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SYMPLECTIC LOCAL ROOT NUMBERS, CENTRAL
CRITICAL L-VALUES, AND RESTRICTION PROBLEMS IN
THE REPRESENTATION THEORY OF CLASSICAL GROUPS

by
Wee Teck Gan, Benedict H. Gross & Dipendra Prasad

Abstract. — In this paper, we provide a conjectural recipe for the restriction of irre-
ducible representations of classical groups (including metaplectic groups), to certain
subgroups, generalizing our earlier work on representations of orthogonal groups.
Our conjectures include the cases of Bessel and Fourier-Jacobi models. In fact, it
is the standard representation of the classical group, together with its orthogonal,
symplectic, hermitian, or skew-hermitian form, that plays the primary role, and not
the classical group alone. All of our conjectures assume the Langlands parametriza-
tion. For classical groups over local fields, the recipe involves local epsilon factors
associated to the Langlands parameter and certain summands of a fixed symplectic
representation of the L-group. For automorphic representations over global fields, it
involves the central critical value of this symplectic L-function.

Résumé (Nombres de racines locales symplectiques, L-valeurs critiques centrales et problémes de
restriction en théorie de représentation des groupes classiques)

Dans cet article, nous donnons une recette conjecturale pour la restriction a cer-
tains sous-groupes des représentations irréductibles de groupes classiques. Cela inclut
les groupes métaplectiques et généralise notre travail antérieur pour les groupes ortho-
gonaux. Nos conjectures comprennent les cas des modéles de Bessel et Fourier-Jacobi.
En fait le role principal est joué, non par le groupe seul, mais par la représentation
naturelle de ce groupe classique, munie de sa forme bilinéaire-orthogonale, symplec-
tique, hermitienne ou anti-hermitienne selon le cas. Dans toutes nos conjectures, nous
admettons que la paramétrisation de Langlands est établie. Notre recette, pour les
groupes classiques sur les corps locaux, fait intervenir les facteurs epsilon locaux asso-
ciés au paramétre de Langlands et certains facteurs d’une représentation symplectique
fixée du L-groupe. Pour les représentations automorphes sur des corps globaux, elle
fait intervenir la valeur, au centre de la bande critique, de la fonction L-symplectique
correspondante.

1. Introduction

It has been almost 20 years since two of us proposed a rather speculative ap-
proach to the problem of restriction of irreducible representations from SO,, to SO,,_1
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[24, 25]. Our predictions depended on the Langlands parametrization of irreducible
representations, using L-packets and L-parameters. Since then, there has been con-
siderable progress in the construction of local L-packets, as well as on both local and
global aspects of the restriction problem. We thought it was a good time to review
the precise conjectures which remain open, and to present them in a more general
form, involving restriction problems for all of the classical groups.

Let k& be a local field equipped with an automorphism ¢ with 62 = 1 and let
ko be the fixed field of 0. Let V be a vector space over k with a non-degenerate
sesquilinear form and let G(V) be the identity component of the classical subgroup
of GL(V) over kg which preserves this form. There are four distinct cases, depending
on whether the space V is orthogonal, symplectic, hermitian, or skew-hermitian. In
each case, for certain non-degenerate subspaces W of V| we define a subgroup H of
the locally compact group G = G(V) x G(W) containing the diagonally embedded
subgroup G(W), and a unitary representation v of H. The local restriction problem
is to determine

d(m) = dim¢ Hompg (7 ® 7, C),

where 7 is an irreducible complex representation of G.

The basic cases are when dim V —dim W = 1 or 0, where v is the trivial representa-
tion or a Weil representation respectively. When dim V' — dim W > 2, this restriction
problem is also known as the existence and uniqueness of Bessel or Fourier-Jacobi
models in the literature. As in [24] and [25], our predictions involve the Langlands
parametrization, in a form suggested by Vogan [70], and the signs of symplectic root
numbers.

We show that the Langlands parameters for irreducible representations of classical
groups (and for genuine representations of the metaplectic group) are complex rep-
resentations of the Weil-Deligne group of &, of specified dimension and with certain
duality properties. We describe these parameters and their centralizers in detail, be-
fore using their symplectic root numbers to construct certain distinguished characters
of the component group. Our local conjecture states that there is a unique represen-
tation 7 in each generic Vogan L-packet, such that the dimension d() is equal to
1. Furthermore, this representation corresponds to a distinguished character x of the
component group. For all other representations 7 in the L-packet, we predict that
d(r) is equal to 0. The precise statements are contained in Conjectures 17.1 and 17.3.

Although this material is largely conjectural, we prove a number of new results in
number theory and representation theory along the way:

(i) In Proposition 5.2, we give a generalization of a formula of Deligne on orthogonal
root numbers to the root numbers of conjugate orthogonal representations.

(ii) We describe the L-parameters of classical groups, and unitary groups in par-
ticular, in a much simpler way than currently exists in the literature; this is
contained in Theorem 8.1.

(iii) We show in Theorem 11.1 that the irreducible representations of the metaplectic
group can be classified in terms of the irreducible representations of odd special
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orthogonal groups; this largely follows from fundamental results of Kudla-Rallis
[44], though the statement of the theorem did not appear explicitly in [44].

(iv) We prove two theorems (cf. Theorems 15.1 and 16.1) that allow us to show the
uniqueness of general Bessel and Fourier-Jacobi models over non-archimedean
local fields. More precisely, we show that d(m) < 1 (cf. Corollaries 15.3, 16.2
and 16.3), reducing this to the basic cases when dim W+ = 0 or 1, which were
recently established by [4], [64] and [76]. The same theorems allow us to reduce
our local conjectures to these basic cases, as shown in Theorem 19.1.

One subtle point about our local conjecture is its apparent dependence on the
choice of an additive character ¥ of kg or k/kq. Indeed, the choice of such a character
1 is potentially used in 3 places:

(a) the Langlands-Vogan parametrization (which depends on fixing a quasi-split pure
inner form Gy of G, a Borel subgroup By of Gg, and a non-degenerate character
on the unipotent radical of By);

(b) the definition of the distinguished character x of the component group;

(c¢) the representation v of H in the restriction problem.

Typically, two of the above depend on the choice of ¥, whereas the third one doesn’t.
More precisely, we have:

— in the orthogonal case, none of (a), (b) or (¢) above depends on v; this explains

why this subtlety does not occur in [24] and [25].

— in the hermitian case, (a) and (b) depend on the choice of v : k/ky — S', but (c)
doesn’t.

— in the symplectic/metaplectic case, (a) and (c) depend on % : kg — S', but (b)
doesn’t.

— in the odd skew-hermitian case, (b) and (c) depend on % : kg — S', but (a)
doesn’t.

— in the even skew-hermitian case, (a) and (c) depend on ¢ : kg — S! but (b)
doesn’t.

Given this, we check in §18 that the dependence on 1 cancels out in each case, so
that our local conjecture is internally consistent with respect to changing 1. There is,
however, a variant of our local conjectures which is less sensitive to the choice of 1,
but is slightly weaker. This variant is given in Conjecture 20.1. Finally, when all the
data involved are unramified, we state a more refined conjecture; this is contained in
Conjecture 21.3.

After these local considerations, we study the global restriction problem, for cuspi-
dal tempered representations of adelic groups. Here our predictions involve the central
values of automorphic L-functions, associated to a distinguished symplectic represen-
tation R of the L-group. More precisely, let G = G(V) x G(W) and assume that 7 is
an irreducible cuspidal representation of G(A), where A is the ring of adéles of a global
field F. If the vector space Hom 4 (m ® 7, C) is nonzero, our local conjecture implies
that the global root number e(r, R, %) is equal to 1. If we assume 7 to be tempered,
then our calculation of global root numbers and the general conjectures of Langlands
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and Arthur predict that m appears with multiplicity one in the discrete spectrum of
L?(G(F)\G(A)). We conjecture that the period integrals on the corresponding space
of functions

fe f(h) - v(h)dh
H(k)\H(A)
gives a nonzero element in Hom g (4 (7 ®7, C) if and only if the central critical L-value
L(m, R, %) is nonzero.

This first form of our global conjecture is given in §24, after which we examine
the global restriction problem in the framework of Langlands-Arthur’s conjecture on
the automorphic discrete spectrum, and formulate a more refined global conjecture in
§26. For this purpose, we formulate an extension of Langlands’ multiplicity formula
for metaplectic groups; see Conjecture 25.1.

One case in which all of these conjectures are known to be true is when k = kg X kg
is the split quadratic étale algebra over kg, and V is a hermitian space over k of
dimension n containing a codimension one nondegenerate subspace W. Then

G= GLn(ko) X GLn_l(ko) and H 2 GLn_l(ko).

Moreover, v is the trivial representation. When k is local, and 7 is a generic repre-
sentation of G = GL,(kg) x GL,_1(ko), the local theory of Rankin-Selberg integrals
[34], together with the multiplicity one theorems of [4], [3], [66], [67] and [76], shows
that
dim Hom g (7,C) = 1.

This agrees with our local conjecture, as the Vogan packets for G = GL, (ko) x
GL,,_1(ko) are singletons. If kg is global and = is a cuspidal representation of G(A),
then 7w appears with multiplicity one in the discrete spectrum. The global theory of
Rankin-Selberg integrals [34] implies that the period integrals over H(k)\H (A) give
a nonzero linear form on 7 if and only if

L(m,std, ® std,,—1,1/2) # 0,

where L(7, std,, ®std,,_1, s) denotes the tensor product L-function. Again, this agrees
with our global conjecture, since in this case, the local and global root numbers are

all equal to 1, and
net-

R =std, ® std,,_1 + std,\i ® std

In certain cases where the global root number ¢ = —1, so that the central value is
zero, we also make a prediction for the first derivative in §27. The cases we treat are
certain orthogonal and hermitian cases, with dim W+ = 1. We do not know if there
is an analogous conjecture for the first derivative in the symplectic or skew-hermitian
cases.

In a sequel to this paper, we will present some evidence for our conjectures, for
groups of small rank and for certain discrete L-packets where one can calculate the dis-
tinguished character explicitly. We should mention that in a series of amazing papers
[77, 78, 74, 75] and [53], Waldspurger and Mceglin-Waldspurger have established

the local conjectures for special orthogonal groups, assuming some natural properties
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of the characters of representations in tempered L-packets. There is no doubt that
their methods will extend to the case of unitary groups.

Acknowledgments. — W. T. Gan is partially supported by NSF grant DMS-0801071.
B. H. Gross is partially supported by NSF grant DMS 0901102. D. Prasad was par-
tially supported by a Clay Math Institute fellowship during the course of this work.
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spurger for their help. We also thank the referee for his/her careful reading of the
paper and for his/her numerous useful comments, corrections and suggestions.

2. Classical groups and restriction of representations

Let k be a field, not of characteristic 2. Let o be an involution of k£ having kqy as
the fixed field. If 0 = 1, then kg = k. If 0 # 1, k is a quadratic extension of kg and o
is the nontrivial element in the Galois group Gal(k/ko).

Let V be a finite dimensional vector space over k. Let

(—,—):VxV -k

be a non-degenerate, o-sesquilinear form on V', which is e-symmetric (for e = +1 in
EX):

(av+pw,u) = afv,u) + B(w, u)
(u,v) = e-{v,u)’.
Let G(V) € GL(V) be the algebraic subgroup of elements T in GL(V') which preserve
the form (—, —):
(Tv, Tw) = (v, w).
Then G(V) is a classical group, defined over the field ky. The different possibilities
for G(V') are given in the following table.

(k,e) k=ky,e=1 k=ky, e=—-1 k/ko quadratic, e = £1

G(V) | orthogonal group O(V) | symplectic group Sp(V) | unitary group U(V)

In our formulation, a classical group will always be associated to a space V', so the
hermitian and skew-hermitian cases are distinct. Moreover, the group G(V) is con-
nected except in the orthogonal case. In that case, we let SO(V') denote the connected
component, which consists of elements T' of determinant +1, and shall refer to SO(V)
as a connected classical group. We will only work with connected classical groups in
this paper.

If one takes k to be the quadratic algebra ko x ko with involution o(z,y) = (y,x)
and V a free k-module, then a non-degenerate form (—, —) identifies the k = kg x ko
module V with the sum Vy + V), where Vj is a finite dimensional vector space over
ko and V;’ is its dual. In this case G(V) is isomorphic to the general linear group
GL(Vp) over ko.
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If G is a connected, reductive group over kg, the pure inner forms of G are the
groups G’ over kg which are obtained by inner twisting by elements in the pointed
set H'(ko,G). If {g,} is a one cocycle on the Galois group of the separable closure k§
with values in G(k§), the corresponding pure inner form G’ has points

G'(ko) ={a € G(k{) : a” = gaaggl}.

The group G’ is well-defined up to inner automorphism over kg by the cohomology
class of g,, so one can speak of a representation of G'(ko).

For connected, classical groups G(V) C GL(V), the pointed set H'(kq,G) and
the pure inner forms G’ correspond bijectively to forms V' of the space V with its
sesquilinear form (,) (cf. [40, §29D and § 29E]).

Lemma2.1. — 1. If G = GL(V) or G = Sp(V), then the pointed set H'(ko,G) = 1
and there are no nontrivial pure inner forms of G.

2. If G = U(V), then elements of the pointed set H'(ko, G) correspond bijectively to
the isomorphism classes of hermitian (or skew-hermitian) spaces V' over k with
dim(V’) = dim(V). The corresponding pure inner form G’ of G is the unitary
group U(V').

3. If G = SO(V), then elements of the pointed set H'(ko,G) correspond bijectively
to the isomorphism classes of orthogonal spaces V' over k with dim(V') = dim(V)
and disc(V") = disc(V'). The corresponding pure inner form G' of G is the special
orthogonal group SO(V').

Now let W C V be a subspace, which is non-degenerate for the form (—, —). Then
V =W + W+. We assume that
1) e (—1)dmW*" = _
2) W+ is a split space.
When € = —1, so dim W+ = 2n is even, condition 2) means that W+ contains an
isotropic subspace X of dimension n. It follows that W is a direct sum
Wt=X+Y,
with X and Y isotropic. The pairing (—, —) induces a natural map
Y — Homy (X, k) = XV
which is a ko-linear isomorphism (and k-anti-linear if k # ko). When € = +1, so dim

W+ = 2n 4 1 is odd, condition 2) means that W+ contains an isotropic subspace X
of dimension n. It follows that

Wt=X+Y+E,

where FE is a non-isotropic line orthogonal to X + Y, and X and Y are isotropic. As
above, one has a kg-linear isomorphism ¥ = XV,

Let G(W) be the subgroup of G (V') which acts trivially on W+. This is the classical
group, of the same type as G(V), associated to the space W. Choose an X C W+ as
above, and let P be the parabolic subgroup of G(V') which stabilizes a complete flag
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RESTRICTION PROBLEMS FOR CLASSICAL GROUPS 7

of (isotropic) subspaces in X. Then G(W), which acts trivially on both X and XV, is
contained in a Levi subgroup of P, and acts by conjugation on the unipotent radical
N of P.

The semi-direct product H = N x G(W) embeds as a subgroup of the product
group G = G(V) x G(W) as follows. We use the defining inclusion H C P C G(V') on
the first factor, and the projection H — H/N = G(W) on the second factor. When
€ = +1, the dimension of H is equal to the dimension of the complete flag variety of
G. When ¢ = —1, the dimension of H is equal to the sum of the dimension of the
complete flag variety of G and half of the dimension of the vector space W over k.

We call a pure inner form G = G(V') x G(W') of the group G relevant if the
space W’ embeds as a non-degenerate subspace of V', with orthogonal complement
isomorphic to W+. We note:

Lemma 2.2. — Suppose k is non-archimedean.

(i) In the orthogonal and hermitian cases, there are 4 pure inner forms of G =
G(V) x G(W) and among these, exactly two are relevant. Moreover, among the two
relevant pure inner forms, exactly one is a quasi-split group.

(ii) In the symplectic case, there is exactly one pure inner form of G = G(V) x
G(W), which is necessarily relevant.

(iii) In the skew-hermitian case, there are 4 pure inner forms of G = G(V)x G(W),
exactly two of which are relevant. When dimV is odd, the two relevant pure inner
forms are both quasi-split, and when dimV is even, exactly one of them is quasi-split.

Proof. — The statement (i) follows from the fact that an odd dimensional split
quadratic space is determined by its discriminant and that there is a unique split
hermitian space of a given even dimension. The statements (ii) and (iii) are similarly
treated. O

Given a relevant pure inner form G' = G(V') x G(W’) of G, one may define a
subgroup H' C G’ as above. In this paper, we will study the restriction of irreducible
complex representations of the groups G’ = G(V') x G(W') to the subgroups H’,
when k is a local or a global field.

3. Selfdual and conjugate-dual representations

Let k be a local field, and let k° be a separable closure of k. In this section, we will
define selfdual and conjugate-dual representations of the Weil-Deligne group W D (k)
of k.

When & = R or C, we define WD(k) as the Weil group W (k) of k, which is an
extension of Gal(k®/k) by C*, and has abelianization isomorphic to k™. A represen-
tation of WD(k) is, by definition, a completely reducible (or semisimple) continuous
homomorphism

¢ : WD(k) — GL(M),
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where M is a finite dimensional complex vector space. When k is non-archimedean,
the Weil group W (k) is the dense subgroup I x FZ of Gal(k®/k), where I is the inertia
group and F' is a geometric Frobenius. We normalize the isomorphism

W(k)ab N k><

of local class field theory as in Deligne [13, 14, 15], taking F' to a uniformizing
element of £*. This defines the norm character

| —|: W(k) - R*, with |[F|=q¢"".

We define WD(k) as the product of W (k) with the group SLs(C). A representation
is a homomorphism
¢ : WD(k) — GL(M)

with

(i) ¢ trivial on an open subgroup of I,

(ii) (F') semi-simple,

(iii) ¢ : SLy(C) — GL(M) algebraic.
The equivalence of this formulation of representations with that of Deligne [13, 14,
15], in which a representation is a homomorphism p : W (k) — GL(M) and a nilpotent
endomorphism N of M which satisfies Adp(w)(N) = |w| - N, is given in [26, §2,
Proposition 2.2].

We say two representations M and M’ of W D(k) are isomorphic if there is a linear
isomorphism f : M — M’ which commutes with the action of WD(k). If M and M’
are two representations of W D(k), we have the direct sum representation M @ M’ and
the tensor product representation M ® M’'. The dual representation MV is defined
by the natural action on Hom (M, C), and the determinant representation det(M) is
defined by the action on the top exterior power. Since GL;(C) = C* is abelian, the
representation det(M) factors through the quotient W (k) — k* of WD(k).

We now define certain selfdual representations of W D (k). We say the representation
M is orthogonal if there is a non-degenerate bilinear form

B:MxM-—C
which satisfies
B(tm,mn) = B(m,n)
{B(n,m) = B(m,n),
for all 7 in WD(k).

We say M is symplectic if there is a non-degenerate bilinear form B on M which
satisfies

B(tm,mn) = B(m,n)
{B(na m) = _B(ma n)7
for all 7 in WD(k).
In both cases, the form B gives an isomorphism of representations

fiM— MY,
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RESTRICTION PROBLEMS FOR CLASSICAL GROUPS 9

whose dual
fY:M= MYV — MY
satisfies
fY=0b-f, withb= the sign of B.

We now note:

Lemma 3.1. — Given any two non-degenerate forms B and B’ on M preserved by
W D(k) with the same sign b = 1, there is an automorphism T of M which commutes
with WD(k) and such that B'(m,n) = B(Tm,Tn).

Proof. — Since M is semisimple as a representation of W D(k), we may write

Mz@‘/i@Mi

as a direct sum of irreducible representations with multiplicity spaces V;. Each M; is
either selfdual or else M;” = M; for some i # j, in which case dim V; = dim V;. So we
may write

M= <@Vi®Mz‘> S <@Vj®(Pj+Pjv))

with M; irreducible selfdual and P; irreducible but P; 2 Pjv. Since any non-degenerate
form B remains non-degenerate on each summand above, we are reduced to the cases:

(a) M =V ® N with N irreducible and selfdual, in which case the centralizer of
the action of WD(k) is GL(V);

(b) M = (V®P)® (V®PY), with P irreducible and P 2 PV, in which case the
centralizer of the action of WD(k) is GL(V) x GL(V).

In case (a), since N is irreducible and selfdual, there is a unique (up to scaling)
W D(k)-invariant non-degenerate bilinear form on N; such a form on N has some sign
by. Thus, giving a W D(k)-invariant non-degenerate bilinear form B on M of sign b
is equivalent to giving a non-degenerate bilinear form on V of sign b - by. But it is
well-known that any two non-degenerate bilinear forms of a given sign are conjugate
under GL(V). This takes care of (a).

In case (b), the subspaces V @ P and V ® PV are necessarily totally isotropic.
Moreover, there is a unique (up to scaling) W D(k)-invariant pairing on P x PV. Thus
to give a W D(k)-invariant non-degenerate bilinear form B on M of sign b is equivalent
to giving a non-degenerate bilinear form on V. But any two such forms are conjugate
under the action of GL(V) x GL(V) on V x V. This takes care of (b) and the lemma
is proved. U

When M is symplectic, dim(M) is even and det(M) = 1. When M is orthogo-
nal, det(M) is an orthogonal representation of dimension 1. These representations
correspond to the quadratic characters

X kX — (£1).
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10 W. T. GAN, B. H. GROSS & D. PRASAD

Since char(k) # 2, the Hilbert symbol gives a perfect pairing
(=, =)t k™ /X2 x X k™% — (£1).

We let C(d) be the one dimensional orthogonal representation given by the character

xda(c) = (¢, d).
We also note the following elementary result:

Lemma 3.2. — If M; is selfdual with sign b;, for i =1 or 2, then M1 ® My is selfdual
with sign by - bs.

Proof. — If M; is selfdual with respect to a form B; of sign b;, then M; ® M, is
selfdual with respect to the tensor product B; ® By which has sign by - bs. O

Next, assume that o is a nontrivial involution of k, with fixed field kq. Let s be an
element of W (ko) which generates the quotient group
W (ko)/W (k) = Gal(k/ko) = (1, 0).
If M is a representation of WD(k), let M* denote the conjugate representation, with
the same action of SLy(C) and the action 7,(m) = s7s~1(m) for 7 in W (k).
We say the representation M is conjugate-orthogonal if there is a non-degenerate
bilinear form B : M x M — C which satisfies
B(tm, sts!n) = B(m,n)
B(n,m) = B(m, s*n),
for all 7 in WD(k). We say M is conjugate-symplectic if there is a non-degenerate
bilinear form on M which satisfies

{B(Tm, sTs in) = B(m,n)

B(n,m) = —B(m, s*n),

for all 7 in W D(k). In both cases, the form B gives an isomorphism of representations
f:Ms— MY,

whose conjugate-dual

(F) e e s (o)) 2 v

satisfies
(fY)* =b-f with b= the sign of B.
We now note:
Lemma 3.3. — Given two such non-degenerate forms B and B’ on M with the same

sign and preserved by W D(k), there is an automorphism of M which commutes with
WD(k) and such that B'(m,n) = B(Tm,Tn).

Proof. — The proof is similar to that of Lemma 3.1. As before, we may reduce to the
following two cases:
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RESTRICTION PROBLEMS FOR CLASSICAL GROUPS 11

(a) M =V ®N with N irreducible and conjugate-dual, in which case the centralizer
of the action of WD(k) is GL(V);

(b) M =(V®P)® (Ve (P*)V) with P irreducible and P 2 (P*)V, in which case
the centralizer of the action of WD(k) is GL(V) x GL(V).

In case (a), if the conjugate-duality of N has sign by, then giving a WD(k)-
invariant non-degenerate bilinear form on M of sign b is equivalent to giving a non-
degenerate bilinear form on V of sign b-by, and all such are conjugate under GL(V').
Similarly, in case (b), giving a W D(k)-invariant nondegenerate bilinear form on M
of sign b is equivalent to giving a non-degenerate bilinear form on V, and all such are
conjugate under GL(V) x GL(V). O

The isomorphism class of the representation M?® is independent of the choice of s
in W(ko) — W.If & = ts is another choice, then the map

f Ms — M*

m — t(m)

is an isomorphism of representations of W D(k). We denote the isomorphism class of
M* and M* simply by M?. If M is conjugate-orthogonal or conjugate-symplectic by
the pairing B relative to s, then it is conjugate-orthogonal or conjugate-symplectic
by the pairing

B'(m, f(n)) = B(m,n)

relative to s’. In both cases, M7 is isomorphic to the dual representation M.

If M is conjugate-dual via a pairing B with sign b = +1, then det(M) is conjugate-
dual with sign = (b)4™(M), Any conjugate-dual representation of W D(k) of dimension
1 gives a character x : kX — C* which satisfies x!*° = 1. Hence Y is trivial on the
subgroup Nk*, which has index 2 in k. We denote this 1-dimensional representation

by C(x)-

Lemma 3.4. — A representation C(x) is conjugate-orthogonal if and only if x is trivial
on ki, and conjugate-symplectic if and only if x is nontrivial on k but trivial on
NEk*.

Proof. — : Since the action of WD(k) on C(x) factors through the quotient W (k)?®,
we may compute with the quotient W (k/ko) of W (ko). The Weil group W (k/ko)
is isomorphic to the normalizer of k™ in the multiplicative group of the quaternion
division algebra over ko [82, Appendix III, Theorem 2|. It is therefore generated by
k* and s, with sa = a%s for a € k*, and s? in kg generating the quotient kg /Nk*.

If x(s?) = +1, then the form B(z,w) = 2w on C(x) is conjugate-orthogonal. If
x(s?) = —1, then this form is conjugate-symplectic. O

We also note:
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12 W. T. GAN, B. H. GROSS & D. PRASAD

Lemma 3.5. — (i) A representation M of W D(k) is conjugate-dual with sign b if and
only if N = Ind%ggz(;)M is selfdual with sign b and has maximal isotropic subspace
M (which is naturally a W D(k)-submodule of N ).

(i) If M; is conjugate-dual with sign b;, fori =1 or 2, then M, ® My is conjugate-dual
with sign by - ba.

Proof. — For (i), suppose that M is conjugate-dual with respect to a form B. As a
vector space, N = M @®s~1-M for s € WD (ko) ~ WD(k). We define a non-degenerate
bilinear form By on N by decreeing that M and s~! - M are isotropic spaces and
setting
By(m,s~!-m’) = B(m,m’),
Bn(s71-m/,;m)=0b-Byx(m,s™1-m/).
It is easy to check that By is preserved by WD(kg). Conversely, if the induced
representation N is selfdual with respect to a form By which has M as an isotropic
subspace, then the pairing induced by By on M x s~!-M is necessarily nondegenerate.

Thus we may define a nondegenerate form on M by
B(m,m') = By(m,s™ ! -m/).

It is easy to check that B gives a conjugate-duality on M with the same sign as By;
this proves (i). The assertion (ii) is also straightforward: if M; is conjugate-dual with
respect to the form B; of sign b;, then M7 ® M, is conjugate-dual with respect to the
tensor product B; ® Bs which has sign by - bs. O

3.0.1. Remark. — M. Weissman has pointed out that the representation M7 can be
more canonically defined (without resorting to the choice of s € WD(k) ~ WD (ko))
in the following way. Consider the induced representation Indv‘/gggzg’)M which can be
realized on:

{f:WD(ko) = M : f(r-3)=7(f(s)) for all T € WD(k) and s € WD(ko)}.
Then the representation M? of W D(k) can be realized on the subspace of such func-
tions which are supported on WD(kq) ~ WD(k). We note:

(i) Any W D(k)-equivariant map M — N induces a natural W D(k)-equivariant
map M? — N°.
(ii) There is a natural isomorphism (M?)¥ — (MV)?, via the perfect duality on
M x (MVY)? defined by
(£, £7) = (f(s),f'(s)), for f € M7 and f* € (M),
for any s € WD(ko) ~ WD(k) and where (—, —) denotes the natural pairing on
M x MVY. The above pairing is clearly independent of the choice of s.
(iii) On this model of M7, there is a canonical isomorphism
(M?)? — M
given by
F s Fls)(s™)
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for any s € WD(ko) ~ WD(k). This isomorphism is independent of the choice
of s.

