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ABSTRACT. — We establish a dimension formula for the harmonic measure of a finitely supported
and symmetric random walk on a hyperbolic group. We also characterize random walks for which this
dimension is maximal. Our approach is based on the Green metric, a metric which provides a geometric
point of view on random walks and, in particular, which allows us to interpret harmonic measures as
quasiconformal measures on the boundary of the group.

RESUME. — On établit une formule de la dimension de la mesure harmonique d’une marche aléa-
toire de loi de support fini et symétrique sur un groupe hyperbolique. On caractérise aussi les lois pour
lesquelles la dimension est maximale. Notre approche repose sur la distance de Green, une distance qui
permet de développer un point de vue géométrique sur les marches aléatoires et, en particulier, d’inter-
préter les mesures harmoniques comme des mesures quasiconformes.

1. Introduction

Let I be a non-elementary word hyperbolic group. There are two main constructions of
measures on the boundary dI" of I": quasiconformal measures and harmonic measures. Let
us recall these constructions.

Given a cocompact properly discontinuous action of I' by isometries on a pointed proper
geodesic metric space (X, w, d), the Patterson-Sullivan procedure consists in taking weak
limits of

1 —sd(w,y(w))
2 yer e—sd(w,y(w)) Z ¢ M0y w)

el
as s decreases to the logarithmic volume growth
def .. 1
v = limsup — log |B(w, R) NT'(w)] .
R—oo R

Patterson-Sullivan measures are quasiconformal measures and Hausdorff measures of 0.X
when endowed with a visual metric.
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684 S. BLACHERE, P. HAISSINSKY AND P. MATHIEU

Given a probability measure g on I', the random walk (Z,,),, starting from the neutral
element e associated with y is defined by

ZOZC; Zn+l :Zn'Xn+1y

where (X,,) is a sequence of independent and identically distributed random variables of
law p. Under some mild assumptions on pu, the walk (Z,,),, almost surely converges to a
point Z, € OI'. The law of Z, is by definition the harmonic measure v.

The purpose of this work is to investigate the interplay between these two classes of
measures and take advantage of this interplay to derive information on the geometry of
harmonic measures.

We show that, for a general hyperbolic group, the Hausdorff dimension of the harmonic
measure satisfies a ’dimension-entropy-rate of escape’ formula and we characterize those
harmonic measures of maximal dimension. These results are intimately connected with a
sharp control of the deviation of sample paths of the random walk with respect to geodesics.

Not surprisingly, the starting point is A. Ancona’s theorem stating that the Green function
is almost multiplicative along geodesics [2, Thm 6.1].

The usual tool for studying selfsimilar measures is to replace the action of the group by a
linear-in-time action of a dynamical system and then to apply the thermodynamic formalism
to it. Indeed it is tempting to interpret Ancona’s estimate as a kind of Gibbs property of
the harmonic measure. This strategy was successfully used in special cases: for free groups
and Fuchsian groups, a Markov-map Fr has been introduced on the boundary which is
orbit-equivalent to I" [12, 35]. For discrete subgroups of isometries of a Cartan-Hadamard
manifold, one may work with the geodesic flow [24, 26, 33, 34]. Both these methods seem
difficult to implement for general hyperbolic groups. On the one hand, it is not obvious how
to associate a Markov map with a general hyperbolic group; in particular, not enough is
known on the automatic structure of a hyperbolic group to derive a coding of its boundary.
On the other hand, the construction of the geodesic flow for general hyperbolic spaces is
delicate and its mixing properties do not seem strong enough to apply the thermodynamic
formalism.

Our approach is completely different: it directly combines geometric and probabilistic
arguments without any reference to the thermodynamic formalism. We make a heavy use
of the so-called Green metric associated with the random walk. Ancona’s theorem implies
that the Green metric is hyperbolic in the sense of Gromov. It is then a simple but crucial
observation that the harmonic measure is actually a Patterson-Sullivan measure. Hence
the Green metric provides us with a genuine geometric framework for random walks. The
computation of the dimension of the harmonic measure now follows from a straightforward
argument. The explicit expression of the Green metric in terms of the hitting probability
of the random walk makes it possible to directly take advantage of the independence of the
increments of the walk. The combination of both facts —hyperbolicity and independence—
yields very precise estimates on how random paths deviate from geodesics. This is used for
analyzing the harmonic measures of maximal dimension. We also get an alternative and
rather straightforward proof of the fact that the harmonic measure of a random walk on
a Fuchsian group with cusps is singular, a result previously established in [19] and [15] by
completely different methods.

4¢ SERIE - TOME 44 — 2011 — N° 4



HARMONIC MEASURES VERSUS QUASICONFORMAL MEASURES 685

The Green metric is not geodesic in general, so that we are led to developing a new
framework for a special class of non-geodesic hyperbolic spaces that we call quasiruled
spaces. Thus, we extend classical results such as the approximation of finite configurations
by trees and the theory of quasiconformal measures.

We believe that our approach is also significant from a purely geometric point of view. For
instance, it raises the question whether—in general—Patterson-Sullivan measures of maxi-
mal Hausdorff dimension can be similarly characterized. To our knowledge, this problem is
completely open; compare with [13].

The rest of this introduction is devoted to a more detailed description of our results.

1.1. Geometric setting

Given a hyperbolic group T, we let 9D(T") denote the collection of hyperbolic left-invariant
metrics on I which are quasi-isometric to a word metric induced by a finite generating set
of I'. In general these metrics do not come from proper geodesic metric spaces as we will see
(cf. Theorem 1.1 for instance). In the sequel, we will distinguish the group as a space and as
acting on a space: we keep the notation I" for the group, and we denote by X the group as a
metric space endowed with a metricd € P(I"). We may equivalently write (X, d) € D(T'). We
will often require a base point which we will denote by w € X. We recall that the boundary
can be supplied with a family of so-called visual distances d. which essentially depend on a
visual parameter € > 0 (cf. §2).

This setting enables us to capture in particular the following two situations.

— Assume that I admits a cocompact properly discontinuous action by isometries on a
proper geodesic space (Y, d). Pick w € Y such that v € T' — ~(w) is a bijection, and
consider X = I'(w) with the restriction of d.

— We may choose (X,d) = (I',dg) where dg is the Green metric associated with a
random walk (see Theorem 1.1).

Let 1 be a symmetric probability measure the support of which generates I". Even if
the support of p may be infinite, we will require some compatibility with the geometry of
the quasi-isometry class of 9(I"). Thus, we will often assume one of the following two
assumptions. Given a metric (X,d) € 9D(T"), we say that the random walk has finite first
moment if

> d(w, y(w))p(y) < oo

yel

We say that the random walk has an exponential moment if there exists A > 0 such that

Z e)‘d(w”(“’))u('y) < 00,
~eT

Note that both these conditions only depend on the quasi-isometry class of the metric.
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1.2. The Green metric

The analogy between both families of measures—quasiconformal and harmonic—has
already been pointed out in the literature e.g. [13, 26, 36]. Our first task is to make this
empirical fact a theorem, i.e., we prove that harmonic measures are indeed quasiconformal
measures for a well-chosen metric: given a symmetric law g on I' such that its support
generates I, let F'(x,y) be the probability that the random walk started at x ever hits y, i.e.,
the probability there is some n such that xZ,, = y. Let

ef
de(z,y)  —log F(,y).

This function dg is known to be a left-invariant metric on I'. It was first introduced by
S. Blachére and S. Brofferio in [8] and further studied in [9]. It is non-degenerate as soon
as the walk is transient, i.e., eventually leaves any finite set. This is the case as soon asI'is a
non-elementary hyperbolic group.

The Green function is defined by

Gla,y) ¥ S PlaZ, =y = > u'(aty),
n=0 n=0

where, for each n > 1, u™ is the law of Z,,, i.e., the nth convolution power of the measure p.
The Markov property and the invariance by the group imply

G(z,y) = F(z,y)G(y,y) = F(z,y)G(e,¢€)
so that
dg(z,y) =log G(e,e) —log G(x,y) .
Non-elementary hyperbolic groups are non-amenable and for such groups and finitely
supported laws p, it was proved in [&] that the Green and word metrics are quasi-isometric.

Nevertheless it does not follow from this simple fact that d¢g is hyperbolic.
We first prove the following:

THEOREM 1.1. — Let I' be a non-elementary hyperbolic group, p a symmetric probability
measure on I the support of which generates T.

(1) Assume that p has an exponential moment, then dg € D(T') if and only if for any r there
exists a constant C(r) such that

) F(z,y) < C(r)F(z,v)F(v,y)

whenever x,y and v are points in a locally finite Cayley graph of T and v is at distance
at most r from a geodesic segment between x and y.

(ii) If dg € D(T') then the harmonic measure is Ahlfors regular of dimension 1/e, when T
is endowed with a visual metric dS of parameter ¢ > 0 induced by dg.

A. Ancona proved that (1) holds for finitely supported laws p [2, Thm 6.1] and he used
this estimate as the key ingredient in proving that the Martin boundary coincides with the
geometric (hyperbolic) boundary; we may track down this idea to [1], see also [26, Thm 3.1].
The relationships between the Green metric and the Martin boundary are further discussed
in§l.5and §3.2.

Theorem 1.1 in particular yields
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COROLLARY 1.2. — Let I be a non-elementary hyperbolic group, p a finitely supported
symmetric probability measure on T the support of which generates T'. Then its associated
Green metric dg is a left-invariant hyperbolic metric on T quasi-isometric to T such that the
harmonic measure is Ahlfors regular of dimension 1/e, when O is endowed with a visual
metric d€ of parameter € > 0 induced by dg.

Our second source of examples of random walks satisfying (1) will come from Brownian
motions on Riemannian manifolds of negative curvature. The corresponding law p will then
have infinite support (see § 1.6 and §6).

1.3. Dimension of the harmonic measure at infinity

Let (X, d) € D(T'). We fix a base pointw € X and consider the random walk on X started
at w, i.e., the sequence of X-valued random variables (Z,,(w)) defined by the action of T’
on X . There are (at least) two natural asymptotic quantities one can consider: the asymptotic
entropy

e~ > yer 1™ (y) log u™ (7)
n

o = Twerq PlZa(w) = o] log P(Z, (w) = o]

n n n

which measures the way the law of Z, (w) is spread in different directions, and the rate of
escape or drift
def d(w,Zn(’w))

¢ 3 Jipg B 200
n n

which estimates how far Z,, (w) is from its initial point w. (The above limits for h and ¢ are
almost sure and in L' and they are finite as soon as the law has a finite first moment.)
We obtain the following.

