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SMOOTHNESS OF THE MOTION
OF A RIGID BODY IMMERSED
IN AN INCOMPRESSIBLE PERFECT FLUID

BY OvriviER GLASS, FrRanck SUEUR AND Takto TAKAHASHI

ABSTRACT. — We consider the motion of a rigid body immersed in an incompressible perfect fluid
which occupies a three-dimensional bounded domain. For such a system the Cauchy problem is well-
posed locally in time if the initial velocity of the fluid is in the Holder space C'". In this paper we
prove that the smoothness of the motion of the rigid body may be only limited by the smoothness of
the boundaries (of the body and of the domain). In particular for analytic boundaries the motion of
the rigid body is analytic (till the classical solution exists and in particular till the solid does not hit the
boundary). Moreover in this case this motion depends smoothly on the initial data.

RESUME. — On considére le mouvement d’un corps solide plongé dans un fluide parfait incom-
pressible qui occupe un domaine borné de R3. Pour ce systéme, le probléme de Cauchy est bien posé
localement en temps, si la vitesse initiale du fluide est dans I’espace de Holder C*". Dans cet article,
on montre que la régularité du mouvement du corps solide ne peut étre limitée que par la régularité
des bords (du corps solide et du domaine). En particulier si les bords sont analytiques alors le mouve-
ment du corps solide est analytique (tant que la solution classique existe et que, en particulier, le corps
solide ne touche pas le bord). De plus, dans ce cas, le mouvement dépend de maniére C*° des données
initiales.

1. Introduction

The main result of this paper is about the motion of a rigid body immersed in an incom-
pressible perfect fluid which occupies a three-dimensional bounded domain. However our
investigation of the problem also yields a slightly new result concerning the case without any
rigid body, that is when the fluid fills the whole domain. We first present our result in this
case as a warm-up.
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2 O. GLASS, F. SUEUR AND T. TAKAHASHI

1.1. Analyticity of the flow of a perfect fluid in a bounded domain

We consider a perfect incompressible fluid filling a bounded regular domain Q C R? with
impermeable boundary 912, so that the velocity and pressure fields u(¢, z) and p(¢, ) satisfy
the Euler equations:

() %-I—(u-V)u%—Vp:O, forz € Q, fort € (-T,T),
) divu =0, forz € Q, fort € (-T,T),
3) ult=0 = ug, forz € Q,

4) u-n=0, forx € 9Q, fort e (-T,T).

Here n denotes the unit outward normal on 0€2. The existence (locally in time) and unique-
ness of classical solutions to this problem are well-known, since the classical works of Lich-
tenstein, Giinter and Wolibner who deal with the Holder spaces C* () for A in”) N and
r € (0,1), endowed with the norms:

o 0%u(x) — 0%u(y
[uller.r ) == sup <||8 ullp (@) + sup 19%u(z) - ( )|> < +o0.
Jal <A atyeQ |z =yl

For Ain N and r € (0,1), we consider the space
O (Q) == {u e CM(Q) / divu=0inQ and w-n =0on aﬂ}.

THEOREM 1. — There exists a constant C,, = C,(Q2) > 0 such that, for any X in N and
r € (0,1), for any ug in CXT17(Q), there exist

T > T.( [uollcrr ) == Ci/llucllcrr )
and a unique solution u € Cy,((=T,T),C**17(Q)) of (1)~(4).

Above, and in the sequel, C,, refers to continuity with respect to the weak-x topology
of C*17(Q). Let us refer to the recent papers [7, 13, 14].

REMARK 1. — We consider here (and in what follows) the earlier works cited above by
using Holder spaces. Meanwhile, Theorem | holds also true for, say, any Sobolev space
H?*(Q) with s > 5/2 or even any inhomogeneous Besov spaces B, ,(£2), with1 < p,q < 400
and with s > % +1(see[7]) ors > % +1if ¢ = 1 (so that B, () is continuously embedded
in Lip(2)). Let us recall that it is still not known whether the classical solutions of Theorem |
remain smooth for all times or blow up in finite time. Let us also mention the recent work by
Bardos and Titi [2] which shows that the 3d Euler equations are not well-posed in the Holder
spaces C%7(Q), forr € (0,1).

To the solution given by Theorem | one associates the flow ® defined on (—7',T) x Q by
0:®(t,x) = u(t,®(t,x)) and ®(0,z) = x.

The flow ® can be seen as a continuous function of the time with values in the volume and
orientation preserving diffeomorphisms defined on ; in the sequel, in order to focus on the

() In the whole paper the notations N (respectively N*) stand respectively for the set of all nonnegative (positive)
integers.
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A RIGID BODY MOVING IN A PERFECT FLUID 3

regularity properties, we consider ® as a continuous function of t € (=7, T') with values in
the functions from Q to R3.

The first result of this paper shows that the smoothness of the trajectories is only limited
by the smoothness of the domain boundary.

THEOREM 2. — Under the hypotheses of Theorem 1, and assuming moreover that the bound-
ary O is C*T2L with k € N, the flow ® is C* from (=T, T) to CAT1(Q).

Theorem 2 entails in particular that if the boundary 952 is C*° then the flow ® is C*° from
(=T, T) to C**17(Q). We will precisely study this limit case “k = oco” thanks to general
ultradifferentiable classes, which encompass in particular the class of analytic functions, as
well as Gevrey and quasi-analytic classes. Let N := (IN;)s»0 be a sequence of positive
numbers. Let U be a domain in R™ and let E be a Banach space endowed with the norm || - || .
We denote by G{N}(U; E) the class of functions f : U — E such that for any compact
K C U there exist Ly, Cy > 0 such that for all s € Nand for all z € K,

©) IV f(@)|| < CrL}N,

as a function with values in the set of symmetric s-linear continuous operators on U. Since
for any positive A > 0 there holds G{N} = G{AN}, there is no loss of generality to
assume Ny = 1. When N is increasing, logarithmically convex (i.e., when the sequence
(Nj+1/Nj);>0 does not decrease) then the class G{N}(U; E) is an algebra with respect to
pointwise multiplication. Theorem 2 extends as follows:

THEOREM 3. — Assume that the hypotheses of Theorem | hold, and moreover that the
boundary 0 is in G{N}, where N := (s!M,)s>0 with (Ms)s>o an increasing, logarithmically
convex sequence of real numbers, with My = 1, and satisfying

1/s
6 su ( 5 > <Oy < .
( ) s}rl) Ms—l ¢
Then the flow ® is in G{N}((=T,T); C**+7(Q)). In particular if the boundary 0 is analytic
(respectively Gevrey of order m > 1) then ® is analytic (respectively Gevrey of order m > 1)
from (=T, T) to CA17(Q).

The particular cases of the last sentence are obtained when N is the sequence N; := (5!)™,
with m = 1 (respectively m > 1); in these cases G{N}(E) is the set of analytic functions
(respectively Gevrey of order m). An important difference between the class of analytic
functions and the class of Gevrey functions of order m > 1 is that only the first one is
quasi-analytic’®. The logarithmic convexity of M entails that for any s € N* and for any
a:=(ag,...,as) € N5,

(7) Mal e Moés < M\cx|7

where the notation |a| stands for |a| := oy + - - - + a,. The condition (6) is necessary and
sufficient for the class '{ N} to be stable under derivation (cf. for instance [23, Corollary 2]).

@ Actually the Denjoy-Carleman theorem states that G{N}(E) is quasi-analytic, with N as in Theorem 3 if and

. M;
j
only 1f§ >0 GFDM; < o0.
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4 O. GLASS, F. SUEUR AND T. TAKAHASHI

We will prove Theorem 3 by induction in such a way that Theorem 2 will be a simple
byproduct of the proof of Theorem 3.

REMARK 2. — Theorem 3 fills the gap between the results of Chemin [4], [5], Serfati [19],
[18], [20], Gamblin [9], [8] which prove analyticity of the flow for fluids filling the whole space
and the paper [12] of Kato which proves the smoothness in time for classical solutions in a
smooth bounded domain.

REMARK 3. — Itis fair to point out that the works of Gamblin and Kato cover the more
general case of spatial dimension d > 2. Moreover Gamblin succeeds to prove that the flow
of Yudovich’s solutions (that is, having merely bounded vorticity) is Gevrey 3, when the fluid
occupies the whole plane. We will address the extension of this property in a bounded domain
in a subsequent work.

REMARK 4. — As emphasized by Kato (cf. Example (0.2) in [12]) the smoothness of
the trajectories can only be proved under some kind of global constraint, namely the wall
condition (4) in the case studied here of a bounded domain. In the unbounded case one would
have to restrict the behavior of w or p at infinity (for instance Gamblin [9] considers initial
velocities ug which are in L4(R3) with 1 < g < 400, in addition to be in C*7).

REMARK 5. — Itis natural to wonder if Theorem 3 admits a local (in space) counterpart.
We do not address this issue here since it does not seem relevant for considering the smooth-
ness of the motion of an immersed body.

REMARK 6. — Gamblin’s approach, following Chemin’s one, uses a representation of the
pressure via a singular integral operator, and relies on the repeated action on it of the material
derivative D := 0; + u - V. On the opposite Kato’s approach for bounded domains lies
on the analysis of the action of the material derivative with differential operators, the non-
local features being tackled with a classical elliptic regularity lemma. Here we will refine the
combinatorics in Kato’s approach to obtain the analyticity, motivated by Gamblin’s result.

In the case where the boundary is analytic, the flow depends smoothly on the initial
velocity. More precisely let us introduce, for any R > 0,

et (@) = {ue Q) [ llullorinr < R}
Then the following holds true.
COROLLARY 1. — Let A in N, r € (0,1) and R > 0. Suppose that 9 is analytic. Then the

mapping
w € Cy () = @ € C¥((-T2, T.); CM(@)

is C°, where T\, = T\.(Q2, R) is given by Theorem 1.
Above the notation C* stands for the space of real-analytic functions.
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A RIGID BODY MOVING IN A PERFECT FLUID 5

1.2. Analyticity of the motion of a rigid body immersed in an incompressible perfect fluid

The second and main result of this paper is about the motion of a rigid body immersed
in an incompressible homogeneous perfect fluid, so that the system fluid-rigid body now
occupies 2. The solid is supposed to occupy at each instant ¢ > 0 a closed connected
subset J(t) C Q which is surrounded by a perfect incompressible fluid filling the domain
F(t) := Q\ J(t). The equations modeling the dynamics of the system read

ou

®) a+(u~V)u+Vp:0, forx € (),

9) divu =0, for z € F(t),

(10) mz's(t) = / pn dT,
od(t)

b U® = [ (e—am)Apnar,
od(t)

(12) u-n =0, forx € 99,

(13) u-n=wv-n, for z € 8J(t),

(14) ult=0 = o,

(15) zp(0) = o, £(0) = Lo, T(0) = 0.

The equations (10) and (11) are the laws of conservation of linear momentum and angular
momentum. Here we denote by m the mass of the rigid body (normalized in order that the
density of the fluid is pr = 1), by x(t) the position of its center of mass, n(t,z) denotes
the unit normal vector pointing outside the fluid and dI'(¢) denotes the surface measure
on 9J(t). The time-dependent vector £(¢) := x5 (t) denotes the velocity of the center of mass
of the solid and r denotes its angular speed. The vector field « is the fluid velocity, v is the solid
velocity and p is the pressure field in the fluid domain. Finally in (11) the matrix ./ denotes
the moment of inertia (which depends on time).

The solid velocity is given by
(16) v(t,x) == L(t) +r(t) A (z — zp(1)).

The rotation matrix Q € SO(3) is deduced from r by the following differential equation
(where we use the convention to consider the operator r(¢) A - as a matrix):

(17) Q'(t) = r(t) A Q(¢) and Q(0) = Ids.
According to Sylvester’s law, ./ satisfies
(18) J =QdQ"

where 4, is the initial value of 4. Finally, the domains occupied by the solid and the fluid
are given by

(19) J) = {25(t) + QU)(x —20), z € Jy } and T(1) = 2\ FTWD.

Given a positive function py, € L™ (Jo; R) describing the density in the solid (normalized
in order that the density of the fluid is pp = 1), the data m, ¢ and ./, can be computed by
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6 O. GLASS, F. SUEUR AND T. TAKAHASHI

its first moments

(20) m = / py,dz >0,
21 mxg = /d zpy, (z)dz,
(22) o(t) = /ng Py, (@) (lz — zo?1ds —(z — z0) ® (z — 20))dz.

For potential flows the first studies of the problem (8)—(15) date back to D’Alembert,
Kelvin and Kirchhoff. In the general case, the existence and uniqueness of classical solutions
to the problem (8)—(15) is now well-understood thanks to the works of Ortega, Rosier and
Takahashi [16, 15], Rosier and Rosier [1 7] in the case of a body in R3 and Houot, San Martin
and Tucsnak [1 1] in the case (considered here) of a bounded domain, in Sobolev spaces H™,
m > 3. We will use a rephrased version of their result in Holder spaces, which reads as
follows. Let

C2"(Fo,m0) = {(fo,ro,uo) € R? x R? x CM"(F0) /diV(UO) =0in Yo,

uo-n=00n9Q and (up — vg) - n = 0 on 9, with vy :=€0+r0/\(x—azo)}.