Thus a conjugate-duality with sign b is a W D(k)-equivariant isomorphism
f:M7 — MY
whose conjugate-dual
(F)7: M7 — (M) = (MY)7)" = M
satisfies
(fY)7=b-f.

This treatment allows one to suppress the somewhat mysterious looking identity
B(n,m) =b- B(m,sn).

4. The centralizer and its group of components

The centralizer C(M) of a representation M of W D(k) is the subgroup of GL(M)
which centralizes the image. Write

as a direct sum of irreducible representations M;, with multiplicities m; > 1. Then
by Schur’s lemma,

c(M) ~ [[ GL(m;, C).

In particular, C(M) is a connected reductive group.

The situation is more interesting for representations M which are either selfdual
or conjugate-dual, via a pairing B with sign b = +1. We define C = C(M, B) as
the subgroup of Aut(M, B) C GL(M) which centralizes the image of WD(k). Up to
isomorphism, the reductive group C depends only on the representation M and can
be described more explicitly as follows.

If we write M as a direct sum of irreducible representations M;, with multiplicities
m;, and consider their images in MV under the isomorphism M? — MV provided by
B, we find that there are three possibilities:

1. M7 is isomorphic to MY, via a pairing B; of the same sign b as B.

2. MY is isomorphic to MY, via pairing B; of the opposite sign —b as B. In this
case the multiplicity m; is even.
3. MY? is isomorphic to MJV, with j # 4. In this case m; = m;.

Hence, we have a decomposition
M=@W@Mrl-@Wi@Ni+@Ui®(Pi+(Pig)v)a
where

(a) the M;’s are selfdual or conjugate-dual of the same sign b,
(b) the N;’s are selfdual or conjugate-dual of the opposite sign —b;
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14 W. T. GAN, B. H. GROSS & D. PRASAD

(c) P¢ is not isomorphic to P, so that P; and P; = (Pf)Y are distinct irreducible
summands.

Moreover, the restriction of the form B to each summand in the above decomposition
of M induces a nondegenerate pairing on the multiplicity space V;, W; or U;. The
induced pairing on V; necessarily has sign +1, whereas the pairing on W; necessarily
has sign —1. On the other hand, the induced pairing on U; need not have a sign.

We can now determine the centralizer C. As in the proofs of Lemmas 3.1 and 3.3,
giving an element T of C is equivalent to giving elements T; in GL(V;), GL(W;) or
GL(U;) x GL(U;), such that T; preserves the induced nondegenerate pairing on V;,
W, or U;. Thus, we conclude that (cf. [24, §6-7], [57] and [58]):

Cc ~JJow) x [TSp(W:) x [] GL(U:).
In particular, the component group of C is
A =mo(C) ~ (Z)2)*,

where k is the number of irreducible summands M; of the same type as M, or equiv-
alently the number of V;’s in the above decomposition.

For each such M, let a; be a simple reflection in the orthogonal group O(m;). The
images of the elements a; in A give a basis over Z/2Z. For any semisimple element a
in C, we define

M*={meM:am=—-m}
to be the —1 eigenspace for a on M. This is a representation of WD(k), and the
restricted pairing B : M* x M® — C is non-degenerate, of the same type as M. For
the simple reflections a; in C,
M* = M;
are the irreducible summands of the same type as M.

We can use these representations to define characters x : A — (£1). The basic idea
is to define signed invariants d(M) = %1 of representations M of W D(k), which are
either selfdual or conjugate-dual.

Proposition 4.1. — Let d(M) be an invariant of selfdual or conjugate-dual represen-
tations, taking values in +£1. Assume that
1. dM+ M) =dM)-d(M")
2. the value d(M®*) depends only on the image of a in the quotient group A =
Cu/CS,.
Then the function
x(a) = d(M*?)

defines a character of A.

Indeed, the different classes in A are all represented by commuting involutions in
C, and for two commuting involutions a and b we have the formula:

M 4 2(M*N M%) = M® + M?
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as representations of WD(k). Hence x(ab) = x(a) - x(b).
The simplest example of such an invariant, which applies in both the conjugate-dual
and the selfdual cases, is
d(M) = (-1)tm M,
To see that dim M? (mod 2) depends only on the coset of a (mod CY%,), we recall
that
M=@W@Mi-F@Wi@Ni-F@Ui®(Pi+(PiU)v)

and let a = []; a; be a semisimple element of the product
Cu = [JOoVi) x [[ Sp(W:) x [[ GL(W).
i i i

Then —1 occurs with even multiplicity as an eigenvalue of a; € Sp(W;). On the other
hand, for a; € O(V;), one has

det a; = (_1)mu1t1phclty of —1 as an eigenvalue of a;

Hence all the summands of M* have even dimension, except for the terms V,** @ M;
which have odd dimension precisely when det(a;) = —1 and dim M; = 1 (mod 2).
Thus it follows that the parity of dim M“ depends only on the coset of a (mod CY%,).
In particular, one obtains a character of A:

1(a) = (~1)8m
Now assume M is selfdual. The character n is trivial when M is symplectic, as
dim M® is even for all a in Sp(M) = G(M, B). In the orthogonal case, dim M?® is
even precisely for elements a in the centralizer which lie in the subgroup SO(M, B)
of index 2 in O(M, B). We denote this subgroup by C*.
An element c of kX /k*? gives a character
ne(a) = (det M*)(c)
of A. Indeed, the quadratic character det M® depends only on the coset of a (mod C?).
Since 1.q = NcNa, We get a pairing
(c,a) : kX /k*% x A — (£1)
which is trivial in the symplectic case.
To construct other characters of A, we need more sophisticated signed invariants

d(M) of selfdual or conjugate-dual representations. We will obtain these from local
root numbers, after recalling that theory in the next section.

5. Local root numbers

Let M be a representation of the Weil-Deligne group W D(k) of a local field k, and
let 9 be a nontrivial additive character of k. In this section, we define the local root
number €(M, ), following the articles of Tate [69] and Deligne [13]. We then study
the properties of these constants for selfdual and conjugate-dual representations, and
give explicit formulae in the orthogonal and conjugate-orthogonal cases. The local
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16 W. T. GAN, B. H. GROSS & D. PRASAD

root numbers are more mysterious in the symplectic and conjugate-symplectic cases.
Indeed, they form the basis of our conjectures on the restriction of representations of
classical groups over local fields.

Let dz be the unique Haar measure on k which is selfdual for Fourier transform
with respect to i. For a representation M of the Weil group W (k), we define

(M, ) = e(M,,dr,1/2) in cx,

in the notation of [13, §4-5]. This is the local constant ey, (M, ) in [69, 3.6.1]. In the
non-archimedean case, if M is a representation of WD(k) = W (k) x SLy(C), we may
write

M=) M,®Sym"
n>0

with each M,, a representation of the Weil group. We define (cf. [26, §2]):
(M, ) = [] e(Mn, )™+ - det(—F|M;)".
n>0

This constant depends only on the isomorphism class of M.

The following formulae involving e(M, ) are well-known [69, 3.6], for represen-
tations M of the Weil group W (k). For a in k*, let ¢, be the nontrivial additive
character 1, (z) = ¢¥(az). Then

€(M,pa) = det M(a) - €(M, ),
E(M"()[}) : E(MV7¢71) =1
Since 9! = 9_1, we conclude that
E(Maw) : G(Mvaw) = detM(_l)

For representations M = > M,, ® Sym" of WD(k) in the non-archimedean case,
we have
MY = ZM;; ® Sym",

det(M) = [ det(M,)"".
n>0
This allows us to extend the above formulas to the local root numbers ¢(M, ) of
representations of WD(k).

Now let o be an involution of k, and define ¥?(x) = ¥ (x?). Then e(M?,9%) =
e(M,v). (Indeed, this is true for any continuous isomorphism ¢ : k — k’. For M
of dimension 1, this follows from Tate’s integral formula [69] for ¢(M, ). It then
follows from general M from the inductivity of e-factors.) If we assume further that
%% =~ then

G(M’r(/]) 'E((MV)U7¢) = E(M, TP) 'E(Mv7¢a)

I
a
=
E
o
<
\.<
S
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RESTRICTION PROBLEMS FOR CLASSICAL GROUPS 17

When we apply these formulas to selfdual and conjugate-dual representations, we
obtain the following.

Proposition5.1. — 1. Assume that M is a selfdual representation of W D(k) with
det(M) = 1. Then (M) = e(M,v) is independent of the choice of ¥ and
satisfies

e(M)? =1.

Furthermore, if M is of the form M = N + NV, then ¢(M) = det N(—1).
2. Assume that M is a conjugate-dual representation of WD(k) and that the ad-
ditive character ¢ of k satisfies ” = ~1. Then

e(M,)* = 1.
Furthermore, if M is of the form M = N +°N", then e(M,) = 1.

Since we are assuming that the characteristic of k is not equal to 2, the characters
1 of k which satisfy ¢° = 1 ~! are precisely those characters which are trivial on
ko, the fixed field of o. These characters form a principal homogeneous space for the
group kg, and the value (M, 1) depends only on the Nk*-orbit of 1. Indeed det M
is conjugate-dual and hence trivial on Nk* C k. If det M is conjugate-orthogonal,
the restriction of det M to kg is trivial, and hence the value e(M) = e(M,v) is
independent of the choice of .

Following Deligne [14], we can say more when the selfduality or conjugate-duality
of M is given by a pairing B with sign b = +1. Recall the spin covering of the special
orthogonal group, which gives an exact sequence:

1—7Z/2 — Spin(M) — SO(M) — 1.

Proposition 5.2. — 1. Assume that M is an orthogonal representation and that
det(M) = 1. Then the root number e(M) = e(M,) is independent of the choice
of ¢ and satisfies e(M)? = 1. Furthermore e(M) = +1 if and only if the rep-
resentation ¢ : WD(k) — SO(M) lifts to a homomorphism ¢ : WD(k) —
Spin(M).

2. Assume that M is a conjugate-orthogonal representation and that ¢° = L.
Then the root number e(M) = e(M,v) is independent of the choice of ¢ and
satisfies e(M) = +1.

Proof. — The orthogonal case was proved by Deligne [14]; we note that in our case
the characteristic of & is not equal to 2. We will deduce the second result for conjugate-
orthogonal representations of W (k) from Deligne’s formula, combined with the work of
Frohlich and Queyrut [16]. The extension of the second result to conjugate-orthogonal
representations of the Weil-Deligne group W D(k) is then an amusing exercise, which
we leave to the reader (cf. [14, §5]).

If M is conjugate-orthogonal and dim(M) = 1, we have seen that M corresponds
to a complex character x of the group k™ /kg . By [16, Thm 3], we have the formula

(X, ¥o(Tr)) = x(e)
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18 W. T. GAN, B. H. GROSS & D. PRASAD

where 1 is any nontrivial additive character of ky and e is any nonzero element of k
with Tr(e) = 0 in ko. The element e is well-defined up to multiplication by k', and

e? is an element of k. If we define the additive character ¢ of k by

P(x) = Po(Tr(ex))
then 9 = ¢~!, and
(M) = e(x,¥) = x(¢)® = +1.
This establishes the formula when M has dimension 1.

Since the desired formula is additive in the representation M of W (k), and is true
when dim(M) = 1, we are reduced to the case of conjugate-orthogonal representa-
tions M of even dimension. Then N = Ind(M) is an orthogonal representation of
determinant 1. Let 1y be a nontrivial additive character of kg; by the inductivity of
local epsilon factors in dimension zero [13]:

e(NV, o) /e(P, o) ™M) = e(M, o (T¥)) /e(C, o (Tx)) ™M)

with C the trivial representation and P = Ind(C) the corresponding induced represen-
tation, which is orthogonal of dimension 2 and determinant w. Since €(C, 9o(Tr)) =1
and €(P,vg)? = w(—1), we obtain the formula

e(N) = €(N, ) = w(=1)TD/2 (M, o(Tr)).
On the other hand, we have
e(M) = e(M, ) = det(M)(e) - e(M,1o(Tr)),

where e is a nonzero element of k with Tr(e) = 0 in ko. Hence, to show that e(M) = +1,
we are reduced to proving the formula

e(N) = det(M)(e) - w(—1)dm®M)/2

for the root number of the orthogonal induced representation N. To do this, we
combine Deligne’s formula for the orthogonal root number with the following lemma.

Lemma 5.3. — Let M be a conjugate-orthogonal representation of W (k) of even di-
mension. Then N = Ind(M) is an orthogonal representation of W (ko) of determinant
1. The homomorphism ¢ : W (ko) — SO(N) lifts to a homomorphism ¢ : W (ko) —
Spin(N) if and only if det M (e) - w(—1)3™(M)/2 = 11,

Proof. — Let T be the maximal torus in SO(N) which consists of the rotations z;
in n = dim(M) orthogonal planes. The restriction of the spin covering Spin(N) —
SO(N) to the torus T is the two-fold covering obtained by pulling back the spin
covering z — 2% of C* under the map F(z1, - ,2z,) = [] 2.

The image of the map ¢ : W — SO(N) lies in the normalizer of the Levi subgroup
GL(M) which fixes the decomposition N = M + MV into maximal isotropic dual
subspaces. There is an involution j of N which switches the subspaces M and M.
Since det(j) = (—1)™ and n = dim(M) is even, this involution lies in SO(NNV). The
normalizer of the Levi is the semi-direct product GL(M)- (j). We denote the resulting
homomorphism of W to GL(M) - (j) also by ¢.
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Since j has n eigenvalues which are +1, and n eigenvalues which are —1, if we
view this involution as a product of rotations (zi,--- ,2,) in orthogonal planes, we
get n/2 values z; = —1 and n/2 values z; = +1. Hence the involution j lifts to an
element of order 2 in Spin(N) if and only if n = dim(M) is divisible by 4. Note that
the quadratic extension k of ky can be embedded in a cyclic quartic extension of kg if
and only if the character w of kJ is a square, or equivalently, if and only if w(—1) = 1.
We therefore conclude that the natural homomorphism W — Z/2Z = (j) (given by
the quadratic extension k/ko) lifts to the restriction of the spin cover to (j) = Z/2Z
if and only if

(5.4) w(—=1)4mM)/2 — 4,

We now consider the homomorphism

¢: W S GL(M) - (j) = C* - (j)
whose projection to the quotient (j) is the quadratic character w of Gal(k/kg). The
resulting homomorphism

¢: W —C*-(j)
is given by its restriction to W(k), which is nothing but the character x = det(M),

a character of k* /kg by the local class field theory. Hence the homomorphism ¢ :
W — C* - (j) lifts to a homomorphism from W to C* - (j):

C*-()

7
22

¢ W ——=C* - (j)

if and only if the character x of k* /kJ has a square-root. Clearly, the character x of
k*/k§ is a square if and only if

(5.5) x(e) = +1,

where e is a nonzero element of k& with trace zero to kg. Indeed, e generates the
2-torsion subgroup of the one dimensional torus k™ /k .

Since the subgroup SL(M) is simply-connected, it always lifts to Spin(N). Hence
the restriction of the spin covering of SO(N) to GL(M) is obtained by taking the
square root of the determinant of M, via the formula for the covering of T given
above.

It is easy to see that the 2-fold covering of W afforded by ¢ : W — GL(M) - (j) C
SO(N) is the sum of two coverings, one of which is the 2-fold cover of (j) pulled
back to give a 2-fold cover of GL(M) - (j), and the other of which is the 2-fold cover

2
C* % C* pulled back to GL(M) - (j) via the determinant map from GL(M) to C*.
From our calculations above, these two 2-fold covers of W are respectively trivial if
and only if we have the conditions as in (5.4) and (5.5).
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We now observe that H?(W,Z/27) classifying the 2-fold coverings of W is an
abelian group under fiber product which, by local class field theory, is nothing but
7./27. Therefore the sum of two elements in H?(W, Z/27) is zero if either both of them
are trivial, or both of them are nontrivial. Hence by (5.4) and (5.5), the parameter

¢: W — GL(M) - (j) — SO(N)
lifts to Spin(NN) if and only if x(e) - w(—1)3™(M)/2 = 41, O

Together with the extension to representations of W D(k), this completes the proof
of Proposition 5.2. O

6. Characters of component groups

In this section, we will use the results of the previous section on local root numbers,
together with Proposition 4.1, to construct characters of the group A of components
of the centralizer C of (M, B).

First assume M and N are conjugate selfdual representations, with signs b(M) and
b(N). Fix ¢ with 1 = 1~!, and for semisimple a in Cp; C G(M, B), define

xn(a) = e(M* ® N, ).
Theorem 6.1. — 1. The value xn(a) depends only on the image of a in A, and
defines a character xn : Ay — (£1)

2. If (M) -b(N) = 41, then xy =1 on Ay

3. Ifb(M) - b(N) = —1, let ¢'(z) = ¢(tz) with t the nontrivial class in k§ /Nk*,

and define
Xn(a) = e(M*® N,").
Then
X = xn - 5N e Hom(Ayy, +1),

where the character n of Ay is defined by n(a) = (—1)3™M*,

Proof. — (1) Write
M=@Pvie Mi+PW;e N, + DU ® (P +(P)")
as in §4., so that

Cu = [JOoWa) x [[Sp(W:) x [[ GL(W).

It suffices to check (1) for semisimple elements a which are nontrivial in exactly one
of the factors in the above product expression for Cj;. Suppose, for example, that
a = a; x 1 with a; € O(V;). Then

M*@ N=dimV™ - (M; ® N).
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The parity of dim V;** depends only on the image of a; in O(V;)/SO(V;), or equivalently
only on the image of a in the component group Aj,. Since

e(M; ® N, o) = +1,
we see that
X(a) = G(Ma ® N,w) = G(Mz ® N,'l/))dim Vl,al

depends only on the image of a in Ay;. The other cases are similarly treated: when
a = a; x 1 with a; € Sp(W;) or a; € GL(U;), one finds that e(M* ® N,vy) = +1. For
the details, see [24, §10].

(2) When b(M)-b(N) = 41, the representations M*® N are all conjugate-orthogonal
by Lemma 3.5, so xy = 1.

(3) The final statement follows from the formula

Xn(a) = xn(a) - det(M* ® N)(t)

and the calculation of the sign of the conjugate-dual representation which is the
determinant of the tensor product. O

We use this theorem to define the quadratic character

xn(anm) - xm(an)

on elements (apr,ay) in the component group Ay, x Ay. Here M and N are two
conjugate-dual representations, although by part 2 of Theorem 6.1 the character yn X
Xm can only be nontrivial when b(M) - b(N) = —1.

The case when M and N are selfdual with signs b(M) and b(N) is more complicated.
First, with ¢ a nontrivial additive character of k, the function

xn(a) =€e(M*® N, 1)
on C)s need not take values in £1. Indeed
XN(G)2 =det(M*® N)(—1) = 1.

Even when det(M® ® N) = 1 for all a in Cyy, the value xny(a) = £1 may not be
constant on the cosets of C](\)/I. For example, when M = P + PV with P irreducible

and not isomorphic to PV and N is the trivial representation C of dimension 1, we
have Cpr = GL(1,C). But

XN (=1) = (M ® N, ¢) = e(M, ¢) = det P(—1),

which need not be equal to xn(1) = 1.

We will therefore only consider selfdual representations M and N of even dimen-
sion, and semisimple elements a in the subgroup C}; of Cys, where det(a|M) = +1.
Then dim(M?*) is also even, and

det(M® ®@ N) = det(M*)3m®) . det(N)dimM?)
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is clearly trivial. In particular, e(M?® ® N,v) = ¢(M* ® N) is independent of the
choice of additive character 1 and satisfies e(M® ® N)? = +1. We correct this sign
by another square root of det(M® ® N)(—1), and define (for a € C3;)

xn(a) =e(M*QN) .det(Ma)(_l)dim(N)/z . det(N)(_l)dim(Ma)/z.

Now let A?\'/I be the image of C}CI in Ay = CM/C]?/[. Note that Cg/l - C]‘\t[ c Cu, so
the component group A}\"/I has index either 1 or 2 in Aj;. Then we have:

Theorem 6.2. — Assume that M and N are even dimensional selfdual representations
of WD(k).
1. The value xn(a) depends only on the image of a in A?\—/p and defines a character
xn AL — (£1).
2. If b(M)-b(N) = +1, then xn(a) = (det M*,det N), where (—,—) is the Hilbert
symbol.

Proof. — (1) This follows from the method of [24, Prop. 10.5], analogous to the proof
of Theorem 6.1(1).
(2) When M and N are both symplectic, the tensor product representation M*® N of
the simply-connected group Sp(M®) x Sp(N) lifts to Spin(M*® N) and ¢(M*® N) =
+1. This proves (2) since det M* = det N = 1.

When M and N are both orthogonal of even dimension, so are M* and N. Hence
M®® N is orthogonal of dimension divisible by 4 and determinant 1. In this case, we
have

e(M*® N) = we(M*® N)
by Deligne [14], where ws refers to the second Stiefel-Whitney class [48], which is
valued in H?(k,Z/2Z) = {£1}. On the other hand, for two representations V and W
of WD(k), wa(V ® W) is given by [48, Problem 7-C, Pg. 87-88]

wa(VOW) = w(V) - dimW +dim(V) - wao(W) +wi(V)*- (din; W)

dimV
+< ”; > wy (W) + wi(V) - wi (W) - (dim V - dim W + 1)
as elements of H2(k,Z/27) = {£1}. Here, w; refers to the first Stiefel-Whitney class,
which is valued in H'(k,Z/27Z) = k* /k*2, and the various operations refer to addition
and cup product in the cohomology ring H*(k,Z/2Z). In particular, if V and W are
both even-dimensional, we have

dimV

wa (Ve W)=

dim W
wy (W)? + g

wl(V)2 + wl(V) . wl(W) S {:I:l}.
For the even dimensional orthogonal representations M and N of interest, we have:

wi(N)=det N and wi(M*®)=det M,
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and the cup product pairing H'(k,Z/27) x H(k,Z/27) — H?(k,Z/27Z) is given by
the Hilbert symbol. Hence, we have

e(M®® N) = (det N, det N)2 4™ M* . (det M*, det M*)2 4™ N . (det N, det M®)
= (det N)(—1)2 4 M* . (det M*)(—=1)7 9N . (det N, det M?),
as claimed. O
We use this theorem to define the quadratic character

xn~(anr) - xm(an)

on elements (ayr,an) in the component group AX/[ X A}, for two selfdual represen-
tations M and N of even dimension. As in the conjugate-dual case, it follows from
Theorem 6.2(2) that the character x X xas is only interesting when b(M)-b(N) = —1.
When the representations M and N are both symplectic, x = 1. When M and N are
both orthogonal, the character x is given by a product of Hilbert symbols

xn(an) - xm(an) = (det MM det N) - (det M, det N*V).

7. L-groups of classical groups

Having defined representations, selfdual representations, and conjugate-dual rep-
resentations of the Weil-Deligne group W D(k) of k, our next goal is to relate these to
the Langlands parameters of classical groups. Before doing that, we recall the L-group
attached to each of the classical groups, with particular attention to the L-groups of
unitary groups.

If G is a connected reductive group over kg, the L-group of G is a semi-direct
product

LG = G x Gal(K ko)

where G is the complex dual group and K is a splitting field for the quasi-split inner
form of G, with Gal(K/kq) acting on G via pinned automorphisms. (Alternatively,
one could use W ko), acting on G through its quotient Gal(K/ko)).

Recall that in this paper, our classical group G = G(V') comes equipped with an
underlying space V, i.e. with a standard representation. We shall see that this extra
data equips the L-group “G or the dual group G with a standard representation.

For G = GL(V), we have G = GL(M) with dim M = dim V. If {e1,-- - , e, } is the
basis of the character group of a maximal torus 7' C G given by the weights of V,
then the weights of the dual torus T on M are the dual basis {eY, - ,e’}.

Now assume that G C GL(V/k) is a connected classical group, defined by a o-
sesquilinear form (,) : V x V — k of sign e. The group G and its dual group 6, as
well as the splitting field K of its quasi-split inner form, are given by the following
table:
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(k,€) G G K Lag

k=ko SO(V), Sp,, (C) ko Sp,,, (C)

e=1 |dimV =2n+1

k=ky SO(V), S04, (C) ko(4/disc(V)) | O2,(C) (disc(V) ¢ k“)
e=1 dimV =2n SO2,(C) (disc(V) € k*2)
k=ko SP(V)’ SOQn+1((C) ko SO2n+1(C)
e=—1 dimV = 2n

k # ko U(v), GL,(C) k GL,,(C) x Gal(k/ko)

e= =1 dimV =n

We make a few remarks on the table. Firstly, when k = kg, the dual group Gisa
special orthogonal or symplectic group and thus has a unique standard representation,
as indicated in the table. However, when V is an even dimensional quadratic space
and disc(V) ¢ k*2, this standard representation has two extensions to “G. In the
above table, we have identified “G with Oy, (C) by regarding the nontrivial element
in Gal(K/ko) as a simple reflection in Os,(C): this picks out one of these two exten-
sions. Thus, when k = kg, the L-group “G comes equipped with a standard self-dual
representation M in each case.

Secondly, When k # ko, we fix a standard representation M for the identity com-
ponent “G° = G as follows. Extending scalars from kg to k, one has

U(V) X kb = Resy/i, (GL(V)) xx, k = GL(V) x GL(V7).
Via the first projection, one has a k-isomorphism
U(V) xg, k= GL(V).
In the above, we have already fixed the L-group of GL(V') with a standard represen-
tation M. Thus, we see that “G = GL(M) x Gal(k/ky) and YG° = GL(M) comes
equipped with a standard representation.

In addition, we note that the L-group GL(M) x Gal(k/ko) of U(V) is isomorphic
as a complex Lie group to the L-group of the anisotropic real group U(n), associated
to a definite hermitian space of the same dimension as V over C. We will now use this
fact to study the parity of selfdual complex representations of the L-group of U(V).

Let us make some general observations on the representation theory of the L-groups
of anisotropic groups over R. In this case, we have

L@ = G x Gal(C/R),

where the Galois group acts by a pinned involution (possibly trivial), which maps to
the opposition involution in Out(G) and takes any representation V to its dual VV.
The pinning of G gives a principal SLg in G which is fixed by the action of Gal(C/R),
so that we have

§ : SLy x Gal(C/R) — G x Gal(C/R).
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Let € in Z(@)Gal(C/R) be the image of —I in SLy. Then €2 = 1 and € acts as a scalar
on every irreducible representation of “G. The following result is due to Deligne.

Proposition 7.1. — Let G be an anisotropic group over R. Then every complex rep-
resentation N of LG is selfdual. If N is irreducible, the ' G-invariant pairing (,)n :
N x N — C is unique up to scaling, and is (¢|N)-symmetric.

