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ABSTRACT. — We develop a machinery of Chen iterated integrals for higher Hochschild complexes.
These are complexes whose differentials are modeled on an arbitrary simplicial set much in the same
way the ordinary Hochschild differential is modeled on the circle. We use these to give algebraic models
for general mapping spaces and define and study the surface product operation on the homology of
mapping spaces of surfaces of all genera into a manifold. This is an analogue of the loop product in
string topology. As an application, we show this product is homotopy invariant. We prove Hochschild-
Kostant-Rosenberg type theorems and use them to give explicit formulae for the surface product of odd
spheres and Lie groups.

REsUME. — Dans cet article, on étend le formalisme des intégrales itérées de Chen aux complexes
de Hochschild supérieurs. Ces derniers sont des complexes de (co)chaines modelés sur un espace
(simplicial) de la méme maniere que le complexe de Hochschild classique est modelé sur le cercle.
On en déduit des modeles algébriques pour les espaces fonctionnels que ’on utilise pour étudier le
produit surfacique. Ce produit, défini sur ’homologie des espaces de fonctions continues de surfaces
(de genre quelconque) dans une variété, est un analogue du produit de Chas-Sullivan sur les espaces de
lacets en topologie des cordes. En particulier, on en déduit que le produit surfacique est un invariant
homotopique. On démontre également un théoréme du type Hochschild-Kostant-Rosenberg pour les
complexes de Hochschild modelés sur les surfaces qui permet d’obtenir des formules explicites pour le
produit surfacique des spheres de dimension impaire ainsi que pour les groupes de Lie.

1. Introduction

An element of the Hochschild chain complex CH,(A, A) of an associative algebra A is
by definition an element in the multiple tensor product A ® --- ® A. When defining the
differential D : CH,(A, A) — CH,_1(A, A) however, it is instructive to picture this linear
sequence of tensor products in a circular configuration, because the differential multiplies
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any two adjacent tensor factors starting from the beginning until the end and at the very end
multiplies the last factor of the sequence with the first factor, as shown below.
® %4 g ®ai+1'ai®
D
— > + :
multiply a; to a;41 (9 - ®

for all i=0,...,n, Qp - @1
® ao ®

® " @
Ap " v-...-0 Q1

®ag ® with ani1=ao
As it turns out this is not just a mnemonic device but rather an explanation of the funda-
mental connection between the Hochschild chain complex and the circle, which, for instance
gives rise to the cyclic structure of the Hochschild chain complex and thus to cyclic homol-
ogy, see [21]. This connection is also at the heart of the relationship between the Hochschild
complex of the differential forms Q® M on a manifold M, and the differential forms Q®(LM)
on the free loop space LM of M, which is the space of smooth maps from the circle S to the
manifold M; see [14]. At the core of this connection is the fact that the Hochschild complex
is the underlying complex of a simplicial module whose simplicial structure is modelled on a
particular simplicial model S} of the circle. The principle behind this can be fruitfully used to
construct new complexes whose module structure and differential are combinatorially gov-
erned by a given simplicial set X,, much in the same way that the ordinary Hochschild com-
plex is governed by S!; see [25]. However carrying the construction to higher dimensional
simplicial sets turns out to require associative and commutative algebras. The result of these
constructions define for any (differential graded) commutative algebra A, any A-module IV,
and any pointed simplicial set X,, the (higher) Hochschild chain complex CHX<(A, N)
of A and N over X, as well as the Hochschild cochain complex C’H)'(. (A, N) over X,;
see [15, 25]. These Hochschild (co)chain complexes are functorial in all three of their
variables A, N and X,.

The analogy with the usual Hochschild complex and its connection to the free loop
space is in fact complete, because the Hochschild complex CHX<(Q® M, Q® M) over a sim-
plicial set X, provides an algebraic model of the differential forms on the mapping space
MX = {f : X — M}, where X = |X,]| is the geometric realisation of X,. This is one of
the main result of Section 2 of this paper; see Section 2.5. The main tool to prove this result
is a machinery of iterated integrals that we develop and use to obtain a quasi-isomorphism
JE* . CHX(Q*M,Q*M) — Q*(MX), for any k-dimensional simplicial set X, and
k-connected manifold M see Proposition 2.5.3, and Corollary 2.5.5 for the dual statement.
Further, for any simplicial set X, and (differential graded) commutative algebra A, the
Hochschild chain complex CHX+(A, A) has a natural structure of a differential graded
commutative algebra given by the shuffle product shx, (Proposition 2.4.2). We show that
the iterated integral J#~* : (CHX (Q*M, Q*M),shx,) — (Q°(M*),A) is an algebra map
sending the shuffle product to the wedge product of differential forms on the mapping space;
see Proposition 2.4.6.

Two important features of Hochschild (co)chain complexes over simplicial sets are their
naturality in the simplicial set X,, and that two simplicial models of quasi-isomorphic spaces
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have naturally quasi-isomorphic Hochschild (co)chain complexes, see [25]. In particular one
(usually) obtains many different models to study CHX* (A, N) for a given space X = | X,|.

b}

These facts are used, in Sections 3 and 4, to carry certain geometric and topological
constructions over to the Hochschild complexes modeled on compact surfaces 39 of
genus g.

The collection of compact surfaces of any genus is naturally equipped with a product
similar to the loop product of string topology [5], also see [28]. The idea behind this product,
that we call the surface product, is shown in the following picture.

wedge/’ ‘\pinch

(1.1)

In Section 3.1, we describe an explicit simplicial model for the string topology type operation
induced by the map

Map(5, M) x Map(S", M) &= Map(9 v 5", M) “% Map(5+", M)

coming from the above picture (1.1). More precisely, we obtain a surface product
W : H,(Map(29,M)) ® Hy(Map(2",M)) — Heygimr)(Map(Z91" M)), which is
given by the composition of the umkehr map (p;, ) and the map induced by pout,

W: Hy(Map(X9, M)) ® He(Map(X", M))
) Hy(Map(S9 v S*, M) 229 5, (Map(S9+h, M)).
We prove that the surface product makes
(P He (Map(29, M), ¥) = (€D Hatdim(ar) (Map(£9, M)), &)
g 9

into an associative bigraded ") algebra with H,(Map(X°, M)) in its center; see Theo-
rem 3.2.2 and Proposition 3.2.5. The restriction of the surface product to genus zero (i.e.
spheres), H, (Map(X°, M)), coincides with the Brane topology product defined by Sullivan
and Voronov H,(Map(S?, M))®? — H,(Map(S?, M)) see [9, 19]. In fact, in these papers
it is shown, that Hygim(vy(MS") is an algebra over Ho(fDy+1), the homology of the
framed n-disc operad; see also [28] for related algebraic structures.

(1) We always use a cohomological grading convention in this paper hence the plus sign in our degree shifting.
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In Section 3.3, we apply the machinery of (higher) Hochschild cochain complexes over
simplicial sets to give a fully algebraic description of the surface product. In fact, for positive
genera, we define an associative cup product

U: CH3y(A, B) ® CHg, (A, B) — CHS, 1 (A, B)

for the Hochschild cochains over surfaces, where B is a differential graded commutative and
unital A-algebra, viewed as a symmetric bimodule; see Definition 3.3.2. The construction
of the cup-product is based on the fact that for any pointed simplicial sets X, and Y, the

multiplication B ® B — B induces a cochain map
CH3(A, B) ® CHyy (A, B) % CHl, ), (A, B)

which can be composed with the pullback CHs,\ 5ny, (A, B) Finom CH%ZH (A, B) in-
duced by a simplicial model Pinchy j, : $9th . 29 v ©! for the map pinch in Figure (1.1).

However, this product is initially only defined for surfaces of positive genera, and more
work is required to include the genus zero case of the 2-sphere in this framework. To
this end, we first recall the cup product defined in [15] for genus zero, and then define a
left and right action, U, of C’H.EE (A,B) on CH (A, B). Taking advantage of the fact
that one can choose different simplicial models for a given space, we show that U is after
passing to homology, equivalent to operations similar to the cup-product but defined on
different simplicial models for the sphere and surfaces of genus g; see Definition 3.3.13
and Proposition 3.3.14. Putting everything together, we obtain a well-defined cup product
U (Pyso HHyy (A,A))®2 — @yz0 HH;,(A, A) for all genera on cohomology; see
Theorem 3.3.18. More precisely, we prove that for a differential graded commutative algebra
(Aa dA),

1) the cup product makes @~ H H. )'32 (A, A) into an associative algebra that is bigraded
with respect to the total degree grading and the genus of the surfaces and has a unit
induced by the unit 14 of A.

ii) HH, (A, A) lies in the center of @ ;> HH, (A, B).

The cup product is functorial with respect to both arguments A and B (see Proposi-
tion 3.3.20).

The connection to topology is precise and the cup-product models the surface
product. We prove in Theorem 3.4.2, using rational homotopy techniques as
in [11], that for a 2-connected compact manifold M, the (dualized) iterated integral
Yl (By>0 H-e(Map(X9, M)),¥) — (Py>0 HHgg'(Q,Q),U) is an isomorphism of
algebras. As a corollary of this, it follows that the surface product & is homotopy invariant,
meaning that if M and N are 2-connected compact manifolds with equal dimensions,
and i : M — N is a homotopy equivalence, then . : (P 5o He(Map(X9, M)), ¥) —
(P y>0 He(Map(X9, N)), ) is an isomorphism of algebras.

Section 4 is devoted to the Hochschild homology of (differential graded) symmetric alge-
bras (S(V),d) and a Hochschild-Kostant-Rosenberg type theorem. Recall that classically,
when d = 0, this theorem states that the Hochschild homology H H,(S(V'), S(V')), thought
of as the Hochschild homology of functions on the dual space V*, can be identified with
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the space of Kéhler differential Qg(y-y, which is the space of polynomial differential forms
Qsvy 2 QV* = S(V)® A(V) = S(V @ V[1]). This result, and its extension to the case
d # 0, are main tools for computing Hochschild homology in algebra and topology; see [4,
12,13, 21] for instance. Note that there is an obvious identification Qg(v) = S(H,(S*) @ V).
Similarly, it is shown in [25] that HHS’ (S(V), S(V)) = S(V & V[2]) = S(H4(5?) ® V).

We prove a similar kind of theorem for surfaces by showing that for a surface X9 of
genus g, there is an algebra isomorphism

Ho(S(Ho(29) @ V),d™") = HHI*(S(V),S(V))
where d>° is a differential build out of the differential d and the coalgebra structure of
H,(39), see Theorem 4.3.3. Indeed, the left-hand side in the above quasi-isomorphism

coincides with the Haefliger model [3, 18]. It is worth noticing that d*° = 0iff d =
Further, there is a commutative diagram

Ho(S(H (V SN @ V)) ——= Ho(S(H.(29) @ V)) —— Ha(S(Ha(5%) @ V)

=

o o

IR

(vgd Sslesx9) (29-552),

a5 (s, sV BEY (S0, 8V)) -2 ums (s(v), 5(v))
where the horizontal maps p, q are the algebra homomorphisms respectively induced by the
homology maps H, (\/ S ® V) — Hl.(X9) and He(X9) — H,.(S?) obtained by the

obvious inclusion and SuI‘_]CCthIl of spaces and the lower maps are obtained by functoriality
of Hochschild homology.

The main idea that is used to prove this result is, that if X is a space obtained by attaching
various spaces along attaching maps, then the Hochschild homology HHX (A, A) can be
computed by the Hochschild homology of the various pieces and the attaching maps via
derived tensor products. For instance, using the fact that a genus g surface can be ob-
tained by suitably gluing a square along its boundary to a bouquet of circles, we show that

g 2g 1 L

there is an isomorphism CHY" (A, N) = CH.\/":1 5 (A,N) ® CHI(A, A) for any
CHS" (A,A)
A-module N; see Section 4.1. With this tool in hand, we reduce the proof of the main
29 1
theorem to appropriate statements about C H .V i ® (A, M) and CH! ’ (A, A) for which the
usual Hochschild-Kostant-Rosenberg Theorem and contractibility of the square I% can be
used. .

Furthermore, the Hochschild-Kostant-Rosenberg type theorem for surfaces allows us to
explicitly compute the surface product for odd spheres S?"*1 and a Lie group G. The idea
is that the differential graded algebras Q°*S?"*! and Q°*G, are both quasi-isomorphic to
symmetric algebras with zero differentials; see Examples 4.4.6 and 4.4.7 in Section 4.4.
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CONVENTIONS. — In this paper we use a cohomological grading for all our
(co)homology groups and graded spaces, even when we use subscripts to denote
the grading. In particular, all differentials are of degree +1, of the form d : A — A1
and the homology groups H;(X) of a space X are concentrated in non-positive degree
(unless otherwise stated).

— We follow the Koszul-Quillen sign convention: “Whenever something of degree p is
moved past something of degree q the sign (—1)P4 accrues”, see [20]. In particular, we
will often write “+” in the case that the sign is obtained by a permutation of elements of
various degrees, following the Koszul-Quillen sign rule.

2. Chen iterated integrals for Hochschild complexes over simplicial sets

2.1. Higher Hochschild chain complex over simplicial sets

In this section, we define Chen iterated integral map for any simplicial set Y, and give
explicit versions of it in the three examples of the circle S!, the sphere S? and the torus T, and
combinations of those. In the next section, we will prove that (under suitable connectivity
conditions) this gives in fact a quasi-isomorphism to the cochains of the corresponding
mapping space MY = Map(Y, M). We start by recalling the Hochschild chain complex
of a differential graded, associative, commutative algebra A over a simplicial set Y, from T.
Pirashvili, see [25].

DEerINITION 2.1.1. — Denote by A the category whose objects are the ordered sets
[k] = {0,1,...,k}, and morphisms f : [k] — [l] are non-decreasing maps f(i) > f(j) for
i > j. In particular, we have the morphisms é; : [k — 1] — [k],s = 0,...,k, which are
injections, that miss ¢, and we have surjections ¢; : [k + 1] — [k], =0, ..., k, which send j
and j + 1to j.

A finite simplicial set Y, is, by definition a contravariant functor from A to the category
of finite sets Jes, or written as a formula, Y, : A°? — Jeis. Denote by Yy, = Y, ([k]), and call
its elements simplicies. The image of §; under Y, is denoted by d; := Y, (9;) : Y — Yi_1, for
1=0,...,k, and is called the ith face. Similarly, s; := Y,(0;) : Yy — Yiy1,fori=0,...,k,
is called the ith degeneracy. An element in Y}, is called a degenerate simplex, if it is in the
image of some s;, otherwise it is called non-degenerate.

We will mainly be interested in pointed finite simplicial sets. These are defined to be
contravariant functors into the category Jes, of pointed finite sets, Yy : A°? — Jets,. In
this case, each Yy, = Y, ([k]) has a preferred element called the basepoint, and all differentials
d; and degeneracies s; preserve this basepoint.

Furthermore, we may extend these definitions to define simplicial sets, respectively
pointed simplicial sets, by allowing the target of Y, to be any (not necessarily finite) set.

Now, a morphism of (finite or not, pointed or not) simplicial sets is a natural transforma-
tion of functors f, : X, — Y,. Note that f, is given by a sequence of maps fi : Xy — Yj
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(preserving the basepoint in the pointed case), which commute with the faces frd; = d; fx+1,
and degeneracies fx118; = s;fr forallk > 0andi=0,...,k.

DEFINITION 2.1.2. — Let Y, : A% — Jets, be a finite pointed simplicial set, and for
k > 0, we set yi, := #Y; — 1, where #Y}, denotes the cardinal of the set Y;. Furthermore,
let (A = @,z A% d,-) be a differential graded, associative, commutative algebra, and
(M = @;ez Mt dy) a differential graded module over A (viewed as a symmetric
bimodule). Then, the Hochschild chain complex of A with values in M over Y, is defined
asCHY* (A, M) :== @,,cz, CHY* (A, M), where

CHY*(A, M) := P (M @ A%%),
k>0
is given by a sum of elements of total degree n + k. In order to define a differential D on
CHY+(A, M), we define morphisms d; : Y3, — Y;_1, fori = 0,...,k as follows. First note
that for any map f : Y, — Y} of pointed sets, and form® a1 ® - - - ® a,, € M ® A®V*, we
denote by f, : M @ A®Y — M @ A®Y:,

2.1 film®a1 ® - ®ay,)=(-1)n®b ® - Qby,

where  bj = [[ics-1(jya: (or bj=1 if f7'(j)=2) for j=0,...,y, and
n = - [ [ic f-1 (basepoint),izbasepoint @i~ Lhe sign € in Equation (2.1) is determined by the
usual Koszul sign rule of (—1)®I'l¥| whenever 2 moves across y. In particular, there are
induced  boundaries  (d;). : CH}*(A,M) — CH)* (A,M) and  degeneracies
(5j)« : CHY*(A,M) — CH,?;I(A,M), which we denote by abuse of notation again
by d; and s;. Using these, the differential D : CHY*(A, A) — CHY*(A, A) is defined by
letting D(ap ® a1 ® - - - ® ay, ) be equal to

Yk k
Z(_l)k+qa0 ® - ®d(a;) @ ®ay, + Z(—l)idi(ao R ® ay,),

i=0 i=0

where ¢; is again given by the Koszul sign rule, i.e., (—1)§ = (—1)le0l+-+lai-1l The simplicial
conditions on d; imply that D? = 0.

More generally, if Y, : A% — Jes is a finite (not necessarily pointed) simplicial set,
we may still define CHY*(A, 4) = @,cz CHY* (A, A) via the same formula as above,
CHY*(A,A) = Pp>0(A ® A®¥), ). Formula (2.1) again induces boundaries d; and
degeneracies s;, which produce a differential D of square zero on CHY* (A, A) as above.

REMARK 2.1.3. — Note that due to our grading convention, if A is non graded (that is,
concentrated in degree 0), then HHY* (A, A) is concentrated in non positive degrees. In
particular our grading is opposite of the one in [21].

Note that the Equation (2.1) also makes sense for any map of simplicial pointed sets
f: X — Y. Since A is graded commutative and M symmetric, (f o g). = f« o g«, hence
Y, — CHY*(A, M) is a functor from the category of finite pointed simplicial sets to the
category of simplicial k-vector spaces, see [25]. If M = A, CHY*(A, A) is a functor from the
category of finite simplicial sets to the category of simplicial k-vector spaces.
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DEFINITION 2.1.4. — Denote by Dy the subspace of CHE/"“(A, M) spanned by all
degenerate objects, D11 = Im((sg)«) +- - - +Im((sg)«). Itis well-known ([21, 1.6.4, 1.6.5]),
that the Dy 1 form an acyclic subcomplex D, of CHY* (A, M), which therefore implies that
the projection CHY* (A, M) — CHY*(A, M)/D, is a quasi-isomorphism. We denote this
quotient by NHY* (A, M), and call it the normalized Hochschild complex of A and M with
respect to Y.

The tensor product of differential graded commutative algebras is naturally a differential
graded commutative algebra. Thus, for any finite simplicial set Y,, CHY*(A, A) is a sim-
plicial differential graded commutative algebra, and further CHY* (A, M) is a (simplicial)
module over CHY* (A, A).

DEerINITION 2.1.5. — Let X,,Y,, and Z, be simplicial sets, and let f, : Z, — X, and
Je : Ze — Y, be maps of simplicial sets. We define the wedge W, = X, Uz, Y, of X,
and Y, along Z, as the simplicial space given by Wy = (Xj U Yy)/ ~, where ~ identifies
fe(2) = gr(2) for all z € Z,. The face maps are defined as d}'*(z) = d}*(),
d*(y) = d*(y) and the degeneracies are s} *(z) = s;*(z),s) *(y) = s,*(y) for any
z € X}, — Wy andy € Yy, — Wy. Itisclear that W, is well-defined and there are simplicial
maps X, e W, and Y, 2% W..

If X, is a pointed simplicial set, then we can make W, into a pointed simplicial set by
declaring the basepoint to be the one induced from the inclusion X, — W,. (Note that this
is in particular the case, when X,,Y,, Z,, fo and g, are in the pointed setting.)

LEMMA 2.1.6. — There is a map of Hochschild chain complexes

CH* (A, M) ®gpze (4 4y OHS (A, A) — CHJ"* (A, M).

If Z, injects into either Z, EL X, or Ze 33 Y, then this map is in fact an isomorphism of
simplicial vector spaces.

The tensor product in Lemma 2.1.6 is the tensor product of (simplicial) modules over the
simplicial differential graded commutative algebra C HZ+ (A, A).

Proof. — Using the functoriality of the Hochschild chain complex [25], there is a commu-
tative diagram,

2.2) CHZ(A, A) —L~ CHX(4, A)
1
CHY*(A, A) —L = CHW+(A, A)

which induces the claimed map. If Z, injects for example into X,, then the tensor product
A®T 1 © 4. 1 ABYRHL s isomorphic to A®(®x—2k)T¥k+1 which gives the isomorphism of
the Hochschild complexes. O
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2.2. Definition of Chen iterated integrals

Assume now, that M is a compact, oriented manifold, and denote by Q@ = Q°*(M) the
space of differential forms on M. For any simplicial set Y,, we now define the space of Chen
iterated integrals Ghen(M?Y) of the mapping space MY = Map(Y, M), and relate it to the
Hochschild complex over Y, from the previous section.

DEFINITION 2.2.1. — Denote by Y := |Y,| = [ A® x Y,/ ~ the geometric realization of
Y.. Furthermore, let So(Y") be the simplicial set associated to Y, i.e. Sx(Y) := Map(AF,Y)
is the mapping space from the standard k-simplex A* = {0 < t; < --- <t < 1} toY.
By adjunction, there is the canonical simplicial map  : Yy — S.(Y’), which is given for
i €Y, ={0,...,yx} by maps n(i) : A¥ — Y in the following way,

n(i)(tr < <ty) = < <ty) x {iY e ([[A* x Yo/ ~) =Y.
Here we identify 0 with the base point of Y.

Denote by MY = Map(Y, M) the space of continuous maps from Y to M, which are
smooth on the interior of each simplex Image(n(i)) C Y. Recall from Chen [7, Defini-
tion 1.2.1], that to give a differentiable structure on MY, we need to specify a set of plots
¢ :U — MY, where U C R" for some n, which include the constant maps, and are closed
under smooth transformations and open coverings. To this end, we denote the adjoint of a
map¢: U — MY by ¢y : UxY — M. Then, define the plots of MY to consist those maps
¢ : U — MY, for which ¢y : U x Y — M is continuous on U x Y, and smooth on the
restriction to the interior of each simplex of Y, i.e. ¢4|u x (simplex of v)o 1S smooth.