THEOREM 1.3. — Let T be a non-elementary hyperbolic group, (X,d) € D(T), de be a
visual metric of 0X, and let B.(a,r) be the ball of center a € 0X and radius v for the
distance d.. Let v be the harmonic measure of a random walk (Z,,) whose increments are given
by a symmetric law p with finite first moment such that dg € D(T).

The pointwise Hausdorff dimension lim,._, W exists for v-almost every a € 0X,
and is independent from the choice of a. More precisely, for v-almost every a € 80X,

lim log v(B:(a,r)) _fte
r—0 log r el

where £ > 0 denotes the rate of escape of the walk with respect to d and £ def lim,, M

the rate of escape with respect to dg.

We recall that the dimension of a measure is the infimum Hausdorff dimension of sets of
positive measure. In [9], it was shown that /g = h the asymptotic entropy of the walk. From
Theorem!.3, we deduce that

COROLLARY 1.4. — Under the assumptions of Theorem 1.3,
dimyv = —

el
where h denotes the asymptotic entropy of the walk and € its rate of escape with respect to d.

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



688 S. BLACHERE, P. HAISSINSKY AND P. MATHIEU

This dimension formula already appears in the work of F. Ledrappier for random walks on
free groups [35]. See also V. Kaimanovich [27]. For general hyperbolic groups, V. Leprince
established the inequality dimv < h/(ef) and made constructions of harmonic measures
with arbitrarily small dimension [31]. More recently, V. Leprince established that h /&£ is also
the box dimension of the harmonic measure under the sole assumption that the random walk
has a finite first moment [32]. Note however that the notion of box dimension is too weak to
ensure the existence of the pointwise Hausdorff dimension almost everywhere.

This formula is also closely related to the dimension formula proved for ergodic invariant
measures with positive entropy in the context of geometric dynamical systems: the drift
corresponds to a Lyapunov exponent [45].

1.4. Characterization of harmonic measures with maximal dimension

Given a random walk on a finitely generated group I" endowed with a left-invariant
metric d, the so-called fundamental inequality between the asymptotic entropy h, the drift ¢
and the logarithmic growth rate v of the action of I reads

h</tv.

It holds as soon as all these objects are well-defined (cf. [9]). Corollary 1.4 provides a geo-
metric interpretation of this inequality in terms of the harmonic measure: indeed, since v/e
is the dimension of (90X, d.), see [14], it is clearly larger than the dimension of v.

A. Vershik suggested the study of the case of equality (see [18, 43]). For any hyperbolic
group, Theorem 1.1 implies that the equality & = fv holds for the Green metric and Theo-
rem 1.5 below shows that the equality for some d € D(T") implies d is almost proportional
to dg. In particular, given a metric in 9(T"), all the harmonic measures for which the (fun-
damental) equality holds belong to the same class of quasiconformal measures.

In the sequel, two measures will be called equivalent if they share the same sets of zero
measure.

THEOREM 1.5. — Let T be a non-elementary hyperbolic group and (X,d) € D(T'); let d.
be a visual metric of 0X, and v the harmonic measure given by a symmetric law p
with an exponential moment, the support of which generates T. We further assume that
(X,dg) € D). We denote by p a quasiconformal measure on (0X,d.). The following
propositions are equivalent.

(i) We have the equality h = fv in the metric d.
(i1) The measures p and v are equivalent.
(iii) The measures p and v are equivalent and the density is almost surely bounded and
bounded away from 0.
(iv) The map (T',dg) ELN (X,vd) is a (1, C)-quasi-isometry.
(V) The measure v is a quasiconformal measure of (0X,d.) .

This theorem is the counterpart of a result of F. Ledrappier for Brownian motions on
universal covers of compact Riemannian manifolds of negative sectional curvature [33], see
also § 1.6. Similar results have been established for the free group with free generators, see
[35]. The case of equality h = fv has also been studied for particular sets of generators of
free products of finite groups [38]. For universal covers of finite graphs, see [36].
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Theorem 1.5 enables us to compare random walks and decide when their harmonic mea-
sures are equivalent.

COROLLARY 1.6. — Let T be a non-elementary hyperbolic group with two finitely supported
symmetric probability measures u and i where both supports generate I'. We consider the
random walks (Z,,) and (Z,). Let us denote their Green functions by G and G respectively, the
asymptotic entropies by h and h, and the harmonic measures seen from the neutral element e
by v and v. The following propositions are equivalent.

(1) We have the equality
7 = lim _71 log G(e,Z)
in L' and almost surely.
(1) We have the equality
h = lim %1 log a(e, Zy)
in L' and almost surely.

(ii1) The measures v and U are equivalent.
(iv) There is a constant C such that

1.5. The Green metric and the Martin compactification

Given a probability measure p on a countable group I', one defines the Martin kernel

det G(z,y)

K(z,y) = Ky(z) = Gley)
By definition, the Martin compactification T' U 0y, is the smallest compactification of I'
endowed with the discrete topology such that the Martin kernel continuously extends
toI" x (' U Oy T). Then 9T is called the Martin boundary.

A general theme is to identify the Martin boundary with a geometric boundary of the
group. It was observed in [9] that the Martin compactification coincides with the Busemann
compactification of (T', dg). We go one step further by showing that the Green metric pro-
vides a common framework for the identification of the Martin boundary with the boundary

at infinity of a hyperbolic space (cf. [2, 5, 26]).

THEOREM 1.7. — Let T' be a countable group, p a symmetric probability measure the
support of which generates I'. We assume that the corresponding random walk is transient. If
the Green metric dg is hyperbolic, then the Martin boundary consists only of minimal points
and it is homeomorphic to the hyperbolic boundary of (I, dg).

In particular, if T is a non-elementary hyperbolic group and if dg € D(T), then OyT is
homeomorphic to OT.

One easily deduces from Corollary 1.2:

COROLLARY 1.8 (A. Ancona). — Let T' be a non-elementary hyperbolic group, p a finitely
supported probability measure the support of which generates I'. Then the Martin boundary is
homeomorphic to the hyperbolic boundary of T.
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In§ 6.2, we provide examples of hyperbolic groups with random walks for which the Green
metric is hyperbolic, but not in the quasi-isometry class of the group, and also examples of
non-hyperbolic groups for which the Green metric is nonetheless hyperbolic. These examples
are constructed by discretizing Brownian motions on Riemannian manifolds (see below).

1.6. Brownian motion revisited

Let M be the universal covering of a compact Riemannian manifold of negative curvature
with deck transformation group T', i.e., the action of I is isometric, cocompact and properly
discontinuous. The Brownian motion (£;) on M is the diffusion process generated by the
Laplace-Beltrami operator. The following limit exists almost surely and in L' and we call it
the drift of the Brownian motion:

00 % tim d(€o, &) :
t
it is also known that £,; > 0 and that (§;) almost surely converges to a point &, in OM
[40, 41]. The distribution of £, is the harmonic measure. Furthermore, V. Kaimanovich has
defined an asymptotic entropy hjs which shares the same properties as for random walks
[23]. He also proved that the fundamental inequality hjy; < £,,v remains valid in this setting,
where v denotes the logarithmic volume growth rate of M.

Refining a method of T. Lyons and D. Sullivan [37], W. Ballmann and F. Ledrappier
construct in [5] a random walk on I which mirrors the trajectories of the Brownian motion
and to which we may apply our previous results. This enables us to recover the following
results.

THEOREM 1.9. — Let M be the universal covering of a compact Riemannian manifold of
negative curvature. Let v be the logarithmic volume growth of M and d. be a visual distance

on OM. Then
dimv = h—M
&’EM
where hy; and £y; denote the asymptotic entropy and the drift of the Brownian motion
respectively. Furthermore, hyr = €pv if and only if v is equivalent to the Hausdorff measure

of dimension v/e on (O0M, d.).

The first result is folklore and explicitly stated by V. Kaimanovich in the introduction of
[24], but we know of no published proof. The second statement is due to F. Ledrappier [33].
Note that more is known: the equality hy; = £)v is equivalent to the equality of v with the
canonical conformal measure on (OM, d.) for surfaces [34]; and equality of both measures
(in any dimension) is possible only if M is a rank 1 symmetric space [0].

1.7. Fuchsian groups with cusps

We provide an alternative proof based on the Green metric of a theorem due to Y. Gui-
varc’h and Y. Le Jan about random walks on Fuchsian groups, see the last corollary of [19].
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THEOREM 1.10 (Y. Guivarc’h & Y. Le Jan). — Let T be a discrete subgroup of PSLa(R)
such that the quotient space H> /T is not compact but has finite volume. Let vy be the harmonic
measure on S' given by a symmetric law p with finite support on T. (Almost any trajectory of
the random walk converges to a point in H?> = S* and v is the law of this limit point.) Then
vy is singular with respect to the Lebesgue measure on S*.

Note that it follows from Theorem 1.5 that v; is singular with respect to the Lebesgue
measure if and only if its dimension is less than 1.

This theorem was originally derived from results on winding numbers of the geodesic flow,
see [19] and [20]. A more recent proof based on ergodic properties of smooth group actions
on S! was obtained by B. Deroin, V. Kleptsyn and A. Navas in [15]. It applies to random
walks with a finite first moment.

We shall see how Theorem 1.10 can also be deduced from the hyperbolicity of the Green
metric through a rather straightforward argument. We only consider the symmetric and
finite support case even though it would also work if the random walk has a first finite
moment and if dg € D(I").

We thank B. Deroin, Y. Guivarc’h and Y. Le Jan for enlightening explanations on their
theorem.

1.8. Outline of the paper

In Section 2, we recall the main facts on hyperbolic groups which will be used in the
paper. We introduce the notion of quasiruled structures which enables us to generalize the
theory of geodesic hyperbolic metric spaces to a broader setting. In Section 3, we recall
the construction of random walks, discuss some of their properties and introduce the Green
metric. We also prove Theorem 1.7 and Theorem 1.1. We then draw some consequences on
the harmonic measure and the random walk. The following Section 4 deals with the proof
of Theorem 1.3. In Section 5, we deal with Theorem 1.5 and its corollary and we conclude
with the proof of Theorem 1.10. Finally, Theorem 1.9 is proved in Section 6.

1.9. Notation

A distance in a metric space will be denoted either by d(-, -) or |-—-|. If a and b are positive,
a < b means that there is a universal positive constant u such that a < ub. We will write
a =< bwhen botha < band b < a hold. Throughout the article, dependance of a constant
on structural parameters of the space will not be notified unless needed. Sometimes, it will
be convenient to use Landau’s notation O(-).