Proof. — The proof is similar to Bourbaki [10, Ch. VIII, §7, Prop. 12 and Ex. 6],
which treats the irreducible, selfdual representations M of G. There one restricts the
pairing on M to the highest weight summand for the principal SLy, which occurs
with multiplicity one. In this case, we restrict the pairing on N to the subgroup SLy X
Gal(C/R), which again has an irreducible summand which occurs with multiplicity 1.
The sign (e|N) is the sign of —I on this summand, which determines the sign of the
pairing. O

If M is an irreducible representation of G which is selfdual, then M extends in two
ways to “G. If M is not isomorphic to MY, then the induced representation
N =Ind(M)
of LG is irreducible. If we restrict N to 6, it decomposes as a direct sum
M+ao - M~M+MY

where a generates Gal(C/R). Since M is not isomorphic to MY, the subspaces M and
a - M of N are isotropic for the pairing (, )y, which gives a non-degenerate pairing
() : M x M — C defined by

(7.2) (m,m/ypr = (m,am’)n.
This is a conjugate-duality on M : for g in @, we have
(gm,aga=tm/)yr = (m,m')
{(mﬂm)M = (e|M) - (m,m/)m

We now specialize these arguments to the case of unitary groups. Since the rep-
resentation of the principal SLy — GL(M) on M is irreducible and isomorphic to
Sym™ !, we have

(elM) = (=) .
Hence the self-duality on N = IndM and the conjugate-duality on M are (—1)""!-
symmetric. In particular, we have

Proposition 7.3. — If G = U(V), with dimy V = n, then

Lo, JSPN) =82, (C), if n is even;
O(N) = 02,(C), ifn is odd.

In each case, “G is identified with the normalizer of a Levi subgroup of a Siegel
parabolic subgroup in Sp,,,(C) or Og,(C).
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Finally, it is instructive to describe the L-groups of the classical groups from the
point of view of invariant theory. As we explain above, the L-groups of symplectic and
special orthogonal groups G(V') are themselves classical groups over C and have nat-
ural realizations as subgroups of GL(M) for complex vector spaces M of appropriate
dimensions. These subgroups can be described as follows. One has a decomposition

2
MeM=Sym’M@P \ M

of GL(M)-modules. The action of GL(M) on Sym®>M or A2M has a unique open
orbit consisting of nondegenerate symmetric or skew-symmetric forms on MV. Then
we note:

(i) The stabilizer of a nondegenerate vector B in Sym®M (resp. A2M) is the or-
thogonal group O(M, B) (resp. the symplectic group Sp(M, B)); these groups
exhaust the L-groups of symplectic and orthogonal groups.

(ii) The action of this stabilizer on the other representation A2M (resp. Sym? M) is
its adjoint representation.

(iii) The two representations Sym®M and A2M are also useful for characterizing
the selfdual representations of W D(k) introduced in §3: a representation M of
W D(k) is orthogonal (resp. symplectic) if and only if W D(k) fixes a nondegen-
erate vector in Sym®M (resp. A2M).

These rather obvious remarks have analogs for the unitary group U(V'), which we
now describe. Suppose that the L-group of U(V) is GL(M) x Gal(k/ko). Consider the
semi-direct product

H = (GL(M) x GL(M)) xZ/2Z

where Z/27 acts by permuting the two factors of GL(M); this is the L-group of
Resy/k, (GL(V/k)) with dimg V' = dim M. The irreducible representation M X M of
H° = GL(M) x GL(M) is invariant under Z/2Z and thus has two extensions to H.
In one such extension, the group Z/2Z = S, simply acts by permuting the two copies
of M; the other extension is then given by twisting by the nontrivial character of
H/H°. In honor of Asai, we denote these two extensions by As* (M) and As™ (M)
respectively. They can be distinguished by

Trace(c|As™(M)) = dim M and Trace(c|As™ (M)) = —dim M,
where c is the nontrivial element in Z/2Z. One has
Indffo(M K M) = As™ (M) P As™ (M).

The action of H® on As® (M) has an open dense orbit, consisting of isomorphisms
MY — M and whose elements we call nondegenerate. Now we have

Proposition 7.4. — Ifdim M = n, then the stabilizer in H of a nondegenerate vector in
AsCD" (M) is isomorphic as a complex Lie group to the L-group of U(V'). Moreover,
the action of this stabilizer on the other representation As‘™Y" (M) is the adjoint
representation of YU (V).
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The representations Asi(M ) are also useful for characterizing conjugate-dual rep-
resentations of WD(k), which were discussed in §3. Indeed, given a representation

¢ : WD(k) — GL(M),

one obtains a map
@:WD(ky) — H
by setting
¢(1) = (p(1), p(s7s7")) € GL(M) x GL(M),
for 7 € WD(k), and
@(s) = (1,(s*) -c€ H~ H°.
The choice of s is unimportant, since the maps ¢’s thus obtained for different choices
of s are naturally conjugate under H°. Through this map, W D(kg) acts on As™T (M).
In fact, the representation As™ (M) of W D(kg) is obtained from M by the process
of multiplicative induction [56] or twisted tensor product; it is an extension of the
representation M ® M? of WD(k) to WD(kg), and As™ (M) is the twist of As™ (M)
by the quadratic character wy 1, associated to the quadratic extension k /ko.
Now we have:

Proposition 7.5. — If M is a representation of WD(k), then

(1) M is conjugate-orthogonal if and only if W D(kg) fizes a nondegenerate vector
in Ast(M). When M is irreducible, this is equivalent to Ast (M)W P ko) £ 0,

(ii) M is conjugate-symplectic if and only if WD(ko) fizes a nondegenerate vector
in As™(M). When M is irreducible, this is equivalent to As™ (M)W P (ko) £ 0,

8. Langlands parameters for classical groups

In this section, we discuss the Langlands parameters of classical groups. In particu-
lar, we show that these Langlands parameters can be understood in terms of selfdual
or conjugate-dual representations M of WD(k).

If G is a connected, reductive group over kg, a Langlands parameter is a homo-
morphism

¢ : WD(ko) — G = G x Gal(K/kq).
This homomorphism is required to be continuous on W D(kg) = W (ko) when kg = R
or C. In the non-archimedean case, WD(ko) = W (ko) x SL2(C) and ¢ is required
to be trivial on an open subgroup of the inertia group in W(kg), the image of
Frobenius is required to be semi-simple and the restriction of ¢ to SLy(C) is re-
quired to be algebraic. In all cases, the projection onto Gal(K/kg) is the natural
map W(ko)/W(K) — Gal(K/ko). Finally, two Langlands parameters are considered
equivalent if they are conjugate by an element in G.
Associated to any Langlands parameter is the reductive group

Cvcé\
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which centralizes the image, and its component group
A, =C,/CY.
The isomorphism class of both C, and A, are determined by the equivalence class of
the parameter ¢.
For G = GL(V/ko), we have G = GL(M) with dim M = dim V. If {e1, - , e,)
is the basis of the character group of a maximal torus 7" C G given by the weights

of V, then the weights of the dual torus T on M are the dual basis (Y, -+ ,er).
The Langlands parameters for G are simply equivalence classes of representations of
WD(ky) on M.

Now assume that G C GL(V/k) is a connected classical group, defined by a o-
sesquilinear form (—,—) : V x V — k of sign e. Recall that the L-group of G or its
identity component G comes equipped with a standard representation M. We will
see that for each classical group G, a Langlands parameter ¢ for G corresponds to a
natural complex representation

WD(k) — GL(M)
with some additional structure, as given in the following theorem.

Theorem 8.1. — (i) A Langlands parameter ¢ of the connected classical group G C
GL(V/k) determines a selfdual or conjugate-dual representation M of W D(k), with
the following structure:

G dim(V) M dim M
Sp(V) 2n Orthogonal 2n+1 det M =1
SO(V) | 2n+1 Symplectic 2n
SO(V) 2n Orthogonal 2n det M = discV
U(V) | 2n+1 | Conjugate-orthogonal | 2n + 1
U((v) 2n Conjugate-symplectic 2n

(ii) The isomorphism class of the representation M determines the equivalence class
of the parameter ¢, except in the case when M is orthogonal and every irreducible
orthogonal summand M; of M has even dimension. In the exceptional case, M and
V' have even dimension and there are two equivalence classes {p,¢'} of parameters
for SO(V') which give rise to the same orthogonal representation M.

(ili) In the unitary cases, the group C, C G which centralizes the image of ¢ is
isomorphic to the group C of elements a in Aut(M, B) which centralize the image
WD(k) — GL(M). In the orthogonal and symplectic cases, the group C, C G is
isomorphic to the subgroup CT of C, consisting of those elements of Aut(M, B) which
satisfy det(a|M) = 1.

Proof. — This is well-known if G is an orthogonal or symplectic group. Indeed, the
L-group G is essentially the automorphism group of a nondegenerate symmetric
or skew-symmetric bilinear form B on a complex vector space M of appropriate
dimension. So the theorem amounts to the assertion that if two homomorphisms
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WD(k) — Aut(M, B) C GL(M) are conjugate in GL(M), then they are conjugate
in Aut(M, B). This is the content of Lemma 3.1. Moreover, the description of the
component group C, follows directly from the results of §4.
Henceforth we shall focus on the unitary case. For G = U(V), a parameter is a
homomorphism
¢ : WD(ko) — LG = GL(M) x Gal(k/ko)

with dim M = dim V' = n. The restriction of ¢ to W D(k) gives the desired represen-
tation M. We must next show that M is conjugate-dual with sign (—1)"~1.
If s € W (k) generates the quotient W D(ko)/W D(k), then

o(s) = (4,0) = (4,1)- (L,a) in "G
with A in GL(M). In the previous section (cf. equation (7.2)), we have seen that
the standard representation M of GL(M) has a conjugate-duality (—, —) s of sign
(—1)"~! with respect to the nontrivial element a € Gal(k/ko) C “G. We define the
bilinear form
B(m,m') = By(m,m) = (m, A~'m/) s,
Then the form B is non-degenerate on M and satisfies
B(tm,sts"'m') = B(m,m’)

for all 7 in WD(k), and
B(m/,m) = (=1)""'. B(m, s*m/).

n—1

Hence, as a representation of WD(k), M is conjugate-dual with sign = (—1)

It is clear that the conjugation of a parameter ¢ by an element of GL(M) gives an
isomorphism of the associated conjugate-dual representations. Hence we are reduced
to showing that every conjugate-dual representation M of sign = (—1)"~! extends to
a Langlands parameter ¢ of WD (ko), and that the isomorphism class of M determines
the equivalence class of .

Suppose then that M is a conjugate-dual representation of WD(k) of sign =
(—=1)"~! with n = dim M. To obtain an extension, consider the induced represen-
tation N = Ind(M) of WD(kg). By Lemma 3.5(i), N is selfdual of sign = (—1)"~1.
Moreover, the proof of Lemma 3.5 shows that the image of WD(kg) in Sp(4d) or
O(4d+2) (depending on whether n = 2d or n = 2d+1) is contained in the normalizer
of a Levi subgroup in a Siegel parabolic subgroup. By Proposition 7.3, this normalizer
is isomorphic to the L-group of U(V'): it splits as a semi-direct product GL(M) x («),
with det(a|N) = (—1)". Thus, we have produced an L-parameter for U(V) whose
restriction to W D(k) is the given M.

Finally we need to show that the extension obtained above is unique, up to conju-
gacy by G.1f @ and ¢’ are two parameters extending p : WD(k) — GL(M), we must
show that the elements

o(s) = (40)
©'(s) = (A a)of LG
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are conjugate by an element of GL(M) centralizing the image of p. The bilinear forms

B(ma m/) = <m7 Ailm,>M

Bl(maml) = <m7 (A/)_lm/>M
give two conjugate-dualities of M which are preserved by W D(k) and non-degenerate
with sign (—1)"~!. By Lemma 3.3, there is an element 7" in GL(M) centralizing the
image of p with

B'(m,m') = B(T'm,Tm’).
This gives the identity
(m, (A")7'm/) = (m, (T~H)*A™ Tm’)
for all m and m’. Hence
A =T AT

and the elements are conjugate by the element T' € GL(M) = G.

The argument identifying the group C,, with either the group C' or C'* associated
to (M, B) is contained in §4. This completes the proof of the theorem. O

Corollary 8.2. — A representation M of W D(k) gives rise to a Langlands parameter
for a quasi-split unitary group U(V) if and only if WD (ko) fizes a non-degenerate
vector in AsCD" (M), with n = dim M.

Proof. — This is a consequence of the theorem and Proposition 7.5. O

8.0.2. Remark. — When M is orthogonal of even dimension, it is often convenient to
view it as defining a unique Langlands parameter for the full orthogonal group O(V)
(which is not connected), with the equivalence being defined by O(M)-conjugacy; see
[57].

We conclude this section by recalling certain simple invariants of the representation
M of WD(k). For G = GL(V'), we have the character

det M : k* — C*.
For G = U(V), we obtain the character
det M : k* /ky — C*

as the sign of det M is (—1)"~1) = 1. Finally, for G = Sp(V) or G = SO(V) with
dim (V') even and disc(V') = 1, the representation M is orthogonal with det(M) = 1.
Hence we have the root number e(M) = (M, 1) independent of the additive character
1 of k, and

e(M) = +£1.

We will relate these invariants to the central characters of certain representations of
G after introducing Vogan L-packets in the next section.
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9. Vogan L-packets - Desiderata

Let G be a quasi-split, connected, reductive group over a local field ky. In this
section, we will discuss Langlands parameters ¢ as the conjectural parameters for the
isomorphism classes of irreducible smooth admissible complex representations of the
locally compact group G(ko). Before coming to that, we briefly recall the notions of
smooth and admissible representations of G (ko) when ko is a local field.

When kg is local and discretely valued, a smooth representation 7 is simply a
homomorphism

m: G(ko) — GL(E)
for a complex vector space E (possibly infinite-dimensional) such that
E =UgEX,

where the union is over all open compact subgroups K of G(ko). Such a smooth
representation is admissible if E¥ is finite dimensional for any open compact subgroup
K. A homomorphism from (7, E) to (7', E’) is simply a linear map E — E’ which
commutes with the action of G(ko).

When kg = R or C, we will consider the category of smooth Frechet representations
(m, E) of moderate growth, as introduced by Casselman [11] and Wallach [80]. An
admissible representation is such a representation whose subspace of K-finite vectors
(where K is a maximal compact subgroup of G(kg)) is the direct sum of irreducible
representations of K with finite multiplicities. A homomorphism (7, E) — (7', E’)
is a continuous linear map E — E’ which commutes with the action of G(ko).

We come now to the local Langlands conjecture. We shall present this conjecture
in a form proposed by Vogan [70], which treats representations 7 of all pure inner
forms G’ of G simultaneously. Recall from Section 2 that the pure inner forms of G
are the groups G’ over ko which are obtained from G via inner twisting by elements
in the finite pointed set H'(ko, G).

All of the pure inner forms G’ of G have the same center Z over kg, and each
irreducible representation m of G’(kg) has a central character

wr : Z(ko) — C*.
The adjoint group G.,4(ko) acts on G’(kg) by conjugation, and hence acts on the
set of its irreducible complex representations. The quotient group G, (ko)/Im G’ (ko)

acts on the set of isomorphism classes of representations of G’ (ko). This quotient is
abelian, and canonically isomorphic to the cohomology group

E =G 4(ko)/Im G’ (ko) = ker(H"(ko, Z) — H"(ko, G")).

It can be seen that the group E is independent of the choice of the inner form G’ of
G.

Let B be a Borel subgroup of G over kg, with unipotent radical N. The quotient
torus T'= B/N acts on the group Hom(NN,C*). We call a character 6 : N (ko) — C*
generic if its stabilizer in T'(ko) is equal to the center Z(ko). If 7 is an irreducible
representation of G(kg) and 6 is a generic character, then the complex vector space
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Hom y (,)(m, ) has dimension < 1. When the dimension is 1, we say = is f-generic.
This depends only on the T'(kg)-orbit of 6.

When Z = 1, the group T'(ko) acts simply-transitively on the set of generic char-
acters. In general, the set D of T'(ko)-orbits on the set of all generic characters 6 of
N (ko) forms a principal homogeneous space for the abelian group E’:

E' = Toq(ko)/Im T(ko) = ker(H*(ko, Z) — H*(ko,T)).
By Lemma 16.3.6(iii) of [63],
Tad(ko)/Im T(ko) = Gad(ko)/lm G(k()),

hence we have the equality £/ = FE

We are now ready to describe the desiderata for Vogan L-packets, which will be
assumed in the rest of this paper. These properties are known to hold for the groups
GL(V) and SL(V), as well as for some classical groups of small rank.

1. Every irreducible representation 7 of G’(kg) (up to isomorphism) determines a
Langlands parameter

¢ : WD(ko) — G x Gal(K ko)

(up to equivalence).

Each Langlands parameter ¢ for G corresponds to a finite set II, of irre-
ducible representations of G(kg) and its pure inner forms G’(kq). Moreover, the
cardinality of the finite set IL, is equal to the number of irreducible representa-
tions x of the finite group A, = mo(C,,).

2. Each choice of a T'(ko)-orbit 6 of generic characters for G(ky) gives a bijection
of finite sets

J(0) : I, — Irr(A,).

For archimedean v, this bijection was established by Vogan in [70, Thm. 6.3].

The L-packet IL, contains at most one §’-generic representation, for each
T'(ko)-orbit of generic characters 6’ of G(ko). We conjectured in [24, Conjecture
2.6] that the L-packet II, contains a generic representation if and only if the
adjoint L-function L(p, Ad, s) is regular at the point s = 1. In this case, we say
the L-packet I, is generic.

Assume that the L-packet II, is generic. In the bijection J(6), the unique
0-generic representation 7 in IL, corresponds to the trivial representation of
A,. The ¢'-generic representations correspond to the one dimensional represen-
tations 7, described below.

3. The finite set II, of irreducible representations of G(ko) is stable under the
adjoint action of G%¢(kg), which permutes the different generic representations
for G(ko) in an L-packet transitively.

In any of the bijections J(f), the action of g € G (ko) on Irr(A,) is given
by tensor product with the one-dimensional representation n, of A, alluded to
above.
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More precisely, Tate local duality gives a perfect pairing
H'(ko, Z) x H'(K/ko,m(G)) — C*.

The coboundary map Cy, — H' (K /ko, m(@)) factors through the quotient A,
and gives a pairing
H'(ko, Z) x A, — C*.

The adjoint action by the element g in G, (ko) — H*'(ko, Z), viewed as a one
dimensional representation 1, of A, will take 7(¢,x) to the representation
(P, X @ ny)-
In any of the bijections J(#), the pure inner form which acts on the represen-
tation with parameter (¢, x) is constrained by the restriction of the irreducible
representation x to the image of the group WO(Z(Z}’\))G"‘I(K/’“O) in A,.

More precisely, when ky # R, Kottwitz has identified the pointed
set Hl(ko,G) with the group of characters of the component group of
Z(@)GaI(K/kO). The inclusion

Z(a)Gal(K/ko) R Cga

induces a map on component groups, whose image is central in A,. Hence an
irreducible representation x of A, has a central character on 7o (Z(G))“2/(K/ko)
and determines a class in H'(kg, G). This is the pure inner form G’ that acts

on the representation (¢, x).

. All of the irreducible representations 7 in I, have the same central character

wyr. This character is determined by ¢, using the recipe in [26, § 8].

10. Vogan L-packets for the classical groups

We now make the desiderata of Vogan L-packets completely explicit for the classical
groups G C GL(V/k). We have already described the Langlands parameters ¢ for G
explicitly, as certain representations M of W D(k), in Section 6. In all cases, the
component group A, is an elementary abelian 2-group, so Irr(A,) = Hom(A,, +1).
We treat each family of groups in turn.

The General Linear Group G = GL(V)

1.

~

A Langlands parameter is a representation M of WD(k), with dim(M) =
dim(V"). The group C, = C(M) is connected, so A, = 1. Hence II, consists of
a single element. In this case, the full Langlands conjecture is known (by [29]
and [31]).

. There is a unique T-orbit on the generic characters, and the regularity of the

adjoint L-function of ¢ at s = 1 detects generic L-packets IL,.
The adjoint action is trivial, as the center Z of G has trivial first cohomology.
The only pure inner form is G = GL(V).

. The center Z(k) = k*, and the central character of 7(¢) has parameter det(M).
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The Symplectic Group G = Sp(V)

1.

A Langlands parameter is an orthogonal representation M of WD(k), with
dim(M) =dim(V)+1 and det(M)=1.

The group A, = A}CI has order 2™~ !, where m is the number of distinct irre-
ducible orthogonal summands M; in M. The full Langlands conjecture is known
when dim(V) = 2 [46] or 4 [18].

. The set D of T-orbits on generic characters is a principal homogeneous space

for the group E = H'(k,Z) = k*/k*2. We will see in §12 that the choice of
the symplectic space V identifies the set D with the set of k*2Z-orbits on the
nontrivial additivecharacters ¢ of k.

The adjoint action is via elements c in the group E = k> /k*2. This acts on the
irreducible representations of A, via tensor product with the character 7.(a) =
det(M%)(c), and on the set D of orbits of generic characters by mapping ¥ (x)
to ¥(cz).

The only pure inner form is G = Sp(V).

. The center Z(k) = (£1), and the central character of m(p) maps the element

—1in Z(k) to the local root number e(M).

The Odd Special Orthogonal Group G = SO(V), dim(V) =2n+1

1.

A Langlands parameter is a symplectic representation M of W D(k), with
dim(M) = dim(V) — 1. The group A, = Ap has order 2™, where m is
the number of distinct irreducible symplectic summands M; in M. The full
Langlands conjecture is known when dim (V) = 3 [45] or 5 [19].

. Since G is an adjoint group, there is a unique T-orbit on the set of generic

characters, and hence a single natural bijection J : IL, — Hom(A,, £1).

The adjoint action on the L-packet is trivial.

The pure inner forms of G are the groups G’ = SO(V'), where V' is an or-
thogonal space over k with dim(V’) = dim(V) and disc(V’) = disc(V) [40,
(29.29)].

If k£ is non-archimedean and n > 1, there is a unique non-split pure inner form
G’, which has k-rank (n — 1). The representation (¢, x) is a representation of
G if x(—=1) = +1 and a representation of G’ if x(—1) = —1. If Kk = R and
G = SO(p, q), then the pure inner forms are the groups G’ = SO(p’,¢’) with
¢ = q mod 2, and 7(p,x) is a representation of one of the groups G’ with

(~1))/2 = x(~1).

. The center Z of G is trivial.

The Even Special Orthogonal Group G = SO(V), dim(V) = 2n, disc(V) =d

1.

A Langlands parameter determines an orthogonal representation M of W D(k),
with
dim(M) = dim(V) and det(M) = C(d).
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The group A, = AX/I has order 2™, where m is either the number of distinct
irreducible orthogonal summands M; in M, or the number of distinct orthogonal
summands minus 1.

The latter case occurs if some irreducible orthogonal summand M; has odd di-
mension (in which case the orthogonal representation M determines the param-
eter ). If every irreducible orthogonal summand M; of M has even dimension,
then AX/I = Ajr and there are two parameters {@, ¢*} which determine the
same orthogonal representation M. The representations 7 (¢, x) and 7(¢*, x)
are conjugate under the outer action of O(V) on SO(V).

The full Langlands conjecture is known when dim(V) = 2 or 4 or 6.

. The set D of T-orbits on generic characters is a principal homogeneous space

for the group E = NK* /k*? where K is the splitting field of G. We will see in
§12 that the choice of the orthogonal space V identifies the set D with the set
of G-orbits on the set of non-isotropic lines L C V, such that the space L' is
split.

The adjoint action is via elements c in the group E = NK*/k*2. This acts
on the irreducible representations of A, via tensor product with the character
ne(a) = det(M?)(c), and on the set D of orbits of generic characters by mapping
a line L = kv with (v,v) = @ in k* to a line L’ = kv’ with (v/,v) = ¢ - a.

. The pure inner forms of G are the groups G' = SO(V’), where V' is an or-

thogonal space over k with dim(V’) = dim(V) and disc(V’) = disc(V) [40,
(29.29)].

If k£ is non-archimedean and V is not the split orthogonal space of dimension 2,
there is a unique pure inner form G’, such that the Hasse-Witt invariant of V'
is distinct from the Hasse-Witt invariant of V. The representation m(p, x) is a
representation of G if x(—1) = +1 and a representation of G’ if xy(—1) = —1.
If k¥ = R and G = SO(p, q), then the pure inner forms are the groups G’ =
SO(p’,q") with ¢ = ¢ mod 2, and 7(p,x) is a representation of one of the
groups G’ with (—1)(4=9)/2 = y(-1).

. If dim(V) = 2, then Z = G. If dim(V') > 4, then Z(k) = (£1) and the central

character of w(p) maps the element —1 in Z (k) to e(M,)/e(det M, ).

The Odd Unitary Group G =U(V), dimV =2n+1

1.

A Langlands parameter is a conjugate-orthogonal representation M of W D(k),
with dim(M) = dim(V'). The group A, = Ajs has order 2™, where m is the
number of distinct irreducible conjugate-orthogonal summands M; in M. The
full Langlands conjecture is known when dim(V') = 1 or 3 [60].

. There is a unique T-orbit on the set of generic characters, and hence a single

natural isomorphism J : II, — Hom(A,,, £1).

The adjoint action on the L-packet is trivial.

The pure inner forms of G are the groups G’ = U(V’), where V' is a hermitian
(or skew-hermitian) space over k with dim(V’) = dim(V") [40, (29.19)].
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If ko is non-archimedean, there is a unique pure inner form G’ such that the
discriminant of V' is distinct from the discriminant of V. The representation
(¢, x) is a representation of G if x(—1) = +1 and a representation of G’ if
x(—=1) = —=1. If ko = R and G = U(p,q), then the pure inner forms are the
groups G’ = U(p/,q’), and 7(ip, x) is a representation of one of the groups G’
with (—1)777 = x(—1).

. The center Z(ko) = k*/k§ = U(1), and the central character of m(y,x) has

parameter det(M).

The Even Unitary Group G =U(V), dimV = 2n

1.

A Langlands parameter is a conjugate-symplectic representation M of W D(k),
with dim(M) = dim(V'). The group A, = A has order 2™, where m is the
number of distinct irreducible conjugate-symplectic summands M; in M. The
full Langlands conjecture is known when dim(V') = 2 [60].

. The set D of T-orbits on generic characters is a principal homogeneous space

for the group E = H'(k,Z) = ki /Nk* of order 2. We will see in §12 that
the choice of a hermitian space V identifies the set D with the set of Nk*-
orbits on the nontrivial additive characters 1 of k/kq. Similarly, the choice of a
skew-hermitian space V identifies the set D with the set of Nk*-orbits on the
nontrivial additive characters vy of ko.

The adjoint action is via elements ¢ in the group E = kj /Nk*. The nontrivial
class c acts on the irreducible representations of A, via tensor product with the
character n(a) = (—1)%™(*) and on the set D of orbits of generic characters
by mapping ¥ (x) to ¥ (cx), or ¥o(z) to Yo(cz).

The pure inner forms of G are the groups G’ = U(V’), where V' is a hermitian
(or skew-hermitian) space over k with dim(V’) = dim(V') [40, (29.19)].

If ko is non-archimedean, there is a unique pure inner form G’ such that the
discriminant of V' is distinct from the discriminant of V. The representation
(¢, x) is a representation of G if x(—1) = +1 and a representation of G’ if
x(—1) = —=1. If kp = R and G = U(p,q), then the pure inner forms are the
groups G’ = U(p’,q’), and 7(yp, x) is a representation of one of the groups G’
with (—1)77¢ = x(-1).

. The center Z(ko) = k*/k{ = U(1), and the central character of 7(p,x) has

parameter det(M).

The forthcoming book of Arthur [7] and the papers [49, 50] of Moeglin should
establish most of the above expectations.