Following [7, Definition 1.2.2], a p-form w € QP(MY) on MY is given by a p-form
wg € QP(U) for each plot ¢ : U — MY, which is invariant with respect to smooth
transformations of the domain. Let us recall from [7] that a smooth transformation between
twoplots¢ : U — MY andy : V — MY isa smoothmap @ : U — V such that the
following diagram

!

UxY M
0

J/ /
VXY

commutes. The invariance of a p-form means that 6*(w,;) = wg. The differential, wedge
product and pullback of forms are all defined plotwise. We will now define certain forms on
MY , which we call (generalized) iterated integrals.

To this end, assume that ¢ : U — MY is a plot of MY, and we are given y; + 1 = #Y%
many forms on M, ao, ..., ay, € Q= Q°(M). We define ps := ev o (¢ x id),

(2.3) po U x AF ZE MY s Ak Y, ot
where ev is defined as the evaluation map,

Q4 ev(y:Y = Mty <+ <ti) = ((von(0)(tr < -+ < tw),
(von()(tr < - <)y, (vonlyw))(tr < --- < ty)) .
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Now, the pullback (pg)*(a0 ® -+ ® ay,) € Q*(U x AF), may be integrated along the fiber
AF, and is denoted by

ag -Gy, | = (ps) (a0 ® - ®ay,) €Q%U).
4 é AF

The resulting p = (3°, deg(a;) — k)-form [ ag - - - ay, € QP(MY") is called the (generalized)
iterated integral of ao, . . ., ay, . Here, we used the symbol [, ¢ instead of [, since our notation
differs slightly from the usual one, where iterated integrals refer to the integration over the
interior of a path, see also Example 2.3.1 below.

The subspace of the space of de Rham forms Q°*(M?Y') generated by all iterated integrals
is denoted by Ghen(MY). In short, we may picture an iterated integral as the pullback
composed with the integration along the fiber A* of a form in MY++1,

MY x Ak AN Myst1

fAk L
MY
We now use the above definition to obtain a chain map #¢"* : CH, 2o (9, Q) — Ghen(MY).

In Sections 2.5 and 2.4, we will see that J2"* is in fact a quasi-isomorphism and an algebra
map. In detail, for homogeneous elements ag @ - - - ® ay, € CH, e (92, 9), we define

(2.5 Vak (a0 ® -+ ®ay,) = / ag -+ Gy, -
[
LEMMA 2.2.2. — £ : CHY*(9,9Q) — Ghen(MY) is a chain map.
Proof. — Since, [, aq---ay, isa (3, deg(a;) —k)-form, J¢"* is a degree 0 linear map. We

need to show that ¢ respects the differentials. Using the definitions together with Stokes’
theorem for integration along a fiber,

() Lo

we see that for some plot ¢ : U — MY, d (Jty’ (ap®a1®---® ayk))qs is equal to

d/ (pp) (a0 ® a1 ® - ® ay, )
Ak

:/Akd<(P¢)*(ao®a1®-~-®ayk)):E/B(M)(pqs)*(ao®a1@...®ayk)

:/Ak(p¢)* (jz_:oao@---@d(aj)@---@ayk) /k (ps)* (ij b 1),

where, for the boundary component, with ¢t; < --- < t; = ¢4 < -0 < g,
b! is the product of all the a;’s for which [ satisfies d;(I) = j. Thus, we recover precisely
I (D(ag @ a1 ® -+ ® ay,)). O
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Recall also from [7, Definition 1.3.2] that the space of smooth p-chains C,(MY) on MY
is the space generated by plots of the form o : A? — MY We set Co (M) = @, Cp(MY),
and give it a differential in the usual way. It follows from [7, Lemma 1.3.1], that the induced
homology is the usual one, H(Co(M?Y)) = H,(MY) (that is, the singular homology of MY).
The canonical chain map Q®*(MY) ® Co(MY) — R, given by < w,0 >:= [, w,, induces a
similar chain map on the space of iterated integrals, Ghen(MY) ® Co(MY) — R.

Finally, we remark that the construction is clearly functorial in Y,. Thus it extends by
limits to the case where Y, is non necessarily finite. In particular, this allows us to define a
Chen iterated integral map for topological spaces that are not simplicial.

DEerINITION 2.2.3. — Let X bea (pointed) topological space. Then we have the (pointed)
simplicial set S, (X). By definition the Hochschild chain complex of A over S, (X ) with value
in an A-module N is, in (external) degree &, the limit

CH*®)(A,N):= lim NA¥
i+ —Sk(X)
over all iy where iy = {0,...,4}, with 0 for base point. If X = |Y,| is the realization of a

simplicial set Y,, then the natural map n : Yo — Se(|Ys|) = Se(X) (see Definition 2.2.1)
induces a natural quasi-isomorphism CHY* (A, N) LN CH.S’(X)(A, N), see [25]. Let us
define 7% : CHZ*®(Q,Q) — Q*(Map(X, M)). It is enough to define, for all k& > 0,
natural maps J45 : Q® Q%" — Q°*(Map(X, M)) forall 8 : iy — Si(X). We define, for each
plot ¢ : U — Map(X, M), and ayg, . ..,a; € Q = Q* (M),

Jtg(ag @+ ®a;)p = / (pep) (@0 ® - ®ai),
A
where py g = evg o (¢ x id) and evg : Map(X, M) x AF — M+ is given by

evg(y: X — Mty <+ <) := ((y0 8(0))(t1 < -+ < ty),
(Yo BMW)(tr < -  <ti)yeeny (Yo BE)) (01 < - < ty))

The naturality of evg is obvious and induces the one of J¢3. Hence we get a well defined map
g CHS® (X)(Q, ) — Q*(Map(X, M)). It is a chain map for the same reason as above.
The image of ¢ in Q*(Map(X, M)) is denoted by Ghen(Map(X, M)).

REMARK 2.2.4. — Note thatif X = |Y,/|, then It = I on, wheren, : CHY* (Q,9) —
CH?'(X)(Q,Q) is the chain map induced by 7 : Yo — Se(|Ys|) = Se(X).

REMARK 2.2.5. — Definition 2.2.3 easily extends to any (infinite) pointed simplicial set
Y., see [25].
2.3. Examples: the circle, the sphere and the torus

We will demonstrate the above definitions in three examples provided by the circle S*, the
torus T, and the 2-sphere S2. We then demonstrate how to wedge two squares along an edge,
and how to collapse an edge to a point. We start with the circle S*.
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ExamPLE 2.3.1 (The circle S1). — The pointed simplicial set S? is defined in degree k by
S} ={0,...,k}, ie it has exactly k + 1 elements. We define the face maps d; : S§ — S} _,,
for 0 < i < k, and degeneracies s; : S} — S,iﬂ, for 0 < i <k, as follows, cf. [21, 6.4.2]. For
1=0,...,k—1,letd;(j) beequal to j or j — 1 dependingonj =0,...,50rj =4i+1,... k.
Let d(j) be equal to j or 0 dependingon j = 0,...,k —1orj = k. Fori = 0,...,k, let
s;(7) beequal to j or j + 1 dependingon j =0,...,50rj =4+ 1,... k.

In this case, we have (#S,i — 1) = k, so that we obtain for the Hochschild chain complex
over S}, CHS: (A4, 4) = Pi>o A ® A®*. The differential is given by

k
D(ag®---®ap) =Y +a®-- ®d(a;) @ ay
i=0

k—1
+) Fag® @ (ai i) @ ®ag £ (ak - a0) ® a1 ® -+ @ ap1,
1=0

(see Definition 2.1.2 for the signs) which is just the usual Hochschild chain complex
CH,(A, A) of a differential graded algebra.

Note that [S| = St cf. [21, 7.1.2], whose only non-degenerate simplices are 0 € S3
and 1 € S{. Now, if we view S! as the interval I = [0, 1] where the endpoints 0 and 1 are
identified, then the map n(i) : S} — Si(S') = Map(A*, S) from Definition 2.2.1 is given
by n(i)(0 < ¢, < -+ < tp < 1) = ¢;, where we have set o = 0. Thus, the evaluation
map (2.4) becomes ev(y : S' — M t; < --- < t1) = (7(0),7(t1),...,v(tx)) € MF+L,
Furthermore, we can recover the classical Chen iterated integrals S5 CH,(AA) —
Q°*(MS") as follows. For a plot ¢ : U — M5’ we have,

Jtsi(ao®‘-‘®ak)¢:(/€a0~~-ak> :/Ak(p¢)*(ao®~~®ak)

¢

= (m0)*(ag) A / k(ﬁ‘;)*(al ® - ®ax) = (m)*(ag) A /a1 e ay,

A

where 5 : U x AR 25 Ars' 5 AR % Ark induces the classical Chen iterated integral
[ ay---ax from[7] and m : MS" — M is the evaluation at the base point 7 : v — ~(0).

ExaMPLE 2.3.2 (The torus T). — In this case, we can take T, to be the diagonal simplicial
set associated to the bisimplicial set S! x S, i.e. Ty = S} x S}, see [21, Appendix B.15].
Thus, Ty has (k + 1)? elements, so that we may write Ty = {(p,q)| p,q¢ = 0,...,k}
which we equipped with the lexicographical ordering. The face maps d; : Ty — Ty_; and
degeneracies s; : Ty — Ty41, fori = 0,...,k, are given as the products of the differentials
and degeneracies of S, i.e. di(p,q) = (di(p), di(g)) and si(p, q) = (si(p), 5:(q))-

With this description, we obtain CHZ* (A, A) = @0 A® AS* +2k)_If we index forms
in M by tuples (p,q) as above, then we obtain homogenous elements of CHI+(A,A) as
linear combinations of tensor products ag o) ® - - ® a(x,k) € CH, Te(A, A). The differential
D(a(,0) ® - ® a(k,x)) on CHJ* (A, A) consists of a sum

(k,k) k
> Ha00 @ ®dagg @ ®aur + P Edi(ap,0) @ ® agk))-
(,0)=(0,0) i=0
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The face maps d; can be described more explicitly, when placing a( ) ® -+ ® a(x) in a
(k + 1) x (k + 1) matrix. Fori = 0,...,k — 1, we obtain d;(a@,0) ® --* ® ag,k)) by
multiplying the ith and (¢ + 1)th rows and the ith and (¢ + 1)th columns simultaneously, i.e.,
di(a,0) ® -+ ® a,ry) is equal to

20,09 - ®a(0,:)0(0,i+1)® o Aok
a(i—-1,00® - ®A(i—1,i)0(i—1,i+1)® e ®a(i—1,k)
G(3,0)0(i+1,00® *** ()0 (5,i+1)0(i+1,i) O(i+1,i+1)D *** (4 k) A(i+1,k)
A(it+2,00® - R (i12,i)0(i+2,i+1)® o ®a(i42,k)
Uk,0)® (ki) A(k,i+1) D o Bk k)

The differential di is obtained by multiplying the kth and Oth rows and the kth and Oth
columns simultaneously, i.e., di(a,0) ® - - ® a(x,k)) equals

a(0,0)%(0,k) A(k,0)A(k,k)® 4(0,1)A(k,1)® * "+ BC(0,k—1)A(k,k—1)

G(1,0)0(1,k)® a1 n® - ®a(1,k—1)

A(k—1,0)0(k—1,k)® Ar-11)® - OQk—1,k-1)
where the sign + is the Koszul sign (with respect to the lexicographical order) given by
moving the kth row and lines across the matrix.

Note that |Te| = |S%| x |SL| = T, which has non-degenerate simplices (0,0) € To,
(0,1),(1,0),(1,1) € Ty and (1,2),(2,1) € Ty. Now, if we view the torus T as the square
[0,1] x [0, 1] where horizontal and vertical boundaries are identified, respectively, then the
map n(p, q) : T, — Map(AF, T) is given by n(p,q)(0 < t1 < -+ < tg, < 1) = (tp,ty) € T,
forp,q =0,...,k and tg = 0. Thus, the evaluation map in Definition 2.2.1 becomes

(7(070)’ W(Oatl)a tety V(Oatk)a
t1,0),v(t1,t1), - .., v(t1, th),
v(y:T = Myt < - < ty) = Y(t1,0),7(t1, 1) v(t1, te)

Y(tk,0), ¥tk 1), - - Y (ks tr)).

According to Definition 2.2.1, the iterated integral JtT(a(O,O) ® --+ ® a,k)) is given by a
pullback under the above map MT x A% = M(k+1D)° ‘and integration along the fiber AF.

Note that a similar description works for any higher dimensional torus T¢ = S x - - - x §!
(d factors) by taking (T9), = S} x .-+ x S}, Its underlying Hochschild chain complex
CH?f (A,4) = Pr>o A®k+D" hag the ith face map d;, fori = 0,...,k — 1, given by
simultaneously multiplying each ith with (¢ + 1)th hyperplane in each dimension, and a
similar description for dy.

EXAMPLE 2.3.3 (The 2-sphere S?). — In this case, we define S? to be the simplicial set
with #S5? = k? + 1 elements in simplicial degree k. In order to describe the faces and
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degeneracies, we write S; = {(0,0)} U {(p,q)| p,¢ = 1,...,k}, and set the degeneracy

to be the same as for the torus in the previous Example 2.3.2, i.e. siS3 (p,q) = s?’ (p, q) for
(p,q) € S andi =0, ..., k. Theith differential is also obtained from the previous examples
by setting disf (p,q) = (0,0) in the case that df1 (p) =0or dfi (¢) = 0, or setting otherwise
4 (,0) = d* (0,0) = (d5" (), &5* (@),

We thus obtain C’H:g3 (A4,4) = Pir>04A® AF* with a differential similar to the one in
Example 2.3.2. For example, we have for DIA® AY - (A® A?) @ (A® AY)

@(0,0)
D ®aa ®age | = D Ta00 @ - ®d(apy) @ - a@g
®az,1) ®a(2,2) ®a)
+ (a(o,O)a(l,l)a(m)a(zl) ) _ (a(o,O) )
®a(z2,2) ®a(1,1)0(1,2)0(2,1)4(2,2)

+ (a(O,O)a(1,2)a(2,1)a(2,2) )
®a(1,1)

where the last £ sign is the Koszul sign (in the lexicographical order) given by moving
a(1,2), A(2,1)5 3(2,2) across a(1,1)-

It can be seen that |SZ| = S2. If we view the 2-sphere as a square [0, 1] x [0, 1] where the
boundary is identified to a point, then we obtain the evaluation map

ev(y: 82— Mty <+ <) = (4(0,0), (4(tirt)) ;o) € M.

1<i,j<k

This completes our three examples S*, T, and S2. Later, in Section 3.1, we will describe
a simplicial model for a surface 39 of genus g, which is built out of collapsing an edge to a
point and wedging squares along vertices or edges. The essential ideas in these constructions
will be demonstrated in the next example.

ExaMPLE 2.3.4 (Wedge along an edge or a vertex). — The simplicial model for the point
pt, is given by pt, = {0} for all £ > 0, with trivial faces and degeneracies. Next, we can
give a simplicial model for the interval I, by taking I, = {0,...,k + 1} with differential
fori = 0,...,k, d;(j) equal to j or j — 1 depending on j < ¢ or j > i. The associated
Hochschild chain complex is just the two sided bar complex, CHZ* (4, A) = @ AQA* @ A=

E>0
B(A, A, A). Similarly, we have the simplicial square I? := I, x I,,i.e. I} = I; x Ij has
(k + 2)? elements with differential dff =dl* x dl.

We can use the pushout construction from Lemma 2.1.6 to glue two squares along an edge.
In fact, this can be easily done using the inclusion inc : I, — I twice to obtain I2 Uy, I2.
Similarly, we can wedge two squares at a vertex, where we use the inclusion inc : pt, — I2
to obtain IZ Uy, IZ. Note that in this case, we do not need to assume that the inclusion
inc’ : pt, — I2 preserves the basepoints.

A more interesting operation may be obtained via the collapse map col : I, — pt,, which
together with the inclusion inc : I, — IZ induces the square with one collapsed edge I? U;, pt,.

4¢ SERIE — TOME 43 - 2010 - N° §



A CHEN MODEL FOR MAPPING SPACES AND THE SURFACE PRODUCT 825

We will use this type of construction in Subsection 3.1 to obtain our model for the surface
39 of genus g.

There are two maps s,t : pt, — I, given by s(0) = 0 and ¢(0) = k + 1 in
simplicial degree k£ and a (unique) projection p : Iy — pt,. These 3 maps induce 4 inclusions
sij : Pty — I2 = I, x I, mapping the point to one of the corner of the square, 2 projections
p; i I2 — I, (i,5 € {1,2}) and a collapse map p x p : IZ — pt, X pt, = pt,. The following
lemma is trivial but useful.

LEMMA 2.3.5. — The maps s, t, p, s;j and p; are maps of simplicial sets.

2.4. The cup product for the mapping space Map(Y, M)

We now show that there is a differential graded algebra structure on CHY*(Q2,Q) and
Ghen(MY'), and that the iterated integral gt preserves this algebra structure. The alge-
bra structure on Ghen(MY) is the one induced by the wedge product in Q*(MY), cf. Def-
inition 2.2.1. To define the product on CHY* (A, A), we first recall the shuffle product for
simplicial vector spaces V, and W,, see e.g. [21, Lemma 1.6.11].

DEFINITION 2.4.1. — For two simplicial vector spaces V, and W,, one defines a simplicial
structure on the simplicial space (V x W)y, := V;, ® W}, using the boundaries d} ® d!¥ and
degeneracies s} ® s!V. There is a shuffle product sh : V, @ W, — (V x W), 1,

Sh(v @ w) = 3 sgn(is, 1) (su, 50, (V) ® 5, -+ 8y (w)),
(msv)
where (1, ) denotes a (p, ¢)-shuffle, i.e. a permutation of {0,...,p+ ¢ — 1} mapping0 < j <p-1
topjprandp < j <p+gqg—1tovj_pii,suchthat yy <--- < ppandy; <--- < vy In
particular, for V, = W,, this becomes sh : V, @ V; = Vpiq ® Vpiq.

Since CHY*(A, A) is a simplicial vector space, we obtain an induced shuffle map sh on
CHY+(A, A). Composing this with CHY* (11, 1), where i1 : A® A — A denotes the product
of A, which is an algebra map since A is graded commutative, we obtain the desired shuffle
product shy, of CHY+ (A, A),

shy, : CHY*(A, A) @ CHY*(A, A) 3 CHY* (A A, A @ A) “T= 0 cpe(a, 4),

PROPOSITION 2.4.2. — The shuffle product shy, : CHY*(A, A)®? — CHY+(A, A) makes
CHY* (A, A) a differential graded commutative algebra, which is natural in A. If fo : Xe — Y,
is a map of simplicial sets, then the induced map f. : CHX*(A, A) — CHY*(A, A) is a map
of algebras and a quasi-isomorphism if the map Hq(fo) : He(Xe) — Ho(Ys) induced by f, is
an isomorphism.

Proof. — The shuffle product V,@V, — (V xV'), for simplicial vector spaces is associative
and graded commutative (see [21, Section 1.6]). Further u : A®Q A — A is map of differential
graded algebras since A is (differential graded) commutative. Hence shy, is an associative
and graded commutative multiplication and a map of chain complexes.

That f, : CHX(A, A) — CHY*(A, A) is a map of algebras follows by naturality of the
shuffle product and the last claim is proved in [25, Proposition 2.4]. O

In view of the above Proposition 2.4.2, Lemma 2.1.6 has the following counterpart.
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COROLLARY 2.4.3. — Let Xo, Yo, W and Z,, fo : Ze — Xe, Go : Ze — Yo be as in
Lemma 2.1.6 and Definition 2.1.5. There is a natural morphism of differential graded algebras

CH* (A, A) @y ze 4 4) CHY* (A, A) — CHJY* (4, A).
If Z4 injects into either Z, L Xo 0r Zq e, Y., this natural map is a quasi-isomorphism.

Proof. — Proposition 2.4.2 and the commutative diagram (2.2) imply that CHX+ (A, A)
and CHY* (A, A) are CHZ+ (A, A)-algebras and that the maps i, : CHX*(A, A) — CHY+(4, A),
Ju: CHY<(A,A) — CHY+(A,A) are maps of (differential graded) commutative
CHZ+ (A, A)-algebras. Since i, o fi = j. 0 g«, the composition

CHX+(A, A) @ CHY* (A, A) “2% CHW=(A, A) @ CHV* (A, A) 2% CHV* (A, A)
induces a natural morphism CHX* (A, A) @ pze 4 4y CHI* (A, A) — CH'*(A, A) of
CHZ+ (A, A)-algebras. The last statement follows from Lemma 2.1.6 and the fact that the

shuffle product V, ® W, — (V x W), is a natural quasi-isomorphism of simplicial vector
spaces. O

By Proposition 2.4.2, for any simplicial set X, and commutative (differential graded) alge-
bra A, (CHX+(A, A), D,shy,) is again a commutative differential graded algebra. Thus its
Hochschild chain complex CHY* (CHS* (A, A), CHX*(A, A)) is defined for any simplicial
set Y, and is a commutative differential graded algebra.

COROLLARY 2.4.4. — Thereis anatural (with respect to X,, Yo and A ) quasi-isomorphism
of algebras
CHX+(CHY*(A,A),CHY* (A, A)) = CHI )+ (4, 4)
where (X xY), is the diagonal of the bisimplicial set Xo X Y,, that is (X xY),, = X, x Y.

Proof. — The quasi-isomorphism is induced by the Eilenberg-Zilber quasi-isomorphism
(i.e. the shuffle product). In order to define it more explicitly, we need the following
definition of Hochschild chain complex C HX+(R,) over a simplicial set X, for a simplicial
algebra R,. This is a bisimplicial vector space which is given in simplicial bidegree (p, ¢) by
CH*»(R,) = R, ® RS™ where z, + 1 = #X,,. Its face maps CH*»(R,) & CHX»-1(R,)
are given by the usual ones for the Hochschild complex over X, as in Definition 2.1.2 and
similarly for its degeneracies along the X, direction. Thus, CH**(R,) = CHX*(R,, R,)
is the Hochschild chain complex of the algebra R, over X,. The simplicial face maps
CH*»(R,) 4 cHX» (Rq—1) along the R, direction are induced by the face maps of R,:

®1+zp
CH**(R,) = Ry ® R®*» "— R, ® RZ™7 = CH**(R,_,)
and similarly for the degeneracies. Thus, CH*X»(R,) = (R x --- x R), is the (1 +
x,)-times iterated cross-product of the simplicial algebra R, (see Definition 2.4.1 above). If
R, is a simplicial commutative differential graded algebra, then C HX*(R,) is a bisimplicial
commutative differential graded algebra. Note that for the standard Hochschild chain
complex over S?, this definition was first introduced by Goodwillie [17].

