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HOFER’S METRICS AND BOUNDARY DEPTH

BY MicHAEL USHER

ABSTRACT. — We show that if (M, w) is a closed symplectic manifold which admits a nontrivial
Hamiltonian vector field all of whose contractible closed orbits are constant, then Hofer’s metric
on the group of Hamiltonian diffeomorphisms of (M, w) has infinite diameter, and indeed admits
infinite-dimensional quasi-isometrically embedded normed vector spaces. A similar conclusion applies
to Hofer’s metric on various spaces of Lagrangian submanifolds, including those Hamiltonian-isotopic
to the diagonal in M x M when M satisfies the above dynamical condition. To prove this, we use the
properties of a Floer-theoretic quantity called the boundary depth, which measures the nontriviality
of the boundary operator on the Floer complex in a way that encodes robust symplectic-topological
information.

REsuME. — Nous montrons que si (M, w) est une variété symplectique fermée qui admet un
champ vectoriel hamiltonien non-trivial dont toutes les orbites fermées contractiles sont constantes,
la métrique de Hofer sur le groupe des difféomorphismes hamiltoniens de (M, w) a alors un diamétre
infini et admet donc des espaces vectoriels normés plongés quasi-isométriquement et de dimension
infinie. Une conclusion semblable s’applique a la métrique de Hofer sur différents espaces de sous-
variétés lagrangiennes, y compris les sous-variétés hamiltoniennes isotopiques a la diagonale en M x M
ou M satisfait a la condition dynamique ci-dessus. Pour prouver cela, nous utilisons les propriétés d’une
quantité Floer-théorique appelée profondeur de bord, qui mesure la non-trivialité de I’opérateur limite
sur le complexe de Floer de maniére a encoder des informations robustes de topologie symplectique.

1. Introduction

Let (M, w) be a symplectic manifold and let H: [0,1] x M — R be a smooth function,
which is compactly supported in [0, 1] x int(M) in case M is noncompact or has boundary.
H then induces a time dependent Hamiltonian vector field by the prescription that

w(, Xu(t,") =du(H(,)),
and thence an isotopy ¢t : M — M by the prescription that ¢% =1, and
H05(m) = Xp(t, ¢4 (m)).
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The Hamiltonian diffeomorphism group Ham (M, w) is by definition the set of diffeomor-
phisms ¢: M — M which can be written as ¢ = ¢1; for some H as above (in particular if M
is noncompact or has boundary our convention is that all elements of Ham(M, w) are com-
pactly supported in the interior of M). Of course Ham (M, w) forms a group, all elements of
which are symplectomorphisms of (M, w).

For a function H: [0,1] x M — R as above define

1
oscH = A (m]\s}x H(t’ ) - ml\}[n H(t, )) dt.

Now for ¢ € Ham(M,w) let

1]l = inf {oscH|¢} = ¢} .
The Hofer metric on Ham(M, w) is then defined by, for ¢, € Ham(M,w),

d(¢,9) = ll¢~" o9l

As was shown for R?” in [20] and for general symplectic manifolds in [27], d is a nondegen-
erate, biinvariant metric on Ham (M, w).

Notwithstanding a significant amount of fairly deep work on this metric, our under-
standing of its global properties remains somewhat limited. In particular, it is not yet known
whether the metric is always unbounded. It is widely believed that this is most likely the case,
and we provide in this paper further evidence for this belief, as follows:

THEOREM 1.1. — Suppose that a closed symplectic manifold (M ,w) admits a nonconstant
autonomous Hamiltonian H: M — R such that all contractible closed orbits of Xy are
constant. Then the diameter of Ham(M,w) with respect to Hofer’s metric is infinite. In fact,
there is a homomorphism

®: R* — Ham(M,w)
such that, for all v,w € R,
lv = wlle, < d(®(v),P(w)) < osc(v —w).

Theorem 1.1 is proven in Section 5.2.

To clarify notation, R* denotes the direct sum of infinitely many copies of R, i.e., the
vector space of sequences {v;}2; where v; € R and all but finitely many v; are zero,
and for v = {v;}$2; we write osc(v) = max; ;|v; — v;| and |lv|e,, = max; |v;|. Thus
lv]le,, < osc(v) < 2||lv|e.,, and if either all v; are nonnegative or all v; are nonpositive
then ||v||,,, = osc(v). It will be apparent from the construction that ®(v) is generated
by a Hamiltonian G, with oscG, = oscv. From this it follows that, for those v € R
with |[v||l,,, = osc(v), every segment of the path s — &®(sv) minimizes the Hofer length
among all paths connecting its endpoints. For comparison, there are criteria guaranteeing
that a path will be Hofer-length minimizing within its homotopy class in [39], [52] (and our
paths do satisfy these criteria), but (except in the rare case that Ham (M, w) is known to be
simply connected) it seems to be unusual to find such globally length-minimizing paths in
the Hamiltonian diffeomorphism group of a closed symplectic manifold.

To put Theorem 1.1 into context we indicate some examples of symplectic manifolds
(M, w) obeying its hypotheses:
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HOFER’S METRICS AND BOUNDARY DEPTH 59

(A) Any positive-genus surface X with area form w admits Hamiltonians as in Theorem 1.1.
Indeed if ¥ C ¥ is a noncontractible closed curve and U = {(s, 0)|s € (—¢,¢),0 € S*}
is a Darboux-Weinstein neighborhood of v and if f: (—¢,€) — R is a compactly sup-
ported smooth function then where H(s,8) = f(s) for (s,6) € U and H(z) = 0
for z ¢ U, all orbits of Xy either will be constant or will wrap around a noncon-
tractible loop parallel to ~.

Generalizing this somewhat, consider fiber bundles 7: M — X which admit a
Thurston-type symplectic form Q@ = ¢ + K7n*w where € is closed and fiberwise
symplectic and K € R. The 2p-orthogonal complements to the fibers determine a
horizontal subbundle 7" M, and in order to ensure that € is symplectic one should take
K sufficiently large as to guarantee that at every point it holds that Q|rxj, is a positive
multiple of the pullback of w. As long as this condition on K holds, one can check that
if H: ¥ — Risasin the previous paragraph then H = Hom will obey the hypothesis of
the theorem, as all orbits v of X which are not constant will be contained in 7~ (U)
and will have fy m*df # 0. Of course this property depends only on the behavior of
the symplectic form near 7~!(y) C M and so the property will continue to hold for
suitable symplectic forms if instead the map 7: M — 3 has singularities away from
(e.g., if 7 is a Lefschetz fibration).

(B) Work of Perutz implies that if ¥ is a positive-genus surface and d > 2 then the
symmetric product M = Sym?% obeys the hypothesis of Theorem 1.1, when M
is equipped with any of the continuous family of Kéahler forms from [46, Theo-
rem A]. Indeed, let v: S* — ¥ be a homologically essential simple closed curve,
and let X, denote the result of surgery along «y (i.e., cut ¥ along ~ and cap off the
resulting boundary components by discs). Perutz then obtains a Lagrangian corre-
spondence V7 C Sym’Y x Sym? 'Y, with the property that the first projection
embeds VW as a hypersurface V, C Sym?Y while the second projection exhibits
V. as a S'-bundle over Sym? '%,. One can then find a tubular neighborhood
U = (—e€e) xV, C Sym?Y such that, where s denotes the (—¢, €) coordinate, a
Hamiltonian H which is compactly supported in U and such that H|y depends only
on s will have the property that, at all points, Xz either vanishes or is directed along the
fibers of the S'-bundle V,, — Sym® 'S, Thus any nonconstant closed orbits of Xp
are homotopic to iterates of these S! fibers. It follows from [46, Lemma 3.16] that the
S fibers are homotopic in Sym?Y to loops of the form t +— {7(t),p1,...,pa_1} for
any fixed choice of py,...,pq—1 ¢ Im(7). So the fact that v is homologically essential
in ¥ implies (by standard facts about the topology of symmetric products, see e.g.
the proof of [3, Theorem 9.1]) that the fibers have infinite order in 71 (Sym?%). Thus
indeed such a Hamiltonian H: Sym?% — R obeys the requirements of Theorem 1.1.

(C) A variety of symplectic manifolds (M,w) which admit a nonconstant autonomous
Hamiltonian H: M — R such that Xy has no nonconstant closed orbits at all
(contractible or otherwise) are exhibited in [60]. Especially in dimension four, these
examples are quite topologically diverse: they include for instance the elliptic surfaces
E(n) with n > 2 as well as infinitely many manifolds homeomorphic but not dif-
feomorphic to them; the symplectic four-manifolds X constructed by Gompf [19]
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having 71(X¢g) = G for any finitely presented group G; and simply-connected sym-
plectic four-manifolds whose Euler characteristics and signatures can be arranged to
realize many different values. In general, these examples have a hypersurface V. C M
diffeomorphic to the three-torus such that a suitable Hamiltonian H supported near
V' will have the property that Xy points along an irrational line on the torus and so
has no nonconstant closed orbits. The construction in [60] requires w to represent an
irrational de Rham cohomology class in H?(M;R); it is not clear whether one can
obtain such Hamiltonians when [w] is rational.

(D) Obviously, if (M, w) obeys the hypothesis of Theorem 1.1 then so will (M x N,w @ o)
for any closed symplectic manifold (N, o) (regardless of whether (N, o) obeys the
hypothesis). Namely, we can just pull back the Hamiltonian H: M — Rto M x N.

(E) If (M,w) obeys the hypothesis of Theorem 1.1 and if (]T/f ,) is obtained by blowing
up a sufficiently small ball B C M, then (M ,w) will also obey the hypothesis. For if
H: M — Risasin Theorem 1.1 and if the ball B is small enough that H (B) is properly
contained in H (M), we can choose a nonconstant smooth function f: H(M) — R
such that f|m = 0. Then since Xyozg = f'(H)Xn, the vector field Xy, will still
have no nonconstant contractible closed orbits. But f o H now lifts to a Hamiltonian
on M , whose Hamiltonian vector field again has no nonconstant contractible closed
orbits.

(F) A well-established criterion (used e.g. in [30]) for (M,w) to obey the hypothesis of
Theorem 1.1 is for there to exist a Lagrangian submanifold L C M such that the
inclusion-induced map (L) — w1(M) is injective and such that L admits a Rie-
mannian metric of nonpositive sectional curvature (for in this case the metric on L
will have no contractible closed geodesics, and one can take a Hamiltonian supported
in a Darboux-Weinstein neighborhood of L which generates a reparametrization of
the geodesic flow). Of course the case of a noncontractible closed curve in a surface
as in (A) above is a baby example of this. In the presence of such a Lagrangian sub-
manifold, a somewhat weaker version of Theorem 1.1 was proven in [49]—namely
Py proves that for all N one has an embedding ¢: Z¥ — Ham(M,w) obeying a
bound Oty — wle, < d(p(v),d(w)) < Cn|v — wle., . (Actually, our embedding
in Theorem 1.1 appears to reduce to Py’s in this special case, and so Theorem 1.1
improves Py’s constants.)

It should be clear from the examples that we have provided that the hypothesis of
Theorem 1.1 is substantially more general than the assumption that M contains a
m1-injective Lagrangian submanifold which admits a metric with nonpositive sectional
curvature. Writing 2n = dim M, so that dim L. = n, in order for L to admit such a
metric L would have to be either flat and hence (by old results of Bieberbach) a finite
quotient of T™, or else by [1, Theorem A] 1 (L) would contain a nonabelian free group.
Thus 71 (M) would have to contain either Z™ or the free group on two generators.
But in many of the above examples 71 (M) is not large enough to accommodate such
subgroups—indeed in some of the examples M is even simply connected.

There are however closed symplectic manifolds to which Theorem 1.1 can be proven not to
apply, namely those which have finite 7, -sensitive Hofer-Zehnder capacity. It is shown in [35,
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Corollary 1.19] (using an argument that essentially dates back to [22]) that any closed sym-
plectic manifold which admits a nonvanishing genus-zero Gromov-Witten invariant count-
ing pseudoholomorphic spheres that pass through two generic points has finite 7 -sensitive
Hofer-Zehnder capacity; if the manifold is simply connected one can instead use arbitrary-
genus Gromov-Witten invariants counting curves through two generic points. For instance
this applies to all closed toric manifolds (to see this one can use Iritani’s theorem [24] that a
toric manifold has generically semisimple big quantum homology, so that in particular the
class of a point is not nilpotent in quantum homology), and also to any simply-connected
closed symplectic four-manifold with b+ = 1 (this follows from work of Taubes and Li-Liu;
see [60, Appendix A] for the argument).

There is a substantial history of results showing Hofer’s metric on Ham (M, w) to have infi-
nite diameter for a variety of symplectic manifolds (M, w); Theorem 1.1 overlaps somewhat
with these prior results but also includes many new cases (and conversely, there are a some
examples which are covered by previous results but are not covered by Theorem 1.1, includ-
ing CP™). Notable early results in this direction include those in [28, Section 11.5.3], [48],
[54, Section 5.1], and [9, Remark 1.10]. More recent work of McDuff [37, Lemma 2.7] shows
that the Hofer metric has infinite diameter provided that the asymptotic spectral invariants,
which a priori are defined on the universal cover }T:;r?l(M ,w), descend to Ham (M, w). [37,
Theorems 1.1 and 1.3] provide a range of sufficient conditions for the asymptotic spectral
invariants to descend, which are general enough to encompass nearly all of the cases in which
infinite Hofer diameter has been proven for closed (M, w) until now.!) The argument in [37]
combines a construction of Ostrover [45] of a path {¢;}:cr in Ham (M, w) for any closed
(M, w) for which the asymptotic spectral invariants (and hence the lifted Hofer pseudo-
norm on %(M ,w)) diverge to oo, with a detailed analysis of the properties of the Seidel
representation [55] of 71 (Ham(M,w)) which finds that the asymptotic spectral invariants
descend and hence that Ostrover’s path has ||¢;|| — oo under the conditions given in [37,
Theorems 1.1 and 1.3]. Roughly speaking, the hypotheses of [37, Theorems 1.1 and 1.3] ask
for (M,w) to either have large minimal Chern number (at least n 4 1, or n under additional
hypotheses, if dim M = 2n) or else to admit few nonvanishing genus zero Gromov-Witten
invariants (for instance (M, w) could be weakly exact or, under mild topological hypotheses,
negatively monotone). As is shown in [37], once these conditions are violated the asymptotic
spectral invariants can very well fail to descend—for instance by [37, Proposition 1.8] they
never descend when (M, w) is a point blowup of a non-symplectically-aspherical manifold;
in this case the minimal Chern number of M can be as large as n — 1.

There are many manifolds obeying Theorem 1.1 which are not covered by the results
of [37] or by any other results on infinite Hofer diameter that I am aware of. For instance
McDulff’s criteria are not robust under taking products or point blowups, whereas we have
noted above that (at least for sufficiently small blowups) the criterion in Theorem 1.1 is
preserved under these operations. Thus for instance while the non-symplectically-aspherical
minimal examples from (C) above obey both Theorem 1.1 and McDuff’s criteria, when these

(M The only exceptions to this that [ am aware of are products of positive genus surfaces with other manifolds (for
which the result follows from the stabilized non-squeezing theorem of [29], as mentioned on [28, 11, p. 64]—of course
this case is also covered by Theorem 1.1) and the case of a small blowup of CP? which is covered in [36].
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examples are blown up or when they are replaced by their products with (say) S? they obey
only Theorem 1.1. Prior results also do not seem to suffice to prove infinite Hofer diameter for
a variety of nontrivial bundles over positive genus surfaces (for instance nontrivial irrational
ruled surfaces) as in (A) above. Also from the calculations of Gromov-Witten invariants in
[3] one can see that Sydeg does not satisfy the hypotheses of [37, Theorems 1.1 and 1.3]
whend > g > 1.

Of course, another advantage of Theorem 1.1 is that it yields not just infinite diam-
eter but also a quasi-isometrically embedded infinite-dimensional normed vector space
in Ham(M,w). In the case that (M,w) obeys both the assumptions of Theorem 1.1 and
the property that the asymptotic spectral invariants descend to Ham(M,w) as in [37], one
can use [58, Proposition 4.1] to prove Theorem 1.1—in fact in this case the embedding
®: R*® — Ham(M,w) can actually be seen to obey precisely d(®(v), ®(w)) = osc(v — w)
rather than just being quasi-isometric (verification of this is left to the reader). While it
seems likely that Ham (M, w) always has infinite Hofer diameter, there is less consensus as
to whether Ham (M, w) should always admit embeddings of infinite-dimensional normed
vector spaces like those in Theorem 1.1. For instance L. Polterovich has pointed out that
nothing currently known about Ham(S?) is incompatible with it being quasi-isometric to R.

Our proof of Theorem 1.1, like McDuff’s proof of [37, Lemma 2.7], uses a quantity arising
from filtered Hamiltonian Floer theory as a lower bound for the Hofer norm. Whereas
McDulff uses the asymptotic spectral invariants for this purpose, we use a different quantity
called the boundary depth, which was formally introduced in [59], though one can find hints
of it earlier—in particular an argument in [43] was influential in leading me to it. Unlike
the asymptotic spectral invariants, the boundary depth is, as we will show, a priori well-
defined on Ham(M,w) rather than just on ﬁ;r;(M ,w); consequently there is no need for
a subtle analysis of the Seidel morphism as in [37]. On the other hand, while Ostrover’s
construction in [45] produces a sequence of Hamiltonians with diverging asymptotic spectral
invariants on any closed symplectic manifold, it is not clear whether there always exists a
sequence in Ham (M, w) with diverging boundary depths—indeed it seems plausible that no
such sequence exists for M = CP". In particular Proposition 5.10 shows that the boundary
depths of the Hamiltonians in Ostrover’s sequence remain bounded. However for manifolds
obeying Theorem 1.1 many sequences with diverging boundary depths do exist.

Another advantage of the boundary depth is that it quite naturally and generally adapts
to Lagrangian Floer theory and yields results concerning Hofer’s metric on Lagrangian
submanifolds, as we now discuss.

1.1. The Lagrangian Hofer metric

Now suppose that (M, w) is tame (i.e., there is an w-compatible almost complex structure
on M whose induced Riemannian metric is complete with injectivity radius bounded below
and with bounded sectional curvature). Fix a closed Lagrangian submanifold L € M and
let

2(L) = {¢(L)|¢ € Ham(M,w)};
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thus #(L) is the orbit of L under the natural action of the Hamiltonian diffeomorphism
group on the set of Lagrangian submanifolds.®® Now for Lg, L1 € #(L) define

d(Lo, L1) = inf{[|#]||¢(Lo) = L1}

Chekanov showed in [7] that § defines a nondegenerate metric on £(L); obviously Hamilto-
nian diffeomorphisms act by isometries with respect to this metric, which we will refer to as
the Hofer metric on £(L).

Relatively little is known about the global properties of the Hofer metric on #(L), espe-
cially when M is closed. In the model noncompact case in which M = T* L with its standard
symplectic structure and where L is the zero section, results of Oh and Milinkovi¢ imply that,
where C§°(L) denotes the space of smooth functions on L modulo addition of constants,
the embedding f +— graph(df) is isometric with respect to the norm osc on C§°(L) and the
Hofer norm on #(L) (this does not seem to be explicitly stated in Oh and Milinkovi¢’s work,
but can be extracted from [40, Theorem 3]). More recently Khanevsky [26] proved that £ (L)
has infinite diameter in case M = S! x (—1,1) and L = S! x {0}, or when M = D? and
L = {(z,0)] — 1 < z < 1}. It is also mentioned in [26] that arguments from [28] can be used
to show that #(L) has infinite diameter when L is a homologically essential curve on a pos-
itive genus surface. Another approach to this statement in the case that L is a meridian on a
torus appears in [31, Remark 5.3], where spectral invariants in Lagrangian Floer theory are
used. Leclercq’s approach could also be used in some other weakly exact cases (for instance
for standard Lagrangian tori in 72"); however extensions beyond the weakly exact case seem
more difficult due to the lack of a more general theory of Lagrangian spectral invariants.

In contrast to the Hamiltonian case, it should not be expected that Hofer’s metric on #(L)
always has infinite diameter; indeed we prove by an elementary argument in Section 9 that
when L is the unit circle in R? the diameter of #(L) is no larger than 2.

By using the Lagrangian Floer-theoretic version of the boundary depth, we extend the
class of L for which ¥(L) has infinite diameter in two directions.

For the first of our results in this regard, note that if (M, w) is a symplectic manifold, then
if we endow M x M with the symplectic structure (—w) @ w and denote by A the diagonal,
we have an embedding

Ham(M,w) — £(A)
¢ Ty ={(z,¢())|lz € M}.
This embedding preserves lengths of paths, and hence we have a relation
6Ty, A) < |Iall

(of course equality can in principle fail to hold, since there might be a shorter path from A
to I'y which leaves the image of the embedding). We show:

THEOREM 1.2. — Let (M,w) be a closed symplectic manifold such that there is a noncon-
stant autonomous Hamiltonian H: M — R such that all contractible closed orbits of X g are

@ To be clear, elements of £ (L) are viewed as unparametrized submanifolds; equivalently we can think of #(L) as
the set of Lagrangian embeddings of L modulo precomposition by diffeomorphisms of L.
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constant. Then the embedding ®: R — Ham (M, w) from Theorem 1.1 has the property that,
Sforallv,w € R*,
lv —wlle, <(Cp(w), Faw)) < osc(v —w).

In other words, our lower bound on the Hofer distance persists when we pass from the
Hamiltonian to the Lagrangian context by replacing Hamiltonian diffeomorphisms by their
graphs. Thus for any (M, w) as in Theorem 1.1, the space ¥(A) of Lagrangian submanifolds
of M x M Hamiltonian-isotopic to the diagonal has infinite diameter, and indeed contains
an infinite-dimensional quasi-isometrically embedded normed vector space. Theorem 1.2 is
proven just after the proof of Theorem 1.7 in Section 6.

This behavior should be contrasted with that seen in [45]. As mentioned earlier, Ostro-
ver constructs therein a path {¢;} in Ham(M,w) for any closed (M,w) which, at least
in I?:;r/n(M ,w), goes arbitrarily far away from the identity. Under topological conditions
on (M,w) such as those from [37], one will indeed have ||¢;|| — oo where || - | denotes the
Hofer norm on Ham(M, w). However, Ostrover shows in [45] that the Lagrangian subman-
ifolds I'y, remain within a finite distance from A. Thus the Hamiltonian diffeomorphisms
in Theorem 1.2 exhibit rather different behavior than those in Ostrover’s path.

To state our other main result on the Lagrangian Hofer metric, we prepare some notation.
We denote S* = R/Z, and, for m € Z, denote

Co(8) ={f: 8" = R|(Vz € §)(f(z +1/m) = f(x))}

and )
Cr(5)
[e’e] 1\ m
where R acts by addition of constants. Thus C52,(S*) carries the norm osc(f) =
max f — min f. Let T? = R?/Z? and for f € Cy°((S") denote Ly = {(z, f'(x))|x € S'}

(where of course both coordinates are evaluated mod Z). We then have:

THEOREM 1.3. — Let L C M be a monotone Lagrangian submanifold of a tame symplectic
manifold M with minimal Maslov number at least 2 whose Floer homology HF (L, L) is nonzero.
Consider the space (Lo x L) of Lagrangian submanifolds of T?> x M Hamiltonian-isotopic
to Ly x L. Then there is a constant C > 0 such that for any integer m > 2 and any
f,9€ Cf,f’O(Sl), we have

osc(f —g)—C <6(Ly x L,Ly x L) < osc(f —g).

In the case that HF (L, L) is isomorphic to the singular homology of L, the constant C may be
set to zero, so that f — Ly x L is an isometric embedding of Cge (S*) into £ (Lo x L).