11. Vogan L-packets for the metaplectic group

Let (W, (—, —)w) be a symplectic space of dimension 2n > 0 over the local field k.
We assume, as usual, that char(k) # 2. In this section, we also assume that k # C.
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Let Sp(W) denote the nontrivial double cover of the symplectic group Sp(W)(k).
We will use the Howe duality correspondence (also known as the theta correspon-
dence) to describe the (genuine) representation theory of §}5(W) in terms of the
representation theory of the groups SO(V) over k, with dimV = 2n + 1. Assuming
the Langlands-Vogan parametrization of irreducible representations of SO(V') over k,
with dim V' = 2n 4+ 1, we then obtain a notion of Vogan L-packets for the genuine
irreducible representations 7 of §f)(W) More precisely, the Langlands parameter of
a genuine representation of §f)(W) will be a symplectic representation

¢ :WD(k) — Sp(M) with dimM = 2n,
and the individual representations 7 (g, x) in the Vogan packet II, will be indexed by
quadratic characters
XAy, =Ayn — (£1).

This parametrization of the irreducible genuine representations of §1;(W) will de-
pend on the choice of a nontrivial additive character ¥ of k, up to multiplication by
k*2. As we shall see in §12, such an orbit of additive characters 1 determines an
orbit of generic characters § : N — C* for Sp(W). The character 6 also determines
a character 6 of the unipotent radical N ~ N of §f)(W) Our parametrization is nor-
malized so that for generic parameters ¢, the unique representation 7 € IL, which is
g—generic corresponds to the trivial character x = 1 of A,. Such a dependence of the
Langlands parametrization on the choice of an additive character 1 is already present
in the case of the linear classical groups discussed in the previous section (through
fixing of a generic character on a quasi-split form of the group). For the metaplectic
groups, the dependence is more serious: even the Langlands parameter ¢ associated
to 7T depends on the choice of .

To define the parameters (¢, x) of 7, we let (V, ¢) be a quadratic space over k with

dimV =2n+1 and disc(V) = (=1)"det(V) =1 € k*/k*2.

Note that the discriminant above refers to the discriminant of the quadratic space
(V,q). The quadratic form g on V gives rise to a symmetric bilinear form

(z,y)v = q(z +y) — q(x) — q(y)
so that
(z,z)y =2-q(x),
and
disc(V, (=, =)y) = 2 -disc(V, q) = 2 € kX /k*2.
The space W ® V is a symplectic space over k with the skew-symmetric form
(==w & (= -)v,
and one has the associated Heisenberg group

HWeV)=ke(WeV),
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which has a one dimensional center k. Associated to ¢, H(W ® V) has a unique
irreducible representation w, with central character ¢ (by the Stone-von-Neumann
theorem). Now Sp(W ® V') acts as automorphisms of H(W ® V) via its natural action
on W®V and the trivial action on k. Thus wy, gives rise to a projective representation
of Sp(W ® V) and it was shown by Weil that this projective representation is a linear
representation of §f)(W ® V). We thus have a representation wy of the semi-direct
product

SPWRV)x HW ®V).
This is the so-called Weil representation (associated to ). As a representation of
Sp(W®V), it is the direct sum of two irreducible representations, and its isomorphism

class depends only on the k*2-orbit of .
Via a natural homomorphism

Sp(W) x O(V) — Sp(W ® V),

we regard the Weil representation w,, as a representation wyy v,y of é\f)(W) x O(V).
The theory of Howe duality gives a correspondence between irreducible genuine rep-
resentations 7 of Sp(W) and certain irreducible representations o of O(V).

More precisely, given an irreducible representation o of O(V), the maximal o-
isotypic quotient of wyy v, has the form

o X OW,V,w(U)

for some smooth representation Oy (o) (the big theta lift of o) of Sp(W). It is
known ([42] and [51]) that Oy, v,y (o) is either zero or has finite length. Let Oy, vy (o)
(the small theta lift of o) denote the maximal semisimple quotient of O, v, (o). It is
known by Howe [32] and Waldspurger [72] that when the residue characteristic of k
is different from 2, then 0w,y (o) is irreducible or zero; this is the so-called Howe’s
conjecture. In the following, we will assume that the same holds when the residue
characteristic of k is 2. .

Analogously, if 7 is an irreducible representation of Sp(W), we have the represen-
tations O,y (T) and O,y (T) of O(V).

Now we have the following theorem, which is due to Adams-Barbasch [1] when
k = R and follows from fundamental results of Kudla-Rallis [44] when k is non-
archimedean.

Theorem 11.1. — Assume that the local field k is either real or non-archimedean with
odd residual characteristic. Then corresponding to the choice of an additive character
1 of k, there is a natural bijection given by the theta correspondence:

{irreducible genuine representations T of §};(W)}

|

11 {irreducible representations o’ of SO(V')}
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where the union is disjoint, and taken over all the isomorphism classes of orthogonal
spaces V' over k with dim V' = 2n+ 1 and disc(V’) = 1.

More precisely, given an irreducible representation 7™ of §f)(W), there is a unique
V' as above such that 0w, v+ (T) is nonzero, in which case the image of T under the
above bijection is the restriction of Ow v (T) to SO(V') (note that this restriction is
irreducible since O(V') = SO(V') x (£1)).

Proof. — We give a sketch of the proof of Theorem 11.1 when k is non-archimedean; a
detailed proof can be found in [17]. Let’s begin by noting that there are 2 isomorphism
classes of quadratic space of dimension 2n+1 and trivial discriminant; we denote these
by V and V', and assume that V is split. To simplify notation, we shall write © in
place of Ow v, and ©’ in place of Oy 4.

We now divide the proof into two steps:

(i) Given an irreducible representation 7 of Sp(W), exactly one of O(7) or ©'(7) is
nonzero.

This dichotomy was also shown in the recent paper of C. Zorn [87]. In any case,
[44, Thm. 3.8] shows that any irreducible representation 7 of é?)(W) participates in
theta correspondence with at most one of O(V) or O(V’). We claim however that 7
does have nonzero theta lift to O(V') or O(V’). To see this, note that [44, Prop. 4.1]
shows that 7 has nonzero theta lift to O(V) if and only if
Homé;(w)xé;(w)(R(V), ARTY) #0,
where R(V) is the big theta lift of the trivial representation of O(V') to é\f)(W + W)
(where W~ is the symplectic space obtained from W by scaling its form by —1).
Similarly, one has the analogous statement for V’. On the other hand, if Ip(s) denotes
the degenerate principal series representation of §f)(W + W ™) unitarily induced from
the character x. - |det|® of the Siegel parabolic subgroup stabilizing the maximal
isotropic subspace AW, the diagonal W in W @ W, and x, a genuine character of
EE(AW) defined in §16, then it was shown by Sweet [68] that

Ip(0) = R(V) ® R(V").

It follows that R(V') and R(V’) are unitarizable and thus irreducible (since they have
a unique irreducible quotient). In particular, we conclude that 7 has nonzero theta
lift to one of O(V) or O(V”) if and only if

~ =V
H0m§f)(W)x§§(W)(IP(0)’7T®7T ) # 0.

We thus need to show that this Hom space is nonzero. This can be achieved by the
doubling method of Piatetski-Shapiro and Rallis [20] (cf. also [17] and [87]), which
provides a zeta integral

Z(s):Ip(s) @7 @ ® — C.

The precise definition of Z(s) need not concern us here; it suffices to note that for a
flat section ®(s) € Ip(s) and fQ f¥ e 7@ 7", Z(s,®(s), f ® fV) is a meromorphic
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function in s. Moreover, at any s = sg, the leading term of the Laurent expansion of
Z(s) gives a nonzero element

Z*(so) € Homg-

= ~V
Sp(W)x§{>(v1/)(IP(*‘>’0)»7r X7Y).

For these basic properties of zeta integrals, see [17] or [87]. This proves our contention
that 7 participates in the theta correspondence with exactly one of O(V) or O(V”).
By (i), one obtains a map

{irreducible genuine representations 7 of é\I/)(W)}

|

11 {irreducible representations o’ of O(V’)}

Moreover, this map is injective by the theorem of Waldspurger [72] proving Howe’s
conjecture.
(ii) An irreducible representation mg of SO(V') has two extensions to O(V) = SO(V) x
(£1), and exactly one of these extensions participates in the theta correspondence with

Sp(W). The same assertion holds for representations of SO(V”).
Suppose on the contrary that 7 is an irreducible representation of O(V') such that
both 7 and 7 ® det participate in theta correspondence with Sp(W), say

™= GW,V,U)(W) and 7 = GW,V,w(ﬂ' ® det).

Now consider the seesaw diagram:

Sp(W + W) O(V) x O(V)

Sp(W) x Sp(W) o(V).
The seesaw identity implies that
Homé;(w)xgg(w)(@W+W77V,¢(det), 7' X 7") D Homoy)((7 @ det) @ 7, det) # 0.

This implies that
Ow +w- v,y (det) # 0.

However, a classical result of Rallis [59, Appendix| says that the determinant character
of O(V') does not participate in the theta correspondence with %(47’) for r < m. This
gives the desired contradiction.

We have thus shown that at most one of m or 7 ® det could have nonzero theta
lift to §}5(W) On the other hand, the analog of the zeta integral argument in (i)
shows that one of m or m ® det does lift to %(271); for this, one needs the structure
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of the degenerate principal series representation Ipay)(0) of O(V + V™) which is
determined in [9] (see also [83, Prop. 3.3]). This proves (ii).
Putting (i) and (ii) together, we have established the theorem. O

The only reason for the assumption of odd residue characteristic in the theorem
is that Howe’s conjecture for local theta correspondence is only known under this
assumption.

Since V is an odd dimensional quadratic space, SO(V) is an adjoint group, there is
a unique orbit of generic characters on it, and the Vogan parametrization of irreducible
representations o’ of the groups SO(V’) requires no further choices. So we label 7 =
(M, x) using the Vogan parameters (M, x) of the representation o’ = O, v/ (7).
The theorem thus gives the following corollary.

Corollary 11.2. — Assume that the residue characteristic of k is odd. Suppose that the
local Langlands-Vogan parametrization holds for SO(V'). Then one has a parametriza-
tion (depending on ) of

{irreducible genuine representations 7 of §f>(W)}
by the set of isomorphism classes of pairs (p,x) such that
v : WD(k) — Sp(M)

is a symplectic representation of WD(k) and x is an irreducible character of the
component group A,.

It follows that the various desiderata for the Vogan packets of §f)(W) can be ob-
tained from those of SO(V”) if one understands the properties of the theta correspon-
dence. For example, in the theta correspondence, generic representations of the split
group SO(V) lift to a—generic representations of §f)(W) Hence the g—generic element
in the L-packet of M corresponds to the trivial character of the component group
Ajps. Also, when k is non-archimedean, (M, x) is lifted from the split group SO(V)
precisely when x(—1) = 1. For these and other similar issues, see [17].

One difference between metaplectic and linear groups is in the description of the
action of the adjoint group by outer automorphisms on the set of irreducible repre-
sentations. The adjoint action of the symplectic similitude group GSp(W) on the set
of genuine irreducible representations of §f)(W) factors through the quotient

kX /k*? = PGSp(W)(k)/Image Sp(W)(k).
In the metaplectic case, this outer action does not permute the representations 7 in

an individual Vogan L-packet, and we predict a more complicated recipe, as follows.

Conjecture 11.3. — If 7 has 1-parameter (M,x) and c is a class in k> /k*2, the con-
jugated representation 7 has -parameter (M(c), x - nlc]). Here M(c) is the twist of
M by the one-dimensional orthogonal representation C(c) so that its component group
Apcy is canonically isomorphic to Apr. The character n[c] is defined by

nle] = xn : Ap — (£1),
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where N is the two dimensional orthogonal representation N = C + C(c), so that
nlc](a) = e(M?*) - e(M(c)?) - (c, _1)% dim M*

This conjecture is known when dim W = 2, where it is a result of Waldspurger
([80] and [81]); our recipe above is suggested by his results.
The above conjecture has the following consequence. If one replaces the character
1) by the character
Ve 1z — P(cx)
of k, then the new Vogan parameter (relative to ¢.) of ™ will be (M (c), x - n[c])-
A consequence of this is the following. Suppose that 7 is such that

QW’V’d,(?NT) 7& 0 and QW,V,QZJC (%) 7& 0

as representations of SO(V). Then, when dim W = 2, a basic result of Waldspurger
says that

Ow,v,u () = Ow, v, (T) © Xe,
where . is the character

B k<2 90 ),

spinor norm

SO(V)(k)

However, according to the conjecture above, if the Vogan parameter of vy v (7) is
(M, x), then that of Oy v, (T) ® xc is (M, x - nlc]). So the two representations are
equal if and only if the character n[c] is trivial. The assumption that 7 has nonzero
theta lift to SO(V') with respect to both ¢ and 1. implies that

nle(1) = 1.

When dim W = 2, this is equivalent to saying that 7|c| is trivial. But when dim W > 2,
this is no longer the case and one can construct such counterexamples already when
dim W = 4.

12. The representation v of H and generic data

In this section, we shall describe the remaining ingredient in the restriction problem
to be studied. Suppose as before that k is a local field with an involution o (possibly
trivial) and ko is the fixed field of 0. Let V be a k-vector space endowed with a non-
degenerate sesquilinear form (—, —) with sign e. Moreover, suppose that W C V is a
non-degenerate subspace satisfying:

Loe- (—1)dmW" — 4
2. W+ is a split space.
So we have
dim WL {odd, if e =1, i.e. V is orthogonal or hermitian;
im =

even, if e = —1, i.e. V is symplectic or skew-hermitian.
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Let G(V) be the identity component of the automorphism group of V and G(W) C

G(V) the subgroup which acts as identity on W+=. Set
G=G(V)x GW).
As explained in Section 2, G contains a subgroup H defined as follows. Since W+ is
split, we may write
Wr=X+XY or Wr=X+X"+FE

depending on whether dim W+ is even or odd, where in the latter case, E is a non-
isotropic line. Let P be a parabolic subgroup which stabilizes a complete flag of

(isotropic) subspaces in X. Then G(W) is a subgroup of a Levi subgroup of P and
thus acts by conjugation on the unipotent radical N of P. We set

H=NxGW).
Note that there is a natural embedding H — G which is the natural inclusion
HcPcCG(V)
in the first factor and is given by the projection
H — H/N =G(W)

in the second factor. When G’ = G(V') x G(W’) is a relevant pure inner form of G,
a similar construction gives a distinguished subgroup H’.

The goal of this section is to describe a distinguished representation v of H (and
similarly H’). It will turn out that dimv = 1 if dim W+ is odd (orthogonal and
hermitian cases), whereas v has Gelfand-Kirillov dimension 1/2 - dim(W/kg) when
dim W+ is even (symplectic and skew-hermitian cases). Because of this, we will treat
the cases when dim W+ is even or odd separately.

Orthogonal and Hermitian Cases (Bessel Models)
Assume that dim W+ = 2n + 1 and write
Wt=X+XV+E with E=e),
where X and XV are maximal isotropic subspaces which are in duality using the form
(=, —) of V, and e is a non-isotropic vector. Let P(X) be the parabolic subgroup in

G(V) stabilizing the subspace X, and let M (X) be the Levi subgroup of P(X) which
stabilizes both X and XV, so that

M(X)~GL(X) x G(W @ E).
We have
P(X)=M(X)x N(X)
where N(X) is the unipotent radical of P(X). The group N(X) sits in an exact
sequence of M (X )-modules,

0 —— Z(X) —— N(X) —— N(X)/Z(X) — 0,
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and using the form on V, one has natural isomorphisms
Z(X) = {skew-hermitian forms on X"},
and
N(X)/Z(X)2Hom(W+ E, X)2 (W+E)® X.
Here, when k = kg, skew-hermitian forms on XV simply mean symplectic forms. In
particular, Z(X) is the center of N(X) unless k = ko and dim X = 1, in which case
Z(X) is trivial and N(X) is abelian.
Now let
fX X -k
be a nonzero k-linear homomorphism, and let

bw WoFE —k

be a nonzero k-linear homomorphism which is zero on the hyperplane W. Together,
these give a map
lx bw : XQ (W +E) —k,

and one can consider the composite map

Inx) i N(X) —— N(X)/Z(X) = X @ (W + E) 22,
Let Ux be any maximal unipotent subgroup of GL(X) which stabilizes £x. Then the
subgroup

Ux x G(W) C M(X)
fixes the homomorphism £y (x).
Now the subgroup
HcCcG=GV)xGW)
is given by
H=(NX)xUx- -G(W))=NxGW).
We may extend the map £y (x) of N(X) to H, by making it trivial on Ux x G(W).
If ¢ is a nontrivial additive character of k, and
>\X : UX — Sl

is a generic character of Uy, then the representation v of H is defined by

V= (’l/} OéN(X)) X Ax.
The pair (H,v) is uniquely determined up to conjugacy in the group G = G(V) x
G(W) by the pair W C V.

One can give a more explicit description of (H,v), by explicating the choices of £x,
Ux and A\x above. To do this, choose a basis {v1, - ,v,} of X, with dual basis {v;’ }
of XV. Let P C G(V) be the parabolic subgroup which stabilizes the flag

0C (v1) C (vi,v2) C -+ C(v1,-+,vp) =X,

and let
L= (k)" x G(W + E)
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be the Levi subgroup of P which stabilizes the lines (v;) as well as the subspace W+E.
The torus T' = (k*)™ scales these lines:

t(v;) = tivs,

and G(W + E) acts trivially on X + XV.
Let N be the unipotent radical of P, so that

N =Ux x N(X)

where Ux is the unipotent radical of the Borel subgroup in GL(X) stabilizing the
chosen flag above. Now define a homomorphism f : N — k™ by

f(u) = (xlv"' 7xn—172)7
z; = {(uwi+1,v)), 1=1,2,---,n—1

z = (ue,v)).

The subgroup of L which fixes f is G(W), the subgroup of G(W + E) fixing the vector
e. The torus acts on f by

Ftut™) = ((t1/t2)z1, (ta/ts) T2, -+ 1 tn2).

Consider the subgroup H = N-G(W) of G = G(V) x G(W). Then, for a nontrivial
additive character ¥ of k, the representation v is given by:

v : H—C*
(u,9) = (X @i + 2).

It is as regular as possible on N, among the characters fixed by G(W). As noted
above, up to G-conjugacy, the pair (H,v) depends only on the initial data W C V,
and not on the choices of ¥, {v;}, or e used to define it.

A special case of (H,v) is worth noting. If V' is orthogonal of even dimension and
W has dimension 1, then SO(W) =1 and H = N is the unipotent radical of a Borel
subgroup P C G = SO(V). In this case, v is simply a generic character fy of N. By
choosing different non-isotropic lines L in the 2-dimensional orthogonal space W + E,
so that Lt = X + XV + L', and using L in place of W in the above construction, the
map L — 6, gives a bijection

{T-orbits of generic characters on N}

!

{SO(V)-orbits of non-isotropic lines L with Lt split}

in the even orthogonal case. This bijection was described in [24, Prop. 7.8].
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Symplectic and Skew-Hermitian Cases (Fourier-Jacobi Models)

We now treat the symplectic and skew-hermitian cases, so that W is split of even
dimension 2n and we may write

Wt =X+XY,

where X and XV are maximal isotropic subspaces which are in duality using the form
on V. In this case, G(W) is a subgroup of Sp(W/ko), preserving the form Try /4, o
(—, —). It will turn out that the representation v of H depends on some other auxiliary
data besides the spaces W C V. As in the case of Bessel models, we include the case
k = ko X ko in our discussion below.

We assume first that dim X > 0. Let P(X) = M(X) - N(X) be the parabolic
subgroup in G(V) stabilizing the subspace X, with Levi subgroup

M(X) = GL(X) x GW)
stabilizing both X and XV. Let Z(X) be the center of the unipotent radical N(X)
of P(X), so that one has the exact sequence of M (X )-modules:
0 — Z(X) —— NX) —— N(X)/Z(X) —— 0,
Using the form on V', one has natural isomorphisms
Z(X) = {hermitian forms on X"}
and
N(X)/Z(X)=2Hom(W,X) =W ® X.

Here, if k = ko, then hermitian forms on XV simply mean symmetric bilinear forms.
The commutator map

[—,—]: N(X) x N(X) = N(X)
factors through N(X)/Z(X) and takes value in Z(X). It thus gives rise to a skew-
symmetric ko-bilinear map
A} (X ® W) — Z(X) = {hermitian forms on X"},
or equivalently by duality, a map
{hermitian forms on X} — A3 (XV®W) = {symplectic forms on Res; 3, (X ® W)}.

Indeed, this last map is a reflection of the fact that, using the skew-hermitian structure
on W, the space of hermitian forms on X can be naturally embedded in the space
of skew-hermitian forms on X ® W, and then by composition with the trace map if
necessary, in the space of symplectic forms on Resy,/, (X ® W).
Now let

Ix X —k
be a nonzero homomorphism, and let Ux C GL(X) be a maximal unipotent subgroup
which fixes £x. Then the group H is defined by

H=N(X) % [Ux x G(W)) = N x G(W)
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with N=N(X) xUx. If
)\X : UX I Sl
is a generic character of Uy, then by composing with the projection from H to Uy,
we may regard Ax as a character of H.
On the other hand, by pulling back, the homomorphism £x gives rise to a linear
map
ko = {hermitian forms on k} — {hermitian forms on X},

and hence by duality
L7(x) : Z(X) = {hermitian forms on X"} — k.
Moreover, £x gives a k-linear map
by : XQW - W

making the following diagram commute:

B xew) Lz
ewl lfz(x)
Aj (W) ko

UC?T()]'TTk/kO((—v—))

For example, when k = kg and dim X = 1, then the commutator map [—, —] is given
by the skew-symmetric form 2 - (—, =)y on N(X)/Z(X) = W. On the other hand,
when k # ko and dim X = 1, it is given by the skew-symmetric form T'ry . ((—, —)w)
on W/kg. In any case, let us set

) the rank 1 quadratic space with discriminant 1 if k = ko;
' the rank 1 hermitian space with discriminant 1 if k # ko,

and let H(V; ® W) be the Heisenberg group associated to the symplectic vector space
Vi ® W over kg with form

T'rk/ko(<_a _>V1 ® <_a _>W)
Here, given a quadratic space (V,q) over ko, the associated symmetric bilinear form
is
(v1,v2) = q(v1 4+ v2) — q(v1) — q(v2).
Thus, when k = kg, the form on V; is such that (v,v)y = 2, so that H(V; @ W) is

the Heisenberg group associated to the symplectic vector space (W,2 - {—, —)w).
Now one has the following commutative diagram of algebraic groups over kq:

0 — Z(X) —— N(X) ——s XQW —— 0

o] [

0—— k —— HVI®@W) —— W —— 0.
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Given a nontrivial character ¥ : kg — S, one may consider the unique irreducible
1

unitarizable representation ww,y, of H(Vi ® W) of Gelfand-Kirillov dimension 3 -
dimy, W, on which the center of H(V; ® W) acts by 1. Pulling back by the above
diagram, one obtains an irreducible representation wy,, of N(X) with central character
Yo o £z(x). Up to conjugation by M(X), the representation wy, depends only on g
up to multiplication by (k*)'*7. The representation wy, can be extended trivially to
Ux. Moreover, the group G(W) acts as outer automorphisms of H(V; ® W), so the
theory of Weil representations furnishes us with a projective representation of G(W)
on wy,. Thus, one has a projective representation wy,, of H.

As in the orthogonal and hermitian cases, we can make the above discussion
completely explicit by making specific choices of £x, Ux and Ax. Assuming that
dim X = n > 0, choose a basis {v;} for X and let {v;} be the dual basis of XV. Let

P C G(V) be the subgroup stabilizing the flag
0C(v1) C--- C vy, - ,vn) =X,

and let
L=GW)x (k)"

be the Levi subgroup of P stabilizing the lines (v;) as well as the subspace W.
Let N be the unipotent radical of P and define a homomorphism to a vector group

f:N—k"lew

given by:
flu) = (z1,+ ,Tn-1,Y)
z; = (wit1,v))
y = >j(uwjvy)wy.
Here {wy,- - ,w,} is a basis for W over k and (wz,wjv> = §;;. Thus y is the unique

vector in W with
(w,y) = (uw,vy)
for all w in W.
The torus T' = (k™)™ acts on f by

F(tut™) = (b1 /t2)1,+ , (bns fn) st )
and an element g € G(W) acts by
flgug™) = (@1, 20, 9(y))-
Now the maps (z1,- -+ ,Z,—1) give a functional

£ : N —k
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which is fixed by G(W), and is as regular as possible subject to this condition. Choose
a nontrivial additive character vy of kyg. Then the character
A N—S!
u = o (£(u) = Po(Tr(3 2:))
is regular, and up to conjugacy by the torus, independent of the choice of 1)g. Since it
is fixed by G(W), we may extend it trivially to G(W') and obtain a character A of H.

On the other hand, one may define a homomorphism of N to a Heisenberg group
as follows. Let Ny <t N be the kernel of the map

N —-W
u =y
and define a homomorphism
fo + No—k
up — 2z = {ugu,, vy ).
Note that the element z lies in the subfield k¢ of k, since
ugv,, is isotropic = z — 2% = 0.
Hence, we have
fo: No — ko.
The torus act by
foltut™) = ;77 - 2
and G(W) acts trivially. The above two maps combine to give a homomorphism from
N to the Heisenberg group H (W /kg):

0 Ny N w 0
a 1 Jo
0 ko HVi®W) w 0

which is equivariant for the action of G(W) on N and G(W) C Sp(V1 ® W) on
H(Vy ® W). The nontrivial additive character ), then gives rise to the projective
representation wy, of H as above.

It is now more convenient to consider the symplectic and skew-hermitian cases
separately.

(i) (symplectic case) When k = kg, we have G(W) = Sp(W). In this case, for each
character ¢ of k = ko, it is known that the projective representation w,y of

G(W) lifts to a linear representation of the double cover a(W) = é?)(W), the
metaplectic group. Recalling that

H =N xG(W),
we thus obtain a unitary representation

szw,/,@)\
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of
H=N xG(W)
in the case when dim W+ > 0.
When W+ =0, so that W = V, we have

N ={1} and H=GW)=G(V).
In this case, we simply set
Vy = Wy,
which is a representation of H.

In each case, the representation v, has Gelfand-Kirillov dimension 1/2 -
dimg (W). Up to conjugation by the normalizer of H in G, vy depends only
on 1 up to the action of (k*)2.

A particular case of this is worth noting. When W = 0, so that G(W) is
trivial, the group H is simply the unipotent radical N of the Borel subgroup P
and vy, is simply a generic character of N. This gives a bijection

{T-orbits of generic characters of N}

|

{k*2-orbits of nontrivial characters v of k}

in the symplectic case.
(skew-hermitian case) When k # ko, G(W) = U(W). In this case, the projective
representation wy, of G(W) = U(W) lifts to a linear representation of G(W),
but when dim W > 0, the lifting is not unique: it requires the choice of a
character

w:k* — C*
whose restriction to kJ is the quadratic character wy ko associated to k/kg
[28]. Equivalently, when k is a field, it requires the choice of a 1-dimensional,
conjugate-dual representation of W D(k) with sign ¢ = —1. Given such a u, we
let wy, . be the corresponding representation of G(WW) and set

Vipo,u = Wipo,u © A
Hence, we have defined an irreducible unitary representation v, , of H =
N.U(W) when dim W+ > 0.
When W+ =0, so that W =V, we have
N={1} and H=GW)=G(V).

In this case, we simply set

Vapo,u = Wapg,pu-
In each case, the representation vy, , has Gelfand-Kirillov dimension 1/2 -
dimg, (W). It depends, up to conjugation by the normalizer of H in G = U(V') x
U(W), on ¢ up to the action of Nk* (as well as the choice of y).
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A particular case of this is noteworthy. When W = 0 (and V is even dimen-
sional), so that G(W) is trivial, the group H is simply the unipotent radical N
of the Borel subgroup P and there is no need to choose p. Hence, vy, ., = vy,
is simply a generic character of N. This gives a bijection

{T-orbits of generic characters of N}

|

{NE*-orbits of nontrivial characters ¢ of ko}

in the even skew-hermitian case.