By the (generalized) Eilenberg-Zilber theorem [16, 22], there is a natural quasi-iso-

morphism EZ : CHX*(R,) — diag(CH**(R,))s, where diag(CHX*(R,)), is the
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diagonal simplicial set associated to the bisimplicial set CHX*(R,). Hence, in simpli-
cial degree n, diag(CHX*(R,)), = CH*"(R,) = R, ® R®». Note that the map
EZ : CH*»(R,) = RY'™™ — CHXv+a(R,,,) = Rf’i;”””" is given by a formula similar
to the one in Definition 2.4.1, that is
(2.6) EZ = Z sgn(p,v) (sffq‘ esx*)o ((sﬁp’ -~-s§;)®1+$”)

(1)
where (u, v) denotes a (p, ¢)-shuffle and sf‘, sp* are the degeneracies along the X, and R,
simplicial directions respectively.

From Definition 2.1.2, it is clear, that CHY* (A, A) is a simplicial differential graded
commutative algebra, and, that CHS *¥)* (A, A) = diag(CHX+(CHY*(A, A)))., since
CHZE (A4, 4) = A®(+en)(tyn) (A®(1+y”))®1+z". Thus, the Eilenberg-Zilber
map (2.6) gives a quasi-isomorphism of underlying chain complexes

CHX*(CHY* (A, A)) Z24 cHF V) (4, A).
Note that on the left hand side, CHY* (A, A) is considered as a simplicial differential graded
algebra. Now we need to define a quasi-isomorphism

CH*(CHJ* (A, A),CH*(A, 4)) — CH**(CH,* (4, 4))

where on the left, CHY*(A, A) is equipped with its structure of commutative differential
graded algebra given by the shuffle product shy, and the Hochschild differential D. Iterating
the Eilenberg-Zilber map z,-times, we get a quasi-isomorphism

B2 : CHYY (CH)* (A, A),CH* (A, 4)) = (CH*(4,4)) "

sh®@p

M (CHY-(4, 4) T = cHX (CHY- (4, A)),
where sh is the shuffle product as in Definition 2.4.1. Thus the composition

EZo(EZ(e)
CHX+(CHY*(A,A),CHY*(A, A)) (22 )OHSX*”'(A,A)

is a natural quasi-isomorphism.
Since the algebra structure on CHX+(CHY* (A, A),CHY*(A, A)) is the composition of

the shuffle product
sh: CHX" (CHY* (A, A),CHY* (A, A)) ® CHa** (CHY* (A, A),CHY*(A, A))
— CHY "7 (CHY* (A, A)®* CHY" (A, 4)®?)
with the map CHX* (shy,) (also induced by the shuffle product see Definition 2.4.1), the fact

that the natural map CHX+ (CHY+(A, A),CHY*(A, A)) — CH{X*Y)*(A, A) is a map of
algebras follows from the associativity and commutativity of the shuffle product. O

ExaMmPLE 2.4.5. — If T, is the simplicial model for the torus given in Example 2.3.2, then,
by Corollary 2.4.4 above, CHI*(A,A) is quasi-isomorphic, as an algebra, to
CH;qi (CH.Si (A,A),CH?i (A, A)), that is to the standard Hochschild complex of the
standard Hochschild complex of the algebra A.
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Using a decomposition of the product A¥ x Al into a union of (k + I)-simplices A¥+!,
which is indexed by the set of all shuffles, we obtain the following proposition.

PROPOSITION 2.4.6. — For any compact, oriented manifold M, the iterated integral map
AR (CHY+(2,9Q),shy,) — (Q*(MY),A) is a map of algebras.

Proof. — We need to show, that for ag ® - -+ ® ay, , b ® - - ® b, € CHY*(Q,9Q),
(27) Jty'(GJO@'"®a’yk)/\jty.(b0®"'®byz) :jty.(ShYo(aO@'"®a’yk7b0®"'®byz))'

Let¢: U — MY be a plot, and p’;H : U x AR+ Myr++1 the map from (2.3). Note that
each degeneracy s; : Y, — Y, induces a map M* : MY+t — MY+l which in turn
induces the degeneracy s; : Q®¥r+1 — Q®¥r+1+l on CHY+(Q,). Since the multiplication
u: Q%2 — Q is obtained by pullback along the diagonal § : M — M x M, the term on the
right side of (2.7) becomes

Z + /Akﬂ(pl;-i-l)* o (6yk+l+1)* <3uz S Sy, (ag®--® ayk) ® Sy - Sy (bh® - ® byz))
(1)

:Zi/ (p$+l)*oa*<ao®---®ayk®bo®"'®byl)a
Ak+l

(b,v)

where o : MYs++tL 5 Mykrtl 5 pyetitl o ppyetl oo prvitl is the composition of the
diagonal of M¥s+1+1 with the map (M5» - - M%) x (M®#x - - M®u).

Recall the degeneracies o; : A™! — A" (0 < t; < -+ <ty < 1)
0<t; <+ < <. < ty+1 < 1), which removes the ith coordinate from the standard
simplex, cf. [21, Appendix B.6]. Then for any v € MY, the map ev from (2.4) makes the
following diagram commutative

ev(y,—
ArJrl #_ My,.+1+1

ag; \L J/Msi
ev(v,—)
AT —— MyT+1
Thus, for any shuffle (i, ), we obtain the commutative diagram,

xid
U x ARy AR Mkl

J/ (ev,ev) J/

idx ) MY x Akt b MYr+1+L ¢ pfyrtitl
idxﬁ(‘"”)l l
idxid s
U x AF x Al idakiak MY x AF x Al (ov.ev) Myetl o ppuitl

where the right vertical map is o, and B#Y) = (0, -+ 0y, Oy = Tpy ) 2 AFFL— AR 5 AL
Thus, a o p’;“ = pa o (id x B*¥), where pg denotes the bottom map. Using the decom-
position of A% x Al = II, 8" (A1), we can simplify the right hand side of (2.7)
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to
/ (pa) (a0 @ - Qay, @by ®---®by,)
(0,0 B (AR+)
- / (pg)" (a0 ® - -- ® ay,) A/ (pg)™(bo ® - - ® by,)
Ak Al
= I (a0 ® - ®ay ) NI (b ®--- @ by,),
which is the claim. ]

The previous proposition shows, that the wedge product of two iterated integrals is again
an iterated integral, so that “A” preserves Ghen(M?Y) C Q*(MY'). We thus have the following
corollary.

COROLLARY 2.4.7. — It : (CHY*(,9),shy,) — (Ghen(MY), \) is a map of algebras.

REMARK 2.4.8. — The proof of Proposition 2.4.6 is essentially the same as the proof
given by Patras and Thomas in [24, Proposition 2], and could have been deduced from [24].
We will use the relationship with [24] in the next subsection.

2.5. Chen iterated integrals as a quasi-isomorphism

In this subsection, we show that the iterated integral map J2"* : CHY*(Q,9Q) — Q*(MY) is
a quasi-isomorphism under suitable connectivity conditions on M, where we set as usual
Q = Q°*(M). For the proof we will apply a related result by Patras and Thomas [24], which
uses a simplicial description of cochains of MY . We start with a slight generalization of the
simplicial cochain model used in [24].

DEFINITION 2.5.1. — Let Y, be a simplicial space, and M a compact manifold.
Denote by §* a cochain functor, such as simplicial cochains, singular cochains, or de Rham
forms. We define the simplicial chain complex &3 (MY) by letting T3 (MY) = (€°(MY+) =
@D,>0 6" (M), dy), where 9y, is the differential on M** induced by &*. The face maps d;
and degeneracies s; of Y, induce face maps D; := ¢° (M%) and degeneracies S; := 6* (M%)
on Go(MY).

The total complex G(MY)* is defined by G(MY)P = @pso 6" (M), and has
the differential D : G(MY)» — G(MY)PTL, which on €”T*(MY+) is a sum of the
differentials (—1)%8y, : GPTF(MY*) — P (M) and S (-1)iD; : €7TF (M) —
gp-i—k (MYk_l )

The normalized complex A G(MY)* is defined as the quotient of &(M?Y)*® by the sub-
space generated by the images of the degeneracies .S;. It is well-known, that the projection
G(MY)* — N E(MY)*® is a quasi-isomorphism of chain complexes, see e.g. [22].

LEMMA 2.5.2. — Assume that Y = |Y,| is n-dimensional, i.e. the highest degree of any

non-degenerate simplex is n, and assume that M is n-connected. Then any two cochain
Sfunctors €* and D* induce quasi-isomorphic complexes G (MY )* and D(MY)*.
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Proof. — It is enough to show that /" &(M?Y)® and A" D(MY)* are quasi-isomorphic.
For " G(M?Y)*, we define the filtration by simplicial degree Ffy = @o<jcp N G (M™).
The E! term for this filtration is computed as the reduced homology @~ H (MY*).
Using the assumptions on the connectivity of M, it is easy to see that the E! page is
first quadrant, and thus the filtration converges to the homology H (A €(MY)*). Similar
arguments give a spectral sequence converging to the homology H (N D(MY)*). Now any
natural equivalence & : €° — 9° induces a map of spectral sequences, which is an
isomorphism on the E*' level. Since any two cochain models &° and ©° can be connected
by a sequence of natural equivalences, the claim follows. O

PROPOSITION 2.5.3. — Under the assumption from Lemma 2.5.2, the iterated integral
map I CHY+(9,9Q) — Q*(MY) = C*(MY) is a quasi-isomorphism.

Proof. — First, notice that 72" : CHY* (2, Q) — Q*(MY) factors through Q(MY)* =

Do Q2 (MY*) via
Q® 0% Z oY) % 0t (MY x AF) Jar, Q*(MY),

where Z is the natural quasi-isomorphism obtained as the wedge of the pullbacks of the
yr + 1 = #Y}, projections MYx — M, ev : MY x A¥ — MY+ is the map in (2.4), and
i) Ar denotes integration along the fiber. An argument similar to Lemma 2.5.2 shows that Z
induces a quasi-isomorphism CHY* (9, Q) — Q(MY)*.

Denote by ¢° the singular cochain functor, and denote by /[A¥] : J*(MY x A¥) —
J*(MY) the slant product with the fundamental cycle of A*. Consider the diagram

QMY )* — Q0 (MY x AF) o Q*(MY)

| |

JMY) = gt (MY x AF) B2 gt (M)

which commutes after taking homology. Since Q°® and J° are naturally equivalent, and using
Lemma 2.5.2, we see furthermore that the vertical maps are isomorphisms on homology. Re-
calling from [24, Corollary 2], that the bottom line is a quasi-isomorphism, we conclude that
the iterated integral also induces a quasi-isomorphism, which is the claim of the proposi-
tion. O

REMARK 2.5.4. — An alternative proof of the above proposition may be obtained by
following the ideas of Getzler Jones Petrack [14, Theorem 3.1], via induction on the simplicial
skeletal degree (cf. [16, p. §]).

Let A* = Hom(A,k) be the (graded) dual of A. If we denote the graded dual of
CHY+(A, A) by CHy, (A, A*) = [[i>0(A* ® (A*)®¥), then we also have the following
dual statement to Proposition 2.5.3.

COROLLARY 2.5.5. — Under the assumptions from Lemma 2.5.2, we have a quasi-
isomorphism (JZY')* : Co(Map(Y, M)) — CHy, (Q,Q").
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REMARK 2.5.6. — In the above discussion, we did not include the Chen space Ghen(M?Y),
which, by definition, is given by the image of the iterated integral map Ghen(MY) =
Im(#"* : CHY(Q,9Q) — Q*(MY)) c Q*(MY). Chen showed in the case of the circle
Yo = SL(¢f [6]), that Ghen(M Sl) is in fact quasi-isomorphic to Q*(M?Y) by showing
that its kernel Ker(ﬂsi) is acyclic. In case of a general simplicial set Y,, this task turns
out to become quite more elaborate, as the kernel Ker(ﬁy‘) contains many non-trivial
combinatorial restrictions, coming from the combinatorics induced by Y.

Let us illustrate this by the example of a simplicial graph G,, having v vertices and e edges
as its only non-degenerate simplices. Combining the models for the interval and the point
as in Example 2.3.4, we may assume that #G; = v + e - k. Then for given functions
fis--s fo,91,---59e : M — R, which we associate to the vertices and edges of G,, we can
define a degree 0 element z € CHS* (22, Q) = Q2 @ Q®¢[1], by setting

r=f1® @ f ®dpr(g1 ® - ®g.) € (%) @ (Q¥°)'[1]

where dpg is the de Rham differential. A computation then shows that z € Ker(th‘)
exactly when for every vertex w of G,, the product of the functions on the incoming edges
git - - -, girw atw isequal to the product of the functions on the outgoing edges g1 , .. ., g5
at w up to a constant ¢, and these constants multiply to 1,

Vw:Hgi;fuzcw-ngg, and chzl.
k k w

The conclusion is, that the explicit identification of the kernel Ker(ﬁy‘) for a general
simplicial set Y,, as well as the proof of its acyclicity, require considerably more effort.
However, we conjecture that the kernel is acyclic.

3. String topology product for surfaces mapping spaces

Beside the cup product on the cohomology of the mapping space, there is also a “string
topology” type product on the homology of certain mapping spaces. We now demonstrate
how this string topology product may be modeled via the generalized Hochschild cohomol-
ogy. In particular, we look at the case of surfaces 39 of various genus g. The string topology
product for this is then expressed as a map H, (M="") @ H,(M>") — H,(M>""").

3.1. A Hochschild model for the surface of genus g

We start by giving a Hochschild model of the mapping space Map(X9, M) from the
surface of genus g to a 2-connected, compact, and oriented manifold M.

Recall that the surface %9 of genus ¢ > 1 can be represented as a 4g-gon, where the
boundary is identified via the word

a1byagby - - - (zgl)£,c1;1b_(]_1 ceay by tartoT !

We choose a subdivision of this polygon that fits with the string topology product. For this,
we use a subdivision into g? squares, and further subdivide the off diagonal squares further
into two triangles, so that for instance for g = 3 we obtain
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a a;l

b1 byt

a2 a;l
(3.1) by a3 bs

Each of the diagonal squares is represented via the simplicial model of the square I2, with
|IZ| = k* + 4k +4. Also, for the square build out of two triangles, we glue two squares along
an edge and collapse the opposite sides to a point,

=
collapse

This is a model which has in simplicial degree k exactly 2k? + 5k + 4 elements. Gluing all
these squares together by identifying the corresponding edges and identifying all vertices, we
obtain a simplicial model (X9), for the surface of genus g, with

3.2) #(Ek=02¢0"—9) K+ @Bg*—g) - k+1+ (g—1)

We set o = #(X9), — 1.

NOTATION 3.1.1. — We write T, = I2/ ~ for the simplicial model of a triangle obtained
as a quotient of a square where a side is collapsed to a point.

For genus ¢ = 0, we use the simplicial model (X°), = S? of the sphere introduced
in Example 2.3.3. If M is a 2-connected, compact, oriented manifold, then Propo-
sition 2.5.3 and Corollary 2.5.5 imply that e :CHEEQ)°(Q,Q) — C*(M*") and
(Jt(zg)’)* 1 Co(M™) — CH{g,y, (92,9") induce isomorphisms on (co)homology.

The reason for studying this particular model of a surface of genus g is that it comes with
a simplicial description of pinching maps. Pinching maps are obtained by collapsing to a
point a circle, which contains the basepoint, on a surface X" yielding a wedge X9 v ©" (for
any decomposition n = g + h).
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PinchVY

This is realized on our simplicial model as follows. For n = g + h, we can consider
4 different regions in the model for 29" namely we can consider the top left square build

out of g2-squares (labelled a1, b1, as, ... on the left and b7*,a;", ... on the top), the lower
right square build out of h2-squares (labelled . . . , agtp, by+r, On the bottom and a;jh, bgjg..

on the right), and the two off diagonals rectangles denoted Ry, R;. Note that all squares in
the off diagonals regions R;,, R; are subdivided into triangles. Let

(3.3) Pinch, 5, : 24" — 29 v ¥k

be the map defined by identifying all the points in all triangles in R and R; which belongs to a
same parallel to the hypothenuse of the triangle (that is the edge parallel to the one which has
been collapsed in the model). In other words, Pinchy 5, collapses, along the anti-diagonal, the
two off diagonal regions R;, and R, to the boundary of the top left and bottom right square.
For instance Pinchy ; : £3 — X2 v 3! is given by the diagram

-1 -1 -1 -1 -1
by a by /—Rt by ay
//)/ -1 1)2_1
ai 7774 ay ai
’77
777 a_l
_ — 2
b 77,4 b b _
1 7,1 93 collapse 1 b; 1
7/
77 7’7 _ az b _
A2 (7774777 a31 2 a31
/// s’ as
b
/bg as bs 3

Ry
where all elements in the same dashed line are identified, i.e. collapsed to the same point.
LEmMA 3.1.2. — The map Pinchg j, : $Ith s 24 v B s simplicial.

Proof. — The map Pinch, j, is obtained by wedging along an edge, or a vertex, maps such
as the identity id : I? — I2,id : T, — T, and collapse T, — pt, of a triangle onto a
point or collapse Ty = 12/ ~24 I, of a triangle onto one edge (which has not been identified
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to a point). Now it follows from Example 2.3.4 and Lemma 2.3.5 that Pinchg ; is a map of
(pointed) simplicial sets. O

REMARK 3.1.3. — Ttis crucial to use the simplicial model £ described in Lemma 3.1.2.
For instance, if one uses a model where the off diagonal squares are not subdivided, the
Lemma 3.1.2 above is no longer true.

The following lemma is straightforward.

LeMMA 3.1.4. — The simplicial pinching map is associative, 1.e. the following diagram is
commutative

PiHChg+hyk

h
ngthtk ngth v ok
PinChy’thk\L J/Pinchg,h\/idz:;:
idyk VPinchy
L]
DIVEE — _ngyyhyxk

3.2. The “string topology” product for surfaces

In this section, we recall the “string topology” type operation adapted for surfaces, and
then apply this to the model for the surface mapping space given in the previous subsection.
We start by recalling this operation, which was originally given for the mapping space of a
circle by Moira Chas and Dennis Sullivan in [5], see also the description of the Cohen-Jones
map generalized to surfaces as given in [9, Section 5.2] for the k-sphere.

In this section, we use the model 39 (= |3{]) for a (compact oriented) surface of genus g
introduced in Section 3.1 with its basepoint {*}.

Denote by Map(X9, M) the space of (continuous, non pointed) maps from a surface 39
to the manifold M, which we assume to be compact and oriented. For two such surfaces
%9 and £*, denote by %9 v ©" their wedge product, i.e. their disjoint union modulo the
identification of the two basepoints. The space Map (X9 v £*, M) denotes the corresponding
mapping space from X9 V ¥* to M. Then there are induced maps

Map(29, M) x Map (2", M) 2 Map(29 v £, M) *28" Map(29+h, M),
where pj, is given by including to the first and second component in 39 V ¥, For surfaces

with positive genus, poys is induced by the pinching map Pinch, j, : £97h — $9 v £ given
by the geometric realization of the simplicial map (3.3) Pinch, , : £5™" — £IvEh, If g = 0,
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another model for £" is given by gluing 4 squares

. bitart...
[ ] [ ]
ai .
b1 :
. b,
agl
(3.4) . o an by

where the bulleted edges are collapsed to a point and the other boundary edges are identified
with the word a1b1asbs - - - ahbha,:lbgl cee aglbglaflbfl as for the model (3.1). The pinch-
ing map Pinchg 5, : ¥" — 20 v 2" = £0 v ¥" is given by

. bitarl. .. .
L
I T T I
I T T I
L] I O T I I | L] [ °
I O T I I |
I T T I -1 -1
[ by ar ...
ar - - "7 g -
1 L _ ] . 1
S : collapse by
——————— bt . b, !
_______ a;l a;l
(3.5) o o Qh by ceeap by

where all elements in the same dashed line are identified, i.e. collapsed to the same point.

There is a similar pinching map Pinchg 5, : ¥* — 2" v £° given by

bitarl... . bitarl...
a | L _____41 . aq
by I by
_______ b, ! b,
s P al e
T T T T1
R = e Gh by
T 110 collapse
el 1111 . . o
AR
AN
I I T I |
(3.6) ean by . .

By collapsing all boundary edges to a point in the model (3.4) and in definition of the map
Pinchy p, (3.5) yields the usual pinching map Pinchg o : £° — X% v ° for the dimension 2
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sphere S? = X°. The pinching maps Pinchg s, Pinch, o above induce pout when one of the
surfaces has genus zero.

Note that the map p;, is given as a pullback of diagrams

Map(29 Vv S, M) —22= Map(59, M) x Map(Z", M)

J/ diagonal J/

M M x M

In particular, p;, is an embedding of infinite dimensional manifolds with finite codimension
equal to the dimension of M, codim(p;,) = dim(M) and the associated normal bundle is of
dimension dim (M) and oriented (since M is). Thus, if we denote by Map(X9 v &t M)~TM
the Thom space of this embedding, there is a Thom class in H™(Map(29 v £h, M)~TM)
inducing the Thom isomorphism

t: Hy(Map(29 v =P M)~"T™™) 5 H,_.,(Map(S9 v =", M)),
where m = dim(M). Together with the Thom collapse map
7 : Map(X%9, M) x Map(2", M) — Map(X9 v P, M)~TM
we obtain the following umkehr map,
(pin): : Hu(Map(S, M)) © Hy(Map(S", M)) = H,(Map(£, M) x Map(Z*, M))
I Hy(Map(X9 Vv £ M)~"™) 4, H, . (Map(29 v 5", M)).
DEFINITION 3.2.1. — With this, we define the product & := (pout )« © (Pin)1,
W : Hy(Map(29, M)) ® H,(Map(XZ", M))
) g, (Map(29 v 8, M) P29 H, (Map(S9+*, M)
that we call the surface product.

We denote by H, (Map (X9, M)) the shifted homology groups H,_ dim(ar)(Map(X9, M)).
This shifting makes the surface product a degree zero map.

THEOREM 3.2.2. — Let M be a compact oriented manifold. Then the surface product
W : He (Map(X9, M)) ® He(Map(X", M)) — He(Map(Z9+", M)) is associative.

