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E Q U I D I S T R I B U T I O N A N D P R I M E S 

by 

Peter Sarnak 

To Jean Pierre Bourguignon* 

Abstract. — We begin by reviewing various classical problems concerning the exis­
tence of primes or numbers with few prime factors as well as some of the key develop­
ments towards resolving these long standing questions. Then we put the theory in a 
natural and general geometric context of actions on affine n-space and indicate what 
can be established there. The methods used to develop a combinational sieve in this 
context involve automorphic forms, expander graphs and unexpectedly arithmetic 
combinatorics. Applications to classical problems such as the divisibility of the areas 
of Pythagorean triangles and of the curvatures of the circles in an integral Apollonian 
packing, are given. 

Résumé (Équidistribution des nombres premiers). — Nous commençons par l'examen de di­
vers problèmes classiques concernant l'existence de nombres premiers ou de nombres 
avec peu de facteurs premiers, ainsi que quelques-uns des développements clés vers 
la résolution de ces questions posées il y a bien longtemps. Ensuite, nous plaçons 
la théorie dans un contexte géométrique naturel et général d'actions sur le n-espace 
affine et nous indiquons ce qui peut être établi dans ce contexte. Les méthodes utili­
sées pour développer un crible combinatoire dans ce contexte impliquent les formes 
automorphes, les graphes d'expansion et, de manière inattendue, les combinatoires 
arithmétiques. Nous fournissons des applications aux problèmes classiques, tels que 
la divisibilité des aires des triangles pythagoriens et les courbures des circles dans un 
paquetage apollonien entier. 

I have chosen to talk on this topic because I believe it has a wide appeal and 

also there have been some interesting developments in recent years on some of these 

classical problems. The questions that we discuss are generalizations of the twin prime 

conjecture; that there are infinitely many primes p such that p + 2 is also a prime. I 

2000 Mathematics Subject Classification. — llAxx, 20Gxx. 
Key words and phrases. — Primes, sieves, affine orbits, saturation numbers, expanders and sum-
product. 

* This is an expanded version of the lecture that I had intended to give at the conference honor­
ing Bourguignon on the occasion of his 60 t h birthday and which I gave at the Pacific Institute of 
Mathematical Sciences in 2007. 
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am not sure who first asked this question but it is ancient and it is a question that 
occurs to anyone who looks, even superficially, at a list of the first few primes. Like 
Fermat's Last Theorem there appears to be nothing fundamental about this problem. 
We ask it simply out of curiosity. On the other hand the techniques, theories and 
generalizations that have been developed in order to understand such problems are 
perhaps more fundamental. 

Dirichlet's Theorem. — In many ways this theorem is still the center piece of 
the subject. Like many landmark papers in mathematics, Dirichlet's paper proving 
the theorem below, initiated a number of fields: abelian groups and their characters, 
L-functions, class number formulae... The theorem asserts that an arithmetic pro­
gression c, c + q, c + 2#, c + 3#, . . . contains infinitely primes if and only if there is 
no obvious congruence obstruction. An obvious such obstruction would be say that 
c and q are both even or more generally that the greatest common divisor (c, q) of 
c and q is bigger than 1. Stated somewhat differently, let L ^ 0 be a subgroup of 
Z, so L = qZ for some q > 1, and let O = c + L be the corresponding orbit of c 
under L, then O contains infinitely many primes iff (c, q) = 1 (strictly speaking this 
statement is slightly weaker since Dirichlet considers one-sided progressions and here 
and elsewhere we allow negative numbers and call — p a prime if p is a positive prime). 

Initial Generalizations. — There are at least two well known generalizations of 
Dirichlet's Theorem that have been investigated. The first is the generalization of his 
L-functions to ones associated with general automorphic forms on linear groups. This 
topic is one of the central themes of modern number theory but other than pointing 
out that these are used indirectly in proving some of the results mentioned below, I 
will not discuss them in this lecture. The second generalization is to consider other 
polynomials besides linear ones. Let / G Z[x] be a polynomial with integer coefficients 
and let O = c + L as above. Does f(0) contain infinitely many primes? For example 
if O = Z; is f(x) = x2 +1 a prime number for infinitely many x (a question going back 
at least to Euler). Is f(x) = x{x + 2) a product of two primes infinitely often? (this 
is a reformulation of the twin prime question). Neither of these questions have been 
answered and the answer to both is surely, yes. We will mention later what progress 
has been made towards them. In his interesting and provocative article "Logical 
Dreams" [35], Shelah puts forth the dream, that this question of Euler "cannot be 
decided". This is rather far fetched but for the more general questions about primes 
and saturation on very sparse orbits associated with tori that are discussed below, 
such a possibility should be taken seriously. We turn first in the next paragraph to 
several variables, that being the setting in which some problems of this type have 
been resolved. 
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Two Variables. — Let O = 1? and let / be a nonconstant polynomial in Z[xi, x2]. 