Theorem 1.3 is proven at the end of Section 6 (with key input provided by Theorem 8.5).
Various small modifications to this result can also be established, as will be apparent in the
proof. First, the torus 7 can be replaced by the infinite cylinder 7*S*, yielding the same
conclusion. Moreover in this latter statement one could replace S by a more general closed
manifold Ly, so that one considers Lagrangian submanifolds in (7 Ly) x M, and one would
obtain at least that £(Lg x L) has infinite diameter. Also the monotonicity assumption on L
appears to be only technical; assuming that HF'(L,L) # 0 all that is really needed is a
Kiinneth-type formula relating the Floer complex of L C M to that of S* x L € T? x M.
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This Kiinneth formula is well-known in the monotone context, but likely is true in the more
general setup of [14]; there is work in progress by L. Amorim aimed at showing this.

In the case where L = M is a point (so that we are just considering Lagrangians
in 72 Hamiltonian-isotopic to the meridian) Theorem 1.3 can be inferred from Leclercq’s
arguments in [31] using spectral invariants; indeed in this case there is no need to assume
m > 2. However our use of the boundary depth requires one to take m > 2 in order to get
nontrivial lower bounds.

1.2. Boundary depth

As mentioned earlier, the proofs of our main results are based on the properties of a
Floer-theoretic quantity called the boundary depth, which was introduced in the Hamilto-
nian context in [59]. We indicate in this subsection some of the basic features of this quantity.
Either the Hamiltonian Floer complex associated to a Hamiltonian diffeomorphism, or the
Lagrangian Floer complex associated to two Hamiltonian-isotopic Lagrangian submani-
folds, can be seen formally as the Morse-Novikov complex of an action functional on a cover
of a suitable path space.® As such, the complex carries a natural filtration by R, obtained
by considering sublevel sets of the action functional. Given a chain complex (C, 9) with a
filtration by R, its boundary depth b(C, 9) is the infimal (actually, in the cases considered in
this paper, minimal by Proposition 7.4) number § with the following property: whenever
lies in the image of 9, there must be a chain y with dy = x and with filtration level at most 3
larger than that of z (see Section 3 for a more formal definition). Thus b(C, ) can be seen as
a quantitative measurement, in terms of the filtration, of the nontriviality of the differential
0. In particular if & = 0 then b(C,9) = 0. Unlike, for instance, spectral invariants, b has
relatively little to do with the homology of the complex; indeed in some cases in Lagrangian
Floer theory (and also in the sectors of Hamiltonian Floer theory corresponding to non-
contractible loops) the homology vanishes but the boundary depth still provides nontrivial
information.

Now the Floer complexes associated to Hamiltonian diffeomorphisms ¢ or to pairs of
Hamiltonian-isotopic Lagrangian submanifolds (L, L’ = ¢~1(L)) depend on some addi-
tional data, notably including a specific Hamiltonian function H: [0,1] x M — R inducing
¢ as its time-one map. We will see however that the boundary depth is unaffected by changes
in the choices of additional data, and so gives an invariant of the diffeomorphism ¢ or of the
pair of Lagrangians (L, L').® This occurs because different choices result in chain complexes
which are what we call in Section 3 “shift-isomorphic”—roughly speaking, up to isomor-
phism of filtered chain complexes, the complexes associated to different choices differ only by
uniform shifts in their filtrations (because in this paper we incorporate homotopically non-
trivial loops and paths into the definition of Floer theory the appropriate definition is slightly
more complicated than just allowing for a single uniform shift; see Definition 3.4). Since the

® Of course, the same is true of the Lagrangian Floer complex of a pair of non-Hamiltonian-isotopic Lagrangians,
but since we have not (yet) found interesting applications of the boundary depth in this more general context this
paper will restrict to Floer theory for Hamiltonian-isotopic Lagrangians in order to simplify the discussion.

® In the Lagrangian case, at least if L is not monotone, one must also choose at the outset a relative spin structure
and bounding cochain for L; the boundary depth (like the homology) may depend on this choice.
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boundary depth is obtained by considering differences of filtration levels, it is unaffected by
such uniform shifts.

This allows one to canonically define the boundary depth for a Hamiltonian diffeomor-
phism ¢ or a pair of Lagrangian submanifolds (L, L") which satisfies the standard nondegen-
eracy hypotheses required in Floer theory. Moreover, the notion so obtained is continuous
with respect to the Hofer norm, and so by continuity one can then extend the definition to
degenerate cases.

We will consistently work over a field K in this paper (standard choices for K in various
situations are Z/27Z or Q; of course, there is also typically a Novikov ring (which we denote
by ATy involved in the definition of the Floer complex, but what we call K refers not to the
Novikov ring but to the field in which the coefficients of elements of the Novikov ring take
values). The boundary depth can of course be formulated for complexes over rings which
are not fields, but for the proofs of some of our algebraic results about the behavior of the
boundary depth (e.g., Proposition 7.4 and Theorem 8.5) it is convenient to take K to be a
field.

In any case, for a closed manifold (M, w) we obtain a boundary depth function

B(; K): Ham(M,w) — R,

and for a closed Lagrangian submanifold L of a tame symplectic manifold (M, w), equipped
if necessary with a relative spin structure s and a bounding cochain b as in [14] (we denote
by L the tuple (L, s, b)), we obtain a boundary depth function

BL(5K): £(L) - R.

Here K denotes any field over which the appropriate Floer complex can be defined. We give
complete definitions of these functions in Sections 5 and 6, but presently we state some of
their properties.

In the Hamiltonian case, we can form the Floer complex over K where K is equal to any
field of characteristic zero on arbitrary closed symplectic manifolds ([17],[33]), or to any field
whatsoever if (M, w) is semipositive [21].

THEOREM 1.4. — Let (M,w) be a closed 2n-dimensional symplectic manifold, and let K
be a field, with characteristic zero if (M, w) is not semipositive. The boundary depth function
B(+; K): Ham(M,w) — [0, 00) obeys the following properties:

(i) If ¢ € Symp(M,w) and ¢ € Ham(M,w) then (v "1¢p; K) = B(¢; K).
(ii) For any ¢ in Ham(M, w),

Ble; K) = B(¢™ 1 K).
(i) B is 1-Lipschitz with respect to the Hofer norm: for any ¢, € Ham(M,w) we have
18(6; K) — B(; K)| < [l6~ 9]

(iv) B(1ar; K) = 0, where 1)y is the identity.
(v) If (N, 0) is another closed symplectic manifold and ¢ € Ham(M,w), v € Ham(N,6),
then the diffeomorphism ¢ x 1b: M x N — M x N obeys

B¢ x ¢; K) > max{f(¢; K), B(¢; K)}-
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Modulo an algebraic result (Theorem 8.5) which is needed in the proof of part (v), Theo-
rem 1.4 is proven in Section 5.1.

Of course (iii) and (iv) combine to yield the following important corollary, which drives
most of our applications:

COROLLARY 1.5. — For any ¢ € Ham(M,w) we have
B¢ K) < |4l

Before describing the next important property of 5 we introduce some notation. If (M, w)
is a closed symplectic manifold we will denote by I, the subgroup of R given by

I, = {(lw], A4 € B (M;2)}

where HY (M Z) is the subgroup of Hy (M ; Z) generated by classes of form u, [S* x S1] where
u: 81 x S — M is continuous. (As a technical point, our use of toroidal classes HJ rather
than just spherical classes has to do with the fact that we consider the sectors of Floer theory
given by noncontractible orbits in addition to the contractible ones. Of course, any spherical
class is also toroidal.)

Let M denote the free loopspace of M. For each path component ¢ of £M, choose an
element 7, representing ¢. If y: S' — M and u: [0,1] x S* — M obeys u(0,-) = 7. and
u(l,-) =~,andif H: S' x M — R is smooth let

Gr(v,u) = —/ uwrw + /01 H(t,~(t))dt.

[0,1]x S
The c-action spectrum of H is then by definition

du = {Gu(y,u)l7(t) = Xu(t, ()}
In general we have @ (v, u) — @u(vy,u’) € Ty,; thus Y is a union of cosets of T',,, one for
each 1-periodic orbit of H. Note that 3, depends on the basepoint v, that was chosen for c;
however one easily sees that the difference set {s —t|s,t € J% } is independent of that choice.

THEOREM 1.6. — Assume that ¢ is nondegenerate and is generated by the Hamiltonian
H: S' x M — R. Then where J% is the c-action spectrum of H for ¢ € wo(£M), we have

Blg;K)e{oyu  |J fs—tls,t ey}
cemo(LM)
Moreover, again assuming that ¢ is nondegenerate, 3(¢; K) = 0 if and only if the number of
fixed points of ¢ is equal to Y3, rank Hy,(M; K).

Proof. — See the end of Section 5.1. O

We now turn to the Lagrangian case. Lagrangian Floer theory was formulated for closed
monotone Lagrangian submanifolds L of tame symplectic manifolds (M,w) in [41] over
Z/2Z coefficients assuming that the minimal Maslov number of L is at least 2; and for
relatively spin Lagrangians which satisfy an unobstructedness condition in [14] over Q. In
the formulation in [14] one must additionally choose a relative spin structure on L and a
“bounding cochain” in order to obtain a chain complex (and the quasi-isomorphism type
will depend on these choices); our convention throughout this paper will be to denote by L
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a choice of a Lagrangian submanifold together with whatever such additional structure is
needed in the case at hand.

Where K is a field as above, the following theorem describes some salient proper-
ties of the boundary depth function 3; (-; K): £(L) — R on Lagrangian submanifolds
Hamiltonian-isotopic to L. As in [6], for an almost complex structure J compatible with
w we let (M, L, J) equal the smaller of either the minimal area of a nonconstant J-holo-
morphic disc with boundary on L, or the minimal energy of a nonconstant J-holomorphic
sphere intersecting L.

THEOREM 1.7. — For any Ly, Ly € (L) we have:

(1) |83 (L1; K) — B (Lo; K)| < 0(Ly, Lo).

(ii) If the Floer homology HF (L, L) is isomorphic to the singular homology H,.(L) (with
the appropriate Novikov ring coefficients) then 3; (L; K) = 0. However, if HF(L, L)
is not isomorphic to H,(L), then 3; (L; K) > o(M, L, J) for any w-compatible almost
complex structure J.

(iii) If LN Ly = @ then B;(Ly) = 0.

(iv) Let (M,w) be a closed symplectic manifold, ¢ € Ham(M,w), and letT'y C M x M be
the graph of ¢. Then where M x M is endowed with the symplectic structure (—w) & w
and where A is the diagonal, for a suitable relative spin structure and bounding cochain
on A we will have

Ba(Ty; K) = B(¢; K).

More specifically, in [15, p. 32] the authors construct a relative spin structure on A such
that 0 is a bounding cochain, and in (iv) we may use this relative spin structure and the zero
bounding cochain.

Points (i)—(iii)) above evidently combine to recover Chekanov’s famous result [6] (at
least for Lagrangians with well-defined Floer homology) that any Lagrangian submanifold
has displacement energy equal to at least sup; o(M, L, J). When one unravels the argu-
ments underlying the proofs, though, it becomes clear that this is not really a new proof of
Chekanov’s theorem, as similar ideas (though organized differently, of course) have been
used in proofs such as the one in [8, Section 4.3]. This approach to estimating the displace-
ment energy of a Lagrangian submanifold seems to be very closely related to the approach
using “torsion thresholds” in Floer homology in [16].

We next consider boundary depths of products of Lagrangians. Suppose that we have
Lagrangian submanifolds L Cc M, L’ C M’ with well-defined Floer homologies (at
least after enriching them with appropriate additional data to give L, L’). Let us say that
L and L’ satisfy the Kiinneth property if, for generic Hamiltonians H : [0,1] x M — R,
H': [0,1] x M — R, auxiliary data can be chosen in such a way that the Floer complex
CF(L/X\L’ : H + H'; K) is isomorphic as a filtered chain complex to the tensor product
of CF(L : H; K) and CF(L’ : H'; K) once coefficients are extended so that all three chain
complexes are defined over the same Novikov ring. When L, L', L x L’ are all monotone the
Kiinneth property is well-known; see for instance [32, Section 4]. In the much more general
setting of [14], the Kiinneth property has yet to appear in the literature, but is the subject of
work in progress by L. Amorim.
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THEOREM 1.8. — Assume that L and L' satisfy the Kiinneth property, and let N € £(L),
N’ € L(L). Assume moreover that the Floer homology HF (L', L") is nonzero. Then

,Bm(N x N') > ﬁfl(N)

1.3. Outline of the paper

The focus of this paper alternates between geometry and algebra. In the upcoming Sec-
tion 2 we introduce the notion of the boundary depth in a simple yet still interesting case,
namely that of Morse functions on S*. This discussion will later become relevant in the proof
of Theorem 1.3; it has been placed near the start of the paper in the hope that it will also help
the reader develop an intuition for the boundary depth.

Section 3 introduces the boundary depth from an algebraic standpoint, proving for
instance continuity properties of the boundary depth under algebraic assumptions which
model the behavior of continuation maps in both Hamiltonian and Lagrangian Floer the-
ory. Section 4 is devoted to an algebraic result about the boundary depths of filtered chain
complexes that are obtained as “quantum corrections” of unfiltered complexes in a way
reminiscent of the “Morse-Bott” approach to calculating Floer homology. This result is the
key ingredient in Theorem 1.7 (ii).

Our main results about Ham (M, w) are proven in Section 5, while those about Lagrangian
submanifolds are proven in Section 6, modulo some algebraic details which are deferred to
the following two sections, as well as a technical point relating to transversality that is needed
for the proof of Theorem 1.1 and is deferred to the Appendix. Another result of Section 5,
Corollary 5.12, asserts an a priori upper bound on the boundary depths of Hamiltonian
diffeomorphisms generated by Hamiltonians supported in a given displaceable set (a slightly
weaker result appears in [59]). Thus, while one might in principle hope to show that an
arbitrary closed symplectic manifold admits a sequence of Hamiltonian diffeomorphisms
with diverging boundary depths (and hence Hofer norms), Corollary 5.12 suggests that one
could not expect to obtain such a sequence by any purely local construction.

We turn back to algebra in Section 7, whose main result is Proposition 7.4, which asserts
roughly speaking that the supremum in one version of the definition of the boundary depth
is attained. This fact is used in the proof of Theorem 1.6, and also in the following Section 8,
which concerns boundary depths of tensor products of chain complexes. Theorem 8.5 plays
an important role in the proof of Theorem 1.8 and hence also of Theorem 1.3.

In Section 9 we give an elementary proof of the fact that the Hofer metric on the space of
Lagrangian submanifolds of R? Hamiltonian-isotopic to the unit circle has finite diameter. It
would not surprise me if this fact is already known, but I was unable to find documentation of
this. This example suggests that some degree of rigidity should be required of a Lagrangian
submanifold L before one expects (L) to have infinite diameter.

Finally, the Appendix proves a technical result which implies that the index-one, ¢-inde-
pendent solutions to the Floer equation for a time-independent Hamiltonian and almost
complex structure can be arranged to be cut out transversely in certain circumstances. This
is needed in order to justify the identification of the Floer- and Morse-theoretic boundary
depths that occurs in the proof of Theorem 5.6, and hence to complete the proof of Theo-
rem 1.1.
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2. Morse-theoretic boundary depth in S!

As an introduction to our main tool, we examine its behavior in perhaps the simplest
nontrivial context, namely for Morse functions on the circle. The calculation which we
perform here will be of use to us later in our proof of Theorem 1.3.

If M is a closed manifold, K a field, f: M — R a Morse function, and g a metric
with respect to which the gradient flow of f is Morse-Smale, one obtains a Morse complex
CM.,(f) in a standard way (see, e.g., [53]): let Crity(f) be the set of critical points of f with
Morse index k, and let C My (f; K) be K-vector space spanned by Crity(f). The boundary
operator 0: CMy(f; K) — CMy_1(f; K) is given by, for p € Crity(f),

op= >  nlpag
g€Critr—1(f)

where n(p, ¢) is the number of negative g-gradient flowlines from p to ¢, counted in the field
K with appropriate signs as determined by chosen orientations of the unstable manifolds of
the various critical points of f. Of course one has 9 o @ = 0, and the resulting homology is
isomorphic to the singular homology H,(M; K). Foranelementa = >, a;p; € CM.(f; K)
set

£(a) = max{f(pi)|a; # 0}
and, for A € R, define

CM}(f; K) = {a € OM.(f; K)|t(a) < A}
This gives a filtration by R on C M. (f; K). Now define the boundary depth by
Butorse(f; K) = inf{ > 0|(YA € R)(CM(f; K) N (Imd) € D(C MM (f; K)))}-
Equivalently, as follows from a moment’s thought,
0 if0 =0,
SUPg g cimo IDf{€(y) — £(2)|0y = x} if O # 0.

One can also express the boundary depth in terms of the homologies of the sublevel sets
of f and their inclusions into M; we leave it to the reader to find a suitable formula.

ﬂMorse(f§ K) = {

4¢ SERIE - TOME 46 — 2013 - N° 1



HOFER’S METRICS AND BOUNDARY DEPTH 71

We will now give another formula for the boundary depth of a Morse function on S*. As
notation, if k > 2, define

p1,- - -, P are distinct and }

Sl = (p17"'7pk‘)e(sl)k
cvek { in counterclockwise cyclic order on S!

THEOREM 2.1. — Let f: S' — R be a Morse function. Then
(1) ﬂMorse(f; K) = Sup{min{f(tl)v f(t3)} - max{f(t2)7 f(t4)}| (tlatQat3at4) € S(:;Lyc’zl} .

Proof. — A Morse function on S* has the same number of local maxima as local minima;
let m denote this number. Moreover maxima and minima obviously alternate as one goes
around the circle, so we can denote the maxima by py, . .., p,, and the minima as ¢, . . . , ¢y,
labeling in such a way that

flpr) =max f and  (p1,q1,02, 02, > PmsGm) € Sty am-
With respect to the standard orientations of the unstable manifolds one has
Opi = ¢i — qi—1
where the indices are evaluated modulo m (so dp1 = ¢1 — Gum)-

We first dispense with a trivial case: that in which m = 1. In this case the Morse differential
vanishes, and so Ouorse(f; K) = 0. Meanwhile we assert that in this case the set over which
the sup is taken in (1) contains no positive numbers. Indeed, if (¢1,t2,t3,t4) € Sclm4 had
the property that min{ f(¢1), f(t3)} > max{f(t2), f(t4)} then we would obtain two distinct
local minima gy, g2 of f by having ¢; be a minimum of f on the oriented interval from ¢; to t3
and having ¢» be a minimum of f on the oriented interval from ¢3 to t;, thus contradicting
the assumption that m = 1. On the other hand the set over which the sup is taken in (1)
certainly contains numbers arbitarily close to zero: just take the ¢; to be very close to each
other. Thus when m = 1 both sides of (1) are zero.

So for the rest of the proof assume that m > 2. Since p; is a global maximum for f
and po is the unique local maximum on the oriented interval from ¢; to ¢ we have

min{f(p1), f(p2)} — max{f(q1), f(g2)} > O with (p1,q1,p2,q2) € Sgyc4» SO the right
hand side of (1) is positive.

Cram 2.2. — The right hand side of (1) is equal to
(2) ’y(f) = max {mln{f(pl)a f(p])} - maX{f(Qk:)’ f(ql)} |(pi7qkapj7 ql) € S(}yc,4} :

In other words, we are claiming that (when m > 2) we may evaluate the right hand side of
(1) by restricting to the case that ¢1, t3 are local maxima and ¢s, t4 are local minima. Indeed,
suppose we have some (t1,t2, t3,t4) € Sty 4 With min{ty, 3} > max{ts, 24} (by our earlier
remarks such t; do exist when m > 2). Set p; equal to a global maximum of f on the oriented
interval from ¢4 to t, and p; equal to a global maximum on the oriented interval from ¢, to ¢4.
Then (pi, t2,pj,t4) € Stye s Withmin{f(p;), f(p;)} > max{f(t2), f(ts)},s0set g equaltoa
global minimum of f on the oriented interval from p; to p; and ¢; equal to a global minimum
of f on the oriented interval from p; to p;. Then (p;, qx,pj, @) € Sclyc, 4 and

min{f(p:), f(p;)} — max{f(gr), f(q)} = min{f(t1), f(3)} — max{f(ta), f(ts)},
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which clearly suffices to prove the claim.

It thus remains only to show that Byorse(f; K) = v(f) where v(f) is defined in (2). Note
that since dp; = ¢; — g;—1 we easily find that
n e Z}

3) ker@z{nipi
i=1
an = 0

and
Choose 4, j, k, I achieving the maximum in (2); without loss of generality (since S,
invariant under cyclic permutations) say k < [. Let

o =q — qr € CMo(f; K).

%) Imo = anqj
j=1

1

cyc,4 1S

Then where
!
Yo = Z Dr
r=k+1
we have dyg = z. So given (3), any y € CM;(f; K) such that 9y = z( has the form
y= >, (@+Lp+ Y  np,
re{k+1,...,l} ré{k+1,...,l}

for some n € Z. Now since (pi,qx,pj,q1) € Siyeq We have j € {k + 1,...,1} and
i ¢ {k+1,...,l}. Hence if y = > a,p, has 9y = zo, the coefficients on a; and a; differ
by one; in particular (regardless of what field we are working over) they are not both zero.

Thus £(y) > min{f(p:), f(p;)}. So by our choice of 7, j, k, I we have shown that

inf{€(y) — £(z0)|0y = w0} = min{f(p), f(p;)} — max{f(qr), fla)} = (/)
This proves that
/BMorse(f; K) > ’Y(f)

We now prove the reverse inequality. To do this we must show that, if x = >, n;g; isa
nonzero element of Imd, then there is y such that 0y = z and £(y) — £(z) < v(f).

We will show, specifically, that the element

m j—1
y=—Z< ni)fpj
1

j=2 \i=
satisfies the required property. Given that z € Imd and hence Y ;- n; = 0 by (4), it is easy
to see that dy = x. Now we have

5 £(y) = max {f (ps)

j—1
S to)

=1

(of course, the set above is nonempty since we assume = # 0), and

(6) £(z) = max{f(g:)|n: # 0}.
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Let j; be the index corresponding to the maximum in (5) and let 4; be the index corre-
sponding to the maximum in (6). Since our ordering was such that p; was a global maximum
for f, we have

t(y) = f(ps,) = min{f(p1), f(psi)}-

Let ig and i be, respectively, the minimal and maximal elements of {i|n; # 0}. Since

m iz
i=1

i=ig

we have ig + 1 < j; < i5. Of course,

U(z) = f(gi,) = max{f(q), f(g:,)} = max{f(g:,), f(2:.)}-
If iy < j1, then we have (p1, i, , Pjy , Giy) € Seye.s With

(z) = L(y) = min{f(p1), f(pjo)} — max{f(gi), f(4:,)} <~(f),

while if j; < iy we have (p1, ¢ig, Pjy» @i ) € Skye.s With

U(z) — £(y) = min{f(p1), f(pjo)} — max{f(gi,), f(gi,)} < ¥(f)-
So we have indeed shown that any nonzero z € Imo has a preimage y with £(y)—4(z) < v(f),
lmplylng that ﬂMorse(f; K) S 7(f) U

REMARK 2.3. — While Buorse(f; K) is defined using Morse theory, the formula on the
right-hand side of (1) obviously does not require f to be a Morse function—or even to
be differentiable. Moreover Theorem 2.1 clearly shows that Syorse(+; K) is continuous with
respect to the CY-norm. This latter property continues to hold on a general manifold M, and
so implies that Byorse(+; K) can always be canonically extended to all of C°(M;R); we will
prove analogues of this fact in the Floer-theoretic context later.

REMARK 2.4. — In (1), the fact that (¢1,t0,t3,t4) € Sclyc,4 amounts to the fact that the
two copies of S° C S* given by {t1,t3} and {t2,t4} are linked in the sense that, while both
copies of S° are nullhomologous, any chain whose boundary is equal to one of the copies
of S° must intersect the other copy. Thus on S! the statement that the boundary depth of a
function f is nonzero amounts to the statement that one can find two linked copies Cy, C;
of §° C S* such that f|¢, > f|o,. A similar “linking” interpretation of the Morse-theoretic
boundary depth on more general manifolds has recently been obtained in [61, Proposition 5.6
and Theorem 5.9].

3. General algebraic considerations

Let us formulate abstractly some of the relevant algebraic notions. First of all, as notation,
if S is a set equipped with an action of the integers Z and if £ € S we denote by k + 1 and
k — 1 the results of acting on & by, respectively, 1 and —1.