Proof. — 1t is well-known that Pinchgg : X% — X9 v X% is homotopy associative.

From there and Lemma 3.1.2 it follows that (pout)« : He(Map(X9 Vv St M)) (Bt )

H,(Map(Z9+" M)) is associative. Now the theorem follows from naturality property of
umkehr maps: (pout )« © (Pin)1 = (Pin)1© (Pout )+ as in the usual string topology case (see [1, 8]
for details). O

REMARK 3.2.3. — Note that the surface product gives a structure of associative graded
(with respect to the genus) algebra with unit (see Proposition 3.2.5) to

Ho (| | Map (29, M)) = €D Hd(Map(29, M)).
9>0 g>0

4¢ SERIE — TOME 43 - 2010 - N° §



A CHEN MODEL FOR MAPPING SPACES AND THE SURFACE PRODUCT 837

There is an obvious embedding i, of M into Map(%9, M) as constant functions. Thus,
for any g > 0, the fundamental class of M yields a class

[M]g = ig([M]) € Ho(Map (%7, M)).

Also note that for genus zero, £° = S2, the surface product restricts to a product
H,(Map(X°, M)) ® He(Map(X°, M)) — He(Map(X° M)). This product is the usual
(dimension 2) Brane Topology product:

PROPOSITION 3.2.4. — The restriction of the surface product (see Definition 3.2.1)
to He(Map(X°, M)) coincides with the Brane topology product He(Map(S?%, M))®? —
H, (Map(S?%, M)) see [9, 19]. In particular it is graded commutative with [My as a unit.

Proof. — The Brane Topology product (for dimension 2-spheres) as defined in [9, Section
5] is induced by a structure of algebra over the homology H,(Cac) of the (2-dimensional)
cactus operad €ac on H,(Map(X?, M)). By definition, an element ¢ € €ac(2) is a map
c: 8% — 82V S2. Thus it induces a map pi,(c) : Map(S? V S?, M) — Map(S?, M).
The Brane Topology product [9, Section 5.2] is then given by the composition poyt © (pin(€)):
for any cactus ¢ € €ac(2). The result follows by choosing ¢ = Pinchy . O

By Theorem 3.2.2, Hq(Map (X9, M)) inherits a left Hq (Map(X°, M))-module structure

)

He (Map(3°, M)) ® He(Map(X9, M)) — He(Map(Z9, M)) as well as a right module
structure.

PROPOSITION 3.2.5. — H,(Map(X9, M)) is a (graded) symmetric He(Map(X°, M))-bi-
module, i.e. for any x € Hqe(Map(29, M)), y € Ho(Map(Z°, M)), one has

MloWa =2 and rwy = (—1)velywe.

Proof. — Note that there is a commutative diagram of pullbacks

(ev,id)

N9
M x M io X id

1
m\

Pin

MV M5 x M™
idxev
J/ev LGVXGV
M x M
M diagonal

where ¢ is induced by the inclusion 29 < $2Vv X9 and 3" is induced by $2 VX9 — X9, which
collapses the S component to a point. Since [M]o = io([M]), it follows that (pi,)'([M]o x ) =
iy ((ev,id)'([M] x z)) = ¥ () and the identity [M]o & = = z follows, since Pinchg 4 0 ¥ is
homotopic to the identity.

It remains to show that Pinchg , and Pinchg o are homotopic maps £¢ — X9 v %9, For
each ¢t € [0, 1], there is a parametrization of X9 obtained by attaching standard squares and
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rectangles and identifying some boundary components as in the following figure:

o b1_1 al_l. ..
Jé] °
ai
b1 s
. —1
bg
a;l
St \d
° 1
O
(3.7) <. Qg bg ﬂfl

More precisely, the big central square S in Figure (3.7) is a standard square [0, 1] while the
small central square S; has edges of length ¢ (thus S; = [0,¢]?). The edges labelled by a;s,
b;s and their inverses are identified just in the usual model for 3¢, see Figures (3.4) and (3.1).
The edges « and S are of length (1 — ¢)/2. The two bulleted edges are identified to the base
point and the (top right and bottom left) bulleted rectangles are entirely collapsed to the base
point as well. Overall, the parametrization pictured by Figure (3.7) is the square [0, 2]? with
some boundary elements identified and two sub-rectangles collapsed to the base point.

We now define a pinching map Pinch(t, —) from X9 to X° v £9. Similar to the pinching
maps Pinchg 4 and Pinchg o, Pinch(t, —) is obtained by collapsing some elements in the
above parametrization (3.7) of X9 to the base point, as shown in the following picture:

-1 -1
% bl Cl;l e o
T T T T
o, -1 -1
| | | | [ )
I6] Lo I5] by aj ...
[
atL_1 L __] . ay :
b1 I . bl ;1
se_d L _ ] b;l . g
1 Pinch(t,—) N —1
I Y S —— a. a
g g
collapse °
T T 1
Lo o Qg by o
o | I 1 11 o
L e
[ []
... Qg bg ﬂ—l ﬂ—l

Here all elements in the same dashed line get identified by the pinching map Pinch(¢, —), i.e.
they get collapsed to the same point, and all bulleted rectangles and egdes get collapsed to a
point.

Note that Pinch(1, —) = Pinch, . Thus the map Pinch(—, —) : [0,1] x £9 — £0 v X9
is a homotopy between Pinch, ¢ and Pinch(0, —) which is the collapse map given by the
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following figure :

-1 -1
o b]_ (11 o
T T 1
Jé; [T T Jé;
[ ) ®
[ I plgrt
[ N 1 71 -
[]
ar L _ _ F——- al .
bl - — — - I bl b—l
. b—l Pinch(0,—) g
- —— F———"% : 1
—1  collapse : ag
- — L——-a
g [ ]
T T 1
.. Qg b
[T T B g Og 1
° N a! ° o
11
g by B! gt

There is a similar homotopy ﬁiﬁ&l(—, —) : [0,1] x X9 — X0V 39 with ﬁiﬁ&(o, -) =
Pinch(0,—) and 1;11\12:/}1(1, —) = Pinchg 4, which is obtained by taking a parametrization
similar to (3.7) but with the small center square above and on the left of the big center
square, i.e, a parametrization “symmetric” to (3.7) with respect to the anti-diagonal. The
composition of the homotopies Pinch(—, —) and 13;131(—, —) yields the desired homotopy
between Pinchg 4 and Pinchg . O

REMARK 3.2.6. — Note that the surface product is not (graded) commutative
in general. For instance if M = S3, the 3-dimensional sphere, then the center of
(P,>0 He(Map(X9, 5?)), ) is He(Map(X°, %)), see Example 4.4.6.

For any genus g > 0O-surface, there is a map 7, : 9 — X° 2 §2 obtained by collapsing
alledges a1, by, ... of the 4g-gon to a point. By pullback it yields a map 79 : Map(S?, M) —
Map(X9, M). Hence, a linear morphism 7{ : Hy(Map(S?, M)) — H,(Map(%9, M)).

PRrOPOSITION 3.2.7. — Let M be a compact oriented manifold. Then, for g > 0 and
h >0,

i) the map ¢ : He(Map(S?, M)) — He(Map(X9, M)) is an He(Map(S?, M))-module
morphism and satisfies

md(z) Wrl(y) = ndt(z Wy);

ii) mf(z) = z W [M)], for any z € Ho(Map(S?, M)).

Proof. — From the definitions of Pinch, , for g,h > 0 (see Lemma 3.1.2 and the ar-
rows (3.5) and (3.6) we easily get that the two maps (7, V 7y ) oPinchg p, and Pinchg g o (mg44)
are homotopic and further that three maps (7, V id) o Pinchg o, (id V 74) o Pinchg 4 and
Pinchg o o (m4) are homotopic to each other. Now the claim i) follows from the naturality
of umkehr maps:

(7 v a*)).co (pin)r = (pin)r © (w9 x 7).

where (79 V 1) : Map(2° v 3%, M) — Map(X9 v ", M) is the natural map induced by
WgVﬂh:Eg\/Zh — X0 v 30,
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By i) and Proposition 3.2.5, it is sufficient to prove claim ii) for z = [M], the unit of
He(Map(S?, M)). That is to prove that 7¥([M]o) = [M], which follows since 79 0 ig = i,
where i, : M — Map(X9, M) is the canonical embedding of M as constant maps. O

ExaMPpLE 3.2.8. — By Proposition 3.2.7 applied to the unit [M]o, we get, forany g, h > 0
[M]y @ [M]y, = nd([M]o) Wl ([M]o) = ¢+ ([M]o) = [M]gsn-

In particular, [M], and [M];, commute.

3.3. Surface Hochschild cup product

In this section we give an analogue of the surface product defined in higher Hochschild
cohomology over surfaces. Similarly to the Hochschild homology over a simplicial set,
there are Hochschild cochain complexes associated to any pointed simplicial set Y, (see [15])
defined as follows. Let (A, d) be a differential graded commutative algebra and (M, d) an
A-module viewed as a symmetric bimodule. We define

CHY. (A, M) := Homy, (@ A%, M)" ™"

£>0

where the upper index n — k is the total degree of a map A®¥* — A. A map of pointed sets
v : Yy — Y;and a linear map f : A%Vt — M, yield a map v*f : A®¥ — M given, for
a1 ® - Qay, € A%, by

Y fla1® - ®ay,)==xby - f(b1 ® - ®by,)

where bj>1 = [[;cf-1(j)ai and by = [[oicf-1(0) @i- The sign =+ is the total Koszul sign
obtained as the sum of (—1)!*I'¥l whenever y moves across z as in Definition 2.1.2. Note
that CHy, (A, M) is thus a cosimplicial vector space, with cosimplicial structure induced by
the boundaries d; and degeneracies s; of Y,. The differential on CHy, (A, M) is given, for
f:+ A®% — M, by the sum D(f) = (—1)*d; + by, where d; : A®¥* — M is given, for
a1 @ -+ ® ay, EA@Cyk’by

Yk
df(a1®'-'®ayk)Zd(f(a1®---®ayk))+Zif(a1®---®d(ai)®---®ayk)
i=1
and by : A®Ys+1 — M is given, for a1 ® - - ® ay,,, € A¥Ys+1, by

k+1

bf(a’l Q- ® a’yk+1) = Z(_l)l(d:f)(al ® - ® ayk+1)'
=0

Again the & sign is the Koszul sign as in Definition 2.1.2.
As for homology, the cosimplicial identities imply D? = 0. We call CHy, (A, M) the
Hochschild cochain complex for Y, of A with value in M. We denote by HH3 (A, M) its

cohomology groups. Let X, 4, Y, be a morphism of pointed simplicial sets. Then, for any k&,
we have amap fj : X — Yy, thusamap f; : Hom(A®Y, M) — Hom(A®**, M). Since f is
simplicial, the map f; combines to give a cochain complex morphism
f*:(CHy, (A,M),D) — (CHY%, (A, M), D). The following lemma follows from [15, 25]:

4¢ SERIE — TOME 43 - 2010 - N° §



A CHEN MODEL FOR MAPPING SPACES AND THE SURFACE PRODUCT 841

LEmMMA 3.3.1. — The higher Hochschild cochain complex CHy, (A, M) is covariant in
M, contravariant with respect to A and Y, and preserves homology equivalences, namely, if
f:A—> A, g: M — M are quasi-isomorphisms and v : Xo — Y, induces an isomorphism
in homology , then f*, g, and ~* are all quasi-isomorphisms.

3.3.1. The cup product. — We now define a cup product
U: HH3y (A, B) ® HHg, (A, B) — HHS 4.1 (A, B)

for the Hochschild cohomology over surfaces, where B is a differential graded commutative
and unital A-algebra, viewed as a symmetric bimodule. We are particularly interested in the
case B = A. Henceforth, we use the simplicial model X7 of a surface £9 of Section 3.1.

We first consider the case g,h > 1. Since CHg, (A, B) is a cosimplicial complex, the
tensor product CH3, (A, B) ® CHs,, (A, B) is bicosimplicial and we have the Alexander-
Whitney quasi-isomorphisms

° (] AW ° °
CHz(A, B) ® CHy, (A, B) *= CHy, (A,B)® CHy, (A, B)
where the right hand side is equipped with the diagonal cosimplicial structure. Recall that
the Alexander-Whitney map is explicitly given by AW = AW(*l) ® AW(*2) where AW(y) is
the map [4] Sits [i 4+ 1] figa | g [ + 7] (in the category A see Definition 2.1.1) and AW/o)
is the map [4] & 1+ 7] N... % [i + 7]

Let f®g be in CHgy (A, B)®CHy,(A,B), then we define the “wedge”
fVvge CH(.zgvzh)n(Av B) of f and g by the formula
f\/g(al Q- ®acri ®aaﬁ+1 Q- '®aofb+oﬁ) = f(al Q- ®a0%) 'g(a’aﬂ+1 - - '®aoﬂ+a‘2)
where - in the right hand side is the multiplication in the algebra B.

In Section 3.1 we defined the pinching map Pinch, 5, : (£9VER), — »9+"(3.3), whichisa
map of pointed simplicial sets. Composing the pinching map with the wedge and Alexander-
Whitney maps, we make the following definition.

DEerINITION 3.3.2. — For g, h > 1, the cup-product is the composition

U:CH% (A, B)® CHY, (A, B) XY CH3, (A,B)®CH, (A, B)
i J it+j it+j

Pinch’
% CHlgoysny,,,(A,B) =" CHé?L” (A, B)
ProrosITION 3.3.3. — Let B be a (differential graded) commutative A-algebra. The cup
product U : CHg,y (A, B) ® CH3,\.(A, B) — CH_,,,.(A, B) is a map of cochain complexes

and is associative.

Proof. — It is straightforward to check that the wedge map (f,g) — f V g is a morphism
of simplicial modules. Since Pinchg y, is a simplicial morphism and AW a map of chain
complexes, U is a map of cochain complexes. Now the result follows from Lemma 3.1.2 and
the associativity of B. O

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



842 G. GINOT, T. TRADLER AND M. ZEINALIAN

We now turn to the genus zero case. Similarly to Section 3.2, there is a H Hég (4, B)-
module structure on P 1 H Hg, (A, B). However the module structure is a little bit more
subtle since the standard model for the sphere is slightly different from the other genus
models (we still assume that B is an A-algebra). Note that CH =0 (A,B)2CH 52 (A, B) with
simplicial structure described in Example 2.3.3. Thus, C’H;I3 (A,B) = {f : A®% — B}.
Let f € C’Hgg (A,B)and g € CHS,(A, B). Then we define f U g € CH;SH (A, B) by the

formula

(3.8) FUg((@iy) = £ ((@i5)ig<p) - 9(@ig)prr<ig) - [[2ig - [[ @i

i>p+1i<p
J<p j>p+1

2
q

where (z;;) stands for a tensor 11 ® -+ ® Tpiq,ptq. It is straightforward to check that
(CHZ. (A, B),U, D) is a differential graded associative algebra. In fact,

ProPOSITION 3.3.4 ([15] Proposition 3.2 and Remark 1). — The cup-product makes
HHE, (A, B) a graded commutative algebra.

We now define the cup-product U : CHg(A,B) ® CHgy(A,B) — CH;,(A,B).
Later on, using the edgewise subdivision we will give another model for the cup—pr:)duct in
Section 3.3.2 (see Definition 3.3.13) which will allow us to define equivalent cup-products for
Hochschild cohomology over different simplicial models for the surfaces.

DEFINITION 3.3.5. — Let f € CH3(A,B) and g € CHgo(A, B), i.e. f : A®% B
k l
and g : A®7! — B, where o) = #X7 — 1. We will define fU g € CH3, (A,B)and
k41
gU f € CHy, (A,B). Theidea is to use the Alexander-Whitney diagonal in a slightly

k41

different way. Applying AW(gy : [I] — [k + ] from above induces a map X7, — X7 for the

simplicial model described in (3.1), which is given by collapsing certain elements in X7 e

(aij)i,jzl.“k
k/l E ol k1

k / k l l l
I ; z l
k k
! !
k i l l
! ~ ! ! I !

k1 k1 Eoo1 (@ij)ij=k+1.. .kt

In particular, all the elements of coordinates (7, 7); j=1..., in the top left square of X7 4 are
collapsed to the basepoint in .
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Let a be a homogeneous element in A®”£+l, and denote by ao;, a0, @i ; (i, =1---k+1)
the (k+1)%+2(k+1) tensor factors of a corresponding to the top left square in the simplicial

model 7 4+ Then, in particular, the elements (a;;); j=1...x get multiplied to the basepoint

under the induced AW (5, but there are also other elements, whose product we denote by
[Ic. Then, we may express AW, (9)(a) as

AW(Z)(Q)(“) = j3( H (aij)) ~g(b) - HQ
i,j=1-k
where b, ¢ are certain (products of) subtensors of a € A®%%41 | determined by the mapping

AW /(3). With this notation, we define f Ug € CHg, (A, B) by

k41

fug(a) = £f((aij)ij=1.&) - 9() - []
Similarly, AW(y) : [k] — [k+1] induces a map X7, — X7, which on the Hochschild cochain

k41
level may be expressed as
AWEy(9)(a) = +9() - ( T]  (aip)-11¢,
i,j=k+1k+l
where ag,j (i,j = 1---k + [) are the tensor factors of a corresponding to the lower

right square of X7 41> and b', ¢’ are determined by AW,y similarly to the above. Define

guUfe CH§Z+z(A’ B) by
gU f(a) = £g(t)) - f((a};)ijmkr1.m+0) - [ ] -

EXAMPLE 3.3.6. — Assume the genus is 1, and ¢ € CHg.(A,B). We denote by
l
1 2
(@ij); ;_o.... € CH.E’““(A,B) a generic element, i.e. agp ® -+ ® a; € AP FAFY),

ij#0
Then, for any f € CHy, (A, B), one has
k

k
fUglai;) =£f((ai;)ij=1-%) '9((bi,j)i,j - k.‘.kH) 'HCOi " Ci0
ij £ k2 i=1
where bkﬂ‘ = Qg,j " 0k,;j, bi,k = ;0" Ak and biJ‘ = Q4 for i,j > k, and

Co,i = @0,i,Ci,0 = Q4,0
REMARK 3.3.7. — For g = 0, Definition 3.3.5 coincides with Formula (3.8).
Definition 3.3.5 induces a right and a left action of CHg, (A, B) on CHgy (A, B).

LemMA 3.3.8. — The cup product makes CHgy(A,B) a differential graded
CH;\, (A, B)-bimodule.

Proof. — 1t follows from the associativity of A, the fact that B is an A-algebra and from
Formula (3.8) that the cup-product makes C'Hg,, (A, B) a unital associative algebra with unit

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



844 G. GINOT, T. TRADLER AND M. ZEINALIAN

lpe B=CH go (A, B) which is bigraded with respect to both simplicial degree and internal
degree (of A and B). Further, for f € CH,(A, B) and g € CHZ, (A, B), note that

&y () Ug((aiy) = £F((@ig)ij<p) - ] @is-9((@ig)praciy) - [T @i 11 @i

3,j<p+1 i>2p+2 i<p+1
ior j=p+1 J<pHl iEpt2
= —fuUdg(9)((aiy)).-
since the total degree |dy,;(f)| = 1 + |f|. Hence
P q+1
b(f)Ug+(=DVIFUb(g) = D (dif) +dysa (FUg+fUdilg)+ D FU(dig) = b(fUg).
i=0 i=1

It follows that C’H;z9 (A, B) is a unital differential graded associative algebra. Similarly, one
proves D(f Ug) = D(f)Ug = fUD(g).

Now, for any f € CH3(A,B), g € CH3o(A,B),and h € CHy,.(A, B), we may use
Definition 3.3.5 and the fact that AW gy : [r]q—> [r+p+q]is equai to the composition

AW, AW
[r] =7 [r+q =" [r+p+ q], to see that

((fUg)UR)(a) = £(f U g)((aij)ij=1-ptq) - h(®) - []
= f((aij)ij=1--p) - 9((@ij)i,j=p+1--ptq) -

H Qj,5 ° H Q5 * h(b) . H c

1<i<p p+1<i<p+q
p+1<j<p+q 1<j<p

= (fU(guh))(a)
This is exactly the left module identity. Similarly, the right module identity is obtained by

AW, AW,
using the equality of AW(y) : [r] — [r + p + ¢] with the composition [r] e +p) =Y

[r + p + ¢], whereas the compatibility of left and right module structure is obtained via the
] AW ) ] AW(a)

AW, AW,
equality of [r] — [r + p] =2 [r+p+qgland[r] =7 [r+¢q] = [r+p+q] O

This bimodule structure is not symmetric at the chain level but as we will discuss it will
induce a symmetric bimodule structure after passing to homology.

3.3.2. Subdivision. — We now give another description of the bimodule structure of
CH;, (A, B), by means of the edgewise subdivision. Recall the notations of Definition 2.1.1.
The e'dgewise subdivision [2, 23] is an endofunctor of the simplicial category A which asso-
ciates, to any simplicial set X,, a simplicial set sd2(X,) whose realization is homeomorphic
to the one of X,. One of its main properties is that the realization of the edgewise subdi-
vision |sda(A7)| of the standard n-simplex A™ is a triangulation of |A7| by 2" standard
simplexes. The functor sdy : A — A is defined by sdz([n — 1]) = [2n — 1], and, for any map,
fin—1] - [m—1],bysda(f) : [2n — 1] — [2m — 1],8d2(f) : ¢ + nj — f(i) + mj where
0<i<n-—1landj € {0,1}, see [2]. The edgewise subdivision sdy(X,) of a simplicial set
X, is the composition X, o sds.

There is a natural homeomorphism D : [sd2(X,)| = |X|(see [2, Lemma 1.1]) induced
by the maps A™~! x Xy, 1 — A1 x Xy, ; defined by (u,z) — ((u/2 @ u/2),z) where
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u = (ug,...,Un—1) € R™is such that ug + - - - + u,—1; = 1. In [23, Definition 3.3] a natural
chain map P.(2) : C(X,) — C(sd2(X,)) is defined, where C(Y,) is the chain complex
associated to a simplicial set Y,. More precisely, for any z € X,,

(3.9) De@)(z) = > (1) Xe(e(o)(2)
(o,m€L(2,n)

where J(2,n) is the set
#4(2,n) ={(o,n) € Sn x Homa([n — 1], [1]) [0 (i) > o (i + 1) = n(i — 1) <n(i)}

and g(,, ) : [2n + 1] — [n] is defined by

(G.10) e, (D ={nG-1) (n+1)+0@),....n() (n+1) +0o(i+1) -1}

McCarthy [23, Proposition 3.4 and Corollary 3.7] proved that 9, (2) is a quasi-isomorphism
realizing D! in homology and passes to normalized chain complexes.

