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GEVREY QUASI-PERIODIC COCYCLES

BY CLAIRE CHAVAUDRET

ABsTrACT. — This article is about almost reducibility of quasi-periodic cocycles with
a diophantine frequency which are sufficiently close to a constant. Generalizing previous
works by L.H. Eliasson, we show a strong version of almost reducibility for analytic and
Gevrey cocycles, that is to say, almost reducibility where the change of variables is in
an analytic or Gevrey class which is independent of how close to a constant the initial
cocycle is conjugated. This implies a result of density, or quasi-density, of reducible
cocycles near a constant. Some algebraic structure can also be preserved, by doubling
the period if needed.

RESUME (Presque réductibilité forte pour les cocycles quasi-périodiques de classe ana-
lytique et Gevrey)

Cet article traite de la presque-réductibillité des cocycles quasi-périodiques a fré-
quence diophantienne qui sont proches d’un cocycle constant. Nous démontrons un
résultat de presque-réductibilité forte des cocycles analytiques et Gevrey, c’est-a-dire
que le changement de variables obtenu pour conjuguer le cocycle initial & un cocycle
proche d’une constante est dans une classe analytique ou Gevrey qui est indépendante
de la proximité & la constante; ceci généralise certains résultats antérieurs de L.H.
Eliasson. Ce résultat a pour corollaire un théoréme de densité ou de quasi-densité des
cocycles réductibles au voisinage d’une constante. Il est possible de préserver certaines
caractéristiques algébriques du cocycle initial en doublant la période.
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48 C. CHAVAUDRET

1. Introduction

We are concerned with quasi-periodic cocycles, that is, solutions of equations
of the form
(1) V(0,t) € 2T¢ x R, %Xt(a) = A0+ tw) X' (0); X°(0) =1Id
where A € C°(2T%, &) and @ is a linear Lie algebra. Here T¢ = R?/Z? stands
for the d-torus, d > 1, and 2T¢ = R?/(2Z9) stands for the double torus. We
will assume in this article that w € R? satisfies some diophantine conditions.
The solution of (1) is called the quasi-periodic cocycle associated to A and is
defined on 2T? x R with values in the connected component of the identity of
a Lie group G whose associated Lie algebra is . Terminology is explained by
the fact that A is the envelope of a quasi-periodic function, since t — A(f + tw)
is a quasi-periodic function for all # € 2T¢. We say X is a constant cocycle if

A is constant. A constant cocycle is always of the form t — 4.

A cocycle is said to be reducible if it is conjugated to a constant cocycle,
in a sense that will be defined later on. The problem of reducibility of cocy-
cles has been thoroughly studied and is of interest because the dynamics of
reducible cocycles is well understood and because this problem has links with
the spectral theory of Schrodinger cocycles and with the problem of lower di-
mensional invariant tori in hamiltonian systems. In the periodic case (d = 1),
Floquet theory tells that every cocycle is reducible modulo a loss of periodicity.
However, the problem is far more difficult if d is greater than 1 and it is not
true that every cocycle is then reducible. The question becomes whether every
cocycle is close, up to a conjugacy, to a reducible one; from this question comes
the notion of almost-reducibility.

For any functional class @, a cocycle is said to be almost-reducible in @ if it
can be conjugated to a cocycle which is arbitrarily close in the topology of &
to a reducible one, with the conjugacy also in &. Reductibility implies almost
reducibility, however the reverse is not true: there are non reducible cocycles
even close to a constant cocycle (see [3]). Almost reducibility is an interesting
notion since the dynamics of an almost reducible cocycle are quite well known
on a very long time.

We first focus on cocycles generated by functions which are analytic on a
neighbourhood of the torus, i.e real analytic functions which are periodic in
the direction of the real axis (recall that they are matrix-valued). For such a
function F', we will let

| Flp=sup [[F(0) ||

|Im 0|<r

where || . || stands for the operator norm.
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STRONG ALMOST REDUCIBILITY 49

The aim of this paper is to show that for
G = GL(n,C),GL(n,R), SL(2,C), SL(n,R), Sp(n,R)",O(n), U(n)

in the neighbourhood of a constant cocycle, i.e under a smallness condition
on the non-constant part of the cocycle, every cocycle which is analytic on an
r-neighbourhood of the torus and G-valued is almost reducible in C¥ (2T¢, G)
forall0 <r' <r < %, in the sense defined above. The smallness condition only
depends on the dimensions n, d, on the diophantine class of w, on the constant
cocycle and on the loss of analyticity r — r’.

More precisely, we shall prove the following theorem, for G among the groups
cited above and & the Lie algebra associated to G:

THEOREM 1.1. — Let0<r' <r<i A€ @, F e CYT% ). Thereisey < 1
depending only on n,d,w, A, —r' such that if
|F|r S €0

then for all € > 0, there exists A, F. € C% (2T, §), V., Z. € C+(2T%, Q) and
A. € G such that for all § € 2T¢,

8wZe(9) = (A + F(e))Ze(g) - Ze(g)(ﬁe(a) + Fe(a))

with
1. 9,0, = AV, — U A,
2. |Fe|7-/ S €,

3. | v, |r’§ e_é;
1
4. and |Z. — Id| < 2¢3 .
Moreover, if G C GL(2,C) or if G = GL(n,C) or U(n), Z., A, F. are
in C%(T9).

Property 1 states the reducibility of A.. Theorem 1.1 immediately entails
the following:

THEOREM 1.2. — Let0<r' <r<i A€y, FeCT% ). Thereisey < 1
depending only on n,d,w, A, —r' such that if

|F|r S‘SO

then for all € > 0, there ezists F. € C%(2T%, §), Z. € C%(2T%, G) and A, € §
such that for all § € 2T¢,

auZe(a) = (A + F(O))ZE(H) - Ze(e)(Ae + FE(Q))
with |Fe|y < e.

(1) With n even.
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50 C. CHAVAUDRET

Note that in Theorem 1.2, we do not have any good estimate of Z.. Theo-
rem 1.1 also holds if one chooses F in a class which is bigger than C*(T¢, &),
i.e the class of functions in C¥(2T%, ) satisfying some “nice periodicity prop-
erties” with respect to the matrix A.

There is a loss of analyticity in this result, but it is arbitrarily small. A result
close to Theorem 1.1 in the case when G = GL(n,R) had already been proven
in [5] by L.H. Eliasson:

THEOREM [ELIASSON| . — Let A € gl(n,R) and F € C¥(T¢,gl(n,R)). There
is €g < 1 depending only on n,d,k,T,||A||,r such that if |F|. < eo, then for
all € > 0, there exists 0 < re <1, Z. € C%(2T% GL(n,R)) such that for all
6 € 2T,

0uZe(0) = (A+ F(0))Z(0) — Ze(0)(Ac + Fe(0))
with A, € gl(n,R), F. € C¥ (2T¢, gl(n,R)) and |F.|,, <e.

Eliasson’s theorem merely states almost reducibility in U,/+oC%(2T¢, GL(n,R)),
since the sequence (r¢) might well tend to 0. The achievement of Theorem 1.1
is to state almost reducibility in a more general algebraic framework, but also,
and mostly, to show that almost reducibility holds in a fized neighbourhood
of a torus even when this torus has dimension greater than 1. This is almost
reducibility in a strong sense.

Note that, as was the case in [5], one cannot avoid to lose periodicity in
Theorem 1.1 if GG is a real group with dimension greater than 2. The notion of
“nice periodicity properties” that will be given aims at limiting this loss to a
period doubling. In comparison with the real framework, the symplectic frame-
work does not introduce any new constraints in the elimination of resonances
(Section 2.2); therefore there is no more loss of periodicity here than in the case
when G = GL(n,R). As before in [2], a single period doubling is sufficient in
the case when G is a real symplectic group.

The second part of this paper is dedicated to showing that the same method
gives an analogous result for cocycles which are in a Gevrey class (Theorem 3.1);
denoting by CS+# the class of Gevrey functions with exponent 3 and parameter
7 (so that C%1 is the class of analytic functions), and by || . ||5 their norm,
we have the following:

THEOREM 1.3. — Let 0 <1’ <r < i A€ @, F € CEP(T% §). There is
€0 < 1 depending only on n,d,k, 7, A,v —r' such that if
IFlls.r < €0

then for all € > 0, there exists A, F, € Cg’ﬂ(ZTd, 9),%., 2 € Cg’ﬂ(2Td,G)
and A, € G such that for all 6 € 2T9,

0uZe(0) = (A+ F(0))Z(0) — Zc(0)(Ac(0) + Fe(0))
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with
— A, conjugated to A, by V.,
— [|Eellsm < e,
~ | Tellgm< e,
— and ||Z. — Id||, < 262
Moreover,

- if G C GL(2,C) or if G = GL(n,C) or U(n), Z., A, F, are in Cg’ﬁ(Td);
— If G is o(n) or u(n), then ey does not depend on A.

If n=2orif §is gl(n,C) or u(n), these results can be rephrased as density
of reducible cocycles in the neighbourhood of constant cocycles:

THEOREM 1.4. — Let § = gl(n,C),u(n), gl(2,R), sl(2,R) or o(2). Let 0 <
r<r< % and A € G, F € C¥(T%, §). There is ey depending only on r —
r',n,d,w, A such that if
|F'] < eo
then for all € > 0 there exists H € C(T%, §) which is reducible in C* (T4, §)
and such that
|A+F —H|. <e.

A similar result, for smooth cocycles with values in compact Lie groups,
was obtained by R. Krikorian in [7] (th.5.1.1). For cocycles over a rotation on
the circle, analyticity is far better controlled (see for instance [1]) since it is
then possible to use global methods. In this article, we are considering the case
of a torus of arbitrary dimension. The KAM-type method that is being used
here had already given way to full-measure reducibility results for cocycles with
values in SL(2,R) ([3], [6])-

Sketch of the proof and organization of the paper. — The proof of Theorems 1.1
and 1.4 is a refinement of the method in [5]; it is based on a KAM scheme.
The central idea is to prove an inductive lemma where one conjugates a system
which is close to a reducible one to another system which is even closer to
something reducible. Iterating this lemma arbitrarily many times, one would
then be able to conjugate the initial system to something which is arbitrarily
close to a reducible one. An estimate on the reducing transformation would
then imply almost reducibility. Now consider a system close to a reducible one;
if it is close to a system which can be reduced to a constant part satisfying
some non-resonant conditions, then there exists a conjugation which is close to
the identity in a good topology taking the first system to something closer to a
reducible system. But the constant part might well be too resonant for such a
conjugation to exist. In this case, it is possible to remove the resonances in the
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52 C. CHAVAUDRET

constant part, but then the conjugation will not stay very close to the identity
except if one accepts to give up a lot of regularity. Now we want to avoid this
loss of regularity in order to obtain a strong version of almost reducibility. So we
will have to improve the step of removing the resonances and use the following
two facts: when resonances have been removed up to some order N, firstly,
the eigenvalues will be so close together that resonances are in fact removed
up to an order RN which is much greater than N; secondly, the eigenvalues
are removed in a durable way, that is, one will not have to remove resonances
again until a large number of conjugations is made that will take the cocycle to
something much closer to a reducible one. The article is organized as follows:

Section 2 is dedicated to the proof of the theorem in the analytic case. Here
are the main steps of the proof:

— Removing of the resonances by a map ® called a reduction of the eigen-
values at order R, N (Proposition 2.6) for R, N € N\ {0}.

In dimension 2 (i.e if n = 2), ® will be such that for all H continuous
on T¢, ®HP! is continuous on T¢.

This step is crucial in the obtention of strong almost reducibility. The
reduction of the eigenvalues is defined in a way similar to [5], however
here it will remove resonances up to an order RN which is much greater
than the value of the parameter N appearing in the estimates. The pa-
rameter R will be used to define a map of reduction of the eigenvalues
at order R, N where N does not depend on the loss of analyticity. This
way, the map of reduction of the eigenvalues will stay under control on a
neighbourhood of the torus which will not have to fade totally.

— Resolution of the homological (also called cohomological) equation
(Proposition 2.8): if A has a spectrum fulfilling some non-resonance
conditions and F is a function with nice periodicity properties with
respect to A, then there exists a solution X of equation

8,X = [A,X]+ F*Y; X(0)=0

having the same periodicity properties as F; it takes its values in the
same Lie algebra as does F. Moreover, it can be well controlled by losing
some analyticity.

— Inductive lemma (Proposition 2.14): If F' € C¥(2T¢, &) has some period-
icity properties (with respect to ;1), if

0,¥ = AV — VA
and F = WFU~! then there exists Z € C%(2T?, G) such that
(2) 0.2 =(A+F)Z - Z(A + F')
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with A’ reducible, £ is much smaller than F, Z is close to the identity
and ¥/'~1F'¥ has periodicity properties with respect to A’ which are
similar to the properties of F. )

The estimate of F” depends on F — FEN on the reduction of the
eigenvalues ®, and on the solution X of the homological equation.

— Iteration of the inductive lemma (Theorem 2.16): We shall iterate
Lemma 2.14 so as to obtain estimates of analytic functions on a se-
quence of neighbourhoods of the torus not shrinking to 0, by means of a
numerical lemma (Lemma 2.15), to reduce the perturbation arbitrarily.

In Section 3, some lemmas are given (3.1) which show that it is possible to
adapt the proof to the Gevrey case; namely, the estimates will be analogous
to those that are obtained in the analytic case and so, by slightly modifying
the parameters, the argument works in the same way: one obtains analogous
reduction of the eigenvalues (3.2), homological equation (3.3) and inductive
lemmas (3.4).