Acknowledgements. — We thank the anonymous referees for their comments which helped
improve the exposition.
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2. Hyperbolicity in metric spaces

Let (X, d) be a metric space. It is said to be proper if closed balls of finite radius are
compact. A geodesic curve (resp. ray, segment ) is a curve isometric to R (resp. R, a compact
interval of R). The space X is said to be geodesic if every pair of points can be joined by a
geodesic segment.

DEFINITION. — A metric space (X, d) is §-hyperbolic (§ > 0) if, for any w,z,y,z € X,
the following ultrametric type inequality holds

(¥]2)w 2 min{(z(y)w, (z|2)w} -6,
where the Gromov inner product is defined as
def
(@y)w = 1/2){|z —w|+ |y —w| = |z —yl}.
We shall write (-|-),, = (+|-) when the choice of w is clear from the context.

Given two constants A > 1,¢ > 0,amap f : X — Y between two metric spaces is a
(X, ¢)-quasi-isometric embedding if, for any z, 2’ € X, we have

Sl =l = e < If(@) ~ f&)] < Mo - +e.

The map f is a (A, ¢)-quasi-isometry if, in addition, there exist a quasi-isometric embedding
g : Y — X and a constant C such that |g o f(z) — z| < C for any z € X. A quasigeodesic
curve (resp. ray, segment) is the image of R (resp. R, a compact interval of R) by a quasi-
isometric embedding.

Compactification. — Let X be a proper hyperbolic space, and w € X a base point. A
sequence (z,) tends to infinity if, by definition, (z,|2,,) — oo as m,n — oo. The visual
or hyperbolic boundary 0X of X is the set of sequences which tend to infinity modulo the
equivalence relation defined by: (z,) ~ (yn) if (z,|yn) — o00. One may also extend the
Gromov inner product to points at infinity in such a way that the inequality

(ylz) = min{(z[y), (z[2)} -4,
now holds for any points w, z,y,z € X U0X.
For each € > 0 small enough, there exists a so-called visual metric d. on X, i.e., which
satisfies for any a,b € 0X: d.(a,b) =< e~=(@l®),
We shall use the notation B.(a,r) to denote the ball in the space (0.X, d.) with center a
and radius r.
We refer to [17] for the details (chap. 6 and 7).

Busemann functions. — Let us assume that (X, d) is a hyperbolic space. Let a € 9X,
z,y € X. The function

Ba(z,y) def sup {lim sup[d(z, an) — d(y, an)]} ,

n—oo

where the supremum is taken over all sequences (a, ), in X which tends to a, is called the
Busemann function at the point a.
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Shadows. — Let R > 0 and z € X. The shadow U(z, R) is the set of points a € dX such
that (a|x), > d(w,z) — R.
Approximating finitely many points by a tree (cf. Theorem 2.4) yields:

ProOPOSITION 2.1. — Let (X, d) be a hyperbolic space. For any T > 0, there exist positive
constants C, Ry such that for any R > Ry, a € 0X and x € X such that (w|a), < T,

1 Re ,—¢e|lw—z| Re ,—e|lw—z]|
B, (a,ae e ) C U(z,R) C B: (a,Ce e ) .

Shadows will enable us to control measures on the boundary of a hyperbolic group, see
the lemma of the shadow in the next paragraph.

2.1. Quasiruled hyperbolic spaces

For geodesic spaces, hyperbolicity admits many characterizations based on geodesic
triangles (cf. Prop. 2.21 from [17]). Most of them still hold when the space X is just a length
space (see eg. [42]).

It is known that if X and Y are two quasi-isometric geodesic spaces, then X is hyperbolic
if and only if Y is (Theorem 5.12 in [17]). This statement is known to be false in general if
we do not assume both spaces to be geodesic (Example 5.12 from [17], and Proposition 2.3
below).

Since quasi-isometries do not preserve small-scales of metric spaces, in particular
geodesics, it is therefore important to find other coarse characterizations of hyperbolicity.
We propose a setting which enables us to go through the whole theory of quasiconformal
measures as if the underlying space was geodesic.

Recall that a metric space is said to be quasigeodesic if there are constants A, ¢ such that
any pair of points can be connected by a (), ¢)-quasigeodesic. The image of a geodesic space
by a quasi-isometry is thus quasigeodesic. But as it was mentioned earlier, hyperbolicity need
not be preserved.

DEFINITION. — A 7-quasiruler is a quasigeodesic g : R — X (resp. quasisegment
g: I — X, quasiray g : R, — X) such that, for any s < t < u,

(9(s)lg(u))gey < -

Let X be a metric space. Let A > 1 and 7,¢ > 0 be constants. A quasiruling structure g
is a set of T-quasiruled (), ¢)-quasigeodesics such that any pair of points of X can be joined
by an element of &. A metric space will be quasiruled if it admits a quasiruling structure.

THEOREM 2.2. — Let X be a geodesic hyperbolic metric space, and Y a metric space
quasi-isometric to X. Then'Y is hyperbolic if and only if' Y is quasiruled.

A quasigeodesic hyperbolic space is quasiruled by [10, Thm 4.1]. The idea of the proof of
the converse, which we will not give here, is to approximate the configuration of four points
joined by quasirulers by a tree.

In [17], the authors provide an example of a non-hyperbolic metric space quasi-isometric
to R. One could wonder if, in the case of groups, the invariance of hyperbolicity holds for
quasi-isometric and invariant metrics. This is not the case:
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PRrROPOSITION 2.3. — For any hyperbolic group, a left-invariant metric quasi-isometric to a
word metric exists which is not hyperbolic.

We are grateful to C. Pittet and I. Mineyev for having pointed out to us the metric d in the
following proof as a possible candidate.

Proof. — Let T' be a hyperbolic group and let |.| denote a word metric. We define the
metric
d(z,y) = & —y| +log(1 + [z —y|).
Clearly, |z — y| < d(z,y) < 2|z — y| holds and d is left-invariant by T".
Let us prove that (T, d) is not quasiruled, hence not hyperbolic by Theorem 2.2.
Let g be a geodesic for |.| which we identify with Z. Since (I, d) is bi-Lipschitz to (T', | - |),
itis a (2, 0)-quasigeodesic for d. But

(1+n)?
d(0 d(n,2n) — d(0,2n) = log ———
(0,1) + d(n, 2n) — (0, 2n) = log "2~
asymptotically behaves as log n. Therefore g is not quasiruled. O

Approximate trees. — Approximate trees is an important tool to understand hyperbolicity
in geodesic spaces. Here, we state the analogous statement in the setting of hyperbolic
quasiruled metric spaces.

THEOREM 2.4. — Let (X, w) be a d-hyperbolic metric space and let k > 0.

() If | X| < 2% + 2, then there is a finite metric pointed tree T and a map ¢ : X — T such

that :
— Vz € X, |¢(z) — p(w)| = [z — w|,
— Vo,y € X, |z —y| — 2ké < |d(z) — ¢(y)| < |z —yl-

(ii) Ifthere are T-quasiruled rays (X;, w;)1<i<n Withn < 2k such that X = UX;, then there
is a pointed R-tree T and a map ¢ : X — T such that

— Vo € X, [¢(z) - d(w)] = o — w],
— Vaz,y € X, |z —y| —2(k+1)6 —4c— 27 < |p(z) — d(y)| < |z — y|, where
¢ = max{|w — w;|}.
The proof mimics the proof of the standard case [17, Theorem 2.12].
Visual ~quasiruling structures. — Let (X,d,w) be a hyperbolic space endowed with a

quasiruling structure . We say that & is visual if any pair of points in X U 0X can be
joined by a T-quasiruled (), ¢)-quasigeodesic. If X is a proper space, then any quasiruling
structure can be completed into a visual quasiruling structure. Also, if Y is a hyperbolic
geodesic proper metric space and ¢ : Y — X is a quasi-isometry which maps any geodesic
segment to a 7-quasiruler, then the induced quasiruling structure is also visual. This fact
can in particular be applied when Y is a locally finite Cayley graph of a non-elementary
hyperbolic group T, (X, d) € D(T") and ¢ is the identity map. Thus one endows (X, d) with
a visual quasiruling structure.

Note that, in a hyperbolic space endowed with a visual quasiruling structure, Theorem 2.4
implies that the definition of Busemann functions we gave is equivalent to the classical one
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based on geodesics. One can actually retrieve the metric from the Busemann functions as the
next lemma shows.

LEMMA 2.5. — Let (X, w) be a pointed hyperbolic quasiruled space with the following
quasi-starlike property: there exists Ry such that any x € X is at distance at most R, from a
quasiray [w,a), a € 0X. Then there exists a constant C such that

[lz —y| — sup Ba(z,y)| < C,
acdX

forall x,y € X. The constant C depends only on the data (4§, A\, ¢, T, Ry ).

Observe that the quasi-starlike property is satisfied as soon as there is a cocompact action
of a subgroup of isometries of X.

Proof. — From the triangle inequality, we always have 8,(z,y) < |z — y|. Now choose
z,y € X and a € X such that y is at distance at most R; from a quasiray [w, a). If these
four points were really sitting on a tree, we would have 8,(z,y) > |z — y| — R;. Using
approximate trees as in Theorem 2.4, we get the lemma. O

Shadows. — Let (X, d,w) be a hyperbolic quasiruled space endowed with a visual quasirul-
ing structure . We already defined the shadow U(z, R) above. An alternative definition is:
let Uy(z, R) be the set of points @ € X such that there is a quasiruler [w,a) € & which
intersects

B(z,R) ={y € X : d(z,y) < R}.
The following holds by applying Theorem 2.4, since & is visual.

PROPOSITION 2.6. — Let X be a hyperbolic space endowed with a visual quasiruling
structure §. There exist positive constants C, Ry such that for any R > Ry, a € 0X and
z €|w,a) €Y,

Uy(r,R—C) C U(z,R) C Uy(x, R+ C).