The following lemma is straightforward.

LEMMA 3.3.9. — With the same notation as in Definition 2.1.5, one has a natural
isomorphism sda (X, Uz, Y,) = sda(X,) Usa,(z,) sd2(Ys).

ExaMPLE 3.3.10. — Recall from Examples 2.3.1 and 2.3.4 the pointed simplicial sets S},
pt, and I, for the circle, point and interval. Thensda(S;) = {0,...,2n+1},sd2(pt,,) = {0}
and sdz(I,) = {0, ..., 2n + 2} and it is easy to see that cH>{e) (A,M)=B(M,A,A)®a
B(A, A, A) where B(M, A, N) is the two sided bar construction and the tensor product
uses the right (resp. left) A-module structure on B(M, A, N) (resp. B(A, A, A)). In fact,
sda(1y) = I, Ups, I,. Further sda(Sy) = sda(Zs) Usq, (pt, ) sd2(pt,) Where the two endpoints
0 and 2n + 2 of sda(Z,) = {0,2n + 2} get collapsed. In particular the Hochschild chain
complex is CH:2") (A, M) = M © A®" @ A ® A®" with differential

2n+1
D(ag® - ®an @ ant1 ® Any2 - - ® A2pt1) = Z tag® - ®d(a;) ® -+ ® aoni1
i=0

n—1
+Z(ia0®"'®(ai‘ai+1)®"'®a2n+1ia0®"'®(an+1+i'an+i+2)®"'®a2"+1)
1=0
j:(agn+1-ao)®a1®'--®a2nj:ao®---®(an-an+1)®an+2®~--®a2n+1.

Similarly, the edgewise subdivision sdy(I2) of a square is canonically identified with the
wedge

of four standard squares I2.
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Using Section 3.1 and Lemma 3.3.9, we obtain that sd2 (X9) is a wedge of 492 squares and
4g(g — 1) triangles (Where a model for a triangle is given by a square with an edge collapsed
to a point). For instance, for a surface of genus 3, we obtain the following model

y—1 ;-1 ,—1 —1,7-—1 -1
by by ay T ap by by

a a'2_1

aj az_1

bll bé_l

by byt

as ag_l

a2 agl
@3.11) by by a3y a3 by by

3.3.3. Cup product via subdivision. — The reason for introducing the edgewise subdivison is
that, for any positive genus surface X9, there is a pinching map Py, : sda(22) — X9 V X5,
which is a simplicial. The map Py 3 : sd2(X3) — 9 v 3 is given by the following picture:

-1 -1 —1
o b a by
TTTT ° °
[ ) o, o, [ ]
: : : : e | 77 !
- — - /. /7 1 ) .b—l a—l b—l
C = / / _
@1 F-o L% e x| a2 " — 2 )
IR a as
o/ U 1 2
727 | e [1l1I]e |
o LLLLY 720 AN b
[ — "/, P, -1
b - = /e bl =3 ! bs
1 o~ — — /. 3
&, 7 87,7 P az a_l
7 7 o [IIII 3
o ° LIl by a3 bs
C— O -1
as T~ T~ — — ag
(3.12) bo as bs

Here, the bulleted squares and triangles are all collapsed to a point, and all elements in the
same dashed line are identified, i.e. they are collapsed to the same point. Note that all
the squares above the diagonal that are obtained by gluing two triangles, are collapsed by
P, 3 in the same way. Similarly, all squares below the diagonal that are obtained by gluing
two triangles are collapsed by P, 3 in the same way, which is symmetric (with respect to the
diagonal) to the one above the diagonal.

For general g > 0, the map Py 4 : sd2(X7) — £° v 3 is defined similarly, using the same
identifications for the diagonal squares and off-diagonal squares as for P 3.

LEMMA 3.3.11. — Py, :8da(X2) — X0V ¢ is a map of pointed simplicial sets.
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Proof. — As in the proof of Lemma 3.1.2, this follows from the fact that P, 4 is obtained
as a wedge along an edge or a vertex of collapse maps T, — pt, of a triangle to a point or
of a triangle to an edge T, — I,. O

REMARK 3.3.12. — The induced map Py, : CH:2®V (A, M) — CHZ*V™%(A, M)
can be seen as follows. Recall from Examples 2.3.2 and 2.3.3 that each square in the model
for sd2(X7) contributes to (n + 2)2-tensors in CcH ) (A, M), which can be indexed as a
(n + 2) x (n + 2)-matrix. Similarly, each triangle contributes (n + 1)(n + 2) + 1 tensors in
CHw (A, M), which can be indexed as a ® M, where M is an (n + 2) x (n + 1)-matrix.
By construction, sdy(X9) is obtained by gluing subdivided squares sd2(I2) and triangles
sda(Te) = sda(fs)/ ~ along edges and vertices. Then Py, : CHde(Eg‘)(A, M) —
CHY n V3 (A, M) is the map which multiplies together the first n 4+ 1 columns and the first
n + 1 rows of the matrix corresponding to each subdivided square (except for the top left
square) or triangle. In other words, it is obtained by applying the (n + 1)-th power (dg)°"
of the face map dy to each subdivided triangle or square (except for the top left square) in
Sdg(zg)

We now define a left action of CHg, (A, B) on CHg,, (A, B) which we will show to be
equivalent to the one given in Definition 3.3.5 above.

DEFINITION 3.3.13. — For g > 1, we define a cup-product U as the composition

0 : CHyy (A, B) ® CHy (A, B) AW CH3, (A,B)®CH3y (A, B)

. P, . Da(2)*
LCH(zovzg) (A4,B) & C sd2(2f+j)(A’B) i

it+j

CHS, (A,B).

itg

PROPOSITION 3.3.14. — The cup-product U : CH;E (4,B)® C’Hgg (A,B) — C’ng (A, B)
is a cochain map. Furthermore, if f € CHgy, (A, B) and o € CHg, (A, B) are normalized
cochains, then fUa = f U .

In particular, Definitions 3.3.13 and 3.3.5 coincide on normalized cochains and thus in
cohomology.

Proof. — By Lemma 3.3.11, Py ;" is a morphism of cochain complexes. Since AW, V, and
Do (2) are also chain maps, it follows that U is a cochain map, too.

Now, assume f € CHg3o(A,B) and a € CHg,y(A, B) are normalized cochains, and
set n = p 4+ ¢q. Recall frompDeﬁnition 2.1.4, that “;ormalized” means that we divide the
Hochschild chains CHY* (A, M) by the degeneracies, and dually we take the subcomplex of
CHy, (A, M) vanishing on these degeneracies. In particular f((a;)1<i,j<p)) = 0 whenever
there exists an ¢ such that a; ; = a;; = 1 for all j, i.e. if the matrix of the (a;;) has only ones
in the i-th column and the i-th row.

By definition of the edgewise subdivision functor, a cochainin CH, 4 (59) (A, B)isalinear
map A®%2n+1 — B, where 091 = #%5,,,—1. Foranyz € A®%2n11 note that (f 0 a)(z)
is given by the composition,

(fOa)(z) = (AW1)(f) V AW (2) (@) ((Po,g)x © Da(2)+(x)).
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Here, AW (1) (f) V AW(g)(a) : AR#CVEIn=1 = g®0% @ A®9% _, B s given by mapping
o @&’ € A% @ A®7% to the product AW(}J)(f)(a:’) - AW (2y()(2") in B. Furthermore,
by Formula (3.9), (P )« © De(2)«(z) € A®7n @ A®7% is given by a sum of terms indexed
by (o,m) € 4(2,7n),

(Pog)e 0 Do(2)e(@) = Y F(o) € A7 @ AZH.
(o.m)

We claim that AW (1) (f)V AW 2y (a) applied to & (,,,) vanishes for all (o, ) except in one case
0,fori <p
1, for i > p.
where the map €, : A — A is defined by Formula (3.10). From Formulas (3.9) and (3.10)
we see that when o(1) # 1 or n(1) # 0, we need to apply a degeneracy (sg)« to z, so
that the first row and the first column of the A®7% factor of T (5, are ones, and thus the
normalized cochain AW(y)(f) is applied to a generate element, making the term vanishing.
Similar arguments apply to o (i) # 2 orn(i) # 0, fori = 2,...,p. Fori > p,and o(i) # i or
n(i) # 1, we obtain a degenerate element in A®°4, vanishing on the AW 2)(a) factor.

(7,7m), where g = idyy,.. pyqy and (i) = { Infact, Z (o, = (Po,g)+0€(, ) (%),

It is now straightforward to check, that (AW (f) V AW (9)())((P(0,9))+(Z(5,7))) mul-
tiplies the tensor factors of x exactly as in Definition 3.3.5, showing that this is equal to

(fug)(z). O

In order to give a similar right action of CHg3, (A, B) on CHg,(A, B), we define a
pinching map Py, : sd2(29) — X0 Vv £, The map Psp : sda(22) — X9 v 2 is given
by the following picture:

=1 =1 ;y—1
by a; b5
C— ] = = ;=1 y—1,,—1
’ E——— N = s —1 b a b
a —— a2 Lt L
, _
TTTT . . ay al
7,
e | 22,008 0,0K8
111 / ;-1
- = = by b
b/ ./ F— — ;—1
1 == b
/// 3 ’ ;-1
W “ATTTT L4 Pso (2%} ag
sl o | 47 — o
°N) hd b oal b
— 2 3 3 °
a/ L/ °/ F— /-1
2 7/ 7/ C—-3as
‘\\ 7 ‘\\ CATTTT ®
d Ol °
d LANITEE
[ ]
/ i /
(3.13) b a3 by

Again, the bulleted squares and triangles are all collapsed to a point, and all elements in the
same dashed line are identified, i.e. they are collapsed to the same point. Note that all the
squares above the diagonal that are obtained by gluing two triangles are collapsed by Ps ¢ in
the same way. And similarly all the squares below the diagonal that are obtained by gluing
two triangles are collapsed by P; o in the same way, which is symmetric (with respect to the
diagonal) to the one above the diagonal.
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For general g > 0, the map P, ¢ : sd2(X7) — 9 Vv X7 is defined similarly, using the same
identifications for the diagonal squares and off-diagonal squares as for Ps o. Note that the
identifications on the squares describing Py o are symmetric to those describing P 4.

DEFINITION 3.3.15. — For g > 1, we define a right action by U as the composition

O : CH3y (A, B) ® CH3y(A, B) ¥ CH, (A,B)® CHy (A, B)

° 90 @0(2)* °
_’CH(EQ\/zO) (A,B) = C sdz()]g (A,B) - CH2§+j(AvB)~

An argument similar to the one of Proposition 3.3.14 shows that

PROPOSITION 3.3.16. — The cup-product O : CHg,(A,B) ® CHgy(A,B) —
CHy, (A, B) is a cochain map. Furthermore, if f € CHy, (A,B) and o € CHy, (A, B) are
normalized cochains, then o U f = a U f.

In particular, Definition 3.3.15 and Definition 3.3.5 coincide on normalized cochains and
therefore also in cohomology.

3.3.4. Properties of the cup product. — The cup product is not symmetric on cochains.
However, for B = A, and passing to cohomology, we obtain

PROPOSITION 3.3.17. — HH$,(A,A) is a (graded) symmetric HH3,(A,A) =
HHE, (A, A)-bimodule.

Proof. — By Lemma 3.3.8 and Proposition 3.3.4, we only need to prove that
fUa =aUf € HH (A A) for any f € HHS;, (A,A) and o € HH3,(A,A). We
are going to use an argument similar to the one from Proposition 3.2.5. To do so, we use the

Hochschild cochain complexes CHg_ (=50 (A, A) of A over the simplicial set S, (|Z?]) (see

Definitions 2.2.1 and 2.2.3). The natural map n : 37 — S,(]X?|) induces the cochain map

L CHS, (g (A, A) > CHS, (A, A)

Se(IZh))
which is a quasi-isomorphism by Lemma 3.3.1.  Similarly the natural inclusion

Se(IZ2) v Se(122)) < Se(|Z2| v |2¢]) induced by the canonical maps £9 — X9 vV 3 and
»h < %9 v B! yields a quasi-isomorphism

CHS, (1zn1vizz) (A A) = CHZ (51 pyvs, (zz) (A A).

We define the map o, : HH?,

% (s (A A) © HHS

(A, A) —» HH®

s.(\2h|)(A’A) to be

Se(I=21)
the composition
o AW °
pon t HHS (50 (A, A) @ HHS (on) (A, A) =50 HHS 50/ jmn ) (4, A)

O e A, 4) T Er g A A
— HHG (sopvs.qenp(d4) — Lz (4 4)
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where the wedge map VvV and Alexander-Whitney map AW are defined as in Defini-
tion 3.3.2 and Pinchyg p, is the map (3.5) defined in Section 3.1. Similarly we define the map

pho s HHG, (1=5)) (A,A)® HH, ‘Egl)(A A)— HH, (1=5) (A, A) as the composition
. . Vo AW °
o - HHs.(lziLl)(A,A) ® HHS (lZQI)(A’A) — HH (Izhlvlzo (A,A)
(3* ) Pmchho

— HHS'.(|Eh|)\/S.(|ZO (A,A)  — HHO (|Zh (A,A)

Since n : Xo — Se¢(]Xs|) is the natural map which sends any element € X,, to the map
idxz

n(z) : A" == [Lien A® x X; — | X| (see Definition 2.2.1), there is a natural factorization

v

X, VY,

Se(|Xe]) v Se([Ye])

Sa(|Xa| V[Ya))
and furthermore the following diagrams are commutative

. . | Po,n| .
CHS, (sapvsusey (A A) < CHE (oo (A A) D2 OHE (o

UCJ/ n*‘/ TI*J/
id Py

A, A)

CHeo sy, (4, A) CHegoysn, (4, A) CHZ, (4, A),
0 AW .
CHS, (1mg)) (A 4) © CHS (5 (A, 4) = CHS, (mgpvs. gz (4 4)
n*®n*‘/ WCJ/
CHy (A, A) ® CHY, (4, 4) — CHgoysn, (A, A).

Now it follows from Proposition 3.3.14 and the fact that |Py | o D71 : ©# — X0 v %k s
homotopic to Pinchy ), that, for any f € HHg (|20|)(A A)anda € HH, (IE"I)(A’ A) one
has
(3.14) N (f)un(e) =n"(pon(f, @) in HHu (A, A).

In other words, 1 is a map of left modules. Similarly, using Proposition 3.3.16 and the
Pinching map Py o (3.13) instead of Py 5, one proves that

(3.15) n" (@) Un*(f) =n"(pnole, f))  in HH3n (A, A).
Thus 7 is also a map of right modules and it is sufficient to prove that pg ,, = pp o which easily
follows from the fact that Pinchg ;, and Pinchy, ¢ are homotopic as in Proposition 3.2.5. [

We can now state the main result of this section.

THEOREM 3.3.18. — Let (A, da) be a differential graded commutative algebra.

i) The cup product (Definitions 3.3.2 and 3.3.5) makes @ > HH%g (A, A) into an
associative algebra which is bigraded with respect to the total degree grading and the
genus of the surfaces. Furthermore, @ >0 H H§2 (A, A) is unital with unit being the
cohomology class [14] € HHg(2 (A, A) = HY(A,da).
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ii) HH3 (A, A) lies in the center of @,>o HHg (A, B).

Note that, by construction, @~ HHs,s (A, B) is also graded with respect to the cosim-
plicial degree and thus is in fact trigraded.

Proof. — 1) By Proposition 3.3.3 and Lemma 3.3.8 we are left to prove that for any
a, € HH;.N,(A,A) and f € HH;,, (A, A) one has

(3.16) aU(BUf)=(aUB)U,
3.17) (fUa)UB=fU(aUp) and
(3.18) (@Uf)uB=aU(fup).

It is straightforward to check that the first two identities (3.17) and (3.16) hold already for
cochains. It follows from Proposition 3.3.17 and identities (3.16) and (3.17) that

(@Uuf)uB=(fUa)uB=fU(aUp)=(aUB)Uf=aU(fUpB)
hence identity (3.18) holds.

According to its definition, the cup-product is graded with respect to the cosimplicial
degree, total degree and genus degree on cochains, and hence in cohomology. Let a €
CHég(A, A) 2 A. Then for any a € CHE% (A, A) (with g,n > 0),onehasaUa =a -«
(where - is the multiplication in A). Similarly & U a = « - a. In particular, [14] is a unit for
the cup-product and statement 1) follows.

ii) is an obvious corollary of Proposition 3.3.17. O

REMARK 3.3.19. — Neither Theorem 3.3.18 (i) nor part (ii) hold at the cochain complex
level: @y>0 CHy(A, B) is not associative. In fact for any f € CHg, , 8 € CH?,x,,
= . k>1

1>1
v E C’H;th , a straightforward inspection shows that
m>1

(BUS)Uy #£BU(fUY), and BU f # £f UB.

Also note that Theorem 3.3.18 (i) can be proved by an argument similar to the one of
Proposition 3.3.17, namely by using the homotopy associativity of the maps Pinchy, ¢ and
Pinchg 4 and the singular model CH, A, A) for the Hochschild cohomology modeled
on a surface of genus g.

.(IEﬁ’I)(

The cup product is natural and homotopy invariant.

PRrROPOSITION 3.3.20. — Let B be a commutative A-algebra.

- IfB L Bisa quasi-isomorphism of A-algebras, then f. : @,>0 HHyo(A, B) —
Dy>0 HH3, (A, B') is an isomorphism of algebras.

—If A % A is a quasi-isomorphism of algebras, then g, : @D,>0 HHSs (A, B) —
@Dy>0 HH3 (A, B) is an isomorphism of algebras.

Proof. — This follows from Lemma 3.3.1. O

Since quasi-isomorphic differential graded commutative algebras are connected by a
zigzag of quasi-isomorphism of algebras, Proposition 3.3.20 has an immediate corollary.
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COROLLARY 3.3.21. — Let A and A’ be quasi-isomorphic differential graded commutative
algebras. Then @ ,>q HHs3y (A, A) and @50 HH3(A', A’) are naturally isomorphic as
algebras.

There is a (pointed) simplicial map ¢ : £ — S2 obtained by collapsing all but the top
left square in the simplicial model £ (see picture (3.1)) to a point. Note that in particular it
collapses the boundary of this top left square to a point. Similarly to the topological situation

(Proposition 3.2.7), this yields a map HH. =0 (A,B) = iy HHS, (A, B).

PROPOSITION 3.3.22. — Let B be a commutative A-algebra. Then

— The map (nd)* is an HHy, (A, B)-module morphism.
— If B is unital, then (m3)* ( ) = aU|[l], where [1p], € HH, (A, B) is the class of 1.

Proof. — Leta € CHyw(A,B)and § € CHgo(A,B)andz € A®%5+q be a homogeneous
P q
element, where 09, , = #%7, — 1. We can write z = (&), j<piq @,j) ® ¥ where the a; ;’s
are the tensor factors of x correspondmg to the top left square of Ep +q- Furthermore, y can
be writtenasatensory =y ® -+ ® Yso, where sp+q ap+q (p+ q)%. Formula (3.8) and
Definition 3.3.5 imply that

P+q

(19)* (U B)(z) = (e U ) ((ai,)i,j=1--p+q) Hyk

g

s
pt+q

= a((aij)ij<p) - B(aig)igzpsr) | [aiprs - @japi - [ v
i<p k=1
i<gq

= aU ()" (8)(z).
Note that 15 € CHY, (A, B) has cosimplicial degree 0. Since AW /5y : [p] — [0] is the unique
9]
map to {0}, we get from Definition 3.3.5 that forany z = ( @ a;;) ®y € A®?% one has
4,J<p

U Lsly(2) = a((ais)is<p) - [ v = ()" (@ U 1p)(@). O

k=1

REMARK 3.3.23. — Note that there is a simplicial inclusion inc, : pt, — X3 and
projection proj, : X3 — pt, between the point and the surface, with proj, o inc, = idps, .
Since B = CHp, (A, B), we see that B becomes a subcomplex of C’Hég (A, B) with a natural
splitting induced by inc, and proj,. Thus, H*(B) is a direct summand of H ng (A, B).

REMARK 3.3.24. — Let M be a differential graded A-module. Since the pinching maps
are pointed, one can extend Definition 3.3.2, Definition 3.3.5, the results of
Theorem 3.3.18, and Proposition 3.3.20 to give to @, HHy, (A, M) the structure of
aPy>o HH3, (A, A)-bimodule, which is natural and homotopy invariant.
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3.4. Topological identification of the cup product

Let M be a simply connected compact manifold and denote by 2 = Q°®M its de Rham
cochain algebra and Q* = Hom(€, k) its dual. By Theorem 3.2.2, (H, (Map(X*®, M)), ) is
an associative bigraded algebra. So is (H Hg, (€2, (2),U) by Theorem 3.3.18. In this section,
we show that, similarly to the situation in string topology [8, 11, 13], the algebraic and
topological constructions coincide. First notice that

LEMMA 3.4.1. — There are natural “Poincaré duality” isomorphisms

P HH, ™M (Q,0%) 5 HHY,(2,Q), 2 HHZ(Q,Q) S HH.*

e—dim(M) (Q’ Q*)

which are functorial with respect to smooth oriented maps between manifolds of the same
dimension.

Proof. — The lemma follows since the natural map [ : @ — Q*, w — [w A — is a bi-
module quasi-isomorphism. O

Using Section 2.2, we have the Chen iterated integral morphism
(467%)* : Ho(Map(29, M)) — HHy3(Q,97)

which is an isomorphism if M is 2-connected, see Corollary 2.5.5. Composing the iterated
integral map with Poincaré duality from Lemma 3.4.1, yields a linear map
(3.19)

* =) —e—dim —
267 @ H.Map(ze, M) L2 @ HES M (0,00 24 P HEG (Q,0)
920 g>0 g>0

that we call the dualized iterated integral.

THEOREM 3.4.2. — Let M be a 2-connected compact manifold. The dualized iterated
integral It (D 50 He(Map(X9, M)), &) — (D, >0 HHyyo (R2,),V) is an isomorphism
of algebras.

The proof of Theorem 3.4.2 is given in Section 3.5 below.

COROLLARY 3.4.3. — Let M, N be 2-connected compact manifolds with equal dimensions,
and let i : M — N be a homotopy equivalence. Then

i+ (€D Ha(Map(29, M)), ) — (D He(Map(X9, N)), )
920 g>0

is an isomorphism of algebras.
In particular, the surface product is homotopy invariant for 2-connected manifolds.