If / is irreducible in Q[xi ,#2] and the greatest common divisor of the numbers f(x) 

with x E O is 1, then it is conjectured that / takes on infinitely many prime values. 

In this higher dimensional setting we have found it more intrinsic and natural from 

many points of view to ask for more. That is the set of x G O at which f(x) is 

prime should not only produce an infinite set of primes for the values f(x) but these 

(infinitely) many points should not satisfy any nontrivial algebraic relation. In the 

language of algebraic geometry, these points should be Zariski dense in the affine 

plane A2. The Zariski topology on affine n-space An is gotten by declaring the closed 

sets to be the zero sets (over C) of a system of polynomial equations. Thus a subset 

S of An is Zariski dense in An iff S is not contained in the zero set of a nontrivial 

polynomial g(xi,..., xn). In A1 a set is the zero set of a nontrivial polynomial iff the 

set is finite. So the Zariski dense subsets of A1 are simply the infinite sets. We denote 

the operation of taking the Zariski closure of a set in An by Zcl. 

All the approaches to the conjecture that we are discussing involve giving lower 

bounds for the number of points in finite subsets of O at which f(x) is prime. Usually 

one defines these sets by ordering by size of the numbers (so a big box in A2) but 

in some variations of these problems that I discuss later quite different orderings are 

employed. A measure of the quality of the process is whether in the end the lower 

bound is strong enough to ensure the Zariski density of the points produced. As far 

as the conjecture that under the assumptions on / at the beginning of (4), the set of 

x e O a,t which f(x) is prime, is Zariski dense in A2, the following is known: 

(i) For / linear it follows from Dirichlet's theorem. 

(ii) For / of degree two and / non-degenerate (in the sense of not reducing to a poly­

nomial in one variable) it follows from Iwaniec [23]. His method uses the combi­

natorial sieve which we will discuss a bit further on, as well as the Bombieri-A. 

Vinogradov theorem which is a sharp quantitative version of Dirichlet's theorem 

(when counting primes p of size at most x and which are congruent to varying 

c modulo 0, with a as large as x1/2). 

(m) A striking breakthrough was made by Friedlander and Iwaniec [10]. It follows 

from their main result that the conjecture is true for f(x1,x2) X^ ~\~ X2 • They 

exploit the structure of this form in that it can be approached by examining 

primes a = a + byf^l in Z[y/^ï\ with b — z2. This was followed by work of 

Heath-Brown and the results in [19] imply that the conjecture is true for any 

homogeneous binary cubic form. They exploit a similar structure, in that such 

an f(xi,x2) is of the form N(xi,x2,0) where N(xi,x2,xs) is the norm form 

of cubic extension of Q, so that the problem is to produce prime ideals in the 

latter with one coordinate set to 0. 
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(iv) If f(xi, x2) is reducible then we seek a Zariski dense set of points x G 1? at which 
f(x) has as few as possible prime factors. For polynomials / of the special form 
f(x) = fi(x)f2(x)--ft(x), with fj(x) = xi + 9j(x2) where g5 G Z[x] and 
<7j(0) = 0, it follows from the results in the recent paper of Tao and Ziegler [36] 
that the set of x G Z2 at which f(x) is a product of t primes, is Zariski dense in 
A2. Equivalently the set of x at which fi(x),..., ft(x) are simultaneously prime, 
is dense. This impressive result is based on the breakthrough in Green and 
Tao [16] in particular their transference principle, which is a tool for replacing 
sets of positive density in the usual setting of Szemeredi type theorems with a set 
of positive density in the primes. The corresponding positive density theorem 
is that of Bergelson and Leibman [2]. Note that for these fj's there is no local 
obstruction to x\ + gj(x2) being simultaneously prime since for a given q > 1 
we can choose X\ = l(q) and x2 = 0(q) (gj(0) = 0). Apparently this is a feature 
of these positive density Szemeredi type theorems in that they don't allow for 
congruence obstructions.(*) The above theorem with gj(x2) = (j — l)x2, j = 
1,..., t recovers the Green-Tao theorem, that the primes contain arbitrary long 
arithmetic progressions. From our point of view in paragraph (8) the amusing 
difference between the "existence of primes in an arithmetic progression" and 
that of an "arithmetic progression in the primes", will be minimized as they 
both fall under the same umbrella. 