THEOREM 4. — Letbegiven X inN, r € (0,1) and aregular closed connected subset §, C SQ.
Consider a positive function py € L*(J,). We denote by m the mass, xq the position of
the center of mass of 4. 4, the initial matrix of inertia and Fo = Q \ ,. There exists
a constant C, = Ci(Q,dg,py,) > 0 such that the following holds. Consider ({o,r0,uo)
in OO0 (F o, xo). Then there exists

Ci
luollcrr(ga) + o]l + lIroll’

(23) T> T*(Q,Jo,pdo, ||u0||ClvT(go) + ||€0|| + ”TOH) =

such that the problem (8)—(19) admits a unique solution
(zp,ru) € CY((=T,T)) x C°((=T,T)) x L®((=T,T),C**""(F(1))).

Moreover (zg,r) € C*((=T,T)) x C*((=T,T)), u € Cyu((~T,T);C**L7(F(t))) and
u e C((=T,T); CML (F(t))), for ' € (0,r), and the same holds for dyu instead of w with A
instead of A + 1.

REMARK 7. — The notation L>((=T,T),C V(T (t))) is slightly improper since the
domain & (t) depends on t. One should more precisely think of u as the section of a vector bundle.
However, since we think that there should not be any ambiguity, we will keep this notation in
what follows. The space C((=T, T); C**57' (T (t))) stands for the space of functions defined
in the fluid domain, which can be extended to functions in C((—T,T); C}1" (R3)).

REMARK 8. — Theregularity of p s, isnot an issue here since the solid density only intervenes
through m, xo and 4.
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A RIGID BODY MOVING IN A PERFECT FLUID 7

REMARK 9. — Let us give here a few comments about the lifetime of the solutions given by
Theorem 4. First let us stress that the lifetime given by (23) only depends on the CY" (F o) norm,
whatever is the value of X in N, as in Theorem 1 for the case of the fluid alone. Yet in the case
where a rigid body is moving in the fluid, the lifetime may also be limited by the geometry. Note
in particular that the solutions given by Th. 4 describe some solutions for which the moving
body J(t) does not hit the boundary 0. Actually in two dimensions such a collision is the only
limitation of the lifetime of the classical solutions.

For the sake of completeness, we prove Theorem 4 in the appendix. This proof will also
allow us to get the following result concerning the continuous dependence of the solution
with respect to initial data, which we will use later. Let us denote, for any R > 0,

é;”;{(907z0) = {(E(]?TO;UO) S é?*r(907ﬂ70) / ||U0||C/\,r(go) + ||€O|| + ||r0|| < R}
PROPOSITION 1. — Let R > 0. In the context of Theorem 4, consider (€§,7},ul) and
(6(2)7 7"3, u%) in C;\,Jlr:il’r(go, .730). Let
T =T (Q,do, py,s R).

Consider (£*,71,ul) and (€2,72%,u?) the corresponding solutions of (8)—~(19) in [-T;T), and
let my and n be the flows of u', u? respectively. Then for some K = K (Q, J,, py,> R) > 0one
has

lIm = m2llpee (—, 1,07 +1m(70)) + lwa (8, ma (2, -)) — wa(t, m2(t, ) | oo (— 11,00 +1m(70))
+ 1(41,71) — (b2, 72) || Lo (—7,7:R)
< K165 — Il + l1rs = 31l + b — wdll ooy |
The aim of this paper is to prove additional smoothness of the motion of the solid and of
the trajectories of the fluid particles. We define the flow corresponding to the fluid as
0,07 (t,x) = u(t,®” (t,z)) and ®7 (0, z) = z, for (t,z) € (=T, T) x Fo,
and the flow corresponding to the solid as
8,87 (t,x) = v(t, ®/(t,x)) and ®9(0,z) = , for (t,z) € (=T, T) x J,.

The flow corresponding to the solid is a rigid movement, that can be considered as a function
of t € (=T, T) with values in the special Euclidean group SE(3). Let us emphasize that in
the previous result 7' is sufficiently small in order that there is no collision between J(t) and
the boundary 012.

We introduce, for T > 0, A € Nand r € (0,1),
@) (T) = C*((~T,T); SE(3) x C*" (),

the space of real-analytic functions from (=T, T) to SE(3) x C*"(Fy).
The main result of this paper is the following.

THEOREM 5. — Assume that the boundaries 02 and 8, are analytic and that the assump-
tions of Theorem 4 are satisfied. Then (37, ®7) € ﬁi}:l’T(T).

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



8 O. GLASS, F. SUEUR AND T. TAKAHASHI

The proof of Theorem 5 establishes that the motion of the solid and the trajectories of the
fluid particles are at least as smooth as the boundaries 92 and 9¢J,,. It would also be possible
to consider general ultradifferentiable classes as in Theorem 3 or a limited regularity for the
boundary as in Theorem 2.

REMARK 10. — Theorem 5 does not involve the concept of energy. However it gives as a

corollary that the energy of the fluid E7(t) = 1 ) u? dz is analytic on (=T, T), since
the total energy of the fluid-body system EY (t) 4+ E¥(t) is constant, where the energy of the

body reads E¥ := Imt? + L Jr - r.

Let us now state the following corollary of Theorem 5, which is the counterpart of Corol-
lary 1 in the case where a rigid body is immersed in an incompressible homogeneous perfect
fluid.

COROLLARY 2. — Let be given A in N, r € (0,1), R > 0 and a closed connected regular
subset Jy C €, a positive function p in L>(J,). Assume that the boundaries 92 and 0¢,,
are analytic. Then the mapping

(Lo, 70, u0) € Co " (T o, m0) — (27,87 € ﬁ;\;jl’r(T*)
is C, where T\, = Ti(Q, Jy, py,, R) is given by Theorem 4.

The proof of Corollary 2 is omitted since its proof is similar to the proof of Corollary 1.
It is the equivalent of the one given in Section 2.2 for Corollary 1.

REMARK 11. — When the boundary is merely C*°, we do not prove the analyticity of the flow,
hence Corollary 2 cannot be deduced. However a simple compactness argument shows that the
operator

(€o,70,u0) € Co 5" (To,20) = (87,87) € CF([-T, T.J; SE(3) x CM1™ ()

is continuous for ' < r (even, to C°([-T,Ti]; SE(3) x C)*Y7"(Fy))). Indeed, for a
sequence converging to (Lo,To,up), we have both compactness of the images in
C*([~T., T.]; SE(3) x CMY(F4)), (by the uniform estimates in C*+1([=T,, T.]; SE(3) x
CML7(Fy))) and the continuity for a weaker norm in the range such as C°([—~ Ty, T.]; SE(3) x
CAMLT(Fy)), which follows from Proposition 1 ).

Another Corollary of Theorem 5, or, to be more precise, of the estimates leading to
Theorem 5, deals with an inverse problem on the trajectory of the solid. A trivial consequence
of the analyticity in time of the trajectory of the solid is that, if we know this trajectory for
some time interval [—7, 7] inside [T, T] where the solution is defined (see Theorem 4)—
without knowing precisely ug—, then we know it for the whole time interval (in the sense of
unique continuation). The following corollary states that we can be a little more quantitative
on this unique continuation property.

COROLLARY 3. — We consider Q, ,, and py, fixed as previously. Let R > 0. Consider
7 > 0 such that
T< T*(Q, (JO, pdo, R),
where T, is defined in Theorem 4. There exist C = C(T,Q,do,p%,R) > Qand § =
61, o, py,» R) in (0,1) such that the following holds. Let (£g,rq,up) and (£3,75,ud)
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A RIGID BODY MOVING IN A PERFECT FLUID 9

in C’;‘;l’r (Fo,x0). Let (£;, 75, u;) be the corresponding solution, and @f the corresponding solid
flows. Then one has

(24) 195 — @5 [l o (1. 1) < CIBY = @1 e yory-

Let us emphasize that the constants C' > 0 and ¢ € (0, 1) depend on the knowledge (of
an estimate) of the size of the initial data, but not on the initial data itself.

REMARK 12. — As will follow from the proof, we could in fact replace the norm in the
left hand side by a stronger norm such as C*([—T.,T.]), and observe from a time interval
(a,b) C (=T, Ty) which does not contain 0.

Corollary 3 will be proved in Section 7.

Let us now briefly describe the structure of the paper. In Section 2, we prove the claims
concerning the system without immersed body, namely, Theorem 3 and Corollary 1. In Sec-
tion 3, we describe the structure of the proof, reduced to the proof of two main propositions.
In Section 4, we describe some formal identities needed in the proof. Section 5 establishes the
two main propositions. In Section 6 we prove the formal identities. In Section 7, we prove
Corollary 3. Finally, in Section 8, we prove Theorem 4 and Proposition 1.

REMARK 13. — In the last years, several papers have been devoted to the study of the
dynamics of a rigid body immersed into a fluid governed by the Navier-Stokes equations.
We refer to the introduction of [15] for a survey of these results.

2. Proofs of Theorem 3 and Corollary 1

2.1. Proof of Theorem 3

From now on, we fix A € N and r € (0,1), and we introduce the following norms for
functions defined in £ or 9

-] = 1 - o) I loq = | - llerr(a0)s

1= 1 lleasrr @) I llog = [ - ller+1.r a0

First it is classical to get that the flow map ® is L= ((—T, T), C**+17(Q)) from its definition
and Gronwall’s Lemma. In order to tackle the higher time derivatives of ® we will use the
material derivative

Dzat—l—uv

Let us also introduce p as a function defined on a neighborhood of 92 as the signed
distance to 992, let us say, negative inside €. Since we assume that the boundary 99 is
in G{N} with N satisfying the hypothesis of Theorem 3, there exists ¢, > 1 such that for
alls € N,

(25) Vool < ¢ s!Ms,

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



10 O. GLASS, F. SUEUR AND T. TAKAHASHI

as a function with values in the set of symmetric s-linear forms. Let us introduce for L > 0
the following function

(26)
k+1 2 k—1 2
k+1 k—s k+1
e (352 st (Vo + o $TE0 (ke ]
(L) i'ip{?’; stepCa) g =542) 20 F Cgs:1 Lks \(k—s+1)s

The constant Cy (which can be assumed to be larger than 1) above was introduced in (6);
the constant C depends only on the geometry of Q2 and will be introduced below in (46).

Without loss of generality, we suppose that c,Cy > 1. Now we fix L large enough such that
1
27 L)< —.
27) V(L) < 3
The constant ¢, appearing in (27) depends only on the geometry and will be introduced in
Lemma I.
We are going to prove by induction that, supposing that « is smooth, there exists 7 € (0,T)

such that one has for all k € Nand all ¢t € [—7, 7],

| k
(8) D4l + VD4 1p] < Gkl
where the second term is omitted when k£ = 0.
Let us briefly explain why this is sufficient. The time-invariance of the equation and a
compactness argument entail that for any 7 € (0,7) there exists L > 0 such that for all

k € N, for all t € [-7, 7], the inequality (28) holds true. Since
O (t, x) = DFu(t, ®(t,x)),

this establishes Theorem 3 for smooth solutions. To get the general case, we proceed by
regularization: given ug € C2717(Q), we consider a sequence (u?) of vector fields in
C°(9) N C217(Q) such that u — wug in CAM17(Q) for any 7/ < r. The existence of
such a sequence is not difficult to establish: one considers a sequence v§ converging to ug
in CML7'(Q) for any r’ < r and then defines u? := P(v}) where P is the Leray projector
associated to the domain . Using the continuity of P in Hdlder spaces, the relevance of (u))
follows. Using Theorem 1, we get a uniform time of existence 7 € (0,7") and some smooth
solutions u™ associated to the initial condition uj. Note that smooth solutions in = are
automatically smooth in ¢ by using the equation.
Now we deduce the following estimates on the flows ®™ associated to u™:

kM, LF
8k+1(I)n t < C nik+1
” t ( 71.)” (k+1)2 ”U’ || ’
for some C' > 0 independent of k and n (see e.g. Lemma 11 below). These estimates easily
pass to the limit as n — +oo.

Therefore, we will now work on a smooth flow, dropping the index n.

REMARK 14. — One could ask whether the flow could get smoother in x at some time: it
could be that some cancellations arise in the composition of the field with the flow. Loosely
speaking Theorem 5 of Shnirelman’s paper [21] indicates that it is never the case, despite the
fact that its setting is slightly different, Shnirelman considering fluid motions on the two-
dimensional torus, in a Besov space B3, with s > 3.
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A RIGID BODY MOVING IN A PERFECT FLUID 11

For k = 0, there is nothing to prove. Let us assume that (28) holds up to order & — 1. To
estimate D*u we will use the following regularity lemma for the div-curl system.

LeEMMA 1 (Regularity). — LetT; (i = 1, ..., g) be a family of smooth oriented loops which
generates a basis of the first singular homology space of Q0 with real coefficients. For any
u € CM(Q) such that

divu € CM(Q), curlu € CM(Q), wu-ne CMIT(9Q),

one has v € CM17(Q) and there exists a constant c. depending only on Q and T; (1 < i < g)
such that

(29) [ull < ce (|divul + [ curlu| + [Ju - n|| + [Tulgs) ,

where 11 is the mapping defined by u — (frl u-7do,..., fr U - TdO').
Let us refer to [10] for singular homology spaces in the context of PDEs.