REMARK 3.4.4. — The evaluation map e9:Map(X9 M) — M has a section
i : M — Map(X9 M) given by the constant surfaces at a point. It follows that
H,(Map(¥9, M)) contains M as a direct summand. It is easy to check that this direct
summand coincides with the summand H*(CHp, (£2,)) from Remark 3.3.23 under the

isomorphism 77 In particular, a ([1a]) = [M]o and it follows from Proposition 3.2.7
and Proposition 3.3.22, that 7, coincides with 7§ under the dualized iterated integral map.
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3.5. Proof of Theorem 3.4.2

We follow an idea of Félix-Thomas [11], using rational homotopy theory techniques. To
do so, we need to consider dual analogues of the surface product and cup product.

The construction of the surface product is easily dualized. Similarly to Section 3.2, the
embedding p;, : Map(X9 VX", M) — Map(29, M) x Map(X", M) of codimension dim (M)
induces an umkehr map in cohomology

(pin)' - H*(Map(%9 Vv £, M) —H**"™(Map (29, M) ® Map(", M))
> (H*(Map(29, M)) ® Ho(Map(S*, M)))*"™,
dual to (pin)1. Thus, for kK = g + h, we can define a linear map
§ot: Ho~4mO) (Map(*, M)) — H*(Map (29, M)) ® H*(Map(Z", M))

as the composition
59 =AM (Vap (5%, M) P2t Fre=aimOD (Vap (59 v £7, M)
) B (Map(S9, M)) @ H* (Map(S", M)).

LEMMA 3.5.1. — The surface product & : H,(Map(X9, M)) ® H,(Map(X", M)) —
H._dim(M)(Map(Ek, M) is the dual of the map 59"

We now want to dualize the Hochschild cup product for surfaces. Since M is a Poincaré
duality space, by the main result of [20], there exists a differential graded commutative alge-
bra (A, d), weakly equivalent to (Q2°*M, d4r), which is simply connected, finite dimensional
and is equipped with a trace A4™(M) 5 R such that:

— the pairings A’ ® A4m(M)—i -, Adim(M) < R are non degenerate (where the first map

is the multiplication in A);

—eod=0;

— the induced pairing on cohomology (-,-) : H*(A) ® HI™M)=*(4) — R coin-
cides with the Poincaré duality pairing of H*(Q*M) = H*(M) through the weak-
equivalence between A and €.

It follows that the map a +— (a,-) is a linear isomorphism of symmetric A-bimodules
E: A* — (A*)*~dmM) and furthermore the composition

(3.20) AR ATET S Ag A A, A

is a degree + dim(M) graded commutative and associative multiplication on (A*, d*). Note
that 1 is a model for the umkehr map H, (M) ® Ho(M) = Hy(M x M) =5 H, , gim(an) (M)

of the diagonal M 8 A1 x M. By Proposition 3.3.20, there is a natural isomorphism of
algebras

(@ HH;]{ (AvA)7 U) = (@ HH;]f (Q»Q)v U)'

g=>0 g>0
The map p from (3.20) has the composition

(3.21) VA4 T 40 ar T A
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as a dual map. Clearly, V is a model for the umkehr map H**+di™(M)(pr) diogy
H*(M x M) =2 H*(M) ® H*(M). Since E : A — A* is an isomorphism of A-bimodules
(of degree —dim (M), E. : HH3, (A, A) — HH, dlm(M)(A A*) is an isomorphism, hence
there is a duality isomorphism

(3.22) ©: HHy ™™ (4, A) = HHy, (A, A%) = (HHY* (A, A))".

Further, since A is commutative, the multiplication A® A — A makes A an A® A-module
and, since E is an isomorphism of A-bimodules, the mapV : A — A ® A above (3.21)isa
map of A ® A-modules. For any k£ € A, V induces a linear map
(3.23)

vV Cdele(M)(A A) Y cHZVPR(A A A) = CHE*(A, A) ® CHY* (A, A)

where the last isomorphism follows as in Example 2.3.4 and V, is the result of applying V
to the sole module in the Hochschild complex (not the algebra).

LEMMA 3.5.2. — ThemapV : CHE'VE"e (A, A) — CHY* (A, A)x CHY (A A), where
the right hand side is the tensor product equipped with the diagonal simplicial structure (cf.
Definition 2.4.1), is a morphism of the underlying chain complexes.

Proof. — Note that there is a canonical identification CH.’ 2(A, A) x CH. (A A) =

C’Hfzguzh)' (A, A) and furthermore that CHY"* (A, A) and C’HEpt IIeo- (A, A) are the con-
stant simplicial algebras A and A ® A respectively, see Example 2.3.4. Hence it follows from
Lemma 2.1.6 that V is the composition

cHZV (A, A) =4 @ CHTV (4, A)
ARA

vV ® id
ARA

2 (e 8, CHTZY™")e (4, A) = CHZ4 (A, A) x CHZ* (A, A).
A®
Since V is a map of A ® A-modules, the result follows. O

3.5.1. Positive genus surfaces. — We first consider the case of surfaces of positive genus.
Since A is the dual (through the duality isomorphism =) of the multiplication AQ A — A,
we deduce from Lemma 3.5.2 and the Definition (3.22) of © the following lemma.

LemMaA 3.5.3. — For g, h > 0, the duality isomorphism © (given by (3.22)) identifies the
cup product HH. (A A)® HH‘h (A A) S HH:, .. (A, A) with the composition

(Pmchg h)*

e
A9 HHo+d1m(M)

Y. H,(CHY*(A,A) x CHY “(4, A) 2 HHZ (A, A) @ HHY “ (4, A).

HHE®YZ e (4 4)

(A’ A) o+d1m(M)

By [25], there is a natural weak equivalence CH>’' (A, A) = CHZ’(Q,Q) (for any
genus g). Since CH Iy : (4, A) is a semi-free model (see [10, Section 7]) of A as an A-bimodule,
and 7~ CH.Eg (Q,Q) — C*(M*’) is a quasi-isomorphism (Proposition 2.5.3), it follows
that CHY’ (A, A) is a cochain model for Map (%9, M).
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g+h
PROPOSITION 3.5.4. — If g,h > 0, then the map A%" : HHZ* . (A A) —

HH>" (A, 4) ® HH.ELL (A, A) (defined in Lemma 3.5.3) is a cochain model for the map
69 . ge—dim(M) (Map(XF, M)) — H*(Map(29, M)) @ H*(Map(Z"h, M)).

Proof. — The Alexander-Whitney map of simplicial modules and Kiinneth formula yield
an isomorphism H, (CHZ*(A, A) x CHZ* (A, A)) = HHZ*(A, A) ® HH>* (A, A). Since
CHY’ (A, A), CHY’ (A, A) are models for Map(X", M)) and Map(X", M), we are left to
prove that the maps (Pinch, ;). and V in Lemma 3.5.3 are respectively cochain models of

(pous)* and (psn)'. Thus, the result follows from Lemma 3.5.6 and Lemma 3.5.7 below. [

The next lemma gives a model for the evaluation map ev : Map(X9, M) — M. Thereis a
canonical quasi-isomorphism of differential graded algebras (A,d4) = (CHY" (A, A),d4) —
(CHE'+ (A, A), D), see Example 2.3.4. By composition with the unique pointed map
pty — X9, it yields the map e : (A,da) — (C’H.Eg (A, A), D) which is a map of differential
graded algebras and thus a map of A-modules. Clearly the action of A on CH?Y . (A, A)is
by multiplication on the module tensor of the Hochschild complex.

LEMMA 3.5.5. — Themape: A — CH> (A, A) (forany g) is a semi-free model (see[10])
for the evaluation map. The same holds with X9 V' ¥" in place of ¥9.

Proof. — It is immediate that C H, z . (A, A) is A-semi-free (since A is free over R) and that
e is A-linear. Then, by functoriality of the iterated Chen integral, we have a commutative
diagram

JtPte

H*(A) = HHY' (A, A) —— HHY™(9,9) H*(M)

(pt.‘—Ef)*)J/ (pt.ng)*)l ev*

sEe

HHY*(Q,Q) — H*(Map(X¢, M))

HHY*(A, A)
and the result follows. The argument for X9 VV X" is the same. O
We now need the following fact from rational homotopy theory [10, Section 7]: given a
pullback diagram
XxzY ——y

|, )

x—1 -~z

wherep : Y — Zisafibration, Az a cochain algebra model for Z and Bx, By two Az-semi
free models for X,Y, then a model for the (homotopy) pullback X xz Y is given by the
pushout Ax ®4, Ay. Furthermore, if} : Az — Bx isa(Az-linear) model forj: X — Y,
then}@Az idp, : By 2 Az ®4, By - Ax ®4, Ay isamodelfori: X - Y.
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LEmMA 3.5.6. — For g, h > 0, the following diagram is commutative:

—_— (Pinchy,1).

HEZ (4, 4) ———= HHZV""" (4, 4)

H* (Map(£9+", M) -2 H*(Map(Z9 v £", M)

(Pout)™
—_—

Proof. — Since the pinching map Pinch, , is simplicial and Hochschild homology over
simplicial sets is a covariant functor on the algebras and on the simplicial sets, it is sufficient
to prove the result with 2° M in place of A. Now the result follows from the functoriality of
the iterated Chen integral 2** : HHY+(Q*M,Q* M) — C*(MY) with respect to Y. O

L & . O V=, =2 e

EMMA 3.5.7. — For any g, h, V.CH.+dim(M)(A,A) — CH,*(A,A) x CHy* (A, A)
is a semi-free model for the umkehr map (py)' : H®~4mMM)(Map(Z9 v P M)) —
H*(Map(X9, M) x Map(X", M)) i.e. the following diagram commutes

g h g
HHZ 7" 00 (A, 4) HL(CHZ* (A, A) x CHZ* (A, A))

l (Pin)! l

He—dim(M) (Map (29 v 2P, M)) — H*(Map(X9, M) x Map(Zh, M))

Proof. — We can assume that M is equipped with a Riemannian metric and the mapping
spaces Map(X9, M) (g > 0) are equipped with a Fréchet manifold structure. We have a
cartesian square of fibrations

Map(29 Vv S, M) —22= Map(59, M) x Map(Z", M)

‘/ J/ev Xev
diagonal

M M x M

where the evaluation maps on the right are furthermore submersions. A tubular neigh-
borhood Tub(M) C M x M of the diagonal of M can be identified to the normal bun-
dle of the diagonal. The pullback (ev x ev)~!(Tub(M)) by the submersion ev x ev :
Map(29, M) x Map(Xh, M) — M x M can be identified with a tubular neighborhood
Tub(Map(29 vV " M)) of py, and thus with a normal bundle of p;,. The corresponding
Thom spaces M ~TM and Map(29 v £, M)~TM are obtained by collapsing all the com-
plements of the tubular neighborhood to a point. They are disk bundles over, respectively
M, and Map(X9 v £, M). Hence, we have a diagram of pullback squares

collapse

Map(X9, M) x Map(X", M) —— Map(X9 v £ M)~T™ T~ Map(X9 v £, M)

evXevJ/ J/BVXQV l/ev

collapse P

M x M M-TM M
where the vertical arrows are fibrations. In particular, the Thom class of py, is the pullback
(ev x ev*)(th(M)) € HI™M)(Map(X9 v Eh M)~TM) of the Thom class th(M) €
HIM) (A=TMY of M — M x M. Since the Gysin map (pi,)' is the composition
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(collapse)* o (—Nev*(th(M))) om*, it follows from Lemma 3.5.5, and the discussion above,
that the Gysin map (pi,)' can be modeled by the tensor product

d®id:d g (CHE4(A, A) @ CHZ* (A, A)) = CHEVE)14, A)
ARA g
— CH(A,A)® CHY (A A)

where the A ® A-bimodule structure on A is given by the multiplication andd' : A — A® A
is a model for the Gysin morphism. Since = : A — A* is a model for the Poincaré duality
isomorphism, we can choose the composition V = d' where V is defined in (3.21). O

For the case of positive genus, Theorem 3.4.2 follows from Lemma 3.5.3, Lemma 3.5.1
and Proposition 3.5.4.

3.5.2. Genus zero surfaces. — Now, if one of the surfaces has genus zero, we need to modify
the previous arguments. First we need to define the dual of the cup product H H. (A A)®
HH3, (A A) — HH3, (A A).

We denote by ago ® (aij)s,j=1.- k a homogeneous element in CH? (A A) & AR+
There is also a decomposition CH, (A A) = AP +2k43) @ BI(A) where A®(F*+2k+3) are
the tensors corresponding to the top left square in the simplicial set X7 (without the bottom
and right open edges, see diagram (3.1)) and Bj (A) is the tensor power of other factors. Let
(@4)i,j=0---k be a generic (homogeneous) element in A®K*+2k43) and et (bs) be an element
in B] (A). Note that there is an obvious isomorphism of vector spaces C H .(Eovzg)’“ (A, A) =
CH.22 (A,A)®4 CH.Zi (A, A) where A acts on the module factors A = (so)"”(CH.EB (4, 4))
of CHI* (A, A), i.e., the action is induced by the canonical map A — CHL'*(4,A) —
CHY* (A, A).

Let pch, : CH. (A A) — CHE’“ (A, A) ®a CH. (A A) be the map given, for
(aij) € AP +2K43) (p) € BY(A), by

(3.24)
pch, ((ai;) ® ( H aij ® (aij)ij<p ® (1)) Q4 (((1) ® (ai,j)iorj>p) ® (bs))
1=0,7<p
Jj=0,i<p

where (1) stands for the tensor products 1 ® 1® - - - . The formula is displayed for genus 2 in
the following diagram:

(ai;) (1)
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DEFINITION 3.5.8. — We define (Pinchg g). : C’H.Ei (A, A) — CH.22 (A, A) ®4 CH:DZ (A, A)
to be the map Z’;ZO AW(’:) ®a AW(’;) o pch,,.

Roughly speaking, the morphism (Pinchy 4). consists of removing the first p? tensors in
(@ ;) and tensoring them with the result of applying the second component of the Alexander-
Whitney map AWy to CHY* (A, A), where the removed tensors have been replaced by 1s.

LEMMA 3.5.9. — The map (Pincho ), : CHa* (A, A) — CHE*(A, A) @4 CHY* (A, A)
is a chain map of complexes. Furthermore, the composition

(Pinchg, g)« 0

AT HHY L0 (A A) DS B (CHS (A, 4) @4 CHE (A, A)

V., H (CHZ* (4, A) ® CH* (A, A)) = HHZ* (A, A) @ HHZ* (A, A)

is transfered to the cup product HHg,, (A, A) ® HHgy (A, A) = HH;, (A, A) by the duality
isomorphism ©.

Proof. — The compatibility with the differential follows from an argument similar to the
proof of Lemma 3.3.8. As for Lemma 3.5.3, the result now follows from the definition of ©
since A is the dual (through the duality isomorphism =) of the multiplication A A — A. [

LEMMA 3.5.10. — The map (Pincho ) : CHa* (A, A) — CHE*(A, A) @4 CHa * (A, A)
is a cochain model of Map(X° vV £9, M) — Map(29, M).

Proof. — Consider the following commutative diagram

(3.25) ASPvEe

y /
p
Map(\/32, S*, M) l MS" sy MS'

/

Map(\/72, S*, M) MS'

M=

where the left vertical arrows are induced by the inclusion into X¢ of the boundary
0Y9 = \/fil S1 of the 4g-gon defining X9, the map 5 by projection of a square onto %9
identifying the boundary of the square with the boundary of the 4g-gon as in diagram 3.4,
p is the product of p and the collapsing of I to a point, ¢ is the composition of loops, ¢ is
induced by pinching a square (in the middle of each edge), and the right vertical arrows are
induced by the inclusion of S = 912 into I2.

Note that the top face, front and back face of the cube are pullback diagrams. The idea is
to find a semi-free model for ¢, which, by pullback along a model for Map(\/?i L SYL M) — M3 "

ives rise to a model for Pinchg , that coincides with C’H?f A A (Pincho )~ Cstong). A A).
g N
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Recall from Example 2.3.4 that the point pt has a simplicial model pt, which is the
constant simplicial set pt, = pt. Then CHY"(A4,A) = A with constant simplicial
structure. Using the invariance of the Hochschild chain complex under quasi-isomorphisms
of simplicial sets X, — Y, [25], it follows that CHX+(A, A) is an A-semi-free model for
M for any pointed simplicial set X, whose realization is I?. The simplicial set ¥ is, by
Definition (3.1), defined as a quotient of a simplicial set model for I? that we denote by
(I 92).. That is (I 92). is obtained by gluing g squares, where the off diagonal squares are
subdivided into triangles. The boundary 8([5). is a simplicial set realizing the circle S'.

2 2 2 2
By Proposition 2.5.3, CH?UQ)'(A,A) and CH?I'Va(IQ)'(A,A) are CH?(IQ)'(A,A)—semi

free models of MS" and MS'VS"| respectively, and the inclusion of pointed simplicial sets
I2)e = (I3)e, OIZ V O(I2)e — I V (I2)s induces semi-free models for the right vertical
maps by functoriality of Hochschild chains.

Similarly to £, there is a decomposition cgl (A4, A) = A®(K*+2k+3) @ BI(A) where
A®(K+2k+3) gre the tensor factors corresponding to the top left square in £J (without the

bottom and right open edges) and ij(A) is the tensor power of other factors. We write
a(I2)s

(bs) for an element in BY(A). Clearly, this decomposition restricts to C'Hy (AA) =
AB(RE3) ég(A) Let p. : CHSIE)'“(A,A) — CHfzv(Ij)k(A,A) be the map given, for
(ai;) € ABK*+26+3) (b)) € BI(A), by
k
(326) pe((ai) ® (b)) = Y ((ai))ijep® (1) ® ((1) @ (@ig)iorj>p) ® (b))
p=0

where (1) stands for the tensor products 1 ® 1 ® ---. We also define a linear map
ps CH.S(I‘?)'“(A,A) — CH?I’Eva(Is)’“(A,A) by the same formula, but restricted to the

2 =
tensors lying in o3: el (A, A) = A®2k+3) @ BI(A). Note that this formula is indeed very
close to Formula (3.24) and can be described by a similar diagram.
2
Since CHZY' (A, A) — C’H.B(Ig)' (A, A) is an A-semi-free quasi-isomorphism, the com-
mutative diagram

CHE'™ (A, A) === CHL"* (4, A)

qis 1/ l/qis

I2v(1}

2 Pe
CHJ'* (4, 4) = cH M (4, 4)
implies that p. is a cochain model for M’ * xu MT — M. Note also that there are
simplicial morphisms 9(I3)s — S,, and dI7 — S, obtained by collapsing all edges but
the top left one to the basepoint. Recall that CHY : (A, A) =2 A® A*. A straightforward

computation shows that the following square

2 pz 2 2
crl"k (4, 4) cHOUD (4 )

B

CHS (A, A) CHS* (A, A) @4 CHS* (A, A)
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is commutative, where ® is given by
P
<I>(a0®-'-®ak) :Z(ao(g)al@...ai) Ra (1®ai+1®...®ak)_
i=0
Thus, by [11, Lemma 2], p; is a cochain model for MS'VS" — MS". Hence, p, and pz give

o(1%).

aCH, (A, A)-semi free cochain model for the right face. It follows that

12 . 29 Sl
62N CHIM AN . OHY (4,4

12v(I})e

Pc®1d CH °

A A)® cHY % (4,4
L, (4,4)
is a cochain model for M5*VE’ — M=, Note that, by Corollary 2.4.3, there are isomor-
phisms of chain complexes
2 29 1
CHI (4, 4)® s, CHYS % (4, 4) = CHEE (4, 4),
CH, (A,A)

CHIFID (A, A)® . CHY™ 5 (A, 4) = CH™ (4, 4) 04 CHI (4, 4).
CH, 7'°(A,A)
Under these isomorphisms, it is straightforward to check that p, transfers to (Pinchg ¢).. O

3.5.3. End of the proof of Theorem 3.4.2. — For g,h > 0, Proposition 3.5.4 and
Lemma 3.5.3, Lemma 3.5.1 imply the result. If either g = 0 or h = 0, the result follows
from Lemma 3.5.10, Lemma 3.5.1, Lemma 3.5.7, and Lemma 3.5.9. Lemma 3.5.7 and
Lemma 3.5.10 have obvious analogues for the cases g # 0,h = 0 and g = A = 0, which
can be proved similarly. O

4. Surface Hochschild (co)homology of symmetric algebras

In this section we compute the surface product of symmetric algebras and use it as a tool
for explicit computations.

4.1. Reduction to Hochschild complexes over a square and a wedge of circles

To any topological space X one can associate a Hochschild chain complex CH, o () (A, M)
(see Definition 2.2.3). According to [25, Theorem 2.4], if f : X, — Y, is a map of
(pointed) simplicial sets inducing an isomorphism in homology, then the induced map
fo: HHX(A,M) — HHY*(A, M) is a quasi-isomorphism. In particular, the adjunction
map n : Xe — Se¢(|Xe|) (Definition 2.2.1) induces, for any space X and any simplicial
model X, of X (thatis |[X,| = X) a natural quasi-isomorphism n : CHX*(A,M) —
CH? '(X)(A, M). 1t follows from this that, to any space X, and any differential graded
commutative algebra (A,d) and A-module (M,d), one can associate a natural object
CHX(A,M) = CH? ‘(X)(A,M ) in the derived category of chain complexes which is
functorial in X, A and M. Furthermore, Proposition 2.4.2 implies that, if M = A equipped
with its canonical A-module structure by multiplication, then CHX (A, M) is a well-defined
object in the homotopy category of differential graded commutative algebras (over a field
of characteristic zero). If X, is a simplicial model for X, then CHX+(A, M) is naturally
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isomorphic to CHX (A, M) in the derived category of chain complexes, respectively in the
homotopy category of differential graded commutative algebras if M = A. For details
on the rational homotopy theory for commutative differential graded algebras and their
module, see [10, 26, 27].

L
We denote by S % T the derived tensor product of differential graded modules S and T’

over a differential graded algebra R.

LeEMMA 4.1.1. — Let (A,d) be a differential graded commutative algebra and (M,d) an
A-module.

1) There is a natural isomorphism

@.1) CH™ (A, M) = CHVILS (A4, M) & CH'(AA)
CHS'(A,A)
where the module structures are induced by the inclusion S* = 8I% — I? and the map
S — X9 given by the boundary of the model for 9.
i) If furthermore M = A with its canonical A-module structure, then the isomorphism (4.1)
is an isomorphism of differential graded commutative algebras.