2.2. Hyperbolic groups

Let X be a hyperbolic proper metric space and I' a subgroup of isometries which acts
properly discontinuously on X, i.e., for any compact sets K and L, the number of group
elements v € I' such that v(K) N L # @ is finite. For any point z € X, its orbit I'(x)
accumulates only on the boundary 80X, and its set of accumulation points turns out to be
independent of the choice of z; by definition, I'(z) N 0X is the limit set A(T") of T

An action of a group I' on a metric space is said to be geometric if

1. each element acts by isometry;
2. the action is properly discontinuous;
3. the action is cocompact.
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For example, if T is a finitely generated group, S is a finite symmetric set of generators, one
may consider the Cayley graph X associated with S: the set of vertices are the elements of the
group, and pairs (7,7') € T x T define an edge if v~y € S. Endowing X with the metric
which makes each edge isometric to the segment [0, 1] defines the word metric associated
with S. It turns X into a geodesic proper metric space on which I' acts geometrically by
left-translation.

A group I is hyperbolic if it acts geometrically on a geodesic proper hyperbolic metric
space (e.g. a locally finite Cayley graph). In this case, one has A(T') = 0X.

We will say that a metric space (X,d) is quasi-isometric to the group T if it is quasi-
isometric to a locally finite Cayley graph of T.

Let T" be a hyperbolic group geometrically acting on (X, d). The action of I" extends to
the boundary. Busemann functions, visual metrics and the action of I" are related by the
following property: for any a € 90X and any v € T, there exists a neighborhood V of a
such that, for any b,c € V,

d. ('Y(b)a 7(0)) = L'y(a)da (b, C)
def

where L, (a) = =P (w.r™ () Moreover, T also acts on measures on dX through the

rule v*p(A) def p(vA). In other words, v*p is the pull-back of p by -~y (this is particularly

convenient for defining quasiconformal measures, see (ii) of Theorem 2.7).

2.3. Quasiconformal measures

The next theorem summarizes the main properties of quasiconformal measures on the
boundary of X. It was proved by M. Coornaert in [14] in the context of geodesic spaces. We
state here a more general version to cover the case d € D(I").

THEOREM 2.7. — Let (X,d) be a proper quasiruled hyperbolic space endowed with a
geometric action of a non-elementary hyperbolic group T'. For any small enough € > 0, we
have 0 < dimg (0X,d.) < oo and

of 1. 1 .
v % lim sup & log |[{T'(w) N B(w, R)}| = ¢ - dimp (0X,d.).

Let p be the Hausdorff measure on X of dimension « &ty /e

(1) p is Ahlfors-regular of dimension «, i.e., for any a € 80X, for any r € (0,diamdX),
p(B:(a,r)) < re Inparticular, 0 < p(0X) < oo.

(1) p is a quasiconformal measure i.e., for any isometry v we have p < v*p < p and
dy*p
dp
(ii1) The action of T is ergodic for p i.e., for any T'-invariant Borelian B of 0X,
p(B) =0 or p(0X\B)=0.

= (Ly)*pa.e.

d
Moreover, if p' is another T'-quasiconformal measure, then p < p' < p and dfp’ =< 1lae
P

and
{T'(w) N B(w, R)}| < eV F
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The whole theory of quasiconformal measures for hyperbolic groups acting on geodesic
spaces in [14] is based on the existence of approximate trees. Therefore, the same proof as in
[14] leads to Theorem 2.7.

The class of measures thus defined on 0X is called the Patterson-Sullivan class. It does
not depend on the choice of the parameter ¢ but it does depend on the metric d.

The study of quasiconformal measures yields the following key estimate [14]:

LemMma 2.8 (Lemma of the shadow). — Under the assumptions of Theorem 2.7, there
exists Rg, such that if R > Ry, then, for any ¢ € X,

p(O(, ) = e i)

where the implicit constants do not depend on .

3. Random walks and Green metrics for hyperbolic groups

Let I be a non-elementary hyperbolic group. We fix a metric (X, d) € 9(T") with a base
point w € X, and we consider a symmetric probability measure g on I" with finite first
moment the support of which generates I'.

Let (Z,),, be the random walk starting from the neutral element e associated with u. Thus,
for each n, Z,, is a random variable taking its values in I". We use the notation Z, (w) for the
image of the base point w € X by Z,,.

Since I is assumed to be non-elementary, I" is non-amenable so not only is the random
walk always transient, the rate of escape

£ i 20 Z00)

n n
is also positive (cf. [28, §7.3]).

There are different ways to prove that almost any trajectory of the random walk has a
limit point Z, (w) € 0X. We recall below a theorem by V. Kaimanovich (cf. Theorem 7.3 in
[28] and §7.4 therein) since it contains some information on the way (Z,, (w)) actually tends
to Zo (w) that will be used later.

THEOREM 3.1 (V. Kaimanovich). — Let T' be a non-elementary hyperbolic group and
(X,d) € D), and let us consider a symmetric probability measure p with finite first moment
the support of which generates T. Then (Z,,(w)) almost surely converges to a point Zy,(w) on
the boundary.

For any a € 0X, we choose a quasigeodesic [w, a) from w to a in a measurable way.

For any n, there is a measurable map ., from 0X to X such that w,(a) € [w,a), and, for
almost any trajectory of the random walk,

o i 1Z0(0) = 7 (Zeo ()

n— o0 n

=0.
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The actual result was proved for geodesic metrics d. Once proved in a locally finite Cayley
graph, one may then use a quasi-isometry to get the statement in this generality.

The estimate (2) will be improved in Corollary 3.9 under the condition that dg belongs
to D(I).

The harmonic measure v is then the law of Z, (w), i.e., it is the probability measure on 0.X
such that v(A) is the probability that Z.,(w) belongs to the set A. More generally, we let v,
be the harmonic measure for the random walk started at the point y(w), v € I, i.e., the law
of ¥(Zso (w)). Comparing with the action of I on 0.X, we see that y*v = v, 1.

3.1. Properness of the Green metric
Let T" be a countable group and p a symmetric law the support of which generates I". We

endow I" with the Green metric associated to p.

LemMA 3.2. — Let pu be a symmetric probability measure on T' which defines a transient
random walk. Then (T, dg) is a proper metric space, i.e., balls of finite radius are finite.

Proof. — It is enough to prove that G(e, x) tends to 0 as x leaves any finite set.

Fix n > 1; by definition of convolution and by the Cauchy-Schwarz inequality,

p(z) = pt ety e) < D)2, > ur(yie)?.

yel yerl yel

Since we are summing over the same set, it follows that
S ourw)? =Y pty e’
yer’ yel

and the symmetry of y implies that

o) =Y wr ety = pe).

yel yer
Therefore, 2" (z) < u?"(e). Similarly,
p2 @) = py)p ) <Y ply)pt(e) < phe).

yel yel

Since the walk is transient, it follows that G(e, e) is finite, so, given ¢ > 0, there is some

k > 1 such that
Do) < D ute) <e.
n>k n>2k

On the other hand, since p™ is a probability measure for all n, there is some finite subset K
of T such that, for alln € {0,...,2k — 1}, u"(K) > 1 — ¢/(2k). Therefore, if x ¢ K, then

Gle,x)= Y, p'@+ > p'@) < Y, p"(C\E)+2) p(e) <e+2.

0<n<2k n>2k 0<n<2k n>k

The lemma follows. O
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3.2. The Martin boundary

In this paragraph, we prove Theorem 1.7. The key steps are similar to Ancona’s original
approach, but phrased in a more geometrical language (note that there is a mistake in the
proof of [26, Thm 3.1]).

Let I' be a countable group and p be a symmetric probability measure on I'. We assume
that the support of u generates I" and that the corresponding random walk is transient.

A non-negative function h on I' is p-harmonic (harmonic for short) if, for all z € T,

h(z) = h(y)uy).
yel
A positive harmonic function A is minimal if any other positive harmonic function v smaller
than h is proportional to h.

Let us briefly recall the construction of the Martin boundary 9y I': let ¥ : I' — C(I')
be defined by y — K, = K(-,y). Here C(T") is the space of real-valued functions defined
on I endowed with the topology of pointwise convergence. It turns out that ¥ is injective
and thus we may identify I" with its image. The closure of ¥(I") is compact in C(T") and, by
definition, 9y, T" = ¥(T') \ ¥(T") is the Martin boundary. In the compact space I' U 9T, for
any initial point z, the random walk Z,, (z) almost surely converges to some random variable
Zoo(z) € Oy (see for instance E. Dynkin [16], A. Ancona [2] or W. Woess [44]).

To every point £ € I corresponds a positive harmonic function K. Every minimal
function arises in this way: if h is minimal, then there are a constant ¢ > 0 and § € 9y
such that b = cK¢. We denote by 0,,,I" the subset of 0" consisting of (normalised) minimal
positive harmonic functions.

Choquet’s integral representation implies that, for any positive harmonic function b, there
is a unique probability measure " on 8,,I" such that

h = /Kgdmh(f).

We will also use L. Naim’s kernel © on I' x I" defined by

det  Glz,y) _ Ky(z)
O(z,y) = G(e,z)G(e,y) Gle,z)

As the Martin kernel, Naim’s kernel admits a continuous extension to I" x (I' U 9y, T"). In
terms of the Green metric, one gets

(3) log ©(z,y) = 2(z|y)¢’ —log Gle,e),
where (z]y)¢ denotes the Gromov product with respect to the Green metric. See [39] for
properties of this kernel.

We shall from now on assume that the Green metric dg is hyperbolic. Then it has a visual
boundary that we denote by dgI". We may also compute the Busemann function in the
metric dg, say 8. Sending y to some point a € dgI in the equation dg (e, y) — dg(z,y) =
log K (,y), we get that 8 (e, z) = log K, ().

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



700 S. BLACHERE, P. HAISSINSKY AND P. MATHIEU

We now start preparing the proof of Theorem 1.7 in the next lemma and proposition. We
define an equivalence relation ~,; on 9,": say that £ ~; ( if there exists a constant C > 1
such that

1 B¢
C ~ KC -
Given £ € 9T, we denote by M (£) the class of &.
We first derive some properties of this equivalence relation:

LEMMA 3.3. — (i) There exists a constant E > 1 such that for all sequences (x,,) and
(yn) in T converging to & and ¢ in Oy T respectively and such that ©(z,,,y,) tends to
infinity, then

1_Ke_p
E~ K,

in particular, & ~p; C.

(ii) For any &€ € Oy T, there is some ¢ € M (&) and a sequence (yy,) in T which tends to some
point a € OgIL in the sense of Gromov, to ¢ € Oy in the sense of Martin and such that
O(yn, &) tends to infinity.

(i) Let&,¢ € OyT. If ¢ ¢ M(E), then there is a neighborhood V ({) of ¢ in T and a constant
M such that

Ke(z) < MG(e,x)
Jor any x € V(().