DEerINITION 3.1. — Let S be a set equipped with an action of Z, and let K be a field. An
S-graded, R-filtered complex over K consists of the following data:

— A K-vector space C together with a K-linear map d: C' — C such that 9o 9 = 0.
— Foreach k € S, a subspace Cy, < C such that C = ®csCy and 9(Cy) < Ci—_1.
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— Foreach k € S and each A € R, a subspace C,i‘ < O} such that
* Cy =Uner Cp;
* Mxer G = {0k
e if A < pthen C) < CV; and
° a(C,?) < C,i‘_l.
We write
c* = EB/ceSC;?-
DEFINITION 3.2. — Let (C,0) and (D, §) be two S-graded, R-filtered complexes over K,
and let ¢ € R. A c-morphism ®: C — D is a K-linear map such that
— ®isachainmap: Pod =350 P
— Forall k € S and A € R we have
o(C) < Dyt

DEFINITION 3.3. — Let &1, ®5: C — D be two chain maps where (C, d) and (D, §) are
two S-graded, R-filtered complexes over K, and let ¢ € R. A c-homotopy from ®; to @5 is a
K-linear map X : C — D which, for each k € S and )\ € R, obeys

- K(C}) < Dy, and

- &y — Py = K0+ IK.

DEFINITION 3.4. — Let (C,0) and (D, §) be two S-graded, R-filtered complexes over K.
A shift-isomorphism from C to D consists of the following data:

— A bijection ¢: S — S such that ¢(k + 1) = ¢(k) + 1forallk € S.
— Afunctiono: S — Rsuchthato(k+ 1) = o(k) forall k € S.

— A chain map ®: C — D such that, for each k¥ € S and A € R, ® restricts as an

isomorphism from C} to Dgz;‘;(k)

Of course, using that compositions and inverses of bijective chain maps are bijective chain
maps, shift-isomorphism defines an equivalence relation on S-graded, R-filtered complexes.

DErFINITION 3.5. — Let (C,0) be an S-graded, R-filtered complex over K. If k € S, the
boundary depth of C in grading k is the quantity

bi(C,0) = inf {g >0 )(VA e R) ((md) N G} c A(CY1Y)) } .
The boundary depth of C is simply the quantity
b(C,0) = sup bg(C, 9).
kes

It is easy to check that, equivalently,
b(C,0) = inf {# > 0|(¥A € R) (Imd) N C* < 3(C**7)) },

i.e.,, b(C,d) is just the boundary depth that we would obtain by forgetting about the grading
(or rather, by considering C to be graded by a one-element set).

In principle, the set over which we take the infimum in the definition of b (C, 9) could
be empty, in which case we would set by (C, ) = co. However, in the situations that we will
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consider, the complex (C, 8) will have additional structure which will guarantee the finiteness
of b (C, 9) using results such as [56, Theorem 1.3] and/or [14, Proposition 6.3.9].

Note that in the case where J|¢, ., = 0 (including the case where Cy or Cy41 is zero), we
have by, (C,0) = 0.

PROPOSITION 3.6. — If there is a shift-isomorphism (®, ¢, o) from (C,0) to (D,§) then,
forallk € S,
Br(C,0) = By (D, 9).
In particular
B(C,0) = B(D, ).
Ato(k)

Proof. — Forz € C, we havez € C) iff &z € Dy
map while ¢(k + 1) = ¢(k) + 1 and o(k + 1) = o(k), it holds that y € C,?jff and dy = ¢
iff &y € cMoW+8 and 0Py = Pzx. Since ® and ¢ are bijections the proposition follows

] T Te(k)+1 o
immediately from the definitions. O

, and, using that ® is a chain

DErFINITION 3.7. — Letc € R, k € S and let (C,9), (D, d) be two S-graded, R-filtered
complexes over K. We say that (C, 9) and (D, §) are c-quasiequivalent if there are:

— numbers c¢; and ¢y such that ¢; + ¢; < ¢

— ac;-morphism &: C — D and a co-morphism ¥: D — C; and

— ac-homotopy X1: C — C from the identity to ¥o®, and a c-homotopy Xo: D — D
from the identity to ® o 0.

ProrosiTION 3.8. — If(C,0) and (D, §) are c-quasiequivalent then for all k € S we have
|bx(C, 0) — bi(D, )| < c.
Thus in particular |b(C,9) — b(D, §)| < ¢.©.
Proof. — By symmetry it suffices to prove that b (C,9) < bi(D, ) + c. In other words,
we should show that, if 8 > 0 has the property that, for all A € R, (Imé) N Dy C § (D,;\j:f ),
then it also holds that, for all A € R, (Imd) N C} € d(Crii™).

Solet ey, ca, ®, ¥, K be as in the definition of c-quasiequivalence and let z € (Imd) DC,;\.

Since @ is a ¢;-morphism, we have &z € (Imd) N D,’€\+°1. So by the assumption on 3 there is

Yy € D,i‘]:fﬁﬁ such that §y = ®x. So since V¥ is a co-morphism and ¢; + ¢z < ¢ we have

Vy=Tod(z) and Tye Cpi =+l <opfots,
Of course, since z is a boundary we have dx = 0, and so the chain homotopy equation reads
Uod(zx)—x=0Kz,
where K1z € C,’C\If since K7 is a c-homotopy. So (using that 8 > 0) we have
z=0(Py — K1x) where Uy— Kz € C’,;\Ierﬁ,

as desired.
O

() In case some of the terms involved here are infinite, these equations should be read as stating that if one of the
terms is infinite then so is the other.
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4. Quantum corrections and the boundary depth

The Lagrangian Floer homology HF(L,L) of a Lagrangian submanifold L can be
obtained as the homology of a chain complex whose boundary operator is obtained by
adding to the standard Morse boundary operator on L an operator defined over a Novikov
field which represents “quantum corrections” (see the construction of the “pearl complex™ in
[4], and also the construction in [13]). We presently put this idea in abstract algebraic terms,
and then make an observation concerning the boundary depths of complexes obtained in
this way.

First, if K is a field and I < R is an additive subgroup, the Novikov field associated to K
and T" is the field

AT = 83 "4 T |ag € K, (YC € R)(#{g € Tlag #0, 9 < C} <o) ¢,
gel

equipped with the obvious “power series” addition and multiplication.

DerINITION 4.1. — If K is a field, we say that a field A is a Novikov field over K if we have
A = AT for some subgroup T’ < R.

If A is a Novikov field over K, we view K as the subring of A consisting of those elements
> agT9 with ay = 0 for all g # 0. Also, let

AZOZ {Zang€A|a97é0:>gZO}
and
Ar={>"a,19 € Alag #0=g>0}.

DEFINITION 4.2. — Where S is a set with an action of Z, let (C = @®xesChr, o) be
a chain complex of K-vector spaces. Let A = AXT be a Novikov field over K, and let
w: S — I'N (0,00) be a function. A chain complex (C = ®resCh,d) of A-modules is
called a quantum correction of C of gap at least p if the following holds:

— Forallk € Swehave Ci, = C, @k A

— Where we use the inclusion of K to view each C}, as a subgroup of C;, @ x A, we have

(8 — 0y ® 1)(ék+1) < Tu(k)(ék QK Azo).

In particular, in the context of the above definition it always holds that
d(C @K Aso) < C ®k Asp. Of course, if 8¢, | = (9o ® 1)|g,,, then we may choose to
take w(k) as large as we like.

If (C, 9) is a quantum correction of (C, 8y), then (C, d) naturally has the structure of an
S-graded, R-filtered complex over K (not over A!) in the sense defined earlier. Namely, for
any k define the function

v: Cp - RU{o0}
by
7 v(z) = sup{p € Rlz € T"(C ®K As0)}-
Then for A € R and k € S we set

Cr={xeC|-v(x) <A}
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Verification of the relevant axioms is straightforward.

PROPOSITION 4.3. — Let (C,08y) be a chain complex of K-vector spaces such that each
Cy, is finite-dimensional over K, and let (C,0) be a quantum correction of (C,dy) of gap at
least . Then b, (C, ) < oo for all k. Moreover, for all k € S, exactly one of the following two
alternatives holds:

(l) bk(C, 8) = bk_l(C, 8) = 0, and dimy Hk(C, 8) =dimg Hk(é,ao),' or
(i) bx(C,0) > p(k) or br_1(C,0) > u(k — 1), and dimp Hy(C,0) < dimg Hy(C, dp).

Proof. — If we choose a basis of C}, over K and use this basis to identify C, = Ci, @ A
with AN for some N then the function 7 defined in (7) coincides with the function  defined
at the start of [56, Section 2]. The assertion that b (C, 9) is finite then follows immediately
from [56, Theorem 2.5] (in the notation of that theorem, set £ = 0 and let A be a matrix
representing the boundary operator 9: Cyy1 — C%). Further borrowing notation from [56]
and [57], if U < C} is a subspace write

~ U
Uso = {z € Ulp(z) >0}, Uy={zeUlp(z)>0}, U= %
+
Thus Usq is a A>¢-module, and U is a K -vector space. If z € Us( we denote its image in the
quotient U by z. Also, we define

v: A - RU{co}
Zang — min{g : ag # 0}.
g

As in [18],[57], if U < Cy we will call a basis {u1, ..., u,} for U orthonormal if, for all
ALy ..y Am € A, we have

(8) 7 (Z Ajuj) = min v(;).
=1 ==

LemMA 4.4 ([181,[57]). — IfU < C, then a subset {u, ..., un} C Usg is an orthonormal
basis for U if and only if {1, . . ., Um } is a basis for U. Consequently any subspace U < Cy, has
an orthonormal basis, and if U <V < CY, then any orthonormal basis of U can be extended to
an orthonormal basis of V. Moreover, dimp U = dimg U.

Proof of Lemma 4.4. — The sufficiency of the condition in the first sentence is proven in
the proof of [37, Lemma 2.1]®©. Since a basis for U can always be found, it follows that U has
an orthonormal basis, and that dimy U = dimg U. For the necessity of the condition in the
first sentence, if {u1, ..., um} is an orthonormal basis then (8) immediately implies that the
u; are linearly independent in 5, and so they form a basis for U since dimy U = dimg U.

Now that we have proven the first sentence, the only remaining statement, namely that any
orthonormal basis for U can be extended to an orthonormal basis of V if U < V, follows

(®) Strictly speaking it is assumed throughout [57] that the subgroup I' < R used to define the Novikov field is
countable, but this assumption is not used in the proof of [57, Lemma 2.1]. We also mention here that the notion of
an orthonormal basis is closely related to that of a standard basis from [14, Section 6.3].

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



78 M. USHER

directly from ihe facts that if U < V then U < V, and that any basis of U can be extended
to a basis of V. O

Since for all £ we have
dimp Hy(C,0) = dimy ker(9|c, ) — rank(d|c,,,) = dimp Cy — rank(d|c,,,) — rank(d|c,)
and likewise
dimg Hy,(C, o) = dimg Cj, — rank(dl¢, . ,) — rank(do|e, )

and since dimy C}, = dimg C}, the proposition now follows from the following lemma:

LEMMA 4.5. — For all k we have rank(dle,,,) < rank(d|c,,,). Moreover, if

rank(dol¢,,,) < rank(9|c,,,) then by(C,0) > u(k), while if rank(do|¢, . ,) = rank(9|c, )
then by (C,0) = 0.

Indeed, given Lemma 4.5, the alternative (i) in Proposition 4.3 occurs exactly when both
rank(dol¢,,,) = rank(d|c,,,) and rank(do|¢, ) = rank(0|c,); otherwise, alternative (ii) in
Proposition 4.3 holds, thus completing the proof of that proposition modulo the proof of
Lemma 4.5. O

Proof of Lemma 4.5. — Throughout this proof we make implicit use of the embedding
of Cy, into (Cy)>o < Cf induced by the inclusion of K into A (as elements consisting only
of multiples of T°). If U < C}, is any subspace, this embedding induces an isomorphism

U%((j®KA).

Choosez1,...,Ty € Cry1 < Cpyqsothatdoxy, ..., oz, forms a basis for Im(dlg,, ,)-
We claim that the elements 0z, . .., 0z, are linearly independent over A in Cy. Indeed, if
A1,y .-+, Am € A are not all zero and if g = min; v()\;), then since ¥(0x; — doz;) > 0 for all ¢
we see that the element

i=1
is a nontrivial linear combination of the dyz; and so is nonzero. This proves that
9) rank(30|ék+1) < rank(9|c,,, )-
Now suppose that equality holds in (9). Then by the last sentence of Lemma 4.4 we have

dimg (Im(8|c,c+1)) = dimp Im(8|0k+1) =m;

thus since dyz; = :9\1:; a dimension count shows that the dyx; form a basis for Im(0|¢, , , ),
and hence by Lemma 4.4 the dx; form an orthonormal basis for Im(9|¢, . , ). Meanwhile the
z; (being linearly independent elements of the “level zero” subspace Cj+1 < Ci41) obviously
form an orthonormal basis for the subspace of Cy41 which they span. Consequently if
a € Im(0|¢,,,) we can find A1,..., A, € Aso that
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and using orthonormality we see that

p(a) =minv(\;) = (Z A xl) .

This proves that, when equality holds in (9), we have b, (C, 9) = 0.

It remains to consider the case that rank(0o|c,,,) < rank(d|c,,,). In this case, we
again let z1,...,z, € Cki1 < Ciy1 have the property that the dpx; form a basis for
the image of Oy|c,,,. Let U denote the subspace of Cy; spanned by the z;. As noted
earlier, the z; (viewed now as elements of Cj1) form an orthonormal basis for U. Using
Lemma 4.4, extend this basis to an orthonormal basis {z1, ..., Zm, ..., zp} for the subspace
U ®kerd = 971(dU). The fact that rank(dl¢,,,) < rank(d|c,,,) implies that this
subspace of Ci41 is proper, so we extend the basis further to an orthonormal basis
{z1,...,%p,21,..., 2} for all of Cy41, where ¢ > 1 by the assumption on the ranks.
By Lemma 4.4, to perform this further extension it suffices to choose the z; € (Cg)>o in
such a way that the reductions z1,...,%,,21,...,2, are linearly independent over K. In
particular, we may assume that z; belongs to Cj;: indeed, if it does not initially, then we
can simply subtract off all of its higher order terms, which does not change z; and so does
not affect the orthonormality of the basis.

Having done this, the condition on z1, ..., x,, shows that there are cy,..., ¢, € K such
that 802‘1 = 27;1 Cia()ilfi. Now set

m
2 E CiZi,
i=1

so that z € Cy41 < Clyq with dgz = 0, and let
a=0z.
By construction, we have
a— 0z € 0U,
so since 0z1 ¢ OU we have a # 0. Additionally, since Jypz = 0 we have
a=(0—-08®1)z e TF®(Cr @k Aso).

Meanwhile, if 2 € Cy11 has 8z’ = a, then 2’ — z; € 871(8U), and so there are Aq,..., A,
such that

4
Z/ =21+ E /\11'1
i=1

So by the orthonormality of the basis {z1,...,%p, 21, ..., 2, } We have

v(2") = min{v(1),v(A1),...,v(A\p)} <v(1) =0.

Thus we have found a € Im(9|¢, ) such that 7(a)
0z’ = a has v(z) < 0. This proves that b, (C, 9) >

w(k) and such that any 2’ € Cy11 with

(K). 0

>
I
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5. Hamiltonian Floer theory

Let (M, w) be a closed symplectic manifold and let H: S* x M — R be a smooth func-
tion.(” One then obtains the time-dependent Hamiltonian vector field Xz by the prescrip-
tion that w(X g (¢,),-) = —d(H(t-)), and the Hamiltonian flow {¢%; }+cr as the flow of X .

Assume for the time being that H is nondegenerate in the sense that at each fixed point p
of ¢, the linearization d,¢},: T,M — T,M does not have 1 as an eigenvalue. Let M
denote the free loopspace of M (for definiteness we require elements of M to be C1).
For each path component ¢ of £M, choose a smooth loop ~. representing ¢, and choose
a symplectic trivialization 7, of the bundle vTM — S'. (For the special case in which ¢
is the component of contractible loops we will take +. equal to a constant. Hereinafter the
component of contractible loops will be denoted by ¢g.). Now a loop in £M corresponds in
obvious fashion to a map u: T? — M of the torus into M; consequently each ¢ € mo(£M)
gives rise via consideration of loops in ¢ to a subgroup H§ < Hy(M;Z), all of whose elements
may be represented by maps of 2-tori into M (when ¢ = ¢ is the trivial class elements of H§
can indeed be represented by spheres, but this is typically not so for nontrivial classes).

For any ¢ € mo(M) consider pairs (v, w) where vy € cand w: [0,1] x S — M is a map
such that w(0,-) = v, and w(1,-) = . Declare two such pairs (v, w), (7', w’) equivalent if
and only if each of the following holds:

(i) y=1',and

(i) f[0,1]><81 wrw = f[0,1]><31 w*w.

Let ¢ denote the set of equivalence classes of pairs (v, w) under the above equivalence

relation and
£M = UCGTK‘O(Z)M)E'
We then have a well-defined map

G : PM R
1
[v, w] — —/ w*w—!—/ H(t,~(t))dt.
D2 0

The critical points of &g are those [y, w] for which 4(¢t) = Xg(t,7(t)), i.e., such that
(1) = ¢ (+(0)).

For any ¢ € mo(£M) let N, denote the nonnegative generator of the subgroup of Z
generated by integers of the form 2(c; (T'M), A) where A € HS.

For ¢ € mo(£ M) define
Oc,r = {7 € c|¥(t) = X (t,7(1))},
so [y, w] € Crit(&@gy) Ncifand only if vy € O, g.
™ Throughout this paper we will identify S with R/Z. Of course, any element ¢ € Ham (M, w) can be generated
by a smooth Hamiltonian whose domain is S* x M rather than [0, 1] x M, by replacing a generating Hamiltonian

H: [0,1] x M — R by x'(t)H(x(t),m) for a suitable monotone homeomorphism x: [0,1] — [0, 1] with
x'(0) =x'(1) = 0.

4¢ SERIE - TOME 46 — 2013 - N° 1



HOFER’S METRICS AND BOUNDARY DEPTH 81

We then have the well-defined map
p: Ocg — Z/NZ
v == poz ((t e dél): TyoM — TyoM)

where we choose an arbitrary homotopy w from 7, to v, extend the previously-chosen
trivialization 7, of v}TM to a symplectic trivialization of w*T'M and hence of v*T'M,
and use this trivialization to compute the Conley-Zehnder index as in [50, Remark 5.4]
of t — dg¢t;. Two different choices of the homotopy w from ~, to v will have associated
Conley-Zehnder indices which differ by a multiple of N, so this prescription yields a well-
defined element of Z/N_Z.

Let

Su= |J {xz/Nez,
cemo (L M)

and endow Sy, with the obvious Z-action in which m € Z sends (¢, k) € S to (¢, k + m).

For A e R, c € mo(£M) and k € Z/N.Z denote

Crit) (@) = {[v, wlly € Oc, G ([y,w]) < A, p(y) = k}.

For A € R, (¢,k) € Sy and K a field (with K of characteristic zero if (M,w) is not
semipositive) let

CFé\k(H;K) = { Z Ay, w] [va]

['y,w]ECrit?’k(ﬁH)

alyw) € K, (VO € R)(#{ [y, wllapyw) # 0, @ ([vi, wi]) > C} < OO)}

and let
CF.x(H;K) = UxerCF)(H; K)  and CF.(H; K) = &,CF. x(H; K).

The standard construction ([17],[21],[33]) of the Floer boundary operator 8,y (where
we use J as a shorthand for the auxiliary data involved in the construction, including
a loop of almost complex structures and any necessary virtual cycle machinery) makes
(CF(H;K) = ©CF, ;(H;K),0s ) into a Sy-graded, R-filtered complex over K in the
sense of Definition 3.1. Restricting attention to CF.(H; K) for any given ¢ € mo(£M) in
turn yields a Z /N, Z-graded, R-filtered complex over K.

If we let

I, = {g € R|(34 € HS)((w], 4) = 9)},

each CF, (H; K) is a vector space over the Novikov field AT of dimension equal to
the number of v € O,y such that u(y) = k. Here the element 79 in AF-T< acts by
[v,w] — [y, w#Ay] where A, € HS has ([w], A) = g and # denotes the obvious gluing
operation. For any given A € R, CF{\,k (H; K) is a module over the positive part Ai((’)r‘ of the
Novikov field. -

The complex CF,(H; K) is thus a vector space over the Novikov field A%'T'c of dimension
equal to the number of elements of ). ;. Our choice of conventions here (in particular the
fact that we have not used the first Chern class in the definition of the equivalence relation
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that is used to construct £M ) is motivated in part by the fact that it results in the complexes
C'F, each being finite-dimensional over a field, as this facilitates application of some of the
algebraic results proven in Sections 7 and 8.

Let us rephrase some standard results about the relationships between the Floer com-
plexes associated to different Hamiltonians and different choices of auxiliary data into the
language of Section 3. First, for any continuous G: S! x M — R denote

1 1
5H(G) =/ maxG(¢,)dt & (G) = —/ min G(t, -)dt
o M o M
so that, in the notation of the introduction,
osc(G) = 6H(G) + & (G).

Then standard facts (as summarized for example in [59, Propositions 2.1 and 2.2] after
adjusting for a different sign for the Hamiltonian vector field) show:

PropoSITION 5.1. — Let (H_,J_) and (H, Jy) be two choices of Hamiltonian function
together with auxiliary data for which the Floer complex (CF(H; K) = &C. x(H; K),0s.11r)
as constructed in [21],[33] or [17] is well-defined. Then there exist:

—an & (Hy — H_)-morphism ®: (CF(H_;K),d; g ) — (CF(H;K),d5, m,)

—an& (Hy — H_)-morphism ¥: (CF(Hy;K),05, n,) — (CF(H_;K),0;_u_)

— osc(Hy — H_)-homotopies X1 : CF(Hy; K) — CF(Hy; K) from ® o ¥ and U o ®

to the respective identities.
In particular the Floer complexes (CF(H_;K),0;_nu_) and (CF(Hy;K),05, 1) are
osc(Hy — H_)-quasiequivalent.

We also have:

ProOPOSITION 5.2 ([59, Lemma 3.8]). — Let H_ and Hy be two nondegenerate Hamil-
tonians which are both normalized (i.e., fM Hy(t,)w™ = 0 for all t) with the prop-
erty that the paths {gth+ beepo,1) and {@%y_}icpo,1) are homotopic rel endpoints. Then, for
any auxiliary data Jy making the Floer complexes well-defined, there is a chain map
¢: (CF(H_;K),05_g_) — (CF(H;K),0;, 1,) such that, for each X, c,k, ® maps
CF)(H_; K) isomorphically to CF), (Hy; K).

(Strictly speaking, the discussion in [59] only considered the part of the Floer com-
plex coming from contractible loops; however the proof clearly extends to the noncon-
tractible sectors, provided of course that we use the same basepoints 7, in each component
ce Wo(fM))

It obviously follows from Proposition 5.2 that, under its hypotheses, the boundary depths
associated to the Floer complexes of (H_, J_) and (H, J) will coincide. Thus the bound-
ary depth (or rather depths, if we take grading into account) can be seen as an invariant of
an element in the universal cover ﬁ;;l(M ,w) of the Hamiltonian diffeomorphism group, a
fact which was exploited in the applications in [59]. Crucial for our purposes in this paper is
the stronger statement that the boundary depth is actually an invariant of a given element
of Ham (M, w), at least if one ignores grading. Indeed we have the following, which follows
from observations that go back to [55, (4.3)].
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PROPOSITION 5.3. — Consider  the  Floer  complexes (CF(H_,J_),05_m_),
(CF(Hy,Jy),05,,1,) associated to two normalized Hamiltonians H_ and H with the
property that the time-one maps ¢, and ¢}J+ are equal. Then there is a shift-isomorphism
®: (CF(H_;K),0;_g_) — (CF(Hy;K),05, ,1,). Moreover, for any component
¢ € mo(LM), ® restricts as a shift-isomorphism from CF.(H_; K) to CF.(H1; K).