Hardy-Lit tie wood n-tuple Conjecture. — This is concerned with Z n and sub­
groups L of Z n acting by translations. If L is such a group denote by r(L) its rank. 
We assume L 7̂  0 so that 1 < r < n and also that for each j the coordinate function 
Xj restricted to L is not identically zero. For c G Z n and O = c + L the conjecture 
is about finding points in O all of whose coordinates are simultaneously prime. We 
state it as the following local to global conjecture: 

HLC. — If O = c + L as above then the set of x = (xi,..., xn) G O for which the 
Xj ys are simultaneously prime, is Zariski dense in Zcl(0) iff for each q > 1 there is 
an x G O such that X\X2 .. .xn G (Z/gZ)*. 

Note that the condition on </, which is obviously necessary for the Zariski density, 
involves only finitely many q (for each given O). Also to be more accurate, the 
conjecture in [18] concerns only the case of r(L) = 1 (which in fact implies the 
general case). In this case Zcl(0) is a line and the conjecture asserts that there are 
infinitely many points in x G O for which the n-tuples (#i, x2,... xn) are all prime 

(*) Though the paper "Intersective polynomials and polynomial Szemeredi theorem" by V. Bergelson, 
A. Leibman and E. Lesigne posted on ArXiv Oct/25/07, begins to address this issue. 
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iff there is no local obstruction. We observe that for any r the Zcl(0) is simply a 

translate of a linear subspace. 

The main breakthrough on the HLC as stated above is due to I. Vinogradov (1937) 

in his proof of his celebrated "ternary Goldbach theorem", that every sufficiently large 

positive odd number is a sum of 3 positive prime numbers. His approach was based 

on Hardy and Littlewood's circle method, a novel sieve and the technique of bilinear 

estimates, see Vaughan [37]. It can be used to prove HLC for a non-degenerate L in 

Z3 of rank at least 2. Special cases of HLC in higher dimensions are established by 

Balog in [1] and recently Green and Tao [15] made a striking advance. Their result 

implies HLC for L < Z4 and r(L) > 2 and L non-degenerate in a suitable sense. 

Their approach combines Vinogradov's methods with their transference principle. It 

makes crucial use of Gowers' techniques from his proof of Szemeredi's theorem, and 

it has close analogies with the ergodic theoretic proofs of Szemeredi's theorem due 

to Furstenberg and in particular the work of Host and Kra [22]. These ideas have 

potential to establish HLC for L < ZN of rank at least two (and non-degenerate), 

which would be quite remarkable. 

Pythagorean Triples. — We turn to examples of orbits O in ZN of groups acting by 

matrix multiplication rather than by translations (i.e. addition). By a Pythagorean 

triple we mean a point x € Z3 lying on the affine cone C given as {x : F(x) = 

X-^ -j- X<2 ^3 — ^ and for which gcd(xi^x2lxs) = 1. We are allowing Xj to be 

negative though in this example we could stick to all Xj > 0, so that such triples 

correspond exactly to primitive integral right triangles. Let OF denote the orthogonal 

group of F, that is the set of 3 x 3 matrices g for which F(xg) = F(x) for all x. Let 

OF(Z) be the group of all such transformations with entries in Z. Some elements of 

OF{Z) are 

A, = 

1 2 2 

- 2 - 1 - 2 

2 2 3 

A2 = 

1 2 2 

2 1 2 

2 2 3 

A3 = 

- 1 - 2 - 2 

2 1 2 

2 2 3 

In fact OF(Z) is generated by A\,A2 and A 3 . It is a big group and one can show 

that the set of all Pythagorean triples P is the orbit of (3,4,5) under OF(Z), i.e. 

P = ( 3 , 4 , 5 ) O F ( Z ) . Following the lead of Dirichlet, let L be a subgroup of 0F(Z) 

and let O = (3,4,5)L be the corresponding orbit of Pythagorean triples. The area 

A(x) = x\x2/2 of the corresponding triangle is in Q[xi, x2, £ 3 ] . We seek triangles in O 

for which the area has few prime factors. What is the minimal divisibility of the areas 

of a Zariski dense (in Zcl(0), which for us will be equal to C) set of triples in Ol We 

return to this later on. As a side comment, a similar problem asks which numbers are 

the square free parts of the areas of Pythagorean triangles in P? This is the ancient 
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"congruent number problem" about which much has been written especially because 
of its connection to the question of the ranks of a certain family of elliptic curves. 
Heegner [20] using his precious method for producing rational points on elliptic curves 
shows that any prime p = 5 or 7 mod 8 is a congruent number. For a given such p 
the set of triangles realizing p is very sparse but never-1he-less is Zariski dense in C. 
Via the same relation the congruent number problem is connected to automorphic 
L-functions through the Birch and Swinnerton-Dyer Conjecture (see [38]). 