Notations, further definitions and a general assumption. — For a function f €
C1 (2T, gl(n, C)), for all § € 2T we will denote by

Q 0,£(0) = % £(0 -+ 1)jemo

the derivative of f in the direction w. Denote by (-, -) the complex euclidian
scalar product, taking it antilinear in the second variable. For a linear oper-
ator M, we shall call M* its adjoint, M* = *M, which is identical to the
transpose of M if M is real. Also denote by My  the nilpotent part of M,
as follows: let M = PAP~! with A in Jordan normal form, let Ap be the
diagonal part of A, then M, = P(A — Ap)P~!. To simplify the notation,
if A:2T¢ — GL(n,C), we will denote by A~! the map 6 — A(¢)~!. For all

m = (my,...,mq) € 3Z%, we shall denote | m |=| my | +---+ | mq |. The
. . 0 —Id
letter J will stand for the matrix J =
Id 0
DEFINITION 1. — A function f is analytic on an r-neighbourhood of the
torus (resp. double torus) if f is holomorphic on {x = (z1,...,z4) €

(Cd,supj|lm:vj| < r} and l-periodic (resp. 2-periodic) in Rex; for all
1<j<d.

For all subset E of gl(n,C), denote by C¥(T¢, E) the set of functions which
are analytic on an r-neighbourhood of the torus and whose restriction to R%
takes its values in E; let C¥(2T%, E) be the set of functions which are analytic
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on an r-neighbourhood of the double torus and whose restriction to 2T¢ takes
its values in E. For all f € C¥(2T¢, E), denote

(4) |flr = sup [[f(2)]|
[Imz|<r
where ||.|| stands for the operator norm.
DEFINITION 2. — A function f is Gevrey 8 with parameter r if it satisfies
rBlel
Y = sup [ 9°F(0) ||< +oc.
(e} 9
aeNd

Let C% P be the class of Gevrey 3 functions with parameter r. Denote by
| .]lg, the norm

Blal .
I Fllar= 3 S sup || 0°F(0) I

aeNd
To formalize the notion of reducibility, we shall introduce an equivalence

relation on cocycles.

DEFINITION 3. — Let G be a Lie group and § the Lie algebra associated to G.
Let r,7" > 0 and A,B € C¥(2T%, 4). We say that A and B are conjugate
in C%(2T¢,G) if there exists Z € C%(2T%, Q) such that for all § € 2T¢,

8.Z(8) = A(8)Z(8) — Z(6)B(6)

where 0, means the derivative in the direction w. If B is constant in 0, we
say that A is reducible in C%(2T%, G), or reducible by Z to B.

We will use an analogous definition with C%# instead of C*.

Note that if X is the quasi-periodic cocycle associated to A, then the map
A is reducible by Z to B if and only if

(5) Y(t,0), X'(0) = Z(6+tw) P Z(0)

Reducibility is also equivalent to the fact that the map from 2T¢ x R” to
itself:

0 0+ w
© <> - (Xl(wv)

is conjugate to a map x such that

+()-()
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STRONG ALMOST REDUCIBILITY 55

Assumption: The frequency w is in the diophantine class DC(k, ), i.e

(8) v m e Z4\ {0}, [(m,w)| >

Im|”

where k, 7 are fixed throughout the paper and 0 < k < 1,7 > max(1,d — 1).

2. Strong almost reducibility for analytic quasi-periodic cocycles

2.1. Nice periodicity properties. — A few definitions will first be given. The no-
tion of “triviality with respect to a decomposition” will make the construction
of the map of reduction of the eigenvalues easier; the “nice periodicity prop-
erties” have been introduced in [5] and are used in the real case to make sure
that only one period doubling will be needed in iterating the inductive lemma.

2.1.1. Invariant decompositions
DEFINITIONS 1. — — The set £ = {L1,...,Lgr} is called a decomposition

of C™ if
cr=PL,
J

- If £, %" are decompositions of C", then £ is said to be finer than ¥’ if
for all L € £, there is L' € ¥ such that L C L';

— ¥ is said strictly finer than ' if £ is finer than ' and £ # ¥'.

Let A € gl(n,C); then ¥ = {L1,...,Ls} is an A-decomposition, or else
A-invariant decomposition, if it is a decomposition of C"™ and for all i, AL; C
L;. Subsets L; are called subspaces of £.

A Jordan decomposition for A is an A-decomposition which is minimal (i.e
no finer decomposition is an A-decomposition).

Remark:

— A matrix might have many Jordan decompositions. For instance, the
identity has infinitely many Jordan decompositions.

— A decomposition is an A-decomposition if and only if it is less fine than
some Jordan decomposition for A. Therefore, if operators A and A’ have
a common Jordan decomposition, then an A-decomposition which is less
fine than this common Jordan decomposition is an A’-decomposition.

Notation: Let £ be an A-decomposition. For all L € £, denote by o(A|z)
the spectrum of the restriction of A to subspace L.

DEFINITION 4. — Let k' > 0. Let £ 4 be the unique A-decomposition £ such
that for all L # L' € £, a € 0(AL) and B € 0(A|/) = | — B| > &’ and such
that no A-decomposition strictly finer than £ has this property.

Remark: For ' > 0, any Jordan decomposition is finer than £ 4 .
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DEFINITION 5. — Let ¥ be a decomposition of C™. For all u € C", there is
a unique decomposition u = > ;cpur such that up € L for all L € £. For
all L € ¥, the projection on L with respect to £, denoted by Pf, is the map
defined by Pfu =uy.

Remark: Let A € gl(n,C) and s’ > 0. If ¥ is an A-decomposition which is
less fine than £ 4 ., then one has the following lemma, which can be found in
[5], appendix, Lemma A(%):

LEMMA 2.1. — There is a constant Cy > 1 depending only on n such that for
all subspace L € £,

1+ AW n(n+1)
) 1 PE 1< o (Pl T

In what follows, Cy will always stand for this constant fixed in Lemma 2.1.

DEFINITION 6. — An (A, &',v)-decomposition is an A-decomposition £ such
that for all L € £, the projection on L with respect to ¥ satisfies

1+ || Ay |17
(10) 1 pE 1< o (FIA )

Remark: For A € gl(n, C), one always has A = 3| /¢, P AP{,. In partic-
ular, if £ is an A-decomposition, then A =3, ., PLZJAPI?.

DEFINITIONS 2. — Let ¥ be a decomposition. We say that

— ¥ is a real decomposition if for all L € ¥, L € £;

— ¥ is a symplectic decomposition if it is a decomposition of C™ with even
n and for all L € #, there is a unique L' € £ such that (L, JL') # 0;

— ¥ is a unitary decomposition if for all L # L' € £, (L,L') = 0.

Remark:

— If A is a real matrix, then for all k" > 0, £4 . is a real decomposition.

— For all L, there is at least one L’ such that (L, JL') # 0. This comes from
the fact that the symplectic form (., J.) is non-degenerate.

— If A € sp(n,R), then any A-decomposition ¥ which is less fine than ¥4
is a real and symplectic decomposition. To see this, let L, L’ € £ such
that (L,JL') # 0; let v € L,v' € L' be eigenvectors of A such that
(v, Ju') # 0 and A, X' their associated eigenvalues. Then

Mo, Jv') = (Av, JV') = (v, A*Jv') = —(v, JAV') = =N (v, Jv')
and since (v, Jv') # 0, then A = —\.

() Lemma A from [5] gives in fact an estimate which depends on || A ||, but the proof shows
clearly that the estimate in fact only depends on Ay .
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STRONG ALMOST REDUCIBILITY 57

- If A € U(n), then any decomposition which is less fine than £, is
unitary.
— If # is unitary, then for every L € £, PLZ) is an orthogonal projection so

I P lI< 1.

2.1.2. Triviality and nice periodicity properties with respect to a decomposition

DEFINITIONS 3. — Let £ be a decomposition of C™*. We say a map ¥ is trivial
with respect to ¥ if there exist {my, L € £} C %Zd such that for all @ € 2T9,
(11) () =Y ermimefpt,

Ley?

We say that the function W is trivial if there exists a decomposition ¥ such
that U is trivial with respect to £.

Remark:

— If ¥ is trivial with respect to ¥ and ¥’ is finer than £, then ¥ is trivial
with respect to ¥’

- If ®,¥ :2T% — GL(n,C) are trivial with respect to , then the product
®V is trivial with respect to £.

— If @ is trivial with respect to an A-decomposition #, then for all # € 2T¢,
[A,®(6)] = 0.

LEMMA 2.2. — Let £ be a real decomposition of C*, {my, L € £} C %Zd and
U defined by

(12) () =) eXmimfpl,
Le?
Then W s real if and only if for all L, my = —mg. Moreover, if ¥ is real,

then W takes its values in SL(n,R).

Proof. — Assume that for all L € £, mp = —mj. Let u € R™. Then
V(0)u = Z e2im{=mL0) pLy — Z eQiﬂmE’g)PEfu =V(0)u
Le? Le?

so U(0) is real.
Now suppose that ¥ is real. Then for all 6,

Z e2i7r<mL,0)P£f’ — Z 62i7r<7mL,0>P75’= Z 62i7r<7mL’0)PI—%)

Le? Le? Le?
SO mp = —my,.
Suppose ¥ is real; then for all L, my, = —mj so ¥(0) is the exponential of
a trace-zero matrix, so it has determinant 1. O]
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Remark: Any map which is trivial with respect to a unitary decomposition
is unitary: let ¥ be a unitary decomposition, let ® be trivial with respect to ¥
and let L, L’ € £. Then for all u € £,v € ¥,

(®(0)u, B(O)v) = (2T (mLb)y, 2im(mirb)yy — (4 o).

LEMMA 2.3. — Let ¥ be a real and symplectic decomposition and {my,L € £}
be a family of elements of %Zd, Let W =31 cp ezi”<mL">P§. Then VU takes its
values in Sp(n,R) if and only if

— for all L, mp = —mj

— and if (L, JL'Y # 0, then mp = myp.

Proof. — By Lemma 2.2, ¥ is real if and only if for all L, m; = —mj. Assume
now V¥ is real.

We show first that if for all L, L' € #, (L, JL') # 0 = my = mp/, then ¥
takes its values in Sp(n,R). Let u,v € R™. Then

(u, W(0)" T (0)v) = (U(B)u, JU(B)v) = D e*mime=muar O (PLu, JPY | 1v)
L
where M (L) stands for the unique subspace such that (L, JM (L)) # 0. Assume
that if (L, JL') # 0, then my, = my,. This implies that
(u, W(0)* JU(O)v) = Y (PFu, JPfj 1 v) = (u, Jv)
L

so ¥(0) € Sp(n,R).

Now we will show that if ¥(0) € Sp(n,R) and if (L, JL') # 0, then my =
myr. Suppose ¥(0) € Sp(n,R). For any two vectors u, v,

(u, Jv) = (u, ¥ (0)* JU(0)v) = (¥(0)u, J¥(O)v).
If u e L and v € m(L) satisfy (u, Jv) # 0, then
(u, Jv) = (U(O)u, JU(9)v) = 2™ me=mumw)0) (4 Jy)
SO My = Mpyp(L)- O

We will now define the periodicity properties.

Definition: Let # be a decomposition of C™. We say that F' € C°(2T, gl(n,R))
has nice periodicity properties with respect to ¥ if there exists a map ® which
is trivial with respect to ¥ and such that ® ' F® is continuous on T¢.

To make the family (my) explicit, we say that F has nice periodicity prop-

erties with respect to £ and (mp,).
Remark:

- If F € C°2T?, gl(n,R)) has nice periodicity properties with respect to
a decomposition ¥ and ® is trivial with respect to ¥, then ®F®~! has
nice periodicity properties with respect to #.
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— If #' is a decomposition of C"* which is finer than ¥ and F has nice peri-
odicity properties with respect to #,then F' has nice periodicity properties

with respect to ¥’

— Let # be a decomposition of C" and (mr)rcy be a family of elements
of %Zd. If Fy, Fy € C°(2T, gl(n,R)) have nice periodicity properties with
respect to £ and (myg), then the product F; F» has nice periodicity prop-

erties with respect to £ and (mp).

2.2. Removing the resonances. — In the following we will have to solve a homo-
logical equation and estimate the solution on a neighbourhood of the torus; in
order to have a sufficient estimate on the solution of the homological equation,
one will assume that the coefficients of the equation satisfy some diophantine

conditions:

Let A€ gl(n,R) and 0 < v’ < 1. Let N € N.

Definition: Let z € C,v € {1,2}. We say that z is diophantine modulo v with
respect to w, with constant k', exponent T and order N if for every m € %Zd

such that 0 < |m| < N,

) K
(13) |z — 2im(m,w)| > Tl
This property will be denoted by
(14) z € DCZZV(HI,T)
Note that
(15) DCin(/i’, T) C DC’le(m', T)

and that every real number z is in DCL{X2(2LT7 7) since for all m € %Zd,

Tk
2m|™ ~ [2m|7

N

(16) |z = 2im(m,w)| = (|2I* + 27[(m,w)])*)* >

Remark: In the definition above, the condition is required only for non van-

ishing m, so (13) has a meaning.

Definition: A is said to have DCY (x’,T) spectrum if

{ Vo, € 0(A), a — B € DCJ,(x',7)

(17) v = N (.1
a,B€0(A), a#B=a—Lpe€DC)yK,T).

