
four, |W|?dV is a pointwise conformal invariant, thus it follows from the Gauss-
Bonnet formula that the @-curvature integral is a global conformal invariant.

For 4-manifold X* with boundary M3 and a Riemannian metric g defined on
closure of X*, Chang-Qing [9] derived the matching boundary operator

10 -0 2 s = (1 ) 0 1. -
) Ph=——A-A——--HA+ L, —R—RoNaN | =— + = -V.
(9) Ps 23 on 3 + LagVaVg + 3R RoNaN n + 3VH v
with the associated third order curvature invariant
1 90 1 1 1 1-
10 T=-——R+-RH — RungNLog+ =H> - =TrL3 — -
(10) D 3nR+ 6RH RongnLop + 9 3T7‘L 3AH,
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26 S.-Y. A. CHANG & P. C. YANG

where where 6% is the outer normal derivative, A is the trace of the Hessian of

the metric on the boundary, V is the derivative in the boundary, L is the second
fundamental form of boundary, H = TrL, N denotes the inner normal direction. We
have used an orthonormal frame and let the latin indices run through the ambient
indices and the Greek indices only run through the boundary directions, and all
curvature are taken with respect to the metric g.

In particular, via the conformal change of metrics g, = €2“g, P3 and T satisfy the

equation:

(11) Psw+T = T,e*™ on M,
and

(12) (P3)y =€ 3“Ps on M.

The Chern-Gauss-Bonnet formula for 4-manifolds with boundary is then modified
with a boundary term:

(13) 87r2x(X)=/(|W|2+Q)dv+2}{ (T = L4 — Ls)do.
X M

In the boundary integral above the invariants £4 and L5 involve the ambient curvature
tensor and the second fundamental form L,;, and their expressions are

RH
Ly= T3 + RanaNH — RonpgNLap + RyaypLag,

and 9
Ls = _§LaaLﬁﬂLW + LaaLpyLpy = LapLpyLya-

Analogous to the Weyl term, £4 and L5 are boundary invariant of order three which
are pointwise invariant under conformal change of metrics. Hence

(14) /X Qdv + 2 fM Tdo

is a global conformal invariant.
In dimension four, an important result is the following criteria for positivity of the
Paneitz operator due to Gursky-Viaclovsky:

Theorem 1 ([21]). — Let (M*, g) be a metric with positive Yamabe constantY (M, g) =
. Lu-u P
in fu;eo—mﬁ—, and satisfying .
1
[ @+ svangy 2o,
M 6
then the Paneitz operator is positive except for constants.

It is an open question whether there is an analogous result in higher dimensions.
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3. A Gauss-Bonnet formula for noncompact 4-manifolds

On a four dimensional manifold, the conformal Laplacian and the Paneitz operator
together give strong control of the geometry and topology. A particular example in
the study of non-compact manifolds is the following:

Theorem 2 ([10]). — Let (2 C S%,g = e**go) be a complete conformal metric satisfy-
ing
(a) The scalar curvature is bounded between two positive constants, and |V4R| is
bounded,
(b) The Ricci curvature of the metric g has a lower bound,
(c) the Paneitz/Branson curvature is absolutely integrable, i.e.

(15) /Q|Qg|dvg < 00;

then Q = S*\ {p1,...,pr} and

k
(16) 8m2x(Q) = /Q divg+;1k,

where Iy, is the local isoperimetric constant

. Area({r = |z — z|})
I = ll—l% Vol({r < |z — zx| < 7o})

An essential idea in the above finiteness result is to view the Q-curvature integral
as measuring the growth of volume. The finiteness of the @ integral implies a control
on the growth of volume, which can only accommodate the growth of a finite number
of puncture ends. We outline the main arguments to show how to use the fourth order
curvature equation in such a situation.

Let us denote A = S*\ Q.

Step I. — ¥ ~ dist(z,A)™ .

This is the main analytic work.

The lower bound follows from a Harnack estimate for the gradient of a conformal
harmonic function.

The upper bound is based on a delicate blowup argument. Assuming on the con-
trary that on a sequence of points {zx} we have ay = e*(®*)d(xy, A) — co. Take a
subsequence so that the balls B(xg, (1/2)d(zk,A)) are disjoint. A careful rescaling
of the domain for the conformal metrics over suitably dilated balls will converge to
a conformal metric on R* with vanishing Q-curvature but having scalar curvature
bounded from below by a positive constant. Such a metric cannot exist. This ar-
gument differs from the usual blowup argument in that the conformal factor only
satisfies a differential inequality.
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28 S.-Y. A. CHANG & P. C. YANG

This assertion gives control of the level set of the function e” in terms of the
distance to the complement.

Step II. — An integration by parts computation yields an inequality using assumption
(a):
d ..
— Qdv > C)\— dv + positive terms.
{ev>)} A Jiewz )

Step III. — To estimate the first term on the right hand side of the previous inequal-
ity, we use the coarea formula to find

/ e*vdz > / / e*Vdo ds
{ew>A} Cz/X J{d(z,A)=5}

> /02/,\ {d(z,A) = s}|s~*ds.

C1
C

An elementary computation using a covering argument yields that

Nsg3 if dim(A)=0and |A|> N
d(z, )= s} > { e 1 dm(A)=0and JA]>
Cs°~%  if dim(A) =8> 0.

In either case, we reach a contradiction if the complement A is more than a finite
number of points.

A closely related result to Theorem 2 above is the recent work of Bonk-Heinoren-
Saksman [4]: To state their result, we first observe that for a metric g,, = e**dz?
conformal to the flat metric dz? on domains in R*, the equation (7) takes the form

17) Aw = Que*v.

Thus the integrability condition (15) of Q,, is equivalent to the condition that A2w
being integrable.

Theorem 3 ([4]). — Suppose g = €**|dz|? is a complete conformal metric on R* where
w is given as a potential

_ |z~ yl\ A2,
wie) = [ loe(T )y

and
(18) [ e <c,
R‘l

then there is a bilipshitz equivalence ® : (R4, |dz|?) — (R4, g).
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Remarks

1. The theorem does not assert the boundedness of the conformal factor.

2. This result holds in all even dimensions.

3. In the case of dimension two, the best constant in the inequality in (18) for the
theorem to hold is 27, which is given by the example of the half infinite cylinder
as shown in the work of Bonk-Lang [5]. It is a natural open question whether
the same example gives the sharp constant in all higher dimensions.

4. Poincaré-Einstein structure and renormalized volume

Given a smooth manifold X"™*! of dimension n + 1 with smooth boundary X =
M™. Let z be a defining function for M™ in X™*+! as follows:

z>0 in X",
=0 on M";
dr #0 on M".

A Riemannian metric g on X™+! is conformally compact if (X"*!,z2g) is said to
be a compact Riemannian manifold with boundary. A conformally compact man-
ifold (X™*1,g) carries a well-defined conformal structure [§] on the boundary M™,
where each § is the restriction of 22g for a defining function z. We call (M™,[g]) the
conformal infinity of the conformally compact manifold (X™*1,g). If, in addition, g
satisfies Ric; = —ng, where Ricy denotes the Ricci tensor of the metric g, then we
call (X™*1 g) a conformally compact Einstein manifold.

A conformally compact metric is said to be asymptotically hyperbolic if its sectional
curvature approach —1 at 0X = M. If g is an asymptotically hyperbolic metric on X,
then a choice of metric § in [§] on M uniquely determines a defining function z near
the boundary M and an identification of a neighborhood of M in X with M x (0,€)
such that g has the normal form

(19) 9= *(de* + g:)

where g, is a 1-parameter family of metrics on M. In addition (see for example [17])
(20) gc = § + 9@ 22 + (even powers of z) + g V"l 4 g 4.

when n is odd, and

(21) gz = § + 9@ z? + (even powers of z) + g™ z™ + ha"logz + - - -

when n is even. Here § = x2g|,~0, 9\*" are determined by § for 2i < n. The trace
part of g(™ is zero when n is odd; the trace part of g™) is determined by § and h is
traceless and determined by § too when n is even.
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To introduce the renormalized volume, we follow Graham [17] to consider the
asymptotics of the volume of a conformally compact Einstein manifold (X"*!,g).
Namely, denoting by x the defining function associated with a choice of a metric
g € (9], we have

Voly({z > €}) = coe™™ + cae ™2 + -+ ep_1e7 + V +0(1)
for n odd, and
1
Voly({z > €}) = coe™™ +eae™ " * + -+ cnze™ + Llog — +V +0(1)

for n even. We call the constant term V in all dimensions the renormalized volume
for (X"*! g). We recall that V in odd dimension and L in even dimension are
independent of the choice § in the class [g].

In this section, we will give an alternative proof of the following result of M. An-
derson [3]. The main point of our proof is to explore the relationship between the
renormalized volume and the @) curvature.

Theorem 4 ([3), [12]). — Suppose that (X*, g) is a conformally compact Einstein man-
ifold. Then

(22) 82y (X4) = /X IW[Zdu, +6V(X",g)

First we recall that motivated by the recent work of Graham-Zworski [20], Feffer-
man and Graham [15] introduced the following procedure to calculate the renormal-
ized volume V for a conformally compact Einstein manifold. Here we will quote a
special case of their result. For odd n, upon a choice of a special defining function z,
we solve for

(23) —~Av=n in X"t
with the asymptotics
(24) v=1logz+ A+ Bz"

in a neighborhood of M™, where A, B are functions even in z, and A|,—¢ = 0.

Lemma 1 ([15]). — When n is odd,
(25) V(X" g) = / Bdv.
M
In addition, we have

Lemma 2. — When n is odd, (Qn41)e2vg = 0.
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Proof of Lemma 2. — The proof is a computation based on an observation made by
Graham ([17], see also [6]) that the Paneitz operator Prs1 on an Einstein manifold is
a polynomial of the Laplacian P(A) and the polynomlal P on the Einstein manifold
is the same as the one on the constant curvature space with the same constant as the
constant of the scalar curvature of the Einstein manifold. In addition, the @-curvature
Qn+1 of an Einstein manifold is the same as the one on the constant curvature space.
Therefore (Pos1)g = P(Ay) i (Prs1)gn = P(Agy), and (Qns1)g = (Qni1)gy, where
(H™*!, gy) is the hyperbolic space.

n+1
(26) (Pn+1)an+1 = ('—AH"‘“ - Cl)
1
where C) = (%2 + 1 — 1)(%5L — ). Therefore

=3
LIS n-1

(27) (Pas1)g = D ()T 'Bi(8y)' = (-1)"F (n = 1)!A,,

=2

wl

T

for some coefficient B; depending on C%s. Meanwhile (Qn+1) gn+1 = (=1) *3* nl. Thus

nt1
(28) (@n41)g = (=1) 7 n!
Thus if v satisfies the equation (23), we have
(29) (Prt1)gv + (Qnt1)g = 0.

It thus follows from the prescribing @ curvature equation (7) that (Qn41)e2vg =0. O

We will now combine the results in the above lemmas to give an alternative proof
of the result of Anderson [3] in Theorem 4 for conformal compact Einstein manifold
(X4, g). We first relate our curvature T to the boundary term B in Lemma 1.

Lemma 3. — We have
(30) Te2vg = 3B|e=o.

Proof. — According to the scalar curvature equation we have
1

12

Therefore for v satisfies equation (23), we have
1 — _

SRevg = 5((7) ~ Ve,

We now apply the asymptotic expansion of v in (24) and write

1 1
Rezog = 5(—Age” + gRge”)e_&’.

1
e = — —2A2 — 2Boz + O(z?)
z

1
Ve | = 5 +24:+4Boz + O(z?),
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where A; is the coefficient of 2% of A and By = B|,—o. We get

Te2vg = —"—‘;Reh)glm:() = 3B0.
This finishes the proof of the lemma. O

Proof of Theorem 4. — Applying Lemma 2 to the Gauss-Bonnet formula (13), we
have

87T2X(X4) = / |W|§2vgdvezug + 2/ (L: + T)(EZUQ’Q) d’Ug.
X4 M

We now observe that as the boundary of M of X* is umbilical, the second fun-
damental form L, g vanishes along M; hence L = —L4 — L5 = 0. We then apply
Lemma 1 and Lemma 3 to identify the area element in the integral [, T with the
renormalized volume to establish the formula (22) for the metric e2¥g. The last ob-
servation is that once the formula (22) holds for the metric e?Vg, it holds for any
metric § € [g] with (X"*1,5) a conformally compact manifold as the term of the
renormalized volume V is conformally invariant. O

5. Renormalized volume in higher dimensions

In this section, we will continue to explore the relation between the @ curvature
and the renormalized volume, and to extend the result of Theorem 4 above to all
conformally compact Einstein manifolds (X™*!, g) when n is odd. The main result
is:

Theorem 5. — When n is odd, we have

s T(252) n+1 n+1
@) [ OV + () V0 g) = )

for some curvature invariant Wy, 41, which is a sum of contractions of Weyl curvatures
and/or its covariant derivatives in an Einstein metric.

In the case of conformally compact manifolds of dimension 3 + 1, one advantage
we have taken is a precise formula of the QQ on X*, which enables us to do the explicit
computations in Lemma 2 and Lemma 3 above. In the case when the dimension m of
the manifold X™ is even but greater than four, it has been established in ([18], [6])
the existence of some @ curvature satisfying the following properties:

(i) It is a curvature invariant of weight —m. That is under the re-scale of metric
g— t2g, Qg = t_mQt2g-
(i) [ Q is a global conformal invariant.
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(iif) There exists a m order linear differential operator P, defined on X™ which

prescribes the changing of Q under conformal change of metric g, = e?¥g.

(32) Prw +Q = Que™

One should remark that although the existence of @) is known, the explicit formula
of the curvature is in general quite complicated and only known in dimensions six
([17]) and eight. Only in the recent work of Graham-Juhl [19], there is an inductive
formula to compute @ curvature in high dimensions. Thus it is remarkable that
one knows (Theorem 6 below) the “leading” order term (in terms of the order of the
differentiation on the metric) of the @ curvature for all dimensions and it is even
more remarkable that under the assumptions (i) and (ii) above, S. Alexakis [2] has
recently established a structure theorem of the Q curvature (Theorem 7 below) which
is known in the field as the answer to the Deser-Schwimmer Conjecture.

Theorem 6 (Branson [7]). — On any compact m-dimensional manifold for m even,
(33) Qm = bmAm‘;—zR + lower order terms,
where . mi1

Vr(m —1)m!
Theorem 7 (S. Alexakis [2]). — On any compact closed m-dimensional manifold with
m even, we have
(34) Qm = ame + J + Div(T},).

where e is the Euler class density, J is a pointwise conformal invariant, and Div(T,,)
is a divergence term and a,, is some dimensional constant.

Proof of Theorem 5. — Let (X™*1,g) be a conformally compact Einstein manifold,
where n = 2k + 1 > 3, we wish to determine the analogous formula for the renor-
malized volume. We continue to consider the metric (X™*!, e2?g) where v satisfies
the equations (23) and (24). We will find that the parity conditions imposed in (24)
makes it possible to determine the local boundary invariants of order n for the com-
pact manifold (X™*1,e2?g). According to (19) and (20) we have the expansion of the
metric e??g.
e?Vg = H%dz® + 5+ @22 4+ even powers in x

(35)
+ C(n—l)xn—l + (2Bof] +g(n))mn R

where
n
H = 218" =1 4 e,2% + even powers in z + ep,_12" " + Boz"™ + - - -

and ¢ for 1 <4 < (n — 1)/2 are local invariants of §. We remark that it is easy to
see that the boundary of (X™*!,e?Vg) is totally geodesic.
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Lemma 4. — We have
(36) (87" R) g2vg|amo = —2nn!By.
Proof of Lemma 4. — We have

Ae2'u H det Yy a
(37) g~ H\/(T Vv 995 ﬂ

= QP2+ Q0. + QY

where the coefficients Q) have the following properties: Qg) is a zeroth order dif-
ferential operator, having an asymptotic expansion in powers of z in which the first
nonzero odd power term is z™. le) is a zeroth order differential operator, having
an expansion in which the first nonzero even degree term is z" 1. ng) is differential
operator of order 2 of purely tangential differentiations with coefficients which have
expansion in powers of z in which the first nonzero odd term is z™. Inductively, we
see that, for k < 253

(38) Q(Zk)82k Qgck_l)agk—l 4t Qg}c)aw + Qg;c)

where Qg’k) (i # 0) is a differential operator of order 2k — ¢ of purely tangential

differentiations with coefficients having expansions in powers of z in which the first

nonzero even terms are wn—(Zk—i)

:L.n—(2k—i)

if 4 is odd, and the first nonzero odd terms are
if 7 is even, and Qg(,? is a differential operator of order 2k of purely tangential
differentiations with coefficients whose expansions in x have the first nonzero odd
terms ™~ 2k+2, Thus

(39) 9, A* = F(2k+1)3gk+l + F(Zk)agk +---+ FVg, + FO

where F(?k+1) = Q) FG) (0 < 4 < 2k + 1) is a differential operator of order
2k — i + 1 of purely tangential differentiations with coefficients whose expansions in

n=(2k—9)=1 if ; is even, and the first nonzero

x have the first nonzero even terms are x
odd terms are z"~(2k=9-1 if { is odd, and F(® is a differential operator of order 2k
of purely tangential differentiations with coefficients whose expansions in x have the
first nonzero even terms 2"~ 2k+1,
On the other hand, we have

(40) R.2vy = —2n%(n — 1)Boz™ % + even powers of z terms + o(z" ).

Keeping track of the parity, we obtain (36) in Lemma 4. a
Next we deal with all other boundary terms which may appear in integrating the
Q curvature over X. These are contractions of one or more factors consisting of
curvatures, covariant derivatives of curvatures, except 6;"2R which is accounted in

the above term azA"TJR. Since n is odd, and Oz is the normal direction, each
such term must contain at least one z index. In fact, the total number of x indices
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appearing in each of such terms must be odd. Thus one finds that each of such terms
always contains a factor which is a covariant derivatives of curvature and in which
z index appears odd number of times. Such factors, if we insist on taking V, first,
must appear as one of the following three different types

Vo VaVi*' Rasae
where # stands for indices other than z, in other words, tangential.
Vo VaViR:aae

and

Vo VaV¥ ' Riaze.
Note that in all three types 1 < 2k+1 < n—2. Since the boundary is totally geodesic,
we only need to verify

Lemma 5. — All three types of boundary terms
(41) V" 'Raaas, Vi'R.eae, V2 'Roace
vanish at the boundary for 1 <2k+1<n-—2.

Proof of Lemma 5. — We consider a point at the boundary and choose a normal
coordinate on the boundary M™ in the special coordinates for X™*!. Recall that

1
Ropys = 5(—3;9359017 — 000,935 + 080y9as + 0a059p)
— g™ ([oy, ] (85, A] = [B7, ][, A]),

and
VoTog.s = 0sTap..s — Lo oTrgs = I3 2Tores — - = Ia JTap.x
where
%y = 9°°[67, 9]
and

1
[0,3, ’Y] = E(aagﬂ’y + 8ﬁga'y - 'ygaﬁ)-

For simplicity of notation we will use g to stand for e?g if no confusion can arise.
Each of the three types is a sum of products of factors that are of the form:

Ba0p - O gap
or
0a0p - - 'a,yg’\“.
We claim that each summand must has a factor that is one of the following
Oa - 0802 gaa,

a‘ toe aﬁagk_lgmza
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(9. . a‘agk+lg.‘.
and
On - 08021 g™,

where 1 < 2k + 1 < n — 2. To verify the claim, one needs to observe that, in writing
the three types in local coordinates, the number of times the index z appears in each
summand increases only when one sees

z zTag.u -8y

where the number of x increases by 2. Thus, in the end, the total number of index z
in each summand is still odd. Therefore one of the factors must have an odd number
of z. Finally one observes that for any individual factor arising here the number of x
can not exceed n — 1. So the proof of Lemma 5 is complete. O

We now finish the proof of Theorem 5 for all n odd based on the results in Theorem
6 and Theorem 7.

Proof of Theorem 5. — We first establish that equation (34) remains valid on a con-
formally Einstein manifold (X™*1, g). Let g, = €2*g be such a metric, then it follows
from the Paneitz equation that for m =n + 1,

(@m)g, ™" = (Pm)gv + (@m)g
(42) = ameyg + J, + Div(T")
= ameg, + Jg, + Div(T")

where the second equation follows from the fact that the Paneitz operator P,, is a
divergence and Theorem 7. The third equation follows from the fact that the Pfaffians
of any two Riemannian metrics on the same manifold differs by a divergence term and
J is a conformal invariant.

In order to apply this formula, we need to observe that the leading order term
A" R in formula (33) cannot appear in the conformally invariant term J. In
order to see this, we first recall that J is a linear combination of terms of the
form Tr(VIiR @ VE2R...® VI*R) of weight m where T'r denotes a suitably cho-
sen pairwise contraction over all the indices. Observe that the conformal variation
Jw(AmT—z)R, where §,, denotes the variation of the metric g to g, is of the form
A% w+ lower order terms. Thus if A™ R does appear as a term in 7, its conformal
variation must be cancelled by the conformal variations of the other terms in the lin-
ear combination, but it is clear that the conformal variations of the other possibilities
of the curvature R other than the scalar curvature R cannot have order m in the
number of derivatives of w and of the form A% w.
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We can now apply the formula (42) to the metric g, = €2?g where v is as in (23).
Thus by Lemma 2 the left hand side of (42) is identically zero, and we find
amx(X™) = [ (= DIv(T")du,.

Xn+1

Among the divergence terms in Div(T"), only the leading order term bmAm‘z_‘gR
has a non-zero contribution according to Lemma 5. The computation in Lemma 5
determines the precise contribution of this term as a multiple of the renormalized
volume. We also note that as g is an Einstein metric, we may assume that the terms
which appear in the conformal invariant J are contractions of the Weyl curvature
together with its covariant derivatives. We have thus finished the proof of Theorem 5.

O

Corollary 1. — When (X™+1,g) is conformally compact hyperbolic, we have
(=)

(43) VX™9) =
2

x(X).

One may compare (43) to a formula for renormalized volume given by Epstein in
[24], where he has

n —1)m22mm|
(44) V(X" g) = (——W*X(X)
for n = 2m — 1 and our answers agree!.
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A SURVEY OF THE HYPOELLIPTIC LAPLACIAN

by

Jean-Michel Bismut

A Jean Pierre Bourguignon pour son soizantiéme anniversaire

Abstract. — The purpose of this paper is to review the construction of the hypoelliptic
Laplacian, in the context of de Rham theory for smooth manifolds, and also the
construction of the hypoelliptic Dirac operator in the context of complex Ké&hler
manifolds.

Résumé (Compte-rendu sur le laplacien hypoelliptique). — Le but de cet article est d’établir
un compte-rendu de la construction du laplacien hypoelliptique dans le contexte de
la théorie de de Rham des variétés lisses, ainsi que de la construction de l’opérateur
de Dirac hypoelliptique dans le contexte des variétés kdhleriennes complexes.

Introduction

The purpose of this survey is to review certain aspects of the construction of the
hypoelliptic Laplacian, in de Rham and in Dolbeault theory. The hypoelliptic Lapla-
cian was introduced in [3] in de Rham theory, and in [5] for Dirac operators. The
crucial analytic foundations for the theory were developed by Lebeau and ourselves
in [8].

One motivation given in [3] is to interpret the hypoelliptic Laplacian in de Rham
theory as a semiclassical limit of the Witten deformation of the Hodge theory of the
loop space of a Riemannian manifold, which is associated with the energy functional.
This point of view remains formal, since the Hodge theory of the loop space of a
manifold is not analytically well defined. The motivation for the construction of the
hypoelliptic Dirac operator of [5] is to understand the effect of replacing the standard
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Key words and phrases. — Hypoelliptic equations, Hodge theory, Index theory and related fixed point
theorems.
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40 J.-M. BISMUT

L, metric on the loop space of a manifold by a H! metric. Again these considerations
remain formal, although ultimately the hypoelliptic Dirac operator is well defined.

Whatever the motivations, and there are many others, some of which are explained
in [4, 6], the conclusion is that a geometric Laplacian can be deformed into a family
of hypoelliptic second order differential operators acting on the total space of the
tangent or the cotangent bundle of the given manifold, which interpolates in the
proper sense between the Laplacian and the generator of the geodesic flow. The
existence of this deformation is counter-intuitive, since ellipticity is a stable property.
However, the fact that the hypoelliptic Laplacian acts on a bigger space than the
original elliptic Laplacian explains why ultimately it can be made to ‘collapse’ on the
elliptic Laplacian.

Let us finally mention that up to lower order terms, the hypoelliptic Laplacian is
the sum of a harmonic oscillator acting in the directions of the fibre, and of the vector
field which generates the geodesic flow, these two operators being adequately scaled.

In this paper, first, we fully develop the theory in the case where the base manifold is
the circle. The main point is that while in this case, the geometry is trivial, a complete
understanding of the hypoelliptic Laplacian and of the interpolation property can
be easily obtained via Fourier analysis on the circle and the spectral theory of the
harmonic oscillator. The case of the circle is also useful, because the objects which
appear there turn out to be at the same time the principal symbols of the geometric
hypoelliptic operators, and because the circle is the model of a closed geodesic. The
fact that the hypoelliptic Laplacian is self-adjoint with respect to a symmetric form
of signature (00, 00) appears also naturally in that context.

The basic difference between the case of the circle and the geometric case is that
the analysis of the hypoelliptic Laplacian is no longer explicit, and also that the
convergence arguments, which are easy for the circle, are built on a functional analytic
machinery described in detail in our work with Lebeau [8].

Also we describe the construction of the hypoelliptic Laplacian, in the de Rham
case, and also for Kdhler manifolds. We emphasize the role of the symmetric bilinear
forms, at least in the de Rham case, because of the important spectral theoretic
consequences which are derived in [8].

This paper is organized as follows. In section 1, we consider the case of the circle.
Since the hypoelliptic Laplacian is ultimately obtained as a Hodge Laplacian with
respect to an exotic bilinear form on the de Rham or the Dolbeault complex, this
point of view is systematically emphasized in this simple case too.

In section 2, we recall classical results on the Hodge theory of a compact manifold,
and on the Witten deformation of classical Hodge theory which is associated with a
smooth function. Also we show that if (M,w) is a symplectic manifold, there is a
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symplectic Witten Laplacian, which turns out to be the Lie derivative operator asso-
ciated with the corresponding Hamiltonian vector field. This point of view is further
developed in [3], where the hypoelliptic Laplacian in de Rham theory is obtained by
linearly interpolating between the Riemannian metric of the base manifold, and the
symplectic form of its cotangent bundle.

In section 3, we explain the construction of the hypoelliptic Laplacian in de Rham
theory. We also give the main arguments of [3] in favour of the fact that the hypoel-
liptic Laplacian interpolates between the Hodge Laplacian and the geodesic flow.

In section 4, we give the construction of the hypoelliptic Dirac operator of [5] in the
context of Kahler manifolds, and we give the arguments showing that this operator
should indeed be a deformation of the classical elliptic Dirac operator.

As we already said, the analytic justifications which make that the whole construc-
tion ultimately exists as a mathematical theory are developed in detail in our work
with Lebeau [8]. Also applications to Ray-Singer torsion [19] and Quillen metrics
[17] are given in [8] and [5].

1. The case of the circle

The purpose of this section is to construct the hypoelliptic Laplacian in the case
where the base manifold X is just S'. In this case, all the objects are simple and
natural. Besides, the operators which are obtained in this case can be viewed as the
symbols of the operators which are obtained later in the geometric case.

This section is organized as follows. In subsection 1.1, we recall elementary prop-
erties of elliptic and hypoelliptic operators.

In subsection 1.2, we introduce the Kolmogorov operator on S' x R, which is a
simple case of an operator verifying Hormander’s hypoellipticity theorem [14], and
at the same time, coincides, up to important lower order terms, with the hypoelliptic
Laplacian. Formal conjugation arguments are used to relate the hypoelliptic Laplacian
to the elliptic Laplacian on S'. The fact that the hypoelliptic Laplacian interpolates
in the proper sense between the Laplacian and the generator of the geodesic flow
can be exhibited by hand. One obtains this way a proof of Poisson’s formula by
interpolation.

In subsection 1.3, we show that our hypoelliptic Laplacian is a Hodge Laplacian
with respect to an exotic bilinear form on the space of compactly supported differential
forms on S! x R. This result will be used in section 3 to construct the geometric
hypoelliptic Laplacian in the context of de Rham theory.

1.1. Elliptic and hypoelliptic operators. — Let X be a compact manifold. Let
X be the total space of T*X. Then X embeds in X'* as the zero section of T*X.
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Let E and F be two complex vector bundles on X. If P is a pseudodifferential
operator of order m mapping C* (X, F) into C* (X, F), its principal symbol op (z, &)
is a smooth map on X*\ X with values in Hom (E, F'), which is homogeneous of order
m in the variable £&. The operator P is said to be elliptic if op (z,£) is invertible on
X\ X.

If X is equipped with a Riemannian metric, if AX is the Laplace-Beltrami operator
acting on C* (X,R), then —AX is an elliptic operator of order 2, and its principal
symbol is |£ |2. The standard example is the operator —3i:§ acting on S*.

Ellipticity is a stable property. Indeed a small deformation of an elliptic operator
is still elliptic. This should make all the more surprising the fact that certain elliptic
operators can be deformed into hypoelliptic operators. This is only possible because
the deformed operators act on a different space than the original operator. Besides
elliptic operators of order m act on Sobolev spaces, and decrease the Sobolev index
by m. As an example, the operator —AX decreases the Sobolev index by 2, and any
pseudoinverse of —AX (an inverse up to regularizing operators) increases the Sobolev
index by 2. In particular if u is a scalar distribution on X such that —AXwu € H*,
then u € H*2,

Hypoellipticity is a weaker property. A pseudodifferential operator P is said to be
hypoelliptic if when u is a distribution such that Pu is C* on some open set, then u
is also C™ on this open set. For example the parabolic operator 2 — 1A% on R x X
is hypoelliptic.

1.2. The Kolmogorov operator and Hérmander’s theorem. — Consider the
operator A on R x R? introduced by Kolmogorov [15],

0 102 0

In [15], Kolmogorov computed the fundamental solution of (1.1), as a time dependent

Gaussian kernel in the variables (z,y), from which the hypoellipticity of A follows.
The hypoellipticity of A prompted Hérmander [14] to develop his theory of hy-

poelliptic second order differential operators which we now briefly describe. Indeed if

Xo, ..., Xm are smooth vector fields on R™, consider the differential operator
1 m
(1.2) M= —§ZXE+X0.
i=1

Let € () C R™ be the vector space spanned at by Xy, ..., X, and their Lie brackets.
Hoérmander’s theorem asserts that if at each z, £ (z) = R"™, then M is a hypoelliptic
operator.
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The fact that A is hypoelliptic is a consequence of Hérmander’s theorem since the
Lie bracket [ 3‘1 , Bt yaz] = —6% is enough to make the H6érmander distribution

associated with 6y, 2 —yZ span RS
More generally, consider the operator A, on R?"*! which is given by

0
1. Ap=2 Lave
(13) n= = 5AY -V,
In (1.3), AV denotes the Laplacian in the variables y1,...,yn, and V, denotes dif-
ferentiation on the variables z!,...,z" in the direction y, ie., V, = YTy 81" In

this case, the n Lie brackets [a%“ Vy] = % are necessary to make the Hérmander
distribution span R2"+1,
The parabolic operator % - %3%25 is the model of the geometric parabolic operator

2 — 1AX. Let us now describe the model of its hypoelliptic deformation.
Let L be the operator on R3,
o 1 02 0
(14) L=%%2 (‘WJ" 1)”%
Clearly,
(1.5) L=A+%(y2—1).

The term which is added to A in the right-hand side of (1.5) has no effect on hypoel-
lipticity, which is by definition a local property. On the other hand, the operator H
given by

2
(1.6) H= % (_58—5"'?/ 1)
is the harmonic oscillator, which has discrete spectrum and compact resolvent. From
this point of view, the operator L is significantly different from the operator A in

(1.1).
As in (1.3), we may as well define the operator L, on R2"*! which is given by
o 1 2
(1.7) L= a+§(—A+|y| —n) = V,.

To make the notation simpler, we now proceed with the case n = 1. Also we
disregard for the moment the variable ¢, which can be included in everything which
follows. For b > 0, set

1 0? ) 1 0
1. =— |- - Zy—.
(1.8) £y 2b2( e TV ) " e
Clearly,
1 9? ( 3)2 1 92
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In the sequel, it will be convenient to assume that z € S = R/Z, and that y € R
lies in TS or T*S?.

Let us formally make the translation y — y + b%. Equivalently let Uy be the
formal operator,

52
1.1 = .
(1.10) Us = exp (baxay)
Set
(1.11) My = UpLpU; L.
Then M, is given by the operator,
1 v s 182
(1.12) My=g55 (A" +y° -1) - 555
We can write the operator M, in the form,
H 18

Before we proceed, let us observe that conjugation by U, has transformed the
hypoelliptic operator £, into the elliptic operator My, in which the variables z,y
have been uncoupled.

Since the spectrum of H is equal to N, the spectrum of M, is given by

N
(1.14) Sp (Mf,) =5t {2n°k* k€ Z} .

Therefore when b — 0, the finite part of the spectrum of M}, converges to the spectrum
of —%6%25, and as b — +o00, Sp (M}) while staying real, accumulates near 0. Also 0
is a simple eigenvalue of M.

Before we explain how the spectrum of M, relates to the spectrum of Ly, let us first
explain how to eliminate the nonzero eigenvalues of H. Let A’ (R*) be the exterior
algebra of R, which is spanned by 1,dy. Let N be the number operator on A" (R*),
which acts like 0 on 0-forms, and 1 on 1-forms. Set

(1.15) O=H+N.

Let Try be our notation for the supertrace. Indeed let V = V, & V_ be a Za-
graded Hilbert space, and let 7 = £1 be the endomorphism of V' which defines the
Z,-grading. If A € £ (V) is trace class, then

(1.16) Tr, [A] = Tr [74].

Here we use the Z,-grading associated with the grading of A" (R*). Then one has
the easy identity,

(1.17) Ty [exp (—t0)] = 1.
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Put
N
(1.18) My =My + oR

Of course (1.14) remains valid for M}, and 0 is still a simple eigenvalue of Mj. From
(1.17), (1.18), we get

2
(1.19) Trs [exp (—tM})] = Tr [exp (%—6%5)} .

The remarkable fact in (1.19) is that it does not depend on b > 0. We already
saw that as b — 0, the spectrum of M, converges to the spectrum of —%%. The
question is now to know how to use (1.19) with b — +oo.

Using hypoellipticity, it is not difficult to show that £, has a smooth heat kernel,
and that for ¢ > 0, exp (—tLp) is trace class.

We claim that

(1.20) Tr [exp (—tLp)] = Tr [exp (—tMy)].

One could try using the conjugation by the operator U, which was described above
to get (1.20). However, the operator U, is poorly defined, and does not act on any
natural function space.

However, we can use Fourier series to diagonalize the operator %, and try obtain-
ing an analogue of (1.20) for each eigenvalue 2imk,k € Z, from which (1.20) would
follow by summation. This can indeed be done. In fact the eigenvectors of the har-
monic oscillator H are given by P, (y)exp (—y?/2) ,n € N, where the P, are the
Hermite polynomials. Now the complex translations y — y+ 2iwbk, k € Z maps these
eigenvectors into well defined elements of L,. It is not difficult to conclude that the
consequences of the above conjugation by U, are correct, and that (1.20) holds.

Set
(1.21) Ly =Ly+ g
By (1.8) and (1.21), we get

/_L(_ﬁz’_ 2_) N_ 198
(122) L= ozt Y TR e
Using (1.18)-(1.21), we obtain,
(1.23) Tr, [ex (—-tC')]—Tr[ex (592—)]
. s p b)l — P 2 azz .

Instead of (1.23), one can replace (1.23) by a pointwise equality in the x variable of
the integral of the corresponding kernels in the y variable, simply by using the Fourier
series argument we just gave. However, this will not be used in the sequel.
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Now we will make b — 400 in equation (1.23). For b > 0, let K}, be the map

(1.24) Kps (z,y) = s (z,by) .
Set
(1.25) Ly = KpLo K
By (1.22), we get

2 2
(1.26) £b=%—y%—§z—4§y—2+;—2(—%+N>.
By (1.26), we find that as b — +o0,

y> 0

(1.27) Ly = 5 Vgt O (1/v%).

Equation (1.27) indicates that up to the translation by l;, the leading term in the
asymptotics of £ is the generator of the geodesic flow.

We briefly show how the above can be used to give a proof of the Poisson formula.
Indeed (1.26), (1.27) already indicates that Trs[exp (—t£p)] concentrates along the
closed geodesics in S! parametrized by [0, t], which start and end at = and have speed
y. This means that y = k/t,k € Z. Let Ry be the map

(1.28) Rips(z,y) = s (z,k/t +y/b%) .
Set
(1.29) ﬁk,b = RkJ,SbR,:},.
By (1.26), we get
1 2)2 _ n9o 10 l(_l )
(1.30) v =3 (k/t+y/b*)" — (k/t +y/b°) 95 2047 +@El\—5t+N)

Now observe that the term k/ t-a% can be disregarded, because, once it is multiplied
by t, it exponentiates to the identity. We still use the notation 5:;6,1, for the operator
in which this term has been deleted. Let S, be the map s (z,y) — s (b*z,y). Note
that this map is only defined for z € R. Put

(1.31) 5 =5, "Lk 5.
By (1.30), we obtain,
| w2 0 18 1( 1 )
: =~ —y—— ==+ = (-2 +N).
(1.32) ko= (k/t+u/P) —vg —saa T -3t

The effect of the above change of variables is that for every k € Z, we should
evaluate the asymptotics as b — +00 of I k,b,t Eiven by

(1.33) Iipy = b /R Tr, [exp (—t£ ) ((0,9),(0,3))] dy.
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In (1.33), exp (—tSZ,b) ((z,y),(z',y')) denotes the smooth kernel on R? which is

associated with the operator exp (—tSjc”b). As to the factor b2, it appears because of
Sp.

Clearly,
(1.34) b T, [exp (—tN/b?)] = b (1 _ e—t/b’) ,
so that as b — +o0,
(1.35) b*Tx, [exp (—tN/b%)] — t.
Put
(1.36) m=_y%_%§_;‘

By (1.33)-(1.36), we find that as b — +o00,

(1.37) Iipt — Ik, +o0 = texp (—k°/2t) /RTr [exp (—=tM) ((0,¥), (0,v))] dy.

Now one verifies easily that
t—3/ 2

(1.38) /R Teexp (—49) ((0,0), )] dy = =

By (1.37), (1.38), we obtain,

exp (—k?%/2t)
N

which is exactly the contribution of k € Z to Tr [exp (%6—"’;)]
The same sort of argument can also be used to evaluate the full heat kernel for
exp(t o ) on S1.

2 9z2

The operator £} is the prototype of a hypoelliptic Laplacian. We have shown by
b

(139) Ik,+oo,t =

elementary arguments how and in what sense it interpolates between the standard
Laplacian and the generator of the geodesic flow. The remarkable fact is that the
full spectrum of the Laplacian can be recovered from the spectrum of its hypoelliptic
deformation, and the heat kernel on S! can also be obtained by this procedure.
Later, we will describe the deformation of the Laplacian of a manifold to a hypoel-
liptic Laplacian, that is in a geometric context. However, when taking the obvious
n-dimensional extension of what we just did, the above exactly describes the deforma-
tion of the associated principal symbols. Needless to say, the proper geometric context
cannot be described just via the principal symbol, the full symbol is obviously needed.
This ultimately means that there is not only one hypoelliptic Laplacian, there are as
many as possible geometric deformations which one can possibly envision. This will
be illustrated in the sequel in the two main classes of examples, which correspond to
deformations of de Rham Hodge theory, and of Dolbeault Hodge theory. Moreover it
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will not be possible to make geometric sense of a conjugation like the one in (1.11),
because the considered vector fields will not commute.

Finally, it is instructive to observe that we made two kinds of translations on the
variable y. One type of translations has been to replace y by y + 2inbk for k € Z,
or equivalently to change y into y + b%. This imaginary translation has allowed us
to relate the hypoelliptic operator £} to the elliptic operator My. The other kind of
translation has been the real translation y — y + bk/t, to connect the operator £}
with the geodesic flow. It should then be clear that the possibility to make at the
same time translations on y in the imaginary and in the real directions is critical in
explaining the fact that £} interpolates between the Laplacian of S* and the geodesic
flow of S*.

1.3. The hypoelliptic Laplacian as a Hodge Laplacian. — Now we will explain
in what sense the operator £} is a Laplacian of Hodge type.
Let d5" *R be the de Rham operator on S! x R. Then

0

. b}
) d® R = do— + dy—.
(1.40) L=+ Y5y

oz

The standard adjoint d5 *B* of d5' ¥R is given by

(1.41) gS xRx _ _i%(% 3 if,%(%'
Set
(1.42) Hy) = %

Let d5 R be the Witten twist of d5' ¥R i.e.
(1.43) A5/ ¥R o= TH S xR TH
Then
(1.44) 45X _ gS' xR Ty

Let d;lxn* be the usual adjoint of d;lXR, ie.,

(145) dngR* — eT’HdSIXR*e—T'H.
Equivalently,

S xRx S xR* .
(1.46) dr XRx == % +Tyz%.

Let D;IXR be the corresponding Witten Laplacian [20], i.e.,

(1.47) 05 <R = [d5 R, a5 <F] .
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In (1.47), [] is our notation for a supercommutator, which, in this case, is an anti-
commutator. Then '

1 1 102
(1.48) 0= (‘%*TZ PT)+ TN -G
By (1.48), we get
1 _oiyr T 0? 1 0?
(1.49) Kﬁ_liElT" K\/T:E( 32+y ~1 +TN_§EF'

If T = 1/b%, by comparing (1.12), (1.18) and (1.49), we get

(1.50) KL 5

Equation (1.50) suggests what should be done to write £} as a Hodge like Laplacian.
Set

‘oS “RK 5= M,

(1.51) Ly = K; 'Ly Ky,
By (1.22), we obtain,
,,_1(_8_2 ﬁ_l) N_y9
(1.52) Ly =3 7)) T v
Recall that U, has been defined in (1.10). Set
(1.53) &R = UG S R U, R = UtdS SR U,
By (1.40), (1.41), (1.44), (1.45), we get
1

(1.54) a5 xR = = (dz — dy) 5 +dyaa + vy,

SR, 3 a 1

E+%or By T V'
Then (1.11), (1.18), (1.21), (1.47), (1.50) or an easy direct computation show that

1
(1.55) 5[4 =

Let 2 (S* x R) be the vector space of smooth forms on S* x R with compact
support. Let r be the map (z,y) — (z,—y). Let h be the symmetric bilinear form on
Q¢ (S x R),

(1.56) h(s,s') = / (r*s, s') dzdy.
S'xR
In (1.56), () is the obvious scalar product on A" (T* (S* x R)). Then (1.54) shows

that _dfl *R* is the formal adjoint of dfl *R with respect to h.

SOCIETE MATHEMATIQUE DE FRANCE 2008



50 J.-M. BISMUT

Still _d_bs "XR a5 no obvious relation to the de Rham operator. However, observe
that

, 1 ) 0 0
(1.57) exp (dyz%) c_lbs *R exp (—dyz%) dxb—- + dy(9 2ydy,
which we can rewrite in the form,
(1.58) exp (dyz%) ds *Rexp (—dyz'%) = d‘lg/bER.
Set
(1.59) & ™ = exp (dyi ) &5 ™" exp (—dyi o )

: »  =exp(dyis )dy p(-dyip ).

By (1.54),

—=S!xRx .0 . 0 Y.
(1.60) dy =g 5o~ l%_%a—y-i-b—ﬂ%_%.
By (1.52), (1.55), and (1.58)-(1.60), we get

StwxR 55! XRx _l 02 y2 1 i o}
(1.61) [dl/bé ,dy ]_§<_ay tuE) e (N dyza)—b—2£.

Equations (1.54) and (1.61) should give ample matter to think about. First we
consider (1.54). Observe that

. 2 ) 2
(1.62) (dw - Z:%) = -1, (dy+z%) =1,
which shows that
. 2
(1.63) (dw—dy—z%+%) =0.

Equation (1.63) exactly says the operator dz — dy — ¢ 2 42 is nilpotent. This in turn
z y

explains why there is no term 5‘1—25 in the right-hand side of (1.55).
Now we concentrate on the pair (dl e ,Ef XR*). From (1.57), (1.58), we will

T(S'xR)

obtain an analogue of the bilinear form h. Indeed let § be the bilinear form

onT (S L x R) = R & R which is given by the matrix,

(1.64) bT(51XR)=<1 1).
10

The corresponding bilinear form on T* (S* x R), which we denote by 7" (S"xR) i
given by
(1.65) pT (S7xR) - (O ! ) .

1 -1

Then bT*(S "*R) induces a corresponding symmetric bilinear form bA‘(T'(S 'xR))

A (T* (S* xR)).

on
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Let h be the symmetric bilinear form on Q © (S* x R) which is given by
woe)  hiss)= [ g EE®) (s(5,-) ' 0,0) dody.
SIxR

Observe that in (1.66), the map r is made only to act on the function s (z,y) without

=S'xRx , . . .
acting on the form part of s. Then d, *™* is the formal adjoint of d° | XR with respect
g b 1/b

to b.

The bilinear forms h and h are symmetric, but they are non local, in the sense their
construction involves the antipodal map r. Consider instead the matrix ¢ acting on
T (S* x R),

1 -1
(1.67) ¢= (1 0 ) :

and the corresponding bilinear form n on T (S* x R),
(1.68) n(U,V)=(U,¢V).
Then

[0 1
(1.69) ¢ _<_1 1).

If we identify T (S* x R) and T* (S* x R) by ¢, the corresponding bilinear form n*
on T* (S* x R) is given by

(1.70) n* (s,8") = (¢7's,8').

Then n* induces a nondegenerate bilinear form on A (T* (S* xR)). If 5,8’ €
Qe (S1 X R), set

(1.71) n(s,s') = / n* (s,s') dzdy.
SIxR
Then one verifies that
(1.72) n (s,dls/lb’éRs’) =7 (Ef R s’) .
Let w be the symplectic form on S x R,
(1.73) w=dyAdz.
Then observe that if U,V € T (S* x R),

(1.74) n(U,V) = (mU,mV)+w(UV).
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2. Hodge theory and the Witten Laplacian

In this section, we briefly recall elementary results in Hodge theory. Also we
describe the Witten deformation of the classical Hodge Laplacian. Finally, we show
that on a symplectic manifold, up to a constant, the symplectic Witten Laplacian
is the Lie derivative operator associated with the corresponding Hamiltonian vector
field.

This section is organized as follows. In subsection 2.1, we recall known results on
Hodge theory and on the Witten Laplacian.

In subsection 2.2, we give a formula for the symplectic Witten Laplacian.

2.1. Classical Hodge theory and the Witten Laplacian. — Let X be a com-
pact Riemannian manifold of dimension n, let g7X be the metric on TX, and let
dvx be the associated volume form. The metric g7* induces a corresponding scalar
product (). . x) on A" (T X).

Let (2 (X),dX) be the de Rham complex on X. Let (), (x) be the scalar product
on ' (X) associated with 7%, i.e.,

(2.1) (8:8)q (x) = /x (8,8 ) a7+ x) dvx.

Let dX* be the formal adjoint of dX with respect to Oa x)-
The Hodge Laplacian 0¥ is given by

(2:2) 0% = [@%,d*"].

The Hodge Laplacian X is a second order elliptic self-adjoint nonnegative operator,
whose principal symbol is |¢ |2. If AX is the Laplace-Beltrami operator, the restriction
of (0% to smooth functions coincides with —AX.

Let H = ker 0% be the finite dimensional vector space of the harmonic forms. The
basic result of Hodge theory asserts that

(2.3) ' H~H (X,R).

Now we briefly describe the Witten deformation [20] of the above Hodge Laplacian.
Its purpose is to provide an interpolation between classical Hodge theory and Morse
theory. Let f: X — R be a smooth function. For T > 0, as in (1.43), set

(2.4) dX = e~ TIgX s,

The complex (Q' (X),d¥) is canonically isomorphic to the complex (€ (X),d*).-
Let df* be the formal adjoint of d3f with respect to ()q.(x), so that

(2.5) dX* = eTfgX*e TS,

ASTERISQUE 322



A SURVEY OF THE HYPOELLIPTIC LAPLACIAN 53

The corresponding Witten Laplacian (0% is given by

(2:6) 0% = (@, 5.

The Laplacian D¥ has exactly the same properties as (0%. In particular if
(2.7) Hr = ker O,

then

(2.8) Hr~ H (X,R).

Of course, for T = 0, E]¥ coincides with O, so that Dfﬁ is a deformation of (X
Clearly,

(2.9) d¥ = d* + TdfA, d3* = d** + Tiyy.

Let e1, ..., e, be an orthonormal basis of T X, let €1, ..., e" be the corresponding dual
basis of T*X. From (2.9) we deduce that

(2.10) OF = 0% + T2 |df|” + T (2(VIXVf,¢e;) €'ie, — ATXf).

An essentially equivalent construction is to keep d*X fixed, and instead to consider
the adjoint of d*X with respect to the Ly scalar product in (2.1), in which the volume
form dvx has been replaced by e 2Tfdvyx. The adjoint of d¥X is just d* and the
associated Laplacian is given by e7/0%e~77.

Assume f to be a Morse function. Using (2.10), Witten showed in [20] that as T' —
+00, most of the spectrum of I:l¥ tends to 400, and the remaining finite eigenvalues
tend to 0. Some of these are exactly 0, and correspond to the harmonic forms, and
others are asymptotically small, decaying to 0 like e=°T,c > 0. Let F;. be the direct
sum of eigenforms of L__l¥ for eigenvalues < 1. Witten showed that as T' — +o0, Fp
localizes near the critical points of f. More precisely, Fi localizes near the critical
points of index i. Also Witten conjectured that as T — +oo, the complex (Fj,d% )
approximates in the proper sense a complex constructed from the ‘instantons’ which
connect the critical points. These instantons are integral curves of the gradient field
Vf. When Vf is Morse-Smale, this complex was identified to be the Morse-Smale
complex associated with Vf. In [12], Helffer and Sjéstrand proved the conjecture of
Witten. For another proof we refer to [10].

The Witten deformation was used in Bismut-Zhang [9, 10] to give a new proof of
the Cheeger-Miiller theorem [11, 16].

One of the main motivations given in [3] for the introduction of the hypoelliptic
Laplacian has been an attempt to extend the construction of the Witten Laplacian to
the loop space LX of X. On LX there are many natural functionals like the energy. If
the Witten Laplacian associated with the energy existed, it would interpolate between
the Hodge Laplacian (X% of LX and the Morse theory of the energy functional, whose
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critical points are precisely the closed geodesics. The hypoelliptic Laplacian provides
a semiclassical version of this interpolation. For a review of these aspects of the
hypoelliptic Laplacian, we refer the reader to [4, 6].

2.2. The symplectic Witten Laplacian. — Let (M, w) be a symplectic manifold
of dimension n. The nondegenerate bilinear form w on 7'M induces an isomorphism
¢: TM — T*M, so that

(2.11) w(U,V) = (U,¢V).

Let w* be the nondegenerate bilinear form on T*M which corresponds to w via the
canonical isomorphism ¢. We still denote by w* the associated bilinear form on
A (T*M). The form w determines a volume form dvps on M.

Ifae A (T*M), set

(2.12) La=wAea.
Let A be the adjoint of L with respect to w*, so that
(2.13) w* (As,s') = w* (s,Ls").

The operators L, A are the well-known Lefschetz operators. Let N be the number op-
erator of A" (T* M), i.e. the operator which acts by multiplication by k on A¥ (T*M).
Set

1
(2.14) H= 2 (N —n/2)
Then we have the well-known commutation relations
(2.15) H,L) =L, [H,A]=-A,  [L,A]=2H.

Let EM be the formal adjoint of d¥ with respect to the bilinear form associated with
the symplectic form w as in (1.71), (1.72), with n* replaced by w* in (1.71).
Now we state the simple result in [3, Theorem 2.2].

Proposition 2.1. — The following identities hold:
(16)  d'=-[a,A],  M=-[d",1], [a¥,3"] =0.

Proof. — Using Darboux’s theorem, we may as well assume that locally, the form w
has constant coefficients. Then (2.16) is elementary linear algebra. In particular the
last identity is just a reflection of the fact that w vanishes on the diagonal. O

Let H: M — R be a smooth function. Let d,";’ be the twisted de Rham operator
(2.17) dM = e MgMe™,
and let E,,Af be its symplectic adjoint, i.e.,

(2.18) dy = eMde ™.
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Then [d,ﬂ_{ , 3«,1:1 ] is the symplectic Witten Laplacian associated with H.
Let Y™ be the Hamiltonian vector field associated with #, so that

(2.19) dH + iynw = 0.

Let Ly be the Lie derivative operator associated with Y.
Now we state a simple formula established in [6, eq. (2.34)].

Proposition 2.2. — The following identity holds:

(2.20) a3, @] = —2Lyn.
Proof. — One verifies easily that

-M =M .
(2.21) d2H = d - 2ZY‘H,
so that using (2.16), we get
(2.22) [0, dasq| = —2Lyn.

By conjugating (2.22) by e~" and using the fact that Y preserves H, we get (2.22).
O

Proposition 2.2 is quite interesting. Indeed remember that our ultimate goal is to
interpolate between the Hodge Laplacian (0% of the Riemannian manifold X and the
generator Ly~ of the geodesic flow on the total space X'™* of the cotangent bundle of
X. However, (2.20) indicates that Ly is itself a symplectic Witten Laplacian. One
possible construction of the hypoelliptic Laplacian consists in linearly interpolating
between the scalar product of TX and the symplectic form of X*. This point of view
is explained in detail in [3, section 2.12].We also refer to equations (1.74) and (3.5)
for a hint on how to do this.

3. The hypoelliptic Laplacian in de Rham theory

The purpose of this section is to construct the hypoelliptic Laplacian in de Rham
theory. This operator, which acts on the total space X'* of the cotangent bundle of
a Riemannian manifold X, depends on a parameter b > 0. Also we give arguments
showing that it should interpolate between the standard Hodge Laplacian of X and
the generator of the geodesic flow on X™*.

This section is organized as follows. In subsection 3.1, we give a formula for the
operator d¥" .

In subsection 3.2, we introduce a symmetric bilinear form on Q¢ (X*), and we
obtain the formal adjoint EX* of d¥” with respect to this form.

In subsection 3.3, given a Hamiltonian function H on X*, we obtain corresponding
symmetric bilinear forms, and we construct the adjoint of the Witten twist dft*.
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In subsection 3.4, we discuss the self-adjointness of our first order differential op-
erators.

In subsection 3.5, we give Weitzenbock formulas for our new Hodge like Laplacians.

In subsection 3.6, when the function H is proportional to |p|2 /2, we show that our
new Laplacians are hypoelliptic.

In subsection 3.7, we show that b — 0, the hypoelliptic Laplacian should converge
in the proper sense to the classical Hodge Laplacian of X.

Finally, in subsection 3.8, we give arguments showing that as b — +o00, the hypoel-
liptic Laplacian converges to the generator of the geodesic flow.

3.1. The de Rham operator on X*. — Let X be a compact Riemannian manifold
of dimension n, let X, X* be the total spaces of the vector bundles TX,T* X over X,
and let 7 denote the projection from X or X* on X. The metric g7* induces an
identification of the fibres TX and T* X, and a corresponding isomorphism of X and
X*.

Let VTX be the Levi-Civita connection on TX, and let RTX be its curvature. Let
VT"X be the corresponding connection on T* X, and let RT"X be its curvature.

Let

(3.1) TX* =" (TX & T*X)

be the splitting of X* which is associated with the connection VT X. In (3.1), TX
corresponds to the horizontal part of TX*, and T*X to the tangent bundle to the
fibres T* X .

From (3.1), we get the isomorphism,
(3.2) A (T*x*) =7 (A (T*X)®K (TX)).
In (3.2), A (T X) is our notation for the exterior algebra of the fibre, the hat permitting
us to distinguish A" (T'X) from the exterior algebra A" (TX). Of course A’ (TX) and
A (TX) are canonically isomorphic. Let VA (T"*") be the connection on A* (T*X*)
induced by VTX,

Let (2 (X*),d* *) be the de Rham complex of X*. Let I be the vector bundle on
X of smooth sections of A’ (T'X) along the fibre T*X. By (3.2), we get

(3.3) QX" =9 (X,I).
Let p be the tautological section of the fibre 7*T*X over X*. Using (3.2), we may
write d¥” in the form,

X* _ 4V I .
(3.4) & = d" + V! i

In (3.4), d" is the de Rham operator along the fibre T* X, V! is the obvious connection

e —

on I, and iﬁ:x\ is the interior multiplication by the vertical vector RT*Xp. Of course
P
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RT"X is viewed as a 2-form on X, so that ultimately i—x increases the total degree
p

by 1.

3.2. A bilinear form on Q¢ (X*). — Now we inspire ourselves from the arguments

which were given in subsection 1.3. Let Q¢ (X*) be the vector space of smooth forms
on X* which have compact support. Let w be the symplectic form of X*. On TX™,
let 7 be the nondegenerate bilinear form,

(3.5) n(U,V) = (mU,mV)+w(U,V).
The isomorphism ¢ : TX* — T*X* associated to 7 is given by

TX 1|
(3.6) ¢= (g e X) .
llrx 0

Equation (3.5) should be compared with equation (1.74), and equation (3.6) should
be compared with equation (1.67).

The volumg form on X* associated to n is exactly the symplectic volume form
dvy~. Let 4" be the formal adjoint of d¥” with respect to the bilinear form 7 on
Q¢ (X*), which one obtains as in (1.71) from (3.5), (3.6). Of course, we use the same
conventions as in subsection 1.3 to define the formal adjoint, and we use in particular
equation (1.72).

Let e, ..., e, be an orthonormal basis of TX, let e, ...,e" be the corresponding
dual basis of T*X. Recall that TX* = 7* (TX @ T*X). We denote by €l,...,e"
the basis of the vertical fibre T*X in TX*, and by €y,..., €, the corresponding dual
basis.

Set

(3.7) RT"XpA = Zig iy RT X (es,€5)p A .

N =

In (3.7), RT"X (e;,e;) p is viewed as a section of T* X, which lifts to a 1-form on X*.
RT"Xp decreases the total degree by 1.
We now have the result established in [3, Proposition 2.10].

Therefore

Proposition 3.1. — The following identity holds:

=X . . * .
(3.8) d° =—ixVIY +i, Vo + RT XpA—ig Vs

i

3.3. A Hamiltonian function. — Let H : X* — R be a smooth function. Let
Y™ be the associated Hamiltonian vector field, so that dH + iynw = 0.We denote by
VVH the fibrewise gradient field of H.

Definition 3.2. — Set

(3.9 df =eMd* M, 3:' = eMg¥ e M.
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*

Observe that Ei is the adjoint of dﬁ' with respect to 1. Also, if 5,5’ € Q¢ (X*),
put

(3.10) n (8,8') = / n* (s,8") e Mdvy-.
xl
Then c_i;YH is the adjoint of d¥” with respect to 7.

Definition 3.3. — Set

1 —-X‘ * 1 —X* *
Then
(3.12) Ay = e M Ape™.
Moreover,
1 . —X*
(3.13) A =3 [d’f ,dm].

We have the result established in [3, Proposition 2.18].

Proposition 3.4. — The following identities hold:

Lo . Araty s L (hrx .
AH=§(6_Ve\i)V81( )+§(ei+z€i—g)V’e\i+§ R pA+2m
(3.14) +iaVeH+in_, VoH,
1,. A L 1/ rx .
Q[H=§(e’—1/e~,.)vei( )+§(ei+zei_;)V3+§(R p/\+1ﬁ;x\p

et—e;

1, . 1. .
+5 (e +zfe~,.)veiH+§(ei+z~ ) VaH.

Set
(3.15) o = €; A dle,.
Put
(3.16) Ay, = e MUz et

The proper interpretation for (3.16) can be guessed from (1.57)-(1.59). The operator
% Wwill also be considered in the sequel.
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3.4. A self-adjointness property. — The bilinear form 73; on Q' (X*) is in gen-
eral not symmetric. However, we will here follow the arguments in (1.64)-(1.67).
Let hTX" be the bilinear form on TX* = 7* (TX @ T*X) which is given by

]-ITX 0

Let p : TX* — T* X be the projection with respect to the above splitting of TA*. If
U e TX*, then

(3.18) hTX" (U, U) = (m,U, 7, U) + 2 (m, U, pU).

Then the volume form on X* which is attached to h7¥" is the symplectic volume
form dvy-. Let §2 (T°%) be the corresponding symmetric form on A’ (T*x™).
Let r : (z,p) — (x, —p) be the obvious involution of X*.