Proof. — (i) Fix z € T and n large enough so that (z,|y,)¢ > dg(e, 2); we consider
the approximate tree T associated with F' = {e, z,z,,y,} and the (1, C')-quasi-isometry
¢ (F,dg) — (T,dr) (cf. Theorem 2.4).

On the tree T',we have

|dr(¢(e), o(zn)) — dr(p(2), o(zn))| = ldr(e(e), o(yn)) — dr(e(2), 0 (yn))I,
so that
I(da (e, zn) — da (2, 20)) — (da (e, yn) — da(z,yn))| < 2C.
In terms of the Martin kernel,
|log K., (2) —log K, (2)] < 2C'.
Letting n go to infinity yields the result.
(ii) Let (y,) be a sequence such that
lim K¢ (y,) = sup K .

Since K, is harmonic, the maximum principle implies that (y,,) leaves any compact set.
But the walk is symmetric and transient so Lemma 3.2 implies that G(e, y,,) tends to 0.
Furthermore, for n large enough, K¢(y,) > K¢(e) = 1, so that

1
@(yn,é) > W — 0.

Let (z,,) be a sequence in I" which tends to £. For any n, there is some m such that

|K§(yn) - me (yn)| < G(evyn) .
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It follows that
|K§(yn) — Ko, (yn)l
O(Yn,Tm) = O(Yn,§) — -
(ntm) = O &) = G )

Therefore, applying part (i) of the lemma, we see that any limit point of (y,) in 9T
belongs to M ().

Moreover, for any such limit point ¢ € 9)I", we get that

1

Applying the same argument as above, we see that, for any M > 0, there is some n and m,,
such that, if m > m,, then

O(Yn,Ym) > M —1.
From (3) we conclude, using a diagonal procedure, that there exist a subsequence (n)) such
that (yy, ) tends to infinity in the Gromov topology.
(iil) Since ¢ ¢ M (£), there is a neighborhood V' (¢) and a constant M such that O(z,§) < M
for all z € V({). Otherwise, we would find y,, — ¢ with ©(y,, £) going to infinity, and the
argument above would imply ¢ € M (). Therefore,

Ke(z) < MGle, ). O
ProPOSITION 3.4. — Every Martin point is minimal.

Proof. — We observe that if K, is minimal, then M (&) = {¢}. Indeed, if € M (§), then
1
c
for some constant C' > 1. The minimality of K, implies that K, and K. are proportional
and, since their value ateis 1, K¢ = K¢, i.e,§ = (.

Let £ € OpT. There is a unique probability measure ¢ on 9,,,I" such that

K= / K:dré(C).

By Fatou-Doob-Naim Theorem, for x¢-almost every ¢, the ratio G(e, z)/K¢(z) tends to 0
as z tends to ¢ in the fine topology [2, Thm. II.1.8]. From Lemma 3.3 (iii), it follows that ¢
is supported by M (£). In particular, M (£) contains a minimal point. O

Ke>Ke— =K >0

Proof of Theorem 1.7. — Since every Martin point is minimal, Lemma 3.3 (ii), implies
that for every £ € 9y, there is some sequence (z,) in T which tends to £ in the Martin
topology and to some point a in the hyperbolic boundary as well.

Let us prove that the point a does not depend on the sequence. If (y,, ) is another sequence
tending to &, then

lim sup O(z,, Ym) = 00
,M— 00

because O(¢, z,,) tends to infinity. Therefore, there is a subsequence of (y,,) which tends to a
in the Gromov topology. Since we have only one accumulation point, it follows that a is well-
defined. This defines a map ¢ : 9y I' — 9T

Now, if (x,,) tends to a in the Gromov topology, then it has only one accumulation point
in the Martin boundary as well by Lemma 3.3 (i). So the map ¢ is injective. The surjectivity
follows from the compactness of 9p,T.
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To conclude the proof, it is enough to prove the continuity of ¢ since dj/I" is compact.
Let M > 0and { € OyT be given. We consider a sequence (z,,) which tends to £ as in
Lemma 3.3. Let C be the constant given by Theorem 2.4 for 4 points. We pick n large enough
so that (z,,|¢(€))¢ > M + 2C +log 2. Let

A = min{K¢(z),z € Bg(e,dg(zn,€))}.
Let ¢ € OuT such that |Ky — K| < (A/2) on Bg(e, dg(xn, e)). It follows that

K¢
< =< .
1/2 < 7 < 3/2
Approximating {e, z,,, #(£), #(¢)} by a tree, we conclude that (¢(¢)|¢(¢))¢ > M, proving
the continuity of ¢. O

3.3. Hyperbolicity of the Green metric

We start with a characterization of the hyperbolicity of the Green metric in the quasi-
isometry class of the group.

ProproSITION 3.5. — Let T' be a non-elementary hyperbolic group and p a symmetric
probability measure with Green function G. We fix a finite generating set S and consider the
associated word metric d,. The Green metric dg is quasi-isometric to d,, and hyperbolic if and
only if the following two conditions are satisfied.

(ED) There are positive constants C1 and ¢y such that, for all v € T,
Gle,v) < Cre~ardu(e),
(QR) For any r > 0, there exists a positive constant C(r) such that
G(e,7) < C(r)G(e,v)G (Y, 7)

whenever v,y € T and ' is at distance at most r from a dy,-geodesic segment between
e and 7.

Proof. — We first assume that dg € 9D(T'). The quasi-isometry property implies that
condition (ED) holds. The second condition (QR) follows from Theorem 2.2.

Indeed, since d¢ is hyperbolic and quasi-isometric to a word distance, then (I, d¢g) is
quasiruled. This is sufficient to ensure that condition (QR) holds for » = 0. The general
case r > 0 follows: let y be the closest point to v’ on a geodesic between e and v and note
that

da(e,¥)+da(v',7) < dg(e,y) +da(y,v)+2da(y,~") <log C(0)+dg(e, ) +2da(y, ') -

Thus one may choose C(r) = C(0)exp(2c) where ¢ = supdg(y,7’) for all pair y,~" at
distance less than r. This last sup is finite because dg is quasi-isometric to a word metric.

For the converse, we assume that both conditions (ED) and (QR) hold and let
C = max{dg(e,s), s € S}. For any v € T, we consider a d,,-geodesic {v,} joining e
to ~y. It follows that

da(e,7) <Y da(v,7i41) < Cdu(e,) -
j

From (ED), we obtain
dG(ea ’Y) > cldw(677) - log Cl .
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Since both metrics are left-invariant, it follows that d,, and dg are quasi-isometric.

Condition (QR) implies that d,,-geodesics are not only quasigeodesics for dg, but also
quasirulers. Indeed, since the two functions F' and G only differ by a multiplicative factor,
condition (QR) implies that there is a constant 7 such that, for any d,,-geodesic segment
[v1,72] and any v € [v1,¥2], we have

da(v1,7) +da(y,72) <27 +da(71,72) -

Theorem 2.2 (iii) implies (i), implies that (T", d) is a hyperbolic space. O
To prove the first statement of Theorem 1.1, it is now enough to establish the following
lemma.

LEMMA 3.6. — Let T be a non-elementary hyperbolic group, and v a symmetric probability
measure with finite exponential moment the support of which generates T'. Then condition
(ED) holds.

When  is finitely supported, the lemma was proved by A. Ancona using potential theory,
see [1, pp. 5 and 10] and [2, p. 92], and by S. Blachére and S. Brofferio using the Carne-
Varopoulos estimate [8].

Proof. — Let us fix a word metric d,, induced by a finite generating set .S, so that
dy, € D(I).

Since I' is non-amenable, Kesten’s criterion implies that there are positive constants C
and a such that
C) Vyer, w(y)<Ce™™".

For a proof, see [44, Cor. 12.5].

We assume that E[exp Ady, (e, Z1)] = E < oo for a given A > 0. For any b > 0, it follows
from the exponential Tchebychev inequality that

< e MR {exp (/\ sup dw(e,Zk)>} .

1<k<n

P| sup dy(e, Zr) > nb
1<k<n

But then, for & < n,

du(e,Zy) < Y du(Z,Zip1) = Y, duwle, 2 Z41).

1<j<n—-1 1<j<n—-1

The increments (Z; 1Z;.1) are independent random variables and all follow the same law
as Z;. Therefore

(5 P| sup dy(e,Zx) > nb| < e A pn — o(—Abtlog E)n
1<k<n
We choose b large enough so that ¢ 2o+ log E < 0.
We have

Glem)=>_uwm= Y, rm+ > v,

1<k<|v|/b k>[v|/b
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where we have set |y| = dy, (e, 7). The estimates (5) and (4) respectively imply that

> wky) < P ph(y) < MP[% < |yl/bst. Zy =]

1<k<||/b 1<k<hl/e b
<Ulp| sup ay(e, 20> | < hle
1<k<|v|/b
and
S i) S em@on,
k>|v|/b
Therefore, (ED) holds. 0

When I is hyperbolic and p has finite support, A. Ancona [2] proved that the Martin
boundary is homeomorphic to the visual boundary 0.X. The key point in his proof is the
following estimate (see [44, Thm. 27.12] and Theorem 1.7).

THEOREM 3.7 (A. Ancona). — Let T be a non-elementary hyperbolic group, X a locally
finite Cayley graph endowed with a geodesic metric d so that T acts canonically by isometries,
and let p be a finitely supported symmetric probability measure the support of which generatesT.
For any r > 0, there is a constant C(r) > 1 such that

F(z,v)F(v,y) < F(z,y) < C(r)F(z,v)F(v,y)

whenever x,y € X and v is at distance at most v from a geodesic segment between x and y.

This implies together with Lemma 3.6 that when y is finitely supported, both conditions
(ED) and (QR) hold. Therefore, Proposition 3.5 implies that dg € D(I'). We have just
established the first statement of Corollary 1.2.

3.4. Martin kernel vs Busemann function: end of the proof of Theorem 1.1

We assume that X = T" equipped with the Green metric dg belongs to D(T") throughout
this paragraph.

NoTAaTION. — When we consider notions with respect to dg, we will add the exponent G
to distinguish them from the same notions in the initial metric d. Thus Busemann functions
for dg will be written 3S. The visual metric on X seen from w for the original metric will
be denoted by d., and by d¢ for the one coming from dg. Balls at infinity will be denoted
by B. and BE.

Let us recall that the Martin kernel is defined by

F(z,y)
F(w,y)
By definition of the Martin boundary 9y, X, the kernel K (z,y) continuously extends to

a p-harmonic positive function K, (-) when y tends to a point a € 9y X. We recall that, by
Theorem 1.7, we may—and will—identify 05, X with the visual boundary 0.X.