Let N € N. Let A in a Lie algebra §. The aim is to show that there exists
k' >0, A € ¥ such that A has DCY (x/,7) spectrum and A and A are conjugate
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(in the sense of cocycles, following the definition given in the introduction). To
achieve this, one has to find a family (m;,...,m,) satisfying
(18)

V aj,ar € 0(A), o — oy + 2im(m; — mg,w) € DCY, (v, 7)

Vaj,ar € 0(A), aj # ar = aj — oy + 2im(m; — my,w) € DCY, (', 7)

We shall construct the so-called map of reduction of the eigenvalues ® con-
jugating (in the sense of cocycles) A to the matrix obtained from A by sub-
stituting an eigenvalue a; by o + 2im(m;,w), then we will prove that @ is
G-valued.

2.2.1. Diophantine conditions. —

LEMMA 2.4. — Let {ai,...,a,} C C. Let N € N and ' < —-_—. There

n(8N)™
exists mi,...,my, € %Zd such that sup, |m;| < N, and such that letting for all
J, @; = aj — 2im(m;,w), then
(19 {onr. . on} = (o an] = Vi k, a; = a5 = mj = —my,
(20) n=2ay=—a1 = m; =—ms,
(21) Vj,k, o = —Q = m; = mg,
(22) Vjaka |aj_ak| Sﬂlémjzmk,
(23) Vj, |Im@;| < |Ima;l,
(24) Vi k, a; = ay = &; — a € DCY (K, 7)
and
(25) Vi k, a; # ar = &; — &y, € DOYy(x',7)

and such that if not all m; vanish, then there ewist j, k such that

(26) loj — ag| > K, |&; — axl < K.

Moreover, there exist my,...m, € Z%, with |m;| < N for all j, fulfilling
conditions (21), (22), (23), such that

(27) Vi, k, &; — a € DCY, (x',7)
and such that if not all m; vanish, then there exist j, k such that (26) holds.
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Proof. — We shall proceed in two steps. The first step consists in removing
resonances which might occur between two eigenvalues whose imaginary parts
are nearly opposite to each other. Once this first lot of resonances is removed,
the second step consists in removing the resonances which might occur between
two eigenvalues whose imaginary parts are far from opposite.

e Let 1 < j < n. Suppose that there is an m € Z%,0 <|m|< N such that

!/
| 2Im o — 2m(m,w) |<

| m |7

then let o} = a; —2im (5, w). Otherwise, let o, = a;. Note that if [a; — | < &'
and if there exist m; # my, such that

i /
=5 | 2Im oy — 2w (my, w) |

K
| m; |

| 2Im o — 27 (m;, w) |< < T
then
| 2im(m; — my,w) | < S —
| my —m |7
which is impossible since w is diophantine. Therefore conditions (19) to (24)
hold with o = &; and m; such that a; — o} = 2im(m;,w).
e Let I_,.,..., I, be the finest partition of {1,...,n} such that

| Im(aj — o) <K' = 3—r<r' <r|jkel.
and choose the indices in such a way that
r' <1 =Vje L,k e L, Ima; < Imay.

Note that Iy might be empty. We will proceed by induction on 7’ to prove
the following property P(r'):
. — There are my,m’ q,...,m.,,m’_, € Z% with sup| ;i< [mj| < N such that
properties (19) to (25) hold for all —r' < 71,72 <71/, j € L),k € I, with m/,
instead of m; and o instead of a;.

e Case r’ = 0: if Iy is empty, then £(0) trivially holds. Assume I is non
empty. Then for all j, k € Iy and all m € $Z% such that 0 <| m |[< N,

| & — aj — 2im(m,w) |>| Im(c; — a}) — 27 (m,w) |> ﬁ —nK > K

s0 o — afy € DCY,(x',7) and P(0) holds true.
o Let 7/ <7 — 1. Assume P(r’) holds. Consider I,»,1 and I_,/_;. There are

two possible cases.
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— There exist —' < r” < r',j € In,k € Iy, and m € Z% such that
| m|< N and

/{:/

| Oé_;» — Oé;C — 2i7r(mru +m,w> |< W
— The case above does not hold.

In the first case, let m’r,+1 =m=—-m’
/ _
m_,.,_,=0.

T
+_1- In the second case, let m;,  ; =

Now m;., , and m’_,_, are independent from j, k. To see this, suppose there

are ji,j2 € I, ki,ka € I,,m1 # Mg € Z¢ such that for | = 1,2,

!

o

b — Qg — 2im(my, w) |

< —.
|ma |7

Then

| 2m(m1 — ma,w) |< S E—

T ma—ma |7

which is impossible. Therefore ?(r’ + 1) holds true.

e Once m},...,m\.,m' {,...,m" . € Z¢ are defined, conditions (19) to (25)
hold with, for all j € I,s,&; = o — 2im(m;,,w) and m; such that a; — &; =
2im(m;,w). Condition (26) is obvious by construction.

e By proceeding only with the second step, one gets my,...m, € Z%, with
|m;| < N for all j, satisfying conditions (21), (22), (23), such that

Vi, k, a; —ax € DCY (K, 7)

and such that if not all m; vanish, then there are j,k such that (26) holds
true. O

LEMMA 2.5. — Let {a1,...,a,} C C. For every R,N € NNN > 2,R > 1,
there exists N € [N,R%"(”_I)N] and my, ..., My € %Zd with

(28) sup [m;| < 2N
J

such that letting &; = aj — 2im(m;, w) and

"_
(29) k= ’I’L(8Rén(n71)+lN)T

conditions (19) to (23) of Lemma 2./ hold for ' = k", and such that

K

(30) Vi, k, G; — &, € DOEY (v 1)
and
(31) Vi k, aj # ar = &; — & € DOEY (v, 7).

Moreover, there exist my,...my, € Z% with |m;| < N for all j such that
conditions (21), (22), (23) and (30) hold true.
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Proof. — If o satisfy for all j, k

(32) {aj =0 => o —ag € DCf‘,IlV(/c”,T)
o # ag = o5 — oy, € DCRY (", 7)

then we are done with N =N and my =--- =m,, = 0.

Suppose (32) does not hold. Then apply Lemma 2.4 with N = RN, k' = &
to get mq,1,..., My,1 such that

Vi k, o = ar = mj 1 = —mp;
(33) Vi k, o = =@ = mj1 = mp1
Vi k, o —og| <K'= mj1 =mya
Vi, |Ima; — 2im(m;1,w)| < |Ima;]
and
(34) {aj = ap = a; — ag — 2im(mj1 — my1,w) € DCEY (k1)
a; # 0 = o —ap — 2m(mj 1 —me1,w) € DC&JQV(HH,T)

and such that there exist ji,k; satisfying | Im(a;, — ag,) — 2im(mj, 1 —
My, 1, w) |< K&

Assume there are mq g, ..., m, s such that sup |m; ;| < (R+R?+---+R°*)N
and that for all j, k,

Vi k, o = @ = mjs = —Mp s
(35) Vi k, o = =@ = mjs = Mps
Vi k, lo —on| < K" = mj s =my,
Vi, |Ima; — 2im(m; s, w)| < |Im o]
and

(36) {aj =a, = o5 — g — 20m(Mm; s — My s, w) € DC’fi:lN(n”,T)

o #F ap = aj — o — 20m(mj g — My 5,w) € DCf;QN(/i”,T)
and suppose there exist distinct (j1,k1), ..., (Js, ks) such that for all I < s,
(37) | Im o, — Im vy, — 2im(my, s — My, s, w) |< K.

If moreover one has for all j, k

(38) a; =ap = o — oy — 2im(mj s — My 5, w) € DCﬁlerlN(KZH,T)
a; # 0 = o —ap — 2im(m s — My, w) € DCﬁ?lN(n”,T)

then the process ends and one may take N = RN and m; = m;, since it is
true that
1— 4
(39) | my,s |< (R+R2+~--+RS)N§R5N1 R < 2R*N.
R
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Otherwise, iterate once more Lemma 2.4 with N = R*T!N and o —
2im(m; s, w) in place of o to get mi s11,...,Mp s41 such that sup |m§+1| <

(R+R?+---+ RN and for all j, k,

Vi k, o = Qg = Mjs41 = —Mp 541

Vi k, aj = —Qp = Mjep1 = Mp st1
(40) . "

Vi, k, |aj —og| < K = mjsp1 = mpeq1
Vi, |Imay — 2im(m; s41,w)| < |Im o]
and
(41) a; =0 = aj —ap — 20T(Mj 41 — Mk s41,w) € DC&?HN(&”,T)
— . s+1
Qaj # Q= aj —ap — 20m(Mj 41 — Mk s41,w) € DCﬁz N(k",T)

and that there exist distinct (j1,%1),..., (Js+1,ks+1) such that for all | <
s+ 1,

(42) | Imajl —Im ag, — 2’L'7T<mjl73+1 — mkl,5+1,w> |< K",

Therefore, for all 1 <1 < s+1,
(43) laj, — ag, — 2im(my, s41 — MmE, s11,w)| < K.

This implies that for all m € 1Z% such that 0 < |m| < RN and for all
L1<1<s+1,

R

" 12
|ZW—H > K

(44) oy, — ok, —2im (M, 541 =My 541, W) — 28T (M, W)

so for all [ < s+1,
(45) Qj — Qg — 2i7r<mjl,s+1 - mkl73+1’w> € DCEQ_](K”, T)'

Therefore, after 5 < @ steps, one gets conditions (30) and (31) with

m; = mj ;s and &; = o — 2im(m;,w) and |Ima; — 2in(m;,w)| < |Ima;y|. It
is true that | m; s |< 2N and conditions (19) to (23) of Lemma 2.4 are also
satisfied.

Lemma 2.4 implies that if conditions (19) and (31) are not required, then
one can get my,...m, € Z%. [

2.2.2. Reduction of the eigenvalue. — Now the preceding lemmas will be used
to define the map of reduction of the eigenvalues ® which will conjugate A to
a matrix with DCEN (5", 7) spectrum for some ", with R, N arbitrarily large
and ® bounded independently of R.
In all that follows, G will be a Lie group among
GL(n,C),GL(n,R), Sp(n,R), SL(2,C), SL(n,R),0(n),U(n)
and & will be the Lie algebra associated to G.
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PROPOSITION 2.6. — Let A € §, R > 1 and N € N. There exists N €
[N, R2"("~Y N] such that if

B K

= n(8REM(-DFIN)T

(46) K"
then there exists a map ® which is trivial with respect to £ 4 x» and G-valued
and such that

1. for all v’ >0,
(47)

1 A n(n+1) o 1 A n(n+1) .
|‘I>|T/Snco< +|| 7‘/”) e47rNr’ |¢71|7‘/Sn00( +|| ﬂ”) 641TNT.

K K"
2. Let A be such that
(48) V6 € 2T¢, 8, ®(0) = AD(F) — B()A
then
(49) 14— A]| < 4rN

and A has DCEN (k" 1) spectrum.
3. If § = gl(n,C) or u(n), ® is defined on T?.
4. If G = o(n) or u(n), then

(50) |(I)|r’ < n647r]vr” |‘I)71|r’ < 77,647FNT/.

5. If § = sl(2,C) or sl(2,R), then either ® is the identity or || A ||< £

Proof. — Let {ay,...,a,} = c(A). Two cases must be considered:

- If @ = gl(n,C) or u(n), Lemma 2.5 gives N and m; € Z% for j = 1,...,n
such that
N<N< R%”(”_l)N; sup |m;| < 2N
J

and such that conditions (21) to (23) of Lemma 2.4 hold with k' = k",
as well as conditions (30).

- If & = gl(n,R), sp(n,R), sl(n,R),sl(2,C) or o(n), Lemma 2.5 gives N
and m; € %Zd for j =1,...,n such that

N < N < R VDN, sup Im;| < 2N
J
and such that conditions (19) to (23) of Lemma 2.4 hold with k' = k",
as well as conditions (30) and (31).
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For all j there is a unique L € £4 .~ such that a; € o(A|z). Let mg = m;.
Then my, is independent of j thanks to property (22).
For all € 2T, let

3(0) = Z 62m<mL,9>PLfA,K~
LEL g w1t

By construction of the (my), ® is defined on T¢ if & = gl(n,C) or u(n). Let
us prove that ® is G-valued.

it G = gl(n,C), this is trivial,

if = sl(2,C) or sl(2,R), this comes from condition (20);

if ¥ = u(n), ® has unitary values.

if ¥ = gl(n,R), this comes from Lemma 2.2, since £ 4 , is a real decom-
position and according to Lemma 2.5, for all L € £4 ,,v, mp = —mj.

if ¥ = o(n), the map ® has values in real unitary matrices, i.e orthogonal
matrices.

if 7 = sp(n,R), L4, is a symplectic decomposition. Lemma 2.5 ensures
that for all L € £4 v, mp = —mf and

VL,L, S fAﬁH, <L, JL/> #0=mp=mp.

Therefore Lemma 2.3 implies that for all 6 the matrix ®(0) is
in Sp(n,R).

Properties (30) and (31) ensure that A has DCEN (5" 1) spectrum.
Moreover, for all L € 2, |my| < 2N. The estimate of each P} recalled in
Lemma 2.1 implies that ® satisfies the estimate

1
1+ |A " e
KZH e

@1, < np

and ®~! satisfies the same estimate since

-1 _ —2in(myp,.) pLa,x’
l= > e L) prAn
LefA’K/II

Now if § is o(n) or u(n), then every projection PfA'”” has norm 1 and
therefore ® and ®~! satisfy (50). By definition of A4,

VL e £, o(AL) = o(A)L) — 2im(mp,w)

and by property (23),

Va e a(AlL), la—2ir(mp,w)| < al.