Definition 3.5. — Let § be the symmetric form on Q¢ (X*),

(3.19) h(s,s) = / hA T X)) (507, 8') duge.

As in (1.66), in (3.19), the change of variable p — —p is not made on the form part
of s. Set

(3.20) b (s,8) = b (e7s,8').

If H is r-invariant, then by is a symmetric form.

Let g77"X be the natural metric on T'X* which is associated with the splitting of
TX*, and let g be the scalar product on ¢ (X*) associated to g77 X. Let h be the
symmetric form on ¢ (X*),

(3.21) h(s,s') =g (r*s,s’).

The symmetric forms in (3.19) and (3.21) have signature (0o, 00). If H is r-invariant,
the same property holds for the symmetric form in (3.20) .
We state a result established in [3, Theorems 2.21 and 2.30].

Theorem 3.6. — If H is r-invariant, Ay is by -symmetric, Ay is h-symmetric, and
A3, is h-symmetric.

3.5. The Weitzenbéck formula. — We give the Weitzenbock formula established
in [3, Theorem 3.3].
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Theorem 3.7. — The following identities hold:
1 1 T 1
(3.22) A} = 1 (—AV -3 (RTX (eire;) ex,e1) €' inin + 2L§7H) - §Ly‘l-t,

A2, = i(—AV — % (RTX (eir€)) ek, e1) €€linin + |VV’H|2
— AVH +2(VaVyH) Giiy +2 (Vo Ve, H) eji;i) - %Lyﬁ.

3.6. The hypoelliptic Laplacian. — Let N the operator counting the degree in
A (TX). For c € R, set

2
(3.23) HE = c%—.

Let u € R be an extra variable. The following result was established in [3, Theo-
rems 3.4 and 3.6].

Theorem 3.8. — The following identities hold:

1 1 P i . 1
A2, = i (—AV +2¢Ln— 3 (RTX (e;,€;) e, e1) e’e%?cve\l) - §Lync,
1 1 o
(3.24) A3 = 1 (—AV +p* +c(2N —n) — 3 <RTX (e €5) e, er) e’e’i?c've))
1
- 5Lyn¢.

For ¢ # 0, the operators & — A%,., 2 — %2 . are hypoelliptic.

Remark 3.9. — Of course (3.24) follows from theorem 3.7. Hypoellipticity follows
from Hoérmander [14]. Any of the operators in theorem 3.8 is called a hypoelliptic
Laplacian.

3.7. An interpolation property: the limit b — 0 and classical Hodge theory.
— In the sequel, we take b > 0, and we set H = |p|* /2,¢ = 1/b%.
For b > 0, let K, be the map s (z,p) — s(z,bp). By [3, Theorem 3.8], we get

(3.25) K20 K = o+ g +7,
with a, 8 given by

1 P
(3.26) o= (—AV +pl* - n) + N, 8= _vgv(iT x")

Observe that « is a standard self-adjoint harmonic oscillator. Also ker a is spanned
by the function exp (— |p|? /2)
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We identify Q' (X) to kera by the map s — 7*sexp (— |p|2 /2) /m™/4. Let P be
the standard Ly -projector from Q' (X*) on ker a. Note that 3 maps ker « into its Lo
orthogonal.

Assume for the moment that «, 3 are endomorphisms of a finite dimensional vector
space F, that a is semisimple, so that

(3.27) E =ker a®Ima.

Let Q be the projector from E on ker o with respect to the splitting (3.27). We also
assume that @ maps ker « into Im a.
Let u € End (E). We write u as a matrix with respect to the splitting (3.27).

A B
C D

(3.28) u=

Suppose u to be invertible. Now we give a matrix expression for the inverse u~! of
u under the assumption that D is invertible. We will assume implicitly that other
matrix expressions are invertible as well. We have the formula,

! —(A-BD"'C)"' BD!

D'+ D"'C(A-BD-'C)”' BD!

(A-BD"'C)”

(3.29) vt = -
-D~'C(A-BD10)

1

Let a~! be the inverse of « restricted to Im . By (3.29), when \ € C, we get

_ [(A —QYQ+QBaBR) T +OB) O®) ]
0 o))’

By (3.30) we find that as b — 0,

(3.31) (,\—%———7)_ =Q(A-Q(r—-Ba1B) Q) Q+0O().

The operator appearing in the limit b — 0 is Q ('y — Ba! ,8) Q acting on ker a.

Passing from the above finite dimensional argument to an infinite dimensional con-
sidered in (3.25) is a wild jump. However, this is the sort of situation one encounters
typically in adiabatic limit problems in the theory of Quillen metrics [1, 7]. The
major difference is that the operators considered in these references are elliptic and
self-adjoint, which is not the case here.

We have given enough motivation for studying the operator P (7 - Ba~! ,8) P in
the context of (3.25).

In [3, Theorem 3.14], the following result is established.
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Theorem 3.10. — The following identity holds:
(3.32) Py~ pa™'p) P = ;OX.

Remark 3.11. — Theorem 3.10 gives an argument in favour of the fact that A%_tc is a
deformation of (0% /4.

In joint work with Lebeau [8], the hard analysis involved in the convergence as
b — 0 of the resolvent of 272, to the resolvent of 2% is carried out in detail. The
convergence is also valid for the traces of the corresponding heat kernels, as well as
for the spectrum of these operators.

3.8. An interpolation property: the limit b —» +0co0 and the geodesic flow.
— We still take H = |p|® /2,c = 1/b2. Let 1, be the map (z,p) — (z,bp). Using
(3.22), we get

1
(3.33) T 2W el e = 5 Ip|> = Ly» + O (1/b).

The dynamics associated to the right-hand side of (3.33) is the geodesic flow.
From (3.33), we deduce that when b — +o00, the trace of an operator like
exp (—A%.) should localize around closed geodesics.

4. The hypoelliptic Dirac operator

The purpose of this section is to briefly develop the construction of the hypoelliptic
Dirac operator obtained in [5] in the case of Kahler manifolds. This deformation of the
classical elliptic Dirac operator is not a generalization of what was done in section 3.

This section is organized as follows. In subsection 4.1, we discuss another method
to obtain a Laplacian which looks like the hypoelliptic Laplacian of section 3.

In subsection 4.2, we construct the hypoelliptic Dirac operator, which depends
again on a parameter b > 0.

In subsection 4.3, by squaring our Dirac operator, we get our new hypoelliptic
Laplacian.

In subsection 4.4, we give arguments in favour of the fact that as b — 0, our
hypoelliptic Laplacian converges in the proper sense to the classical elliptic Hodge
Dolbeault Laplacian of X.

4.1. Another approach to hypoellipticity. — Let (X 97X ) be a compact Rie-
mannian manifold, let X’ be the total space of TX. The generic element of X’ will be
denoted (z,Y). We will now try to give another approach to the construction of a
second order hypoelliptic operator on X.
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Let Y™ be the generator of the geodesic flow over X, and let Ly~ be the corre-
sponding Lie derivative operator. Then

(4.1) Lyn = [d¥,iyx] .

On the other hand, one would would like to obtain as a square of a Dirac operator
an operator £ looking like the sum of a harmonic oscillator in the variable Y and of
Vy'H, i.e.,

1
)
We still write d* as in (3.4), i.e.,

(4.2) L= (-AV+|Y]>—n) + Vyn.

(4.3) d¥ =d" +V i

Equation (4.3) expresses d* as a superconnection on I in the sense of Quillen [18].
For Vy to appear in (4.2), one should think of replacing d* by d* +iy». However,

how to obtain the full operator £ is not clear, not to speak of the possibility of

producing a deformation of the classical elliptic Dirac operator or of its square.

4.2. The hypoelliptic Dirac operator. — To explain the construction of the
hypoelliptic deformation of the Dirac operator which is carried out in [5], we will
work in the context of complex Kahler manifolds.

Let (X,g7) be a compact complex Kéhler manifold of real dimension n. Let
TX be the holomorphic tangent bundle to X, and let TR X be the corresponding real
tangent bundle. Let (E, g? ) be a holomorphic Hermitian vector bundle on X. We de-
note by VTX  VE the holomorphic Hermitian connections on TX, E, and by RTX, RF
their curvatures. Let VA (T"X®E) pe the corresponding connection on A’ (T—X—) ®E.

Let (Q(O") (X, E) ,5X) be the Dolbeault complex of smooth antiholomorphic forms
on X with coefficients in E. The cohomology of this complex is denoted H®) (X, E).

Let () be the L, Hermitian product on Q%) (X, E) which is associated with
97X gF. Let 3" be the formal adjoint of 3" with respect to (). Set
(4.4) DX =3 +3"".

If u € TX, let u* € T*X corresponding to u by g7%. Recall that A" (T*X) is a
(TRX ,gTrX ) Clifford algebra. Namely if u € T X, set

(4.5) c(u) = V2u*A, c(@) = —V2ig.
We extend the definition of ¢ to TR X ®g C by linearity. If U,V € Tr X, then
(4.6) c@)e(V)+c(V)e(U)=-2(U,V).

SOCIETE MATHEMATIQUE DE FRANCE 2008



64 J.-M. BISMUT

By [13], v2DX is a Dirac operator. Namely, if ey,...,e, is an orthonormal basis
of Tr X, then
(4.7) VZDX = ¢ (e5) VA (TX)OE

Let 7 : X — X be the total space of TX, with fibre TX. The hat on TX will allow
us to distinguish the fibre TX from the tangent bundle to X. Then X is a also a
complex manifold. Let i : X — X be the embedding of X into X as the zero section of
TX. Using the connection V7X | we have the identification of smooth vector bundles,

(4.8) TX ~7* (TX ®TX).

From (4.8), we get the smooth identification,

(4.9) N (T°F) =7 (A (TX) 8N (TX)).
Set

(4.10) F=n"(A(T"X)®E).

In (4.10), A" (T*X) is the holomorphic exterior algebra of the base X. However, since
TX and TX are isomorphic, A" (T*X) will also be considered as the holomorphic
exterior algebra of the fibre TX.

Let (Q(O") (X, F) ,5X) be the Dolbeault complex of smooth antiholomorphic forms
on X with coefficients in F. -

Let I be the vector bundle on X of the smooth sections of 7* (A‘ (ﬂ) ® E)

along the fibre TX. By proceeding as in (3.4) and using (4.9), we get
(4.11) 3 =v" 13",

In (4.11), 3" is the Dolbeault operator along the fibre TX, and VYV is the horizontal
part of EX. Note that contrary to what happens in (3.4), there is no extra term in
(4.11). Writing 3" in the form (4.11) emphasizes the fact that 3" can also be viewed
as a holomorphic superconnection on I.

Let y be the tautological holomorphic section of m™TX over X ,andlet Y =y+7
be the corresponding section of w*ﬁ . Of course TX and TX are canonically
isomorphic. In particular the operator i, acts on 7*A" (T*X). The Koszul complex
(Oxm*A (T*X),iy) provides a resolution of the sheaf i,Ox. More generally the
Koszul complex (Ox (F),4,) provides a resolution of i,Ox (E).

Observe that

(4.12) (" + iy)2 =0.

Equation (4.12) reflects the fact that (Q (Xx) ,5X + iy) is the Dolbeault resolution
of the Koszul complex we just considered.
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For b > 0, set
(4.13) Al =3% iy b2
By (4.11), (4.13), we get
(4.14) Al =YY 13" 4y /b
Then A} can be viewed as an operator acting on (%) (X, F). By (4.12),
(4.15) A2 =0.

Let 5‘/* be the fibrewise formal adjoint of Ev. Now we will take the ‘adjoint’ of
A} partly in the sense of superconnections. Namely set
(4.16) Ay =V 437" +ig /b2,
Then A} also acts on Q) (X, F). Indeed V¥ increases the degree in A" (T*X) by 1,
and iy decreases the degree in A’ (T*X ) by 1. Moreover,

(4.17) A2 =0.
Set
(4.18) Ay = A} + A,

When making instead y = 0, we will denote by A”, A’, A the corresponding operators.
In particular, when identifying Y € TrX to the corresponding section of Tr X, we
get

(4.19) Ay = A+iy/b2.

Also A is a superconnection on I.

Observe that the principal symbol of A or of A, is exactly i¢H A +ic (§V) /2,
where £¥,£V are the horizontal and vertical components of ¢ € T X. In particular
the principal symbol of A? is just |§V|2 /2. Adding iy has no effect on the principle
symbol of AZ. However,

(4.20) Al =A%+ [A,iy/V?].
Now in [A,iy] appears the critical operator V1, which makes the operator A? hy-
poelliptic.

The operator A? is still not the right one, since it does not contain a positive
multiple of |Y|? /2, which is needed to produce a harmonic oscillator in the fibre
direction.

So we slightly modify the above construction. Let wX be the Kahler form associated
with the metric g7X. If J is the complex structure of Tg X, if U,V € Tg X, then

(4.21) wX (U, V) = (U,JV).
We will view w¥ as a section of A" (T*X) ®A (T*X).
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Put
(4.22) Bl = Al B} = e A= B, = B} + B,
Since wX is closed, we get the formula,
(4.23) B, = Ap+ 7" A b2

Of course, we still have
(4.24) B)*=0,B? =0.
However, the effect of the addition of 3* A /b? in (4.23) is precisely to produce the

desired |Y|? /2b* in B2. We will give a formula for a conjugate of the operator B.

4.3. The hypoelliptic Laplacian in Dolbeault theory. — If U e ’.T’l;_\X', we
define ¢ (ﬁ) as in (4.5). Then ¢ (ﬁ) acts on A’ (ﬁ) IfueTX, set
(4.25) ¢ (u) = V2i,, ¢ (@) = V2 (T* A +ig).

We extend ¢’ by linearity into a linear map from T X ®g C into End (A" (T X))®rC,
which is such that if U,V € Tp X,

(4.26) co)d(w)y+ew)ew)=2(U,V).
Of course, if Ue m, V eTrX,
(4.27) [c(U),2(v)] =o0.

The curvature R is a section of A? (T X) ® End (E), and RTX a section of
A? (T X) ® End (T X). The following result was established in [5, Theorem 3.8].

Theorem 4.1. — The following identity holds:
(4.28)

1 YP o1 1 N a
Ay = 3 (—AV + l—b;J— + ﬁc(ei)éV (ei)) Ve T (R™Xe;,ej) c (&) c(€5)

1 TX 1or E
+§’I‘r[R ]+b_2Vy+R .
Let L be the operator a — wX A a, and let A be its adjoint as in subsection 2.2.
Set
(4.29) Cy = exp (iA) Byexp (—iA).

The operators VI, VY increase the horizontal degree by 1. Let VY"*, V¥* be their
formal adjoints in the classical Ly sense. These operators decrease the horizontal
degree by 1.

Now we have the result of [5, Theorem 3.6].
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Theorem 4.2. — The following identity holds:
(4.30) Cp=VY + VY 4 V¥ — V¥ 43 4 /B2 +3 "+ 7" A Jb2.

Remark 4.3. — Using (4.30), the fact that the horizontal part of the principal symbol
of C? is nilpotent follows from well-known identities in Kahler geometry.

4.4. The limit as b — 0. — Let K} be the map s (z,Y) — s(z,bY). Set
(4.31) Dy = KyCoK; .
By (4.30), we get
(4.32) Dy =V 4 V¥ 4 V" _ g 4 % (EV tiy 0+ 'g*/\) .
Let &%V be the Kahler form of the fibre TX. Since A’ (T/*F( ) has been identified
to A (T*X), &%V will be viewed as a section of A" (T*X) @A’ (ZF*?()

By [2, Proposition 1.5 and Theorem 1.6], the fibrewise kernel of the operator 3" +
iy + 3" + T*A is 1-dimensional and spanned by 3 = exp (i@X’V - |Y|2 /2)

We will embed Q) (X, E) into Q%) (X, F) by the embedding @ — 7*a A (. Let
P be the orthogonal projection operator from Q) (X, F) on Q) (X, E).

Set

(433) E = vI/I + VI/ + VI//* _ vll*.

Let us pretend for the moment Q) (X, F) to be finite dimensional. Elementary
linear algebra shows that under the proper conditions, as b — 0,

(4.34) (A-D;Y )" - P(A\-PEP)'P.

The critical result which was established in [5, Theorem 3.12] is as follows.
Theorem 4.4. — The following identity holds:

(4.35) PEP=3"+3"".

. - A Tj:.\; —
Proof. — Let NA(T"X) N ( ) be the number operators of A" (T*X), A’ (T*X).
Set

(4.36) N = NY@x) Nt (ﬁ)

Then Q) (X, E) is of degree 0 with respect to . The operators V¥, V¥* are of
degree +1 and —1 with respect to N, so that they disappear under the compression
by P. The proof of our theorem is completed. O

SOCIETE MATHEMATIQUE DE FRANCE 2008



68 J.-M. BISMUT

Remark 4.5. — Theorem 4.4 is the main algebraic argument which justifies that when
b — 0, the operator Dy is indeed a deformation of the Dirac operator DX . This result
is intimately related with theorem 3.10. Indeed as explained in [3, Proposition 2.41]
there is a corresponding version of theorem 4.4 in the context of de Rham theory.
Conversely, by squaring (4.32), we see that the operator D? can be written in the
form (3.25). In [5, Theorem 1.14], an analogue of Theorem 3.10 is proved. One of
the proofs consists simply into squaring (4.32) and identifying properly the various
terms.
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NEW RESULTS AND PROBLEMS
ON KAHLER-RICCI FLOW

by

Gang Tian

Abstract. — In this paper, I give a brief tour on a program of studying the Kéhler-Ricci
flow with surgery and its interaction with the classification of projective manifolds.
The Kéhler-Ricci flow may develops singularity at finite time. It is important to
understand how to extend the Kihler-Ricci flow across the singular time, that is,
construct solution of the Kihler-Ricci flow with surgery. The first task of this paper
is to describe a procedure of constructing global solutions for the Kahler-Ricci flow
with surgery. This procedure is rather canonical. I will discuss properties of such
solutions with surgery and their geometric implications. I will also discuss their
asymptotic limits at time infinity. The results discussed here were mainly from my
joint works with Z. Zhang, J. Song et al. Some open problems will be also discussed.
The paper is mostly expository.

Résumé (Nouveaux problémes et résultats sur le flot de Kihler-Ricci). — Dans cet article,
nous donnons un apergu rapide d’un programme d’études sur le flot de Kahler-Ricci
avec chirurgie et son interaction avec la classification des variétés projectives. Le flot
de Kihler-Ricci peut développer des singularités en un temps fini. Il est important
de comprendre comment étendre le flot de K&ihler-Ricci & travers le temps singulier,
c’est-a-dire, comment construire une solution du flot de Kahler-Ricci avec chirurgie.
La premiére tache de cette article consiste & décrire une procédure de construction
de solutions globales pour le flot de Kdhler-Ricci avec chirurgie. Cette procédure est
plutdt canonique. Nous allons discuter les propriétés de telles solutions avec chirur-
gie et leurs implications géométriques. Nous allons également discuter leurs limites
asymptotiques au temps infini. Les résultats présentés ici proviennent principalement
de travaux communs avec Z. Zhang, J. Song et al. Nous allons également présenter
certains problémes ouverts. L’article est plutét explicatif.
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1. Introduction

Let X be an n-dimensional compact Kihler manifold. We denote a Kihler metric
by its Kéahler form w, in local complex coordinates z!,..., 2",

w= \/—lg,;dzi Ad7,

where we use the standard convention for summation and (g;;) is the positive Hermi-
tian matrix valued function given by

o <8 6)
95 =9\ 550927 )

The Ricci flow was introduced by R. Hamilton. It has a nice property: If the initial
metric is Kéhlerian, so do any metrics which evolve along the Ricci flow. This can be
proved by either using the uniqueness of its local solutions or applying the maximum
principle in an appropriate way. Thus we can consider the following Kahler-Ricci flow

ow s -
(1.1) a—tt = —Ric(®), @o = wo,
where wy is any given Kéhler metric and Ric(w) denotes the Ricci form of w, i.e., in
the complex coordinates above,

Ric(w) = V-1R;;d2" A d#7,

where (R;3) is the Ricci tensor of w.

This paper is essentially expository. In this paper, I will discuss some new results
and open problems in recent study of the Kihler-Ricci flow. They were mainly from
my joint works with Z. Zhang, J. Song et al. I will also describe briefly a program of
studying the singularity formation of the Kahler-Ricci flow and how it interacts with
the classification of projective manifolds. The results and problems discussed here
arise from our long efforts in pursuing this program (cf. [28], [30], [20], [22], [31], [6]
etc.).

2. A sharp local existence for Kihler-Ricci flow

By the local existence of Ricci flow, given any initial Kdhler metric wg, there is a
unique solution @; of (1.1) (¢ € [0,T)) for some T > 0. The following theorem was
proved in [30] (also see [2] ()) and characterizes the maximal T for which the solution
@, exists for t < T.

(1) In this cited paper, the authors claimed a proof of a related result under certain extra technical
assumptions.
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Theorem 2.1. — Let X be a compact Kdhler manifold. Then for any initial Kdihler
metric wy, the flow (1.1) has a mazimal solution &; on X X [0, Tmax), where

Timax = sup{t | [wo] —te1(X) > 0@},

In particular, if the canonical class Kx is numerically effective, then (1.1) has a global
solution @; for allt > 0. Here, c1(X) denotes the 2 mutiple of the first Chern class.

In [1], Cao proved this theorem in the case that ¢;(X) is definite and proportional
to the initial Kéhler class. In the case that Kx is nef, i.e., numerically effective, and
the initial metric wy is sufficiently positive, H. Tsuji proved in [32] the above theorem,
that is, (1.1) has a global solution &;.

Now let us sketch a proof of the above theorem following the arguments in the
proof of Proposition 1.1 in [30]. ()

For any small € > 0, we can choose T, > 0 such that T, + € < Tiax and a real closed
(1,1) form %, such that [)] = c1(X) and wp — (Te + €) e > 0. Choose a smooth
volume form € such that Ric(€2¢) = 9. This Q. is unique up to multiplication by a
positive constant.

Set w; = wo — tpe for t € [0,T.]. One can easily show that @ = w; + V=180u
satisfies (1.1) if u satisfies

Bu_

wy
2.1 =2 = log—t

Q.’
We shall show the solution for (2.1) exists for t € [0, T¢].
First observe that w; is a Kéahler metric for ¢t € [0,7¢] with uniformly bounded

u(0,-) = 0.

geometry.

By the standard theory, u exists for small ¢ > 0. In order to prove that u exists for
t € [0, T.], we only need to get uniform estimates of u whenever it exists for ¢ € [0, T].

Applying the Maximum Principle to (2.1), we can easily have |u| < C..® In fact,
the upper bound is independent of .

Taking derivative of (2.1) with respect to t, we get

% (%) . (%) — (@, %o,

where A,, denotes the Laplacian of a Kéhler metric w and (w, F') means the trace of
F with respect to w for a real (1,1)-form F.
It follows

ai (131 —v) =0 (15 —0) #o -
(2.2) o tat u) =Ag, ta—u +n — (@0, wp).

(2) This means that [wo] — tc1(X) > 0 represents a Kahler class.

(3) The flow equation in [30] is not the same as, but equivalent to (1.1).

(4) The constant C, C. may differ at various places. A subscript indicates the dependence on another
constant.
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Noticing (@¢,wo) > 0 and applying the Maximum Principle, we see that the maximum
of t% — u — nt is non-increasing, so we have that

ta—u—u—nt<0
ot =

Now we combine it with local existence for small time and the uniform upper bound
for u to conclude that

ou
ot — ¢
On the other hand, we have
1o} ( ou )
(23) é-t- (T€+€—t)a +u

ou
ot
Since (W¢,wo — (Te + €)be) > 0, by the Maximum Principle, we see that minimum of
(Te+e—1) g—;‘ + u + nt is non-decreasing. It follows

= 8o, (@ €= 058 +u) =1+ @0 — (T, + ).

1o} 0
(T. + € — t) 2= + u+nt > (T, + €)ming_o —

at ot - Ce

from this we can conclude

Z—? > —C..

Now we have gotten all the C%-estimates needed. By using the Maximum principle
and the standard arguments, one can derive the second and higher order estimates
for u (cf. [80] for more details). Then one obtains the existence of solution for (2.1)
for t € [0, T].

The desired existence of the solution for (1.1) can be proved by considering the
relations between all the equations as (2.1) for different €’s as follows:

Consider (2.1) for some § > 0. Assume %5 = . + /—190f for some smooth real
function f over X. Since Ricq, = 9., we have Ric.-rq, = 9s. Thus we can take

Qs = e~ Q.. Now the new “w,” is
m = wo — twé = Wt — tv —135f
The equation (2.1) for § is

v + v/=100v)"
—é-t- = log (nt Q. ) ’ ’U(O, ) =0.
Define 4 = v — tf. Then
0u _ v _ . _ log("]t + \_/;wav) ‘s
(2.4) ot ot e Q.
(w + v/ —100a)"™
= log ) .

€
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Noticing that %(0,-) = v(0,-) = 0, from the uniqueness of the solution for (2.1), we
conclude that @ coincides with w.

This actually gives the explicit relation between solutions of (2.1) associated to
different €’s and would allow us to glue together all these solutions for (2.1) to get a
maximal solution of (1.1) until the time Tnax. Thus Theorem 2.1 is proved.

Remark 2.2. — Note that w; depends on € and may not be a Kéahler metric for ¢
sufficiently close to Tmax The above arguments also show that the solution u of (2.1)
extends to all t < Tpax even if w; is a Kédhler metric when ¢ is sufficiently close to
Tmax-

Next we need to examine behavior of @W; as t tends to T ax-

3. Finite-time singularity

In this section, we assume that T' = Tp.x < 0o, that is, the Kéahler-Ricci flow
develops singularity at finite time 7. We want to examine the limiting behavior of &,
as t tends to T. We shall adopt the notations in the last section.

First we observe

Lemma 3.1. — Let v be any smooth (1,1)-form 1 representing c1(X). Then there is
a smooth solution, say iz, for (2.1) with ¢ = . satisfying:

(1) @ = wo — ty — V=180,

(2) For any sequence t; — T, a subsequence of &;, converges to a positive current
Or weakly. (%

(3) If limy_supy i; is not —oo, then i; converges to a unique @r in any LP-
topology as t tends to T for any p > 1. In particular, @y converges to a unique
positive current O weakly as t tends to T in this case.

Proof. — (1) follows directly from the remark at the end of last section.
For (2), we notice that &; > 0 and

[ @eneg = (fun] = tea (X (3,
X
so there is a a > 0 such that (cf. [23])
/ e~ (@—supx ﬁt)wg <C'.
X

In particular, for any p > 1, v; = @; — supy 4 — 1 has uniformly bounded L? norm.

(5) &r can be 0.
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Furthermore, for any § € (0,1), we have

¢z [ (o) tw- ) nwp 2 2 [ (90 g,
x -7 Jx

Choose 6 = 1/3. By the Sobolev embedding theorem, for any sequence t; with
limt; = T, there is a subsequence, again denoted by t; for simplicity, such that
(1 + supy @i — @,)3 converges to some function (—v)3 in L2-norm. Since v; have
uniform LP-norm for any p > 1, v; converges to v in the LP-topology. Then (2) follows.

Now we prove (3). First recall that by the Maximum Principle, we have proved in
last section

8
@ <C and t%—at—ntgo.

Here C is a uniform constant. It follows that t~1ii, — n logt is non-increasing, con-
sequently %; converges to a unique function 47, which may take —oo as values. as t
tends to T. By our assumption, 47 is not identically —oo, so supy #; is uniformly

bounded. It follows that the above v coincides with @1 — supy @r. So we have
proved (3). O

Let @r be a limiting positive current at the finite-time singularity from the above
lemma. A natural question is: How regular is this limiting &o1? It is reasonable to
expect that @r is bounded and smooth on a Zariski open subset of X. We also expect
that it has controlled behavior along its subvariety of singularity in a suitable sense.

We conjecture that the limiting current wr is independent of the choice of the
sequence {t;}. But we can not prove it in full generality yet. The following lemma
gives a sufficient condition for this to be true.

Lemma 3.2. — If there is a representative v of ¢1(X) such that wo — T% > 0 as a
(1,1)-form. Then the limiting potential it is unique and bounded. If, in addition,
Jx(wo — TY)™ > 0, then Gr is continuous.

Proof. — Set w; = wy — t1, then w; > 0 for any t € [0,7]. We have derived in last

section
8ﬁt ~ aat

% ((T—t)ﬁ +ut> = Ag, ((T—t)g +ﬂt) — 1+ (0, wr).

By using the Maximum principle, we can deduce from this equation that the auxiliary

(3.1)

function
(T—t)%uTt+ﬁt+nt

is non-decreasing. Since %t is bounded form above, i; is bounded from below. Then

the uniqueness follows from Lemma 3.1.
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The continuity follows from the extension of S. Kolodziej’s work [17] by Z. Zhang
in [35] or [9] (also see [11], [8]) since
tlin%1 X&{‘=tlin_} th"=/Xw?~>0. O
Now let me discuss some special cases:
First we assume that @r = 0, that is, ¢;(X) = %[wo] is positive. (6) Set

w(s) = e%wT(l_e_,f,).

Here s goes from 0 to co. Then we have

(3.2) 6‘2—(35) _ - (Ric(w(s)) - %w(s)) .

This w(s) is a global solution for the renormalized Ricci flow. A challenging problem
is to show the convergence of w(s) as s goes to co. A folklore conjecture claims that
there is a family of diffeomorphisms ¢(s) : X — X such that ¢(s)*w(s) converges to a
Kihler-Ricci soliton on a variety with possible singularity of codimension 2 (cf. [14],
[27], [18]). In the case that X = S%, w(s) converges to the standard metric on S? as
shown in [13] and [7] (also see [3]). In the case that wp has non-negative bisectional
curvature, it was proved in [4], [5] that w(s) converges to the unique Kéhler-Einstein
metric on X. Perelman proved that the scalar curvature and the diameter of w(s) are
uniformly bounded along (3.2) (cf. [19]). It follows that the above conjecture holds
if one can bound the Ricci curvature of (3.2) [19]. The following theorem was first
claimed by Perelman and proved in [31].

Theorem 3.3. — Assume that X has no non-trivial holomorphic fields. If X admits a
Kdhler-Einstein metric and ¢;(X) = #[wo|, then w(s) converges to a Kihler-Einstein
metric.

In [31], the above theorem was also extended to the case that X admits only a
Kéhler-Ricci soliton. The proof of the above theorem was proved by using one of
Perelman’s estimates and exploring the properness of the K-energy.

Next we consider X = X; x X, with both ¢;(X;) and ¢;(X3) definite. For sim-
plicity, we assume that Hy(X;,Z) = Z with generator represented by a Kihler form
B; for i = 1,2. Then the initial Kéhler class [wo] = p1[81] + u2[B2] with u1,us > 0.
We further assume that c;(X;) = m;0; with m; > max(0,m2). Then the flow (1.1)
develops singularity at T = p;/m;. First we assume that wg is a product metric
wo1 + wo2, where wyp; is a Kéhler metric on X, then the flow becomes a product flow
@y = D41 +W12, where &y; solves (1.1) on X; with initial metric wg;. Then @;; converges

() One can easily show that the limiting current is unique in this case, in fact, it is always zero.
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to 0 as ¢ tends to T, while @ exists on X3 x [0,T + €] for some € > 0. Hence, the
flow @ collapses to @2 on X5 at T and continues beyond T

Now if wg is a general Kahler metric in p;[61] + p2[B2], then there is a smooth
function 6 such that wy = wp; + woz + v/—1000. By the Maximum Principle, the
solution @; of (1.1) with initial metric wy is equal to @ + @e + v/ —1006, with
0; uniformly bounded. This implies that modulo a bounded potential function, &
collapses to a current on Xo at 7. I believe that this collapsing occurs in the L°°-
topology.

In our next example, we assume that X is a projective manifold with Kodaira
dimension > 0 and wy is rational. Then T = Tp,ax is rational and consequently, m[wg]
is the first Chern class of a line bundle L and a = mT is an integer for some m > 0.
Clearly, L+aK x is nef. Since the Kodaira dimension is non-negative, for m sufficiently
large, aK x admits a holomorphic section S. It follows that S*S’ is a global section of
k(L+aK x) for any section S’ of kL, so dim H°(X,k(L+aKx)) > ck™ for some ¢ > 0.
It follows that (L+aKx)™ > 0, i.e., it is big. By a result of Kawamata [16], L+ aKx
is semi-positive, i.e., there is a k > 0 such that any basis of H°(X, k(L + aKx)) maps
X onto a subvariety in some CP". In particular, there is a v representing c; (X) such
that wg — Ty is a semi-positive smooth form. In this case, we can say more about the
limiting behavior of &; as t — T.

The following lemma can be found in [15].

Lemma 3.4. — Let E be a divisor in a projective manifold X. If E is nef. and big,
then there is an effective divisor D such that E — eD > 0 for any sufficiently small
€ > 0.

The proof follows essentially from the openness of the big cone of X which clearly
contains the positive cone and the fact that F is in the closure of the positive cone.
In fact one can choose D to be big. (V)

Applying the above lemma to L + aKx, there is a Hermitian metric h. on D such
that for any small € > 0,

wr + ev/—188logh. > 0.

Let o be a defining holomorphic section for D. Then we have
wr + €v/—=18dlog|a|? > 0,

where | - | denotes the norm induced by h,. ®
The following theorem was essentially proved in [30]. (®)

(") Even if [wo] is irrational, the arguments for proving the above lemma still work.

(8) For simplicity, if there is no possible confusion, we will drop the subscript € in the norm later.
(9) In [30], Kx is assumed to be big. It is clear from the arguments in the proof that this assumption
was not used.
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Theorem 3.5. — Let X, L+aKx be as above. Then the solution &; of (1.1) converges
to a unique current O ast — T satisfying:

(1) @r represents the cohomology class of L + aKx;

(2) @r is a smooth Kihler metric outside a subvariety Br C X along which c1(L +
aKx) vanishes;

(3) @ converges to Wt on any compact subset outside Br in the C*-topology.

Proof. — We will outline a proof of this theorem following [30].

Since L + aK x is semi-positive and big, by Lemma 3.2, we know that the limiting
current Or exists with locally continuous potential and satisfies (1). It suffices to
prove (2).

Let o be a defining section of D. Then log|o|? is a well-defined function outside
DcX.

First we need a second order estimate. Set

wi,e = wi + €v/—100log|a|?.

Then for any ¢t € [0,T + 8], where § = §(¢) may depend on €,® w, . is a smooth
Kihler metric, in particular, there is a bound on their curvature which is uniform in
t € [0,T + 6] but may depend on e.
In order to derive the second order estimate, we need a lower bound on %ﬁ for any
t € [0,T]. Using the same arguments in deriving (3.1), we get
Ow

(3.3) s

= Ag,wy — 1+ (D, Wrts.e),

where -
wy = (T+6—t)% + @y — € log o).

Since (@¢, wr+s,e) > 0, by the Maximum Principle, we can show that the minimum of
w; + nt is non-decreasing. Since @; is bounded for ¢ € [0, T], we conclude from this
(3.4) ? > glog 0|2 — Cj,
where Cj is a uniform constant which may depend on 4.

Now we write

@t = wy,e + V—100(ii; — elog|a|?).

Note that the function v; = @i; — € log|o|? is defined only outside D.

On X \ D, we can rewrite (2.1) as

(wi,e + V—100v;)" = eBEQ.

&

Note that Ric(Q2) = 1.

(10) One can show that & > be for some b > 0.
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As in [34], [1] and [32], using the bound on %L and the curvature of w; ¢, one can
deduce

0 -
e (Ay, — a) (€79 (we e, @t))

a n
55— Ot @)+ C'(wr,e, @) 71

> —Cl + (%10g|0’|2 - C')(wt,e,d)t) + C’(wt,e,d)ﬁﬁ.

(3.5) > —C'+(C

Here C, C' etc. are constants which may depend on €. For instance, we need to
choose C such that C + infys Rm(wy) > 1 for t € [0, T], where Rm(w’) denotes the
bisectional curvature tensor of w’.

Clearly, e_c("_d°g|"|2)(wt,€,dit> attains its maximum in X \ {o = 0}. At such a
maximum point, we have

0> —Cl + (C’"log|a|2 d C,)<wt,€,(;)t> + C’(wtye,&t)%
= O+ Cwre, @) (<wt’e’gt)ﬁ + C"log|o|? — C’) ‘
Here C” = Ce/4. Since |o| is bounded, it follows from this
(wtye,(:)» S (C’ - C” log|0,|2)'n.—l.
Hence, at this maximum point,
eV (wy ¢, @) < (C' = C"loglo|?)"Le= v < C1(1 - log|o|?)|o|Cc.

Here we have used that fact that 4@, is uniformly bounded and C; is a constant which
depends on €.
Then we can easily deduce the second order estimate:

(36) <u.)0,£:)t) S Czld’l_ce.

Observe that our lower bound estimate on %’s implies the volume estimate:

ol > Cslo|*we™.

It follows that @; defines a Kihler metric on X \ {o = 0}. Furthermore, we have a
uniform bound on %ﬁ on any given compact subset outside D.

The higher order derivative estimates for r outside {o = 0} follow from the stan-
dard theory on Monge-Ampere equations ([10] etc.) or Calabi’s third order estimates
as shown in [34].

We have shown that @7 = lim;_, 7 4; exists. The above shows that %7 is smooth
and defines a smooth Kéahler metric & outside D. Moreover, we have

(3.7) (wr + V=108ar)" = e3tlrQ, on X\ {o = 0}.

Notice that D may not be unique. We can choose any D’s in the above discussions so
long as it satisfies Lemma 3.4. Since the limit @7 is unique, 47 is smooth and gives
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rise to a Kéahler metric outside the intersection Bt of all such D’s. Thus this theorem
follows. O

Theorem 3.5 tells us that the solution @; extends to a Kéahler metric @ outside
the subvariety By C X. However, this limiting &r does have singularity along Br.
This singular behavior can be caused by the metric’s either blowing-up or failing to
be non-degenerate along Br. In order to extend the Ricci flow across T', we need to
study how &7 behaves along Br. Here is what we expect (also see [20])

Conjecture 3.6. — Let X; be the metric completion of X \ Br with respect to the
distance dr on X \ Br induced by &r. Then X is a projective variety which can be
obtained from X by flips or algebraic surgeries of certain “standard” type. Moreover,
(Lo + aKx)|x\By extends to an ample line bundle over X;.

If X has the Kodaira dimension —oco and [wp] is again rational, then [wo] —Tc; (M)
is still rational and nef, but it is not big anymore. If [wg] — T'c;(X) # 0 and the
well-known Abundance Conjecture holds, then for k sufficiently large, any basis of
HO(X,k(Lo + aKx)) maps to a subvariety Y C CP" for some N > 0. By Lemma
3.2, the limit 47 exists and clearly descends to a bounded function on Y. It follows
that @r descends to a positive current on Y, denoted by @r again for simplicity. We
expect

Conjecture 3.7. — The limit Gt is continuous and &7 is a smooth Kdihler metric out-
side a subvariety By of Y. If Yy denotes the metric completion of Y\ By with respect
to the distance induced by &r, then Y1 is a projective variety and (Lo + aKx)|y\ B,
ertends to an ample line bundle over Y;.

More generally, I believe that even if X is only a Kihler manifold (not necessarily
projective) or wy may be irrational, what we have shown and conjectured in the above
still hold with slight modification. But it is harder to prove them.

4. Extending Kihler-Ricci flow across singular time

In this section, we discuss how to extend the Kéhler-Ricci flow @; across the singular
time T, assuming that we have solved the two conjectures proposed at the end of last
section. Then we have a projective variety X, which can be either X; or Y; as
above, and a limit &7 on X7 which is smooth outside a subvariety B. A natural
question is how to continue the Kdhler-Ricci flow on X1 starting at Or. There are
two difficulties:

1. X7 may not be smooth;

2. Even if Xt is smooth, @ or its potential 4r may not be smooth.
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Hence, we need a local existence theorem for (1.1) when the underlying space may be
singular or initial K&hler potential is non-smooth.

First we assume that X7 is smooth. We have shown that the limiting current
wr has a bounded Kéahler potential . Then, it follows from the theory of complex
Monge-Ampere equations that u“):’ﬁ, where k = dim¢ X, is well-defined as a measure.
So it makes sense to consider the Kahler-Ricci flow (2.1) with a weak initial value
dr. Is there a smooth solution ¢(t) of (2.1) for t > 0 such that lim;_,¢ (t) = 47? A
partial answer to this question was provided in the following theorem.

Theorem 4.1. — [6] Let X be a compact Kihler manifold and w;y be a smooth family
of Kihler metrics (t € [0,to]). Assume that ¥y is any bounded function satisfying:
There are smooth functions e (€ > 0 ) such that

(1) wo+ \/—_185'([16 > 0;

(2) lime—o %e = %o;

(3) The volume form wo + +/—100vy is LP(M,w) for some p > 3.
Then there is a unique smooth solution p(t) of (2.1), and consequently, a solution
w(t) of (1.1), fort € (0,to] such that lim;_o (t) = o and w(t)™ converges to (wo +
V/—100v)™ strongly in the L?-topology.

If the Kodaira dimension of X is non-negative, then Lo + aKx is nef and big
on X7 and dim¢c X7 = n. According to Conjecture 3.6, if Xt is smooth, then &
extends to be a Kihler class on X7. Since 3—5‘} is uniformly bounded from above
for t € (0,T), we can show that the assumptions in the above theorem are satisfied.
Then one can extend (1.1) across T' and continue the flow on Xt until T, > T when
[wr] — (¢t — T)e1 (X7) fails to be a Kihler class. If T3 is finite, one can proceed as we
did for @, at T.

However, in general, the resulting variety X7 from the surgery at 7" may not be
smooth. (11 Nevertheless, we expect

Conjecture 4.2. — The algebraic variety X1 given above has only mild singularity on
which we can still run the Kdihler-Ricci flow.

There is an approach in [21] to this conjecture: One can try to run the Kahler-Ricci
flow on a resolution X7 of X7 with the initial value being the the pull-back of wr to
X, which may be a degenerate Kihler metric vanishing along the exceptional divisor
E.

Assuming that one can affirm the above three conjectures. When (1.1) runs into a
finite-time singularity at T', one can apply the solutions to the above conjectures to

(11) Tt will be interesting to construct an explicit example of such a singular X7, even though I
believe it does exist.
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extend (1.1) across T and evolve the Kéhler metrics along the flow on X7 until we
run into another finite-time singularity at T > T. So we can get a solution (X, &)
with surgery for (1.1) for ¢t € [0, T%) satisfying:

(1) For t € [0,T), X; = X and @& is a standard solution of (1.1) with initial Kéhler
metric wp;

(2) For t € [T,T3), X¢ = Xr and & is a solution of (1.1) on Xt such that the
potential @; of @; converges to the potential @7 of & in the L°°-topology as t tends
to T.

As usual, we call T a surgery time. One repeats the above process to continue
the flow beyond T and so on. Thus one can construct a global solution (X;,@:)
with surgery of (1.1)(¢ > 0). We expect that this process ends after finitely many
finite-time singularities, that is,

Conjecture 4.3. — There are only finitely many surgery times Tp = 0 < Ty < Ty <

- < Ty < oo such that Xy = X1, and @ is a solution of (1.1) on X, fort €
T3, Ti41) (G = 0,1,...,N —1) ort € [Tn,00). Furthermore, for t > Tn, either
X: = & or Kx, is nef and consequently, (1.1) has a global solution.

There are two possibilities for ¢ > Tyx. In the first case, X; = &, ie., (1.1)
becomes extinct at Ty. Ateach T; (i = 1,..., N), we do surgery along some “rational”
components along which ¢;(X) integrates positively. In particular, X7, is birational
to X; for t < T;. Thus we have

Conjecture 4.4. — The Kihler-Ricci flow (1.1) becomes extinct at finite time if and

only if X is birational to a Fano manifold. 12

We will leave the second case to the next section. Note that X1, has nef canonical
bundle if it is non-empty.

5. Asymptotic behavior of Kihler-Ricci flow

In last two sections, we have discussed results and speculations on singularity
formation of the Kahler-Ricci flow at finite time. We also conjectured that there is
always a global solution (X, &;) with surgery of (1.1) with only finitely many surgery
times. This generalized solution with surgery becomes an usual solution @; of (1.1)
on a variety with nef canonical bundle when t is sufficiently large. In this section, we
study the asymptotic behavior of &; as ¢t goes to co. For simplicity, we assume that
X is a compact Kihler manifold with Kx nef. The general case can be dealt with in
the same approach as we did for Conjecture 4.3 in case of possible singular varieties.

(12) To be safer, we may need to include some algebraic manifolds which are Fano-like if such
manifolds ever exist.
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It is known that (1.1) has a global solution @; for any given initial metric. Set
t = e* —1 and @(s) = e *w, then &(s) is a solution of the following normalized
Kéhler-Ricci flow:

(5.1) 6) _ _Ric(@(s)) - als),  3(0) = wo.

The advantage of doing this is that [@(s)] = e™*[wp] — (1 —e~%)e1(X), which converges
to —c¢1(X) as s — oo.

We also assume that there is a (1,1)-form ¢ > 0 representing —c;(X). This is
of course the case if Kx is semi-positive or equivalently, for m sufficiently large,
HO(X,K?) is free of base points. The Abundance conjecture in algebraic geometry
claims that it is true for any X with Kx nef.

Since H%(X, K'?) is base-point free, any basis of it induces a holomorphic map
# : X — CP" for some N > 0 so that ¢*Ocpn (1) = K%. The dimension of ¢’s
image is just the Kodaira dimension x = k(X) of X.

If k(X) = 0, then ¢;(X) = 0 and by the result in [1], the global solution @; of (1.1)
converges to a Calabi-Yau metric on X.

If K(X) = dim X = n, then X is minimal and of general type. It follows from
[32] and [30] that &(s) converges to the unique (possibly singular along a subvariety)
Ké&hler-Einstein metric with scalar curvature —n on X as s tends to oo.

The more tricky cases are for those X with 1 < x(X) < n—1. If X is such a
manifold, one can not expect the existence of any Kahler-Einstein metrics (even with
possibly singular along a subvariety) on X since K% = 0. Hence, the first problem is
to find what limiting metrics for &(s) one supposes to have as s tends to co. To solve
this problem, we introduced a class of new canonical metrics which we call generalized
Kihler-Einstein metrics in [20] %) and [22]. Let us briefly describe them.

Since we assume that Kx is semi-ample, the canonical ring

R(X) = ®m>oH*(X,K})

is finitely generated, so there is a canonical model X.,, of X (possibly singular). Let
m : X — Xcan be the natural map from X onto its canonical model Xc,,. Then
generic fibers of m are Calabi-Yau manifolds of dimension n — k, and consequently,
there is a holomorphic map f : X% +— Mcy which assigns p € X2, to the fiber
7~1(p) in the moduli M¢cy, where X2, consists of all p such that 7=!(p) is smooth.

The moduli Mcy admits a canonical metric, the Weil-Petersson metric. Let us
recall its definition. Let X — My be a universal family of Calabi-Yau manifolds.

Let (U;ti,...,ts) be alocal holomorphic coordinate chart of M¢y, where £ = dim M.

(13) [20] is mainly for complex surfaces, but the part of introducing limiting metrics works for any
dimensions.
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Then each 8%1» corresponds to an element L(aiti) € H'(X;,Tx,) through the Kodaira-
Spencer map ¢. The Weil-Petersson metric is defined by the L?-inner product of
harmonic forms representing classes in H'(X;, T,). In the case of Calabi-Yau man-
ifolds, as shown in [24], it has the following simple expression: Let ¥ be a nonzero
holomorphic (n — «, 0)-form on the fibre X; and \IIJL((%) be the contraction of ¥ and
ait,-' Then the Weil-Petersson metric is given by

( o o ) S, \I/_lb(aiti)/\w_lb(é%).

52 ) As = —
( ) Bti 6tj th U AV

wwp

Now we can introduce the generalized Kéhler-Einstein metrics.

Definition 5.1. — Let X, X, etc. be as above. A closed positive (1,1)-current w on
Xcan is called a generalized Kihler-Einstein metric if it satisfies the following.

1. ffwe —a(X);

2. w is smooth on X2 :(14)

can’

3. Ric(w) = —v/—19dlogw* lifts to a well-defined current on X and on X2,
(5.3) Ric(w) = —w + ffwwp.

If Kk = n, then it is just the equation for K&hler-Einstein metrics with negative
scalar curvature.

Remark 5.2. — More generally, one can consider the generalized Kahler-Einstein
equation:
Ric(w) = -Aw + ffowp,

where ) is a constant.
In [22], the following theorem was proved.

Theorem 5.3. — Let X be an n-dimensional projective manifold with semi-ample
canonical bundle Kx. Suppose that 0 < k(X) < n. There exists a unique generalized
Kahler-FEinstein metric on Xcan.

To prove this theorem, we reduce (5.3) to a complex Monge-Ampere equation as
in the proof of the Aubin-Yau theorem.

First we introduce a function which will appear in such a complex Monge-Ampere
equation.

(14) One can establish an extra property: (7*w)* A © extends to a continuous function on X, where
© is the (n-K, n-k)-form which restricts to polarized flat volume form on each smooth fiber (see [22],
p15).
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Since Kx is semi-ample, there is a semi-ample form 7*x representing —c;(X),
where Y is defined in the following way: X.., can be embedded into some projective
space CPY by using any basis of H(X, K'?) for a sufficiently large m, then

X = —WFS|Xcan-

m

Let Q be a volume form on X satisfying:
V—10801ogQ = ¥.

We push forward Q to get a current 2, where 7 : X — X, as above, as follows:
For any continuous function ¥ on X .,

| wma=[ @

can

It is easy to see that for any z € XC,,, we have

m(x) = / Q.
©=1(z)
Definition 5.4. — We define a function F' on Xc,, by

(5.4) F x" = m,A.

There is another way of defining F': Choose any Kahler class § on X, by using the
Hodge theory, one can find a flat relative volume form © on X° = 771(X?,)) in the
cohomology class 8"~ *, this means a (n — K,n — k)-form © in 8" ~* whose restriction

to each fiber 771(z) for z € X2 is flat, that is,

00 log @l,r—l(z) =0.

This is possible because ¢;(X) vanishes along each smooth fiber. One can show
Q
5.5 *F = (_____) ,
(5:5) en O AT*rx"
where c is a constant determined by

c / prr =1,
w1 (z)

where z is any point in X% . For simplicity, assume that ¢ = 1. In particular, it

can*
follows that © A m*x” can be extended to X as a current. Furthermore, one can show
(see [24])
ffwwp = V—10810g(0 A x*) — V—189log x*.
The function F may not extend smoothly to X an, but we have some controls on
it along the subvariety Xcan \ X%n-

Lemma 5.5. — F is smooth on X0, and is in L'T¢(X;apn) for some € > 0, where the
LP-norm is defined by using the metric corresponding to x.
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To prove it, we notice

/ F1+e n:/ *F1+E7I'*XK/\@=/ W*FEQ‘
can X

Furthermore, one can show that if ¢ : Y — X, is any resolution of X.,,, then *F
has at worst pole singularities on"Y. The proof is a bit technical and we refer the
readers to [22] for details. Consequently, 7* F'¢ is integrable for sufficiently small € > 0
(see [22], Proposition 3.2).

Consider
(5.6) (x + V—180p)" = Fe®x"

If ¢ is a bounded solution for (5.6), then w = x +1/—189¢ is a generalized Kéhler-
Einstein metric. To see this, we first observe that [7*w] = [7*x] = —c¢1(X). Next we
observe

Ric(w) = —v—180logw" = —v/—180log x* — vV/—18dlog F — v/—100¢
is a well-defined current on Xca,. A direct computation shows
V=180 log x* + V—100log F 4+ v/—180¢p
= /—18dlog x* +\/_8310g(e QX ) +w—x

= w+V-1(-00log(® A Xx*) + 89log x*)
= w— ffwwp.

Therefore
Ric(w) = —w + f*fwwp.

Thus, in order to prove Theorem 5.3, we only need to prove the following

Theorem 5.6. — There exists a unique solution ¢ € C%(Xcan) N C®(X2 ) for (5.6)
with x + v/—189yp > 0.

This is proved by using the continuity method and establishing an a priori C3-
estimate for solutions of (5.6). We refer the readers to [22] for its proof.

We would like to point out that 7*w® A © = Qe/" ¥ is continuous since both 7*¢p
and 2 are continuous on X.

Now we can discuss the limit of @(s) in (5.1) as s tends to co. The following
theorem was proved in [22] (also see [20] for complex surfaces).

Theorem 5.7. — Let X be a projective manifold with semi-ample canonical bundle
Kx. So X admits an algebraic fibration m : X — Xc.n over its canonical model

Xcan. Suppose 0 < dim Xcap = kK < dim X = n. Then for any initial Kihler metric
wo, the solution @(s) for (5.1) converges to m™*wcan as currents, where weay s the
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unique generalized Kihler-Einstein metric on Xcan. Moreover, for any compact subset
K C X0, there is a constant Cx such that

(5.7) |R(@(8))|| oo (n-1(xcy) + €™ SIGIII; [10(8)™ ™" r-1(2)llLoe (r-1(2)) < Ck,
where R(&(s)) denotes the scalar curvature of &(s).

If n = 2, then the above implies the convergence in the C'*®-topology for any
a € (0,1) on any compact subset in X, . We believe that the same can be proved in
any dimensions. Moreover, we also expect

Conjecture 5.8. — The solution ©(s) converges to the unique limit ™*wgkp in
the Gromov-Hausdorff topology and the convergence is in the smooth topology in
—~1(y0

7 (Xean)-

This is even open for complex surfaces.

In the above, we assume that X has semi-ample Kx. This is indeed true if the
Abundance conjecture holds. If Kx is nef, (5.1) still has a global solution @(s).
Clearly, it will be extremely interesting to study the asymptotic behavior of &(s)
without assuming the Abundance Conjecture, namely, give a differential geometric
proof of the convergence of @(s). The success of such a direct approach will yield
many deep applications to studying the structures of Kihler manifolds.

To solve the above conjecture or succeed in the above direct approach, we may need
to develop a theory of compactness for Kihler metrics with bounded scalar curvature.
For Kéahler surfaces, a compactness theorem of this sort was proved in [29]. Also note
that the scalar curvature is uniformly bounded along (5.1) on any compact projective
manifold with big and nef canonical bundle (see [36]).

6. The case of algebraic surfaces

In this section, we will carry out the program described above for complex surfaces.
Basically, all the results in this section are taken from [30] (for surfaces of general
type) and [20] (for elliptic surfaces). We just make a few simple observations in order
to deduce the program from those previous works.

Let X be a compact algebraic surface.

As before, let &; be a maximal solution of (1.1) on X x [0,T]. If T < oo, then
[wo] — T'e1(X) is nef. There are three possibilities:

1. If [wo] — Ter(X) = 0, then X is a Del-Pezzo surface and @(s) = (1 — ) '@y,
where s = —Tlog(1 — %), converges to a K&hler-Ricci soliton as s — 0o or
equivalently, t — T (cf. [26], [31], [33]).
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2. If [wo]—Te1(X) # 0 but ([wo]—Te1(X))? = 0, then there is a fibration 7 : X — &
with rational curves as fibers (possibly with finitely many singular fibers) such
that [wg] — Te1(X) = m*[wg] for some Kéhler metric wy, on . It follows that
ast — T, @; converges to a positive current of the form 7*(ws, + v/—180ur) for
some bounded function ur on L. To extend (1.1) across T', one needs to solve
(2.1) on ¥ with ur as the initial value. This is the same as solving the following

fort>T,
6.1) ou _ log (22~ (t = T)¢s + vV—100u (T = ur,
ot Qs

where Qy is a volume form on ¥ with Ric(2g) = ¥s. One can solve this flow
by using the standard potential theory in complex dimension 1. Let @; be the
resulting maximal solution of (6.1) (¢t > T'). If the genus g(X) of X is zero, then
@; becomes extinct at some finite time 75 > T or after appropriate scaling, these
metrics converge to the standard round metric on ¥ = S? as t — T,. Hence, it
verifies Conjecture 4.4 in case of algebraic surfaces. If g(X) = 1, then @, exists
for all t > T and converges to a flat metric as t — oo. If g(X) > 1, then &; exists
for all t > T and after scaling, converges to a hyperbolic metric as t — oo.

3. If ([wo] — Te1(X))? > 0, then [wo] — Te; (X) is semi-ample, so it can vanish only
along a divisor. It is easy to see that for each irreducible component D of this
divisor, Kx - D < 0. Moreover, D? < 0. By the Adjunction Formula, D is
a rational curve of self-intersection —1, so the divisor is made of finite disjoint
(-1) rational curves and consequently, we can blow down them to get a new
algebraic surface X7. Moreover, the limit &7 descends to a positive current
with continuous potential and well-defined bounded volume form. By Theorem
4.1, one can extend (1.1) across T

Notice that the extension @; for ¢ > T is smooth. Either K, is nef and there

is a global solution on Xr,or &, develops finite-time singularity at some 75 > T'. In
the later case, one can repeat the above steps 1, 2 and 3. Since H2(X,Z) is finite,
after finitely many surgeries, we will arrive at a minimal algebraic surface Xy, that
is, Kx, is nef. Then (1.1) has a global solution, denoted again by &;, on Xx. Let us
study its asymptotic behavior.

There are 3 possibilities according to the Kodaira dimension x(X) of X:

1. If K&(X) = 0, then ¢;(X)g = 0 or a finite cover of X is either a K3 surface or an
Abelian surface. In this case, the solution @; on Xy converges to a Ricci flat
Kéhler metric.

In other two cases, we better use the normalized Kéhler-Ricci flow (5.1) on
X N:

3(;&3) = —Ric(@(s)) —@(s), @(0) = wy,
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where t = e®* — 1 and &(s) = e @y.

If kK(X) = 1, then X is a minimal elliptic surface: 7 : Xn +— X. It was proved
in [20] that as s — 00, @(s) converges to a positive current of the form 7* (o)
and the convergence is in the C'l-topology on any compact subset outside
singular fibers F,,..., Fp,, where p1,...,pr € L. Furthermore, & satisfies
the generalized Kéahler-Einstein equation:

Ric(@x) = —@oo + ffwwp, on X\ {p1,....0x},

where f is the induced holomorphic map from X \ {p,....px} into the moduli
of elliptic curves.

. If k(X) = 2, then X is a surface of general type and its canonical model X ,,, is

a Kahler orbifold with possibly finitely many rational double points and ample
canonical bundle. By the version of the Aubin-Yau Theorem for orbifolds, there
is an unique Kahler-Einstein metric @o on X.,, with scalar curvature —2. It
was proved in [30] that as s — 0o, @(s) converges to W and converges in the
C*-topology outside those rational curves over the rational double points.

This verifies that our program indeed works for algebraic surfaces except that

we did not check if the blown-down surfaces coincide with the metric completions
described in Conjecture 3.6.

Furthermore, it should be possible to extend all the above discussions to compact
Ké&hler surfaces which may not be projective.
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Abstract. — This article gives a detailed account and a new presentation of a part of
our recent work [3] in the case of admissible ruled manifolds without blow-downs. It
also provides additional results and pieces of information that have been omitted or
only sketched in [3].

Résumé (Métriques kihleriennes extrémes). — Cet article fournit une étude détaillée et
une nouvelle présentations d’une partie de notre travail récent [3] dans le cas des
variétés admissibles réglées sans blow-down. Il fournit également des résultats supplé-
mentaires et des informations qui ont été omis ou simplement esquissés dans [3].

Introduction

Compact complex manifolds which admit hamiltonian 2-forms of order 1 in the
sense of [1, 2]—cf. Section 1.8 for a formal definition—have been classified in [2]
and extensively studied in [3]. The main motivation in [3] for studying this class
of Kahler manifolds is the fact that they provide a fertile testing ground for the
conjectures relating extremal and CSC Ké&hler metrics to stability. In particular, by
using recent results of X. Chen—G. Tian, here quoted as Theorem 2.1, we were able
to solve in [3] a long pending open question since [42], namely the non-existence of
extremal Kahler metrics in “large” Kéhler classes on “pseudo-Hirzebruch surfaces”,
which was the last missing step towards the full resolution of the existence problem
of extremal Kahler metrics on geometrically ruled complex surfaces [5].
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bility.
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The main goal of this paper is to present some salient results of our joint work [3].
To simplify the exposition, we here only consider the simple case of P!-bundles over
a product of compact Kéhler manifolds of constant scalar curvature, which in the
terminology in [3] is referred to as the case without blow-downs. This allows us for
a specific treatment, somewhat simpler than the general case worked out in [3], to
which we refer the reader for more information and details.

For the comfort of the reader, we tried to make this paper as self-contained and
easy to read as possible. With regard to [3], we introduce in places slightly different
notation and terminology, that seem to be more adapted to the specific situations
worked out in this paper. Similarly, some computations and arguments taken from
[3] here appear in a slightly different and/or a more detailed presentation. The paper
also includes new pieces of information, which were omitted or only sketched in [3],
like Proposition 1.5 in Section 1.9, Proposition A.1 in Appendix A, a specific account
of the deformation to the normal cone of the infinity section in admissible ruled
manifolds, etc.