Integral Apollonian Packings. — As a final example before putting forth the 
general theory we discuss some Diophantine aspects of integral Apollonian packings. 
Descartes is well known among other things for his describing various geometric facts 
in terms of his Cartesian coordinates. One such example is the following relation 
between four mutually tangent circles: 

If the radius of the jth circle is Rj then its curvature dj is equal to 1/Rj, j = 
1, 2,3,4. The relation is that 

F(ai,a2,a3,a4) := 2 (a\ + a2

2 + al + a\) (ai +a 2 +a 3 + a4)2 = 0 . 
Consider now an Apollonian packing which is defined as follows; starting with 4 

tangent circles of the first generation in Figure 2 (in this configuration the outer circle 
has all the other circles in its interior so by convention its curvature is —1/R where 
R is its radius). 

Génération 1 Génération 2 

35 

14 

23 

1 1 

26 

15 

a = (-6, 11, 14, 23) 

Now place a circle in each of the 4 lune regions in generation 1 so that these are 
tangent to the three circles that bound the lune. The placement is possible and is 
unique according to a theorem of Apollonius. At generation 2, there are now 12 new 
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limes and we repeat the process ad-infinitum. The resulting packing by circles is 

called an Apollonian packing. The complement of all the open disks in the packing is 

a closed fractal set whose Hausdorff dimension S is approximately 1.30. Boyd [7] has 

shown that if N(T) is the number circles in the packing whose curvature is at most 

T, then log N(T)/log T —• S as T — • oo. The interesting Diophantine fact is that 

if the initial 4 circles have integral curvatures then so do all the rest of the circles in 

the packing. This is apparent in the example in Figure 2 where the initial 4 circles 

have curvatures (-6, 11, 14, 23) and where the curvatures of each circle is displayed 

in the circle. It is customary in any lecture to offer at least one proof. Ours is the 

demonstration of this integrality of curvatures. 

In this figure the inversion S in the dotted circle, which is the unique cir­

cle orthogonal to the inside circles, takes the outermost circle to the innermost 

one and fixes the other three. It takes the 4-tuple (01,02,03,04) representing 

the curvatures of the 4 outer circles to (0^,02,03,04) where a[ is the curva­

ture of the inner most circle. From the Descartes relation it follows that a\ 

and a[ are roots of the same quadratic equation and a simple calculation yields 

that a[ = — 01 -h 202 + 203 + 204. This inversion is also the step which places 

the circle in the corresponding lune, that being a single step in the Apollonian 

packing. It follows that if the 4 x 4 integral involutions S i , 52, £3, S4 are given by 

Si = 

- 1 0 0 0 

2 1 0 0 

2 0 1 0 

2 0 0 1 

S2 = 

1 2 0 0 

0 - 1 0 0 

0 2 1 0 

0 2 0 1 

s3 = 

1 0 2 0 

0 1 2 0 

0 0 - 1 0 

0 0 2 1 

s 4 = 

1 0 0 2 

0 1 0 2 

0 0 1 2 

0 0 0 -1 

and A is the group generated by S i , S2, S3, S4 then the orbit O = (01,02,03,0,4)A, 

corresponds precisely to the configurations of 4 mutually tangent circles in the packing. 

Hence if o E Z 4 and is primitive then so is every member of the orbit and in particular 

every curvature is an integer. The Diophantine properties of the numbers that are 
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curvatures of an integral packing are quite subtle and are investigated in [13]. The 

reason for the subtlety is that the Apollonian group A is clearly a subgroup of Op (Z) 

but it is of infinite index in the latter (corresponding to the fractal dimension 5 = 

1 . 3 0 . . . ) . Still, the Zcl(A) is all of O F , which is important for our investigation 

below. Prom the point of view of our theme in this lecture the immediate question 

is whether there are infinitely many circles in an integral packing with curvature a 

prime number. Or on looking at Figure 2, are there infinitely many "twin primes" 

that is pairs of tangent circles with curvatures that are both prime? 

Affine Orbits and Saturation. — There is a simple and uniform formulation of 

all the questions above which is as follows: Let L be a group of morphisms (that is 

polynomial maps) of affine n-space which preserves Z n . Let c G Z n and O = cL the 

corresponding orbit. If / 6 Q [ # i , . . . , xn] for which f(0) is integral and is infinite, we 

seek points x G O at which f(x) has few (or fewest) prime factors. We assume that 

/ when restricted to O is primitive, that is gcd ( / (0 ) ) = 1 (otherwise divide / by the 

gcd). The key definition is the saturation number r*o(0, / ) , of the pair ( (9 , / ) , which 

is the least r such the set of x G O for which f(x) has at most r prime factors, is 

Zariski dense in Zcl(0). This number is by no means easy to determine and it is far 

from clear that it is even finite. Knowing it however answers all our questions. For 

example the following are easy to check 

(i) r*o(c + qZ,x) = 1 is Dirichlet's Theorem. 