Proof. — Changing notation slightly to make the proof more readable, we are to show
that if {¢;|t € [0,1]} is a loop in Ham(M,w), and if H: S* x M — R is a nondegenerate
normalized Hamiltonian generating the path {¢:|t € [0,1]} then the Floer complexes
associated to H and to the normalized Hamiltonian HY which generates the path {1; o ¢;}
are shift-isomorphic. We remark that, by the case of Proposition 5.2 in which H_ = H, up
to isomorphism of Sys-graded, R-filtered complexes it makes sense to speak of “the Floer
complex associated to a nondegenerate Hamiltonian,” as different choices of the auxiliary
data involved in the construction of the Floer complex will give rise to isomorphic complexes.
In particular, in studying the Floer complex of H¥ we are free to choose any loop of almost
complex structures that we like.

Let G: S' x M — R denote the normalized Hamiltonian generating the loop ¢ — 1, *.
Then the original loop ¢ is generated by G(t,m) = —G(t,; *(m)), and the Hamiltonian
HY which generates 1, o ¢ is given by the formula

HY(t,m) = (H - G)(t,¢; ' (m)).

The assignment to any loop v € M the loop ¢y: t — (y(t)) gives a map
Yot mo(LM) — mo(£M). We claim that this map is the identity. Indeed, it is a stan-
dard consequence of the proof of the Arnold conjecture (see [38, Corollary 9.1.2]) that
where ¢ is the component of contractible loops we have ¥.(¢g) = c¢o (for otherwise the
Hamiltonian flow of G would have no contractible 1-periodic orbits). Once one knows this,
ifv: S — M is any loop then the loop 1 is easily seen to be homotopic to

{fy(Zt) 0<t<1/2,
—
$ar-1(7(0)) 1/2 <t < L.
But the loop ¢ — 12;_1(7(0)) is now known to be contractible®, and so 1y is homotopic to
v(2t) 0 < t < 1/2,
t—
7(0) 1/2<t<1,
which is obviously homotopic to ~.

Recall that in each component ¢ of ¥ M we have fixed a basepoint 7.. By the previous para-
graph 7 is freely homotopic to ¥y, so fix a homotopy w.: [0,1] x S — M from =, to ¥..
Where ¢ is the covering of ¢ introduced earlier, this choice of w. induces a map ¥,: ¢ — ¢
which  sends an  equivalence  class [, w] to [y, weH#Yw]  where

(® At least, freely contractible, but of course any freely contractible loop is also contractible with basepoint fixed.
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(Yw)(s,t) = ¢(w(s,t)) and # denotes the obvious concatenation operation. We cal-
culate:

/[0 st wiw — /0 /0 w <¢t*£,¢t*§ + X@(t,wt(w(s,t)))> dsdt

! /[ s T / (HY (4, 0e(v(1)) — H(t,7(1))) dt

1,1 1
/ wiw — / / (V5 At G (s ) (%) dsdt — / G(t,v(t))dt
[0,1]x S1 o Jo S 0

1 1
/Ouxsl“’f‘*’+ /0 (G(t,w(1,1)) — G(t,w(0,t))) dt — /0 G(t,y(t))dt

== [ wiwt [ GG = B wd).
[0,1]x St 0

(Recall that our notation is that G generates 1, *, and that G(t,¢;(m)) = —G(t,m)).

Meanwhile we have also fixed a trivialization 7. of v}TM; via the linearizations ., we
obtain from this trivialization a trivialization of (1~y.)*T M. Comparing this trivialization to
the trivialization of (¢y.)*T M obtained by extending 7. across the homotopy w, we obtain
a relative Maslov index p., and it is easy to see that, in Z/N.Z,

p(y) — p(y) = fhes

independently of the choice of v € O .

Now the map ¢,: ¢ — ¢ clearly takes critical points [y, w] of @g (i.e., those [y, w]
with v a 1-periodic orbit of ¢;) bijectively to critical points of @y (i.e., those [y, w] with
~ a 1-periodic orbit of ¢, o ¢;). So by extending linearly in the obvious way and setting
I. = Ga([¢ye, we]) we obtain from the calculations above an isomorphism

b, CFN(H;K) = CFNL (HY; K).

The conclusion that 1), is a shift-isomorphism will follow immediately once we conclude that
1, 1s a chain map on the Floer complexes, provided that these are constructed appropriately.
But this was already observed by Seidel in [55]. Indeed, if we use the loop j; of almost complex
structures to construct the Floer complex of H, so that the matrix elements for the differential
are obtained by counting solutions u: R x S* — M to

ou

(10) Ot s, ) (5~ Xt s, 1)) =0,

then one observes that where (Yu)(s, t) = ¢4 (u(s, t)) and 5¥ = ¥ jibist, (10) is equivalent

to

200 1 (2% Xt ) =0,
Using this correspondence it is straightforward to see that if we use the loop j;/’ of almost
complex structures (together with appropriately compatible coherent orientations and
abstract perturbations, as necessary) to define the differential on the Floer complex
CF(HY; K), then the matrix elements for the latter will coincide with the matrix elements of
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the original differential on CF'(H; K). Thus ¢, induces an isomorphism of chain complexes,
which by our earlier observations is a shift-isomorphism in the sense of Definition 3.4. [

COROLLARY 5.4. — For each ¢ € wo(¥£M) and any nondegenerate ¢ € Ham(M,w), the
boundary depth of the Floer complex CF.(H; K) is independent of the choice of Hamiltonian
H: S'' x M — R such that ¢+, = ¢ and of the auxiliary data used in the construction of the
Floer boundary operator.

Proof. — If we restrict to normalized Hamiltonians H this follows directly from Propo-
sitions 5.3 and 3.6. Extending to non-normalized H is then trivial, since any Hamiltonian
may changed to a normalized Hamiltonian function by adding a function of the S!-variable,
and this normalization only affects filtered Floer complex by a uniform shift in the filtration,
which does not change the boundary depth. O

Accordingly, for any nondegenerate ¢ € Ham (M, w) we may set
Be(¢; K) =b(CF(H; K),0,,m)

for any (and hence all) H such that ¢}, = ¢. Now for any ¢ = ¢}, € Ham(M,w), not
necessarily nondegenerate, if we choose any sequence of nondegenerate Hamiltonians H,,
such that H,, — H in C°, then the sequence {3.(H,; K)}52; will be a Cauchy sequence by
Propositions 3.8 and 5.1. Thus we may define 8. (H; K) = lim,_,o Bc(¢}; ; K) for any such
approximating sequence H,,.

We have thus defined, for any ¢ € 7mo(£M) and any field K (with characteristic zero if
(M, w) is not semipositive), a map
Bc(; K): Ham(M,w) — [0, o0].
Taking the supremum over all ¢ results in a map

B(K)= sup B(;K): Ham(M,w) — [0, 00].
cemo(LM)

(In fact, as we will see, these maps never take the value co.)

5.1. Properties of the Hamiltonian boundary depth

Having defined the boundary depth function, we can now prove most of the main struc-
tural results of the introduction.

Proof of Theorem 1.4 (i) (B(v~t¢p; K) = B(¢; K) for 1 € Symp(M,w))

By continuity it suffices to prove this for ¢ (and hence 1)~ ¢v) nondegenerate. Now if
¢ = ¢}, then =11 is the time-one map of the Hamiltonian Hy,(t,m) = H(t,(m)), and
a standard argument (similar to but simpler than that in the proof of Proposition 5.3) shows
that if the auxiliary data are chosen appropriately then for each ¢ € mo(£M), CF.(H; K) is
shift-isomorphic to CF -1 (Hy; K). Thus the result follows from Proposition 3.6. O
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Proof of Theorem 1.4 (ii) (B(¢; K) = B(¢~!; K)). — By an approximation argument
it suffices to consider the case that ¢ is nondegenerate. Choose H: S' x M — R so
that ¢}, = ¢; then ¢! is generated by the Hamiltonian H(t,m) = —H(t, ¢t (m)). If
¢ € mo(£M) let ¢ € mo(£ M) be the free homotopy class obtained by reversing the orien-
tations of elements of c¢. Then CF;(H; K) is (with appropriate choices of auxiliary data)
the “opposite complex” of CF.(H; K) in the sense described in [57] (i.e., the Floer trajec-
tories determining the differential of the former are obtained by reversing the s-direction of
those determining the differential of the latter). Consequently [57, Corollary 1.4] shows that
Be(¢71; K) = Bc(¢; K), from which the result follows by taking suprema. O

Proof of Theorem 1.4 (iii) (|8(¢; K) — B(¢); K)| < ||¢~14||). — This is almost implicit in
the construction of 3 for degenerate elements of Ham (M, w). By an approximation argument
it again suffices to assume that ¢ and 1 are nondegenerate. Now if G, H: S' x M — R
have the properties that ¢}, = ¢ and ¢ = ¢4, then ¢ will be the time-one map of the
Hamiltonian H * G: S x M — R given by

H +G(t,m) = H(t,m) + G(t, (¢};) ' (m)).
Thus by Propositions 3.8 and 5.1,

8(¢; K) — B(¢; K)| < osc(H G — H) =

/01 (max G(t,(¢5)~"(m)) — min G(t, (qs;,)*l(m))) = 0sc(G).

meM meM

So since G may be chosen in such a way that osc(G) is arbitrarily close to ||¢ 11|, the result
follows, -

Proof of Theorem 1.4 (iv) (6(1p; K) = 0). — If the nondegenerate Hamiltonian H is suf-
ficiently C2-close to the identity, then its flow will have no noncontractible 1-periodic orbits
and so we will have §.(H; K) = 0 for all ¢ € mo(£M) other than the trivial class ¢. Taking
the limit as H — 0 in C%2-norm then proves that 3.(1,; K) = 0 for ¢ # cq.

To deal with the case where ¢ = ¢q, for any nondegenerate H we can use the PSS map
([47], see also [34], [44]) to set up an osc(H )-quasiequivalence between CF,,(H; K) and the
Morse complex CM, (f; K) @ x A%, where the latter has grading reduced modulo N,
and is equipped with the trivial filtration given by setting the filtration level of an element
31 Aip; where \; € AB-T<o and p; € Crit(f) equal to max(—v();)). The boundary depth
of the Morse complex is easily seen to be zero (indeed this is a baby case of Proposition 4.3
where & = 9y ®1), and so it follows from Proposition 3.8 that 3., (¢}; K) < osc(H). Taking
the limit of this relation as H — 0 in C? implies that 3., (1as; K) = 0, completing the proof.

(Alternately, one can directly examine the Floer complex of a C2-small Morse function
to deduce this result; such a method is effectively used in [43].) O

Start of the proof of Theorem 1.4 (v) (B(¢ x ¢; K) > max{8(¢; K), B(v); K)})

Again by continuity we can assume that ¢: M — M and¢: N — N are nondegenerate;
choose Hamiltonians G: S' x M — Rand H: S' x N — Rso that ¢ = ¢}, and ¢ = ¢};.
Then ¢ x¢p: M x N — M x N is the time-one map of the Hamiltonian 7},G + 75 H where
o, Ty are the projections of M x N to its factors. An easy and standard argument shows
that, with suitable auxiliary data and after extending coefficients so that all Floer complexes
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involved are defined over the same Novikov ring, the Floer complex of 7},G + 7y H is
isomorphic, as a filtered complex, to the tensor product of the Floer complexes CF(G; K)
and CF(H; K), where the filtration on the tensor product is defined using the prescription
in Section 8. This reduces Theorem 1.4 (v) to an algebraic statement about the behavior
of the boundary depth with respect to tensor products. We prove this statement below as
Theorem 8.5. (Of course, the homologies of CF(G; K) and CF(H; K) are both nontrivial,
being isomorphic to the homologies of M and N, so part (b) of Theorem 8.5 applies. Also,
the extension of coefficients does not affect the boundary depth by Remark 7.5.) O

Modulo Theorem 8.5, this completes the proof of Theorem 1.4

Start of the proof of Theorem 1.6. — Like Theorem 1.4 (v), Theorem 1.6 will follow from
an essentially purely algebraic result about the boundary depth that we will prove below; in
this case the relevant result is Proposition 7.4. Namely, applying Proposition 7.4 with A equal
to the Floer boundary operator on CF,(H; K) shows that 3. (¢};; K) either is zero (when the
Floer boundary operator is zero—in particular this holds if there are no periodic orbits in
the free homotopy class ¢) or is a member of the set {s —t|s,t € J3 }. Now we have assumed
H to be nondegenerate, so ¢k has only finitely many fixed points and so only finitely many
homotopy classes ¢ are represented by 1-periodic orbits. Thus there are only finitely many
¢ for which S (¢L;; K) is nonzero. So B(¢k; K) = sup, Bc(¢L;; K) is the supremum over a
finite set of numbers from the set {0} U|J.{s —t|s,t € J} } and therefore belongs to this set.

For the final statement of Theorem 1.6, recall that the Floer boundary operator for a
nondegenerate Hamiltonian strictly decreases the filtration level: in the notation of Proposi-
tion 7.4 we have £(0; gy) < {(y) for any nonzero y. Thus by Proposition 7.4 the only way
for the boundary depth to be zero is if the Floer boundary operator is identically zero. Now
the homology of the complex CF.(H; K) is zero when ¢ is any class other than the trivial
one, so this forces there to be no noncontractible 1-periodic orbits of ¢%;. As for the class
¢o of contractible periodic orbits, the Floer homology is isomorphic to H, (M; A%T<0) with
grading reduced modulo N.,, which has the same dimension as H,(M; K) since A% is a
field extension of K. But if the boundary operator is identically zero then the Floer homol-
ogy would be isomorphic to a vector space spanned by the fixed points of ¢. Comparing the
sums of the dimensions of the homologies then proves that the number of fixed points of ¢
is indeed equal to the sum of the K -Betti numbers of M when 5(¢; K) = 0. O

REMARK 5.5. — Of course, we have shown in the course of the above proofs that, for each
¢ € mo(£M), the numbers f.(¢; K) individually obey various similar properties to their
supremum ((¢; K). In particular:

= Be(¢3 K) = Be(d; K)| < |67 ¢]I;

- Be(1a; K) = 0;

- If ¢ = ¢} is nondegenerate (or, more generally, if for all p € Fix(¢L;) such that
t — ¢t (p) represents the specific class ¢, the linearization d, ¢} : T,M — T,M does
not have one as an eigenvalue), then

Be(d; K) € {0} U {s —tfs,t € Iy }-
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5.2. Hamiltonians with large boundary depth

We now begin the process of obtaining the embedding promised in Theorem 1.1

Suppose that, as in Theorem 1.1, a closed 2n-dimensional symplectic manifold (M, w)
admits a nonconstant autonomous Hamiltonian H: M — R such that the Hamiltonian
vector field X g defined by w(-, X ) = dH has no nonconstant contractible closed orbits. By
Sard’s theorem and the compactness of M (and hence of the set of critical values of H), there
exists a nontrivial closed interval [a, b] contained in the image of H which consists entirely of
regular values of H. Since adding a constant to H or rescaling H does not affect the existence
of closed orbits, we can and hereinafter do assume that [a, b] = [0, 1].

Denote by C'2°(0,1) the space of smooth functions f: (0,1) — R whose support is
compact. For f € C2°(0,1) define

minmax f = inf{ f(s)|s is a local maximum of f}.

Since we assume f to be compactly supported we obviously have minmax f < 0. (Our
convention is that a “local maximum” need not be strict; in particular, for example, for a
constant function every point is a local maximum.) For f € C$°((0, 1)) the function f o H
is a priori defined only on H~1((0, 1)), but it extends smoothly by zero to all of M, and we
continue to denote by f o H this smooth extension.

Here is our key computation of the boundary depth in the Hamiltonian context:

THEOREM 5.6. — Under the above hypotheses, with respect to any coefficient field K of
characteristic zero we have

ﬂ(qﬁ}coH;K) > minmax f — min f.

Proof. — The theorem is trivial if minmax f = min f, so assume minmax f > min f. We
will make use of the following lemma:

LeEmMA 5.7. — Let y be a regular value of f such that minmax f > y > min f. Then in the
composition

(11) Hopn—1({foH =min f}; K) — Hap_1({f o H <y} K) — Hon—1(M; K),

the first map is injective but the full composition Hyy,_1({foH = min f}; K) — Ha,—1(M; K)
has nontrivial kernel.

Proof. — {f < y} is a compact submanifold with boundary of the interval (0, 1), so we

have

{f <y} =U[ai bi]
for some numbers a1 < b; < az < -+ < @y, < by. Now since (0,1) consists entirely
of regular values of H, for any i and any ¢; € [a;, b;] the preimage H ~![a;, b;] deformation
retracts via the gradient flow of H to H~1{¢;}.

Now the assumption that y < minmax f implies that f has no local maxima on [a;, b;],
so there cannot be two distinct points ¢;,d; € [a;,b;] such that f(¢;) = f(d;) = min f
(otherwise there would be a local maximum between them). Let I C {1,...,m} be the set
of those ¢ such that there exists some ¢; € [a;, b;] such that f(¢;) = min f.
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Now we have, as topological spaces,

{foH <y}=]]H "[a:bi,

i=1
while

{foH =minf} = [[H e},
icl
where H~1[a;, b;] deformation retracts to H 1 {¢;} foralli € I. So since {(foH)~*{min f}}
is a disjoint union of deformation retracts of a subset of the connected components of {f o
H < y}, the fact that the first map in (11) is injective follows immediately.

Finally, for any i € I, consider H!{c;}. This is a regular level set of H, so it is a closed
(2n — 1)-dimensional manifold which acquires an orientation from the orientation of M
together with the coorientation given by dH. Thus Ha,,_1(H ~'{c;}; K) is nontrivial and has
a distinguished fundamental class C; (the sum of the fundamental classes of the oriented
components), which appears as a nonzero element of Hop_1({f c H = minf} K) =
@ie]HQn_l (H_I{Ci}; K) But since

H e} =0({H < ¢;}),

H~'{c¢;} bounds in M, and so the fundamental class C; vanishes upon inclusion into M.
This proves that the full composition (11) has nontrivial kernel. O

COROLLARY 5.8. — With y as in Lemma 5.7, let § > 0 be such that min f + 3§ < y. If
G: M — Ris a Morse function with |G — f o H||co < & then we have a strict containment

ker (Hap—1({G < min f +0}; K) — Hap1({G <y — 0} K))
< ker (Hzp—1({G < min f 4+ 6}; K) — Hap—1(M; K)).
Consequently

/GMorse(G; K) > Yy — min f — 26.

Proof. — The assumption on § and the fact that |G — f o H||co < ¢ imply that we have

inclusions
{foH =minf} C{G<minf+6} C{G<y—d} C{foH <y}
If c € Hyp—1({f o H = min f}; K) is a nontrivial element of
ker(Hap—1({f o H =min f}; K) — Ho,—1(M; K)),
then jc € ker (Hap—1({G < min f + 6}; K) — Hap—1(M; K)) where
Jt Hyp1({f o H = min f}; K) = Hap—1({G < min f + 6} K)
is the inclusion-induced map. On the other hand the commutativity of the diagram
Hop1({foH=minf}; K) —— Hopn1({f o H < y}; K)
I |

Hyp—1({G <min f + 6} K) —— Hap1({G <y — 0} K)
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and the fact that the top line is injective show that
jeé¢ ker (Hop—1({G <minf + 6} K) — Hop1({G <y —90}; K)).

This proves the strict containment.

Now choose a metric with respect to which the gradient flow of G is Morse-Smale and
form the Morse complex CM (G; K) of G. As in Section 2 for any A € R we have a A-filtered
complex CM*(G; K), whose homology is isomorphic to H,({G < A}; K); moreover under
these isomorphisms the chain complex inclusions CM*(G; K) — CM*(G; K) for A < p
induce the inclusion-induced maps on singular homology. Letting

jeeker (Hopn—1({G <min f + 6} K) — Hop1(M; K))

be as described above, we can then find a cycle z € CM™»f+9(G; K) < CM(G; K) which
represents the class jc € Ha,—1({G < min f + §}; K). Since jc vanishes under inclusion
into Hap,—1(M; K) the cycle x must be a boundary in C M (G; K). But since

jeg ker (Hap—1({G <minf+ 6} K) —» Hap1({G <y —-90}; K)),

any y € CM(G; K) with the property that 9y = x must have ¢(y) > y — §. Thus we have
found a nonzero element 2 € Imd such that

inf{l(y) — £(z)|0y = 2} > y — min f — 24,
and so0 Buyorse(G; K) > y — min f — 24. O

With this preparation, we can now complete the proof of Theorem 5.6, using an approach
inspired by the proof of [42, Theorem 5.1].

Since the autonomous Hamiltonian f o H: M — R has no nonconstant contractible
periodic orbits, [58, Theorem 4.5] shows that for any é > 0 there is a smooth function
G: M — R such that

(@) IG — f o Hljoo < 6.

(i) G isa Morse function.

(ii1) All contractible periodic orbits of X with period at most 1 are constant.

(iv) At each critical point p of G, the Hessian of G has operator norm less than 7. Here
we measure the norm of the Hessian of G using the Riemannian metric induced by an
almost complex structure which coincides with the standard complex structure on a
Darboux chart around p.

By a further perturbation of GG, we claim that we may assume that (i)-(iv) still hold and

(v) Around each critical point p of G there is a Darboux chart ¢,,: U, — B?"(e) such
that ¢,(p) = 0 and the second-order Taylor approximation around 0 of G o ¥ !
is exact, where B2"(¢) denotes the standard symplectic 2n-dimensional ball of some
radius € > 0.

Indeed, for any critical point p, let 1»: U — B2?"(r) be a Darboux chart sending p to 0,
let # denote the Hessian of Got~! at 0, and choose a compactly supported smooth function
a: B?"(2) — [0,1] such that a|pgz2.(;) = 1. For any small ¢ > 0 define a perturbation G.
of G by setting G, = G outside 1y ~1(B?"(2¢)) and requiring that, on B?"(2¢), we have

(Geow™) (@) = ale™a) (o w™)(0) + 5 (Ha,2)) + (1 - ale2))(C o v)(a).
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In particular the second-order Taylor approximation around 0 of G o1 is exact on B?" (),
so we now check that, for ¢ > 0 sufficiently small, G, still obeys (i)—(iv). Now it is easy to
check that there is a constant C' > 0 such that, for £ = 0, 1, 2, we have

(12) |Ge — Gllcr < Ce37F,

The ¥ = 0 version of this estimate obviously implies that (i) will hold for G, when €
is small enough. G, clearly has no critical points other than p (which is nondegenerate)
in 1»~1(B?"(¢)), and the fact that (by the invertibility of the Hessian #) || VG]|| is bounded
below in =1 (B?"(2¢) \ B?"(¢)) by a constant multiple of e together with the k£ = 1 version
of (12) implies that G has no critical points in ¢ ~1(B?"(2¢) \ B?"(¢)) if € is small enough.
So since G, coincides with G outside ¢~ (B?™(2¢)), for e small enough replacing G by G.
will not introduce any new critical points, while keeping the existing ones nondegenerate, so
G, obeys (i) for small enough e. Replacing G by G, also does not affect the Hessians at the
critical points, so (iv) is still satisfied. As for (iii), there is a constant R > 0 such that any
time-1 trajectory of X, passing through 1~1(B?"(2¢)) is contained in ¢~ (B?"(Re)) for €
sufficiently small. Since ||V X¢. || is (using the & = 2 version of (12)) uniformly bounded by =
plus a constant multiple of € in this region, the Yorke estimate [63] implies that there can be
no nonconstant closed trajectories of X, having period at most one which pass through
%~ 1(B?"(2¢)) when e is sufficiently small. Since the trajectories of X, which do not pass
through ¢~ (B?"(2¢)) coincide with trajectories of X, it follows that condition (iii) is also
preserved when we replace G by G for sufficiently small e.