Let P be such that PAP~! is in Jordan normal form, let a; be the eigen-
values of A and p; the columns of P, then for all j,

1A = A)py | = [[2im (m;, )y || < 47N ]lpy -
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So ||A—AJ| < 47N, whence property (49). Finally, if 7 = si(2, C) or sI(2, R),
then either A = A, or A is diagonalizable, and then A is also diagonalizable,
so their norms are the modulus of their eigenvalues and by condition (26),
A< w" O

Definition: A map ® satisfying the conclusion of Proposition 2.6 will be called
a map of reduction of the eigenvalues of A at order R, N.

In dimension 2, i.e if n = 2, the map of reduction of the eigenvalues ® satisfies
the following property: for every function H continuous on T¢ and with values
in gl(2,C), ®H® ! and ®~'H® are continuous on T<.

Dimension 2 has, indeed, the particularity that every decomposition ¥ of R?
has at most two subpaces L1, Ly, in which case mr, +mrp, € VA (if the decom-
position is trivial, my = 0). In any case, >, cpmp € 78,

2.3. Homological equation. — Solving the homological equation is a first step
towards reducing the perturbation.

Notation: For every function F' € L%(2T¢) and every N € N, we will denote
by F'N and call truncation of F at order N the function that one obtains by
truncating the Fourier series of F":

FN(H) — Z F(m)e%ﬂ'(m,@)
Im|<N
The following lemma will be useful in solving the homological equation.
LEMMA 2.7. — Let f, g be trigonometric polynomial with g real on R®. Let r >

0,7 €]0,r[ and suppose that there exists C' such that |f|» < C|g|.. Then for
allm € %Zd,

(51) | fe T, < Clge T,
Proof. — Since g is real,
(52) vm e 74, §g(—m) = §(m)

so for all z and all y € [ ]

x—zy E 217\' (m,z—1iy)

_ Z g 2171'( m,—z+iy) __ Zg m)e2z7r —m,z+iy)
= g(z +1y)

which implies that for all x, y,

(53) | 9(z —iy) |=| g(z +1iy) | .
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Let us show that for every m € Z¢,

(54) |g|r627r|m|r — |ge%7r<m,.)|r.
By the maximum principle,

lglr = sup lg(z +iy)| = sup lg(z + iy)|.
x;|y;|<r,1<5<d z;|y;|=r,1<5<d

Let yo such that
| g |r=sup | g(z +iyo) |
xr

then, for m having only one non-zero component m, either

27 |m|r 247 (m,x+1yo) |_ 2im(m,. )|

lgl-e = sup | g(x +iyo) | | e lge

if m; and (yo); have opposite signs, or

2w |m|r 2im(m,x—1iyo) |_ Qiﬂ(m,‘)|
r

lgl-e = sup | g(z —iyo) | | e lge

if m; and (yo); have the same sign, whence (54) if m has only one non-zero
component. For 1 <1 <d, let m; = (m1,...,m;,0,...,0). Assume that

2w |m|r 2im(mj_1,.) |7' e27'r(|mj|+--~+|md|)r

|g|re :|ge

and that | ge?™(™i-1-) | is reached at 7. Let §; € {—1,1} be such that m; and
0;y; have opposite signs. Then

|g |'r e27r\m|r :| geQiﬂ'CﬁLj_l,‘) |r e27r(|mj|+-~-+|md|)r
; m 2im(mj—1,2+1(Y1se Y5 2
= sup |g@+i(ys,- ,Tjy---,ya))eX (M1 T WL Tya)) | 2m(my e tlmal)r
@Yk, k#]
. _ 247 (1,85 (Y1 e s05 Ty 2 (2i+i8: 0
= sup |g(x+z(y1, . 76jyj, . -;yd))e im(my—1,24+4(y1 Y5 yd)>e imm; (z;+i8;7;) |
T,y k#]
e2r(Imjpal+--+|mal)r
= sup | g@+i(ys,..., 0575 - -, ya))ed MW 0iTiya)) | 2r(myalttimal)r
T,y k#j

2im(m;,.) | e2m(Imjal++mal)r
and (54) is obtained through a simple iteration. Thus
|f€2iﬂ'<m") |r’ < |f|rle27r|m|r < C|g|re27r\m|r — C|962'£7r(m,.) |r |

Remark: If f, g are matrix-valued trigonometric polynomials, f = (f;x),9 =
(9;,x), and g has real coefficients on R%, a similar statement holds. For if

|flr= sup || f(z+1y) |[[<Clgl-=C sup ||g(z+iy) ||
@y, <r’ @ ly;|<r
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as the norm of the greatest coefficient is equivalent to the operator norm, one
has

sup |fj,k|r’ S OC, sup |gj,k|r
Jk J.k

for some C’ only depending on the dimension of the matrices. So from
Lemma 2.7, since there exist jg, ko such that

v, k, | fj,k |r’§ cc’ | Gjo,ko IT
then

sup | f; €2 ™|, < OC sup |g; pe?™ ™,
i,k -

Js s
and as the norms are equivalent, the statement also holds in operator norm:

|f62m(m">|w < CC”|gezm(m">|r

for some C” depending only on the dimension of the matrices.

PropPOSITION 2.8. — Let

- Ne€N,

- k' €0, x],

-7 Z n(n + 1)7

-0<r<r.
Let A € G have DCY (k/,7) spectrum. Let F € C¥(2T%, §) with nice periodicity
properties with respect to an (A, k', ~)-decomposition L. Then the equation

(55) VO e2T?, 8,X(0) = [A,X(9)] + FN6) — F(0); X(0)=0
has a solution X € C%(2T%, ) such that

— if F has nice periodicity properties with respect to ¥ and (mp), then X
has nice periodicity properties with respect to ¥ and (my); in particular,
if F is defined on T%, then so is X,

— if ® is trivial with respect to ¥, then there exist C',D depending only
on n,d, T such that

~ 2n2'y+D
. 14114 _
(56) |~ X P, <’ L+ 1Al |®~LFD,.
(r—r")K!
Moreover, the truncation of X at order N is unique.

Proof. — e Let C € GL(n,C) be such that C~*AC is in Jordan normal
form. Conjugating equation (55) by C'~!, decomposing into coefficients z;
of C™'XC and developing into Fourier series, one gets for all m € 1Z¢, with
v =1 or 2 according to the periodicity of (C~*(FN — F(0))C);,

(57) i(m,w)d;k(m) = (& — Gr)d; k(M) + 0185 k1 (M) + 21, k(m) + F(m)
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where 6,, 0, are 0 or 1 and f(m) stands for the m-th Fourier coefficient of the
function (C~*(FN — F(0))C); -
The diophantine conditions given by Proposition 2.6 allow the existence of

an analytic solution to the set of equations (57), therefore (55) has a solution
X.

e Now we shall see that XV is unique. Suppose that X and Y are both
solutions of (55). Then
(58) 8,(X — V) =[4,X —¥]; X(0)—Y(0)=0.

The diophantine conditions on A imply that the truncation at order N of
any solution of (58) is constant, and condition X (0) — Y (0) = 0 implies that it
vanishes, so XV =YV,

e To check that X is G-valued, it is enough to show it for XN since one can
assume that X = XV,

- if ¥ = gl(n,C), this is trivial.

— if ¥ = gl(n,R), this comes from the uniqueness of the solution up to order

N, since X and its complex conjugate are solutions of the same equation.

— if & = sp(n,C), then VO € 2T¢,

D, J(X(0) T+ JX(0)) = —J(X(0)* T+ JX(0)A— JA*(X(0)"J + JX(0))
=[A,J(X(8)"J + JX(9))].

Diophantine conditions on A imply that X*J 4+ JX is constant. Con-
dition X (0) = 0 implies that for every 6 € 2T¢, X(0)*J + JX(0) = 0, so
X takes its values in sp(n, C).

—if ¥ = wu(n), proceed as in the sp(n,C) case, showing this time that
X* 4 X is constant and thus is zero.

— if ¥ = sp(n,R) or o(n), use the previous cases and the fact that sp(n,R) =
sp(n,C) N gl(n,R) and o(n) = u(n) N gl(n,R).

— if F = sl(n,R) or sl(2,C), note that the trace of X is solution of

Vo € 2T, 9,(TrX(0)) = Tr[A, X(0)] = Tr(AX(0)) — Tr(X(0)A) = 0
so it is a constant, and as Tr)%(O) =0, it is identical to zero.

e As for periodicity properties, Equation (55) decomposes into blocks ac-
cording to #, then into Fourier coefficients: for 0 < |m| < N,
(59)
2im(m,w)(PE X (m)Pf,) = PEAPE X (m)PY, — PEX(m)PLAPY, + PEF(m)Py,.

Let (mr) be a family such that F has nice periodicity properties with respect
to £ and (mr). If m is not in Z% +my, —myz,, then Pfﬁ‘(m)Pfi = 0 and since
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XN is unique, P¥X(m)PL, = 0. For |m| > N one can assume X(m) = 0.
Therefore X also has nice periodicity properties with respect to £ et (myg,).

e Finally let us prove the estimate (56). Let m € $Z%,|m| < N. First we
shall prove that for all L, L' € £,
(60)
(L [|A )= o] =17

k! (n?=1)

where C’ only depends on n. The proof will be inspired by [5], Lemma 2.

Let @1 - be the linear operator from gl(n,C) into itself such that for all
M € gl(n,C),

2 2 2
|PL X (m)PL|| < C' |PLEm)PLIAIPL N (1PLI)™

G M =APFM — MPLA.
Decomposing (55) into blocks, then into Fourier series, one obtains for all
L,L' € £ and all m € 7% such that 0 <| m |[< N,

(61) (PLX(m)PE) = (im{m,w) — Gy, 1) PLE(m)PL.

Write @, 1/ as an n?-dimensional matrix. Let Ap € gl(n?, C) be a diagonal
matrix and Ay € gl(n?,C) a nilpotent matrix such that

(2i7r(m,w> - ﬁL,L’) = AD — AN.
Then Apn coincides with the operator
Moreover,
(2im(m,w) — @) = A5 I+ ANAR + -+ (AyARH™ ).

We will estimate (2im(m,w) — @ /)7, form € Z*if L = L' and m €
17% if L # L'. Each coefficient of A;'(AyAp') ™! has the form P with
|p|<|| Ay ||”~! and g = 3 ... 3; where 3; are eigenvalues of 2im(m,w)— @, 1.

Now ) i
(i) ={o-o | aco(dy)a €o(Ay)}

and for all o € O'(A‘L),Oll € U(A|L’)a

l{:/

| — o — 2im(m,w) |>

| m |7
for all m € Z4 if L = L' and all m € %Zd if L # L'. Thus
|| 2im(m,w) — Gr,0)7" ||

2

n°—1
n? A n?— |m|T
<n22 (L || Age 1 QLPE 1)+ 11 P2 Iy (120

/"f/l

and (61) implies (60).

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



72 C. CHAVAUDRET

e The estimate (60) implies that
(62)
\PEXPL|,

(L+ [ Anl)™~

1 2 _ ~ _ ’ 2_
S O Y Im| " TOTIPL R P | e et | Py || P )
m

where C’ only depends on n. Now

Z |m|(n2—1)'re—27r\m|(r—r') < Cd Z M(n2—1)‘r+de—27rM(r—r')
m M>1

< Cd/ t(n2—1)'r+de—27rt(r—r')dt
0

< Ca
- (27r(1" _ T/))(n2—1)7+d+1

where C, only depends on d, so
(63)

c’ (1+ ||/~17V
(T‘ _ T/)(n2—1)7'+d+1 K;/(rﬂ—l)

|)n2—1

~ ~ n2—
\PERPLI < [PEEPEL(IPEN |PEID™

where C” only depends on n,d, T.
Let (m/,) e a family of elements of $Z¢ and ® defined by
d = Z P§€2iﬂ—<mlLv')
Le?
then

|¢’_1X®|r’ _ | Z PLZ’Xe%ﬂ(m’L—m’LH»)Pg“/
L,L'e?

and since ¥ is an (/i, k',7)-decomposition, then Lemma 2.7 applied to (63)
gives

bt n®(2v+1)
15 C 1+ || Ag| .=
1 3 N b 1 £
271X 9P| < D ( p LZD|PLq> FoPf|,
where C3 only depends on n,d, 7, whence (56). O

Remark: The loss of analyticity 7 — r’ is needed in order to have good esti-
mates on the solution. Note that when & = o(n) or u(n), then Ay is zero, thus
the estimate does not depend on A.
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2.4. Inductive lemma without reduction of the eigenvalues
2.4.1. Auziliary lemmas. — The first lemma will be used to iterate the in-

ductive lemma without having to perform reduction of the eigenvalues at each
step, which will greatly improve the final estimates.

LEMMA 2.9. — Let
- k' €]0,1[, C > 0,
-Feg,
e = |IF,
- Ne€N, )
A € G with DCY (s, 7) spectrum.

There exists a constant ¢ only depending on nt such that if € satisfies

(64) €< C(W>

1+ |4
and
o |logé|
65 N <
(65) <%

then A+ F has DC’:Y(?’T“/, T) spectrum.

Proof. — If @ € 0(A+ F), by Lemma 4.1 given as an appendix, there exists
o € o(A) such that |a — &| < 2n(||A|| + 1)éx.