Remarks. — Note that when W = 0, there is no need to invoke the Weil
representation at all. Hence, the above description of generic characters could
be carried out for hermitian spaces (of even dimension 2n) as well. One would
consider the situation

W =0CV of hermitian spaces.
and note that the homomorphisms
f:N— k"1
and
fo:N=Ny — k

can still be defined by the same formulas. But now the image of fy lies in the
subspace of trace zero elements of k (as opposed to the subfield kg when V
is skew-hermitian). The torus actions on f and fy are again given by the same
formulas. Thus, giving a T-orbit of generic characters of N in the even hermitian

case amounts to giving a nontrivial character of k trivial on kg, up to the action
of Nk*.

This completes our definition of the representation v of H.

As we noted in the course of the discussion above, special cases of the pair (H,v)
give the determination of T-orbits of generic characters. Recall that if G = G(V) is
quasi-split, with Borel subgroup B = T - N, then the set D of T'(ko)-orbits of generic
characters of N is a principal homogeneous space for the abelian group

E = T%(ko)/Im T (ko) = ker(H" (ko, Z) — H"(ko,T)).

When G = GL(V) or U(V) with dimV odd or SO(V) with dimV odd or dimV = 2,
the group F is trivial. In the remaining cases, F is a finite elementary abelian 2-group.
In Section 10, we have described the E-torsor D explicitly for the various classical
groups G(V'), but did not say how this was done. Our discussion of (H,v) above has
thus filled this gap, and we record the result in the following proposition for ease of
reference.
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Proposition 12.1. — 1. If V is symplectic, E = k* /k*2, and we have constructed
an explicit bijection of E-spaces

D «—— k*2-orbits on nontrivial ¢ : k — C*.

2. If V is hermitian of even dimension, E = k§ /Nk™, and we have constructed an
explicit bijection of E-spaces
D «— Nk* -orbits on nontrivial v : k/ky — C

3. If V is skew-hermitian of even dimension, E = ki /Nk*, and we have con-
structed an explicit bijection of E-spaces

D «— Nk*-orbits on nontrivial ¢ : kg — C*

4. If V is orthogonal of even dimension and split by the quadratic algebra K, then
E = NK*/k*2, and we have constructed an explicit bijection of E-spaces

D «—— SO(V)-orbits on non-isotropic lines L C V, with L* split.

We stress that the bijections constructed in Proposition 12.1 depend crucially on
the form (—,—) on V.

13. Bessel and Fourier-Jacobi models for GL(n)

The construction of the pair (H,v) given in the previous section includes the case
when k = ko X ko is the split quadratic algebra. In this case, the groups G(V) and
G(W) are general linear groups, and it is useful to give a direct construction of (H,v)
in the context of general linear groups, rather than regarding them as unitary groups
of hermitian or skew-hermitian spaces over k. We describe this direct construction in
this section.

We first give a brief explanation of how one translates from the context of unitary
groups to that of general linear groups. The hermitian or skew-hermitian space V has
the form

V= VO X VYOV
for a vector space V; over kg. Moreover, up to isomorphism, the hermitian form on V'
can be taken to be

((,2Y), (g, ")) = (&,9"), (y,2")) € k,

whereas the skew-hermitian form on V can be taken to be

((z,2Y), (y,9")) = ((z,9"), —(y,2")) € k.

Then, by restriction to V, one has an isomorphism
G(V) = GL(W)

of linear algebraic groups over kg.
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If W C V is a nondegenerate subspace, then W = Wy x W' gives rise to Wy C V.
If, further, W+ is split, and X C W+ is a maximal isotropic subspace, then X has
the form

X=XoxYy CcVyxVy
with the natural pairing of X, and Y’ equal to zero, so that X is contained in the
kernel of Y. Writing the kernel of Y’ as X, + Wy, we see that the isotropic space
X determines a decomposition

V0:X0+W0+Y0,

with a natural perfect pairing between Yy and Y;,’. Then the parabolic subgroup P(X)
stabilizing X in G(V) is isomorphic to the parabolic subgroup of GL(Vy) stabilizing
the flag

Xo C Xo+ Wy C V.
It is now easy to translate the construction of (H,v) given in the previous section to

the setting of Wy C Vj, and we simply describe the answer below.

Bessel Models for GL(n)
In this case, we start with a vector space V|, over ky with a decomposition
Vo = Xo+ Wo+ Eo + X,

where Ey = (e) is a line. Consider the (non-maximal) parabolic subgroup @ stabilizing
the flag
Xo C Xo+ Wy + Ey C V.

It has Levi subgroup

L = GL(Xy) x GL(Wy + Ep) x GL(Xy)
and unipotent radical U sitting in the exact sequence:
0 —— Hom(Xy, Xo) —— U —— Hom(Xy, Wy + Ey) + Hom(W, + Ey, Xo) —— 0.
We may write the above exact sequence as:
0—=Xo®Xg——U—=Xo®@ (Wo+ Ep) + Wy + Ey) ® Xo —=0,

where EJ = (f) is the dual of Ej.
Let

EXO ZXO —>k0

be any nontrivial homomorphism, and let Ux, X Uxy be a maximal unipotent sub-
group of GL(Xj) x GL(X{') which fixes £x,. On the other hand, let

bwy = (Wo + Eo) + (Wy' + Ey) — ko

be a linear form which is trivial on Wy + W,/ but nontrivial on Ey and Ej. Together,
the homomorphisms ¢x, and fyy, give a map

£=lx, ® by, : U — Xo® (Wo + Eo) + (Wy + EY) ® Xog — k.

SOCIETE MATHEMATIQUE DE FRANCE 2012



54 W. T. GAN, B. H. GROSS & D. PRASAD

Since ¢ is fixed by Ux, x Uxy x GL(Wj), we may extend £ trivially to this group.
Thus, we may regard ¢ as a map on

H=U x((Ux, x Uxy) x GL(Wy)).
Choose any nontrivial additive character g of kg and any generic character
A:Ux, X UXOv — S,
which we may regard as a character of H. Then the representation v of H is defined
by
vV = (1/}0 o K) & )\
The pair (H,v) depends only on the spaces Wy C Vp, up to conjugacy by GL(Vp).

This completes the construction of (H,v) in the case when codimension of Wy in Vj
is odd.

Fourier-Jacobi models for GL(n)
In this case, we consider a vector space Vj over kg, together with a decomposition

Vo = Xo+Wo + Xy .

As before, let @ be the parabolic subgroup stabilizing the flag
XoC Xo+ Wy C V.

Thus @ has Levi subgroup

L = GL(X,) x GL(W,) x GL(Xy),
and its unipotent radical U sits in the exact sequence,
0 — Hom(Xy', Xo) — U — Hom(X{ , W) + Hom(Wj, Xo) — 0,
in which Hom(X', X) is central. The group U is completely described by the natural

bilinear map
Hom(X{', Wo) x Hom(Wy, Xo) — Hom(X, , Xo).
Indeed, given a bilinear map
(—,=)Y:BxC — A,

of vector groups, there is a natural central extension of B x C' by A defined by a group
structure on A x B x C given by

(a1,b1,c1)(a2, b2, c2) = (a1 + ag + (b1, c2),b1 + ba,c1 + c2).

Given a linear map
EXO . X() d k‘o,
let
UXO X UXOV C GL(X()) X GL(X(\)/),

be a maximal unipotent subgroup fixing ¢x,. Let

X:Ux, x Uxy — S
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be a generic character, which we may regard as a character of
H=Ux (UXU X Uxa/ X GL(Wo))
via projection onto Ux, x Uxy.

On the other hand, the homomorphism ¢x, allows one to define a homomorphism
from U to the Heisenberg group H(Wy + Wy ):

0 — Xo®Xg —— U —>W8/®X0+X0®Wo—>0
0 —— ko —— HWY +Wy) —— Wy + Wy — 0,

which is clearly equivariant under the action of Ux, x Uxy x GL(Wj).

Thus, given any nontrivial additive character vy of kg, we may consider the unique
irreducible representation of H(W,' + Wy) with central character 1y, and regard it as
a representation of U using the above diagram. This representation can be extended
trivially to Ux, x Uxy, and is realized naturally on the space .¥'(W) of Schwarz-
Bruhat functions on Wy. For any character p : k; — C*, one then obtains a Weil
representation wy, ,, of

H = (GL(Wy) x Ux, x Uxy) x U.
on . (Wp), where the action of GL(Wj) is given by
(g H)(w) = p(det(g)) - f(g~" - w).
When dim X > 0, the representation vy, of H is then given by
Ui p = Wipg,u @ A

When dim X, = 0, we have Wy = V; and we take the representation vy, , of H =
GL(W)) to be the representation wy, , of GL(Wy) on . (Wy) defined above. In either
case, the isomorphism class of wy, , is independent of ¥ and the pair (H, vy, ,) is
independent of 1, up to conjugacy in GL(V}). This completes the definition of (H, v)
when the codimension of Wy in Vj is even.

This concludes our direct construction of the pair (H,v) for general linear groups.

14. Restriction Problems and Multiplicity One Theorems

We are now ready to formulate the local restriction problems studied in this paper.
Let W C V be as in §12, so that G = G(V) x G(W) contains the subgroup
H = N xG(W). We have defined a representation v of H (or its double cover), which
may depend on some auxiliary data such as i or u. Let 7 = my Xy be an irreducible
representation of G (or an appropriate double cover). Then the restriction problem
of interest is to determine
dim¢ Hompg (7 ® 7, C).

More precisely, we have:
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1. In the orthogonal or hermitian cases, the representation v of H depends only
on W C V and so we set

d(r) = dim¢ Homp (1 ® 7, C) = dim¢ Homp (7, v).

In the literature, this restriction problem is usually referred to as a problem
about the existence of Bessel models, and for an irreducible representation = =
vy X mw of G, the space Hompy (m,v) usually called the space of myj-Bessel
models of my .

2. In the symplectic case, the representation v, is a representation of the double
cover H = N x §f)(W) and depends on a nontrivial additive character i of
k = ko up to the action of £*2. In this case, for the above Hom space to be
nonzero, the representation # = 7wy X 7wy must be a genuine representation
when restricted to H. Hence, we have to take an irreducible representation

F=my K7y of Sp(V)x Sp(W)
or -

T=7ny Rmy of Sp(V)x Sp(W).
In this case, we set

d(fr, ’(/J) = dim¢ Homﬁ(% Q Vy, (C)
In the literature, this restriction problem is usually referred to as one about
Fourier-Jacobi models, and the space Homﬁ(% ® Uy, C) usually called the
(myy, ¥)-Fourier-Jacobi models of my .
3. In the skew-hermitian case, the representation vy, , of H depends on a nontrivial

additive character 1 of kg, up to the action of Nk*, and also on the choice of a

character p of k™ whose restriction to k§ is the quadratic character associated
to k/ko. In this case, we set

d(m, p, o) = dime Hompg (7 ® Ty, u, C).

In the literature, this restriction problem is usually referred to as a problem
about the existence of Fourier-Jacobi models in the context of unitary groups,
and the space Homp (T ® Uy, C) usually called the (), 1o, )-Fourier-Jacobi
models of 7y .
We remark that in the orthogonal and hermitian cases, since v is 1-dimensional
and unitary, one has:

Hompy (r ® 7,C) =2 Hompy (r ® v, C) = Homp (7, v).

In the symplectic and skew-hermitian cases over non-archimedean fields, the same
assertion holds, even though v is infinite-dimensional. However, over archimedean
fields, it is only clear to us that:

Hompg (m,v) C Homg(m ® v¥,C) = Homg (1 ® 7, C).

The difficulty arises in the subtlety of duality in the theory of topological vector spaces.
In any case, we work with Hompy (7w ® 7, C) since this is the space which naturally
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arises in the global setting. We should also mention that, over archimedean fields,
the tensor product m ® ¥ refers to the natural completed tensor product of the two
spaces (which are nuclear Fréchet spaces) and Hom(—, C) refers to continuous linear
functionals. For a discussion of these archimedean issues, see [3, Appendix A].

A basic conjecture in the subject is the assertion that

d(m) <1

in the various cases. Recently, there has been much progress in the most basic cases
where dim W+ = 0 or 1. We describe these in the following theorem.

Theorem 14.1. — Assume that k has characteristic zero and dim W+ = 0 or 1.
(i) In the orthogonal case, with G = O(V) x O(W) or SO(V) x SO(W), we have
d(m) < 1.

(ii) In the hermitian case (including the case when k = ko X ko), we have
d(r) < 1.
(iii) In the symplectic case, suppose that k is non-archimedean. Then we have
d(m,¢) < 1.

(iv) In the skew-hermitian case (including the case k = ko X ko), suppose that k is
non-archimedean. Then we have

d(m, i, o) < 1.

Proof. — For the groups O(V) x O(W) in (i) and U(V) x U(W) in (ii), the results
are due to Aizenbud-Gourevitch-Rallis-Schiffmann [4] in the p-adic case and to Sun-
Zhu [66] and Aizenbud-Gourevitch [3] in the archimedean case. This is extended
to G = SO(V) x SO(W) by Waldspurger [76] in the non-archimedean case and by
Sun-Zhu [67] in the archimedean case.

The cases (iii) and (iv) are due to Sun [64] in the non-archimedean case (the
archimedean case seems to be still open). O

Remarks. — For the group GL,, x GL,,_1, the above multiplicity one result has been
extended to the case when k has characteristic p by Aizenbud-Avni-Gourevitch [2].

15. Uniqueness of Bessel Models

In this section, we show that if k is non-archimedean, the multiplicity one theorem
for the general Bessel models can be deduced from Theorem 14.1(i) and (ii) in the
orthogonal and hermitian cases. We remind the reader that the case k = kg X kg is
included in our discussion. In particular, the results we state below are valid in this
case as well, though we frequently write our proofs only for k a field, and leave the
adaptation to the case k = kg X kg to the reader.
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Thus, we consider the case when W C V are orthogonal or hermitian spaces of odd
codimension. Then we have

Wt=X+X"+E
where F = k - e is a non-isotropic line and
X = <'U1,7}2,"' 7vn>

is an isotropic subspace with dimX = n > 0 and dual basis {v;} of XV. With
G=G(V)xGW) and H= N -G(W), we would like to show that

dim Hompg (7my @ myw,v) <1

for any irreducible representation 7y X 7y of G.
Let
E-=k-f
denote the rank 1 space equipped with a form which is the negative of that on F, so

that £ 4+ E~ is a split rank 2 space. The two isotropic lines in £ + E~ are spanned
by

'l)n_l'_l:e"—f and UT\{J’_l:m'

Now consider the space
W =VaeE™
which contains V with codimension 1 and isotropic subspaces
Y=X+k vpy1 = (v1,-* ,Vns1)

and

VV=X"+k- vr\{—&-l = <UY7 tee ’U'I\'L/+1>'
Hence we have

W =Y +YY+W.
Let P = P(Y) be the parabolic subgroup of G(W’) stabilizing Y and let M be its
Levi subgroup stabilizing Y and YV, so that
M= GL(Y) x G(W).

Let 7 be an irreducible supercuspidal representation of GL(Y) and my an irreducible
smooth representation of G(W) and let

I(r,mw) = IndIGD(W/) (r R7w)

be the (unnormalized) induced representation of G(W’) from the representation 7 X
™W of P.
Our goal is to prove the following theorem:
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Theorem 15.1. — Assume that k is non-archimedean. With the notations as above,
we have

Homg(v)(I(T7 7rw) R 7Ty, (C) = HOIIlH(ﬂ'V Q Tw, l/)
as long as my, does not belong to the Bernstein component of G(V) associated to
(GLY")xM',7ou'), where Y’ C V is isotropic of dimension equal to dimY with V =
Y'+Y" +V', M is a Levi subgroup of G(V') and pi' is any irreducible supercuspidal
representation of M'.

Proof. — We assume that k is a field in the proof and calculate the restriction of
I := I(r,7mw) to G(V) by Mackey’s orbit method. For this, we begin by observing
that G(V') has at most two orbits on the flag variety G(W')/P(Y') consisting of:

1. (n + 1)-dimensional isotropic subspaces of W’ which are contained in V; these
exist if and only if W is isotropic, in which case if Y’ is a representative of this
closed orbit, then its stabilizer in G(V) is the parabolic subgroup Py (Y’) =
PY')NG(V);

2. (n + 1)-dimensional isotropic subspaces of W’ which are not contained in V; a
representative of this open orbit is the space Y and its stabilizer in G(V) is the
subgroup @ = P(Y)NG(V).

By Mackey theory, this gives a filtration on the restriction of II to G(V') as follows:

0 —— indg( remw)le — Olgwy —— Indp (y/)T®7|'W|G(V’) — 0,

where the induction functors here are unnormalized and where ind denotes the induc-
tion with compact support.
Denoting the above short exact sequence by

0 A B C 0,

for simplicity, we have an exact sequence:
0 —— Homg(v)(C, ﬂ‘\;) — Homg(v)(B,Tr‘\;) — Homg(v)(A,w‘\f)
A Exté(v)(C, ).

By our assumption on 7y, we have:

Homg(v) (Indp (;)n (T®p),my) =0
and

ExtG(V)(IndPV(Y, (T®@u),my) =0
for any smooth (not necessarily of finite length) representation p of G(V'). Thus,
Homg(v)(C,m) = 0 = Ext' (C,my;) and we have

.GV

Homg (v (indg" (v ® mw)lq, m) = Homey, (T, 7).

It thus suffices to analyze the representations of G(V') which appear on the open orbit.
For this, we need to determine the group @ = P(Y) N G(V) as a subgroup of G(V)
and P(Y).
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Recall that W/ = Y®W @YV, and V is the codimension 1 subspace X W dX O E
which is the orthogonal complement of f. It is not difficult to see that as a subgroup
of G(V),

Q=GV)NnPY)C Py(X).
Indeed, if g € @, then g fixes f and stabilizes Y, and we need to show that it stabilizes
X.If z € X, it suffices to show that (g-z,e — f) = 0. But

(g-x,e—f)=<:c,g_1~(e—f)>Z(x,g_l-vn+1—2f>=0,

as desired.
Now we claim that as a subgroup of Py (X),

Q = (GL(X) x G(W)) x Ny (X)),
where Ny (X) is the unipotent radical of Py (X). To see this, given an element h €
Py (X), note that h € @ if and only if
h-v,41 €Y, orequivalently h-e—ee€Y.
We may write
h-e=X-etw+z, withweW andz e X.

Then we see that h-e—e € Y if and only if A = 1 and w = 0, so that h fixes e modulo
X and hence stabilizes W modulo X, in which case h € (GL(X) x G(W)) x Ny (X),
as desired.

Since we are restricting the representation 7 X 7y of P(Y') to the subgroup @, we
also need to know how @ sits in P(Y). For this, note the following lemma.

Lemma 15.2. — The natural projection pr : P(Y) - GL(Y) x G(W) induces the fol-
lowing commutative diagram with exact rows, where the vertical arrows are inclusions:

0 —— NY) —— PY) 2 GLY)XGW) —— 0

00— NY)NQ@ —— Ny(X) —— Hom(k-vps1,X) —— 0.
Here
R c GL(Y)

is the mirabolic subgroup which stabilizes the codimension one subspace X C'Y and
fizes vy 41 modulo X and Hom(k - v,41,X) is the unipotent radical of R.

Proof. — The projection pr is given by the action of P(Y) on Y x (Y + W)/Y.
Consider the restriction of pr to the subgroup

Q=G(V)NPY)=(GL(X) x G(W)) x Ny(X)
of P(Y). We note:
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(i) the subgroup GL(X) x G(W') maps isomorphically to its image in GL(Y) x G(W),
and its image is precisely the Levi subgroup GL(X) x G(W) of R x G(W). This is
clear.

(ii) the kernel N(Y) N @ of pr|q is contained in Ny (X). To see this, suppose that
n € NY)NQ. Then n € G(V) (since @ C G(V)), so that n - f = f. To show that
n € Ny (X), we need to show that n acts trivially on X and acts trivially on W & E
modulo X.

Now, as an element of N(Y), n acts trivially on Y and acts trivially on W modulo
Y. Thus, n certainly acts triviallyon X C Y,and forw e W, n-w—w e YNV = X.
It remains to show that n acts trivially on F modulo X, i.e. that n-e—e€ X =Y NV.
Since n - e — e lies in V, it suffices to show that n - e — e lies in Y. But we have:

n-e—e=n-(e+f)—(ef) =n-vp41 —vpp1 €Y.

This proves the N(Y)NQ C Ny (X).
(iii) the projection pr induces an isomorphism:

Ny (X)/(N(Y) N Q) = Hom(k - vnr1, X).

Indeed, if n € Ny (X), then n fixes X and fixes W modulo X. Moreover, since n fixes
f (as it is in G(V)) and fixes e modulo X, we have

N Unt1 —Vpp1 =n-(e+ f) —(e+ f) € X.
This shows that pr(n) lies in the unipotent radical Hom(k - v,41,X) of R. Indeed,
pr(n)(vp+1) =n-e—e.
It remains to show that pr|y,, (x) is surjective onto Hom(kvy, 41, X). For any = € X,
let n, € Ny (X) be the element which fixes X and W and such that n,(e) = e + x.
Then pr(ng)(ve+1) = x, as desired.

In view of the above, we see that the image of @ under pr is precisely R x G(W)
and the image of Ny (X) is the unipotent radical of R. The lemma is proved. O

By the lemma, one has:
(rRrw)lo =7|r Rw.
By a well-known result of Gelfand-Kazhdan, since 7 is supercuspidal, one knows that
7|r = indfx
where U is the unipotent radical of the Borel subgroup of GL(Y") stabilizing the flag
(v1) C (v1,v2) C -+ C{v1, " ,Vpy1) =Y,

and x is any generic character of U.
Now it is clear from the lemma that the pre-image of U x G(W) in @ is precisely
the subgroup
H = (UX X G(W)) X Nv(X) C G(V),
where Ux is the unipotent subgroup of GL(X) stabilizing the flag

(v1) C (v1,v2) C-+- C (v, -+ ,0n) = X.
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Further, the representation x X 7y, of U x G(W) pulls back to the representation
vV @y of H. Indeed, the pre-image of U in @ is the subgroup Ux X Ny (X), and the
pullback of x is in general position when restricted to Ux. Moreover, when restricted
to Ny (X), the pullback of  is nontrivial and fixed by Ux x G(W).

Hence, by induction in stages, we conclude that

indg(v)(T ®@mw)lg = indg(v)ww QvY.
Thus, by dualizing and Frobenius reciprocity, one has
Homg v (I(7, 7w ), my,) = Hompy (v @ mw, v).
This completes the proof of the theorem. O

Corollary 15.3. — In the orthogonal or hermitian cases over a non-archimedean k,
with W C V' of odd codimension, we have

dim¢ Hompg (7, v) <1
for any irreducible representation m of G = G(V) x G(W).

Proof. — To apply Theorem 15.1, choose a supercuspidal representation 7 which
does not belong to the Bernstein components in Theorem 15.1. Then, replacing 7
by its twist by an unramified character, we may assume that the associated induced
representation I(7, my ) is irreducible; this is possible by a result of Waldspurger [61].
Then, by Theorem 15.1, the corollary is reduced to Theorem 14.1. U

Remarks. — In the archimedean case, a recent paper of Jiang-Sun-Zhu [37] adapted
the proof of Theorem 15.1 to show the containment

HOmH(ﬂ'V ® Ww,l/) C Homg(v)(I(T, 7Tw) ® ﬂv,C).

Namely, to each element on the left hand side, [37] constructs an associated element on
the right hand side, using an explicit integral. This is enough to deduce the multiplicity
one result of Corollary 15.3 from the results of [66], [67] and [3].

16. Uniqueness of Fourier-Jacobi Models

In this section, we continue with the assumption that k is non-archimedean and our
goal is to establish the analog of Theorem 15.1 in the symplectic and skew-hermitian
cases, which will imply that

d(m,¢) < 1.
Before coming to the analogous result, which is given in Theorem 16.1, we need to
recall certain structural results about parabolic induction for the metaplectic groups.

Recall that if W is a symplectic space, then a parabolic subgroup P in §f)(W)
is nothing but the inverse image of a parabolic P in Sp(W). It is known that the
metaplectic covering splits (uniquely) over unipotent subgroups, so for a Levi decom-
position P = M - N, it makes sense to speak of the corresponding Levi decomposition

P=M-N in Sp(W).
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Furthermore, we note that for a maximal parabolic subgroup P(X) of Sp(W) with
Levi subgroup of the form M = GL(X) x Sp(Wpy) in Sp(W),

M = (GL(X) x Sp(Wh)) /Apz

where E}\E(X ) is a certain two-fold cover of GL(X) defined as follows. As a set, we
write N
GL(X) = GL(X) x {£1},
and the multiplication is given by
(91,€1) - (92, €2) = (9192, €1€2 - (det g1, det g2)),
where (—, —) denotes the Hilbert symbol on £* with values in {£1}.
The two-fold cover GL(X) has a natural genuine 1-dimensional character
Xw : GL(X) — C*
defined as follows. The determinant map gives rise to a natural group homomorphism
det : GL(X) — GL(APX) = GL(1).

On the other hand, one has a genuine character on é\i(l) defined by

(aa 6) =€ 7(a71/))_17

where

V(a,¥) = v(va) /7 ()
and y(¢) is an 8-th root of unity associated to 1 by Weil. Composing this character
with det gives the desired genuine character x, on GL(X), which satisfies:

X?p(gv 6) = (det(g)v _1)
Thus, there is a bijection between the set of irreducible representations of GL(X) and
the set of genuine representations of GL(X), given simply by

TH Ty =TQ Xg-

Note that this bijection depends on the additive character v of k. Now associated to
a representation 7 of GL(X) and 7 of Sp(Wj), one has the representation

7y Rm of M.
Then one can consider the (unnormalized) induced representation
Iy(1,mo) = Ind?(W)(ﬁ/, X 7).
Here is the analog of Theorem 15.1 in the symplectic case.

Theorem 16.1. — Consider W = X & Wy @ XV with X # 0 and fix the additive
character v of the non-archimedean local field k. Let

— 7 be a supercuspidal representation of GL(X);
— mp be a genuine representation of Sp(Wy);
— 7 be an irreducible representation of Sp(W),
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and consider the (unnormalized) induced representation Ly (7, o) of Sp(W). Assume
that m¥ does not belong to the Bernstein component associated to (GL(X)x M, 7Xu),
where M is any Levi subgroup of Sp(Wy) and p is any supercuspidal representation
of M. Then

Homé;(w)(ld,(r, 7o) ® T,ww,y) = Hompy (7 ® To, vw,wy )

Proof. — We shall compute
Homé;(w) Ty (T, m0) ® w‘\g,ww, V).

Let P(X) = M(X) - N(X) be the parabolic subgroup in Sp(W) stabilizing the sub-
space X, so that

M(X) 2 (GL(X) x Sp(Wo)) /Apz.

The Weil representation Wiy = Wil ., has a convenient description as a P(X )-module;
this is the so-called mixed model of the Weil representation. This model of www is
realized on the space

S(X\/) (% W‘\g/o),w
of Schwartz-Bruhat functions on XV valued in wIYVO’w. In particular, evaluation at 0

gives a P (X)-equivariant map
.,V —Id 1/2 X \
€ev : CUW7,¢, — Xw| etX| wWwa’

where N(X) acts trivially on the target space. In fact, this map is the projection of
wyy,, onto its space of N (X)-coinvariants.