Repeating this process at each of the finitely many critical points of G gives a smooth
function (still denoted G)) which now obeys each of the properties (i)—(v). Shrinking the
Darboux neighborhoods U, if necessary, we may assume that the intersections U, N U, are
empty for distinct p, ¢ € Crit(G). Then for w-compatible almost complex structures J which
are generic among those which coincide with the standard almost complex structure on each
U,, the gradient flow of G with respect to the associated metric g; will be Morse-Smale
(see, e.g., [51, Theorem 8.1], noting that any gradient trajectory must pass through the open
set M\ Upecm(g)ﬁp, and so the argument given in the proof of [51, Theorem 8.1] shows
that perturbations of J supported in this open set are sufficient to achieve the Morse-Smale
condition). Given such an almost complex structure J, we may form the Morse complex
CM(G; K). For any A € (0, 1], the negative gradient flow of AG with respect to g; will of
course also be Morse-Smale (as the unstable and stable manifolds are independent of A), and
so we have a Morse complex CM (AG; K).

The Morse-Smale condition ensures that there are no nonconstant negative gradient-flow
trajectories y: R — M for G with v(s) — py as s — +oo withind(p_) —ind(p4) < 1 where
ind(p) denotes the Morse index of the critical point p, and, modulo time translation, there
are finitely many such trajectories y with ind(p_ ) —ind(p4 ) = 1; let g denote the set of such
trajectories. For A € (0, 1] the only negative gradient flow trajectories for AG which connect
critical points whose Morse indices differ by at most one will be those given by the formula
7 (s) = v(\s) where v € O¢. Considering instead the construction of the Floer complex
associated to the ¢t-independent almost complex structure J and the Hamiltonian AG, the
nonconstant t-independent solutions to the Floer equation % +J (% -X ,\0) = 0 which
connect contractible periodic orbits with Conley-Zehnder indices differing by at most 1 are
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precisely those maps of the form w.,» (s, t) = y*(s) where v € O¢ (the fact that the Conley-
Zehnder and Morse indices correspond is a consequence of assumption (iv) on the Hessian
of G at its critical points). In Theorem A.3 in the Appendix we show that, given v € O¢, the
linearization of the Floer equation is surjective at u,x for all but finitely many A € (0,1].
Of course, this property of u.x is unaffected by translations of the domain R x S* of u
in the s-variable, so since there are only finitely many time-translation-equivalence classes
of trajectories v € @ it follows that, for all but finitely many values of A € (0,1], the
linearization of the Floer equation associated to J and AG is surjective at every t-independent
solution having index one. Let & denote the finite set of values A for which this surjectivity
property fails.

We consider the boundary depths ., (¢} 5; K) as A varies through the interval (0, 1]. The
argument given in [17, Section 22] proves that, by introducing S'-equivariant abstract per-
turbations which are supported away from the fixed locus of the S* action given by ¢-trans-
lation, for each A € (0,1] \ & the Floer complex of AG in the contractible sector ¢y may be
constructed in such a way that the only contributions to its boundary operator come from
the t-independent Floer trajectories u.,. (The idea of the argument is that when J and H
are independent of ¢, solutions to the Floer equation which depend on both s and ¢ occur
in two-dimensional families due to reparametrizations of R x S*, and so will not appear in
transversely-cut-out moduli spaces of expected dimension one.) In [17] it is assumed that the
Hamiltonian is a C?-small Morse function, but for the purposes of the conclusion that only
t-independent trajectories contribute to the boundary operator there are only three respects
in which this assumption is used there (see [17, pp. 1035, 1038]): it ensures that our condition
(ii1) holds; it ensures that the Conley-Zehnder index at each constant orbit of the Hamilto-
nian vector field coincides up to an additive constant with its Morse index, which in our case
follows from condition (iv); and it guarantees the surjectivity of the linearizations of the Floer
equation at the index-one ¢-independent solutions, which we have just arranged to hold in our
case as well for A € (0,1] \ &.

Since fo g1 Uaw =0, the Floer trajectories u.,» for AG all connect pairs of elements
of Crit(@\g) the difference of whose actions Dbelongs to the set
{AG(p) — A\G(q)lp,q € Crit(G)}. If X € (0,1] \ &, so that the u., are the only trajec-
tories which contribute to the boundary operator for the Floer chain complex CF.,(AG; J)
under appropriate perturbations as in the previous paragraph, there is then a chain complex
D, over K, spanned by the critical points of AG, such that CF,,(A\G;J) = D, ® AKT<«
(with the Floer boundary operator just given by coefficient extension from the boundary
operator for D,; the matrix elements for the boundary operator for D, are, like those of the
Morse boundary operator, obtained by counting trajectories u.» connecting two critical
points, but the signs with which these contribute to the boundary operator for D, might
in principle differ from the corresponding signs in the Morse complex). It therefore follows
from Remark 7.5 that for A € (0,1]\ &, the boundary depth 8., (¢xrg; K) coincides with the
boundary depth of the chain complex D, over K, which by Proposition 7.4 belongs to the
set {\G(p) — AG(q)|p, q € Crit(G)}. Thus

a8k K) € {G () — Gla)lp,a € Crit(G)}
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for all A € (0,1] \ &, and hence by continuity for all A € (0, 1] since both the set & and the
set {G(p) — G(q)|p, ¢ € Crit(G)} are finite.

Now for 0 < A < 1, the Hamiltonian AG will be C2?-small enough that, by [17, Sec-
tion 22], the Floer complex of AG coincides with its Morse complex CM (AG; K) @ AK:Tco ©)
As follows from Remark 7.5, the boundary depth of the Morse complex CM (G; K) is
unaffected by the coefficient extension to the Novikov ring. Thus for all sufficiently small
X € (0,1] we have S, (d)}\G; K) = Brorse(CM(A\G; K)). But then the functions

1 1
A Xﬂcc(qﬁa;K) and )\ — XﬁMorse(CM(/\G; K))

are both continuous functions from (0, 1] to the finite set {G(p) — G(¢)|p, ¢ € Crit(G)}, and
so the fact that they coincide for all sufficiently small A implies that in fact they coincide for
all A € (0,1], and in particular for A = 1.

Thus by Corollary 5.8,

6(¢E,K) > ﬁco(gbé;K) = /BMorse(CM(G§K)) >y —min f — 24.

So since osc(f o H — G) < 2||f o H — G||co < 2§ it then follows from Theorem 1.4 (iii)
that

B(¢op; K) >y — min f — 46.
Since this holds for any y < minmax f and any 6 > 0 we have completed the proof of
Theorem 5.6. 0

REMARK 5.9. — Of course, the above proof makes substantial use of the Kuranishi struc-
ture machinery from [17]. If one prefers to do without this, and is willing to impose the some-
what strong topological assumption that the minimal Chern number of (M,w) is at least
equal to the complex dimension n (this includes the case where c¢1 (T'M) vanishes on 7o (M),
in which case the minimal Chern number is considered to be co), then one can instead make
use of results from [12] to obtain Theorem 5.6 with the field K assumed to have character-
istic 2 rather than 0.(19 Namely, first modify the function G from the proof of Theorem 5.6
so that its Hessian at each of its critical points belongs to the set J,.., of [12, Theorem 6.1]
(which due to the density of ¢, can easily be done in a way compatible with our condi-
tions (i)—(v)). Then take an almost complex structure Jy which is standard near the critical
points and with respect to which the gradient flow of G is Morse-Smale, and use Theorem A.3
to slightly rescale G, preserving conditions (i)—(v), so that all t-independent solutions to the
Floer equation determined by J, with index at most 1 are cut out transversely. Then by [12,
Theorem 7.4], a generic small perturbation J of Jy will have the property that all t-depen-
dent solutions of the Floer equations %: +J (%1; — X#G) = 0 for m € Z, that are not
multiply-covered are cut out transversely; moreover as long as the perturbation J is close
enough to Jy the implicit function theorem shows that the transversality property for the
t-independent solutions from the previous sentence will still hold.

©) For this statement one does seem to need AG to be C2-small, as once )\ is larger than the smallest element of & the
possibility arises that a t-independent Floer trajectory might contribute to the Floer and Morse boundary operators
with opposite sign, as can be seen by examining the argument on [17, p. 1039] and the proof of Theorem A.3.

(10) The results that we use from [12] require n > 2; if instead n = 1 and M is not S2 (and so M is aspherical) then
one can obtain Theorem 5.6 from a continuity argument similar to that used at the end of the above proof.
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We claim that in this situation the Floer complex (in the contractible sector ¢g) associated
to G and J is well-defined and identical to the Morse complex. To see this, note that any finite-
energy solution u: R x S — M to the Floer equation which is asymptotic to contractible
(and hence constant) 1-periodic orbits p+ of X as s — oo extends continuously to a map
i: S? — M when we identify R x S! with the complement of the north and south poles
of §2; write ¢y (u) for the Chern number of this sphere. Now the index of the solution u is
given by

I(u) = ind(p_) — ind(p4) + 2¢1(w).

If u depends nontrivially on ¢, then there is m > 1 and a solution v: R x S' — M to
the Floer equation associated to LG such that u(s,t) = v(ms,mt) for all (s,t) € R x S*
and such that v is not multiply-covered. In particular the solution v is cut out transversely
by [12, Theorem 7.4], and so in view of the translation and rotation actions v must have
index I(v) = ind(p_) — ind(py) + 2¢1(v) > 2. So since ¢1(u) = mey(v), if the
original solution » had I(u) < 1 it would need to hold that ¢;(v) < 0. But then the
assumption on the minimal Chern number gives 2¢; (v) < —2n, and so we would need to have
ind(p_) — ind(p4+) > 2n + 2, which is impossible since the Morse index only takes values
from 0 to 2n. This proves that the only solutions to the Floer equation with index at most one
are the t-independent ones, which coincide with the Morse trajectories and which we have
arranged to be cut out transversely. Thus the Floer boundary operator receives contributions
precisely from the Morse trajectories that determine the boundary operator for the Morse
complex; since we are working over a field of characteristic two these contributions are
equal and the Floer boundary operator equals the Morse boundary operator (in particular
it squares to zero). So the Floer complex associated to G and J is indeed identical to the
Morse complex, and so B¢, (¢&; K) = Buorse(G; K) and we can proceed just as in the last
two paragraphs of the proof of Theorem 5.6.

Proof of Theorem 1.1. — As above let H: M — R be an autonomous Hamiltonian such
that all contractible closed orbits of Xy are constant, and such that the interval [0, 1] is
contained in the image of H and consists entirely of regular values of H.

Fix once and for all a smooth function g: R — [0, 1] such that

—maxg =1
— the support of g is contained in the open interval (0, 1)
— the only local minima of g are at points where g(s) = 0.

Now for v = (v;)$2; € R* define

fo: R—=R
Fols) = vig (2(s — (1 =2'7%)).
i1
(In other words, the restriction of f, to the interval I; = [1 — 217 1 — 27 is equal to v;

times the composition of g with an affine map which takes I; to [0,1]). The embedding
®: R*® — Ham(Mw) in Theorem 1.1 will then be given by

¢(’U) = ¢}"U0H‘
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Now the various f, o H all Poisson commute with each other (their Hamiltonian vector fields
are all obtained by multiplying Xz by a function), so since f,1, 0 H = f, 0 H 4+ f,, 0 H it
is clear that @ is a homomorphism. Using this and the biinvariance of the Hofer metric we
have
d(®@(v), B(w)) = |6}, op]l < osc(v — w).
(The last inequality uses that maxg = 1.)
On the other hand by Theorems 1.4 (i) and 5.6 we have

d(®(v), ®(w)) > /6(¢}v,on§K) > minmax f,_, © H —min f,_,, 0o H > —min f,_, o H,

where the last inequality uses that the properties of g ensure that no f, o H has a negative
local maximum. At the same time Theorem 1.4 (ii) shows that

B85, om K) = B(¢7, ,om; K) > —min fy_,, 0 H.
Thus

d(®(v), ®(w)) > max{—min f,_,, o H, —min f,_, o H}

= max{max(w; — v;), max(v; —w;)} = ||[v — wlle,,. O
1 K2

5.3. An “energy-capacity inequality”

If U is an open subset of a symplectic manifold (M, w), we denote by Ham®(U) the group
of diffeomorphisms which may be generated by a function G: S! x M — R such that the
support of G is a compact subset of S x U.

PROPOSITION 5.10. — Let (M, w) be a closed symplectic manifold, let U C M be open,
let v € Ham®(U), and suppose that (U) N U = @ where ¢ € Ham(M,w). Then, for all
¢ € 1o(£LM) and all fields K

Be(Y o ¢ K) = Be(¢; K).
In particular 3(v o ¢; K) = B(¢; K).

REMARK 5.11. — A statement essentially equivalent to Proposition 5.10 was proven in
[59, Lemma 3.6] under the additional assumption that the Hamiltonian generating v could
be taken to be either everywhere nonnegative or everywhere nonpositive.

Proof. — The condition that ¢(U) N U = @ is an open one on ¢, so by an approximation
argument and the continuity of 5 we may assume that ¢ is nondegenerate.

By means of appropriate time reparametrizations, let H: S! x M — R be a Hamiltonian
generating ¢ having support in (0,1/2) x M, and let G: S' — M be a Hamiltonian
generating ¢ having support in (1/2,1) x U. For 0 < s < 1 define

- {H(t,m) 0<t<1/2,

Lg(t,m
sG(t,m) 1/2 <t < 1.

Then where s € Ham®(U) is the Hamiltonian diffeomorphism generated by sG, the
Hamiltonian L,: S* x M — R generates ¢, o ¢.

Taking inspiration from the Ostrover trick [45], we observe that all fixed points of ¢ are
contained in M \U and that ys(¢(m)) = m < ¢#(m) = m. In particular each 1;0¢ coincides
with ¢ on a neighborhood of their common fixed point set, and so the nondegeneracy of ¢
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implies that of 1, o ¢ for all s. Since 1) is the identity and ¢; = %, it suffices to show that
the functions s — B.(1)s o ¢; K) are constant.

Now the maps v: S! — M such that §(t) = X (¢,~v(t)) are precisely those of the
form v, (t) = ¢%_(p) where p € Fix(¢, o ¢). But as noted earlier, if p € Fix(¢; o ¢) then
p € Fix(¢) and p ¢ U, and so ¢}, (p) = ¢% (p) for all t. Thus the orbits -y, are independent
of s; moreover since H is supported in (0,1/2) x M and G is supported in (1/2,1) x U while
p ¢ U we have

L (t,7p(t)) = H(t, 7, (1))
for all ¢.
Now by Theorem 1.6 and Remark 5.5, for all s and ¢ we have

Be(¢r,; K) € {0} U{s —t[s,t € J7 }.
Recall from the introduction that ¢ is defined as follows: to define the filtrations on the
Floer complexes we have chosen a basepoint 7. for ¢; then JL consists of the values

A, () = - | Mw+Aldt%@Mt

[0,1]x S*
where p varies over fixed points such that 7, € ¢ and u: [0,1] x S — M varies over
homotopies from 7, to ,. For every p let us fix a homotopy u,, from ~, to ~,; for any other
homotopy u we will have

br,([vp,ul) = Gr, ([, up)) € T
where the countable group I', was introduced near the start of Section 5. But
1
. (bpwd) == [ gt [ Lul69p(0) = ()
[0,1]xS* 0
is independent of s by our earlier remarks.
Consequently the set {s — t|s,t € 7 _} is equal to
{8 (v, wpl) — Gul[vg, ugl) + glpsvg € ¢, g €Te ks
this is a countable set which is independent of s. So s — S (Ls; K) is a continuous function

to a countable set and therefore is constant. O

COROLLARY 5.12. — For a closed symplectic manifold (M, w) and an open set U C M let

cs(Us M) = sup{B(¢; Q)|¢ € Ham*(U)}.
Then
cg(U; M) < 2e(U; M)
where e(U; M) is the displacement energy: e(U; M) = inf{||¢|||¢(U) N U = @}.
Proof. — If ¢y € Ham®(U) and ¢(U) N U = @ we have by Proposition 5.10 and
Theorem 1.4
18(4; Q) — B(¢; Q)| = [B(¥;Q) — B 0 $; Q)| < |-

Hence

(13) B(¥;Q) < B(4;Q) + ol < 2[4l O
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6. Lagrangian Floer theory

Let L be a closed connected Lagrangian submanifold of a tame 2n-dimensional symplec-
tic manifold (M, w). We will always assume that the Floer homology of L can be defined; this
requires either that L be monotone with minimal Maslov number py, > 2,(ID or else that L
be oriented, relatively spin and weakly unobstructed after bulk deformation in the sense of
[14, Sections 3.6, 3.8.5]. The fields K over which Floer theory can be defined depend some-
what sensitively on the hypotheses we put on L: if L is not relatively spin but is monotone
with p7, > 2 then we need to work over a field of characteristic 2; on the other hand, at least
if the ambient manifold is not spherically positive, then the construction of Floer theory for
relatively spin non-monotone Lagrangians as in [14] requires one to work over a field of char-
acteristic 0. Throughout this discussion we will assume that K is a field satisfying the above
requirements.

In the case in which one uses the machinery of [14], one needs to specify a relative spin
structure on L as well as a suitable bounding cochain in order to develop the theory; we will
use the notation L to denote L equipped with whatever such extra structure may be required
in the case at hand (note that the Floer homology, to be denoted by H F(f/, f/), may depend
on the extra structure).

Given this input, let

P(L,L) = {y € C'([0, 1], M)|7(0),7(1) € L}.

Then 7 (% (L, L)) contains a distinguished component ¢y which contains all constant paths
at points of L (and, more generally, all paths contained entirely within L). As in the Hamilto-
nian case, let us choose for each ¢ € mo(%(L, L)) a basepoint ~., and also a symplectic trivi-
alization 7. of 47T M under which, for i = 0, 1, T, ;) L is identified with {i} x R™. Consider
pairs (y,v) where v € cand v: [0,1] x [0,1] — M is C* and obeys v(s,i) € L fori = 0,1,
v(0,t) = ~.(t) and v(1,t) = ~v(t). Up to homotopy there is a unique symplectic trivializa-
tion of v*T'M which extends 7 and, for i = 0, 1, identifies each T}, ;) L with {(s, i)} x R™; in
particular 7. and v induce a symplectic trivialization of v*T'M which identifies T’ ;) L with
{i} x R™. Declare two such pairs (v, v) and (7', v’) to be equivalent if and only if:

(i) v=1',and
(i1) f[0,1]2 viw = f[0,1]2 v*w.
For ¢ € mo(P(L, L)) we let ¢ be the set of equivalence classes of such pairs (y,v) with
~ € ¢ under the above equivalence relation, and define

P(L,L) = Uceﬂo(W(LﬁL))E‘

(1) Strictly speaking, for the discussion below we need to use a slightly different convention than usual for the
definition of p,. In general the Maslov index induces a homomorphism p: Ha(M, L; Z) — 7. The most common
definition has p, equal to the positive generator of the group generated by p(A) for A in the image of the Hurewicz
map w2 (M, L) — Ha(M, L; Z) (and oo if this group is trivial). Since we consider Floer chain groups corresponding
to all elements ¢ € mo(P(L, L)) rather than to just the trivial class co, we need to consider somewhat more general
classes A € ma(M, L;7Z), namely the relative homology classes of cylinders having both boundary components
on L. Alternately, we could use just the trivial class ¢ in the definition of the Floer complex, in which case the
version of py, based on w2 (M, L) would be appropriate, but then we would need to assume that the resulting Floer
homology is nontrivial in order to obtain a version of Proposition 6.2 and hence to make the boundary depth well-
defined as a function on #(L).
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We then have a well-defined function

Gu: P(L,L) >R

[v,v] = —/[071]2 v*w+/0 H(t,y(t))dt.

The critical points of @y are, as in the Hamiltonian case, those [y,v] with 4(t) =
Xu(t,v(t)). They thus correspond to time-one flowlines « of the (time-dependent) vector
field Xy with the property that y(0) € L N (¢k)~*(L). For ¢ € mo(P(L,L)) let O 1 u
denote the set of such flowlines v which belong to the homotopy class ¢. Assume that the
pair (L, H) is nondegenerate in the sense that L is transverse to (¢k)~*(L); in particular
Uc O, 1,z will then be finite.

For ¢ € mo(P(L,L)), aloop n: S' — ¢ gives rise in obvious fashion to a cylinder
up: S' x [0,1] — M whose boundary is mapped to L. We then obtain a Maslov index
e by choosing an arbitrary symplectic trivialization of u;T'M and taking the difference of
the Maslov indices of the loops of Lagrangian subspaces given by u[%, @ IL in terms of
the trivialization (of course the difference is independent of the trivialization). Let N, be the
nonnegative generator of the subgroup of Z generated by the values y,, for loops n in ¢. Also,
let T'c be the subgroup of R generated by the numbers | S1%[0,1] upw for loops nin c.

We then have another well-defined function

p: Ocrg — Z/NZ

given by, for any v € 0. 1, i, choosing a homotopy v from . to y through paths in #(L, L)
and letting () be, modulo N, the Maslov-Viterbo index [62] of (v, v) i.e., the Maslov index
of a loop of Lagrangian subspaces of R2" determined by the aforementioned trivialization
of v*T'M along all but the right side of [0, 1]2, and given over the right side by the path
(6% )+« Ty 0y L (With appropriate oppositely-oriented 90-degree rotations at (s, t) = (1,0) and
(s,t) = (1,1) in order to obtain a continuous path).

As in the Hamiltonian case, we let Sas,Ly = Uceny(#(z,0))1¢} X Z/N:Z, endowed with
the action of Z given by addition in the second factor, and for K an appropriate field,
(¢,k) € S(ar,zy and A € R we let

Crit} (&) = {[v,v]]v € Oc,r 1, Gr([v,0]) <\, u([y,]) = k}

and

CFék(‘z’ : HaK) = { Z Ay ,v] ['7,7}]

['y,v]GCriti‘yk(ﬁH)

apy ) € K, (VO € R)(#{[7, vllay,) # 0, Gr([r,0]) 2 C} < OO)}'

Alsolet CF (L : H; K) = U\CFX (L : H;K),and CF.(L : H; K) = & CF. (L : H; K).
Under various hypotheses on the field K and on L (and on what we denote by L, i.e., on L
equipped with a relative spin structure and/or a bounding cochain as necessary) there
are constructions of the Floer boundary operator 05 on CF(ﬁ . H; K) in [10], [41],
[23], [14]. In all cases, these constructions (or straightforward modifications of them) give
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C’F(ﬁ : H; K) the structure of a Sy, 1)-graded, R-filtered complex over K and each indi-
vidual CF,(L : H; K) the structure of a Z/N.Z-graded, R-filtered complex over K.(12 Each
CF. x(L : H; K) is a finite-dimensional vector space over A*T'¢, as is the full chain complex
CF.(L : H; K), much like the situation in the Hamiltonian case.

Standard constructions of continuation maps that can be found, e.g., in [31, Section 3.3]
and [16, Section 5], can be adapted to prove the following analogue of Proposition 5.1.

PROPOSITION 6.1. — Given two Hamiltonians H_, H and appropriate auxiliary data used
to construct the complexes (CF(L : Hy; K), 0y, u, ), there exist:

—an &Y (Hy — H-)-morphism ®: (CF(L:H_;K),0; u_ ) — (CF(L:H;K),d;, 1)
—an & (Hy — H_)-morphism @ (CF(L: Hy;K),dy, i) — (CF(L: H_;K),0; )
— osc(Hy — H_)-homotopies X+: CF(L : Hy; K) — CF(L : Hy; K) from ® o U and
W o ® fo the respective identities.
In particular the Floer complexes (CF(L : H_;K),8;_ y_) and (CF(L : Hy; K), 0y, .H,)
are osc(Hy — H_)-quasiequivalent.

Note that by Proposition 3.8 the special case in which H_ = H, is enough to imply
that the boundary depth of the complex (CF(L : H; K),d s, #) 1s independent of the path
of almost complex structures J used to define it (indeed the methods in [59] that are used
to prove Proposition 5.2 can straightforwardly be adapted to prove that the filtered chain
isomorphism type of CF (f/ : H; K) is independent of J, though we will not need to directly
appeal to this fact).

We will also require the following analogue of Proposition 5.3, in order to show that the
boundary depth depends only on the Lagrangian submanifold (¢},)~!(L) and not on H. In
the weakly exact case a closely related argument appears in [2, Section 2.1.3].