By assumption A has DCUJY(/-;',T) spectrum. Thus for all o, 8 € o(A + F)
and all m € Z4,0 < |m| < N,

KZ’

Im|”
and if o # (3, (66) holds for every m € 3Z%, 0 < |m| < N. Therefore it is
enough to show that

(66) o = B — 2im(m,w)| > — 4n(||A]| + 1)en

i
AnN7(||A]| + 1)er < HZ'
Now there is a constant ¢ < 1 which only depends on n7 such that if € < c,

then
&(|loge)"” < &

) ( CTK:I >2n
e<c| —
16n(]|A4|] + 1)

An(||A]| + 1)ex N7 < 4n(||A|| + 1)ez=CT <

so if

by asumption (65), then

N
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which proves the Lemma. O

If G is compact, then by Lemma 4.2, there exists a € o(A) such that |a —
a| < ¢, so the same conclusion is true replacing (64) by the weaker smallness
condition

(67) €< c(CTK

LEMMA 2.10. — Let

_ K €]0,1[, C >0,

-Fey,

~ &= |IFl,

- Ne€N, )

- A e G with DCN (s, 7) spectrum.

There exists a constant ¢ only depending on T such that if € satisfies

(68) E<c(CTK')?
and
- _ |logé|
N<
(69) <

then A+ F has DCLV(?’T’“”/, T) spectrum.

Proof. — If & € o(A + F), by Lemma 4.2, there exists a € ¢(A) such that
la — @&| < & Since A has DCN(x’,7) spectrum, then for all a, 8 € o(A + F)
and all m € Z¢,0 < |m| < N,

!

K ~
2
-

Im|

and if a # B3, (70) holds for every m € 174, 0 < |m| < N. There is a constant
¢ < 1 which only depends on 7 such that if € < ¢, then

(70) o — B — 2im{m,w)| >

¢ (|1oga)” < &

so it is enough that

T 2
€§c<08H>. O

The following lemma will be used to avoid doubling the period more than
once.
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LEMMA 2.11. — Let A, A" € gl(n,R) and H : 2T¢ — gi(n,R). Assume that
H has nice periodicity properties with respect to an A-decomposition ¥ and
assume

(71) VL, L' € £,Pf(A' — A)PE, # 0= PFHPE € C°(T¢, gl(n,R)).

Then H has nice periodicity properties with respect to an A’-decomposition
which is less fine than £.

Proof. — Define a decomposition ¥’ of C" as follows: for all L, L' € £,
(BLoe ¥ | L C Ly, L' C Ly) & PFHPE € C°(TY, gl(n, R)).

Let (my) be a family such that H has nice periodicity properties with respect
to # and (my). For all L’ € ¥', let L be a subspace of £ contained in L’ and
let mp = mpg; the class of my. in the equivalence relation

m~m < m-—m' ezl
does not depend on a particular choice of L. Then for all L' € ¥/,
e2i”<mL’>‘>P§' _ Z e2im(mur) pr
Le?,LCL!
so for all Ly, L, € ¥/,
PE HPL X7 —miy)
1 2
21 r— /. 2em(m — r —(m — 7 ),
_ Z P5 HPLZ),e im{myr —mys )e im(mpy —mps —(MLy—mpy),.)
L|CL1,L,CLs
which is continuous on T%. Moreover, let Ly € ¥, then
P’ £ £ b
PL HPY = > PfHP,
L,L’€¥,LCLo,L'CLg

which is continuous on T?. Thus H has nice periodicity properties with respect
to #'.
By definition, ¥’ is A-invariant. Moreover, assumption (71) implies
A —A= > PH(A -APE
L'e?

so it also implies that ¥’ is A’ — A-invariant. Thus, ¥’ is A’-invariant and so it
is an A’-decomposition. O

Here is a standard lemma on the estimate of the rest of the Fourier series
for an analytic function.
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LEMMA 2.12. — Let H € C¥(2T¢,gl(n,C)). Let N € N and HY the trunca-
tion of H at order N. Then for all v’ <,

CN¢ /
N —27N(r—
(72) |H — H"| < m”ﬂr@ (r=r")
where C' only depends on d.
Proof. — Tt is a simple computation. Since
H-HY = Z ﬁ(m)e%”m")
|m|>N
then
|H— HN|T/ < Z ||H(m)||e2ﬂ\mlr’ < |H|r Z e—2ﬂ’\m|(r—7«/)
|m|>N |m|>N
’ Nd ’
d_—2nM(r—r —2nN(r—r

M>N

2.4.2. Inductive lemma
PropPOSITION 2.13. — Let

- €>0,7<1,#€[L,7f,k>0,NeN,y>n(n+1),C>0;

- Fecy(2m,9),Ae g,

— £ an (A, K',~v)-decomposition.
There exists a constant C” > 0 depending only on T,mn such that if

1. A has DCN (k',7) spectrum;

2.
A CTF.?I 2n
(73) I|F0)]| <e<C” ()
1+ |[A]l
and
o _ |logé|
74 N <

3. F has nice periodicity properties with respect to £
then there exist
— C'" € R depending only on n,d, K, T,
— D € N depending only on n,d, T,
- X € C4(2T4, G),
-Aey
- an (A, 3T"‘/,’y)—decomposition v
satisfying the following properties:
1. A’ has DCUIJV(ST“,,T) spectrum,
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2 |4 - || < &
3. the map F' € C%(2T%, §) defined by

(75) Vo € 2T¢, 9,eX0 = (A + F(0))eX©® — XO) (A" + F'(0))

has nice periodicity properties with respect to ¥’
4. If ® is trivial with respect to £, then
D~
) |~ LFD|;

(76) 071 X®| < C (M

5. and if ® is trivial with respect to £,

~ D~
1 A, - -
|¢—1F/¢|FI S Cl < + || /VH) e‘(I’ 1X®|FI|¢_1F¢|F

K'(F —7)

(1|2 RN 1 97 F Dl (14 €l X)),

(77)

Moreover, if ' is continuous on T%, then so are X and F'. If G = o(n) or
u(n), then the same holds replacing condition (73) by

(78) IF()]] < €< C"(CTr')2.

Proof. — By assumption, F' has nice periodicity properties with respect to £
and some family (my) and A has DCY(k/,7) spectrum, so one can apply
Proposition 2.8. Let X € C%(2T%, &) be a solution of

Vo € 2T, 8,X(0) = [A, X(0)] + FN(0) — F(0)
satisfying the conclusion of Proposition 2.8.

Let A’ = A+ F(0). Then A’ € @ and ||A — A’|| = ||F(0)]|, so Property 2
holds.

Moreover, let ¢ be the constant given by Lemma 2.9, and assume C” < c.
Assumptions (73) and (74) make it possible to apply Lemma 2.9 and infer that
A’ has DCQIY(?’T"‘/, T) spectrum, thus Property 1 holds. If ¥ = o(n) or u(n), one
can apply Lemma 2.10 instead of Lemma 2.9 to get the same result with the

weaker smallness condition (78).
Let F' € C%(2T%, ) the map defined in (75). Then

(79) F =eX(F-FV)+e XF(eX - Id)
4 (e X — Id)F(0 0)—e ¥y = ZX FO) X1,
k>2 ! 1=0

We shall apply Lemma 2.11 with A = Aand G = F’, in order to get Property
3. The map F’ has nice periodicity properties with respect to # and some family
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(my) since X and F have them. Moreover, as F has nice periodicity properties
with respect to £,

PLE(0)PL # 0 = PLEPY € C°(TY)
and since
PYFPf € CY(TY) = my —myp € 2% = PFF'P, € C°(TY)

then assumption (71) of Lemma 2.11 is fulfilled. By Lemma 2.11, F” has there-
fore nice periodicity properties with respect to an A’-decomposition ¥’ which
is less fine than £, so ¥’ is an (A, ', v)-decomposition. As it is an (A, &', y)-de-
composition, and by Property 2, each subspace L € ¥’ satisfies

, 1+ || AL || +2€\7 14 || A7,
17 sy (LAY g (141 1’

/ 3K’
K 4

and so ¥’ is an (4, %"‘l, ~)-decomposition, thus Property 3 is satisfied.
Property 4 is given by Proposition 2.8.
e By Lemma 2.12,
727rN(r )
(80) |F F |r’ < ClN |F|TW

where C; only depends on d. By (79), (56) and Lemma 2.12, it is true that

D~
e\quxqw;, |®—1F(D|F(|q)|g|q)—1|%Nde—27rN(f—i')
K'(F—T )

@~ F'®| < C (

BB (1 + el P Xy
where C’ only depends on n,d,k,7 and D only depends on n,d, T, whence
Property 5. O
2.5. Inductive step. — Now we are able to state the whole inductive step. In
the following we will denote
N(r, e) = 5| loge|
(81) R(r,r") = [C=ror /)8 80* ( n(n—1)+1)>

K" (r,7’,€)

n(8R(r,r'>%M"‘”“N(r,e»f
PROPOSITION 2.14. — Let

-Aey,

-r< % r”E[—r rl,y > n(n+ 1),

- AFe C;,”(ZTd G) and ¥ € C¥(2T%, G),
- e=|F|,.
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There exists C' > 0 depending only on n,d, K, T,y and there ezxists D3 € N
depending only on n,d, T such that if
1. A is conjugated to A by U,
2. U'FV  has mnice periodicity properties with respect to an
(A, K" (r,r",€),7)-decomposition ¥,

Cv/
e ——m—— (7
= (A + o
4. |, < (1207 and [, < (1)20),
then there exist
e [eR(r,r”)"2 €100]
- 7' € C% (2T, G),
L AL P € Cu, (21, g),
- U e C¥(2T4, G),
-Aey
satisfying the following properties:
1. A’ is conjugated by U’ to A’,
2. the map W' ~'F'U has nice periodicity properties with respect to an
(A K" (" r" — I5=, €'), 27))-decomposition 7,

(82)

_ 7,,//)Dg'}/,

3. |F,|r” S e'}
4. |‘I’l|r“ < (%)i(r—r”) and |\I’/_1|r” < (ﬁ)%(r_ru)’
D3
5. 141 < 1All+ loge | ()™
6.
(83) 0.7 = (A+ F)Z' — Z'(A' + F')
7.
D3y
(84) 12" — Idj < — <M) A=)
C’ r—rl

and (Z')~! — Id satisfies the same inequality.
Moreover,
— ifn =2, if A, F are continuous on T¢, and if assumption 2 is replaced by
2. W is such that for all function H continuous on T¢, WHU~1 is
continuous on T¢,
then Z', A", F' are continuous on T¢ and Property 2 is replaced by
2. W' is such that for every function H continuous on T?¢, U/ HY'~!
is continuous on T%.
- If G = gl(n,C) or u(n) and if A,F,V are continuous on T?, then
Z' A" F' U are continuous on T.

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



80 C. CHAVAUDRET

- if G = o(n) or u(n), the same holds with the weaker condition
(85) e < C'(r—r"\Ps7
instead of (82);
- if § = sl(2,C) or sl(2,R), then either W'~ is the identity or || A’ ||<
K (r,r"€) + €2
Proof. — The proof will be made in two steps: the first step is to reduce the
perturbation when there are resonances. The second step is to iterate Propo-

sition 2.13 as many times as possible using the fact that resonances, once re-
moved, do not reappear immediately.

2.5.0.1. First step: removing the resonances. — Let r' = ™% ’” . Let R =
R(r,7"); N = N(r,e);k" = &"(r,7’,€). Let N be given by Proposmon .6 and
® a map of reduction of the eigenvalues of A at order R, N. Let ¥/ = U® and
F=(9)1F¥.

We shall apply Proposition 2.13 with

~ 12('r r)—— ~ ~/ ] /_h:” T N7 _ 2mr

€= r—r,r—r,n—a,N—RN,C—R%n(n 0

and A € @ such that
Vo € 2T, 9,®(0) = A®(9) — ®(h)A.

Let C" be given by Proposition 2.13 (depending only on n and 7).

The matrix A has DCEN (k" 1) spectrum. By assumption, ¥~ F'¥ has nice
periodicity properties with respect to an (A, k", ~)-decomposition ¥ and some
family (myr). Moreover ® is trivial with respect to £ 4 ,~. Since £ is an A-de-
composition, there is a Jordan decomposition which is finer than #; and since

LA is less fine than any Jordan decomposition, one can define an A-decom-
position ¥ in the following way:

Le?P 3L €L Ly€ Loy | L=LNLy.