K(x7y): :exp{dc(w,y)—dg(x,y)}.
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As we already mentioned I' acts on d) X, so on its harmonic measure and we have
v*v = v,-1. Besides, see e.g. G. Hunt [22] or W. Woess [44, Th. 24.10] for what follows,
v and v, are absolutely continuous and their Radon-Nikodym derivatives satisfy

d
(@) = Ka(y(w)).
We already computed the Busemann function in the metric dg in part 3.2:
BS (w,z) = log K,(x). Thus we have proved that

d’Y -1

(a) = exp 7 (w, 7~ w).

It follows at once that v is a quasiconformal measure on (0X,dS) of dimension 1/e.
Actually, v is even a conformal measure since we have a genuine equality above. Therefore
v belongs to the Patterson-Sullivan class associated with the metric dg. According to The-
orem 2.7 , it is in particular comparable to the Hausdorff measure for the corresponding
visual metric. This ends both the proofs of Theorem 1.1 and of Corollary 1.2

We note that, comparing the statements in Theorem 1.1 (ii) and Theorem 2.7 , we recover
the equality vg = 1 already noticed in [§] for random walks on non-amenable groups. See
also [9].

3.5. Consequences

We now draw consequences of the hyperbolicity of the Green metric.

3.5.1. Deviation inequalities. — We study the lateral deviation of the position of the random
walk with respect to the quasiruler [w, Z,(w)) where, for any z € X and a € 90X, we chose
an arbitrary quasiruler [z, a) from z to a in a measurable way.

PROPOSITION 3.8. — Assume that T is a non-elementary hyperbolic group, (X, d) € D(T),
and  is a symmetric law so that the associated Green metric belongs to D(I"). The following

holds
(1) There is a positive constant b so that, for any D > 0 andn > 0,

P[d(Zn(w), [w, Zoo(w))) = D] S ™7
(i) There is a constant T such that for any positive integers m,n, k,
]E[(Zm(w)|Zm+n+k(w))Zm+n(w)] <.

Proof of (i). — Observe that

Pld(Zn (), [w, Zoo(w))) %P[d w), [, Zoo(w)) = D, Zn =]
—ép ), (w2 Zoo(w))) 2 D, Zyy = 1]
_7;1? [w, 72, Zoo(w))) 2 DIP[Z, = 7]
—gﬁ’ [d(y(w), [w,¥Zeo (w))) = DIP[Z,, = 7].
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The third equality comes from the independence of Z,, = X1 X5---X,, and Z;1Z,, =
Xy41Xnt2 . The last equality uses the fact that Z, 1 Z., and Z,, have the same law.

On the event {d(vy(w), [w,7Z«(w))) > D}, we have in particular d(w,y(w)) > D and
we can pick z € [w,y(w)) such that d(y(w),z) = D + O(1). Then, because the triangle
(w,v(w), ¥Zoo(w)) is thin and since d(y(w), [w, YZo(w))) > D, we must have vZ, (w) €
U, (w)(z, R). As usual R is a constant that does not depend on vy, D or Z,(w). We now
apply the lemma of the shadow Lemma 2.8 to the Green metric to deduce that

Pld(v(w), [w, 720 (w))) = D] < PlyZoo (w) € By (2, R)] = 13Uy uy (2, R)) S e~ 202,
Finally, using the quasi-isometry between d and dg, it follows that
Pld(Zp(w), [w, Zoo(w))) = D] S e™"P.

Proof of (ii). Using the independence of the increments of the walk, one may first assume
that m = 0.

Letuschoose Y, (w) € [w, Zo (w)) such that d(w, ¥, (w)) is as close from (Z,, (w)| Zoo (w))
as possible. Since the space (X, d) is quasiruled, it follows that

d(w, Yn(w)) = (Zn(w)|Zeo (w)) + O(1).

(We only use Landau’s notation O(1) for estimates that are uniform with respect to the
trajectory of (Z,,). Thus the line just above means that there exists a deterministic constant C
such that

|d(w, Yo (w)) — (Zn(w)|Zoo(w))| < C.
The same convention applies to the rest of the proof.)
Let us define
Ao = {d(w, Yn(w)) < d(w, Ynir(w))}
and, for j > 1,
Aj ={j —1<d(w,Yn(w)) - d(w, Ynyr(w)) < j}.
Approximating {w, Z, (w), Zn+x(w), Zo (w)} by a tree, it follows that, on the event Ay,
(W] Znsk(w)) 2, () < A(Zn(w), [, Zoo(w))) + O(1)
and that, on the event A;,
(W] Zn1k(w)) 2, (w) < d(Zn(w), [w, Zoo(w))) +5 + O(1).
Therefore

E[(w|Zn11(w)) 2, (w)] < Eld(Zn(w), [w, Zoo(w)))] + Y jP(4;5) + O(1) .

Jj=21
If d(w, Yy, (w)) — d(w, Ypik(w)) > j then d(Z,, 1k (w), [Zn(w), Zoo(w))) > j so that
P(Aj11) < Pld(Zntr(w), [Zn(w), Zoo(w))) = J].
Using (i) for the random walk starting at Z,, (w), we get

> JP(4;) S1.

Jj=1
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On the other hand,

B2y (0). [0, Zu ()] = [ Pld(Zu(w). 0. Zoo(w)) = D} D

[e.e]
5/ e ?PdD =1/b.
0
The proposition follows. O
We now improve the estimate (2) in Theorem 3.1 when dg € D(T).

COROLLARY 3.9. — Let T be a non-elementary hyperbolic group, (X,d) € D(T) and p a
symmetric law such that dg € D(T), then we have

d(Zn(w), [0, Zoo (w)))

<o Pas.
logn

(6) lim sup

Proof. — It follows from Proposition 3.8 that we may find a constant £ > 0 so that
1
Pld(Zn(w), [w, Zoo(w))) > Kklogn] < — .
n

Therefore, the Borel-Cantelli lemma implies that

d(Zy(w), [, Zoo(w)))
logn

lim sup <o Pas.

and the corollary follows. O

REMARK. — This corollary was already known in the case of the free group, see [35],
and for Brownian motion on a Gromov-hyperbolic manifold and for finite range random
walks on hyperbolic graphs [2, Thm 7.3]. After a first version of this paper was publicized,
M. Bjorklund also used the hyperbolicity of the Green metric to prove a Central Limit
Theorem for dg(w, Z,(w)), see [7].

3.5.2. The doubling condition for the harmonic measure. — Let us recall that a measure m
is said to be doubling if there exists a constant C' > 0 such that, for any ball B of radius at
most the diameter of the space then m(2B) < Cm/(B).

PrOPOSITION 3.10. — Let T be a non-elementary hyperbolic group, (X,d) € D(T') and
let p be a symmetric law such that dg € D(I"). The harmonic measure is doubling with respect
to the visual measure d, on 0X.

Proof. — The modern formulation of Efremovich and Tichonirova’s Theorem states
that quasi-isometries between hyperbolic proper geodesic spaces ® : X — Y extend as
quasisymmetric maps ¢ : 0X — 0Y between their visual boundaries, i.e., there is an
increasing homeomorphism 7 : Ry — R, such that

lp(a) — (b)| < n(t)|p(a) — ¢(c)]
whenever |a — b| < t|la — ¢|.
Since dg € D(T'), the spaces involved are visual. Thus, the statement remains true since
we may still approximate properly the space by trees.
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Since (X,d) and (X,d¢) are quasi-isometric, the boundaries are thus quasisymmetric
with respect to d. and d¢. Furthermore, v is doubling with respect to d< since it is Ahlfors-
regular, and this property is preserved under quasisymmetry. O

Basic properties of quasisymmetric maps can be found in [21]. More information on
boundaries of hyperbolic groups, and the relationships between hyperbolic geometry and
conformal geometry can be found in [11, 29].

4. Dimension of the harmonic measure on the boundary of a hyperbolic metric space

Theorem 1.3 will follow from Proposition 4.1.
We recall the definition of the rates of escape £ and £g of the random walk with respect
to d or dg respectively.

def .. d(w, Zn(w))

¢4 lim do(w, Zn(w)).

and /g 2f im
n n
We will first prove

PROPOSITION 4.1. — Let T" be a non-elementary hyperbolic group and let (X,d) € D(T).
Let p be a symmetric probability measure on T the support of which generates T such that
da € D(T) and with finite first moment

> da(w,y(w)u(y) < oo

~yeTl
Let v be the harmonic measure seen from w on 0X.

Forv-a.e. a € 0X,
lim log v(B:(a,r)) _ e ’
r—0 logr el
where B, denotes the ball on 0X for the visual metric d..

REMARK. — Recall from [9] that x having finite first moment with respect to the Green
metric is a consequence of p having finite entropy.

Proof. — Tt is convenient to introduce an auxiliary word metric d,, which is of course
geodesic. We may then consider the visual quasiruling structure & induced by the
dy,-geodesics for both metrics d and dg.

We combine Propositions 2.1 and 2.6 to get that, for a fixed but large enough R, for any
acdXandzx € [w,a) C Y

B.(a,(1/C)e*¥"®)) c By(z, R) C B:(a,Ce =4 )
and
BE(a,(1/C)e~*4c )y € By(z, R) C BE (a, Cedc(wo))
for some positive constant C. We recall that the shadows Uy(z, R) are defined using
geodesics for the word metric d,,.
The doubling property of v with respect to the visual metric d. implies that

(7 v(Be(a, Ce‘sd(w’m))) = v(Ug(z, R))

for any z € [w, a).
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Let n > 0; by definition of the drift, there is a set of full measure with respect to the law
of the trajectories of the random walk, in which for any sequence (Z, (w)) and for n large
enough, we have |d(w, Z,, (w)) — ¢n| < nn and |dg(w, Z,(w)) — ben| < nn.

From Theorem 3.1 applied to the metric d, we get that, for n large enough,
d(Zp(w), 7 (Zoo(w))) < nn and since dg is quasi-isometric to d by assumption, we
may also assume that dg(Z,, (w), 7 (Zo (w))) < nn.