PROPOSITION 6.2. — Let G, H: [0,1] x M — R be two normalized Hamiltonians with the
property that (¢g) " (L) = (¢3) " (L). Then for appropriate paths Jy, J> of almost complex
structures there is a shift-isomorphism

U,: (CF(L:G;K),0;,¢) — (CF(L: H;K),dy,.1).
In the case that the Floer homology HF (f}, f/) isAnonzero this shifl-f’somorphism restricts for
all ¢ € mo(P(L, L)) to a shift-isomorphism CF.(L : G;K) — CF.(L : H; K).
Proof. — Define ¢,: M — M by
be = ¢ o (¢6) "
The hypothesis on H and G shows that
(14) (L) = L.

(12) In the setup of [14] there are certain possible bounding cochains for which this statement will not precisely be true
due to grading-related issues; it will become true if we reduce the grading of CF.(L : H, K) from Z/N.Z to 727
(as is possible, since in the setup of [14] L will be oriented and hence N, will be even). For ease of exposition we will
ignore this distinction, which does not affect the ideas of any of the proofs to come.
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Let F': [0,1] x M — R be the normalized Hamiltonian generating the path {1 }+¢[o,1). Since
¢, = ;" o ¢l we have
(15) G(t,m) = (H — F)(t,¢¥¢(m)).
Define
v: P(L,L) — P(L,L)
(Uy)(t) = b (v(1));

this is well-defined by (14). Denote the induced action on mo(%(L, L)) by ¥,. We define a
lift U P(L,L) — P(L, L) as follows. For each ¢ € P(L, L) we have chosen a basepoint
Y. € ¢; we now choose additionally a homotopy v.: [0,1]> — M from . to Uryg-1,. Now
for [y,v] € & C P(L, L) define

\Il(h/: U]) = [\Ij77 ’U‘I/*C#\Ijv]
(where for the homotopy v: [0,1]> — M from 7, to v we define (¥v)(s,t) = 1 (v(s, 1)),

and where # denotes the obvious gluing operation). Using (15), a computation very similar
to that in the proof of Proposition 5.3 shows that

G (T)y,v]) = Ga(ly,v]) + Gr([Pye, ve.).

Moreover we have

Uly, 0] € Crit(@i) © ¥1(v(1) = 65 (1(0)) & ¥(1) = $&(1(0)) & [y, v] € Crit(Hq).

Thus for any ¢ € mo(P(L,L)) and any A € R, where we denote A\, = Gp([¥., vy, ]),
¥ induces a linear map ¥,.: CFML : G; K) — CF\I)};":“ (L : H; K). Moreover, given a path
of almost complex structures J; (t), if we set Jo(t) = ths.J1 ()" then just as in the proof
of Proposition 5.3 we will have, for u: R x [0,1] — M,

5]2,H(\I/u) = \I/*éjl,gu

in obvious notation, as a consequence of which W, is an isomorphism of chain complexes.
Consideration of gradings then shows that W, is a shift-isomorphism just as in the proof of
Proposition 5.3.

It remains to establish the final sentence of the proposition. Assume then that H F’ (I:, ﬁ) £ 0.
Clearly the proposition will follow if we show that ¥,c¢ = ¢ for all ¢ € mo(#(L, L)). Now
in general HF (L, L) splits as a direct sum @®.HF,(L, L) where, for a generic Hamiltonian
H', HF.(L, L) is the homology of the subcomplex CF,(L : H'; K) generated by those [y, u]
withy € cand 4(¢) = Xg/(¢,v(t)) (and of course this homology is independent of H’). If we
choose H' to be C*-small, all such v will be contained within a Darboux-Weinstein neigh-
borhood of L and so will be homotopic rel endpoints to a path entirely contained in L (by
the deformation retraction that shrinks the fibers of the Darboux-Weinstein neighborhood).
Thus where ¢g € mo(P(L, L)) is the trivial class, all generators [y, v] for CF(L : H'; K) have
~ € ¢g. This shows that we have HFc(f/, f,) =0 forall ¢ # ¢g. So ifHF(IAJ7 ﬁ) 2 0 then ¢q is
distinguished as the unique class ¢ in mo(L, L) such that HF.(L, L) # 0. But on homology
the shift-isomorphism that we have constructed above sends HF, (L, L) to HFy_.,(L, L),
so we must have ¥,.co = ¢o.
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With this established one sees similarly to the proof of Proposition 5.3 that ¥,.c = ¢ for
all c. Indeed, since ¥, ¢y = ¢, one finds that if v € P(L, L) then both ¥y and «y can be joined
by homotopies (within #(L, L)) to the path given by

D Rl 0<t<1/2,
Par—1(7(1)) 1/2<t < 1

Thus (when HF (I:, I:) # 0) we have U,.c = ¢ for all c. With this established it is clear from the
construction that U, restricts as a shift-isomorphism CF.(L : G; K) — CF.(L : H; K). O

REMARK 6.3. — The requirement that HF(L, L) # 0 in the last statement of Proposi-
tion 6.2 is necessary. As is made clear in the proof, the last statement holds provided that,
where ¢;: M — M is a Hamiltonian isotopy from the identity to a Hamiltonian diffeomor-
phism ¢ such that ¢y (L) = L, and where we put (Uv)(t) = ¢(y(¢t)) forv € P(L,L),
the map ¥ acts as the identity on mo(P(L, L)). As we argued above, this condition does hold
when HF (L, L) # 0. However, if we consider for instance the case in which M = R2/Z2 with
its standard symplectic structure, and where L is a small contractible circle around (0, 0), it
is easy to construct a Hamiltonian isotopy ¥;: M — M which restricts to L as translation
by (¢,0) for each t € [0, 1]. In this case the associated map ¥: P(L, L) — P(L, L) obviously
does not act as the identity on .

Consequently, whenever L' € #(L) and L M L' we may define 3; (L'; K) to be the
boundary depth of the chain complex CF (L : H; K) for any Hamiltonian H: [0,1] x M — R
with the property that L' = (¢%,)~1(L). Propositions 6.1 and 6.2 readily imply that this
quantity is independent of the choice of such H (and of the almost complex structures
and abstract perturbations involved in the construction of the Floer complex). In case
L' = (¢k)~1(L) is not transverse to L, it is easy to see from the special case of Theorem 1.7
(1) involving Lagrangians transverse to L (to be proven presently) that we obtain a well-
defined value 8; (L'; K) as the limit of 8; ((¢3;, )~ (L); K) for any H,, with H,, — H in C*
and (¢3; )~'(L) M L.

Also, in the case that HF(L,L) # 0, if ¢ € mo(P(L,L)) and L' € £(L) we denote
by ﬂi,c(Ll?K) the boundary depth of the chain complex CF.(L : H; K) where
L' = (¢})Y(L) assuming that L’ M L; again this depends only on L and not on H
by Propositions 6.1 and 6.2 because of the assumption that HF (L, L) # 0. Of course we
have §; (L'; K) < B;(L’; K) when both are defined. If L' and L are not transverse we
again define 3; (L’; K) by continuity.

Proof of Theorem 1.7 (i) (|87 (L1; K) — B;(L2; K)| < 6(L1, L2))

As indicated above we must first prove this in the case that Ly M L and Ly M L in order
even to justify the definition of 3; (L’; K') when L’ and L are not transverse. After we do this
the general case of Theorem 1.7 (i) will clearly follow by continuity.

Choose a Hamiltonian G: [0,1] x M — R so that ¢;(L2) = L; and a Hamiltonian
H such that ¢L (L) = L. So where F(t,m) = H(t,m) + G(t, (¢%)"*(m)) we have
¢L(Ly) = L. Thus f; (Ly; K) is the boundary depth of CF(L : F;K), while 8; (L1; K)
is the boundary depth of CF(L : H; K). So by Propositions 3.8 and 6.1 we have

|81, (L1; K) — B (La; K)| < osc(H — F) = osc(G).
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So since G was an arbitrary Hamiltonian with ¢¢,(Lo) = L part (i) of Theorem 1.7 follows
(at least in the transverse case, and as noted earlier the general case then immediately follows
by continuity). O

Proof of Theorem 1.7 (ii) (on B3 (L; K)). — Constructions in [4, Section 5.6] in the mono-
tone case and from [13] in other cases provide a chain complex i?(ﬁ; K), with the following
properties:

- E?(ﬁ; K) is, in the language of Section 4, a quantum correction of the Morse complex
with coefficients in K and with grading reduced modulo N, of a suitable Morse
function on L, such that for any ¢ > 0 the gap of ‘(?(ﬁ, K) in every grading may be
arranged to be at least sup; o(M, L, J) —e.

— For any H such that (¢},)~'(L) M L, CF., (L : H;K) is osc(H)-quasiequivalent
to i?(ﬁ, K), and for ¢ # ¢y, C’Fc(ﬁ : H; K) is osc(H )-quasiequivalent to the zero chain
complex.

By taking a limit as H — 0 it follows from Theorem 1.7 (i) and Proposition 3.8 that
B; (L; K) may be computed as the boundary depth of €(L; K). By Proposition 4.3 this
quantity is zero if HF (L, L) = H,(L), and otherwise is at least sup ; o(M, L, J) — . Since
e 1s arbitrary (depending on the choice of an almost complex structure in the construction
of €(L; K), whereas 3 ; (L; K) is independent of this almost complex structure) we in fact
have 3 (L; K) > sup;0(M, L, J) if HF(L, L) is not isomorphic to H, (L). O

Proof of Theorem 1.7 (iii) (LN Ly = @ = (;(L1; K) = 0). — This is obvious, as the
trivial chain complex has boundary depth zero. O

Proof of Theorem 1.7 (iv) (Bx (T'y; K) = B(¢; K)). — This property follows from a
familiar comparison between Lagrangian and Hamiltonian Floer theory, as discussed
for instance in [5, Section 5.2] in the exact case and in [15, Section 6.2] in general. Since,
unlike these other references, we need to keep track of filtration levels and various other
issues, let us review the argument. Let A € M x M be the diagonal and endow M x M
with the symplectic structure Q = (—w) @ w, There is a map (which modulo issues relating
to differentiability of paths would be a homeomorphism; in particular it induces a bijection
on 7o)

T: 2M — P(A,A)

w0 ((-2) 2 (2)

In particular if for every component ¢ € mo(£M) we have chosen a (smooth) basepoint
~. We obtain basepoints T+, for the components of #(A,A). A symplectic trivialization
of each y!TM (such as we have used as input in our formulation of Hamiltonian Floer
theory) induces in the obvious way a symplectic trivialization of (Y, )*T' (M x M), such that
fori = 0,1, Ty, ;A is identified with the diagonal in R2™ x R2"; at least after composing

1-1
with the constant linear symplectomorphism (0 ) ) of R2" x R2™ this gives a symplectic

trivialization of (Y. )*T (M x M) suitable as an input for our formulation of Lagrangian
Floer theory.
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The map T evidently sends a homotopy w from -, to v to a homotopy Tw from Y+, to T~

given by
t t
Tw(s,t) = (w <s, 1— 5) , W (s, 5)) .

/ (Tw)*Q = ww
[0,1]2 [0,1]x St

T([y, wl) = [T, Yw]

gives a well-defined map PM — g)(A, A) of the covering spaces which are the domains of
our action functionals.
Now given a smooth function H: S! x M — R define G: [0,1] x M x M — R by

1 t t
G(t,mi,mg) = 3 (H (1 — §,m1> +H <§,m2>> .

We plainly have, where the action functional on the left is that from Section 5 and the one
on the right is from the present section,

G ([, w]) = o (T[y, w)).

Moreover critical points are easily seen to correspond under T if v: 81 — M has
A(t) = Xpu(t,v(t)) then (Y4)(t) = Xg(t, Ty(t)), and conversely if I' = (7y1,72):
[0,1] = M x M with T'(0),T'(1) € A obeys I'(t) = X¢(t,T'(t)) then

T () = Y2(2t)  0<t<1/2
S me-2s)1/2<t<1

Clearly

and so the assignment

will obey 4 (T~I'(t)) = Xy (¢, Y~'T'(¢)) (in particular Y~'T will be smooth everywhere).

Consequently, at least at the level of modules, T induces an isomorphism between the
filtered Hamiltonian Floer groups CF*(H; K) and the filtered Lagrangian Floer groups
CF’\(A : G;K). At least in the case where M (and hence A) is monotone and where
K =7/2itis a standard fact that this is an isomorphism of chain complexes: if one uses the
S family of almost complex structures J; on M to define the differential on CF(H; K), one
should use the family (—J;_/2) ®J;/2 on M x M to define the differential on CF(A: G;K),
and then Floer trajectoriesu: Rx S! — M on the Hamiltonian side will correspond to Floer
trajectories Tu(s,t) = (u (£,1— %), u (%, %)) on the Lagrangian side (and conversely—in
particular if v: R x [0,1] — M is a Floer trajectory on the Lagrangian side then one can
appeal to elliptic regularity to show that Y ~1v is smooth). Moreover regularity of trajectories
is preserved under this correspondence; indeed one can use T (and again appeal to elliptic
regularity) to set up isomorphisms between the kernels of the respective linearizations and
also between their cokernels. Thus in the monotone case we have an isomorphism of filtered
complexes between CF(H;7/2) and CF(A : G;7/2); hence the boundary depths of these
complexes are the same.

Of course in the nonmonotone case (or indeed even in the monotone case if one wants
to work in characteristic other than two) one needs to say somewhat more, since one needs
to choose relative spin structures and bounding cochains in order to even define the chain
complex CF(A : G; K). In [15, p. 32] the authors describe a relative spin structure on A
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with the property that 0 is a bounding cochain for A. Accordingly we use this relative spin
structure and the zero bounding cochain. Since we are using the zero bounding cochain, there
are no deformations involved in the Lagrangian Floer differential and so just as in the previ-
ous paragraph T sets up a correspondence between the moduli spaces of Hamiltonian and
Lagrangian Floer trajectories, and also between the kernels and cokernels of the lineariza-
tions at these trajectories. Consequently abstract perturbations as in [17], [14] can be con-
structed on either side so that the perturbed, transversely-cut-out moduli spaces will be in
one-to-one correspondence. To conclude that the Floer boundary operators coincide one
then must check that the orientations (of the Kuranishi structures on the unperturbed moduli
spaces, as in [14, Appendix A]) coincide.

This latter fact follows quickly from the general method of constructing coherent orien-
tations in Hamiltonian [17, Section 21] and Lagrangian ([23, Section 2.5],[14, Section 8.1])
Floer theory, together with the discussion on [15, p. 33]. We quickly sketch the argument.
With respect to the natural correspondence (similar to the one given by 1) between spheres
u: §? — M and discs u: (D?,0D?) — (M x M, A), [15] shows that the canonical ori-
entation of the determinant bundle of a Cauchy-Riemann operator on w*T'M coincides
with the orientation induced by the special relative spin structure that we are using on
the determinant bundle of the corresponding Cauchy-Riemann operator with Lagrangian
boundary conditions on (a*T' (M x M), (u|gp2)*TA). Now the determinant bundles of the
appropriate linearizations at elements of Hamiltonian Floer moduli spaces are oriented as
follows. First orient in arbitrary fashion the determinant bundles of appropriate “left-cap”
operators P~ (v) associated to each 1-periodic orbit v (the domains of these operators
are the sections of a bundle over D? Uy ([0,00) x S1)). This induces orientations of the
determinant bundles first of the similar right-cap operators P*(v) and then of the deter-
minant bundles of the linearizations at elements of the Floer moduli space, by imposing
compatibility under gluing with the canonical orientations of the determinant bundles of
Cauchy-Riemman operators on bundles over S2. Similarly, in Lagrangian Floer theory for
Hamiltonian-isotopic Lagrangians, one first orients arbitrarily the determinant bundles of
left-cap operators P~ (¥) whose domains are sections of bundles with Lagrangian boundary
conditions over the union of a half-disc with an infinite strip, and then uses compatibility
under gluing with the orientations of determinant bundles of Cauchy-Riemann operators
over the disc that are imposed by the relative spin structure in order to orient first right-cap
operators and then the determinant bundles of linearizations of elements of the Lagrangian
Floer moduli spaces (this is explicitly explained in [23]; it is not difficult to see that the orien-
tation prescription in [14, Section 8.1.3], which addresses the more general situation where
the Lagrangians might not be Hamiltonian-isotopic, reduces to the prescription of [23] in
this special case). Now in our case the correspondence Y allows us to push forward the ori-
entations for the Hamiltonian left-cap operators P~ () to orientations for the Lagrangian
left-cap operators P~ (Y+). Since, as shown on [14, p. 33], the choice of relative spin struc-
ture ensures that the orientations for spheres in M coincides with the orientations for discs
in M x M, the orientations that are imposed on the determinants of the linearizations at
elements of the Floer moduli spaces will then coincide under T.

This leads to an isomorphism of oriented Kuranishi structures between the moduli spaces
on the Lagrangian and Hamiltonian sides. Consequently CF(H; K) is isomorphic as a
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filtered chain complex to CF(A : G;K); in particular these complexes have the same
boundary depths.

Given an arbitrary nondegenerate ¢ € Ham(M,w) choose H in the above discussion so
that ¢ = (¢1;) 1. We see that

oty = (o470 ) x f
and in particular

06 = (b5 ©9) X by -
So

(65)HA) = {(p,q) € Mx M|} 0¢(p) = ¢ ()} = {(p,q) € M x M|(p) = q} = T.

So B4 (Ty; K) is the boundary depth of C’F(A : G; K). So since (using Theorem 1.4 (ii))
B(¢; K) is the boundary depth of CF(H; K) this proves the result for nondegenerate ¢, and
then the case where ¢ is degenerate follows by continuity. O

We then quickly obtain one of our main applications:

Proof of Theorem 1.2. — Since the map ¢ — I'y can only decrease the Hofer distance,
the second inequality in Theorem 1.2 follows trivially from the corresponding inequality in
Theorem 1.1. As for the first inequality, by the invariance properties of Hofer’s metric and
by the fact that (137 X ®(u))T'g(s) = L'p(utv)» We can reduce to the case where w = 0; thus it
suffices to show that 6(A, T'g(y)) > ||v]|¢., . Also note that 54 (A; K') = 0 by Theorem 1.7 (i),
since H F(A, A) is isomorphic to the singular homology of A (for the general, nonmonotone
case see [14, Theorem D]). Hence by Theorem 1.7 (i) and (iv) we have

(A, Tawy) = BaTaw); K) = B(2(v); K).

But it was shown in the proof of Theorem 1.1 that §(®(v); K) > ||v]|s.,, completing the
proof. O

Proof of Theorem 1.8. — Just as with Theorem 1.4 (v), this statement about boundary
depths of products follows (assuming the Kiinneth property) directly from Theorem 8.5 (of
course, unlike in the Hamiltonian case, it is not automatically true that the Floer homologies
of the factors are both nontrivial, which is why this additional assumption is necessary). [

The calculation in Section 2 is made relevant by the following:

PROPOSITION 6.4. — Where S* = R/Z, let M be either S* xR or S* x St, with its standard
symplectic structure. For a Morse function f: S' — R define Ly = {(z, f'(z))|z € S'} c M
(where of course the second component is taken modulo 1 in case M = S* x S'). Then, where
Ly is endowed with the unique relative spin structure compatible with its standard orientation
and with the zero bounding cochain,

/6f107cO(Lf;K) = ﬂMorse(f;K)'
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Proof. — Define H: M — R by H(z,y) = —f(z). Then for all s > 0 we have
Lgs = (¢15) 1 (Lo). Now it follows from [11, Theorem 2] that, there is s > 0 such that for
all positive s < sqg and for appropriately-chosen almost complex structures in the definition
of the Floer complex, all connecting trajectories arising in CF(Lg : sH; K) will degenerate
to Morse trajectories, in view of which CF(I:O : sH; K) (which in this range of s coincides
with CF., (Lo : sH; K)) will be isomorphic as a filtered chain complex to CM (—sf; K).
(Of course it follows in particular that HF (Lo, Lo) # 0,0 3 0.0, (3 K) is well-defined as a
function on £(Ly).) Consequently we will have

,6’]307CO(L8f;K) = Buorse(—sf; K) for 0 < s < sq.

Now~for all s >0 the critical points of the action functional @,y are those

[v,v] € P(Lo, Lo) where v: [0,1] — M has the form

(t) = (zo, —stf'(z0)).

Since we require v(0),v(1) € Lo, in the case that M = S! x R this clearly requires that
f'(z¢) = 0. In the case that M = S x S, once s is large enough there will be some
additional critical points corresponding to nonzero values of f/(zg); however for these extra
critical points v will represent a nontrivial class in 71 (M, Ly), and it remains true that, for
all s, the only critical points in the “topologically trivial sector” ¢y will have the form [y, v]
where v(t) = (29, 0) and f’'(z¢) = 0.

Thus in either case CF, (ﬁo; sH; K) is, for all s, generated by just those orbits arising
from critical points of f. Moreover since w2 (M, Ly) = 0 the “period group” T, is trivial
(so the Novikov ring A%:T«o over which CF, (ﬁo; sH; K) is defined just degenerates to K),
and the action of a generator of CF,, (ﬁo; sH; K) corresponding to a critical point xq is just
sH(zo,0) = —sf(xo). So by (an easy special case of) Proposition 7.4 we will have

ﬂﬁg,cg(LSﬁK) € {sf(zo) — sf(z1)|zo, z1 € Crit(f)}.
Of course, Buorse (—sf; K) belongs to the same set. Thus

1 1
s gﬁf/o,co(Lsf;K) and s — gﬁMorse(—sf;K)

are both continuous functions from (0, 1] to the finite set { f(zo) — f(z1)|zo0, z1 € Crit(f)},
and by the first paragraph they coincide for s < sg, so they must in fact coincide for alls. O

REMARK 6.5. — Clearly the same argument allows one, on a general cotangent bundle
T* M of a closed manifold M, to relate the boundary depth of a graph of an exact 1-form df
to the Morse-theoretic boundary depth of f: M — R. In this way one can obtain a proof
of infinite diameter for the Hofer metric on Lagrangian submanifolds isotopic to the zero
section 0,7, though this latter result can be proven using older methods of Oh and Milinkovi¢
[40]. Combining this with Theorem 1.7 (v) yields (conditional on a Kiinneth formula) infinite
diameter for 0p; x L C T*M x N for any Lagrangian submanifold L C N with nonvanishing
Floer homology.

COROLLARY 6.6. — Suppose f: S* — R is a smooth function such that, for some integer
m > 1, we have f(z + 1/m) = f(z) for all z € S*. Then where Ly = {(z, f'(z))|z € S'} C
(S x Ror S x S1) we have

ﬂéo,co(LﬁK) = oscf.
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Proof. — By the continuity properties of (3 it suffices to prove the result when f is
Morse. Of course HF(io, ﬁo) = H,.(Lg), so by Theorem 1.7 (i) and (ii) and the fact that
Bi, (s K) = B, ., (5 K) we must have 85 (Ly; K) < oscf. So by Proposition 6.4 the
corollary will follow provided that Byiorse (f; K) > oscf. But this is clear from Theorem 2.1
given our periodicity assumption on f: if in (1) we take ¢, to lie in [0,1/m] and be,
respectively, a global maximum and a global minimum, and if we then set t3 = t; + 1/m
and t4 = t3 + 1/m, then (¢1,t2,t3,t4) Will be in cyclic order with min{f(¢1), f(¢3)} —
max{ f(tz), f(ts)} = oscf. O

Proof of Theorem 1.3. — The time-one map of the Hamiltonian Hy: T2 x M — R
defined by
H((az,y),p) = f(CL')
sends Ly x L to Ly, 4 x L; in view of this and the invariance properties of § it suffices to prove
the theorem in case f = 0; thus we are to show that

oscg — C < §(Lg x L, Ly x L) < oscg.

The second inequality is obvious from the first sentence of this proof (replacing f by g;
of course if M is noncompact one has to cut off the Hamiltonian outside a neighborhood
of T? x L, but this will not increase the Hofer norm).