Proof. — Note that 9 2 \/29, S'| Jg: I? where the maps S* — I? and S* — \/72, §*
are given as in Lemma 4.1.1.i). Consider the standard simplicial model S! for S* and the
induced model for \/?i1 S} (see Definition 2.1.5). We consider a model (IQQ). for I? obtained
by taking the simplicial model for X (see Section 3.1) without identifying the boundary
edges, i.e. (Igz). consists of g2-squares glued together along edges or vertices with the
standard simplicial model I? for the g-diagonal squares and off diagonal squares subdivided
into two triangles (with model T, ) identified along an edge. Then 0(1 3). is a simplicial model
for S* and moreover one has an isomorphism of simplicial sets 3 = \/7%, S Uy 2y, (I3)e-
Thus, by Corollary 2.4.3, there are natural quasi-isomorphisms

CH™ (A, M)~ CHVL 5 (A M) ©  CHYD+(4,4)
CH?UDe (4, A)

9 gl L
~opViLSi A M) ®  CHUD«(A,A)
CH?TD* (4, 4)

where the last line follows because C HZ5)s (A, A) is a free differential graded module over
CHOU. (A, A). Furthermore, if M = A, the above isomorphism is an isomorphism of
differential graded commutative algebras. Since a homology isomorphism of simplicial sets
induces a quasi-isomorphism of algebras, the result follows. O

Note that, since I? is contractible, given any commutative differential graded algebra
(A, d), we have a sequence of quasi-isomorphisms

(4.2) (A,d) S CHE™ (A, A) = CHI (A, A).
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We now want to give a model for computing HH"* (A, M) when (4,d) = (S(V),d) is a
free commutative differential graded algebra ”. In view of the isomorphism (4.1), we first

compute HH.\/"il s (S(V),M).

4.2. HKR type theorem for wedges of circles

NoTATION 4.2.1. — We denote by ay,b1,...,a4,b, the fundamental loops in V2o, S8t
(one for each of the 2g-circles) whose homology classes are the generators of H; (Vfﬁl S1.7)
(and vanish on all but one circle).

Let S! be the standard simplicial model for the circle (see Example 2.3.1). Then a model
for the wedges of 2g-circles is given by \/2%, S which, in simplicial degree n, is the finite
pointed set \/2?, S = [2gn] = {O 1,2,...,2gn}. In particular, C’Hv‘ ! ’(A My=2=Me
(A®")® 7. We write m® (2! @y? )= 11 g for a homogeneous tensor m®zi Ryl @r3®- - -@yd
in M ® (A®”)®2g.

The homology H,(\/??, S*) can be identified canonically with k & (D7_, k[a;] ® k[bi]),
where [a;], [b;] (of homological degree 1) are the fundamental classes of the circle factors
a;, b; in the wedge \/22, S*.

The linear maps V' > v +— [a;Jv and V > v — [b;]v uniquely extend to (degree —1)
derivations s, : S(V) — S(H.(\V>?, S") ®@ V) and s : S(V) — S(H. (V22,8 ®@ V)
(with S(V)-module structure given by multiplication on the factor k® S(V) =

(Ho(\/fg1 S1) ® V). We also extend s, and s¢ as derivations of S(H,(\/?, S') ® V) by
setting s% (Hy (\/22, S') ® V) = 0 and sb(Hl(\/fg1 SYH @ V) = 0. It follows, since s, s7
are degree —1 derivations, that (s%)? = 0 and (s})? = 0. Similarly a differential d on S( )
naturally extends to a differential dV on S(H.(\/?i1 S1) ® V) by the formula d¥ (v) = d(v),
d"([ai]v) = —si,(d(v)) and d" ([b;]v) = —s}(d(v)).

Let Vit s' . o s (S(V).30) — M® sy S(Ha(\/2, §1)®V) be the map, which
form ® (2 ® ) € CHY = 5 (S(V), M), is given by

g
szgs(m®(xg®yg))= Z :I:mHi':vll

pitaito+pgteg=n  i=15"

.m;1+'"+pi71 ’ (S;($;1+---+pi71+1) ..... Sfl($;1+'--+pi)) ’ $;1+---+Pi+l T
g9
o x?ﬂ ) H 7yi o y;1+"'+qi71 (si(bf]1+--~+q1'71+1) e Si(b:h-l‘”--l-qz‘)) ’ y(111+~-+(h‘+1 e y;l
i=1 1"

REMARK 4.2.2. — Iterating the Alexander-Whitney diagonal yields a quasi-isomorphism
CHV S *(S(V),M) - M ®sv) (C‘H;gi(S(V), S(V)))®S(V)29 where the right hand side

@ Note that any differential graded commutative algebra is quasi-isomorphic to a free commutative differential
graded algebra.
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is a tensor-product of chain complexes. Then it is easy to check that ﬂVfil " is the compo-
sition
\/fgl 54 S, ®s(v)29
CH, (S(V),M) - M S((z?/) (CHJ*(S(V),S(V)))
i m)®29
WO M 9 SV VAEWE M @ SH.(VZ,SY) V)
5(V) s5(v)

where 7 : C’H.Si (S(V),8(V)) = Qg = S(V & V[1]) is the usual Hochschild-Kostant-

1
Rosenbergmap zp ® - - - ® x,, — ] zod(z1) - - - d(@y) (here Oy, is the module of Kahler

differentials), see [21]. In particular there is a canonical isomorphism of differential graded

algebras (S(H.(V¥,8Y) @ V),dV) = ) ® -+ ® O here Q% - is equipped
g ( (Ho(viZ,8") ) ) SV gin sty W) ( S(v) 1S €quIpp
with its usual internal differential induced by the one on S(V)).

There is also a morphism of graded algebras *)

29 2g 1
4.3) Vst < (\/ 51> ®V> ~ oY (s, s(v)

=1

(the algebra structure on CH.V i1 % (S(V),S(V)) is given by the shuffle product) which
maps an element m ® ([a;]v) to m ® (§;;(v) ® 1)7=19 € C’H.\/i:lg1 (S(V), M)
(where 6; ;(v) = 1ifi # jand 6”( ) = wv) and maps an element m ® ([b;]v) to
m® (1® ;)= e CHV’ ! 1(S(V),M). In other words eViZiS" sends an
element [a;Jv to theelements 1 @ ---1Q@v®1l---®1 € CHV‘ ! '(S(V), S(V)) where
v is the tensor indexed by the circle in the wedge \/zg 1 S with fundamental class [a;] (and

similarly for [b;]v). Clearly, eViZis'isa morphism of (S(V), d)-algebras. Hence, it induces
a morphism of (S(H,(\/?¢, 8') ® V), d")-modules:
A @ SV @ V),d) - cHVI S (5(V), M).
SV

REMARK 4.2.3. — The map 5\/311 " is the composition
M s‘?w S(Ho (V. SYHYe V)= M S((@V) S(V + V[1])®s29
MO 6y 8 (CH(5(V), 5() % — crY =5 (5(v), M)
where the last map is the iterated Eilenberg-Zilber map and e : S(V + V[1]) 2 Q*(S(V)) —

CHY . (S(V),S(V)) is the classical inverse of the Hochschild-Kostant-Rosenberg mor-
phism, namely, the unique algebra morphism defined by v[1] — 1 ® v € S(V)®2 =

C’H.S11 (S(V),S(V)), see [21, Section 3].
LEMMA 4.2.4. — Let V be a graded vector space.

) (But not of differential graded algebras.)
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1. The maps
VLS erY S (s(v), M) S M sy S(H \/S1 V) Vil s
i=1
are quasi-isomorphisms (of algebras if M = S(V') ).
2. Let (S(V),d) be a differential graded free commutative algebra. The map
VLS epVEaS sy M) M ®sv) (S(Ho(VZ, SY) ® V),d) is a quasi-
isomorphism of differential graded algebras.

3. 7'(\/?11 st og\/fil -

Proof. — By the same argument as in the proof of Lemma 4.1.1,there are isomorphisms
of S(V)-modules

Y5 sy, M) *M & oni(S(V),S(V))S%;V e CHS*(S(V),S(V))

L 1 L L 1
M @ CHJ*(S(V),S(V)) ® - ® CHs*(S(V),S(V)).
S(V) S(V)  S(V)

Thus, according to Remark 4.2.2, the map Vil is identified with

L 1 L L 1
M & CHS(S(V),S(V)) & --- & CHS*(S(V),S(V))
S(V) s(v)  8(v)

® 29
1d®7rs(v)
—

A{®,ﬂV+VUWﬁfgg<Mw®Suawﬁﬁﬂ®vxﬁ>,
S(V) S(V)

where 7 : CH.Si (S(V),S(V)) — Q*(S(V)) = S(VaV][1]) is the usual Hochschild-Kostant-
Rosenberg map g ® -+ -z, — 1/n! zod(z1)---d(z,). Since 7 is a quasi-isomorphism
of algebras, (2) and the first part of (1) follows. Since aVili S and Vil S" are maps of
algebras, it is sufficient to prove (3) for elements of the form [a;]v, [b;]v for which the result
holds trivially. We now prove the last part of the claim (1). By construction, 5\/21 5 isa
morphism of algebras. Again, it is sufficient to check that eViZi5" takes value in cocycles
for elements of the form [a;]v, [b;]v, for which the result is straightforward. Thus eVilistis
a chain map and (3) and the first part of (1) imply that it is a quasi-isomorphism. O

REMARK 4.2.5. — Thereis an obvious generalization of Lemma 4.2 .4 for arbitrary wedge
\/f=1 S1. For instance, there is a natural quasi-isomorphism

k
*(S(V),8(V)) = (S(H.(\/ SH @ V),d)

i=1

29 Sl

Vst oV

of differential graded algebras. All statements and proofs for arbitrary wedges of circles are
similar to those of even wedges \/7_; gS* and left to the reader.
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Let pinch : S! — 8! v S! be the standard (k-times iterated) pinching map. By
Example 3.3.10, the edgewise subdivision sd2(S?) is the simplicial set sda(S1) = [2n + 1]
and it satisfies

do(SYH = (I, U I, U t,
52( .) ( P, )pt.Hpt.P

where the wedge I, Uy, I is with respect to the maps ¢ and s respectively (see Example 2.3.4).
Identifying the two 0-simplices of sd»(S?) yields a simplicial map pinch, : sd2(S1) — S v SL.
Explicitly, for any n, one has f)i?éfln(a(n +1) 44 =a(n)+iifl1 <i<n,a=0,1and
pinch,, (a(n + 1)) = 0.

LEMMA 4.2.6. — The following diagram is commutative

pinch,

CHS' (A, M) CHS'VS' (A, M)

| |

1 De(2) pinch,
CHF’ (A, M) . CHfdz(Si)(A’M) s CH;S‘ﬁ\/Si (A, M).

Proof. — Note that [sd2(Sq|) = (IVI) . where ~ identifies the two (non glued) boundary
points (0,1) and (1,1) of IV I. Then |pinch, | : |sda(SL|) — S* v S! is the map identifying
all boundary points of each interval I in (I V I),.. Thus pinch : S — S' Vv S'is the
composition

pinch, |

S* 22 |5 2 fsda(5)] PR [sh v sk = st v st
Now the result follows by naturality of 1 and the fact that 9, (2) realizes D~!, see [23,
Proposition 3.4]. O

Let c1,...,c, be fundamental loops in S, i.e. [¢;] = [S!] € H1(S"), and f: S* — \/F_, §*
be the map obtained by gluing the paths ¢y, co, ..., ¢k in this order. The map f induces a
k 1
map f, : C'H,S1 (A, M) — C’H.vi:1 5 (A, M) in the derived category of chain complexes.
We identify S(V & V[1]) & S(H.(S*) @ V).

LeEmMmA 4.2.7. — Let (S(V), d) be a differential graded free commutative algebra and M an
(S(V),d)-module. The following diagram is commutative in the derived category (respectively
in the homotopy category of CDG algebras if M = S(V'))

CHE' (A, M) B oY (A,
|~ SRV
(SV e Vi,d) L= (M ® SH(VEL)eV),d)

S(V)

where f is the unique map of S(V)-algebras given, for any v € V, by

[SYv = c1v + cov - - - + cpo.
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Proof. — By functoriality and homotopy invariance of 5 and of the Hochschild chain
complex with respect to simplicial sets, there is a natural commutative diagram

1 f* k 1
CHS' (A, M) crY =% (4, M)
) pinch® K 1 '\—k/1 h kN \L 1
cHS (A,M) = cuY =" (a4, M) caY = (4, M)

where pinch® : §* — \/¥_, §1 is the (k — 1)-times iterated pinching map
k
Sl pi_n():h Sl v Sl idVgi)nCh Sl v Sl v Sl . id\/ﬁi}nch \/ Sl,
i=1
1 1
Since CHY* (AM)E2M®a CHY (A, A), it is sufficient to prove the result for M = S(V).

Note that there is a natural isomorphism (in the derived category) of differential graded
algebras

CHY =5 (5(v), 5(V)) = CHE (S(V), S(V)) ®sv) -~ ®s(v) CHE (S(V), S(V))

by Corollary 2.4.3. Hence, by homotopy associativity of pinch, it is sufficient to prove the
result for k = 2.

By Lemma 4.2.6, the result follows once we proved that the following diagram.

@4) CHS (S(V), S(V) —2 cm=5) (5(1), S(V)) s GHEVSE (5(V), S(V))
l” f | Vi
(S(V @ V[1],d)) (S(Ho(Vizy) @ V),dY)

is commutative (up to homotopy). By Lemma 4.2.4, the vertical maps in diagram (4.4) are
quasi-isomorphisms of algebras. Note that f, : CHS' (S(V), S(V)) — CHS'VS'(S(V), S(V))
is also an algebra morphism, and that S(V @ V[1]) is free. Hence it is sufficient to prove
that diagram (4.4) is commutative in simplicial degllrees 0 and 1, since the generators (as an
algebra) of S(V & V[1]) lies in the subspace 7r(OH:qgl (S(V),S8(V))). In simplicial degree 0,
all the maps in diagram (4.4) are the identity map. Recall (see Formula (3.9)) that

D1(2) : CHSL(A, A) = A%? . CHI®25D (4, 4) = 4%

is given by the formula 9, (2)(z ® y) = > (-1)7Si(e(0.6)) (@ ® y). By definition of
(0,0)€4(2,1)
4(2,1), o is the identity and § € Homa ([0], [1]). From identity (3.10) defining &(,. 5, we get

that 91(2)(z®y) =2Qy®1®1+2®1®1®y. Now, the commutativity of diagram (4.4)
easily follows. O

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



868 G. GINOT, T. TRADLER AND M. ZEINALIAN

4.3. HKR type theorem for surfaces

For the sphere S2 = X9, there is also a Hochschild-Kostant-Rosenberg type theorem.
More precisely, given a differential graded free commutative algebra (S(V),d) and an
(S(V),d)-module M, there is a natural isomorphism
(4.5) 7 HHS (S(V),M) =5 H(M @ S(HJ(S*) ®V),d%).

5(V)
Here, the graded commutative algebra S(H,(S?) ® V) is equipped with the differential d° :
which is defined as the unique degree 1 derivation satisfying d5 (v) =vand as* (ov) = s5d(v)
where o = [S?] € H(S?) is the fundamental class of S and s,, is the unique degre -2 deriva-
tion defined by s, (v) = ov and s, (cw) = 0. Note that S(He(S?) @ V) = S(V & V[2]).

Furthermore, if M = S(V), 75 isan isomorphism of algebras. See [15, 25] for details.

For positive genus surfaces, we have the following Hochschild-Kostant-Rosenberg type re-
sult. We write o = [X9] € H,(X9) for the fundamental class of 39 and [a1], [b1], . . ., [ag], [bg]
for the generators of H;(%9). The degree -1 derivations s and s} on S(H,(29) ® V) are de-
fined by 5% (H>1(29) ® V) = 0 = s} (H>1(29) ® V) and s (v) = [ai]v, s} (v) = [b;]v for any
veVandi,j=1---g. Similarly the degree -2 derivation s,, is defined by s, (v) = ov and
50 (H>1(X9) ® V) = 0. The differential d>° is the unique degree 1 derivation defined by

@.6)  d¥([ai]v) = —si(d(v)), d¥ ([b;]v) = —s)(d(v))

4.7) d¥ (v) = d(v), d¥ (ov) = s, (d(v)) + Z st (sh(d(v))).

REMARK 4.3.1. — Note that the differential d>° is based on the coalgebra struc-
ture of He(X9). That is, if x € H,(X9), then, for any v € V, the differential is given by
d¥(zv) = S(-DlFolFlEels, (s4, (d(v))) where the coproduct is given by
A(J}) = Zl‘(l) ® T(2), and s; = id.

REMARK 4.3.2. — When X is a space with Sullivan model (S(V'), d), the cochain algebra
(S(He(29) ® V),d”") coincides with the Haefliger model [18] of the sections of the trivial
bundle X9 — 39 x X where one takes H*®(X9) as a cochain model for X9 (which is possible
since surfaces are formal spaces). This model also has been carefully described by Brown and
Szczarba [3]. Of course, the same remark holds for (wedges) of circles in place of surfaces. It
would be interesting to find a proof of this algebras quasi-isomorphism using the universal
property of the Haefliger model [18] and the functor homology techniques introduced in [25].

THEOREM 4.3.3. — Let (S(V),d) be a differential free graded commutative algebra and
M a differential graded (S(V'), d)-module.
1. There is a natural isomorphism

' Hy (M ®v) S(HW(Z9) @ V), d™) = HHZ(S(V), M),

which is an isomorphism of algebras if M = S(V).
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2. The following diagram is commutative
2

71 r__H, o(29 __H, o(52
H.(MS?;WS(H.():/IS yoV)) 24 (MS%)S(H () eV)) H (MS%/)S(H (S)eV))

29 o1 2
S »9 5
5\/i:1 e e

29 o1 (V?leg’zg)' g
HEY = (§(v), M) ——————— HHZ*(S(V), M)

where the horizontal maps p and q are the algebra homomorphisms, respectively induced

by the homology maps H, (\/ S ®V — He(X%9), and Hy(X9) — Ho(S?), obtained

(Eg_”sz)o

HHS (S(V), M)

by the obvious inclusion and sur]ecllon of spaces.

o}

To prove Theorem 4.3.3, we want to use the computation in Lemma 4.2.4 and ap-
ply Lemma 4.1.1. Hence, we first need a semi-free model of CHL (S(V),S(V)) as a
CHS' (S(V), S(V))-module.

Proof. — (a) Note that H,(S') = k[¢] (with |¢| = —1) and that the standard
Hochschild-Kostant-Rosenberg theorem yields a natural isomorphism

' Ho (M ® S(HJ(SY)®V)) =5 HHS' (S(V), M).
S(V)

(b) Since I? is contractible, for any (DG commutative) algebra A, there are natural iso-
morphisms HH! (A, A) = HHE'(A, A) = H,(A). Further, the canonical map

cH{'" (4, 4) - CH (4, 4) = 459" _, A,

where (I2), is the simplicial model for the square described in the proof of Lemma 4.1.1
and the right map A®9° — A is induced by the map of pointed sets (I2)o — {0}, isa
quasi-isomorphism of algebras.

(c) The algebra morphism (coming from (a) and (b))

Hy(S(HE) ® V) = HHS' (S(V),5(V)) — HH] (S(V), 5(V)) = Ho(S(V))
is induced by the unique (differential graded) commutative algebra morphism
Sk[¢] @ V) — S(V) satisfyingé @ v — 0,1 ® v — v foranyv € V. This
follows since the image of £ ® v in CHS+(8(V), S(V)) lies in simplicial degree 1.
By Lemma4.1.1, Lemma4.2.4, and (a), (b),and (c)above, there is a natural isomorphism
29
(4.8) SH.(\/ SHeV) o KI(S(V) - HHE (S(V),M)
A S(klEleV)
for any (S(k[¢] ® V), d)-semifree resolution K**(S(V)) of (S(V), d). Further, if KI* (S(V))
is also a resolution as an algebra and M = S(V), then the isomorphism (4.8) is an isomor-
phism of algebras. We now construct an explicit resolution K° (S(V)).

We first recall a S(V @ V)-semifree resolution of (S(V), d), which we denote by K (S(V)).
(Note that S(V @ V) — CH2%(S(V),S(V)) and S(V) — CHZI*(S(V),S(V)) are quasi-
isomorphisms.) We identify S(VeVI[1]®V) = S(k[zo]|®k[]®k[z1]) ®V where [z¢], [z1] are
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of degree 0 and [¢] is of degree -1. Let s be the unique degree -1 derivation of S(V@ V[1]@V)
given by s([z;]v) = [{]v and s([¢]v) = 0. Then, by [10, Section 15.(c), Example 1],

KI(S(V):=(S(VeV[ieV),d)

is an S(V @ V)-semifree resolution of (S(V'),d) where d” is the unique degree 1 derivation
defined by d ([z;]v) = [z;]d(v) and

s} S I\n
@9) 4 (el = fealo — el ~ 32 L ).

Hence there is an isomorphism KZ(S(V)) = (S(Ve V(1] V),d!) 2 CH!(S(V),S(V))
in the homotopy category of commutative differential graded algebras and a commutative
diagram

CHP(S(V),S(V)) === CH™(S(V), S(V')) =——— CHP'(S(V), S(V))

X ¥ X

(5(V),d) (KT(S(V),d") (5(V),d)

v [zo]v v—[z1]v

where s,t are the two inclusions pt, — I, defined in Example 2.3.4. Note that, by
Corollary 2.4.4, for any differential graded algebra (A, d), there is a natural isomorphism

(4.10) CHE (A, A) = CHI*(CHI (A, A), CHI* (A, A))

where CHl*(A, A) is equipped with the Hochschild total differential and the algebra
structure given by the shuffle product. Note that since I,, I? are contractible, one can
simply notice that the canonical inclusion A — CHI(CHl+(A,A),CHI*(A, A)) is a
quasi-isomorphism instead of using Corollary 2.4.4. Thus, there is an isomorphism

@.11) KI(KI(S(V))) = CHE (S(V), 5(V))

in the homotopy category of commutative differential graded algebras.  We set
KT (S(V)) := KI(KT(S(V))) and write d!~ for its differential. By construction

KC(SWV) =SV e V1** e V[2) =S (( EB klzi;] ® @(k[gi] @ k[¢)]) @ k[o]) ® V)

i,j=1,2 i=0

where |z;5| = 0, [§;| = |{;] = —1 and |o| = —2. One may think of z;; as points, §; as a path
from z; to z;1, 5; as a path from z; to z1; as in the following picture:

oo gO o1
& o &
Z10 & T11
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In particular the subalgebra K (V) = S((k[zoo] @ k[&o] ® k[zo1]) ® V) € KL (S(V))
is a differential graded subalgebra which is canonically isomorphic to K?(S(V)). The
same holds for the 3 other subalgebras: K (V) := S((k[r10] © k[é1] © k[z11]) ® V),
K& (V) := S((k[zoo] @k[¢h]@k[w10]) @V) and K& (V) := S((k[zo1] & k[]] @ klz11]) ® V).
The differential d* is the degree 1 derivation defined by d’”([zi;]v) = [i;]d(v),
d” ([&]v) = d! ([zio]v), A" ([€}]v) = d! ([zo;]v) and

d” ([o]v) = [gh]v — Z
Ti5]v

where § is the degree -1 derivation defined by 3(]
and 5([o]v) = 0.