The paper is organized as follows.

In Sections 1.1 to 1.7, we set the general framework of the paper by introducing
the class of admissible ruled manifolds, the cone of admissible Kdhler classes, the set
of admissible momenta and the associated set of of admissible Kdhler metrics, and by
recalling the main geometric features of these metrics (isometry groups, Ricci form,
scalar curvature, etc.). In Section 1.8, we briefly explain how hamiltonian 2-forms of
order 1 arise in this setting. In Section 1.9, we use a variant of the Calabi method
in [8], also used in [42], to construct extremal admissible Kéhler metrics in a given
admissible Kahler class §; as in [42], we show that this method works successfully if
and only if the extremal polynomial Fg, canonically attached to €2, is positive on its
interval of definition. Section 1.10 is devoted to the special case of admissible ruled
surfaces, here called Hirzebruch-like ruled surfaces.

In Section 2.1, we review some well-known general facts concerning the space of
Kihler metrics in a given Kéhler class on a compact complex manifold. In Section
2.2, we recall some basic results recently obtained by X. X. Chen and G. Tian, here
stated as Theorem 2.1, which play an important role in several parts of the paper.
In Section 2.3, we compute the relative Mabuchi K-energy on the space of admissible
Kihler metrics in any admissible Kéhler class 2 and we show that  admits an
extremal Kéhler metric, which is then admissible up to automorphism, if and only if
Fy, is positive on its interval of definition (Theorem 2.2). Proposition A.1 established
in Appendix A is used to complete the proof of Theorem 2.2 in the borderline case,
when Fg is non-negative but has zeros, possibly irrational, in its interval of definition.
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In Section 3.1, we recall the interpretation given by Donaldson and adapted by
Székelyhidi to the relative case of the Futaki invariant of an S'-action on a general
polarized projective manifold. In Section 3.2, we construct the deformation to the
normal cone, D(M), of the infinity section X, of an admissible ruled manifold M.
In Section 3.3, for any admissible polarization Q on M, we turn D(M) into a test
configuration in the sense of Tian [41] and Donaldson [15], by constructing a family
of relative polarizations, parametrized by rational numbers in the interval of defini-
tion of the extremal polynomial Fq. In Section 3.4, we extend to admissible ruled
manifolds a beautiful computation done by G. Székelyhidi [39] for ruled surfaces,
and we show that, for any rational number z in (—1,1), Fo(z) is equal, up to a con-
stant (negative) factor, to the relative Futaki invariant of the test configuration D(M)
equipped with the relative polarization determined by x, see Theorem 3.1. Together
with Theorem 2.2, this striking—and still mysterious—fact has the following conse-
quence: for admissible ruled manifolds and admissible Kahler classes, the relative
slope K-stability, as defined by J. Ross and R. Thomas [35, 34], implies the existence
of extremal Kiahler metrics, cf. [3, Theorem 2|. For a more detailed discussion on
this matter, including the role of the examples of Section 2.4 in the current refined
definitions of the slope stability, the reader is referred to [3, Theorem 2].

Notation and convention. — For any Kéhler structure (g, J,w), the riemannian
metric g, the complex structure J and the Kéahler form w are linked together by w =
g(J+,-). The Levi-Civita connection of g, as a covariant derivative acting on any sorts
of tensor fields, will be denoted by D9, or simply D when the metric is understood.
The twisted differential d° acting on exterior forms is defined by d® = JdJ~!, where
J acts on a p-form ¢ by (Jp)(X1,...,Xp) = o(J71X1,...,J71X,); in terms of the
operators & and & we then have d° = i(0 —8) and dd® = 2i90. Our overall convention
for the curvature of a linear connection V is R,V(,Y =Vix,v] - [Vx, Vy].

1. Extremal metrics on admissible ruled manifolds

1.1. Admissible ruled manifolds. — Unless otherwise specified, M will denote
a connected, compact, complex manifold of complex dimension m > 2, of the form

(1.1) M =Pl L)

where L denotes a holomorphic line bundle over some (connected, compact) complex
manifold S of complex dimension (m — 1). Here, 1 stands for the trivial holomorphic
line bundle S x C and P(1 & L) then denotes the projective line bundle associated to
the holomorphic rank 2 vector bundle £ = 1@ L: an element £ of M over a point y
of S is then a complex line through the origin in the complex 2-plane E, = C&® L,),
where E, L, denote the fibres of E,L at y; if £ is generated by the pair (z,u) in
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Ce® Ly, we write { = (z : u). The natural (holomorphic) projection 7 : M — S
admits two natural (holomorphic) sections: the zero section op : y — C C C @ Ly,
and the infinity section 0 : y — Ly, C C® L,. We denote by X, Y the images of
00,000 in M, still called zero section and infinity section, both identified with S via
w. Each element of M \ ¥ over y has a unique generator of the form (1,u), with u
in L,: we thus get a natural identification of M \ £, with L and M can therefore be
regarded as a compactification of (the total space of) L obtained by adding a point at
infinity to each fiber. The open set My = M \ (X9 U X,) is similarly identified with
the set of non-zero elements of L.

The natural C*-action on L extends to a holomorphic C*-action on M defined by:
¢-(z:u) = (z:Cu). This action pointwise fixes ¥y and X,. The vector field on M
generating the induced S'-action is denoted by T.

We furthermore assume that S = Hf\;1 S; is the product of N > 1 (connected,
compact) complex manifolds S;, of complex dimensions d;, and that L comes equipped
with a (fiberwise) hermitian inner product, h, such that the curvature, RV, of the
corresponding Chern connection, V, is of the form: RV = —i Zfil €; ws,, where each
wg, is the Kahler form of a Kéhler metric, gg,, on S; (viewed as a 2-form on S. i.e.
identified with p}w;, if p; denotes the natural projection from S to S;), and ¢; is equal
to 1 or to —1. In particular, "N | €; [ws,] = 27 ¢; (L*), where ¢; (L*) denotes the first
Chern class of the dual complex line bundle L* and [wg,] the class of wg, in H2(S,R).

Moreover, for i = 1,..., N, we assume that RVi = —ie;wg, is the Chern curvature
of a hermitian holomorphic line bundle, L;, on S;—so that (S;,ws,) is polarized by
L; = L;“—and that L = ®J¥,p}L;, equipped with the induced (fiberwise) hermitian
metric.

On My, identified with L \ Xy as above, define ¢t by

(1.2) t=logr,

where 7 = | - |, denotes the norm relative to h, viewed as a function on L = M \ E.
We then have

N
(1.3) dHTy=1, ddt=1"()_e€ws,),
=1

where the twisted differential operator d¢, as defined above, is relative to the natural
complex structure of M. The latter, as well as the complex structures of S and of
each factor S;, will be uniformly denoted by J and will be kept unchanged throughout
the paper.

Definition 1.1. — Ruled manifolds of the above kind, with the additional pieces of
structure described in this section, will be referred to as admissible ruled manifolds.
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Later on in this paper, we shall assume that the scalar curvature of each factor (S;, gs,)
of S is comstant, but this assumption is not needed until Section 1.9.

1.2. Admissible Kéhler classes. — We denote by eg, resp. e, the Poincaré
dual of (the homology class of) X, resp. L, in H2(M,R) and we set:

(1.4) E=2m(eo + €co)-

The class eg + ex can be regarded as a projective version of the Thom class of L,
whereas

(1.5) 7 c1(L) = eg — €oo,

where ¢ (L) denotes the first Chern class of L (cf. Remark 1.1 below). Any element,
7, of H2(M,R) can be written in a unique way as v = a = + m*, with a in R and «
in H?(S,R). Moreover, in order that vy belong to the Kihler cone of M, it certainly
must satisfy the following two conditions: (i) its value on each fiber of 7 is positive,
hence a > 0; (ii) |5, and 5. both belong to the Kéhler cone of S, via the natural
identification of ¥p and X, with S. Now, (eo + ex)|z, = 0|z, = ——217 Zf;l € |ws;]
and (e0+€oo)|5o, = €oo|so, = 5= SN | €i [ws,], via the natural identification of £g, ¥
with S (recall that egy, is the first Chern class of the normal bundle of ¥¢ in M,
identified with L on S similarly, ez, is the first Chern class of the normal bundle
of ¥ in M, identified with L* on S). It follows that ZE does not belong to the Kéhler
cone of M, whereas

N
(1.6) M=) Am'[ws]+E

i=1
clearly satisfies the above conditions (i)-(ii) whenever all A;’s are real numbers greater
than 1. In fact, as will be checked in the next section (cf. Remark 1.2), Q) is a Kéhler
class on M for any N-tuple A = (A1,...,An) of real numbers such that \; > 1,
1=1,...,N. Such N-tuples of real numbers will be called admissible.

Definition 1.2. — A normalized admissible Kdihler class is a Kahler class of the form
(1.6), where A is an admissible N-tuple of real numbers. The characteristic polynomial,
pq,, of a normalized admissible Kéhler class ) is defined by

N

(1.7) pa, (@) = [[n + e z)®.

=1
An admissible Kéhler class is a multiple of a normalized one by a positive real number.
The admissible Kihler cone is the set of all admissible Kihler classes.

Remark 1.1. — Denote by Opr(—1) the tautological line bundle on M and by Op(1)
its complex dual: for any £ = (2 : u) in M, the fiber of Ops(—1) at £ is the complex
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line £ itself, whereas the fiber of Ops(1) at £ is £* = Hom(&, C). The natural projection
of C® L on C determines a holomorphic section of Ops(1), whose zero locus is Y;
similarly, the natural projection of C @ L on L determines a holomorphic section of
Om(1) ® L, whose zero locus is ¥y. We then have

(18) oo = Cl(OM(l)), ep = cl(OM(l)) -+ 01(7T*L),
hence
(1.9) E=2n(2¢1(Om(1)) + 7*c1 (L)),
and
N
(1.10) O = 27 (26 (Om (1 Z (X — &) er(T* L7 ).

It follows that \/27 belongs to the image of H?(M,Z) in H?(M,R) if and only if
all \;’s are (positive) integers. If so, Q) /27 = ¢1(F)), with

(1.11) Fr=0u(2) @ (N, Li~™).

1.3. Admissible momenta and Ké&hler metrics. — For each admissible Kéhler
class we construct a distinguished family of Kihler metrics called admissible. For
convenience, we restrict our attention to normalized admissible Kahler classes, i.e. to
Kihler classes which are of the form (1.6). The other ones are obtained by homothety.

Let z = z(t) be any smooth increasing function of ¢ which, as a function on My,
smoothy extends to M, with zj5, = —1 and 2|z = +1. Equivalently, we demand
that z, as a function of ¢, satisfies the following boundary conditions:

B_o : Near t = —00, 2(t) = ®_(e2), where ®_, is smoothly defined on [0, ¢), for
some € > 0, with ®_,,(0) = —1 and ®___(0) > 0.

Bio : Near t = 400, 2z(t) = @, (e™%), where ®, ., is smoothly defined on [0,¢),
for some € > 0, with ®,,(0) = +1 and &', (0) < 0.

Definition 1.3. — A smooth, increasing function z : R — (—1,1), satisfying the
boundary conditions B_, and B, is called an admissible momentum.

For any admissible momentum 2z, the 2-form 1, = zEfJ:l T €; wg, + dz A d°t on
My smoothly extends to M. Because of (1.3), v, is closed. Moreover, Yaizy =
~ YN Gws,, Yaym, = YN | € ws,, and, for any fiber 771(y), fw_l(y) % = 4, mean-
ing that [¢,] = E for any admissible momentum z. For any admissible Kéhler class
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and for any admissible momentum z, we then define

N
W=wr, = Z)\i ™ ws, + Y,
(1.12) o
= Z()\i + € 2) T ws, +dz A d°t.
i=1

Then, w is closed, with [w] = Q), and is positive definite with respect to J, as 2’(t),
the derivative of z with respect to ¢, is positive; it is then the Kdhler form of a Kéhler
metric, g = gx z, in Q). Moreover, by (1.3), tyw = —2'(t)dt = —dz, meaning that z is
a momentum of T with respect to w.

Definition 1.4. — A Kaihler metric is called admissible if its Kihler form is of the form
(1.12) (for some admissible momentum z) or is a multiple of such metric by a positive
real number.

Remark 1.2. — The above construction shows that §2) actually belongs to the Kihler
cone of M, as claimed in Section 1.2. This also shows that the necessary conditions
(i) and (ii) in Section 1.2 are also sufficient.

Remark 1.3. — In each admissible Kahler class ), admissible K&hler metrics are, by
their very definition, in one-to-one correspondence with the space, A say, of admissible
momenta. Notice however that A is independent of Q).

Remark 1.4. — For any admissible Kahler class Q), the space of admissible Kihler
metrics in ) is preserved by the natural C*-action on M: each admissible Kahler
metric is S'-invariant whereas, for any real number ¢ and any admissible Kéhler
metric gy, we have that €° - g) , = g .c, where z° denotes the translated admissible
momentum defined by z¢(¢) = 2(t + ¢).

Proposition 1.1. — Let Q4 be a sequence of (normalized) admissible Kihler classes
converging to a (normalized) admissible Kihler class ,; meaning that 4 converges
to Zin RN for the usual topology. For each k, let g, be an admissible Kihler metric
in Qg , determined by the admissible momentum zy in A. Suppose that gy tends to a
(smooth) riemannian metric g in the C-topology. Then, g is an admissible Kihler
metric in Qu

Proof. — Since the g tend to g in the C'-topology, the limit, w, of the corresponding
Kéhler forms wy = gi(J+,-) is closed: g is then a Kahler metric in . On the other
hand, wy is of the form (1.12) for a well-defined zj in A. Since the |z;| are bounded
and the sequence dzy, converges to —t7w, the sequence z;, converges in the C’O-topology
to a smooth function z, which is the momentum of T with respect to w. This function
z still factors through t, satisfies the boundary conditions B_,, — B and is still
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increasing, since 2’ = dz(T) = ¢(T,T); it then belongs to A and g is then the
associated admissible Kdhler metric in €. O

1.4. Admissible momentum profiles. — It is convenient to consider an alter-
native parametrization of the space of admissible K&hler metrics by introducing, for
any admissible momentum map z : R — (—1,1), the momentum profile © defined by

(1.13) O(z) = /(27 (x)),

for any z in the open interval (—1,1), where, z=! : (~1,1) — R denote the inverse

of z, cf. [26]. Alternatively, for any z in (—1,1), ©(z) is the square norm of T at
any point of My in the level set z~1(z) with respect to the admissible Kéhler metric
determined by z. In particular, © is positive on (—1,1) and smoothly extends to the
closed interval [—1,1], with

(1.14) e(-1) = 6(1) = 0.

Moreover, it easily follows from the boundary conditions B_,andB, for z that ©
satisfies the following additional boundary conditions:

(1.15) 0'(-1) =2, 0'(1) = -2,
where ©’ denotes the derivative of © with respect to .

Definition 1.5. — A positive function © : (—=1,1) — R>? is called an admissible mo-
mentum profile if it smoothy extends to a function © : [-1,1] — R2° and satisfies the
boundary conditions (1.14) and (1.15).

Proposition 1.2. — For any (normalized) admissible Kéhler class Q4 there is a natural
1-1 correspondence between the space of admissible momentum profiles and the space
of admissible Kihler metrics in Q4 up to the natural C*-action on M.

Proof. — We recover z from O by firstly defining ¢ : (—1,1) — R by means of the
differential equation g—; = ﬁ, then z : R — (-1,1) as the inverse function of ¢
(notice that t = t(x) is increasing, as © is positive on (—1,1)). It is then easily
checked that z = 2(t) defined that way is an admissible momentum, i.e. satisfies the
boundary conditions B_s—Bto. Finally, ¢t = t(z) is only defined up to an additive
constant; we already saw that the corresponding admissible Kahler metric is only
defined up to the natural C*-action on M. O

1.5. Standard admissible metrics. — FEach admissible Kihler class ) contains
a standard C*-orbit of admissible Kihler metrics, namely admissible Kahler metrics
determined by the admissible momentum 2y = tanht or the translated momenta
2§ = tanh (¢ + ¢). For all of them, the momentum profile, ©g is given by

(1.16) BQo(x) =1 — %
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When restricted to the affine open set L, \ {0} of each fiber 7~*(y), the Kéh-
ler form wy , (corresponding to admissible momentum z = z(t)) is 2'(t)dt A d°t,
or equivalently, is equal to dd°®(t), where the Kéhler potential ®(¢) is a primi-
tive of z(t), defined up to an affine function of ¢. (Notice that the restriction of
dd°t on m~1(y) vanishes.) In the standard case, when the admissible momentum is
20(t) = tanht, we can choose as Kéhler potential ®(t) = log (1 + €?*) = log (1 + r?),
which is the Kihler potential of the Fubini-Study of P! of sectional curvature +1.
The resulting toric Kéhler manifold is then the standard unit sphere S? = {u =
(z1,22,23) | Yo ,2? = 1} in R®, equipped with: (i) the standard S'-action
e . (z1,12,23) = (cosfxy + sinfxy, —sinfx; + cosf o, x3); (i) the standard sym-
plectic form wy = dzs A d6; (iii) the standard complex structure JX = u x X for
any X in T,S?, where x stands for the cross product in R® with respect to the
natural orientation; (iv) the riemannian metric go induced by the standard flat met-
ric of R3. The momentum of the S!-action with respect to wg is then the map
20 :u = (z1,T2,23) — T3.

For a general admissible Kihler metric in a normalized admissible Kéhler class, the
induced toric Kéhler structure on the fibres of 7 are again isomorphic to 52, equipped
with the same S!-action and the same complex structure J, and with symplectic form
w = fwp and the metric g = f go, where f = f(x3) denotes an S'-invariant invariant
positive function on S?, submitted to the only constraint that [, fwo = [g, wo or,

equivalently, f_ll f(z)dz = 2; the corresponding admissible momentum is then

tanht
(1.17) z(t) = -1 +/ f(z)dz.

-1
1.6. Symmetries of admissible K&hler metrics. — In general, for any (con-
nected) compact complex manifold (M, J), we denote by H(M, J) the identity com-
ponent of the group of complex automorphisms of (M, J) and by h = (M, J) its Lie
algebra, which we regard as the Lie algebra of real vector fields X such that LxJ = 0,
where Lx denotes the Lie derivative along X; X is then called a (real) holomorphic
vector field. Equivalently, X is the real part of a complex vector field of type (1,0),
X 10 which is a holomorphic section of the holomorphic tangent bundle T*°M.

For any riemannian metric g which is Kahler with respect to J, a (real) vector field

X is holomorphic if and only if D~ X" = 0—where X° denotes the riemannian dual
1-form of X and D~ X" denotes the J-anti-invariant part of DX°—and X can then
be written in a unique way as

(1.18) X = Xp +grad, f,* + Jgrad h),

where Xy is the dual of a g-harmonic (real) 1-form and f;‘,h;( are real functions

normalized by [,, fX vy = [}, hf vy = 0; fX, called the (real) potential of X, is
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determined by Lxw = ddcf;{, where w = g(J-, -) is the Kéhler form of the pair (g, J),
cf. e.g. [27].

A (real) vector field X is called a Killing vector field with respect to g if Lxg =
0. The Lie algebra, denoted by &, of Killing vector fields is the Lie algebra of the
identity component, K(M, g), of the group of isometries of (M, g). It is well-known (*)
that K(M,g) is a (compact) subgroup of H(M,J). In view of the above, £ then
coincides with the space of those (real) holomorphic vector fields whose (real) potential
is identically zero.

The space, bg, of (real) holomorphic vector fields such that Xz = 0 in the de-
composition (1.18) is the Lie algebra of a closed subgroup, Ho(M, J), of H(M, J),
namely the kernel of the Albanese map from H(M, J) to the Albanese torus of (M, J):
o is then the space of (real) vector fields of the form X = grad, f + Jgradgh, with
D~ (df +d°h) = 0. It can be alternatively described as the space of (real) holomorphic
vector fields whose zero set is not empty [30]. The space &y = €Ny is the Lie algebra
of hamiltonian Killing vector fields, i.e. the space of Killing vector fields of the form
X = Jgradh) = grad,h.; it is the Lie algebra of a closed subgroup of K(M,g)
denoted Ko(M, g).

We denote by P, the space of Killing potential with respect to g, i.e. the space
of a real functions, h, on M such that X = Jgrad h is a hamiltonian Killing vector
field (notice that constants are included in P;). This space is the kernel @) of the
Lichnerowicz fourth order differential operator (D~ d)*D~d.

The group Ho(M, J) and its subgroup Ko(M, g) will be referred to as the reduced
automorphism group of (M, J) and the reduced isometry group of (M, g) respectively.
We then have (cf. [3, Proposition 2]):

Proposition 1.3. — (i) For any admissible ruled manifold M = P(1® L),

Hy(M, J) projects surjectively to Ho(S,J) = [[X., Ho(S;i,J), with kernel the semi-

direct product C* x H°(S, L*), where H°(S, L*) stands for the space of holomorphic

sections of L or L* = L™ according as H°(S,L*) or H°(S, L) is reduced to zero®.
(ii) For any admissible Kihler metric g on M, Ko(M,g) projects surjectively

to Ko(S,g9s) = [1Ko(Si,9gs,), with kernel S*, which is contained in the center of

(1) The easy argument goes as follows: for any v in K(M, g), v -w is g-harmonic, as v is an isometry,
and it belongs to the de Rham class [w], as 7 is homotopic to the identity; since M is compact, this
implies that v - w = w, hence also v-J = 0.

(2) Since M is compact, f belongs to the kernel of (D~d)*D~d if and only if the Hessian Ddf is
J-invariant, which amounts to saying that the hamiltonian vector field Jgrad, f is Killing.

(3)  For any non-trivial holomorphic line bundle over a connected compact complex manifold M,
either HO(M, L) or H°(M,L*) is reduced to {0}: if o belongs to H°(M,L) and o belongs to
HO®(M, L*), the holomorphic function (o, a) is constant, as M is compact, hence identically zero, as
L is non-trivial; since M is connected, it follows that either o or « is identically zero.
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K(M,J). In particular, Ko(M,g) is independent of the chosen admissible Kdihler
metric.

Proof. — For any X in h(M, J) and for any y in S, the projection of X|,-1(,) to TS
can be viewed as a holomorphic map from the fiber 7(y) to T*°S, which is then
constant: each X in § is then projectable and we thus get a Lie algebra homomorphism
from h(M, J) to h(S, J). This implies that any element of H(M, J) maps fiber to fiber,
hence that the above Lie algebra homomorphism is induced by a homomorphism from
H(M, J) to H(S, J). Moreover, if X belongs to ho(M, J), its projection on S belongs
to ho(S,J), as each zero of X is mapped to a zero of its projection. We denote by
the resulting homomorphism from ho(M, J) to ho(S,J) and by 7 the corresponding
Lie group homomorphism from Ho(M, J) to Ho(S, J). We show that 7 is surjective
by constructing a right inverse. Any element V of ho(S, J) splits as V = Ef\il Vi,
with V; in ho(S;, J); we can then assume that V = grady, f+ Jgrad, sih belongs to

ho(S;, J) for some i. Define V by
(1.19) V=V+e@m*h)T — ¢ (n*f)JT

on M, where V denotes the horizontal lift of V on My with respect to the Chern
connection of L. In general, for any vector field X on any almost-complex manifold
(M, J), the Lie derivative of J along X is given by LxJ = [X,J] — J[X, ]; in
particular, for any function f on M, we have:

(1.20) LixJ=fLx]+df®X+df ® JX.

We thus get:
£0J=L9J+6idf®T+€idch®T

(1.21)
—6d°f®JT +e;dh ® JT.

In particular, (LyJ)(T) = 0, as V commutes with T and JT for any vector field
V on S. For any vector field Z on S, the horizontal component of (L J)(Z) =
[V,JZ] — J[V,Z] is zero, as V is (real) holomorphic, whereas its vertical component
is equal to —€; w;(V, JZ) T + €; w;(V, Z) JT, hence to

—€df(Z) — €,d°(Z) T + € d°f(Z) — €; dh(Z) JT.

By substituting in (1.21), we get Ly;J = 0. The map 7 : V V is then a linear map—
in fact a Lie algebra homomorphism (easy verification)—from by (S, J) to ho(M, J),
hence is right inverse of 7. The kernel of 7 is the Lie algebra of those holomorphic
vector fields on M which are tangent to the fibers of 7, hence restrict to holomorphic
vector fields on the projective lines P(C @ L), for all y on S: ker 7 is then identified
with the space H°(S, Endg(1® L)) of holomorphic sections of the holomorphic vector
bundle Endg(E) of trace-free endomorphisms of £ = 1 @ L, which is isomorphic to
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C @ H°(S,L*), cf. footnote 3 of page 102. The kernel of 7 in Ho(M, J) is therefore
identified with C* x H°(S, L*) ). This proves (i). For any admissible metric g = gy ;,
(1.19) can be re-written as

(1.22) V= grad, (A + € 2) 7" f) + J grad,((X: + €; 2) 7*h)

In particular, Vis Killing with respect to g if and only if V is Killing with respect
to gs,. Moreover, all admissible Kihler metrics are invariant under the natural S'-
action; since S! is a maximal subgroup of C* x H°(S.L*), we get (ii). O

In the sequel, the common reduced isometry group Ko(M,g) for all admissible
K&hler metrics will be simply denoted by G. The Lie algebra, g, of G splits as

(1.23) g=RT @Y (S, 9s,),

which is a Lie algebra direct sum; in particular, T belongs to the center of g. For any
X =aT+ Zﬁ__l X; in g and for any admissible metric g = gy ., in the (normalized)
admissible Kahler class ), a Killing potential of X with respect of g—cf. Section
1.6—is h;{ =az+ Y ,-1(Ai + € 2)7*h;, where h; is a Killing potential of X; with
respect to gg, .

1.7. Ricci form and scalar curvature. — Throughout this section we fix a (nor-
malized) admissible Kéhler class ). For any admissible momentum z, pq,(z) then
denotes the function on M obtained by substituting z = z in the characteristic poly-
nomial; pg, (2), P, (2), ..., etc. are defined similarly, by substituting z = z in the
derivatives of pg,. We then have (cf. [1, Section 5.1]):

Lemma 1.1. — For any admissible metric g, in S the Ricci form, p, and the scalar
curvature, s, of 9., on My, are given by

N
(1.24) p=3mn- £ dd 1og (po,0)(2)
and
_ m™si  (pa,©)"(2)
(1.25) °= Z (Ai + € 2) palz)

where p; and s; denote the Ricci form and the scalar curvature of the Kdhler structure
(gS’ani) on Si'

(4) An element a of HO(S, L*) acts on M = P(1® L) as follows: for any element £ = (2 : u) of M over
yin 8, a-& = (z+ (a(y),u) : u); similarly, any o of H°(S, L) acts on M by: 0-£ = (z: u+ zo(y)).
In the former case, C* acts on H?(S,L*) by ¢ -a = (1 @, in the latter case C* acts on H°(S, L) by
(-og=(o.
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Proof. — In general, the Ricci form of a Kéhler structure (g,w) of complex dimension
m is defined by p(:,-) = r(J-,-), where r denotes the Ricci tensor of g, and has the
following local expression on the domain of any system of holomorphic coordinates

1, .. v
. =l —— log =2
(1 26) P =loc 2dd 0og o )

where vy = %:; denotes the volume form of g and vo stands for the volume form of
the standard flat Kihler metric determined by the chosen holomorphic coordinates.
(If these are denoted z1,..., 2y, we then have vy = ]—[;"=1 %dzj A dZ;, but the rhs of
(1.26) is independent of this choice.)

For any admissible Kéhler metric g, whose Kéhler form is given by (1.12), we
clearly have

N N
(1.27) vg = pa,(2) H vgs, A dz A d°t = pq,(2) ©(2) H vgs, Ndt A d°t.

i=1 i=1

To compute vy, we use holomorphic coordinates on each factor S;, viewed as holomor-
phic coordinates on M, and complete them to a system of holomorphic coordinates
on an appropriate open subset of My, by choosing any local non-vanishing holomor-
phic section o of L and adding the associated holomorphic coordinate A determined
by u = AMu)o(m(u)) for any u in L (viewed as an element of Mj). We then have
%d)\ AdX = |A\|? dt Ad°t up to terms which only involve the differential of holomorphic
coordinates coming from the base S, hence contribute nothing to vg. We thus get

N
(1.28) Vo = |/\|2 H vio Adt A d°t,

i=1

where v; ¢ denotes the volume form of the flat K&hler metric determined by the chosen
local holomorphic coordinates on S;. By comparing (1.27) and (1.28) and by using
(1.26), we get (1.24). The scalar curvature s is deduced from the Ricci form p via the
general identity:

m—1

1.2 L A P
(1.29) p A *w p/\(m—l)! 5 Vg
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From (1.12), we infer (%)

wm= 1
m——) pQA(Z)Hﬂ- Ugs,
(1.31) = i
1 Wt
+pgx(z)z : /\Hw*vgs Adz A d°t.
pa (N +€2)(d; — 1) Py k

The contribution of 7*p; in p A ( ), only involves the second term in the rhs
of (1.31); by using (1.29) for each factor S;, this contribution is found to be equal
to 1(LN, o +€t))vg On the other hand, d°log®(z) = eé((:)) dz = O'(2)d°

and dlogpa,(z) = z—gg%dc - —%")XL‘ZdCt so that d°log (pg,(2)0(2)) =
L‘;?]%)—(—z— d°t; it follows that:
1 (po, ©)"(2)
~Lager =2 dzAd°

o 5 og (pa, (2)0(2)) 2 pold) z A d°t
1.3 N

1 (po, ©)'(2) ( Po,(2)

+ = dzNd°t— ) e€uws, |.
2 pa(2)  \pay(d) ; °

In the wedge product with (m 11),, dz A d°t contributes via the first term in the

rhs of (1.31) only, whereas El=1 €; wg, contributes via the second term only, giving

PO 0 A:{;-Ee: 2y Vg = z—‘&% vg; the second term of (1.32) then contributes to zero. [

1.8. Hamiltonian 2-forms. — In general, a hamiltonian 2-form on a (connected)
Kéhler manifold (M, g, J,w) of complex dimension m is a J-invariant real 2-form ¢
such that

(1.33) Dx¢ = %(dtrqs/\JXb —d°trgp A XP)

for any vector field X, where X® denotes the dual 1-form of X with respect to g
and try = (¢,w) denotes the trace of ¢ with respect to g, defined as follows: If ¢ is
viewed as a skew-hermitian C-linear endomorphism of (T'M, J) via the metric g, so
that ¢(X,Y) = g(é#(X),Y), and if \; < --- < A, denote the (real) eigenvalues of
the corresponding hermitian operator —J o ¢, then tr¢ := > i~ A; (for simplicity, the
Ai’s will be referred to as the eigenfunctions of ¢). Hamiltonian 2-forms in Kahler
geometry have nice properties, extensively studied in [2, 8, 4, 1]. In particular, for
any hamiltonian 2-form ¢, the elementary symmetric functions of its eigenfunctions

(5) In this and the above computation we use the general combinatorial identity

a o)k kq
(1.30) E';} s T, %
k
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o1 =tr¢g = A+ +An,02 =) ;c; Aidj,...,0m = A1... Ay, are Poisson commuting
Killing potentials. Moreover, if K, = J grad o, r = 1,...,m, denote the correspond-
ing hamiltonian vector fields, there exists an integer 0 < £ < m, called the order of
¢, and an open dense subset My of M such that K1,..., K, are linearly independent,
whereas K, linearly depends of K,..., K, for any r > £. If £ = 1, the case of main
interest in this paper, K = K; = Jgrad tr¢ is called the hamiltonian Killing vector
field of ¢.

Proposition 1.4. — Let M be an admissible ruled manifold and let Q,be a normalized
admissible Kdhler class on M. Then, any admissible Kdhler metric g = gz, in Q,
admits a hamiltonian 2-form of order 1, whose hamiltonian Killing vector field is T,
namely the 2-form ¢ defined by

N
(1.34) ¢=— Z eXi( A + €2) T ws, + zdz A d°t.

i=1
Proof. — We fist observe that the eigenfunctions of the J-invariant 2-form ¢ defined
by (1.34) with respect to g are the admissible momentum z, of multiplicity 1, and the
constant functions §; = —¢;\;, each of multiplicity d;. In particular,

N
(1.35) trg=2z—» die);

The fact that ¢ is hamiltonian with respect to g is a straightforward consequence of
the following two lemmas, whose easy verification is left to the reader:

Lemma 1.2. — The covariant derivative of T with respect to the Levi-Civita connec-
tion of g is given by

1
DrT =36'(2)JT,  DyrT= —%9’(z)T,

5
e( )Z(; sy

(1.36)

for any vector field X = Ei:l X; on S, where X; sits in T'S;, and X = Ef‘;l X,
denotes its horizontal lift on M with respect to the Chern connection V.

Lemma 1.3. — With the same notation, for i =1,...,N, the covariant derivative of
T wg, 1s given by:

€M wg,

Dr(m*ws;) =0,  Dyr(r*ws,) = 6(2) Z i + €2)

(1.37) .
* _ 1 c * b * b
Dy (r*ws,) 5; ” +€l (d 2 AT (XD) - dz AT (JXD)),
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where Xi-’ stands for the dual 1-form of X, with respect to gs,. O
1.9. Extremal admissible Kéhler class. — In general, a Kihler structure

(9, J,w) is called extremal if the scalar curvature s = s4 is a Killing potential with
respect to g, i.e. if the hamiltonian vector field K = grad, s = Jgrads, is Killing or,
equivalently, (real) holomorphic, cf. Section 1.6 and Section 2.1.

Proposition 1.5. — Let g be an admissible Kdhler metric in a (normalized) admissible
Kdhler class Q4 determined by an admissible momentum z. Then, g is extremal if
and only if its scalar curvature s is an affine function of z. In this case the scalar
curvatures of (S;,gs,) are constant.

Proof. — For any i = 1,..., N, the dual vector field of d°n*s; with respect to the
chosen admissible Kihler metric on M is m R’i, where K; denotes the dual
vector field of d°s; on S; with respect to gg,, and K; denotes the horizontal lift of
K; on M,. Notice that for any vector field, X, on S, the horizontal lift X commutes
with T and JT; we thus have [K;,T] = [K;, JT] = 0 for all i. On the other hand, for
any admissible Kéhler metric, T is the symplectic gradient of z. We thus infer from
(1.25) the following expression of K:

Q

N 1 _ . xe /!
(1.38) K= ; O (K; — € (7*8:) T) — ((p‘;—)) (2)T.

By using (1.20), we infer:
(1.39)

LiJ = Z it e z)z Lki-e (nes 7))
> (ore) * “
+ (_z_) (Z) (dcz ® (Kz — €; (71'*31') T) +dzQ® J(K, — €; (71'*3,‘) T))
=1 ()\1' + €i 2)2

I7ANU
- ((‘”"—*9)—) (2) (2 ® T + dz® JT).
ba,
Since the K;’s commute with 7' and JT, we have that (Liki—e; (xrs0) ) I)(T) = 0,
whereas d°z(T) = O(z), dz(T) = 0; we thus get
N
€

(140) (Lx)(T) =6() (3 (m)’(fﬁ (s T) — (PO y gy,

Doy

Assume that the chosen admissible Kihler metric is extremal; then (LxJ)(T) is
identically zero. Since T and the K;’s sit in separate spaces, we infer that the K;’s,
hence the K;’s are all identically zero; the scalar curvatures s; are then constant, so
that s is a function of z. Moreover, the coefficient of T in the rhs of (1.40), which is
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identically zero, is then equal to 3272, cf. (1.25); it follows that s is an affine function
of z. Conversely, if s is an affine function of z, then K is a constant multiple of T,
hence a Killing vector field, meaning that g is extremadl. O

In view of Proposition 1.5, we henceforth assume without further comment that the
$;’s are constant.
This assumption has in particular the following consequence, cf. [3, Proposition 5]|:

Proposition 1.6. — The common reduced isometry group G of all admissible Kdhler
metrics—cf. Proposition 1.3—is a maximal compact subgroup of the reduced auto-
morphism group Ho(M, J).

Proof. — It is a well-known fact that for any compact Kihler manifold (M, J) of
constant scalar curvature the reduced isometry group Ko(M, J) is a maximal compact
subgroup of the reduced automorphism group Ho(M, J). Proposition 1.6 is then a
direct consequence of Proposition 1.3. O

For any (normalized) admissible Kdhler class ), we infer from (1.25) and Proposi-
tion 1.5 that an admissible Kéhler metric g = g) , of momentum profile © is extremal
if and only if

(141) (pﬂ). @)"(a:) = R(l‘)’
by setting
N s
(1.42) R(z) = po,(z) Y m - poy (z)(oz + B),

i=1
for some (unknown) real constants a, 3. All functions appearing in (1.41)—(1.42) are
defined on the open interval (—1,1). Because of the boundary conditions (1.14)—(1.15)
for ©, the polynomial R is subjected to the following two constraints:

1
(1.43) | RG@)ds = ~2p0,(-1) - 250,

(1.44) /_1 R(z)z dx = 2po,(—1) — 2pq,(1).

These constraints in turn determine «, 3, hence the polynomial R in terms of the
(constant) scalar curvatures s;, and the characteristic polynomial pq,(z). In partic-
ular, R is entirely determined by the chosen admissible K&hler class €2y, as are the
constants a, 3.

In view of the extremality equation (1.41), we define F' = F(z)—a polynomial of
degree at most (m + 2)—by

(1.45) F"(z) = R(z)
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and

(1.46) F(-1)=F(1) =0,

cf. [3, Proposition 8]. The constraints (1.43)—(1.44) then insure that F' also satisfies:
(1.47) Fi(-1) = 2po,(-1),  F'(1) = ~2pq,(1).

Like R(zx), the polynomial F'(z) determined that way only depends of the admissible
Kahler Q.

Definition 1.6. — For any (normalized) admissible Kéhler class 2\ on M, the polyno-
mial F of degree at most (m + 2) determined by (1.45)—(1.46) is called the extremal
polynomial of ), henceforth dénoted by Fgq,.

From the above discussion, we readily infer:

T

(1.48) Fo,(z) = 2po, (-1)(1 + ) + / . R(s)(z — s) ds.

Remark 1.5. — 1t readily follows from (1.42) and from the above definition of the
extremal polynomial Fg, that for each ¢ = 1,..., N, the scalar curvature s; can be
expressed by
_ F({x(*ei/\i)

[Tkt Ak — €xesdi)
provided that €;A; # exAx for k # 4.

(1.49) S;

Proposition 1.7. — A (normalized) admissible Kdhler class Q, on M admits an ex-
tremal admissible Kdhler metric, g = g4, for some admissible momentum z, if and
only if its extremal polynomial Fg, is positive on the open interval (—1,1). The mo-
mentum profile of g is then given by

_ Folz)
palz)’

In particular, g is then uniquely defined up to the natural C*-action on M. Moreover,

(1.50) o(z)

the scalar curvature s of g is given by
(1.51) s=az+f,

where o, 3 are the real constants determined by (1.42)-(1.43)—(1.44). In particular, s
is constant if and only if the leading coefficient of Fq, is equal to zero; it is identically
zero if and only if the leading and the sub-leading coefficients of Fq, are both equal to
zero.
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Proof. — In view of the above discussion, g is extremal if and only if its momentum
profile is given by (1.50). From (1.46)—(1.47), we deduce that the function © defined
by (1.50) is smoothy defined on the closed interval [—1, 1] and satisfies the boundary
conditions (1.14)—(1.15). It is then an admissible momentum profile if and only if it is
positive on (—1,1). Since pg, (z) is positive on [—1, 1], this is equivalent to F, being
positive on (—1,1). In view of Proposition 1.2, © is then the momentum profile of
an extremal admissible Kéhler metric, uniquely defined up to the natural C*-action.
For a general admissible Kéhler metric in ), the scalar curvature is given by (1.25),
or equivalently,

R(z) - (pa, ©)"(2)
Py (2)
where the constants «, 8 are determined by (1.42)—(1.43)—(1.44). If g is extremal,
this reduces to (1.51), because of (1.50) and (1.45). Moreover, from (1.42) and
(1.45), we readily infer that the extremal polynomial Fq, is of the form Fg,(z) =
m+2 ajz™+273 where the leading and the sub-leading coefficients are given by

_ a . B8+ (Zk:l dk)\kek)a
(1.53) @pw=*t—"—""—- a; ==% m(m + 1)

(m+ (m+2)’

(1.52) s=az+ 0+

with £ = — Hl_l e . The last statement of Proposition 1.7 follows immediately. [

In view of of (1.53), the constants «, will be referred to as the renormalized
leading coefficients of the extremal polynomial.

Definition 1.7. — An admissible Kéhler class § is said to be far from the boundary
if Q is a positive multiple of a normalized admissible Kahler class ), with A; > 1,
i=1,...,N.

Lemma 1.4. — The extremal polynomial Fq, of a normalized admissible Kdhler class
Q/ far from the boundary has the following asymptotic behavior:
(1.54) Fo, (z (H A ) 1—-2z2) + o(4,

meaning that each coefficients of the polynomial —A% (1 — 22) tends to 0 when

Ht—l '\l

all \;’s tend to +oo.

Proof. — By dividing both sides of (1.43)—(1.44) by vazl /\fi and observing that
-1

(I'[f\;1 )\fi) pa, (z) tends to the constant polynomial 1 on [—1, 1] when the \;’s tend

to 400, we get the following limits for @ = a(Ay,...,An) and 8= B(A1,..., AN):

(1.55) lim a=0, lim B=2.

A1 —+00,..., AN—+00 A1 —400,..., AN —+00
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This, in turn, implies that the polynomial R in (1.42) tends to the constant polynomial
—2; since R = F(, and Fq, (—1) = Fq, (1) = 0 for all \;’s, we infer that Fq, tends to
the polynomial 1 — x? when all )\;’s tend to 0. O

Proposition 1.8. — Each admissible Kihler class far enough from the boundary admits
an extremal admissible Kahler metric.

Proof. — We can assume that € is a normalized admissible Kihler class Q). It follows
from (1.54) that, when the A;’s go to infinity, all roots of the extremal polynomial Fg,
other than %1 go to infinity. In particular, F, has no root in the open interval (—1,1)
when , is far enough from the boundary; because of the boundary conditions (1.46)-
(1.47) and the fact that po,(=1) = [iL; (M — €)% and po, (1) = [JX, (A + €)% are
both positive, Fq, is positive on (—1,1). Proposition 1.8 then follows from Proposition
1.7. O

A further consequence of Proposition 1.7 is the following result ([3, Proposi-
tion 11]):

Proposition 1.9. — In the case when all s; are non-negative, any admissible Kdihler
class admits an admissible extremal Kihler metric.

Proof. — By Proposition 1.7, it is sufficient to check that Fq, is positive on (—1,1) for
any (normalized) admissible Kahler class 2). Assume, for a contradiction, that Fg,
has zeros on (—1,1). Because of the boundary conditions (1.46)-(1.47), where pg, (—1)
and pq, (1) are both positive, F, must have at least two maxima and two inflection
point on (—1,1). Denote respectively by x,, < zps the smallest and greatest point of
maxima in (—1,1). Note also that F(; = R(z) has at least two zeros in (—1,1).

By (1.42), R(z) can be re-written as R(z) = (Hivzl(/\a + eam)da‘l) q(z), where ¢
is the polynomial defined by

N N
(1.56) q(r) = Z Sa H(x\b + epr) — (az + B) H()\a + €T).
a=1

a=1  b#a
In this expressions and in the sequel of the argument, we (temporarily) change our
overall notation in the following manner: N denotes the number of distinct e;\;—
that is to say the number of distinct constant values of the hamiltonian 2-form ¢, cf.
Section 1.8—and the latter are labeled by a,b=1,..., N in such a way that

(1.57) eK/\K < <M <-l<l<enAIn< < 5K+1)\K+1

where K is the number of negative €,’s. For each label a, we put dg = ;| x,=e, 2, Gi

so that pa, (z) = [[;(Ma + €)% and s, = ; leiAiz=eara Si-
With this notation, the roots of R(z) are counted as follows: (1) the N real numbers
—eaA\g—each with multiplicity d, — 1-—which all sit outside [—1, 1], and (2) the roots
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of g. With our assumption, ¢ has at least two roots, r1,rs say, in (—1,1), in fact in
the subinterval (z,,Zar). Moreover, Fq (z,,) and Fg’{zM are both non-positive; since
HflV:l(/\a + €,x)% 1 is positive on (—1,1), we then have q(z,) < 0 and g(zn) < 0.

Denote by n_, resp. ny, the number of real roots of ¢ in the interval (—oo, —1],
resp. in the interval [1,+00) (counted with multiplicity). From (1.56), we infer

(1.58) q(—€ada) = sa [ [ (M6 — €s€ada)-

b#a
Since all s;’s, hence all s,’s in the new notation, are non-negative, we infer that
q(—€aXs) g(—€pAp) < 0 for any pair a, b, such that a,b < K ora,b > K and |a—b| = 1.
There is then at least one real root of ¢ between any two consecutive —e;Ag, —€pAp,
with a,b < K or a,b > K. It follows that

(1.59) ny +1>K, n_-+1>N-K,
hence
(1.60) ny +n_+2>N.

On the other hand,
(1.61) ng+n_+2<N+1,

as the degree of q is at most equal to N + 1 and ¢ has at least n4 + n_ + 2 real roots:
the 2 roots r1,72 in (—1,1) and n4 + n_ roots outside this interval. From (1.60) and
(1.61), we infer that ny + 1=K orn_+1=N - K.

First assume that ny + 1 = K; there is then exactly one root of ¢ between any
two consecutive —egAq, —€pAp, With 4,5 < K and no roots in [1,+00). In particular,
there is no root in the interval [1, —e;A1). From (1.58) we easily infer g(—e; A1) > 0,
whereas q(zas) < 0; then, there exists a root, 73 say, of ¢ in the interval [z, 1), hence
distinct from 71, 72; we thus get at least three roots of ¢ in (—1,1) and (1.61) can then
be replaced by n4 +n_ +2 < N; this, together with (1.60), impliesny +n_+2 = N,
hence n_ +1 = N — K; as above, we infer that there is no root of ¢ in the interval
(—en AN, —1]; by (1.58) again, q(—enAn) > 0, whereas q(z,,) < 0; there then exists
a root of g, r4 say, in the interval (-1, z,,], hence distinct from 71,75 and r3; we thus
obtain (at least) four roots, r1,rs, 73,74, of ¢ in (—1,1). It follows that (1.61) can be
improved by ny +n_ +2 < N — 1, which contradicts (1.60). Same reasoning and
same conclusion apply if we assume n_ +1=N — K. O

Remark 1.6. — Proposition 1.8 is a part of [3, Proposition 9]. Proposition 1.9 is [3,
Proposition 10]; similar results have previously appeared in the literature, in particular
in [25] and [21], cf. [3] for more details.
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1.10. Hirzebruch-like surfaces. — In this section, we consider the particular case
when N = 1 and the base S = S; is a compact Riemann surface of genus g. The
resulting complex surface M = P(1 @ L) will be called a Hirzebruch-like surface of
genus g: it is a genuine Hirzebruch surface [23] when g = 0, a pseudo-Hirzebruch
surface in the sense of [42] if g > 1. We assume that the degree deg(L) = (c1(L), [S])
is negative—meaning that ¢; = 1—equal to —¢, and that gs is of constant scalar
curvature s = 2k. It then follows from the Gauss-Bonnet formula that
2(1—g)

T
With the above assumption, for any real number A > 1, the characteristic polynomial
of the (normalized) admissible Kéhler 2, is simply

(1.62) K=

(1.63) pa,(z) = A+ z.

In view of (1.5), 2 can also be written:

(1.64) U=2r(—-(A=-1Deg+(A+1)ew)
for A > 1. In the notation of Section 1.9, we have

(1.65) R(z) = —az®’ — (Aa+B)z+2k - A3

The constraints (1.43)—(1.44) then read:

1
/ R(w)dw:——%x k- 228 = —d),
-1

(1.66) ! e 25
a
. R(x)xdm = ——3— - ? = —4,

so that

12X — 6K 6X2 +6\k — 6
(167) “=me-r T Tmeor
The extremal polynomial is then Fp, = (1 — 2%) Q(z), with
(1.68) Qx) = A(z® - 1)+ z + A,
by setting

A—k/2

(1.69) A=A\ = D21

(because of (1.62), A is positive; moreover, limy_, ;o A = 0). By Proposition 1.7, Q)
admits an admissible extremal Kéhler metric if and only if Q(z) is positive on the
open interval (—1,1). Notice that Q(—1) = A—1 and Q(1) = A+ 1 are both positive,
whereas Q'(-1) =1—-2A = ()\—1%&32_{1;1)4« and Q' (1) =1+24A>0. If K > 0, i.e. if
the genus g of S is 0 or 1, then Q'(—1) > 0 and Q(z) is then positive on (—1,1) for
any A > 1. If Kk < 0,ie g>1, Q' (-1) is positive for large values of A—hence Q(z)
is positive on (—1,1)—but it takes negative values when A is small, namely for any
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A such that (A —1)(3X\ + 1) < —k. For these values of A\, @ achieves its minimum at
Ty = —512; this belongs to the open interval (—1,0), as Q'(—1) = 1 — 24 < 0, and

D(\
Q(z0) = —gExr=—n0=m7y _1§(;—n/2>» where
D(X) = =32 4+ 663 + 202 — 6kA + 1 + &2

(1.70) = (A2 = 1) (=322 + 6K\ — 1) + K2

It is easyto check that, for any negative value of k, the rhs of (1.70) decreases from
A(1) = k% > 0 up to —oo, when X runs from 1 to +o0; it follows that the equation
D()\) = 0 has a unique root greater than 1, called Ag. From this and from Proposition
1.7 we infer:

Theorem 1.1. — Let M be a Hirzebruch-like surface of genus g. Then, each Kdhler
class §) is admissible, hence a positive multiple of a normalized admissible Kéihler class
Qy for some A > 1.

Denote by Ao the unique root greater than 1 of the equation D()\) = 0, where D(X)
is defined by (1.70). Then:

(1) Ifg<lorifg>1and)> X\, then Q) admits an extremal admissible metric,
unique up to the natural action of C*.

(ii) If g > 1 and A < Ao, then Q) admits no extremal admissible Kihler metric.

Remark 1.7. — The case when g = 0 in Theorem 1.1, and, more generally, the case
when S is a complex projective space of any dimensions, are due to E. Calabi [8] and
constitute the first examples of (compact) extremal Kéhler manifolds of non-constant
scalar curvature (cf. also [37] for an alternative approach). As mentioned earlier,
our general approach can be viewed as a generalization of Calabi’s method. The case
when g = 1 was worked out by A. Hwang in [25] and D. Guan in [21]. The case
when g > 1 is due to the fourth author [42] and constitute the first known family of
examples of (compact) Kéhler manifolds where the extremal Kéhler cone is non-empty
but does not fill the Kéhler cone. Notice that in the latter case, Theorem 1.1 does not
imply the non-existence of—non-admissible—extremal Kahler metric if A > A\g (more
on this point in [42]). This question will be settled in Section 2.3 (an alternative
treatment can be found in [40]).

2. Relative K-energy and extremal metrics

2.1. The space of Kihler metrics. — In this section, we briefly review some
general facts concerning the space Mg of Kahler metrics on a compact complex
manifold (M, J) of (complex) dimension m, in a fixed Kéhler class 2. The presentation
and the notations are taken from [19].
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An element of Mg will be indifferently designated by a Kéahler riemannian metric
g or by its Kahler form w = g(J-,-), with [w] = Q, or by the pair (g,w). As a
consequence of the dd°-lemma in Kéhler geometry, cf. e.g., [20], Mg is essentially a
space of (real) functions. More precisely, for any fixed reference element wy in Mg,
we have that

(2.1) Mgq = {p|w = wy + dd°p > 0},

where @, the relative Kdhler potential of w relative to wy, is well-defined up to a (real)
additive constant (here, w > 0 means that g = w(-,J-) is a riemannian metric). The
relative potential can be normalized, cf. [14], in such a way that, for any g in Mgq, the
tangent space Ty Mg be identified with the space of real functions f on M such that
Jas fvg = 0. The L?-norm on this space then gives Mg a structure of riemannian
Fréchet manifold, first introduced and studied by T. Mabuchi [32].

The Mabuchi metric on Mg admits a Levi-Civita connection, denoted by D. For
any real function f on M, let f be the constant vector field on Mq defined by g —

= = f . . .
f— f, where f = —f—M‘gv—g denotes the mean value of f. The covariant derivative D is

entirely determined by the D f ’s, which are given by

fM(dfladf2)vQ

Va
for any g in Mg and any f; in TyMgq. In particular, a curve wy = wp + dd®yp;,
t € [0,1], in Mg is a geodesic if and only if

(2.3) ¢t — (dpe, dpr)g, = 0.

As observed by S. Semmes [36], the geodesic equation (2.3) can be re-written as
a degenerate homogeneous Monge-Ampeére equation my considering ; as a function,
® say, defined on the product M := M x X, where & here stands for the cylinder
[0,1] x S*, equipped with the complex structure determined by J8/0t = 8/0s, where
s denotes the natural parameter of the additional circle factor S*. By still denote by

(2.2) Dy, fo = —(df1, df2), +

w the pull-back of w on M, the geodesic equation can be rewritten as
(2.4) (w+ dd°®)™ =0

for S'-invariant functions ® defined on M x ¥ such that ®(-,t) is a relative Kéhler
potential on M with respect to wg.

Remark 2.1. — The Monge-Ampére equation (2.4) makes sense when ¥ is replaced
by any Riemann surface with boundary. Let ® be a (smooth) solution of (2.4), such
that ®(-,7) is a relative Kahler potential on M with respect to wp for any 7 in X.
Choose a local holomorphic coordinate z = t+14s on ¥: ® then appears as a family of
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relative Kdhler potentials parametrized by s,t, ¢ = ¢(t,s), and the Monge-Ampére
equation (2.4) is then equivalent to

(2'5) Pt + Pss — |d¢7t - dc‘bslgw =0,

where g, denotes the Kahler metric of relative Kéhler potential ¢(s,t), cf. [14].

The Monge-Ampére equation (2.4) makes sense in particular when ¥ is the (closed)
unit disk D in C. In this case, it has a nice interpretation in terms of holomorphic
disks [31], [36], [13], which plays a crucial réle in the theory, in particular in the proof
given by Chen-Tian of Theorem 2.1 below.

The group H(M, J)—cf. Section 1.6—acts on Mg and preserves its riemannian
structure. For any (real) vector field X in its Lie algebra ) and any (g,w) in Mg, the
induced vector field X on Mg, is g ng , where ng denotes the real potential of X
with respect to g, as defined in Section 1.6.

The scalar curvature determines a vector field, §, on Mgq via the assignment g —

(sg — §), with § = —fﬂ%i (notice that [y, sy = 27 (c1(M) U (Qmm—__ll),)[M] =: Sq is
independent of g in Mg). The dual 1-form, o, is o(g) = s4 v4, via the duality relation
(o,f) = fM sgfug, for any f in TyMgq. Both § and o are left invariant by H(M, J).
The covariant derivative of o is given by

(2.6) Do =—2(D"d)*D df v,,

for any g in Mg and any f in TyMgq, cf. e.g. [19, Chapter 4] and Section 1.6 for the
notation. Recall, cf. Section 1.6, that the kernel of the operator (D~d)*D~d is the
space Py of Killing potentials for g. It then follows from (2.6) that the critical point
of the Calabi functional C(g) = [,,(sy — 5)2 vy = 04(3) on Mg are those metrics g in
Mg whose scalar curvature is a Killing potential.

Since (D~d)*D~d is self-adjoint, a further direct consequence of (2.6) is that the
1-form o is closed. Since o is H(M, J)-invariant, by using the Cartan formula 0 =
Lyo = tgdo + d(150), we infer that o(X) is constant on Mg for any X in b, cf. [7].
We thus obtain an R-linear form Fq : h — R, defined by

(2.7) Fa(X)=0(X) = /M £ sqv,.

By the above discussion, the rhs of (2.7) is independent of the choice of the metric
g in Mgq. This linear form has been first introduced by A. Futaki in [17] for Fano
manifolds, then extended to general Kahler manifolds by E. Calabi in [9]. It will be
referred to as the Futaki invariant or the Futaki character(®) of Q.

) 1t easily follows from its definition that Fq is a character of the Lie algebra b, i.e. vanishes on
the derived ideal (b, §].
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We also consider the Futaki-Mabuchi bilinear form, Bgq, defined on g, the Lie
algebra of the reduced group of automorphisms Hy(M, J), cf. Section 1.6, by

(2.8) Bo(X,Y) = / £ £ vg = / hy by v,
M M

for any X = grad, fX + Jgrad,h*,Y = grad, f¥ + Jgrad, A in bo. It can be checked
that the rhs of (2.8) is independent of the metric g in Mg, cf. [18]. Notice that
Bq(JX,JY) = —Bq(X,Y), for any X,Y in b and that Bgq is negative definite on
the space, &y, of hamiltonian Killing vector fields, and positive definite on J¢; C hg.
For any two elements X,Y in ho, with Bq(Y,Y) # 0, we define the relative Futaki
invariant of X with respect to Y by

Bq(X,Y)

BQ(Y» Y)
The Mabuch K-energy, £, is defined on Mg by

(2.9) Fa(Xmod Y) = Fo(X) Fa(Y).

(2.10) o= —dg,
i.e.
(2.11) d€q(f) = —/Mfsgvg»

for any g in Mgq and any f in TgMgq. Since ¢ is closed and Mg is contractible, £
exists and is well-defined up to an additive constant; we denote by &,,, the unique
determination of £ which vanishes at the chosen base element wy on Mgq. It follows
from (2.6) that £ is D-convex on Mg, meaning that its Hessian DdE is non-negative;
moreover, for any g in Mg, its kernel in Ty Mg is the space of Killing potentials of
mean value zero.

Because of (2.10), the critical points of £ are the zeros of o, hence the metrics
of constant scalar curvature in Mgq. To generalize the setting to include extremal
metrics of non-constant scalar curvature—the case of main interest in this paper—it
is convenient to substitute a relative version introduced by D. Guan in [22] and S.
Simanca in [38]. This is done as follows. /

Let G be a maximal compact subgroup of Hy(M, J) and denote by M$§ the space
of G-invariant K&hler metrics in Q. Mg is a totally geodesic submanifold of Mgq. In
virtue of a celebrated theorem of Calabi [9], any extremal Kéhler metric in Mgo—
if any—belongs to the Hy(M, J)-orbit of an element of M$. Since G is maximal in
Ho(M, J), its Lie algebra, g, is the Lie algebra of all hamiltonian Killing vector fields
for each element, g, of Mg Notice that, while the latter is independent of g, the
space, Py, of Killing potentials with respect to g does depend of g.

For any g in Mg, of scalar curvature s4, the Killing part, H?(sg), of s4 is defined as
the L2-projection of s relative to g in P,. The reduced scalar curvature of g, denoted
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by s, is defined by
(2.12) 88 =5, — TG (s,).

Then, g is extremal if and only if its reduced scalar curvature ng is identically zero.
The vector field Z§ = grad(H?(s))—called the extremal vector field of the pair
(9, G)—is independent of g in M§ and can be alternatively determined by

(2.13) Fa(JX) = Ba(JX, Z5),

for any X in g. Notice that Zg belongs to the center 3 of g. Its lift, Zg , on Mg is
the vector field g — Hf(sg). It turns out that Zg is D-parallel, and so is its dual
1-form ¢§, cf. [19]. We now consider the 1-form on M$ defined by

(2.14) o% = amg — (§-
Since ¢§ is D-parallel, we infer from (2.6)
(2.15) Djo® = —2(D~d)*D™df,

for any f in T,M§. In particular, o€ is closed.

Denote by Hg(M, J) the normalizer of G in Ho(M, G) and by he the Lie algebra
of Hg(M, J). The group Hg(M, J) acts on Mg and we define as above the relative
Futaki character F§ : hg — R by

(2.16) F§(X)=0%X) = /M £X 5% v,.

As before, 2 : hg — R is independent of g in Mg
The relative K -energy £C is defined by

(2.17) o¢ = —d€°,
i.e. by
(218) aeg(5) == [ 1350,

G is closed and MS is contractible,

for any g in M§ and any f in T,M§. Since o
£C is well-defined up to an additive real constant. As before, we denote by 85'; the
determination of £¢ which is zero at the chosen base point wy. By (2.17), the critical
points of £C are the zeros of 0, hence the extremal metrics in Mg Moreover, since
Do = Do, MS> EC is D-convex and, at each g in .Mg, the kernel of the Hessian

DdEC is the space of G-invariant Killing potentials relative to g.
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2.2. The Chen-Tian Theorem. — The K-energy £ and the relative K-energy
EC defined in Section 2.1 play an important role in the theory of extremal Kahler
metrics, due in particular to the following observation.