(ii) ro(Z, x(x + 2)) = 2 is the twin prime conjecture. 

(iii) If feZ[x] and / factors into t irreducible factors over Q[x], then r*o(Z,/)=£ is 

equivalent to Schinzel's hypothesis H [34] concerning simultaneous primality of 

t distinct irreducible integral polynomials in one variable. 

(iv) Let O = c + L as in the HLC in (5). Then r*o(0, x\x2 ... xn) = n is equivalent 

to the HLC as stated in (5). 

The fundamental general tool to study r*o is the Brun combinatorial sieve. He used 

his ingenious invention to show that ro(Z, x(x + 2)) is finite and his arguments can be 

easily extended to show that r*o(Z, / ) < oo for any / G Z[x). In fact the combinatorial 

sieve in any of its axiomatic modern formulations can be used to show that ro(0, f) < 

oo for any orbit O of L which is a subgroup of Z n acting by additive translations. 

As pointed out at the end of paragraph (2) above we insist on not restricting f(x) to 

be positive when looking for primes or numbers with few prime factors. The reason 

is that in this several variable context the condition that f(x) > 0, / G Z [x i , . . . , x n ] 

can encode the general diophantine equation (for example if f(x) = 1 — g2(x) then 

f(x) > 0 is equivalent to g(x) = 0 ) . The work of Matiyasevich et al [26] on Hilbert's 

10 T H problem shows that given any recursively enumerable subset S of the positive 

integers, there is a g G Z [ # i , . . . , xio] such that S is exactly the set of positive values 
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assumed by g. Prom this it is straight forward to construct an / G Z [x i , . . . ,Xio] such 

that for any r < oo, {x G Z 1 0 : fix) > 0 and / ( * ) is a product of at most r primes} 

is not Zariski dense in Zcl{x € Z 1 0 : f(x) > 0} . That is if we insist on positive values 

for / we may lose the basic finiteness of saturation property. 

Returning to one variable the theory of the sieve has been developed and refined 

in far-reaching ways to give good bounds for TQ. For example: 

r0(Z,x(x + 2)) < 3 (Chen 1973) 

r 0(Z,x 2 + l) < 2 (Iwaniec 1978) 

r0(Z,f) < d + 1, if / is irreducible over Q[x] and has degree d [17]. 

The first two are especially striking as they come as close as possible to the twin prime 

and Euler problems, without solving them. 

While there are interesting examples of groups L acting nonlinearly and morphi-

cally on An and preserving Z n , that come from the actions of mapping class groups 

on representation varieties [11], the understanding of anything about saturation num­

bers in such cases is very difficult and is at its infancy. For L acting linearly (as in 

paragraphs (6) and (7)) a theory can be developed. 

An Affine Linear Sieve. — The classical setting is concerned with motions of 

n-space of the form x —• x + b. In this affine linear setting we allow multiplication 

as well, that is transformations of the form x —• xa + b with a G GLn(Z) and 

b G Z n (such as the orthogonal group examples (6) and (7)). Note that it is only 

for n > 2 that this group of motions is significantly larger than translations (since 

GLi(Z) = ±1). For the purpose of developing a Brun combinatorial sieve, apparently 

multiplication is quite a bit more difficult than addition. The basic problems for our 

pair ( O , / ) are 

(i) Is r 0 (£>,/) finite? 

(ii) If it is, then to give good upper bounds for r*o((9, / ) . Ideally these should be in 

terms of the degree of / and its factorization in the coordinate ring of Zcl(0), 

as has been done in the setting of one variable [17]. 

(iii) To determine r o ( 0 , / ) for some interesting pairs and to give an algorithm to 

predict its exact value in general, that is a generalized local to global conjecture 

for which HLC and Schinzel's Hypothesis H, are special cases. 

When L is a group of affine linear transformations we now have a theory that 

comes close to answering these questions, there being the caveat of tori (see below) 

and some other nontrivial technical issues that still need to be resolved in general. 