Proof. — This is more or less classical. The same result appears for instance in Kato’s
paper (see [12, Lemma 1.2]) with [II(u)|gs replaced by ||TI(u)||ox.r (), where IT is the L?(€2)
projector on the tangential harmonic vector fields (that is, having null divergence, curl and
normal trace):

(30) lull < e (| divaul + | curlul + u- o] + [Tu]) .
Given u € C*7(Q), we apply (30) to u — II(u), so that
31) llu — i(w) | < e (| dival + | curlu] + |[u-nl)).
Now we notice that on the space of tangential harmonic vector fields, IT is injective, since a
vector field v satisfying curlv = 0 and II(v) = 01is a global gradient field (as a matter of fact,
IT is even bijective on this space as a consequence of de Rham’s theorem). Since the space
of tangential harmonic vector fields is finite-dimensional, it follows that for some C > 0
independent of u, one has
[TI(w)]| < CIII(IL(w))]|Rs-
Using the continuity of IT and (31), we infer
[TI(u — TI(w))|re < C (|divau| + | curlu| + |ju-n|).
From the above inequalities we deduce (29). O
Now applying Lemma 1 to the solution of (1)—(4) we get
(32) | D*u|| < ¢ (|div D*ul + | curl D*u| + || D*u - nl|aq + [TLD*ul) .

We establish formal identities for div D*u, curl D*u (respectively the normal trace n - D
on the boundary 0€2), for k£ € N*, as combinations of the functionals

(33) f(@)[u] =VD*y----- VDaSu,
(34) respectively h(0)[u] i= V°p{Du, ..., D*u},
with

0:= (S’ 0[),
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12 O. GLASS, F. SUEUR AND T. TAKAHASHI

where s € N* and a := (a1,...,a5) € N°. Furthermore, these combinations will only
involve indices (s, &) belonging to

35 Gr={=(s,a)/2<s<k+landa:=(a1,...,a;) EN/|a|=k+1-s}.

Here the notation |a| stands for |a| := ay + -+ - + as.

We will need to estimate the coefficients of these combinations. To that purpose, we
introduce the following notations: for « := (o, ..., as) € N®* we will set a! := a1!... a5l
We will denote by tr{ A} the trace of A € M3(R) and by as{A} := A — A* the antisymmetric
part of A € M3(R). In the sequel, we use the convention that the curl is a square matrix
rather than a vector.

The precise statement is the following (compare to [12, Proposition 3.1]).

ProPOSITION 2. — For k € N*, we have in Q)

(36) div D¥u = tr {F¥[u]} where F¥[u] := ) cj(8) £(6)[ul],
(A7

37 curl D*u = as {Gk[u]} where G¥[u] := Z ci(0) £(0)[u),
0e b

where, for i = 1, 2, the ci(0) are integers satisfying

i k!
(39) o) < =,
and on the boundary 0Q):
(39) n - D = H*u] where H*[u] := )" ¢} (6) h(6)[u],

oc by
where the ci(0) are negative integers satisfying
k!

4 3 < —.

Proposition 2 is a particular case of a more general statement, namely Proposition 6,
which will be stated in Section 4 and proved in Section 6.
Now thanks to Proposition 2, (7), the fact that the sequence (M)s>0 is increasing and the
induction hypothesis (see (28)), we have
k7 i!M, L
Fk o
Fuls > 1T

(sa)em ol i=1

k+1
(41) < KIMLF |fulFP >0 Ly H o)
5=2 af la|=k+1-s i= 1 i)

We now use [6, Lemma 7.3.3], which we recall for the reader’s convenience.

LEMMA 2. — For any couple of positive integers (s, m) we have

S

20° 1
(42) a%g T S a TW, where T(S,O!) = ’Lnlm

lee|=
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We deduce from (41) and from the above lemma

k+1

kM, L k+1)°
(43) |F*[u]| < (k+ : )2” ul Z L'~ 8208(16(—::—1)2)2'

We have the exact same bound on |G’C [u]| using (37). For what concerns H k [u], by using (6),
(7), (25) and (39) we obtain
k+1

k! M, L®
1E [wlloe <Y > ﬁSMCp Haﬁ

$=2 a/ |al=k+1-s

k'MkL
(k +1)2

k+1

E+1)2
” ||k+lz SLI s CpC )5203 ( + )

(k—s+2)%

(44)

Concerning the pressure it is possible to get by induction from (1) the following identities,
due to Kato, see [12, Proposition 3.5].

PRrROPOSITION 3. — For k > 1, we have in the domain 2
(45) Dy +VD*1p = K*[u]
where K'[u] = 0 and for k > 2

k-1

KFu] ==Y <k - 1) VD" ty . DF Ty,
T

r=1
Now using Proposition 3 we have
I(D*u) = TI(K"[u])

and, together with Proposition 2,

k—1

R T

r=

_ kM L* 1L _12 r( k+1 )2
(k—i—l2 kr \r(k—r+1)/ ~

Taking
9 1/2
(46) Cq = <Z |ri|2> ,
i=1
where |T';| is the length of T';, we deduce that
k— 2
k'M L -7 k+1
k s < k k+1 < )
()0 < Cop s 2l Zj i)

Plugging the previous bounds into inequality (32), using (36)-(37)-(39) and (45), and thanks
to (27) we get
kM, L* 1 k!M, L*

[l *** < 2 [

“7) 10"l < ecr(L) (k+1)2 3 (k+1)?
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14 O. GLASS, F. SUEUR AND T. TAKAHASHI

Finally going back to (45) to estimate the pressure we get (28) at rank k£ and Theorem 3 is
proved.

2.2. Proof of Corollary 1

Let us denote by ®[ug] the flow associated to an initial velocity uy € C(;\}LT(Q). We
consider R such that

sup ||u(t)||grs1r < R.
te(~T,T)

By the time-invariance of the equation, it is sufficient to prove that there exists 7, > 0
depending on R and Q only, such that uy € C’;\%l”"(ﬂ) = ®lug) € C¥((=T,,T,); CATL(Q))
is C*°.

According to Theorem 3, ®[ug] € C¥((=T,T);C**17(Q)), so there holds for
(t,z) € (=T,T) x Q,

(48) Ofuol(t, z) = Y Bpluo](t, z),
k>0

where

" . ifk=0
D lu t;fE = — ak@ U, 0,37 = ’j 7
o)t 2) = L (050) o) 0.2 {Z!(Dklu)(o,x), N

Proceeding by iteration as in Section 2.1, we obtain that for any & > 1, the operator
ug € CMLT(Q) = (DF~1u)(0,-) € CM1L7(Q) is the restriction to the diagonal of a k-linear
continuous operator from CA17(Q)* to CA17(Q), with the estimate
k\LF
Dk _ < — k+1_
(D wlecoll < 7z ol

Therefore, for any & > 0, the mapping ug € C217(Q) — ®xlug] € C¥(R; CML7(Q)) is
C* and there exists T,, > 0 depending only on 2 and R such that the series

> 1@k [uo]ll Lo (Be(0.1). 03+ 1m (52
k>0

converges. Since the [-th order derivatives with respect to ug of ®[ug] can be bounded as
above with an extra multiplicative constant k', the series

Z ||qu’k[’u0,1a o ‘7Uo,l]||Loo(BC(o,Ta),c*+1m(Q))
k>0

also converge. We obtain that ug € C;"EI’T(Q) — ®[ug] € C¥ (=T, T,); CAML7(Q)) is C.
Repeating the same process on a finite number of small time intervals yields the result.
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3. Preliminaries to the proof of Theorem 5

Before entering the core of the proof, let us explain its general strategy as a motivation for
the next sections. In what follows, T > 0 is chosen suitably small so that the distance from
J(t) to 09 is bounded from below by a positive real number d and so that we have a uniform
constant for the div-curl elliptic estimate on Q \ J(¢) for t € (=T, T), see Lemma 6 below.

As in the proof of Theorem 3 we introduce pq as a function defined on a neighborhood
of 912 as the signed distance to 052, negative inside 2. Since here the boundary 02 is analytic,
there exists ¢, > 1 such that for all s € N,

(49) Vipall < ¢, s

The norm in (49) is the C*1" norm in the above neighborhood. We also introduce an
analytic function pp(t,z) defined on a neighborhood of the body’s boundary dJ(¢) as
the signed distance function to dJ(t) (let us say, positive inside J(t)), so that the inward
unit normal to the body boundary is n(t,z) := Vpp(t,z) (defined in a neighborhood
of 0J(t)). We denote by pg the initial value of pg which is therefore an analytic function
po(z) defined on a neighborhood of the body’s boundary 0¢, at initial time and satisfying
po(z) = dist(z,dd,). Note that the norms ||V°pp| are independent of ¢ (see (65)-(66)
below). The analytic estimates on 9 read

(50) IV pBll < ¢ 8

The norm considered in (50) is again the C**%" norm in the neighborhood where pp is
defined. In the sequel we will omit to write the index z in the derivation of pp.

p >0

FiGURrE 1. The domain.

Asin Section 2, we consider solutions (¢, r, u) which are smooth. For this, as previously, we
proceed by regularization of the initial data uy and prove estimates which do not depend on
the regularization parameter. Let us briefly explain how we can take the non homogeneous
boundary value ug - n = [y + r A (z — z)] - n on the boundary of the solid. We lift the non
homogeneous boundary value ug - n on the solid boundary (and 0 on 9€2) by a harmonic
extension, which one can describe as

£

To
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16 O. GLASS, F. SUEUR AND T. TAKAHASHI

with the notations (53)-(57) below. This part is smooth, and one can regularize the remaining
part of ug as in Section 2.1. Note finally that the passage to the limit requires Proposition 1.

As for Theorem 3, the goal is to prove by induction an estimate on the k-th material
derivative of the fluid and the body velocities. Precisely, what we want to prove is the following
inequality: there exists L > 0 such that for all k € N,

(51

. k\LF
D% ull 69 4+ 1 < Vi, with Vs i= =0 94 where ¥ o= Jull + 1]+ Il
The norm on vectors (here £, r and their derivatives) of R? is the usual Euclidean one. We
will also use the notation || - || for the associated operator norm. Here the spaces and norms
are the following:
X(t) = CM(IO), || = llx@, X(t)=C*OJW), |-logw) = Il - Iz
Xoa = CM(89), |- log = || - | xsa;
Y(t) = CM(I@) - =1 vy, Y@ = CME@SW), |- lage) = Il -l
Yoo := C*TH7(09), |- lon = || - Vae-

The inequality (51) is true for £ = 0. Now in order to propagate the induction hypothesis
we will proceed in two parts looking first at the estimates of the pressure and then deducing
estimates for the velocities of the solid and of the fluid. These two steps are summed up into
two propositions below. Their proof is based on estimates of the pressure. The idea is to
decompose the pressure into pieces which we estimate separately.

!/
4
r )

with ® := (®;);=1...¢, where the functions ®; and p are the solutions of the following problems:

LemMA 3. — Equation (8) can be written as

(52) Du=-Vu+V| ®-

(53) —A®;, =0 forxe F(t),
(54) 0% =0 forxz e 09,

on

0®;
(55) o K; forx € 0J(t),
(56) / By dz = 0,

F(t)
where
(57) K= fi=123,
"\ (@ —xB) Anli_s ifi =4,5,6,
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and

(58) —Ap = tr{F'[u]} = tr{Vu-Vu} forze F(t),
(59) ?TZ = —H'W] = -V?pq(u,u) forz € o,
(60) g—z =0, forze dJ(t),

61 dz =0,

(61) /;@)Lt z

where F1[u] and H[u] were introduced in Proposition 2, where v = v(t, z) is given by (16) and
where

(62) o:=Vpp{u—v,u—v}t—n-(rAnQu—v—1)).

Proof. — Using (8) we have the following equations:

—Ap =tr{F'u]} forz e J(t),

g—z = —H'] forxzcdf,
(63) 9p =-—n-Du forz € 0J(t),
on
which determine uniquely p, with the extra condition:
(64) / pdx = 0.
T(t)

Let us now deal with the boundary condition (63). Since the motion of the body is rigid there
holds

(65) pa(t, ) = po(X(t, ),
where
(66) X(t,z) = 2o + Q(t)*(z — zB(t)).

Hence by spatial derivation we infer that for any (u!,u?) in (R3)2,

n(t,z) - u' = Vpo(X(t,z)) - Q(t)*u',
V2pg(t,o){u!, u’} = V2 po(X(t, ) {Q(1)"u", Q() "’}
Due to (16), (17) and (66), we have

(67)

(68) %ﬁc(t, z) = —Q(t)"v(t, x).

Then applying a time derivative to (67) and using (17) and (68), we get for any u! in R?,
D(n(t,z) -u') = —n(t,z) - (r Au') + V2pp(t,z){u — v,u'}.