Proposition 2.1 (S. Donaldson [14]). — Let wo, w be any two elements of MS. Assume
that wy is extremal. Assume, moreover, that there exists a geodesic wy = wy + dd®py,
t € [0,1], between wy and w = wy. Then

(2.19) E%(w) > €% (wo)

and equality holds if and only if w is extremal. If so, w belongs to the Ho(M, J)-orbit
of wg.

Proof. — (Sketch) To simplify notation, let’s write f(t) for £F(w;); we can assume
f(0) = 0. By (2.17), we have that f'(t) = —o®(T), where T denotes the tangent
vector field along the geodesic w;y, given by the assignment t — ¢y € thMg. In
particular, f'(0) = 0, since wp is extremal. By using (2.15), we get:

F"(t) = =(Dra®)(T) — o (DrT)
(2.20) = —(Dro®)(T) =2 /M((D‘d )D~d:, pr) vg,
= 2/M |D_d¢t'2 Vg,

The last term is non-negative and is zero if and only if ¢; is a Killing potential with
respect to g; for each t in [0, 1], cf. Section 1.6. Proposition 2.1 follows easily. |

This argument has been extended by X. X. Chen and G. Tian in the following way
(cf. also Remark 2.1 for the notation):

Proposition 2.2 (X. Chen—G. Tian [13]). — Let wy be a fized element of M$ and let
® be a smooth G-invariant solution of the Monge-Ampére equation (2.4) defined on
M x ¥ for any Riemann surface with boundary ¥. Suppose that, for any T in X,
®(-,p) is the relative Kihler potential of an element W™ = wy + dd°®(-,7) in Mg,
so that the relative energy £C(7) = SG(w(")) can be regarded as a function defined
onX. Let z =t+1is be a local holomorphic coordinate on X. Then, with the notation
of Remark 2.1, £9(7) satisfies the following equality

d2e¢  dec

(2.21) T T = 2/M |D™ (dg: — d°ps) I3, Vaery-

In particular, % + % > 0, with equality if and only if Z = grad,, ¢r —

Jgrady, ¢s is a (real) holomorphic vector field on M for any T in X.
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Proof. — From (2.18), we infer % = — [o sf(,)gbt Vgr). It is easily deduced from

(2.15) that, in general, the first variation of the reduced scalar curvature at g in M§
in the direction of f is given by

(2.22) sC(f) = —2(D~d)*D~df + (dsC, f),
whereas the first variation of the volume form is given by vy(f) = —Ayfvs. The
second derivative of £¢ with respect to t is then given by

d2E¢ 2 . , I
(2.23) T E 2/ |D™dpi|* vg “/ (@er — (dpe, dpt) g(r)) S gr) Vgirr -

M M

We get a similar formula by replacing t by s, hence, by using (2.5):

d?EC  d%EC . . 12

F+W=2/MID (dpe — d°ps)|" vy,

(2.24)
+2/ (2(D_d¢t7D_dc¢s) + (d¢tadc¢s) si)vgf
M

where the second term in the rhs is actually zero (7). The last assertion of Proposition
2.2 follows easily (see Section 1.6). d

The argument in Proposition 2.1 only holds for metrics which are linked to extremal
metrics by a geodesic. On the other hand, the existence issue for geodesics in Mg has
remained an open question, principally because of the lack of regularity for solutions
of the Monge-Ampeére equation (2.4). In [13], X. X. Chen and G. Tian established a
(weak) regularity theorem for solutions of (2.4), improving a previous regularity result
by X. X. Chen [10] which asserts the existence of solutions in the class C''!. From
this, and by using the above Proposition 2.2, they were able to deduce the following
fudamental results:

Theorem 2.1 (X. X. Chen—G. Tian [12], [11], [13]). — (i) Al extremal metrics in Mg,
if any, belong to a unique Ho(M, J)-orbit.

(ii) Let wo be an extremal metric in Mgq. Without loss of generality, assume that
wo belongs to M§. Then,

(2.26) E%(w) > E%(wp),

with equality if and only if w is extremal.

(") This is an easy consequence of the following general formula (see Section 1.6 for the notation):
(2.25) (D=d)*D=d°f = 3Lk f,

for any function f on a Kéahler manifold of scalar curvature sy, with K := J grad,sq. Here, (2.25) is
applied to f = ¢s. Moreover, since (5 is G-invariant, K can be replaced by K€ := Jgradgsf.
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2.3. The relative energy of admissible metrics. — Denote by M?{i‘“ the space
of admissible Kéhler metrics in a given (normalized) admissible Kéhler class Q.
Then, M?ﬂm C ng, where G is the maximal compact subgroup of Ho(M, J) given
by Propositions 1.3-1.6, and the reduced scalar curvature is given by the following
proposition (cf. [3, Proposition 6]):

Proposition 2.3. — For any (normalized) admissible Kihler class Q, and for any ad-
missible Kdhler metric g = g, in Q4 of scalar curvature sy, the Killing part of sy is
given by

(2.27) H?(sg) =az+p,

where a, B denote the renormalized leading coefficients of the extremal polynomial Fq, ,
defined by (1.53), whereas the reduced scalar curvature has the following expression:

_ "
(2.28) 8? — (FQ/ PQ/@) (z).
paf2)
Proof. — For any admissible Kihler metric in a (normalized) Kéhler class, it follows
from (1.23) that the space P, of Killing potentials relative to g splits as
(2.29) Py=RoRzo (&P, ),

where: R denotes the space of constant functions; R z the space generated by z; Pgos,.
denotes the space of Killing potentials of mean value zero on (S;, gs,). By (1.52), the
scalar curvature s is a function of z only; by (1.27), s is then L2-orthogonal to all
Killing potentials in 611'V=1Ps?s,-‘ In order to prove (2.27), it is sufficient to check that

R(z)_p(g f(z)e)”(z) is orthogonal to 1 and to z. In view of (1.27), this amounts to checking

that f_ll(R(.’L') - (pa, ©)"(z)) dz = 0 and f_ll(R(av) — (pa, ©)'(z)) zdz = 0; in view
of the boundary conditions (1.14)—(1.15) for ©, these two conditions are equivalent

to (1.43)—(1.44); since R = Fg , (2.28) follows from (2.27) and (1.52). O
Corollary 2.1. — For any admissible Kdhler class 24 denote by Zg ' the extremal vec-
tor field relative to the pair (G,Q,)), see Section 2.1. Then
(2.30) JZ§ =aT.
Proof. — By definition, ng = grad, (ch(sg), for any g in ng, hence for gy .. Since,
—JT = grad,, _2, (2.30) readily follows from (2.27). O
Corollary 2.2. — For any admissible Kihler class Q4 we have

Fao-JT) = ﬂx
(2.31) [-1pats)ds

a (/11 3'~’pn/(s)ds/l1 pals)ds — /11 spas)ds /1 spas)ds)

-1
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and
(2.32)

Ba-JT,—JT) = 2mV(S)

I1, pads)ds

( / " Ppafs)ds / 11 pas)ds - / 11 spa(s)ds / 11 s pas)ds),

-1 -

where V(S) = [[V(Si,gs,) denotes the volume of S. In particular,

(2.33) Fol-JT) = a Bo(—JT,-JT).

Proof. — Since T is a hamiltonian Killing vector field of momentum z, —JT belongs
to Jg and its real holomorphic potential is z —z, where zZ = %ﬁ is the mean value of
Vg

z. Since z—Z belongs to Py, in (2.7) only the Killing part Hf(gg) = az+ 3 contributes:
we then get Fo(—JT) = o [,,(2 — 2)zvy and Bo,(—JT,—JT) = [,,(z — 2)*vy. By
using the expression (1.27) of vy, we readily get (2.31) and (2.32); (2.33) follows
readily; alternatively, (2.33) follows from (2.32) and Corollary 2.1, via (2.13). O

Choose a reference element in M?ﬂm, e.g. the standard admissible metric wy cor-
responding to the admissible momentum 2zo(t) = tanht, cf. Section 1.5. Any other
element w of M?{;“‘ can be written w = wg + dd°¢, where ¢ = ¢(t), called the relative
potential of w, is uniquely determined by w up to an additive constant. Notice that

_, .9
(2.34) zZ=2y+ at

For any curve ws in M2I™ we set w = dws . and we denote similarly the first
y Qi ds l s=0 y

variations of all objects determined by w; we thus have: w = ddCdS, 3= 92 etc. By
dt

identifying w with ¢ we identify each tangent space TyM ?ﬂm of M?{im with the space
of all smooth real functions of ¢ mod constant functions.

Although it is a hard task to get an explicit expression of the relative energy £%(g)
for a general element of M$ , it turns out that the restriction of £ to M&™ admits
a simple explicit expression in terms of the extremal polynomial Fg,, given by the
following proposition (cf. [3, Proposition 7]):

Proposition 2.4. — For any admissible metric g in Q4 of momentum profile ©, we
have
1
F,
(2.35) &g =C / ( gé“;) + pa ) 1oge)(w)> dz mod R,
-1

with C = 2w Hf\_’__l Vi, where V; denotes the volume of (S;, gs,)-
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Proof. — The restriction of £ to M&™ is determined by
(2.36) A€ (§) = — / 55 $ug
M

for any g = ga, in M?ﬁm and for ¢> = qa(t), any function of ¢ mod R, where, we recall,
sg denotes the reduced scalar curvature of g with respect to G. By using (2.28) and
(1.27), we get

1

(2.37) (dEC)4() = —C /_ 1 (Fa, — pa, ©)" (z)f(z) dz,
where C is as above and by setting

(2.38) f(@) = (=" ()).

By integrating by part twice and by observing that at each step the intregrated terms
vanish because of (1.14)—(1.15)—(1.46)—(1.47), we get

1
(2.39) (dEC), () = —C / (Fa, — pa, ©) (z)f"(z) dz

From (2.38) we get f'(z) = z(%—((z)—) hence

£(0) = gy (5670 - @@ @)

On the other hand, from (1.13), we get O(z) = %£(z7!(z)) — ©'(z)2(2"!(z)). We
thus end up with

(2.40) F(z) = 62(( )).
By substituting in (2.39), we eventually obtain
(2.41) (dE%)g(d) = C / g’; ;)) + pg*(i‘;)) O(z) dz,

for any ¢ = ¢(t) in TgM?{im, where the extremal polynomial F, and the character-
istic polynomial pg, are both independent of g in Mg,. The rhs of (2.41) is then the
first derivative in M#I™ of the rhs of (2.35). a

Proposition 2.5. — Let Q,be any admissible Kihler class on M.

(i) Assume that Fgq, is positive on (—1,1) and denote by go an admissible extremal
Kihler metric in Q4 of momentum profile ©y = %": (cf. Proposition 1.7). Then, for
any admissible Kdihler metric in Q4 we have

(2.42) £%(g) > €%(90),

with equality if and only if g is extremal, hence equal to gy up to the natural R>°-action
on M.
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(ii) Assume that Fq, is negative on a non-empty open subinterval I of (—1,1).
Then, for any admissible Kihler metric g in 24 there exists a half-line g5 of admissible
Kihler metrics in Q4 with s in [0,4+00) and go = g, such that £9(gs) tends to —oo
when s tends to +00.

Proof. — (i) From (2.35) we infer

(2.43) E%go)=C /1 (1+ log Fax—(z)(x))pm(z) dz,
-1 pa,
whereas
_ ' Fﬂx(m)

(2.44) g9 =C _l(m + log ©(z)) pa, (z) dz.
We thus get

1
@45 E%) - %) = C [ (Ale)~1-logA()) poy(a) de
by setting

_ Fo, (:L‘)
(2.46) Ao) = @ 0@

Now, A(z) is positive for any z in (—1,1) by hypothesis and, by Proposition 1.7, is
identically equal to 1 if and only if g is extremal. It is easy to check that the function
¢(t) :=t — 1 —logt defined on (0,+00) is convex, tends to +oo when ¢ tends to 0 or
to +o00, and reaches its unique minimum 0 at ¢ = 1. It follows that the rhs of (2.45)
is positive except when A = A(z) is identically equal to 1, i.e. when g is extremal.

(ii) Let © be the momentum profile of any admissible Kdhler metric g in ). Let
¢ be a non-negative, non-constant smooth function on (—1,1) which is compactly
supported in the interval I, and set

_ O(z)
~ 1+s9(2)8(z)’

for any non-negative real number s. By Proposition 1.2, ©, is the momentum profile

(2.47) CHED)

of an admissible Kéhler metric, g,, in ) for any s > 0, with go = g. Moreover

1
£9(0) =€)+ C [ spla)Foy(0)do
(2.48) !

1
- C/ log (1 + s p(x)O(z)) dz
-1

where, f_ll s(z)Fo,(z)) dz = [, p(z)Fo,(z)) dz is a negative multiple of s. It follows
that the rhs of (2.48) tends to —oo when s tends to +oo. O
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Remark 2.2. — The expression (2.35) of the (relative) energy of admissible metrics,
as well as the argument in Proposition 2.5, are quite reminiscent to Donaldson’s paper
[15] for toric manifolds.

Now we are ready to state and prove the main result of [3]:

Theorem 2.2. — Let M = P(1® L) be any admissible ruled manifold and let Q,be any
(normalized) admissible Kihler class on M. Then, Q, contains an extremal Kdihler
metric—which is then admissible up to the action of Ho(M,J)—if and only if the
extremal polynomial Fq, is (strictly) positive on (—1,1).

Proof. — By Proposition 1.7, if Fg, is positive on (—1,1), Q) contains an admissible
extremal Kéhler metrics. By Proposition 2.5, if F,, is negative on some open subin-
terval of (—1,1), the relative K-energy £ is not bounded from below: by Theorem
2.1 (ii), Q\ contains no extremal Kéhler metric.

It remains to consider the limiting case, when Fg, is non-negative but has (re-
peated) zeros on (—1,1). Suppose that Fgq, is of this form and assume, for a contra-
diction, that 2 = Q) contains an extremal Kéahler metric, (9,w) say. In view of the
already mentioned Calabi theorem, we can assume that the pair (g,w) is G-invariant
(cf. Proposition 1.6). By LeBrun-Simanca’s openness theorem [29, 30], any (nor-
malized) admissible Kahler class 2/, with A’ close to A in RY, contains an extremal
Kéhler metric. More precisely, LeBrun-Simanca’s theorem asserts the existence of
a sequence of extremal Kéhler metrics (gx, @), with [@x] = Qk, which converges to
(9,w) in the Fréchet topology and the (gx,&x) can be again chosen G-invariant.

Two cases then may a priori occur: (i) either, Fq,, has repeated roots on (-1,1)
for all N’ in some open neighborhood of A in R¥, or else: (ii) there exists a sequence
of (normalized) admissible Kéhler classes Qf = ), converging to —meaning that
Aj. converges to A in the usual sense—such that Fg, is positive on (—1,1) for each k.

Case (i) would imply that the discriminant of Fg, is zero as a polynomial with
coefficients in the field R(\1, ..., An) of rational fractions in {Ay, ..., Ax}: this would
contradict Proposition A.1 in Appendix A (by substituting A; = €;A in Fgq,, regarded
as a polynomial with coefficients in R(\q,...,An), up to a factor Hf’:l ef", we get the
extremal polynomial of an admissible Kihler class Q, as a polynomial with coefficient
in R(\), on an admissible ruled manifold with N =1, d = ¥,_, d; and s = 3V | s,).
Case (i) is thus discarded.

Now assume, again for a contradiction, that Case (ii) occurs. LeBrun-Simanca
openness theorem actually guarantees the existence of a sequence, (§k,wx), of G-
invariant extremal Kéhler metrics, with [0x] = Qi for each k, which converges to
(g9,w) in the Fréchet topology. On the other hand, since Fy, is positive on (—1,1),
Proposition 1.7 guarantees the existence of an admissible extremal Kahler metric,
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(gk,wr) say, in each Qi, unique up to the natural C*-action, with wy = Efil((kk)i +
€; zk) T w; + dzg A d°t, cf. Section 1.3.

By Theorem 2.1, for any k the extremal K#hler metrics (gx,wy) and (gk,@x) in
Qy are linked together by gy = ¥y - gk, for some ¥y in Ho(M, J). Moreover, from
the invariance of the extremal vector field ng of each pair (Q, G)—see Sections 2.1
and 2.3—we get ng = grad,, sq, = grad;, sg, = ¥ - grad,, sg,, meaning that ng,
hence also T' by Corollary 2.1, are preserved by ¥j for any k. We infer that the
¥,’s all belong to the subgroup of elements of Ho(M, J) which commute with C*,
hence, by Proposition 1.3, to the extension of Hy(S,J) by C*. Moreover, since the
(gk,wx) are only defined up to the natural C*-action, we can actually arrange that
the ¥,’s all belong to a lift of Ho(S, J) in Ho(M, J), meaning that each ¥y, is induced
by a linear lift on L of an element, @y say, of Hyo(S, J). Each @ is then of the form
Wk = Z,N:l((kk)i + € Uy - 25) ™ (Pk - wi) + d( Py - z) A d°(¥y - t), hence the Kahler
form of an (extremal) admissible Kéhler metrics on the admissible ruled manifold
obtained by simply substituting the hermitian inner product hi = Uy -h on L. Since
any two hermitian inner products on L are conformal, hy can be alternatively written
as hy = e*F* b for some well-defined (real) smooth function Fj on S and we then
have & = Uy -t =t + 7*F. Since ¥y - T = T, we also have that 3, = ¥y - 2 is a
momentum of T with respect to @g.

By assumption, the sequence @y converges to w in the Fréchet topology: it follows
that Z; converges to a momentum of T' with respect to w; similarly, since tj7r@r =
—gu(T,T) dtx, = —gi(T,T)d(t + n*Fy), the sequence F} converges to a smooth
function F' on S, meaning that the sequence i converges to the hermitian inner
product h = e2F h, whereas each ¥y - w; converges to @;, which is the curvature form
of L% equipped with the hermitian inner product induced by h.

It follows that w is the Kdhler form of an extremal admissible Kahler metric on M
with respect to (L, FL) Since the extremal polynomial Fqo of Q only depends of the
N-tuple A and of the ¢;’s, Fq should then be positive on (—1,1) by Proposition 1.7
again. Case (ii) is then discarded as well. a

2.4. A borderline case example. — In this section, we present a family of ex-
amples of (normalized) admissible Kéhler classes on an admissible rules manifold
M =P(1®L) — S whose extremal polynomials are non-negative but have a repeated
root, which can be chosen irrational, on (—1,1).

The simplest examples are obtained by considering (complex) four-dimensional
admissible ruled manifolds for which S = []3_, S;, where each S; is a Riemann surfaces
of genus g; greater than one. For ¢ = 1,2, 3, the (constant) scalar curvatures s; of S;
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is then negative; more precisely, by the Gauss-Bonnet formula,

(2.49) S M

T T )
ks
where k; denotes the degree of the polarizing line bundle L; = L7 (cf. Section 1.1

and formula (1.62) in Section 1.10). In particular, each s; can be made equal to any
negative rational number by an appropriate choice of the genus g; and of the degree
ki.

Our aim is to construct a family of (normalized) admissible Kéhler classes Q) on
M, for an appropriate choice of the scalar curvatures s;—hence of the line bundles L;
on S; by (2.49)—in such a way that the extremal polynomials be of the form
(2.50) Fo,(z) = C(1 — z%)(z? + rz — 1),

for some positive constants C' and r. The polynomial in the rhs of (2.50) satisfies
the first boundary condition (1.46) for extremal polynomials and is non-negative on

(—1,1). It has two repeated roots: a positive one, r, = =rt¥r-+4 "2T2+4, in the open
2

interval (0,1); a negative one, r_ = %ﬂ, in (—oo,—1). The first and second
derivatives of Fq, are given by:

(2.51) F§, (z) = C(—62° — 10rz* + 4(3 — r?)z® + 12r2® + 2(r% — 3)z — 2r)

and

(2.52) F§ (z) = C(—30z* — 40rz® + 12(3 — r?)2? + 24rz + 2(r® - 3)).

In particular, F, (—1) = 2Cr? and F,, = —2Cr?. It follows that Fq, satisfies the
second boundary condition (1.47) for extremal polynomials if and only if

(2.53) pay(—1) = pa,(1) = C,,.Z,

where pg,(z) = [[o—1(Mi + €x) denotes the characteristic polynomial ®) of Qy, cf.
(1.7). If we write pq,(z) = E;;Opj:c?"j, with po = €1€2€3, p1 = ) ;;x €i€j Ak, P2 =
Y ijk €iAj Ak, P3 = A1d2A3 (summation over the circular permutation of (1,2,3)),
(2.53) is equivalent to the two conditions:

(2.54) po+p2 =0,

(2.55) p1+p3 = Cr?.

The condition (2.54) cannot be satisfied if all ¢; are equal to 1 or —1: We then assume
(2.56) €1 =€ =1, €3 = —1,

(®)  As long as the s; and the ¢;—hence the S; and the polarizing line bundles Li_ei over S;—

have not been fixed, Q) is only a “virtual” admissible Kéhler class encoded by an admissible triple
A ={A1,22,A3}.
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and (2.54) then reads:

14+ A
2.57 A3 = —.
( ) 3 AL+ Az
Notice that %\%}ff =1+ % > 1. The condition (2.55) determines the

constant C as follows:

AMA2A3 + A3 — A1 — A
(2.58) C=P1-‘;p3= 1A2A3 + 2 1 2
r r
Notice, by using (2.57), that Ajdeds + A3 — A1 — A2 = (1+>‘1’\f\)12;)f;\1+)‘2)2
(—'\zglli?)‘z_—l) > (. Also notice that
1+A2

M -1 A2 -1
2.59 Al — A3 = —2 >0, Ag—Az= -2 > 0.
(2:59) TN 2T TN+

Now, for any positive real number r and for any admissible triple A = {A1, A2, A3}

satisfying (2.57), the polynomial Fq, defined by (2.50), where C' is defined by (2.58),

is actually the extremal polynomial of the (normalized) admissible Kéhler class Q if

and only if F{) (z) = R(z), where, in general, R(z) is defined by (1.42) in Section 1.9.

In the present situation, this condition is then:

F('{x(:v) =s1(A2 + )3 — z) + s2(A3 — ) (A1 + z) + s3(A\1 + ) (A2 + )
—(az + B) (A1 + z)(A2 + ) (A5 — ),

where a, 3 are real constants. In view of (2.60), we now assume that A; and A, are
distinct, hence A; > A say. This implies that the s;’s are uniquely determined by
(2.61)

(2.60)

F) (=A1) o — Fg,(=X2) o = FS (A3)
(A2 = M)Az + A1)’ (A1 = A2)(Az + A)’ (A1 4+ 2A3) (A2 + As)’
a special case of the general formula (1.49). By using (2.52), this can be re-written as

81 =

2C

(2.62) s = =) Or ) (63 —1) 72 —4X;(5X% — 3) r + 15A] — 18)% + 3)),
2C

(2.63) sy = TS W v (= (6X3 — 1) r® +4X2(5A3 — 3) 7 — 153 + 18)3 — 3)),
2

(2.64) s3 = ¢ (= (6X3 —1) 7% —4X3(5A3 — 3) r — 15X5 + 18)% - 3)).

(A 4+ A3)(A2 + A3)
Conversely, if s;, 9,53 are given these values, then F{z’x (z) is of the form (2.60)—as
Fg, (x) = s1(A2 + ) (A3 — ) + s2(A3 — z) (A1 + z) + s3(A; + ) (A2 + z) is then divisible
by (A1 + z)(A2 + z) (A3 — z)—so that Fg, is indeed an extremal polynomial provided
however that the real numbers s; defined by (2.62)-(2.63)-(2.64) can be realized as
the scalar curvatures of Riemann surfaces S; of genus greater than 1, polarized by a
holomorphic line bundle L; . According to (2.49), this can be done whenever s; are
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(arbitrary) negative rational numbers. This forces us to assume that A;, \,—hence
also Az by (2.57)—are rational, as well as the parameter 7.

By (2.64), s3 is negative for any r > 0 and any admissible triple {A1, A3, A3}. By
(2.63)-(2.64), s; is negative if and only if

(2.65) Y- (A1) <7 <Y (M),

and ss is negative if and only if

(2.66) r < _(A2) or r> Py (Aa),
by setting

2_3)+ JIOM T3 3
(2.67) pa(r) = BN = £ VIN +3AT+3

622 —1

It is easy to check that ¢_ is increasing from 1_(1) = 0 to +o0o0 and that v, is
increasing from (1) = 8/5 to oo when A runs from 1 to +o0o. We readily infer:
For any (rational) admissible triple {A1, A2, A3} satisfying (2.57) and A\; > A, the
(rational) numbers s1, s2, 83 given by (2.62)-(2.63)-(2.64) are all negative if and only
if

(2.68) Y- (A1) <1 <9P1(M)
if ¥_ (A1) > ¥4 (A2), or
(2.69) PYi(A2) <7 <Pi(h1),

if Y_(A1) < ¥4(A2). The above discussion can be summarized by the following
statement ([3, Example 1]):

Proposition 2.6. — For any admissible triple /= {\1, A2, A3} of rational numbers sat-
isfying (2.57) and A\ > Ao, denote by I, the open interval in (8/5,+00) defined by
(2.68)-(2.69). Then, for any rational number r in I, there exists a (complezx) four-
dimensional ruled manifold M = P(1&L) — S = H?:l S;, where each S; is a Riemann
surface of hyperbolic type, such that Q/1is a (normalized) admissible Kihler class on
M whose extremal polynomial Fg, is of the form (2.50), with C defined by (2.58).

Remark 2.3. — In view of the current conjectures concerning the link between the
existence of extremal K#hler metrics and stability questions considered in the next
chapter, the case of particular interest in Proposition 2.6 is when r is chosen so that
the repeated root r; = ﬂ%m of Fq, in (0,1) is érrational. If r is written as
r = p/q, for two (relatively prime) positive integers, this happens if and only if the
integer p? + 4¢? is not a square, hence for “most” rational numbers in Iy.
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3. Extremal metrics and stability

3.1. The Futaki character on polarized manifolds. — In this section, M =
(M, J,g,w) denotes a general compact Ké&hler manifold of complex dimension m,
polarized by a hermitian holomorphic line bundle L, meaning that RV = iw, i.e. that
the Kéahler form w is the curvature form of the Chern connection V of L. In particular,
Q = [w] = 27 ¢1(L). We denote by 7 the projection of L on M. As usual, L is viewed
as a complex manifold of complex dimension m + 1.

We consider an S!-action on M which preserves the whole Kihler structure. Denote
by X the generator of this action, i.e. the (real) vector field X defined by X(z) =
%l tzoe“ -z, for any x in M. We assume that the action is hamiltonian, i.e. that
X =grad, fX =J grad, f X for some real function fX well-defined up to an additive
constant.

For any choice of fX, X lifts to a vector field X on L, preserving the natural
complex structure of L, defined by X = X —(7* fX) T, where X denotes the horizontal
lift of X on L determined by V and T the generator of the standard S*-action on
L (= the usual multiplication by S' on each fiber). Moreover, for an appropriate
choice of fX, X is the generator of a holomorphic S'-action on L which lifts the given
Sl-action on M, cf. e.g. [19, Proposition 7.5.1]. Such a distinguished momentum is
well-defined up to an additive integer. We henceforth assume that X is the generator
of a lifted S'-action on L, corresponding to the distinguished momentum fX. Notice
that the lifted action on L determines a lifted S'-action on all tensor powers L* of L.

The lifted action induces a C-linear S*-action on the space, I'(L), of smooth sections
of L, defined by

(3.1) € s)@)=¢-(s(¢7F-2)),
for any s in I'(L), any ¢ in S! and any z in M. According to the general definition
of the Lie derivative, we then define:
d it
Tdti=t Y

for any s in I'(L) and any z in M. In terms of covariant derivative, this can be

(3.2) Lxs =

rewritten as
(3.3) Lxs=Vxs+if¥s.

The Lie derivative £x preserves the subspace H°(M, L) of holomorphic sections of L
and thus induces a C-linear, skew-symmetric action on H°(M, L) and, more generally,
on H°(M, L*) for any positive integer k.

Definition 3.1. — The infinitesimal weight of the lifted S'-action on L is the trace of
the hermitian operator —iLx on H°(M, L).
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Example 3.1. — Let (V,(-,-)) be any hermitian (m + 1)-dimensional complex vector
space and denote by P(V) the corresponding complex projective space, equipped with
the induced Fubini-Study Kéahler metric of holomorphic sectional curvature equal to
2: the Kahler form w is then the curvature form —iRY of the Chern connection of
the dual tautological line bundle O(1), equipped with the induced hermitian inner
product, cf. Section 1.1. Any hermitian endomorphism A of V with integer eigenval-
ues ag, a1, - - ., am determines an S'-action on P(V) by: e - z = e**4(x), for any z in
P(V). This action preserves the whole Kéhler metric. The generator of this action
is the (real) Hamiltonian Killing vector field X4 defined by X4(z) : u € x — iA(u)
mod z (we here the natural identification T,P(V) = Hom(z, V/z)). This action has a
natural, tautological, lift on the tautological bundle O(—1), namely e® - u = €4 (u),
for any z in P(V) and any u in the complex line z. The dual S-action on O(1)
is then (e - a)(u) = a(e™®4(u)), for any a in O(1), = z*. This is a lift of the
above Sl-action on O(1), corresponding to the distinguished momentum defined by
FX*(z) = (Au,u), for any unit generator u of z. The space HO(P(V),O(1)) is nat-
urally identified with the dual space V*: each element o of V* can be viewed as a
holomorphic section of O(1) by setting a(z) = ¢|,. From the above discussion, we
readily infer Lyaa = a0 A. In particular, the infinitesimal weight of X“ is the trace
of A, i.e. Y1) ai.

It is a far reaching observation by S. Donaldson [15] that Fqo(—JX) can be com-
puted by using the asymptotic expansions of the infinitesimal weights, wi(X), of the
lifted S'-action on LF, when k tends to infinity. More precisely, denote by dj the
(complex) dimension of H°(M, L*); then

(3.4) welX) _ Sy S0 | 1 Fa(=TX)

' k dg Va 4 Va
where fX denotes the distinguished momentum of X determined by the chosen lifted
Sl-action on L and Vg the volume of (M, ).

If Y is the generator of another hamiltonian S!'-action on M, preserving the whole

k™ + O(k™2),

Kahler structure, the combined infinitesimal weight w(X,Y) on L is defined as the
trace of the product operator (—iLx) o (—iLy) on H°(M,L). Denote by wi(X,Y)
the combined infinitesimal weight on H°(M, L*). We then have

wp(X,Y)  we(X) we(Y) Bo(-JX,-JY) 1
' _ - O(k™).
3.5) K2y kdy  kdy Va Ok
The key point is that formulae (3.4)-(3.5) can be used to define Fo(—JX) and

Bq(—JX,—JY) in the case when M is singular and these objects cannot be defined

directly in geometric terms. Such situations occur in particular when considering test
configurations introduced by G. Tian [41] and S. Donaldson [15] to check the stability
of polarized projective manifolds.
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3.2. Deformation to the normal cone. — In general, for any closed subscheme
3 of a complex variety M, the deformation to the normal cone of ¥ in M is a classical
construction in algebraic geometry, by which the embedding of ¥ in M is connected
to its embedding in its normal cone C' = Cs M as the zero section.

This is done by considering the blow-up—call it D(M)—of the product M x P!
along ¥ x (1 : 0), where (1 : 0) is the point at infinity of the standard complex projective
line P, and the induced projection p : D(M) — P!. Denote by q : D(M) — M x P! the
blow-down mapping: the exceptional divisor ¢~1(Z x (1 : 0)) is then the projectivized
normal cone P(C @ 1) of £ x (1:0) in M x PL. For each (\: p) # (1:0) in P!, the
fiber p~'((\ : p)) is naturally identified with M, whereas the central fiber p=1((1: 0))
splits into two pieces:

(i) the exceptional divisor P(1 & C), and
(ii) the blow-up M of M along .

Notice that the two pieces M and P(1®C) of the central fiber intersect at the divisor
at infinity P(C) in P(1 & C), which is also the exceptional divisor of the blow-up of
M along .

Since the blow-up of ¥ x P! along £ x ((1:0)) is £ x P! again, ¥ x P! is naturally
embedded over P! in D(M): For any (A : p) # (1:0) in P!, the induced embedding
¥ < p~}((\: p)) = M is isomorphic to the initial embedding ¥ — M, whereas, over
(1:0), ¥ is embedded in p~2(1 : 0)) = P(1®C) UM as the zero section in the normal
cone C C P(1® C) (cf. [16, Chapter 5] for details).

In this paper, we consider this construction in the case when M = P(1 & L) is an
admissible ruled manifold and £ = £ is the infinity section (). Since £, is smooth,
its normal cone C is simply the normal bundle TM|s,_ /T & (7*L*)|5_ . With the
above notation, the central fiber p~!((1 : 0)) is the union of

i) M, identified with M, as £ is a divisor of M, and

(ii) the exceptional divisor P(C & 1), identified with P(L* @ 1) via the natural iden-
tification Yo, = S.

Via the natural isomorphism P(L* @ 1) = P(1 @ L) obtained by tensoring L* & 1
by L, P(C & 1) is naturally identified with M again and its intersection with M=M
in D(M) is then the zero section .

As observed in Remark 1.1 of Section 1.2, ¥, is the zero divisor of the holomorphic
section of Ops(1), s say, determined by the natural projection of 1 ® L to the trivial
bundle 1 = S x C. This allows for the following alternative description of D(M),
which is a particular case of the general MacPherson’s graph construction [33]. Let
P(1® Opr(—1)) denote the natural compactification of Opr(—1) over M and consider

(9) The choice of £ instead of the zero section 3o is inessential.
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the embedding M x (P! \ (1:0)) — P(1® Op(—1)) x P! defined by

(36)  (E=(z:u).(0:w) = (A2 p(z,u), (h: ) €PCOE) x P,

for any £ = (2 : u) € P(C&® Ly) in M—cf. Section 1.1 for the notation—and for
any (A : p) # (1:0) in P1. In (3.6), Az has to be regarded as As(¢)((z,u)). Then,
D(M) is alternatively defined as the closure of the image of M x (P! \ (1 : 0)) in
P(180p(—1))xP! by the embedding (3.6), hence as the (closed) complex submanifold
of P(1® Opr(—1)) x P! whose elements are of the form ((a : (3,u)), () : u)), for any
pair («, ) of complex numbers such that A3—pua = 0, cf. Example 5.1.2 and Example
18.1.6 (d) in [16].

We denote by # : D(M) — S the natural projection induced by « : M — §; for
any y in S, we set D(M), = 7~ 1(y).

In order to get a more concrete grasp on D(M),, we write P! = P(C; & Cz), where
C; and C, stand for two copies of C, we rewrite M, = 7~ 1(y) = P(C, & L,) and we
introduce the complex projective plane P2 = P(C, & C; & L,): D(M), can then be
viewed as a (compact) complex submanifold of the product M, x P' x P2, namely
the space of ((z:u),(A: p),(a: B:v)) in My x P* x P2 such that (a, 3) belongs to
the complex line (A : p) (in P! = P(C; @ Cz)) and (B,v) belongs to the complex line
(z : w) (in My, = P(C; @ L)), that is to say the 2-dimensional (compact, smooth)
complex submanifold of M, x P* x P2 defined by the equations:

(3.7) pa — A3 =0, 2v — Pu = 0.

For any y in S, denote by py , : D(M), — My, p2y : D(M), — P, p3y : D(M), — P2
the induced projections and by C4 4, Cs 4, C3 , the (complex) curves in D(M), defined
by

(3.8) Ciy={((z:u),(1:0),(1:0:0)), (z:u) € My=P(Cy® Ly)},
(3.9) Caoy ={((0:u),(XA:p),(0:0:u)), (A:p)eP =PCy®Cy)},

(3.10) Csy={((0:u),(1:0),(x:0:v)), (a:v)eP(Cy®Ly)}

The curves C;, and C,, are tautologically identified with M, and P! respectively,
whereas C3 , will be identified with M|, via the the natural identification C; = Cy, i.e.
via the map (a :v) € P(C; ® Ly) =P(Co® Ly) — ((0:w),(1:0),(a:0:v)). The
curves Cy , and Cy y are disjoint; the intersection Cy , N Cs y is 000 (y) in Cyy = My,
and o (y) in C3, = M,; the intersection C3, N Cj 4 is (1:0) in Cay = P! and 04 (y)
in Cg,y = My.

Each fiber D(M), of # : D(M) — S is a blow-up of PZ at two points, via the
map psy, which contracts the curves Ci,, and Cy,y to the points [C1] and [L,] of P2
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respectively, and a blow-up of M, x P! at one point, via the map (p1,y,P2,y), Which
contracts the curve Cj , to the point ([Ly] = 0o (y), (1 : 0)) of M, x P*.

Denote by q : D(M) — M x P!, resp. p: D(M) — P!, the map whose restriction to
each D(M), is (p1,y,P2.y), T€Sp. P2,y Then, g realizes D(M) as a blow-up of M x P!
along ¥, x (1 : 0), hence as the deformation to the normal cone of X, according
to the general construction described at the beginning of this section, and p is the
induced projection on P!. Accordingly, each (p1,y,p2,y), T€Sp. P2y, Will be renamed
gy, T€Sp. Py.

For any y in S and for any (X : ) # (1:0), p;*((A : p)) is isomorphic to M,, via
the embedding My — D(M), defined by:

(3.11) (z:u)— ((z:u), (A p),(Az: pz: pu)).
This family of embeddings parametrized by P! \ (1 : 0) can be viewed as a unique
embedding of M x (P! \ (1 : 0)) in D(M),. The restriction of this embedding to

Ooo(y) x (P1\ (1 :0)) then extends to an embedding of 0o (y) x P! in D(M),), given
by

(3.12) ((0:u),(A:p)— ((0:u),(A:p),(0:0:u)),
whose image is Cy 4.

The central fiber p;*((1 : 0)) is Cyy U C3, over each y in S. By setting C; =
UyesCl,y, Ca = UyesCa,y and C3 = UyesCs ,y, we then get

(3.13) p ' ((1:0)) = CLUCs,

where C; and C3 are both identified with M as explained above. The intersection
Ci N Cj is then identified with ¥y in C7; & M and with ¥, in C3 &£ M.

3.3. The space D(M) as a test configuration: Polarizations. — For any y
in S, denote by Ay, A2y, A3, the holomorphic line bundles on D(M), defined by
P14 (Onm, (1)), P5 (O (1)), pg’y(O;pg(l)) respectively. Each Ag 4, A2y, As, admits a
distinguished holomorphic section whose zero divisor is Cy,y+C3,y, C1,y+C3 y, Cy 4+
Ca,y + Cs, respectively. If C1 4, Ca,, Cs , are regarded a elements of H(D(M),,Z),
by Poincaré duality, we then have

Cry = c1(AL, ® Asy),
(3.14) Cay =c1(Az, ® Asy),

Cg,y =1 (Al,y ® Azyy ® A;’;),

where ¢1(+) stands for the (first) Chern class.

We now choose an admissible polarization on M, i.e. an admissible Kéhler class
Q) on M in the image of H2(M,Z) in H?(M,R). By Remark 1.1, this means that
the A;’s are integers and that Q/2m = ¢;(Fy), where F is given by (1.11).
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In order to turn D(M) into a test configuration compatible with this polarization,
we need a hermitian holomorphic line bundle, £, on D(M), whose restriction to
p (X : p)) is the chosen polarization of M = p~((X : p)) if (A : p) # (1 : 0) and
which induces, in some sense, a polarization on the central fiber p~1((1 : 0)) (however,
L is not required to be a polarization on the whole space D(M)).

For each D(M)y, this will be done by twisting the pull-back of (F3)|x, on D(M),
by an appropriate multiple —aCs , of the exceptional divisor, i.e. by tensoring the
pull-back of (F3)|a, by A7y ®A; 5 ®AS, for some positive rational number a (strictly
speaking, a should be chosen an integer but, for our purposes, it will be sufficient that
ka be an integer for k a positive integer growing to infinity). By using (1.11), we thus
get:

N
(3.15) Lo, = AT ® Mgy ® A3, © (QLi™ ™),

=1

We now show that the restriction of £ to each fiber p~1((\ : u)), is ample whenever
O<ax<2

We first consider the case when (A : u) # (1;0). From (3.11) we infer that the
restriction of Ag, to p;'((A: p)) is naturally identified with the restriction of A, ®
As y, so that:

N
(3.16) Lot ey = Ay ® (Q) L)y = (Fa)ing,.»

=1

for any a.
We now consider the central fiber p~!((1 : 0)), which is C;,,UC3 , in each D(M),.
On C; 4, we have Ay , = A3, = Cj, so that:

N
[’Icl,y — A%;/a' ® (® L%—ﬁ/\i)y
(3.17) ' =1 N
= (A7), ® (Q) Li ™M),
i=1

whereas, on C3 ,, we have Ay, = L7, Az = Ci, Az, = A1y, so that:

N
Lic,,=A1,0Ci® L;-z ® (® L}—ei,\i)y

i=1

(3.18) N
= (Ff )i, ® (Q L7, 72
1=1
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By setting: Q) = 27¢, (Lic,) and Q) = 27¢; (Lic,), both regarded as defined
on M, we thus get

(3.19) QO =(1-4a/2)( Z a/2 & ™ws,)),
and

N
(3.20) Q) =q/2(2+ A—H% m*[ws,])-

i=1
These evidently belong to the (admissible) Kahler cone of M if and only if 0 < a < 2.
Moreover, via the common identification ¥y = ¥, = S, the restriction of Q0O to B
coincides with the restriction of Q(°) to ¢, as it must be. More precisely, by setting

(3.21) a=1-z,
we have
N
0 o)
(3.22) 0 =) =" (A +z6) [ws,],

i=1

which is the class of the Kihler form of the Kéhler reduction of M, equipped with the
admissible Kahler metric (1.12) in Qy, for the level set z = z. We infer that the pair
(Q© Q) determines a well-defined “polarization” on the (singular) central fiber
p~1((1 : 0)). This polarization depends on the parameter = in (—1,1) and will be
therefore denoted by Q).

3.4. The space D(M) as a test configuration: C*-actions. — The C*-action
on P! defined by ¢ - (X : ) = ("X : p) determines a C*-action, denoted by e, on
D(M), defined by:

(3.23) Cal((z:w),(A:p),(@:8:0) = ((z:u), (T A p), ¢ ta:B:v)).
This action moves the fibers of p. It fixes the fiber p~((0 : 1)) (this is smooth,
identified with M, and plays no particular role in the story), and the central fiber
p~1((1 : 0)) = C; UCs: the action e is then trivial on C; and coincides with the
natural C*-action on C3 = M.

The natural C*-action on M = P(1 & L)—cf. Section 1.1—induces an C*-action
on D(M), denoted by B, defined by

(3.24) Cp((z:u), (A p),(a:B:v) = ((z:Cu),(A:p),(a:B:(v)),

for ¢ in C*. This action preserves the fibers of p and coincides with the natural C*-
action on each fiber p~1((A : ), (A : u) # (1 : 0), via the embedding (3.11). On the
central fiber p~1((1 : 0) = C; U C3, where C; and C3 are both identified with M as
explained above, the action 8 coincides with the natural C*-action on M.
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Notice that these actions preserve each fiber of # : D(M) — S and are therefore
entirely determined by their induced actions on D(M), for each y in S. Moreover, on
each D(M),, both a and B have natural lifts on the line bundles A4 ,, A3 ,, A3 . This
determines an e- and a B-action on £ as well as on the vector space of its holomorphic
sections.

For each fiber p~((\ : u)), and each positive integer k, the space of holomor-
phic sections of £ -1 () coincides with the space of holomorphic sections of the

holomorphic vector bundle, EF(*#) on S whose fiber l‘Elyc i)t y is the space of
holomorphic sections of Elp;l (o)’
If (A\; 1) # (1:0), we infer from (3.16):

ERO#) = Sy ((C2 @ Ly) ® L}
(3.25)

2k
=S 1 e @I,
j=0 i=1

where, in general, S;(V') denotes the ¢-th symmetric tensor power of V. We thus have
(3.26) H(p™ (N2 1)), £F1 () 2 HO(S, (® LiIzediyk @ [77),

On the central fiber p~1((1 : 0)), ]E}'C (19 s obtained by considering the direct sum
of the spaces of holomorphic sections of £*¥ on C; and Cj3 separately, then removing
the common part on C; N Cs. From (3.17), we infer

N
H°(Chy, Lf, ) = (Q Li ™M)} ® Ska—a) ((C2 ® Ly)*)

=1
(3.27) coa

—(®L1 €A ®ZLJ

Moreover, the infinitesimal weight of a, as deﬁned in Definition 3.1, is 0 on this
space, whereas the infinitesimal weight of 8 is j on each factor (®N., L1 ~%* oL
(for this computation and similar ones in the sequel, compare with Example 3.1 in
Section 3.1).
From (3.18), we infer
N
H°(C3,y, Ly, ) = (QLi™M)k @ CF* @ L ¥ @ Ska((Cr @ Ly)*)

=1

(3.28) N ok ' ‘
=(@LiMke Y oYL
i=1 j=k(2—a)
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Moreover, on each factor (®m., L} ~* e ®C~ —k@-e) g L7, the infinitesimal weight
of ais j — k(2 — a), whereas the infinitesimal weight of 8 is j.

Finally, H°(C;,, N Cs,, LF) = (®fil L}_e")") ® L_k(2 a), which appears in both
expressions with weight 0 for a.

By removing this term from the rhs of (3.27) or (3.28), and by removing the factors
C{_k(z—a) appearing in the rhs of (3.28)—but keeping them in mind for weight issues—
we eventually get

N
(3.29) El;(w)»: (® L1ty ®ZL
=1
hence
2k N .
(330) Ho(p—l(l : 0),£fp_1((1:0))) = ZHO(S, (® Lz]'.—-ei)\i)k ® L_]).
—o et

It is convenient to rewrite (3.30) as follows

k N
(3.31) H(p~((1: 0)),5{;_1((1:0))) = Z HO(S, (® ]:J;\i+2/kei)k)

l=—k

where each L; = L7 is ample and polarizes (S;,ws,)—cf. Section 1.1—and where
we changed the index by setting

(3.32) 0=k
Moreover, the infinitesimal weight of & on H°(S, (QN., L}T¥/*<)k) is
0  ife<k(l—a)=

(3.33) .
{—kzx ifkr <¢<k,

whereas the infinitesimal weight of 8 on H°(S, (Qr., L>‘ e/ keiyky is
(3.34) k+¢, —k<t<k.

3.5. The relative Futaki invariant of D(M). — For any z in (—1,1) N Q, the
Futaki invariant of the C*-action e on the central fiber p~1((1 : 0)) with respect to the
polarization Q%) is defined by F*) () = Fogo (—=JX), where X denotes the generator
of the S'-action induced by . We similarly define: F(®)(8) = Fag (=JY), where Y
denotes the generator of the S'-action induced by 8, B(*) (e, 8) = B (-JX,-JY)
and B(B,B) = Bﬁiz)(—JY, —JY) (as we shall see below, F(B8) and B(B8,8) are inde-
pendent of z). The relative Futaki invariant of a with respect to §, in the sense of
(2.9), is then

B (a,B)

(3.35) F§ () = Ff (a) — B BBE)

F(B).

SOCIETE MATHEMATIQUE DE FRANCE 2008



140 V. APOSTOLOV, D. CALDERBANK, P. GAUDUCHON & C. TONNESEN-FRIEDMAN

The aim of this section is to provide a self-contained computation of }'é””)(a) by
using (3.4)-(3.5) and to prove the following theorem, first established by G. Székelyhidi
in [39] in the case of pseudo-Hirzebruch surfaces, then extended to the general case
in [3, Section 4.4):

Theorem 3.1. — For any z in (-1, 1), we have
(3.36) F®)(2) = =27V (S) —lﬂﬁx)——
f_l pQ/(S)dS

where V(S) = [[N., V(Si,gs,) denotes the volume of S and, we recall, po, and Fq,
denote the characteristic and the extremal polynomial of Q, respectively.

Proof. — Denote by d(£) the (complex) dimension of H°(S, (Q1, Ef‘”’e/ k “)*) and
by dj the dimension of H(p~1((1: 0)),£|’°p_1((1:0))); by (3.31), we then have

k
(3.37) di =Y di(0).
t=—k
We denote by wg(e), resp. wg(B), the infinitesimal weight of e, resp. 8, and by
wi(a, B), resp. wi(B,B), the combined infinitesimal weight—as defined in Section
3.1—of @, B, resp. of B,B, on the space H°(p~((1 : 0)),£fp_1((1:0))). From (3.33)-
(3.34), we readily infer:

k k
(3.38) wi(e) = ) (€~ kz)di(8), wi(B) = D (€+k)di(0),
l=kzx b=—k
k k
(3.39)  wi(aB) =Y (L+k)(—kz)di(t), wk(B,B)= D (£+k)2di(0).
{=kx =—k

Lemma 3.1. — When k tends to infinity, di(€) has the asymptotic expansion

o (K (01

+ k—t:‘l(R(f/k) + pa(l/k)(al/k + ﬂ)) + O(kd_z)

di(¢) =

(3.40)

where, we recall, pq, denotes the characteristic polynomial of Q4 defined by (1.7); R
is the polynomial defined in (1.42); a, B are the normalized leading coefficients of the
extremal polynomial Fg, i.e. the constant appearing in the ths of (1.42).

Proof. — Since L;is ampleon S;,and 0 < A\;—1 < A\, +£/ke; < \j+1 for each —k <
¢ < k, for k large enough di(£) is equal to x((QY, i:‘iH/ k€KY the holomorphic
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Euler characteristic of (QN., L >‘ ek “)k. By the Riemann-Roch theorem, we have
that

N N
341 @By = [ (@B ) a(s),

i=1 i=1

where ch(( ®l_ >‘ ek “)*) denotes the Chern character of the complex line bundle
(Q®N, ;\ H/k L and td(S) the Todd class of the holomorphic tangent bundle of S.
Recall that the Chern character of any complex line bundle £ is defined by ch(£) =
et (F) = 5720 Cl(f!)r, whereas the Todd class is the multiplicative characteristic class

associated to the generating series z/(1—e™%); in particular td(S) = 1+¢1(S)/2+- - -,
cf. e.g. [24]. We thus get:

a r N ; €; 1T
OEDY (2]:1')1‘ / it rellosl 1 4 ey(sy/a o)
r=0

r!

/(Zl_ (Ai +€/kez) [ws.)?

(3.42)
kd o OORCY +f/k6z)[ws,]) c1(5) -
+ 2n)a / @D /\ 5 + O(k472)
V(S _ N si/4 _
= 2n)d (k%pay (€/k) + k¢ 11’9;(5/’“); Nt ke +O(k%2)).
We conclude by using (1.42). O

In order to evaluate the asymptotic expansions of the sums in (3.37), (3.38) etc.
we use the following asymptotic formula, known as the trapezium rule:

(3.43) Z fe/k) =k / f(t) dt+ (f(a) + f(b)) + O(k™Y)

l=ak

for any polynomial f, where ak < bk are integers, and £ runs over all integers between
ka and kb.

For convenience, we assume, without loss of generality, that V(S) = (2m)¢ and we
simply write p(t) for pq, (t).

Corollary 3.1. — When k tends to infinity, dy has the asymptotic expansion
1 kd 1
(3.44) dy = k4! / p(s)ds + Y / (as + B) p(s)ds + O(k%71).
-1 -1

Proof. — Direct consequence of Lemma 3.1 and of the trapezium rule (3.43). O
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Corollary 3.2. — When k tends to infinity, wi(=) has the asymptotic expansion

1
wi(2) = —kd+2/ (s — z) p(s)ds

(3.45) g

1
(FQ,(a:) / (s — z)(as + B) p(s)ds) + O(k?).
In particular,

wk(a) _ f:(s - 1’) p(s)ds _ 1 Fﬂ/(z) k—l

ke = [l p(s)ds 4 [1 p(s)ds
(3.46) _a Lo sls—a)p(s)ds [1, p(s)ds — [, (s — ) p(s)ds [y sp(s)ds
4 (J2, p(s)ds)”
+O(k™?)

Proof. — (3.45) is a direct consequence of Lemma 3.1 and of (3.43), by using the
identity (1.43)-(1.44) and the expression (1.48) of the extremal polynomial Fy,; (3.46)
readily follows from (3.45) and (3.44). O

Corollary 3.3. — When k tends to infinity, wr(4) has the asymptotic expansion

d+1

1
(3.47) wi(4 = —k+? /_1(3 + 1) p(s)ds — / (as + B)(s + 1) p(s)ds + O(k?).

In particular,

wi(4 f (1 + s) p(s)ds

b J2ip(s)ds
(3.48) L@ (J2, 8 p(s)ds [, p(s)ds — [, sp(s)ds J7, sp(s)ds) |,
4 2
4 (2, p(s)ds)
+ O(k™2).
Proof. — Direct consequence of Lemma 3.1 and of (3.43). d

Corollary 3.4. — When k tends to infinity, wi(=, 4} has the asymptotic expansion

(3.49) wi(a, 4 = —k4F3 /l(s —z)(s + 1) p(s)ds + O(k?+?).
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In particular,

wi(2 ) wi(e) we(4 _

k2d; kdr kdi

(3.50) ~ f: s (s — x) p(s)ds f_ll p(s)ds — le(s — ) p(s)ds f_ll s p(s)ds
(2, p(s)ds)”
+0(k™)
Proof. — Direct consequence of Lemma 3.1 and of (3.43). a

Corollary 3.5. — When k tends to infinity, wx(4 4} has the following asymptotic ezx-
pansion:

(3.51) wi (4 4 = k43 /1 (s + 1)2p(s)ds + O(k?+2).

-1
In particular,

we(44) _ wi(4) we(4) _
k2dy, kd, kdg

(3.52) S, s p(s)ds [1, p(s)ds — [ tp(s)ds [, s p(s)ds
1 2
(f—-l p(s)ds)
+ 0™
Proof. — Direct consequence of Lemma 3.1 and of (3.43). a

By using (3.4)-(3.5) and Vo, = 27 V(S) [, p(s)ds (deduced from (1.27)), we obtain

(by temporarily omitting the overall factor 27V (S)/ [, p(s)ds):
(3.53) F&)(a) = —Fo,(z)

—a(f} s(s —z) p(s)ds [ p(s)ds

— [}(s = z)p(s)ds [, sp(s)ds),

(3.54) FB) = ([, ?p(s)ds [}, p(s)ds — [ sp(s)ds [* s p(s)ds),
(355)  B@(a,8) = [, s(s—x)p(s)ds [ , p(s)ds

— [ (s = @) p(s)ds [, s p(s)ds,
(3.56) B(8,8) = [, s*p(s)ds [, p(s)ds — [, sp(s)ds [, s p(s)ds.

Notice that F(8) = a B(8, 8)—cf. Remark 3.1 below—whereas F(*) (a) = —Fs(i) (z)+
a B®)(a,B). By restoring the missing factor 2rV(S)/ f_llp(s)ds, we get (3.36). O
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Remark 3.1. — By comparing (3.54) and (3.56) with (2.31) and (2.32) in Corollary
2.2, we get:

(3.57) F(B) = Fa(-JT), B(B,B)= Ba(-JT,-JT).
This was in fact quite expected as the 8 action is the same on any fiber p=1((\ : p))

and coincides with the natural S!-action on M.

Remark 3.2. — The extremal polynomial Fy, is of degree less than m + 2 if and only
the normalized leading coefficient o is zero. In this case, F(B) = 0, by (3.54), and,
by (3.53), (3.36) then reduces to

(3.58) F@ (@) = —2nV () —2al®)__
-1 PQA(S) ds
Appendix A

The extremal polynomial for N =1

We here compute the extremal polynomial Fq, of any (admissible) Kéhler class on
an admissible ruled manifold M : P(1® L) —» S = H;N=1 S; in the case when N = 1.
The Kihler class ) is then determined by a unique real number A > 1, the chosen
(constant) scalar curvature s of S = S; and € = €; which, without loss of generality,
will be chosen equal to 1, see Section 1.1. For convenience, we set

S

Al =_°
(A1) " dd+ 1)
where d denotes the complex dimension of S (we then have dimcM = d+ 1 and Fgq,

is of degree at most d + 3) and we replace the variable z in (—1,1) by
(A.2) X:=A+z,

in the interval (A—1,A+1) and we set P(X) = Fq, (z): P = P(X) will be referred to
as the modified extremal polynomial of €; it will be occasionally denoted by P, (X)
or P.(X,)) to emphasize the dependence in k and J; it will be most often regarded
as a polynomial in X with coefficients in the field R(A) of rational fractions in ); in
particular, except for poles, P.(X,\) is well-defined for any real (or complex) value
of A\, not only for admissible A > 1. In terms of the modified extremal polynomial

P(X), the boundary conditions (1.46)-(1.47) read as follows
N PO —1) =P +1) =0,

3
“ PO-1)=20-1%  PO+1)=-20+ 1}

whereas the second derivative of P has the form

(A.4) P"(X) = —aX®! 4 (aX - B) X4 +d(d + 1)k X!
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where a, 8 are determined by (A.3), cf. Section 1.9. In particular, P is of the form
(A.5) P.(X,A) = ag(A) X3 + a1 (VX2 + £ X 4 a3(V\) X + as(N),

where ag, a1, a3, a4 are rational fractions in A, which depend on k in an affine way.
For convenience, we introduce

(A.6) SeA) =M+ + =1 A=A+ (-1
Then, ag, a; are solutions of the linear system:
(d+3)Agi2(N) ap + (d+2)Agr1(N) a1 = —(d + 1) Ag(A) k — 2S54(N),

A (d+ 9)Sur2(N) = Aaya) (W) a0 + (A + 2 Surr (V) — Assz)(N) ar

= (Ag+1(A) — (@ + 1)Sa(N) £ — 244(N),
whereas a3, a4 are deduced from ag, a; by
1

as = = (Aara(N) a0 + Azra(N) a1 + £ Aa1 (V)),
(A.8)

a4 = %()‘2 = 1)(Aat2(N) a0 + Aa+1(A) a1 + K Ag(X)),

We thus get (see also [8]):

(A9) ao= ﬁ (=S2ar2(N) +2(X° = DT+ 4(d + 1)°(A* - 1)7)

+ ﬁ (2 Asar2(N) — 8(d + DA — 1)%),
(A.10) a; = A—’(‘ﬁ (2S2a13(A) — AA(N? = 1)H! — 8(d + 1)(d + 2)A(A2 — 1)%)

+ ﬁ (=2 Azara(N) +4(2d +3)(X* — )™ +16(d +2)(A* — 1)%)
(A11) a3 = (—A%'(%d"( _ %(/\2 C 1P A1 () — 2(d + 2)° (A = DA (V)

+20(\? — DAar2(A) +4(d+1)(d + 2)AAar2 (V)

~ 27 = 1) Aas(3) — 2d + 1) Aaes()

(2 - 1)’
AQY)

— 8(d+2)Aara(N) +4(d + DMags(V)),

+ (-202 - 1244 - 22+ 3)(\? ~ 1) Aas2(N)
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('A_Z;A%il_n(gw = 1%Aa(N) +2(d + 2208 — 1) Aa()

= 22(A% = 1) Aa+1(N) — 4(d + 1)(d + 2)AAg11(N)
+2(d +1)?Aai2(N) + %Ad+4()‘))
(/\2 _ 1)d+1
A(X)

where we have set:

(A.13) AX) = =S2q14(N) +4(d + 2)%(A% — 1)%H! + 2(\2 — 1)4*2,

(A.12) a4 =

(40 + 2% + D Asa (V) - 4d + DMasa(Y)),

Proposition A.1. — For any real number k, the discriminant of Pc(X) is non-zero in
R(N).