Since m2(T?,Ly) = 0 and L C M is assumed monotone with minimal Maslov number
at least 2 the Kiinneth property holds for Ly and L, at least if one restricts to the Floer
complexes corresponding to the component ¢g of constant paths in each of the manifolds. In
particular HF(LO/x\L, LO/X\L) # 0 since we assume that HF(L, L) # 0, so the boundary
depth 87— (; K) is well-defined as a function on £(Lo x L). Let C' = 81—+ (Lo X L; K).
Thus C = 0 in the case that HF'(L, L) is isomorphic to the singular homology of L by
Theorem 1.7 (ii) together with the Kiinneth property. Further Theorems 1.7 (i) and 1.8 (or
rather, a version of Theorem 1.8 for the restricted boundary depth G , which follows
equally easily from Theorem 8.5) show that

0(LoxL,LgxL)>p LyxLiK)-C > p

LQXL,CO

£oxi e (Lo X Li K)—=C > B (Lg; K)—C.
But the assumption that g € C,?l°70(5’1) implies, by Corollary 6.6, that 3; (Lg; K) = oscg.

O

7. Coefficient extension and attainment of the supremum

We now turn to some purely algebraic results needed to complete some of the proofs
from the previous two sections. In our conventions, the vector spaces underlying the Floer
complexes that are denoted by C'F have the following structure, with the function ¢ defined
by

£ (Z Ay, w] [’y,w]) = max{ @y ([v,w]) : ajy,w] # 0}

DEFINITION 7.1. — Let K be a field and let A = AKT be a Novikov field over K (where
I' < R is an additive subgroup). A finite-dimensional filtered A-vector space (C,¢) is a
A-vector space C together with a function

l: C > RU{-o0}
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with the following property. There is a finite basis {1, . . ., Z,, } for C such that £(z;) > —o0
for each i and for all A{, ..., \,, € A we have

(16) ¢ (Z A:c) = max(¢(z;) - v(A:)).

i=1

Such a basis {x1, ...,z } is called an orthogonal basis for C.

In the case of the Hamiltonian Floer complexes CF,(H; K) as defined in Section 5, an
orthogonal basis is given by the set {[y!,wl],..., [y™,w™]} where the +* are the distinct
elements of @), i and the w® are arbitrarily-chosen homotopies from the basepoint 7, to .
Of course, a similar description applies to the Lagrangian Floer complexes.

DEerINITION 7.2. — A finite-dimensional filtered A-vector space is called standard if it
admits an orthonormal basis, i.e., an orthogonal basis {z1, ..., 2, } such that £(z;) = 0 for
all 4.

In other words, (C,¥) is standard if and only if there is a vector space isomorphism
®: C — A™ such that {(c) = —v(®c) for all ¢; the image under ® of any orthonormal basis
for C will then be an orthonormal basis for A™ in the sense defined in Section 4. Of course,
not every finite-dimensional filtered A-vector space is standard, since in the standard case the
image of the map £ is ' U {—o0}, which need not be the case in general. On the other hand, if
there is an orthogonal basis {z1, ...,z } for C such that the real numbers ¢(z1), ..., (z.m,)
all belong to the group T, then (C, ¢) is standard, since then {T*=) g, , ... T =)z, }isan
orthonormal basis.

This shows that any finite-dimensional filtered A%°I'-vector space can be made standard
after extending coefficients by tensoring with a larger Novikov field. Namely, if T’ is any
subgroup of R containing both ' and the various £(z;), then C' ®,x.r AXT acquires in
an obvious way the structure of a finite-dimensional filtered A% -vector space (define the
function ¢ by the same formula as in (16), with the \; now allowed to vary in AT rather
than just AT), which is standard by the preceding paragraph.

PROPOSITION 7.3. — Let (Co, £y) and (C1,£1) be finite-dimensional filtered AT -vector
spaces, let A: Cy — Cy be a A¥-T-linear map, and let z € (Im A) \ {0}. If T < T, consider
the coefficient extension A® 1: Co @px.r AT — C1 @ e AT, Then

inf{£o(y)|y € Co, Ay = z} = inf{lo(y)|y € Co @pxr AT, (A® 1)y = x}.

In fact, for any y € Co @ pxr AT such that 0 # (A® 1)y € C4, there is yo € Cy such that
Ayo = (A® D)y and £y(yo) < Lo(y).

Proof. — Since, via the inclusion Cy < Cy ®xx.r AT the set on the left hand side
is contained in that on the right, the inequality “>" is trivial. The last sentence of the
proposition would clearly imply the reverse inequality, so it remains only to prove the last
sentence.

Fori = 0,1let z¢,...,2% be orthogonal bases for C;. Also define

Y Tmy

2= > a7 e A (ag £0) = g ¢ T
ger’
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. .. ’ .
Thus = is an additive subgroup of AXI" and moreover is a vector space over A% (as we
9
—_ [ . / — .
have AKT . = = E), with AKT = AKT @ = as Ak r-vector spaces. For i = 0,1 let

m;i
D; = {Zgjz;i ¢ € E} < C; @z AT
j=0
We thus have

Ci @axr AT = C; @ D;.
Now since the map A is A% T-linear, we see that

(A®1)(Co) <C1 and (A®1)(Dg) < Ds.

So suppose 0 # z € Cyandy € C @px.r AKT with (A ® 1)y = z. We can then write
y = yo + 4y withyy € Cp and 4y’ € Dgy. But then since z € C; we must have Ayg = =
and (A ® 1)y’ = 0. Moreover one easily sees that £y(y) = max{ly(y0), % (y')}, and so
Lo(yo) < £o(y), as desired. O

PROPOSITION 7.4. — Let (Co, bo) and (Cy, £y) be two finite-dimensional filtered A%-T -vec-
tor spacesandlet A: Cy — Cy be anot-identically-zero AT -linear map. Then thereisyy € Cy
such that Ayy # 0 and

o(yo) — £1(Ayo) = inf{lo(y) — £1(Ayo)ly € Co, Ay = Ayo}

= sup  inf{lo(y) — l1(x)|y € Co, Ay = z}.
z€(Im A)\{0}

Proof. — Step 1: We prove the proposition in the special case that (Cy, %) and (C1,471)
are both standard. In this case we may as well assume that, writing A = A%T, we have
(Co,go) = (Am, —17) and (Cl,fl) = (An, —l_/).

In this case, let r be the rank of A, and use Lemma 4.4 to find an orthonormal basis
{y1,...,ym} for A™ such that {y,y1,...,ym} is an orthonormal basis for ker A (namely,
first choose {y,+1,...,¥m as an orthonormal basis for ker A, and then extend it to an
orthonormal basis for all of A™). Also, let {z1,...,z,} be an orthonormal basis for Im A.
Thus for some invertible r x r matrix P over A we have Ay; = > i, Pjx; forj=1,...,r,
and Ay; = 0 for j > r. Now define B: Im A — Cj by

i=1
Thus
ABz;=2;(1<j<r), BAy,=y;(1<j<r), and BAy;=0(j >r).

So for any x € Im A, the elements y such that Ay = =z are precisely those of form
y = Bz + 3y’ where ¢y € ker A. Since Bx € span{yi,..., ¥y}, the orthonormality of our
basis for A™ shows that #(y) < v(Bz), i.e., that £y(y) > £o(Bz). Consequently we have, for
any z € (Im A) \ {0},

bo(Bz) — £1(z) = inf{lo(y) — bo(z)| Ay = z}.
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Now if z = Y77_, A\jx; is any nonzero element of Im A we have, using the general facts
that v(Ap) = v(A) + v(p) and v(A + p) > min{v(X), v(p)} for A\, u € A,

lo(Bz) — by (z) =1 <Z ij]) — 7 (BZ Akxk> = min v(\j) — 7 <Z(P_1)ik)\kyi>
J k ik
= minv();) — min (1/ (Z((P_l)ik)Ak)>

J i B
< min v(Aj) — min v((P™)ikAe) = min v(A;) — Iﬂikn(l’((P_l)ik +v(Ak)))

< minv(;) - min#((P~)ax) — minv(A) = — minv((P~)ar).
J 7, 1,

Thus, if we choose ig, ko such that v((P~1);,x,) = min; x v((P~1)), we have

(17) sup  Lo(Bz) — 1(z) < —v((P™igko)-
z€(Im A)\{0}

On the other hand, if we let = z,, we have Bx = )
v(Bz) = min; v(P™ 1), = v((P71)iyk,)- Thus

to(Bx) - t1(2) = #(x) — 9(Bx) = —v((Pigr,) (ifz = a1,).

(P~ )ixoy: and so #(z) = 0 while

?

Thus setting yo = Bxy,, so that zp, = Ayo, we have that
o(yo) — €1(Ayo) =  sup  inf{lo(y) — lo(z)|Ay = z},
z€(Im A)\{0}

proving the proposition in the case that the (C;, ¢;) are standard and thus completing Step 1.

Step 2: We deduce the general case from the proof of Step 1. As noted just before Proposi-
tion 7.3, for a suitable group I < T, where A’ = AK-T" it will hold that the filtered A’-vector
spaces C) = Cp ®x A’ and C] = C; ®, A’ are both standard.

Step 1 and its proof provide a A’-linear map B: Im(A®1) — C{ with the properties that:

— ABx = g for all z;

— For all nonzero x, we have

(18) Lo(Bz) — £y(x) = inf{lo(y) — £1(x)|y € Cp, (A® 1)y = «}; and
— There is a nonzero zy € Im(A ® 1) such that
(19) fo(Bﬂjo) — 61 (IL‘()) = sup fo(B{L‘) — 81 (:L')
0#z€Im(A®1)
Now we can write
N
zo=» Tz,
i=1

where N € N U {oo}, each g; belongs to a distinct coset of " in I, and each z9; € Im A
(write zg as a A’-linear combination of elements from a A-basis for Im A, and then group
terms according to the cosets of their exponents). Using that the g; all belong to different
cosets, we have

b1(z0) = max £ (T wo,;) = max(f1(2o,:) — g:)-

4¢ SERIE - TOME 46 — 2013 - N° 1



HOFER’S METRICS AND BOUNDARY DEPTH 111

Meanwhile, in principle it may not hold that Bz ; € Cp, but it still follows from obvious
properties of £, that

go(B.’Eo) S maxKO(Tgino’i) = max(fo(on,i) — gz)

Now choose a value of 4, say 49, for which (¢y(Bxg,;) — ¢;) is maximized (in particular this
implies Bzg ;, # 0, since £5(0) = —oo). We then have

bo(Bzo) — fi(20) < (fo(Boio) = gio) — max (£1(2o,i) — 9:)

< (bo(Bzo,io) = 9io) — (41(Z0,i0) — 9io) = Lo(BZo,iy) — €1(%0,i0)-

But then by (19) we must have equality throughout the above string of inequalities. In
particular the nonzero element z ;, of C1 NIm(A ® 1) < Cf has
(20) go(BQZoin) — Kl (58077;0) = lnf{fo(y) — 61 (x07i0)|y € C(/], (A ® 1)y = 17077;0}
and

go(B.’]Zg’iO) — él(ﬂlo’io) = sup KO(B.’L') - Kl(a:)
0#£z€Im(AR®1)

While Bz ;, might not belong to Cy, Proposition 7.3 finds yo € Cp such that Ay, = x¢;,
and o (yo) < £o(Bxo,i,) (and so o (yo) = £o(Bxo,i,) by (20)). This element yj is easily seen
to satisfy the requirements of the theorem: using Proposition 7.3 we have

Lo(yo) — £1(Ayo) = inf{lo(y) — £1(Ayo)ly € Co, Ay = Ayo}
= inf{£o(y) — £1(Ayo)ly € Cy, (A® 1)y = Ayo},

and
lo(yo) — l1(Ayo) =  sup  Lo(Bz) — £1(x)

0#z€Im(A®1)

= sup  inf{ly(y) — li(z)ly € Cp, (A® 1)y =z}
0#£z€Im(A®1)

> sup  inf{lo(y) — fi(@)ly € Ch, (A® 1)y = o}
0#z€Im A

= sup 1nf{€0(y) - Z1(‘7“‘)|y € CO> Ay = l‘},
0#z€Im A

so since 4o (yo) — £1(Ayg) belongs to the set over which the supremum is taken in the second-
to-last expression we must have equality throughout. O

REMARK 7.5. — Step 2 of the proof of Proposition 7.4 shows that, if A = AT and
AN = AET whereT < IV, and if A: Cy — C is a nonzero A-linear map between two
finite-dimensional filtered A-vector spaces, then writing C] = C; ® A’ we have

sup  inf{lo(y) — l1(x)|y € Co, Ay = x}
z€Im A\{0}

= sup inf{ly(y) — l1(z)|y € C§, (A® 1)y = z}.
z€Ilm(A®1)\{0}

This leads to the conclusion that the boundary depth is unaffected when we extend coeffi-
cients by passing to a larger Novikov field.

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



112 M. USHER

8. Tensor products

Let (C,£4¢) and (D, ¢p) be two finite-dimensional filtered A-vector spaces, with orthog-
onal bases {1, ..., %} for C and {yi,...,y,} for D. These data then induce the structure
of a finite-dimensional filtered A-vector space (C ® D, £%) on the tensor product, via the
formula

2 2 (Z AijTi ® yj) = max (lo (i) + Lo () — v(Xij)) -

(2%

This construction is canonical in the following sense:

LEMMA 8.1. — The definition of the function £2: C @y D — R U {—oo} from (21) is
independent of the choice of orthogonal bases for C and D: namely, if {w1, ..., wn} C C and

{z1,...,2n} C D are any other choices of orthogonal bases it continues to hold that
(22) a (Z Jhijwi @ Zj) = max (bc(wi) + €p(z;) — v(pis)) -
1,3 ’

Proof. — By symmetry it is enough to just consider the effect of changing the orthogonal
basis for C; thus we are to prove that £% (37, ; pijw; ® y;) = max, ; (Lo (wi) + £p(y;) — v(piz))
if {wy,...,wy,} is a different orthogonal basis for C'.

We first extend coefficients: choose IV < R to be a subgroup containing both I" and
each of the £(z;) (hence also each of the £(w;)), and write A’ = A" Continue to denote
by £c,£p,£® the obvious extensions of these functions to, respectively, C! = C ®, A/,
D" = D ®p A, and C" ®,/ D’ (i.e.,, we just allow the A; or \;; in the defining formulas
to vary in A’ rather than A).

With these extended coefficients,
{TZC(wl)wl, e, Tec(w’")wm} and {Tec(ml)xl, e ,Tec(wm)xm}

are orthonormal bases for C’. Denote by N € GL,,(A’) the basis change matrix for these
orthonormal bases, i.e., the matrix such that

ch(wz)wl — ZNlefc(zk)mk_
k

It follows easily from Lemma 4.4 that N has the form N = Ny + N, where Ny € GL,,(K)
and all entries of N, belong to A/, = {\ € A’|v(\) > 0}. From this it follows that

(23) for any ay,...,am € A/, mkinu (; Nkzal> = mkin v(ag).
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We then have, for any u;; € A,

() (S rrnn) o)
,J 2]

k

K3

s

= max (p(y;) + Lo(wy) — v(pks)) ,

as desired, where the penultimate equality uses (23). O
This has the following useful immediate consequence:

COROLLARY 8.2. — Let {w1,...,wn} and {z1,...,2,} be any orthogonal bases for the
Sfinite-dimensional filtered A-vector spaces (C,Lc) and (D,£p). Then {w; ® z;|1 < i < m,
1 < j < n}is an orthogonal basis for (C ®a D, £%), and (® (w; @ zj) = bc(w;) + €p(z;). In
particular, if the bases {w;} and {z;} are orthonormal then so is the basis {w; ® z;}.

Proof. — Indeed, this follows directly from the formula (22). O

DEFINITION 8.3. — If (C, ¢) is a finite-dimensional filtered A-vector spaceand Uy, ..., U,
are subspaces of C, we say that Uy, ..., U, are mutually orthogonal (or that Uy is orthogonal
to Us,...,U,) if whenever u; € U; for 1 < i < r we have

.
l E u; | = max u;.
vt 1<i<lr

1=

REMARK 8.4. — If there is an orthogonal basis B = {u;} for C such that the various
subspaces U; are spanned by disjoint subsets of %, then the U; are mutually orthogonal. In
the case that C is standard it follows straightforwardly from Lemma 4.4 that the converse
holds; however I do not know if the converse still always holds when C is not standard.

In general, if (E, /) is a finite-dimensional filtered A-vector space we obtain a filtration
on E by setting

E* = {e€ E|l(e) < \}.
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If E admits a A-linear map §: E — E such that 8> = 0 and (E*) < E*, this gives E the
structure of an R-filtered complex over K in the sense of Definition 3.1 (with, for simplicity,
the grading being given by a 1-element set). We thus have the boundary depth

b(E,d) = inf{8 > 0|(VA € R)(E* N Imd) C d(E F)}.
It is easy to check that

o4 b(E, 5) = { SUPcim o\ o) IMF{A(Y) — €(z)|Oy = 2} i 0 70,
0 if 0 =0.

So now suppose we are given two finite-dimensional filtered A-vector spaces (C, ¢¢) and
(D, £p) which are chain complexes, with A-linear operators d¢: C — C and p: D — D
such that 8% = 0% = 0 and 0¢(C*) < C* and 9p(D*) < D .

Our aim is to compare the boundary depth of the tensor product complex C' ® D to the
boundary depths of C' and D. For simplicity we will make the minimal assumptions on C
and D necessary to get a natural chain complex structure on C ®  D; namely we assume
that either:

(i) The characteristic of the field K underlying the Novikov field A% is 2; or
(i) C hasa Zy grading, i.e., we have C = Cy@®C; where Cy and C are orthogonal A-linear
subspaces, and ¢ (C1) < Cy and 9¢(Cy) < Cf.

Define a A-linear map (—1)!'l: C — C by setting it equal to the identity in Case (i) above,
and in Case (ii), setting (—1)!"!|¢, equal to 1 and (—1)!"!|¢, equal to —1. Given that C and
C; are orthogonal, it is clear that £ ((—1)!"lc) = £c(c) for any c € C.
If we define
8%: CenD —-CQxD
by
9% =0c®1p+ (~1)!'® dp,
then one has 0% 09® =0 in either of the above two cases, and moreover
0%((C ®p D)) < (C ®5 D)* where the filtration on C' ®, D is that induced by £®,
so we may consider the boundary depth b(C ®, D, 9%).

THEOREM 8.5. — Under the above circumstances:
(@) b(C ®A D,0%) > min{b(C,d¢),b(D,dp)}.
(b) If the homology H (D, 8p) is nonzero, then b(C @5 D, 0%) > b(C,0¢), and if H(C, 0¢)
is nonzero, then b(C @5 D,0%®) > b(D, dp).

Proof. — By enlarging the Novikov field A, we may arrange that C and D (and hence
C ®a D) admit orthonormal bases and so are standard; by Remark 7.5 this will not affect
the boundary depths. So assume that C' and D are standard. (In the Z,-graded case this also
implies that Cp and C; are each standard, as they admit orthonormal bases by Lemma 4.4.)

Also, the theorem is straightforward in the case that one or the other of the differentials
Oc¢ and Op is identically zero, so we assume that both of them are nonzero.

Now using Lemma 4.4 we may choose an orthonormal basis {z1, .. ., z,} for Im d¢; then
extend this to an orthonormal basis {z1, ..., %y, Tr41,. .., Zs} for ker O¢; and finally extend
this to an orthonormal basis {z1, ...,z } for all of C. In the Z,-graded case, since Cy and
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(1 are assumed orthogonal, this may be done (and we assume it is done) in such a way that

each z; belongs either to Cy or to C;. Likewise, choose an orthonormal basis {z1,...,2,}
for Im Op; extend this to an orthonormal basis {z1, ..., 2.} for ker Op and subsequently to
an orthonormal basis {z1, ..., z, } for all of D. Write

BC =span,{z1,...,z,} BP =span,{z1,...,2},

HC = spanp{z,41,...,2,} HP = spany{zp+1,---,24},

FC =spanp{Tei1,...,Tm} FP =spany{zg11,-- -, Zn}-

In the Z,-graded case, since the x; are all chosen to belong either to Cy or to C4, the spaces
BC, H®, and F© are all preserved by the operator (—1)I'l: C — C.

Thus C = B¢ @ H® @ F©; the subspaces B¢, H®, F© are mutually orthogonal; and 8¢
maps F bijectively to B¢ with kernel B¢ @ HC. Also, if z € B® then the unique element
y of FC with the property that dcy = z obeys

Lo(y) — Lo(x) = inf{lc(y') — Le(z)|0cy’ = o},
for if dcy’ = z theny’ —y € BC @ H® and so by the orthogonality of B¢, H®, and
F¢ we have £o(y') = max{¢c(y),2c(y’ — y)} > Lo(y). Of course, similar remarks apply
to BP,HP and FP.

By Corollary 8.2, the set {z; ® 2z;]1 < i < m,1 < j < n} forms an orthonormal basis
for C' ®a D. Consequently we have an orthogonal decomposition (where all tensor products
are over A)

C®D = ((kerdc) ® (kerdp)) ® (FC ® BP)
@ (FC @ HP)® (B @ FP) & (HC @ FP) ¢ (FC @ FP).
Furthermore, it is easy to see that
ker 9® < ((kerd¢) ® (kerdp)) ® (FC ® BP) @ (B¢ ® FP).
In particular,
(25) the subspaces ker 8%, FC @ FP, F€ @ HP | and H® ® FP are mutually orthogonal.

Since we assume that d¢ and dp are both nonzero, Proposition 7.4 and (24) show that
there are nonzero z € B, z € BP such that

b(C,0¢) = inf{lc(w) — Lo(x)|0cw = x} and b(D, dp) = inf{lp(y) — €p(2)|0py = z}.

Moreover, as noted earlier, if we choose w € F¢ to be the unique element of F¢ with
dcw = x, then by the orthogonality of F© and ker d¢, w has the infimal filtration level of
all primitives of z, and so

Ec('w) - ec(ac’w) = ﬁ(C, 8)
Similarly, if y € F'P is chosen as the unique primitive of z which belongs to F'P, then
{p(y) — {p(dpy) = B(D, 9).

Noww ®y € F€ ® FP and F€ ® FP is orthogonal to ker 8%, so if a € ker % then
PB(wy+a)>®w®y). Thus,

inf{¢®(8)|0%8 = 8% (w ® y)} = £¥(w @ y) = Lc(w) + Lp(y)
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where the last equality follows from expanding out w and y in terms of the orthonormal bases
{x;} and {y;} and using Corollary 8.2. Also, using that B¢ ® F'? is orthogonal to F¢ ® B,
we have
0% (wey) =@y + () we2)
— max{¢®(z @ y), £°((-1)Mw @ 2)}
= max{lc(z) + £o(y), te((-1)1w) + £p(2)}
= max{{c(z) + £p(y), lc(w) + £p(2)}.

(In particular 9% (w ® y) # 0 since w, x, y, z are all nonzero.)
Thus

inf{£% () — £2(0%(w ® y))[0¥8 = 9°(w ® y)} = (P (w ® y) — £2(0%(w ® y))
= lo(w) + £p(y) — max{lc(z) + {p(y), lc(w) + €p(2)}
= min{lc(w) — lc(x),{p(y) — {p(2)}
= min{b(C, d¢),b(D,p)}.
In view of (24) this proves part (a) of the theorem.

Now assume that H(D,dp) # 0, which is equivalent to the subspace H” < D being
nonzero. Choose a nonzero element z of HP, and let w € F, z € BC be as above, so
that ow = z and b(C,0¢c) = Lo(w) — Lo(z). Then 8% (w ® 2z) = z & z; further since
w®z € F¢ @ HP and F¢ ® HP is orthogonal to ker ® we have

2 (w® z) = inf{{®(B)|0%°B = = ® z}.
Hence
inf{(®(B) — P2z ®2)|0%°B=2® 2} =P (w®2) - 2(r® 2)
= (lc(w) + £p(2)) — (bc(z) + Lp(2)) = b(C, dc),
which proves the first statement of part (b) of the theorem.