We now use Leibniz’s formula to get that for any smooth vector field v

(69) n-DyY =D (n-9)+n-(r Ay) — Vipp{u—uv,$}.
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18 O. GLASS, F. SUEUR AND T. TAKAHASHI

Next we apply this to ¢ = u — v and we use the identity Dv = €' +r' A(z —zp) +7 A (u—£)
(obtained from (16)) and the boundary condition (13) to obtain

li
L
(70) @za—K- l ] for x € 0J(¢),
on r
where K := (K;);=1..¢. We therefore obtain that the pressure can be decomposed into

p=p—>o- [fﬁ]'. Let us stress that the functions ®; and p are well-defined because the
compatibility conditions are fulfilled; their uniqueness are granted from (56) and (61). O

LEMMA 4. — The equations (10)-(11) can be written as

(71) M| | = +E,
L Lend

where
2(t) := { V- Ve, d:r} , M(E) == My (t) + Ma(t),
g(t) ac{1,...,6}
mIds 0
(72) My (t) = l . J] s Ma(t) = [ [y V0 VO, dw]a’be{l,wﬁ},

and J was defined in (22). Furthermore the matrix M is symmetric and positive definite.

Proof. — It is sufficient to use the previous lemma and to notice that fori € {1,...,6},

for any t € (=T, T), for any function f € C*(7(t);R),

Kide:/ V®,; Vf da. O
() (1)

REMARK 15. — The matrix J is referred to as the “virtual inertia tensor”, it incorporates
the “added inertia tensor” M, which, loosely speaking, measures how much the surrounding
fluid resists the acceleration as the body moves through it. This effect was probably first
identified by du Buat in 1786, and the efficient way of evaluating this effect through the
functions ®, dates back to Kirchhoff.

We will first prove the following (see Subsection 5.2).

PROPOSITION 4. — The functions ®; (i = 1,...,6) and p satisfy the following assertions.

— There exists a positive constant Cy = Co(2, J,, d) such that

> IVeil < Co.

1<i<6
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— There exists o a positive decreasing function with Llim Y2 (L) = 0 such that, if for all
——+00
j<k
(73) 1Dl + 16| + IrD) < V;

then forall1 <j<k+1,

(74) > ID7ve| < VQ(L)%-

1<i<6
— There exists a positive constant Cy = Cy(2, J,, d) such that
(75) Vil < Co V2.

— There exists 2 a positive decreasing function with : lirf v2 (L) = 0 such that, if for all
j < k, (73) holds true then for all 1 < j <k,

(76) IDIVull < ¥2(L)V V.
The second proposition allows to propagate the induction hypothesis.

PROPOSITION 5. — There exists a positive decreasing function ~ys with Llim v3(L) = 0
—+00
such that for any k € N*, if for all j < k, (73) holds, then

a7 D]+ [P EED ) 4 DMl < Viesr 3 (L).

The proof of Proposition 5 is given in Subsection 5.3. It consists in differentiating & times
relations (52) and (71) and relies on Proposition 4. Once Proposition 5 established, Theo-
rem 5 is deduced by induction in a straightforward manner.

4. Formal identities

In this section, we give several formal identities used to prove Theorem 5. Some of them
generalize Proposition 2 and Proposition 3. Their proofs are given in Section 6. We first recall
the following commutator rules to exchange D and the other differentiations, which are valid
for 1) a scalar/vector field defined in the fluid domain:

(78) D(192) = (Dy1)¢2 + P1(Dp2),
(79) V(Dy) — D(Vy) = (Vu) - (V¥),

(80) div Dy — Ddivey = tr {(Vu) - (V¥)},
(81) curl Dy — D curly = as {(Vu) - (V¢)}.
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4.1. Formal identities in the fluid and on the fixed boundary

Let us be given a vector field ¢ defined in the fluid domain, smooth up to the boundary. We
will establish formal identities for div D¥, for curl D4, respectively for the normal trace
n-D¥4) on the boundary 9, of the iterated material derivatives (D*1)cn- as combinations
of the functionals

(82) f(@)|u,¢] : = VD¥y--- VD% 1y - VD%,
(83) respectively h(0)[u, ¢] :== V°po{D* u,..., DY tu, D*},
with § := (s,a), where s € N* and @ = (ai,...,a5) € N°. Furthermore, these

combinations only involve indices (s, @) belonging to the set &, defined in (35). The precise
statement is the following.

PROPOSITION 6. — For k € N*, we have in 7 (t)

(84)  divD*y = D* (divy) + tr {F*[u, 9]} where F*[u,¢] := Z i (0) £(0)[u, ],

o€ by,

(85) curl D*y = D* (curly) + as {G¥[u, ¥]} where G*[u, ] := Z ci(0) £(0)[u, )],

0c

where, for i =1, 2, the c}'c (8) are integers satisfying

(86) (o) < ©

S a’

with 0 := (s, a), and on the boundary 09

(87)  n-D*p = D*(n-o) + H"[u,] where H*[u,] := Z 3 (6) h(B)[u, V),
o€ by,

where the c3(0) are negative integers satisfying

k!

(88) |2 ()] < als -1

The above proposition will be proved in Section 6. It generalizes Proposition 2, where
F*[u] = F*[u,u] (and similarly for the other functionals).

We can also establish identities for the gradient V D* for a smooth scalar-valued func-
tion 1:

PROPOSITION 7. — For k > 1, we have in the domain ¥ (t)
(89) DFVY = VDR + K*[u, ),

where for k > 1,

r

k
KFu, g == <k) VD" ly . D"V

r=1

The proof of this proposition is completely identical to the proof of [12, Prop. 3.5] and is
therefore omitted.
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4.2. Formal identities on the body boundary

The aim of this section is to present some formal identities for normal traces on the
boundary d4(t) of the rigid body of iterated material derivatives D, and for iterated
material derivatives of the functions K; defined in (57). With respect to the previous section
the analysis is complicated by the dynamic of the body.

To a vector r € R3 we associate the operator R(r) := r A -. Toany 3 € N* and
r € CIPl((~T,T); R?) we define the functional R s[r] which associates to the time-dependent
function r the rotation operator

(90) Ralr] := R(rP)o ..o Ry,
For any s € N*, we will use some indices s’ := (s/,...,s.) in N°. Then s’ will denote
S/ = |S/‘ = Sll Tt S‘/S’ (Ql, e 7gs) Wlll be in Nsi X X NS; and Q= (Qh e 7gs7as/+1; .o .7as/+s)

will be an element of N*' <. The bricks of the formal identity will be the functionals, defined
for smooth vector fields ¢ and ¢ and a multi-index ¢ := (s,s’,a) € N* x N° x Ne+s'

oD
h(Q)Ir, @, 9] := V°pp(t, 2){ Ra, [F|D*'+1¢0, ..., Ra__ [|D*'+=10, R [r]D*'+s1)}.

In (1) the term R, [r] should be omitted when s} := 0. We introduce the following set

(92) B ={C=(s,8,a)/2<s+s <k+land|a|+s+s =k+1}.

We have the following formal identity. Here « is a smooth vector field.

PROPOSITION 8. — For k € N*, there holds on the boundary dJ(t)

93)
n - D*p = D* (n- ) + H*[r,u — v, 9] where H*[r,u —v,9] := > di(¢) h(Q)[r,u — v, 9],
CEBs
(94)
D*K,; = ﬁk[r,u — v, 0;] where Hk[r,u —v,04] = Z d2(¢) h(O)[r,u — v, a4,
CEBk

where the K; are defined in (57),

(95) oii=e;ifi=1,23, ando;, :=e;_3 N (x —zp) ifi =4,5,6,

and where the di (€), 5 = 1,2, are integers satisfying
; 35+ k|
! <—

forany ¢ == (s,8',a) € By.
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4.3. Estimates on the body rotation

We state a formal identity for the iterated time derivatives of the rotation matrix.

PRrROPOSITION 9. — For k € N*, we have

k
©7) QW =>" > l0)RalQ,

s=1 a€lr_1,s

where
Grs ={aeN/|a|=k+1- s},

and where the c(«) are integers satisfying

(k—1)!
(98) e (a)] < m

5. Proofs of the results of Section 3

This section is devoted to the proofs of the main steps of the proof of Theorem 5: Proposi-
tion 4 and Proposition 5. They are proved by using the formal estimates of the above section.

5.1. A regularity lemma

To establish Propositions 4 and 5, we use as in the proof of Theorem 3 a regularity lemma,
but here we need to take the modification of the geometry into account. Thus, we modify the
regularity lemma (Lemma | in the proof of Theorem 3).

First, we establish the following.

LEMMA 5. — Let J be a regular closed subset of Q. Let T; (i = 1,...,9) be a family
of smooth oriented loops in Q\ J which gives a basis of the first singular homology space
of Q\  with real coefficients. There exist two constants ¢,C > 0 such that for any
Cr 27 diffeomorphismn : Q\ f — G = n(Q\ J) C R3 satisfying
99) [n = Id[[gr+ar ) < €
one has the following estimate. Let u € CM"(§) such that

divu € CM(G), curlu e CM(Y), u-neCMLT(0Y),
where n is the unit outward normal on 8G. Then uw € C*T17(G) and
(100) ||u||cx+1,r(y) <C (” div u”cvx,r(g) + |l Curlu||cx,7»(g) + |- n||cx+1,r(3g) + |H7]u|) ,
where 11, is the mapping defined by u — (f"](rl) u-7do,. .., 5€n(1‘g) u - TdU).

Proof. — We apply the regularity Lemma | to u o n: there exists a constant ¢, depending
onlyon Q\ JandT'; (1 <4 < g) such that
(101) [ onll < e (| div(uon)| + | curl(u o n)| + [|(u o n) - nf| + [Ma(w o n)lrs) ,

where n is the normal on 9Q U 8. Now, using the exponent j for the j-th coordinate, we
have

di(won) => (du)on.dm’ and (Su)on= Y (du)on.d;1d’.

J J
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Moreover, it is clear that for || — Id ||ca+2.- < 1/2, one has for some constant C' > 0:
(102) CHp| < [ on| < Clypl and O~ Hy|| < [[Y ol < Ol
It follows that for some constant C' > 0 (and ¢ < 1/2):

|div(uon) — (divu) 0| + | curl(wo n) — (curlw) o n| < Cllulllly - 1d .

Thus these terms can be absorbed by the left hand side for ¢ small enough (¢ being the
constant in (99)). Also, one has

(103) TL, (w 0 ) — g (u)|rs
(104) [(won) n—(u-n,)onlerir\y

where n,, is the normal on 9Q U 9[n(¢)]. Indeed the normal n, can be obtained by using
the differential of n on two tangents of J, taking the cross product and normalizing. Conse-
quently the terms in (103)-(104) can be absorbed as well by the left hand side. This gives

Cllulllln —1d 1,

<
< Cllulllln = Id [|erszr @\ )5

[l onl < ce (| div(u) o nf + | curl(w) o n| + [|(w - ny) © 9| + [IL; (u)|ro) -
Using again (102), this concludes the proof of Lemma 5. O
As a consequence of Lemma 5, the constant in the elliptic estimate for the div-curl system
is uniform for all the domains that can be obtained from Q\ J(0) by moving the solid f inside

Q while keeping a minimal distance from ¢ to the boundary. This is given in the following
statement.

LEMMA 6. — For e > 0, define
(105) D, := {T € SE(3) / 3y € C°([0,1], SE(3))

such that v(0) = 1d, v(1) = 7, d(v(¢)[4(0)],002) = ¢ in [0, 1]}

Choose the family T; (i = 1,...,g) giving a homology basis of Q \ J(0), inside 9 U 84(0),
letussayTq,...,I'y C OQandTiyq,..., Ty C 0J(0). Then one can find a constant ¢, > 0
such that (100) is valid for all G = Q \ 7(J(0)), uniformly for v € D., where 11 is defined

by u — (fl“l u-Tdo,..., fl‘k u - 7do, §T(Fk+1) u-7do,..., fr(rg) U - TdO').
REMARK 16. — We also obtain the inequality with a uniform constant when we replace
the curves T(L'gy1),...,7(Ly) by homotopic curves Tyiq,...,Ty in O1(J). It is a direct

consequence of the fact that the difference of circulations around 7(T';) and T'; is obtained by
the flux of curlu across the part of J between 7(T';) and T;.

We will need the following.

LEMMA 7. — Let A € N, r € (0,1), Q and J C Q a smooth closed domain be given.
Let ¢ > 0. There exists a neighborhood U of 1d in SE(3) such that for any 7 € U, there
exists 1 € C(Q;R3) a smooth diffeomorphism sending Q\ 7({) into Q\ , such that n = Id
in the neighborhood of 92 and n = 7 in the neighborhood of 0J4(0), and satisfying

(106) ||7] —1d ||CA+2,T <c.
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Proof. — Setd := d(J,09), and
Hy ={zeQ/dx,0f) <r}.
Fix r € (0, %) such that 4, is a tubular neighborhood of (. This allows (for instance) to
define ¢ € C§°(R3, R) such that
¢(z) =1onH, 3 and p(z) = 0on R® \ Hy, 3.