In Bourgain-Gamburd-Sarnak ([4], [5]) the finiteness of ro{0,f) is proven in many 

cases. The new tools needed to address these questions, as well as the general setup 

that we have been discussing are introduced in these papers. The proof given there 
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of the finiteness does not yield any feasible values for ro(0, / ) . In [28] the problem is 

studied in the case that L is a congruence subgroup of the Q points of a semi-simple 

linear algebraic group defined over Q, such as the group Op(Z) in paragraphs (6) 

and (7) above (an affine linear action can be linearized by doubling the number of 

variables). For such congruence L's we develop the combinatorial sieve using tools 

from the general theory of automorphic forms on such groups and in particular make 

use of the strong bounds towards the general Ramanujan Conjectures that are now 

known (see [31], [9]). With this we get, in this congruence subgroup case, effective 

bounds for r o ( 0 , / ) which in many such cases are of the same quality as what is 

known in one variable. 

There is a lacuna in this affine linear sieve theory coming from tori. As we men­

tioned, allowing multiplication as well as addition, is what makes the problem hard 

and in fact pure multiplication is simply too hard and even the finiteness is question­

able in that case. Consider the example of L = • 3 1] 
-1 0 in n e z < SL 2 (Z) . L is 

infinite cyclic, Zcl(L) is a torus and if O = (1,0) • L then Zcl(O) is the hyperbola 

{(xux2) x\ — 3#i£2 + x2 — 1 The orbit consists of pairs (^271,^271-2) n G Z 

where F m is the m t h Fibonacci number. This kind of sequence is too sparse both 

from the analytic and algebraic points of view to do any kind of (finite) sieve. While 

it is conjectured that Fm is prime for infinitely many m, as was pointed out to me 

by Lagarias, standard heuristic probabilistic considerations suggest a very different 

behavior for F2n. Indeed F2n — Fn - Ln where Ln is the n t h Lucas number and as­

suming a probabilistic model for the number of prime factors of a large integer in 

terms of its size and that Fn and Ln are independent leads to F2n having an un­

bounded number of prime factors as n —+ 00. A precise conjecture along these lines 

is put forth in [8] (see Conjecture 5.1). In our language this asserts that if O is as 

above and f{xi,x2) = x\ then ro(0,f) = 00. It would be very interesting to pro­

duce an example of a pair (O.f) for which one can prove that 7*0((9,/) is infinite. 

In view of the above we must steer clear of tori and the precise setting in which 

the affine linear sieve is developed (see [29]) is for linear L's for which the radical 

(the largest normal solvable subgroup) of the Q linear algebraic group G := Zcl(L), 

contains no tori (the unipotent radical causes no difficulties). Applying this theory 

to the examples of orthogonal groups in (6) and (7) we obtain the following. Let 

F(xux2,x3) x\ — 3#i£2 + x2 and L < 0F(Z) Assume that L is not an elementary 

group (in particular not finite or abelian, in fact precisely that Zcl(L) is either of the 

linear algebraic groups Op or SOF)- If O = (3,4,5)L, then Zcl(0) = C the affine 

cone; F = 0. For / G Z[xi,X2,xs] the results in [5] imply that r*o(0,/) < 00. In 

particular this applies to f(x) = A(x) = xix2/2, the area. This says that given such 

an orbit of Pythagorean triangles (which may be very sparse!) there is an r < 00 such 

that the set of triangles in O whose areas have at most r prime factors is Zariski dense 
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in C. It is elementary that gcd(A(0)) = 6. Prom the ancient parametrization of all 

the Pythagorean triples P (i.e. the Q morphism of A2 into C) these are all of the form 

(x1,x2,x3) = (a2-b2,2ab,a2-\-b2) with a, b G Z, (a, b) = 1 and not both odd, one sees 

that A/6 = (a- b)(a + b)(ab)/6. Now the last has at most two prime factors for only 

finitely many pairs (a, b). The set of (a, b) for which it has at most 3 prime factors 

lie in a finite union of curves in C (and if HLC is true for O — (2,2,0) + (3,3,1)Z, 

i.e. this rank one orbit in Z 3 , then these curves contain infinitely many points with 

A/6 having 3 prime factors). Hence for any O as above r*o(0, A/6) > 4. The general 

local to global conjectures [5] then assert that r0(O,A/6) = 4 for any such orbit. 

Interestingly the recent advance in [15] mentioned in (5) above just suffices to prove 

that for the full set of Pythagorean triples P, ro(P, A/6) = 4. Put another way the 

minimal divisibility of the areas of a Zariski dense set of Pythagorean triangles is 6 

(here we include the forced factors 3 and 2). The deduction is immediate, set a = 2x 

and b = 3y in the ancient parametrization. Then A/6 = xy(2x + 3y) (2x — 3y) and 

apply [15] to O = L = (1 ,0 ,2 ,2)Z+ (0,1,3, - 3 ) Z . For some other applications of [16] 

see Granville [14]. 