#is an (A4, g, , 27)-decomposition since # and #4 . are (A, k", ~)-decom-

posrulons and F has nice periodicity propertles with respect to #. Since £ is an

AL ,27 -decomposition, it is also an A, ,2’}/ -decomposition (because the
Co Co

nilpotent parts of A and A coincide, and because any Jordan decomposition
for A is a Jordan decomposition for A).
Moreover,

IFO)[] < |Flo < @@ o[ [0/ [o] Fo-
Now by (47), for all s’ > 0,

1+ |[Agp "™, o
(56) @< o (LA T e
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and so does ®~ 1. Thus
: ooy ez (1 A ) 2D
()| < d=2=cg (LA

therefore, if C! < C3% and D3y > 96n(n + 1), then

1

IFO)]] < =25,
Assumption (82), which implies (73) with

C
(7. _ ,,,/)4n(n—1)+9

8nT
c'<cm ( ) , D3y > 64n(n(n —1) +2)7

(note that W has a lower bound which is independent of r — 77),

(r

together with the choice of N which implies (74), make it possible to apply
Proposition 2.13 to obtain C’ > 0 depending only on n,d, x,7, D € N depending
only on n,d, T and functions X € C%(2T¢, &), Fy € C%(2T%, &), and a matrix
A; € g such that

— A; has DCﬁN(% ('E,—Z) ,T) spectrum;
— ||A; — A|| < €31, which implies
(87) | A = A< [|Ay = A|| + [|A = A|| < €5 + 4nN;
If G =sl(2,C) or si(2,R), then
[1Ax]] <I| A[] +€5 < 4 €55
- 0,eX = (A+ F)eX —eX(A1 + F1),
— Fj has nice periodicity properties with respect to an (A, ZLC/;, 27)-decom-
position ¥/, B
— and since ® is trivial with respect to £,

1+ |4, Dy
(76) |<DX(I)_1|T/ <cC' (M) |(I)F<D—1|T
K" (r —r')
and
_ Co(1+ ||AW||)>D7 .
RO, < (— |X®L,,
ere), <o (L)
(88) . |@F¢_1|r(|¢|3|@_1|%(RN)d6_2TrRN(T_T/)
+ [®F® (1 + e|<I’X<I>_1\TI))'
Now

|‘I)F(I)_1|r < |\I'|7"|\II_1|T|F|T < el =2
so, by (82), if D3 is large enough as a function of n,v, D, then

|OF @7, < e—%61—2(r_r')((RN)d€100 +61_2(T_r/))_
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There exists a constant ¢y which only depends on D, , 7 such that if € < ¢4,
then

€7 |loge |P7< 1
thus if €’ is small enough and D3 big enough (as a function of n,d,~, 1),
|(I)F1®— | < 62 4(r— 7‘)_*
The estimate (86), the assumption (82) and the fact that || Ay ||<|| A4 ||,
imply that
|\I/¢’|r < |\Il|r|q)|'r < 6—(r—r )—%647rrN
We shall estimate |U®eX (U®)~! — Id|,.. The estimate (76) implies

1

1 A 5 n(n—1)+1)TNT
|(I)€X(I)_1—Id|TI§CH<( +|| /VH) 2

r—r!

’7 ~
) |PF® !,

for some C” only depending on n,d, k, T, so

1+ [|[Aq| |1 bDiv g ,
|\IJ(I)6X(\I/¢)_1 _ Id|rl < 03 <( + || /V||)| Og€|> |F|T(*)4(T_T)
€

r—r!
for some C3 depending only on n,d, x, 7 and D] depending only on n,d, 7. The
same estimate holds for |[U®e~X (@)=L — Id|,..
Let [} = VOF, (¥®)~! and let A; € C¥(2T¢, &) such that

0,Ud = A, 0P — UDA,.
Thus we have obtained

N € [N, Rz(»~DN],
- 7,V € C%(2T4, G),
-A1 ey

Ay € C¥ (2T, B)
and F1 (\I/) lF_vqul

such that
1. A, is conjugated to A; by ¥,
2. F} has nice periodicity properties with respect to an (4, i%,:, 27)-decom-
position £y,
3. | o’ | e—(r=r )_%647”"1\’ and | p/-1 |r'§ 6—(r—r’)—%e4ﬂrN
4. A has DC’RN(3 " T) spectrum,
5. 0,71 = (A+F)Z1 Z1 (A + Fy),
6. [|Ay|| < ||A|| + €3 + 47N, and 1fﬁ = sl(2 C) or sl(2,R) and W'~V is

not the identity, ||A1|| < &”(r,7", €) + €3 ;
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7.
1 ((L+[[Ax|Dllog e[ \ 7' | 4oy
(89) 2y — Id| < — ( ) T
(o4 r—r
and |Z; ' — Id|, satisfies the same inequality;
8.
(90) WL R0, <3,

9. U~V is trivial with respect to LAk,
10. and for every s’ > 0,

+1
1+ || Ay ||)"<" ) s
Kl/

(91) | U1 |, < Cp (

and | U~10’ |,/ satisfies the same estimate, where C,, only depends on n.

2.5.0.2. Second step: iteration far from resonances. — Let [ such that

E(%)H—l < e*Q'Ir(rfr”)e/ﬁl\_/' < E(é)l'

Let ¢ = e=27("=m")VEN Define the sequence €; = ¢(3)’—4s . We shall iterate
[ — 1 times Proposition 2.13, starting with j = 2, with
- €=¢€_1,
_ r—p!
- 0= (160(2n(n 1)+1)
- F=rj =T — -5,

>8(%n(n—1)+1)

- K =,
- N =RN,

- F=F;_,

- A:Aj—la

— o= U,
- £=%,

Note that for every j,

7 2n
e, <C” CT(Q)J%O
' 1+ |4+ X e

Estimates (90) and (91) imply
EL )] <| Py [o<| W10 o [ T10 o [T1 AT
14 ||AW||)2"<”“>

H//

3 3_ L
2 < €27 18,

SCZ(
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84 C. CHAVAUDRET

Moreover, A; has DCfN (%n’ ' 7) spectrum and F; has nice periodicity prop-
erties with respect to . Let C" be the constant given by Proposition 2.13. By
assumption on €, with C’ depending only on n,d, x,7 and D3 depending only

on n,T, one has
" 7N\ 2n
ST
(L4 [[Ax])?™ \4Co
Moreover,
- 1
RN < R™TIN < 5' log €]
so the assumptions (73) and (74) of Proposition 2.13 hold with F = F}, k' =
k",N = RN.
Fix j and assume A;_; has DCN (k', 1) spectrum, F;_1 has nice periodicity

e

Co 27)-decomposition,

properties with respect to an (A;_1, (%)
| F5-1(0) [[< €j-1

and
CRN §| IOgEj_l | .

One obtains functions F}, X; and a matrix A; such that

1. Aj has DOBN((3)7 50 1) spectrum,

Co
2. |45 < [JAj-1ll + €51,
3.
Oue™ = (Aj_1 + Fj_1)e™ — ¥ (A; + F))
and F; has nice periodicity properties with respect to an
(4, (3)7 %, 27)-decomposition,
4.

1+ [[(Aj 1)l

D~
Ry,
/’i”(’f‘j_Q _ Tj—1)> | J | j—1

(92) | U0, <O (

for some C’ depending only on m,d,k,7 and some D depending only
onn,d,T,
5. and
(93)

D~
|‘I!_1\I/’F-\Il’_1\I/|T.7 < 1+ ||(Aj—1)71f|| e|\1/—1\11'xj_1\1/’—1\p\rj72
’ ~ K'(rj—z —1j-1)

O R Y,
-1 4 \d_—27T RN (rj_o—7;_
(R4 ‘I’|rj,2 (RN)de (rj—2—mj-1)
+ (1 2T g R, ).
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We shall bound || F;(0) || to iterate Proposition 2.13. Estimates (90) and
(82) imply

(94)

T+ [[(A—) ]\ P
|\I/_1\IJIFJ'\I/,_1\I/|T.71 S 30/ < + ||( J 1)/lf|| ) |\IJ_1\IJ/FJ'_1\I/I_1\I’|T.72
’ K(rj—2 = 1j-1) ’
(| \I/I_l\ll |¢j72 (RN)de—QﬂRN(T‘j_z—’r‘j_l)

+ TR U, )

1
. _ r—r
and since rj_g — 11 = ST

(95)
N2 20 2% ot /N

g|\p—1\1:'Fj_1\I/’—1\I/|§j_2(| VL (RN)%e ~2n s +|x1: 20 I s RS

3
4

<O F 0T 1‘11|TJ LT (RN 4 [T R U, ).

Now [ is bounded by

1
(96) < 8(zn(n—1)+ 1)VR.
Moreover
n n+1 _ n n+l _ 2ri_o
| \11/71\11 |rj_2S Cn (1+ ||/A ||> 47rN’r‘j,2 S Cn <1+ ||//A ||) 6/ A(T_T]//)é/ﬁ
K/ K
and so
(97)

3
RN, < U E U (€ + [T R N )
3
< | OTWE UYL
By a simple induction, for every j,
3yi—1 j
(98) O F N, < T R <3
Finally
| E5(0) |I< [0 R0 |, ([ 0T g || O (o< ¢
so it is possible to iterate Proposition 2.13.
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2.5.0.3. Conclusion. — After [ — 1 steps,

17

O F U, < €T,
Let Z = eX2...e%Xi+1 € C%(2T%, Q)), A’ = Ajy1, F' = Fi11. Then
0,2 = (A1 + F\)Z — Z(A' + F')
and
l Da
1A < (1Al + S 1E50)]| + 47N < [|A]|+ | loge | (%)

j=1
for D, large enough depending only on n, whence Property 5. If & = si(2,C)
or sl(2,R) and ¥'~1¥ is not the identity, then

!
||AI||<||A1|+Z||F I < K (r, 7" €) + 2.

j=1
o prove that ¥;1, is indeed an (A;41q,&"(r",r — —”,e , 27v)-decomposi-
T that ;41 is indeed A, & (" ==, €),27)-d
tion, it is enough to show that
2 1
"o o r—r / 3l+1"€
Ko(rt,rt — €)< (- —
(=T < (D
which comes from the definition of the function x”.
Let us prove Property 4. It is true that
(99) | O], < e~ 3(r=r") =55 g4 N <e (T—T”)E—Qflﬁel——rz‘og”

and Property 4 comes from it, since

,__ lloge]
€ = € 27 %/Eﬁ(rfr”) A

Moreover,
|‘IJ,F,W,71|T// S |\II|T.|\1171|T|\1171\II/F/\II/71‘II|T” S €/
whence 3. Let Z/ = Z; ¥/ Z¥'~! F' = W' F'U~! (which satisfies Property 2)
and A such that
8,0 = AW —u'A.

Then 6 and 1 hold, and by (89),

2" — Id|,w < |2y = Id|p, + Y] [O 7 D0 0 X0 g,
J

1 (101 +||Ax D log e \ 7" 1 40 _ ~
< = ( (7)4(1" T )(€+ Z |\IJ I\P/ijl I\I"rj)
J

- C r—r €
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and by (90) and (98),

2 s < 2 (A IALDIIoge )P 1y
T —_ C/

r—r" €
whence Property 7 with D3y > 2Dy if C' < W, since I(r — r'") has
a bound which is independent of r — . O

This proposition is the inductive step which can be iterated as a whole. It
is necessary to obtain an € which is much smaller than € so as to control |¥’|,
as a function of ¢ and make sure that the output be similar to the input.

2.6. Main theorem. — First let us give a lemma which will enable us to iterate
Proposition 2.14.

LEMMA 2.15. — Let C' < 1,by > 0,7 < 3 and ' € [3r,7[. Let D5, €

2 9
N.There exists C depending only on C’,Ds,vy such that for all ¢ <
N\ 270D
C (1:;:1) 0 5, choosing a sequence () such that for all k,

€ < e,lﬁ)l <1

and letting for all k
e = 250

re=1"+ 5

k Ds
b, = br_1+ | log €x—1 | (7«2_77«)

then for every k € N,

1

(100) | log ey [*P37< ¢, *

and

(101) (b’“;l)Dm e < C'
Tk — Tht1 e

Proof. — Let us first prove (100). It is equivalent to

[log t|

1
log|log t| ¢

The function ¢t — is decreasing for ¢t €]0, e~ <] so it is enough to show

that

100% | loge |
100 + log | loge |
which is true if we choose C as a function of Ds, 7.

2k+3D <
570 = klog
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o Let a; = (M)stk

Tk—Tk+1

(bry1 +1)28+2 e
ap4+1 = 7 €k+1

€. For all k,

< <(b0 +(k+1) | logey |>2k+2>2’3”’““ hi1
= — Gk

r—r! €k
so by (100),

16*+1'D
bO +1 Yo 5 k.
( ) €100 98ak

ag 1S(
+ r—r

thus, if € is also smaller than (%)1670’35, then apy1 < ag. If € is also small

enough to satisfy
b 1 Dsvo
ag = ( 0+ /) € S C/
r—r

bo + 1 Ds~o
()

r—r
then (101) is true for all k. O

for instance

e

<c

Lemma 2.15 implies that assumption (82) of Proposition 2.14 holds for all
k with € < eg, ||A|| = bg, 7 =7 and 77" = r1q.

As a consequence, one gets the main result, of which we will give various
formulations.

THEOREM 2.16. — Letr < 2, A€ @ and F € C¥(2T%, ) with nice periodic-
ity properties with respect to £ 4. Let

95
r' e [%r,r[.
There exists D7 depending only on n,d, T,k, A such that if
r—r \?7
102 F|, <€ (r,r' :(7> ,

then for any e < €, there exists
- Z,V. € C%(2T4, G),

-A. €y,
- A, F. € 04214, ),

such that
1. A, is conjugated to A, by ¥,
2. |F| <€
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3. for every 6 € 2T¢,
awze(a) = (A + F(G))Ze(e) - Ze(a)(;le(e) + Fe(e))a

|ZE—Id|T/ 2D7 4 —4(r—r")

and Z7' — Id satisfies the same mequalzty,
5. Ze¢,0,Zc are bounded in C% (2T, gl(n,C)) uniformly in €,
6.
| \I]e |r’§ 67(%)6, foglioz <l
where ¢ only depends on n,d, K, T, A.

Moreover,

i) ifn =2 or if § = gl(n,C) or u(n), if F is in C¥(T?), then A, F. and Z.
are in C%(T?).

it) If G is o(n) or u(n), then D7 does not depend on A and the same holds
replacing (102) by | F |.< (r —r')P7.

iit) if § = sl(2,C) or sl(2,R) and A+ F is not reducible, then there exists
a sequence €, — 0 such that || Ae, || | loger |7 is bounded.