Proof. — In general, for any polynomial f(X) = i qa: X" = ao [[j=1(X — t;)
with coefficients in some field K, with ag # 0 and n > 1, the discriminant !9 D(f),
of f is defined by

(A.14) D(f)=a; 'R(f, f)=ad" 2 [[(t; —te) = ag 2 [ £(£5)
J#k j=1
where R(f, f’) denotes the resultant M) of f and its derivative f', and t;, j = 1,...,n,
denote the n roots of f in a suitable field extension K of K.
In the present case, we observe that P.(X), defined by (A.5), can be written as
ag(A)
az(A)

(A.16) Po(X) = ®(X) + (X + 2 pr(x),
by setting ®(X) = —X¢Q(X) and

QX) = (d+ D) a0 X* + (@ +3) a0() 2

) X*

(A.17)

aq(N) ag(N)
+ ((d+2) a1 () () +dr) X +(d+1)k )
We then have R(P, P') = R(®, P’), hence
(A.18) D(P) = (—1)4(d + 2)43ag(N) 4 3ag(N)? H P'(8),

(10) We here adopt the definition which appears in [28]. The definition in [6] differs by a factor
n(n 1)
(-1)

(11) Recall that the resultant R(f, g) of two polynomials f(X) = ?:0 a; X"t =ap H;.;l(X —tj)
and g = z b; X™% = by HT=1(X — ur), with agbp # 0, has the following expressions:

(A'15) R(fa g) = ao ;=1 H:nzl(tj - ’qu-) = 06" H?=1 g(tj) = (—l)m"bg :‘n=1 f(u’f‘)
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where 31, 82, 33 denote the roots of @ in a suitable field extension, /R;(\)_\/), of R(\). It
follows that D(P) is zero in R(A) if and only if P/(3;) =0 in E(\)\/) for some ¢ = 1,2
or 3. We show that this cannot happen by considering the behaviour of the product
T3, P'(3;) near X\ = £1. Notice that

ao(A) = 7 (N¥2)

(A.19) a1(\) 2 -k =£1, \
az(A) = (—(d+1) k) £2) AF 1),
as(N) = (dk F2)(\ F 1)4,

modulo terms of higher orders in (A F 1) near A = +1. We temporarily assume that
Kk # 2 and k # %, so that % is exactly of order 1 in (A F 1) near A = £1. We
also assume k # =2 and k # 0. It then follows that one root, (3 say, of Q is of order
1 as well, with
2
(A.20) By 4 (AF1),
KT )

whereas the other two, 1, 82 tend to the roots, 71,72 say, of the equation

(d+2)

(A.21) (kF2) X2+ (d+1)(—k£1)X +dr =0,

which are both finite (as k # +2) and non zero (as k # 0). It is easily checked that,
for i = 1,2, the limit of P'(3;) at A = 1, which is equal to r¢ ((d+3) 24 (d+2)(~-k%
1)r; + (d + 1)k), is non-zero for any value of & ; indeed, a common root, 7, of (A.21)
and of the equation

d+3
(A.22) (d+ Nn¢mxﬂ+u+ax—ninxwwd+nn=o
would satisfy r = —2(;;:'2:1) = — (—i':tl)’ which is clearly impossible. In particular,

P'(3;) and P’(B32) are both non zero in K. As for P'(33), we have

P'(83) & a3(A) + (d + 1)azB5
)(A.23) . (d+1)
= e T ar

4~ (s F 2)Y) A F 1)

modulo terms of higher orders in A F 1. If P/(33) was zero in K, the rhs of (A.23)
would be zero for A = —1 and X\ = 1, meaning that x and —« would be both a root
of the equation

2.4

(A.24) (X+¥LM“—XM+—

d+1 3 =0
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On the other hand, if h(X) = 394§ ¢;X%*1~7 denotes the polynomial in the rhs of
(A.24), we have that
2 (5)

(A.25) %= @Tis j)(d’+ 1d pi-1(d),

for j =0,...,d+1, by setting px(z) = zF*! — (z — k)(z + 1)¥, for any integer k. It
follows that co = ¢; = 0, whereas c; > 0 for any j > 2. To prove the last assertion, it
is sufficient to check that ¢ (z) is positive on [1,+00) for all integers k > 1. Observe
that ¢} (z) = (k + 1)pk—1(z). We then conclude by a simple argument by induction:
if o1 is positive, then ¢ is increasing, hence positive on [1, +00), as @i (1) = 1; the
argument by induction is then completed by observing that ¢;(z) = 1. We infer that
k and —k cannot be simultaneously roots of (A.24), proving that P’(8;) is non-zero
in K. The case when & is £2,+3,+;2; which were discarded in the argument, is
solved by using the same argument at A = —1 or at A = 1 and by observing that
none of these values is a root of the equation (A.24). If k = 0, we observe that (A.16)

holds with ® = —X4*t1 Q(X) and

Q(X) = (d +2)ao(\) X2 + ((d+3) ao(\) Z‘;E’A\i +(d+1)ai(N) X?
a4()\)
03()\).

This polynomial has two roots, a1, @z, in some extension of R(A) and, as before, the
discriminant of P is zero if and only if P'(a;) or P’(az) is O in this extension. One of

(A.26)

+ (d+2) a1 (N)

these roots, as say, is zero at A = +1, with a; = EZI?; (AF 1), whereas a3 = 2(51:21)).
Then, P'(a;1) = i% # 0 at A = 1, whereas P'(a;) & a3()) is non-zero in
R(A). This completes the proof of Proposition A.1. O
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GEOMETRIC STRUCTURES ON UNIRULED PROJECTIVE
MANIFOLDS DEFINED BY THEIR VARIETIES
OF MINIMAL RATIONAL TANGENTS

by
Ngaiming Mok

Abstract. — In a joint research programme with Jun-Muk Hwang we have been inves-
tigating geometric structures on uniruled projective manifolds, especially Fano mani-
folds of Picard number 1, defined by varieties of minimal rational tangents associated
to moduli spaces of minimal rational curves. In this article we outline a heuristic
picture of the geometry of Fano manifolds of Picard number 1 with non-linear vari-
eties of minimal rational tangents, taking as hints from prototypical examples such as
those from holomorphic conformal structures. On an open set in the complex topol-
ogy the local geometric structure associated to varieties of minimal rational tangents
is equivalently given by families of local holomorphic curves marked at a variable
base point satisfying certain compatibility conditions. Differential-geometric notions
such as (null) geodesics, curvature and parallel transport are a source of inspiration
in our study. Formulation of problems suggested by this heuristic analogy and their
solutions, sometimes in a very general context and at other times applicable only to
special classes of Fano manifolds, have led to resolutions of a series of well-known
problems in Algebraic Geometry.

Résumé (Structures géométriques sur des variétés projectives uniréglées définies par leurs variétés
de tangentes rationnelles minimales)

Dans un programme de recherche avec Jun-Muk Hwang nous avons étudié des
structures géométriques sur les variétés projectives uniréglées, en particulier les va-
riétés de Fano de nombres de Picard égaux & 1, definies par les variétés de tangentes
rationnelles minimales associées aux espaces de modules de courbes rationnelles mi-
nimales. Dans cet article nous esquissons un dessin heuristique sur la géométrie des
variétés de Fano de nombres de Picard égaux a 1 dont les variétés de tangentes ration-
nelles minimales sont non linéaires, en prenant comme prototypes les exemples tels
ques les structures conformes holomorphes. Dans un ouvert par rapport a la topologie
complexe, la structure géométrique associée aux variétés de tangentes rationnelles mi-
nimales équivaut aux données de familles de courbes holomorphes locales marquées
a4 un point de base variable vérifiant des conditions de compatibilité. Des notions
de la géometrie différentielle comme les géodésiques (nulles), la courbure et le trans-
port paralléle constituent une source d’inspiration dans notre étude. Des formulations
de probléemes suggérés par cette analogie heuristique et leurs solutions, parfois dans
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un contexte trés générale et parfois applicables seulement aux classes de variétés de
Fano spéciales, ont conduit a des résolutions d’une série de problémes bien connus en
géométrie algébrique.

1. Introduction

1.1. Background and motivation. — In 1979, Mori [45] established the funda-
mental existence result on rational curves on a projective manifold where the canonical
line bundle is not numerically effective, thereby resolving the Hartshorne Conjecture.
When the manifold is Fano, Miyaoka-Mori [38] (1986) proved that the manifold is
uniruled. In a joint research programme undertaken with Jun-Muk Hwang, we have
been studying algebro-geometric and complex-analytic problems on uniruled projec-
tive manifolds basing on geometric objects arising from special classes of rational
curves, viz., minimal rational curves. In this article the author would like to highlight
some geometric aspects of the underlying theory.

Given a uniruled projective manifold X and fixing an ample line bundle L, by a
minimal rational curve we will mean a free rational curve of minimal degree with
respect to L among all free rational curves. A connected component X of the space of
minimal rational curves will be called a minimal rational component. In practice we
will fix a minimal rational component K and consider only minimal rational curves
belonging to K. Associated to K, there is the universal family p: U — K, p: U — X,
where p : U — K is a holomorphic P!-bundle, and p : Y — X is the evaluation
map. In connection with U/ there is the tangent map 7 : Y — PTx. For a minimal
rational curve C marked at £ € X and immersed at the marking, and for a denoting a
nonzero vector tangent to C at the marking, the tangent map associates to the marked
point the element [a] € PT,(X). For a general point z € X we define the variety of
minimal rational tangents (VMRT) C, at x to be the strict transform of the tangent
map 7, : Uy — PT,(X). The basic set-up of our study takes place on the total space
of the double fibration given by the universal family p : Y — X, p: U — X, equipped
with the tangent map 7 : Y — PT,(X) and the fibered space 7 : C — X of VMRTs.
The overriding question is the extent to which a uniruled projective manifold X is
determined by its VMRTs.

Given a uniruled projective manifold (X, K) equipped with a minimal rational com-
ponent K, and a connected open subset U C X in the complex topology, we consider
(U,Cly) as a complex manifold equipped with a geometric structure. Here the term
‘geometric structure’ is understood by analogy to standard examples. As a prototype
in the context of smooth manifolds, a real m-dimensional Riemannian manifold (M, g)
can be understood as one equipped with a reduction of the frame bundle from the
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structure group GL(m,R) to O(m). In the context of complex manifolds, a simplest
example of a holomorphic geometric structure relevant to the study of uniruled pro-
jective manifolds is the case of holomorphic conformal structures, alias hyperquadric
structures. A holomorphic conformal structure on an n-dimensional complex manifold
X determines at every point x € X its null-cone, defining equivalently a holomorphic
fiber subbundle @ C PTx consisting of fibers Q, isomorphic to an (n— 2)-dimensional
hyperquadric. It corresponds to a reduction of the holomorphic frame bundle from
GL(n;C) to C* - O(n; C), and this reduction is corhpletely determined by Q C PTx.
When X = Q", the n-dimensional hyperquadric, Q, agrees with the VMRT C,, and
by analogy we speak of the geometric structure on a uniruled projective manifold
(X, K) equipped with a minimal rational component as defined by its fibered space
7w :C — X of VMRTSs. As our geometric study of VMRTSs are in many cases motivated
by differential-geometric consideration, especially in relation to global properties that
can be captured by local differential-geometric information, we will be considering a
general point £ € X, and the local geometric structure defined by the germ of the
fibered space 7 : C — X at z, equivalently the restriction 7|y : C|y :— U to arbitrarily
small Euclidean open neighborhoods U of z.

1.2. A heuristic picture. — Wahile a substantial part of our programme applies
generally to any uniruled projective manifold, our focus of investigation has been
primarily on those of Picard number 1. These manifolds, which are necessarily Fano,
are not amenable to further reduction by means of extremal rays in Mori theory,
and as such they are called ‘hard nuts’ among Fano manifolds in Miyaoka [36]. Our
geometric theory on uniruled projective manifolds based on VMRTSs serve in particular
as a basis for a systematic study of all Fano manifolds of Picard number 1. There
emerges a dichotomy between those for which the VMRT at a general point is the
union of finitely many projective linear subspaces and the rest. We will say that
(X,K) has linear VMRTSs in the former case and non-linear VMRTSs otherwise. The
linear case includes those for which the VMRT at a general point is 0-dimensional,
where the fibered space m : C — X gives rise to a geometry on X resembling that
of web geometry. We will discuss in this article exclusively the non-linear case and
refer the reader to Hwang-Mok [20] (2003) for results in the case of 0-dimensional
VMRTs, and to Hwang [13] (2007) for a problem which necessitates the study of the
hypothetical case of linear VMRT's of higher dimensions.

At this stage of the investigation we have the following heuristic picture in the
case of non-linear VMRTs. The universal P!-bundle p : f — K associated to the
minimal rational component K gives rise via the tangent map to a tautological multi-
foliation on the fibered space 7 : C — X of VMRTS, and the ‘local’ geometric structure
(U,C|y) on open subsets U C X in the complex topology corresponds to the data of
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families of local holomorphic curves marked at points z € U. The local holomorphic
curves are then solutions to a system of partial differential equations which in the
case of holomorphic conformal structures correspond to the null geodesics. We may
think of the local holomorphic curves as analogues of (null) geodesics. The fact
that these ‘geodesics’ can be extended to minimal rational curves on (X, K) should
impose serious constraints on the underlying geometric structure. In the case of the
holomorphic conformal structure on the hyperquadric, the splitting type of the tangent
bundles on minimal rational curves is enough to force the vanishing of the holomorphic
Bochner-Weyl tensor and thus to force flatness of the structure. In the general case
of (X, K), for a general X-minimal rational curve the normal bundle has only direct
summands of degree 1 or 0. Such a rational curve, to be called a standard rational
curve, resembles minimal rational curves on a hyperquadric, and there ought to be
partial ‘flatness’ of the geometric structure of (X,C) along standard rational curves
which places serious restrictions on geometric structures that can possibly arise from
VMRTs. The heuristic analogy between minimal rational curves and (null) geodesics
also goes further as the former should serve to propagate geometric information from
a germ of geometric structure to the ambient Fano manifold X of Picard number 1.
In this case, any two general points can be connected by a chain of minimal rational
curves, and the bad set of ‘inaccessible points’ must be of codimension > 2.

A further geometric concept that ought to play an important role in the study
of geometric structures defined by VMRTS is the notion of parallel transport along
a standard rational curve. In the special case of irreducible Hermitian symmetric
spaces of the compact type the VMRTSs are invariant under parallel transport with
respect to any choice of a canonical Kéhler-Einstein metric. For Fano manifolds of
Picard number 1, endowed with geometric structures arising from VMRT's but without
privileged local holomorphic connections, the only general source for the notion of
parallel transport arises from splitting types over minimal rational curves. In this
direction it is found that for the germ of families of VMRTSs along the tautological
lifting C of a standard rational curve, the second fundamental in the fiber directions
can be identified as a section of a flat bundle over C, and as such one can speak of
the parallel transport of second fundamental forms along a standard rational curve.

Other than geometric structures defined by VMRTS, in important classes of Fano
manifolds X of Picard number 1 there are additional underlying structures with
differential-geometric meaning.~ These are the cases where the VMRTSs are positive-
dimensional, irreducible and linearly degenerate at a general point. They span distri-
butions which give rise to differential systems by taking Lie brackets. The study of this
class of manifolds, which is particularly important for questions on deformation rigid-
ity, reveals an intimate link between issues of integrability and projective-geometric
properties of the VMRT at a general point.
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1.3. Summary and presentation of results. — While some aspects of the over-
all heuristic picture on geometric structures defined by VMRTSs can be confirmed to
a large extent, other aspects are only beginning to be explored. In the research pro-
gramme emphasis has been placed on solutions of concrete problems, and in some
cases confirmation of some conjectural properties on VMRTs in special cases can al-
ready lead to important consequences. Here we describe general results and highlights
of applications that fall within the framework of the heuristic picture discussed.

For the prototypical examples of geometric structures on irreducible Hermitian
symmetric spaces S of the compact type and of rank > 2, Ochiai’s result [47] (1970)
can be interpreted as saying that a local VMRT-preserving holomorphic map nec-
essarily extends to an automorphism of S. In Hwang-Mok [17] (1999), [18] (2001)
we established the analogous phenomenon, which we call Cartan-Fubini extension,
for Fano manifolds of Picard number 1 with positive-dimensional VMRT's under the
additional assumption that the Gauss map of the VMRT is generically finite, proving
at the same time that the tangent map at a general point is birational under the same
assumption. In conjunction with the works of Kebekus [26] (2002) on the tangent map
and Cho-Miyaoka-Shepherd-Barron 3] (2002) on a characterization of the projective
space in terms of minimal rational curves we proved in Hwang-Mok [21] (2004) that
the same results hold true for any Fano manifold of Picard number 1 with non-linear
VMRTSs at a general point, resulting in a new solution of the Lazarsfeld Problem in
[32] (1984) regarding finite holomorphic maps on rational homogeneous spaces G/P
of Picard number 1 (Hwang-Mok [21]). Cartan-Fubini extension has recently been
extended to non-equidimensional VMRT-respecting local holomorphic maps between
uniruled projective manifolds in Mok [42] and Hong-Mok [9] with applications to the
characterization of certain submanifolds saturated with respect to minimal rational
curves, in analogy to totally geodesic submanifolds in Riemannian geometry.

The idea of exploiting the splitting type of the tangent bundle over standard ra-
tional curves to prove vanishing theorems on curvature has given rise to a character-
ization of irreducible Hermitian symmetric spaces S of the compact type and of rank
> 2 as the unique uniruled projective manifolds admitting G-structures for reductive
complex Lie groups G (Hwang-Mok [14], 1997), leading also to an analogous result
of Hong [6] (2000) for geometric structures modeled after Fano homogeneous contact
manifolds of Picard number 1. The idea of parallel transport of second fundamental
forms was first used in relation to the Campana-Peternell Conjecture, leading to the
characterization of Fano manifolds of Picard number 1 with 1-dimensional VMRTs
and nef tangent bundle under the additional assumption that the fourth Betti num-
ber equals 1 (Mok [41], 2001), a condition that was removed in Hwang [12] (2007),
resulting together with earlier works in the confirmation of the Campana-Peternell
Conjecture for 4 dimensions. The same idea was further exploited to yield for rational
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homogeneous manifolds G/ P of Picard number 1 defined by long simple roots a char-
acterization of G/P by the VMRT at a general point (Mok [43] and Hong-Hwang [8]).
The study of distributions spanned by irreducible linearly degenerate VMRTs has led
to projective-geometric necessary conditions on such VMRTs (Hwang-Mok [15], 1998;
[17], 1999), and applications of such results to deformation of complex structures are
important in the final confirmation of rigidity of rational homogeneous manifolds
G/ P of Picard number 1 under Kéhler deformation (Hwang-Mok [23] (2005) and ref-
erences therein). Another important element in relation to deformation rigidity is the
study of Lie algebras of holomorphic vector fields by means of prolongation theory for
infinitesimal automorphisms of VMRTsSs.

In the current article results falling within the general geometric framework de-
scribed revolving around the geometry of VMRT's will be stated and discussed, with
(sketches of) proofs of special cases for the purpose of illustration, in an order different
from the above that conforms more (but not strictly) to the chronology. The reader
may consult Hwang-Mok [17], Hwang [11] (2000) for more systematic overviews at
earlier stages of the programme, Mok [40] (1999) for aspects of the theory in relation
to G-structures, Hwang-Mok [21] for general results on the tangent map, and Hwang
[12] (2007) for an overview on rigidity of rational homogeneous manifolds. We have
completely omitted the important role played by VMRTs on the geometry of moduli
spaces of stable vector bundles on an algebraic curve, for which the reader is referred
to Hwang-Ramanan [24] (2004) and the references contained therein.

Acknowledgement. — This article is an outgrowth of a lecture given by the author
in the conference “Differential Geometry, Mathematical Physics, Mathematics and
Society” celebrating the 60th birthday of Professor Jean Pierre Bourguignon held in
August 27-31, 2007 at IHES. He would like to thank the organizers and IHES for
their invitation and for their hospitality during the conference. The author wishes
to dedicate this article to Jean Pierre, with whom among many other things we co-
organized the France-Hong Kong Geometry Conference in Hong Kong, 2002, for his
relentless efforts to help bring together mathematicians across different cultures, and
for his unfailing friendship. While the article serves to elaborate on the author’s
lecture in the conference and his other recent lectures on the subject, needless to say
the bulk of the article is a rendition of the fruits of a long series of joint works with
Jun-Muk Hwang, to whom the author wishes to express his thankfulness.

2. Varieties of minimal rational tangents

2.1. Minimal rational curves. — By a projective P!-fibered space v : Z — B we
mean an irreducible reduced projective variety Z equipped with a surjective holomor-
phic map v onto a projective variety B, such that the general fiber of v is an algebraic
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curve of genus 0, i.e., isomorphic to the Riemann sphere P!. A projective manifold
X is said to be uniruled if there exists a projective P'-fibered space v : Z — B and
a dominant holomorphic map ¢ : Z — X onto X. By restricting v to a properly
chosen subvariety of B of dimension equal to dim(X) — 1, without loss of generality
we may assume that the dominant holomorphic map ¢ : Z — X is generically finite.
Replacing Z by its normalization we may also assume that Z is a projective manifold.
By Miyaoka-Mori [38] (1986) any Fano manifold is uniruled.

By a parametrized rational curve on a projective manifold X we mean a noncon-
stant holomorphic map f : P! — X from the Riemann sphere P! into X. We say that
two parametrized rational curves f; and f, are equivalent if and only if they are the
same up to a re-parametrization of P!, i.e., if and only if there exists v € Aut(P!) such
that fo = f10~. By a rational curve we mean an equivalence class [f] of parametrized
rational curves f : P! — X under this equivalence relation. We will sometimes also
refer to the nontrivial image f(P') = C (as a cycle) as a rational curve.

Let X be a uniruled projective manifold and fix an ample line bundle L on X. By
the degree of an algebraic curve C on X will will mean the degree of C' with respect
to L, i.e., the integral of a (positive) curvature form of L over C. Let ¢ : Z —» X
be a generically finite dominant holomorphic map from a projective P!-fibered space
v: Z — X onto X where Z is nonsingular. From the surjectivity of ¢ : Z — X
it follows that for a general Pl-fiber E of v : Z — X, A : P! @ E, and for the
parametrized rational curve f : P! — X defined by f := ¢ o A, the holomorphic
vector bundle f*Tx must be spanned by global sections at a general point. By the
Grothendieck Splitting Theorem any holomorphic vector bundle over P! splits into
the direct sum of holomorphic line bundles, and it follows that f*Tx is nonnegative
in the sense that it is a direct sum of holomorphic line bundles of degree > 0.

By a free rational curve on X we mean the equivalence class of a nonconstant
holomorphic map f : P! — X such that f*Tx is nonnegative. From the above
discussion it follows that any uniruled projective manifold admits a free rational curve.
Conversely, if a projective manifold X admits a free rational curve parametrized as
f:P! > X, then HO(P!, f*Tx) is spanned by global sections, and H! (P!, f*Tx) = 0
since H1(P!,O(k)) = 0 whenever kK > —1, so that there is no obstruction in the
deformation of f : P! — X as a parametrized rational curve. By deforming f and
considering Chow spaces it follows readily that there exists a projective P!-fibered
space v : Z — B such that Z dominates X. As a consequence, a projective manifold
X is uniruled if and only if X admits a free rational curve.

By a minimal rational curve on X we will mean a free rational curve of minimal
degree among all free rational curves on X. The set of minimal rational curves can
be given naturally the structure of a complex manifold, a connected component of
which will be called a minimal rational component K. A rational curve belonging to
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K will sometimes be called a K-curve. The degree of K, to be denoted by deg(K), is
the degree of one and hence any K-curve.

For a general reference on rational curves in Algebraic Geometry we refer the reader
to Kollar [29]. The reader may also consult Hwang-Mok ([15], §2; [17], (1.1)) for basic
facts on the deformation theory of rational curves relevant to our discussion.

2.2. The universal family of K-curves and the canonical double fibration.
— Associated to (X, K) there is the universal family p : Y — K of K-curves, where U
is smooth and p : U — K is a holomorphic P!-bundle, constructed as follows. Let H
be the connected component of the space of all parametrized free rational curves f :
P! — X such that K = H/Aut(P'). Since f*T is nonnegative, the obstruction group
HY (P!, f*Tx) = 0, hence H carries naturally the structure of a complex manifold with
tangent spaces Tf(H) = H°(P', f*Tx). Recall that K is the quotient of H by the
group Aut(P!), which acts on H by setting y(f) = foy fory € Aut(P') and f € H. By
the minimality of K any f € H must be generically injective, from which it follows that
Aut(P?!) acts effectively on H, so that K inherits the structure of a complex manifold
with Tj5(K) = HO(P!, f*Tx)/df (H°(P*, Tp1)). The canonical projection p : H — K
realizes H as a principal Aut(P!)-bundle over K. Aut(P!) = SL(2,C)/{£I} is a 3-
dimensional complex Lie group which acts transitively on P!, and we can represent
P! = Aut(P')/Aut(P!;0)), as a homogeneous space, where Aut(P';0)) C Aut(P')
is the (2-dimensional) isotropy subgroup at 0 € P!. Define U := H/Aut(P!;0).
Associated to the principal Aut(PP!)-bundle p : H — K we have thus a holomorphic
bundle of homogeneous spaces p : Y — K with fibers Aut(P')/Aut(P';0)) = P!,
which gives the universal family 7 : U — K.

It can be proven that as a complex manifold K is biholomorphic to a quasi-
projective manifold. In fact, there is a canonical injective holomorphic map from
K into the Chow space of X whose image is a dense Zariski-open subset /Cq of a pro-
jective subvariety Q of some irreducible component of the Chow space of X. Thus,
K can be identified as the normalization of Ky and must itself be quasi-projective.
From this identification the universal P!-bundle p : Y — K can be compactified to a
projective P!-fibered space. In particular, I/ is also quasi-projective.

The fiber p~1(k) = P! of a point k € K gives a copy of the Riemann sphere P!
corresponding to the rational curve represented by . From any choice of parametriza-
tion f : P! — X of k, a point on p~!(k) gives a point of the cycle C = f(P!) C X
determined by k, and we have in fact a canonical holomorphic map p : U — X
which we call the evaluation map. From the nonnegativity of f*T'x it follows read-
ily that p : Y — X must be a holomorphic submersion. Thus, the universal family
comes equipped with a canonical double fibration p : U4 — K, u: U — X such that
u(U) must contain a dense Zariski-open subset of X. As X is of Picard number 1,
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any K-curve must intersect any nontrivial divisor D, hence K-curves must cover the
complement of a subvariety Z C X of codimension > 2; i.e., u(d) D X — Z.

2.3. K-curves marked at a point. — Fix a point £ € X and consider the set H,
of all holomorphic maps f : P! — X belonging to H such that f(0) = z. As a space
of free rational curves marked at x, H, carries naturally the structure of a complex
manifold, as follows. The infinitesimal deformation of f € H, as a parametrized
rational curve marked at x is given by HO(P!, f*Tx ® Zy), while the obstruction
group to the deformation of f fixing the marking at z is given by H'(P!, f*Tx ® Zo),
where T stands for the ideal sheaf defined by the reduced point 0 € P!. Since f*T is
nonnegative, f*Tx ® Tp = f*Tx ® O(—1) is a direct sum of holomorphic line bundles
of degree > —1, and we still have H(P!, f*Tx ® Zy) = 0. Again Aut(P';0) acts
effectively on H,, and we have a nonsingular quotient manifold X, = H,/Aut(P*;0)
serving as the base manifold of a holomorphic principal Aut(PP!;0)-bundle g, : H, —
K.. Through a general point z € X any rational curve of degree < deg(K) must
be free. It follows that K-curves marked at such a point = cannot be decomposed
into two or more irreducible components under deformations fixing the base point z.
Thus, K, must be compact, hence projective for a general point z € X.

For a point £ € X, although the complex structures on H, and H arise from
two distinct classification problems, set-theoretically H, can still be identified with
a subset of the complex manifold H. For every f € H, the canonical inclusion
i : Hy C 'H identifies the tangent space T;(H,) = H°(P!, f*Tx ® Io) as a vector
subspace of H(P!, f*Tx) = Ty(H) so that i : H, C H is a holomorphic immersion,
hence an embedding. We can therefore identify H, as a complex submanifold of
‘H. After this identification, in the construction of the universal family p : U — K,
p: U — X the p-fiber U, over any x € X is nothing other than H,/Aut(P!;0), so
that K, can be identified with U,. On the other hand, p|y, : U, — K need not be an
embedding. In fact, it need not be bijective as a priori the cycle C = f(P!) underlying
f € H, may be locally reducible at . At the same time, a simple calculation also
shows that p|y, is an immersion at u € U precisely when the K-curve k = p(u)
is immersed at z := p(u). Thus, it fails to be an immersion at a point u € U,
corresponding to a cusp on the minimal rational curve k = p(u).

2.4. The tangent map and varieties of minimal rational tangents. — By
Mori’s Breaking-up Lemma, on a projective manifold X there does not exist any
nontrivial algebraic family of rational curves fixing 2 distinct points. In fact, to each
nontrivial algebraic 1-parameter family of rational curves fixing two distinct points
one can associate a ruled surface 7 : § — B over an algebraic curve B equipped with
two disjoint holomorphic sections I'y and 'y, corresponding to the two distinct fixed
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points. On the one hand, each of the two sections must have negative self-intersection
number as it is an exceptional divisor on S. On the other hand, I'2 = —I'2_ as disjoint
sections of a ruled surface, thus leading to a contradiction.

Let now (X, K) be a uniruled projective manifold equipped with a minimal rational
component. For x € X denote by K, the moduli space of K-curves marked at z. From
Mori’s Breaking-up Lemma one deduces (cf. Mok [39], Lemma (2.4.3), pp. 203ff.)

Lemma 1. — For a general point x € X, a general member [f] € K, is standard in
the sense that f*Tx = O(2) @ [O(1)]? & O for some nonnegative integers p and q.

Proof. — Suppose otherwise. Then, a general K-curve is not standard. Hence there
exists a nonempty open subset W C H and a holomorphic vector field Z on W
such that for every f € W, Z(f) vanishes at 0,00 € P! and does not belong to
df (H°(P!, Tp1)). Integrating Z and descending from H to K we obtain some nontrivial
holomorphic 1-parameter family {®; : t € A} of K-curves passing through two distinct
points z,y € X. Identifying K as the normalization of a Zariski-open subset Kg of a
projective subvariety Q of the Chow space of X, the set of K-curves passing through x
and y is naturally endowed the structure of a quasi-projective variety. The existence
of a nontrivial holomorphic 1-parameter family of such curves implies therefore that
there also exists a nontrivial algebraic 1-parameter family {¥; : t € B} of such curves.
We may choose z such that any rational curve passing through z of degree < deg(K)
must be free, in which case any K-curve passing through z cannot decompose under
deformation fixing x, and the base curve B can be taken to be projective, leading to
a contradiction with Mori’s Breaking-up Lemma. O

We have the following important notion of the tangent map and the associated
varieties of minimal rational tangents.

Definition 1 (the tangent map & VMRTs). — Let (X,K) be a uniruled projective man-
ifold equipped with a minimal rational component K. Over a general point x € X we
have a rational map called the tangent map 7, : K, — PT(X) defined by assigning
each rational curve [f] marked and immersed at x to the complex line Cdf (To(P!)) C

T.(X). The total transform C, := 1,(K;) C PT,(X) is called the variety of minimal
rational tangents, alias VMRT, of (X,K) at z.

Note that a standard rational curve is immersed, since the natural map v : O(2) =
Tp — f*Tx = O0(2) ® O(1)]? & O is injective at every point. For z € X a general
point and [a] € C; a smooth point such that o is tangent to a standard K-curve
¢, assumed embedded for convenience, we write P, for the positive part (O(2) @
0O(1)P), C Ty(X) at x with respect to a splitting of Tx|,. The following result
highlights the role of standard rational curves in relation to the tangent map.
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Lemma 2. — Let (X,K) be a uniruled projective manifold equipped with a minimal
rational component. Suppose x € X, and A € K, is a marked K-curve which is
immersed at its marking at x. Then, the tangent map 7, : Ky — PT(X) is a holo-
morphic immersion at X if and only if the underlying K-curve is standard. Moreover,
writing 7.(\) = Ca, in the latter case we have T},)(C;) = Py /Co.

Proof. — Parametrize A by f : P! — X such that f(0) = z. A tangent vector in
Tx(H,) is equivalently a holomorphic section o € HO(P!, f*Tx ® Zy). Write 7 :=
o mod df (To(P') ® Zp). Let n € Tp(P!) and write a := df(n) € Ty(X). Let I C X
be a germ of holomorphic curve at z € X which is the image under f of the germ
of P! at 0. The germ of s at 0 corresponds to a section s in H(I', Tx) vanishing at
z. Extend s to a holomorphic vector field s on a neighborhood of z in X. Choose
any holomorphic coordinate system at z € X and denote by V the flat connection
defined by it. V,(3) is independent of the extension s, and it is further independent
of the choice of holomorphic coordinates since s(z) = 0. The differential of the
tangent map dr, at s € T\(K;) is an element of Hom (T (Ky), Tja)(PT:(X))). Now
Tio) (PT: (X)) = Hom(Ca, T;(X)/Ce), so that we can interpret dr, as an element of
Hom (T)(K;) ® Ca, Tjo)(PT5(X))/Cq) canonically. In local coordinates we have

dr.(3)(a) = V4(8) mod Ca.

Thus 5 € Ker(dr;) if and only if V,(3) € Ca, which is the case if and only if s vanishes
to the order > 2 at z modulo Ca. Hence Ker(dr,) = 0 if and only if f € H, C H is
standard. The last statement in Lemma 2 follows readily from the proof. O

By a line on a projective subvariety S C PV we will mean a projective line lying
on S. Regarding minimal rational components and their VMRTs on a projective
submanifold X C PV uniruled by lines we have

Lemma 3. — Let X C PN be a projective submanifold equipped with the polarization
inherited from the projective space, and K be a minimal rational component of X
corresponding to a uniruling of X by lines. Then, at a general point x € X, the
variety of minimal rational tangents C, C PT,(X) is nonsingular, and the tangent
map 7, : Kz — PT,(X) is a biholomorphism onto C,.

Proof. — A K-curve is a line £ on X, and we have Tx|, C Tpn|e = O(2) @ O(1)V 1.
When ¢ is a free rational curve on X, Tx |, is a direct sum of holomorphic line bundles
of degree > 0. Since O(2) = Ty C Tx|¢, we conclude that Tx|, =2 O(2) & O(1)P & O4
for some nonnegative integers p and q. Now every K-curve passing through a general
point z is free, and the moduli space K, of K-curves marked at z is projective. By
Lemma 2 the tangent map 7, : K; — PT,(X) is a holomorphic immersion. On the
other hand, for each nonzero vector ¢ € T,,(X) C T,(PV) there is at most one line £
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on X tangent to &, so that 7, must be injective. In other words, 7, : K, — PT,(X)
is a biholomorphism onto its image C;, the VMRT at z, as desired. O

While for projective submanifolds X C PV uniruled by lines the tangent map at a
general point is an isomorphism, and the same remains true for all known examples, on
a theoretical level the behavior of the tangent map on an abstract uniruled projective
manifold (X, K) is far from being fully understood. In Hwang-Mok [17] (1999) it was
proven that the tangent map 7, : K, — PT,(X) is birational under an additional
non-degeneracy assumption on the Gauss map of the VMRT. On the other hand, the
tangent map 7, is holomorphic whenever every K-curve marked at z is immersed at
the marking. In 2002, Kebekus [26] showed by studying cusps of rational curves on
X that this is indeed the case at a general point z € X. He proved in fact that the
tangent map is a finite holomorphic map at a general point x € X. In conjunction
with [26] and Cho-Miyaoka-Shepherd-Barron [3], we proved

Theorem 1 (Hwang-Mok [21]). — Let (X,K) be a uniruled projective manifold
equipped with a minimal rational component K and x be a general point on X.
Then, (K is projective and) the tangent map 7, : Ky — C, is a finite birational
holomorphic map onto its image. In other words, K, is the normalization of the
variety of minimal rational tangents C, at a general point x € X.

Remarks. — The results on the tangent map apply to a rational component X when-
ever the variety of K-tangents is projective at a general point. In the literature K is
referred to as a non-splitting family of rational curves on X. One may extend the
notion in (2.1) of a minimal rational component to mean a rational component K
such that the variety of K-tangents at a general point is projective. In this article we
use the term ‘minimal’ to mean minimality of degrees among free rational curves, but
statements of results remain valid for the extended meaning of ‘minimality’.

2.5. Examples. — As first examples we consider the n-dimensional Fermat hyper-
surface X of degree d in P"*!, where 1 < d < n. Thus,

X = {[z0, 21, s 2n41) €PT iz 42+ + 22, =0}
To determine the VMRT at a general point = = [29, 21, . -, 2n+1] € X, it is equivalent
to find all (wg, w1, ..., wn+1) such that for every t € C, [zo +two, 21 +tw1, ..., 2ny1 +

twyy1] € X. In other words, we have
(20 + two)? + -+ + (2n41 + twny1)? =0, e,
(284 4 28) + (28 wo + -+ 22 wng) - d

d(d—1) +

5 ot (wd i+t wly) =0

2,.d-2, 2 -2, 2
+ (2 Cwg + 2y T Why )
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When (29, 21, - - -, 2n+1) is fixed, we get d + 1 homogeneous equations given by

O 2wl 4+t 0<k<d
The equation (b)o says that £ = [20,21, -, 2n+1] lies on X. The equation (b); says
that the vector (wg, w1, ,Wp+1) mod C(zp, 21, ,2n+1) is tangent to X at . The
d — 1 other equations describe C, as the intersection of d — 1 hypersurfaces of degree
2,3,--+,d in PT,(X) = P"~1. Geometrically the system of equations (b)x, 0 < k < d,
says that a line £ touching X at = to the order > d must necessarily lie on X. By
Lemma 3, C, is smooth for a general point z € X. The anti-canonical line bundle of
P"*! is isomorphic to O(n + 2). Since X C P**! is of degree d, the normal bundle
Nxpn+1 on X is isomorphic to the restriction of O(d) to X. By the Adjunction
Formula, det(Tx) & O(n + 2 — d)|x. Over a line £ C X C P"*! which is free as
a rational curve we have Tx|, = O(2) @ (O(1))"~¢ @ 04! by the proof of Lemma
3, so that the VMRT at a general point of X is of dimension n — d. It follows that
for 1 < d < n, the degree-d Fermat hypersurface X C P"*! is uniruled by lines
such that the VMRT at a general point is the (n — d)-dimensional smooth complete
intersection of d — 1 hypersurfaces on PT,(X) = P"~!, which is necessarily connected
whenever n — d > 0. With exactly the same argument the VMRT at a general point
of any smooth Fano hypersurface of P**! of degree d < n — 1 must necessarily be a
(connected) smooth complete intersection of dimension n —d > 1.

Note that in general for any smooth hypersurface X C P*+! K3' = O(n+ 2 — d)
is in fact ample for 1 < d < n + 1. In the case where d = n + 1, the minimal rational
curves are however no longer lines. They are quadric curves C of P**! which lie on
X, and Tx|c = O(2) ® O™}, so that VMRTSs are 0-dimensional at a general point.

Table 1 gives a description of the (smooth) VMRT at a general point of a smooth
Fano hypersurface of degree < n in P**! highlighting some examples of special inter-
est. Here we denote by X7 a smooth hypersurface of degree d in P"*+1.

The first problem that we treated in our programme is the question of rigidity
of irreducible Hermitian symmetric spaces under Kéhler deformation (Hwang-Mok
[15]) by a study of deformation of their VMRTSs. Table 2, taken from [15] ((2.1),
p. 440), gives their VMRTs. In this table G stands for the identity component of
the isometry group of (S, g), where g is a canonical Kahler-Einstein metric on S, and
K C G denotes the isotropy subgroup at 0 € S. G(p, q) stands for the Grassmannian
of p-planes in CP*9, G!(n,n) C G(n,n) the complex submanifold of n-planes in C2"
isotropic with respect to a non-degenerate symmetric form, G*/(n,n) C G(n,n) the
complex submanifold of n-planes in C2" isotropic with respect to a symplectic form.
O stands for the octonions.
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X VMRT C, at a general point
P" P"_l
Qn Qn—2 C ]Pm—l
smooth cubic C P*+! quadric N cubic in P?~!
X5 CPps K3-surfaces
Xnr cprtt n! points
X7 c P d<n |codim—(d— 1) complete intersection C P"~!
of hypersurfaces of degrees 2,...,d

TABLE 1. VMRT at a general point for smooth hypersurfaces of degree
d < nin P*H!

Type G K G/K=8 Co Embedding
I |SU(+q)|SUWP) xU(g)| Glp,g) |PP~'xPi~1| Segre
IT SO(2n) U(n) G (n,n) | G(2,n—2) | Pliicker
1 Sp(n) U(n) G (n,n) pn-1 Veronese
IV |S0(n+2)| SO(n) x S0(2)| @~ Qn-? by O(1)
\Y% Es Spin(10) x U(1) |P2(0) @r C| G'I(5,5) | by O(1)
VI E; E¢ x U(1) exceptional | P2(0) g C |  Severi

TABLE 2. Table of irreducible Hermitian symmetric spaces S of the com-
pact type and their VMRTs Co

3. Linearly degenerate VMRT'Ss

3.1. Distributions and differential systems generated by VMRTs. — Let
(X, K) be a uniruled projective manifold equipped with a minimal rational component.
Suppose the VMRT C, at a general point € X is irreducible and linearly degenerate.
Then, it spans a meromorphic distribution W C Tx. The singularity set Sing(W) is of
codimension > 2 in X. Suppose W is integrable, then a leaf L of W is quasi-projective,
and its compactification L can be obtained as follows. Pick a point x € X — Sing(W).
Consider the subvariety V;(z) swept out by all K-curves passing through z. Enlarge
Vi (z) to obtain Vy(z) by adjoining all minimal rational curves passing through general
points on V;(z) and taking topological closure. Repeating this process a finite number
of times, we obtain a compactification of the leaf L, through = (Hwang-Mok [15],
Proposition 11). By definition, any K-curve ¢, emanating from z lies on L, and
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by the deformation theory of rational curves ¢y can always be deformed to avoid the
set Sing(W') which is of codimension > 2 in X, yielding a K-curve £ disjoint from a
hypersurface H C X swept out by compactifications of leaves of W. This is possible
only if X is of Picard number > 2. We have in fact

Proposition 1. — Let (X,K) be a Fano manifold of Picard number 1. Suppose for a
general point © € X the associated variety of minimal rational tangents C, is irre-
ducible and linearly degenerate. Then, the distribution W spanned at a general point
by C’~z cannot be integrable. More generally, any proper distribution D on X containing
W cannot be integrable.

In general, from W C X one can derive a finite series of distributions W = W; C
Wy C -+« C Wy = Wgy1 = --- where W; is defined by induction by setting W, =
[W;, W] as sheaves. We have thus the weak derived system generated by W. In case
X is of Picard number 1, Proposition 1 applies to D = Wy to show that the tangent
bundle can be recovered from W by successively taking Lie brackets.

3.2. Integrability of distributions via projective geometry of VMRTs. —
While [(3.1), Proposition 1] forces a distribution spanned by the VMRT at a general
point to be non-integrable when the uniruled projective manifold X is of Picard
number 1, we prove on the other hand that sufficient conditions for integrability of
W can be deduced from projective-geometric properties of VMRTs. The argument
goes as follows. The lack of integrability of W is encoded in the Frobenius form
¢ : A°W — Tx /W, and integrability amounts to the vanishing of ¢ by the Frobenius
Theorem. To prove that W is integrable it suffices to produce at a general point
z € X enough elements of Ker(¢,) to span A2W,. In particular, if ¥ is a germ
of complex-analytic integral surface of W passing through z and T,(X) is spanned
by 71 and 7, then 11 A 2 € Ker(y,). We consider a standard K-curve ¢ passing
through z and smooth at x, and take a smooth point zy € £ distinct from x. Then,
any pencil of rational curves emanating from z( including ¢ and smooth along ¢
produces a germ of surface ¥ at z. Since the pencil fixes y,T,(X) is spanned by
T.¢ = Ca and a vector belonging to P,. Thus T,,(X) C P, C Span(a;) =W,. An
analogous statement holds for any y € ¥ sufficiently close to z, implying that ¥ is
a germ of integral surface of W at xz. By linear algebra as explained in Hwang-Mok
([14], §2) we derived the following sufficient conditions for the integrability of W in
terms of projective-geometric properties of VMRTs. For the formulation, given a
finite-dimensional complex vector space V and any irreducible subvariety Z C PV, its
tangent variety 7 C P(A%V) is by definition the closure of the set of elements [ A (]
where a is a smooth point of Z and 3 € T, (Z). We have
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Proposition 2. — The distribution W is integrable if the tangent wvariety T, C
P(A%2W,) of C, is linearly non-degenerate for a general point x € X. The latter is in
particular the case whenever the second fundamental form oq) : Tja)(Cz) X Tjo) (Cz) —
Ne, pw,,[a] at a general smooth point [a] of C; is surjective.

Proposition 3. — Suppose at a general point x € X the variety of minimal rational
tangents C, C PW C PT,(X) is irreducible and smooth and dim(C;) > L rank(W)—1.
Then, W is integrable.

3.3. Fano homogeneous contact manifolds. — From the perspective of geo-
metric structures associated to VMRTS, after the irreducible Hermitian symmetric
spaces of the compact type one naturally turns to rational homogeneous manifolds
S = G/P of Picard number 1. Here G is simple and P C G is a maximal parabolic,
corresponding to the choice of a simple root in the Dynkin diagram of the Lie alge-
bra g of G. For the background on rational homogeneous manifolds, especially root
space decompositions, graded Lie algebras and G-invariant distributions we refer the
reader to Hwang-Mok ([16], (3.3)-(3.4)). Among them, the Fano homogeneous con-
tact manifolds were studied in relation to rigidity under Kahler deformation in Hwang
[10] (1997). On a complex manifold X of dimension > 2, a holomorphic distribution
W C Tx is said to be a contact distribution if and only if W is of co-rank 1 and the
Frobenius form ¢ : A2W — Tx /W is non-degenerate at every point = € X.

For the classification of Fano homogeneous contact manifolds we follow Boothby
[1]. In the case of g = Ak, k > 2, S is of Picard number 2, S = PTy,. For the case of
g = C) we have S = P?*~1 a5 a complex manifold. These cases will be excluded. For
any other simple complex Lie algebra g there is a unique choice of a long simple root in
the Dynkin diagram of g, corresponding to a choice of a maximal parabolic subalgebra
p C g, such that the associated rational homogeneous manifold S = G/P is of contact
type. We write S = K(g). In Table 3 we list the relevant Fano homogeneous contact
manifolds of Picard number 1 according to the classification of g, with information on
the Levi factor g C p, and a description of the VMRT Cy C PW, as given in Hwang
([10], Proposition 5).

As examples of Fano homogeneous contact manifolds described in geometric terms
consider those arising from hyperquadrics as follows. For the hyperquadric Q™ of
dimension n > 5 consider the minimal rational component K(Q"), i.e., the moduli
space of lines £ on Q™, which is a rational homogeneous manifold. We have Tgn |, &
O(2)®(O(1))" 260 for every £ € K(Q™). The normal bundle Nygn = (O(1))"200.
At any £ € K(Q™) the tangent space T;(KX(Q™)) can be identified with the vector space
HO(€, Nyjgn) and it contains a vector subspace H(£, (O(1))"2)) of codimension 1
which defines, as £ varies, a holomorphic distribution D C T (gn) of co-rank 1. Since
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g q Co Embedding
By A X Bk_o P! x Q%5 Segre*
Dy A1 X Dy_o P! x Q%6 Segre*
Gs A P! by O(3)
Fy Cs G'(3,3) by O(1)
Eg As G(3,3) by O(1)
E; Ds G'1(6,6) by O(1)
Eqg E; exceptional** by O(1)

* Here k > 3 for g = Bk,k > 4 for g = Dy. The embedding arises from the Segre
embedding of P! x P™ into P>"*! and the canonical embedding Q™! C P™.
** In this case Cy is biholomorphic to the irreducible compact Hermitian symmetric space
of type VI pertaining to E7, of dimension 27.

TABLE 3. Table of Fano contact homogeneous spaces S % P?>"~! of Picard
number 1 and their varieties of minimal rational tangents

n > 5, Cy =2 Q"2 is of Picard number 1, and the base manifold X(Q™) of the double
fibration u : U — Q™, p : U — K(Q™) is also of Picard number 1. For any z € Q"
any vector a tangent to C, arises from an element of H°(¢, Nygn) vanishing at z,
thus taking values in (O(1))"~2, and C, projects under the canonical map p’ : C — K
to a submanifold Q, € K(Q™) which is tangent to D. The VMRT C, is isomorphic
to Qm~2 = P!, and it contains a projective line A whose image under p’ gives a
minimal rational curve on K(Q"). (For this n > 4 is enough.) Thus, any minimal
rational curve on K(Q") is tangent to D. From [(3.1), Proposition 1], D C Txgn)
is not integrable. Q™ is associated to the classical groups G of type By or Dy, for
which every rational homogeneous manifold S = G/P of Picard number 1 has at
most 1 proper G-invariant distribution. Hence, denoting by ¢ : A?D — Ty(gn)/D
the Frobenius form, the kernel Ker(¢) C D must be trivial, and we conclude that the
Frobenius form ¢ defines a twisted symplectic form on the distribution D, and K(Q™)
is a Fano homogeneous contact manifold of Picard number 1.

For any £ € K(Q™), any z € ¢,T,(¢) = Ca, PTy(Q,)NPT,(K(Q™)) parametrizes the
space of lines on C, passing through [a], and it defines a hyperquadric in PT}y(Cz),
of dimension n — 4. As the point z varies over £, we recover a P!-family of disjoint
(n—4)-dimensional hyperquadrics which exhausts the VMRT C, € PT,(KX(Q™)). This
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family is actually isomorphic to the product P! x Q™~*. (This product structure can
be explained in terms of the parallel transport of second fundamental forms along £ to
be given in (6.2).) For n = 2k —1 with k > 3, K(Q™) = K(By) and C, = P! x Q?¢~5;
for n = 2k — 2 with k > 4 we have K(Q") = K(Dy) and C, = P! x Q%k~6,

Excepting for P2"~! of dimension > 3, which we exclude, for any Fano homogeneous
contact manifold (S, D) of Picard number 1, dim(S) = 2s + 1, the line bundle L :=
Ts/D is isomorphic to O(1), the positive generator of the Picard group Pic(S). Thus
for any minimal rational curve £ on S, T; = O(2) must project to 0 on L = Ts/D, so
that ¢ is tangent to D. Over a minimal rational curve £ on S we have D|, = O(2) ®
(0(1))»@0PO(—1) by root space decomposition. All known Fano contact manifolds
are homogeneous. The question of characterization of Fano contact manifolds (X, D)
is known to be reducible to the essential case where X is of Picard number 1 and where
L :=Tx/D = O(1) (Kebekus-Peternell-Sommese-Wisniewski [27] (2000)). Kebekus
[25] (2001) proved in this case that X is uniruled by degree-1 curves. From elementary
consideration involving splitting types and the non-degeneracy of the Frobenius form
¢ : A2D — L one deduces readily that all minimal rational curves ¢ passing through
a general point z are standard. In [25] it was proven that £ is actually smooth. Thus,
C; C PT,(X) is a Lagrangian submanifold with respect to the symplectic form ¢,.
It is tempting to believe that the complex structure of X can be recovered from its
VMRTs.

Conjecture 1. — Let X be a Fano contact manifold. Then, X is biholomorphic to a
Fano homogeneous contact manifold.

Confirmation of Conjecture 1 would imply the same for the LeBrun-Salamon Con-
jecture (LeBrun [34], 1995), according to which a compact quaternionic Kahler mani-
fold (M, h) of positive scalar curvature is Riemannian symmetric. The link is given by
the twistor construction, by which one obtains from (M, k) a twistor space X which
admits the structure of a Fano contact manifold. We note that for a Fano contact
manifold X of Picard number 1 other than P?*~!, the contact structure is unique
since the contact distribution is spanned at a general point by the VMRT.

Among Fano homogeneous contact manifolds of Picard number 1 other than pn—1,
the one of smallest dimension is K(Gz), of dimension 5, where the VMRT is the cubic
rational curve in PD, = P3 for the contact distribution D of rank 4. Other than
the projective plane P? and the 3-dimensional hyperquadric Q%, K(G2) is the only
rational homogeneous manifold of Picard number 1 with 1-dimensional VMRTs.

3.4. Applications to rigidity under Kihler deformation. — Regarding the
problem of rigidity of rational homogeneous manifolds S = G/P of Picard number
1 under Kahler deformation, the first result was established for the special case of
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irreducible Hermitian symmetric spaces of the compact type in Hwang-Mok ([15],
1998). After a series of articles we have now settled the problem, as follows.

Theorem 2 (Hwang-Mok [23]). — Let S = G/P be a rational homogeneous manifold
of Picard number 1. Letw: X — A := {t € C, |t| < 1} be a regular family of projective
manifolds such that X; := w1(t) is biholomorphic to S for t # 0. Then, Xo is also
biholomorphic to S.

S = G/P is determined by the choice of a simple root in the Dynkin diagram.
When it is a long root, considerations on integrability of distributions spanned by or
derived from VMRTSs enter in an essential way. In the case of irreducible Hermitian
symmetric spaces 9, excluding the obvious case of P"*, we make use of S-structures (cf.
(4.2)). An S-structure on a complex manifold M can be equivalently defined by the
varieties of highest weight tangents = : W(M) — M, and in the case of M = S, the
latter agrees with the fibered space 7w : C — S of VMRTs. The idea is to consider the
VMRT C,,(Xy) at a general point of Xo. Suppose Cy,(Xo) C PT,,(Xo) is congruent
to the model Cy C PTp(S). From closedness of the flatness condition (cf. (4.3)) the
S-structure at zo € X, is flat. By Matsushima-Morimoto [35] the moduli space of
projective submanifolds .A C PV congruent to Cy C PTp(S) is isomorphic to an affine
algebraic variety. Let E C X, be the singularity set of the S-structure defined at
general points of Xy. Since E C X is of codimension > 2 we have by [35] Hartogs
extension of S-structures on the relative tangent bundle of 7 : X — A, and X carries
a flat S-structure, implying that Xy is isomorphic to the model space S from Ochiai’s
Theorem [47] on S-structures (cf. (4.2) here) and the method of developing maps.

Thus it remains to identify the VMRT at a general point o € Xy with that of
the model space. For t € A, at z; € X; denote by K;, the moduli space of minimal
rational curves marked at x;. For a generic choice of holomorphic section o : A — X,
as t varies over A, {Ky(;)} constitutes a regular family of projective manifolds such
that Koy = Co(S) for t # 0. Noting that Co(S) is itself a Hermitian symmetric
space (cf. (2.5)), irreducible except in the case of the Grassmannian, by an inductive
argument coupled with cohomological considerations in the case of the Grassmannian,
K+ (0) remains biholomorphically equivalent to Co(S). To reconstruct an S-structure
on X, it remains to examine the tangent map 7,0y : Ko(0) — PT,(0)(Xo). From
the rigidity of K5 (;) at ¢ = 0, degeneration of VMRTSs can only arise from a linear
projection on the model Cy(.S). If this happens at a general point of X, we obtain a
distribution W C Tx, generated at a general point by its VMRT. On the one hand,
by [(3.1), Proposition 1] W is not integrable since Xy is of Picard number 1. On the
other hand, from the description of Cy(S) as the closure of the graph of a vector-valued
quadratic polynomial, at any [a] € Co(S) the second fundamental form o is surjective.
By linear projection the same remains true for C,(o)(Xo), and by [(3.2), Proposition
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2] the distribution W C T, is integrable, yielding a contradiction and proving that
the VMRT is linearly non-degenerate at a general point of X, implying Xo & S.

In the case where S is a Fano homogeneous contact manifold other than P?"~1,
the VMRT Cy(S) C PDy, where D C Ts is the contact distribution. The kernel of
the Frobenius form ¢g : A2Dy — Tp(S)/Dp = C is of codimension 1. Theorem 2
for the contact case was established in Hwang [10]. Following the same scheme as
in the Hermitian symmetric case, the problem reduces to showing that for a generic
choice of a holomorphic section o : A — X, the linear span W,y of 5,,(0)(X0) is of
codimension 1, and C,(o)(Xo) C PW,q) is congruent to the model Co(S) C PDy. In
fact, granting this one can recover the structure of a Fano contact manifold on the
central fiber Xy, and we have Xy = S by the local rigidity result of LeBrun [34] for
Fano contact manifolds. It remains to rule out degeneration of VMRTSs at a general
point o € X, corresponding to a proper linear projection of Co(S). Such a linear
projection cannot occur, because the second fundamental form oy of Co C PDy at
[a] € Co(S) has image of codimension 1, and any proper linear projection x of Co(S)
renders the second fundamental form o) surjective at a general point [3] of the image
x(Co(S)). In other words, if the VMRT at a general point on X, were more linearly
degenerate than the model case, the distribution W on X, would become integrable,
violating [(3.2), Proposition 2].

Given a distribution on a complex manifold, one can define a differential system
by successively taking Lie brackets. On a uniruled projective manifold (X, K) with
an irreducible and linearly degenerate VMRT a general point, the distribution W
spanned by VMRTs gives rise to such a differential system. When S = G/P is
defined by a long simple root but is neither of the symmetric nor of the contact
type, Theorem 2 was solved by Hwang-Mok ([19], 2001). We make use of the work
of Yamaguchi [51] on symbol algebras arising from differential systems on rational
homogeneous manifolds. Following the same scheme of proof for Theorem 2 as above
and making use of [51], the key issue is to prove that the differential system on the
central fiber derived from the VMRTSs is isomorphic to that of the model space. The
VMRTSs are tangents to minimal rational curves, and the argument using pencils of
minimal rational curves in (3.2) produces elements in the kernel of the Frobenius
form ¢, : A2°W,, — Ty, (Xo)/Wa, at a general point 7o € Xo. We can consider the
universal Lie algebra defined by taking elements of W, as generators, and by taking
the relations to be those generated by the argument of pencils of minimal rational
curves in (3.2). Using Serre relations, we show that this universal Lie algebra is
isomorphic to the symbol algebra at 0 € S defined by To(S) as a nilpotent algebra.
In particular, proper linear projection of Co(S) will yield a distribution such that
the maximal distribution obtained by successively taking Lie brackets, which is by
definition integrable, remains a proper distribution W# C Tx,. This violates [(3.2),
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Proposition 1] and solves the key difficulty of Theorem 2 for the long root case being
considered.

The method of using distributions associated to VMRT's does not in general work
for the short root case. In all remaining cases one imitates the same scheme of proof,
but in a typical case defined by a short root the key difficulty occurs after we already
know that the VMRT at a general point of the central fiber agrees with that of the
model space. New ideas are needed to complete the proof of Theorem 2. In (4.4)
we will examine the degeneration of the Lie algebras of holomorphic vector fields
associated to m : X — A by resorting to a study of prolongation of algebras of
infinitesimal automorphisms associated to VMRTs.

4. Holomorphic G-structures and prolongations associated to VMRT's

4.1. Holomorphic conformal structures. — By a holomorphic metric on a com-
plex manifold M we mean a nowhere degenerate holomorphic symmetric 2-tensor. In
local holomorphic coordinates (z;), we have g = 3" g;;(2)d2*®d2’ such that det(g;;)(2)
is nowhere zero. For z € M, a tangent vector @ € T,(M) is called a null vector if
and only if g(a,a) = 0. The space N, of null vectors at z is called the null cone at
z. It corresponds to a hyperquadric Q, C PT,(M) which we call the variety of null
tangents. On (M, g) there is a unique holomorphic torsion-free connection V such
that Vg = 0 on M, analogous to the Levi-Civita connection in Riemannian geometry,
given by the same formula

_ Ogie _ 0gje  0gij
_—E ke(az] 625], —6—25—)

for the Riemann-Christoffel symbols (I’ij). On a complex manifold M two holomor-
phic metrics g and g on are said to be conformally equivalent to each other if and
only if there exists a nowhere vanishing holomorphic function A such that g = Ag.
The Riemann-Christoffel symbols (f‘f,) of g are related to those of g by

i oS Lk ( 9 0+ 20y - 20
T = 3 550" (555 O + g 0s0) = 5000

0
_ Tk k k ke
—F1]+7515;;l )\+‘-2—5]5—10g)\——(zg log)\)g”
A (parametrized) complex geodesic on M is a nonconstant holomorphic map v : D —
M defined on some domain D C C satisfying in analogy to geodesics in Riemannian
geometry the second order differential equation

82

e Th =0
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Replacing g by g = Ag we have

%y .1 e O
B2 + Fw (05 log A)y — —2*(2;9 37 log /\)gﬁ‘r :

where * stands for %tl. In invariant form the differential equation is given by V5% = 0.
A complex geodesic 7 is called a null geodesic if and only if ¥(¢) lies on the null cone
Nt for every t € D. Since Vg = 0, for a complex geodesic g is a constant. In
particular, v is a null geodesic if and only if 4 is a null vector at one point. Suppose v
is a null geodesic on (M, g). Then, with respect to the holomorphic metric § we have

82y

ot
Write f(t) := 0;log A(t). At a point ¢, € D, making a local holomorphic change of
variable s = s(t) at to and writing ¢t = ©(s),v(t) = u(s), we have

+ F'w (85 log A)y

2 2 9=
Ch (22 = 69 20 4 0 4 6T = (900) + (0021 000) 2L).

Thus, making a change of variables by solving by means of power series the second
order differential equation ¢”(s) + (¢'(s)?f(¢(s))) = 0 admits a unique solution
subject to a choice of sp = ¢~!(to) and a choice of ¢’(sg). In other words, a germ
of null geodesic on (M, g) can be re-parametrized to give a germ of null geodesic
on (M,g). We will sometimes speak of a complex geodesic to mean the image of a
parametrized complex geodesic. In this sense, the space of null geodesics on (M, g) is
a property of the conformal equivalence class of g.