For x > 0, we define (considering 7 as a C! function on )

U= {7 €SEB) [ |7 —1d] 1 g < min (gﬂ)} .
Given T € U, let
(@) = (1 - p(z))z + o(z)7(z).
Clearly, for £ > 0 small enough, 7 is a diffeomorphism of R3, and hence a diffeomorphism
of Q on its image, satisfying (106). Also, n equals Id on R3 \ 5, ;3 which is a neighborhood

of 9Q and 7 on ¥, 3 which is a neighborhood of 0(J. For = € H 5, /3 \ H, /3, we see that
n(z) € Q\ 7(d), hence 7 is a diffeomorphism from Q2 \ J to Q \ 7({). O

Proof of Lemma 6. — Since € is bounded, it is clear that D, is compact (to prove that it
is closed, one can for instance parameterize the curves v in order that |[4| < K where K
depends on the geometry only). For each 7 € D,, apply Lemma 7 with J = 7(J(0)) and ¢
such that Lemma 5 applies. A vicinity of 7 € SE(3) is composed of {h o7, h € U}. Extract
a finite subcover. This gives the claim since any 7 € D, can be connected to Id through a
finite number of these vicinities. O

5.2. Proof of Proposition 4
The functions V&, (i = 1,...,6) defined by (53)—(55) satisfy
07 divV®; =0 in ¥(¢), curl V®; =0 in ¥(¢),
(107 n-V® =K, ondJ(t), n-V® =0 ondQ.

Then by applying the regularity lemma (Lemma 6), we obtain
(108) V@]l < Co,

where Cj is a positive constant depending only on the geometry.

To prove the second point of the proposition, we proceed by induction. Assume that (74)
holds for all indices up to j < k. Let us prove that it holds at the index j + 1.

By applying D’*! to (107) and by using Propositions 6, 7, and & we obtain that D1V ®;
satisfies the following relations

div D’T'V®; = tr {F/T'[u, V®;]} in I (t),

curl D’TIV®,; = as {Gj+1[u, Vo;]} ing(1),
n-DITIV®; = DIMK; + HI P rju — v, V®] ondd(t),
n-DITIV®, = HITu, V®;] on dQ.

(109)

(110)
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Using these relations and Lemma 6, we obtain

(111) | D7V, < eo(|F7 [, V]| + |G u, V]| + [[H T [u, V]| o0
+ |1 D7 Koy + 1H T rou — v, VO]llage) + |K7H u, @4]]).

Then we can proceed as in the proof of Theorem 3 and by using that (73) and (74) hold for
all indices up to j < k, we deduce

(112)
) ) ) ) C,
[F75 2, O3] + |G7H fu, VO + | B [, Vil + K7 [u, @3] < 7(L) Vi,
where v is defined by (26). On the other hand, using Proposition §,
. 33 s + 1
113 -0, 50 € S e IO O = 0,98 s,

al(s —1)!

CEBj+1

where ¢ := (s,s', @) and h({)[r,u — v, V®,] is defined in (91). To estimate the body velocity
vin h({)[r,u — v, V®;], we will use the following result.

LeEmMA 8. — Under the same assumptions as Proposition 4, there exists a geometric con-
stant C(2) > 1 such that for any m < k

(114) [D™v]| < C(Q)Vm.

Proof. — For any m € N* applying D™ to the equation (16) yields

m—1
D™y =™ 4 (M A (2 —zp) + Z <Tln) r A (Dm_l_lu - E(m_l_l)) .

=0

Consequently, using the fact that (73) is valid for indices 1, ..., k, we deduce that for any
m < k,

m—1 l+1 _]— m—I1
m m)! nLy (m—l—l)!Lm =1y
D™ < C(Q) (z/m+22 TR e
=0
—1

(m+1)2

22 m =P 1)

m+1)2

< (C(Q)+ i) (m'Lm (Vm+1 < C,(Vma

=0 (

by noticing that the term inside brackets is bounded in m, as seen by distinguishing ! > m/2
and I < m/2. O

Now from (90) and the fact that (73) is true for indices 1, ..., k, we deduce the following
relation for 8 = (B4, ...,083s) € N° such that |G| < k

(115) R[]Il < B! L1710 (s, B) V15,
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(recall that T was defined in (42)). Hence using (50) and (91) we deduce that for ¢ € B;, we
have

||h(C)[’)”,u - va(I)l]”@(/f(t) PB H ||%al 7A]” H |-l)asl'H | + ||Da“'+“()||)
i=1
s [ s ) ]
<< 4!L‘Ei|f)/‘gi|+3i
CpB };[1 [gz ml_:[1 (1 +gi,m)2J
2 Qg il L +i Qs +itd
. 1+C(Q2
il;[l( +C()) A+ o)
(116) < Lepa(1+ O] 1 0(s 4, )t L9 97 #150,

where a; ,,, is the m-th term in o;.
Combining (113) and (116) yields

[HI r,u — v, V]|

355" s [c,, (14 C(Q)))° , 1 ir2Co
< Z £§+s’—1 Z T(s+s',a)(j + 1)ILF 9 7
2<s+s'<j+2 |a|=j+2—s—s'

Applying Lemma 2 in the above inequality implies
[H7* [, u = 0, V@] [lag

e L+ CEO)™ (s+5) ( j+2 ), Co
< Z Lst+s'-1 (j—|—3—s—s’> (V]HV'

2<s+8'<j+2

, 2
We notice that for 2 < j/ < j+2 we have (Jj;_zj) < 452, by distinguishing j' > (5 +2)/2
and j' < (5 + 2)/2. Hence we can set

(60c,, (1+ C ()" j
_42 Li'—1 )

j'>2

and deduce

Co

v

For what concerns the term D711 K, we may apply Proposition 8 (giving the same estimates
for H* and H*) to deduce in the same manner

C
(118) ID7 Killaye < 731 (L) V1.

(117) IH ru — v, VO]l agey < (L) Vs

As a consequence, combining (111), (112) and (117) yields
- C
(119 ID7HY®|| < con (L) 57 Vi,
with v; := 291 + 7. Hence we obtain the second point of the proposition for

Y2 = ¢:Comi.
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We now turn to the claims concerning u. The function Vy defined by (58)—(60) satisfies
divVp = —tr {F'[u,u]} = —tr {Vu- Vu}, curl Vu =0 in 8 (¢),
n-Vu=o0 ondJ(t), n-Vu=—H[u,u] ondQ,

where o is defined by (62). Hence (75) follows again from Lemma 6.

The proof that the validity of (73) for 7 < k implies the one of (76) for1 < j < kis
completely similar to the equivalent proof for ®;. It is mainly a matter of considering (112)
where one multiplies by ¥ rather than dividing by it; following the same lines we reach the
conclusion.

5.3. Proof of Proposition 5

We cut the proof of Proposition 5 into two pieces. Under the same assumption that (73)
is valid for all j < k, we first prove

(120) DN+ D) < Vigr va(L),

and then prove

(121) ID* ull < Visr75(L),

for positive decreasing functions 74, 5 with Ll_i)r}rloo’m(L) +75(L) = 0.

Let us first prove (120). Differentiating the equations (71) k times with respect to the time
yields the identity:

(k+1) k (k—j+1)
¢ ‘ [ 0
122 M =— § M9 +—
(2 H ( ) H dt* ljr Ar

Since Q is orthogonal, we have ||Q(?|| = 1. Applying Proposition 9, using the fact that (73)

+ =0,

is valid for 1 < j < k, and using Lemma 2, we obtain for j € {1,...,k}
. 1
@ < a|L|a glelts
QW] Z ; | e

i , 2 s
V= (s-1I\j—s+1/ L2

Thus, forall j € {1,...,k}, we have

_ 9.
@D < A(L) =2
109 <51+,
with
(L) = ZJ: 1 < j+1 )2 20°
K _jl;}i) “(s=DI\j—s+1/ L2 |°

Now, thanks to (18),

o zj: <Z> (Q“‘“)Jo (Q@'))*.

=0
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Using that for some ¢ > 0, one has 4%(L) < ¢¥(L) (one can take ¢ = 1 for L large enough),
it follows that for j € {1,...,k},

HJ(J‘)H < elg, 5L Zj: (]) ALY (G —.i)!_.[/jfiq/j—i

—\i) (i+1)? (G—-i+1)?

J
I J
<ALV Y GG =y
2 2 R (V
e ol H(L) 7

by splitting again the sum according to ¢ < j/2 and ¢ > 5/2. From (72) we deduce for j >

2 _ (00
My _L)J(j)]’

hence we obtain
6 Dy — 2 7y Vi
(123) 126 = 17Vl < (D)

with 4 = ¢~ ||J oll7(L). Using the definition of i, (see (72)), we have

(124) [mg)]a L= > (Z) /g( )D’V@a - DIV, da.
’ t

i=0

By using Proposition 4, we deduce as above that
I < A(L) o2 (=),

with 42 = ¢; max(Co, 1) 25 ’Yg, c2 being a constant such that 42 < co7s.

Fixing 43 := 41 + 42 we can now estimate the first term of the right hand side of (122) as
follows:

. 179D K N2 o2
(125) Z ( )m@ [ ] <> ( ) (1/ 2 Vh_j1 < %%(L)%@H.

r =

Next, we consider the term

Ko o o
jr/\r Z L g Dp@) A @),

dt’c 4 iljlal
i+j+a=k
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Using that (73) is valid for j < k and (123), we deduce

d* < LI NATVRY gy
ﬁ(jr/\r) < > W’Yl( )7 iVat D Glal Ve
i+ita=k j+a=k
i#0
)AL k4 1)2 k4 1)2
S (k+1)2 (L) Z (z‘+1)2éj+1))2(a+1)2Jr Z (j+(1)2(a)+1)2 '
i+j+a=k jta=k
i#0
KILE  hio (7r2>2 o2
126 < 27 () Au(L) + =),
(126) (k+1)2(V e ) ")+
where we distinguished the cases where ¢ > k/3,j > k/3 and a > k/3.
Finally, we estimate fora € {1,...,6}
[k
=P =3 ( ) D’V - DF IV, dz.
=0 J g(t)

Applying Proposition 4, we deduce from the above equality, in the same way as previously,
that

202 (k + 1)ILAH1 9/
3 (k+1)2
Gathering (122), (125), (126) and (127), we obtain (120).
/>
g(k—i+1)‘|

In order to obtain (121), we write
F(E—it1)

(127)

Efzk)H < 72(L) max(Co, 1)

14

r

(128) D*tly = —_DFVp = —D*Vu + DF | V-

We notice that

D* vq>-H/ :i(lz)in@-

r i=0

Thus, by using (73) (valid up to rank k) and (74) (valid up to rank k£ + 1 due to Proposition 4)
to estimate the terms of the above sum corresponding to ¢ > 1 and by using (120) for the term
corresponding to s = 0, we deduce

!/
14
r
Combining the above inequality, (128) and (76) (valid up to rank k), we obtain (121), and
the proof is complete.

2
< (QL’)Q(L) + ’Ys(L)Co) Vis1-

DF o -
v 3

6. Proof of the formal identities

We introduce the following notations:
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DEFINITION 1. — For any s € N*, for any 1 < j < s we define the operators T ; from N°
into N* and Ty ; from N® into N*+1 by setting, for any o := (o, ..., as) € N,
Tsj(a) = a+ejwithe; = (dij)1<i<s,
Ty (o) = (Br, .-, Bst1) With B; = a; if i < j,8; = 0 and B; = c;—1 if i > j.
The operators T ; and Ts,j naturally generate operators T; and Tj from H N? into itself

sEN*
(with the convention that Ty ;(a) = T j(a) = afor s < j).

6.1. Proof of Proposition 6

We consider a smooth vector field v defined in the fluid domains.

Proof of (84). — We proceed by induction on k. We first deduce from (80) the relation (84)
for k = 1 with ¢1(2,(0,0)) = 1 since in this case s takes only the value 2 and the set &,
(defined in (35)) reduces to {(2, (0,0))}.

Now let us assume that (84) with estimate (86) holds up to rank k. Then using the rule of
commutation (80) we obtain

div DF*1yp = DR (divep) + tr { FF T [u, ¢},
with
(129) F** ' u, ¢ = DF*[u, ¢] + (Vu) - (VD*4)).

To simplify the notations we will from now on drop the dependence of the functions
f(0)[w, ¥] on [u, ¥].

As a consequence of the Leibniz rule (78) and the rule of commutation (79), we immedi-
ately infer that for any 0 := (s,a) with s € N* and o € N*, the derivative w.r.t. D of the
functional f(0) (defined in (82)) is given by

(130) DO = Y [F(RLO) - F(RI(0))],
1<j<s

where
(131) RI(6) := (s, Tj(a)) and RL(9) := (s + 1,T;(a)).
Hence DF* = F, — F, with forl = a,b

] k+1 ]

Fi=Y Y O (R©®)=> 3 cko) F(R®)),
0€ G 1<j<s J=lgecw

k
with

@ ={0:=(s,0) € | 5 > j}.
The mappings R? and R{; are injective on ﬁi and take values in

(132) RI(@) C @, andin R}(@}]) C @1}, respectively.
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For | = a, b changing the index 6 via the operator R{ yields

k+1
Z Z Ckl Z Z Ckl
j= 19€Rﬂ(g9) 0€ b1 je g7 (0)

where
ck1(0) = ek ((R)(0)) and 77 (0) := {j € N* / 0 € B{(])}.
Recalling (129) we finally get that (84) holds at the order k£ + 1 when setting for § € @1
hea(0):= Y 0~ D () +5e,0m)0).
i€S5(0) i€S5(0)

When j € j (6) (respectively j € J » (7)) we have, thanks to the previous steps and recalling
the definition (131):

. k! k! . k! k!
lex2 (0)] <

T @)~ Val and |¢;4(0)] < F el

J
Moreover it is a consequence of (132) thatj’j(&) c{1,...,s} andj',f(&) c{1,...,s—1}
Hence for 3 < s < k + 2, we have

e O < D0 1@+ D eyl

J€SE(0) JESE(6)
k!
<l D e+s-1 o
1<i<s
|
< (k + 1).7
al

since 0 € Gp1q.
Besides, for s = 2, one can see that jf(e) = @. In that case we have o := (a1, ag) with
a1 + ag = k, so that a! < k! and

k! k+1)!
eha(2,0) < 1+ (o +a0) o < B

al

and (84) is proved. O

Proof of (85). — Proceeding as previously we can also obtain formal identities of the curl
of the iterated material derivatives (D*)gen-. Substituting the rule of commutation (81) to
(80) in the proof of (84) we obtain (85). In the same way, here the case k = 1 is a consequence
of (81). O

Proof of (87). — We now establish formal identities for the normal trace n - D¥¢ of
iterated material derivatives (D*1))ren+- on the boundary 8 as combinations of the
functionals k() defined in (82).