Proof. — The proof will be made by induction as follows. Let r” = %TI
Let R(r,r"),N(r,e), k" (r,r",€) be as in (81). There exists 7o € N depending
only on n,d, T, k, A, such that £ 4 is an (A4, k,y)-decomposition (one can as-
sume vy > n(n + 1)). Let C’, D3 be as in Proposition 2.14. Let D5 = 2D3.

Let C be as in Lemma 2.15 and D7 such that

(T‘—T” )D7 r—p 4v0Ds
()
Al +1/ = " \[|A][+1

Let

r—r" \P7
103 € = <7) .
1o * =\l +1
Before carrying on with the proof, note that if & is o(n) or u(n), then ¥4 is
a unitary decomposition, therefore it is an (A, k, 0)-decomposition, so one can
take 79 = n(n + 1) and then 7o, D3, D5 and D7 do not depend on A. For all
k eN, let
e =1" 4+ 58 .
bo = [|All,
loge;
brr = Al + 2 <p Gt
where (¢;) will be defined by induction in the following. Suppose that [F|, <
€. Let F} = F,A; = A; = A and ¥, = Id. Tterate Proposition 2.14 using
Lemma 2.15 to find, for all £ > 1,

- Zgy1 € C¥ (2Td,G),

Tk+1
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- Ak+1 € ga

- Ap1 € CP(2T4, 5),
U, € C;’(Z’Jl‘d, G),

- Fk+1 e C¥ (2Td,g)

Tk4+1

2
R(ri,rr+1)" 100
— €xr1 € [€ NI

such that
1. Ajy, is conjugated to Ayyq by Uy,
2. \IIIZIF}CJA\I/;C has nice periodicity properties with respect to an
(Ags1, K" (Tha1s Thras €141), 28 170)-decomposition,
3. | Frtilres, < €rs1,
4 [ < e T and [, <

k+1 k41 )
5. ||Akt1]| < bgy1, and, if G = sl(2,C) or sl(2,R) and ¥; "W, _; is not the
identity,
1
(104) |Akt1l] < K" (P, Thtt, €x) + €75
6.

0uZi1 = (Ak + Fi) Zoy1 — Zi1 (A1 + Frya),

)

2D
| Zp 1 — Id| < 1 ((1 + || 4x|])[ log 6k|> o LAk —Tht1)
ht sl Tk — Th41 F

which implies, using Lemma 2.15, that

1 1_ —
| Zi1 — Id|r,,, < 562 Ure=ries)
and Z, :1 — Id satisfies the same inequality.

e Let € < ¢} and k. € N such that €, 11 < € < ¢, . Let

Zo=17y... 7,

A, = Ay,

F.=F,,
then properties 1 and 2 hold. Thus for all § € 2T¢,
(105) 0uZ:(0) = (A+ F(0))Zc(0) — Z(0)(Ac(0) + Fe(0))
whence Property 3. Moreover, let ay, := |27 ... Z; — Id|,», then

— we have U s ateern)
ay = |Zy — Id|» < aeg

SO

%—4(’!‘0—7‘1).

1
|Zl|7"” <1+ 560 3
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— let k > 2 and assume that for all j < k —1,
PR
|ZIZJ|7‘”S1+7 4 4(0 1)

then
ap < |Zk — Id|wl|Zl - Zk,1|ru +ar_1

—4 ’I‘] 'r‘J 3 7_4 ro—1
<ai+—; Z|Zl Zjled ™ +1>SO (ro—r1)
and
3 —4(rog—r
|Zl"'Zk|r”<1—|—5 (ro—m1)
whence Property 4. This also implies that

3 1 _A(rg—
|Z |r”<2+C (4)1 (’I‘O 7‘1).
Moreover, by a Cauchy estimate,
1
|6wZE|T’ S " _ ’I"/ |Ze|r”
8o 5 is true. Also note that
| v, |r”=| ‘Ilk: -1 |r’/< €L Z(TkE Thet1) <e 2’“6"'2 .
Since | |
loge
b+ 2o (180
| log(| F' ) |
where ¢ only depends on n,d, k, 7, A, then

| U, |r"§ 6_(%)C

where ¢’ only depends on n,d, s, T, A; therefore Property 6 holds.

If G is either gl(n,C) or u(n) or if n = 2, if F is continuous on T¢, each
step will give functions Zy 1, Axi1, Aps1, Frr1 continuous on T¢ so, at the end
of the process, the functions Z., A. and F. are continuous on T?. Property iii)
comes from (104). O

This proves Theorem 1.1.

In general, almost reducibility does not imply reducibility. Reducibility hap-
pens if there are a finite number of steps at which one has to reduce the eigen-
values, or if the sequence (¥},) given by Theorem 2.16 converges in C% (2T¢, G).
In general, this sequence is not even bounded in C°(2T%, G). However, if the
method above has been used to conjugate the system A+ F to a system A+ F,
where A, is conjugated by ¥, to a constant A., and where F, is bounded by e,
one can also bound ¥ 1F,U..
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COROLLARY 2.17. — Letr < 1, A€ G and F € C¥(2T%, §) with nice period-
icity properties with respect to £ 4. Let ' € [%7‘, r[. There exists Dg depending
only on n,d,k, 7, A such that if

Pl < (r =)
then there exists
- Z € C% (2T, G),

— a family (A;) of reducible functions in C%(2T%, &)
- and Ay € C%(2T4, G)

such that
(106) 9.2(6) = (A+ F(6))Z(6) — Z(8) Awc(6)
and

llim |Al — Aoo|r’ =0.

Moreover, if n = 2 or if § = gl(n,C) or u(n), if F is continuous on T¢,
then Z, A; and A are continuous on T?. Finally, if § = o(n) or u(n), then
Dyg does not depend on A.

Proof. — Let D7 be as in Theorem 2.16 and Dg such that

(107) (r—r')Ps < (M)m .

Let Z. € C%(2T%, G),A. € C%(2T¢, %) be as in Theorem 2.16. Then Z,
and 9,Z. remain bounded in C%(2T% G) when ¢ — 0. Let Z be the limit
in Cy(2T%, G) of a subsequence (Z 1) of (Z3)ken (o} and

1

Aso(0) := Z(0) " (A+ F(0))Z(0) — Z(0)~'0,Z(0),
then
Ay € C;’,(2']I‘d,§),llim AL — Al =0

and so Equation (106) holds.
If n = 2 or if & = gl(n,C) or u(n), if F is continuous on T¢, all functions
that one has to consider are continuous on T¢. O

Remark: In Corollary 2.17, the function A, is not reducible in general, it is
only a limit of reducible functions.

COROLLARY 2.18. — Let 0 <1’ <r < i A€ G and F € C#(T?% §). There
exists €y depending only on n,d, 7, k, A, 7 — ' such that if |F — A|, < ¢, then
for all € > 0 there exists H € C%(2T%, §) such that |[F — H|,» < ¢ and H is
reducible.
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Proof. — Let D7 be as in Theorem 2.16. Assume that
|F — A, < (r—1)P7 = €.

Let ¢ > 0. By Theorem 2.16, there exist Z. € C%(2T%G), A, F. €
C%(2T%, &) and A, € ¢ such that

— A, is conjugated to A,

- awZe = FZe - Ze(Ae + Fe)a

- |Ze|7" S 2u |ZE_1|’!" S 2u

- |Fe|r’ < i

Therefore

0uZc=HZ.— Z.A,

where H = F — Z_F.Z-" is conjugated to A, and satisfies

|H - Flr’ S 4|Fe|r’ S €. O

COROLLARY 2.19. — Let0 <1’ <r < 1 A€ sl(2,R) and F € C¥(T%,sl(2,R)).
There exists €, depending only on n,d, 7, k, A, —r' such that if |F — A, < €,
then for any € > 0 there exist H € C%(T%,sl(2,R)) such that |F — H|.» < ¢
and H is reducible.

Proof. — Do the same construction as in Corollary 2.18. Theorem 2.16 gives
functions A, F., Z. which are, in fact, continuous on T¢. Thus H is continuous
on T¢. O

Corollary 2.19 also holds with gl(n, C) or u(n) instead of si(2,R). This proves
Theorem 1.4. Again, note that if G is a compact group, then the smallness
condition does not depend on A.

3. Strong almost reducibility for quasi-periodic cocycles in a Gevrey class

Let 3> 1and r > 0. Let C%#(2T¢, gl(n, C)) be the functions of class Gevrey
B with parameter r, i.e the functions F' € C* (2T, gl(n, C)) satisfying

Blal §
Z T sup || 0“F(0) ||< +oo.
a€eNd o 0

Denote by || . ||g,r the norm

Blal 3
I Fllar= 3 S sup || °F(0) .

a€eNd

The main theorem in this part is formulated analogously to Theorem 1.1.
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THEOREM 3.1. — Let 0 <1’ <r < i A€ @ F € CEP(T% §). There is
€0 < 1 depending only on n,d, k, 7, A,7 — 1’ such that if

1E s, < €0

then for all € > 0, there exists A, F, € Cg’ﬂ(Z’]I‘d, 9),%.,Z € CTG,”B(T]I‘d,G)

and A, € G such that for all 6 € 2T¢,
&uZe(e) = (A + F(e))Ze(e) - Ze(g)(ﬁe(e) + Fe(a))

with

— A, conjugated to A, by U,

~Ellp < e,

LA

- and ||Ze — Id||g, < 2€Z.

Moreover,

—ifn=2orif G=GL(n,C) or U(n), Z, A, F. are continuous on T%;

— If G is o(n) or u(n), then ey does not depend on A;

- if G =sl(2,C) or sl(2,R) and A+ F is not reducible, then there exists a
sequence €, — 0 such that || A, || | loger |™ is bounded.

3.1. Preliminaries on Gevrey class functions. — Remark:

— For all 0 < 7’ < r, one has the inclusion C&#(2T¢, &) C Cg’ﬁ(2Td,ﬁ)
and

W g <Il £ llgr -
~ For f,9 € C7P(2T%, ), one has [|fglls.r < ||fllg.rllgllsr (see [8], ap-
pendix).

LEMMA 3.2. — For allm € Z% and all v’ > 0, the map 0 — ™9 satisfies

|| e2im(m,. ,87rr/d|m\%.

MMigrm<e

Proof. — For all o € N¢ and all § € T?,
r/Blal
(al)?

p/Blal

(al)? [T 1 27m; |
J

(r'® | 27m; [)®
()P

B8
(' | 2mmy |7)
Oéj!

|ao¢(62i7r<m,0>) | <

IN IA
- -
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thus
1Bl

Z"(na!)ﬁ | ( 2im(m,0) |<HZ( |27Tm3 |B >
(r' 27rmj ﬁ’
Sife> | 2mm, [3) >

aj

1 1
< H eﬂr'|27rmj|ﬁ < eﬂﬂr d|m|ﬁ O]

Remark: This implies that the functions which are analytic on an r-neigh-
bourhood of the torus or the double torus are Gevrey § with parameter r for
all 6 > 1,

SUBLEMMA 3.3. — Let f € CSP(2T4, gl(n,C)). Then for all m € 377,

I Fm) 1< £ g (1=

1
1L Y18 20 2mlms )P

25-1

Proof. — By definition of || f |1,

. Blal
S 8T 1l S < 3 sup 110°50) | S =11 s

a€eNE a€eNd

Now

Z 2z1r (m, 9 Zf' H QT ) (e2i7r(m,9>)

m m

thus

9o f(m) = [[ @imm;)* f(m)
J
and therefore

Ba
[e% T J
(108) I fm) 1l > TLerm; ) % g <l £ llsr
aeN? j 2!
that is to say,
Blo |
r
(109) I ) I TT 3 @y )" <1 7l
j oj;€EN ’
Now, by Lemma 4.3,
By 1 1 B—1 (2ﬂ|m<|)%r
Z(2ﬁ|mj|r)7 'ﬁZ(l——B) e i
ot a! 25°1
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therefore

1 — T4 l’!’
LR oL 5

25-1

I Fm) 1< £ g (1=

LEMMA 3.4. — Let 0 < r < 1, f € C&P (2T gl(n,C)), N € N and fV the
truncation of f at order N. Then for all v’ <,

1
—2(r—r')NB

F = Mg < Cap |l fllgr N e

(r — r/)2(+1)

where Cq.g only depends on d, 3.

Proof. — By definition,

18|
lf =7 ||ﬁw—zsup g [ 0°(F =)0 ]

Now

d
[0 (f =)0 1< D I fm) Il ] [ my |

|m|>N Jj=1
so by SubLemma 3.3,
o 1 s I (o9}
[0°(f = MO < = —) P fllar 3 e 2 ) H|mj|f
271 |m|>N Jj=1
whence
F = g
1 — T|m 37" o
T4 Dh 1Y o S H|m /
2771 - o |m|>N
1 ip -3, @nlmi) P /e aj
< ( =) T s Z e = HZ |ﬂ| il™
27- Im|>N i=1 aj

thus, using Lemma 4.3,

1 — —2(r—r' ,mj%
||f—fN||ﬁ,~s<1——2 BN g S e 20Tl
B—1

|m|>N

Z e—2(r r)\m|ﬁ

[m|>N

<(1-
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and finally
If = Vs < Cap |l fllpr D, Mie 2r=rIM?
M>N
Nd+1 —2(r—r’ N%
< Capll £ llsr (r = 2@ (r=r)
where Cy g, C’(’w only depend on d, (. O

3.2. Reduction of the eigenvalues. — The reduction of the eigenvalues of a ma-
trix A at order R, N satisfies a good estimate in the Gevrey norm, as shows
the following proposition:

LEMMA 3.5. — Let R,N € N\ {0}, A € gl(n,C) and ® a map of reduction of
the eigenvalues of A at order R, N. Then ® satisfies for all r' the Geuvrey norm
estimate

14 |4\ D L1
(110) [|®@]|5,~ < nC.Cy <M> (2677 AN

K/H

where C only depends on d, and ®1 satisfies the same inequality. Moreover,
if § = o(n) or u(n), then

(111) 18]}, < nCe2mrav?

and ®~! satisfies the same estimate.