By a holomorphic conformal structure on M we will mean a holomorphic line
subbundle A C S2T};, generated at each point by a non-degenerate holomorphic
symmetric 2-tensor. Equivalently, it is given by the data (Ua, go)aca consisting of
holomorphic metrics g, on open subsets U, covering M such that over the non-empty
overlaps Uyg = U, NUg, go and gg are conformally equivalent. A holomorphic confor-
mal structure on M is equivalently defined by the fibered space of varieties of null tan-
gents m: @ — M, and we will speak of (M, Q) as a complex manifold equipped with
a holomorphic conformal structure. Each null geodesic lifts to a local holomorphic
curve on Q by sending a point y(t) to [¥(t)] € Qjy)), which we call the tautological
lifting, and we have a 1-dimensional holomorphic foliation on (M, Q) by liftings of
null geodesics. In Riemannian geometry, for computations at a given base point one
often makes use of local coordinates with respect to which the Riemann-Christoffel
symbols (l" .) vanish at the base point 0. The proof of existence of such coordinates
works verbatzm in the holomorphic situation. Starting with a given holomorphic local
coordinate system (z;) at a point ¢ € M, z(z) = 0, such that g;;(0) = é;;, we intro-
duce a new holomorphic coordinate system (w;) such that w(0) = 0 and %‘g—:(O) = k.
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Writing

' ' 02 027

i — k ¢ = 5 D D
Zgzgdz ®dz.7 — thgd’w ® dw ) hke - Zgw Wi aw[ ’
1,7 k.t "

Ohe Ogke 0%2* o2t

— 0 ’
Ows (0) 02z, ©)+ 6w33wk( )+ OwsO0w, 0

Now choose (wy) such that 2% = w* + sk ck wiwt, where ¢k, = ck . Then, setting

k _ 1 (Ogke  Ogks  Ogse\ o\ _ 1k
Csp = 2 (323 8zg aZk )(O) - st(o) .

we conclude that %%5(0) = 0, and as a consequence f‘fj (0) = 0 in w coordinates.

In Riemannian geometry for a given base point z there is a privileged coordinate
system adapted to z given by the geodesic normal coordinates in terms of which
in particular the Riemann-Christoffel symbols vanish at z. The notion of geodesic
normal coordinates generalizes in the setting of holomorphic metrics.

To start with we note that complex geodesics can be re-parametrized by a rescaling
of the domain variable. Let D C C be a domain containing 0, x € M,andy: D - M
be a parametrized complex geodesic such that y(0) = z. Then, given any nonzero
complex number A € C, the function ¢ : —}\—D — M defined by 4(¢) = y(At) is again
a parametrized complex geodesic, as can be seen from the defining equation for a
complex geodesic. On the total space 7 : L — PT, (M) of the tautological line bundle
over PT, (M), for a sufficiently small neighborhood U of PT, (M) one can define a
holomorphic map ®y : U — M, as follows. For [a] € PT,(M) and n € L[y = Ca,
n = ta sufficiently small, let ®¢(\) be v, (t), where 7 is the unique germ of complex
geodesic at 0 € C such that y(0) = x and %;l|t=0 = «. If we replace o by Ao for
some nonzero A, then 'y)\a(§) = 74(t) from uniqueness of geodesics with fixed initial
value and initial first derivative. It follows that ®(n) is well-defined, and we have a
holomorphic map ®, : U — M which collapses PT, (M) to z, from which it follows
readily that ®y descends to a holomorphic map ® : 2 — M, where Q is a neighborhood
of 0 in T,. From the construction we have readily d®(0) = id. ¢ is the holomorphic
exponential map, and it defines holomorphic geodesic normal coordinates at z. With
respect to these coordinates, obviously the Riemann-Christoffel symbols vanish at
0. Moreover, by the same proof as in Riemannian geometry, the holomorphic metric
admits a power series expansion at 0 in terms of the curvature tensor and its covariant
derivatives at x. In particular, if the curvature vanishes identically, the holomorphic
geodesic normal coordinates define a coordinate system with respect to which the
holomorphic metric tensor (g;;) is of constant coefficients. We may take g;; to be d;;.

Exactly as in Riemannian geometry, the curvature tensor Ri]’ke of (M, g) admits a
decomposition Rijke = Aijkl-l-Wijke, where W = (Wijke) € HO(M, AZTxl@End(TM))
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is the Bochner-Weyl tensor, which is unchanged when a holomorphic metric is mod-
ified by a conformal factor. A holomorphic metric is by definition conformally flat if
and only if W = 0. A conformally flat holomorphic metric g is conformally equivalent
to a holomorphic metric h with vanishing curvature, i.e., Ry, = 0. Using holomorphic
geodesic normal coordinates for h, we have seen that g is conformally flat if and only
of it is given locally by g;; = Ad;; for an appropriate choice of holomorphic coordinates
and for some non-zero holomorphic function .

4.2. G-structures associated to irreducible Hermitian symmetric spaces of
rank > 2. — The model space of a holomorphic conformal structure is the hyper-
quadric @™,n > 3. In terms of Harish-Chandra coordinates on an open Schubert
cell U C @™, the Euclidean translations on U extend to automorphisms of @™, and
the null-cones N on Q" form a constant family since they are invariant under auto-
morphisms of @™, showing that the the holomorphic conformal structure on U C Q™
is defined by the equivalence class of a holomorphic metric of constant coefficients.
Holomorphic conformal structures will also be referred to as hyperquadric structures,
or Q"-structures, in a sense that applies in general to Hermitian symmetric spaces
S of the compact type and of rank > 2. In this general context the hyperquadric
structure on Q™ is said to be flat (or integrable) in the sense that there exists local
holomorphic coordinates (the Harish-Chandra coordinates) with respect to which the
null cones N’ C Ton form constant families over the coordinate charts.

The notion of a hyperquadric structure generalizes to S-structures for any irre-
ducible Hermitian symmetric space of rank > 2. For the fibered space of null cones
m: N — M of a complex manifold M equipped with a holomorphic conformal struc-
ture, there is an underlying complex Lie group consisting of linear transformations
preserving a model light cone Ny C V := To(Q™). The group is precisely the reductive
complex Lie subgroup C-O(n;C) C GL(V). In general for any complex Lie subgroup
G of GL(V) for a finite-dimensional complex vector space we have the notion of a
(holomorphic) G-structure. For its formulation let n be a positive integer, V be an n-
dimensional complex vector space, and M be any n-dimensional complex manifold. In
what follows all bundles are understood to be holomorphic. The frame bundle F(M)
is a principal GL(V)-bundle with the fiber at = defined as F(M), = Isom(V, T;(M)).

Definition 2 (G-structure). — Let G C GL(V) be any complex Lie subgroup. A holo-
morphic G-structure is a G-principal subbundle G(M) of F(M). An element of Go(M)
will be called a G-frame at x. For G C GL(V) we say that G(M) defines a holomorphic
reduction of the tangent bundle to G.

We have in general the notion of a flat G-structure, as follows.
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Definition 3 (flat G-structure). — In terms of Euclidean coordinates we identify F(Uy)
with the product GL(V) x U,. We say that a G-structure G(M) on M is flat if and
only if there exists an atlas of charts {pq : Uy — V'} such that the restriction G(Uy)
of G(M) to Uy, is the product G x U, C GL(V) x U,,.

Let (S, g) be an irreducible Hermitian symmetric space of the compact type and
of rank > 2. Write G, for the identity component of the isometry subgroup of (S, g),
and K C G. be the isotropy subgroup at a reference point 0 € S. As a rational
homogeneous manifold S = G/P, where G is a complexification of G. and P C S is
a maximal parabolic subgroup. We have the Harish-Chandra decomposition of the
Lie algebra g of G, g = m* @ ¢C ® m~, in which ¥C is the complexification of the
Lie algebra & of K. Regarding g as the Lie algebra of holomorphic vector fields on
S, m~ stands for the vector space of holomorphic vector fields vanishing to the order
> 2 at 0. P admits a Levi decomposition P = K€ . M~. Here K© = exp(£®) is the
reductive group consisting of automorphisms of S fixing 0, identified with a complex
linear subgroup of GL(T(S)) where v € K€ is mapped to dy(0), and M~ = exp(m™).
S then carries a G-structure with G = K©. Regarding S-structures we have

Theorem 3 (Ochiai [47]). — Let S be an irreducible Hermitian symmetric space of the
compact type and of rank > 2. Let X be a compact simply-connected complex manifold
with a flat S-structure. Then, X is biholomorphic to S.

K€ acts irreducibly on the model vector space V = T(S), and its highest weight
orbits define a rational homogeneous manifold Wy C PT5(S), leading to a fibered
space of highest weight tangents w : W — M on any complex manifold equipped with
a KC-structure. Let (My,G;) resp. (M2, G2) be two complex manifolds equipped with
G-structures, G = K€, with fibered spaces of highest weight tangents m; : Wy — M
resp. mo : Wy — Ms. A biholomorphism f : M; — My preserves the G-structures if
and only if it preserves the fibered spaces of highest weight tangents, i.e., fu W) = W;.

Denote by O(1) the ample line bundle on S which is the positive generator of
the Picard group of S. S can be embedded into the projective space by O(1), e.g.,
the Grassmannian is embedded by the Pliicker embedding. With respect to this
embedding, S is uniruled by lines. When S itself is considered as the underlying
space of an S-structure, the variety of highest weight tangents W, agrees with the
VMRT C, at any ¢ € S. This follows from the construction of lines on S by means
of SL(2,C) orbits highest weight vectors (cf. Mok ([40], (1.4)) for a verification in
the case of Grassmannians). To give a proof of Ochiai’s Theorem using VMRTS, the
starting point is the following result on local VMRT-preserving holomorphic maps.

Lemma 4. — Let S be an irreducible Hermitian symmetric space of the compact type
and of rank > 2. Let D,D’' C S be nonempty connected open subsets of S and
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f: D — D' be a VMRT-preserving biholomorphic map. Then, for any line on S
intersecting D, f(L N D) is an open subset of some line L' of S

Proof. — Denote by 7 : C — S the fibered space of VMRTSs over S and by F the
tautological foliation on C. By assumption [df](C|p) = C|p-. We have to show that
for any line L C S such that LN D # @, [df](z NC|p) is an integral curve of the
tautological foliation on S. This is the case if and only if f*F agrees with F on C|p,
i.e., if and only if the image under [df] of each Inc |p is tangent at every point to
the tautological lifting L’ of some line L'. Equivalently this means that the image
of each L N D is tangent at every point to a line on S up to the second order. To
prove Lemma 4 it suffices therefore to show that 8%f(a, ) is proportional to df ()
for any minimal rational tangent [c]. In these coordinates w : C — S is a constant
family. Let «, 8 be vectors in Co. (For a projective subvariety A C PV we denote
by A c CN+! — {0} its homogenization.) Then, 82f(a, B) = 8a(df(B*)), where B!
stands for the constant vector field on D such that 3%(0) = 8. Thus, 8%f(a, B) is the
tangent at 3 to some holomorphic curve on Cy, so that 8%f (o, 8) € Pg = Tﬁ(go). By
symmetry we have 8% f(a,8) € P, N Ps.

It remains to derive that for any o € C, 82 f(a,a) = Ao for some A. On a
non-linear projective submanifold, by Zak’s Theorem (Zak [52]) the Gauss map is
non-degenerate at a general point. Thus, the kernel of the second fundamental form
o is trivial at a general point. In the case of Cy C PT,(.S), which is homogeneous as a
projective submanifold, Ker(¢) = 0 everywhere. Equivalently, lifting to homogeniza-
tions, Ker(&,) = Ca for the (Euclidean) second fundamental form &, at any o € Co,
and it remains for the proof of Lemma 4 to show that 8%f(«a,a) € Ker(,) for any
such a. Fix now a € Cy and let 3 = a(t),(0) = a, vary holomorphically on Cy in the
complex parameter t. Writing £ = 0;(a)(0), from 82 f(a, a(t)) € P, it follows that
0?f(a,€) € Py. On the other hand 8;(0%f(a(t),a(t))|t=0 = 20%f(a, &), and hence
V(02 f(a(t), a(t))|t=0 € P, in terms of the Euclidean flat connection V on Tp(S). It
follows that 74 (¢,8%f(c,@)) = 0. Since ¢ can be chosen to be any tangent vector in
T, (50) = P,, we conclude that 8?f(a,a) € Ker(d,), and we are done. O

By means of Lemma 4 the mapping f : D — D’ can be analytically continued to
give an automorphism of S. The idea is to pass to the moduli space K of lines. For
each z € S denote by Q, C K the projective submanifold consisting of lines passing
through z. We may assume D to be convex in Harish-Chandra coordinates. For any
£ € K sufficiently close to Q,, £ N D is non-empty and connected, and f(£ N D) is
an open subset of some line ¢/. Thus, for a sufficiently small open neighborhood U
of Q, in K, f induces a holomorphic map f* : U — K. The problem of analytic
continuation can be solved first by meromorphically extending f# to F* : K — K and
then by recovering F : S — S by considering a point y € S as the intersection of
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all lines passing through it, and by defining f(y) := N {f*(¢) : y € £} for a general
point y € S. The meromorphic extension of f# to F* is plausible because U is a
‘big’ open set in an analytic sense, as it contains the projective subvarieties Q, for
y sufficiently close to z. This latter extension problem can be solved by methods of
Hartogs extension as done in Mok-Tsai [44]. The extension F' : § — S thus obtained
may have singularities, but they are proven to be removable by arguments involving
deformation theory of rational curves (cf. Mok [40], (2.4)).

4.3. Flatness of G-structures via VMRTs. — Let V be a fixed n-dimensional
complex vector space and G C GL(V) be a connected complex Lie subgroup. Let X
be an n-dimensional complex manifold endowed with a G-structure G C F(X). We
examine necessary and sufficient conditions for the G-structure to be flat. Recall that
the G-structure G is flat if local holomorphic trivializations of G can be realized by
choices of local holomorphic coordinates on X. Flatness imposes therefore differential
constraints on (X,G). The problem of identifying flat G-structures was solved in
terms of obstructions to prolongations of G-structures (cf. Guillemin [4]).

Given a G-structure (X,G) and a biholomorphic map f : X — Y onto another
complex manifold Y, we have an induced G-structure (Y, f.G). Let (X, G) and (X', G’)
be two complex manifolds endowed with G-structures. For z € X denote by (X, z) the
germ of complex manifolds defined by X at z, etc. A germ of local biholomorphism
f:(X,z) — (X',2') is said to be (0-th order) structure-preserving if (f.G)» = G...
For k a positive integer, f is said to be k-th order structure-preserving if furthermore
f«G is tangent to G’ along G, to an order > k. This notion depends only on the (k+1)-
jet of f. For k > 0 the G-structure (X, G) is said to be k-flat at x if there exists a local
biholomorphism f : (X, z) — (V,0) which is k-th order structure-preserving, when V'
is endowed with the trivial G-structure V x G.

When (X,G) is uniformly k-flat, i.e., k-flat at every point = € X, one can de-
fine in a canonical way some structure function c* on some prolongation bundle over
G, such that ¢* = 0 if and only if (X,G) is uniformly (k + 1)-flat (Guillemin [5],
Cor. to Theorem 4.1). By the Cartan-Kéhler Theorem (Singer-Sternberg [49]) a
G-structure is flat if and only if it is k-flat for every integer £ > 0. In the case
where G is reductive, the structure functions can be translated as obstruction ten-
sors 0 € H°(X,Hom(A’Tx,Tx ® S¥T%)). In the case of S-structures (cf. (4.2))
corresponding to G = KT it is known that (X,G) is flat if and only if it is uni-
formly 2-flat. When S is Q™, n > 3, given a point z € X the fibered space
7w : @ — X of null tangents is always tangent at = to that of the flat Q™-structure
in terms of holomorphic normal coordinates at xz. Thus, the only obstruction tensor
is 6; € H°(X,Hom(A?Tx,End(Tx))), which agrees with the Bochner-Weyl tensor
(Wijk?) of the holomorphic conformal structure.
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Theorem 4 (Hwang-Mok [14]). — Let X be a uniruled projective manifold admitting
an irreducible reductive G-structure, G C GL(V). Then, X is biholomorphic to an
irreducible Hermitian symmetric space of the compact type and of rank > 2.

Outline of Proof. — Associated to a G-structure with G C GL(V) reductive, there
is on X the fibered space A : W — X of highest weight tangents. We show first of
all that the latter agrees with the fibered space m : C — X of VMRTs. The proof
makes use of Grothendieck’s classification of G-principal bundles on P! in [4]. Then,
we show that the G-structure is flat by proving successively the vanishing of the
structure functions c*. Finally, we identify the candidates of VMRTSs on X to show
that they correspond to S-structures in the Hermitian symmetric case, and conclude
that X = S by observing that X is rationally connected, hence simply connected.
To prove the vanishing of the structure functions c* it suffices to prove the van-
ishing of the obstruction tensors # = 6, which give in the reductive case sections in
H°(X,Hom(A?Tx,Tx ® S*T%)). Let £ be a standard rational curve, assumed em-
bedded for convenience, so that T'x|, = O(2) ® (O(1))? & O%. Each direct summand
of (Tx ® S¥T%)|¢ is of degree < 2. If we fix ¢ € X, then 0, (e, £) = 0 whenever o € C,
and £ € T, a((?z) = P,, since oo A ¢ belongs to a direct summand of degree 3. By [(3.2),
Proposition 3], such elements generate A2T,(X), and we conclude that = 0. O

In the same vein Hong ([6], Proposition (3.1.4)) established the following charac-
terization of Fano homogeneous contact manifolds of Picard number 1. The statement
here is a slight modification of the original one which is implicit from the proof there.

Theorem 5 (Hong [6]). — Let S be a Fano homogeneous contact manifold of Picard
number 1 different from an odd-dimensional projective space. Let Co C PTp(S) be
the VMRT of S at a reference point 0 € S. Let X be a Fano manifold of Picard
number 1 whose VMRT C, C PT,(S) at z € X is isomorphic to Co C PTp(S) as
a projective subvariety for x lying outside a subvariety Z C X of codimension > 2.
Denoting by D the distribution on X spanned by VMRTSs, assume that the Frobenius
form ¢ : A2D — Tx /D is everywhere non-degenerate on X — Z. Suppose furthermore
that at every point x € X — Z, a general minimal rational curve passing through z
lies on X — Z. Then, X is biholomorphic to S.

4.4. Prolongation of linear subalgebras of infinitesimal automorphisms of
VMRTSs. — Let (X, K) be a uniruled projective manifold equipped with a minimal
rational component with non-linear VMRTS, and € X be a general point. Regarding
the VMRTSs in a neighborhood of z as defining a germ of geometric structure at z,
we are interested to study its germs of infinitesimal automorphisms vanishing at x.
By Cartan-Fubini extension, as to be explained in §5, this is the same as studying
holomorphic vector fields on X vanishing at z. As a preparation we have
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Lemma 5. — Let X be a complex manifold, x € X be any point, m > 1 be a positive
integer and Z be a holomorphic vector field vanishing at x to the order > m. Let {¢:}
be the complex 1-parameter group of automorphisms on X generated by Z. Let E C
PTx be an irreducible subvariety invariant under the induced automorphisms {®.} on
PTx. Assume that w|g : E — X is a holomorphic submersion at a general smooth
point of E, .= ENPT,. In terms of local holomorphic coordinates (2;) at z; z;(z) = 0;
write Z =Y, 4k Ab i 202 g2 4+ O(|2|™ ), where the Taylor coefficients

fl i, GT€ Symmetric in iy, im. Then, regarding the Taylor coefficients of m-th
order terms as coefficients of a homomorphism A : S™T, — T,; for any choice of
m—1 tangent vectors 0y, -+ ,m—1; the linear vector field 3, w*A(n1,- -+ , Nm—1, 5%_)

on T, 1is tangent to E‘Vx at its smooth points.

Proof. — Write ¢f(z) = 2+ Y. BE_, (t)z - 2" + O(|2|™*!) for z lying on a
small neighborhood of z and for ¢ sufficiently small, where the summation is over
(i1,"** ,im). We have ZBE . (t)|=0 = AF..; . Writing (w;) for fiber coordinates
for Tx induced by (z;), the induced automorphism ®; on T’x is given by

B(2,w) = (pe(2); dpe(2)(w) =
S (B i, 05+ men + O(™ )y mB L, (027 -+ 2 wimey + O(12I™ )

Here e; = -2~ and e = =2-. Since ¢; preserves the subvariety E, the infinitesimal
sz Bwk (p y )

automorphism Z= %‘h't:o is tangent to E at smooth points. It is given by
Z=Y(ak 2 et Oz mAl L, 2 gt O] ) ),

showing that the latter vanishes on T, to the order > m — 1. Taking partial deriva-
tives m — 1 times against horizontal constant vector ﬁelds M, " NMm—1. We obtain
o=k A’;l,,,nm_liw For = 2w ‘A1, M2, Mm—1, Fur ). When m = 1 no dif-
ferentiation is involved, and o is simply the restriction of Z to T,. Since at a smooth
point of Ez, o is both tangent to EandtoT, =, it must be tangent to Em, as desired. [

Lemma 6. — Let X be an n-dimensional uniruled projective manifold admitting a
minimal rational component whose VMRT C, C PT, at a general point x is p-
dimensional; 0 < p < n—1; nonsingular and linearly non-degenerate. Given a general
point x € X, let Z be a holomorphic vector field vanishing at x to the order > 2. In
terms of local holomorphic coordinates (z;) in a neighborhood of x; z;(x) = 0; write
Z =35 Ak2' 27 52+ 0(|2[%), where AY; = A%,. Then, regarding A¥; as coefficients

of a linear homomorphzsm A: ST, — T, we have Ay € Ca for any a € C

Proof. — By Lemma 5, for any n € T, and any nonzero a € é; we have A, €
To(C;z) = P,. In particular, if 7 is itself a nonzero vector in C;, we have from the
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symmetry of A the property that A, € P, N Pg. The rest of the proof is the same
as in Lemma 2. (Here A,g plays the same role as 82 f(a, 3) there.) a

Proposition 4. — Under the hypothesis in Lemma 6 and in the notations there, sup-
pose for the holomorphic vector field Z vanishing at x to the order > 2 we have
Aaa =0 for any a € C,, then A =0.

Sketch of proof. — Fixing n € T,(X), Aan € Po. From A,, = 0 for every a €
C., varying o = «(t) holomorphically and differentiating against ¢ we conclude that
Aye = 0 for every { € P,. Regarding A, as an endomorphism of T,(X) given by
Aa(n) = Aan, we have Im(A4,) C P, C Ker(4,), so that A2 = 0. Thus, choosing
sufficiently general points a, 8 € C,, the closure of the orbit of [@] under exp(tAg) is
a line joining [a] to [£], where £ := Ayp # a, B; likewise with @ and 3 interchanged.
Hence C, is rationally 2-connected by lines. Proposition 4 is proven inductively. We
denote by K’ a minimal rational component consisting of lines on C,, and C[’a] the
associated VMRT at [a]. For induction we replace = by [a], X by C,, and consider
the VMRT Cy,, at [o] € C;. Given a holomorphic vector field Z vanishing at = to the
order > 2 for which A,, = 0 for every a € C,, we derive a holomorphic vector field
Z on C, vanishing at [a] to the order > 2 such that A, = 0 for every u € C,,.

Starting with the data (X, K, z,C;, Z, (4;;)) we derive (Cy, K/, o], Cloys 2, (Ake)),
noting that C[’a] is nonsingular at a general point [a] € C,, by Lemma 3. To be able
to proceed by induction on the dimension, it remains to prove that C[’a] C PTi4(Cz)
is linearly non-degenerate. From the fact that C[’ a) is rationally 2-connected by lines,
it follows that dim(C’[’ o) = +dim(PT}4(Cz)), and by [(3.2), Proposition 3] it would
follow that C[’ o] is linearly non-degenerate in PT},)(C;), if we knew that Cjo is of
Picard number 1. However, the latter need not be the case. Nonetheless, the proof of
Proposition 3 still works since we know that the VMRT is rationally 2-connected by
lines as explained, making it possible to prove Proposition 4 by induction.

Write f for the germs of C-preserving holomorphic vector fields at . For £ > —1,
write f¢ for the vector subspace of all Z € f vanishing to the order > ¢ + 1 at z.
Then Proposition 4 says that, under the assumption that the VMRT C, ¢ PT,(X)
is irreducible, nonsingular and linearly non-degenerate, there is an injection of §!
into I'(C;, Hom(L?, L)) = I'(C,, L*), where L stands for the tautological line bundle
over PT,(X). If furthermore C, is linearly normal in PT,(X), i.e., the embedding of
C, C PT,(X) is defined by a complete linear system, then dim(f') < n. From the
proof of Proposition 4 it follows readily that f¢ = 0 for £ > 2, i.e., there does not
exist any nontrivial holomorphic vector field vanishing at x to the order > 3. In fact,
if a C-preserving germ of holomorphic vector field Z vanishes at x to the order > 2,
and A;; are the coefficients of the third order terms of the Taylor expansion of Z at
z, then for any v € T;(X), Bag = Aapy defines a 2-tensor for which the arguments
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apply, and from there the vanishing of A;;, follows easily. The same arguments apply
to the leading terms of any nontrivial holomorphic vector field Z vanishing at x to
the order s > 3, and we have a contradiction unless Z = 0. O

Lemma 5 can be stated in the language of prolongation theory for Lie subalgebras
of End(T; (X)), as follows. Let V complex vector space, dim V' = n, and g C End(V)
be a Lie subalgebra. For k > —1 denote by g(¥) ¢ S¥*1V* ® V the vector subspace
consisting of all ¢ € S¥*1V* ® V such that, writing oy, ... o, (v) = o(v;v1,...,vk), We
have 0,,,..v, € g. Let now Y C PV be a projective subvariety, and Y C V be its
lifting to V. We write aut(Y) := {A € End(V) : exp(tA)(’);) CYforallte C}. Then
for every £ > 0, f¢ C uut(Y)(l). The argument in the proof of Proposition 4 applies to
elements of aut(C,)® to imply that dim (aut(C,)")) < dimT'(C,, L*), and hence that
aut(C;)® = 0 whenever £ > 2. In relation to holomorphic vector fields on a Fano
manifold of Picard number 1 there are the following conjectures and results.

Conjecture 2. — Let X be a Fano manifold of Picard number 1. Then, at a general
point x € X there does not exist any nontrivial holomorphic vector field Z vanishing
at = to the order > 3.

Conjecture 3. — Let X be an n-dimensional Fano manifold of Picard number 1. Then,
dim(Aut(X)) < n? + 2n. Moreover, equality holds if and only if X = P™.

Theorem 6 (Hwang-Mok [23]). — Let (X,K) be a uniruled projective manifold
equipped with a minimal rational component. Suppose the wvariety of minimal
rational tangents C; C PT,(X) at a general point x € X 1is irreducible, nonsingular
and linearly non-degenerate. Then, at a general point x € X there does not ezxist any
nontrivial holomorphic vector field vanishing at z to the order > 3. If furthermore
C; C PT,(X) is linearly normal, then dim (aut(C,)")) < n, and equality holds if
and only if C; C PT,(X) is congruent to Co C PTy(S) for the variety of minimal
rational tangents of an irreducible Hermitian symmetric space of the compact type.
Furthermore, dim(Aut(X)) < n? + 2n, and equality holds if and only if X = P".

Remarks. — As will be seen in (6.3) the statement that C, C PT,(X) is congruent
to Cp C PT5(S) implies that X is biholomorphic to S.

Corollary 1. — Let X be an n-dimensional Fano manifold of Picard number 1, and
denote by O(1) the positive generator of Pic(X) = Z. Assume that O(1) is very
ample. Suppose c¢1(X) > "T“ Then, for a general point x € X there does not exist
any nontrivial holomorphic vector field vanishing at x to the order > 3. Suppose X
satisfies the stronger condition ¢i(X) > w, then dim(Aut(X)) < n? + 2n, and

equality holds if and only if X = P".
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In relation to VMRT's in general the following conjecture summarizes what one can
optimistically hope as compared to known results in [(2.4), Theorem 1].

Conjecture 4. — Let (X, K) be a uniruled projective manifold equipped with a minimal
rational component, and w : C — X be the fibered space of varieties of minimal rational
tangents associated to K. Then, at a general point x € X, either C, is finite, or it is
irreducible, nonsingular and linearly normal in its linear span PW, C PT,(X).

Regarding Conjectures 2 and 3, the fundamental assumption in the partial result
(Theorem 6) is the linear non-degeneracy of the VMRT C, at a general point. At
least the statement regarding vanishing orders of holomorphic vector field is accessible
whenever an irreducible component of C, is linearly non-degenerate.

4.5. Applications to rigidity under Kihler deformation. — We return to the
question of rigidity of rational homogeneous manifolds S = G/P of Picard number
1 under Kahler deformation, as given in [(3.4), Theorem 2]. In (3.4) we explained
that for the case of P C G defined by a long simple root, the problem is solved
by studying the integrability of distributions spanned by or derived from VMRTsSs.
In Hwang-Mok [22] we settled the problem for G = F, for the 20-dimensional Fy-
homogeneous space associated to a short root. There we have the nilpotent graded
algebra n = g; @ g2 ® g3 D ga. As opposed to the long root case the VMRT does not
lie in PD; for the minimal proper G-invariant distribution D;, but it remains linearly
degenerate, spanning the proper G-invariant distribution Dy # Tg, and the method
using distributions spanned by VMRT's and Yamaguchi [51] is still applicable.

What remain are the cases of S = G/P defined by short simple roots in the cases
of C,,, and the 15-dimensional case of type Fy. In both cases we have n = g; @ g, the
VMRT C, at any point z € S is almost homogeneous with two orbits corresponding
to highest weight vectors in g; resp. g2, and C, C PT,(S) is linearly non-degenerate.
The problem is solved in Hwang-Mok [23] (2005). To proceed we showed that the
VMRT at a general point of the central fiber Xy of 7 : X — A remains isomorphic
to that of the model space Cp C PTp(S). On X, we still have a 2-step filtration
0 C D! C D? = Tx,, but C;, NPD} does not have an algebro-geometric meaning,
and the methods involving distributions spanned by VMRTs do not apply.

To solve the problem we examine the Lie algebra of holomorphic vector fields on
Xo which occur as limits of those on X;,t # 0, with an aim to recuperating the
Lie algebra g on Xj. For illustration we consider the Hermitian symmetric case and
sketch a proof in the last step using holomorphic vector fields in place of Ochiai’s
Theorem on S-structures. We assume already known that, over a suitably chosen
holomorphic section o : A — X, the VMRTS of C, () C PT5(1)(X¢) on Xo(;) form a
holomorphically trivial family of projective submanifolds all congruent to Co C To(S)
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on the model space S. Writing 7 for the relative tangent sheaf of 7 : X — A, the
direct image V = m, 7T is the sheaf of germs of sections of a holomorphic vector bundle
V on A, where for t # 0,g := V; carries naturally the structure of a Lie algebra
isomorphic to the Lie algebra g of G = Auto(S), and our aim is to prove that this
remains true at ¢ = 0. The idea is to reconstruct the Lie algebra structure from data
that can be recovered along o : A — X. For the model space S = G/P we have the
decomposition of the Lie algebra g of G as a graded Lie algebra, and equivalently the
Harish-Chandra decomposition (in the notations of (4.2)) given by

g=g_1®g®g=m Otom";
[m~,m~]=[m*, m*] =0, where m~ ={Z €T(S,Ts):ordoZ > 2}.

For k,k' € ¥, m* € m* and m~ € m~ the Lie brackets [k,m*] € m*, [k,m™] €
m~, [k, k'], [m™,m*] € €€ are completely determined by the leading terms of the Lie
algebra elements at 0. Here the leading term stands for the 0-th order term for m™,
the first-order term for k and k', and the second-order term for m~. For a holomorphic
vector field Z on X; vanishing at o(t) we denote by Az the coefficient matrix for the
linear term of Z, which defines an element of End(7,;)(X;)). Define

JP ={Zeg ordyy(2)2k}; L={Zcg':Z(c(t)=0, Az €C-id}.

For t # 0 we have dim Jt(2) = n;dim Jt(k) =0 for any k > 3, and dimI; = n + 1, and
any Z € I;, Az # 0 determines a C*-action. Since C,(0) C PT;(0)(I;) is conjugate to
Co C PT(S), by [(4.4), Theorem 6] we have

dimJ® <n, J® =0fork>3.

Thus, dim Iy < n+ 1 while dim Iy > n+ 1 by upper semicontinuity of dim I; in t € A.
Therefore, dim Iy = n + 1, so that there exists Z € Iy such that Az # 0 and such
that e*Z defines a C*-action on Xj of period 273 in A. This C*-action on X can be
extended to a holomorphic family T; of C*-actions on X;, of period 27 in A, given
by T:(\) = e*?t, Ey = Z. Finally, defining

9i:={Z€g :|E,Z]=iZ}; wehave g'=g' @gi gl .

For t # 0,
gh={Ae End, ) (To ) : A|E~0(t)is tangent to C,4)}.

Dimension count forces the same for ¢ = 0. The Lie algebra structure on g°
determined by leading terms at o(0) of elements in g°;, gJ and gJ. Clearly, the rules
for taking Lie brackets by means of the leading terms at o agrees with those at 0 € S
for the model space, and we have shown that Xg = G/P = S.

Let n > 2 and W be a 2n-dimensional complex vector space equipped with a
symplectic form v. For 1 < k < n we denote by S , the symplectic Grassmannian of
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k-planes V' in W isotropic with respect to v. The symplectic Grassmannian S = Sk ,,
is clearly homogeneous under the group G of symplectic transformations of W, G &
Sp(n,C). It is a complex submanifold of the Grassmannian Gr(k, W) of k-planes in
W. With respect to the Pliicker embedding p : Gr(k, W) — PV, a line £ on S passing
through the point [V] € S, where V = V(¥ is defined by the choices of a (k — 1)-
plane E(*~1) and a (k+1)-plane F*+1) such that E(*~1) ¢ V() ¢ F(*+1) There are
precisely two distinct isomorphism classes of lines with respect to the action of Sp(W),
according to whether v|p is isotropic or otherwise. The VMRT Cj at 0 € S is only
almost homogeneous with precisely two orbits. Since S C Gr(k, W) C P¥ is uniruled
by lines, Cy C PT(S) is non-singular. As a rational homogeneous manifold Sy ,, is of
type C,, corresponding to a short simple root ai, 1 < k < n. The tangent bundle
of T, , has exactly one proper invariant distribution, and we have a decomposition
g=9g-209_1Dgo D g1 D g2. From this description the SL(2,C)-orbit of a highest
weight vector of g; gives a highest weight line which is a minimal rational curve. Such
a line corresponds to a line £ C Sy, arising from the choice of some F(*+1) 5 E(*) for
which v|p = 0. When S = G/P is defined by a short simple root, the SL(2, C)-orbit
C; defined by a highest weight vector of gs need not be of degree s. In the case of
s =2for § = Sk n, C = C; is in fact a line, and it corresponds to the generic choice of
F*+1) 50 that v|p # 0. From this description the VMRT Cy C PTy(Sk,») is linearly
non-degenerate, and the question of rigidity under Kahler deformation of symplectic
Grassmannians Si n,1 < k < n is therefore susceptible to be studied by means of the
method of prolongation of infinitesimal automorphisms of VMRTS, as is the case of
irreducible Hermitian symmetric spaces of rank > 2.

The proof of deformation rigidity for Sk , and also for the remaining 15-dimensional
case of type F were settled along the line of arguments as sketched for the Hermitian
symmetric case. For the graded Lie algebra g = g_o ® g_1 ® go D g1 & g2 of the
model space, the summands g; can be described in terms of conditions on vanishing
orders and leading terms of holomorphic vector fields, and the multiplication table of
g as a Lie algebra can be determined to a good extent from the leading terms. For
instance, denoting by D C Tg the proper invariant distribution D C T, g_; consists
of holomorphic vector fields Z vanishing at 0 € S to the order > 1 with leading terms
corresponding to Az € End(To(S)) satisfying A|p, =0, and g_2 C g is the subspace
consisting of holomorphic vector fields vanishing to the order > 2. Nonetheless, as
opposed to the Hermitian symmetric case, the structure of the Lie algebra g thus
obtained is incomplete. In the case of the symplectic Grassmannian S = S, the
missing element is some symplectic form appearing implicitly in the Frobenius form
¢ :A’D — Ts/D. From 7 : X — A we are able to identify the structure of the Lie
algebra g° of limit holomorphic vector fields at the central fiber X, thereby showing
that X is obtained by blowing down some holomorphic fiber bundle, and the final step

ASTERISQUE 322



GEOMETRIC STRUCTURES DEFINED BY VMRTS 185

is achieved by showing that, in the event that there is actually a degeneration of the
Lie algebra structure, singularities must occur in the blown-down space, contradicting
the starting point that 7 : X — A is a regular family.

5. Analytic continuation of VMRT-preserving maps

5.1. Characterization of the tautological foliation under a non-degeneracy
condition on the Gauss map. — Let z € X be a general point and u € U, be a
point such that  := p(u) € K is a standard rational curve. Then, the tangent map 7
is a holomorphic immersion at u, and it maps some open neighborhood W of u in U
biholomorphically onto some locally closed complex submanifold Q of PTx. Q gives
the germ of some irreducible branch of C at [a]. Choosing = and u € U, sufficiently
general and W sufficiently small we assume furthermore that [@] € C is a smooth
point and that € is a neighborhood of [a] in C.

On Q we define a distribution P, as follows. Let f : P! — U/ be a parametrization
of k. The base point x € X is a smooth point of the support C := u(p~!(x)) of the
standard rational curve k. The decomposition f*Tx = O(2) @ (O(1))? & O7 over P!
gives a filtration Tpn C Q C f*Tx of f*Tx over P!, where Q = O(2) @ (O(1))? is
the positive part of f*T'x, which is well-defined since Q@ ® O(-1) C f*Tx ® O(—1)
is the vector subbundle spanned by global sections. At the point z = f(0) we have
correspondingly a filtration T, (C) C P, C Ty(X), where P, = df(Qo). Define now
Pla) € T1o(C) to be the vector subspace consisting of all tangent vectors 1 such that
dm(n) € P,. The tangent vector 7 is equivalently the image under dr of some &, where
o € HY(P', f*Tx), and & := o0 mod df (H°(P!,Tp: ® Zy)). For the universal family
p: U — K we have dp(7) = o mod df (H°(P?, Tp:). Equivalently, writing p := po 71
over 2, where 771 :  — W, we have dp(n) = o mod df (H° (P!, Tp1)). The assumption
that dr(n) € P, means precisely that o(0) € Qo, thus ¢’ := 0 mod Q € H°(P!,09)
must vanish at 0 and hence on all of P!, showing that ¢ € H°(P!,Q). On an open
neighborhood U of « in K consisting solely of standard rational curves we define a
distribution D C Tx|y by setting D, := H°(P!, Q) mod df (H° (P!, Tp1)) = C?P. Then,
for ¢ € Tj,) we have dp(€) € Dy if and only if dn(§) € Py, hence Py = (dp)~(Dy).
Finally there is a 1-dimensional distribution underlying the tautological foliation F
on  which will be denoted by the same symbol F. Thus, F := T (P ~*(k)).

To relate the distributions F,P on © and the distribution D on G we recall the
notion of the Cauchy characteristic of a distribution. Given a complex manifold M
and a holomorphic distribution E C Ths and denoting by £ the corresponding locally
free sheaf of germs of holomorphic sections of E, then Ch(£) C £ is the subsheaf
consisting of germs of holomorphic sections ¢ such that [(,£] C €. Thus, the Cauchy
characteristic Ch(€) = £ if and only if E C Ty, is integrable. Outside an analytic
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subvariety of codimension > 2 the Cauchy characteristic is locally free, and from now
on we will make no distinction between a distribution and its associated locally free
sheaf, and think of the Cauchy characteristic as a distribution defined outside an
analytic subvariety of codimension > 2. To proceed we note

Lemma7. — Let U Cc C™, V C C™ be Euclidean domains, and A : U xV — V be the
canonical projection. Let S C Ty be a holomorphic distribution and G := (d\)™1(9).
Write H C Tyxv for the distribution corresponding to the foliation by fibers of A,
i.e., H=(d\)71(0). Then, H C Ch(G).

At a general point of the fibered space m : C — X of VMRTS, a priori there can
be more than one tautological foliation coming from different sets of families of local
holomorphic curves. The question whether the tangent map 7, is birational at a
general point z € X has to do with uniqueness of the tautological foliation. Such a
uniqueness result would follow if the tautological foliation F can be characterized as
in fact the Cauchy characteristic of P at a general point of C. We have proven that
F C Ch(P). For the inverse inclusion we impose an additional assumption on the
Gauss map on the VMRT C, C PT,(X) at a general point, a condition that is always
satisfied whenever the C, is nonsingular and non-linear.

Proposition 5. — Let (X, K) be a uniruled projective manifold equipped with a minimal
rational component, and 7 : C — X be the associated fibered space of VMRTs. Let
Q C C be a connected nonempty open subset consisting of nonsingular points on
which both a tautological foliation F by standard K-curves and hence the corresponding
distribution P are defined. Suppose at a general point [a] € Q, n([a]) := z, the Gauss
map of C, C PT,(X) is a holomorphic immersion at [a]. Then, F = Ch(P).

Proof. — In what follows we denote by @ = 7=2(Q) c C, P = (dx)~*(P), etc., by
lifting to homogenizations. At a general point a € Q choose local holomorphic co-
ordinates (21, - ,2p) at £ = 7(a) and corresponding fiber coordinates (wy, -+ ,wn)
on Tx in a neighborhood of u. Suppose s := ) g"5- + 3 hi 52— w; is a germ of holo-

morphic section of P at u such that [s,m] is a germ of P at a. Denote by V C P the
subbundle of vertical vectors, i.e., of vectors tangent to the fibers C, of 7|q. Now for
7 an arbitrary germ of vertical holomorphic vector field at o we have

agi 8
[ZQ*J’Z 8w, 3L Owk] Z”kaikazzm"dv ()

The condition that [s,7)] takes values in P implies that > nk g i . aw € P,. Since the

germ of vertical vector field n is arbitrary, it follows that 3 ¢* aw (a) € Ker(G,) = Ca.
Thus, s = A w5 -+ > hJ for some A holomorphic. Suppose the holomorphic

vector field $° w? 8‘2 + Zr’ takes values in F. Since F C Ch(P ) comparing s
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with F we conclude that for & := 3" (k7 — Ard )5%; € Ch(P), and to prove Proposition
5 it remains to show that £ is pointwise a multiple of the Euler vector field 3 wl aiwj

(which descends to 0 when we project from C to C). Write £&7 := h7 — )\rj By the same
formula (x) above for Lie bracket, replacing n* by ¢* and letting 3 ¢* 52- + Y b/ 55~ L

now stand f01j an arbitrary germ of P-valued holomorphic vector field at & we conclude
that Z{k Do 6w € P, for any choice of (g°) such that 3 giaiw is a V-valued germ
of holomorphic vector field at a. Hence £ € Ker(o,) = Ca, as desired. O

5.2. Birationality of the tangent map and Cartan-Fubini extension. —
The characterization of the tautological foliation under the Gauss map condition (})
in [(4.1), Propoition 5] implies the birationality of the tangent map 7, : Ky — C,
under the same condition (Hwang-Mok [17], 1999). Kebekus [26] (2002) proved that
any K-curve marked at a general point z is immersed at the marking, and deduced

Theorem 7 (Kebekus [26]). — Let (X,K) be a uniruled projective manifold equipped
with a minimal rational component. Then, at a general point x € X, the tangent map
Tz : Ky = PT,(X) is a finite holomorphic map.

Together with Theorem 7 one obtains a proof of [(2.4), Theorem 1], the structure
theorem on the tangent map and VMRTSs stating that the tangent map is a birational
finite holomorphic map at a general point, under the additional Gauss map condition
(1)- To remove (1) the first question is to characterize the case where C; = PT,(X).
This was obtained by Cho-Miyaoka-Shepherd-Barron ([2], 2002) by a method involv-
ing the holomorphicity of the tangent map made possible by Kebekus [26].

Theorem 8 (Cho-Miyaoka-Shepherd-Barron [3]). — Let (X, K) be a uniruled projective
manifold equipped with a minimal rational component, dim(X) := n. Suppose at a
general point ¢ € X the associated variety of minimal rational tangents C, is the same
as PT,(X). Then, X is biholomorphic to P™.

To prove [(2.4), Theorem 1] in its full generality, we considered in Hwang-Mok
[21] (2004) the integrable distribution Ch(P) for the distribution P defined in (4.1).
We showed using [26] and [3] that a local leaf of Ch(P) is the projectivized tangent
bundle of a locally closed complex submanifold on X which extends to an immersed
projective space, and deduce from there the birationality of the tangent map at a
general point, leading to a proof of Theorem 1.

The statement of birationality of the tangent map leads to a method of analytic
continuation, which we call Cartan-Fubini extension, for local VMRT-preserving bi-
holomorphic maps. In 2004 we proved
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Theorem 9 (Hwang-Mok [21]). — Let X and X' be Fano manifolds of Picard number
1 with minimal rational components. Assume that at a general point x € X the variety
of minimal rational tangents C;(X) of X is non-linear and of positive dimension. Let
f : U — U’ be a biholomorphic map from an open connected subset U C X onto
U' C X'. Suppose the differential df sends each irreducible component of C(X)|u
to an irreducible component of C(X')|ys biholomorphically. Then, f extends to a
biholomorphic map F : X — X'.

Sketch of proof. — In the case of an irreducible Hermitian symmetric space S of the
compact type and of rank > 2, Cartan-Fubini extension is equivalent to Ochiai’s
Theorem, and in (4.2) we sketched a proof using VMRTs. The analogue of [(4.2),
Lemma 4] for Theorem 9 under the additional Gauss map condition (}) is given by
[(5.1), Proposition 5]. In Hwang-Mok [18] we proved Theorem 9 under the condition
(t), and in [21] the latter condition was removed starting with an extension of the
birationality result for non-linear VMRTs. To explain the special case in [18], along
the line of argument of (4.2) for a proof of Ochiai’s Theorem we can likewise pass to
the moduli space K resp. K’ of minimal rational curves on X resp. X’. Picking a
base point z € X, and denoting by Q, C K the subspace of minimal rational curves
passing through z, f : U = U’ extends by Proposition 5 to some holomorphic map
f* on some neighborhood U of Q. in K as in (4.2). In the general case we do not
however have the Hartogs-type extension theorem as used in Mok-Tsai [MT] to extend
f* meromorphically to K. Instead, we developed in [18] a method of parametrized
analytic continuation along minimal rational curves. Let p : U — K, p: U — X
be the universal family of (X,K). Fix a standard K-curve ¢ € K passing through
xz € U. We have a map A := f* o po 771 which is defined on some arbitrarily small
neighborhood 2 of the tautological lifting ?of £in C. To extend f meromorphically
on a neighborhood of £ € X by the argument in (4.2) in which a point y is regarded
as the intersection of minimal rational curves passing through y, it is not necessary
to have A defined on all of C|,. It suffices to have X\ defined on the arbitrarily small
neighborhood 2 of Z, and the upshot is that we can do meromorphic extension of
f and f* simultaneously along a standard K-curve issuing from U. Each general
point of X is accessible from U by a finite chain of standard K-curves. Since X is
of Picard number 1, the inaccessible points can be cut down to codimension > 2. A
major difficulty in completing the proof after meromorphic extension along standard
K-curves lies in the lack of univalence, and, after proving univalence, there remains
the difficulty due to singularities of the extended map. Overcoming these difficulties
necessitates the use of the deformation theory of rational curves, and for the latter
difficulty we need to further use the Fano property of both X and X’, which gives
rise to projective embeddings using positive powers of the anti-canonical line bundle.
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The proof of Theorem 9 in the general case requires a combination of [18] and the
use of integral manifolds of Ch(P) as mentioned in relation to Theorem 8. O

The method of analytic continuation on VMRT-preserving maps makes explicit use
of the geometry arising from minimal rational curves. From the perspective of Several
Complex Variables, it would be of interest to prove an extension result solely basing
on the neighborhood structure of the cycles @, C K. Examination of the Hermitian
symmetric case suggests that in general one can hope for constructing a fundamen-
tal system of pseudoconcave neighborhoods Q,, thereby guaranteeing meromorphic
extension of f! and hence of f from methods in Several Complex Variables. In this
direction the following formulation in a special case is of independent interest.

Conjecture 5. — Let (X,K) be a Fano manifold of Picard number 1 equipped with a
minimal rational component. Assume that at a general point x € X the moduli space
K+ of K-curves marked at x is irreducible and non-linear, and that the tangent map
Tz : Kz — Cy is a biholomorphism onto C;, so that, denoting by p : K, — K the
canonical map, the image Q, = p(K;) is nonsingular. Let U O Q, be any connected
open neighborhood of Q, in K. Then, any meromorphic function on U extends to a
meromorphic function on K.

5.3. The Lazarsfeld Problem and other applications of Cartan-Fubini ex-
tension. — As an application of the Cartan-Fubini extension on uniruled projective
manifolds with non-linear VMRTs ([(5.2), Theorem 9]) we have the following result
on the local rigidity of generically finite surjective holomorphic maps of a fixed pro-
jective manifold X’ onto a Fano manifold (X, K) of Picard number 1 equipped with
a minimal rational component with non-linear VMRTs. We have

Theorem 10 (Hwang-Mok [21]). — Let 7 : X — A := {t € C,|t| < 1} be a regular
family of Fano manifolds of Picard number 1 so that Xo = 7~ 1(0) has a minimal
rational component with non-linear varieties of minimal rational tangents. For a
given projective manifoldY , suppose there exists a surjective holomorphic map f : Y =
Y x A — X respecting the projections to A so that f; : Y — X, is a generically finite
for each t € A. Then, there exists € > 0 and a holomorphic family of biholomorphic
maps D; : Xog — X for [t| < €, satisfying D9 = id and fr = P4 0 fo.

Sketch of proof. — Fix a minimal rational component Ky on Xy with non-linear
VMRTs. To simplify notations we assume minimal rational curves to be embedded.
Let 4o C X be a Ko-curve. £, is also free on X since Tx|¢, = T'x,|e, ® O. Consider
the space K of free rational curves on X obtained by deforming some £y in X. Any
£ € K must lie on some X;,t € A. We may think of (X, K) as a holomorphic family
of (Xi,K:) fibered over A. To simplify the discussion we assume that the VMRTs are
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irreducible at a general point of X = X;. Shrinking A around 0 if necessary we may
assume that the VMRT at a general point of X; remains irreducible.

In Hwang-Mok [16] we introduced the notion of varieties of distinguished tangents
on a projective manifold Y (cf. Hwang-Mok [17], §5) which generalizes the notion of
VMRTs. Let y € Y be a very general point, i.e., a point outside some countable union
of proper subvarieties. Consider an irreducible component M of the Chow space of
curves on Y, and denote by M, C M the subvariety corresponding to curves through
y. For curves belonging to M, and smooth at y we have the notion of the tangent
map. The rank on the tangent map leads to stratifications of M, such that the
tangent map is of constant rank on each stratum. Fix a uniruled projective manifold
(X, K) equipped with a minimal rational component and denote by C, C PT,(X) the
VMRT at a general point z € X. For a generically finite surjective holomorphic map
h:Y — X and for a very general point y € Y such that dh(y) is of maximal rank at
Y, [dh(y)] " (Ch(y)) is a variety of distinguished tangents at y.

If we take y € Y to be a very general point of Y, a variety of distinguished tan-
gents at y is the closure under the tangent map of a stratum of M,. Since there are
only countably many irreducible components of the Chow space of curves on Y, from
the construction by stratification there are at most countably many varieties of distin-
guished tangents passing through y. In the context of Theorem 10, choose a connected
open subset U C Y such that f; is a biholomorphism of U onto V; C X;. Lety € Y be
a very general point lying on U. We have a holomorphic family of VMRTSs Cy, () (Xt)-
Then, for each t € A, ft_l(Cft(y))(Xt)) =D, C PT,(Y) is a variety of distinguished
tangent at y. By the countability of the space of varieties of distinguished tangents
at y it follows that D, is actually independent of t. There is an obvious identification
@i Vi 2 Vg given by ¢, = fy o f3 ', and we have [dip:](Csy(X:)) = Cf(0y(Xo). Thus
¢ is VMRT-preserving, and by Cartan-Fubini extension as given in Theorem 9, ¢,
extends to a biholomorphism ®; : Xo & X; such that fo = ®; 0 f;. O

In relation to finite holomorphic maps on rational homogeneous manifolds S =
G/ P, Lazarsfeld [32] proved that for any finite holomorphic map f : P* — X from
the complex projective space onto a projective manifold X, X must itself be biholo-
morphic to P*. He raised the question of characterizing finite holomorphic maps
f : 8 — X from a rational homogeneous manifold S of Picard number 1 onto a
projective manifold. Hwang-Mok [16] solved the problem in 1999, and obtained [21]
(2004) a new proof using Cartan-Fubini extension as given in Theorem 10.

Theorem 11 (Hwang-Mok [16], [21]). — Let S = G/P be a rational homogeneous man-
ifold of Picard number 1. Let f : S — X be a nonconstant surjective holomorphic
map onto a projective manifold X. Then either X = P", where n = dim(S); or f is
a biholomorphism.
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In the first proof in [16] we considered intertwining maps of f : S — X, as follows.
Suppose f : S — X is not a biholomorphism and X % P", and write s for the
sheeting number of the map. The image manifold X is necessarily Fano. Equip
X with a minimal rational component K. Denote by C, the variety of K-tangents
at ¢ and assume known in the ensuing discussion that C, # PT,(X) at a general
point. Let z € X be outside the branch locus of f, and let V' be a sufficiently small
connected open neighborhood of z in X such that f~!(V) decomposes into a union
of s open subsets U;,1 < ¢ < s,, where f; := f|y, : U; — V is a biholomorphism
for each i. For ¢ # j let ¢ : U; — U, be defined by ¢(z) = fj"1 o f;. Consider
the pull-back D := [df]~!(C|y). We have tautologically [dy] : D|y, = D|y,. For a
general point s € S, D; is a variety of distinguished tangents. At any such point D,
is shown to be invariant under the isotropy subgroup P; C G at s. For instance, in
the Hermitian symmetric case this implies that D, must be one of the finitely many
proper Ps-invariant subsets defined in terms of ranks of tangent vectors, D is actually
G-invariant, and the condition [dy] : D|y, = D|y, forces [dy] to be VMRT-preserving,
since at s € S the variety of minimal rational tangents Cs(S) is the most singular P,-
invariant stratum of D,. In this case by Ochiai’s Theorem [47] the intertwining map
must extend to an automorphism of S, and that is enough to force a contradiction. In
the general case there may be continuous families of Ps-orbits, but using the fact that
there are at most countably many distinct varieties of distinguished tangents at s € S,
it remains true that D is G-invariant. This leads to the conclusion that either D, C
PT,(S) is linearly non-degenerate, in which case we proved using Hwang-Mok [14]
that S must be Hermitian symmetric, or D; C PT(S) is linearly degenerate, and the
intertwining map ¢ must preserve some proper G-invariant distribution, after which
we can work with results of Yamaguchi [51] to show that ¢ extends to ® € Aut(S)
to reach a contradiction. This line of argument has been recently generalized to the
case of rational homogeneous spaces of Picard number > 2, leading to a solution to a
generalized Lazarsfeld Problem.

Theorem 12 (Lau [31]). — Let G be a simple complex Lie group and Q C G be a
parabolic subgroup. Denote by S = G/Q the corresponding rational homogeneous
manifold, dim(S) =n. Let f : S — X be a surjective holomorphic map from S onto
a projective manifold X. Then one of the following holds: (1) f is a biholomorphism;
(2) f: S — X is a finite map and X is the projective space P"; (3) there exists
a parabolic subgroup Q' of G containing Q@ as a proper subgroup such that f factors
through a finite map g : G/Q' — X.

The generalized Lazarsfeld Problem for S = G/Q of Picard number > 2 leads to
a Fano manifold (X, K) equipped with a minimal rational component and admitting
the structure of a holomorphically fibered space A : X — B such that the K-curves
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lie on the fibers of A. The principal algebro-geometric difficulty, solved in [31], is to
produce a minimal rational component X’ such that the K’-curves are transversal to
the fibration A. After that Lau made use of multi-graded differential systems using
Yamaguchi [51]. As in [16] the proof involves a substantial amount of Lie theory.

As far as the original Lazarsfeld Problem is concerned, Hwang-Mok [21] gave a new
proof which frees the solution from Lie theory, deriving Theorem 11 as a consequence
of Theorem 10, as follows. Let S = G/P be an n-dimensional rational homogeneous
manifold of Picard number 1 and f : S — X be a generically finite surjective holomor-
phic map onto a projective manifold X, which is necessarily Fano, such that X 2 P"
and f is not a biholomorphism. Equip X with a minimal rational component X and
suppose that the associated VMRT at a general point is non-linear. Let € be a holo-
morphic vector field on S and ©; = exp(tf) be a holomorphic 1-parameter group of
automorphism of S. Write f; = f 0 ©;. Then, applying the local rigidity result Theo-
rem 11 we have f; = ®;0 f. Thus df;(n) = 0 whenever df () = 0. Thus the non-empty
ramification divisor R of f = fo remains the ramification divisor of f; for t # 0. On
the other hand from the definition f; = f o ©; it follows that the ramification divisor
of f; is ©_(R), and a contradiction is obtained when we choose the vector field
not to vanish identically on R. Finally, it remains to rule out the possibility that the
VMRT of (X,K) is linear at a general point z € X. Choose a general point z € X
lying outside the branching locus of f, s € S such that f(s) = z. An irreducible com-
ponent of [df]~(C.) then gives a Ps-invariant projective linear subspace of PT(S),
giving rise to one of the finitely many G-invariant holomorphic distributions on S.
D is non-integrable since S is of Picard number 1. On the other hand in the case
of linear VMRT's on X an irreducible component of C over a sufficiently small open
subset corresponds to an integrable distribution, a contradiction.

It would be interesting to give a proof of Theorem 12 along the line of Cartan-Fubini
extension for special classes of Fano manifolds of Picard number > 2.

6. Parallel transport of the second fundamental form

6.1. VMRTsSs in a differential-geometric context-parallel transport in the
solution of the Generalized Frankel Conjecture. — In Algebraic Geometry
Hartshorne conjectured that over an algebraically closed field a projective manifold
with ample tangent bundle is isomorphic to the projective space. The conjecture was
solved by Mori [45] (1979) by proving an existence theorem on rational curves using
methods of characteristic p > 0, and the deformation theory of rational curves. In
the context of Kdhler Geometry, Frankel conjectured that a compact Kéhler man-
ifold of positive holomorphic bisectional curvature is biholomorphic to the complex
projective space. The conjecture was resolved in the affirmative by the method of
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stable harmonic maps by Siu-Yau [50] (1980) who further formulated the conjecture
that a compact Kéhler manifold of nonnegative holomorphic bisectional curvature is
locally symmetric. The latter conjecture, commonly called the Generalized Frankel
Conjecture, was resolved in the affirmative by Mok [39] (1988).

Mok [39] made use of the Kéhler Ricci flow, proving that nonnegativity of holomor-
phic bisectional curvature is preserved under the flow for the evolved metric g;,¢ > 0.
From earlier reduction of the problem, to confirm the Generalized Frankel Conjecture
it suffices to consider the case where we have a compact Kahler manifold (X, g) of non-
negative holomorphic bisectional curvature and of positive Ricci curvature at some
point such that furthermore by(X) = 1. For the latter class of (X, g), the evolved
Kahler metric (X, g;) is shown to be of positive Ricci curvature. Thus, X is Fano
and hence uniruled by Miyaoka-Mori [38]. Since (X, g) is of nonnegative holomor-
phic bisectional curvature, the pull-back of its tangent bundle by any f : P! — X
is nonnegative, hence every rational curve on X is free. In [39] we studied mini-
mal rational curves on X and the associated varieties of minimal rational tangents
C, C PT,(X) (although the terminology was not used there). We proved that there
are the following alternatives on the evolved metrics g; defined for ¢ > 0 sufficiently
small. For such ¢ > 0, either (X, g¢) is of positive holomorphic bisectional curvature,
or (X, g:) admits non-trivial zeros of holomorphic bisectional curvature at any point
of X. Write n for dim(X). If the VMRT C, C PT,(X) is of dimension p < n — 1 at
a general point, we showed that C is invariant under parallel transport of (X, g;). If
however C,, agrees with PT,(X), we showed that there exists a hypersurface S C PTx
such that S is invariant under parallel transport of (X, g;). In either case we applied
Berger’s Theorem which characterizes Riemannian locally symmetric spaces by the
fact that at any point there exists some proper subset of the unit sphere invariant
under parallel transport. Thus (X, g:) is an irreducible Hermitian symmetric space
of the compact type for ¢ > 0 and hence for t = 0;g9 = g. More precisely we have
proved

Theorem 13 (Mok [39]). — Let (X,g) be a compact Kihler manifold of nonnegative
holomorphic bisectional curvature and of positive Ricci curvature at some point. As-
sume that X is of Picard number 1. Then, either X is biholomorphically equivalent to
the complex projective space, or (X, g) is biholomorphically isometric to an irreducible
Hermitian symmetric space S of rank > 2.