On the other hand, to determine the kernel of the map ev, note that GL(X)
acts transitively on the nonzero elements of XV. Recall that we have fixed a basis
{vi,+++ ,v,} of X in the definition of the data (H,vy), with dual basis {vy, -, v

of XV. Let R be the stabilizer of v, in GL(X), so that R is a mirabolic subgroup of
GL(X). Let

Q = (R x Sp(Wo)) - N(X) C P(X)
so that its inverse image in F(X ) is
Q = ((B x Sp(Wp))/Apz2) - N(X) C P(X).
Then one deduces the following short exact sequence of F(X )-modules:

ev

X wl\’/Vo,w w‘\’/V,w Xa|detx|1/2 X w;//VOﬂ/) —0,

. P(X) 1/2
Oﬂlndé X7ldetx|

where the compact induction functor ind is unnormalized and the action of 6 on w{,’VO,w
is via the Weil representation of %(WO) - N(X) with respect to the character .
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Tensoring the above short exact sequence by 7, M7y and then inducing to §}5(W),
one gets a short exact sequence of Sp(W)-modules:

0

!

. 1Sp(W
indg? ™ (|detx |2 - 7R @ (10 @ Wiy, ) = A

!

Iy(r,m0) ® wyy, = B

|

Ind37 ) (- [detx |2 @ (10 ® Wit ) = C

l

0.
By our assumption on m,

Homg,w)(C,7¥) =0 and Homgyw (B, 7") = Homgpw) (A4, 7).
Moreover since 7 is supercuspidal, by a well-known result of Gelfand-Kazhdan, one
has

7|r = indgix,
where U is the unipotent radical of the Borel subgroup of GL(X) stabilizing the flag
(v1) C (v1,v2) T+ C{vg, - o) =X
and yx is any generic character of U. Observing that
H = (U x Sp(Wy)) - N(X),
we conclude that
A= indIqu(W) (Mo ® 1))

Therefore, the desired result follows by Frobenius reciprocity. O
Corollary 16.2. — In the symplectic case over a non-archimedean local field, we have
dim¢ Homg (7 ® 7,C) < 1

for any irreducible representation © of G = G(V) x G(W).

One can prove an analog of Theorem 16.1 in the skew-hermitian case, including
the case when k = kg x kg, and deduce the following corollary; we omit the details.

Corollary 16.3. — In the skew-hermitian case over a non-archimedean k, with W C V
of even codimension, we have

dimc Homp (7 ® Ty, ., C) <1

for any irreducible representation m of G = G(V) x G(W).
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17. Local Conjectures

In this section, we propose a conjecture for the restriction problem formulated in
Section 14. Recall that we have a pair of spaces W C V' and we are considering the
restriction of irreducible representations m = my K my of G = G(V) x G(W) to the
subgroup H = N - G(W) C G. Recall also that, with auxiliary data if necessary, we
have defined a unitary representation v of H (or sometimes its double cover H ), which
has dimension 1 when W C V are orthogonal or hermitian, and has Gelfand-Kirillov
dimensional 1/2 - dim(W/ko) when W C V are symplectic or skew-hermitian. Then
we are interested in

d(r) = dim¢c Hompy (7 @ 7, C),
which is known to be < 1 in almost all cases. In this section, we shall give precise crite-
rion for this Hom space to be nonzero, in terms of the Langlands-Vogan parametriza-
tion of irreducible representations of G. We first note the following conjecture, which
has been called multiplicity one in L-packets.

Recall that a pure inner form G' = G(V') x G(W’) of the group G is relevant if the
space W’ embeds as a non-degenerate subspace of V', with orthogonal complement
isomorphic to W+. In this case, one can define a subgroup H' = G(W') x N’ C G'.

Conjecture 17.1. — There is a unique representation ™ of a relevant pure inner form
G =G(V') x G(W') in each generic Vogan L-packet I1, of G which satisfies

Homyy/ (71' KV, (C) #0.

In the papers [74, 75] and [53], Waldspurger and Meeglin-Waldspurger have made
substantial progress towards this conjecture. Namely, assuming certain natural and
expected properties of the characters of representations in a Vogan L-packet, they
have shown that the above conjecture holds in the special orthogonal case. There is
no doubt that these methods will give the same result in the hermitian case.

We also note that when k = ko X ko, we have G = GL(Vp) x GL(W)) so that the
Vogan packets are all singletons. In this case, the above conjecture simply asserts that
Hompy(m ® 7,C) # 0 for any irreducible generic representation 7 of G. In this case,
we have:

Theorem 17.2. — (i) If k = ko x ko, then Conjecture 17.1 holds when dim W+ = 0
or 1.
(ii) If k = ko X ko is non-archimedean, then Congecture 17.1 holds in general.

Proof — When dim W+ = 0 or 1, Conjecture 17.1 is an immediate consequence of the
local Rankin-Selberg theory of Jacquet, Piatetski-Shapiro and Shalika ([34] and [36]).
Indeed, the local Rankin-Selberg integral gives a nonzero element of Hompg (7, v).
When £ is non-archimedean, the general case then follows from Theorems 15.1 and
Theorem 16.1. O

In each of the remaining cases, we will make the above conjecture more precise
by specifying a canonical character x of the component group A,. The character x
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depends on the choice of a generic character 6 of G (used to normalize the Langlands-
Vogan parametrization) and on the additional data needed to define the representation
v when € = —1. We then conjecture that the representation 7 in Conjecture 17.1 has
parameter m = 7(¢p, x) in the Vogan correspondence J(9).

We treat the various cases separately.

G = SO(V) x SO(W), dim W+ odd

Here the character 6 is determined by the pair of orthogonal spaces W C V. In view
of Proposition 12.1, specifying § amounts to giving a non-isotropic line L in the even
orthogonal space (with L split), and we simply take the line L to have discriminant
equal to the discriminant of the odd space. The representation v is also canonical.

The L-packet II, is determined by a parameter

¢ : WD(k) — Sp(M) x O(N)
with dim NV even. We define
X:XNXXM:AMXAE_)<:|:1>a

where the characters xy and xps were defined in §6.

G =U(V)x UW), dim W+ odd
Here, in view of Proposition 12.1, we need to choose a nontrivial character
Y k/ky — St

up to the action of Nk* in order to define a generic character 6y of the even unitary
group. If § is the discriminant of the odd hermitian space, then we define

O(z) =0p(—2-96-x)

and use € to fix the Vogan parametrization for the even unitary group. Note that 6
is simply the generic character of the even unitary group determined by the additive
character

bons(z) = ¥(~2-5-a).

The representation v is canonical.
The L-packet is determined by a parameter

¢ : WD(k) — GL(M) x GL(N)

with M conjugate-symplectic of even dimension and N conjugate-orthogonal of odd
dimension. We define:

X=XN XXM : Ay X Ay — (£1),

using the character 1 to calculate the local epsilon factors which intervene in the
definition of y.
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G = Sp(V) x Sp(W) or Sp(V) x Sp(W), dim W+ even

Here we need to choose a nontrivial additive character ¢ : K — S! to define a
generic character 6 of the symplectic group, the notion of Vogan parameters for the
metaplectic group and the representation vy, of H.

The L-packet is determined by a parameter

¢ : WD(k) — Sp(M) x SO(N)
with dim NV odd. Let
Ni=NegC
be the corresponding orthogonal representation of even dimension and define
X = XN X XM Ay X AR — (£1).

The group A, is a subgroup of index 1 or 2 in Ay X Aj{,l and we take the restriction
of x to this subgroup.

G=U(V)xUW), W CV skew-hermitian and dimW =dimV =1 mod 2

Here there is a unique orbit of generic character 6 on the quasi-split group U(V') x
U(W). On the other hand, we need to choose

Yo : ko — S!
up to Nk* and
w: kX /NE* — C*,

nontrivial on k', to define the representation vy, ,, of H.
Let e be the discriminant of V' and W which is a nonzero element of trace 0 in k,
well-defined up to Nk*. Let

P(z) = o(Tr(ez))

which is a nontrivial character of k/kq, well-defined up to Nk*.
The L-packet has parameter

p: WD(k) — GL(M) x GL(N)
with M and N conjugate-orthogonal representations of odd dimension. We define:
X = XN X XM(u-1) = XN(u-1) X X0 : Ay X Ay — (£1),

using ¥ to calculate the local epsilon actors which intervene in the definition of x.
Here, M (u~') and N(u~1) are the twist of M and N by the character u~!. Note that
the representations M (u~') and N(u~1) are conjugate-symplectic.
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G=U(V)xUW), W CV skew-hermitian, dimW = dimV =0 mod 2
In this case, we must choose 1y : kg — S! to define 6 for both groups, and u :
k> /Nk* — C*, nontrivial on kg, to define v = vy, ,,.
The parameter of an L-packet is
¢ : WD(k) — GL(M) x GL(N)
with M and N conjugate-symplectic representations of even dimension. We define
X=XN X XM(u-1) = XN(u-1) X XM : AM X AN — <:|:1>

Here, the twisted representations M(u~!) and N(u~!) are conjugate-orthogonal.
Since the representations both have even dimension, the values of x are independent
of the choice of i used to define the epsilon factors.

Now we have:

Conjecture 17.3. — Having fized the Langlands-Vogan parametrization for the group
G and its pure inner forms in the various cases above, the unique representation m in
a generic Vogan packet I, which satisfies Homp(m ® 7,C) # 0 has parameters

m™=7(p,X)

where x is as defined above.

Note that the character x defined above satisfies:
x(-1,-1) =1,

so that m(yp,x) is a representation of a relevant pure inner form G’ of G. In the
non-archimedean case, the sign

x(=1,1) = x(1,-1)

determines which relevant pure inner form acts on 7 (¢, x).

18. Compatibilities of local conjectures

In this section, we verify that the precise conjecture 17.3 is independent of:

1. the bijection
J(9) : I, < Hom(A,,£1)
given by the choice of a generic character 8 of G;
2. the scaling of the form (—,—) on V and hence W, which does not change the
groups G and H;
3. the data needed to define the representation v of H.

This serves as a check on the internal consistency of the conjecture. Again, we consider
the various cases separately.

In the orthogonal case, the generic character 6§ and the representation v of H are
determined by the pair of spaces W C V and are unchanged if the bilinear form
on V is scaled by k*. The character x = xn X xar depends only on the Langlands
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parameter ¢ : WD(k) — Sp(M) x O(N). So our conjecture is internally consistent
in this case, as there is nothing to check.

In the hermitian case, both the generic character # and the character x = xn X X
depend on a choice of nontrivial 9 : k/kg — S!, up to multiplication by Nk*, while
the representation v is determined by the spaces W C V. If we scale the hermitian
form on W C V by an element of k; , the generic character 6, the representation v of
H and the character x of the component group are unchanged.

To see the dependence of our conjecture on the choice of 1, suppose that ¢ represents
the nontrivial coset of kg /Nk* and let #? be the generic character associated to 1;(z) =
Y(tz). For (a,b) € Apr X Ay, we have

x'(a,b) = e(M*® N,t) - (M @ N° 1)
= det M“(t) - e(M® ® N, 1) - e(M ® N°,¢)
= (—1)*™M" . x(a,b)
=n(a) - x(a,b)

Here we have used the facts that M is conjugate-symplectic of even dimension and
N is conjugate-orthogonal of odd dimension.

Now if the parameter of 7 under J(6) is (¢, x), then its parameter under J(6%)
is (o, x - 1) = (p,%x?), according to the desiderata in §10. Hence our conjecture is
independent of the choice of ¥ in the hermitian case.

In the symplectic case, we will discuss representations of G = é?)(W) x Sp(V); the
case of representations of Sp(W) x §f)(V) is similar. In this case, we used the choice
of an additive character ¢ : k — S!, up to multiplication by k*2, to

(i) define the notion of L-parameters M for representations of §f)(W),

(if) define a generic character 6 for Sp(V') and a generic character 6 for Sp(W);
(iii) define the representation v = vy, for H.

Note, however, that the character x of the component group Aj,; is independent of
the choice of .

Suppose that under the i-parametrization, the parameter (M, N, x) corresponds
to the representation 7 of G, so that our conjecture predicts that

Hompy (7, vy) # 0.

Now replace the character v by v, for ¢ € k* /k*? and let 7’ be the representation of G
corresponding to (M, N, x) under the 1).-parametrization. By our construction of the
Vogan parametrization for metaplectic groups, it is easy to see that 7’ is isomorphic to
the conjugated representation 7¢. Thus, our conjecture for the character 1. predicts
that

Homp (7¢,v,) # 0 and hence Hompg (7, vy, ) # 0.

Since vy, = vy, , our conjecture is internally consistent with respect to changing .
Note that the use of ¢ in (i) and (ii) above concerns the Vogan parametrization,
whereas its use in (iii) concerns the restriction problem in representation theory. Hence

ASTERISQUE 346



RESTRICTION PROBLEMS FOR CLASSICAL GROUPS 71

there is no reason why one needs to use the same character i for these two different
purposes.

Suppose that one continues to use 1 for the Vogan parametrization in (i) and (ii),
but uses the character i.(z) = ¥(cz) to define the representation vy, of H. Then
for a given Vogan packet of G with ¢-parameter ¢, one can ask which representation
m € II, satisfies Hompg (7, vy,) # 0. This can be answered using Conjecture 17.3,
together with Conjecture 11.3 from §11. We have:

Proposition 18.1. — Assume the conjectures 11.83 and 17.3. Let
¢ : WD(k) — Sp(M) x SO(N)

be a generic Langlands parameter for §f)(W) x Sp(V) relative to the nontrivial additive
character v of k. Let

N.=N(c)@C forcek*/k*?
Then the um’qug representation 7 in IL, with Hompy (m,vy,) # 0 corresponds under
the bijection J(0 x 0) to the restriction of the character

XNC X XM : AM X AEC — <:|:1>
to the subgroup A, = Ap X A}, multiplied by the character
ne(a) = det N%(c)  of AF,.

Proof. — Let 7 be the representation whose 1-parameter is (M, N, x), where x is as
given in the proposition:

X = XN, X XM Ne : Apr x Al — (£1).
We want to show that
Hompg (7, vy,) # 0.
By Conjecture 11.3, the 1.-parameters of w are (M (c), N, x’) with
X' = xw, - nlel x xar - 03

Hence, it suffices to show that x’ is equal to the character predicted by Conjecture
17.3 relative to .. More precisely, we need to show that

X = XNy X XM(c)-
We now calculate this character on an element
(a',a) € Ay X AJ'A_[ = AM(C) X A—;\},

using the fact that for a in C;; — CR}C,

Since this space has even dimension,

det N2 = det N* = det Ny.
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Hence we have

X'(@',a) = (xwv, - nld)(@) - xa(a)
=e(M* @N,)-e(M* ® (C®C(c))) - (M & N%) - det(N&)(—1)7 m M
=e(M* ® (N(c) + C(c)) - e(M ® N°(c)) - det(N“(c))(—1) == M
= e(M(c)* ® Ny) - e(M(c) ® N{) - det(Ng)(—1)z dim M
= (XN, X Xm(e))(d, a).

This proves the proposition. O

Finally, we consider the skew-hermitian case with W C V of even codimension. We
consider the two cases:

(i) dmW =dimV =1 mod 2;

(ii) dimW =dimV =0 mod 2
in turn.

Assume first that dim W = dimV = 1 mod 2 and the discriminant of W and V'
is a trace zero element e € k. In this case, the Vogan parametrization is completely
canonical, given the spaces W C V, with the trivial character of A, corresponding
to a generic representation of G(V) x G(W). However, the representation v of H
depends not only on the spaces W C V but also on the choice of an additive character
o : ko — S' and on the choice of a multiplicative character p : kX — C* which is
trivial on N(k*) but nontrivial on kg . Thus, to be completely precise, we denote the
group H by Hyw,y and the representation v by vw,v,y,,,- Finally, the character x of
the component group is defined using p and the additive character

P(z) = Po(Tr(ex))

of k and depends on g up to multiplication by Nk*.

Suppose without loss of generality that the representation 7 with parameter (¢, x)
is one for the group G(W) x G(V), so that our conjecture (for the character 1)
predicts that

Home,V (7T7 VW,V,I/JO,#) 7é 0.

If t represents the nontrivial coset of kj /Nk*, let x; be the character of A, defined
using the character 1§ (z) = 1o(tz). Then we have

Xt(a7 b) = G(Ma ® N(p’_l)v’d)t) : G(M ® N(/J’_l)bﬁwt)
_ (_1)dimM“ . (_1)dimNb X x(a,b)
= TI(% b) : X(aa b)

Thus, the representation 7; indexed by the character x; is one for the pure inner
form G(W') x G(V'). Moreover, the spaces W/ C V' are simply the spaces tW C tV
obtained from W C V by scaling the skew-hermitian forms by ¢. Thus, our conjecture
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(for the character ) predicts that

HomHtW,tv (ﬂ-t’ l/tW,tV,wf),u) 7é 0.

To see that this is equivalent to the prediction of our conjecture for the character vy,
note that G(W’) x G(V') is canonically identified with G(W) x G(V') as a subgroup
of GL(W) x GL(V) and under this identification, one has m; = w. Moreover, we also
have Hyy+ v+ = Hw,y as subgroups of G(W) x G(V) and

Vtwtv,l,u = YW, V,gpo

This proves that our conjecture is internally consistent with changing .
On the other hand, if we replace p by u/, then pu/ = p - po for some character
wo : kX /k§ — C*. Moreover, we have [28]

Vit o = 1O " Vo -
Hence
Hompy (7 ® Uy 49, C) = Homp ((7 - ual) ® Uy, C).

Now our conjecture for u’ says that the left hand side of the above is nonzero if and
only if 7 has Vogan parameter (M, N, xar,n,.) With

Xt N (a,0) = €M@ N/ ™), 9) - e(M @ N(u' ™), )
=e(M*® (N - pg ) (™Y, 9) - e(M @ (N - g ) (u™H)?, )

= XM’N(H()—l)’M(a, b)

On the other hand, our conjecture for p says that the right hand side is nonzero if and
only if 7 - 5! has Vogan parameter (M, N (ug) ™", XM’N(%—l),#). Thus, our conjecture
for ' is equivalent to that for p.

Finally, consider the case when dim W = dim V =0 mod 2. In this case, we need
the additive character v : kg — S! to specify the Vogan parametrization, and both
1o and p to define the representation v,y y,,.. The character x, on the other hand,
is independent of ¥y but depends on p.

Suppose that under the 1p-Vogan parametrization, the representation m corre-
sponding to the character x is one for the group G(V) x G(W), so that our conjecture
for 1o predicts that

Hompy, (7 @ Uw,v,p0,u, C) # 0.
If we replace the additive character 1y by ¥§ with t € kg but ¢ ¢ Nk*, then under
the f-Vogan parametrization, the character x corresponds to the conjugated rep-
¢ (using an element in the similitude group with similitude ¢). So our
conjecture for 1 predicts that

resentation 7

Hompry, \, (7° ® Dyy,v,pe s C) # 0.
But one may check that

o~

t
YWwvat.n = YW, vo,u0
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so that the two predictions (for ¢ and 1) are consistent with each other. The
consistency check when changing p is similar to the analogous situation treated above;
so we omit the details.

19. Reduction to basic cases

In this section, we shall show:

Theorem 19.1. — Assume that k is a non-archimedean local field. Then Conjectures
17.1 and 17.8 follow from the basic cases where dim W+ =0 or 1.

Proof. — As we shall explain, this is a simple consequence of Theorems 15.1 and 16.1.
We treat the two cases separately.
We first consider the orthogonal and hermitian cases. Suppose that W C V with
Wt=X+X"+E

where X = (v, - ,v,) is nonzero isotropic and F is a non-isotropic line. Let M and N
be L-parameters for G(V') and G(W) respectively. We would like to verify Conjectures
17.1 and 17.3 for the associated Vogan packet IIy; x IIy of G = G(V) x G(W). We
shall exploit Theorem 15.1 for this purpose.

Recall the setting of Theorem 15.1, where we have set

W=Ve(-E)=Vok-f
and
Y = <U1a T 7’U7la/U7l+1>
with v, 11 = e+ f. Then we have
W =Y +YY+W.

Let 7 be an irreducible supercuspidal representation of GL(Y') with L-parameter N,.
We may assume that for any my € I, the induced representation

W)

) (r R7w)

I(7,mw) = Ind$
is irreducible. Then the set
{I(r,7w) : 7w € N}
is simply the Vogan packet associated to the parameter
N' =N, + N+ (N?)".
Moreover, there is a canonical isomorphism
An =2 AN

~

and the representations 7y, and I(7, my ) are indexed by the same character of A7, =
AL,
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We may further assume that 7 is chosen so that the conditions of Theorem 15.1
are met. Then by Theorem 15.1, we see that for any my € I,

Homg(v)(I(T, 7rw) ® Wv,C) = HOIIlH(T(V ®71’W7l/).

Thus, Conjecture 17.1 holds for ITy; x Iy if it holds for I/ x ITj;. To see that the
same implication holds for Conjecture 17.3, it suffices to check that the character

xn X xm of Af; x A%
agrees with the character
XN’ X XM OfALXAE,.
For a € A;\CI, we see from definition that
xn'(a) = xn(a) - xn, +(ne)yv (a),
and it follows by Proposition 5.1
XN, +(neyv(a) =1 for any a € Al

This establishes Theorem 19.1 in the orthogonal and hermitian cases.
The symplectic and skew-hermitian cases are handled in a similar way, using The-
orem 16.1; we omit the details. O

20. Variant of the local conjecture

In this section, we give a variant of the local conjecture 17.3. This variant does
not require the precise parametrization of the members of a Vogan L-packet by the
characters of the component group, which can be a very delicate issue. This conjecture
is typically what is checked in practice.

Suppose that W C V and we are given an L-parameter M of G(V'), so that M is a
selfdual or conjugate-dual representation of the Weil-Deligne group W D(k) of k with
a given sign. As described in §4, the component group Aj; is an elementary abelian
2-group with a canonical basis {a;}, indexed by the distinct isomorphism classes of
irreducible summands M; of M which are of the same type as M. Hence, we have a
canonical isomorphism

Ay 2 Z/27 a1 X -+ X Z)27 - ay,.
Here, the elements a; are such that
M* = M;.

We note that if V' is a quadratic space of even dimension, then the relevant component
group needed to describe the representation theory of pure inner forms of SO(V), is
a subgroup AL of Aps of index atmost 2; the group Aps itself should parametrize
L-packets of representations of O(V) as suggested in [57].
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Now consider a representation 7 of G(V) in the Vogan packet IIps. Let L (7)
denote the set of generic L-parameters N for G(W) such that

d(m,N):= > dimHompy(r R 7', v) # 0.

7w/ €lln

According to our Conjecture 17.1, one has a partition

{generic L-parameters of G(W)} = U L ().

w€llpns

In this context, we have the following variant of Conjecture 17.3.

Conjecture 20.1. — (1) Let w be an irreducible admissible representation of G(V') be-
longing to the Vogan packet I1;. For any L-parameter N in Ly (7), define a character
Xa,N on Apr, by

Xor.n (@:) = €(M; ® N, ) - det M;(—1)% TN . det N (—1)7 dim M

for a fized ¢ appropriate for each of the cases studied in this paper, viz. any (nontriv-
ial) character of k in the orthogonal or the symplectic case, any character of k/kqy in
the hermitian or skew-hermitian case; the factor det M;(—1)z 4m N .det N(—1)2 dim M;
arises only in the orthogonal case, where M; is orthogonal and N is symplectic, or
the other way around; the factor corresponding to the determinant of a symplectic
representation is taken to be 1. Then for any two L-parameters N and N' in Ly (r),
we have:

Xn,N(@i) = Xr N7 (ai),
on the subgroup AX/[ of Apr in the even orthogonal case, and on Ap; in all the other
cases. In particular, = determines a character x. on Ay (or AX/[), defined by
Xr (i) = Xr v (ai)
for any N € Ly ().
(2) The map ™ — Xxx gives a bijection (depending on the choice of a character )

HM — ITT’(AM)

(8) One has the analogs of (1) and (2) above with the roles of V. and W exchanged.

In effect, the above conjecture says that one can exploit the restriction problem for
W C V and use the collection of epsilon factors described above to serve as parameters
for elements of II;. In the hermitian and skew-hermitian cases, the character x.
associated to a given m € Il is equal to the character xny of Aps defined in §6, for
any N € %y (w), provided the additive character 1 is appropriately chosen. In the
orthogonal and symplectic cases, these two characters may differ.
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21. Unramified parameters

In this section, we assume that k is a non-archimedean local field with ring of
integers A, uniformizing element w and finite residue field A/w A. We will also assume
that A/wA has characteristic p > 2, so that the group A*/A*2 has order 2.

In the case when k has a nontrivial involution o, we will assume that the action
of 0 on A/wA is also nontrivial. Then k is unramified over ky and every unit in the
subring Ay of A fixed by o is the norm of a unit of A.

In addition, we will only consider additive characters i of & which are trivial on A
but not on w1 A. Then ¢ is determined up to translation by a unit in A. If we insist
that 1% = =, then 1 is determined up to translation by a unit in Ay. We call such
additive characters of k£ unramified.

Let WD(k) = W (k) x SL2(C) be the Weil-Deligne group of k. A representation

¢ : WD(k) — GL(M)

is unramified if ¢ is trivial on SLy and on the inertia subgroup I of W (k). An un-
ramified representation is determined by the semisimple conjugacy class ¢(F) in
GL(M). Let C(s) denote the one dimensional unramified representation of WD(k)
with ¢(F) = s € C*. Then any unramified representation M of W D(k) is isomorphic
to a direct sum of the form

n
M = @C(si), with n = dim M.
i=1

We now determine which unramified representations of WD(k) are selfdual or
conjugate-dual (with respect to the unramified involution o of k).

Proposition 21.1. — Assume that M is an unramified representation of W D(k) and is
either selfdual or conjugate-dual. Then M is isomorphic to a direct sum of the form:

M = @;(C(s;) + C(s; 1)) @m - C(~1) @ n - C(1),

with s; # si_1 i C* and m,n >0 in Z.
If M has this form, then we have the following cases:

(i) M is orthogonal and its centralizer in SO(M) has component group
AF 7./27, if both m,n > 0,
M ,
1, otherwise.

(ii) M is symplectic if and only if m = n =0 mod 2, in which case its centralizer
in Sp(M) has component group

Ay =1

(iii) M is conjugate-orthogonal if and only if m = 0 mod 2, in which case its cen-
tralizer in Aut(M, B) has component group

Z)9Z. i
AM:{/ L ifn>0,

1, otherwise.
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(iv) M is conjugate-symplectic if and only if n = 0 mod 2, in which case its cen-
tralizer in Aut(M, B) has component group
Z)2Z, if m >0,
Ay =
1, otherwise.
Proof. — Since C(s)Y = C(s7!) and C(s)° = C(s), the one dimensional represen-
tation C(s) is selfdual or conjugate-dual if and only if s2 = 1. In the selfdual case,

both C(—1) and C(1) are orthogonal. In the conjugate-dual case, C(1) is conjugate-
orthogonal and C(—1) is conjugate-symplectic. Indeed, the unramified character

kX /NEX — (£1)

defined by
() = (=174

is nontrivial on kg . The proposition follows easily. O

Proposition 21.2. — (i) If M and N are two selfdual unramified representations of
WD(k) of even dimension, with signs cpr and cy Tespectively, then the character

XN @ Afp — (£1)
defined by
xn(a) =e(M*® N,1) - det M“(—l)% dimN | g6t N(_l)%dimM“

is trivial.
(ii) If M and N are two conjugate-dual unramified representations with signs cy; and
cn respectively and ¢° = 1~1, then the character

XN : A}l\—/l — <:|:].>

defined by
XN(G’) = G(MG®N7’¢)
is trivial.
Proof. — If M is any unramified representation of WD(k) and 1 is an unramified

additive character, then we have the formulae:
e(M,)=1 and detM(-1)=1.
The proposition follows easily from these facts. O

We now turn to the restriction conjectures for unramified generic parameters .
Since xn X xar is the trivial character of A, the unique representation in the asso-
ciated Vogan packet which supports a nonzero Hom space should be the one indexed
by the trivial character. In that case, for the purpose of global applications, we can
make our conjectures more refined.