Since the boundary of I7 is the wedge (I, U, I,) U ot. [[ vt (Ie ¢ Us I,), the natural
isomorphism (4.10) induces a natural isomorphism

(4.12) CHO+(S(V),8(V)) = K°T'(S(V)),

2
sdl

v) = [§lv, 5([&]v) = [o]v

Il

Va3
—~
I

e
~

where K97° (5(V')) denotes the differential graded commutative algebra

K (5(V)) == (K®(V) ® K&S(V)) ® (KS(V) © K&(V)).
S([zo1]V) S([zoo]VO[z11]V) S([z10]V)

We now need to identify the induced map 912 — \/Zg S1. We first consider the genus 1
case. We still identify 812 with (I V I) U 30 (I v I) where the endpoints of the two
(length 2) intervals are identified. For a surface of genus g = 1, given as a quotient of (I?)
by the path a0 aflbfl, the boundary map I2 — S* v S* factors as the composition

O = (IV 1) Uy ey TV ) Vs (g1 y g1y v (81 v g1y V(e g1y g
where the first map \/;_, col collapses each interval to a circle.

The map 5. ®t., : S(V) ® §(V) = caI" U (5(v), S(V)) — CHI*(4, A) induces a
quasi-isomorphism of algebras

CHI(S(V),S(V) = CHESW), SV | o SV =KW o 507

since CHI+(S(V),S(V)) is a semi-free S(V) ® S(V)-algebra. Thus the algebra quasi-
isomorphism (4.12) transfers the algebra homomorphism

CH(S(V),S(V)) = CHI™*(S(V),S(V)) — CHEVS' (S(V), S(V))
to the algebra homomorphism
o1 KT (S(V)) — S(H.(S*V SYH @ V)

defined by ¢1([zi]v) = v, p1([§]v) = [a1]v and p1([§)]v) = [bi]v. Now, since s, § are
degree —1 derivations, and furthermore since s?, sf; are degree —1 derivations with square 0,
a straightforward computation gives an algebra isomorphism

H.(yl sHev) SHIBV) K" (S(V)) = (S(Ho (") @ V), d™).
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For a surface of genus g > 1, our model X9 (see Section 3.1) is also obtained as a quotient
of a square. Now the the boundary map 9I% — \/fi L S* factors as the composition

1, col 1V f2 4
O = (IV 1) Upy 11y (T V) Vi gy g1y v (st v gty VIR0 g1y g

where the first map V?Zlcol still collapses each interval to a circle and the maps
fi: St — \/9_, S! are the loops given by

Ji=a1b1---ag9bgsa,  fo=ag/a11bgi241agbg,  f3=Dbiai---by2ay/2
and fy = bg/a 104241 -+ bgay when g is even, and by
fi=aibi---am, fo=0bmami1---agby, fz3=brar- by

and f4 = ambm+1---bgay when g = 2m — 1is odd. Now by the argument for g = 1
and Lemma 4.2.7, it follows that the algebra quasi-isomorphism (4.12) transfers the algebra

homomorphism CHS* (S(V), S(V)) = CHI (S(V), S(V)) — CHY =5 (S(v), S(V))
to the algebra homomorphism

Py KT (S(V)) — S(H-(\; sHev)
defined by ¢4 ([z;;]v) = v, and, for g even by
g([0]v) = lar]v + [ba]v + -+ + [bgjalv,  @q([61]0) = [ag/z]v + -+ [aglv + [bglv,
g([o]v) = br]v + [ar]v + -+ [agplv,  @g([€1]0) = [bg/2s1lv + -+ + [bgJv + [ag]v,
and, for g = 2m — 1 odd by
0g([&o]v) = [a]v+ [brJv + -+ [am]v,  @g([61]v) = bm]v + -+ [ag]v + [bg]v,
0g([So]v) = [br]v + [ar]v + - [bmlv,  @g([€1]V) = [am]v + - + [bg]v + [ag]v.

Again, a straightforward computation gives an algebra isomorphism

2g
UV shev) | e KNS (SHE) e V),d7)

This proves claim (1) of Theorem 4.3.3. The commutativity of the left square in claim (2)
follows from the isomorphism (4.8) and the computation above. Note that

CHS (A, M) =~ CHP (A, M) © CHE(AA)
cH?' (4, 4)

~ OHM(A,M) © CHE(A,A).
cu?' (4, 4)
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Hence there is a commutative diagram

»9—52

CHZ* (A, M) CHS* (A, M)

29 Sl

CHY S5 (A M) ©  CHN(A, A) P24 CHE' (A, M) ®  CH.* (A A)
cH?'S (4,4) cH."* (4,4)

where p : \/?9, S! — pt, is the canonical map. Let 5 : K'(S(V)) — S(V) be the algebra
map defined by p([z;]v) = v and p([{]Jv) = 0. This is a map of differential graded algebras
and, furthermore, since the composition S(V) — K!(S(V)) & S(V) is the identity, j is a
quasi-isomorphism and the following diagram is commutative

CHI(S(V),S(V) —= CHE*(S(V), S(V))

in the homotopy category of differential graded commutative algebras. Since
p s CHY 515 (S(V), S(V)) — HP'(S(V), S(V)) is the composition

CHY S5 (S(v), S(V)) = CHS (S(V), S(V)) &, B CHY ((S(V),S(V))
gQmwwmmsw»agwswﬂS%yxqum?w@mSW»w%WSWO

P+ ®sev) id SV
it follows that the isomorphism of Theorem 4.3.3 claim (1) transfers
(29 — 82), : CHE(S(V), 8(V)) — CH*(S(V), 5(V)
to the map

®
S(VeV)

(p®id)®% ®id : ((KI(S(V))
KoI(5(V))

®2g
S(V)> ® KT(S(V)
—S5(V)  ® KF(S(V)=S(H.(S?) V),
K9I(S(V))

which proves the commutativity of the right square in claim (2). O

The importance of Theorem 4.3.3 folllows from the fact that any differential graded
commutative algebra is quasi-isomorphic, as an algebra, to a graded symmetric one.

COROLLARY 4.3.4. — There is a natural isomorphism

=" HHy (S(V), M) = H, (Homgq) (S(Ha(29) ® V), S(V)),d™"") .
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Proof. — Let X, be any pointed simplicial set and let A be a differential graded com-
mutative algebra. There is a map of differential graded algebras A = CHY"™ (4,A) —
CHY'*(A,A) — CHZX+(A, A) where the last map is the unique pointed map. It follows
that the Hochschild complex (CHX+ (A, A), D) is a chain complex of semi-free A-modules.
More explicitly, the A-module structure is given by multiplication on the tensor A corre-
sponding to the base point in CHX*(A, A) =2 A® A®®+. Now let M be an A-module. Then
there is an isomorphism of cochain complexes

(CHY%,(A,M),D) = (Homu(CHX*(A, A), M), D*),

where the differential D* is the dual of the differential D on the Hochschild chain complex
CHX+(A, A). Since (S(Ho(X9) ® V),d™") is also semi-free, the result follows from the first
statement in Theorem 4.3.3. O

4.4. The surface product for Lie groups

In this section, we apply Theorem 4.3.3 and Lemma 3.5.3 to compute the Hochschild sur-
face product for odd spheres and Lie groups. The idea is that in both cases, the commutative
differential graded algebra of the forms Q°*M (where M = $?"+! or M = G is a Lie group)
is quasi-isomorphic as a differential graded algebra to a symmetric algebra S(V') with zero
differential.

Let A = (S(V),0) be a free graded commutative algebra (with zero differential). Then
the identities (4.6) and (4.7) immediately imply that the differential d>° = 0 for any genus g.
Similarly, the differentials dV and s’ vanish, too. Hence, for any S(V)-module M, by
Theorem 4.3.3, there is a commutative diagram (natural in M and V),

(4.13)
2

! P M @ SHJ(ZNQV)_1 M ® SH.(S))V
M g, ULV, Sh e V) =G, — MG, e

29 1 g 2
EVi:l s J/ ez &S
(Vfi1 §'—=29).

29 1 (ngsz).
Y= (3(v), M)

HHZ*(S(V), M) ————= HHS* (S(V), M)

with the vertical arrows being isomorphisms (of algebras if M = S(V)). Note that
29
S(He(%9) ® V) splits as a tensor product S(H,(29) ® V) = S(H (\ S') @ V) ®s(vy)
i=1
S(H.(5%) ® V). By Lemma 4.2.4 and Formula (4.3), we already have an explicit morphism
29 g
of algebras at the chain level for the restriction S(Ho(\/ S') @ V) — CHZ*(S(V),S(V))
i=1
29
\/ S') ® V). Itis easy to check that the formula
i=1

1=

of e to S(H,(

1 1
4.14) 5 (ov) = @l ®v | — 1 ®1
®1 ®1 Qv ®1
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(0,0
(where we use the notation ®a(1,1) ®aq,2) for a homogeneous element in
Qa(z,1) ®a(2,2)

2 2
CH?? (S(V),S(V)) as in Example 2.3.3) defines a cocycle in CH? (S(V),S(V)) and
induces a quasi-isomorphism of algebras S(H,(S%) ® V) — CHS (S(V),5(V)) (see
the proof of Theorem 4.3.3 and [15]). For any v € V, choose any cocycle £’ (ov) €

g9
CHJ?(S(V),S(V)) such that e=°(ov) is mapped to £5°(0v) by the map (X9 — S2),
in diagram (4.13). We have thus defined an explicit quasi-isomorphism of algebras
e 1 S(Hy(Z9) @ V) — CHZ?* (S(V),S(V)) which, by abuse of notation, could

29

Vst

be rewritten as the tensor product e>° = gi=1 Rs(v) e through the isomorphism
S(HJ(29) @ V) = S(Hy (V2,5 ® V) @s(v) S(He(S?) @ V).

REMARK 4.4.1. — There is a standard choice for >’ (ov), given as follows. Recall, that
¥{ is obtained by gluing g standard models for the square 12, and g(g—1) models for triangles
T,. In particular any element in I2 or T, is a sum of tensors which can be written in the

boundary terms
form ®a(1,1) ®a(,2) | where the boundary terms are tensor powers of
®a(2,1) ®a(2,2)
elements lying in the boundary (81%), (8T)2. Thus, for v € V, and any square or triangle
C, C X7 we can define the element
1s 1s
g
ec,(v) = ®lev | — ®1l ®1 | € CH2(S(V),S(V))
®1 ®1 Qv ®1

where the 1s in the top left corner means that any tensor in the boundary of Cs or in X5 — Cs
is 1.

It is straightforward to check that, in the normalized chain complex, a possible choice for
e (ov) € CH22(S(V), S(V)) is given by

o) = Y )

CoCXY

where the sum is over all triangles and squares in the simplicial model for 9.

We now define a multiplication on @, Homgy (S(He(%9) @ V), S(V)).

Consider the natural surjective map Ho(329) @ Ho(X") — Hl (329 v £") (whose kernel
is isomorphic to Hy(pt)), tensor both sides with V over the ground field and apply the free
graded commutative algebra functor S. Dualizing as S(V')-modules ), the multiplication

*) When X is an arcwise connected space, we endow S(He(X) ® V) with its natural S(V) = S(Ho(X) ® V)-
module structure.
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u:S(V)® S(V)— S(V) induces a linear map
Homs(v) (S(H.(E‘q) X V), S(V)) ® Homs(v) (S(H.(Eh) ® V), S(V))
+% Homg vy (S(Ho (29 VEM) @ V), S(V))
for any g,h > 0. Furthermore, the pinching map Pinch,}, yields a linear map
Ho(X9%") — H, (%9 v £") and thus an S(V)-algebra map
(4.15) Pon i S(Ho (29 @ V) — S(Ho (29 VEM) @ V).

DEFINITION 4.4.2. — The multiplication U on @5, Homgyy (S(He(29) ® V), S(V))
is induced by the composition

Homg v (S(He(29) ® V), S(V)) @ Homg(vy (S(He(E") @ V), S(V))

s Homg(y) (S(Ha (29 V %) @ V), S(V)) " Homg (v (S(He (39 @ V), S(V)).

It is immediate to check that U makes @, Homg () (S(H(%9) ® V), S(V)) into an
associative unital algebra.

REMARK 4.4.3. — Let (S(V),d) be a free graded commutative algebra with non-zero
differential. It is easy to check that Definition 4.4.2 indeed yields a differential graded
unital algebra structure for @, (Homs(v) (S(Ho(Z9) ® V), S(V)),dzg*). That is, the

differential d=*" is a derivation for the multiplication U.

The following theorem expresses that the surface product for S(V') (with zero differential)
corresponds to the multiplication U in Definition 4.4.2.

THEOREM 4.4.4. — Let S(V) be a free graded commutative algebra (with no differential).
1. There is an isomorphism (natural in'V ),
=P P HHL(SV),S(V)) > P Homs vy (S(H(29) @ V), S(V))
920 9>0 9>0
2. The following diagram is commutative
®2
. U HH,(S(V),S(V

(@ HHEQ(S(V),S(V))) QGQO £ (S(V),8(V))

920 -

- ..

®2
(@ omsw (st @ V)50 ) -n ) Homsi (SULE) € V), S,
g=>0 -

Proof. — Sinced™’ = 0, the first statement follows from Corollary 4.3.4 and the definition
of ¥,

By Corollary 2.4.3, there is a quasi-isomorphism of differential graded algebras

CHZ(S(V), (V) ® CHI(S(V),8(V)) = OB (5(v), 5(V).
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Since the maps £=° and =" coincide on S(V'), the map

EEQVZ’L . S(H.(Eg Vi Zh) ® V) &~ S(H.(Zg) & V) S((X\)/) S(Ho(zg) ® V)

CHEYE):(5(V), S(V))

g
e® ®52

S(V)
—

is well defined and an algebra quasi-isomorphism by Theorem 4.3.3. Similarly, Corol-
lary 2.4.3 yields a natural quasi-isomorphism of algebras
CHE (S(V), 5(V)) ® CHZ* (5(V), S(V)) = e ¥ (s(v), s(v))
and thus
S = 0 s [[ 2 @ V) — cr TP s), 5v)

is a quasi-isomorphism of algebras. Note that, for any algebra A and module M there is a
natural isomorphism of cosimplicial modules
h g
cHE = (4 Ay = cHP (A, M) x CHE (4, A)

with the diagonal simplicial structure on the right hand side, ¢f. Definition 2.4.1. Further
.g ‘h

the pointed maps 59 : pt, — £¢ and j" : pt, — 7 yield a simplicial map pt, ][] pt, ! ﬂf

9 ]_[Ef which in turn gives a structure of A ® A ShA C’Hft' [T»t. (A, A)-module to

1= . . . o
CH, (A, A). There is an isomorphism of simplicial modules
. . ~ = 11=".
CHyy (A, A) x CHg, (A, A) = Homaga (CH, (A, 4),A® A)

under which the map vV : CHy,, (A, A) x CH3,, (A, A) — CH, (A, A) from Defini-

(B9VvEh),
tion 3.3.2 identifies with the composition

g h 9 h
Homaga (CHS L™ (4, 4), 4 ® 4) 5 Homaga(CHZ L1 (4, 4), 4)
= Hom 4 (C iy, (4, A), A) = CHgy s (A, 4)

It is now straightforward to check that the following diagram is commutative:
(4.16)

CHy (S(V),5(V)) x CH, (S(V),5(V) ———— cg=v="(5(v), 8(V)
(Ezg th)* (Eggvzh)*
Homs(v)®2 (S(H.(Eg H Eh) ® V), S(V) ® S(V)) L Homs(v) (S(H.(Eg V Eh) ® V), S(V))

Let 2 be any element in S(H,(X9) ® V) and y be any element in S(H,(X") ® V). Then,
by definition e=* LI=" (z - y) = sh(e™’(2), %" (y)) where sh is the shuffle product (see Sec-
tion 2.4). Since the Alexander-Whitney map is inverse to the shuffle product on normalized
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chains, it follows that the following diagram of S(V) ® S(V)-linear maps
4.17 2 =" Ll 1
@17 CHF(S(V),8(V))® CHZ (S(V),S(V)) = CH, (8(v),5(V))

Ezy®€EhT EEQHZhT
S(Hy(29) @ V)® S(Ho(XM) @ V) ——= S(H (ZI ][ =M V).

is commutative on normalized chains. Diagrams (4.16) and (4.17) imply that the following
diagram is commutative,

(4.18)
®2
<QG>BOHH59(S(V),S(V))> VoAW g’%OHHzgvzh(S(V)ys(V))
®2 .
<§0 Homg(v) (S(Ho(29) @ V), S(V))) SN g’%o Homg v (S(Hd (29 V ) @ V), S(V))

Statement (2) in Theorem 4.4.4 now follows from the commutativity of diagram (4.18)
and of the following diagram

Pg,h

(4.19) S(H.,(S9Th) ®@ V) S(HJ(Z9VEM) @ V)

g+h gysh
laz LEE %>

Pinchg n,

cHP (S(V),5(V) — CH T (5(v), 5(V))

where p, ;, is the map (4.15) from Definition 4.4.2. Since S(Ho(397") ® V) is a free graded
commutative algebra, and all the maps involved in Diagram (4.19) are maps of algebras, it
is enough to check the commutativity of Diagram (4.19) on the generators. This is obvious
for the generators lying in He<1(397") ® V since they are of simplicial degree 1. As for
the generators lying in Ho(X91") ® V, by functoriality and the definition of £*° (ow), it is
sufficient to prove that the following diagram is commutative

p

S(He(S?)@V) S(H,(S%*Vv S*)®V)

2 2 2
I/ES J/ES VS

CHE(5(V), S(V)) L CHISD(S(v), (V) s Ol (5(v), S(V))

(on the normalized chains). Here, p is the algebra map defined on the generators by the
pinching map on homology

Pinchoyo " ®idy
-3

H (SH eV H,(S*VS?) V.

Now the result follows from a straightforward computation. O
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If (S(V),d) is a free model of a differential graded algebra (A, d4), then by Proposi-

tion 3.3.20, there exists an algebra isomorphism

P HHs. (A A) = P HHz, (S(V),S(V)).

920 g>0
Further, CH3,(S(V),S(V)) is a filtered differential graded algebra with respect to the
filtration induced by the internal degree. This yields a spectral sequence of algebras whose
(Eg'*,do) page is the Hochschild cochain complex CHg, (S(V),S(V)) of S(V) equipped
with the zero differential. From Theorem 4.4.4, we easily deduce

COROLLARY 4.4.5. — Let (S(V),d) be any free model of (A,d4). The E*-term of the
above spectral sequence is

EP? = @D Homgv (S(q)(He(29) @ V), S(V))
g>0
where the right hand side is equipped with the multiplication of Definition 4.4.2, and
S(q)(He(X9) ® V') consists of those polynomial of total external (homological) degree q (that
is the total degree coming from He(%9) is q), in particular ¢ > 0.

ExAMPLE 4.4.6 (Odd spheres). — Since spheres are formal, there is a (chain of) quasi-
isomorphism of differential graded commutative algebras between the forms Q°5?"+! and
S(x) = H*(S?"*1), where z is of degree |z| = 2n + 1. Applying Proposition 3.3.20 and
Theorem 4.4.4 we get that

HHy, (225", Q8% = 5(29,0f,...ad,8],... 8%, w?)
where |29 = 2n + 1, |of| = - = || = |6]| = --- = |BI| = —2n, and |w9] =1 — 2n. The
cup-product is given, for any polynomial P = P(z9,af, 87,w9) € S(29,0,...af, B,... B, w9),

by the formulae:
P(xg,af,ﬂf,wg)U:zzh P(
P(xg,af,ﬁf,wg) U wh P(Ig+h 9+h’6§_]+h’wg+h)wg+h’
P(mg,af,ﬁf,wg) U af (xg+h g+h,ﬂ§?+h,wg+h)a31?,

h h +h +h h +h
P(xg’agvﬁé‘}»wg) U/Bj = P(-Tg+ 7azg aﬁf ’wg+ )ﬂg_t,_j,

+h ,gth pg+h +h +h
:Eg 7ﬂj 7wg )$g b

, O
«

where the products on the right hand side are taken in the free graded commutative
algebra  S(z9th a9 Sagth, {”h,...ﬂg*h,w“h). Note that the center of
@ >0 HHz, (Q°52" 1, Q052" H1) s exactly H Hy,o (Q°5?7+1, Q0527 H1) = §(a0,00).

By Theorem 3.4.2,if n > 1, then ® H,(Map(X9, M)) = HHg, (Q2°S5?"+1, Q52" +1) and

the surface product agrees with the cup product.

ExaMPLE 4.4.7 (Lie groups). — It is well-known that if G is a Lie group, then G is ratio-
nally homotopy equivalent to a product §241+1 x ... x §2de+1 of odd spheres where e is the
exponent of the group. Thus, by Proposition 3.3.20, Theorem 4.4.4, and Example 4.4.6, we
find that

HHS,(Q°G,Q°G) = S(af, of , 57, i),

() Where, by convention, degrees are intended to be of cohomological type.
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where K = 1,...,e, and 4,5 = 1,...,g, and the degrees of the generators are given by
|zf| = 2di + 1, |ag ;| = |8} ;| = —2dy, and |wf| = 1 — 2dy. The formulae for the cup
product are similar to those in Example 4.4.6 (except for the additional subscript k).

If G is simply connected, then it is automatically 2-connected, and, by Theorem 3.4.2, the

surface product agrees with the cup product through the isomorphism
H,(Map(29,G)) = HHy,(Q°G,Q°G).
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