On an irreducible Hermitian symmetric space of the compact type and of rank > 2,
the fibered space 7 : C — S is invariant under parallel transport with respect to any
choice of a canonical Kéhler-Einstein metric, an elementary fact that follows from the
parallelism of the Riemannian curvature tensor. Theorem 13 says in particular that on
S this basic fact can be derived from curvature properties. In the negative direction,
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Berger’s Theorem implies that for a rational homogeneous manifold S = G/P of
Picard number 1 which is not isomorphic to a Hermitian symmetric space, the VMRTs
are not invariant under parallel transport. In an algebro-geometric context it remains
interesting to introduce some algebraic notion of parallel transport applicable to any
uniruled projective manifold (X, K) equipped with a minimal rational component. A
related problem is the Campana-Peternell Conjecture, which is a form of Generalized
Hartshorne Conjecture (cf. (6.4)). Here the principal geometric problem is whether
the notion of invariance of VMRT's under some restricted form of parallel transport is
sufficient to characterize rational homogeneous manifolds S = G/P of Picard number
1 by means of some algebro-geometric condition of nonnegativity on the tangent
bundle. Such an approach in a very special situation has been established for Fano
manifolds of Picard number 1 with nef tangent bundle and 1-dimensional VMRTs by
Mok [41] (2001) and Hwang [13] (2007).

6.2. Propagation of the second fundamental form along a standard rational
curve. — Let (X,K) be a uniruled projective manifold equipped with a minimal
rational component, p: U — K, u : Y — X be the universal family of K-curves and
7 :C — X be the fibered space of varieties of minimal rational tangents. Let B C X
be the largest subvariety, necessarily of codimension > 2, such that 7|x_p : C|x—p —
X — Bisflat. Let f : P! — X be a parametrized standard rational curve, f(P!) := C,
such that C ¢ X — B. C lifts canonically to ccu , whose image under the tangent
map gives the tautological lifting c C C. At each of the finitely many points T of
c Nu~1(z) there is an open neighborhood Uy such that 7, embeds Uy holomorphically
onto a smooth submanifold C¥, which is the germ of some irreducible component of
C: at [ag] = 72(Zk). In what follows C will mean the pull-back of the tautological
lifting of C to f*C, so that C is smooth. For ¢ € P! we write C; for (f*C):, [a(?)] for
cn Ci, and V; for f*Ty)(X). We have C; C PV;. For every t € P! we have a germ
of smooth projective submanifold C? C C; C PV; at [a(t)] corresponding to one of the
germs C¥,x = f(t), chosen in such a way that the union of Cy is a germ of complex
submanifold along the smooth curve C C PV. Write Tia(t)) for Tia)(CP). In Mok
[14] (§3.2, p. 2651fF.) we introduced implicitly the notion of parallel transport of the
second fundamental form along the tautological lifting C of a standard rational curve
C. By this we mean that the second fundamental form can be interpreted in a natural
way as a holomorphic section of a vector bundle which is trivial over C. We formulate
the notion of isomorphisms of second fundamental forms and the result on parallel
transport, as follows.

Definition4. — LetV and V' be two complex Fuclidean spaces of the same dimension,
and A C PV, A’ C PV’ be two local complex submanifolds of the same dimension. Let
a€A a=[a;ad €4, d =[] Write T,(A) = PE/Ca (resp. T,(A") = PE'/Cd/
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where E C V (resp. E' C V') is a vector subspace containing a (resp. o'). We
say that the second fundamental form o, of A C PV at a € A is isomorphic to the
second fundamental form o, of A’ C PV’ ata’ € A’ if and only if there exists a linear
isomorphism ¢ : V = V' such that p(a) = o, p(E) = E’, and such that ¢ satisfies
the following additional property (f)
(#) Let p: V/E — V'/E’ be the linear map induced by ¢, ¢(E) = E’, and denote
by 6o (resp. Gu) the second fundamental form of A at o (resp. of A’ at o).
Then, for any &,n € E we have 5o (¢(€), o(n)) = B(a(&,m)) -

Proposition 6. — For every t € P, denote by (o)) : S*Tia@) — Neopv,,face)) the
second fundamental form of C? C PV; at [a(t)]. Then, for ti,ty € P, Ola(ty)] 18
isomorphic to oo (1,))-

Proof. — Write v : PV — P! for the canonical projection, where V = f*Tx, and T,
for its relative tangent bundle. Write A\ = v|s«c, and recall that Tio(s)] = Tja(s)(CY)-
Write Nigt)) = Ty [a(t)] / Tia(t))- Putting together Ti (4, t € P!, we obtain a holomor-
phic vector bundle T} | G on C. Likewise, putting together Ni,()), t € P!, we obtain
a holomorphic vector bundle Ny,|5 on C. For a nonzero vector a(t) € V; we have
the canonical isomorphism Tis ()] (PV;) ® Lia(t)) = v*Vi/Lia(t)), Where Liq ) = Ca(t)
is the tautological line at [a(t)]. Varying over C we obtain a canonical isomorphism
T, ® L 2 v*V;/L over C. Since L|g5 = Ty canonically, and C is a standard rational

curve, we have 1*V|5 = O(2) ® (0(1))” ® 09, so that

T2 v'Vig/T; ® TS (1)) ® 09) ® O(-2) = (0(-1))" & (O(-2))".
Since at [a(t)], Tia(t)] ® Liat)] = Pat)/Calt), where P,y C V; is the positive part
of V; at [a(t)], over C we have Tz = (0(1)° ® O(-2) = (0(-1))” and Ny|5 =
010 O(-2) = (0(-2))”. Thus, over C

p(p+1)

Hom(SZT)‘Ia, N,\Ia) & HOm((O(_z)) 2 ’(O(_2))q> ~0

gap(p+1)
p)

is holomorphically trivial. Hence, at t;,t; € P! the second fundamental forms Tla(t:)]
SzT[a(t)] — Nia#)]; ¢ = 1,2; must be isomorphic to each other, as desired. O

Taking ooty as defining a holomorphic section of a holomorphically trivial vector
bundle E := S2T)| & ® Nalg over P!, parallel transport of the second fundamental
form from t; € P! to t, € P! can be understood as sending an element of €, €
E,, to the unique element €;, € E, for which there exists ¢ € T'(P, E) such that
€(t1) = €, €(t2) = €,. Fixing a decomposition of V = f*Tx over P! given by
V =0(2)® (0(1))? ® 09, there is a linear isomorphism ¢ : V3, — V;, which respects
the decomposition of V' and which induces parallel transport from o4 (¢, )] and o(4(t,))-
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6.3. Recognition of certain rational homogeneous manifolds from VMRTSs
at a general point. — We consider the question of characterizing certain rational
homogeneous manifolds of Picard number 1 by their VMRTSs at general points. Let
S be an irreducible Hermitian symmetric space of Picard number 1, and denote its
VMRT at 0 € S by Cy C PTp(S). Suppose (X,K) is a uniruled projective manifold
equipped with a minimal rational component such that at a general point z € X the
VMRT C, C PT,(X) is congruent to Co C PTy(S) of the model space. Let B C X
be a proper subvariety such that w|x_p : C — X is a locally trivial holomorphic
fiber bundle with fibers C, C PT,,(X) being congruent to Cy C PTp(S) as a projective
submanifold. By [(4.3), Theorem 4], which in particular characterizes irreducible
Hermitian symmetric spaces S of rank > 2 by means of S-structures, to prove X & S
it suffices to show that B can be reduced to the empty set by methods of holomorphic
extension. By Hartogs extension of S-structures (cf. (3.4)) it is enough to show
that for every irreducible component F; C B of codimension 1 in X and any general
point y € E;, there exists a neighborhood U, of y such that 7r|Uy_ g : Clu,—g;, —
Uy — E; extends holomorphically across U, N E; as a holomorphic fiber subbundle of
m : PTy, — Uy. Since X is of Picard number 1, for y € E; sufficiently general there
exists a standard parametrized rational curve f : P! — X such that f(0) ¢ B and
f(00) = y. The idea is to consider the tautological lifting of C = f(P!) to Cc frc,
and to recapture Co, which corresponds to C, by knowing its second fundamental form
at the point [a(00)] € Co corresponding to [df (00)] € Cy.

The simplest case for this to work is the case of the n-dimensional hyperquadric
QR",n > 3. For the family f*C C P(f*Tx), the general fiber is isomorphic to a
hyperquadric in P*~!. Degeneration of the hyperquadrics can occur at t = oo, to give
a degenerate hyperquadric defined by a degenerate symmetric bilinear form. However,
this is precisely the case if and only if the second fundamental form o at a general
point of Cy, is degenerate. The method of parallel transport of second fundamental
forms then rules out the latter possibility, showing that C, C PT,(X) is congruent
to the VMRT of the model space for a general point y of the hypersurface E;. With
this holomorphic extension result of VMRTSs across general points of hypersurfaces
and Hartogs extension for bad sets of codimension > 2 we have shown that X is
biholomorphically isomorphic to the hyperquadric whenever the VMRT at a general
point is congruent to Q"2 C P~ 1.

As seen from the table in (2.4) in the general symmetric case the VMRT Cp C
PT,(S) is itself a Hermitian symmetric space, either of rank 2 and embedded by the
minimal canonical embedding, or of rank 1 and embedded by the second canonical
embedding. In some sense they are quadratic objects. In fact, Cp is the closure
of the graph of a vector-valued quadratic function Q on the tangent space Tj,(Co).
Q is essentially the second fundamental form. To illustrate how the argument of
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parallel transport of second fundamental forms works in the other cases, we consider
the cases where Cy C PTy(S) is an irreducible Hermitian symmetric space of rank
2, so that it carries a canonical G-structure for some reductive Lie subgroup of the
general linear group. In the notations analogous to those in the preceding discussion,
Coo C P(f*Tx) has the same second fundamental form at [a(co)] as that of the
model space. Cy C PT(S) is uniruled by lines. Denoting by K’ the minimal rational
component on Cy consisting of lines, the G-structure of Cy is completely determined
by VMRTSs C[’a] associated to (Co,K’), where C[’a] is defined by the set of non-zero
tangent vectors 1 € Tj4)(Co) such that o[q)(n,7) = 0. Parallel transport of second
fundamental forms then implies that Co, inherits a G-structure. By making use of
developing maps Co, C P(f*T,(X) can be shown to be congruent to Co C PTp(S).
Here one has to exclude the possibility of linear degeneration of Co, C P(f*T,(X), a
possibility that is ruled out by the surjectivity of the second fundamental o[,) on the
model space, and hence of o(q ()] at ¥ = f (00) on X by parallel transport.
The preceding line of argumentation can be strengthened to yield

Theorem 14 (Mok [43], Hong-Hwang [8]). — Let G be a simple complex Lie group,
P c G be a mazximal parabolic subgroup corresponding to a long simple root, and by
S := G/P be the corresponding rational homogeneous manifold of Picard number 1.
Denote by Co C PTy(S) the variety of minimal rational tangents at a reference point
0 € S associated to the minimal rational component of lines on S. Let X be a Fano
manifold of Picard number 1 and K be a minimal rational component on X. Suppose
the variety of K-tangents C, C PT,(X) at a general point z € X is congruent to
Co C PT5(S) as a projective submanifold. Then, X is biholomorphic to S.

For the case where S is the projective space Theorem 14 follows from [3]. A sketch
of the proof for S Hermitian symmetric and of rank > 2 has been given in the above.
When P C G corresponds to a long simple root, the VMRT Cy C PDg for the minimal
nontrivial G-invariant distribution D on S. Cy is the highest weight orbit in PDy, and
it is itself a Hermitian symmetric space. D # Tg unless S is Hermitian symmetric.
When S is non-symmetric and Cp is irreducible as a Hermitian symmetric space, it
is of rank 3, embedded by the minimal canonical embedding. In general Cq C PDy
is of rank 3 as an embedded Hermitian symmetric space, when the degree for the
embedding on each irreducible factor of Cy is taken into account in the obvious way.
In fact, Co C PDy is a cubic object, being the closure of the graph of a vector-valued
cubic polynomial on the tangent space Tj,)(Co) (cf. Hwang-Mok [17], p. 377). The
cubic nature of the VMRT is reflected in the table for Fano contact homogeneous
manifolds of Picard number 1 in (3.1), and applies in general to the long-root case.

For non-symmetric S there is an additional notion of the third fundamental form
for Cop C PDy, defined as follows. The image of the second fundamental form o, :
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82Tio) — To(S)/ Py is not surjective. For o € Co one can define a filtration Ca C P, C
Qo C Tp(S), where @, is obtained by adjoining the image of the second fundamental
form at . This filtration corresponds to the splitting D}, =2 O(2) & (O(1))? ® 01 &
(O(—1))" for the minimal proper distribution D C Ts. At every point [a] C Cy one
can define the third fundamental form k) : $Tjo) — T0(S)/Qq- In the case of a
Fano manifold X of Picard number 1 satisfying the hypothesis of Theorem 14 for a
non-symmetric S defined by a long simple root, Proposition 6 generalizes to show
that over a standard parametrized rational curve f : P! — X, the corresponding
third fundamental form on its tautological lifting C defines a holomorphic section of a
holomorphically trivial vector bundle over P!. Using this we have a version of parallel
transport of the third fundamental form k, with which one can prove extension results
of VMRT's across a general point of a hypersurface as in the Hermitian symmetric
case. In the contact case Theorem 14 is proved in Mok [43] by resorting to Hong’s
characterization of Fano contact homogeneous manifolds of Picard number 1 in [Ho].
In the remaining cases Theorem 14 was established in Hong-Hwang [8].
In view of Theorem 14, one may raise the following conjecture.

Conjecture 6. — Let S = G/ P be any Fano homogeneous manifold of Picard number 1
and denote by Co(S) C PTo(S) its variety of minimal rational tangents at a reference
point 0 € S. Let (X,K) be a Fano manifold of Picard number 1 equipped with a
minimal rational component such that the associated VMRT at a general point is
congruent to Co(S) C PTp(S). Then, X is biholomorphic to S.

To resolve Conjecture 6 it remains to consider the short-root case. Confirmation of
the conjecture would provide a unified proof of rigidity of Fano homogeneous manifolds
of Picard number 1 under Kdhler deformation [(3.4), Theorem 2].

6.4. Projective manifolds with nef tangent bundles and 1-dimensional
VMRTs. — In analogy with the Generalized Frankel Conjecture in K&hler Geom-
etry one can formulate a Generalized Hartshorne Conjecture in Algebraic Geometry.
This is given by the Campana-Peternell Conjecture [2] (1991). In particular, restrict-
ing to Fano manifolds X of Picard number 1, the Campana-Peternell Conjecture
asserts that X is biholomorphic to a rational homogeneous manifold S = G/P when-
ever the tangent bundle of X is nef, i.e., numerically effective. The latter assumption
implies that the deformation of any rational curve on X is unobstructed. As a
consequence, for any choice of a minimal rational component K on X, the evaluation
map p : U — X associated to the universal family for K gives a regular family of
projective manifolds. This imposes some restrictions on possible complex structures
of moduli spaces K, = U, of K-curves marked at = by restricting U over minimal
rational curves. While there is so far no strong evidence why the Campana-Peternell
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Conjecture should hold, with the latter fact in mind Mok [41] considered a special
case of the conjecture, under the restrictive assumption that the VMRT at a general
point is 1-dimensional. In [41] we considered Fano manifolds whose second and
fourth Betti numbers are equal to 1. The condition on the fourth Betti number was
removed recently by Hwang [12], and we have now

Theorem 15. — (Mok [43], Hwang [12]) Let X be a Fano manifold of Picard number
1 with nef tangent bundle. Suppose X is equipped with a minimal rational component
for which the variety of minimal rational tangents at a general point x € X is 1-
dimensional. Then, X is biholomorphic to the projective plane P?, the 3-dimensional
hyperquadric Q3, or the 5-dimensional Fano contact homogeneous manifold K (G3) of
type Go. In particular, X is a rational homogeneous manifold.

We note that the only algebro-geometric property used which arises from the nef-
ness of the tangent bundle is the fact that the restriction of the tangent bundle to
any K-curve is nonnegative. In particular, the nefness assumption in Theorem 15 can
be replaced by the assumption that any rational curve on X is free. The approach of
[41] was to reconstruct X under the given assumptions from its VMRTs by making
use of the canonical double fibration p : U — K , p: U — X associated to K. We
note that no a priori assumption is placed on dim(X).

To start with, restricting u : Y — X to a minimal rational curve we obtain an
algebraic surface ¥ holomorphically fibered over P! which admits a holomorphic sec-
tion I' corresponding to the tautological lifting of the minimal rational curve. Thus,
I' C ¥ is an exceptional curve. Since the base is P!, if the fibers are of genus > 1
the family must be holomorphically trivial, and the existence of the exceptional curve
I' ¢ X forces a contradiction. Thus, any U, is isomorphic to P!. At a general point
z € X the tangent map 7, : U, — PT,(X) is a holomorphic map. To determine the
VMRT at a general point the next step is to bound d := deg(7;(O(1)). For this pur-
pose we introduce the use of Chern class inequalities. First, the universal P!-bundle
p : U — K gives rise to a holomorphic rank-2 vector bundle v : V. — K such that
PV = U. We prove that V is stable and deduce that d < 4 from the Bogomolov
inequality c2(V) - [w]"™2 < 4c(V) - [w]™~2 for stable rank-2 vector bundles V over
an n-dimensional projective manifold, where w stands for the first Chern form of a
positive line bundle on X, and [w] for its cohomology class. It is here that we make
use of the assumption by(X) = 1 when applying Chern class inequalities. Using the
existence of Hermitian-Einstein metrics due to Uhlenbeck-Yau the equality case in
the Bogomolov inequality can be ruled out, and we end up with d = 1,2, 3, which we
eventually prove to correspond to the three examples in the statement of Theorem
15. To proceed we make use of results from (2.3) on the integrability of differential
systems generated by VMRTSs to show that in each of the three cases d = 1,2,3 the
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VMRT C, C PT,(X) is congruent to Cy C S of the model space, and the proof is com-
pleted by invoking special cases of Theorem 14. The condition b4(X) = 1 is removed
in Hwang [10] by resorting to the determination of a certain Chow group pertinent
to the problem in the application of the Bogomolov inequality.

Finally, from Theorem 15, together with earlier works of Campana-Peternell [2] and
Zheng [53], and Miyaoka’s characterization of the hyperquadric [37], one confirms the
Campana-Peternell Conjecture up to 4 dimensions. More precisely, we have

Theorem 16. — Let X be a Fano manifold of dimension < 4 on which all rational
curves are free. Then, X is biholomorphic to a rational homogeneous manifold.

7. Privileged subvarieties of uniruled projective manifolds

7.1. Subvarieties saturated with minimal rational curves. — In analogy to
totally geodesic submanifolds in Riemannian geometry we introduce for uniruled pro-
jective manifolds (XK) endowed with minimal rational components the notion of
K-saturated subvarieties, as follows.

Definition 5. — Let (X,K) be a uniruled projective manifold equipped with a mini-
mal rational component, m : Cx — X be the associated fibered space of varieties
K-tangents. Let ¥ C X be an irreducible analytic subvariety of some connected open
subset U C X and £ C C Xlz be an analytic subvariety. For y € ¥ denote by &, the
fiber of £ over y. We say that (£,€) — (X,Cx) is K-saturated if and only if
(a) & =PTy(X)NCx # D for a smooth point y € X, and
(b) for a general smooth pointy on X, and for the germ C of an irreducible branch of
a standard K-curve passing through y, C must lie on ¥ whenever [Ty(C')] €é&,.

When the choice of K is understood, we simply say that ¥ is saturated with respect
to minimal rational curves. If we take a minimal rational curve on (X, K) to play the
role of a geodesic, a K-saturated subvariety is the analogue of a totally geodesic
subspace in Riemannian geometry, except that the ‘geodesics’ are now only defined
for tangent directions corresponding to varieties of minimal rational tangents.

7.2. A relative version of the Gauss map condition for linear sections of
VMRTs. — In (5.1) we have introduced a non-degeneracy condition (1) on the
Gauss map of the variety of minimal rational tangents C, at a general point = of
a uniruled projective manifold (X, K) equipped with a minimal rational component,
viz., we require that the Gauss map is generically finite on C,. Equivalently ({) is
satisfied if and only if at a general smooth point [a] of C;, the kernel Ker oo = 0 for
the second fundamental form oo at [a] € Reg(C.). We extend this to the situation
of a linear section of C, and define a non-degeneracy condition (tf) which reduces
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to (1) when the linear section is C, itself. Recall that a variety is said to be of pure
dimension n if and only if each irreducible component is of the same dimension n.

Definition6. — Let m > 2, A C P™ be a projective subvariety of pure dimension
a>1. Let II C P™ be a projective linear subspace, and B :=II N A be a non-empty
projective subvariety of pure dimension b > 1. We say that the pair (B, A) satisfies the
non-degeneracy condition (11) if and only if for every general smooth point (5] € B,

[8] is also a smooth point of A and Ker o(g) (T (B),-) = 0.

By an adaptation of the proof of Cartan-Fubini extension in the equidimensional
case under the non-degeneracy assumption (}) as explained in (5.2) we have the fol-
lowing non-equidimensional analogue of Cartan-Fubini extension under some non-
degeneracy assumption involving (1) on second fundamental forms. For the formu-
lation a point z € X is said to be a good point if and only if every minimal rational
curve passing through z is free, and a general element of every irreducible component
of K, represents a standard rational curve, otherwise z is called a bad point. The
bad locus of (X, K) is the set of bad points on X, which is a subvariety of X.

Theorem 17 (Hong-Mok [9]). — Let (Z,H) and (X, K) be two uniruled projective man-
ifolds equipped with minimal rational components. Assume that Z is of Picard number
1 and that C,(Z) is of positive dimension at a general point z € Z. Let U C Z be
a connected open subset and f : U — X be a holomorphic embedding onto a lo-
cally closed complex submanifold S C X lying outside the bad locus of (X,K). Sup-
pose f respects varieties of minimal rational tangents in the sense that df (5Z(Z ) =
df (T,(Z)) N 5f(z)(X). Assume furthermore that at a general point x € S, the
non-degeneracy condition (1f) on second fundamental forms is satisfied for the pair
(C. NPT,(S),C;). Then, f extends to a rational map F : Z — X.

In terms of the holomorphic map f, the non-degeneracy condition on second fun-
damental forms translate into

Ker Gyf(a) (Tr(a) (df (C2(2))), - ) = Cdf ().

As an important intermediate step in the proof of Theorem 17, Hong-Mok established
under the assumption there the following result.

Proposition 7. — Under the assumptions of Theorem 17 and in the notations there,
f sends germs of standard H-curves into germs of standard K-curves. In particular,
(S,CNPTs) C (X,C) is saturated with respect to K-curves.
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7.3. Parallel transport of VMRTSs along minimal rational curves. — As an
application of non-equidimensional Cartan-Fubini extension, Mok [42] gave a charac-
terization of standard embeddings between Grassmannians of rank > 2. The result
by itself had been known and proven by different methods by Neretin [46] and Hong
[7]. Our proof started with non-equidimensional Cartan-Fubini extension in the Her-
mitian symmetric case with a proof relying on the use of Harish-Chandra coordinates.
More recently, Hong-Mok [9] have established the general form of Proposition 7, ob-
taining at the same time a characterization of a general class of standard embeddings
between rational homogeneous manifolds of Picard number 1. On a rational homo-
geneous manifold Y of Picard number 1 we consider the minimal rational component
consisting of lines on Y and denote by Cy(Y") the associated VMRT at y € Y.

Theorem 18 (Hong-Mok [9]). — Let X = G/P be a rational homogeneous manifold of
Picard number 1 associated to a long simple root and let Z = Go/Py be a rational
homogeneous space associated to a subdiagram of the marked Dynkin diagram of G/P.
Assume that Z is not linear. If f : U — X is a holomorphic embedding from a
connected open subset U of Z into X satisfying df,(C,(Z)) = df+(T.(Z)) N 5f(z)(X)
for a general point z € U, then f extends to a standard embedding of Z into X.

Sketch of proof. — A marked Dynkin subdiagram defines naturally an embedding A
from Z = Go/ Py into X = G/P. By a standard embedding from Z into X we mean
p o X for some ¢ € Aut(X). For the proof of Theorem 18, first of all the method
of non-equidimensional Cartan-Fubini extension as given in [(7.2), Theorem 17] can
be implemented by checking the validity of the non-degeneracy condition ({1) on the
Gauss map yielding therefore a rational extension F : Z — X. Write S = F(Z) for
the total transform of F. By Proposition 7, S C X is K-saturated. The condition
df.(C2(2)) = df.(T.(2)) ﬁgf(z)(X) says that S is tangent at a general point s € f(U)
to a (unique) copy Z, of a standard embedding of Z into X. Extending f : U — X
to F': Z — X the same applies for a general point s € S.

Start with a base point 0 € Z, f(0) = 0. Zy and S are tangent to each other at
0 and they share the same VMRTSs at 0. Let A be the subvariety on Z, swept out
by lines £ on Z, passing through 0. Since S C X is K-saturated, £ € A C ZygN S.
At a general point s € £, write & = PT,(S) N Cs(X) = PTs(Z;) N Cs(X). We
argue that Z, and S are tangent at s € ¢, i.e., Cs(Zp) = &. Write Ts(¢) = Ca.
From the deformation theory of rational curves T, (Cs(Zo)) = Ts(A)/Ts(¢) while also
Tio)(€s) = T5(A)/Ts(£). This means that £ and Cs(Zo) are tangent to each other at
[@]. In general the tangency property does not imply identity of the two VMRTS, but
we have found that this is the case for pairs (Z, X) of rational homogeneous manifolds
of Picard number 1 as given in Theorem 18. We may think of this as a form of parallel
transport of VMRTs for K-saturated subvarieties along a minimal rational curve in
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special situations. Thus, Z; = Zy for any line £ on Z; passing through 0 and for a
general point s € £. It follows that Z; = Zj for a general point s € A, and s can now
play the same role as the initial base point 0. Finally, S = F(Z) can be recovered
from the single point 0 € Z in a finite number of steps by the procedure of adjoining
minimal rational curves (cf. (3.1)), and we have proven that S = Zj, as desired. O
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Abstract. — We prove results allowing us to count, mod 2, the number of embedded
minimal surfaces of a specified topological type bounded by a curve I' C 8N, where N
is a weakly mean convex 3-manifold with piecewise smooth boundary. These results
are extended to curves and minimal surfaces with prescribed symmetries. The parity
theorems are used in an essential manner to prove the existence of embedded genus-g
helicoids in 82 x R, and we give an outline of this application.

Résumé (Sur le nombre de surfaces minimales avec une frontiére donnée). — Nous démontrons
des résultats qui nous permettent de compter, modulo 2, le nombre de surfaces mi-
nimales plongées d’un type topologique donné, borné par une courbe I' C ON, o N
est une 3-variété convexe faiblement moyenne munie d’une frontiére lisse par mor-
ceaux. Ces résultats sont étendus aux courbes et aux surfaces minimales & symétries
préscrites. Les théorémes de parité sont utilisés de maniére essentielle pour prouver
Pexistence d’hélicoides de genre imbriqué g dans S2 x R, et nous donnons un apergu
de cette application.

1. Introduction

In [4], Tomi and Tromba used degree theory to solve a longstanding problem about
the existence of minimal surfaces with a prescribed boundary: they proved that every
smooth, embedded curve on the boundary of a convex subset of R3 must bound an
embedded minimal disk. Indeed, they proved that a generic such curve must bound an
odd number of minimal embedded disks. White [8] generalized their result by proving
the following parity theorem. Suppose N is a compact, strictly convex domain in R3
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208 D. HOFFMAN & BRIAN WHITE

with smooth boundary. Let ¥ be a compact 2-manifold with boundary. Then a
generic smooth curve I' 2 9% in ON bounds an odd or even number of embedded
minimal surfaces diffeomorphic to ¥ according to whether ¥ is or is not a union of
disks.

In this paper, we generalize the parity theorem in several ways. First, we prove
(Theorem 2.1) that the parity theorem holds for any compact riemannian 3-manifold
N such that N is strictly mean convex, N is homeomorphic to a ball, N is smooth,
and N contains no closed minimal surfaces. We then further relax the hypotheses by
allowing N to be mean convex rather than strictly mean convex, and to have piecewise
smooth boundary. Note that if N is mean convex but not strictly mean convex, then
I' might bound minimal surfaces that lie in 9N. We prove (Theorem 2.4) that the
parity theorem remains true for such N provided (1) unstable surfaces lying in N are
not counted, and (2) no two contiguous regions of (ON)\I" are both smooth minimal
surfaces. We give examples showing that the theorem is false without these provisos.

We extend the parity theorem yet further (see Theorem 2.7) by showing that,
under an additional hypothesis, it remains true for minimal surfaces with prescribed
symmetries.

The parity theorems described above are all mod 2 versions of stronger results that
describe integer invariants. The stronger results are given in section 3.

The parity theorems are used in an essential way to prove the the existence of
embedded genus-g helicoids in 8% x R. In Sections 4 and 5 we give a very brief
outline of this application. (The full argument will appear in [3].)

2. Counting minimal surfaces

Throughout the paper, N will be a compact riemannian 3-manifold and ¥ will be
a fixed compact 2 manifold. If T is an embedded curve in N diffeomorphic to 9%, we
let M(N,T') denote the set of embedded minimal surfaces in N that are diffeomorphic
to ¥ and that have boundary I'. We let |M(N,T")| denote the number of surfaces in
M(N,T).

In case N has smooth boundary, we say that N is strictly mean convex provided
the mean curvature is a (strictly) positive multiple of the inward unit normal on a
dense subset of ON.

2.1. Theorem. — Let N be a smooth, compact, strictly mean convex riemannian 3-
manifold that is homeomorphic to a ball and that has smooth boundary. Suppose
also that N contains no closed minimal surfaces. Let ' C ON be a smooth curve
diffeomorphic to 0. Assume that T is bumpy in the sense that no surface in M(N,T)
supports a nontrivial normal Jacobi field with zero boundary values.
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Then |M(N,T)| is even unless ¥ is a union of disks, in which case |M(N,T')| is
odd.

We remark that generic smooth curves I' C 8N are bumpy [7].

Proof. — Theorems 2.1 and 2.3 of [8] are special cases of the theorem. The proofs
given there establish the more general result here provided one makes the following
observations:

1. There N was assumed to be strictly convex, but exactly the same proof works
assuming strict mean convexity.

2. There ¥ was assumed to be connected, but the same proof works for discon-
nected X.

3. In the proofs of Theorems 2.1 and 2.3 of [8], the assumption that N is a subset
of R3 was used in order to invoke an isoperimetric inequality, i.e., an inequality
bounding the area of a minimal surface in NV in terms of the length of its bound-
ary. There are compact mean convex 3-manifolds for which no such isoperimetric
inequality holds. However, if (as we are assuming here) N contains no closed
minimal surfaces, then N does admit such an isoperimetric inequality [9].

4. In the proofs in [8], one needs to isotope any specified component of I' to a
curve C that bounds exactly one minimal surface, namely an embedded disk.
This was achieved by choosing C to be a planar curve. For a general ambient
manifold N, “planar” makes no sense. However, any sufficiently small, nearly
circular curve C C ON bounds exactly one embedded minimal disk and no
other minimal surfaces. (This property of such a curve C is proved in the last
paragraph of §3 in [8].) O

2.2. Mean convex ambient manifolds N with piecewise smooth boundary.
— For the remainder of the paper, we allow N to be piecewise smooth. For simplic-
ity, let us take this to mean that ON is a union of smooth 2-manifolds with boundary
(“faces” of N), any two of which are either disjoint or meet along a common edge with
interior angle everywhere strictly between 0 and 27. (More generally, one could allow
the faces of N to have corners.) We say that such an N is mean convex provided (1)
at each interior point of each face of N, the mean curvature vector is a nonnegative
multiple of the inward-pointing unit normal, and (2) where two faces meet along an
edge, the interior angle is everywhere at most 7.

The following example shows what can go wrong in Theorem 2.1 if N is mean
convex but not strictly mean convex.

Example 1. Let N be a region in R® whose boundary consists of an unstable
catenoid C bounded by two circles, together with the two disks bounded by those
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circles. Note that N is mean convex with piecewise smooth boundary. Let I" be a pair
of horizontal circles in C that are bumpy (in the sense of Theorem 2.1). Theorem 2.1
suggests that I' should bound an even number of embedded minimal annuli in N.
First consider the case when I' consists of two circles in C' very close to the waist
circle. Then I bounds precisely two minimal annuli. One of them is the component
of C bounded by I'. Because the circles in I" are close, this annulus is strictly stable.
The other annulus bounded by I is a strictly unstable catenoid lying in the interior
of N. In order to get an even number of examples, we must count the stable catenoid
lying on C. Now suppose the two components of I' are the two components of 4C.
Then again I"' bounds exactly two minimal annuli: the unstable catenoid C, which is
part of ON, and a strictly stable catenoid that lies outside N. Here, of course, we do
not count the stable catenoid since it does not lie in N. Thus to get an even number,
we also must not count the unstable catenoid that lies in ON.
This example motivates the following definition:

2.3. Definition. — M*(N,T') is the set of embedded minimal surfaces M C N such
that

i) OM =T,
ii.) M is diffeomorphic to ¥, and
ili.) each connected component of M lying in N is stable.

Example 1 suggests that in order to generalize Theorem 2.1 to mean convex N
with piecewise smooth boundary, we should replace M(N,T') by M*(N,T"). However,
even if one makes that replacement, the following example shows that an additional
hypothesis is required.

Example 2. Let N be a compact, convex region in R? such that ON is smooth and
contains a planar disk D. Let I" be a pair of concentric circles lying in D. Then I’
bounds exactly one minimal annulus: the region in D between the two components
of I'. That annulus is strictly stable and lies in ON. Thus I is bumpy (in the sense of
Theorem 2.1) and |[M*(N,T")| = 1. Consequently, if we wish |[M*(N,T')| to be even
(as Theorem 2.1 suggests it should be), then we need an additional hypothesis on N
and T

Note that in example 2, (ON)\T contains two contiguous connected components (a
planar annulus and a planar disk) both of which are minimal surfaces. The additional
hypothesis we require is that (ON) \ I contains no two such components.

2.4. Theorem. — Let N be a smooth, compact, mean convex riemannian 3-manifold
that is homeomorphic to a ball, that has piecewise smooth boundary, and that contains
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no closed minimal surfaces. Let I' C ON be a smooth, embedded bumpy curve diffeo-
morphic to 8X. Suppose that no two contiguous connected components of (ON)\ T
are both smooth minimal surfaces.

Then |M*(N,T)| is even unless ¥ is a union of disks, in which case |M*(N,T')| is
odd.

Proof. — Since N is compact, mean convex, and contains no closed minimal surfaces,
the areas of minimal surfaces in N are bounded in terms of the lengths of their
boundaries [9].

If ON is smooth and has nowhere-vanishing mean curvature, the result follows
immediately from Theorem 2.1. We reduce the general case to this special case as
follows. Note that we can find a one-parameter family N;, 0 < ¢t < €, of mean convex
subregions of N such that

i) No=N,

ii.) the boundaries N, foliate a relatively open subset of N containing ON.
iii.) for ¢ > 0 small, N, is smooth and the mean curvature of ON; is nowhere zero
and points into N;.

For example, we can let ON; be the result of letting N flow for time ¢ by the mean
curvature flow.

Claim. — Suppose M; are smooth embedded minimal surfaces in N diffeomorphic to
Y and that OM; — T’ smoothly. Then a subsequence of the M; converges smoothly to
a limit M € M*(N,T).

Proof of claim. — By Theorem 3 in [6] a subsequence converges smoothly away from
a finite set S to a limit surface M. The surface M is smooth and embedded, though
portions of it may have multiplicity > 1. Indeed, the proof of Theorem 3 in [6] shows
that the multiplicity is 1 and the convergence M; — M is smooth everywhere unless
an interior point of M touches I'.

In fact, no interior point of M can touch I'. For suppose to the contrary that the
interior of M touches I' at a point p. Let C be the connected component of I' con-
taining p. By the strong maximum principle, M must contains a whole neighborhood
of p € ON. Indeed, by the strong maximum principle (or by unique continuation), M
must contain the two connected components of (8N) \ I on either side of C. But by
hypothesis, at most one of those components is a minimal surface, a contradiction.
This proves that no interior point of M touches I'.

Consequently, as noted above, M has multiplicity 1 and the convergence M; — M
is smooth everywhere. Thus M € M(N,T).

Now suppose some connected component M’ of M lies in O&N. Then the corre-
sponding component M/ of M; converges smoothly to M’ from one side of M. This
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one-sided convergence implies that M’ is stable. Thus M € M*(N,T'). This com-
pletes the proof of the claim. O

Continuing with the proof of Theorem 2.4, note that M*(N,I') is finite. For
if it contained an infinite sequence of surfaces then by the claim, it would contain a
smoothly convergent subsequence. The limit of that subsequence would be an element
of M*(N,T'). But by bumpiness of I', the elements of M*(N,T) are isolated. The
contradiction proves that M*(N,T) is finite.

Let T';, 0 <t < €, be a smooth one-parameter family of embedded curves such that
I'o =T and such that I'y C ON;. Let Mg,... ME be the set of surfaces in M*(N,T).
By the implicit function theorem, we can (if € is sufficiently small) extend these to
one-parameter families

Mie M*(N,Ty) (i=1,2,...,k0<t<e)

where N is a riemannian 3-manifold containing N in its interior.

In fact, M} must lie in N provided e > 0 is chosen sufficiently small. To see this,
assume for simplicity that ¥ is connected. If M{ does not lie in N, then by the
strong maximum principle, it is never tangent to AN, so by continuity, M} C N for
all sufficiently small ¢. Now suppose that M{ does lie in ON. Then (by definition of
M*(N,T)) it is strictly stable. The strict stability implies that in fact M} lies in N
for sufficiently small ¢.

Indeed, M} must lie not only in N but also in Ny C N, for all sufficiently small t.
For let T = T'(t) € [0,t] be the largest number such that M{ C Nr. If T < t, then
M} would touch ONr at an interior point, violating the maximum principle. Hence
T =t and therefore M} C N;.

The claim implies that if € is sufficiently small, then each surface in M*(N;,T';)
will be one of the surfaces in M},..., M}F. We may also choose ¢ sufficiently small
that the M} all have zero nullity. Then

|M*(N’ F)l =k= |M(Ntart)'
which must have the asserted parity by Theorem 2.1 (applied to N; and T';.) O

2.5. Counting in the presence of symmetry. — In some situations, it is im-
portant to be able to say something about the number of minimal surfaces that are
diffeomorphic to a specified surface ¥ and that possess specified symmetries. Suppose
G is a group of isometries of N.

2.6. Definition. — If T' is a G-invariant curve in N, we let Mg(N,I') ¢ M*(N,T)
denote the set of surfaces in M*(N,T") that are invariant under G. A boundary
I' C ON is called G-bumpy if no surface in M§(N,T') has a nontrivial G-invariant
normal Jacobi field that vanishes on OM.
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Theorem 2.4 has a natural extension to G-invariant surfaces:

2.7. Theorem. — Let N be a smooth, compact, mean convexr riemannian 3-manifold
that is homeomorphic to a ball, that has piecewise smooth boundary, and that contains
no closed minimal surfaces. Let G be a group of isometries of N. Let I' C ON be
a smooth curve that is G-invariant and G-bumpy. Suppose that no two contiguous
components of (ON)\T' are both minimal surfaces.

Suppose also that

(¥) T' = 99Q for some G-invariant region @ C ON.
Then |M%(N,T)| is even unless ¥ is a union of disks, in which case |M%(N,T)| is
odd.

2.8. Remark. — In Theorem 2.7, the hypothesis that N contains no closed minimal
surfaces is equivalent to the hypothesis that N contains no closed G-invariant minimal
surfaces. See [9], Theorem 2.5.

Proof. — In general, the proof is exactly the same as the proof in the non-invariant
case. However (see Observation (4) in the proof of Theorem 2.1), to carry out the
proof, one must be able to isotope the connected components of I' in a G-invariant
way to arbitrarily small, nearly circular curves in ON. The hypothesis that I' = 9Q
for a G-invariant region Q C &N ensures that such isotopy is possible. (Indeed, it is
equivalent to the existence of such G-invariant isotopies.) O

We do not know whether Theorem 2.7 remains true without the hypothesis (*).

3. An Integer Invariant

Suppose N C R? is a compact, strictly convex set with smooth boundary. In the
introduction, we quoted Theorems 2.1 and 2.3 of [8] as asserting that if I' C 9N is a
smooth, bumpy curve diffeomorphic to 0%, then

1 if ¥ is a union of disks, and
1) IM(N,T)| = ,
0 if not

where = denotes congruence modulo 2.
In fact, the conclusion in [8] is actually much stronger than (1). To state that
conclusion, we need some terminology.

3.1. Definition. — Let §(X) = 1 if ¥ is a union of disks and 0 if not. If M is a
collection of smooth minimal surfaces, let

d(M) = |Meven| - |Modd|
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where Meyen is the set of surfaces in M with even index of instability and Mgyqeq is
the set of surfaces in M with odd index of instability.

With this terminology, the conclusion of Theorem 2.1 in [8] is
(2) d(M(N,T)) = 5(Z).

Note that (2) is stronger than (1). Indeed, (1) merely asserts that the two sides of (2)
are congruent modulo 2. (See [5] for a similar result for immersed minimal disks in
R")

If we start with the stronger conclusion (2), then the arguments in §2 produce
stronger versions of Theorems 2.1, 2.4, , and 2.7:

3.2. Theorem. — Under the hypotheses of Theorem 2.1,
d(M(N,T) = 4§(%).
Under the hypotheses of Theorem 2.4,
d(M*(N,T)) =46(2).
Under the hypotheses of Theorem 2.7,
de(Mg(N,T)) = 4(%)

where dg(-) is defined exactly like d(-), except that in determining index of instability,
we only count eigenfunctions that are G-invariant.

The proofs are exactly as before.

4. Counting the number of handles on a surface
invariant under an involution

Consider a minimal surface that has an axis of orientation preserving, 180° rota-
tional symmetry. In many examples of interest, the handles of the surface are in some
sense aligned along the axis. In this section, we make this notion precise, and we
observe that our parity theorems apply to such surfaces.

Recall, for example, that Sherk constructed a singly periodic, properly embedded
minimal surface M C R? that is asymptotic to the planes z = 0 and z = 0 away
from the y-axis, Y. By scaling, we may assume that M intersects Y precisely at the
lattice points (0,7n,0), n € Z. Now M has various lines of orientation preserving,
180° rotational symmetry. For example, Y is one such a line, and the line L given
by z = z, y = 1/2 is another. Intuitively, the handles of M are lined up along Y but
not along L. (The surface M is also invariant under 180° rotation about the z and
z axes, but those rotations reverse orientation on M.) We make the intuition into
a precise notion by observing that the rotation about Y acts on the first homology
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group H; (M, Z) by multiplication by —1, whereas rotation about L acts on Hy(M, Z)
in a more complicated way.

4.1. Proposition. — Suppose S is a noncompact 2-dimensional riemannian manifold
of finite topology. Suppose that p : S — S is an orientation preserving isometry of
order two, and that S/p is connected. Then the following are equivalent:

1. p acts by multiplication by —1 on the first homology group H:(S,Z).

2. the quotient S/p 1is topologically a disk.

3. S has ezactly 2 — x(S) fized points of p, where x(S) is the Euler characteristic
of S.

4.2. Corollary. — If the equivalent conditions (1)-(83) hold, then the surface S has
either one or two ends, according to whether p has an odd or even number of fized
points in S.

4.3. Remark. — To apply Proposition 4.1 and its corollary to a compact manifold M
with non-empty boundary, one lets S = M \ M. Of course the number of ends of S
is equal to the number of boundary components of M.

Proof of Proposition 4.1. — Suppose that (1) holds. Let 7 : S — S/p be the projec-
tion and let C be a closed curve in S/p. Then C' = n~1(C) is a p-invariant cycle
in S and thus (by (1)) it bounds a 2-chain in S. Consequently 7(C’) = 2C bounds
a 2-chain in S/p. Thus 2C is homologically trivial in S/p. But S/p is orientable, so
H,(S,Z) has no torsion. Thus C is homologically trivial in S/p. Since S/p is non-
compact and connected with trivial first homology group, it must be a disk. Hence
(1) implies (2).

To see that (2) implies (1), suppose that (2) holds. It suffices to show that any
p-invariant 1-cycle in S is a boundary. (For if Cy is any cycle in S, then Cy + p(Cp)
forms a p-invariant cycle.) Since S is oriented, H;(S,Z) has no torsion, so it suffices
to show that any p-invariant cycle 1-cycle in S must be a boundary mod 2. Let C C S
be any p-invariant closed curve, not necessarily connected. We may assume that C
is smooth and in general position, i.e., that the self-intersections are transverse. By
doing the obvious surgeries at the intersections, we may assume in fact that C is
embedded.

Now 7(C) is a smooth, embedded, not necessarily connected, closed curve in S/p.
Since S/p is topologically a disk, 7(C') bounds a region . It follows that C' bounds
the region m~1(2). Thus C is homologically trivial mod 2. This completes the proof
that (2) implies (1).

Finally we show that (2) and (3) are equivalent. Let P be the number of fixed
points of p. Consider a triangulation of S/p such the fixed points of p are vertices
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in the triangulation, and consider the corresponding triangulation of S. Then from
Euler’s formula one sees that

x(8) =2x(S/p) — P
or
P =2x(8/p) — x(5).
Thus P = 2 — x(9S) if and only if x(S/p) = 1. Since S/p is orientable and connected,

its Euler characteristic is 1 if and only if it is a disk. This proves that (2) and (3) are
equivalent. O

Proof of Corollary 4.2. — Since S/p is a disk, it has exactly one end. Since S is a
double cover of S/p, it must have either one or two ends. Since S is oriented,

(3) x(8) =2c—-2g—e,

where ¢ is the number of connected components, g is the sum of the genera of the
connected components, and e is the number of ends. Thus e is congruent mod 2 to
x(S), which by Proposition 4.1 is congruent, mod 2, to the number of fixed points
of p. O

4.4. Counting Y-surfaces. — Let N be a riemannian 3-manifold. We suppose
that N has a geodesic Y and an orientation preserving, order two isometry p = py :
N — N for which the set of fixed points is Y.

4.5. Definition. — Suppose M C N is an orientable, non-closed p-invariant surface
such that p: M — M preserves orientation and such that (M \ dM)/p is connected.
We will say that M is a Y-surface if S := M \ OM satisfies the equivalent conditions
in Proposition 4.1.

Suppose for example that N = R? and that Y is a line. Then p = py is 180°
rotation about Y. If M is a py-invariant catenoid, then either Y is the axis of
rotational symmetry of M, or else Y intersects M orthogonally at two points on the
waist of M. In the first case, p acts trivially on the first homology of M, so M is not
a Y-surface. In the second case, p acts by multiplication by —1 on the first homology
of M, so M is a Y-surface.

4.6. Definition. — We let
M3 (N,T) = {M € M*(N,T) : M is a Y-surface}.

We say that a curve I' C ON is Y -bumpy if no surface in M3 (N, T') carries a nontrivial,
py-invariant, normal Jacobi field that vanishes on I'.

The following result is a version of Theorem 2.7:
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4.7. Theorem. — Let N be a smooth, compact, mean convexr riemannian 3-manifold
that is homeomorphic to a ball, that has piecewise smooth boundary, and that contains
no closed minimal surfaces. Suppose that Y is a geodesic in N and that p = py :
N — N is an orientation preserving, order two isometry of N with fixed point set Y.

Let I' C ON be a smooth, embedded, p-invariant, Y -bumpy curve that carries a
p-invariant orientation.

Suppose that no two contiguous components of (ON)\T are both minimal surfaces.

Then |M3 (N,T')| is even unless ¥ is a union of disks, in which case |M3,(N,T)|
is odd.

Proof. — The proof is almost identical to the proof of Theorem 2.7. One lets the
group G in Theorem 2.7 be the group generated by p. The hypothesis (*) there
follows from the hypothesis here that I" carries a py-invariant orientation. O

5. Higher genus helicoids in S? x R

5.1. A boundary value problem for minimal Y-surfaces. — Our motivation
in formulating Proposition 4.1 and Theorem 4.7 comes from the desire to construct
embedded minimal surfaces in 82 x R, each of whose ends is asymptotic to a helicoid
in S? x R. Take as a model of S? x R the space R? x R on which each R? x {z} has
the metric of the sphere pulled back by inverse stereographic projection. (The radius
of that sphere is fixed but arbitrary.) This model is missing a line, Z* = {00} x R,
which we append in a natural way to R% x R with the aforementioned product metric.
It is easy to verify that a standard helicoid H C R3 with axis Z = {(0,0,2) : z € R},
an embedded and ruled surface, is also a minimal surface in S? x R. Here, it has two
axes, Z and Z*. By a slight abuse of notation, we will use H to refer to this minimal
surface in S2 x R .

The horizontal lines on the euclidean helicoid are great circles in the totally geodesic
level-spheres of S? x R, the circle at height z passing through the antipodal points
(0,2) € Z and (00, 2) € Z*. Let

X =(S2x {0})NnH,

and denote by Y the great circle at height 0 passing through O = (0,0), O* = (0, 0),
and orthogonal to the great circle X. Just as on the Euclidean helicoid, py, order-
two rotation about Y, is an orientation preserving involution of H. Note that under
our identification of 82 x R with R3, each of the great circles on H corresponds
to a horizontal line passing throught the z-axis, and the great circles X and Y are
identified with the z- and y-axes of R3.

Denote by H' the component of the complement of H that contains Y+ :=
{(0,y,0) | y > 0}. Then for any ¢ > 0, py is an orientation preserving involution of
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the domain
(4) N.=H"n{]z| <c}.

Note that N, is mean convex, consisting of three minimal surfaces: H N {|z| < ¢},
and two totally geodesic hemispheres, H* N {z = +c} . We will label these minimal
surfaces H, and S, respectively.

The set H, \ (Z U Z* U X) has four components. Let @ be the component whose
boundary contains the three geodesics Xt = {(z,0,0) | z > 0}, ZN{0 < 2 < ¢}, and
Z* N {0 < z < ¢}. The “quadrant” @ has a fourth boundary curve, which is one of
the two semicircular components of 95, \ (Z U Z*). We label this semicircle T,.. Note
that T_. := py (T¢) lies in 0(py (Q)).

Fix a value of c and let N = N,. Consider the union QU py (Q), and define I' C N
to be the boundary of @ U py (Q). Then

(5) r=(ZnNnH)UT, U(Z*NH)UT_.UX.

See Figure 1. The first four segments of I form a piecewise smooth curve with four
corners. Adding the great circle X produces a curve that is singular at O = (0,0) and
at O* = (00,0), where there are right-angle crossings. Note that I' is py-invariant.

T,
<
Z zZ*
)l 0 X
]

TC

FIGURE 1. The curve I. In the figure, we have taken R® = R? x R as
our model for $2 x R, with the metric on R? given by the pullback of the
metric on S? via inverse stereographic projection. In this case, the pole of
S? is placed at the center of the semicircle Y ™.

If T’ defined in (5) is not Y-bumpy, we can make arbitrarily small perturbations
of the curves T, to make it so, while keeping the resulting curve in N, and also
py-invariant. We will assume from now on that ' is Y -bumpy.
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Suppose for the moment that we could produce a connected Y-surface M C N
with boundary I'. We will show in the next paragraph how this will enable us to
construct a higher-genus helicoid.

Since py | is orientation preserving, Y must intersect M orthogonally in a discrete
set of points, precisely the fixed points of py|y. We will consider M without its
boundary, allowing us to apply Proposition 4.1. Namely, if ¥ = |[Y N M|, the number
of points in Y N M, then

k=2-x(M).
Extend M by pz, Schwarz reflection in Z (or equivalently in Z*), and let
(6) M = interior(M U pz(M).

The surface M is smooth because M is py-symmetric, and
Y N M| =2k+2

because the points O = (0,0) and at O* = (00,0), which lie on Y, are in M. The
surface M is bounded by two great circles at levels +c. It is embedded because pz (M)
lies in H~. Furthermore it is py-invariant by construction and satisfies the condition
that py acts by multiplication by —1 on H;(M, Z). Therefore, 2k +2 = 2 — x(M ) by
Proposition 4.1. Since M has two ends, we have

2k +2 =2 — (2 — 2genus(M) — 2),

or
genus(M) = k.

If we can produce M = M, for any cutoff height c, it is reasonable to expect that as

¢ — 00, the M, converge subsequentially to an embedded genus-k minimal surface

each of whose ends is asymptotic to H or a rotation of H. In [3], we prove that this

is the case.

5.2. Existence of a suitable M € M3} (N,T") with |Y N M| = k. — How are
we going to produce, for each positive integer k, a connected, embedded, minimal
Y-surface M C N with boundary I'? The answer is: by induction on k, using Theo-
rem 4.7. The details, carried out in [3] are somewhat intricate. We describe here the
main idea and the intuition behind the proof.

First of all, it would seem that Theorem 4.7 is not suited to prove existence of the
desired surfaces because in most cases it asserts that the number of surfaces in a given
class is even. This could mean that there are zero surfaces in the class. We begin
to address this problem by dividing the class of surfaces according to their geometric
behavior near O. Why this helps will be made clear below.

Since we are working with one fixed domain, namely N = N, as defined in (4),
we will suppress the reference to N and write M3, (') instead of M3, (N,T'). We can
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decompose M3, (I') into two sets by looking at how a surface S € M3 (T') attaches
to I' at the crossing O, the intersection of the vertical line Z and the great circle
X. The geodesics X, Z, and Z* divide H into four “quadrants”. A quadrant whose
boundary contains Z+ U Xt or Z~ U X ~will be called a positive quadrant. The other
two quadrants will be called negative quadrants.

5.3. Definition. — Given a nonnegative integer k,

M3 (T, k) € M3 (T') is the collection of embedded minimal Y-surfaces M with
the property that |[M NY| = k.

M3 (T, k,+) € M3 (T, k) is the subset of surfaces tangent to the positive quad-
rants at O.

M3 (T, k,—) C€ M3 (T, k) is the subset of surfaces tangent to the negative quad-
rants at O.

Now we approximate I' by smooth embedded curves I'(t) C dN. We have to do this
in order to apply any of our parity theorems. We want the four corners to be rounded
and the two crossings to be resolved. At O, we modify I' in a small neighborhood of
radius ¢ > 0 by connecting Z* to X+ and Z~ to X~. Given this choice at O, we
resolve the crossing at O* according to whether & is even or odd as follows: connect
positively if k is even (i.e. ZT to X* and Z~ to X~) and negatively (i.e. Z* to
X~ and Z~ to X1) if k is odd. Again we modify in a manner that preserves py-
invariance, and we choose ¢ small enough so that the neighborhoods of the corners
and the crossings are pairwise-disjoint. We will refer to such a rounding as an adapted
positive rounding of I'. Note that when k is odd, an adapted positive rounding of T is
connected, while when & is even, such a rounding has two components. See Figure 2.

Our motivation for the choice of desingularization at O* is given by the following

5.4. Proposition. — A surface S € M3, (T, k,+) is tangent at O* to the positive quad-
rants if k is even, and to the negative quadrants if k is odd.

Proof. — For any oriented surface S, we have (3)
x(S) = 2¢(S) — 2 genus(S) — e(9),

where e(s) is the number of ends of S, ¢(S) is the number of components of .S, and
genus(S) is the sum of the genera of the components of S. If S € M3}, (T, k), then
using Proposition 4.1 we have

(7) k=Y NS|=2-x(5)=eS),

where 2 denotes equivalence mod 2.
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0
0
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FIGURE 2. The two adapted positive roundings of I'. On the left, the
rounding at O* is the same as at the point O, resulting in a curve with
two components. On the right the rounding at O* is positive to negative,
resulting in a connected curve.

2 if S is positive at O*,

Claim. — If S € M(T,k,+), then e(S) =
1 if S is negative at O*.

The proposition follows from the claim and the congruence (7).

Proof of Claim. — Let B(O) be a geodesic ball of radius 7 > 0 centered at O, and
let B(O*) be the corresponding ball centered at O* with the same radius. We may
choose 7 small enough so that the surface ' = S\ (B(O) U B(O*)) has the same
number of ends as S: ie., e(S') = e(S). We may make r smaller if necessary so
that near O (say in a geodesic ball of radius 2r centered at O), the boundary curve
I' = 8S’ consists of a segment of X+ joined to a segment of ZT by a single curve in
OB(0) together with a segment of X~ joined to a segment of Z~ by a single curve in
0B(0). It is precisely here that we have used the fact that S € M3 (T, k,+) and not
just in M3 (T', k). Making r smaller if necessary, we may assert that if S is tangent to
the positive quadrants at O*, then near O* the curve I' connects positively, just as it
does near O. This implies that I has two components. Therefore e(S') = 2. If S is
tangent to the negative quadrants at O*, then near O* the curve I’ will connect X+
to Z~ and X~ to Z. In this case, I' is connected and e(S') = 1. Since we chose
small enough so that e(S') = e(S), we have proved the claim. O

Let I'(t), t > 0 small, be a smooth family of adapted positive roundings of I'. We
will round in such a way that for each corner and crossing g,

lim(1/6)(0(#) — q)
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is a smooth embedded curve, and such that I'(¢) converges smoothly to I' except
perhaps at the corners and crossings of I'. It is now reasonable to expect that if we
specify a surface M € M3, (I', k) as a sort of initial data at I' = I"(0) we can deform
it to a family of embedded minimal Y-surfaces S; C N with 8S; = I'(t). In fact we
can do this in a unique manner.

5.5. Definition. — For any nonegative integer j, the set M3, (I'(¢), j) is the collection
of embedded minimal Y-surfaces S C N with 8S =T'(t) and |SNY| =

5.6. Theorem. — Let N = N, C S? xR be a domain of the form given in (4) for some
fized positive constant c. Let I' be the curve specified in (5), perturbed if necessary to
become Y -bumpy.

Let T'(t), t > 0 small, be a smooth family of adapted positive roundings of T.
Suppose for some nonnegative integer j, that there exists a surface M € M3(T,j).
Then there ezists a constant a = a(I', M) > 0 such that for t < a, each approzimating
curve I'(t) bounds an embedded minimal Y -surface Sy with the following properties:

1. Each Sy is the normal graph over a region Q; C M that is bounded by the
projection of T'(t) onto M;

2. The family of surfaces S; is smooth in t and converges smoothly to M ast — 0;

3. If M e My (T, 4,+), then Sy € M} (T'(t),7), i.e. |SeNY]|=j;

4. If M € M3 (T, 4, —), then Sy € M} (L(t),j +2), i.e. |StNY|=j+2.

Furthermore, if S € M3 (T(t), ), to < a, then it lies in a smooth one-parameter
family of surfaces Sy € M3 (I'(¢),7), t < to, with the property that the family has, as
a smooth limit as t — 0, an embedded minimal Y -surface M C N that lies either in
M3 (T, j) or in M} (T, 5 — 2).

Statements (3) and (4) have a simple geometric interpretation. Suppose we have
a family of surfaces in Sy € M3 (I'(t), k) for some smooth family I'(¢) of adapted
positive roundings of I". They will limit to an embedded minimal Y-surface M C N
with boundary T'. If they limit to an M € M3 (T, j,+), then the points S; NY
stay bounded away from the crossings {O, O*}. Hence the S; have the property that
|S:NY| = |MNY|=j. However, if they limit to an M € M3 (T, j,—), then each of
the S; is a graph over a region ; that contains both O and O*. Two points are lost.
Hence j =|S:NY|=|MNY|+2.

Since the theorem above tells us that there is a correspondence between every
surface in M(T'(t), k) and some embedded minimal Y-surface in N bounded by I, we
have

5.7. Corollary. — We have
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We can now carry out the induction. We use £ to denote congruence modulo 2.
In our situation, the number of ends of a surface S € M3, (T, k) is one or two, so
the number of components of S is at most two. Since S is a Y-surface we know, by
Proposition 4.1, that k = [SNY| = 2 — x(S). It is easy to see that when k = 1 (or
k = 0), S is a disk (or the union of two disks). Corollary 5.7 and Theorem 4.7 yield
in this situation that

12 MY (T(t), k)| = IMy (T k, )| + MY (T, k = 2, -)| = IMy (T, k, +)],

the last equality being simply the fact that it is impossible for a surface to intersect Y’
in a negative number of points. Therefore we have established the existence of the de-
sired surface for k = 0 or k = 1. In fact we get existence of a surface in M3, (T', k, +).
However there is nothing special in this context about being in M3 (T', k, +) as op-
posed to being in M3 (T, k, —). If we redid the entire construction by starting out by
requiring our smoothing to be negative at O, we would wind up with an odd number
of surfaces in M3 (I',k,—), for k =0 and k = 1.