As D is tangential to the boundary (—7T,T) x 9 we infer that

n- (Dy) =D (n- ) — Vpo{u, ¥},
so that (87) holds for £ = 1 since in this case the set ¢, reduces to {(2,(0,0))}. Hence
c3(2,(0,0)) = —1 and satisfies [¢}(2, (0,0))| < 515
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Now let us assume that (87) with estimate (88) holds up to rank k. Applying D to the
relation (87) yields the relation

(133) H*! = DH* — V2 po{u, D*v}.
Now using the chain rule we easily get that for s € N* and « := (ay,...,as) € N°, one has
(134) Dh(0) = h(Ry(0)) + > h(Ri(6)),

1<j<s

where RJ and R} were defined in (131). We deduce that

DH* = Y EO)hR0) + > &) Y. h(RL0))
0c by €y, 1<5<s
= > GOhERO)+ Y D AO)hERLO)).
0 Gy, 1Si<k+1gen)

We proceed as previously and change the index 6 in the sums via the maps R and Ri:

DH* = czi Z Z cka ),

GERé(ﬁk) 1<j<k+1 QER](ﬁ])

where ¢ (0) == ¢ ((R])~1(0)) for | = a,b. Hence

DHF =} [13%%)(9) Soy+ S ci’i(@)] h(6),
0€ e yn Jed(6)
where we define for § € 1 the set
Jh0):={jen /o ri(a])}.
Recalling (133) we get that (39) holds at the order k + 1 when setting for 6 € @1

G (0) = 1R () () () + Y 6h(8) — 82,00 (6)-
J€s%(0)

Thus, for 3 < s < k + 2, using the induction Hypothesis (88) on cii and czfl,

|Cz+1(9)| < <1<Z]:<S aj+ (s — 1)> a!(ski 5 < a(!lzs—}—_li!)!’

and since the inequality also holds for s = 2, (87)-(88) is proved at rank k + 1. O

6.2. Proof of Proposition 8

We first prove a lemma. Here and in the sequel, the symbol “V” refers to a derivation with
respect to the variable = only.

LEMMA 9. — Forall k > 1, for any (u',. .. u*) in (R®)*

(135) D(VFpp(t,z){ul, ...,uk})

=— Z Vkpp(t,x) SR, uF Y+ VR g (t o) {u — v, ut L uF )
1<Kk
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Proof. — We recall that, since the motion of the body is rigid, pg (¢, z) is given by (65)-(66).
Hence by spatial derivation we infer that for any k£ > 1,

136)  Vipa(ta)ful,...,u"} = VEao(X(L ) {Q) ..., Q1) u*).
We then apply a time derivative:

0:(VFpp(t,x)) = VFHpo(X(t, 2)){0: X (L, 2), Q(1)*u', ..., Q(t)"u*}

* d * ] *
+ Z Vs (t,z){Q(t)*u!,. .., < 2275 ) WL, Q) Uk
1<k
Now we use (17) to infer
aQ*

=—Q"-[r(t) A

< =@ A
With (68), and using again (136), this gives the result. O
The derivative computed in (135) is the partial derivative of V¥ pp(t,z){u?, ..., u*} with

respect to the first variables (¢, ), the variables between brackets being let fixed. Now to
differentiate h(¢)[r, u — v, 9] (defined in (91)), we have to take the dependence of the second
group of variables into account. This is the aim of the next lemma.

LEMMA 10. — Forany s € N*, foranys' := (s},...,s.) inN*, for any o € N¥+, we have

1<s

(137) Dh(<)={ > h(Rﬁ;(C))} +h(Ry(Q) — > h(RIQ),
1<j<s/+s 1<G<s

where all the functions h are evaluated at [r,u — v, | and where

sz(C) = (svsl7Tj(O‘))7 Rb(C) = (s + 17T1(SI)7TS’+1(O‘))

(138) , .
and R‘Z(C) = (Sa Tj (S/)a TTj—l(Sl)+1(a))

Jor 1< j < s, where we denote 7;(s') the “position” of the index s';:
J
(139) i(s') = > s,
k=1

with the convention that 7o(s’) := 0.

Proof. — Roughly speaking, the three expressions in (137) correspond, in the use of Leib-
niz’s rule, to differentiate once more an expression in the arguments of V*®pp, to differentiate
V#pp once more with the additional argument » — v in first position, and to add a rotation
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factor r A - in one of the arguments. To be more precise, using the chain rule we deduce
(140)
D[V®pp(t, E{ Ra, [r]D*'+1(u = v), ..., Ry [r]D*' ++=1 (u — v), R [r] D% +9p}]

= DIV°pp(t,2)] {Ka, 11D+ (u =), ...
R, [F1D™ 451 (u = v), R, [F) D445}

+ 3 V() {Ra, 11D (w = 0),

1<G<s 1
D[R [ID* 45 (u=v)] ..., R [FID*' o1}
+ Vepp(t, £){Ra, [r]D*'+1 (u—v),...,
R, _,[11D++=1 (u =)D [Rg [1|D*'+9]}.
Now for the last two terms in (140), we use the fact that
D(Rq, [r| D'+ ) = R 11[r| D" 430 + Re [r] D +5410).

Hence these two terms yield the first sum in (137). For what concerns the first term in (140),
we use Lemma 9 and obtain the second and third parts of (137). O

Let us now establish Proposition 8. We first prove (93). First, according to (69),
n-Dy = D (n-9) + Vpp { Ry} — V2pp{u—v,¢}.

Hence (93) holds for £ = 1. Now let us assume that (93) with estimate (96) holds up to rank &.
Applying D to relation (93), using Leibniz’s rule and (69) yields the relation

(141) Hk+1[r,u—v,1/1] = DHk[’r',u—’U,’lﬁ] +n- (T/\Dk’(/}) - VQ/)B{U_’UaDk’(/"}'

To simplify the notations, from now on we omit the dependence on [r,u — v, 9|. According
to Lemma 10 there holds

(142) DH* = H, + H, — H,,

where

(143) Hy:= Y di(¢Q) Y. h(RIQ),
CE By 1<j<s’+s

(144) Hy:= Y di(¢) h(R(0)),
CEBr

(145) H.:= Y di(Q) > h(RIC).
CEBy 1<j<s

Define for j > 1
i’k = {C = (s,8',a) € By / j < s+s’} and @i’k = {C = (s,8',a) € By / j < s},

so that
k+1

H=> Y d()g(R/(Q)forl=a,c.

=1 J
I=l¢es]
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We notice that the mappings RJ, R, and R/ are injective respectively on QSfl, k> Br and QBZ &
so that
k+1

H=3% > diQgQ)forl=a.c

i=1 ¢eri(3] )
Hy= Y di,(Q)9(Q),
CERy(Br)
where d“((:) = di((R))7'(()) for I = a,cand d},(¢) = di((Rs)7*(¢)). Now we
introduce the sets associated to any ¢ € Bri1:

J7C) = {je {1,...,k+1} /¢ € RI( {’k)}forl:a,c.

As previously ji(() c{l,...,s+s'}and jﬁ(() c {1,...,s}. Now putting together the
relations (141), (142), (143), (144) and (145), we get that (93) holds at the order k& + 1 when
setting for ¢ € %kH,

di (O = > &2 - > di¢

i€ed®(© i€d*(©)
+ 1R, (5, (€) dip(€) + 8(1,1),(0),k) (€) = 8(2,0,0), (0,8 (€)-
Thus for 3 < s+ s’ < k + 2, we have
k1 (C)] < Z |dy2 (O] + Z |2 (O] + 1Ry () (©) di (O,
J€IR(©) (9]

so that we get, using the induction hypothesis and Card[j’j(g‘ )] < s,

35tk Jo+s'—lgl  gets—lp
d} < ;
42 (C)] Z %=1 | T T als—2)!
€S, (C)
2s—1\ 35ts'k!
S Z it ) al(s =1
JESE )

Now using that for j € {1,...,s+ '}, € Rg(%i,k) < o; > 1, we see that

s-‘rs'
Z aj:Zozj:k—i—l—s—s'.
j€da(©) =1

Since 2 — s — 3s’ < —2s’ < 0, we deduce
25— 3s’> 3Rl _ 37 (k4 1)!
3 al(s—1)! ~ al(s—1)! "’

@ (Ol < (k+1+

since (s,s’,a) € By.
Now if s + s’ = 2, ( is not in the range of Ry, or R., and there holds a; + a2 = k so that
al < k! We deduce

L3R 9(k +1)!
| (OIS T+ Y [ (0] < th—r < ———-
JE€SE(C)
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Hence (93) with estimate (96) is proved at rank & + 1, which concludes the induction.
The proof of (94) with estimate (96) is similar: it suffices to notice that

DFK; = D*Vpp{e;} (i=1,2,3)
or D*K,;, = D*Vpp {eis N (z—zB)} (1=4,5,6)

where the (eq, es, e3) is the canonical basis of R3.

6.3. Proof of Proposition 9

The case k = 1 corresponds to (17). Let us assume that identity (97) with estimate (98)
holds up to order k. We have by derivation that

k
Ry =" 3 ¢ <Z Ry 1]QY + R, (oI ]Qy> :

s=1 a€ly_1,s

k+1
:Z YooY e rQu+>. > el H@) Ralr]Qy,
s=1 a€lly,, gejk(a) 5=2 acftls
s.t. as=0
k+1
= Z Z crr1(a) Ra[r]Qy,
s=1 a€ly,s
with
(@) ={j e N*/ a € Tj(C_1..)}
and with
cri1(a) = Licock(@) Y (T (@) + lacsckr1(@)1a,=o(@)er (TS ().

j€d" (a)
It is therefore easy to conclude.

7. Proof of Corollary 3

It follows from the proof of Theorem 5 that both solid flows satisfy for some constant L
depending on §, J,,, py, and R only:

< LFE!.
L°° T*,T*;SE(S))

(146)

H dtk

As a consequence the flows ®; defined on [T, 7] can be analytically extended in
1
O:=92€C/dz[-T.,T.)) < —=¢.
{zec/del-n.n) < =}

Let % be an open Jordan domain with analytic boundary (the interior of an ellipse for
instance) such that

[-T.,. T, cUcC UCD.
Now the domain %\ [—7, 7] is a doubly connected domain in the complex plane. It follows
that there is a conformal mapping ¥ from % \ [—7, 7] to some annulus:

ﬁ::{ze(C/1<|z|<p},
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P

F1GURE 2. The conformal mapping ¥

with [—7, 7] sent to S(0,1) and 9% sent to S(0, p). This is illustrated in Figure 2.

A way to realize this is to use a conformal map of C\ B(0,1) to C\ [—7, 7] (here C stands
for the Riemann sphere) for instance the Joukowski map

1
J:zr—>z<z+7).
2 z

Now J=Y(% \ [~7,7]) is a doubly connected domain in the complex plane with analytic
boundaries. Such a domain can be made conformally equivalent to & by a mapping which
is smooth up to the boundary, see for instance Ahlfors [1, Section 6.5.1].

Now, clearly, there exists r € (1, p) such that
U ([T, Ty]) C B(0,r).
Define
#(2) = B (2) ~ 25 () on U.

Apply Hadamard’s three circle theorem to @ := ¢ o ¥~! in & (note that @ is continuous up
to the boundary since J is). For § = log(p/r)/log(p), we have

- <116 <116
@l ze=(s(0,r)) < ||<P||Loo(5(o,1))||<P||};oo(s(o,,,))-
Returning to %, we deduce

1-46

el - 7y < I€llz -2 B0y < NPt (rnllel; g

(Here we could have put a stronger norm on the left hand side.) Now (146) allows us to bound
the factor ||<p||}}7_5 in terms of Q, ), pys, and R, which concludes the proof of Corollary 3.

8. Appendix: Cauchy problem

In this appendix, we prove Theorem 4 and Proposition 1.
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8.1. Preliminaries and notations

In what follows, we prove existence and uniqueness for positive times, that is, on [0, T].
This is not a restriction since the system is clearly reversible.

Note that in this appendix, we will use the letter n for the fluid flow and 7 for the solid
flow.

We suppose , and py, fixed. By a geometric constant, we mean below a constant depend-
ingon €2, J; and py , A and r only. The various constants C' > 0 that will appear, and which
can grow from line to line, will be geometric.