We conclude that
) { [d(w, m0(Zoo (w))) — 0] < 2m.

l[da(w, T (Zoo (w))) — Lan| < 2nn.
Set
Ty = e_ad(wy”n(ZOO(w))) .
Therefore, using (7) with a = Z (w) and z = 7, (Z (w)), we get
V(Be(Zoo(w), 7)) =X v(Vg(mn(Zoo(w)), R)) x e~ 40 (0 (Zec (w))
where the right-hand part comes from the fact that v is a quasiconformal measure of dimen-

sion 1/¢ for the Green visual metric and the lemma of the shadow (Lemma 2.8). Hence we
deduce from (8) that, if n is large enough, then

log V(B (Zoo(w), 1))  La
©) logr, el

<

~ °

Since the measure v is doubling (Proposition 3.10), v is also a-homogeneous for some
a > 0, (cf. [21, Chap. 13]), i.e., there is a constant C' > 0 such that, if 0 < r < R < diam9X

and a € 0X, then
v(Be(a, R)) R\“
v(Bo(ar) = C(?) '

From
—enk

log < 2nen

it follows that
V(B:(Zoo(w),e™"))

log —-= ' < 2naen+ O(1).
V(Be(Zoo(w), 1))
Therefore
—ent
lim sup log v(B:(Z (w), € ) _ log V(B:(Z(w), n)) <.
n log e—cnt log 7y,
Since n > 0 is arbitrary, it follows from (9) that
—enk

L logv(B(Zoe(w),7)) _ . logu(Be(Zuo(w),e=))

r—0 logr n—00 log e—en¢
~ lim log V(B (Zoo (W), 14)) _ le '

n— o0 log Tn el

In other words, for v almost every a € 0X,

lim log v(Bc(a,r)) _ Eﬁ
r—0 logr el

It remains to prove that v has dimension £ /ef. This is standard.
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5. Harmonic measure of maximal dimension

This section is devoted to the proof of Theorem 1.5 and its corollary.

5.1. The fundamental equality

We assume that d € 9D(T"), p1 is a probability measure with exponential moment such that
dg € D(T). Thus there exists A > 0 such that

B [0 0] < oo,

The main issue in the proof of Theorem 1.5 is the following implication which we prove
first:

PROPOSITION 5.1. — Under the hypotheses of Theorem 1.5, if h = fv, then p and v are
equivalent.

Let R be the constant coming from the lemma of the shadow (Lemma 2.8) and write U(z)
for U(z, R).
Let us now define

o POZ,(w)))
" o(0(Z(w)))

Since p™ is the law of Z,,, observe that, if 8 € (0, 1], then

O(y(w g O(y(w
=lefl = S (Sgcy) o Blonl = S unon (S

We start with two lemmata.

and ¢, =logp, .

LEMMA 5.2. — There are finite constants Cy > 1 and 8 € (0, 1] such that, for all N > 1,
1
N Z E[%ﬂb] <Ci.

1<n<N
When p is finitely supported, one can choose 5 = 1 in the lemma.

Proof. — Let N > 1and 1 < n < N be chosen. We will first prove that there are some «
and § independent from N and n such that

B
(10) R, déf Z (Z(U(’y(w)))> Mn(,y) <1,
¥, d(w,y(w)) 2N

We have already seen that the logarithmic volume growth rate for the Green metric is 1.
Then, from the lemma of the shadow (Lemma 2.8) applied to both metrics, we get

(11 v(B(y(w))) < e~ %) = F(w, y(w)) < G(w,y(w)) =Y u*(7)
k

and

(12) p(O(y(w))) = e~ (),
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On the other hand, since dg is quasi-isometric to d, it follows that there is a constant ¢ > 0
such that
(U(V(w))) < ecd(w,’y(w)) )
v(O(y(w))) ~

Hence
R.< > e > w(y) -
k>kN k<d(w,y(w))<k+1
But ™ is the distribution of Z,, so that
Y. w"() S Pld(w, Zu(w)) > k).

k<d(w,y(w))<k+1

From the exponential Tchebychev inequality, one obtains

(13) R, < Z e(eB=NkR [ekd(w,Zn(w))]‘
k>kN
Now,
dw, Zo(w)) € 37 d(Z(w), Zpa@w)) = 37 dw, 77 Zjia(w)
oSN 0<j<N

since I" acts by isometries. Thus, the independence of the increments of the walk implies
E [e)\d(w,Zn(w))] < EN )

If we take 8 % min{)/2¢, 1} then (13) becomes
R < Z )\/2 kEN < ef(A/Q)NNEN
k>kN

The estimate (10) is obtained by choosing x = 2log E/\.
We now prove that

a1 PO\’
(14) REE Y Y (BEle) wost
1<n<N veld(w,y(w)) <N

Both (10) and (14) imply the lemma.
Note that since 3 < 1, it follows that ¢ < max{1,,} < 1+ ¢@,.

Hence:
L1 p(O(y(w))) ,
VAT nzwww%w T
1 Sone1 4"(7)
S+ (O(y(w)))-
N 76F:d(w§w))<nN ( (’Y(’LU))) ’ !
But (11) implies that
N
> o)
m=l <
v(O(y(w))) ~
so that
(15) PySit g Y a(B).

d(w,z)<kN
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Since p(U(z)) < e~v4®:?) by (12) and since there are approximately e’* elements in the
d-ball of radius k£ (Theorem 2.7 ), we have

Y 0@y = Y e,

d(w,z)<kN 1<n<kN
and
Y. AU@)SN.
d(w,z)<kN
Therefore, the estimate (14) follows from (15). O

LEMMA 5.3. — There is a finite constant Cy > 0 such that the sequence (E(¢n) + C2)n>1
is subadditive and (1/n)¢,, tends to h — fv a.s. and in expectation.

Proof. — By the lemma of the shadow (Lemma 2.8),
1 1 1
—¢p, = —dg(w, Z,(w)) — —vd(w, Z,(w)) + O(1/n)
n n n

so, from Kingman ergodic Theorem it follows that (1/n)¢,, converges almost surely and in
expectation towards
bg—fv=h—4tv,
since h = £, see [9].
Let m,n > 1. It also follows from the lemma of the shadow and the triangle inequality
for dg that

E[¢m+n] - (E[¢m] + E[¢n])
S OE[d(w, Zm (w)) + d(Zm (W), Zmn(w)) — d(w, Zmin(w))] + O(1).
So Proposition 3.8 implies the existence of some constant C such that

El¢min] = (E[pm] + E[¢pn]) < Cs.
This gives the desired subadditivity. O

Proof of Proposition 5.1. — We shall prove that if p and v are not equivalent, then h < fv.

Assuming that p and v are not equivalent, the ergodicity of both measures implies that ¢,
tends to 0 P-a.s.

Choose n € (0,e71].

By Egorov theorem, there exist two measurable sets A and B = A€ such that P[4] < 7
and (¢y|B)n converges uniformly to 0.

Foranyn > 1,

E[¢,] =A¢ndP+/]3¢ndP.

Since (¢n|B)» uniformly converges to 0, there exists ng such that for n larger than ng,
én|B < logn and therefore

/ ¢ndP < P[B]logn < (1 —n)logn.
B

Choose 8 and C; as in Lemma 5.2. The Jensen inequality yields

P[A] g AP _n 100t T8
/A¢ndIP’§ 5 log/AsonP[A] < ﬂlog(l/n)Jrﬁlog Elpn]
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where we have used n < 1/e.

But Lemma 5.2 implies that lim inf E[@8] < 2C;. So that there exists p > ng such that
E[gog] < 2C;.

Hence,

E[g,] < (1 —n)logn + glogu/n) + glog@cl) :

When 7 tends to 0, the right-hand side tends to —oo. Therefore, if we fix  small enough,
there exists p such that

E[¢P] + CQ S _]-7
where C is the constant appearing in Lemma 5.3.

Lemma 5.3 now implies that
1
= (E[prp] + Co) <E[gy] + C2 < —1

for k > 1. As (1/pk)E[¢pk] tends to (h — £v), letting k go to infinity, one obtains

(h—ﬂv)g_?l<0. O

REMARK. — In view of the proof of Proposition 5.1, one might wonder whether it is always
true that a doubling measure of maximal dimension in an Ahlfors-regular space, as v is, has
to be equivalent to the Hausdorff measure of the same dimension. This property turns out to
be false in general. We are grateful to P. Mattila for pointing out to us its invalidity and to
Y. Heurteaux for providing us with an explicit example.

5.2. Equivalent measures

We let T' be a non-elementary hyperbolic group, (X,d) € 9(T), and p a probability
measure on I' so that dg € PD(T'). This section is devoted to proving

PROPOSITION 5.4. — If p and v are equivalent then their density is almost surely bounded,

i.e., there is a constant C > 1 such that for any Borel set A C 0X,
1

51/(14) <p(A) <Cv(A).

We will work with the space 82X of distinct points (a,b) € X x 80X, a # b, which is
reminiscent to the geodesic flow of a negatively curved manifold. The group I acts on 82X
by the diagonal action « - (a,b) = (vy(a),v(b)), v € I.

We define the following two o-finite measures on 92X :
dp(a) ® dp(b)

exp 2v(a|b)

dv(a) ® dv(b)

dp(a,b) =
p(a7 ) eXpQ(a|b)G I

and dv(a,b) =

where we define

alp)® ¥ liminf anlbn)C .
(alb) (an)’(bn)_)aﬁb( |bn)

We recall that since v is a conformal measure, 7 is invariant, and it is furthermore ergodic
[26, Thm 3.3]. On the other hand, p being just a quasiconformal measure, it follows that p
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is just quasi-invariant, cf. [14]. This implies the existence of a constant C > 1 such that, for
any Borel set A C 8°X and anyy € T,

1

cPA) < p(v(4)) < Cp(4).

Proof of Proposition 5.4. — By assumption, there is a positive v-integrable function J
such that dp = Jdv. Therefore, dg = Jdv holds with

- . exp 2(alb)®
J(a,b) = J(a)J(b)iexp 20(alb)

We shall first prove that J is essentially constant (and non-zero). Thereis a constant C' > 1
such that the set

AL {1/0)<T<C)

has positive #-measure. Since # is ergodic, for 7-almost every (a, b) € 92X, there existsy € T’
such that y(a, b) € A. It follows from the invariance of 7 and the quasi-invariance of p that

J(a,b) < J(v(a),¥(b)) -
This proves the claim.
Therefore, for -almost every (a, b),

exp 2v(a|b)
exp 2(alb)C

J(a)J(b) <

Let us assume that log J is unbounded in a neighborhood U of a point a € 0X. We may find
a point b € 9X with J(b) finite and non-zero, and far enough from U so that

exp 2v(c|b)
exp 2(c|b)C

=1

for any ¢ € U. This proves that log J had to be bounded in U : a contradiction. O

5.3. Geometric characterization of the fundamental inequality

We may now turn to the proof of Theorem 1.5.