As an example of an application of the affine linear sieve in the context of an L which 

is a congruence group, consider an integral quadratic form F(x) in 3-variables. That 

is F{x) = xfAx where A is 3 x 3 symmetric and is integral on the diagonal and half 

integral on the off-diagonal. We assume that F is indefinite over the reals but that it is 

anisotropic over Q (so F(x) = 0 for x G Z 3 implies that x = 0) and that det A is square 

free (so F(xi,x2,x3) X2^ ~\~ X2 IXQ is an example, the anisotropy following from 

looking at F{x) = 0 mod 8). Let 0 / t G Z for which VJ(Z) = {x G Z 3 : F(x) = t} 

is nonempty, which according to the work of Hasse and Siegel will happen iff there 

are no local congruence obstructions to solving F{x) = £(mod q) for q > 1. In this 

case Vt(Z) is a finite union of Op(Z) orbits and Zcl(Vt(Z)) = Vt, the affine quadric 

{x : F(x) = t}. We seek points in Vt(Z) whose coordinates have few prime factors, i.e. 

to estimate ro(V^(Z),xix 2xs). By the general finiteness theorem, r*o(Vi(Z), xix2xs) is 

finite. However by developing optimal weighted counting results on such quadrics and 

also exploiting the best bounds known towards the Ramanujan-Selberg Conjecture, 

it is shown in [24] that r 0(T4(Z),x\x 2xs) < 26. 

We turn to the Apollonian packing. An extension of the (O, f) finiteness theorem 

in [5] applies to the orbit O = aL for any L which is Zariski dense in O^, where F 

is the quadratic form in 4-variables in paragraph (7). In particular it applies to the 

Apollonian group A with f(x) = x\x2xsX4. This asserts that in any given integral 

packing there is an r < oo such that the set of 4 mutually tangent circles in the 

packing for which all 4 curvatures have at most r prime factors is Zariski dense in 

Zcl(0) = C = {x : F{x) = 0} . One can determine r$ for O = a.A and some special 

/ ' s using some ad hoc and elementary methods together with (ii) of paragraph (4). 

SOCIÉTÉ MATHÉMATIQUE DE FRANCE 2008 



236 P. SARNAK 

In [32] it is shown that ro((D,xi) = 1 and ro(0,xix2) = 2, from which it follows that 

in any such packing there are infinitely many circles whose curvatures are prime and 

better still there are infinitely many pairs of tangent circles both of whose curvatures 

are prime. 

As a final example of an interesting pair ( 0 , / ) for which we can determine ro, 

consider the variety Vt in affine n2-space given by Vt = {X = (Xii) i=l,.. .n 
? = 1,... n : detX = t}. 

For t a nonzero integer V*(Z) consists of a finite union of L = SL n (Z) orbits where 

the action of g is by X —• X.g. In [28] we show using Vinogradov's methods 

mentioned in (5), that if n > 3 then ro(V^(Z) 
i,j 

Xij = n 2 if 
i,j 

X{j is primitive on 

Vt(Z). Examining in detail when this happens, we deduce that the set o f n x n integral 

matrices of determinant t all of whose entries are prime, is Zariski dense in Vt iff t = 0( 

mod 2 n _ 1 ) . This should of course, also hold for n = 2 where it is concerned with the 

equation xnx22 ~~ ^12^21 = t and the x^s are to be primes. The best that appears 

to be known concerning this is the recent development by [12] from which it follows 

that for this n = 2 case, ro(Vi(Z), £11X12X21X22) = 4, for at least one t in {2,4,6}. 

Comments about Proofs. — I end the lecture with a very brief hint as to what is 

involved in developing a combinatorial sieve in the affine linear context. This entails 

getting a little more technical. Let O = cL be our orbit and / G Z [ # i , . . . , xn). After 

some algebro-geometric reductions of the problems (using the Q dominant morphisms 

from G = Zcl(L) to V = Zcl(0) and G to G where G is the simply connected cover 

of G) we can assume that O is the group L itself (as a group of matrices in the affine 

space o f n x n matrices) and Zcl(0) = Zcl(L) = G is a simply connected Q-group. 

To do any kind of sieving we need to order the elements of L, so as to carry out some 

truncated inclusion-exclusion procedure, this being at the heart of Brun's method. 

Usually one orders by archimedian size perhaps with positive weights, however in this 

general setting we don't know how to do this, so we order L combinatatorially instead. 