Now assume k > 2, and suppose that for any j < k, that |[M3}(T,j,+)] =
M3 (T,4,—) = 1. Corollary 5.7 together with Theorem 4.7 yield in our situation
that

0= |M;’(F(t)a k)l = |M;’(F7k9+)| + |M;/(F, k— 2, _)t
But |/M3 (T, k — 2, —)| = 1, by assumption. Therefore 0 = |M3. (T, k,+)| + 1, or
M3 (T, k,+)| = 1.

Hence, this class of surfaces is not empty for any value nonnegative integer k. As
indicated above the same is true for M3, (I', k, —). Whether or not we have produced
two geometrically different (i.e. non-congruent) solutions to our problem turns out to
depend on whether k is even or odd—but that is another story.
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EQUIDISTRIBUTION AND PRIMES

by

Peter Sarnak

To Jean Pierre Bourguignon®

Abstract. — We begin by reviewing various classical problems concerning the exis-
tence of primes or numbers with few prime factors as well as some of the key develop-
ments towards resolving these long standing questions. Then we put the theory in a
natural and general geometric context of actions on affine n-space and indicate what
can be established there. The methods used to develop a combinational sieve in this
context involve automorphic forms, expander graphs and unexpectedly arithmetic
combinatorics. Applications to classical problems such as the divisibility of the areas
of Pythagorean triangles and of the curvatures of the circles in an integral Apollonian
packing, are given.

Résumé (Equidistribution des nombres premiers). — Nous commengons par ’examen de di-
vers problémes classiques concernant ’existence de nombres premiers ou de nombres
avec peu de facteurs premiers, ainsi que quelques-uns des développéments clés vers
la résolution de ces questions posées il y a bien longtemps. Ensuite, nous plagons
la théorie dans un contexte géométrique naturel et général d’actions sur le n-espace
affine et nous indiquons ce qui peut étre établi dans ce contexte. Les méthodes utili-
sées pour développer un crible combinatoire dans ce contexte impliquent les formes
automorphes, les graphes d’expansion et, de maniére inattendue, les combinatoires
arithmétiques. Nous fournissons des applications aux problémes classiques, tels que
la divisibilité des aires des triangles pythagoriens et les courbures des circles dans un
paquetage apollonien entier.

I have chosen to talk on this topic because I believe it has a wide appeal and
also there have been some interesting developments in recent years on some of these
classical problems. The questions that we discuss are generalizations of the twin prime
conjecture; that there are infinitely many primes p such that p + 2 is also a prime. I

2000 Mathematics Subject Classification. — 11Axx, 20Gxx.
Key words and phrases. — Primes, sieves, affine orbits, saturation numbers, expanders and sum-
product.

* This is an expanded version of the lecture that I had intended to give at the conference honor-

ing Bourguignon on the occasion of his 60" birthday and which I gave at the Pacific Institute of
Mathematical Sciences in 2007.
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am not sure who first asked this question but it is ancient and it is a question that
occurs to anyone who looks, even superficially, at a list of the first few primes. Like
Fermat’s Last Theorem there appears to be nothing fundamental about this problem.
We ask it simply out of curiosity. On the other hand the techniques, theories and
generalizations that have been developed in order to understand such problems are
perhaps more fundamental.

Dirichlet’s Theorem. — In many ways this theorem is still the center piece of
the subject. Like many landmark papers in mathematics, Dirichlet’s paper proving
the theorem below, initiated a number of fields: abelian groups and their characters,
L-functions, class number formulae... The theorem asserts that an arithmetic pro-
gression c¢,c + q,c + 2q,c + 3q,... contains infinitely primes if and only if there is
no obvious congruence obstruction. An obvious such obstruction would be say that
c and ¢ are both even or more generally that the greatest common divisor (c,q) of
c and ¢ is bigger than 1. Stated somewhat differently, let L # 0 be a subgroup of
Z, so L = qZ for some ¢ > 1, and let O = ¢ + L be the corresponding orbit of ¢
under L, then O contains infinitely many primes iff (¢,q) = 1 (strictly speaking this
statement is slightly weaker since Dirichlet considers one-sided progressions and here
and elsewhere we allow negative numbers and call —p a prime if p is a positive prime).

Initial Generalizations. — There are at least two well known generalizations of
Dirichlet’s Theorem that have been investigated. The first is the generalization of his
L-functions to ones associated with general automorphic forms on linear groups. This
topic is one of the central themes of modern number theory but other than pointing
out that these are used indirectly in proving some of the results mentioned below, I
will not discuss them in this lecture. The second generalization is to consider other
polynomials besides linear ones. Let f € Z[z] be a polynomial with integer coefficients
and let O = ¢+ L as above. Does f(Q) contain infinitely many primes? For example
if O = Z; is f(xz) = 2 +1 a prime number for infinitely many z (a question going back
at least to Euler). Is f(z) = z(z + 2) a product of two primes infinitely often? (this
is a reformulation of the twin prime question). Neither of these questions have been
answered and the answer to both is surely, yes. We will mention later what progress
has been made towards them. In his interesting and provocative article “Logical
Dreams” [35], Shelah puts forth the dream, that this question of Euler “cannot be
decided”. This is rather far fetched but for the more general questions about primes
and saturation on very sparse orbits associated with tori that are discussed below,
such a possibility should be taken seriously. We turn first in the next paragraph to
several variables, that being the setting in which some problems of this type have
been resolved.
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Two Variables. — Let O = Z? and let f be a nonconstant polynomial in Z[z1, z].
If f is irreducible in Q[z1, 2] and the greatest common divisor of the numbers f(x)
with x € O is 1, then it is conjectured that f takes on infinitely many prime values.
In this higher dimensional setting we have found it more intrinsic and natural from
many points of view to ask for more. That is the set of z € O at which f(z) is
prime should not only produce an infinite set of primes for the values f(z) but these
(infinitely) many points should not satisfy any nontrivial algebraic relation. In the
language of algebraic geometry, these points should be Zariski dense in the affine
plane A2, The Zariski topology on affine n-space A™ is gotten by declaring the closed
sets to be the zero sets (over C) of a system of polynomial equations. Thus a subset
S of A™ is Zariski dense in A™ iff S is not contained in the zero set of a nontrivial
polynomial g(z1,...,%,). In A a set is the zero set of a nontrivial polynomial iff the
set is finite. So the Zariski dense subsets of A! are simply the infinite sets. We denote
the operation of taking the Zariski closure of a set in A™ by Zcl.

All the approaches to the conjecture that we are discussing involve giving lower
bounds for the number of points in finite subsets of O at which f(x) is prime. Usually
one defines these sets by ordering by size of the numbers (so a big box in A?%) but
in some variations of these problems that I discuss later quite different orderings are
employed. A measure of the quality of the process is whether in the end the lower
bound is strong enough to ensure the Zariski density of the points produced. As far
as the conjecture that under the assumptions on f at the beginning of (4), the set of
x € O at which f(z) is prime, is Zariski dense in A2, the following is known:

(i) For f linear it follows from Dirichlet’s theorem.

(ii) For f of degree two and f non-degenerate (in the sense of not reducing to a poly-
nomial in one variable) it follows from Iwaniec [23]. His method uses the combi-
natorial sieve which we will discuss a bit further on, as well as the Bombieri-A.
Vinogradov theorem which is a sharp quantitative version of Dirichlet’s theorem
(when counting primes p of size at most z and which are congruent to varying
¢ modulo ¢, with ¢ as large as z!/2).

(iii) A striking breakthrough was made by Friedlander and Iwaniec [10]. It follows
from their main result that the conjecture is true for f(z1,z2) = 2% + z3. They
exploit the structure of this form in that it can be approached by examining
primes @ = a + by/—1 in Z[/—1] with b = 22. This was followed by work of
Heath-Brown and the results in [19] imply that the conjecture is true for any
homogeneous binary cubic form. They exploit a similar structure, in that such
an f(z1,z2) is of the form N(z1,z3,0) where N(z1,x2,3) is the norm form
of cubic extension of Q, so that the problem is to produce prime ideals in the
latter with one coordinate set to 0.
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(iv) If f(x1,z2) is reducible then we seek a Zariski dense set of points z € Z? at which
f(z) has as few as possible prime factors. For polynomials f of the special form
f(z) = fi(@)f2(z)--- fe(x), with fj(x) = z1 + g;(x2) where g; € Z[z] and
9;(0) = 0, it follows from the results in the recent paper of Tao and Ziegler [36]
that the set of z € Z2 at which f(z) is a product of ¢ primes, is Zariski dense in
A2, Equivalently the set of z at which f(z), ..., f:(z) are simultaneously prime,
is dense. This impressive result is based on the breakthrough in Green and
Tao [16] in particular their transference principle, which is a tool for replacing
sets of positive density in the usual setting of Szémeredi type theorems with a set
of positive density in the primes. The corresponding positive density theorem
is that of Bergelson and Leibman [2]. Note that for these f;’s there is no local
obstruction to z; + g;(z2) being simultaneously prime since for a given ¢ > 1
we can choose z1 = 1(q) and z2 = 0(q) (g,;(0) = 0). Apparently this is a feature
of these positive density Szemerédi type theorems in that they don’t allow for
congruence obstructions. *) The above theorem with g;(z2) = (j — 1)z2, j =
1,...,t recovers the Green-Tao theorem, that the primes contain arbitrary long
arithmetic progressions. From our point of view in paragraph (8) the amusing
difference between the “existence of primes in an arithmetic progression” and
that of an “arithmetic progression in the primes”, will be minimized as they
both fall under the same umbrella.

Hardy-Littlewood n-tuple Conjecture. — This is concerned with Z™ and sub-
groups L of Z™ acting by translations. If L is such a group denote by r(L) its rank.
We assume L # 0 so that 1 < r < n and also that for each j the coordinate function
z; restricted to L is not identically zero. For ¢ € Z™ and O = c + L the conjecture
is about finding points in O all of whose coordinates are simultaneously prime. We
state it as the following local to global conjecture:

HLC. — If O = ¢+ L as above then the set of x = (z1,...,2Zn) € O for which the
z;’s are simultaneously prime, is Zariski dense in Zcl(O) iff for each ¢ > 1 there is
an z € O such that z1z2 ...z, € (Z/qZ)*.

Note that the condition on g, which is obviously necessary for the Zariski density,
involves only finitely many ¢ (for each given ©). Also to be more accurate, the
conjecture in [18] concerns only the case of r(L) = 1 (which in fact implies the
general case). In this case Zcl(O) is a line and the conjecture asserts that there are
infinitely many points in z € O for which the n-tuples (z1,z2,...2,) are all prime

(*) Though the paper “Intersective polynomials and polynomial Szemerédi theorem” by V. Bergelson,
A. Leibman and E. Lesigne posted on ArXiv Oct/25/07, begins to address this issue.
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iff there is no local obstruction. We observe that for any r the Zcl(O) is simply a
translate of a linear subspace.

The main breakthrough on the HLC as stated above is due to I. Vinogradov (1937)
in his proof of his celebrated “ternary Goldbach theorem”, that every sufficiently large
positive odd number is a sum of 3 positive prime numbers. His approach was based
on Hardy and Littlewood’s circle method, a novel sieve and the technique of bilinear
estimates, see Vaughan [37]. It can be used to prove HLC for a non-degenerate L in
Z3 of rank at least 2. Special cases of HLC in higher dimensions are established by
Balog in [1] and recently Green and Tao [15] made a striking advance. Their result
implies HLC for L < Z* and (L) > 2 and L non-degenerate in a suitable sense.
Their approach combines Vinogradov’s methods with their transference principle. It
makes crucial use of Gowers’ techniques from his proof of Szemerédi’s theorem, and
it has close analogies with the ergodic theoretic proofs of Szémeredi’s theorem due
to Furstenberg and in particular the work of Host and Kra [22]. These ideas have
potential to establish HLC for L < Z™ of rank at least two (and non-degenerate),
which would be quite remarkable.

Pythagorean Triples. — We turn to examples of orbits O in Z" of groups acting by
matrix multiplication rather than by translations (i.e. addition). By a Pythagorean
triple we mean a point z € Z3 lying on the affine cone C given as {z : F(z) =
z? + 2% — 22 = 0} and for which ged(z1,z2,z3) = 1. We are allowing z; to be
negative though in this example we could stick to all z; > 0, so that such triples
correspond exactly to primitive integral right triangles. Let Of denote the orthogonal
group of F, that is the set of 3 X 3 matrices g for which F(zg) = F(x) for all z. Let
Or(Z) be the group of all such transformations with entries in Z. Some elements of
OFr(Z) are

1 2 2] [1 2 2 -1 -2 -2
A1= -2 -1 -2 ,A2= 2 1 2 )A3= 2 1 2
2 2 3 2 2 3 2 2 3

In fact Op(Z) is generated by A;, A2 and Az. It is a big group and one can show
that the set of all Pythagorean triples P is the orbit of (3,4,5) under Opr(Z), i.e.
P = (3,4,5)Op(Z). Following the lead of Dirichlet, let L be a subgroup of Op(Z)
and let O = (3,4,5)L be the corresponding orbit of Pythagorean triples. The area
A(x) = z122/2 of the corresponding triangle is in Q[z1, z2, z3]. We seek triangles in O
for which the area has few prime factors. What is the minimal divisibility of the areas
of a Zariski dense (in Zcl(O), which for us will be equal to C) set of triples in O7 We
return to this later on. As a side comment, a similar problem asks which numbers are
the square free parts of the areas of Pythagorean triangles in P? This is the ancient
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“congruent number problem” about which much has been written especially because
of its connection to the question of the ranks of a certain family of elliptic curves.
Heegner [20] using his precious method for producing rational points on elliptic curves
shows that any prime p = 5 or 7 mod8 is a congruent number. For a given such p
the set of triangles realizing p is very sparse but never-the-less is Zariski dense in C.
Via the same relation the congruent number problem is connected to automorphic
L-functions through the Birch and Swinnerton-Dyer Conjecture (see [38]).

Integral Apollonian Packings. — As a final example before putting forth the
general theory we discuss some Diophantine aspects of integral Apollonian packings.
Descartes is well known among other things for his describing various geometric facts
in terms of his Cartesian coordinates. One such example is the following relation
between four mutually tangent circles:

If the radius of the j*' circle is R; then its curvature a; is equal to 1/R;, j =
1,2,3,4. The relation is that

F(a1,a2,a3,a4) := 2(af+a§+a§+az) — (a1 +az+ag+a4)2 =0.

Consider now an Apollonian packing which is defined as follows; starting with 4
tangent circles of the first generation in Figure 2 (in this configuration the outer circle
has all the other circles in its interior so by convention its curvature is —1/R where
R is its radius).

Nelse

Génération 1 Génération 2 a= (-6, 11, 14, 23)

Now place a circle in each of the 4 lune regions in generation 1 so that these are
tangent to the three circles that bound the lune. The placement is possible and is
unique according to a theorem of Apollonius. At generation 2, there are now 12 new
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lunes and we repeat the process ad-infinitum. The resulting packing by circles is
called an Apollonian packing. The complement of all the open disks in the packing is
a closed fractal set whose Hausdorff dimension § is approximately 1.30. Boyd [7] has
shown that if N(T') is the number circles in the packing whose curvature is at most
T, then log N(T')/logT — 6 as T —> oo. The interesting Diophantine fact is that
if the initial 4 circles have integral curvatures then so do all the rest of the circles in
the packing. This is apparent in the example in Figure 2 where the initial 4 circles
have curvatures (-6, 11, 14, 23) and where the curvatures of each circle is displayed
in the circle. It is customary in any lecture to offer at least one proof. Ours is the
demonstration of this integrality of curvatures.

e\

In this figure the inversion S in the dotted circle, which is the unique cir-
cle orthogonal to the inside circles, takes the outermost circle to the innermost
one and fixes the other three. It takes the 4-tuple (a1,as,as,as) representing
the curvatures of the 4 outer circles to (a},as,as,as) where af is the curva-
ture of the inner most circle. From the Descartes relation it follows that a,
and a) are roots of the same quadratic equation and a simple calculation yields
that @) = —a; + 2a2 + 2a3 + 2a4. This inversion is also the step which places
the circle in the corresponding lune, that being a single step in the Apollonian
packing. It follows that if the 4 x 4 integral involutions Si, 53,53, S are given by

[—1000] 1 2 00 [1020 [1002
2 1.0 0 0 -1 0 0 01 2 0 010 2
Sl_ yS2= 7S3= ’S4=

2 010 0 2 10 00 -1 0 001 2
2 00 1 0 2 0 1 00 2 1 000 -1

and A is the group generated by Sy, Sa, Ss, Sy then the orbit O = (a1,a2,as3,a4)A,
corresponds precisely to the configurations of 4 mutually tangent circles in the packing.
Hence if a € Z* and is primitive then so is every member of the orbit and in particular
every curvature is an integer. The Diophantine properties of the numbers that are
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curvatures of an integral packing are quite subtle and are investigated in [13]. The
reason for the subtlety is that the Apollonian group A is clearly a subgroup of Or(Z)
but it is of infinite index in the latter (corresponding to the fractal dimension § =
1.30...). Still, the Zcl(A) is all of Op, which is important for our investigation
below. From the point of view of our theme in this lecture the immediate question
is whether there are infinitely many circles in an integral packing with curvature a
prime number. Or on looking at Figure 2, are there infinitely many “twin primes”
that is pairs of tangent circles with curvatures that are both prime?

Affine Orbits and Saturation. — There is a simple and uniform formulation of
all the questions above which is as follows: Let L be a group of morphisms (that is
polynomial maps) of affine n-space which preserves Z". Let ¢ € Z™ and O = cL the
corresponding orbit. If f € Q[z1,...,z,] for which f(O) is integral and is infinite, we
seek points z € O at which f(z) has few (or fewest) prime factors. We assume that
f when restricted to O is primitive, that is ged(f(O)) = 1 (otherwise divide f by the
ged). The key definition is the saturation number ro(O, f), of the pair (O, f), which
is the least r such the set of z € O for which f(z) has at most r prime factors, is
Zariski dense in Zcl(O). This number is by no means easy to determine and it is far
from clear that it is even finite. Knowing it however answers all our questions. For
example the following are easy to check

(i) ro(c+ ¢Z,z) =1 is Dirichlet’s Theorem.

(ii) r0(Z,z(z + 2)) = 2 is the twin prime conjecture.

(iif) If f€Z[z] and f factors into ¢t irreducible factors over Q[z], then ro(Z, f)=t is
equivalent to Schinzel’s hypothesis H [34] concerning simultaneous primality of
t distinct irreducible integral polynomials in one variable.

(iv) Let O = ¢+ L as in the HLC in (5). Then (O, z1z2...z,) = n is equivalent
to the HLC as stated in (5).

The fundamental general tool to study 7y is the Brun combinatorial sieve. He used
his ingenious invention to show that 7¢(Z, z(z +2)) is finite and his arguments can be
easily extended to show that 7(Z, f) < oo for any f € Z[z]. In fact the combinatorial
sieve in any of its axiomatic modern formulations can be used to show that (O, f) <
oo for any orbit O of L which is a subgroup of Z™ acting by additive translations.
As pointed out at the end of paragraph (2) above we insist on not restricting f(z) to
be positive when looking for primes or numbers with few prime factors. The reason
is that in this several variable context the condition that f(z) > 0, f € Z[z1,..., ]
can encode the general diophantine equation (for example if f(z) = 1 — g%(z) then
f(z) > 0 is equivalent to g(z) = 0). The work of Matiyasevich et al [26] on Hilbert’s
10th problem shows that given any recursively enumerable subset S of the positive
integers, there is a g € Z[zy,...,Z10] such that S is exactly the set of positive values

ASTERISQUE 322



EQUIDISTRIBUTION AND PRIMES 233

assumed by g. From this it is straight forward to construct an f € Z[z,, ..., z10] such
that for any r < oo, {z € Z!° : f(z) > 0 and f(z) is a product of at most r primes}
is not Zariski dense in Zcl{z € Z° : f(z) > 0}. That is if we insist on positive values
for f we may lose the basic finiteness of saturation property.

Returning to one variable the theory of the sieve has been developed and refined
in far-reaching ways to give good bounds for ry. For example:

ro(Z,z(x +2)) <3 (Chen 1973)
ro(Z,z* +1) < 2 (Iwaniec 1978)
ro(Z,f) < d + 1, if f is irreducible over Q[z] and has degree d [17].

The first two are especially striking as they come as close as possible to the twin prime
and Euler problems, without solving them.

While there are interesting examples of groups L acting nonlinearly and morphi-
cally on A™ and preserving Z", that come from the actions of mapping class groups
on representation varieties [11], the understanding of anything about saturation num-
bers in such cases is very difficult and is at its infancy. For L acting linearly (as in
paragraphs (6) and (7)) a theory can be developed.

An Affine Linear Sieve. — The classical setting is concerned with motions of
n-space of the form £ — z + b. In this affine linear setting we allow multiplication
as well, that is transformations of the form x — za + b with a € GL,(Z) and
b € Z" (such as the orthogonal group examples (6) and (7)). Note that it is only
for n > 2 that this group of motions is significantly larger than translations (since
GL1(Z) = £1). For the purpose of developing a Brun combinatorial sieve, apparently
multiplication is quite a bit more difficult than addition. The basic problems for our
pair (O, f) are
(i) Is 79(O, f) finite?
(ii) If it is, then to give good upper bounds for 79(O, f). Ideally these should be in
terms of the degree of f and its factorization in the coordinate ring of Zcl(O),
as has been done in the setting of one variable [17].
(iii) To determine ro(Q, f) for some interesting pairs and to give an algorithm to
predict its exact value in general, that is a generalized local to global conjecture
for which HLC and Schinzel’s Hypothesis H, are special cases.

When L is a group of affine linear transformations we now have a theory that
comes close to answering these questions, there being the caveat of tori (see below)
and some other nontrivial technical issues that still need to be resolved in general.
In Bourgain-Gamburd-Sarnak ([4], [5]) the finiteness of ro(O, f) is proven in many
cases. The new tools needed to address these questions, as well as the general setup
that we have been discussing are introduced in these papers. The proof given there
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of the finiteness does not yield any feasible values for ro(O, f). In [28] the problem is
studied in the case that L is a congruence subgroup of the Q points of a semi-simple
linear algebraic group defined over Q, such as the group Op(Z) in paragraphs (6)
and (7) above (an affine linear action can be linearized by doubling the number of
variables). For such congruence L’s we develop the combinatorial sieve using tools
from the general theory of automorphic forms on such groups and in particular make
use of the strong bounds towards the general Ramanujan Conjectures that are now
known (see [31], [9]). With this we get, in this congruence subgroup case, effective
bounds for 79(O, f) which in many such cases are of the same quality as what is
known in one variable.

There is a lacuna in this affine linear sieve theory coming from tori. As we men-
tioned, allowing multiplication as well as addition, is what makes the problem hard
and in fact pure multiplication is simply too hard and even the finiteness is question-
able in that case. Consider the example of L = {[3 §]",n € Z} < SLy(Z). L is
infinite cyclic, Zcl(L) is a torus and if O = (1,0) - L then Zcl(O) is the hyperbola
{(z1,22) = 2% — 32172 + 22 = 1}. The orbit consists of pairs (Fa,, Fon_2) n € Z
where F,, is the m'" Fibonacci number. This kind of sequence is too sparse both
from the analytic and algebraic points of view to do any kind of (finite) sieve. While
it is conjectured that F), is prime for infinitely many m, as was pointed out to me
by Lagarias, standard heuristic probabilistic considerations suggest a very different
behavior for Fy,. Indeed Fy, = F, - L, where L, is the n'" Lucas number and as-
suming a probabilistic model for the number of prime factors of a large integer in
terms of its size and that F,, and L, are independent leads to Fy, having an un-
bounded number of prime factors as n — oco. A precise conjecture along these lines
is put forth in [8] (see Conjecture 5.1). In our language this asserts that if O is as
above and f(z1,z2) = =1 then 79(O, f) = oo. It would be very interesting to pro-
duce an example of a pair (O, f) for which one can prove that 7o(O, f) is infinite.
In view of the above we must steer clear of tori and the precise setting in which
the affine linear sieve is developed (see [29]) is for linear L’s for which the radical
(the largest normal solvable subgroup) of the Q linear algebraic group G := Zcl(L),
contains no tori (the unipotent radical causes no difficulties). Applying this theory
to the examples of orthogonal groups in (6) and (7) we obtain the following. Let
F(z1,72,23) = 22 + 3 — 22 and L < Op(Z). Assume that L is not an elementary
group (in particular not finite or abelian, in fact precisely that Zcl(L) is either of the
linear algebraic groups Op or SOFp). If O = (3,4,5)L, then Zcl(O) = C the affine
cone; F = 0. For f € Z[z,,x2, 23] the results in [5] imply that ro(O, f) < c0. In
particular this applies to f(z) = A(z) = z122/2, the area. This says that given such
an orbit of Pythagorean triangles (which may be very sparse!) there is an r < oo such
that the set of triangles in O whose areas have at most r prime factors is Zariski dense
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in C. It is elementary that gcd(A(O)) = 6. From the ancient parametrization of all
the Pythagorean triples P (i.e. the Q morphism of A? into C) these are all of the form
(z1,x2,23) = (a®—b?,2ab, a® +b?) with a,b € Z, (a,b) = 1 and not both odd, one sees
that A/6 = (a — b)(a + b)(ab)/6. Now the last has at most two prime factors for only
finitely many pairs (a,b). The set of (a,b) for which it has at most 3 prime factors
lie in a finite union of curves in C (and if HLC is true for O = (2,2,0) + (3,3,1)Z,
i.e. this rank one orbit in Z3, then these curves contain infinitely many points with
A/6 having 3 prime factors). Hence for any O as above ro(0, A/6) > 4. The general
local to global conjectures [5] then assert that ro(O, A/6) = 4 for any such orbit.
Interestingly the recent advance in [15] mentioned in (5) above just suffices to prove
that for the full set of Pythagorean triples P, ro(P, A/6) = 4. Put another way the
minimal divisibility of the areas of a Zariski dense set of Pythagorean triangles is 6
(here we include the forced factors 3 and 2). The deduction is immediate, set a = 2z
and b = 3y in the ancient parametrization. Then A/6 = zy(2z + 3y) (2z — 3y) and
apply [15] to O = L = (1,0,2,2)Z+(0,1,3,—3)Z. For some other applications of [16]
see Granville [14].

As an example of an application of the affine linear sieve in the context of an L which
is a congruence group, consider an integral quadratic form F(z) in 3-variables. That
is F(z) = z* Az where A is 3 x 3 symmetric and is integral on the diagonal and half
integral on the off-diagonal. We assume that F' is indefinite over the reals but that it is
anisotropic over Q (so F(z) = 0 for z € Z® implies that = = 0) and that det A is square
free (so F(z1,z2,73) = z2 + 2% — 723 is an example, the anisotropy following from
looking at F((z) = 0 mod 8). Let 0 # t € Z for which V;(Z) = {z € Z® : F(z) = t}
is nonempty, which according to the work of Hasse and Siegel will happen iff there
are no local congruence obstructions to solving F(z) = t(mod q) for ¢ > 1. In this
case V;(Z) is a finite union of Op(Z) orbits and Zcl(V;(Z)) = V4, the affine quadric
{z : F(z) = t}. We seek points in V;(Z) whose coordinates have few prime factors, i.e.
to estimate ro(V;(Z), z12223). By the general finiteness theorem, ro(V;(Z), z1z223) is
finite. However by developing optimal weighted counting results on such quadrics and
also exploiting the best bounds known towards the Ramanujan-Selberg Conjecture,
it is shown in [24] that ro(Vz(Z), z1z223) < 26.

We turn to the Apollonian packing. An extension of the (O, f) finiteness theorem
in [5] applies to the orbit O = aL for any L which is Zariski dense in Op, where F
is the quadratic form in 4-variables in paragraph (7). In particular it applies to the
Apollonian group A with f(z) = z1z2z3z4. This asserts that in any given integral
packing there is an 7 < oo such that the set of 4 mutually tangent circles in the
packing for which all 4 curvatures have at most r prime factors is Zariski dense in
Zcl(O) = C = {z : F(z) = 0}. One can determine r¢ for O = a.A and some special
f’s using some ad hoc and elementary methods together with (ii) of paragraph (4).

SOCIETE MATHEMATIQUE DE FRANCE 2008



236 P. SARNAK

In [32] it is shown that ro(O,z;1) = 1 and ro(O, z122) = 2, from which it follows that
in any such packing there are infinitely many circles whose curvatures are prime and
better still there are infinitely many pairs of tangent circles both of whose curvatures
are prime.

As a final example of an interesting pair (O, f) for which we can determine rg,
For ¢ a nonzero integer V;(Z) consists of a finite union of L = SL,(Z) orbits where
the action of g is by X — X.g. In [28] we show using Vinogradov’s methods
mentioned in (5), that if n > 3 then ro(Vi(Z), I z;5) = n? if Il z;; is primitive on

i i,j

)

Vi(Z). Examining in detail when this happens, we deduce that the set of n x n integral
matrices of determinant ¢ all of whose entries are prime, is Zariski dense in V; iff ¢t = 0(
mod 2"~ 1). This should of course, also hold for n = 2 where it is concerned with the
equation 211722 — 12221 = t and the x;;’s are to be primes. The best that appears
to be known concerning this is the recent development by [12] from which it follows
that for this n = 2 case, 79(V;(Z), £11712221Z22) = 4, for at least one ¢ in {2,4,6}.

Comments about Proofs. — I end the lecture with a very brief hint as to what is
involved in developing a combinatorial sieve in the affine linear context. This entails
getting a little more technical. Let O = cL be our orbit and f € Z[zy,...,z,]. After
some algebro-geometric reductions of the problems (using the Q dominant morphisms
from G = Zcl(L) to V = Zcl(O) and G to G where G is the simply connected cover
of G) we can assume that O is the group L itself (as a group of matrices in the affine
space of n X n matrices) and Zcl(O) = Zcl(L) = G is a simply connected Q-group.
To do any kind of sieving we need to order the elements of L, so as to carry out some
truncated inclusion-exclusion procedure, this being at the heart of Brun’s method.
Usually one orders by archimedian size perhaps with positive weights, however in this
general setting we don’t know how to do this, so we order L combinatatorially instead.
For the groups that we are considering and for the purpose of proving that ro(O, f) is
finite, we can (according to a theorem of Tits) assume that L is free on two generators
A and B. We use the tree structure of the Cayley graph T' = (L, S) of L with respect
to the generators S = {A, A~!, B, B~1}. T is a 4-regular tree;
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For z,y € T let d(x,y) denote the distance from z to y in the tree. The key sums

that arise in sieving on L for divisibility of f are:

For d > 1 square-free and zg € T,

Sy,d) = > 1,
z€L
d(z,xg) <Y

f(=) =0(d)

or perhaps with 1 replaced by positive weights.
We are interested in S(Y,d) when Y is large and d as large as e*¥ for some a > 0.
The larger the o for which S can be understood the better. To study such sums a

couple of key features intervene:

(i)

(i)

Algebraic stabilization: This is the analogue of the Chinese remainder theorem.
We state it for the basic case of G = SL,,, it is valid for G semisimple and simply
connected. It is due (originally) to Matthews-Vaserstein and Weisfeiler [27] who
employ the classification of finite simple groups in the proof. Let L < SL,(Z)
be Zariski dense in SL,. Then there is a positive integer v = v(L) such that for
d with (d,v) = 1 the reduction L — SL,(Z/dZ) is onto.

This eventually allows us to bring in more standard tools from arithmetic
algebraic geometry, in order to identify the main term in the form

S(Y,d) = B(d)S(Y,1) + R(Y,d).

Here 3(d) is a multiplicative arithmetical function associated with counting
points mod d on the variety G N {f = 0} and R is the remainder which is
expected to be smaller. The demonstration of the latter for the purpose of
sieving far enough to get the finiteness of ro(Q, f), is essentially equivalent to
the second feature.

The (finite) Cayley graphs (SL,(Z/dZ), S) are an expander family as d — oo
(see [30] for a definition of expanders and [25] where this is conjectured). As
yet, this expander property has not been established in general and this is the
main reason that the finiteness of 79(O, f) has not been established in general
for the affine linear sieve. It is proven for SL, and related groups for d square
free, in [5]. The proof uses a variety of inputs some of which were to me at least,
quite unexpected. We list them for the simpler case that d = p is prime:

(a) The dichotomy that an irreducible complex representation of G(Z/pZ)
is either 1-dimensional or is of very large dimension (here p — o0) cou-
pled with a “softer” upper bound density theorem for multiplicities of
exceptional eigenvalues of the Cayley graphs, leads to a proof of the key
spectral gap defining an expander [33]. For the soft upper bound we use
techniques from arithmetic combinatorics.
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(b) Sum-Product Theorem [6]: This is an elementary and very useful theorem
concerning mixing the additive and multiplicative structures of a finite
field. Let € > 0 be given, there is a § > 0, § = §(¢), such that if A C F,
and |A| < p'~¢ then |A+ A| +|A- A| > |A|'*? (here p is sufficiently
large).

(c) Helfgott’s SLo(F,) Theorem [21]: Let € > 0 there is § = §(¢) > 0 such
that if A C SLy(F,), A is not contained in a proper subgroup of SLq(Fp)
and |A| < [SLa(Fp)|1~¢, then [A- A - A] > |A|**S.

(d) Balog-Szemerédi, Gowers Theorem: This is a purely combinatorial the-
orem from graph theory which is used in [3] to give the required upper
bounds on counting closed circuits in the graph, and leads to a proof that
(SL2(Z/pZ), S) is an expander family.

A point worth noting is that once the affine sieve is set up and gives lower
bounds in our combinatorial group theoretic ordering, for points in O for which
f has at most r prime factors, the expander property is used again and in a
different way to demonstrate the Zariski density of these points.

To end let me highlight the fundamental difference between the additive transla-
tional counting and the affine linear counting which necessitates the introduction of
expanders. In Z the boundary of a large interval is small compared with the size of
the interval and the same is true uniformly for an arithmetic progression of common
difference ¢ in the interval, even for ¢ almost as large as the interval length. On the
other hand on a k-regular tree (k¥ > 3) this is not true. Given a big ball B (or any
large finite set), the size of the boundary 9B is of the same order of magnitude as B.
It is exactly the expander property that allows one to draw an effective approximation
for the number of points in B lying in the orbit with a congruence condition.

Acknowledgements. — In developing this theory of an affine sieve and the geo-
metric view point described in this lecture, I have benefited from discussions with
many people. First and foremost with my collaborators on the different aspects of
the theory, Bourgain and Gamburd, Liu, Nevo and Salehi. Also with Lubotzky, Katz,
Lindenstrauss and Mazur. Finally thanks to Lagarias who pointed me to his joint
works on integral Apollonian packings and their subtle diophantine features.
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Abstract. — The projective hull X ofa compact set X C P™ is an analogue of the
classical polynomial hull of a set in C™. In the special case that X C C™ C P™, the
affine part X NC" can be defined as the set of points z € C™ for which there exists
a constant M, so that

|p(2)] < Mg supy Ip|

for all polynomials p of degree < d, and any d > 1. Let X (M) be the set of points z
where M; can be chosen < M. Using an argument of E. Bishop, we show that if
~4 C C? is a compact real analytic curve (not necessarily connected), then for any
linear projection 7w : C2 — C, the set Y(M) N 7~1(2) is finite for almost all z € C.
It is then shown that for any compact stable real-analytic curve v C P", the set :;— 07
is a 1-dimensional complez analytic subvariety of P* — v. Boundary regularity for 5
is also discussed in detail.

Résumé (L’enveloppe projective de certaines courbes dans C2). — L’enveloppe projective X
d’un compact X C P" est ’analogue de ’enveloppe polynomiale classique d’un sous-
ensemble de C™. Dans le cas particulier ou X C C™ C P™, la partie affine Xncr
peut étre définie en tant qu’ensemble de points x € C™ pour lesquels il existe une
constante M, telle que

|p(e)| < MZsupx |p|

pour tous les polynémes p de degré < d, et tout d > 1. Soit X (M) Yensemble
de points z ou M; peut étre choisi < M. En utilisant un argument d’E. Bishop,
nous montrons que si ¥ C C? est une courbe analytique réelle compacte (non né-
cessairement connexe), alors pour toute projection linéaire w : C2 — C, I’ensemble
(M) N7~1(2) est fini pour presque tout z € C. Nous montrons alors que pour toute
courbe analytique réelle compacte stable v C P™, ’ensemble :y\—'y est une sous-variété
de P" — v analytique complere de dimension 1. Nous discutons également en détail
la régularité de la frontiére de 5.
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1. Introduction

The classical polynomial hull of a compact subset X of C" is the set of points
x € C™ such that

(1.1) |p(z)| < sup|p| for all polynomials p.
X

In [4] the first two authors introduced an analogue for compact subsets of projective
space. Given X C P, the projective hull of X is the set X of points z € P™ for which
there exists a constant C = C, such that

(1.2) |P()| < e sup |P|| for all sections P € H°(P", O(d))

and all d > 1. Here O(d) is the d-th power of the hyperplane bundle with its stan-
dard metric. Recall that H°(P",O(d)) is given naturally as the set of homogeneous
polynomials of degree d in homogeneous coordinates. If X is contained in an affine
chart X C C® C P" and = € C", then condition (1.2) is equivalent to

(1.3) |p(.7:)| < M¢ s;p |p| for all polynomials p of degree d

and all d > 1 where M, = py/1+ ||z||?C, and p depends only on X. Therefore the
set X NC™ consists exactly of those points £ € C™ for which there exists an M,
satisfying condition (1.3).

This paper is concerned with the case where X = + is a real analytic curve. In [4]
evidence was given for the following conjecture.

Conjecture 1.1. — Let v C P™ be a finite union of simple closed real analytic curves.
Then 5y — v is a 1-dimensional complex analytic suvariety of P — ~.

This conjecture has many interesting geometric consequences (see (7], [5], and [6]).
The assumption of real analyticity is important. The conjecture does not hold for
all smooth curves. In particular, it does not hold for curves which are not pluripolar.

One point of this paper is to prove Conjecture 1.1 under the hypothesis that the
function C, is bounded on j. We begin by adapting arguments of E. Bishop [2] to
prove the following finiteness theorem.

Theorem 1.1. — Let v C C? be a finite union of simple closed real analytic curves.
Set

Am={zeynC?: M, < M}
where M, is the function appearing in condition (1.3). Let m : C2 — C be a linear
projection. Then

A N7 Y(2) s finite for almost all z € C.

Consequently, ¥ N w~1(z) is countable for almost all z € C.
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In Section 3 this theorem is combined with results from [4] and the theorems
concerning maximum modulus algebras to prove the following.

A set X C P" is called stable if the function Cy in (1.2) is bounded on X.

Note that if X is stable and X ¢ C" C P”, then the function M, is bounded on C"

by py/1+ [l]%.

Theorem 1.2. — Let~y C P™ be a finite union of simple closed real analytic curves. As-
sume vy is stable. Then 75—+ is a 1-dimensional complezx analytic subvariety of P™ — 7.

2. The finiteness theorem

Let X be a compact set in C® and denote by P, the space of polynomials of
degree < d on C".

Definition 2.1. — Denote by X N'C™ the set of all z € C™ such that there exists a
constant M, with

(2.1) |P(z)| < MZ sup|P|
X
for every P € Py and d > 1. The set X NC" is called the projective hull of X in C™.

As noted above, the projective hull, defined in [4], is a subset of projective space P™,
and the set X N C" is exactly that part of the projective hull which lies in the affine
chart C™ C P™. Closely related to Definition 2.1 is the following.

Definition 2.2. — Fix a number M > 1 and a point z € C"*~!. Then we set
Xum(z) = {w € C: |P(z,w)| < M¥sup|P|, VP € Py and Vd > 1}
X
and let X (2) = Uprs1 Xnm(2) = {w € C: (2,w) € X}.

We consider a special case of these definitions. We fix n = 2 and consider a simple
closed real-analytic curve X in C2. Let A denote the unit disk in C.

Theorem 2.1. — Fiz M > 1. For almost all z € A, X\M(z) is a finite set.
Corollary 2.1. — For almost all z € C the set X (2) is countable.

We shall prove Theorem 2.1 by adapting an argument, for the case of polynomially
convex hulls, by Errett Bishop in [2]. We shall follow the exposition of Bishop’s
argument in [10, Chap. 12].

Definition 2.3. — The polynomial Q(z,w) = Y, ,, Cam2"w™ is called a unit polyno-
mial if max, m [chm| = 1.
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Definition 2.4. — The polynomial Q(z,w) = 3, ,, Cam2"w™ is said to have bidegree
(d, e), for non-negative integers d and e, if ¢,m = 0 unless n < d and m < e, and d,e
are minimal with this property.

Note that deg @ < d+e < 2degQ.
Definition 2.5. — Fix M > 1. For each z € C set
Sm(z) ={w e C:|Q(z,w)| < (Md”)s‘;l(p QI
VQ € C|z,w] of bidegree (d,e) for d,e > 1}.
We now fix a number M > 1 and keep it fixed throughout what follows.
Theorem 2.2. — For almost all z € A, Sy (2) is a finite set.

Theorem 2.1 is an immediate consequence of Theorem 2.2. To see this, fix z € A
and choose w € Xp(z). Choose next a polynomial @ of bidegree (d,e) and let
6 = deg @. Then

|Q(z,w)| < MPIIQlIx < M*+*|1Qllx

and so w € Sps(z). Since this holds for all such w, X\M(z) C Sum(z). By Theorem 2.2
Sm(z) is a finite set for a. a. z € A, so X(2) is a finite set for almost all z € A.
Thus Theorem 2.1 holds.

We now go to the proof of Theorem 2.2.

Lemma 2.1. — Let Q) be a plane domain, let K be a compact set in 2, and fix zg € Q2.
Then there exists a constant r, 0 < r < 1, so that if f is holomorphic on Q and
|fl <1 on Q and if f vanishes to order A at 2g, then |f| <™ on K.

Proof. — We construct a bounded and smoothly bounded subdomain Qg of 2 with
Qo C Q, 2 € Q and K C Q. Denote by G(2,z) the Green’s function of ¢ with
pole at zg.

Then e (G+H) is a multiple-valued holomorphic function on €y with a single-
valued modulus e~¢, and this modulus is = 1 on 99 (H is the harmonic conjugate

of G). Consequently,
/e NG+

is multiple-valued and holomorphic on Qg, and its modulus is single-valued and < 1
on 9Qy. By the maximum principle for holomorphic functions, for each z € K, we
have |f/e~*G+iH)| < 1 at 2 and so

()] < [emCCo]

Putting 7 = supyx e~C, we get our desired inequality. O
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Lemma 2.2. — Let Q2 be a bounded plane domain and K a compact subset of Q. Let
L be an algebra of holomorphic functions on Q. Put ||@|| = supg |@| for all ¢ € L.
Fiz f,g € L. Then there exist r, 0 < r < 1 and C > 0 such that for each pair of
positive integers (d,e) we can find a unit polynomial Fy . of bidegree (d,e) such that

(2.2) ||dee(f, g)” S Cd+erde.

Proof. — Choose a subdomain Q; of Q with K € Q; c ©; C Q. Choose Cy > 1 with
|f| < Co, |g| < Co on Q;. Consider an arbitrary polynomial

d
F(z,w) = Z Ze: Com 2" w™

n=0m=0

and let h be the function F(f,g) in £. Fix a positive integer \. The requirement
that h should vanish at 2y to order A imposes A linear homogeneous conditions on
the ¢,m, and hence has a non-trivial solution if A < (d + 1)(e + 1). We may assume
that the corresponding polynomial F' is a unit polynomial. Since

d“h

dzv
Lemma 2.1 gives us some 7, 0 < 7 < 1, such that

(20) =0, v=0,1,...,A—-1,

|h| < (sBp|h|> ™ on K.

Q

Since F' is a unit polynomial,

d e
B <3S leam! - 17 - |gI™ < (d+ 1)(e + 1O on D

n=0m=0
Hence for large C,
IRl < (d+ 1)(e +1)CFFe < C¥rer?,
We choose A = de. Since de < (d + 1)(e + 1), we get
IF(f,9)ll = Il < C¥*erde

as desired. O

Note. — We shall apply this result to the case when K is the unit circle, Q is an
annulus containing K, and £ is the algebra of functions holomorphic on .

The curve X in our Theorem 2.2 is real analytic by hypothesis, and hence can be
represented parametrically:

2= (0, w=g(() (eQ

where f, g are functions in L.
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Lemma 2.3. — Letr,C and Fy. be as in Lemma 2.2. Fizro, v <19 < 1. Then there
exists dy such that

(2.3) (MC)¥terde < rde for d,e > do.
Proof. — We write ~ for “is equivalent to”.
de
~ d+e 7’_0 ~ T_O
(2.3) ~ (MO)**e < ( - )"~ (d+e)log(MC) < delog L )
1 1 To
~ —_— —_ < —_—
(e + d) log(MC) < log ( " )
The last inequality is true for d,e > dy for some suitable dg. We are done. a

With M,r,ro fixed, we choose dy as in (2.3). Henceforth, we tacitly as-
sume d, e > do.

Definition 2.6. — Fix d,e and put F' = F . as above. Then
F(z,w) = Z Gj(z)w?
3j=0

where for some j = jo, G}, is a unit polynomial of degree < d. We define
Llde

T(d,e)={z€A:|Gj,(2)] <rg™}.

Lemma 2.4. — Let F be a unit polynomial in z, of degree k, and let a be a positive
number. Put A = {z € A : |F(2)| < o*}. Then

m(A) < 48,
where m is 2-dimensional measure.

Proof. — This is Lemma 12.3 in [10], and a proof of it is given there. O

Lemma 2.5. — Fiz d,e. Fiz a point z; € A — T(d,e). Then there exists a unit
polynomial B in one variable, of degree < e, such that for every wg € Sps(21), we have

|B(w0)| < 'ro%de.

Proof. — Define the polynomial A in one variable by A(w) = F(z1,w), where
F = Fy.. As in Definition 2.6 then

A(w) = Z Gj(z1)w?
7=0
and Gj, is a unit polynomial in 2;. Since 2; ¢ T'(d, e), we have

(2.4) |Gjo(21)] > 8™
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Fix wp € Sp(21). Then
|F(21,w0)] < M4+ ||F|Ix

< Mitegdtepde by (2.2)
< rde by (2.3).

We shall divide A by its largest coefficient K. Note that
K| > (G ()] > 7
by (2.4). Put B(w) = A(w)/K. Then deg B < e and
| B(wo)| = lAI(;{Ur)I = lF(T}élu)O)l < :5; = rg®.

0

We are done. a

e

Lemma 2.6. — For each d,
m(T(d,e)) < 48r2°.

Proof. — Fix e and fix d. With G, as above, write G = G;,. Then degG < d.
By definition of T'(d,e), if z € T'(d, e), then

and so .
T(d,e) C {2z € A:|G(2)| < (rg%)eC}.
Therefore,
m[T(d,e)] <m{z € A:|G(z)| < ¥}
where a = ro%e and k = degG. By Lemma 2.4, m{z € A : |G(2)| < oF} < 48a,
and so m[T(d,e)] < 48rZ°, as was to be shown. O
Definition 2.7. — Fix e and and set
H, = {z :z € A —T(d,e) for infinitely many d}.
Lemma 2.7. — If z* € H,, then Sy (2*) has at most e elements.
Proof. — Fix z* € H,. Then there exists a sequence {d;} such that z* € A —T(d;,e)

for each j. By Lemma 2.5, for each j there is a unit polynomial B; with deg B; < e
such that

(2.5) | Bj(wo)| < ré(dje) for each wg € Spr(2").

Since deg B; < e for all j, and each B; is a unit polynomial, there exists a sub-
sequence of the sequence {B;} converging uniformly to a unit polynomial B* on
compact sets in the w-plane. Because of (2.5), B*(wp) = 0 for each wg € Sp(2*).
Also, deg B* < e. Hence the cardinality of Sps(2*) is < e. We are done. d
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Proof of Theorem 2.2. — Our task is to show that m{z € A : Sj/(2) is infinite } = 0.
Fix e. Fix 2 € A— H,. Since z ¢ H,, we have z € A —T(d, e) for only finitely many d,
so z € T'(d, e) for all d from some d = k on. Therefore,

zZ € ﬁ T(d,e)
d=k
and so
(2.6) A— D [ ﬁ ]

By Lemma 2.6, m(T(d,e)) < 487'0§e for each d. Therefore,

m( ﬁ T(de)) < a8rs*
k=1

for each k. So the right hand side of (2.6) is the union of an increasing family of sets

each of which has m-measure < 48rée. Thus (2.6) gives
2.7) m(A — H,) < 48rg°

Also, by Lemma 2.7, we have

(2.8) If 2* € He, then #{Su(z*)} <e.

Fix z € A such that the set Sy(z) is infinite. Then z ¢ H, for each e, that is,
z € A — H, for all e. Hence, {z € A : Sp(2) is infinite } C A — H,. Therefore

m{z € A : Sp(2) is infinite } <m(A-H,) < 48r§e

by (2.7). We now let e — oo and conclude that m{z € A : Sps(2) is infinite } = 0.
Theorem 2.2 is proved. O

Proof of Corollary 2.1. — Fixr > 0 and apply Theorem 2.1 to the curve p,(X) where
: C2 — C2 is given by p,(z) = rz. Since p.(X NC2) = (p, X ) N C?, we conclude
that Theorem 2.1 holds with A replaced by iA. 0O

Theorem 2.3. — Theorem 2.1 remains valid without the assumption that X is con-
nected, that is, it is valid when X is a finite union of real analytic simple closed
curves in C?.

Proof. — Write X = ;U U---U~yn where each v C C? is a simple closed real an-
alytic curve. Choose a neighborhood §2 of the unit circle K in C and complex analytic
maps (fr,gx) : Q% — C%, k =1,..., N whose restriction to K is a parameterization
of . We now apply the following.
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Lemma 2.8. — Let Q be a plane domain and K a compact subset of . Let L be
an algebra of holomorphic functions on Q. Put ||@|| = supg |¢| for all p € L. Fiz
fr,gx € L for k=1,...,N. Then there exist 7, 0 < r < 1 and C > 0 such that for
each pair of positive integers (d,e) with d+e > N, we can find a unit polynomial Fy .
of bidegree (d,e) such that

(2.9) | Fae(fe, 08)|| < CHer® for k=1,...,N.

Proof. — We fix a point zg € Q and choose Fy. so that Fg(fk,gx) vanishes to
order de/N at zo for all k. This is possible if d + e > N. We then proceed as in the
proof of Lemma 2.2. |

One can now carry out the arguments given above for the case of one component.

The only difference is that in the estimates, r§ will be replaced by rg/ N O

3. The analyticity theorem

Let O(1) — P™ denote the holomorphic line bundle of Chern class 1 over complex
projective n-space, endowed with its standard U(n+1)-invariant metric || . ||. Follow-
ing [4], we define the projective hull of a compact subset X C P™ to be the set X of
points € P™ for which there exists a constant C' = C, such that

(3.1) I1P(2)] < CF sup || Pl
for all holomorphic sections P € H(P",O(d)) and all d > 1.

Note. — Recall that the holomorphic sections H°(P", O(d)) correspond naturally to
the homogeneous polynomials of degree d in homogeneous coordinates [Z, ..., Z,]
for P*. From this one can see (cf. [4, §6]) that if X is contained in an affine
chart C™ C P”, then XnCris exactly the “projective hull of X in C™” introduced in § 2.
Moreover, the function M, appearing in (2.1) can be taken to be M = p+/1 + [[C[]2C;
for ¢ € b'da C", where p is a constant depending only on X.

For each z € X there is a best constant C(z) = min{C; : (3.1) holds VP}. The
set X is called stable if the best constant function C is bounded on X. We know
from [4, Prop. 10.2] that if X is stable, then X is compact.

The point of this section is to prove the following projective version of the main
theorem in [9].

Theorem 3.1. — Lety C P™ be a finite union of real analytic closed curves and assume
v is stable. Then 7 — vy is a one-dimensional complex analytic subvariety of P™ — .
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Note. — When this conclusion holds, one can show that, in fact, 7 is the image of a
compact Riemann surface with analytic boundary under a holomorphic map to P”.
We will prove this in §4.

Proof. — Assume to begin that n = 2. Since + is real analytic, it is pluripolar, i.e.,
locally contained in the {—oc}-set of a plurisubharmonic function (which is # —o0).
Therefore, by [4, Cor.4.4] we know that ¥ is also pluripolar. In particular, it is
nowhere dense. As noted above, ¥ is closed by stability. Hence, we may choose a
point z € P? and a ball B centered at = such that ¥ C P2 — B. Let

(3.2) P? - {z} = P!

be linear projection with center z. This projection (3.2) is naturally a holomorphic
line bundle = O(1), and

(3.3) P2 - B -5 P!

can be identified, after scalar multiplication by some constant r > 0, with its open
unit disk bundle.

Cover P! with two affine charts: Vy = P!—{0} and V,, = P!—{c0}, and assume that
YN~ 1(0) = yN 7~} (oo) = @. By symmetry we may restrict attention to 771(Vy).
This chart has an identification

7N (Veo) 2 C? = {(2,w) : 2,w € C}

with the property that V., maps linearly to the z-axis and m can be written as
7(z,w) = z. The subset P2 — B, intersected with this chart, is represented by

(3.4) (P - B)NC? = {(z,w) : |w|* < |2|> + 1}.
Set
Q=C-n(y) and U=a"4Q)=C?—7""(n(y)).
Proposition 3.1. — Let v C C? be a stable real analytic curve with the property that
(3.5) ANC? C {(z,w): |Jw]® < |z +1}.
Then YN U is a 1-dimensional complex analytic subvariety of U.
Proof. — Note to begin that since 7 is compact, condition (3.5) implies that
(3.6) m:3yNU — Q is a proper map.

Consider now the algebra A of functions on YN U given by restriction of the holomor-
phic functions on U, i.e.,

A={fpw:feOU)}.

We now claim that (4,5 N U,$, ) is a mazimum modulus algebra, as defined in [1,
p. 64]. Given (3.6) this means that we need only prove the following.
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Lemma 3.1. — For each z9 € Q and each closed disk D C ) centered at zo, the
equality

(3.7) |f(z0,w0)| < sup |f]
yNn—1(8D)

holds for all f € A.

Proof. — By hypothesis (3.5) there exists an R > 0 such that

Fna~YD) c D x Aip
where A, = {w : |w| < r}. In particular, we have that
(3.8) 7N0(D x Ar) =7N (8D x Ag) =3N 7~ 1(dD).
Now Theorem 12.8 in [4] states that

Fnm"YD)=7n (D x Ag) C polynomial hull of y N 8(D x ARg).
Applying (3.8) gives
7 Na~1(D) C polynomial hull of N 7~ (dD),

and Lemma 3.1 follows immediately. a

We have now shown that (A,7NU,Q, ) is a maximum modulus algebra. Further-
more, since 7 is stable, we know from Theorem 2.1 that there exists an N > 0 such
that

QN)={2€Q:#(x"(z)N7) <N}
has positive measure. (Since Q — | Jy Q(N) has measure zero.) It now follows from
Theorem 11.8 in [1] that:
(i) 2 =Q(N), and
(i) there exists a discrete subset A C 2 such that 7 N7 ~1(Q2 — A) has the structure
of a Riemann surface on which every function in A is analytic.

Since A is the restriction of holomorphic functions on U to ¥, condition (ii) implies
that 7N 7~1(2 — A) is a 1-dimensional complex analytic subvariety of 7=1(Q — A) =
U —n~1(A).

It now follows that ¥ N U is a 1-dimensional complex analytic subvariety of U.
To see this, fix 290 € A and choose a small closed disk D C Q centered at 2y
with DN A = {z}. The arguments above show that ¥ N 7#~1(D) is contained in
the polynomial hull of the real analytic curve yN7~1(0D). Applying standard results
[1, §12] proves Proposition 3.1. a

Proposition 3.1 together with the discussion preceding it, give the following.

Corollary 3.1. — The set y—n~1(m) is a complex analytic subvariety of dimension 1
in P? — 7 1(ny).
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Observe that for every point y € P2 — 7 there is a point z € P? — 4 such that
m(y) ¢ w(y) where = is the projection (3.2) with center z. Consequently, Corollary 3.1
proves Theorem 3.1 for the case n = 2.

Suppose now that n = 3 and choose z € P3 — 7. The set of such z is open and
dense since ¥ is a compact pluripolar set of Hausdorff dimension 2 (cf. [4, Cor.4.4
and Thm. 12.5]). Let II : P3 — {x} — P? be the projection with center z. One sees
easily that

1) € Iy,

and by the above ﬁTy—H'y is a complex analytic curve in P2 —IIy. Standard arguments
now show that 5 — v is a complex analytic curve in P> — v. Proceeding by induction
on n completes the proof of Theorem 3.1. O

4. Boundary Regularity

The conclusion of Theorem 3.1 implies a strong regularity at the boundary. For
future reference we include a discussion of this regularity.

Theorem 4.1. — Let v C P™ be a finite disjoint union of real analytic reqular closed
curves, and suppose V is a 1-dimensional complex analytic subvariety of the comple-
ment P* — . Then the closure

where:

1) Each V; is a 1-dimensional complex analytic subvariety of finite area in P™ — v
whose closure V; is an immersed variety in P" with non-empty boundary 0V, = v;
consisting of a union of components of v. In particular, there ezxists a connected
Riemann surface S;, a compact subdomain W] C S; with real analytic boundary, and
a generically injective holomorphic map

biS — B with p(F) =7
which is an embedding on a neighborhood of OW; and has p;(OW;) = ;.

2) The closure of each V), is an irreducible algebraic curve in P™ with vy C Reg(v;c)
where i, is a (possibly empty) finite union of components of 7.

Note. — When v is stable and V =¥, each 7y is non-empty for m < k < 4.

Theorem 4.1 can be put into a more succinct form.
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Theorem 4.2. — Let~ and V be as above. Then there erists a Riemann surface S (not
necessarily connected), a compact subdomain W C S with real analytic boundary, and
a holomorphic map p : S — P™ which is generically injective and satisfies

2) p is an embedding on a tubular neighborhood of OW in S and
3) p(OW) is a union of components of .

Proof of Theorem 4.1. — We assume n = 2. The case of general n is similar.

We first note that V has finite area and finitely many irreducible components
Vi,...,Ve. This follows from work of Shiffman, but can be seen directly as follows.
Choose any p € P2 — V and let 7 : P2 — {p} — P! be projection. Then 7|y is finitely
sheeted over P! — 7(y), and therefore V has finitely many components. In fact my
must also be finitely sheeted over all of P!. To see this note that V can contain no fibre
of w since p ¢ V =V U~. Hence, the intersection 7=1(z) NV for z € m(y) is at most
countable. If it were infinite, one easily sees that the sheeting number in contiguous
domains of P! — 7(7y) is unbounded. Choosing two distinct such projections and an
easy estimate shows that the integral of the projective Kéhler form on V is finite.

Now each irreducible component V; of V' defines a current [V;] by integration whose
boundary is supported in . By the Federer Flat Support Theorem [3, 4.1.15],

o] = n;[v;]
where v; = suppd[Vj] is a union of connected components of  (appropriately ori-
ented) and n; > 0 is a locally constant integer-valued function on ;. Order the V; so
that 9[V;] # 0 for j =1,...,m and 9[V;] = 0 for j > m.

Since 7 is a regularly embedded real analytic curve, it has a complexification ¥ D ~y
which is a union of regularly embedded closed complex analytic annuli. Let ¥; denote
that part of ¥ which is the complexification of y; for j < m. Write &; = 2}' Uy UZ;
where E;t are the components of £; — v; with signs chosen so that £+ is the “outer
strip”, that is, so that

82;' = 'yf - ;.
Consider the current [V;*] = [V;] + n; [E;’] which has
o[V;*] = n ;.

The structure theorem of King (8] implies that supp[V;*] is a 1-dimensional subvariety
of P2 — 'y]'f. It follows that V* is an analytic continuation of V; and in particular

nj=1 and X; CV,.

Defining p; : S; — V;* to be the normalization of V;* and setting W, = p~(V})
completes part 1) unless there exist V, # V; which share some common boundary
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components. In this case V; and V; are analytic continuations of each other and can
be combined into a single component of V. Eliminating all common boundaries in
this manner completes part 1).

Note that after fusing components, one may obtain algebraic curves which contain
a non-empty union of components of v in their regular locus. These will be listed
in part 2). The remaining components of V' (whose current boundaries are zero) are
algebraic curves by King [8]. a
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