Recall that W C V is a pair of nondegenerate spaces for the sesquilinear form
(—,—). and that W+ is split. We say that an A-lattice L C V is nondegenerate if

(1) (—,—):LxL— 4
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(2) the map L — Hom(L, A) defined by mapping w to f,(v) = (v,w) is an isomor-
phism of Ap-modules.

We assume henceforth that there is a nondegenerate A-lattice L C V with the
additional property that Ly, = L N W is a nondegenerate A-lattice in W. Then the
orthogonal complement LJW of Ly in L is a nondegenerate lattice in W+, so that LJV-V
has the form

Y+YY or Y+YV+Ae

with Y isotropic and YV = Hom(Y, A). Moreover, L = Ly + Li;.

Under this assumption, the group G = G(V) x G(W) is quasi-split and split by
an unramified extension of ko. Indeed, the subgroup J = Aut(L) x Aut(Lw) is a
hyperspecial maximal compact subgroup of G. We now construct the subgroup H of
G and the unitary representation v of H using this unramified data.

Write L = Ly + L‘%V, and define the parabolic subgroup P4 and its unipotent
radical N4 using a complete A-flag in the isotropic subspace Y C LI%V. Then

Hjps=Ny 'Aut(Lw)
gives a model of H over Ag and
HAZJQHA(kO) =JNH.

In the orthogonal and hermitian cases, the one dimensional representation v of H
associated to the decomposition

Ly =Y + Y+ + Ae

and a suitable unramified additive character v has trivial restriction to the subgroup
J N H. In the metaplectic case, we can define v = vy using an unramified additive
character v (there are two choices, up to translation by A*?). In the skew-hermitian
case, we define v = v, ,, using an unramified character ¢ with 1)” = 1 (which is unique
up to translation by NA*) and the unramified symplectic character p associated to the
representation C(—1). Then in all cases, the representation v of H is J N H-spherical;
it has a unique line fixed by the compact open subgroup J N H.

Since the group G is quasi-split over kg, we can also define unramified generic
characters 6 of the unipotent radical U of a Borel subgroup, using the pair Ly C L
of nondegenerate lattices and a suitable unramified additive character ¥. Again, the
T-orbit of # is unique except in the metaplectic case when there are two unramified
orbits. In all cases, the restriction of 6 to the compact open subgroup JNU is trivial.

To summarize, if we use unramified data to define the representations 6 of U and
v of H, then the complex vector spaces

Hom jny(C,0) and Homjng(C,v)

both have dimension equal to 1.

Now let ¢ be an unramified generic parameter and let = be the unique 6-generic
element in the Vogan packet m,. Then the formula of Casselman and Shalika [12]
shows that
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(i) Hom;(C, ) has dimension 1;
(ii) the pairing of one-dimensional complex vector spaces

Hom ;(C,7) ® Homy (m,0) — Hom jny(C,0) =C

is nondegenerate.

We conjecture that the same is true for the representation v of H.

Conjecture 21.3. — Let 7 be the unique J-spherical representation in the Vogan packet
II,. Then

(i) Hompg (m,v) has dimension 1;
(ii) the pairing of one-dimensional complex vector spaces

Hom ;(C,7) ® Hompg (7, v) — Hom jnu (C,v)

is nondegenerate.

Besides the cases treated by Casselman-Shalika [12], this conjecture has been ver-
ified in a large number of cases, which we summarize below.

Theorem 21.4. — Conjecture 21.3 is known in the following cases:

(i) the special orthogonal and hermitian cases;
(ii) the general linear case, with dim W+ = 1;
(iii) the symplectic case, with dim W+ = 2.

Proof. — The orthogonal case is due to Kato-Murase-Sugano [38]. Their proof is
extended to the unitary case by Khouri in his Ohio-State PhD thesis [39]. Parts (ii)
and (iii) are both due to Murase-Sugano [54, 55]. O

22. Automorphic forms and L-functions

The remainder of this paper is devoted to formulating global analogs of our local
conjectures.

Let F be a global field with ring of adéles A and let G be a reductive algebraic
group over F'. Then G(F) is a discrete subgroup of the locally compact group G(A).
For simplicity, we shall further assume that the identity component of the center of
G is anisotropic, so that the quotient space G(F)\G(A) has finite measure.

We shall consider the space &7(G) of automorphic forms on G, which consists of
smooth functions

f:G(F)\G(A) — C
satisfying the usual finiteness conditions [52, 1.2.17, Pg. 37], except that we do not
impose the condition of K, -finiteness at the archimedean places. For each open com-

pact Ky C G(Ay), the space «7(G)®/ has a natural topology, giving it the structure
of an LF-space (see [81]) with respect to which the action of G(F ® R) is smooth.
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Let %4 (G) C &/ (G) denote the subspace of cusp forms. An irreducible admissible
representation m = T, ® 7y of G(A) is cuspidal if it admits a continuous embedding

T — 2 (G).

The multiplicity of 7 in .2%(G) is the dimension of the space Homgs) (7, % (G)),
which is necessarily finite.

Suppose now that G is quasi-split, with a Borel subgroup B = T - U defined over
F. A homomorphism A : U — G, is generic if its centralizer in T is equal to the
center of G. Composing Ay with a nontrivial additive character ¢ of A/F gives an
automorphic generic character § = 9 o A\p. Now one may consider the map

F0): o (G) — C(0)
defined by

fre f(u) - 6(u)du.
U(F)\U(A)
The map F'(6) is a nonzero continuous homomorphism of U(A)-modules, which is
known as the 6-Fourier coefficient. If F'(0) is nonzero when restricted to the m-isotypic
component in &/ (G), we say that 7 is globally generic with respect to 6.

The notion of automorphic forms can also be defined for nonlinear finite covers
5(&) of G(A), which are split over the discrete subgroup G(F'); see [53]. For the
purpose of this paper, we only need to consider this in the context of the metaplectic
double cover of Sp(W)(A) and so we give a brief description in this case.

Assume that the characteristic of F' is not two. For each place v of F', we have a
unique nonlinear double cover é\l/)(W)(Fv) of Sp(W)(Fy,). If the residual characteristic
of F, is odd, then this cover splits uniquely over a hyperspecial maximal compact
subgroup F, of Sp(W)(F,). Hence, one may form the restricted direct product

1S W) (),
K,

which contains a central subgroup Z = @, 2 ,. If Z* denotes the index two subgroup
of Z consisting of elements with an even number of components equal to —1, then the

group
Sp(W)(A) := (H §13(W)(Fv)> /Z*
K,

is a nonlinear double cover of Sp(W)(A). It is a result of Weil that this double cover
splits uniquely over the subgroup Sp(W)(F'), so that we may speak of automorphic
forms on Sp(W)(A). An automorphic form f on Sp(W)(A) is said to be genuine if it
satisfies
fle-g)=¢€-f(g) fore€ ps.

We denote the space of genuine automorphic forms on §1:/)(W)(A) by &/ (§f)(W))

If B=T-U is a Borel subgroup of Sp(W), then the double covering splits uniquely
over U(F,) for each v. Hence, in the adelic setting, there is a unique splitting of the
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double cover over U(A), and more generally over the adelic group of the unipotent
radical of any parabolic subgroup of Sp(W). As a result, one can define the notion
of cusp forms as in the linear case, and we denote the space of such cusp forms by
%(é\f)(W)) Moreover, if 6 is a generic automorphic character of U, then one can
define the -Fourier coefficient of f in the same way as before.

For the global analog of our restriction problems, we also need to discuss the notion
of automorphic forms on the non-reductive group

Jw = Sp(W) x H(W)

where H(W) = W & F is the Heisenberg group associated to W. The group Jw
is called the Jacobi group associated to W and we shall consider its double cover
Jw (A) = Sp(W)(A) - H(W)(A). For a given additive character ¢ of F\A, one has the
the space of automorphic forms ,wa(jw) on jW(A), which consists of certain smooth
functions on Jy (F)\Jw (A) with central character 1 and is usually called the space
of Jacobi forms.

For our applications, we are interested in a particular automorphic representa-
tion of .7W (A), namely the automorphic realization of the global Weil representation
associated to ¥ = ], 1¥». Recall that for each place v, the group

Jw(F,) = Sp(W)(F,) - H(W)(F,)

has a local Weil representation w,, whose restriction to H(W)(F),) is the unique
irreducible representation with central character i,. The restricted tensor product

Wy = ®Uw¢v
is the global Weil representation associated to 1. One of the main results of Weil [82]
is that there is a unique (up to scaling) continuous embedding

9,/, C Wy — ﬂw(jw)

Composing 6, with the restriction of functions from Jw(A) to Sp(W)(A) gives a
Sp(W)(A)-equivariant (but not injective) map

wy — o/ (Sp(W)).

We now come to the global L-functions and epsilon factors associated to an ir-
reducible cuspidal representation 7, following Langlands. To define an L-function or
epsilon factor, one needs the extra data of a finite dimensional representation R of the
L-group “G. If 7 = ®,m, is an irreducible automorphic representation and we assume
the local Langlands-Vogan correspondence for G(F3 ), then each 7, determines a local
L-parameter

$, : WD(F,) — LG.

Hence, one has the local L-factors L(R o ¢,, s) and one defines the global L-function

L(m, R, s) = [[ L(Ro ¢y, ),

ASTERISQUE 346



RESTRICTION PROBLEMS FOR CLASSICAL GROUPS 83

which converges when Re(s) is sufficiently large. Similarly, one has the local epsilon
factors

61}(7‘-’ R? /l/J? S) = E(R ° ¢'U’ /lp'l)? S)’
and one defines the global epsilon factor by

e(m,R,s) = ]__‘[.sv(w,}ﬂw7 s).
v

It is a finite product independent of the additive character ¥ of A/F. One expects
that the L-function above has meromorphic continuation to the whole complex plane
and satisfies a functional equation of a standard type, taking s to 1 — s, so that the
center of the critical strip is s = 1/2.

The following table gives some examples of R and their associated L-functions
which appear in this paper. When the cuspidal representation 7 is globally generic,
the meromorphic continuation of these L-functions are known.

G e R

GL(V) GL(M) Sym>M

GL(V) GL(M) ANM
GL(V/E), E/F quadratic (GL(M) x GL(M)) - Gal(E/F) AsT (M)
GL(V) x GL(W) GL(M) x GL(N) M®N
SO(W) x SO(V), dim W= odd | O(M) x Sp(N), dim M even M®N
Sp(W) x Sp(V) SO(M) x Sp(N), dim M odd M®N

U(W) x U(V) (GL(M) x GL(N)) - Gal(E/F) | Ind=¢(M ® N)

23. Global Restriction Problems

We are now ready to formulate the global restriction problems. We shall change
notations slightly from the earlier part of the paper, by replacing the pair of fields
ko C k in the local setting by F' C E in the global setting, with the characteristic of
F different from 2. Hence o is an involution (possibly trivial) on E with E? = F', and
V is a vector space over E equipped with a sesquilinear form (—, —) of the relevant
type. The group G = G(V) is then an algebraic group over F. Also, we shall include
the case £ = F' x F' in our discussion.

Suppose that we have a pair of vector spaces W C V over E equipped with a
sesquilinear form of sign €, such that W+ is split and € - (—1)‘1imWL = —1. Then we
have the groups

G =G(V) x GW);
H=N-GW)

over F', as defined in §2.

The groups of F-points G(F') and H(F') are discrete subgroups of the locally com-
pact adelic groups G(A) and H(A) respectively, where A is the ring of adéles of F'. In
the orthogonal case, we assume that if V' or W has dimension 2, then it is not split.
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Then the quotient spaces G(F)\G(A) and H(F)\H(A) both have finite measure. We
may then consider the space of automorphic forms and cusp forms for the group G,
as in §22.

In this section, we will consider irreducible tempered representations m of G(A)
which occur in the space of cusp forms <% (G) on G(F)\G(A) and study their restric-
tion to H(A). As in the local setting, when G is quasi-split, we need to introduce an
automorphic generic character

6:U(F)\UA) — S*

for the group G; this serves to fix the local Langlands-Vogan parametrization at all
places v of F. In addition, we need to construct an automorphic representation v on
H(F)\H(A) for the restriction problem.

Assume in this paragraph that G = G(V) x G(W) is quasi-split. In the orthog-
onal or symplectic case, we use the spaces W C V to naturally define a generic
F-homomorphism

AU — G,

as in §12. This defines Ay : U(A) — A; now composing Ay with a nontrivial additive
character

Y:AJF — St
gives an automorphic generic character of U(A):

0 =1oA,.
In the hermitian or skew-hermitian case, we use the spaces W C V to construct a
generic homomorphism
A:U — Resg/p(Ga).
Then, in the hermitian case, we compose Ay with a fixed nontrivial additive character
Y:Ag/(E+A) —S!
to obtain an automorphic generic character 6y = 1 o Ay. We then set
0(x) = 0p(—2-6 - Ap(z))

where § is the discriminant of the odd hermitian space. In the skew-hermitian case,
we take a nontrivial additive character

Y:AJF — St
and set
0(z) = ¢(2-Trg/r(Aa(z)).
We stress that these definitions are global analogs of our definitions in the local setting.
Next, we need to define an automorphic version of the representation v of H(A) =

N(A)-G(W)(A). (The group G(W) is not assumed to be quasi-split.) In the orthogonal
and hermitian cases, we define v by composing the generic G(W)-invariant map

l:N — ResE/F(Ga),
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constructed in §12 using the spaces W C V, with a nontrivial additive character
¥ : Ap/E — S! and then extending this trivially on G(W)(A):
v=1ol,.
As in the local case, the choice of v is unimportant. Then we define:
Fv): #(G) — C(v)
by
fr f(h)-v(h) - dh.
H(F)\H(A)

The map F(v) is called a Bessel coefficient.

In the symplectic and skew-hermitian cases, the representation v is infinite-

dimensional; so the situation is slightly more involved. Recall from §12 that, using
the spaces W C V, we have defined a G(W)-invariant generic linear form

l: N — Gy,

which gives rise to a continuous linear map [ : N(A) — A. Composing this with a
nontrivial additive character 1) : A/F — S', and extending trivially to G(W)(A), we
obtain an automorphic character

A=1voly
of H(A). On the other hand, we have also defined a homomorphism
N — H(W)
where
H(W) =F @ Resg/pW

is the Heisenberg group associated to Resg,p(W). Thus, we have a homomorphism

H=GW)-N — Jw :=SpResg,p(W)) - HW).
As discussed in §22, the group jW (A) has a global Weil representation w,, with central
character 1, and one has a canonical automorphic realization

Oy : wy = o (Jw).

It will now be convenient to consider the symplectic and skew-hermitian cases sepa-
rately.
In the symplectic case, the map H — Jy defined above gives rise to a map

H(A) — Jw(A).

By pulling back, one can thus regard w, as a representation of H (A). Moreover, the
above map gives rise to a natural inclusion

o (Jw) — o (H).
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Composing the automorphic realization 6, with this inclusion realizes w, as a sub-
module in &/ (H). Multiplying by the automorphic character A of H, one obtains an
automorphic realization

Oy vy = wy @A — o (H).
Now we can define the map

F(vy) : (G) ® 75 — C
by

fo¢— f(h) - 04 (¢)(R) dh.
H(F)\H(A)

The map F(vy) is called a Fourier-Jacobi coefficient.
In the skew-hermitian case, we choose an automorphic character

p:AL/EX — C*
satisfying
plax = wg/p.
Then one obtains a splitting homomorphism (see [43] and [28])
st H(A) — T ().
Using sy, one may pull back the global Weil representation wy, to obtain a repre-
sentation wy, , of H(A). As above, one also obtains an automorphic realization
Op s Vipp = Wy @ A — 7/ (H).
Thus, we can define the map
F(vy,u) : (G) @y — C
by

fep— F(R) - 0y,,(9) () dh.
H(F)\H(A)
The map F'(vy,,) is called a Fourier-Jacobi coefficient in the context of unitary groups.
Now the global restriction problem is:
Determine whether the map F(v) defined in the various cases above is nonzero when
restricted to a tempered cuspidal representation m of G(A).

24. Global conjectures: central values of L-functions

To formulate our global conjectures to the restriction problem of the previous
section, we need to introduce a distinguished symplectic representation R of the L-
group G over F. Recall from §7 that either the L-group of a classical group or its
identity component comes equipped with a standard representation. Thus, with G =
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G(V) x G(W), either LG or its identity component G has a standard representation
M ® N. We set

M ® N in the orthogonal and symplectic cases;

R= IndéG(M ® N), in the hermitian case;

GXW (F —1\ s ops
a><W(E;((M ® N)X p~1), in the skew-hermitian case.
This representation R was already introduced in the table at the end of §22, except
for the skew-hermitian case. In the skew-hermitian case, we have incorporated the
character p used in the definition of v. In doing so, we need to work with the L-group
G x W (F) rather than the version G x Gal(E/F) which we have been using in the
rest of the paper. It is this twist by u which makes R a symplectic representation
of G x W(F) (by Lemmas 3.4 and 3.5). As explained in §22, we can then speak of
the L-function L(w, R, s) and the global epsilon factor ¢(r, R, s) for any automorphic
representation m of G. We recall that these L-functions are normalized so that the
functional equation takes s to 1 — s and the center of the critical strip is s = 1/2.
The first form of our global conjecture is:

Conjecture 24.1. — Let 7 be an irreducible tempered representation of G(A) which
occurs with multiplicity one in the space <o(G) of cusp forms on G(F)\G(A). Let v
be the automorphic representation of H(A) introduced in §23. Then the following are
equivalent:

(i) the restriction of the linear form F(v) to m is nonzero;

(ii) the complex wvector space Homp s (m,v) is nonzero and the L-function
L(m, R, s) does not vanish at s = 1/2, which is the center of the critical strip;

(iii) the complex vector spaces Homp(p,)(my, V) are nonzero for all places v of F
and L(m,R,1/2) # 0.

Let us make some remarks about this conjecture.

Remarks. — (i) The equivalence of (ii) and (iii) is clear, provided one knows Conjec-
ture 21.3.
(ii) When E = F x F, with G = GL(V,) x GL(Wy), then the L-function L(w, R, s)
is the product
L(m,R,s) = L(my ® mw, s) - L(my X myy, 8)
of two Rankin-Selberg L-functions, so that
L(m,R,1/2) = |L(m, x 7w, 1/2)]%.

In this case, the conjecture is known when dim W+ = 1. Indeed, this is an immediate
consequence of the integral representation of the global Rankin-Selberg L-function
L(my x mw,1/2) [34]. The general case has been addressed in the recent preprint of
Y. F. Liu [47].

(iii) More generally, under the assumption that 7 is globally generic and has a
cuspidal functorial lift to the appropriate general linear group, the implication (i) =
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(ii) has been shown by Ginzburg-Jiang-Rallis in a series of papers for the various cases
[21, 22, 23|. Moreover, in the hermitian case with dim W+ = 1, an approach to this
conjecture via the relative trace formula has been developed by Jacquet and Rallis
[35]. The recent preprint [86] of Wei Zhang successfully realizes this strategy, and
establishes the global conjecture in the Hermitian case under some simplifying local
assumptions.

(iv) One expects a refinement of Conjecture 24.1 in the form of an exact formula
relating | F'(v)|? with the central value L(m, R, 1/2). Such a refinement has been formu-
lated by Ichino-Tkeda [33] in the orthogonal case, with dim W+ = 1. In the analogous
setting for the hermitian case, the formulation of this refined conjecture is the UCSD
thesis of N. Harris [30].

As formulated, the global conjecture 24.1 is essentially independent of the local
conjectures 17.1 and 17.3. Rather, they complement each other, since the local non-
vanishing in Conjecture 24.1 is governed by our local conjectures. From this point of
view, the appearance of the particular central L-value L(m, R,1/2) may not seem very
well-motivated. However, as we shall explain in the next two sections, if we examine
the implications of our local conjectures in the framework of the Langlands-Arthur
conjecture on the automorphic discrete spectrum, the appearance of L(w, R,1/2) is
very natural.

For example, observe that the global conjecture 24.1 in the symplectic/metaplectic
case involves the central L-value of the symplectic representation R = M ® N with
M symplectic and N odd orthogonal, whereas in the local conjecture 17.3, it is the
epsilon factor associated to M ® (N @ C) which appears. So in some sense, the global
conjecture is less subtle than the local one. The explanation of this can be found in
§26, as a consequence of the Langlands-Arthur conjecture (or rather its extension to
the metaplectic case).

Finally, we highlight a particular case of the conjecture. As we explained in §12,
special cases of the data (H,v) are automorphic generic characters v =60 on H = U.
These cases are highlighted in the following table, and arise when the smaller space
W is either 0 or 1-dimensional.

G(V) dmw | Gw) | N

odd orthogonal 0 SO(0) | 0
even orthogonal 1 Sp(0) | O
symplectic 0 Sp(0) | 0
metaplectic 0 SO(1) | €
odd hermitian 0 GL(0) | O
even skew hermitian 0 GL(0) | O

As one sees from the table, in all except the metaplectic case, N = 0 so that R =0
and L(m, R, s) is identically 1. In the metaplectic case, N = C so that R = M and
L(m, R, s) is the standard L-function L(m, s). Hence Conjecture 24.1 specializes to the
following two conjectures in these degenerate cases.
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Conjecture 24.2. — Let 7 be an irreducible tempered representation of G(A) which
occurs with multiplicity one in the space (G) of cusp forms on G(F)\G(A) and let
0 be an automorphic generic character for G. Then, when G is a linear group, the
following are equivalent:

(i) the restriction of the map F(0) to 7 is nonzero;
(ii) the complex vector spaces Homy (g, )(my,0,) are nonzero for all places v of F.

When 5(&) = Sp(V)(A) is metaplectic, we fix an additive character ¢ of A/F
which determines an automorphic generic character 6§ and also gives the notion of
Langlands-Vogan parameters. For any element ¢ € F*/F*2 let x. be the associated
quadratic character of A*/F>* and let 6. denote the generic character associated to
the additive character ¥.(z) = ¥ (cz). Then we have:

Conjecture 24.3. — Let m be an irreducible tempered representation of a(A) =
%(V)(A) which occurs with multiplicity one in the space <(G) of cusp forms on
G(F)\a(A) and let 0 be an automorphic generic character for G. Then the following
are equivalent:

(a) the restriction of the map F(6.) to m is nonzero;
(b) the complex vector spaces Homy (g, )(my,0c) are nonzero for all places v of F

and L(m ® x.,1/2) # 0.

In the metaplectic case, with dim V' = 2, the above conjecture is known by the
work of Waldspurger [71, 73|.

Note that if the conditions in the above two conjectures hold, the space
Homy(4)(m,60) has dimension 1 and F(f) is a basis. Moreover, since 7 is tem-
pered in the conjecture, the adjoint L-function L(w, Ad,s) of 7 is expected to be
regular and nonzero at s = 1 (which is the edge of the critical strip). Indeed, just
as the holomorphy of the local adjoint L-factor at s = 1 characterizes the generic
L-packets in the local part of this paper, the tempered cuspidal representations
considered in the global conjectures of this section should be characterized by the
analytic properties of their global adjoint L-function. More precisely, we have:

Conjecture 24.4. — Let G be a connected reductive group over F (or the metaplec-
tic group Sp(V)(A)) and let Ad be the adjoint representation of the L-group “G on
Lie(G/Z(@)).

(a) Let m be a tempered automorphic representation of G(A). Then the following are
equivalent:

(i) The representation 7 is cuspidal;

(ii) The adjoint L-function L(rw, Ad,s) is holomorphic at s = 1.

(b) Let m be a cuspidal representation of G(A). Then the following are equivalent:
(i) The representation 7 is tempered;

(ii) The partial adjoint L-function L°(r, Ad, s) is holomorphic in Re(s) > 1 (for S a
finite set of places containing all archimedean places and finite places v where G X g F,,
or m, is ramified).
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The rationale for part (a) of the conjecture is that one expects the conjectural
L-parameter of a tempered representation 7w to have finite centralizer modulo Z (5)
if and only if 7 is cuspidal, and further, the holomorphy of the adjoint L-function
of a tempered 7 at s = 1 detects the finiteness (modulo Z (6)) of the centralizer.
The rationale for part (b) is similar, taking into account the conjecture of Arthur
[5, 6] which describes the non-tempered part of the cuspidal spectrum in terms of
A-parameters.

The implication (i) == (ii) (in both (a) and (b)) will follow from known analytic
properties of Rankin-Selberg L-functions of GL,, once the functorial lifting from clas-
sical groups to GL,, is established. In general, this conjecture should be a consequence

of the Ramanujan conjecture and the Arthur conjecture [5, 6].

25. Global L-parameters and Multiplicity Formula

In this section, we review the notion of global L-parameters in the context of
a fundamental conjecture of Langlands and Arthur [5, 6], concerning multiplicities
of representations in the automorphic discrete spectrum. We will only present this
conjecture for tempered representations, and will also discuss its simplification for
the classical groups considered in this paper. In the next section, we shall re-examine
the global conjecture 24.1 in the framework of the Langlands-Arthur conjecture. We
henceforth assume that the F-algebra F is a field.

Let G be a connected reductive group over the global field F', and assume that
the quotient space G(F)\G(A) has finite volume. The Langlands-Arthur conjecture
gives a description of the decomposition of the discrete spectrum L3, (G(F)\G(A))
or equivalently the space .27?(G) of square-integrable automorphic forms. We shall
only describe this conjecture for the tempered part of the discrete spectrum, which
we denote by L3 tomp(G)- Note that L3 . .. (G) is necessarily contained in the
cuspidal spectrum by a result of Wallach [79].

Suppose that Gg is the quasi-split inner form of G over F', with a Borel-subgroup
B =T -U. Fix an automorphic generic character § = ®,6, of U as in the previous
section. We fix an integral structure on GG, which determines a hyperspecial maximal
compact subgroup J, C Go(F,) for almost all finite places v, as in §21. If G = G(V)
is a classical group, such an integral structure is given by fixing a lattice L C V.

The Langlands-Arthur Conjecture

(1) For any pure inner form G of Gy, there is a decomposition

L?lisc,temp(G) = @(bLi(G)?

where ¢ runs over the discrete global L-parameters and each Li is a G(A)-submodule.
The precise definitions of these objects are given as follows.
By definition, a discrete global L-parameter is a homomorphism

(ZSZLF—)LG:LGO:@NWF
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such that its centralizer in the dual group G is finite. These parameters are taken up
to conjugacy by the dual group G. Moreover, Lg is the hypothetical Langlands group
of F' — the global analog of the Weil-Deligne group W D(F,) — whose existence is only
conjectural at this point. One postulates however that there is a natural surjective
map
Lr — Wpg (the Weil group of F),

and the projection of ¢ to the second factor W in G is required to be this natural
surjection. Moreover, one postulates that for each place v of F', there is a natural
conjugacy class of embedding

WD(F,) — Lp.
Assuming the above, one may attach the following data to a given discrete global
L-parameter ¢:
(i) a global component group
Ay = Z5(Im(9)),
which is finite by assumption.
(ii) for each place v of F, a local L-parameter

6y : WD(F,) Lp —— LG,
for the local group Gy ., such that for almost all v, ¢, is unramified. This gives
rise to a natural map of component groups:
Ap — Ay,

One thus has a diagonal map
A:Ay — ] A4s.

(iii) for each place v, the local Vogan packet Il of irreducible representations of
the pure inner forms G(F,), together with a bijection

J(av) : H¢v A Irr(Ad)v)

specified by the local component 6, of the automorphic generic character 6. For
an irreducible character 7, of Ay, , we denote the corresponding representation
in II4, by m,,. In particular, the representation corresponding to the trivial
character of Ay, is a representation of G (F,) and for almost all v, it is spherical
with respect to the hyperspecial maximal compact subgroup J,,.