Proof of Theorem 1.5. — We first prove that (i), (i1) and (iii) are equivalent. Then we prove
that (iii) implies (iv), (iv) implies (v) which implies (iii).

— From Proposition 5.1, we deduce that (i) implies (ii). Proposition 5.4 says that (ii)
implies (iii). Furthermore, if v and p are equivalent, then they have the same Hausdorff
dimension. So, from Corollary 1.4 and Theorem 2.7, we get that

— =dimv =dimp = B,
le €
and thus h = fv.
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— To prove that (iii) implies (iv), we apply the lemma of the shadow (Lemma 2.8): it
follows that, for any v € T,

e ) s p(@(y(w)) = V(O (w) = e~
whence the existence of a constant C such that
lvd(w, y(w)) — da(w,v(w))| < C.

Since I" acts transitively by isometries for both metrics, it follows that (X, vd) and
(X,dg) are (1, C)-quasi-isometric.

— Assuming (iv), it follows that Busemann functions coincide up to the multiplicative fac-
tor v. Therefore, the Radon-Nikodym derivative of y*v with respect to v at a point
a € 0X is proportional to exp(—vf,(w,y~!(w))) a.e. Therefore, v is a quasiconfor-
mal measure for (0X,d.). This is (v).

— For the last implication, (v) implies (iii), one can use the uniqueness statement in
Theorem 2.7 to get that p and v are equivalent and have bounded density. This
proves (iii). O

5.4. Simultaneous random walks

We now turn to the proof of Corollary 1.6.

Proof of Corollary 1.6. — Let us consider the Green metric dg associated with p and
denote by 7 the drift of (Z,,) in the metric space (T, d). Theorem 1.1 implies that d € D(T).

Assumption (i) translates into h = . Since vg = 1, this means that 7 has maximal
dimension in the boundary of (I', d¢) endowed with a visual metric. Therefore Theorem 1.5
implies the equivalence between (i) and (iii).

Exchanging the roles of p and fi gives the equivalence between (ii) and (iii).

If c/l\G denotes the Green metric for i, then (iv) means that dg and a/l\g are (1, C')-quasi-
isometric, which is equivalent to (iii) by Theorem 1.5. O

5.5. Fuchsian groups with cusps

The next proposition is the key to the proof of Theorem 1.10. Let us first introduce its
setting.

Let X be a proper quasiruled hyperbolic space and let T be a hyperbolic subgroup of
isometries that acts properly discontinuously on X. Consider a symmetric probability mea-
sure 4 on I' with finite support and whose support generates the group I'. Let v be the cor-
responding harmonic measure on 9T, the visual boundary of T.

Let I'(w) be the orbit of some point w € X. As for Theorem 3.1, Theorem 7.3 in [28] and
§7.4 therein imply that the sequence Z, (w) almost surely converges to some point Z,(w)
in 0X, the visual boundary of X. Let v; be the law of Z, (w).

Although the two spaces X and OI" might be topologically different, the two measured
spaces (0X,v1) and (9T, v) are isomorphic as I'-spaces, i.e., there exists a measured spaces
isomorphism & from (0T',v) to (0X,v) that conjugates the action of I' on both spaces.
Indeed both spaces are models for the Poisson boundary of the random walk. This is proved
in [28] Theorem 7.7 and Remark 3 following it for (0X,v;) and it is a general fact for the
Martin boundary (9T, v).
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PROPOSITION 5.5. — Let X be a proper quasiruled hyperbolic space endowed with a
geometric group action. Let p be the corresponding Patterson-Sullivan measure. Let T' be
a hyperbolic subgroup of isometries that acts properly discontinuously on X and T'(w) be an
orbit of T in X. Let p be a symmetric probability measure on T with finite support and whose
support generates the group I'. Let vy be the limit law of the trajectories of the random walk
on 0X. If p and vy are equivalent then T and X are quasi-isometric.

Proof. — One checks as in Proposition 5.4 that, once p and v, are equivalent, then their
density is almost surely bounded.
We recall the following change of variables formula:
T () = Kur),
for v almost any point a € 0I' and where K, is the Martin kernel. Because of the isomor-
phism @, we also have

dy*1n
dl/l

(&) = Ko-166(v" 1),

for 14 almost any point £ € 0X.
On the other hand, p being a quasiconformal measure, it satisfies

d’y*p(g) = evBe(wy™ (W)

dp
where (¢ is the Busemann function in X.
Since the density of v; with respect to p is bounded and bounded away from 0, we therefore
have

(16) K106 (y7") x el (W),

for p almost any &.

We now use Lemma 2.5. First observe that, given z,y € X, supcyx B¢(w,y) can be
replaced by an essential sup with respect to p since p, being quasiconformal, charges any non
empty ball and since £ — B¢ (z, y) is locally almost constant. So we get from Lemma 2.5 that

|d(z,y) — ess sup Be(z,y)
ceox

is bounded. By a similar argument, applying Lemma 2.5 to the Green metric on I', we deduce
that

ldc(e,7™") — esssup log K¢ (v 1)
geor

is bounded. The essential sup is taken with respect to v.
But (16) implies that
ess sup log K (v~ ') —vess sup Be(w,y ' (w))]

a€dr £€oX
is bounded and therefore

sup |dg(e,7™") —vd(w,7" ! (w))] < oo.

~yel
We conclude that T and I'(w) are quasi-isometric, so that the action of T on X is quasiconvex.
But, by assumption, its limit set is the whole boundary 0.X, hence I' and X are quasi-
isometric. O
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Proof of Theorem 1.10. — We proceed by contradiction and assume that v is equivalent
to the Lebesgue measure A on S'.

First note that we can restrict our attention to the subgroup generated by the support of .
If this subgroup turned out to have infinite covolume then its boundary would be a strict
subset of S* and 14, would certainly not be equivalent to the Lebesgue measure. Therefore
we may, and will, assume that the support of u generates I' and that T' has finite covolume
and is finitely generated.

We know from Selberg’s lemma that I" contains a torsion-free subgroup I's of finite index
so that H?/T's is a compact Riemann surface with finitely many punctures. Therefore I'g
is isomorphic to a free group so that I' is hyperbolic and its boundary is a perfect, totally
disconnected, compact set (a Cantor set). But Proposition 5.5 implies that I" should be quasi-
isometric to H?. As a consequence the boundary of ' would be homeomorphic to the unit
circle, the contradiction we were looking for. O

6. Discretisation of Brownian motion

We let M be the universal covering of a Riemannian manifold N of pinched negative
curvature and finite volume with deck transformation group T, i.e., M/T = N. We let d
denote the distance defined by the Riemannian structure on M. Note that when N is
compact, I' acts geometrically on M, and since it has negative curvature, it follows that T’
is hyperbolic and that M is quasi-isometric to ' by Svarc-Milnor’s lemma.

6.1. The discretised motion

W. Ballmann and F. Ledrappier have refined a method of T. Lyons and D. Sullivan [37],
further studied by A. Ancona [2], V. Kaimanovich [25], and by A. Karlsson and F. Ledrappier
[30] which replaces the Brownian motion (£;) by a random walk which shadows its paths [5].
More precisely, we have [4, 5, 25, 30, 37]:

THEOREM 6.1. — There exists a probability measure p on T such that its associated random
walk (Z,) satisfies the following properties:

(1) The measure p is symmetric with full support but has a finite first moment with respect
tod. If N is compact then u has a finite exponential moment.
(i) There exists a positive constant T such that, almost surely and in L*,

d(&rr, Zk(w))
k

(iil) The Green function G,, of the random walk is proportional to the Green function G
of M.
(iv) The harmonic measures for the Brownian motion and the random walk on OM coincide.

lim =0.

We are able to prove the following:
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THEOREM 6.2. — Under the notation and assumptions from above, let dg denote the Green
metric associated with u. If N is compact, then dg € D(T) and
hm

dimy = 2L
m v EKM

where hpy and £y denote the entropy and the drift of the Brownian motion respectively.

Proof. — The acronyms (ED) and (QR) below refer to Proposition 3.5. Since M has
pinched negative curvature, it follows that G/ (z,y) < e~ 4®¥) holds for some constant
¢ > 0,see[3, (2.4) p. 434]. By part (iii) of Theorem 6.1, G, and G are proportional. There-
fore G, also satisfies G, (z,y) < e~c¥@¥) and (ED) is proved. Furthermore, A. Ancona’s
Theorem 3.7 also holds for the Brownian motion, see [2], showing that (QR) holds as well.
Both these properties imply that (X, dg) € D(I") by Proposition 3.5.

The identity h, = hy - T was proved by V. Kaimanovich [23, 25]. Furthermore,
A. Karlsson and F. Ledrappier have established ¢,, = £»,-T [30]. Thus, Corollary 1.4 implies
the dimension formula. O

6.2. Examples

Let us fix n > 2 and consider the hyperbolic space H™ of constant sectional curvature —1.
The explicit form of the Green function on this space shows easily that, given w, z,y, z € H"
which are at distance ¢ > 0 apart from one another, one has

) O(z,y) 2 min{O(z, 2),O(z,9)}

where © is Naim’s kernel, and the implicit constant depends only on ¢. Let N be a finite
volume hyperbolic manifold with deck transformation group I" acting on H". The estimate
(17) shows that the Green metric dg on I' associated with the discretized Brownian motion
on H" is hyperbolic. Moreover, the estimate (ED) holds as well, so that the Green metric dg
is quasi-isometric to the restriction of the hyperbolic metric to the orbit I'(0) of a base point
o € H". Since N has finite volume, the limit set of T' is the whole sphere at infinity, and
it coincides with the visual boundary of (I',dg). Therefore, Theorem 1.7 implies that the
Martin boundary coincides with H"™, homeomorphic to S™~*. We omit the details.

We apply this construction in two special cases.

If we consider for N a punctured 2-torus with a complete hyperbolic metric of finite
volume (as in [5]), we obtain an example of a random walk on the free group for which the
Green metric is hyperbolic but its boundary S' does not coincide with the boundary of the
group (which is a Cantor set). Therefore, dg does not belong to the quasi-isometry class of
the free group.

If we consider now for N a complete hyperbolic 3-manifold of finite volume with a rank 2
cusp, then its fundamental group is not hyperbolic since it contains a subgroup isomorphic
to Z2, but the Green metric is hyperbolic nonetheless.
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