The second statement of part (b) is of course proven in essentially the same way, taking

appropriate account of signs: if C' has nontrivial homology, so that H® # 0, choose a

nonzero element z € HC, and as before choose y € FP, 2z € BP so that 9py = z and
¢p(y) — £p(z) = b(D,0p). Thenz ® y € H® ® FP, which is orthogonal to ker 9%, and

(®0%(x®y) =L8((-)z ® 2) = to(-1)z) + £p(2) = Lo(z) + p(2),
so we get as before that
b(C ®p D,0%) > 1%z ®@y) — 12(0%(z ® y)) = Lp(y) — {p(2) = b(D, dp).

9. Finite diameter for S! in R?

In this section we prove that, where Lo = {(z,y)|z? + y* = 1} C R?, Hofer’s metric § on
the space £ (L) of Lagrangian submanifolds Hamiltonian-isotopic to Lg has finite diameter.
The argument is fairly simple and perhaps known, but I have not been able to find it in the
literature.
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LEMMA 9.1. — Let Ly,Ly € $(Lg) be such that Lo N Ly = Lo N Ly = &. Then
5(L07L1) = 5(L07L2)'

Proof. — We repeatedly use the following immediate consequence of the invariance
property of 6: for v € Ham(R?) and for L, L’ € #(Lg) such that ¢»(L) = L, we have
(L, L") = 6(L,y(L")).

Given Ly, L, as in the lemma, let ¢ € Ham(R?) be such that ¢(L;) = Lo. Let R € R be
so large that, where D(R) = {2 + y? < R?}, we have

Ly U Ly U (supp(¢)) C D(R).

Let
LR)={(zx—R-12+¢*>=1}.
Since L(R) is disjoint from the support of ¢ we have

(26) 6(L1, L(R)) = 6(L2, L(R)).
Now for i = 0,1,2, let V; denote the bounded component of R? \ L;, and let W; denote
the unbounded component. Thus in each case V; has area m, and V; = R? \ W,. Since

Lon Ly = @, Ly NnVy and Ly N Wy are both relatively open and closed in Lg; hence by
the connectedness of L either Ly C V; or Lo C Wh.

We claim that Ly < W;y. If this were not the case, so that Ly C Vi, then since
R?2 = Vo U LyU Wy and Lo N W; = @, W; would be the union of the disjoint open
sets W1 N Vy and Wy N Wy; by the connectedness of W; and the fact that V4 is bounded
while W is unbounded it would follow that W; C Wy, and hence that V; C V;. So since
0Vy = Lo C V; we would have V C V;, and hence a neighborhood of V; would still be
contained in V;. But since Vy and V; are open sets of equal area this is impossible. This
contradiction shows that indeed Ly C W7.

Hence V; is the disjoint union of the open sets Vi N Vp and Vi3 N W,. As before it is
impossible for V; C Vj by area considerations, so since V; is connected V; C Wy, and so
ViNVy = @. Thus Vy = Ly UV} is disjoint from V;, and so Vi, C W;. Of course the same
argument shows that Vo C Wh.

Write V(R) for the bounded component of R? \ L(R); since V(R) N D(R) = & we have
V(R) C W; fori = 1,2. Since also V; C W, it in particular holds that the points (1,0) and
(R,0) belong to the unbounded component W; of R? \ L; fori = 1,2. So fori = 1,2 let v;
be a path in W; connecting (1,0) to (R, 0).

Since VoUy;UV (R) C W; and W; is open, we may take a neighborhood U; of VyUy;UV (R)
with still U; € W;. It is then straightforward to find a Hamiltonian isotopy supported in U;
whose time-one map ¢, has the property that ¢;(Lo) = L(R). In particular since the support
of the isotopy is disjoint from L; we have ¢;(L;) = L;. Consequently

27) 5(Lo,Ls) = §(L(R), L) (i =1,2).
Thus by (26) and (27) we have
6(Lo, L1) = 6(L(R), L1) = 6(L(R), L2) = 6(Lo, L2),

as desired. O
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COROLLARY 9.2. — Choose any L1 € £(Lg) such that Lo N L1y = @&. Then for all
L,L' € £(Lg) we have
o(L, L") < 20(Lo, L1)-

Proof. — By the invariance of § we may assume that L = Ly. By applying a sufficiently
distant translation to Lo we may find Ly € #(Lg) so that Lo N Ly = L' N Ly = &. By
Lemma 9.1 and the invariance of § we have §(Lo, L2) = 6(L’, Ls) = §(Lo, L1). Thus

8(Lo, L') < 6(Lo, La) + 6(La, L) = 26(Lo, Ly). O

Using Chekanov’s theorem [6] and Lemma 9.1 it is easy to see that the common value
of §(Lg, L) forall L; € £(Ly) which are disjoint from Ly is precisely 7. Thus we have shown
that the diameter of (L) is at most 2.

Appendix A

Transversality for t-independent Floer trajectories

This appendix provides the details necessary for a technical point in the proof of Theo-
rem 5.6, namely that a ¢-independent solution of the Floer equation associated to suitable
t-independent almost complex structures and Hamiltonians can be arranged to be cut out
transversely by slightly rescaling the Hamiltonian. We begin with some preparation from
linear algebra.

Throughout this section let V' be a finite-dimensional real inner product space. The norm

of a linear operator on V (or on V' & V) will always refer to its operator norm with respect
to the inner product. Define the linearmap E: V@V - V& V by

x -z
Y Y
ProOPOSITION A.1. — Let B1,By: V. — V be symmetric linear operators and define a
linear operator B: VeV -V &V by

B z\ Biz + By
y Box+ By )

Then for all real p with |u| < m the operator E + uB has precisely (dim V')-many
positive eigenvalues and (dim V')-many negative eigenvalues, counting multiplicities. Moreover
where IIE (1), g (u): V@&V — V &V denote the orthogonal projections onto the spans of
those eigenvectors with, respectively, positive or negative eigenvalue, 115 and 115 are real analytic

. _ 1 1
functions of the parameter p € ( BB TBTAT B )

Proof. — Note first that for any p € C, all eigenvalues A of the operator £ + uB (acting
on the complexification of V' @ V') obey

(28) AL+ [l (I Bal + [ Bell) = 1.
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Indeed, an eigenvector (x) of E + pB with eigenvalue A will have

)

uBix 4+ pBoy = x + A\x
pBox + pBiy = —y + Ay.

If ||z|| > ||y|| then the first equation above yields

|l Bellllzll = |l B2llllyll = (1 = Al = [ull BIDll=l,

while if ||z|| < ||y|| then the second equation above yields

[l Ballllyll = el Bal[llz]l = (1 = Al = || BalDllyll-

Since either ||z|| > |ly|| and ||| is nonzero, or else ||z|| < |ly|| and ||y|| is nonzero, after
dividing one or the other of the above inequalities by ||z|| or ||y||, as appropriate, we obtain
(28).

In particular it follows from (28) that none of the operators E + uB with |u| < WlﬂB?H
has zero as an eigenvalue. Of course, if we restrict u to be real, then the £ + uB are all
symmetric operators and therefore have entirely real spectrum. For 4 = 0 the spectrum
of E + uB = FE consists of the eigenvalues —1 and 1, each with multiplicity dim V. As p
varies through the open interval (— I Bl||~1k.\|Bz.||’ HBIHJlfllBZH ), since none of the .eigen\./alues
of E 4+ uB cross zero it follows from continuity considerations that the total dimension of
the negative eigenspaces of E+ pB will continue to be dim V for real g with |u| < B

1
= o o I+1B:11>
and likewise for the total dimension of the positive eigenspaces.

It remains to prove the assertion about the analyticity of the projections Hf; (u) as func-
tions of p. Denote the image of TI* (1) by W (i) (so W_ () is the span of the eigenvectors
having negative eigenvalue, and W, (u) is the span of the eigenvectors having positive
eigenvalue). Since E + pB is (for real p) symmetric, eigenvectors corresponding to distinct
eigenvalues are orthogonal, and so W, (u) is orthogonal to W_(u). Thus the orthogonal
projections Hj,;(,u) are just the projections associated to the direct sum decomposition
VeV =Wi(u) ®W_(u). The desired conclusion now follows from a standard argument
found, e.g., in [25, ILL4J: given po € (= a3y a8 .
the complex plane disjoint from the eigenvalues of E + po B such that C';. encloses precisely
the positive eigenvalues of E + uoB and C_ encloses precisely the negative eigenvalues
of E + uoB. Then for u sufficiently close to g it will continue to hold that C; encloses pre-
cisely the positive eigenvalues of E + uB and C_ encloses precisely the negative eigenvalues
of E + uB, and where I denotes the identity the projections in question are given by the
formulas

, choose contours Cy in

1 1
UMW) = —5- | (BE+uB-zD7dz, () = -5 / (B + uB — 21)"\dz.
27 R 2mi oo
These expressions for Hﬁ are manifestly analytic in p. 0

PROPOSITION A.2. — Let B1,By: R — Homg(V,V) be two continuous maps such that
there exist T > 0 and symmetric linear operators Bf, 32jE with Bi(s) = B fors > T
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and B;(s) = B; fors < —T. Let no > max{|| By |l + ||B; |, |Bi || + |B5 ||}, and define

B: R— End(VeaV)by
B(s) (az) _ (Bl(s)m—i-Bg(s)y) .
y By(s)z + Bi(s)y

There is a nonzero solutionv € WH2(R; V @ V) to }
Do 4 (nE + B(s))v(s) =0

Then the set

d= {n € [1o, )

is finite.

Proof. — First we show that  is bounded above. For ¢ = 1,2 write || B;|| = sup;, || Bi(s)]]
(since the B; are continuous and asymptotically constant this supremum is of course finite)

x(s)

y(s)
class-W*2 solution to % + (nE + B(s))v(s) = 0. One then has

%%IICE(S)II2 = nllz(s)I* = (@(s), Bi(s)z(s)) — (x(s), Ba(s)y(s))

%%”9(3)”2 = —nlly(s)II” — (y(s), Ba(s)a(s)) — (y(s), B1(s)x(s))

which yields

and let n; = || B1]| + || Bz||. Suppose that v(s) = ( ) (where z,: R — V)is a nonzero

(29) % (2P = lly(s)I?) = 20 = n)(lz()1 + [y (s)]I*)-

Of course, by the uniqueness of solutions to linear ODE’s and the assumption that v is
nonzero, we have ||z(s)||? + ||y(s)||> > 0 for all s. Now assume for contradiction that
the number 7 associated to our solution obeys 7 > ;. Then (29) implies first that if at
any sop € R we had ||z(s)||? > ||y(s)||?, then for s; slightly larger than sy we would have
lz(s1)|> — lly(s1)> > 0. But then another application of (29) implies that
f(s) = |lz(s)||* — |ly(s)||* obeys the differential inequality f’(s) > 2(n — n1)f(s), which
since f(s1) > 0 and n > n; would force f(s) to diverge to oo as s — oo, which is obviously
incompatible with v being of class W12, Thus we have the desired contradiction unless
ly(s)||> > ||=z(s)||? for all s. But in this case g(s) = |ly(s)||?> — |lz(s)||? is an everywhere-
positive function obeying the differential inequality ¢'(s) < —2(n — n1)g(s), which forces g
to diverge to co as s — —oo0, again contradicting the assumption that v was of class W12,
This contradiction shows that if 7 > n; then no solution of the relevant type can exist,
proving that the set J in the statement of the theorem has J C [ng, m].

Our strategy now will be to identify f with the intersection of the zero loci of a collection
of real analytic functions defined on [rg, 00). These functions obviously will not all be
identically zero since we have already established that J C [ng, 1], so since the zero set of a
nonconstant analytic function on a connected subset of R is always discrete, the proposition
will follow from such an identification.

Where Bt € End(V & V) is the common value of B(s) for all s > T, and
B~ € End(V @ V) is the common value of B(s) for all s < —T, the operators B*
are of the type considered in Proposition A.1, and our choice of the parameter 7, ensures
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that, for all p in an open interval containing [0, n%] the symmetric operators E + puB¥
have the property that the orthogonal projections II;, () onto the spans of their negative
eigenspaces vary analytically in g and have rank dim V', while the projections H;gi (1) onto
the spans of their positive eigenspaces also vary analytically in ¢ and have rank dim V.

Now for n > 7y the differential equation

d
(30) —+ (1B + B(s))v(s) = 0
reduces for s < —T to the autonomous equation % + (nE + B~ )v(s) = 0, and for

s > T to the autonomous equation % + (nE + B*)v(s) = 0. Any Wh? solutions to
(30) must have v(—T") belonging to the span of those eigenvectors of nE + B~ with negative
eigenvalues, and must have v(T") belonging to the span of those eigenvectors of nE+ Bt with
positive eigenvalues. In other words, a W2 solution to (30) defined on all of R must have
o(=T) € Im(Il5_(n~")) and v(T) € Im(IIg, (n™")).

Denote by ®,: R — GL(V @ V) the unique solution to the initial value problem
d®
T + (nE+ B(s))®(s) =0 o(-T)=1
where I is the identity. Thus ®,, is the fundamental solution to (30) in the sense that any
solutionv: R — V@&V to (30) will have v(s) = ®(s)v(—T) for all s € R. Thus any solution
to (30) which is of class W2 will have v(—T') € Im(Il; (n™')),v(T) € Im(HJﬁq (n71)),and
v(T) = @, (v(—T)). As such, we will have € J if and only if the images of the linear maps
®,0ll; (n~')and H§+ (n~1) have nontrivial intersection. Said differently, since the image
of H§+ (n~1) is the same as the kernel of 1 (n~1), we have €  if and only if the linear
map I (') 0 ®,(T) oI5 (n~!) has rank strictly less than dim V. By Proposition A.1,
the maps II'; | (n™')andII; (n~!) both vary analytically with n € [no, 00); let us now check
that @, (T") varies analytically with 7.

Indeed, this follows readily from the standard Picard iteration formula for ®,,: we will have

®,(T)=1+ Z/ (nE 4 B(s1))(nE + B(s2))--- (nE + B(sy,))dsy, - - - ds1

n=1/{-T<sn<- <51 <T}

= Z (Z Cm,n(T)n"_m>
n=0 \m=0

where Cyo(T) =TI and for0 < m <nandn >1

Crn(T)

>

1<i1 < <im<n

/ E“"'B(s;,)E2"""'B(s;,)--- B(si, )E" ""ds, - - - ds;.
{-T<sp < <51 <T}

Now the fact that {-T < s,, < --- < 57 < T} has volume (22” (along with the fact that
|E| = 1) gives an estimate

w\ @Bl
an 00 < () CEEIEL,
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From this estimate one easily sees that for any k& > 0 the series Y po_ Crm+k(T) 18

. k
absolutely convergent to an operator having norm bounded above by e27 118l %, and that
our above series expression for ®,(T) can be rearranged to give

<D'II(T) = Z 77k (Z Cm,m+k(T)> )
k=0 m=0

moreover, another application of (31) shows that this power series in 1 has infinite radius of
convergence, confirming the analyticity of ®,(7") as a function of 7.

Thus, if we fix a basis for V@V and represent the 7n-dependent linear map
Iy, (n™') o ®,(T) o II5 (n~') by a matrix with respect to the fixed basis, this matrix
will vary analytically with € [rg, 00), and our set J will consist of those 1 such that all
(dim V') x (dim V') minors of the matrix are zero. This confirms that  is the common zero
locus of a collection of analytic functions of n € [ng, 00), so since J is bounded it must be
finite. O

We now apply these results to Floer theory. Let (M,w) be a closed 2n-dimensional
symplectic manifold and let G: M — R be a Morse function, which we will assume to
have the property that around each critical point p € Crit(H) there is a Darboux chart
#p: U, = B?"(e) such that the second-order Taylor approximation to G o b, ! is exact. (In
other words, the Hessian of G o ¢! is constant on B>"(e).) Shrinking the U, if necessary,
we may assume that U, N U, = @ for each pair of distinct critical points p and ¢. Let J be
an w-compatible almost complex structure on M having the properties that

(i) On each of the Darboux balls U, J coincides with the pullback by ¢,, of the standard

complex structure on B?"(e).
(i) Where g;(+,-) = w(-, J-) is the Riemannian metric induced by w and J, the gradient
flow of G with respect to g; is Morse-Smale.

Of course, all of the above conditions will continue to hold if G is replaced by AG for any
A>0.

The almost complex structure J satisfying (i) and (ii) will be fixed throughout the follow-
ing discussion, and we will use V to denote the covariant derivative determined by the Levi-
Civita connection of the metric g;.

Consider a solution v: R — M to the negative gradient flow equation

(32) V() + VG(v(s)) =0

obeying the finite energy condition [ fooo 15(s)I12,ds < oc. For any such ~ there are critical
points py € Crit(G) such that y(s) — py exponentially quickly as s — +oo. As is well-
known, the Morse-Smale condition is equivalent to the statement that for any such « the
linearization &7 : Wh2(y*TM) — L?(v*TM) of (32) is surjective, where g, is given by the
formula

G.(C) = Vil + VeVG(1(s)).
The solution v to (32) gives rise to a solution
Uy: Rx S o
Uy (s,1) =(s)
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to the Floer equation

ou

(33) s + J(u(s,t)) <% - Xg(u(s,t))> =0,

and indeed all finite-energy t-independent solutions to (33) evidently have the form v = u,
for some solution ~ to (32).

We consider the question of whether the linearization of (33) at the solution u., is sur-
jective. In effect we will show that this is in fact the case if the Hessian of G near its critical
points is not too large and if G is replaced by AG for a suitable real parameter A which may be
taken arbitrarily close to 1. More precisely, if 7y is a finite-energy solution to (32) then for any
A > 0 the map y*(s) = y(Xs) will be a solution to the version of (32) obtained by replacing
G by AG, and hence we will have a solution

Uy (8,1) = 7(As)

to the Floer equation associated to the Hamiltonian AG. We prove:

THEOREM A.3. — Where G and J are as above, fix a finite-energy solutiony: R — M to
(32) having v(s) — p+ € Crit(G) as s — Foo. Assume that the Hessians ¢+ of G at p+
have operator norms |F +|| < w. Then for all but finitely many A € (0,1] it holds that the
linearization

Fup: WHAR x SHulnTM) — LR x Sl TM)
of the Floer operator u — ‘g—;‘ + J(u(s,t)) (%1; — Xoa(u(s, 1)) at w, is surjective.

Proof. — First note that, by virtue of the fact that |7 +|| < 2w, the Fredholm index of
the linearization &, , is equal to ind(p_) — ind(p4) where ind denotes the Morse index
(see, e.g., [51, Theorem 4.1 and Lemma 7.2]); in turn this latter quantity is equal to the index
of the linearization &, : WL2(yV*TM) — L2((y*)*TM) of the negative gradient flow
operator, which is surjective by the Morse-Smale condition. So it suffices to show that, for
all but finitely many A, we have dim ker & up < dim ker ﬁw ». Now any element { € ker ﬁw N
gives rise to an element {; € ker 97uw by the prescription &¢(s,t) = ((s) € Tyx(yM =
Tu s s,)M, and conversely any t-independent element £ € ker & u is of this form. So for
any A € (0, 1], to show that dim ker un < dimker 75 we just need to show that these §¢
are the only elements of ker & u i.e., that all elements of ker u, are t-independent.

The linearization &.,_, is given by, for £ € WLH2(R x St w\TM),

T p €= Vil + T(003)) oo + A(VVE) ().
For A > 0 and for a section ¢ of ufykTM define a section 6 of u3T'M by

G(s,t) = o(s/A1).
P
Then where we define 7,,_: WH?(R x S%utTM) — L*(R x S*;uXTM) by
A » o€
T 6= Vb + AT 2 1 (TeVE) ().

we have

— ~A o~

Tu E=)T, E.
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Since obviously ¢ is t-independent if and only if o is ¢-independent, it now suffices to show
that, for all but finitely many A € (0, 1], every element £ € WH2(R x [0,1];uXTM) of the

~X
kernel of the operator &, is t-independent.

To achieve this we consider the Fourier decomposition (in the ¢-variable) of a hypothetical

A
element £ € ker &, . For k € Z and for a section £ of u}TM define a new section e~>™**7/¢

by (e727*7¢)(s,t) = (cos(2mkt))E(s, t)—sin(2mkt) J (v(s))E(s, ). Moreover define a section
& of v*TM by

1
fk(s):/o 6_2“kt‘]§(s,t)dt

(of course this is well-defined since £(s,t) € T,(5) M for all t).
We observe that

(V.Ou(s) = [ €, g(s,t)
=Vs (/I(COS(QTFkt)I - sin(27rkt)J)§(s,t)dt>
0

+ (Vs ) (v(s)) (/0 sin(27rkt)§(s,t)dt>

Va(&)(s) + 1 (Vad)T(1(5)) / (7277 _ 27T g, t)dt
= (Vo L (VoD e~ (Vo) TE K ) (5).

Also,
0 ! 0
(15) @ =60 [ et

— a0 ([ o (et ) a2k o) [t
= —2mk&k(s)

by periodicity and the fact that J(v(s))? = —1.

Moreover, if we resolve the Hessian operator #(s): TyM — T,)M (defined
by #(s)v = V,VG(v(s))) into its complex-linear and complex-antilinear parts as

H(s) = 5 (H(s) ~ T(2()90()T(+(5)
and

HOM s) = 3 (H(5) + T()H ()T (1(s))
we see that

e—27rkt.]5[{£ — ﬂ1,06—27rkt.]£ + ﬂ0,1627rktJ£’
and so

(HE(s) = (H°&)(5) + (H i) (s)-

4¢ SERIE - TOME 46 — 2013 - N° 1



HOFER’S METRICS AND BOUNDARY DEPTH 125

These calculations show that, for ¢ € W'?(R x §';uXTM) and k € Z, we have

(5‘27‘5)16 = Vb + (—zwkxl +H"0 4 %(VSJ)J) & + (ﬂ“vl - %(VJ)J) £ g

~A
Thus an element £ € ker F u, has, for each k € Z~,
(34)
o (&), —2mkAT L+ HO 4+ LV, )T HOT — L(V,T)T &
’ HOr — L(V,)T 2mkAT T + HYO + L(VoI)T ) \ e

Now let us choose a unitary trivialization of v*T'M which, over those s € R with |s| large
enough such that (s) lies in one of the Darboux charts around the critical points p.. in which
J was assumed to be standard and the Hessian /4 of H was assumed constant, coincides
with the trivialization of v*T'M induced by these Darboux charts. Rewriting (34) in terms of
this trivialization gives equations, for vy: R — R?" x R?" and k € Z~,

—k

(35) ‘% + (27kAT ' E 4 B(s))vg(s) =0

where the smooth map B: R — Homg(R?" x R?" R*™ x R2?") is independent of k
1,0 40,1

and A and coincides with ( 3[1 1i0> when =+s is large enough such that ~(s) is in the
Hi Hy

Darboux chart around p.. Now # " and #" are symmetric since # . is, and we have

LN + 1# % < 2)|# 4| < 27. So by Proposition A.2 the set

There is a nonzero, class-W 12 solution to }
4v + (2mpE + B(s))v(s) =0

is finite. If ko is any integer larger than the largest element of S it in particular follows that

for k > kg thereisno A € (0, 1] such that (35) has a nontrivial W2 solution. Moreover, since

S is finite, for any k£ € {1,..., ko — 1} there are only finitely many A € (0, 1] such that (35)

has a nontrivial W2 solution. Combining these two facts shows that there are only finitely

many A € (0, 1] such that there exists any k so that (35) has a W12 solution.

Consequently we obtain that, if A € (0, 1] is not among these finitely many exceptional
values, then any element £ € ker /97; has {x = 0 forall k € Z\ {0}. So the section & defined
by (s, t) = £(s,t) —&o(s) has§, = Oforallk € Z. Thus s L?-orthogonal to any section of
the form (s, t) — 2™kt ((s) for ¢ € L?(y*TM). Since linear combinations of sections of this
latter form are dense in L? it follows that £ = 0, and hence that £(s,t) = &y(s) for all 5. This

Sz{ue[l,oo)

~A
proves that, for all but finitely many values of A, all elements of ker &, are t-independent,
which as explained earlier suffices to prove the theorem. O
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