Proof. — For all m € Z¢ and all ¥’ > 0, by Lemma 3.2,
e 0 < QP

where C only depends on d. Therefore

f K// N .
1®][p, < D [ PLA ||| €2t ||,

LefA’K//
1
<o Y B e
LEfA,K/N
_ 1
<C Y B e
LEZ)AJ{//
Now by Lemma 2.1,
L L+ || Ay |1\
|| P, [|< Co <T

so (110) holds. If & is either o(n) or u(n), then £ 4 . is a unitary decomposition
and thus PLfA’”” has norm 1, thus (111) holds. O
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3.3. Homological equation

LEMMA 3.6. — Let 0 <7/ <7 <1, f € CSP2T%, ) and g € CS*(2T%, 1).
Let C > 0,D > 0. Assume that for all m € %Zd,

1§(m)|| < Clm| || f(m)]].

Then

) 1 2B8(D+2)d
lollgr < CCllfllpr (=

— !

where C' only depends on d, D, (3.

Proof. — For all # € NT? and all o € N¢,

10%gO)I< > 1l 4(m) ||| a*e¥mm® |

me$z?

< > Ngtm) || TL 12mm; 1=

meizd

Therefore, by assumption,

% 9@l <C Y |ml||f(m ||H|27rmg %

meL7z?

SO e |2dH|2wm 245 || fm)|

so, letting 1 = (1,...,1),

—

19°9(9)|| < C'C Z T a0 Iml|
< C'C'sup ||3“+(D+2)1f(9)ll
0
where C’ only depends on d, D, thus

lollor = 3 (r')ﬂ'“‘ﬁsgp 16°9(0)]|

aeNd

<C CZ(r )ﬂ‘“' 7 Sup ||go+ (P2 £ (g)]|
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Bla+(D+2)T|
<c'c " _
= ; (@ + (D + 2P

sup [0 (P11 (9))|
0

p/Blel ((a +(D+ 2)1)!>f’
rﬁ|a+(D+2)i|

al
18| ) N
' r (aj + D +2)!
<CCH fllgr Z rB(al+(D+2)d) 1. ( a;!
o J

1Bl 1 A4
/ r (la|+D+2)!
<CCI S llsr D parmaa ( o

8ol Doy
o

Now the function

N\t
¢ : [0, +00[— [0, +00[, t — (%) (B(D+2)d

has its maximum at ¢= % where it takes the wvalue
B(D+2)d "
e~ B(D+2)d (B(ﬁiz’?)d) . Therefore
B(D+2)d
Igllg.re < C'ClI || pe= P+ (ﬂ(fhf 3)d>

_s(D+2)a (B(D + 2)d)PP+2)d

A
< C'Cllfllgre (r— T/)Qﬁ(D+2)d H
PROPOSITION 3.7. — Let
- Ne€N,
- k' €0, x],
- Z n(n + 1)7
—-0<r <r.

Let A € G with a DCN (x',7) spectrum. Let F € CS#(2T% G) with nice pe-
riodicity properties with respect to an (A, k',v)-decomposition ¥. Then there
exists a solution X € Cg"@(Q']I‘d, G) of equation

(112) Vo € 219, 8, X(0) = [4, X (0)] + FN (0) — F(0); X(0) =0
such that

— if F has nice periodicity properties with respect to £ and (my), then so
does X ; in particular, if F' is defined on T?, then so is X.
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— Let @ be trivial with respect to £ and a family (myp) such that for all L,
| mp |< N'. There exists C', D" depending only on n,d,t,[ such that

(1 + || Ax )N’
(r—r")K!

Moreover, the truncation of X at order N is unique.

Dy
(113) || @X® ! |5~ < C’< ) || @F®~! |5, -

Proof. — The existence of X, its uniqueness up to order N, the fact that it
takes its values in ¢ and its nice periodicity properties with respect to £ are
proved as in part 2, Proposition 2.8.

To get the estimate (113), one first shows that for all m € 1Z? and all
L L' e,
(114)
L+ || Ay )™ =m0

g!/(n?-1)

2 ( 2 n2_
|PLX(m)PL|| < C' 1P Em)PLI(IPEN IPEID™

It is done exactly as in Proposition 2.8 to get (60). The estimate (114) and
Lemma 3.6 imply

L+ || Ay )N

Dy
1P XePmtme=mi) Py 50"<( (r— ) ) 1P Febmimema) P g,
r—"r)K

where C”, D only depend on n,d, 7, 3. Thus
||¢X¢)71||577‘, S Z ||P§/Xe2i77<ML*mL/>P5/||57T
L,L'

1+ || Ay )N’
SC/I(( +|| /V)/ ) Z”PZ’F 2im(mr—mps PZ’HBT

]
(r—rk e

and therefore

~ D v
- 1+ ||A||)N’ =
XD |5, < C A+ [lADN PED |5,
X e |s, < ( o) eFes
where D', C3 only depend on n,d, T, 3. O
3.4. Inductive lemmas. — In Gevrey regularity, we will need a Lemma which

is almost identical to Lemma 2.9, apart from the presence of the parameter 3,
which is fixed and does not modify the proof:

LEMMA 3.8. — Let
- K €]0,1[,C >0, 8> 1;
-Fey,
- e=|F,
- Ne€N,
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— A € @ with DCY(x/, 1) spectrum.
There exists a constant ¢ only depending on nt, 3 such that if € satisfies
2n
CT !/
(115) i<c ('ﬁ)
1+ || A]|
and
- log |8
(116) N < [logé€|”
then A+ F has DCUIY(%, T) spectrum.

We had to introduce the parameter 3, which tightens the condition on ¢ and
releases the one on N, because in the Gevrey case we will have to determine
the parameter N , i.e to determine the parameters R and N, in a different way;
namely, as shown in (124).

Exactly as in the analytic case (Proposition 2.13), one obtains the following
inductive lemma, where only the estimates slightly differ from their analytic
analogues; since ( is fixed, the proof goes on in quite the same way:

PRrROPOSITION 3.9. — Let
- €>0,7f<1,# €L, 7, >0,NeN,y>n(n+1),C>0;
- FecCP@em, g),Aeg,
— £ an (A, K',~)-decomposition.
There exists a constant C"' > 0 depending only on 7,n, such that if
1. A has DCY (k/,7) spectrum;

2.
~ T ! 2n
(117) IF(O)| < &< C” (C>
1+ 1]
and

o _ |logél”
11 N< ——
(118) <

3. F has nice periodicity properties with respect to ¥
then there exist

— C'" € R depending only on n,d, k, T, [,
— D € N depending only on n,d, T, (3,

- X e CSP (21, 1),

-Aey

- an (A, 3T”“,,'y)-decomposition 7

satisfying the following properties:
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1. A’ has DCf(sT",,T) spectrum,

2. |4 - A <&
3. the map F' € Cg’ﬁ(2'ﬂ‘d,ﬁ) defined by
(119) V0 € 2T%, 8,eX 0 = (A + F(9))eX® — eXO (A" + F'(9))

has nice periodicity properties with respect to ¥’
4. If ® is trivial with respect to £ and a family (my) satisfying, for all L,
| mp |< N, then

(1 + | An )N’

K (7 — )

D~
) |~ FO||s,7,

5. and if @ is trivial with respect to £ and a family (myp) satisfying, for all
L, | mg |< N, then

(121)

. D~y
1 A N’ - ~
H¢-lﬁ”¢nﬁf/s<7'<(+|llwn)) I [ PR

W (7 — )

(120) |@*X®mwsa(

1
(ID][3 10 [3,-N e >N O 4| o= 1 FD| g 50 (1 4 €l X Pllarr)),

Moreover, if ' is continuous on T%, then so are X and F'. If G = o(n) or
u(n), then the same holds replacing condition (117) by

(122) IE(0)]] < &< C"(CTw')?

Proof. — In Proposition 3.9, the only difference with Proposition 2.13 is the in-
troduction of the parameters 3 and N’. The “algebraic” aspects are unchanged.
The estimate (80) in the proof of Proposition 2.13 is replaced by the one given
by Lemma 3.4:

1
— N B (F—7'
e 27N B (F—7")

123 A VI P ey
(123) |F'— F% |7 < CqgN|F|5 (7 — #)2(d+D)

which results in Property 5 instead of (77). The parameter N’ in (120) and in
(121) comes from (113). O

The inductive step would be formulated exactly as Proposition 2.14 (up to
notations), with the only difference that the parameters N, R will be chosen as

- N(r.0) = (o loge)?
R(r,r") = [ﬁSO‘I(%n(n —1)+ 1)

and not as in (81). This choice is natural since ® now satisfies the estimate
(110) instead of (47) and F’ now satisfies (121) instead of (77), so that N and
R now appear in the estimates with the exponent % Therefore, this choice
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will eventually lead to the same resolution: for instance, in the proof of Propo-
sition 2.14, replacing the estimate (86) by (110) will not change the bound

on || F(0) ||. The parameter N’ in (121) does not modify essentially the proof
either, once it is instantiated by N. For instance, if (76) and (88) are replaced
by

. _ Co(1+ | Ay [)N\"T =
(76) ex0-1), < ¢ (REIEEUT) - jopo-),
and

=\ D
1 T= K'(r—r")

(125) . 6\<I>X<I>’1|T/ |(I)F~1¢)—1 |T(|(I)|$|<D—1 |£(RN)de—2wRN(r—r')

| BED 0 (1 + el ®X2 )

then a slight modification on the assumption (82) will allow to finally obtain
the same bound on ®F; &1,

The proof of Theorem 3.1 is identical (up to notations) to the proof of Theo-
rem 2.16. It consists of an iteration of the inductive step, just as Theorem 2.16
is proved by iterating Proposition 2.14.

4. Appendix

4.1. Spectrum of a one-parameter family of matrices

LEMMA 4.1. — Let G be a Lie algebra and A,F € G with ||F|| < 1.
Let a1 (M), ..., an(X) be a continuous choice of the eigenvalues of A+ AF as A
varies from 0 to 1. Then for all 1 < j < n, there exists 1 < 7' < n such that

| oy (X) = 05(0) [< 2027 (|| A | +1).

Proof. — Fix j < n. For every A, let

AN) = A+ \F
and

fA) = det(a;(0)] = A(N)).
Then f(0) = 0 and for every A,
F) = det(a; (0)] = AQN)) = [ (@;(0) — ayr (V)
7

S0

| TT(es(0) = ayr (V) =1 £(0) = FOV) I< sup | FO)TIA

j/
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and since

d
PO 1= Y0 TT (00— A= Ny |
o k
< nnll[| Al + [ AX") "7
< 2" lnnl[|| A || #1771
then there exists 5 such that

1
| a;(0) —ayr(N) S 2n [ A= [[| Af] +1]. O
In case G is compact, we have the following lemma (see [4], Lemma A.5):

LEMMA 4.2. — Let § = o(n) or u(n) and A, F € G with ||F|| < 1.
Let aq(A),...,an(N) be an analytic choice of the eigenvalues of A+ AF as A
varies from 0 to 1. Then for all1 < j <mn,

(126) | aj(A) = a;(0) [< A
Proof. — For each A, let p1(A),...,pn(X) be an orthonormal basis of eigenvec-

tors of A+ AF (take them analytic in A). Then for each 1 < j < n, one can
assume

(A+ AF)p;(A) = a;(AN)p;(A)
and derivating this along A, one gets

(A+AF = a;(A)p;(N) + (F = a(N)p;(A) = 0.

Now let f1,..., 03, be such that
pi(N) =Y Bim(N).
1=1

Then

D BUA+AF — a;(A)pi(N) + (F — o5(A)p;(A) =0
1#
and taking the scalar product with p;(A),

((Fpi(N),pi(N) = a(A).

Therefore
| @ (0) —a;(A) [S] A sup | (N) [ A O
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4.2. A lemma on integer series with non-negative terms. — The following lemma

was proven by D. Sauzin and is used in Section 3.

LEMMA 4.3. — Let a > 0. For all v > 0, consider E,(r) =3 159 ,:% Then

1
a

Kietore < E,(r)<e**ifa>1,0<A<1

(127) . .
e < E,(r) < K1 if0<a<1,\>1
where
Ky =@1-xa1)t <,
Proof. — One uses the following inequalities: if o > 1 and (Xk)gen, (Yi)ren

are families of non-negative numbers,
(128) doxp <> xp)”
and

(129) dSoxp> G0 X Yi)

(CY)?
for B = %5, if 3~ XY} < co. Note that (128) is equivalent to

(130) Sop > (Y an)t

i
with X = 22 . Also (129) is equivalent to

(131) Sap <yl EC )R

Yk
with X = (%)% and y;, = V2.

k
o

1. In the first case, apply (128) and (129) with a = a, X = 55 and Y}, = A"

2. In the second case, apply (130) and (131) with o = 1

ye = AR
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