(iv) a global Vogan packet

Iy = {m, = ® T, ¢ Tp, € Iy, and 7, is trivial for almost all v}.
v

In particular, the representations in the global packet are indexed by irreducible
characters

7= Qyn, of HA¢v.
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If m,, is a representation of G, (F),), then 7, is a representation of the restricted
direct product

Gy =[] G, (F).
Ju

Note, however, that the group G, need not be the adelic group of a pure inner
form of G. For example, in the classical group case, G, need not be associated
to a space V equipped with a relevant sesquilinear form over F.

If G,, = G(A) for a pure inner form of Gy, we shall call the representation
1 =[], v coherent. This notion can be explicated as follows. It was shown by
Kottwitz [41, Cor. 2.5 and Prop. 2.6] that one has a natural map

@, H'(F,,Go) —— @, Hom(ro(Z(Go)" (F)),C*)

Hom (mo(Z(Go)W &), C*)

and the kernel of this map is the image of the natural map

H'(F,Go) — @D H'(F., Go).

Now the character n = [], 7, gives rise to an element in &,H'(F,,Gyp), and 7
is coherent if and only if this element is in the image of H!(F, Gy). Thus, we see
that 7 is coherent if and only if 7 is trivial when restricted to mo(Z (ZJ\O)W(F ).
for each m, € Il4, a non-negative integer

my = (A*(")), 1>A¢’

where the expression on the right denotes the inner product of the two characters
of the finite group Ay. Thus m,, is the multiplicity of the trivial character of
Ay, in the representation obtained by restriction of the tensor product of the
representations 7, to the diagonal. If 7 is not coherent, then one sees that m,,
is equal to zero, since 7 is nontrivial when restricted to my(Z (éB)W(F )) and
hence on A,. When 7 is coherent, so the adelic group G, is defined over F', the
Langlands-Arthur conjecture for tempered representations predicts that m,, is
the multiplicity of the representation 7, in the discrete spectrum of G,

With the above data, we have:
(2) As G ruus over all pure inner forms of Gy over F, there is an equivariant decom-
position:

P riG) =Pmy -,
G n

We denote the representation in II4 associated to the trivial character by mg. It is a
representation of Go(A) and is the unique representation in IT4 which is abstractly
f-generic. According to the multiplicity formula in (v), its multiplicity in Li(GO) is
1, and the conjecture 24.2 then says that my has a nonzero 8-Fourier coefficient.
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Though the above conjecture of Langlands and Arthur is extremely elegant, it
has a serious drawback: the group Lp is not known to exist. However, in the case
of the classical groups considered in this paper, one can present the conjecture on
multiplicities in a way that avoids mentioning the group Lr. We do this below. In
the case of classical groups, there is a further simplification, as the component groups
Ay, are all elementary abelian 2-groups. In particular, the representations 7, are all
1-dimensional, so their restricted tensor product 7 also has dimension 1. Hence the
predicted multiplicity m,, is either zero or one, the latter case occurring when 71 has
trivial restriction to the diagonal. In the general case, the groups A4, can be non-
abelian, and both the dimension of the representation 1 and the dimension m,, of its
Ag-invariants can be arbitrarily large.

We now specialize to the case where G = G(V) is a classical group. Let Gy = G(V})
be the quasi-split inner form. Arguing exactly as we did in the local case, one sees
that giving a global L-parameter for G

¢:Lr — "Gy
is equivalent to giving a representation
¢:Lp — GL(M)

which is selfdual or conjugate-dual with a specific sign b. The requirement that ¢ is
discrete then translates to the requirement that as a representation of L,

M= M,

where each M; is selfdual or conjugate-dual with the same sign b as M and M; 2 M;
if ¢ # j. In this case, the global component group is the 2-group
Ay = AL = ([T@/22)m)",

i
where the superscript + is needed only when ¢ is selfdual.

Now to remove the mention of the hypothetical group Lg, observe that when
specialized to the case G = GL(V), with dim V' = n, the Langlands-Arthur conjecture
simply says that there is a natural bijection

{irreducible cuspidal representations of GL(V)}

|

{irreducible n-dimensional representations of Lp} .

Thus, one may suppress the mention of Lr by replacing the latter set with the former.
Hence, in the context of the classical groups G(V'), one replaces the data of each M; by
an irreducible cuspidal representation m; of GL,,,(Ag), with n; = dim M;. Moreover,
in view of Proposition 7.5 and its analog for symplectic and orthogonal groups, the
selfduality or conjugate-duality of M; with sign b can be described invariant theoret-
ically and hence can be captured by the following L-function condition:
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(a) an irreducible cuspidal representation m of GL, (A) is selfdual of sign

{+1 if its symmetric square L-function L(7, Sym?, s) has a pole at s = 1;

—1 if its exterior square L-function L°(m, A2, s) has a pole at s = 1.
(b) an irreducible cuspidal representation 7 of GL,,(Ag) is conjugate-dual of sign

+1, if the Asai L-function L(7, As™,s) has a pole at s = 1;
—1, if the Asai L-function L(w, As™,s) has a pole at s = 1.

To summarize, a discrete global L-parameter ¢ for Go = G(Vp) is the data of a
number of inequivalent cuspidal representations m; of GLy,, (Ag), with >, n; = dim M,
satisfying the above L-function conditions for each i. The point of this reformulation
is that given such a global L-parameter, one still has the data given in (i)—(v) above.

More precisely, one has:

i) The global component group A, is simply the 2-group [[,(Z/27Z), with a canon-
© % i
ical basis indexed by the m;’s.
(ii) For each v, the associated local L-parameter is the representation

Py = @ Piv
%

of WD(k,), where ¢;, is the local L-parameter of the local component =, ,
of m;. The L-function condition presumably forces each ¢;, to be selfdual or
conjugate-dual with the given sign b. Moreover, one has a natural homomor-
phism

Ao — Ap, = [T 4.,
i
arising from the natural map

(Z/2Z)ﬂ'i - C%,v - A

Pi v

obtained by sending (Z/27),, to the central subgroup (£1) in the centralizer

C,. ,- Thus, one continues to have the diagonal map A.

(iii) For each place v, the local parameter thus gives rise to a local Vogan packet
II,, as before.

(iv) One can now define the global Vogan packet as before.

(v) The formula for m, is as given above.

The formulation of the Langlands-Arthur conjecture given above amounts to a
description of the discrete spectrum of classical groups in terms of the automorphic
representations of GL,,. The proof has been promised in a forthcoming book [7].

In the remainder of this section, we formulate an extension of the Langlands-Arthur
conjecture to the case of the metaplectic groups §fx(W)

Motivated by Theorem 11.1, one expects that discrete global L-parameters for
§f>(W) should be discrete global L-parameters for SO(2n+1) with 2n = dim W. Thus,
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a discrete global L-parameter of §13(W) should be a multiplicity free 2n-dimensional
symplectic representation of Lg:

M=M & - &M,

with each irreducible summand M; also symplectic. In the reformulation of L-
parameters given above, it is thus given by the data of a collection of pairwise
inequivalent cuspidal representations m; of GLg,, (A) with

(a) >;n; =n and

(b) L(m;, A2, s) having a pole at s = 1 for each i.

Using Theorem 11.1 and Corollary 11.2, one sees that such a global L-parameter ¢
continues to give rise to the data (i)—(iv) above in the context of Sp(W). In partic-
ular, one obtains a global Vogan packet I, of irreducible genuine representations of
Sp(W)(A) with a bijection

II, «— Irr (H A%) .

However, the multiplicity formula given in (v) above needs to be modified. Moti-
vated by results of Waldspurger in the case when dim W = 2, we make the following
conjecture.

Conjecture 25.1. — Let (o, M) be a discrete global L-parameter for SY)(W) with asso-
ciated global Vogan packet IL,. Let x,, be the character on the global component group
A, defined by

Yola) = (M, 1/2).
More concretely, if a; € A, is the basis element associated to the factor (M;, ;) in
M, then x,(a;) = €(m;,1/2). Then

L2 Sp @ My Ty

where
my = (A™(1), Xe)-

We note that Arthur has also introduced nontrivial quadratic characters of the
global component group A, in his conjectures for the multiplicities of non-tempered
representations of linear groups.

We conclude this section with some ramifications of Conjecture 25.1. Given a dis-
crete global L-parameter (¢, M) (relative to a fixed additive character v) for é\f)(W),
with dim W = 2n, note that M is also a discrete global L-parameter for SO(V') with
dim V' = 2n 4 1. For each place v, the elements in the associated Vogan packets

I, (V) of SO(V)
IL,, (W) of Sp(W)
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are both indexed by Irr(A,,). For a character 7, of A, , let
Ty, €y (V) and o, €Il,, (W)

be the corresponding representations. By construction, 7, and o, are local theta lifts
(with respect to 1) of each other. One might expect that, globally, the submodule
L?D(gf)(W)) of the discrete spectrum can be obtained from @y, L?(SO(V’)) using
global theta correspondence. As we explain below, this is not always the case.

More precisely, if n = ®,n, is a character of ], A,,, then the corresponding
representations

m €,(V) and o, € II,(W)
may or may not be global theta lifts of each other. Indeed,
7, occurs in the discrete spectrum of some SO(V') <= A*(n) =1
whereas
o, occurs in the discrete spectrum of Sp(W) < A*(n) = Xe-

Thus, if x,, is nontrivial, then the subset of 5’s which indexes automorphic representa-

tions for SO(V') will be disjoint from that which indexes automorphic representations

of §f)(W) In such cases, there is clearly no way of obtaining the automorphic elements

in IT, (W) from those of II, (V) via global theta correspondence (with respect to ).
Suppose, on the other hand, that x, is the trivial character, so that

e(M;,1/2) = 1

for all the irreducible symplectic summands M; of M. Then the automorphic elements
in I, (W) and II,(V) are indexed by the same subset of i’s and are abstract theta
lifts of each other. However, to construct pr(é?)(W)) from L2(SO(V)) via global
theta correspondence, there is still an issue with the non-vanishing of global theta
liftings. In this case, the non-vanishing of the global theta lifting is controlled by the
non-vanishing of the central L-value

L(M,1/2) = [ L(M;,1/2).

Only when L(M,1/2) is nonzero does one know that Li(gf)(W)) can be obtained
from @y L2 (SO(V')) by global theta lifting (with respect to 1).

Another observation is that while the packet II, (V) always contains automorphic
elements (for example the representation corresponding to n = 1), it is possible that
none of the elements in the packet II, (W) are automorphic.

We give two examples which illustrate Conjecture 25.1 and the phenomena noted

above, in the case dim W = 2. In this case, the conjecture is known by the work of
Waldspurger [71, 73|.
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IR

Ezample 1. — Suppose that (¢, M) is a discrete global L-parameter for SO(3)
PGL(2) and Sp(2), so that

A, =7/27.
Suppose that for 3 places v, v2 and v, the local L-parameter ¢,, corresponds to the
Steinberg representation of PGL(2), and ¢,, is unramified for all other v. Then

e(M,1/2) = -1,
so that x,, is the nontrivial character of A,,.

In this case, the local Vogan packets (for both SO(3) and §f)(2)) have size 2 at the
3 places v;, and we label the representations by

M, (S0(3)) = {mf,m;} and TL,, (Sp(2) = {oF,0,},
with the minus sign indicating the nontrivial character of A, . At all other places,

the local packets are singletons. Thus, the global L-packet of SO(3) has 8 elements,

which we can label as 77+, 777~ and so on. Similarly, the global L-packet for §f3(2)
also has 8 elements, denoted by ™1, 67"~ and so on.

Now observe that a representation in the global Vogan packet for SO(3) is auto-
morphic if and only if it has an even number of minus signs in its label, whereas a
representation in the global Vogan packet for §13(2) is automorphic if and only if it
has an odd number of minus signs in its label.

Ezample 2. — Suppose again that (p, M) is a discrete global parameter for SO(3)
and Sp(2), but now assume that ¢, is reducible for all v. Moreover, suppose that

e(M,1/2) = —1,

so that x,, is the nontrivial character of A, = Z/27. These conditions can be arranged.

In this case, the global Vogan packets for SO(3) and §f)(2) are both singletons,
containing the representation m and o respectively, which are indexed by the trivial

character n of
114 =1
v

Hence, A*(n) is the trivial character of A,. In particular, = is automorphic for SO(3),
whereas o is not automorphic for Sp(2).

26. Revisiting the global conjecture

In this section, we shall revisit the global conjecture formulated in §24. In particular,
we shall approach the restriction problem using the framework of the Langlands-
Arthur conjecture reviewed in §25.

We start with a pair of spaces Wy C V|, which gives rise to a quasi-split group
Go = G(Vp) x G(Wp) over F and fix an automorphic generic character 6 of U as
in the previous section; in particular, # may depend on the choice of an appropriate
additive character ¢ in various cases. Given a discrete global L-parameter (¢, M, N)
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for Gy, there is a corresponding submodule 42{3 in the automorphic discrete spectrum
and we are interested in the restriction of the linear functional F(v) to this submodule.

Recall that a natural symplectic representation R of “G plays a prominent role in
the global conjecture 24.1. Using the global component group A, of the parameter ¢,
we may refine the associated L-function L(w, R, s) for m € II,, as follows. If a € A,
we may consider it as an element of A, for any v and then choose any semisimple
element in C,, projecting to it. Denoting any such element in C,, C G by a again,
we see that the subspace R® is a representation of W D(F,) under ¢,,. Thus, one has
the associated L-function

L(m, R, s) :== [ L(R",s)

and epsilon factor

e(m,R% s) := He(R“,z/Jms).
v
We are now ready to revisit the global restriction problem. Let us first draw some
implications of the various local conjectures we have made so far.
(i) According to our local conjectures 17.1 and 17.3, there is a unique representation
Ty in the local Vogan packet II,, such that
Homp (g, (7, ® 7, C) # 0,
and this distinguished representation is indexed by a distinguished (relevant) character
Xv of AM,, X AN,,-

For each v, the representation , is a representation of a pure inner form G, of Gy
over F,,, associated to a pair of spaces W, C V,,.

(ii) According to our unramified local conjecture 21.3, for almost all v, the distin-
guished character x, is trivial and the representations =, , §, and v, are all unrami-
fied. At these places, the pair of spaces W, C V,, is simply Wy, C V,, and the group
G, is simply Go(F,). Thus, we can form the restricted direct product groups

{GA =114, Gv;
Hy = HJWOHU H,,
and representations
Ty = @uTry, of Ga;
{1/ = Qv Of Hy,
which are restricted tensor products, defined using the unique line of J,-invariant or
Jy N Hy-invariant vectors for almost all v. The representation m, is simply the element
in the global Vogan packet II, indexed by the distinguished character
X = QuXv

of the compact group [], Am, X An,. It is the only (relevant) element in II, such
that
HOIIIH(A) (7rX RV, (C) # 0.
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With these preliminaries out of the way, there are now three questions to address.
(1) Are Hy — G, the adelic points of algebraic groups

H=N-GW)=G=G(V)xGW)

defined over F', associated to a relevant pair of spaces W C V over E?

In the symplectic case, this question clearly has a positive answer, since there is
a unique symplectic vector space in any even dimension over any field. Hence, we
focus on the other cases, where the issue is whether the collection (W, C V,) of local
spaces is coherent in the terminology of Kudla. Now these local spaces have the same
rank as Wy C V, and the same discriminant in the orthogonal case. Hence, they
form a coherent collection if and only if we have changed the Hasse-Witt invariant or
the hermitian/skew-hermitian discriminants at an even number of places v. This is
equivalent to the identity

I1, e(My ® Ny, ,), in the orthogonal and hermitian cases;

1=]]x(-1,1) =
v [1. e(My ® Ny(pyt),v), in the skew-hermitian case.

Note that since x,(—1,1) = x»(1,—1) for all v, the coherence condition for the collec-
tion of local quadratic spaces {V, } is the same as that for {W, }. Thus, we will have
a global pair of spaces W C V with these localizations if and only if

e(my,R,1/2) = 1.

Assuming this is the case, the second question is:
(2) Does the representation m, in the global Vogan packet II, occur in the space
o(G) of cusp forms?

To answer this question, we exploit the Langlands-Arthur conjecture discussed in
§25. Thus, in the orthogonal, hermitian and skew-hermitian cases, we need to see if
the distinguished character x is trivial when restricted to the global component group
A, via the diagonal map A. This amounts to the assertion that, for all a € A,

[T, e((M, ® Ny)*,4y), in the orthogonal or hermitian cases;

]_ = HX’U(G/) =
v [T, e(My ® Ny(p51))%, %), in the skew-hermitian case,

or equivalently, that
e(my,R*,1/2) =1 foralla e A,.

On the other hand, in the symplectic case, using the multiplicity formula given in
Conjecture 25.1, we see that we need the distinguished character to be equal on 4, =
Apr X A} to the character x, x 1 (assuming that M is symplectic and N orthogonal),
where x,, is the character of Ajs defined in Conjecture 25.1. This translates to the
same condition

1 =[] e, ® N,)* 4p0) = e(my, R*, 1/2).
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Finally, assuming that e(m,, R%,1/2) =1 for all a € A, so that m, occurs in the
space of cusp forms, we can ask:
(3) Does the linear form F'(v) have nonzero restriction to m, ?

The point is that, when the above conditions on epsilon factors hold, there are no
trivial reasons for the central critical L-value L(m,, R,1/2) to vanish. Here then is the
second form of our global conjecture:

Conjecture 26.1. — Let , be the representation in the global Vogan packet IL, corre-
sponding to the distinguished character x. Then the following are equivalent:

(i) my occurs with multiplicity one in 2 (G) and the linear form F(v) is nonzero
On Ty,

(ii) L(my, R,1/2) # 0.

27. The first derivative

We maintain the notation and setup of the previous section, so that Wy C 1} is a
pair of spaces over E with quasi-split group Gy = G(Vp) x G(Wjy) over F'. For a given
discrete global L-parameter (¢, M, N) of Gy, we have a distinguished representation

T =Ty = BT

in the global Vogan packet IL,, which is a representation of a restricted direct product
Gu =[] Gu(F)
Iy

and is the unique element in the packet such that
Hompy, (r ® 7,C) # 0.

In this final section, we specialize to the orthogonal and hermitian cases (i.e. where
e = 1) and assume that

e(mo, R,1/2) = =1 so that L(mo, R,1/2) =0,

where 7y is the generic automorphic representation of Go(A) with parameter . In
this case the group G, does not arise from a pair of orthogonal or hermitian spaces
W C V over E. In Kudla’s terminology, the local data (W, C V,) is incoherent.
Nevertheless, we can formulate a global conjecture in this case, provided that the
following condition holds:

(*) There is a non-empty set S of places of F', containing all archimedean primes,
such that the groups G, (F,) and H,(F,) are compact for all places v € S.
This condition has the following implications:
(i) dim W4 = 1. Indeed, this follows from the fact that H, = N,.G(W,) and a

nontrivial unipotent subgroup N, cannot be compact. Hence, for all places v,
we have

dimV, = dim W, + 1.
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If we consider the orthogonal decomposition
Vo=Wo® L
over F, then since W, C V,, is relevant for all v, we have
L,=W2t.

Thus, though the collection (W, C V,,) is not coherent, the collection (W) is.
(i) Any archimedean place v of F' is real and the space V, must be definite. In
the hermitian case, we must have F, = C. Hence, in the number field case,
F is totally real and, in the hermitian case, E is a CM field. Moreover, at all
archimedean places v of F, the generic representation m, of Go(F,) is in the
discrete series, and 7, is a finite dimensional representation of the compact group

G,(F,) =S0(n) x SO(n —1)or U(n) x U(n — 1)

with a unique line fixed by H(F,) = SO(n — 1) or U(n — 1).
(iii) At finite primes v € S, we must have dim(V,) < 4. Indeed, a quadratic form of
rank > 5 over F), represents 0. Hence, for function fields F', we have the following

nontrivial cases:
(dim V,,, dim W) (3,2) or (4,3) in the orthogonal case;
imV,,dimW,) =
(2,1) in the unitary case.

For simplicity, we will assume that F' is a totally real number field and S consists

only of the archimedean places. In the hermitian case, the quadratic extension E of
F is a CM field.
Suppose first that the spaces V,, are orthogonal of dimension n > 3. Fix a real place
a. If V,, has signature (n,0), let
Wy CVy

be the unique orthogonal spaces over F, = R with signatures

(n—3,2) C (n—2,2).
If V,, has signature (0,n), let

Wi CcV;

have signatures

(2,n—3) C(2,n—2).
Since we have modified the Hasse-Witt invariant at a single place of F', and kept the
discriminant of W*+ ~ W, equal to the discriminant of L, there are unique global
spaces

WecCcV® over E

with localizations

W, C V, for all v # a,

Wi CcVyat a.
We note that we can make such a pair of global spaces for any place a of F', having
localizations W, C V,, for all v # «, provided that dim W, > 3. When dim W, = 2,
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we can make such a global space provided that W, is not split over F,, i.e. for all
primes « which are ramified or inert in the splitting field E of the 2-dimensional space
W?O. The proof is similar to [62, Prop. 7].
We can use the global spaces W* C V* so constructed to define the groups
H® — G*=S0(V*) x SO(W%)
over F'. These have associated Shimura varieties
S(H®) — 3(GY)

over C, of dimensions n — 3 and 2n — 5 respectively, which are defined over the reflex
field £ = F, embedded in C via the place a. The varieties over F' are independent of
the choice of the real place «, so we denote them simply by

%(H) = X(G),

suppressing the mention of a.
Next, suppose that the spaces V,, are hermitian over E, of dimension n > 2. Fix a
real place a and a complex embedding z : E, — C. If V,, has signature (n,0), let

wWr vy
be the unique hermitian spaces over E, with signature
(n—2,1)C (n—1,1).
If V,, has signature (0,n), let
Wi CcV;
be the unique hermitian spaces over E, with signatures
(I,mn—2)c(1,n—1).

Again, since we have modified the hermitian discriminants at a single place « of F,
and kept (Wo*é)L ~ WUL constant, there is a unique pair of global spaces

wecve
over E with localizations
W, C V,, for all v # «;
{Wt;k Cc V," at a.

Again, we can make such a modification at any place « of F' which is not split in the
quadratic extension F.
As before, we use the global spaces W C V¢ to define groups

H® — G*=U((V*) x U(W*)
over F. These have associated Shimura varieties
Y(H®) — 3(GY)

over C, of dimensions (n — 2) and (2n — 3) respectively, which are defined over the
reflex field = E, embedded in C via the extension z of the place a. These varieties
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over E are independent of the choice of real place a of F, so we denote them simply
by:
Y(H) — X(G).
We sketch the definition of the Shimura variety ¥ of dimension n — 1 associated
to incoherent hermitian data {W,} of dimension n which is definite at all real places

v of F'; the orthogonal case is similar. Take the modified space W at a real place «,
and let G = Resp/oU(W®). We define a homomorphism

h: Sg = Resc/rGp — Gr = HU(WUO‘)
v|oo

as follows. Let (e, - ,e,) be an orthogonal basis of W, such that the definite space
ei has the same sign as the definite space W,. We set

z/Z

h(z) = § in U(W;)

and
h(z) =1 in all the other (compact) components HU(WU).
vEQ
Let X be the Ggr-conjugacy class of h, which is isomorphic to the unit ball
Up—11(R)/ [Up—1(R) x Uy (R)] in C*!. The pair (G, X) satisfies the axioms for a
Shimura variety [15, § 2.1]. The composite homomorphism

w: (Gp)r — Sk — Gr

is trivial, and the reflex field of ¥(G) = M (G, X) is equal to E, embedded in C via the
homomorphism z extending «. Indeed, the miniscule co-character p : (G,,)c — Gc is
defined over E:

wla) = . x 1.

The complex points of 3(G) are:

—

%(G,C) = GQ\[X x G(Q)].
Over E, the variety ¥(G) and the action of G(@) = H U(W,) on it depends only
v finite

on the incoherent family {W,}. If

Too = Qp real Ty
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is any finite dimensional representation of the compact group H U(W,), there is a

v real
local system # on X(G) over E associated t0 To.

We now return to the study of the L-function L(mg, R,s) at s = 1/2, using the
arithmetic geometry of the cycle

Y(H) — 3(G)
associated to the incoherent family (W, C V). The representation
Too = Oy real My of H Gy (Fv)
v real

gives a local system .# on X(G) which contains the trivial local system C when
restricted to the cycle X(H).

To get the appropriate representation 7y = @ finiteTy Of G (@) on the Chow group
of ¥(G) with coefficients in .%, we need to find this representation in the middle
dimensional cohomology of ¥(G) with coefficients in .% (which is the “tangent space”
of the Chow group). Hence we need

Hom , ~ (75, HY(2(G), F)) # 0

G@
with d = dim X(G). We put

_ {dim V<, in the hermitian case;

dim V¢ — 1, in the orthogonal case,
so that n > 2 in all cases. We have
dim¥(G) =d
dimX(H)=n
codim X(H) =n— 1.

2n—3
2

Now Matsushima’s formula for cohomology shows that

dimHom , ~ (7, HY(X(G), 7))

el@)

is equal to the sum of multiplicities in the cuspidal spectrum

Zm(ﬂ'a &® (®ﬁ # a realwﬁ) (Y 7l'f) : (G(Ra) : G(Ra)o)

over the discrete series representations 7* of G(R,) with the same infinitesimal and
central character as m,. If all of the multiplicities are 1, the middle cohomology of
Y¥(G) with coefficients in .% will contain the motive M @ N over F or E, associated
to the parameter of the L-packet of .

On the other hand, the conjecture of Birch and Swinnerton-Dyer, as extended by
Bloch and Beilinson, predicts that

dim Homc(@)(ﬂ'f, CH" Y(X(G), %))
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is equal to the order of vanishing of the L-function
L(ﬂ-Oa R7 S)

at the central critical point s = 1/2. If the first derivative is nonzero, we should have
an embedding, unique up to scaling

T — CH" Y(2(G), F)

and the Chow group of codim(n — 1) cycles plays the role of the space of automorphic
forms in §26.

The height pairing against the codimension (n — 1) cycle ¥(H), on which % has a
unique trivial system, should give a nonzero linear form

F:CH"Y(3(G), #) — C

analogous to the integration of automorphic forms over H(F)\H(A). This form is
H(Q)-invariant, and our global conjecture in this setting is:

Conjecture 27.1. — The following are equivalent:

(i) The representation my occurs in CH" Y (X2(G), F) with multiplicity one and the
linear form F is nonzero on 7¢;
(ii) L'(mo, R,1/2) # 0.
Remark. — Just as the cohomology of a pro-Shimura variety associated to a reductive
group G over Q carries an admissible, automorphic action of G (@), it is reasonable
to expect that the Chow groups of cycles defined over the reflex field E will also
be admissible and automorphic. We note that this is true for the Shimura curves
associated to inner forms G of GL3(Q): the action of G(@) on the Chow group of
zero cycles of degree 0 is the Hecke action on the Mordell-Weil group of the Jacobian
over Q, which factors through the action of endomorphisms on the differential forms.
Here the multiplicity of a representation ¢ of G (@) on the Chow group in the tower
is conjecturally equal to the order of zero of the standard L-function associated to
at the central critical point.
As in the global conjecture in central value case, one expects a refinement of the

above conjecture, in the form of an exact formula relating the pairing

(S(H)(my), S(H)(my))
to the first derivative L'(mp, R,1/2). This would generalize the formula of Gross-
Zagier [27], as completed by Yuan-Zhang-Zhang [84], which is the case n = 2 where
the codimension of the cycle is 1. Such a refined formula in higher dimensions has
been proposed in a recent preprint of W. Zhang [85].
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