To (¢,7) € C°([0, T; R®) we can associate (x5, Q") € C*([0, T];R? x R3*3) by

(147) 247 (t) = zo + / l iQ“(t) =r(t) AQ®"(t) and Q*"(0) = Id,
o | dt

and the velocity

(148) obT (8, x) = L) + 7 (t) A (x — 25 (1)

We also deduce the rigid displacement and the position of the solid, let us say 77 (t) and
457 (t) defined by

(149) 7O () x QYT (8)[z — o] + 247 (t) € SE(3), and 47 (t) = 77 (1),

Then we fix the fluid domain as 7°" () := Q\ #°" (). We may omit the dependence on (£, 7)
when there is no ambiguity on the various objects defined above.

We will use the following lemmas which are elementary consequences of Faa di Bruno’s
formula and the fact that Holder spaces are algebras, see [3, Lemmas A.2 & 4] in the case of
Sobolev spaces.

LeEmMma 11. — Let k in N* and o € (0,1), and let w, W' be smooth bounded domains.
Let F € CF*(W') and G € CF(w) with G(w) C w'. Then F o G € C**(w) with, for
some constant C depending only on w, w' and k:

(150 [FoGllokeaw) < ClIF|orewn <||G||Iékva(w) + 1)-

LEMMA 12. — Let w be a smooth bounded domain, F € C*%(w) and G € Diff(w) N
C*(w). Then for some constant C depending only on w, k € N*, a € (0,1) and ||G||cx.e ().
one has

(151) [0:(F o G™) 0 G = 8;F || gr-1.0(uy < C|IG = 1d || gt (i) | F | ot (o) -

Above Diff (w) stands for the group of C* diffeomorphisms of @.
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8.2. With a prescribed solid movement

In this paragraph we prove the following results, which concern the Euler system with a
prescribed solid movement of J(¢) inside 2. The first result gives existence and uniqueness
of a solution for small times. The second one estimates the dependence of the solution with
respect to the prescribed movement (in Lagrangian coordinates).

ProrosITION 10. — Let A in N, r € (0,1), Ty > 0 and a regular closed connected subset
B C . There exists a constant C,, = C.(Q, J,) > 0 such that the following holds. Consider
(¢,7) € C°([0, T1]; R®) such that

(152) foranyt € [0,Ty], d(t5"(t)[¢,],09) > 0.

Consider ug in CAYVT () satisfying
(153)
div(ug) = 0in Fo, ug-n =00n0Q and uo(z)-n(z) = [£(0)+r(0)A(z—xzo)]-n(z) on 0.

Then for

(154) T = min (Tl, C. ) ,

luollcr+rm () + [1(€s7) [l co(o,77:R0)

the problem (8)-(9)-(12)-(13) (with J(t) = 77(J,) and F(t) := Q\ J(t)) admits a unique
solution w in L= (0, T; CAL7(F(t))), which is moreover in Cy, ([0, T); CAT17(F (), and the
same holds for Oyu instead of u with X instead of \ + 1.

PROPOSITION 11. — There exists K > 0 such that, for (¢1,71), (b2,72) in C°([0, Ty]; RY)
satisfying (152),

(155) £1(0) = £2(0), 71(0) = r2(0),
and
(156) (€1, m0)llcocro,11ire)s (€2, 72) oo, 1yirey < M,

Sor any ug € CMUT(F ) satisfying (153) (with both (£1,71) and (£2,73) ), the following holds.
Call uq, ug the corresponding solutions given by Proposition 10 on [0, T| with

C,
(157) T = min <T, ) ,
1 ||u0||c>\+1,r(go) + M

and n' and n? the corresponding flows. One has

(158)
lm1 = m2ll oo (jo,7:03 1.7 (70)) + Tllua (t,m1(t ) — ua(t, na(t, )| Lo (o,17;07 417 (70))
< KT||(41,71) — (b2, 7m2)||co([0,7);r8) -
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8.2.1. Proof of Proposition 10

Step 1. — Let (¢,r) be fixed so that (152) holds. We deduce 7(t), J(t) and & (¢) as previously.
We introduce (I';);=1...4 a family of smooth oriented loops in & giving a homology basis of
it.

We let
6 = {n e C°0.7); O+ (T ) /

i.Vt € [0,T], n(t,-) is a volume-preserving diffeomorphism from 7, to 7 (t),
sending 92 to 8 and 9, to 8J(¢),

iy .
ii. [In = 1d [leoqpo, rsor 1 (70)) < 5}'

Note that, due to the fact that & (¢) has the same volume as &, the property i defining & is
equivalent to

(159) Vvt e [0,T], det[Jac(n(t,-))] =1 on Q and n(t,0N) = 9Q, n(t,0J,) = 0J(t).
Hence it is not difficult to check that & is closed for the C°([0, T]; C* 17 (Fo; R?)) distance.

Now we define 7 = 7" : § — © as follows. Given ) € &, we define w : [0,T] x F(t) — R?
by

(160) w(t,az) = (Vn)(t’nil(tax)) 'wo(nil(t,m))a
where wqg := curlug in F. Note that when 7 is the flow of a vector field w, one has
(161) Ow + (w- V)w = (w- V)w.

Next we define u : [0, T] x & (t) — R3 by the following system

,

curlu = w in [0,T] x F(¢),
divu =0 in [0,T] x F(¢),
(162) w-n=0 on [0,T] x 89,
u(z) -n=ov(t) n on [0,T] x dJ(¢),
fn(ri)u~d7:friu0-d7' foralli=1...g,

with v defined in (148).

Then we define the flow 7(¢, z) associated to u, which for each ¢ sends ¥y to & (t). (In
order to deal with the flow of a vector field on a fixed domain, for instance, extend u on R3,
define the flow, and then restrict it to ¥.)

Finally, we let

(163) I (n) = .
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Step 2. — Let us prove that, for proper T' > 0, & has a unique fixed point by Banach-Picard’s
theorem. First, let us prove that & (%) C €. That ¥ (n) satisfies the property i defining & is
a direct consequence of (159) and (162). Let us prove that for T < T3 small enough, the
property ii holds. Given n € &, using Lemma 6 (and Remark 16) and (162), we see that for
some constant C' > 0 depending on the geometry only:

(164) Il o o503 417 (70 < € (Iollorsrr( e + 10l goo.r1x)) -

Also, for some geometric constant, one has
||U||CO([0,T]><§) < CH(& T)||C°([0,T];R6)-
Now, since 7(¢,-) — Id = fot u o 7], using Lemma 11, we see that
17— 1d [| oo 0,503 +1.m(o70)) < Ct (1 + 77— 1d ||é'jg(1[0,t};ck+l,r(go))) l[ull oo 0, ;0741 (7)) -

Henceif T > 0is such that CT (1 + (%)AH) ]l oo (0, 7303+ 1.m (72))) < 1/2, by a connected-
ness in time argument, we see that 7 satisfies the property ii. Hence there is a constant C, > 0
such that for
T < C. 7
[uollcr+rr(gg) + 1€ )00, 7y;m0)

T (n) satisfies property ii, so that 7(n) € G.

Step 3. — Let us now prove that & is contractive for small 7' > 0. Given 71,72 € €, we
let wy, we, u1, ug, etc. be the various objects associated to 7; and 72 in the construction of .
We also define

(165) Ui (t,x) = ui(t, 7:(t,z)) on o fort € [0,T]andi=1,2.
We have
t
n(t,x) — it x) = / [U1(s,2) — Ua(s, )] ds.
0
Now let us prove that for some geometric constant C' > 0, we have
%1 = Ual| Lo (0, 1707417 (7))

< C (Jluollersrr(goy + 16, 7) oo, rysme)) M — n2ll oo (0, 77503+1.7(570)) -

We follow [3]. For ¢ € [0, T], we have, omitting the dependence on ¢ to simplify the notations,
using Lemma 6 and Lemma 11:

|1 = Usllcrsrr(gg) = lur o — uz o M2l ortrr(gy)
< Cllur om0 ny ' — gl oaerr gy
< C<|| curl(ug oy o n;l) — curl(uz)||exr (7))

+ [[div(us o m1 0 ny t) — div(ug)llexr (7))

g
+Z?{ (up omy oyt —ug) - dr
i=1 [/ n2(T4)
(166) +[(uromonyt) - n—uy 'nHC)“*'l’T((’)Q'(t)))-
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Concerning the first term in the right hand side, using (160), (162) and Lemmas 11 and 12,
we see that

| curl(uy o m1 oy ) — curl(ug) [ orr ()
< |l curl(ug o gy oy t) — (curlug) o my o my Hloar gy
+ [[(curluy) o my o my ™t = (curlug)|loar(gey)
< Cllm = mellertrr (o) lwr (Ol ersrr a4y
+ C|(curluy) o my — (curluz) o nallcrr(gy)

< C ([lwollear (7)) + lur(®)lersrr (o)) Im = n2llor+rr(g4)-

The second term in (1606) is treated likewise (this is even slightly simpler since divu; =
div us = 0); hence we can bound it by

(167) Cllur (@)l er+rr @ llm — n2ller+rr(go)-

Using (162), we see that the third term in (166) can be bounded by (167) as well. Using (162),
we see that the last term can be bounded by

C||U||CO([07T]><§) ||771 - 772||C%+1>T(9'0)7

since || - ”CO(ﬁ) and || - [|cx+1,~ () are equivalent as long as v is concerned. Hence, using (164),
we get

(168) || U1 —Us|lcr+1.r(70) < C (lluollersrr gy + 1)l coo,735m8)) Im—n2llor+ir (7o),

and it follows that for some T of the form (154), the operator & is contractive. Now a fixed
point in & gives a solution of the Euler equation and reciprocally. This comes from (161)
which gives for a fixed point

curl (% + (u- V)u) =0in (0,T) x (¢),

and the fact that:

d / / (3u ) .
— u-dr = — 4+ (u-V)u)-dr=0in(0,7).
dt Jyry) n(rs) N O

This proves the claim. Note that n € C°([0, T]; CAM17(Fg)) and w o n € CO([0, T]; CAM17(Fp))
involve u € L>®(0,T; C*17(F(t))); the weak continuity then follows from the continuity
into a weaker space, for instance u € C°([0, T]; C*" (T (t))). O

8.2.2. Proof of Proposition 11. — Given (¢1,71) and ({2, r2) satisfying (155) and (156), we
introduce the respective fixed points n; and 7, in C°([0, T]; C?17 () of the operators
T4 and T defined above (as well as the corresponding objects , (), F4(t), wi, Ui,
etc.), defined on [0, 7] with T introduced in (157).
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We proceed as previously (again, we omit to write the dependence on ¢ to simplify the
notations):

llur 0 m1 — g 0 Mallersrr(gy) < Cllur omyony ' — usllersir (7, 1)
< O(Jlcurl(us om0 15 = curl(us)l| o (e

+ || div(us o m1 o ny ") — div(uz) |l err (7, (0))
g

30| womons — ) -ar
i=1 VT4

+l(wgomon; ') n—uy- n”C*“*’"(BVz(t)))'

Using Lemma 12, we deduce

|| curl(uy omy o 172_1) — Curl(UQ)||C>\,r(g2(t))

<C (“’U'IHC"“"LT(S]l(t)) + ||w0||cA>r(90)) [ — ﬂ2||cA+1vr(9o),

[ div(us 0 m o my ") = div(uz)llorr (g, ) < Cllurllorsrr g, @y lm = nzllorsr(g)-
And it is not difficult to see that

g9

D

i=1

f{ (uromony ' —uz)-dr|+|l(uroniony ) n—uz nlloriirag, )
T

< C (lutller+rr, @pllm — m2llorsrr ey + [1(€1,71) — (€2,72)||rs) -

Hence we have

l[u1 o m — ug o maflear+ir(gy)
< C ([[lurllerrrmg, @) + lwollorm(@yy) Im = mallortin(gyy + Cl(€1, 1) — (b2, 72) [IRe-
Since
t
mi(t) —n2(t) = / [ur om —uz omg],
0
the conclusion easily follows from Gronwall’s lemma.
REMARK 17. — The operator I defined above can be defined for any initial datum ug, with
ug divergence-free, tangential to 0N, and satisfying the compatibility condition:
ug - = (£(0) + 7(0) A (z — x0)) on 0.

Equivalently, we could associate an operator @ to any initial data (wo, A}, . .., AJ) in CM"(F 9) x
RY, and reconstruct ug satisfying the compatibility conditions by

;

curl ug = wy in o,
divug =0 in o,
(169) ug-n =0 on 99,
uo(z) -n = (£(0) +7(0) A (z —x0)) - n ondJ,,
frin-dTZ)\é foralli=1...g.
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Doing so, Proposition 11 extends to (£1,r1) and (¢3,r9) which do no longer satisfy (155). In
that case, (158) compares solutions with initial velocity fields u$ and u? given by (169) with
(£1(0),71(0)) and (£2(0),r2(0)), respectively.

8.3. With a moving solid

8.3.1. Proof of Theorem 4. — Here we prove Theorem 4. Again we rely on a Banach-Picard
fixed point strategy.

Step 1. — We introduce
9= {(,;r) e (0, TR /

i. 747 satisfies d (757 (t) (), 09) >

)

Wl

ii. [|(4,7) = (€osr0) oo, 1yire) < lluoller+rr + ||(£0a7“0)||R6}-

REMARK 18. — As we follow from the proof, we could replace i1 by
ii. [[(¢,r) = (4o,70)lco(o,yre) < C,

Jfor any positive constant C' > 0.