For the groups that we are considering and for the purpose of proving that r*o((9, / ) is 

finite, we can (according to a theorem of Tits) assume that L is free on two generators 

A and B. We use the tree structure of the Cayley graph T = (L, S) of L with respect 

to the generators S = {A, A~l, B, B~1}. T is a 4-regular tree; 

A-1 A 

AB-i 

H"2 

A^B-1 

B-1 

A_1B 
B 

AB 

P 
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For x, y e T let d(x, y) denote the distance from x to y in the tree. The key sums 
that arise in sieving on L for divisibility of / are: 

For d > 1 square-free and XQ G T, 

S(Y,d) := 
xeL 

d(x,x0) < Y 
f(x) = 0(d) 

1, 

or perhaps with 1 replaced by positive weights. 
We are interested in S(Y, d) when Y is large and d as large as e a Y for some a > 0. 

The larger the a for which S can be understood the better. To study such sums a 
couple of key features intervene: 

(i) Algebraic stabilization: This is the analogue of the Chinese remainder theorem. 
We state it for the basic case of G = SL n , it is valid for G semisimple and simply 
connected. It is due (originally) to Matt hews-Vaserstein and Weisfeiler [27] who 
employ the classification of finite simple groups in the proof. Let L < SL n (Z) 
be Zariski dense in SL n . Then there is a positive integer v = v{L) such that for 
d with (d, v) = 1 the reduction L —• SLn(Z/dZ) is onto. 

This eventually allows us to bring in more standard tools from arithmetic 
algebraic geometry, in order to identify the main term in the form 

S(Y,d) = p(d)S(Y,l) + R(Y,d). 

Here (3(d) is a multiplicative arithmetical function associated with counting 
points mod d on the variety G fl { / = 0} and R is the remainder which is 
expected to be smaller. The demonstration of the latter for the purpose of 
sieving far enough to get the finiteness of ro(Ot / ) , is essentially equivalent to 
the second feature. 

(ii) The (finite) Cayley graphs (SL n (Z/dZ) , S) are an expander family as d —> oo 
(see [30] for a definition of expanders and [25] where this is conjectured). As 
yet, this expander property has not been established in general and this is the 
main reason that the finiteness of r*o(<9,/) has not been established in general 
for the affine linear sieve. It is proven for SL2 and related groups for d square 
free, in [5]. The proof uses a variety of inputs some of which were to me at least, 
quite unexpected. We list them for the simpler case that d = p is prime: 

(a) The dichotomy that an irreducible complex representation of G(Z/pZ) 
is either 1-dimensional or is of very large dimension (here p —> 0 0 ) cou­
pled with a "softer" upper bound density theorem for multiplicities of 
exceptional eigenvalues of the Cayley graphs, leads to a proof of the key 
spectral gap defining an expander [33]. For the soft upper bound we use 
techniques from arithmetic combinatorics. 
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(b) Sum-Product Theorem [6]: This is an elementary and very useful theorem 

concerning mixing the additive and multiplicative structures of a finite 

field. Let e > 0 be given, there is a 5 > 0, S = 5(e), such that if A C ¥ p 

and |A| < pl~e then \A + A\ + \A • A\ > | A | 1 + < 5 (here p is sufficiently 

large). 

(c) Helfgott's SL 2 (F P ) Theorem [21]: Let e > 0 there is S = 5(e) > 0 such 

that if A C SL2(FP), A is not contained in a proper subgroup of SL2(FP) 

and \A\ < I S M F p ) ! 1 - then \A-A-A\ > \A\l+s. 

(d) Balog-Szemeredi, Gowers Theorem: This is a purely combinatorial the­

orem from graph theory which is used in [3] to give the required upper 

bounds on counting closed circuits in the graph, and leads to a proof that 

(SL2(Z/pZ), S) is an expander family. 

A point worth noting is that once the affine sieve is set up and gives lower 

bounds in our combinatorial group theoretic ordering, for points in O for which 

/ has at most r prime factors, the expander property is used again and in a 

different way to demonstrate the Zariski density of these points. 

To end let me highlight the fundamental difference between the additive transla-

tional counting and the affine linear counting which necessitates the introduction of 

expanders. In Z the boundary of a large interval is small compared with the size of 

the interval and the same is true uniformly for an arithmetic progression of common 

difference q in the interval, even for q almost as large as the interval length. On the 

other hand on a ^-regular tree (k > 3) this is not true. Given a big ball B (or any 

large finite set), the size of the boundary dB is of the same order of magnitude as B. 

It is exactly the expander property that allows one to draw an effective approximation 

for the number of points in B lying in the orbit with a congruence condition. 

Acknowledgements. — In developing this theory of an affine sieve and the geo­

metric view point described in this lecture, I have benefited from discussions with 

many people. First and foremost with my collaborators on the different aspects of 
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