Now we construct an operator & on 9 in the following way. To (4,7) € D, we
associate Q(t), J(t) and F(¢) defined from (¢,r). Next we associate the fixed point
n € C°[0,T];CML7(Fy)) of the operator I°" defined in Paragraph 8.2 with T' of
the form (154). Note that due to properties i and ii in the definition of 9 and Proposition 10,
there is a time

C*

T = ,
luollcrt1m () + [1(€0570) ||

such that n®" is defined on [0, 7], uniformly in (¢,7) € 9. Together with this flow 7, we will
consider the various functions u, %, etc. defined on [0, T7].

Define .7, (®;)i=1...6 and p by

(170) J(t) = Q(t)S,Q" () on[0,T],
~A®; =0 forz € (t),
=0 for z € 09,
(171) on
o = K for x € 0J(t),
fg(t) (I)z dr = 0,
where
i ifi =1,2,3,
(172) K=" ne
[(1‘ - xB) A n]i—3 ifi = 4,5,6,
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and
—Ap = tr{Vu - Vu} forz € (),

(173) % = —V?pa(u,u) for x € 09,
%ﬁ =Vipp{u—vu—v}—n-(rAu—v—1{)), forze dJ(t),
fg(t) wdx =0.

Introduce

mId3 0
0 J

)

i,5€{1,...,6}

(174) M(t) := My (t) + Mo(t) := [ ] + [ - V®, -V, dx

and then define G(¢,r) := (£,7) as

(175)
m VO] e [ 0
L?J i L’oJ +/0 Y D(S)r(s)/\r(S)J ' {/g(t) e dxle{l,‘..,s} .

Step 2. — We now show that for suitable T', the operator & maps 9 into itself. Then we will
prove that it is contractive.

First, we see from (164) that we have the following bound on u = u*", when (¢£,7) € 9:
(176) [wll L 0,703 41 (7 (1y)) < C ([woller+ir(gy) + 1o, o) llrs) -
Also, the following bound is immediate from ii:
(177) [vllcoo,my < C (lluollersrr(zqy + 1o, o) lIrs) -
It follows easily using Lemma 6 that for some geometric constant C' > 0:
(178) IVl 2= 0 i3+ 1m ey < C (lollorsnn gy + (€0, 70) rs)
Lemma 6 also yields that

Vil Lo (0,07 +1m (7)) < C-

Next, the matrix Q(t) is bounded since it is orthogonal, so J(¢) is bounded as well by a
geometric constant. Finally the matrix S (t) being symmetric positive, the matrix "
is also bounded by a geometric constant. We deduce that we have the following estimate
uniformly on 9:

(€, 7) = (€0, 70)llcoo,13:r8) < COT (luollgrsrr + [|(€o,70)l|rs)? -
It follows easily that for some geometric constant C,. > 0, one has &(9) C 9 provided that

C.
< .
lwollcrtrr(zg) + [1(€o, m0) | e

(179) T
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Step 3. — Let us now prove that for T of the form (179), the operator & is contractive.
Let (¢1,71) and (¢2,72) in 9. As previously we denote with an index 1 or 2 the objects
associated to these couples above (except for ®; where 1 and 2 come as an exponent).

It is a straightforward consequence of Proposition 11 that for some constant C' > 0, one
has

(180)
lm1 = mall Lo (jo,1:03 1.7 (70)) + Tllua (t,mi(t ) — ua(t, n2(t, )l Lo (o,17;07 417 (70))
< CT||(£1,m1) — (L2, 72) |l 0o (jo,7;R)-

Also, the following bound is immediate:
(181) lvr — vallco(o,1yire) < Cll(€1,71) — (b2, 72) [l co(jo,7):r8) -
Now proceeding as previously, using Lemma 6, we infer that for ¢ € [0,T:
(V1) om = (Vaz) o mollersrr(gey < (V1) om0 my ™ = (Vo) | zee (0,75972 1))
< C(lewrl(Vur om0 ny) = cwrl(Vim) e (7,0
+ |1 div(Vpg oy ong ) — div(Vis)llerr (7,

g
>
i=1

(182) + (Vi om on; ) n = Vpiz - nllorerr o, )

§ Vuromons' — Vi) - dr
Iy

For what concerns the second term in the right hand side, we have, using Lemma 11,
Lemma 12 and (178),

I div(Vis om0y ') — div Visallorr (7,2
< | div(Vpom ong ) = (div V) oo ny tloar (7,1
+ [[(div Viur) om0y = div V|l oar (7,(1)
< O{ [luollcrsrr (o) + (€0, 70) 18] * 11 — mallcoqozyorim (o)
+ || div(Vp) o mi — (div Viuz) 0 mallonr () }-
Now using (173), (176) and (Vu;) o m; = V(u; on;) - (V) 1, we see that
[ div(Vu1) oy — div(Vuz) o nallerr(g,)
= |[tr{Vuy - Vus} o — tr{Vugz - Vug} o ma|lcrr(gy)
< C [luollesrr o) + (€, 70)llre] * Il — mallcoqozyonim (o)
(183) + Clluoller+1r(gy) + [1(€os o) lIre] lur 0 1m — uz 0 m2llco o, 07417 (7)) -
Using (180), we deduce that for T of the form (179), we have
(184) [ div(Vp1) oy — div(Vuz) o mallorr(gy) < Cll(81,m1) — (€2,72)| o (0,7);R6) -

The first term in (182) can be also estimated by the right hand side of (184), using Lemmas 1 |
and 12 (it is simpler here since curl(Vy;) = 0). The third term in (182) can also be estimated
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by the first term in the right hand side of (183), using Lemma 12. The last term is estimated
likewise, using (176), (177) and (181). Hence we get that

(V1) om — (Vp2) o mallersir(gyy < Cll(£, 1) — (L2, 72) |l co(f0,175r8) -

Also, it is again a consequence of Lemma 12 that

[(V®]) omy — (V) 0 mal oo (0,703 +1.7 ()
2
< C [lluollcr+rr(7g) + 10, 70) lre] ™ llm — m2llco (o, r);me)-

This involves that the integrand in (175) is Lipschitz with respect to (¢, r): for instance, using
that n; and 7, are volume-preserving:

/ V- VO} dx — Vg - VO dz
T1(t) T2 (t)

)

| Fuom- (@8homdr— [ (V)om: (V82) omds
go gO

and the claim follows. More precisely, we have
(61, 71) = (€2, 72) |l co(po,7)
(185) < CT{ [ollersir(gey + 1%, ro) ls]” llm — n2llco o, 11507 +1m(70))
+ [lluolloa+1.r(74) + 1(€0, 70) lre ] | (€1, 71) — (5277‘2)|ICO([0,T];R6)}~

Hence using Proposition 11, we see that for some T' of the form (179) with a geometric
constant C, the operator 7 is contractive.

Step 4. — Hence, the operator # has a unique fixed point in 9, which proves the existence
part of Theorem 4. For what concerns uniqueness: if we are given a solution (¢, r, u) of the
system, then it is easy to see that for T sufficiently small, one has (¢, 7) € 9, and the flow of u
belongs to &. Then, because of the uniqueness in Proposition 10, (£, ) must be a fixed point
of the operator #, which proves that it must be equal to the one that we have constructed.

Step 5. — It remains to prove that the velocity field in the solution (¢, r, u) that we constructed
belongs to the space C([0, T]; C*17' (Z(¢))) in the sense of Remark 7. Let p > 0 such that
dist(J(t), 92) = 3pin [0, T]. Let
G, :={x e R\ d,, d(z,84,) < p} and H, = {z € Q, d(z,89) < p}.

Let my (resp. mg) be a continuous linear extension operator from functions defined
in ?p (resp. ¢ ,) to function defined in ?QJ d, (resp. H (o | U (R3\ Q) and supporied in
some baLE(O,M)), which sends CA*1(g ) to CML(G U ) (resp. CA1(H,) to
Crhe(d, u (R3\ Q)), for all & € (0,1). (The construction of such a “universal” exten-

sion operator is classical, see [22].) For any 7 € D5, (defined in 105), define the extension
operator ”Zf:

Ty C’>‘+1’°‘(T(yﬁp)) — CM'I’O‘(T(%U 7(dp)) by myi=Tomo 7L
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Now we deduce the extension operator #7 : CA1(Q\ 7(d)) — C**1(R3) as follows.
For f € C*M1(Q\ 7(¢)), we let #7[f](x) equal to 75 f1(@) in 7(dJ), to f(z) in ©\ 7(J)
and to mg[f](z) in R?* \ . Now we define

a(t,-) = 7" Du(t, )] in [0,T] x R.
Let us now check that the function @ is in C([0, T]; CA+1"" (R3)) for #/ € (0, 7). From the
construction, we see that it suffices to prove that in [0, T,
lu(t, ) —u(s, ) lloarrr g,y + ult, 7() () —uls, T(S)(x))||c>\+1,r’(yp) —0Oas|t—s| — 0.
Equivalently, it suffices that

[u(t, n(s, ) — uls,n(s,2)lcrsrr (mis)-1(2,))

+lut, 7(t) o 771 (5) (0 (s, 2))) — u(s,0(8) (@)l a1 (ns) -107()57,) — O-
But this follows from the facts that u € L>(0,T; CA T4 (F(t))), n € C([0, T); CAML(Fy)),
7€ C([0,T]; SE(3)) and

||’U,(t, 77(t7 (L’)) - ’U,(S, 77(37 x))HCAJrlvr(F]o) — Oas |t - 8| — 0.
Now, that @ belongs to C,, ([0, T]; CA 17 (IR?)) is an automatic consequence of the fact that it
belongs to C([0, T]; C*17" (R3)) and to L>(0, T; C*+17(R3)). Finally, using the equations
we infer that (z5,7) € C*((=T,T)) x C*((=T,T)), Oyu € Cy((=T,T); C*"(F(t))) and
o e C((=T,T); CM' (F(t))), for 1’ € (0, 7).

REMARK 19. — It can be seen following the lines of the proof that T can be chosen in terms
of |luollcr.r + |€o| + |ro| only. It suffices to use tame estimates:

[fgllerr < Cllfllcorllglierr + 1 fllex-llgllce.r).

8.3.2. Proof of Proposition 1. — Consider (¢1,r% ut), (¢2,72,4?), n; and 7y as in the
statement. Introduce u™ as the solution given by Proposition 10, with the solid move-
ment given by (¢1,71) and where the initial condition uf’ is given by (169) associated
to (65,79, w3, $p, ug - dry- . frg u2 - dr). Call n,,, the corresponding fluid flow.

Consider the operator @, (resp. @) associated to the initial datum (€2, 72, u2) (resp.
(05,78, ud)). Since @ is contractive and has (2, 2) as its fixed point, we have

||(€17T1) - (62’7‘2)”00([0,T];R6) S ”(Zlvrl) - ﬁ2(zlvrl)”00([0,T];R6)'
(For instance, we use Remark 18 with C large enough, depending on R, so that both (¢}, r1)
and (£2,72) belong to 9.)

Note that when computing (¢, 71) by the formulas (170)-(175), the fluid domain is
exactly &1 (¢). Consequently when computing (175) corresponding to @s(¢1,71) and com-
paring with (175) corresponding to &, (¢1,71) = (¢1,71), the only differences concern the
term Vy and the initial data (¢o, ro). Hence proceeding as for (185), one deduces that

Ie8,71) = (€2,72) | oo o, 7520
(186) < (11063, 78) = (@B, m)llre + W — mill o (o, 1307417 70

A |t (t, Mm (t, 2)) — Ul(t,771(15737))||Loo([o,T];C%+1vr(9'o)))'
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From Proposition 11 and Remark 17, we deduce
(187)
1Mm — n2ll Lo (0, 17;03 417 (70)) + Tt (8, N (8, ) — wa(t, m2(t, ) || Lo (j0,77;03+17 (50
< KT||(€1,71) = (€2,72) [l co(jo,71:R8) -
Since 7¢ " (associated to initial data (o $p, up - ATy frg ud - dr)) is contractive, and
using (168), we see that for some C' > 0,
(188)
7m = M1l oo 0,733+ (70)) + [tm (8 1 (5 7)) — wa (&, 1 (8, @) || oo (0, 73;07+ 17 (70))
ot ot
SCNT™ " (m) = Dl L (o, 71,0341 (7)) -

We proceed as for (166) (it is, in fact, simpler here). Calling %, the function %/ constructed
when computing & Eor (nm), we see that at each ¢:

[ Um = tm © M llcrsrr(7g) < C(H cwrl( U, 01, ) = curl(um) || orr (1))

+ 1 div(Upm 0 mp,") — div(um)llorr (e
g

> 7{ (Ui 0y — ) - d7
n2(T3)

i=1

+

1| (U 0151 1 = -l eren 070 )

j{ ué~d7‘—]{ug-d7
n(T) Ty

i

< C(Jlwb - wBllcrrzo) + D

)

Recalling that T (nn(t, ) = o (t,-) = Ji¥ Unn — tm 0 My, with (186), (187) and (188),
we deduce the claim.
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